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Abstract

Consider the Sturm Liouville equation
y + (Ar(t) — q(t))y =0, t € [a,b], —o0 < a<b< +oo,

with Dirichlet boundary conditions y(a) = 0 = y(b) . In this thesis the
higher order approximation for the eigenvalues in the classical case i.e,
r(t) > 0, and in the one simple turning point case is derived as well as the
higher order approximation for the eigenvalues of the Dirichlet problem
associated with

2
=\l c<t<d
with boundary conditions
y(c) =0 =y(d) c<0<d

where [ is an odd integer . By using the above results , an infinite product

representation of a particular solution of the Sturm Liouville equation

in the one simple turning point case is obtained . The last chapter of

this thesis is devoted to the recovery of the potential function ¢(t) from

the spectrum and the weight function r(¢) in the one simple turning point

case. We obtain a seemingly novel, characterization of ¢(t), assumed non
negative, in term of various traces and their derivatives .
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Introduction

In the mathematical literature , there are thousands of research papers devoted

entirely or in part to the study of the Sturm Liouville equation 1.e.,
y +(Ar(t) —g(t))y =0 a<t<bh (1)

where r, ¢ : [a,b] — R are continuous functions and ) is a real or complex parameter.
Indeed ,this equation is distinguished for the wealth of the methods used in studying
its solutions and because of its applications to the wave equation .

In 1836 both Sturm and Liouville published articles concerning boundary value
problems for the differential equation (1) with 7(t) = 1 . They asked whether there

exists nontrivial solutions of (1) satisfying boundary conditions of the form
y(0)cosa +y'(0)sina =0

y(1)cos B+ vy (1)sinf =0

where a , § are real numbers between 0 and w . The parameter )\ is called an

esgenvalue if the boundary value problem can be solved . The corresponding

i



nontrivial solution is called an eigenfunction for A . The collection of all eigenvalues

is called the (point)spectrum of the boundary value problem .

In many physical problems which in their mathematical formulation lead to
Sturm Liouville equation, one can determine the spectrum experimentally . Often
the function ¢(z) in (1) is unknown , and the question arises as to what extent ¢(z)
can be reconstructed from given spectral data .This type of problem is known as

an tnverse Sturm - Liouville problem .

The aim of this thesis is to study the higher order approximations to the
eigenvalues of one turning point problems . We then apply these results to the
problem of recovering the function ¢(z) from the spectrum and the weight function

r(t) in (1) with Dirichlet boundary conditions

y(a) = 0= y(b)

where r(t) has only one simple zero zo within (a , b) and tl_(% is positive and twice
continuously differentiable in [a , b] . In the literature , the zeros of the weight func-

tion r(t) are called turning points or transition points of the differential equation

(1) -

Turning now more specifically to the contents of this thesis , chapter 1 considers
the asymptotic solution of equation (1) in the classical case i.e.; r(t) > 0on [a, b],
and we summarize briefly and without proof the derivation of the well known formal
solutions . By making use of the formal solutions the higher order approximation
for the eigenvalues is obtained (without the assumption [’ ¢(v)dv = 0).

In the second chapter , Langer’s transformation is briefly described . Then , by

iv



applying this transformation to equation (1), in the one simple turning point case,

1t is transformed into the simple form
W' + (A — R(OOW =0, c<¢<d (2)

where ¢ < 0 and d > 0 .By using the formal solution constructed by Olver, the
higher- order approximation for the eigenvalues of equation (2) with boundary con-
ditions W(c) = 0 = W(d) and similarly with W(c) = 0 = W(0) is derived .Moreover
it is shown that the positive eigenvalues of equation (1) in the one turning point
case with Dirichlet boundary conditions depends only on the positive part of the
weight function r(¢) . The third and fourth term of the asymptotic distribution of
the eigenvalues appears to be new here .

The third chapter is devoted to the study of the asymptotic distribution of eigen-
values for the boundary value problem

2
y" — g+_zl./\2t1y =0
4
y(c) = 0 =y(d)
as well as with boundary conditions

y(c) = 0=y(0)

where ¢ < 0, d > 0 and [ is an odd integer.
Let U(£,A) be the solution of equation (2) which satisfies the initial condition

U(=1,)) =0 aa—(g(—m) = 1.

In chapter four ,by making use of the results obtained in the previous three chapters,
an infinite product representation of U(¢, A) is given . Furthermore , the leading
term of the asymptotic formula for 2%(z, () , A(2) and [% vU%(v, Ay(z))dv

is obtained where )\ (z) is a negative eigenvalue of the Dirichlet problem (2) on



[—1, z] with fixed z < 0 . Similarly , the leading term of the asymptotic expansion
of &(z,u.(z)) ,%(:{:,un(m)) ,up (), % vU(v,un(z))dv and U (€, u,(z)) for large
n is derived ,where u,(z) is the sequence of positive eigenvalues of the Dirichlet
problem (2) on [—1,z], for fixed z > 0 . In seeking the asymptotic form of the
above- mentioned integrals we do not use Watson’s lemma , but calculate these
forms directly . The above results are used in the next chapter .

The fifth chapter deals with the inverse problem in the one simple turning point
case . More specifically , since the Sturm Liouville equation (1) in the one simple
turning point case can be transformed to the simple form (2) , it suffices to consider
the Dirichlet problem for equation (2) on [-1 , 1] . It is shown that given the
initial conditions {u,(1)}, {u,(1)},{r.(1)} and {r, (1)} with the dual equation of
(2) one can recover the potential function R(£) in equation (2), where u,(z) is the
sequence of positive eigenvalues and r,(z) is the sequence of negative eigenvalues
of the Dirichlet problem for (2) on [—1,z] with fixed > 0 .

It seems that the above idea can be extended to more general cases. For instance,
whenever the weight function r(z) has one or more zeros in [ a , b | or whenever

the boundary condition is different from the Dirichlet boundary condition .

vi



Chapter 1

Higher - order eigenvalue
asymptotics for right - definite

problems

1.1 Introduction

Letr,q:[a,b] = R be in C*®(a,b) and r(z) > 0 on [a, b] where—oo < a < b < 0.

The weighted regular Sturm-Liouville problem consists in finding the values a

parameter A for which the equation
y' + (Wr(z) —g(z))y =0 a<z<b (1.1)

has a solution y (non identically zero) satisfying a pair of homogeneous separated

boundary conditions.
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In this chapter we consider the Dirichlet problem , in which , the boundary

conditions are of the form

y(a) = 0= y(b).

In 1837 , Liouville investigated the behaviour of solutions of ordinary linear

differential equations containing a large parameter. He transforms (1 . 1)by setting

()= [r(e)z  y(@) = r V()W (E) (12)
and obtains
T+ (- ROWEO =0 (19

where

”°

r'(z)  5r g(z)

4r2(z) 16r3(z)  r(=)

& ( 1 ) q(z)
r3/4dz? " r1/4 r(z)

R(£)

(1.4)

The transformation (1 . 2) is usually called the Liouville - Green (LG) trans-
formation. It should be noticed that the LG transformation may fail whenever

r(z) has some zero in [ a , b].

When A is large and positive R(§)W(€) , in (1.3) , can be neglected in the first
approximation so that solutions of (1 .3) are approximately a linear combination
of cosVA¢ and sin VA€ More exactly ,Liouville uses the method of variation of
parameters to show that solutions of (1.3) satisfy what is now called a Volterra

integral equation ,

W(€) = 1 cos VAE + casin VAE + % /j sin VA(E — H)R(H)W(t)dt
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and proposes to solve this equation by the method of successive approximations

where ¢; and ¢, are some constants.

In studying the eigenvalues of the equation (1 .3) , one may apply the above
Volterra integral equation . In this method , the asymptotic expression for the
eigenvalues of the equation (1.3) on [0, 7] with the boundary condition y(0) = 0 =
y(7) , is of the form

1 4 1
)\n—n+l+-2—r-l;/o q(x)dm-i—O(;;)

where the corresponding eigenfunction of the eigenvalue A, vanishes n times within
the interval (0, 7). More details can be found in ([34] , P.173), ([14] , P.270), ([24],
P.148), ([20] , P.60) , ([21]) .

Hochstadt has assumed that the equation (1.3) has a solution of the form

W(E) = A(€)sinw(¢)
W'(€) = /A— R(EA(E) cosw(E)

By deriving a new differential equation ,one can determine A(¢) and w(¢) .By assum-
ing that R(£) has mean value 0 ,he found the fifth approximation for the eigenvalues
of the equation (1.3) with the boundary condition W(0) = 0 = W (=) . It is of the

form

_ R d(e)de —g(m)+4(0) 1
Vn=n+ +0(3)

8ndw
For more details see ([13] , P. 154) .

By using a Priifer transformation , Borg in [4],for the differential equation

(1.3) with the periodic boundary conditions

W(a) = W(0) W'(a) = W'(0),
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derived the following estimates for both eigenvalues Ay, 41 and Agpmyz

V= g(mT—{-l)z + %Ak{2(m + Dr/a} ™+ 0(m™?)

k=1
where the Ay are independent of m and involve R(§) and its derivatives up to order
r — 1 . In particular ,

1 a
A = g/o R(z)dz
A2 = 0
_ 1 [ A2
4 = o /0 R¥(z)dz — A2

For more details see [4] or ({7], P. 58 ) .

Now,in section 1.2,we shall derive the formal solution of the equation (1.1). In
section 1.4 of this chapter we shall study the distribution of eigenvalues of (1.1)
without using Liouville’s transformation by means of the formal solutions of the

equation (1.1) .

1.2 The Formal Solutions

In most differential equations with variable coeflicients it is impossible to obtain an
exact solution . So one must resort to various approximate methods of solution .
One of the most useful mathematical methods of achieving this is by representing

the solution by an asymptotic form which we will study in this section .

For the existence of the solution of (1.1) depending on a parameter A , we would
like to call the reader’s attention to a complete historical review by Mingarelli in

[24] .
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Let the solutions of (1.1) be given by the formulae
y,(z,)) = e¥4,(z, \) j=12, (1.5)

in which the factors A,(z, ) remain for the moment unspecified and £ = £(z, \) is

£ = \/X/x Jr(t)dt (1.6)

where z, is a fixed point in [a,b] .The upper sign in (1.5) is to be associated with

given by

J =1 and the lower one with j =2 .
It is then found by direct substitution of y,(z,A) in (1.1) , that

+ (Ar(z) — g(z))y, = ei'iC’](:t, A) (1.7)
in which

C,(z,\) = £1VA(2y/r(2) A, r'(z) A)+ A" — q(2)4, 1.8
(z,2) ( ()]+2m)+1q() (1.8)

A glance at the Volterra integral equation constructed by Liouville, one expects
that the A,(z, ) in (1.5) be of the form ,
o~ 45k(2)
Ay(z,)) =3 —J—)\—k (1.9)

k=0
Effecting the substitution (1.9) in the formula (1.8) we have

x — 4 'z = a;,k 7'(5”) aJk ___
CJ( ' A) i\/X(QV ( )Ig )\k Z Z q(z )Z(\/—)k

(z) k=0 k=0

or

C)(z,A) = i\/_[Zz\/r(x)aJO+ i (2) a,0)

2y/r )
' (z) "V
+(20/r(z)a,,; + 2\/@%,1)4-%,0 g(z)ay0 +

| n/r(z zr'(:c) a a —q(z)a
(\/_) [:l:(2 ( ) 2\/;‘@ ],m)+ 7,m~1 q( ) J,m—l] +
_\/)\_m_(a;’,m — q(z)aym) + - (1.10)
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Now , in the formula (1.10),the terms in \/X(l_k),for k=0,1,..., will all vanish if
the relations

2 r(w)a;'o + —Cﬂam =0

2¢/r(z)
n/r(z)a 11— (x) a, a —q(z)a =
(2 ( ) Jk+ zm 7, )+ 3,k—1 ‘1( ) k-1 =0 (1-11)

are fulfilled. These will be fulfilled if suitable values are assigned successively to

@;0,---,8ym , .... Thus , we define a,; by means of the relations

r(a)

2,/r(z)

and , in order to compute a,; , k = 1,2,---,we mutiply (1.11) by r~'/4(z) so that

2 r(a:)aj,o + ——=a,0=0 = a,0 = r'1/4(a:)

d 1/4 a‘”,k—l — q(z)a) k-1
iE(ZzaMr(w) )= —-1 N2 k=1,2,---
Therefore we obtain a,; recursively by
42 T a —q(t)a, k-1
dt k=1,2,.-- 1.12
= o o b 012

where the lower limit zy, is arbitrary but fixed .In order for a,r € C? , for each
J = 1,2, it is sufficient that, r,¢ € C*°(a,b) , which is the assumption in the intro-

duction .

Note that the choice (1.12) serves to reduce each of the C,(x, ) to zero . The
resulting y,(z, A) defined by (1.7) and (1.5) now formally satisfies (1.1) .The latter

thus admits the pair of formal solutions

ek o 93,4(2)

k=0 \/Xk

with coefficients that are given by (1.12) .

(1.13)

The above series is uniformly convergent on compact x intervals as A — oo. For a
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proof of the asymptotic nature of the formal solution see ([7] , P.61) ,([8] , P.80) ,
(129] , 193) .

In general , the formal solution may not converge whenever the interval is not

compact . For contra example see ([29], P.365).

1.3 Distribution of eigenvalues in the classical case

We know that the eigenvalues of (1.1) with boundary conditions

y(a) = 0= y(b)
are zeros of

yi(a) ya(a)
y1(0)  y2(d)

where y; and y, are two linearly independent solutions of equation (1.1). One can

AN =

find the distribution of the eigenvalues by using the formal solutions
€ o= 9k
yp = e* Z k
k=0 V' A

=S k
_ i (—1) Gk
Y2 = ¢€ 2 —
k=0 \/Xk
? /” ay ey — q(t)ar k-1
2r(z)* Ja ri/4(t)

9k =01k = (—1)kaz,k = dt k=1,2,.--.
(1.14)
Now we find the form of the transcendental equation A(A) = 0 . By the Cauchy

product of two series , we may write,

y1(a)yz(b) = e'€@-¢E) $° c;n
0
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> d
y b)y al) = e‘(f(b)_f(a)) m_
H(PJuata) 2

where
co = do = (r(a)r(b))~V4 (1.15)
and
en = ) (=1)""*gk(a)gm-1(b) (1.16)
dm = 3(~1)" g (D)gm-s(a). (1.17)

Consequently , A(A) = 0 implies

(et —g(e)) _ Zm=0 /T (1.18)
E?::O ﬁ”
Note that we may take yi1(d)y2(a) # 0 and y1(a)y2(b) # 0 , so that, in particular,
the denominator in (1.18) never vanishes . A glance at (1.16) and (1.17) ,shows
that

cm = (—1)"dn. (1.19)

Therefore , from (1.18) and (1.19) we get

(2(60)-¢(@) _ Zmeo( =1 (1.20)

[}
o U,
_ 1
where u = 75 Now suppose

PHEO-E) = 3 ymR, (1.21)

m=0
The R,, may be determined by equating coeflicients of equal powers of u in the

following equality

(ioumRm)(io umdy,) = i (1) u™d.

Thus
Ry=1
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and

(=1)"dm = idem-—k (1.22)

k=0

From (1.6) we write

£(b) — é(a) = VAP

where
P= [b Jr(t)t. (1.23)

In order to obtain the distribution of the eigenvalues we see that from (1.21) , we

get
= Rn
2VAP = 2nm + log(1 + ¥ —2), 1.24
1+ % 2 (124)
where n = 0,£1,+,2, ...
a) First and second approximation
The expansion of log(1 + z) for |z| < 1 is of the form
12,13,
log(l+z)=2z— 5% + 3% (1.25)

Therefore
log(1 + O(%)) = 0(1/VA) as A\ — oo

where for two functions f(z), g(z) we define
f(a)=0(g(a))  as @ —oco

to mean that |f(z)/g(z)|is bounded.
From (1.24) and the expansion (1.25) we get the classical result ([14] , p.272)

Vn = ”73’5 +0(1/n) (1.26)
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where P is defined in (1.23).
b) Third approximation

From (1.24) and (1.25) we write (as A — o0 ),
nmw 1
VA = > *t5.p \/_

From (1.17) and (1.22) we get R, = -idl where d, is given by (1.15) and d; is given
by (1.17) . Indeed we have

+0(1/))) (1.27)

d = gl(b)go(a)——go(b)gl(a)/ / / /
Lt PTG @) ) — g@r i)
- 2('!'(a)1*(b))1/“(/au1 ri/4(z) d / r1/4(z) dz)

t / (r4(2))" — g(z)r (=) |
2(r(a)r(b))/* Ja ri/4(z)

Thus (1.27) is of the form
\/—): _ ﬁ’}i _ 1 /b (T—1/4($)),, - Q(m)"'_lﬂ(x)dz + 0(1/)\)

P~ 2/3P Ja A (z)
From (1.26) we write
nw b’l‘—14l‘”— xr‘l"x
VZ:?‘W%fmmml(/({@ﬁ)/uh+“%%
consequently,
Ve = % _ ——F(a b) + O( 2) (1.28)
where
F(z,y) = /: (T—1/4(x)):1;(‘1$(;” ) g, (1.29)

In the literature

r=4(g))" z)r~Y4(z
Fioy = [ e,
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is called the error - control function (see [29],P.196).

From the properties of series collected in ([1] , §3.6.24) the formula (1.24) can

be written of the form

2VAP = 2nmi 4+ —— + LR

\/_ (1.30)

1
AR OG)

where
a = R
L

C2 = 2 5 1G1
1

c3 = Ra—g(R201+2R162)
1

¢4 = R,4— Z(Raﬁ + 2Rzcy + 3Ry c3)

Now , by (1.17) and (1.22) , we have

2d,
R = -2
1 do
2d2
R, = =1
2 d%
2d3 2d1d2 2d:;
R = —_—— + - =
’ o & b
4dids  4d?d, 2
R4 = e

2 & d

Therefore we get , c; =0, and

2y 2didy 24
dy ' 4} 33

¢4 = Ry— Z(R3R1 + 3R;c3)

C3 =

c) Fourth approximation
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We know that ¢, = 0 , therefore by (1.28)and (1.30)

VA = % - ——F(a b) + 0(—) (1.31)

d) Fifth approximation

In order to find the fifth approximation we first find d,,d; and d3 . Suppose in
(1.14) £, = z3 = a and z3 is an arbitrary point in (a ,b) . Then from (1.17) we have

d = (r(a)r(b))~*

? b(rM(2))" ~ g(z)rM4(z)
= d
& = o 7 (z) ’
t bay; = g(t)ar
= . d
h = S I A o
_ 1 bay, —q(t)arz
% = @) / syt
From (1.29) and (1.31) , we find
nmw C3 1
o= M R+ +O(
O 2P (g~ ZeB OGP
nm cs P? 1
= 5 - —F(a b) + 553+ O(n4 (1.32)
Note that < is a real number .
e) Sixth approximation
Since ¢4 = 0 from (1.30) and (1.32) ,we write
c3P? 1
V=5 - ———F( D)+ 5 + 00 (1.33)

where c3 and F(a,b) is determined before .In fact we have obtained the following

theorem:
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Theorem 1.1 Letr, ¢ € C®(a,b) , and r be a positive function , then the eigen-
values of the Dirichlet problem (1.1) on [a , b] satisfy (1.24), and (1.35) gives the
sizth approzimation for /), .

Equation (1.3) is called the normal form of equation (1.1) . In many mathe-
matical physics problems one encounters equations of type (1.3) . By determining
eigenvalues experimentally , some information regarding the nature of R(¢) has then
been found .Let us investigate the sixth approximation for normal type . For this

we put r(z) =1, and

E(t) = /at o(z)da. (1.34)
Then ,
P = b—-a
F(a,b) = —/abq(:c)da::—E(b)
do = 1
d = —%E(b)
& = la) - g(a)} - S )
7 ' ' 1 b
d = £{d(0) = q(@)} — @ [ q(t)it
r b ) b ?
- 5 [ a0+ Za) ot + FE)
whence

s = — g/ (4) ~ ¢ (@)} ~ SE®)ala) ~ a(b} + § [ ()t ~ 1E°()

Consequently the sixth approximation for the eigenvalues of equation (1.3) i.e,in

normal form , with boundary condition W(a) = 0 = W(b) is of the form (see
(1.33)) ,
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\/X: = b’f +—LE(b)

a 2nw
oD 4 @)~ )~ B ae) — a) + [ (00t~ B(8)) +0(5)

where E(t) is determined in (1.34) .
Now we will illustrate theorem 1.1 with the following example .

Example 1 We wish to find the eigenvalues of the following boundary - value

problem

v + A1 +2) %y =0 0<z<1

y(0) = 0 = y(1).

Solutions of this differential equation are of the form

y=(1+z)
where
14++v/1-4)
d=——7—.
2

The exact eigenvalues of this problem are

nn?

- log?2

+

n

'4_.

By the Binomial theorem one can find for fixed n ,

r— nm log? 2
An = 1+ 4niy?

log 2

nr o LL_1) (1 —k+1) log?2 *
_ 1 2\2 2

10g2{ +k>;1 k! {4n27r2} )
_ nm  log2 log® 2 log® 2 0 1
~ log2 ' 8nm  128n373  1024n5%® + (n7 '
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By computing P , F(0,1) and ¢3 in (1.44) one can find the same approximation for

the eigenvalues .

In fact we have

C3

F(0,1)= —i log 2.

V2

—2—8—210g2
V2. o,

—ﬁlog 2

W2 . . W2

30721 2+ o5 1082
1

—a10g2

log 2



Chapter 2

Eigenvalue asymptotics in the case

of one simple turning point

2.1 Introduction

This chapter is concerned with the differential equation
y — (N f(z)+g(z))y=0 a<z<b (2.1)

and the boundary condition
y(a) =0 =1y(b),
where
() f,q:[a,b] — R are n times continuously differentiable functions, 2 < n .
(i1) f(z0) =0, and (z_f_%‘),')'f = h(z) is positive and twice continuously differentiable
within (a , b) ,where z¢ is an interior point of (a , b) and [ is odd .

(ii) A is a real parameter.

16
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In this chapter we will study the distribution of the eigenvalues of equation

(2.1) when f(z) has only one zero in the interior of [a , b].

The following points should be noted . First,as a consequence of condition (i),
one can find higher approximations for eigenvalues A . Secondly , hypothesis (ii)
implies that the function f(z) , defined in (2.4) , is a positive and twice continuously
differentiable function (see section 2.2) . Consequently , the function R({(z)) ,
defined in (2.11) , is continuous in [a , b]. Thirdly , since ! is an odd integer , the

function —f(z) is positive in [a, zo) and negative in (zo, ] .

In the literature , the zeros of our function f(z) are called turning points or
transition points of the differential equation (2.1) .Geometrically , the oscillatory
/ non oscillatory character of a solution is altered to non -oscillatory / oscillatory

as one proceeds through a turning point of f(z) .

In [17] Langer studied the differential equation (2.1) in which f(z) was assumed
to be of the form z*g(z) , where « is a positive number and g(z) is a twice contin-
uously differentiable function without zero .In this paper he found the asymptotic
behavior of a solution , simply described in theory but rather cumbersome to apply.
So, in order to find the distribution of the eigenvalues in the one simple turning

point case , we prefer to apply Olver’s method .

In section 2.2 , we give a short description of Langer’ transformation .In section

2.3 the formal solution introduced by Olver in [29] is discussed and used in order
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to compute the higher order asymptotics of the eigenvalues of (2.1) in which f(z)
has a simple turning point , (section 2.4) . We note that the leading term of the

eigenvalue distribution for (2.1) has been found recently by Atkinson Mingarelli
in [2] .

2.2 Langer’s transformation

Let us define

(@) = —([Cfaptayd z<a (22
(@) = ([ frwayE a<s (23)

From (2.2) and (2.3) it is clear that £(z) is an increasing function of z. Let { = ¢, d

correspond to the endpoints £ = a,b , respectively, under this transformation. We

define

e 4f()
I0=(&) = Trapeeyr (24

Now we prove that f (z) is a positive , twice continuously differentiable function.

Since by (ii) , f(z) < 0 for z < z¢ , use of (2.2) shows that

_ 4f(z)
(L4202 (= f () /2dt)

f(z) = z < T, (2.5)

x 4f(x

f@)= L
(I +2)2( [z f12(t)dt)™

The Taylor series for h'/3(z) = %oﬁ_f% for ¢ < zy , is of the form

h'(2o)
2h1/2(z4)

o< . (26)

K(z) = h/2(z0) + (2 — a0) + 5z — 20 (W) (@)
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where «a is some point in [a, ] . Therefore,

Lo .i_ h Zo i+6
[ ot 0t = 5 ra) B R a0) = g (0a) B ke +O(a E)
whence

[ = [T o~ /R @t = (w0 - 2) FP) (27)
where
P(z) = by + bi(z0 — ) + O((z0 — 2)?)
1/2 _ h’(fto)
bo = l+2h #(zo) = T DRy
Therefore
lim_ f(a:) _ hm_ 4((1'0:8— a;)lh(z) = 4h(17?i
o= =y (1 2R(2(—)V2de) e (14 2)2 PP (o)
4hﬁ%($o)
2t (1 4 2)t7

Similarly, we can show that

4h(.’l¢o)
hm = o .
) = e

Therefore defining f(zo) to be the common value of the last two limits we find that
f(z) is continuous at z = o . From (2.7) we have

P(z) = fm:i:{);/)zﬁ’g?dt'
Since P(z) is twice continuously differentiable , f(z) defined in (2.5) is of class
C"(a,b) as is not difficult to see .

Now , by using the transformation (2.2) and (2.3) , we transform equation (2.1)

to a simple form .
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We define a new dependent variable,

W) = (?%)*/w(x).

Equation (2.1) then reduces to the form

W _ Nf(z)
dez — { (%)_2 + R(§)}IW(£) (2.8)
where
R() = >”2 dfz{(dx)m} +< )2q( z(€)). (2.9)

By substituting (2.4) in (2.8) we obtain

EW (1+2)?
=( 2

2 Ne + R(E)W (2.10)

where, by (2.9);

1 42 #1/4 q(z)
f1/4d£2(f ”f()

R(§) =

2.3 The formal solution in the one turning point

case

In (2.10) we put =1 and 3X/2 = u to find

EW
dg?

= (w*¢ + R(E)W(E). (2.12)

Now we find the distribution of the eigenvalues of (2.12) by means of the asymptotic
solutions of the equation with boundary condition W(c) = W(d) = 0 , where
c<0<d.
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Theorem 2.1 The differential equation (2.12) has ,for each value of u and each
nonnegative integer n , a pair of infinitely differentiable solutions Wi(u,§) and

Wa(u,&) given by their approzimations Wo,y11(u, &) , Wony1,2(u, £) where

Al() | BY W) ¢

Wan12(u, €) = Bz(u2/3€) Z ud/3 2 B (6) + €zn412(u,§)  (2.13)

s=0

u2a

00 23 ¢y n-l
Want1,2(u, €) = Ai(u?/3¢) Z Augf) = 1(;:/3 ) Z L (6)

+ €2n+1 2(“ 6) (214)

where
A0(£)=1’
B,(¢) = 51,2 [(BOAW - a5 0<E (2.15)
BAO = 5 ) R0AW - A0 S5m 06 (219)
An(®) = —3BUO+ ;5 [ RO)B.(w)do, (217)

€ans1,i(1,€),1 = 1,2 , are error bounds, and Ai(u*/3¢) ,Bi(u*3¢) are two indepen-

dent solutions of
d*wW
dg¢?

= u*W ().

called Airy functions .

Proof: See ([29] , chapter 11 ,§7.2) .

Note that A,(¢) and B,(£) are infinitely differentiable . This is a consequence

of the following result .
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Lemma 2.2 In a given interval (@, §)containing the origin , assume that h(€) and
its first n derivatives are continuous real or complez functions , and let I(€) be de-
fined by

51/2 f€ h(”),,l/z , 2h(0) , or = g)I/Z fo h(“)( —v) 1/2

accordingly as £ >0, =0, or £ <0 .Then I(£) is n times continuously differen-

tiable in (a, B), also , I"t1(£) is continuous ezcept possibly at £ =0 .

Proof: See ([29] , chapter 11 ,§7.2) .

Remark 1 : Note that in ([29], chapter 11 ,§7.4),it is proved that the error bounds
for large u are uniform with respect to ¢ .

Remark 2 : The asymptotic form of Ai(u?/3¢) and Bi(u?3¢) for ¢ > 0 is not the
same as for £ < 0 . Therefore , the solutions Wy,y11(u,§) , or Wo,y1 2(u, €) have
different asymptotic forms for £ > 0 and £ < 0 . In the rest of this chapter we
shall use the symbols W*(u,£),W~(u,{) to signify the asymptotic form of
W(u,§) for £ >0, £ <0, respectively, as u — oo .

Lemma 2.3 The asymptotic forms of Ai(u?/3¢) , Ai' (u?3¢), Bi(u?/3¢) and Bi'(u?3¢)
are given by (for u — oo ),
_-u£3/2 o0 US

Az(u2/3€) WZ( 1) W for £>0 (2.18)

u1/6€1/4e—%u€3/2 0o

5177 Z( ~1)° (3u§3/2) for £€>0 (2.19)

=0

At (u?P€) ~ —

A ~ Wmuuf}(—f)lm{ws( 0= D LD e
+ s1n(—u( 5)3/2——)2( V201 } for €< 0(2.20)

(3 ( 6)3/2)2s+1
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, 1/6( _gy\1/4 9 s
Ai' (uP¢) ~ %g_)_{sin(gu( )32 _) Z( 1)° (ju—(v—é):a'/m

— cos(= u( ey —)Z_a( 5 (:}2;;;2)23+1} for £<0 (2.21)
. efud®? = s
Bi(u?3¢) ~ TR ; (%uz3 2y for €>0 (2.22)
, u1/6£1/4 20832 ,
Bi' (/%) ~ 7r1/62 )y (§u23/2)5 for £>0 (2.23)
: 1 Ug,
B0 ~ g G~ D LY
2 s
+ cos(Gu(=€) - —) Z( 1)° T “;);;Z)M} for £<0
(2.24)
1/6( )1/4 Vo
/3 3/2 _ = . A
Bz (u2 f) /2 {COS( U( 6 )Z( (3U( 6)3/2)23
. 2 > s s
+sin(Su(-6)¥? - ) Een (_”2)2}2)23“} for €<0 (2.25)
and
4i(0) = gt = 5 AT(0) = ~5tazs = — 04
where ug =1 = vy
(25 +1)(2543)(25 +5)...(6s — 1)
te = (216)%s! (2.26)
v, = —22 i— 1u3 s>1 (2.27)

Proof: See ([29] , chapter 11 ,§1.1 and §1.2
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2.4 Distribution of the eigenvalues in the one turn-

ing point case

In order to find the distribution of the eigenvalues in the one turning point case we

need the following theorem which we call the Atkinson Mingarelli theorem:

Theorem 2.4 Consider the general weighted Sturm Liouville equation
(p(2)y) + (Ar(z) — g(2))y =0 0<z<b (2.28)

on [0,b] where 0 < b < oo,p,q,7:[0,0] = R,1/p,q,r € L(0,b) and p > 0 a.e on
(0,b). Whenever

b

[0 > o,
o p(z)

the boundary problem (2.28),

y(0) cosa — (py )(0) sina = 0,

y(b) cos B + (py )(b)sin B = 0,

has a doubly infinite sequence of real eigenvalues whose corresponding eigenfunctions
have precisely n zeros in (0, b), for all sufficiently large n . The eigenvalues admsit
the asymptotic representation

n?r?

A+
{R122]Y da)

as n — oo, where 0 < a ,8 < © and f, (respectively f_) denotes the posi-

tive(respectively negative part of f), i.e., fi(z) = maz{fs(z),0}.

Proof: See [2]
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The eigenvalues of equation (2.12) with boundary condition
W(c) =0=W(d)
are the zeros of A(u) = 0 where

Wi(u,d) Wy(u,d)

Au) =
‘Wl(u,c) Wa(u,c)

or those u for which
Au) = Wi(u, )Wy(u, c) — Wy(u, d)Wi(u,c) =0

where W, and W, are two linearly independent solutions of (2.12) . Two such
solutions are given in theorem 2.1 where Wy, 4+1.1(u, §) (respectively Wa,t12(4, §))
given in (2.13), (respectively (2.14) ) , denote the approximations to W; and W, ,
valid for all sufficiently large u , with the error terms being uniform with respect to
€ for £ in [c, d].

Thus the eigenvalues are given asymptotically by the roots of

An(u) = W2—n+1,1(u’ C)W2-‘7-1.+1,2(u7 d) — W2n+1 2(u, C)W 2n+1, 1(u,d) =0

as n — oo , where we are using the notation of remark 2 , above . In order to

compute the asymptotics of these eigenvalues we use the following notations :

GRS (2:29)

28
s=0 u

B(£=-

(2.30)

n

MiE) = Y My(€) = (~1)"

s=0 (5“63/2)8 = (2 63/2) (2.31)
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P(€) = z(zuﬁa,z) Pi) = 2-1) Ty (2.52)
Ri(e) = z(——p)— R2(§)=§)(—1)’Z§—£32W (2.39)
Ki(6) = Z(—T,)— I<2(c)=§(—1)’@’+ﬁ)% (2.34)
L) = z(—?,i)—— Tz<s>=§(—1>’@%:)%;; (2.35)
L = X Tt L2(5)=§(—1)’(—§£ﬁ)‘m (2.36)

m

w(é) = guéw -1 (2.37)

By theorem (2.1), using the above notation we write (by lemma 2.3),

Winpa(u,¢) = wl/zuﬁgz)— 7 {(=Ra(—c)sinw(—c) + To(—c) cosw(—c)}

(=<)!/*B(c)

u7/671/2

+ {(K2(—c)cosw(—c) + Ly(—c¢) sinw(—c)} + O( 4n+19/6)

Winaa(t,e) = Wl/zuﬁg((:)_c)l/‘l{Rg(—c)cosw(—c)+T2(—c)sinw(—c)}
(=¢)*B(¢)

u7/671/2

1
+ O( yin+19/6 )

+ {Ky(—c)sinw(—c) — La(—c) cosw(—c)}

(2.38)

e-s-u.al"’/2 dl /4 gud3/2

W2‘t7,+l,l(u7d) _Wl/_sdl_ﬂ{(Ml(d)A(d)-'-O( n+1)}+ 1/2 7/6 {Pl(d)B(d)+O( n+1)}

—2udd/? /4~ %ud/?
2,,1/2u1/6d1/4{Mz(d)A(d)'*'O( n+l)}_ 2r1/2,,7/6

W2-1-1+1,2(ua d) = {P;

whence

W2_71,+1,1(u7 C)Wztwl,z(uv d) 2udmO( (2-39)

w1/3
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and
_ _ aupn, My(d)A(d) | Pi(d)B(d)d/*
Wini12( )Wy 1 (u,d) = €5 {7r1/2u1/6d1/4 71/24,7/6
1 -
+ O( un )}W2n+1,2(% c) (2.40)

Now by (2.39) and (2.40) , we write

Y 1 -
Ap(u)=e3 43 20(;’%) - W2n+1,2(U,C)W;;;+1,1(“a d) =0. (2.41)

Dividing throughout by u~ 6e3ud’” and letting u — oo , we see that the zeros of

A, (u) satisfy

M;(d)A(d) Pl(d)B(d)dl/“ 1 _
{ xl/241/4 + /2y + O( un+5/6)}W2n+1,2(uac) —0

as u — oo . Now since M;(d) — 1 and A(d) — 1 as u — oo , it follows that the

zeros of Ap(u) satisfy
W271+1,2(ua c) — 0. (2.42)

as u — o0 .

From this expression and (2.38) we see that the asymptotic behavior of the
eigenvalues depends essentially on the properties of the equation (2.12) on the in-
terval [c , 0] , i.e., these depend on the positive part of the weight-function —£ on
[c, d]ie, on —§ on [c, 0] . This is to be expected by the theorem of Atkinson
Mingarelli since we know , a priori , that

nir?

™ TR(=e) de)

asn—oo.
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From (2.38) and (2.42) , we find that for large u ,

eH2w(—o)+my ?\44 ; x ; Z + O( u4ni19 /6) (2.43)
where
v - AQR(=c) _ B(c)(—c)Y4Ly(—c)
T1/2y1/6(—c)1/4 w7/6x1/2
- AL BOCTEE o

Consequently , using (2.33 2.37 ) and taking the logarithm in (2.43) we obtain
mn — /4 1 M — N/ 1

Um = I(Zc)e/2 + EE) log [M+N/ O(u4n+19/6)] (2.45)
where
N A(c) St
M ) 7r1/2u1/6(_c)1/4{1 ;() (%u(—c)3/2)3}
_ B9 1§ L
uT/671/2 {- +§() (Bu(_c)s/z)s}
N A(e
M+ = gt ) )
+ L G D )
s A (c)uk—s
M—N/» = /2 c)l/4u1/6 1:2_;)32_;) 1+ uk+s{ E_)c)k3/2}k—s
(=M & hmsra Bo(©)vr-s
T U6 1/2 Z; o uk+e{2 (_c),:;/z}k—a}

(_c)l/4 3+n n n—1 Bs(C)
u7/67rl/2{%u(_c)3/2}n32=% u?s
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Now
(M__N/z)ﬂ.l/zul/G _ 1 + {( C)1/4ZB +L}
T o AL
+ i{ Al _ 3B0'l)1 _ QU2 }
w2 (=)t~ (=)t 4(—c)3/4
1
+ O(E) (2.46)
— As(c)uk—s
— k
M+N/j = xi2(= c)1/4u1/6 kz;);_;)( ) wkre{Z(— ) jk=s
( c)1/4 n—-1 k ot B (C)'Uk—s
+ /24706 20;)( 1) uk+s{ (—c)3/2}k=s
(—6)1/4(—2)1+n’ Vn n—1 B,(C)
+ u7/6ﬂ-1/2{§u(_c)3/‘2}n ;} w2
E 1/2,1/6 __ 1 1 1/4 U,
(M + . )7r u = —(—c)l/.‘t -+ E{—(—C) ZBO - %(_6)7/4}
+ l{ A1 _ 3B0'U1 . QU2 }
uZ Y(—c)l/4  2(—c)bl4  4(—c)13/4
1
+ 0(5) (2.47)
Consequently,
—M—N/Z_1+%_2_T_2_+ ( )
M+ N/ u
where
_ 3U1 1/2
T = m + (—c) Bo(c)
Since from (2.26), u; = 5/72 ,and from (2.16)
1 0 R(v)
Bo(C) = 2(—0)1/2 ; (_v)l/zdv,
we see that ,
5 0 R(v)
T = e
B ol Capn (248)
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By using the expansion of the logarithm (1.31) and putting

2T 277 1
= T YOG
we have, from(2.45),
M—N/ 1 2T 1
log[m + O( u4n+19/6 )] - u + O(ﬁ) (249)

a) First and second approximation

From (2.45) as u — oo , we have that the eigenvalues are given approximately

by
mn — 7 /4
o

Note : The eigenvalues are labeled here in such a way that the eigenfunction corre-

+0(1/m) (2.50)

sponding to u = u?, has precisely m zeros in (c , d) . This is the Haupt-Richardson
oscillation theorem (see [24]) . This labeling implies , in most cases , that u2, is not

, in fact , the m-th positive eigenvalue of the problem .

b) Third and fourth approximation
From (2.45) and (2.49) , we get a further approximation

w = T 7 /4 T
S E I e

+ 0(%) (2.51)

By substituting u from (2.50) , we get

mr—n/4 T T
+

%(—c)3/2 mr  4m?m +

O(=— (2.52)

Uy =

where T is determined in (2.48).

In summary we have obtained the following theorem .
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Theorem 2.5 Let the real function R(E) be infinitely differentiable . Then the
distribution of positive Dirichlet eigenvalues u of the differential equation (2.12)
satisfy (2.45) and the fourth approzimation is given by (2.52) .

Note that by using the transformation (2.2) and ( 2.3) we can find the distri-
bution of the eigenvalues , A , of the differential equation (2.1) in the one turning

point case .

Theorem 2.6 Consider the differential equation

y = (A f(z) + q(z))y, a<z<bh

with boundary conditions y(a) = 0 = y(b) , where for some point zo € [a,b] :

1) flzo) =0
g) =l

ooy = h(z) is a positive and twice continuously differentiable function

within (¢, b) .
3) g(z) s continuously differentiable ,
4) The integral

__ oL @ 1 N g 5=
H(a) = /a{(—f)1/4da:2 ((—f)l/") (_f)1/2 16(_6)3}61

converges where £(z) 18 defined in (2.2) .

Then the asymptotic distribution of the positive eigenvalues of this problem is given

by

mn — 7 /4 1 5
T F OV T mr T2 (= f )

1 5
YRy E

Am = + %H(a)}-f—

4dm?32m

+2H(@)} + 0(=) (2.53)
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Proof : By means of Langer's transformation (2.2 - 2.3) with [ = 1 , we transform

equation (2.1) to the simple form (2.12) , where 2 = u . By theorem 2.5 , we know

that

m7r—7r/4+ T L T +oL
2—cp2  mm  4Amx m3

where T is specified in (2.48) and ¢ = {(a) . using this in (2.2) with [ = 1 , we have

(" = [ (S0t

Uy =

We also have
OIS (R 9
e (e da
Consequently , ma.kmg use of the above results , (2.53) follows .

= —H(a).

Now we find the distribution of the eigenvalues of equation (2.2) when

the turning point is at the end point .

The distribution of the eigenvalues of the equation (2.12) , with boundary con-
dition W(0) = W(c) = 0 can be obtained by using the transcendental equation
A(u) = 0, where

Wi(u,0) Wy(u,0)
Wi(u,c) Wa(u,c)

Au) =

and , as before , Wy, W, are two linearly independent solutions of (2.12) .The ap-
proximations to W; and W, are given in theorem 2.1 . Thus the eigenvalues are

given asymptotically by the roots of

W2n+1,1(u10) W2n+1,2(U,0)
Wans11(u,¢) Wapg12(u,c)

Ap(u) =
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asn— oo .

From the asymptotic form of Wy, ;1(u,c), = 1,2, we see that

An(u) = Wopy11(u, 0){M cosw(—c) + N sinw(—c) + O( 4n+19/6)}
— Wanq1,2(u, 0){N cosw(—c) — M sinw(~c) + 0(1-1‘21%/—6)}’ (2.54)

where M and N are defined in (2.44) . Consequently , the eigenvalues are given
asymptotically by those u for which

Want11(u,0)  Ncosw(—c) — M sinw(—c) + O(u—,;:lT/G)

Want12(u,0) M cosw(—c) + N sinw(—c) + O zrmime7s)
The expression on the right simplifies to

Want1,1(u,0)  €?CIN — M/} + N + M/v + O(gmivsrs)
Wani1,2(1,0) — eCIM + N/ij+ M — N1+ O(gmimr)
Using the latter in (2.54) we find after a straightforward calculation , that

N+ M _ WannaleOpr . N/3) 4 O oibeogs)

e2w(—c) 1 Wan+1,2(%,0)

il (M + N/1) — (N — M /1)

Wang1,2(u,0)

Dividing the numerator and denominator by —(M + N /1) and noting that M+ N/ =
O(u~'/%) , by (2.47) , we find that

(Mo + ptaledd) 4 O( k)

— WZnil lguvoz + 2

Wan41,2(u,0)

621(41(—6) —

(2.55)

Now , we need to estimate the ratio

W2n+1,1(U, 0)
W2n+112(u7 0) .

From (2.13 -14) we get,

p2n—2

Wons12(1:0) — 4i(0){1 + 4@ 4 .. 4 450 4 oL )} + 2000 (B(0) + ... + B2 @ | 0(L))

'u,4/3 w2n-=2

Wang1a(4,0)  Bi(0){1 4+ 28 4 | 4 20 4 O(15)} + BERMBY(0) + ... + 20 4 0( L))
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{1440 4 4450 4 o150} 4 85 {Bo(0) + ... + 220 + 0( )}
(1480 1 4404 oL} — 2 (By(0) + ... + 20 1 0(1)}

(2.56)
where we have used the relations A:(0) = %321 , %i;((g)l =a, %.(((%l =-7- Dividing
out the expression (2.56) we find

W2n+1 1(U, 0) 2aB0(0) 202B3(0) 1
—entl NP 2.57
Want1,2(u,0) \/5{1 t ud/3 t ud/3 +0( u10/3)} ( )

Combining (2.55) and (2.57) and using the display following (2.47) , viz .,

M — N/ 2T 272
MANA = e HOG)

we obtain , after a lengthy but simple calculation ,

(+VO{1L+ 2 + MA(eh) - T + (5288 + O(Fr))

o 2a2./3B ?
z—ﬁ—%égsﬁ“ u;//;O'*'O(um/a)

where we replace By(0) by By , for simplicity . We factor the quantity : — /3 from

e2w(—c) —

the denominator and divide out the resulting expression . We obtain ,

(=) _ z+\/—{ 2T 2\/?_>aB0_ } O(L)
€ z—\/— ud/3 u2 + w73’

By using the preceding formula we can obtain the fourth approximation ,e.g.,

m7r—7r/12+ T a\/_ { (— 0)3/2}1/3
Hep Tmr 2 0 (s

Um =

O(—) (2.58)
where T is determined in (2.48) and B, is given in (2.16) .

By means of (2.58) and Langer‘s transformation one can get the fourth approx-
imation of the eigenvalues of equation (2.1) with boundary conditions y(a) = 0 =

y(zo) . In fact we have the following corollary:
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Corollary 2.7 Let f(z) and H(a) satisfy the assumptions of theorem 2.6 . Then
the fourth approzimation for the eigenvalues of equation (2.1) with boundary con-
ditions y(a) = 0 = y(zo) , 13 of the form

mr — w12 5

1 1 1
An = @ {5 T2 (= f(8)2dt +eH(@)}——+0(—5)  (2.59)

where

18 1 g B5(=H)M? N
100 = [ () ~ i e
and & = &(z) i3 defined in (2.2) .



Chapter 3

Eigenvalue asymptotics in the case

of one turning point of order !

3.1 Introduction

In this chapter we will seek the distribution of the real eigenvalues of the equation

EW
ez

2
W2 veyw e<e<d (3.1)
with boundary condition

W(c) =0=W(d) —o<c<l<d< 40

where [ is an odd integer and A is a real parameter .

In the preceding chapter , our research on the asymptotic behaviour of the
Dirichlet eigenvalues of the equation (2.1) shows that the formal solutions con-

structed by Olver and the Atkinson Mingarelli theorem are key factors. Studying

36
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the distribution of the eigenvalues of the equation (3.1) by the same method repre-

sents the major motivation of this chapter.

Langer in ([16], theorem 1la) showed that the eigenvalues of (3.1) are given
asymptotically by the formula

N2 = (e 49 (m — 1/ 4 (g D) + o

where B(m) designates a bounded function and the symbol (r , m) , which was
introduced by Hankel , represents the quantity
I'(r+m+1/2)
m!l(r —m +1/2)
(4r? — 1)(4r? = 9)...(4r2 — (2m - 1)?)
22mm

(r,0)=1

(r,m)

3.2 The formal solution

Olver in ([30], theorem 3) showed that the equation (3.1) has two twice continuously
differentiable solutions W()\l_w%f ) and W(/\H%ﬁ ) which can be identified in term of
Bessel functions (or modified Bessel functions ) of order H-Lz . The asymptotic
expansion of the solutions are of the form ,[ [30] , §2.3 ] , where weset m =1+ 2,

for convenience ,

W(ARE) = {%—ﬁ}l/z{cot(%ﬂ#(x\(—ﬁ)%) - Y1(A(=9)%)} £<0
(3.2)
wode = 25k, 062) €50

i

W(0) = n 2% I‘(E) (3.3)
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Wnke) = (A0 O an( I (A0 + YL A-OT) £<0

(3.4)

2 Ty T L 6D+ KaeD) €50

m

W(0) = W—%222__mmf‘(%) (3.5)

W(Am€) = {

where J, I, K,Y are Bessel functions .

In ([1] , §9.2.5 and §9.7.1) one may find the asymptotic expansions for large

argument of Bessels functions. We have as A — oo,

TL(M3 /\6‘ £>0 (3.6)
Ys /\5_ £>0 (3.7)
K1 (MF) ~ {5 }1’2 % p £>0
I (A¢? )~{2/\£ y2ex % p £>0
where
xzkf%—(%+l/4)7r m=1+2
(02k) (a —1)a—9)
Z( l)k(z,\gmﬂ)% = 1= Si@enmyr T

2k + 1) a-—1

(=
Z( 1)k(2/\£m/2)2k+1 gAEm/2 o
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a-—1 (a—l)(a—9)+
8(AEm/2) 21(8\Em/2)2
a—1 (a—l)(a—Q)_'

R = 1+

T = 17 50em T a@enny (38)
L R
T T 122

3.3 Distribution of the eigenvalues

The eigenvalues of the equation (3.1) with the boundary condition
W(c) =0=W(d)
are zeros of A(A) = 0 where

W(Awd) W(A=d)
W(Amc) W(Amc)

A(N) = ‘

From the asymptotic expansion of the solutions given above, we get

1

I
2m

+ wIi(MdE){YL(A(~0)F) - cot(%)J#(/\(—c)%)} = 0.

AR = - K1 (Md%)J1(A(—0)%)

By substituting the asymptotic expansion of the Bessel functions into the transcen-
dental equation A = 0, it is found that , for large A , the eigenvalues satisfy the

asymptotic relation :

O™ +(O(ZR) ™ THY(N(=0)F) - cot(7=)T, (A9 )} = 0
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Multiplying throughout by vXe~*¢"’* and letting A — oo , we see that the eigen-

values are given asymptotically by the roots of the equation

O(T{Yy(M-)¥) - cot(5 )71 (AM(~0)¥)} = 0

where T is given in (3.8) . By the very nature of T it follows that as A — oo , the

eigenvalues correspond asymptotically to the large roots of
Y1(M(=c)F) = cot(5 ) Tx (A(—)F) = 0

consequently, by (3.6) and (3.7) we find
P

tfﬂan(><+%)~ )

where P,Q and x are determined in (3.8) .Thus ,

M—=c)™* —x/4 ~ nm—7+ arctan L

Q
~ nm—7m+ arctan{ﬁy\b + & + O(i)}
Ab A8
where
4
b = a—1
(o — 9)(a+11)
ﬂ2 - 3( -1 2
o )2
b = 2(—c)™/?
_ 4 __4
a = 3= (l+2)2'

The series expansion of arctan z for |z] > 1 is of the form

actanz—zr- l+——1— —1—+
DT PO A

See ([1] , §4.4 ).
Therefore from (3.9) and (3.10) we have,

m m 1 /32
A=e)™? — /4 ~ nT =3 _{)\ﬂlb NG + ...}
11 38, 1.1

+ 5{/\3/3%3 RS + ..} - 5{__,\5;3{>bs + ..} +

(3.9)

(3.10)

(3.11)

.. (3.12)
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By applying the method of the first chapter we get the fifth approximation of the
nth eigenvalue as
nmw — 7 /4 1 1 —c)3m/2 1 1
= —_ _ 4 O LR
()2 nwpib  4mpPrbn? + n3b3n3 02 1+ 3,31} + (n4)
Finally , from (3.11) we get

2

An

_nm—w/4 4—m 4 —m? (4 — m?)(4 — 25m?)
 (=e)™?2 8nmm2(—c)™/?  327n?m?2(—c)™/2  384min3w3(—c)m/2

An

1
+0(-3)
(3.13)
We then have the following theorem :

Theorem 3.1 Let! be an odd number in equation (3.1) . The positive eigenvalues
are given asymptotically by the formulae (8.9) and the fifth approzimation for the
nth positive eigenvalue i3 of the form (8.13).

We shall now begin the investigation of the asymptotic distribution of the pos-

itive real eigenvalues of the equation (3.1) with boundary condition
W(c)=0=W(0).

Repeating the argument used in proving theorem 3.1 , we find that the transcen-
dental equation
w(0) w(0)

MM=0=| Y
W(Bze) W(AEzc)

gives the eigenvalues . From (3.2 3.5), we get that these eigenvalues are given

asymptotically by those A\'s such that
Jiym(M=e)™?) = 0.

By using Stokes’method for calculating the zeros of Bessel functions , we get

a—1 4a—1)(Ta—31)
8p 3(88)3

A(—e)™t = =
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where
4

ﬂ=(n+—zlm——l/4)7r o=
For more details see ([1] , §9.5.12) .
We have the following lemma:
Lemma 3.2 Let

I 2
e =-2e ececo

and ! be an odd integer . Then the asymptotic formula for the nth positive eigenvalue

of the boundary value problem

y + Xr(€)y =0 c<E<0
y(c) =0 =y(0)
18 of the form
nw (2(1:.2) —1/4)r a—1 4(a — 1)(7a — 31)
A, = + — — — ..
Ryr€)de — Ly/r(€)de 86 [\[/r(€)de  3(8)° [T \/r(€)dé
where
1 4
A “T e



Chapter 4

The infinite product

representation

4.1 Introduction

In the second chapter we found that the distribution of positive eigenvalues u,, ,

1 < n, of the boundary value problem
y + (M —g(t)y=0 —1<t<1 (4.1)
with boundary conditions (the Dirichlet problem on [-1, 1] ),
y(1) =0=y(-1)

where ¢ i3 m times continuously differentiable , is of the form

nm — /4 1

Vi = 3 /zdz + 2nmw

1
T+0(=)

43
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where
5 1 1g(x)
= —d
72 [y V/zdz + 2 /0 VT *

and the distribution of the negative eigenvalues A, is of the form

= fﬂj T 400

where
5 + 0 q(l‘)
72f V—zdz \/—:1:

It is natural to ask whether these eigenvalues actually characterize the solution
of (4.1) . For instance , let , for fixed z > 0 , un(z) and r,(z) be respectively
positive and negative eigenvalues of the Dirichlet problem on [-1 , x ] . Can one
represent the solution of (4.1) in the form of an infinite product ? What does the
asymptotic distribution of u, (z) look like ?

Let U(t,un(z)) be eigenfunction corresponding to the eigenvalue u,(z) . Can
we find the asymptotic expansion of the integral [, vU?(v,u,)dv for large u, ?

These questions will occupy us in this chapter .

In section 4.2 there appears the representation of the solution of (4.1) in the
form of an infinite product when 0 < ¢(t) .

Section 4.3 and 4.4 is devoted to the study of some properties of the eigenfunc-

tions.
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4.2 Representation of the solution in the form of

an infinite product .

Before representing the solution in the form of an infinite product , we make a slight

digression into complex analysis.

An entire function is a function that is analytic at each point of the complex

plane .

There is a connection between the growth of an entire function and the distri-
bution of its zeros .In order to estimate the growth of an entire function f(z) we

introduce the function

M;(r)= maz |f(2)|

2| =r

An entire function f(z) is said to be a function of finite order if there exists a

positive constant k such that the inequality
My(r)<e”
is valid for all sufficienty large values of r (r > ro(k)) .

The greatest lower bound of such numbers k is called the order of the entire

function f(z) .

It follows from this definition that if [ is the order of the entire function f(z) ,

and if € is an arbitrary positive number , then

€

e < Myry<e”
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where the inequality on the right is satisfied for all sufficiently large values of r ,
and the inequality on the left holds for some sequence {r,} of values of r , tending
to infinity .An inequality that holds for all sufficiently large values of r will be called
an asymptotic inequality [19]. For functions of a given order a more precise char-
acterization of the growth is given by the type of the function . By the type , o,
of an entire function f(z) of order | we mean the greatest lower bound of positive

numbers A for which asymptotically
M(r) < A

holds . If o = 0, the function f(z) is said to be of minimal type while,if 0 < ¢ < oo,

it 1s said to be of normal type , and if o = o0, it is of mazimal type .

Let f(z) be an entire function , with zeros a, , arranged in order of increasing
magnitude . For the sake of simplicity we will assume that f(0) # 0 . The genus
of an entire function is the smallest integer h such that f(z) can be represented in

the form

f(z) = e9©) ﬁ(l _ i)eﬁ+%(ﬁ)2+...+%(i)h
n=1 Qn

where ¢(z) is a polynomial of degree < h .(See the next theorem) .

Theorem 4.1 {Hadamard’s theorem } The entire function f(z) of finite order |

can be represented in the form

= z"me0?) Bt (E ) ()
f(z) = 2"e 1;[(1 —)e

n

where a, # 0 are the zeros of f(z) , h <1,g(z) 1s a polynomial whose degree q does
not exceed | and m is the multiplicity of the zero of f(z) at the origin .

Proof : See [19] page 24, or [33] page 250 .
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The genus and the order are closely related , as seen by the following theorem :

Theorem 4.2 The genus and the order of an entire function satisfy the double

inequality h < I <h+1.

Proof : See [19] , page 24 .

By means of Hadamard’s theorem , one can find an infinite expansion for e.g.,

sinh z, J,(z) and J,(z) .

Lemma 4.3 Let ¢ > 0 be fired . Then
. ad z
sinh cy/z = c\/;ﬂ:!;_[l(l + Z;"n)

where z, = 2% |, 1 < m, and the domain of the function f(z) = 212 | is the
complement of negative real azis z < 0 , while the range of 2/* is the right half of

the z plane with the imaginary azis excluded .

Proof : It is well known that [1] , §4.5.68 , for any z ,
22

smhz—zH(l—}— )

m=1

Therefore

sinh ¢\/z =

—)

Lemma 4.4 Let Jy3 be the Bessel function of order 1/3 , and b be a positive

number . Then
{zf b/2)1/3 ﬁ 1+ b2A
4/3) el

where j,’s, m = 1,2... , are the positive zeros of J1/3(z) and for complez A , VX is

Ji/a(2bV/X) =

defined as in lemma 4.5 .
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Proof : From (1] , §9.5.10 , we have

I (z) = =27 H(l—-)

(v +1)
where
., a—l _4a—-1)(Ta-31)
Jm ~ B 83 3(8ﬁ)3
and
B=(m+v/2-1/4)r, a =42

By inserting z = tbv/A , and v = 1/3 , we get

. 1/3 2
Ji3(1bV/) = { \/_ng [+ 2 /\
where

2 22
Im

(4.2)

Lemma 4.5 Let J;(2) be the derivative of the Bessel function of order 1 and c be

a positive constant . Then

eV = 5 T - 55)

Jll(w\/:\_) = %H(l + /]}—22)

where the jn,’s ;m = 1,2,... are the positive zeros of Ji(z) and for A complez , /A

18 defined as in lemma 4.9 .

Proof : From [1] , §9.5.11 , we have

(e = 2 T - (v >0)

where
~ ﬂ,_a+3_4(7a2+82a—9)
]m 8/3I 3(8ﬂl)3
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B =(m+v/2-3/4)r o = 412
by putting z = ¢v/A,T'(1) = 1 we have
’ 1 AC2
Ji(eV) = 5 1101 - g)
and similarly we can get
' 1 Ac?
Keevd) =S TIL+ J—)

where
2

jh=mn? - T+ 0(1) (4.3)

The following theorems play an important role in estimating the infinite product.

Theorem 4.6 [[3°(1 + p,) converges absolutely if and only if 3 p, converges ab-

solutely , where the p, are arbitrary complex constants .

Proof : See [11] §18.13 .

Theorem 4.7 Ifp,(z) is analytic in a simply connected domain D, and if 3 5° |pn(2)|

converges uniformly in every closed region R of D , then

f{(l + pa())

converges uniformly to f(z) in every such R and f(z) is analytic in D .

Proof : See [11] §18.19 .
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Theorem 4.8 (a) Suppose ap,,m,n > 1, are complez numbers satisfying

1
|@mn| = O(W) m#n
then , for each 1 <n

1
[T (1+am)=1+0(25

1<m m#n

)

n

(b) In addition , if b,,1 < n , is a square summable sequence of complex numbers,

then
H (14 amnby) <

mn>l,m#n

Proof : See [35] , p.165 .

Now we consider the equation

y 4+ (Ar(t) —g(t)y =0 (4.4)

when A is a complex parameter and r(t) , ¢(t) are real functions locally Lebesgue
integrable on a real open interval (a, b) , and r(t) # O a.ein (a, b) . Basic existence
theory , see e.g , [6] p. 37 contains the fact (based on the uniform convergence of
successive approximations) that every solution of (4.4) is an entire function of A for
any fixed ¢t € (a,b) , (y,y having fixed values , independent of \ , at some fixed
¢ € (a,b)). Halvorsen , [12] , proved the following theorem.

Theorem 4.9 Fora < c <t <b assume [ |r| # 0, and consider a solution y(t; \)

of (4.4) determined by fized values of y,y' at c . Then y(t;\) is an entire function
of X of order 1/2 and normal type .

In equation (4.4) if r changes sign in (a , b) , on sets of positive Lebesgue

measure , by the Atkinson - Mingarelli theorem the equation (4.4) has a doubly
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infinite sequence of positive and negative real eigenvalues , in the case of the Dirichlet

problem on the finite interval (a , b) .

If r is a positive function on [a, b], the equation has infinite number of positive
eigenvalues for the Dirichlet problem on [a , b], and in fact we have the following

theorem.

Theorem 4.10 There 1s an infinite number of eigenvalues Ag, Ay, ..., forming a
monotone increasing sequence with A, — oo as n — oo . Moreover , the eigenfunc-

tion corresponding to A, has ezactly n zeros on (a ,b) .

Proof: See [6] , p.212 .
Now let U(t, \) solve the initial value problem (4.1) with initial condition

U(-1,\) =0 %f-(—u) = 1. (4.5)

By theorem (4.9) , U(z,A) is an entire function of order 1/2 for each x . The
function U(z,\) has a zero set for each x , say {A.(z)} , so that U(z,A.(z)) =0,
which corresponds to eigenvalues of the Dirichlet problem for equation (4.1) on the
closed interval [—1,z] . Note that A,(z) # 0 for any x by Sturm’s comparison

theorem since we assume that 0 < ¢(t) .

Indeed , each non-negative continuous function gq(z) defines U(z, A, ¢) which
is C? in x and , A.(z,q) , solves U(z, \,(z,¢)) = 0 . It is known that for a non-
negative continuous function ¢(z) , the eigenvalues of the Dirichlet problem for (4.1)

on [—1,z] , are real and simple (See [14] , §10.61) .

ou
Th (@ Mnl@)) # 0

for each z € (—1,0) . It follows from the implicit function theorem that A,(z,q) is
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C? in z and

' U (¢, A
An(2) —{;Z_[?Em,)\;},\;\,.(m)

We consider the Dirichlet problem corresponding to equation (4.1) on [—1,z]
where z < 0, is fixed . This problem has an infinite number of negative eigenvalues,

(see theorem 4.10) , {\,.(z)}, and there holds , by Hadamard’s theorem , the product

formula

U(z,\)=c¢c f[l(l - /\n/(\z))

where U satisfies (4.5) and c is a constant independent of A but may depend on x ,

because the genus of U is zero . By theorem 1.3 , each function A,(z) is of the form

nmw 1
\/-—An(l‘): mﬁ-O(;) , £ <0

and

zliI£11 An(z) = —00 A(z) > Aa(z) > ...

In order to estimate ¢ we rewrite the infinite product as

Uz, ) = I10 - 175
_. An(z) — A
=<7 &

A —An(2)

=c ][] — (4.6)

with
2

a =I5

where z, = ﬁ ,

p(z) = /_1 i, z# 1. (4.7)
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Note that since
2

/\m(’;) =14 0(1/m?),

the infinite product [] /\;':(% is absolutely convergent on any compact subinterval

of (—1,0) by theorem 4.6 . The function /\;mz(% is continuous and so the O-term is

uniformly bounded in x .

For z = 0, by corollary 2.7 the distribution of the eigenvalues of equation (4.1)

o nr—7/12 1
_)‘n(o)_ f21 \/—_tdt +O(n) .

By Hadamard’s theorem we also have

1s of the form

U0\ =cJJ(1 - A:(‘O))'

Now let j,,n = 1,2,... be the positive zeros of the Bessel function of order 1/3 .
Then (see 4.2)
~9j
41,(0)

=1+ 0(1/n?)

and so the infinite product [] 4;/\2% is absolutely convergent . Consequently we may

write , as before ,
4(A — An(0))
%9

U0, = eI (48)

iy
where ¢c; = CH(T,Q,J(ST) X

For z € (0,1] , fixed , the Dirichlet problem for (4.1) on [-1 ,x] has an infinite

number of positive and negative eigenvalues , by theorem 2.4 , which we denote by

{ua(z)} , {ra(z)} respectively .
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By Theorem 2.5 , u,(z) is of the form

_nm—7/4 1
uq(z) = _——f;\/fdt +O(n)

and r,(z) is of the form

V—ra(z) = ]ﬂl\/ﬂ;t O(%) ,0< z.

By Hadamard’s theorem , the solution on [-1 , x] for > 0 is of the form:

O0<z

A A
U(z,\) =c]J(1- m—)) IIa - m)

Now let j,,n = 1,2..., be the positive zeros of J;(z) . Then by (4.3)

~

-2

————f2($;';n(w) = 1+ 0(1/n?)
P = Lo
where
f@)= | * Vidt z>0 (4.9)

and p(z) is defined in (4.7) .

Consequently the infinite products [] ?Tz])%_(f—) and [] Wt;)]r%._(z—) are absolutely con-

vergent for each z > 0 . Therefore we may write

U(z,)\) =cs H (A - 'I"n(m))pz(()) H f2(:c)(un(:c) ,\)

(4.10)
Jn Jn

where
2

]n
o= <[l 7 oG

Now we will first approximate the infinite products , then by using the asymp-

totic form of U(z,\) , we will determine ¢;,7 =1,2,3 .
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Lemma 4.11 Let z,, = ;'(‘—w") and A\,(z),1 < m, be a sequence of continuous func-
tions such that, for each z ,

2,".2

p*(z)
where p(z) = [, \/—tdt, . Then the infinite product

I1

1<m

Am(2) = + 0(1) —-1l<z<a<0

A= An(2)
zh
i3 an entire function of A for fized z in (—1,0) whose roots are precisely A, (z),1 <

m. Moreover
A—An(z) s1nhp(:z:)\/_ logn

1<m Zm

uniformly on the circles |\| = g_L)_n+p12(§)21r2 .

Proof : Let z be fixed . By the uniform boundedness of A,,(z) + ’:2 (”) forl1<m

)

A— )\m(w) -y IA + Zv()l)

1<m m 1<m

converges uniformly on bounded subsets of the complex plane . Therefore by theo-
rem 4.7 the infinite product converges to an entire function of A , whose roots are
precisely A\, (z),1 <m.

Now , by theorem 4.3 ,
sinh \/Xp(:c) S )\
VA 2

thus the quotient of the infinite products is
m=pe [ Ao
Nl+3) jem A+l

Furthermore ,

A—Anm — Ay — 22 |O(1)
—1l = Zm | < -

A+ 22 = A+ 22 = | — m2ﬂ|
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Therefore on the circles |A\| = %ﬁi , the uniform estimates

“Am + A 1+ 0(1/n) ifm=n
22+ A 1+O(_|m21—n2|) m #n
hold . By theorem 4.8 ,

1 252 = 1+ 002))(1+ O

1<m

log n logn

) ={1+0(2

)}

uniformly on these circles . Therefore

I A= An(z) _ sinh p(z)v/A
1<m zy, P(f”)\/X

log n

(1+0(—))

Lemma 4.12 Let j,, be the positive zeros of J,(2) and unm(z),1 < m, be a sequence
of continuous functions defined on any compact subinterval of (0, 1) such that

m2ﬂ.2 2

() = 1203~ 3

where f(z) = [T \/tdt . Then the infinite product
Un(z) — Nz
Il (um(z) — M) f*(z)

1<m ]m

+ 0(1) 1<m

i3 an entire function of A for fized z , whose roots are precisely un,(z),1 < m .

Moreover

7 @ o ATE) _og (Rp(a)) + 0B

1<m m

uniformly on the circles |\| = ;}:(7’12) — #

Proof : Let z be fixed . Since from (4.3)

77'1,7'('2

Jm=m’n’ — ——+0(1),
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therefore
> I(um(x) :2/\)f (z)) -y |/\ + 0(1)|

1<m m 1<m

converges uniformly on bounded subsets of complex pla.ne . Therefore by theorem
4.7 , the infinite product converges to an entire function of A , whose roots are
precisely u,(z),l <m.

Now , by theorem 4.5 ,

7A@ = 5 Tl - 2=

thus the quotient of the products is

Um (2)=)) f2
Hl(mi_i_)::)f_(_l _o H Um — A
IMO- 24 i R
Furthermore ,
Ium(a:) A 1=
a ) o
e
Ium(_w) - ﬁ(;l oWl
o Y

Therefore on the circles [A| = fz (1) , the uniform estimates

um—/\_{l+0(1/n) fm=n
7'21’(";)—/\ 1+O(|m2—1__n§'|) m;én

hold . By theorem 4.8

[T 4= = (14 0(ED) 1 + 0(1/n)) =14 0

logn
1<m }'%'("5 - A n

)

whence

I (n o 5 (Rp(a + 02D

1<m m

uniformly on these circles .
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Similarly we can prove the following lemma .

Lemma 4.13 Let j,.,m = 1,2, ... be the positive zeros of J{(z) , and for fized z in
(0,1),

m2r? mm?

TmlT) = — +
)= "%0) w0
be a negative sequence of continuous functions where p(x) = [%,\/—tdt . Then the

+ 0(1) 1<m

infinite product

11<—.[ (A = 7'"}(237))?2(0)

s an entire function of A\ for fized = , whose roots are precisely r,,(z),1 < m .

Moreover

1 &=rm@2 O _ o, apo)a + o)

1<m m n

n?x? — 9n2x?
p#(0) 4

uniformly on the circles |A| =

Proof : This follows from theorem 4.8 and use of the method of the proof of the

preceding lemma . Similarly we have

Lemma 4.14 Let j,,,m = 1,2, ... be the positive zeros of Jy/3(z) and

m2mr? m?

- +
p*(0) ~ 6p*(0)
be a negative sequence where p(0) = [°, /—tdt . Then the infinite product

[T = 2n(0)0)

2
1<m Jm

Am(0) =

+ 0(1) 1<m

i3 an entire function of A , whose roots are precisely A,(0),1 < m . Moreover

[ A= 2a(0)F(©)

2
1<m Jm
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- A hVA + O(ET)

uniformly on the circles |\| = ;‘:(’(’)2) = %’ﬁ , where b=p(0) =2/3 .

Proof : This follows from lemma 4.4 and use of the method of lemma 4.12 .

Now in order to determine ¢;,7 = 1,2, 3... we find the asymptotic form of U(¢, A).
The asymptotic nature of the approximate solutions of the differential equation (4.2)
in which r(t) has a simple zero , ¢(¢) is a continuous real or complex function in the
interval a <t < band A — oo, has been investigated by many writers , particularly
Langer {[17] , (18]} , Cherry [5] , Jeffreys [15] ,Erdelyi {[9], [10]} and Olver{[26]
,[27]} . In [28] Olver established , for the first time , explicit strict bounds for the
errors of the Airy-function approximation . Now we apply Olver’s result in order
to determine the asymptotic form of U(t, ) . First we state a number of relevant
properties of the functions Ai and Bi (the Airy functions ) . Then we also introduce
certain auxiliary functions and constants associated with Ai and Bi which are used

in Olver’s paper [28].
Relevant properties of Airy functions.

The Airy functions are the solutions of the differential equation

For real values of t the standard solutions are denoted by Ai(t) and Bi(t). They

have the initial values

L 1

v
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" 1 . 1
At (0) = —73.32 (0) = —m,
and satisfy the Wronskian relation
Ai(t)Bi'(t) — Ai' (t)Bi(t) = 1/= (4.11)

When ¢ is positive Ai(t), Bi(t), —Ai (t) and Bi'(t) are all positive and monotonic;
when t is negative these functions are oscillatory , with diminishing period as t

— —oo . Their precise asymptotic behavior is given in [36] by

1
Ai(t) = §7r"1/2t"1/4e'(2/3)t3/’ {1 + O(t—3/2)}’

Ai,(t) = —-;-71'_1/2t1/4e—(2/3)t3/2{1 + O(t_3/2)},

Bi(t) = m~ 24P (1 4 0173/},
Bi'(t) = n V24 4@ (1 4 0177},
as t — +oo , and

Ai(t) = 7r—1/2(_t)—1/4{cos(§(_t)3/2 _ 7r/4) + O(|t|—3/2)}

Az'l(t) = 7r—1/2(—t)1/4{sin(g(-—t)3/2 —1/4) + O(|t|_3/2)}
Bi(t) = —n /A (=t) /4 {sin(5(~t)%? — n/4) + O(It 1))

B (t) = n=/2(=1)!/*eos( 3(~1)"/* = m/4) + O(Ie /%)
ast — —o0 .

In order to have a simple way of estimating the magnitudes of the Airy functions

we define

E(t) = 5" (t > 0)
E(t) = 1,(t <0); E~Y(t) = 1/E(t), (4.12)
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and introduce four auxiliary functions M(t), x(t), N(t) and +(t) , defined for all real
values of ¢ by the equations

Ai(t) = ET'(t)M(t)sinx(t),
Bi(t) = E(t)M(t)cos x(t),
Ai(t) = ET(t)N(t)sin(t),
Bi'(t) = E(t)N(t)cos(t). (4.13)
Thus
M*(t) = E*(t)Ad3(t) + E~2(t)B(t),
N%(t) = E¥(t)Ai*(t) + E~%(t)Bi*(t),

From the asymptotic forms of Ai and Bi we deduce that(see [28])

IR S \1/2,1/4
M(t) (—4ﬂ_) rrye N(t) (47r) e t — 400,
1 It|1/4
M(t) ~ 7!’1—/2'15]_174—, N(t) ~ =Yy t — —oo. (4.14)

The following constants occur in the subsequent analysis, (see [28])
Ay = maz(_ooyoo){wltP/ZMz(t)} = 1.430...,

A2 = MAT (—c0,00) {T|t/2Bi(t)| E1(t)M(2)} = 1.315..., (4.15)

Approximation theorem for the equation 4.1
By theorem 2.1 ,the differential equation 4.1 has solutions Wj(t, X), Wy(t, A) given
by

Wi(t, ) = Ai(=213) + ¢

Wa(t, A) = Bi(=AY3t) + ¢

an(ta )‘) —

Wi(t,\) = 5

— A3 AT (= AY3t) 4y}
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Ws(t,)) _

Wit,3) = 2802 o 3B (%) 4 s) (4.16)
where from [28] error bounds ¢;,7;,7 = 1,2 are of the form
E(—tA/3 —tAL/3 MFi(-t)
( 13)|1| ( 13)|1|— { VA —]‘}’

M(—tAY3)70 N(=tA\1/3) A

E-N =3y ETY(—tAY?) Ay, MF(=t)
<= W —1}. 4.1

M(—t\1/73) ezl N(—tA1/3) el < 3ot~ 1 (417)

In the above result , the functions Fy, F; are given by, for |t| < 1,

0< Ft) = /tl a®) 4,

o1/2

0< Fy(t) = /_‘ 1) 4,

L o1/2
(note that these integrals are convergent) and A, A, are constants defined in (4.15)
while E(t), M(t) and N(t) are auxiliary functions defined earlier .
If A is large then the right side of (4.17) is clearly O(ﬁ) uniformly with respect to

t . Hence we have

] = E*(—tAl/%M(—tAl”)O(%) ,

Il = E*(—tw?’)N(—t»/S)O(%) ,
o] = E(—tAl/S)M(—tAV%O(—%) ,

1
= E(—tAV3)N(-tAY*)0(—=) . 4.18
el = B(-tX/N (—A)0( ) (418)
Now , the solution of the equation (4.1) with initial condition (4.5) is of the form

Wi(=1, \Wa(t, A) — Wa(t, Y Wa(=1, \)
W1(~1a )‘)I/Vé("la )‘) - Wll("l,’\)W2(—1a)‘) .

It is well known that the Wronskian of two linearly independent solutions of (4.1)

U(t,\) =

is a nonzero constant , (for each ) ), whence we can say that

Wl("'lv /\)WZ(t, ’\) - Wl(tv ’\)WZ(—]-’ )‘)
W1(0, )W;(0, ) — Wi(0, ))2(0, A)

U(t,\) = (4.19)
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Now from (4.16) and (4.18) we have
Wa(0, W30, A) — W1 (0, A)W3(0,4)

= —A3{43(0) + e1(0)H{Bi'(0) + na(0)} + AY*{A7(0) + n1(0)}{ Bi(0) + &(0)}

= —AY3{44(0)Bi'(0) — 47'(0)Bi(0)} + /\1/30(%)

= —AB3/r 4+ O( X /6) by(4.11) . (4.20)

Now let
p(t)= [ tl v odv = (=2/3)(=t)¥? +2/3 for £<0.

Then by (4.12) and (4.14) for —1 < t < 0 we have
E—l(/\l/S)E(_t)‘l/IB) _ e—\/Xp(t) :

E(NP)ETY(~tA1R) = /%0

)

We need the following estimates for determining the asymptotic form of the solu-

tions. From (4.13) , (4.18) and (4.21) we have , noting that cos x(t) = O(1),
e1(—1)Bi(—tAY/3) = E"I(A1/3)M()\1/3)E(—t,\1/3)M(—t,\1/3)0(%) =

"'P(t)‘/— if-1<t<0
\/'0()\ 7/12) =0

—szo(A 2/3) f0<t<1

ex(£) Ai( N3 = E‘1(A1/3)M(A1/3)E(—t/\1/3)M(—t)\1/3)0(%) -

e PIVALRO(AP) if -1 <t <0
fO(,\ 7/12) t=0

2

e~ 3V 4z O(A7/3) if0<t<1
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&1() Bi(AV/3) = E(/\‘/3)M(/\1/3)E'1(—t/\l/")M(—tA1/3)O(—\/l—i) -

ep(t)ﬁml)l;O(A’z/") if -1<t<0
e%ﬁo()\—ﬁm) t=0
eg—\/iﬁo(,\—?/i*) if0<t<1

e2(—1) Ai(—tAV/3) = E(Al/"’)M(Al/S)E‘l(—t/\l/S)M(—tAI/?’)O(%) -

POV O i -1<t <0
eSVAO(A-7/12) t=0
VAN -2/3 :
SVALOONY)  if0<t<1
From the asymptotic behavior of Ai and Bi we also have :

Ai(A\V3)Bi(—t\1/3) =

L () 1AN1/6=pOVE(] 4 O(A-Y2)} if —1<t<0
#/\—1/1231-(0)6— %x/X{l + 0(71_/()} t=0 (4.22)

— Rt VAN Yo~V sin(23/2VX — n/4) + O(J5)} 0<t<1
and

Bi(\Y/3) Ai(—t\1/3) =

L(—t)-1/ A~U8erOVAL] 4 O(A-1/2)} if -1<t<0
ﬁ/\—l/lei(O)egx/X{l + 0(%)} t=0 (4.23)

11_rt—1/4,\—1/66§ﬁ{cos(gta/z\/x —m/4)+0(%)} f0<t<1
From above calculation we get
Wi(—1, )Wa(t, A) — Wi(t, AWa(=1,A) =
Ai(AY3)Bi(—tA13) — Ai(—tAY3)Bi(AY3)}+
e1(—1)Bi(—tAY?)ex(t) Ai(A3) — €, (8) Bi(A/3)e( —1) Ad(—tA/3)+

e(—De(t)e(t)a(-1) =
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( %(_t)—l/tl/\—l/Ge—p(t)\/X{l + O(/\—l/2)} _ 21_7r(_t)—1/4/\—1/66p(t)\/X{1 + 0(/\—1/2)}+
POV (_)=14OQ(A=2/3) 4 ¢~ PWVA(_t)=1/4Q(A~2/3) t e (-1,0),
ﬁ/\_l/”Bi(O)e‘gﬁ{l +0(75)} - ﬁ)\‘l/mAz'(O)e%‘/x{l +0(7) t=0,
— & (1) VAo~ B A (sin(263/2V/X — m/4) + O(Z5)}
—%t‘l/“)\“l/ee%ﬁ{cos(%tsﬂ\/x —n/4)+ O(f)}

| +t74eSVRO(X23) 4 71 /4e=3VAO(A23) te(0,1]

(4.24)
By using the asymptotic form for the Wronskian ,we can find the leading term of
U(t,A) . For -1 <t <0, the above results and (4.19) show that

Ut,A) = ——— (V741 4 0 f))—e'”ffl““—““(1+0(%))}

2(— t)1/4\/_
1 .
= ma + O(ﬁ)) sinh(p(t)VA) A — o0 (4.25)

where, as usual ,
t
p(t) = / V—tdt
-1
Similarly by using (4.19) , (4.22) and (4.23) with t = 0 we have ,
71/2 4i(0) a3 1/ZBz(O)

U(0,%) = {57 e e e - HL+O( f»
1/2A’(0) 2Vx _ \/— ~2Vx 1
\5/12 e 1€t i+ O(ﬁ)} A — 00 (4.26)

because A:(0) = —\/-%l .
For 0 <t , we have by (4.22 4.23),

e~ 3V2gin(23/2/) — 1
U(t,2) = tml\/_{ 3 tz VA-/4), */Xcos(-z—t3/2\/X—7r/4)}{1+O(%)}

2 3/2
t1/4\/_{e cos( S2X — m/a)}(1 + O(\/_))} A — o0 (4.27)
Now we find 22(¢,)) . Indeed we have

_ Wl(—'la ’\)W2'(t7 )‘) _ Wll(t, ’\)WZ(—]-, )‘)
A Wi(0, \Wa(0, N) — Wi(0, N Wa(0, %) (4.28)
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From (4.16) we may write
Wa(=1, N Wy(t, A) = =AYV {Ai(AV3) + er(—1)}{ B (- A"3t) 4+ m2(2)} .

Now we calculate the error bounds in the last display. From (4.18), (4.14) and
(4.21) we may write, for large X ,

X2 i (N3, (2) = /\1/3M(A1/3)E‘1(A1/3)N(—t,\1/3)E(—t/\1/3)O(%) -

e~POVA(_)1/AO(A-1/8) if 1<t <0
e~ 3VAO(A-14) t=0
e~§ﬁtl/40()‘—1/6) ifo<t<l1

M (—1)Bi' (—tAY?) = A1/3E‘1(A1/3)M(,\1/3)E(-t/\1/3)N(—t,\1/3)0(%) =
e POVA(_)V/AO(A-2/8) if —1<t <0
e 3VA0(A1/%) t=0
e 3VA/AO(A-1/6) ifo<t<1
Similarly we have by (4.13) , (4.12) and (4.14) ,

Wit IWa(=1,2) = =NP{A7 (=A1) + () HBIOVP) + e(-1)}
,\1/3,71(,5)31'(/\1/3) = /\1/3E—1(_t/\l/S)M()\l/S)E()\l/:B)N(_t)\l/B)O(%) _

VA (—)IAO(X1/8) if 1<t <0
esVAO(A14) t=0
efVMIA0(A-1/6) fo<t<1,

APy (—1)Ai' (—tAY?) = /\1/3E(/\1/3)M(,\1/3)E“(—t)\l/3)N(—t/\‘/"’)O(%) =

ePOVA(—t)/AO(A\-1/8) if ~1<t <0
eFA0(A-1/4) t=0
e5VMIAQ(\-1/6) fo<t<1,
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The leading terms in the display following (4.28) are found next .
—AWBAAYR) By (—tAY/3) =

— L (—)V4NBe=PVA{] 4 O(A-1/2)} if ~1<t<0
— 5z MBI (0)e~ M1+ 0(35)} t=0 (4.29)

—%rtl/“/\lﬁe"§‘/X{cos(§t3/2\/x —m/4) + 0(%)} fo<t<1
—AVBBI(AY3) AL’ (—tAY/3) =
L (—t)/ANBPOVA] L O(A-1/2)} if —1<t<0

— A48 (0)e3VA{1 + O(25)} t=0 (4.30)
—%t1/4/\1/365‘/_{s1n(§t3/2\/_— m/4) + O(%)} fo<t<l1.

Combining the last six displays we get

oUu

Et—(t’/\) =
(180100 cnblp 0/ it -1<t <0
R/IBE (0) eI + LB+ 0(dp) t=0
t1/4{%e_§‘/xcos(§t3/2\/_ —-7/4) — es Sln(§t3/2\/_ —m/HH1 + 0(%)} f0<t<1

(4.31)
where the error terms are uniform in ¢ if ¢ is in some compact set which excludes

=0.

Theorem 4.15 Let U(t,)\) be the solution of the initial value problem (4.1-5) .
Then for 0 < z ,
U(z,)) = W\/—H (A = r(=)P*(0) Hf2(fv)(uk($) A
it Ik
where f(z) = J§Vtdt , p(v) = [°, V/—tdt,the sequence {ur(z)} represents the posi-
tive eigenvalues and {ri(z)} the negative eigenvalues of the Dirichlet problem asso-

ciated with (4.1) on [-1 ,z] .
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Proof : By theorem 2.5 we have,

min?  mmr?

rm(@) = -t o

+ 0(1) 1<m

min? mm?

“ ) = ) T 5w
where f(z) = [7 /tdt,b = p(0) = 2/3 . Therefore by (4.10) and (4.27) we have

+ O(1) 1<m

Uiz, \) = e [] AP O0) 1 L)) = X)

Ik IR

1
$1/4\/X

By lemma 4.12 and 4.13 , on the circles [A| = "Z;’z we have

I (A= ?’kgw))p2(0) I fz(w)(uif(w) - _

b It

eg\/XCOS 21113/2 -7 i — OO
{ed P eos(3z VA= m/H1+O(=)  A—oo.

logn

LT (f@WVNT V{1 +0(=7)} -

It is known that([1] , §9.2.11 )

J(2) = \/%{—-R(V, z)sinX — S(v,z)cos X'} (largz| < )

where v is fixed and

X=z—(§+1/4)7r ,

& 402 + 16k -1 (v,2k
Bl s~ R g = (4k — 1)2{((2z)2’°)}

(a — 1)(a + 15)
- 2(82)2 eee g

>4t +4(2k +1)° 1 (v,2k +1)
S )~ LV g gy ey )

k=0
_a+3 (a—1)(a—9)(a+35)
T 82 3!(8z)3 o

=1
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as |z = oo , where @ = 41?2 . Now , after some lengthy but straightforward

calculations we find ,

2 sm(zb\/_

J{(f(m)\/X)J{(Zb\/X) 21/2 f1/2( )b1/2

1
\/—{sm(f(w)\/_ >+0<ﬁ)} :

Since
sin(f(z)VA — —) sin(1bvV/A — —) =5 cos(f(x)\/X — wja) [V ANy

it follows that
etVA+YE

AV = i T3

{cos(f(z)VX —n/4) + 0<\—15—>}

2
?

whence for || = ":;r

VYT

W{COS(f(x)\/_ —-7n/4)+ 0(\/—)}{1 + O(

log n

U(z,)) = 4c; )}

= Cg\/—COS :1,‘3/2 - T — OO
= 1,4\/—{ (3 VA—m/H}1L+ 0(\/—))} A

by (4.27) . Consequently

z3/27rf1/2(:c)b1/2 1
G = T 1/again/a 1+ 0(7—/{))
/T

1
1+0(—=
1+ 0(7))
where the O-term may be made uniform in x for z € (0,1) . Since ¢3 depends only

on x , by Hadamard’s theorem , we may let A — oo , and find

Tz
6

C3y =

Theorem 4.16 Let U(t,\) be the solution of the initial value problem (4.1-5) .

Then for x =0,

4(X = A(0))
95%

U0,)) =]

)
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where {A;(0)} is is the sequence of negative eigenvalues of the Dirichlet problem
associated with (4.1) on [-1 ,0] . As before j, represents the sequence of positive
zeros of the Bessel function of order 1/3 .

Proof : From (4.8) and(4.26) , we have

U(o,,\)=c21‘[§“‘9j%=

1/2AZ(0) 2\/‘ \/—

)\5/12 sz 1e°

_ 72 44(0)
- A5/12

e iVA1 +O(¢‘)} A — 00

e%ﬁ{1+0(7)} . A — oo

By lemma 4.14 on the circles |A\| = ZE= we have

II

4(X — X(0))
957

_ T3 )

- (W28

From [1] , §9.2.1 , for fixed v and |z| — oo , the asymptotic form of J,(z) is of the

2 1 a1 + 0(10g n

form

J.(2) = \/g{cos(z —7mv/2—7/4)+ e”mle(ll—|)} (largz| < m) .
Therefore
Jaja(2bV/X) = 2 {cos(:bV/A — 5_7r) + eb‘/xO(i)}
Ve R 12 W
Since

cos(zb\/_——— = {el"/—"legr +e VA= Y

Bp(sbVR) = N |14 0( )
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Since A:(0) = a—ﬂm ,
__U@©,))

2= I 4()\—)‘\,‘(0))

712 Ai(0)e3V? (ba/2)1/3N1/6 (24mb)1/2 )1/ +0 log n
/\5/12 (4/3) b\/—+5ur ( ( ))
whence
_ 2w logn
2= Zarasares) TR
or
=14 O(logn

on the circles |A\| = , because I'(1/3)I'(2/3) = ’; (See [1] , §6.1.17 ) . Using

an argument 31mrmlar to the one for c3 we find that ¢c; =1 .

Theorem 4.17 For -1 <z <0,

Do) = 2E) A MGe)

(i i

where p(z) = [, /—tdt and U(t, ) is a solution of the initial value problem (4.5)
for the equation (4.1) and {Mi(z)} is the sequence of eigenvalues , for the Dirichlet
problem associated with (4.1) on [-1, 2] ,i.e.,

y(_la)‘) =0= y(ma)‘)

_ mn
here z,, = ) 7 o8 usual .

Proof: From (4.6) and (4.25) we have
Uz, \) = o ] 2 2k2) A"(“’)

= oA O eEVE) Aoe
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where p(z) = [%, /—1dt .

From lemma 4.11 , uniformly on the circles || = (&%})ﬁ”—z , we have

A= X(z) sinh(p(z)VN) logn
I % p(z)VA (1+0(=7)
whence on the circles |A| = L.L)_"*;(i;ﬁ
— U(:c,)\) _ P(x) logn
“a= ]2 (_$)1/4(1 +O( n )
2k
As before we get
p(z)
1 = (—z)1/4.
We will often use the abbreviated notation U = &

Theorem 4.18 Let U(t,A) be the solution of boundary value problem
y +(M—q)y=0 —-1<t<d
where d is arbitrary but fized and
9y
—_ = = —{ - =1.
W-D=0=yd) -1
Then
. , d
U(d, U’ (d,\) = / tUdt .
-1
Proof : Differentiating the equation with respect to X yields
U'+tU+(M—-qU=0

Multiplying this equation by U , the original equation by U and taking the difference,
we obtain

U'U-UU"+tU*=0 ,
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hence
d . ,
/ tU%dt = U(d, \)U'(d, ))
-1
since U(—1,)) = 0 by (4.6) .

4.3 Some properties of the eigenfunctions in the

classical case

In this section we study some results in connection with the eigenfunctions cor-
responding to the eigenvalues in the classical case. Similar results with different

methods have been obtained by Walter Pranger in [31] , for the equation
U' '+ Ar(z)U =0 on 0<z<1 (4.32)
with the Dirichlet conditions
U0)=0U(1)=0

where we assume , without loss of generality that

oUu
—(0,)) =1,
(0,0
where r(z) is a positive twice continuously differentiable function on (0, 1) . The

first lemma is classical .

Lemma 4.19 Let U(t, ) solve the initial value problem

y'+ (M —q(t)y =0
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with initial condition

ou
U(-1,A) =0 E(—l,)\) =1
for =1 <t < 0. Then
e)
U(t, Au(2)) = —An(z) Ap — —00
(= t)l/“\/—/\n(
b)

%g(a:,)\n(a:)) = (—z)Y* cos p(z)y/—An(2){1 + O(\/—lTn)} Ap — —00

where p(z) i3 defined in (4.7) and A, = Ap(z) 13 the sequence of eigenvalues of the
Dirichlet problem (4.1) on [-1, z] forz <0 .

Proof : Let U be the solution of equation (4.1) which satisfies the given initial
condition . If the following transformation is made , i.e.,
t
§=p(t)= [ V=vav,
W = (—t)Y/4U
2

“A=w

then the equation assumes the normal form

d*wW . _

o+ (= ROW(O) =0
where

R(E) = — q(t(£))

1663(¢)  #(é)

It is clear that W satisfies the initial condition

dW(0,w)

dé =1

W(0,w)=0
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By the basic estimates in {[35] , p.13} we have

sin({w
wigw) = 282 4o,
dW (€, w 1
—?(é—) = cos(w) + O(;)
Therefore , by applying the above transformation we get
U(t, An(z)) = —An(z Ap — —00
- t)l/a/—x @) )
and

(:c An(2)) = (—2)Y4 cos p(z)y/—Mn(z) + 0(\/__) A, — —00

—An(2)

Lemma 4.20 Let U(t, \) solve the initial value problem (4.1) with initial condition
(4.5) for -1 <t <0 . Then

P o e
@ M() = BT 4 o8y

2n2r?(—g )1/
where p(z) i3 defined in (4.7) and A, = A\,(z) i3 the sequence of eigenvalues of the
Dirichlet problem (4.1) on [-1, z] for z <0 .

Proof : From lemma 4.3 we have
A
sinh p(z)VX = p(z)VATJ(1 + ;‘5)
k
where 2, = % , k € N, and p(z) is defined in (4.7) . we have

dcf\{SIIlhp(\/)_\/_}l)‘__zn — 7,:(:2 H (1 _ z_é)

whence

a-%-C

k#n
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For fixed z , from theorem 4.17 we have

_p(g) A= (o)
U(z, ) = (—z)1/4 H 2
therefore
ou r*(z) An — Mi(2)
—(z,\p) = ——— 21— An — ML)
A (—z)Y4n?x? 1<kk#n z}
Whence
Rz A) _ pla) [ 2o
—12':;;22 2 ()t \<kkgn 2k 7m
Since
A'n - )‘k _ 1
Zz—z§_1+0(|k2—n2|) k#n

therefore by theorem 4.8 we get
oU pP(z)(=1)™*!
o (=) =

2n?n?(—z)1/4

logn

{1+0(=—-)}

n
Lemma 4.21 For fized x < 0 let \,(z) be the sequence of negative eigenvalues of
the equation (4.1) for the Dirichlet problem on [-1 , = | where 0 < ¢(t) , so that
U(z,A.(z)) =0. Then we have

a) A.(z) 18 twice continously differentiable and

, 2(—2)/?n2x? logn
b)
. d —22,
Jim £ log A(z) = 2%,
c¢) The series
—)\n/\;(a:)

n#k,1<k (A(2) = An(2)) Ae(2)’

s uniformly convergent on any compact subset of (-1, 0),

d)
logn

/ " U0, A)dv = —~ 211 4 o

-1 2n2m?

where z(z) = 75 and p(z) = [, V/—tdt.

)} noo
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Proof : a) It is known that for a non-negative continuous function ¢(z) , the
eigenvalues of the Dirichlet problem for (4.1) on [—1,z] , are real and simple (see
[14] , §10.61) , i.e.,

& (e 0(2)) #0
for each z € (—1,0) . It follows from the implicit function theorem that A,(z,q) is
C? in x and

)‘n(x) = _{ Dz }A:)\n z)-
e, N7

From the lemmas 4.19 and 4.20 we have

; 2(—z)Y?n?r? cos{p(z)vV— .} logn
A (z) = 14+0(—— n — 0o
(2) T {1+ 0(E%)
By inserting
nw 1
V=A=——=+0(=
p(z) e
in the above formula we get
, 2(—z)?n?7? cos{nm + O(%)} logn
A(z) = 2={14 O(—— n — 0o.
(2) Ty (1+0(E%)
By the mean value theorem we have
1 1
COSs 0(;) =1+ O(F)
therefore )
_\1/2,2.2
n@ =20 0ER) oo

p’(z) n
(b) From (a) and the distribution of {/—A,(z) we immediately obtain (b) .
(c) By (a) and (b) the sequence

A(z)

k()

is uniformly bounded on any compact subset of (-1, 0 ) . Thus the above series is

uniformly convergent by the M-test .
d) From Theorem 4.18 ,

Uz, \)U' (2, An) = / " oU2dv
1
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Substituting the asymptotic form of U (z,\.) and U'(z, \,) from theorem 4.20 and
theorem 4.1 , respectively , and using the mean value theorem for cos(nm + O(1/n))

we finally obtain the result .

4.4 Some properties of the eigenfunctions in the

one turning point case

The method of the previous section is applicable to the one turning point case .

Lemma 4.22 Let U(t,\) solve the initial value problem (4.1) with initial condition
(4.5) for -1 <t <1 . Then for firedz >0,

(1)1 E )V O
3p'/2(0)n?n?

where p(0) = 2/3 and f(x)is defined in (4.9) and u, = un(z) i3 the sequence of
eigenvalues of the Dirichlet problem (4.1) on [-1, z] forz >0 .

ovu
Sy un) = {1+01/m)}

Proof : For fixed 0 < z , from theorem 4.15 we have

?E(a:,un) _ —f %);r\/EH (ur — re(z))p*(0) I f (:v)(u;i(z) —u) |

)

D) D)
Ji k#n,1<n Jk

Now we estimate the two infinite products . By lemma 4.13 we can write

)

g7 o= EEO o5 p)1 + 0

1<k Jk

n
asn—oo.

From lemma 4.5 we get

d I} \/— '—C2 J‘n
ohle /\)|A=5§ =35 II 1-%)

k#n,1<k Jk



4. The infinite product representation

Since .
Mipmage TGP o) n() — )
[Tkgn1<k(1 — %‘2‘) ktn1<k jE—32
from (4.3) and the form of the distribution of ux(z) , 1 < k , we can write
F¥(@)(ur(z) — un) 1
T T T L

Therefore by theorem 4.8 we get

Pdue) ~en) L 2202 4 g evm), g 140022

k#n,1<n Jk

Consequently ,

log n

Z_Z(x,un) _2f (:c)m/iJ1 mp(O)) ~ eV V), 2(1 + O(—))
The recurrence formula for J,(z) is of the form (see [1] , §9.27)
zJ.(z) = —ndy + zJp_1
Jo(z) = =Ji(z) -

Therefore ,

Ji(eVX) = —C\I/XJI(C\/X) + Jo(eVN) .

Thus , by using the recurrence formulae we find
d 1
DAYV, g =5 Jmn){ -5
The asymptotic form of J;(z) is
| 2
Ji(z) = ;;{cos(z — 3n/4) + "™*0(|2|1)} (Jargz| < )

as |z] — oo . (see [1] , §9.2.1)

79

By using the asymptotic form of J;(2) , (see the proof of theorem 4.15 ) , and Jy(2)

we obtain

V24l

T (1/unp(0)) = - ST *p1/2(0)

{1+0(1/n)}
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(Gn) = | - {eosi ~ 3m/4) + O(1/m)}
whence , use of (4.3) gives

log n

ZI/J\'(:C uy) = fAz)V/x eVinp(0) COS(] —3r/4){1 + O( )}

3j2/2u,‘/4p1/2(0)

_ (S a)e/

log n
3p'/2(0)n2n? 1+

)}

Theorem 4.23 Let U(t, A) be the solution of the Dirichlet problem (4.1) with vari-
able t on (-1 , z), for fized 0 < = . Assume further that U(t,)\) satisfies the
condition (4.5). Then

5

U(t,un(z)) = %{é—e—"(n_l/“)zm sin(m(n — 1/4)z(t) — 7 /4)+
e™(n142() cog(m(n — 1/4)2(t) — n/4)}H{1 + O(1/n)}

where z(t) is defined below , in (f),

b)
(& unle)) = (~172 4V 1+ 01 /),
c) gn? 1
p ~3nir? ogn
u.(z) = @ ){1+O( )}
d)

n—ooy,(z) oz f(z)

e) the series
Z unUk
iz (W — Un Uk
18 uniformly convergent ,
f)

. 3/4 £5/2( ) 3/
9 xR (z)es logn
/_1 Vv, un)dv = 3p1/2(0)n2n? 1+0( n

)}
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where u,(z) 13 a positive eigenvalue of the problem and

2(t) = fg\}gdv/:\/z_;dv=ﬁ/ot\/l—)dv

Proof : a) By inserting A = u,(z) in (4.27) and simplifying we obtain

232 1 ___ .
U(t,un(z)) = m{ie” M (n=1/4) gin (nt3/23 73 (n — 1/4) — 7/4)+

e P n14) cos(ntP 2= (n — 1/4) — w/4){1 + O(1/n)}

Note that in the above long but straightforward calculation we use the following

facts

cos O(1/n) = 1+ O(1/n?)
sin0(1/n) = 0(1/n)

for large n .
By inserting z(t) in the preceding expression (a) follows .
(b) This follows by putting A = u,(z) in (4.31) .

(c) Since
u (z) = — %(mvun(:’:))
" 2 (z, un(z))

therefore from lemma 4.20 and (b) the proof of (c) follows .

(d) Follows from (c) and the distribution of u,(z) .

(e) Since :’—ﬁ-(—l(:) is uniformly bounded on any compact subset of (—1, ) therefore the
series is uniformly convergent .

f) This follows from theorem 4.18 , 4.23 and 4.24(b) .


file:///fidv

Chapter 5

Some remarks on the inverse

spectral problem

5.1 Introduction

In physics , engineering and quantum mechanics it is necessary to build a
mathematical model to represent certain problems , e.g.,the determination of the
inter-atomic forces for given energy-levels . This leads to the following general prob-
lem :

Given the spectrum of a second - order differential operator , to determine this op-
erator .

This is known as the inverse Sturm-Liouville problem , in one dimension . It may be
pointed out that the inverse problem may not be properly formulated . Marchenko
in [22] has shown that the problem can only have a solution if the spectral distri-

bution function o(\) of the operator is given . The spectral distribution function is

82
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defined in term of of the normalization constants of the eigenfunctions.
Levitan and Gasymov in [20] gave a new account of the solution of the inverse
problem in terms of the spectral function in the case of a classical Sturm-Liouville

operator. In fact, the work of Levitan and Gasymov provides the following theorem

Theorem
If a non-decreasing function o(\) , defined for real X | satisfies the following condi-
tions :

For arbitrary real z the integral
0
/ e“"\/mda()\)

ezists .

Let
a(A) = 2v/X for A >0
a(A) for A < 0.

T(A) =
Then , for all z in the interval 0 < z < oo , the integral

A COS.’L‘\/—dT(/\)

A

ezists , and the function
a(z):/ cos:c\/_d 0

has continuous derivatives up to and including the fourth order for 0 <z < oo .
Furthermore , if the set of points at which o()\) increases has at least one finite limit
point , then there ezists just one differential operator of the second - order , defined

by a differential expression

(y) =—y +4q(z)y 0<z < oo,



5. Some remarks on the inverse spectral problem 84

with a continuous coefficient g(z) , and by a boundary condition of the form

y'(0) — 6y(0) = 0

which has o()\) as its spectral distribution function . The function ¢(z) and the
number § are related by the formula

10k(z,z)

o .6 = k(0,0),

q(z) =

where k(z,y) is a solution of the integral equation

f@)+ [ Fs,0)k(e,5)ds + bla,y) =0

In the above integral equation , f(z,y) i3 of the form

O*F
flz,y) = 920y

where

 sin zv/Asinyv/\
Flo,y) = [~ R ar(y)

For more details see [25].

The inverse problem for the canonical case of a two - term Sturm  Liouville operator
on a finite interval is completely solved in [35] . In [35] the authors introduced the
Dirichlet spectrum associated with the function q in L? and derived some of its
properties . They found that the Dirichlet eigenvalues u,,1 < n form a strictly

increasing sequence of real numbers satisfying
u, = nn? 4+ c+ (n)

where ¢ = fj ¢(t)dt , and [*(n) denotes a sequence a, for which " |a,|? < co . They
presented these questions : ([35] ,p.49)
1) Do these conditions actually characterize all possible Dirichlet spectra ? For in-

stance , the sequence n?r2,1 < n, is the Dirichlet spectrum for ¢ = 0 . Suppose the
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first eigenvalue 7?2 is replaced by any number 1, below the second eigenvalue 472
Is the modified sequence still the Dirichlet spectrum of some q in L? ? Perhaps 14

has to be chosen in a special way?

2)To what extent is a point q in L? determined by its Dirichlet spectrum? For
instance , are there any functions q in L? besides ¢ = 0 with Dirichlet eigenvalues

u, = n’mr?, 1 < n ? More ambitiously , what does the isospectral set

M(p) ={q € L* : ux(q) = un(p),1 < n}

of all functions q with the same Dirichlet spectrum as p look like ?

These questions are completely answered in [35] .

Belishev in [3] considered the homogonous boundary value problem
y +Ap(z)y =0, z € [0,1], (I < o0) ()

with the conditions y (0) = y(I) = 0. The density p(z) is real - valued p(z) € L;(0,1)
, p(z) # 0 almost everywhere on (0,[) .Let o = {};}%, be the negative and positive
eigenvalues of the problem I and {Q;(z)}*>, be the corresponding eigenfunctions
which are normalized by the condition @;(0) = 1 for all j . In [3] it is shown that

the function p(z) can be reconstructed from the spectrum ¢ and a knowledge of

e = {v;}%,, where v; = [{[Q)(2)]*dz .

In [31] Pranger considered differential equation (I) in which p(z) is a positive
twice continuously differentiable function on [0,1] . In this article he studied the

recovery of the function p(z) from a knowledge of the eigenvalues .

This chapter is devoted to adapting Pranger‘s method to the one turning point
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case.In section 5.2 , we derive the dual equation and in section 5.3 the recovery
of the potential function from the eigenvalues is studied . In fact , the function

0 < g(x) i3 ezplicitly recovered by means of certain traces and their derivatives (see

theorem 5.5 below) .

5.2 The dual equation

We recall that in chapter 4 , for fixed z € (—1,0) and 0 < ¢(¢) , the eigenvalues
of the Dirichlet problem for the equation

y' + (Xt —g(t)y=0 (5.1)

on [—1, z] are denoted by A, (z),1 < n . For fixed z € (0,1), the positive eigenvalues
of the same problem are denoted by u,(z),1 < n, while the negative eigenvalues
by r.(z),1 < n . By the implicit function theorem A,(z),u,(z) and r,(z) are
twice continuously differentiable functions [chapter 4 , §.4.2] . Let U(¢, A) solve the

equation (5.1) with initial conditions
ou
U(-1,))=0 E(—l,)\)— 1.

For z < 0, the condition
U(z,A\p(z)) =0

gives , as usual ,

ou oUu .,
37 + a./\n =0 (5.2)
and differentiating again
o*U U ., 08U ., OU .
527 + 283:6)\'/\” + W(An) + a—/\./\n =0 (5.3)



5. Some remarks on the inverse spectral problem 87

The first term in (5.3) is zero at (z, A,(z)) by virtue of (5.1) . Thus

;2(,» N+ W (A2 4 ~0 (5.4)
Similarly for , 0 < z , the conditions
U(z, un(z)) = 0
U(z,ra(z)) = 0
give the equations 2
2aagx , ZAZ ")2+_“ =0
25t g U G = (53)

If we make use of the infinite product form of U(z, A) , substitute this in (5.4), in
the case £ < 0 ( and in (5.5) for 2 > 0 ) we will obtain the dual of the equation
(5.1) . Indeed we need the various derivatives of U(z, A) at the points (z, A,(z)) for
z < 0 and at the points (z,u,(z)) and (z,r,(z)) for £ >0 .

Now , we first calculate the various derivatives of U(z, A) for ¢ < 0 . In this case,

from (4.6), we can write

A
Ulz,\)=c||(1 - 5.6
@) =eIl0 - 3775) (56)
where c is only a function of z. In fact, by using theorem 4.17 one can determine

¢(z) . From 4.6 and theorem 4.17 ,

p®)  _ =%
(—z)1/ Ak

and p(z) = [, /—tdt . Therefore

Ci =

where 2z = p(z)

= p$3/4 II _/\k (5.7)



5. Some remarks on the inverse spectral problem 88

We calculate g{{ , ‘?;T[{ and ;’Ig\ at the points (z, A,(z)) by using (5.6) . In forming

g\g from (4.6) , the interchange of summation and differentiation in

2
Ak(z)
will be valid if the differentiated series
—)\n)\;c(:c)
k;ezn (Ae(2) = An) Ak(z)

1s uniformly convergent . According to lemma 4.21 (c) the above series is uniformly

convergent . We define F}, by

F,=F(z,\(z))= ][] (1- ( ; (5.8)
k#n,1<k
Since
ou = -1 A
ox CZ; Ai(z) k;&]{,-llgk(l Tw))’
we have
oU cF,
o (& An) )\n(a:)’
o*U _ 2cF 1. (:l:) 1
’U  —c(z)F, c(z)/\nF B A (@),
2oz~ ) o @ 31:0 Az(l oul
_c(z)Fu, i (), _
An i;enz,l:g.' Ai (1= Ai (-’”))

Placing these terms into (5.4) we obtain

A;;+2c’\ +2a ¥ ; A((;”)))- ({\)2 0. (5.9)

i#n,1<i 7

Dividing the above equation by A and integrating from a fixed number a # —1 up

to  , we obtain
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where
Su(z, ) = Z/x Ak (5.11)
i#n v
and ¢(z) is determined in (5.7) .
Similarly , for the case £ > 0 from (4.10) and theorem 4.15 , we have
A A
U(z,A) =a(z) [J(1 - m) - uk(.z‘)) (5.12)
with
2 2
a(z) = Wf ALY ) i (O;.Z"(x) (5.13)

where f(z) = 7 Vtdt,p?(0) = 2/3 and j; , k = 1,2, ... are the positive zeros of
Ji(2) .
As before , we calculate the various derivatives of U(z, A) and evaluate these at the

fixed points (z,u,(z)) . Since , by theorem 4.23(e), the series

> —unux(2)

k#n (uk(z) — un)ur(z)

is uniformly convergent we obtain ; ,\g from (5.12) in terms of u, and r, .

Suppose
Gu.(z, ) = —
(#2) k;égdc(l u ("’3))
H, (z,\) = 1]_;Ik(l - (a:)
Then ,
Gn = Galz,un(z)) = [ (1- 38 (5.14)
k#n,1<k
H, = H(z () = T0 - 200 (5.15)
so that B

II a- u"(w))—H (1_7) g (5.16)

k#i,1<k #(z) i
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We have
O_U(r 4,) = —-aH,G,
N ug(x)
ny-('c un(z)) = 2a¢H,G, 1 2aH,G, 1
arz un(z) < (@) — ua(x) Un(z) 1<onpn Wi(Z) — un(z)
orU _ —ad'(z)H,G, a(z)H,Gu,
as @) = — T T,
a(z)H,G,u, 1
- L —a(z)H,G, r(z) — up(z))™?
” 2;7%(z)__un( ) (2) g; t( (2) — un(z))”
u, ., a(z)H,Gpu, 1
—a(z)H.G, —(u(z) — up(z))t - ——"= —_—
( ) 15,2,,:#,1 1( ( ) ( )) Un 1<1,0#n uz(;l;) — un(m)

Placing these terms into (5.5) we obtain

1 2a

A2 o T B @)+ T ) @) 2 o

1#n,1<1 U, 1<t Ty
" 5.17)

Similarly for negative eigenva.lue ro(z) we get

II 2a
+

%4 2r,r{ > —1(1",(:1:)—7',1(:1:)) +z<: 1(u,(:r:) ro(2))"1} — 2(Tn) = 0.
s t (5.18)

Dividing the equation (5.17) by u., , the equation (5.18) by r., and integrating from

z up to 1 , we obtain

! 2
U;(.’B) _ uz(-’ﬂ)un(l)a (1)62Tn(a:,un_r")

ui(1)a*(z)
! _ g(m)r;(l) (1) 2T,.(:c,rmun)
T'n(.'l,') - rg(l)az(x) (5.19)
where
_ 1u:un -1 lf:U_n R |
Tn(w,un,rn)—;/z " (u, — uy) dv+21:/ac m (r, — u,) " 'dv, (5.20)

a(z) is determined in (5.13), and the variables in the integrand in (5.20) are dropped
for brevity .
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The system of equations (5.10) and (5.19) is dual to the original equation (5.1) and

involves only the functions A,(z) , u,(z) and r,(z) .

5.3 The Inverse problem

We now proceed with the solution of the inverse problem . We first study the

relation between the eigenvalues and the potential function .

Theorem 5.1 Let A (z) be the eigenvalues of the Dirichlet problem (5.1) on
[—1,z], for fited 2 <0 . Then

a)
oi(z) = vct(v)dvd 5.21
(=) =2, /\n =L, cz(t)/ (v)dodt (5:21)
b) )
a(e) = (5 "1 P (o) <o (5.22)

where ¢(z) 1s determined in (5. 7) .

Proof: For fixed z < 0, if U(z, ) in (5.6) is differentiated logarithmically , then

aa)‘logU(x A) = i/\ —)\222

provided that |A| < |A\1| . The last series is absolutely convergent because

% i < S o~ Z 0

thus we can interchange the order of summation . Put

m

> o
=0
m41 m+1
)‘k

k=1
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and inter-change the order of summation . Then

—%U(m,)\) =U(z,A) ) ompr1A™.

m=0

Replace U(x, A) on each side by
U(z,A) = ao(z) + a1(z)X + az(z) A + ... (5.23)

Multiply out the product on the right , and equate coefficients of the various powers

of A in the identity ; we thus obtain the system of equations

—a)(z) = ag(z)oy (5.24)

—2a5(z) = ao(z)og + ay(z)oy

—nap(z) = ap(z)on + a1(T)0n-1 + ... + an_z1(z)07.

From (5.6) and (5.23) we have
U(z,0) = c(z) = ao(z).
Using the expansion of U(z, ) in (5.1) we get
ag 4+ Aay + ... + Az — g())(ao + a1 A +...) = 0.
Consequently , by equating coefficients of the various powers of A we obtain

ag—qag = 0
a, + zag —arg(z) = 0 (5.25)

ay + zay; — azg(z) = 0
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Placing (5.24) in (5.25) and using a, = ga, we get
ato, + 2a0a,0, — zal =0 (5.26)

or
1
75 (ago1) = zag.

Integrating this over [-1,z], noting that a;(—1) = O,we see that , after another
integration and use of the fact that o3(—1) = 0 and ag = ¢, that there holds (5.21).
b) From (5.26) we write

'

" ao '
0, +2—0,—2z=0.
ao

Consequently
Qv _ T = oy
(%) = (5
whence
aq dg 2 -7
) = — +
) = =G e )
= (5 Yy (2 “l) <0

01

Applying arguments similar to those above , we deduce the following theorem :

Theorem 5.2 Let the sequence u,(x) represent the positive eigenvalues and r,(x)
the negative eigenvalues of the Dirichlet problem (5.1) on [-1 , z | for fized 0 < =z.
Then

e

A1 (z) = Z[u (:1:) g )] = Ai(1) - /: aZtt) /Ot va*(v)dvdt (5.27)
b)

"

r — /\1
2/

]

) z>0 (5.28)

o(2) = () +

where a(z) i3 determined in (5.13).
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In the proof of theorem 5.2 , we follow a procedure similar to that of the

proof of theorem 5.1 to find
d(a2/\,1) 2
de

where a(z) is defined in (5.13) and A; = E[t + T—l;] . Since lim,_,pa(z) =0 , we

(5.29)

obtain
2 0 £ 2
a® A () :/0 va“(v)dv.
Consequently
1 1 T
/\1(a:)=/\1(1)—/ a2(t).[) va*(v)dv
where

1,1
uk(l)  re(1)

ML) =Y ] (5.30)

We see that if o7 in (5.21) , and A; in (5.27) is known , the formula (5.22) and
(5.28) defines the function g(z) . So the main problem is to determine the functions
un(z) , ro(z) and A,(2) .

Lemma 5.3 Let (u,(z)),(r.(z)) be a sequence of twice continuously differentiable

functions on (0, 1] such that for each z >0 ,

a)

0 < uy(z) < up(z) < ..oy

5)
Vunl@) = S22 4 0(1/m)

u, (z) < 0 for each n and each z in (0, 1] and
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' 2Tn?r? 1
up(2) = — {1+ 0(=7)
d)
u,(z) = O(n?)
e)
o <r3(x) <raz) <ri(z) <0
f)
\/m _ 12n7r8— 3r +0(1/n)
9)
r.(z) <0 for each n and each z in (0,1] , futhermore r.(z) = O(n)
k)
ra(z) = O(n) .
1)
The function a(z) defined in (5. 13) is twice continuously differentiable .
Let
U(z,A) = 1 A 1 A
(.’L', ) - a(x)H( - T'k(ZC))H( - uk(x))

z>0

7r\6/5 I (A — rkgszc))pz(O) i fz(x)(uf2(a:) — /\),
k Ji

where Ji s the sequence of positive zeros of Ji(2) . Then
1) U(z, A) € C?0,1] for each X in the complez plane .

2 B .
2) U,%E and 55 are entire functions of A , for each z .

95
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Proof : We establish first that U, Gn(z, ) = [T;z.(1 -
aG,,(a: A) and Tale)
Oz

;k—)(\z—))’ Tn(xa ’\‘) = Hk#n(l -

are uniformly bounded on A x B where A is a compact

% (1:) )
subset of (0, 1] and B is a compact subset of the complex plane . From the inequality

,1+v <e’,v >0, we can write

U] < la(e)le &t
< "\/_ A+ +HT0E)

hence U is uniformly bounded on A x B .

The convergence of (1 — ﬁ) to 1 uniformly on A X B means that given 6 > 0
sufficiently small we haveon AXx B ,0< 6 < |1 — ﬁ| for all but a finite number of
n . Since

1

oy = GG THD) ) < it

ri(z) —
< (L TRT=X0G)

it follows that ,

[T}t e2 )

<=

( )
for all but finitely many n . Takmg into account ﬁmtely many terms and using the
fact that U is uniformly bounded we see that G,(z, A) is also uniformly bounded
on A x B. Similarly one can prove that T,(z,A) is uniformly bounded on A x B.

Consider the series

Au; A Au; A
> = (1-=)=2 51 ==)"Ca(z, V).
i#n u? k;é!;c[;én Uk i#n u? U;

We show that this series converges uniformly on A x B.It then follows that , since this
is the series obtained by formally differentiating the infinite product representation
of Gn(z,) ,9%%& exists and is given by the last display , i.e.,

0Gn(z, ) A

u; A
9z :Z_Z_ H (1—_)

i#n Ui ktik#n Uk
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A similar argument shows that a_T,:%A exists and is given by

0T, (z, A A7
%*) - a-2
z i#n 16 ki k#n Tk
on Ax B . Since -4 = O(%) and & = O(%) by hypothesis ,we see that by means of

a previous inequality for |G,(z,\)|, the series is uniformly convergent and we can

also bound BG’E,(:"\) and BT"a(:"\) uniformly on A x B . Consider the expression

¢(2) TIa- m)H( ——)>+a<x>z 2 ) TI0 - 2 +
a(z) H(l—m)zz?l(}'i(x,)\)

It follows from the above analysis that each series herein converges uniformly on
A x B . It then follows that , since this expression is the expression obtained by
formally differentiating the infinite product representation of U(z, ) , & ex1sts and
is given by the last display , i.e.,

ou T A

& = d@Ila-- (z))n( )+ ale) D F R VI - )

+ a(a:)H(l r(z))z 'G(:c A)

A similar argument shows that ex1sts on A x B and is given by

(2) E

32U

@

ri r.)? r 8T (z
+al(e XI5 - "’(—s)mu, N+ —;—*aT‘é;”] I - %

u; 2(u )2)G( A4 u2 3G6(i /\)]

)

2a'(a:) H(l — ;;%) E —i;—"Gi(a:, A) +2a(z) ) 71;“11(1', N> %Gi(:c, A) (5.31)

The only terms which essentially warrant an additional explanation in (5.31) are

the third and fourth terms (series) . By assumptions (f) , (g) , (h) and the uniform
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boundedness of T; and %—:2 , it follows that the third series converges uniformly on
A x B . A similar argument applies to the fourth term except that we now use (b),
(c), (d) etc .

Note that each one of the terms U , %’5 , %1'[2]" are entire functions of A | for each
x , as each one of the terms in their representation is analytic for A in a compact

subset of complex plane ,being the uniformly convergent limit of entire functions .

Similarly we can prove

Lemma 5.4 Let A\,(z) be a sequence of twice continuously differentiable functions

such that for each z <0,

e)

0> /\1(.’E) > /\2(1}) > /\3((1)) >y,

b)

V=An(z) = ;’(‘1) +0(1/n)

A (z) > 0 for each n and each z in [—1,0) and

2n272p ()
p¥(e)

logn

A(z) = {14+ 0(

—n—)} n — oo
d)
() = O(n?)

e) the function c(z) defined in (5.7) is twice continuously differentiable function and
c(-1)=1.
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Let
U(z,\) = c(z)]](1- A ) r<0
M(2)
p(z) 1A- /\k(w)
211

where p(z) = [%, \/—tdt and z;, = % . Then
1) U(z, ) € C*[—1,0) for each X in the complez plane .
2) U, 5. and ‘;’T? are entire functions of A , for each z .
3) We have ,

oU

B = c(a:)H(l——-— +c(z)z Fk(x A)

o*U

57 = C"(w)H(l—/\—k‘)-F

A;; ,\k OFy(z, )

- 288 ke, + 3 2B,

2 (z) > )\ka(Cﬂ A) + c(z)A Z[(
where

Fi(z,\) = 1—

These equalities hold for z in a compact subset of [—1 , 0) and X\ in a compact subset
of the complez plane .
UL =0, &(-1,)) =1 and U(z,0) = c(z) .

Let the functions u,(z) , ro(z) and A,(z) with special properties be given . We
want to find out whether a second order differential equation exists in the interval
[-1, 1] whose eigenvalues for the Dirichlet problem coincide with u,(z) , r,(z) and

An(z) , and if it does exist we want to determine that equation .

Theorem 5.5 Suppose the solution of the differential equation (5.17) and (5.18)
on (0, 1 ] with initial conditions (un(1)), (rn(1)), (u,(1)) and (r,(1)) ezists and is



5. Some remarks on the inverse spectral problem 100

gwen by (un(x)), (ra(x)) . Furthermore , assume that the solution of the differential
equation (5.9) on [-1, 0) ezists , is given by A (z),and is such that lim,_o- \,(z) =
im, o+ Tn(z) and limgy_o- A, () = limy_o+ () . Then

1) If (un(2)), (rn(z)) satisfies (a) through (i) of lemma 5.5 , then there are functions
U(z, ), q(z) satisfying (5.1) on (0, 1], and q(z) is continuous everywhere ezcept
possibly at z =0 .

2) If (\a(z)) satisfies (a) through (e) of lemma 5.4 , then there are functions U(z, \),
q(z) satisfying (5.1) on [-1, 0) ,(see(1)) .

) If
/\1 T — A
)+ 2A%

then ¢(z) 13 contznuou.s atz=0.

01

lim [(

z—Q+

)2

Y] = lim [(—

4) If x;—LA') i3 an increasing function on (0, 1], then 0 < g(z) on (0, 1] . Similarly,
1
if x;—L", i3 an increasing function on [-1, 0), then 0 < g(z) on [-1, 0) where
91
= 1
g1 = -_—
2puey

Al = Z[Un(.'ll) + Tn(IL')]'

k=1

Proof : For 0 < z < 1 let u,(z) and r,(z) be the solution of the differential
equation (5.17) and (5.18) with given initial conditions (un(1), (1)), (un(1),7,(1)).
For 0 < z <1 let A\,() be the solution of the differential equation (5.9) with initial
condition A (0) = lim,_o 7. (z) and A,(0) = lim,_o7s(z) . We define

a(x)n(1—;?7)m(1—ﬁx—)) for0<z <1
U(z,)) = H(l—%m)) forz =0
U(z,A) =c(z)I(1 - —’\—)—) for -1 <z <0
(S )2+(—rL) for0<z <1

N 5.32
q(z) (z__aL)er(qL) for —1<z <0 (532
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andat z =0,
T —0o,

a(0) = lim( ST + (7Y

where
o 1
oy = ,
PP we
Al_f:[ + L ]

o un(z)  Ta(z)
c(z) _z—oy
o) = 20 -1<z<0 (5.33)
a'(:c) _ ;v——/\'ll
a(z) —  2A) ] z>0

We prove that if (u,(z),r,(z)) satisfies (a) through (i) of lemma 5.3 , and A,(z)
(a) through (e) of lemma 5.4 , then U satisfies (5.1) . By lemma 5.4 , we see that
U(-1,X) =0 ,%2(—1,A) = 1. Let us consider first the case 0 < ¢ < 1. Since
U(z,u,(z)) =0,U(z,r.(z)) =0, equations similar to (5.3) hold :

FU LU . U L U

307t 25095 U gz ()" + g1 U =0

62 2 1 2 "
U+26U7_+8_U n)2+ggr =0

Oz? OzOA O\?

But equations (5.17) and (5.18) yield the equations (5.5) where U(z, ) has the

. 2 . .
above representation .Therefore % has u,(z) and r,(z) as zeros . Since g‘{ is

entire and vanishes at each u,(z) , ry(z) it follows that [J(1 — - ?,;))H(l - r(x))

must d1v1de . Whence there is an entire function @Q(x, A) such that
oU
5:1:—2 = (.’B, )\)U

We show that
Q(z, ) = ¢(z) — Az.
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Multiplying (5.17) with n =1, by u[?(1 — L'\—')‘l and taking summation we get
u, (u )2 1 a (a:) u, Aq
B\ VARSI - — 211~ 2~
Tl -2 - 57 = 228y - )

—22—(1——) Zuj(uj——u
s 1#)
Similarly from (5.18) we have

‘22—(1——) Z (TJ—U) g

Z(:—} - 2£7;j5,,—)2)(1 - %)‘1 = —22((;)) Z—é( —)"
237 (1 - —) Z

T 1ty 1

(TJ_T)_ _22 (1_—) Z J(“J"Tz)l

From the above display and the second derivative of U as given in (5.31) we get
after some simplifications , for 0 <z <1,

U _a"(:c) A Ju —w) !
B2 a(:c)U 2>‘UZ (1 ) Z (J )"

U g U

—2AUZ%(1—%>-IZ’;—J(rJ—u LY D (1——) o (1——)1

—2/\UZ%(1— =) J(rj—rt) 1—2)\UZ (1——) Z J(uj—n) -1
: AT

whence y

Uz E J(“J_u) '

ity W

Qz,A) =

E; _ A\ f; -1 2 I!. _ A u, _ A\
‘2)‘2”1(1 ul) XJ:T(U u,) +2/\U2r3(1 n) Zuf(l u,)

3D D1 CREORD o LRI D TR D U

' iy 19

Let us expand @Q(z, ) into a power series about A = 0 . Since

Q(z,0) = %
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and
aQ I u/ rl
—(z,0) = =2 Ly, —u,) 1 =2 2Y L(r, —u,)!
s zut#zj%(] 2D BT R )
-2 Ty 2y ) -2y Y S, )
LT 3] ¥ T 7 u,
Therefore

Qe ) = 8 4252w 0) + (@)

where g(z,\) is some entire function . By definition of ¢(z) in (5.32), and a(z) in

(5.33) we have
a/l(x)

g(z) = o(2)

and

!

2 ! n
z = Ta AL+ AL (5.34)

Now , dividing (5.17) by u? , and (5.18) by r? , taking the sum from the result and
using the definition of A; we obtain ,

A= a2 Z u,—u) -2 Z (m—u)°

U o7 u, u, 5

2 SIS D) 2Z%Z%(uj—r.)-l.

T T
Therefore , from (5.34) and the expresion for %‘%(w, 0) , we get
9Q
'0_)\(7;»0) =T
Consequently ,
U' + (A —gq(z) — g(z,\))U =0

Since the solution of U” + (Az — ¢(z))U = 0 and the previous equation can be

represented by the same form of infinite products , (see theorem 4.15) , therefore

g(z,A\)=0.
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One can prove the corresponding results when z < 0 in a similar way . The proof

of (3) and (4) follows directly from (5.32) .

We see that the differential equations (5.10) and (5.19) for the eigenvalues pro-
vide a solution to the inverse problem in the one turning point case . In the classical

case there are some examples which provide easy formulas for the A,(z) .

For instance , let us consider the Dirichlet problem for
y + (M —q(t)y=0 (5.35)

on [—1,z] ,for fixed £ < 0 , where

NS

q(t) = igs-t; -
The two linearly independent solutions of (5.35) are of the form
y(t) = (—t) V43 (-07(1~24) ~1<t<0
where d = %:i:\/;i—l—/él- . The solution of (5.35) which satisfies the initial conditions
U(-1,))=0 aEtU—(—l,/\)zl

is
(_t)—1/4

U(t, )\) = —/\-\/ﬁ sinhp(t)\/ A+ 1/4 t <0, (536)

with p(z) = [*, v/—vdv . The eigenvalues of this problem are

n?n?

An(z) = S ON 1/4 z < 0. (5.37)
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In order to write the solution of (5.35) in infinite product form , we obtain the

function ¢(x) in (5.7) . We have

2(113)
c(z) = )1/4 H( +4k2 2

From the infinite product form of sinh z , (see [1] , §4.5.68) , we have

. P(z) _ p(z) 1 p*(z)
sth— > H(1+ yyom 2)

Therefore

= _1/a .y P(T)
o(z) = 2(—z)7Y sth.

Consequently,

U(z, \) = 2(—z) Y*sinh IL(;_) I (5.38)

/\n(x))
where A, (z) is defined in (5.37) .The infinite product form of (5.35) can also be

obtained directly from (5.36) by using Hadamard‘s factorization theorem . We also
see that

z
qz) = 1622 4

in agreement with our results .
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