Nationa! Library
of Canada

1\

Bibliothéque nationale
du Canada .

Canadian Theses Service

Ottawa, Canada
K1A ON4 . —_ : .

CANADIAN THESES

NOTICE

The qualily of this microfiche is heavily dependent upon the
quality of the original thesis submitted for microfilming. Every
effort has been made o ensure the highest quality of reproduc-
tion possible.

I pages are missing, contact the university which granted the
degree.

Some pages may have indistinct print especially if the original
pages were typed with a poor typewriter ribbon or if the univer-
sity sent us an inferior pholocopy.

-

Previously copyrighied materials (journal articies, published
tests, etc.) are not filmed.

Reproduction in full or in part of this film.is governed by the
Canadian Copyright Act, R.S.C. 1870, ¢. C-30.

THIS DISSERTATION
HAS BEEN MICROFILMED
EXACTLY AS RECEIVED

NL-339{r.B8/0B}

Services des thases canadiennes

'
&

THESES CANADIENNES

AVIS

La qualité de cette microfiche dépend grandement de ta quali
de la thése soumise au microfilmage. Nous avons tout fait pgur -
assurer une qualité supérieure de reproduction. : .

S'il manque des pages. veuillez communiquer avec Y'univer-
sité qui a conféré le grade.

La qualité d'impression de certaines pages peut laisser a
désirer, surtout si les pages originales ont é1é dactylographiées
4 I'aide d'un ruban usé ou si 'université nous a fait parvenir
une photocopie de qualité inférieure.

Les documents qui font déja I'objet d'un droit d'auteur (articles
de revue-examens publiés, etc.) ne sont pas microfilmes

La reproduction, méme paNielle, de ce microfilm est soumiss
4 la Loi canadienne sur te droit d'auteur, SRC 1970, ¢. C-30.

LA THESE A ETE
MICROFILMEE TELLE QUE 4
NOUS L'AVONS REGUE .

Canad



BEr

e

- Explfcitl& corrélated wavefunctions

- .

for multielectron diatomics

by. ﬂ

Martin Laplante

Dissertation submitted to
the School of Graduate Studies and Research
in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY

LY

University of Ottawa

N Ottawa, Ontario

(:;) Martin Lapfantc. Otrawa, Canada: 1986. )
~. . -



Permission has been granted
to the National Library. of
Canada to microfilm this
thesis and to lend or sell
copies of the film.

The author (copyright owner)
has reserved cther
publication rights, and
neither the thesils .nor
extensive extracts from it
may be printed or otherwise
reproduced without his/her
written permission.

ISBN

L'autorisation a &t& accordée
& la Bibliothegue nationale
du Canada de microfilmer
cette th3se et de pré@ter ou
de vendre des exemplaires du
film.

L'auteur (titulaire du droit
d'auteur) se- r8serve les
autres droits de publication;
ni la thé&se ni de longs
extraits de celle-ci ne
doivent @8tre imprim&s ou
autrement reproduits sans son
autorisation Bcrite.

0-315-33352-X%



UNIVERSITE DOTTAWA

| UNIVERSITY OF OTTAWA



"Hultas minuta modis multis per inane videbis
Corpora misceri radiorum lumine in ipso

Et velut aeterno certamine proelia, pugnasque
Edere turmatim certantia: nec dare pausam,
Consiliis, et discidiils exercita crebris."”

Lucretius, .De Rerum Natura

.

"There are many natures mhich can never approach w®ithin &
certain distance, and which when anv irregular motive impels
them tokards contact, seem to start back from each other bv
some 1nvincible repulsion.” '

Sumuel Johnson, The Rambler

A



.

%
Yy
!

#_grgféfully uckﬁdwlpdge thé-advie; and
Qﬁppbrt’given to ma byVProfesaor D. M. Bishop
during tha course of'hy studies. Srﬁcgre
thangs go to Dr. G. "Maroculis for hisﬂinterest
in the theory of this research. The staff of
the University of Ottawa Computing Centre
werae an invaluable help. I am grateful to the
Natural Seiences and Engineering Research

Council for a Postgraduate Scholarship.



I KN

1

" Table 6f'Contenﬁé |

page
CONECIES » C v v e e e ii
Abshrach . e e e e e e e e e e e e e e e e e e e e iv
P el A0 o o v e e e e e e e e e e e e e e e e e e vi

CHAPTER 1 A review_of explfcitly corre}ﬁted wavefunctions , 1

The ground state Of HeLiUmM .. .ot 1
Multi-electron atoms .................. e L. 10
The hydrogen molec;1e .......... L 21
Multi-electron MOLecULlesS . ., ... it et e et ettt e e 25

CHAPTER 2 Correlated wavefunctions and interelectronic cusps

CHAPTER 3 James-Coolidge wavefunctions for many-electron

diatomics

The wavefunction used in this work ..... ... ... .. ... ... ‘57
CHAPTER 84 Methods of calculation ......... .. .. iunueneea.. 6Ly
Expansion of the matrix elements .................... ... 73
Integrations im M ... ... ... 78
Intezrations In § ... ... . ... ... 35
CHAPTER 5 Numarical integration .. ............... ... ... .. 100
Nnambers Quadrature .. ... ... 100

The K integrals and associated Legendre functions ..... 110



Associdted Legendre functions of the second_kind ...... '

- Clqbsch—Gordan coefficients .. ... .. ... ... o L L.
Integral sxarage e e e e e e e e e e e e e e e e e e e e e

1

Second spin function ... .. e e e e e e e e e e e e e e

CHAPTER © Properties to be calculated ..... e e

Je2haviour at the interelectronic Cusp ...... e e e e e e

CHAPTER 7 Results of the LiH caleulation ............... y
Chuice of configurations .......... PRI e
Encr;y'curves“...h ............ e B, R
Dipole hdment ...................... P e e e
kﬁdudPUpOi% momant ... . 0L L. L

.dther-properties ..................... e e e
Polarizabilities .. ... ...
Taterorbital cusps ... . e

Deglricled Hartree-Fock‘aﬁproximétion ............... .

Zonslrained wavelunction ..  ...........................

5plitl 5hell and second spin Tunction ... ... ..... ... . ..

Linvar dependence ; -

CHATTZR 8§ Conclusions

nnT

-
oo |



,’1

PAGE iv

Abstract

The ugse  of explicitly correlated wavérunctions.

containing simple expressions that invofVG the distancesx

between two electrons,‘has-had a long and syécesaful history
of applications to twaielectron‘ atoms and ﬁBlecules.
Although variational wavefunctions inveolving these distances
are'moré difficuif tp calculata, " the expansﬁon of the
eigenfunction of the electronic Hamiltonian operator in
ferms of these functions is much"sh;rter than an expansion

that does not involve them.

-

In this‘work. the reasons for the rapid convergence of
explicitly correlated wavefunctions will be discussed , as
it Qppliqs to atoms, diatomics, and'more general systems. A
brief survey will be given of the major methods for
introdhcing explicit eorrelationd;nto a wavefunction, and
the restrictions that. these methods have pﬁt on the form of
the wavefunction. A more flexible basis set will be
proposed, and its ability to represent the wavefunction of a
diatomic will be discussed.A general method for the
calcu;ation of explicitly correlated wavefunctions for
multielectron diatomics will be elaborated. The teghniques

required {for performing the difficult computations that

arise [rom Ehe method will be presentﬁg. These techniques
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involve novel methods of integral evaluation, storage, and

handling.

Results of a calculation performad on Fhe ground state
of LiH will be presented, ineluding the ecalculation of many
properties, These properties include the potential eneréy
curves, dipole and gquadrupcle moments, electric
polnrizabilitiés in the direction of the axis, ~and cusp
derivatives, as well the expectatioﬁ values of maﬁﬁ:

Q
operators.

The effect of explicit correlation on the wavefunction
and the properties will be discussed, with the intention of

studying how correlation can most efficiently be introduced

into meolecular wavefunctiopns.
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'Pnefacé

All ﬁhe properties of a quantum mechanical ayastem cén be
calculated as long as the wavefunqtion is known. In a one-
electron system, be it an atom or a molecule, wavefunctions
are analytiec or can be easily evaluated since the separation
of the wavefunction intoc nuclear and aleclronic coordinates

is an accurate approximation.

In a multi-electron system, the electronic wavefunction
can be evaluated to great accuracy relagively aasily, as
“iong as the electronic coordinates can be separataed. Such é
wavefunction, expressed as a product of éne-electron
functions, is a Hartree wavefunction, or a Hartree-Fock
wavefuncetion if spin coordinates are used ‘énd the
wavefunction is antisymmetric to .the interchange of
electrons. The mefhd;wusually» used to ‘;pproximate HF

(HartreeFock) wavaefunctions in terms of & finite baais of

funetions is the SCF (self-consistent field) method.

Unfortunately, this separation of the electronic
wavefunction is not accurate enough. Experimentally measqred
energy differences can differ from' those thaf could be
predicted f;om HF functions by hundreds of percent.

This energy difference is defined as the correlation energy.
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The most popular method of obtaining wavefunctions - -where

the =electronic coordinates are not separated is by wusing a

linear combination of these antisymmetrized products of one-

electron functions, known as the CI (configuration L

interaction) method. Tﬁiéhi¥ﬁear.qgmpination converges very

slowly in most cases.

The altarnative presentad in %his work is the explicitly
correlated wavefunction, wherfre electronic coordinates are
not separ;tad and the functions 1in the basis include powears
of the interelectronic distances.. This method has in the
past seldom been extended to syatems of more than twe

electrons.

Chapter 1 will review the history of these wavefunctions
Chapter®2 will deél with the theory behind the success 96
the method; Chapter 3 will discuqs the t&pes of functiong
that can be ;sed in a basis, including the ones used in this
work; Chapter 4 will presant the methods used and the
integrals required; Chapter 5 will show the methods of

evaluating the integrals; Chapter 6 will show which

properties can be evaluated; Chapter 7 will present the

. results of our calculation on LiH; Chapter 8 will summarize

our conclusions.
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CHAPTER 71

q >

A_REVIEW OF EXPLICITLY CORRELATED WAVEFUNCTIONS

The Ground State of Helium

It was early in the development of quantum mechanics that
wavefunctions containing the interelectronie distance iy
were first used! for the calculation of the electronic
energy of the He ground state. In 1927, Slater proposed and
used a wavefunction that contained a term of the type
expl-2(ry +ry)  + ry, /21 in that.part of the wavefunction
where ry, and r, are both smali. Here, r, is the distance

between the nucleus and electron 1 and r is the

12

interelectronic distance.

The major impetus for correlated wavefunctions came soon
afterwards with the work of Hylleraas in 1929, Only three
terms of a2 correlated function were sufficient to obtain

1 J.C. Slater, Phys. Rev. 31 v 333 (1927); 32,
349 (1928)
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nearly 97X of the correlation energy? fof th ground state

P . ’
of the helium atom. The coordinate sysztem which Hylleraas
developed3 to make a quickly convergent expansion of the He

wavefunction is the s,t,u triple:

(equation 1)

These coordinatés are now known as Hylleraas coordinates,
‘and the explicit use of interelectronic distances in the
wavefunction as the Hylleraas @ethod. The concapéu of
Hylleraas coordinates has also been extended to _include
terms that depend on £he.angla’ o bgtwaen tha v;ptors FL

ahg‘?l, although this coordinate is redundant. These terms
are most oftgn introduced dg spherical harmonics (normalized

or unnormalized)

m
, )
Yl(e ¢
({equation 2)
having nonzero values for m. Terms of this type are useful
for representing p orbitals. The wavelfunctions used by
‘ ~ st .
Hylleraas, refiarred to as Hylleraas wavefunctions, ware

linear combinations of terms of the form:

2 E. Hylleraas, Z. Physik _54 , 469 (1928)

2 E. Hylleraas Rev. Mod. Phys. 35 , 421 €1963)
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e-ussltJuk. -
(equation 3)

where (i, i, k) are nonnegative integers. . The spin.fuﬁction.
for this as well as th; othér wavefunétions of the singlet
statas of He is (ofl-No . with the electronic

indices dropped.‘ The expondntial parameter oo , as well as
the 1linear coefficients waera calculated variationally
Hylleraas wavefunctions alao allow for. scaling all
céordinates by a constant factor, making this fﬁétor an
ndd;tionél variational parameter, This factor ecan be fixed

so as to cause the wavelfunction to obey the virial theorem.

In the work of Hylleraas, this factor is fixed at unity.

The six-term Hylleraas wavefunction was later extended to

10 terms+4 , 14 termsS , 34 terms® , and 125 terms? ,

vielding progressively better energies (see table I3

Many other explicitly correlated coordinate systems have
been used for the two-electron atom. Pekeris8 npoticed
that the Hylleraas coordinates could not vary independently

4 5, Chﬁndrasekhar. D. Elbert, and G. Herzberg, Phys. Rev.
91 ,1172 (1953)

5 S. Chandrasekhar and G. Herzberg, Phys. Rev. 98

1050 (1955)
& Kinoshita, Phys. Rev. 105 .18a0 (1657)

T.
A. Thakkar, Phys. Rev. A _16 1740 (1977)
H.

7 M. A. Radi, Phys. Rev. A ‘iz y 1137 $1975)

2 C.L. Pekeris, Phys. Rev. 112 , 1689 (1958)
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because of the triﬁngular'condition

Pekeris therefore used a different set of coordinates,
known as perimetrie coordinates, first introducaed by

Coolidge and James, ? defined as:

u, = (—r1 f r, * r12.}k/2 _
u2 = f r',1 - r2 + r12 Yk/2
u3 = r1 + r2 - r12 Yk

(equation 4)

where k 1is a constant intended to make the wavafunction's

exponential parameter equal to unity. The value of this
constant can be shown'to be 2(-E)1/2Z | where E is the

energy of the system. These coordinates ‘cun vary
independent@y and take any nonnegative real value. The

solution of the analytical expressions obtained when the
wavefunction 1s expanded in terms of Laguerre polynomials
gives close to 100% of the correlation energy. Recursion
relationships considerably simplify the calculation of the
variational coefficlients, provided, of course, that a
function made up of &a linear combination of Laguerre

polynomials can be a solution to the Schroedinger equation,.

9.A.S. Coolidge and H. M. James, Phys. Rev. 51 .
855 (1937)
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Hhather or not this is so0, ‘ especially near the cusps, the
resuitu obtained by this method are as accurate as
experiment if not more so. The best Pekaris uavefunctionAia

made up of 1078 terms of the type:

-(u_ +u_+u_ ) /2

1 2 73
@ Ll{u1)Lm(u2)Ln(u3)
{ aquation 5)
where thae LL(u ) are normalized Laguérre polynomiéls of
order 1. It was later pointed out by Wangl® that

perimetric coordinates do.not exist for systems containing

more than three particles.

-

2Kinoshitaﬁ studied the Hyllpraas expansion.' and proved

that a wavefunction made up of a line;r ;ombination of the
product of powers of the Hylleraas coord;nat;s _is not able
to furniaﬁ a formal solution to the Schroedinger equation at
the "triple collision”of two electrons with the nucleus. He
therefore replaced it by one that could, with the

coordinates defined by

(equation 6}

and the wavefunction expanded as a linear combination of

t0 p, Wang, J. Chem. Phys, 47 , 2229 (1967)

»

K
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terms of the form

1 mn I Fau i~
s pq @

(equation 7)

Kinoshita's method made the distinctien between the
lowest-energy wavefunction .and the one hﬁving the greatest
overlap with the exact 1lowest-energy eigenfunction of the
Hamiltonian operator. His lowest éngrgy for a 39-term
wavefunction is ~2.9037225 hartree, Kinoshita gave
recurrence relations between only a few of the coefficiants
of ' the expansion, Explicit relations between - all
coefficients have been derivedl! for the 1!S ground
state of two-electron atoms. In this casa, however, no

calculation was performed.

Scherr also showed that some new restrictions had to be
placed on the expansion, in particular restricting the
gxpopent of s to nonnegative integer wvalues and keeping
m2n. This last condition is equivalent to restricting rg
to positi?e powérs in the Hylleraas wavefunction. The same
resultl?2 has been obtained by Tatum, using arguments of

continuity of the wavefunction at the ryg = 0 cusp.

11 C, H, Scherr Phys. Rev. A 19 469 ©1979)

12 J_P, Tatum, Int. J. Quantum Chem. 20 , 717
{1981
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Another set of correlated coordinates which has been used

for the ground state of Ha is due to Munschy and Pluvinagel?
Their coordinates were:

u1 = k(p, + r,)

1 2
U, = Fayp / (rq + rz)
u3 = (r1 - rz) / (r1 + r2)
. { equation 8)
where k is, once again, equal to 2(-E)1/2 | E being the

energy of the system.

Other vgriations on the Hylldraas method are worthy of

mention. In, an effort to obtain the energies of Pakeris
fgnctions with fewer terms, half-integrall4 powers of the
coordinate ryq Were used iﬁ .a wavefunction with some
success, as well és hAlf-intageriS ﬁowers of s, where 8 =
(ry + rgl. Sqme very compact functions have been obtained by

. - .‘ 3 I - . -
Frankowski and- Pekerislé using terms in the wavefunction

that augment "'the Hylleraas expansion by adding terms also

involving powers of (82 + t2 )1/2 and of 1lnis), and

some nagaﬁive powars of s, where (s, t, u) are the Hyllergas

13 G, Munschy and P. Pluvinage, Rev. Mod. Phys, 35 )
494 (1963) ! -

14 H M. Schwartz, Phys. Rev. 120 , 483 (1560)

15 ¢, Schwar,t-z’, Phys. Rev. 128 ,1146 (1962)

16 K. Frankowski and C;L. Pekeris, Phys, Rewv, 146

46 (1966)
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coprdinates. This wavefunction is also very accurate, 17

"and in fact tse lowest-energy
wavefunction!8 published to date is a variation on this
ona, without the terms in (82+t2)1-2 and with more
negative powers of s allowed in the gxpnnsion. Yery compact
as well is the wavefunetion of Thakkar and Smith19 , which
involves only exponentials of the Hyllerasas coordinates,

with optimized nonlinear parameters.

4

17 K. Frankowski and C.L. Pekeris, Phys. Rev. 150
366E (1966) °

18 p E. Freund et al., Phys. Rev. A _29 , 980

(198%4)

19 A.J. Thakkar and V. H. Smith, Jr., Phys. Rev. 4 _1% |
1 (1977, 15 , 16 (1877 -
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TABLE I

Variational, explicitly correlated wavafunetions for the

11S state of helium -

:
]
]
:reference.no. of terms type of terms anergy Zcorrelation
I

. ‘

i 2 : o2 Hylleraas '-2.89112 70.0

L[]

E ~

: 4 6 Hylleraas . -2.90324 98. B5 .

!

! 4 10 Hylleraas -2, 9036014 99. 71

! 5 14 Hylleraas -=2.9037006 99, 95

' G 39 Rinoshita -2.9037225 99. 555

i

' 7 125 Hylleraas -2.903724371 39.99999
o1 189 - £y, 172 ~2.90372437616 100.

:

' 8 1078 Pekaris -2.903724376 100.

1 '

E

16 59 Prankowski&Pekaris -2.903724351 99. 99994
1 . . "

i

T 246 " " ~2.9037243770326

' 18 230 1n(s) -2.9037243770340
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Multji-electron Atoms

Given 1its success 1in obtainihg a good energy for the
ground state of He, the Hylleraas method wag soon applied to
other atoms. Tworearly pioneers in the field of expliciély
correlated wavefunctions, Hubert James and Albert Sprague
Coolidge, after having applied thé Hylleraag method to the
first excited state of helium, 2° performed a calculation
on the ground state of the 3—;lectnon Li atom.Zirusing a
Hylleraas-type wavefunction. The wavefunction they used was

a 10-term expansion that included terms of the form:

e[-3(r1+r2) i Tr3](rirjrkrl rm‘rn )
' 17273 23" 13 12

(eq%ation 93

where (rt, ry, r3), and (rza, r13, rlz) are ﬂ@flngd as

before as the distances of each of the three electrons from

the nucleus and the three interelectronic distances,
Ve

20 A.S. Coolidge and H. M. James, Phyﬁ. Rev. 49

676 (19361

21 H M. James and A.S. Coolidge, Phys. Rewv. 47

700 (1935%) and _49 , 688 (1936)
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respectively. For some configurations, the second nonlinear

parameter, T, was 0,65, while for others the value 1.5 was used.

The parameters i,Jj,k,1,mn took on values of 0, 1, and 2,
but a given term contained at most one nonzero ~powar of an
interelaectronic distance,. The use of terms involving more

than one nonzero power of an interelectronic Qi?thnce

produces integrals that are difficult to evaluate.

In choosing their nonlinear parameters, Jamas . and

-y
SN

Coolidge based themselves on the earlier work of Wilson22,
whose simple two-term wdﬁgrunction with a split outer
shell had sucqeeded in &.ivins_ a remarkably g#ood eRergy af
-7.4192 hartree. The ene}gy'for the James and Coolidse's
10~-term Hylleraas-type wavefunction was =-7.47b075 hartree, -
compared w%}h t he experiméntal ‘value estimated at -7.478069

Y

hartree?23 or -7, 478073 hartree. 24

The - problem of evaiuating atomic integrals coﬁtaining

powers of the interelectronic coqrdinptes has solved by Ohrn

and Nordling. 25 Their methods were successfully applied by

22 g.B. HWilsonm, Jr., J. Chem. Phys. 1,210
(1933 :

23 c. W, Scherr, J.N: Silverman, and F. A. Hatsen,u‘PHys.
Rew, 127 , 830 (1962) . )

24 C.F. Bunge, Phys. Rev. A _16 __ ,2496 (1977)

25 Y. Yhrn and J. Nordling J. Chem. Phys. 39 )
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Larsson2é to the 2S,, state of Li, as well as other $

statas27 and P states28 of Li.

The 1ntegrands involving -powers of the interelectronic
coordinates are expanded in terms of spherical polar

coordinates uaing & generalization of the Laplace expansion
due to Sack?2?9% The Sack expansion which seems easiest to

use contains powers of the quotient (r¢ /r, ), where r¢ and

Ty . represent the smaller and the Iurgaf of the ©pair
(r;,rl) respaectively,. This ﬁakas it necessary to split
expressions involving powers of the interelectrﬁnic
coordinatas into ‘tha half-spaces (ry<r,} and (r <r,).

Further breaking down is necessary for expressions involving

powers of different interelectronic ccordinates.
B

-

The Sack expansicon has a finite number of terms when the

power of the interelectronic coordinate 1is odd and positive
-

or equal to -1. For even positive powers, the expansion
contains an infinite series. It converges (quickly enough
that it can be truncated without significant losses in

L

1864 (1963

26 3, Larsson, Phys. Rev, 169 , 89 (1668

27 5. Larsson, Phys. Rev. A _b6 , 1786 (1972)

28 T, Ahlenius and §. Larsson, Phys. Rev. A _8 1
(1973) '

29 R.A. Sacky J. Math. Phys. 5 , 245 (1964)

—
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‘-accuracy. Sack has also proposed3® a more general

formulation which is symmetric in r, and r but

15
this expansion is an infinite series and may not have the

same converg&ence properties.

The integrals produced in Larsson's work are threse types
of relatively simple single, doubla, and triple integrals
that can be evaluated to arbitrary precision analytically

and by recursijon.

The space part of the Larsson wavefunction was made up of
a linear combination of terms of the type:

[—u(r1+r2) - Tr3]

e (r
. {equation 10}

The exponential parameters are constant for every term in
the wavelfunction. Only one power of the interelectronic
coordinates is ﬂllowed.to be nonzero in any given term. The
powers (i, 3j, k,1,m, n) take on integer wvalues in the range
(10,61, The nonlinear parameters, of which there are only
two, take on the partially optimized values of x=2. 76 and

T=0.65 . It is interesting to note how littile tﬁese

exponential parameters differ from those of Ja%es and

Coolidge. 21

50 R.A. Sack, J. Math. Phys. 5 , 252 (1664
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In his Li wavefunction, Larsson made use of the two

linearly independent 3-electron spin functions whic? together

span the gpace of funcpions having the correct 52 and Sg-

eigenvaluas for =a stute_éf symmetry Zsum . These two spin

functions are

x1 = (e - Do : .

xz = (ZRGQ-- Nox - oBoey

(equation 11)
whaere the electron indices are assumad, '

Matrix elemen?s ‘involving tﬁe sacond spin function
require very 1little additional computation, since the.
inéeération over the space coordinates does not chnnge and
the integration over the Spin'éoordinates is trivial. 'The
caleulation is further simplified by the fact tha£ all
integrals involving the antisymmetriéed prodgct of the

usecond spin function Xq and a function of the space
coordinates which is symmetric in electrons 1 and 2 will be
‘identically zZaro, Some additional computation is necessary

- \Bftausa__pf the fact that a secular matrix equation of
greater dimension -'must be solved when two different spin
functions are included.

Including a term where the second spin function 1s

multiplied by the space function:
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@1(T)® !2)®3(3)

2
{equation 12)

is the same as having a term where the first spin function

VAT

is multiplied by the space. function:

03(1)®2(2)¢1(3) .
(equation 13

" Since the orbital exponents of oy and ®3 are quite
different; this exchange befween the inner and the ocuter
shell will improve the radial dependence of both, as well as
recovering some of the ipterelectronic correlation in that
region of configuration space where the two orbitals

cvarlap. It is quite possible to arrive at the same

wavefunction without using the second spin function at all.m

It can be argued fhat the second. spin function 1is
superfluous, since a 100-term wavefunction using both spin
functioﬁs has an energy 1qyer than that of tHe corresponding
60-term one-spin-function qu;runction'" by ' only 15
phartrees. It must be pointed out, however, that the
previous 15 terms in the 60-term function have contributed
only 8 phartrees to the energy. Although 15 phartrees
may not sound significant, the number of additional basis
functions required to récover that energy wusing only one
spin function may well be considerable, especially in light
of the lfact that no _additiona}-computational effort is

necessary for the second spin function. Larsson and
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.Smith31 have also demonstrated how the \core—valence
correlation introduced by the presence of the
second spin function imﬁroves(the description of observablas

such as the Fermi contact term,

Two of the terms'included in Larsson's wavefunction
involve two different interelectronic distances, whera twd
of the three powers (1, m,n} in equation 10 are not z;ro. The’
contribution of these terms to the energy seems to b; of the
order of 20 phartree, The -inclusion of these terms is
significant, since most otﬁer work on multielectrah systems
dogs not include explicit three-electron terms. It 1is
generaliy assumed that the-Eérrelation'between an electron
and a pair of electrons separated by & small distance is
taken into account by the spin function, since the third
electron will be of the same spin as at least cne of the
other two electréns. It will not be able to~oécupy the same
position as another electron with like spin, and -the

continuity of the wavefunction will therefore make it less

likely to occupy a position in the same region of space,.

The 100-term scaled wavefunction gave an energy of
-7.478069 hartree (99.9% of the correlation energy). Parts
of the calculation have been reproduced by Perkins, 32

- e e v ——

3t S. Larsson and V.H. Smith, Jr., Phys. Rev. ._178
137 (1969) . S
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Ho33l, and in Ehis laboratory34. Ho used a 92-term‘one~
spin-function wavefunction to obtain a sligﬂtly
better energy of -7.478031 hartree. The nonlinear parameters

used in this c¢amlculation as well as that of Perkins are

slightly different from those of Larsson, which were
=2, 80 and 7r=0, 65. Theze parameters have not in fact
been optimized, but do &ive an energy lower by 10-¢

hartree compared to the Larsson values for a 60-term

wavaefunction. It is interesting to note.how little these
differ from the. Wilson parameters’ of 1933, x=2. 63,
r=0, 65, and those, cited by Wilson, used in Fhe earlier
work of Slater, and Guillemin. and Zenar, *a=2.688,
=0, 63.

The lowast variat%onal energies for the 225 and 22p

states of lithium3% as well as for other states in the
lithium isocelectronic sequence3® have been obtained using
the superpo?ftion of  correlated configurations approach, a
methbd very similar to the CI-Hylleraas method.

32 J.F. Perkins, Phys. Rev. A _13 ,» 915-(1976)

23 ¥, K. Ho, Int. J. Quantum Chem. 20 , 1077
€1881) :

34 DM Bichop, M. -Laplantas, tunpublished results)

35 3. Husiynska, D. Papierowska, and W. WHoznicki, Chem.
Phys. Lett, 76 , 136 (198

3e 3, Pipin and W. Hoznicki, Chem.. Phys. Lett, 945

, 392 (1983 ' ‘
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In this case, the energy obtained for the ground stn£¢ of

Li, using a 139-term expansion that included at most one
interaieetronic diatance'per term, raisadcto a pqwe; ranging
from 0 to 3, with some termas having nngulnrndep;ndcnc{. and
two spin functions, was -7, 478044 hartree. The exponsntsa

were optimized to o = 3.03, 7T= 0.69 for orbitals of »

symmetry and 3.22 for orbitals of p aymmetry.

<

The Hyllaeraas methad has been used for four-eleétron
atoms such as Be, most notably by Jims and Hagstrom. 37
Sims and Hagstrom use Hhht‘ they. call the CI-Hylleraas
.method, where a product of four Sletar gypn orbitals are
multiplied by a power. of one of the interelectronic
coordinates. Each such configuration is combined with one of
the two pomsaible spin functiong ﬁnd operated on by the
idempotent orbital angular ' momeptum projection operator
O(L2) to make - it the appropriate eigenfunction -of L2,

L2, the square of the total angular momentum, is defined

by

L2 = L2 + L2 + L2
x y z
(equation 14)

where the angular momentum cperator is, in atomic units;

37 3.S. Sims and S. Hagstrom, -Phys. Rev. A _U , 908
(1871}
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L= Nx%e - yio
z © 1 %%y Y3x

: {equation 15)
The method is an attempt fo combine the best aspects of CI
and Hylleraas-type expansions. The use of interelectronic
coordinates, however, .makes it impossible to use many simple

CI methods, since orbitals containing such coordinates will

not be orthogonal to the others.

The final wavefunction, uéing 107 configurations, ﬁas
made up of s and p orbitals in both the core and the vaience
éhell} and powers of all 6f the interelectronic coordinates
taking values of (0,1, 2). The energy obtained was -44.6665Q
hartree, compared to th; estimated38 limit of -14.667358
hartreae, and a 650-term‘CI resqlt of =14.666902 hartrees. A
mobe_pompact S57~term wavefu'nction39 of the same type gave
an energy of -14.66632 hartree. Calculations on Be are made
more difficult by the near-deéeneracy_ of 2s and 2p atomic
orbitals. This near-degeneracy contributes to the importance
of 'average'_or long-range correlatiopn, which ean best be
accounted for by a configuration ipnteraction method, while

the short-range Coulombic repulsion requires Hylleraas

38 C,F. Bunge, Phys. Rev. A 14 , 1965 (1976); At,
Data Nuc. Data Tables _18 , 293 (1976) ’

29 J.S, Sims and S.A; Hagstrom, Int. J. Quantum Chem.
‘g , 149 (1975)

[y
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terms 40

Ohiy one atom with more than four electrons has ever, to

our knowledge, been treated by a Hylleraas wavefunction.

calculation on the ground state of neon4! was performaed by
Clary and Handy, uding the configuration i1nteraction-
Hylleraas method of Sims ;nd Hagstrom. An 83-term
wavefunction that included the first and aecopd power of 'all
ihterelectronic coordinates (no more 'than‘ one per term)
recovered 73.5% of the correlation energy of the atom,

Although this is pthups not as spectacular as Hyllerpas-

typc‘Acalculationa cn samaller atoms, it
fnvorasly with any CI approach42 available at the time or
since} When uqing a CI or aven a pair expanasion, th; numb.{
of higher spherical 'harmqnics necessary to recover the
energy of dqguiur correlation increases steadily with the
number of electrons. 43 In fact, Bu&ga and Peixoto estimate,

that <g&h,i,... orbitals are }asponsible for 8% of the

O

40 J H. Moskowitz et al., J. Chem. Phys. 6 .
1064 (1982), R.E, Hatson, Phys. Rav, 119 170
(1960) . .

41 D.C. Clary and N.C. Handy, Phys. Rev. A _18
1607 (1976)

42 C.F. Bunge and E, L M. A. Peixoto, Physa. Rev. A _1__ .
1277 (1970)

43 H.F. Schaefer III, _The Electronig Structure of Atoms
and Molecules (Addison-WHesley, Reading, Mass, 1972)
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for 2%.

<correlation energy and j, k, ..

The hvdrogep molecule

has, like He, had its history of
Hylleraas method of

molecule
the

Hy
using

The
The earliest correlated

successful calculations

€xplicitly correlated wavefunctions.
wavefunction44 due to James and Coolidge remained, for
one available. Using elliptical

decades, 45 the best

coordinates defined by

i
(equation 161}

L ol
A

i

n-= (rA—rB)/R
where 5{ stands for the distance between an electron and the
the additional

well as
James and Coolidge

_as
of

nucleus labelled "A",
12
linear combination

H
interelectronic distance coordinate r
built a wavefunction made up of a
terms of the type

s. 1

24 H. James and 4. Coolidge, J

825 (1933)

45 for a 1960 bibliography, see ABD. McLean, A. Weiss, "and
Rev. Mod. Phys. 32 , 211 (1960)

‘M. Yoshimine,
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-0 g +£.) . .
1 2 m.n_3J_k n.m_k_3i P

e (E48M3M, * &48, MMy (2r o /R) .
(equation 17)

where i; a nonlinear variational parameter. This type

of wavefunction, using products of orbitals, expressed in

terms of elliptical coordinates, and powers of tha

interelectronic aistance, are known as James-Coolidge

wavefunctioﬁs. The use of "angular termé", in the form of

[Ce2-1)(1-n2y "/ 2%, 1M
(equation 18}

where ?» is the angular coordinate in elliptical coordinates,

m is an integer, "and i is the square root of -1, ia also
possible in the wavefunction, although here again ag was
the case in spherical polar coordinates with atoms, ¥ is a

redundant coordinate.

In order to represent the ¥ ground state, the form of
the wavefunction had to have the proper symmetry, invariant
to rotation about the internuclear axis and to réffection in
the plgne of symmetry perpendicular to this axis, This
implies the restriction of j+k aven for the gerade ground

state, or j+k odd in the cane of the ungerade states, The

conditions of antisymmetrization and spin are the same as in

atomiec wavefunctions. James and.Coolidge. like most other—
subsequent authors using James-Coolidge wavefunctions, used
only one value [or o« . The value they used was =0, 75

for both electrons. The energies calculated are summarized



49 D.M. Bishop and L. M. Cheung, Phys. Rev, A _18
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in table 2. _ ;

Using essentially the same fonm of the wavefunction, Koics
and Roothaan‘ﬁ'axtended the pﬁlcul&tion to 50 ter%s. using
a batter-optimizad-value of x=0, 95, Burthar,extensions of
the same form of ?avefunction were made b& Kokxos and
Folniewicz to B0 terms<? and 100 terms“s and by Bishop

and Cheung to 249 terms<49 of the same type. In this

largast calculation, and to some extent in some of - the
smaller ones, the best choice,‘of basis functions is no
longer done by trial-and-error and experience, but by

including every ©possible basis function within .a given

range, . v

It should be noted that all the energies cited in table 2
correspond to Born-Oppenheimer energies at or near the

equilibrium internuclear distance of 1.4 bohr, without -

‘

radiative or relativistiec corrections.

46 §. KolXos and C.cC.J. Roothaan, Rev. Mod. Phys. 2,
219 (1960

4? H. RoYos and L. Holniewicz, J. Chem. Phys., 41

3674 (1964) '

“8 4. RoZXos and L. Holniewicz, J. Chem. Phys., 49
4Ok (1968)

1

1846 (-1978)
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TABLE I1I

VYariational explicitly correlated wavefunctions for the

[———

X1Z+ state of hydrogen

* —————————————————————————————————————————————————————————————
[}

1

! .

! referance no. of terms value of X enarsgy Xcorraelation

]

1

+ -------------- 6 ------------------------------------------ S —— —
' L]

1

' .

i by 5 0.75 -1.16645 80. 4

| _

i Ly 13 - 0.75 -1.173475 97. 6

[}

E .

! ug 50 0. 95 -1. 174448 99.93

] . .-

s , -

' 47 80 1.0 T -1.1784746 99.997
\ : ‘

H 43 100 1.072. -1, 17448749830 99.998

| . ' .
s | |

R 249 1.117 -1.17487565 100,

] .

i

e S N L o A . — - e m s m s m s — = -

There is an extensive 1literature on the non-Born-

Oppenheimer wavefunctions for small molequ1e35° These

S0 See, for instance, D. M. Bishop and L. M. Cheung, in
"Advances in Quantum Chemistry”, vol. 12, p. 1, ed, P. 0O,
L8wdin, Academic Press, London, 80, and references cited
thi;ein. :
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éalculations do not assume that the electronie wavefunction

can be separated from the nuclear wavefunctioﬁlsgcépt in the 2

case of the variational non-adiabatice calculnyions, these -

. " >

calculations give approximate values of the ghigenvaluks of

the total Hamiltonian, rather than strict ﬁpper @boundsjto ..

.
»- S * -

them.

. Ete,

r = rie

\,/ - -
The difficulties encountered in attemptipgiﬁo ey@luate

integrals involving interelectronic distances in el;iﬁtical'
, 3 . <
. -t;:— 4 - -

coordinates have made variational calculations of éxpliqftl

ae

s e

correlated wavefunctions for multielactronic molecﬁlés rare. o
_‘ N 4 -
These integrals have. been referred .to vhribusly,'as-
] . . T y
"difficult", "formidable"”, whorrifie”, = And "almost

intractable”. This opinion was °~ not dispelled . when
Rothstein5! published an expansion in terms of elliptical
coordinqtes of the integrals required ¢to evaluate the

Hamiltonian matrix elements for a wavefunction containing at’

most the first power of dng of " the Tidberelectronic

S1 E.V. Rothstein, Phys. Rev. A _3. ,1581 (1971

..

L

¥’
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coordinates. “Hith that restriction, esch matrix element

=

will involveYat most

th;eefinpegale@tFOnic terms (one from the bra, one from ﬁhe
ket, B apd a reciprocal interelectronic distance from the
H;hilxo %an) and -at most four electrons. Rothstein
classified eachj of the integrals into” 10 distinct types,

theh expanded the reciprocal of the interelectronic

coogdingiﬁ according to the Neumann expansion (see chapter
*

' ] i
B),J and the first power of the coordinate according to the

(unpuR}ishhd until then) Harris expansion. A number of

corrections to these equations have been published by

Clary, 2 who used the same approach to calculate the first

explicitly correlated wavefunctions  for many-electron

diatomic molecules.

,gor the three-electron molecule Hep,* , <Clary's 29-term
eXxpPlicitly correlated wavefunction recovers about 90% of the
correlation energy at the equilibrium internuclear distance

for the 1lowest !Xt state of the molecule. The

g - - . . -
Wavefunction wused in this case is made up of a linear

cohbingtion of products of three orbitals of the form:

-

e'xp(—?z,DS?E)[exp(‘l.163n)+exp(-"l.163n)]nl&J , for g symmetry
{ equation 19)

52 D.C. Clary, Mol. Phys. 34 , 793 (1977

K
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-

éxp(-‘l-.8905)[exp(‘1.?65n)—exp(—-"l.765n)!nl£J , for u symmetry
(equation 20}

and a power of one of the intérelactronic distances. The
four nonliﬁenr parameters for the different orbitals were
6ptimized using a small basis set‘ without explicitly
corrélntad terms. The parameters i and j took on ‘the valuas

e

to,1,2). Oonly three of the terms contained” an

interelectronic distance, to the first power, none of the

terms had explicit angular dependence, and only one of the
two possible singlet spin functions was Jsad?- That the
energy obt#ined from this calculation is so0o low in-spitg’of
all these limitations speaks eloquently for the pﬁwer of the

methoa.

Clary performed a similar calculation on the weakly bound

"1¥+ state of the He, "molecule" at the short

internuc;ear distance of 1.0 bohr (not the equiiibrium
internuclear distance). Thg form of the ﬁavefunctioh used is
the four-electron analogue of the He; wavefunction.

discussed above,. fﬂfae of the 34 terms used <contain the
first power of one of the internuclear distances rti; rg*,

and r13 . to account for what has come to be known as the

“core™, “ "valence”, and "inter-shell™ correlation,

respactively,

. -
e calculated energy of -4, 88323 hartree obtained seems

to be the lowest variational energy for the internuciear
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. distance of one bohr. As 1n thé previous caicuiationj two
sets of exponents are used, one repraesenting a gerad; state and
the other an ungerade stats. Since the exponents are . rather
sSmall né such a small internuclear distance, the correlation

enargy is easily recoyered with a small correlated basis

set,

The only eiplipitly correlated wavafuncfion to hava been
published so far for.LiH ({or any heteronuclear diatomic
having more than two electrons, for that matter) is alsé due
to Clary and Handy. 52 Using a 117-term w&vefun&tion that '
inéluded only two tnrm§ with the first pow@r of,rlz and T3y
and what Fhey called "poor" ground configuraiions; whose energy
1s far above the Hartree—?ockl‘limit. 61% of the correlation
energy was recovered at the .equilih}ium ‘;ﬁteqnuclear
distance. A 24-term expansion54 of "poor” o;bxtals gave

87% of the correlation. One set of nonlinear parameters was

. N 4
-

used for the c¢ore and two sets for the valence. Only one of
the two possible spin functions was included  The correlated
term providing for the *"core-valence” correlagtion was not

included in the final wavefunction because of its negligible

contribution to the energy. This calculation compares

53 D.C. Clary and N.C. Handy, Chem. Phys. Lett. 52,
483(1977) . : .

54 p,C. Clary, Ph. D. Thesis, University, of Cambridge

(1977)
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favorably with much larger CI and  other , variational

"calculaticons of the energy.

Hhen _an%xpansion in terg;ls of Hylleraas coordinates' or a
Jamas—Coolidge function contains only even powers of the

interelectronic distances, it is not generally considered an

. t.
exXplicitly correlated wavéfunction; This iz because the
square of the internuclear distance c¢an be expressed, in

i

spherical pdlar coordinates, as

+1
2 2 2 4w - m -m
r12 = ry + r, 3 r1r2 mf-1yl(1)Yl (2)
' (equation 213
where the Y: (i) are spherical harmonics, and in elliptieal

coordinates as a Neumann expansion (see chapter 4).

Hhether in spherical ﬁolar or elliptical coordinates, any
term containing an even power of the interelectronic
.distance <c¢an be exﬁrgssed as a linear combination of
"uncorrelated” terms some of which will have angular
dependence. This expansioh therefore reduces to somethiné

like a CI'expansion.

Theréfore, when the claim is made that Clary's is the
. only expliecitly correlated wavefunction in the 1literature

for the LiH molecule, we are excluding such wavefunctions as-:
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correlated spherical GaussiansS55 and correlated Gaussian

geminals, 56 which involve bhly the second power of the

interelectronic djistances.

One method which is worth mentioning in this section,
even though it has not yet, to our knowlaedge, been applied
to a molecule with more than two alaectrons, is the

polyatomic superposition of correlated configurationsS?

method. The method in this casea 18 similar to the
- t

Superposition of Correlated Configurations (SCC) and CI-

Hylleraas methods discussed eérliar, with +the Slataer

orbitals being replaced by linear combinations of spherical
gaussiahs centered at different pﬁints around the
nuclei(Gaussian‘—lobe functioens). The complexity .of the
calcglation apparently doesi not depend on the number of
different centers used, so that polyatomic molecules can be
treated using combinations of such orbital products,

multiplied by poweés of the interelectronic coordinates.

.

g
Only the »two-electron H3 * molecule has been treated

S5 R. M. Farunakaran and R. E. Christoffersen, Int. J.

Quantum Chem. 21 , 1 (1982) and 21 , 11
(1982) ’

56 S.F. Boys, Proc. Roy. Soc. A256  , 402 (1960)
57 A. Preiskorn and W. Hoznicki, Chem. Phys. Lett. 86

369 (14982)
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using this method,. . A 36-term explicitiy correlated
wavefunctiohnh recovered 94% of

the corrh;ation energy of the lowest A} state at the

eqﬁilibrium nuclear configuration. One presumes that the

P

evaluation of multielectron integrals is the difficulty that

must be resolved before calculations are . possible on

multielectronid molecules,



CHAPTER 2

CORRELATED WAVEFUNCTIONS AND INTERELECTRONIC CUSPS

The form of the Hamiltonian operator

When the familiar time-independent Hamiltonian operator

is a self-adjoint bounded linear operator defined in finite
or infinite-dimensional. Hilbert space, the spectral theorem

N

‘allows that it have a spectral representation in that finite
or infinite-dimensiéﬁgzﬁspacd.53‘ If the operator is
defined on L2 . the space of square integrable functions

on the real line, then the operator H will admit an -

eigenfunction expansi