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Abstract

This thesis derives and validates a new computational electromagnetic formulation via the re-
initialized numerical inverse of the Laplace transform (NILTn) for solutions of two-dimensional
and three-dimensional time-domain electrical-field integral equations (TD-EFIE) via the Method
of Moments (MoM). The TD solution is found with a high degree of temporal accuracy and
ensuring mathematical stability (L-stable), while taking relatively large time-steps. As a bonus,
this formulation can accurately determine the frequency-domain (FD) solution of the EFIE via a
fast-Fourier-transform of the interpolated TD solution. The interpolated TD solution is found
using the information available via the NILTn to interpolate the non-interpolated TD waveform
with minimal computational cost. The use of the re-initialized NILTn to solve the TD-EFIE was
inspired by its application in TD lumped circuit analysis. The results are proven via various 2D
and 3D examples and comparing both the TD and FD results to well-known computational
electromagnetic methods.
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Table of Symbols, Acronyms & Technical Terms

Acronym/Word/Symbol Description/Meaning
¢ 17 Ho&o
CEM computational electromagnetics
CFIE combined field integral equation
EFIE electric field integral equation
explicit “stated in detail, leaving nothing merely implied”
FD Frequency-domain
implicit “implied though not plainly expressed”
(in mathematical context, some quantity is not expressed directly in terms of
independent variables)
IDFT inverse discrete Fourier transform
IE integral equation
LM light-metre
MNA modified nodal analysis
MoM method of moments
MOT marching-on-in-time
m metre
MFIE magnetic field integral equation
NILT numeric inverse of the Laplace transform
NILTn modified numeric inverse of the Laplace transform
ns nano-second
PEC perfect electrically conducting
S complex frequency s=Re(s)+ jIm(s) =Re(s)+ jw
spatial “denoting space”
temporal “denoting time”
D time-domain
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CHAPTER 1 - Introduction

“The shortest path between two truths in the real domain passes through
the complex domain”.
Attributed to mathematician Jacques Hadamard
in The Mathematical Intelligencer, Vol.13, 1991

1.1 TIME- AND FREQUENCY-DOMAIN SOLUTIONS OF INTEGRAL EQUATION
MODELS IN COMPUTATIONAL ELECTROMAGNETICS

The use of the method of moments (MoM) to find numerical solutions of frequency-domain
(time-harmonic) integral equations for scattering from perfectly electrically conducting (PEC)
objects is well-established in electromagnetic engineering practice [PETE 97] [VOLA 12]. There
has nevertheless been sustained interest [REN 23] in techniques to determine the time-domain
solution® of such problems directly, as opposed to inverse Fourier transformation of frequency-
domain solutions. This has been done using differential equation-based finite-element time-
domain approaches (FETD), as well as time-domain integral equation-based moment of methods
[JIN 14]. It is the latter approach, and in particular the time-domain electric field integral
equation (TD-EFIE) for scattering from PEC objects, that is the focus of the research in this

thesis.

Interest in direct time-domain solutions of electromagnetic problems can be attributed to

several factors:

m Wideband frequency-domain information can be extracted from a single time-domain solution

that results from a pulsed excitation, using the discrete Fourier transform.

m There are some systems (e.g. ultra-wideband antennas) for which the details of the time

response are of paramount importance.

1 By this we mean problems involving arbitrary time dependence.



m If there are any materials present whose electromagnetic properties (viz. permittivity,
permeability and conductivity) are non-linear or deliberately time-varying, time-domain analysis

is a necessity?.

TD-IEs are particularly suited to open systems that are able to radiate (whether this is desired
or not), as the Green’s function forming the kernel of the IE automatically accounting for the
unbounded domain. Unlike differential equations based methods such as the time-domain finite-
element method and the finite-difference time-domain method, no artificial means of truncating
the solution domain (such as absorbing boundary conditions or perfectly matched layers) are

needed.

All numerical solutions® of the TD-EFIE, even that to be developed further in this thesis, are
built upon the MoM to effect the discretization of the spatial variation of the physical quantity to
be found (e.g. electric current density). They differ in the precise route they follow to arrive at
the time-domain solution. The most widely discussed is the so-called marching-on-in-time
(MOT) approach that discretizes the time-variation of the unknown quantity directly. The
solution at some time (the “now” as some authors call it) depend on the solution at earlier times,
as the user solves for what is “now” step by step. Special care has to be taken to ensure the
accuracy and stability of the solution, such as the need to evaluate certain terms with extreme
(quasi-exact) accuracy, and the need to have a time-step that is sufficiently small for accuracy
(but not too small to cause instability) in the time-stepping. A similar route that also arrives at a
time-stepping formulation, but without direct discretization of the time variable (and associated
difficulties) is the so-called convolution quadrature method. It obtains the MOT-like time-
stepping expressions via a more circuitous route, but one that appears to be less sensitive to the
preciseness which the various terms are evaluated, and to the step size. The so-called NILTn
approach (possible in both a non-time-stepped form, and a so-called re-initialized time-stepped
form), utilizes MoM solutions of the TD-EFIE in the complex frequency (Laplace transform)

domain and a problem-independent inverse Laplace transform to reach time-domain solutions.

2 Even if the impressed source is a single-frequency tone, the presence of non-linearity will cause a multiplicity of
other frequencies to be excited.
3 These will be reviewed in Chapter 2.



The re-initialized form offers very stable solutions for larger time-steps than the other methods.
However, although well-established in the analysis of lumped circuits, its use in solving
electromagnetic fields problems is relatively recent. In particular, an all-important re-initialized
NILTn formulation for solution of the TD-EFIE has not been available and (as we will see) not
as straightforward as that for lumped circuit analysis. The research of this thesis provides such a

formulation for the first time.

1.2 THESIS CONTRIBUTIONS & OUTLINE

The research described in this thesis develops, for the first time, a means of performing re-
initialization in the so-called NILTn/MoM solutions of a TD-EFIE. Only in this way are we able
to obtain a procedure that allows the solution to progress out to as large a time value as one
wishes, and yet maintain stability without a degradation in solution accuracy. This is an

important achievement.

B Chapter 2 : This chapter assembles the key technical concepts needed to conduct the research
described in the thesis, and is the foundation in which it builds upon. This includes the
frequency-domain and time-domain versions of the electric field integral equation used to model
electromagnetic scattering by PEC objects. The emphasis of this thesis is the attainment of time-
domain solutions, and the excitation used will be a Gaussian pulse; this concept is thus discussed
as well. Although time-domain solutions may be the primary objective of some analysis, very
often they are also used as a means of obtaining frequency-domain solutions over a wide
frequency range in a computationally efficient manner. As this thesis focuses on TD-EFIE, this
chapter will also discuss various implementations of the MOT solutions for the TD-EFIE.
Finally, this chapter will describe the implementation of NILTn in the context of mathematics,

lumped circuit analysis, and its recent use in computational electromagnetics.

B Chapter 3 : This chapter formulates a NILTn/MoM solution for a two-dimensional (2D)
problem of an incident plane wave scattering from a PEC cylinder of arbitrary cross-section,
with the electric field of the incident plane wave parallel to the cylinder axis (a TM; problem).

The PEC cylinder may be an open or closed object. Full implementation details, that are not



available elsewhere, are provided. Numerical results are shown and explained. Such 2D
problems were considered first in order to obtain both clarity and familiarity with, the intricacies
of using the NILTn procedure for solution of the TD-EFIE. This was done because to the
author’s knowledge, such a procedure does not appear to have been done before. The successful
implementation of the 2D problem allowed the author to proceed quite naturally to the 3D

problems described in Chapter 4.

B Chapter 4 : We do not develop the re-initialized form of NILTn for the 2D case in Chapter 3.
However, having successfully satisfied ourselves in that chapter on how to carefully construct
the NILTn/MoM procedure for solution of a TD-EFIE, in this chapter we do for the 3D case
what was done for the 2D situation in Chapter 3, but still, importantly, without re-initialization.
Although the some of the overall details remain the same as Chapter 2, the 3D case obviously
has some differences from those of the 2D case (e.g. different Green’s functions; unknown exists
over a surface and not a contour; more complicated expansion and testing functions, and more

intricate numerical integrations to evaluate the s-domain interaction matrices; and so on).

B Chapter 5 : This takes the work of Chapter 4 and complements it with the crucial ability to
perform re-initialization. We demonstrate through numerical experiments how important this
ability is. Finally, there is a brief discussion on the computational efficiency of the re-initialized
NILTn.

W Finally, Chapter 6 summarizes the contributions of the thesis, and suggests possible future

work.



CHAPTER 2 - Theoretical Background

2.1 INTRODUCTION

As indicated in Chapter 1, this chapter assembles the key technical concepts and notation
needed to conduct the research described in the thesis and lays the technical foundation upon

which this thesis builds. It is structured as follows:

m Section 2.2 writes down the integral expressions for the time-domain electric field due to a

known electric surface current density.

m Section 2.3 presents the frequency-domain (@-domain), complex frequency-domain (s-
domain), and time-domain (t-domain) versions of the electric field integral equation (EFIE) used

to model electromagnetic scattering by perfectly electrically conducting (PEC) objects.

m The emphasis in this thesis is the attainment of time-domain solutions, and the excitation used

will be a Gaussian pulse; this concept is thus discussed in Section 2.4.

m Although time-domain solutions may be the primary objective of some analysis, very often
they are used as a means of obtaining w-domain solutions over a wide frequency range in a
computationally efficient manner, and so we review the (albeit well-known) manner of obtaining

the latter from the former in Section 2.5.

m In broad terms, we can say that three methods have been used for the numerical solution of the
TD-EFIE. The method of moments (MoM) serves as the foundation for two of these methods.
The methods differ in the manner in which the dependence on the time-variable is handled.
These can be classified as the marching-on-in-time (MOT) approach, the convolution quadrature

approach, and the NILTn approach. The first two methods are briefly reviewed in Section 2.6.



m Section 2.7 gathers the essential details needed for application of the NILTn method to finding
solutions of the TD-EFIE. Important expressions are extracted from literature and explained,
because they will be used in Chapter 3, 4 and 5. The second part of Section 2.7 presents a
computationally efficient way to interpolate time-domain solutions at times intermediate to those
provided in fixed steps in the above-mentioned time-stepping solutions. It is efficient because it

exploits time-derivative information that is provided almost as a bonus by the NILTn methods.
m Section 2.8 describes the few instances where the NILTn approach has been used to find time-
domain solutions in full-wave electromagnetics problems (as opposed to lumped circuit analysis

problems).

m Section 2.9 concludes the chapter.



2.2 ELECTRICFIELD DUE TO AN ELECTRIC SURFACE CURRENT DENSITY

The electric field & (F,t) at a point T in free space at time t, due to a surface electric current
density ¢ (T,t) onasurface S is [SMIT 97][RAO 20]

57, = Va(r,t - 20 (2.2-1)
ot
with
N AGA T I I ]
ﬂ(r,t)—ﬂojsj o (2.2:2)
and
o Lo (Tit=r=rlic) ]
¢>(r,t)—gog py— ds (2.2-3)

with p, the electric surface charge density. Paraphrasing [SMIT 97], these expressions tell us
that we must evaluate the sources at an earlier time t—|F —/|/c, something that can be difficult

to implement in calculations. We may view (2.2-2) and (2.2-3) as arising from each surface
element of S, with an element dS’ having vector potential contribution

FAGAS SR EN9
47[|T—F'|

(2.2-4)

0

and scalar potential contribution

1 p(Ft-r=r|/c)
& 4r|F -

(2.2-5)

The term |f—F'|/c is precisely the time needed for the field to travel from point ¥ to T ; each

contribution must depart element dS’ at an earlier time in order to arrive at observation point T
at time t. It is for this reason that (2.2-2) and (2.2-3) are called retarded potentials. The presence
of the retarded time-dependence in the source terms in (2.2-2) and (2.2-3) indicates that, as is

essential, they satisfy causality. The field at point T at time t (the “here and now” as [BLUC 97]

aptly puts it) depends on what the current and charge density were at point T at time

t—|F—7|/c, in other words after a time delay |[F-7|/c. Indeed, the superposition (via the



integration process) of their contributions from all points ¥ over the surface occupied by the

source. Using the sifting property of the delta function, namely

p,(F t=[F=F|/c) = jps(r',t') St —(t—|[F—F|/c)] dt' = Jps(r',t') S(t—t'—|F—7|/c)dt’

. : (2.2-6)
[SMIT 97] re-writes (2.2-2) and (2.2-3) as
_ lep =, 8 O—t'=|F=T|/c)
= AGAY ‘vt 2.2-7
A=k {ijs(r,t) T ds}dt (2.2-7)
and
.17 S(t—t'—|F—F)|/c)
1) =— .t ds’ ¢ dt’ 2.2-8
(T 1) 80_L{Ljp5(r ) a7 } (2.2-8)

The above are convolution integrals in the time-domain. The common factor in the integrands

is the scalar free space time-domain Green’s function

S(t—t'—|[F—7|/c)
4r|F -7

G, T t,t) = (2.2-9)

We can therefore write

o0

AT, 1) =, j {j j ﬁ(r,t')g(r,r,t,t')ds'} dt’ = j j F(F ) *G(F,F,t,t)dS’  (2.2-10)
—o [ S S

and

&(T 1) =gi T { j j . (F,t) g(F,F’,t,t')dS'} dt’ =€i j j o (FL1)*G(F, P t,t)dS’  (2.2-11)
0 _» (S 0s

where symbol * denotes convolution with respect to the time variable.
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Fig. 2.2-1: Depiction of the spatial coordinate system.

The charge conservation principle relates the electric charge and current density through

- 0 _
V- 50 =-—{p ) (2.2-12)
and so
t
p () == [ V- 5(F.)dy (2.2-13)
we consider only systems for which the excitation, and hence due to the causality requirement,

the response, is zero for t <0, hence we can write (2.2-13) as

t
p(F ) ==[V- 5(F,y)dy (2.2-14)
0

and
t—R/c

p(Tt-RIc)== [ V- 4(T,»)dy (2.2-15)
0
with R =|F —F| used for convenience, and y as merely a dummy variable.



Substitution of (2.2-14) into (2.2-11) then yields
t
_ 1 b= e N
QB(“):?HUV F )G TS }dy (22-16)
°0l(s

whereas its substitution into (2.2-8) yields

t
qs(r,t)zgij
090

2l ee, =8 S =U=[F=TF|IC) | .
[J{ﬂv'fs(f,t) |r—|r| | dS}dt]d;/ (2.2-17)

Se

—0
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2.3 ELECTRIC FIELD INTEGRAL EQUATIONS FOR A PEC OBJECT

23.1 Initial Remarks

The work of this thesis concerns the determination of the time-domain electric current density

4% (T,t) induced at points T on the surface of a PEC object when a prescribed incident field

(due to some impressed source) impinges on the object, using integral equation (IE) models. In
particular, we will deal only with the time-domain electric field integral equation (TD-EFIE),

and so this is discussed next.

2.3.2  General Forms of the Time-Domain Electric Field Integral Equation (TD-EFIE)
The most widely discussed integral equation in computational electromagnetics is the electric-

field integral equation (EFIE) that models scattering from a PEC object. An arbitrarily shaped

PEC scatterer, shown in Fig. 2.3-1, is considered to be situated in an otherwise unbounded

homogeneous medium of permittivity &, permeability 22, and zero conductivity. The surface of

the PEC object is denoted by S . In the absence of the PEC object, specified impressed sources
generate a known incident field gne (r,t) . The surface equivalence principle [PETE 97] permits
us to replace the original physical problem by an electric surface current density j_s on S, but
with the PEC object absent, and which thus radiates in the homogeneous medium. This j_s gives
rise to a scattered field & 5¢& {F,t,js(r,t)}, thus, the total field at any observation point T then

being the sum of the incident and scattered fields, namely & (F,t) =& " (F,t)+& **(T,t). The
scattered field, which we denote by & ** {T,t,js(f,t)} to show its dependence on ¢, can be

written as the spatio-temporal convolution* between the time-domain Green’s function for the

unbounded background medium and surface current density f_s The physical boundary
condition on the PEC object requires that i(F)x& (F,t)=0 at points T €S’. It’s enforcement,

along with (2.2-1), results in the TD-EFIE

4 By using (2.2-1), (2.2-10) and (2.2-11).

11



A(F)x& =Tt A (F,D} = —A(F)xe ™ (F,t)  TeS (2.3-1)

with the unknown fs located within integrals in (2.2-1). This is referred to as the

undifferentiated form of the TD-EFIE, the reason being that (for purposes that will become
apparent in Section 2.3.3) we can differentiate both sides of (2.3-1) with respect to time to obtain
its so-called differentiated form

rA‘(F)X%‘fscat A —ﬁ(r)xgé‘"%r,t) res’ (2.3-2)

Sl

(r.1)

(u, &)

Fig. 2.3-1: Representation of original physical problem
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Fig. 2.3-2: Problem equivalent to the original physical problem in the region external to the
conducting object

2.3.3  Detailed Forms of the Time-Domain Electric Field Integral Equation

A. Detailed Form of the Undifferentiated TD-EFIE

If we use (2.2-1), (2.2-7), and (2.2-17) in (2.3-1) we can write the TD-EFIE as

ﬁﬁ(?)xg(gj(rﬂt')*g(F,F’,t,t')dS’j

4re,

A(F)xV j[”v’-fs(ﬁ;/)*g(F,F',y,t')dS’de: A(F)x&™(Ft) FeS
(2.3-3)

If we instead use (2.2-1), (2.2-10), and (2.2-17) in (2.3-1) we obtain the identical (just more

explicitly written) form

o O Tl s, nO=t'=F=T|lc) | ..
ﬁn(r)xa[j{ﬂjs(r,t) ] dS}dtJ

t{ oo 1
— 1 ﬁ(F)XV J‘{ J‘ {J.J‘V,{fZ(F,t,) 5(}/_1: —|r —r|/C) dsl} dt'}dyﬁ(?)xgmc(ﬁt) Fes
0 5.

F=

(2.3-4)
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B. Detailed Forms of the Differentiated TD-EFIE

Inspection of (2.3-3) and (2.3-4) shows that the 2"¢ term contains a time integral of the
divergence of the current density, originating of course from the replacement of the electric
charge density by a surface current density term using the continuity equation (2.2-12). It can be
removed by differentiating both sides of (2.3-3) or (2.3-4) with respect to time to obtain the
differentiated forms of the TD-EFIE

ﬁﬁ(r)x%[J;Ij(?,t')*g(F,F’,t,t’)dS'J

1
4re,

A(F)xV (”v'.js(r,t')*g(r,F,t,t')dS'j= ﬁ(F)x%éfi“(F,t) res

(2.3-5)

o P F e =, St =[F=F|IC) | ..
e [{ e 2 s |

_ 1 ﬁ(F)XV [T{HV’-(%(F’,t’) 5(t_t'—|F_F'|/c) ds,} dt'J: ﬁ(F)x%éf"‘C(F,t) Fes

[

(2.3-6)

The TD-EFIE expression (2.3-6) is the form that will be the springboard for the derivation of
the re-initialized NILTn approach in Chapter 5.

2.3.4  Complex Frequency-Domain (s-Domain) Electric Field Integral Equation

A. Complex Frequency Domain Form of the Undifferentiated TD-EFIE

In order to obtain the complex frequency-domain EFIE we take the Laplace transform of both
sides of the TD-EFIE in (2.3-5). Noting that the definition of convolution is used in place of the
aforementioned TD convolution symbol *, the transform of the first term on the left-hand side of
(2.3-5) is

14



dtfprorl)

t=0

(2.3-7)

In order to have a causal system, we assume that ¢ (7,t) =0 for t <0. Due to this initial

condition, the last terms on the right-hand side of (2.3.7) are zero, and (2.3-7) simplifies to

d o Stt—t'-[r=r)ic) | .. I (F ) Srrle ]
,{&u {ﬂf( t) E ds}dt” jsj By ds (2.3-8)

The transform of the second term on the left-hand side of (2.3-5) is

(2.3-9)
The second term on the left-hand side of (2.3-9) again due to causality is identically zero, and

so we have

15



tfe ] r-riie) , 1_[ ¢ Iy(F ) Tre
R T S =

—00

(2.3-10)
Finally, taking the Laplace transform of the excitation term on the right-hand side of (2.3-5)
gives

L{A(F)x& "™ (1)} =A(T)xE"™(T,s) (2.3-11)

where

E™(F,s)=2£(&"(T,t)) (2.3-12)

Thus, the s-domain form of the undifferentiated TD-EFIE is

F—7| 4rg, 7|

= —s[F-T|/c 7 (7 —s[r-r/c _
&ﬁ(r)xsﬂ‘]s(r’|‘°‘_)e ds'— L ﬁ(T)x%V[”JS(r’f)e dS’Jﬁ(T)xE'”C(T,S)
S S

(2.3-13)
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B. Complex Frequency Domain Form of the Differentiated TD-EFIE
We take the Laplace transform of both sides of the differentiated TD-EFIE in (2.3-6). The
transform of the first term on the left-hand side of (2.3-6) is

[ {T {M \ 3t t|r|r|r|/c>ds}dt,”
i [atz [ﬂ%(” |_F|f*|/c) ds,”
st | [T g
{ f(rtr”j o ppraclr=rie)
A R | 2RO ]

S

(2.3-14)

As stated in Part A of the section, in order to have a causal system we assume that js(F,t) =0

for t <0. In addition, we will always specify the incident field® that o4, (F,t)/ot=0 for t <0 as

well. Because of these initial conditions the final two terms on the right-hand side of (2.3-14) are

zero, and we have

AR ) Stfr=rlro) | ) | I (F,s)e e ]
f[atz [jw {Hj T }dt”sjsj T ds’  (2.3-15)

The transform of the second term on the left-hand side of (2.3-6) is

> As will be explained in Section 2.4, the incident field or impressed voltage used in this thesis always has a
Gaussian pulse shape in the time-domain. We will always shift the peak of the Gaussian pulse sufficiently forward
along the time axis so that these two conditions are met for all practical purposes.
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f{v [T {”V’-js(?,t’) ﬂt_tif";f"” ds} dt'ﬂ

—0 S

V' (T t=|r=1|/c)
fHH e dSH

(2.3-16)
Finally, taking the Laplace transform of the excitation term on the right-hand side of (2.3-6)

gives

= ﬁ(T)xf(%é'_ e (F,t)j (2.3-17)

The assumed initial conditions mean that & ™ (¥,0) =0, and so
f(ﬁ(?)x%gmc (F,t)jzsﬁ(r)xﬁi“ (F,s) (2.3-18)
where E™(F,s)=(&"(F,t)) . Thus, the s-domain form of the differentiated TD-EFIE is

sfr-r/c

s
T

H o~ 2 J_S(F',s)e
En(r)xs .LJ' -

!'_ — —S‘T—F‘/C )
_ 1 ﬁ(r)xv[”v Js(T,s)e dS’}=sﬁ(F)xl§'”°(F,s)

4re, -

r—r
(2.3-19)
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2.3.5 Frequency-Domain Electric Field Integral Equation
The frequency-domain EFIE for the 3D problem is well-documented [PETE 97]. It can in fact

be obtained from the complex frequency-domain form® by replacing s by jw in (2.3-13), to

obtain
ot gy 200 T g
A S |T—F’|

1 J, (Faa’)e_m‘r Flie , Al inc [+
- \Y 8 ds’ |= E ,
j4M}gn(r)x L_[ ] A(T)xE"™ (T, 0)

(2.3-20)
2.3.6  Other Time-Domain Integral Equations

The magnetic field integral equation (MFIE) and combined field integral equation (CFIE) for
scattering form PEC objects can be derived in the frequency-domain [PETE 97], complex
frequency-domain [DELY 23], and time-domain [BEGH 13]. However, these can only be used
for closed PEC objects. We therefore in this thesis only consider the EFIE, which is applicable to
both open and closed PEC objects.

& We do this using the s-domain form of the undifferentiated TD-EFIE only. It is what is usually meant by the
frequency-domain EFIE for scattering from a PEC object.
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2.4 GAUSSIAN PULSE IMPRESSED PORT VOLTAGES & INCIDENT PLANE
WAVE FIELDS

2.4.1  Gaussian Pulse Impressed Voltage Excitation (Antenna Excitation)
In the case of an antenna problem such as that in Fig. 2.4-1, we will consider application of an

impressed voltage v;,(t) at the input terminals of the antenna, given by [JIN 14, Sect.12.1.2]

J[t—to]z

2\ 7

Vi (1) =V, e w (2.4-1)
and graphed in Fig. 2.4-2. It has its maximum value of V, at time t=t,, with t, referred to as
the delay. The value of v, (t) is 0.02V, (that is, down to 2% of its maximum value)
approximately at times t =t, + 2\/51\,\, , and so we could referto T, = 2(2\/§TW) = 4«/§rw as the
pulse-width’. Substitution of this relation between T,, and z,, into (2.4-1) allows the latter to be

written as [RAO 99]

4 2
(t_to)]

Vin(®) =V e_[TW (24-2)

In order to ensure® that v;, (t) is negligible for t <0, some authors recommend that t, >10z,, (in

other words t, >1.77T,,) although others have used t, >8.57,, (t, 21.50T,,).

The spectrum of (2.4-1) is given by the Fourier transform [JIN 14]

1 2
- (o) _;
Vin(@) = F (Vin (@)} =y27V, e 2 " e iob (2.4-3)

Fig. 2.4-2 shows a plot of (2.4-3). If we take the upper frequency as o, =3/7,, then

f, =, | 27 =3/ 27z, , which in terms of T, reads®

" Some authors prefer to use Ty =4z, as the pulse-width, albeit not usually in the computational electromagnetics

literature concerning applications in the frequency range below 300 GHz.
8 Some authors say this is to ensure a quasi-quiescent state for t <0.
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f, = % (2.4-4)
Ty
the smaller T, is, the more frequency harmonics are included. Later in the thesis we will also
require the Laplace transform of v;,(t) , and so write it here as

Vin ()= (2.4-5)

VoT, T, 4
VoTwV7 \/_ (4t,/T,,) erfcx[s—w-—tOJ

8 Ty

with erfcx the so-called scaled complex complementary error function or Faddeeva function
[WEID 94], defined by

erfcx(z)zezzerfc(z) (2.4-6)

and erfc(...) is the usual complementary error function.

% If we express T, in ns, then (2.4-4) gives f, in GHz.
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Fig. 2.4-1: Antenna problem : Gaussian excitation (impressed) voltage at the antenna port

(—)

Vin(t)

V,e%~ 0.6V,

0.02V,

t,- 2321, t,-Ty

[
s
=
+
a
(o
c
+
\®)
@
N
a
i
-

Fig. 2.4-2: Graph of Gaussian pulse function. Not drawn to scale.
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Fig. 2.4-3: Frequency spectrum of the Gaussian pulse function. Not drawn to scale.

2.4.2  Gaussian Plane Wave Field Excitation

An incident Gaussian pulse plane wave can be expressed as

{t—t0 _(F-Kine /c)}2

&M, 1) =u" Eyexp| - -
T4}

(2.4-6)

~inc

where 4™ is the polarization vector of the incident field, and k™™ its propagation direction. The

Laplace transform of this & "°(F,t) is

Einc (F, S) =ljinc

5 erfex| —% - (2.4-7)
{TW /4} 8 T,/4

ETNT _{to+(“2‘”°/c)}2 o7, LH(FK™)/c
8

If the incident plane wave is incoming on the PEC object from direction (6™, #"™) then its

direction of travel is described by unit vector

k' = %sin 8™ cos ¢ + §sin 6" sin g™ + 2 cos O™ (2.4-8)

and so
-k = xsin 8™ cos ¢ + ysin 6 sin "™ + zcos &' (2.4-9)
therefore, substituting (2.4-9) into (2.4-7) yields
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C
(T, 14

{t | Xsin 0™ cos¢"™ + ysin 6" sin g™ +2cos 6™ }
0

inc EoTW \/;

E™(x,y,2,8)=U g P -

{T,/ Z}

{t | Xsin@"™ cos g™ +ysin 6" sin g™ + zcos 6" }
0
W

sT
x erfcx -
8

(2.4-10)
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2.5 EXTRACTING WIDEBAND FREQUENCY INFORMATION FROM TIME-
DOMAIN SOLUTIONS

An electric current density ¢ (7,t) due to an incident field &"(F,t) can have an arbitrary
time-variation. The frequency response J. (T, @) can be obtained [BENN 70] as the Fourier
transform of ¢ (,t), being due to an incident field E™(F,w) that is the Fourier transform of

&ne (r,t) . Similar comments can be made in the case of antenna excitation by a voltage pulse at

the antenna terminal.

O = em [ (D)

Vin(a)):g{vin(t)} js (77(0) :J{ﬁ(F,l‘)}

Fig. 2.5-1: Transformation from time-domain quantities to frequency-domain quantities.
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26 MOMENT METHOD MARCHING-ON-IN-TIME (MOT) SOLUTION OF THE
TD-EFIE

26.1 Initial Remarks

In order to properly place the work of the present thesis into context, the widely explored
MOT method of moments approach for the numerical solution of TD-IEs will be reviewed, albeit
not at all exhaustively. Only a selected number of more recent key references are provided,
remembering that these themselves cite many more that allowed the progress in the MOT
solutions of TD-IEs since the 1970’s to be followed.

2.6.2  Direct Time-Discretization Enabled Marching-on-in-Time (MOT) Method

In order to formulate the MOT/MoM solution of the TD-EFIE (of which there are the
differentiated and undifferentiated forms), and other TD-IEs, for PEC objects, the current density

is approximated using spatial and temporal expansion functions. These are usually N sub-

domain Rao-Wilton-Glisson (RWG) functions or its higher-order versions [GRAG 15] over a

triangular mesh, and N, sub-domain piecewise Lagrange interpolators up to the 2" order,

[GERA 09] time-shifted by an amount At, respectively. There is a temporal expansion function
for each point in time at which the solution will be sampled. The spatial testing functions are
normally RWG functions, in other words a Galerkin MoM in space. Collocation is typically used
for testing in time at equidistant time steps, effectively using Dirac-delta functions for such
testing, although there have been some exceptions [BEGH 13]. This space-time discretization
results in an implicit MOT formulation. If we adopt the concise notation from Section 10.6.2 of
[JIN 10], where further details can be found for all the terms mentioned below, the MOT

procedure can arranged to read

[z =[v]Y —i[z“*’)][z](p) k=123,.... (2.6-1)
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integer k identifies the particular point in time, [7]* the column vector of coefficients of the
spatial expansion functions for that k (point in time), [Z*™] is the MoM square matrix'°, and

{V}(k) is a vector related to the incident field. The appropriateness of the terminology “time-

marching” is easily appreciated by increasing the value of Kk in steps starting from k =1 to see

that the above represents successive matrix equations

[ZO1]° =[v]” (2.6-2)
(2010 =[v]? -[2°11]" (2.6-3)
[ZO100° =[v]” - (2711117 - [2°](]" (2.6-4)

and so forth. A matrix equation must be solved for each new value of k (it is an implicit scheme),

determining the right-hand side of the said matrix equation (that depends on the solution at the

previous step) being the most time-consuming part, since [Z®] turns out to be sparse.

The elements of the N, interaction matrices [Z'”] each of size N_x N_are functions of the

step size but not of time. However, some involve complicated space-time integration over sub-
regions of the triangles, different in detail from their frequency-domain counterparts, explicit
expressions being available in [JIN 14]. It is apparent that at each point in time the above time-
stepping matrix equation involves an updating of the known right-hand side using the current
vectors at previous times. This updating (involving matrix-vector products) is the most time-
consuming part of the process. The temporal discretization has converted the continuous

convolution in time into a sequence of discrete convolutions.

Early MOT solutions of TD-IEs were plagued by what researchers have classified as late-time

instabilities, low-frequency breakdown instabilities, and DC instabilities (static loop modes)

10 Usually simply called interaction matrices. They do not have the dimensions of impedance, and so should not be
called impedance matrices as would be done in solutions of the frequency-domain EFIE.
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[FURS O00]J[RYNN 90]. Although general stability proofs that provide criteria to make the
formulations unconditionally stable do not yet appear to be available, many strategies have since
been devised to keep these at bay, and verified through extensive numerical experiments.
Solutions for the current density that exhibit spurious fluctuations that grow in amplitude are

called late-time instabilities. In [SHI 11], numerical experiments revealed that the use of semi-

analytical so-called quasi-exact integration in the determination of the elements of [Z‘q)]

enables excellent late-time stability properties in the TD-EFIE even for small time-steps (and
hence accurate solutions), for temporal expansion functions up to the 2" order. This approach
was extended to the TD-MFIE and TD-CFIE in [WANG 21], revealing the same ability to obtain
accurate solutions through appropriate adjustment of the spatial and temporal discretization rates.
MOT solutions of the TD-EFIE are also troubled by spurious static currents (DC instability). The
solutions contain spurious static loop currents constant in the case of the undifferentiated TD-
EFIE and linearly increasing for the differentiated one, which can limit late-time accuracy. These
would not be present in an exact solution, but emerge due to the discretization and unavoidable
finite accuracy of the numerical computations. An altered TD-EFIE, based on the incorporation
of quasi-Helmhotz projectors and rescaling has been shown in [BEGH 15] to be capable of
solution using the MOT process without the occurrence of DC instabilities, and free of the ill-
conditioning that results for large time-steps. The later situation arises when the PEC object is
electrically small relative to the shortest wavelength in the excitation (and is analogous to the
“low-frequency problem” in frequency-domain solutions, caused by the separation of electric
and magnetic effects of charges and currents at these frequencies), the mesh density being
governed by the need to resolve the geometrical features of the object. In most cases though, the
mesh density will be driven by the need to resolve the shortest wavelength in the excitation. We
do not expect interior cavity modes of closed PEC objects to be excited when such objects are
externally-excited. Theoretically, under zero initial conditions, TD-IEs for closed PEC objects
should not admit such spurious modes as part of their solution either. However, the process of
discretization and numerical errors these are observed in MOT solutions, and although not
leading to late-time instabilities, may corrupt the solutions of the TD-EFIE and TD-MFIE, even
with quasi-exact integration. They do not appear in solutions of the TD-CFIE [SHAN
00][WANG 21] or for the TD-EFIE with open PEC objects.
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2.6.3  Convolution Quadrature Enabled Marching-on-in-Time (MOT) Method

The above space-time MOT procedure results when the time variable in the TD-EFIE is
discretized directly. The convolution-quadrature method [WANG 11][DELY 20][DELY 23]
achieves temporal discretization via an indirect route. The formulation and implementation of the
method is technically complex, composed of many steps, and with several parameters needing to
be appropriately chosen, but a very detailed discussion on its successful implementation is
conveniently outlined in [DELY 23]. A qualitative appreciation of its essence can be had by
considering that the TD-EFIE is Laplace-transformed to the complex frequency-domain and

spatially discretized (via the MoM procedure) into a matrix equation [Z(s)][1(s)]=[V(s)]. The
expressions for the terms of the matrix [Z(s)] being very similar to that obtained in the

frequency-domain MoM solutions of the EFIE. We also recall that an inverse Z-transform, which
is the discrete equivalent of the inverse Laplace transform, transforms a continuous function into
a discrete sequence of sampled function values [MCCL 16]. Furthermore, recognizing that
multiplication by the complex frequency s corresponds to differentiation with respect to time,
implicit Runge-Kutta (IRK) methods are used to express s as a function of the Z-domain'?

variable z, which upon substitution into [Z(s)][1(s)]=[V (s)] converts the matrix equation into

the Z-domain form. Use of the above-mentioned inverse Z-transform (that can be accomplished
using the discrete Fourier transform [WANG 11] or trapezoidal rule [DELY 20]), then converts
the Z-domain matrix equation into a sequence of discrete convolutions that can be rewritten in a
form similar to that quoted for the MOT procedure discussed earlier. The s-domain matrix

equation is not actually solved for [I(s)], as will be done in the so-called NILT approach

described below (albeit for the purpose of circuit analysis). Researchers have noted that this
convolution-quadrature route can in practice offer up to fifth order accuracy in time, and is late-
time stable independent of the choice of temporal step-size. A decided advantage is the
determination of the interaction matrix terms is grounded in well-tested frequency-domain MoM
implementations, and so the stability of such methods are apparently less dependent on the

precision of the integration formulas. [DELY 23] observes that “the main disadvantage of

11 We do not mean an “impedance domain” here of course.
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convolution quadrature schemes, based as they are on time stepping schemes for the solution of
ordinary differential equations, can introduce dispersion errors that increase for broadband

inputs”.
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2.7 FOUNDATIONS OF THE NUMERICAL INVERSION OF THE LAPLACE
TRANSFORM (NILT) TECHNIQUE IN LINEAR CIRCUIT ANALYSIS

2.7.1  Preliminary Remarks and Goals

A technique for numerical inversion of the Laplace transform (NILT), perhaps not as widely
familiar in the field of computational electromagnetics, relies on known pre-determined
coefficients that are entirely problem-independent and effectively permit high-order
representation with respect to the time variable. It was originally developed for time-domain
circuit analysis [VLAC 83], where the coupled differential equations are expressed in matrix

equation form, with the unknown currents occupying a column vector.

The NILT approach is not inherently a time-stepped one, because it does not discretize time
directly. The solution for the time-domain current density at the current time (the “now”) does
not explicitly depend on the previous solution at an earlier time. As will be shown later, the
solution at each different point in time uses a set of complex frequency-domain solutions of the
EFIE at (different) prescribed values of the complex frequency s. The NILT solution becomes
less accurate (but never unstable) as the value of t moves further away from zero. The accuracy
of the solution further out in time can be improved using easily accessible derivative (up to order

n, say) information on the Laplace domain solutions [I(s)], resulting in so-called NILTn

methods [TAO 21][GAD 22]. A significant advantage of the NILT approach when used in (non-
field) differential equation-based circuit analysis has been, if a process called re-initialization is
employed, the NILTn approach is converted into a pseudo time-stepping procedure that provides

accurate and stable results even further out in time.

As stated, a key advantage of the NILT approach in circuit analysis has been its ability to
move forward in time using relatively large time steps while, maintaining accuracy and being
free of stability problems. However, users are often interested, not only in the value of the
waveform at particular points in time, but also in the temporal shape of the underlying waveform
in between those time points. This demand constitutes a challenge for both the initial-value and
re-initialized value of the NILTn as it fundamentally challenges what is so advantageous of the
method (the ability to determine the time-domain waveform accurately and stably through

sparsely spaced time points). In [GAD 22], the use of explicit Hermite interpolation using cycle

31



index polynomials was recommended. The interpolation method is based on constructing a
polynomial that satisfies a set of values of the quantity in question, along with the first few time-
derivatives of the quantity at a set of pre-specified points. It was shown in [GAD 22] that both
the initial value mode and the re-initialized mode of the NILTn can be slightly altered to

compute the necessary time-derivatives'? to be used for the Hermite interpolation.

The goal of this section is to introduce to the reader the concept of the NILT. This thesis will
apply the NILTn, in both its initial value mode of operation (not a time-stepped method) and re-
initialized mode (a time-stepped method). However, we will make use of all previously
completed work regarding the NILT without re-deriving®® it, and thus only a summary of
pertinent expressions is provided. Readers that are interested in the full derivation of the existing
NILT formulations can find this in [VLAC 83], [TAO 21], [GAD 22], and [BARD 22]. In
addition, an interpolation method based on Hermite interpolation [GAD 22] is introduced and an

explanation is given of the concept.

2.7.2  Mathematical Foundations of the NILT

A. Notation
In Section 2.7, the following mathematical notation will be used. Let N, to define the set of
non-negative integer number, ne Nwill denote a non-negative integer, n=0,1,2,.... Let C

define the sets of complex numbers. The required notation will require the use of a multi-index.

A multi-index in the context of this section defines a vector in NM | i.e., a vector whose
M components are non-negative integers. A bold font lowercase letter, e.g. |, will be used to
denote a given multi-index, while its individual components will be denoted by a subscripted

italic (non-bold) lowercase of the same letter, i.e., |.,i=1,2,....M , where |. e N.

12 Without any need for numerical differentiation.
13 What does not exist will of course will be derived ab initio.
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A set of multi-indices, AZ'Z" , Is a set defined by

M
AY .-={| eNV Y = p} (2.7-1)
i=1
the factorial of a multi-index will be defined as the product of the factorials of its components,
M
=TT (2.7-2)
i=1

finally, a multi-index, | ,when used as the power of another complex vector d e C" defines the

operation

d' .-=Hd}i (2.7-2)

Furthermore, %" (t)will be used to denote the NILTn approximation to x(t) at arbitrary time t,

remarking that X°!(t) is the same value obtained by the classical NILT, i.e, NILTO

B. Foundations of the NILT

NILT is essentially a time-domain approach that is grounded in the complex frequency-
domain. In addition, the advantage of NILT compared to conventional transient time-domain
simulators stems from several factors. First, it enables approximating waveforms with high-
degree polynomials, a fact that allows the step taken in marching through time to be larger than
the step afforded by conventional simulators, which relies on low-order approximating
polynomials to maintain the numerical stability. NILT on the other hand, is structurally stable
regardless of the degree of thee underlying approximating polynomial. The stability is
mathematically recognized as the L-stable is another factor that adds the NILT robustness.

The basic idea of the NILT is to recover the time-domain waveform using its Laplace-domain

representation. The NILT approach begins from the classical definition of determining the time-
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domain function x(t) from the inverse Laplace transform of the Laplace domain function X (s).

It is assumed that x(t) is stable, and therefore, X (s)will have no singularities in the right-half

plane

a+ jo
[ X(s)eds (2.7-3)

a-jo

x(t)=£{X(s)} =

1
2mj
where j=+/-1, £ denotes the Laplace transformation, and « is a constant chosen such that all

singularities in X (s) lie on the left of the vertical line R (s)=c . It then proceeds by substituting

st with z, and representing e* by its [N/M] Padé approximation Enm (2) given by [BAKE 95]

ORI

Z)= = . - 2.7-4
SEN,M( ) QM (Z) ZZJ(_I)IOCLN,MZI ( )
where a;,, is
_ (M+N-i)t(M
ZXVAN —W i (2.7-5)

It can be shown that &y () can be represented as a form of the pole-residue partial fraction

M .
Enm (2)=2—— (2.7-6)

where the poles and residues, respectively, z;and k;, are obtained from the roots of the
polynomial Qy (z) in (2.7-4). Although these values can be found mathematically, some of the

possible values of z;and k; for a given M and N are shown in Fig. 2.7-1
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Table 10.1.2. A Selection of Poles z; and Residues K; for Various N, M.

N=M-3

Re(z;)
Im(zy)

Re(K)
Im(K})

N=M-2

Re(zp
Im(zy)

Re(K})
Im (K}

N=M-1

Re(zy)
Im(zy)

Re(Kp
Im(K)

2.764346415715100
1.162323629283275

1.235653584284900
3.437652493671051

10.82098193052256
1.517953393700372

10.21449035429789
4.562479433009242

8.932235514658323
7.637703369344925

6.786787372173086
10.78715258382734

3.245504828348141
14.14179989064435

-1.486485011597801
-12.10916705674577

1.486485011597801
3.433270826956831

2186.697231341063
—-48581.24805840772

-3989.181746394491
27449.17684030028

2320.955454239880
-8164.422991702790

-556.8837335166699
1044.522752571332

38.41279433021752
-29.05774606159169

1.000000000000000
1.000000000000000

3.779019967010193
1.380176524272843

2.220980032989807
4.160391445506932

11.83009373916819
1.593753005885813

11.22085377939519
4.792964167565670

9.933383722175002
8.033106334266296

7.781146264464616

11.36889164904993 |-1674.109484084304

4.234522494797000
14.95704378128156

0.000000000000000
-2.000000000000000

2.256958744418140
-39.63308700050173

~2.256958744418140
11.10883163787590

16286.62368050479
-139074.7115516051

-28178.11171305163
74357.58237274176

14629.74025233142
-19181.80818501836

-2870.418161032078

132.1659412474876
17.47674798877164

2.000000000000000
1.414213562373095

4.787193103128467
1.567476416895208

3.212806896871534
4.773087433276643

12.83767707781087
1.666062584162301

12.22613148416215
5.012719263676865

10.93430343060001
8.409672996003091

8.776434640082610
11.92185389830121

5.225453367344362
15.72952904563926

2.000000000000000
-7.071067811865476

26.60307999194297
-120.1434654740949

-22.60307999194297
24.94335170050046

73804.09376005109
-393980.9270580073

-122553.9994117030
190817.1978146481

57833.14454064847
-36338.37020019288

-9310.721692796347
3.803546061166028

237.4828037997930
282.6073846434469

Fig. 2.7-1: Table (extracted from [VLAC 83]) showing a selection of poles z; and residuals

K; for various N and M combinations. Note that the framed entry should be

1674.109484084304 and not the negative value shown.

The NILT approximations of x(t) are obtained through applying the Cauchy theorem of

residues on the line integrals in (2.7-3) with the finite summation of the residues of

X [EJfN wm (2) at the poles of &y (z). Those poles are known to lie in the right-half plane of
£ JoN. :

the complex domain R(s)>0 [BAKE 95]. Those steps, combined, results in obtaining an

approximation X(t)= x(t), and is for an even M given by,

or for an odd M,

M/2
g[o](t):_% { .
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(M-1)/2 _
D

i=1 t

with ki and z;, i=1,...,M being, respectively, the residues and poles of the partial fraction
expression in (2.7-4), noting that for even values of M , poles and residues appear in complex-
conjugate pairs, and for odd M, only one residue-pole duo (kg,Zy ) is real, with the rest being in

complex-conjugate pairs. In what follows, M will be taken as even knowing that odd values can

be treated in a similar manner.

C. Accuracy

It has been shown in [SING 93], that the approximation of X[”](t) is related to the exact x(t)

through

d N+M+1

— e x(e) M+ o) (2.7-9)

X(6) -2 (0= P
t=0

where W\ is the “truncation constant’ given by

(-1)™ MINI

Frm T (M+N)(N+M+1)!

(2.7-10)

The choice of the integers N and M is done based on satisfying two main requirements. The
first requirement is that the summation in (2.7-7) and (2.7-8) should be equivalent to the integral
in (2.7-1), while the second requirement pertains to guaranteeing the numerical stability in the
proceeding from one point in time to the next. It has been shown [SING 75] that the two stated

requirements are satisfied if, and only if, N =M -2.
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2.7.3 Initial Value Mode of the NILTn

A. Foundation
A more accurate variant of the NILT, called the NILTn (or the modified NILT), has been

introduced recently in [TAO 21]. The NILTn recovers the time-domain response of x(t) from

the derivatives of the Laplace-domain, X (s), w.r.t s, up to the n" -order derivative. For n=0,

the NILTn (NILTO) is equivalent to the classical NILT described in the previous section. It has

been shown in [TAO 21] that the NILTn multiplies the truncation constant by 1/(n +1)N+'VI

effectively reducing the approximation error by several orders-of-magnitudes. This feature made
it possible to take longer time steps without sacrificing the accuracy or incurring additional

significant computation cost. The general formulation for the initial value mode of the NILTn is

shown below
| M k| 1 Ii -1 . -1 7. H 7. (ﬂ)
() =- PP > > | (hj X[LJ .
t S -0re e ot t
© F |i¢0 :
y oy (2.7-11)
(-1 p)t lM—[ (-0 1 a=0(|1+9)
NG v! i=1 (Z--Z-)Ij+VJ
€ li-1-u j#i ! J
where p=n+1* k=[k, k, .. Kk, " and
NS (ﬂ):d#x(s)
" S| _pa (2.7-12)

14 Where n pertains to the “n” in the NILTn

37



Of particular interest in this thesis, are the expressions for the initial value modes of the
NILTO, NILT1, and NILT2, which are simplifications of (2.7-11) for n=0, n=1 and n=2

respectively. Those expressions are respectively shown for the NILTO

~[0 2 M/2
;_Z;‘ Re{kiX ()} . (2.7-13)
= =11
t
the NILT1
M /2 M
(1)=-2 (ki) dX(S) ) iy K
Z; Tk (S)]Z:;Zi_zj (2.7-14)
J#i S:Q
and the NILT2
we  [3(k) g2x(s) 3(k) Y
i[z](t): 9 Re (.) d“X(s) (.) dX (s) i
t o 82  ds 2t ds
j#i
(2.7-15)

J# vzl gl

Of course, as stated earlier, (2.7-13) is the same as (2.7-7) because the NILTO is the same as
the classical NILT.
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B. Application of the Initial Value Mode of the NILTn in Circuit Analysis
To implement the NILTn for circuit analysis using the initial-value mode, one will need first

compute the Laplace-domain derivatives of the circuit variables X(s), up to the n"-order at

Z . —_— :
values of sequal to TI = 1,...,MA. Those derivatives, denoted B!"(s)are obtained from the

well known MNA circuit formulation as follows [VLAC 83]
(G+sC)X(s)=B"(s)+Cx(0) (2.7-16)
and
(G+sC)X"(s)=B"(s)-qCX""", q=1,..n (2.7-17)

where x(0)= x(t)|t:0. After computing those s-domain derivatives, recursively, for values of

Z . . .
s:%, those, (vector-valued derivatives) are substituted in (2.7-11) for the (scalar-valued)

(#)
X (%j to obtain vector-values of the NILTn-based approximations for all circuit variables.

2.7.4 Re-Initialized Mode of the NILTn

A. Foundation

As stated in the introduction, the initial value NILTn solution becomes less accurate (but
never unstable) as the value of t moves further away from zero. However, the NILT can greatly
improve the accuracy of results further out in time, by employing the NILTn approach in a time-

stepping procedure while maintaining stability. This method is called the re-initialized NILTn.

The implementation of the re-initialized NILTn is done by creating the approximation of

x(t)for values of t=(r+1)h, for an integer r where,r =0,1,2,..., and with given length of time

step h. It does so by using the approximation made at previous time point i.e., t=rh. The
formula of the re-initialized mode of the NILTn is similar to the formula initial-value mode of

NILTn given in (2.7-11). The formula of the re-initialized mode of the NILTn is given by
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venTs, vl j;l (Zi } ZJ )I,+v1
(2.7-18)
. ( pz. (1)
where, X (—'j in (2.7-18) is defined by
(1)
~( Pz, 3 d# /.~
(%) o),
X (s)=2{x(t+rm)}, (2.7-19)

:Tx(f+ rh)eSfdf, r=1,2,..
0

Similar to the NILTO, the NILTn requires the Laplace expression of the time-domain x(t)

shifted by r steps of length h, i.e., x(f+ rh). However, a re-initialized NILTn requires not

simply the Laplace domain expression of the shifted time-domain, but also its s-domain
derivatives. The utility of the NILTn will be made clearer when examples are presented in terms

of circuit simulations.

B. Applications of NILTn — Re-Initialization Mode in Circuit Analysis
Using the re-initialized mode of the NILTn, we will need the Laplace-domain version of the
time-domain, rh-shifted, of all circuit variables. This is carried out by substituting the change of

time variable t >t +rh into the time-domain MNA formulation of the circuit equations and

taking the Laplace transformation w.r.t f. The outcome of this process can be expressed through.

R dx (f .
Gx(t)+Cd—£A)=b(t+rh) (2.7-20)
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(G+8C) X (8)=B(8)+Cx(rh) (2.7-21)

where x(f)=x(t+rh). X (§) in both (2.7-20) and (2.7-21) is the Laplace transform of
x(t+rh). Similarly, B($) is the Laplace transform of b(f+rh), w.rt. f. § was used in the

place of s to demonstrate that the Laplace transform was done w.r.t. { instead of t.

In order to work with the formula for the NILTn, the s-domain derivatives of X (s) W.I.t.

Sare needed at values of $equal to F}' . To make it up to time t =h, which is equivalent to

t:(r +1)h in the original time-domain, we substitute s:L in those derivatives. The

derivatives themselves are obtained by differentiating both sides of (2.7-20) and (2.7-21), w.r.t.

$ ntimes

(G+5C)X(8)? =B (8)+Cx(rh) (2.7-20)

(8)" =B (8)+CX (8)"", q=12..n 2.7-21)

x>

(G+5C)

Thus, the NILTn-based approximation to circuit variables x(t)at the time t=(r+1)h, with

r=0,12..., can be written as

(2.7-20) & (2.7-21)
——

)?[”]((r+1)h)=—me %%ﬁﬂllj(ﬁjﬂ X[%j(q)

1 L li+v;
VEA:\i/l—i]:/t v: j;:il (Zi - Zj) I

(-1-) M (D TT 7 (1+0)

(2.7-22)
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2.7.5  The Explicit Hermite Interpolation

As stated in the introduction and shown above, the high-order approximation of NILT,
combined with the L-stability, has allowed NILT to take a larger time step h without losing
accuracy. In other words, NILT is capable of approximating a given time-domain waveform at
relatively — compared with conventional time stepping methods — sparsely-separated time points.
Although this feature yields an overall reduction in the computational cost and CPU time, it does
not produce a waveform that is detailed enough to be used in a task such as Fourier
transformation to extract its frequency content. The goal of this section is to present how this
issue has been addressed though the NILT framework, using the notation of Hermite
interpolation [GAD 22].

The idea of the Hermite interpolation is to construct a polynomial that approximates a given
function, through interpolating the values, and derivatives that this function are known to have

for specific set of points of its independent variables. To illustrate this notion more clearly,

assume that the values of a given function of time t, x(t)is known at a set of H time points,
t,t,,... t,. Furthermore, assume that higher-order derivatives of this function d”x(t)/dt” are
also known at those same points, where 0<g<m, (for B=0,d”x(t)/dt’ =x(t)), with
i=1..,Hand m; being a given integer. Then a polynomial X, (t) constructed using the

expression

H ([ t-t mea—Z
(i) S S bebon]| oy

k= ra (ty —t,,

matches x(t) and its derivatives at the H time points. More precisely,

d%x, ()] _ d"x(b)
di/t | dt”

t=t. ‘t:t

, 1=12,.H, 0<<m (2.7-24)
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the notation used in (2.7-23) is given as,

p
xu%ﬂ)zddzg) (2.7-25)

and z(+) refers to the cycle index polynomial, whose construction is given in more details in

[GAD 22].

The use of the Hermite interpolation is well suited to address the problem mentioned in the
previous paragraph of this section, provided that NILT paradigm is extended to compute the
higher-order derivatives required for the interpolation technique. This computation was

developed in [GAD 22] and is briefly summarized in the remainder of this section.

2.7.6  Computing NILTn-Based Approximations of Time-Domain Derivatives
[GAD 22] has adapted the NILTn to compute time-domain derivatives. In order to allow the

above notations to express the notion of derivatives, we will utilize %™ (t)”’to denote the

NILTn-based approximation to 8 "-order derivative of x(t) , that is

B
x" (t)(ﬂ) = NILTn approximation of d%ﬂ(t) (2.7-26)

It is important to note, that X" (t)that are computed therein, will be substituted for

X(t, )(ﬂ Vin (2.7-23) to construct the Hermite interpolant.

A. Initial Value Mode

The expression for %" (t)"”)using the initial value mode is

()P =6,()P) - 6,(:)") (2.7-27)
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(2.7-28)
and the function éz(t)(ﬁ) is given by
~Tn | A1 _ Mol 1 -1
32 o g 22 s
6-1 leny i Fp=0\ H
(B-6)! V(7"
'E[(ﬂ ~0-u)! (Tj |
(2.7-29)
where %, , is given by
vi-1
(1) TT(1;+6
w,= Y (h '1'ﬂ)!1M[ 60 |(+Jv ) (2.7-30)
VEA:\iﬂilﬂ v! Jj- (Zi'Zj)J !
B. Re-initialized Mode
The expression for & ((r+1) h)(ﬂ) using the re-initialized mode is
L ((r+ 1)) =, ((r+2)n)?) -, ((r+1)n)”) (2.7-31)

where,
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leAM i=1
;=0
Cwy g (pg Y (pz M
[ e S SO
(2.7-32)
function éz((r+1)h)(ﬁ) is given by
-1
50 (e Pz - PRLAS cil @) 5 s KDL [li-lj
0, ((r+1)h) h 9:136 (rh) |Z“p" ::leo I( 1)!;::0 u
(B-9)! |(z e
[[(,39/1)! [Fj | P
(2.7-33)
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2.8 THE USE OF NILTn IN COMPUTATIONAL ELECTROMAGNETICS

Once a TD-EFIE (which contain integrals with retardation terms) has been spatially
discretized, the resulting equations have the form of ordinary differential equations, with delay.
Any direct solution of such differential equations requires knowledge of the solution at previous
times, as evidenced in the resultant MOT schemes described earlier. In electromagnetics, NILT
has been used in an FETD framework [TAGG 19], and a TD-EFIE one, albeit in the form of a
partial element equivalent circuit (PEEC) implementation in [LORE 23] and [ANTO 23]. The
retarded form of the PEEC method (whether in frequency-domain or time-domain form) can be
regarded as “mathematically equivalent” [JIN 10, pp.538] to the conventional MoM formulation
for the solution of the EFIE [LORE 22]. It differs from the latter in that it is constructed in a
manner allowing it to be seamlessly viewed as a generalization of classical circuit theory, which
allows lumped elements and very low frequencies (certain geometrical features being electrically
extremely small) to be easily included, thus enabling interfacing with circuit simulators. Such a
generalized network interpretation is reminiscent of early work in frequency-domain IE work
[HARR 68]. Although re-initialization with the NILT/FETD approach [TAGG 19] parallels the
ease with which it can be applied in circuit analysis modelling, this is not so when used with the
TD-EFIE. This thesis provides, for the first time, a means of exploiting re-initialization when
using NILT in the solution of the TD-EFIE.
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2.9 CONCLUDING REMARKS

We began this chapter by expressing the interest in this thesis of numerical methods for
solution of the TD-EFIE for electromagnetic scattering from PEC objects. Section 2.2 wrote
down expressions for the field due to a known surface current density. Section 2.3 gave the
general forms of the differentiated and undifferentiated forms of the TD-EFIE, and this was
followed by detailed versions thereof, that will be used in later chapters. Some necessary facts
about Gaussian pulses were presented in Section 2.4, as these will be the time-domain behaviour
of the incident fields to be used in the thesis. It is well-known that one can move from the time to
frequency-domain using Fourier transforms, and vice-versa using the inverse of such transforms.
Nevertheless, this is stated for the record in Section 2.5. The most widely-used numerical
approach to solve the TD-EFIE has been the MoM along with MOT. Although this thesis
deliberately sets out to provide an alternative to the use of such an MOT process, we provided a
brief review of the afore-mentioned in Section 2.6. All important is the NILTn approach as an
alternative to the more conventional MOT one. Its use has mainly been applied in the field of
lumped circuit analysis, and so we review this, and summarize the key expressions that it
utilizes, in the first part of Section 2.7. It is possible to take the values of any physical quantity
sampled at successive points in time, and its derivatives with respect to time at these same points,
and use special techniques to interpolate its values at other values of time. We will use this, and
so in the second part of Section 2.7 provide the principal expressions needed to do so. The
NILTn route has not been widely used in electromagnetic field problems; its limited use for such
purposes was nevertheless briefly referenced in Section 2.8. A major goal of this thesis is to
solve a NILTn-related issue (the re-initialization problem) that we hope will make its use in

computational electromagnetics attractive.
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CHAPTER 3 - The Solution of the Time-Domain EFIE
Using MoM/NILTnN: The 2D Case

3.1 INITIAL REMARKS

It is often the case that, when new techniques in computational electromagnetics are under
development, their soundness is tested on established two-dimensional (2D) problems (to be
properly defined in the next section) before moving to more general 3D ones. This is the
philosophy adopted in the present work.

The earliest studies of the MOT solutions of the TD-EFIE for a PEC object were performed
for 2D objects [BENN 70][MITT 76][RAO 99], because it is less demanding on computing
resources. Even recently [LU 00]J[AZAR 14] such 2D cases have been used to test new ideas®®
before the more daunting task of formulating/implementing these for the general 3D case, much
like we are doing here for the NILTn/MoM approach. We need not implement the MOT
procedure. We will instead use the time-domain results provided by [RAO 99], as reference
results against which to compare our new 2D NILTn/MoM time-domain results.

m Section 3.2 formulates a TD-EFIE for the 2D problem of plane wave scattering from a PEC
cylinder of arbitrary cross-section, with the electric field of the incident plane wave parallel to
the cylinder axis (a TM; problem). This is selected because it reduces to a scalar problem, which
is especially easy to deal with. The PEC cylinder may be an open or closed object. The TD-EFIE
is used to arrive at the complex frequency-domain form of the EFIE, and thereafter its (very
well-known) frequency-domain form. Although this material'® can be found elsewhere, it was
considered appropriate to include this here (and not with the other “known” existing material in

Chapter 2) in order to ensure the correct flow of the thesis.

15 But not the use of NILTn/MoM solutions of a 2D TD-EFIE.
16 That is, material that does not yet make reference to the NILTn technique at all.
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m Scction 3.3 presents a MoM formulation for solution of the complex frequency EFIE for the

said 2D problem, along with its implementation.

m Section 3.4 presents, as a reference for what is more familiar, a MoM formulation for solution

of the frequency-domain EFIE for the said 2D problem, along with its implementation.

m Section 3.5 next provides the mathematical detail needed for implementation of the initial

value NILTn approach in conjunction with the solution of the s-domain EFIE for n<2.

m Section 3.6 shows numerical results, along with their careful examination, for both open and

closed 2D PEC objects, and highlight some interesting observations.

m Section 3.7 ponders the difficulties associated with incorporating re-initialization into the
NILTn approach when, unlike the lumped circuit analysis case, its use in full-wave
electromagnetic scattering problems has to deal with the results in the presence of multiple time
delay terms. Although the issue is discussed, the actual development of such an ability is

postponed to Chapter 5, where it is done for the general 3D problem case.

m Section 3.8 concludes the chapter.
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3.2 TWO-DIMENSIONAL CUSTOMIZATION OF THE TD-EFIE

3.2.1  Definition of the Two-Dimensional (2D) TM; Problem

Although the derivation of the TD-EFIE for PEC objects in Section 2.3 is quite general, in this
chapter we will apply it to two-dimensional (2D) problems only. This will allow us to formulate,
implement, and perform numerical experimentation on, an initial NILTn method for an
electromagnetic field problem that is less complicated than the full 3D one that is the subject of
Chapter 4.

If both the PEC object and the source are of a two-dimensional nature, in other words the
geometry of the object and the incident field can be completely described in terms of two spatial
coordinates (x and y in our case) and is independent of the third (z in our case), then the problem
is both physically two-dimensional and so mathematically 2D. As a result, any equivalent current
densities and scattered electromagnetic fields will be independent of the spatial coordinate z. In
fact, if the incident electric field, in addition, only has a z-component, then the induced electric
current density only has a z-component as well, and the scattered field has only z-component.
The PEC objects are infinitely long cylinders of arbitrary cross-section. Because all quantities are
z-independent we can sketch and concern ourselves with the xy-plane. We can have a thin open,
or closed, PEC object illuminated as shown in Fig. 3.2-1. The embedding medium is free space,

and so k = w,/ Ho&, - The 2D position vector is represented by p =(x,y). As discussed for the
general 3D case in Section 2.3, application of the surface equivalence theorem allows us to
replace the physical PEC object by an equivalent electric current density J (p) =2, (,5) in free

space, located on the contour C originally occupied by the PEC object. The incident electric field

is that of a z-polarized Gaussian pulse plane wave,

{t—to R /c)}2
{To 1 4)°

&M (p,t) =E, exp| — (3.2-1)
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with k™ its propagation direction. If the incident plane wave is incoming on the PEC object

from direction, ¢, then its direction of travel is described by unit vector

k' = %cos g™ + §sin g™ (3.2-2)

and so

5-k'™ =xcosg™ + ysin g™ (3.2-3)

Therefore, the Laplace transform of (3.2-1) is

XC0s ™ + ysin g™ |
. . - ET A7 b+ c
E,"(x,y,8)=£{&"(p.,t)} =a" —“8“ exp| - e
{t0+xcos¢ +ysing }
sT, C
x erfcx -
8 {T. 14}

(3.2-4)

Gaussian pulse plane waves were defined in Section 2.4, for arbitrary direction of incidence. In
this 2D case we always have 6™ =90°and hence we would also arrive at (3.2-4) by simply

substituting 6™ = 90"into expression (2.4-10) of Section 2.4
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Fig. 3.2-1: Representation of the two-dimensional (a). Open PEC object, and (b). Closed
PEC object.
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3.2.2 TD-EFIE for the 2D TM; Problem

The scattered electric field in terms of the unknown surface current density ¢, (p,t) is'’

st (5,0)= e (Prt) (3.2-5)
ot
with
A(pt)=1,[9.(Pt)*G(p,p,t)dC’ (3.2-6)
C

where the time-domain 2D scalar free space Green’s function is [MORS 53][NEVE 04]

u(t_WJ
_ c

g‘(p)p)t): > (32‘7)
2n\/t2 -(lp-2/¢)

In the above expressions symbol * continues to denote time convolution, and u(..) is the
Heaviside step function’®. Thus, by requiring that &*(p,t)+&."(p,t)=0 atall points pC
we obtain the (un-differentiated) TD-EFIE is

0 _ _ e [ — _
a{yoj.jz(p',t)*g(p,p',t)dC'}zézl”c(p,t) peC (3.2-8)

we will sometimes denote R=|5-p'| in what follows.

17 These are the equivalents, for the 2D situation under consideration here, of the 3D treatment discussed in Section
2.2 and Section 2.3.
18 As opposed to the Dirac delta function that occurs in the 3D Green’s function in Section 2.2.
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3.2.3  Complex-Frequency-Domain EFIE for the 2D TM; Problem

The complex frequency-domain EFIE for the 2D TM; problem is found by taking the Laplace

transform of both sides of (3.2-8), namely

f[%{u-“fz (ﬁ’,t)*g([),ﬁ',t)dC’H zf[é’;’“ (,E,t)]

In the interest of notational clarity we will write

o[ (p) |=EX (p,9)

and*®
0 _, — , — - ,
£ a{uj.jz(p,t)*g(p,p,t)dC H=s,u‘|.\lz(p,s)G(p,p,s)dC
C C
where
3,(ps) = €[ 4:(Pt)]
and

G(p.p's)=*[g(p.p't)]

from tables of Laplace transforms [ERDE 54], we have, writing R =|p - ¢’

G(5.75.5)=.¢ uft-(R/c)] :i{r(%)Ko(ﬁsﬂ
(p.7's) {Zm/tz—(R/c)z 2z| Jx \e

19 Applying the convolution theorem for Laplace transforms.
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since T'(%)=+/r , thus becomes
G(ﬁ,/_)',s)Z— 0(—sj (3.2-15)

with K, () the modified Bessel function. Therefore, the complex frequency-domain EFIE reads

s—{jJ (7) (_'_ ij'}:—E;"C(ﬁ,s) peC  (32-16)

3.24  Frequency-Domain EFIE for the 2D TM; Problem
The frequency-domain EFIE for the 2D TM; problem is a well documented problem [VOLA

12]. It can be shown that the equivalent current density J,(p) - entirely z-directed and only

dependent on spatial coordinates x and y - will produce an electric field magnetic vector potential

ES (5. j J,(7") k|p p)dC’ (3.2-17)

with Héz) (...) the zeroth order Hankel function of the second kind. The total electric field at any

observation point is therefore:

E.{p.J:(P)} = E7°{p} + EX* {5, (P)} (3.2-18)

The total tangential electric field vanish at all points on the conducting strip becomes the

frequency-domain integral equation
_]'w{ [3.(p k|p p |)dC'}——E'nC {p} pPec (3.2-19)

As a point of interest, we should of course be able to find the frequency-domain EFIE by simply

replacing s by jw in (3.2-16). Because the modified Bessel function is related to the Hankel

function by
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Ko(g):—j%Héz)(—jg) —§<arg§m (3.2-20)

one finds that this is indeed so.
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3.3 MOMENT METHOD SOLUTION OF THE COMPLEX FREQUENCY-DOMAIN
EFIE

The contour C is segmented into N, segments, as illustrated in Fig. 3.3-1. We define a set of
pulse expansion functions J,,(p)=P,(p), n=12,.....,N, with the n-th pulse equal to unity
over the n-th segment (that occupies a portion AC,, of the complete contour) and zero elsewhere.
A set of delta weighting functions d(p - p,), m=12,....,N, is also defined, with p,, the

centroid of the m-th segment.

Application of the usual method of moments procedure discretizes the EFIE in (3.2-16) into a

matrix equation [Z(s)][1(s)]=[V (s)]. Vector [I(s)] is the column matrix of elements 1,(s) that

provides the solution for the current density as

NS
‘]z(ﬁ’s): Z 1h(s)Py (ﬁ_)) (3.3-1)
n=1

the elements Z,(s) of the square interaction matrix [Z(s)] by

o

ij’ (3.3-2)

Jec

o\ su - S~
z =s(p- 2EIr (K, | 2o, -
mn ! (p pm){zni n(p) O(C|pm p

Su —, S _ —
=——|P(p)K,| =|p.—p
2n£ n( ) 0[C| m

S Si—
= K. | = —
o A’L O(C|pm P

If we parametrize? the n-th segment this can be reduced to

Z, = s“z—hj K, GJ{xm X0 =& (xD ) 4y, -y g (y@ —y0)) jdé’ (3.3-3)
T 0

20 The parametrization follows that done in [MCNA 21], although that reference is concerned with the 2D TM,
problem in the frequency-domain.
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where h,, is the length of the n-th linear segment. This integral, even for the self-terms Z  for

which the integrand has a logarithmic singularity (due to the modified Bessel function), can be

evaluated using the generalized Gaussian quadrature rule [MA 96].
The elements V,,(s) of the excitation vector [V (s)] are given by
Vo (s) =~ EX (p,5)8(p -, )AC =—E[ (p;,.5) (3.3-4)
C

The incident field in the time-domain is given by (3.2-1). It then follows from (3.2-4) that

inc H inc ) 2 inc H inc
{t0+xm cos¢g™ +y, sing } {t0+xm cos¢g™ +y, sing }
S w

¢ erfcx ¢
T, 14) 8 {T. /4

V :#exp -

m

(3.3-5)

¥ X<

Fig.3.3-1: Diagram showing meshing of contour
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3.4 MOMENT METHOD SOLUTION OF THE FREQUENCY-DOMAIN EFIE

The MoM solution of (3.2-19) mimics that of (3.2-16) described in the previous section. The
MoM discretizes (3.2-19) into a matrix equation [Z(w)][I (@w)]=[V (®)]. The incident field is the

time-harmonic plane wave

E; (P, @) =e jofue pK™ _ o jo\fue (xcosg™ +ysing"™) (3.4-1)
and so
V, = —E"™ (5, ) = —e 1okt cosd™ ey sin™) (3.4-2)

the elements of the interaction matrix (that we may, in the frequency-domain, correctly refer to

as an impedance matrix) are

Zmn ==

w’;h” iHéz) {k\/{xm X =& (X =X )}2 +{ym —yW & (Y@ —yP )}2 }dg’ (3.4-3)
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3.5 INCORPORATION OF NILTn APPROACH WITH THE MOMENT METHOD
SOLUTION OF THE s-DOMAIN EFIE

3.5.1 Implementation of NILTO

The matrix equation [Z(s;)][1(s;)1=[V (s;)] is solved to determine the solution vector [I(s;)]
for each of the complex frequency values s;, i=1,2,...,M/22! dictated by the NILTO expression
(2.7-7) in Section 2.7 for a specific value of time t. Recall that each vector [I(s;)] consists of Ny
individual terms, namely [1(S;)]1=[11(5;), 15(Sj)s e Ing (Si )]" . The individual terms I,(s) in
each of the set of solution vectors [1(s;)] are then substituted into (2.7-7) to obtain the individual

terms i, (t) in the time-domain solution vector [i(t)]. That is to say,

2 M/2
i, (£)=-= > ®Re{k1,(s;)} (3.5-1)
= Si:%
which may as well be written in vector form as
. 2 M/2
[i0)]=-=2 Re{[ ki (s;)]} (3.5-2)
i=1 Z

This is repeated for each value of t at which [i(t)] is desired. We are reminded that, for each
different value of t there is a different set of complex frequency values s; at which [1(s;)] must

be determined?2.

3.5.2  Implementation of NILT1

The NILT1 expression for the time-domain current density vector [i(t)], suitably adapted to

the present fields problem via (2.7-14), reads

2 Recall that the values of S; are in complex conjugates pairs of one another.

22 \We mention this here in order to contrast it later with what is needed when the so-called re-initialized (time-
stepping) mode of operation of the NILTO (or indeed NILTn) method is used in Chapter 5.
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[1(t):| _fMg/lZ Re k,Z dl:ld(SSi)]+kIZ[l(Si)}ézlk_sz (3.5-3)

Clearly, in addition to solution vector [I(s)], derivative vector d{[I(s)]}/ds is also required. In

order to see how this can be obtained we refer once more to the matrix equation
[Z(S)[1(s)] =V (s)], and differentiate both sides with respect to s to obtain

d d
E{[Z SIIE)]} = E{[V (s)1} (3.5-4)
use of the product rule for differentiation allows (3.5-4) to be written as
HOIZ )+ 2O {119 =V (o)) (355)
ds ds ds
this can then be re-arranged to read
ZEI-= {11 )} = {IV ()} -1 ()] {[Z(s)]] (3.5-6)
ds ds ds

Expression (3.5-6) is matrix equation that can be solved for d {[1(s)]}/ds. In order to do this we

of course need to know d{[V(s)]}/dsand d{[Z(s)]}/ds. These are found by returning to the

fundamental expressions for the individual terms V_ and Z_ , and determining their indicated

mn !

derivatives analytically, as shown in what follows.

The derivative of V,,(s) can be found by taking the derivative of equation (3.3-5). We will
write (3.3-5) as
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V, = A erfcx(Bs - D)

where
) N2
{t , X COSP"™ +y,, sin ¢'”°}
0
A - EOTWJZeXp ) ¢
8 {14}
B, =T,/8
and
- X Cos@"™ +y_sing"™
D - c
" {T,/4)
hence
d(;/m =A dierfcx(Bos -D,,)
s s
Now erfex(z)=e? erfc(z), and so we have
i{erfcx(z)} =277 erfc(z)-e* 2 et =y erfcx(z)- 2
@z = =

and so
d 2
d—erfcx(Bos -D,,)=B,<2(B,s- D, )erfcx(B,s-D,) ——
S

N

thus (3.5-11) becomes
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(3.5-9)
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(3.5-11)
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dV =AB, {Z(Bos— D,,)erfcx(Bys—Dyy) —i} (3.5-14)

Ir

Next, the derivative of Z,, can be found by taking the derivative of (3.4-3), namely

A (L (1 63 e Py B PRIV o T

(3.5-15)

application of the properties of modified Bessel functions, and the usual product and chain rules

of differential calculus, allows this to be rewritten as

LRI ( ) L FYm@) ( j _
ds  2n {{KO RICOLE S{ ¥ (£) |d& (3.5-16)

where

(&) = \/ X0 =& (7 —xO) +{y, -y =& (y? -y} (35-17)

Although K,(...) has a singularity, the singularity of the integrand is weakened by the
multiplicative term ¥ (...), and so the quadrature rule in [MA 96] can still be used to find all

terms in d {[Z(s)]}/ds.

3.5.3 Implementation of NILT2

The NILT2 expression for the time-domain current density vector [i(t)], in terms of the

present fields problem via (2.7-15), reads®

2 Recall that k; = 2k; .
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?:jd Els )] 3k2d[ ]lez ;
)23 o0
i=1 T (s J -EM
[1(s)] & Eé( J)(Zl 2,) 2 E(Z 'ZJ) 33

In addition to solution vector [I(s)], and derivative vector d{[I(s)]}/ds, we require second

derivative vector dz{[l(s)]}/ ds?. To do this, we first take the second-order derivative of the

matrix product [Z(s)][I(s)], namely

d{IVE)T} _ d2

v d? [I(s)] 4+ 4[Z0)] d['(S)] d? [Z(S)] [1(s)] (3.5-19)

ds

{[Z(S)] ()1} =[Z()]

which can be re-arranged as

d? [I(s)] A’V ()] ,dZE)]1d[IE)] d® [Z(S)]U()] (3.5-20)

26 ds’ ds ds

expression (3.5-20) is matrix equation that can be solved for dz{[l(s)]}/dsz. In order to

accomplish this one must determine expressions for d?{[V(s)]}/ds?and d2{[Z(s)]}/ds?;
p p

expressions for d{[I(s)]}/ds and d{[Z(s)]}/ds were already found in Section 3.5.2. The

additional expressions can be found by taking derivatives of (3.5-14) and (3.5-16). From (3.5-14)

we have
d2V =A,B, {Z(B s—D,,)erfcx(B,s—Dy,) — 2 }
ds? " Jr

=2A,B, {BO erfcx(B,s — Dy ) + (ByS — Dm)dierfcx(Bos — Dm)}
S
(3.5-21)
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the derivative term on the right-hand side of (3.5-21) is already available in (3.5-13), and so (3.5-
21) becomes

2
0V _ 2AB, {erfcx(BOS —D,,) +2(B,s - D,,)? erfcx(B,s — D) —%(Bos - Dm)} (3.5-22)
T

ds?

if we differentiate (3.5-16) with respect to s we arrive at

dZZmn: Hy nI\Pmn(é:) ( len(sg)jdf Hy nJ'\Pmr;:(é:) (E\Pmn(fl)jdf

2
ds 2m 5 C 5

R nj‘Pmn(é) ( ‘Pmn(f)jds“rsﬂ;n”j C(rf) (%‘Pmn(f')jdcf'

sZnoc 0

(3.5-23)

The grouping of various terms yields

2 1 2 i
d’zZ,, _ 34, njwmn(f) (E‘Pmﬂ(f')jdcf’+s“;h”ijm”z(g)Kz(f‘Pm(f')jdi'
C i C

ds’ 2n ¢ . C
(3.5-24)
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3.6 VALIDATION EXAMPLES

3.6.1  Selection of Examples
In order to validate the new NILTn-based formulation for scattering from 2D PEC objects it
was implemented and applied to two example geometries, namely a flat PEC strip and a circular

PEC cylinder. The results obtained using the NILTn-based approach for n=0,1,2 will be

compared to those for the same geometries published in [Rao 99], that were computed using the
MOT method of Section 2.6.2. In the computed time-domain current densities to be shown
below for the above geometries, the z-polarized incident plane wave field has a Gaussian pulse
time variation, as described in Section 3.2.1, with its s-domain MoM excitation vector elements
given by (3.3-5).

The parameters of this Gaussian plane wave are, in both examples

e E;=1207

T, =13.33ns

to =20 ns (Significant frequency content to maximum frequency 200 MHz, A, = 1.5m)

e k™ =-% (sothat ™ =0)
and the parameters used in the NILTn computations are
e M=10
e N=8
Based on these parameters, it is instructive to briefly examine the sets of complex frequencies

s; required in the NILTn based approaches for the two cases to be considered. As explained in

Section 2.7, these are given by
n+1)z
S = % = Re{s;}+ Im{s;} (3.6-1)

where n is that in NILTn. They are plotted in Fig. 3.6-1. Although NILTn as described in this
chapter need not have t values spaced at regular intervals, in the examples discussed here, and
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hence in Fig. 3.6-1, the values used were t= pAt with At=0.33ns and p=12,....%

obvious from expression (3.6-1) that as t increases the s; values decrease (but will not reach the

origin of the complex plane except literally at t — o). It can be seen from (3.6-1) that for the

same value of t, s; increases if a larger value of n in NILTn is used.
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Fig. 3.6-1: The distribution of complex frequencies s; required in the computation of the

NILTO (top left), NILT1 (top right) and the NILT2 (bottom left) results, and a magnified
portion (bottom right) of the plot for the NILTO case, for larger values of t.

24 Due to the assumption of causality, it is unnecessary to find valuesat t =0



3.6.2 Infinitely Long Zero-Thickness Planar PEC Strip (Open Structure)

The first scatterer is the flat PEC strip of width?® w = 1m shown in Fig. 3.6-2. The induced
current density ¢, (x,y,t) is computed using the NILTO approach for the incident Gaussian plane
wave specified in Section 3.6.1. Its value at the location (x,y)=(0,0), the centre of the strip, is
shown in Fig. 3.6-3 using the NILTO approach. The [RAO 99] result is taken as a reference. It is
clear that NILTO accurately replicates the [RAO 99] time-domain response up to 20 ns, but
beyond that they fluctuate around the [RAO 99] results and are thus inaccurate. Use of the
NILT1 and NILT2 on the other hand yields the results shown in Fig. 3.6-4, both providing

accurate results.

y z-Axis Points

Out of the Page
Zero Thickness
PEC Strip
Incident
Plane Wave
w AREEEEEEEES S VA%
X

Fig. 3.6-2: Sketch of problem geometry: Plane wave incident on a zero-thickness PEC strip.

25 This width is 0.67, at 200 MHz.
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Fig. 3.6-3: The induced current at the centre of a straight strip excited by an incident z-
polarized (TMz) Gaussian plane wave as determined in [Rao 99] (blue line) and NILTO
(black dots). The width of the strip (w) is 1m. Nine expansion functions were used in
computing the results shown.
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Fig. 3.6-4: The induced current at the centre of a straight strip excited by an incident z-
polarized Gaussian plane wave as determined in [Rao 99] (blue line), NILT1 (black dots)
and NILT2 (red dashes). The width of the strip (w) is 1m. Nine expansion functions were
used in computing the results shown.

3.6.3 Infinitely Long Cylinder of Circular Cross-Section (Closed Structure)

The second scatterer is the circular PEC cylinder of radius?® a = 1m shown in Fig. 3.6-5. The
induced current density ¢, (x,y,t) is computed using the NILTO approach for the incident
Gaussian plane wave specified in Section 3.6.1. Its value at the location (x,y)=(a,0) of the
specular point, using the NILTO approach is shown in Fig. 3.6-6. The [RAO 99] result for this
problem is again taken as a reference. As for the previous PEC strip example, NILTO accurately
replicates the [RAO 99] time-domain response up to about 20 ns, but then incorrectly oscillates
around the [RAO 99] results. Use of the NILT1 and NILTZ2 on the other hand yields the results

shown in Fig. 3.6-7, both providing accurate results.

26 A circumference of 4.19), at 200 MHz.
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Fig. 3.6-5: Sketch of problem geometry : Plane wave incident on a PEC cylinder of circular
cross-section. The cross-sectional radius of the cylinder (a) is 1m.
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Fig. 3.6-6: The induced current at the centre of a circular PEC cylinder excited by an
incident z-polarized Gaussian plane wave as determined in [Rao 99] (blue line) and NILTO
(black dots). The cross-sectional radius of the cylinder (a) is 1m. The number of expansion
functions (linear segments) used to model the cylinder surface was 24.
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Fig. 3.6-7: The induced current at the centre of the circular PEC cylinder excited by an
incident z-polarized Gaussian plane wave as determined in [Rao 99] (blue line), NILT1
(black dots) and NILT2 (red dashes). The cross-sectional radius of the cylinder (a) is 1m.

The number of expansion functions (linear segments) used to model the cylinder surface
was 24.
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3.7 ON THE POSSIBILITY OF RE-INITIALIZATION

Section 2.7.3-B observed that, when applied to the analysis of circuits composed of lumped
elements, the use of re-initialization to convert the NILT into time-stepping mode provides a
robust scheme for accurate time-domain simulation out to very large times. A means of
achieving such a conversion in the case of the present use of the NILT in the MoM solution of
the TD-EFIE is less straightforward, as we explain here. Before proceeding, we remind ourselves

that if we can analytically determine F(s)=£{f(t)}, then the Laplace transform of the

forward-shifted function f(t—h), h>0 is easily found from a well-known identity as

L{f({t-h)}= e S"F (s). Although this identity can apply to forward-shifted functions, there is no

similar straightforward identity for finding the Laplace transform of a backward-shifted function
f(t+h), h>0%,

As discussed in Section 2.7.3-B, to obtain a re-initialized NILT formulation, we start by
replacing variable t by f+rh in the TD-EFIE. Correct mathematical “book-keeping” requires

that we identify new quantities ¢ (p,7), G(p,p',¢) and & (p,f). From (3.2-7) we have

u[£+rh-|’5_ﬁ|]

Ay A C
G(p. P E)=—F . (3.7-1)
Zn\/(t+rh)2 -(lp-21/¢)
and its Laplace transform is thus
. u{£+rh-|'5_ﬁ|j
G(p.s)= | ¢ oS (3.7-2)

) 0 27t\/(f+ rh)? - (|,5—,5'|/c)2

This is not defined in general due to the "+ rh" term. A similar roadblock arises when we want

to find the Laplace transform

27 See Appendix 111 for more details

73



w A 2
oo Jof [Lfrmo 28 i ors
C
0

W

of the altered

" 2
5(p,t) =E, exp —|:i(f+l’h—t0 _p_kﬂ (3.7-4)
Tw c

obtained from (3.2-1). A more detailed understanding of the process is needed to arrive at a re-
initialized form in the case of fields problems. Such a form will be derived in Chapter 5, where
we will see that the reason for the difficulty is the presence of delay terms that do not exist in

lumped circuit analysis problems.
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3.8 CONCLUDING REMARKS

This chapter has formulated, implemented and applied the NILTn/MoM approach to find
solutions to the TD-EFIE of 2D PEC objects. As declared in Section 3.1, this was largely done to
acquire insight in the NILTn/MoM. Nevertheless, this appears to be the first time the material
presented has been described anywhere, and is significant (quite separate from the goals of the
thesis) in that 2D problems continue to be used by researchers to examine new ideas and
improvements in the methods of computational electromagnetics. Numerical results for one open
and one closed 2D PEC object have been shown and validated. The understanding gained now
allows us to proceed naturally to the general 3D case in Chapter 4. It was indicated why the use
of re-initialization with the NILTn/MoM for fields problems is not as straightforward as when
NILTn is applied to lumped circuit analysis ones, but that this will be tackled for the general 3D

case in Chapter 5.

75



CHAPTER 4 - The Solution of the Time-Domain EFIE
Using MoM/NILTn: The 3D Case

41 PRELIMINARY REMARKS

In Chapter 3 we successfully applied NILTn methods to find the solutions of the TD-EFIE via
scattering from a 2D PEC object. With this experience in hand, we now wish to do the same for
general 3D PEC objects. The TD-EFIE for scattering from a PEC object(s) of surface S is given
in undifferentiated form in (2.3-3) and (2.3-4) of in Section 2.3.3. We wish to obtain numerical
solutions of this particular TD-EFIE in its general form using NILTn methods, namely by
finding the MoM solutions of the complex frequency EFIE form of the undifferentiated TD-
EFIE in Section 2.3.4, and then using the NILTn expressions to find the actual time-domain
solution?®, The present chapter attains this goal as follows:

m Section 4.2 constructs a MoM formulation for solution of the complex frequency-domain
EFIE.

m Section 4.3 develops all the necessary expressions and matrix equations needed to use the
results obtained via the formulation in Section 4.2 with NILTn to reach the desired time-domain

solutions of the TD-EFIE.

m Section 4.4 provides numerical results obtained using an implementation of the developments

in Section 4.2 and Section 4.3.

m Section 4.5 concludes the chapter.

28 As in Chapter 3 for the 2D cases, the formulation here in Chapter 4 will also not make use of re-initialization, and
will (to contrast it to the re-initialization technique that will be developed in Chapter 5), be referred to as the use of
NILTn in an initial-value mode. The approach in Chapter 5 will be referred to as the use of NILTn in a re-initialized
mode.
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42 MOMENT METHOD FORMULATION OF THE 3D s-DOMAIN EFIE

4.2.1  Derivation of Expressions for the Interaction Matrix and Excitation Vector

The unknown current density j(F,s) can be determined by meshing the PEC surface S into

triangular elements and subsequently expanding the surface current density in the RWG div-

conforming expansion functions as

J(Fs)=>1,(s)Jn(T) (4.2-1)
where a

5" TeT
ZATP n
- h, - _
r)= . TeT
Jn( ) ZAEIO n

0 Otherwise

(4.2-2)

is associated with every edge shared by two triangles, as indicated in Fig. 4.2-1. Quantity |, is
the length of the n'" edge in the mesh, and A; represents the areas of the triangles associated
with the n" edge. We assume there are N such edges, and hence expansion functions. Using a
Galerkin approach, a set of testing functions j,(F), m=12,..,N,, identical to the expansion
functions, is chosen [RAO 91][RAO 20].

nth edge

Fig. 4.2-1: Rao-Wilton-Glisson (RWG) expansion function [RAO 82].
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The usual MoM procedure is then followed. The expansion (4.2-1) for the unknown j(F,s) is

inserted into the s-domain EFIE in (2.3-13), that involves an integration over S with respect to

the primed coordinates. Next a dot product of each side of the resulting expression is taken with

the m-th testing function j.,(F), and both sides integrated over S with respect to the unprimed

coordinate, to obtain (with some judicious use of vector analysis)?°

s Ng o KIKD
4iz Z ZiZ(Kl,KZ)Wqu Iy (S)Se " Llf%fl%q
q=

K1K"
Ng e_STm:}\pzq

Z_: 2 () oV T (S)Tcglr%q

N
) Zg‘i Z(KviZ) WpJTm (Fpl% ) EMe (Fpl(n% ’ S)
=

where
=K/ K =1 KK
r 1%2 _r 1%2
iy =
pq c
= [=KK = (= KK
Lk = Jm(rpng 2)'Jn(rqr% 2)
mnpgq — —K,K, =K;K
rpr711 : 'rqﬁ g
and

e (VI (me))(v T(rae)

mnpq FKiK, _ KK,

rpm r qn

C

where the w,, w,, Fp’% and Fq’r? are the weights and sampling points (on the respective

(4.2-3)

(4.2-4)

(4.2-5)

(4.2-6)

triangles), respectively, for the particular quadrature rule used. Dummy symbols «; represent

either a plus or a minus sign. If this is done for each of the testing functions in turn, a set of Ny

29 Explanatory details of how one reaches (4.2-3) are provided in Appendix I1.
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linear equations in the Ny unknowns 1,(s) results, which is written as a matrix equation
[Z(S)I1(S)]=[V (s)]. The elements V,, of excitation vector [V (s)] can be written down by

inspection of (4.2-3) as

N
935y () €75 w2
p=

whereas the elements Z,, of [Z(s)]

Ny N
9 g
_H ~STihgy | KA
Zin == 20 2 Dy WoWa s Lt
p=l gq=1
LYYy e
C 142
47[80 ] (r1,K9) Wp q S mnpq

(4.2-8)

4.2.2  Expression for the Excitation Vector Elements for Antenna-Like Excitation

If we excite the PEC object as an antenna, with the excitation concentrated as a “delta-gap”

source [JOHN 90] across the m-th edge, then (4.2-7) reduces to

Vin(S) = (V™ (5) (4.2-9)
where

VimP (g) = f[v,‘;”p (t)] (4.2-10)
and vﬁ,’]“p (t) is the time-variation (in our cases Gaussian) of the voltage impressed across the m-th

edge. In this chapter we will use

()]

v (£) =Vge { (4.2-11)

and so
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V()=

To simplify (4.3-12), we shall re-write it as

where

and

VOTW\/; e -[iTWJZ
8

VP (s) = -Ayerfcx (B,s — Dy )

{t)

_VOTW\/; .
A exp[ {

B,=T,/8
Dm — {tO}
{T./4}

80

T, 14}

|

(4.2-12)

(4.2-13)

(4.2-14)

(4.2-15)

(4.2-16)



4.3 INCORPORTION OF NILTn APPROACH WITH THE MOMENT METHOD
SOLUTION OF THE s-DOMAIN EFIE

4.3.1 Initial Remarks

The steps needed here are almost identical to those in Section 3.5 for the 2D problem. Solution
vectors[1(s)], and their derivatives d[I(s)]/ds and d?[I(s)]/ds?, are used in the same way in

the NILT expressions whether they arise in 2D or 3D problems. We will therefore not need to

repeat all the explanatory material already available there. The details of some expressions in the
matrix equations used to find d[1(s)]/ds and d?[I(s)]/ds?are different in the general 3D case,

and so are derived here.
4.3.2  Implementation of NILTO

No new expressions are needed for the NILTO case. The procedure follows that in Section 3.5.1.

4.3.3  Implementation of NILT1

As explained in Section 3.5.2, we need expressions for the matrix elements dV,, /ds and

dz,, /ds. Starting from (4.2-9), for the case of antenna-like excitation, we have

dVi, (s) d (,im d
4 :ng{vm p(s)}:ng{ﬁberfcx(Bos—Dm)} (4.3-1)

Following the derivation that was done in Section 3.5.2, it can be shown that (4.3-1) becomes:

4V, (5)

2
Tzﬁm A,B, {Z(BOS—Dm)erfcx(Bos—Dm)—ﬁ} (4.3-2)

Next, the derivative of Z,,can be found by taking the derivative of (4.2-8), namely,
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dZ = iNzg l\i z se Sfmnpq LK1K2
dS Cds | 4x ] (k.19) “ ™4 mnpg

K
Ng Ny e ~STrhgg

Z Z Z(Kl KZ) [7 q S Cn’f]‘]h’iqu

dS 472'80 =1 g=1

(4.3-3)
that results in:
N, N
dZmn H SN Ky STIER 1 K1
ds 4z pzzll qZ:l Z(Kl,xz)wpwq (1_5Tmnpq )e Ling
N, N st
1 g 9 1 K e mnpq
- w_w +rlke 12 Cckk
472'80 ;. qZ:;-Z(KllKZ) p q(s mnpq S mnpq
(4.3-4)

4.3.4  Implementation of NILT2

As explained in Section 3.5.3, we need expressions for d*V_ /ds* and d°Z_ /ds®. We take the
derivative d/ds of both sides of (4.3-2) to obtain:

2
dd;/Zm =20,A.B, {erfcx(Bos — D) +2(Bys— Dm)2 erfcx(B,s—Dy,) —%(Bos - Dm)} (4.3-5)

Next to find d*Z_ / ds®we take the derivative d/ds of both sides of (4.3-4), to obtain

dzZmn _H T KK Kiky 9 S Trmheg [ 1K2
—gm=> > Z(K ) ¥r™q Tmnpg (Sfmnpq )e mnpg
ds 4 o1 ool 1:K2

N, N —grkIK2
Zg: Zg: Z £+—2Tg1n%q +(£112.)2 e C k2
(ki) P | 2T Tmnpg mnpq

p=1 g=1

1
472'80

+

(4.3.6)
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4.4 VALIDATION EXAMPLES

44.1  Selection of Antenna Geometries
In order to validate the implementation of the initial-value mode NILTO, NILT1, and NILT2
for the solution of the TD-EFIE in 3D cases we consider three different antenna geometries:

e Centre-fed strip dipole antenna.
e Centre-fed bowtie dipole antenna.

e Air-substrate patch antenna.

Apart from the fact that they involve 3D PEC objects, these examples differ from those in
Chapter 3 in that they are excited as antennas (with concentrated excitations) instead of incoming
plane waves. In order to have reference results against which to compare the time-domain (TD)
results obtained via the initial-value NILTn technique, we use the frequency-domain method of
moments (FD-MoM) formulation for the 3D PEC objects® being analysed, at a set of
frequencies, and then perform an inverse Fourier transform to obtain time-domain responses

(which we will refer to as the IDFT3! results).

Comments on the sets of complex frequencies s; required in the initial-value NILTn

approaches for the three examples to be considered, are like those for the initial-value NILTn
mode used for the 2D cases in Chapter 3, and as given in Section 3.6.1. Nevertheless, after the
discussion of the three examples, we will show these for each of the three examples for the
NILT2 case, knowing (as discussed in Section 3.6.1) that the frequency distribution of such

complex frequencies will be smaller for the NILT1 and NILTO cases.

442 Centre-Fed Strip Dipole Antenna
The first antenna is a PEC strip dipole antenna shown in Fig. 4.4-1, excited at a centre-

feedpoint with a Gaussian voltage pulse. The antenna size parameters, as well as those of the

%0 This is achieved by setting s = jo in the complex frequency-domain formulation implemented in Section 4.2.

31 An acronym for “inverse discrete Fourier transform”.
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excitation pulse, are provided in Table 4.4-1. The reference IDFT-based responses to be shown
used the FD-MoM method to find frequency-domain results for the antenna terminal current
between 0.0 GHz*? and 1.0 GHz in frequency steps of 1.95 MHz, that were then converted to the
time-domain using the IDFT.

< L > v
’ \%Y
3

Fig. 4.4-1: Centre-fed strip dipole antenna geometry. The dashed line shows the location of
the feedpoint where the Gaussian voltage pulse is injected.

Table 4.4-1: Parameters of the strip dipole antenna and the Gaussian voltage pulse.

L 2m

w 0.02m
Gaussian pulse width (T,,) | 10ns
Gaussian pulse delay t, 20 ns
M 6

N 4
Time between samples 3.33ns
Endtime 200 ns
Number of triangles in 86
mesh®

Fig. 4.4-2 shows that the initial-value mode NILTO only follows the IDFT results up to 20 ns,
and then deviates from it substantially. To accurately predict responses out to later times the
NILT1 and NILT2 routes (of Section 4.3) in their initial-value modes were applied, producing
the results in Fig. 4.4-3 and Fig. 4.4-4, respectively. As expected, these allow the NILT-based
results to match those of the IDFT out to later times (namely 40 ns and 45 ns respectively)
compared to the NITLO in Fig. 4.4-2. However, the use of using NILTn (n>0) in their initial-

value modes represents only a marginal improvement over the NILTO in its initial-value mode.

32 Albeit not at 0 GHz itself, instead assuming that at DC frequency, the magnitude of the current is zero.
33 See APPENIDX 1V for an explanation on the mesh density selection
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Fig. 4.4-2: The current at the feedpoint of the strip dipole antenna when excited by a
Gaussian pulse located at the feedpoint. The blue line represents the TD results obtained
using an IDFT. The black circles represent the TD current obtained using the NILTO in the

initial-value mode. The black squares represent the interpolated results obtained using the
information available from the NILTO predictions.
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06 O NILT1 (M=6, N=4)
®  NILT1 Interpolated (M=6, N=4)

Current (A)
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Time (ns)
Fig. 4.4-3: The current at the feedpoint of the strip dipole antenna when excited by a
Gaussian pulse located at the feedpoint. The blue line represents the TD results obtained
using an IDFT. The black circle represents the TD current obtained using the NILT1 in the

initial-value mode. The black squares represent the interpolated results obtained using the
information available from the NILT1 predictions.
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Fig. 4.4-4: The current at the feedpoint of the strip dipole antenna when excited by a
Gaussian pulse located at the feedpoint. The blue line represents the TD results obtained
using an IDFT. The black circle represents the TD current obtained using the NILT2 in the
initial-value mode. The black squares represent the interpolated results obtained using the
information available from the NILT2 predictions.

4.4.3 Centre-Fed Bowtie Dipole Antenna

The second antenna tested was the PEC bowtie dipole antenna shown Fig. 4.4-5. The
dimensions, Gaussian pulse excitation parameters, and mesh information, are provided in Table
4.4-2. The reference IDFT-based responses to be shown used the FD-MoM method to find
frequency-domain results for the antenna terminal current between 0.0 GHz and 1.0 GHz in

frequency steps of 1.25 MHz, that were then converted to the time-domain using the IDFT.
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Fig. 4.4-5: Centre-fed bowtie dipole antenna geometry. The dashed line is the location of

the feedpoint where the Gaussian voltage pulse is injected.

Table 4.4-2: Parameters of the bowtie dipole antenna and the Gaussian voltage pulse.

L 2m
w 2.1m
d 0.1m

Gaussian pulse width (T,,) | 30ns

mesh3*

Gaussian pulse delay t, 60 ns
M 6

N 4
Time between samples 10 ns
Endtime 335 ns
Number of triangles in 148

34 See APPENIDX 1V for an explanation on the mesh density selection
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Fig. 4.4-6: The induced current at the feedpoint of the bowtie dipole antenna when excited
by a Gaussian pulse located at the feedpoint. The blue lines represent the TD results
obtained using an IDFT approach. The black circles represent the TD current obtained

using the initial-value modes of the NILTO (top), NILT1 (middle) and the NILT2 (bottom).
The black squares represent the interpolated results of the same.
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The observations from Fig. 4.4-6 are similar to those for the strip-dipole case. These initial-value
mode NILTn results follow that the IDFT ones out to increasingly larger times (namely 45ns,

55ns and 90ns, for n=0,1,2), but are unsatisfactory in the sense that the IDFT results are still at

significant values well beyond the point where the NILTn-based ones fail.
4.4.4  Patch Antenna with Air Substrate

The third antenna modelled was the PEC patch antenna with an “air-substrate” (this is the
terminology used in the literature), based on such an antenna described in [HERS 98], but not
identical to it. Its geometry is shown in Fig. 4.4-7. Its dimensions, the parameters of the Gaussian
pulse excitation used, and mesh information, is that listed in Table 4.4-3. The reference IDFT-
based responses to be shown used the FD-MoM method to find frequency-domain results for the
antenna terminal current between 0.0 GHz and 20.0 GHz in frequency steps of 3.33 MHz, that

were then converted to the time-domain using the IDFT.
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Table 4.4-3: Parameters of the patch antenna with air substrate antenna and the Gaussian
voltage pulse.

W1 17.40 mm
W2 53.00 mm
W3 27.95 mm
h1 49.10 mm
h 8.90 mm
hs 16.20 mm
ds 76.2 mm
d2 50.1 mm
a 18.40 mm
b 3.80 mm

Gaussian pulse width (T,,) | 2.5ns

Gaussian pulse delay t, 5ns
M 6

N 4
Time between samples 5/6 ns
Endtime 135 ns
Number of triangles in 163
mesh®

3 See APPENDIX IV for an explanation on the mesh density selected
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Fig. 4.4-7: The geometry of the patch antenna with an air substrate. The red line is the
location of the feedpoint where the Gaussian voltage pulse is injected.
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Fig. 4.4-8: The induced current at the feedpoint of the patch antenna when excited by a
Gaussian pulse at its feedpoint. The blue lines represent the TD results obtained using an
IDFT approach. The black circles represent the TD current obtained using the initial-value
modes of the NILTO (top), NILT1 (middle) and the NILT2 (bottom). The black squares
represent the interpolated results of the same. Zoomed-in depictions (right) are shown for

the results shown (left).
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Similar comments on the NILTn results can be made here as done for the strip-dipole and
bowtie-dipole in the two previous sub-sections. That is to say, we find here again that the
NILTn-based results (with interpolation), used in the initial-value mode, match those of the

IDFT one out to increasingly later times (namely 3ns, 4ns and 5ns for n=0,1and 2,
respectively), but the n=1,2 values provide only marginal improvement over NILTO. It is

unmistakably clear that, in order to substantially improve the ability of NILTn-based methods,

the use of re-initialization is needed. This is formulated and discussed in the next chapter.

Finally, Fig. 4.4-9 shows the sets of s; values needed for the NILT2 results (in the initial-value

mode) needed for the three different geometries. The sets are different simply because different

sample times were used in each case.

94



NILT2 s, values (M =6, N=4)

w S o
T T T

Imag(s) x 10°° (rads/sec)

N
T

0 /A 1t | | |
0 1 2 3 4 5 6
Real(s) x 10°° (Nepers/sec)

25

NILT2 s, values (M=6,N=4)

1.5

Imag(s) x 10°? (rads/sec)

05¢r

0 05 1 1.5 2
Real(s) x 10°° (Nepers/sec)

0

30

‘ . NILT2's, values (M =6,N=4)

251

N
o
T

Imag(s) x 10°? (rads/sec)
5 o

0 5 10 15 20 25
Real(s) x 107 (Nepers/sec)

Fig. 4.4-9: The distribution of complex frequencies used in the calculation of the NILT2
results for the strip dipole (top), bowtie dipole (middle) and patch (bottom) antennas.
Recall that as the time gets larger, the real and imaginary component of the s; used in the

calculation gets smaller.
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45 CONCLUSIONS

This chapter has formulated, implemented and applied the NILTn/MoM approach in its initial-
value mode to find solutions to the TD-EFIE of 3D PEC objects. Numerical results for open 3D
PEC objects have been shown and validated. This has extended what was done in Chapter 3, for
2D objects, to 3D objects. The numerical experiments have been found to support what was
observed for the 2D cases in Chapter 3, namely that although the use of NILTn approaches (for
n>0) permit prediction out to larger value of t, this improvement is only marginal. It is clear
that in order to substantially improve the ability of NILTn-based methods, the use of re-

initialization is needed. This will be formulated for the general 3D case in Chapter 5.
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CHAPTER 5 - The Incorporation of Re-Initialization in
Time-Domain Integral Equation Models
Solved Using the NILT/MM

5.1 INITIAL REMARKS

Amongst other things, Chapter 2 provided the established background on the NILTn method
needed to conduct the research reported in this thesis. It was pointed out in Section 2.7 that the
NILTn can be used in two different ways. The first, referred to as the initial value form, is not a
marching-on-in-time type method. The second, called the re-initialized form, is a recursive
method that finds the time-domain solution in a recursive time-stepping manner. Chapter 3
formulated and applied, in its initial value form, the NILTn technique(s) to the solution of the
TD-EFIE for a 2D problem. It also explained the difficulty in applying re-initialization to TD-
EFIE problems, in essence due to the occurrence of delay terms (because of the full-wave
character of the TD-EFIE) that are not present in the analysis of lumped circuits. Chapter 4 then
formulated and demonstrated the successful use of the initial NILTn-based solution to TD-EFIE
problems for open PEC objects. However, the numerical experiments in Chapter 4 make it clear
that a re-initialized form of the NILTn technique is needed. Chapter 5 now tackles the problem

of incorporating such re-initialization, in the following sections:

m Section 5.2 performs a spatial discretization of the TD-EFIE, thereby converting it into a set of
time-domain partial differential equations. It then converts these into what is an s-domain form
of TD-EFIE, but (unlike that in Chapter 4) in a manner that permits the use of re-initialization in
spite of the multiplicity of delay terms. This is done for the NILTO approach in the re-

initialization mode.

m Section 5.3 first carefully outlines the steps of the re-initialized NILTO approach, and then
extends what was described in Section 5.2 so that we have what is needed to implement NILT1

and NILT2 in the re-initialization mode.

m Section 5.4 implements the newly devised and derived formulations of Section 5.2 and Section

5.3 to the same three examples presented in Section 4.4 (but there only possible using these
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NILTn-based methods in the initial-value mode). The enormous advantages of being able to use

these in the re-initialized mode developed in this chapter will be evident.

m Section 5.5 examines the re-initialized NILTn-based techniques in terms of their

computational complexity.

m Section 5.6 concludes the chapter by putting into context what has been achieved.
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5.2 AFORMULATION FOR INCORPIRATING RE-INITIALIZATION INTO THE
NILTn/MoM SOLUTION OF THE 3D TD-EFIE

5.2.1 Spatial Discretization of the TD-EFIE

The first step is to discretize the differentiated®® TD-EFIE® *8 in (2.3-14) with respect to the
spatial coordinates but not the time variable. A similar MoM procedure to that used in Section
4.2.1, is followed with the exception that, the unknown current density is considered to be

expressed as®®

5 (F1)= 2 in (1) Jn(F) (5.2-1)

The expansion functions j, (F) are the same RWG ones used in Section 4.2.1, with an identical

set forming the testing functions. Expression (5.2-1) is inserted into (2.3-14), which involves
integration over S with respect to the primed coordinates. Next a dot product of each side of the
resulting expression is taken with the m-th testing function j, (), and both sides integrated over

S with respect to the unprimed coordinate, to obtain (once more with some judicious use of
vector analysis)

200

ZIZJZZW oWoLrind, zj iy ()0 (¢- 1 Yr
n p -0
eI I O
aNg T (K ~ inc —K
T a ijm(rpé)'g (pn%’t)

1

2~
Il

(5.2-2)

36 See annex I for more details, noting that it similar steps can be taken for the differentiated TD-EFIE

37 Chapter 4 did this but for the s-domain EFIE and not the t-domain EFIE (that is, TD-EFIE).

3 Readers curious in knowing why the differentiated TD-EFIE was used instead of the previously used
undifferentiated form are encouraged to read Appendix V.

% Observe that i, (t) is the coefficient of the n-th expansion function, and is a continuous function of time.

99



as described in Section 2.7-3 and Section 3.7, an essential move for re-initialization is to

implement the change of variable®® t=f{+rh in (5.2-2). This yields

2 ©

K1K 6 H ' 2 ’ KiK. r
ZZ ZZ(K]_ K2 ) p an:]lnéq atz _[In (t )5(t+7"h't -T””lipqz)dt
n 1 p=1 q=1 -0
1 e g Ng K].KZ 00' 1 7 ’ K]KZ '
47r8 ;p —1 qzzz(ffl ) Vol Conoa _wln ( )5(t Frh- U Ty )dt
8 Ng T (K ~ inc K
:a W, Jm(rpr%)-g ( [ ,t+rh)
p=1

(5.2-3)

the sifting property of the delta function makes the two identical convolution terms in (5.2-3)

iy ()0 (F +rh-t- oy de'= i, (£ +rh-i2 ) (5.2-4)

§ —38

also, the time derivative operation on the left-hand side of (5.2-3) acts only on the incident field

& " (r*2 f+rh). Thus (5.2-3) becomes

pm?

2

N
IR DD IPPEIEAEN TR
A (GRZY) WpWa Lmnpg ot2 mnpq

@

n=1 p=1 q=1
' Ny Ng Ng
4n82121 2. 2 Mo WCori b (E+rn-ons) (5.2-5)
n=1 p=1 4=

I
<
«
1

(1) 5 (5 €410)

sy
Il

We must then take the Laplace-transform of both sides of (5.2-5) with respect to 7, an operation
we will denote by # to distinguish it from ¢ that signifies the transform with respect to t. In

other words

“0 Note that r =0,1,2,3.....is an integer and is unrelated to any distance in space. Observe also that 0/of — o/6t .
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N, 2
,u K1K a KiK.
4_22 ZZ(MZ) p qulnpzqf{at <t+rh Tmipqz)}
=1 p=1
NS

188 ox o
ZZ:‘ Z:‘mecz) pWeCrnpg |1 { (E+rh-20s )}
p=14q

47t8n 7
Ng 5
= pr Jm(rﬁ) {até’mc(_p"n% ,t+rh)}
p=1

(5.2-6)

5.2.2  The Challenge in Re-Initializing NILTn for Solution of the TD-EFIE
We would need to find the Laplace transform of the incident field term on the right-hand side
of (5.2-6), which is not straightforward for reasons given in the first paragraph of Section 3.7.

Even more challenging is the fact that the two Laplace transform terms on the left hand side of
Al [ NG
(5.2-6), namely f{in (t+rh-r,’;;;;)} and ,}f’{?in (t+rh-r,’;;1’j; )} need to be represented in

terms of a single Laplace-domain-based unknown that is coupled with, and simultaneously

solved for, with the other N, —1 unknown coefficients. Closer examination, however, reveals

that this is not possible. To demonstrate this statement, we consider the definition of the first

term,
£iy(t+rh- r,’,f;;q)}=ofln(t+rh o )l (5.2-7)
0

and refer to Fig. 5.2-1. If we were to regard the above integral as an unknown, to be solved for in
the course of a MoM analysis, then one should note here that it is an unknown that will depend
on the values of indices m, n, p and g, and whether those indices belong the + or — side of the m-
and n-th (edge) basis function. This is depicted in the sketch shown in Fig. 5.2-1. This figure
shows that whatever comes out of the integral in 5.2-7 is something that is determined by m, p, q

and x1 k2, and not only on n or s. Therefore, it is not possible to account for the integral by

simply denoting it by fn(s) . Instead, the correct notation should involve all of the preceding

indices, e.g. Ig;’gq (s). Proceeding further with this idea, I;}]’f;q (s) cannot be factored out from
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under the summation, as ZZZ(K .,y Tunsover the quadrature points in (5.2-6). Furthermore,
1,42
P q

one cannot take f;},’;?q (s) to mean the same unknown for all values of m. In other words, it will

not be possible to continue and formulate a system of N, independent equations in N, Laplace-

based unknowns, as is possible in the analysis of lumped circuit analysis devoid of distributed

delay terms.

G

K1x2

rh - Tmnpq

> <

/ ;

Fig. 5.2-1: Graphical representation highlighting the dependence of the integral in (5.2-7)

on the actual value of 7, .

5.2.3  Development of the Basic lIdea

In order to facilitate continued development of the idea, we shall assume that ,(¢) has

already been computed for all values of t=nh,2h,3h,...,rh, and that the objective is to compute

W((r+1)h).

The idea of the proposed re-initialization process starts by partitioning the integral in (5.2-7)

8.541

41 A full explanation of the steps leading from (5.2-7) to (5.2-8) is available in Appendix VI
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i (E+rh)esff + e*™ [ i (f+rh)eSdf  (5.2.8)

K152
Tmnpq

(e Kk \ oSt 4t STt
|n(t+rh-rm,gpg)e dt=e ™™

O — 8
O ]

The first integral on the right-side of equation (5.2-8) is independent of m, p, g and xix2. Thus, it

can rightfully be denoted as the unknown fn(s), in line with the notation used in lumped circuit

simulation that assigns a caret symbol to the Laplace domain quantities of the time-shifted

variable.

The integrand i, (f+ rh)e'Sf of the second integral on the right-hand side (5.2-8) is accessible
through its past time values, which are assumed to have been computed. Indeed, the limits on the

second integral indicate that the values of i, (rh-z,*2

nnpa) UP t0 i, (rh), which are on the temporal

path that lies in the past (before t = rh), contribute to its computation. This observation suggests

that the second integral on the right-side of (5.2-8), multiplied by e'ST”"(’% , be denoted by

U;‘;;;(s) and also counted as a known quantity, although it still not obvious how it can be

computed. Thus, (5.2-8) can be written

ISTS

f{in(f+rh-r’“1’(2)}:e'”'”"”qz Ih(s) + UK (s) (5.2-9)

Hr_/ %,—J
TheUnknown  The Known
"Now" "Antecedent"

The focus of the development will now be directed to the second term in (5.2-9), U,,’j;;f; (s),

which will be referred to as the antecedent term.

5.2.4  Piecewise Polynomial Representation of i, (t)

Preparing the ground for the handling of the antecedent term necessitates considering the past

(t < rh) behavior of i, (t) and modelling it as a piecewise polynomial. That task will draw on the

results reported in [GAD 22] to construct the desired polynomial. To motivate the discussions in
this, Fig. 5.2-2 graphically illustrates the situation at the present time instant t = rh. As shown,

i, (), taken to be of a given, but arbitrary form, is assumed to have been successfully computed

at discrete times t=h,2h,3h,...,rh and the goal is to advance by another step h so as to compute
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I,((r+1)h). This assumption is obviously true for at least the case r =1 using the process
established in Chapter 4. In addition to the past r discrete points found on function i, (t), using
past applications of NILT, we will assume that i, (t) is also represented as a continuous function

of time built from piecewise polynomials, all with degree u, mainly to simplify the notation, for

the whole interval 0 <¢ < rh. To be more precise, i, (t) is given the representation,

r-1 u

L= al"(t-(r-i)h) (5.2-10)
i=0 k=0
with the coefficients a.((',z k=0,1,...,u that correspond to the i-th polynomial that interpolates the
sub-interval that extends from t=(r-(i+1))h to t=(r-i)h, for the n-th current density

coefficient. This representation is reflected in Fig. 5.2-2.

The task of computing the polynomial coefficients af("n'i)was the subject of a previous work

[GAD 22] that hinged on two main facts. The first is that high-order derivatives (with respect to
time) of i,(t) at t=rh, r=1,23,.. can be obtained with truly negligible additional

computational cost from the NILT results, namely the 1,(z; / h) already used to compute i,(rh).

The second is that such derivatives can be incorporated to create the Hermite interpolating

polynomial. The coefficients of the Hermite interpolant are found explicitly from the derivatives
at rh, that is to say the d*i (t)/dt* att = rh. The high-order approximation characteristics of
NILT, used in computing i,(rh), are extended to computing its high-order derivatives, enabling
the resulting polynomial to capture the behavior of i, (t) in the intervals between the points at t =
rh with very high accuracy, as demonstrated in [GAD 22]. In what follows, we can confidently

assume that the coefficients of the Hermite interpolant aﬁfn'i) are known.

5.2.5 Derivation of the Closed-Form for the Antecedent Term
The primary purpose of the polynomial representation in Section 5.2.3 is to facilitate

development of closed-form representations for the integrals of the antecedent term U,’,f,g;f; (s). In
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fact, the form representing this term will depend on the relation between rgln';zq and the time step

size h, and will be characterized through an integer ggg;g defined by

LT

S { "‘r’;”q J (5.2-11)

where | ... | denotes the floor function, that is equal to the greatest integer less than its argument.

There are three values of interest for £it2 , shown in Table 5.2-1. For each one of the three

LSLY

cases, U,,..-

(s) will have a particular expression. These expressions will be derived next, making

reference to Fig. 5.2-2 for illustration.

Table 5.2-1: Different cases for ¢%i*2

mnpq *
KK
Case# e Value
KK
1 é,m%pzq =
KK
2 0<Crmnpg =T
KK
3 r < Smhey

1) Upihgy (s) for Case#tl @ {riz =0

In this case z,h% <h and the integration in U,2(s) is computed from the values of

in(f+ rh)e'Sf under the right-most blue interval of Fig. 5.2-2. The polynomial representing i, (t)

in this strip is given by
i,(1)=>al)(t-rh)*, (r-1)h<t<rh (5.2-12)

the above polynomial can then be used to represent i, (f +rh) as

i,E+rh)y=>all#, -h<f<0 (5.2-13)
k=0
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substituting (5.2-13) into the second integral in (5.2-8), reveals that U,’,f;l;f; (s) can be expressed as

Ky U 0 .
U (s) =" Y alf) [ eiar (5.2-14)
k=0 K1K2

- Tmnpq

The integral in (5.2-14) can be found analytically to be

0 KK v
k [-gRi%2
-S Kik2 of i k! ( mnpq) =S K1K2
g j tedf= | - (5.2-15)
K1k S v=0 S vl

- z-mnpq

This can be proved through simple induction. First, it is obviously true for k =0. Secondly, if it

is assumed to be true for k =1-1, | being an integer (1 >1), then it can be proved to be true for

k=1.Thus, U= (s) has the closed-form expression

KK < (r) k! K (_Trln(fz:; )V s rK1K2
Unipg O =288 7| 2, ¢ ™ (5.2-16)
k=0 S v=0 S V!

the above expression can be computed numerically for a given value of s.

2) Upe (s) for Case#2 : 0 <{plz <r

KK

This case is represented by the yellow interval shown in Fig. 5.2-2, where the value of —z, 1%,

is located. U,/ (s) can then be derived from
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U KIKZ (S) e mnpq Z a( Cmfllpqz) t +CK1K2h k 'Sfdf
mnpq k,n mnpq ¢
~Copi

-K1K2 _
sepre TN & (1)

+e oy Y gl J__(iiil)h(f +ih)k el df

i=0 k=0
(5.2-17)

following steps similar to that in Case#1, the closed-form expression for U,,/z (s) in this Case#2

can be found to be

K1k k T CK]KZ h) KiK7 _ rK1K)
KK ( {mnpq ) ( ( mnpq mnpq _S( Tmnpq ~ {mnpq h)
U i (8)= zk -0 3 S(k+1) Z -€

=0

Coipd -1 k! K (-h)v -S r,’,(l},'(z-(i+1)h s| 7k1%2 jh
+z pq k 0 |(<rn')_5k+_1 Zs"’vle ( pq )_e ( pq )
v=0 .

(5.2-18)

3) Unngy (5) for Case#3 : (b2 >r

This case has 7,12 >rh and, as a result, the integral appearing in U+ (s) includes time

t <0. Given that we are considering only causal currents, the integrand will be identically zero

KKy

gy —th and £ =—rh. Therefore,

between t=—z;12 and t=0, or equivalently between f =—7

0
_g K1%2 N of . a _grkix2 . /A of ,a
U:;,’;; (s)=e S Tnpg J‘ i (t + rh)e sfaf —e S Tinpg J. i (t + rh)e st yf (5.2-19)
-k -rh
mnpq
using the piecewise-polynomial representation of i (f+rh) in the interval —-rh<{ <0, and

proceeding in a manner similar to what was done in the previous two cases, the above integral
can be found in closed-form as

\'

UKZKZ (S) Z k! Zk:('h
minpq i=0 k 0 n Sk+1 S'VV|
v=0 :

e-s(r,’,f}ll’fg-(i+1)h) " s( ot -in)

(5.2-20)
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Fig. 5.2-2: A sketch used to illustrate the possiblities involved in the derivation of the
antecedent term Utz (s). The upper graph assumes an arbitrary temporal waveform
i (t), with the lower graph mapping it to the shifted domain & . The circles on the blue part

of the graph identify points that have been computed from past applications of NILT, while
the red part refers to future points that are yet to be computed.
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We can together write all three cases as

v
K%
U a(r-a,:;a;f;) k! i(fmnpq) s £5 g
k=0 “'k,n S(k+1) o sy mnpq
KK KK v
oo (rame) k| & ('(fmﬁpé-fmépéh)) s(epz-chzn)
a > -e
k=0 k,n S(k+1) 5 S'VVI
— !
Uit (s) = 0<Gpine <Y
. K v K1K2 (i K1k _j
Cni2 | (r-i) k! (-h) -s(rmnpq-(|+1)h) -s(z’mnpq-lh)
+Zi:0 k=0 “k.n Sk+l Z -V ,e -€
v=0 S V:
K v _ .
gt o K (SO A ) A
=0 4k=0 kN k+l sVyI mnpq
v=0 :
(5.2-21)

Since the first and second order derivatives of (5.2-21) with respect to s will be needed in Section
5.3, we will write them down below. However, since the derivation of the derivatives are not

difficult, but tedious, we will simply write down the final expressions*? :

42 \We ask the reader to zoom in on the electronic copy of the document to clearly see the details.
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(5.2-22)
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3 Note that the square brackets in this expression do not denote matrices.
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5.2.5 Laplace Transform £ of the Second-Order Derivative Term

The treatment of the three cases in Section 5.2.4 indicated how a term such as

i, (f+rh -r,’,f;;;), namely the 2" term on the left-hand side of (5.2-6), can have a Laplace-based

representation that is amenable for use in the context of the re-initialized NILT. We now
consider the representation of the Laplace transform of the second order derivative term on the
left-hand side of (5.2-6). We use integration by parts twice to simply this term as

- | B2
f{afz n(t+rh r;;;,;;)}
0 A2

- aaf? £+ -2 Jetof

mnpq
0

:—sin<rh-rK1K2)—§| (t +rh- TKJKZ)

mnpq mnpq

£=0

+s° Tin (E+rh-zy )eaf

0

-S Tr’,(l%;qZ A K1K2
€ |n (S) + Umnpq (S)

(5.2-24)

where (5.2-9) was substituted for the integral in the third term. The other two terms in (5.2-24)

can also be obtained through the piecewise-polynomial interpolatory representation. More

specifically, computing g”g}{;g from (5.2-11), those terms are obtained from

iy (rh -z ) = Za“ ) (K (5.2-25)
and
KiK' (I’ (mn ) K1k, \k-1
iy (£+rh- rm;p;)t Zka ) (s (5.2-26)
where
7/m;zp; - z-mnpq - Crlrfn;; (52_27)
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5.2.6  Steps in the Implementation of the Re-Initialized Mode of the NILT Approach

The previous derivations can now be organized to describe the full implementation steps of the
proposed re-initialized NILT method. Using (5-2.9), (5.21), and (5.24) and implementing them
into (5.2-6) gives us the Laplace domain differentiated EFIE.

K1K KiK. a KK
ZZZZW A Lmlnﬁq{ o(rh-zis )= i (E+ -2 )

nlpl =1

2| 478 TZZL;LIZ i KK
IR e A RORVEIO
£=0

N.S'

1 I K1KD 57:21115112 i KK
e DD DI R OBV
p=1 g=1

47r<9n =

_ZW T (T ){(s)E(rpm,s) gmf(;;;g,rh)}
(5.2-28)

We can then re-write (5.2-28) to be in the form of our typical matrix equation

[Z(s) }[ ] [E(s)], noting that the [Z(s)]a column vector. The elements Z,,,, of [Z(s)] are

Ng N

9 9
_H ~STmhgd | K1
Zmn = 21 1Z(K1 xy) WpWa S e Lnga
P= = - (5.2-29)
1 g 9 STmn
Pa C K1K2
i Are, pZ::l qzzl Z“(waz) WpWg® Crig

Noting that (5.2-29) is the same as the (4.2-8), when the right side is multiplied by s. The

unknown is [I(s)] and the column vector [Z(s)]is the sum of three separate parts,

[E(S)]=—[U ()] + ()T + [T+ ()] (5.2-30)

the vectors on the right hand side of (5.2-30) are all complex vectors of size N x1, and are

given as follows:
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m the antecedent terms

Ns Ng Ng Ns
V()= {zlzlzlzw oy {(s)° L +Cr U %:;a@ﬂ
=1 p=1 g= -

m the delayed currents [i] from the past time point

Ny Ng Ng Ns
Z Zz | K12 Za(r Cmnpq) ;«1;«2 k
(k1,62 ) p q mnpq ””‘Pq
p=1 q=1

n=1 m=1

m the delayed current derivatives [i] from the past time point

NS
i) {zz 35 Mo S G2 }

n=1 p=1 q=1 m=1

m and the excitation vector

O RAL 3)-{sE T 9)- & (R

p=1

here, E(rpm,s) is the Laplace transform of the time-shifted incident field

E(Fpn,8) = 016 ™ (Fpa £+1h)]
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5.3 INCORPORTION OF REINITIALIZED NILTn APPROACH WITH THE
MOMENT METHOD SOLUTION OF THE s-DOMAIN EFIE

Although the steps required for the implementation of re-initialized NILTn are somewhat
similar to the initial-value NILTn approach, there are important details that require some

attention. For instance, the derivatives with respect to s, of the matrix equation
[Z(si )][f(si )]:[E(si)], are slightly different from what applies in the initial-value NILTn

case. This is not only so because we are now using the re-initialized NILTn, but also because we
are now using the differentiated TD-EFIE as the basis.

5.3.1 Implementation of NILTO

Similar to the initial-value mode NILTO, described in Section 3.5.1 and Section 4.3.2, there are
no major changes required for the implementation re-initialized NILTO. The expression for re-
initialized NILTO is derived from the initial NILTO shown in (2.7-13), with some minor changes.
Mainly the t on the left side of the (2.7-13), is substituted with t =(r +1)h, and the t on the right

side of (2.7-13), is substituted with t =h.

2 M/2 .
[i((r +DR) === > Rel 11 (s, )] (5.3-1)
i=1

s.z;/h

where

[ (s 1=[2(s)] [2(s)] (5.3-2)

At t=h, the first step, [i(h)] is obtained from (5.3-1), noting that r=0. Proceeding to

compute the current at the next temporal sample point, t =2h, we set r =1, and then compute

[i ((r+1h)] using, again, (5.3-1). Note that matrix equation [ Z (s, )][IA(Si )}=[E(si)] is solved
to determine the solution vector [f(si)] for each of the complex frequency values s;,

i=12,...,M/2. We select the time-step h so that the NILTO result there is known to be
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accurate*. When we march-on-steps to values of time t=(r+1)h, r=0,1,2,3,.....the set of
complex frequency values s;, i=12,..,M/2 at which solution vectors [I(s;)] are required do
not change. Thus, the interaction matrices [Z(s;)] need not be re-computed. However, the terms
in the column vector [Z(z; /h)] do change, as is evident from (5.2-30), and hence at each time-
step, the matrix equation [Z(s;)][I(s;)1=[V (s;)] must be solved for [I(s;)] for i=12,..,M/2.
This is one case where explicit computation and storage of the [Z(si)]‘1 might be

computationally worthwhile.

However, since the expressions for [ Z(s;)| and [2(s,)] are described in (2.5-29) and (5.2-

30), no further explanations are required.

5.3.2  Implementation of NILT1

The expression for re-initialized NILT1 is derived from the initial NILT1 shown in (2.7-14),
with some minor changes. Mainly the t on the left side of the (2.7-14), is substituted with
t=(r+1)h, and the t on the right side of (2.7-14), is substituted with t=h. Applying these

modifications results in the expression used for re-initialized NILT1

M/2 2d| (s, - MK
[i((r+l)h)]:-%; Re %%wi [l(si)]glzik_—zj (5.3-3)

Si:
As was stated in Section 3.5.2 and Section 4.3.3, in addition to the solution vector [f(si )] , the

derivative vector d [f(si )]/ds is also required.

4 See comments in Appendix 1V
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d[f(si )}/ds can be found simply by differentiating both sides of the matrix equation

[Z(s, )][f(si )}=[E(si)] by s. However, since a similar operation was done in Section 3.5.2,

we shall simply state the solution to this operation

[Z (S)]—{[I ()]} = {[ (s)]} - (S)]%{[Z ()]} (5.3-3)

There are two new expressions to be found in (5.3-3). Firstly di{[z (s)]} is unknown. However,
S

the elements of this equation can be found by differentiating both sides of (5.2-29)
mn Kyicy o SThivpy K1k 1 KKy
pq ZZZ{ W Wo Trunpg € ( Ar S Lmnpq + @Cmnqu

=l p q
sz [ 2H 4,
+W,w,e (47; Lmnpq

(5.3-4)

Secondly, {[ (s)]} is not known, thus again, we can differentiate both sides of (5.2-30) to get

d jroram . dUE)]  diil | oo dli] | dV(s)] ]
E{[H(S)]}_ ds | ds il ds | ds (5.3-9)

However, the delayed currents [i] and the delayed current derivatives [i] have no dependence on
s, hence (5.3-5) simplifies to
d = dU()] | g, dIVES)]
==\ = - +[i]+ 5.3-6
ds{[ )]} & [i] a0 (5.3-6)

m The first order derivative with respect to s for the antecedent terms is
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d[U RS s 1 s+ ey | AURR(S)
Lo AN - [z z Z Z(Kl ) { 23) Lmlngq} m%p% (s)+ {( ) Lmlngq +Cm}1p2q} m(;lzq

n=l p=1 g=1 m=1

(5.3-7)
where dU %2 (s)/ds is shown in (5.2-22).
m The first order derivative with respect to s for the excitation vector is
N inc
dV(s)] _ < = (=« =inc dE (rpm' )
Th T X in (T )- { ()5 —— (5.3-8)

5.3.3  Implementation of NILT2

The expression for re-initialized NILT2 is derived from the initial NILT2 shown in (2.7-15),
with some minor changes. Mainly the t on the left side of the (2.7-15), is substituted with
t=(r+1)h, and the t on the right side of (2.7-15), is substituted with t=h. Applying these

modifications results in the expression used for re-initialized NILT2

e BT s iy

h 4 |8h?  ds? 2h ds {57z

j#i

j

N3 5 3) S L SR
(5 ) R CE S (.
] t’l_l
(5.3-9)

In addition to solution vector [I(s)], and derivative vector d{[I(s)]}/ds, we require second

derivative vector d2{[l(s)]}/ ds?. To enable us to do this, we take the second-order derivative of
[Z(s )][f(si )]:[E(si)] by s. However, since a similar operation was done in Section 3.5.3,

we shall simply state the solution to this operation
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d? [l(s)]_d VI ,dZE1d )] d° [Z(S)]U()] (5.3-10)

26 ds? ds ds

2
There are two new expressions to be found in (5.3-10). Firstly ;j—z{[Z(s)]} is unknown.
S

However, the elements of this equation can be found by differentiating both sides of (5.3-4) to
obtain

d2 Ns /,[ 1
mnpq Kykp ~ STy Feyka _T Crak
E E E {W W, ( mnpq) e [Ms Lmnpq+4ﬂg Cmnpq)

n=l p ¢
s 2 _grkIK2 2
— 2w, W, T g S | S g + W W,e sy | ZHL | o
A 4

p~"q " mnpq mnpq mnpg

(5.3-11)
Secondly, di{[E(s)]} is not known, however again, we can differentiate both sides of (5.3-6) to
S

get

d o d2UE)] | d?V(s)] i
S EO == (5.3-12)

m The second order derivative with respect to s for the antecedent terms is

e ()

d[(ﬂ{iiizwy [Wm%}m@%mmm}??

n=1l p=1 g=1
d ZU K']hK'Z (S) Ns
+{(5)" L + Ch | s
S

m=1

(5.3-13)
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with d?U;22 (s) /ds® shown in (5.2-23).

m The second order derivative with respect to s for the excitation vector is

, dEi“C(rp';g,s) v dZE‘”C(rp’;;,s)
ds ds?®

(5.3-14)

d? &
2:2(5)]: 2 W Jm(rprﬁ)'
p=1
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5.4 VALIDATION EXAMPLES

54.1 Example Geometries

In order to validate the implementation of the re-initialized NILTO, NILT1, and NILT2 for the
3D TD-EFIE, computations are performed for the same three examples used as in Section 4.4.
This validation was carried out by comparing the outcomes of a number of different simulations.
Although the lengthy descriptive terms defined below (and used in all figure captions) may
appear burdensome at first, we have found that this is the best way to ensure complete clarity. It
is important that there is no ambiguity when comparing the different sets of results. We wish to
demonstrate the significant (and theoretically expected) improvement in the obtained responses,
namely the ability to accurately find time-domain responses out to much larger values of time,
and the ease of densely interpolating these responses on the time axis (so as to allow accurate
and fine Fourier transformation to the frequency-domain) using time-derivative information

innately available from the NILTn process.

(1) As was done in Section 4.4, to have reference results against which to compare the time-
domain (TD) results obtained via the re-initialized NILTn technique, we use the frequency-
domain method of moments (FD-MoM) formulation, for the 3D PEC objects being analysed, at a
set of frequencies, and then perform an inverse Fourier transform to obtain the time-domain

currents at the antenna terminals. We again refer these as the “IDFT results”.

(2) The time-domain currents at the antenna terminals, obtained utilizing the NILTn approaches

used in the re-initialized mode developed in the present chapter will be referred to as the “re-
initialized NILTn results”. The coefficients of the interpolating polynomials algfr]) of these re-

initialized NILTn results, a by-product of the NILT process, are generated from the re-initialized
NILTO, NILT1 and NILT2 simulations, and these are referred to as the “interpolated re-

initialized NILTn results”.

(3) In addition to the time-domain terminal currents we show frequency-domain results, namely
the input impedance (strip and bowtie dipoles) and terminal current (patch antenna), obtained
through a re-initialized NILTn route. The re-initialized NILTn results (which are time-domain

ones) are Fourier transformed (DFT) to obtain the input impedance of the antennas; we call these
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the “FD/non-interpolated re-initialized NILTn results”. The densely-sampled interpolated re-
initialized NILTn results are then also Fourier transformed to get the input impedance, and are

called the “FD/interpolated re-initialized NILTn results”.

(4) In order to have reference results against which to compare the frequency-domain results
obtained via the re-initialized NILTn technique, we use the frequency-domain method of
moments (FD-MoM) formulation directly for the same 3D PEC objects being analysed. We will
refer to these as the “FD-EFIE results”.

The time-domain terminals currents for the Gaussian pulse input, and the input impedance (a
frequency-domain quantity) found from Fourier transformation of the time-domain results, will
be shown below for each of the three geometries. However, these have shown that when the re-
initialized NILTn approach is used, the NILTO, NILT1 and NILT2 results are largely the same.
Thus only the NILTO results will be shown for each of the geometries, with the NILT1 and
NILT2 outcomes catalogued in Appendix VI for completeness. Even then, the results presented
might be perceived as somewhat repetitive. In a sense this is purposefully so, as we wish to
demonstrate that the substantial advantages afforded by the re-initialized form of NILTn does
precisely what the theory promises, and the actual numerical results are not merely a fluke for a
single specially-selected geometry.

5.4.2  Centre-Fed Strip Dipole Antenna

This is the same physical problem as that described in Section 4.4.2, with parameters the same
as those provided in Table 4.4-1. The reference IDFT responses are also the same as those given
in Section 4.4.2.

The re-initialized NILTO results for the terminal current in the time-domain matches the

reference IDFT ones very well, as is evident from Fig. 5.4-1.

Figs. 5.4-2 and 5.4-3 reveal that the non-interpolated re-initialized NILTO results on their own
do not produce an accurate picture of the input impedance of the strip dipole after Fourier (DFT)
transformation, due to the lack of a sufficient number of time-domain points. However, after

Fourier transformation, the interpolated re-initialized NILTO results do match the FD-EFIE ones
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very closely up to the highest frequency component of the Gaussian pulse. It would of course be
possible to use a smaller step size h when applying the re-initialized NILTO and not use
interpolation, but this would require more MoM runs, and take away the advantage of re-
initialized NILTn (the ability to take relative large time steps, while recreating the time-domain
response)

As intimated above, the results for the same problem, using the re-initialized NILT1 and
NILT2 approaches, are much the same as for the NILTO case shown here. In other words, the re-
initialized NILTO approach is sufficient. One could envisage problem parameters for which the
re-initialized NILT1 and NILT2 methods do provide more than the re-initialized NILTO one.
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Fig. 5.4-1: The induced current at the feedpoint of the strip dipole antenna when excited by

a Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILTO results, and the black squares the interpolated re-
initialized NILTO results.
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Fig. 5.4-2: The input resistance of the strip dipole. The blue line represents the FD-EFIE
results. The black circles represent the FD/non-interpolated re-initialized NILTO results.
The black squares represent FD/interpolated re-initialized NILTO results.
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Fig. 5.4-3: The input reactance of the strip dipole. The blue line represents the FD-EFIE
results. The black circles represent the FD/non-interpolated re-initialized NILTO results.
The black squares represent FD/interpolated re-initialized NILTO results.

5.4.3 Centre-Fed Bowtie Dipole Antenna

This is the same physical problem as that described in Section 4.4.3, with parameters the same
as that provided in Table 4.4-2. The reference IDFT-based responses are also the same as those
given in Section 4.4.3. Comments made for the strip dipole in Section 5.4.2 apply word-for-word

for this bowtie dipole case, except that it is Fig. 5.4-4 and Fig. 5.4-5 that should be referred to.
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Fig. 5.4-4: The induced current at the feedpoint of the bowtie dipole antenna when excited
by a Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black
circles represent the re-initialized NILTO results, and the black squares the interpolated re-
initialized NILTO results.
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Fig. 5.4-5: The input resistance (top) and input reactance (bottom) of the bowtie dipole.
The blue line represents the FD-EFIE results. The black circles represent the FD/non-
interpolated re-initialized NILTO results. The black squares represent FD/interpolated re-
initialized NILTO results.
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5.4.4  Patch Antenna with Air Substrate

This is the same physical problem as that described in Section 4.4.4, with parameters the same
as that provided in Table 4.4-3. The reference IDFT-based responses are also the same as those
given in Section 4.4.4. Comments made for the strip dipole in Section 5.4.2 apply word-for-word
for this patch antenna case, except that it is Fig. 5.4-6, Fig. 5.4-7 and Fig. 5.4-8 apply. Fig. 5.4-7

has been included to provide a clearer view of the details in the early-time region of Fig. 5.4-6.

10 -
IDFT
I O NILTO (M=6, N=4)
|F| |L ®  NILTO Interpolated (M=6, N=4)
||
—~  Oem ”|||‘lllmm]||..ln by,
: | 5 o
© ||,I g
3 sl 'iillf
|
_10_
'15 ! | i | |
° 20 40 60 80 100

Time (ns)

Fig. 5.4-6: The induced current at the feedpoint of the patch antenna when excited by a
Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILTO results, and the black squares the interpolated re-
initialized NILTO results.
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Fig. 5.4-7: The same results as in Fig. 5.4-6, but zoomed in to show the details in the
timeframe 0 - 25 ns.
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Fig. 5.4-8: The real part (top) and imaginary part (bottom) of the terminal current of the
patch antenna. The blue line represents the FD-EFIE results. The black circles represent
the FD/non-interpolated re-initialized NILTO results. The black squares represent
FD/interpolated re-initialized NILTO results.
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545 Remarks on the Complex Frequencies Required for Application of the Re-
Initialized NILTn Approach

We understood earlier that when using the initial-value form of NILTn it is possible to select
any set of values of t,,p=12,... at which to determine the current density distribution

¢.(T,t). These sample times need not be separated by a fixed step size (the initial-value form is
not a time-steeping method per se). However, for each value of t,, that is indeed chosen, there is

a different set of complex frequency values*

i=12,....,M /2 (5.4-1)

at which the matrix equation [Z (s;)][1(s;)]=[V (s;)] has to be solved. This was illustrated in Fig.
3.6-1 and Fig. 4.4-9. With the re-initialized form of NILTn, which is a time-stepping method

with a step-size that we denoted by h, there is a single set of such complex frequency values

i=1,2,...M /2 (5.4-2)

that does not change each time we determine ¢ (F,t) at times t=h,2h,3h,...and thus
[Z(s)IN(Si)]1=[V (s;)] need only be solved once. Fig. 5.4-9 shows the distribution of these s;

(just three of them for the M =6 case being used) for the strip dipole geometry, for the re-
initialized NILTO, NILT1 and NILT2 approaches. As expected, these are larger for larger n. The
value of h depends on the width of the impressed Gaussian pulse; the smaller the value*® of T,
the smaller the value of step size h required. Hence Fig. 5.4-9 (a), (b) and (c) reveal the

proportionate values of the s; for the strip dipole (T, =10ns), bowtie dipole (T, =30ns) and

patch antenna (T, = 2.5ns).

45 With n being "the nin NILTn". The value of integer M is discussed in Section 2.7.
46 As per Section 2.4.
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Fig. 5.4-9: Plots (a), (b) and (c) show the values of s; used for the strip dipole for the

NILTO, NILT1 and NILT2 cases, whereas (d) and (e) show these for the NILT2 case for the
bowtie dipole and patch antenna, based on the parameters in Tables 4.4-1, 4.4-2 and 4.4-3.
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5.5 COMMENTS ON COMPUTATIONAL COMPLEXITY

As seen from (5.2-28), the major computational blocks in the re-initialized NILT, proposed in
this work, are:

1) LU factorization of the impedance matrix [ Z(s) ],
2) computation of the right-hand-side vector [Z(s)], and
3) forward/backward substitution with that vector, for values of s=z; /h, with i=1,..,M/2.

Due to the use of re-initialization, the first operation needs to be done only once, while the
other two operations need to be repeated at each time step. Analysis of the computational
complexity will be carried out for the second operations, since this operation is unique to the
proposed approach.

From (5.2-27), computing [Z(z;/h)] requires computing four vectors. The complexity of

computing the first (antecedent) vector [U(zi /h)], depends, among other things, on the

complexity of computing the term U2 (zi/h) given by (5.2-21), which in turn, is determined

by the degree of the interpolating polynomial u as well as the integer {’:. A closer

mnpq *

examination of the three expressions used in (5.2-21) to compute U2 (z,/h), reveals that the

order of arithmetic operations can be expressed as

(V+)(V+2)
o [f (Cpoee +1) (5.5-1)
operations. Defining ., as
élmax = m,nl,‘gyaf‘l),(rqlcz (Cn’?n%q> (5.5-2)

one can see that the overall order of computational complexity of the antecedent vector

[U (z,/h)]can be expressed as
@[W(gm +1) ij (5.5-3)

with i=1,..,M/2.
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The computation of the second two vectors on the right-side of (5.2-27), i.e., [l] and [l]

depends only on the degree of the interpolating polynomial u but not on the integer CZ;Z; or the

value of z;. Therefore, the complexity of their computation is given by

@((V”) sz (5.5-4)

2 S
The fourth vector, namely the excitation vector [V (zi/h)], depends on the value of z;, and

hence its computation is repeated M /2 times. This vector, however, requires only N, operations

to be computed, thus making its complexity on the order of

MN ]
(9( > j (5.5-5)

Based on the above analysis, the overall computational cost of the re-initialized NILT is

dominated by the cost of computing the vector [U (zi/h)], resulting in a good estimation of the

computation complexity at
vV+1)(v+2
@[%(% +1) ij (5.5-6)

In most situations, ¢, IS equal to O, or occasionally, 1. The reason is that the high-order
approximation power of NILT enables the step size h to be larger than, or at least comparable

to, the longest of the travel times, z,:> given by (4.2-4) — between any two points on the PEC

surface.
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5.6 CONCLUDING REMARKS

Chapter 3 formulated, implemented and applied the initial-value NILTn/MoM approach to
find solutions to the TD-EFIE for 2D PEC objects. Chapter 4 extended this work so that 3D PEC
objects can be accommodated. Although this appears to be the first time such material for direct
solution of the TD-EFIE using NILTn has been described anywhere, some might argue that
doing things this way was implied in the so-called NILTn/PEEC approach*’, even though not
actually done or details given. At any rate, what was achieved in the afore-mentioned chapters
was in a sense preparation for the major contribution whose discussion has occupied all of
Chapter 5, namely the ability to use a re-initialized form of the NILTn/MoM approach to find
solutions to the TD-EFIE of 3D PEC objects. The need to use re-initialization was very clearly
borne out by the results in Chapters 3 and 4. The difficulty of effecting such re-initialization in
this context became apparent when the work of Chapter 5 was begun. The unavoidable presence
of a multiplicity of delay terms was a stumbling block that has been overcome by the research
described in the present chapter. This has been formulated, implemented and validated. It has
been shown that the new re-initialized form of the NILTn/MoM approach for solution of the TD-

EFIE is vastly superior to the initial-value form.

47 Referred to in Section 2.6
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CHAPTER 6 - General Conclusions

At the start of this work the NILTn method had not yet been applied directly to the solution of
the TD-EFIE for scattering from PEC objects. It had certainly not yet been applied to any IE-
type electromagnetic field analysis in its re-initialized time-stepping mode of operation. This was
due to the considerable difficulty in applying such re-initialization when propagation delay is
present. This thesis has overcome the above-mentioned knowledge gap, and so contributed to the

subject in the following manner:

m Chapter 5 formulated and validated a new, heretofore unavailable, re-initialized NILTn/MoM
method for the solution of the differentiated TD-EFIE for PEC scattering. This is the principal
contribution of this thesis to the field of computational electromagnetics. It allows one to obtain
accurate and stable time-domain solutions using relatively large time steps, far out in time. In
addition, the use of the interpolation allows the formulation to take these large time steps while
accurately recreating the waveform between these time steps. Another beneficial use of the re-

initialization NILTn is solutions of the s-domain MoM matrix equation [Z(s;)1[1(s;)]1=[V (s;)] is
needed at the same complex frequency values s; at each time point, and so the associated set of
matrices [Z(s;)] need not be re-factored at each time step. Complete details have been provided

on the details and formulation of the re-initialized differentiated TD-EFIE NILTn method. The
validity and usefulness of the derivation done in Chapter 5 was demonstrated by testing three
differently-shaped PEC objects and comparing the results to well studied computational

electromagnetic formulations (i.e., the typical differentiated EFIE in the frequency-domain).

m Many details, needed in order to successfully achieve the above contribution, and which were
not available in the open literature, have been presented for the first time and thus constitute
relevant contributions. Chapter 4 formulated an initial mode NILTn/MoM solution for the
undifferentiated TD-EFIE for PEC scattering. Importantly, this chapter validated the
implementation of the complex frequency domain EFIE, and confirmed that there would be no
issue using the RWG expansion and weighting functions. This was confirmed by seeing the

results for the initial mode NILTn accurately reproducing the known results early on in time. It
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also confirmed that there was a need for re-initialization, as unlike the 2D case, the 3D case

could not accurately reproduce the waveform for results further along in time.

m The 2D applications of Chapter 3 were studied chiefly to provide concrete experience before
moving to the general 3D cases. Nevertheless, to the best of the author’s knowledge, their
NILTn/MoM formulations are not available elsewhere, and so they represent a useful
contribution in their own right. When an intuitive understanding of scattering from complicated
objects, or radiation from new antenna ideas, is desired, this is still often done by first
understanding and applying it to 2D problems. This was done in Chapter 3, using the initial
mode NILTn/MoM for the undifferentiated TD-EFIE. The formulation was validated by

comparing the results to the well known 2D PEC problems.
There remain some issues whose investigation in the future would prove useful:

m The immediate investigation should be to see if the NILTn/MoM can avoid the internal

resonance issue with closed PEC objects. These internal resonances occur in the frequency-

domain due to singularities in the [Z(a))] matrix. However, it is theorized that these

singularities may not occur in the complex frequency-domain [Z (s)] matrix. The NILTn/MoM

formulation, by using the complex-frequency-domain may be well suited to produce FD results

including the resonant frequencies.

m Now that the details have been worked out for the TD-EFIE, it will be possible to apply the
same NILTn/MoM approach for solution of the TD-MFIE and TD-CFIE of PEC objects, as well
as IE formulations for scattering from penetrable objects. Because the discretized forms of the
TD-IEs are solved in the Laplace domain, penetrable material with frequency-dependent
permittivity and/or permeability could be more easily handled than is possible in MOT-type
solutions due to the presence of additional convolution terms in the latter approach.

m A similar discussion to the above can be had regarding the use oof the NILTn/MoM approach

with dispersive materials.
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m Albeit not for PEC scattering problems, for which most of the TD-IE studies have been done,
and associated stability and accuracy issues studied, one situation in which time-domain
solutions are desirable is for physical problems involving materials that are non-linear*® or are
time-varying in a controlled manner. Non-linear materials cannot be handled using the NILTn
methods described in this work. However, the use of NILTn in the context of lumped circuits
containing nonlinear components has recently been described in recent literature, and the

approach could be investigated for its potential in computational electromagnetics.

8 The values of their permittivity and permeability at a point in space are dependent on the magnitude of the fields
at that point, or are even known impressed functions of time (e.g. for time-varying material problems).
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APPENDIX I - Some Useful Mathematical Facts

.1 Laplace Transforms

According to [WYLI 63],

L0} =s£{f ()}~ F(0") (I-1)
£{E"(t)}=s2e{f (t)}-sf (07)- f'(0%) (1-2)
{t } 1 19
£ jf(t)dt =—f{f(t)}+—jf(t)dt (1-3)
a S Sa
f{ojo f(t’)é(t—t'—a)dt'}=f{f(t—a)}ze‘saf{f(t)} (1-4)
£{f(t)e™}=F(s—a) where F(s)=£{f(t)} (1-5)

1.2 Bessel Functions

The derivative of the modified Bessel function is

i{Kv(x)} :XKV(X)— Ky41(X) (1-6)
dx X
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APPENDIX Il - Notation and Expressions for the Terms in
the Interaction Matrix and Excitation Vector in the MoM
Formulation for the s-Domain EFIE

This appendix has been included to provide some straightforward but distracting details related
to the description of the MoM solution of the s-domain EFIE in Section 4.2. Once the spatial
expansion and testing functions have been chosen, in particular identical sets of these because we

use a Galerkin MoM approach, we must numerically evaluate the individual terms Z__(s) in the
interaction matrices [Z(s)]. The expressions for each Z_, (s) contain a double-integral with
respect to the primed spatial variable (over triangle-pair T,) lying within a double-integral with

respect to the unprimed spatial variable (over triangle-pair T, ). The integrals take the form

dS}dS (11-1)

Writing the integrands simply as f (F,7") and g(r) for purposes of illustration, we have

[[am) {H f (f,r)ds} ds
—jjg(r){jjf(r,r')ds}ds +Hg(F){Hf(iF')dS}dS
T T T T
+”g(F){”f(F,F)dS’}dSJr”g(F){Hf(F,F')dS’}dS

(11-2)

Each of the four integrals on the right-hand side of (I1-1) are evaluated using a quadrature
formula as
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Hg(r){ﬂf(r,r)ds}ds
Tm Tn
~ )W, g(Fan){qu f(ﬁfm,ﬁﬁ)}+zwp g(ﬁ;ﬂ){qu f(ﬁ;n,ﬁﬁ)}
p q p q
+sz g(r;;n){zwq f(Ferrn’rqn)}_'_ZWp g(rpm){zwq f(rpm’rqn)}
p q p q
(11-3)

=K =K H - - 49 -
where the w,, w,, Fii and T2 are the weights and sampling points™ (on the respective

triangles), respectively, for the particular quadrature rule used>. Dummy symbols «; represent
either a plus or a minus sign. We can rewrite (11-2) as

”g(F){H f (r,r')ds}ds
= DD Wy Wo G(For) T (P Ton) + 2 D" W, W 9 (o) F (P o)
P q pq

+> > wow, g(Frn) F (B )+ > wow, g(Fn) f (T o)
p q p q

(11-4)
In order to write down expressions that appear less cumbersome, we will write (11-3) as
Ng Ng
[Jom@{[[ @ rydsrds~> > D ey ST F (T T2 (11-5)
Tm T p=lg=1

K K
L2 or CiI2

Dummy symbols x; of course continue to represent either a plus or a minus sign, and the symbol
Y«1,x2) denotes the summation of four terms, one for each possible combination of (x;,x,). The
reference to ;12 or c =2 will be clear from Section 4.2. Hence, we arrive at expression (11-6).

“* We will assume an N, -point quadrature rule.

%0 Singularities or near-singularities that occur for diagonal and other terms are properly taken care of [KRHAY
05][KHAY 08].
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(11-6)
where
=K1K =1 K/ K
‘r 12 _r 12
pm an
Ty = (11-7)
c
KK =1 KK
KiK; — Jm(rpnI] 2). Jn(rqu] 2)
Lmnpq = — — (11-8)
‘r %2 F' ™2
pm an
and
=K1K 1 T [ KK
(SRl )
"2 = -
mnpq KKy = KK, ( )
fom Man
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APPENDIX 11l - Laplace Transforms of Backward-Shifted
Functions

It was important to remind ourselves in Section 3.7 if we can analytically determine
F(s)=2{f(t)}, then the Laplace transform of the forward-shifted function f(t—h), h>0 is
easily found from a well-known identity as #{f (t—h)}= e‘ShF(s), but that there is no similar
straightforward identity for finding the Laplace transform £{f(t+h)}) of a backward-shifted
function f(t+h), h>0 in general. We said that in some specific cases, in other words when
f (t) is some specific function with some known useful properties, one might be “lucky” and be
able to manipulate matters to find ©{f (t+h)}) . We give two examples here, the first because it

explicitly demonstrates what we mean, and the second that is found using a more circuitous route

but is actually used in Chapter 5.

Example#1
If f(t)=sin(t), and we are looking to implement re-initialization on it, firstly the change of
variable results in

f (+rh)=sin(f+rh) (111-1)

since we are looking to perform the Laplace transform with respect to f, we need to find a

way to remove the rh term from the sin function. Fortunately, there is a trigonometric identity

sin(A+B)=sin(A)cos(B)+cos(A)sin(B) (1n-2)

applying (111-2) to (111-1) results in
f (£ +rh)=sin(f)cos(rh)+cos(f)sin(rh) (11-3)

at this point in (111-3) the Laplace transform can be found with respect to f, multiplied by a

constant. Re-initialization can be applied on both terms in (I11-3).
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Example#2

If f(t)=e~ ©9)*/7 then first, applying the change of variable t =f + rh

f (€ + rh) =g~ (©r—t0)"/5i (111-4)

next, using the definition of the Laplace transform
e{tE+rh)= j o -1z, 46 (111-5)
0

it can be shown by completing the square and through a change of variables, that the above

integral can be written as

2rht0—t§—rh2
P{f(t+h)}= TWZ Te W erfcx(STTMm;tOJ (111-6)

Tw

where erfcx(..) is the so-called scaled complex complementary error function defined by

erfex(x) =™ je‘pz dp (111-7)
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APPENDIX 1V — Discussion of the Selection of the Mesh
Density

Although not explicitly stated in the main body of the thesis in Chapter 4.4 and Chapter 5.4,
there is a methodology used to select the mesh density of the various antenna tested in the

aforementioned chapters. It is important to select a mesh density such that the ratio between the

avg
edge *

smallest wavelength of s;, (4 )** and the average edge length of the mesh is 10 = ﬂi/l

Firstly, the range of desired frequencies was selected. Then we can determine the correct
Gaussian pulse width using (2.4-4) such that the excitation term has enough spectral power in the
desired range of frequencies. It is repeated below for convenience.

_62

Ty

f, (IV-1)

Afterwards, it is necessary to select a correct step size for either the initial NILT or the re-
initialized NILT such that enough time samples lie upon the Gaussian pulse in the time-domain.
This is to assure that both the initial mode NILT and the re-initialized NILT can accurately

capture the Gaussian pulse. Based on experimental results, a good rule of thumb is h=T,,/3.

Once the time-step h is selected, you can determine the appropriate value for 4; depending on
the M/N padé approximation used for NILT, and therefore select the appropriate mesh density
such that 10 = 4 / ledge

Note that we have found from numerical experiments that if the NILTO is satisfied with

10= ﬂj/lg;’gge , the same mesh density can be used for NILT1 and NILT2 despite the fact that the

s; increases based on the NILTn used s; =(n+1)z; /h.

C .
5 4 =—, where f; comes from the imaginary component of s;, (S; =(n+1)z; /h=0; + j(27f;)). Note
i
the expression is for the re-initialized NILT. Thus, for the initial NILT, simply switch h for the current time step t
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APPENDIX V — Discussion on the use of the Differentiated
TD-EFIE for Re-Initialization vs Undifferentiated TD-EFIE

The reader may be interested in the justification for using the differentiated TD-EFIE in
Chapter 5 for the re-initialized NILTn compared to the undifferentiated TD-EFIE in Chapters 3
and 4 for the initial mode NILTn. Firstly, examining the undifferentiated TD-EFIE as shown in

(2.3-4) (repeated here for convenience),
4 oA 5(t —t'—|F - |/c) ,
En(r [I{ﬂjs ] }dt}

A(F)xV | I{HV FAG vy 2t |q 7o) }dt’ dy =A(T)x&"™(T,t) Tes

r-r

(V-1)
we can see the second term in the left-hand side of (\VV-1) has an integral ranging from 0 to t.
When apply the required change of variable for re-initialization, this integral causes a problem,

as one must find a way to isolate the f term from the rh term. This would require extensive
mathematical manipulation. Instead, it is much easier to eliminate this integral by using the
differentiated TD-EFIE. As stated in Section 2.3.3, we can obtain the differentiated TD-EFIE by
taking the time-domain derivative with respect to t in (IV-1).

M Fx— .t St—t'—|F— |/c) ,
2" [J{”f‘ 7] M

1A_ ICE [ g o R R R
() [j{”v s ||_F|r| C)ds}dtJ: A(F)x = 67(Ft) Tes

(V-2)

(V-2) has no time-domain integral. Thus, it is “easier” for the re-initialization to handle, as no
mathematical “tricks” are required to separate an integral ranging from 0 to t (it no longer exists).
It is important to note that using the differentiated form of the TD-EFIE has no inherent

drawbacks, thus one can feel comfortable using it.
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APPENDIX VI - Details of Steps Leading from Expression
(5.2-7) to (5.2-8)

We begin with the integral in expression (5.2-7), which is>

Tin (f+ rh -TZ;;;)e'Sfdf
0

(VI-1)

The first step is to define a variable y =t—z13,, so that f=y+zzz . When £ =0 we have

¥ =—Tmngq - AlSO, since 7z, is a constant, dy = df . Thus we can rewrite (VI-1) as

in(f+rh-r§;1§;)e'5fdf: | in(y+rh)e'sye'srgg’ngd;/:e's”"’('lﬁ"’(qz [ in(r+rh)edy  (VI-2)
—rkix2

—rkik2

O — 8

The expression on the far-right of (VI1-2) can be expressed as the sum of two integrals as

KK, Ky % KiK. 9
o STmpd J’ i (7+rh)e™dy = o STmipi jin (y+rh)e™dy+ g e j in(7+rh)e™dy (VI-3)
—r,’;%;,(; 0 _Tf’fizlng

Since y is just a dummy variable as far as the two integrals on the right of (\VVI1-3) are concerned,

we can replace it by any symbol, and so we simply set y — t, to get

i (e K1K5 \ oSt 4t -STZZ,;,IZ s (A SF g -ST;,I,;; ¢ . /A 5Py n
|n(t+rh-rmnpq)e df =e Iln(t+rh)e di +e j in(f+rh)e™di  (VI-4)

K1K2
0 _Tmnpq

O — 8

which (V1-4) is expression (5.2-8).

52 Renumbered here for convenience.
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APPENDIX VII - Additional Results Related to Section 5.4

A. ADDITIONAL RESULTS RELATED TO THOSE OF THE STRIP DIPOLE
GEOMETRY IN SECTION 5.4.2

m Re-initialized NILT1 : Strip Dipole

08 r
IDFT
06 - O NILT1 (M=6, N=4)
®  NILT1 Interpolated (M=6, N=4)

Current (A)

- 1 1 1 1

0 50 100 150 200
Time (ns)

Fig. VII-1: The induced current at the feedpoint of the strip dipole antenna when excited
by a Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILT1 results, and the black squares the interpolated re-
initialized NILT1 results.
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Fig. VII-2: The input resistance (top) and input reactance (bottom) of the strip dipole. The
blue line represents the FD-EFIE results. The black circles represent the FD/non-

interpolated re-initialized NILT1 results. The black squares represent FD/interpolated re-
initialized NILT1 results.
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m Re-initialized NILT2 : Strip Dipole

08 r
IDFT
06 O NILT2 (M=6, N=4)
®  NILT2 Interpolated (M=6, N=4)

Current (A)

- 1 1 1

0 50 100 150 200
Time (ns)

Fig. VI1-3: The induced current at the feedpoint of the strip dipole antenna when excited
by a Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILT2 results, and the black squares the interpolated re-
initialized NILT2 results.
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Fig. VI1-4 The input resistance (top) and input reactance (bottom) of the strip dipole. The
blue line represents the FD-EFIE results. The black circles represent the FD/non-

interpolated re-initialized NILT2 results. The black squares represent FD/interpolated re-
initialized NILT2 results.
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B. ADDITIONAL RESULTS RELATED TO THOSE OF THE BOWTIE DIPOLE
GEOMETRY IN SECTION 5.4.3

m Re-initialized NILT1 : Bowtie Dipole

06
IDFT
O NILT1 (M=6, N=4)
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Fig. VII-5: The induced current at the feedpoint of the bowtie dipole antenna when excited
by a Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILT1 results, and the black squares the interpolated re-
initialized NILT1 results.
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Fig. VII-6: The input resistance (top) and input reactance (bottom) of the bowtie dipole.
The blue line represents the FD-EFIE results. The black circles represent the FD/non-
interpolated re-initialized NILT1 results. The black squares represent FD/interpolated re-
initialized NILT1 results.

159



m Re-initialized NILT2 : Bowtie Dipole
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Fig. VII-7: The induced current at the feedpoint of the bowtie dipole antenna when excited
by a Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILT2 results, and the black squares the interpolated re-
initialized NILT2 results.
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Fig. VII-8: The input resistance (top) and input reactance (bottom) of the bowtie dipole.
The blue line represents the FD-EFIE results. The black circles represent the FD/non-
interpolated re-initialized NILT2 results. The black squares represent FD/interpolated re-
initialized NILT2 results.
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C. ADDITIONAL RESULTS RELATED TO THOSE OF THE PATCH ANTENNA
GEOMETRY IN SECTION 5.4.4

m Re-initialized NILT1 : Patch Antenna
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Fig. VII-9: The induced current at the feedpoint of the patch antenna when excited by a
Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILT1 results, and the black squares the interpolated re-
initialized NILT1 results.
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Fig. VI1-10 : The same sets of results as in Fig. VII-9, but focused on a shorter time-frame
to reveal details more closely.
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Fig. VII-11: The real part (top) and imaginary part (bottom) of the terminal current of the
patch antenna. The blue line represents the FD-EFIE results. The black circles represent
the FD/non-interpolated re-initialized NILT1 results. The black squares represent
FD/interpolated re-initialized NILT1 results.
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m Re-initialized NILT2 : Patch Antenna

10 -
IDFT
O NILTZ (M=6, N=4)
®  NILT2 Interpolated (M=6, N=4)
5 -
" L LI
‘ u "
— 0 - |||| ”“”'HJ“ u||| I|| .
$ i_.l.ii,1 S
1=
2
5
O 5t
_10 -
-15 L I i | |
° 20 40 60 80 100
Time (ns)

Fig. VII-12: The induced current at the feedpoint of the patch antenna when excited by a
Gaussian pulse at the feedpoint. The blue line represents the IDFT results. The black

circles represent the re-initialized NILT2 results, and the black squares the interpolated re-
initialized NILT2 results.
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Fig. VI1-13: The same plot as the Fig. VI1-12, however zoomed in at the initial timeframe
for 0-25 ns.
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Fig. VII-14: The real part (top) and imaginary part (bottom) of the terminal current of the
patch antenna. The blue line represents the FD-EFIE results. The black circles represent
the FD/non-interpolated re-initialized NILT2 results. The black squares represent
FD/interpolated re-initialized NILT2 results.
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