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FREE VIBRATION OF PARTIALLY SUPPORTED
PLATES AND SHELLS
Alizadeh, Y.
Department of Mechanical Engineering
University of Ottawa

ABSTRACT

First-order transverse shear-deformation Mindlin theory has been used to predict
the free vibration frequencies and modal shapes for isotropic, laminated and com-
posite plates or shells. A finite element model based on the small deflection linear
theory has been developed to obtain numerical solutions for this class of problems.
The results for some of the degenerate cases are compared with other results avail-
able in the literature. These analyses involve a wide number of variables, namely;
material properties, aspect ratios, support conditions and also radius to base ra-
tio. The cracked base plates, shells and blades are idealized as partially supported
models with varying support lengths. The effects of the detached base length on

‘natural frequencies, modal shapes and nodal lines of these types of structures are

investigated.

Although the expected decrease in frequency with increase in the detached
base length is observed allmost for all modes it is seen that this behavior is very
pronounced for higher modes in both plates and shells. Analysis also showed that
the variation of the detached base length has a small effect on the natural frequencies
of plates and shells with large aspect ratios (b/a > 2,7/a > 2).
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Notation

A list of principal symbols, superscripts and subscripts used frequently in this
work are summarized below. Locally used notation and modifications are defined

where used. The symbols are listed roughly in the order of occurrence in chapter
sequence.

Symbols

Mathematical symbols

{}top coordinates of top point of node i
{}sottom coordinates of bottom point of node i
07,{}T transpose of matrix, vector

,z differential with respect to x
| | absolute value
{} unit vector
IJ, [ integration over area
JI[, [, integration over volume
C? symbol for displacement continuity

C! symbol for displacement and first differential of displacement con-
tinuity

E,E;; Young’s modulus, Young’s modulus in plane ij

G,G;; shear modulus, shear modulus in plane ij

xxii

PUPT—



c/a
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{F*},{f}
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{R:}
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{Mp}
{Vi}
{e}
{x}
{o}®)

{a}xnyvz

. {0}1,2,3
{e},{€}

Poisson’s ratio, Poisson’s ratio in plane ij

ratio of detached length to the base length of plate or shell

body forces vector

surface forces vector
concentrated forces vector
surface displacement vector
general displacement vector
virtual displacement vector

displacement vector for point i

virtual displacement vector for point i

general load vector

body forces vector

surface forces vector

initial stress forces vector
concentrated forces vector
initial strain forces vector
thermal loads vector

in-plane forces vector
bending moments vector
shear forces vector

in-plane middle surface strain
element curvature vector
stress vector in k** layer
stress vector in load direction
stress vector in principal direction

strain vector
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N M](n‘{)
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strain vector for membrane
strain vector for bending

strain vector for shear

stress vector

initial strain vector

initial stress vector

thermal strain vector
generalized displacement vector
generalized displacement vector at node i
generalized acceleration vector
generalized velocity vector
constitutive matrix

differential operation matrix
extensional stiffness matrix
flexural stiffness matrix
strain-displacement matrix, bending stretching coupling matrix
shear stiffness matrix

in-plane displacement matrix
bending displacementv matrix
shear strain displacement matrix
Jacobian matrix

global stiffness matrix

element stiffness matrix

general mass matrix

element mass matrix

damping matrix of structure
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displacement interpolation matrix

isoparametric interpolation matrix

material stiffness matrix

reduced material stiffness matrix
transformation matrix for stress
transformation matrix for strain
transformation matrix from global to local coordinates
fourth-order elasticity tensor

weight coefficients of the Gaussian quadrature
number of Gauss point

number of nodes per element

isotropic plate and shell rigidity

Global Cartesian Coordinates

Local Cartesian Coofdjnates

Nodal Cartesian Coordinates

shape function for node i

3-D isoparametric coordinates

2-D isoparametric coordinates

nodal value at node i

linear coordinate in the thickness direction of shell element

normal stress parallel to i** axis
stress, second-order stress tensor
strain, second-order strain tensor

damping property parameter

“mass density

rotations at node i for a shell element



i

Tijs Toy

Yzys Vij
I

shear stress in ij, xy plane

frequency of vibration, non-dimensional frequency
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Chapter 1

INTRODUCTION

1.1 Finite Element Concepts

A considerable amount of research on the vibration analysis of plates and shells
has been carried out using various numerical methods, such as the finite difference
method, finite strip method and finite element method. It has been found that

the finite element method is a powerful method for the solution of a wide scope of

problems in engineering.

Finite element method enables us to convert a problem with an infinite number
of degrees of freedom to one with a finite number in order to simplify the solution
process. It yields an approximate analysis based upon an assumed displacement
field, a stress field, or a mixture of these within each element. Finite element
method is a convenient method for the plate and shell type structures ha.ving ir-
regular geometries, or complex boundary conditions. Assumed displacement field

or function is widely used in finite element analysis. The prescribed displacement

1
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functions are constructed in the following manner:

1- Select a set of reference or node points on the plate.

2- Associate with each node point a given number of degrees of freedom (displace-
ment, slope, etc. ) .

3- Construct a set of functions each giving a unit value for one degree of freedom
and zero values for all the others.

These functions are referred to as element displacement functions; or shape func-

tions. In order to satisfy the convergence criteria the shape functions should satisfy

the following conditions:

e - linearly independent.

e - continuous and have continuous derivatives up to order (p — 1) both within the
element and across element boundaries (an element which satisfies these conditions
is referred to as a conforming element).

o - satisfy the geometric boundary conditions.

1.2 Composite Lamina Concepts

Composite materials are finding increasing applications in various fields of advanced
structures such as space craft, high-speed aircraft, naval vessels and petrochemical
industries. These numerous applications are because of several of its advantages,
some of these are: high strength to weight ratio, high stiffness to weight ratio,

efficient structural design, good thermal and acoustical insulation, etc.

[g



Figure 1.1: Laminar plate

A multiphase or two-material composite lamina consists of a stiff filament ma-
terial embedded in a compatible matrix material. The filament material is used

in composite laminae such as glass, boron, silicon carbide, carbon, graphite, beryl-

lium, and steel. The matrix materials have included such modern materials as _

phenolic, polyesters, aluminum, epoxies, epoxy phenolic, and epoxy novalacs. Fig-
ure 1.1 shows two typical laminars along with their principal material axes which
are parallel and perpendicular to the fiber direction. The fibers, or filaments, are
the principal reinforcing or load-carrying agents. Determination of vibration char-
acteristics of structural components made of composite materials is an important
prerequisite for the design of such components. The vibration characteristics of

composite plates and shells have been studied by a number of researchers. Some

3
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of these papers [76),[77],(78],[85], [86],87], [94},[95],[100],[101], [104],{106],{109],[110]

deal with review literature on dynamic analysis of composite plates and shells.

In the structural analysis of plates and shells of composite materials, the equi-
librium equation and the strain-displacement relations do not change from tho.se
for plates and shells of isotropic materials, but the stress-strain relations as well
as stiffness matrix components will be different. References. [25],[26],[27],[28] give
details of cor-nposite material concepts, classical and transverse shear deformation
theory of plates and shells. Reference [23] gives physical and mechanical properties

of composite materials and also contains some valuable information for design and

analysis of advanced composite structures.

1.3 Plate Analysis by the Finite Element Method

Flat panels are used in many structures from buildings to ground and ocean vehicles,
air craft, and space craft. These uses have generated considerable interest in vibra-
tion problems. The words "panel” and "plate” are used in this study to-describe a.
structural element that is relatively thin in one dimension and flat in the mid-plane
of the other two dimensions. Such structures may be analyzed by finite element
method by dividing up the plate into an assemblage of two-dimensional finite el-
ements called plate bending elements. These elements may be either triangular,

rectangular or quadrilateral in shape.

Linear eldstic analysis of plates using the finite element displacement method

may be formulated either by the Kirchhoff or the Mindlin plate theory.




o -Kirchhoff theory;
In the Kirchhoff theory or classical thin plate theory, it is assumed that the nor-
mal to the mid surface before deformation remé.in straight and normal to the mid
surface after deformation as shown in Fig. 1.2. This assumption implies that trans-
verse shear deformation effects are negligible in plates, consequently free vibration
frequencies calculated using C! classical thin plate theory are always higher than
those obtained by more precise means, the deviation becoming larger with increas-
ing mode number. Furthermore in a finite element context, shape functions have to

ensure C? continuity or otherwise a non-conforming formulation must be adopted.

Figure 1.2: Model for Kirchhoff theory.




e - Mindlin theory;

In the Mindlin plate theory, which allows for shear deformation, the normal remains
straight, but not necessarily normal to the mid surface after deformation. Figure
1.3 shows deflection model for Mindlin theory. More significantly, shape functions
only require C° continuity. This latter requirement makes Mindlin plate elements
particularly easy to formulate with the result that they have been successfully ap-
plied to many linear problems. Such formulations readily accommodate thick or
thin plates, variable thickness, curved boundaries and laminated materials. The
plate assumptions adopted for the finite element model described in this study are
essentially those introduced by Mindlin :

(a)- The deflection of the mid surface of the plate is small in comparison with the
plaﬂe thickness.

(b)- The transverse normal stresses are negligible.

(c)- Normals to the mid-surface of the plates before deformation remain straight

but not necessarily normal to the mid-surface after deformation.

Figure 1.3: Model for Mindlin theory.



1.4 Shell Analysis by the Finite Element Method

Several different finite element techniques have been used by various researchers to
study shells with arbitrary geometry. The selection of a particular approach de-
pends on the shell theory used.

1- Element formulation based upon the thin shell theories of classical mechanics,
[4], [31]), [114], [122], and [123].

2- Flat-faced triangular or quadrilateral elements,

the earlier shell studies involved facetting the shell by plane triangular plate ele-
ments. Some aspects of flat-faced shell elements are discussed in references (4], [9],
and [124].

3- The degenerate shell elements method,

the third approach employed the formulation of shell elements from the three-
dimensional element. This type of shell element and some numerical techniques

have been discussed in several references [4], .[8], [10], [14], [15], [16], [17], [46], and
[48].

1.5 Anisotropic Plates and Shells

In anisotropic plates and shells, material properties are different in all directions so

that these type of plates and shells contain no planes of material property symmetry.

In the structural analysis of plates and shells of anisotropic or composite mate-

rials, the equiiibrium equations and the strain-displacement relations do not change

-



from those for plates and shells of isotropic materials. However, it is necessary

to drastically alter the stress-strain relations to account for the anisotropy of the

materials system.

The difference in material property symmetry in isotropic and anisotropic
plates/ shells is reflected in the mechanics and design of these types of structures.

Two examples are given below.

1- The classical theory of plates and shells, based on neglecting transverse shear
deformation, is not justifiable for most composite structures, including the geomet-

rically thin members. It could be argued that for isotropic materials

25§=2(1+v)53

while, for most practical filamentary composite materials

Ell
20 < = < 50
S GL S

Therefore, for a given in-plane modulus, the plate or shell is very weak in transverse
shear resistance, and the effects of shear deformation in the transverse direction are
significant, and hence cannot be neglected. Therefore, in order to generate a realistic
model it is necessary to include transverse shear deformation in the analysis of most
plate and shell structures fabricated with composite materials. Unfortunately, most

of the literature on the subject of plate or shell dynamics available today is based

on the classical theory.



2- For plates/ shells with isotropic material the sign convention for shear
stresses and shear strains is of little practical significance, since its mechanical
behavior is independent of the direction of shear stress. For plates/ shells with
anisotropic material the direction of shear stress is critically important in determin-

ing their strength and modulus [74].

The rapid development of composite materials requires the discussion of better
analytical models and solution techniques. A comprehensive literature survey on

this topic covering a period until 1973 can be found in reference [27].
1.6 Sandwich Plates and Shells

Structural sandwich construction is one of the first forms of composite structures
which acquired broad acceptance and usage. Mostly all aircrafts and space vehicles
make extensive usage of sandwich construction. In addition to a.1r and space vehicles,
sandwich construction is commonly used in the manufacture of cargo containers,
movable shelters and airfield surfacing, navy ship interiors, small boats, in the

automobile industry, snow skis, residential construction materials, etc...

A sandwich plate consists of two or more layers, as shown in Figure 1.4:
1- A pair of thin, strong facings.
2- A thick, lightweight core to separate the facings and carry loads from one facing
to the other.
3- An attachment which is capable of transmitting shear and axial loads to and

from the core.

B



Figure 1.4: Sandwich plate

e - facing material:
The primary function of the face sheets is to provide the required bending and in-
plane shear stiffness and to carry the axial, bending, and in-plane shear loadiné. In
the aerospace field, the most commonly chosen facings are resin impregnated fiber-

glass cloth, graphite prepreg, 2024 or 7075 aluminum alloy, titanium, or stainless

steel.

e -Core materials:

10
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The primary function of a core in sandwich structures is that of stabilizing the
facings and carrying most of the shear loads through the thickness. Several differ-
ent materials have been used as sandwich cores, these include wood, foam, paper

honeycomb, aluminum honeycomb, etc.

Reference [23] gives the mechanical properties, cell shape, cell size, thickness

specimen geometry and test method of all kinds of cores in sandwich structures.
1.7 Laminate Plates and Shells

A laminate is a stack of laminae with various orientations of principal material

direction in the laminae as shown in Figure 1.5

The laminatéé are usually bound together by the same matrix material that
is used in the laminae. References [21],[22],[23],(24], [26],[27],[28],etc. give detailed
information of macromechanical behavior of laminates, classical theory and analyt-

ical procedure for composite plates and shells structures.

1.8 Significance of the Present Study

In recent years several failures in the aircraft industry have been attributed to the
lack of information on the interaction between fracture and vibration of wings due
to aerodynamic forces. Another area where such information is lacking is turbine

and fan blades. This necessitates further research investigating the effect of cracked

11
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Figure 1.5: Laminate plate

length on dynamic behavior of these types of structures.

The scope includes modeling of partially supported plates and shells. The finite
element method has been used to analyze the behavior of the plates/ shells and to

find the effect of the supports on mode shapes and frequencies of the plates and

shells. By idealizing the cracked edge as a partially supported model, one may be

able to find some primary information for dynamic analysis and design usage.
1.9 Objective and Scope of this Investigation

The objective of this study is to investigate the free vibration of partially clamped

cantilever plates and shells. The displacement type finite element method has been

12



used for analyzing natural frequencies and modal shapes of plates with different
aspect ratio and different material type. The main scope of this study is to find

the effect of partial support (c/a) on the variation of natural frequencies and modal

shapes for plate and shell vibration.

The results in this study are divided in two parts :

o Part 1

Part one deals with free vibration of partially supported triangular plates. For all

geometry of plates the 8-node isoparametric element has been used.

A computer program was written and several examples of free vibration of

triangular plates have been studied.

o Part II
The next part of this study deals with the free vibration analysis of partially sup-
ported curved panels, such as blades and shells. Several factors namely, frequency
parameter, modal shapes and displacement patterns for shells with detached support

length for isotropic, orthotropic, and sandwich materials have been investigated.

A computer code was prepared for finite element dynamic analysis of general
shells and several examples of free vibration of cylindrical fan blades or shells have
been studied. The degenerate cases have been compared with those available in the

literature.

Another -purpose of this investigation is to add important information to the

data base on the topic of plate and shell dynamics of various material types.

13
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Chapter 2

LITERATURE REVIEW

In this literature review, first the comments on the papers published on the general
topic have been made and then the discussion on specific papers related to this

thesis has been presented.

2.1 Finite Element Modeling

In 1977 Krishna Murty [79] reviewed several publications on F.E.M. covering a pe-

riod from 1944 to 1977. these papers included lumped parameter, finite element .

displacement, finite element force, transfer matrix, hybrid and quadratic eigen-
value methods. In this review some finite element models have been compared
and Rayleigh-Ritz finite element method was found to be the most convenient and

efficient.

An extensive survey of the finite element modeling of structural vibrations has

been gi.ven by Reddy [84]. This survey concentrates on the basic structural elements,

14
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such as plates, shells and beams from 1967 to 1979.

2.2 Plate Vibrations

Leissa [82},[83],(91],[92], [102],[103] gives a comprehensive survey of plate vibration _

review of literature published from 1973 to 1985. Reference [82] reviews the litera-
ture published during the period 1973-1976 which mostly deals with free, undamped
vibration of plates, governed by the classical theory of plates. Reference [83] is a
review of literature dealing with the complicating effects of free, undamped vibra-
tions of plates, such as: anisotropy, in-plane forces, variable thickness, surrounding
media, large defections, shear deformation, rotary inertia and non-homogeneity. In
references [91] and [92] the works published during 1976-1980 are summarized. The
first one deals with problems governed by classical theory of plates, and the second
one considers complicating effects of anisotropy, in-plane forces, variable thickness,
large transverse displacements, shear deforﬁation, surrounding media , rotary in-
ertia and non-homogeneity. References [102] and [103], also summarize research

studies that have been carried out on the subject of free vibrations of plates during

the years 1981-1985. The first article briefly summarizes 76 publications on plates

which are governed by classical plate theory, dealing with thin, isotropic, honioge-
neous, linearly elastic, with small displacement. Publications on circular, rectan-
gular, other quadrilateral, triangular, polygonal, sectorial plates, and other shapes
are also included in these references. The second one briefly summarizes 213 papers
for plates with complicafing effects. These studies give valuable information about

the effects of anisotropy, laminated composite material, in-plane stresses, variable

15



thickness, non-homogeneity, surrounding media, large deflection, large thickness,

nonhomogeneous elastic foundation, initial imperfection and transverse magnetic

field.

2.3. Eigenvalue Solution

Jennings [88] and [99] reviewed the methods for solving dynamic equations to de-
termine characteristic response. In the first reference the numerical methods for
eigenvalue solution, for undamped and damped systems are considered. In the sec-

ond, the article updates a previous review of methods for solving dynamic equations

to determine characteristic response.

2.4 Composite and Sandwich Plates

An extensive literature survey on composite and sandwich plate dynamics has been
given by Bert [76],{77],(87], [94],[101]. The fundamentals of the mechanics of com-

posite and laminate plates have been discussed in [76] and [77] which was updated

in 1979 by Ref. [87]. References [94] and [101] present surveys of the literature

concerning dynamics of plate-type structural elements of either composite mat‘erial
or sandwich construction. In the first, particular attention is given to experimental
research, linear and nonlinear analysis. The reviewed material deals with rectan-
gularly orthotropic, cylindrically orthotropic, an-isotropic, laminated and sandwich
plates. Free and forced vibration, flutter and impact are also considered. In the

second article emphasis is given to transverse impact and subsequent damage, en-

16



vironmental aspects, linear and nonlinear analysis and design.

Reddy [93],[100],[105] presented a significant survey of composite and sandwich
plates. The first paper reviews finite element papers published on the static bend-
ing and free vibration of layered, an-isotropic and composite plates and shells. This
publication also included large-deflection bending and large-amplitude free oscilla-
tion of layered composite plates and shells. The second review deals with modeling
of natural vibrations of plates during the period from 1980 to 1985. An histori-
cal background of the development of shear deformation theories is also presented.
Reddy in his third survey [105] presented an extensive review on the classical and

shear deformation theories of laminated composite plates.

2.5 Layered Shell Vibration

Due to the wide industrial application of layéred shells in various industries, the
interest in their static and dynamic response has been increased. Most of the studies
reported in this area which deal with cylindrical, spherical and conical layered shells
were reviewed by Habip [107], Kapani# [109] and more recent researches by Mirza

[110).
2.6 Nonlinear Plate Vibration

Nonlinear problems concerning plates of various geometries have received consid-

erable attention in the literature in recent years. An excellent monograph by
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Sathyamoorthy [98] deals with nonlinear vibrations. This review is limited to papers
published from 1979 to 1982. The research described in these publications included;
geometric, material and a combination of these nonlinearities, complicating effects
of anisotropy, attached masses, cutouts, elastic foundation, nonclassical boundary
conditions, stiffeners, thermal stresses, variable thickness, transverse shear defor-
mation, and rotatory inertia. The review article [108] is concerned with the recent
developments in the nonlinear vibrational analysis of plates of various geometries.
In addition of material and geometric type nonlinearities, particular attention is
given to the recent developments in the analytical and numerical methods. Compli-
cating effects such as the effects of transverse shear deformation, rotatory inertia,
anisotropy, initial imperfections and variable rigidity on the vibration behavior of

plates are also included.

2.7 'Turbine Blade Vibration

Rao [80],(89],[97] reviewed the literature on blade excitation forces, vibration of
blades with large aspect ratios, disk blade interaction, vibration of blades with small
aspect ratios, blade group vibration, blade damping and response, free vibrations

and experimental methods.

An extensive literature survey on vibrations of turbine engine blades by shell

analysis has given by Leissa [90].
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2.8 Closely Related Research Works

The literature survey shows that very little work has been done so far on the partially
clamped plates and shells. But within the frame work of free vibration of partially
clamped plates and shells, some investigations have been carried out to study the

triangular, rectangular and other type of plates and shells with fully supported or

complex supported conditions.

e -Triangular plates:
For triangular plates, most of the analyses presented in the literature so far have
been reviewed by Leissa [91], [102]). In these review papers the analytical.and
computational complexity of the various methods of solution have been discussed.
Gorman [38] used the analytical superposition technique for the free vibration anal-
ysis of simply supported right triangular plates. More classical methods have been

used by Kim and Dickinson [43] and Bhat [41], and the Ritz method by Anderson
et al. [116].

Some experimental results have been provided by a number of researchers

[71],[60].

Finite element method has been employed by Mirza and Bijlani [63], Cowper

et al.[61] and Utjes et al.[40] , and the grid-work approximation by Christensen [59).

¢ -Rectangular plates:
Fan and Cheung [39] used the spline finite strip method to study the flexural free

vibration response of thin rectangular plates with complex supported conditions.
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Kurata and Okamura [64] used the theoretical method for analysis of natural vi-

brations of partially clamped rectangular plates.

¢ -Cylindrical Fan Blades:
The finite element method is a suitable method for dynamic structural analysis of
turbo-machinery blades. The earlier works in this area have been reviewed in [36]

and [46].More recent works on vibrations of fan blades can be found in References

[27),33] and-[113].
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Chapter 3

FINITE ELEMENT THEORY
FOR PLATES AND SHELLS

3.1 Finite Element Formulation of the General
Elastic Body

3.1.1 Introduction

Several types of formulations of finite element method have been used by researchers.
The most important formulation, which is widely used for the solution of practi-
cal problems is the displacement-based finite element method. This is because of
its simplicity, generality and special adaptability to computer techniques. Practi-
cally all major general-purpose analysis programs have been written using this type
formulation. In this chapter we shall first concentrate on the general formulation
of three-dimensional elastic body. In this formulation the differential equation of
equilibrium and boundafy conditions could be established by using the principle

of virtual displacements. After establishing the general equations of equilibrium
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governing the linear dynamic response of a system i.e,
[M){A} +[C{A} + [K){A} = {R)
we will consider the solution of the eigenvalue problem ie,
(K] - M[M]){®} = {0}

Then, we will derive the finite element properties for special cases such as plates and

shells. Finally, bending rigidity, element shape functions and numerical integration

for plates and shells are discussed.

3.1.2 The Principle of Displacement-Based Finite Element
Method

The basic steps in the analysis of a structure using the displacement- based finite

element method are:

1- Idealize an actual physical problem into an assemblage of discrete elements which
are interconnected at the structural joints (nodal points).

2- Identify the unknown joint displacements that completely define the displace-
ment response of the structural idealization.

3- Establish force balance equations corresponding to the unknown joint displace-
ments and solve these equations.

4- With the element nodal-displacements known, calculate the internal element
stress distributions.

5- Interpret the displacements and stresses predicted by the solution of the struc-

tural idealization when considering the assumptions used and correct interpretation

of the results.
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The establishment of an appropriate finite element model of an actual physical
problem depends on a large number of factors. References [10], [14] and [29] contain

a good discussion of these factors and of modeling considerations.
3.1.3 Relations of Strain-Stress and Strain-Displacement

In this general formulation we review the finite element principle and the solution
method. This method is a fairly standard method discussed by several authors, for

example in references [4],[5],[6],[10],[14],[18], [30],etc.

.....

.,

Fl

_element m

— X

Figure 3.1: General elastic body

IS

Let us consider the equilibrium of a general body. The external forces acting

on the body corresponding to the three coordinate axis (Fig. 3.1) can be written in
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the form

{F}y={F;, F,, F}}T
{F*}=A{F;, F}, F;}7
{F'}={F,, F,, F)}*
where,

{F*} = body forces
{F*} = surface forces

{F'} = concentrated forces

The displacement of the system are denoted by,

{U} = {0}

where,

{U} = {Uu(2,y,2), Uy(,y,2), Us(z,y,2)}T

The strains corresponding to the displacement field {U} are

{€} = {€zzy €yys €220 Yaus Yazs Vo2 } -

The strain-displacement relations can be represented as

{e} = [L{U}

where [ L ] is the differential operator matrix:

(L) =

L) 1
Voo of

OP Pl o Qpo

» OPl © ©

¥

3y J

(3.1)

(3.2)

The components of the stress tensor corresponding to {¢} are denoted by {c} i.e,
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{U} = {azz, Oyys Tzzy Tzyy Tzzy Tyz}T

and the stress-strain relation is in the form,

{0} = [C]({e} — {e}) + {00} (3-3)

where,

{Uo}'= initial stresses

{€0}= initial strains

and,

[C]= is the constitutive matrix

In the case of three-dimensional isotropic elastic materials [29).

1 % & 0 0 0
1 = 0 0 0
B E(1-v) 1 0 0 0
=g My 00 (3.4)
3G 0
1-2v
| Sym. 2(1=v) J

where E and v are Young’s modulus and Poisson’s ratio respectively. The consti-

tutive matrices for orthotropic materials are gives in [29].

3.1.4 The Principle of Virtual Work

According to the Principle of Virtual Work,

the total internal virtual work = total external virtual work;

[/{E}T{o—}dV= /V (DM F)av + /5 {U’}T{F’}d5+‘Z{U_"'}T{F"} (3.5)

where,

{€}= virtual strain
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{U} = virtual displacement

The superscripts s and i denote respectively the surface displacement and point dis-
placements. It should be emphasized that the Eq.(3.5) embodies all requirements
that need be fulfilled in the analysis of problems in solid mechanics such as:

1- Compatibility, which requires displacements should be continuous and compati-
ble and also satisfy the displacement boundary conditions.

2- Constitutive requirements, which require appropriate constitutive relations be-

tween stress and strain.

3- The equations of equilibrium.

4- Although the virtual work equation has been written in the global coordinate
system x,y,z of the body, it is equally valid in any other system of coordinates.
5- The principle of virtual displacements can be directly related to the principle

that the total potential II of the system must be stationary.

3.1.5  Derivation of the Finite Element Equation by Virtual
Work.

In finite element analysis, we idealize the elastic body in Fig.(3.1)as an aésemblage _

of discrete finite elements which are interconnected at nodal points. At this point, we

rewrite Eq.(3.5) as a sum of integrations over the volume and areas of all elements.

1.e.,

Ll 70n = T @i
| > [ (@Y {5 s
+ > A{a}{F} (3.6)
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where m = 1,2,...,ne and ne = number of elements. Assuming the displacement

of each element to be a function of the displacements at the n nodal points, for

element m we have,

{u} = [H){A} (3.7)

where
[H] is the displacement interpolation matrix.
{u} is the displacement within each element in local coordinate system.

{A} is a displacement vector at all nodal points in global coordinate system.
{A} = {{Al}a {AZ}, vy {A,}, ceey {An}}T

We may note that, {A;} is the generalized displacement at node i, representing
displacement or rotation in the directions of assumed degrees of freedom. Using

the definition of strain and displacement relation (Eq.3.1), we can now evaluate the

corresponding element strains as follows:

{e} = [Bl{A) 6y
where -

[B] = [L][H]

If we substitute Egs. (3.3), (3.7) and (3.8) into Eq. (3.6) we obtain,

BY(E [, BICIBIONA) = (BT [, [HI7{)ds
+ [ ET s
= X [ Bl o)
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+ T [ BICHe))dv
+ 2 [ B e
+ {F}) (3.9)

The superscript (m) denotes the element m and the integrals fm) and Jym) inte-
grations over the element volumes and surfaces. It is important to note that all the

parameters under the integrals such as [H], {f*}, {f*} and etc. are defined in local

element coordinate system.

Finally, the equilibrium equations of the finite element assemblage can be writ-

ten in the following form:

[K{A} = {R} (3.10)

where

{8} = {Ro} + {R.} = {Rio} + {R} + {Ri.} + {R.} (3.11)

The matrix [K] is the stiffness matrix given by

K=Y [ [BICI[Bln (3.12)

The vector {R} is the load vector which includes the effects of the body forces {R,},
the surface forces {R,}, the initial stress forces {R;,}, the concentrated loads {R.},

the initial strain forces {R;} and the thermal loads {R,}. These are defined by Eqs.
(3.13) to (3.18).

(R} =3 [ (HI{f)av (3.13)
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{R}=% [ T ds | (3.14)
(R} =3 [ 1B {oo)dv (3.15)
R} =35 [ 1BIICe.}ao (3.i6)
(R}=3 [ [BI[Cle}dv (3.17)

{R:} = {F} (3.18)

Equation (3.10) is a statement of the general form of equilibrium equation, valid

for static as well as dynamic problems.

We apply d’Alembert’s Principle to convert the general Eq. (3.10) to the
standard form of the dynamic equilibrium equation. For this purpose we can simply
include the element inertia forces as part of the body forces and also, introducing

the damping forces as additional contributions to the body forces, Equation (3.13)

can be written as

(R} =% [ HIF) - plHHA) - wl HA do (3.19)

where the vector {f*} no longer includes inertia and velocity dependent damping
forces. Therefore, we will obtain the standard form of dynamic equilibrium equa-

tions as follows:

[M]{A} + [CH{A} + [K){A} = {R} (3.20)
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where the vector{R} and {A} are time dependent. The matrix [M] is the mass

matrix of the structure and the matrix [Cy] is the damping matrix of the structures.

le.,

M) =3 [ plHT(H]do
C =% [ walBHF[Hdv

3.2 Free Vibration

In the case of free vibration of an undamped system Eq.(3.20) becomes,
[M}{A} + [K){A} = {0}
or for the eigenvalue problem the convenient form is
([K] = A[M]{2} = {0}
where A is the eigenvalue ( A = w? ) and {®} is the eigenvector.
The condition that the Eq.(3.24) should have non-zero solution is

det([K] — A[M]) = {0}
3.2.1 Solution of Eigenvalue Problems

The eigenvalye problem vgiven by Eq.(3.24) can be rewritten as
[K]{2} = AlM]{2}
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Two general methods, namely, transformation methods and iterative methods,

are available for solving these type of problems.

Transformation Methods

The transformation methods such as Jacobi, Givens and Householder Schemes are
preferable when all the eigenvalues and eigenvectors are required. A detailed solu-

tion algorithm has been discussed in references [5,[7],[11] and [14].

Iterative Methods

The iterative methods such as the power method, are preferable when only a few
eigenvalues and eigenvectors are required. Another technique available is the sub-
space iteration method. This method is very effective for finding the first few
eigenvalues and eigenvectors of large eigenvalue problems arising in structural and
solid mechanics. The subspace iteration method allows the simultaneous approxi-

mate calculation of several eigenvalues and eigenvectors of Eq.(3.26), using inverse

iteration.

The space is reduced from the original n dimensions of [K] and [M] matrices
to a subspace of dimension ¢, where ¢ is the number of iteration vectors. These
and some of the other iteration techniques have been discussed in references [5), [7],

[11], [14],[54),[57],[65] etc.
The subspace iteration method developed by Bathe [14] consists of the following
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three steps:

1- Establish g starting iteration vectors, ¢ > p, where p is the number of eigenvalues
and vectors to be calculated.

2- Use simultaneous inverse iteration on the ¢ vectors and Ritz analysis to extract
the best eigenvalue and eigenvector approximations from the g iteration vectors.
3- After iteration convergence, use the Sturm sequence check to verify that the

required eigenvalues and corresponding eigenvectors have been calculated.

The theoretical basis of the algorithm is well documented in the literature
[13],[52],(65] and therefore only a brief overview will be presented. The flow chart

of the subspace iteration scheme, for calculating p eigenvalues and éigenvectors, is

set out below.

Step 1- Establish a set of starting vectors {X};, {X}s, ..., {X},, where ¢ > p
Bathe and Wilson suggested a value of ¢ = min(2p,p + 8) for good convergence.
A computer algorithm for calculating efficient initial vectors for subspace iteration

method was given in [57]. Define the initial modal matrix [X], as

Xlo = (X1, {X )20, (X)) @)

and set the iteration number as k = 0

Step 2- Improve modal matrix [X]i41, by using the following subspace iteration

procedure

(a)-Find [X]t4; from the relation
(KN X)k+r = [M][X]s (3.28)
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(b) compute

[Brer = [X)F 0 [K) X ks (3.29)

(M = (X0 [M][X ks (3.30) .-

(c)- Solve the reduced eigenproblem

[Ble+1[Qksr = [Mks1[Q)r+1[Alena (3.31)

where [@)k+1 contains the matrix of eigenvectors and [A]x4; is a diagonal matrix
of eigenvalues. This equation can be converted to the standard eigenvalue problem
and solved using the Jacobian iteration method.

(d)- Calculate an improved approximation to the eigenvectors of the original system

as

[Xlker = [X )i [@lksa (3.32)

Note:

1- It is assumed that the vectors in [X], are not orthogonal to one of the required
eigenvectors.

2- It is assumed that the iteration vectors converging to the exact eigenvectors

{X }§°"“°‘), {X }g“”“t), ..., are stored as the first, second, ..., columns of the matrix

{X}i.

Step 3- If the column vectors in [X], are not orthogonal to one of the required

eigenvectors, then the ¢th diagonal entry in [A]x41 converges to A; and ith vector in
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matrix [X]i41 converges to ®;. The iteration is terminated whenever the following

criteria are satisfied :

A FHD )0
/\‘.(k+1)

<e, i=12,...,p (3.33)

where ¢ is a predefined tolerance. In the numerical examples presented in this work

a tolerance of ¢ = 107 is assumed.

However, once the convergence limit in Eq.(3.33) is satisfied, the final stage
of the solution of Eq.(3.26) involves using the Sturm sequence to verify that the

required eigenvalues and corresponding eigenvectors have been obtained.

In the present study, for solving the eigenvalue problem defined by Eq.(3.26).
we have used the subspace iteration method to generate the frequencies and modal
shapes of plates, where stiffness matrix [K] and mass matrix [M] have been arranged
in symmetric banded matrices. For shell problems we used the eigenvalue solver,
described by Bathe and Wilson [13], that émploys a subspace iteration method
with Sturm sequence checks. This code presents solution of the smaller eigenvalues
and corresponding eigenvectors of the generalized eigenproblem. In this.code the
stiffness matrix [K] and mass matrix [M] are arranged in compacted form and both

are positive definite.
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3.3 Constitutive Behavior in Composites

The generalized Hooke’s relation can be written as

Oij = Uijki€rl (iaj)k)l = 172a3) (334)

where

o; 1s the second-order stress tensor.

€x is the second-order strain tensor.

Ci;u is the fourth-order elasticity tensor.

The 1,2 and 3 directions form a right-handed orthogona;l co-ordinate system. It has
been shown that the stress, strain, and elasticity tensors must be symmetrical [118].
i.e.,v

Oi; = 0ji , €5 = €j; and Cijn = Ch;

Hence, for materials having one plane of symmetry the strain-stress relations can

be written as,

(o1 ) -Cu ¢z ¢z 0 0 6] [ € )
02 €1 € C3 O 0 ¢ €2
o3 €31 €3 caz O 0 c3 €3 '

g s = : 3 ) 3.35
023 0 0 0 ca4 c45 O Y23 ( )
o031 0 0 0 ¢4 ¢5 O Y31

[ 012 ) [cer Cs2 c3 0 0 ces] | M2 )

3.3.1 Constitutive Relations for Orthotropic Plates and Shells

Materials which have three mutually orthogonal planes of elastic symmetry are
called orthotf;)pic. It can be noted that for orthotropic materials addressed in this

investigation, the following simplification can be made. ¢;6 = cg; = 0, ¢3¢ = ¢ = 0,
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36 = 3= 0 andeys = c54 =0
Hence, the Eqs. (3.35) are further simplified for orthotropic plates and shells, where,

the stress 03 = 0 leading to Eqgs. (3.36):

o1 Qu Q2 0 0 0 €1
o2 Qu Q2 O 0 0 €
T12 = 0 0 Qes 0 0 T2 (336)
T13 0 0 0 Q4 O 13
T23 0 0 0 0 Q55 Y23
or
{o}a29 = [@He}a,23 (3.37)
where
_ Ey,
Qu = (1 —é/l?l’ﬂ)
22
Q22 B (1 - 1111?21/21)
- M12522
Qu B (1 - V12{’21)
Q21 = Qu
Qes = G12
va1Ey = 1y2E;;
Q44 = k1G13
Qss = k2Ga3 (3.38)

The terms k; and k; are shear correction factors. This equation refers to a specially

orthotropic lamina in which the material and geometry axes are aligned.
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Figure 3.2: Material and geometrical axes

In general, if the principal material axes (1,2,3) are not aligned with the geo-
metric axes (x,y,z) as shown in Fig. 3.2 certain transformations are necessary before
an equation of the type (3.37) can be reached. Using the transformation relations

for stress and strain,
{o}023) = [T]o{0}zp.e) (3.39)

and

{5}(1,2,3) = [T]t{f}(ryy,z) (3.40)
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where
{U}(:,y.z) = {azaanyxnyzzaTyz}T (341)
{E} (z,y,z) = {Ez’ ey, 'Yzy, Yzz, 7yz}T (342)

In the above expressions the stress and strain transformation matrices [T)s and [T]c

are déﬁned as follows:

c s 2cs 0 O
2 2 —2s 0 O
[Tlo={ ~cs e c2—s* 0 0 (3.43)
0 0 0 c s
0 0 0 —-s ¢
2 s? cs 0 0
s 2 —cs 0 0
[Tle=1q —2cs 2cs c*—s* 0 0 (3.44)
0 0 0 c s
0 0 0 -5 ¢

where
¢ =cosf, s=rsind

Substituting Eq. (3.37) then Eq. (3.40) into Eq. (3.39) results in the following,

{0} ewe) = [T (@0 (3.45)
{0} zw) = [T [QNT)e{ €} 2 0.2) (3.46)
this can be written as
{0} o) = [QH €}z e (3.47)

The reduced stiffness matrix, [Q] for generally orthotropic laminae ([22],[26],[27)),
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can be represented as:

Qn Qu le 0 0
_ Q12 Qa Qx O 0
Q] = [ Q6 Q6 Qes 0 o (3.48)
0 0 0 Qi Qs
0 0 0 Qs Qss
where
Qun = Quct+ 2(Q12 + 2Qes)c?s? + Qyp8*
Q2 = @Qus* + 2(Q12 + 2Q¢6)c?s? + Qppct
Q12 = (Qu1 + Q22 — 4Qss)c?s® + Qr2(ct + s*)
Qes = (Qu + Q22 — 2Q2 — 2Qe6)c*s? + Qes(ct + s*)
Q16 = (Qu — Q12 — 2Qgg)sc® + (@12 — Q22 + 2Q¢6)s%¢c
Q2 = (Qu — Q12 — 2Q66)33€ + (@12 — Q22 + 2Q¢6)sc®
Qe = Q44¢® + Q5552
Qss = Qaas® + Qssc?
Q45 = (Qss — Qaa)cs
(3.49)
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3.3.2 Constitutive Representation for Laminates

Having formulated the constitutive relations for an orthotropic laminae we now
address the question of the constitutive relations for a laminated plate formed by

bonding several laminae together (Fig.3.3 ). We write Eq.(3.47) again for the k*

laminae

Figure 3.3: Laminated element

{0}® = [Q1¥){e)
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Strain at the point z can be written as

{e} = {} + 2{x} (3.51)

The in-plane mid surface strain {e°} and the curvature {x} are defined as follows:

{e) = {ez} (3.52)
Y2y

{x} = {n;} (3.53)

Substituting Eq. (3.51) into Eq. (3.50) gives

{0} = [Q1¥{e} + 2[Q)M {x} (3.54)

For a laminated plate or shell the in-plane stress resultants are obtained by inte-

grating the stresses along the thickness. i.e.,

N nl o, Oz ® .
N, > [T let ds
Nzy k=1 P g

Ty

nl hi G; b Ky ‘
= ( ‘) o > (k)
= kE___l:('/hk—l [Q] k { ;EZ } dz + /hk-l [Q] {’Z‘; } zdz)

(3.55)

where nl is the number of layers in the laminated plate, k; and h;_, are the z-
coordinates of the upper and lower surfaces of the &t laminae. It should be noted

that hy is negative below the mid-plane and positive above the mid-plane.

Altgrnativelj; we write,
{Np} = [A{e°} + [B]{«} (3.56)
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where

Aij —Z QP (hx — hicy) (3.57)

=5 z QP (hE —hiy) (3.58)

Similarly, for bending moment M, we write.

nl e:;
- E(/M-J[Q]m{ § }zdz+_/ _[Q® {sz} 2*dz)
(3.59)
{M,} = [Bl{e’} + [D]{} | (3.60)

where the elements in [B] are defined by Eq. (3.58) and elements in [D] are given
by

Dy = _ZQm(hg_hs_,) O (361) |

The shear force results can be obtained in a similar manner by integrating along

the thickness. i.e.,

{ } Z( /hk_,{::} dz) (3.62)

In finding the transverse shear forces V, Vi, it is assumed that the transverse shear

stresses are distributed parabolically across the laminate thickness. However, in
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spite of the discontinuities at the interfaces between laminae, a continuous function

is assumed [121] as follows.

f(z) = -[1 - (75 (3.63)

h/2 ’

Using the stress strain relations (Eq.(3.50)), Eq.(3.62) can be rewritten as

{ } Z( / (G| {7:,}(k)dz) 654

hg—1

After integrating we obtain,
() - s 2tz o
Auas 355 Tyz
or, simply |
{Va} =[A.]{e.} (3.66)

where

o 3_ha—l)]

nl 4(h ..
S‘IJ =7 Z k) hk - hk-— 3( k. K2 (7".7 = 4’ 5) (367)

.p

Alternatively, the laminate stiffness coefficients may be written as

nl he
Ai')Bi'aDi' = * Q:(k) 1’2,22 dz
J ¥ J J
k=1 Yhk=1

Ag; = K2A; (1,5 = 4,5) (3.68)

Here k; is the shear correction factor (taken to be 5/6 for a homogeneous cross-
section ).

Combining Eqgs. (3.56), (3.60) and (3.66) and assembling in matrix form gives
{N:} [Al | [B] | [0]7 ({e}

{M} p = [[B] | [D] | [0] |] {x} (3.69)

) o 110 | e
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where:

[A] is the extensional stiffness matrix,

[D] is the flexural stiffness matrix,

[B] is the bending stretching coupling matrix,

[4,] is the shear stiffness matrix.

Equations (3.69) represents the full system of constitutive equations necessary to

study orthofropic laminated plates.

As the above equations show, a laminated plate or shell exhibits a variety of
couplings, namely between in-plane loading and out-of-plane deflection, and also
between applied bending load and twisting response. Such couplings complicate
the analysis of laminated plates and shells and also reduce the overall stiffness of
the laminate. Elimination of coupling effects not only overcomes the above difficul-
ties in laminated structures but also eliminates the temperature effect on warping
of the Jaminate. It is shown that a selection of a suitable ply stacking, by balancing
the laminate about it mid-plane; by a suitable choice of thickness ratio and lami-
nate stacking sequence, and finally, by controlling the angle of fibre-directions, the
coupling in laminated structures can be completely eliminated. Therefofe, several
simplifications of Eqs.(3.69) are possible:

1- Balanced laminate, consider the blanced laminate which contains an equal num-
ber of laminae of +6° and —6° fiber orientation. for such a laminate the shear
coupling stiffnes terms, A6, and Az, vanish. i.e, A;6 = A = 0.

2- Symmetric laminate, if the laminae within the laminate are positioned symmet-
rically with réspect to the laminate mid-plane, then the coupling terms, B,;;, vanish.

ie, Bij =0 (21.7 = 1a2,6)'
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It is important to note that while the inplane shear and normal terms are uncoupled

for the symmetric and balanced laminate the twisting-bending terms (D, Dy) do

not vanish.

References [27],(34],(73] and [72] discuss some aspects of the elimination of the

coupling in the laminated plates and shells.
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3.4 Laminated Anisotropic Plate Theory

3.4.1 Introduction

The classical plate theory or Kirchhoff theory ignores the transverse shear defor-
mation effect. As we discussed earlier in chapter 1 the effect of transverse shear
deformation on laminated plates is very important. Thick plate theory or Mindlin
plate theory [115] which takes into account shear deformation effect, provides a

more realistic alternative to Kirchhoff theory.

Recent developments in the analysis of multilayered composite plate indicate
the pronounced effect of transverse shears. For this type of construction Mindlin

theory is best suited.

A number of shear deformation theories for composite plates have been pro-
posed to date. The first generalized theory for laminated anisotropic plate is called
"YNS” theory which has been given in reference [66]. The plate assumptions used

in the formulations of plate theory in this study are essentially those introduced by

Mindlin [115).
3.4.2 Formulation of Mindlin Plate Theory

Some of the important assumptions used in the development of the Mindlin plate
theory are:
(1)- The deflection of the midsurface of the plate is small.

(2)- Transverse normal stresses are negligible.
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(3)- Normals to the midsurface of the plate remains straight after deformation but
not necessarily normal.
Based on the above assumption, the displacement field for a first-order shear defor-

mation theory ([45],([75],etc.) can be expressed as

u(a:, v, zit) = uo(z, yvt) + zﬂz(z, y’t)
v(xv Y,=, t) = vo(x, Y, t) + Z.By(za Y, t)

w(z,y,2,t) = w(z,y,t) | (3.70)

where u, v and w are displacement components in the x, y and z directions, respec-
tively, u® , v° and w® are the displacements of the midsurface, 8, and B, are the

normal rotations in xz and zy planes respectively as shown in Fig. 3.4.

Figure 3.4: Mindlin plate model
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3.4.3 Strain-Displacement Relations

Using the infinitesimal strain definition

€ Ox

€y 8y
{e}=19 70 ¢ = %’: + g_:
Yoz Suglu
Yyz Bu + Bw
8y

(3.71)

then strain at point z can be expressed in the form
5 gt )
.alg + za_ﬂl
{e} = %“—J’+M)+z(§‘—’l+9@l)
B+ &L
By + &~ )

The in-plane strain components may be written

-

(3.72)

{e} ={e&} + {es} (3.73)

where {¢,} and {e;} are the extensional and flexural parts of the in-plane strains

which can be represented as

_40u® Gv® Ou® | B o
{61’}_{62‘) ay?(ay-*-az)}

. 98, 0B, 0B,
() =2l = 25, B, (g gy

where {x} is the vector of curvatures. Finally, the transverse shear strains are given

as

{e.} = {7:2’ Ty2 }T

X e, (& 4 BN (3.74)

={(3
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3.4.4 Constitutive Relations for Plates

A detailed derivation of the constitutive relations has been given in section 3.3. In
this section we discuss, briefly, the constitutive relations for layered plates. Consti-

tutive relations for any layer in the (x,y) system are given by,

{o}2, ) = (AP {}er) (3.75)

where [Q](¥) is the reduced stiffness matrix of the kt* layer of a layered material.

Introducing the stress and moment resultants per unit length, we can write,

h

(Nzy Ny, Nay) = /_ " (02,04, Toy)Pdz - (3.76)
2
%
(VazaV.sy) =/h(TrzaTyz)(k)dz (377)
)
% .
(Mo, My, M) = [ (02,0, 7Pz (3.78)
2

Finally, the constitutive relations in terms of the resultants and displacements can

be written as,

{NV:} [A] | (B 1 (017 ({e}

{M} o= ([B] | [D] | [0]]4q {es} (8.79)

wad Lo o ) L

The laminate stiffnesses A;;, B;; and D;; are given by

b
(45, B3, D) = [7,@P(1,2,20dz (1,5 =1,2,6) (3.80)
: 2

h
(Agij) = —k, /_ ' QPdz (5,5 =4,5) (3.81)
2
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The stiffness coefficient Q_ff) depends on the material properties and orientation of
the k** layer and was given in section 3.3. The parameter k, is the shear correction

coeflicient.

It should be noted that variable thicknesses can be accounted for by considering
variable limits of integration. Thus,

Aij = Aij(2,y), Bij = Bij(z,y), Dij = Dij(,y), Asij = Asij(z,y)
3.4.5 Equation of Motion for Plates

The equations of motion according to the "YNS” Theory [66] are,

-N'z,:!: + Nzy,y + Ri = Pu
Neyz + Nyy + R, = Pp
I/.sz,a: + Vsy,y + Rz= Pw
M:z,:: + sz,y - I/.sz: =. Iex - R_-br
My +M,,—V,, =16, - R® (3.82)
where P and I are the normal and rotary inertia coefficients,
3
(P, 1) = /_ ’ (1,2%)p™dz (3.83)
z .

p'™ being the material density of layer m and the body forces are given by

3
RS, R, R = [ (F,FY, Py (3.84)
2
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Figure 3.5: Equilibrium of plate
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3.5 Finite Element Model for Plates

For the plate element in the general case, five nodal displacements (u°, v°, w°, §;, By)

may be considered. The displacement and normal rotations at any point in a typical

element can be expressed as

u® No0 0 0 07w
v° wm |0 No 0 0 0w
wy =310 0 N 0 0{uw (3.85)
B, =10 0 o N, 0]]e,
B. 0 0 o o ~Jle,

or

{u} = 2 INI{A) (3.86)

=1
where, A; are the nodal values u°, v°, w®, By, and B, respectively, at the i** node of
the element, and nn is the number of nodes in each element. The N; are shape func-

tions associated with node i and expressed in terms of the natural local coordinate

system (&,7) i.e, N; = Ny(€, 7).

In an isoparametric formulation, the coordinates of any point x and y in the

element can be described by the same interpolation function N;(¢,7), thus

=1

G- £ 8 =

where z; and y; are the coordinates of the ith node of the element.

The strain displacement relation can be expressed as
{e} = [L]{u} (3.88)
substituting Eq. (3.86) in Eq. (3.88) we obtain,

{e} = [LI[N{A:}
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this can be written as

nn

{e} =3 [B]{A}

=1

where,

@

[B:] ;

4

30:.2009
8
c22Zcocoo

Nl',:r:
Ny O N;

@
ooooo_...z.?o
;]
coococoo
2

L)

The strain tensor can be split in three parts as follows:

e -the in-plane strain

{6} = SIB,{A)

i=1

where [B,] is the in-plane displacement matrix, given by

Nie 0
[Bpi] =10 N
Ni,y Ni,:r:

o -the flexural strain

(s} = SIBul{A]

=1

where [By;] is the bending-displacement matrix, written in the form

0 N, ©
Bi]=[0 0 N,
0 N, N,

o -the shear strain

(e} = ilBse]{As}
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(3.92)

(3.93) |

(3.94)

(3.95)
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where [B,] is the shear-displacement matrix, expressed as

[B,] = [Ni,: N 0 ]

Ne o N, (3.96)

The shape functions N; are given in natural coordinate system. Their derivatives

N;. and N;, in cartesian coordinates, can be obtained by the chain rule as follows:

Nz _ -1 N.‘,c}
(¥} = | N (3.97)
where, [J]™! is the inverse of the Jacobian matrix [J], the Jacobian matrix of the

element is given by

[J]=[;': 5:] | (3.98)
= v {5 (259

Hence, the inverse of Jacobian matrix [J] may be obtained as,

J = [5" ”'f] ©(3.100
V] & 0. (3.100) .
and the element stiffness matrix and mass matrix of the element are given as,
1 1
(m) — T
(K] /_ 1 /_ BI7[CI[B]det[J]dedn (3.101)
1 1
(m) = T
[M] /_ 1 /_ IV pIN]det[7]dgdn (3.102)

where [B], [C] and [N] are the strain-displacement , stress-strain and element shape

matrices for the plate element. Finally, the total stiffness matrix and the total mass
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matrix are given by

ne

(K] = > [k

m=1

M=§MW

where ne is the number of elements in the plate.
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3.6 Laminated Anisotropic Shell Theory

3.6.1 Introduction

As mentioned in the chapter 1 there are three different approaches to formulating

shell elements. As discussed elsewhere in this thesis the effect of shear deformation

on thick and composite shells is significant in comparison to thin homogenous shells.
Therefore, for the above reasons a degenerate, Mindlin-type, curved element has

been adopted in this study for finite element formulation of shell structures.

3.6.2 Formulation of Shell Element

Coordinate System

In the analysis of shell structures, by the degenerate curved shell elements, we need

to define four coordinate systems as shown in Fig.3.6.

1- Global Coordinate System (x,5,2)

A global cartesian coordinate system is used to define the geometry of the structure

(Fig.3.6). Nodal coordinates, displacements, global stiffness matrix, and applied

forces are all defined in this coordinate system.

2- Nodal Coordinate System ( Vi;, Va;, Vi, )
The nodal cartesian coordinate system is attached at each nodal point.of the shell
element and its origin is located at the shell midsurface. This local coordinate

system is used to define the direction of the normal at node i. The vector Vi is
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constructed from the nodal coordinates of the top and bottom surfaces at node i,

thus
. Ts T An:,-
Vai=q v - S Y =< Ay (3.104)
i top 2 /7 bottom AZ,‘

The vector 171{ 1s perpendicular to I_/‘;g.- and paralle] to the xz-plane,
Vii =1 x Vi (3.105)
172,- Isa vect‘or orthogonal to both 1_/%,- and 171,-, therefore,
Vai = Vi x Wy (3.106)

The unit vectors in the nodal coordinate system are,

Vi Vi Vii
brim b Gy = B = 8 (3.107)
| Vai | | Vai | | Va: |

The nodal coordinate system is used not only to define the direction of the normal
at each node but also the two rotations ay, ay are defined about directions 172,-, 171;

respectively in this coordinate system.

3-Natural Coordinate System (¢,7,()

The natural coordinate system is used to define shape function N;. In the natural -

coordinate system £,n are curvilinear coordinates in the midsurface of the shell
element and { a linear coordinate in the thickness direction. It is to be noted that
¢ is only approximately perpendicular to the shell midsurface. In this system the

coordinates £,7 and ( vary between -1 and +1.

~4-Local Coordinate System (z', ¢/, 2')

This cartesian coordinate system is defined at the sampling points to define local
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stresses and strains within the shell element. The direction 2’ is taken to be per-
pendicular to the surfaces ¢ = constant. Ho;vever, it is to be noted that orthogonal
axes z',y', 2’ do not coincide with natural coordinates €,7, ¢ although z',3' are in
the £, 7 plane. The vector V'3 defines the 2 direction and it can be obtained from

the cross product of the vectors which are tangential to the £ and 5 direction. Thus,

dz 8z

- 3 9n
Vig = g% x & (3.108)

8z 9z

¢ on

The vector 17"1 which defines the z’ direction can be taken tangent to the £-direction

at the sampling point,

it

V= (3.109)

AP

Finally the vector V', which defines the y' direction can be simply obtained by the

cross product of V'3 and v

-

V’g = -.13 X 17'1 (3110)

To evaluate stresses and strains in the local cartesian coordinates (2", 9',2") we

need a further transformation matrix between global and local coordinates. This is °

obtained by constructing a matrix of unit vectors in the local coordinate system,

ie.
6] = [ZHVV"Vz’] (3.111)

where Vs, Vs, and V, are unit vectors in the direction of the z’ ,¥' and 2’ axes re-

spectively.
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The alternative formula for the direction cosine matrix [©] which relates the trans-

formation between the local and the global coordinate systems can be written as,

Bz Bz Bz
az! -2
0] = Sy g’_ Sy 3.112)
Ol=|55 & & (3.
Sz 9z Bz .
3" 3y’ B2
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Figure 3.6: Coordinate systems for shell element
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3.6.3 Geometric Definition of the Shell Element

The geometry of the element is described by a set of pairs of points Zi0p, 2bottom,
each with given global coordinates. The global coordinates of any point of the shell
can be written as,

z i=1 2; i=1 z
Here, the shape function N;(£,n) takes a value of unity at the node i and zero at all
other nodes and nn = the number of nodes in midsurface of each element. Equation
(3.113) can be further simplified as follows:

z nn T nn -
{ y } =3 Ni(n) { yi } + ZNf(é,n)gVai (3.114)
=1 . =1
mid

z z;

z; 1 Z; Ty
Yi = 5( Yi ¢+ U ) (3.115)
% mid % top Zi bottom

where

and

- z; | T A.’L‘,‘ -
Vai=14 w —9{ ¥ =< Ay; (3.116)
2i top 2 bottom AZ,‘ ]

In the case of relatively thin shells, the vector 173,- may be replaced by a unit vector
¥3;, in the direction perpendicular to the midsurface. Now the last term can be
written simply as

nn t;

Z Ni(fa T])C—‘U&'

=1 2

where t; is the shell thickness at the node i.
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3.6.4 Displacement Field for Shell Element

Using the shape functions the displacement field can be obtained as follows (1], [4],
[14], [55] etc.):

vh=Enea{nl +Emenhe, —ou}{ 2]
w = wi) . = 2 ag;
(3.117)

where ¥;; and 7y; are the unit vectors in the directions of 171.-, 172,- respectively, and
u;, v; and w; are the displacements at the ith node. Furthermore, ay;, a,; are the two
rotations about direction Vi, Vi; respectively. Equation (3.117) may be expressed

in matrix form. i.e.,

U
u nn |[N; 0O 0 Ni(%vlzx’ —NiC‘t;”'fi Vi
v oy o= E 0 N, 0 N;(%vi’i —N,-(-‘zivg,- w; (3.118)
w =1 0 0 N,' N;C%‘Ufi —NiC%v;; Q1

Q24

where v{;, v3; are z components of unit vectors #y; and oy; respectively.

In a more general form the above equation can be written as
{u} = (N}{a} . (3.119)
where
(N1 =M., [Ni];.., [Na]]
and
{a} = {{AI}T,...,{{A;}T,...,{{An}T,...,}
is the vector-of the element nodal variables,where
{Ai}T = {wi, v;, Wi, @14, @34}
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3.6.5 Definition of Strains

Once the displacement field for the element is known, the local coordinate system
is the most convenient system for expressing the stress and strain components in

shell structures. Thus, the strain components are given by

Bu’ 3
€t gﬁj
1 eyl 1 ay' !
{E } = 'Yzlyl = 'g'uy—, + %’7 > (3.120)
7:::2' a_“’ .a_w_'.
8z' ay /

or

{f’}.= [L{«} (3.121)

where [L’] is linear operator matrix given by

0
2 0 0
oz’
0 & 0
L= | i 0 (3.122)
— 8yl 8z'~ .
0 £ -

@
N\
@
t\

and

{u'} - { Z‘, ] (3.123)

w

Using the same procedure as followed earlier in obtaining Eq. (3.119) we write,
{u'} = [N}{a} (3.124)
Substitution of Eq.(3.124) in Eq.(3.121) yields,
{€} = [B){a} (3.125)
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where

[B] = (L] (3.126)

The local derivatives can be obtained from the global derivatives by the following

operation,
Su 9 Bw! Sy Bu dw
oz 9z' oz’ Qz 3r Pz
ay’ ay’ dy' | — [ ] 8y oy 8y .
I YW u & bu
8z 82! Bz 9z 8z z ’

where [0] is given by Eq.(3.111) or Eq.(3.112).

The global derivatives of the displacements u, v, and w are given by,

fu By Quw fu Sy Buw
BB G| .| % X
aw a o | =T 5 & & (3.128)
fu Sv  Juw Su v Buw
9z 8z By a¢ oa¢ &
where [J] is the Jacobian matrix, i.e,
9z 8y 2z
g& gf gf
V=% 3% 5 (3.129)
9z 9y &z
a¢ a3 8¢

3.6.6 Definition of Stresses

Using the assumption of zero stress in the direction normal to the shell midsurface,

(02 = 0) the stress components in the local system are:

Oyt
O’yl

{o}{ mew ¢ = [Cl{e} = {&}) + {07} (3.130)

Tylzl
where {¢'} is defined in Eq.(3.125) , {€,} and {0’} are the initial strain vector and
initial stress i‘/ector, respectively. The elasticity matrix [C] in case of shell element

is a 5 x5 matrix, which is given in section 3.3.
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3.6.7 Equations of Motion For Shells

The principle of virtual displacements may be used to formulate general equations *
of motion for shell structures. According to the principle of virtual work, the total

internal virtual work is equal to the total external virtual work; i.e,

@k = X [ (@)
- X [, mal@) {atdv

= X B} pli)dy (3.131)

Substituting for strains and displacements relations

{o} = [C{e}
e} = [B{a) o
{u} = [N){A)

in Eq. (3.131), we obtain

BY(T [ [BIICIBIAA} = (BY (T [ INF{f*}de
= X [ kN A}do
= % [ [N To[N{A}dv)

(3.132)
This could be written in a convenient form as follows:

[M{A} + [CJ{A} + [K){A} = {Rp} (3.133) |
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where the mass matrix [M], the damping matrix [Cy] , the stiffness matrix [K] and

the force vector {Rp} are defined as

M = T /M{N}T,,{N}dv (3.134)
c) = % /u(m)[N]Tyd[N]dv (3.135)

> [ IBIFCIIBldo (3.136)
{Bs) = T [ INIT{*}do (3.187)

Using an isoparametric mapping for element stiffness and mass matrices we

can write,

K™ = / / / (B] T[C][B]det[]]d{dndc (3.138)

M = / / / [N)7 p[N]det[J)dédndc (3.139)

The individual stiffness and mass matrices for all the finite elements are evaluated

numerically using Gaussian quadrature weighted coefficients. i.e,

K™ = 355030 HH;HBYIC)Bldet]J] (3.140)
i=1 3=1 k=1

M = 3503 BHHNT N detl] (3.141)
g i=1 3=1 k=1

in which H is the weight coefficient of the Gaussian quadrature, ng is the order of

integration; i.e, the number of the Gauss point in the three directions of integration.
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It may be noted that the order of integration in the thickness direction is less than
the order of integration in the plane £,7n. If we use the same order of integration
in all the three directions it results in an overstiff element [47]. Therefore, a selec-
tively reduced integration scheme has been recommended in the thickness direction
[44], [47], [18] and etc. However, the reduced or selective integration techniques are
not always successful in overcoming the overstiff or so-called locking phenomenon
specially in -thin membrane or shells with highly constrained boundaries. In re-
cent years much attention has been focussed on the membrane and shear locking

phenomenon [18] and [55].

The total stiffness and mass matrices are

(K] = _[K]™ (3.142)

m

M] = Y[M)) (3.143)

Similarly, other matrices for the element properties can be evaluated using the

procedure outlined above.
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3.7 Element Interpolation Functions

3.7.1 Introduction

Depending upon the geometry of a given physical body we have to use engineering
Judgment in selecting appropriate interpolation functions in finite element analysis.
The choice of the type of element is dictated by the geometry of the body and the

number of independent special coordinates necessary to describe the system.

The essential procedure in the displacement-based isoparametric finite element
formulation is to express the element coordinates and element displacements in the
form of interpolations or shape functions using the natural coordinate system of the

element. For example in a general three-dimensional element,

nn nn
g=) Niz; u=Y Ny
=1

i=1
nn .nn

y=> Ny v=) N
=1 i=1
nn nn

Zz = ZN;Z{ w = ZN;U);
i=1 i=1

where, x, y, and z are the coordinates at any point of the element, and z;, y; and .

z; (1 = 1,...,nn) are the coordinates of the nn element nodes, the u, v, w are the
displacement at any point of the element and u;, v; and w; are the displacements at
nodal points. The shape functions NN; are defined in the natural coordinate system
of the element (¢,7, () , which variables £,7 and ¢ vary from -1 to +1. The element

interpolation functions N; is unity at node i and is zero at all other nodes.
The literature survey on shells and plates analysis shows that much emphasis
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has been placed in the development of a versatile, reliable and cost effective bending
element for shells and plates. Some of these are given in References [2], [4], [12],

[14], [15], [55), [58], etc.

In this research work rectangular type elements have been used for plates and
shells analysis. In addition to their efficiency, generality and simplicity, the rectan-
gular element families for plates and shells analysis could also be used as degenerate

triangular elements.
3.7.2 Isoparametric Rectangular Family
8-Node Serendipity Elements

To derive the shape functions, for 8-node serendipity elements (i.e, boundary nodes
only) as shown in Fig. 3.7, the second degree displacement interpolation functions

are assumed

Ni(&,n) = c1+ 26 + can + cabn + csE? + Cen2 + C7§217 + cgbn?® - ‘ (3.144)

Based on the assumed displacement interpolation functions, the quadratic shape

functions are ([1], [4],[(5], [12], etc.):

For nodes 1 to 4
Ni(En) = 31+ GO + ) (&€ + nin — 1) (3.145)
For nodes 5 and 7 |
Ni(En) = (1= €)(1 + ) (3.146)
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For nodes 6 and 8

Ni(en) = 5(1+66)(1 - 77)

where (£;,7:) are the coordinates of node i. and the values of §; and 7; are listed in

Table 3.1.
Table 3.1: Nodal Coordinate for §&;,n;
1 1112(3[1415(|6{7(8
Gl1l1[1[1]0]1]0]1
ml-1]-11111]-1]0]1]0
n y
4 7 3
80 ...................... 06.. £
1 5 2
a

Figure 3.7: 8-node isoparametric element: (a) parent element (b) actual element
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9-Node Quadratic Elements

The foregoing element, and any other isoparametric elements having boundary
nodes only, are called "Serendipity” elements. Addition of an internal node, .as
shown in Fig. 3.8 makes the element a "Lagrange” quadratic element. The formu-
lations of 9-node Lagrange quadratic element shape functions are given in references
[1],12], [3], [4], [5], [14]). The quadratic 9-node Lagrange element has been used for

shell analysis in this study. The shape functions are written as

N; = {61+ &6)/2+ (1 — €A = &) Hnm(L + nm) /2 + (1 - n*)(1 — )}

(3.148)
or in the expanded form,

Ny = Zen(1-€)(1 =)
Ny = ~n(1 - €)(1 ~ 1)
Ny = —n(1+6)(1 1)
N, = 60 +6)(1 = 1)
Ny = 367(1+€)(1+1)
Ne = %n(l — ) +0)
Ny = —27(1 = €)(1+7)
Ne = —3£(1—£)(1 = 1)

No=(1-€)(1-1) (3.149)
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Figure 3.8: 9-node isoparametric element: (a) parent element (b) actual element

Variable-number-nodes frorﬁ 4to9

The establishment of an appropriate finite element model for an actuéﬂ'practica.l
problem may require some mesh grading. i.e., a finer or different finite element
mesh in certain areas than in others. The variable-number-nodes element enébles
us the mesh grading in such transition zones as shown in Fig. 3.9. More details

may be found in several references [1],{2],[10],[12],[14], etc.
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Figure 3.9: 4-node to 9-node element transition region

Table 3.2: Interpolation Functions of 4 to 9 Variable-Number-Nodes
in Two-Dimensional Element

include only if node i is defined

1=5|t=6|i=T7T|i=8]:=9
N Ia-60-n) | -3Ns —3Ns | —3No
N, | 2a+€(1—n) |—3Ns|—3Ns —lV
Ns| 0+ +n) —3Ne | —3N7 —iNs
N, | 10-60+m) —3N7 | —3Ns | —5No
Ns | ;0—-€)(1—m) —3Ns
Ne | 3(1+6)(1—7*) — s
No | 3(1—€)(1+mn) —1 s
Ng | 1(1 - €51 —=17%) —3Ns
No [ (L= &)1 =7

73



L et 5 i o o i AT
! fﬁ
i

3.8 Locking Phenomenon in Plates and Shells

For thin shells, when exact numerical integration is used with Mindlin based finite

elements, very disappointing results are obtained, especially if the boundaries are

highly constrained. This problem is referred to in the literature as the locking

phenomenon and has been investigated extensively by a number of researchers [35],
(42], [55] and [62]. There are usually two types of locking behavior, namely; (i) shear
locking and (ii) ﬁembrane locking. Both shear and membrane locking occur when
extremely thin shells are considered. The membrane stiffness and the shear stiffness
both are usually of the same order of magnitude. However, membrane locking is
a somewhat different phenomenon than shear locking. To avoid locking behavior

several alternative techniques have been suggested such as: reduced integration

method, selective integration method, and the assumed displacement method.

¢- Reduced integration method
This method, although successful in some cases, [47] [50], produces other problems

of rank deficiency of the stiffness matrix [51],{126].

- Selective Integration Method
Selective integration procedure [127], in which a reduced integration scheme is fol-
lowed, is used to obtain stiffness matrix associated with the shear strain energy.
Although, a lot of research has been done to correct the overstiffness created by
the selective integration techniques [47], [51] and [44], these techniques are not
always successful in overcoming locking behavior for the cases where highly con-

strained boundaries and coarse meshes exist. On the other hand, in case of lightly
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constrained boundaries, element mechanisms may form. These element mechanisms
may spread from element to element and cause either rank deficiency in the stiffness
matrix or the solution obtained may be polluted by a nearmechanism. In addition,
the type of selective-reduced integration suggested in Reference [44] can only be
used, when the material properties of the shell do not vary through the plate/ shell
thickness or vary symmetrically about the plate/ shell mid-surface. Otherwise, the
coupling terms between the membrane and the bending stiffness will not disappear
and results in a stiffness matrix which cannot be split into two parts in order to use

selective integration.

e Assumed Strains Method.

The assumed strains method has been preferred by many authors [53},[117],[125].

In this study an enhanced interpolation of the membrane strains is employed in
the local coordinate system (z’,7’, 2') to avoid membrane locking, and an enhanced
interpolation of the transverse shear stra.iné in the natural coordinate (€,n,() is
used to overcome the shear locking behavior in shell elements. These two techniques

[55],[125] have been reviewed in the following:

1-Elimination of shear locking
To avoid shear locking in the 9-node degenerated shell element, Huang and Hinton
[117] for the shear strains fields suggested the polynomial terms of the following

form in the natural coordinate system:

Fe¢ = by + bof + ban + babn + bsn” + betn’. (3.150)

Fne = €1 + C2€ + can + cabn + cs€” + cené” (3.151)
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The above strain fields are chosen as

Ve = 3 3 L Him)vig (3.152)
e = 303 HA€) L) (3.153)

i=1 j=1
where
Hi(z)=z(2/b+1)/2b Hy(z) =1—(2/b)® Hz(z)=2z(z/b—1)/2b
Li(z) = (z/a+1)/2 Lyz) = (1 - 2/a)/2
In the above equations, a = 37%%, b = 1 and the locations of i and j are shown
in Fig.3.10. and the termsﬁ,';’é and '_7?( are the transverse shear strain evaluated
from the displacement field. The six unknown parameters for 7., are the values
’y&(z =1- 3,7 = 1,2) at the two Gauss point locations (£ = a) on the three lines
n =154 n=0and n = —b Thus ¥ is linear in £ and quadratic in 7. Similarly
the six unknown parameters defining 7,, are the values "y,',’c(z =1-3,7=1,2) on
the two Gauss point locations (n = a,n = ;a) on the three lines £ = b, { = 0 and

£ = —b. Thus ¥, is linear in 7 and quadratic in ¢.

2-Enhanced interpolation of the membrane strains
In shells, although the stiffness associated with the membrane strain energy is
important, especially when the shell thickness becomes very small, it should not
dominate the total stiffness. The membrane strains can only be separated from
the bending strains in the local cartesian coordinate system. Therefore, using the

membrane strain in this coordinate system can help to eliminate locking behavior.
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Figure 3.10: Interpolation points(i,j)

In the local coordinate system the following interpolation is used

€msizt = ZZL ({)H (71) €mz'z’

=1 j=1

';‘Em:’y' = ZZL (E)H (’7) mzy /2

i=13=1

emll'y' - ZE‘H (é)L (r’)emy'y'

=1 j=1
;emzy' = ZE.H({)L (71) m::' /2
i=1j=1

Finally, the in—plane shear strain is quadratic in both directions, that is

€mz! v =5 Z EL (f)H (n)emz’ T Z Z Hl(f)Lk(ﬂ)Gm:'

24 i=1 20
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(3.154)

 (3.155) |

(3;156)

(3.157)

(3.158)
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where H;(z) and L;(z) have the same meaning as in shear locking formula and

a=3%and b=1.
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PLATES
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Chapter 4

NUMERICAL RESULTS FOR
PLATES

4.1 Computation Procedure

In this chapter, vibration of plates with partial supports along a boundary are
discussed. The present formulation as discussed earlier in detail, is based on the
Q-8(eight nodes quadrilateral) plate bendiﬁg element with three DOF(degree of

freedom)at each node.

Unless otherwise indicated, the symbols F, S, C and P generally dénote free,

simply, clamped and partially supported wedges, respectively. These symbols for
a triangular plate has been shown in Figure 4.1. The figure also shows a typical

finite element grid for a sample problem.

The computations in this investigation are carried out by varying two essential

parameters. -These are the aspect ratio b/a and the unsupported length c/a as

80
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shown in Figure 4.2. In order to demonstrate the accuracy of the analysis, the
results for several degenerate case of triangular plates with full support (c/a = 0),
are presented and compared with previously published results. Results are then

given for partially supported right triangular cantilever plates.

For generating a data base, the non-dimensional frequency parameter used in

tables is defined as:

Q= wa2¢2(£gf)o.5

where

¢ = aspect ratio (b/a)

Q = non-dimensional frequency parameter
w = frequency(rad./sec.)

t. = plate thickness

oe = effective mass density

D, = effective plate rigidity

Trial computations for several alternative grid forms and number Tof elements
are conducted and it is concluded that good convergence is achieved Wi£h 55 Q-8 .
elements. The data presented in the tables is given for the first four frequencies.
Computations for each plate geometry of plate are carried out in three parts. The
first part deals with isotropic plates, the second with orthotropic plates, and the

third with composite plates such as, sandwich, laminate or other anisotropic plates.
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Figure 4.1: Right triangular C-F-F plate.
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Figure 4.2: Right triangular plate with detached support:
(r) detached length from right angle end
(1) detached length from acute angle end
(r-1) detached length from both ends.
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4.2 Isotropic Plate

4.2.1 Triangular Isotropic Plates

In computations for triangular isotropic plates the length a, which is along the

suppbrt, is taken as 10.0 in. (25.4 cm) and the thickness t=0.063 in.(0.16 cm).

The material is assumed to be aluminium and for all these calculations Pois-
son’s ratio is taken v = 0.3. The material properties are given in a tabular form
below (Table 4.1). Computations have been carried out for the non-dimensionalized

frequency with applicability for any kind of isotropic plate .
. For the isotropic case the plate rigidity D is defined as:

D = Et3/12(1 = v?)

Table 4.1: Material Properties for Isotropic Plate

Material property | Assumed value | System of units
v ' 0.3

0 1.0 (arbitrary) Ib.sec?®[int
En/Eq 1.0 (arbitrary) pst[psi
Egg/Glg 2.6 pSZ/pSZ
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4.2.2 Fully Supported Triangular Isotropic Plates

Table 4.2 shows the comparison of the lowest four frequency parameters for can-
tilever plates with two aspect ratios, b/a=1 and 2. For both aspect ratios, it can
be seen that the present results are in close agreement with other published re-

sults. This particular case has been essentially, generated to provide a check on the '

computer program, convergence etc.

Table 4.2: Comparison of Frequency Parameters €2 = wazd)?(%t)o's for
C-F-F Triangular Plate (v = 0.3)

l

a = 10.in, a/t = 158.73.

bjla=1

Source of results O Q, Q3 Q4
Present(55 elements) 6.162 23.445 32.625 56.203
Kim et al. [43] 6.164 23.457 32.664 56.149
F.E.M.(25 elements)[43] | 6.455 22.937 31.473 55.074
F.E.M.(100 elements)[43) | 6.122 . 23.020 31.853 54.881
Mirza (25 elements)[63] | 6.159 23.061 33.289 55.915
Christensen {59] 6.160 23.700 32.540 55.010
Bhat [41] 6.173 23.477 32.716 56.405
Experiment [71] 5930 23.400 32.700 55.900 |.
bjla=2 .

Source of results O Q, Q3 Q4
Present (55 elements) 6.641 28.552 49.667 70.036
Kim et al. [43] 6.622 28.435 49.398 69.651
F.E.M.(25 elements)[43] | 7.054 29.033 50.534 70.417
F.E.M.(100 elements)[43] | 6.608 28.185 49.500 69.070
Mirza (25 elements)[63] | 6.696 29.499 51.011 77.759
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4.2.3 Partially Supported Cantilever Triangular Plates

The frequency parameters for P-F-F, right triangular plates with aspect ratios (b/a)
1.0, 1.5 and 2.0 are presented in Tables 4.3 to 4.5 for several values of the ratio c¢/a

which indicates the extent of detached support. In each tables, table (r) contains

frequency parameters for detached length from the right angle end, the table (1) for .

detached length from acute angle end and (r-1) for detached length from both ends.
Furthermore, the symbols ¢—r, c—I and c—r — denote the unsupported boundary

from right angle end, the acute angle end and both ends.

Figures 4.3 to 4.5 show variation of the frequency parameter with ¢/a for the
Jowest four modes for a triangular P-F-F plate with aspect ratios 1., 1.5 and 2.0.
Modal shapes corresponding to these frequencies have been given in Fig. A.lto

A.8.
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Table 4.3: Non-dimensional Frequency 2 = wa2¢2(%)0'5 for P-F-F
Triangular Isotropic Plate (ipl¢l)

[ a=10.0in, ¢ = b/a=1.0,a/t =158.73. |

r Detached length from right angle end
c/a Ql Qz Q3 94
0.00 | 6.1628 23.4524 32.6357 56.2332
0.20 | 5.7118 23.2154 27.2022  55.3499
0.40 | 4.5470 16.3487 22.5726  43.9650
0.60 | 3.2212 10.0867 20.7558 36.9024
0.80 [ 2.0280 6.8295 17.3768  31.0417
1.00 [ 0.7964 3.3326 11.6859  25.3488

| 1 Detached length from acute angle end
) c/a Q] Qg 93 Qq
0.00 | 6.1628 23.4524 32.6357 56.2332
0.20 | 6.1570 23.2970 32.5590 55.4390
0.40 | 6.0590 21.2530 29.2990 33.2260
0.60 | 5.6280 12.0340 21.1320 32.3380
0.80 [ 4.5680 06.6020 19.5690 32.1770
1.00 | 2.0380 03.2980 18.7700 26.9160

r-1 Detached length from both ends
c/a Q] Qg Q3 94
0.00 { 6.1628 23.4524 32.6357 56.2332
0.20 | 6.0570 23.3837 31.2409  55.9632
0.40 [ 5.7062 23.0503 27.1612 54.6209
0.60 [ 5.1539 20.7998 22.8810 48.1147
0.80 | 4.4312 15.4641 20.9957 30.1222
1.00 | 3.0609 8.6740 17.5473 21.7838
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Table 4.4: Non-dimensional Frequency §2 = wa2¢2(%)0'5 for P-F-F

Triangular Isotropic Plate (1pl$1.5)

l

a = 10.0in, ¢ = b/a = 1.5, a/t = 158.73.

|

r

Detached length from right angle end

c/a

Ql Qz 93 Q4

0.00
0.20
0.40
0.60
0.80
1.00

6.4697 27.2658 40.1730 66.8654
6.2252 26.8185 36.8189 65.1707
54601 23.6994 29.5514 57.6153
44028 16.2749 26.5725  48.5898
3.1652 10.7873 24.3870 41.4429
1.4074 4.8806 19.5185 32.3882

1

Detached length from acute angle end

c/a

Q] Qg 93 9'4

0.00
0.20
0.40
0.60
0.80
1.00

6.4697 27.2638 40.1730 66.8654
6.4550 27.0760 39.7680 66.4080
6.3120 25.6090 37.0310 57.9180
5.8700 19.6710 29.3930 42.6130
4.9530 11.8220 26.1640 41.0870
2.7790 05.5210 24.0580 38.1790

r-1

Detached length from both ends

c/a

95 Q, Q3 2y

0.00
0.20
0.40
0.60
0.80
1.00

6.4697 27.2658 40.1730 66.8654
6.4137 27.1302 39.2575  66.3642
6.2096 26.6688 36.4254 64.7461
5.8307 25.6014 31.5567 61.0506
5.2494 23.5366 25.5675  53.7161
3.9819 14.7917 21.4750 42.4543
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Tablé 4.5: Non-dimensional Frequency £ = wa2¢2(%‘)°'5 for P-F-F

Triangular Isotropic Plate (ipl$2)

| a=10.0in, ¢ = b/a =20, a/t =158.73.

]

T

Detached length from right angle end

c/a

Q1 Q, Q3 Q4

0.00
0.20
0.40
0.60
0.80
1.00

6.6418 28.5620 49.7287 70.0671
6.4879 28.0971 47.3072 68.5476
5.9446 26.1350 39.8763 64.3432
5.1111 21.3438 32.2500 58.6410
3.9643 15.0798 28.4440 52.0667
1.9309 6.6809 23.3974 41.5462

1

Detached length from acute angle end

{efa

4 L Qs §4

0.00
0.20
0.40
0.60
0.80
1.00

6.6418 28.5620 49.7287 70.0671
6.6130 28.3680 48.9730 69.7180
6.4540 27.3860 45.1130 68.2370
6.0420 24.2530 35.9530 59.7100
5.2180 17.0680 29.5460 54.4920
3.2280 08.3980 25.9940 50.2350

r-1

Detached length from both ends

c/a

Q] 92 Q3 Q4

0.00
0.20
0.40
0.60
0.80
1.00

6.6418 28.5620 49.7287 70.0671
6.5957 28.3763 48.8642 69.5502
6.4577 27.9303 46.6369 68.1738
6.1689 26.9803 42.0038 65.6086
5.6852 25.5975 34.7646 62.0520
45578 21.6774 23.7242  56.2654
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4.3 Orthotropic Plates

4.3.1 Triangular Orthotropic Plates

It should be noted that the geometry of the plate has been kept the same as in the

case of isotropic triangular plate. This will provide us with an additional parameter

for comparison of results. Carbon-Epoxy has been selected as a sample material for

the plate whose material properties are summarized in Table 4.6. The selection of

this material was also guided by the fact that some of the results available for fully

clamped plates use these material properties.

The non-dimensional frequency is given by

1 0.5
2 = wa¢}(F2)
in which
D, = v13D;; 4+ 2Dgg
where

Ey,t3
Dy = 5t

Dgs = Guﬁ

and other parameters are defined as before.
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Table 4.6: Material Properties for Orthotropic Plates (Carbon-Epoxy).

Material property | Assumed value | System of units ]
V12 0315
0 259.2E-6 1b.sec? [in’ _
E]]/Ezg 16.5 psi/psi
E12/G1a 2.628 psi/psi

4.3.2 Fully Supported Triangular Orthotropic Plates

Table 4.7 gives the first four frequency parameters §) for cantilever orthotropic plates
with aspect ratios b/a = 1,1.5,2. It may be seen that the present results are in
close agreement with results from the other sources. The available results in the

literature are only for fully supported plates.

Table 4.7: Comparison of Frequency Parameters {1 = wa"’qﬁ%%)o's for
C-F-F Orthotropic Triangular Plate (Carbon-Epoxy).

[ Source of results | Q, Qs Q| ‘
¢p=0bla=1.0 : 3
Present (55 elements) | 19.42 46.75  96.58 112.06 :
Kim et al. [43) 19.57 47.00 97.12 113.10 ‘ ;
p=0bla=15 :
Present (55 elements) | 20.81 60.35 109.37 155.61
Kim et al. [43] 20.97 60.67 110.30 156.20
¢=>bla=2.0 ,
Present (55 elements) | 21.91 71.97 116.30 190.66
Kim et al. [43] 122.06 7234 117.10 191.70 ,
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4.3.3 Partially Supported Triangular Orthotropic Plates

Frequency parameters for several cases of partially supported orthotropic plate with
the three aspect ratios b/a = 1.,1.5,2.0 have been studied and the results are given

in Tables 4.8 to 4.10.

Figures 4.6 to 4.8 show variation of frequency parameter with c/a. As it has
been mentioned earlier the symbols (r), (1) and (r-1) in all figures and tables denote
the detached length measured from the right angle end, the acute angle end and

both ends respectively.
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Table 4.8: Non-dimensional Frequency Q2 = wa"’qS?("-—i)0 *® for P-F-F

Triangular Orthotropic Plate (Ca.rbon-Epoxy)(opl #1).

a=10.0, ¢ = b/a =1.0., a/t = 158.7301.

]

r

Detached length from right angle end

c/a

Q Q,

23

$24

0.00
0.20
0.40
0.60
0.80
1.00

19.4168 46.7511
13.2409 45.7162
7.3137 23.7515
4.0629 13.8690
2.2285  9.2042
0.8087  4.4669

96.5825
60.0173
41.7071
31.0516
20.8530
12.0446

112.0576
100.9603
100.8224
64.6688
44.7382
32.4219

1

Detached length from acute angle end

c/a

2, Q,

03

4

0.00
0.20
0.40
0.60
0.80
1.00

19.4168 46.7511
19.4166 46.7445
19.3938 32.5556
14.0900 19.3068
7.2529 15.2805
2.3492  6.9383

96.5825
96.5579
45.4597
30.8039
23.7914
21.6415

112.0576
112.0292
76.3048
61.0719
46.0258
29.4561

-]

Detached length from both ends

c/a

Q, Q,

§13

12

0.00
0.20
0.40
0.60
0.80
1.00

19.4168 46.7511
17.2119 46.2652
13.2408 45.7092
9.8443 35.0100
7.1713 23.6373
4.2575 . 13.1889

96.5825
88.9280
60.0173
45.3037
32.5595
21.6036

112.0576
104.4374
100.9269
58.7731
40.7918
27.5770
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Table 4.9: Non-dimensional Frequency Q = a)azd;z(f-‘—i)0 ® for P-F-F
Triangular Orthotropic Plate (Ca.rbon-Epoxy)(oplgbl 5).

| a=10.0,¢=>0/a=15.,aft =158.7301. |
r Detached length from right angle end

c/a

2

2,

3

24

0.00
0.20
0.40
0.60
0.80
1.00

20.8147
16.5139
10.6971
6.6962
3.9335
1.4847

60.3502
60.0879
41.8955
23.8176
15.5281
7.4059

109.3689
84.1952
57.6633
49.4013
37.6875
22.9287

155.6143
151.3186
119.2280
104.1998
75.6553
52.8831

1

Detached length from acute angle end

c/a

0

2,

23

4

0.00
0.20
0.40
0.60
0.80
1.00

20.8147
20.8114
20.7928
20.3348
12.7722
4.1082

60.3502
60.2844
53.1234

26.4066

17.8044
9.5290

109.3689
109.2487
67.9579
43.6142
35.7407
34.9774

155.6143
154.7216
104.8013
107.2887
89.9323
53.6966

r-1

Detached length from both ends

c/a

2

2,

Q3

24

0.00
0.20
0.40
0.60
0.80
1.00

20.8147
19.5075
16.5068
13.3200
10.4820
6.8818

60.3502
60.1797
60.0190
58.1219
40.7413

. 20.7422

109.3689
101.1728
84.1620
60.3948
51.4836
37.5563

155.6143
154.4506
150.4070
115.6511
67.6608
46.8818
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Table 4.10: Non-dimensional Frequency 2 = u.wnqu"’(fii)0 ® for P-F-F
Triangular Orthotropic Plate (Carbon-Epoxy)(opl¢2 ).

a=10.0, ¢ = b/a = 2.0, a/t = 158.7301.

|

T

Detached length from right angle end

0.00
0.20
0.40
0.60
0.80
1.00

21.9065
18.7176
13.3036
8.9837
5.6203
2.2265

71.9703
71.8814
60.3282
35.2803
22.6344
10.5616

116.3016
97.8486
71.3930
64.4647
53.4503
34.3657

190.6557
187.5495

- 136.4095

120.8816
103.1486
74.2442

1

Detached length from acute angle end

c/a

2

2

§13

2

0.00
0.20
0.40
0.60
0.80
1.00

21.9065
21.9031
21.8660
21.0694
15.9148
5.7332

71.9703
71.4891
61.5035
37.5656

1 22.8410

12.5510

116.3016
115.8162
103.5855
61.5263
49.1980
47.0872

190.6557
189.3602
120.0224
110.6902
109.5945
78.8593

r-1

Detached length from both ends

cla

N

12

Q3

§24

0.00
0.20
0.40
0.60
0.80
1.00

21.9065
21.0464
18.7056
15.8665
13.1066

9.1143

71.9703
71.9201
71.4067
68.2701
56.8915
29.1851

116.3016
110.2763
97.4629
79.3683
61.5892
48.6905

190.6557
190.0183
186.2224
157.9042
110.0057
76.9514
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4.4 Composite Plate

4.4.1 Triangular Sandwich Plates

The numerical data in this section has be;an generated for three layered triangular
sandwich plates. In order to compare the results for sandwich plate with other
published results in literature, an orthotropic sandwich triangular plate has been
taken as a special case where the thickness of the core has been assumed to be zero.
This produces the results for a degenerate case of two layers of the same material
for which the results are available. Computations have béen carried out for the fully
supported and then for the partially supported plate. The length a, is taken the

same as in case one (10.0 in). The core and face materials properties are given in

Table 4.11.

Table 4.11: Material Properties for Sandwich Plates.
face Carbon-Epoxy
Material property | Assumed value System of units
V1o 0.315
0 259.2E-6 lb.sec? /in*
E;, 3.3E7 pst
Ey1/E2 16.5 pst/pst
E22/G12 2.628 pSZ/pSZ
core HRH-10-1/8 aramid fiber reinforced honeycomb
Material property | Assumed value System of units
0 8.9861E-6 Ib.sec? [in*
En 60E3 pSZ
E1/E2 _ 1 psi/psi
Ezz/G23 10.0000 psz'/psz'
Ezg/Gls 4.6154 psi/psi
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4.4.2 Fully Supported Triangular Sandwich Plates

For this case also as for the two other cases i.e, isotropic and orthotropic plates,
the values of various parameters have been conendred. The obvious change is the
addition of the parameter defining the geometry of the core. Figure 4.9 shows a

typical sandwich triangular plate with a honycome core .

For comparison of results a degenerate case of two layered plate ({. = 0) has
been conendred. Table 4.12 gives the first four frequency parameters for this case
(core thickness=0) of a triangular sandwich plate with aspect ratios b/a = 1,1.5,2.
It was observed that the results were exactly the same as given in Table 4.7 which
are for one layer orthotropic plate. This enables the checking of the computer
outputs. This adds confidence not only to the computer program developed here

but also in the computation procedure.

. Figure 4.9: Typical triangular sandwich plate.
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Table 4.12: Comparison of Frequency Parameters = <.ua2<152(‘1‘4‘)0 S
C-F-F Triangular Sandwich Plate (Carbon-Epoxy Faces)

| Source of results | Q. Qs Q|

¢=>bla=1.0 core thickness=0.

Present (55 elements) | 19.42 46.75 96.58 112.06
Kim et al. [43] 19.57 47.00 97.12 113.10
¢=bla=15 core thickness=0.

Present (55 elements) | 20.81 60.35 109.37 155.61
Kim et al. {43] 20.97 60.67 110.30 156.20
¢=>bla=2.0 core thickness=0.

Present (55 elements) | 21.91 71.97 116.30 190.66
Kim et al. [43] 92.06 72.34 117.10 191.70

The non-dimensional frequency is defined as

? 0.5
QO = wa?e?( 2t
wat(4")
where
te = t. + 2ty

_octe+ 2041y
i

D, = (112D22 + 2D66)fm, + (v12D22 + 2D66) .y

For the face material:

2E22 3 3
Dy, = m((te/z) - (t./2)")
Des = Z22((1./2)° - (1/2)")
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} For the core material:
2E,, ]
Dyy = —-— 2
22 3(1 _ V12V21) (tC/z)
2G
D66 —_ 312 (tc/2)3

4.4.3 Partially Supported Triangular Sandwich Plates

Several cases dealing with the partially detached support conditions for triangular
sandwich plates have been generated. Frequency parameters for some sample prob-
lemes of partially supported Sandwich plates with aspect ratios b/a = 1.,1.5,2.0 are
given in Tables 4.13 to 4.15 for various values of the ¢/a. Figures 4.10 to 4.12 show
variation of the frequency parameter with ¢/a ranging from 0 to 1.0 at intervals of

0.2. In each set of tables the top table (r) contains data of the detached support

length from the right angle, the next set marked (1) for the detached length from

acute angle, and the last set marked (r-1) is for the support with detached lengths

v ety o e

from both ends.

- Freomre)

)
f
g
A
iy
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| Table 4.13: Non-dimensional Frequency = u)c:c"’<152(9=—*'=)05 for P-F-F
Triangular Sandwich Plate (Carbon-Epoxy Faces)(splé1).

| a=100,4=0/a=10,a/t =31.9489 |

r Detached length from right angle end
c/a Ql . Qg 93 94

0.00 | 18.6311 43.5318 85.3947 97.6569
0.20 | 12.1461 42.4162 51.2355 90.4456
0.40 | 6.7605 21.5831 38.3813 88.3950
0.60 | 3.7741 12.8141 28.5545 58.9212
4 0.80 | 2.0709 8.3512 19.3121 41.7067
1.00 | 0.7730 2.4372 11.3711 30.6212

1 Detached length from acute angle end
c/a Q, Q, Q3 Q

0.00 [ 18.6311 43.5318 85.3947 97.6569
0.20 | 18.6306 43.5217 85.3348 97.5484
0.40 | 18.5988 28.8499 41.6788 66.5501
0.60 | 12.9276 18.4448 27.8755 57.0010
0.80 | 6.5864 14.0539 22.7744 43.0114
1.00 | 2.0682 5.1204 20.5127 27.2751

K r-1 Detached length from both ends

3 c/a N Q, Qa 94

0.00 | 18.6311 43.5318 85.3947 97.6569
0.20 | 15.8690 43.0985 76.6497 92.7904
0.40 | 12.1457 42.4057 51.2354 90.4705
0.60 | 9.0511 31.0467 41.7434 49.8692
0.80 | 6.5496 21.2938 28.8966 37.0146
J 1.00 | 3.6075- 10.2820 20.4833 23.6136

S Attt Ena etz
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Table 4.14: Non-dimensional Frequency Q) = wa2¢2(2‘—*)0 ® for P-F-F
Triangular Sandwich Plate (Ca.rbon—Epoxy Faces)(spl$1.5).

I

a=10.0, ¢ = b/a = 1.5, a/t = 31.9489

r

Detached length from right angle end

c/a 91 Qz Qs 94

0.00 { 20.2330 57.0989 100.8404 140.2686
0.20 | 15.3475 56.8194 75.4758 136.1456
0.40 | 9.9122 38.0946 54.0294 111.9740
0.60 | 6.1845 22.1146 45.7980 96.4460
0.80 | 3.6419 14.2808 34.5730 70.7115
1.00 | 1.4326 4.2845 21.1149 50.5501
1 Detached length from acute angle end
c/a Ql Qg Q3 94

0.00 | 20.2330 57.0989 100.8404 140.2686
0.20 | 20.2290 57.0066 100.6632 138.9815
0.40 | 20.2041 48.1334 61.0501 96.1127
0.60 | 19.5614 23.8613 40.8361 93.9666
0.80 | 11.3718 16.7336 34.6075 83.7905
1.00 | 3.7688 6.6207 33.8597 49.7180
r-1 Detached length from both ends

c/a Ql Qz Q3 Qq

0.00 { 20.2330 57.0989 100.8404 140.2686
0.20 | 18.3866 56.9390 91.4976 139.2014
0.40 | 15.3378 56.7227 75.4297 134.9067
0.60 | 12.3239 53.2410 54.9611 97.0675
0.80 | 9.6202 36.0488 46.9248 60.4521
1.00 | 5.6904 . 15.9400 32.8184 44.6180
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Table 4.15: Non-dimensional Frequency 2 = wa2¢2(95—*)° ® for P-F-F
Triangular Sandwich Plate (Carbon- Epoxy Faces)(spl¢2.).

[ a=10.0,4=05/a=2.0,a/t =31.9489 |

T Detached length from right angle end

0.00 | 21.3986 68.4983 109.7143 173.9334
0.20 | 17.5460 68.3424 90.0297 170.7245
0.40 | 12.3517 55.1821 67.2653 128.6021
0.60 | 8.2881 32.7437 60.1553 114.7827
0.80 | 5.1782 20.9736 48.9209 97.1534
1.00 | 2.1222 6.5061 30.9719 71.5136

1 Detached length from acute angle end
c/a Q] Qg Qs 94

0.00 | 21.3986 68.4983 109.7143 173.9334
0.20 | 21.3949 67.9218 109.1079 172.0917
0.40 | 21.3369 56.4825 93.5590 111.2295
0.60 | 20.2722 33.9010 ©58.0461 104.9873
0.80 | 14.2804 21.2474 47.6899 103.0624
1.00 | 5.2750 8.7355 45.8265 72.2195

r-1 Detached length from both ends

c/a Q] 92 Q3 94

0.00 | 21.3986 68.4983 109.7143 173.9334
0.20 | 20.0483 68.4690 101.7443 173.2244
0.40 | 17.5292 67.7836 89.5540 168.8866
0.60 | 14.7519 63.9984 71.9633 141.3415
0.80 | 12.0593 49.6174 57.1995 98.4669
1.00 | 7.3473 22.7762 429591 73.1543
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4.5 Discussion of Results and Conclusions for Plates

From the results presented in the graphical and tabular form the following conclu-

sions are made:

1- On the basis of this study the isoparametric quadrilateral 8-node element

with reduced and selective integration emerges as the best suited for use with
Mindlin plate theory. For this technique, integration in the transverse direction
could be done numerically and individual sampling points could be allowed to be-
have elastically as governed by the constitutive law. This approach would also
facilitate the inclusion of in-plane stresses to which plates are generally subjected.
Furthermore, the transverse shear effects in thin plates can be effectively eliminated
by employing a reduced (2x2) Gaussian integration rule. However, for thick plates
the optimum numerical integration order is also a two point rule. Therefore, for all

thick and thin plates a two point quadrature is recommended.

Although there are several different schemes for deriving element mass matrices,
in this study the consistent mass matrix has been evaluated using a 3x3 Gaussian

quadrature rule.

The numerical problems presented in degenerate cases give results which com-

pare well with solutions from other sources.

2- In order to establish a general data base, for the case of triangular plates
the dimensionless frequencies are presented in all the tables and graphs. Therefore,

these graphs and tables can be used to estimate the natural frequencies of plates
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with similar geometries but with different materials. for a numerical example, let
us generate the first four modes of vibration of a steel plate assuming the elastic
and geometric properties as :

a=10in,¢=2=1,1t=0.063in

E =29 x10%si, v=0.3, density=0.2821b/in?

Thus;

p =222 =731 x10~*Ib.sec?.in~*

_ _E3  _ 29x10x0.063% _
D= l2(1t—u7) =2 ])(2(1_)(0'32) = 686.94

and

0 = wa?¢?(&l)" = 0.0259w

The dimensionless frequencies € for the first to fourth modes of this plate can be
obtained from Table 4.3. These values are,

6.162, 23.445, 32.625 and 56.203.

Therefore,

wy = 37.896 rad/sec w, = 144.187 rad/sec

w3 = 200.644 rad/sec w4 = 345.634 rad/sec

3- (a) Isotropic Triangular Plates
For the case of isotropic triangular plates the natural frequencies and corresponding
modal shapes have been considered. Computations have been carried out for .the
following three cases by varying the aspect ratio
o- detached length from right a.néle end or case (r),
o- detached length from acute angle end or case (1),
o- detached length from both ends or case (r —1).

For the case (r), the variation of frequency with £ is higher than those for the other
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two cases. This is true because most of the mass distribution is along the right
angle side of the plate. Therefore, the detached length from right angle end has
a significant effect on the natural frequencies and modal shapes. Another general
observation for all cases (r,l,r —1) is that as the aspect ratio increases the variation
of frequency with £ severely decreases. As can be seen from Table 4.5 and Figure
4.5, for an aspect ratio 2 even for the 80 percent detached length there is little
change in modal frequencies of plates. It is obvious that when the aspect ratio
increases the plate behavior becomes similar to the beam response. It is to be

noted that the beam frequency is independent of the beam width [32].

The third general observation that is common among all three types of de-
tached lengths and various aspect ratios is that, the greatest effect of detached
length on natural frequences takes place in the higher modes. Therefore, regardless
of plate aspect ratio, all the examples illustrate the sensitivity of natural frequency
in higher modes to the detached length. In other words we may get a clearer un-
derstanding from comparing fundamental modes with higher modes. For example,
the fundamental frequency of plates with any % ratio is very slightly affected by
detached length. An interestingA relationship occurs in the fundamental‘fr'equency
of plates with aspect ratio 2, where the frequencies of the fully supported and the

point supported plate are almost the same.

3- (b) Orthotropic Triangular Plates.
Comparing results from orthotropic plates with isotropic triangular plates which
have the same geometry we find almost the same general trend as the isotropic

plate. The only difference that can be noted is that the natural frequency is more
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sensitive to detached length for orthotropic plates than for isotropic plates. The
observation may be explained by the fact that in the isotropic case the rigidity is
equal in all directions in the x-y plane. But in orthotropic plates the stiffnesses
are greatly different in the longitudinal and lateral directions. Hence, when the
detached length increases the contribution of stiffness should be different in these
two cases. Therefore, when the plate goes into higher modes the vibration behavior

for orthotropic material shows different patterns from those for isotropic material.

3- (c) Sandwich Triangular Plates.
The vibrational behavior of sandwich plates is similar to that of orthotropic plates
with similar geometry. The reason for this similarity is that the face sheets consid-
ered in the sandwich plates were exactly the same as those for orthotropic plates.
Therefore, it could be concluded that for sandwich plates the vibration behaviors

are most similar to the vibration behavior of face sheets.
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Part 11

SHELLS
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Chapter 5

NUMERICAL RESULTS FOR
SHELLS

5.1 Computation Procedure

In this chapter, we consider the vibration of cylindrical shell structures, which are
partially supported along a boundary and free along other three boundaries. The
present study is based on the assumed strain 9-node finite element formulation [55],
[125]). As mentioned in chapter 3, this element is one of the degenerate shell ele-
ments, which has five degrees of freedom per node(5-DOF), i.e. three translational
displacements in the direction of the global axes and two rotations with respect to

the axes in the planes of the middle surfaces.

All through the discussion the symbols F, S, C and P denote free, simple,
clamped and partially supported edges, respectively, as shown in Figure 5.1. The
figure also shows a typical finite element grid. The symbols c/a, denote unsupported

length ratio as shown in Figure 5.2. This may be from one or both sides.
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Figure 5.1: Typical C-F-F-F cylindrical shell.

All the computations in this investigation have been carried out by varying

three essential parameters under study. These are the r/a, the aspect ratio b/a

and unsupported length c/a as shown in Figure 5.2. In order to demonstrate the
accuracy of the analysis, the results for several degenerate case of cylindrical shell
with full support (¢/a = 0), are presented and compared with previously published

results. Results are then given for partially supported cylindrical cantilever shells.

For generating a data base, the non-dimensional frequency parameter used in

the tables is defined as:
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; Q= 27ra,va2:,‘152(g-ek)o‘5 (5.1)

e
where

¢ = aspect ratio (b/a)

2 = nondimensional frequency

w = frequency(Hz.)

t, = shell thici(ness

. = effective mass density

; D, = effective shell rigidity

Trial computations were conducted for several alternative grid forms, CPU time,
and the number of elements, it was concluded that good convergence is achieved
with 25 nine-node elements. This computation has not been shown here. The tables
in this section contain frequencies for the first six modes. Computations for each
geometry of shell are carried out for the following three cases:
1) Isotropic shells
b 2) Orthotropic shells

3) Layered shells such as, sandwich laminated or other anisotropic shells.

In each case, the data has been generated by varying the three parameters r/a,

b/a and c/a.
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Figure 5.2: Partially supported cylindrical shell,
(1) support detachment from one side (¢c/a),
(i) support detachment from both sides (2¢'/a),
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5.2 Cylindrical Isotropic Shells

For computation of data for cylindrical isotropic shells, the curved length 'a’ along
the support is taken as 12.0 in.(304.8 cm) and the thickness t=0.12 in.(0.3048 cm) is
the same for all cases, Figure 5.1. For this type of shell the dimensionless frequency

Q 1s defined as:

0.5
= 27rwa2¢2(%) (5.2)

The material properties for isotropic shells material have been summarized in

Table 5.1.

Table 5.1: Material Properties for Isotropic Shell

Material property | Assumed value | System of units
v 0.3

0 1.0 (arbitrary) lb.sec?/in*
E/Es 1.0 (arbitrary) pst/psi
Es2/Gha 2.6 psi/psi
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5.2.1 Fully Supported Cylindrical Isotropic Shells

Almost all the results available in literature are in this category. These cases have
been generated to test the accuracy of the element and computations. This is why

only one case is presented here for comparative study.

Table 5.2 shows the comparison of the lowest six frequency parameters for
uniform cylindrical blades with those obtained by several other researchers. It may
be seen that the present results are in close agreement with other published results

with the largest discrepency of 1.4 % occuring at the higher modes.

Table 5.2: Comparison of Frequency Parameters {1 = 27rwa2¢2(—15%§ % for
C-F-F-F Cylindrical Shell.

| | a=12.in,r/a=2.0,4="5/a=1.0, a/t = 100. |

Source of results A 2 Qs Q4 Qs Qs

Present(5 X 5 ) 11.153 17.958 31.973 44.671 50.400 69.090
Ref.[33] 11.080 17.909 31.824 44.064 49.604 67.642
Exp.[33) 11.080 17.264 33.370 45.223 50.892 68.414
Ref.[36] 11.158 17.934 32.377 44.914 50.686 68.723
Exp.[36] 11.029 17.329 33.370 45.223 50.891 68.414
Ref.[37] 11.158 17.986 32.082 45.223 51.343 68.865
Ref.{113] 11.003 17.702 31.670 45.340 52.078 67.976
Ref.[120] 12.043 19.017 32.867 50.647 54.563 68.840
Exp.[120] 11.158 17.458 33.356 45.172 50.917 68.427
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5.2.2 Partially Detached Cantilever Cylindrical Shells.

The frequency parameters for P-F-F-F , cylindrical shells with r/a (1.0, 2.0 and

3.0) and for different aspect ratios b/a ( 1.0, 2.0 and 3.0 ) are presented in Tables

5.3 to 5.11 for several values of the partial support ratios ¢/a and 2¢'/a. The latter

ratio is used for the case when the shell has detached boundaries from the two sides
as shown in Figure 5.2. Each of these group of tables contains two tables i.e, (i)
and (ii), where the first one contains frequency parameters for support detachment
from one side, and the second for detachment from both sides. Figures 5.3 to 5.11
show variation of frequency parameter with ¢/a and 2¢/a for the lowest six modes

for a P-F-F-F shell with aspect ratios 1, 2 and 3.

Modal shapes and displacement patterns with nodal lines are shown in Figures

B.1 to B.24.
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Table 5.3: Frequency Parameter 2 = 27rwa2q$2(%§)0'5 for P-F-F-F
Cylindrical Isotropic Shell(ishi1¢1).

[ [ a=12.in,r/a=1.0, ¢ = b/a=1.0, a/t = 100. |

1 ' Support detachment from one side

c/a Ql Qz 93 94 95 Qe
0.0 15.671 23.615 47.523 59.655 60.891 70.911
0.2 11.101 21.355 38.259 48.434 60.167 70.065
0.4 | 6.633 18.129 22.844 29.969 59.882 67.993
0.6 4.019 10.518 14.894 26.785 54.111 60.611
0.8 2.254 5.448 11.640 24.918 34.829 40.332
0.9 1.777 4.404 10.833 22.399 23.631 32.764

il Support detachment from both sides

2c’/a Ql Qg 93 94 Q5 Qs
0.0 15.671 23.615 47.523 59.655 60.891 70.911
0.2 13.676 21.771 44.381 56.038 57.559 69.764
0.4 9.461 15.572 33.363 48.173 48.458 68.106
0.6 7.727 10.317 27.833 39.478 40.324 66.922
0.8 4786 6.063 20.978 23.861 30.648 53.940
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Table 5.4: Frequency Parameter Q = 2rwa?¢*(

Et?

Cylindrical Isotropic Shell(ishy142).

120105 £ P.F-F-F

| [ a=12in,r/a=1.0, ¢ =b/a=20, a/t =100. |
i Support detachment from one side
c/a 91 Qz Qs 94 Qs Qs
0.0 21.878 41.795 91.433 98.040 116.295 187.387
0.2 18.652 33.430 84.024 97.152 111.407 171.906
0.4 12.543 24.031 65.650 93.743 103.105 126.164
0.6 7.490 17.548 38.397 88.219 93.205 119.253
0.8 3.996 11.937 26.128 55.503 91.891 94.717
0.9 3.128 10.442 23.860 36.105 79.445 93.651
i Support detachment from both sides
20’/(1 Ql 92 Q3 94 95 Qe
0.0 21.878 41.795 91.433 98.040 116.295 187.387
0.2 20.686 38.969 86.385 97.939 112.347 183.023
0.4 17.111 25.628 76.169 96.344 105.579 170.632
0.6 15.217 15.967 70.777 93.754 101.882 155.318
0.8 7.388 13.310 55.144 75.006 87.658 96.346
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Table 5.5: Frequency Parameter 2 = 27rwa2¢2(;5—2t§)0'5 for P-F-F-F
Cylindrical Isotropic Shell(ishi1¢3).

a=12.in,r/a=1.0, d =b/a = 3.0, a/t = 100.

l

1 Support detachment from one side

c/a Ql Qg Q3 94 Qs Qe
0.0 |28.512 43.930 109.341 186.882 213.310 245.843
0.2 |25.697 37.219 102.641 174.608 210.438 232.576
0.4 |17.234 29.339 95.305 148.914 190.135 204.451
0.6 9.948 24.374 68.336 107.942 138.158 197.386
0.8 5308 18.874 44.086 66.839 114.422 188.652
0.9 4,154 17.082 39.026 46.761 105.166 178.578
i Support detachment from both sides

2c'/a Q] Qz 93 94 Qs Qe
0.0 |28.512 43.930 109.341 186.882 213.310 245.843
0.2 |27.597 42.068 105.154 181.687 212.518 236.479 |
0.4 |24.489 30.407 94.296 167.843 210.187 210.353
0.6 19.923 22.482 87.907 161.498 185.715 209.283
0.8 9.725 20.401 75.632 114.117 142.046 171.364
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Table 5.6: Frequency Parameter Q = 27rwa2¢2(}3—":§)0'5 for P-F-F-F
Cylindrical Isotropic Shell(ish2¢1).

| | a=124n,r/a =20, ¢=bla= 1.0, af/t =100. |

1 Support detachment from one side

c/a Q] Qz 93 94 Q5 Qs
0.0 11.153 17.959 31.974 44.671 50.401 69.090
0.2 9.092 14.650 29.813 39.297 48.178 68.678
0.4 5.874 11.334 21.563 29.360 46.877 56.551
0.6 3.531 7.837 14.408 27.381 45.619 52.391
0.8 2.094 5.071 11.620 25.401 36.225 37.340
0.9 1.696 4.401 10.964 21.152 24.324 33.355

1 Support detachment from both sides

2C’/G. Ql 92 93 94 Q5 Qs
0.0 11.153 17.959 31.974 44.671 50.401 69.090
0.2 10.406 16.161 31.387 42.789 48.415 68.866
0.4 8.510 10.415 28.474 37.335 42.523 67.988
0.6 6.911 7.479 26.162 32.463 37.374 62.138
0.8 3.868 5.901 20.567 22.202 30.635 52.423
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Table 5.7: Frequency Parameter = 27rwa2452(}3—2t§)0'5 for P-F-F-F
Cylindrical Isotropic Shell(zsh2¢2).

| [ a=124n,7/a=20, $=b/a=20, a/t =100. |
[i | Support detachment from one side l
c/a Q] Qg 93 94 95 Qe
0.0 17.835 22.064 64.276 91.023 102.507 137.380
0.2 15.598 19.201 60.858 86.874 99.869 130.553
0.4 9.775 17.074 53.210 77.964 97.688 103.434
0.6 5.727 14.611 36.369 66.911 92.631 96.311
0.8 3.432 11.316 25.608 53.379 71.636 95.805
0.9 2.827 10.329 23.602 35.852 62.124 93.640
11 Support detachment from both sides
20’/(1. Ql Qg Q3 94 Q5 Qe
0.0 17.835 22.064 64.276 91.023 102.507 137.380
0.2 17.322 20.792 62.409 88.801 101.146 133.955
0.4 14.559 15.707 57.520 82.686 98.858 124.392
0.6 9.962 14.610 54.273 79.005 98.060 116.494
0.8 5.744 12.804 46.398 66.766 87.477 93.118
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Table 5.8: Frequency Parameter 2 = 27rwa2¢2(—1§":—§)0'5 for P-F-F-F
Cylindrical Isotropic Shell(ishy2¢3).

a=12.in,r/a=20, ¢ = b/a = 3.0, a/t = 100.

|

i Support detachment from one side

c/a Q] QQ Q3 Q4 Qs Qs
0.0 22.614 24.495 82.844 122972 167.976 214.721
0.2 19.079 24.093 79.620 112.793 162.855 214.007
0.4 12.172 23.312 74.520 100.029 148.196 198.995
0.6 7.262 21.401 60.681 85.678 117.021 161.175
0.8 4.417 18.124 42.193 66.566 . 92.181 127.818
0.9 3.659 17.069 37.981 47.249 83.029 122.370
il Support detachment from both sides

20'/a Ql QQ 93 94 95 96
0.0 22.614 24.495 82.844 122972 167.976 214.721
0.2 21.805 24.062 81.235 118.785 164.595 214.548
0.4 16.757 22.644 76.613 105.763 155.399 213.566
0.6 12.155 21.543 73.179 99.455 147.819 211.432
0.8 7.397 19.664 66.204 93.480 109.588 135.799
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Table 5.9: Frequency Parameter Q = 2rwa?¢?( 122 ®° for P-F-F-F
Cylindrical Isotropic Shell(ishi3¢1).

[ a=12.n,r/a=3.0, ¢ =b/a=1.0, a/t =100. |

i

Support detachment from one side

c/a Ql Qz 93 Q4 Qs QG
0.0 10.013 13.300 29.373 38.728 45.585 68.705
0.2 8.391 11.092 28.217 35.119 43.314 66.974
0.4 5.324 9.256 20.819 29.063 41.248 50.812
0.6 3.253 7.020 14.240 27.492 39.630 48.930
0.8 2.037 4.878 11.582 25.442 33.966 38.119
0.9 1.670 4.310 10.970 20.993 24.344 32.368
1 Support detachment from both sides

2d/a| Q, Qs Q4 Qs Qe
0.0 10.013 13.300 29.373 38.728 45.585 68.705
0.2 9.592 12.017 29.127 37.576 44.017 68.571
0.4 7.956 8.269 27.353 33.238 39.409 66.614
0.6 5.634 7.398 25.483 29.432 35.544 57.660
0.8 3.534 5.824 20.072 21.325 30.404 47.283
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Table 5.10: Frequency Parameter Q2 = 27rwa2¢2(}5—2t§~)°'5 for P-F-F-F
Isotropic Cylindrical Isotropic Shell(ish13¢2).

[ a=12.in,r/a=3.0, ¢ =b/a =20, a/t =100. |

Support detachment from one side

c/a

0 Q9 Q3 Qy Qs Q6

0.0
0.2
0.4
0.6
0.8
0.9

15.081 16.705 57.274 73.775 99.222 117.896
12.364 16.324 54.725 69.012 98.491 112.953
7.932 15.492 48.180 64.144 89.970 97.783
4.945 13.762 34.941 58.733 76.861 96.581
3.218 10.977 25.202 51.367 66.819 80.897
2.712 10.092 23.322 36.305 55.824 T7.478

i

Support detachment from both sides

2 [a

O Q, Qs Qq Qs 2

0.0
0.2
0.4
0.6
0.8

15.081 16.705 57.274 73.775 99.222 117.896
14.307 16.401 56.241 71.161 98.940 115.954
10.553 15.288 52.770 64.957 98.075 108.879
7.814 14.399 50.052 61.967 97.583 102.709

5.080 12.626 43.517 55.925 84.982 87.866
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Table 5.11: Frequency Parameter Q = 2nwa?¢?( 1% ® for P-F-F-F
Isotropic Cylindrical Isotropic Shell(isht3¢3).

| | a=124n,r/a=3.0, ¢ =b/a=30,a/t =100 |
i Support detachment from one side
c/a Ql Qz Qs 94 Q5 Qe
0.0 15.370 23.342 76.204 87.073 147.046 196.001
0.2 13.527 22.835 73.318 81.493 143.255 187.758
0.4 9.456 22.028 66.255 76.506 131.414 171.862
0.6 6.132 20.517 54.965 72.166 105.309 147.313
0.8 4.069 17.675 40.316 64.408 87.439 99.608
0.9 3.459 16.722 36.667 48.283 74.300 95.435
1 Support detachment from both sides
20’/0 Q] Qg Q3 Q4 95 QG
0.0 15.370 23.342 76.204 87.073 147.046 196.001
0.2 14.880 23.081 75.293 84.401 145.226 191.984 |.
0.4 11.927 22.118 72.167 75.755 139.120 182.718
0.6 9.321 21.259 69.460 71.307 133.659 177.072
0.8 6.392 19.462 63.372 67.513 108.974 123.826
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5.3 Cylindrical Orthotropic Shells

For computation of data for cylindrical orthotropic shells, similar to the isotropic
shells, the curved length along the support a = 12.0in.(304.8 cm), and the thickness
t, = 0.124n.(0.3048 cm) are assumed constant for all cases, as shown in Figure 5.1. -

For these type of shells the dimensionless frequency Q is defined as:

0.5
Q= 27rwa2¢2(%ii) (5.3)

In this equation

D, = 112D + 2D

where
E,t2
Don = ———22¢
= 12(1 - l/121/21)
t3
Des = G12—=
66 1212

and other parameters are defined as before. The material properties for orthotropic

shells have been summarized in Table 5.12.
5.3.1 Partially Supported Orthotropic Shells.

The frequency parameters for P-F-F-F , cylindrical orthotropic shells with r /a (1.0,
2.0 and 3.0) and for different aspect ratios b/a ( 1.0, 2.0 and 3.0 ) are presented

in Tables 5.13 to 5.21 for several values of the partial supporﬁ ratios ¢/a and
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Table 5.12: Material Properties for Orthotropic Shell

Material property

Assumed value

System of units

V12 0.315

Oc 0.260 x 10~ Ib.sec?[in®
Ey1/Ex 16.5 psi/psi
E2,/G2 2.632 psi/psi

2¢'fa. The latter ratio is used for the case when the shell has detached boundaries
from the two sides as shown in Figure 5.2. Similar to the isotropic shells, each of
these group tables contains two tables (i) and (ii), of which the first one contains
frequency parameters for detached base length from one side and the second one
denotes to equal detached base lengths from both sides. Figures 5.12 to 5.20 show
variation of frequency parameter with c/a and 2¢'/a for the lowest six modes for a

P-F-F-F orthotropic shell with aspect ratios 1, 2 and 3.
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Table 5.13: Frequency Parameter 2 = 27rwa2¢2(fgf)o'5 for P-F-F-F

Cylindrical Orthotropic Shell (oshi1¢1).

a=12.1n,r/a=1.0, ¢ =b/a=1.0, a/t =100.

i Support detachment from one side

c/a Ql QQ Qg 94 Q5 QG
0.0 32.227 33.442 73.252 85.886 114.403 116.045
0.2 17.267 32.382 59.483 66.773 76.020 115.069
0.4 8.912 23.604 31.664 40.912 70.981 109.503
0.6 4.964 13.550 23.907 30.340 54.670 66.787
0.8 2.856 8.740 14.020 26.016 34.958 62.679
0.9 2.207 7.456 12.033 23.643 31.902 51.821
i Support detachment from both sides

2c'/a Q] 92 93 94 Qs Qe
0.0 32.227 33.442 73.252 85.886 114.403 116.045
0.2 25.949 27.041 71.317 75.459 105.575 107.235
0.4 14.934 19.552 52.180 61.268 64.975 70.224
0.6 10.228 15.772 36.632 42.934 45.074 64.981
0.8 6.594 9.755 21.633 24.071 31.033 61.749
1.0 0.000 4.487 6.540 16.753 18.166 28.525

144



Table 5.14: Fréquency Parameter Q1 = 27rwa2¢2(95’—:)0'5 for P-F-F-F

Cylindrical Orthotropic Shell (oship1¢2).

a=12.n,r/a=1.0, ¢ = b/a = 2.0, a/t = 100.

i Support detachment from one side

c/a Ql 92 93 Q4 95 QG
0.0 47.643 77.041 145.343 169.155 178.299 244.986
0.2 30.802 69.384 118.963 145.079 174.035 243.835
0.4 17.088 57.235 71.085 93.797 170.969 199.112
0.6 10.384 34.585 38.669 88.473 162.714 191.983
0.8 6.151 18.821 26.253 87.037 109.066 141.822
0.9 4.819 15.826 23.953 78.863 86.238 96.538
il Support detachment from both sides

2c'/a Q] Qg Q;; Qq 95 Qe
0.0 47.643 77.041 145.343 169.155 178.299 244.986
0.2 38.904 69.862 133.605 160.658 170.345 244.005
0.4 23.701 49.006 105.423 141.719 149.781 240.601
0.6 17.867 32.456 94.165 122.178 125.497 218.001
0.8 13.959 15.577 67.768 73.041 91.338 166.163
1.0 0.001 9.639 11.337 45.117 59.167 89.741
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Table 5.15: Frequency Parameter 2 = 21rwa2¢2(ﬂfii)°'5 for P-F-F-F
Cylindrical Orthotropic Shell (oshi1¢3).

l | a=12.in,r/a=1.0, $ =b/a= 3.0, a/t = 100. |
i Support detachment from one side.
c/a Ql QQ Q3 94 Qs Qs
0.0 54.938 126.149 220.281 230.896 245.937 436.174
0.2 39.259 98.284 205.567 214.322 240.702 393.949
0.4 23.673 67.860 137.464 194.670 239.252 273.836
0.6 15.082 41.849 72.584 189.993 235.203 263.877 )
0.8 8.854 26.172 44.855 162.999 196.199 217.717
0.9 6.935 22.992 40.449 97.668 180.541 "194.086
i Support detachment from both sides .
26'/(1 Ql Qg Q3 94 Qs QG
0.0 54,938 126.149 220.281 230.896 245.937 436.174 {
0.2 |47.241 111.702 216.378 218.404 236.596 424.536 '
0.4 |31.552 67.792 201.660 202.529 224.251 384.509
0.6 25.311 41.937 188.191 196.095 212.890 343.640
0.8 19.710 21.203 121.745 152.495 194.182 212.188
1.0 - - - - - -
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Table 5.16: Frequency Parameter Q = 27rwa2¢2(2§j)0'5 for P-F-F-F
Cylindrical Orthotropic Shell (osh2¢1).

-

a=12.in,r/a=2.0, ¢ =b/a=1.0, a/t =100.

)

1

Support detachment from one side

c/a

Ql Qg Q3 Q4 95 QG

0.0
0.2
0.4
0.6
0.8
0.9

22.887 27.639 49.279 67.951 100.737 101.039
14.622 25.876 40.906 59.603 68.608 100.845
8.147 22.658 24.822 32.492 66.396 99.463
4762 13.063 19.179 28.301 ©55.838 67.135
2.791 8.605 14.023 25.927 37.308 63.732
2.158 7.611 12.613 24.485 33.947 46.133

i1

Support detachment from both sides

2c'/a

0 Q, Q3 Q4 Qs Q6

0.0
0.2
0.4
0.6
0.8
1.0

22.887 27.639 49.279 67.951 100.737 101.039
19.489 24.422 45.133 67.007 94.013 94.774
12.714 17.481 35.774 57.767 60.922 68.852
9.708 13.510 29.930 41.235 43.219 65.890
6.532 8.636 20.997 23.483 31.043 63.526
0.000 4.383 6.208 16.585 17.903 29.034
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Table 5.17: Frequency Parameter {1 = 27110(129152(2“)05 for P-F-F-F
Cylindrical Orthotropic Shell (osh¢2¢2)

[ | a=124n,r/a=20, ¢ =b/a=2.0, o/t =100.
E [ Support detachment from one side
c/a Q] Qg 93 Q4 Qs QG

0.0 30.541 56.927 103.258 129.207 143.619 244.865
0.2 23.207 45.581 97.852 115.210 138.323 233.323
0.4 14.983 34.371 66.660 93.309 135.389 157.766
0.6 |'9.502 24.580 37.361 91.004 134.622 150.461
0.8 5755 17.342 25974 89.029 109.476 129.739
0.9 4.565 15.582 23.973 75.062 87.562  98.296

i Support detachment from both sides

2c’/a Q] QQ Q3 Q4 Qs Qs

0.0 30.541 56.927 103.258 129.207 143.619 244.865
0.2 27.244 50.024 101.228 125.024 138.731 244.543
0.4 20.195 31.982 95.077 110.784 123.462 231.919
0.6 17.044 22.031 91.564 98.093 110.618 192.439
0.8 12.826 13.735 61.922 71.128 92.932 153.045
1.0 0.001 8.781 10.944 43.123 57.719 91.800
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Table 5.18: Frequency Parameter Q = 27rwa2¢>2(21%)0'5 for P-F-F-F

Cylindrical Orthotropic Shell (osh12¢3).

I

a=12.4n,r/a=2.0, $ = b/a = 3.0, a/t = 100.

i Support detachment from one side

c/a Ql Qz 93 94 95 QG
0.0 36.757 71.792 153.641 202.627 212.515 349.177
0.2 30.187 55.606 144.753 199.574 205.373 318.730
0.4 20.716 40.477 116.805 180.464 198.967 229.822
0.6 13.166 30.753 68.819 164.404 196.696 221.699
0.8 7.973 24.456 43.709 143.637 182.892 199.295
0.9 6.391 22.836 39.533 94.164 147.148 196.431
i1 Support detachment.from both sides

26’/0 Q] Qz Q3 Q4 Qs Qe
0.0 36.757 71.792 153.641 202.627 212.515 349.177
0.2 33.951 63.982 148.448 201.717 207.081 341.070
0.4 27.378 40.068 136.464 193.154 201.722 311.419 |.
0.6 24.195 27.284 128.309 184.279 200.136 284.642
0.8 15.921 20.770 100.512 144.000 198.547 205.978
1.0 0.001 10.939 17.814 73.089 117.590 188.053
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Table 5.19: Frequency Parameter 2 = 27rwa2¢2(%%)0'5 for P-F-F-F
Cylindrical Orthotropic Shell (oshi3¢1).

| | a=12.4n,r/a=3.0, ¢ =b/a=1.0, a/t =100. |

1 Support detachment from one side

c/a 91 92 93 94 95 Qs
0.0 [19.602 25.125 38.210 66.972 94.870 97.090
0.2 |13.583 22.654 34.008 58.016 67.906 95.826
0.4 7.800 20.287 22.470 31.441 65.717 94.568
0.6 4695 12.654 17.426 28.271 b55.713 67.145
0.8 2.777 8506 13.973 25.870 37.831 63.949
0.9 2.148 7.599 12.746 24.581 34.540 44.750

i Support detachmernt from both sides

2c’/a 9,1 Qz 93 94 Qs Qe
0.0 19.602 25.125 38.210 66.972 94.870 97.090
0.2 |17.490 22.259 36.299 66.096 90.091 90.752
0.4 |12.135 15.699 31.408 56.340 59.678 68.500
0.6 9.583 12.264 28.110 40.498 42.721 66.063
0.8 6.517 8.239 20.671 23.267 31.032 63.886
1.0 0.000 4.354 6.078 16.467 17.822 29.135
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Table 5.20: Frequency Parameter (I = 27rwa2¢2(2§f)°'5 for P-F-F-F
Cylindrical Orthotropic Shell (0shi3¢2).

| | a=124n,r/a=30,¢= b/a = 2.0, a/t =100. |
i Support detachment from one side
c/a Ql Qg 93 94 Qs QG

0.0 26.014 42.169 96.914 113.522 133.150 198.031
0.2 21.116 33.981 94.255 102.854 127.266 196.212
0.4 14.150 27.005 63.945 93.166 121.009 146.069
0.6 9.036 21.611 36.838 91.576 118.277 140.792
0.8 5.624 16.659 25.890 89.165 103.362 125.556
0.9 4.491 15.216 23.976 74.588 86.431 96.186

1 Support detachment from both sides

2c'/a Q] 92 Qa 94 Qs Qs
0.0 26.014 42.169 96.914 113.522 133.150 198.031
0.2 24.173 37.442 96.143 110.390 129.247 196.626
0.4 19.331 24.819 92.944 97.498 115.618 194.796
0.6 16.836 18.265 87.173 90.225 105.007 181.412
0.8 11.781 13.652 58.888 69.236 93.182 136.333
1.0 0.001 8.415 10.797 42.174 ©56.578 92.183
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Table 5.21: Frequency Parameter Q = 27rwa2¢2(%f)0'5 for P-F-F-F

Cylindrical Orthotropic Shell (oshi3¢3).

[ [ a=12.n,1r/a=3.0, ¢ = b/a = 3.0, a/t = 100. |
1 Support detachment from one side
C/G Ql Qz 93 Q4 95 Qs
0.0 32.182 50.025 131.763 181.505 202.528 293.783
0.2 27.708 40.175 124.433 175.118 201.139 283.212
0.4 19.068 32.354 105.071 158.815 199.510 206.603
0.6 |12.095 27.678 66.801 140.790 193.891 198.218
0.8 7.642 23.593 43.230 127.939 174.983 194.495
0.9 6.201 22.327 39.145 94.095 127.877 186.643
il Support detachment from both sides
2c'/a O Q, Qs Q4 Qs Q¢
0.0 32.182 50.025 131.763 181.505 202.528 293.783
0.2 30.641 45.245 128.509 177.198 201.915 291.597
0.4 26.327 30.070 117.958 168.140 200.423 276.399 | .
0.6 22.097 23.867 110.682 160.882 199.769 254.547
0.8 14.381 20.587 90.776 132.989 186.355 199.231
1.0 0.001 10.344 17.519 69.460 111.651 164.103
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5.4 Composite Shells

5.4.1 Comparison of Results for Sandwich Shell/Plate

Direct comparison of these results as well as those for the cracked smdwi&
shells was not possible since no such results are available. Most of the results |
available in literature are for sandwich plates simply supported on all four sides or
for plates with other classical boundary conditions. In order to test the accuracy
of the element and computations degenerate cases for sandwich plates, which were
obtained from cylindrical shells by letting r/a— oo, have been considered. Table
5.92 shows the comparison of the lowest six frequencies for sandwich plate with
those obtained by several other researchers. It may be seen that the present results
are in close agreement with other published results and thelargest discrepency is
about 4.5%. It should also be noted that the present results are lower than the

others and because of the method used here, they should be more accurate.

5.4.2 Convergence of Results for Sandwich Shell/Plate

To find the best and effective mesh a sandwich shell with very large radius
(r/a— o0) has been analyzed with different number of elements. Table 5.23 and
figure 5.21 show these results for a clamped three leyered composite shell/plate
with n by n elements (n X n) mesh. According to the CPU time and accuracy

requirement a 5 x 5 mesh has been found to be the most suitable configuration.
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Table 5.22: Comparison of Natural Frequency for S-5-S-5 Degenerate
Sandwich Shell with Sandwich Plate (r/a— o).

vy =0.34, E;=10x 10° psi, o5 = 248.0x 107° Ib.sec.in™*
Gpze= T500 psi, Giac= 19500 psi, o. = 4.02x10°° Ib.sec?.in™*
[a=48.0in, r/a = 90.0, b/a = 1.5, a/t. = 17021, t; =0.016in., ¢t =025in. |

Source of results | wy wy ws ws ws we

Present(5 x 5) |23 43 68 78 &9 124
Ref.[49] 23 45 71 82 92 128
Ref.[128] 23 45 71 80 92 ’ 126
Ref.[129] 23 44 70 80 90 125
Ref.[130})(Exp. ) | - 45 69 78 92 129
Ref.[130](Theo.) [ 23 45 71 80 91 126
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Table 5.23: Natural Frequency for Clamped (C-C-C-C)

Sandwich Shell/ Rectangular Plate (r/a— o0).

vy =0.34, E;=10x 10° psi ps; = 500.2 x 10~° Ib.sec?.in™*
Gc = G23c = G13C= 1000 psi,

[ a=40.0in., r/a =999, aft. = 141.84 , t; = 0.016 in., t. = 0.251n. |

nxn ’ b/a=1.0

wy wo w3 Wy ws we CPU(s)
2x2 (62332 157.385 157.386 225.413 2127.023 2127.023 5.5237
3x3 [59.314 129.473 129.474 192.308 266.457 267.674 12.7493
4x4 | 58905 122.399 122.400 180.725 237.830 238.972  24.3596
5%x 5 | 58.800 120.773 120.774 178.051 222.845 223.904 41.5742
6 x6 | 58.763 120.204 120.204 177.135 218.385 219.434 64.1589
7x 7 | 58.747 119.960 119.961 176.751 216.511 217.553 90.2666
8 x 8 | 58.740 119.842 119.843 176.567 215.599 216.638 134.5251
nxn b/a=1.5

wy wo w3 Wy ws we CPU(s)
2x2 |46.920 82.789 148.141 170.004 1630.849 1969.499 5.8267
3x 3 |44.558 72.047 118.057 129.918 142.252 191.341 12.7161
4x4 |44.230 69.154 110.719 118.527 133.505 178.872 24.3623
5x5 | 44.144 68.493 109.014 112.106 131.467 172.021 43.4661
6x6 | 44.114 68.265 108.411 110.217 130.760 169.919 62.1809
7x7 | 44.101 68.169 108.152 109.429 130.461 168.634 90.0059
8 x 8 | 44.095 68.122 108.025 109.048 130.317 166.862 143.1709
nxn "bfa=2.0

wi [555) w3 (7] Wws Wwe CPU(S)
2% 2 |42.842 59.466 145.533 155.494 1416.829 1621.153 5.4275 -
3x3 |40.590 54.044 83.733 114.694 127.074 151.458 12.8914
4 x4 |40.270 52.531 78.291 107.282 119.069 119.322 23.8818
5x5 | 40.185 52.180 74.925 105.553 113.550 117.187 40.5056
6x6 |40.155 52.059 73.940 104.938 107.638 116.524 62.1387
7x7 |40.142 52.008 73.532 104.673 105.617 116.241 107.8787
8 x 8 | 40.136 51.984 73.336 104.544 104.665 116.104 134.1040
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5.4.3 Cylindrical Sandwich Shells

For computation of data, the cylindrical sandwich shells have been considered
as cantilever. In all computations the curved length a is taken as 12 in. (30.48 cm)-
along the support. The thickness of each face ¢; = 0.016:n.(0.041 cm) and the core

thickness ¢ = 0.25:n.(0.6350 cm) for all cases. The total thickness ¢, is defined as,

t, = t. + 2¢;

The material properties for sandwich shells have been summarized below in

Table 5.24.

Table 5.24: Material Properties for Sandwich Shells.

face

Material property | Assumed value | System of units
Vio 0.34

0 248.0E-6 Ib.sec? /int
Ell 10E7 pSZ
Eni/Ex 1 psi/psi
E22/G12 2.68 pSl/pSZ
core

Material property | Assumed value | System of units
0 4.02E-6 lb.sec?/in*
G23 7500 pSZ

Gis 19500 psi

5.4.4 Partially Detached Sandwich Shells.

The frequency parameters for P-F-F-F | cylindrical shells with r/a equal 1.0, 2.0

and 3.0 and for different aspect ratios b/a 1.0, 2.0 and 3.0 are preéented in Tables
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Figure 5.22: Typical Cylindrical Sandwich Shell.

595 to 5.33 for several values of the partial support ratio ¢/a and 2c'/a. The ratio
2¢'/a has been used for the case when the shell'has detached boundaries from the
two sides as shown in Figure 5.2. The tables contains data for two cases: (1) natural
frequency for detached base lengths from one side and (ii) frequency for shells with
equal detached base length from both sides. Figures 5.23 to 5.31 show va.fia,tion
of frequency parameter with ¢/a and 2c'/a for the lowest six modes for a P-F-F-F

shell with aspect ratios 1, 2 and 3.
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Table 5.25: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell

(sshyp1gl).

| l a=124n,r/a=1.0, ¢ =b/a=1.0, a/t. = 32.432 |
i Detached length from one side
c/a wq wy ws Wy ws We
0.0 |232.256 298.867 664.790 892.264 1050.126 1581.694
0.2 |194.095 250.472 639.879 806.365 994.740 1411.577
0.4 | 122.682 209.265 480.748 657.851 936.590 1053.175
0.6 75.059 156.678 332.460 587.910 697.764 927.670
0.8 47.080 105.891 259.777 329.250 ©574.983 754.165
0.9 38.499 B84.839 174.445 257.753 ©526.643 701.337
ii Detached length from both sides
2¢'[a wy ws T wa Wy ws we
0.0 |232.256 298.867 664.790 892.264 1050.126 1581.694
0.2 |222.887 270.086 659.698 865.577 1013.621 1555.949
0.4 |179.382 192.896 621.285 759.211 905.865 1182.645
0.6 |127.502 172.891 571.399 656.586 802.406 897.611
0.8 80.308 136.563 421.760 461.848 499.715 695.919
1.0 0.002 57.094 97.990 397.268 405.469 659.226
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Table 5.26: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell
(sshyp142).

a=12.4n, rja = 1.0, ¢ = bja = 2.0, a/t, = 32.432

i Detached length from one side

c/a wy wo w3 Wy ws we
0.0 83.907 97.234 332.028 417.893 566.803 567.748
0.2 69.348 94.782 314.771 384.117 506.049 566.528
0.4 45.013 89.670 271.246 327.791 419.541 526.474
0.6 28.329 78.855 196.233 234.206 362.253 462.641
0.8 18.569 61.498 117.313 156.193 329.096 444.770
0.9 15.636 50.842 74.593 137.121 310.701 439.187
i Detached length from both sides

2c'/a W wWo w3 Wy Ws we
0.0 83.907 97.234 332.028 417.893 566.803 567.748
0.2 79.666 95.581 325.746 402.715 545.478 565.436
0.4 |59.108 89.442 300.261 366.545 431.790 560.916 |
0.6 43.969 84.555 272.952 349.079 350.920 557.415
0.8 28.826 74.413 161.591 259.313 316.815 493.843
1.0 0.001 20.941 61.566 216.931 287.123 428.314
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Table 5.27: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell
(sship1¢3).

a=12.in,7/a=1.0, § = b/a = 3.0, a/t. = 32.432

l

i Detached length from one side

c/a wy wo ws Wy ws we
0.0 37.989 60.437 196.814 216.213 273.791 378.531
0.2 33.539 59.218 184.193 202.429 253.600 369.075
0.4 23.708 57.069 146.975 188.309 227.148 337.888
0.6 15.554 52.607 107.749 154.832 207.053 274.039
0.8 10.415 43.820 65.481 110.789 192.139 243.655
0.9 8.818 35.592 46.487 96.317 184.517 237.436
i1 Detached length from both sides

2¢'/a wy wo ws Wy ws we
0.0 37.989 60.437 196.814 216.213 273.791 378.531
0.2 36.795 59.827 194.126 209.627 267.109 373.896
0.4 29.615 57.554 180.531 188.122 225.191 361.690 |
0.6 23.239 55.548 158.609 177.103 197.927 349.273
0.8 16.055 51.045 90.393 167.357 168.669 313.776
1.0 0.001 12.060 45.130 147.835 161.878 280.680
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Table 5.28: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell

(sshp241).

[ | a=12.4n,r/a=2.0, ¢ =b/a=1.0, a/t. = 32.432 ]
1 Detached length from one side
c/a wq wo ws Wy ws we
0.0 173.652 216.226 647.496 784.939 798.544 1386.646
0.2 141.394 205.546 615.766 727.265 783.144 1273.426
0.4 97.764 182.611 453.231 667.990 764.024 953.816
0.6 67.319 145.997 325.410 608.247 662.711 774.939
0.8 45.778 105.583 263.846 307.051 590.532 701.806
0.9 37.873 88.018 162.954 254.950 549.408 679.108
i Detached length from both sides
2¢'/a wy wo ws Wy ws we
0.0 173.652 216.226 647.496 784.939 798.544 1386.646
0.2 161.553 211.830 641.668 769.540 783.917 1367.230
0.4 121.707 189.377 596.032 697.119 736.793 1182.538'|.
0.6 98.709 171.112 538.303 613.823 717.735 896.165
0.8 72.069 134.236 422.238 428.521 479.040 685.311
1.0 0.002 54.287 95.772 371.753 395.612 665.835
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Table 5.29: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell
(sshyp2¢2).

a=12.in,r/a=2.0,¢=>b/a=2.0, aft. = 32.432

E l Detached length from one side |
c/a wy woy ws wy ws We
0.0 46.522 93.181 252.971 307.424 565.716 567.095
0.2 |41.181 90.697 236.884 299.562 496.360 562.263
0.4 31.404 85.113 210.035 280.824 384.551 456.311
0.6 93.262 75.896 170.626 232.738 288.561 370.686
0.8 17.115 60.825 116.095 147.385 258.401 340.895
0.9 14.792 52.167 71.178 130.009 251.144 332.808
1 Detached length from both sides
2c'/a w1 Wy w3 Wy ws we
0.0 |46.522 93.181 252.971 307.424 565.716 567.095
0.2 |44.816 92.390 246.424 304.628 544.694 562.765 |
0.4 | 36.944 87.825 228.611 288.126 429.289 549.924 |
0.6 31.254 83.482 219.346 270.722 338.539 525.726
0.8 |24.005 73.275 163.737 205.118 243.684 450.648
1.0 0.002 18.799 60.075 195.043 209.446 412.289
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Table 5.30: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell
(sshi2¢3).

I

a=121n,r/a=2.0, ¢ = b/a=3.0,a/t. = 32.432

1 Detached length from one side

c/a W ws w3 Wy ws We
0.0 20.928 58.792 122.656 186.663 273.187 311.410
0.2 19.270 57.829 115.725 183.253 246.789 304.236
0.4 15.690 55.414 103.781 174.925 196.660 286.319
0.6 |12.178 51.385 89.732 142.486 160.689 239.994
0.8 0.257 44.024 63.666 95.009 142.265 210.573
0.9 8.103 38.700 42.211 83.365 135.968 203.611
i Detached length from both sides

26’/0. (752} wao w3 (157} (7% 3 We
0.0 20.928 58.792 122.656 186.663 273.187 311.410
0.2 20.446 58.500 120.080 185.546 266.310 306.371
0.4 17.829 56.778 111.309 178.469 222.194 293.345 |
0.6 15.671 54.987 106.242 165.803 186.211 285.786
0.8 12.642 50.480 91.991 100.319 160.882 271.812
1.0 0.001 10.301 44.193 96.961 143.344 260.138

173



T i e et el e et 2l $ 3 Kt il 2] DD

Table 5.31: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell

(sship3¢1).
[ [ a=12in,r/a=3.0,¢= b/a = 1.0, aft. = 32.432 |
i Detached length from one side
c/a wy - wo w3 Wy ws we

0.0 133.406 212.069 617.949 701.974 779.154 1353.683
0.2 115.204 201.658 578.632 691.995 738.804 1236.898
0.4 87.646 176.962 435719 669.655 685.996 921.756
0.6 64.682 141.606 320.894 612.880 643.345 700.018
0.8 45.348 103.893 265.200 301.994 592.583 639.067
0.9 37.677 87.660 160.740 253.863 552.992 . 629.111
i1 Detached length from both sides

2c’/a w1 W w3 Wy Ws Wwe
0.0 133.406 212.960 617.949 701.974 779.154 1353.683
0.2 196.643 209.603 608.962 696.888 766.991 1333.302
0.4 103.180 188.635 555.000 684.071 687.775 1166.328
0.6 88.015 170.704 500.849 604.461 682.519 895.908 '
0.8 68.720 133.691 402.615 422.779 473.903 668.579
1.0 0.002 52.959 95279 352.701 389.650 655.193
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Table 5.32: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell
(ssh3¢2).

|

a=12.n,r/a=3.0,¢=0b/a=20, aft. = 32.432

i Detached length from one side

c/a w1 Wy w3 Wy ws we
0.0 34.962 92.317 197.521 302.456 489.401 567.025
0.2 32.014 89.985 188.528 294.455 468.957 510.330
0.4 26.488 84.040 173.377 271.560 379.332 426.805
0.6 21.233 74.419 151.695 229.622 262.544 356.609
0.8 16.409 59.507 115.851 140.815 218.042 328.287
0.9 14.358 51.375 71.138 124.140 211.323 319.288
11 Detached length from both sides

2¢'/a wy wo w3 Wy ws we
0.0 34.962 92.317 197.521 302.456 489.401 567.025
0.2 34.020 91.717 193.933 300.364 484.446 544.640
0.4 29.743 87.480 182.753 285.530 429.360 466.298 |
0.6 26.509 83.256 176.105 270.083 336.458 448.596
0.8 21.786 73.042 164.359 164.763 240.281 400.277
1.0 21.786 73.042 164.359 164.763 240.281 400.277
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Table 5.33: Natural Frequency w for P-F-F-F Cylindrical Sandwich Shell

(sshi343).

| | a=12.in,r/a=3.0, ¢ =b/a=3.0, a/t. = 32.432 |
i Detached length from one side
c/a wy wy w3 wy ws we
0.0 15.659 58.444 93.312 184.569 244.893 273.087
0.2 14.753 57.552 89.573 181.425 233.549 255.304
0.4 12.830 54.986 83.218 171.493 193.105 237.898
0.6 10.743 50.581 76.251 137.463 153.426 217.871
0.8 8.641 42.969 62.806 83.317 129.012 200.926
0.9 7.695 38.340 41.997 72.545 120.868 195.569
11 Detached length from both sides
2c' /a w1y wy w3 Wy ws We
0.0 15.659 58.444 93.312 184.569 244.893 273.087
0.2 15.392 58.225 91.931 183.778 242.128 266.179
0.4 14.013 56.619 86.968 177.886 221.888 233.857
0.6 12.897 54.874 83.803 168.355 182.884 228.473
0.8 11.052 50.369 79.160 92.401 159.238 218.320
1.0 0.001 9.367 44.009 76.055 142.373 210.935
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5.5 Discussion and Conclusions on Shells Results

The displacement based finite element method for analysis of shell structures is

presented here. Based on the numerical results obtained in this study, the following

conclusions can be drawn.

1 - A nine-node degenerate shell element has been used in finite element anal-
ysis of vibration of isotropic , orthotropic and composite shells. To overcome the
shear locking problem, an enhanced interpolation of the transverse shear strains in
the natural coordinate system is used. Also, to avoid membrane locking behavior,
an enhanced interpolation of the membrane strains in the local cartesian coordi-
nate system is applied. A number of cases of isotropic, orthotropic and sandwich
degenerate shells (£ = 0) have been analyzed and compared with other published

results.

2 . In order to make the results general and to be able to draw general conclu-
sions on the class of problems rather than specific shells, a non-dimensional form of
frequency was used. For example, to calculate the first six natural frequencies of a

curved fan blade with the following data,

v = 0.3, E = 30 x 10°psi, density = 0. 2841
the following procedure may be followed.
p=29%2%=1735x10""b. sect.in™

Q = 27wa?¢? Et;)

Q = 2mw(12) (1 it )t = 0,129
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The non-dimensional frequencies § for this shell are obtained from Table (5.6) and
are given below

11.153, 17.959, 31.974, 44.671, 50.401, 69.090

Therefore, the first six frequencies of the curved fan blade with the above geometry .

are,

w; = 86.268 Hz, w,=138.912 Hz
w3 = 247.319 Hz, wgs= 345.530 Hz
ws = 389.852 Hz, wg = 534.411 Hz

These values are very close to the results given in reference [33].

3 - (a) Isotropic Cylindrical Shells
A fan blade with a crack along its base can be idealized as a cylindrical partially
supported shell. The first six natural frequencies and corresponding modal shapes,
and nodal lines for variable detachied base length have been generated in this work.
Investigations have been carried out‘ for two cases with three different aspect ratios
as well as three different radii to base length ratio. These are identified as:
(1)- detached base length from one side (£).
(ii)- detached base length from both sides (%).
The results show that as the ratio £ increases or the shell becomes shallower the
frequency w decreases. The change in the frequency parameters (-f—,) for case (i)
is more pronounced than for case (ii). The two cases for the constant radius of
curvature (I = constand)-and for the higher aspect ratio (% = 3), the frequency

parameter 792 stéy relatively unaffected for longer detached base length (80%). Thus,

we conclude that as the aspect ratio increases, shells and plates behave more like
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beams where the frequency is not sensitive to the length of base support.

" In general, the response of shells with partially detached base length is similar
to that of plates. The main difference in the response of short shells is that the
fundamental mode is usually the twisting mode except for the large aspect ratios -

(2 > 2) and large radii of curvature (£ > 3 ). For these types of shells the first

fundamental twisting modes are replaced by beam modes.

-(b) Orthotropic shells
On comparison of results obtained for orthotropic shells with those for isotropic
shells, we find the trends to be similar in general. This observation is the same as
the one noted earlier for isotropic and orthotropic plates. The important.point to
note is that the natural frequency is more sensitive to the detached length in case of
orthotropic materials than for isotropic materials. This sensitivity is very obvious
even for long and shallow shells as can be seen from graphs 5.23 to 5.31 and tables

5.25 to 5.33.

-(c) Sandwich shells.
In computation of natural frequency for sandwich shells the shell is assﬁmed to
consist of an orthotropic core and two face sheets of equal thickness which are made
up of isotropic material. Here also the variation of natural frequency with detachéd
length is similar to the variation in the case of isotropic materials. It is observed
that, for sandwich shells with the same face material and for the same thickness
of face sheets as for isotropic shells, the frequencies are much higher. However the
variation of the frequencies with the detached length for the two shell types is the

same. The increase in frequency for sandwich shells can be explained by the fact
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that the overall thickness i, of the shell is larger giving a larger value of stiffness.
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5.6 General Conclusions for Plates and Shells

Several examples have been presented and the results have been compared with the

available results in the literature. These have been found to be in good agreement..

The crack along the base of plates, shells and curved fan blades is idealized as a
partial detachment of base. The effects of variation of the detached base length
on natural frequencies, modal shapes, displacement patterns for these models have

been presented in this study.

A comparative study of the dynamic behavior of plates and shells, in general,
has been presented in this thesis. Furthermore, this thesis also presents an in depth
study of the dynamic behavior of various types of materials; for example isotropic,

orthotropic and sandwich materials.

Based on the investigation carried out and the results presented here, the fol-

lowing conclusions can be drawn:

1 - Variation of natural frequency with detached base length is very large for

both plates and shells having small aspect ratios (% < 1.5).

2 - For larger aspect ratios of plates and shallow shells (2 > 2). the variation

of natural frequency is very small even for 80 percent detached base length.

3 - In composite or orthotropic materials the variation of the natural frequency
with detached base lengt}i i1s more than that for the case of isotropic plates and

shells with similar geometry. This would mean that for the design and analysis
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of orthotropic plates and shells we should accurately model the presence of any

detachment of support.

4 - For the degenerate case (¢ = 0) the fundamental mode for plates starts

with the beam mode. But in shells with small aspect ratio and small radius to base .

length ratio the beam mode is the second mode. This trend is reversed only for

larger (2 > 2, (£ > 3) ratios where the beam mode shifts to the fundamental mode.

5- The computations for triangular plates have been carried out for three dif-
ferent cases, namely:
o- detached length from right angle end, case (r),
o- detached length from acute angle end, case (1),
o- detached length from both ends, case (r — ).
In the case (), the variation of frequency with ¢ is higher than for the other two

cases.

6 - For cylindrical shells two cases have been studied:
(i) detached base length from one side (¢/a)
(ii) detached base length from both sides (2¢/a).

Its shown in all the coresponding figures, the variation of frequency in case (i) is

much more than the case (ii).

7 - For shallow shells as r/a becomes larger, (£ > 3) the dynamic behavior is

similar to that of a plate. This is quite justified and expected.

8- The examples illustrate that the effect of detached length is most significant
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for higher mode frequencies.
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5.7 Recommendation for Further Study

There are several practical problems in this area which need further work. It is seen
that this investigation on partially supported plates and shells can be extended for

the following problems:

1- Trapezoidal plates generated by cuting the tip of the triangular plates are
of considerable practical importance in the aircraft industry. These problems are a

logical extension of the problem studied in this thesis.

2- Further generalization of the problem noted ab.ove is the skew plate with
variable skew angle and different aspect ratios. These plates are also commonly
employed in the structures of aerospace vehicles such as missiles, rockets and air-
crafts. The study of the effects of support detachment and crack at root , on the
vibrational behavior of these types of plates is important for the design purposes in

the aerospace industry.

3- The pre-twisted fan blades have many applications in the turbo-machinery
industry. The effect of cracks along the support on the vibration characteristics
of twisted cantilever plates is very important in the design of blades. The present

technique could be logically extended to this problem.

4- Further work could also be required to the study of the effects of support
detachment on fibre orientation in composite plates and shells. The results in this

thesis have been generated only for one angle of fibre orientation.
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5- Study may be applied to the vibrational behavior of spherical shells and

circular plates with support along a part of the boundary.

6- The results obtained for modal shapes in this study can be used as a data

for analysing the response of forced vibration of similar geometries by the mode

sumation method.

7- Work méy also be extended to nonlinear analysis for the problems discussed

in this thesis.
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Appendix A
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A.1 ISOTROPIC PLATES

1
MODAL SHAPE FOR TRIANGULAR
ISOTROPIC PLATES
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Mode= 4

Figure A.1: Modal shapes for triangular isotropic plate with

b/a=1.0,¢c/a=10.0,c—r.
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- Mode= 2
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Figure A.2: Modal shapes for triangular isotropic plate with

b/a=10,c/a=02,c—T.
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Mode= 2
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Mode= 4
(0= 43.965

Figure A.3: Modal shapes for triangular isotropic plate with

b/a=1.0,c/a=04,c—r.
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Figure A.4: Modal shapes for triangular isotropic plate with

b/a=1.0,c/a=0.6,c—r.
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Figure A.5: Modal shapes for triangular isotropic plate with

b/a=1.0,c/a=08,c—r.

207




z J“‘M‘}%

Mode= 3

(1= 11.686

Mode= 4

Figure A.6: Modal shapes for triangular isotropic plate with

b/a=1.0,c/a=1.0,c—r.
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Figure A.7: Modal shapes for triangular isotropic plate with
b/a=1.0,c/a=0.0,c—1.
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Figure A.8: Modal shapes for triangular isotropic plate with
b/a=1.0,c/a=02,c-1
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Figure A.9: Modal shapes for triangular isotropic plate with
bla=1.0,c/a=04,c—L
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Figure A.10: Modal shapes for triangular isotropic plate with
b/a=1.0,c/a=0.6,c— L “
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Figure A.11: Modal shapes for triangular isotropic plate with
-bla=1.0,c/a=0.8,c—1L. "
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Figure A.12: Modal shapes for triangular isotropic plate with
b/a=1.0,¢c/a=1.0,c-1
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Mode= 4

Figure A.13: Modal shapes for triangular isotropic plate with

b/a=1.0,c/a=00,c—r—1
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Figure A.14: Modal shapes for triangular isotropic plate with
b/a=1.0,c/a=02,c—r—1l
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Figure A.15: Modal shapes for triangular isotropic plate with
b/a=1.0,c/a=04,c—r—1L
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Figure A.16: Modal shapes for triangular isotropic plate with
b/a=1.0,c/a=06,c—r—1
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Figure A.17: Modal shapes for triangular isotropic plate with

b/a=1.0,c/a=08,c—r—1L
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Figure A.18: Modal shapes for triangular isotropic plate with

b/a=1.0,c/a=10,c—r—1L
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Appendix B

BB

B.1 ISOTROPIC SHELLS

1
MODAL SHAPES FOR CYLINDRICAL
ISOTROPIC SHELLS
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Mode= 1
0= 11.153

Mode= 4
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Figure B.1: Modal shapes for cylindrical isotropic shell.

r/a=2.0, b/a=1.0,a/t =100.00, ¢c/a = 0.0.
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Mode= 2 Mode= 5
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Mode= 3 Mode= 6
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Figure B.2: Ijisi)lacement pattern with nodal lines for isotropic shell.
r/a =20, b/a=10,a/t=100.00, c/a=0.0.
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Mode= 4
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Mode= 6
(0= 68.678

Figure B.3: Modal shapes for cylindrical isotropic shell.
r/a =2.0,b/a=1.0,a/t =100.00, c/a = 0.2.
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Figure B.4: Displa.cement pattern with nodal lines for isotropic shell.
r/a =20, b/a=1.0,a/t = 100.00, ¢/a = 0.2.
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Figure B.5: Modal shapes for cylindrical isotropic shell. "
r/a=2.0, b/a=1.0,a/t = 100.00, ¢/a = 0.4.
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Figure B.6: Displacement pattern with nodal lines for isotropic shell.
rla=2.0,b/a=1.0,a/t =100.00, c/a=0.4.
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Figure B.T: Modal shapes for cylindrical isotropic shell.’
r/fa=2.0,b/a=1.0,a/t =100.00, c/a = 0.6.
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Figure B.8: Displacement pattern with nodal lines for isotropic shell.
r/a =20, b/a=1.0,a/t =100.00, c/a = 0.6.
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Figure B.9: Modal shapes for cylindrical isotropic shell.
r/a =2.0,b/a=10,a/t =100.00, c/a=08.
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Mode= 1
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Figure B.10: Displacement pattern with nodal lines for isotropic shell.

r/a=2.0,b/a=1.0,a/t =100.00, ¢/a = 0.8.
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Mode= 6
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Figure B.11: Modal shapes for cylindrical isotropic sheil.
r/a=2.0, b/a=1.0,a/t =100.00, c/a = 0.9.
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Figure B.12: Displacement pattern with nodal lines for isotropic shell.

rfa=2.0,b/a=1.0,a/t =100.00, c/a=0.9.
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Mode= 3 Mode= 6
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Figure B.13: Modal shapes for cylindrical isotropic shell. .
r/a=20,b/a=1.0, a/t =100.00, 2¢'/a = 0.0.
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Figure B.14: DiSplacement pattern with nodal lines for isotropic shell.
r/a=20,b/a=1.0,a/t=100.00,2c'/a=0.0.
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Figure B.15: Modal shapes for cylindrical isotropic ”shell.

rfa=20,b/a=1.0,a/t=100.00,2c/a=02.
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Figure B.16: Displacement pattern with nodal lines for isotropic shell.
r/a=2.0,b/a=1.0,a/t =100.00,2c /a=0.2
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Figure B.17: Mdda.l shapes for cylindrical isotropic shell.
rla=2.0,b/a=1.0,a/t=100.00,2c /a =0.4.
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Figure B.18: Displacement pattern with nodal lines for isotropic shell.
rfa=20,bla=1.0,a/t=100.00,2c'/a=04.
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Figure B.19: Modél shapes for cylindrical isotropic shell.
r/a=20,b/a=10, aft =100.00, 2¢'/a = 0.6.
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Figure B.20: Displacement pattern with nodal lines for isotropic shell.
rlfa=2.0,b/a=1.0,a/t=100.00, 2 /a = 0.6.
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Figure B.21: Modal shapes for cylindrical isotropic shell.

rfa=2.0,b/a=10,a/t=100.00, 2¢'/a =0.8.
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Figure B.22: Displacement pattern with nodal lines for isotropic shell.

r/a=20,b/a =10, a/t =100.00, 2¢'/a = 0.8,
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Figure B:23: Modal shapes for cylindrical isotropié shell.
rla=20,b/a=10, a/t = 100.00 2¢'/a = 1.0.
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Figure B.24: Displacement pattern with nodal lines for isotropic shell.
r/fa=20,b/a=10,a/t=100.00, 2¢'/a = 1.0.
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