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- ABSTRACT

A completefsystem of dnfferentlal equattons of motuon For free

;oont$ymmetr|c_vnbratrons og'deep spheruca].sandwlch ﬁhells_ stress resultants
. and diseiademeni.refatﬁonships and.tﬁe boundary condiﬁions-are:derrved_;
iusing variacional'technique. ‘ The sahderch_shell considered“hereih:

s con5|sts of three layers. - The centralathick.core.is assumed'to be:

1ncompressub1e in. the radial dnrectuon and Face sheets are assumed to

be made of. the same ISOtrOpiC materlal with equaI th;ckness. The face

"P—K\ ' 'r 2
f paratlel stresses in the core are neglected as- compared to the’ unplane
- W

stresses'of-the face sheets. The - flexural and exten5|onal rtgndltnes_

-oﬁ'ihe fate sheets are taken into accoun;. The effects‘of transverse

shear deformation and rotary inertia have also been included io this
analesis. o _‘. - d' g _. , o .. ," ‘ |

| New deformation.funccjons have been introduéed which considerablyd\
simplify the;system of differeetiai equat&ons...The finalrsolucion‘is ex-

préSsed'in'terms of associated Legendre functions‘for the honcsymmetric_case.

rd
-

The dlfferentnal equat:ons of motion and their solutlon for some

.

speC|al caSes, such as: the ax45ymmetr|c case of deep spherlcal sand-
wich shells in which'two-types of face sheets (f]exura! members and ' 'Puf

membranes) are considered, homogeneous spherical shells and circular
. 3 . ‘ ) ] ) . . L
sandwich plates, are also presented.in this thesis. -
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technlque.. Numerncal computatlons have been performed for the ax

T
The Frequencf-equationS'of the homogene0us and séndwich spherical;

shells for varlous boundary condltnons have been obtained |n terms -of

‘Legendre functlons and thetr derlvatlves.' For the clamped edge curcular -

L]

‘sandwich plate Frequency equatnon ¢an be expressed in- terms of Bessel s

.

Functaons. The roots of high./ transcendental frequency equatnons are .

'generated wlth the help oF hlgh speed dxgltal computer using |terattve.

f

‘symmetr:c case and fixed boundary condntton only Non dtmenS|ona1|zed

‘".' Frequency parameter has beéen plotted aga:nst th:ckness of the face

sheets to radlus ratto of the sandwrch shells-and-plates., The effects-

of varnous parameters on natura] frequenc:es have been stud:ed |n

deta:l. The values of @ for c]amped edge homogeneous spherlcal shells -.:

L

. are compared with their values available in the‘luterature. Slnce no

work on’ vnbrattons of deep spherlcal sandwich shells is avan]able, in

the literature, the numerical values of the natural frequencnes of the

-

‘ sandwich shell have not been compared.‘ The mode shapes of the sandwuch

shells and-plates and a]so of homogeneous spherlcal shells have been.

plotted up to three modes. The computer programs in FORTRAN IV for the

LY ‘-

;numerlcal computat:on of the natural frequency and mode shapes are

listed In the Appendix.
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CHAPTER 1.
INTRODUCTION - . * .~ . 0 i
i

The obJect of |nvest|gatzon in thns thesns is the free vnbratlons‘,

L4
sandwnch structure con515ts of three or more Iayers of materlal
' - . . Q o
. "
bonded t09ether |n 5uch a manner that they act' as a snngle un:t ‘In

.'a three layered plate or. shell the outer iayers are cailed the face

' ThenmJor part of the shear force developed by the external ioad

P 4 -

sheets or skins and are made of high strength materlal Such as alum- N .

- L3
inum, plywood flber glass, etc. Thesa face sheets take most of the
-0 . I -
outer fiber Ioads- The thgcker ;entral layen;nqrmally known. as the core, ™
is usbally a ‘low strength-and low density materiat such*as rigid R

-
- .

urethan® foam, polystyrene foam or .honeycomb. ‘The Tore separates R .
the face,sheets in a similar manner as the web'daesfin an ! beam.: c

-
i

5 taken by the core whlch also provudes good thermal inSuiation and |
/o

'sqrength to prévent the face sheets from buckljng. Sandw1ch

L
their commerc1al use in ghe anrcraft and aerospace

'_fattgue life and high load carrying capaclty

structures have received a tremendous amount'ofl

to thelr hlgh strength to-welght ratlo better stab:llty, lncreased :

- »

The vubrat:onal charactertst;c of sandwnch structures has pre-

sented a big challenge andla fair degree of complexity to de}(gn engineers

!

ih the, aircraft and aerospace industries. The increased use .
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of sandw1ch type constructuon in plates and shells has: drawn the
'attentIOn oF many unvestzgators to deal wuth thEJf free and forced
'.v;brat|0ns. _Knowledge of forced and free vubrattons of a‘system 15
'qunte essentual to. avond the fanlures of structures caused by resonance. Lo
ﬂesonence ocoors-due to‘tume.vary:ng 1oads.wrth‘a frequency whuch
.ooiheides'with‘the heturol'Freouency of‘the systemt %heee”time'dependent

loads at th|5 freqoency produce dangerously Iarge deformatlons whlch
'oause mater:al Fallure The study-of mode‘shapes reveals the exact
: deformatlon patterns ‘of the V|brat|ng system.

tn the past, a oonsuderable amount of work has been reported in

S

the literature on spherical 5he11'sT Thns is partly due to the fact

‘thétTit ts widely used in civil and’ mechanxcal englneernng related
- problems. A E.H. Love, for the first t:me establlshed the genera!‘
rdynamnc theory of elastuc shells |nc]ud|ng the effects of both flex-
ural and extensaonal.deformat:ons. Love e{so nncluded in his work,
as speclal cases, the prevtous treetment of tneXtenSIonalovibrations,
gtven by Lord Rayleigh and’ the extensuona] vibrations of closed
| sphericel shel]s discussed by Lamb. No further not1ceable progress
_ was made in the dynamio.oehaviour of shells until 1937when Feder-
hofer réconotrqoted the basic differential eqoations-ot'motiod for
spherical §helLs.in terms of dESplacehents. The referehéeo of-the'

above-mentioned works are illustrated in a paper by Naghdi []8].-'




An 19&6 Ei Renssner [?1] solved the dtfferentlal equat:ons of
b
" motipn for axlsymmetr;c vibrations of shallow. spher:cal shell and

u.kadvanoed the théory for sha}!ow'shells; The system oF equatlons

- -

has been reduced to two snmultaneous dlfferenttal equattons in terms

 of the tangentLaI andﬁqormal components of d;Splacements.; The‘solutron

A

'fo}.the,djsplacement eomponents was exbressed in terms‘of'Bessel
jfunctjons. Neglect|ng the tangentlal nnertua in compar:son Wlth the.
. toansverse-wnert!a the \nexten5|onai v1brat|ons of - shallow spherical
, she]ls._wes ?n;eee.igated in [22] for axisymmetric case and fin [7) for the
asymmetrtc c;se | ;The‘sfetem.of difFerent?al equations of hotioﬁ
:has been- reduced un terms of transverse dnsplacement component ‘and’
tafstress function. . The exact so]ution for the torsnon]ess axrsymmetrﬁ:d
viorations_of ehalloo spherical shell segmehfs;has been preSented 13
{8] with various edge conditions. fhe nomé}ioal_values:of lowest
_oatural freqoeocies.for the free, fixed and-simply supported edge
: eonditiooe_have alsc been compared in [9]'with_tﬁe prev}ous known
Eesults-in‘whieh lonoitudinal ioertia had not been taken into account.
"'The non-l:near forced vibrations of shal low Spherlcal sheils have
also beer studied in [3c] and [5]. Van Fo Fy and Baivol [3¢] ob-
. talned in the:r analysus the general solution. of dlfferent:al equa-
tions of motion for forced vibrations and calculated numerncal values

of the natural frequenc1e5 for the axlsymmetrlc case. . In reference

f[S] an :nvest:gatnon of the axnsymmetrtc vubratlons of spherlcal




AL

caps thh varlous edge condltaons has been made by carryxng out a - -

- %

‘consnstent sequence of approxnmattons wlth respect to Space and tnme

-

-Numerucal results have also been obtanned for both free and forced

vlbrattons unVQIV1ng f:nute def!ectlon.

During the 1960's, the.vnbratnon. of non-shal low spherical

"

<homogeneoUs shells-receiveo substantial attention of.the'researchf

workers in this area. _The natural Frequencues and mode shapes for

homogeneous sphernca] deep shel!s have been exam:ned thoroughly by

. many authors ‘and thesr publ:shed work is avanlablenn the ixterature.

[Ty

ln 1962 Naghdn and Kalnnns [1@] publnshed the torsionless’ vnbrattons

of then elast:c deep Spherucal shells with numer:cal values of the lowest_

natural Frequency as functnon of the thnckness of the shell The
effect of bending on free vnbratlons of~deep spherncal.shells clqsed"
at one poie and open at the other has been. reported in [8] he

mode shapes and natural Frequenc:es have been presented for opeang.
angles ranglng from a shallow to a‘closed sphernca] shell. The pre- .
sence of flexurai and membrane modes in the frequency spectrum has
also been dlscussed 1n-[8]. The distinction between these twoAmooes
is made from the comparison of strain eneroies due”to.oendingjandﬂ
stretchinp -fhe Flexural modes were‘founo to be-dependent on the

thlckness oF the shell whereas membrane modes belng practlcally

nndependent of thlckness. I't ‘has also been shown in [?] that the

set of membrane modes is a degenerate case of bendnng modes. The
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V|brat|on of deep spherlcal sheils under the action of a concen-
‘“,trated force has been reported by Manasyan [13] An'approximate '
ana1y5ts of axnal]y symmetrlc dynamlts of deep sphericai'eiastic
ﬁfh she!ls was publlshed by Ross [Zh] The approxnmatnon in hls report
hwas based on the asymptotac formu]as for Legendre functions of large
'degree | ‘

'_ Non symmetrnc v:brataons of elastuc spherlcal she1ls have also
"been reported by ‘a few authors in [29 32] . Valikov and Gots pr;r.
: posed in thenr paper [Zilthe method to determine the natural frequentnes
-‘of a spherlcal homogeneous shel] with a 5|ngle cut and the shell
“fIXEd at the bOundary The solutuons of. dlfferent:al equatlons are

represented in the form of’ assocnated Legendre funct:on p™ (cos¢) L
.The results have been presented in a table for openlng angles r/3;.
/2 and ‘2773 for fOur values of m from zero ‘to 3. The value of m
.‘.equal to zero represents the axisymmetrlc case whereas non- symmetrsc -
cases are represented by non-zero values of m. The authors in refer-
ence [}2] deal w:th the non- symmetrtc case wsth a r:gnd insert |
:subJected‘to hor120nta1 force and”moment. .The effectso; transverse
shear and rotary inertia are-fully taken into account,

. The exper:mental work on the Spherncal shell dynam:cs has also

appeared in luterature [h 6] Hwang published’ his work [6] in 1966

'descrlblng the experlments on the v1brat|on of a (h:n hemssphertcal




2 . -7 -

shell‘havlng a free'edge and constant thickness. ‘Later on, E‘krem'r
B and Doige " [3 h] also carrled out theoretlcal and experamental invest-
jlgatuons to study; the natural Frequencuesland mode shapes of thrn
:hemlspherlcal shells~nlth a clamped edge. . From the above dlscussnon,‘
-lt is seen that the theoretlcal and exper|mental work on vubratIOns
'-of shallow E well as deep h0mogeneous shells has been- carrted Sut
'falrly extensnvely for both axlsymmetrnc and non- symmetr:c modes
The dynamlcs of sandwuch plates and shells has’ also been studied

in the past but_tO'a very limited extent. Y. Y.. ‘Yu [33; 3#] has ana-
‘~lyzed -the eibrations of rectangular‘sandwuch‘plates In hzs analys:s‘_‘
) the effects of shear deformat:on and rotary |nert1a have also been
|ncluded. The free axusymmetrlc vubratlons of shallow sandwuch
- spher1cal shells has been studied by Kopl:k and . Yu [lO] A complete
system of dlfferentual eqnatlons was derlved from the associated
var:atlonal pr:nclple and the effect of thlckness shear deformatloh o
in.the core waS'also lncluded They calculated numerlcal values of
frequenc:es up to snxteen natural modes for a clamped edge shallow
'-spherical sandwich shell w1th.membrane face sheets. leza and Doige
'[IS] presented the transverse v:brat|0nal characterlstlcs of a three
layered shallow spherlcal sandwnch shell. In thelr analysus, the
'longltudlnal |nertua terms have been neglected and ftrst three modes
of the frequency response are shown. No work -on the free vnbratlons
'of deep sphertcal sandwnch shells was avaulab]e in the llterature

until a paper ﬁé]published recently by leza'and the present author.
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[
ln thus paper, the dlf%&F&ﬂtlB‘ equations of motlon for the sandwlch .
. spherical shell Wlth membrane face sheets have been obtauned by-
,lntegratsng the equataons of motlon in a conttnuum for ‘the - ax:symmetrse
:cese. The numerlcal resu‘ts for Frequencnes and mode shapes up to
-fxve natural modes are presented for clamped edge condntaons
in th|s thes:s,_the varnatlonal method, s:mular to the one used
by- Naghdx [lﬂ and Reissner [Zﬂ ‘has been ut:llzed to derive the.
”'dufferentlal equatuons of motuon, stress resultants and dusplacement
re]at;onshsps .and the boundary condttnons for the free non*symmetruc )
-v1brat:ons ‘of deep spherncal sandwuch shells.‘ The shell is compoSed
~of three layers. The central thnck core is assumed to be ‘incom- |
pre55|ble in the transverse dnrectton. The outer two face Iayers
. are assumed to be made of the ‘same ssotropnc materna! and are of
'equal thuckness. lt is p055tble to :nclude the th:ckness shear
-deformatson] in the constutut|ve equatlons for the SandWICh shell.
by assumlng dlsplacements in the plane of the shell to vary linearly

over the thickness, wnth slope in face sheets con5|dered to be

different from that in the core. The face parallel stresses in the

~— .

ore are assumed to be negligible as compared to the in-plane stresses
of the face sheets. The flexural and'extensional rigidities of the'
face sheets about their mnddle surfaces are |ncluded in the analysis,

'together with rotary lnertla and shear’ deformatlon terms.

1. Usua11y called the_transverse'shear deformation.

-




o

sented in this the5|s for speC|at cases such as axtsymmetr:c case

The total'energy"eiprassions in each of the three lavers are

.

generated and then added together to yield the total energy expressnon

.for the compos:te shell : while obtaining the strain.energy .in each
- of the mdwndual layers, the above mentnoned assumptmns dre taken [

B |nto consnderatuon The stress conttnuuty condutnons at the inter=

faces of core and[face sheets are also utlluzed here. The total

-~

energy of the COmpOSIte shell is then varued wlth respect to the

‘dnsplacement components and stress resultants as we]l as moment resul-:

tants in 3 s:mtlar ‘manner as g1ven in (19, 23] From thns varlatlonal

: equation,,constntutnve equations for the free non- symmetrlc vnbratlons

of deep spherlcai shells are derlved. These'equations are also pre-

’.

of deep spherical sandw:ch shells, sphertcal homogeneous shells and .

-CIrcuiar sandwlch plates.‘ The sandw1ch shells are analyzed by con—

‘ s:derlng face sheets as flexural members and also as membranes. The

plate equat:ons are dernved as a spec:al case from the shell equat:on

by con51der|ng the radsus of curvature of the sheIl to.be 1nf|nnty

The erxural v:brattons of homogeneous cnrcular plates have been o

studied qqite extensjvely with rotary inertia and shear deformat:on

: [l,lh] and also without these terms'[12,31]. The_vibrations of

;trcu]ar sandwich plates with or without rotary inertia and shear
deformatlon terms are not avaalable in the llterature.

The syatem of differential equat;ons for both sandwlch plates

‘and shells are reduced to cons:derably sumpllfned forms by ‘introducing

7
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_new varjables'which are the functions of displacement components.
The sclutions of tﬁe differential equations for norma!'ﬁodes 6f."
”vibratien of the sphericaT sanewich sheil are expressed in terms'eff
assoclated Legendre functaons for. the non- symmetruc case. flh a
 S|mt1ar manner, solutIOn For the case of cnrcular sandwlch plates

s wrltten |n terms of Bessel functtons The deta:led method- of solw

~

ution for.all the cases are presented in Chapter 3. of the thesus.
The symbels ¢ and (m /m ) represent the non-dimensuonallzed frequeney‘
parameters of the sandwnch shells and plates, respecttveiy.' The geo-'
metric and elastie parameters,of,the sandwnch structures'have aiso .
been expressed in non-dumenSIOnal forms.

The numerlcai ea1ues of frequency parameters £ and’ (m /e ) have

been calculated on a d;gltal computer uS|ng an tteratlve procedure for

clamped edge sandwich pdates and shells. Stnce there was no numerlcal

‘reSults available for circular_eandwich plates and deep spherical
sandeich shells, a'comparisop of the results was not made‘directly.l
Howeger, the eystem of djfferentiai'eqeatiops of.the'eandwich shells
wa's reeueed to tpe case_pf hoﬁogeneous spherica1;ehefls by substiteting o
‘core thickness eeual to zere'aﬁd the twe faee sheets were‘seperimposed'

on each other, The numer ical values of naturalrfrequency were.opr

tained for homogeneous shells and were found to be in excellent

agreemeht with the vafues available in Iiterature_[3,8,29].




._‘Ll -

- As expeciedl‘it has been found from the results thaq f]e;urai‘

. and extensnonal rlgidlties of the face sheets areé strongly effectlve, 
on the ftrst and lowest mode while at. the hlgher modes. the effect
of these rtgldltnes d:m:nishes and the inertta quant1t|e5 become
predominanp.' The effect of various parameters on, the natﬁral fre-  ‘

QUencies has been discussed in de:aLl-lnyChapter 6.
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CHAPTER 2

FORMULATION OF THE PROBLEM

2.1- Notations and Fundamental RelatuOnships

Let 0 and ¢ be the coord:nates of a ponnt on. the mtddle surface of
the ith layer of a sandwlch she!l in the cnrcumferencaal and merld|0nal
d:rectuons and z " be the dastance measured along the outward q{rmal to

the surface. Further, u . v and wl are the compcnents of dasplacement

at a poirt, which is at a distance z; from the mlddie surface of the

layer, in.circumferential, meridionél and radlal darectlons respectuveTyL‘
' ‘ . ’ ] 0 . ‘ ) : ' :
Thus, u}, v; and w; can be expressed as”

_ . =. ."|= o \ o A)
= u; j‘.'z.ise‘ ,,V% \,ri + zS¢‘, \m'i wi _ (2 ])

In Eqs. (2.1}, ui, . and wl are the mid- surface dlsplacement components "

in the ith ]ayer;'ﬁé and B¢ ‘are changes oF slope of the norm31 to the
L i ] ‘ ce.
mlddle surface in & and ¢ dlrectlons Fag 2 shows v] Vor '¢I’ c..

in the merndsonéThdlrectlon for the purpose of lllustratuon The Strain

_ components et ., ¢f - etc at an arbltrary point. (8 ¢,2. ) are

THETS

written as [19].

-~ . . - . P

(lfzI/Ri)e'¢_h=.c *zk,

(1+z./R;)e', =

(‘+?1/Ri)Yé¢} = Yoo, * Zifg, | _— SR (2.2).

torarp e
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B (l+z /R. )\r¢i =7Yr°if

t = ‘Z’ ‘ - -
(1+zi(Ri)Y = re, o
PRI i TR

-

1n Eqs (2 2) i 1s the radius of curvature of the-mtddle surf;)e.

4 .
- . . .

S

HThe mudﬂsurface stralns e, e‘ . YB¢ é,

¢l1

Cee etc as: follows._

terms of u}, VE’ w., B

e

R. e, ¥ v, + W . -
i ¢I 3 [,Q i .

R.c. = coOsecéd u. ..+ COLd. Vi + W, -
B ! . 1,8 l S

Lo

o RiYge T Uy T COMuptcosectve g T L e
P _ R T e .

t're f : E,@l- Vi +.Bis¢.

[ . i
;‘Coéeé¢ w. . - u, +'R.8, I :' Lo
., 1y - i,6 i B i Bi B - : ‘ Rk

Rikei-= cosec¢ Bei'e + ?9t¢"s¢; s . : ’ : ,,T‘

Rike¢.'=°86. cL/,cadf::: Be + cosec¢ B¢ | . ;' - e
. i <, _ ST T8 - . -

S\w- . .

B Lo \'_ 4-\‘. 'E
The notatlon v, i6 etc. in- the above equatuons stands for the partial
L] ) \\ °

d:fferentlatlon of vi wuth respect to . ™
»
r 'C‘ b

e etc.,are expressed in’ -
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.Thg‘norﬁal >Ergsses 0¢i, si and‘shear strésses'jrei, rmiY ?°¢;
are expressed in iermg of stfess resultants N¢ ,'NO\, Ng¢‘} moment :
: ' : - SR B SR EPT

resul;aﬁts M Mei' M¢ei;

the'fol}owinzi;anner Ukﬂ'.“
(H.‘;i,ﬁi)q;r:;.NM,';,}_;MM- i
-fH?*I/Rl“)Té%‘i - Ne‘@”"’i/'lhi i ﬂe;@i.-‘zf/i; .

L

JUSCBEIES SRCIRLNN

/h. =
Y

0. i
{p; (1+hi/zai)[1¥4zi/hi.-lz('zi/hi)z]+. 7 (2.8)
i - . ‘
C e (l—h.'/zRL)-[uwz./h-.-lz'(z./hQ)Z]}/k
& . i i S A
- i e
) .r_" g 2' T
(]f?‘imih;e,i = 7 “'(z.zi/hi) }Qe;/hi.- :
{ * (1+h./2R j[l-l;z./h 12(z/h )2] .
A M A N I S § 4
ol (1-h./2R )-[H-la 2 /h -IZ(Z./.-h.)z]}/'k-
. BI- i i . i 177
where h{ is tﬁe thickness of the layer and Ii%h?klZ. The‘quantfties -

and shear stress resultants Q$ and,Qg. in

Wt
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A
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TS 4o are ai SRR
‘p¢}} ?¢11 pei an Pei‘are-94vgp as if" T |
. =  ‘ -'l - - \\.
Tr¢i_' -p¢I"rr¢. Pa .- 2
. l_ . 1
BEh/2 L EEh 2 o
| (2.5
o : ‘ . .
T.'. = + o o = i o
re . Re.» Trg. | T Ps,
1 ot 1 ' o1
i=bi/2, . zi=-hi/2.

" The variational fbeqrem'by Réissﬁer'[37]_for the dynamic proBIems‘cgn-

be written as ' - ’ ' S S _ P

§u=0"

~ where the futhaonqﬁ ¢ can be represented in spherucal coordinates .as

follows

] 1t 1. T .I"l-_l_.-l
.[[/- [ +o aie ei-!-'r e¢iy ‘e¢i+‘rr¢i+ Yr¢irre: ffrei_ A

T pi{(”};t)2+)vf;t)i+(w5,tjé}/z]-B?(j+;‘/R')%5in¢ do 08 dz;

l.‘}l

llz ' s la. . . : ’ . T
_§ [-/' " {g¥ Vil gl B wliu) (1+zi/Ri)dzi]Ri sing dB _

¢i_i‘ '84>i 1' r‘:’i

~h./2
(2.6)

Hére, Py is the mass dedsity‘éf-the material and the symbol A represents

the energy term which is given as -

* ~The- edge strgsées and displacemgnts'are_denoted by double primed.

\

[ RN



2 2 2 }
. ] ] [}
. (f9¢i + Tr¢ f'Treiﬂ) /2E;

| ;:.‘

. E ang M are the modulus of elastnc:ty and Pousson s rat;o of the

' maternal " The’ l1nE'|ntegral in eq. «(2: 6) represents the energy .
associated with the edge stresses and d1splacements

Carr&1ng out the :ntegratnon of eq’ (2 6) over the‘thicknesslﬁ.

o

. the follownng express:on for total energy tn the uth Iayer is 6bta|ned,

y

_ During the process of antegrat:qn_ use has been made of eqs 2:1) to ’
(2.5)..
n.' ~f 2 . ' ‘ " " - ‘
./:/P( R. (N¢ ¢ +N €5 i+ﬁe¢ive¢rQ¢iT +Qe Y. +H k +He k +“e¢ 6¢‘)

f/ 270 2y 28 : -

23 e ysm
pihi[(R.+hi/.lz)(ui YT ) + hUR. (u, tsa +v. "B /3

+. i A , ,L 1,t . |. P, i‘,t,l' i,t ¢i','tl
‘ _ >
; L e e
+ n2(R%+3n2/20) (82 . +8% )/12]/2' - o
' ’, ! . "ei,t-’q’i,t- : . LY !
- (R%/2E )[n 2 +2(I+v )N 2\:'Ne N,
i%i
P ‘2 2 . ,-7 ;.2 o ‘2 IR 2 | ] '
+12(1+uj)(Q¢i+Qei)/5] - (Ri/Eili) M¢i+Hei+g(1+ui)ﬁ ZvEHB M¢ |
+

(1/26. )[FR RT (Q¢ +Qe pB ) + R R. (Q¢ p¢ +Q6 pe )}/5

Vs
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k 1 t i

, 20,0 (p) &7 )% (og KD 2e(py R P+(pg RDBIAS
— _ t ST , R SR o
I AT S TS \
, + hiRiRi(%ip‘t"i-‘-peipei)ns]):--ﬁmé de de:__: .
-jﬁ{:; T+Hg B; N“¢ "+ME¢_SB,,+Q;;f?]Ri-Sin¢ de . E ‘ _(2i7)‘r

Equatnon (2 7) will be utlltzed later in Sectuon (2 2. 1) to obtain the o

total energy expression for the three layered sandwlch she]!

- 2.2 Equatlons for Spherlcal Sandw:ch Shells

? The spherucal sandwnch shel] consndered in the present anvestlga--

tion consists of three layers. The two face sheetS“are made of the -

same isotropic elastic méterial._'Thetthfckness of eaéh facelsheer is

h and %ts.modnlns of.elasticity ane Poisson's.ratio‘are £ and u; res-
r‘pectively. The change in'elopee of .the norﬁe}s to'thelﬁiddle surfaces

are‘essgned to be equal fn-both.the faee~sheets and are given hy,the
"Eymbols'6¢ énd SB in.¢ and.e eirectione.‘ The face §heete haee heen

355umed to take loads &ue to bending moments , shear:forces and membrane"
'ferces. | | | |

The th:ck central layer between the tac:ngs is a low densuty and

Tow strength mater:al. The compressnon or stretchlng of the core in

the radial direction fs assumed to be negligible.. The face para]lel

stressee in the core are very smali as compared to those‘in the feeel

sheets and can be neglected.  Thus,

[T T SV
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S =0, =1 =O_‘ . L {i)

The varnatnon of d1sp1acement components |n 9 and ¢ dlrectsons along

the tthkﬁESS of the core is represented by the foliowung expressaons

[ =4
1§

_u."_ + G;Seh/;) z/c.' L | | “~ ‘ _
*(3.8)

where 2c is the thickﬁess oF‘the core and.z is measured in, the‘diéectioh

of the outer normal to the surface passung through the muddle of the-

‘% %
core. The dlsplacement components u , u, v and v are g:ven tn eq (2 9}

u 2)/2, u

1l
|

(g loy~up)/2 = o ,’¥ “ 1.‘ f -
| (2.9)

= (v]+v2)/2,'77 (foQz}fz Ew-

<
i

Also; u, and u2 are the mud—surface d:splacement components in 6 direc- -
tion of face sheets 1 and- 2 respectlvely
For convenience, the stress and moment resultants of the composite

- shell are defined by:

¢ = FN¢ +N¢2)(z,.u¢_= (N¢]-N¢2)/2

N = (N Y/2, N?¢_; 1ﬂe¢]-ua¢2)/2

c e e¢1+N9¢2
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Q= QR )2 Gy = Q)2 e 0

+

H'.': = M ,-; -— =. - ' ‘ L .
R

.Pé = (P¢}+P¢2?/27 p¢.f;(P¢1‘p¢2)/25;ch5

Since‘onIY-free vibration of the sandwiEh;Spherica]“sheIi is being. "’

- investigated,'the'externai Sufface'éf tHe'?ace sheet l‘and‘infernafl

‘surface of the face sheet 2 are. traction free. The quant:tues p¢
]

. pa ) and p are the shear stresses T and T at the twe'unter~
178 T T8 ‘ o o -

faces’ Jo:n:ng the core and the face sheets.u Thus

p¢4' r¢: - ,p¢2 = 1r¢‘ -
z=¢ d_: - :l z=-c ‘: Lo (i)
. - 4
" %,
z=c 2=-c

2.2.1 Derivation of Eaergy.Exafe55ion
. with the aelp of eq (2.7),  the dynamic Reissner functionals are
obtanned for, ‘each of the three iayers Use is also made ef the appfo-:-‘
lprlate assumptuons for the face sheets and for the core. These are
then added together to yield- the total energy for the compos:te shei]
The total energy expression can be SImpllfled by the introduction of

eqs. (2.8) to (2.10}." The resu]ttng equa;non.takes the form:




11 ﬂ[’zﬁR(N € +N € +N8L5+N £ +N8¢ B¢ B:p qu Q¢ Q YF\" -

y o

Qﬁ*re QeY +”¢k¢+”eke+“9¢ke¢) + 25(” CAS

- % ‘ * :" o l -
qu ¢ NB 8+N8EG+NB¢Y8¢ B¢Y8¢+Q¢Tr¢+Q¢Y ¢+ |

L

£ o | | 282, 2,
QeYra*Qafre Sk Hk 4T k. 0) + ohRE(s (u,t +v,t o, )+

e e e og “es. “or !

P N I ST R
52(9’tf”:t)*253("ft9’t+v'tv’t)+?5hR(“';Sa,t+v’t5¢,;)f

. y ". .

Zs R(“’t e t ‘t ¢ t

)+56R (s o8, JY - 3
S -*2 *2‘;2 —2 N z“ z;rzl,"'f'.' .
{“1f‘2ﬂlf“?§9¢ffqe fQ¢+Q§?/S}‘R‘(Ifs (3 )/Eh -

{A +IZ(]+0)(Q Q +QBQ )/5} hsn/Eh - A R? (1+s /R )/EI -

AybRs/EN + R(Q¢ch¢c;QechB;) j“(Q$;+Q§'C) 3R%/106 ¢ +

{ (l+sc/R )(Q Py +Q p¢+ere+erg +re (s/R+c/R)

2.11) -

' £ - % *_l".*__'.‘ ": * ' _ - o
(@ P, 40P+, 5,*00Pg) + QuePy *cPg +_(Q¢cp¢+Qecpe) /R -

'[?fch(l+c2/R2)/3 +'c(1+5/3 cszzﬂ (p:2+p:2) +'[?rsh(1+ _

i
o




F/R)/3 + c(5/3 +c2/R2)] (‘2+pe) (05, +p37y) (rgr2ry JBen/3n)

(R /58 )]51n¢ d¢ de -2‘§;(N v+N“U+N'¢u+N" u+Q w15 +N! 8 )

¢ ¢ 9¢
CTRisin de S C PR (2.a1)
1Qﬁerél‘. B
5y = I . sle + h /'IZR2 + r rh(]+c2f3ﬂz)-‘9‘
s, =1+ sZ/R% + h2/12R2 + }brhi1+3c2/5§?1/3
s3= 2.5{R + 2'rnrhc)3§.' ' “1 o i'.__ .' - :(fii s
a2,
s, = (1 2rprh)h /6R
s‘s' = {Vsh2/R3—rp-ri1(1+3¢2/5R2).h/R}/6 N ﬂ
sg = (1+s2/R%43n2 /208 e r, (143c7/5R%) 10/ 1287

r. f gclp"fh=c[h’ rG=§c[G, s=c+h/2

G and v are the modulus of rigtdlty and POlsson s ratio of the face

. sheet o is a ma@nsmy of face sheet, G and p, are: moduius of
rigidity and mass “density of the core materual and t represents time

. and R-is,the radius of the spherical surface passing through the middle

. .
_—
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of the core. The quantifies_N$, Ng e Mg¢ etc. are the prescribed
;JLStEéSs and moment resultants at the boundary ¢=¢d. ‘Also,
1‘..‘ F A‘ —- — o]
.e¢ = Vnéf\ﬁv\ E¢:Vl¢ ‘
7 B R :
Fe.a cosec_¢ﬂu-.'B + cotd v oW
€ f cqse;¢ U’G + cot¢ y:.
‘.' Lo® +* . . ‘~‘~l i
?9¢ u,¢ cot¢ u + cosec¢ v,9
. | -'T3?u= U'é".c°t¢ T« co§§;¢‘v,e‘ ) -‘-(2.!2)
o o k; . A Tk s .
o Trg TV TV TR Yhp R v s
j. *>-‘_. : - -‘R. - - C o
L Y T cosec¢ Wa u -+ Qe, Yre =-u+ sBe
.Yr¢c;= Woy =V + v R/c - B¢Rh/2c .
“Yege = cosecd w,, - U *+u R/¢c - BeBhIZg
- 252 = 22 Lo % 1
A= N¢ +N¢ +Me g +2(l+v) (Ne¢ 84:) 2v(N¢ne+N¢_Na) . -
Ay = N, ¢+"e“e+2“+")"e¢ 66 v(N ¢N + Né,NB) .(2.13.)_
h o= W22 +2(l+v)(H ) Zv(H MoHm H)
A T S e¢ e¢ o™ ¢ 8
A i+ (1+ )ﬁ (ﬁ M M) |
h'“¢”¢aez "e¢e¢" o 8TMg
.
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gthe differential equatuons of motnon as Euler equat:ons. -whereas, in

*

‘strain r;fations, appropriate boundary conditions and a §ystém'bf_differ;

., 2.2.2 Variation of Energy

In the theory of elastnc:ty, the two welI known variational theorems )

or pr1ncaples are the prlncaple of mlnlmum pOtentual energy and the
principle of minimum complementary energy. _For'the solution of,elasto—
static problems variation of integral expfeséidn for either poient}al

energy or complementary energy ns carrled out and then equated to zero.

In the first theorem varnatnon of dusplacements are adm:tted to yteld

the later case, the stress—dlsplacement relatlonsh:ps as Euler equatlons

are derived from the variations of stresses in the cqmplementary energyd

The present work:is concerned with the formulation of suitable stress

ential equationS'of'motion Fon'the spherical sandwicn she!l. ;In order to |

derave these constltut:ve equatlons, use has been made of a varnatlonal

theorem due to Relssner 371. The var:at:onal equation is derlved by

admitting varfations to the d1splacements and the stress.resultants

simultaneously in the 1ntegral express:on guven by eq. (2.11). The

3 e
-

variations of d:splacements U, T, VoV, w, B and B yield the system

¢
of differential equatlons of motion and the boundary cond:tnons. The

stress re5ultants and dispTacements reiationships are derived by varying '

N, N, .. R, K R, ...etc. ineq..(2.11) for the spherical -
sandwich shells. The variation of (s;n¢ N¢ E¢) with respect to Na'."l

and w is i]lustrated below.

P
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[ Nt ¥ R
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5(s?n¢.N¢c¢) sind €, SN¢.+ N¢ §(sing e¢)

o) . . o Y e

¢+N¢6w)l-f- Sjn¢tN¢ 5(V’¢)

n

R FL
S|n¢"(e¢6N

“h

< * I ‘ . - . . o . ) .* o
. o . Do
s:né (F?S ﬂ¢+ ¢6ﬁ) +”(S|§¢_N¢§v)‘¢ gSln?IN¢)’¢ 8

Similarly, (thzsin¢ wzt) is véfied.with.reSpéct'to w as follows:

L \ .

H

5(0hR?sin¢w2t) othsin¢5(Q' )2-

S S T . H‘i"'.
o . ey
H . | = H Ry » 8
20hR%sing w 6(w,t) 20hR°sing w  —gi= St

It

2th sind Yoot (w,tﬁt)

2ohRsing w 8w . (2.14b)

,tt

Carrying out the variations of displacement components stress and moment

reéulgants as illustrated in eq. (2 14) and collectsng the coefftclents

why

of 8u , 8v , ... 6H etc ,‘the followung variational equatlon is

obtained.

ff{zg[{simb(?gﬁ‘;s/R)Gv*}.m

5in§(§$+§¢s/R)GF}’¢ +

{(N§¥§85/R)§u*}; + {(N +N s/R)Gu} + {5|n¢(Na¢ B¢5/R)6"}
{sin¢(Ne¢+Ne¢s/R)GG} +{(ue¢ e¢s/R)65.}’ +{(Ne¢ e¢s/R)6v}

* N

(2.{ha)

J‘.l'r-li‘";“-‘ 2} o )



{sin?(a¢+a¢s/R+Q¢c/2)6Ql},Ep + {_(3e+ﬁe‘-‘/“+Qec"2)5”},e +

{§iﬂ¢“(H¢+H¢s/R)68?}ﬁ).+ {(n +nesmas} o ‘%& ‘
Asing (H%m ¢s{3)sse}’. + {(M% e¢s/R)68} ]
2R (* [B e+(51n¢ N ¢),¢.-.l- C~OS¢INB.¢’ -. -
+ sing (Qa+Qe /2) + {Ne e+(sm<5 N ) + cos¢ j!fleé
+ s:nd) Qe} sfR. - ohR sm¢ (s u’£t+s3u’tt+54R88 tt)] -
Sv [.(s.ir_w N¢),¢- ._*_ ;os¢‘ Ng +. N_9¢,9 + sind (Q¢+Q¢":/2)
+ {(sine N¢),¢ - cos¢.ﬂe f."q§,e + sin? Q¢?5/R -
! i T shR sing ks v +s,R6, ) ‘-’ 5w[:- 'i5¢‘(§ ;ﬁ-) +
; . tt 3 Vaeetsy ¢,tt’ T w R
; | {‘si-n¢ (Q¢+Q¢c/2_)‘},¢ + ,(Qﬁ"'qfec/z)'}',e’f {_- ;incb (%«me) +

'_(sin¢‘a§))¢ + Ee,é} s/R - phR siﬁf:slw,tt] -

5"[ e e+(sm¢ Ne¢)’¢ + cosé N% + sing :_(’de-QecR/zc)_ #
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{’N@-.e"'(ﬁ.“?'ﬁa@)ﬁ + cose NN + sing q,} s/R - ohR sin‘p‘

(S3u,_tt+‘52 *55Rse tt)] B R_J\ : -

fév-Esm\s N ) o cos¢" N + N 8 + s.mgs '(Q¢ lQ“R/Zt:),

o \l.-.A ® o, ',5";.‘ ® w7 "e e
HlsTne No) o = cose Ny + Mgy g * 5ine QyIs/R

-phR- sing (5‘3",:t_+5'2"~',-tt+5535¢,tt')]j e T

R osing (85, s/R) v (Wke) sine Q.
o,

..-.__»_}{E +(sm¢ Fyol g * c05¢ Mg,

" _R smq; ('6_'8+ Qe s/ R)} s/ R

5

. --634) [(sinqh r'\¢),_¢ - cosd Me + M

66,0 R siné (Q¢-I-_Q¢_5/R) q+ (hR/hc)lls:m Q¢c

| \ " Aing Ry) - coss B+ Foy g

- R.Ein¢ (ﬁ;+a¢.s/R)}s(R _
- thz sing ‘(sﬁ,tt-i- 5 56R3¢ t:t)])

R 2R sin¢(§N¢[e¢+e s/R --“(N(p-u N )(]+s /R ) R/ER - (Pl¢-v Ne)-25/E'h:|
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+'\{f§n [+T‘ S/R - ‘_(""-aw N, )(1+s /R? ) R/Eh - (N v N )Zs/Eh]

- _ - o o - 2 2 s : e ‘
\\,+:6N¢[E.¢ + L¢_ '.S/R = (:-h.l‘#— v NB) (1+5/P: )R/Eh " (N“b -V NGJZS/E_E']-..
+ si'[?& ¢h §/R - (W.-v N,) (1+s2/R%IR/ER - (ﬁév-u'ﬁ.)',- 2,s/5h]
oo RLE e o e et .- P .
f'. ' . *
T )
+an [ 7 | /R"‘ - R Q+s2/RY) RiGh - K. 3s/Gh]|
selYoo Ve 307 T Teg RIGh = Ngy28/Gh
o B ]
+ 6N e¢ e¢ + y9¢ /R - Ne¢(1+s /R ) R/Gh - Ne Zs/Gh
' £ oM .(k - (ﬁ ~ v ﬁ')fl+52/hR2-)'R/él - M - vﬁ ) 2:/21 ' N
6T Ve T Ve ST M T Tl o8/

A“ -— .‘ ". —.‘ - 22 : “ S P ".,.:
-+6M¢E¢’-S/R'T (M¢--—. u‘Me)_(Hs./R ).R‘/E'l‘ -_(M¢ v.He) ?s/_El] Lo
. +5§s[ ~(HA.v H, )(l+s /R %) r/EL - (Fg-v ﬁ;)‘ZS/EJ

)

o +6M, |—k K (--v . )(|+s /Rz) R/Ei - ('ﬁe-v ﬁ¢).2s/m]

. . N 2 b »
‘+6HB¢[ H (1+s /R ) R/GI H ¢ Zs/Gl]
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e PO ST L. RPN S
+&Mﬁq{}8§ §/R $Mﬁ¢(l+§ /R%) R/Gl H ZSIGJ] o u._l~5_¥_- : -

i A B e e - v e B e e L

w0 = T . .-_‘ ‘ -'__.' LT '
.+SQ¢ [Yr$ xS s/R *HQ$(1+S“IRZJ-PRISth- Qé.}2$[S§h - “.ﬁ :

R O

+ ;d]p¢+d2p¢) R/lOGc] +'§Q¢[‘,-r¢+yl_¢ s/R‘f.ﬁ;(lfsle ) '
T TR A o . .

{0 snsen -, 12s/50n @ypieeB,) w06 |

+ §a [Y 8+Y s/R - Qe(1+s /R? ) 6R/5Gh - Qe 125/5Gh f"

-

et 57 snoe] N 50,8[ rew o /R - B luss?/a?) R/scn

.

" Q lszsgh f (dzpe,+diPs) R(locc]_i S | 1?{'?7.' 1'
L | - .
+1/2°7% Q [ r¢c Q¢c 3RISG c 7 (p¢+p c/R) R/SG ]
+1/2 § gec[}rﬁc_qﬁc BR/sgcc + (Ee+56 c/R) R/SGC]. " | .  .".(2.}S)q
{ép¢ [ ]Q +d Q +Q -(d p¢+dhp¢) hh/3]
d /R - (4.5 4d 5 ) bhy ]- i

7 6pe[ 41Q5+958* 0 (93P *d4Pg) “h/3]1‘

LN

e, . )
. o
. .
Coa Tt Lo .
- "
L ‘m
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r

§p [ Q +d‘f18+Q¢c /R = _(dhge-t-dsﬁe)'q'h/3]}RIIOGc)} do db. .

-

-ZR:f.(N' Gv + N" &V t;N' Su + NW Gu +

f e 0 _
‘ o : Q, fw+ M¢GB¢+ M‘¢ 66 ) sm¢> de= o
J‘ whér'e : B
d = rall+sc/RY) S o
17 TG S S .
4, = _rG(s'/Rfc/R) :
d3 = G(H—c_ ) + Ly (3+5c /R )/2 o R (i)
dy = (rg+2ry) éc/R ‘
dg = rglive?/) + ey (se3etrad)iz

In_ed. (2.15),'the contents in the first bracke:{:] are reduced to a -

line integral as follows:

'/]'2& {sm¢ (N +N s/R) Gv} + {(N +Ng s/-R)sﬁl P

$=¢

. . ' L ! 0 ‘
"""]d¢ 46 = fZR[{s:ncb (N +N s/R)av} (2.16}

' ) =0
.,..]de =jf. [(N +N, s/R)Bv +. .] R,sih¢é de




. ;' 31 ._.
The term fZR [j {(N W S/R)Su} ].., 0
_ o 0 - .
_ . . 4
- due to uniqueness of the. forces and the displacements.
Substituting eq.. (2.16), in eq;'lngs),'resuits-jh thé variational =

equation -,' ' , ‘ o o

_[f {ZR [ Gu[N + (sing Ng,)  + I I A

[(s|n¢ N ) - éos¢"ﬁé + ] -;.SQ[--siﬁtp (l:l¢+r:e)
/f{sin¢ (Q¢+Q¢C(2)}’¢‘+....] -  6u[Ne' + (sing N ) ] E

. _ ]
e, . = S . ok
- &v [(§1n¢ N¢?;¢ ~‘cos?iNa +..,f] ‘—‘6BG[HB,Q

. -
A

.;'('_«;m o) v 6-B'°.|;(s.in¢ ﬁ;),cb c§g¢ B

]]+2R -sinqa. [5§¢[§¢ N g, -s/..Rl...]

- .- | I. j '- *Gﬁeée*'ge-slp'.";]' + -‘-.-.-']_}_.:dtp -d}e-
%Zé'ﬁ.'[(ﬁ¢+ﬁ¢ s/R-'Nq'b.)éirJ:- + (§¢+§¢.5/R'-Nl2) &v

+ (N +N% s/R- N )61.1 + T s/R-N“ )Gu :

64" e¢

+(Q +Q s/R +Q¢ /2 Q¢)6w + (H¢+M s/Rv- M! )6%




- (Me¢+"a¢ S/R Hl )6?’9 15'"¢6 ds :.q | . o . . | ‘. '7 (?.l?)
: - * & B “ [ o w0 .
The coefficients of §u , dv , ... 6M¢ ,;Snéé y e Spe',_e;c.‘of the

“surface and line integ?éls inweq. (2}17) must vénish.' This cdndition
wnll yneld the d Fferentnal equattons of motion, stress reSultants and

dusplacements relataonshlps and the boundary condntnons

2 2 3 anferentsal Equatsons of Motion'

- The d1fferentaai equatlons of - motlon are obtanned by equat:ng to .

'.

zero the coeff:cuents of 6u , Sv ,-66, v, Gw 66¢
V

and 688 in eq (2.17).
The seven dlfferentlal equatlons in terms of stresses For non- symmetr'ci

vnbratlon of the sandwich she]l.ane gtven.below.

;osec¢ Ne’e + Ne¢’¢ + 2 cotf N9¢ + Q, +.Q6c/z f (cosece Ns‘e_+
- - = ’ * ’
Ngy. g * 2 c0to Noy + Qg) s/R = p h R(syu +S3U+51}Rse),tt
_ N¢,¢ +‘cosec? N + cotd (N -N) +Q + Q¢9/2 + {N¢,¢ + cosecd Ne¢;¢ *

8o ,8  °° 08" T T

.
,Il

cote (N,~Ng) + 6¢}S/R - °“"3(.515-;T:é37’+5h3'_3¢),cz |

gqsec¢.N8,e + N + 2 cotd “6¢-+ Qe - QeC‘R/ZC + (;osgc@ Ne’s.+

.6¢;9

f-

N + 2 cot¢ N

8¢,¢

*+ Q) s/R = p h R{sguts UtscRB)

¢
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N, + cosec:tp N

B 90,0

N

+ cot¢ (N -N ) + Q Q¢c‘

R ) f* 7 )
{?c + \N¢,¢-f

. ~coS§C¢ He¢;¢ f§0t¢(N¢'Ne)-+1Q$}51R1=,;-h_R(§3v+52v+55R3¢)'tt‘ .\(3.13)

N .

‘ {Q¢,¢-+ cosecs, Qg g * cot¢ Q¢"FN¢+NG?} S/R=BhRswW

cosecd ﬁe’e_+ ”e¢,¢ + 2 cot¢.Me¢ —‘R(Qﬂ+Qﬁ-S/R)‘+_Q9C‘h,R[§C +
'{cosgchﬁe;e f'Hé¢;¢ + 2 cot¢ H - R(Q8+Qe s/R)} §/R =

. . i ;
r o : . ‘ . .

2w
D h R (Shu+SSU+SGRBB) ,tt

‘H¢"-¢ * coseco H6¢ g * cot¢ (H -M ) B‘(OT¢+Q¢ sf/R) + Q¢lc h R(hc +

"

i o

8.8 + §Qt¢ (H#ihe)”— RFQ¢+Q¢'§/Rﬁ.S/R =

v+sgR8, )

. .2 . |
?‘h R'(54V+SS ¢‘)tfn
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.772;2;#,cStrQSS‘Resultants and Dispiacement Relationships_

T

L e T - L. VRN T ' IR I
‘ Equattng to zero the coeff1C|ents of 6N¢, SNG, 6N8¢’ ceey 6M¢,“
.i Sﬁ¢ Qe Q¢ . Gp¢ 6p¢, etc., a'set, of" twenty "twa - equatlons

© - are obtajngd. These equat:ons are wr:tten here ftrst : Subsequgngry,

they are comblned together in order .to obtaln_re]atgonships;betweén :“
ﬁ -Strain, Er-straiﬁ, ete. ‘ ‘ o _
¢ <« é- I L B S o o

(N -vN )(1+é /82 )+(N--vN )Zs/R -(gh/R)(E¢+E¢§/R) SR }:' t

L - _ ; f:* -. ) _ ~' .
¢N¢-vﬂe)(]+s /R )+(N¢-une)2s/R - (Eh/R}(e¢+e¢ §/R)

a

(N --vN¢ (1+5 /R )+(N -uN )ZS/R = (Eh/R)(s +£ s/R)

, SR, )(I+s /R )+(u -wR, )25/ -'(sh/R)(Eé+ée S/R)

N86{1+52/R2)+§ . 28/R

66 (FH/R)(YS¢+fé¢5/R)

. ' ﬂé¢(l+szlhz}+ﬁ'-f257R

66 (Gh/R)(?e$§e¢ s(R)

% % 2,02y, (o . U B
IﬁH¢ vig) (1+s7/R7)+ (H, UHS)ZS/R'- (El/B)k¢ L

—t ‘ . ~

L _,. 2 é Sw % . _; |
(ﬁ; vHe)(1+s /R )+(n¢ ?&)25/R = (EI/R)k¢ s/R

- #, )(l+s /R )+(H -M )Zs/R

o ‘“e (gl(a)ke




.= 35 -

.A'_(ﬁe-gﬁ;)(1fs?/k?)+(ﬁé$§§¢jzafa = (EI/R)

g :aeFl+s /R ) + Qﬁ s/R - (h/erG)(dlp8+d2pe) = (SGh/&R)(Y ;#rs S/R).

.’D

'3¢(l+s /R? ) N Q¢ /R - (h/IZr )(dlp

4 ._o:‘l _ ' . % - b
d3Pe + the =”(3/?h)(d1QB+dZQe+Qe¢1‘

(1+s fR ).+ M 66 zszi= (GI/R)FS¢

s

f

Qe 7 (Py*py S/R) = (56.€/3R) v

oc T g

¢ © (BgPy S/R) = (S6,6/3R) ¥ g
I3Py * APy = (3/4h)(d1Q¢+d ¢+Q¢c)
' +

dBp? T dhp¢ = (3/4h)(d]Q +d. Q¢+Q¢c c/R)

% o w o
d3Py+dypg =+ (3/hrp) (d1Qg+d,06*Q, . </R)

6 2p¢)

}Eéw('+s IR 3 + “ Zszt— (GI/R)k S/R. e

kg s/R

—_ 2.2 s - o .._
2 (1#s%/R%) + Qg /R = (h/12rg) (8,5 +d,p,) f:(SGhIGR)(T

Al

‘ a;(1+sg/32) +'3¢ s/th (ﬁ{??rG)(dlﬁ¢+d2?¢)‘= (SGh/GR)(Tr¢+$ :

r

re- S/R) .

'6-+;ré 5[35'

(2.19)

(5shksa)(¥r¢f?r; S/R) =
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By solving eqs. {2.19)(a-d), four unknowns N¢ ﬁa,fﬁ; and ﬁb can-be
' o . ® E
obtained in terms of'f%¢,  EB;'E¢ and e . Equatuons 2.19) (e~f) yleld

f‘ the;relaguonsh}ps-besyeep.Ned 86 and YB¢ and Y8¢ Samnlarly, from

a ' xR =" = 1“ |
eqs" (2'..‘9) (g-‘)I-M¢‘ He! H¢’ M . a¢
_ of k¢ 'ke'and;ge¢. Before solv:ng eqs.- tz 19)(m r) to qbtann Q Q¢

Qe QB Q and Q,_, the last four equatnons (2 19)(s-v) are solved

‘are expressed as functmons

f:rst: These four equatnons yneld p¢, P., pB ‘and pe as functnons of

¢

L N
Q Q ge Qe Q oc and Qe lnserttng p¢, Pe. ?¢ and Pe in egs. (2.19)

1 . J-

. % :
| (m ri Q . Qe Qe Q ; Q¢c Qéc are obtanned as funct:ons of Yr@’ Yré" 

r¢' Yege Yeacw Thus, from twenty- two equatlons e.ghteen.unkqowps_~
are solved after e!nm:natrng p¢, pe, p¢ and pa lt_has}g]sofbeEn found, -
whule solving egs. (2. !9)(9 1), H and H ¢ are ﬁroportional to ﬁém

ﬂe and He¢ respect:vely._ ln this: manner, the follownng s:mplnf:ed

‘equations are‘achieved'fnnajly.

I - S . .k o=
Ny + T, s/R = K(g /Ry Mo+ Noy s/R= (Gh/R)Yg,

. -— . * ' . ‘-.‘: — _ N !

Ny + Ng s/R = K(ge + va¢)/R, . H¢ + M¢ s/R = D(k¢+v-ke)/R

N, o+ N =y VETR - /R:;‘D(k +v k ))a"'
N¢.+ N¢ §[R = K(§¢f vge)/R" He + He s = g s

N, + N s/R = K(’ + T.) /R B+ s/R=D(I-v)k /2R
g T Mg /T T RETV o7 IR Tep T Tee T T T8

L o . A Y — . : *
Ngg + Ny, s/R = (6h/R) vg, b . O+ Q s/R = 56h(r, ¥ +roy )/6R

réc

L]

(2.20)
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On
v
-
el
"

. — ' oA
'Sgﬁ.rz Yr¢/6R Q. = 5Gh(r3 Y

cgow-
s
£
7.3
~
)
fn

. seh(r ¥ e+r3/,ﬁ )/6R ;; T SGh(r3 Yeg*ry Y )/3R

T x - _;_f ‘
QQG +Qq s/R. = 5Gh rz-TrBIG'R

 The quantities Fra vee fye K and D are.gfﬁen.by‘equations (v).
Py = )% rg/ (15mgr20m,),

'3 = 2rG h/(lsr +20r )

=1+ rG/(ISrG+h9rh),j '=:ZrGrh(Ier+2hrh)/(}§rG¥2§rh)-;

T2 )
| 2 [ i A PYC IOt B o
;K= E_h/(l-v )?- o ‘ oL s B / - (v)
. 2,2,5 Boundary Condutlons _ o . s | |

The boundary c0nu|t|ons for the non-symmetrlc V|brat|qgs of the

 sandwich spher:cal shell are also obtatned from the varnataonal eq.-

" {2.17). The express:ons inside the brackets of the line tntegral are

equated to zero to yleld the follow:ng CondlthﬂS at the boundary

LRI

R+ W /R = N} M.+ M. s/R _—y L o ol
Nop T Tee ST T Tag Tee T Tog Moy | -

Q¢;5/R +.Q¢c/2 = Q;_j




Also, the prescribed values of displacement components, for which 3u,

$v, $U, ..., 88  vanish, at ¢=¢_, make the line integral in eq. (2.17),

equal to zero. ' o : _ ' _ g .

2.3 'Special Cases

o The dnfferentlal‘equatlons-pf motuon (2 18) agd thc stress
reSultants and d:spiacement relatuonshnps (2 20) have been deruved for .
the general case of the Spher:cal sandw:ch shells. These equat:oné‘

can be’ reduced for the case of ax:symmetrac motion of the spherlcal

sandwych-and hpmogeneous-shells and a150'the.const|tut:ve equat:ons.for

-the vibrations of tircular-sandwich plates can be derived. These cases

+ along with some more are discussed in thls section.

2.3.1 Equataons For ijsymmetrlc Motion of Spher:cal Sandwich SheTI
wrth Face,Sheets as FJLxural Hembers ‘

For this case, eqs. (2.18) and'(Z.ZO)_are simpljfied.consfdenaﬁjy;'

The 'variables involved ?n tne'analysis‘become independent of the cir=

cumferential angle g. Thus, all the deruvat:ons w:th respect to &

vanish. Also, the d:splacements u, u and B in & dlrectlon are zero.

C N
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The équa;ions of motion (2.18) a, ¢ and f are identfca!iy‘satisfieq..

Thewemaining ‘differential eqlations of motion assume ;héﬂfoxm written

below. . ° . T ' - ‘: -
ﬁ + cotd (N N ) + Q + Q /2 + {N¢ ¢+cot¢ (N -N ) + Q }S/R

a9

‘= p h R (slc+s

3SRB) o

N, . * cotd (N,-Ng) +G, - Q R/2;_+~{N ,+cotd (N¢7Né) * Q¢}SfB_

-

= p h R(s v+s v+sSRb ),tt
(@40, /2) , + cote (Q¢+Q¢C/2) AR (A ot -

L

mch'"“ie)}S/R =shR .51“",1:15
?
5.0 ‘¢?¢ + cot§ (Mé-He}

R, , + cote (,-M) - R(Q+T, S/R-Q h/ke) +{-n
- 'R'(6¢+3¢ s/R)}_s/R =p h Rz(sas"sg;"ss‘.‘%),ct' a _' (2.21)

‘The‘stré5§ resultants and displacement relationships which for the

general case are‘giQen by'éq. (2.20) reduce “to:

P Y P
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Y f,ﬁ¥S/R-fQB?;.¢f”fv(§°f¢3*“?}‘R-' S

 ‘if-,‘y~-'-.' T ONL + N .sz,é.K{;ot¢_3+w¥v($_§+w§}/R‘_

‘s/R =‘K(V.§+v“cot¢ VX/R

'ﬁ?_+ N, s/R = Ktéot¢ W u'v ;)YR S

s §:s/R D(b¢’¢f:u cot¢ B¢)/R

Bl

H- . “_-H-s‘ . . . ‘ " - N . . . _.I ‘ ‘.‘ -.
| + .s(R D(cot® b¢+v B¢’¢){R ~_ o : ,”(L

A . [

Q, -+ Q s/R | (sch/6§){;l(g,¢ev+aeé)fr3(w’¢-b+§ R/c-S¢Rh/2c)} '

T, + 8, s/R = (SGR/6R)r, (-Tess,) ey

i R Q, Rh/2c)} (2.22)

'c - (5Gh/3R){r (w ieRa R \—v+v Rie- s¢

:;T;T? Equations for Axlsymmetrrc Hotaon of Sphertcal Sandwuch Shell:
' with Membrane Face Sheets ‘ -

éor a sandwnch shell in which the'central coré-1ayef is very thick
as compared to the face sheets, the face sheets behave .as membranes.
1H . ' Their [flexural rlgsdlty D becomes neglng:ble and they take only the in
plane loads. The dlfferentlal equat:ons of motion (2;21) further SImpI:fy."

to a great extent. 7 S
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[P RS P I A TITIIry

equations of

L N w cot@ (h N ) + Q /2 + {

Thu terms M¢ o Q and ﬁ are dropped from eguations of motion

'and B, is set ‘equal’ to zero. The simplified form oF‘the,difFer_ a1

¢

-

X re. obtalned from eqs. (2.i10 and'are wﬁitten belowr
- . . } . .f . . Lo N

oo ¢ ¢+cot¢ (N¢ N, )}S/R o e KR

'!

\ o _
- - — T e &
R N, - T - ‘ /2 ¥-{N . AN N *
Noog 7 oot (NyNgh = Qg R72¢ + 4N, greotd (N, g)_}.s’ C
o= gth(53v+525);tt' ; >‘.. SRR o “ . : " S ‘2;23)'
(Q¢C,¢+cot¢ Q. )/2 - (N +N ) _ (ﬂ¢+Np)s/3 =p hRsw, T
Parameters s],.sz,'s3, re and r are given by eq. {iii) 6n-pg. 22 and
the_term hszz'cén,Eé dropped From's] and Sy for very thip féce ts.
The stress re5ultants N¢, ¢., ;ie 'and,""h?earerexpresﬁed in terms
of dssplacements by eq. (2,22). The shear stress resQ]tgnt Q¢C in the
core is obtained as a function of displacement components in the’ ‘ s

foilowing manner.

¢

condltlon is achieved.

Sett:ng Q and Q, equal, Lo zero in eq. (ﬁ.zijg, the following .

r](w,¢f$) + r3(w’¢-3+7 R/c) =




-Th& symbol S¢'is dropped:ﬁo} membrane Facefsbeefsﬁbf the'séﬁdwichjshe]lk'
. Therefore, "w sV T -(E3/rl)(w (2.24}) -

'_-'ﬁnsertjAb; (2.34) in (2.22)%, L

sV RIE)

¥

C g 2, s o _ o
O Q¢c ? (5Gﬁ/?R)(‘f3‘/r1+“4)(w’¢7VTV.R/C)' _~: - 3 (2f25)
| rExbreééion:(erz/E]+ru) is fur:her'si@ptffieq_wggﬁ ;hé'ﬁefg;gffeq,kv)on_pg. 37.

.

'2/r]-f r4 f.(-r32+f4rh)/fl_

 ' :r3

'r3{;r3+;15rs+2hrh):]lz}lr].

0

e

e (8rokl2e JABeH10r Y - 0 e, u
"pSrgtlarp) ABegriong bt

Y S L e e

for a low-strength and thick core.

t : -.‘ . V . . .
Substitution of (2.26).in {2.25) results in the expression for Q¢ in

eq. (§27)
o= 0, R T we F (2.27)

he




o

- 43 -

2.3.3 Equations for Hombgenedﬁé Sphericél'Shel]s-(AxiSymmex
The éonstitutive equations for'hpmogene0ué-isotropic Spherical

N Sl b i IS o

shellsare dérived from the equations of sandwich shellsm For th|s case,

the face sheets are superamposed on each other and the core layer in

FJg; 1 is. not consqdered\‘ The stresses and d|splacements represent:ng

b

the core {ayer qﬁe;dkobpéd‘from the gquatlons of mot;on. Que.t0~the N

-

‘superbosition of face sheets 1 and 2,

~ [N
¥

-= ’ _— =_ =, E-' = .. =ﬁ =0 ) oL o .‘ ‘ ' S ,-
(570, UEN=NGm o ee == e Sge™0 - IR )
and also thekermsﬁ¢ ﬁe$, V, ... etc. will be expresSed wfthéut .

‘Therefore, the differential eqaagsons of motion obtazned from the

S|mleF:cat|on of - (2 21) are written as:

-

| N¢»¢ + ;ot¢ (N¢'Na) 0,

= p hR(slv*’:‘;hRB@),tt - + -

Qo + cot? QNN <o h Rispw (o 29

M¢’é;j.cot¢ (ﬁ¢-Me) - RQ¢_= p h R2 (s v+56RB ),tt ) - | ‘f : "'

where s, shfand-sé can be written by_Insertjng[s/R=0.in eq.(iif) on pg. 22.

‘Also, the stress resultants and displacement relations are:

'_1N¢ = K{v ¢+w+v(cot$ v;w)}[R- ’ f‘ . R
616 = K{'cottb. vty (v ¢Q*"”)}’R ,
'O T o
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: H¢ = D(B +vcot¢ 8 )/R
' L]

~

¢ b T Tdad

. Q. = (56h/6R) (w . ~v+RS )

P B 0¢ %’

. since r,=1"and r,=0.

3

M = D(cot¢ls?+vt55; )/ﬁ o

*

'2.3.4 Equations for Aﬁlsymmetric'Vibratlon'of'Cineular Sandwich Plates’ -

‘When the radius bF'turvatuye of the‘sandchh-sphefieal‘shell

becomes.infinltely large 'a_shell becomesa‘flat plate.

In“order to obtain

" the differential equattons of mot:on, stress re5ultants and d:splacement S

' relatlonshnps for the c:roular sandwlch plate the terms multuplled by

1/R"are deleted from the equattons

SImplnfted in the followung form::

R sin¢ = Ro = r

for small an§1e1¢. Here-r is the distance measured

, the expressnon R sing is:

in the.radial .

(2.31l

direction of the plate The.dnameterof the plate is assumed to- be. 2a.

-

For symmetr;c bendtng of the sandwnch plate'about the mlddle of.

the core, i.e. neutral plane is passing through the ceqtre-of.the

thickness of the composite plate,

. in.face sheets-1 -and 2 are-equal:but opposite in direction.

-

sandwich plate is shown in Fig. 3.

the radial displacement components

. . . Y .- . )
tribution of the radial displacement along the.thickness of the

Symbolically, it can be written as:
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N

\ | Fig;,37Di,st7rihutA'iOn 6f'rad'ia|_ displa_pément conipo'l;'ent._. e

'. 'aIO'ng' the thiclfnles's of the sandwich plate. .




PR TN RV e T IR T

B
vl ‘and v=y

T 46 -
(2.32)

w.th the: help of eqs.‘(Z 31)" and (2 32}, tHe'equatioﬁs of'mbtion'f

,,and stress resultants and dusplacement relataonshups For the ax:symmetr1c

. case are obtatned from eqs (2. 21) and (2 22) reSpectlve1y These

and,

p N
I

equat:ons are wrltben n the séts (2. 33) and (2 34).

T

Ny L +.(Nr*ﬂé?/r‘-.Qrc/gC‘= o h ”(°2V+“3as§),tt

(@40, c/2) |+ @A /D =B hejw e L (23)

.l | . . ' s . . __.l 22. ] A..
Moo+ (MooMg)/ri- @+ 0 /e =0 ha{a v+ (h {;.)a,asr/;z}’tt

=
]

K(g;r+u v/r),'NB'= ngfr+v v’r)'
, ~

D(8, +v 8./r), Mg = D(8 /rev B ). S N & 1

b4

= 4
[}

.

._~K(]_p){rl(w’r+8r)+r3(w’r+v/F-B;h/ZE)}S/l? o

rc

.Q = K(]'”1{r3§",rfbrl+rk(w;r+y/c-8rh/2c)}5(6 '

- .
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2 TPeVpymPo]ssréf;rG,hrH;“r],_f3;'r&fzk-and D:§(e def:n$d |q\eqs,“(rﬁy)
* and ). Also;_q], aﬁ;"and'a3 used ih:eq.[(z;ja) ére given below.

o.
1]

1 1 +Arprh ;:@

)]

.l_f‘tbrh/3 .5 ) ‘ iH.‘ i “?}: E"-;F “,i- .!. ;. ‘-‘_;1(2‘35)

'f}p(c{a)fs_.

- o@ -
1

o
Al
N .
. . :
* .
: \ )
. -
< Lo
L
E -
r
-
-

Lk ‘Eqs.f(iiij and (v) are given on pages 22 and 37Ere§pectively.

[}
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. CHAPTER 3

SOLUTION OF THE D1FFERENTIAL. EQUATIDNS

'3.1 Non-Symmetric Case -~ . N : LN

-

In this chapter, the differential equations oflmdtion'(Z.IS) are -

reduced iﬁlterms of the displa:emeﬁt components. For the simple‘

3 i'narmonic rnotion of the sandwich‘sh.ell the method of separaﬁion of

var:ables is used to get the solutlon of equatlons . A set of new. var|~ .

. .\-

abies H ", X, R and T have been, |ntroduced in thus section whnch samplrfy,-
" the dnsplacement different:al equat:ons of motion. The solutuon of these
ngw functions are expresset |n-terms of assocnated;Legendre ﬁunctions:;f

For normal modés of vibration, the displacement components u, U,

v, V, w, B an.d-SB are expressed as:

s ¢
e exg(jét)'ﬁ'
#_= exp (o) ﬁ . - | . ,:" '.;'_._ .; {;_ - _l(B;i)
v = exp(jwt) | G " | i |

v =-exp(jmf1;v
w = exp(jut) W . : IR o

RBB= exﬁ (ju;r.) Y
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-

"y'where W 1s the csrcular frequency of the sandwnch shell’ and J=fpm

- At thns stage a set of new functlons H '

‘which ‘are ¢ defined‘hy

b

:ﬁ

'¢‘

)
!

v
' |¢__

Lox =0, ¥ cotd

0

x|
fl

U, + cot
o T cote

P P
I

e

T=vY, +cots

-

Al

As will be seen later, the use of these specnal Functlons con-

_51derably s:mpl:f:es the differential equat:ons of motien.

(Z.ZQ), (2.12)

.
Vo o+ cotd’

.+ caty

X+ cqt§

eqs
k24

Vv +

r

cy
|

cosec U oo

. ' &
- cosecsd V

(3 2)

& .

cosecod kil

i..

»6

- cosecd V o
RS

cosecod Y

cosecd X 8

r

58

.8

T are qntroduced

3.2)

Replacung

(3. 1) and (3 2) together wath the nom- dlmens:onal

: frgquenc& parameter SZ"—'(:N.\J:ZR:Z/E)‘lr in_eqs. (2.]8) re5ul:s.in the fodiowing

- system of equations:

. o %
Al coséecd H

A]Hi¢'

. : 4
AIH .= cosecd X,

,6

. %
6 " %o

»

- cosecé X 6

oa
+ AV + A:

2° 3

T+ AX + A,
+ A0 + AJU + ALY + A cosecs W

+AV+A6V+A

1
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_'Al_cose;¢lﬁ‘e'+ x.¢ + AjU f+'A69r+ A7Y_+lgafcosec¢_y?e.n_o_ - ;.;_ .
sk g L
ByH + 325 + 830 + B,,Y ”;*‘BSF'f 0 .(333?‘
% : B ‘_L“,' ;” I ’ B
. A]r"b_ C.OS_EC¢‘ ]'"e + 86V +,.B7V + BBX.+ Bsw“ﬁ:" 0. ’ . . o ”'
- *l, '." "_',:.* . T . . ...nh
, AT cosecd r,e + r,¢'+-BSU f B7U f pSY *_39-?°5?F¢r“;e- Q
..4‘.'

In the‘above_éduations,'v2 is Laplace operator in spherical coordinates
given by: s | '
v = 32/a¢2‘+ coty a/ap + c'oseczé 3_2/392'
- and the quantifies A], Az, L..,'Bs are:

Ay = 2/01-9), A, = 262075, (1+9)5 £, /6

Ay= 207 s3(14v) % 5 By/6, A, = 20% 5, (149) '+ 5 By/8

= A(1%v) + 5 B,/6, Ag = 2 ¥ 207 5, (1) - 6/6 (rysry 8/

‘AS
_A7 = 292.55(1+u) + 5/6 {rzs/R-(r3ﬁrh/2rh)R/c} .'(BTh)

.:AB = - (r3+f;) 5R/6c, By = - (17+iv)/s (1-v)

Lirgiei i e




-~ 5] -

..
N

R R A

B, = r{-+jzr3-+frgf By = s -2/(l-v) gi ?fu) .f ff'.i_
B = 108,324 (1+v)0%s '
_‘ ) ‘ 2 \ . '- . o N 1 -.. - L | - ‘
.P?-n ?Q(]f“?n‘55'10{(r3ffkffhth/°'f25/3} | .~:. I ‘-‘“
T Bg = 2#(1+v}ﬂ 56 lO{r] r3 -Grh/hri-%rz?-%/_ﬂz}"- +2h2 /R2
L aa 22 R
B = <108;R°/h, A} = Ay /R

Equations (3.3) can be further simpljfjéd'to‘a'more guigablg form from ;'

where thg-sdlution can’be.directli obtéined.

(A v +A2)H + A3H + Akr + AV w =0 )

5.

E 2 x93 a
A + (AT AAQIE + ApT + AgT vw-o

-

3.5)

x ' % -2 -._'
BJH + 32ﬁ + B3F f (Bhv +35)w = 0

% A RN TP TS
- BgH + B @ + (A]V +58)r + ssv W=20

and _
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iv2+h2)i_+.Aji +aF=0

s e _P; , -  ‘ '
f“Bx.f (v +A6)x + AT 0 . | (3.6)

: g85% +ﬂq7x +W(v +38)r o. . - o ST

_ The'generalléolution of egqs. (3.5) énd'(3.6)‘is'éxpré§sgdzin:terms“of.;

associated lLegendre functions of the first and second kinds. .

ll . &‘:\_..

W= T I Wlcosm@
m=0_ a=) - BRI
. - & o me K NI
CH=. 1 z 'H.:‘cosma N ' o
m-=0 q=] .. . b . L
- : (3.7)
H= I I H cosmb.
. m=0 o=l .
x % by
r=%¢ ¢ T : cos m B
m=0 a=] L
and
* * -3 *m
X=.r L _XB cos m 8
. - m=0 g=] ,
» ]




i .\
X= 1 A ig“cos m g (3.8)
o el f A =
. 3 - !
T= 1T ¥ = cosm®
-m=0. B=1 '8
. | s A
where
cm mm o m‘m e
W, = AuPﬁa(cos¢) + Banu(c05¢) oL Co e
H, = Cde (c9§¢)‘f'DuQv (cos¢}: - I - ;(vn})
‘ e L a ‘ . e S
*mo_oomom o, Mmooy
g = MSPHB(COS¢)”+ NBQné(cps¢) .
etc. ¢ o
A‘The,svmbdls Am, Bm, Cm, Dm, aealy N are the arbifrary constants. Thef"
E . a’ o’ o’ o B : . L
m.

functions P? (cos:ia)'and‘Q\J (cos¢) are the assgciated Legendre functions
‘ _ ' ; A ‘ ¢ g

‘ . c oy
~ of first and second kind respectively. N o
The parameters A  and TE_ are introduced such that I
v (v *1) = X and -”s‘“s*I) =_}8 : - (Yii;}
Therefo‘re, : - ' _ L.
I 1=, 14172 5 oy
Ve = =1/2 # (Aa*:l/'-l) . arfd'n8= f.'*._. OTB.'- 1 C (ix)
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Substituting eqs. (3.7) and (S,B)Iin eqs. (3.5) and (3.?)“resﬁeg;ive!y

T : A S . RN S LA L
and also observing that- . ° - oo r T s

L3

v¥F = -2 §
)
¥F = i T '
. a ] . ;

U = =) w-: ‘ .;.‘ _f  .‘. : s . A Co if; ‘ f(&)'

1
——

. R . “ . -~ Do * B % -
two sets.of simultaneous equations. in terms of H, H, W, I', X, X.and

T are obtained. v i | - S :

3H‘+ Ah? - Aslaw

Il
o

. ‘(felka+A2)H + A

A N o
3H;+ (-AllafAs)H.+ A7F ‘Agh W

no
o

A

- (3.92)
. a]H + 82H + BT + (-Bhkafss)w =

=

3

. o - — o *-- s
BgH + B + (-K |2, *Bg)T - Bgh W

[
=
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and’

.‘A3§'+krlé+As)X * A§F‘= Or_“ '5:.;:}1r r'ré ijf.'_ - .(3;§B)
AT 372;; (-i_s;a'g)ra 0
. : . ‘. | T s
_For the non- tr{vnai solutton of H H T H and x X and F v the deter-
manants of the coefflcnent matrrx must vantsh From eqs (3-93) and |
(3.9b) two determnnants a kxh and another 3x3.respect|ve!y._can be
. N

obtained After the expansnon of these two determtnants a fourth- order . ’f

-

polynom:a] equatuon in terms of X and another thlrd order polynomnal

equatlon in AE are_obtalned.

<t . L . : : . :
b2 .2 _ : . ' S |
iAu + a‘la+azkg+a3kg+ah.— 0. . R | RN . (3;10?)
A ‘ v -
and - o ‘ ' / S .
e . . I
3 . M . ‘ . . - .
2 +b]AB+bZAB+b3 o e (S-Lob).
where . ) ’
a) = (AAR,-A AR  “ACAD, ) /DA S -
a, = (AjAA3+A3AB -A, Z-AkAC]-ASApz)/DA I ~




&

' . - 56 - RS

@ -

N BT AR RARGE,RAGTAR,)/0A s 5

e et

-

o
i

sy T L e

- T
..
I

- - e " i o ' - T b i

DA = AAA A = £ he/R: ol

y. O B . . LA f

o fTB.5.-5 Bun o221 e
5 = A[B384-8,85= (A BrRyBrAGB R /RIS

=

z

3 Ay (BgBg+A,Bch™/R ).+ A7{Bhagvs389? +.A8(8289 B,5,)

+ A9(B B,-B BB)

8387782 (3.11).

B

= 35(A837-§788}

.~
;:.'

m
[}

. T -' . ‘2 2 ; : :.‘ ‘
% A](ASB]-ASBh)h (R~ | - véﬁ

= 2 | 2 .2 (R -‘-' .”'_
A, = A (88378 38+A,Bh"/RC) + Ag(B)BgByBg) + Ag(ByBg B)Bg) ..

379




R )

| _A -_-'ACI =, .A'] (BQBS—B]BS) o : ..
‘ ACé = AS(BQBY 3289) + A (B 3 Bth) + A (8236 8, B ) T;A]B

Ac3_= eS(A736-A687) .

Shit T ™1 i. .

» AAQZ'— A [B 58-53 6+( AsB )h /R ]

BQ3 = A6(82 8 By 7) + A7(8386 -8 Bs) + AS(B]B7 3236)

o . s
‘ -

Equatlons (3 10} are two characterlsttc equatfons whose ‘roots will’

:generéte the order of the Legendre funct:ons va appearsng in the ngd'

tions (3 7) and (3 B) of the dlfferentlal equatuons (3 5) and (3 6).

These roots may be real Qr complex quantntues Thus, the order of the

t B
Legendre functuons v, may. also be rea! or complex in character' The
. "J-‘.“"“l .
values of assoc:ated ‘Legendre functlons P (cosd¢), for non-zero m and
a . . .

‘real fract:onal and complex values of v are not available in the

Irterature.




.- 58 -

LS

3.2 ﬁxisymmetrie Case

-

in this section, solutions of differential equations of motion

will be discussed fot the Foun-épeciél cases given iﬁ’Seetion'2;3f':.

3.2.1° Spherical Sandwich Shell with Face~shee:sfas Fléxural Members

Fer‘the axisymmetric Jase, dusplacement component§ U

&

-given'by Eq (3 1) and the functtons X X and T defined by eqs

'

are equal to zero. The non-zero dnsplacement paraemters v, v and B¢
are expressed in terms of V V and X as gﬂven in eq.

. mode_of vibration. ' The functlon H H and’ F rakes

ﬁ %§§ + cot 3 o
-~ - ¢ |

'ﬁ“'="v¢ + cotdy V.

.
3t

= X + cot v
o Teote

. The system 6f‘diéferentia4-eqs, (2.21) reduces to

Jby: ‘_. : o
A B+ AT+ A A
LI A3V + A6V + A7x ‘. A8
T pfeaA+ (8 €2+3:)w =0
ol R A RS-
- “5:}' - ’ .

]
A] +‘86V + B7V + BBX + B9

¢

,¢‘

4

¢

-0

(3 l) for normal

the following form.

(3.12)

four equations given ,



|08

4
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L . . ,

Eq,,(3.13k 655 qlsb'be simplified to the forﬁfnggn‘by'(3-§}; éqdatioﬁgi,"

(3.6) are idehticaf]yjsaifsfied‘for this Case;

The solutions for H, W, T and W are:

' e
- . -
o, .

W= I W
S0

=
I

A, PQ (Eos¢);+ B, QQ (cosé)
f a o . a-a

+

-

of simultaneous eqs.'(3.l3) a, b and d and are wri

the help of~egs. (3.14).

-

4
.ai} wj°w°;¢
¥ . L* . .
v=_ iy P2
o h
o~ xl'°a£1‘¢3¥q,¢

I

N

. fThe expressions for V,;V'ahd X,hay‘be obtained from the ﬁdlufion

(3T
tten below fn';gfms
: -.t
, S 3as)y




| The symbols*n

- cc

0D

2a

: _(3 15) are deflned as:

~ Nia

where CC,

ar Cur

-andﬁ&

= CC /CC

= DD, /DD
i C_L .

,DD and

0D.
S

- 60 =%

1 ]

(iél,2,33'as;ihtqg§uced iﬂ'eqs

~

o ASAa ‘h3 | Ah
. cci¢‘=3 Agh +A A+ 36

3&*;'55 . Bz B3
SA A A, Ay ) A5§u
» 0y = A3.  AN FA, Ay

By - ¢
«

AnieAs o B3 Ay

, Dy, = -A]nza-AB Ag. A,
[ -

]

.lf3.lh) and. .

(3.16)

. are given by the following determinants. .

(3.17)
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N N AnyAs|
R L T L N R 1 e o e B T T
oy : ' . e, .

7 TAn3,78g

'_The order oF'Legendré function can be obtained from'eq. {tx] on pg. 53 and

Aa(u=1,2,3,h) are the roots of the chaféétefjstic eq. (3 10a)

4
4

PO

3 2 2 Spherlcal Sandwlch Shell w1th Hemb:ane Face Sheets .

The Q|fferent1al eqs. (2 23) are snmplnf:ed in terms of d:splace--

‘ " ment components W, V¥, V and;Functu?ns H, B by using eqs. (2 22) (3 1)
Cand (3:12). 0 e '
2 Ty = L
'.(M]V +H2)N.+ H3ﬂ + MR = q

M W+ o, + Mgl + M7V =0 e “_(3.18)'

where

x
]

(-2r s My = 2%s, (1-v%) - 2(1+v)
0 SR :

x -
W

] L;¢v+rgrh(1-u2)],’n#_; rg(1-v )R/h ©

M = g, W = 1-vele®s e r ) (18 | R
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Moo= (@%s. +F R/h)(;?vz) ‘Mg=-M,
7 379 SRR -
" g 5 3 ,
H9'=l ,-.H7, MID -=_' lf_-w(s"z ‘._izer.gs /hc.) (1_‘\) ) X
rg = S/E =r /2(t+uf' e e

X . R .
‘Equattons (3 18) and (3 19) are tdent:ca] to eq. . (3 3) and (3 h) of *\é\

prevnous work ‘as reported in [12]

-

. The solution of eqs. (3. 18) is expressed in terms of Legendre |

-fenctibné.P (cosd) Yor a sandwich spherncal she]l cTosed ‘at one pole
' a

" and oeén-a; the: other. The functlons w H and H ﬁfe astsumed as:

W= £ C P (cose) - | ‘,) S; e

’ . s
H= ¢ ~andCU;Pv_(cosd) - o o , ‘(3-20)3-.
a=} @ a . . . ’ : '
-
H= ¢ P (cos¢) :
: v . :
a=] ‘a o . S .

- The order of the Legendre function uarie obtained from the roots of - ‘

the characteristic equation:




PO Y

The displacement V and Vvare:

'The symbols £

‘3 -|2 \ _l=“A IR
Ml}r * alka.+ az} +\g3 0 R .

1

and eq. (ix),‘where'

|+ B
“

- *“3“5*”u”3‘”1“s'“1”1o

W
[

M (”s g MgMg)

LBy = MMMy - ”z”s“}o.,.- . o

o
[}

<t
1l
[ S VS I

V= m P (cos¢)}.
=1 % T Ve ’_-d’

" ‘and are given as:
Mo’ BB&, d nﬂg 9 .

rey
la

[-H A +(M

510 7H8);\a]/rf‘ . | . | ‘_:

t

R [-MW-Hsns)Aa] /,—r‘ |

(B8, = (Mgh Mg Mgty /i

o Mgty o) H2H6+”2”13 M3(“7"8 Mtg) e

(3.21).

e 22)

(3.23)

. (3.24)




3 2.3 Homogeneous Sphertcal Shells
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na=(HJ\+M59H6

rrom hgm{Mgry ) A gy

HB)/rr. T

. The d:fferentual equatlons of motion (2 29) are s:mp!nfued |n’

_this sect4on w:th ‘the help of-eqs.

. following form.

- _,(Klv

2.,
+52)g,+_K

A+ KT =0

. KW, +H + st + K X % 0

Kghoo * KoV *T0s * Kagf = ©

where

= .
1]

F

=
"

5 - . v';’"

7

R

e |

#

K '_-K'* .‘.= 1

-2' [92‘5]-2_/'(1‘-\:)].(1+u)12/5

= _(17'{7\:)./[5(1‘\")]

=
n

=14+ (512()

n

(112) (1-v) +.9%s, (1=D)

(3 1) and (3 2) to the

©Gas)

(3.26)



- 65 -

ot

: . ..' . "L ._,.-‘\
Kg-= “5(1-)RZ/ME

o 2. 202,72
Kg ="' Ks_ .29 51‘;(]"\) \)R/h .
T o2 22,2
Kio = Kg +712 0 56(1_‘ vIR /.h

‘The differential eqs..(3.25) and: (3.18) aré identical in nature.

the .complete solutions for e_._:{S. (3.25) can be 'répf‘esentgd by egs™

;:6.(3;29). :

+3.2.4 Circular Sandwich Plate

The differential ‘equatioéns of motion (2:33) ar:e'expres'sed in 't_erms_' ‘

.of displa‘cement components by ‘i.pserting eq
thd¥fol Towing simplified form: e

+

VZW + ¢]Q'+ cy® + c

3f = 0
Chu,x + CSV +'-_1‘.’x + c6U =.0 .'
c7\_.f’-x + °,x + csv + C,SU =0

where

L N2 () v s (0mB)

ht

.. (2.34) and are written fn' - .'._

L]

g
P
+

(3.27)
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P

t .

To=U LU

‘ S R L

weewGuue L (3.28)
| Taex L Ty T - _
" N ='éxp(jmpt)V'

2B, = EXPGprtlul_'- _ . . IR L TP

" L L ) . . ‘ . . " R '. . . . j

Here;-mpfis-;he circular frequency of the sandwich plate. The ‘non-
dimensional length parameter x and the Laplacian operator- in terms of
variable x are defined as:
X =‘r/a:

w2 = 3273k & (/X3sex T
.The,coefficieﬁtslc{;'cz, ...'c9 used in eqs. (3.27) are given-as: -
. _ S _ ) &tV .

(2]
]

| = (1279 (049) (gl /) P /g

1]
|

, = (rg¥r,) (ale) /ey

[4]
|

3 -3[f1fr3-(}3+rk)f2rh}fr5 s -  (3‘30)

- sO-egrglam® LT
. & .

R 3 )
= -
" .

-?(IJv){ré-rhlzrh)(aslhzi) + 1205 (1-v%) ()

)2

L
i -
n

f : (3L29)'

-



- 67 -

 ¢¢;=}-5(1~v)(r ~rylr frg/Hfﬁg(a/h)? * Fi("§z)(?p/90)2ﬂh/?)%;:

Cn

<y =ff(5/i2)(éﬁu)‘ré;f;)ﬁlcl . .
cg = - (5/12) (1=v) (a/e) ey ¢ 5, (123%) ()2 (va)
LA, . . - ' T T M N : r

cg‘u -.(S/lZ)(ré—rg/Zrhlifé'f§3(T-u2)(mb/wo)2ﬁh/afz

N2 2 _ o B

Nwg = En /o? a_nd‘r5 =ry b 2rg ton |

,Slnce eqs. (3 27) contatn too many variables, an attempt IS made to
‘further Slmp]:fy these equatnons wath the help oF ‘the specual funct:ons
'¢ and T S0 that a solutuon of these dlfferentlal equatlons can be’

»

'readlly obtalned.

(TP, W + cp0 + T = 0

-

¢y vzw'k‘c5¢_+ (Ezfce)r'= 0 o SR _ o (3'31)

2 2. ~
cq VW + (Tacg)d + gl =0
- The solutnons of eqs (3 31) are now obtained in terms of’ Bessel —

-functlons for the canUlar sandwuch plate wlth fo ho]e at the centre.

- Thus,




N

: W=oToy dolegx)
> . J_IIQ?IA SR
T B

,l Ly Ea qotgag) ‘

I

- (3.32)

o o

TLQ

1
TH otdw

= LIRSt
‘Ct.l N .

.- Where_gi-(u=l;i,3) are the roots of- the éhaféétérisfbc édhatioﬁ
ek e T
9yt glgd +'£2ga +“§3:_'9 o T o | -;(3‘331 -
In eq. (3.33), £,, £, -and £; are functions of -the coefficients C, b
. defined earlier in eq. (3.30). | -
E] = egCy + €6 T ¢ T G -'cg

R B = ¢ legreg) + gy - ot * & (ucqegSy) * e3lessyeueg)

3 7 ¢y legeymegey) S _'ﬁ\j;-

~
H

~Also, the parameters Ea‘and h& are

‘ . - . 2 ' ’ V : 2. ) . N .
&g = Llegegmegle, +eregl/(-eggyrescgmioty) < .
| o L (3.34)

- - ) i ’ 2 . l :
na. AI: [—gz+(cl+cs-czc7)gz-CICS:]/(-C39a+C3C8-C2C9)
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~ The expressions for U and V are now obtained «from eqs

"ahd_(§;32)iF

5

V- .
“y §
Here,.bQ and z N
P, = (CS“ csn +c5 7-°h¢9)/(°6c8 ch) ,

N
"
1
[1]
(¢
LAl
STy
&
. 'a— -
4]
. W
L1
o
.o _
~ .
_\—l
'\\
’-\_ .
[¢]
e
0
L]
L
(4] (2
vh
D
Nart”

> .
. {3.27) b and ¢
B Y o
. i
(3.35)
T 3.36)
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. CHAPTER &

-S"souupgkvfcoﬁomons AND FREQUENCY EQUATIONS -

4o Boundary Cohdttnons

The prime obJect of studylng a vubratlng system :s5to'kﬁé& the.

fundamental Trequencnes and mode shapes * The natural frequencues oF

r
\"n-

'conttnuous systems-such as beams, plates, shells etc. are.highly

s : . -

.dependent on the b0undary condat;ons The boundary c0nd:t|ons play an

: mus t be equal to thelr_prescr:bed val

&

le in the :nvestugatnOn oF the dynamnc behavnour of beams,

‘plates and shflis. The Frequency equatlons, as wtll be seen later in thxs-

‘.Chapter, aﬁe.compiete]y‘dnfferent ﬁon varnous-eﬁge cond1gjons of a

stress and moment resultants-of the ‘5

N . ’_

contunuous system

Referrlng back to. the varxational eq.. (2.f7) it can be seén )

Vipe: |ntegral zero, the

3 '] . LT . . o (.‘l."
wicl“)s;bl.l at the edge ¢=¢‘0 :

bbund5r§ conditions ate obtained. . S :
. . o . _‘_.._‘ -..' ’ ] : .' 'ﬁ

f%N s/R=N, N +0N_ s/R=nN A . '
¢ - _ ¢ ¢ Lo T $ - . a0
. . . L s D PR /1
;* . § -__,'. ‘- . .';: - -\v'ﬁ‘ _ . ‘ .o
.ﬂNed?'+_e¢ s/R 6¢ ¢fN9¢"S/R=N8¢ ‘ d I ) ,
S ey
‘ k1 - — ' . = 0 ) . "- . , . | .. o

$ ¢ . . 6¢ 9¢ ? ﬁ o
- & N
] v . T 1 o~
‘u"'_ I »
: - [
. ’ * - l ]
. T ' ' ‘:

-t

.\-; .. . -. ... ‘ .‘ G\: .

s Thus,.theffoliowing étreSS‘ : -/'



-
: . R -
/ - |
. ‘ S » . L o ) :
~ The other condatJOn to satusfy the varnattonal eq g".17)"15 that the =~
dusplacements,.L':'_:.t w, ‘u. Y, ¢ an_d-_B, should be prcscrtbed at the
. edge $=4 . Thus .« . . - )
T o ) . ‘ .
. . . N »
. N ' . . T X . ‘f' _‘;‘ .‘h
du = 6'v =8y = Gv = 6w = én o= 6%= 0 : {4.2)
B " Therefores the displécgment boundary cond.ltlons?"can be wristen as:
- ' & - - . ’ . \'. T v :
oo g=u=v'=v.=‘w=b¢-88‘=-0 » ' (}4-3)
" ‘gfor 'a fixed. spherical sandwich .shélt at @;ébo, '
7 410 Axisymmetrix: Case o | ; "3-
\>| Sandmé-épherlcal Shell -_ : o . ' C
_l.. X 2 ' . . . o é ¥ 1 ‘-
- L For thlS c_ase only: fonr of ‘the seven boundar cond‘t&ns in -
‘eq. (4.1) -and}(’#B) are requirped at ¢=¢6.‘ .
R T e g or S preseribed T
: = N'; or v prescri PR
. 6" e * g* Of Vv Prese , | -
R +% s/R= N or ¥ prescribed _
s ¢.s( ¢),or v. pre t..‘.r‘l e B _ bf
._ S (5T)
* 2 — B . ’ . . r
M M s/R.= M*; or B, prescribed . :
~ " @ $ JeT e T .
s Q + a s/a‘. +Q, /2 = : "; or 'w prescr:bed . .
o ¢ ¢ ’ , ) ¢.C - ¢ ‘ P L i
. N . g L %: -
The fuxed edge condition reSUIts m van:shtng dlsplacement cornponents ,
R : . I
vEvaw=8=0_ . ' ¢ : (hsa)
bl - - ‘ . -A . ’ .
L3 U “ o
- BT s . . 1
. l'.%' ' - ‘_‘.
K . o ! ’ : . lj’- -
1 . ” - e ‘
. - - L ¢
/ AT ) , . .
. .o i
: e
- - :

L]



. . : “. .r“:
_whereas, In.the céSe'of'Free.éng,‘stress and moment resultant$ are’
/equated to zero. )

. N

Q +Q s/R+N2=N + N, o/R = N

(

¢ ¢

. . .
. . .

The other classncal boundary cegdtttons can be expressed in terms of

any p0551b1e combsnatlon of four stress resultants, moment resuItants

LY

and dlsplacements whuch vanish at tﬁe edge of the spher:cal sandwlch

sheIl The sef glven by eq ~{L. h) is requared for-a spherlcal sandwlch

——
-

shell in’ Whlch the face sheets are capable of taklng bendlng, membrane,

and shear 1oads. For a sandwuch shell inP membrane face sheets, only

~three of the four conditions :in eq. (h h) are needed Thus, the
. j.. . . Lt . . . .
qigential-edge conditions for this case:are:
. fﬁ¢;+ ﬁ;ls/R_= N$'or'; ﬁ?esctfbed | ;:' : i.':ijf,l t' .
N, + N, s/R = Ny of v prescribed c )
y Q¢c/2'= Q éelw‘preseribéd. “ Vﬁ: | ‘r.; : S
e . L\l -
‘ o . \ )
For a fixed e?ge*ﬁandwich'shelli D
T - ’ ’ ' . I':l
V=vEw=0 | AR R (9 2)
- o o ~ . ., .
‘and for a free edge, -
' ) .. -~
- | v : . .. ’ .
~
:\ L 7 Co Y ’ t. '.
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ii; Homoqeneous Spherlcal Shell

. : ,
Due to ndentlca! nature of the dlfferentual equataons and thenr.

‘solutlons for the homogeneOus spherlcal shells and sandwach spherical

' shells wtth face sheets taken as membranes, there are only three condz-é

tions needed at the boundary ¢ d "- o .
_ _N¢ = N¢ or. v prescribed :
A - . ’ . .
| ; N, = M$‘Qr‘3¢:p ascribed (4.8)
Q¢*e‘Q$ or‘u‘preeeribe )
For a fixed edge homogeneous spherical shell . , .
: ‘ - ? ‘ - . o .
v = B = W = O . . - ) . o l ) . ' (h.Sa)
and for a‘free edge, “
V- ‘ , . : o ’
N =M =Q =0 . e -1
S T S o S (-50).
at-¢%¢ -0 T T . ..j' P

4

iti. Czrcular Sandw:ch Plate

The boundary condltsons for a c]amped sandw:ch pl%te with face‘}

sheets havung flexural stlffness at the edge r=a or in term$ of non-

.

dimensional paramter x=1 are:




TN

. .
-

W =y =u é,O-t_il'_ ;f\\;e,) o -  ': o ‘ f ‘ ;7; e (k.lda)

N and For a cirgular sandwlch plate free at the boundary r=a (x—l)

- 4.2 Frequency Equatlons

h.2.1, SpherlcaL Sandwlch She]I EERE ‘ ' _7;‘}

Q +Q, /z =M o T e T (4.10b)

|n this. sect:on. the frequency equatton wlll be dlscussed only for .
» MR
the axi;ymmetrrc.case f sandwlch and homogeneous spherucal shells and
also for the-cjrcular andchh‘plates.

~,

B

From the examination of the solutlon of - .differentiaJ'eQS. (3.14)
and (xr),.ht can be'observed that there are eight onknown arbitrary

constants A and B, (e=r 2,3,4) The‘values of A, and B - can'be
. Va Vo Va Va :
gotten by usmg the boundary condlftlons (11 L}) at [ two edges the inmer

’

- edge at é= o and the outer at ¢= ¢ and’ solvnng elght sumultaneous

equations. For a sandwlch shel! closed at one pole ¢=0 and open at the'

other ¢=¢ ' Legendre functuon of the second kind Qv (coso) becomes

sungu]ar at ¢ =0: Thus, the values of B, (a=1,2,3, k) in eq 3.14) are
.-"}' 0- \“'-—____
zero due to flnlteness of the dISplacement W. Therefore only ur.

m_“

‘constants A A{a=1,2,3,4) remaln to be determ:ned -Since the stress and :

O‘.

‘ moment reswltants can be expressed in terms of dsspiggements by means

f y .
of eqs. (2 20) and (2. 12), the solutions for W, U v and X as funct:ons,
of P (cos¢) and its dernvat:ves ~with respect ‘to o are’ |nserted in four’

Ct .




A

- . . * -, ) ‘ ’ .
Fixed Edge Condition . o - #b
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homogeneOus boundary condutuons glven by eqs (#{k).ﬂan thié'hgnnef,
the Follow:ng samultaneous equattons are obtaimed. ‘ A" '

'-rDia}{Av } (; a=1,2 3 l+) S e wa

[ Bt ' .‘ " - _
Fof'thg‘non-trivial'splutioﬁ of A the determ:nant qf the coeF(:cnent

.Cl.

;matrfk‘[Di ] muét vanish. Symbo!tcally, it can be written as:

"leIG\‘, (-u—l?.sh) H (4.12)

~ The abéve”deterﬁinanta1_équation {4.12) is the frequency equation for

-the'sphg}icai sandwich shell..

'The-foots‘of the freqdency'eduatibn'(#-TZ)afe the-values'of thé‘
natural frequenc1es of the sandw:ch shells The express:ons for the
elements of the determunant given in eq. (4. 12) are‘wrrttgn-ln the

followung sections for;varlous edge-condltrons. L

LA

For this case,.the boundary.conditions at ¢=¢6 are in terms of
~ - L . -

displacements and are given by eq. (4.5). The. values of Dia-(i,a;l,Z,B,hY

. SRR y
are: . _
‘ Y . . _ N
0, = gv'(cps¢o)/£Pv (9°5¢0)},¢
a C e .
' . . 3 (4.13)
S B ' ;U,; C L
T =y G(l=2’3’1+)' A . oo : ' ) ’ . ¢ ) -
- .. . Tt - -
where ¢. are pbtaiﬁed-from éq. (3.16b).
= . ¢
X . )
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"~ Free Edge-Cohdit?dn o

The, relevant boundary condltlons at the free edge ¢ ¢
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'in'eqﬂ (4.6). The elements oF the determ:nant ]D ]are.

[
1}

Voo '-.. (]+V+n.~l (

- Qg
H

59'._”2& Pv (C°S¢o

Qa

o
]

" Dka

o

‘Simply Supported Edge Con

/P (_cosr::o)}"¢

Yo

a -
- .
Al

dit:on'

‘For thls case,

cosd )/{P (F?§¢°)}‘§

nsu L (cos¢o)/{P“ "(cpspo)} N

)

~

- (1*9)coteo v

@

W £, s/R = N Q\sxa-n +H¢ S/R =

respectively.

Pinned Edge Condimion

at ¢=s,. Dy (i=1,2,3) a

0 _
30% can _be' |

i =V=H +R
YT

and (&.11)d respect§Vely

_

/R =

Dia and Dia (|=2,35h) can be expressed by eqs

g:j .

obtained from eqs.

- (1:v)cof¢°'w3c_l

.--. v ."'
- (?-v)cot@o.w]c

2a

(513) (a=c)

are given

. (4.15)

(4:16) -

(4. IOa) and (h l5)(b d)

(4.17)
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5.,2.2 Sandwnch Sphertcal Shell wnth Membrane Face Sheets and Homogeneousf
. Spherical. Shell - e , :

" -
4

- Far a-;andwich'shell with memgrane face Sheets‘or a-homogeheoué

spherical shell’, there are: only three unknown arbutrary constants'

s

Cv.(u=l,2,3) as.given in eq. (3;20); Therefore, the followlng 3x3
a ’ . - ' o
determinantal equation is deduced in a similar manner-as eq.(h-IE}

v . . R}

The €lements D;G-of‘ﬁhe epove.quqeehcy equation . are Q}itfen'ﬁn;eq:"‘
- (4.19) for a clamped sandwicﬁ spherical shell closed at one.pble énd;.i

open at the other.

'Eﬁgyg.Pva€¢os¢o)/{Pﬁ;Ccos¢o)}'¢ = S LT
N N (N O I
DZ&-=' BBQ amq DBa.f AN, : : | -’
~ where 88 .and hn aée giveh'by eq. (3. 2“)' _‘ : -

Equation (4. 19) w1ll a]so re esent the elements of a frequency

<Tequat1on For a clamped edge homogeneous spher::\\ shel)*tv~e§maly

replac:ng K. in place of M, (i=1, . ¢10) in egs. (3 22) and (3. 2#)
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- L e . L
h 2. 3 tlrcular Sandwuch P]ate . o _"." ‘

b

The frequency equatlon for clamped edge cprcular sandwnch plates

wlLI be generated in thlS sectton The edge cond|t1ons are given in
’d; eqt (4. 10}. _lnsertlng eqs (3. 32) and (3 35) in (4. lOa) and. consudereng}' 
,‘the non- trnv:a! solutuon oF arbltrary constants [ (en 1 2 3), the

determnnant of- the coeffuc;ents must vantsh wh:ch in turn ylelds the .

following deterninancal equation. | W
- '9dﬂ9]j_-‘ f:’:' : ;'io(gé) y :_' |3(93)%:
_ _;pingl(?§). “- péqiil g,) “i“p393?1(§3) .

‘The presence‘of med}Fied Bessel functions in'p]ace of Bessel function”
" are because the two roots gg and g3 of the charactertstnc equatlon (333 )
\ are negative quant:t:es for the prescrubed values of geometrlc and L
:elastuc parameters of the sandwlch plate

AI] the d1fferent boundary condj tions reveal that the frequency

. equattOns for sandwich plates and hefl 1s are h:ghly transcendenta] in
nature, The clnsed form soluc:ons f r these equatuons are not possuble'

The roots of the frequency equations for yarlous boundary cpndutnons can -
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] CHAPTER 5

© NUMERICAL COMPUTATIONS -

The numeracal computatlons have been carr1ed out’ for the non- -

dtmens:onal freQUEncy parameter R for axusymmetrlc vtbratlons of
->’e5\the sandwich‘spherscal shell and {m /w ) for the C|rcu1ar sand he
'pplates; The varlatlons of @ and (m /m ) have been studled with Lhe.
'geometric and elast propertaes of the core and the face sheets
*The mode shapes. :ée radlal Jgrectlon of the sandw:eh she1ls and -‘

i in- ‘the tranSverse dlrectIOn of ‘the cnrcular plate have also been

Jnvesttgated. Due toa haghly transcendental nature ‘of - the. freqoency \\\\\\7§
:equatnons (ki.), (h 18) and (420), it is not poss:ble to obtaln a '
cIosedform solutson Therefore, hlgh speed dlgltal computer has been
used to generate the values of natura] frequenc:es and the mode
_shapes of the sandw:ch plates and shells. The iteration process
hwhlch has been utlllzed to’ c0mpute the roots of eqs. (hlZ), (k 18)
_and (420 }, wn]l be’ exp1a|ned in this chapter All the caiculatlons |

have been done w:th the and of IBH (360/65) ava:lable at. the Com—

puting. Center of the Un|ver51ty of Ottawa.

o :.Computatnonal Procedure . L k’
The detalled methed to generate the roots of the frequeney
. eq. (hlZ) for the axlsymmetr|c vubratlon of spherlca] sandw:ch

shells with face sheets as flexpral members wlll be described here




N o

’

\1\
!
- Bl ~

Sowe details.of'the computer.program in Fortran |V language have

~been presented in the Appendlx o ?.*”"; S e

E;rst the non dlmensnonal parameters rG and Fas whieh'are

' defihed in-eq. (1||) and POiSSOh s ratlo v together W|th h/R and j

: -c/R are selected for a partlcuiar comblnation of materuals and geo- '

- 'metry of ‘the shell " These vaIues have been presented‘nn Table 5,1.

- . T . . ' -
Then, suahtltves S1» Sy 3, Sh' SS and 56 also ‘given in eq. (III).

*

“.and rl; Fae D3 . and rh glven in-eq. (v) are calculated  The symbd]s

_,A é; A3,... 1,: 2,,:.; B9 are. Functnons of the above-menttoned

parameters and ‘the non-d:menSIOnal Frequency Q of the sandwlch she]!
"'—"-—-_

It can be seén that the valde;\5¥ A], Az RIS 9 g:ven by eq. (3 4)

¢an not be caiculated WIthOut a-value Of Q. 1fhus by speCIfylng a

" roots fall in one of the following possible categories:

% Eq. (ii?fiq; iven on'page'22;'

" ovalue oF R, the coefftc:ents a], az, 3, and 3y of the fourth order

eharacterEStic equation are obtained. With these values:of a],-az,

33 and ah which are functlons of A Az, ... B§ as inout to  the
5ubrout1ne QUATIC all the four rdots Al 2, A3 andwiq are caicul-

ated. ‘The subroutlne QUATIC uses other two subroutnnes ‘CUBtC-and

=

--QUAD whn]e calculatlng the roots of the characterlstlc eq . © (3.10a).

Subr0ut|nes‘QUAD cusic and QUATIC’ have been developed to oalcu]ate '

the roots of quadrat:c, cubrc and quartic algebralc equations, res-

pectiVely, Since ed..(SIIOa) is a real fourth ordér-polynomial;ﬂité‘
A , s . .

DTy .
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a.: all the Four roots are real; S
. F

s b. ftrst two real roots and}e other two are complex con_;ugates -

'-c..ﬂarl the fOur roots are comp X but in two sets of complem

conJugates
- \\‘SubstltutaOns of these four roots X (aal 2,3, h) in eq. . {lx) result
| -\

":n the orders of v, (o=l 2, 3\4) of the Legendre’ functton P, (cos¢)

. B ]
|.‘ a

_ appeertng }n eqs. (3 Ih} and (3 ﬂS) whlch are the solutnons oﬁ the

-dIfferent}al.éqbat|ons fora;:symmetrnc V|bratuon oF the spherleal

sandwich shell, WIth'face'sheets as flexural member. | Nas a real

| o - : o :
‘and positive value , v -is also real and posntlve whereas yn case of. a
negative real value of kh“ vy takes the foliowlng comp]ex formi

R .;. .
e

*%—‘
where pa"?sfrea+' The Legendre functwons, whose order v' is given
'oy eq. (5.1}, are known .as consca] funct10ne Thls typeﬂof Legendre
functlon and its- der:vattve with respect to ¢ are real A paTT.

.of complex conJugates for the roots of the characterlstnc eﬂij:isﬁ’/

also ylelds a palr of complex conjugates for’ va.A The orders

Ny (x=1,2,3, h) o¥ the Legendre functlons are written as V], Vz,:s;f\\\.
R ‘ ‘ -~
“and Vh and A (a—1 2,3, h) are denoted By (a] in the main computer

‘program. - » o o
. - ' ( Ny - . . . .
.The/determlnanti CCd, Cla? ;FZQ, CCBG, DD’,DDicf DDZa’ DD3a .

given by eqs; (3.17) are cijculated next. 'These.determinents are

B

Sr_

3 . . . : - P

* Eq.r(}x) is giden,on page 53.

N
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functions of'A{, Ans '59 and Aa,and appear in the main program . .
in theur expandeé form as U(a), Ul (a), 02‘(_‘0:) . U3(a),adD; TDI(a),

Twa(a) T03(u) Yespectlvely .
The numechaI values of P (cos¢) are calculated using’ sub-

U.
routnnes CM]RLF AVS and CONFN Subroutine CHIRLF generates the

a]ues of P (cos¢) for, complex as well as real Vo with-the aid of
G ' .
Hehler s -integral representatnon n by-eq. (5.2)." The complex

.

' numerncal :ntegratton is carr|ed Out by trapezo:dal rule.

K4

2/n) si s(v+&) lf"- - o o
P“ ( os¢) - —;~—~‘—‘—3 %205 = cgsw (52

G

Eqr (5.2) can Qenwalues of .P, (cos9) 'for either real or complex _

va'as well as the cord€al funct10n whose order is given by eq- (5-1)}-‘.

for small and large value of vy 1t should be real:zed that the
process of numerical |ntegrat|on |nvolved in evaluatlng from eq (5.2)

s - takes a consnderable amount of computer time. In order to save the
computer ttme, asymptocuc and series expansions of Legendre fucctuons

- have also been used. When’ Vo s a very large quantlty, Teal or com- "
plex, the fotlowing asymg¥otic equations‘are of consnderable interest

{2,25].
s \ vt cos{ (v';;"if)¢‘ﬂ/1l} _
. (cosd) = Jommm=. — - o

I Ya 1%;3/2 (':r/Z.SIn‘q:)‘lr PR - .

and

w

g g

" (5.3)

o



_respect to ¢ ThlS 5ubroutrne exam1ne5 the nature of v’ and

CMIRTF, AVS ‘and CONFN accordlngly

285 -

| (cose) = eos (ke R Vo
L - (“/285|n¢)-

.

where .

}F_a {(vu+:£)2+ f}i,ls=fuu (d&+l)&i

The:s}mpler’éﬁd fasten‘method to compute ﬁhe,numeficai values of

' conical, functions.is by-taking the summation of their series

expansion given belfow. - o

i &+ip'(9°s¢.).'=. ] +9’1 + A * 4"1%?‘3“ e - : ”..('5.'1')‘
Qﬁere T - “'-f

.?n - [p-’-a,{_'(zn-]_,) /2'}2]sih74(¢/2) /n‘z_

rThe summatnon of the sernes (5 k) and its derlvatlve with respecttodi iS

-

carried out u51ng_the‘subroyt|ne CONFN The functlon of subroutine

SETUP- is to compute the ratio of P (cos¢) and its derlva_uve ith

a .

[+ I

lls.

Thus, with the know]édge of the values of Legendre'funbtiohs;
heir der:rattves with respect to ¢and the determnnants g:f%n by eqs. ;

A7), the value of frequency determlnant {Z 12);5 evaluated. Keep-

.
4

ing non-d|m¢n5|ona] parameters rG, r;

p,_c/R, v, ‘and h/R constant, the

¢




~ tained, the corresponding _and P (coso) are. also complex conJugates

)

.and A as co ex conJugates wsll make the Frequency equatnon real

{7

.

fﬁ?values of @ by calllng subroutlne DETERH Thus ‘procedure is repeated
by gthng lncrements in Q untll a change in sngn of the values of the ‘

| Frequency determ:nant takes plaee. Therefore, usnng various boundary

condltuons. the values of the natural frequenc:es of the sphertcal

santhch shells are obtalned. .

’ {
Durnng the process of computatlons it has been observed that

the roots of. characteruSttc equatuon play an |mportant role - The

' 'Legendre‘function /}The roots Ay (@=3,4) have been found to. be a pair

as complex conJugates for some values of Q. ln the event, When a

: palr of complex conJugate roots of the quartlc polynomsal are ob-

values of frequency determlnant are calculated for a series of ‘/

kS

‘ frequency determ1nants are strongly dependent on. the arder vy of the -

+Ib(co'sui:) tiy - ] S "l(S-\S'l

where_a,'b, x and y are real. The choice of arbitrary constants A

V3
vy

The roots of the characterlstsc polynomlal have also bee'"*bserved

R

as large negatlve real quantltles thus vOL takes the form gtven in (5 1)

3
with large value of Py with this Targe value dfj; as input to the

- 'subroutine CONFN, sernous compdiatuonal duancultnes as overflows

'on the computer print.output for the values of Pv (cos¢) and its

. .

o .
derivative were felt. The subrout:ne CONFN _in this, case, falled to

_generate the ratio of Legendre functlon and its derivative. ' These

computatlonal dtffucultxes were overcome by usnng asymptottc expans:on

.

f . r
+ . 4 .

D



. facatlén

'Qu ﬂv ) of the circular sandwlch plate have also been done using °

~87-

-

(5.3)b. Substituting uun—H+fipa in'eq; (5.3)b and differentiating
. . a .\

. .w?th‘respect to ¢y the following equation is obtained after simpii- .

.

F_’.__\ﬁ. u(cosﬂ/{P i p

(S E)a does not 1nvo1ve the coeff|c1ent exp (p ¢},,wh1ch creates"x

(_problems for- very 1arge values of Py

The-presented form of eq (5 2). also creates. computatlonal ;e

'ldlfflcu]tles as the denomuoator becomes zero at x-¢ Therefore, eq

.

- {5, 2) has been changed to the fo]lowmg sultable form [;’.7 3@ thCh

makes the computatnons p055|ble for any value of X'
¢

 ‘; Pv(cos¢)'='(2;2/nsih éﬂ_/i{(v+2)co§(v+3/2)x W

-v cos¢ COs(u+1/2)x}(coé x = COS¢}%dX L (5.6)b'

" The natural frequencnes for the sandwich spheruca] shells with

'membrane face sheets and also for the homogeneous spherlcal shellsr

can be computed |n the same manner as dnscu55ed "above for the composnte

-
hell with face sheets astflexural members. All ‘the above mentloned

. subrout1nes ‘can be used except for QUATIC because the'characferistic"'

) equatton (3 21) :n this case is only a thlrd order polynom1al

Numerical‘computations for-the natural frequency parameter 1

exact]y the same iteration tecﬁ#uque wh:ch has been explalned earl1er

in- thns chapter. The, roots g (u=1 2 ,3) of the characteristic equa- - -

't:on (3.33) are calculated wi th the help of the subroutlne CUBIC and the

N

-

(cos W, = Vo coms) T (s.e)a.\"il

\
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Vo

values of J (g ( ) _ ére. are ganerated by using subroutines
] 99/ 9

"u‘BESJ 10 and INUE | Subroutlne BES calculates the values of Bessel -
Functnon I, (x) for a guven argument x and order n. . Program lO com—":

putes mod|fsed Besse1 functlon l (x) and lNUE abta1ns 1. (x) for .

orders 1 to n.ﬂf
. - . \ _> -

Mode Shape Ca]culatuon

For sandwuch Spherrcal shells wnth face sheets as flexura}
mémbers, the expression_for W :s-;gkep.Frqm eq. (3 lﬁ) The flxed

-_edgejcdndEQIOn[at-¢=¢° yields =~ . -;.' S -

" and at the pole ¢=0, 'N;W .

Substltutuon of the above cond:tnon in eq. (32T4} aﬁd eq. (3-!5)

ytelds the followung slmuitaneous equatlons

yo-s S

LA, =W, .
a=1 o

z (cos ¢_)A =0 -

. o . ‘ s '
a=l @ a - ca T :
SV S e -‘-'- - i (5-7) :

Ll' . .:' . . .
L ¥ (cos 9)A, =0 '

a=1 0-‘ G 'J

) | .

Vo = '

R ll"?.mpv (cos ¢O)AV °
a=1 77 T« «
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Solving eqs. (5.7)..tHe vafugs'of arbitrary constants A;
WL ‘ . | ' N °
- {a=1,2,3,4) are obtained and are written below.
' 7A?{.='F° [oplijlflsnijl S I g N

A, =W [oez; |/fen; ]

. :Av3.= LA IDPSEJJ/IBN;jl R S

Agh =¥ lPE“;jl{[sﬂajl' | ,  A, i_.: —_—

where the determinant |B”;j‘ is given.as:

YO
- | Pv.(cos'¢0j ?vfﬁdpé ¢°T .".?v (cos ﬁo)‘. -Pv‘c05;¢§f’
. ‘.1  4 _ 2];' .3 S 4 .

*

,j‘ = "p]].P:,I (Cos ¢°) ¢]2P' (COS ¢ ) w13pa3(C°’5 ¢ ) wlhp.\:!;(ios‘?o)

*31 Y, (cos ¢,) w32P' (cos % ) w33P' (cos ¢ ) ¢34  (cos: ¢,)
L IR
' The determinants IbPlij], [DPZijl ]DPB I and [DP& [ can be

Cawritten b#‘replq;ing_first, second, th:rd and fourth cqumns by

: PR 'r'

e




t explalned
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column {1 0 O 03'?0/{ﬁ:iab0ve determinant lBH;jl respectively.

Thus; tne normalized‘?orm-bf-w is written j7z
N 'M’o_ - ilD*_’";j-lP\;‘ {cos &) -_ff_lDPZ-ij‘l-Pvél(cos. §)

“ ) S

. +|993;j[Pu5‘c657§)fID?3ijl?vh(9§s.¢)}/l3ﬁi31_ . v-.(siioy

The computer program for the calculatlon of mode shape has also

been presen:ed in “the masn program in a snmple form and need not be
&

The express:on for w/w can a]so be obta:ned ln~q sumular manner

‘ for the sandwtch spher:cal shells Wlth membrane face sheets homo-

-

geneous spherncal shells and cnrdular SaﬂdWlCh plates




CHAPTER 6
NUMERICAL RESULTS AND DISCUSSION

Numenlcal values of the natural frequenc;es of spherucal
‘sandwtcn shells and curcular sandwxch plates have been presented as
Functnons of the ratio of thucll.cness of the Face&heet to radtus. The
values of frequenc:es have been calculated from the 5|multaneous solu—
tldn of characterns;:c eqs. (3.10;) (3 21) and (3 33) and the deter- ‘
'.minantal Freqdency eqs. (4‘12) (4. l ) and (4420). These have been

- worked. out for several specnal cases. spherlcal sandwlch shells (1)

w:th face sheets havnng flexural stsffness, (ll) with face sheets as

membranes, (iii) 1imNing case of homogeneous shell ang (1v) cxrcular A\

saridwich plates. The ca

H

ulataons were done for the,two sets,of‘ratios
defined by rG‘and " of the sandwich structure with aluminum face sheets’

and aluminum honeycomb core. _These values are glven'in Table 5.1,

 The results for‘spherical‘sandwich éhells; homogeneous sphenicaf shells

_and circular sandwich plates will be discussed separately in the foli- .
A R o
“owing sections.

6.1. Results. for - Spherlcal Sandwuch Shells ‘ :
. fi.
@ On close exammatlon of the- frequéncy equations for the sand-

‘wich:and homogeneous spherlcal shells, it is observed that theqr,roots C
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are strongly dependent on the. character of. orders v (a-l 2,3, h) of the -

. - Legendre functlon These undnces v (c- 1=, 2 3 h) have been plotted
l iaga;nst non- dumenslonal frequency Q in Fugs. h and 5 for the case of |
| comp051te shell with stlff face sheets : In these two cases, the tndex
Y is always real and p05|:|ve for ‘the. real and p05|tlve A] The vari-
ations of Vor v3 and “h are not continuous - and are seen to be dufferent ;
in varlous distinct zones. " The second root kz of the charactertstac

' equatson (3.10a) is also real. - The root 12 is negattve for o<q<l. 22 and

*posut:ve for a>1. 22 whnch ns observed from the varlatnon of Py and vy in

i Fig. &, Hhereas in Figs 5, the examination of the value of p, (Y14, 7<p2

T 115.6. for O<i<2. 5) reveals that l l'aa real large negative quantnty. L
The lndrces “l’ 02 and v3 for the homogeneous shell are plotted in F|g 6

- for v=0.3. and7h/R=0 05. The order vI is always pos:tnve in th:s case ‘

also.. The varnatlons of v3 and vy for the spherucal sandwrch shells

- o

and vi and V3 for the spherncal homogeneous shell are summarazed in

Table 6.1. The |ndlces Vis Yy and 2 for the spher:cal homogene us .

agreement with his results."ln Table 6.1, a3,fah, by, b
are real quantnt:es ) ‘.- |
thures 7- 9 show the plot of Q versus h/R up to five modes for
r=1/26.7, rg=1/1680 and v=0.3- for three different values of ¢0=50 , 90°

and 120°.. Slmularly, Fugs. 10-12 present the varsat:on of 9 with. h/R

i




""for r'il/28‘ r'=1/60-andﬂu-0.3 For»the same~three vanes of-¢0;‘

C
Vi

.;97_

The . .-

,:curves drawn by full 1|nes represent the varnatlon of natural frequency

of the sandwnch spherucal shell

stnffnesses are cons:dered in the face sheets.

broken dines. are the/yaf*etlon of Q‘of the sandwtch spherlcal shell

when both flexural and ex:ensuonal

The ‘curves shown by N

L;Q

.whnch faces are’ assumed as membranes.- In order to S|mplafy the d:s—
cussion, sandwtch shells are ciassnfued in four types A, B, C and D as -
nllustrated ‘in Table 6 2.
‘ TABLE 6 2. Propertles of the sandwtch shells e
FType Faeelsheets v g Remarks
“ A Flexural 1/26.7 1/1680 -
o Members : L :
. — - — - 'WEak core
B Membranes 1/26.7 171680
C Flexural 1/28 1/60
" Members N ‘ :
strong
D © Membranes ]/28- 1/60 core

v

For the open:ng angle ¢0=60 » non*d:mensuonaluzed frequency

parameter Q :ncreases with h/R in all the five modes in Fug 7 for.

type A whereas ! increases only up to three modes for type B and then

,starts decreasung with the |ncrease in h/R in f0urth and f:fth modes.

The nature of var|at|on of the frequency curve for shell types A and B

Ve
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Fig. 7 Frequency variation with ~h/R for sandwich

_spherical shell clamped. at'q‘%-'-ﬁl)? N
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. ’ ‘ l
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4
,ulns sumalar on]y up to the second mode . ln Flg 8, 2 increases

th'the |ncrease in h/R For both types A and B. The‘frereocy behav-

'|our sTiown by broken and solld lnnes :n Fxg 9 is the same for all the

ftve modes.; ' | | ‘ _ ; . . ,
s Numer:cal results for the shell types € ano D are preeented in’ -
ans 10—12" Flg 10 shows the plot of - VS h/R up to four natural
modes for the Spher1cal sandwuch shell with opennng angle 60- Tpe‘
openung angles of the compos:te ‘shell, whose‘reSuIts_are'presentedfih ;
~F|gs ! and 12 are_BO and 120f‘. The values of @ increése in~toe first modee

for'&d?;”;ﬁe First.two modesrfor 909 and” up to third modeifori;he

" shell 'with opening angle 1200. it is.seen'that at‘higher modes  starts

decreasung as h/R uncreases in &1 three cases. The significance of

' these results is d|scussed in the fo]low:ng

The present formulatton of the problem inclodesftranseetse -
shear effect in the core; rotary and translatory inertias of the core,
rotary |nert|a of the faces ab0ut the m:ddle plane-of the sandwlch

shell (whlch is actualIy contr:buted by the translatory |nert|a of the
faces) as well as about their own mnddle planes and flexural and

extensional rigidities. of the Faces

| 1t has been discdssed earlier by Yu' in his work [33] that the

“first and Towest frequency of the ordinary sandwich structures is strongly

affecteo by the flexural and extensional rigidities; whereas in case. of
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hlgher modes, the frequencnes are practscally Lndependent of these
rngndltles At hlgher frequency levels, gt depends m;ch on the varnous.}'
|nertia quantttues such as rotary and translatory :nertna of the core:
.and the face sheets The shear effect, |n fact, as Far mere :mportant
for sandwich plates and shells than for ho geneous plates and shells
.v1brat;on studtes | Tt‘\\ .l ' -
As expected ‘:t.has been observed from the present results
"shown nn ans. 7- 12 that the lowest frequency of the .shell uncréeses
'_wlth the‘lncreaSe in h/RA Thls behaVJOUr of frequency variation is
'substantual due to the :nfluence of Flexural and extensnonai stnffnessas
of the face sheets for lower rengeuof Q. ln aIl cases, the effect of
7flexural rngnd:ty of the face sheets on the natural frequency is s;gni—
‘ flcant. "The frequenc+es are h|gher for sandwich shells with fac sheets
as - Flexurai members than the shells in wh:ch faces are - taken-e//;eme
hranes.‘ The difference between the values of Q for shel]s Nlth two
;yees of faee sheets (flexural and membrane )} widens W}th the mode
numbers._.The pehcentage differences between the freeuencies oflfhe‘
sandeieh shells .one'with flexural face-sheets‘and‘the'other with mem-
- brane Face sheets, are shown in Table 6 3. The percentage is talEuIated
on the bas:s of the numer;cal values of Q for the 'shell with membrane

‘face sheets. The -maximum percentage error, whsch is as much as 272,

occurs in the fifth mode of the sandwich shgil with opening engle 60°;
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TABLE 6.3. Percentage d:fference between the frequencies for. sandwlch
shells with two types of face sheets (flexural and membrane)

h/R=0. 010, * =1/26.7 .and r -1/1680 " This analysis clearly .shows that

_ it is :mportant to include the flexural rngndaty of the face sheets

about their own mldd]e planes and .their extensional rug}dnty simulta=-

_neously in the differentﬁal equations of motion. 1In case of very thin .

face sheets and lower. frequency level, it appears that the effects of

flexural rigidity'of the face sheefs about fheir'own middle planes can

be dropped This will help in the reduction of the order

of d:fferenttal equatlons of motton and Further 5|mplnf|catuon of theur

- solution will also take place 5|mu1taneously But the :naccuracy

increases. very rapldly “for thicker face sheets and’ h:gher frequency Ievel.




Sos 07 - | .
... . . . |
The effect of rotary - -inertia of the face sheets: about their
.1own middle plane has been Found to be negl:g:bie on the natural fre-‘
. quencies of the sandwnch shells. Thts lnertla term has been omltted_
&'by settung Sk 95 and 56 in eqt (2.2]) equal to zero. However, theﬁ
frotary inertla of the core and the face sheets about the middle plane

~

' of the sandwach shell is obvnously very smportant.
The effects of shear modulus G oF the core on the natural
frequency of’ the sandwtch shell has been found to be of consnderable

-

srqnnfncance,_ when the shear“moduluslof'the eore-us-lncreased, its

transyerse_shear‘resistance'aise increases.A Thus, for'a sandeicﬁ shell
made‘of identical face sheets, tﬁe_PEreentage of'transverse shear taken.
'by a cdre with h:gher value of G is more tﬁan.the ofher'core'witﬁ lower
value of Gc’ when the dlstrnbutuon of total shear Ioad :slconefderee
between the.core and the face sheets. Also, ey increasjng the values -
ofishear me&ulus G., overall seiffness of the sandwfch shell ie in-
creased-and the transverse shear defermation'is reduced. 1in the limiting
case, when total transverse shear Ioad is taken by the core, for the .

s;mple bendlng of sandwlch structures, there will be only membrane forces

in_the face sheets. On the other hand, rf thre shear modulus_of the

core is:zeré and all the shear force is taken by the face sheets, the two
face sheets of the sandwich shell will behave like two different homo-

geneocus shells with the same phase in the radial direction. " fn this

-
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. _ case, their flexural rng:d( vy will dom:nate over the exten510nal:
| Figldlty.; Igevcore ps,&e‘_er in trans (se shear resus}anceiln_thg'
sandwich shell types A.and B.as_comparéd-wjth typeslc‘aﬁd D'dQé to ifsl
' ]éwefgvélue_of'G;I. Thé value of;shéar_ﬁodu&ds;oflﬁhefcore ih:type; C

and D is twenty-éight‘times.the Jalhelof.ﬁ of types A;aﬁd B when fécé

-‘sheet ‘are assumed to be made of the same maternal\ ‘ ;.

It s found From Figs, 7- 12 that _due to |ncreased overail
: sttffness and I;wer th|ckness shear deformatton |n the core of shell
types o and D, the values of Q are h:gher in th:s case than shell types
A and B for 1dent|cal geometry of the’ sandw1ch shells
fThe yalues of natural frequencies of the sandW{Eh shell with
‘meeréhe face sheefS’intreaséH with h/R for tbe.loWér frequency level
_ <1.0 as car™be seen from Fids. 7-12. Bdt, at higherlfréqu ncy raﬁge.
'Q>l;0, frequenéf &ecreasés éith fhg.increase in h/R. The extedsional
-'rigid%ty of the facg sheets is prédominanﬁ in:tﬁé lower rén of:the-
"frequeﬁcy Spéctfﬁm The mass of the sandwich shell is |ncreased by 2302
:-when h/R is- var:ed from 0.0025 to 0 0100. Therefore, the increase :n,
. mass andfalso !ncreaSe in the value of .9 JhcreaSes,the'ihertig quantity
dhe-ta kineticfénergy of the shell.  This inert{é term becomes more . |
'effectlve ‘than the extensnonal stlffness and frequency decreases.
"The flexural rigidity of thé face sheets is found to, be pre-

Bominant even for the hlgher modes in the‘shell type A due to lts Iower

vajué,of Gélas can be seen from Figs..7-9 that frequency curves shoﬁﬁ
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bg'sblid'lines increaselwith the increase in.h/R. In case of'sheli
- ;ypelc,_the frequeney Curveshin‘Figs.-lo-lz decrease with th'in.nlgher g
modes. This can be'explafned because of the hfgher value of G ane-cére
gtakes the maJor portuon of transverse shear and consequently. memb?”ne‘:

' forces are predomnnant in the face sheets over, the flexural forces

en though for stronger core, the percentage of transverse shear taken

¥ the face sheets IS lower and membrane forces are—far more |mportanr,

ﬁ

”|t wnll not be adv:sable to neg1eet,the fl‘qgral r:gldtty of the face

. + r -\
. sheets. ot

'.;Since'no”work'on vibrations of deep'spherical.sandwieh'shells
“.is available in the.literature,:tne numerical results ror theknatural
frequencies ef the sandwieh_shell can not nefcdmpared. Howeyer; as
discussed earlierlin this tnesis, publisned-works are'available on
v}brations of deep Spherical homogeneous shefls The author has. Slmplt-
fied the present general case and presented some values of natural
frequency of‘clamped edge spherical homogeneoes sheTls and compared
these with the nrevious-results in the rolJowing sectient

. . | | _ . t-’s- _

6.2° Results for'Homogeneous Spherical Shell

The numerical values of the natural frequency Q up to five
modes have been,carculated for homogeneous spherical shells clamped at

the edge $g- The effects of rotary inertia and shear deformation have
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been uncluded |n the.dufferentlal equations of motlon These results
:are presented |n ans 13-15- for three values or‘¢o whlch'are 60° , 90
) and 120 . _Freqpency-n nncteases_wlth-thtckness-h/R and-also wrth the‘lfi“.
.mode.number Forlall three.values of“¢d For smaller values of. ¢0, it
‘has been found that the gradnent of the frequency curve is more prO‘
nounced than for larger values of opennng angles

The values of Q have also been presented in thns.thesls ‘in
.tabular form. Table.éhﬁ shows the values of 2 for h/R from 0.0 to‘d.DS 3
and anglee0 equal"to"GOo and'SOQJ Tne.ealues ln coluhh_l representl
the natural frequencnes of the. homogeneous spherlcal shell |n whlch the
effects of rotary , unertna and shear deformation are- lnclgded The‘<
values of 9 in column L have been calculated by. equattng slul ¢ and
shass-o in .eq (2 29) to elamunate tbe effects of rotary inertia. -‘As'
expected, thealglues of. Q are lower when rotary |nertla and shear de-
formation have been taken into account.' But, it can be.poanted out‘here
T tHat.the_effects.of rotary inertia and shear_deformation are_negligible
on the natural frequencies or the deep'homogeneous spberical shells ‘for
all practical purposes, which is apparent from Table 6.4,

The values of the natural frequencies of homogeneous soherncal
shells.have also been calculated in the past In Table 6. 5, the values

of Q calculated on the basls of the present formulatlon of the problem

which also.lncludes effects of‘rotary inertia- and shear deformatlon,
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fflhave been compared wwth’the results obtaxned by Elkrem and DOlge in.

-

‘their work [3] for the ax:symmetrnc vnbratsons of clamped hemuspher1cal
.shells The present values of’ n are in excellent-agreement._~The maxi- >
mum dlscrepancy in. the value of P occurs in the-fifth mode of the shell

Kwith R/h-20 and 15 less than 3% The values of n in column 1 are
'_smaller ;han those in coiumn lll for "all. R/h values | The values of |
IVObtanned for th=80 and the openlng angles 60°, 90 and 120 are pre--
sented |n Table 6 6 whlch also shows the results from the publlshed work
_by Val:kov and Gots [29] The dnffenences in the values of n when
'compared Wlth the results in reference [29] lte wnthun 52 Kalnnns-in

h:s paper [8] has presented some values of natural frequenc:es 9 of the
,homogeneous spherlcai shell w:th opening angle: 60° and h/R-O 05 for'

v various edge condntnons He has aiso tabulated the values of . ﬂ for '
. .clampeq eage conditions'in a column as'l.006,'l.391; 2.371 and 3.#86 far_{
- moee nhmpeﬁs,one‘to-four.respectivejy. The values of Q calcu!ated by

the aythor for the‘same cpnditipns of the shell are.l.OOOL 1.368,

1.672 ane.z.zki for the first four modes. It seems here that Kalnins

Has fa{led to 1ocate one ?qo: ef phe frequency eguatipn betdeep.l;39]:

and 2.371. This missing'root should be in the vicinity of 1.672 whieh
accordnng to the present calculation is the value of Q for the thlrd

- natural mode of a clamped homogeneous spherical shell with opening angle

60°and h/R=0.05.
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: 6 3 Resu]ts for C:rcular Sandwtch Plate ;;'

The dlmensuon]ess frequency parameter w /m has been piotted
' ,agaxnst h/a in Fugs 16 and 17 for the case of carcular sandwich plates.

These va}ues are shown for the d:fferent values of c/a ' The values of

- . 4.

) rg,.ré are. unducated |n ‘these Flgures it us |nterest|ng to ‘note the‘-

'-effect of c/a on the natural Frequency‘ For h/a-O 005, the-values of
mb/w are.htgher for larger value of ¢/a but as hfa increases, these
curves start getting eloser | Fag. 16 and 17 both- show the same trend
,of'veriétibn. Th%S'reveals'that the effect of core thickness reduces ))
‘For thlcker face sheets.s'As'seen from #ie ']6"the‘vaiueg‘of'frequencies

for dlfferent values of c/a and for a]i the thred modes- are almost equal

near h/a=0.015. !n.thns case, the core is softer ln‘transverse_shear

-

4

resistance'and _the bending of'face sheets is eredohinent at higher'
‘values of h/a and /m nearly becomes |ndependent of the core th:ckness.
Due to absence of curfature in the sa’l‘mch plate, flexural ruguduty of
'-the‘face sheets is more.umportent than.theur extensnonal rlg:dutnes for
transverse vibratien of ¢the circular sandwich p]ate. When the shear
modulus of the core increases; as in the case of results shown in Fig.-

' 17, (m /m ) vs h/a curve us steeper and the effect of core thickriess on
the natural frequency is present even at ‘higher values of h/a. 'For
rG;?760, thﬁ?halues of natural frequencies pf.the-sandwich pTate'iSI

R 4

hfgher for thicker core layers.
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In Fig. 18 the non= dlmensnona!:zed form oF natural frequency

.'Q:i(n : 2/5)# of the cnrcular sandwuch plate has been plotteﬁ vs h/a.

_The frequency parameter Qp does: not conta:n thtckneSs of the face sheet
khda tt is seen that in case of .r =111680 Qp |ncreases wuth h/a for all
\the three modes plotted in an.‘IB and the slope.gihthe curves also

‘ _nncreaSes wath the mode number. The va]ues Qf,g |ncrease_on]y‘up to
-_second mode with h/a for r -ll60 The freduency curve‘for third MQde'
decreases with :ncrease in h/a f:rst and then starts tncrea51ng s]owly.

£

‘Erom the examination of the results.shown in this fggure, it is obv:ous e
that the'flexurai etiffnee§ 6F.the faee sheets is more effective on%
the natural trequencies.because of the lower.ehear modu!ds'Gc of the
‘core." Hiéher'values of Gt 10wer_the-effeet'of‘FJexurai-stjffness'of

: the face sheets on the natural frequency for thicker core, but increases

the capacnty of shear resistance in the central layer of the sandwach

" - plate and .also the 0verall rng:dlty of the sandwich structures It can

be seen from Fig. 18 that values of Qp are greater for r =l/60 than .
those for rG=l/1680; The transverse shear deformat:on, whlch.ne more

' fer weaker cores, plays‘an:rmportant role; in the dynaqics of sandwich"
plates. The same conclusion was_reaehed.while'diseusedng the'eFfect!'
 of .core preperties on the natural frequencies of the sandwich sbherjcalld

shelll . . S
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TABLE 6.8.

. -i23_

Natural frequencies w /w for clamped edge circular
sandwich plates
Cj - rbé1/23. (G=r/60, v=0.3
: h/a=0.010 h/a=0.015
L L T
1 2 a2 |07 07
z coa| 85T 45.7 -1 33.3 32 3
3 |'0.010 | 85.3 < 85.5 | '61.% 6$~
o - fi29.0 129.2 | 92.9  ogdd |
5 1753 175.7 ] 127.7° 128.0
R 7.6 8.1 12.6 ° 12.8 |
2, 53.7- - 55.2 |.37.1  37.8
3 0.015 | 97.0 - 99.7 | 66.3 ,67.6
4 143.5. - 147.4 98.3 100.3
- 5 192.0-  197.3. | 133.6  136.0
TABLE 6.71 Natura] frequenc1es w /w “for clamped edge .

c:rcular santhch plates.

.rp=1/26.7; rG=1]]680, v=9.3A

| " h/a=0.010 h/a=0.015
mo| c/a . ool T ; B
‘ 1 6.8 6.2 | k6. by |- o
2 ol ags | w3 ks |
3 ]0.10 32.9  33.5 | 29.3 297
A 1 53.9 54.8 | 49.9° . 50.5.°
5 8o.h  81.8 | 76.2 " 77.0
- 6.6 6.8 4.8 &9
2 | 17.9  18.5 | 145 14.7
3 o015 | 337 3.6 | 29.4.  29.9
y | | e Tse ] we.s  s0.8
g {810 832 |
1 = Various inertia terms included

Only transverse 1nert|a :ncluded
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Effect of Rotary lnertia in Sandwich Plates

The values of w /m have also been presented in Tables 6. 7
and 6. 8 to demonstrate the effect of rotary |nert|a The values of ‘
natural frequencnes for the transverse vnbratlons of the curcular sand-; .

wtch plate have been calculated by dropplng out the |nert|a terms .

. from eqs. (2. 33)a and c. The values of oy lu o are presented in the col-

v-umns'under 1) nn these tables The values of natural frequencnes for..

the transverse vnbratnon of the c1rcular sandwlch plate are higher than

-

the values of w /m when rotary lnertaa terms are included. But, the

-dnfference does not exceed even 2% up to f!ve higher modes.

’

6 4 Duscuss:on of the Mode Shapes

The mode shape5\£or the axlsymmetrlc vubratuons of the spherncal -

sandwnch shell and c:rcular sandW|ch plate have been‘presenqed in

‘ans 19- 25 N:th the help of eqs (S 8) to. (5 10), ‘the variations of

‘ N/N$ vs ¢ have been plotted in Flgs ﬁS and 20 for the f:rst three modes

of the spherlcal sandw;ch shells clamped at ¢0 equal to 60 and 90

‘respectively. The number'of nodal circles:in a partlcular mode is the

- .same as the mode number.

~

\\ . Fig. 21 shows the f?rst three mode shapes of the circular sand~-
ch plates ¢lamped at r=a. in this case the first mode'does'not have

a nodal cnrcle whereas second and third mode shapes have respectuvely

one and two nodal circles;

e



S:nee the mode shapes of the sandw;ch constructnons have been .

-

.plotted by assumnng face sheets as flexura! members, the slopes at the

_c]amped edges of the plate and shells are tendnng to zero. The mode '

‘shapes.are also plot;ed:un ans 22 and 23 For the clamped edge spher:cal

- eandﬁich_;hefls;w{aﬁ mehbmane face sheets and core’ cagab!e_of;takang
E sheaf deformaeﬁons'. ln'these figuée§,7the élopes are nat'zero at the
- edge. As the boumdary condutuons for pnnned -and flxed boundary .condi-
tions of the’ sandwlch shel S wnth membrane face sheets are the same ‘as
- §tVen by eq. (4. 7)a, nt is |mproper to: dustlnguishlbetween these condi--
tions. The edge condttlons for these two ‘cases are dnfferent as glvew
,in-eqsﬁ (k.S)a and (4.13) when face sheets are-con5|qered as flexura]l:~

members.

o
-

The'modal”shapes for clamped spherical homqgeneous shells with -

. _:..\ . R o | L
opening angles .of 60° and 909 have a'lso been plotted jn Figs. .24 and 25.

s

' In these cases also, the.number of nodal circles is the same as the

mode number.- The slope w , is zero; for homogeneous, shells at the

P
. clamped edges, - . i
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Fig.21 Mode shapes for clamped circular sandwich plate.
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~w6 ‘5 . EXPERIMENTATION .
‘ Enpertmenta! lnvestlgatlon of the natural frequenCIes and mode
shapes of spherlcal sandwich shells would prove to be a very useful
' ontrlbutlon to the’ development of shel! vnbratlon theory . Unfort-
unately, no expertmental data |s reported :n thls the5|s However,
Cattempts were made by. the author to perform exper:ments For the purpose;
" of comparuson wnth theoretucal results The author and his superv1sor
' communucated wlth Hexel Products Inc., located in the U.S.A., and

' Leagh lnstruments of Canada, regarding’ the suppiy of matertals

The construction”of a sandwlch shell requnres very skllled and p?'
"high-precisnon techntque. lf an alumnnum honeycomb sheet is bent to‘f'
.form a spherlcal she1l It*u‘g‘ unvaraab]y develop antlclaSttc curva-
ltures and if. |t is then forced to the sphertca] shape, the honeycomb

' celIs will definitely defogm 3[2:5 will lead to the non-unlformuty

of the thickness and e{astuc mz::dus of aluminum honeycomb Therefore,_n

:t is essential. that smail preces of alumanum honeycomb ‘are attached

EL
.~

together using a special-techn1que to construct a smooth curved sur-
face. "In thus meth\d the basrc propertnes of the honeycomb materual
will be preserved. Anothe: method of construction of these shells .
"will be to form. the honeycomb cells directiy on the spherical surface
so the'cell‘ma1ls:are jn thedradfal_direction. Hexel'Products-{nc.
does thrs kind of specialized joh. ‘But the-estimated cost to manu-
facture sandwtch shells:wés found to be in the vicinity of $45,000.
-Thie cost is encessiye, and it was the primary reason for dropping the

experimental investigation.
’ "o
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As an alternatlve, |t-wés"deeided'to ¢onstrUCt-3nd teét-circular"

‘sandw:ch plates for whtch the theorettcaT results have been obta:ned

‘and presented nn th:s work The author deS|gned and fabr:cated a

- structure wrth the help of machnne shOp of- the Department of Hechanncal
. .. - ; P
;Enaneerﬂng of the UnaversrtyrofIOttawa.‘ Thas structure was qunte

7.s;rong,;§eavy and. rigid as compared to the v{brating'plate to'prqduce
clanped-boundary condition of the cireular plete;. A Specimen c[rcdiar.
.sandwuch pIate was also constructed for the test. Unfertunateiy;:thie
expertment was also not carrned out due to the fa:lure'of the shaker

table which remained out of operatton until after completion of thne

work. ' o ﬁ . . S o S
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_ CHAPTER 7. o
| CONCLUS 1ONS

In this thesis, -the constitutive equations for free non-symmetric

. vibretiens of-deep sphericé?:sanewiqn:énells beye'been defived'usinge
',a varlatuonal method The'differentiai equatibns Sf motion and the
;etress resultants and dnsplacements relattonshtps are qu:te general
ine nature. They |nc]ude thlckness-shear deformatton, rotary 1nent1a
f.about ‘the maddle planes of face sheets as well as about the m:ddle.
plane of the sandw1ch structure extensuonal and fiexural r:gndstnes
~of the Face sheets Special- cases for axrsymmetr:c motion of (|) spher—

‘ :caI sandwnch shells ‘with face. sheets as flexurai members, (au) spher-

ical santhch shells with membrane face sheeets, (Il!) homogeneous
spheruca] shells and (iv) c1rcular sandwich pIates have been dernved‘

in Sect:on 2.3 of this thes:s -With the help of eqs. (2 18) and (2 20),

: governlng equations for free ax1symmetrlc and -non- symmetrnc vibrations

_of shallow spherlcal sandwnch and homogeneous sheIIs ‘can also be -

obtained.

o
FTy

' ‘ . - : - % —
The intrbduction of new deformation functions, H, H, x, x, T and T

in eq. (3 2) c0n51derably s:mplnf:es the solutlon of the’ differential

-

v

equatnons of motion. 'These deformat1on funct:ons also r ,educe the a
complexnty of the form of the soiutaons of equat:ons for shallow and
deep homogeneous spherucal shells which have been studied us:ng d:ff-

erent’ approaches by many :nvestlgators in the past




ln the past, the computatlon of the numer;cal values of‘Legendre |
quEtlons P (cosd) of non—antegral or complex orders v and thelr
deravat:ves d P (cos¢)1d¢ posed ser|ous problems to the englneers worklng
“‘ln the she!l dynamlcs area.. In’ thls work, the subroutanes CHIRLF GONFN ;
iand AVS have been developed by the author to compute the values of
:;Legendre Functlons P (cosd) for real and comp]ex V. |
" The flexural ‘rigidity of the face sheets about thetr own mnddle
‘planes has been found to have substant:al |nf1uence on the natural
frequencnes of the sandwuch spherlcal she]ls, Howevgr, |f the Face_'
sheets are assumed as membranes which eventually reduces the order of
'the differential. equatnon, the error |ntroduced is only 6«, for the
Jowest naturallfrequency calcu{at:ons and also For the th:nner face
'h‘sheets w;th h/R ratno less thar 0.0025. A deS|gner who can aIIow an.';

_ error of thus order can s:mplnfy these equatnons wuthout serious dns-'

: crepancies. The percentage error, however, increases for the higher .

.

modes and, then such flexural r:gndnty effects should be lncluded

The effects ‘of rotary 1nertna about the middle planes of the face
sheets are negllglb]e on the values of the natural frequencles of the :'
spher:cal sandwnch shells. . For homogeneous spherlcal shells aIso,
the dlfference between the values of natural frequencies w:th and wrthout

' rotary inertia does.not exCeed 0. 022

The numerical results for the non-symmetruc vibration of deep g

. . spherdcal sandwach shells have not been presented in thIS thes:s

“Further, numerucal computatnons and’ extension of this will provxde
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+

:_nnterestnng results.. Spherncal sandwlch shells with central holes and

“ -

'fcompleteTy closed shells are the loglcal extensnon of thiS problem and

" ‘based on the present study work can be ex;ended in these durecttons

"Expernmen:al study of the natural Frequencres and mode shapes of
;spherncal Si’leCh shells and cnrcular sandwlch plates is;'ln the optnlon
':of the author, an tmportant part and an attempt should be made to ‘
correlate the resu1t5 presented in. thlS the51s w1th-the ;elues obtauned ‘
from expernmentatuon. | ) |

Free axlsymmetrkc end non-symmetrnc v:bratuon of.shallow, deep

,'spherlcal sandwtch and homogeneous shells on elastlc supports could be '

. cons:dered for pOSSIbIe future studyr
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CALCULATION OF NATURAL FREQUENCIES AND MODE SHAPES OF THE.
FREE VIBRATION OF DEEP SPHERICAL SANDWICH SHELLS WITH
FACE SHEETS AS FLEXURAL MEMBERSS . o

- —— - . e YL P o o . v w—— -

_IMPLICIT REAL*S(A-H,0-S)

IMPLIEIT COMPLEX®16(T=2) . : ‘
DIMENSION A(A).z(aa.uta;.u1(4).u2(4).u3(4).T1(¢).Ta(4).73tc).‘
1T01(4).Toa(a).703(4).ata.az.vvtaoo.c).Ppta.a).Axxtsh. :
2 TS2(Aa)esTS3I(4)TSa(4)ePS(440), - e !
3BM(4.43.DPI(0.AJ.092(4.4).093(4 4) .DP4(4+4) o .'-.

. FC=1400000 . : T ' -
‘Pl=de OXDATAN(FC) . . . . '
FI=60e0 ' e
FLO=F [*PI/1680e 0

4*(1.—2.*RP*RH*RH)*HH/6.0 S

: €CT=DCOTAN(FIO)Y - . | ‘ ‘ L
- AV=0e 30 L , ' o -
 AP=1e0+AV L e T
AM=140~AV e . R L.

CR=0e010 P ‘ ' T

RP=1e0/728e 0 ) . . - ; o 2 i .

RG=1.0/60.0 . =~ S I RN
HR=040150 S L ' ' S
DO ‘40 IK=1,.2 . o , ' L - "

URITE(B.IOS)CR.HR.FI e S PR B ..
-RH=CR/HR ' o L

SR=CR+0+50%HR

SS=1.eD+SR*SR

HH=HR *HR ' %

CC=CR*CR . :

CA=RP*RH*{1.0+0.60%CC} : S
'S1=SS+HH/126 +RP¥RH¥* (16 +CC/3e) . S e

S2=SS+HH/12e0+CA/ 36 oL o

S3=2+ %{ SR+RPRRH¥CR/ 3.}

SS=(HH*SR=-CA*HR) /60

S6=H SS+0e150%HH+CA) *HH/ 120 °

R1=1+0+RG/{ 1564 0¥RG+20e 0%RH)

"R2=16¢ 0+RG/ (15 0%*RG+40e 0%RH).

R3=2e 0*RH*RG/ (15+0*RG+20+ 0*RH)

RA=R3%(15e ¥RG+24 ¢ *RH) /204

RS= 10.0*(R1~R3/RH+R4#0.25/(RH*RH)+R2*SR*SR)

READ(14120) (AXX(I1)}+11=1,2)

DO 35 1J=1,2
" OMEGA=0e010 ' : o

DO 30 J=1,100 ST
. P=OME GA®QMEGA PR

Bl—-(17.0+7.0*AV’/(5.0*AH)

B2=(R3+R4)}/CR . .

B3= R1+R3-(R3+R4)*0.50/RH -

B4=R1+2¢ 0%R3+R4

— . — - o
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B35={PX51=2ea0/AM) %1 24 0% AP /S e D
BO6=1040%B3+244 0¥APXP %S
B7=234 VRKAP®PXS55+10% 0*{ (R3~ kQ*O.SO/RH)/CR—thSR)
B8=2e tHM+Z2 A4 . XAPXPRSH-RS
B9=-10e0383 "' | _ .
A1=24 O/AM | _ 2
A2=2, +2. %P XSY XAP=5,%B4 /6«
A3=2e 0*PXSIKAP+52%5e /640,
"AA=24 FPASAXAP+B3I*5 /6e D
AS= 2.*AP/AM+BA*S./6- _ S S S .
AG=A3 | - ' S ‘ e
AT= 2.+2.*pasztap—(az+naxcc)*s./a. ' S
AB= 2.o:p*ss*Ap+(aztsn-(as—na*o.soxnﬁw/cn::s.oze»o
TA9==B2%5e /640

7 ‘AAI—HH*AI*AI*B4

AA2=AL*( B3*B9-Ba%BE~ HH*(AI*GS+A7*BQ—A9*BE)) ,
AA3= A::(35*88+Hﬁ*A7mas)+A7m(94t88—53*39)+As*(82*89—54*873+-
LA9*(63*B7-82*88) : - _

AA4= AB*BT*BS~A7*88*85 ' : ‘ o '
ABI—AI#HH*(Agtal—Aﬁlaa}

AB2= Ab*(Al*BS*HH+B4*BB-B3*B9)+AB*(81*89—84*86)+A9$(33*36-31*881

VAB3-AB*BS*B6—A6*BS*BB

AC1=A1%(BA*B6—B1*69)

3

- AC2~A6*(84*B7 B2*B9)+A7*(51*89—84156)+A9t(82*86-81*87) Al*BS*BG
‘AC3—A7*BS*86—A6*BS#B7 o

- AD1=—HH®A1%A1X31 . o AR L
AD2=A1*(HH*(A7*B1-A6*32)+81%B8-83#B6) : ’
403-A6¢(52*38—33*57'+A7ttaa:ae—a1*as)+ns*(ex*sv-aa*se:
AC1)=(Al1*AA2—A2%AA1-AS*AD1 ) /(AL1*AAL} -
AC2)=(Al¥AAI~AZXAAZ+AB*ABI—AGKACI~ASKAD2) /(A1 *AAL)

T A(3)=(AlxAAL- A2*AA3+A3*ABE Aa*ACZ-AS*ADB)/(Al*AAl)'

Al 4) ( A3*AB3-—A2*AA4—A4¥AC3 V7 (ALl #AA]. )
SUBROUTINE QUATIC CALCULATES THE ROOTS OF A 4TH ORDER
POLYNOMIAL. .

CALL QUATIC(A.Z) - o SR

V1=CDSGRT(Z(1) +0e250)-04500
V2=CDSART(Z(2)+0.250)=-02500
V3=CDSART(Z(3)+0¢250)— 0500
VA=CDSORT(Z(4)+04250)~04500

\‘%q\u/

IQ AH—AIMAG(Z(B))

ull)= Al*AltBS*Z(I)*Z(I)+A1*(A8t82+A4*81-A7*B3—A2*83)*Z(1)+
1AZ2%(AT*B3—-AB*B2)+A3%(AB*BLl-A6%83)+A4s(AEXB2-ATEXB1) W .
S UC2)SALEAL X832 Z(2)%Z(2)+A1 *(ASXB2+A4%B1-AT*B3-A2%83)%Z(2)+
1A2*(A7#83—A8*B21+A3*(A8*BI—A5*83)*AQ*(AS*BZ—AZ*BI)I .

S UL3)= AI*AI#BS*Z(B)#ZCS)+A1*(AB*EZ+A4$BI-A7363*A2*BB)*Z(3)+_
1A2*(A7$33-A8#BZ)+A3*(A8*Bl A6*B3)+A4*(A6*BZ—A7*BI)

U(4)—A1*A1$83*Z(¢)#Z(4)+A1t(AB*BE+A4*BI—A7*B3-A2183)#Z(4)+
1AZ*(A7*BS-A8182)+A3*(A8*81-A6*33)+A4*(A6*52-A7*Bl)
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UI(1)=A1%(A¥BA—AS*E2)*Z(1)*%Z2(1)+{ASk{A7*BI-A8%B2)+A3%(AB*BA-

1AOXBI }+AGK( AQKB2~ATXBA~AL*85) ) %Z( 1) +BSX(AGXAT—A3*A8) '
V1(2)=A1X(A4Ba~ASKB3) ®Z{2)*2(2)+(ASH(ATHB3I~ASKB2)+AI*(ABXBA-

1A9 *B3)+A4%X(AGES2-AT*Ba=-A] *¥3S5)IRZ(2)I+BS*{ ASKAT—AI®AB)

U1 (3)=A1*({ Ad*B3—AS*33)1%Z(3)2Z(3)+(ASK(AT*B3-A ABXS2)+A3S(ABEB4~
TAGNSI) +ARX(AGRB2-AT*BA—ALKBS) )} RZ{3)+BS*(AGXA7-A3%A8) o

UL(8)=A1%(Aa%Ba-ASKE3)%Z(a)*Z(3)+{ASK(ATHBI-ABXB2) +AZ*(ASKBE—
1AO B3 ) +AAR(AGKB2-ATRB4-ALEBS) )$Z({4)+BS*(AGRAT~A3%AB)

U2C1)=A1%( ASXB4-AG*B3)IRZ{1)1%ZL1 ) +{A2*(ASXB3—-AB%BI)~ AI*AB*BS+A
1ASX(AB*B1-AGXB3) +ASR{AGXBA-AAB1) ) %Z(1 )+ (A2XAB-AJXAL) *BS

U2(2)=A1 ®(AS*BI-AG®E3) #Z(2)RZ(2)+{A2X(AGHB3~AE%BA ) Al *ABKBS+
1ASK{ABKBI-AGRE3)+AAK(AGKBA-A9RE1)IRZ(2)+(A2%AB=AGXAG) *BS :

U2(31=A1%(AB*BA—AOXB3)%Z(3)*Z(3)+(A2%(AGEB3~AB*BA) A1 *ASKBS+ "
1ASX(AQRB] —AGKB3)+AGR(AGXBA—AIRB] ) I RZ(3 ) +{A2*€AB-AGSAS ) *BS

U2(4)—A1*(AS*BQ—A?*B3)*I(4)*Z(4)*(&2*(A9*b3- 8%B84 )—-A1 ®ABXBS5+
1ASR(AS*Bl~ASXB3 ) +AGX(AG¥BA-A9*B1 ) I*Z{8)+(A2XAB—AS*AG6) *BS
 U3(1)TA1%A1I®BAR(Z(1)%%3)+A1%{ASKB2=Al *B5-AT*H4—A2*BI+ASKEL ) *Z(1) -
1%Z(1) +(A2%(AI*E5-A9XKB2FATRSA ) +AL KATXBS+A3£(A9*B ] Ae*a4»+A5t(Baxno
2-B1%A7) )%Z(1)+B5X(AZKAG-A2%AT)

U3(2)=A1 *A1XBa*¥(Z(2) %31 +A1 *X(AOXB2-A1 XB5~ATXB4~ A2*BA+A5*B&)*Z(2)'
1*2{21+(Aat(AI*BS—A9*82+A7¥BA)+A1*A7*BS+A3*(A9*Bl-A6#B¢)+A5*(BZ*A6
‘2-B1%A7) )*Z(2)} +BSX(AS*AG~A2¥AT)

U3(3)‘A1*A1t84*(Z(3)**3)¥A1*(A9t82-A1*BS-A?*B4—A2#BA*AS*BI)*2(3)
1*2(3)+(A2*(Al*BS—A9*62+A7tB4)+A1*A7*BS+A3*(AQ*SI A6:34)+A5tcaztA6'
2-B1%AT7))XZ(3)+BSH(AI*AS6-A2*AT)

UB(dl-AltAltsa*(Z(4)**3)+A1*(AQ*BE—AI*BS—A?*BQ-A2*B¢+A5*BI)*2(4)
1*2(4)+(A2*(A1*BS—A9*BE+A7*B¢!+A1*A7*BS+A3*(A9#B! A6#84)+AS*(52*A6 -
2-Bl¥®AT7))IXZ(A)+BS*k{A3*XAE~A2*AT) . . L

"T1¢1)=—C(AS+A1%UL{1)/U(1)) o ' Coe e T
T1(2)==(AS+ALI*%U1(2)7U(2)) ' I

T1(3)=—(AS+A1%UL(3)/U(3))

T1(a)=—(AS+A1%UL{4)/U(C4))

c T2C(1)==CA9+A1%xU2(1)/7UT1))
T2(2)=-(AG+A1%U2(2)/U(2)})
T2(3)==(AS+A1*U2(3)I/7U(3))
T2(4)=—(AG+A1*U2(&}I/U(4))
T3(1)==(S9+HHXAL1*U3(1)/U(1))
T3(2)=—(BE9+HH*A1¥U3(2)}/U(2))
T3(3)=—(B9+HH*AL1*U3(3)/U{3))
T3(4)——(89+HH*A1*U3(4)/U(4))
‘D1=A7*B8-A8%B7
'D2=AB8*B6—A6%88
D3=A6%B7—AT*B6
D4=A4%B7-A3%B8 . o

. DS=A3*AB-AG*AT Co R & o
‘D6=AZ*BB8~A4¥B6 - : : ‘ E _ . . (
D7=AG%A6—A2¥AB S, : - ' ' a
DB8=A3%B6—~A2%B7 . -

" D9=AZ¥AT-A3XA6
DD=A2*D1+A3%D2+A4%D3 - . .

TD1(1)= 11(1)*o1+72t1)*04+13¢x)*os S "

TO1(2)=T1(2)%D1+T2(2)*D4+T3(2)*DS - o - . o

TD1(3)=T1(37*D1+T2(3)*Da+T3(3)%DS5 . L e -

F .

o ad
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TO1(4)=T1{a)*D1+T2(4)*D4+T3(2)%05
TO2L1)I=TI (1 ID24T2(1 )*D6+TI(1)*D7
TD2(2)=T1(2)%xD2+T2(2)%xD6+TI(2)%D7.
TO2(3)=TL(3)*D24T2( 3} *¥D6+TI(31%07
TD2¢(4)=T1(4)*D2+T2(4)%D6+TI(A)%DT
TO3(1)=T1C1)*D3+T2{1)%DB+TI(1)*DY
TD3(2)=T1{2)*D3+T2(2)%D8+T3(2)*D9 - - - T o
TO3(3)=T1(3)*D3+T2{3)%D8+T3(3)»D¥ e S
_703(4) Tl(c)t03+72(¢)$08+T3(4)t09 s o B

- -

'ROOT (1) MAS BEEN_FOUND TO BE ‘A VERY LARGE NEGAT IVE

" QUANTITY FOR THE GIVEN DATA. THE RATIO 2ZZ1=PV1/PPVI
IS CALCULATED FROM ASYMTOTIC EXPANSION OF THE LEGE-"
. NDRE FUNCTIONe °

. REFERENCE: SCHELKUNOFE. Se A.s APPLIED. MATHEMATICS
"FOR ‘ENGINEERS AND SCIENTISTS. De' VAN NOSTRAND COe
‘INCes NEW YORK, 1965, .EQe 12 PAGE. 419 '

P1=AEMAG(V1)

AO Ce 0O

- PVZ=1.0/(P1-CTx0. ,500)

- ZZ1=DCMPLX(PVZ,A0)

' [ ] N c

CALL SETUP(FIO0sV1.ZPV1ZPPV1eZZ1)

CALL SETUP(FIO0,V2,2PV2,2PPV2.222) o ‘ :

" BM11=REAL(ZPPV1) . S - o
BM12=REAL(ZPPV2) - ' ‘
.BM({1ls13=1e0/8M11 ~ ot
BM(142)=1e0s/8M12 o
8(1.1)=REAL{(ZZ1)}
B(1.2)=REAL(2Z29

¢° B(2+1)=REAL(TD1{1)) /0D

B(2+2)=REAL(TD1(2)}/00D
B{3+1)=REAL(TD2(1))/DD "

. B(3+2)=REAL(TD2(2)}/DD -

5 B(4.1)=REAL(TD3(1))/0D

. B(4a,2)=REAL(TD3(2))/00 . -
TS2(1)= (AP+U1(1)/U(1))*ZZI-AM*CT*TDI(IIIDD

- TS2(2)=(AP+UL(2) 7U(2) ) *ZZ2—-AMXCT*TD1(2) /DD
TS3(1)=(U2(1)/7U(1})%ZZ1—AMXCT*TD2(1}/DD

T TS3(2)=(U2(2) 7U(2]1 ) %xZZ2-AM*CT*TD2(2)/DD
TSA(1)=CU3(1)/U(1))I*ZZ1-AM*CT*TD3(1)/DD
TS4(2)= (u3(2)/u(2))tzza-Auxcrtrostz)/oo,
PS(1+1)=B(1,1)

- PS(142)=B(1,2) o .
PS(2+s1)=REAL(TS2(1)) S
PS(2+2)=REAL(TS2(2)) o
PS(3,1)=REAL(TS3(1))
PS(3,2)=REAL(TS3(2))
PS(4+1)=REAL(TS4(1))
PS(442)=REAL(TS4(2)) : . e
PP(4+1)=PS(a,1) , : ‘ oL e e

‘ PP(Q.'E);PS(A.‘?,) T . o n

c
C
c
c
- €.
c.
c
-
c
<
\C




- 148 ~
IF (AHeNE#0e001GO TO 15 I R
CALL SETUP(FIO0,V3,ZPV3.2ZPPV3.ZZ3), s :
CCALL SETUP(FIDWV4ZPVA 4ZPPVa.ZZa)

BM13=REAL{ZPPV3)
BM14=REAL(ZPPVA)

L BM(1.3)}=1.0"

BM(1.4)=1e0 . N \ )
B23=REAL{(TD1(3)) /LD . S S L
B24=REAL(TD1(4))/DD - : Lo NP
B833=REAL(TD2¢3))/DD

834=REAL(TD2(4)) /DD

‘BAa3=REAL(TD3(3))/00 o o o
Ba&=REAL{TD3C&)Iv/DD -~ o - L e
BL1.3)=REAL{ZPV3) e s
‘B(led)=REALIZPVAS) S
B{2+3)=823%8M13
B(2+4)=B24%BM1 4
B(3.3)=833%x8M13
B(3.4)=834%BM14 . .o o - L
"B(4+3)=Ba3%8M13 | P S
‘BC4.4)=BaaxBMIA ' ‘ R

TS2(3)= (AP+U1(3)/U(3)l*ZPV3—ANtCT*TD3(3)*ZPPV3/DD
TS2(4)=(AP+UL (&) /U(4)) £ZPVA~AMXCTXTDI (4 ) £ZPPVA/DD
TS3(3)=CU2(3)/U(3) ) $ZRVI-AMECT*TD2( 3) #ZPPY3/0D
 TS3(4)=CU2(4)7U{4) FXZPVA-AMRCT2TD2(4 ) ZPPVA/DD .
TSAL{3)=(U3(3)/U(3) )} *ZPV3I-AM*CT*TO3 (31 %ZPPV3/DD

RETIT (U3(4)/q(4))tZPvapAMtCT*TD3(4)*ZPPV4/DD
PS(1+3)=8(1+3)

PS(!,OQ'—-B( 1es8)

© 'PS(243)=REAL(TS2(3))

. PS(2+4)=REAL(TS2(4))

TPS(343)=REALITS3(3)) - *
PS(3.4)=REAL(TS3(4))
PS(4,3)=REAL(TS4(3))
PS(4,4)=REAL(TS4(4))
PP(4+3)=PS(4,3)

PP(4.+3) pSta.a)

GO TOQ 20.

G0 TO 70~

CALL seruptFlo.vs.zpvs ZPPV3,2Z3) .
BM(1+3)=2.0

BM{1:4)=0e0

TP1=TD1(3)*ZPPV3/DD
TP2=TD2(3)*ZPPV3/00D . :
TP3=TD3(3) *ZPPV3/0DD .
B(1+3)=240%REAL(ZPV3)"
"Blled)=—2e0%AIMAG(ZPV3)
B(2+3)=-240%REAL(TP})
B(2,4)=~2.0%AIMAG(TP1)
B{3+3)=2+0%REAL(TP2) o o
B(344)==24 0%AIMAG(TP2) ' Co .

" B(4+¢3)=2.,0%REAL(TP3) _ i - " -
Bl4+4)==240%AIMAG(TP3) ' '
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BS DP4(JC+4)=0.0
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' TSE(B)—(AP+U1(3)/U(3))#ZPV3—AM*CT*T03(3)*ZPPVB/DD
TS3(3)=(U2(3)/7U(3)) *ZPV3— Auxcr*702(31*zppv3/gb-
TSA(31=(U3(3I/UC(3) ) *ZPVI-AMRCT*TD3{3)*ZPPV3I/D
PS{1+3}=B(1.3) . o
 PS(1+4)=8(1.4) : - L
PS12,3)=240%REAL(TS2(3)) ~ = °  + wn
PS(2+4)1=-2.0%ATNAG(TS2(3)) . .- .
PS{3+3)=240%REAL{TS3(3)}
PS(3.4)=-240%AIMAGL(TS3(3}) S

RS2+ 3)=2. 0XREAL{TSA(3)) . R
PS(4,8)=-240%AIMAG(TS4(3)) '
PP(4,3)=PS(4+3)
PP(4:4)=PS(3,4)

GO TQ 700 . -

-

20 caLL osrsnn(s.a{oer) o s

DO 25 IM=1.3
.00 25 JNM=],4
25 PPUIM.JMI=B(IM,JM)
CALL DETERM(PP .4 ,DET1)
CALL DETERN(pS ') .DETZ’

FREQUENCY EQUATION FOR FIXED EDGE CDNDITIDN.

DE‘r' =

DET1 = FREQUENCY EGUATIDN FOR PINNED EDGE CONDITIONe -
DET2 = FREQUENCY EQUATION FOR SIMPLY SUPPGRTED EDGE:
‘CONDITIONe

‘uRtTE(a.11o;J.ouEGA.oET.DET1.DETa
30 OMEGA=OMEGA+0e010
40 HR=HR+0¢0050 L

35 CONTINUE .
45 FI=FI+30e0 _ .

50 CR=CR+04010
GO TO 125.

MODE SHAPE COMPUTATION FOLLOHS.

70 DO 7S IA=2,3
DO 75 IB=1.4
IC=IA-1
75 BM{IALIB)=8(IC:IB)
- DO 76 KA=l .4 :

. T6 BM(4,KA)=8B(4,KA) -

© DO 80 JA=1.4
DO 80 JB=1.4
oP1tJA.JB)-BM(JA.JB)
DPZ(JAQJB)’BM(JA.JB)
DP3(JA+JBI=BM(JA,I8)
BO. DP4(JA+JB)=BM(JA,IB)
DO 85 JC=2.4
.DP1(JCe1)=0e0
‘DP2(JC+21=040
DP3( JCe3)=0e0
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DP1(141)=1e0 S T N
-DP2L1.25=1s0 o -
DP3(1+43)=1.0 , L
DRA({1,4)=1e0 ' I I
LCALL OETERM{8M+4+8MD) : '
CALL DETERM{OP1,4.0PDY) S 3 L
. CALL. DETERM{DP2,44.,0PD2)’ T
CALL DETERM(DP3,4,DPD3) . ' :
. CALL DETERN(DPAqagopbal
.Axl—opoxltsuanauxxl
AK2—0902/(BMD*3M12) . R g
. AK3=DPD3/8MD ‘ Lo : R
AK4=DPDA/BMD a e
-~ ALFA=S%0
D0-97 KK=1.12
FIAZALFAXPI/Z180e0
CALL SETUP(FIA.VI.TPVl.TPPV!;TZI)
CALL SETUPLFIAV2.TPV2,TRPV2,TZ2Y)
APV1I=REAL(TPV1) ‘
APV2=REAL(TPV2)} : -
IF(AHsNESD«0)GQ TO 90 .
© CALL SETUP(FIAV3TPVI.TPPV3,.TZ3)
CALL SETUP(FIA.Va.TPVa, TPPVQ-TZ&I
APVB REAL{TPV3)
Apv¢~REALtTPV4J

GO TO 95 . o :
90 CALL SETUP(FIAV3.TPV3.,TPPV3.TZ3] S "
. APV3=2.0%REAL(TPV3) _ ‘ "

- APVA==240%AIMAG(TPV3) - ‘ ‘ o lINQ}
95 AWSAKIXAPV1+AK2#APV2+AKIXAPVI+AKAXAPVS

"WRITE(3+110)KK,ALFA AW . . . )
97 ALFA=ALFA+540 - ST S & - -
104 CONTINUE Co ’ o
10S FOQHAT(IHI'//'SXU'ROOTS OF THE. FREQUENCY EQUATION.‘,/'
ISX-'C/R—'0F5.3CEX-'H/R='|F60412x"FI—'cFSOlt//)
110 FORHAT(2X¢I302X F8.4.2x.8014.6) o ,
1&5 FORHAT(IHI.//'SXQ'ORDERS OF THE LEGENDRE FUNCTION'.//.
15X +'C/R=® sF5a3+2X+*H/R= '9F6.40//)
. 120 FORMAT(6F10.3) - f
125 RETURN o - ’
END S _ -

-
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CALCULATION OF NATURAL FREOQUENCIES AND MODE SHAPES DF THE
FREE VIBRATION OF DEEP SPHRERICAL SANDWTGH SHELLS wWITH
FACE SHEETS AS MEMBRANES.

-—-————-.-..-.-.-—-.-._\..__-..-.........._.._.__.____.._...._.--..--.—.._-....___.................
“IMPLICIT REAL¥8(A=D:Q=S.V=Z)

IMPLICIT COMPLEX%16(E~HsO—P4T=U)

DIMENSION - A(4).AQ(33-XR(3).AXY(6) o
'CD=041000000 .01 L . . -
 API=4e0%DATAN(CD) - o
B=90+0%API/180.0 ‘

CR=04020-~ o ' < S
AX1=1e0 T ; C
AX2=264+70 :
AX3=436840

AX4=Se 0/ Ce 0

¥=Q.30

AMi:]l 0=V -

AP=]leQ+V . .
AV=1e0-VEV L
RP=AXI/AX2 '

R=AXI/AX3 " g S T ’

‘xkoeo02s0. L L :
DQ_90 I=1,8 . T T

XX=X% X : ‘ ' ' Co ‘

' RH=CR/X

'RITE(3'7,K11CR|X e

7 FORNAT(!Hl.////rSX-IZ 2x.~cxn--.n4.2.2§ v *H/R=",F6eds//) .
Y=0e010 . L ‘ | _ ‘ SR '
DQ 100 J=1,100 R E ) oA -

L NY=YEY . f - R o
DR=CR+0s50%X’ ‘ : ‘ : : -
DS=DR*DR . . v

C S1=1.0+DS+RP*RH*(1 . 0+CR*CR/3+0)
52-1.o+os+nb*RH:(1.o+o.so¢cn*cn)/3-0
S3=2e 0% (DR+RP*RH*CR/3e 0},

AI—AV*RG*RH‘

A2=YYES1%AV—24 0%AP S e :
A3==( AP+RG*RH*AV) . : - T,
A4=RG*AV/X 7 ‘ ' )

B1=-A3 : ’ . _
B2=AM#{ YYXSI~RGARH)¥AV | ‘ . ~
B3=(YY*S3+RG/X ) *AV : = ‘

Cl=—-A&

€2=83’ o -
C3=AM+(YY#S2-RG/ (X%CR)I*AV : i
A(1)=A1 '

A(2)= -A2+A3*Bl+A4¥C1-A1*82—A1*C3

A(3)= Al*82¥C3—A1*83*CE+A2*BZ+A2¢C3+A3*83¥C1—"'
1A3%B1*C3+A4%B1 £C2—-A4%B2%C1:

A(41 A2tB3*C2~A2*828C3

7
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20,

IF(A{]1)eEQe0eQ)GD T2 10
CALL CUBICIAGXR/XI)

60 TO 20
AQtl)=A(2).
AQ{2)=AL3)}
AQG(3)=ACA)
XR{1Y=0e0
CALL QUAD(AQ.xR(al.xntal.xIJ
21=0.0 . : v
2=-XI

'leDCMPLX(XR(I!.ZI)
T2=DCMPLX{ XR(2)+X1)
T3I=DCMPLX(XR(3)+Z) = .

¥

U1=CDSORT(T1+0e25)=0e50

" 60 T 100

24

”‘25

30

40

U2=CDSART{T2+0e25)~0e50
U3=CDSART{T3+0s25) =050

WRITE(3+65)YsU1,U24U3

v

El= (BI*T1+B3*C1—81*C3)/(TI*Tl (BE+C3)*T1*BE*C3*B3#C2)

E2=(B1*T2+33%C1~B1%C3)/(T2xT2- (BE+C3)*T2+BZ*C3*BS*C2’.

E3= =(B1*T3+B3*Ci~- Bl#CE)/(T3tT3-{82+C3)*T3+82*C3 -B3%C2)

FI=(C1*T1+81*%C2-B2%C1)/(T1*T1~ (BZ+C3)*T1+BZ*C3-B3*C21'

:F2—(C1*T2+BI*C2—82*C1)/(TZ*TZ—(BZ+C3)*T2+82*C3 83%C2)

F3= (CI*T3+BI*C2—BZ*C1)/(TB*TB—(B2+C3)*T3+82*C3—83*C2) ‘

Y1=REAL (UL )
Y2=REAL(U2)
Y3=REAL{U3)
IF(Y1eGTel0ae0)GO. TQ 25
'CALL pvppv(e.u1.pv1.ppv1)
Go'ro 30 - ¢ -
CALL Avsta.v1.sv1;spv1l
.PV1=DCMPLX(SV1.Z1) )
" PPV1=DCMPLX(SPV1.Z1) :
IF(Y2eEQe—0e500)GO TG 35.
CALL pvppv(B;ua.pvz.pdvzl
GO TO 40. °

35 DDZ—AIMAG(UZJ

CALL CONFN(B,DD2,0PV2,DPPV2)
PV2=DCMPLX(DPV2,21)
PPV2=DCMPLX{DPPV2,2Z1)
IF(Y3¢EQe—0e500)G0 TO 45
CALL PVPPV(B,U3, Pva.ppvz)
GO TO SO

4S5 DD3=AIMAG(U3)}
‘CALL CONFN(3,003,DPV3+0PPV3)

PV3=DCMPLX(DPV3,Z1)

* PPV3=DCMPLX(DRPV3,21) T




. - 153 - .
- s ‘ .
50 T11=PV1 , : ‘ N
T12=PVv2 - c ) '
© T13=PV3 ' : o .
T21=E}i*xPPVL . . .. ‘ : : .
C T22=E2%PPV2 - . e s : ,
- T23=e3*PPv3 . - ST
T31=F1*PPV1 "~ ‘ T
T32—F2tPP¥23 Y L R B
T33=F3*PPV3 oL . _- ‘ e
IFY XIeNEe0e01GO TO 55 ' : B
TC2=(T13%T21= TII*TEBJ/(T12tT23-T22*T13) S -
CTC3I=(T11%T22-T12%T21)/(T12%T23-T22*T13), :
- TDET" 711*(7229733n732t:23)+T1a*(731¢723—721*733)+1}3*(721t732-,
"1T31%722) . . .
. G0 TO 60 S S .
c. GO TO 120 o - ‘ oLt
55 D12=2.0%REAL(T12) . s
D13=-2e0%AIMAG(T12) :
D22=240%REAL(T22)" . ‘-

.

D23=—240%AIMAGLT22) . - o B T o
D32=2+0%REAL(T32) 1 e .o
D33==2.0%AIMAG(T32), o : . S R

¢ 6070 115 . . ‘ o S : S -',. o
7. 56 CONTINUE " ' ' o ' '
: TDET-TI1*(022*033—032*023)+012*{T31*023—T21*D33)+013*(721*032-

2T31%032). - -
60 WRITE(3. es:v.rosr : S
§5 FORMAT(10X+F74442X+8(012e5+2X)) L (@.

100 Y=Y+04010 - _ . ' , S ‘
S0 X=X+0e 00250 . | e T
GO TO 400 ' A I '

cA ’ & . ‘ ) e .

< . MODE SHAPE COMPUTATION FOULLOWSe

C . - * ) .

115’ CONTINUE :

AA2=(D13%T21— 711:023)/(o1a*oas«ozz*o13)
AAB—(TI1*022—012¥T21)/(012*023-022*0131 Tt

AAS=~AA3 - . ] :
TG2=DCMPLX(AA2 +AA3) o - . ot
TC3=DCMPLX (AA24AAR) ' | |

120 TT=1e0+TC2+TC3
ALFA=5e0
DO 170 KK=1.18- _ . . »

: BB=ALFA®API/180e0 - S T
IF(?I.GT.I0.0)GO TO 125 . - R ¥
“CALL’ PVPPV(8B.UL.PVF1.,PPVF1) - o ' - . -
GO TO 130 : o R

125 CALL AVS(BB.Y1sSVF1.SPVF1) — . a :
PVF1=DCMPLX(SVF1,Z1) . '~ SR - '
PPYF1=0CMPLX{SPVF1,21) . e

130 IF(Y2.EQe=0.500)G0- TO 135 T :

W  CALL PVPPV(BB.U2.PVF2,PPVF2) . . - - e
GO TO 140 ; - o : - |

{BS_DDFZ—AIMAG(UZ)- ' -

l...' .‘..' ', \




145

160-
170
‘180

© 400

\

i. : ‘ "--15§--

o
i

CALL CONFN(BB.DDF2,0PVF2,DPPVF2) -

PVF2=DCMPLX(DPVF242Z1)

- . PPVF2=DCMPLX(DPPVE2,21) S
140

IF(Y3.E0.-O-500}GG ‘TO 145
CALL PVPPV(BB-U3 PVF3.PPVF3)
GO'TO 150

DDF3=SAIMAG(U3)Y

"CALL CONFN(BB.DDF 3,0PVF3, DPPVF3)

PVF3=DCMPLX{(DPVF3,21)

- PPVF3=DCMPLX(DPPVF3,Z1) ‘
- Twl= PVF1+TC2*PVF2+TC3%PVF3 | v
TVS= El*PPVF:+E2*TC2*PPVF2+E3*TC3¥PPVF3.
. TVB= FI*PPVFI+F2*TC2*PPVF2+F3#TC3*PPVF3

Twil= Twl/sTT |

TVSS=TVS/TT

TVBB=TVB/TT o :
WRITE(3+160)ALFA+TW11 ¢ TVSS,TVES
FoanAr(zsx.Fs.1.ax.etols.a.lei
ALFA=ALFA+Se0 . _ . :
CONTINUE R -
RETURN ' ' '

END. Tt S
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" RIMENSION’ A(4).B(3).ﬁR(3l.AxZ(7l o

 AM2=1.,0-V , e o o o

-~ RH=CA/HA
. S1= 1.0+RP*RH

CALCULATION COF NATURAL- FREQUENCIES OF THE FREE VIBRATIDN

.OF A CLAMPED CIRCULAR SANDWICH PLATE.

ke . e S — "

IMpLxc:T REAL*B(A—H. -2}

v=0e30 = o : ' . ' . -
AM1=1404V L - R __.//,—
AM3=1 ¢ 0-V®V PR _ .

‘RP=14 07280 L C
RG=1+0/60.0 S ‘ _ e T
CA=040050 B s ‘

QP 30 KR=1,3 T L ]
HA=°.OOS ) ' ) ) 7 . . . - . . ] .‘ ) ] . . . #.\.
DO 20 I=1.,5. . . Lo e : o oo
HS=HA®HA o ' . o :

$2=14 0+RP*RH/3¢ 0 . S ) .o
S3==RP*CA/6e0 o TR o
RD=15¢ 0*RG+20e 0 *RH B C '

R1=1e O+RG/RD

- RG&=R3I*(1-5e¢ %R aa.-RH)/a.f

DN=R1 +2.0%xR3I+R4a el _ o ‘jqf R
uR:rEts.eo)CA.ﬁA ' : SRR S T

W=0e10 ' _ o E - ' '

DO 10 J=1.300 R S .

WS=WkW ' ’ -

Rl= lZ.O*AMl*Sl#wS*HS/(S.O#DN)

A2=(R3I+R8I/(CA%XDN)

A3=(R1+R3- (R3+Ra)to.SO/RHJ/oN

‘Aa_—s.o*amz*(n1+93—cR3+R4)to.sozan)zns
S5==S540%AM2% (R3~-R4% 04 S0/RH}/(HS*CA)+1 26 O¥SIXAMI *WS - .
Aa—-s.OtAnzxt(R1—R3/RH+R¢:0.250/(RH*RH)JK;§)+51*AM3twsts

T==S5.0%AMZ2%X(R3+R4) /(CAX12.,0) . :
-As-s.o*auztaa/(CAtCAtxa.o)+52*AM3tus*Hs ]
A9-—5.0#AH2*(RS—RA*O.SOIRH)/(CA*IZ.OI+53*AM3*HS¥HS

AC1)=1.0

A(2)= A2*A7+A3tA4 A1- A6—AB S : -
TA(3)= AI*(A6+A8)+A6*A8—A5#A9+A2*(A4*A9—A6*A7)+A3*(A5*A7— 4*A8)
(4)= Al*(AS*Ag—AstABI

CALL cuaxccA.xR.xx) ;-" o A oL

uR:TE(3.65)u.xR(1).xRtZ),xncay WXL e '-:>~.
6070 10 - o . .
’x1—nsonr(xn(1:3 - o . .
%2=DSART{<=XR(2))" o Co T
ox3= DsoRTdﬂunta)) : - :
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D1=—A3%XR{1)+A32A3~A2%A9 : o
"DE=~A3%XXR(2)+A3XA8B-A2%AQ

" D3=«A3XXRI3)I+AZxA8-A2*AQ

CELl=0=XRO1DI®XR{1)}+(A1+AB=AZRAT7I®XR{]1 )}=A1*A8) /D]

10
15

E2=(=XR(2V*$XR(2)+{A1+AB~A2*AT)IXXR{2)~A1%A8) /D2
E3=(~XR{3)xXR{3) ¥(A1+AB-A2%AT)*xXR(3 )-A1*A8) /D3
FI=((A3®AT-A9) *XR(1)+A1%A9)/D1

F22((A3%AT=A9) xXR(2)+A1 #A91/D2
F35((A3%AT-A9)*¥XR(3)+A1*A9) /D3

- DRSA6®AS—-ASXAS
Pl-(AStFl—ABtEl+A5tA7-A4*AB)/DD
P2=(ASXF2=A8®E2+AS®AT-AA®AB )} /DP
P3=(AS*F3~ABREI+AS®AT—-A4%AB)/DP
Z1=(A9%E1=AGKF | +AQXAO—AGRATI/DP
Z2=C(A9*E2-ANFF2+A4 ®AG—-A6SAT)/DP
Z3=(AGXEI-ACXFI+A4 *A9~AGKAT)I/DP

‘CALL BESJ(X14+0+B40.0411)

'CALL BESJ(X1W1,BJ1.0,12)" -

.D=0eQO1E-D4 o

LCALL 10(X2.,8102)

CALL 10{X3.,8103) : o : -
CALL INUE(X2,1,8102.,8112) L ST
CALL INUE(X3+1.8103+8113) o -
C1=-8J0/BJ1 | R L
c2=s1027B112 . : " : L

 €3=BI03/BI13

XXI=CI*X2%X3%(Z2*P3~Z3%P2) . -
XX2=C2*X{*X3%( 21 *P3-23*P1}. .
XX3ISCI*X1*X2%( Z1 *P2~-Z2%P1) . R
DET=XX1=XX2+XX3 : . LT N
WRITE(3.5S)WDET- o '
W=W+0el0 » ‘ . : ‘ :
CONTINUE . ¢ . _— V.
HA=HA+0000250 : - -
CA—CA+0.0050 '

FORMAT(// L ‘\A B '
RE TURN , I :

. END -




r

no0nNANNNNND

_‘A——’QO*P(Il*P(l’/800+P(2l

SUBRAOUTINE QUATIC(P.Y) . N

© PROGRAMassssse(l) : o
.SUBRDUTINE,QUATIC(P.Y)“' Cl .

 buRPOSET |

' THIS SUBRQURINE CALCULATES THE ROOTS oF A QUARTIC
_EQUATION GIVEN AS: _
YREL + P{lI®YRR3 + P(2)%rx%2 + P(3)tv + P(a) = 0

IMPLICIT REAL®8(A-H,0-S) L - L
TMPLICIT COMPLEX*16(T-2) - v . S
DIMENSICN R(=).o(4).v(4).p(4) ) : o o

B=(P(1Y%%x3) /84 0=-P(1)1¥P(2)/2e40+P
AL==3.%(P(1)%%8)/256.+P(1)%P(1) P(Z)/lG 0
C=Al~- p(1)*p(3)/4.o+p(4)
D(l)—lo
D(2)=A/2.0
. D{3)=(A%A-440%C) /1660
D(&3)==B*B/64e 0 '
) CALL CUBIC(D!R!RI)
’ RZ= 0.0 -
" R1=-RI."
Tl DCMPLX(R(II‘RZ)
T2=DCMPLX{R(2) sR1)
T3=DCMPLX(R(3)+R1)
U1=CDSQRT(T1}
U2=CDSQAT(T2)
U3=COSQART(T3)
X1==U1-u2-U3.
X2=—U1+U2+U3
T X3=Uul-u2+U3
X4=Ul+U2-U3
IF(B)10,154+15

X1==Xx1 _ ;

X2=X2 e -

X3=-Xx3 C .
X&4==X4

.

Y{1)=Xx1- —P(1)/4e0
Y(2)=X2-P(1)/840 |
Y(3)=X3=P(1)/440
Y(4)=X4=P(1)/4e0 | : o

RETURN _ 1 : o S
'END . . sl K L
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200

1004

1006

1008

1010

1014

1016

' 1018

1020

1022.

tope

: pROGRAMoouo-.. (2’
'SUBROUTINE CUBIC(A'XR'XI)
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SUBROUTINE CUBICCA<XRsX1)

—ke —— . — e o e g S i -

PURPOSE 1-

. THIS SUBROUT!NE CALCULATES THE Roors 0# A CUBIC
_ .EQUATIUN GIVEN AS: .

‘-Acxmtxtta . Aca)*xt*z + At:)sx + A(4) =0

© XR(1)=REAL ROGT. OF ‘THE CUBIC REAL POLYNOMI AL -
XR(2)=REAL ' PART OF 'THE FIRST COMPLEX ROOT -
XR{3)=REAL PART OF THE . 2ND COMPLEX ROOT
‘xI:IMAG:NARY PART. OF THE COMPLEX RUDOTS .

NOTE- " IR e
COMPLEX RGOTS ARE COMPLEX CONJUGATE OF EACH OTHER

IMPLICIT REAL®8(A—H,0-2Z) .

DIMENSION A(3)sXR{3).AQ(3)

NpATH:Q . ] . o . ! . . ’ .;,-

AX=1e0

"BX=340 "

EX=AX/BX
IF(A(G))1006c1004‘1006 :
XR(1)=0

.60 TO 189e L A
AZ2=A(1)*A(1) - o

A3=A(1)%A(2)*A(3)}

a= (27.*A2*A(4)-9.#A3+2.*A(2)**3)/(54.*A2*A(1i)

1IF(Q)1010,1008,1014

Z=0es0

GQ TO 1033

Q=-Q o

NPATH=1 - - '

P-(Bo*A(l)*A(3)—A(2)*A(2))/19.*A2)

ARG=P*P*P+G*Q

1F(ARG)1016.1018 1020
-2.*DSORT(—P)*DCGS(DATAN(DSQRT(-ARG)/QI/3.0)

GO TO 1028

Z=—2e ¥OXXEX . i .

GO TO 1028 . . - . A o

SARG=DSQRT (ARG ) ‘ '

IF(P)11022+,1024,1026

z-~<o+5ARG)ttEx—(a—SARG)=tex

GO TO 1028 L

Z==(2e *Q)**%EX | E S

GO TO 1028 R

‘e

L




1026
1028
1030

:-1032
. 1034

z-tsnns—o)utex—(saac+o)**Ex

GO TC(1030.1032)sNPATH

z=-z :
XR(1)= (3-*A(1)*Z—A(2))/(3-*A(1))
AQCLI=ACL) - T
AQe2y= A(ZI+KR(1)*AQ(1)-" N
AQ(3)I=A(3)+XR(1)I*AQ(2) ‘

 CALL QUADCAG.XR(2),XR(3®XI) . T

1036

‘1038
1040

nanBannnnn

IF(XI11040.1036,1080 - . "
Do zise 1=1.2 :

M=1+

DO (1038 J=M,y'3

’IF(XR(I).GE.XQ(J))GO TO 1038 R

DUMMY=XR(I )

XREDI=XRJ)

XR{JI=DUMMY. = < . . - R :

CONTINUE - , ' . A
RETURN - = . ' L o
END e S e

NN L - T <;
SUBROUT INE QUADCALXR1,XR2,XI)

. e e e i, .t e e e o

PROGRAMesssees (3) ' LT

——— ——

SUBROUT INE ounotn.xaz.xnz.xx:

PURPOSE 2 o
THIS SUBROUTINE CALCULATES THE, ROOTS OF A
| QUADRATIC EQUATION GIVEN AS: ‘

CACT)EXEX + A(2)*X‘+ A(3) =0

| LIMPLICIT REAL®8{A-H,0-2) Co . .

300

10

20

30

‘END

DIMENSIGN A(3)
X1==A(2)/(2e%A(1))

DISC=X1%X1-A{3)/A(1)

IF(DISC)104,20,20
X2=DSART(~DISC)

XR1=X1 ‘ . ‘
XR2=X1 i T

XI=X2

GO TO 30
X2=DSQRT(DISC)
XR1=xX1+x2
XR2=X1=-X2
X1=0a0

RETURN
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'SUBRDUTINE SETUR(F
‘ PROGRAM..QQ.Q-(ﬁ) L o . . Lo
. SUBROUT INE seruptsr«w.zpv.zppv.zz:

. ' - - 160 -

Y I
s 2PV ZPPV 4 221

. PURPOSE: . ' - -

THIS SUBRDUTINE CALCULATES THE RATIO OF LEGENDRE

FUNCTION AND ITS DERIVATIVEs [T FIRST EXAMINES THE

ORDER V AND THEN CALLS THE'REQUIRED SUBROUTINE

— v i — — —_— ——— - - —— o — . - v———

IMPLICIT REAL*8{A-H.0-S7J

CIMPLICIT COMPLEX*16(T=2)
A=0a400

B8=140000 :
P1=4.0%DATAN(S)

R=REAL(V) . 3

IF(ReGTe10e0)GO TO 10

C=AIMAG(V)
IF{C)20,5,20

CALL PVPPV(FI.VvZPV.ZPPV) T

GO TO 30 ' T .

S10

1S

CALL AVS(F1+R4PV,PPV) . LA
ZPV=DCMPLX(PV, A} o : o '

T ZPPV= DCMPLX(PPVQA)

20

25

30

'GC TC 30

END

/GO TO 30

IF(R.E0+,—0.5000)G0 .TO 25 ° T
CALL PvppchI.v.zpv.ZPPV)' ) :

rd
CALL CONFN(FI.C'F’V'FPVJ
GO TO 15
ZZ=ZPV/ZPPV ‘ _ . e
RETURN . | o o . B f

SUBROUTINE PVPPV.(BsVePV PPV}

- — P e T T —— . — T —— . . T T T S " T —— " ———

ZPRdGRAﬁ.;;-...(S) - . | S

-

SUBROUTINE: PVPPV(BoV'PV'PPV)'
PURPOSE:
‘ THIS SUBROQUTINE CALLS CMIRLF TWICE TO GENERATE THE
VALUES OF LEGENDRE FUNCTION OF ORDER Vv AND ITS
, DERIVATIVE WITH RESPELT TO B USING THE . CONTIGUOUS
. RELATION. ‘ )
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cALL CMIRLE (BiV.PV) R ) ‘ o
CALL CMIRLF(8B.V1,.,PV1) .. -
_ PPV=VI®(PV1- DCOS(B)*PV)/DSIN(B)..

RETURN. '

END .

- 161 -

+
ey - . e

s " . ) - : . ,'_. . » T:‘ e i . : . " ! A"“ .
P (COSBY = (Ve1)(P  (COSB) - COSB P (COSBII/SING
v A S E v . .
V. .= ORDER OF .THE LEGENDRE FUNCTIONe
PV "= LEGENDRE FUNCTION P (CDS8).
.‘ " - : i . v . “a . . v .
PPV ‘= DERIVATIVE OF P (COSBle . L
. :.-' ." V . . = o *
IMPLICIT REAL*&(A-H.T.X—Z) R - ot
IMPLICLT CGMPLEX*16(Q- SetU-W) - ‘
VI—V"'IQO )

.
- -

SUBRDUTINE CHIRLF(B-V-PV)

PRGGRAMoQooooo(E) .
SUBRGUTIN% CMIRLF({V,.,PV)

PURPQSE :
NUMERICAL. COMPUTATION QF LchNDRE FUNCTION oF -
COMPLEX ORDEQS- : )

USAGE:

- CALL CMIRLF(Bs.V.PV)

ME THQD:

THE VALUES OF THE LEGENDRE FUNCTIDNS ARE CALCULATED

USING MEELER'S LNTEGRAL REPRESENTATION.

DESCRIPTION OF THE pAnAuETERs:

API
N .

V<> I

.=ENUMBER OF INTERVALS

—plo

=THICKNESS OF THE STRIP

'=LOWER LIMIT OF INTEGRAT ION
" =UPPER LIMIT OF INTEGRATION

=ORDER OF THE FUNCTION
‘LEGENDRE FUNCTION OF THE COMPLEX QRDER Ve
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.

IHPLICIT R“AL*S(AﬂHquﬁ Z)

T oimeirerr, COMPLEXA16(0- s.u-u:"_‘ R
C=1e0 -~ . " o
'API Q.O*DATAN(C)

A=040

N=512 -

-compLEx[NUMERLCAL‘INTEGRATiON FOLLOWS .

FN=N R
H—(E-A)/FN T ,J

X=A : o :

D= 2.0*(2-0**0-5)/(API*dSIN(B)*DSIN(B))

 Ri= (VHl eS)X

20

X=XEH

R2=(V+0eSI XX | ST e

s= (v+2.0ltCDCJS(R1)—V*DCDS{B)*CDCOS(Rzl
AB=DCOS(X}-DCAS(B)
OLDZ=D%S*( AB*X0eS)

SUM=0e0 - o
00 20 I=1.N- . . 1

R1=(V+1le5)%X

R2=(V4+0e5) X

S=(V+20)*GDCOS(RL Y- V*DCOS{B)*CDCGS{H2I

'AB=DCMB(X)-DCOS(B) . o L

WSDRS*(AB%X%0eS)

SUMSSUM+OLDZ+W o .

CLDZ=W .
PV=SUMXH/Z2 40
RE TURN

END

SUBROUTINE AVS(FIsV.PV,PPV) -

pROGRAM.‘..I...'(7)

- PURPOSE:
' NUMERICAL COMPUTAT ION OF LEGENDRE FUNCTION AND ITS

" DERIVATIVE FOR LARGE VALUES OF V USING THE_

ASYMTDT!C_‘XPANSIDN.

REFERENCE:

ERDELYs Aes HIGHER Tﬂﬁﬁ!t::DENTAL-FUNéTIDNS)-VDL.I‘_

MC GRAW HILL: NYss 1953, EQe 2 PAGEes 1626
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LIMPLICIT REALXSLA-HQ=Z) T
" DIMENSICN U(2) S

C=0e10000D 01

PI=4.0%DATAN(C)

&= V+l.0 S o R A
DC 10 I=1.2 : - e s T
A1=1.0/(12.0%2) o Lo
AE—-I.O/(360-0*(Z**3)) A
A3=10/(1260e'0%( Z%%5)} = IR o i
Aa==140/(16B0e0%(Z%x7)) ~ . - - R Lo

AS=1eD/(11586 0X(Z%%¥9)) o e '

. A6==691+0/{360360.0%(Z%&11))

A7=10/(15560%(Z%%13))

A8= *3617.0/{122&00.0*(2**15)) i

 STALI+A2+ASHALFASHAGHATHAS —

B=(2Z- 0-50)*DLOG(Z} Z+04 SO*DLOG(E.O*PI)+S

u( I)=8
Z=Z+0450
X=U{1)=u(2) - A S
AB=DEXP(X) ’ L R

V1=v+0.50 - - 7 " ‘ '
ALFA=VI*F1-P1/%4e0Q

- AC=DCOS(ALFA) : . _ _
AD=PI®DSIN(FI)/250 . ) A
AA=DSQRT (AD) :

PV=ASX®XAC/AA : _ L S L
PA= (2.rv+1.)*DSIN(FI)!DSIN(ALFA) . Ly
PB=DCOS(FI)*0COS(ALFA) e

PC=2¢*PI* (DSIN(FI )*%3) : :

PPVE—ABX{PA+PB )/ (DSQRT(PC)) e

RE TURN

“END- ®©

-

[N

SUBROUTINE CONFN(BB.RP+PV,PPV)

bPUGRAMo.ooooo(B) ) Ql
SUBROUTINE CONFN(BBsPP,PV.PPV)
.PURPDOSE: ‘ - 5 )
NUMERICAL COMPUTATION OF CONICAL FUNCTION AND 175
" DERIVATIVE USING SERIES EXPANSION.

© REFERENCE: o N o g , o
' STNGHsAeVe: MIRZA,;Sé; WIDERAJO.Ee: “LEGENDRE FUNCTIONS
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. OF COMPLEX ORDERS™.EQe(6)+REPORT NOa73-1+ UNIVERSITY
OF  ILLINOIS AT CHICAGD CIRCLE, JUNE 1973% _* .~ -

IMPLICIT REAL®S(A=H.0-2)

TV o R T S —— T T W T W

L. DIMENSION A(300).B(300)

=RROR=0.125000 -oa -

F1=BB*%0s500 - :
 S=DSINCFI)*DSINCFIL) - o S
CALIISUPPXPP+0e25002S . .
B(1)1=A01) N ' ' ,
SUM=140%A(1) o
SUMP=8(1)

DG T K=2.150

-

C=K :
OD=PPXPP+((C+C— 1- )*0.50)**2
A{K)I=A(K- 1) *D*S/{C*C)

BIK)I=CRA(K) . -
IF(ACK) «LEJERROR)IGO TO a R

TSUM=SUM+A(K) . . | et

°UMP-SUMP+B(&)

PPV—SUMP*DCDTAN(FI) R : :

-RETURN e e

END

"DIMENSION AA(4.4).A(4;¢)

s
“

SUBROUTINE. DETERM(AAWN,D}

PROGRAMesseese +(9):

SUBROUTINE - DETERM(AA’NoD)

PURPOSE 2 ) '
THIS sue90u71~5 GENERATES THE NUMERICAL VALUE OF
DETERMINANT AA(NGN) o. =

REFERENCE. . ' : )
PENNINGTON Ro He : INTRODUCTORY COMPUTER METHODS AND

NUMERICAL ANALYSISe PAGEe 289-.THE MACMILLON COMPANY
NEW YORK (1968). . . . :

IMPLICIT REAL*8(A-H,0-2)

DO 20 I=14N,
DO 20 J=1.N




- 165 -

20 AlIs J)‘AA(I.J) S et
D=1s0". N T
CKEY | R o
1 CONTINUE ‘ . : . P
R&=K¥1 ) o - a .
IT=K . T o
8= DABS(A(K-K))
DO 2 I=K.N. S . :
D0 2 JEKWN. - P | T .
. IF(DABscatx.Jsh—s)a.a.ax. T - ce g
21 1s=1 ' L o e
. IT=g
. 9=DABS(ACIIdN) * o . _
2° CONTINUE o - SR
. IFCIS-K)3+3431 - DI
31 DO 32 J=K.N~ -
T CZA(IS ) e
ACISeJI=ACKJ)
32 A(KsJ)V==C
*3 CONTINUE . S S R
O IF(IT=K)4,48,41 - Lot e
41 DO 42 I=KsN o o ST I
L C=ALIVIT) S S L R
CACTLITISA(LIWKY . R
.42 'A(lek)==C g A .
A4 CONTINUE - : - _
D=A(K+K) %D : e o,
. CIF(A(KSK))ISe71+5 - ' S A
5 CONTINUE ﬂ : B ., ' R o (‘
DG 6 J=KK.N : ‘ ) o _ S ujf
ACKs JISA(K s JIFALK LK) - T '
. DO 6 .I=KK.N . ‘ ‘
.‘W—A(I’K)*A(K.J) '
A{T+JI=SACI+J)—W : 3 i
IF(DABS(A(T.J)=06 OOOOI*DABS(W)})élso.é :
61 A({1:J)=0s . e o
6 CONTENUE E ' : o
KKK _ ' : S
IF(K=N)1,70s1 ' o '

70 D=A(N,N)*D ]
71 RETURN i : S
END . | _ B o
L
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 SUBRAOUTINE BESJ(XsNeBJ+DyIERY = . .= =

Y . . - . " N +

toa ) . - - ! S ' . :

. : .. : R . .
| . i T T e o Sk i o s . e - : [EEPERE DS | W

SUBﬁOUT{NE‘BESJ T S
"PURPOSE. . - : ‘ L
.COMPUTE THE -J BESSEL FUNCTION FOR A GIVEN AQGUHENT_
AND OQDEQC ' '

USAGE Cw o . : R
CALL aESJ(x.N.SJ.o.tEna ' ‘ '

DESCRIPT;ON oF PARAMETERS

. - X ' —-THE ARGUMENT OF THE J B&bSEL FUNCTION DE§&RED

N ~THE ORDER OF THE 'J BESSEL FUNCTIGN DESIRED
¢ BJ -THE RESULTANT J BESSEL FUNCTIDN ’
' D ~REQUIRED ACCURACY '
I:R-RESULTANT ERROR CODE HHERE
'1ER=0 NO ERROR. ‘
IER=1 N IS NEGATIVE
IER=2 X IS NEGATIVE OR- ZERO _
IER=3 REQUIRED ACCURACY NOT OBTAINED .
IER=4. RANGE OF N COMPARED TO X ROT CORRECT
. : . - ‘ Y

QEMAQKS

N MUST BE GREATER THAN OR EQUAL TO ZERof BUT IT MUST

BE LESS THAN -

-~

L 20410%X-x*x 2/3  FOR X LESS THAN OR EQUAL'TO:IS

P 9o+x/2 7 FOR X GREATER THAN 15

SUBRDUTINES AND FUNCTIUN SUBPROGRAMS REQUIRED
NONE ' o -

METHO®

AND RoM.THALER-,'RECURRENCE TECHNIQUES FOR THE

e

A

. B ‘
- RECURRENCE RELATIUN TECHNIQUE DESIRED ey He GOLDSTEIN

CALCULATION OF BESSEL FUNCTIONS®; MeToAeCss VOL13,

PPe102~108 AND STESUN AND ABRAMOWITZ. *GENERATION, QF

. BESSEL FUNCTIONS ON HIGH SPEED COMPUTERS® sMeToReCa s
VCL.11,19574PP,255-257,

- - ——

IMPLICAT EAL*B(A-H-D—Z)
BJ=e 0

'IF(N)10,20,20 . o F
1ER=1 ' L g

RETURN




v ‘ """"'-‘ - ‘ .
: 20 TF{X)320,30,31 : _ - - N o Ty
- '.30 1ER=2 N o FP NS
- RETURN T ‘ . - ’
) B 31‘1F(x—45.)32.3a J T : o
32 NTEST=20e+10e *X-X#x" 213 o o o - .
G) TO 26 Co e T L L e e T e .
33 NTESTz90.%Xx/2. O
35 IF(N-NTEST)40.38.38 L co ' I
3P IER=4 R N . o LT F L .
T RETURN o e et o e
a0 IER=0 . - R T o ‘
©UONLIEN+®L L L S

.
- . ~
.

- BRREV e o

| MAZX+6e
.60 TO 70 o : : oo
FMA=] a4 %X+60e/X - T e . -
EIX=x - - : e
MEB=N+LIX/8+2 - L o : -
' MZERQ=MAXQ (MA,M8)

SET UPPER uQahT OF M
. N K 1 R

 GMMAX=NTEST ‘ ‘ :
100 DO .1$0° MSMZERDMMAX, 3 .

séT FtM).F(M:ie

ann

Fu1= 1400~ 28 ot T ; oo

=Mal° ‘-_. Cn ' - : . . ' ’ S .
c}UPHA-.O . s . _ R A
, ' fF(M—(M/2J*2)120-110.120 P ' A ) :
. 110 JT==~1 ) _ o L.
; ‘GQ° TO 1sd - S et P L .
120 JT=1 e P e _ :
130 M2=M-2 T A S R~
g9’ 160 KS1eM2 - . S e - ..
v MK—M—K . ) A : o/ -

.
4
-t . . - . . .-r&‘

SO B%K—z.#FLOAT(MK)#FMI/X—FM % . a—
' A FM=FMm1 - . - . Cor ("' : s .
_ FM1 =B MK o ' - S =y SR : --
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BMKZ2 J%xF M1 /X=FM L e ' &
.« . IF{NILBO.170,180 . o S W

170 BJ=3MK . : o g | : ) ‘
180  ALPHA= ALPHA+8Mn‘”.l'” '_ T S L
© - BJ=BJZALPHA S ’ L

L IF(DABS(BJ-UPREV )= DABS(D*BJ)lZOO Boo.
190 BPREV=BJ.
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o IER=3 . :
200 RETYSN T " .
END e )
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SUBROUTINE 10- ~ oo

" €EPURPOS° T e e

CGMPU:E TH" MODIFI:D BESSEL FUNCT[ON I UF ORDER’ ZERO

+

4

-
- ' o

USAGE wo '~ '.“ ) r) _.3‘
. CALLf LX+RIO)

. Y ' ." .. -'. ‘ .‘ . .....
f<:> 'cnxprxow UF PARAMFTERS - B

A x T—GIVEN ARGUMENT GF THE BESSEL FUNCTION sbqg ORDER 0
RIO0 - =RESULTANT V?LUE OF THE BESSEL FUNCTION I DF ORDER 0.
" REMARKS K ?""' NS ' B

| LARGE VALUES‘OF ‘THE ARGUMENT MAY -CAGSE OVERFLOW IN THE
BUILTIN ExP-FUNCTION v <

&, L

+ .

- poLYNOMIAL . APBROX [MAT IONS GIVEN 8y ‘EeEe ALLEN ARE L
1 USED FOR CALCULATIONe " - T
'« ¢ .+ . FOR REFERENCE SEE : -
| ' Me ABRAMOWIFZ AND Te&s STEGUN, HANDBOOK OF MATHEMATICAL <
S FUNCTICONS®. UsSe DEPARTMENT OF COMMERCE. NATIONAL BUREAU OF
STANDARDS APPLIED MATHEMATICS SERIES.. 1966, Pe378¢

B - = - - T T T T

SUBROUTINE IO(X-RIO) e S L
IMFLICIT REAL*8(A=H.,C-2) ' : o L=
RIO=DABS(X) ‘ ) : L <
. IF(RIO-3.75)1,1.2 " . S . ‘ ' - -‘.,
1 Z=X*X%741111110~2 . ' ! e " ' '
RIO=(((({ 4e5813D-3%Z+3+607680D- 2)xz+a.6597320-1):z+1.206¥4900)az
1+3.089942D0)%Z+3. s:sezaoo):zi1., 1
RETURN o . SRR
2 Z=3e7S5/RI10 7 - -
R10= oExP(RIO)/osoRT(RIO)nt((((ttta.qé§77o—3tz-1.6476330 -2)%z
14246355370~ —2)%Z~240577060~2)%2+94162810- 3)*2-1.575650—3!*2 o
2+a.2s3190—3)~z+1.3285920 -2)%2+3. 9394230-1) _ L :
. RE TURN® R y> : q -

<" END , - . A . P
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comMPuTE THE MODLFIED BESth FUNCTIDNb I FOR'ORDERS 1°TO .N

3

-

usase ‘
"CALL xnuetx.n.zx.ali‘

nnonnn'n_'r)n"nn'onnnnnhn'nnnnnnnnn‘hnnn_nn.‘n‘nn

-"DESCRIPTIUN OF PARAMETERS- .. :
: X -GIVEN ARGUMENT OF THE BESSEL FUNCTIONS 1
. N i . ~GIVEN MAXIMUM DRDER OF BESSEL FUNCTIONS 1 = . .
ZI1. ~GIVEN VALUE ?ngESSEL FUNCTION‘I OF oaosh ZERQ ™
. FOR ARGUMENT, X R S
RI ' = =~RESULTANT vscroa oF o:nsusxon Ny CUNTAINING THE
- | VALUES OF THE FUNCTIONS I FOR ORDERS 1 TG N
RFMARKS : ' " I : L

_ THE VALUE oF 'Z1 MAY BE CALCULATED USING SUSBRQUTINE I0.
_® . #sING a DIFFERENT VALUE, HAS THE EFFECT THAT ALL VALUES OF

WHERE "I1(0+X) IS THE VALUE OF 1 FOR DRDER ,0 AND ARGUMENT Xe
THIS MAY BE USED DISADVANTAGEOUSLY IF GNLY THE RATIOS OF I
y FQR.DIFFERENT ORDERS ARE REQUIRED. ‘ ' ,
METHDD _ >' - Y :
.. THE VALUE'S ARE. GBTAINED USING BACKWARD RECURRENCE RELATION
. TECHNIQUE..THE RATIO I{(N#+1.X)/IC(N.X} 1S OBTAINED FRDM A
" CONTINUED FRACTICNe
o FOR REFERENCE SEF . ‘
. . Ge BLANCH, *NUMERICAL EVALUATION CE, CGNTINUED FRACTIONS'
R SLaM PEVIEH. VOL.ﬁ.NO.a.lgea PPe383- 421

. " SUBROUTINE INUE(X:NsZ1.RI)
- IMPLICIT REAL¥B(A=~H.0-2)
, .. DIMENSION RI(1J)
Lo IF(N)10.10.1 ‘ T
1 FN=N4#N . - . ‘ ‘
CQI=X/FN - “ ' . - . A
. IF(DABS(X)—=5.0-416364+2 - . o , .
2 A0=1. ) I s . e -
 A1=0e - : IR T -
"80=0. . o L T
: . . . Blfle T T I SR
o ' 'F1=.FN' . Lo . ' | T CL | E
o 3 FI=F . : ‘ L ' '

.'-

'BESSEL FUNCTIONS ‘I ARE MULTIPLIED BY THE FACTOR ZI/I(O\-_X)-_ :



CAl=A .

"\/ "".'_ - 170 -

ANSF [/DABS(X)  ° = , -

AZAN®AL+A0 v .
B=ANXB1+80 . IR
A0=Al
BO=81

Bl =85

. Qo=G1-

‘-JO'UIb_

RI(K)=Q1 -
- FN=SFN=24

Ql=A/B

IF(DABS((QI QO!/QI)—I.D—Q)Q-Q.S
IF(X)S.€,.6 -~

Q1=-Q1

K=N : :
o1= xxst+xs01) Ce

LY

K=K-1"
IF{K)23:+8.7.
FI=2Z1

00 9 I=2.N

FI=FI*RI(I)
RI(11=F1 ..
RS TURN -

ENC -






