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Preface

In this thesis. we will study almost periodic differential cquations. The motivation
to study such a subject is mainly due to its wide applications. We will focus our
attention on the topics of boundedness, almost periodicity, disconjugacy and the
non-existence of periodic solutions for the n-body problem. Our main investigation
in chapter 1 deals with Bohr almost periodic differential equations. In chapter
2, we will study Stepanov almost periodic differential equations, which is & wider
class than Bolir's class and we will give a gencral Floquet theorem in some special
cases. We devote our effort in the last chapter to the special n-hody problem-if the
configuration remains similar throughout the motion and show scme applications

of oscillation theory of differential equations to the n-hody problem.
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Chapter 1

Bohr Almost Periodic Second
Order Equations

1.1 Introduction
The study of the solutions of equations of the form
() +a(t)xr(t) =0 (1.1)

where a{t) is an almost periodic function and ¢ varies over the whole real line is of
widespread importance in various branches of pure and applied mathematics. For
example. when «(t) is a real periodic function, i.c. when the equation (1.1) is a Hill
equation. there arc lots of beautiful results due to the powerful Floquet theory, see,
for example. the book by W. Magnus and S. Winkler[22]. Also, there is a complete
study[23] of a special Hill cquation-the Mathicu equation. in terms of stability and
instability regions of this equation, when a(t) = —a + Scos2t, and here a, 3 are real

paraanceters,

An almost periodic function is a natural generalization of a periodic function.
The first such successful study is due to H. Bohr{l]. He expanded the concept of a

periodic function into a wider class of functions in his definition of almost periodic



functions by requiring that f(#) be continuous and that the set
T(f.s)={r [ft+r)=fN)<s. for all teR}

be relatively densc in R [8.p7] for each ¢ > 0. Such an f(#) is called abmost periodic

(a.p. for brevity) in the sense of Bohr or Bohr almost periodic functions. Such a

class of functions, of course. contains periodic functions, but it also contains many
non-periodic functions. For example, cosr + cos\/2r is not periodic. since the only
root of the equation cosr + cosv/2r = 2 is r = 0, but it can be shown that it is an
almost periodic function in the sense of Bohr. As we have just scen, the set of all
periodic functions is not closed under summation and multiplication, but the set of
all almost periodic functions is a ring under these two operations[S.p6]. If f(#) is
almost periodic, and inf |f(#)] > 0. then 1/f(1) and /[f(#)| are almost periodic as
well. Furthermore, if F{ir} is uniformly continuous on the range of f(¢) to R. then
F(f(#)) is also an almost periodic function. Also, if f,(#). » = 1.2,.. . is asequence
of almost periodic functions and

fult) — f(1)
uniformly on the real line. then f(#) is an almost periodic function as well.
1t is well known that a Bohr almost periodic function f(#) is hounded. wiformly

continuwous, and that [ f(s)ds is almost periodic if and only if it is hounded while

F'(#) is almost periodic if and only if it is uniformly continuous. Furthermore, for
any A € R,

m(f.3) = Jim % j T H(s)em s
cxists ﬁnifonnly for all r € R and is independent of , [8.p.30]. We call
1 T
M(f) =m(f,0) = Jim = f Fs)ds
the mean value of an almost periodic function f(1).

It is known that
m(f,A) =0

{3V



forall A€ R except for a countable set A = {}, },en- [S. p-34]. Note that the Bessel

inequality
.
Z {m(f. ,\,~)[2 < M)
i=1
KeN and M €A

along with Pamseval’s equality
[wu)
Sha(f AP =M NeEA
=1
hold for the Fourier representations of such a function and
m -
o m(f M )e™ = (1)
k=1
sce [S. ppl — 55]. The uniqueness theorem is true here. i.c.. if f(t) isa nouncgative

almost periodic function and the mean value of f. Af(f} = 0. then f = 0.

The st A is called the sct of exponents of f(#) on R and denoted by curp f)
The module of f(#). mod(f). is the smallest additive group of real numbers that

contains erp( f). the exponents of f.

If f(#). g(t) arc both almost periodic functions. then the following are equivalent
(see [S. p.61}):

a. mod( f) contains mod(g);

b. for every ¢ > 0. there is a § > 0 such that T(g.2) contains T(f.d):

c. lim,— f(t + a,) exists implies im, o, g( + &) exists;

d. lim, . f(t +.a,) = F(t) implies that lim, _, g(? + a,) = g(t)h

c. limp—o f(t + ayn) = f(#) implies that lim;_. ¢(t + o,,) = g(t) for some

subsequence {ay, } of {a,}.

In 1927, S. Bochner showed that a function f{#) is almost periodic in the sense
of Bohr if and only if for every sequence {o’} one can extract a subsequence {a,}

such that

lim f(t+ an)

3



exists uniformly for all + € R. According to some. [S.p.1]. this is the most conveuient
definition of an almost periodic function for the study of almost periodic differential
cquations. We call

H(f) = {g(Dlg(t) = lim fit +a,)}

for some sequence a,, and uniformly for all € R, the hull of fiH).

There is another equivalent. definition of an almost periodic function.  f(?) is
almost periodic if and only if from cvery pair of scquences {a,}. {8.}. there are

common subscquences {a,, }. {8a,} such that

].11_1.1.-3;, fit +an, + ﬁ"k) = E-IE'@P—IPQ f(t+ an, + /3:;,)

pointwise. [S.p.12].

After Bohr's work. there came many other generalizations and henee many other
classes of almost periodic functions named by the discover's names: c.g.. Stepanov’s.
Besicovitch's. Wevl's and so on. All these classes relax the condition of continmity
of such a function which Bohr always supposed. In this chapter. we will statdy
the Bohr almost periodic differential cquations of the second order and in the next
chapter we will study Stepanov's extension of this concept and its application to

differential equations.

The remarkable success of Floquet's theory for the lincar periodic equation
X'(1) = A(D)X (1)

where A(1) is an n x n periodic matrix and X is an n-dimensional veetor, has led to
investigations of such a corresponding theory for Bohr alinost periodic differential
equations and other generalizations of such almost periodic differential equations.
However, even in the Bohr almost periodic case there is no complete Floguet the-
ory[8,p.191]. Still, there is an intcresting theorem of Markus and Moore [2,p.111]
dealing with a Floquet representation of the solutions of (1.1) when the equation is
disconjugate (see below for this definition).

4



Equation (1.1) is said to be oscillatory on {—oco.00) if one noutrivial{not iden-
tically zero). and thereby every(by the famous Sturm’s theorem). solution vanishes

for arbitrarily large positive and negative values of t. It is said to be non-oscillatory

on (—o0e. 00} if one, and hence every nontrivial. solution has at most a finite number
of zoros on (—00.00). A special instance of a non-oscillatory equation is one which
is disconjugate, i.e., every nontrivial solution has at most oge zero on the real line.
It is well known that (1.1) is disconjugate if and only if there is a solution which
is positive everywhere [28, p.5] . Furthermore, disconjugacy and non-oscillation for

(1.1) are cquivalent when a(#) is an almost periodic function [2].

Also note that if (£.7) € R? are parameters, then the collection of (€,7) € R?
such that

(1) + (=€ + na(t))r(t) = 0

is disconjugate on R is called the disconjugacy domain and denoted by D. It is

known [3] that D is always a closed. convex and unbounded subsct of the &y-
plane, The differential equation is said to be in the interior or on the boundary
of disconjugney domain if (£.7) is in the interior or on the boundary of D. More

generally, it is known [3] that if

y' +alrly=0
and
¥ +q(z)y=0
arc disconjugatc. then the equation
"'+ (1 = rq(z) + rea(z))y =0
is also disconjugate for all 0 < r € 1. I for each n, the equation
y' +ga(z)y =0

is disconjugate and

a(z) = ¢(z)



in L, sensc over cach compact interval of R. then the limit equation
i
y +qlr)y=0

is disconjugate too.

In this chapter, we will study some properties of solutions of real linear second

order differential equations with Bohr almost periodic(a.p.) cocficients:

(8 +a(H)r(t) =0 (1.2)
and its related Riccati equation:

r(t) = —r¥(t) — a(t), (1.3)

where a(t) is a real almost periodic function (we suppress the name of Bolir when

dealing with the classical a.p. functions).

In this chapter. we will assume that a(#) is a recal almost periodic function. We
will show the conneetions between the boundedness of the solutions of (1.2) and the
a.p. solutions of (1.2). and also the relationship between the a.p. solutions of (1.3)

and the disconjugacy of (1.2).

Central to our study are the papers of L. Markus znd R.A. Moore[2]. in 1956.
and a recent book by A.B. Mingarelli and S.G. Halvorsen(3].

1.2 Boundedness and Almost Periodicity

As is shown by the well-known Floquet theory, the bonnded solutions of
2"(#) +a(t)z(t)=0

are precisely the almost periodic solutions if a(t) is a periodic function(see, for

example, [S, p101]). Becausc of the apparent similarity between periodic and almost

6



periodic functions. there are some feelings that the above should be true if a(t) 1s
replaced by an almost periodic function. There are some mathematicians who have
claimed that this is indeed true. For example, J. M. Abel in [15] claimed that J.
Favard [32] states that “the boundedness of the solution of the equation is equivalent
to their almost periodicity”™. And furthermore L. Cesari in his famous book [11. p48]
stated *It should be mentioned here that if a;(t) are real almost periodic functions in
(—o0.2¢). and hence bounded, then every bounded solution x(t} of the differcntial
cquation

£ 4 ay(rD 4o ag(t)r =0

is necessarily almost periodic together with its first n derivatives’. He refers to a-
“proof” by G. Sansone [24], which however seems only to apply in the case when

the a;(t) are constants. which Sansone actually supposed.

Howover. this result. as stated. is incorrect. We will construct a counter example
by using the ideas in the book of A. M. Fink [8]. There. an example is given of a
first order scalar differential cquation x'(#) = a(t)x(t), where aft) is almost. periodic
and the bonndedness of a solution of the equation does not necessarily mmply its

almost periodicity.
First. we give a lemma which describes the character of almost periodic solutions
of systems of linear differential cquations.

Lemma 1 If A(#) is an alnost periodic mairiz (i.e.. every component is a.p.) ond
X(#) is an almost periodic solution of X'(t) = A(DX (t), then either infier | X ()] >
0 or X(t) =0 (kere |X ()| refers to the Euclidean norm on RN).

Proof: See A. M. Fink[8. pS5].

By using this lemma, we are able to show the following:

Theorem 2 The boundedness and almost periodicity of solutions of equation (1.2)

are not necessarily equivalent.

|



Proof: For n 2 2, let

au— t |\Jn( t) ifOSfSl:
Lty =< —==i3 ifl<e <ot~
—groysm{(20T =T 2 -1 < K20

Then cxtend f,(1) to be odd and periodic of period 27, ie..

L=ty =—=fu(t) for - M1 <1 <0

and
Fult+2")Y= fu(t) for all t.
It is casy to sce that

f Fuls)ds =0, (1.4)

n

L et
(- +2"N w2y < =, (1.5)

fu' Falsds = ==

and if ||f.|| denotes the uniform norms of £, over R. then

Il = 5o —7- (1.6)
fu "F(s)s <0, for all 30, (1.7)
and
—simarmcos(51) fo<t<;
flity=<0 fl1gigat -1
sEaeos(2T = 1)F 2 -1
Furthermore,
(=t) = fi(t),
Rt +2%) = fi(2),
and

nw

” —
” u” - 2(2“_‘ — 1)'



Since both f,(#) and f.(#) are periodic. and

Sl <o SIfl<os

so the functions defined by the uniformly convergent series
O
g(t) = 3 fult)

aacl

gty=>3_ fi(#)

n=2

are almost periodie, [S.p.7].

Since [§ g(s)ds = 332, fi fu(s)ds <0 by (1.7). for all # > 0. and all £,(#) are
odd. g(#) is odd henee its integral is even. and thus fj g(s)ds < 0. for all . Note
that by definition of ¢ and (1.7).

2»—1 2n—'|
] gls)ds £ / Fals)ds < —n
o 0
(by (1.5)). So this wncans
an=1

lim g(s)ds = —o0

Ll = 0

and, therefore.

lim ef:n- ge)ds = g, (1.8)

i

Furthermore, since ¢ is uniformly bounded on R,

n=1
lim clo  7oMsgan-1) =, (1.9)

M=l

Now.
z(t) = eJo 3to1a

is a nontrivial bounded solution(as fj g(s)ds <0, for all £ € R) of the equation

(1) + (=4*(t) — g'(1))z(t) = 0



and
inf |5 + (1) =0

by (1.8) and (1.9). Note that here X(t) = col{.r(#). #'(1)) solves X'(t) = 4DX (1)

for an appropriate A(t). as is well known, Thus
LX) = #*(1) + £7(1)

and by lemma 1. this solution (being nontrivial) cannot be almost periodie. vet it

is bounded on R.

It is worthwhile mentioning that the other lincarly independent solution of the
above equation must be unbounded by a theorem of L. Markus aud R. Moore{2. p104].
It is known from [2] that a disconjugate almost periodic equation has at least one
anbounded solution and, furthermore. if the cquation is in the intetior of the discon-
jugacy domain then the only bounded solution is the trivial one. Since the equation
is disconjugate as r = oo atoHs 35 o positive solution which is bounded everywhere,

the equation is on the boundary of the disconjugacy domain. see 3]

1.3 When All Solutions Are Bounded

As we pointed out in the last section, boundedness of a solution does not necessarily
imply its almost periodicity for an almost periodic second order linear differential
equation. In this section. we will study the case when all the solutions of the dif-
ferential equation are bonunded and its relationship with almost periodic solutions.
Such a case was greatly studied by S. Boclmer , R. H. Cameron in the 30's and
some other investigators later on(sec, for example, [9. 17, 18]). It is unfortunate
that Prof. Cameron passed away last summer when the author found his great
work. Now we point out that there are some minor crrors in [18]. Some definitions
and theorems of this paper regarding the terminology of stationary. twistable and

almost periodicity arc inconsistent. For example, the author defined twistable as

follows: a vector function y(z) will be called twistable with respect to a certain

10



module M if there exists o constant € # 1 whose absolute value is unity such that
for all r
lim Nm y(r + hi + kj) = cylr)

Jm

for some pair of sequences Iy b - and k. ka. -+ - such that the above iterated Hmit
exists for all .+ and such that kg ho- -+ converges to —ky, —ks.-++ with respect to
M. (A sequence Iy ... is said to converge with respect to a module A
if there oxists an almost periodic function f(t) with M as its module such that
the sequence f( + ). flf + ha). ... converges uniformly for all ¢+ € R. Moreover.
the sequence ky. ky.... will be said to converge to I1. L. .. with respect to
M if the sequence kil k2 la.. .. converges with respect to M.) If the sequences
h;.k; can be chosen so that all of their terms are positive then the function is called
positive twistable. He {Cameron) defined a function y(r) as stationary with
respect to a module AL if for all r

lim Hm y(r + b + k5) = ylr)

Jy b=

whenever hy. hy. -+ and Ky ky -+ are sequences such that the above iterated limit
oxists for all . and such that kg hp. .- converges to —ky. —ka, -+~ with respect to
M. If the sequences are restricted to positive numbers. y(r) is called positive

stationary.

From the above definitions, it is very clear that a function cannot be both
stationary and twistable. Howcver. in his Lemma 6[18. p33]. he showed that an
almost periodic function is necessarily stationary. This implies, by the above, that
an almost periodic function cannot be twistable and vice versa. But however, in his
Theorem IV[18. p37]. he stated that -all solutions of X'(t) = A(#)X(%) (here
A(t) is a n x n almost periodic matrix and X is a n-dimexsional vector)
are almost periodic if and only if fE Relan(s) +---+ @na(s)]ds is bounded,
" all solutions of this equation are bounded and there are no solutions of
this equation (neither real or complex) which are twistable with respect
to M except almost periodic ones”. This apparently implies that there are a.p.

solutions which are twistable, but this is impossible as we have seen above.

11



In order to save Theorem IV of {18]. it is necessary to allow ¢ = 1 in the
definition of twistable [18.p33]. Then Theorem IV, of [18]. is true and the proof
which the author gave works. The last condition of Theorem IV ean be replaced by
“every twistable solution is necessarily stationary™. Below we will give a sufficient
condition which ensures that all solutions of (1.2) are almost periodic when they

are all bounded.

Let

2"(#) + a(t)r(t) = 0 (1.10)
be an almost periodic differential equation. i.c., let a(?) be an almost periodie fuc-
tion. From [2]. we know that the equation (1.10) must be oscillatory when all of
its solutions are bounded since the disconjugate equation at least has one non-
trivial unbounded solution. In the case when a(#) is a real periodie funetion. by
the well-known Floquet theory. we actually know that all solutions are indeed al-
most periodic functions(for example, see [8. pl01]) . Is this true when a(f) is an

almost periodic function? We give as an answer the following:

Lemma 3 (R.H. Cameronf18]) Let A(t) be 1 x n almest periodic matrir. Assume
that [j Re[tr{A(s))]ds is bounded. and all solutions of X' = A(H)X are bounded.
Then all solutions of X' = A(+)X are almost periodic if cvery positive twistable

solution ix necessarily positive stetionary.

Proof: This was basically shown in [18. p37. Theorem IV ], however we mst allow

¢ =1 in the definition of twistable.

Lemma 4 (R.H. Cameron[18]) Let A(t) satisfy the conditions in lemme 3. If
hy, ha,... converges to —ky. —ka.. .. with respect to the module of A(2). and for cach

t. and each solution X(t) of X' = A(1)X
T[X(t)] = lim _lini X(t+hi+ k)
J—nG i

exists, then T is one-to-onc and lincar. Moreover, there czists a linearly independent

set of solutions X)), X©)1),.... X ")(¢). such that

T[X¥()] = M XV 1)

12



where X; are constants of absolute value one.

Proof: Sce [18.p33.lemimna §).

By using these two lemmnas, we are able to show the following:

Theorem 5 If all solutions of {1.10) are beunded. then all solutions are almost

periodic if end only if one nonirivial solution is almost periodic.

Proof: The “necessity™ part is trivial. For the -“sufficiency™ part. if (1.10) has one
nontrivial almost periodic solution x(#), let =(#) be a positive twistable (allowing
¢ = 1 in the definition) solution of (1.10). i.e..

lim Lim =(t + b + k;) = Az(2)

J— b=

for some constant A. |[A| = 1. As it was shown in [18. p38]. subsequences by 2. . ..

oM. . of hychao.. .. ki k... can be chosen such that

T[w(t)] = lim lim w(t + 2l + k;-)

S =00
exists for every solntion u{t) of (1.10) and also at the same time such that T[w'(2)]
cxists too. By Lemma 4, a solution basis ry(2). r2(t) of (1.10) can be chosen such
that

Tl (1)) = Miza(t), Tlxa(t)] = Aaxa(t),

T ()] = Mzi(1).  Tlab(t)] = dean(t),

where |\ =1, |A| = 1

The Wronskian:
Ty ()xh(t) — 2} (H)x2(t) = c £ 0.

and so

Tlzi()z(2) = 222}z (2)] = M da(ma(B)an(t) — 2y (H)z2(2)),

l.e..

A[z\gc =c

13



since Tfe] = c. and hence

.\11\2 = 1.
This implies that

A =Xy,

Let r(#) = cry(t) 4+ cars(t). for some constants e, 3. Since w(t) is almost
periodic. Tlx(t)] = x(t) (since an almost periodic function is necessarily stationary,
sce [18,p33]). So this means ‘

Tlx(t)] = aT{ni (1) + caT[r2(#)] = crhiri(#) + c2dowa(?)
hence,
cirq{t) + caxa(t) = Ay (1) + cadora(t).

Since xy (). ra(?) ave linearly independent. this implies that

AgCl =0 4\2(?2 = Cu.
Because at least one of €. ¢2 s not zero. we find

AM=1 or Xa=1.

As A2 = M. we have

AM=1 and A =1.

therefore T is the identity. Hence

Llm Hm s(t 4+ I 4 ) = 2(1)

J—00 =00
1.e. 3(#) is positive stationary. Since every positive twistable solution is necessarily
positive stationary, as we just showed. so by lemuna 3. all solutions of {1.10) are

almost periodic. This completes the proof.

Next, we suppose that «'(#) is also an almost periodic function. It is well-known
(by Lindemann, and it is casy to check) that the product of any two solutions of

(1.10) is a solution of
(1) + da(tly' (1) + 2a(1)y(t) = 0. (1.11)

14



Furthermore. if (1), r+(#) are lincarly independent solutions of (1.10) with the
Wronskinn W{ri(t). w2(#)) = ¢ # 0. then #3(#). r3(#). ry(#)ra(?) are lincarly indepen-
dent solutions of equation (1.11) with the Wronskian TW(3(t). ri(f)r2(t). i) =
26t % 0. Thus all solutions of (1.10) are bounded if and only if all solutions of
(1.11} are hounded. According to what we just proved. if all solutions of (1.10) are
bounded and (1.10) has one nontrivial alntost periodic solution. then all solutions
of (1.10) arc almost periodic. and thereby. every solution of (1.11) is necessarily
almost periodic. We can describe more relationships between (1.10) and (1.11) as

follows:

Theorem 6 Let (). a'(t) be almost periodic and let all solutions of (1.10) (ot of
(1.11)) be bounded. Then the following are equivalent:

(1).All solutions of (1.11) are almast periodic:

(2).Any square of a nontrivial solution of (1.10) is almost periodic:

(3). There is a nontrivial solution of (1.10) such that its square is almost periodic.

Proof: (1) = (2) is obvious as the square of any solution of (1.10) is necessarily a
solution of (1.11): (2) = (3) is trivial: for (3) = (1). let x(#) be the nontrivial solu-
tion of (1.10) such that +*(#) is almost periodic and let 3(t) be a positive twistable
solution of {1.11) i.c..

lim lim s(t + h; + ;) = Az(t)

J——a FedS
for some constant A.|A| = 1 and k. lra.... converges to —ky, —ks, ... with respect
to the module of a(t). a’(£).

By the same argument as in theorem 3. subsequences hy.ha, ..., kj,k3,... can

he chosen such that
T{f(t)] = lim lim f(# + b+ &)
S =g

exists for all solutions of {1.10) and (1.11) and their derivatives. By lemma 4, there

is a solution basis o (#)..ra(#) of (1.10) such that
Tl ()] = Aira(t). T[xa(t)] = Aaza(t),

Tl (O] = Mrl(),  Tlrh(d)] = Aazh(t),



where [Af] = 1. = 1.

Applying the operator T to the Wronskian
ry(1)r5(1) — a2y {(#)rea(?) = constant # 0,

we get ApA2 =1 and hence Ay = -

Since (), ra(t) are linearly independent solutions of (1.10). there are constamts
d,.d> such that

;r(t) = dlrl(t) 4= dg-!?-_)(t)

and at least one of d,.d; is not zero. Since z3{#) is an almost periodic function, we

have
T[r*(1)] = (1)

i.c..
Bird(t) 4+ 2dydar (Daa(t) + diri(t) = ANdiai(1) + 2dydary (#hra(1) + ASd3r3(1).
So. by the linear independence of #3(t), x3(t). we have
B =XNdE and &= NE
since at least one of d;.d; is not zero, therefore,
M=1 or M=1.
Since A\; = A2, the above implies that
M=X=1
As 2%(#), 22(1), 21(¢)x2(2) are linearly independent solutions of (1.11), there are
constants ey, ¢x, ez, such that

=(t) = eyri(t) + cax3(t) + eazy(t)za(t).
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Thus

Tz = aTlit)] + exTlrsH)] + eaTle($)ra()]
= epri(t) F eard(t) + cary(F)ra(t)
= =(t)

and this means that z(#) is positive stationary. So. cvery positive twistable solution
of (1.11) is necessarily positive stationary. By lemma 4. all solutions of (1.11) arc

almost periodic. This completes the proof.

For the non-homogencous almost periodic equation
2"(2) + a{t)x(t) = h(t) (1.12)
where a(t). I(#) are almost periodic functions. we have:

Theorem 7 Suppose all solutions of (1.12) are bounded. Then all solutions of
(1.12) are almost periodic if and only if the homogencous equation (1.10) of (1.12)

has a nontrivial almost periodic solution.

Proof: The “necessity™ part is trivial since if v (t) and x2(#) are two different almost
periodic solutions of {1.12). then the difference (1) — ra(t) is 2 nontrivial almost
periodic solution of (1.10). For the “sufficiency™ part. if all the solutions of (1.12)
arc bounded. it is easy to sce that this implies that all the solutions of (1.10) are
bounded as well. Furthermore, by theorem 3. we know that all the solutions of
(1.10) are almost periodic since there is one nontrivial solution of (1.10) which is
almost periodic. Suppose (1), 22(t) are the Hnearly independent solutions of (1.10)

with the Wronskian being 1. Since cvery solution of {1.12) is hounded,

/U!(:l(f):z(s) — zo{ )z ($))(s)ds

is almost periodic, and this is cnough to imply that all solutions of (1.12) are almost

periodic since the general solution of (1.12) can he expressed as

t
x(t) = 15y (1) + coza(t) + '[) (21(t)z2(s) = z2(t)21(s))h(s)ds.

17



This completes the proof.

R. H. Cameron in his paper [18] requires that all the solutions of the homoge-
neous cquation be alimost periodic in order to get that all the solutions of the non-
homogencous equation be almost periodic. But according to what we just showed

here. one nontrivial a.p. solution of the homogencous equation is good enough.

We can look at the questions in the last two sections from another point of view.
Certainly there is some similarity between almost periodic functions and periodic

functions, so it is reasonable to expect some kind of general Floquet theory in the

almost periodic case.

In 1956. L. Markus and R. Moore [2] showed that, when the equation (1.10)
is disconjugate. in the interior of the disconjugacy domain. there exists asolution

basis of (1.10) of the form
21(2) = ™tedo ok (1.13)

ra(t) = ¢tedo wtats (1.14)

where a > 0. and ¢(#) and ¢3(?) are almost periodic functions with zero mean value.

So in this case, the general Floguet theory is true indeced.

However, the general Floquet theory is not true when (1.10) is disconjugate
and on the boundary of the disconjugacy domain as the counter-example found in
section 2 shows. In that example, the equation has a nontrivial bounded solution

which is not almost periodic.

But how about the situation when the equation (1.10) is oscillatory? There is
no answer and little is known even in the case when all the solutions are hounded.
The author asked the question of whether all solutions have to be almost periodic
if all solutions are bounded to Professor Barry Simon (Pasadena). His reply to this
question is that this problem is ‘subtle and difficult’ and he ‘would not be shocked

either way’. As we have seen, in this case, if one solution (nontrivial) is almost
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periodie, then the rest are as well. But the question of what kind of conditions will
be sufficient to gnarantee the existence of onc nontrivial almost periodic solution
is still largely open. The case when equation (1.10} is oscillatory and at least one

solution is unbounded is even harder.

1.4 When The Equation Is Disconjugate

If a(t) is a.p.. we know [3] that the non-oscillation of (1.1} is equivalent to the
disconjugacy of (1.1). In this section, we study the relationship of the disconjugacy

of (1.1) and the a.p. solutions of its related Riccati equation.

In 197S. Prof. S.S. Chern posed the following problem when he addressed the
question of the closeness of the space curve at Academia Sinica. Beijing: Under what
conditions. does a periodic cocfficient Riccati equation have periodic solutions(12]?

It is known that the general Riceati equation
' = A + B(t)r + C1)

can be changed into the simple form:

-

r' = —1% — aft) (1.13)

if A(t). B(t). C(t) are smooth cnough, wherc now a(t) would be periodic/ almost
periodic if A(t), B(t), C(t) were periodic/almost periodic. By the simple transfor-

mation » = »/ir in (1.15), we get
(1) + a(t)x(t) = 0, (1.16)

and we know that if (1.16) is disconjugate. then (1.15) will have solutions which
exist everywhere. Conversely, if (1.15) has solutions which exist everywhere, then

(1.16) is disconjugate.

The next theorem shows the strong connection between the existence of peri-
odic/almost periodic solutions of (1.15) and the disconjugacy of (1.16).
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Theorem 8 Let a(t) be a real almost periodic function. Then the cquation (1.15)
haesz almost periodic solutions if and only if the equation (1.16) is discomjugate.
Furthermore. the module of the a.p. solution of (1.15) is contained in the module

of a(t).

Proof: If (1.15) has an a.p. solution r(t), then x(2) = efl: rlsM* 35 a positive solution
of (1.16). thus (1.16) is disconjugate. Conversely, if (1.16) is disconjugate, suppose
that «(t) is the positive solution of (1.16). Then r(t) = x'{t)/x(2) is a solution of
(1.15) which exists for all # € R. Thus, it is bounded (this is a well-known fact
about the Riccati equation, for example. see [2, p101]). Seo, by a result of Opial [5],
(1.15) has an almost periodic solution with the module contained in the module of
a(t). Thus, if a(t) is periodic, then the a.p. solution of (1.15) is. indeed. periodic.
This completes the proof.

The above *heorem also answers an open question in [2.p.119]. It is known
that if (1.16) is in the interior of the disconjugacy domain. then the related Riceati
cquation (1.15) will have a.p. solutions. Whether this is true or not when (1.16) is
on the boundary of the disconjugacy domain is not known. In [2] there are examples
which indicated that this could be true. But. by theorem 8, this is clear and the

answer 1s yes.



Chapter 2

Stepanov Almost Periodic Second

Order Equations

2.1 Introduction

In this chapter, the general Floquet theory for the equation
2"(t) + (=€ +p(t)a(t) =0, 1€ R (2.1)

is investigated. Here (£.77) ave real parameters and p(?) is a real bounded almost

periodic function in the sense of Stepanov [7].

Stepanov almost periodic functions are a generalization of Bohr almost periodic
functions: The restrictive requiremens that the function be continuous is waived in
the class of Stepanov almost periodic functions. We say that p(t) € Sy, the class of

Stepanov almost periodic functions if p(#) € L},.(R) and there exists a real number

L > 0 such that for cach £ > 0. thereis a relatively dense set of Stepanov translation
numbers 7,(<). i.c., numbers such that
1 g+l ‘
sup{z [ Ip(s + () - p(s)lds} < ¢
reR E4
is relatively dense in R. Therc is another way of defining the Stepanov almost
periodic functions, that is, by taking the closure relative to the metric Ds defined
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b}- D 1 41 l
slf(e).ge] = sup j () = gls)]ds

of the class of all finite trigonometric polynomials.

It is known that functions in the Stepanov almost periodic class §j, are hbounded

in the Stepanov metric, L.

1 retl
lIplls = s:gfjr |p(s)|ds < o0

and, as in the casc of Bohr almost periodic functions, the functions of S, also admit
a mean-value

. 1 r+T
Mp) = Jim = j pls)ds

and this limit exists uniformly with respeet to r. and is independent of r.

All the solutions we are considering arc in the Carathéodory sense [G]. Since
p(t) is a Stepanov almost periodic function. it is known that cquation (2.1) is
disconjugate if it is nonoscillatory ( for example. see (3. p38]). The collection of
all (£.7) € R? for which (2.1} is disconjugate on (—oc, +03) will be dubbed the

disconjugacy domain of (2.1) and denoted by D. It turns out that D is a closed.

convex and unbounded subset of the ab — plane which we call the parameter space
and label it R? for simplicity. We will show that if (£,7) is in the interior of the

disconjugacy domain D, then (2.1) has a basis of solutions of the form
£1(2) = "t edo A (2.2)

ra(t) = c'“‘cfo' ¢ls)ds (2.3)

_where & > 0 and ¢(t) and ¢(t) are almost periodic functions in the sensc of Bohr! It
is somewhat surprising since one would expect that ¢(t) and o(t) be almost periodic
functions in the sense of Stepanov, if compared with {2]. It is well known that (2.1)

is disconjugate as long as the rclated Riccati equation

r(t) + () + (—€ +p(t)) =0 (2.4)
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has solutions which are well defined for all # € R. Since the investigation of {(2.1)
depends heavily on the Riceati equation, we give several lemmas in the next section

to expose the properties of solutions of the Riccati equation.

2.2 Investigation of the Riccati Equation

Lemma 9 The solution r(t) of the Riccats cquation

dr " o

— = A~ —r(¢ 2.5

o r(t) (2.5)
unth inittal value r{ty). can be ezpressed as

(1) = AM(r(te) + M)
") = AT T (r(te) + MM — 1)

- M (2.6)

or

AN (r{ty) — AL)

t) = & 2.7
" = S T rtte) — A =) T M (27)
where M > 0 i3 a constant.
Proof: It is casy to sce that » = M and r = —M are solutions of (2.5). and a

substitution r = = + A will lead (2.5) into a simple linear differential cquation of
the first order which is easily solvable and. as a resuit. we get the solutions of (2.3)
in the form of (2.6) or (2.7).

Lemma 10 The solutions of (2.5) will ezist for allt € R if and only if |r{tp)| < M.
If [r(t0)| > M. then the solution will have a finite escape time.

Proof: If r{ty) < =M, then by (2.6), it is easy to sec that there is a ¢, > #,. such

that
R S
—(r(to) + M)
But this means that

lim r(t) = —oc
t—-l’-

i.c. r(t) has finite escape time. A similar argument also shows that if {te) > M,
(¢} will have finitc escape time too. Also, from the two expressions for the solutions
we can sec clearly that r(£) is well defined for all £ € R if and only if |r(%)| < M.
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Lemma 11 Let f() be a bounded function. |f(#)| < M=, for allt € R. and assume
that the solutions of

r(ty = =r*(t) + f(1) (2.

¥ /]

)

ezist in the sense of Carathéodory (i.e.. r € ACL(R) and satizfies the differential
equation almost everywhere). If r(t) is a solution of (2.8). then r(t) is well defined
for allt € R if and ounly if |r(#)] < M for allt € R.

Proof: Since |f(#)| < M2, we have
— P+ (1) < = + MR (2.9)
If |r(te)] > M. for some #q. let u(t) be the solution of v’ = —u® + AL, u{ty) = r(ty).
Then. by a well known differential inequality{for example. see {10, p.43]). we have
Pt < ult).  if 121, (2.10)

r(#) > u(t). if t<to. (2.11)

So if r(ty) > M. i.c.. u{ty) > Al. then. by lemma 10. we have u(t) — oo, as
t = t¥.t, < tg. Thus by (2.11), we have r(t) — co. as 1 = #f, so that (1) has finite
escape time; also if r(tg) < —AL, i.e., u(ty) < =M, then, as above, u(t) — —o00. as
t = t7. #; > tg, so. by (2.10). we also have r{t) = —o0. as ¢ — #7

Secondly, if |r(t)| € M whenever it exists, then r{#) must exist forallt € R by a
well-known property of ODE, (for example, see]6. p.18]). This completes the proof.

Lemma 12 Let ui(t). i = 1,2.3.4. be 4 different solutions of
r'(ty = —r*(t) + f(1)

where f € L} _(R). Then the following equality holds as long as all the solutions are
well defined at the time ?:

(1) — wa(t) _ /\U-l(t) — uy(t)
u () — ua(?) uy(t) — uy(t)

for some real constant A.



Proof: See [16. p6).

Now we begin a study leading to 2 Floquet-type theorem. The proofs of theorems
13. 14. 15 is very similar to the proofs of theorems 8. 9. 10 of [3.pp10S — 111].

Theorem 13 Let L(t) be a bounded function such that
W +ut+ K(t)+:=0 (R.)

has well defined solutions on R for all ¢ € [0.¢]. where e iz a posilive constant.
(Hence. by lemma 11, those well defined solutions are bounded). Then for cach
such . there are infinitely many bounded solutions of (R.) and these solutions fill
a closed bounded domain B, in the (t.u) plane (bounded in the sensc of u ). Alse
B., lics interior lo B, if &y < 2. The upper and lower bounded solutions u, (1) and
u(t). respectively. of (Ro) arc separated. that is.

inf Juu(t) —wlt)] 29 >0 (2.12)

—eo D

where 4 is a constant. Furthermore. for any two bounded solutions w(t) and ux(t)

of (o). which are not both the extreme solutions, we have

im [ey(#) — ua(?)]| =0 (2.13)
as t = +00 ort — —00C.
Proof: Since
—u=K(t)—g >—u*— K(t) - &2 (2.14)

if £2 > £ 2 0. by a differential inequality [10, p43], we have
tte, (1) 2 tg,(1) (2.13)

for > . and
they (£) < 1y (2) (2.16)

for t < o Here u,,(t) and u,(t) are the solutions of (R.,) and (R,,) with initial
value #,, (@) = u,,(e). So, if (R,,) had just one bounded solution u,, (1), then (R.,)
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would not have any bounded solutions. since if «.,(#) is a bounded solution of ( 12,, ).
then we can find a solution «(t) of (R,,) such that «(t) # u.,(#). and «(3) = w., ()
for some real 3. Since u, (#) is the only bounded solution of (R, ). so by Lenuna
11. «(?) must have finite escape time, Le.. u{?) = —o0, as t —= #] for some ), > 3
or u(t) = +o0. ast — tI, for some #, < g, but this means, by {2.15) or {2.16). that
¢, (#) would have finitc escape time too. which contradicts the assumption. This
proves that each (R, ) has a band B, of bounded solutions. Morcover, each band B,
is closed by the “continuous dependence™ property of solutions . So B, has an upper
and lower bounded solution for the corresponding cquation (R,). If ¢ > ¢y 2 0,
using the same method as above, it is easy to see that cach solution curve of (R.,)
which intersects cither extremal solution of (R,,} must become unbounded. Thus
B., lies in the interior of B,,. Let u.(¢) be the solution of (R.). £ > 0. throngh
{#0~ t24(10)) for some #,. Then by (2.15). we have u,(t) > u.(?) for t > 1, since u (1)
lies above the lower edge of B.. so u (1) > wy(t). for all # >ty {(here w,(1) and w(?)

are the extremal bounded solutions of (Ry)). That is,

w,(t) 2 u(t) 2 uft) (2.17)

for all + > #5. Let
A = max{fr ()] e )]} (2.18)
where
lifil = _ max _1F()].
and the existence of |ju,]| and ||uy]| are guaranteed by lemma 11. From (Ry) and

(R.). we have
¢
w,(t) — w(t) = f (—u3(s) + ui(s) + &)ds (2.19)
to
for t 2 15. By (2.18) and (2.19) we have

() = 1 (1) € (ZM? + )t —to) (2.20)
for + 2 t5. On the other hand, we have, by (2.19),
walt) = ) = £t ~ o) + Q(t) (2.21)
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for t > #,. Here :
Q) = [ (e 8) = tal))(2els) + wo{s))ds

and
¢
1O(H)] < 2A(2M2 + <) j (s —to)ds. by (2:20).
to
or
Q)] < M(2M® + <)t — fo). (222)
Next. let t = #y 4 h. where
b= A+ o)
Then by (2.21) and (2.22). we have
-2
wlto+ 0) = w(do+ h) > ch = M2AF + )0 = m (2.23)
Now. we set
__c
T2
to find
(to + 1) (fo+ 1) > ¢ ¢ (2.24)
Hy, -z = . 2.2
o BT = T6M(2ME + 5) T M(32M2 + 8c)
Let
n= 62
= M(32ME + 8¢)
Then we have
u (to+h)—ufto+h) > (2.25)
Since #, is arbitrary. this means
walt) — ) 2 7 (2.26)

for all +. Now. let (¢} and u4(1) be two bounded solutions of () and say that

u;(t) < Ilz(t)

[
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and that u,(#) is not the lowest bounded solution of (Ry) (the other cases are

similar). We will show that

:l_iilgluu(f) — iy (t)] = 0.
Hence we will have

im [o(t) = wy(t)] = 0.

Let u,,(1) be a solution of ( Ry) lying below the band of bowided solutions. By

the well-known property of the Riceati equation (lemma 12), we have

(1) = uu(#) | waolt) — uu(t)
(1) = wlt) 7 waolt) — w(?)

,_.
(]
: »
[ LV
~]
L

for some real constant A.
Now choose ..,(0) so near to u(0). that jA| is determined smaller than a pre-

scribed positive muuber £. For cach number —n* (n € N). there is & f such that
ua(t) < —n?

whenever u.,(#) is defined for ¢ > 7. Thus one can choose n* so large that for > ¥,

“m(t) - ”u(t)
ool) — ()
is arbitrarily near 1.
But this means that the ratio

uy(t) — uu(t)
wy(2) ~ (1)

becomes smaller than . Thus
liminf |u,{t) — u,(t)] = 0.
Furthermore, since

d ux(t)— u..(t)) () = o)) (ma(t) —wat))

dt un(t) — wit) g (1) — (1)

——

2.28)
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the ratio
() = ()
wy(t) — u(f)

decreases monotonely to zero as £ — co. Thus
lim e, (1) — uy(2)] = 0.
=20

This completes the proof.

Theorem 14 Let u (1) and ua(t) be bounded solutions of
w(1) +uit) + K1) =0, (Ro)
where K(1) s @ el bounded almost periodic function in the sense of Stepanov. If
() —ux(t) 28>0

on 00 <t < +00. then uy(t) and ua(t) are almost periodic functions in the sense

of Bohr and the module of their frequencies is contained in the module of K(t).

Proof: Since
() —us(t) 2 6 >0,

we find, by theorem 13, that w,(#) is the upper hounded solution and wa(#) is the

lower bounded solution of (Ry). Now, we let
) = i i f - o f -
& = inf fur(t) — ua(?)],

and let {h,} be any given sequence of real numbers. We will prove below that
we can find a subsequence {h,,} such that wi(¢ + h,,) converges uniformly on
=0 < t < +00 (in the norm of C%R)). This shows that () is an almost
periodic function in the sense of Bohr and the same argument holds for u,(#). Since
{ui(0 + h,)} and {uy(0 + k,)} are both bounded sequences, one can extract a

subsequence (again called h,,) such that

wy (0 + h‘ﬂ) = v,
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a0+ h,)) — 3.
Also. one can require that

K(t 4+ h,)— K°(t)

in the Stepanov metric.

Let w3(#) and u3(f) be the solutions of
u'(t‘, +ui(t) + K°(t) = 0. (R")

with initial values 43(0) = a and «3(0) = 8. Then by the continuous dependence of

the solutions of a differential equation upon the cocfficients, we have

Bim wy(t + b)) = wj(#). (2.29)
and
Hm et + b)) = w3(1), (2.30)

where the convergence is uniform on cach compact interval. Since

—m3<1t1£+-.~:» eyt +h,) = ux(t + 0| =8

for all h,,, if it were possible that
[} (t0) — w}(to)] < &
at some point 1y, then for large n, we would have

|ur(te + hn) — walto + 2, ) < 8

which is impossible. Thus

_m1<1£1£+°° |uj(#) — u3(t)] = &

and by theorem 13, this means that uj(#) and u3(t) are the upper bounded solution
and the lower hounded solution of (R") respectively. Next, we show that {u,(¢-+1,)}

is a Cauchy sequence in C%(—oco0,+00). Suppose the contrary. Then there exists
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¢ > 0 such that for each N there are integers ny > Ny, m; > Ny, and some #; such
that

(P + Ty Y = wa(ty + b )] > <.

Choose a sequence N, — 400 and corresponding integers ng. my > Ny and numbers

t5. at which
latte + o) = wa(te + b ) > 2. (2.31)

By the boundedness of w;(#). we can cxtract subsequences n;, and my, (again called
1. ) for which

wlte + ) — @,

and also

”t(fk + hmk) — 4.
and by (2.31).
o #£a.
Also. we can require that

Kt + 1+ by ) = K (1)

aaeed

K(t +t, + hy,) = K7(2)

both in the Stepanov metric. Then. by the same technique as above. the upper
bounded solutions of (R) and (R") arc (1) and 47(t). respectively, with @(0) = a.

;(0) = &. Bat, in the Stepanov metric, we have

HWEC(E + e+ Dy, ) — Kt + e+ B )|
||K( + b 3 ko) = K+ 2l + HET(E + 1) = B+t + b )

Since K{t + h,) = R"(1) in the distance of Stepanov, we have
K (1) = K=(#)
in the metric of Stepanov. i.e.,

K () =Lk-(1)
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almost cverywhere. But this means
() = a(1)

everywhere, because 7(#) and @*(¢) are both upper bonuded solutions of the same

equation and so
o =a.

contradiction! Therefore,

w(t+ ko) = up(t) (2.32)
uniformly on —o0 < # < 400 and thus u,(#) is an almost periodic function in
the sense of Bohr. The same argument will show that wa(?) is almost periodic
also. Furthermore. for each sequence {h,,} with A(# + h,) — K(#). by the same
argument as above, there is a subsequence I, such that uy (¢ + I, ) — uj(#) with

uniform convergence on —o0 < # < +00. As we showed on page 30, uj(t) is the

upper bounded solution of (R"):
w'(8) 4+ wi(t) + K(1) = 0,
with
K~(#} = K(#).

So, uj(?) is the upper bounded solution of
W' (1) + () + K(t) = 0.

However, since we assume that u(f) is the upper bounded solution of the above
equation, so

uy(t) = w(t).
Hence

w (4 by, ) = ()

uniformly on —00 < ¢ < +o0. By (e) of page 3, the module of frequencies of u,(t)
is contained in that of A(¢). This completes the proof.
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2.3 The Interior of the Disconjugacy Domain

In this section we give a general Floguet-type theorem of (2.33) when (£.9) € D°

is in the interior of the disconjugacy domain.

Theorem 15 Let
w"(t) + (=& +np(t))x(t) =0 (2.33)

where p(t) ¢ a real bounded Stepanov almost periodic function end (&,7) belongs io
the interior of the disconjugecy domain D. Then there is a solution bass of the

form

!
ru(t) = ceap( [ ols)ds) (2.34)

¢
()= c'“'c;rp(jo &(s)ds) (2.35)

where & > 0. and (1) and (1) are almost periodic functions in the sense of Bohr
with mean value zero. Moreover, 2o is the mean of the width of the band of bounded
solutions of the associated Riccati equation and [j(o(s) + ¢(s))ds ix alto a Bohr
elmost periodic function. Thus. r,(#)x)(t) and tis reciprocal are Bohr almost periodic

functions too.

Proof: Let u,(t) and u;(#) be the upper and lower Bohr almost periodic solutions

of the related Riceati equation
w'(2) + w¥(t) + (=€ + (1) = 0,
(they exist by theorem 14). Define

rult) = cepl [ wa(s)ds)

and a
() = c:rp(]o uy( 8)ds).

These are clearly lincarly independent since if

C-’: uu(a)ds _ k(‘f‘: up{a)ds
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for all # and for some constant k, then differentiating the above will lead to
i, (1) = wyft)

which is impossible. Thus r (7). .r,(t) form a basis of (2.33). Let u,(#) = a, + (1),
w(t) = a; + 6(1). where both () and é(t) are almost periodic functions in the
sense of Bohr with mean zero. The width of the band B of the bounded solutions

of the associated Riccati equation is

w
Ay =u,(t) —uylt) = ——— 2.36

(1) = () - wlt) = s (2.36)
where the Wronskian

W = .l ($)er(t) — (1)) (2.37)
is n non-zero coustant. Since

A(t) >8>0,
so we must have
0 < €y S J'n(t)'rf(t) S Ca. fOf‘ “” t € R (2'38)

for some constants ¢;. ¢» (notice that A(#) is bounded above too). Since

ro(tyet) = e ot

and
1 ¢
(o + ) + ;f (o(s) + B(s))ds = (v + o))
FJo

as + — oo. this means that

Qy = =0 =

and the almost periodic function A(f) has a mean of 2e # 0 (keep in mind that
A(t) 2 & > 0, so M(A(t)) 2 8). Thus z,(t)z(t) and its reciprocal are almost
periodic functions in the sense of Bohr too. But this means that Bo((s) + o(s))ds
is bounded and hence is a Bohr almost periodic function too. This completes the

proof.



2.4 A Sufficient Condition For Nonoscillation

From the previous discussion, we can see that the existence of almost periodic
solutions of a Riccati equation depends essentially on the disconjugacy of the related
sccond order differential equation. In this section, we will give some conditions to

casure the disconjugacy of the second order equation.

Let ¢ : R — R be a locally Lebesgue integrable function and let ¢ be a real

constant., ¢ # 0. It is interesting to know whether
2"(#) + cq(t)x(t) =0,  t 20, (2.39)

is oscillatory or nonoscillatory. There are many results regarding the oscillation of
(2.39). for examnple, sec Wong[14]. As for nonoscillation, in combining the results of
L. Markus and R. Moore[2] and A.B. Mingarelli and S. Halvorsen [3], we know that
{2.39) is disconjugate (nonoscillatory} for some ¢ 3 0 (or oscillatory for every ¢ # 0)
if and only if A (¢(#)) # 0 (or M{q(?)) = 0) when ¢(f) is a Bolir almost periodic
function. Here M (g(t)) stands for the mean-value of ¢(t). Furthermore, in [4]. the
authors gave an estimate for how big ¢ could be so that (2.39) is nonoscillatory.
This is good to know, since it is well known by the property of the convexity of
the nonoscillation domain, (for example, see [3]), that if (2.39) is nonoscillatory
for some ¢ = ¢; > 0, and (2.39) is disconjugate when ¢ = 0. then (2.39) remains
nonoscillatory for all ¢ € [0.¢,]. Below, we improve the estimate of [4] under weaker

conclitions than these found in [4].

Theorem 16 Let there ezist positive constants M, T, s, such that

t ‘ .
| [ ats)dsl <M (2.40)
for allt € nT,(n+1)T] and n=0,1,2,---, and
(n4+1)T
_/ ;  dsls=—e (2.41)

for alln =0.1,2,---. Then (2.39) is nonoscillatory for all c € [0, TI2M +=)"']
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Proof: By the remark above. we only need to show that {2.39) is nonoscillatory for

.
TOTM + )

[

C= ¢y

Tt is also well-known that the nonoscillation of (2.39) is equivalent to the existence

of a solution of the related Riccati equation

() = —cq(t) — ri(t) (2.42)

on some interval {a. 00). a > 0. (simply by changing the variable r = +'/x in (2.39)).
Below, we will show that the solution of (2.42) will exist on [r.00). a 2 0. if we
chose the initial value r(0) carcfully.

Let o = W{-‘,—;,—,;z > b> 1. sct ¢ = in (2.42) and choose r(0) so that

0< -;.,—((1 = MT) = /1 -2,MT) <r(0) < %( T — e, MT) {2.43)

Let »(#) be a solution of (2.42) with ¢ = ¢, and assume that r(0) satisfies (2.43).
We claim that

r(t) > —r(0) — oM

for all ¢ € [0, 7). If not. lot tp < T be such that r(t) > —r(0) —cM, for all ¢ € [0,10)
and r{tp) = —1r(0) — ¢, M. Since

t t
r(t) = (0) — cb/ g(=)ds — f r2(s)ds (2.44)
o 0
by (2.42). it is casy to sce. by condition (2.40), that we have
r(t) < r(0) + e M (2.45)

for all ¢ € [0,T}. Thus we have

{0 to
r(to) r(0) - cb_L q(s)ds —./u r?(s)ds
> #(0) = epM — T(r3(0) + 2e,M7(0) + s M?)

> —T(O) - Cb.rVI
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by (2.43). This contradicts ‘the assumption that r{ty) = —r(0) — e M. (Note that

L((1 = MT) + VI=30MT) > (VT — aMT)). So
[r(£)] < 7(0) + csM

for all ¢ € [0, T]. Furthermore, we have

T T
rT) (0) —c;,fo g(s)ds _.[o r(s)’ds
> 7(0) + ¢ = T(r*(0) + 26, M r(0) + i M?)

> r(0)
sinee 0 € #(0) < #(VeeT — o MT). Thus r(t) exists on [0.T].
Ir(4)] < F0) + s M

for all ¢ € [0.T]. and
~(T) = #0) > 0.

Repeat this argument on every interval [nT.(n + 1)T]. Induction shows that »(t)
exists on [0.00) and remains positive. For example, on the interval {T.2T1}, let s(t)
be the solution of (2.42) with ¢ = ¢, and s(T') = r(0). Then by the same argument
as above. we have |s(#)| < #(0) + M. on [T.2T] and s(2T) 2 s(T), but obviously.
we have (1) > s(t) on [T, 2T)]. Thus, by the equivalence of nonoscillation of (2.39)
and the cxistence of a solution of (2.42) on [a,00) for some real ¢, we know that
{2.39) is nonoscillatory for every ¢, = m, 2 > b > 1. Actually, we can say

r(s)ds

T
that (2.39) is disconjugate for ¢ = c;, since z(t) = A is a positive solution of

(2.39). And it is well-known that the disconjugacy domain is closed (for example,
see [3]). Since

¢ = %1_1_111 Ch
so (2.39) is also disconjugate when

4c

=T reM ey

This proves the theorem.
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Remark: A comparison with [4] shows that the condition

{n+1YT ¢ N .
[ s <02 for al w=0.02-

is not necessary in order to obtain the same conclusion. Also note that the estimate
here is better than the corresponding one in [4]. since in [4]. when T = 1, it gives
the maximum of ¢ for nonoscillation as

min{0.01M~",0.01sM 7%}

and it is easy to sce that
L
(2M + ¢

so this means that the cstimate here is at least 40 times better than the one found
in [4].

> 40min{0.0107' . 0.01c M3},

If q(t) is bounded on R and satisfies (2.41). then it is cnsy to see that (2.39) is
nonoscillatory for some ¢ > 0 by the theorem we just proved. Also, if ¢(?) is the
restriction on [0.+00) of a real Stepanov almost periodic function on (—o00. +00)

with non-zero mean-value,

1 e+t
Mig) = Jim = f' g(s)ds = j1 £ 0.
and, without loss of generality, we can assume that g < 0, then (2.39) is nonosecil-
latory for some ¢ > 0. since in this case we have

1 ol
|lglls = S:g f.[ [g(s)|ds < o0

for some L > 0. Thus (2.40) as well as (2.41) hold. Since every Bolr alinost periodic
function is in the class of Stepanov almost periodic functons, it follows that if q(t)
is a Bohr a.p. function with non-zero mean-value. then (2.39) is nonoscillatory for
some ¢ # 0.

We have seen that under the conditions of theorem 16, there is a ¢, > 0 such

that (2.39) is nonoscillatory for ¢ = ¢;. Is there some ¢ < 0, such that (2.39) is
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nonoscillatory too? The answer is no in general. For such an example we appeal to

theorem 2 of L. Markus and R. Moore [2, p103]. We can rewrite (2.39) in the form
(1) + (edd(q) + eg(t) — M{g)))x(t) =0 (2.46)

where AM(q) stands for the mean value of ¢(#). and [2] shows that the disconjugacy
domain lies in @ = —cM{(q) > 0, i.c.. cM(¢) < 0 except the origin. So. if M(q) is
negative, then the only possible value ¢ could have so that (2.39) is nonoscillatory,
is positive. The proof of [2, Theoram2, pl03] is quite long and complicated. Below,
wo give a different and somewhat shorter proof of [2.theorem 2, p103].

Theorem 17 L. Markus and R. Moore [: let p(t) # 0 be a real almost periodic

function unth mean value zero. Then for
(1) + (—a + bp(t))r(t) =0 (247)
the disconjugacy domain D. minus the origin. Les in a > 0.
Proof: Since the equation is disconjugate the related Riccati equation
Pty + () + (—a+ bp(t)) =0 (2.48)

has solutions which are well defined for all ¢+ € R. Furthermore, those solutions are
unifornily bounded for all # € R (by lemma 11). Thus, by the result of Opial [5], we
know that there is an almost periodic solution r(¢) with its module in the module

of p(t). Integration of the Riccati equation leads to

t t
r() —r(O)-{-/ﬂ r'(s)ds—i-(-—at-{-b'[) ps)ds) =0 (2.49)
so, for t # 0, we have

"t) _r(0)

; ek ;_L r'(.s)ds+(—a+;_/0 p(s)ds) = 0. - (2.50)

Letting £ — oo and noting that (%) is almost periodic, and hence hounded, we get:
M(?) + (—a +bM(p)) =0 (251)
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since M{p) = 0. we have a = M(r?). Sinee M(r?) > 0 (because if A/(r?) = 0. then
by Bohr's uniqueness theorem r*(t) = 0. and this contradicts the assumption). we

have a > 0, and this completes the proof.

Theorem 18 Let ¢(t) be an almost periodic function in the sense of Bohr. Then
the Riccati equation (2.42) has en almost periodic rolution for some ¢ # 0 if end
only if M(q) #0.

Proof: If the Riccati equation has an almost periodic solution r(t). then (2.39) will
have a positive solution x(t) = oo oM (2.39) is disconjugate, i.c.. M(q) # 0.
(otherwise (2.39) is oscillatory by [2]). Converscly, if M(g) # 0. then as we just
showed in theorem 16. (2.39} is disconjugate for some ¢ # 0. Thus the Riccati
equation (2.42) has solutions which exist for all # € R, hence by the same argument
as before. thosc solutions are hounded. so by Opial’s results {5] again. (2.42) has an

almost periodic solution.
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Chapter 3

Some Thecughts on The Problem
of N Bodies

3.1 Introduction

We will consider the motion of n particles P, (k = 1.2,...,n)in a three-dimensional
Euclidean space, where n > 1. Let £, = (. yi, =) denote the coodinates of Py in a
fixed Cartesian coordinate system. my. > 0 its mass. The motion of these n bodies

is completely described by Newton's law of attraction:
my€ = U,
where

& = (g Ypy =)

and

U= Y. Ty

1<k<i<n TR

is the potential function for Newton’s law, Uy, is the partial derivative of U with

respect to & and

=& — &l = \/(-’-'-'L- —o P+ —wl + (2 — =)
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is the distance between the particles P, and P. Note that we assume the gravita-
tional constant to be equal to 1, for simplicity.
Hence, by working out U7, in terms of §. we can write Newton's Iaw of attraction

for n bodlies as the following set of nonlinear differential equations (see, for example,
[19, pp20 — 21]):

el H(0) = T =5 (nle) = ) uil) = ). 5l = 2() (3.1)
ik L

k=1.2,....n
l.e.
L i E) = 3 =S ant) = r( ) peld) — () sel®) = 2(1)) (3.2)

ok "u
1€iEn

and the center of mass is (see, for examplo. 20. p.234])

= ( To. Yo -'0 Z"}i( TiaYis -l) - z :nlkl (3-3)
oMo T =
Let
& PR/ TR
- & T2 Y2 2
== .t=!. . . (3.4)
En Iy Yn :u}
and
A= (“t'j)rlxn
where

v

% e W iz

1€kEn ik

_{5‘ i i# s

Then the above equations can be written more conveniently as

='(t) = A(Z)Z(2). (3.3)

A coordinate system &, k = 1,2,.. ., n, for the n-hody problem is called inertial
if

mkfi’ = U&
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is valid in it. A barycentric coordinate system is defined as one which has the
centre of mass at the origin for all thme #. Any inertial system &. ¢ = 1.2.....n,

can be changed into a barveentric coordinate system by setting
S=6-8%7 i=12....n

(sce, [20.p.243]). In what follows, we always assume that the inertial coordinate

system is the barycentric coordinate system.

In general, the motion of such n bodies is very difficult to determine due to the
nonlincarity of the equations. As is well known today, for n = 2, this problem 1is

completely solved. But for n > 3, it is still wide open.

In the following two sections. we will look at some special cases of such systems
in terms of their geometrical properties. We will analyze the special n-body problem
where the configuration formed by » bodies remains similar throughout the motion,
and give some applications of oscillation theory of ordinary differential equations to

the problem.

3.2 Homographic Scolutions

In 1772, J. Lagrange [19.p.92] showed that three masses fixed at the vertices of an
cquilateral triangle, rotating about their common center of mass with an appropriate
angular velocity, describe a periodic solution of the planar three-body problem.
Lagrange thought that the solutions of such a configuration have no significance in
astronomy. However, it was discovered lately that the Sun, Jupiter, and the small

planets of the Trojan group form an approximately equilateral triangle {19, p.92].

Lagrange generalized the above solutions further by asking for, and constructing,
all additional solutions for which the triangles formed by the particles remain similar

throughout the motion.

With the motivation of Lagrange’s solution, people defined the particular case
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of the n body problem-the one where the configuration formed by the n bodies

remains simiilar to itself throughout the motion., as a homographic or permanent

configuration. The resulting solutions are called homographic solutions. More pre-

cisely, a given solution & = &{(1).1 = 1,2.....n, of the problem of n hodies (nuder

Newton's law of attraction) is called homographic if the configuration formed by
the n bodies at a given time ¢t moves in the inertial barveentric coordinate system
¢ in such a way as to remain similar to itself when ¢ varies. By this is meant that
there exists a scalar r = r(#) > 0, an orthogonal 3x3 matrix @ = Q(#) such that for
every ¢ and t one has

&i(1) = r(1)Q(1)6:(0) (3.6)
i=1.2,...,n, [20.p.284].

It is known that a homographic solution necessarily forms a central configu-
ration [20.p.297). i.e.. n position vectors & of the n bodies m; will be said to form
a central configuration if the force of gravitation acting on me; is proportional to the

mass m; and to the barycentric position vector §. i.e., if
Ug=omi&. =120,

where o is uniquely determined as

U

and

U= ;S%Sn — J= gm.ﬁ.

It is known that n bodies with equal masses at the vertices of a regular polygon
forms a planar central configuration since the configuration in this case is homo-
graphic [25]. The requirement that all the bodies have equal mass can be waived in
the case of an equilateral triangle. Four bodics at the vertices of a regular tetrahe-

dron also form a central configuration. This is also true for the regular octahedron
_and the cube [30].



It is casy to see that there arc itwo special cases of homographic solutions. One

is the casc where the configuration is dilating without rotation. 1.e..

Q=1 _ (3.7)
in (3.6). where I is the identity 3 x 3 matrix and the resulting solution is called
homothetic. In this case, the homothetic solution is characterized by

&i(t) = r(1)5(0) (3.8)
t=1.2..... n

Another case is where the configuration is rotating without any dilation.

l.c..
=1 (3.9)

it (3.6). and it is then called a relative equilibrium confignration. The solution 1s

characterized by

i=12.... n. and it is called a solution of relative equilibrium .

However. there is no stationary solution. i.c.. it is impossible that
r(t)=1 and Q) =1 (3.11)

in (3.6). (sec. [19.p.91]).

It is possible that a homographic configuration is rotating and also dilating. But
this is possible only in the case the solutions are planar. (i.c. if there exists a plane
P which contains all n initial position vectors &(0) and all » initial velocity vectors
£/(0), and this will imply. by the uniqueness theorem of differential cquations, that
all position vectors £(1) along with their velocity vectors £/(t) must lie on the plane

P for all time #, i.e.. the n bodies all lie on the same plane P for all time %).

Furthermore, a homographic solution is a solution of relative equilibrium if and

only if it is planar and rotatcs around the center of mass with an. appropriate
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constant angular velocity (hence the relative equilibrium solutions are periodic so-
lutions), [20.p.287].

About 100 years after Lagrange proposed the question. in 1879, R. Hoppe [23]
found that V equal masses at the vertices of a regular polygou. rotating about their
center of mass (which is the center of the polygon in this case) with an appropriate
angular velocity describe a periodic solution (relative equilibrium solution) of the
n-body problem. After another 50 years, MacMillan and Bartky [26] found the
converse for N = 4 in 1932; that is, a system of four masses at the vertices of a
squarc rotating about the center of mass, has a periodic solution only if all the
masses are equal (note that this is not the case for an cquilateral triangle). For
N = 5. this program was carried out by Williams [27] six years later in 1938,
Finally. after about another 50 years. L. Perko and E. Walter {21] showed that for
N 2 4. N masses at the vertices of a regular polygon. rotating about their conumon
center of mass with an appropriate angular velocity, will have a periodie solution if
and only if all the masses are equal. This was also discovered independently by B.
Elmabsont [29] in 1987.

A solution of the n-body problem will be called flat if there exists for every
t. a plane P(#) which contains all n bodies at this . Therefore. the planar case
is a special flat case in that P(t) = P. Actually, it has been proved that any fiat
homographic solution is necessary planar. If a homographic solution is not fiat, then
it must be homothetic, which means the configuration can only dilate but can’t
rotate [20,p.287]). Furthermore, the dilating factor #{#} has to satisfy the following
nonlinear differential equation

P2y (1) = A (3.12)

where A is a constant. This surprising and important result was discovered by the
Italian mathematician Pizzetti [30] in 1904.
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Integrating (3.12) will lead to

) 2A n 20
rE(t) + — = r"(0) +

.y =% (3.13)

If A > 0 then it is easy to see that
infr(t) >0
>0

otherwise the left-hand side of cquation (3.13) will be infinite and the right-hand
side is a constant which is impossible. This means that, in this case. it is impossible
to have a simultaneous collision of all bodies. If r(#) is bounded for all # > 0, say,
r(t) < B, then. as A > 0. we have

and integrating this twice leads to

r(t) > ﬁ;ﬁ + (0}t + r(0).

hence r(t) can’t be bounded. Therefore, if A > 0. then these n bodies will not have
a sinultancous collision and the distances 7:;;(1) between any two particles & and
£t

rij() = |S8) = (D] = rDE(0) - &(0)]

will be as big as you wish since r{#) is unbounded.

IfA<0andr(0) <0,

A
r(t) = % <0,

for all # > 0. so ()} is decrecasing, and therefore
(1) < (0)
for all ¢+ > 0. Hence

(1) 0% + 7(0),
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and this means that
r(t,)=10

for some finite .. l.e.. these n bodies will have a sinmiltancous collision at a finite

tine.

If A < 0 and r(0) > 0. there are two cases: First. if

2 2
r=(0) + 0) <0
then

supr(t) < B,
for somc constant B > 0. If
supr{t) = co.

then " "
T = = —
| )+r(f.) t (0)+r(0)
implics
r?(t) < 0,

for some #. which is impossible. Hence r(1) is bounded. So we have from the

differential equation that

Mt)= = <
and this will imply that
A,
r{t) < Ef- + (0} + r(0).
Since A < 0, this means that there is a finite time #, such that
T(to) =-0-

So, in this case, 7(¢) will increase to some maximum value and then decrease to zero

which means that these n bodics will have a simultancous colliston in finite time.
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Secondly. if
2(0) + 2 >0
' 7o) =¥

(1) will increase indefinitely because
inf #(¢) > 0.

This is casy to see since, if inf () = 0, then for some #, we will have

2X
= >0.
r(t) = 0
because o a3
2 =N =
r (t)+r(t) r (0)+r(0)

and r'(#) is very small for some #.But certainly this is impossible as A < 0. So
#(#) will increase indefinitely. Hence the distances between any two particles will

inercase indefiuitely as well.

If A = 0. then
(t) = 0.

hence
r{#) = r'(0) + r(0).

Therefore. if r'(0) > 0. then
r{t) = +oc as t—oc.

which means that the distances between any two bodies will increase indefinitely.

If #(0) < 0, then it is ecasy to sce that there is a finite time #p such that
T(to) = 0

so these n bodies will have a simultancous collision in finite time.

By the above analysis, we can sce that any non flat homographic solutions of

the problem of n bodies cither will have a sinmltancous collision at a finite time
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or the distances between any two particles will increase indefinitely.  Therefore,
there is no hope of finding any almost periodic non-flat homographic
solutions. By contrast. in the planar case. any relative equilibrimm solution is

necessarily periodic (and so almost periodic).

3.3 An Application of Oscillation Theory to the
Problem of N Bodies

We define the configuration formed by the n bodies under the influence of Newton's

law of attraction as a linked n-body problem if the distances between any two

particles

ri(t) = &) = ()

is directly a function of time ¢t but is independent of the positions of &.&;. 1.,

rij (1) = bi;(1)

and
Wi _o Wi _g
¢ a¢;
For example. the homographic configuration is a special case of a linked n-body

problem since

ri(1) = [&(1) = £(D)] = [H(HQINE(0) = £;(0))] = &i;(2).

In the linked n-body problem. since the distances between any two particles are

explicit functions of . we have a relatively easier set of differential equations ansmg

from (3.3), namecly.

=Z"(t) = A(H)=(H) (3.14)
where
& ry o %
- &2 Ty Y2 =2 .
=H=1.1=1. . . (3.15)
& Ty Yu Zu



aned

‘.l(f) = (allj(f))"xrl

where ™ . .y
{ F'F‘;')- if ! ?l: Js

;= - . ..

N O

Thus the assumption on the distances between any two particles in the linked n-

body problem reduces the nonlinear equations to linear equations.

We will consider the special case here in which all the particles have the same mass.

i.c..

m;=m, i=12.....n (3.16)

So we have

A(t) = mC(2)

where C(1) = (¢;;)ux» and

1 - . R
{ W if # J-s
;=

o I - .-=-
T mm M=

Also note that A(?) and C{#) are symmetric.

We will cousider the following question: Suppose that » bodies at one time, say
? = #;. arc on a plane P. can these n bodies come back to the same plance P again

later on? We give an answer to this question by means of the next theorem:

Theorem 19 Supposc that we have a linked n-body problem and A(t) = nC(t) as
we undersiand it abeve. A(t) < 0 (i.e. —A(t) is positive semi-definite) and there
1« a tme t =1, such that these n bodies are on a plene P. Then if the mass m is
bigger than some number mo > 0. then these n bodies will come back to this same

plane P later on for some appropriate set of initial velocities.

Proof: Without loss of generality. we can suppose the plane P is the xy-plane. We

suppose that for these n bodies located at & = (z;,4:,5). 7 =1,2,...,n, thercisa
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time t = #; such that z;(#,) = 0. for all 1 </ < n. Since

=) = mC(HE(H)

and

and & = (r;. ;. 3i). it is casy to see that

satisfies
Z"(t) = mC(H)Z(#)

as well. Applying a theorem of A. Mingarelli and G. Halvorsen [3. p.58]. we know
that there is an mg > 0 such that the above equation is not disconjugate, henee
there is a time ¢ = #2 such that Z(#.) = 0. for some non-trivial solution Z(#). i.e..
these n bodies will come back to the same plane. Since the disconjugacy domain is
convex [3]. so if my is a conjugate point. then so are all > my. Hence if mr 2 .

the equation
Z"(t) = mC(t)Z(1)

is also not disconjugate. That implies there are t such that Z(¢) = 0. This completes
the proof.

Remark: In the planar case there is a time ¢ = #; such that at this time all the
position vectors &(#; ) and the velocity vectors £/{(#,) arc on the same plane P. How
about if you only know that all the position vectors arc on the same plane at onc
time? Well, it is not that bad in the cases we studied above. If the mass mn is bigger

than a certain constant then the configuration will at least come back.
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We can look at this qﬁmtiou in another way. Suppose that you would like to
have these n bodics come back before a certain time #;. what kind of conditions
should vou put on the mass m? Well. we look at the Sturm-Lionville boundary
problem

Z"(ty =mC(t)Z(1)

with Dirichlet boundary condition
Z(0) =0 = Z(t).
Then by a theorem of U, Mampitiya [31. p.68], if the set
{t: 0<t<t, C_(t)>0} (3.17)

is of positive measure. then there is a my > 0 {the first positive cigenvalue) such
that the Sturm-Liouville problem has a nontrivial solution. (It is known that for
any matrix A. there arc unique A, and A_ such that 4 = 44 ~ A_. where 4, 20
and A_ > 0). Since m,(#; } decreases while #, increases. so if we want these n bodies
to come back to the same plane before the time #,. m has to be greater than .
Note that we can replace the definiteness condition on C(#) by the condition (3.17)
and still ensure the existence of such a mass m, for which there is a solution of the
linked problem of n bodies which returns to P. In particular. this applies to the

case where the b;;(#) are almost periodic and C(#) has a nontrivial negative part

C_(1).
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