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ABSTRACT
) i
This-ythesis presents a criterion for recurrence
for‘the‘rahdom.ﬁalk on reflexion groups. First, the
ultifiate behavior of a.random walk with a given
transition probability is considered. Next, the.
'case with a general probability measure is dealt

,
with. The techniques of representation theory are

w
~

used for the generalization.



INTRODUCTION : o o
| . »

'This thesis deals with a problem concerning a rarrdom

walk on an infinite'group, motivated by a result obtained by -

Polya [1921]. Polya considered a random walk of a partitle

.~ Woving on an n-dimensional lattice and showed that the ultimate

behavior of this walk.is recurfent-if‘ n s2 and transitory

if n 2 3. We obtain a similar result for a random walk‘on_

bur particular infinite group. T )
- . .

In our problem we consider the set:

- n+l n+l n
E - {(xl,xz wea g Xn+l) € ]R ] i};l xi = 0} = .m
The set of vectors 4= {e; - e |i =3, 1 s1i, j s n+l}

(which is called the system of roots) spans g , where the vectdrs

"e;, 1 £ i s ntl form a canonical basis in RD*,

J
Call e. - e, - : 3 Fi l <-- 1 s n aIld



/ ézgure 1. The space’ E for.

n=2.

(B

Fiqure 2. The chambers for

1 ?rop -P;:O,l

n=2,.




Now consider the E-hyperplanes
Pr'k={xex-:|(r,x)=k.rea,‘kez}

and the "chamgers" C. in E which are regions in g cut

i
out-by the E-hyperplanes Pr x °
sk
A The infinite group in doncern is the group A generated

by the reflexions with respect to these hyperplanes P, ..

Suppose that a particle is moving from chamber to chamber
p

according to the following rule:
i it

The particle starts at time zero at the chamber
Co = {3 E'Eg(rl,x)>0, (rz,x)>0 - (rn,x)>0,(r0gd <1}

and moves at time m > 1 by a step across a wall into a neigh-

bouring chamber. The steps are statistically independent.

Thus we_h;ve a random walk on the collection € of
chambers. ) . s

In Chapfer I we give a brief review of general results 'éﬁﬁ'
concerning the geometry,of reflexion groups reguired in this

thesis. The main n»oint of this chapter is taat the

set of chambers can be identified with the group A .

‘



Chabter 11 deals with "a particular random walk on the

infinite group A , where the E:ansition probability is given-

by'
1l if C' 1is one of the n +1 chambers
u(c,C') = n+l - adjacent to C ,
0 otherwise .
wt , _.' - -—

Here we are led to the conclusion that the randonm walk

- is recurrent if n = 2 and transitory if n > 2 .

- >
L

In Chapter III we generalize our result using a general
probability measure yu with the assumption that the support of
u generates the infinite group p . We obtain our final result

N
which says that Eﬁé random walk is recurrent or transitory accor-
dingly as .
' ) .
m oy, tr (T - o3 (o, ) Yp (a™M)ax is infinite or

finite, respectively.x

There is a Gasé literature on random walks ©n groups in
general. Fof example, the paper by Flatto and Odlyzko (see [FIA]) ié
,about random shuffles on group representatioﬁs where the group
in concern is finite. Woess ([{WOE]) has written an article
about fandom walks on certain discrete groups, but his arguments

are combinatorial.

T The definitions of L* . § and o, are given in page 6, page 53
and page 55, respectively.
r

%

[PT— |
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It should be emphasized here that the problem is not
dealt withfdsi%g the Theory of Probability. Indeed, the
problem itself and the techniques used come from Fourier

Analysis and the Theory of Groub Rep entation.



CHAPTER 1

GEOMETRY OF REFLEXION GROUPS

rl

It is the purpose of this chapter to review certain
aspects of the geometry of the reflexion group required in
this thesis. Some-standard results are quoted without proof;

complete proofs can be found in [BOU] and in [BEN].

Let L be the lattice in E generated by the system
of roots A ;
izl "ivi

n
L= {xeglx= ,; mr, #pm.e2, riea for i=1, ...n}

where E and 4 are the sets described in the Introduction.

Accordingly, we define the dual lattice of L as

Lt

u

{xeg ] (V,x) eZ for all wvel}

{xeg | (r,x) e2 for all rel}.

The reflexion Sr K with respect to the E-hyperplane Pr K is
f

r

given by

Y

E—-



1.1

r,k

(x)

The translation tV

(1.2)

tv(x) = x

Let §

by the wvector v

X

x—

+ VvV

[{r,x)

(r'x) "’k
=2 [ (r,r)

| =

- klr .

be the group generated by s

in

r,o

for

It is known (see e.g., [BEN] Cha 5.3) that the group S

isomorphic to the symmetric group sn+l

group generated by

generated
LEMMA i.l
(1.3)
(1.4}
(1.5)
(1.6)

(1.7)

by

()
(id)
(444
[Lu]

(v]

€

r ¢ & and A be the group

A and k e Z

tr for
r.k for r e
T = {tv I V ¢ L }
Se,k © Bxkr T Sr,0
tr B Sr,l' sr,O
st. = t + S

v 5V

sl = L

and k ¢
e 35 and
€ 3

v

is giveh by

, where r ¢
is
T be the

Lo

Zz .

€ E
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PRQOF. "
, .
(1) Let v be a vector in [ .’
we have
n
i = .L . . . e
t, e T iff v = if1 mlt for some m. € Z, -
{
1 <1is<n
This implies that
n
¢v € T iff v igl Emir n
§l m.r,
s = 1 1
Hence
t, €T iff
which gives r
« .
v T = {t lvel}
Also, for each Vv « L . there exist a unique t, rin
T. Therefore
T =L. -
|
(i) Let X be an element_dn g .
By {(1.1) .
5 (x) = x - [(r,x}-klr for e.A and k € Z
r,k :
* = x - (r,x)r + kr .
o
Let us write 5. for sr’0 for all r e A -



Using (1.1l) and (1.2) we have -

Sr,k(x) = tkr.sr(X) 4
This is true for all % ¢ E .
Hence
Sr,k = tkr'sr for r ¢ 2 and k ¢ Z .
[ |
(iii}). Let xs€¢ E .
By (1.l) we have ()
- = — P -F
(Sr,l sr)(X) sr,ltx (r,x)r] for r e A
= x - (r,x)r - U{r,x) - 2(r,x) - 1lr
= X +r
t . '
r(x)
Since this is true for all x ¢ g , we have
-
Sy, 1°Sp ° t. for r e A. |
(iv) Let x ¢ E
Using (1.2) we get
Stv(X) = s(v + x) = sv + s(x) = tsv(s(x))= tsv-s(x)
which is true for all x ¢ E .
' \
Hence
st =t g for all s <gand v < .
v sV
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(v) Let xe L and s ¢ S
. |
Then
n -
X = iEr m.r, for some m; € 2, 1 sisn
and we have
n n
1By mysiry) = k) 4Ty
where £, ,
. 1
Hence
s'b el
n .
Conversely, for a given x = i§1 liri € L where li_e zZ .,

™

1s$isn, weecan find s ¢ § and y € L such that

ey

- osy =gk Ay

This says that
seL 2L
Hence we have

S.L=L‘- ) v

Ltemma 1.2 .

(4) S 48 a aubgroup of A and T 48 a noamal subgroup of A
(L4 A. = TS in the sense that every a € A can be
uniguely waitten as

a = t_-*s with tv e T and s € S



{{44) Given t... . t

v v e T aﬂ.-d s’ r S" ¢ S ’
wnile
. ! - ... L -— -

(tvl s ) (tV" s ) = tV s
Then

v = v‘+s'vf § = s'-s" .
PROOF .
(i) . The set {sr i =1, .., n} generates the group'

i .

S and each Sr e A .
: - ~i

Therefore § c o and hence g is a subgroup of A .
By (1.5)

= 3 s
tr 3,15y for all r &

This implies that t. e A for all r ¢ &
Therefore T is a subgroup of A.
By (1.6)

stvs = tSV for all s ¢ § and v ¢ L

Also, by (1.7}, sv ¢ L
This together with (1.3) gives

tsveT

Therefeore stvs-1 e T for all s ¢S and t, €T N’ Hence

T is a normal subgroup of A
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-

(ii) An element a € A is the composition pf the elements '

s ¢ Ty € A, ke Z:

ri,k

.5 ese S
1 Tyrky mekp

where 1 s i, j, we, msn and i, 3, e, M Kyt Ky ey K€ z .

By (1.4) we have

a = (t .s_ ) (t s_ ) ... (t s_ )
kl:i ry kzrj rj , knrm r.
Using (1.6} this can be written as
a=+¢t R ... t .5 5 .. S
eri 12r] £nrm ri rj P
for 2i e 2, 1< 1ic<sn.
Therefore .
a = tv's where Vv ¢ L- and s ¢ S
Now 1if
tv,-s' = tv"-s" for v', v" ¢ L and s', s" ¢ S,
we have
T " -1 _
s'-{s") = t_ ittty (
But S n T = {1} '
Therefore
.s'.'-(s“)_l =z 1
and
t_vl'tvn = 1.
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which Implies

s = 8§ and _ tv' = tv"
Hence the result. | i

(iii) Using (l1.6) we have

. _ . i . e . - t . L1
tv s - (tvr S ) (tvu S ) - tvl txlvll S 5
h'- "
tvg+slvll'5 S
whic¢h implies
v = v' + s'vy" and s = s'.g"
[ |
. e
LEMMA 1.3. - -

The group A peamutes the chambens simply transitively.
For a fixed chamban-co , the rule C = aC_ whete a € A
and ce © 44 a one to one mapping from the elements o4 A Lo

the set of chambers € .

PROOF .

This is proved in detail in [BOU, cha»n. VI, §2].

Here we only show that the group A permutes the chambers.
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A}

A chamber C in T is bounded by n + 1 E-hyperplanes

Pr .k 0 s i ’
. . l1 sn.
Ljrky o

Since any a € A can be written as

é =t ‘s for v e L and' s €5 ,

'“\“‘a:Pr.,k. = tv.s.(Pr.,k.) .
i3 ]

1

Now P, K will be mapped onto some other P
- ’

by
i rﬂ'km

the element s and then it will be translated to another

Prz,kq‘ by the element ¢ . Therefore ac is the chamber

v

bounded by the n + 1 1lines a-Pr K. i=40,1, .. n. In
h ) , _

it
other words, the group A perﬁutes the chambers C in T,
Since the permutation is simply transitive, the rule C = aCo

is a one to one mapping from the elements of A to the set

of chambers €.
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CHAPTER 11 : )

A PARTICULAR RANDOM WALK

is to study a random

walk on the infinite group A with a given transition proba-
bility u .

Oﬁr main objective in this chapter

We intend to cobtain a criterion for the ultimate
behavior of the walk.

§1, INTRODUCTION TO THE PARTICULAR RANDOM WALK

Let u be the transition probability of a random walk
on the colléction of chambers

given by
Ly if C' is one of the n + 1
(2.1) pulc.c") = adjacent chambers to C ,
- Q otherwise .

Suppose ggat the particle starts at time zero at the
chamber

Co= (x¢E | (F,xr>0 for i=1

=1 ... n and (I;cy}.
k: ' : "

>

By the Lemma 1.3, we know that the set of chambers

can be identified with the group A . Therefore we cyn write

pla,a'y for pl(c,c') , if C= aC, andéd (' ='~a'c0 for °
a, a' € A and C, C' e € .

’
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We have the following ﬁbeer;ies of 1.

2.1 ~

Ve

——

\
< a, a, and ) a, be etemenzé_oﬁ A .
3 ' =
‘_(?.2) - (£) u(aal,aaz) = g(al,az). '
(2.3) (44) u(a,,a) = u(e,,aTta ) . ;///:’—f?\\\“"/
' 1r=2" ~ ATl T2 , )
1 . -1
=1 if a,"a,e{s., s ., .. s, s },
_ n+l 1 72 ?El T, ro ro,l
..’\. =
-0 otherwise .
whene éA 48 Zhe 4identity element 0§ A .
’ wnite
uia) = u(eA.a) "
R ! L
, (444} The probability of the panticle arriving at
a after m 4dleps (stanting at EAL.La given
by 7
- (2.4) b *a) = pxpx Lopxp(a)
» % o ' m times

\\ \) where 'x' denotes the convolution product 0f the functions

on Zhe group A :

Ergla) = I £(ab™1) o) > LIy £klgkla)
, .

.-
>

fon the functions £, 9 '« ¢M - S:A~C) .




17

PROOF ., &
7
(i) Let 2,Cq = Cy and asCy = Cy ahd for Clﬁcz Et:i

™

Then ' /////
- u(al.az\) = u(cl.cz)

'-.\
J L if ‘c !:and c are adjacent chdmbers .
n+l 1 2 3
0 otherwise
1 '
Suppose that u(al,az) v "~

-

Then the chambef ¢, and Csy have a common boundarv. Now

for a A RN \’I_

u(aal,aaz) = u(aCl,aCZ) .

2
h]

1t

Since the common boundary ¢f Cl and C’ will be mapped onto

a common boundary of aCl and aC2 by the element acA ,

. we have
u(aCl,aCZ) = ‘y(aal,aaz) = nil
Hence
V.. u(al,az) z u(aal,aaz)

Now suppose that u(al,az) = 0 ;
]

Theﬁ\£he chambers: ¢, and <, are not adjacent. Therefore

aCl and aC2 are also not adjacent; for if‘Ehey are, so are
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L1}

Cl and - C2 (2pplying the previous argument replacing

a by a ) .

Therefore

u(al'aQ) =0 implies u(aal,aaz) =0 for ace€ A

(2.2) u(al,az) =_;ﬂaal,aa2)‘ for al} a, a;, a, € 5,

Hence we have

(ii) By (2.2)

_ -1 - -1
Now using the definition of p we have
| . . 1 .. -1 :
o =T if ay aze{srl.srz, ...,srn, srdl}
‘U(alraz) = U(eAfal az) =

0 otherwise

e

(iii) The proof is by induction on the number of steps m .
The probability that the particle arrives at a after

the first step = up({a)

Therefore the result is true for m= 1 . Assume the result
holds for m = p . Then the probability of the particle arriving

at a after » +1 steps is given by
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E ou(e,am*Fa) .
ceA

By (2.3) we have

x - XD
L ule,alyT(a) = L ule Ly wBay = p )y
ceh ceA
Hence the result is true for m= p+ 1 . By maﬁhematical

induction the result is true for all me¢ Z. -

” .

Our aim here is to obtain a formula for the probability
of the particle returning to the identity after m, steps.
Before proceeding further, let us derive some important results

of the functions on A and their Fourier transforms,

Consider the function €, defined by

al(a) =
0 otherwise .

Then, for any function £ on A

f(ay =

Denote an element a = t_s in A by (v,s} . Then

the identity of e of A can be written as (o,e) where

e 1is the identi£§ of § and a function f(a) on A becomes

a function f(v,s) of two variables ve¢{ ané s¢ § .

© e ——
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The Fourier transform of £(v,s) with respect to _ - .

»

the variable v ¢ L is

E (x,s)‘;_ r f(v,s)e

-27i(x,Vv)
Vel '

, defined for all

[

x ¢ E and s € § .

Observe that f(x,s) 1is periodic with respect to the

lattice .L* ; for if y e L* ,

Y

=271 (x+¢,Vv)

f(x+y,s) VEL f(v,s) e
s,.
_ =2Ti({x,v) -27ik’
= VEL f{v,s) e e
where k = (y,v) € 2.
&
.-This implies
£x+y,s) = Elv,s) e 2™ (® V) L Bk )
AXTY ng d '

Therefore we can think of f(x,s) as a function on

(E/L*) *§ .

Thus the probability of the particle returning to the

identity of lA after m steps is

u'xm(lA) = u'x'm (o,e)

1
m
'-J
x
=
%
=
Fane
(o]
1]

(2.5) =
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To simplify this further let us look at'the_Fourier

transformof f£x,°° for a function £ on A.

LEMMA 2.2 .

Let £ be a funcition on A and consdder the junciion

! on A
)
s £y {v,s) ¢ {(O.Sr ),(0,5r ), ".(O,Sr ),(ro,sr
- 1 2 , n
u(v,s) = ; ‘ P

0 othernwise -

Then we have
n )

(2.6) (&) u™x,s) = n_J;I ([ I e ()0 + e 2T rgr X (s))

where €3, 0= 1< n , are the indicator functions o} s, €S,
) i

eZTrJ.(X,SIO)

(2.7) (44) (fxp) “(x,s) = f?(x,ssi)j -

PROOF .

£%(x,ss

)},

O

0;

(1) The Fourier transform of the function U1 with respect

to the variable VvV in | is

- =271 {x,v)})
T i{x,s) = VEL B(v,s)e

\ .

+ for éll XxeceEF and s € § .

Now using the definition of ¥ we have
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B (x,5) = u(0,s) + u(ro.s)e"Z“i(x'ro)
1 -2 -27ni(x,r,)
mrr ([ sg81l e Tode (s))

where €y 0 s 1 ¢

n ,/é;e the indicator functions of S, € S.

1

(ii) The Fourier transform of the function

fxp with respect
tc the variable v e L

is
(£ = 'u) " (x,s) = VEL (f x u)(V,s)e_Zﬂi(x'V>
. = GEL [£(b)u (b La)je 2LV

where a = (v,s) .

let b = {v',s') for’ v' e L and s' e‘S .

Then

pla = s 7hee_etes = (s 7he s -
Using (1.6) this can be simplified to

b~la - t(s,)-l(v_v.)-(s')—;s
Now

p(b-la) = p((s'l-l(v-v');(s')-ls)

H%I if (s')-l(v-v') =0 and (s')_ls = 5 1<is

= or (s') Yt(v-v')=r

0 and (5')-ls= s

0 otherwise
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Therefore, mb—la) will be nonzero for the elements b = (v',s')

-1 .
such that v' = v and s' = ss. = ss_ for i =1, .. n or
. i i -

vi = v-s5_7r and s'= ss .
ro 0 T

Therefore we have.

£ xp)“(x,s) = H%T VEL[ (igl f(v,ssif) + f(v-—ssoqo,ssdje'ZRi(x’v)

where we have written s; for sr , 0 1 s n .
' i

Now using the definiticon of the Fourier transform and
changing the variable v to v - $S,T, in the last summation,

we get

A R —2ri (x, VeSS, T.)
(£ x pr (x,8) = m{ Ei§1 £ (x,ssi)j + VgLf(v,sso)e 0o’}

This aLQE? with the fact that Sgfg = ~Ty gives

S(Ex M) = Ep (T £0ss,)] + £ix,ssg)e 2 (ST )

Think of £(x,s) as a function of x . g/L* with values

S

in the space ¢ of complex valued functioﬁs on § .

For each x ¢ E/L* , we wish to define an operator P (x)

-

on the space | ¢S so that
P(X)E™(x,5) = (£ x p)"(x,s)

Using’EHg/formula (2.7), we can accomplish this by defining

the operation of P(x) on a function 3 in ¢S as
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n . .
(PGX) o) (8) = Zip(l;F (500 (517 + 2™ (KiSTg) (o 4 ()

where S; operates on functions ¢ of ¢S by

-

(si¢)(s) = ¢(ssi) for all s € § and 0 < i s n
Accordingly, for any positive integer m

(£ xu™"x,s) = px)™ £ (x,5)° for all s e g .
Thus the equation (2.5) can be written as

f

' ™0,e) = D g/ (e * n )" (x,e)dx o

- J(E/L*P(:?A(x,e)dx :
Now

A i -2mi (X,V)_
& (x,8) = ‘ZL ?1( fs)e i- for al; S € §

Ve

and since = is the indicator function of the identity

QA = (0,e) we have
’
\ (1l if s =e ,
(2.8) al‘(x,s) = {
0 otherwise .
i
Therefore ElA(x) = €, where € € ¢s is the indicator

function of the identity e ¢ g.

We have

(2.9) Wlo,e) = ;( (P (x)™e ) (e)dx 7

E/L*
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Now we wish to express the integrand of (2.9) as an '
inner product of two functions, where the inner product is

defined on the space of functioas on S, as follows
-

dbserve that the set of functions - {95}563 defined by

l for t=s

r

£g (t)

0 otherwise

forms a basis for the space ¢S . Any function ¢ in ¢S can be

written unicuely as ¢ =S§S ¢(s)ss

fied with the (n+l)!—tupie

(

and therefore, can be identi-

(¢(sl), e s Q(S(nfl)!)

with respect to the basis {Es }558 . .
Accordingly, we can define the inner product on the space ¢S

as

R | - , S
<¢,u > ST Szezs s (s)y(s) for $rv € €V .

Here V¥(s) denotes the complex conjugate of 4 (s)

)

Now using this inner product we can rewrite (2.9) as

m
(2.10) B N(0,e) = 1SJE/L* <p (x)™ for fo 7 dX

4

Now we are in a position to state one of our main results:
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THEOREM 2.3 ", x|
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The exzecied number cf Limes that the paridicfe visiis

ine Ldentity .can be expressed as

(2.11) b 1

moLﬁ%me)= lim [=§<U - Bp(x))"

g+1 JE/L*
0 s8s 1. )

To prove the theorem 2.3, we use the following

the operator P(x), which will be justified in the

LEMMA 2.4 .

[4]) The operator P (x) L8 self-adjoint.
(44) 1§ X 48 an eigenvalue 0§ P(x) then \is

tie operaton (1 - P(x)) 4% 4Lnvextible jcx

P{0} has 1 as a simple eigenvalue with the consiant
eigenvecton.

PROOF OF THEOREM 2.3

We have obtained the eguation
(2.10) u"m(o,e) =ISL[E/L*<P(x)m.~:e, se>d5c

where m is a positive integer.

)

Se,eerv dx,

I'4

properties of

section 3.

1 and
Xx= 0 v EILY.

juncilen ay e
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Therefore the expected number of times that the particle

visits the identity is

[--]
mlo ¥ (0,0 = lim _po 6" P(0,e)
g+l
i.e. .
il m _ ) It f m m_ N
since
m m 2 1
I<P\(x) EerEe >] s ”P(_X)” ihe“ s m: < 1 r
we have .
Y .| : s om m
mgo woo(0,e) éiT J E/L* m§0 g7 <p(x) EarEg? dx
f 2 m m
12 = 1 ! ‘ .
(2.12) éf? JE/L* <“mlg & P(x) €ar€e > X
. k m‘ m
Now let By = mgoe p(x)
Then for k > %, -
k m
Bk - Bz = m=zja+l g o(x)
Therefore
J k -

- m, m ., L . m, ,m
“ Bk Bill s m=E2+le ij (x')il < m:i-fl‘ A.P(x)x;
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Since |IP(x)Il <1 , {Bk} is a Cauchy secuence,
and hence it is convergent.
4

Let lim Bk= B

K+

Then

mfoemp(xﬂl -6p(x))

- B(I -gP(x))

xQ m o
= L™ L eWlpy™h -
m=0 m=0
= I
Therefore
" _ .
meof PR o (1 e for ant x .

This simplifies (2.10) to

L uxmtﬂ,e) = lim [ <(1—6Phd)_ls £ > dx
m=0 641 J g/L* e e

52. CRITERION FOR RECURRENCE AND'TRANSCIEMCE

In this section we obtain the criterion for recurrence
and transcience.

‘First we expect to express the operator (] - P(xlfl

using the projection operators onto the eigenspaces.

e i - AR a s e ® o
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Let Ao(x) be the eigenvalue of P{x) which

tends to one as x tends to zero. »

Define the operator E,{(x) by

.1 b -1
EO(X)- —-‘ T JC(Z-I - p(x)) “dz
where c is a closed curve 1in ¢ with'dnly

the eigenvalue qxfrd(x) in the interior. (We can show
Y

that there is o one eigenvalue which tends to one as

x tends to zero. Therefore the curve ( can be chosen
sO0 that it does not contain points corresponding to any
other eigenvalue except X,({x) See Appendix (B}}.

Now if 'ﬁ(x) is an eigenvector of P(x)

with an eigenvalue kiLx),

!/ -lh = —l
(z] - Px)) "¢ (x) = (z - Ay (X)) Ty (x)
.Therefore
1 ( -1
Eo(x) ‘JJi (x) = T E?C(ZI - p(x)) “dzl. \Ui (x)

L (chtzl - B (x)) Ty (%) dz

-

-t



1

- l -

o [}C(z - li(x)) dz}*l‘i(lit)
lhi(x) if i=0 ,-
0 otherwise . |

This shows that Eg (x) 1is the projection operator onto
the eigenspace corresponding to the eigenvalue. A4 (x) .
. ¢

We know that the constant function lS defined by
™

-

lS(s) = 1 for all s e§

is an eigenvector for the operator p(0), corresponding

to the eigenvalue. one.

Now let
(2.13) - ¢y(x) = Eo(x‘)ls

Then ¢4 (x} is an eigenvector for p(x) " with the simmle eigen-

value Ao(x) , for small x .

Baving this information at hand, we prove the following

- . .
theorem, which leads us to the criterion Ifor recurrence.

~



‘THEOREM 2.5 -

The expected number d§ timeiﬂthaz the panticle visits
the identity is finite i§ n > 2 and infinite if n = 2. .
L
Here we use the following property of the eigepvalue

lo(x);_the proof of which is given in the section 3 .

THEOREN 2,6.

Let Ao(x) be the eigenﬁazue 04 plx) which tends

to one as x tends to zevro. Then.

(2.22) Ag ) = 1= ylxx) + ol xn?
where C
- (2n)2
ni{n+sl)

PROOF OF THEOREM 2.5

Equation (2.1l) says

nko WM, e}) =
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‘ .

bl

Now for some pdsitive § ™
J <(f -‘SP(X))-le e >dx
E/L* e’ e
| et | .
= <(1 -gP(x)) Ee,€e>dx + <(] - gP(x) Ee,ee>dx
Ix]<g 1X| 26 :
xe E/L* ' -~ xXeE/L*
- 1 :
J «1 - eP(x))_lee,€e>dx is bounded for all g,
Ix|28 ‘ ‘
xe ¥
0 <8 s 1.
Therefore leg/:s consider [ <{l - eP(x))—lae,ee sdx .
' |x]|<8
xeE/L*
| -\
Since (I - P(x))/= L (1 - A, (x))E.{x) where 1, (x) are
T i i _ i .
- -

‘the eigenvalues of P(x) and Ei(x) are the corresponding

orthogonal projections to the eigenspaces, we have

[

}lx|<6
Xeg/L*

<(1 - GP(X)‘a_l Ee.' E;e>dx

= Z J " _ "'l
{ li<6((l GAi(x)) Ei(x)ge, Ee >dx
Xeg/L*
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( .
-1

Hxl<6 <(1 - 8A (x) Ty (ke e A%+

Xeg/L*

z
=

————

' -1
i=0 |:~:|<6<(l - e}\i(x” Ei(x)ee’ee>dx

Xeg/L*

Again, L [ <(1- eAi(x))-lgi(x)eé,ee >dx 1is bounded
: :L::le!<cs
Xeg/L*

for all 6, 0 s 8 s 1, since X,(x) is the only eigenvalue

which tends to ®ne as ' x tends to zero.

Now
lim g,(x)e = (0}e = <€_,1.>1_ = L 1
p T e Eo' e T fterts 7 7s T (neI)! TS
Therefore for small X,
<@ - 8A(x)) T (xse e > ~ 1 1
0 By 1) Ear € Th-D 02 (T -8y (x])
and therefore -
-1 1 f 1
<{1 - 8x,(x)) Tg,(x)e_, e >dx ~ o —
1%]<6 0 0 e’ e “n+ljjlx|<6 {1 exotxi)
Xeg/L* Xeg/L*

Now using the result (2.1l4) ,
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1 f 1 ax - 1 [ 1 dx
TTETITTTﬁx|<6 (I = 6xg (x)) B TTEITTTT&,Lé’ (I=6 (1= (X, X)+0]| X ];*)
XeE/L* ‘ Xegp/L*

(2m)2

where Y = m

Now for smail [x| , (1 - 8(1 - y(x,x) + onx1f)) is a
decreasing function cf 8 , and hence its reciprocal is

an increasing function of 6 .

By an application of monotone convergence, for small | x|

we get . -

(e
('Y {x,x) +0]b{”“)

Lim J RerIe! d? ; oIy
g+l [x]<$§ =8 (1=-y(x,x) +0[k]| |x]<8

Xeg/L* xeg/ L *

(=]
Therefore §0 uxm(O,e) is finite or infinite according to

m

the value of the integral

[ 1
V1x)cg VOGR) 7 OTRTS
XeE/L*

which is equal to

f dx
[x]<6 x,x) {y + O]9

xXeg/L*
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But y ¢ oix!® is bounded as x tends to zero. Hence

we conclude that mgoﬂxm(o,e[ is finite or infinite

according to the value of the integral

-1
lx| <é (x,x)
XegE/L*

ax

Thus, we have gained the result we claimed, since the above

integral is finite for n = 2 and infinite for n > 2 .

Finally we derive the criterion for recurrence for the

particular random walk, as in the classical case of Polva

(POL1, (DYM])

THEOREM 2.7 .

The random walh on the injinite group A with the
given transition probability  4s necurrent fon n = 2

——

and transitory fon n >2.,

PROOF FOR n > 2

In this case we have that the expected number of times
that the particle visits the identity is finite. This is
the same as to say that the actual number of visits to the
identity is finite with probability one. Since this result

is true for any element a ¢ A , we have that for any R < =
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the particle ultimately stops visiting the chambers within
a distance R of e which says that the random walk is
transitory.

N
_PROOF FOR n = 2.

. Suppose that the probability of the particle ulti-
mately returning to the identity is p . Then the proba-

bility of visiting the identity for at least m times is
pm-l , including the visit at time m = 0
Then the probability of visfting the identity for

m-1l _ m

exactly m times p

pm-l(l - p)

Therefore if p < 1 , the expected number of visits

(-~

m-1
mil mp (1-p)

1-ptem .

But this -is a contradiction, since we have

. shown in Theorem 2.5 that the expected number of visits is

infinite. =

Therefore the particle visits the identity infinitely
often with pfobability one.

We conclude that the random walk ié recurrent for the

1
case n = 2 .
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—

§3 THE SPECTRAL ANALYSIS OF p(x)

_PROOF OF THEQREM 2,0

(i} Let ¢ and ¥ be two functions in ¢S

mr s . . S
Using the definition of the inner product on ¢ we cet

-

<P(x)5,v > = féT (P(x)2) (s)TTST

-
se8§

Now using the definition of P(x),

T n 2w - N
Px)®, V> =T%T ses (i1 9(ss;1TGT + ele(x'sr9)¢(sso)wzs’3'

Changing the variable s to tsi in each summation and using

the fact that s r, = -r

0%g 0’ we have

. n - .
P00,V = 3 LI e TTEsy) + e 2RO ERg) T TEs )3

= 1 .
TsT t§S¢\t)(P(x)W)(t)
= <¢:P(x)¢ >
Hence the operator p(x) is self-adjoint

Consequently, all the eigenvalues of P(x) are real.

(11} Suppose that there exists a non zero function ¢ in ¢S such that
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YR T P TRV TS

b

&S

P(x)¢ = x¢ for [Aiz21

PO S

We have

. .
< P(X)¢,¢ > TsT SES(P(xM) (s)®(s) -

which is the same as '
?

1 1 2 27i(x,sr,) —
>\ilﬁi’llz = <X%,5> = TST n+l sgs Ei};l(siqb)(s}dsi + e 0(SO¢J(S)¢ZS) )i

Defining an operator K on, q:‘s by .

e2-.1:L(:-:,sr0)

(K& (s) = (Sp¢) (s) for all s ¢ 5.

We can rewrite the above formula for  <PpP(x) ¢, ¢> as

n
Y 1 1 z z -
MIRHT = 75T BT ses Lin1(§®) () 0(ST ¢ (Kg) (s)e(sT 2
n
= 1 C L. > + <K >]
(2.15) nrl f1=1°Si% ¢ ¢ro>1 :
i
Therefore i
2 1 n 1
(2:}6) MBI = 1< P(x) ¢, ¢> ] S ey LByl Syore>l + [<Kéeo>11. i

Now using the Schwarz inequality we have ]
- L]

(2.17) | < Si¢r¢’>| 4 IISi¢l] e 1 . for 1 =0,1, ..,n - 4
and

(2.18) | <K¢, 0>} < (1Ko || |l ¢l




L o

But
Hsgell = 1l oll for i = 0,1..., D.
and .
i [4 ’ . -2q7i ’ -y el
KO Il = 7o TgTg 0T sTol (544 (s) e 2T XS0} (GO TET
t I
I S B (So¢)(s)(sﬂ¢5lsil
iS! se§
= llsgell = el

Therefore we have

2 - 2
l<S;¢,9>1 s Jloll . and  [<Kg, 9> = lIol]

L e
By (2.16) we get
2 1 0 | :
IVHONT = [<P(x)¢,0>] s g [3I31<S300921 « 1<Korp:t]

2
< [oll '

Hence we conclude that ) cannot be greater than one and

also that we have equality in (2.16), (2.17) and (2.18), if 1 =1

Now the egualities of (2.15) _and (2.17) implies

(2.19) S8 =a;e for i=1, .., n and
(2.20) K(Q) = Q0¢\ v

»~
where a; € ¢ , with lai] =1 for 1 =0,1 .., n.

From (2.15).we have (
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loli2 = 2o tay v oy + ..+ o+ o ]leN?

which implies

1

(2,21) =T (al o, Lt oo GOX\- 1.
Using the eguation (2.21) and the fact that lai] =1 for —~
i=o0, 1, ...;n, we can conclude
‘ _ [

ai =1 for i=0,1, ...,n. (For the proof of this
conclusion, see Appendix (A}).
Now by (2.12) we get
(2.22) (S;0)(s) = qa(ssi)' = &(s) for iz 1, 2, w., n.
In particular, for s = e , we have

'¢(si) = ¢ (e) for i -1, 2, .., n.

]

¢(sjsi) = ¢(sj) = ¢(e) for i,j =1, 2, w., n .

n

Buts. {s.}

. i) ge1 generates the group §S .

)

Thus d(s) = o{e) for all s ¢ § , which says that the

r

function ¢ should be a constant function.

_Now from (2.20) we have

e2T?1.(x,sr0)

(K¢) (s) = @(sso) = ¢(s) for all s €5,



Now since ¢ 1is a constant function,

ef™(X,5x5) for all s ¢ g .
In other words (x,sro) e 2 for all s ¢ §
which implies (x,r) ¢ Z for all r {l
Therefore

X € L* and hence x = 0 {mod L *)
Thus we conclude that the eigenvalues Qf P(x) for x* 0
are less than one in absolute value and hence tbg orerator ([ - P(x))

i% invertible for x = 0 .

PROOF OF THEOREM 2,6 - /

!
~
+

By (2.13), ¢0(x,s) = Eo(x)ls(s) for all 's ¢ g .

Taking the complex conjugate

(2.23) ¢le,s) = EoixSIsis) = Eol-ins(s) = ;Ol-x,s)

for all x ¢ g and s ¢ g

If we write

¢0(xr5) = ({x,s) + i3(x,s)

?

by (2.23) we have
alx,s) - iS(X,S) = ,({-x,5) - i;:_(“}l,S)
Comparing real and imaginarv Pparts

»

al{X,s8) = -(-x,s)
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and - g{x,s) = -g(-x,s) for all x ¢ g «

3

Therefore, using Tavlor's formula,

alx,s) = 1 + ay0x,8) + offx]®

nd

where az(x,s) is the 2 degree term with respect to

X and

8(x,5) = 8 (x,5) + 0jfx||’

where Bl(x,s) is the 15t degree term with respect to x .

Now we have

(2.24) P(x)¢0 (x,8) = Ao(x)cbo(x,s).

Using the definition of P(x)},

_ 1 n ey . o2mi(x,sr,) :
P(x)¢y(x,s) = =5 [jgl ¢0(x,saj) + e 07 ¢(x,s54)1].
Therefore
1 n |
AO(XI(G(X,S) +18(x,s)) = E:T{[.gl(a(x,ss.) + ig{bx,s5 ))3] +

+ [cosZﬂ(x,er) + i.SinZW(X,SIO)I&(X,SSO) +i3(x,sso)]}.

Comparing the real and imaginary parts ,
(2.25)
1 n
Ao(x)a(x,s) = H:_-1-{[:]21&(x,ssj)J + COS 2:(x,sr0)a(x,sso) -
- s5in 2% (x,sro)s(x,sso)J

t
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and

n
(2.26) Ag (x)B(x,s) =,E%I{[j§lﬁ(x,ssj)]+cos 27 (x,srq) 5 (x,s5,)

sin?n-(x,sro)a(x,sso)} .

Now from (2.24) ,

P(x)¢0(X.s) = Ao(x)¢0(x,5)

This implies

(2.27) P (-x) o5 (-%,s) = Ao(x)¢0(-x,§l’_u;‘for all x ¢ .
But égain from (Z.q
(2.28) p(—x)¢0(—x,s) = AO(-x)¢0(-x,s) for all x ¢ g .
By (2.27) and (2.28)

Ag (X} = Ag(=x) for small X ¢ E

By Taylor's formula

2 {2.29) ;\O(X) =1 + ?\Z(X) + Uﬂxll4 for small X ¢ E

where X,(x) is the 2nd degree term with respect to x .
Now comparing the pnd degree terms in x in (2.25) ,

1 n
(2.30) az(x,s) + Az(x)-= H:T{[ iglaz(X,ssi)] + az(x,sso) -

- g:éz(x,sro))2 - 2:(x,sr0)51(x,sso)}_
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Comparing the ISt degree terms in (2.26) ,

n
(2.31) B (x,8) = =ip{(,I;, 8;x,55,) g, (x;is54) ¢ 27(x,5r4)

Equation (2.30) gives

(2.32) z uz(x,s) + (n+1)1A2(x) =

1E1 95 (x,s8;)
8¢S

1
n+l{

2

2
o+ sgsaocx,sso) - 27 S§S(x,sr0)

- 2vs§8(x,sr0181(x,sso)
It is clear that there exists a unique veccor b_ in = such that -

- =
Bl(x,s) = (bs,x). Let us make tne assumntion that g, {x,s) =

(sb,x) for a fixed vector b in E , which will be justified
later: '

Then using Schurs. Orthogonality Relations .(see [SER]} we have

1 2 1
TsT SES (x,er) = H(rO'rO)(x’xl

and

1 1 -1 -1
TsT sgs(x,sro)(ssobrxl =TT SES(S %X, ol (s "x,s4b]

- 1
= H(ro;sob) (x!x) .

Now by (2.32) we have

D+ (n+l)iA,0x) = H%I { (n+1)p —'Zrzén+l)! (£q:79) (x,%)

2”(n+l)1(ro,b)(K,X)l
nin+1) ‘
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LY
) < 45
where D= I a 2(x,s) .
Se§ A
" This simplifies to —
Ao (x) = 2 %) 21 (r.,b) (x,x)
2 * T(an+l)ln T Thin+l) ‘Tordl e
2n2 ' 2T
(2.33) = -(x,x)C Taan -~ Tn«n (ro,b)] .

Now in (2.31) putting Bl(x,s) = (sb,x) we have

1

n .
=T {igl(ssib,x) + (ssob,x) + ZWFSIO'X)} .

(sb,x) =

Since this is true for all x ¢ E ,.we have

*

o

n
1 S0
sb = 7 {iél ss;b + ss.b + 2ﬂsr0} 1

and therefore
1 n
b = m {-ifz:l Slb + sob + 2'111’0} .

Now using the definition for S; i=0,1, «,n

n

R S = oL _ )
b = 25g'Ly b~ (byrdry) + (b = (b,rylry) + 27r,}

1,7 ‘



This gives

. ]
(27 - (b,ro))r0

igl (b}ri)ri

. ‘ n
(2.34) (27 - (b,rO»iglr..

1

.

Comparing the coefficients of r; . we get

bY

a (2.35) -~ (b,ri) = 2r - (b,ro) for i =1, 2, .., n.

[

Therefoxe -
n - : ~
‘igl(b,ri) = n(27'~ (b,ry))
.
which gives a . : '

. (n*1) (b,xy) = 2m

. -" : ’ . . '\

' _ 2-nn g -
(b"rro) = ET,'I . \./ +4 .

and hernce

. n ‘
Now let {rl}i=l be' the set of vectors in R ™1 satisfying °
J = & °
(r ,;i) S %5 -

By (2.35) we have

’ L Coomp, B4 o2r B g
(2.36) b. (2T - n+l) iélr v igl r . _
By (2.33) - o 5 ‘ |
’ _ 2m) 27 2Tn ‘
A(x) = = (x,x) rd - - = 1 .
_ 2 . . ntl n" n (n+l)2 .

-
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{2.37) Az(x) = =(x,x) (2)

Thus

n{n+l)
Finally (2.29) together with (2.36) gives the desired result.

Now let us verify our assumption for Bl(x,s): that it can -

be written as {sb,x) for a vector b e E .

‘For fixed x , write

»

Bl(x,s) = h(s) , so that h ¢ cs .

L Y
Then by (2.31) we have ;
h(s) = r (I h(ss)) + hiss,) + k(s)}
where k(s) = Zﬂ(x,sro) for fixed x ;
This can'?e'written as
(2.38) ,'{(; - P(O})h}(s) = k(s) .
Since (I - P(0)) is invertible in the space (lS)L which

is the sef of functions in ¢S that are orthogonal to 1_ ,

s
,the equation (2.38)
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(I = P(G))h = k¥ has a unique solution in the space
(1)t . |
S N

Let us show that the function £ defined by
f(s) = (sb,x) for fixed x,

belongs to the space (ls)*.

f(s) = (sb,x) for all s ¢ g

Thus
sgs f(s) = SES(Sb'x) .
Using (2.36) we get
- no .
. 27 i,
ststi) = oy sEssihim X
It can be shown that
noy n
iélr = ;kg;k(n - (k-—l)rk (see Appendix (C)).
Let #[k{n=- (k-1)2 = m(k) .
We have
no n
sgs (s ikl T )= sgs kél.M(k)srk

n

= khaMO) sty



:»Now replacing s by S8y in each summation, we have
noy n
sis (s;L, ) = kElM(k) SES sS, X,
. n B
==~ k; ntk) sgs STy
‘since Skrk = -r for k=1, .., n .

Therefore we have .

sgsf(s)

1
ﬂ
+
wn
M7

w
—
wn

and hence

f e (1 )% .
S

Also we can show that the function h defined
h{s) = Bl(s,x) for all s ¢ g and for fixed x ,

the space 1t
v S

by

49

1s in

Let {g,(x)} be the set of projection operators on to
Ei J

the eigenspaces corresponding to the operator p(x)

L}
-
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" Then we have

- z .
I = Ep(x) + i:OEi(x) where Eo(x) is the
projection operator corresponding to the eigenvalué Aoix).

Therefore

z

L) = g x) (L) + iy

E; (x) (1)

Now taking the inner product with dbr(x) = EA(x)Y. , we
0 0 S

have
<ls,¢0(x)> = <¢,0(x),¢,0(x)> -
since <¢0(x),¢i(x)> = 0 for i =0 .
Therefore
< ls,¢0(x)> is a real number.
But
1, 1l 3 '
< S,¢0(X)> = 5] SES¢0(X.S)
= 25 (atx,s) + iB(x,s))
IS] Ses ' ‘ ' F)

so we conclude that LI B{x,s) =0
Seg
Now comparing the lSt degree terms in x , we get

SESBl(x,s) =0 .
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Hence
h e (1" .
/! ’

Now 8 (x,s) and (sb,x) both satisfy the equation (2.3)
o {I -~ P(0))Yh{s) = k(s).

But the solution of (2.3) should be unique in the space

(1)" , since the operator (I - P(0)} is invertible in

that space. Therefore we conclude that B%Jx,s) can be
E . |

written as (sb,x) for a vector b in



CHAPTER III

GENERALIZATION

This.chapter is devoted to a generalization of our
.result for the random walk on the infinite group A . We
shall be dealing with a general probability measure u
under theassump;ion that the support of y generates the

group A .

. "

Since the technigues used in this generalization
come from the theory of group representations, we start
with a brief discussion of some of the general results of the

Representation theory of groups.

§1. REPRESENTATIONS OF GROUPS

» N

A representation p‘ of a finite growp 6 iz a groun homo-
morphism from G into the group of isomorphisms of a finite
dimensional complex vector space V . A representation 1is »
irreducible or simple if. vy is not 0 and if no proper

R,

subspaces of VY 1s stable under G . The dimension of

Yy 1is called the degree of p. Two representations p, p'

of the same group ¢ in vector spaces Yy, V' are sald to

be similar or isomorphic if there exists a

o e mead PR e REYR 41X A WO



TV + V! satisfying
« 1. for al} S € G .

The representatiors Lg and Rs of G on the space
of function’ ¢G=={flf:G*(:,supp f finite} defined by

1

(3.1). - (L E) (¢ ={f\(s' t)
and ' . -
(3.2) - (Rst*t) = £(ts) for all s,t e G

are called the left regular representation and the right

regular representation, respectively.

The complex valued function xp(s) = Tr(ps) = trace of g
* .
is called the character of the representation ¢ . A character

X, is called irreducible whenever , is.

C(G] is the set of all formal linear combinatig;;:)
f = s}éGf(s)s (where £ 1is a function on ¢ ) under pointwise

addition and convolution multiplication. -
[

Any representation V,o of G extends uniquely to

a representation of ¢(G] by the rule

(3.3) plf) = SngTéips‘
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Let np be the degree of the irreducible represen-

taton , of g . Then the map

tiGg] +Mp (¢)
pirrgducible

(where £ + %)

given by
(3.4) (o) = p(f)  (matrix)
is the Fourier transform of the function f

Let H be a subgroup of G , and W, be a

representation of H . The induced r¥presentation
V:p = Indg NJO'

is defined as
V = {£[f:6+W , £(h