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?_ABSTRACT .

The subject of this thesis is the optimal
control .of stdchasti;#hifferential equations. In
chapter 1, optima}ity conditions related to this
subject are briefly reveiwed. 1In chapter 2, two
gradient algorithms are developed and a humerical
comparison.is made. An applicatioh in a satellite
attitude controi problem is also presenfed. In chaﬁter_
3, a Markov ghain is introduced into the stochastic
differential equation. .Both the dynami¢ programming

approach and the variational approach are examlned, and

certain optimality condltlons are obtained. Exam
witﬁ\?losed form solutions are presented which co

of a machine maintenance problem, an investor's’

problem, and a linear Gaussian gquadratic problem.
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NOTATIONS FOR THE PROBLEM FORMULATIONS IN SECTIONS 2.1 AND 3.2
- T \) . 4 )
- b . . :

Section 2.1

‘I Time. interval, I Zz (0,T)
Standard Wiener process yigg)na¥nes in r9 /

. . K
Any closéd and convex set in RS -
Measurable control with values in U

Set of admissible controls -
) N
] . : ~ .. .
" open bounded and connected set in RS

) -
Boundary and closure of B respectively

1.

Cyl}nder defined by B x I C

Lateral boupdary of O deflned by ‘3B x I

E‘ Dynamlc state vector with values in B
“M,q | Dlstributlon and densxty of £E at t =0 (gj
T ' . fFirst exit time of 3 from Q - , t
. /
aij' bi Matrices as deflned follow1ng X? 1.4)
Ly 4@ S
" Function spaces as defined after (2.1.6)
L_(Q) / ~
a - i
Wé'°(Q) Function spaces as defined after (2.1.9) )
1¢1 ’
Wz (Q) o M

Section 3.2 et

Yy Markov chain
N State space for y consisting of a finite set of )

points {z ‘...,zN}'in rR™ .



{ iv )

P . Transifion matrix of y, P - {pij}
g Q Differenﬁia} travsition matrix of v, Q = {qij}
. I Time interval, I = (0,T)
W Standard Wiener process with values in Rd
U Any:closed convex set in RS !
u : Measﬁrable coht?ol vector with values in gV i ’
s N U Set of admissilfle controls
5?3 B Open bounded and éonnepted set in Rn'
i '. 3B,B | Boundary and closure of ﬁrrespectively
. Qup " Cylinder defined by B, x i,
.S"<T_"j Lateral bounéary of QT defined by 9B x I
* E. . ‘ Dynaﬁic state vector with values in B
.1 ™ q ’ bistribution and&density Qf E at ;ﬁR‘
f . Firét'exit tigg of £ from{ | . 1
5 .A’Aij o . ’ R
Bi;ﬁi }’ Linear operators as defined in (3.2.})——(3.2.6)
: P0 Stochastic optimiz§tion problem as defined in (3.2.1)
s and (3:2.2)
-Py ) Deterministic optimization problem (equivalent to

' P,) as.defined in (3.2.7)

»

& R . Vector of cost integrdhds as defined following (3.2.3)

1r0
W, (QT) 1

q,r
1
WZJB)

L (QT) > Functioh\spaces as defined followiﬁé (3.2.9)

0 18 -
1 .




ABSTRACT

{v)

TABLE OF CONTENTS

ACKNOWLEDGEMENTS

NOTATIONS FOR THE PROBLEM FORMULATIONS IN

2

SECTIONS 2.1 AND 3.2

" INTRODUCTION : i . "

CHAPTER 1 A BRIEF REVIEW ON OPTIMAL CONTROL OF

1.1.

I.zi

CHAPT%R 2

2.3-‘

. PARAMETER

STOCHASTIC DIFFERENTIAL SYSTEMS

Theoretical Developments

Numeriéal Methods

\‘
OPTIMAL CONTROL OF STOCHASTIC
DIFFERENTIAL SYSTEMS WITHOUT JUMP

Problem Formulation and Optimality

\

Conditions

Gradient Method

2.2.1. Computing Optimal Control
Through A Two Point Boundary
Value Problem

2.2.2. Computing Optimal Control
Through Gradient Method

. A Simplified Gradient Method

[

A,
/I

[ VY]

.H -
2.2.4. Numerical Comparison of the
Two Gradient Methods

-Application To Satellite Attitude

Control Problem

PAGE NO

ii

iii

viii

10

14

16
23
24
28
46
50

62 .



L
N A
2.4,
CHAPTER 3

AN

3.2.

)

3.1.1.

'N‘

uggestions for Further Study

¢

T vi )

HqJL\\\
TABLE OF SONTENTS : A
) ) )
Problem Formulation ) *

Application of Gradient Method
. . -~

erical'ReéultS

Alternative Approach to the
Satellite Attitude Control ¢
Problem

i'

OPTIMAL CONTROL OF STOCHASTIC
DIFFERENTIAL SYSTEMS WITH UqMP
PARAMETERS

ey

‘Dynamic Programming Approach

Problem Formulation ~ A Machine
Malntenance Problem

Dynamic PrOgrammlng Method and -
Backward Equatlon

An Example for The Case Without
Whité N01se‘- Machine Malntenance

. Problem

3.1.4.

Variatlonal Approach

r
3.2.1.

3.2.2.

.Aﬂ”Example for The Case With

White Noise - An Investor [
R:oblem "

P . o ;
Problem Formulation ‘

Optimality,Conditions "4

3 2.3. Application of Optlmallty

Conditions to Linear Quadratic
Gaussian Problem

)

64
67
72
81

92

95
96
98

106
116

124
125

126

149



- X
. o o vii )

. TABLE- OF CONTENTS

3.2.4. Gradient Method
' . . - N . . ' S
3.3. Suggestions for Further %tudies-' .
APPENDIX .~ - R
REFERENCES ~ :
. Ly R . ot . T . : ’
VITA oL Lo S

PR 7
A B
- d
- » [S ’
Y
N L]
t 1 < .
B A
'
.
{
. . - .t
] £
-
]
-
-
’
-
'
N
-,
—
. \
- [
- .
)
.
1
>
. -

-t

f
-4



i e

' { viii )

INTRORUETION | \ |
\/3 - ”

The.subject’ of this thesis concerns the problem

)
of finding optimal controls for stochastic differential.

systems.  In practice, these optimal control problems arise

when one attempts to control a system of ordinary different%iiﬁ—‘,\

equations which containg additive white noise.
oo :
' In chapter 1, existing optimality conditions

for obtaining optimal controls ar; briefly reviewed. 1In
chaptértz, one of the optimality conditions is used to

.develdpjtwo gradient algorithms for computing the optimal
control. As an ‘application, a satellite attitude control

T

problem is considered. In chapter 3, we consider a more

s-general. class of optimal control problems in which a

Markov chain appears in the stochastic differential equation.

Optimality conditions are derived and some applications, in

.~ the . form of numerical and analyticai examples, are presented.

Original work in this thesis include the analyses
and computation related to the following: (i) gradient
algorithms of section 2.é [ 621]; (ii) satellite éttitude
control problem'bf section 2.3.1 [ 63 J; (iii) three
dimeﬁsiona% satellite attitude conﬁrol problem of section

)

. 2.3.4-[ 61] i)(iv) machine maintenance problem and the
P




( ix )

o~

investor's problem, both of section 3.1; and (v) derivation

.

of optimality condition for the optimal control -problem

which involves Markov chain, section 3.2 [ 7 1].

o
-
-

T 'l_' - -,
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CHAPTER 1 , :

. A BRIEF REVIEW ON OPTIMAL CONTROL

OF STOCHASTIC DIFFERENTIAL SVYSTEMS
. 2
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C.I!APTER 1 A BRIEF REVIEW OF OPTIMAL CO;JTROL OF STOCHASTIC
DIFFERENTIAL SYSTEMS‘:

The most commoniy used mbdel in the study of
stochastic optimal control is the stochastic differential
equation (or Ito differential equation). fo introduce the
notations used in this chapter, we state a typical optimal

control problem:

ax(t) = £(t,x(t),ult,x(t)))at + gl{t,x(t) ,ult,x(t)))dw(t)

. ' x(0) = x with distribution 5

O'T ) .
J(u) = E{fo Lit,x{t) ,ult,x(t)))dt + w(T)]g min
ve Y

where % is an n-dimensional state vector, t £ {0,T] denotes
time; u-denotes the control function with values in REﬂ v is
a d-dimensional standard Wiener process; f and g are matrix -
valued functions. The problem is to find a control u in the
admissible control class 21 so that a cost functional J is
minimized. The cost functional J as shown above consists of
the expected value of the sum of an integral cost, with cost
integrand L, and a terminal cost y. \‘\

‘Although there are many variations of this typical

optimal.control problem, the above notations will be retained

througho this; chapter. For brevity, most technical assumptions

will not be kenkioned. For more detail, the reader is referred

to either the original works or the surveys conducted bf

Ahmed [1], Teo™f58] and Fleming [19].

N



1.1 THEORETICAL DEVELOPMENTS

In this section we present a brief review of the
developments in optimality conditions for control problems

related to stochastic differential equations.

Stochastic versions of Pontryagin's maximum principle

have been developed by many.authorsf among others,‘Kushneﬁ

[31] - £36], Sworder (53] - 1561, Davis and Varaiya 13}, and

Bismut [ll], [10]. These 'random necessary conditions'
involve random adjoint differential eguations and random
Hamiltonians, from which random controls are determined. 1In

({311, Kushner considers the control of the system

h

(1.1.1) dx(t) = f(t,x(t),u(t))dt + dz(t)

where z is not necessary a Wiener process. More recently,
he has also developed random necessary conditions for the

system
{1.1.2) dx(t) = f(t,x({t),u(t))dt + g(t,x({t))adw(t)

where state constraints are imposed on x. Random necessary
conditions usually lead to a stochastic two point boundary
value problem, for which there is no known method of
numerical solution. One exception is the random necessary
conditions derived by Sworder [54] [56] for a class of

/
1inear systems of the form

(1.1.3) = A(t,y(t))x(t) + B(t,y(t))u(t,x(t),y(t))

DJ]Q:
(ad S
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where A and B depend "on a Markov chain y(t). The cost

function to be minimized is of the form

(1.1.4)  J(w) = B/ L{t,x(t) ,ult,x(t),y(t)))dt}.
pa
In the special case where L is quadratic, i.e.,

(1.1.5) L(t,x,u) = x'Rx + u'Su,

his random necessary conditions can be used to compute the
optimal control which is given by,
u*gt,x,i) = s B(t,1)K(t,i)x

where K(t,i) satisfies an ordinary dlfferentlal equation. The

above result is a special case of a more general problem considered.

in section 3.2 of this thesis.
More recently, Bismut [ll], [10] has considered a

more general system than (1.1.2),

(1.1.6) dx(t) = f£(t,x(t),u(t))dt + g(t,x(t),ult))dw

In some special cases, his random necessary conditions can be
reduced to those given‘by Kushﬂer [32] and Davis and Varaiya
[131. He has also offered some interesting inte;pretations of
his result in certain applied problems [i2].

The major disadvantage of random neceésary conditions:
is their unsuitability for comput;tion purposes. As opposed
to this 'probabiligtic' approéch, the 'analytic' approach has
the advantage of computability. The énalytic technique involves

Ito's lemma and Bellman's dynamic programming method, the

2



, eguation with first boundary condition: N s

B et Ty SR,

-

resulting optl i conditions usually consist of quasilinear

r~

parabolic pa;tial differential equations. Some interesting
results in tﬁis area are due to Fleming [15] - [20], Wonham
[64] - [66], Rishel [49] - [50] ana Ahmed and Teo [2]-[6].
The following is a brief account of their work. .
;Using dynamic programming technique, Fleming

considers the foilowing problem

. 4
(1.1.7) dx{t) = f(t,x(t),u{t,x(t)})dt + gl{t,x(t))aw(t),
I t ¢ [o,T],
]-J(U.) = E IS L(t,X(t) ,U(t,X(t)))dt -

where u ¢ U is smooth in t ;nd x taking values in a convex
compact set U, x takes valugs in a compact subset g,of-Rn,

and T is an exit time defined as the.minimum of two quantities;
the terminal time T, and the first time x reaches the boundary

of B. Define the expected cost ¢u corresponding to a control

u and an initial state £ as t

(1.1.8)  ¢"(s,6) = E{S] L{t,x(£),ult,x(t)))dtix(s) = E).

Under some smoothness and boundedness assumption of £, g and L,
and a uniform parabolicity condition on g, the function ¢u

satisfies the following linear parabolic partial differential

L Y

7

. IA(¢“) + f“¢§ + 1" =0, (s,£) ¢ (0,T) x B
(1.1.9) & :

0

]_¢“ =0, (s,£) e (I x 3B)U({T} % B)



where
n

rA{n) = h_ + L }(ng')..h h :
t i,j=1 1) Ei Ej . '

1

n
(1.1.10) ¢ £%% = £ f.(s,£,uls,E))h
£ e 1t 53

u
L L = L{s,E,ul(s,8)).
Define the functions

z(s,E) = Inf ¢ (s,EF, (5,6) € O

(L.1.11) 4 ¢ - ueld
H{s,E,¥) = min {L(s,E,u) + £(s,E,u)v} %
: uelU .
L] n |
where fz = L fizi. Fleminag then shows that the function z
i=1

satisfies the dquasilinear parabolic equation

ool

Az} + h(s,x,zx) =3, (s,x) e (0,T) x I
(1.1.12)

z(s,xj = 0, (s,%x) e 0O

It is noted thgt if jump warameters are present in the drift

and diffusion coefficients, the equation (1.1.12) would

become a svstem of non-linear varabolic equation (details ‘in

chapter 3 of this thesis). 7.
In many applications, the dynamic étates has to be (.

measured in a noisy environment. Estimates of dynamic states

can be obtained by filtering. Iowever the use of state

estimates, instead of their exact values, in the optimality

conditions discussed so far would result in suboptimal
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perfgrmance in general. Therefore there is a need to jointly
consider the filtering and’control probiém. For linéar svstems
and linear measurement channels, however, Wonham has shown

that filtering and control can be performed separately.' The

linear system dynamics and the measurement model are

dx(t) = [A(t)x(t) + b(t,u(t))]dt + B(t)dw (t)
(1.1.13){

x(0) = xo
: dy(t) = F(e)x(£)dt + G(t)dw, (t)
(1.1.14){

y(n) =0

A

The cost funéfion is given by
(1.1.15) J{u) = Efg L(t,x(t),u(t))dt.

Wonham [64i has shown that the optimal control of the nroblem
(1.1.13) - (1.1.15) is identical to the optimal control of the
problem (1.1.13) and (1.1.15) using the filtered estimates from
the meagurements in {(1.1.14). Further the optimal control
which uses only current measufements performs identicallv to
the optimal control which uses all past informafion, thereby
reducing greatly the storage requirements of the controller.
This separation brinciple have not been démonstrated to hold
for non-linear systems. .
In some practical situations, only some of tbe
current states can be observed.‘ This problem has beeg formulated

by Fleming {207, and the control problem is

{



_ . . 6 ,
- . . +
.

dx(t) = f£(t,x,uft,x))dt + g(t,x,u(t,%))dw
(1.1.16)

J(u) = ESy L(t,x(£),ult,k(t)))dt

where X is the vector consisting of the observable components
of x,and f, g, L are assumed smooth. The resulting necessary

conditions lead to two coupled non-linear integro-partial

~differential equations whose numerical solution are by no

means trivial. ‘ Fleming also has presented similar necessary
conditions for the case with measurable f and L and without
control in g [ 20 ].

In some optimal control problems, we may choose
both controls and parametefs. Ahmed and Teo [ 5 ] have

considered the following problem.

dx(t) = f£{t,x(t}),o,ult,x(t)})dt' + g(t,x(t,0)dw(t)
(1.1.17) o -

J(o,4) = E{Sy Lit,x(€),0,ult,%(£)))de + n(x(t))}
where o is a parameter vector. The resulting necessary

conditions covers Fleming's result for (1.1.16).

J



The results on stochastic differential syéﬁems
. -"'\_)

disscussed s?/far are based on the assumption that ga' is

positive definite. 1In somc_appl{:ations, the system is
degenerate, i.e., gg' is not pogiiive definite. 1In this case I‘
two immediate problems arise.. One is the question of existence
of solutions to the dynamic programming equation. The other
problem is‘to establish;that the‘solution of the dvnamic
programming equation‘is equél to the value function. For

the first problem Fleming £16 1 has demanstrated the existénce
. ' &;-weak solution under certain conditions, . As fzr the -

second p;?blem, Rishel T501. has considered the oilowing

degenerate problém

. _
, _ | o fdxg () = £1(t,x  (£) ,x,(8))dt

(1.1.18) 4 dx, (£) = £2(t,x; [&),x, (&) ,ult,x; (£),x,(£)))dt + glt,x,(t))aw
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tﬁg/weak solution equals the value function, thereby

th_gptimality conditions. 1In the sequel we return to the

ORI emrelT e 2 y .

discussipn of non-degenerate problems.
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. As mentioned earlier, Sworder [54 J has considered

the optimal cohtrol problem of linear ordinary.differential}

<

L.

equations with jump Markov disturbance. The corresponding
' g

non linear problem has :later been studied by Rishel {50 ]

N

who has considered the following problem
//r\\hl dx
g — EFlex(t),y(t) ,ult,x(t),y(t)))
(1.1.19)
J(u) = E S5 £4(s,x(s),y(s) ,uls,x(s) ,y(s)))ds

where y(t) is the Markov'jump process as considered by Sworder.

For the above problem, he has established the weak solution

3

of the dynamic p7ogramming equations, and he has shown that

the weak soluti?n is equal to the value function, thereby

A BT,

establishing thé optimality conditions.

Recently Rishel [ 497 has preseﬂted.necessary
. ‘ and sg}ficient conditions under weéker assumptions on the
drift coeffic&gnt f, which is allowed to be discontinuous in
; _both time and sp§7p. This permits the inclusion of discon-

tinuous controls.) His control problem is

L\

T = £(x(8),y(8) ult,x(t),y(t)))

(1.1.20) .
J(u) = E{plr,,x(1)](0) =5, y(0) =y"}

- -

where Ty is the first time the process x reaches a closed

. manifold M C [0,=) x R". The necessary and sufficient

")
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+ condition for optimality of a control law is that the

corresponding cost function satisfies the associated dynamic
Programming equation except on the set of discontinuities
Of‘ f- . //'

-

(/ In chapter 3 of this thesis, the folloﬁing control
— ' =
problem will be considered (Ahmed and Wong [ 7 J )

1Y

)({dx(t) == f(t,'x(t);.y(t),u(t,x(t)fY(t)))dt + g{t,x(t),y(t))dw(t)
(1.1.21 : .
JtIt) = By L(E,x(t),y () ,ult,x(t),y(t)))dt

4
The existenqe.of weak solutions ®f the corresponding dynamic
programming eqﬁation is difficult +o establish. Héwevér, |
a set of necessary conditions can be derived by a variational
approach. These éonditions consist of systems of parabolic
equations whose weak solutith is shown to exist under

sufficiently”genéral_conditions.

1.2 NUMERICAL METHODS ' ' -

While the theoretical developments in the optimal
control problem of stochastic differential systems have been -
excitiné and fruitful, the actual numerical methods for

computipg optimal controls have received less ‘attention. It

. appears thét problem (1.1.7), with completely observable

controller, and problem (1.1.16), with partially observable

controller, are two key problems. Of Ehese two problems,

. b
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- 11 -
only the compleﬁeiy‘observable problem is considered in
this thesis; the partially observable control problem
{(1.1.16) is more difficult. _ .

For:'the completely observable control problem

(1.1.7), Fleming's reﬁiew‘t 19 J has pointed out two aE@roaches,

one involving guas}linearization L 21 ] of the dynamic
programning equation resulting in exact solutiéns, and. the
other involves approximated solutions for small gonstaht
diffusion éoefficients L 22 1. These and other developmenté
afe'briefly megiio;ei/peiﬁﬁ. Our emphasis will bé on the '’
géneral problem (1.1.7) instead of particular caseé, for
which som§ resdlts,-mostly"qp linear quadratic problems,
can be found in ( 25'], [43], (447, [45],

] If the diffusion coefficients ére small constants,
a methoa due to Fleming [ 22 ] can be used. 1In th%s'case the
deterﬁinistic problem is solved for all possible términal/
states, and the resﬁlting cost fuﬁctions are used to
approximate the cost function of the stochastic problem.
The numerical procedures have beén considered by Holland
L 27 ];:-This ﬁethod réquiées small noise intensities and
sufficiently well behaved deterﬁinistic solution.

To obtéin an optimhl‘control without involving

approximations, a direct §olutioq of the'dynémic progragﬂipg'

equation may be attempted. However, this would réﬁgire the
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numerical solution of a nop- L;near parabollc equation.
. "o

.

Bellman [ 9 30 211 suggested a}@ua5111nearlzat10n me thod ,

whereby the non-linear pa;abollc equation is not solved
: _ . ;

‘directly. . Instead the control is modified successively by the
solutions of linear parabolic éqaations. The author is nat

\

aware @@ any numerical study of this approach. ‘é

“ Following a variation approach [ .4 J[ '20] ,'Wong

| énd gkfi;’;{52J (63 ] have used a variational inequality to
] S
‘. obtain. the gradient of the cost: function with respect to the

conE:al{' The resulting proceduré involves repeated numerical

- ‘solution of linear parabolic equatiens and successive modifi-
catlens-of the control by the gradient*.
St111 anotﬂer dpproach of solv1ng {1.1.7) has

’Been ngestlgated by Teo, Reld and Boyd {59 J.

L4

. Thls aporoach also involves ‘the repeated solution of the
linear parabolic equations. At each iteration, the controls
, : are modified in a neighborho;ﬁ within the relevant state-
time spaEe. Tﬁgimodified control is computed-by.minimiziqg
a ﬁaﬁiltonian; which is obtained from the term to be miniﬁized
‘in phe?dgnamic pE?gramming equation. Fég other interesting
resulis, the Eeades may consult [46] and [47].

\. - ,.'J‘/_

I.V ’ .. S

* The theoretical development  ‘and computation results

. ¥ ' constitute pastt of chapter 2h6f this thesis.
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For the problem of oétimal control of stochastic
differential systems-ﬁith Markov jump parametefs, computations
-have been-attempted only for Linear Quadratic Gaussian
problem T 28 ] [ 57 1, which can be reduced to a,pr;blém
of solving oxdinary differeqtial equations*. . In chapter 3
of this thesis, a gradieﬁt algorithm will be proposed for.

( " [

.solving the general problem. ~

* A general result on the Linear Quadratic Gaussian problem

is developed in section 3.2.3. % _ : ' PN



. .
T 7, ’ . s
ey - - (bl dil
. m— - ' , .

.
| . .
- _ CHAPTER 2
OPTIMAL CONTROL OF STOCHASTIC \ " .
. F Y

DIFFERENTIAL SYSTEMS WITHOUT 4

JUMP PARAMETERS '

s - )
N -



R .

4

* T |
CHAPTER 2 OPTIMAL CONTROIL OF STOCHASTIC DIFFERENTIAIL

SYSTEM WITHOUT JUMP PARAMETERS

Numerical solution of the optimal control problem
(1.1.7) is usually computed by Bellman's dynamic programming
method [ 36]. 1In this chapter we make use of the optimality
conditions given by Fleming [ 20] and Ahmed and Teo [4] to
formulate a gradient method. This gradient method has a
significant advantage over the dynamic programming method:
the gradient method generates directions of steepest descent
for computing the'optimal control.

The optimality conditions given in [ 4], [20]
invol;e a parabolic equation, an adjoint equation and an
inequality. Based on these results, we investigate, in
section 2.2, two combutational procedures to obtain the
'optimal control. The first method'involves a two peoint
bdundary value proElem which consists of two coupled non-
linear parabolic equations. This meﬁhod is computationally

complex and will not be considered in detail. The main

emphésis of this chapter is on the setond methqd{’;ﬁich is

a gradient-type technique. This gradient technique involves

solving two uncoupled‘ﬁarabolic equations, and modifying

the control successively by the gradient of the cost function.

™
L]
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A simplified version of this gradient technique is also
considered. A comparison of these two gradient algorithms

-

is ﬁade in a numerical example. ‘

In sectipn:Z.S, we apply the gradient method to a
two dimensional satellite attitude control problem. We
then consider the satellite attitude control problem in
thr;; dimensions and obtain a closed form expression for the
optimal. control.

Markov chains, which do not appear in the optimal

control problems considered in this chapter, will be included

in the sysfem dynamics in the next chapter.
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2.1 "PROBLEM FORMULATION AND OPTIMALITY CONDITIONS‘

» [ ]

In this éection,we formulate the problem of optimal .
control of stochastic diEEerenEial equaﬁions._ known optimality,
conditions are presentéd.

Denote the time interval (4,T) by I. tLet {w(t): t € 1}
be the standard‘Wiener Process with values in Rd and let U be
any compact and convex set in R® with piecewise.dif;eréntiablé
boundary Jvu. Consider the stochastic ﬁifferential equation in R? given
by .

daf = f£(£,t,u)dt + g(f,t)dw
(2.1.1) {

EL0) -- EO, with initial distribution 7,

where u is any measurable function on I with values in U. Let
) Vd \

B be an open bounded and connected sef in P! with boundary 33,
Denote the cylinder B x O,f) by 0 and the later;l boundary

B x (0,t)y by S.and let 1| be the first time the process £ hits
the set § (J (B x {T}) .- pegine U to be the class of admissible

control laws consisti;;/ﬂf functions u defined and measurable
n u

n

on B8 x I with values ; Let £, : R x T x Uy +.R" = [0,=)

0
/ , N
so that for any.fixdd and arbitrary u e U, fo is measurable in

Q and.so that for anvy fixed and arbitrary (x,t) € Q, fo is -

continuous in u on U.

The problem is to find an optimal control law u0

50 that the cost functional

(2.1.2)  J(u) = E{f; £q (E(E) ,t,u(t))at}

o




_1']" -

attains its minimum 5t ul(t) = uO(E(t),t) subject to the dynamic
constraints (2.1.1).

The optimization problenf(2.l.l),“(2.l.2) can be
fransformed into an equivalent deterministic problem involving
a parabolic partial differential equation with first boundary

+

conditions, which is now presented. As preparation, we define

the conditional expectation
(2.1.3)  ¢lx,s) = BT £,(£(8) ,t,uE(t) ,£))at|E(s) = x}.

The-tdnvention of repeated indices will be used throughout
this chapter. Using this convention, we define the operator L{u)

for ue Uby , . '

(2.1.4) L(Wo = 6y + ag b+ b (Wh
i3 _ i

where aij(x,t) - i(gg')ij {x,t) and bi(u)(x,t) = fi(x,t,u(x,t))

and " ' " denotes matrix transpose.

Lemma 2.1.1

Suppose for eac U, the system (2.1.1) has a

solution §£. Then the optiﬁization problem (2.1.1), (2.1.2) is

equivalent to a éeterministic problem given by '

L(uw¢ + £5(u) = 0, (x,t) ¢ B x [0,T)

(2.1.5) < ¢(x,t) lg =0

$p{x,T) = 0, x'£ B _ -
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(2.1.6) min {J(u) = IB b (x,0) m(dx)}
. ue

-

where fo(u) = fo(x,t,u(x,t)l.

The proof follows from standard arguments involving

Ito's lemma ([ 52 ], thecorem 2.5).
[

When necessary} ${u) will be used to denote the
solution of (2.1.5) corpesponding to the control u € U. Let
La 8 (0}, 1 £ a,B < =», be the Banach@ce of scalar functions

] M }

on Q with the finite norm

-

]lzl'l‘;'"s"'.e = (s, [rg1z1%x 15/ au) 1/8,

If o = B, La(Q)tgill denote L () . Throuahout this chapter,

a,B

we assume the coefficients of (2.1.4) and the initial distribution

7 satisfy the following assumntions (i) - (iii):

. S . e

(i) For each i,j = 1,2,...,n,_aij: B x I + R satisfies the
parabolicity conditions

2 2
:n: < aij(xrt)ninj £ U!'ﬂl

for all n ¢ rR? uniformly with respect to (x,t) € Q for some

positive constants v and u.

Ja. .

(ii) for each i = 1,2,...,nm, Si(u) = by (w) - Ble : Bx I+ R
J
and fo(u): B x I + R are dominated by funct10n§ G ; L2q,2r(0)
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»

and H e L, (Q) respectively and independently of the choice™ -
1’71 . - :

of ueg 21, where q,r,dy:Ty satisfy

- 1/r + n/2q = 1,
ge (n/2,»] , re [1,»] for n » 2,

ge [1,»]  , re[l,2) forn=1,

(2.1.7) ¢ , e
1/r + n/zq -1 + n/4, ;;. -'
1 1 i
q, € [2n/(n-2),2], r; € [1,2] for n 3 3, i
ql E (lr2] ’ rl E [1’2) for n = 2, /'/ .
-
L9y € [1'2] r I, € [1,4/3] for n = 1.

L]

_(iii)q belongs to the Sobolev space W;(B).
-

The adjoint equation to (2.1.5) is defined as

(} L*(wy =0 , (x,t) € B x (0,T]
(2.1.8) wis =0 '

“$(x,0) = q(x), x.€ B, n(E) = [ q(x) dx

where u = uO is the optimal control and L* (the formal adjoint

to L} is given by

1

(2.1.9) L*(u)y = -y, + (a;. b - B (W) .

ij xi i

The weak solutions of (2.1.5) and (2.1.8) are defined

in th§ space VZ(Q),whicH is the Banach space that consists of
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all elements of the Sobolev space W;’’ (Q) on Q having a

finite norm -

lz] . = ess sup ||z(x,t)]]| + 1|z
Q 0t T 2,8

xl !2'0'

A weak solution (or solution, for simplicity) ¢
of the first boundary value problem (2.1.5) is defined as
an element in V,(Q) such that ¢|S = 0 and such that for all

ne WE'I(Q) with n(x,0) =40’ the following equality is satisfied:

(2.1.10) JQ{—¢nt - aij¢xi”x. + Bi‘“’¢x." + fo(u)n)dx dt = 0.

j i
| Similarly a weak solution (or solution) ¢ of the
problem (2.1.8) is defined as an element in VZ(Q) such that

¥lg = 0 and such that for all y e Wy’ (Q) with y(x,T) = 0,

(2.1.11),.IQ{wyt Saggb Yyt b, (w)yy, }dx dt = -f vy ax|, _

0
j 71 i

. ,
Under the assumptions (i) — (iii), we quote a
result in [37] (thm. 4.1; p.153) for the existence of solution

to parabolic equatians (2.1.5) and (2.1.8).

Theoreh\?\l.Z

Under the assumptions (i) — (iii) the systems -

(2.1.5) and (2.1.8) have (weak) solutions in VZ(Q).
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We proceed to present optimality conditions for the

deterministic control problem (2.1.5) (2.1.6).

Let T be a map from a Banach space El into a Banach

space E2 and let Fu denote the strong (linear) Gateaux derivative

of T on El evaluated at u ¢ El’ i.e.,

i

(2.1.12) 1im | (et &v) - rla) | rgilg =0
o ¢ 2

for any v.¢ E ru(v) is the Gateaux differential of ' at u

10

in the direction v ¢ E Let ¢ (u) be the solution of (2.1.5)

1

corresponding to u. The coefficients of (2.1.5) are assumed to
' 'l.‘\

satisfy the follo@ing additional assumption:

(iv} The strong Gateaux differentials biu(v), fou(v) exist at

every u,v ¢ ({ and are continuous in v € U, further they have

the same propérties as by and fo respectively.

Theorem 2.1.3

Suppose the assumptions (i) - (iv) are satisfied.
If u0 £ Z(is optimal for the proﬁlem (2.1.5), (2.1.6), then
there exists a solution ¢y of fhe adjoint system (2.1.8)
coriaesponding to u® such that for every u e ¢{.

s

(2.1.13) "I S b, Goea®e ) +

0 (xftfuo)]
=1 L i

0
Yy

vix,t) (u, - ug)dx dt 3 0.
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Further for alﬁost every {(x,t) é Q0 and u e U,

(2.1.14) g {{b, (x,t,u0)¢ (uo)(x}t) + £ (x,t,uo)]
g1 1Yy %3 ouy /
3 A0e,t) (u, - u))) 3 0.
The proof is given in [.4],[7 1. The inequalities
(2.1.13) and (2.1.14) will be referred to as the optimality
condition in the integral form and in the pointwise form - /-
respectively. PR A
| Although the above opt?hality conditions are

»

known, studies on computational aspects and actdal numerical.

he following

applications have not appeared in Yiterature.
section Qﬁdresses the implemenfation of the timality conditions

(2.1.13) and (2.1.14).
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2.2 GRADIENT METHOD

The optimality conditioné presented in the last
section consist of a parabolic.equation; an adjoint equation, and
an inequality. Two versions of/tﬁe inequality have been presented-
in theorem 2.1.3, one in 5 poingg;gé form .and the other in an o
integral form. 1In this section we consider the procedureé for
impleﬁen£ing these optimalit? conditions. It is shown that the
inequality in the pointwise form leads to a two point boundary .
Gélqg problem, which is difficﬁlt to solve numerically (sub-
section 2.2.1). The main objective of this section is to
develop gradient methods from the inequality in the integral
form. Two versions of the gradient method are consideredl The

first one involves solving gwo uncoupled parabolic equations
and modiffing the control successively by the graﬂient of the
cost function (subsection 2.2.2). The sé%gnd one is a modifica-
: tion of the first oﬁe, and requires solving only one linear

parabolic equation (subsection 2.2.3). A numerical comparison

of these two gradient algorithms is made in subsection 2.2.4.



- 24 -

~

-

two subsections, we co ider‘the‘possibility of applying the
pointwise optimality/condition (2.1.14), which leads to a

first boundary value problem involving coupiéd non-linear

]
'

parabolic egquations.

4

Y

For convenience of notation we define the map
(x,t,u,v,w) + G(x,t,u,v,w) from B x I X U x Rn X R into U‘wigh

L 4

components of G given by . . \

(2.2.1) G (x,/t,u,v,w) = [b, (x,t,w)v, + £, (x,8,ul]w

for k = 1,2,...,r. The poj wise optimality condition (2.1.1#)

can then ‘be writténéas

G(x,t,u0,¢ (uQ) w(uo)) - {u {juo) > O-for all u e U,
™ X . -

cation,(x‘ujr ;wiUi). ‘
. i
)

Define H(x,t,u,v,w) = G(x,t,u,v,

where "+" denotes vector multi

* u and

min

M(x,t,v,w) = S H(x,t,u,v,w). Let u : B x'I x R".x R+ U such’

’

that : j 2

{(2.2.2) ~ H{x,t,u(x,t,v,w),v,w) = A(x,t,v,w)

L) e

L S




/,.

<25 - C.

for all (x,t,v,w) E—B x I x R® x R, * Suppose there .i% an obtimél

'.\ﬁ’#pontrol-to the (control) problem (2.1.5), (2.1.6), with ¢0(x,£)

-

.aﬁd wOS?Jt) the corresponding responses to (2.1.5) and (2.1.8).

\
//*’f“Then it is clear that the optimal control is given by .

2.2.3) w00 = w0l 600, v )

/. ; .

_ﬁsing u if the system equation (2.1.5) and {2.1.8) in place of
u, we have the following coupled system of non-linear parabolié
' y b '
eguations: :

LW ¢ + £,(u) .= 0, '(x,t)/E B x [o,T),

¢(xrt)‘ls - or., |

¢(xfT) - 0, X € B’

o N

]

(2.2.4) L*(w) ¢ = 0, (x,&) € By (0,1,
| vix e lg =0, -

L ¥(x,0) = q(x), x € B, T(E) = [ a(x)dx,

where l-l_"' u(x,tpfbx,’l') .

N ) . F—
'K\\‘#. We now consider the existence of (weak)} solutibnm

of the above system.
" </

. Theorem 2.2.1 . . | )
2 L

5 Let the assumptions (i) - (iv) hold. Suppose U is

N closed and convex, the function H is continuous on U uniformly

"

R TR P
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in {x,t,v,w) ¢ B x I x R® x R and strictly convex in the variable_

Ue U, and H satisfies

-

(2.2.5) Hi o w B;.B5 2 c|8|? for every (x,t,u,v,w) e B x_ﬂ/Z R" x R ;
C = positive constant.
Then the non-linear two point boundary value problem (2.2.4) °

has a solution whenéver the optimal control problem (2.1.5),

(2.1.6) has a solution. 3

Proof: | f - \
o . Suppose the problem (2.l.§l<¥;;jl.6J has ahsoiution
u0 e U so thatigéuo) £ J(u) for all u ¢ . Then by theorem

2.1.2, there exists ¢0 and wo € VZ(Q) that solve (2.1.5) and

(2.1.8) with control ubha Using u as giveﬁ by (2.2.2) we define

F (2.2.6) i) = u(-x,t.tbg(X.t);wo(x,t)).

By the definition of ﬁo, we have ' s

. .

(2.2.7) HOGEE (x,0),000x,6) 90 (x,8)) ¢ Hx, t,00, (x, 4,90 (x, 1))

e
-

-

. . s . . o /. -
“for all u € U and {x,t} € Q. Further since u0 1s optimal, it

satisfies the optimality condition : ’

(2.2.8) Hix,t,0%(x,0),02(x,8) 90 (x,t)) < Hix, t,0,6) (x,t) 00 (x,t)),

-~

/) t T L



~the problem (2.1.1), (2.1.2):

" are too complex and will not be further

for all u e U and (x,t) .€ Q. Under the given assumptipns, H
“has a unique minimum on U for each fixed but arbitrary
(x,t,v,w) ¢ B x I x R? x R. Thexrefore it follows from (2.2.5)
and (2.2.8) that ﬁo(x,t) = uo(x,t) a.e. on Q. Consequently
the system (2.2.4) with p = GO has ¢0 and wo gsmsolutions.
This completes the proof.;
_As. a result of the abové theorem we have the

, e

kY
following procedure for obtaining the optimal contrd%{

Obtain p as in (2.2.2). Solve the two point
boundary .value problem (2.2.4) to obtain ¢0 and wo. Set the
optimal control uo(x}t)'=.u(x,t.¢g(x,t),wo(x,t)).

1

The numerically procedures of t above apgroach

persued. In the

following we consider two gradient-type algorithms which are

easier to implement. &

"
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2.2.2 COMPUTING OPTIMAL CONTROL THROUGH GRADIENT METHOD

In this subsection we show tha£ tﬁe gradient of the
cost function J with respect to the controls can be obtained
from the optimality condition (2.1.13). Based on this
gradient we present an iterative scheme to compute the optimal

\/contrdl. For preparation, we have the following theorem.
Theorem 2.2.2

Let bém), fém); m=1,2,..., satisfy the assumptions

.that
- o (pim Ly strongly in L (Q)
- i i 2q,2r ’
. {m) -
_ fo -+ fO strongly in qu’rl(o)'
. ' m m) '
and let ?ij ' bé ), fé ). by, £, satisfy assumptions

(m)

(i) and (ii) of section 2.1. Then the solution ¢ of

(m) (m) (m), (m) (m) _ '
Pe T 24y xox’ by o, * fo 0, (x,t) e B x [0,T),

s (2:2:9) 1¢(m)(t,x)ls - 0,

¢(m)(T.x) =0, x €'B \\:j—d

hmes oaAmmr e . A m St el e

v e e
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converges strongly in VZ(Q) to ¢, which is the solution of

=0, (x,t) e B.x [0,T),

(2.2.10) ¢ ¢(t,x)|g = 0, . :

$(T,x) = 0, x ¢ B.

Proof:

By the definitions of the weak solutions of (2.2.9)

and (2.2.190), we have

(2.2.11) f {-¢(m)n - a,. ¢(m)n + Eém)¢(m)n + fé?’n}dx dt = 0

Q t 1) x4 xj x5
=(m) _ ., (m) _ 3a..
wheré bi bi 3;1 , and
j

(2.2.12) fQ{~¢nt - a,.¢_n + bi¢x_n + fon}dx dt = 0, b, = bi - ij .

13%%; %, i

/

(m)

m

for every n ¢ WE"(Q), nix,0) = 0. Let v = ¢ - 6.

Subtracting equality (2.2.12) from (2;2.11), we obtain

(2.2.13) Jo{-v™n, - a,. vin, o+ Bﬁm’vg n + FMnldx dt = 0
R i

where
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¢ . . -

m . (m) _ =(m) o
| (fo. fo) + (bi bi)¢

. =

< : X3
- Since ¢ € L,{Q), therefore F" £ 1, .(Q), where
p ¢ 2° e SRS o
. i 2°°2
q, = min(ql, 2q/(1+q))
- z, = mln(rl, 2r/(1+r)). ,
. The integral equality (2.2.13) is a weak form [37, p.137]
- for the following system:
m —{(m)_m :
v o+ a; 5 vi.x. + bi )vx‘ + G';vx + " =9, (x,t) e B x [0,T),

1] . 1 \/—3/J
vix,t) g = 0,

/

v (x,T) = 0, x £ B.

. )
# |
where v© has an energy estimate {{37), lemma 2.1, p.139) given

P

by
IVl s c | 1EM] - |
'Butiby assumption F" + 0 strongly in I (Q).
b ) qzlrz
Therefore .
m; :
v + 0 : '
vl
or equivalently . .
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.¢(m) + ¢ strongly in ViIQ).

This completes the proof.

We also need the following preparation concerning

the behaviour of solutions of (2.2.10) with integral

m ' .
average coefficients. Let {B"} be a sequence of open domains

m—1 - m=-1

- . m .
with smooth boundarlés such that B = B B < B and

m

0 be the integral average of b, ,,f;

lim B™ =/B. Let b? , £

g
i
!
i

respectively such that b? -+ bi and fg + f strongly in

. ] o .
L2q,2r(Q) and qu'rl(Q) respectively. Then it is known tha .
the problem ‘
. »
' m m /1 m _ . m :
‘ (6 * ag50y x + Byt * fp 0,78 e BT ox [0.T),
: 13 1
da. .
9ax.
J
4(2.2.14) §
¢™ | m =0, S = a8™ x [0,T),

S

m . :
L™ (x,T) =0, x € B, _ -

has a classical solution ¢m ( L37], p.320). By theorem 2.2.2 :

) ¢m + ¢, ¢$ + ¢x ,i=11...,n, strongly in LZ(Q)' Similarly ; .
i - 7i

it can be .shown that the corresponding adjoint problem

D




- 32 -
(g *+ fagsvy (- BV, =0, (x,0) e BT x 0,1,
j i .
(2.2.15) & ym o g™ g% x (0,0,
m
S
. , - , -
’ L ™(x,0) = wg(x), x € BT, wg integral average of

initial density g(x),

L]

m
-+ w-
xi xi

has classical solution wm such that wm + vy, ¢ '

1“4-1,2,...,n, strongly in L2(Q}. Let <+,+> denote inner
product in LZ(Q)' For further preparation, we state a

lemma from Aronson [ 81: 2

Lemma 2.2.3 - '

Suppose the assumptions (i) - (iii) from section

2.1 are satisfied. Then

Lim < L(u) ($(u) = ¢(v)), " > = =S (¢(u) - ¢(v))yax| _
g B t=0

m—+oe

for any u, v € 2{.
The gradient of the cost function is given in the

following Lemma.

Lemma 2.2.4

Suppose that assumptions (i) - (iv) from section 2.1

are satisfied and U a convex compact set in R®. Then the

oy

Gateaux differential Ju(v) of J ev;luated at u e 2[ along the
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direction v € ¢ exists and is givén by
]
(2.2.16) Ju(v) = IQ G(x,tju,¢x(u),?(u))' v dx dt.

Proof:
' Multiplying the first equation of (2.1.5) by
n e Wé'{(ox and integrating we obtain

f69{¢t(u?n + (aij ¢xi(u))xjn - Bi(u) ¢xi(u)n + fo(u)n]dx dt = 0

After integration by parts,
(2.2.17) IQT{-¢(u)nt - aijq:xi(u)nxj - bi(u)¢xi(u)n + fo(u)n}

= fp ¢(u)ndx| _,

Similarly the weak solution ¢(u + €v) of (2.1.5) corresponding

to the control u + v satisfies

(2:%.18) IQ(-¢(u + év}nt - a..¢

1] x.(u * év)nx. - l_:'-i(u * &v)¢x.(u+ Evin

+ £4(u + (vin}dx dt = Jg ¢lu + €vin dx|t_0.
Subtracting (2.2.18) from (2.2.17) and rearranging we obtain

< L{u) ¢${u) - L(u + (vi¢(u + Ev) + falu) - £5{u + £v}, n> = 0.

Let n = wm where wm is the solution of (2.2.15). Then'!'we

i j i Co

i
3.
:
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have : . -

< L{u) (¢ (u) - ¢fu + €v)), 0™ + < (L(u) - L{u + €v))d(u + evy ™ >

+ < £o(u) - folu+ €6, > =0
By lemma 2.2.3, . AV

lim < Liu) (¢(u) - $(u + €v)), W™ > = -/ (6(w) - ¢(u + €v))¥ ax]

m+e t=0

and we arrive at . -~

(2.2.19) ~/, [6(u) - d(u + €nIV axl, o g

=< (Llu +€v) - L()b(u+€v) + Fylu +€v) = £y (), ¥ >.

Dividing both sid of £he above equation by € and letting E,/; 0

we obtain the expression for the gradient

r ) ’ .
(2.2.20) J (v) = 221 fQ [biu(u)¢xi(u) + fouz(u)]w- v, dx dt.

This completes the proof.
From the gradieQF of the cost function as given -above,
‘we can obtain an iterative scheme to compute the optimal control.

This procedure&is now considered.

-wﬂti%qt ad'be the set. of Teasurggle functions mapping -

L)

Q into R°. Define the 'truncation function' X : .4/ '+ 2 as

follows. For any (x,t) ¢ Q and w sJZﬁﬂ if w{x,t) € U then define
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ji (w) (x,t) = w(x,t). Otherwise define )i (w) (x,t) to be

*  the point y in .U s.t.

d(y, wi(x,t)) = min d(y', w(x,t))
y'eU

where d is the Euclidean distance in RS.

Theorem 2.2.5

Suppose assumptions (i) - (iv) in section 2.1 hold

and U a convex compact set in RS, Further assume the derivatives

N

f0u£ (xltlv) f biuz (x,t,V) r (i == l,..-'n; 2‘ = 1,...,!‘), are

continuous in v € U for (x,t) € Q. Define G(ul) = G(x,t,ul,
-

¢x(%;),W(ul)). Then for any sequence of sufficiently small
positive numbers {p’}, the cost sequence {J(u")} corresponding

to' the controls {u'} generated by

e (2.2.21) ol = ]([ul - p} TELQILTJ' ({+] = Buclidean norm) ,
i G{u™) *
f |

is monotonically decfeasing (i.e. J(u1+1) € J(ut)) and {J(Y)}

has a limit.

1

Proof: ) .

By lemma 2.2.3, the Gateaux differential Ju(v) exists

M . +
for u, ve 2(. Therefore J(ul-l) can be written as

-
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(2.2.22) gl = gty + g i(ul+l -uh) +n(ph), i'=1,2,...,
. |

wherg n(p®) denotes' the remainder. We first show that n(pl)

is of the order pl, i.e.,

(2.2.23) 1im n(p) /el = o

pr+0

Usihg Lagrange formula we have

(2.2.28) g™l = gd) + st

J
u

i

(ui+1
+ e(u1+l - ul)

Comparing (2.2.22) and '(2.2.24), the remainder nipl) can Be

expressed as follows,
s’

i, 1o

u- + B{u -1

1

{u

i+].

- ulyas - 3y (u
T

i+l

Dividing by p! and using the expression (2.2.16) for the

gradient in the above equality we obtain

. i -
(2.2.25) o) . 1.l
‘ 8} P
) R

we arrive at

A

OfQG(ul + B(ui+l

- ui))-(ui+l

- ch(ui)-(ui*l - uhyax ael.

|G(u')|]. Using the expression (2.2.21) in the above equ

-~

Define w = [wl,...,ws]T such that u' - ply = beul - ptcuty/

éﬁien

- ui)dB.

- uY)ax at-ae
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- i . . .
(2.2.26) ﬂiﬂzl‘u'fé Iq [6(uY) - G(u* ~ 6p*w)]+ w dx 4t a8.
p .

Let’ ¢ {u} and ¢ {(u} be the weak soluqigns of (2.1.5) and (2.1:8)

respectively corresponding to u € U and denote bju (x,t,v(x,t))
)
by bju (v). From the definition of G in (2.2.1), the right
L .
side of {(2.2.26) can be expressed as the sum Ii + Ié + I; + IZ

1

whe;e
] . . r . . . . . . . _
(2.2.2m 1] —lilfgfquuz(ul—Bplw)¢(u149plw)[¢x.(ulfeplw) ‘
- - . J
- ¢x_(ui)] w, dx at ae"
. 3
. : ' _ )
. r . . .
.‘ 1 P i - i i
(2.2.28) It =1z s s [b.. (ut-8p*w)y(ut-8ptw)
T R L)
- bjuztul)w(ul)] ¢xj(ul)v£ dx dt ae .- ’
T .
P 1 . . . . : /
(2.2.29) 13 _121 s 7q foué(ulfaplw) [vt-sp’w) - wuH]. v, dx At a8 -
== . !
) il r 1 . . . /
: ; 1 1 L L i
(2.2.30) 14}-2£1 75 1o [fOug(u_—Bp w) - fouiu ] vty dx}dt ds.

.

i

~"We now show that }im Ik = 0, k_? l,...,4. By assumption (iv)

pt+0 -

. . . . ‘d '
b. is continuous in u on U, therefore by theorem 2.2.2, we have
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| (2.2:31) ¢, (b - eotw) 0 ), 3~ 1,...,
f'—‘\ J- : J . . .
C 0 (2.2.32) p(ut - gptw) » w(uh),  ~
’
strongly in LZ(Q) as pl + 0. ‘Welfirst demonstrate that .
- o _
lim 17 = 0. . ' L
pl+0 : ‘ e
,'sihce <
{(2.2.33) ut - eplw aie- u;, on Q as p%.f‘o,'
and bju (v) is continuous in v € U, we have
2 ) .
. s ) . i
(2.2.34) b.  (u* - 8ptw) 2% b (u'), on 0 asgg:. + 0. |
T @
:f . Also since ¢ € VZ(Q)' it follows from an inequality in [37. P-75]
2 “that =
v ) -
.2. -~ -s c r e
(2.2.35) |1¥llg,z,q ¢ & l¥lg
i, | where §,I are spbject to the following conditions:
%? rn/24 + 1/ = n/4, .
S ‘1@ el2,2n/(n-2)] , £ € {2,2] —£6r n > 2, |
i L4 '
- % : (2.2.36) [ § e [2,m) " , T e (2,»] forn =2,
- r_ . o -
. L g e [2,=] s % e [4,2] forn=1, g .




'Similarly due to theorem 2:.:2.2'and (2.2.35), we have

‘from the.dne?uality

S
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o

We choose § = 2q/(g-1) and ¥ = 2r/(r-1) where g and r are as .
defined in (2.1.7). It is easily verified that 4, T as chosen

above satisfy the conditions (2.2.36). With these chbices and

L . F

due to (2.2.35) we have ¢ ¢ Lﬁ E(Q) and by assumption, bju £
. ’ ot ~ ! 2

qu,zr(Q)' Thus‘bjug w £ LZ(Q). Since by assumpflqn bﬂuz is

(Q), it follows

dominated uniformly on @ by a function in L
. . ' 2q,2r

o
from (2.2.34) and dominated convergence theorem that ,J

b : AN o ' H
o ’ f

wo i i:! ’ i
(2.2.37) bju (u"-8p~w) » bju

i . i
. (u”) strongly in L2q,2r(0).as p- -+ 0.

R

(2.2}3%) w(ui-Bpiw) + ¢(ui; strongly in La EgQ) as pqs+ 0.

If sequences of functionS‘{fn} £ qu,Zr(Q) apd ﬁgn} € qur(Q) '

S

converge -strongly to f

s / Fe
0 and 9o respectively, then it follows

»>

¥ . -~

> "

Ilfn?n—'fogollz'os ]|fn]]2q,2r;Q[[gn_g_.0|Ia"i.'Q.‘*‘ Il,golla,f,(), )

"t " ' ||ﬁ?1-f0||2q,2.1',Q . )
Vg -~ T . Coe
that £ g+ f,9, stroigly ii/ﬁziQ). This implies that
. . \ ." .

L4
4

\ .
. L . N
. . . .
\ . L to. .
‘ - / . “ . r .

/




1 (2.2.42) £, (ut-eptw) =+ £, (u') weakly in L
| 2 u, q
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(2;2:39) bju (ul;epiw)w(ui-eplwl + b, (ui)w(ul), strongly -in
. [ :

Ja,

. L ' } .
_L2(Q) as p? + 0. //f‘\\

Using.(2.2.36), (2.2.39) and the fact that w, € L,(Q), we have

i

I1 -0, Similarlf, by using (2.2.39)/, I; = 0. We now show .
that 1im’I§ = 0. By the continuity of fOu (v) in v e U, we :
: pl+0 L '
H

have

-

(2.2.40) f, (ul—eplw) 2-2-, ¢ (ul) on ) as pl + 0. .
' Oul 0u2 _

If Iak[ is a bounded sequence &f numbers converging to zero,

-

-

then it.is clear that -

-
r

e e b a e L

<
- ‘ i ) - N .
(2.2.41) 1|lf0u£(u -akw)llql,rl,Q € C, C a constant independent of k.

v

- ;‘\ - - - . i .
By (2.2.40) and (2.2.41), it follows that [ 26 , thm. 13.44, p.2071]

Ou

i .
rl(O.) as p~ + 0.

2. 1

Define q - ql/(ql—l), r =- rl/(rlﬁl). It is clear that the pair

{a,T). satisfies condition (2.2.36) and therefore, by (2.2.35),

.we have y ¢ LE,E(Q) and.
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(2.5.43) w(ul-epfy) + w(ui) sérongly in La ;(Q) as pt + 0.

\ | -

From (2.2.42), (2.2.43) and the fact that'w, € L_(Q), we have

2
lim I3 = 0. Also from (2.2.42), it follows that lim I, = 0.
i ' i
p-+0 p~+0
_Consequently,
TR V7RI S R L L
s R B '
pT+0 '

or equivalently -
- (2.2.44) n(pl) = 9401)-
4+

- Thus using (2.2.16), (2.2.21) and (2.2.44) .into (2.2.22), we

L
-

obtain = -
(2.2.45)  J*h - gh = s e -wehax at + 0teh)
. i, - 1 i i i i
where w(u™) = u” - X [u"-p cuh)/icu™) | ], By the convexity of
U, and by the piecewise differentiability of 3U, it can be shown
that if p' is small, then the integral in (2.2.45) is positive and
7 . -
is bounded from below by Kpl for some positive constant K. Hence

' J(ul+l) < J{ul). Further

for sufficiently small positive p

0.< J(u') < J(ul) for i = ., therefore the cost séquence

{T(u")} has a limit. Thi coTpletes the proof.

The following tHeorem shows that the limiting control

as obtained in theorem 2.2.5 satisfy the necessary conditions

in the integral form and in the pointwise form.
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Let u (x,t) be generated from u~ according to
(2.2.21). ul+l(x,t) will be called 'a limiting control
generated by (2.2.21)"' if ul+1(x,t) = ul(x,t) a.e. in Q for

any pl > 0.

Theorem 2.2.6

The limiting control generated by (2.2.21) satisfies

necessary conditions (2.1.13) and (2.1.14).

- /\

Proof (by eontradiction):

Let u' be a limiting control generated by {2.2.é1),
and let mn+1(-) and ms(-) denote Lebesgue measure in Rn+l
and R° respectively. Suppose there exists a set Qit: Q, with

.~

mg+l(Ql) > 0, such that for ({x,t) €0/
(*)  G(x,t,u",6 (u"),p(u')) + (u-u') <0

for every u belonging to some 01(: U where ms(Ul) > 0. The

set @, dag be partitioned into the following two subsets:

i

Q = {(x,t) € Ql|u'(x,t) belongs to the interior of U)

Q

- {(x,t) ¢ Qllu'(x,t) belongs to the boundary of U}

Since QA is a subset of Ql' G(x,t,u',¢x(u'),w(u'))'— 0 for

a.e. (x,t) e QA; otherwise the generation of the new control

“u' - p [Gu)/|6(ur)|] by (2.2.21) would violate the

k]

; : : ‘\\\x—".

assumption that u' is a limiting control. We also note

S SN P

e s i A meaa e




bservation that G = 0 for a.e.

that lffmn+1(QA) >0, °

(x,t) € Q, will conthd (). Thus moe1(Q,) = Q. Since | N

Q) = QU Oy s el (1) > 0, therefore m

n+l(QB) > 0. We

will ow that 'mn+l(QB) > 0' leads to a contradiction.

- . ) - ' = '
Consider an arbitrary (xB,tB) € O Let up u (xB,tB),

. L}
let ug be an element of U such that (*) holds for u = Ug-

By (%), the angle between the vectors ug - uﬁ and —G(xB,tB,u',
- ' . O .
R ‘ - . ( ').w(uf)) is less than 907, Consequently, for a suitable
p, there exists u; € U such that

B*

Gixg,t ,u’,¢_(u"),p(u'))
u; = ;K[u'(xB,tB) B_B X S ] u
IG(xBrthuIrfbx(uf)rlp(uh))I

= Since this is true for every (xB,tB) e Qp and since mn+l(QB)

> 0, therefore u' camnnot be a limiting control. This completes
the proof.

‘ Remark:

To save computer time, the expression
E_ | \’1222.45) gitl =‘2:[u1 . G(ul)]

can be used instead of (2.2.21), avoiding the computation of

. }G(ui)

. Also, the last two theorems do not show that, any sequence
generated by (2.2.21) will converge to an extremal control (one

that satisfies (2.1.13) or (2.1.14)). Rather, they show that:k2.2.21) )
can generate a sequeﬁce of controls with monotonically decreasing @

costs, amd, if at any iteration, (2.2.21) does not generate an

improved control for any step size, then we have obtained an
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extremal control. Without assuming any step size rule, these

two theorems appear to bé the best results obtainable.

Suboptimal Step Size

Let El = diag(pi,...,p;). For computation purposes,

considexr the following.scheme:

i+l i =i, i
(2.2.47) ot = Y[t - pleu™ ],
Then we have

(2.2.48) J(ut'l) - gt = -féG(ui)[ui+l - uilax dat + ot Y,

where nl denotes the remaining terms. By the same argument

as in theorem 2.2.5 the first term on the left side of (2.2.48)

i+l

is negative. fherefore, ignoring nl, we.have J(u y - J(ul)

s 0 for small positive p;, j=1,...,8, showiné successive

cost improvement.

(2)

Let Ju

() = (J£2) i, i) be the secdnd Gateaux

differential of J with respect to u along the direction 4 5'21.

Assume J(z)(v)(v £ 21) exists and ui+l = ui -‘EiG(ui), we have
u ' .
(2.2.49)  J*'h - st = -1 Glewdn ¢ 19P Glewt)).
u u

To simplify the evaluation of the second differential in

(2.2.49), assume.

(2.2.50) o (u¥) = o_(*h); yah) = y™h) on g,
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S

which is valid when Ei are sufficiently small or when ut is  ©
close to the optimal control. Using (2.2.50), the second

differential is given by

L {2) =i iy o Tooi2 i i
(2.2.51). g i’ (Pt Gl | fo B (PR)7 by, 2(u Yo, (uH)£

(ul)]-
=1 A j - L

Oplu

. i i 112,34
.\\J [bjuz(u )¢xj(u ) £p.y, (u )1°¥7 (uhyax at.

By (2.2.51), the matrix 6* that minimizes the right side of
(2.2.49) is given by gl diag(ﬁl,...,B;) where
(((2.2.52)

i i iy9242, 1
o [bjul(u )¢xj(u ) ¥ Loy, )] (uhyax at

1 i 1,72 i i T w3l |
L8, (@4, (u '] [bj'ulgéu )¢3j(u Y HEgy o )] ¥7 (u™) axde -

k Tg TPgy 5

For gonvenienée, callAai a suboptimal step size. p
Siﬁce the assumption (2.2.50) may not be valid at each iteration,
the'matrix 5i does not in general give the fastest convergence.
.However, in an examplé in the.next subsection, it will be shown
that (2.2.52) is more effective than arbitrary choices of step

size.

The gradient method ﬁpr solving (2.1.5), (2.1.6) is

summarized below. ;////ﬂ

Algorithm A

Provide an initial quess ul for the optimal control and

50 for the step size. In the ith iteration, perform the following

steps:



Step 1.

Step 2.

Step 3.

Step 4.

- 4¢ -

Solve equations (2.1.5), (2.1.8) for ¢(ul) and y(u').

If [J(ui) - J(uinl)] < € for some |

all positive number ¢ , no more

i
Compute J(u ).
preassigned

iterations wWill be required.

Either (i) determine the suboptimal step size 51

by (2.2.52) and.obtain u'* ‘by (2.2.47) or (ii)

set pl = pl-l if J(ul_l)‘>rJ(ul), othérwise set
ot = p* e, (e > 1.
Compute u1+1 from (2.2.46) and repeat Step 1 with

i+
the new control ul 1 £ 2[.

Algorithm A requires,-at«each iteration, the numerical

solution of the-adjoint equation (2.1.8). In the next sub-

section, we present a simplified algorithm that does not

require the numerical solution of the 'adjoint equation.’

2.2.3 A SIMPLIFIED GRADIENT METHOD

Since the solution ¢ of the adjoint equation is

H

non-negative, it is possible to use this property of ¥ to

reduce the complexity of algorithm A.

Define the mapping H : Q x U x' R + R* with the

)\4

£-th component given by

(2.2.53) Ho(x,t,u,w) = I b, ('x,t;,u)w.j + £

1)

- {(x,t,u).,
j=1 Ju, . Ouz‘

L=1,...,r. .
.
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For v € Z[, let ¢ (v} and Y (v) denote the solutions of (2.1.5)

and (2.1.8) respectively corresponding to v, and for convenience

of notation, we write

A

H(v) = H{x,t,v,¢_(v)).

Theorem 2.2.7

2
Suppose the assumptions of theorem 2.2.5 hold. Then

for any sequence of shfficiently small positive numbers {pl}.
the cost sequence {J(uh)} cérresponding to the\controls {u'}

generated by

(2.2.54) ui+l — ;K[ui - pi —Hﬂ—l-)—] ,.

|H(ui)|
is monotonically decreasing (i.e. J(ui+l) £ J(ui)) and has a
limit. )
Proof: LT
Write
(2.2.55) qui+l) T.J(ui) + Jui(ui+l - uhy + A,

where it can be shown as in. theorem 2.2.5 that the remainder ﬁ(pl)
is of the order 0(p"). Substituting the expression (2.2.54)

for the control in (2.2.55) we have, for sufficiently small pi,



B L gt Ll La g gt

Henceﬁﬁ(u

L.

ui*lw\\ H(ul)) + 7(ph)

i

J -\J,i—-J‘.
( ) Lu\) u;(o
r n . . . N . 2 i
= I & footlb.. (uhre, (uh) + £, (ub)]%p(ut)dax at
g=1 j=1 @ ~TIuy Xy Ou,
<0,

—

" for a small positive number‘pl. The last step is due to the fact

that &{ul)(x,t) is non-negative [ .8 Jfor (x,t) ¢ B x [O;TJ.

1+l L ¢ arahy,

) - J(u) ¢ 0. Further 0 £ J(q}+
(i =1,2,...) and .therefore the cost sequence {J(ul+1)} has a

limit. This completes the proof.

Remark:

The expression (2.2.54) for generating successive controls
T —
does not require solving the adjoint equation (2.1.8). Compared
to algorithm A, the above procedure is thus easier to implement.

To save computer time we can use the expression

(2.2.56) ui*l —‘][[ui -yt H(ui)J

. e .
instead of (2.2.54), avoiding the computation of |H(u)]|.

The above procedure for solving (2.1.5) and (2.1.6)

———

is summarized below.
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H

Provide an initial guess u! ¢ 7{ and a small positive

number po. In the i-th iteration, pefform the following

steps:

Step 1.

Step 2.

Step 3.

Step 4.

4

j new control ut*! € 2{.

-Solve (2.1.5) for ¢(ui).

Compute J(u™) kaﬁ ¢(ui){x,t) 7(dx). 1If ]J(ui)

. . //
- J(ul-l)l < € for some preassigned small positive
number éd no more itefations will be requires.

- i+l i {ﬂiSEJ’)
r Set p ’Jp-?7 Othe set

b

If (i) > gl
- - ‘ /
o1« oryc, (€5 1).
: Ve

-
~

Obtain g}*l by (222.56). Repeat Step 1 with the

A

e
#

.So far we have examined three possiﬁilities of

using the optimajity coq@itions in theofem 2.1.3 to obtain
s. :

timal controls. The method of obtaining the optimal gonfrol

by (2.1.14) in terms of ¢x and ¢ leads to a tho point boundary.

: \
value problem, which is numerically complicated. Using (2.%,13),
a gradient method (algorithm, A) hés been developed, along with

a siﬁplified version (élgoritﬁm B). Algorithm A with suboptimal

) . : .
step size has in general the advantage of faster convergence

whereas algorithm B has the advantage ofJEB{ving'only one

L TZ)/K

L

-~
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parabolic equation. 1In the next subsection, a numerical

comparision between algorithms A and B is made.

2.2.4 NUMERICAL COMPARISON OF THE TWO GRADI.ENT METHODS
/

In?this subsection, an optimal control problem* is .

£~

the two algorithms will be compared. Consider the plant dynamics

solved by algorithms A and B separately. The convergence of

. dg | ~af., + u o, O
(2.2.57) [ 1] - [ 2 1} dt +[ 1 ] awet), t e T = (0,.4)
dEz jaﬂl + u, 0 o,

where § = (gl,ng‘, a = .0154, and 0, = 0, = 10—2. The initial

state (51(0),52(0))' is a random vector with uniform distribution

in the set B = {(xl,xz) : |xl|,lx2] < 1}. The optimal control
LY
problem is to find a control u = (ul(x,t), uz(x,t))',

uegvu 4 [-1,217 x [-1,1]7, that minimizes the cost functional

-

(2.2.58) J(w) = E fJ (af + gg + uf + ug) at

* . This sample problem arises from the attitude

control of a spin stabilized satellite. The details are elaborated
in the next section (2.3). ’
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S - .

where T is the first exit time of the process § from the set B. -

AN

4

Remark -
-_— . ~
Due to the control constraints, this problem cannot -

be solved by standard. methods using Ricatti equations.

from lemma 2.1.1, is

| 2, . .2
o * 120 %) * 392¢

1 XX, f_(ax2{+ updly  * (maxy + uy)dy

. 1 2

r'}
. + x% + x; + Ui + ugl- -0" (x't) e ‘B, o [0'.4‘)'
Ny (2.2.59)4 | _
¢(xrt) = 0., (x,t)ﬁaB x (0'.4)' ‘ ' L e

| $(x,.4) = 0, x € B, ' ™

(2.2.60) min % S é(u)(x,0)dx
wegl/ . -

The corresponding adjoint system, from (2.1.8), .is

-™% [ =Y, + 502¢ + }02¢ (ax, + u Y. + (ax, - u Yy
. t ; X%y 2 XX, 2 . } Xy 1 2 Xy

- (uy, Htu, Y =0, (x,t) e B x (0,.4],

(2.2.61) 1 2 - '

wix,t) =0, (x,t) € 3B x (0,.4), Joay
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*

,F:oh the pointwiéé optimality condftﬂggiﬂp.l.ld), the

~
D, . - .
optimal control attains its minimim at uq, which can be shown to
l. e .
- be .
; : |
(2.2.62) u, = sat(-¢_ /4), < o ,
o .
: (2.2\63) ) = sat(-6"/4). R P q
~ . L X2 . ‘ o
" where —#j/\ . _ N .
| 1 ify > 1, :
- V . . . .
(2.2.64) sat(y) 8.y if |yl ¢ 1, ~ ° o R

] o / - . _:‘1 if Y:(_l. . ) o~ . . ’ . A.
- , o " ‘o ‘.‘- . ) (\
. :\(' - . . .

Uéing algorithm A, we have the following iterative
NN N

formula from (2.2.47) 'to obtain the optimal control:

- . —

- i+l _ i radi, e AR
(2.2.65) u ~u [pl(¢xl(u Y#2u;) ¥ {u )102(¢x2

) ) : ’ N
!

ere the subdptimal stép size p' obtained by (2.2.52) is given

(ui)quz)w(ui)J ',

o i

ui)+zu1rz¢3(ui)ax'at, 5

(2.2.66)

LE; = IB?;I(¢x (uh) 2u2)2w2(ul)dx dt/zfau”"

u )2w3(ui)dx dtt
2 ' .




s

-

SN F comparision, we will also use ‘fixed' step sizes

[

as in algorithm A with step 3(ii).
/// Further, we w111 also use algorlthm B, whlch avoids ,

the computﬁtlon of . In this case the 1terat1véﬂfﬁfﬁnla

(2.2.56) fog&the optimal control is’ )

. o : ? L o N
(2.2.67) uwi*l o Wl - [¢ (u )+ 2u1.¢ (') +-2u3] . '
N g X2 . , <

-

N

' The convergence of algorithm A with suboptimal step

sizes (2.2.66) is shown in figure 1. The optimal control is-

- obtained in 7 iterations, demonstrating fast convergence. . In .

-y -
the.same figure, convergence-using 'fixed' step sizes is also

,shown,_the algorlthm converges relatively*slowly. For exam

-

fromeflgufe 1, when the 'fixed' s&ep size is too large (p .= 50)

‘or too small (p = .1),.the convergence is very slow. ‘
. . . ” -

-

The suboptimal step sizes ‘as calculated from (2.2.66)

is given in' figure 2. From this graph it appears'thﬁt'iﬁ~the

f’/flxed step sizes are .Close to 2(//ne convergence should be

fast. Indeed the 'flxed' step 51ze54}uth values 1 and 5
-

: glve rise to .reasonably fast converqence (flgure 1).

The,éonvergence of algorithm B is shown in’figure‘

3. Fdr this aigorithm, (2 2.61) /is not solved and hence the

.methods are evident. . In this particq?arfcaseAbonvergence.is'in;;

§ubopt1mal ste zee cannat be obtained as in algorithm A.

The usual dlfflcu y of ch01ces of step sizes 1n gradlent

-

P
.

\, ! . Na LU

,
-4$ﬁ§&$§§_




- 54 -

7. Cost in N-th iteration

1. ~ 1t haS i e -
g Subqpi_:imal p
M
\ ’ —> N
- . .
0 " — - .
2 4 6 8 10 12 14 16 18
- N .‘- . . - a ‘
Y ‘o . . - . /.'
4 . T . N ) ) r
. Fiéure l.t_R5%e 6f Cbhvergence (algorithﬁia)
"~ '. . scaling factor' G = 2
-“ O U . ‘ ) [ ] '..‘ ! '

| ‘ .A?“\'. | E | . | ' .
.‘.., \n.\ 3 ‘ . é E
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Cost at N-th iteration

.
. .

i 3 L i ' . [ OZL_ : ' ——

} ¥ + -

2 4 6 8 .. 10, . 12 14 16
Figufé_BJ:;Rate of Convefgence (algorithm R)

i Different values for the step size pl are

used. Scaling factor C = 2.
_A

Y
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£ =0 x, = -.667 |x; = -.333 {x; =0 {x, ¥ .333 {x, = .667
Xy = .667 .3483 .2185 .1776 .2204 .3483
X, = .333 .2204 .08473 .0421 .0843 .2185
X, =0 .1776 .0421 .0000 .0421 L1776
X, = —.333 .2185 .0843 L0421 .0843 .2204
X, = =.667 [  .3483 .2204 1776 .2185 .3485
TABLE 1. _Expected Future Cost tpO(jigxz’t) at t = 0
= -‘l = - == = =
t =0 Xy .667 xrl  =.333 | xy= 0 {x; = .333|x, = .667
X, = -667 .2541 .2341 .2623 .2318 .2541
X, - .333 .2318 -2391 .2676 .2391 .2341
Xy =0 | .2623 .2676 .2934 .2676 .2623
X, = -.333 .2341 .2391 ..2676 .2391 .2318
X, = =.667 .2541 .2318 .2623 .2341 ° .2541

TABLE III. \ Expected Future. Cost “'E{fsz(go(e),e,uo(g(e)}a))da},

TABLE II. ;4; Density ¢0{xl,x2,t) at £ =

S
Time Expected Confinment
Future Cost Probability
-0 1212 1.0000
.1 .0916 0.9998
.2 o612 0.9993
.3 .0306 0.9985
.4 0 0.9973

I

" Confinment Probability * Prob{EO(t) € B}.

e,
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general slower when compared to.algorithm A. When thé step
size is ﬁoo large (50) or too small (.1}, converqence_is Very s~
slow.

A section of the optimal control is shown in fiqﬁrq 4,
There is a region in B, beyond which the confinment of £ in B
is no longer economical and the controller abahdons the confinment
df‘gtates and pushes the system‘out of B in order to speed up the
exit time. As will be shown in the nbkxt section, if a terminal
cogt is imposed into the problem, this effect will disappear.

In the linear guadratic problem withoﬁt control .
constraints, it is knoﬁn that the optimal contrbl depends,
linearly on ¢x' and ¢x is linear in x. Consequently as long
as the)state is near the origin, so that the optimal control.
does not excéed the control constrainﬁé, the control is linear
in x. This is evident in figure 4.

“The system ¢0 of (2.2.59)-gorrespondin9 to the optimal
'control u0 is tabulated in table I for t = 0. The.function ¢0

has been defined as

(2.2.68)  ¢(x,t) = BT £,06(0),0,u’(g(0),0))d81E(t) = %),

- v

-~ o
» LI
i.e., ¢(x,t) is the conditional expected cost corresponding to

the optimal. control, given theé information-that the proéess £

takes the value x at time t. - ' .
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Let EO denote the process §{ corresponding to uo. Then

the solution wo'of the adjoint system (2.2.6) corresponding to

the optimal control'u0 is the density of EO i.e., ¢0 satisfies
0,. 0 '
(2.2.69) J_ ¥ (x,t)dx = Pprob{f" (t) € E}, E < B.

The values for ¢0 is tabulated in table II for t = 0.4.

From tables I ané\II, it is observed that there are

 certain symmetries in the functions ¢0 and wo. In fact iEHTB

not difficult to show analytically that

[

»

(2.2.70) ¢0.(xl,x2l§)\_\,_¢0(-xl,—x2,t) - 07 (-xy %), 1), .

+

(2.2.71) Jq_,o(_xl,xz,t). = wo(-xl,xz,t) - wo(-xz.xl,t), “
S

and , o s

- 0 0 0 . '
u’i(xlllet) -— —ui(—xlr let) — ui(le xlrt)r 1l = lrzr
(2.2.72) : .
uo(x Xort) ‘e uo(-x X, . t)
S LA X 2V XXy

for (x;,x,,t) e B x I.
The integral

-

1t £506%0) ,0,0°(£%(e) ,0)) a0

-

(2.2.73) 75 ¢%x, 0090 (x, ) ax = E

4

\ﬁg
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reprg;en@s thq expecged future cost at t corresponding to the
0ptiﬁél contréEE\\It provides 'an estimate of the future cost
without the knowlehge of the state £(t). Table III shows that
this expected future q?st_décreases with time as the probability
of exit increases. \\

_ The confinment‘ggpbability 12,2.69[ with E = B gives
the probability that the proc&ess EO is confined in B at time t.

The confinment probability givef\an idea of the flow of the

4

process E out of the de51rable domain B. The way the confinment
¥

probability decreases w1th time is shown in Table g&I.
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2.3 APPLICATION IN SATELLITE ATTITUDE CONTROL PROBLEM

s | | -

,}' In this section we first consider an application

of the gradient method from subsection 2.2.2 to the satellite

attitude control pr;blem. Numerical results are presented.

Then in the final subsection 2.3.4, the control problem is

reformulated.. Using calculué of variations, and assuming

small noise intensities, we thain a closed form solution to‘

the satellite attitude control problem.

) Satellite attitude coAtrol refers to the control

- of the an ar velocity components: about the body-axgs of the

satellite. Consider a satellite” which is stationary with

respect to an observer on earth (such a satellite is called

geo-stationary). Due to solar pressure and meteorite

bombardment, an external torque {f created, forcing the

satellite to wobble. This wobbling (or precession, or ‘ .
nutation) interferes with the operation of the satellite.

In order to minimige the amount of wobbling, the satellite *
may-be equipped with gaé jets which provide reaction torqueé
to counteract the external torque,

The notations used in this section are listed

below:.
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Notations
I, I, I - Moment of inertia of satellite in the x, y,

and z axes of the satellite body frame.
Pr 9, T * Components of the angular momentum vector of
“ the satellite in the x,y,z axes, respectively.
W " A constant, ®g = 2T rad per 24 hrs.
C By Moment of inertia of the flywheel mounted in
the vy akis.’f |
Q Angular velocity of the flywheel in ;he y axis.

T ., T, T ComponentS‘bf the disturbance torque in the

X,y, and z axes respectively.

u; - U, Jet controls in the x and z axes re?pectively.
2 2 Yo ’
, ayr 95 Varlancgs of Tx/Ix' Tz/Iz wh&ch are modeled as .

-

Gaussian white noises.

I = [0,T] Time interval for firing control jets.
B o Tolerable set of satellite momenta (p,r).
uip' ir Partial derivatives of uy with yespect to p

and r, respectively.

/“&/

STERETE R AL et

.
&

L
-
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:

A
2.3.1 PROBLEM FORMULATION .

The dynamics of the angular momenta of the o
satellite subject to random disturbance torques T.» T, and

T, is modeled as follows [ 25]:

(2.3.1) b+ (q—wo)r(Iz—Iy) = CQr f T, .
I,8 + pr(x—~1 - T :
g3+ P (J\f‘ 2} Y oy
] : IR+ (q—wo)p(Iy—Ix) = -Cn;} + T, _ J . |
or - equivalently, ' s f'
. _ . : K
;‘ (2.3.2) p - ar + a,qr + n, '
:j‘-::v : q= bzpr + n,
E .
; . r = Clp + czpq\+ n3
&
e where -
3 ' y . : . E ' ‘
;'i-,; | a; = [mO(Iz——Iy) + CQII/I}c : : :
a; = (I,-1,)/1,, b, = {Iz-Ix)'/Iy B o
e, c, = [wQ(Iy—fi? - CQ]/Iz o N
/""_\

= (Ixuly)/Iz

and n, = Tx/Ix' n, = Ty/ny n, = Tz/_Iz a;e 1ndepe§dent.
white noise components with variances o2, d;, og.respectively.

The system (2.3.2) can be written in the standard s

notation of stochastic differential equations:
‘ ’ ]

’
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39w

.o (2.3.3) dp = (a,+a,q)rdt + o,
dg = bzpr dt +702dw2

» dr —'(5I+c2q)pdt + g

. h Y . .
W eq% Wy Wo and w, are independen

Wiener processes. - ;
w .
sdi‘\;¥q;g_gg lite that.is symm

- the y ax1s,lb2 =9 (Ix= Iz)f -Assuml?g ha

e

spin stabilized along the y axis, the spir’ rate g is large

and is expected to remain constant. (If o

“hypothesis does not ﬁold.) The fractional mean.s aré\_

deviation of q from 99 (iﬁ; initial spin) is given b

E[{q(t) - qd)/qoj2 = E [fg (02/q0)dw2(e)]2

= (02_/%)2‘:- - )
This quanti;y is negligiﬁle if I, is sufficéntly small. -
For example, if o, = 10"3 and do = 100 rad/s, the.aﬁpve
mean square deviation is abéﬂt‘0.0I at the end of 3'year§.
In this situation, the system (2.5.3) can be approximated

by a two-dimensional system: _ : -

(2.3.4) dp - ar + 0 8w, o s

_ dr = ~ap + 03dw3 ., T,

e e ha,

. A . _ ] A ¢ ' ‘
where a = ay + 2,4, (91+czqgl | : )
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For a spin—StaBili;ed satellite, précession,is N :
L b _ .
a common-problem and requires control. When jet control

is used as controls, the system (2.3.4) can be modified as
-dp =.qrdt + uldt + oldwl - ‘ -

~

S - dr = apdt + uzdF + 03dw3 L '
N i ' " . . ’ . ' . \!_/
. : where u, and u, are the controls proportional to the torques

e

generated by the jets placed in the x and z axes of the
Tt satellite; respe%tiﬁely. | : .

Let B = {(é.r)ipl € P S Py r, §£rg r2|} be the

5 - set of tolerable angular momenta and L the distriﬁut}onlof'

yoo the initial state (p(0), r(0)) on B., Let T denote the first .

é . timé the p;oceSS‘(p,r}\Q;ts the boundary.aB of B and .let.

I ‘ ' : _ '

e . - [0,T] be a fixed time interval during which controls .are
'3 applied. The problem is to find a feedback control law

(.' “uu (t'p'_r) - [u]o_(t;pr'f‘)r‘ug(trplr)] é U(t) so that .

¢  q2.3.6 gt = BUTM[ap?(6) +a,e?(e) 4 Bjut(e) | 3
e : el _ 0 1 o2 171 ‘

¥, . . ™
! + BzuS(t) dt + L(p(TAt), r(TAT))} ’ . ).
L o is minimum under the constraints Jul(t)l < Cl,‘!uz(t)l € Cy»

¢ e the '

o . . »
o - @y, By, Bl' BZ > 0. Denote_th? set of a§m1551ble contrgls

by . Minimizing J is equivalenﬁ'@o minimizing the fue€l COgt

and the deviations of the satellite from the zero state.

L]

-
?
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j M o : . . ik
»
’ 1 d . - i » ) , : ) e = 1
2.3.2° APPLICATIQQ qp GR;EIENT METHOD % | , , _ o
. ~d 1 = ) ,7'
‘ “fff//rigay lemma 2. b'l, the stochastic optlmlza%;Pn problem' ] ﬂ
.! (2 3.5), {.(2 3.6) ~ can be converted lntgﬂd’\egulvalent 7, . ' %)
. ';; detexmlnlstlc’optlml?atlon pru- . Thearésultln %
' ’ T—— / ¥
oo determlnlstlc problem 1nvolv parabolic partlal J - s
d1fferent1a1 equatlon, with £irst boundarfzconditibns, f\\j é
| !

.‘// ) + .
- . . -

ﬁ//2‘f Spec1f1ca11§f’r““\\* '
. : : ‘ 1
- * 7 " . 2‘ '2 R _ " ,.
. (¢F + 301¢pp + o+ (ql+ar)¢p + (32 ap) ¢
, ‘ . [ e . '
. . 2 ’ 2 2 . . -
" ¢; + ulp + azr ‘4 Blul + Bzuzl_ 0, . . ]
1]
(2.3. g;/ q for {t p,x) ‘'€ [0,7].x B
¢(t,p,r) = Lip,x), for (P,r) € 3B
I ¢(T,p r) A;o . for (p,r) € B
. (2-','_3.'.,8}; . _min fan(O,p,r)'n (p r)dpdr .
R [ " i . I‘. uE . "
L e - ‘ - I o ‘ : v L
A EY A ' : s ' o . ) -
: k;_ J+" where -7 T, - . v - 1
(2.3.9) $(t,p,r) - E{f [alp (t)- ¥ (t) +. B, u;(t) : -
.. . -+ By (t)] at + L(p(t), r{t)) lp(t) -p; rit) =x} [ . -
. o . hh_' :— . -‘bl - ..'_. .' . . .
i * . isjthe condioional future co#ﬁ’at time t given the states. o ':
_at t. The problem (2.3.7), (2.3.8) can be solved with the ’
_ optimallty conditions in theorem 2.1.3. - e o :
. . Yos 7 . ’ B - !
_'.‘_.n‘" ) /_ﬁ , T , : Ay r
L S B S ) 1
'.‘ - -~ - ..’ ‘. . . 'l
. e ' , ;
H . ¥ . ".' ! .
; ¢ : o \ ‘ i



N ‘ S From (2.1.8), the adjoint equation is given by

~¥, +‘§°i?pp + i°§¢r; -'(q{+ar)¢p‘- (q;—ab)wr
= (u! p+“zr’¢ 0, for(t,p,ri e [0,T] x B

‘w(t,p,,r)‘ 0., for (p,r) ¢ 3B

"P(Q:P:r) = WO(P:r)r‘fo;t (p,r) € B, '.IT (A = f \bo(prr)dpdr

where w(t,p,r) is the prObablllty density of the stochastlc
- o process [p(t), r(t)] = (p,r) at time ¢t correspondlng to the

. ; controlxiaw u® - such‘that for any set A c R2

’ . 1 . * . L]

'  Pr{lp(t), £(6)) € A} = 7,u(t,p, ) dpdr. .

. In order that u° be an optimal control, 1t follows from (2.1.13)

{

ﬁﬂat the’ following 1ntegra1 inequality must hold for every

control u = (ul, u,)" in the admissible class U : \\\>

’_\/“J’M T]x3‘¢p +281“1)‘*"“‘ up) + (op+2850 up) ¥ (uy-uz)

+ dt dp dr £ 0
k{y

. where w is .the solution of (2.3, lO)and 6% is the solution

rl

of (2. 3 7) correSpondlng to the optlmal control u®. Fromftﬁe
u" ! optlmallty condition in the pointwise form (2.1.14),

e e 0 . ‘ oL
, (2.3.12) [¢; (t,p,r) + 281u;(t?p.r)1w(t P,T)u) (t;p,r)

. B ’

+7[¢;1 (t,p,r) + 28,u 2(t,p.r)]¢(t.p,r)u (t;p,r)
.I ’ [¢ (t,p,r) + 281 I(trplr)Jw(trprr)ul(trprr)

T e '+ [4)2 (t,p,r) + Zazug(t.p.r)]w(t.p,r)ugtt,p.r) Y
' k — ‘ -



[

holds for evéry point (t,p,r) € C0,T) x*B and every -

of the inequalityutf?gl;z) with respect to the values of u

<

= 69 -

~

"admissible control u e U.

From section 2.2, the two inequalities (233.11) and
(2.3.12) give rise to two different numerical approaches for

obtaining'the optimal control. Maximizing theé left-hand side

T.

"1

and u, within the control constraints |u Cyr we

! e uyls
obtain the following éxpressipns for the‘?E}imal cont;ols:.

~

® = o _au?
u]-= Satg (~¢5 /48,)

(2.3.13) . ' ‘
- ' 0 u 0 .
. tuy T Satcz(-¢r /48,) ‘
where ' * .il k__ | 1

kK if Y >k
©- sat y) Ay if |yl < k .
- —T if y -< -k _
. \ ‘
Substituting u® of (2.3.13) into (2.3.7) and its associated
adjoint equation, (2.3.10), we arrive at a two—point‘bbundary
‘
value problem 1nvolv1ng two coupled nonllnear parabolic partial
differential equatlghs. As noted before, this approac is:
difficult to handle numeriéally. Instead we will CGonsider the
"gradient" method as presented in subséction 2.2.2.

- LI

L4

\




'sequence of controls {u } that converges to an extremal

‘they tEﬁE'valuéP\within the control constraint sets. Denote

-
~

Using (2.3.11), the gradients'G1 and G, defined
as

(2.3.14) Gyftipiriug o9 8 (¢p+26'1‘u1?w\

G2 (€rP Ty b 9B (042850, v o

LI
a

can be used to obtain extremal controls, as in Algorithm A.
The description of this procedure is repeated below.
Denote by un, n =1,2,..., an admissible control-

functxbn such that u (t P,r) == (u (t,p,r), ug(t.p,r))-

Let ¢ ’ w be the solutions of (2. 3.7) and (2.3.10) correspending

to u = u® and uo = un, respectively. - Let . -

1}

n n .n . n n -n o n n n
G - (Gerz) é (Gl(t:pfrrult(bpr’w )l Gz(trpl-rl.u21¢rrw ))-

Al

Hllgorlthm A is now used to construct the

control Spec1f1ca11y,_we have the following procedure: -

P

A

~\\ . ‘ :
Algorith% . ' . . owl
_ hd . S
\ n’_;D/l/{

¥/// Guess ‘a 1al control u, (g, p,r) and perfqrm

theffbllowlng‘steps for the nth iteration: '

”

_ Step “1: Truncate ul(t,ﬁ,r), u;(t,p,r) so that

- -~

the resulting controls again by ul, qz

“Step 2: Substitute u” ug into (2.3. 7) and (2.3

ll
and solve’ the two uncoupled linear parabollc equations,
J

. . f
. . u . . .o
v e

P

10), °
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Step 3: Calculate the cost function J(u")
corrésponding to u?,'ug. If,lJ(un) ~ d{un—l)[ < ¢, for - o

!

some preassigned small number.e\ @keration stops.
L]
Step 4: Calculate G" g

rresponding tq u" using

.-

ﬁ: (2.3.14{and evaluate thé step sizes'pn == (p?;pg) given by

-

n o ) 2 n n
0y IEO'TJXBtcl)-dpdrdt/zslI[O’TixB(Gl)zy dtdpdr

M

(2.3.15) .
n n e - ’
02 = /[0, m1xp(C2) "aPArat/28, 1 o 1y 5(GY) *yatapdr.

o " n+l n n.n - n+l n n.
A L Step 5:, Set u =-u, - p,G , u = u., -p,G -

) ‘ . h l l ’ P .
, | e L 1 2 2 P2 -

)

n

and start the next iteration by going to step 1.

Numerically, the most involved part of the above {ﬂj

proceduré i omputing the soluyfions of ﬁhe parabolic equations

(2.3.7) and (2.3.10), which is discussed in appendix A. In

.
-

the following subsection.theJnumerLSil results of the satellite

IR attitude céntrol problem are presented. ~ .
N ® oL ' ' ) T
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2.3.3 NUMERICAL RESULTS SR SR

’
4
. [y

The satellite attitude control problem (2.3.5),
(2.3.6) is solved using the alogrithm described in the last sub-

séction with the data I = I_ = 650 slug-ft?, I, = 1000

-3

> rad/s, |pl,lr] < 107

CQ = 14 slug-ft?/s, mo - 7.29 x 10~

rad/s, initial distribution V(0,p,r) of the states is -
' i - _- - = " 2 :
assumed'unlfgﬁm, ay a, ?1_ 82 ls /radr, and:

*

0.6, fod (p,r) € 3B

L(p,r) = S — ..

0,‘9ﬁsewhere.

-

/

. Using thesé’values and multiplying P/T Uy /U, by_
1q3 so that the domain ofuinterest_%s {(p,x): [pl,ir| < 1 rad/s}
and the control constraints7;re“|ul[,|u2]15 1 rad/s?, the
¢ontrol problem is solved using the algorithﬁ presented

with the initial .control gquesses u; = ou, = 1 rad/s?. The

minimum (cost) is attained in 9 iteratiqns as shown in figqure

5 {curve 1) .

For ndnlinear problemé-it is difficult to compute
the optimal p". In.ﬁhis.case we guess initial ﬁtep sizes . '\
pi, pé;-and subsequent step sizes aré reduced by a suitablelw

factor if the cost . function. does not improve as compared to

the previous itérationi Using Ehis method, cbnvergenée of

.. .‘,". ) ' . , ' *
’ . ) ' I - T e

[}

‘-.

¥

L

S

=,

—r.

v
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.~ using the initial guess for the controls u, = u
X .
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the cost function startlnq with i) pl = p2 o 10 and N

ii) pl = p2 = 0.1 is also shown in figure 5 (curves 2 and 3)

It i1s observed that when pl,p2 are either too lar

small, there is no guarantee for cost imbrovemen
iteration and convergence is slower.
The extremal control obtained by this algorithm

1 rad/s?

1 2
has heen found to he optimal and has been Veriféed'to be
.independent,of the initial guess., For the sake of illustratioh
a section of the optimal controi taken at t = t!, r = 2/3,
-and/considered as a function of p is shown in figure 6 for

»

/“t]= 0.1, 6.2, 0.3. The optimal control ul(ﬁé) is symmetric 5
b ‘

.~~~ with respect to the axis r = 0 (p = 0), but is skew symmetric

(symmetric with one sign changed) with respect to the axis

P=20-(r = 0); this verifies the property (2.2. 72} of the

-
!

optimal control. The optlmal contro} also conflrms the .

intuition that u, £0 (u2 £ 0) for p 20 (r 2 2 0) and ul,; 0

({12 »0) for p € 0 (r% 0).
. Reeping all parameters fixed, theiprobiem (2.3.5),
'(2.3.§}‘§s‘solbed using varioqs'control.constraints. The
optimal controls thus obtained are saturatioﬁ functions as
pisgtcted by (2.3.13) and shows the sae klnd of symmetry as
before. Numerical values of u%,_u; for ‘control constralnts
c, = C2 = 0,1, 0.2, 0 3, 0.4 are shoﬁhxin‘figure 7. ’ \ﬁ

o In the formulatlon of, the mlnlmlzatlon problem

(2.3.5), (2 3.6) it is assumed t&at the noise varlance

4 L3
B,



mﬁ"i"m‘r’-n‘_w--.—\

\.u

(or the noise intensity is fixed). However, in practical
situations, the noise level may change accordihé‘to the

environment. Figure 8 shows the conditional expected costs

x '
E{ftAT[bz+rz+uz+uz]dt * LIp(TAT), r(tAT)]|p(t)
t LF 12 o |

= r(t) = 0} = ¢(t3010)

®r noise variances\o = (01.03)‘= (1,1), (0.7,0.7), and -

0.1,0.1).

The set B, as'defined eerlier, is determined
from the toleraEie limits of preceséion as set by.the‘designer.
The optimal controls found,are those tﬁétiminimiie the
fuel cost and the’oeﬁiation of the satellite momenta from
the origin. Clearly, the optimal control laws depend on the

choice of the cost function. It is of interest to 1ﬁvestlgate'

the effectlveness of these optimal iggﬁrols in confining

the momenta to within the tolerable set B. The confinement

probability at time t is given by wa(t,p,r)dpdr. Figure 9
gives the confinement probability using\the optimal controls
corresponding to different noise parameters/’ It is observed
that the system moves out of B rapldly in a highly n01sy
env1ronment, as expected. If however, the conflnement

proba%}l%}y itself is to be optlmlzed then ‘the result would

. be different.




(figures 4 and 7).

LI a' : N X
. . s . \ ) o ) ~
In the above optimal control problem we have-

-

imposed a non zero boundary cost L; a boundary cost-was not ..

imposed in the problem of subsection 2.2.4. This main

-

.difference between the two ‘problems is reflected in the’ w

. behaviour of théi?/}espectiVe optimal controls in the’

region near the boundary. 1In this region, if there is ﬁo
ﬁerminal_QOSt, the optimal conFrol would push the-system.out
of B to speed up the exit time, fhus'ﬁinimizing'the cost .
function. TId the same region, if there is a terminal cost,

-

‘the optimal control would not force.the system to exit

\

The results of the two problems,'hodever,\haVe

certain simularities; the corresponding minimum costs

differs_approximately'b} the boundary cost, and the patterps

of convergence, are stfikfngly similar'(figures-l and Si. ) 4

This may ieﬂ{igte that, for Ehe'satellitelcontrol‘brobieﬁ,

< B

_algorithm A is *insensitive' to the boundary costs.
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2:3.4 AN ALTERNATIVE APPROACH TO THE SATELLITE ATTITUDE

CONTROL PROBLEM

. “In this spbsection, the satellite attitude control
problem is r;¥$rmula ed, and the resulting control will be

obtained in clé%ed

orm. The reformulated problem involves
a three.qimenSional attitude éynamigs {state variables p,q,r)
and a‘free end time in the cost fupction iinstead‘of the fixed
end time T). An additional assumption is made—the ﬁoise
variance o? is assumed smali. With this assumption, it is
possible to obtain a closed form approximate solution for
the optimal control. The procedure of solution fnvolves-
solving the corresponding deterministic problem. The resulting
analytic soiution is used to approximate ‘the optimal control
in the reformufated probleﬁ.. When the agsumption of 'small
1n§iée inténsity' is.satisfie this method‘?s much more
computat%onally efficient becau¥é an analytic expression for
the approximate optimal-contrql is cobtainable.

For ;larif& of ﬁfeséntation, the notation used

here is slightly different from those .of the last section:

L] -

'~Il'I2'I3' Moments of inertia of satellite in ‘the 2, y and z
f

. axes. ) . - .

*

14;?x2¥x3, Xy T Py X, T Q< dys Xqg = r; p,q,r are angular
' y momentum components of the satellite.

x Angular momentum vector, x = [xl'xZ'XSJ"'
N




s

D Target.se .

Wy .A constant,' w 2 ra

0:

c Moment of inertia-of th + flywheel mounted in the
- ¥ axis,
Q : Angular velocity of the flywheel in the y axis.

pl,uz,ug, Jet controls in the x,‘y and z axes respectively.

u - Jet control vector, u = [ul,u ,u ] ,

nl,hz,n3r Uncorrelated white noise with unlt varlance Ao

o A constant reflecting the intensity of-n01se
disturbances. | »
|| ) Enclidean norm.

-

T The three dimensional satellite attltude dyramics

'is, from (2.3.2),

(xl = arx, +oa,lx, + qp) %y + u Y+ 20m,
iz = b x.x. + u2'+ 20n2_ '

/ 27173 .
(2.3.16) . ' .

(x(0) = x; with distribution 7(x).

Where for a satellite having. I; = I

1 3 !

fay = [mO(I3 - 12) + Cﬂ]/Il,
a, = (I2 - 13)/11, b2 = (I - Il)/Iz = 0,
c; = [moffz - Il) CQ]/I3H

(Il - Iz)/I3.

(2.3.17) [«

€2
-

< Let the target set D, representing a set of tolerable

angular momehta, be defined by

per 24 hrs. : | o !



[
. .

1]

. . an , . - ' )
(2.3.18) DA {x e R'|[x| ¢ €, 0.<" € < [x,]} ° '
Denote by t the first time the state x(t) hits D.

.f " Initially the satellite has been perturbed to the
state x(0) = xo.' It is required to‘design an optimal feedback
controller u{t,x), (t,x) € R, to drive the initial state x,

to the target D so as to minimize the cost function -
- : .

(2.3.19) 3%(w) = B sylx(e)|® + lult,x(£))|? dt.

‘The problem (2.3.16), (2.3.19) will be refered totasﬁﬁgoblemjl.

Deterministic Optimal Control

L 2 . : ,
We first solve-a deterministic version of problem 1.

f
The resultswwill be useaxlatgr to obtain an approximate
) . . . AN .
expression for optimal'control\;f problem 1.
To define the deterministic problem, we drop the

stochastic quantities from (2:3.16). The resulting deterministic

‘body rate dynamics is then

. N \
.\__‘_,!
. - .

Pl

-~

X) = agxy * 3y (xy v dpixg v ouy,
, Xy = by¥XyX3 + Uys |
(2.3.20).4 ., | -
Xy = ?lxl + cle(x2 + qo)-+ Ug, 7
{%(0) = Xy xolflxed.‘ s

‘
. , b
. where the constants al,az,b'z,c1 and c, are as defined in .’

{2.3.17). These constants havg the properties ﬂ

| v \




s

i
Y

- where a, B

.Such a control

- (2.3.24) . u(t) - T§T€TT‘= B (t) .

_vectors x(t) and u{t). o

‘ . -
. - . ! /
- 84 -
N - L L .
(2:3.21) a, +c = 0 | ' ' ro
(2.3.22)  a, + b, + ¢, = 0, b, =0 ,

‘~

It is required-to design a controller ‘u(t) that would drive

the states from x(0) = Xq to t%e'region"D (as defined in
-r’
(2.3.18)) and mny

imizing the cost function

(2.3.23) F5oalx(e) ]2 + glue)]? at

0 and 1" is the first time the trajectory hits D.

{11 be called an optimal control. For con-

venience, .the problem (2.3.20), (2.3.23).%ill be called

problem 2. _ B ' : ~ "
: | An applicatioh of Pgntryagin's Maximum Principle |

yill lead to a two Boipt boundary value problem. Here Qe .

tise the ;pecial strpcture (2.3.21), (2.3.22) bf the dynamics '*y\
(2.3.20) and'cansider the optimal‘control problem directly

as a problem of calculus of varlatlons. The‘dptimal controller

will be obtained 1p’glose rm\“

Then from {2.3. 20), (2.3.21)

Define p(t) = [x(t)

and (2 3.22) it follows that p(t)p(t) = x(t)x(t) = u e+ x or ’

x(t)

-

"Define 8 : [0,=) + [0,n] such that 8(t) = angle between the

s

"' ] ’ . \
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"

By (2.3.24), the cost inﬁegagl’;aﬂ’ﬁgﬁﬁritten as

. * g
(2.3.25) ST ap?(t) + —BpTLE) 3¢,
» . © cos?8(t)

Mo
'and‘problem 2 is reduced to choosing 1, p and 8 such that/// .
its ..

(2.3}25)<ijliiiiTized. Let the integral (2.3.25) attain “'
minimum a xgb?ﬁﬁzhp* and 8 = 8*, fThen it 1is easy to>
- S g

-

P TN Y

show that either 8*(t)

0, or 8*(t) = m. As observed from
(2.3.24), 0*(t) = 0 will”result iﬂ a ntonic increase of
.thé magnitude p(t) of the body rated with respect to t.

Therefore we must have ( - - L

(2.3.26) B*{(t) = m,

v . +

and the integral (2.5.25) reduces to

. . .

\ o
'\\4J2;3.27) f; ap?(t) + BpZ(t) dt

For any fixed 1, p* has to satisfywéhe Euler_Lagrange equation
given by

(2.3.28)  p* - F p* = 0, p*(0) = [xgl, p*(7) = &g

The solution to {2.3.28) is

(2.3.29)  p*(t) = ne ¥t + Bt

where " '

(/) | N

(|xDIEMT - & )/(e_mT ey,

L

_Ww

3]

(2.3.30) A

v e]
W

(€ - |x0|e—m)/(emT - e,

~

T -
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The cost integral (2.3.

(2.3.31)  (aB) }{B? (2“7 -

(2.3.32) 1% = 8/} cosh™! (3£ +
: N 0

From (2.3.29), (2.3.30) and (2.3.32) it

. . ) : . -
(2.3.33)  p*(t) = |xyle™
' N
Letting p = p* in .24), we obfain the optimal control for
problem 2: \/ -
* . = Ak x(t) ’ .

or equivalently ' ' . ‘_’f/)

(2.3.34) u*(t) = -wx(t), t ¢ LO,T*].

q .
The optimal cost of problem 2 is then

(2.3.35) " T(u%) = (aB) ¥(x,|? - €7).

This completeslthe solution of problem 2.

| The gptimal-gontrOI u* as given by (2.3.34) is a
proportional control and is therefore easy té implement. It
is'observcd‘that for each t'e‘[O,T*J,'the control vector u*(t)
always acts in the opposite.difeétion as the staté vector

x(t) and |u*(t)| is given by
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(2.3.36) [u* ()] = mlxole-mt, t e [O,T*1.

The parts of the cost due to the control and due to the states

_are equal,  in fact

. ) _
(2.3.30) si'Blur(e)|? at = (ap) ¥(|x, |2 - €25/2, “
r 1‘
(2.3.38) 3 alx(t)|? dt = (onfzs)i(lxol'2 - €%)/2. a
‘ \
. -E‘
If the foptimal control is applied at time t when the state %d
x{t), en the cost will be | . C‘
: N
(2.'3.39)\ ¢® (t,x) = min f;"’m[x(e)'i-2 + Blu(e)|? ae \
-\ ] u - . \..’Q
L ,

-}(2.3./4%4"“(1:,:&) - @er (|x()]? - ¢,
N\ e expie

ession (2.3.40) will be used below to computé the
\ﬁ//)cdst funcFion of the ftochastic problem (problem 1). '
oo : It is observed that from (2.3.32) that 7*, the time
the optimal trajectory x hits the target D, does not depend on
'.the constants in the:dynaﬁics (2.3.20). This is due to the ,.
spec1al properties (2.3.21) and (2.3.22} of these constants.,
- As observed from (2.3.32), when € = 0 the optimal
control will take 1nf1n1te time to drive the system to the
origin. However the correségnding cost redains finite and
is equal to (aB)i'xolz.
If a positive constant K is added to the cost

integrand in (2.3.23), both the optimal control and the opt1ma1

trajectory remains the same. Hence the addition of K in the
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cost function will not speed up the final time t* but only

serves to increase the value of the cost. - .-
It is interesting to note that although the dynamics

N
is nonlinear, the optimal control turns out to pe linear in

the state. ' ?FH’)///f> : SRR e

The Stochastic Problem \\ ‘ a9

"We now conside; the stochastic problem (problem 1)},

in which white noise terms appear in the body rate dynamics. .

Corresponding to problem 1, we define the future cost ¢9(t;x)

by | . ) . “\x)

(2.3.41) ¢%(t,x) = min E_ _ lex(s)lf'i |u(s,x(s))|? ds,.

where Et x(-) denotes condition expectation given the informa-
- L . -
tion x(t) = x. Then from sec

i

the following deterministic

n 2.I}J¢0 is a_solution to

~

ptimization problem,

="
2 3 Y
(Ve * 0% L vy ot lagxy v ayxxg +ou,(t,x)]v,
1:]"‘1 1) . : 1

+ uz(t,x)vx2 + [cixl + C, X, %, + u3(t,x)]vx

(2.3.42) < 3

+ alx]? + Blult,x)|? = 0, 7

L_mtiln f !v(t,x)dt(x).

-

The problem (2.3.42) involves a parabolic partial differential

equation and can be solved by the gradient methods of section 2.2.

e



‘has béen given by Hollaﬁé [271

in (2.3.41) is giveh by

where

(2.3.44) y(t,x) = £ [17 40

_,/'g
We c¢ n51der here a 51m31er approach us;ng Fleming's.small

noise approxlmatlon f2 J A description of. this technlque

.

/;et ¢° be as defined.in

/
(2. 3. 39), i.e. ¢° equals“to the/expected futu¥e cost for the

determlnlstlc problem (problem 1}.

LY

Further lét x° denotes

thg optimal trajectory of,problem l. Then, using Fleming's

method, the expeéted‘future cost for probléﬁﬁl, as defined

-

0 (h)

(2.3.43), ¢ (t x) = ¢%(t,x) + o 2y (t,x) + 0(0 ), lim h

h+0

= ()

ra

(t,x°(t)) dat,
and

(2.3.45) ¢

x, (Ex) = 0% (£,%°) + %y (t,x°) + 0(o?),

i i i
and the optimal control u(t,x) for problem 1 satisfies

Ll

(2.3.46) min {a]x°lz + B|u!2 v £y (x° u) ¢ } 'fa
ueRr® i .

= a[x)2 + glul|? + £, (x°,u0)HY |
o 1 ‘ xi

where ' : ’ -
fl(x,u) = ayxy + a2x2x§ + u,,

(2.3.47) fé(x,u?r= blex3 tu,,
f3(x,u) Xy *ocoxx, +.u3. ~




)
. r

The expected future cost as calculated from (2.3.43)1

and (2.3.44) is given by -
13 ‘ R

- . ' -1 é ’ﬁ|x|
(2.3.48) 6% (t,x) = (aB)i( x|2 - €2) - 6028 codh {E(T—F + )}
| . ‘ ! | < x g

- - 602 (aB) it + 0(0?)
) . *
‘\‘ , ‘# . /“\ ‘ .
The correspond;ng_bptimal control is found from (2:3.{5) to be

-

~

(2.3.49) w(t,x) = -(w + ) x.

|x|*

.\ —’ n . -

Let gs compare the results of the deterministic problem
. o

-(Qroblem 2) and the stochqstic proﬁlem {problem 1). 1In both
cases the Japproiimate) optimal controls act in the oppostte

direction as the state vector. However the stoq@astic control

u’ has a larger ﬁégnitude than the deterministic optimal
control u¥*, ' —
o o L -9 :
(2.3.50) lu* (t) ! = w]x(t)]|, '
k3 . ,
,o J
(2.3.51) |wCt,x) | = w]x| + 302/]x]..

The difference in the control magnitudes increases with the’
noise parameter ¢.. Due to the presence of white noise disturbance,
the stochastic control becomes more poﬁerful near the-target

so as to speed up the time to hit éhe target D and thus

ndhimizing the value of the cost function. ﬂk

The initial costs for problems 2 and 1 are given by
. ' .
(2.3.52)  ¢°(0:x) = (aB) E(|x|? - €2),
- . _ ' .

S . -
J
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., ]
The ‘cost for the stochastic case is larger

parameter decreases to zero, the two costs

As € + 0,  the cost for the stochastic case

observed from (2.3:48f: the reason is that

R PR .
to drive the states 'a noisy env1rapment

.

. of a single pdint in tﬁe state spgge.

and, as
become

becomes

\J

Sr

(2.3.53) ab(o,x) = (“5)5(|x]2'" €% - 60?8 coshfl{i(i - % )}.

the noise
identical.

infinite as

it is impossible
N

'
to a target consisting

L)
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2.4 SUGGESTIONS FOR FURTHER STUDY ‘\ ) hY

3

Two gradient algorithms for computing the opEimal:_

control of completely observable stochastic differentia

systems have n pfésénted in section 2.2.

Algorithm

[} .
. 43 N .
sizgs are computable, and algorithm B otherwise. The reason

is that suboptimél step sizes ;;;}d save computation‘;ime.
Further, if suboptimal sizes aretnot computatable, tLgn
various step sizes have to be tested; in this case iL would
be more economical to use algorithm B, which require; less
computation time per iggraﬁion.

/ Anoﬁher approach for solviqglthg optimal control
problem-is the dfﬁamic programming meépéd. The resulting
optimality &ondition isva non-linear p rabolic'equation
(details in the next chapter). Bellman has suggested a

gua9111nearlzat10n method which solves the non- llnear
parabellc equatlon by sucqe551ve1y solv&pg a famlly of
linear parabolic equations [ 91 [ 21 ] let is noted that
@hé gradient method has an adva?tage over the qua51}1near1-
z;tion method —— successi imp Yements in the control are

guided by the gradiént,of the cost functisn.

-
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Optipality conditions of the stochastic optimal
control problems based on partlally observable states have’
.bé;n given by several authors, e.g. [5 J 20 ]‘/“It woR{\
be interesting to lnvestlgate the computational. a ecgs of

, ' \ : .
{”‘\\\ (;hése optimality conditions. *

In section 2 3, a Gatellite attitude' control

.

problem has been solved by the gradient method of sectlon

_The problem is then refdrmulated in three dimension.

—— , ot 5

‘and an optimal control is obtained in closed form. However

in some satellites,.the, jet controls are in the form of a , -

Y

sequence of pulses;l The optima;%timing and magnitudes of

these pulses would be an interesting control prob;gm.
P - a
' ' : . * - §

,/
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CHAPTER 3 OPTIMAL CONTROL OF STOCHASTIC DIFFERENTIAL

SYSTEMS WITH JUMP PARAMETERS ' .

In this chapter a particular type of jump parameters,

namely, first order Markov chain, is introduced "'into the J

{

stochastic differential system. In section 3.1 the fesulging

-

optimal control problem is investigated by applying the

dynamic programming approach to a machine maintenance

problem. Dynamic programming equations and backward Kolmogorov

equations are derived. To’illustrate the dynamlc progr7mm1ng

approach, closed form solutions are presented for two sample
- .

-problemé:‘ a spec1al/case of the machine malntenance problem,

-and an 1nvestor s problem. In section 3.2 we consider the

varlatlonal approach. -Optimality ;onditioﬁs similar to
those, of chapter 2 are,developéd. The optimality conditions
are applied to the special case of a linear quadratic

Gaussian problem; the resulting equations are more general

;) than those given by Swofjjf [54].and Wonham [66]. A gradient

method similar to that .of/subsection 2.2.2 is-proposed. In

- section 3.3, dynamié programming equations for the problem
}ES}/*\TrOm section 2.2 are presented. The numerical aspects of

the dynamic programming approach and variational approaéh

re briefly discussed. Some: suggestions for further studies

.

‘are then made. ' IO ' ’

e i e e e




d1fferent1a1 systems with jump par

machine maintenance problem, which i
* 1

3.1 DYNAMIC PROGRAMMING APPROACH . g

»
]

In this section we. consider the dynamlc programming

- “ . _
approach as applied to optimal control o ic )
I

e%ers. To gain\ some 4 .

ted in éubsectioh
3.1.1. Dynamic programming equations are derived to coﬁpute
Eﬁi gptlmal control and the value functlon. The classical
backward egquation ;s generalized to cover the'stochastic
problem with jump.parameters.q Deriﬁations of the dynamic
programming equation and” the backward equation are presented
in subsection 3.1.2. 1In subsection 3.1.3 we consider the
special case in which white noise disturbance is absent.
Closed -form solutions are obtained for a. machlne malntenance
problem. -To illustrate the case in which whlte n01se is

resent, we consider in- subsection 3.1.4 an investor's roblem,
P _ p

which als

this chapter.
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— Ak;;éHINE MAINTENANCE PROBLEM

Suppose. a Flant has n proauction units (e.g. machines).

E&ch unit is either idle, or-ﬁnder repair, or in operation.

' If any uq}t{&s in éperationn the plant maﬁager has
to determine an appropridté amount of pfeventive maintenance
for that unit. JIf Iny unit is down,-he has to decide whéther
to repair iﬁ\\égé he EISO has "to degide on the repairlraté if
required. . The operating conditions of alffuﬁits_are described
by a cbgtinuous parameter Markov chain y with m states. Th
nunber m qorréSponds.tb the number of all possible combinations
of individd}l mgchine stab&% (operationAI or down) .

We now characterise the Markov chain y. Define tﬂe

" following guantities:

C £ a compact subset of the real line R,

U = a compact subset of R,
. I = [0,T], a time interval,

M=z {1,...,m}, m < =,

N = ’

{1,...,n}, n < o,

The failure rateq_kj : I+C, je N/4re defined as

-

(3.1.1)  A.(t) = 1lim = Prob{jth unit down at t + At]
1.7 peso 8T |
jth unit operational at t}

Thé maintenance policy y : I x M x N + U is defined by

At

 (3.1.2)  u{t,i,k) £ lim — Prob{kth unit operational at

At+0 .
t + At]| kth unit down at t,y(t) = i}

L A
- |

S

R
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For convenience we also use the notation

nit,y(e)) =futt,y(t),1),..., ult,y(t), mI*.

¢

The transition probability -matrix p¥ corresponding to the
p

maintenance policy y is defined as ‘ !
PP(s,t) ~ (PY (s, ), i, = 1,...m},. t > s,

{3.1.3) . N

ng(s,t) = Prob{y(t} = j|ly(s) = i,y fixed}.

A property oF PY is that it satisfies the following
forward equation

‘_?“(s,t)= PH (s, )Q" (t), - . -
(3.1.4) { ' '

PM(s,s) =1

1

identity matrix,

£

where the differential transition matrix Q is given by /

~
T

s — )

u M
Q" (t) {qij(t)}

(3.1.5) lim 1 PY_(t,t + At), i = 3,
| at+o g I :
58 = | u
lim 1 (PY.(t,t + At) - 1).
atso Ax I

The system output £ (n - vector) is assumed

perturbed by an r - dimensional standard Wiener proéess W,
(3.1.6)  GE(t) = £(t,E(8), y(t)) dt + o(t) dw(t) .

L xr )
where £ ¢ I x Rn x M+ Rn, g: T + R" . We will consider the

cost function

(3.1.7)  J(u) = E{ST L{t,E(t),y(£),ult,y(t)))dt

* GE(T), Y (D), u(T,y(T))) ]
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n . N
Where L : I x R..*x M x U -+ R,

ot v

LU, £6er,¥(£)  ult,¥(£))) = Ly (t,£(t),y(t))

1!

T S + L, (£, p(tTy(t)),y(t)
leIXRan'*R;
‘ | - N )
L2 :: I x U x M=+ R, and

¢ : R xmxyNa+g

~ The optimal maintenance blem is: Subject to the
ynémic cénstraint (3.1.6), find a ffeedback maintenance pplicy
jp : I xM x N + U such that uo is.measurable on I and that
u® minimizes the cost function (3.i.75.

As usual}x,done in the”éynamic programming approach,
wé will develop an equation fo\ the value function ¢(t,x k).
The value function is intepret;ﬁﬁés-the expected value of
the future:cost accumulated from t to T under the optimal
policy g%yen_the present states y(t) = k and E(t)‘= X.
Matheﬁaticaily we define ¢ : I x R" ;‘M + R by

Inf

(3.1.8)  6(e,x, k) = TN EL o U L(8,E(8) ,y(8),u(8,y(0)))de

Y] t,x

* GEEAT), y(T) ,u(T,y(T)))}.

: - . £ )
3.1.2 DYNAMIC PROGRAMMING METHOD AND‘.BI)&PMRD EQUATION ./L\*a

-
' . This subsection contains t

dynamic” programming equation'and the

the maintenance problem of the last gubsection. Solving the

]

-

~
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dynamic programming equation we c;n obfﬁin the value function
and the bptimal maintenance policy. Solving the backward
" equations, we can obtain the expected future cost of
various cost compénents.
Now we show that the value function ¢ sa£isfies

the dynamic programming equation

- 9% ‘ min b "y, _
at T 2i3%.x, v, (bio, + Q%0 + F¥} =0
i3] i
{(3.1.9) :
o letmx = vy ,
' ~
where , r o {t,x) = [¢(t,x,l),__.’¢(t’x,m)] '
) | ' C
aij(t) "E(Uo)ij(t); l,J——l‘,..,'n'
\ | | | :
(3.1.10)4 b, (t,x) = diag (f(t,x,1),...,f(t,x,m)),
Fu(t:X) = [L(t,x.,l,u(t,l)),..., L(t'x'm’u(t’m))]l’
LVI(x) = [6(x,1,u(T,1)),..., G(x,m,u(T,m))]".

The minimization in the non-linear parabolic system (3.1.9)

is defined cohponentwise, i.e.,
3.1_£1) min '= min min ! min .
(3. RS [ub,nYl'uv,z)Yz""'uu,nuym] ‘
— '
Y [Yl,...,Ym] .

The proof of (3.1.9) is now presented.

Lemma 3.1.1 Let g satisfy (3.1.6) and let Q" be the

differential tramsition matrix of 'y corresponding to a

_ - A * :
fixed policy M. Let h : I x R® x M + R belong to Cl'2 . then

* Cl'2 denotes the class of scalar functions g defined on
I x R* x M with continuous first partial in t € I and
continuous second partial in X & R, except for a set of
Lebesque measure zero in I x R .

-
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lim 1
AESO Et’x’k Kg{h(t+At.E(t+At),y(t+At))- hit,E(t),y(t))}

= h (e, x,k) * a; (t)h,

(t,x,k) + fi(t,x,‘k)hx (t,x,k)
i™3. i

1 .

(3.1.1?ﬂ

* th L

where fi denotes the i component of f.

Proof: The teft side of (3.1.12) can be written as

lim _ —{h(t+At,g(£+At),y(£+Aty) - h(t*At,E(E+AL),y(£)),
At+0 Bt,x,k At.
lim | h(t+ht,E{t+At) ,y(t)) - h(t,E(t),y(t))
(3-1-13L///: At+0 Zt,x,k AL }
=A t B,

where A and B denote the individual terms on the left side

of (3.1.13). The term A can be expressed as follows:

lim 1

(3.1.14) A = E {Probly(t+at) = jly(t) = y1-
at+0 “t,x,k At

-h{t+at,£(t+At) ,§) - hit+at,E(t+at) ,y(t))},
But Prob{y(t+At) = j|y(t) = y}h(t+At, E(E+At),3 )

= L [a,;(0)at + o(at)Jh(t+at, E(t+at),3)

(3.1.15) Ixy Lya
+ {1+ q 8t ofat)Jh(t+at, £(t+at) ,y)

= qyj(t)-At-h(t+At.e(t+At),j) + hit+at,e(t+at)y) + olat)

Using (3.1.15) into (3.1.14), we obtain the expression A as

I
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lim
(3.1.16) A - At+0 Et X,k At{qyJ(t)At h(t+at, g(t+At).J) + o(At)}

T

) - Et,x;k{qu (t)h(t,E(t) rj)}
- qkj(t)h(t,xfj)-
The expression B can be written as

i he ho (E/E(),y(t)) AL,
- 1im - h (t,E(L) ,y(t)) At X, ‘ i
(3.1.17) B =pei0 By, x,x{-& + 7 :

= . R

hs o (t,E(t)iY(t))AEiA§j

4 i j + O(At;Asi) _ O(At)
) 2At t . 5t :
+ o(AEiAEj)}

At

>
where AEi denotes Ei(t+At) - Ei(t). Some. of ?he terms in _zjj

(3.1.17) are evaluated as folloWsx, ' ' ‘
. P ( . .
% lim h (£,£(8),y(t)) 5,
3.1.18 E T -
(3-3-18)  aAty0 “t,x,k 5E
lim ' '
= at+0 Bt,x,k hxi(t'i“ﬂ'y(t)) |
(£, (t.e(e), y(8))at + 05p (£) (w (t48E) - wp(t)ﬂ |
At

= fi(t:xrk)hxi(trxfk) . -\‘///ﬁ\m\
. . . : t& L

o )
(3.1.29) Aiig o %K Zit x“& JETL) ,y(E)) -
NG ~
L/“f h .
L, (£/E() ,y(£)) At + o\bitﬁ{y (t+At) G

{:; {t;ﬁ(t);y(t))&t + c (t)( (t+At) - ws(t))}‘
1

.(t}h ) (trxrk) ) Y 4 .
,_____J :] xixj - . .

— ' 53
: oA -
* The convention of repeated indiceg\are'used in -(3.1.18) (3.1.19).



- - 102 -~

I
Using (3.1.18) and (3.1.19) ifto (3.1.17) we obtain

X,
i ) l J

"(3.1.20) B = h (t,x,k) + £, (t,x,k)h  (t,x,k) + a;;(B)b, o (E,xK).

The equation (3.1.12) now follows from (3 Ex16) and (3.1. 20}

This completes the proof. ‘ B
The above lemma is now used to prove a verlflcatlon

theorem' which verifies that the optlmal expected cost ¢ (deflned

by (3.1.8)) satisfies the dynamic programming equation

.
(3.1.9). This verification tbeérem also verifies that the
-repair policy obtained-by minimizingﬂthe bracket in (3.1.9)

;s an optimal policy f?i/yéé problem (3.1.6), (3.1.7). Let
Lu(t.E(t),y(t)) denote L(t,E(t),y(thu(t,y(t))) where £ satisfies
(3.1.6) corresponding to the policy W. We now present the .

verification theorem.
. : .

Theo;gm,ﬁ-l.z Let & satisfy (3.1.6) corresponding to any arbitrary
=

fixed poﬁiez i. I£W: IxR"+R" satisfies

4 oM By _ : n
B Wt + alJWk x. + m n{biwx; + Q"W + F"} 0, a.e. in I x R
iY) . i
(3.1.21) - , ,
W(Tg;) - V(x), V(%) as defined in (3.1.10),
then, '

(3.1.22) W(t,x,k) = Wk(t,x) € Et,x,k{fz L(e,E(q),y(e),ﬁ(a,y(e))dt

+ G(E(T),y(TLu(T,y(T))), a.e. in I x R".

v “'
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" Moreover if u* satisfies A \\\~J .

* * ‘ . .
(3.1.23) QV'w + FH’ = m%n{QuW‘+ FH}, a.e. in I x R®

for éﬁery (t,x) € I x R?, then

(3.1.24)- - Wlt,x,k) = Ee /e T (8,6%(8),y(0)) g0
+ G(E*(T),y(w),u*(T,y(T1>)}a.e. in I x R

where E* is the solution bf (3.1.6) corresponding to p= u*

Thus p* is optimal. _

Proof Let W be a solutlon of (3.1.21) and let ji(t) be a

fixed repair policy.- Then

(3;1.25)  W(T,x,k) - W(t,x,k)
=%Mm{mnhm&mn—wijnwun

= B¢ wox ft dW(8,£(8) ,y(0)). _

~

By lemma 3<L .1 we have

(3.1.26) W(T,/x, k) - W(t x,k)
R

PR e TE LW 0,800),y0)) 4 %13 Oy 0E0) v (9))
tEOE® O 6.E0),y0) -

~

i ~ o
Uy (g),58)WEB,E(8),5)}ae.

Sinde W sitisfies (3.1.21) we have ‘

(3.1.27) w (t x,k) + a; (t)w % (t,x,k) + f (t x k)W (t,x,%)
%3 3 *i
! . i
+ qkj(t,x)w(t,xij) + Fk(t,x) » 0,

-

F¥ as defined in (3.1.10).

—_— ,,,,__A___..7.L.________._,



- 104 -

dombining (3.1.26) and (3.1.27) we have ' \'
(3.1.28)  w(T,4,k) - Wit,x,k) > -E_ _ 1 T ti(e,E(0),y(0))de,
B t,x,k t N .
o ) ’ ) '
or equivalently,
g

'W(t(fhk) € Eppx g BM8LE),F(0))d0 + c(E(T),y(T)))

\/P\ .This proves (3.1.21). To prove (3.1.24) we note that {f u*
4 T—

satisfies (3.1.23) then we have equality in (3.1.29). -This

completes the proof.

Backward Equations -
In the rest of this section, we derive eguations
for various quantities corresponding to a fixed repair policy. y.

'~ The resulting equations are generalizations of the classical

-
1

~backward equations £ 237.

Theorem 3.1.1 Let £ satisfy (3.1.6) and let Q¥ be the dif{g;éntial

transition matrix of y correspondiﬁg to a fixed policy y.

Let f0 : I x R? x M X U-N * R and define v : T x R® x M+ R

by = “w—- -
(3-1.30)  vit,x,k) =~ By Sy £,(,£(8),y(8) ,u(0,£(8),y(6)))ds,

and define

I
(3.1.31)  Vit,x) = Wit,x,1), o vie,x,m)

If v e Cl’z, then

- S " u i
Vt + aij(t)vxixj + bi(tlx)vxi + Q (t)v + Fo(t:x) 0’
(3.1.32) o ca.eé. in T x R

V(T,x) =0
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. !
where F(t,x) = TE (., 1u(t,x,1)), ... £yt x,mu(t,x,m)] ,

and a,., b, are as defined in (3.1.10). T oa

ij i
- . /
Proof For convewmience let
. \.

C lim v(t+At E(t+At),y(t+At)) - vi(t, E(t) Y (£))
(3.1.33) A= E_ o ¥ At+0 | AL
By lemma 3.1.1, we have '
(3.1.34) A = vy (£, k) + ay (t)v W (EIXK) HE (e, KV (E,%,k)

- o o i .

+ q‘i‘j (t)v(t,x,j).

lim 1 .

t,x,k! Atvo B¢

From(3.1.33)}, the expressiodn A %an\iijo be written as
A=E J’I

) \V)
o | T
{ t+at E(t-}-At),y(t-{-At) t+Atf0(e E(a) ,Y(B) rl-l(t 6(8) :Y(e))de
t,E(t)'y(t)I fo(e E(e).y(e),u(e g(e),yge)))de}

\

lim 1 A ' o
= E¢ x, k A0 BE Et g(t),y(t){ft+Atfo(9 £(0) ,y(0) ,ude, 8).y{e)))de

-

"1im 1 t+at

“E¢ %,k AL40 at Ty

£ (e,a(e).yge).u(e,a(e),y(e)g-
Q- .

_ A= th'x’kfo(t,g(t),y(t),u(t,E(t).y(t)))

By Lebesgue density lemma [ 14 ] we have

Or.
(3-1.35) A= -fo(trxlkru(trxlk))

.t
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The backward équation (3wl-§2)bnow-follows from (3.1.34)

L L]

and (3.1.35). This completes the prodt. \
J
3.1:3 AN EXAMPLE FOR THE CASE WITHOUT WHITE NOISE —— MACHINE
M.AINTENANCEE PROBLEM -

Dynamic programming equation and backward equaticn

‘ o . ; ' .
have been derived in the last subsection. - In the present sub-
section similar results are presented for the maintenance

problem without white noise disturbance. An example will be

3

worked out,

The plant dynamiés (3.1.6) contains the Weiner
process w(t) which corresponds to white noise in physical

appiioations. We haﬁq shown in the last subsection that the
. -
dynamic programming equation is a parabolic partial differential

equation.

1

When white noise is not present in the plant ~

Pat

modelling, ‘the dynamics is given by
>~ ' N
{3.1.36) dg(t) = £(t,E(t),y(t))dt.
The'resulting dynamic programming eqﬁation is a hyperbolic
partial differential equation as shown below.
Problem: Subject to the dynamic constraint (3.1.36),-
find a feedback maintenance policy u® : I x M x N + U such
that u® is measurable on I and that p°® minimizes the cost

bt ]

function (3.1.7).

kY f“
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{4~ - The‘/xnamlc programmlng equation and backwarq
equatlon for the above problem can be obtalned formally by

lettlng o(t) = 0 in the last section. The results are/jjven

‘below.

. . "7 Let Eu satisfy (3.1.36) corresponding to the

I x R® + R™ satisfiesg

R ; Wt Ain{b.w 4+ o"w + F¥'} = 0, a.e. inI x R® .
. . > ' 1 xi . . \

(3.1.37) : . \ _ -
W(T,x) = V{(x), V{x) as defined in (3.2.2),

then . L

(3.1.38) wit,x,k) = W (t,x) < Et'x'k{sz(B:Etﬁ):y(BJ,ﬁ(GrY(B))dt

w FGEM,y(™) ; a.e. in I x R".

Moreover if p* satisfies

. *, . R
(3.1.39) Q% i+ FH" = m&n{QuW + FF} |

. .o for a.e.(t,x) € I x Rn, then ' .

)
(3.1.40)  W(t,x, %) = B, (/1" (0,£%(0) ,y(0)) a0

: ,
. + GLEX(T),y(T) ,u(T,y(T)))},

s where £* is the solution of (3.1.36) corresponding to p = p*,

»)L \ . Further, let £ ¢ I x R x M x UV » R and define
: | v : Jax R x M + R andlé b ' ' -- )
“ BN ) 4



e e vy

5

If v ¢ C''%, then it follows that

and b, is as defined in (3.1.10).,

.- 108 - .

> IT

(3.1.41)  v(t,x,k) = By 5 ST £4(8,E%(8),y(8),u*(8,£%(8),y(8)))ae.

\

(3-1.42) V(t,X)' b (V(t;xrl)r--u-fv(trxrm))"

" - ‘ .

Vt + bi(p,xLVx + Q7 (B)V + Foct,x) = 0, a.ex in I x R

(3.1.43) Lo ' :
vi{T,x) = 0

where F,(t,x) = [fq(t.le.u*tt.x,l)),-I.,folt.x.m.u*(t.x.m))]"

In the rest of this subsection we work out a simple

example of an optimal machine maintenance problem by an

- -

application of the results above. Closed form solutions are .

obtained. Only a single machine is involved in the-following

example; therefore we will write, for brevity, u(t,i) inst®ad

of p(t,i,k) (k = 1).

EXAMPLE _
‘ -
The-production rate £ of a single machine when it
ig. operating {y(t) =/}) and down (y(t) = 2) are ¢ ; d 0

respectively. £ is constant between successive tran ?;?hs of
o o

y, ive,, * o

(3.1.44)° dE(t) .= 0, for a.e. t e.[0,7]

The differential transition matrix of y is assumed to b

A - au(t,1) A < an(t,l)
(3.1.45) Q"(t) = [ ]

u(t,2) © . -ult,2)
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L]

where for each t € [0,T], the mai ce effort.u(t,;) and

p({t,2) takes values in [0,ul“l]and. [0,u2m] respectively.
‘We want to find maintenance policies ul(t) = p{t,1} and

uz(t) = u(t,2) to minimize the cost function

(3.1.46) J" = E
. . D'XO"YO

(rg Loy (E(t) = D)? + couit,y(e))]at

f

+ G(y(T))}
where Xq = E(O_),y0 = y(0) and D are givem constants and

0, if y(T)-= 1,
(3.1.47), G(y(T)) =
‘ g, if y(T) = 2,

g > 0. For simplicity let a = 0 and D = c; C, 29 {the case
c, < g can be treated accordingly).

v

The dynamic programming equation is

1 . yal 2
¢t + mﬁ? {-2¢! + Ao* + czpl}

(3.1.48) < o + min {uye! - uye? + c,c? + cou,) = 0
' . 2 :

L¢'(T) =0, ¢*(T) =g,

%
where ¢ = [¢!,¢%] is the expected future cost, since ¢

from (3.1.48) debends only on t, we have,
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_(el(t) = E"t'o'l {f'f__'cl(t;(e) -D)? + éu(e,y"(e)')d'é +# G{y(TNH}

(3.1.49) N o |
.i)zm',' E¢ 0,2 iy ©;(E(8)-D)? + cou(8,y(8))d8 + G(y(T))}

¥

l?he bang-bang type optimal pql%py-obpained from the minimizations

appearing in (3.1.48) is ]
. ' /

—— " !
—

-( T
Ya

r

=0,

(3.1.50)
.. . * u N - . .
uz = "2m[l - sign

- 62 + ¢1)]
2 2 i .

Is

 The solution to the problem (3.1.44) (3.1.45) (3.1.46) depends \

on the values of «wwvarious constants. There are two possible

' caSes‘
case (i) c, 29, © S5 clcz/k,
case (ii) ¢, > g, c, < clcz/l.

-
ALY

In-case (i), ¢2 - ¢! can be obtained from (3.1.48)

to be less than C, for t € I. Therefore from (3.1.50),

* * i :
¥y = My T 0. Let us consider case (ii). Here the labor

F: J

rate c, is smaller (oflgase (1)), and we assume that the

terminal cost g is 1 enough so that

_ 2 —AT _ 2 /3
(g c,¢ /X)) e > c, . cl?./l




*
2

obtain for t ¢ [0,T]

. X ' . ' ’
{otherwise CR R P 0). From (3.1.48) and (3.1.50) we

>
* =0
u, (£}
(3.1.51) . [ Moy iE t € [0,1]
. -
0 otherwise
where 7 is a 'switching time',
. 2 _
_ 1 ST Ag
(3.1.52) 1T =T - 7 log
A € c,c? - ac
| 1 2
It is observed that 1 increases with the terminal cost g
‘ <
so that the terminal cost can be minimized. On the other hand T
decreases with labor rate c, so that the labor cost [
can be kept iow. Alsc :T does not depend on the value of hﬁ?
The solution to the dynamic programming equation
: , . : / o,
f
(3.1.48) is '
f ,/)
Ky + Kyt o+ K3e"(““2m) (T-8) | eor ¢ ¢ 9,0, S/
(3.1.53) ¢'(t) = | ) -
| -A(T- ' '
| K, + Kgt - (K, + K.T)e (T78), for t [x.T],
Yo elie) - o~ (b ) (T=t)
O E.j ¢. (t)) Kz/)\ .+ Kse .2m {_\\for t e {0,1),
(3.1.54) .¢*(t) = 1 s '
< 1{ : -X(T-t
¢ ;) - KS/A + (K4_+ KST)e f , fpr t e [1,T]).

{ ' '

! o '

R

e T e T e - e tar P




. )xz'
{3.1.55) ¢

- A(clcz-czx)/(x+u2m)2, K, = ¢

2 —
o 1 ¢, ¢ T

2 o2
(clc -cz{)(k+u2mr+ku2mr)'

2
(T+u2m)

2
-A(clc +czu2m)/(l+u2m),

— 2 =} .
c,c”, K6 K3(k+u2m)/l.

lcz (T"'%‘) + g,

The expected futjure costs ¢' and ¢2 g;Len by

.1.53) an

’ ( ’ -S/ //
-_(\j;j] lim
(3.1.56)
- lim

Towx

on tlme and. the present value of Y.

in

Ezﬁéf For each t, ¢3(t) > o' (t).
/_,__.—-

m ¢%(t) = Y (c,c? + ¢

¢ (t) — i A (c.c? + c_u

-as will be shown

‘satisfies

.
© et e gme R

From (3.1.4),

1gher expected cost éssoc1ated with the machine failure,

.the final time T + = (therefore'f + ®} , then

\
A

2uzm),

2m %

+H2m 1 o 2

are the long term cost per unit time which does not depend

in (3.1.62) below:

the transition probability for y

"

ThlS demonstrates the

The quantity A/(l+u2 }

N,

(3 1.56) is the percentage of failure time in the long run

N

o

(3.1.54) are~pégitive énd monotdnically decreasing

; \f\\\
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(3.1.57) 9

b

f:

v

Solving (3.

d

3¢ B' (s,t) -

Pu(s,s) = T

(—A A
u “H,.
oM (t) = 2m 2m
=X
. 0

1.57) we have

(i) For 0 < s, t <o,

{(3.1.58)
(iif.For'O

(3.1.59)

/

(iii) For t

(3.1.60) {

where Pl2 =

- 113 -

P (s,t) M (t) -

] for t € [0,1)

A ] for t ¢ [T,T7] @ '
0

¥

- u
2m A
P.,(s,t) = +
L8 Mgy At
) by . Hom
P ,(s,t) = -
22 Jt+u2rn A+u2m

£s 1T £ ¢t g

H

T,

u2m . A

Pll(s,t)

[A+u2m + A+

u
2m
P (s’t) = l - I

22 l+u2m

<s, t €T,

‘ _ A (t-s)
Pll(s,t) = e R
P22(s,t) =1,

1l - Pll and P21 =.1 - P

u?_m

-(A+u2m1 (t-s),

e-(l+u2m) {t-s),

e-(l+u2m)lr—s)]e—x(t-r),

e-A(t—T)(l_e—(l+u2m)(j-5)),
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It is difficult to calculate the expected down time

, or operating'time of the system from (3.1.58)———(3.1.60).

However these quantities can be calculated easily using the .

backward equation (3.1.43). Define the expected operating

time by

(3.1.61)

-

(3.1.62) .

The solution to (3.

(3.1.63)

(3.1.64)

where

Pk(t,x)' =

E

[}
/T osyeey,1)at,

t,x,k 't

Then from (3.;.43) Pk,r

1 if i = 5,
§(i,j) = {

0 if i » 5.
k = 1,2, satisfy

o,

P! ~.a(P'-P%*) + 1 = o0,

t

t

P! (T,x)

P! {t,x)

P (t,x)

[}

1

i

'}

P2

*
PZ + wy(P'-P?*) =0, , .

(T,x) = 0.

.62) 1is

{

{

7 , £ e 10,1},

9

=2 (T-t)

%(1‘— e Yy, t elr,T].

Kgl(t-t) + K, 1 - e_(§+"2m)(T_t)], t e [0,1),

0, t e [1,T].
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g
b ] u u _ _ ) , - |
1 2m 2m -2 (T-T ] o
r K = + K - e ] ) —
77 AR, A0y [A+u2m M |
| 1 H2m =M (T-7) ]
(3.1.65) K. = - e P
{ Xs AMHom [*+”2m ‘ - 3
' % :
(Ko (F YarFofXs N/ ¥
The expected d i
5 (e,x) = K Je 8,208, k= 1,2
can be calculated from (3.1.63) and (3.1.64) in fact
pK Try- s¢ 1)]de
Pr(e,x) = E S [1-sy(e).n]
or ,
- !
(3.1.66) BF(t,x) =T - t - pk;t,x). . ,

When T + » (therefore 1 + =), the fractidn of down time,is

A =1 >
(3.1.67)  Lim LX) oy PLt0) _—
T+eo Tw 2m

i.e. the system will be down for A/(A+u2m) x 100% of the

remaining time. Intuitively we can write

lim =1 ¢k(t) =(Fraction of down time x Cost per unit time

T+x T-t .

T+ when system is down) - (Fraction of operating time
(3.1.68) ¥ Cost per unit time when system is operating)

- A 2 ), k = 1,2 -
XTI (cye+eyu, | .
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The expression (3.1.68)} is the same as that in (3.1.56)

obtained earlier.

Finally we calculate thF expected maintenance

cost Rk(t,x), k = 1,2, defined by

.1.69 k - co T * = . .
(§ ) R(t,x) Ey wox Te CoW*(8,y(8))a8, k =1,2
Rk(t,x) satisfies the backward equatiop- (3.1.43) given by '
R, - M(R'-R?") =0, | -
R? + uo(R'-R?) + c.u’ =0
(3.1.70) t 2 ’ 22

R} (t,x) = R%3(t,x) =0

.50lving (3.1.70) we obtain

' : =g ) (1-t)
Kll(T-t) - K12[1 e 2m ]3 t e [0,1)
(3.1.71) ﬁx(t,X) =

0, £t e [1,T]

Kiplr-t) + K13[l—e_(3+”2m)(r_t)1. telo,1)
{3.1.72) R%¥(t,x) = )

/fﬁ\ 0, t e rt,T1 .

where
i S TR T P VAT P B S AL P
(3.1.73) .
K13 = uKlz/A.

This concludes the example on the optimal main-

tenance problem for a single machine. Closed form solutions

have been obtained because of the simplicity of the situation.



- 117 -
In the next subsection, we present an example of an investor's

problem; in addition to a jlump parameter, white noise is also

present in the dynamics. Part of the optimal investment

policy will be obtained in closed form; and the other -part can

be obtained by solving a system of ordinary differential equations.

3.1.4 . AN EXAMPLE FOR THE CASE WITH WHITE NQISE — AN

INVESTOR'S PROBLEM

; T
{-,> [

Suppose. an investor wants to put his capital into

two kind of investments. One kind provides a relatively steady

i~

Vs 1’
rate of return (e.g. long-term deposit), the other yields a

higher return in the long run but has a fluctuating rate of
return.

The investor wants to find a strategy of investment
VT

that allows him to consume his wealth EP a reasonably fast rate

for as long as possible.

The mathematical problem is now formulated. The

two types of investments are:

a) A 'risk-free' type having the price dynamics

(3.1.73) dp, = rP, dt, N
where r(t) is a homogeneous Markov chain with

differential transition matrix Q = {qij} and

the finite state space {ri,rz,.. ,rN},
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b) A 'risky' type having the price dynamics

(3.1.74) dP2 = adt + odw,

where a,0 > 0 and w is a standard Wiener process.

It is assumed that the insttor can switch his investment

from one type to another without the penalty of transaction

expenses.

Denote by £(t) his 'wealth' at t. The controls

at his disposal are:

(i) ul,the fraction of investmentxin the risky

—t \

¥
asset, takes values in [0,1], angd
(ii) U, o, the consumption rates; takes values in
T [0,). Azi

From (3.1.73) and (3.1.74), his wealth is governed by the

following 'budget equation'. N
(3i1.75) dE == [(1-ul)£r + ulga - uzjdt + culEdw,
where t € [0,T]J and T is a constant.

The performance index to be maximized is

"(3.1.76) J = EITAT -t [uz(B)JYdB

where p >-0 and y € (0,1) and 1 = min{te [O,TJ 'E(t) < 0}.

The controls are allowed to d=pend on .time t,
}

the wealth at t,and the state r(t), i.e.,

~F ’ '

uy = (e, (L), r(t)),

wlt
.

' Uy = ou,(t,E(t),r(t)).
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The optimal control is assumed to exist and is denoﬁed by

ui}t,x,rk) and ua(t,x,rk) where £(t) = x and r(t) LI

Let Wk(t,x) = W(t,x,rk) be the value function, i.e.,

\ o
—t

5

(3.1.77) W (t,x) = Sup E{f};’“‘e“"t[uzre))“fde|g(t)=x, r(t)=r.}.

Uy s

. N\ )
To simplify the notation let u?(t,x) = ui(t,x,rk), i=1,2.

1 \ ‘
The dynamic programming equation is obtained in a similar

way as %g'subsecfion 3.1.2:
( HB

"'Wt + max

- 0$u1$1

u,£[0,%)

- us JwE ¢ ePE) Y} ¢ g W = 0,

e
Xa

{idi(ui)zx?wix + [(1-u 3%rE.+ u?

(3.1.78)ﬁ

Wk(t,x)|t=T =0, x ¢ {0,=), [

\Wk(t,x)|x=0 0, t.e [0,=).

L 4

For future references, we partition the state space of r

-t

-

into three subsets;

| j ;[{rl,...,er} = {rk|rk < a —.cz(l-y)],
(3.1.79)

. _ _ 2 _
{rN FOREERTE IR B {rk]a o (} Y) &1y € al,

1 1 2
N

+1,...,rN} J&{rk[rk > al.

{r
Ny*+N,

+
1 N
: : : b

To obtain solution of the dynamic programming equation

i

(3.1.78), we can atteﬁpt the trial solution,



R

T e

SALES T

-

e oy S AR LS IR Y e e Ty

- 120 -~

b
o

T 3.1.80). Wi(E,x) = a (0xY, k = 1,2,...,N

After substL@uting this trial solution into {3_1_78),simplifying

and rearranging terms, we obtain an equation of the form

which holds for all x > 0.

Y o
Gk(t)x 0

k =1,...,N

and k = 1,...,N. It follows from G, (t) = 0 that

(3.1.81)

where

' (3.1.82)

The resulting optimal controls are ‘
. ' \/-\ ‘

/"\

_(3.1.83)

i

|

v =

9 * VI

Ix

k

u

u

1

k
2

(T) =0

*

'Y(rk—u)z

cz(Yigf

—

10k € N

-

t r-1
+ (1-vy) (ef gg) T+ 959

-=to2y(l-y), k < N

A%
-

+ rky, k =N

ll

1

j

1° .

1 +1,...,4

hgrkl kNl/'f Nzl

1

+ N

Thus Gk(t) = 0 for t ¢ [03TJ.

2'

* a-r. : ) ' .
(t) = | "k ']Ef;yhl + 1,...,N1 + Ny,
o? (1-v) -

0, k > N»

1

1

“(6) = [ePfq, (£)]Y

-1
\/)-

+ quk_;’”‘
T
X, k — lfz,--o'No
' ¢
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. 1
benoting [ezgptt'gk(t)-_‘l—Y by hk(t)" Then from

(3.1.81)we obtain a system of ordinary differential

eguations for h

k ' e, . )
" kj 1-=7,. . o . ;
L hy + Behy + 15p by oy #1000,
(3.1.84) 1~ ‘ .
: . hk(T) =0, k=1,2,...,8,

‘Vk'p .

(3.1.85) Bk': l-Y r k = 112,-..,N,
Y,

' *
and u§ (t) is given as in (3.1.83) and

k

. .
(3.1.86) wp(8) = hylx, ko 1,2,LN.

The optimal controls are now obtainable by solving the

system (3.1.84) of ordinary,differeqtial equations. The
4 o \
corresponding performance index is obtained from (3.1.80)

L]

Remarks . -

(i) 'When the average rate of return of the risk-

free assets is less than that of the risky asset,'i.e.,

r{t). < o, the optimal investment gélicy does not call for

-

total investment in the risky assets. This demonstrates the
s

risk-aversion property of the performance criterion.

However, when r(t)-> q, the optimal(policy is to‘r:invest

totally in risk-free assets, independent of the differential

.t
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~ transition matrix Q. In this case the optimal policy
ignores the 'risks' involved in risk-free assets.
| (ii) !The optimal consumption rate.given gy( 3.1.86)
is a linear functionai of x [41]. This is true for ﬁtility

functions of the type

Bu, (t}
l-y _-pt 2 Y
{(3.1.87) v e (ml-Y + ',
]
‘ Buz(t) . .
where y + 1, B > 0, (TY— tn) >0;n=14if vy = -o,

{iii) The case for y = 0 corresponds to maxifmizing
the exit time 7. Using the trial solution 3.1.80) in{the

dynamic programming equation (3) -78), we arrive at

L3

9, + Q..
(3.1.88) {.k k3]
gk(T) &0, k = 1,2,..-,N.

_pt

+ e =0,

In this case the problem is singular and the dynamic
programming approach does not yield any information on

the optimal control.

If vy > 1 the maximization

(3.1.89) mix {e-pt(u}zc)Y - ugnynlgk(t)}
u >0 yon

. 27 N

£

yi?lds ug = @, pAlthough the consumption rate ug = o in




7(3.1.89) is not practical, u%

t) = 6(a) for fixed a is
physically meaningful. It would be an interesting/broblqﬁ//
to consider ug(t) as fiiinear combination of Dirac delta

functions whose position and magnitude are to be chosen.
- -y

. Comments " - , ’ . .
+ - :

-

In this dection we have considered the dynamic
programming approach for solving certain stochastic optimal
control problems which invélvés jump _parameters. This

approach is appllcable‘,p/égre general problems, the dynamic

. -
programming equa{/;n for a more general problem w1ll be

formally/pré/;nted in section 3.3.
f«-—o-l‘

X, In the two examples (optimal maintenance problem

agﬁ investor's problem), the dynamic programming approach

\éds to closed form solut%ons. For general problems,
hpwevér, Oné has t6 solve é system of non-linear parabolic
differential equations. Such numericallproblems have seldom -
been attempted, and the non-linearities are expected to
~cause namerical difficulties. In the following sectipn, we
derive optimality condltlons for a general problem.‘ These
optimality cond1t10n5 leads to A gradlent method which

involve systems of linear parabolic é;fferential equations.
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3.2 VARIATIONAL APPROACH

-

In the last section we have considered. thé dynamic
-programming approach for solving s;pchastic differential

systems with jump parameters; in is section we will consider

similar to that of

the variational appraoch. In a mann

section 2.2, it will be shown that thk variational approach

leads to a gradient method for computijng éﬁe cptimal control.)/
It will be shown that the gradient methgd requires the;pumerical
solution of a system of linear p@{i?olic quations; the dynamic
programming method, a system of non;linear pﬁrabolic-equafions.
. -

In subsection 3.2.1, we formulate the control
problem, which is essentially' the probiem considered in
section 2.1, but with jump papameter included in the formulation.
In subsection 3.2.2 we derive optimality conditions which
consist of parabolic system, the associated adjoint (parabolic)
system, and two inequalities, one in a pointwise form and
the otﬁer in a integral form. A more general theorem on the
existence of solutions to parabolic systems {covering the two
parabolic systems in the optimality conditions) is proved.
The optimality conditions are then applied in subsection
3.2.3 to a linear quadratic Gaussian problém. In this special
case, the optimality conditions leads to a set of ordinary
differential’equations, whose §olution is used to compute
the optimal contrél‘and the optimal cost. In subsection

3.2.4, we consider the gradient method of computing the

optimal control for the problem formulated in subsection 3.2.1.

r

o

“



3.2.1 PROBLEM FORMULATION

o - .
Let"A/= {zl,zz,...,zﬁ} be a finite set of points in
R"; denote by {y(t), t e T0,T]} a homogeneous_Markovichain'wi;h

state space A/, ihitiql'distribution P,, and transition matrix

0!
\jljjth elements <,
P (€)= Prob{y(t) = zk]y(O) = z,} .
{i, k=1,2,...,N). Define
P.. (t)
T t40

Pii(t) -1

g.,. A lim — = -1 4q,

117 ko ¢ kAL LR

It is known that P satisfies the differential equation

ap _ - -
3t PQ.,‘P(O) .p and Q {qik)

L

Denote the time interval (0,T) by I. Let wl(t), t ¢ I be the
standard Wiener process with values in RY. Suppose U is any fj
closejfconvex set in R'. Consider the stochastic differential

system in r" given by } —

dag =~ £(£,t,y,u)dt + g(g,t,y}dw

(3.2.1)
: ‘lg(o) = go, with distribution 7

where u is any measurable function on I with values in U.

Let B be an open bounded and connected set in R” with boundary

8B. Denote the cylinder B x (0,T)- by O and the lateral

. i } \
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]

boundary 9B x (0, T) by § and let T be the flrst time the process
£ hits the set 3B. Define 2 to be the class of adm1551ble '

control laws consisting of functions u defineq on B x I x :A// \
;J .

with values i\ U so that for each z ¢ AN, u(+,-,z) is measurable

on B x I. For any function h defined on B x ' ox AJ we will

n
k) . Let f0 : R x T

so that for, each arbltrary but fixed p01nt z E_Aj

write, for breVity, h(t x,k} for h(t,x,z

x M x U+ r!

andhE/;/d, fO is measurable in (x t) & R™ x I, and for each
. . B ]
(x,t,z) ¢ R" x T x A}, f0 L5 continuous in u on U.

The pfoblem is to find a control law u,. € Z( so that
' »

0
the cost fugctional

(3.2.2 J(u) = E I”‘T P o (E (£, t,v(£) ,ult))dt

attains its minimum at u(t) =.u, (5(t),t,y(tf) subject to the

dynamic constraints (3.2.1). -Call this problem Py

- ) - . v v '!.
3.2.2 OPTIMALITY CONDITIONS (/ : CZ:?ZL

"The . optimization problem PO of the last subsection

can be transformed into an equlvalent problem 1nvolv1ng a

system of partlal dlfferentlal equations of oarabollc type

with first boundery conditions. Define

N,

(3.2.3) ) $(x,s,k) = E {fTAT £o (E(G) B,Y(e) u( £(t),0 :Y(e))dB'E(S)
- . ") | = .

= x,y(s) = zk} -
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and dénote_by ¢ and F(w, the véctors (¢(;,',l),...,¢(','.N))'
and (fo(-,',l,u),..‘,fo(-,-,N, u))'. Redefine 2¢ to be the
class of admissible controls consisting qf.funétiohs {u(x,t)}
where ulx,t) = (vlﬁx,t,l), vz(x,t,l),...,vr(x,t;l);-..; vl(xft,N),
v, (x,t,N),..., vr(x,t,N))' defined and measurable on QT w@th
vi{x,t,k) =;i€i(x,t,k), i= 1,;..,r}, k =1,...,N, taking vqlues
in U. Inlqtper words u is a measurable functioh on‘QT with
values in UN (N copies of U), which is contained in RrN“

Using the convention of repeated indices for

summation, we define the operator A(u), for u ¢ 7L, by
\

(3.2.4) A(u)¢ = Aij¢xixj + ai(u)¢xi + Co

or in the divergence form, -

(3.2.5) A(We = (A0 ). = B.(we._ + Co
i* * 3

f?(i,t) = £, (%, £k, v(x,t,k))
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Lemma 3.2.1

Suppose for each control u ¢ &{ the sfstem (3.2.1)

has a solution &. Then the optimization probiem P, is equivalent

0

to the following problem P { ‘

1:

o, + A(W® + F(w) =0, (x,£) € B x [0,T)

(3.2.7) P {o0x,t) =0, (x,t) € 3B x (0,T)

P(x,T) = 0, % €E B

- .

( J(w) = S (¢(x,0), p®)n(dx) = min ; p® = Probly(0) = z

ueld k

where ¢p? denotes the scalar product of ¢ and p? in RN.

The proof of the above lemma follows from the

backward equations of section 3.1.2.
By lemma 3.2.1 we have converted the original
;tochastic optimization problem P0 into an optimal contrel
. probicm which consists of a deterministic parabolic system with
‘fi.st “andary conditions. From this point on, we will
conside: only the problem Pl.
In order that the parabolic system (3.2.7) be
mathematically meaningful, it is necessary to prbve,'under.some‘
appropriate cénditions, the existence'of solutions to (3.2.7).
We now present sufficient conditions for the existence of weak
solution of a more general problem, which covers (3.2.7)-a5 a
special case. The result is also applicable to the adjoint
éystem (of (3.2.7)), which will also appear in the optimality

conditions to be presented later.

}
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~

Existence of Solutions of a Class of General Parabolic Systems

and Associated Adjoints

q The more general problem just mentioned is:
b + (B (x,0)0  + Rylw) tx,t1ed —+ B, (u)(x,t)0
‘ + C{u) (x,t)¢ + F(u)(x,t) = 0, (x,t) ¢ B xg{p,T)'
- (3.2.8) .
(1) (x’t) IS = () . a . o .

T

¢(x}T) == ¢T(¥), X e B .

The result will cover the system

(3.2.7) and its associated adjoint problem. First, we introduce
: 1]

some notations.

The Euclidean inner product in R" will be denoted
by vw; the Euclidgan norm by |v|; the integral /g vw dxdt by
<V,wWrL and the integral IQ vw dxdt by <v,w>. Matrix norms are

. , T
‘defined as |.!, where ) —

.

&, 1% and |v.|* = 5 1 [:—15]2

1 ’ x k=1 i=1 i
P

N
(3.2.9) IaAl2 = g
k, 2=

The symbol R® @ RV wii1 denote the space of N x N matrices and

will denote matrix anspose. The complement of a set B
‘will be denoted by B

The notations for function spaces are as follows.

™

4

w§;°(QT) is the Hilbert space of RV-vaiued functions with scalar

product : : ' -

+
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(¢.9)

1r0 — '
o 0p) T Tg e 0y v, ax dt

1

-

V2(QT) will denote the Banach space consistin§ of all'eleﬁents”

in W5'°(QT} with the norm defined by

¢ = ess sup!|4¢(.,t) + |
l IQT 0 <t STI|¢ II?'B ||¢x IZ'QT=

,l where

Hoxllz,q, = (g loxltax ae)iy

Lq r(QT) is the Banach' space consisting of all RN—valued
L

F functions on QT'with a finite norm

1 1
el r o, = Fr(gletx,t) [9ax) ¥/ 9ge 1/T

-

3 where q > 1 and r > 1. \“g\ \

\
W5(B) is the Banach space consisting of all elements of

8T

%’ Lq(B,RN) having first order derivatives that are sguare
@ _ .
? integrable with the norm
oy
k. (5)
4 |’w"w§(5) TSI 2B
L
i '
i whegg
2 el (5) o3 '
7 ) . 7 J
2 . fr- <<¢>>2'§_; (g)llDXWIlsz

o« . .
¥ The symbol Di denotes any derivative of ¢(x) with respect to x

of order j, where : denotes the summation over all possible

(3)
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>
derivatives of ¢ of. order j. T

co . ; .
WE(B)'is the subspace of WE(B) in which consists of the set of

functions that are infinitelv'differentiable.

The following assumptions will be made on the

coefficients of (3.2.8):

(1) A,. : B x I+ R ®R' satisfies th%,parabolicity

i]
condition L B .
"N n N n; '
: k 2 i k 2 ’
v I L (E])° ¢ M. E.E. < z o (g7)
k=l j=1 & 136565 < ¥ %

k=1 irl

= (£! 2 Nyy s |
for al;-] El (El’ E..ir-,-'r El) r’;l lrzr---:nr
., from R* uniformly with respectﬁto {x,t) ¢ Om

for some positive constants v énd u:
i !': & \
. N N )
(ii) Ai(u), Bi(u), C{u) : Bx I+ R & R are measurable - *

functions with norms

e e R P

-

for every u € 2{ and q,r sétisfying

l/r + n/2q =1
(3.2.10) ge (nf/2,»], reg [l,=] for n > 2 -

qe [1,3, re [1,2] for n =1

+

(1iii) The free term F(u) : B x I RY has a finite norm

| |F(u) ]| <y
qprXyeQp — 72

for every u ¢ 2{ and
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" 1/ry + n/2q, =1 + n/4 ‘ ’

. /

q, ¢ [2n/n + 2, 2], x; ¢ (1,2] for.n 2 3
(3.2.11) J o '
ql E (lrz]r rl E. [112) for n =2

ql [ [11211 rl £ [lf 4/3] forn =1

A generalized (or weak) solutiodn ¢ of {3.2.8) 1is-
defined to be an element in VZ(QTJ that satisfies ¢(x,t)|g
' . T

and that for any element n(x}t) € wi'l(QT)’ n{x,0) = 0, the

fellowing integral idéntity'holds,

(3.2.12) [ {-6n, - As.6_n. - A.(u)én + B (a)é n
t . . .
s S T T

+ Cluden + F(u)n} ax dt = -y 0n dx] .

For proving the existence of generalized solution

4

for the parabolic -system (3.2.8), we need an energy estimate:

5
» s

Lemma 3.2.2 ({

estimate)

A ‘, J » : ’ - ‘-
S Fo§e ¢ € V2(QT)’ w1th.¢(x,t)[sT = (0 satisfies
for almost %;i" p t2 e {0,7] the following inequality

4.

)J , |t=t2 t ' .
(3.2.13) 57 s ]olx.0) [Fax|, . ° -/, IB(Aij¢x. + Aj(a)e)e,
1 1 b 3 j
‘ R (Bi(u)tbx + C{u)9¥+ F(u))9o dx dt 2 0

i
and Aij . Aj(u), Bi(u); C(u}, F(u) satisfy (i) - (iii).
Then there exists a constant ¢ depending on n, v, u, Byr and

A

q so that

0

-
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[" -

Ifle <cfllexnll, o +||F(U)H2’QT] E
Proof:
’ Let t ¢ [t;,t,J. From (3.2.13) Lo
t, t

t=t
2 2 2 _ '
}fBIQ(x,t)| dx|t=r /. IB Aij¢xi¢xjdx dt + S, IB{ Aj(u)¢¢xj

+ B, (wo, ¢ + C(wod + F(u)e) dx dt > 0
j 1

Using the assumption (i) and Cauchy's inequality in the above

expression, we arrive at

t ) .
5 , _ ‘
Jgle(x,1) |2ax + VS, falaxl?dx dt < Solelx,t,) | ax

+

. .
1 ‘ _
+2r 21 ({2 aj(w |+ $iB ]® +lcww ) o] |F(u) [}dx at

L

By taking essential sﬁpremdm with respect to 1 over [tl,tzj,

-~

we obtain

9|¢|2|dx dt

f- (3.2.14) min(l,v)|¢|6t . < ||':>(-,,t2)||;'B + zth .
‘,; 1772 1’ 2
- N - ¢
’Y + ZIQt . |F(u}e{ax at .
1’2 -y
where .

1 7 . 2 - |2
= = I . .
19 vj,ﬂAnm)l + 1B, 1)+ e |

{
:
¥
Lo



P s

and ‘. _
ol = ess supl [0 Mo L+ (£ 20 (e, |2ax ae]} |
Q 4 gy tp ' 2,B t. Bl %x J -
v 1°82 187¢%; 1 ‘

_ By applying Cauéhgis inequhlity in (3.2.14) and choosing.t1 and

t., such Ehat'min}i.v)'> 232||£;H

2 q,x,Q
s - . tll‘tz_ {
(37], lemma 2,1, p-139). .
Theorem 3.2.3 . "
, . v
“If the conditions (i) - (iii) aye satisfied and
£

¢T(x) £ LE(B,RN),.then the systeém™\(3.2.8) has a generalized

-

solution in VZ(QT?.

Proof:

Choose a fundamental system of functions wk}x)}\

k = 1'2,...,‘in Wé (B) so t?ir““

and that they are orthonorm

vanishes on ST for each %k

N -
2(B,R ). @et us denote

' ”

m . m
$ (x,t) = L

m
C, (t) e (x)
" k k

1l
where CE(t) = IB¢m(x,t)wk(x)dx are determined by a system of

f Q
ordinary differential equations

d .m m ¢
at Ck(§3 = 151{<Aij(¢£)xi. (wk)xj>B_+ <Ay Wy, (!bk)xj>B

. . m - \ ! .
c™(T) = S oD (x)y, (x) dx. )
k B T .k . B ?g;/ \\,,/
The theoreﬁ can then be prq:ed by verifying that the sequence

L~

4 A

?
-

, the lemma follows
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" so constructed has a subsequence which converge to the

generalized solution of (3.2.8) [37]. .

Consider the adjoint problem to’ (3.2.8) defined by

?

’—wt -+ (Aiij. .-' Bi (u)W)x. - Aj(u)ll}x. + c' (u)w = 0’ )

. j i 3
A o (x,t) € B x [0,T)
(3.2.15) ﬁ ‘p(xlt)ls = 0
) _lp(xfo) =l‘1’0(x) ' i -
TS

t

. { ' .
Similar to the definition of generalized- solution of (3.2.8),
we define a generalized or weak solution q'of (3.2.15) to be.
an element in V,(Qp) that satisfies w(x,t)]s = 0 and that

T
for any element Y(x,t)_e‘Wé"(QT),.Y(x,T) = 0, the following

. . -, _
Yo Bss + v B.{u)y - yA. (u)
T ‘ X X5 x; 1 5 }gkj

' g | - T - .
+ YC (u) %gx dt = —fowdx %lo -

Theorem 3.2.4

. ST ‘ ).
If the coefficients Aij ' Aj(u), Bi(u), C(u) of

the adjoint problem (3.2.15% satisfy the assumptions (i)'—

(iii), and that ¥ (x) € L,(B,R"), then (3.2.15) has a

e

generalized solution in Vz(QT).

= ) DR N
N
) . . -
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Denote the adjoint operétor corresponding to A{u) in
(3.2.5) by A*(u), defined as

A*(a)y = (A;ij. * §;(u)w)x. *Cly
. J i

where ﬁi(u) = BAij/ij'- Bi(u). Consider the adjoint problem

to'(3.2:7)

;¢t + A*{(u)y = 0, (x,t) ¢ B x (0

: - - SN T
(3.2.16) w(x,t)|s =0 o
' T

vix,0) = wO(X) A P’g(x), x e B

where qu(x)dx = n(A{: The following corollary is an immediate

bl

consequence-of theoréms 3.2.3 and 3.2.4.

Corollary 3.2.5

Suppose aAij/aij is measurable, i,j = 1,%,...,n and

/
bef6ngs to Lq r(QT) with g, r satisfying (3.2.10) and Aij' /
Bi(u),ﬂﬁrF(u) satisfy tHe assumptions (i) - (iii) for each
i : ‘

fixed but arbitrary u € 2(. Then the system (3.2.7) and its

adjoint (3.2.16» have weak solutions in vz(QT).

<

OPTIMALIT¥AFONDITIONS

’ -

Optimality conditions for the problem Pl(defined in
lemma 3.2.1) will now be presented under a more general setting.

Assuming that the coefficients and free term satisfy the
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Ll

hypothesis of theorem 3.2.3, we consider the following problem

P2: i ' .

3

[Pe F Bugte * 2500, 2 Bylwe, v Clws

(3.2.17) 4 + F(u) = 0, (x,t)pe B x [0,T)

$(x,t)| = 0
St

di(x,T) = ¢T(x), X £t B ' o

AT SRR LR T T e LT

L J(w) = f50(u) (x,0)p°n (dx) = min
. ue Y
g

where ¢(uh_denotes the generalized solution of the first

boundary value problem (3.2.17) corresponding to u ¢ 21.//ﬁ%e

following lemma will be needed for the derivation of the

optimality conditions.

Lemma 3.2.6 -

) (k)

(k k}
Supp?se Aj ' Bi

' C( ’ F(k), satisfying

(/jthe assumptions (i) - (iii) independently of k, converge

almost everywhére to Aj(u), Bi(u), C{u), F(u), respec—
tively, on QT and there exist bounded measurable functions
. ' (k) (k)
G E Lq,r(QT) and H € qu,rl(QT) such that ]Aj I, lBi |,
]C(k)| < ]G|and IF(k)! < ﬁ a.e. Further, suppese that ¢T(x) E
' ' N k o .
] L,(B,R"). Let the sequence %" ¢ VZ('TL\PE the generalized

g solution of the system (3.2.17) with coefficients A(k)

B{k), C(k), F(k): Then there exists a subsequence of the
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sequence {¢k}, again denoted‘oy'{¢k}, and an element ¢ € V2(QT)

so that ¢k and ¢§ converge weakly to ¢ and ¢x , respectively, .

o1 i
“in L (Q } where ¢ = ¢ is the weak solution of (3 2.17).

.

Proof o 4

It follows from the energy 1nequa11ty in lemma 3.2. 2
that ]¢ |Q < B unlformly ﬁpr k =1, 2,..., whe're 8 is independent

of k. Therefore, we can select a common subsequence from {¢ -},

" again denoted by {¢ }, such that ¢k and ¢§ converge weakly- to
: i

¢ and ¢x + respectively, in L2(QT). To show that ¢ is a weak
i . 0 . [
solution of (3.2.17), it suffices to consider n & W%”(QT) T
. ."‘ 1
with n(x,0) = 0 and show that as k - %, ;
- !
: . |

k ) k k,k
(3.2.18) <o, = o + (A, .0, + A (WP)_ < - (A, 0" + AT
t t i x4 B xj Hl] Xy 3 xj _ ,
: k. k k.k k
+ Bi(we - Ble + Clu)e - C7¢" + F(u) - F, n > *0

i i

This follows from domlnated convergence theoremtsnd the fact
4]
that if fk -+ f& weakly and gk - g0 strongly, then <fk, gk> + . b\F
<f0, 95>+ This completes the proof. — T
e .

The proof of the necessary conditions for optimality

of problem P, is baerd on approximating Ehe’system coefficients

by their integral averages and the convergenoe‘properties of

-the resulting coefficients. We need the preparations below. 8
K\fis‘/ﬁ}i .
\ l T
. -~ .
‘ -
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Following th%:;ethod in Aronson [8J and Ahmed and

Teo [3], [4], we let F = 0 in ﬁb {complement of Qg in R" «x I

(m)
and ¢, = 0 1n'6§;juomplement of B in R™). LEt‘Aj (?{j'" ~
of the

im%u), (m)fu), F(m)(u) denote the integral a$erageq/

{
corresponfiiz,coeff1c1ents formed with an averaglng kernel 5/

whose support lies in jx|? + t2 <_mf2 for integers W,Z.l and

. 1 - . t
Ny -~ -

define the operators L" (u) by
. VA
S m . (m) m (m) }
L (g = oy + {Aij¢x. (u)¢) + Bi(u)¢x. + C ﬂu)¢-’

i j i
Let ¢$ denote the integral average of‘¢T formed with a kernel
whose support lies in ]x[ré m?l. . Let {Bm} be a sequence of

. - + -
open domains with smooth boundaries such that 'B" < Bm+l<: ™ 1 ¥,

€ B for all m > 1 and lim B" ='B. Let fgm}_be a seqﬁence of
o M-+oo .
functions in Cj(B") (the space of Anfinitely differentiable

functions deflned and hav1ng cBmpact upport in B } so that

I =1 on\_?tf d 0 < 9 (x) < ¥ for * g B‘Apm l /Fhen the' ) - ,

sequence of bo dary value propleméﬁ\ y 4

>

Mwy + F [0,T) _ |
._\ L) . 1
(3.2.19)_4 ¢(x,T) = ¢.,,(x}g .
v , ) - '
o b LO(X,ER = 0,

v

with €0 = Fm(u) and Bm;su ficiently smooth, has ®u classipal 5'
"‘:"\__/ {

solution\d&m £ C'(Qm).l Details on smooth solua}ons can be . .
L o< .
found in,'for example, Friedman ( [241 p.-65) and Ladyzen a;;f\ o
- Ly
Solonikov, Uralcera - ( E3ZJ! §.320)- ' -
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It follows from lemma 3.2.6 that o™ and ¢m converge . 3
- ]_ "
weakly to ¢ and ¢ R respectlvely in L (Q ) where ¢ and %

*i
are weak solutlons of the systems (3.2.19) and (3.2.17).

A gy e A 0

4

. "‘\ :Define thé adjoint probleéiof (3.2.7) by

kg o

L* {ug )W =0,  (x,t), € B x, (0,17
(3.2.20) Jyx/orlg -0 . . o

Ly(x,00 = gh (30 = P°a(x), x € B, 1(8) = Jra(x)dx

'hhere L*(ub) is the fo mél adjoiﬁé)of the operator . !
_ B !

+ Aj(u0)¢)x. + Bi(u0)¢x. + C(u0)¢

J . 1 €

s an optim

where ﬁo contdol for the problem P, (existence

4
assumed) . The existence

*

f generalized solution of (3.2.20)

.4. ‘Similar to the intedral averaged R
. t A
the follewing adjoint problems to :

£
 foll%wd, from ‘theorem 3.

| ) .

. syste§ (3.2.19), we defin
(3,20

S

9), ' "‘ \\\}{ ‘ . ) 7.

> | .
Tughy" = 0, (x,thE Qp .o

(3.2:21) %™ (x,t) = 0. (x,8) € 9B (0,T]

" (x,0 = Y09 (b, x ¢ B

‘r- ' . m L, ’@

-

it follows that (3. 2 21) has_a unique cla551ca1 solutlon

S f“,ec‘(o)/
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Remark 3.2.8

. ¥
By the same argumenés as in remark 3.2.7, LA
m
v converge weakly to ¥ and ¥ /4xespect1vely, in L, (Qn) where
i

Vv is the weak solution of (3.2. 20)

Let ®(u) denote the generalized solution of (3.2.17)

‘corresponding to an admissible control u, and let ¥ denote the

'generalized solution of (3.2.20) corresponding to the optimal

control ug?S Wefﬂgjlstate another lemma which will be needed

in derzﬁlng tﬁg'optimality conditions.

<“\ ~ Suppose the coefficients and the free term in

(3.Eé3ﬂ) satisfy the assumptions (i} ~ (iii) and that there

. s . ! |
exist functions G ¢ Lq,r(QT) gpd.H £ qu,rl(QT) so that ,Ai(u)l,
|Bi(u)}, [C(u)| < G a.e. and |F(u)| X H a.e. uniformly in 2f. |

Let @T £ LZ(B,RN). Then s o

(3.2.22)  lim <L(u,) (0 (uy) - ¢(u)), p™> = ~Ig (0 68y) - o(w)yax|

m-oe
for any u ¢ 2(.
- f

Proof:

We will follow a similar procedure as given in

(037, p.986). Let ¢r(u), ¢r(u0) be the solutions of problem
«\___'___r_.__._.- .
(3.2.19) with m' = r and ¢(u), @(uo) the weak solutions of the

problem (3.2.17) both corresponding to the controls u and u
o

0’
‘\ 4 ’ ' v
\\ .
>

o~ -

A
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respectively. The following equalities can be easily verified.

(1) - <Lug) (#(ug) = ¢(w)), ™ = <Lluy) (dluy) - &(u)
- 0% (ug) + 0T (), ¥ + <Liug) (67 (ug) - eT(w)), ¥">

(2) (SLlug) (67 (ug) = o (w)), ¥™> = <o¥(uy) - ¢ (w),

- t=T
L*Ng)¥"™> + (8T (ug) - 0T (w)yTax| g

- ' _ tr
(3)  <oF(ug) - ¢T (), Léu P> = <0¥(uy) =T0T (u), (L* (up)
.,’-.-‘- * R
‘;t;fﬁpﬁfs*m’ + () - oT(w), LA (uy )y
14 <oTtug) = etiw, LM ugle> = =0T (ug) = et (ueTax], _y
) .
From (1) - (4) we obtain:
(3.2.23) <L(h0)(¢(u0) - o), ¥ = <Llug) (¢{ug) - ¢(u)
- 0% (ug) + 0% (w)) 4™ b <0™ (uy) - o (u), (L*(u,)
/ oM m, r _.r ma
L L* (uo))'b > IB(tb (uo) " (u) )y axi, _q
By remark 3.2.18, @r(uo), ¢§ (uo) converge weakly to ¢(u0),
i :
¢x (uo), respectively, in LZ(QT)' Using this fact and the
l ' .
§3pndedness properties of the coefficients and the free term

(from the hypothesis of this lemma), one can show "that the -
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A

first term on the right hand side vanishes. .By virtue of. the
convergence of ¢r(u0), ¢i_(u0) mentioned above, together with
the a.e. convergence of t;e integral averaged coefficients on
QT and the dominated convergence theorem, the second term on

the right hand side of (3.2.23) vanishes as r, m + @, In a
similar way, the first two terms on the right side qf'(3.2.23)
vanishes as m + = and then r + », i.e., the order of taking |
limits is immaterial. It is also easily shown that as r, m *> =,

o a0 - e g ax Sg(®u) ~ ®(u))var

\

and the proof is complete.

The following assumptions will be made on the

Gateaux derivatives (defined in (2.1.12)) of the coefficients

and free term of (3.2.17).

(iv) The strong Gateaux differentials Aju(v),
Bju(v), Cu(v), Fu(v) exist at every peint u € Z/.
These 'differentials belong to the' same function
space as Aj' B., C, F, respectively (see

]
assumptions i, ii, iii) for every v ¢ 2[.

With these preparations, we now present the optimality

conditions of the control problem P,.



BELTEEE e

1%

2

- 144 -

Theorem 3.2.10

Suppoée that the coefficients Aij' Aj(uj, Bﬁ(u).
C{u), F(u) in the systems (3.2.17) and (3.2.20) satisfy the

hypothesis of lemma 3.2.9 and that their strong Gateaux

. A
derivatives satisfy the assumption (iv). -Let ¢T € L2(B9RN)

Then in order that u0 £ ZQIbe an optimal'control, it is necessary
that there exists a y ¢ VZ(QT) so that -

(3.2.24) f {Aju

QT tvfu0)°(u0)¢x. -‘f

0
- B, (v-u ) (uyly - € (v-u )d(u,)yP
iu, 0 X 0 u, 0 0

- Fuo(v—uo)w}dx dt < 0

for all v ¢ ZZ.

Proof:

.

Multiplying the first equation in (3.2.17) by

‘ * Iy . T —
n e W' (Qp), where nlg =0, and integrating by parts, we
. o : i
Obt i n "\
ol N . R \/
IB¢T(x)n(x,T)dx + IQT(—Q(u)nt - Aij¢x.(“)"x. - Aj(u)¢(u)nx_
: i J 3
o+ Bj(u)¢x (Wn + C(u)d(u)n + F(u)n)dx dt = Jg®(u) (x,0)n(x,0)dx
5 -

[ P
Using the above formuia, one can show that
' m
<L{ug) ®(uy) - L(u, + Ev)¢(u0 +Ev), v >

= <Fluy + €v) = Flug), ">

Al - . '-/
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Therefore,

N

(3.2.25)  <L{ug) (®(ug) = ¢(uy + €v)), ¥™ + <(L(uy)

- L(u0 + év))?(uo + éV)a'¢m>,

. Cm

R <E(u0 + €v) - F(uo), Y

Letting m + @, the first-term on the left hand side converges
- ! Lo

to fB(¢(u0 + €v) @(uo))wdx.tuo (20) bv lemma 3.2.9. |

Therefore, thi?ng limits as m + = in ‘the last equation, we '

arrive at

-’

<(L(ug) - Llug + €v))&(uy + &v) + Flup)

-~ Fluy + €v), $> < 0

Dividing both sides by € € (0,1], we obtain.

-\

b

. [ B .u, + ¢v) - A (uy) ] o
5= el ety + vy,
Qp oS . 3
"B, (u, + Ev) - B, (uy) ) )
.u, + £&v) - B.(u
1770 i"0
- ¢ ¢xi{u0 + vy

[ Cluy + ) - Clu,) |
- € ; j¢ﬁw + €Ev)Y

[ F(u) + ¢v) - Fluy)
- 6' yrdx dt < 0
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Note that the integrands here (except the last one) involve
a matrix operation followed by a scalar mﬁltiplication in RN.
Next we take the limit 'in the last inequaiity as € + 0.

Since the strong Gateaux diﬁferentialg exis; and aré linéar
in ¢ (assumption iv), it follows from the fact "<fk, 9>
<f4r gOB whenever £ - fo strbngly and g, + g, weakly (im
Lz(QT))" that (3.2.24) holds for every u E'Z(. Indeed, usiﬁg'
the inequality 1.12 in Ladyzenskaja et al. ([37 ], p.137),

one can verify that

3 U+ B, (v} y

Bi(u0 + éy) - Bi(uo) ¢
Juo

4

strongly in L2(QT,Rn). Further, we know that ¢x {uo
i

L (uo) weakly in LZ(QT' RN). Therefore the third term in
i .
the above ineguality converges to the corresponding term in
\ - a-

4

the ineguality (3.2.24) as € + 0. Similar conclusions hold

+ Ev)

forrthe other terms. This completes the proof.

Note - that for a fixed u, the integrand in (3.2.24)

is linear in {v - uo). Thus, there exists a function G :

N

0p x U « BN x (R" @ BY) x RY x (" @ &Y) » R™M such that the

left hand side of (3.2.24) is equal to

IQTG(Xftruor¢(u0)f ¢X(u0) ’ w(uo) r ‘px(uo)) by ‘(V “'-uo)dx dt

Using theorem 3.2.10, we can obtain the following

pointwise necessary condition.



Corollary 3.2.11

Suppose the hypotheses of theorem 3.2.10 are

satisfied, then for almost every point (x,t) erT corresponding

-
A"

to the optimal control Uy : !

(=)

(3.2.26) G.(x,t,uo(x,t) @ (uy) (x,t) ,¢x'(u0) (x',t) W lug) (x,t),

wx(uo)(x.t)) s (v - uo(x,t)) <0

v

for all v ; UN. t
Proof:
. Let (x°,t°) be a-péint in Q,. Suppose A is a
measurable subset of QT cbntaiﬁing (x°,t%) and A ig contractiég&'
to {{x°,t%)} as |A| + 0. Define a né; control
v , (x,t) € A '
vix, t) = { ] .
Ug s elsewhere.
. ™1 o
Then the POi wise optima}ity condition (3.2.26 ) is obtained
by dividing (3.%\24) by |A]l, replacing v by the newly defined
; _ control, and appl¥; €_Lebesgue's density lemma * [14j.
' ' .
‘ * Let h be a Lebeégue tegrable function defined on QT and
let A QT bé\any measurgble set containing (x°,§°)‘e QT and
® contracting to the one poAnt set {}xo,t°)}. Then , -
1 '}

. 1 . 0 .0 .
le TKT fAh(x,t)dx dt hix",t") a.e. in Q

- N
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A

*\\ i - : Aé in section 2:2; the necessary conditién (3.2:54)‘ 1
leads to a gradient method for computlng the opt1ma1 control. | ~
The algorlthm ig presented later in this section. The point- '
wise necessary ccmdltlg\l (3.2.26) gives an expression for the .
optimal control u, in terms of ¢, ¢x: ¥, ¥ . In the linear _

. quadratic problem considered in the.fo¥;owing section,

(3,2,26) gives rise to ordinary differential equations.

Remark 3.2.12 - i

Problem P, can be modified to the case B = R" and .

J(u) = IT f (E,t,y u)dt as in { 31]. The optimality conditions
.remaln the same as in (3. 2 24) and (3.2.26)\where now ¢(u )

and ¥ are solutions of the corresponding Cauchy problems.
; - ) The bpt}mallty condition for the original optﬂQ}zation
;‘““‘ﬂﬁkéblem P, as state in lemma 3.2.1 foliows from theorem 3.2.10.

This is presented below.

B TSGR PR L b
e
'

Theorem 3.2.13 ' T -

F o Suppose the following assumptions for the system ~
4. _ . o - ‘ .
i gB;Z.?) are satisfied, },ef{}f .
g’ [ S ' - . .
51 _ (1)’ A, satisfies the assumption (i).
i . _
}% _ (2) For each u e 2(, Bi(u) A aAij/ij - Bi(u) and F (u)
s A h
e ; are measurable functions on“QT with values in RN

@ r" and rY, respectively. Further, there exist

d ' functions G £ L (Q ) and H ¢ L (Q ) so that _ 2
' arr RIRES

-IB (u)] < G and |F(u)| £ H a.e. uniformly in 24{
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(3) The Gateaux differentials ﬁiu(v) and F (v) exist
for dvery u € 2{ and are linear in v e 2/. These

differentials beapng to the same function space’

X as Ei(u)'and f(u).

e

(3) @ e'LZ(B)_.

Let ¢ be the weak solution of the adjoint system\ (3.2.16)

.‘corresponding to the control u,. Then in order tHat u, be
‘ ’

0 : Y
the optimal control; it is necessary that

{3.2.27) [ [B, (v - u
: .QT

for all v g 2[ FUrther, for each regular p01nt

<

1ntegrand in {3 2 27), ~

-

" E ‘. r. -
(3.2.28) [Biuo(x,t)-(-v '_“o(x’t”q’xi(uo)-(s“t') -

(v = uglx,t))]w(x,t) <0

e .
R . L)

for all v ¢ UN,

QUADRATIC GAUSSIAN PRbBLEMS

“

. t :
In this éubsection we apply the necessary'condition

Ka’&!ZB) to a linear quadratlc regulator problem and discuss.

some® applications. .Consider the completely controllable

-

linear dynamical system *°

v J
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' where_pm, "

‘et

A < -~ 150 - '
o 4 .
(3.2.29) ax(t) = [A(t)x(t) + B(t)u(t) + c(t)]at

+ D(t)aw(t), t € [0,T]
) o . - : -

where {A(t), B(t), C(t), D(t)} takes the value {A™ (t), g™ Lt),

c™ (t), D (t)] when a homogeneous Markov chain y(ﬁ) takes

the value m, m=1,2,...,N. y(t) has the dlffé%éntlal

transition mMatrix Q = {qij}' The problem P, will be to

choose a control u{t,x,y) so as to minimize the guadratic

cost criteria,

-

{3.2.30) J(u) = E fg [x'"Rx + u'Su + L{y)] 4t

where R > 0, § > 0 depend on y and t, and L(y) is a scalar

function.

Corollary 3.2.14

The optimal control in the problem P is given by
] - .

m n L m m -
u = ~S B [iH + P x]

and the'conditional expected cost is- given by A

m

¢ = E {fE[x‘Rx + u'Su + L{y)ldx dt[x(t) = x,y(%) =--='m}'_
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o ‘ : -1
] t ]
M “orp™ = - trace, " P™D™) - c™ B + },ngémsm B A"
. - L o T '
; _ -1, o , - .
- (3.2.31) H%- (P‘“ Tt BT - A" - 2pT ¢ - gt
. 7 l -1 ' - .
i P = - p"A" —/Aﬂgm + pP""s™ B p™ _-R™ - g
A e A™
- t. ; ) o N . [ .
. P = : ' . ) .. PR N
;oof T . Tt

By remarks 3,2.12, we can apply.the optimality
condition (3.2.28).. Noting that y(x,t) > 0 for eqpsx\(x,t)

£ R ‘we ohktain’

m m' m

{ 2) um_w\:és " B ¢x,,.m(= 1;2,..:;N ?-

' J . . ' ’ 4
Assuming a guédraffi form : A 4?\ co

.

[y

(3.2.33)(1 0™ (%, €)= ™6+ BN )x + PV Do

~

“

Substituting.it into (3.2.7)- and grouping terms with the
same power in x, we arrive at (3.2. 31).” The eipression for *

the optimal control " is obtﬁlned from. (3.2.32) and (3 2.33).

(§ ’ . The result of a-llneﬁr ouadratlc regulator problem

con51dered bf‘WBﬁﬁhm (E 641, p.192). follows as’ a soec1§l case -

of the above corollary._ A hou31ng p011CY\problem was ognsidered

by Kazangey and Sworder ([ 283, pp.1120- 1128) Another i

'

;~/// problem of control of pla;;{gfnamyégdureoelr ‘and 1nventory was,

) also - con51de;ed by the sa auéhors (C 571, p. 342), who used

the dynamlc programmlng approach

+

The dlfferentlal eqﬁatlons‘

they derive can be obtalned as spec1a1 cases from (3.2. 31)

RS
"1

<




N ~ 1 . . - * . Ly . !
q’{-d . “
‘ . . C ) o
3.2.4 GRADIENT METHOD . ‘ -

/\-@

>
L

T ' ¢
| N the case with no jump parameters {sed§122\i;i5>ian be Made.
\ ( The pointwise optimality condition'(3.2.26)§g n be used to .
- ) .

obtain an expression of an extremal control in terms of ¢,

For computatlon procedures’, the sam:)remark 4s in

) ‘ L ¥ and Y- The fesulting computation probiem is then converted

into a two point boundarw'value problem, which is difficult

to hané}e numerlcally The 1ntegral type optimality condition
(3.2. 24) leads' to a gradient method. The procedures of
ana1y51s is the same as that of subsection 2.2. 2 and

L .
'is not repeated hera. We .will only state the gradient

k,f s - algorithm: i

: ; ' \
E.. " Algorithm: t

~ . Provide an initial guess u' for the optimal control
. .
and p° for the step size. In the i-tH iteration, perform

‘the following steps:
’ > l 34 . -
Step 1. Solve equations (3.2.17) and (3.2.20) to obtain

SRR ¢(a') and wiul), i = L2,

-

- - L S
s e et e
e e

Step 2. Compute J(ut) = s 0 (uhy (x, O)n(x)dx. If |3 (ud)

.
e
4

- J(ut )} < € for some predetermined small positive

. h ~
TEEOWY e s
! ' H
o
L]

number { , no more iterations will be requlredj
- q >

oW

o
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* 4‘_l : " N ) - .
AN T e
Ve J(ul_l) > J(ul), set plv= 91_1; o:;:EMQQL set o :

3-1 i-1

- , 1
/C (C > 1). Obtain u by . . _

'_._‘ii’-‘_‘ ’ . f‘%———g
< ; PG, . \\ ) S

- ——

] '-‘. - . ’ I} K
“w— . swhere 'G* A G(x.t,u*f'(ul),¢x(u-l),w(ul),wx(ul)) and [
LJ) "+ G is as defined in subsection 3.2,2& .
Step 4. If ul—l'takes value outside the\control constraint

SN ‘ set UN, truﬁcgte ul—l as in subsection 2:2.2 so

that it lies within Y. Repeat step 1 with the

i-1
new control u € 2/.

Note that an algorithm parallel to algorithm B

of subsection 2.2.3 cannot be obtaineq/in a similar manner .

because ¢ is now a vector—valued'fungﬁion and the arguments \\\
; ) /

in the proof of theorem 2.2.7 no longer holds. .

"The above gradient algorithm requires considerable

b .
. memory and computation time. The main reason is the

ey e

numerical solution of the two systems of paraﬁblic equations

[

(3.2.17) and (3.2.20). The computa igﬁal aépects of this

gradient method and the'dynaﬁic prograahing approach are

ot speag -

briefly discussed in the %ollowing subsection.

T e

o
te

-‘_“”ﬁf%i'?-r - —fﬁ"‘gm':" mraTE
*
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SUGGESTIONS FOR FURTHER STUDY
+ L g

}n this chabter, we have‘derived optimality )
c -, -

conditions for certain problems of optimal control of K
stochastic differential systems with jdmp parameters. Both " -

»
’

the dynamlc programming approach and the varlatlonal approach

. have been examln d to.a ceftaln extent

L _’é,detalled numerical comparison betWeeﬁ“tie two

T e

approaéhes would be an J.nteresg iaroblem, for fui‘t er

study To discuss some)p0551ble approaches to such\a
comparison \L

.
'/

+ 'We repeat below the set of optimality conditidns

(3.2.7), (3 2.16) and (3.2.27):

4
t i%;5

(3.3.1) §e6Ge) =0, (x,t) ¢ 38 x (0,1 © : Qé

/x 1) 20, x e'B o
. e, N
(17¥e + A0, o+ B, (U)W) = 0, (x t) € B x (0, T]

T, J
.

£3.3.2) Y pi{x,t) = 6, (x t) € 3B x {0 ?)J
L ¥(x,0) = p°g(x), x € 'B

(3.3.3) s, B, (v-u,)0. (u.) - F_ (v-u)p dx d¥ < 0
Op I 0% 07 Ty )

*

y, - I 4

1] x <. * Bi(U)¢$i‘+ C¢.+ F(u) = 0, (x,t} € B f [o,T)
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- ;- qhere Bi(u = Emij/ax_i - Bi(u)_and‘qu(x)dx,F m(A) for A C QT’

il

—_ . : o
At each iteration of the §rad1ent algorlthm we solve the.

llnear parabollc systems (3. 3 l) 4343 2), and use the local
gradlent computed from (3 3 3) to modlfy the control. |

| -~ , If the dynamic prOgrammlng d//roach is used, the
optimality condltlon for the value functloq ¢ can be obtained

formally (as’ in section.3.1l) as follows: '.

By(ule + o + F(u)} = 0,

. ré, + A .0
: t 1) x,x i i
- (x,t) ¢ B x-[0,T} *
(3.3.4) J K o .
® {xt t) - 0’: ft) £ 3B x (0 ,T)
. B
‘_ ¢(‘JCIT), =. 0, X E B ) 5 ‘ . - .

.

o ) 'The corresponding optimal control ﬁo has to satisfy \
ff . (3.3.51 Bi(u0)¢xi + CoO+ F(u,) = min {B, (u)ﬁ . +Co o+ F(u)}

. ‘ £
for a.e.v{x,t) e Q,,. . A direct .way to solve the dynamic
‘ T Y ¥

programming equation (313.A?$i§ therefore to express By in

L terms -of ¢ and ¢x' and substitute u in (3.3.4) by the resulting
P i o
: ,expressgon for‘uo; the dynamic programming equation (now a

" ; non-linear parabolic system of equations) can. be solved ‘for
? ¢, and the optimal control can be obtained from the earliét

.
b ’

' . - . -
N f

-
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expression for u,- . A disadvantage of the above procedure
for solving 23:3.4) is the numerical soiution‘of the non-

linear system of parabolic equations.

‘-f‘ : .
It may be possible to obtain the optimal control

- -

by solving 'a familylof linear parabolic-systems in the’

-following manner. D?ﬁihe W $p kA~ 1,2,..., as follows: /
’ % . o
-, 8y is arbitrary, a hk,and ¢, are given by
(3.3.6) By (w )6 "+ Co + Flu ) S '
B . S jl : .
. // . .
= mlnd {Bi(u)(¢k)x_ *Co 4 F(u)} . ..
uel.- i _ -
7 - v Lo v
a, - -
for-a.e. (x,t) ®D. For each k = 1,2,..., ¢k satisfies the -
linear parabolic system : . // ‘
! .
L3 N , (
™ ®, + A,.0 + B.(u)®_ +'Cd 4 F(u) = 0 t [
t ij X% i‘Y% X4 Bl =0, (x,t) ¢ B x_ 0.%)

(3.3.7) { ®(x,t) = 0, (x,t) € 3B x (0,T)

’ ®(x,T) ¥ 0, x ¢ B ~) o '
N

— v

1
L)

This procedure is analogous t& the quasilinearization techniquq’

(]

proposed by Bellman ({91, p.498). when the system coefficiénts:

do not depend on the Markov chain ((3.3.4) reducds to a ‘ e

single parabolic equation); in this special case Fleming [21 ] '
. . . ; : :
has’ shown that ®, > ¢, > ... and the limit as k » = .is the

*



interédsting to

A%,
establlsh a similar result for the case where Markov chain Wt

is involved. )
If the quasilineafization method is applicable for )
(3.3.4), then a further problem would be to compare . the”

. effectiveness of the quasiiineari;ation method and the
gradient method. The gradient method has the advantage -
that successive controls'are modified‘by the gradient of

, f"the cost functlon, and thus convergence should be faster.
A study of the computatlon times requlred by each method in

-

a variety of examples would be an interesting problem.

=

R I R MR e 2

w
-
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APPENDIX A

Numerical Solution of Partial Differential Equatidn

Nuﬁerically, the most involved part of” the computaticn
. [‘ ) . ' ’
problem is step 2 in which parabolic eguations are solved.

The tolerable set of satellite momenta B is.partitioned by :ﬂ)
| '(np x nr) evenly spaced éfid points, each of distance h
from its neighboring points (shown in diagram below). The time ‘
. interval [0,T) is also partitioned BﬂfnT evenly spaced grid ()"*E
points sﬁch that the time increment. of successive points is

A. ﬁefine ¢ij' ¢§j to be the value of ¢ at the (i,j)th

grid point {(diagram) at time t and t + A, respectively.

Denote by ui/z, i=1,2,

‘Similarly,*wij.and wij are define

to be the value of u, at time t + A/2.

»

: Simil&rly the partial

- 2 ‘ .

‘;‘ - N - / r-r,

; A \

| A1,1)(1,2) _(1..np).L |
% ;(fﬂs<.(2:l)(£,2) : | ‘(Z:np) '

. . _

’ .
- / | S PP,
P=P1 ‘ (1‘1,33) . '
S o 3

(1,3-1) (1,3) (,3+1)

L(i+1,73) .
’ P . .
. (n.,1)(n,2) (npsmy)
. r=T
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N

4/2

derivatives‘ui a/2

and u’

p iy are defined. Using the Crank -

Nicolson method [ 40 ] for solving parabolic partial differential’
equations, we obtain thé following iteration schemes for

problemg (2.3.7) and (2.3.12):

- A
“(Al)

P iy - T

+ ¢ij_l)Aci/4h2
2¢fj * $5774) 803/4h2
+ (¢€j+1 - ¢fj_l)auﬂ/2/4h - (¢ ¢é;_l)ﬂar/4h"
RS ¢1+131Au“/2/4h - (&l _15 " 141 4) bap/4n
+ Ao(p? + r?) + As[(uf/z)2 + (ug/z)z]
: o - ¢ij - (¢ij+l —‘2¢ij}+ ¢;j_l)aoi/4hz
= (8515 2¢1j + ¢l+1j)A03/4h2
: ;‘(¢ij+1 - $ij—1) A/2/4h t 9554 - ¢;5-1) 6ap/4h
. h 0 ¢
- (a2) ¥ij = gsoy = 2e8y + whi, 1) a02/ane
: - (wl 15 T 2¢£j + ¢f+lj)noz/4h2
,g + (wﬁj+1 - wﬁj_l)n(uif + ar) /4h
'% 3 f g - v pac/? - ap)/an + y8 b2 1 w24
é b - wij + (wij_l - 2wij + ¢ij+l)noi/4h2. ‘
g . f (wl"l] - 2“’ij * ¢l+lj)603/dh2

R Tt LIC L Y

T Uy - ¥y 082 < ap)/an - w.i(ﬁ“/z A/Z)A/é>

BT ey
b=
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*

Note that the parabolic equation (2.3.7). has a agiven terminal

condition and (A 1) can be used to solve for ¢ backward

¢ + in time since the left-hand side of (A 1) is known at eich

-~

time grid point. Similarly, (2.3.12) has a given initial
\ : : '

condition and (A 2) c¢an be used to solve for Y forward in

time since the, right-hand side of (A 2) is known at each

time grid point. Eqégtions (A 1) and (A 2) can be
d " =3 '

into the following matrix algebgaic equatiomwith

- E¢ij} and ¥ = {?ij}:

j=1

-
- .

R e L I L L e

2

where Ai,Bi,C,Dj,Ej,F are ‘known square matrices. The

.‘solution of (A 3) is obtained by standard methods. -

o

N

7 7Rl e s e

=
v

\
L

bt 1}
3
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