IRREDUCIBLE REALIZATIONS OF TRANSFER

FUNCTION MATRICES

by

GUY TREMBLAY

Submitted in partial fulfillment of the
requirements for the degree of

Masters of Applied Science.

Department of Electrical Engineering
Faculty of Pﬁre and Applied Science
University of Ottawa
Ottawa, Ontario

August, 1970.

© Gw Trembley 1971




TABLE OF CONTENTS

Acknowledgment « « o o o o 0 o o e o . . e R |

Abstract..........................ii
1 Introduction . . « « ¢ ¢ ¢ o 0o e e e e e e e 0L 1
11 Controllability and observability . . . « « « v oo v 0 v v .3

11-1 Definitions
11-2 Condition for controllability and observability
11-3 Canonical forms
a)Systems with distinct eigenvalues
b)Repeated eigenvalues in A
¢)Companion form
d)Single-input single-output systems
11-4 The minimal order of a system
11-5 Comments
111 Irreducible realization using Smith-MacMillan form« . - - 28
111-1 Transfer function matrix
111-2 Smith-MacMillan form

111-3 Equivalence relations

111-4 Transfer function realization
111-5 Minimal realization of transfer matrix
111-6 Comments
1V Irreducible realization using partial fraction expansion-
1V-1 Mathematical background
1v-2 Algorithm to find minimal order of realization of Z(s)
1V-3 On the general structure of the minimal system
1V-4 Minimal realization of Z(s)
a)System where d(s) has distinct roots
b) System where d(s) has repeated roots

45

1V-5 Comments
V Irreducible realization in sampled data systems - + ° ° ° - 64
V-1 Defenitions
a)System description
b)Controllability and observality

V-)2Minimal realization of a transfer function




V-3 Realization of H(z)

V-4 Comments
VlConclusion'-'--°-°-°°°~--~----'-----72

V1-1 Time varying systems |

References « » 6 o ® o o e © © 06 © o 6 ¢ e o & e o e & o o 2 o 76




-1-

ACKNOWLEDGMENT

I would like to express my sincere appreciation to my
supervisor,Dr. Moshe Krieger,for his patient direction
and his always présent assistance in the completion of
this work.

I also wish to thank all the members of the electrical
engineering department,both staff and students,for their
assistance.A special word of thanks to Mme. L. LeBlanc

for the typing assistance.




-1i-

ABSTRACT

This thesis is primarily concerned with the realization
of a transfer function matrix whose elements are rational
functions.It is realized by a completely controllable and
observable set of state equations. |

There are two algorithms presented.The first is based
on the Smith-MacMillan normal fbrm of a rational matrix.
The second is based on the partial fraction expansion of
of the transfer matrix.It is shown that both techniques

can be used in sampled data systems.



CHAPTER ONE

INTRODUCTION

The concept of state, represents a radical departure from
the transfer function representation of linear systems. The state
transition equations are of fundamental importance in that they provide
a total description of the dynamic state of a system in contrast to the
transfer function which characterizes only an input/output relationship.
The primary purpose of this thesis is to find a simple algorithm to con-
struct aminimal state space representation of systems described by
transfer function matrices. This basic work initiated in a large measure by
R. E. Kalman [5], 4], and followed by the work of Heyman and Thorpe
[7] has led to such algorithms. However most of them are difficult to
apply or are multi-step procedures.

Whenever one tackles a problem in the structure theory of linear
" dynamical systems there aré certain concepts that must be well examingd
and understood before proceeding. Two of these concepts are control-
lability and observability.

Chapter II deals entirely with these concepts. There are few new
ideas introduced but conditions for controllability and observability are
well formalized. Conditions are given for general systems and also for
special canonical structures such as Jordan, and companion forms.
Furthermore, this chapter includes a detailed discussion of single-input
single-output systems. Finally the concept of minimal order n of a
system is introduced and defined.

Chapter/ III and IV deal with the main proble'm of the thesis. The
former gives a technique which is based on the Smith-MacMillan form of
a rational polynomial matrix. The technique which was introduced by
Heyman and Thorpe [7]15 the most general technique existing. It can be

shown that Kalman's method [14] is a special case of this algoithm.
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Its application however becomes impractical for transfer functions
matrices of order larger than three or four.

Chapter IV introduces a singe step technique based on the partial
fraction expansion of the transfer function matrix. The resulting system
Matrix A is in Jordan canonical form. In some ways this algorithm is
similar to that of Panda and Chen [8] but it is more poxxferful since their
method is a two step realization because they first find a controllable
but not necessarily observable realization then reduce it to one which is
controllable and observable.

Chapter V extends the algorithm of Chapter III and IV to sampled
data systems. This extension is very important since most identification
schemes describe a system through a pulse transfer function matrix. The
resulting s.t.ate space representation is a set of first order difference

_equations.

Finally Chapter VI summarizes the result of the thesis and also
mentions work being done, \‘Jvith regard to this problem, in time-varying
systems. This latter consideration provides insight to another method of
solving this problem which would be very simple. This is suggested as an

avenue of further research in the problem.

Al
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CHAPTERII

CONTROLLABILITY AND OBSERVABILITY

In this chapter the primary objective is to give conditions
for the controllability and observability of a system. Systems
are transformed to canonical forms and conditions are given on

these special forms.

11 -1 DEFINITIONS

DEFINITION II - 1 SYSTEM DESCRIPTION, Let a time - invariant

multivariable system S be represented by

1=

x=Ax+B
- - 2.1
y_=C_>§ +Du

u=y(t), p - dimensional input vector
y =y (t), q - dimensional output vector

x=x (t), n - dimensional state vector

Note n is the order of the system
% = % (t), time derivative of the state vector

A, constantnxn system matrix
B, constant nx p  input matrix
C, constant qxn  output matrix

D, constant qx p transmission matrix

NOTATION - Capital letter will designate a matrix, - underline lower

case letter a vector.




DEFINITION II - 2 ST.A_TEI‘CONTROLLABILITY A state x (o) is

controliable if there exist some input & (t) defined over a closed interval
[O,T ] such that x (T) is the zero state.

More generallly a system is completely controllable if and only if
every state is controllable. From this point on state controllability will
be equivalent to controllability. The distinction is made because one can

talk of out put controllability which is defined as follows:

‘ DEFINITION II -3 OUTPUT CONTROLLABILITY An outputy (o) is

said to be controllable if there exists some input u (t) defined over 2

closed interval [O:T ]such that y (T) is zero. If every output is

| controllable then the system is said to be completely output controllable.

1
N

-

DEFINITION II -4 STATE OBSERVABILITY A Statex (o) is said to

be observable if any only if for some T>0 it may be determined from the

knowledge of the zero - input response, y '(t), osts<T.

More generally a system is completely observable if an only if
every state is observable. Again, asin the previous case, state observa-
bility will now be referred to simply as observability.

(NOTE In all three defenitions T is free. )
II - 2 CONDITIONS FOR CONTROLLABILITY AND OBSERVABILITY

The first test given below is the classical one first introduced by

R. E. Kalman, Y.C. Hoand K. S. Narendra [3] Ithas appeared in
many subsequent papers and textbooks, so consequently it will just be given
here and not proven. However. it will be regarded as the basic criteria

and will be 1/1sed as such in the proof of other tests.

THEQOREM 1II -1 The system S in" eq. 2.11s completely controllable if

and only if the following matrix L. is of rank n

L =[B:AB:A2B:- - - : An-1B ] 2.2




Note

1) Lc is an [n X n. p] matrix
2) LC will now be referred to as the controllability matrix of
the system

The above theorem refers to state controllability and the follo-

wing one will refer to output controllability.

THEOREM 1II - 2 The system S ineq. 2.1 is completely output

controllable if and only if the following matrix anis of rank q

2 -1
L =C[B AB AB....A"

2.3
oc B

To distinguish these two concepts of controllability consider the

following example.

EXAMPLE II-1 A system S is described as follows

1
1"
1%
+
fromeammne
—
e
™o
">

]
—
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—
—
]

Y

)

0

FIGURE II-1 - SIMULATION DIAGRAM OF EXAMPLE II-1




1 o]
L = | = rank one It
¢ [1 1] ih
L.= [11] | p| = rankone |

therefore the system is output controllable but is not state controllable. 1

ot Having distinguished output and state controllability it is noted

that all the remaining work will only concern STATE controllability.

THEOREM II -3 A system S defined in eq. 2. 1is completely ob-

servable if and only if the rank of the following matrix Lo is n

T
L, (et aTe wh e 2.5

Note

v Mf@g

1) L isan [nxn q] matrix
2) L will now be referred to as the observability matrix of
0

the system

3) If A isa compleX matrix we have to take the complex con-

jugate transpose

I - 3 CANONICAL FORMS

Conditions for controllability and observability are now given

when the matrix A has certain canonical forms

a) SYSTEM WITH DISTINCT EIGENVALUES

In tl;i!s case it is known that A can be diagonalized by using 2

non-singular matrix T such that




)\10
A= T-lAT= 0, 0 0
0 0. \
n

where: )Li i=1,2,...n isan eigenvalu'e of A and the system S

described by eq. 2.1 is transformed to SD such that

z=MAz+8u

y = yz t+Du » 2.6
where:

‘= TZ

5= 1B

y = CT

The controllability and observability requirement can be re-

stated as follows:

THEOREM 1II -4 A system SD in the diagonal form and with distinct
eigenvalues is controllable (observable) if and only if the matrix

B(YT) has no rows which are zero.

NOTE For every theorem on controllability there is always a dual one

for observability so to avoid repetition both theorems are incorporated
. / .

in one as above.

Proof

i) necessity

First observe that



— _1q — -
x 0 oi o0 0

0y 0 0 0 y3 o0 0
O -—

' 0

00 z 0 ... 2% |

1 | L J

i.e. a diagonal matrix raised to a power is still a diagonal

matrix
Also
r - T 7 - 5
a 0...0 m‘l a _x_‘n_1
0b0.. 0 b m
ms =2
0 m
0 C =~n cm_

. .th .
Where m . isthe i row of matrix M
-1

It is now clear to see that the controllability matrix Lc

2 -1
(8 A AB....A "]

and observability matrix L

0
T T T T nl 7
(v A v (M) v ]
are of the form _
. s )\n-i m
= MEyooo T 24
A n-1 m
2 L 2 =2
P = .
. ';\n-l
_rgn Xnr-r-ln n xgn

2.8
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Where II'-)Z is the ith row of the matrix § [YT].
Now if a row m is zero, it means a whole row of P 1is zero
i
therefore rank of P is at most n-1
Q.E.D.

ii) Sufficiency

If all _ff_li # o then for xiﬁ )\j, the rows i and jof P are

linearly independent. Since we assumed that all the cigenvalucs of A

are distinct this holds for all pairs.

Therefore n rows of P are linearly independent and so the rank

. v rot
of P isn.For a more explicit proof see;2 .

REMARK II-1  Theorem II-4 holds only for an A matrix that has distinct
eigepvalucs as required by the sufficiency conditions. If we wish to
extend this theorem to include all diagonal systems then we must add the
following requirement.

Nt r'I"li,Z' Ceeay mi,ti. that correspond
to the eigenvalues )\i with multiplicity i,i must be linearly independent.

T .
The rows of 3 [y ] m,
i

This is due to the fact that the n rows of P must be linearly
independent for P to be of rank n. If say m. , = km . 5 o then

the corresponding rows of P

N m xm m
L VR D T
W
- . . m
mo, N B i T2

are also linearly dependent so that rank of P < n. Furthermore

if m, { £ k m . ., then the above two rows are linearly independent.
=1, 71,

REMARK II-2 At this point. let us examine a little closer the physical

meaning of controllability.

i) If we consider SD such that all the eigenvalues are distinct

then it can be said that the system is uncontrollable if there exists a



a term of the form

z. = \.z. 2.10

that is, E_nj =0
which means that the input u(t) has no way to effect the element z,

of the state vector. To make this point clearer let us examine a simu-

lation diagram of the system §; defined in eq. 2. 6.

s ()

{
® L
+ | | % N/ %

Yy
, S
/ ___U S N %

.

FIGURE II-2. SIMULATION DIAGRAM OF A DIAGONAL SYSTEM.

/ ' os
Note that in Figure II-2 the double lines represent vector quantities
while single lines represent scalars. :
Note that REMARK II-2 is not only a necessary condition but it
is both a necessary and sufficient condition for controbillity.

For, proof of this statement see L}9] .

o,

e
~:

‘ﬂjégi
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From Figure II-2 it is clear that if any B = o the corresponding
state zi cannot be altered at will.” Therefore system S _is not
completely controilable. P

Also if any Y, ¢ then the corresponding state z, cannot be

observed from output measurement.

ii) If system has repeated eigenvalues then the system is not

completely controllable if

z =\ 2. _

1 Mt 8k
L \
PRI S

because in this case Z and z., 5 cannot be driven independently.
L] 1’

Again this remark becomes clear from the simulation diagram

O

*.
?
|

~

FIGURE 1I-3. SIMULATION DIAGRAM OF DIAGONAL SYSTEM
/ WITH REPEATED ROOTS.

It is clear to see from the simulation diagram that if the set of

vectors B, ., B. jyeeren 8. are not linearly independent then the
i, 1" —i,2 - i, Ii

states 2. ., Z .y sees 2. cannot be excited independently.

i,t’ 14,2 ) ;

Therefore the system is not completely controllable,
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. Also by the same reasoning if the set of vectors vy, Y g e
-, 17 44, 2.
Y; are not linearly independent then the system is not completely
o 7

observable.

b) REPEATED EIGENVALUES IN A.

In this case A can be transformed to a Jordan canonical form
such that

-1
J =T AT

and system S described by eq. (2.1)is transformed to SJ such that

2 =Jz + B_u

2. 11
v =C.z + D

1=

where
x =Tz
-4
BJ- T B
= T
CJ C

NOTATION FOR JORDAN CANONICAL FORM

J1 i
- "B =
Jnxn— Jz nxp 2
‘5 :
B
q
3 ] |9
. //
C = [C, C o
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Where Ji' JZ’ v Jq represent all the Jordan blocks corres-

Aseeey A

ponding to the repeated eigenvalue )\1, 2 q.

Note that B and C matrices are also partioned accordingly. Now
if the Jordan blocks corresponding to \ with multiciplicity 4, are
i

1
considered we denote

0
Jl,i 0 Bi,l
0
5,2 B 2
J : . Bn =
i . i
YWl 3 YLXP | B
i,r, i, r
1 1
- - L J
C - ) eeeees C.
i [Ci,l Cl,Z 1,ri ]
q:.:'{i q
n= % 4
i=t !
where J, ., J. _,..., J. represent a single Jordan block of order
i,1” 1,2 iz,
L 2 so that
i,t" 1,2 i,r,
i T,
i
&i = Z 4. .
j=1 1,)

Note that the submatrices Bi and Cj are also partioned accordingly.

Now if we consider more closely the submatrices Bi . and Ci i we denote

them by
25,1
’ b _ c ]
A =¥ C.. = c .. geeans A
BI,J . ij, 2 ij ( =ij,1 lj,Lij
{ x ' x4,.
ij ? b.. 4
~1), 4.,
1)
where b .. . is a row of the matrix B and c .k is a column of the C matrix.
235, ,

Now in terms of this notation we can state the controllability and

observability conditions.

|
i
|
|
%
|
!
!
1
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THEOREMII-5. A system SJ in the Jordan canonical form described

by eq. 2.11 1is conirollable {obscrvable)ifand onlyif b, , # o
IR AR
(Cij . o) i=1,2,...,9j=1, 2,...,ri and if and only each set of

r.,i=1,2,...q vectors
1

b, b N e S e
Binty B2, by 2y ir}({giiﬂ -i2,!
1

¢ ]
,—ir,,i )
1

il

form a set of linearly independent vectors,

Proof:
i) Necessity

If we have compatible partions we can write

— ~q . - - .
q
x 0 0 M1 X M1
q
0 Y 0 M2 ] Y MZ
q
0 z M*, A ML
— - - . . .

- 14
. q q—i q-Z
\ | S S 1
10 0 X qu g2
0N 10 0 0 X K 43!
. . q-1
T q
0 .0 \ q-1
k A\
i ' ‘ q-1
00 \ 0 0 N

th .
where k . are the coefficients of the ¢ order polynomial

’
{

' -1
(k+nq =3 4ok \ +..“,+k1x+1

Now if we consider the matrix [BJ JBJ ..... J BJ]

and if welet J{ Dethe Jordan blocks corresponding to Ny we obtain

the rows
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b b e
. — by )\—“,& 1y
. R ¥ ~11,4
. 1111
. : n- '
b b Vb
12,44, 12,4, 12,44,
b * )\b * ‘ ) ' )\n'ib-
tr ,4 “ir ,4 2r,,4
) 11, o

Where linear dependence or linear independence depends on
the linear dependence or independence of the set of vectors
b,, ’ b 3 ey b
[*11,&“ =12,4 “ir, 4 )

12 1 1r1

This proves the necessity conditions for controllability.

| T T T.n-1 T
Now if we consider the matrix [C'fr J CJ oo (3 ' luJ]

and we let J1 be the Jordan blocks corresponding to )\1, we get the

rows: .
c ) & )\n-ic
S, S 11,1
. [ : c: n-i;
“12,1 Mt , Mo,
—ci. { c. )\n-l.c
Ty )\'lri’l =1ir,!

Where linear dependence or independence depends on the linear

a2

4

dependence'or') independence of the set of vectors (& 1,1’ ¢ 2,1"°"" -S“l, 1} '

ii) Sufficiency

Here we wish to show that a system which is not controllable
(observable) must have the following set of vectors linearly dependent
{b b 1)

..oy b (e c c
. r ! _r.,L 1 = y . pregy . h
‘-'11,{,il Z,Liz i, ir, i, 1’ —i2,1 1ri,1
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Assume that the system is not completely controllable, Then it fol

ows

ifrom REMARK II-2 of the previous theorem that there exists x L = ,\:\;l
as one of the components of the state equation. For simplicity of notation

let X = )\1, where the first T Jordan blocks are the only block containing

eigenvalue )\1 . Then x{‘ must be a non-trivial linear combination of the

states corresponding to the first ri Jordan blocks, i.e

. ,,‘,. ) .

11 11'1
X = 8 .z .t...+ Z & .z . 2.15
L iop L 1,1 i=1 ri r1,1
then the state equation for x  is
. i -
&111 1r11
x, = Ax, + oz, .t Z .
4 i=1 1,1 1,i+1 =i 1‘1,1 1,1+1
2.16
Ly Y1
+ [ 2 6, .b $....4Z 8 .Db ] u
i=1 1,1 11,1 i=1 ri,l 11‘1,1
because in the Jordan form
J=1,2,...,r1
z,,.=\z . +z, . +b .1 2. 17
1j,1 1j,1 1j,i+41  —1j,1 i=1,2,..0, 4,
1
this implies that in order to get
x4 = \x
4
1 = 0 1=‘1,2,. ,L“-
- .
. - -1
. c 0 i=1,2,. ,411_
ik 1
2.18
b o )
i =1i, 4
Ldyy Ty

QE.D.



S

-17-

In a similar way we can show sufficiency for observabilily because

if the system is not completely observable then there must exist a repre-
sentation of the system where a particular state x . is not transferred to

the output

This x  must be a non-trivial linear combination of the states

corresponding to the Ty blocks with same eigenvalue )\1 (see eq. 2.15).

Thus the output due to x . is equal to the sum of the outputs of the other

states, i.e.
l Lir
i1 )
y = = 6 ¢ .z, b4 80 0 m g 2.19
. i=1 1,1 i,i 1,i i=1 1‘1,1 11‘1,1 rl,l
but by equation 2.17
¢
! 7 b jc + _
r - 1222 51 fae1 M T2 AL ’ =
&iri &
+ X8 c (z, . -hz ._1-1_31 .u)  2.20
r1:2 r1,1 1r1,1 r1,11 r1,1 r1,1
{
+ L)

1=2)31- '&11

i=2;31'-':41r

i
= <.z, 2.21

t j=1 it — it gt
now y = o implies that the vectors

i=1,2,...,T 2.22

€1j,1 ) {

are linearly dependent.
Q.E.D.
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COROLLARY Ii-1 The minimal number of inputs (outputs) for complete

controllability (observability) of a system S is equal to the largest number

of Jordan blocks containing the same eigenvalue.

Proof:

We know by theorem II-5 that the last rows of B (first column of C)

corresponding to the last rows (first rows -) of each block with same eigen-

value must be linearly independent. If there are I such blocks, for r, TOws

(columns) to be linearly independent you need r inputs (outputs).

Again to obtain a better insight of the physical meaning of THEOREH 11-5

consider the following partial simulation diagram of S_

Assume there is only one repeated eigenvalue with r blocks

[ S / -
N T 210,00 F0N 11,43 e ( C11, 1

§

© —

FIGURE 1I-4. PARTIAL SIMULATION DIAGRAM OF A
JORDAN SYSTEM.

1t is obvious from this simulation that the only way that all the
states in a pa’rticular block be controllable (observable) we must have

t o (¢ £ o) j=142,..., 1

b
2o — 1. 1 i
1,4 £ ij,

Also to insure that the states in different blocks, but with same

eigenvalue, be indepedently controlled (observed) then the set of vectors

s n;g LS TRy SENE
e L B MR .

~ — —207 +7
T Pazge +N .| ¢ L ,_FS 2 Dy
{s -L_S TR O R I & AR



must be linearly independent.

c) COMPANION FORM

---------

So far in our investigation we only considered the Jordan canonical

form such that

£=Az+B_1_1_

- c-— c
= C D
Y c z + u
where: -
Ay O
A = 0 A2
c
0 A
c = [ C, c,

I 0
e 0 | 0
Ai =
liX’;l Ta'oai,i ”ai’g 3
C1 i} [cl,i S,
qxli .

i=1

o W

-

hi,l

by,

form., We will now investigate the generalized companion matrix form.

System described by eq. 2.1 is now transformed to a companion

Note that each A represents an invariant (Cyclic) subspace of A.
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THEOREM II-6 A system S incompanion matrix form as described

by eq. 2.23 is controllable (observable) if and only if each b, L £ o
=i

(

c
~-i, 1

"
# o) i=1,2,...., k andif and only if each set of k vectors
{b ,....,h
La 2.4, k4 ([9_1,1, C—Z_,l"""c—k,i})

form a set of linearly independent vectors.

For a formal proof see [15]

However a simulation diagram of the system Sc will be given and

it should indicate quite clearly the proof of the theorem.

L

Mk/ (1) -5 _1-“‘"1 § (L 3‘l\f\ =

FIGURE 1I-5. SIMULATION DIAGRAM OF A SYSTEM IN THE '
COMPANION STRUCTURE.

/

From this diagram it is obvious that for each state in a particular

block to be controllable (observable) it is required that

c i=1,2,..., k
by Fo (g F o

Also for each state of different blocks to be controlled independently

the set of vectors {b b cere, b } must be linearly independent.

“hi T, kidy
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This is so because in the compansion form the submatrices Ai i=1,2,..,k
are, as mentioned before, the invariant subspaces of A. Now if A1
corresponds to the minimal polynomial then it contains all the leading

elementary divisors so that all the other subspaces are made up from these

elementary divisors. This is why the above vectors must be linearly

independent, The same remark can be made for observability.

d) SINGLE - INPUT SINGLE - OUTPUT SYSTEM.

Finally one might want to consider the special case of a single-input

single -output system.

THEOREM 1I-7 A necessary condition for controllability (observability) -

is that no two Jordan blocks contain the same eigenvalue.

Proof:

This follows directly from Corollary II-1 and Theorem II-5 because
we only have one input (output). Therefore you can only have one independent
row of B (CT). Then there can be only one Jordan block with same eigenvalue.
To include the sufficiency condition in the theorem one must add the
following requirement. ‘

For complete controllability (obseirvability) the rows qf B, (CT)
corresponding to the last row of each Jordan block(corresponding to thefirst row
of each Jordan block) must be different from zero.

We can get a similar theorem if A is in companion form.

THEOREM II-8 A necessary condition for controllability is that A have

only one companion block or in a mathematical sense that the minimum

polynomial m(A) should be equal to thé characteristic polynomial p (A)..

Proving either statement is the same because if m(A) = P(A) then
A has only one cyclic subspace. Therefore A has one companion block.
Consider the requirement that

-1
[b Ab a’p + .- A" b) 2.21
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be of rank n, that is, the set of vectors in 2,27 should be linecarly

independent
. 0
i.e. Z o A b=20 Ve %o yhere A=l
= i

but this can be rewritten as

2 -1
A ...ta AT ] Db =o

A
[(1()I-I~c11 + a -

2

and if m(A) # p(A) there is a polynomial of order less than n such

that m(A) = o

- - or

kK I +k A+....+4k AT =0
o i m .

but this means that for these coefficients V b we have

[k 14kA+..+ ﬁ'mAm] b=o

Thus the maximal rank of our matrix is m. Q.E.D.

The proof of observability goes exactly in the same form.

Again in order to include the sufficiency condition this theorem it is

required that the last row of B (first column of C) be different {rom zero.

11-4 THE MINIMAL ORDER OF A SYSTEM.

Up to this point we obtained some mathematical conditions for
controllability and observability. Physically this seems to indicate the

following partitioning of the states of 2 System S.

SC]

/ [
‘ T
u y I ¢ ==

FIGURE 1I-6. SYSTEM S AND ITS PARTITIONED REPRESENTATION.
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where
S‘C = controllable but unobservable states
s = controllable and observable states
So = uncontrollable but observable states
Sf = uncontrollable and unobservable states.

From the above figure it can be seen that if we only consider the
black box (input / output) behaviour of the system only s (i.e. controllable

and observable part) need be considered. This would infer that the transfer

*
- function matrix representation of a system (2.1) only includes S .

1
This leads us to define the minimal order of a system.

DEFINITION II-5 The state space representation

1
>
"
+-
os]
[

X

n
O
"
-+
(w}
1]

y £ u

of order n is the minimal representation of 2 transfer function matrix

if
a) it is controllable and observable
-1
b) H(s) = C(sI-A'] B
th d tem, that
THEOREM II-9 The minimal order q of an n~ order Systell,

is, the number of states which are both controllable and observable,

is given by the rank of the following matrix,

o - 2.30
r= LOLC
where L, = controllability matrix
L_ = observability matrix

L2
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transformed by a non-singular matrix T, to an equivalent system
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Any system of order n, as defined in equation 2.1, can be

of the form.

where

é = A,z + B u

2.31

I
(@]
N

¥ = bpl

1

x = Tz, and the vector z is made up of three sets of

[

components, that is:

e
1

z, = g-dimensional vector

) %1
Z, z, = 1-dimensional vector
24 24 = m-dimensional vector
Ay 0 Ay
=T AT =Ry Ry By
[0 0 A3
By
=118 = |8, Cp = CT = [cl 0 c3]
0

For a detailed proof of this transformation see [9]. However,

this

transformation is evident if one considers the following

remarks. System 2.31 can be subdivided into three subsystems:

(a)

(b)

g3 + Blg

z) = Appzy * By
¥ =Gz

This system is completely controllable and observable.

2.32

Zy = ByyZy t Ayi%y

Y, =0

* Byu + Ayqz3
2.33

This system is completely controllable but unobservable.
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(c) 23 = P332y

Yy = G524 2.34
This system is completely observable but uncontrollable.

If system defined in equation 2.1 is first reduced to a
system which is completely controllable, but not ohservable, and
then further reduced to a completely controllable and observable
system, one gets the above three subsystems. The non-sinqular
transformation required to do these reductions can be found in
[9] .

We now wish to find the rank of the matrix I‘T defined by:

i § n-1
CT [BT ATBT....'.AT BT}
Iyo= ¢y : |
) and show that it is g
n-1
CTAT

First Bbservelfhat:

p
Bip 0 Ay Djp 0 Dy
By By By = Dy Dy Dp3
0 0 Ay, 0 0 Dy

where the matrices Dij i=1,3 j=1,3 are functions of the
matrices Aij  i=1,3 j=1,3. It follows that L, and L will

be of the form:



e, P 0o
L =

o |0 0 0

C P 0

therefore: L > 3 3
r - Cl 0 ¢ C3 Bl Gl- . .Hl
T 132 G2' . ‘H2
Pl 0 - P3 0 0 0

has only g independent rows, hence the rank of I} is q.

This could be seen also by considering I& in terms of the
controllability matrices of the sybsystems [All’ By C ] '
[A22' B, 0] . [A33, 0, C3] where the upper left gxq partition
of.f& is the matrix L, L;. of rank q. L. and L, are the
controllability and observability matrices of subsystem defined
in equation 2.32.

By using the result of the next theorem (wvhose proof is
not dependent on this theorem), we see that:

r=r,
since the rank of I is q, then the rank of ["is also g.

T
THEOREM II-10 [ defined in equation 2.30 is an invariant under

any non-singular transformation T. That is, if system defined

in equation 2.1 is transformed to the following system:

3]
it
L]
N
+
w
[=1

where x = Tz

_ m1
AT—T AT
_ w1
BT—T B

C,=CT

Al
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then f&= r
Proof ~ . ) ) ) : o
CcT ] [ “lp plarplp oL T‘lA“"lTT'lBJ
e LAt
IT = .
cpr~ a1y
because (T-lAT)n=T—1AnT

therefore .ET=.D

11-5 - COMMENTS
In this chapter , tests for controllability and observa-

bility have been given.In particular, we have given conditions
for controllability and observality for system described by certain
canonical forms such as Jordan or Companion.Also, single-input
single-output systems have been studied.Most of the conditions
are known but they are presented and proven because they are
required in the following chapters.

The concept of minimal order of a system was introduced
and defined. In particular, a test was given to find the minimal

order of a system. This test was stated in [9] but not proven.

Al
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CHAPTER IiI

IRREDUCIBE REALIZATION USING SMITH-MACMILLAN FORM

In this chapter we endeavour to find a simple algorithm to construct
a minimal realization of transfer function matrices. The algorithm will be

baséd on the Smith-MacMillan form of rational matrices.

1II-1 TRANSFER FUNCTION MATRIX

As in the previous chapter a linear dynamic time-invariant system S

is described by the following equation

X = Ax 4 Bu

3.1
y = Cx + Du

where all the vectors and matrices are as defined in equation 2.1,

In all the following work it is assumed that D = o, that is there
is no instanteneous response. Assuming that the system S defined in
eq. 3.1 starts at rest at time t = o the Laplace transform Y = Y (s)

and U = U(s) of y(t) and u(t) are related by
¥(s) = Z(s) Uls) 3.2

where Z(s) is the transfer function matrix of the system S(A,B,C) and
is given by

-1
Z(s) = C[sl-A] B 3.3

Since we have made D = o, the matrix Z(s)is a proper rational matrix,
that is each entry of Z(s) is a quotient of polynomials in s with the degree
of the numera‘;or lower than that of the denominator. '

The matrix Z(s) exhibits the transfer (input/output) behaviour of
the system but suppresses the internal (state) behaviour. Thus to each

system S(A, B, C) is associated a unique rational matrix Z(s). However,

to each proper rational matrix Z(s)is associated a whole class of systems S

i}

afl
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called rcalizations of Z(s) each having Z(s) as transfer function matrix,
These systems share the same input/output behaviour but can differ
internally. In particular they can differ in the dimension of the state
space (dimension of the matrix A). The recalization of Z(s) having the
smallest possible state space dimensions are of particular interest.
These are the minimal realization‘s of Z(s) and have been defined in the

previous chapter.

As mentioned before the approach to find the minimal state space
representation of Z(s) will be based on the Smith-MacMillan form. It
requires the reduction of the transfer function matrix Z(s) by means of
elementary row and column operations to this special diagonal form in

which certain divisibility conditions hold.

11-2 SMITH-MACMILLAN FORM [16]

A matrix P(s) consisting of polynomials in s will be written P or
P(s). The polynomial A [P(s)] will denote the greatest common divisor
p
(g.c.d.) of all px p minors of P(s). By convention Ao = { .Clearly
A divides A which is written, A l A . All A are made monic,
o p+1 p! pitl p
that, is leading coefficient is normalized to one. If Ap [P(s)] # o
but AR[ P(s)] = o for all p > R then R isthe rank of the

polynomical matrix P(s).

DEFINITION -1 Let Z(s) be a proper rational matrix and let ¢(s)

denote its least common denominator (i.c.d.). Then ¢ Z(s)is a polyno-

mial matrix same as P(s) above.

Any q x p polynomial matrix ¢ Z(s) of rank R can be represented,

after the application of elementary row and column operation by

4Z(s) = GT H 3.4
where

i) T (s) = diag [Yi' er“' ‘{R] 3.5
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and
Yp Yp+1

ii) G(s) and H(s) are gx gand px p polynomial matrices with

constant non-zero determinants.

iii) Yy Yg are polynomials uniquely determined by ¢ Z(s) ;

in fact
= A [yz(s)] [ & TvZs)) 3.6
Y, o LY VA
Dividing both sides of eq. 3.4 by ¢ and reducing each polynomial
function
v, i=1,.., R-t

by cancellation of common factors we obtain

Z = GAH 3.7

where
= 3 E I ' ves ', yeeny 3. 8
" th = €l = i=1,2,..., R
e € gls) and 4 IACE
are monic polynomials where Ei|€i+1 and "*'i+1! ¥
such that each pair (€., ¥. ) are relatively prime. The matrix A
i’ i
is the Smith-MacMillan form of Z(s), [16] .
III-3 EQUIVALENCE RELATIONS
A

DEFINITION III -2 [16) Two rational matrices Z(s) and Z(s) are

called stronélgr equivalent if there exist polynomial matrices G(s) and H(s)

with constant nonzero determinants such that

A

7 = GZH 3.9

Two constant linear dynamical systems are said to be strongly

equivalent if their transfer function matrices are strongly equivalent.
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Clearly each rational matrix is strongly equivalent to a unique
Smith-MacMillan canonical matrix. It follows therefore that therank
ther with the 2R polynomials ¢ ., ¢, ..., d € ,6.,..,%
R together wi polynomials ¢, ¥, ‘;Ran €&y iy

form a complete set of invariants for strong equivalence of rational

matrices.

The set of polynomials fypees "”R in fact are the invariant (cyclic)
subspaces of the system S. Soknowing these polynomials gives us the
structure of the system and completely defines the A matrix of the mini-
mal realization. With only this information we could then solve a set of
eqﬁation to find the matrices B (input) and C (output) because Z(s) =
C[sl- A]-1 B , and knowing A and Z(s) we could then solve this

equation to get the entries of B and C.

When one finds the Smith-MacMillan form of a system tran sfer
function matrix Z(s) there may be cases when it will not be proper,
that is,for some particular j , Ej may be of higher degree than ¢ i

To be able to get around this we now define weak equivalence.

A
DEFINITION 1II-2 [7] Let Z(s)and Z(s) be rational matrices and

let § and ',’,) be respectively the least common demoninator of the entries
of Z and 9. .
7 and Z are weakly equivalent if
D=y
i) There exist polynomial matrices G and H with constant non-zero

determinants such that

A .

¢2 4 Gy ZH(mod ¢) 3.10
Two constant linear dynamical systems are said to be weakly

equivalent if their transfer function matrices are weakly equivalent.

With this definition we can now get @ proper Smith-MacMillan

form A' from an improper one.
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DEFINITION III-3 A' is defined as the reduced Smith-MacMillan form

of Z(s) and is of the form

[ 3 1 ! ; vy
A diag [ €}/ v, €5/ vy i€ /¥ 0,00] 3. 11
where
i) r = max{ill<isR, b H1)
ii) Ei' is the remainder after dividing 61 by ¢, fori=1,2,..,R
i
iii) ¢(z) = G[ YA ]JH (mod ) 3.12

REMARK III-1 A' isa pr.oper diagonal matrix and also it is weakly

equivalent to Z(s). To realize the latter point examine equation 3,12
We now wish to investigate the relationship between weakly equi-

valent linear dynamical systems. The reason for this is very simple,

as A and )' are weakly equivalent matrices. If we can find a state

space representation Q (2 I/.;) é)for \' then knowing the relationship

between weakly equivalent systems it would enable us to get a state space

representation S(A,B,C)for A. The resulting representation is strongly

equivalent to Z(s).

AN A A
THEOREM 1lI-1 [7 ] Let S(A, B, C)be s constant linear dynamical

system. Let G and H be polynormal matrices of appropriate s1zes such
A

that the matnx product G C and BH are defined. Let G = EG s and

H = EHis express G and H as matrix polynomials. Now defme

S (A, B, C) such that

A
A = A
A. A
B =3 A'BH 3.13
5 AN
C = ZGCA
1

Then the transfer function matri;\c Z(s) ofAthe system S(A,B,C) is related
A A A

to the transfer function matrix Z(s) of S(A, B, C), b

A
$ Z = G(¢Z)H (mod ¢) 3.14
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where ¢ is the minimal polynomial of A. This relationship (3.13)

between two systems is known as external equivalence.

Proof

For this proof we need the following relationship for each non-

negative k. |

& bte) (a1 - )7

-1k
s

b (s) (s1-A) " (mod §) 315

¢ (s) (sI - A) ¢ (s) (sl-A)'1 Ak(mod ¢) 3,16

m

3.15 follows from

sy (s) (sI -A)'1 - Ay (s) (sl-A)'1 = (sI-A) '\,"(s)(sI-A.)-i.-."J(s)I
= 0 (mod {)

Then 3.15 is true for k = 1, and an elementary induction argument

establishes 3. 15 for all k., Equation 3. 16 is a consequence of 3. 15 and .

Fl

the fact that A commutes with (sI- A) ﬂO]

"

Z(s) C (sI-A

)
AA
cal

"

A A
(ZG, \(s1-A)” (ZA BH,)
now using 3.15 and 3. 16 we get

Z(s)

A g Ao HIA
(2G,C &) (s1-atz € B H,) (mod ¥)

i A A .'
(z6, ') G (sI-A)l.B (= Hjs] )

Q.E.D.

The result of this theorem is that externally equivalent systems
/

are also wea.kiy equivalent., That is, equation 3.13 now gives us 2 relationship

between weakly equivalent systems.

The other important property of externally equivalent system is that

they have the same controllability and observability properties. This leads

to the following theorem.
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AA A A
THEOREM 1I-2 [7}! Let S(A,B,C)and S (A, B, C) be externally equivalent

constant linear dynamical systems. Then their controllability inatrices

(L ) and observability matrices (L ) have the same rank. That is, Q(Q,g,e)
is controllable and observable if and only if S(A,B,C)is controllable and
observable.

Suppose ¢ is a row vector such that

2
¢ [B, AB, AB,..., A B] = o

Then since each power of A canbe expressed as a polynomial in A
of degree less than 0 [10] it follows C Ak B = o for all non-negative

integers.

Hence -
A .
cA"B = £ C Ak+JBHj = o
)]
for ail k¥ > o and so -
AA N-t M =
E[B’AB,...,A B] =0 :

Thus, viewing L and L as linear operators acting on erw vectors,
we see that the null space of L is contained in the null space of L

But, since external equivalence is a symmetric relation it follows that the

null space of L is also contained in the null space L. That is, the

null spaces are equal so therefore L and L must have the same rank

since-they have the same nullity space. Proof for observability is similar.

Q.E.D.

With these theorems in mind we can now form the algorithm which

will give a m1n1ma1 realization for Z(s). As mentioned in the previous

chapter the rea.hzatmn in order to be minimal will have to be controllable

and observable and also have Z(s) s its transfer function matrix.

II1-4 TRANSFER FUNCTION REALIZATION

Before going on to the realization of the whole transfer function matrix

Z(s) let us first consider the minimal realization of 2 simple transfer function



of the form 2 n-1
a +asta,s +..ta s
0 i 2 n-1
H(s)_ = n 3.20

. b +b, s +..4+s
o i

THEOREM III-3 A minimal state representation for a transfer function

H(s) of the form (3.20) is as follows:

010 ... 0 W 0
0010..0 0

X = . X + u 3.24
0
b by aeer By (:

The realization 3.21 will be minimal if
i) it is controllable and observable

-1
ii) its transfer function is H(s) = C(sl-A) B

i) This representation is controllable and observable by Theorem 11-8

i

of the previous chapter and because the last rov of B and first column

of C are =0
ii) Now we must show that

H(s) = C(sl-A)'1 B

-1 .
because of the form of B the only term in the product C(sI-A) that will

be of any importance is the product of C times the last column of (sI-A) .

The last column of (sI-A)-1 can be shown to be

- -

1
L s where A(sl-A) = det (si-A)

A(sI-A) )

n-1
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Then { - ar
Cisi-A) B =[a a,.va ] % x...% 1 ()1
o | n-1
s 0
1 X
A(sI-R) 0
n-1 11
X X X 8 H
Th ' -
en a+als+ . ta 1snl
H(S) - 0 n;l

Q.E.D.

because

A(sI -A) =b +b, s +hb sz+...+sn
: o i 2

1I-5 MINIMAL REALIZATION OF THE TRANSFER MATRIX.

By theoremIlI- 3 we know how to find the minimal realization of any
€(s)
¢ (s)’

of A'(the reduced Smith-MacMillan form) we see r such terms. The

term of the form H(s) = if we now look at the diagonal terms

matrix [' can then be minirally realized by taking the sum of the
realization of each diagonal term. This sum is then controllable and
observable since each diagonal term was realized by an independently
controllable and observable system. Havinga minimal realization of A'
we can then find a minimal realizatisn of Z(s) through equation 3. 13.
The algorithm will now be given in detail.

The steps to find a minimal state space realization of Z(s) are:

1) Fin/d A' the reduced Smitk—l-MacMillan form of which is defined
in 3. 114,

2) For eachi=1,2,...,r let {Ai, Bi,Ci} be given by



010.......... 0 0
001 .......... 0 0
A= . B, = ’ 3.22
1 0 1 .
1 .
'bio -biLi ...... 'bin,-l 0
i Ll i

where the aij and b, ., are the coefficients of the polynofnials
1)

¢ (s)and ¢ (s).

Note:
This is a minimal realization (proven in Theorem III-3) of each

of the r blocks.

AN A
3) Now the system (A, B, C) which is the direct sum of the system

A AN A
(Ai’ Bi C) i=1,2,...,r is the minimal realization of A'.
y 1

4) To obtain the state space realization of Z(s), use the {ollowing

relations

A

A = A A

A,

B = % AJB H, 3.23
J j

c = 2 G éAi
1 i

This realization is minimal.

Proof: -f
— + A A A

To prove this let us first prove that (A, B, C)is a minimal
realization of A'. ' '

From Theorem II1I-3 each (Ai'B i’ci.) is a minimal realization of
€fs) /4 (s) for i=1,2, .oor T

But the direct sum of controllable and observable systems is

controllable and observable. Alsofrom Theorem I1-6 itis obvious that the
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A AN A
realizations (A, B, C)is controllable and observable. Also its transfer
function matrix is definitely A .

AN N A

Th . .
us S(A, B, C) is the minimal realization of A'.

Finally by Theorem III-1 the System (A, B, C) constructed in

[
Yy

in step 4 of the algorithm is a realization of Z(s). Thatis
(A,B,C) has Z(s) as its transfer function matrix. Also by Theorem II-2 it
is controllable and observable. Theréfore (A,B,C) is a minimal realiza-
- tion of Z(s).

Q.E.D.
To illustrate the realization procedure we consider the following

examples.

Example III-1 . Let

2 2
53 - s +1 { " + s -2
. .
Z(S)=:‘Z 1,565 +1 s+1 -1.58 - 2 3.24
s
3
s3-95 -s+l  -s 4i s -s -2 ‘
L _
Step One
Thé normal Smith-MacMillan form is
$Z =G A H 3.25
Where N
1 0 0
G= , | s+t { 0 3.26
' 2
| -s +1 2s -10s-2 1
B 1
{ 0 1 0
A = 0 s 0 3.217
6 5 4 3
0 0 .2s +49s +5s .-9s




. =39-

2
s - s +1 | -s3+sz-2

]
‘.
2]

u
5
<
.
1]
4+
w
o
w
'
(723
+-
.
o

3.28

Step Two

The reduced Smith-MacMillan form A' is weakly equivalent
to Z andin fact Z =G(AN')Hmod ¢, where: G and H are as above,

The matrix A' is given by

{ 0 0
A':—1-4— 0 s 0 3,29
s 3
0 0 -9s

-

Step Three

A minimal representation of L' is given by

0 1 0 0 B
0 0 t 0
0 0 0 0 0
Q: 0000 SEPUR 3.30
0 .0 10
0 01
0 00
] 0 0 0
9/0 0 -r "
000 100000600
B - ?gg L . loo0o0t000
000 000000 0-9
000 . -
010
00 1




where

and

A

os]

~-4Q-

A
= A
‘ij[I\SH Ry
J N oAj .3
= =G, C Al
l1 1
3G S
1
t 0 0 0 0 0 lo o o
2
=11t ¢t o] +1{1 0 O0]ls+{0O0 O O} s  3.32
1 -2 1 0 -10 0 4020
=T H S
1 7
{1 1 -2 000 10 [10.1
2 .
:.50.-5+ 1 0-1ts + 0005.{._10153
-1 0 1 00 0 000 00 0]
4
3.33
A A°A Ay A A3 A
=B[Ho]+AB[H1]+AB[H2]+AB[H3] 3,34
A A A A A
=[G ] C+ [GJCA + [G,] C A 3.35
0 -1
0 1
0./0 { 0 000000
to-2 c-11 1001000
0 0 | { 0 -1 0 -2-102-9
0 -
0 .5
0 1

A9



-4]-

q
' ' s +1 252+s-1 sz-l
. {
2 e : 2
s(s+1) (s+2) 555 sS4 s
Step One

The normal Smith-MacMillan form is

YZ =G AH
where [ 2
-5 +1 s
G =
_"S 1
- 1 0 0
A =
| 0 s4+s3 0
+ s3+s+s+l s3+s+s—l -1
H = 1 1 0
; L 1 { 0 0

SteE Two

lThe reduced Smith-MacMillan form A' is weakly equivalent
to Z(s) and in fact

Z =G A H (mod ¥)
where

i) G and H are as above

i) " .
At =
s(s+1) (s + 2)
4
—_— 0
0 s +2




o

Step Three

-4~

A minimal representation of A' is given by

Stepl Four

0 1 0 0 0
0 0 1 0 A
0 -2 -3 0 B =

o o o
o O o o

A minimal realization of Z(s) is given by

where

and

t 1 0

2

1 00 0

Q>

0 0 0 4

It 1 0
Zloo ol s
Looo_;

A
1+ 23 B [H3]

A
= A
AiA
B = Z A BH,
i i
AN
C = £G, CA
3 A
¢ = 2 G,sl
1
{1 0 0 S
+ s + S
0 I [0
T H S
1
{ -1 -1 110 {10
{ 1 0{+/0 0 Of{s+{0 0 O
0
‘1,00 ooo_i'koo_;
A AN Ay K
BH] + B[H1]+A B [H
[GJC+[GJCA+[G]CA
-2 -2 0 {1 0
5 5 0 C =
-10 -12 -1 0 -1
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. II1I-6 COMMENTS

A few comments may now be made on this algorithm. It
should be noted that the matrix A' defined in equation 3.11 is a
" proper diagonal matrix with certain divisibility properties. In
fact, the algorithm does not really require that the diagonal
matrix be the reduced Smith-MacMillan form. The diagonal matrix
can be the proper part of any diagonal matrix D which is strongly
equivalent to Z(s). However, only the Smith-MacMillan form, as
defined in equation 3.8 contains the invariant subspace of the
system. As was noted before, the invariant factors vl,gzl...gR
found in equation 3.8 completely define the structure of the
minimal state space representation. The matrix B (input) and the
matrix C (output) could then be found by solving z(s)=C(sI~A)- B.
However, it would be very wise to use the information stored in
the polynomials élﬁ%,... ¢  of equation 3.8, rather than attempt
to solve a set of algebraic non-linear equations. The concept of
external equivalence gives us a chance to make use of these'poly-
nomials. This is where the power of this algorithm is really
shown. The steps ére clear to follow and all the elements of
matrices B and C are found by analytical means.

The big disadvantagé, however, is that getting the Smith-
MacMillan normal form or any other diagonal form is by no means
an -easy task. Also, deriving the equivalence matrices G(s) and
H(s) is even‘more cumbersome. Unless a computer program is

written or already exists (which could not be‘found), this method

becomes impractical for cases where 7(s) is of any dimension larger

A
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- than three or four.
\1so it should be observed that Kalman has derived an
algorithm [ 5] which uses the Smith-MacMillan form of Z(s).
However, he derives a Jordan form rather than a companion
form realization.In another paper[l4] Kalman has described
a realization which is in the companion form and produces the
same result as the algorithm of this chapter.
The minimal realization of Z(s),where Z(s) is defined in eq. 3.7
is obtained by rewriting this equation as

. . R+ .

GlEi/‘yiHl + Y G 3.36
) i=r+l

and finding the minimal realization for each term in the summation.

The algorithm is based on the following equation

. w (S) (SI_A)-1= P-l ] [?O(S) ¢ o o s = Pn_l(s)} mOd "’.’
| s
n-1
- s -
-k- -k~
where: P, (s)= kL an___lxn 2h L a1
k=0,1, . . . ,n-1
and the matrices B and C,of the minimal realization are found from
Fy -
s ) 1
¢| |- nody [Po(s) . pn_1<s)JB - H(s) mod;
n-1
s
[

In fact it can easily be shown that the algorithm of this
chapter satisfies the above equations. Hence it produces the same

result althoﬁgh it requires less computations.
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CHAPTER IV

IRREDUCIBLE REALIZATION USING PARTIAL FRACTION
EXPANSION.

In this chapter we attempt to derive the minimal state space

rebresentation of 2(s), the transfer function matrix, by expanding it in

partial fraction where the denominator of each fraction represents a root of

¢ 4 the least common denominator of each element of Z(s). As in the
previous chapter before introducing the algorithm itself we must give certain

mathematical definitions.

IVi-1 MATHEMATICAL BACKGROUND

Definition IV-1 Givenagq xp proper rational transfer function

matrix defined as follows:

2s) = = G(8) 41

where: d{s) = § (s) =least common denominator of each element of Z(s)
G(s) = polynomial matrix

then its partial fraction expansion is given as follows:

G.(s) GZ(S) G‘C(S)
Z(s) = ny 4+ 5 +...4+ —/n, 4.2
: (s + )‘1) (s + xz) 2 (s + x&)

where )\ i=1,2,... 4 represent the repeated roots of d(s).
i

Each G.(s) for i=1,2,..., { canbe further expanded in fraction as follows:
i

G. (s) M M. My
L ny + p-1 oo b e 4.3
D,’. n. ’ )ni-i (S‘H\.)

(s+ )1 (s+n) 1 (s +N o
Theorem IV -1 Given a set of linearly independent vectors

{y TR PUREEE y&} € Rp and a similar set of linearly




independent vectors {8 " 8 NATRY 8,1 € R™  then

= —4
=v_ . 1 J T

the matrix H = Z ligi j=i,2,..., 4

i=1
” 4 < min (p, m)
is of rank j.
Proof:
We start by considering ! X =0 4.5

as a set of homogeneous equations. By computing the number of independent
solutions, (that is the nullity) we have,rank = number of unknowns - number

of independent solutions .

Now " . .
) J ]
Z 0y 8 S Y, Baneeecees S v, 8
K=1 1k kl‘ k=i ik " k2 k=1 tk “km
T S j
j : Y Yor © g, . ..... 3 8 ,
H - k=1 Zk ki k=1 2k k2 o Vo Bk 4.6
ﬁ L .y
z 8 Ty LB e Y
oy Pk KL k:lka k2 gey PRk

"Now if we consider i x = 0 we have the following set of p equations

with m unknowns

-

m ] j m

SE=1 (kzz:iylksks) s ° kz=1 ”11<(32=18ks"s):0

§ i o
ri h] j. m

T (2 vy, 8, 0% =9 s y (Z 8 x)=0

8

Now since Z 8, X is only 2 function of me" we can replace it
s s

by Yk . Thus we hsa:v%a now p equations in j. unknowns (< p) of the form
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S j
| Ly

=0
k=1 pk Yk

And since the X, vectors are linearly independent the matrix is of rank j

there [exists only the trivial solution

yk=o Vk

Introducing this in our previous equations we now obtain j

equations in m unknowns of the form
I

m

= Bis xs =0

s=1

. 4.9
m

zZ B, X = 0

gz I8 s

And since the B, vectors are linearly independent, the matrix
-i ‘ .

is of rank j, thus there are m-j independent solutions. Thus 38 X=0

which is a set of p equations in m unknowns, has m-j independent solutions.

Hence rank [H'] = m-(m-j) =]

Q.E.D.

IV-2 ALGORITHM TO FIND THE MINIMAL ORDER OF
REALIZATION OF 2(s) [13].

An efficient method is now given to compute the number (n) which
is the minimal order of the realization of 2 Is).

~ Let z(s) be a proper rational matrix then we write

r-1
z(s) = _GJ_sl - N0+le+-'o-- +Nr_1S 4‘10
a(s) ——L -
a 4aps + vesst 8
0 i
where:
N, N, ..... N are real q xp matrices.
o’ t’ S B |
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Cenerate matrices

Q..
1
by the following algorithm

Qlo = o0 Qlj= Nj-l j=1,2,....1 4,11
‘o = 0 Qijzgi-l,j-l‘aj-lQi-l,r iz 2,i004,T © 4,12

j= 1,2,00-,:’

Let R be the g.r x pr block matrix formed by the Qij such that

— _ 1
Q11 le ........... er
| .
= seosacnsans .13
R QZI QZZ QZr 4
L er QrZ ......... .o er

Then the minimal order n is the rank of R.

For proof see Rosenbrock [13 1.

RY

An alternative procedure given by B. Ho and R.E. Kalmen [20]

is t i , Y, e ¥ )
is to generate matrices Yo Y1 2r-2

where: ¥ , Yl
Gls) = == 4+ —— ..o 4.14
s s .

, The minimal order n is the rank of S

where : -
Yo Y1 coo Yr-l
S= Y, Yyeeeoeens Y 4.15
S SUPI SETEEE v Yoo
For proof se-e raof. ]
Note: It should be observed that equation 4.3 is 2 partial expansion
‘ The

of a proper rational matrix with only one repeated eigenvalue (\).
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- value of the matrices Yo. Y ...., Y will vary depending on the

1 2r-2
multiplicity of the cigenvaive. In fact these matrices Y , Yl' cen Y2 5
0 r-

can be generated from the matrices Mn’ M , M, Jof equation 4.3

D pl T AL
1 1l
using the following expansion
! M M M. A M )\2 M ?\3 M 7\_4 M ls M )\6
1. 1 1 . 1 1 s o1, 1
s+ s g2 3 4 5 6 7
s s s s s
M, M, 2M) JYRY ) st e
— = = - + . + -
4 5 6 7
s +2Asth s2 53 s s s s
. 2 3 4
M3 - M3 3M31 6M3)\ 10M3k 15M3A.
= —— - + - + ¢ o0
4 5 6 7
s3+3527\+3s% +k3 s3 s s s 8 =
10M )\2 20M )3
M, B} M4 4M4l 4 M A
4 3 22 3.4 T Ts T T
s +4s )\ +6s | t4sh A s 5 s 5
5w 15M AZ
1
M5 - M___s_ - _____'r., + _———-—5—— 0
2 5~ 5 6 7
s 45551105912 410s X 4551 41 s s s
6M A
6 5 6 6 1
s .+6557\+1554)\2+2053A3+1552X4+6sk +A s s
If we note the binomial expansion
4
-1 2 (n)!n-l)!n-Z) 3 (n)(n-l)(n-Z)(n-3) 2
(1-1)"=1-nx+@l%,—)-l- T 41
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We sec how any column of the above expansion can be generated.
Also it is clear to see how this expansion can be uscd to find the matrices

Yo' Yl’ ceeny er > To show this consider thecagewhere the eigenvalue

(L) is repeated 4 times. Equation 4.3 is then of the form

o) . M4 M, M, M)
4 1t 3 + 2 *
(s+1) (s+1) (s+ 1) (s+1) (s +1)
then r = 4 and
Y= M
Y, = M, - M
2
=. - J... .
Y, = M, 2M,h+ N M,
Y. = M 3AM, +3 2\/1 © M
3 4 3 Toh My - 1
2 3 4
Y, = -4, + 61" M, - 41 M, +1 M
2 3 4 5
- - - M
Y, = 100 M, 101" M, +52 M, .
3 4 5 6
= - +A M
Y 20 X M4+15A M, 617 M, .

We now have two different methods of finding the minimal order

(n) of a realization of z(s).

IV-II ON THE GENERAL STRUCTURE OF THE MINIMAL SYSTEM

Befor;e proceeding to the algorithm itself let us examine its general

2.

lines. First 7 (s) is expanded ina partial fraction as given in equation 4.

Then the sys-tém is further expanded in partial fraction to the form of

equation 4.3. Now for each subsystem in the form of equation 4.3 we find

2 minimal realization. The realization of Z(s) is then the sum of all the
realizations.

So our main concern is to find the realization of a transfer function



g e i
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matrix of the form
G (s) My M) M,

= + ... %
(s-.Lk)k (s + l)k (S+>L)k-1 (s 41)

4.20

The system matrix (A) which is found will be in the Jordan
Canonical Form.

To find its structure we need

i) the number of Jordan blocks

ji) its dimension n (the minimal order)
Both  these pieces of information can be found easily

1. The minimal order (n) can be found using either Rosenbrock or
the altered B. Ho and R.E. Kalman algorithm.

2. The number of Jordan blocks is found using the following =

theorem.

Theorem IV-2: The rank R of the transfer function matrix G(s)

is equal to the number of Jordan blocks.

Proof :

In the previous chapter where the Smith-MacMillan form was

formed it was found that the rank R ofa polynomial matrix was also

exactly equal to the number of invaziiant (cyclic) subspaces of the matrix.

Now since the invariant subspaces of C(s)are the same as ‘hose of the

system and that A is in the Jordan Canonical form then A musfc have R

Jordan blocks (or invariant subspaces).
: ./ . Q.E.D.

4

Theorem IV- 3: The rank r of the matrix Mk of equation 4. 20

th
is exactly equal to the number of k order Jordan blocks.

Proof:

- th
Let us examine [ sl - Al 1 for 2 k order Jordan blocks
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:
- [ T
NS S| R 0
3 0 N 1 0..... 0
A = : 4.21
kxk : 0
° !
0 O.ovvnnnnn. A
It can be shown that
| i 1 |
, 5 T g e -
et en) (s+\)
1 i !
-1 0  —T— TS iieeeeee 4.22
1-A] = IR k-1
[s1-A] , s+\ (s+)\)2 (4]
0 i '
. s+\
0
o 0 0 pre
i s+ _J
-1
but G(s), = C[sI-A] "B
(s+X)
if matrix C is partitioned by columns
and matrix B is partitioned by rows we get
‘ 4[]
-A b
[ 21 EZ teenae Sk] [ sl ] -1
/ %
b
“k
“cb
. My M Yot SR
Sle) = (s4+)) (s+))2 (stnk-1 (s))
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th
now say you have r such k order blocks, then G{s)is given by
M M b b_ +...
y 2 (o) Dt &gt B e Oy
. G(s) = S P
xSt 2 k
(5+)) (s+}) (s + )
4,24

but from Theorem II-5 we know that for the system to be completely

controllable and observable the following set of vectors

(e Sarm Szt |

and
’ b 3oy b -!
{P'k =2k “rk
must be linearly independent. Then from Theorem 111-1 the rank of Mk is 1.

Q.E.D.

The rank of the matrix Mk gives you exactly the number of

highest order Jordan blocks.

With all this information we may now proceed to the algorithm

itself.

IV-IV MINIMAL REALIZATIONS OF Z(s)

a) SYSTEM WHERE _d(s) HAS DISTINCT ROOTS.

In this case the partial fraction expansion for Z(s)is of the form

M
7 s . M e = 4.25
:(S) = ’ = + .)\) see T (S+)\)
. - d(s) (s+)\1) ) (st 2 . )

'
where: M. i=1,2,4 areconstant matrices
i .

denote  p(M,) =n , as the rank of the matrix M, and let
S i

b,,b.,...,Db i : ndependent vectors generating
241 it 24 be linearly inder t v

all the rows of 1Mi.

Jséfggﬁg
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ALGORITHM

1)  If d(s)has distinct roots find the partial fraction of 7 (s) as
in equation 4.25,

1) Find the rank ni of each matrix

p(Mi)=ni i=1,2,...,4

then minimal order of the realization is

4 4
n= Z p(M) = Z n, 4,26
) i:1 1 i=1 t
and the representation is given by
o - .
A1 0 ..... .0 B1
x = |0 A2 ..... .0 x4 B2 u 4,27
0 0 ...... B
5 )
y = [C1 . . CL] X
where : _ - ~ ]
Ao 0. 0 by
0 Ao O b
A. = . 1 N B. = ,21 4,28
i~ : 0 i -
n_xn, n xp
0 )‘i 1 P‘ni,l
= . L -
C, =/[c1,- En,,iJ"
qxn, '
i
such that; n,
M o< 2 c. b 4.29
i =ji-ii



ko

This realization is minimal since it is both controliabic and
observable and does indeced have Z(s) as its transfer function matrix.

It is controllable and observable for the following reason,Take

M,
i .
any term s+ )\i) if (Mi) = then by Theorem IV-1 there
must be n, linearly independent rows {b i’ b NUERY En_,i }
i
li ind d e .
and n, inearly independent columns { ¢ i _c_ni’1 }
such that
n,
Ci
M, = Z ¢ b.
beg BT

Now by Theorem II-5 of Chapter II we know that for n Jordan blocks

with the same eigenvalue, the conditions for controllability and observability

' _ be oo
is that the set of vectors {b I .'_D_n.’i } and {c TURREE T } 'ﬁ‘%
i

linearly indep.endent. Our realization is therefore controllable and observable

and also minimal:

b) SYSTEMS WHERE _d(s) HAS REPEATED ROOTS.

Such a system has a partial fraction expansion of the form of

equation 4.2. However, as explainéd before the realization of 7 s)is

the sum of the minimal realization of transfer function matrices of the form

M .M
Gls) | k., y —— 4.30
- k llllllllll
(s+)\)kh , (s+\) (s4+\)

ALGORITHM TO REALIZE TRANSFER MATRIX OF EQUATION 4.30

1)  Apply Rosenbrock or B. Ho and R.E Kalman algorithm to

find the minimal order of the system, aenote it by n.

2)  Find the rank of G(s)to obtain the number of Jordan blocks
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I the system matrix A will have.
3) From the rank of Mk find the number of highest order
Jordan blocks that will be needed.

From this information one is able to write the Jordan canonical

form of the system A matrix. The rest of the procedure is constructive

in nature.
4) From M., one can derive the linéarly independent rows

k
fb b_.} of B and columns {¢ li,...,_c_ri}of C, corres-

=1 ~ri
ponding tothe last row and first row respectively of each Jordan block of

kth order.

5) The rest of the terms in B and C can be found in two ways.

i) Solving the set of equation generated by G(s) = C [sI - Al'B

where we now know G(s)and A and some rows of-B and columns of C.

By construction, using the following steps:

ii)
a) As the structure of A is known, block diagram repre-
sentation of the system i is_ ox the form y , ™
u b b l ﬁk,l?l
1 T X ;
Lp 1 ! |1 & Nt
=k, L (g ——t— 12 7 “k, 1T
3 ’;L s 4+ l “3:/1 A N/ s +A k-"ll
—
o= . é
g X Uy : . blocks of :
cf‘l bk ru . =7k, order k ‘
iz "k UK=L ‘l e -
-~ ol [
1 ‘ { T — ._l___.. ., —.1/2 e e k:r~1~——-
s +1 o/ | st) : s th Ces
! ! ¢k-1,1
\j S \Z CEONE "-\_,/’ ql blocks of
. b-L"'\ 3 order k-1
.. B -l -2
1 SR B N Ck 1:; =
l’qk—L. S+ ) 5 s+ 1 oF
b1 e
U e “{_}iqjﬁ%— ¢ blocks of
———?1,11 ST order one

FIGURE IV-1 SIMULATION DIAGRAM OF MI"JIMAL REALIZATION.
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Geineisscaaiieintine | e s gies st b

-~ NOTATION
b..
T
i = order of block
j = block number of order i
k = which state is referred to in block j of order i

b) From Mk one can generate the linearly independent set of

vectors {b b ceea B ), fe , € yeosC )
k, lk k,Zk k,rk k,ll k,Z1 k,.l

¢) Now from M and the knowledge of the above set of vectors

k-1
L— you can generate the following set of vectors b, b Pko1p k-l}

o ~ ...,b ye ey
{'k-l,ll""”k—l,pl}{]-D-k,l R AL S ]

This algorithm will now be demonstrated by using the two examples
presented in the previous chapter.

Example IV-1 Let |

s +1 2s +s-1 s -1
1
: Lo
. 2s) s (s+l) (s +2) l-s -5 -s ts 5
SteE One B _]
] 0 0 0 -52.5 1.5
Z( ) ’ l -5 -05 -05 -+ -]:_ i+__1__. A \
s) & — it T3
B o_l stlig 2 1 P13 -1

since d(s) has distinct roots .
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Step Two

bty = 1 ~
| p(M,) = 1
IR

thus minimal order is 4.

~ A minimal representation is thus given by
| 0 0 0 0] (5 -5 -5 |
i -
g - 0-1 00 5+ 0 2 1 u

0 0-2 0 -5 2.5 L5
00 0-2 -1 -3 -1
1 o0 1 oo]

7= 3

0 1.0 1

Note: The rows of B and columns of C are derived from the matrices

M1 M2 and M3 using equation 4.29
Example IV-2 Let \
[ 3 2 |
s3 -s2 +1 1 - ts -2
.Z(S)=;11' 1.5s +1 s+l -1,55 -2
3 ;
s3 -9§2-s+1 -sz+1 s -5 -2 4
Step Ome ;
The r7inima1 order n is found using Rosenbrock Algorithm: ;
| vo1l el
11 -2 0 00 - ) 00 | 3!
Z(s)= '1_' 11 =21+ .51 -1.5 s+{ 00 0‘ s + 0 | l{s l
st t 11 -2 (- 0 -1 } 9-1 0] 10 12 _‘B
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- The matrix R formed by equations 4. 11 and 4. 12 is

1

y 1 -2 0 0 o0 0 -1 0 1 0 -l
. 1 1 -2 151 -15 -5 0 0 0 0 0
} 1 -2 -1 0 -1 -1 -9 -1 1 0 ]
o 0 0 1 1 -2 =2 0 0 -l 0 1
o 0 o0 1 1 -2 -2 L5 1 0 0 0
R=1!0 0 0 1 1 -2 =2 -1 09 -1 0
- o 6 0 0 0 0 O 1 1 0 0 0
- o 0 0 0 0 0 O 1] 1 L5 1 L5
o 0 0 o 0 0 O 1] 1 -1 0 -l
£ o 0 0 0 0 O0 0 o 0 1 1 -2
B o 0 0 0 0 O 0 o 0 1 1 -2
% o 0 0 0 0 0 O o 0 1 1 -2}
E
i

Now it can be shown that p(R) = 8, therefore the minimal order
of this system is 8.

Step _Two

The rank of G(s)is three, since the determinant of G(s) 70,

therefore by Theorem III-3 there are three Jordan Ablocks.

Step Thrée

The partial fraction expansion of Z(s) is

[10 17 [.1 o o] [0 o“‘ ( 1 zl|
!
o0 ol1,]0 0 ofl |Ls 15l b 12
2ler s 2 ‘3 [ |
tro 1 9 -1 0,5 |-10 -ljs 1 -2 s

p(M4) =

therefore there is only one JOrdan block of order 4.

NO"’ D(M + M ) = Tl’ns means that there must be one block

of order 3. The reason for thisis two-fold.
1) I p(M3+M ) = 2 it means the

: .
{El» c.} and tworows {b I b, } which are linearly independent
2 - -

re must be two columns

such that
2

=M, + M
i§1 eiby = My Ty

4.31
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But by Theorem II-5 we know that in order that a system in
Jordan Canonical form be controllable (observable) certain rows (columns)
of B (C) must be linearly independent. If the row i)f equation 4.31 are
linearly independent it means that there must be two blocks one of which

is of order 4 while the other is of order 3.

We now have completely determined the A matrix that is the

structure of the system

B 01000000
Ax 00100000
g’ 00 g 10000
000 000O0TO0ODO
: 00000100
i 00000O0TO010

0000000

" (00000000

£ u u oy
»‘\93/,! = b?/ ==Db1 . ~
1 I 1 L A 1| Y
—— /' ‘\'— — ._- . 1 ‘ R ,“ = L cl_::
] —[— j/v s z = T L .
\ . '-‘r’/ | l
e Fer 4 '
(\:4/;—::: 3= ( Cy=— ;
- ===p =5
T | = I ¢ L
s —:[:'f_; - s ‘ R R f
N Y &, A=
g_—- :-\g':
e et
s R

FIGURE IV-2 BLOGK DIAGRAM FOR EXAMPLE IV-2.




11 -2
Since M4 = 11 22
Li I -2
1
£1 | b= [ 1 2]
II
0 0 0
1.51 -L.5 | = b+ b+ b
M, = Cphqot ebyte b
3 10 -1 5 =17 2-4 1=3
Hweset b_=[00 0] then
3 I~
0
= . z =10 1
1 ho_a
-1 0 1]
M, = 0 0 =¢ b +c¢c.b_+c,b +tc_.b
2 3 -4 =1-2 “6-7 =576
-9 -1 .
i - ]’**: —0.‘!
= O] [1 1 -2] Pe1o01) io‘i[-lo-l] i[-202]
10y |1 + Oi +-.5‘
‘1' ! 5 L1
Finally from
10 -1
= 0 tc b 4 b
M, = f:g =cbite,byte bde b deboe by
_b_ l0'4115

£g=8

We getall the remaining row of the matrix B and columns of the matrix C.

To check that the realization is indeed controllable and observable

we know, from Theorem II-5 that{_l S cgl)end (bypby b }

must be linearly independént. The above derived vector satisfy the condition.
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Thus a minimal realization of this system is as follows:

=l —

T T T T T TR T T T T I T T TR

01000000 00 0]
001 00O0O0TO 10 1

2 x = 00.0100G0O0 00 0 v
00000000 | yq] 11 =2
0000011 00] |00 0

2 00000010 20 2
00000000 10 -l

) (00000000, |10 -1

10000001
£ - 1100-.50001!%
| 1,0-1 0 1 5-1-10;

IV-5 COMMENTS

This algorithm has just the opposite qualities of the
previous one; Mathematically, it does not look as elegant, but
for most cases it will yield the proper result and require much
less computation. It is indeed interesting to note that the
amount of computation is not as dependent on the dimension of
the transfer matrix as the previous algorithm. The reason is

that one works with a single eigenvalue at a time, and a parallel

realization is obtained. At no point do we degl with the whole
transfer matrix. This point is well illustrated by the first

example. Using the approach of the previous ghapter requires

quite a few coﬂ;utations to find the Smith-MacMillan form of the

transfer matrix and the equivalence matrices G(s) and H(s). Even

after having obtained this informétion, there are more computations
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réquired before the minimal realization is obtained.
algorithm, once the partial fraction expansion of the transfer
matrix has been obtained, one can immediately derive the minimal
realization.

This algorithm QOes, however, have one shortcoming. It
is a resuit of the fact that only the following information is
available:

(1) minimal order n given by Rosenbrock.

(2) number of Jordan blocks.

(3) number of highest order Jordan blocks
which may not be enough to clearly define the structure of the
system matrix A, if the multiplicity of an eigenvalue is too high.
When these cases occur, a variation of the technique of Panda and
Chen [8] will yield proper result. This technigue, however, is a
two-step procedure in that a controllable, but unobservable,
realization is first generated and this realization is then reduced
to one which is both controllable and observable.

Consequently, the partial fractién algorithm is practical
to use, providing the multiplicity of a given eigenvalue is not too
high. For any physical system, this condition will usually be met.

In conclusion, we can say that this algorithm will require
less computation than the previous algorithm for most practical
cases. It is also more powerful than the technique of panda and _

/

Chen [8] , since it is a one-step procedure. However, in cases

. use
where it does not generate a structure for the system, one can

either of the above methods.



g

CHAPTER V

IRREDUCIBLE REALIZATIONS IN SAMPLED DATA SYSTEMS

TR PTETET

In this chapter we wish to demonstrate that the two techniques used

to derive an irreducible realization of a transfer matrix, presented earlier,
can be extended to sample data systems. Although this is quite easily done
it is nevertheless a very important result. Most identification schemes
such as ordinary least square fit [17], stochastic approximation [18] maxi-
mum likelihood [17] , etc. result ina pulse transfer function representation
of a system, that is in the z transform Y (z) =H (z) U(z) 5.1
where: H (z) is a gx p matrix for a p - input q - output system.

If modern optimizing techniques, in state space, are to be used one

must derive a minimal realization for H (z).

V-1 DEFINITIONS
a) SYSTEM DESCRIPTION

A continuous system is represented in state space by a set of first
order differential equations. In sampleddata systems the differential

equations become difference equations, of the form

x (ki) =Ax(k) + Bu(k R

y(k = Cx(k + Du (K

where: k = kth instant of time -

u =u(k), p - dimensional input vector
k) , q - dimensional output vector

k) , n - dimensional state vector

"
1%

n is the order of the system
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A, constant nxn system matrix
B, constant nxp input matrix
C, -constant qgxn output matrix
D, constant gqxp transmission matrix
As in the previous chapters we will assume D=0, U z-l

is considered as a delay operator and assuming that the system starts at

rest, equation 5,2 can be rewritten as

Y(z) = CX(2) 5.3
therefore X (z) =(ZI-A)-1 B U(z) 5.4 W‘%

using equations 5.3 and 5.4 we obtain
-1
_\_f(z)=C(zI-A) B U {z)

-1
thus H(z) =C(z1-A) B 5.5

Equation 5-5 is the definition of a pulse transfer function matrix

We are now back at the same problem as in the orevious chapter, that

is, given a pulse transfer function matrix H(z) find a minimal state space

representation which must be

.1 controllable and o‘?servable
/

2) whose transfer function matrix is H(z) =C (21 - A) B
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b) CONTROLLABILITY AND OBSERVABILITY

: ]r“:“llm By shesee

The conditions for controllability and observability must be redefined

, in terms of sampled data systems. These definitions are exactly the same

as given in DEFINITION II-2 and DEFINITION II-4 except that the phrase
" Finite time interval'' is replaced by '"Finite numbers of time intervals''
The main criteria for controllability and observability was first introduced

by R. E Kalman [€] and reads as follows:

DEFINITION 5 -1 - A discreete time system defined in equation 5.2 is

completely controllable if and only if the following matrix LC is of rank n

-1 ot
L = (B, A B, - -, A" 1B 5.6

for proof see [6} Since this definition is similar to theoremII -1 and that

all the remaining theorems in Chapter II were proven using theorem II -1 we

- 2 will assume without proof that all the theorems on controllability oroven in

Chapter II can be extended to sampled data systems. Similar comments may ~q

be made for observability.

V-2 MINIMAL REALIZATION OF A TRANSFER FUNCTION

We will derive a minimal realization or a pulse transfer function

: 2+ va 20 5.7
of the form H(z)=a0 +alz+ a, ? - T Tan ‘

b +b,z+ - +z
o .

1

From a theorem on sampled data systems [11] regarding physical realizebility
it is required that lim Z: H (2) = O for a system to be realizable For the
-
proof of this _the(orer: see [11]
1f this t’heorem is applied to equation 5.7 it is seen that the order of the
denomenator must be larger than or equal to the order of the numerator

“that is, n>m. Since we assumed that D=0 the largest value of mism = n-1.
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.THEOREM 5.1 A minimal state space representation of H (7} . defined

by equation 5.7 where m= n-l, is given by

R

~ 0 i
o1 0- " 0 0 i
0 1 o o o ® 0 .
: . k) + K
X (k+1) = ) __X\k) . B_( )
. 0
- - - e . L] - t l
b0 b1 bn-l RE
B 5.8
"“ = a o @ k‘
Y =(a, a, a ) x (K
Proof ‘
. -1
H(z) =C (21-A) B
:(ao al o .an-l) - . _ -
xx...1 0 a
1 . z 0 i
A (zI-A) :
: : 2
0 ?
n-1
| xx ... z ,! L ! n
/ -
n-l
= a ta z+azz -.L---‘Lan_l z
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This representation is also controllable and observable because of

theorem II - 8 which could be revised for sampled data systems and the

fact that the last rowof B and first column of C are different from zero

V - 3 REALIZATION OF H (z)

Here it will be shown by some examples that the technique of Chapter

1V can be used to derive an irreducible realization for H (z)

EXAMPLE V -1

Let -

z+] 1
! H{z) = 1

(z41) (242) (z+3)

4zz+192+21 z2+2z+1 i

H (2) can be expanded in a partial fraction

H{z) = 1 ozl Lo i-l 12
(z4) 30 |, 4| @ Lo 2

the minimal order of the realization will be

t=}
1

= M)+ p(My) * (M)

=2 + 1 + 2
:'5 '

a minimal realization o H (z) is
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"1 0 0 0 0 To 1/2 |
L 0 -1 0 0 0 30
i X (k)= [0 0 -2 0 0 1o
- o o o0 3 0| XWF g 2 L
: |
0 0 0 0 -3 J o 2 |
Yy@®=/1 0 11 0
x (k)
o 1 1 0 1
Example V 2 Let
627243 3z0-5zb2  -427+62-3
H(z)= TE%TT3 372-50241  22-3242 ~2243
2gl-2s  22°-4z42  -2z42
H(z) can be expanded in partial fraction as follows
5 3 -4 3 1-2 (1 0-1,
Hz)= 1 |3 1 o+ 1 ,|1-1-21% 1 3 10 1| 5.10
(z-1) z-1) LI D
[2 2 0 2 0 -2 0 0 0]

STEP ONE
The minimal order is found using ROSENBROCK algorithm

From . - ‘
3 2 -3 -7 -5 6 5 3 -4 |

H(z)= |1 2 3|+|-5-3-2|Z +13 1 042 |

' lo 2 2 -2 -4 -2 2 2 0 ;

23—322 +3z -1 ?

we can gensrate the matrix R of equation 4.13 using

.equation§/4.ll and 4.12




Y lll.ﬂff‘« TS

2-3-7-5 6 5 3 -4
1 2 3-5-3-2 3 1 ¢
0 2 2-2-4-2 2 2 0
pe |5 3-4-12-79 8 4 -6
31 0-8-1 3 4 0-2
2 2 0-6-4 2 4 2-2
8 4-6-19 -9 14 12 5 -9
470-2-9 1 6 4-1-3
§ 2-3-10-46 6 2 -4

It can be shown that the rank of R is 3.Therefore the minimal
order of the system is 3.Since the largest block is of order 3
the structure of the system is now completely defined and all
the remaining steps of tﬁgqﬁéy be skipped.A block diagram of

the system is as follows

E/ 9 k?lj
. 1,
= NIENE I - 1 | X
] e ] e e N I
(z-1 l < |z D
- N /o ~,
i Cao ( E_ ———e
=3 N AT
A L —.;;::::i Yy

N

FIGURE V 1 BLOCK DIAGRAM FOR EXAMPLE V 2
The rows of the matrix B and matrix C are found as follows.

From equation 5.10and the above figure we get

’ i -

1 0-1 1 o -1}
m=|-10 1= gby=|-l]
0 0

._0' 10

I

[\

=
1l
S N N )
1
o =
1
™o
]
10
[
(ke
[N
-+
1o}
N
10°
w
u
!
—
+
I
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[5 3 -4 11‘1’_011] M .0111
M.= = - -~
3 Lz 2 z by * C Py * 93?3‘ '1J + 11
0 2
L°)
51 [ 0 -1
3
2

{1 3 5
= -1 1 3| 2
Lo 2 2

vV - COMMENTS

The important point of this chapter is that given any

pulse transfer function matrix we can find an irreducible

the same techniques s used in conti-

realization with exactly

nuous systens.Although this is easily shown it is a voint

ed in current 1itterature.
interesting points.

n algorithm had

which is not mention
Example V-2 also brings out a few
1t is obvious that if the Smith- MacMilla

been used the number of computations require
greatly increased. R1sO

a and Chen8] 2

d to derived

a minimal realization would be

if one had used the techniqUe'éf pand

controllable but unobservable realization of 6 states

would had first been generated.This realization would then
have been reduced to one of 3 states which is controllable

and observable.This example points the advantage of the

partial fraction algorithm over the other £wo.

i
i
i
1
|
!
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CHAPTER VI

CONCLUSION

So far we have examined linear time-invariant systems which
can be continuous or sampled. Two algorithms were given for such
systems and their relative worth was described. We may conclude that
for time-invariant cases the problem is well solved. However work
carried out is time-varying systems may lead to an even simpler

algorithm.

VI-1 TIME-VARYING SYSTEMS.

In a recent book by H. D'Angelo [12], an algorithm is given to
derive the minimal state space realization for a time-varying system.
Obviously the input/ output relationship of such a system will be described
through an impulse response matrix and not a transfer matrix in polynomials
of s. Itisnot ouf intenﬁon to give the full details of the algorithm but
only point out its general ideas and how they may be used in the time-invariant
case.

Recall from chapter 1l that the product of the observability matrix

Lo and controllability matrix Lc defined as

T : 6.1

. =T 2 :
was invariant under any non- -singular transformation ¥ = 2 and .

the rank of T gives the minimal order of the state space realization.

This seems to indicate that T possesses all the mformatmn regarding

the structure of a minimal representatxon of the system.

In time-varying systems Lo and Lc are defined differently (12}

in fact they are,

.1 4 6 2
= A B 9 4
[,C(t) = [ B(t), ACB(t), ooy c (t) ]

where A is an operator cf the form
c

]
!
i
f
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= - 4
AC = At) + m
' T T -
L= [cw, a ¢, ..., a0 ¢l 6.3
[¢] o]

where Ao is an operator of the form

T d
D o= A M)+ 3

To simplify the product T (t) let us define Lo(t) and Lc(t) using an

alt eirna’cive notation

L) = LR (1), Rl(t),...,Rn_i(t)] 6.3
L (t) = [S (1), Syb)....5 1 6.4

where : R (1) = - Alt) R (®) + R (0

S 1) = AY) 5, + ék(t)

k+1
and
R (t) = Bt)
(o]
| So ty = C({t)
then . -
T
%o [R(6), Ry(t). By (®) ]
sT (t) °
L(t)=] 1 6.5
1]

The impulse response of a time-varying system is defined as

Q(t,T) = C{t) ¢(t,T)B(T) 6.6
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where ¢ (t,T) is the transition matrix of the system.

Now let us form the matrix Qij(t’T) as follows :

i N
6, BT 8 6T 0, jq B T)
Qi’o(t.T) 91,1(’5, T) Ql,’j-i(t’T)
Q. T)= | ° 6.7
ij .
| %.1,0 % 1,4 Qi-l,j-i(t’T) 2
i j
where 0. (t.T) = 2o 2 oewT
) at 3T

it may be verified [12] that

Qij(t’T) = SiT t) ¢ (t,7T) Rj (T) 6.8
therefore
Q.ij(t,t) z s;r(t) Rj (t) 6.9
this using equations 6.8 and 6.5 we obtain
6.10

..(t, = TI..(t
QIJ( t) TIJ (t) |
Equation 6. 10 relating Qij(t,T), which is formed from the

system 's impulsive response matrix 2(t,T), and Tij(t), which is formed

from the system's differential equation characterization, is the basis of

the method for synthesizing 9 (t,T). Infact the minimal system is then

simply constructed using certain partitions of the matrix Qij(t,T).

So as suspected the matrix T.. (t) does contain all the information required
1]

to get a minimal realization of 2 transfer function matrix.

D'Angelo [12] has found 2 relationship in the time-domain

that enabled him to get the matrix I‘ij(t) from the impuls

e response matrix.
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=3 Much effort and time was spent in trying to do the same for tinie

i invariant system, thatis to find a relationship betweenZ(s) and T .

. However we were not able to come up with one.

Also if one carefully examines the matrix R ineq.4.13 that
Rosenbrock uses to find the minimal order of a system there again
seems to be a relationship between R and T. However neither could

this relationship be pinpointed. It is however our belicf that some

elationships may lead to a new and powerful

new approach to finding these r

result. Once you have T it contains all the information regarding the

structure of a system.

In conclusion we may make the following statements.
Two different algorithm have been proposed to solve the problem.

The first based on the Smith -MacMillan form is the most gencral of the

itwo but becomes imnractical for transfer matrices of order higher than

*3 or 4. "The partial fraction algoritﬁm,although.not as general, is how-

ot lead to 2 definite

use. In cases where it does 1

ever more practical to
the alternate method proposed

structure of A use, as mentioned before,

by Chen and Panda (s].
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