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Abstract

The mathematical models for a zero-momentum three-axis
attitude controlled satellite, employing a combination of
active controls, such as flywheels, gyrotorquers and reac-
tion jets, are derived. TFrom these models, a set of optimal

control problems are formulated.

A short survey of various numerical methods available
for the solution of optimal control problems is provided.
The conjugate gradient descent (CGD) method 1is adopted and
its application, to optimal control problems having piecewise

continuous input controls, is outlined.

Various aspects of satellite attitude control are inves-
tigated by solving the related optimal control problems.
Finally simple sub-optimal, open-loop and feedback control
policies yielding results approaching the optimal values

are formulated.
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INTRODUCTION

With the ever increasing demard for *igh sp224 copmurica-
tior links between any two points or errth, the pumber o€
satellites in use 1is steedilv ircreagira., Ir +tha fi=ld oF
communications, most satellites operate as microwava repestsr
stations, thus directioral antenras 2re used to receive »rd
trarsmit the electromagretic signels. BRv usi~a parrow be=n
high gain antennas, less erergy has to be tra-smitted to
maintain a given degree of qguality in the commuaricatior
link. This dimplies thet the rececive 2~d +tra-smit z2rterrag
should be accurately aimed. TFurthermore, witk +th= roayw
advances in optical conmmruricationrs, it canr be ew¥nacteqi th=t¢
laser beams will be used as sigpzl carriers within = “ay
years [27] . The extremely narrow lassr he=2m imppos=2s r=th-r
stringent regniremerts on tre attitudzs comtrnl Hf satel-
lites. An accuracy of less than 0.1 degre= will hs reguired
[13. This kind of accuracy can bhest he achisvzd mnsirg
zero-momentum three-axis control employing activa d=avic=s

such as jots and flywheels or gyrotorguers.

At present, the attitude coptrol of 2 sate’lite is mo-i-
tored or a reqular beasis by trackira stations loc=2t=d or the
earth. Discreparcies car be corrected try trarguitriqg
approoriate control sigrals to the srtellit~ts attitnds con-

trol mechanism in order to reqgain tre desired nrie-~tatin- [4].



Since a satellite is esseo~ti=lly » Freoe f271irqg hndy its
dynamics are characterized by six degreres of “r==dom. *
system of six first order coupl=2d nnnlire=r onrdi-sarv 4iffecr-
ertial =quations dascribes the dyramics. “be contrnl
problems arising from such dynemics ares rot trivial., g
a simplification the dvremics are either lirerrizesd 7?27 or
assum=d urcoupled [417. This makes it possih’2 to coplv
classical control theorv tkrough ITaplace transforns. 1 care~-

ful simulation must ther bhe dore to irsur= t'»2+ +tl= rzsults

are satisfactory for the actus?! mnorlinear systen,

)

gn te

.
| dv
+
n
"y
I
)

In this rasearch the attitude dyramics of
first darived and then us=2d to formulate a s=t »° ootinm="
cortrol vproblems (ro linearizatior or unrconuplirqg is
assumad), Here the primary objective 1is to ~Apnly optiral
cortrol theory to study the sttitude control of = gat=1"3ite,
Corsidering the complexity of the dyranics, it is no>* possi-
ble to ohtain a closed form solution, thus »umericel techri-

ques must be nsed to compute the optimal cortrols., Tre noyt

o)

objective is then to obtain » computatio-al sch=m2 which is
both efficient ard relativaly transparent, ™he l=ztter
implios that the resultinag computar progr2ms shkonld nocessi-
tate 3 minimum of modifications to solve s s~t 0f zimil>r

optimal cortrol problems.

By proparly selectirqg the s2+ of optimal cotro’ nprob-

lems to be solwved, it 1is possihle to irvestig=t> car*=ir



aspects of satellite 3ttitude cortrol. Tor axampls, th2 sys-
tem's cortrollability when jets are ns=d4, btoth with t'ro-
tled jets ard on-off qets., Control’=hility mn-d-r flyuwhos=?
cortrol when some of the Flywhaels ave innperative ca- =1s9o
br investigated. Tr this study, = systew is g2id tn be
certrollabl=, if given at the 1ritial tim= # "9n-z-To st-t=

then using the available controls the syster c=n h> draiy=-

'Ju

to the origin by the termir=1 time, s = r2gnlt of tr=
solutior of some of th= 2bove mertioned problems,it is pos-~
sible to formulate oper~lonp 2rd feadb=ck cnmtrnl vpnlicies,
giving sub-optimal results approachirg ttre orptira’ v=lu=s,

*n outline of thre thesis will rovw he prrserted, 7~ Cr=p-
ter "ne,the dynamics of a sArtellite =are conrsidA=r=4 =2-4 th>
mathematical models are derivzd for the c=2se nFf 3 £ yyghe=1
or 2ach body axis zrd trer for » twipr avrntorgu>r o> e=ch
body axis. "n Chapter m™wo, somr~ basic theorems of optinal

centrol theory are first ravinw=d 203 tre- th2 wrodalsg Jor-

4

ived ir Chapter Ope ar» r=2formul=ted intn optim=" cort

&

P

e
]
=
N

problems. rhapter “hree begins with a surv=y o v-r
numerical methods availrhlz for the solutior 0F nptim=? con-
tro! problems. 2 conjugate gradiert descert =2ppreoact i3
adopted and =xpressiors are d2rived for the gr-dszrt »~€ the
cost function for piecewise cortirunus i~put controls,
Chapter Four illustrates the computatin-al results obt=i-eA
by solvirg a variety of sete]lite optipal =+titni» co tfrn?

problems, Speci»l emphrsis is p'aced or mor-saturati-g



flywheel control . In Chapter Five simple open-loop and fa=2d-
back control policies for flywhr»e01 control! opsrati~g ir thae
nor-saturating mode Aare given, Finerlly Corc’usiors

are formulated.



CHAPTER ONE

e it T W e e S

In the light of future satellite communications 1lirks,
possibly employing optical systems,the reguirement for
highly accurate attitude control systems is apoarent. 3
three - axis controller must be enmployed to achieve the

required accuracy of less than 0.1 degree {117,

A combiration of both momertum expulsion devices
{¢.g. jets)and momentum storage devices (e.g. reactior wheels
or gyros), is often used to furnish control momerts for cop-
mon space vehicle attitude control systems. The jets erd
mpomentum storage devices complement ore another, the storeas
devices countering cyclical torques on the vehicle without
loss of mass and the jets countering long-term secnular tor-
gues by periodically expelling momentum from the stor=qge

devices as they near spin saturation,

"he typical operation of such a system may be described
in the following manner: the momentum stored i» the storsqge
devices is monitored apnd the appropriate <Hets are Fir=d
wh2n the stored momentum reaches some percentag=> of +the
total storage capacity. The design requirements for such a

system are 2s outlined in Canon [27.

-5



{1) The total stored gas must reoresent a momentnum cepacity
larger than the total secular impulse anticipated “or
the life of the vehicle.

{2) ™he maximum storage torque capacity of the jots must he
larger than the anticivated maximum torgue on the vehi-
cle, e,g.the nmnisalignment torque during on-orhit firirag,

(3) The 1impulse of the §et system (momentum times +im=)
should be controllable to within a low perceant of the
total storage capacity of the momentum storage system, so
that momentum can bhe expelled from the systenm with pra-

cision.

The above require that the momentum storadge elements have
sunfficient capacity, such that saturation will not occur *“or
the 1largest expected cyclical impulse, plus the sacnlar
momentum change between momentum expulsions. Fartharmor=
good precision and speed should characterize ¢the 2ttitni=

control systen.

2 good description of the free body dynamics of such =
three-axis contrelled satellite is necessary in order to
present plausible control policies. In this chapter,a con-
plete derivation of a three-axis attitude controlled satel-
lits, employing in ore case three flywheels -one on each bhody
axis -and in the other case a twin gyrotorquer or eac* hody
axis. Both of the above systems are complemented by a set

of reaction jets-one on sach body axis.

-f-
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It is well known that any complete derivatior,relsatirg to
the dynamics of a satellite and the behaviour of flywheals
ard gyros within the satellite, will Yikely irvonlve more th2ap
one coordinate transformation. TIn this derivation, the “ol-
lowing four coordinate systems will be nsed: trhe
reference, the body, the gimbal and the gyrotorguer coordinerte
system respectively. It is assumed that 211 certers of a=ss
are located at the origin of the system. This implies th3t
all coordinate transformatiors are accomplished by 7 rot=>-

tion of coordinates without any translation, which implies

[

that the coordinate transformation matrices are =11 orttoqgo-

nal.

Clearly, a2 Judicious choice of »notation is nrecessary to
give a complete yet short and concise descriptior of tho

dvynamnics involved.
1.1 Notation.

As a convenience for the sequel of this chapter, the sen=

notation as employed in Guibord and Ahmed [3] will be wused. That

is:§x=[§&,§;,ig‘b {o=9,8,b,r for gyro, aimbal, body =and

reference coordinate system respectively) ard R Aapotes

B B

transpose of 1. Pv=cvr tv,8e{g,G,b,r},vhere <, is =~ (3x)

B

. . pe %
orthogonal transformation matrix and therefore [ci}=fci}£c6,
The trigonometric functions sine and cosine are abbreviated

by the letters s and ¢ respectively. The guantity q m=ans

-7 =



the time derivative of q. The snbscripts x,v,2 will denote
the X,y and z body axes respectively. A sanare bhracket fol-
lowed by an index indicates that +tte quantitv, withir +he
brackets,is expressed in the indexed cnordinate system. The
quantities capped by (~)such as B, are tensors of rank ore »r
simply vectors while quantities capped by (7) are tersors of

rank two.

The following nomenclature is employed:

B ttotal angular momentum of satellite and gvyro-
scope.

ﬁb sangular momentumr of satellite bhody.

Eg :angular momertum of gyroscope.

T tirertia dyadic of satellite body.

T tinertia dyadic of gyroscope rotor.

mg rangular velocity of gyrotorguer coordinate frame.

EC tangular velocity of gimbal coordirate frame.

£l

b :angular velocity of satellite body coordin=te
frame.

mr tangular velocity of reference coordinate franme.

p,g,r:satellite body rates with respect to body coordi-

nate frame.,

¢ ,0,V:satellite body =angles with respect *to refarercce

conrdinate frame.

Q :gyrotorquer flywheel angular velocities.
8 1gyrotorguer flywheel gimballing angle.
€ tgyrotorguer flywheel position angle.

-a-



.\ tnonion form of flywh=el irertia tersor.

B :nonion form of satellite body inertiz tensor.

To transform a quantity given in ore of the four men-
tioned coordinate systems requires the knowledge of thre=

basic transformatior matrices. These will be taken +o b»
G b r

cg, sy and cy which are given bys
ce SE o©
CG = | -se ce o {1.17.1
g
o o 1
1 o o
cb = o s§ -cd (1.1.2)
G
o) cd sé
and:
cBcy cOsy -s@
cg = s¢sbecy - cédsy s¢sOsy + cocy s$¢ch (1.1.2)
cpsbey + soédsvP chpsBsy - sécy cdpch

r Gbr g b G g . b
Note that cg-—cchcb and C.=C,CyCq etc. T™he wmatrices cq and

r . . s - b
c, are derived in Greensite ([471. 7The matrix cg correspords
to the <configuratior for a single deagqree of freedom gyro

[5,6] as shown in Fig.l1.1.1,

To obtain the ci transformation, the sequernce of rotna-
tions shown inFig.1.L,2 should be followed. Nota that the

Fuler angles ¢, 0 and ¥ derote the rTelative orientation of

-9



\ Giml\aal /:'er Wheel

G “

/

T/
Yy s —1 -
/7

Py

Gimbal Drive Motor -XG
YG
1. 1.1.1 Sinple Flywheel Gyrotorquer Controller,
A} - \I

. - : S o+
lr——_; 11 ————— lb lb
- = 6 = 5
Ir——1 —s1 —=7
= > " k
kr v E-ki __————enkz —>"}

Fig. 1.1.2 Coordinate Rotation Procedure,

the two systers.

Tn  other words, the reference axis system is rotsted

about the Er axis by a positivex amount, v , thereby d=finira

a new axis system {i;,3;,kKy). This is followed

-10-
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tive rotation about axis j; of an amount 6 and Finally hy
a positive rotation of amount ¢ abhout axis §£. At the end
of this rotation sequence, the reference frame is coincidert

with the body frame. The matrix c(;: is obtainad direct]v

X
g

Fig, 1.1.3 Gimbal and Gyro Coordinate Vectors.

from Pig.1.1.3,

The quantitiesmg,‘m y 0

c andmr are implicitly defired

b

in their respective coordinate systems¥*:,

= 23] =9k - (0,0,9 )T 1.1.4

wg wg_ v g v g ( )
- g

—:F-‘='z—(5;oo)r (1.1.5)

U)G = UJG_‘G y e y3 ° G o 1

&b = [&be = pib + qﬁb + rEb = (p,q,r)Fb (1.1.56)

- A S e WS WS D WS e

*Tp the sense of the right hand rule.
*%This derivation is initiated with the v-body axis.

-11~



|

The same applies to the tensors and 7.
—_— — 1
i.e. —f = T =
(ITh=T, BT,
where;
I 0 0
X
B = 0 I 0
5 (1.1.%)
0 0 I
P4
= = '
and J = [J),= FGATG, where:
A 0 0
y
A = 0 A 0 . 1.9
v (1 )
0 0 C

1.2 Basic Dynarics.

Proceeding ip a manner similer +to Greepsite T[47, the
dynamics are derived for a zero-momentnm three-axis sstel-
lite attitude cortrol system for two special cases. Tha
first case is for one flywheel and the second is for 2 twinr
gyrotorquer controller on each of +the satellite's body azxes

respectively.

Prom ¥ewtonian mechanics,it is known +thrat the rate of

change of angular momentum (H) in 2 free body is egu~l to

-12 -



the applied external torques (T).

(1.2.M
Ir the case of a setellite, the exterral toraues car hasi-

cally be separated into two parts T disturbance torgu~s ard

d

T, controlling torques. The disturbance torguss mav be
characterized by both impulses and sinusoids,with the latter
predomipating for a vehicle in » circular orbit* abouat =
planet, TImpulsive disturbances may occur through meteorit=s
impact, The external controlling toraques ares =applied

through a set of reaction Jets symmetrically positioned o5n

each body axis.

From {1.2.7) it can be sgen that if o external toraoues
act on the satellite, the dynamics must satisfy:
aE _

dat
(1.2.2)

which implies that the total angular momertum must he con-
served. Tn such =a case, attitude cortrol 1is repdily

achieved through momentum ~xchange devices.

For the purpose of this derivation let;

T =71 +4T 3. +T k
x*b "y’b "z'b (1.2.3)

- e A W - S e

*#Tn thig research a circular orbit has been assumed.

-13~



and,

dH = H T +H T +F
T <1 yjb+szb
(1.7.4)
from which it follows that;
H =T, Hy=Ty, H =T,
(1.7.9)

which is the basic set of equations necessary to formulate

and solve satellite attitude control problems.

The computation of dH/dt is somewhat complicated by the
fact that rotating coordinate frames are involved. ™h> fol-

lJowing formula given by Goldstein {41 nust bhe amployed:

d. d. - (1.2.6)
_ = _— + 0w X (')
<dt >space <dt >body body

Tt was sbhown in [ 3] that ip the case of a satellite the
coordinate system to be identified as 'hody' in {1.2.6) is

arbitrary. Let us now proceed with the derivation of

dH/4t, where H = Hb + Hg'

For the purpose of derivation, differentiation is done with

pespect to the satellite body coordinates. Hence the quanti-

ties H and ﬁg should be expressed in the body coordinate sys-

b

tem. Proceeding with ﬁb'

L ! (1.2.7)

which becomes;

-1 -



1 b
[Hb]b - [(p,q,r) + (0,—wo,0)cr]BFb e

after substitution wusina (1.1.6), (1.1.7) and  {(1.1.8).

Similarly;

[ﬁ J _ [F] -[a g+ By B ] (1.2.9)
becomes;
LH ] = [(0,0,Q Y2 4 (s ,O,O)cb + (p.q,r)
g1y, v'g y G (1.2.1M
bl G, b
+ (0,—w0,0)cP]chcGTb

after substitution uvsing (1.1.8), (1.1.5), (1.1.8), (1.

ard (1.1.9). Hence, addinrg (1.2.8) and ({1.2.10) gives:

Acg)

o ®

— _ G g . b
[H]b = [(Ogogﬂy)CgACG + (Gyaoao)ACG + (P\Q5P)(B+C

b b G, b
+ (O,—wo,O)(ch+crchcG)]Fb

The above can be simplifiad conrsiderably since B>>?

G b
implies B>>cpAcg. Therefore;

[ﬁ] i [<o,o,9 yeSacd + (3_,0,0)ac> + (p.q,r)B
. vy g G

G
+ (o,-wg,0)c B}Pb

Bow

or more simnply:

(1.

(1.

1.7)

2.1M

which

2.712)

[ﬁ}b ) [?]b '[Bg+EG]b +[?}b '[mb+ar]b (1.2.12)

The time derivative of the first term in (1.2.13) w=s con-

pletely derived in [ 3] and was found to bej;

-15-



d J W +w = | A E +C @ (g-wgtis)ss -C Q
at ([ ]b [ g G}b) [ yhy Ty SRRy Ty

{1.2.74)
(r—wonz)cdy]fb + [Ayéy(r—wonz) - Cyﬂy(éy+p—wolz)86y
+_pyéyc6y]§b + {Cyﬂy(5y+p wolz)CGy -Ay(q—womz)éy +
Cystay}Eb
where: lo = cbsy (1.2.15)
my, = s¢sOsy + chcy
ny, = cdésbsyPy - s¢cy

To compute the second term in (1.2.13), let:

dt b dt b rly b1y (1.2.16)

Thus from (1.2.8);

. . . .b 1' .1
It = (p,q,r) + (O’_wO’O)CP]BPb { 2 A}

and: -
[6b+arJ X [ﬁb} = (q—womz)(r—wonz)(IZ—Iy)]ib +

b b -
[(p—wolz)(q—womz)(IX—IZ)]jb + L(p—molz)(q—womz) (1.2. 18
(Iy IX)}kb
Addirg (1.2.14), (1.2.17) ard (1,2,18) yields:
d ] - b
— = _ - - - S
[d [(p wolg)T, + (q-wgmp)(r-wgna)(1,-1) + A8+

s§ - C Q (r-wgnp)ed_|I, + [(.—u mo)I. +
C 0 (q-womp)ss vy on2 y] b a-wom2) Iy

- _ - 5 - - 8 -
(p wolz)(r wonz)(IX IZ) + AYGY(T wonz) CyQy( y+p wolz)

§ +C O cs |5. +|Cc o (8§ +p-wplydes. - A _(g-wgmy)  +
5Cy vy Y]]b { yry Sy PTH0-275%y y 072 %y

-16-



+ CystGy + (r-wonz)Iy + (p—wolz)(q—womz)(Iy-Ix)]kb

(1.2.19)

Now (1.2.79) can be simplifiesd corsiderably by assuming trat

wo, ¢ , 0 andV are small. Fronm (1.2.15) it follows that.

woly —> 0
Wwome ——>  wg (1.2.2M
wono >

Furthermore, it was shown in Greensite [4) that for +ha
transformation matrix (1.7.3), the Fuler anales¢, O ariy

are related by:

é = p + (gs¢ + rc¢) tané
® = qce - rso (1.2.2M
¥y = (gs¢ + rcod) sech

It then follows that for smallwg, ¢, 6 2nrd 9 that:

wola —> wor
womy —> 0 (1.2.22)
wonlp > -wQPb

Hence (1.2.19) becones:

dH . -
- = - — - 6 Q -W 8
[dt]b [(p wor)Ix + (q wo)r(IZ Iy) + AY v + cy y(q 0)s v

- C 0 reb JT. + QT+ pr(I -I ) + A S pr - C 2 (§ +p)sb
vy © y] b [q y PP kT y oy vy oy Py

+ Cyﬂycéy]jb + [(r+wop)IZ + (q—w@)p(Iy—Ix) - Ay(q—w@)sy

+ CyQy(6y+p)c6y + Cyﬂyssy}kb (1.2.23)

Fxpressing the above as outlined ir (1.2.5) gives;,
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- - - 5 +C Q (q-wg)sé -C Q vcs =T
(p wgr)Ix + (q wo)r(Iz Iy) + Aydy y y(q 0 v S8y v Ty

qu * pr(IX—IZ) + A

§ v + 00 c6.-C 0 (8 +p)ss_ =T
yoyt TGty 0Oy Yy ROyTRISS T

(rpp)I_ + ( I -1.) - —wg)8_ 4+ C_ Q0 ss_ + C_ o (8 +plcs =T
MPIT, v (aedplT T - A lamugdoy # Ol S8y C 8 L0y FRIeoy =T,

(1.2.24)
vhich corresponds to the dynamics for on~ flvwhe=al or the

vy-body axis. To include the dyramics for one €lywheel o=
each body axis, the principle of superpositior car easily he
applied bhecause of tte symmetry involved. Farthermors,
{1.2.28) can bhe specialized to one or the other o€ the spe-
cial cases of attitude control mentiored earlier, which
leads to simpler expressions.

1.3 Flywheel Control.

Let us consider the <case of flywheel control, with one

£lyvheel controller on each body axis, for which it is

assum=2d that 5y' GyJ and Gy are all zero. Hence all expres-

.8 ., 8 or s§_ in (1.2.28) vanish. Tha
Y Yy y

extra terms introduced by having ore flywh=el on the ¥ =anid

sions containing ¢

AZ - body axis

C?r, Q

Z

O —» Y - body axis

q,Qy

o, ¢
X -body axis /

Fig. 1.3.1 Flywheel Angular Velocities with respect to Body Coordinates.,
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Z body axes respectively may be visualized throughFig.1.3.1.

Thus for one flywheel controller on each body axis (1.2.24)

becomes:

5 - - = _¢c § - T
(p-wor)I_ + (q-wo)lr(I, Iy) c.a + cygyr c2.a+ T

ql  + I - - _ -

al, pr( . IZ) C a.r Cygy +C QP+ Ty (1.3.1

r+ - - = - -CQ + T
(r wgp)IZ + (q mo)p(Iy IX) C_ 9.9 Cyﬂyp cq, ,

1.4 Gyrotorquer @ontrol.

For the cas=e of a twir gyrotorquer controller or =ze#ch

body axis, symmetry and superposition may ag3in bhe us=1
Zb
A

Momentum Exchange Axis

Xy Gyro Spin Gimbal
Gimbal Axis V r Gyro Wheel

Controller Frame
Gimbal Drive ]Motor Gimbal %we I\/Iotor -Xg

e Rl W)
ey —

—-

Fig. 1.4.1 Twin Flywheel Gyr&"mrquer ControlLer

flg,l 4,1 Lllustrates a tw1n gyrotorquer controller. In _the
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twin gyrotorqguer, the angunlar velocity f of both flywheels is
held corstant, at the seme value, but in the opposite direc-
tions. Farthermore, hecause of the geometrv involved, ~71
terms dascribing the rate of change of anqgular momeptum for
the upper flywheel have the quantities 8, &, §, @ »rd & o°
opposite signr of those for the same guantities ip thre Tower
flywheel. Hence,for a twin gyrotorguer controller nnr a=ch
body axis, the dynamics are expressed bv:

(p—wor)IX + (q—wo)r(IZ—Iy) = QCXQerdx - 2Cy9y(q—w0)ssy -

20 @ 8 cs_ + T

z'z 2z z X
. _ - . _ B T
qu + pr(Ix IZ) 2Cx9x6y + 2CyQyps§y QCZQZ(P wg)ss, + g
(r+wop)I  + (g-wo)p (Iy—Ix) = —QCXQX(p—wo)SSX -

2C_Q

§ c6_ + 2C_ Q qs§_ + T
Yy vy ¥ Zz Z Z Z

(1.4.1)

Sommary.

In this chapter, the dynamics for two special c3ses of
three-axis zero- momentum attitudes control for 3 satellite
have been derived. Fquations (1.2.21), (1.3.7) a»~d (1.4.1)
¥ill serve as the basis in the Fformulation of satellite

optimal attitnde control problems ir the pext chaoter,
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CHAPTER TWO

Optimal Control And Formulation Of Optimal Attitudz Cortrol

roblens.

In the past, satellite attitude control prohlems have
been solved using classical control techniques ard computer
simulations {7,8}. The basic approach was to assume that no
coupling existed between the different axes. The uncoupled
egquations were then linearized for analysis by Laplace
transforms. This method yields sub-optimal results. In this
study no assumption is made on the coupling of the dynamics.
An appropriate cost function subject to the complete dynam-
ics will then be introduced., The minimization of this cost
function for some set of admissible controls should yield

improved control policies over the previous technigue.

The solution of an optimal control problem presents cer-
tain difficulties such as the necessity to solve a large
dimensional two-point boundary value problem (TPBVP) or its
equivalent. Furthermore, the solution of the optimal con-
trol problems,by such methods as the well known Pontryagin
Maximum Principle (PMP) {93, do- not immediately 1lead to a

simple optimal controller design.

The intent of this research is to study certain aspects

of satellite attitude control through the solution of a set
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of related optimal control problems. As a result of this
study,it may be possible to formulate simple open-loop and
feedback control policies that give results approaching the

optimal solution.

Before proceeding to the formulation of satellite optimal
attitude control (SOAC) problems, some of the basic theorems
of optimal control theory will first be outlipred. This will
provide an idea of the type of problems for which solutions
exist and perhaps some apriori knowledge of the nature of

the solution that can be anticipated.
The theoremns stated in the sequel of this chapter were
taken from Pontryvagin et al. [9]. Proofs of the theorems are

also given in {9].

2.1 pontryagin's Maximum Principle,

Consider the system 5;

ko= £Gx,u), x(tg) = e }
where:
x 2 (xy (1), xy(£), ..., x (D) $ (s)
s (a(e), uy(8), ooy u (£))
£ o(x,m) = (F300,u),E,(x,u), oo, £ (x,0)) )

The vectors x and u represent the states ard controls res-

pectively., The functions fi(x,u) are defined by;

fi(x,u): ¥xU —> Y, 1=1,2, ...,n (2.1.1

-22 =



where xeXCRn, ueUCEr and YCRnhave continuous partial deriva-
tives in XxU. U is the class of admissible controls defined
by:
U :{.Q:[tO,T] — > " Q@ is bounded and measurable,
(2.1.2)
Let the functional to be minimized €for some u*eﬁ have the

form:

J(u) = iT f (x,u)dt
o © (2.1.3)

By defining a nev state variable;

t
J
t

x (t) =
0 0

f (x(s),u(s))ds
0 (2.1.4)

and adjoining it to the state vector x, the dimension of the
state space X is increased from n to (n+1) and is denoted by

~

X. Hence, the new system S'is represented by;

2 N N - A
x = f(x,u), x(to) = c
vhere:
&= (g (0),x (1), cesx (1)) 5 (s)
u = (ul(t),uQ(t), ...,um(t))
%(iﬁu)kE (f (x,u), fl(xul), s fn(X,u)) )

0
Concise Problem Statement: The problem described herein may

be stated more concisely as:

Given x =(0,co)€i and the 1line 1 parallel to the x( axis
passing through the point (0,c;); find the controls u=u(t)eU
such that the solution of S'intersects 1 at the coordinate
of least value for x;(T). This problem is referred to as the

fundamental problem.
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Hampiltonian Notation: To state the theorems of Pontryagin
et al. (9] in a manner as concise as possible, the Hamilto-

nian function H is introduced;

H =<§,%(x,u)>

vhere Ei,i=0, 1y «e<y h are referred to as the co-state var-

n
T Eifi(x,u)
i=0 (2.1.5)

iables and satisfy the differential eguations:

. n d3f. (x,u)E.
o= -3 —31 b, i=0,1, ...,n (2.1.6)
]

90X .

1
Using the Hamiltonian function, the state and co-state dif-
ferential equations may be expressed by the Hamiltonian sys-

tem:

dH

. = , i=0,1, ...,n

L] (2.1.7)
E. = 28 , 1i=0,1, ....,n

1 9xry (2.1.8)

Theorem 2.1.1 (Pontryagin's Maximum Principle): Let ul(t),
te[t;,T], be an admissible control such that the correspord-
ing trajectory i(t) (see S), vhich begins at the point ;o at
the time t=t0,is defined on the interval te[to,™) and passes
at the time T through a point on the line 1. In order that
u(t) and i(t) be optimal, it is necessary that there exist a

non-zero absolutely continuous vector function

gz(gdt),gﬂt),...,gét))',correspondipg to the functions u(t)

-2~



and ;(t) such thats
{1)The function H(Z,x,u) of the variable wueU attains its
maximam at the point u=u(t), almost everywhere for
te[to,T)
i.e.H(E,x,u) = max H(g,x,v) = M(E,x)
velU {(2.1.9)
(2) At the time T,the relations;
£(T)<0, M(E(T),x(T)) = 0
(2.1.10)
are satisfied. PFurthermore,it turns out that if €& ,X and u
satisfy (2.1.7), (2.1.8), and condition (1), the time func-
tions &g (t) and M(x,£) are constant. Thus (2.1.10) holds at

any time te{to,T) and not just at T.

For the time optimal case, f((x,u)=1 making the Hamilto-

nian function;
n
H = &g + L fi(x,u)Ei
i=1 {(2.1.11)
where ¢ becomes an n dimensional vector because &0(t) is a

constant and the Hamiltonian system is given by:

Xi = ag s i:1,2, | (201. 12)
i

) (2.1.13)

El = -S{——, 1 1,2, .|

Theorem 2.1.2 PMP for the

i
i
=]
i

Optimal Case {97 Let ul(t),
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te[ tp,T]), be an admissible control which transfers the state
point from ¢y to c; and let x(t) be the corresponding tra-
jectory (see (2.1.12)) so that x(to)=co, x(T)=cj. In order
that there exist a non-zero continuous function
g=(gl(t).gz(t),...,gn(t))' corresponding to u(t) and x{(t)
(see (2.1.13)) such that:
(1) For all teﬁb,T], the function H(é,x,u) of the variable
ueld attains its maximuom at the point u=u(t);
i.e. H(E,x,u) = M(E,x)

(2.1.1%)

(2) At the terminal time T, the relation:
M(g(T), %(T)) = 0

(2.1.15)
is satisfied. Furthermore,it turns out that if &, x and u
satisfy (2.1.12) and (2.1.13), the time function
M{z (t),x(t)) is constant. Thus (2.1.15) may be verified for

any time teft;y,T] and not just at t=T.

Since the optimal control problems to be formulated in
this chapter arise from the attitude control of a satellite,
it is gemnerally too stringent to prescribe a fixed point to
which the state vector is to be driven. Rather, it is more
practical to require that certain states be driven to a
given neighborhood, perhaps a small sphere around the ori-
gin. Such a requirement may be reflected in the cost func-
tional to be minimized, by a terminal cost;

i.e. J(u) = 0(x(T)) + fT fol(x,ud)dt (2.1.16)
to
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with typicallyx;

0(x(T)) = %x'RX
S t=T
(2.1.17)

wvhere R is a positive semi-definite matrix.

The two theorems of Pontryagin et al. stated earlier are
equally valid in this case. The difficulty here is that the
Hamiltonian generated by this problem has (n+1) initial con-
ditions and no terminal conditions for a system of 2(n+1)
first order differential equations. Another set of (n+1) end-point
conditions must be specified to permit solution of the Ham-
iltonian system. At this point the notion of the transver-

sality conditions is introduced.

Pransversality Conditions: 1Ist ¥ be a smooth manifold in X

of arbitrary (but less than n) dimension m but sufficiently
large so that the optimal trajectory x(t)e¥. The optimal con-
trol problem can now be stated as:

Find a u(t)eU that minimizes (2.1.16) subject to S.

The transversality conditions are formulated 2s follows:
let x(T)e¥Y and T3, the plane tangent to ¥ passing through
x(T), have dimension m. Furthermore, let u{t),x(t),
te{ty,T] be the solution of the optimal control problem with

- — - - -

*The 1/2 is a mathematical convenience in later considera-
tions.
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fixed end-points ¢ and cj. Finally, let € {t) be a vector
satisfying theorem 2.1.1. The vector £(t) satisfies the
transversality conditions at the right-hard end-point of the
trajectory x(t) (i.e. at i(T)) if the vector is orthogonal

to Y. The following theorem by Pontryagin et al. results.

[+

heorem 2.1.3 PMP with Free End-Point: Tet u(t), telto.T],

be an admissible control which transfers the state from some
point ¢p and let i(t) be the corresponding trajectory start-
ing at the point 60=(0,c0)'. In order that n{t) and i(t)
yield the solution of thé optimal control problem with a
free end-point, it is necessary that there exist a non-zero
continuous vector £ (t) which satisfies <the conditions of
theorem 2.1.7. and in addition the transversality conditions

at the end-point.
In the time-optimal case, replace %(t) by x(t) in theoren
2.1.3 and the reference to theorem 2.1.171 is replaced by a

reference to theorem 2.1.2.

2.2 Optimal Attitude Control Problenms.

2 set of optimal attitude «control problems that can be
solved by applying Pontryagin's theorems will now be formu-

lated.

Many approaches are available for the numerical solntion
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of the resulting TPBVP's. The details of various numerical
techniques for the solution of optimal control problems are
discussed in the next chapter. Pros and cons for each
method are assessed and justification is given to the compu-

tational method adopted in this thesis.

Optimal Flywheel Attitude Control (0OFAQ): Pquations

(1.2.21) and (1.3.1) will serve as a basis in the formula-

tion of OFAC problems. They are;

$ = p + (gs¢ + rcod) tan O
6 = qcé - rsoé (2.2.1)
= (qs¢ + rc¢d) sec 6
and:
(ﬁ—wor)Ix + (q—wo)r(IZ—Iy) = —CXQX + Cyer - C,0,q ¢+ T,

; - - - O+ C + T
qu + pr(I_-I) c.a.r - C0 9, P

yy y (2.2.2)

(r+wopl)I, + (q—wo)r(Iy—IX) =Cf.q-C Qyp -Cc a, + T

y Z 4

However, because the angles ¢ ,0, and ¢ are assumed small, the

equations of (2.2.1) are approximated by:

De.
n

q, ) o= (2.2.3)

S
n

P

Without loss of generality, it may be assumed that the tor-

ques T,, T and T, constitute cortrol torques.

y
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Let .

Wi = T /T, wp = T /T, ug = T,/ (2.2.4)

Practically, the controls u;, u; and us3 would be applied
through the use of reaction jets and thus they are of a dis-
continuous nature. With these controls it may be gquite 4dif-
ficult to achieve a high degree of resolution. 2 much finper

control is achievable using the flywhesl controls.

Flywheel control may be considerd to be analogous to
controlling the speed of a car. As is known, the «car's
speed is not controlled directly but rather the acceleratior
is the direct control applied in'a prescribed <fashion until
the desired speed 1is achieved. 2Applying this 1logic to the
satellite attitude control problem, the following defini-

tions result:
O = uy , Q = u Q= Ug (2.2.5)

The variables Qx(t), Qy(t), and Qz(t) may be considered as
three more state variables thus increasing the dimension of
the. state space by three. 2djoiring aquations

(2.2.2)-(2.2.5) and expressing in the form:

x = f (x,u)
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where;

!

X = <p,q,r,¢,e,w,9x,9y,gz)
{(2.2.6)
u = (Up,up.u3.uy,Us5,ug)
then;
D = Ajr + Apqr + Aguy + Ayl T + A5Q,q + Agu
q = Bipr + ByQ r + Bgus + Buyf p + Bsup
5 = C1p + Coqp + C3QXq + Cqup + Cgsug + Cgus
d = p
5= q
b o= (2.2.7)
s'zx = uy
éy = us
s'zz = ug
with:
Alzwo(IZ—Iy—IX)/IX, Azé(IZ-Iy)’/IX, A3=-C_/I_, A4=Cy/IX,
As=-C_/I1_, Ag=1, B1:(IZ—IX)/Iy, B2:CX/Iy,
B3:_Cy/1y’ B“:Cz/Iy’ Bg=1, CZ:(IX"Iy)/Iz’
Clzwo(Iy—IX—IZ)/IZ, C3=C /I, C4:—Cy/IZ, C5:—Cy/IZ,
Ce=1- (2.2.8)

A typical cost functional to be minimized subject to (2.2.7)

could be;

T‘ Y 1
+ f % x Rox + 1 Qu |dt

1]
J(u) = %[x R1XJ
t=T to

(2.2.9)
wvhere R; and R, are positive semi-definite matrices and Q is
a positive definite matrix. The form of the cost functional

to be minimized need not be 1limited to that shown in
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{(2.2.9). 1Indeed more general expressions are acceptable.

With (2.2.7) ard (2.2.9) a variety of optimal attitude
control problems may be investigated. The dynamics des-
cribed by (2.2.7) can easily be simplified to represent a
number of special situations. As an example, consider the
following problem: The body rates p, q and r have to be
controlled using only reaction jets. The angles ¢, 6 and ¥
are assumed swmall but their actual values are irrelevant.
Since only reaction jets are used, the variables QX,Q 5

y V4

Q 50 , and éz are assumed zero. With the 3initial condi-
X Yy

tions relatively small in magnitude and appropriate weigh-

’

ing in the terminal cost function, the body rates should be
in a swmall neighbourhood of zero =at the final time. This
problem may be stated as the following optimal cortrol prob-
T

2 2 2 2 2 2
minimize J(u) = %(p +q +r ) + % [ (p +q +r )dt
ueU to

lemg

t=T
snbject to;
)

ﬁ = A1P+A2§P+A6u1
é = Blpr+B5u2
f‘ = C1P+Cqu+CGU3 (2-2.10)
U = —umax, umax}
with initial conditions:
p(tg) = po, aftg) = qp (o) = ryg
(2.2.11)

The Hamiltonian for this problem is:
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H = %(p2+q2+P2)EO + (A1r+A2qr+A6u1)£1

+ (BlpP+B5u2)€2 + (C1p+C2qp+C6u3)E3

(2.2.12)

From H, the Hamiltonian system is given by:

X0

p

1t

%(p?+q2+r2?)

Air + Agqr + Agu®;

Bipr + B5u*2

Cip + Cogp + Cgu¥jy

(2.2.13)

—(Eop+B1€2+C1£3+C2qE3)

-(Egqt+AsE1r+CpE3D)

-(Egr+A1E1+A2qE1+B1pEy)

The initial conditions are;

xg(tg)=0, p(tgl=pg, gltg)=qqg, r(tpl)=ryg

and the terminal

(2.2.148)

copditions, determined from the transver-

sality conditions, are:

To satisfy theorem 2.1.1,set Z,(t)=-1,

ofs

(2.2.12).

£1(T)=p(T), £XT)=q(T),

Hence:

%
uy

%
us

w

us3

u_ oy, S&n (AgE1)

u ooy S8n (Bs&y)

u oy S8R (CgE3)
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£3(T)=r(T)

(2.2.15)

The optimal controls

% % s P . < :
uj, u,, and n3; are obtained by maximizing the Hamiltonian in

(2.2.16)



By solving the TPBVP described by (2.2.13) the solution to

the optimal control problem stated ir (2.2.10) is obtained.

It may be noted that even for one of the simpler cases
resulting from (2.2.7) and (2.2.9), the resulting TPBVP to b=
solved is by no means trivial. The right hand side of the
differential eguations in (2.2.13) is discontinuous and
even with £,(t) a constant the system is still of order

sevel.

This is the major difficulty encountered when applying
PMP and transforming an optimal control problem to a TPBVP,
However, without solvipg the TPBVYP it may be possible to
derive the shape of the optimal controls, a valuable feature

when applying gradient techniques in Chapter Four.

Other practical attitude control problems could be to
investigate controllability wvwhen one or more flywheels are
defective and without using reaction Jets. Or what are the
limitations of a non-saturating reaction wheel system?
These problems and several variations on them are investi-

gated at a later stage in this thesis.

Ooptimal Gyrotorguer Attitude Control (OGAC): mhe Fformula-

tion of OGAC problems proceeds in a manner similar to that
for OFAC problems., Equations (1.2.21) and (1.4.1) describe

the dynamics involved. They are;
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-
1l

p + (gsdé+rcd) tan O

De
1

qcd - rsé (2.2.17)

(gs¢+rcd) sec 6

-
H

and

(p—mor)IX + (q—wo)r(IZ—Iy) = 2C _Q rss_

-9 - _ 3
CyQy(q wo)sﬁy 2 9, 98,c8 o

X
qu + pr(IX—IZ) = —ZCXQX6X06X + 2cyﬂypséy
- QCZQZ(r~w0)SGZ + Ty (2.2.18)
(r+m0p)IZ + (q—wo)p(Iy—Ix) = —QCXQX(p—wO)séx

- 200 8 c§_ + 2C 9 qsé_ 4+ T
y’yyy Z Z Z zZ

The gyrotorquers are assumed to be controllable by chang-
ing the gyroscopic angular rate. Once mnore this is in line
with practical considerations,as it is not possible to phy-
sically change the gyroscopic angle in infinitesimel time.
Rather, the angular rate is increased ir the direction of the

prescribed angle. 1In practice this amounts to letting:
é = uy, é = Usg, <.3 = ug (2.2,19)

The quantities Gx, Gy, and GZ can be considered as threa
state variables. 2As in the case of flywheel attitude con-
trol, eguation (2.2.17) is approximated by (2.2.3) and the

controls wuj, up and uy are defined by (2.2.4). Herce,
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expressing the gyrotorguer attitude control dynamics ip the

formg
X = f(x,u)
vhere ;
1
X = (pﬂqir”¢365wﬁsxﬁayﬂaz)
(2.2.20)
1
u = (ul,uz,ug,uq,ugg,ue)
then ;
5 = Ayr + A,qr + A3 rsS._ + ALD qsS_ + AcQ S8
P 1 29 3 % % L yq y 5 y y
+ AGUGQZCSZ + Asuq
qQ = Bipr + BZUHQXCGX + B3Qypséy + B”erssz
+ Bsﬂzsaz + B6u2
r = Cip + Coqgp + C3pQXS§X + CL}QXS‘SX-F C5U5Qy06y
+ Cgﬂzqsdz + Coug
$ = p (2.2.21
6 = q
b =7
GX = uy
§ = u
y 5
GZ = Ug
where: ,
A‘Z:(Iy_IZ)/Ix’ Al:wO(IZ_Iy_'-IX)IX’ AB:QCX/IX’ A1+=—2Cy/IX,
AS:QCywO/IX’ AG:—QCZ/IX A7=1, B1=(IZ_IX)/Iy’
BZZ—QCX/Iya BS:QCy/Iya BL}Z_QCZ/IY BS:QCZ‘”O/IYS
Bg=1, Clz—wo(Ix—Iy+IZ)/IZ,C2=(IX—Iy)/IZ,C3=—2CX/IZ,
Cy=2C wo/T,, cs=—2Cy/IZ, Cg=2C, /1, co7=1.
(2.2.22)
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By defining a cost functional +to be minimmized subject to
the dyﬁamics defined by (2.2.21) for some set of admissible
controls an OGAC proBlem is described. In general, the injitial
conditions are given and a set of terminal conditions are
desired. Using a cost functional similar to that of (2.2.9)
a variety of optimal control problems can be formulated. 1As
for OFAC, various cases such as when one or more of the gyro-

torquers are defective can be investigated.

However, in this thesis more emphasis is placed or the
" study of OFAC problems because being less mnonlinear, they
are less_  computationally +;time - consuming.- Hence more

experiments ean:be performed. - 12,

In this chapter some basic theorems of optimal control
theory have been reviewed. Then from the attitude dynamics
a set of optimal control problems falling within the range
of the above theorems was formulated. Some of the basic
difficulties 4involved in the solution of optimal control
problems by PMP were pointed out. For example, the solution
of a complicated TPBVP. However, PNMP may lead to apriori

knowledge of the types of control required.

In the following chapter, computational methods for the

solution of optimal control problems are investigated. Some
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methods that solve TPBVP's and some totally different approaches

for solution of the optimal control problems are presented.



CHAPTER THREE

Computational Methods In QOptimal Cortrol.

In this chapter, a short survey of various techriquss
available for the solution of optimal control probhlems that
are reducible to a TPBVYP, is presented, A brief discussior
on the limitatiors of the techniques commonly used to solve
the resulting TPBVP's followvs. Then consideration is giver
to methods of solving the optimal control problep by itera-
tively updating the controls. O©f particular interest,is ttr=
conjugate gradient descent (CGD) method employed in the com-
putational exercises for this thesis. This method 1is dis-
cussed in considerable detail and =2 derivation is giver for
computing the gradient - of the cost functional- i~ ~ variety
of cases encountered 1in optimal control. Fir=1lly, the spe-
cial mproblems . encounteredé. with having! a* free ter-

minal time, and state corstrairts are considered.

3.1 Techniques for Solving TEBVP's.

In this section a few techriques for solving a ™PBVYP are
presented, ™hey range from a discretization approach to a

linearization approach,in cases when the TPBVP is nonlinear.

Finite Difference Methods: The finite difference method of

solving the TPBVP,converts the set of ordirary diffarential
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equations,into a €finite set of algsbraic or transcendenteal
equations [101. The solution of the set of slgsbraic or
transcendental equations, yields approximations to the solu-

tion of the original differenrtial equations.

Conceptually, the finite difference methods may bhe gunite
appealing, however, for systems of ronlinear ordinsry dif-
ferential equations, the formulation of the firite Aifference
equations can be a difficult and time consuming task.
Furthermore, convergence of the algebraic solution to th=
solution of the differential equations,may depernd critically

on the numerical integration step size used.

Because of the complications involved in trarsforming a
TPBVP from its differential form to 2 s=t of algebraic eqgua-
tions and the convergence uncertairty.,it was decid>d to for-

ego this approach.

Quasilinearization: Quasilinearization is a method applica-
ble only to nonlinear TPBYVP's [11]. It proceeds by lin=ar-
izing the nonlinear ordinary differential egunations around
a nomiral solution,satisfying the specified boundary condi-
tions. In a linear TPBVP-sequence, the solution of the k'th

linear TPBVP satisfies the- specified boundary conditions and
is taken as the-nominal solution for- the (k+1)st generated

14+near TPBVP.’

e B



Ir Roberts and Shipmer [127),it is shown th~t guasilinesr-
ization is a realization of +the Wewton-Raphson method.
Therefore, the initial state trajectory profile - assumed for
the quasilinearization-is c¢rucial to the success of the
method. This is the wmajor difficulty of this method espe-
cially since the TPBVP!'s-resnlting from SNPAC problems-have
fairly high dimensions. Guessirg the initial trajectories
could very well prove to be a futile effort. Bmssed on this
observation, it was decided to reject the quasilinearization

approach .

Shooting Methods: These methods derive their pame from th=

problem of finding the angle,at which a projectile must be
shot in order to hit a target at a8 given distance, By var-
ying the shooting angle,the miss distantce will be changed.
Hence,by analyzing the miss distance,a corrective procednr=

for the shooting angle is generated,.

The classical and best known of the shooting methods is
the Goodman~-lance method {1371 or simply the method of
adjoints {12]. In the case of a linear "PBVP,the method of
adjoints computes the missing initinl corditions in one pess
through the process. However, for a nonlinear TPRVP =
sequence of corrections %o the trisl values of the missing

initial conditions is gererated.

This procedure reguires that a guess be nade for the
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missing initial conditions. Por norlinear problems an
unlucky guess may lead to instability problenms. Ir such a
case one can use a continuvation approach, which consists of
starting with a small portion of the time interval, over
which the TPBVP is to be solved. The missing initial condi-
tions, obtained from the solution of this TPBVP, 2re used 3s
the nominal conditions for a larger portion of the solution
interval., This procedure is repeated until the solution is
obtained for the desired time interval. This is a good
procedure for sensitive problems but it is computationally

very time consuming.

Fupction Minimization Approach: 1In this approach, the boun-
dary conditions specified at the right-hand end of the solu-
tion trajectory of the Hamiltonian system are molded into ar
appropriate error function,whose minimization coircides with

the solution of the TPBYP 141, Minimization of this func-

tion is achieved by changing the missing initial conditions.

Many nmultidimensional minimization techniques =re availa-
ble for +the solution of such problems. A softwar= package
incorporating a number of such methods has beer davelopped
by Birta [15] and provides such techniques as the Dervidon-
Fletcher-Powell method [16])., and the Simplex method [17]

etc.

The function minimization approach is =asily implemented
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since a package already exists. However, the mnajor Aiffi-
culty is in making a good guess for the missing iritial con-
ditions,i.e. one which will rot create sta2bility problenms.
For the satellite optimal attitud>2 control problems consid-
ered in this thesis, this is a major difficulty and is th=2

reason for rejecting this approach.

3.2 Alternatives to Solving the TPBVP.

In this section, techniques for which the solution of
optimal control problems is not achieved through the direct
solution of a TPBYP, are discussed. For example, using
invariant imbedding, the optimal control problem <c=n be
reformulated as an ipitial value problem [18) or usinrg
dynamic programmirqg, it can be reformulated as +the solation
of a partial differential eguation [19). Finally, with the

gradient techniques the control is iteratively updat=d.

Invariant Imbedding: Invariart imbedding conrsists of imbed-
dirg a new variable in the TPBVP. This imbeddirqg results in
the generation of a partial differential equatior with ini-
tial conditions given. The TPBYP is thus reduced to an ini-
tial value problem. However, the solution of this partial
differential equation is difficult and very demanding in
computer memory. This approach has beer applied success-
fully to low dimensioral problems ([18]. Considetrirg the

large dimensions of our optimal control problems, this is
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not a viable approach.

Dyramic Progranming: The dynamic programming spproach is

based on interchanging the minimization ard integration
procedures which leads to a partial differential equationgalled
the Hamilton-Jacobi-Bellman equation [19,20]. This equation
is generally quite difficult to solve because one of its
terms requires a minimization over the set of admissible
cortrols. However, when it is possible to solve 1it, the
resulting optimal control is givep directly in a fe=dback
form. As in the case of invariant imbedding, the dynawic
programming approach requires a large amount of computer
memory and for this reason it was not selected for the

solution of SOAC problems in this thesis.

Gradient Technignes: With the gradient techniques, the con-

trols are iterated ip such a way as to directly minimize the
cost functional for the optimal control problem, These
methods offer the advantage that even with =2 very crude
guess of the optimal control, convergence to the optimal
control can still be achieved. The convergence rate is
generally not outstanding, although for the CGD thers |is
quadratic convergerce [21] as the cortrol sequence
approaches the optimal value. The gradient techniques can
easily be applied in optimal control problems having discon-

tinuous controls [21,221.
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A salient feature of the gradiert techniques is theat for
each iteration the state differential equatiors in the Hzm~-
iltonian system are first integratsd forward ard +thep the
co-state differential equations in the Aamiltonian systen
are integrated backwards. This forward then backward inte-
gration order eliminates instability problems ~nd is the

principle reason for choosing the CGD method ir» this thesis.

3.3 Solution of Optimal Control Problems by the Conjugate

Gradient Descent (CGD) Method.

Consider the following optimal control problep;

minimize J = @(x(tf))
subject to:

x = f(x,u), =x(ty) = c (3.3.1)
for some uclU,the set of admissible cortrols, where £(.,.) is
a fuanction whose range is in §1, and 0 {.) is & real-valn=d
function on R with x(t.) the state of the system at the
final time tee The time interval of interest 1is therefore
[tort:]. The basic assumptions made her=s are as follows:

(1) £ is such that unique, bounded solutiors (starting at
x(ty)=c) exist for bounded |[|u|| and can be fourd by
numerical integration of the differentisl equatiors in
(3.3.1) ;

(2) f has partial derivatives with respect to =11 componerts
of x and u for ||x|| and |/u|| bounded;

(3) o has partiel derivatives vith respect to all conporents
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of x for Hx” hourded.

The CGD process and =lgorithm car be described as follows
[21]: Consider the real-valued functional J{.). The u that
minimizes J(u) is sought. A sequence Uy, Ui, s is con-
structed such that J(ui+1)<J(ui). With g, as the gradient of

J evaluated at u,, then, th= CGD algorithm used is[21]:

S0 = g9 )

Siy1 T TBiyq TOBysy g (3.1.2)
By = <8341> gi+1>/<gi’ g5 >

Uigg T Uy T 48y /

where a, 1is chosen to minimize J(ui+qisi) and <C,2> is a
scalar product. It can be shown that the resulting seqgusence
of o, 's converges to u*, the minimizing argument of J, if the

nitial quess uy, is sufficiently close to u*.

Lipear Search: It is desired to minimize ffa)=J(u, 4+os;).

The followvwing assumptiors are made:

{1) J is a continuous function of u:

{2) J(u) and g(u) car be evaluated for any uel,.

Then proceed as follows:

(1) Choosea;, the estimate of the minimizing argument of
£

(2) compute o,=2%, , ard fla), k=1, 2, ... until
(e )>E(% ) where s=+1 if f£(op)<f(0) ard s=-1 other-

vise. Note if k<2 when £(a)>£(a; ;) occurs, another
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estimate of 0, must be taken and the »nrocedure repeated;

(3) Fit a third order polynominal through;

o1+ %%

£( 5

)y £lo ), £ ), £(o)

Gx-2 %1

and find o, (the end result of the minirizing process)
by finding the value of o thmt minimizes this third
order polynomial between 4 and o, .

3.4 The Gradient Of The Cost Functiopal In Selected Cases COf

Optimal Control Problems.

In order to apply the CGD algorithm described in the pre-
vious section, it is necessary to compute the gradiert of the
cost functional tkat is to be mirimized. ¥From PMP (Chrpter
Two) it was shown that quite often the optima2l controls are of
a bang-bang nature and therefeore piecewise continuous.
Herce,a derivation of the gradient for an optimal control
problem with piecewise continuous input controls,will be a
great asset 1in the solution of satellite ~ttituds control

problems to be tackled in the next chapter.

The following development is a generalization of the der-
ivation presented in €hapter Five, sectior two of Hasdorff
[21]. The theory presented by Hasdorff is essertially that
required for the solution of typical satellite optimal ~tti-
tude control problems. The basic limitatior of Hasdorff's

presentation is that it is given for onrly one control. Tr
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this section the theory is generalized to the cases of m con-~

trols.

Consider the optimal cortrol problem given by;

minimize J = @(x(tf))

(3.4.1
subject to:
x = f(x,u), =x(tg) = c
(3.4.2)
The system is assumed to have n state variables;
( )
1.8, X = (X]7,X924.¢:.,%
n (3.4.3)
ard m controls:
1
i.e. u = (ul,uz,...,um)
(3.4.4)

Thos xeP and wveU", where U"the set of admissible controls, is

an appropriate Hilbert space. The assumptions taken here

are as follows:

{1) the controls are piecewise continuous;

{2) all the controls have the same rumber of discontinui-
ties.

Graphically each control may be represented by Fiq.3.4.1

L\/.l/\lg

v
o tiy tio Tim te

ui(t)

Fig. 3.4.1 Typical Piecewise Continuous Control,
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which may be expressed mathematically by:

M
u,{(t) = c.(t) + = H,,[i(t—t..) - 1(t-t.. 1)]
: * j=0 11, + BT (3.4.5)

Corsider equation (3.4.5) as defiping & mapping frowm

M _Mtl M .
Cr XR xR to PC where C is ths space of
[to,‘tf [ tg,t

tg,t £

£

continuous functions on {to,t:] and PCr, is the spacse

0 9tf

0f piecewise continuous functions having M discontinuities
on {to,tf]. The function 1(.) is the unit step:
1 t20
i.e. 1(t) =
0 t<0 (3.4.86)

Now d2fine the following vector spaces;

. +1
Az C cxrToxrMT (3.4.7)
[ro-tc]
and;.
u = pct (3.4.8)
= [to,tf] » .
— M — M+1 .
where ci(t)ec[to,t ],tisE y and hiER for i=1, 2, «..,m.
Let:
T : A —> U (3.4.9)
Then
T(e;,t;5h;) = ug(t)el (3.4.10)
That is to say for every wed, T(w)=uel. By definition the

operation of T is as shown in (3.4.5). Howevar, in this
case there are m controls, Hence, from (3.4.10) a mapping T
car be defined such that;

™o A" > u" (3.4.11)

vhere;

1 m
MorMY } (3.4.12)

A = [C[to,tf]XR X R
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3
|

m
M
PC
[ [tO,tf]]
m - -
Then, for Wf(wl,wz,...,wm)'ea and w,=(c;,t;,r;)ER,
Tm(wl,wz,..

m
.,wm) = (ul,uz,...,um)'eU

Inner Products: 1let c; (t), cz(t)ec[to £ 1 thearp:
) f]

Te
S Tc1(t)es(t)at
[to,tf] to

I

<C1(t), C2(t)>c

Let El,tzeBM, then.

M
{1t gh = Lo titos
i=1
T 3 oM+l
Let h), ek s then.
L M
<h1,h2>RM+l = ?_ hlih2i
i=0
Therefore;.
tf M M
Wi ,WD = [ "cy(t)eyp(t)dt + T t,.t-, + T h, .h..
< >>A tg i21 11 21 120 11 21

Consequently if wi=(ci,?i,ii)ea and W={W] ,%2 0.

then for W;, W, the inner product is defined as

- ’Wém)>

{Wi,W = <<(W11’W12""’Wlm)’(w21’W22"'
A

m
T <W1i’w”25>A
then;
Wo L WS ? ftfc (t)e,.(t)dt + g g t t
CWys 2 o1ty 2 121 j=11137213
m m
F izl §:0h1ij 217

(3.4.13)

(3.4.14)

(2.4.15)

(3.4.16)

(3.4.17)

(3.4.18)

W yrer,

follows:

(3.4,19)



therefore;

m m L
<W1,W2> =z C,li,c2].> + <tj_i’t’2i\ +
m i=1 o - i=1 7 M

A [to,tf] (3.4.21)

1 <h1i ’h25> RM+1

It is important to have the gradient or AMm properly defined
since it will be required when computing the gradiert of the
cost functional. To do this, it is necessary to introduce

the notion of the derivative of a functional.

Derivative of a Functional: Corsider J(.), a contiruous

functional from a norm~d space PN to the rezl numbers P.
m
J(.) is said to be differentiable at x4€A ,if a lincar map-

ping, let it be called J'(x;), can be shown to exist which

satisfies;
1im llJ(X0+Z) - J(xq) - J'(Xo).zll o
S I =l

(3.4.,22)
for all zeA™. J'(x,) is called the derivative of J(.) at

Xo.

32 practical approach for determinirg the dzrivative of a
given differentiable functional J(.) at some xo will now be
shown. Consider vectors z of the form =z=cW whers W is a
fixed vector of unit norm and ¢ is sm2ll number, (a paramas-~
ter) substitution in (3.4.22) gives:

1im || 0(xo+tew) - J(xq) - J'(xo)'ewll-

0
e —>0 € (3.4.23)

But since the norm is a linear operation, the 1limit can be
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moved inside the norm operatior. This implies that:

J(xgt+teW) - J(xgp)

J'(xp)+*W = lim
e—>»0
€ {3.4.21)
d
= EEJ(X0+€W) _
e=0
(3.4.25)

The expression for J'(xo)-w aiven by (3.4.25) is known fs
the Gateaux variation [23]. Assuming that J{(.) is differen-
tiable at x;,, it may be shown that J'(x0) is = contiruous
linear functiopal on the space 2A"™. Then according to the
Riesz representation theorem {247, it follows that there

m
exists an element g(xo)eAm such that for Wwed ,

3 (xg) W = <g(x0), v> m
A (3.4,26)

Hence from (3.5.25) and (3.4.26) it follows thats

d
— J(xg+eW) = <g(xo)ﬂ>
de Ie:O e (3.4.27)

where g(x,;) is the gradiert of the function J(.) ~t xo.

Application of the Gateanx Variation o the Cptimal Control

Problem: ©Equatior (3.%4.1) subject to ({3.4.2) defires a cost

functional on the space of input control functions u(t) for

te[tortc 1, denoted by u thtf]' Hence, for = aiven irput
Ure o+ ,{(3.4.2) can be integrated and a correspording value
0>%f

for x(t determined. The cost functional «could then be

£

expressed by;

J(u) = O(X(tf,u))
{(1.4.28)

-52-



where the time interval over which the solution is sought is

I={to,tf]. Thus applyirg (3.4.27) gives:

d _J(ut+eW) =d @(x(tf+aW))
de e=0 de e=0
(3.4.29)
= (g, W) m
where g{u) is the gradient of the cost furctional, But

(3.4.28) can be simplified further since;

d

——@(x(tf,u+ew))l = [Vxe(x(tf,uﬂzw))'d
=0

de

Ic x(tf,u+eW)}

e=0

a
= <Vxe(x(tf,u+sW)2, 3e ¥ (tf’u+€W)>Am
/ =0
(3.4.30)
or simply;
d o(x(t_,u)) = & 6(x(t_,u)), == x(t.,u)
de O F et x £ de £20°),m (3.4.31)

where the evalnatior at e=0 will be implied and where:

_ [s0(-) 30(<) 7T
VXO(') = [ axl ) LI ] axn ]
(3'1;.32)

The goal is to obtain an expression for g{(u) fromthe relati-

nonship:
g(u),;,> - <v o(x(t),u), %’Ei(tf,u)> _
A" * A (3.4.33)
An expression for dx(t.,u) is first obtained. Integrating

de
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(3.4.2) gives:

s
x(tf,u) = x(tg) + S f(x,u)dt

to (3.5.34)
Sirce there are m controls each having M discontinuities,
the integral from t, to tf may be broken down into a summa-
tion of integrals with each integral performed over a tims

irterval such that all the controls are contiruous., Thus:

m.M T
x(tf,u) = x(tgy) + I I T ELUVERRETL N

i=0 T, (3.4.35)

l+1f(x,u

Let eWeUm be a perturbation in the controls, ther from

the definition™(3.4.5), it follows that (3.4.35) becomes:
m.M T +€s.

i +1
itl * f(x,cy+evy+h

x(tf,u+ew) = x(tg) + I { ves, 1

jtez
i=0

11°
(3. 4. 36)

..c tev +h .+ez .)dt
m m mi mi

The salient feature of the set of vectors thg, hi1, ..., b

and Zg, Zls eeav Em y With dimension m is that Ei and ii

are constant over the time interval [ti+esi, T Si+1} for

iv1*®
i=0, 1, ... , (m.M) respectively (see for example Appendix

2). WNow differentiating (3.4.36) w.r.t. e and setting e=0

gives:
d te d
Ie x(tf,u+ew) = [ [fx(x,u)-ag x(tf,u) + fu(x,u)-v]dt
£=0 to
m.M T, m.M
+ I S i+l fu(x,u)iidt + I [f(x,u) -f(x,u) ]si(B’u'37)
i=0 Ti 1=1 = t.!_
i i

By using the unit step function 1(t) and the unit impulse
§ (t), equation (3.4.37) may be written in the following forwm

(the variable of integration has beer charged to o to avoid
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later confusion with t):

a tf a m.M
Eg‘X(tf,u) = f (fx(x,u) I X(tf,U) + fu(x,u)‘v + ;_
to m.M i=0
fu(x,u).Ei.[l(o—Ti)—l(o—Ti+1)] + E:l[f(x,u) (3.5.138)
TT
_f(x,u)i }SiS(O_Ti))dG i
.

Equatioﬁ313.u.38) is an integral equation in gi(tf,u). Let
de
tf=t in (3.4.38) and differentiate w.r.t. t to obtain an

equation of the form i=A(t)x(t)+B(t), x{t0o)Y=0 for which the
solution 1is well known. Using &ft,o0) as the trarsition

operator, the solution of (3.4.38) takes the following form:

t m.M
4 x(tf,u) = £ @(tf,c)f (x,u)vdo + T @(tf,Ti)-[f(x,u) _
de ty u i=1 ?i
£(x,u) e TG e wrae T
- X,u + Si o £ u H] 3
T 1=V T4
Substituting in (3.4.33) it follows that:
tf
<g(u),\> = <Vx6(x(tf,u)), s @(tf,o)fu(x,u)-vdo> ¥
A To
m.M
<vxe(x(tf,u)),§_ @(tf,Ti)[f(x,u) -f(x,u) :]sl>
i=1 Ts T‘l:
1
m.M Ts41 ~ (3.14.40)
+ vV o(x(t_,u)), =X S (t_.,0)f (x,u)+z.do e
X r {0 1 b u i
* i
or <:g(u),ﬁ> = Gl + G2 + G3
A"
(3.4.41)

The quantities G, G,, and G3 can be written in a2 form which

is more convenient for identifying the gradiert terms. To
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simplify (3.4.40) the co-state vector £ (t) d=fin=d byg
(t) =8 (t_,t)V_6(x(t.))

IR AR SRLLF: (2.4.42)
is introduced. It nmray be verified thet £ (t) also satisfies
the Hamiltonian system described earlier ir ehanter Two by
(2.1.7)- (2.1.8). Therefore;

t
Gy = J f<fu(x,u) @(tf,c)vxe(x(tf)),v(o)>do
0

o,
o = f <f (x,u)E(o),v(o)>dc
u
2 to

t. m '
= f £ )3 [f (x,u)E(c)] -vi(o)dc
) i=1L © i
m ter
= I I [f (x,u)E(c)] +v,(o)do

: u . i

1

(3.4.43)

where;

.

1

g?i(u) = [f‘(x,u)i(t)] (3.5.41)
i u

Proceeding in a similar fashion for G,:

Gy = g;f <§X®(x(tf,u), @(tf,Ti)[f(x,u) Ti—f(x,u) Ti}.sg>
7" ) ‘()
= §:1 <:[f(x,u) - f(x,u T;] £ T, ,s;>
m.M !
- [f(x,u) _-EGow TT} £t )8, 3. 4.05)
- 1 1
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Equation (3.4.45) may be expressed as m summations of the
following form;

!

m M
Gp= L z [f(x,u) -f(x,u) ] E(t,.)r, .
$=1 j=1 . ot 11t (3.4.46)
i] ij

vhere tij is the j'th time of discontinuity for tha corntrol
ui{t) and rijis the perturbation associated with the switch-

ing time tij' Osing inner product notation it follows thats

1 E(T.),E>
1 1
-

m
tt

Gp= Ik <[f(x,u)
i=1
i i
m
-3 <i 32 (4) > (3.4.87)
i=1

-f(x,u)

t

where:

] g(t,) (3.4.48)

g?z (u) = [f(x,u) -f(x,u)
i

tr
1

Proceeding similarly for G3:
m. M Titl
Gy = Z <§ o(x(t, ,u)), f “o(t ,G)f (x,u)z, d€>
X f - f

i=0 .
i

T.
g il <f (x,0)0 (t,,0)7 0(x(t,u)), Z>dc
T.
1
m. T
= I S i+l <f (x,u)g(o), z>dc
i .
* (3.4.49)
m. . ' _
=z i+l E (o) fu(x,u)zidc
i T
At this point it is convenient to define a nev set of vec-
tors y.. i =1, 2, «.., ®; §=0, 1, ..., ¥; where sach vector
1]
in the set has dimension m. Some deteils on the definition

of these vectors is giver in Appendix A, Ry dz2firition each
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of the vectors yij has only ore nor-zero element. Thus it is

possible to replace the single sum in (3.4.49) by ar egui-

valent double sun. Hence replacing § for 7z in (3.4.49) it
follows that;
m M + .
Gy = I T J7ij+1g (o)f (x,u)y..do
i=1 §=0 t;, N *
ij
n G
= 3 v
?:1 <gi (u),yi>RM+1 (3.4.50)
where.
t, t,
G3 _ i1.? if ! !
g.3(u) = [i £ (o)fu(x,u)dc,...,i 3 (G)fu(x’u)d0](3.u.51)
io iM

Thus a complete expression for the gradient of the cost

functional in the space of input <controls can be written as

follows;
g(u) = [gGl(u>ng2(u)ng3(u)]
) ) (3.4.52)
vhere;
gCl(u) = [glG%(u);ngI(u>,..-,gmGl(u)J (3.4.53)
r R |
e2(w) = | a1%2(),e (), g, S| (3.4.54)
gG3(u) = gle(u),g2G3(u),...,gmGs(u) (3.4.55)

With equations (3.%.53), (3.4.54), and {3.4.55) it 1is
straight forward to give an algorithm for the solution of
optimal control problems having piecewise contivuous input

controls.
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2.2

Computing Optimal Controls by the CGD Method.

With the gradient of the cost furctional properly de=fined

in the space of input controls, an algorithm for the numeri-

cal

can

M

(2)

&)

(%)

(5)

(6)

7N

(8)

(9

(10)

solution of optimal control problems hy +the CGD method
be readily formulated as follows:

guess anvinitial set of controls:

using the present controls integrate (3.4.2) over the
time interval [t;,t:] and store the state trajectories;
compute the terminal conditiors for the co-state differ-
ential equations using (3.%4.u42);

integrate the co-state differential ~qnations as defiped
using Hamiltonian notation backwards in time from t; to
t;, and store the trajectories;

#sing the stored state and co-state trajectories, evalu-
ate the gradients as defined by (3.4.53)-(3.4.55);

stop the process if all the gradierts are zero (The pre-
sent controls are optimal). Ntherwise cortinue to step
7,

using the CGD algorithm described by (3.3.2) compute the
optimal search directions for the controls;

perform a lipear search by following the steps described
in the subsection 'Linear Search';

compute the new controls according to the results of the
linear search;

stop if the updated controls are within 2 prescribed
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distance of the previous controls or if a maxinmum number
of iterations has been exceeded., Otherwise return to
step 2.

A flow chart illustrating this process is given in Appendix

B.

3.6 State-Variable Constraints.

In physical systems it is very common to impose corst-
raints on the state trajectories as well as the controls.
This requirement can easily ba imbedded ir the originel

problem {25].

Let x(t) be the state trajectory satisfying (3.4.2).

Consider the s-dimensioral inequality constraint » given by;
h(x(t),t) = O

(3.6.1)

where each component of h is assumed to be continuously dif-

ferentiable in state space. (3.6.1) can be converted to an

equality constraint by the introduction of a n2v state vari-

able;
. . _ _ . 2 .
ice. X .4~ fn+1 = h%(x,t) H(hy) + ... + hs(x,t) H(hs)
(3.6.2)
The function H(hj(x,t)) is defined as follows;
0 if hj(x,t) 2 0
H(hj(x,t)) = .
kj if hj(x,t) <0 (3.6.3)
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with kj>0' The initial condition is x ,, (tg)=0. Hence,the
requirement that xn+1(tf)=o imposes the restriction that the

inequality constraints not be violated.

This approach to state variable constraints blends into

the previous developments without ‘forcing ary changes.

3.7 Free Terminal Time.

The procedure taken here is an extension of section 3.8.
Again the controls are assnmed to be piecewise continuous.
Consider the optimal control problen described by
(3.4.1-{(3.4.2y. ¥With the terminal time free, the optimal
control is specified by a pair (u*,t:)eUme. Let T:AxRP—>7,
where A and U are defined by (3.4.7) and (3.4.R) respec-
tively. Prom this defiritior an extension can =2asily bz made

. m _m -~ _ . m
to give a mapping T :A XR—U . Let G =1 x®, ther for v,z €G,

the quantity g{v) in,

d =
L J(vren) = <g(v),Z> 3.7.1
e=0 G
must be evalnated. Let z=(6q,6tf)'. Then, from (3.4.21)%
<g(v),z> = g(u).du + g(t_.),8t
e m £ 08 (3.7.2)
A R

The first term on the right hand side of (3.7.2) was con-
pletely derived in section 3.4. The ternm <<q(tf),t%> in
(3.7.2) is contributed by the perturbation atf abou+Rthe

terminal time t Hence integration of (3.4.2) from t; to

£
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tf+€5tfand application of (3.4.30) yields;

e ),6t> - <\7 o(x(t_,u)), 8t f(x(t.),ult >>>
< f hy . X f f b £ N (3.7’3)

from which:
(t) = £ (x(t.),ult )V o(x(t_,u))
g = x{t ,ult X ,u
£ £ £x £ (3.7.4)
With this result,time optimal control probless cAan be solved

using the same procedure as with a fixed terminal tinme.
sSummary.

In this chapter various techriques =2available for the
solution of a TPRVP were briefly discussed. Considering the
inherent difficulties associated with solving the TPBVP's
resulting from optimal control problems, it was d=cided to
use a scheme which computes a seguence of controls converg-
ing to the optimal cortrols under appropriate conditions,
namely the CGD method. The gradient of the cost functional
for general piecewise continuous input controls was derived
ard an algorithm ontlining the steps involved in computing
optimal controls by the CGD was given. With these results it
is now possible to proceed with the solution of spacific

satellite optimal attitude control problens.
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CHAPTER FOUR

Satellite Optimal Attitude Control.

In this chapter, a variety of satellite attitud=2 control
problems are investigated in an effort to study c=artezip
controllability aspects. For example, ir instances where
one or more of the flywheels are defective, are the satel-
lite body dynamics controllable to the origin? Oor, it mavy
be interesting to know how much coupling there 1is amongst
the controllers on the three axes. This may lead to a char-
acterization of the optimal controls in certain instances
and possibly to the generation of simple fzedback controls,
giving results approaching those obtained with the optimal

controls.

Whecon Satellite. For numerical values, the physical paran-

eters of the Whecopn system {2671 have been used in this
research. Throughout the sequel these guantities renmain
unchanged. They are the moments of inertia;

I = 645 slug-ft?2

I = 100 slug-ft2

I = 669 slug-ft?
and the orbital rate:

wg = 7.29 x 10°° pad/s

Satellite Attitude Controllability: The determinatior of

the controllability of a given nonlinear system is generally
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a difficult task. No attempt is made bhere to give a theoret-
ical demonstration of «controllability for the problems
solved, Conclusions are bhased wholly on computitioral

experiments.

4.1 Reaction Jet Control.

Two problems using only reaction jet control are investi-
gated first. In practice, reaction jets are considered to be
on-off devices. However, for the first problem considered the
assumption® that +the *jets have a ™“variable throttle,
implies the <capability of continuous variations. This may
not be a totally unrealistic approach depending on the oper-

ation principle of the jets used.

The sole use of reaction Jjets is not recommended bacausse
of the jets' limited capacity. 2 prolonged use would inev-
itably result ir a short lifetime expectancy,unless prohibi-

tively large fuel storage tanks were used.

problem 4.1.2 (Fixed Terminal Time): Consider the problen

of driving the satellite body rates p, gq, r and Fuler anglss
¢, 8, ¥ to the origin after an initial disturbance,using
only reaction jets. From eguation (2.2.7) an optimal cor-
trol problem can be formulated as follows:

minimize J = [I+%R(p2+q2+r2+¢2+92+¢2)]l

with ueU3 t=t

£
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subject to (4.1.1) for tE{O,tf], where:

p = Ajr + Asqr + uj

q = Bipr + up

f = C1p + Crqp + ug

$ = p (4.1.1)
6 = q

o= o

e
1l

LA (p2+q2+r2+42+402+y2) + KAy (ui+ui+ul)

At this point, it is important to emphasize that the value
of R should be much larger than either of A; or A,. This is
to insure that at the terminal time,the states are near the
origin. The system constants are as defined in (2.2.7). U,
the set of admissible controls 1is the space of contiruous
furctions, and each control is given by u1=TX/Ix, uzzTy/Iy
and u3=TZ/IZ. A1l the initial conditions are assumed knownr
for (4.1.1).This problem 1is stated in the form outlined by
(3.4.1)-(3.4.2), which 1is required for the application of
the CGD procedure outlined in Chapter Three. The co-stats
differential eguations satisfying the Hamiltonian system are

described by;

£ = —f;(x,u)i
(4.1.2)
with terminal conditions*:
E(tf) = Vx@(x(tf))
————————————————————— (4.1.3)

(%#)Note this is also the traversality condition
mentioned in Chapter Two.
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In a more explicit form, these are;

él = -(B1rEp+tC1E3+CoqE3tEyutA1pEy)

éz = —(A2P£1+C2PE3+55+A1qE7)

£g = -(A1E1+A2qE 1 tBypEg+EgtAirEy)

£y = -A148&7

. (4.1.4)
£ = —A19€7

ée = -A1VEy

é? = 0

with the following terminal conditions:

El(tf) = Rp(tf) Eu(tf) = R¢(tf) E7(tf) = 1
Ez(tf) = Rq(tf) Es(tf) = Re(tf) (8.1.5)
gg(tf) = Rr(tf) Ee(tf) = Rw(tf)

Since the co-states are continuous functions of time, it can
easily be verified using PMP that the optimal controls are
irdeed continuous funtions of time. Hence, it follows that
the gradient of the cost function in the space of contiruous
input functions is obtained by applying (3.4.53) and is

given by:

gi(u) = &, + AyEqug
golu) = Ep + Xg&7uy
gz(u) = &3 + ApEyus (4.1.6)

The Fortran code used to solve this problem is 1listed in
Appendix C. Fiqures #4.171.1-4,1.12 illustrate the rate of con-

vergence to the minimum cost as well as the optimal controls
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and state trajectories for three different cases:

Case
p(0)
$(0)
1(0)

Ao
Case
p(0)
$(0)

1(0)

Case
p(0)
$(0)
1(0)
A2

Fron

13

= .02 rad/s, q(0) = .04 rad/s, r(0) = .06 rad/s,

= .00 rad, 8(0) = .00 rad, p(0) = .00 rad,

=0,, R = u4xl0%, Ay = 10, (4.1.7)
=1, tf = 10s.

23

= .00 rad/s, q(0) = .00 rad/s, r(0) = .00 rad/s,

= .02 rad, 0(0) = .04 pad, $(0) = .06 rad,

=0, R = u4x10%, Ap = 10, (4.1.8)
= 1, tf = 10s.

3:

= .01 rad/s, q(0) = .03 rad/s, r(0) = .05 rad/s

= .01l rad, 6(0) = .03 rad, p(0) = .05 rad,

=0_, R = u4x10%, Ay = 10, (4.1.9)
=1, tf = 10s.

the graphical results, it appears that the systen is

completely controllable within a small distance of the ori-

gin using only variable reaction jets.
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Problem 4.1.B (Free Terminal Time): Ls noted earlier reac-

tion jets seldom have a throttle, rather they are on-off dev-

ices. This type of control is optimal for a class of time

optimal control problems.

Consider the following time optimal probler.

minimize J = [I+%R(p2+q2+r2+¢2+62+¢2)]
uel3

‘t=tf

subject to (4.1.10) for ts{O,tf], whers;

ﬁ = Ajr + Asgqr + u;

é = Bipr + u»

f = Cip + Cogp + ug

¢ = p

. {#.1.10)
8 = q

Vo= or

I = Ba(p2+q2+r2+¢2+62+y2)

with Uz{-umax,uma%}- As in 4,17.4 , the controls are giver

by n1=TX/IX, uz——-Ty/Iy and u3=TZ/IZ, with Tymax - Smax i’ %=X,
Yy, Z. The co-state differential eqguations with their termi-

nal conditions are the same as for problem 4.7%1.24 and ar=

given by (4.1.4) and (4.1.3).

Using PMP it can easily be verified that the optimal con-
trols for this problem are of a bang-bang nature. To apply
the CGD method it is necessary to know the number of discon-

tinuities in each control. 7To determine this number, the
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discontinuous controls were approximated by continuous furc-
tions such as arctangents and then the problem was solved by
the method of adjoints [12]. It was found that one switching
occurred for each control. Hence, the gradient in the space
of switching times is given by applying (3.4.54) with the

following result in our case;

g1(u) = -2 u___ £1(ty)
gp_(u) = -2 umax gz(tz)

(4.1.11)
gg(u) = -2 umax 53(t3)

where t;, is the switching time corresponding to the control
u;, i=1, 2, 3 respectively. Furthermore, since this 1is a
free terminal time problem, it is necessary to compute the
gradient of the terminal +time, From -eguation (3.7.4) it

follows that:

g(tf) = R[¢p+eq+¢r+(A1+C1)PT + (A2+B1+C2)qu]

'tth

1 2, 242,42, 82.442
+ 3Bh (poHqTar e t+074y )it_t (4.1.12)

£

The CGD algorithm described in section 3.5 was applied
for two different choices of terminal time; namely 10 and 11
seconds. In both cases, after convergence, the optimal ter-
minal time was 9.45 seconds. The ipnitial conditions were

taken to bej

p(0) = .1 'rad/s, q(0) = .1 rad/s, r(0) = .1 vad/s,
$(0) = .1 rad, p(0) = .1 rad, p(0) = .1 rad,
I(0) =0

(4.1.13)

and the initial gquess at the switching times was:
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t; = 1.0 s, ty = 1.5 s, t3 = 2.0 s (4.1.14)

From Figures 4.1.13-4.1.16, 1it appears that even with a
free terminal time it is rather difficult to control the
system to the origin using only on-off Jjets. The proximity
to the origin to which the system can be driven 1is rather
sensitive to the switching time. Practically though, it is
meaningless to determine a switching time to Ffive dacimal
places. Thus it can be concluded that jets alone are not g
very good <choice to achieve a high degree of resolutior,
although they may be used to correct large perturbations in
the angular body ratesy it: is best to use them for flywheel

desaturation.
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4.2 Flywheel Attitude Control.

In the previous section it was shown that reaction jets
alone will not, in general,produce the required resolution.
They should be complemerted by some type of momentum trans-
fer devices such as flywheels or gyrotorguers. Flywheels
will be considered in this section under two modas of opera-

tion -saturating and non-saturating.

In the non-saturating mode, the flywheels are stationary
at the 1initial time. They are then accelerated ir a
prescribed fashion to correct the disturbance in such a
way that when the disturbance has been removed the flywheels
are again stationary. This type of control obviously cannot
correct any initial disturbance in the angular body rates
because there is no net change in angular momentum for the
overall system. However, as will be shown this type of con-
trol has interesting features. For example, a disturbance
in onre of the Euler angles can be corrected by one flywheel
on a particular body axis. Also, fixed terminal time feed-
back controls are easily synthesized as demonstrated ir the
next chapter. For the sequel of this chapter, 2 fixed termi-

nal time is assumed.

Problem 4.2.A Flywheel Conirol (Non-Saturating): In this

problem non-saturating flywheel control is used to correct

initial conditions in the Fuler angles ¢, 6 ard V. ™he
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optimal control problem is formulatad as follows;s

PRSP 2 2 2
minimize J = [I+%R1(p2+q2+r2+¢2+62+w2) + %R2(9x+ﬂy+ﬂz)}'

3 t=t

ueU f
subject to (4.2.1) for te{o,tf], where;
ﬁ = Ajr + Apgqr + Agu;y + Aqﬂyr + A5QZq
é = Bipr + BZQXP + Bguo, + BqQZp
f = Cyp + Cogp + C3qu + Cqﬂyp + Csug
= p
6 = q
. (4.2.1)
Yy = r
QX = a3
Q = u
¥y 2
QZ = ug
* 2 2 2
I = BA1(p2+q2+r2+¢2+02+92) + %r,(ujtup+us)
with ipitial conditions of the form;
= = = . 0 =
p(0) 0. $(0) do QX(O) 0 1(0) 0
q(0) = 0. 8(0) = 09 Qy(o) = 0.
(4.2.2)
r(0) = 0. p(0) = Yo QZ(O) = 0.

U, the set of admissible controls, consists of the contin-
uous functions of time on [0,t:]. The co-state differential

equations for the above are:

1 = -(BirEp+tBuR E2+C183%CoqE3+CuR EatEu+tAipEro)
£y = -(AyrE1+AsQ E1+CopE3+C3Q EatEstiiakio)

E3 = -(A1E1+A2qE1+ALR E1+B1DE2+B2 R EptlethirEyg)
Ey = -M1dE10

Es = -A18E10
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Ee = -M¥&1p

. (4.2.3)
E7 = -(ByrEy+Cyqkyg)

és = -(AyrE+Cyp&y)

£g = -(AsqE1+BypEy)

510: 0

and their terminal conditions are:

El(tf) Rlp(tf), Ez(tf) = qu(tf), Eg(tf) =R1P(tf), glo(tf)zl,

),
(4.2.1)

Rzﬂy(tf),gg(tf) =RZQZ(tf).

Eq(tf) = R1¢(tf), Es(tf)

Rle(tf), Ee(tf) =R11P(tf

g7(tg) = Ra@ (t.), Eg(ty)

Again, using PMP it is easily verified that the optimal con-
trols will be continuous functions of time. Hence, the gra-
dient of J in the space of <continuous irnput functions is
given by (3.4.53). Thus it follows that:

AzEy + &7 + Aouilag

gi(u)

go(u) = Bg&y + &g + Agun&ig

g3(u) = Cs&3 + &9 + Apuz€ig
211 the system constants are as shown for (2.2.7), however,
C.s Cy4 and C, have not yet been defined. The values chosen
for these quantities depend on system constrairts such as
the maximum allowable flywheel velocity ard the maximum slew
rate of the satellite. These quantities were assumed to he

94,25 rad/s and .00262 rad/s respectively [4]). To estinate

the desirable inertia of the flywheel,the following formula
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from Greensite [4] can be used;

meax - Iszmax
Where: (3.2.86)
Ix:x axis body inertia:
Q. Lax:Paximum slew rate;

Qoaximaximun flywheel velocity-

Let;
\
= ,00262 rad/s
smax
Q = 94.25 pad/s
max
I = 645 slug-ft2
_ 2
Iy = 100 slug-ft > (4.2.7)
I_ = 669 slug-ft?
Therefore:
C = .01075 slug-ft2
c = .00167 slug—ft2
C_ = .00115 slug-ft?2 /

The above values of Cx, Cy and C, will be used throughout

the sequel of this research. The terminal time can be selec-

ted in the following manner. Let A, the maximally perturbed

Euler angle be .06 rad. -Then choose: o

P -06 rad - 22.95 s

Qsmax 2.62 x 10~ 3 rad/s

(u.2l8)
Thus a terminal time of 50 seconds was assumed for the sequel
unless otherwise specified. The CGD approach was used to

solve this problen for the following case.
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p(0)=0. rad/s ¢(0)=.02 rad QX(O):O.w@éd/s
q(0)=0. rad/s 6(0)=.0u4 vrad Qy(o):o. rad/s

r(0)=0. rad/s $(0)=.06 rad QZ(O)=O. ‘rad/s (4.2.9)
I(0) = 0., A; =5, Ag = 1 x 1073, Ry = 4 x 10%

Rp = 100, t_ = 50 s,

Figures 4.,2.1-4.2.5 illustrate the results obtained. Differ-

ent initial conditions were tried and found to yield similar

results.

It may be observed that indeed the flywheels are behaving
in a non-saturating mode. Furthermore, the maximum values of
QX, Qy and Q@ are in correspondence with the relative
amplitude of the Euler angles, The next problem will focus

attention on this point.
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Problem 4.2.B Flywheel Control (Nor-Saturating and Inopera-

tive): 2As mentiond earlier there appears to be a correspon-
dence between the flywheel speeds and the initial condi-
tions. In fact, the results of this problem will demonstrate
that a particular flywheel is able to correct for a distur-
bance in a particular Euler angle. This also clarifies th=e
question of controllability when one or more of the fly-
wheels are defective. Three special cases are studied, each
corresponding to two defective flywheels and one Fuler angle
initially disturbed. This will denonstrate the individnal-

ity of each flywheel's corrective capability.

The numerical values used are the same as for problen

4.2.2, with the following particular cases:

Case 1;
Q (t) = up(t) = 0.
Y for all te[o,tf]
Qz(t) = ugz(t) = 0. 4
4,2,10)
with initial conditions: {
$(0)=.02 rad, 8(0)=.00 rad, p(0)=.00 rad
Case 23
R (t) = ul(t) = 0. ‘
X for all te[O,tf]
Qz(t) = U3(‘t) = 0.
(4.2.11)
with initial conditions:
$(0)=.00 rad, 9(0)=.04 rad, P(0)=.00 rad
Case 3,
g (t) = u(t) = 0.
x for all te[o,tf]
Q (‘t) = U.z('t) = 0.
7 (4.2.12)
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with initial conditions:

]
$(0)=.00 rad, 6(0)=.00 rad, ¢(0)=.06 rad )

The graphical results shown in Figures 4.2.6-4.2.170 are
for Case 3. The results for Cases 1 and 2 are similer. It
can be observed that these results are essentially, disjoint
parts of the complete solntion given in problem 4.2.A. This
special feature will be valuable in the design of feedback
controls as discussed in the next chapter, because it
demonstrates that each control «can be treated individually.
This amounts to a justification for decoupling the systen,
an approach commonly adopted when designing attitude control

systens.

Thus it appears that all three flywheels mnst be opera-
tional to correct disturbances in any of the three Euler
argles, To establish this more conclusively, another casse
was investigated. For this case it was assum=2d that all
three Fuler angles were initially perturbed. This will bhe
referred to as Case 4 and in the context of the three previ-
ous cases, described by;

Case 4:
Qx(t)=ul(t)50. for all te[to,tf}
with initial conditions: (4.2.13)

$(0)=.02 rad, 6(0)=.04 rad, ¢(0)=.06 rad

The graphical results shown 1in Figures 4.2.11-4.2.15 &re
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for Case 4., These «clearly demonstrate that 211 three fly-
wheels must be operational to correct disturbances in any of
the Fuler angles. Rgain, it must be emphasized that no body
rate disturbances can be corrected since there is no net

change in the overall system's angular momentunm.
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Problem 4.2.C Flywheel Control (Non- Saturating with Speed

ts): In this problem all the flywheels are assumed
operational. However, their speed is constrained to be less
than 94.25 rad./s. Sirce the flywheel speeds are consid-
ered to be state variables,it follows that speed constreints
are in fact state constraints and can be treated according

to the development givern in section 3.6.

The problem to be solved can therefore be stated as fol-

lowsy
2 2 2
minimize J = [I+%R1(p2+q2+rz+¢2+62+¢2) + BRy(0_+Q +QZ)]
y t=t
b

ueU3
subject tog

le' $ Q&max’ @ = X7,z (4.2.14)

and to (4.2.1) for te{‘o,tf}. Following the procedure out-

lined in section 3.6, a new state variable I,is introduced.

L e (@) H(h ) + ho(a)-H(h )
= . h (9 )-H(h + h (9 )-H(h
I, hX(QX) H(hx) + ¢ (0 y L (9, ” .2.15)
with I(0)=0, where;
ha(ga) = Qamax—lga[’ 0 = X,¥,2 (.2.16)
and:
0 if ha(ﬂa)ao
H(ha(Qd)) = _
1 if hu(ﬂu)<0 (%.2.17)

a = xXx,y,%z

Now since the valune of I, at the terminal time is a direct
indication of the violation of the constraints in (4.2.14),
the requirement that I,{ 0)=0 implies that these are satis-

fied for te[O,tf], Hence the problem is reformulated as;
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2 2 2
minimize J = {I+I2+%R1(p2+q2+r2+¢2+62+w2) + %RZ(QX+Qy+QZ)}|

ueU3 t:tf
subject to (4.2.18) for tefo ,tf]:
é = Ajr + Agqr + Ajzu; + Aqu + Asﬁzq
a = B1pr + Bzﬂxr + B3usy + BqQZp
v = Cy1p + Cogp + C32,q + Cuf p + Csus
¢ = p
6 = q
b=y
. (3.2.18)
QX = uj
Q = u
y 2
Q_ = ug

. 2 2 2
I = BAa1(p2+q2+r2+¢2+02+92) + LA, (ujtustus)

I, = p2(a )-H(h ) + h;(ﬂy)-H(hy) + h2(g_)+H(h )

It may be observed that the right hand side of fz is indeed
continuous and continuously differentiable with respect to

the state variables QX, Qy and QZ respectively. In fact:

2(9 (t)-Q if o (t) > @
o omax * o

omax
th (Qa)-H(ha)]: -0, if |Qa(t)|$ Qs

ae (4.2.19)
o 2(a (o)+a _ Jjif 2 (1) <-@Q

omax
0 = X,¥.2
From PHMP it can easily be «checked that the optimal controls

are continuous functions of time. Therefore the control

gradients are defined using (3.4.53).
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The results shown in Figures 4.2.16-4,2.20 correspond to

the following initial conditions and parameter values:

p(0)=,00 rad/s $(0)=.02 rad QX(O)=O.rad/s
q(0)=.00 rad/s 8(0)=.04 rad Qy(0)=0.rad/s
r{(0)=.00 rad/s $(0)=.06 rad QZ(O):O.rad/s (4.2.20)
I1(0)=0. I,(0)=0. Rq= U4x10™ R,=100
A1=5 Ap=.001 t.=50 s

From the graphical results, it can be observed that the maxi-
mum flywheel velocities do not grossly exceed the npper
limit set at approximately 94 rad/s. Therefore, this method
does provide an effective means of incorporating state

constraints.
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Broblem 4.2.D Flywheel Control (Saturating):  The use of

for—

non-saturating flywheels has the ma jor disadvanrtage of being
incapable of correcting initial disturbances in the satel-
lite's body rates. To overcome this, saturating flywheels or

reaction jets must be used.

The problem statement is very similar to that of 4.2.3
and U4.2.B and is as follows;

minimize J = [I+%R1(p2+q2+r2+¢2+62+¢2)]‘

uey3 t=t

£

subject to (4.2.21) for ts{O,tf], where:

1.3 = Air + Agqr + Ajgui + AquI’ + Asﬂzq
(.1 = Bipr + Bzﬂxr + Bguy + BL}QZP
r = Cip + Coqp + Cgﬂxq + CMQYP + Csus
$ = p
6 =
4 (4.2.21)

b= v
X - H
y

= U3

2 2

2
2.62.02
= %Al(p2+q2+r2+¢2+62+w2) + Bi,(uitus+ug) + %A3(QX+Qy+QZ)

e
{

g, the set of admissible controls, consists of all contiru-
ous functions of time on [0,t ]. It can be observed that inp
this problem the requirement of having the angular veloci-

ties Q_, Q p, return to zero at the final times has been
X

yl
repoved. The wvalue o0f A3 can be chosen gquite small because
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it simply serves as a preventive mechanism 2gainst havirg a
runaway situation 1in the angular velocities. The co-state
differential equations and control gradients are obtained in
a manner similar to that of problem 4.2.A. The optimal con-
trols and associated state trajectories were obtained for

the following initial conditions and constants:

p(0)=.001 rad/s $(0)=.02 rad 2 (0)=0.rad/s
q(0)=.002 rad/s 8(0)=.04 rad 0*(0)=0.rad/s
r(0)=.003 rad/s p(0)=.06 rad Y (0)=0.rad/s
z (4.2.21)
I(0)=0 A1= 5 Ap= .001
A3=1x10” 8 Ri= u4x10° te= 50 s

The graphical results displayed in Figures 4,2.21-4.2.25
demonstrate the ability to move the system to the origin
vith non-zero 1initial velocities. It may be observed that
even with fairly small initial disturbances in the body
rates, the maximum flywheel speed achieved is guite large.
Thus,for any substantial disturbance in the body rates it
will be necessary to use reaction Jjets before applying fly-

wheel control.
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4.3 Gyrotorquer Attitude Control.

In this section an example of attitude control using only
gyrotorgquers is given. As in problem 4.2.2,the ohjective is
to drive the system to the origin from an initial distur-
bance in the Euler angles. The non-saturating cas= will be
considered. Other variations of the problem could be formu-
lated and solved but due to the computational overhead (as a
result of the complexity of the nmodel), this was not feasi-
ble. However, the particular case considered does 1illus-
trate the type of results to be expected using gyrotorquer
control.

The problem considered is stated as follows:

minimize J = [I+%R1(p2+q2+r2+¢2+62+w2) + %R2(6i+6§+6§)]|

t=t
ueU3

£

subject to (4.3.1) for tefoO ,tf], where

1!

Ajr + Aygr + AgﬂerSX + AqﬂquGY + ASstéy + A6u3QZCGZ

q = Bipr + Bzulﬂxcéx + B3Qyp56y + BHQZPSSZ + B5QZC6Z
r = Cip + Coqgp + C3pﬂxséx + Cqusdx + C5u29yc6y + CGQZqSGZ
$ = p
5 = q
(4.3.1

b=
x 01

= a9
y

:U.3
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. 2 2 2
I = %A1(p2+q2+r2+92+62+y2) + %rp(ujtus+ug)

with initial conditions and constants:

p(0)=.00 rad/s $(0)=.02 rad 6x(0)= 00 rad
q(0)=.00 rad/s 8(0)=.04 rad §°(0)=.00 rad
r(0)=.00 rad/s $(0)=.06 rad §7(0)=.00 rad

Ry=bx10" Ro=4x10" A1=5

An=e1 . =5

2 tg=50 s (4.3.2)

A1l the system constants are as defined for (2.2.21) ard
the product Ca9u=.8/s, o=x, ¥, Z. This yields reasonable
physical parameters. Again, using PMP it is easily verified
that the optimal controls for this problem are indeed conti-
nuous functions of time. Therefore, as with the previous
problems, when applying the CGD, the control gradients in
the space of continuous functions are defined using
(3.4.53). Similarly, the co-state differential equations and
their terminal conditions are easily obtained by applying
(4.1.1) and (4.1.2). The results are displayed in Figures
4.3.1-4.,3.5. A behaviour similar to that of the non-satu-
rating flywheel control is obtained. This is as - expected because of

the similarity of the dynamics.
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In this <chapter, specific examples of satellite attitude
control problems have been solved. To begin with, the use of
reaction jets was studied,with the general observation that
on-off jets are best suited to correct large disturbances or
to drive the body rates to +the origin regardless of the
Euler angles. Then, flywheal control was studied with parti-
cular emphasis placed on the use of non-saturating fly-
wheels., It was shown, that in the non-saturating mode, fly-
wvheel control can efficiently correct disturbarces in the
Euler angles and furthermore, the controls are effectively
independent of one another. This 4implies, that each of the
three flywheels is responsible for the controllability of
its respective Fuler angle. An example using saturating
flywvheels then followed and showed that flywheels can be
used to correct disturbances in the body rates. Any largs=
disturbance in the body rates must be corrected by the reac-
tion jets because otherwise, saturation of the flywheels will
result. Finally, an example using gyrotorquer control was
given to demonstrate the nature of the results, to be
expected with this type of control, which are similar to the

case using flywheels.
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CHAPTER FTVE

Thus far, satellite attitude control has been considered
from a variety of viewpoints, ranging from the formulation
to the solution of specific optimal control problems. As
mentioned earlier, non-saturating flywheel control is of par-
ticular interest. In the previous chapter, optimal controls
were obtained for a variety of cases. However, the optimal
controls obtained apply only to the specific examples
treated. This implies, that for each new problem it is
necessary to recompute the optimal control-a rather unsa-
tisfactory situation. The intent of this chapter is to
ipvestigate the possibility of approximating the optimal
controls with sub-optimal controls, which are realized via a
simple specification. Such an approach would form the basis

for practical applications.

5.1 Open-Loop Control.

In the previous chapter, a number of optimal attitude
control problems using non-saturating flywheels were solved.
From their results it can be observed that the optimal cor-
trols are essentially linear functions of time and can be

expressed as simple expressions of the form:
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ul(t) = k[1-2<t-to)/(tf‘t0)] (5.1.1)

for te{to,tf] and where k is an appropriate corstant. To
investigate the validity of this observation,it was decided
to solve problem 4.2.AF with controls of the form given in
equation (5.1.1). Since each of the three controls ug,
i=1,2,3 has a different value of k; the problem essentially
consists of finding the optimal values for three constants.
The results will permit us to evaluate the system!s behavi-
our with simple open-loop controls. The problem solved here
is the following:

Problem 3.1.2

minimize J = [I+%R1(p2+q2+r2+¢2+92+¢2)

+‘%R2(Q§+Q;+Q§)] l

k1,ko,kgeR
t=t

f
subject to (5.1.2) for te&o,tf], where:
0
P = Air 4+ Ajgr + Agup t Aqur + A5§ZZq
0
qg = Bipr + Bzﬂxr’ + Bgup + BL}QZP
0
r = Cip t+ Crgp + Cgﬂxq + Cqﬂyp + Csugs
$ =
6 =gq
y =
. 0
Q = u]_ (5-1‘2)
b4

. 0
= up
.y 0
QZ = us 02 02 02
T = Ba,(p2+q2+12+¢2+02+y2) + KA (up +uy +ug )

0 .

al(e) = k.[l—Q(t—to)/(tf—to):}, i=1,2,3
1 1
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All the system constants are the same as those of problenm
4.2.A. To find the optimal values of k;, k, and k3, a parame-
ter search was performed using the parameter optimization
package developed by Birta [15]. The followirg optimal
values were obtained:

ki = 2.828, ko = 5.767, kg = 8.621 (5.1.3)
with final cost J=1.23, which is identical to that obtain=4
in problem 4.2.2. At this point, it should be recalled,
that ug(t) controls ¢ (t), ug(t) controls 6 (t) and ug(t) con-
trols vy {t) (see problem 4.2.B). Thus, it may be possible

to relate the constants to the initial Euler angles. Observe

also that:

kq
2.828 _

5o Tor ¢ 1eLw
ko

_ 5.767 _
T, TLog - 142 (5.1.4)
K
3 8.621 _
ﬂ_ T_ 143.7

Hencej

k]_ k2 . k3 .k {'k]_ k2 k3 /
— = — = tav = |=— 4+ — + — /3
6o 6o Vo Ldo 6o wo]

From the above observations, it appears that a suitable

(5.1.5)

open-loop control could be obtained directly from knowledge
of the initial Euler angles. To verify this, controls of
the following form were used:

0
ul(t)

kav ¢o[l—2(t—to)/(tf—to)}

0
u, (t) L 90[1—2(t—t0)/(tf—to)]
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0
t = k 1-2 -t / -
ug(e) = k__ ‘Po[ (t-tg)/ (¢, tO>J 5.1.6

The graphs shown in Figures 5.1.1-5.1.2, illustrate the
results obtained by integrating (5.1.2) with u%(t), i=1,2,3
as given in (5.1.6) with k,,=143. From these graphs,one can
observe, that the open-loop controls,yield results practi-
cally identical to the optimal results corresponding to
problem 4.2.A'. Thus a model for synthesizing "practically"
optimal open-loop controls for non-saturating flywheels has

been obtained.
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5.2 Feedback Controls.

In practice,the synthesis of feedback controls is prefer-
red to that of open-loop controls because of the inherently
more stable nature.

Problem 5.2.A% 1In this problem,an attempt is made to desiagn
siaple feedback controls that will return to the origin,
initial disturbances in the Fuler angles. A fixed terminal
time is assumed. The feedback controls are synthesized from
observations of the optimal conrtrols and the behaviour of
the Fuler angles when these are applied. The optimal con-

trols have the following form:

u(t) A
u(to)\
T = T
oy} ltf
|
—u(‘to)*""’———————-——-—

Fig, 5.2.1 Typical Form of the Optimal Controls.
and the optimal trajectories of the Enler angles have the

following form:

$(t) +

+- = +
to tf
Fig, 5.2.2 Typical Optimal Trajectories of the Euler Angles.

From the above obsevations it was decided to try feedback

controls of the fornm:

- 139 -



u{(t) = ky(d2¢9/2) + k2¢(¢—¢0)cos[w(t—tdy(tf—to)] (5.2.1)
for te[to,tf]

Similar expressions car be written for ug(t) and ug(t).
From problem 5.1.2, it is known, that the open-loop controls
ug(t), i=1,2,3, yield practically optimal solutions. There-
fore, our problem may be stated as;

minimize J = [I]I

ky,kp€eR t=te

subject to (5.2.2) for te[o,tf], where;

P = Ajr + Asgr + Aguf + Ay v + Asf g
i = Bipr + BZer + Bgug + Bqup

* f
r = Cip + Crqp + C3qu + Cqup + Csgus
¢ =7

6 =g
@ = {5.2.2)
. f
QX = uj

. f
Q = upn

y

. £
Q = usg

0 f 0 £ 0
(u{—ul)2 + (uz-us)?2 + (uz-uz)?

e
1

with the following initial conditions:

p(0)=.00 rad/s $(0)=.02 rad QX(O):.OOPad/s I1(0)=0
q(0)=.00 rad/s 6(0)=.04 rad Qy(0)=.00pad/s

r(0)=.00 rad/s $(0)=.06 rad QZ(O)=.00rad/S (5.2.3)

Again, a parameter search using Birta's software package
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{15] was performed to find the optimal values of k,; and k,.
These were found to be 239. and 56.1 respectively. With
these values of k; and k,, the system (5.2.2) was integrated

and the results are shown in Figures 5.2.3-5.2.6.

From these graphs,it can be readily observed that the
results obtained are indeed very close to the optimal solu-
tions given in 4.2.2 . Therefore, a fixed terminpal time
feedback controller has been designed. In the next problen

a more general feedback comntroller is synthesized.
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Problem 5.

1 V]

.B:In this problem, the synthesis of a time

invariant feedback controller is considered. The basic
assumption here is that the body rates are initially negli-
gible apd that the problem essentially consists of correct-

ing initial disturbances in the Fuler angles.

The feedback controls are assumed to be polynomial func-
tions of the Euler angles, until the 1latter are within a
specified distance from the origin . At that point, this
feedback control policy is replaced by simple regative feed-

back proportional to the body rates. For example:

[ku(%) 4 k12<$"’—0>2 + k13<%>31. sgn (¢g)3 if lo| 2 o

—+h

kyp - sgn (dg)3if [o] < o (5.2.14)

The controls ug and ug can be similarly described using the
other BEuler angles and body rates. As a first step ip the
solution of this problem, a fixed terminal time was assunmed
and a parameter search was performed to determine the opti-
mal valaes of kij' i,371,2,3. The problem solved can be
stated as follows:

minimize J = [%Rl(p2+q2+r2+¢2+62+¢2) + %Rz(Q§+Q§+Q§)

kijeR + %R3(uf2+u§2+u§2)]lt:t

by
subject to (5.2.5) for te[o,tf], where:

. hid

P = Ajr + Apqr + Azuj + Aqur + A5QZq
. £

q = Bypr + Bzﬂxr + Bguy, + Bqﬂzp

. £
r = Cip + Cprqp + C3QXq + Cqﬂyp + Csgujy
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The initial conditions were taken to be the same as those of

problem 5.2.2 and the constants are:

Ry= 4x10%,  R,= .2, Rg= 20., t.= 50 s, p=1x10 3
(5.2.6)

After completion of the parameter search, the following

optimal values were obtained:

k17 = -29.83 k12 = 82.65 'k13 = - 50.94

ko1 = -59.66 koo = 165.3 k23 = -101.9

k31 = -89.49 k32 = 248.0 k33 = -152.8
(5.2.7)

The constant kq (equ’n 5.2.4) was simply obtained by trial
and error until convergence oc;urred after switching to the
simple negative feedback. A final value of k,=1x10" was
adopted. With the above constants, the differential equa-
tions in (5.2.5) vere integrated for 100 seconds and the
results obtained are shown in Figures 5.2.7-5.2.10. Trom
these results it may be concluded +that a stable feedback
controller has been designed. This controller gives res-

ponses very similar to those obtained in problem 4.2.A, how-

ever, with somevhat higher maximum flywheel speeds.
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In this chapter, open-loop and feedback controllers have
been synthesized for non-saturating flywheel control. The
results obtained from these controllers are very <close to
those obtained from the direct solution of the optimal con-

trol problem, as discussed in Chapter Four.
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CONCLUSIONS

In this thesis, optimal control thenry has been success-
fully applied, to the studv o0FfF certein aspects of sertellits

attitude control.

Th2 mathematical model for A zero-momertum three-2xis
attitud2 controlled satellite was first derived and ther
nsed to formulate a set of optimal control problems. Vari-
ous techniques available for the solution of optimal cortro?
problems were surveved aprd based on the related observa-
tions, it was decided, that thte TGD method w2s best suited
for the optimal control problems to be solved in this study.
Problems with piecewise contiruons cortrols havinng, stat-=
ard cortrol constraints, as well =as a free terminal tipe,

can 221 be solved by this method.

4 variety of optimal attitude control problems were~ then
solv=2d and the conclusions drawn from thess are elaboratad
here., From problem 4.7.3, it apvears, that using throtlled
jets, the system is cortrollable to the origin, FHowever, i-
problem 4.1.B, when on-off jets were used, this 1is not th=
case anpd furthermore, the termina? state is verv sensgitive
to the switching times. Thus, the use of reactior jets =zlon=e
is not recommended, rather, they should ba complemented by
flywheels or gyrotorquers and used for desatur=tion pur-

poses. When studyirg flywheel control,it wes d2cided, to

~ 153 -



study j» particular the non-satureting mod=. Trom th= s0ln-
tion of problem 4.2.B, it car be corclud=d, t-at one parti-
cular flywheel serves to correct disturbarces i- one parti-

cular Tuler anrgle.

Furthermore, for cortrollability, usi-g orlv flywheels,

it is necessary that all three flywheels »> operations

e

From this conclusion, it was decid=2d to attempnt +o0 gererate,
simple open-loop and feedback control policies, whicl er=s
sach dependent on 2 different Tunler angle., T™hese simple
cortrol policies were obtained by performirg a par=mater
search and were found +o0 give results near the optipa?
v~lu=s. This counld form tbe basis for 2 oprectic=l applic=-

tion.

“hus, it is the feeling of +the autror, thst optime? con-

trol theory can be used to advantag=, for *he stiudy ard con-

trol, of attitude for satellites,
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Appendix A

Vector Definitions.

Let Z be a matrix of dimension m x (m.M+1l) defined by:

— | I I -
VA A . « ¢ |
01 | 11 -
z ' !
Z = 002 ! | | .
- I l ' b
o | | { ‘.
20 ' ! ' ZneM
L m | i | meM m

= (A.A.1)

Consider for example a case with two controls (m=2), each
having one discontinuity (M=1), thus, the controls have the
following form:

ul(t)

A

u2(t)

=

-— e o amm o jam e o e . e -

Let:E =

(e}
NI
N1
}—l
1l
1
N =
-~
B
N
1l
N I
N =
| CEESE— )

(A.A.2)



Now define:
- _h -1 - _ - _Jo
Y10™ [o] ’ Yll“[o] r Yo r Yo [—2]
(A.A.3)

Thus, from the above definitions, for any 2x2 matrix denoted

N =K=)

by v(t), it follows that:

2x1 T, 2 1 t.
T f v (o) Eidc = b3 by S Jk+l

v(c)y., do
i=0 T, j=1 k=0 t Ik

ik
(A.A.4)

A similar procedure can be applied for any m and M.
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Appendix B.

Flow Chart of the Conjugate Gradient Descent Procedure.

guess
controls

no

.

;ptegrate
x=f (x,u)
from t, =& tr

t

calculate
terminal
conditions

l

. integrate
E= -f (x,u)¢

from tf —£» to

;

compute
the gradients

stop

compute control
search direction

;

perform a
linear search

Fig. A.B.l

fof iterations>N
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€ 3k 3 o ool 3k 3 Ak e o e A 2o o el ok e e e o o A ok ok

C PROBLEM 4.1.A %*

C ¥ e e s ok e 33k 3 ok ok s skook ek a3 e e ode ook ik el ook K e koaiok e e ok ok Aok ot g ok 3k ok ok ook ok ok

CONJUGATE GRADIENT DESCENT METHOD.

THIS PROGRAM COMPUTES OPTIMAL CONTROLS BY ThE

4
S5e
G
T
C x 8
C * Je
C ok o Fe ok ok * 10,
- - C LEGEND * 11,
C 3 s o ok * 12. Q
c PRMT(1)=INITIAL TIMLC. * 13. 9
C PRMT(2)=TERMINAL TIME. * 14. B3
c PRMT{(3)=INTEGRATION STEP SIZE. * 15. g
C Y(1)-Y{(7)=STATES. * 16 pry
C DERY(1)-DERY{(7)=STATE CR CC-STATE DERIVATIVES. ¥* 17 3 Qu
C STORX=STORAGE ALLOCATICN FOR STATE TRAJECTORIES., * 18. i
c STORXC=STORAGE ALLOC. FOR THE CO-STATL TRAJECTCKIES.* 19. o) A
C STORU=STORAGE ALLOCATICN FGR CONTRCLS. * 20. 3
C GRADU=STORAGLC ALLOCATICN FCR GRADIENTS., % 21e @
C JCOST=TERMINAL COST FUNCTICN. * 22. H
C AO=F IRST ESTIMATE DF THE MINIMIZING ARGUMENT FCR * 23, 9 L
C THE LINEAR SEARCH. * s4, 3
c TS=TIME SCALING FACTOR. * 25¢ 1
C N=NUMBER OF STATLCS. % 26 g
C NC=NUMBER GF CCNTROLS. % 265 . -
C MAX=MAXIMUM NUMBER OF ITERATIOGONS ON CONTROLS. * 27.
C Al 3AZ,A3=SYSTEM CONSTANTS. % 28, g
C B1sB2=SYSTEM CONSTANTS. % 25, &
e C1+C2,C3=SYSTEM CONSTANTS. * 30,
C L1, 2=L AMBDA1l AND LAMBDAZ RESPECTIVELY. * 31, 5
C R=TERMINAL TIME WEIGHTING COEFFICIENT. i 32.
C 3k Ak 3 sk o e e ek ook s adr sk skokok 3k ook ok ko3 dkok sk sk sk sk e o o o e ik e ol okske o o ol koo ok e o ok ok sk ook ek I3, >
1 REAL%B Y{7) DERY{7)+STORX{75101)+STORXC{75101) 340 0,
! 2 REAL*8 STORU{3,101)+GRADU{3,101)sPRMT(4) 35. .
b~ 3 REAL%8 JCDSTSsDENOMSBETAISANS,CPSLN 36, &
o 4 REAL¥S8 YYsXXX»P{35101)sFUI 376 o
5 REAL%*8 AQO 38,
' S REALX8 TSsA13A2:A39s8B1 sB22C1+sC2sC3sL15L 2R 39 .
7 COMMCN TSsA1sA2,A3,8]1 ,82sC1+C2sC34L15L2,4R 40,
8 COMMCN /AA/ AD a1,
Cx%%*x%SET TrL COMMON VARIABLES. 4z,
] TS=10.D0 43,
10 AQ=1.D-8 4.4
11 Al1=1,3721D-4 45,
12 A2=-,88217D0 46,
13 A3=1,DD 47,
14 B1=,2400 48.
15 BR2=1.D0 49,
1£ Cl=-1.3229D-4 c o
17 C2=.81465D0 51 .
18 C3=1.D0 57
16 L1=10.D0 53.
20 L2=1.D0 S4 .
21 R=4.D4 55,
CH%%x¥*INITIAL IZE PROGRAM. 58
27 N=7 57
23 NC=3 58,
24 PRMT(1)=0.D0 O
= PRMT{2)=1.00 6?.
2€ PRMT{(3)=.0100 . . . 61,
27 MAX=D et A YA W -mpmhev of \‘\'.Q(A)(\O’Y\S 652




28 BE==0 &3
29 M=PRMT(2)/PRMT{ 3) 654
20 MM=M+ 1 65
- 31 e~ DO S_I=1.NC .... . cf)u\&ss c,o««x'\.tb\'s 66 . e e
22 DO S J=1.+M 67
33 5 STORU{I+J)=-.01D0 68,
34 YY=1.D0 69
. ChE¥xkXSTART ALGORITHM, 70
35 7 CALL INCON{NsY) 71.
36 CALL INTFOR{NsNCsMM,PRMTsY sDLCRY+sSTORXsSTORUY) 72,
37 FUISY{7)4+SD0XRX(Y (1) 4%24Y (2) %% 24V (3)*%24+4Y{4)%%24Y(5)%*2 73.
. E+Y(6)%%2) 74,
28 CALL CUTP{NsPRMT(2) 4Y+DERY) 75, "
29 CALL TERCON{N»,Y) 76
490 CALL INTBAK{(NsPRMT »YsDERY,STORX+sSTORXC) 77,
- 41 CALL CUTP{NPRMT(1) Y +DERY) . 78,
42 CALL GRAD(NPRMTsSTORXC +STORUSGRADU) 79, -
43 XXX=0..D0 80.
44 DO 65 [=1.3 81,
45 DO 65 J=1.M B2, —
46 65 XXX=XXX+GRADU(IsJ)%*¥2/FLCATIM) 83, T
47 BETAI=XXX/YY 84.
48 YY=XXX RS,
49 IF{III-1) 30,30 590 B6. —
50 30 DO 40 I=1,3 87
51 DO 40 J=1.+M 88.
52 40 P(I9J)=-GRADU(I4J) 89,
€3 GOTO 60 90, o
54 50 DO 55 I=1+3 91.
85 DD 55 J=1M A_ *: Q2.
SE 55 P{(I4+J)=-GRADU{T1,J)+BETAI*P(I,J) <& co«\\vo\. seou'c\f\ \WCeC\\OoN\ 93.
£7 60 CCNTINUE 94, o
! s8 CALL ALPHAINsSNCsMMsPRMT 3P s STORUSFUI) IS,
-t 56 ITI=II1+1 96
_3 €0 IF {(I11.GT.MAX) GOTO SO 97,
€1 GOTO 7 98, o
¢ 62 90 PRINTZ200 93,
£3 100 CALL INCON{N,Y) 10Ca
4 CALL INTFR{NSPRMT Y DERY,STORU) 101,
65 200 FORMAT {5X.*THE VALUE OF I1I EXCEEDS MAX,*') 102.
EE STOP 103,
67 END 104.
Cxx%k¥x%END OF MAIN PROGRAM, 105.
C .
C 3 3k A sk ook e e dk d ok ok ok ok ok ok ook ok ook oo sl o ol ol o sk sk sk Aoskole sk e e ksl ek e sk drskosk ok ek ok sk ekl ek %gg.
C THIS SUBRDUTINE GIVES THE INITIAL % 163,
C CONDITIGONS FOR THE STATE DIFFERENTIAL EQUATIONS. * 10G.,
3 3 ok % sk % v sk ok ok sk o sk skookol sk ook 3 ok sk ool sk e 3k sk skl ol s e e ok ok sk o ook ok sk 3ok ok e ok ok 110,
¢ 111,
£8 SUBRCUTINE INCONINaY) 112.
€9 REAL%*8 Y{N) 113,
70 Y{1)=0.01D0 114,
71 Y{2)=0.03D0 11a:
72 Y{3)=0.03D0 116.
73 Y(4)=0.01D0 117
74 Y{5)=003D0O 118,
75 Y{6)=0.05D0 18-
76 Y{7)=0.D0 120,
77 RETURN 121,




7Ea END
C 123.
C 3 3k 3 dealeak ok o3k e de ook koK o3 e 3k Ak e e gl ool e ok 3 ok ok % ok ¥ 3R ¥ o ok ok e ik o ok 3 % ek o ok ok ook ke k ok ok 12%.
C. THIS _SUBROUTINE DEFINES THE STATC DIFFERENTIAL * 1256 . o
c EQUATIONS. * 126,
C % e e e ofe sdeoe e e ook ek e dleolealk sl 3k ok e ol i o sl e ol ol ol ok 3 o ok o e e o ool ok ok ok e o o sk e o ok ok ok ok ok e ok 127
C 128,
79 SUBROUTINE FCT1(NsYsDERY.U) ) 129,
80 REAL*8 Y{N) ,DERY{(N) u(3) 130.
a1 REAL¥8 TS,A13A23A34B13B2,C1+C2,C3,L1,L2,R 131,
a2 COMMON TS+A15A2:A3,81 +825sC14C2+C3+L1sL2,R 132,
83 DERY(1)=TSk(AL1XY(3)+A2%Y(2)%Y(3)+A3%U(1)) 133,
84 DERY{(2)=TS*(Bl*Y(1)*Y{3)+B2*%U(2)) DeSime 134,
as DERY(3)=TSx{C1%¥Y(1)+C2%Y(1)%XY{(2)+C3*%U(3)) 35.
86 DERY(4)=TS*Y(1) =L (X,N) 136,
87 DERY(5)=TS%xY(2) 137
g8 DERY(6)=TS%Y(3) 138,
89 DERY{7)=TS¥eSDOKLIX(Y (1)%Rk2+Y{2)%%k2+Y( 3)%%24Y(4)%%2+ 139,
» SY(S)X¥24Y(6)*%%2)+TSH,SDOXL2#(U(1)%%2+U (2)%%2+U(3)%*2) ) 140,
T g0 RETURN 141,
91 END 142,
C 143,
. C % Fedk ksl e e oo e ok sk ok e ok sk ol sk gk sl e e ko ook o e e sk 3 ade el ok ofe oo o ok kol sk Mok ok 144,
C THIS SUBROUTINE DEFINES THE CO-STATE DIFFERENTIAL * 145,
C EQUATIONS. * 146,
Cae drdedk ok e ook alesk Bl ook ook s ok e ok ok e B o ok oo ade ok ol ok ok ol sk ok R ook ol ok ok ok ekl o e ok skok ok ko 147,
C 148,
G2 SUBROUTINE FCT2(NsYsDERYsSTCRXsJJ) 14S.
93 REAL#¥8 Y(N) sDERY{N)sSTORX{Ns101)+X(10) 150,
\ 94 REAL¥8 TS+A13A23A3,81s825C1+C29C3sL14L2,4R 151, \
g5 COMMECN TSsA13A2:A3:8B1 38B2P+sC15C2+C35L1,50L24R 152,
- Se DO 1 I=1,N 153,
z S7 1 X(I)=STORX(I1+JJ) 154,
38 DERY(1)=-TS*k(B1#X{3)%kY{2)+C1¥Y(3)+C2%X(2)*Y(3)4Y(4)+L1%X(1)#Y (7)) 155,

! 95 DERY(2)=—-TS*{A2%X{3)%Y(1)+C2%X(1)*Y(3)+Y{5)+L1%X{2)%xY(7)) 156. \ DeSime
100 DERY(3)==TS*(AL1*xY{1)+A2%XX{(2)*Y(1)+B1I*X (1) %¥(2)+Y(6I+L1%X{ 3)%Y{(7)) 157. )
101 DERY(4)=-TS*L1%X(4)*Y{7) 158, | ¢ N a)
102 DERY({5)=—TS*L1*X{(5)%Y{(7) 159 . %::- X,
103 DERY(6)=-TS%L1%X{&6)%Y(7) 160, X
104 DERY{(7)=0,D0 161,
1GE RE TURN 162. )

106 END }gi-

C***************##**#******#***#****#**’r**#»*#**v******#***** 1655,

C THIS SUBROUTINE DEFINES THE GRADIENT OF THE 166.

C COST FUNCTION. * 157

C % oo o 4 3 vk ok g 44 ok ok sl i et g ol ok e el o ROk Aol sk ok 3 ok deolofoge o o dotoskok 3k sk o ook 168,

C 109.

1067 SUBROUTINE GRAD(N,PRMT,STORXC,STORUsGRADU) 170.

108 REAL#*8 STORXC(Ns101)sSTORU(35101)5GRADU(3,101) ,PPMT(4) 171.
109 BEAL%8 TSsAl13AZsA39B1»B22C1sC2+C39L12L2,R T *

110 COMMCN TS;AI,A%§§3,BI'HZ.CI;CZ.CB»LI»LZ;R ° SLovnvueigi.

1 M=PRMT(2)/PRMT .

115 DO 5 I=1,3 Jre ienys 175.

1132 DO § J=1.M 176,

i14 5 GRADU(IsJ)=TSk{STORXCI(I,J)+LP4STORU{I,»J)) 177,

115 RE TURN 178,
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END

C

C ek ok doFR ok ok ok g ok okl o ko ook lok Rk Rk ok R Aok ROk Rk ok Rk ok Rk Rk ek bk ke kR Rk
€ L L THIS _SUBRDUTINE GIVES THE TERMINAL CONDITIQONS FOR *
C THE ADJOINT DIFFERENTIAL EGUATIONS. *

C e e e e e e ook stk s ok o o8k e s ke e ek ok ke o o e e el e ke o ok o o ok o o el ke i o ok ok ok ok

C

SUBROUTINE TERCON{N,Y)
REAL%8 Y(N)
REAL¥B8 TSsA13A23A3981 v8B2+C1+C2sC3sL1s.24R
COMMON TSesAl3A23A3+81 382sC1sC2+C39L1sL24R
pDO 1 I=1.6
1 Y{I)=R¥Y(I)
¥Y{(7)=1.D0
RETURN
END

C
C e ok & ke 3 sdeok e ool e e e ok e 3 ook Rk ok ok ok ok ok ok ok ook ok oK ok g e oo ok ok sk ok ok K

C
C

THIS SUBROUTINE INTEGRATES THE STATE DIFFERENTIAL *
EQUATIONS AND STORES THE TRAJECTORIES. *

C % 3¢ 3 ok e e e e 3 o alk sk e sk ok ok e sk ol kol sl e ol Aok e ek ok sk ik sk e ole ok ok ok ok o ok o Rk ke e sk ok ke

C

PFMT;Y,DERY’STDRXgSTORLU\

SUBROUTINE INTFOR{NsNCyM,
REAL*8 PRMT (4)sY(N)sDERY(N)sSTORX(NsM)
REAL*8 STORU(NCsM)sU(10)
REAL¥8 A(10),8(10),C{10)sD(10),2(10)sXX(10)sTsH
NSTEPS=PRMT (2} /PRMT(3) Yo \w\*e%c«‘te
STORX(1,11=v(1
2 STORX{I,1)=Y(I) .
DO 13 J=1.NSTEPS xz= £, W)

DO 1 I=1,+3
1 U(II=STORU(I.4)
CALL FCT1{N»Y+DERYU)
DD 6 I=1,N
A(T)=PRMT{(3)XDERY{I)
6 ZLAI)=Y(I)+A{(1)/2.D0
CALL FCT1{N+ZsDERYsU)
DO 8 I=1sN
B(I)=PRMTI{3)%DERY(1I)
8 Z(I)=y(1)+8{1)/2.D0

:YOYA-tO_§t¥

CALL FCT1{NsZ+DERY »U) 219.

DO 10 I=1,N So0.

10 Z(I)=v{1)+C{1) 222,
CALL FCT1I(NsZsDERY»U) 223,

DI )=PRMT(3)*DERY(1) 225,

12 YCID=Y{I)+(A(T)+2.D0%B(I1)+2.D0%C{I1)4D(1))/6.D0 526,
JJI=J3+1 227,

DO 13 I=1sN 228,

13 STORX{I»JJ)=Y(1) / 555,

RE TURN 230 .

END 231,

¢ 232,
C*#****#*******#***********************************#******** 2313,
C THIS SUBROUTINE INTEGRATES THE ADJOINT DIFFERENTIAL ¥ 244,
C EQUATIONS BACKWARDS IN TIME AND STORES THE RESULTING * 235,
C TRAJECTORIES, * 236,
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237

P C 238
I 1857 . .. ... SUBROUTINE INTBAK(NsPRMT,XCsXCDOTsSTORX»STORXC) ) 239, e e
158 REAL*8 PRMT(4) s XC(N)+ XCDCT(N) s STORX(N»101)9STORXC{Ns101) 240,
15% REAL*8 A(10)sB(10)+C(10)sD(10),2(10) 241,
16¢ M=PRMT{2)/PRMT (3) P 242,
A 161 JI=M+1 _ >\o \'V\'\Q%‘(o‘ 43,
1€2 DO 12 J=1,M 244,
163 CALL FCTZ2(NsXCsXCDAT,STORX»JJ) ' 245,
164 DO 1 I=1sN ! 246,
165 {1 STORXC(IsJJ)I=XCLI) g=-% kn)§ 247,
B 1686 JI=M+1~J K San.
167 DO & I=1eN 249,
, 168 A(I)==PRMT{3)*XCDOT(I) I t >t 2s0.
165 6 Z(I)=XC{I)+A(I)/2.D0 CoHYA 5251 . i}
170 CALL FCT2(NsZsXCDOT+sSTOGRX»JJ) T 252,
171 DO 8 I=1sN 253,
172 B(I)=-PRMT(3)%*XCDOT(1) 254,
.17z 8 Z{(I1)=XC{(I)+B(I)/2.D0 255,
B 174 CALL FCT2(Ns+ZyXCDOTsSTORXsJJ) 256, ’
178 D3 10 I=14N 257
176 C(1)==PRMT(3)%XCDOT(I) 258,
. 177 10 ZEI)=XC{I1)+C(1)/2.D0 259,
17& CALL FCT2(NsZ3s XCDOT+STORX»JJ) 260
179 DO 12 I=1,N 261 .
180 D(I)=-PRMT{3)%XCDOT(1) 262.
181 12 XCLII=XCLI)+(A(TI)+2.D0*¥B(1)42.D0%C(I1)+D(1))/6.D0 263,
182 DO 13 I=1,N 264,
183 13 STORXC(I,4J)=XC(1) 265,
184 RETURN 266,
185 END 267
1 C 2684
— Co¥erkak ek ok kkdkkikFokdkkkkkhdkfhfokdokjekdkdkdkfokfkbk bk gojekkk 259,
o~ C THIS SUBROUTINE INTEGRATES THE STATE DIFFERENTIAL * 270.
™ c EQUATIOGNS AND PRINTS THE TRAJECTORIES. % 271.
L %k 3 3 v et e e e g e i ook o e skodfoak ke ok ad ok e ko sook ook sk ol ook sk Al e ol ol ook o e ek ok ok kool ok ok 272
C 273.
18€ SUBROUTINE INTFR{NsPRMT,YsDEFY STORU) 274,
187 REAL%8 PRMT(4) sY{N)+DERY{(N)sSTORU(3+101),U{3) 275
188 REAL%8 A(10)s8B(10)sC{10)+D{10)+ZL10)sXX(10)>TsH 276,
18¢ M=PRMT(2)/PRMT{(3) 277
156 T=0.D0 278
151 DO 13 J=1,M 279
192 DO 1 I=1+3 280.
193 1 U{I)=STORU{I,J) 281.
1S4 WRITE(635100) Ta(Y(I)sI=137)s(U{TI)s1=1+3) 233,
i 165 CALL FCT1{N»sY»DERY,U) 533.
156 DD 6 I=1,N 234,
157 A{I)=PRMT{3)%*DERY(1I) 285,
1c8 6 Z{I)=Y{I)+A(I)/2.D0O 588 .
199 CALL FCTI1(Ns+ZsDERYsU) 587 .
200 DO 8 I=1,.N 288,
201 B{I1)=PRMT(3)*DERY(I) Sa9.
202 8 Z(I)=Y{1)+B(1)/2.D0 So0.
203 CALL FCT1{NsZsDERY,U) $31 .
204 DO 10 I=1.N 292,
203 C(I1)=PRMT{3)*DERY{I) So5.
206 10 Z{I)=Yv(I)+C(I) 504,




[

CALL FC

207 T1ENs Z+DERY »U)
208 DO 12 I=1,N 296
269 D(I)=PRMT(3)#DERY(1I) 297«
... 210 12 Y(CI)=YCI)+(ACI )} +2.D0%B{I)+2.D0%C{(I)+D(I))/6.D0 2398, et
211 T=T+PRMT(3) 299%.
212 {3 CONTINUE 300,
213 WRITE(6+100) Tel{Y(I)sI=1+7) 301.
- 214 RETURN .. 302, R
218 100 FORMAT(S5XsFE.3+,10F10.5) 303.
216 END 304,
C 305.
€ 3 sl ok e o ok okok sl ok skale e 3 ke oo e e ok sk o ok Rk ok o ok ool ook o o o ok o o et ok ok ok o ok oRoR ok % 306, .
- c THIS SUBROUTINE IS PART CF THE LINEAR SEARCH * 307
C REQUIRED TO UPDATE THE CCNTROLS. * 308.
C o ook vk g e ok e e ol e ool oo ookl s ol ot ke ok ol o sl s ok ofe i ok ok ok s o o ol skt e skl ol ok o 3 o ok ok Aok 309,
¢ 310. S
217 SUBRCOUTINE ALPHA(NANCsMsPRNTSP+STORULFUI) 311,
218 REAL*8 STORU(NC +M) vSTORX{7 3101 ) s ALPHFUI»FAKML oX{4)»2{8 )y ZMIN 312,
o 219 REAL*8 PRMT(4) sP{NCsM) +DABSsA0,UL(3+101)4Y(7)sDERY(7) 313.
220 REAL¥S TSeAl13A25A3581 382,C1+C2:C345L1sL24R 314,
221 REAL X8 AQO 315
222 COMMGN TS»Al1sA25A3381 s8B2sC19C2+sC3sL14L245R 31€.
. 223 COMMON /AA/ AD 315
224 DO & I=1,3 318.
225 X{1)=0.D0 319.
. 227 . X(4)=FUl Q‘-Qo\"\rv\ o~ \.\y\ﬁo\‘(‘ seoxC 321
228 Z{4)=0.,D0 322.
229 MAX=20 323,
230 111=0 324,
- 231 ALPH=AO 325,
232 Mi=M—1 326.
= 233 DO 20 1=1,3 327.
) 234 DO 20 J=1,M1 328.
. 235 20 Ul({I+J)=STORU(I+J)+ALPH*P(1,4) 32G.
236 CALL INCON{N,Y) 330.
237 CALL INTFOR{NsNCsMsPRMT sYsDERY s STORXsU1) 331,
238 CALL OUTPI{NPRMT(2)4+Y+DERY) 332.
239 2(3)=2(4) 333,
240 Z{4)=ALPH 334,
241 X(3)=%x{4) 335,
242 X{4)=Y(T7)++.SDOXRI{Y(1I%%2+Y (2)*k%2+Y{3)*%2+ 336,
TY(4)X¥2+Y(S)IXX23Y(H)%%*2) 337,
243 101 FAKM1=X(4) 338,
244 ITI=111+1 339.
245 ALPH=2.0D0%ALPH 340,
246 DO 102 I=1,+3 341,
247 DO 102 J=1sM1 342,
248 102 UL{T+J)=STORU(T +J)+ALPH¥*P{Is+J) 343,
249 CALL INCONI{N,Y) 344.
250 CALL INTFOR(NyNCsM,PRMT Y »DERYsSTORXsU1) 345,
251 CALL OCUTP({NPRMT(2) sYsDERY) 348,
252 Z(11=2(2) 247.
253 2(2)=2(3) 348,
254 Z(3)=2(4) 3249,
256 Z{4)=ALPH 350
256 Xx{1)=x(2) 301,
257 X{2)=x(3) 332,
258 X{3)=x{4) 353,




354 .

259 X{A)=Y( 7))+ SDOFREA Y (1 IEXZFTY(2IFX2H+V(3) Ex2+
FY(4 ) %524V (SIXX2+Y (6 ) E*X2) 355,
2E€0 IF(X{4) .GT.FAKM1) GOTO 150 356
2¢€1 IF{III.GT«MAX) GOTO 350 357,
2€ 2 GQOTO 101 358,
263 150 ALPH=(ALPH+ALPH/2.D00)/2.D0 359,
264 255 DO 251 I=1,3 360,
2€8 DO 251 J=1,.M1 361,
2€6 251 UL (1+J)=STORU{ L s J)+ALPHEP(I,0) 362
2e7 CALL INCON(NsY) 363
268 CALL INTFOR(NsNC o MiPRMT oY+ DERY »STURXLU1L) 364,
26% CALL CUTP(NsPRMTI(2) .Y yDERY) 365,
270 X{1)=Xx(2) 3664
271 X{2)=X(3) 367.
272 X(3)=Y(7)4+5DO¥R¥ (Y (1) Xx*24Y(2)%*24+4Y(3) &%k2+ 368.
B TY(4)RX2+Y(S)IRX24+Y(6)%%2) 369,
2713 Z{(1)=2(2) 370
274 2(2)=2(3) 371.
275 Z(3)=(Z(3)+Z{(4))/2..D0 372
276 WRITE(H6+500) (X(I)sI=144) 373
277 WRITE(6,500) (Z{(1),I=144) 374.
278 CALL POLY{X+Z+ZMIN) 375
27¢ WRITE(6+501) ZMIN 376
280 DO 32% 1=1,3 377
281 DO 325 J=1,M1 378,
282 225 STORUA(IL 3 )=STORU(TI+ J)+ZNMINEP{TsJ) 37S% <
283 RETURN 380
284 350 WRITE(6+400) 381,
2EE 400 FORMATISX»s'I 1S 70O LARGE.'s///) 332,
288 500 FORMAT{(SX+s4F12+48+/) 383 .
287 S01 FORMAT(SXs'ZMIN=? ,F12,.,84/) 384,
288 STOP 335,
1 285 END 33¢€ .
o C Heskeskook o 3 o o o ke o o ek e ok o ok ok e s ok ool ke e o s ok B ol ok s ol oo g o el ol dfeoleofe e e o R skodlok ok K 338,
o C THIS SUBROUTINE PERFORMS A THIRD DEGREE PULYNCMIAL  x 389
2 C INTERPOLATICN AND FINDS THE VALUE CF THE ¥ 330
C MINIMIZING ARGUMENT., %* 321,
C 3% k3 3 sk ok s 3k 3 3k o ofe 3 sl 3k e e ok e 3 S Bk ke sl R o i o e o o o o o ke o ke e de ok o s ok ode ok ek kg ok 332.
C 393.
26 C SUBRGUTINE POLY(XesZ+sZMIN) 324.
291 REAL%8 X(4) +X1 +X2:sX3sX4+STEP 395,
262 REAL*2 Z(4)+Z21 922923+ 24 sALPH,Y 3756
263 REAL%*8 LlsL2sL3sL 44P4s2ZMIN 3357
254 LI1CALPH)={{ALPH=Z22)*{ ALPH-23)2{ALPH—-Z24))/ 338,
#({Z21-22)V*%(21—-Z23)Y*(Z21—-24)) 399,
2¢5 L2(ALFHI=((ALPH~Z21)%{(ALPH-2Z3)*(ALPH~-Z24))/ 400,
BL(Z2-21 )*(Z2=-23V%{Z2~2Z4)) 401,
2S¢ L3(ALPHI=((ALPH-Z1 )% (ALPH-22)%{ALPH-Z4))/ 407
¥({Z3=-21)*%{Z23-22)*{Z3—24)) 403
2¢7 LAa(ALPH)=({ALPH=Z1 )% ( ALPH-22) % (ALPH=-Z3) )/ 404.
BI(ZA4—-21)%(Z24-22)%{ZH4—23)) 405,
268 PIYI=X1RL1{Y)+X2%L2 (Y )+ X3*L3(Y)I+X4%L4(Y) 406
259 20 Zi=z(1) 407 -
300 22=7Z(2) 408,
3201 Z3=21{3) 409 »
302 Z4=Z(4) 410
303 X1=X{1) 411
304 x2=x{2) 412




308 X3=X{3)

30€ X4=X{4)

3C7 30 CONTINUE

[ 308 STEP=(Z4-2Z21)/7200.D0

308 ZMIN=21

310 DO 40 I=1,200

311 Y=Z1+FLOAT(I1)XSTCP

312 IF(PY) eLTP(ZMIN)) ZMIN=Y

313 40 CONTINUE

314 RETURN

315 END
C
C e 3k e sk ek e s e Sk sl ok e sk ok koaleooke ke ook 3k e ok ak ok ook sk ook kool ok ok Ak 3k s sl ok ok e e ofe 3 s e 3R o dod ik ok
C THIS SUBRUOUTINE PRINTS RESULTS. *
3 e ok ok ol A ook oot ek ek ook o e sk A ek ok ooj ok dkook ke ok kol g o 3 ok ok o ofe sk o e ek ok ook ok o kokeok
C

31¢& SUBROUTINE CUTP{(NsXsY +sDERY)

317 REAL¥8 XsY(N)»DERY(N) +JCGST

318 REAL%¥8 TSsA1lsA2:A3 981 sB2+sC1+C243C39L1sL24R

319 COMMON TSsAl19A20A3 581 +82sC14C2sC3sL1sL2,R

320 JCOST=Y(7)4+.5DO0OFRF(Y{1)FX24Y(2)%¥X2+Y(3)%¥2+Y(4) %X24Y (5 ) %%2+

EY(H)Y¥x%k2)

321 WRITE(Gs1) XalY(I)esI=1s6)sJCCST

322 1 FORMAT{S5X+8F15.4)

323 RETURN

324 END
FENTRY
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