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Abstract 

Consider the Sturm Liouville equation 

y" + (Xr(t) - q(t))y = 0, te[a,b], - o o < a < b < +00 , 

with Dirichlet boundary conditions y(a) = 0 = y(b) . In this thesis the 
higher order approximation for the eigenvalues in the classical case i.e, 
r(t) > 0 , and in the one simple turning point case is derived as well as the 
higher order approximation for the eigenvalues of the Dirichlet problem 
associated with 

y" = {-^^\Hly c<t<d 

with boundary conditions 

y(c) = 0 = y(d) c<0<d 

where / is an odd integer . By using the above results , an infinite product 
representation of a particular solution of the Sturm Liouville equation 
in the one simple turning point case is obtained . The last chapter of 
this thesis is devoted to the recovery of the potential function q(t) from 
the spectrum and the weight function r(t) in the one simple turning point 
case. We obtain a seemingly novel, characterization of q(t), assumed non 

negative, in term of various traces and their derivatives . 
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Introduction 

In the mathematical literature , there are thousands of research papers devoted 

entirely or in part to the study of the Sturm Liouville equation i.e., 

y" + (Xr(t) - q(t))y = 0 a < t < b (1) 

where r,q : [a,b] —> R are continuous functions and A is a real or complex parameter. 

Indeed ,this equation is distinguished for the wealth of the methods used in studying 

its solutions and because of its applications to the wave equation . 

In 1836 both Sturm and Liouville published articles concerning boundary value 

problems for the differential equation (1) with r(t) = 1 . They asked whether there 

exists nontrivial solutions of (1) satisfying boundary conditions of the form 

y(0) cos a + y (0) sin a = 0 

y( l )cos# + y'(l)sin/? = 0 

where a , /? are real numbers between 0 and IT . The parameter A is called an 

eigenvalue if the boundary value problem can be solved . The corresponding 
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nontrivial solution is called an eigenfunction for A . The collection of all eigenvalues 

is called the (point)spectrum of the boundary value problem . 

In many physical problems which in their mathematical formulation lead to 

Sturm Liouville equation, one can determine the spectrum experimentally . Often 

the function q(x) in (1) is unknown , and the question arises as to what extent q(x) 

can be reconstructed from given spectral data .This type of problem is known as 

an inverse Sturm - Liouville problem . 

The aim of this thesis is to study the higher order approximations to the 

eigenvalues of one turning point problems . We then apply these results to the 

problem of recovering the function q(x) from the spectrum and the weight function 

r(t) in (1) with Dirichlet boundary conditions 

y(a) = 0 = y(b) 

where r(t) has only one simple zero #o within (a , b) and ^ p is positive and twice 

continuously differentiable in [a , b] . In the literature , the zeros of the weight func­

tion r(t) are called turning points or transition points of the differential equation 

Turning now more specifically to the contents of this thesis , chapter 1 considers 

the asymptotic solution of equation (1) in the classical case i.e.; r(t) > 0 on [a , b] , 

and we summarize briefly and without proof the derivation of the well known formal 

solutions . By making use of the formal solutions the higher order approximation 

for the eigenvalues is obtained (without the assumption /0 q(v)dv = 0). 

In the second chapter , Langer's transformation is briefly described . Then , by 
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applying this transformation to equation (1), in the one simple turning point case, 

it is transformed into the simple form 

W" + (A£ - R(0)W = 0, c<i<d (2) 

where c < 0 and d > 0 .By using the formal solution constructed by Olver, the 

higher- order approximation for the eigenvalues of equation (2) with boundary con­

ditions W(c) = 0 = W(d) and similarly with W(c) = 0 = W(0) is derived .Moreover 

it is shown that the positive eigenvalues of equation (1) in the one turning point 

case with Dirichlet boundary conditions depends only on the positive part of the 

weight function r(t) . The third and fourth term of the asymptotic distribution of 

the eigenvalues appears to be new here . 

The third chapter is devoted to the study of the asymptotic distribution of eigen­

values for the boundary value problem 

" (/ + 2 ) \ 2 / y - v ' XH'y = 0 

y(c) = 0 = y(d) 

as well as with boundary conditions 

y(c) = 0 = y(0) 

where c < 0 , d > 0 and / is an odd integer. 

Let U(£, A) be the solution of equation (2) which satisfies the initial condition 

t / ( - l , A ) = 0 ^ ( - 1 , A ) = 1. 

In chapter four ,by making use of the results obtained in the previous three chapters, 

an infinite product representation of [/(£, A) is given . Furthermore , the leading 

term of the asymptotic formula for j^(x,Xn(x)) , X'n(x) and /f x vU2(v, Xn(x))dv 

is obtained where Xn(x) is a negative eigenvalue of the Dirichlet problem (2) on 
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[—l,x] with fixed x < 0 . Similarly , the leading term of the asymptotic expansion 

of g j ( x , u n ( x ) ) , ^ ( x , u n ( x ) ) , u'n(x) , / f j vU2(v,un(x))dv and U(£,un(x)) for large 

n is derived ,where un(x) is the sequence of positive eigenvalues of the Dirichlet 

problem (2) on [—l,x], for fixed x > 0 . In seeking the asymptotic form of the 

above- mentioned integrals we do not use Watson's lemma , but calculate these 

forms directly . The above results are used in the next chapter . 

The fifth chapter deals with the inverse problem in the one simple turning point 

case . More specifically , since the Sturm Liouville equation (1) in the one simple 

turning point case can be transformed to the simple form (2) , it suffices to consider 

the Dirichlet problem for equation (2) on [-1 , 1] . It is shown tha t given the 

initial conditions {un(l)},{un(l)},{rn(l)} and { r n ( l ) } with the dual equation of 

(2) one can recover the potential function R(£) in equation (2), where un(x) is the 

sequence of positive eigenvalues and r n (x ) is the sequence of negative eigenvalues 

of the Dirichlet problem for (2) on [—1, x] with fixed x > 0 . 

It seems tha t the above idea can be extended to more general cases. For instance, 

whenever the weight function r (x) has one or more zeros in [ a , b ] or whenever 

the boundary condition is different from the Dirichlet boundary condition . 
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Chapter 1 

Higher - order eigenvalue 

asymptotics for right - definite 

problems 

1.1 Introduction 

Let r, q : [a, b] —• R be in C°°(a, b) and r(x) > 0 on [a , b] where—oo < a < b < oo. 

The weighted regular Sturm-Liouville problem consists in finding the values a 

parameter A for which the equation 

y" + (Ar(x) - q(x))y = 0 a<x<b (1.1) 

has a solution y (non identically zero) satisfying a pair of homogeneous separated 

boundary conditions. 

1 



1. Higher - order eigenvalue asymptotics for right - definite problems 2 

In this chapter we consider the Dirichlet problem , in which , the boundary 

conditions are of the form 

y{a) = 0 = y(b). 

In 1837 , Liouville investigated the behaviour of solutions of ordinary linear 

differential equations containing a large parameter. He transforms (1 . l)by setting 

t(x) = J y/rjx~)dx y(x) = r-^\x)W(0 (1.2) 

and obtains 
<PW 

+ (A - R{i))W{i) = 0 (1.3) 

where 
de 

R(*\ =
 r"(X) 5 r ' 2 | g(X) 

^J 4r2(x) 16r3(x) r(x) 
d2 -(J-) + l(f) (14) 

7-3/4^2 V / 4 ' r (x) 

The transformation (1 . 2) is usually called the Liouville - Green (LG) trans­

formation. It should be noticed that the LG transformation may fail whenever 

r(x) has some zero in [ a , b]. 

When A is large and positive R(£)W(£) , in (1.3) , can be neglected in the first 

approximation so that solutions of (1 .3) are approximately a linear combination 

of cosvA£ and sinvA£.More exactly ,Liouville uses the method of variation of 

parameters to show that solutions of (1.3) satisfy what is now called a Volterra 

integral equation , 

1 /"£ 
W(t) = ci cos y/Xi + c2 sin y/\£ + -j= J sin VX(£ - t)R(t)W(t)dt 
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and proposes to solve this equation by the method of successive approximations 

where c\ and c2 are some constants. 

In studying the eigenvalues of the equation (1 .3) , one may apply the above 

Volterra integral equation . In this method , the asymptotic expression for the 

eigenvalues of the equation (1.3) on [0, ir] with the boundary condition y(0) — 0 = 

y(7r) , is of the form 

where the corresponding eigenfunction of the eigenvalue A„ vanishes n times within 

the interval (0,TT). More details can be found in ([34] , P.173), ([14] , P.270), ([24], 

P.148), ([20] , P.60) , ([21]) . 

Hochstadt has assumed that the equation (1.3) has a solution of the form 

W(0 = A(0s inu , (0 

W'(0 = y/X-R(0A(0cosu;(0 

By deriving a new differential equation ,one can determine A(£) and u;(£) .By assum­

ing that -R(£) has mean value 0 ,he found the fifth approximation for the eigenvalues 

of the equation (1.3) with the boundary condition W(0) = 0 = W(TT) . It is of the 

form 
f- fo*q2(x)dx-q'(*) + q(0) 1 

For more details see ([13] , P. 154) . 

By using a Prilfer transformation , Borg in [4],for the differential equation 

(1.3) with the periodic boundary conditions 

W(a) = W(0) W\a) = W'(0), 
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derived the following estimates for both eigenvalues A2m+i and A2m+2 , 

v/A = 2 ( m + 1 ) ? r + £ Ak{2{m + l)n/a}-k + 0(m-^) 
a fei 

where the Ak are independent of m and involve R(£) and its derivatives up to order 

r — 1 . In particular , 

1 fa 

A1 = — / R(x)dx 
2a Jo v ' 

A2 = 0 

A3 = -*- T i?2(x)rfx - Â  
8a Jo 

For more details see [4] or ([7], P. 58 ) . 

Now,in section 1.2,we shall derive the formal solution of the equation (1.1). In 

section 1.4 of this chapter we shall study the distribution of eigenvalues of (1.1) 

without using Liouville's transformation by means of the formal solutions of the 

equation (1.1) . 

1.2 The Formal Solutions 

In most differential equations with variable coefficients it is impossible to obtain an 

exact solution . So one must resort to various approximate methods of solution . 

One of the most useful mathematical methods of achieving this is by representing 

the solution by an asymptotic form which we will study in this section . 

For the existence of the solution of (1.1) depending on a parameter A , we would 

like to call the reader's attention to a complete historical review by Mingarelli in 

[24]. 



1. Higher - order eigenvalue asymptotics for right - definite problems 5 

Let the solutions of (1.1) be given by the formulae 

y3(x,\) = e**A,(x,\) j = 1,2, (1.5) 

in which the factors A3(x, X) remain for the moment unspecified and £ = £(x, A) is 

given by 

^ = y/\ T Jrf^dt (1.6) 

where x0 is a fixed point in [a,b] .The upper sign in (1.5) is to be associated with 

j' = 1 and the lower one with j = 2 . 

It is then found by direct substitution of yj(x, A) in (1.1) , that 

y" + (Ar(x) - q{x))y, = e*%(x, A) (1.7) 

in which 

C,(x, A) = ±ty/X(2yf^)A'J + J 4 = = ^ J ) + A'; - q{x)A3 (1.8) 
2y/r(x) 

A glance at the Volterra integral equation constructed by Liouville, one expects 

that the Aj(x, A) in (1.5) be of the form , 

^(^) = £ ^ (i-9) 
k=o vA 

Effecting the substitution (1.9) in the formula (1.8) we have 

k=oVX 2,Jr(x)k=a\/X k=o VA fc=o (v A)* 
or 

C,(x,\) = ±VX[2i^Jr~{x)ahQ + ^^=ahQ\ 

i /n I / \ ' l r (X) \ " /• \ 
± ( 2 * V r ( x K i + / , flj.i) + a

ho - q(x)a3fl + 
2yjr(x) 

~^m {ahm - q{x)ahm) + • • •. (1.10) 
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Now , in the formula (1.10),the terms in vA ,for k — 0 , 1 , . . . , will all vanish if 

the relations 

2y/r(x)a'Jt0 + r*ajfi = 0 
2y/r(x) 

± (2iyjr(x)ahk + % i-—-a3,k) + a]^ - q(x)aJtk-i = 0 (1.11) 
2y/r(x) 

are fulfilled. These will be fulfilled if suitable values are assigned successively to 

a J ) 0 , . . . , aJ)m , Thus , we define a3ik by means of the relations 

2yfr~(x~)a3t0 +
 r , a3t0 = 0 =• a3t0 = r _ 1 / 4 (x) 
2yjr{x) 

and , in order to compute a3tk , k = 1,2, • • • ,we mutiply (1.11) by r - 1 / 4 (x) so that 

±A (2,a^ ( l ).M ) = _< . t - 1 -^K>- t = l i2 i... 
dx r(x) ' 

Therefore we obtain a3tk recursively by 

ajJfc = 1M / J' 1 / : , \ J' <ft fc = l ,2 , - - - (1.12) 
3' 2r(x)1 / 44 n/4(t) ^ > 

where the lower limit Xk, is arbitrary but fixed .In order for a3tk G C2 , for each 

j = 1,2, it is sufficient that, r, q (E C°°(a,6) , which is the assumption in the intro­

duction . 

Note that the choice (1.12) serves to reduce each of the C3(x, A) to zero . The 

resulting yj(x,A) defined by (1.7) and (1.5) now formally satisfies (1.1) .The latter 

thus admits the pair of formal solutions 

oo 

e 
±* a3tk(x) 

E ^ (LIS) 
A:=0 V A 

with coefficients that are given by (1.12) . 

The above series is uniformly convergent on compact x intervals as A —> oo. For a 
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proof of the asymptotic nature of the formal solution see ([7] , P.61) ,([8] , P.80) , 

([29] , 193) . 

In general , the formal solution may not converge whenever the interval is not 

compact . For contra example see ([29], P.365). 

1.3 Distr ibution of eigenvalues in the classical case 

A(A) = 

We know that the eigenvalues of (1.1) with boundary conditions 

y(a) = 0 = y(b) 

are zeros of 

yi(a) V2(a) 

yi(6) V2(b) 

where yx and y2 are two linearly independent solutions of equation (1.1). One can 

find the distribution of the eigenvalues by using the formal solutions 

,£ V^ 9k 

k=o V A 

k=o VA 

_ » r a 'iVi - g(Qqi,fc-i 
9k = a\,k = ( - 1 ) o-2,k = I 2r(x)1/4 J.u rV4(t) 

dt k = 1,2, 

(1.14) 

Now we find the form of the transcendental equation A(A) = 0 . By the Cauchy 

product of two series , we may write, 

yi(a)y2(&) = e ^ ) - ^ ) ) £ - ^ W 
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yi(b)y2(a) = e^-^±^ 
o VA 

where 

Co = d0 = (r(a)r(fc))-1/4 (1.15) 

and 
TO 

cm = YK-Vm-k9k(a)gm-k(b) (1.16) 
o 

m 

dm = J2(-Vm-k9k(b)gm-k(a). (1.17) 
o 

Consequently , A(A) = 0 implies 

e HW) 
EOO drn_ 

Note that we may take yj(6)y2(a) ^ 0 and yi(a)y2(6) ^ 0 , so that, in particular, 

the denominator in (1.18) never vanishes . A glance at (1.16) and (1.17) ,shows 

that 

cm = (-l)mdm. (1.19) 

Therefore , from (1.18) and (1.19) we get 

-2.«(6)-€(a)) _ T%=o(-lTumdm (. ^ 
Y™ umd K } 

L^m—O u um 

where u — - t . Now suppose 

oo 
c3.(«6)-€(a)) = £ ^ ^ ( L 2 1 ) 

m = 0 

The i2m may be determined by equating coefficients of equal powers of u in the 

following equality 

oo oo oo 

(J2UmR
m)(EUmdm) = E(-1)m«mdm-

m = 0 m = 0 TO=0 

Thus 

i2o = l 
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and 

(-l)mdm = 52Rkdm-k (1.22) 
k=o 

From (1.6) we write 

t(b) - «a) = VXP 

where 

P= j Jr~(t)dt. (1.23) 
Ja 

In order to obtain the distribution of the eigenvalues we see that from (1.21) , we 

get 

2iVXP = 2nm + log(l + £ - ^ r ) , (1.24) 
m=l V A 

Rm 
« v A.r = zn7rz -|- iog^i -t- 2^ ' 

OT = 1 

where n = 0, ± 1 , ± , 2,... 

a) First and second approximation 

The expansion of log(l + x) for |x| < 1 is of the form 

log(l + x) = x - - x 2 + - x 3 - ... (1.25) 

Therefore 

log(l + 0(-J=)) = 0 ( l / \ /A) as A ^ o o 
vA 

where for two functions /(x) ,y(x) we define 

f(x) = 0(g(x)) as x —• oo 

to mean that | /(x)/y(x)|is bounded. 

From (1.24) and the expansion (1.25) we get the classical result ([14] , p.272) 

A ~ = ^ + 0 ( l / n ) (1.26) 
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where P is defined in (1.23). 

b) Third approximation 

From (1.24) and (1.25) we write (as A —• oo ), 

^T + lA + 0{m) (L27) 

From (1.17) and (1.22) we get Ri = =^- where do is given by (1.15) and dx is given 

by (1.17) . Indeed we have 

d\ = gi(b)g0(a) - #o(&)yi(a) 

fb ( r -^Qc) )" - g(x)r~1/4(x) ^ /* ( r ^ V ) ) " - g(x)r~1/4(x) * ( f (r-*'*{x)) -q{x)r-»\x) _ y« {r~^{x)) -q{x)r-^{x)J 

2(r(a)r(b)y/^JXl r^(x) ** Lx rV\x) dX) 

f>> {r-ll\x))" - 9(x)r"1/4(x) J 
/ TTT,—; dx. 

Ja 

i fb {r-ll\x))" - q(x)r-1l\x) 
2(r(a)r(6))1/4 Ja rV\x) 

Thus (1.27) is of the form 

VX = -F-2-7xp-L r&(x) dX + 0(1/A)" 
From (1.26) we write 

/ T ™ 1 [b (r-1^))" - q(x)r-V\x) 1 
V A " - p 2P(f + 0(l/n))Ja r(xf4 ax + U^n2^ 

consequently, 
/ 77.7T 1 1 

where 
(v (r-ll\x))" - q{x)r-ll\x) 

r1/4(x) 

In the literature 

Fix) = J 

jrt x [* (r-V\x))" - q(x)r-V\x) 
F{Z'V) = I ri/4 (x\ —dx- (1-29) 

_ ; ( r - 1 / 4 ( x ) ) " - g ( x ) r - 1 / 4 ( x ) J ^ 
^/4(x) 
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is called the error - control function (see [29],P.196). 

From the properties of series collected in ([1] , §3.6.24) the formula (1-24) can 

be written of the form 

2 . ^ = 2 ^ + ̂ + 1 + ̂  + ̂  + 0 ( 3 ^ ) (L30) 

where 

c\ = Ri 

c2 = R2 - 2RlCl 

c3 = R3--(R2c1+2R1c2) 

c4 = R4--(R3c1+2R2c2 + 3R1c3) 

Now , by (1.17) and (1.22) , we have 

2di 
Ri = 

R2 

do 
2d? 
d2

0 

_ 2 4 2dxd2 2d\ 
do dQ d0 

R =
 4did3 Adjd2 2d\ 

d0 «o d0 

Therefore we get , c2 = 0 , and 

2d3 2d\d2 2di 

do dl ddo 

c4 = RA - ~{R3Rx + 3Ric3) 

= 0 

c) Fourth approximation 
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We know that c2 = 0 , therefore by (1.28)and (1.30) 

d) Fifth approximation 

In order to find the fifth approximation we first find di,d2 and d3 . Suppose in 

(1.14) xi = x2 = a and x3 is an arbitrary point in (a ,b) . Then from (1.17) we have 

b (r-ll\x))" - q{x)r-xl\x) 
do = {r{a)r{b))-l'A 

d = % f 
1 2(r(a)r(6))1/4 Ja r i /4(x) 
, « fb qi',i - g(*K,i ,. 
2 2{r(a)r(b)y/4 Ja rV\t) 

, * fb al',2 ~ g(*)«l,2 ,. 
3 2{r(a)r(6)}1/4 Ja ri/^t) ^ 

From (1.29) and (1.31) , we find 

An = ^--LF(a,b) + = ^ + 0(^-) 
P 2n-K K > 2zP{^-^ + 0(^)r V 

nit 1 ^ / ,v c3P
2 „ . 1 . . 

- 7-^*t)+^+oy (i-32) 

Note that ^ is a real number . 

e) Sixth approx imat ion 

Since c4 = 0 from (1.30) and (1.32) ,we write 

rr~ nir 1 _ . ,. c3P
2 _,. 1 . , 

^=p-2^^6) + 2 ^ W + 0 ^ ( ^ 

where c3 and F(a, b) is determined before .In fact we have obtained the following 

theorem: 



1. Higher - order eigenvalue asymptotics for right - definite problems 13 

Theorem 1.1 Let r , q E C°°(a,b) , and r be a positive function , then the eigen­

values of the Dirichlet problem (1.1) on fa , b] satisfy (1.24), and (1-38) gives the 

sixth approximation for y/X^, . 

Equation (1.3) is called the normal form of equation (1.1) • In many mathe­

matical physics problems one encounters equations of type (1.3) . By determining 

eigenvalues experimentally , some information regarding the nature of R(£) has then 

been found .Let us investigate the sixth approximation for normal type . For this 

we put r(x) = 1 , and 

E(t) = I q(x)dx. (1.34) 
Ja 

Then , 

P = b-a 

F(a,b) = - f q(x)dx =-E(b) 
Ja 

d0 = 1 

di = ~\E{b) 

d2 = \{q{b)-q{a)}-l-E\b) 

ds = ^{q'(b)-q(a)}-l-q(b)j\(t)dt 

- l-[ q\t)dt + l-q(a) £ q(t)dt + ^E*(b) 

whence 

C3 = -\{q\b) - ,'(a)} - l-E{b){q{a) - q(b} + %- [ q\t)dt - l-E*(b) 

Consequently the sixth approximation for the eigenvalues of equation (1.3) i.e,in 

normal form , with boundary condition W(a) = 0 = W(b) is of the form (see 

(1.33)) , 
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+ ^grtiM ~ «'M - £(»)(«(<•) - «(»)) + [ «'(«)* - E\b)} + o ( i ) 

where E(t) is determined in (1.34) . 

Now we will illustrate theorem 1.1 with the following example . 

Example 1 We wish to find the eigenvalues of the following boundary - value 

problem 

y" + A(l + x)"2y = 0 0 < x < l 

y(0) = 0 = y(l). 

Solutions of this differential equation are of the form 

y = (l+x)d 

where 

, 1 ± y/\ - 4A 
d = 2 • 

The exact eigenvalues of this problem are 

_ n V 1 
A"-io72 + 4-

By the Binomial theorem one can find for fixed n , 

_ WK I log 2 
n " iog2V 4 ^ M 

™ f l , f . | ( | - l ) - ( | - f c + l ) f l o g 2 2 ' 
l og2 l ~*~ £[ ib! t 4 n 2 7 r 2 ^ ' 

mr log 2 log 3 2 log 5 2 1 
log 2 8mr 128n37r3 1024n57r5 W J " 
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By computing P , F(0,1) and c3 in (1.44) one can find the same approximation for 

the eigenvalues . In fact we have 

d0 = y/2 

4 = - ^ l o g 2 

4 = -^glog'2 

^V/2 , 3n ly/2, n d3 = -^— log3 2 + - ^ - log 2 3 3072 5 128 6 

c3 = - ^ l o g 2 

P = log2 

F(0,l) = -±log2. 



Chapter 2 

Eigenvalue asymptotics in the case 

of one simple turning point 

2.1 Introduction 

This chapter is concerned with the differential equation 

y" -(X2f(x) + q(x))y = 0 a<x<b (2.1) 

and the boundary condition 

y(a) = 0 = y(6), 

where 

0) fi 9 : \ai b] —• R are n times continuously differentiable functions, 2 < n . 

(ii) / (x 0 ) = 0 , and <J_Jo\i = h(x) is positive and twice continuously differentiable 

within (a , b) ,where xo is an interior point of (a , b) and / is odd . 

(ii) A is a real parameter. 

16 
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In this chapter we will study the distribution of the eigenvalues of equation 

(2.1) when / (x ) has only one zero in the interior of [a , b]. 

The following points should be noted . First,as a consequence of condition (i), 

one can find higher approximations for eigenvalues A . Secondly , hypothesis (ii) 

implies that the function / (x ) , defined in (2.4) , is a positive and twice continuously 

differentiable function (see section 2.2) . Consequently , the function R(£(x)) , 

defined in (2.11) , is continuous in [a , b]. Thirdly , since / is an odd integer , the 

function —f(x) is positive in [a,Xo) and negative in (x0,b] . 

In the literature , the zeros of our function / (x ) are called turning points or 

transition points of the differential equation (2.1) .Geometrically , the oscillatory 

/ non oscillatory character of a solution is altered to non -oscillatory / oscillatory 

as one proceeds through a turning point of / (x) . 

In [17] Langer studied the differential equation (2.1) in which / (x ) was assumed 

to be of the form xa^(x) , where a is a positive number and g(x) is a twice contin­

uously differentiable function without zero .In this paper he found the asymptotic 

behavior of a solution , simply described in theory but rather cumbersome to apply. 

So, in order to find the distribution of the eigenvalues in the one simple turning 

point case , we prefer to apply Olver's method . 

In section 2.2 , we give a short description of Langer' transformation .In section 

2.3 the formal solution introduced by Olver in [29] is discussed and used in order 
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to compute the higher order asymptotics of the eigenvalues of (2.1) in which f(x) 

has a simple turning point , (section 2.4) . We note that the leading term of the 

eigenvalue distribution for (2.1) has been found recently by Atkinson Mingarelli 

in [2] . 

2.2 Langer's transformation 

Let us define 

£(x) = - { / (-f(t)y'2dt}TT2 x<x0 (2.2) 
Jx 

£(x) = {[X f1/2(t)dt}Tk Xo<x (2.3) 
JXQ 

From (2.2) and (2.3) it is clear that £(x) is an increasing function of x. Let £ = c, d 

correspond to the endpoints x = a, b , respectively, under this transformation. We 

define 

f(x) = (JL) =
 4^) (2 4) 

nX)-[dx} (/ + 2)2(£(x))<- { } 

Now we prove that f(x) is a positive , twice continuously differentiable function. 

Since by (ii) , f(x) < 0 for x < xo , use of (2.2) shows that 

/ (* ) = — 5T x < x0, (2.5) 

(i+mf:°(-my/2dt)^ 
and 

/(*) = ^ ^ ^r, xo < x. (2.6) 

( '+ 2)UX
0/1/2(* W + 2 

JXQ 

The Taylor series for A1^2(x) = \~ _R'/* ^or x — xo ? 1S °f ^ n e form 

V'\x) = ^ ( * o ) + (X _ * o ) ^ ^ y + | ( * - x 0 ) 2 ( ^ / 2 ) » 
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where a is some point in [a, x0] . Therefore, 

whence 

/ (~f)1/2(t)dt = / (xo - t)ll2hl'2(t)dt = (x0 - x ) ^ P ( x ) (2.7) 

where 

P(x) = 60 + 6i(ar0 - x) + 0((x0 - x)2) 

bo=T±-h^{xo) bl=
 hlx°) 

1 + 2 v uy l (l + 4)hW(xoy 

Therefore 

l i m f(x) = l i m 4(x0 - x)'fr(x) = — 4 f t W 

^ x 0 - ( / + 2)2( / ;°(- / ) i /2^)i+J (Z + 2 ) 2 P ^ ( x 0 ) 

_ 4fei+2(x0) 

2T+2(/ + 2)'+2 

Similarly, we can show that 

lim /(x) = —^4—. 
—o+ (Z + 2 ) 2 P ^ ( x 0 ) 

Therefore defining / (x 0 ) to be the common value of the last two limits we find that 

f(x) is continuous at x = XQ . From (2.7) we have 

( X 0 - X ) 2 

Since P(x) is twice continuously differentiable , / ( x ) defined in (2.5) is of class 

C (a, b) as is not difficult to see . 

Now , by using the transformation (2.2) and (2.3) , we transform equation (2.1) 

to a simple form . 
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We define a new dependent variable, 

w(0 = (fr)-1/2j/(*)-

Equation (2.1) then reduces to the form 

where 

% = <|p+mmo (2.8) 

*«> = (f>,/2;|f(|^>+(f>2»w«>- w 
By substituting (2.4) in (2.8) we obtain 

cPW , ( / + 2 ) 2
x 2 „ 

dt 
2 =C-^yC+R(0)W (2.10) 

where, by (2.9); 

*«> - w4^,i)+qM 
W^(i'lll) + M (2'n) 

2.3 The formal solution in the one turning point 

case 

In (2.10) we put / = 1 and 3A/2 = u to find 

^ = ( ^ + ^ (0 )^ (0 . (2.12) 

Now we find the distribution of the eigenvalues of (2.12) by means of the asymptotic 

solutions of the equation with boundary condition W(c) = W(d) = 0 , where 

c < 0 < d. 
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Theorem 2.1 The differential equation (2.12) has ,for each value of u and each 

nonnegative integer n , a pair of infinitely differentiable solutions Wi(u,£) and 

W2(«,0 given by their approximations W2n+i,i(u,£) > W2n+i,2(w,£) where 

w2n+hl(u,o = i K ( « a / 3 0 ± ^ f + Bi'{u^° £ ^ r 1 + ^ u C " , 0 (2-13) 
t^o u2s « 4 / 3 i=t> u2 

W2n+1,2(u, 0 = * ( « n ) t ^ + ^ g ^ £ ^ + e2n+ll2(u, 0 (2.14) 
s = 0 " U 3=0 U 

where 

A0(0 = 1, 

B°(0 = 2^j f ( * ( w ) A ' ( w ) ~ A ' ( , ; ) ) ^ 0 < e ' (2-15) 

1 r0 J?; 
B-(0 = 2 p ^ i ( ^ ) A s ( u ) " A ' : ( u ) ) H ^ 0 > e ' (2-16) 

^ W i ( 0 = -±B',{t) + ±fR{v)BM(v)dv, (2.17) 

C2n+i,t(u>0'*' = 1'2 J a r e error bounds, and Ai(u2l3£) ,Bi(u2/3£) are two indepen­

dent solutions of 
d2W 

called Airy functions . 

Proof: See ([29] , chapter 11 ,§7.2 ) . 

Note that As(£) and Ba(£) are infinitely differentiable . This is a consequence 

of the following result . 
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Lemma 2.2 In a given interval (a, (3)containing the origin , assume that h(£) and 

its first n derivatives are continuous real or complex functions , and let /(£) be de­

fined by 

th ft Kv)im , 2*(0) , or p ^ J{ % ) p ^ 

accordingly c s £ > 0 , £ = 0 , or £ < 0 .Then /(£) is n times continuously differen­

tiable in (a,/?), also , In+1(£) is continuous except possibly at £ = 0 . 

Proof: See ([29] , chapter 11 ,§7.2) . 

Remark 1 : Note that in ([29], chapter 11 ,§7.4),it is proved that the error bounds 

for large u are uniform with respect to £ . 

Remark 2 : The asymptotic form of Ai(u2/3£) and Pi(u2/3£) for £ > 0 is not the 

same as for £ < 0 . Therefore , the solutions W2n+i,i(u,0 , or W2n+i<2(u,£) have 

different asymptotic forms for £ > 0 and £ < 0 . In the rest of this chapter we 

shall use the symbols W+(u,£),W~(u,£) to signify the asymptotic form of 

W(u, £) for £ > 0 , £ < 0 , respectively, as u —• oo . 

Lemma 2.3 The asymptotic forms ofAi(u2/3£) , Ai'(u2/3£), Bi(u2/3£) and Pi '(u2 / 3£) 

are given by (for u —• oo ) , 

^ ( " 2 / 3 0 ~ 5 ^ ^ | ( - l ) - ( | ^ j 7 / " «><> ("8) 

+ sin(iu(-0^ _ f ) E C - D ' ( | u ( _ f f i ) w } / - C< 0(2-20) 



2. Eigenvalue asymptotics in the case of one simple turning point 23 

^ - ^ w ^ - o - ^ B - ^ ^ p ^ 
2 , ^ o / . , 7I\ 

- c o s ( ^ ( - 0 ^ - ; ) g ( - l ) ' ( | „ ( ^ ) W } / - « « (2.21) 

* ( « ^ ) ~ ^ ^ g ^ ; / " «>0 (2.22) 

,.l/6<rl/4_fu<;3/2 cc 

*<«*«~H*—£(!^ /or e>0 (2'23) 
1 0 TT °° 

9 CO 

+ 3 i n ( |K_03/2_^ )g (_1 ) ._^__ } /flr { < 0 (2.25) 

^ H U ; - 32/3r(2/3) _ v ^ ' AlVV) - 3»/3r(l/3) ~~ >/3 

where UQ = 1 = v0 

«. = " A , ^ ; ; v ' < 2 - 2 6 ) 

(2a + l)(2a + 3)(2a + 5)...(6a - 1) 
(216)sa! 

6 5 + 1 a > 1 (2.27) 
6 a - 1 a 

Proof: See ([29] , chapter 11 ,§1.1 and §1.2 ) 
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2.4 Distribution of the eigenvalues in the one turn­

ing point case 

In order to find the distribution of the eigenvalues in the one turning point case we 

need the following theorem which we call the Atkinson Mingarelli theorem: 

Theorem 2.4 Consider the general weighted Sturm Liouville equation 

(p(x)y')' + (Ar(x) - q(x))y = 0 0 < x < b (2.28) 

on [ 0 , b J where 0 < b < oo, p,q,r : [0, 6] —• R, l/p,q,r € L(0, b) and p > 0 a.e on 

(0 , b) . Whenever 

Jo p(x) 

the boundary problem (2.28), 

y(0) cos a — (py )(0) sin a = 0, 

y(b) cos/3 + (py'){b) sin {1 = 0, 

has a doubly infinite sequence of real eigenvalues whose corresponding eigenfunctions 

have precisely n zeros in (0 , b), for all sufficiently large n . The eigenvalues admit 

the asymptotic representation 

n Uo^Tdx}2 

as n —+ oo, where 0 < a ,fl < TT and / + (respectively /_) denotes the posi-

tive(respectively negative part of f), i.e., /±(x) = max{f±(x),0}. 

Proof: See [2] 
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The eigenvalues of equation (2.12) with boundary condition 

W(c) = 0 = W(d) 

are the zeros of A(u) = 0 where 

Wi(ti,d) W2(u,d) 
A(u) = 

W^(u,C) W 2 ( t i , c ) 

or those u for which 

A(u) = Wi(M)W 2 (u ,c) - W2(u,d)Wi(u,c) = 0 

where W\ and W2 are two linearly independent solutions of (2.12) . Two such 

solutions are given in theorem 2.1 where W2n+iti(u,£) (respectively W2n+i,2(u,£)) , 

given in (2.13), (respectively (2.14) ) , denote the approximations to W\ and W2 , 

valid for all sufficiently large u , with the error terms being uniform with respect to 

£ for £ in [c , d]. 

Thus the eigenvalues are given asymptotically by the roots of 

An(u) = W2n+1A(u,c)W^n+h2(u,d) - W2n+li2(u,c)W+n+lil(u,d) = 0 

as n —» oo , where we are using the notation of remark 2 , above . In order to 

compute the asymptotics of these eigenvalues we use the following notations : 

m = t ^ # (2-29) 
a=0 " 

B(0 - E ^ (2.30) 
3=0 " 

Ml(« = S(PFr mo^-iya^y (2'31) 
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va _ " . . . va PlK) = S(I^P m)^-l)'w^y (2-32) 

*«> = J ^ , *<0 = S ( - i r ( i ^ (2'34) 

T ' ( « = g ( p p ^ + T . r 2 « ) = g ( - i r ( § u ^ ; 2
+

)
1

2 > + 1 (2.35) 

n U 2 s + l r />N v ^ / i \ . U2S+1 Zl(0 - Sd^2)2-1' i 2 ( 0 = S ( _ 1 ) s (^ r (2 36) 

"(0 = |< 3 / 2 - J (2-37) 

By theorem (2.1), using the above notation we write (by lemma 2.3), 

A(c) 
W2~n+hl(u,c) = ? r l / 2 u l / 6 ( _ c ) 1 / 4 {(-•Ra(-c) sinu;(-c) + T2(-c) cosa;(-c)} 

+ U T / 6 ^ ; { ( ^ ( - c ) c o s c ( - c ) + L2(-c)sinu,(-c)} + 0 { ^ ^ ) 

A(c) 
W2n+h2(u,c) = 7 r l / 2 t x l / g^_ c^ / 4 W ~ c ) cosa;(-c) + T2(-c) sina;(-c)} 

+ J/e^i/2 J{^2(-c)sina;(-c) - £2(-c)cosu,(-c)} 

+ ° ( ^ I i 7 i ) (2-38) 

^ . ( M ) = ^ r ^ I 7 i ^ { ( M 1 ( ^ ( c / ) + 0 ( — ) } + - — — { P ^ B ^ + O ^ ) } 

e-3ud3/2 1 //1A*--f«««s/a 1 
"WM) = ^ ^ { M , ( ^ ( J ) + 0 ( - ) } - 2 T 1 / % 7 / 6 W f l B M + O ^ ) } 

whence 

W2n+1,1(u,c)W2
+

n+li2(u,d) = e - ^ 3 / 2 0 ( 4 i ) (2.39) 
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and 

Wr (uc)W+ (ui) J^'t^(d)A(d) PMB(d)d>« 
VV2n+l,2yU'C)yV2n+l,l{U>a) ~ e 3 1 ^ 1 ^ 1 / 6 ^ 1 / 4 + TT1/2^/6 

+ 0(-^)}W^ia(ulC) (2.40) 
U 

Now by (2.39) and (2.40) , we write 

,-iud3'* An(u) = e-3«« O(-j^) - W2-n+h2(u,c)W2
+

n+ltl(u,d) = 0. (2.41) 
u 

Dividing throughout by u 1/eesud and letting u —> oo , we see that the zeros of 

An(u) satisfy 

M,(d)A{d) P1(d)B(d)d^ l r f l ^ _ n 

as u —• oo . Now since M\(d) —• 1 and A(d) —• 1 as u —• oo , it follows that the 

zeros of An(tt) satisfy 

W£ + l l 2 (« , c ) ->u . (2.42) 

as u —*• oo . 

From this expression and (2.38) we see that the asymptotic behavior of the 

eigenvalues depends essentially on the properties of the equation (2.12) on the in­

terval [c , 0] , i.e., these depend on the positive part of the weight-function —£ on 

[c , d] i.e, on —£ on [c , 0] . This is to be expected by the theorem of Atkinson 

Mingarelli since we know , a priori , that 

2 ri2ir2 

u„ ~ '" [J?(-01/2<*fl2 

as n —• oo 
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From (2.38) and (2.42) , we find that for large u , 

e,{2u,(-c)+.} = M-N/i _ 1 
M + N/l+ °Vn+19/6J ^ " * ° ; 

where 

A(c)fl2(-c) B(c)(-c)1 /4L2(-c) 
7 r l / 2 u l / 6 ( _ c ) l / 4 u ^ T T 1 / 2 

_ A(c)T2(-e) g ( C ) ( - c ) ^ g a ( - c ) 
^ l / 2 u l / 6 ( _ c ) l / 4 + ^7/6^1/2 ^ - ^ 

Consequently , using (2.33 2.37 ) and taking the logarithm in (2.43) we obtain 

miT - 7r/4 1 M — N/i . 1 
um = IP^TT + T(Z^ l^W+-N^ + °(^^)] (2-45) 

where 

or 

N A(C) j-(A2+3 " . •, 
I ~ 7T1/2ul/6(_c)l/4t1 Z.W ( |u(_ c)3/2)^ 

_ B(c)(-c)^ 1 " t;8 

^7/6^1/2 \ + ^ W (§u(- C ) 3 / 2 ) ' ' 

M + 7 =
 T l /2U l /6(_ c)l /4l1 + £ f ^ (|u(_c)3/2)-> 

B(C)(-C)^ 1 " 1 + a »,. 
+ u7/ 6 7 r l /2 lt+LA%) ( | u ( _ c ) 3 / 2 ) . - T 

*-*/• = , / , ! w v i i : - " As(cK"a 
T l / 2 ( _ c ) l / 4 u l / 8 ^ u ^ { | ( _ c ) 3 / 2 } f c -

(~c)1/4 ^ f ,.J+3__B !(cK=L_ 
u7/6^.1/2 A-Zg Ufc+'{§(-c)3/2}*-»} 

(_ c ) l / 4 ,3+n U n _ " - l 5 s ( C ) 

In Z^ u7/8Ti/a{|u(-c)3/2}" st£ u2s 
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Now 

(M-WV/e = ^_+I{(_c)VSfl, + ^ _ } 
3^ 

1 . Ax Wpvx 9u2 

u2i(-cy/* 2(-c)5/4 4 ( - c ) 1 3 / 4 ' 

+ 0(±) (2.46) 

k 
M + N/> = ^ - . i / u / , E £ H «!-« -A,(c)ufc. 

7 r i / 2 ( _ c ) i / 4 u i / 6 ^ o ^ o V y U H . . { | ( _ C ) 3 / 3 } * . 

( - c ) 1 / ' " ^ , ^ Ba(c)vk.a 
+ , l / 2 u 7 / e E D 0 u*+»{|(_c)3/2}*-a 

( - c j V ^ - Q i + X y i B . ( c ) 
+ , , 7 / 6 _ l / 2 / 2 , . / _ - \ 3 / 2 \ n 2 ^ U 

7 / 6 7T 1 /2{ | u (_ c )3 /2Jn ^ u2a 

(M+7'-1/v/6 = (d^+;<-<-«)' '«•*-j^} 
1 , Ax 3 ^ 0 ^ 9^2 

U 2 i ( - C ) V 4 2 ( - C ) 5 / 4 ~ 4 ( _ c ) 1 3 / 4 / 

+ O ( ^ ) (2.47) 

Consequently, 

where 

M-N/i _ 2iT_2T^ J_ 
M + N/i~ + u u2 + \ 3 ' 

T = 2 ( ^ 3 7 ? + ( - ) ' ^ o ( c ) 

Since from (2.26), «i = 5/72 ,and from (2.16) 

we see that , 

7 , ~ 7 2 { § ( - c ) 3 / 2 } " r 2 . / c (-v)i/2 
5 1 /-° Hi ; ) 

T = 72717=^) + 2lT^dv- ( 248 ) 
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By using the expansion of the logarithm (1.31) and putting 

2iT 2T2 „ , 1 , 
r + 0 -

u ul u6 

we have, from(2.45), 

by 

, .M-NIx „ , 1 ,. 2%T ^ . 1 . ,n AnS 

a) First and second approximation 

From (2.45) as u —• oo , we have that the eigenvalues are given approximately 

u™ = 7{~c)
3i? + 0(1/m) (2'50) 

Note : The eigenvalues are labeled here in such a way that the eigenfunction corre­

sponding to u = u2
m has precisely m zeros in (c , d) . This is the Haupt-Richardson 

oscillation theorem (see [24]) . This labeling implies , in most cases , that u2
m is not 

, in fact , the m-th positive eigenvalue of the problem . 

b) Third and fourth approximation 

From (2.45) and (2.49) , we get a further approximation 

ran - W4 T A / l . , 
Um = -T?—JiT + lTf—^- + ° ( ^ ) (2-51) 

| ( - c ) 3 / 2 l(-c)3'2u Ku3 v ' 

By substituting u from (2.50) , we get 

m7r-7r/4 T T „ , 1 . , 
u » = 2/ J/2 + — + T-r + ° ( - i ) 2 - 5 2 

| ( - c ) 3 / 2 run 4m27r m3 J 

where T is determined in (2.48). 
In summary we have obtained the following theorem . 
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Theorem 2.5 Let the real function i2(£) be infinitely differentiable . Then the 

distribution of positive Dirichlet eigenvalues u of the differential equation (2.12) 

satisfy (2-45) and the fourth approximation is given by (2.52) . 

Note that by using the transformation (2.2) and ( 2.3) we can find the distri­

bution of the eigenvalues , A , of the differential equation (2.1) in the one turning 

point case . 

Theorem 2.6 Consider the differential equation 

y" = (X2f(x) + q(x))y, a<x <b 

with boundary conditions y(a) = 0 = y(b) , where for some point XQ € [a, b] : 

1) f(xo) = 0 

2) ii£°l = h(x) is a positive and twice continuously differentiable function 

within (a , b) . 

3) q(x) is continuously differentiable , 

4) The integral 

TT(\-- rr 1 * ( 1 \ i 5(-/)V2 

»w- Ja \-fy'*dx*\(-fy/*) (-fyi2 n-o3^ 
converges where £(s) is defined in (2.2) . 

Then the asymptotic distribution of the positive eigenvalues of this problem is given 

by 

" c(-my/2dt+ ™{72 i:°(-f(t)y/2dt+ 6H<<a»+ 

+ ^{72 f-(-f(t))^2dt + £*<"» + <K±) (2.53) 
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Proof : By means of Langer's transformation (2.2 - 2.3) with / = 1 , we transform 

equation (2.1) to the simple form (2.12) , where y = u . By theorem 2.5 , we know 

that 
m-K - 7r/4 T 

um — 2 
T 1 

+ — + ̂  + 0(-) |(—c)3/2 mix 4m27r 77T 

where T is specified in (2.48) and c = £(a) . using this in (2.2) with / = 1 , we have 

rxn 

(_c)3/2 = / {-my/*dt. 
Ja 

We also have 

I (ZgiTJ^ - L ( _£( , ) ) i / 2^ = ~H^-
Consequently , making use of the above results , (2.53) follows . 

Now we find the distribution of the eigenvalues of equation (2.2) when 

the turning point is at the end point . 

The distribution of the eigenvalues of the equation (2.12) , with boundary con­

dition W(0) = W(c) = 0 can be obtained by using the transcendental equation 

A(tx) = 0, where 

A(u) = 
W^O) W2(u,0) 

Wi(u,c) W2(u,c) 

and , as before , W\,W2 are two linearly independent solutions of (2.12) .The ap­

proximations to Wi and W2 are given in theorem 2.1 . Thus the eigenvalues are 

given asymptotically by the roots of 

An(u) = 
W2n+i,i(M) W2n+lf2(u,0) 

W2n+1A(u,c) W2n+i,2(u,c) 
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as n —• oo . 

From the asymptotic form of W2n+lij(tf,c),i = 1,2 , we see that 

An(u) = W2 n + l i l(u,0){Mcosu,(-c) + iVsinu;(-c) + 0 ( ^ ^ ) } 

- W2n+ia(u,0){N cosu(-c) -Msmu(-c) + 0 ( ^ ^ ) 1 , (2.54) 

where M and N are defined in (2.44) . Consequently , the eigenvalues are given 

asymptotically by those u for which 

W W u K O ) _ iVcosa;(-c) - Msina;( -c) + Q ( ^ r r W ) 
W W i , 2 ( M ) ~ Mcosu(-c) + Nsmu(-c) + 0(uinl19/6)' 

The expression on the right simplifies to 

W2n+hl(u,0) _ e2M-c)[Ar - M/i] + N + M/i + 0(^h*je) 

W2n+1,2(u,0) e 2 - ( - ) [M + N/t] + M-N/1 + Oi^jz)' 

Using the latter in (2.54) we find after a straightforward calculation , that 

*<-4 =
 N + f~ t ^ f g ( M ~ «/') + °(?^wr) 

Dividing the numerator and denominator by —(M+N/i) and noting that M+N/i = 

0(u- 1 / 6 ) , by (2.47) , we find that 

(M-N/%\( , Wan+i. iMh . f)( 1 \ 
W - c ) = \N+M/JV + W2n^,2{ufi)) + ^ » « » t » ; 5 5 

_ Wr2n+l,l(",0) , ' V • ^ 
W2„+1|2(u,0) 1" « 

Now , we need to estimate the ratio 

W W i , i ( M ) 

w2n+1>2(u,oy 
From (2.13 -14) we get, 

WWi,i(«,0) = ^ ( 0 ) { 1 + ^ + - + ffi + 0 ( ^ ) } + ^ { B Q ( 0 ) + ... + ^ M + Q ( _ i _ ) } 

W W U « , 0 ) A i ( 0 ) { i + M°> + ... + ^ M + 0 ( ^ ) } + ^{Bo(0) + ... + a ^ g l + 0 ( ^ ) } 
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/gU + *$*• + - + ffi + 0(^)} + ̂ {Bo(0) + - + ̂  + Q(^)} 
{i + 4jjfa + . . . + ̂ i + 0 ( ^ ) } - ^{50(o) +... + %=# + oc^)} 

(2.56) 

where we have used the relations At(0) = ^jf , ̂ ^ = a , f j ^ = - ^ . Dividing 

out the expression (2.56) we find 

Waw+i,i(",0) >gfl , 2aB0(0) 2«2Bg(0) 1 
W 2 n + 1 > , 0 ) - V 3 { 1 + «V3 +

 U8/3 + O ( u 1 0 / 3 ) } ( 2 - 5 ? ) 

Combining (2.55) and (2.57) and using the display following (2.47) , viz ., 

M-N/i 2iT_2T^ JU 
M + N/i ~ + u u2 ^ ' 

we obtain , after a lengthy but simple calculation , 

e 
2tu,( 

. . , (' + V3){l + ^ + ^ ( ^ ) - ^ + ff^+0(^)} 

.-v^-^-W^ + O^) 

where we replace Bo(0) by B0 , for simplicity . We factor the quantity i — \/Z from 

the denominator and divide out the resulting expression . We obtain , 

e 
2tw(-c) _ i + V3 2iT _ iV3aBo _ 2T% 1 

t - V 3 « " 4 / 3 «2 « 7 / 3 ' 

By using the preceding formula we can obtain the fourth approximation ,e.g., 

Um . ^^M + JL _ ^ B o i l t ^ + 0(-L) (2,8) 
| ( - c ) 3 / 2 m7r 2 (m7r)4/3 vm2 v 

where T is determined in (2.48) and B0 is given in (2.16) . 

By means of (2.58) and Langer's transformation one can get the fourth approx­

imation of the eigenvalues of equation (2.1) with boundary conditions y(a) = 0 = 

y(x0) • In fact we have the following corollary: 
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Corollary 2.7 Let f(x) and H(a) satisfy the assumptions of theorem 2.6 . Then 

the fourth approximation for the eigenvalues of equation (2.1) with boundary con­

ditions y(a) = 0 = y(xo) , is of the form 

_ rmr — 7r/12 5 1 , . , 1 n . 1 . . , 
m " C(-f(t))1/2dt + {72i:°(-f(t)y/2dt + 6H{a)}™ + ° ( ^ } (2'59) 

where 

wtn\ - - r f 1 d2 (-i—\ - q - 5(--Q1/2wr 
W ~ Ja i(-fY/*dx2\(-fY/4 f - fW2 16(-£)3iaX la \-fy/4dx2\(-fy/*J ( - / )V2 l 6 ( -£ )3 

and £ = £(x) is defined in (2.2) 



Chapter 3 

Eigenvalue asymptotics in the case 

of one turning point of order / 

3.1 Introduction 

In this chapter we will seek the distribution of the real eigenvalues of the equation 

^ = ( C I ± H > ! A ^ C < < < a (3.i) 

with boundary condition 

W(c) = 0 = W(d) -oo <c<0<d< +oo 

where / is an odd integer and A is a real parameter . 

In the preceding chapter , our research on the asymptotic behaviour of the 

Dirichlet eigenvalues of the equation (2.1) shows that the formal solutions con­

structed by Olver and the Atkinson Mingarelli theorem are key factors. Studying 

36 
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the distribution of the eigenvalues of the equation (3.1) by the same method repre­

sents the major motivation of this chapter. 

Langer in ([16], theorem la) showed that the eigenvalues of (3.1) are given 

asymptotically by the formula 

*m = (-c)-<'+2){(m - 1 / 4 ) V + ( y - ^ , 1)} + %& 

where B(m) designates a bounded function and the symbol (r , m) , which was 

introduced by Hankel , represents the quantity 

r(r + m + 1/2) 
(r,m) = 

m\T(r -m + 1/2) 
(4r2 - l)(4r2 - 9)...(4r2 - (2m - l)2) 

22mm! 

(r,0) = l 

3.2 The formal solution 

Olver in ([30], theorem 3) showed that the equation (3.1) has two twice continuously 
— 2 2 

differentiable solutions W(A'+2£) and W(A'+2£) which can be identified in term of 

Bessel functions (or modified Bessel functions ) of order A^ . The asymptotic 

expansion of the solutions are of the form ,[ [30] , §2.3 ] , where we set m = I + 2 , 

for convenience , 

W(X^) = i ! [ ^ z i l } 1 / 2 { c o t ( ^ ) J x ( A ( - £ ) ? ) - y i ( A ( - 0 " ) > t < 0 

(3.2) 

^ ( A ^ £ ) = { ^ } i / 2 / ^ ( A £ ? ) £ > 0 
7T m 

W(0) = 7 r - 2 2 ^ r ( — ) (3.3) 
m 
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2 

fir(AiO = _{![MzQ} i /2{ t a n (JL ) J i ( A (_0f) + ri(A(-£)f)} £ < o 
2 2m m m 

(3.4) 
2 

(̂A*£) = {^y/2{^Ix(X(?) + 7̂ (A£f)} £ > 0 
7T S i l l 2^n m m 

W(0) = T T - h ^ I Y - ) (3.5) 
m 

where J, I, K, Y are Bessel functions . 

In ([1] , §9.2.5 and §9.7.1) one may find the asymptotic expansions for large 

argument of Bessels functions. We have as A —> oo, 

Jx(A£T) = { - 2 W c o s x - Qsin X } £ > 0 (3.6) 
m TTAQ 2 

Fi (A£?) = { - ^ } 1 / 2 { P s i n X + QcosX} £ > 0 (3.7) 
m 7rA£ 2 

*x(A£?) ~ { - ^ ' V ^ i * £>0 
m 2A£2 

^ ( A £ ? ) ~ { - ^ - r / v ^ r £>0 
m 2A£2 7r 

where 

X = A f ? - ( ^ + l/4)x m = / + 2 

P „ vr-i)" (A-2*) = 1 - ( ° - 1 X»-») + 
^ ' (2A{"/2)« 2!(8A£W2)2 

fc=0 
(2A£m/2)2fe+1 8A£m/2 '" 
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R 

T 

q - 1 ( a - l ) ( q - 9 ) 
+ 8(A£W2) + 2!(8A£W2)2 + 

Q - 1 ( q - l ) ( q - 9 ) 
~ 8(A£W2) + 2!(8A£m/2)2 

4 4 
a = 

rrr (/ + 2)' 

(3.8) 

3.3 Distribution of the eigenvalues 

The eigenvalues of the equation (3.1) with the boundary condition 

W(c) = 0 = W(d) 

are zeros of A(A) = 0 where 

A(A) = 
W(X^d) W(X~d) 

W(X^c) W(X^c) 

From the asymptotic expansion of the solutions given above, we get 

1 
A(A) 

cos 
-K-L(Xd2)J±(X(-c)T) 

2m 
IT 

+ TTl±(Xd?){YjL(X(-c)2) - cot(—)Jj.(A(-c)™)} = 0. 
m m 2m m 

By substituting the asymptotic expansion of the Bessel functions into the transcen­

dental equation A = 0 , it is found that , for large A , the eigenvalues satisfy the 

asymptotic relation : 

0{\)e-™m'2 + (0(±y*m/*T){Y±(X(-c)?) - c o t ( ^ ) J x ( A ( - c ) ? ) } = 0 
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Multiplying throughout by y/Xe Mm 2 and letting A —» oo , we see that the eigen­

values are given asymptotically by the roots of the equation 

0 ( l )T{Fx(A( -c )? ) - c o t ( - ^ ) J i ( A ( - c ) ? ) } = 0 m Im m 

where T is given in (3.8) . By the very nature of T it follows that as A —»• oo , the 

eigenvalues correspond asymptotically to the large roots of 

Fx(A( -c ) f ) - c o t ( ^ - ) J x ( A ( - c ) f ) = 0 
m JLm m 

consequently, by (3.6) and (3.7) we find 

tMl(*+ £> ~ | (39) 

where P,Q and x are determined in (3.8) .Thus , 
p 

A(—c)m'2 — 7r/4 ~ mr — n + arctan — 
W 

&o 1 
~ n7T-7r + arctan{/31A6+Y| + 0 ( — ) } (3.10) 

Xo X6 

where 

Pi = 

fa = 

a - 1 
( o - 9 ) ( a + l l ) 

3(a - 1)22 

b = 2{-c)m'2 

a = ^ = ( l ? 2 ? ' ( 3-U ) 

The series expansion of arctan z for \z\ > 1 is of the form 

7T 1 1 1 

arctan z = - I" ̂  ~ 7 T + •••• 
2 z 3z3 bz5 

See ([1] , §4.4 ). 

Therefore from (3.9) and (3.10) we have, 

+ 3 * A 3 / 3 3 6 3 A 5 /? 46 5 + '"* 5*A5/31
5&5 + "•* + •- ( 3 - 1 2 ) 
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By applying the method of the first chapter we get the fifth approximation of the 

nth eigenvalue as 

_ n 7 r - 7 r / 4 1 1__ {_zcf^_ J _ J^ 

(-c)W2 n 7 r ^ 6 47rft6n2 n ^ T r 3 / ? ? ^ 2 3 /V V ; ' 

Finally , from (3.11) we get 

_ rnr — 7r/4 4 — m2 4 - m2 (4 - m2)(4 - 25m2) 1 
n ~ (-c)m/2 ~~ 8n7rm2(-c)W2 ~ 327rn2m2(-c)m/2 _ 384m4ra37r3(-c)m/2 + ^n4^ 

(3.13) 

We then have the following theorem : 

Theorem 3.1 Let I be an odd number in equation (S.l) . The positive eigenvalues 

are given asymptotically by the formulae (3.9) and the fifth approximation for the 

nth positive eigenvalue is of the form (3.13). 

We shall now begin the investigation of the asymptotic distribution of the pos­

itive real eigenvalues of the equation (3.1) with boundary condition 

W(c) = 0 = W(0). 

Repeating the argument used in proving theorem 3.1 , we find that the transcen­

dental equation 

W(0) W(0) 

W(Xfec) W(Xfcc) 

gives the eigenvalues . From (3.2 3.5), we get that these eigenvalues are given 

asymptotically by those X's such that 

A(A) = 0 = 

Ji/m(X(-c)m'2) = 0. 

By using Stokes'method for calculating the zeros of Bessel functions , we get 

\ f _ , W 2 - R- ^Zl _ 4 ( a - l X 7 a - 3 1 ) _ 
n{ } ~P 8/3 3(8/?)3 
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where 

a = (n + _L_ 1 / 4 ) T a = i_ 

For more details see ([1] , §9.5.12) 

We have the following lemma: 

Lemma 3.2 Let 

r(0 = -iL^le c < £ < 0 

and I be an odd integer . Then the asymptotic formula for the nth positive eigenvalue 

of the boundary value problem 

y" + A2r(£)j/ = 0 c < £ < 0 

y(c) = 0 = y(0) 

is of the form 

nir (g(fe) ~ V4)71" q - 1 4(q - l)(7q - 31) 

"~ £yffddt+ J?VKO^ 8/?J?v/ROde 3(8 /9)3J?^de 

tuyere 
1 4 

/? = (n + — - — — - 1/4)TT q = 2(/ + 2) ' ' (1 + 2)" 



Chapter 4 

The infinite product 

representation 

4.1 Introduction 

In the second chapter we found that the distribution of positive eigenvalues un , 

1 < n , of the boundary value problem 

y" + (Xt - q(t))y = 0 - 1 < < < 1 (4.1) 

with boundary conditions (the Dirichlet problem on [-1 , 1] ), 

y(l) = 0 = y ( - l ) 

where q is m times continuously differentiable , is of the form 

.— nir — 7r/4 1 „, „ , 1 . 

43 
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where 

2 JO y/X 72 /J y/xdx 2Joy/x 

and the distribution of the negative eigenvalues An is of the form 

I ~- nir — 7r/4 1 „, . . 1 . 

where 
5 1 f° q(x) 

72 / ^ y/^xdx 2 J-l y/-X 
1 yu ?(x + ~ / -^^dx. 

It is na tura l to ask whether these eigenvalues actually characterize the solution 

of (4.1) . For instance , let , for fixed x > 0 , un(x) and rn(x) be respectively 

positive and negative eigenvalues of the Dirichlet problem on [-1 , x ] . Can one 

represent the solution of (4.1) in the form of an infinite product ? Wha t does the 

asymptotic distribution of un(x) look like ? 

Let U(t,un(x)) be eigenfunction corresponding to the eigenvalue un(x) . Can 

we find the asymptotic expansion of the integral fZ\vU2(y,un)dv for large un ? 

These questions will occupy us in this chapter . 

In section 4.2 there appears the representation of the solution of (4.1) in the 

form of an infinite product when 0 < q(t) . 

Section 4.3 and 4.4 is devoted to the study of some properties of the eigenfunc­

tions. 



4. The infinite product representation 45 

4.2 Representation of the solution in the form of 

an infinite product . 

Before representing the solution in the form of an infinite product , we make a slight 

digression into complex analysis. 

An entire function is a function that is analytic at each point of the complex 

plane . 

There is a connection between the growth of an entire function and the distri­

bution of its zeros .In order to estimate the growth of an entire function f(z) we 

introduce the function 

Mf(r) = max \f(z)\ 

\z\ = r 

An entire function f(z) is said to be a function of finite order if there exists a 

positive constant k such that the inequality 

Mf(r) < erk 

is valid for all sufficienty large values of r (r > ro(fc)) . 

The greatest lower bound of such numbers k is called the order of the entire 

function f(z) . 

It follows from this definition that if / is the order of the entire function f(z) , 

and if e is an arbitrary positive number , then 

er'~e < Mf(r) < er'+e 
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where the inequality on the right is satisfied for all sufficiently large values of r , 

and the inequality on the left holds for some sequence {rn} of values of r , tending 

to infinity .An inequality that holds for all sufficiently large values of r will be called 

an asymptotic inequality [19]. For functions of a given order a more precise char­

acterization of the growth is given by the type of the function . By the type , a , 

of an entire function f{z) of order / we mean the greatest lower bound of positive 

numbers A for which asymptotically 

Mf{r) < eMl 

holds . If a = 0 , the function f(z) is said to be of minimal type while , if 0 < a < oo, 

it is said to be of normal type , and if a = oo, it is of maximal type . 

Let f(z) be an entire function , with zeros an , arranged in order of increasing 

magnitude . For the sake of simplicity we will assume that / (0) ^ 0 . The genus 

of an entire function is the smallest integer h such that f(z) can be represented in 

the form 
oo 

/(*) = e*<*> r j ( l - —)e£+*<£>2+~+*<£>fc 

n=l an 

where g(z) is a polynomial of degree < h .(See the next theorem) . 

Theorem 4.1 {Hadamard's theorem } The entire function f(z) of finite order I 

can be represented in the form 

f(Z) = , " v « n a - -)e*+*<*>a+~+t<±>h 

n an 

where an ^ 0 are the zeros of f(z) , h < l,g(z) is a polynomial whose degree q does 

not exceed I and m is the multiplicity of the zero of f(z) at the origin . 

Proof : See [19] page 24, or [33] page 250 . 



4. The infinite product representation 47 

The genus and the order are closely related , as seen by the following theorem : 

Theorem 4.2 The genus and the order of an entire function satisfy the double 

inequality h < / < h + 1 . 

Proof : See [19] , page 24 . 

By means of Hadamard's theorem , one can find an infinite expansion for e.g., 

sinhz, Ju(z) and J„(z) . 

Lemma 4.3 Let c > 0 be fixed . Then 

°° z 
sinhcy/z = c\fz JJ (1 + — ) 

m = l m 

where zm = ^^ , 1 < m, and the domain of the function f(z) — z1/2 , is the 

complement of negative real axis z < 0 , while the range of z1'2 is the right half of 

the z plane with the imaginary axis excluded . 

Proof : It is well known that [1] , §4.5.68 , for any z , 
oo z i 

sinh2 = * n ( 1 + ^ - ^ ) 

Therefore 
m = l 

zc2 

s inhcy^ = c v ^ I K 1 + - J - ? ) = CV* I K 1 + — ) m27r2 •L1 z^ 

Lemma 4.4 Let J\j3 be the Bessel function of order 1/3 , and b be a positive 

number . Then 
7 / v A\ {iVXb/2yl3 ~ b2X, 

where jm's, m — 1,2... ; are the positive zeros of J\/3(z) and for complex X , \fX is 

defined as in lemma 4-3 . 
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Proof : From [1] , §9.5.10 , we have 

(br z 
2 

•«">=f£Ti)n(i-;1> 
where 

q - 1 4 ( q - l ) ( 7 q - 3 1 ) 
Jm~P~ g/3 ~ 3(8/3)3 

and 

P = (m + u/2- 1/4)TT, q = 4i/2. 

By inserting z = iby/X , and v = 1/3 , we get 

s/Xb/2) 

r(4/3) " ^ • j •M»*^) = rv//,( 11(1 + —) 

where 
Jl = m^2 _ ™? + 0 ( 1 ) (4_2) 

Lemma 4.5 Zei J^(z) be the derivative of the Bessel function of order 1 and c be 

a positive constant . Then 

*VA) = inu-^-) 
Jm 

,2 

Ji(ic^X)=1-l[(l + ^ ) 
2 J"LV p 

Jm 

where the jm's ,m = 1,2,... are the positive zeros of J[(z) and for X complex , vA 

is defined as in lemma 4-S . 

Proof : From [1] , §9.5.11 , we have 

*'>-^?n(i-jr> <.<>o) 
where 

i _ q + 3 _ 4(7q2 + 82q - 9) 
Jm~P g /?, ^ 8 / 3 , ) 3 
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fi' = ( m + i//2 - 3/4)TT q = 4i/2 

by putting z = c\/X, T(l) = 1 we have 

(̂cx/A) = ±II(i-^r) 

and similarly we can get 

72 

Jm 

<(»o/A) = i n ( i + ^ ) 

where 

£ = m V - ^ + 0(1) (4.3) 

The following theorems play an important role in estimating the infinite product. 

Theorem 4.6 no°( l+Pn) converges absolutely if and only if YA? Pn converges ab­

solutely , where the pn are arbitrary complex constants . 

Proof : See [11] §18.13 . 

Theorem 4.7 Ifpn(z) is analytic in a simply connected domain D , and ifYj? \Pn(z)\ 

converges uniformly in every closed region R of D , then 

oo 

IK1+*»(*)) 
0 

converges uniformly to f(z) in every such R and f(z) is analytic in D . 

Proof : See [11] §18.19 . 
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Theorem 4.8 (a) Suppose amn,m,n > 1 , are complex numbers satisfying 

K m | = 0(|—£ J7 ) m^U 

then , for each 1 < n , 

n (i+amB)=i+o(!^) 
l<m,m^n 

(b) In addition , if bn, 1 < n , is a square summable sequence of complex numbers, 

then 

II (! + amnbn) < °° 
771,71>1,771^71 

Proof : See [35] , p.165 . 

Now we consider the equation 

y" + (Xr(t) - q(t))y = 0 (4.4) 

when A is a complex parameter and r(t) , q(t) are real functions locally Lebesgue 

integrable on a real open interval (a , b) , and r(t) ^ 0 a.e in (a , b) . Basic existence 

theory , see e.g , [6] p. 37 contains the fact (based on the uniform convergence of 

successive approximations) that every solution of (4.4) is an entire function of A for 

any fixed t 6 (a, b) , (j/, y having fixed values , independent of A , at some fixed 

c G (a, b)). Halvorsen , [12] , proved the following theorem. 

Theorem 4.9 For a < c < t < b assume /c* \r\ ^ 0 , and consider a solution y(t; X) 

of (4-4) determined by fixed values ofy,y at c . Then y(t;X) is an entire function 

of X of order 1/2 and normal type . 

In equation (4.4) if r changes sign in (a , b) , on sets of positive Lebesgue 

measure , by the Atkinson - Mingarelli theorem the equation (4.4) has a doubly 
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infinite sequence of positive and negative real eigenvalues , in the case of the Dirichlet 

problem on the finite interval (a , b) . 

If r is a positive function on [a , b], the equation has infinite number of positive 

eigenvalues for the Dirichlet problem on [a , b], and in fact we have the following 

theorem. 

Theorem 4.10 There is an infinite number of eigenvalues XQ,Xi,..., forming a 

monotone increasing sequence with Xn —> oo as n —• oo . Moreover , the eigenfunc-

tion corresponding to Xn has exactly n zeros on (a ,b) . 

Proof: See [6] , p.212 . 

Now let U(t,X) solve the initial value problem (4.1) with initial condition 

r j ( - l ,A) = 0 ^ ( - l , A ) = l. (4.5) 

By theorem (4.9) , U(x,X) is an entire function of order 1/2 for each x . The 

function U(x,X) has a zero set for each x , say (An(a;)} , so that U(x, Xn(x)) = 0, 

which corresponds to eigenvalues of the Dirichlet problem for equation (4.1) on the 

closed interval [— l,x] . Note that Xn(x) ^ 0 for any x by Sturm's comparison 

theorem since we assume that 0 < q(t) . 

Indeed , each non-negative continuous function q(x) defines U(x,X,q) which 

is C2 in x and , Xn(x,q) , solves U(x,Xn(x,q)) = 0 . It is known that for a non-

negative continuous function q(x) , the eigenvalues of the Dirichlet problem for (4.1) 

on [—l,x] , are real and simple (See [14] , §10.61) . 

•^-(x,Xn(x))^0 

for each x G (—1,0) . It follows from the implicit function theorem that Xn(x,q) is 
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C2 in x and 

An(s) = - i 9 c / / U)A=A„(X). 

We consider the Dirichlet problem corresponding to equation (4.1) on [— l,x] 

where x < 0 , is fixed . This problem has an infinite number of negative eigenvalues, 

(see theorem 4.10) , {Xn(x)} , and there holds , by Hadamard's theorem , the product 

formula 

where U satisfies (4.5) and c is a constant independent of A but may depend on x , 

because the genus of U is zero . By theorem 1.3 , each function Xn(x) is of the form 

and 

lim An(a;) = —oo Xi(x) > X2(x) > .. 
x—*—l 

In order to estimate c we rewrite the infinite product as 

— TT ^n(x) - X 
1 1 K(x) 

= cinA-^(x) ( 4 6 ) 

with 

where zn = J g 

Zn 

-Z2 c i = c n ^ 

p(x)= f V^idt, x^-1. (4.7) 
J — j_ 
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Note that since 

= l + 0 ( l / m 2 ) , 
Xm(x) 

2 

the infinite product f] w*) *s absolutely convergent on any compact subinterval 
2 

of (—1,0) by theorem 4.6 . The function A *K is continuous and so the O-term is 

uniformly bounded in x . 

For x = 0 , by corollary 2.7 the distribution of the eigenvalues of equation (4.1) 

is of the form 
I—T~~7 n7r — 7r/12 - , 1 . 

^ / Z I ^ = A 7 ^ + 0(") 

By Hadamard's theorem we also have 

Now let jn,n = 1,2,... be the positive zeros of the Bessel function of order 1/3 

Then (see 4.2) 

- 9 J " 4 = 1 + 0 ( l / n 2 ) 
4An(0) 

and so the infinite product IT iwoT ^s a D S°lu t e ly convergent . Consequently we may 

write , as before , 

w » = , n ^ , («) 
where c2 = cT[(j£fa) • 

For x G (0,1] , fixed , the Dirichlet problem for (4.1) on [-1 ,x] has an infinite 

number of positive and negative eigenvalues , by theorem 2.4 , which we denote by 

{un(x)} , {rn(x)} respectively . 
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By Theorem 2.5 , un(x) is of the form 

I—— n-K - 7r/4 . . , 1 , _ 

\/^=T^- + 0 ( n ) °<X 

and rn(x) is of the form 

mr — 7r/4 ,1 / — n-K — 7T/4 . , 1 . 

^*) = JW=tt + 0(n) '0<x-
By Hadamard's theorem , the solution on [-1 , x] for x > 0 is of the form: 

^ , A ) = c n ( 1__^ ) n ( 1__L_) 

Now let jn,n = 1,2..., be the positive zeros of J[(z) . Then by (4.3) 

^-n = 1 + 0 ( l / n 2 ) 
P{x)un{x) 

^ = 1 + 0 ( l / n 2 ) 
p2(0)rn(x) 

where 

f(x)= [X Vidt x>0 (4.9) 
Jo 

and p(x) is defined in (4.7) . 
"'1 "'2 

Consequently the infinite products fi /2tJZ rx\ and II p2(o)r
n(x) a r e absolutely con­

vergent for each x > 0 . Therefore we may write 

^ . A ) = c 3 n ( A " - t ) ) p 2 ( 0 ) n / 2 ( x ) ( " - f ) ~ A ) . (4.io) 

where 

7-2 i-J- ?-2 
Jn Jn 

^^UiJtr^U.—Jl 

Now we will first approximate the infinite products , then by using the asymp­

totic form of U(x, X) , we will determine c,-, i = 1,2,3 . 
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Lemma 4.11 Let zm = - ^ and Am(x), 1 < m, be a sequence of continuous func­

tions such that, for each x , 

m27r2 
Xm(x) = —j^ + 0(1) - 1 < x < a < 0 

p2(x) 

where p(x) = / f 1 y/^idt, . Then the infinite product 

n X — Amyx) 
z2 

l<m m 

is an entire function of X for fixed x in ( — 1,0) whose roots are precisely Xm(x), 1 < 

m. Moreover 
-J-J. A - Xm(x) = sinhp(x)\/X + log re 

\<m *m 

uniformly on the circles |A| = ' J, I * . 

zL p(x)\/X ' n 

p>(x) 

Proof : Let x be fixed . By the uniform boundedness of Am(a;) + rbfy for 1 < m , 

v X-Xm{x) ^ ,A + Q(1) 

tr & h* zl(x) 
\<m m \<m mV / 

converges uniformly on bounded subsets of the complex plane . Therefore by theo­

rem 4.7 the infinite product converges to an entire function of A , whose roots are 

precisely Am(x) ,1 < m . 

Now , by theorem 4.3 , 
sinh.\/Xp(x) = ,-|. _A_ 

p{x)s/X z. 

n \-\m(x) 
*L TT A ~ Am 

thus the quotient of the infinite products is 

Furthermore , 
, A - A m - A m - z 2 |Q(i) | 
! A - M 2 ' ' A + z2 ' -
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Therefore on the circles |A| == ' {, \ * , the uniform estimates 
P2W 

- A m + A _ 

zl + A 

l + 0( l /n ) if m = n 

, 1 + °(\m^\) m^n 

hold . By theorem 4.8 , 

n =&+ = (i + < X > + 0(1^)) = {i + o(!^) } 
l < m A "+" Zm n n n 

uniformly on these circles . Therefore 

n A - Xm(x) _ sinhp(x)\/A logn 

2™ P ( X ) A A ' ' n Km m 

Lemma 4.12 Let j m be the positive zeros of Jx(z) and um(x), 1 < m, be a sequence 

of continuous functions defined on any compact subinterval of (0 , 1) such that 

2 2 2 

Um{x) = pix~) ~ 2 7 w + ( ) - m 

where f(x) = J^ V"& • Then the infinite product 

(um(x) - X)f(x) n 
1<TO Jm 

is an entire function of X for fixed x , whose roots are precisely um(x), 1 < m 

Moreover 

n <"•<*>; w<*> = 2/,(V5/wxi + o ( ^ » 
l < m J m 

n27r2 _ 9ra27r2 

uniformly on the circles \X\ — Tjfjr — 4 

Proof : Let x be fixed . Since from (4.3) 

J4 = m V - - r - + 0(1), -2 2 2 m 7 r 
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therefore 
^ ^(x) - X)f2(x)) _ 1( = £ |A+_Q(1) | 

l<m Jm l<m Jm 

converges uniformly on bounded subsets of complex plane . Therefore by theorem 

4.7 , the infinite product converges to an entire function of A , whose roots are 

precisely um(x) ,1 < m . 

Now , by theorem 4.5 , 

Jm 

thus the quotient of the products is 

n (Um(x)-\)P(X) 
[ll^m & _ o TT Um ~X 

i n ( l - ^ ) ^ Ji__A 
2 U ^ Pm > 1^ro p(x) A 

Furthermore , 
| u m ( x ) - ^ _ i 

^ - - A P(x 
*2 

M»)-fel |Q(i)| 
JL_ x 

\p(x) n\ \p(x) 
2 2 

Therefore on the circles |A| = j^ff; , the uniform estimates 

um ~ A 

Jm \ 
P(x) A 

1 + 0(l/re) if m = re 

hold . By theorem 4.8 

n "E^r - (»+ ̂ W + °(V"» = i + o ( ^ ) 
i<m jS^y - A 

whence 

n ("•(*> ;A>W = 2/1(^/(,)xi + o(!^» 
l<m Jm n 

uniformly on these circles . 



4. The infinite product representation 58 

Similarly we can prove the following lemma . 

Lemma 4.13 Let jm,m = 1,2,... be the positive zeros of Jx(z) , and for fixed x in 

(0 ,1 ) , 
. , m27r2 mir2 „ , . 

r ~ w = - ^ ) + M 0 ) + o ( 1 ) 1 S m 

be a negative sequence of continuous functions where p(x) = /fx y/^idt . Then the 

infinite product 
^ (A - rm(x))p2(0) 

l < m Jm 

is an entire function of X for fixed x , whose roots are precisely rm(x) , 1 < m . 

Moreover 

n (A-r"f)y(0) = 2/,(.^p(o)xi + o (!^)) 
l < m Jm 

n2ir2 9n27r2 

uniformly on the circles |A| = p2(0) — 4 

Proof : This follows from theorem 4.8 and use of the method of the proof of the 

preceding lemma . Similarly we have 

L e m m a 4.14 Let jm,m = 1,2,... be the positive zeros of J\/3(z) and 

, . . m27r2 m-K2 _, . 
KW = '7W) + ̂ W) + 0{1) 1 - m 

be a negative sequence where p(0) = f_x y/^idt . Then the infinite product 

n (A - Am(0))P
2(0) 

l < m Jm 

is an entire function of X , whose roots are precisely Am(0), 1 < m . Moreover 

n (A - Am(0))p2(0) 

Km Jm 
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uniformly on the circles \X\ = •r^y = ^f- , where b = p(0) = 2/3 . 

Proof : This follows from lemma 4.4 and use of the method of lemma 4.12 . 

Now in order to determine ct, i = 1,2,3... we find the asymptotic form of U(t, A). 

The asymptotic nature of the approximate solutions of the differential equation (4.2) 

in which r(t) has a simple zero , q(t) is a continuous real or complex function in the 

interval a < t < b and A —»• oo , has been investigated by many writers , particularly 

Langer {[17] , [18]} , Cherry [5] , Jeffreys [15] ,Erdelyi {[9], [10]} and 01ver{[26] 

,[27]} . In [28] Olver established , for the first time , explicit strict bounds for the 

errors of the Airy-function approximation . Now we apply Olver's result in order 

to determine the asymptotic form of U(t, X) . First we state a number of relevant 

properties of the functions Ai and Bi (the Airy functions ) . Then we also introduce 

certain auxiliary functions and constants associated with Ai and Bi which are used 

in Olver's paper [28]. 

Relevant properties of Airy functions. 

The Airy functions are the solutions of the differential equation 

y" = ty. 

For real values of t the standard solutions are denoted by Ai(t) and Bi(t). They 

have the initial values 

Ai(0) = 4=^(0) 
V3 v ' 32 /3r(2/3) ' 
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and satisfy the Wronskian relation 

Ai(t)Bi\t) - Ai{t)Bi(t) = 1/TT (4.11) 

When t is positive Ai(t),Bi(t), —Ai (t) and Bi (t) are all positive and monotonic; 

when t is negative these functions are oscillatory , with diminishing period as t 

—> — oo . Their precise asymptotic behavior is given in [36] by 

Ai(t) = In-VH-^e-WW [1 + 0(r3 '2)}, 

Ai\t) = - I 7 r -
1 / 2 t l / 4 e - (2 /3 ) t 3 / 2 { l + 0 ( t - 3 / 2 ) } > 

Bi(t) = ^-l/2rl/4e(2/3)t3/2 { 1 + 0 ( t - 3 / 2 ) } 5 

Bi'(t) = 7r-l/2fl/4e(2/3)<3/2^{1 + 0{t-3'2)}, 

as t —> +oo , and 

Ai(t) = ^l2{-t)-^{cos{2-{-tfl2 - */4) + 0( | t | - 3 / 2)} 

Ai'(t) = 7r-1/2(-<)1/4{sin(^(-<)3/2 - TT/4) + 0(|<|"3/2)} 

Bi(t) = -^l2(-t)-^{sm{^{-t)3'2 - TT/4) + 0( | t |"3 /2)} 

Bi\t) = ^ - V 2 ( _ 0 l / 4 { c o s ( 2 ( _ t ) 3 / 2 _ w / 4 ) + 0 ( | * r 3 / 2 ) } 

as < —» —oo . 

In order to have a simple way of estimating the magnitudes of the Airy functions , 

we define 

E(t) = e3<3/2, ( *>0) 

E(t) = 1,(*<0); E-\t) = 1/E(t), (4.12) 
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and introduce four auxiliary functions M(t), x(0> -^W an(^ V*(0 > defined for all real 

values of t by the equations 

Ai(t) = £-1(i)M(t)sinx(0> 

Bi(t) = E(t)M(t) cos x(t), 

Ai'(t) = E'1 (t) N(t) sin yb{t), 

Bi(t) = E(t)N(t) cos yj(t). (4.13) 

Thus 

M2(t) = E2(t)Ai2(t) + E~2(t)Bi2(t), 

N2(t) = E\t)Ai'\t) + E-2(t)Bi'2(t), 

From the asymptotic forms of Ai and Bi we deduce that(see [28]) 

1 Itl1/4 

MW~^J^> ^ ( 0 - ^ , * - - o o . (4.14) 

The following constants occur in the subsequent analysis, (see [28]) 

A! = max(_0O,oo){7r|<|1/2M2(<)} = 1.430..., 

A2 = max^^iTT^^BiWE-^^Mit)} = 1.315..., (4.15) 

Approximation theorem for the equation 4.1 

By theorem 2.1 ,the differential equation 4.1 has solutions W\(t, A), W2(t, X) given 

by 

W1(t,X) = Ai(-X1'3t) + e1 

W2(t,X) = Bi(-X1'3t) + e2 

W[{t, X) EE ™ ^ = -\V*{Ai'(-\**t) + m) 
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*&dv 

W2(t, A) = ^ ^ = -\W{Bi\-\»*t) + vi} (4-16) 

where from [28] error bounds €i,i]i,i = 1,2 are of the form 

£ ( - U 1 / 3 ) , £ ( - tA ' /3 ) , 1 w - ) 

MC-u^^l'jvtriA^)1"1'^!:'6 ^ - 1 } ' 

In the above result , the functions F\,F2 are given by, for \t\ < 1, 

» * « « = / & 

o < W ) = / _ ; ^ 
(note that these integrals are convergent) and Ai, X2 are constants defined in (4.15) 

while E(t),M(t) and N(t) are auxiliary functions defined earlier . 

If A is large then the right side of (4.17) is clearly 0(-4r=) uniformly with respect to 

t . Hence we have 

h | = J E - 1 ( - U 1 / 3 ) M ( - t A 1 / 3 ) 0 ( - ^ ) , 

1^1 = E-\-tX^)N(-tX^3)0(^), 

\e2\ = E(-tXl'3)M(-tX1'3)0(-±=), 

Itfel = Ei-tX^Ni-tX^Oi-^). (4.18) 

Now , the solution of the equation (4.1) with initial condition (4.5) is of the form 

u(. x) = W i ( - 1 , X)W2(t, A) - Wi(t, X)W2(-l, X) 
^ ' } W1(-l,X)W2(-l,X)-Wi(-l,X)W2(-l,X)-

It is well known that the Wronskian of two linearly independent solutions of (4.1) 

is a nonzero constant , (for each A ), whence we can say that 

H(f x,W1(-l,X)W2(t,X)-Wl(t,X)W2(-l,X) 
u ^A) wi(o, x)w2(o, x) - w;(o, x)w2(o, x) l4-iyj 
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Now from (4.16) and (4.18) we have 

W1(0, X)W2(0, X) - W[(0, X)W2(0, X) 

= -V/3{Ai(0) + ei(0)}{£i'(0) + r72(0)} + X^3{At(0) + m(0)}{Bi(0) + e2(0)} 

= -XV3{Ai(0)Bi'(Q) - Ai'(0)Bi(0)} + Ax/30(4=) 
vA 

= _ A i /3 / 7 r + 0 ( J _ ) 5y(4.11) (4.20) 

Now let 

p(t) = J yf^v~dv = (-2/3)(-t)3/2 + 2/3 for t < 

Then by (4.12) and (4.14) for - 1 < t < 0 we have 

E^iX^Ei-tX1'3) = e - ^ W , 

EiX^E-'i-tX1'3) = e^pW , 

5 
M(X^3)M(-tX^3) oo (4.21) 

4TT(-*)1/4A1/6 

We need the following estimates for determining the asymptotic form of the solu­

tions. From (4.13) , (4.18) and (4.21) we have , noting that cosx(^) = 0(1), 

ei(-l)Bi(-tX^3) = E-1(A1 /3)M(A1 /3)S(-U1 /3)M(-iA1 /3)0(^) = 
vA 

e-p(<)yX(4i7i-0(A"2/3) if - 1 < t < 0 

e -^0(A" 7 / 1 2 ) t = 0 

e "3^ rO(A- 2 / 3 ) if 0 < < < 1 

e^AiiX1'3) = E"1(A1/3)M(A1/3)E(-U1/3)M(-U1/3)0(4=) = 
vA 

e"pWNAp^T7r0(A"2/3) if - 1 < t < 0 

e-i^O(A-7/12) t = 0 

e~^^0(X-2/3) i f O < * < l 
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e^B^X1'3) = E(A1/3)M(A1/3)£;-1(-tA1/3)M(-a1/3)0(-4=) = 
vA 

epWVXp^T77C>(A-2/3) if - 1 < t < 0 

e t^O(A- 7 / 1 2 ) * = 0 

e 3 ^ ^ r O ( A - 2 / 3 ) if 0 < t < 1 

e2(-l)Ai{-tX^3) = J E(A 1 / 3 )M(A 1 / 3 )£ - 1 ( -U 1 / 3 )M( -a 1 / 3 )0 ( - ^ ) = 
vA 

ep(t)yX(Z^T7iO(A-2/3) if - 1 < t < 0 

ef^O(A"7 /1 2) t = 0 

e ^ ^ O ( A " 2 / 3 ) if 0 < t < 1 

From the asymptotic behavior of Ai and Bi we also have : 

AW^BH-tX1/*) = 

i ( -* ) - 1 / 4 A- 1 / 6 e-"W^{l + 0(A-X/2)} if - 1 < t < 0 

^X-^2Bz(0)e-^{l + O(^)} t = 0 

-^t-^X-^e-i^ismilt^y/X - TT/4) + O ( ^ ) } if 0 < t < 1 

and 

^ ( A 1 / 3 ) ^ - ^ 1 / 3 ) = 

i ( - t ) - 1 / 4 A - x / 6 e ^ ) ^ { l -(- 0(A"1/2)} if - 1 < t < 0 

^ A - 1 / 1 2 ^ ( 0 ) e f ^ { l + O ( ^ ) } * = 0 

I r l / 4 A - l / 6 e | v ^ | c o s ( | t 3 / 2 x / X _ TT/4) + 0 ( ^ ) } if 0 < < < 1 

From above calculation we get 

(4 

(4 

MM-1, X)W2(t, X) - W,{t, X)W2{-1, X) = 

Ai(X^3)Bi(-tX^3) - Ai(-tX^3)Bi(X^3)}+ 

e1(-l)5i(-iA1/3)e2(t)Ai(A1/3) - e1(05?-(A1/3)e2(-l)Ai(-<A1/3)+ 

e 2 ( - l ) e i ( i ) e 2 ( t ) e i ( - l ) = 
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' ^(-ty^X-^e-rt^il + 0(A"X/2)} - ^ ( - O - ^ A - ^ V W ^ l + 0(A"a/2)}+ 

e»K0>A(_<)-i/4O(A-2/3) + e-P(0xA(_<)-i/4O(A-2/3) te(-l, 0), 

^ A - ^ 5 j ( 0 ) e - ^ { l + O ( ^ ) } - ^ A - 1 A 2 ^ ( 0 ) e l ^ { i + 0 ( ^ ) } * = 0, 

- i ( t ) - ^ A - ^ e - l ^ { s i n ( | * 3 / 2 v / A - */4) + O ( ^ ) } 

_ I r l / 4 A - l / 6 e | v ^ { c o s ( | t 3 / 2 ^ X _ TT/4) + O ( ^ ) } 

+i-1/4^0^-2/3) + rl/4e-|v^0(A-2/3) t G (Q5 2 l 

(4.24) 

By using the asymptotic form for the Wronskian ,we can find the leading term of 

U(t, X) . For — 1 < t < 0 , the above results and (4.19) show that 

u{t'A) = 2(-tyi*y/x{eV~xLy/ZrUt{l + 0{7x]) ~ e~^I'-i^tdt(1 + o(^))> 

= (-ty/4Vx{1 + 0{7x]) sinh^^ x -*°° (4-25) 
where, as usual , 

p(t) = f y/^idt 

Similarly by using (4.19) , (4.22) and (4.23) with f = 0we have , 

= *^0m{e^_^e-^]{1 + o{_L)] A ^ (4.26) 
because Ai(0) = ̂  . 

For 0 < t , we have by (4.22 4.23), 

m x ) = _ j _ ( - - ^ ^ i ' ; ^ - / ^ + e ^ c o s ( | i 3 / ^ - T / 4 ) H i + o ( ^ ) ) 

= ^ j { e ' ' / 5 c o s ( j ( " 3 ^ - V 4 ) } ( l + 0 ( - ^ ) ) } A ^ o c (4.27) 

Now we find g^(t, X) . Indeed we have 

W(t x\ = ^ i ( - L A)W'(t, A) - W[(t, X)W2(-1, X) 
dt{h ' ^ ( 0 ^ ) ^ ( 0 , A ) - ^ ' ( 0 ^ ) ^ 2 ( 0 , A) " l ° j 
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From (4.16) we may write 

W1(-l,X)W^t,X) = -X1'3{Ai(X1'3) + e1(-l)}{Bi'(-X1'3t) + r}2(t)} • 

Now we calculate the error bounds in the last display. From (4.18), (4.14) and 

(4.21) we may write, for large A , 

A 1 ' 3 ^ 1 ' 3 ) ^ * ) = A1/3M(A1/3)E-1(A1/3)iV(-U1/3)^(-U1/3)0(4=) = 
vA 

e-P(<)N/A(_f)l/40(A-l/6) if _ i < * < o 

e-fVX0(A"1/4) t = 0 

e-lV^l/40(A-l/6) if 0 < < < 1 

A1/3c1(-l)Bt'(-<A1'3) = A1/3E-1(A1/3)M(A1/3)£(-iA1/3)iV(-tA1/3)0(4=) = 
vA 

c-p(0>A(_ t) i /4O(A- i /6) if _ i < t < 0 

e-fv^O(A-1/4) * = 0 

e - § v ^ i / 4 0 ( A - i / 6 ) if 0 < * < 1 

Similarly we have by (4.13) , (4.12) and (4.14) , 

W[(t,X)W2(-l,X) = -A1/3{Ai'(-A1/3t) + 771(t)}{^(A1/3) + e 2 ( - l )} , 

A1/3r?1(05z'(A1/3) = A1/3E"1(-U1/3)M(A1/3)E(A1/3)iV(-U1/3)0(4=) = 
vA 

eP(0v^(_<) l /4O(A- l /6) if _ 1 < t < 0 

e^O(A- x / 4) t = 0 

e t^ 1 / 40(A" 1 / 6) if 0 < t < 1 , 

A1/3e2(-l)Ai'(-a1/3) = A1/3^(A1/3)M(A1/3)^-1(-tA1/3)7V(-tA1/3)0(^) = 
vA 

eP(0N/A(_£)l/4O(A-l/6) if _ ! < t < o 

e^O(X-^4) t = 0 

efvV/40(A-i/6) if 0 < * < 1 , 
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The leading terms in the display following (4.28) are found next . 

-A1/3At(A1/3)St'(-tA1/3) = 

-^(-t)1/A^,3e-pWVX{l + 0(A-X/2)} if - 1 < t < 0 

-^X^Bi'(0)e-^{l + O(^)} < = 0 

_ i < l / 4 A l / 3 e - | v ^ | c o s ( | t 3 / 2 ^ A _ ^ 4 ) + 0(j=)} if 0 < t < 1 

-X^3Bi(X^3)At{-tX^3) = 

±.(-ty/*\i/3ep(t)Vx{i + 0(A"1/2)} if - 1 < t < 0 

- ^ A 1 / 4 A i ' ( 0 ) e l ^ { l + O ( ^ ) } t = 0 

-^X^e^ismdt^y/X - TT/4) + O ( ^ ) } if 0 < t < 1 . 

Combining the last six displays we get 

dU. 
dt 

(t,X) = 

(4.29) 

(4.30) 

( - i ) 1 / 4 {l + 0(A"X/2)} cosh(p(t)y/X) 

*W\-WBt(0){ie-W + ^ e f ^ } { l + O ( ^ ) } 

t i / 4 { l e - l ^ c o s ( | t 3 / 2 y A - TT/4) - e l ^ s i n d f 3 / 2 ^ ! - TT/4)}{1 + 0 ( 4 - ) } if 0 < t < 1 

if - 1 < t < 0 

< = 0 

(4-31) 

where the error terms are uniform in t if t is in some compact set which excludes 

t = 0 . 

Theorem 4.15 Let U(t,X) be the solution of the initial value problem (4-1-5) 

Then for 0 < x , 

TT(r u *^Tl(X- rk(x))p\0) f2(x)(uk(x) - X) U{x,X) = ——[[ ^ [[ ^ , 
3k Jl 

where f(x) = JQ y/idt , p(v) = /" x y/^idt,the sequence {uk(x)} represents the posi­

tive eigenvalues and {rjt(x)} the negative eigenvalues of the Dirichlet problem asso­

ciated with (4-1) on [-1 ,x] . 
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Proof : By theorem 2.5 we have, 

, . m27r2 m-K2 _ . , . ., ^ 
rm{*) =—yr +-m + 0(1) l<m 

. . m2-K2 m-K2 , _ , „ . , ^ 
u^x) = 72V)~v2V) + 0{1) ^ m 

where f(x) = /0* y/idt, b = p(0) = 2/3 . Therefore by (4.10) and (4.27) we have 

TTf U n (A - rk(x))p2(0) f2(x)(uk(x) - X) 
U{x, X) = c3 [[ j2 11 ^ , 

Jk Jk 

= •xlk^{e^COS(\XZl2y/l ~ 7r/4)Kl + 0 ( ^ ) } ^ 
2 2 

By lemma 4.12 and 4.13 , on the circles |A| = sjf- we have 

oo 

J J ( A - rfc(x))p2(0) /2(x)K(x) - A) 

Jit .?* 

4J;(/(X)VA)J;(Z67A){1 + 0 ( ^ ) } 

It is known that([l] , §9.2.11 ) 

fu(z) = \ —{—R(v,z)sinX - S(u,z)cosX} (\o>rgz\ < -K) 
V ZTT 

where u is fixed and 

* = z - ( | + l/4)ir , 

~ k4u2 + 16k2-l (u,2k) 

HXu,z)~U-V 4„ ' - (4*- l ) ' { (2zj^ } 

( g - l ) ( g + 15) 
2(8z)2 + • " ' 

cr ^ V 7 n f e 4 ^ 2 + 4(2fc + l ) 2 - l (^2fc + l ) 
S ( ^ ) ~ E ( - 1 ) 4 l / 2 _ ( 4 f c + 1 ) 2 { ( 2 2 ) 2 f c + i > 

g + 3 ( g - l ) ( g - 9 ) ( g + 35) 

8z 3!(8z)3 +'" ' 
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as |z| —> oo , where a — Au2 . Now , after some lengthy but straightforward 

calculations we find , 

Ji(/(x)>/A)j;(.6>/A) = 2 / i n ( ^ ~ / U s i n ( / ( x ) ^ - ^ ) + 0 ( 4 = ) } • 1 V W ; 1V ; ^l/27r/1/2(a;)6l/2^A^ u v ; 4 y VVAy / 

Since 

sin(/(x)VA - ^)sin(«6VA - ^ ) = ^cos( / (x)VA - 7r/4){e6 y X +^ - e " 6 ^ - 2 ? } , 
4 4 2̂  

it follows that 

j ; ( / (x)xA)j ; ( .6VA) = T i 3 / ; ; i / 2 / 1 / 2 ' ( i ) V X { c o s ( / ( x ) ^ - , / 4 ) + 0(-/t)} 

whence for |A| = rL^- , 

•Kl3l2yJbf(x)X VA " 

= ^ ^ { e ^ c c s ^ x 3 / 2 ^ - TT/4)}(1 + 0 ( - ^ ) ) } A - oo 

by (4.27) . Consequently 

i3>2irfl2(x)b1/2,, „ , 1 ,, 
* = 4j /4eU4 d + 0(^)) 

= =f(l + 0(-L,) 
where the O-term may be made uniform in x for x G (0,1) . Since C3 depends only 

on x , by Hadamard's theorem , we may let A —»• 00 , and find 

-Ky/x 
C3 = —T~ 

Theorem 4.16 Let U(t,X) be the solution of the initial value problem (4-1-5) 

Then for x = 0 , 

P(o,A>=n^p, 
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where {Ajt(0)} is is the sequence of negative eigenvalues of the Dirichlet problem 

associated with (4-1) on [-1 ,0] . As before j k represents the sequence of positive 

zeros of the Bessel function of order 1/3 . 

Proof : From (4.8) and(4.26) , we have 

yJk 

= «{ei^e-fvx}{1 + 0 ( _ L ) } A _ 

By lemma 4.14 on the circles |A| = *"* we have 

rT4(A-A f c(0)) 
1 1 9i2 

From [1] , §9.2.1 , for fixed v and \z\ —> oo , the asymptotic form of Jv(z) is of the 

form 

Jv(z) = J—{cos(z - nv/2 - TT/4) + e ^ O ^ ) } (\argz\ < -K) . 
V 7TZ | z | 

Therefore 

JidibVX) = ^-^{cosizby/X - g ) + eb^O(^=)} . 

Since 

cos(zbVX- %-) = i { e ^ + W + e - ^ - W } , 

Jl/3(„VA) = e ^ w g = ( 1 + 0(^)) 
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Since Ai(0) = 32,3^2/3) , 

U(0,X) 
C2~u4_i^m 

whence 

or 

_ n^AijO)^^ (b?/2)1/3A1/6 {2i-Kb)1l2X1lA logn 
A5/i2 r(4/3) e ^ + W ( 1 + ( n " 

A/3T(l/3)r(2/3)V K n }) 

C2 = 1 + 0 ( ^ ) 
n 

on the circles |A| = ^ - , because T(l /3)r(2/3) = ^§ (See [1] , §6.1.17 ) . Using 

an argument simmilar to the one for c3 we find that c2 = 1 . 

Theorem 4.17 For - 1 < x < 0, 

f ( M > = 7 ^ n A - A ' ( x ) 
( - X ) V 4 Z 

where p(x) = fZ\ y/—idt and U(t,X) is a solution of the initial value problem (4-5) 

for the equation (4-1) and (Afc(x)} is the sequence of eigenvalues , for the Dirichlet 

problem associated with (4-1) on [-1 , XJ ,i-e-, 

y(-l,X) = 0 = y(x,X) 

here zm = -7^ , as usual . 
P\x) 

Proof: From (4.6) and (4.25) we have 

u{x<X) = ClIl^M 
zk 

-J—7r(l + 0(4T))sinh(p(x)V/A) A (-xyny/xr yy/x' 
0 0 
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where p(x) = /*a \/—idt . 

From lemma 4.11 , uniformly on the circles |A| = ^2?! * , we have 

jjX-Xkix) sm\i(p(x)y/X) , nA°&n 
11 z\ ~ P{X)VX {1 + °{ n }) 

whence on the circles |A| = ' " ^ g ' ' 

_ U(x,X) __ p(x) / y k g n 

zk 

As before we get 
p(x) 

c\ = (-x)1 /4" 

We will often use the abbreviated notation U = |^- . 

Theorem 4.18 Let U(t, X) be the solution of boundary value problem 

y" + (Xt - q)y = 0 - 1 < t < d 

where d is arbitrary but fixed and 

y ( - l ) = 0 = y(d) ^ ( ~ 1 ) = 1 -

Then 

U(d,X)U'(d,X)= [ tU2dt 

Proof : Differentiating the equation with respect to A yields 

tl" + tU + (Xt - q)U = 0 

Multiplying this equation by U , the original equation by U and taking the difference, 

we obtain 

U"U -UU" + tU2 = 0 , 
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hence 
rd 

J tU2dt = U(d,X)U'(d,X) 

since*7(-l,A) = 0by (4.6) . 

4.3 Some properties of the eigenfunctions in the 

classical case 

In this section we study some results in connection with the eigenfunctions cor­

responding to the eigenvalues in the classical case. Similar results with different 

methods have been obtained by Walter Pranger in [31] , for the equation 

U" + Xr(x)U = 0 on 0 < x < 1 (4.32) 

with the Dirichlet conditions 

U(0) = U(l) = 0 

where we assume , without loss of generality that 

where r(x) is a positive twice continuously differentiable function on ( 0 , 1 ) . The 

first lemma is classical . 

Lemma 4.19 Let U(t, X) solve the initial value problem 

y" + (Xt - q(t))y = 0 
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with initial condition 

U(-1,X) = 0 ^ ( _ i , A ) = l 

for - 1 < t < 0 . Then 

a) 

U(t, Xn(x)) = sin(p(<)w'-An(x)) + 0 ( — - ) An -+ -oo 
(-t)1/4\/-Ux) -A" 

— ( x , An(x)) = (-x)1 /4cosp(x)y /-An(x){l + 0(-j==)} Xn - -oo 

where p(x) is defined in (4-7) and Xn = Xn(x) is the sequence of eigenvalues of the 

Dirichlet problem (4-1) on [-1 , xj for x < 0 . 

Proof : Let U be the solution of equation (4.1) which satisfies the given initial 

condition . If the following transformation is made , i.e., 

rt 
£, = P(t) = j _ y/^dv, 

W = (-t)1/4U 

-X = UJ2 

then the equation assumes the normal form 

d2W 

di2 

where 

R(0 

+ (u2 - R(0)wa) = o 

5 q(t(0) 
i6*3(0 t(0 • 

It is clear that W satisfies the initial condition 
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By the basic estimates in {[35] , p.13} we have 

dW(j,u) ^ n (
l \ 

_ ^ _ = cos(£u;) + 0 ( - ) . 

Therefore , by applying the above transformation we get 

U(*>An(x)) = , „ , / / , , , sm(P(t)J-Xn(x)) + 0 ( 4 - ) Xn 

(-t)1/4\/-K(x) ~Xn 
—oo 

and 

dU 

J-XJx) 
— ( x , An(x)) = (-x)1 / 4 cosp(x)^-Xn(x) + 0( t =) Xn -* -oo 

Lemma 4.20 Let U(t,X) solve the initial value problem (4-1) with initial condition 

(4.5) for -1 <t<0. Then 

where p(x) is defined in (4-7) and Xn = Xn(x) is the sequence of eigenvalues of the 

Dirichlet problem (4-1) on [-1 , xj for x < 0 . 

Proof : From lemma 4.3 we have 

sinhp(x)\/X = p(x)y/X fj(l + - j ) 
zk 

where zk — -fe , k G N, and p(x) is defined in (4.7) . we have 

d smb.p(x)y/X _ P2(x) -rr n _ f L 
dX{ p(x)Sx ^ ^ • n V . i V 1 z\> 

whence 

na-%) = LJf-
fc^Tl 
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For fixed x , from theorem 4.17 we have 

^ , A ) = ^ n A - A " w 
z2 

n 
therefore 

Whence 

Since 

du(r \ x_ P3(X) rr A" ~ A*(x) dx^K)-(-xywJln z\ 
dU (x,Xn) _ p(x) JJ Xn - Afc(x) 
(-1)"+V(*) ~ (-x)!/4 I f zl - z2 

2n2„.2 V *J l<k,k?n *k *-n. 

X»-Xk=l + 0(T—i—) * ^ n 
z 2 - z 2 v | * 2 - n 2 l ' 

therefore by theorem 4.8 we get 

8U p3(x)(-ir+ 1
h ^logn., 

0A ( X ' A n ) = 2n2
7r2(-x)V4<1 + ° < — » 

Lemma 4.21 .For ,/ixe<f x < 0 let Xn(x) be the sequence of negative eigenvalues of 

the equation (4-1) for the Dirichlet problem on [-1 , x J where 0 < q(t) , so that 

U(x, An(x)) = 0. Then we have 

a) An(x) is twice continously differentiable and 

b) 

K{x)~ p*(x) {1 + 0 ( ^T ) } 

i- d . . . -2z f c lim — logAfe(x) = 

n —• oo 

fc-t-oo dx Zk 

c) The series 
v-* —XnXk(x) 

n*fl<* (Afc(X) ~ Xn(x))Xk(xy 

is uniformly convergent on any compact subset of (-1 , 0) , 

where zk(x) = z¥pi and p(x) = /f x yf^idt. 

n —> oo 
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Proof : a) It is known that for a non-negative continuous function q(x) , the 

eigenvalues of the Dirichlet problem for (4.1) on [— l,x] , are real and simple (see 

[14] , §10.61) , i.e., 

- ^ ( x , A n ( x ) ) ^ 0 

for each x G (—1,0) . It follows from the implicit function theorem that Xn(x,q) is 

C2 in x and 

\ ' (~\ — f ~dx~\X'A)} An(x) ~ -\dur„ uh=K(x)-
J\\X^A) 

From the lemmas 4.19 and 4.20 we have 

v' ,Ty _ 2(-x)1/2n27r2cos{p(x)y=A;} nA°&n^ „ _ , _ 
K{x) ~ P3(x)(-iy { 1 + 0 ( ~ ) } 

By inserting 
n-K ^,1 I ~~ n-K . . 1 . 

in the above formula we get 

, 2(-x)1/2n27r2cos{n7r + 0 ( ^ ) } M , ^ l o g n , , 
K(x) = P3(x)(-iy {1 + °(^T)} n —> oo. 

By the mean value theorem we have 

C O s O ( - ) = l + 0 ( ^ r ) 
n nl 

therefore 
, , , . 2(-x)1/2n27r2

 r , ^ . l o g n , . 

(b) From (a) and the distribution of J—Xn(x) we immediately obtain (b) . 

(c) By (a) and (b) the sequence 

Ajfc(*) 
Xk(x) 

is uniformly bounded on any compact subset of (-1 , 0 ) . Thus the above series is 

uniformly convergent by the M-test . 

d) From Theorem 4.18 , 

U(x,Xn)U'(x,Xn) = fX vU2dv 
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Substituting the asymptotic form of U(x, Xn) and U'(x,Xn) from theorem 4.20 and 

theorem 4.1 , respectively , and using the mean value theorem for cos(n7r + 0(1/n)) 

we finally obtain the result . 

4.4 Some properties of the eigenfunctions in the 

one turning point case 

The method of the previous section is applicable to the one turning point case . 

Lemma 4.22 Let U(t, X) solve the initial value problem (4-1) with initial condition 

(4.5) for - 1 < t < 1 . Then for fixed x > 0 , 

dU, x ( - l f - 1
v ^ / 5 / 2 (x ) ev^P( ° ) 

a l ^ = ^ ( o ) n ^ {1 + °{/n)} 

where p(0) = 2/3 and f(x)is defined in (4-9) and un = un(x) is the sequence of 

eigenvalues of the Dirichlet problem (4-1) on [-1 , x] for x > 0 . 

Proof : For fixed 0 < x , from theorem 4.15 we have 

dU
(x ) = -f2(x)iry/x -FT ("n ~ rk(x))p2(0) y, f2(x)(uk(x) - un) 

°A ®Jn Jk k?n,Kn Jk 

Now we estimate the two infinite products . By lemma 4.13 we can write 

K-^))P
2(0) = 2 J ; ( ^ p ( 0 ) ) ( 1 + 0(logn )} 

i<* Jk n 

as n —> oo . 

From lemma 4.5 we get 

4rJ[(cVx)\ P = =£• n (i-4) 
d^^ ">*>$ 1jlk*n\<k JV 
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Since 
llfc*n,l<n g /2(x)(ufc(x) - Un) 

Ilfc^n,l<fc(1 _ $0 *#n,l<* Jk~Jn 

from (4.3) and the form of the distribution of «*(#) , 1 < fc , we can write 

/ '(x)KW-u„) 1 ^ 
J 2 - J 2 \k2-n2\ 

Therefore by theorem 4.8 we get 

n /2(x)(uf)"") - ^jUwfrutt+off i} • 
Jt#n,l<n J*; C " A c* ™ 

Consequently , 

^ / \ 2f2(x)-Ky/x _,. .— . . . . d _». /T-.. . , ^v/logn.. 

— ( s , t i w ) = ' V
3c2 J1(ty/u^p(0))—J1(cVX)\x=£(l + O(^-)) 

The recurrence formula for Jn(x) is of the form (see [1] , §9.27) 

x fn(x) = -nJn + x J„_i 

J'o(x) = ~Ji(x) • 

Therefore , 

J'^cy/X) = ^=Ji(cVX) + J0(c\/X) . 
cy/X 

Thus , by using the recurrence formulae we find 

dX * - £ 2jn j \ 

The asymptotic form of J\(z) is 

Jx(z) = J—{cos(z - 3TT/4) + e\Imz\0(\z\-1)} (\argz\ < TT) 

V 7TZ 

as |z| -> oo . (see [1] , §9.2.1) 

By using the asymptotic form of Jx(z) , (see the proof of theorem 4.15 ) , and J\(z) 

we obtain 

^ " ^ " ' ' • ^ . ( o ) { 1 + 0(1 /" ) } 
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Ji(]n) = J^r{cos(]n - 3TT/4) + 0 ( l / n ) ) } 
VTJn 

whence , use of (4.3) gives , 

_ (-ir^f/2(x)e^r>(Q) logn 

3p1/2(0)n27r2 i + ^ n )] 

Theorem 4.23 Let U(t,X) be the solution of the Dirichlet problem (4-1) with vari­

able t on (-1 , x) , for fixed 0 < x . Assume further that U(t, X) satisfies the 

condition (4-5) . Then 

a) 

U(t,un(x)) = - M - { i e - * < - i / « M i > s m ( 7 r ( n _ i/4)z(*) - TT/4)+ 

e,r(n-l/4),(l) c o s(^-(n _ l/4)z(i) - 7T/4)}{1 + 0(l/n)} 

where z(t) is defined below , in (f) , 

b) 
dU 

c) 

d) 

e) the series 

^-(x, un(x)) = ( - l ) V / 4 e § V ^ ) { 1 + 0 ( l / n ) } , 

' , s -3n27r2 ., ^ / lognN 1 

^ = ^ ( x y { 1 + 0 ^ } ' 

iim i M = J- = zHAf) 
^ ° ° « n ( i ) x f(x) 

-unu'k E 
is uniformly convergent , 

f) 
fx „a , s , x3 /4 /5 /2(x)e3V^ f ^ l o g n x 1 
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where un(x) is a positive eigenvalue of the problem and 

1 ft 1 rt 
*(*) = rx / - . / \fidv = -j—r / y/vdv 

J0 y/vdv Jo f(x) Jo 

Proof : a) By inserting A = un(x) in (4.27) and simplifying we obtain 

9 T 3 / 2 1 

^«n(x)) = S^{r^{n~1/4) S'^t3/2x~3/2(n ~ V4) - TT/4)+ 

c«-»/»»(n-l/4) ^ ( ^ 3 / 2 ^ - 3 / 2 ^ _ ^ _ ^ ^ + Q(l/n)} 

Note that in the above long but straightforward calculation we use the following 

facts 

cosO(l/n) = l + 0 ( l / n 2 ) 

s inO(l /n) = 0(l/rc) 

for large n . 

By inserting z(t) in the preceding expression (a) follows . 

(b) This follows by putting A = un(x) in (4.31) . 

(c) Since 

therefore from lemma 4.20 and (b) the proof of (c) follows . 

(d) Follows from (c) and the distribution of un(x) . 

(e) Since ^ 4 4 is uniformly bounded on any compact subset of (—l,x) therefore the 

series is uniformly convergent . 

f) This follows from theorem 4.18 , 4.23 and 4.24(b) . 

dJl.(x,un(x)) 

%(x,un(x)) 

file:///fidv


Chapter 5 

Some remarks on the inverse 

spectral problem 

5.1 Introduction 

In physics , engineering and quantum mechanics it is necessary to build a 

mathematical model to represent certain problems , e.g.,the determination of the 

inter-atomic forces for given energy-levels . This leads to the following general prob­

lem : 

Given the spectrum of a second - order differential operator , to determine this op­

erator . 

This is known as the inverse Sturm-Liouville problem , in one dimension . It may be 

pointed out that the inverse problem may not be properly formulated . Marchenko 

in [22] has shown that the problem can only have a solution if the spectral distri­

bution function cr(X) of the operator is given . The spectral distribution function is 

82 
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defined in term of of the normalization constants of the eigenfunctions. 

Levitan and Gasymov in [20] gave a new account of the solution of the inverse 

problem in terms of the spectral function in the case of a classical Sturm-Liouville 

operator. In fact, the work of Levitan and Gasymov provides the following theorem 

Theorem 

If a non-decreasing function o~(X) , defined for real X , satisfies the following condi­

tions : 

For arbitrary real x the integral 

f° ex\^da(X) 
J—oo 

exists 

Let 

T(X) = 
a(X)-*VX forX>0 

a(X) for A < 0. 

Then , for all x in the interval 0 < x < oo , the integral 

f°° cosxyA 
j ; dr(X) 

X 

exists , and the function 

f°° cosxyA 
a(x) = Jx 

X 
dr(X) 

has continuous derivatives up to and including the fourth order for 0 < x < oo . 

Furthermore , if the set of points at which o~(X) increases has at least one finite limit 

point, then there exists just one differential operator of the second - order , defined 

by a differential expression 

Kv) = -y" + i(x)y o < x < oo, 
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with a continuous coefficient q(x) , and by a boundary condition of the form 

y'(0) - Sy(0) = 0 

which has o~(X) as its spectral distribution function . The function q(x) and the 

number 8 are related by the formula 

. . 1 dk(x.x) . , . . 
q{x) = 2 d x ^ ^ = fc(0,0), 

where k(x,y) is a solution of the integral equation 

f(x,y)+ f(s,y)k(x,s)ds + k(x,y) = 0 
Jo 

In the above integral equation , f(x,y) is of the form 

d2F 
f^V)=dxTy 

where 
f°° sinxy/Asinyv/A 

F(x,y) = J dr(X) 

For more details see [25]. 

The inverse problem for the canonical case of a two - term Sturm Liouville operator 

on a finite interval is completely solved in [35] . In [35] the authors introduced the 

Dirichlet spectrum associated with the function q in L2 and derived some of its 

properties . They found that the Dirichlet eigenvalues un, 1 < n form a strictly 

increasing sequence of real numbers satisfying 

un = n2-K2 + c + l2(n) 

where c = /„ q(t)dt , and l2(n) denotes a sequence an for which X) lan|2 < °° . They 

presented these questions : ([35] ,p.49) 

1) Do these conditions actually characterize all possible Dirichlet spectra ? For in­

stance , the sequence n27r2,1 < n, is the Dirichlet spectrum for q — 0 . Suppose the 
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first eigenvalue -K2 is replaced by any number vx below the second eigenvalue 47r2 

Is the modified sequence still the Dirichlet spectrum of some q in L2 ? Perhaps Vi 

has to be chosen in a special way? 

2)To what extent is a point q in L2 determined by its Dirichlet spectrum? For 

instance , are there any functions q in L2 besides q = 0 with Dirichlet eigenvalues 

un = n2-K2,1 < n ? More ambitiously , what does the isospectral set 

M(p) = {qeL2 : un(q) = un(p), 1 < n} 

of all functions q with the same Dirichlet spectrum as p look like ? 

These questions are completely answered in [35] . 

Belishev in [3] considered the homogonous boundary value problem 

y" + Xp(x)y = 0, x € [0, /], (/ < oo) (I) 

with the conditions y'(0) = y(l) = 0 . The density p(x) is real - valued p(x) G la(0, /) 

, p(x) ^ 0 almost everywhere on (0, /) .Let a = {Xj}^ be the negative and positive 

eigenvalues of the problem I and {Qj(x)}'^00be the corresponding eigenfunctions 

which are normalized by the condition Qj(0) = 1 for all j . In [3] it is shown that 

the function p(x) can be reconstructed from the spectrum a and a knowledge of 

«= {";}-«, w h e r e "; = fo[Q]{x)fdx . 

In [31] Pranger considered differential equation (I) in which p(x) is a positive 

twice continuously differentiable function on [0,1] . In this article he studied the 

recovery of the function p(x) from a knowledge of the eigenvalues . 

This chapter is devoted to adapting Pranger's method to the one turning point 
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case.In section 5.2 , we derive the dual equation and in section 5.3 the recovery 

of the potential function from the eigenvalues is studied . In fact , the function 

0 < q(x) is explicitly recovered by means of certain traces and their derivatives (see 

theorem 5.5 below) . 

5.2 The dual equation 

We recall that in chapter 4 , for fixed x € ( — 1,0) and 0 < q(t) , the eigenvalues 

of the Dirichlet problem for the equation 

y" + (At - q(t))y = 0 (5.1) 

on [—1, x] are denoted by An(x), 1 < n . For fixed x 6 (0,1), the positive eigenvalues 

of the same problem are denoted by un(x), 1 < n, while the negative eigenvalues 

by r n (x ) , l < n . By the implicit function theorem An(x),tzn(x) and rn(x) are 

twice continuously differentiable functions [chapter 4 , §.4.2] . Let U(t, X) solve the 

equation (5.1) with initial conditions 

U(-l, X) = 0 ^ ( _ i , A ) = l. 

For x < 0 , the condition 

gives , as usual , 

U(x,Xn(x)) = 0 

and differentiating again 

d2V „d2U ., d2U ,.,.2 dU 
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The first term in (5.3) is zero at (x, An(x)) by virtue of (5.1) . Thus 

nd
2U ., , d2U , . , , 2 dU .„ n 

2^A-A" + ^ - ^ + a A - A " = ° &*> 

Similarly for , 0 < x , the conditions 

U(x,un(x)) = 0 

U(x,rn(x)) = 0 

give the equations 

0 d2U , d2U . , . 2 dU ,, n 
2dxlXM» + WM + dxM*= ° 
„ d2U , d2U , ,N2 dU „ n / K K X 
2^-r* + W<r*)+d\'r*=s0 (5'5) 

If we make use of the infinite product form of U(x, X) , substitute this in (5.4), in 

the case x < 0 ( and in (5.5) for x > 0 ) we will obtain the dual of the equation 

(5.1) . Indeed we need the various derivatives of U(x, X) at the points (x, An(x)) for 

x < 0 and at the points (x,un(x)) and (x,r„(x)) for x > 0 . 

Now , we first calculate the various derivatives of U(x, X) for x < 0 . In this case, 

from (4.6), we can write 

* < * • * > = ' l i d - j £ ) > (5.6) 

where c is only a function of x. In fact, by using theorem 4.17 one can determine 

c(x) . From 4.6 and theorem 4.17 , 

^ = i=xyFssc^-xT 
where zk = -4^ and p(x) = /fx yf^idt . Therefore 

W = 7T^7Jn4t- (") °~--( -*)! /< i i , 
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We calculate | j , | ^ and j y ^ at the points (x, An(x)) by using (5.6) . In forming 

0^ from (4.6) , the interchange of summation and differentiation in 

£^log(1-A^)) 

wul be valid if the differentiated series 

y^ —AnAfc(x) 

kTn (A*(X) ~ Xn)Xk(x) 

is uniformly convergent . According to lemma 4.21 (c) the above series is uniformly 

convergent . We define Fn by 

F n = F n (x ,A n (x))= TJ ( i - T T ^ ) - (5-8) 

Since 

we have 

dU= f^_zL n n
 A v 

d- ckw*)J}<k A*(*r 

dU -cFn 

ix,Xn) = dXy""nJ An(x)' 

5A2(x 'A"(x))-An(x) t^ tA,(1 A.W ' 

d2U _ -c'(x)Fn c(x)X'nFn ^ A| An(x) t 

dxdx~ xn(x) + xi *x)*nJz«\r HXY 
c(x)FnX'n y 1 An(x) ! 

A " i * n , l < i A« A «' ( : r ) 

Placing these terms into (5.4) we obtain 

Al + ̂ + 2 A X £ £ ( i - £ & ) - ' - 2 & £ = 0. (5.9) 

Dividing the above equation by Â  and integrating from a fixed number a ^ - 1 up 

to x , we obtain 
, X2

n(x)X'n(a)c2(a) 2Sn(x^ 
KKX}~ X2

n(a)c2(x) ^ - 1 U j 
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where 

Sn(x, Xn) = £ f ^ ( A , - - Xn)~
l (5.11) 

and c(x) is determined in (5.7) . 

Similarly , for the case x > 0 from (4.10) and theorem 4.15 , we have 

% A ) - w n ( i - ^ ) n d - ^ ) («2) 
with 

n(~\ n ^ TT f2(x)Mx) TT P2(0)rfc(x) a(x) = —^-[[ ~2 11 ~2 (5-1 3) 
6 Jk Jk 

where f(x) = f0
x y/idt,p2(0) = 2/3 and j k , k = 1 ,2 , ... are the positive zeros of 

J[(z) . 

As before , we calculate the various derivatives of U(x, X) and evaluate these at the 

fixed points (x, un(x)) . Since , by theorem 4.23(e), the series 

y^ -unUk(x) 

qtn (Uk(X) ~ Un)Uk(x) 

is uniformly convergent we obtain J^Jj from (5.12) in terms of un and rn . 

Suppose 

Gn(x,x)= n a - J y 
k?n,Kk ak\^) 

Then , 

so that 

Gn = Gn(x,un(x))= n (1-^44) (5-14) 
k^n,Kk uk(,X) 

Hn = Hn(x,un(x)) = [1(1 " ^ ) (5-15) 
Kfc r H x ) 

k^i,Kk <k\J<) ' i 
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We have 
dU -aHnGn 
dX{X'Un)- un(x) 

d2U 2aHnGn ^ 1 2aHnGn „ 
-(x,un(x)) = L „ / ^ ., ,„,+ ., / ^ L dA2 «n(a0 !<, r,(x) - u„(x) un(x) 1^jtn ut(x) - un(x) 

d A d x ^ ' " " 1 * " ~ un(x) + u 2 

un !<t r,(x) - un(x) x<t r, 

-a(x)tfnGn £ ^ ( U t ( x ) - ^ ( x ) ) - 1 - <S)H«G»< Y: 
l<,,,#n U« «» l<M#n U »( X ) ~ U » ( X ) 

Placing these terms into (5.5) we obtain 

' ^2 
u'n +

 2^+2unu'n{ £ \ul(x)-un(x))-l + Y-(rt(x)-un(x)r1}-2^ = 0. 
a »*n,l<.U« Ktr* Un 

(5.17) 

Similarly for negative eigenvalue rn(x) we get 

r': + 2 ^ + 2rnr'n{ £ ^( r , (x) - ^ ( x ) ) " 1 + £ ^ ( u l ( x ) - r n ( x ) ) " 1 } - 2 ^ £ = 0. 
a t?n,Ki V% K% U» r « 

(5.18) 

Dividing the equation (5.17) by un , the equation (5.18) by rn and integrating from 

x up to 1 , we obtain 

U^X)~ u2
n(l)a

2(x) 

' (r\ - r n ( a : K ( 1 ) a 2 ( 1 ) 2Tnix.rn.un) ,e .Q^ 
r^X)~ r2

n(l)a
2(x) ( 5 > 1 9 J 

where 

Tn(x, un, rB) = £ / ' ̂ ( u , - u . ) - 1 ^ + E T — ( r . - t i n ) " 1 ^ , (5.20) 
t±nJ* ut ^Jx r, 

a(x) is determined in (5.13), and the variables in the integrand in (5.20) are dropped 

for brevity . 
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The system of equations (5.10) and (5.19) is dual to the original equation (5.1) and 

involves only the functions An(x) , u„(x) and rn(x) . 

5.3 The Inverse problem 

We now proceed with the solution of the inverse problem . We first study the 

relation between the eigenvalues and the potential function . 

Theorem 5.1 Let An(x) be the eigenvalues of the Dirichlet problem (5.1) on 

[—l,x], for fixed x < 0 . Then 

a) 

^) = ^x^rLw)Lvc2^dt (5-21) 
b) 

9(X) = (^P" ) 2 + (£27P" )' X<° (5-22) 

where c(x) is determined in (5.7) . 

Proof: For fixed x < 0 , if U(x,X) in (5.6) is differentiated logarithmically , then 

oo oo \m r) °° 1 oo oo 

-^iogc/(x,A) = £ - ^ - = £ £ &A k=l Ak - A k=l m=0 AT 

provided that |A| < |Ai| . The last series is absolutely convergent because 

thus we can interchange the order of summation . Put 

OO 1 

L~i \m+l = am+\ 
fc=l Ak 
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and inter-change the order of summation . Then 

Q OO 

-^-!7(x,A) = [/(x,A)X>m+1A"\ 
m=0 

Replace U(x, X) on each side by 

U(x, X) = a0(x) + ai(x)A + a2(x)X2 + ... (5.23) 

Multiply out the product on the right , and equate coefficients of the various powers 

of A in the identity ; we thus obtain the system of equations 

—ax(x) = a0(x)ai (5.24) 

-2a 2 (x) = a0(x)a2 + ai(x)ai 

-nan(x) = a0(x)<7n + ax(x)an-\ + ... + an_i(x)ax . 

From (5.6) and (5.23) we have 

U(x,0) = c(x) = a0(x). 

Using the expansion of?7(x,A) in (5.1) we get 

aQ' + Xa-L + ... + (Ax - q(x))(a0 + axX + ...) = 0. 

Consequently , by equating coefficients of the various powers of A we obtain 

a0 — qa0 = 0 

a1 + xa0 — axq(x) = 0 (5.25) 

a2 + xai — a2q(x) = 0 
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Placing (5.24) in (5.25) and using a0' = qa0 we get 

a^ox + 2a0a0cr1 — xa2, = 0 (5.26) 

or 
/ 2 ' \ 2 

— (aQax) = xa0. 

Integrating this over [—l,x], noting that a,( —1) = 0,we see that , after another 

integration and use of the fact that a\(—1) — 0 and a0 = c , that there holds (5.21). 

b) From (5.26) we write 

Consequently 

whence 

ax + 2—al - x = 0. 

q{x) = ^ = (S> ) 2 + (£L^Ly 

// // 

. x — a, . , .x — cr, ., 

Applying arguments similar to those above , we deduce the following theorem : 

Theorem 5.2 Let the sequence un(x) represent the positive eigenvalues and rn(x) 

the negative eigenvalues of the Dirichlet problem (5.1) on [-1 , x ] for fixed 0 < x. 

Then 

a) 
oo 1 1 r\ 1 rt 

Ai («) - D ^ + ^ ) ] = Aid) - L - ^ 1 - ' < " ) * * (5-27) 

b) 

^ ) = ( ^ ) 2 + ( ^ ) ' - > 0 (5.28) 

where a(x) is determined in (5.13). 
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In the proof of theorem 5.2 , we follow a procedure similar to that of the 

proof of theorem 5.1 to find 
d(a2Ai) o 

-4r=xa (5-29) 
where a(x) is defined in (5.13) and Ai = J2[z~ + j~] • Since ]imx_>0a(x) = 0 , we 

obtain 

a2 f\x (x) = / va2(v)dv. 
Jo 

Consequently , 

where 

M») = A , ( l ) - j f * ^ £«•»(.)*, 

A. (1) = Elziu + 77^1 (s-3°) 

We see that if ax in (5.21) , and Ai in (5.27) is known , the formula (5.22) and 

(5.28) defines the function q(x) . So the main problem is to determine the functions 

un(x) , rn(x) and An(x) . 

Lemma 5.3 Let (un(x)),(rn(x)) be a sequence of twice continuously differentiable 

functions on (0 , 1] such that for each x > 0 , 

a) 

0 < ui(x) < u2(x) < ..., 

b) 
i • r 12WK — 3-K . 

VU"(X) = 8x3/2 + ° ( 1 / n ) 

c) 

un(x) < 0 for each n and each x in (0 , 1] and 
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d) 

f) 

9) 

i . . 27n27r2
 r , ^ J o g n , , 

U " ( x ) = - 4 x ^ { 1 + 0 ( ^ - ) } 

un(x) = 0(n2) 

... < r3(x) < r2(x) < rx(x) < 0 

I 7— 12n7r - 3-K 
yj-rn(x) = + 0(l/n) 

rn(x) < 0 for each n and each x in (0,1] , futhermore r'n(x) = 0(n) 

h) 

r'n(x) = 0(n) 

i) 

The function a(x) defined in (5. IS) is twice continuously differentiable 

Let 

u(*,x) = a w n o - ^ n a - ^ ) 
T N / ? n (A - r t(i))p»(0) - f(x)(u„(x) - A) 

— n — T i — n — 7 l — , « > o 
where jk is the sequence of positive zeros of J[(z) . Then 

1) U(x, A) G O2[0,1] for each X in the complex plane . 

2) U, |^r and §Jf are entire functions of X , for each x . 
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Proof : We establish first that U , Gn(x, X) = UkM1 ~ ^ ) > T «( x ' A) = 11*^(1 ~ 

—T̂ y), — Q ~ - and —n£*''' are uniformly bounded on A x B where A is a compact 

subset of (0,1] and B is a compact subset of the complex plane . From the inequality 

, l + u < e t ' , u > 0 , w e can write 

\U(x,X)\ < K x ) ^ 1 ^ ^ 

6 

hence U is uniformly bounded on A x B . 

The convergence of (1 — ^-) to 1 uniformly on A x B means that given 8 > 0 

sufficiently small we have o n A x B , 0 < 6 < |1 —— | for all but a finite number of 

n . Since 

, 1 1 _ l I I ( ^ ) - ) | < e ^ 1 ^ - 1 1 

< e E iiAi-|r tirE°(^) 

it follows that , 

| w i * î yipii n(^i)iid - £ n < î yiif i«-*«EO(*' 
for all but finitely many n . Taking into account finitely many terms and using the 

fact that U is uniformly bounded we see that Gn(x, X) is also uniformly bounded 

on Ax B. Similarly one can prove that Tn(x,A) is uniformly bounded on Ax B. 

Consider the series 

E ^ n (I-A )=J:^(I-A)-.G. (X,A). 

We show that this series converges uniformly on Ax B i t then follows that , since this 

is the series obtained by formally differentiating the infinite product representation 

of G„(x, A) ,dGnQ*'X^ exists and is given by the last display , i.e., 

<9Gn(x, A) ^ Xu'j -pr ( _ X_. 

dx ~ h* u2 . W Uk 
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A similar argument shows that 9Tn£*'X' exists and is given by 

dTn(x,A) v A r t : A, 

dx ~ 4? r2 ^ L n 
i i 

on Ax B . Since ^j- = 0(j$) and ^ = O(p-) by hypothesis ,we see that by means of 

a previous inequality for |Gn(x,A)|, the series is uniformly convergent and we can 

also bound dGn^'X^ and dTn£*^ uniformly on A x B . Consider the expression 

•'(•) nd-^nc- i i t««)£$*( , ,* )no - ^>+ 
A A?/' 

«(x) n ( l - r 7 3 ) E T T G t ( x , A ) 

It follows from the above analysis that each series herein converges uniformly on 

A x B . It then follows that , since this expression is the expression obtained by 

formally differentiating the infinite product representation of U(x, X) , | j exists and 

is given by the last display , i.e., 

f - .'wna-^ind-^i^^f^Aind-^) 
+ ^na-^zf^x.A) 

A similar argument shows that | J f exists on A x B and is given by 

§£=«"wno - ̂ ) n o - ̂ >+2. '( ,)E$T ( ( , ,A)II(I - ^ , ) 

rt r? rj dx 1 1 Uk(x)' 

+«(X)A 11(1 - — ) £ [ ( ^ " —)<?, (* , A) + ^ — ^ — ] + 

2« OO 11(1 - - f - ) £ ^ G , ( x , A) + 2a(x) £ ^ T , ( x , A) £ ^ ( x , A) (5.31) 

The only terms which essentially warrant an additional explanation in (5.31) are 

the third and fourth terms (series) . By assumptions (f) , (g) , (h) and the uniform 



5. Some remarks on the inverse spectral problem 98 

boundedness of Ti and -^ , it follows that the third series converges uniformly on 

Ax B . A similar argument applies to the fourth term except that we now use (b), 

(c) , (d) etc . 

Note that each one of the terms U , | ^ , | Jf are entire functions of A , for each 

x , as each one of the terms in their representation is analytic for A in a compact 

subset of complex plane ,being the uniformly convergent limit of entire functions . 

Similarly we can prove 

Lemma 5.4 Let An(x) be a sequence of twice continuously differentiable functions 

such that for each x < 0 , 

a) 

b) 

c) 

0 > Xi(x) > X2(x) > X3(x) > ..., 

J-Xn(x) = ̂ - + 0(l/n) 
v P\x) 

X'n(x) > 0 for each n and each x in [—1,0) and 

2 2 '/ 
"* n ^ 1 r , - . • l ^ f t ' * \ •> 

n —• oo A; (X)=^)HO(^)) 
p°[x) n 

d) 

AB(x) = 0(n2) 

e) the function c(x) defined in (5.7) is twice continuously differentiable function and 

c'(-l) = 1 • 
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Let 

U(x,X) = c(x)U(l--±-) x<0 
Ak{X) 

_ P(x) TT A ~ X k ^ 

(-x)V* ^ z2 

where p(x) = /fj y/^idt and zk = -7^ . Then 
p(x) 

1) U(x,X) G C2[—1,0) /or eac/i A in the complex plane . 
2) U, -Q^ and -^ are entire functions of X , for each x . 
3) We have , 

d2U », NTT/-, A ^ 

— = c(x)U(l-T)+ 

2c'(x) Y ^Fk(x, X) + c(x)X £ [ ( | - 2 ^ ) F f c ( x , A) + | ^ ^ ] 

where 

These equalities hold for x in a compact subset of [-1 , 0) and X in a compact subset 

of the complex plane . 

4) U(-l, A) = 0 , g ( - l , A) = 1 and U(x, 0) = c(x) . 

Let the functions un(x) , rn(x) and An(x) with special properties be given . We 

want to find out whether a second order differential equation exists in the interval 

[-1 , 1] whose eigenvalues for the Dirichlet problem coincide with un(x) , rn(x) and 

An(x) , and if it does exist we want to determine that equation . 

Theorem 5.5 Suppose the solution of the differential equation (5.17) and (5.18) 

on (0 , 1 ] with initial conditions (un(l)),(rn(l)),(un(l)) and (rn(l)) exists and is 
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given by (un(x)),(rn(x)) . Furthermore , assume that the solution of the differential 

equation (5.9) on [-1 , 0) exists , is given by Xn(x),and is such that lmx^o- An(x) = 

Hma._fo+ rn(x) and l i m ^ o - X'n(x) = limI_+0+ r'n(x) . Then 

1) If (un(x)),(rn(x)) satisfies (a) through (i) of lemma 5.3 , then there are functions 

U(x,X) , q(x) satisfying (5.1) on (0 , 1], and q(x) is continuous everywhere except 

possibly at x = 0 . 

2) If(Xn(x)) satisfies (a) through (e) of lemma 5.4 , then there are functions U(x,X), 

q(x) satisfying (5.1) on f-1 , 0) ,(see(l)) . 

3) If 

,x — c. . x — a-i 
J & K ^ ' + ̂ ' l - J f e K ^ ' + ^ ' i 

then q(x) is continuous at x = 0 

4) If /' is an increasing function on (0 , 1] , then 0 < q(x) on (0 , 1] . Similarly, 
2A 

*/ ",x is an increasing function on f-1 , 0) , then 0 < q(x) on [-1 , 0) where 
2<7 

OO 1 

k=1 Xn(x) 

°° 1 1 Al = StM+ ^R]' 
Proof : For 0 < x < 1 let un(x) and rn(x) be the solution of the differential 

equation (5.17) and (5.18) with given initial conditions (u n ( l ) , r n ( l ) ) , (un(l),rn(l)). 

For 0 < x < 1 let An(x) be the solution of the differential equation (5.9) with initial 

condition A^(0) = Xvoa.x^,Qr'n(x) a n <i ^n(O) = \imx^0rn(x) . We define 

a(x)n(i-^j)n(i-^)) foro<x<i 
11(1 -jfa) for x = 0 

U(x, X) = c(x) n ( l - x^y) for - 1 < x < 0 

U(x,X)= < 

q(x) 
C-^f + Ci^y forO<x<l 

C-^)2 + C-rf)' for-l<x<0 
(5.32) 

2(7, 
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and at x = 0 , 

where 

X 0~~\ . n / X 0~-t . / ^ W ^ f ) 2 * ^ ) 
OO -1 

k=l An(x) 

1 _ 

^ l u n ( x ) rn(x) 

c (x) x — a 

OO 1 1 

c(x) 2 ^ 

a'(x) x — Aj 

- 1 < x < 0 (5.33) 

x > 0. 
a(x) 2A^ 

We prove that if (un(x),rn(x)) satisfies (a) through (i) of lemma 5.3 , and An(x) 

(a) through (e) of lemma 5.4 , then U satisfies (5.1) . By lemma 5.4 , we see that 

U( — 1,A) = 0 ,f^( — 1,A) = 1 . Let us consider first the case 0 < x < 1 . Since 

U(x,un(x)) = 0, U(x,rn(x)) = 0 , equations similar to (5.3) hold : 

d2U n d2U , d2U . , ,2 dU „ n 

^ + 20xaA-U" + ^ - K ) + 3 A ^ = ° 

^L + 2^ILr'+^Lir')2 + du „ 
dx2 dxdx n dx2'K n) ^ dx'n 

But equations (5.17) and (5.18) yield the equations (5.5) where U(x,X) has the 

above representation .Therefore |4f has un(x) and rn(x) as zeros . Since |4£ is 

entire and vanishes at each un(x) , rn(x) it follows that Y[(l — -^h;)Tl(l — ^^y ) 

must divide |^f • Whence there is an entire function Q(x, X) such that 

f£=Q(z,A)C7. 

We show that 

Q(x, X) = q(x) — Ax. 
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Multiplying (5.17) with n = i, by ut
 2(1 - ^-)_1 and taking summation we get 

-^J(I-^)-E^-« . ) -*-2ES(I-^I:^-^. 
Similarly from (5.18) we have 

B 4 - 2^)(i - -r1 = - 2 4 T E 4(i - -r1 

^xr2 r3 /v r / a(x)^r t
2V r / 

"2 E £(1 - V 1 E (̂r, " r,)"1 - 2 E (̂1 - V £ ^K " r,)"1-
From the above display and the second derivative of U as given in (5.31) we get, 

after some simplifications , for 0 < x < 1 , 

d2U a"(x) O\TT\^UWI ^ - i r " i ( \-i 

-2xu E J(i - £r' £ i(r, -«.)-'+2AV E i ( 1 - A,-. E i ( 1 _ A,-. 

2 W ^ r . ( i _ A r i s i ( r _ r - ) - i -2APE7(1 - r)"12%•(.»,-'••r1 

r, r, |JJ r, " r, r, s «, 

a(„A) = ^ - 2 A E ^ - A ) - . g ^ _ u , r 

- 2 A E J O - ^ ) - I : ^ - U , ) - ' + 2 ^ I : ^ I - ^ L ^ I - ^ 

-2Ai:^P-7)-,E^(r,-r.)-,-2AE?(l-r)-,E>, ~^-
r% rt %^3 r} rt it 3 u,j 

Let us expand Q(x, X) into a power series about A = 0 . Since 

a" (x) 
Q(x,0) = 

a(x) 
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and 

f[<x.o) = -2 £ i E >,-«.)--* E^EJ^-".)-

Therefore 

Q(x,A) = ̂  + A ^ ( x , 0 ) + ^(x,A) 
a{x) o\ 

where g(x, X) is some entire function . By definition of q(x) in (5.32), and a(x) in 

(5.33) we have 
q"(x) 
a{x) 

and 
2a i a , _ „,. 

x = — Ax + Ax . (5.34) 
a 

Now , dividing (5.17) by u2 , and (5.18) by r2 , taking the sum from the result and 

using the definition of Ai we obtain , 

-A; = v^-^^K-u.r'-z^E^-".)-1 

a ut %+j Uj u, 3 r3 

-2 E^E^-^)- 1 -2E^E^K-r,r 1 . 

Therefore , from (5.34) and the expresion for ^ ( x , 0 ) , we get 

f(,.0)—,. 
Consequently , 

U" + (Ax - q(x) - g(x, X))U = 0 

Since the solution of U + (Ax — q(x))U = 0 and the previous equation can be 

represented by the same form of infinite products , (see theorem 4.15) , therefore 

g(x,X) = 0. 
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One can prove the corresponding results when x < 0 in a similar way . The proof 

of (3) and (4) follows directly from (5.32) . 

We see that the differential equations (5.10) and (5.19) for the eigenvalues pro­

vide a solution to the inverse problem in the one turning point case . In the classical 

case there are some examples which provide easy formulas for the An(x) . 

For instance , let us consider the Dirichlet problem for 

y" + (Xt - q(t))y = 0 (5.35) 

on [—1, x] ,for fixed x < 0 , where 

5 t 
q{t) = 16^ " 4" 

The two linearly independent solutions of (5.35) are of the form 

y(t) = (_t)-l/4
eK-<)3/2(l-2<<) - l < t < 0 

where d = \±Jx + 1/4 . The solution of (5.35) which satisfies the initial conditions 

U(-1,X) = 0 ^ ( - 1 , A ) = 1 

is 

U(t, X) = ( , *) smhp(t)Jx + 1/4 t < 0, (5.36) 

\A + l/4 
with p(x) = /fi y/—vdv . The eigenvalues of this problem are 

2 2 
n-K A-(x) = - V T - liA x< °- (5-37) 

p2(x) 
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In order to write the solution of (5.35) in infinite product form , we obtain the 

function c(x) in (5.7) . We have 

(-*Wii ikv1' 
From the infinite product form of sinh z , (see [1] , §4.5.68) , we have 

2 2 ^ 4k2-K2j 

Therefore 

c(x) = 2 ( - x ) - a / 4 s i n h ^ . 

Consequently, 

U(x,X) = 2(-x)-^smh^fY[(l - ^ ) (5.38) 

where An(x) is defined in (5.37) .The infinite product form of (5.35) can also be 

obtained directly from (5.36) by using Hadamard's factorization theorem . We also 

see that 

5 x q{x) = ip-4 
c (x) = -^f x<0 
c(x) 

in agreement with our results . 
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