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ABSTRACT

Mode-locked lasers are essential light sources for generating ultrashort pulses, widely used in high-
speed optical communication systems such as Time-division multiplexing and Dense Wavelength
Division Multiplexing (DWDM). These lasers are preferred over other light sources for their broad
bandwidth, high-peak power and highly coherent light pulses. This work investigates the mode-
locking phenomenon in various quantum-sized structures, including multi-quantum wells,
quantum dot and quantum dash-based lasers. The primary objective of conducting this research is
to gain a deeper understanding of the complex dynamics occurring within the laser cavity. The
study employs various numerical modelling, simulations, and experimental analyses to achieve the
objective.

Numerical modelling is based on two key approaches: the Time Delay Oscillator (TDO) model
and the Delay Differential Equation (DDE) model. Both models use the time-domain lumped
element approach to understand the physical processes within the laser cavity. Specifically, the
DDE model is developed using the Time Domain Travelling Wave (TDTW) approach to analyze
the passive mode-locking phenomenon in lasers. Both models were implemented in the Simulink
platform.

The simulation section focuses on the quantum well laser designs due to the current limitation of
the Photon Design Tools, Harold and PICWave to support only quantum well-based structures.
The parameter values for the quantum well-based simulations from PICWave were extracted to be
used in Simulink as PICWave uses a TDTW engine, thus providing a basis for the parameter
extraction.

The experimental analysis focuses on quantum dash lasers, examining various aspects of the laser
device parameters such as the repetition rate, pulse width, and threshold currents. Additionally, the
study investigates the impact of factors such as temperature and injection currents on key
parameters like L-I curves, optical spectra, dispersion, and mode-locking behaviour of the laser
device.
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LITERATURE REVIEW

Quantum Dot Mode-Locked Lasers

A) Introduction

Mode-locking is a technique used to generate ultrashort pulses with durations in the range of
picoseconds (10712s) or femtoseconds(1071%s) [1]. Typically, a laser device consists of an
optical cavity containing the gain and absorber medium, bounded by two reflective mirrors. The
photons generated inside the cavity bounce back and forth between the two reflective mirrors (in
a Fabry Perot laser) causing constructive and destructive interference between the light waves.
This leads to the formation of standing waves, or modes. The standing waves form a discrete set
of frequencies known as the longitudinal modes (Figure 1) of the laser cavity[1]. These modes
are specific frequencies of light waves that oscillate within the laser cavity. Some simple
formulations can be used to obtain the number of modes allowed to oscillate inside the cavity as
discussed in the book section [2]. In a typical laser, the phase of each mode does not have a fixed
relationship with other modes; in a mode-locked laser, each mode has a fixed phase relationship
with other modes. Hence, mode-locked lasers are also referred to as ‘phase-locked lasers’.

Self-assembled quantum dot structures have attracted wide attention for their application in mode-
locked lasers due to their various advantages, such as ultrafast carrier dynamics, high repetition
rates, low threshold currents, reduced sensitivity to temperature, 3D carrier confinement, and their
ability to generate high power and low-noise optical pulses [3],[4],[5],[6]. Quantum dot structures
are the nano-scale semiconductor material in which the carriers like electrons, holes or excitons
(electron-hole pair) are confined in all three spatial dimensions [3]. This confinement of charge
carriers in a volume on the scale of 1 to 10 nm in size modifies the density of states in the
conduction and valence band, thus creating discrete, quantized energy levels [7]. This has a strong

influence on the material’s electronic and optical properties [3],[4]. Additionally, the shape, size
1



and distribution of quantum dots over the wetting layer play a crucial role in determining the
emission wavelength. These characteristics make quantum dot mode-locked lasers useful
applications such as ultra-fast signal processing [8], high-speed optoelectronics, biophotonics,
meteorology, frequency comb generation, chirped pulse amplification, OFDM [1],[3],[4],[6].

There have been several instances [9], [10] in which mode-locking was observed in quantum well-
based passive mode-locked lasers. However, the quality of mode-locked optical pulses depends
strongly on the material, intensity of absorption and temperature variations in the saturable
absorber medium [9]. As a result, the mode-locking conditions in saturable absorbers within
quantum well lasers are hard to meet due to the strong stability being achieved only in a limited
region of bias parameters[10]. This poses limitations for the manufacturing and wide applicability
of quantum-well mode-locked lasers. As a result, there is a need for a larger tolerance to variations
in operational parameters, which is fulfilled by quantum dot and dash structures. Therefore, these
structures have gained widespread attention for their use in mode-locked lasers. They can be grown
using Molecular Beam Epitaxy (MBE), Chemical Beam Epitaxy (CBE) and Metal Organic
Chemical Vapor Deposition (MOCVD) fabrication techniques [11]. The dimensional size of these
quantum structures is comparable to the de-Broglie wavelength of the electrons and holes confined
in the semiconductor material. This gives rise to some new quantum mechanical effects that have
a significant influence on the optical and electrical properties of the material [7].
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Figure 1: a) Longitudinal modes i.e. the discrete set of frequencies inside the laser cavity.
b) The graph shows the output spectrum of a 5-layer Quantum Dash laser.

Let the two mirrors M;and M, with reflectivities R, and R, are separated by the distance . The
cavity length L is denoted as L = 2l. In the case of a passive laser device, the attenuation or
absorber coefficient inside the optical cavity is denoted by a factor @ and the gain coefficient for
the active medium is denoted as g. Light waves are electromagnetic waves hence the waves can
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be denoted by electric field component E (t, x) as a function of time t and spatial variation x. The
electric field at t = 0 & x = 0 is described as:

E(t, O) = RleAe[(g_a)l]ej(wt—Zﬁl)

To obtain steady-state oscillation, the gain of the light waves reflecting back and forth between the
two mirrors must be saturated. Therefore, to consider the gain saturation mechanism the following
conditions must be satisfied:

1) The gain saturation according to which the magnitude must be equal to the amplitude A.
R,R,Aelld-o1 = 4

2) The phase condition which says:
e J2Pl = 1

The phase condition is satisfied only if
2Pl =2mm

Where f = 2nn /A with n depicting refractive index, A is wavelength or modes allowed to oscillate
inside the laser cavity.

Substituting the value of  in above equation yields the expression:

Z(Znn)l_z
)T e

- ()

where A denotes the resonant wavelengths or modes of the Fabry-Perot laser.




B) Background

In the 1980s, semiconductor lasers gained widespread attention for high-frequency optical pulse
generation due to their compact size, low cost, high mechanical stability and ease of integration
with other optical components[10]. Traditionally, these lasers were based on InP material for 1550
nm wavelength applications, with quantum well structures as the active gain medium. Researchers
recorded several improvements by using quantum dots as an active medium compared to their
quantum well counterparts[3]. Quantum dots offer various advantages, such as low threshold
current, increased material gain, high-temperature stability, and high differential
gains[8],[11],[12], which led to their widespread attention as light sources in frequency comb
generation and many other applications. Apart from the quantum wells, which provide one-
dimension carrier confinement, and quantum dots with three-dimensional carrier confinement,
there are structures known as quantum wires that display two-dimensional carrier confinement.
The lasers developed with quantum wires as the active medium have a lower threshold current
than similar structures with quantum wells. Additionally, these structures can be grown on a ridge
waveguide. However, quantum wires did not gain widespread acceptance due to the complex,
expensive, and precise fabrication techniques required to create uniform structures[3],[13]. Any
variations in the quantum wire structure can significantly impact the optical performance of the
device. In contrast, the zero-dimension quantum dots can be grown using a self-assembly growth
technique, which leads to the random distribution of dots over the top-continuous layer known as
wetting layer (WL). This self-assembly growth technique uses the Stranski-Krastanov epitaxial
growth process, allowing the nanostructures to synthesize spontaneously. In this process, the thin
layers of intended materials are stacked on a semiconductor substrate until a certain critical
thickness is reached. Beyond this critical thickness, the planar growth of the film stops, and the
island-shaped three-dimensional structures are formed spontaneously due to the relaxation of the
accumulated strain developed due to the lattice-mismatched layers. The dots are thus, self-
assembled[ 14]. These three-dimensional islands become self-organized QDots which are formed
over a thin continuous film, called a wetting layer, of the same semiconductor
material[12],[13],[14]. The thickness of the wetting layer is comparable to that of the QWell and
has similar properties[3]. The height of 3-D islands determines the emission wavelength; its size
can be adjusted by varying the amount of deposited dot material. However, the substrate
temperature as well as the lattice mismatch between the substrate and the material to be deposited
are the two most important conditions to adjust the size of the QDots growth by this process[13].
The lattice constant of the deposited material must be higher than the substrate so that the build-
up of the strain with each monolayer deposition leads to the formation of these islands [3]. The
growth of QDots in the wetting layer is random with sparse density. Hence, a single QDot layer
with sparse distribution is not sufficient to deliver the modal gain required for the optimum
performance of the laser device. Therefore, multiple stacks of the QDot layers are grown to provide



high modal gain. It is also proven that the multiple stacks do not increase the optical loss, therefore,
contributing to an increase in modal gain[3],[8].

The semiconductor materials that grow QDot structures usually belong to groups III-V and II-VI.
These materials provide photon emission in the wavelength ranging from 300-1900nm([4]. The
group III-V alloy materials can be grown epitaxially Stranski-Krastanov growth method on GaAs
and InP substrates using MOCVD or MBE fabrication techniques. This condition is satisfied with
the growth of InAs (lattice constant of 6.06A°) QDots on GaAs (lattice constant of 5.64A°) and
InP (lattice constant of 5.87A°) substrates[3]. The InAs/InGaAs QDots developed on GaAs
substrate have photon emission in the 1100 to 1300 nm wavelength range. In contrast, the
InAs/InGaAs QDot lasers developed on InP substrate give emission in the 1400 to 1900 nm
wavelength range[8],[4]. Under standard growth conditions, the uneven strain distribution across
the InP substrate causes the QDots structures to extend along the transverse length leading to the
formation of quantum dash structures. The Quantum dash structures are elongated structures like
Quantum wires, that provide 2-dimensional carrier confinement. However, unlike QWires,
QDashes have irregular shapes with strong variations in their transverse length and composition
leading to a partial 3-dimensional carrier confinement[3],[8]. This offers several advantages such
as a smaller linewidth enhancement factor, lower threshold current density for longer cavity
lengths and better noise performance over QWell active medium-based devices [8],[11].

A similar but distinct structure, known as the dots-in-a-well (DWELL), consists of layers of QDots
are embedded in a strained QWell. This arrangement has been shown to improve threshold current
density and increase the emission wavelength of such devices. In this structure, the QWell’s
thickness is larger than the height of the QDots [15]. As reported in [15], the growth temperature
and growth rate of QDots play a vital role in determining the key parameters like threshold current
density and emission wavelength of the device. It was reported that the higher growth rate and
temperatures in the DWELL design lower the threshold current density of the device.

C) Carrier Dynamics in Quantum Dots

The carrier dynamics of any structure are crucial for understanding its properties and exploiting
its potential. The quantization of material to a size comparable to the de-Broglie wavelength of the
carriers gives rise to new quantum effects, modifying the density of states from a continuous
distribution, in bulk semiconductor materials to discrete sets of delta functions in QDots. This
change in the density of states due to the carrier confinement has a profound impact on the optical
and electronic properties of the structure.

The bandgap of a material plays a vital role in determining the optical properties, such as the

emission wavelength of a semiconductor device. The geometrical constraints introduced in
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quantum structures, modify the bandgap (a phenomenon known as bandgap tailoring), which
affects the optical properties of the material. In structures like QWells, QDashes and QWires, the
quasi-continuous bands still exist, with a change in the sub-band density of states. However, in
QDot structures, the continuous energy bands observed in bulk semiconductors and the quasi-
continuous energy levels in quantum structures break down to form discrete energy levels due to
charge carriers being confined in all three dimensions[3]. The energy level structure of InAs/ GaAs
based Stranski-Krastanov self-assembled Quantum Dots is extensively studied theoretically and
experimentally to understand the properties of various structures and take optimal advantage of
these materials[16].

Figure 2 depicts the energy level diagram in the case of QDots. In this representation, the lowest
energy state is referred to as the ground state (GS), with the electron energy considered in the
upward direction and hole energy in the downward direction from the edge of the valence band
and conduction band respectively. The other states, known as the excited states (ES), represent the
discrete energy levels for QDots. According to the author in [17], under the application of injection
current or thermal excitation, electrons from the ground state of the valence band jump into the
ground state or edge energy level of the conduction band. The free electrons in the conduction
band ‘relax’ into the energy level of the wetting layer. This is shown as Rpump in the Figure 2. The
carriers are then ‘captured’ into the quantum dots. The capture process could occur either at the
ground or excited state of the dot structure.

Radiative recombination in bulk semiconductors occurs predominantly from the ground state of
the conduction band due to the higher probability of electron occupation in these energy states.
However, in QDot structures, the emission from both the first excited state and the ground state
contributes to the radiative recombination due to the higher probability of electron occupancy at
these energy levels. This makes the study of the non-radiative relaxation mechanism between
energy levels important. It is reported in [16] and [17], that the relaxation transitions from the
wetting layer into the excited or ground state of QDot structures can occur due to two mechanisms:
the Auger process or phonon-assisted relaxation process[16]. These transitions occur on sub-
picosecond to picosecond time scales [3] depending on the carrier density present in the barrier
and wetting layers. When the carrier density is low, the relaxation of carriers occurs primarily due
to the phonon-assisted relaxation mechanism, as observed for InAs self-organized QDots grown
on the GaAs wetting layer [16]. However, the relaxation process predominantly occurs through
Auger processes for higher carrier densities. When electron capture and relaxation to the ground
state takes place via phonon emission, the characteristic time for the ‘capture’ process is usually
1ps and for the ‘relaxation’ process is around 10 ps. The longer relaxation time from the top-most
excited state to the lower excited or ground state (in case of electrons) slows down the carrier
capture mechanism by few nanoseconds (ns) for the next excited state or ground state, a
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phenomenon known as phonon bottleneck [ 12]. However, when relaxation occurs through Auger
process, the relaxation time shortens to approximately 100 fs (femtosecond), making it shorter
than the capture time, which is around 1 ps. These transition times influence the properties of
QDots, resulting in their characteristic ultrafast carrier dynamics[3].
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Figure 2: Image depicts the energy level diagram for Quantum dot structures.
Source: Reproduced with the author's permission[3].



CHAPTER 1
Introduction to Thesis

1.1 Introduction

In recent years, the demand for higher bandwidth has increased tremendously, driven by the need
for faster and more efficient data transfer. High bit-rate optical networks have emerged as a critical
solution to meet these demands, where the generation of pulses with high repetition rates plays a
crucial role. Semiconductor laser diodes are well-suited for this purpose due to their ability to
generate high-intensity, ultrashort light pulses with compact cavity lengths, allowing the laser to
achieve high repetition rates. These pulsed light sources have gathered widespread attention due
to their versatility and effectiveness in a wide range of applications including microwave sources,
frequency comb generation, and high-speed telecommunication applications [1],[4],[ 18].

The optical gain, emission wavelength and other parameters are influenced by the type of material
and structures used in the active region of the device. These can be Quantum Dashes, Quantum
Dots and Quantum Wells. Each of these structures exhibits unique properties, with specific
advantages over others. These differences are discussed in detail in Section B) of the literature
review.

The mode-locking in semiconductor lasers can be obtained primarily through two techniques-
active and passive mode-locking. The active mode-locking technique uses a modulator, such as an
electro-optic modulator to modulate the resonator losses and produce a regular pulse train with
high repetition rates [19],[20]. In contrast, passive mode-locking uses a saturable absorber to
produce ultrashort pulses with shorter pulse durations, but lower repetition rates as compared to
active mode-locking [1],[21]. This thesis focuses on passive mode-locked lasers.



The work presented in this thesis examines three types of quantum structures, with each chapter
dedicated to exploring the mode locking aspects in QWell, QDot, and QDash laser devices. The
Delay Differential Equation (DDE) model describes the dynamics of QWell structures,
highlighting the passive mode-locking regime[22]. This model is further extended to QDot
structures as described in [5] by Viktorov to explain the mode-locking phenomenon in the device
cavity.

A significant portion of this thesis is dedicated to time-domain based numerical modelling,
providing an in-depth analysis of the Time Domain Travelling Wave (TDTW) and DDE
frameworks. The motivation to discuss these models in detail came from the fact that the
commercial simulation platform, PICWave utilizes the TDTW model for time-domain analysis of
QWell structures. These time domain models, along with the Optoelectronic Oscillator model,
were implemented in Simulink with the primary objective of developing a deeper understanding
of the underlying physics causing the laser to operate in mode-locking regime.

This thesis aims to provide a comprehensive understanding of the mode-locking mechanism in
semiconductor lasers through a combination of numerical modelling, simulations, and
experimental studies.

To achieve this objective, the thesis is structures into three major sections. The first section,
comprises of Chapter 2 and 3, provides a detailed mathematical analysis of different time domain
models, TDO, TDTW and DDE models. The resulting mathematical expressions from these
models were implemented in Simulink.

The second section of the thesis discusses the commercially available simulation platforms: Harold
and PICWave in Chapter 4. It highlights the capabilities and presents the simulation of multi-
Quantum well laser structures.

The third section addresses the experimental component of the thesis focusing on QDash laser
samples. This involves the testing and characterization of laser devices to evaluate key parameters
of the device.



1.2 Historical Background

Mode-locking was first observed by Gurs et al. in ruby lasers in the year 1963, followed by Startz
et al in He-Ne lasers[23]. Since then, significant advancements have been made in this field. The
first reported instance of the mode-locking using an external modulator was reported by Hangrove
et al. in 1964. This approach, later termed as active mode-locking mechanism, paved the way for
further advancements|[1], [23].

The introduction of saturable absorbers within the cavity revolutionized the field in the mid 1970s,
driven by the pioneering work by New[24] and Haus[25], [26]. Haus introduced the concept of
dynamics involving fast and slow saturable absorbers. Meanwhile, New explains computer
simulations of the mode-locking mechanism in dye lasers[23], marking the beginning of a
transformative era in laser technology. Subsequently, the integration of semiconductor material
into laser devices brought another breakthrough, making the devices more compact and less
costly[10].

Several theoretical models were developed to better understand the dynamics of the mode-locking
within the cavity. Among the most influential was the master equation introduced by Haus[26].
The work provided a framework for analyzing passive mode-lock mechanism under various
assumptions. This seminal work is discussed in the beginning of Section 3.2.

In 1989, Govind P. Agrawal introduced the Time-Domain Travelling model, which explained the
gain and phase dynamics of light pulses in semiconductor optical amplifiers (SOAs). The model
offered critical insights into non-linear effects such as self-phase modulation, carrier dynamics
and, gain saturation mechanisms[27], [28]. By describing the spatio-temporal variations of the
field within the laser cavity, Agrawal’s model laid the foundation for subsequent innovations.

The TDTW model was later extended to passive mode-locked laser by Koumans et al. [29], and
was subsequently adopted by Rosetti et al. for Quantum Dot-based laser devices[30]. This model
culminated in the development of numerical models such as the Delay Differential Equation
(DDE) model, introduced by Vladimirov et al. in 2004, particularly for passive mode-locked
QWell lasers[22]. In the year 2006, Viktorov et al. extended this work to explain mode-locking
dynamics in QDot lasers[5].

These foundation models have greatly enhanced our understanding of mode-locking mechanisms
and have served as the inspiration for this work. These theoretical models such as the TDTW and
DDE will be discussed in detail in the subsequent chapters.
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1.3 Thesis Outline

The upcoming chapters discuss various aspects of the work conducted as part of this thesis:

The thesis begins with a Literature Review providing a detailed introduction to the mode-locking
phenomenon in QDots and a background on the progress and characteristics of quantum-sized
materials. It also includes a detailed description of carrier dynamics in QDot materials.

Chapter 1 introduces the thesis, describing the research objectives, motivation, and the historical
background about mode-locking mechanism. This chapter describes the work presented in the
subsequent chapters to meet these goals.

Chapter 2 explores the applicability of Optoelectronic Oscillator models, developed by Dr. Trevor
Hall in Simulink to lasers, as both are examples of Time Delay Oscillators (TDO). The primary
objective of this chapter is to enhance the understanding of the complex dynamics occurring within
the laser cavity. The chapter discusses the time-domain modelling of lasers as oscillators using the
Simulink platform.

Chapter 3 delves into the numerical modelling of QWell lasers in Simulink, based on the Delay
Differential Equation (DDE) model first proposed by Vladimirov. It provides an in-depth
explanation of the equations used in the model and their implementation in the Simulink platform.
It also briefly describes the use case of the model in QDot-based structures.

Chapter 4 focuses on the simulation tools used in this work, such as Harold and PICWave. It
highlights the capabilities and limitations of these tools, with an implementation of the QWell-
based laser design on a GaAs substrate. Since these tools currently do not support QDot structures,
the simulations are restricted to QWell designs.

Chapter 5 discusses the experimental analysis of Quantum Dash lasers, conducted at the National
Research Council of Canada (NRC) in Ottawa. This chapter covers the L-I curve measurements,
optical spectrum analysis, and RF testing performed on a 5-layer Quantum Dash sample.
Additionally, it details dispersion measurements carried out on a bar sample with different
geometrical specifications than the laser sample used in earlier experiments.

In the final chapter, Chapter 6, an overall summary of the work conducted in this thesis is
presented, highlighting the key results obtained and the objectives achieved. The chapter also
discusses the future scope of the research, identifying potential areas for further exploration and
improvement.
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CHAPTER 2

Laser as an Optoelectronic Oscillator Model

2.1 Introduction

The output light from a laser is a result of various physical processes occurring within the resonant
cavity. Modelling this complex dynamical behaviour is crucial for understanding the underlying
physics and the characteristics of light sources. To address this, the Optoelectronic Oscillator
(OEO) Delay Differential Equation model developed by Abhijeet Banerjee and Trevor J. Hall [31]
in the Simulink simulation platform is extended to lasers. The DDE-based OEO model discussed
in [32] comprises of the complex envelope and reduced phase simulation models based on the
injection locking phenomenon with an external source. Since OEOs and lasers are examples of
time-delay oscillators (TDO), they share some similarities in their operational principles, hence,
the model developed for OEOs can be extended to lasers to understand the complex dynamical
behaviour. This extension enabled us to model and better comprehend the complex dynamics of
lasers, such as gain amplification, gain saturation mechanism, and the band-pass filtering action of
the resonant cavity, which supports the accumulation of specific selective longitudinal modes in
the laser cavity. This chapter provides a detailed discussion of each Simulink block used to
describe the time-delay oscillator model, which is based on the lumped component approach. In
this model, the various processes occurring within the cavity are represented as individual blocks.

Despite their similarities, lasers and OEOs exhibit some key differences. A laser generates optical

signals through a resonant cavity containing a sustaining amplifier, while an OEO generates

microwave signals via a photonic link. The OEO comprises a pump laser, an optical fibre delay

line, a photodetector, and a feedback loop with an intensity modulator, amplifier, and filter. OEOs

are known for low-phase noise which is accomplished through a large delay provided by the low-
12
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Figure 3: Block Diagram representing Laser as an Oscillator

loss optical fiber transmission line. However, the frequency spacing between adjacent oscillation
modes decreases with an increase in delay, posing challenges in designing an RF resonator with
sufficient selectivity to suppress side modes. As a result, the multimode operation can be
considered an artefact of OEO, with significant implications for their behaviour.

Time-delay oscillators, such as lasers and OEOs, support the oscillation of multiple modes within
their links or resonant cavities. Due to the phenomenon of injection, based on an underlying
principle of synchronization, these multiple oscillating modes are compelled to align their
frequency and phase with light fed from an external source. This process is known as injection-
locking phenomenon. The external source is often referred to as the ‘master’ while the device
receiving the input is termed as a ‘slave’, as described in the reference[33]. In devices that support
multimode operation, injection locking can cause spikes when an adjacent mode becomes
injection-locked to the initially oscillating mode. This spiking phenomenon results in the coherent
superposition of multiple modes, forming a periodic spike train. Over time, this eventually leads
to the generation of mode-locked pulse trains. Thus, the spiking phenomenon contributes to the
emergence of the mode-locked phenomenon.
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2.2 Description of OEO Setup

ey

i ! |
" Injection : | )
| Source | i RF Resonator !
| 1 ! 1
| 1 | 1
[ ! Mach | I
| I . Photo- i RF RF Band | !
E Laser : I\ﬁsggli(;r Dy Detector | | | Amplifier Pass Filter :
| 1 | 1

1 ! |

_______________________________________

Gain saturation |
mechanism '

Amplifier

—— Optical signals

— Electrical signals

Figure 4: Block Diagram representing Optoelectronic Oscillator setup used in [32].
RF is an acronym used for Radio Frequency.

The OEO model depicted in Figure 4 represents the OEO setup discussed in the reference[32]
broadly consists of two main components: an RF photonic link and an RF amplifier link arranged
in a loop. The RF photonic link consists of the laser diode which serves as the external light source
(‘master’), a Mach Zehnder modulator (MZM) functioning as the intensity modulator, an optical
fiber introducing the delay 7, in the link, and a photodetector that recovers intensity-modulated
RF signal generated by MZM. These components decide the time delay of the oscillator. Whereas
the RF amplifier link consists of an RF amplifier and an RF band pass filter (BPF), also referred
to as an RF resonator with an on-resonance group delay 7z. The RF amplifier acts as a sustaining
amplifier, while the RF BPF ensures that only desired modes are sustained within the link. The
overall round-trip time becomes t; = Tt + Tz and usually T, > 7p.

The OEO models described in the article[32] are based on injection-locking phenomenon from an
external source, which, in this case, is the laser. However, if we only consider the free-running
oscillator, i.e., without injection locking, the free-running oscillator model essentially
represents the behaviour of a laser as shown in Figure 3. The fundamental principles are same
for lasers and optoelectronic oscillators as both are examples of time delay oscillators.
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2.3 Functionality of Free-running OEO Simulink Models
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Figure 5: a) Block diagram of Time Delay Oscillator envelope model.
b) Block diagram depicting the constituents of the Time Delay Oscillator block.

At first, the transients or noise considered in the phase bias block causes the initial buildup of
oscillations. The phase fluctuation block introduces different types of noise like Brownian motion,
flicker, and white noise responsible for introducing phase noise inside the system. The initial
condition subsystem blocks are necessary to set initial conditions for the system. There are various
initial conditions which could be specified depending on the type of oscillations we want to build
inside the loop. During the buildup of oscillations, the saturating amplifier operates in a linear
region allowing the oscillations to grow in magnitude. The growth rate of the oscillation mode is
directly proportional to the net gain it encounters during each round-trip. Following this is a delay
block which introduces the delay 7, into the system to model the round-trip time of the modes in
the cavity. The modes then pass through an appropriately tuned BPF block with a bell-shaped
transmission function. The BPF block supports the growth of one mode over the other modes. The
gain control mechanism allows the saturating amplifier to reach saturation, which lowers the
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round-trip gain and maintains it at a constant value as the oscillation's magnitude increases[34].
This allows the desired mode to be sustained by net unit gain, while the neighbouring modes
gradually suffer net loss, causing them to slowly decay. The sidemode spectral components
continue to modulate the phase of the oscillation, while the gain control mechanism maintains the
oscillation's magnitude at a steady value once it has been achieved.

The dynamic equation describing the free-running OEO is given as[32]:
v=e?K(h® (D;,v)) (2.3.1)
where v is the complex envelope of the oscillator’s output.

D, describes the delay operator implemented by the delay subsystem of the Simulink model. This
can be expressed as:

(D, v)(t) = v(t — Tp) (2.3.2)

h ® implemented by the Gain profile or band-pass filter block, describes the convolution between
the filter and the complex envelope of the oscillator’s output after passing through the delay block.

K describes the amplifier block which plays an important role in the gain saturation mechanism.
The phase of the output complex envelope from the amplifier block is similar to the input complex
envelope. However, after each round trip, the magnitude keeps on increasing, to control the
increasing magnitude, the amplifier block implements a user-defined Matlab code which provides
the magnitude equivalent to unity.

e'® describes the net phase contributed by the intra-loop and other components. This part is
introduced by the Phase bias block.

2.4 Complex Envelope Simulink Model

Since the behaviour of the free-running optoelectronic oscillator (OEQO) model closely resembles
that of a laser, only the free-running OEO models will be discussed in detail in this thesis. The
blocks discussed in this section are based on the complex envelope method, in which the oscillation
is described as:

v = a,e (2.4.1)
where v represents the complex envelope of the oscillation.
The real part of the complex envelope is given by:

Re(ve'®@ot) (2.4.2)
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where w,, is the nominal frequency. The nominal frequency is chosen to be close to the oscillating
frequency such that the magnitude a, and phase 6, can be considered as slowly varying under
‘slowly varying approximation’.

The gain control mechanism implemented by the BPF and amplifier effectively suppresses the
amplitude fluctuations but cannot maintain a constant phase of the oscillation, as the sidemode
spectral components modulate the phase. Under certain approximations, the magnitude of the
oscillations is held constant, and amplitude fluctuations are significantly suppressed. This allows
the complex envelope to be simplified into a reduced-phase model. In the reduced-phase model,
the dynamical equation (2.3.1) is simplified to an equation involving only the phase 68,,.

By using equation (2.4.1), the dynamical equation in terms of phase is given as:
0, =¢+hQ (D,6,) (2.4.3)
Here, 6, describes the phase of the free-running oscillator.
¢ represents the phase introduced due to the intra-loop and other components.
The dynamical equation solution for free-oscillating modes can be described as:
v(t) = a,e’’ ;s, =0, + iw, (2.4.4)

To sustain oscillations, the oscillator must satisfy the Barkhausen criteria. According to these
criteria, the magnitude of the dynamical equation represented in (2.3.1) must be unity, and the
phase must equal to 0° or 360° or multiple of 2.

Using equation (2.4.4) and applying the Fourier transform to expression (2.3.2), the Fourier
domain representation of equation (2.3.1) becomes:

kH(s,)e' e~ =1 (2.4.5)

The magnitude and phase criteria for the above expression are given as:
K|H(sp)|e“’PTD =1 (2.4.6a)
2np+ ¢+ 2H(s,) —wp7p =0, pEZ (2.4.6b)

Here, Kk represents the saturated gain determined using the describing function method. The gain
saturation mechanism ensures that the oscillator’s magnitude remains constant, thereby setting
Kk = 1. This also helps maintain the oscillation frequency of the oscillator close to the centre
frequency of the BPF.

The integer p denotes the number of cycles, with mode p oscillating within the resonant cavity of
the oscillator.
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The BPF acts as a phase filter. It allows only a specific oscillation mode to sustain and results in
all the other modes oscillating the cavity to decay with time. However, to obtain sustained
multimode oscillations, either the resonator block must be removed entirely, or the Gaussian-
shaped passband filter must be replaced with flat-top passband filter to allow the maintenance of
various multiple modes in the cavity. In this case, the impulse response for the flat-top filter is
given by the Dirac delta function is derived in detail in Appendix Section II).

2.5 Functionality and Description of Simulink Blocks
2.5.1 Phase Fluctuation Block

The phase fluctuation block is used to introduce some disturbances in the phase of the modes
oscillating inside the loop. This introduces phase noises within the system to increase the model's
practicality. The Product and Gain blocks form a phase modulator that acts on the output generated
from the Gain and Power law fluctuation blocks. The Gain block controls the overall fluctuations
pertaining in the loop.

In
X 4’.
out cos + jsin —P
) ) Product Out
_ Trigonometric
Gain Function

Power law fluctuations

Figure 6: Block diagram illustrating the components of phase fluctuation block.

The trigonometric block converts the fluctuations into a complex envelope, which is then
introduced into the signal coming through the feedback. This is achieved by multiplying the signal
with the phase fluctuation’s complex envelope.

2.5.2 Power Law Fluctuation Block

The Power fluctuation block consists of three arms: the arm with Gain 0 generates white noise
(f°) , the arm with Gain 1 introduces flicker noise (f~1), and the arm with Gain 2 produces
Brownian fluctuations (f ~2), also known as random walk fluctuations. These stochastic Gaussian
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noise processes are generated using Band-Limited White Noise blocks. The various types of phase
noises are discussed in detail in the book section presented in reference[35].

a) b)
I % discrete filter coefficients
{3 ’> n = 30000;
Band-Limited Integrator Gain 2 C = ZEPOS(LIH);
White Noise 2 Random walk c(1) = 1;
1 M for k=1:(m-1)
b Tl () | |
ﬂ c(z) + ot c(k+1) = ((2%k-3)/(2%k))*c(k);
Band-Limited  Discrete Filter Gain 1 Add and
White Noise 1 Flicker
ﬂ” =y % white noise block seeds
Band Limited Gain 0 rng('default’); % reset global stream
White Noise 0 White s = randi(1eeee,[1,10]);

Figure 7: a) Schematic diagrams illustrating the three arms of the Power Law Fluctuation subsystem.
b) MATLAB code implementing the discrete filter block located in the second arm of part (a), designed to simulate flicker
noise.

The values for the Gain blocks are selected based on the experimentally measured OEO phase
noise spectral density data presented in[32]. White noise accounts for thermal and shot noise
inherent in semiconductor optoelectronic devices due to temperature and current pulses
respectively. Since white noise is an additive noise which is always present in the system, it does
not require filtering. The arm responsible for flicker noise utilizes a Discrete Filter block, while
the arm with Brownian motion uses an integrator to generate a Brownian motion stochastic
process. This method is talked about in detail in[36].

2.5.3 Initial Condition Blocks

The initial condition blocks offer the initial conditions for the single mode or multimode oscillation
states. The Delay Differential Equation described for the time delay oscillator requires some initial
conditions for the loop. The initial conditions discussed in the chapter form an infinite dimensional
vector space.
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a) Initial condition (Bessel mode)

% —®| cos +jsin —P
a0

>
Sine Wave Trigonometric Out
w = 2*pi/25 Function Switch
a=0
In
Step

1 before 35.7 ps
-1 after 35.7 ps

Figure 8: Schematic diagram showcasing the elements of Bessel-initial condition.

Each initial condition i.e. Bessel mode and white noise condition have different purposes. The
Bessel mode initial condition is used when a frequency comb-like initial condition is required. In
contrast, the white noise initial condition is useful in cases when the oscillation buildup from noise
or the evolution of single-mode oscillation from multimode oscillations has to be portrayed.

The switch block passes through the first input when the criteria selected is achieved at input 2.
Input 1 i.e. cos (2—7;) + isin (2—7;) = 0.9685 + i0.2486 is passed as an output before 35.7 ps of
the simulation time else, the feedback signal is obtained as the output with 180° phase shift.

The sine wave and trigonometric block forms a complex envelope of the carrier. The phase of the
carrier depends upon the parameters of the sine wave block. The parameters like frequency (in our

case 2—7;), amplitude a, and bias b, are the parameters of sine block.

b) Initial condition (white noise):

The working of the white noise block is similar to the Bessel mode block as explained above. Here,
two band-limited white noise blocks are used to generate random numbers which are then
converted into complex numbers by using real & imag to complex conversion block. The switch
connects the first input i.e. the complex envelope signal to output until a condition specified at
input 2 is met. Once the condition specified is met at input 2, the input at port 3 is fed at the output.
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The random noise values generated by the band-limited white noise blocks are coded via a Matlab
program, as shown in part b of Figure 7. The code produces 1 X 10 row vector of random integers,
with each integer value ranging between 1 and 10,000.
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-1 after 35.7 ps

Figure 9: Block diagram describing the white noise initial condition.

2.5.4 Delay subsystem

The delay operator D, is accomplished using delay block. The transport delay block only accepts
real vectors, not complex input and output variables. Two conversion blocks are used to delay the
input signal: one from complex to real at the start and another from real to complex at the end.
This block depicts the roundtrip time of the laser cavity. Hence, the value 35.7 ps depicts the
cavity round-trip time of the simulated device parameter.

Mo LD Rel R L of

In Out

Convert 1 Transpart Delay Convert 2
35.7 ps

Figure 10: Block diagram illustrating the Delay subsystem. This block decides the cavity round-trip time of the simulated
laser device.
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2.5.5 Phase Bias or Phase Shifter Block

The functionality of phase bias block can be understood with some examples-

a)
pi/6 —P cos+jsin —P
x
Constant Trigonometric Out
Euncti Product
Tune unction
In
b)
pil6 |——{ cos + jsin
Trigonometric » % > {RE d D
Function1 > Im >
/\/ Product1 Scope
Sine Wave

Figure 11: a) lllustrates the internal components of the Phase Bias block with the angle set to 1/6.
b) A block diagram presenting an example to demonstrate the functionality of the Phase Bias subsystem using sine block.

In the example depicted in Figure 11a), the angle is chosen to be g. Thus, the output generated from

the trigonometric block will be constant values for the real and imaginary parts. When these values
are multiplied with a sinusoidal function, the overall output generated by the block is:

[cos (%) + jsin (g)] sin (2rft)

= [0.866 + j0.5] sin (2mft)
= 0.866sin(2mft) + j0.5sin(2nft)

\ J | )
| |

Real 292 Imaginary




There is no phase shift in the dummy input sine wave signal; only a variation in magnitude is
observed. Hence, the sine function does not fulfill the purpose of providing phase bias. However,
when a ramp signal is used instead of the sine wave and fed into the trigonometric block, which is
then multiplied with the above expression, a phase shift is obtained. This is illustrated in the
following example:

pil6 ——— cos + jsin

Trigonometric > X ) {Re *D
Function1 ™ Im =

Product1 Scope

/ —P{ cos + jsin

Ramp Trigonometric
Function2

Figure 12: Block diagram depicting an example demonstrating the functionality of the Phase Bias subsystem by using the
ramp signal.

tu(t)[cos + jsin]. [cos (g) + jsin (g)]
= [cos (t) + jsin(t)].[0.866 + j0.5]
= [0.866 cos(t) + j0.5 cos(t) + j0.866 sin(t) — 0.5 sin (t)]
= [0.866 cos(t) — 0.5sin (t)] + j[0.5 cos(t) + 0.866 sin(t)]
= [0.866 cos(t) — 0.5cos (90° — t)] + j[0.5 cos(t) + 0.866 cos (90° —t)]

B

There is a phase shift

The latter example demonstrates that the phase bias block works as a phase shifter when a feedback
signal from the loop is fed into the subsystem.
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2.5.6 Gain Profile Subsystem

e x = Ax + Bu e
(1 )>—»fc | - RRI—M —»RR e 1)
- y=Cx+ Du ' out
Convert 1 State-Space Convert 2

Figure 13: Schematic representation of gain profile subsystem executing band pass filter.

The convolution operator (h ®) in equation e’?K(h ® (D,pu)) is implemented using the gain
profile block. Since the state-space block does not support complex scalars, therefore, the
incoming complex envelope signal is first converted into real vectors before being fed into the
state-space block. Similarly, the output is converted back from real to complex and passed to the
subsequent blocks.

The state-space block implements a single-pole Low-Pass Filter (LPF), which is equivalent to a
Band-Pass Filter (BPF). The details of baseband equivalence between the LPF and BPF are
explained in the Section I) of the appendix. By comparing the state-space equations with the low-
pass filter equation (16) in the appendix, the variables A, B, C, and D for the single-pole baseband
LPF, which is equivalent to BPF are obtained as:

A=-I/tg
B =1I/tg
c=1
D=0

where Ty is the on-resonance group delay of the resonator or gain profile block, and / is the 2 X 2
identity matrix.
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2.5.7 Gain Saturating Amplifier

3
Constant 1
gain
D X 4
(1 )>—>x —>u v—»
p - X
In i fcn —p
Product 1 Out
MATLAB Function Product 2 u
Gain saturating amplifier,
1
Constant 2
saturation

Figure 14: Schematics of Simulink depicting the gain saturation mechanism.

The operator K in equation (2.3.1) is implemented by the amplifier block. It is responsible for
providing the gain saturation mechanism by maintaining the increasing magnitude of the complex
envelope of the modes oscillating inside the loop to a unit gain-saturated value whereas the phase
of the output complex envelope signal remains the same as the input signal. The gain saturation
amplifier block uses a Matlab code to implement the equation which provides saturable gain with
unit linear gain.

function v = fon{u)

% Amplifier gain saturation model
% unit linear gain

# unit magnitude saturation

a = (4/pi)*abs(u);
if a<=1
Vo= u;
else
th = 2*acos(1/a);
v = (1 - (th - sin(th))/pi)*u;
end|

Figure 15: MATLAB code implementing gain saturation mechanism
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2.6 Description of Simulation Results

All the blocks discussed above are arranged into a loop, as shown in Figure 5, to enable the build-
up of sustained oscillations from the specified initial conditions within the loop. The simulation
results obtained vary based on the initial conditions, as discussed earlier.

The total simulation time of the models is considered as 1 ps, with the round-trip cavity time for

the simulation being 35.7 ps.

2.6.1 White noise initial condition

When the simulations are run with white noise initial condition, the real and imaginary components
of the time-domain results of the modes oscillating within the loop look like the ones shown in
Figure 16.

—real
imaginary

Amplitude

5.944 5.946 5.948 5.95 5.952 5.954 5.956 5.958

Time (s) «10%
b)
1
—real
imaginary
0.5
@
°
2
3 0
£
<
-0.5
-1
8.98 8.982 8.984 8.986 8.988 8.99 8.992
Time (ps)

Figure 16: The results highlight the build-up of sustained oscillations from the noise introduced by the white noise initial
condition block.
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Figure 16 shows the results for white noise initial condition. Part a) of the figure highlights the
gradual evolution of sustained oscillations (as shown in part b) from a random Gaussian distributed
complex noise. This initial noise serves as the trigger for the oscillation build-up, which ultimately
stabilises into a steady oscillatory state within the loop as the time progresses.

The spacing between the two consecutive peaks is 28 GHz, which corresponds to the inverse of
the delay time of the model. This spacing also represents the pulse repetition rate of the simulation.
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Figure 17: The simulation results for white noise initial condition highlight the time-evolving power spectra of laser at
different simulation times. The results in a) and b) show the spectra obtained when the simulation time is set to 0.1 ps. In
contrast, figures c) and d) illustrate the spectra results for a simulation of 1 ps.
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Figure 17 presents the time-evolving light output (on the left) and optical power spectra (on the
right) of the laser output under a white noise initial condition, captured at various simulation times.
The time-evolving spectrum is a valuable tool for understanding the laser's dynamic properties and
operational parameters. It provides information about the dominant mode oscillating within the
cavity, as is shown in part d) of Figure 17, and indicates whether the laser has achieved stable
output or exhibits any unstable dynamics and fluctuations. Additionally, it provides information
about the critical parameters such as the pulse repetition rate, side modes and the presence of noise
within the loop.

In part a) of Figure 17, the results highlight the presence of multiple modes oscillating within the
loop at a simulation time of 0.1 ps. The result in part b) represents the frequency comb spectrum
of the mode-locked laser. Over time, the band pass filter gradually suppresses the side modes,
allowing a single mode to dominate and oscillate within the loop. This transition reflects the laser’s
evolution towards single-mode operation, also highlighting the changes in spectral intensity and
energy distribution in Figure 17a).

Due to the Gaussian or bell-shaped profile of the band pass filter, the side modes decay slowly
with time. This decay is more evident in parts c¢) and d) of Figure 17 when the spectrum is recorded
for the simulation time of 1 ps. However, the side modes are not suppressed completely indicating
the practicality of the model.

2.6.2 Bessel mode initial condition
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Figure 18: Illustration of the transition from early staircase-shaped oscillations to complex stable oscillations. The
staircase-shaped oscillations arise due to the Bessel-mode initial condition block.

The Bessel mode initial condition causes the early oscillations to resemble a staircase waveform,
which eventually stabilizes into complex, steady oscillations. This initialization method uses the
Bessel function to define the system’s starting conditions. As previously discussed for the white
noise initial condition, the results in Figure 19 showcase the system's behaviour under varying
simulation times.
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Figure 19: The results for Bessel mode initial condition highlight the time-evolving power spectra of laser at different
simulation times. The results in a) and b) show the spectra obtained when the simulation time is set to 0.1 ps. Whereas,
figures c) and d) illustrate the spectra results for a simulation of 1 ps depicting the dominant mode.

The output results, presented in Figure 19, depict a series of narrow, evenly spaced modes
oscillating within the loop. These modes maintain a fixed phase relationship, resulting in the power
spectrum shown in part b of Figure 19. This spectrum represents the frequency comb characteristic
of a mode-locked laser, highlighting the coherence and regularity achieved through the oscillation
dynamics.

2.7 Results and Discussions

This chapter examines the applicability of the time-delay oscillator model, developed for
optoelectronic oscillators[32], to laser systems using the Simulink platform. The model focuses on
explaining the dynamical behaviour and the build-up of oscillations within the resonator cavity
under various initial conditions, such as noise or Bessel-mode conditions. The functionality of the
laser device is represented through subsystems, with each block discussed in detail. The cavity
round trip time, mentioned in the delay block is set to 35.7 ps, which corresponds to the
characteristic parameter obtained for QDash device during experimental analysis, as described in
Section 5.4. Other device parameters, including the cavity length (1500 um) and pulse repetition
rate (28 GHz), are consistent with the values discussed in Table 6. The simulation time is set to
1 ps. The outcomes of these simulations are illustrated in Figure 16-20.
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CHAPTER 3

Numerical Modelling of Quantum Well

and Quantum Dot Lasers

3.1 Time-Domain Travelling Wave Model

Building on the need for time-domain models and the insights discussed in the previous chapter,
this chapter furthers the objective of extending our understanding of the complex processes
occurring within the laser cavity. The mode-locking mechanism, as previously described, is a
combination of various physical processes like gain, saturable absorption, modulation and
dispersion[37]. As light waves propagate within the cavity, the short-duration pulses of the order
of picoseconds or femtoseconds experience amplification. This process in a laser amplifier is
known to cause distortion and spectral broadening due to a non-linear phenomenon known as self-
phase modulation[27]. The physical process responsible for self-phase modulation is gain
saturation. The changes in the carrier density cause variations in the intensity which further causes
variations in the refractive index as it is the function of intensity. These complex mechanisms make
theoretical modelling important for better understanding the dynamics of light waves in a laser.
Therefore, some models like Time-Domain Travelling Wave (TDTW) as explained by Agrawal in
[27], [38] and Delay Differential Equations (DDE) model proposed by Vladimirov attached in
reference[22] will be discussed in detail in this chapter.

TDTW model is an important theoretical computational method used to understand the dynamic
properties of physical processes like gain, saturable absorption, modulation and dispersion in
semiconductor lasers[37]. It is a useful tool to analyze, simulate and comprehend the complex

dynamics of mode-locking phenomenon, to visualize the various causes of distortion and spectral
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broadening due to self-phase modulation[27] such that measures can be developed to reduce the
effect of distortion and broadening on the laser’s gain.

The TDTW model considers the time-varying effect of changes in the refractive index, which is
accounted for as susceptibility, changes in the carrier density, the impact of linewidth
broadening[39], the transverse distribution of modes along the dimensions of the active region
(confinement factor), and differential gain in a semiconductor mode-locked laser[27]. The final
expression for the TDTW model, considering the propagation of electromagnetic waves inside the
cavity is achieved by solving Maxwell’s equations in the spatial and temporal domain along the
length of the laser cavity. The model considers the ‘slowly-varying envelope approximations’ to
capture the travelling wave nature of light. The travelling wave equations are coupled with the
carrier rate equations, giving insights into the time and space domain variations of the carrier
concentrations in the active medium. The spatial resolution of the complex envelope of electric
field across the cavity length allows the modelling of spatial hole burning and inhomogeneous
broadening effects.

This model is also used to characterize intricate structures such as Quantum Well and Quantum
dot material lasers, where the spatial inhomogeneities and carrier dynamics have a substantial
impact on the performance of the laser, as discussed in reference[5].

TDTW model is then further extended to the Delay Differential Equation model which is based on
the reference formulated by Vladimirov [22] and is discussed in detail in the next section of this
chapter.

In the paper [27], the expression for the propagation of light waves inside the cavity is described
as-

VZE € ok =0 3.1.1
c2 9t2 311
a2 a2 92 . . . . . .
where V2= [ﬁ + 57 + ﬁ]’ € is the dielectric constant and c is the velocity of light.

The dielectric constant € can be described as:
e=n’+y (3.1.2)

Here, n is the refractive index which is a function of the transverse plane x & y and y is the
susceptibility which is the function of the linewidth enhancement factor («), effective mode index
(n), and carrier density (N) in the active region of the laser amplifier.

nc )
x=——(a+1i)g(N — N)
Wy
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= i (Z—Z) (1— ia) g(N — Np) (3.13)

where 7 represents the effective mode index, c is the speed of light, a is the Henry’s linewidth
enhancement factor, g is the differential gain, N is the carrier density and N, is the carrier density
required to achieve transparency.

From equation (3.1.2), equation (3.1.1) can be modified as:

V2E n? azE_ 1 0%E 314
2oz X2 (3.1.4)

Initially, setting y = O for the device to act as a passive waveguide. In this case, equation (3.1.4)
becomes:

N n? 0%E

Since the refractive index is the function of (x, y), the trial solution of the form:
E(x,y,z,t) = F(x,y; 0)U(z,t) (3.1.6)
where,
U(z,t) = elk(@)z-wt) (3.1.7)

and F(x,y; w) signifies the mode-distribution along the x and y plane of the waveguide as a
function of frequency w.

After applying the appropriate boundary conditions, equation (3.1.6) becomes an eigenfunction-
eigen value problem for the waveguide modes due to the transverse variation of the refractive
index.

After double differentiating the product rule of differentiation, the expression becomes:

0?2 FU) = 0 (6F)U+F(6U> 3 0°F U+2(6F)(6U)+F 02U
0x? ~ ox \ \ox ox) | \ox2 0x/ \0x 0x?

The second derivatives are:

=0 = (S )o+2(3) (5) +(55) @
% (FU) = (ZZTI:) U+2 (Z—D (Z—D +F <‘;27l2]> (b)



7= (5z)v +2(5)5)+# (57) ©

02 (FU) = 0%F U2 <6F) <6U> L F 02U 4
at2 —\ o2 ot/ \ ot ot2 )
Since F = func(x,y; w) and U = func(z,t), some of the expressions are reduced as:
OF_O _ aF_O _ 6U_O _ OU_O
oz ' ot ' ox ' oy
The second derivatives are reduced to:
o (FU) = o°F U 3.1.8
dx? ~ \ox? (3.18)
o (FU) = o°F U 3.1.9
377 =52 (3.1.9)
o’ (FU)=F o°u 3.1.10
0z2 B 72 (3.110)
o (FU)=F U 3.1.11
at2 -~ \ otz 3.111)
Substituting equations (3.1.8)-(3.1.11) in equation (3.1.5):
62F+62F U+F 0°U_n*oU =0 3.1.12
0x% = dy? 9z2 c209%t) (31.12)
62_U — (ik)zei(k(w)z—wt) — _kzei(k(w)z—wt) and
0z2
2
%TIZJ — (_iw)zei(k(w)z—wt) — _wzei(k(w)z—wt)
Substituting the above values in equation (3.1.12)
0%F 0°F\ . n? .
I T i(k(w)z—wt) F 2__ 1,2 i(k(w)z—wt) —
<6x2+6y2>e + (w 2 k)e 0
62F+62F +F an k2)=0 3.1.13
0x%  dy? @ B (3.113)
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Infinitely many eigenfunctions can be made orthonormal (meaning they are both independent and
normalized). The eigenvalues of such eigenfunctions depend on both the frequency (w) and wave
number (k). For each mode, w is a function of k. All these eigenfunctions form a complete set
together, which depicts that any change in the field in the transverse plane can be approximated
by combining these eigenfunctions. The coefficients of this combination can be found by
multiplying the field with the complex conjugate of the orthonormal eigenfunction and integrating
it over the entire transverse plane. Usually, the fundamental mode makes an important contribution
to the modal expansion. The eigenfunctions depend slightly on changes in (w,k) when the
deviations from the operating values are small. Hence, we continue to use the function F for values
of (w, k) which are close enough to (w, kg)-

Equation (3.1.6) describes a wave behaviour in terms of an eigenfunction-eigenvalue problem. An
eigenfunction F, is a specific solution to the problem with eigenvalue k2. Both eigenfunction and
eigenvalue are a function of frequency w. The eigenvalue indicates the mode's propagation
constant. On the other hand, boundary conditions decide whether the modes are localized, i.e.
confined within the waveguide, or have continuous solutions. The eigenfunctions form a complete
basis of solutions which means the square-integrable function i.e. a function with a finite energy
in the plane (x,y) can be expressed as a summation of these eigenfunctions. The modes can
propagate in the forward or backward direction. The sign of the square root of the eigenvalue
k2 depicts the direction of propagation. The temporal pulse can be described as a wave packet that
combines many eigenfunctions with different eigenvalues and frequencies.

E,(x,y,2,t) = J E,(x,y; w)A(w) elv(@)z=wt) g4, (3.1.14)

where k,(w) is the branch of the dispersion relation associated with the mode indexed by v.
Assuming a narrowband wave packet A, () , is concentrated on a nominal operating frequency
g, which permits a Taylor series approximation up to the first order of dispersion relation k,,(w)
about w:

ok,
Ky (0)~ky (wo) + Sog (3.1.15)

wW=wq

The mode profile F, is weakly dependent upon w and consequently may be approximated by:
E,(x,y; w) ~ E,(x,y; wgy) (3.1.16)

The equation (3.1.14) when taken out of the integral becomes:

E,(x,y,2,t) = E,(x,y; wy)A,(z, t) e {(v(@0)z=wot) (3.1.17)
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where A, is the slowly varying envelope function whose Fourier transform is described by A,,. If
A, is a constant, then A, becomes the Dirac delta function depicting the spectral line of
infinitesimal width. However, if A,, is time-varying, its spectrum widens, and A,, turns into a wave
packet. A wave packet is a combination of many plane waves spread over a narrow range of
frequencies for a slowly varying envelope. The integration shows the distribution of plane waves
in a wave packet across different frequencies.

The inverse Fourier transform for A,(z, t) is given as:

i(akv(wo)

A,(z,t) = J.wﬁv(wo + dw) e( dwo Z_t)aw) d(dw) (3.1.18)

where §w = w — wy, The pure carrier in equation (3.1.17) propagates at the phase velocity which
is given by the relation:

v, =
P k,(wo) wWo

-1
Yo or <k”(w°)> (3.1.19)

Since equation (3.1.18) contains the envelope that is propagating at the group velocity given by
the relation:

Ok, (we)\ "
Vg = <%> (3.1.20)
Hence, A, is a solution of the free advection equation:
g + 19 A,=0 3.1.21
0z wvy,0t) " (3.121)

The group velocity is different for different modes. Thus, the inter-modal dispersion causes
spreading in an initial pulse which is primarily due to the superposition of modes. The dispersion
due to waveguide structure is also included using the dispersion relation. The effect due to material
dispersion could also be accounted but it is usually small and hence is neglected for simplicity
purposes.

Setting:

E = A(z,t)V where V = E,(x, y; w)e!*oZz=®ot) and k, accounts for k, = k,(w,) (3.1.22)

By integrating equations (3.1.8) to (3.1.11) into equation (3.1.4), the left-hand side of the equation
is simplified as:
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VZE ok = o + o V+ o (AV) n o AV (3.1.23)
c2 otz T \ox2  0y? 022 c? atz( ) o
From equations (c) and (d), the above equation can be written as:
gop (MROPE (97 97N\ 074 04OV 0%V nP(9PA  0AOV 0%V
c2 otz T \ox2  0y? 0z? 0z 0z 0z% ¢?\ 0t? at ot at?

_ 4 92 N 02 N 02 v n?02v
- ox?  dy? 0z2 c? ot?
From equation (3.1.13), the first term in the above expression equates to 0 i.e.

<62 02 62> n? 0%V

N 62AV+26A6V n? 62AV+26A6V
0z2 0z 0z c2 \ ot2 ot ot

2otz

0x? * dy? * 0z?

The expression is modified as:

V2 n? 0%E B 0%A N 0A IV n? OZAV N d0A oV
cz 9tz \ 9z2 0z 0z) 2\ ot? at ot
The above expression can be reduced as:
v deikoz—wot) . dF,(x,y; w)
—=F . - i(koz—wot) “ VN7 77T
at v y; ) at te at
Since,
0FEy©) _
ot B
av .
o7 = TiwoF,(x,; w)e'koz=wot) = —jgy v
Similarly, the expression ?9_: is reduced to become:
av .
P ikoF,(x,y; w)etkoZ=wol) — j

Therefore, the wave equation is reduced to become:

Vg n?0’E 62AV ik aAV n? 62AV+2_ aAV
2otz \oaz? o5 2\ 9e2 W0 5;

Multiplying the first term for expansion of the left-hand side of the wave equation with k& and
second term with w3, the overall expression becomes
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g nZaZE_k2 162A+2i6A n? _(10%4 2i0A v (3194
2otz |"\k2 922 " kgoz) 2 PO\WZ 9tZ  w, 0t (3.1.24)

The right side of the wave equation in (3.1.4) can be expanded as:

182E_ 1 62AV+ 6A6V+A62V 3128
X2z ~ X2\ ar2 ot ot at2 (3.1.25)
. a%v
From equation (3.1.11), the value for Fvey becomes:
0%V 9*(E,U) 0%U S
otz atg ~ e T —wiFye!(r el = —agy
Equation (3.1.25) can be reduced in the form:
162E_ 1 62AV Y 0A 24\
Y2gez ~ 202\ ar2 HWogy T @0
Multiplying the right-hand side of the equation with w3, the above equation becomes:
B w3 162AV 2i 0A ny: 3126
AP w§ 0t? W, Ot (3.1.26)
Substituting equations (3.1.24) and (3.1.26) into the original equation (3.1.4):
2 162A+2i6A n? 5 1 024 2i 0A B w3 162AV 2i 0A 1) (3127
0\kZ 022 Tkooz) 2¥\wZ02  woot) X 2\wZ oz’ w, ot (3.1.27)

The complex envelope A containing the different modes is assumed to be slowly varying which
means that the second-order terms in equation (3.1.27) would be neglected and the slowly varying
envelope moves contain the spatial period as 6z = 2w /k, and the temporal period is 6t = 27 /w.
Hence, the final term is dominant for each of the brackets in above equation:

0A  n?oA w3
21k0£+21w0 C—ZE = - C_ZA (3128)

The effective index of the guided mode can be approximated as:

6A+a)0n26A_ i a)SA 3129
0z  koczot 72k, c? (3129
nwg
ky =—
0 C

The equation (3.1.29) becomes:
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0A 104 inA 3130
9z " " acat X 2ac (3.130)
Both sides are the summation of all the modes. The orthogonality is invoked by multiplying the
sums through the complex conjugate of the field profile of the mode of interest and integrating

over the whole transverse plane, we get:

! ffF*F 2dxdy | 2 '(wo) ffF*F dxdy | 4
fic vy AXAY |5 = 2 \Fe v X GXAY

aA+1 ffu«wz 2dxd aA—l(w" foolelzdd A 3.1.31
7 ol nidxdy | = =i |2 xdxdy (3.1.31)

Noting that y = 0 outside the active region, the confinement factor is introduced to represent the
extent to which the modes are confined within the dimensions of the active region. w and d
represents the width and thickness of the active region. The right side of equation (3.1.31) can be
modified as:

w/2 dj2
dA 1 /A 1 ,w
—_—+ — 2 .,2 _ _0 )
0z " 7 (f J|F| dxdy) ot Zl(ﬁc)x f f |E,|*dxdy |A (3.1.32)
e -w/2 —=d/2

Dividing the above equation by the factor of f f |E,|2dxdy, the above equation is written as:

/2 rd/2
1 04 1 (f AR 2dxdy>aA_1 (wo) (fww/zfd/le |2dxdy>A
2

[5 Jo IR 2 dxdy 9z J5 o R |2dxdy ) Ot J5 17 B 12 dxdy
(3.1.33)
The term |E,|? is assumed to be normalized such that:
f fIF,,Idedy =1 (3.1.34)
The above equation becomes
0A ngdA 1 w,
—+=—==i'l—) x4 3.1.35
az+ c at 2 (T_lC)X ( )

where confinement factor, I' is defined as:
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w/2 rd/2
_ f—W/Z f_d/leUIdedy

== (3.1.36)
o B |2dxdy
and n, represents the group index defined as:
1% % n2|F,|2dxdy
_Lp LR (3.1.37)

Ng == 0 0
9 n L |E|2dxdy
The term ¢ /n, introduces the group velocity v, in the Time-Domain Travelling Wave expression.

Using the expression for y in equation (3.1.35), the expression can be reduced to a form:

= —=i

0A 104 1. /w, nc
oA 104 _ (
0z Vg ot 2

r _—) i (—) (1 —ia) g(N — Np)A

nc/ \w,

aA+1‘M—1r(1 i) g(N — N,) A 3.1.38

According to the charge neutrality, the electron density in the active region is same as the hole
density. For simplicity, our analysis is focused on the electron density (N). The carrier density
rate equation is crucial in understanding the temporal variation in the number of carriers (electrons)
within the active region. This variation is governed by the electrons introduced into the active
region through the injection current and the carriers lost due to the radiative and non-radiative
recombination processes.

The rate equation for electron density as given in the reference [27] is written as:

aN I N g(N—N)
—=DV’N+————"—"——"|E|? 3.1.39
Jat * qvV T, hw, IE] ( )

where,

N is the electron density

N, is the electron density required for transparency
D is the diffusion coefficient

I is the injection current

V' is the volume of the active region
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7. 1s the spontaneous carrier's lifetime
hw, is the photon energy

g 1s the gain coefficient

|E|? is the local electric field strength

The term containing the diffusion constant is neglected under the assumption of charges being
uniformly distributed over the transverse direction of the active region.

Hence, the equation (3.1.39) can be written as:

ON I N g(N—N)
R - A —— ) 1.4
at  qV . hw, IE] (3140)

Similar to the carrier density rate equation, it is important to analyze the rate of photon generation
by net stimulated recombination and the loss of photons within the resonant cavity. This behaviour
is described by the photon density rate equation which is expressed as[40]:

JapP P

Fri Rsp + gTvg(N — No)P — g (3.1.41)
where,

P denotes the photon density.

R, represents the net photon generated due to the spontaneous emission rate.

vy is the group velocity.

g 1s the differential gain

[" is the confinement factor

N is the injected carrier (electron) density

N, is the carrier (electron) density required to achieve transparency

T,, represents the photon lifetime.

The net generated photons due to the spontaneous emission rate are much less than the stimulated

emission rate. Thus, the term Ry, can be neglected which reduces the equation (3.1.40) to:

P . (N—-NyP - L 3.1.42
at_gvg 0 ,l_p ( )
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According to the conservation of charges in the time-domain travelling wave model, the net
stimulated photon emission must equal the net stimulated electron-hole recombination. The
continuity equation for electron density as explained in the section 4.3.2 Continuity Equations is
given as:

——EV ']N = GN - RNI .’N = qugez (3143)

Similarly, the continuity equation for photon density becomes:
opP opP

Cvvp =% .oy =P 3.1.44

where, N and P are the electron and photon densities respectively, Gy & Ry denotes the generation
and recombination rates of electrons, Jy & Jp represents the electron current density and photon

. . . ) . . 9P
current density, vy is the group velocity, e, is the unit vector for the laser axis, o8 the rate of net
generated photons due to stimulated emission. The minus sign in equation (3.1.43) indicates the

charge of an electron.

The source-free travelling wave equation for |A|? is consequently a statement of conservation of
photon density. Hence, by equating the LHS of equation (3.1.43) with RHS of (3.1.44), the carrier
rate equation becomes:

oN N )
T qNv, — . gl (N — No)|A| (3.1.45)

Solving the equation further yields the following result:

aN N )
= =)~ =~ gTv,(N = No)lA| (3.1.46)
c

where:

T 1s the carrier lifetime (the inverse of carrier density relaxation rate) which is considered equal
to 7.
J = qNvj is the current density which is obtained by comparing the units of the equations

|A|? is taken to represent the local photon number density P:

P = |A? (3.1.47)

42



The field power P is then given by:
P = ovyhwl|Al? (3.1.48)

where o is the cross-sectional area of the active region, v, is the group velocity, hw, denotes the

photon energy, A is the slowly varying complex envelope.

In summary, the time domain travelling wave model is defined by:

<0 41 i)A = %g[‘(l — iay)(N — No)A

9z v,ot
aN N
—=]———v,gT(N — Ny)|A|?
ot/ T vy9T( 0|4l

3.2 Delay Differential Equation Model for Passive Mode Locking of
Semiconductor lasers

The Delay Differential Equation (DDE) model, also known as the non-linear integro-differential
equations, proposed by Vladimirov[22], provides a theoretical framework for understanding
passive mode-locked semiconductor lasers. Some of the earliest models of mode-locking theory
were introduced by New [30] and Haus [31]. Haus’ theory, based on the master equation[41],
differs from New’s theory by incorporating physical phenomena, such as dispersion, along with
other assumptions and approximations. Haus's model considers that the relaxation time of the
saturable absorber is longer than the pulse duration, a condition known as ‘slow absorber’. In
contrast, New’s model assumes that the absorber’s relaxation time is shorter than the pulse
duration. Haus incorporates several assumptions and approximations, including homogeneous
broadening in the active medium, the effects of bandwidth limitation on gain requirements, and
the absence of pulse broadening in the gain and absorber media.

The impact of spectral filtering or dispersion is accounted for in Haus model by introducing a
passive linear element. It is known that the constraint in bandwidth causes pulse broadening in
time domain[26], which leads to some changes in the gain requirements. Haus describes the
spectral filtering coefficient by using parabolic approximation. In another approximation of weak
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saturation in the absorber, Haus describes the pulse shape as a hyperbolic secant, suggesting that
the pulse's amplitude decreases exponentially rather than the trailing edge of the Gaussian curve,
as the pulse moves away from its center.

Despite the differences, both models share the common approximation of a small trip time through
the gain and absorber media. These models were effective for solid-state dye laser systems,
however, they failed to model the dynamics of semiconductor lasers[24],[26],[42]. In contrast,
Vladimirov’s proposed model is based on passive mode-locking in semiconductor Quantum Well
lasers and does not consider the assumptions of weak absorber saturation and small trip time across
the gain and absorber media. Vladimirov’s approach to employ a spectral filter[43] is analogous
to the dispersive medium used by Haus. The unidirectional ring-shaped cavity is the major
assumption in Vladimirov’s model [22]. This model was further extended to describe the dynamic
properties in Quantum dot mode-locked lasers [5]. These dynamics, as discussed in [5], are based
on the capture and escape processes (discussed in detail in Section C) of Literature Review) in
quantum dot structures.

This section describes Vladimirov’s Delay Differential Equation model of passive mode-locked
semiconductor lasers, following the analysis presented in reference [22]. The passive mode-
locking is a powerful mechanism to obtain ultra-short pulses for various applications requiring
optical temporal or frequency comb generators such as time-domain multiplexing[44]; dense
wavelength division multiplexing (DWDM) [45], advanced modulation schemes such as Nyquist
pulse generation & orthogonal frequency division multiplexing (OFDM); and, ultra-low phase
noise microwave sources [43],[46],[47]. In a passive mode-locked laser, a saturable absorber is
placed within the cavity in addition to the active gain medium. The absorber saturates faster than
the amplifying medium, creating a small temporal window with a net gain to compensate for the
losses experienced by the pulses in the cavity and hence sustain the locking regime. In cases where
the relaxation time of the absorber is larger than the pulse duration, the absorber is referred to as a
“slow absorber”[1],[31].

It is convenient to construct a model of a ring laser (see Figure 20) with propagation in the cavity
assumed unidirectional for simplicity. Nevertheless, the ring laser model is found to apply to
mode-locking phenomena in Fabry-Perot semiconductor lasers which support forward, and
backward propagating modes provided the effects of pulse collision within active regions may be
neglected. The model contains a spectral filter which describes the gain profile combined with the
transmission of any frequency-selective components placed within the cavity. The spectral filter
is often assumed to have a Lorentzian power transmission function although that is not a necessary
assumption.
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Figure 20: Image illustrating ring-shaped laser model.
Source: Reproduced from the reference [49].

Figure 20 is a schematic of a ring laser and uses a lumped element approach to include gain,
saturable absorber, spectral filtering elements and non-resonant losses. The coordinate z is
considered along the laser axis and is the direction of propagation of longitudinal laser modes. The
laser cavity is divided into three segments, the segment between (3; < 7 < z,) comprises the
absorber material, the segment between (2, < z < z3) contains the active medium, the spectral
filter is located between (z4 < 3 < Zs5) and the remaining regions between (33 < z < 3,) and
(35 < 3 < 31 + L) are passive sections. The evolution of the complex envelope of a travelling
electromagnetic wave in the amplifying and absorbing segments can be described by the following
partial differential equations (as discussed in detail in the previous section):

0E(t, 2) 4 10E(t,z)  gele

03z v, ot 2 (1- iaG)[NG (t,2) — NO,G] E(t, ) (3.2.1a)

0E(2) | 10E(t3)

_ 9ol . ~
0z v, ot ) (1 LaQ)[NQ(t»Z) NO,Q]E(t;Z) (3.2.1b)

ONG(t,3) B N¢(t,2)

o . —Vg96T6 [N (t,2) = Nog| IE (¢, 2)|? (3.2.2a)
G
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dNy(t, 2) _ N (t,2)
at TQ

~ v 9qTq[No(t, 2) — Nog] IE(t, 2)I7 (3.2.20)

G subscript signifies the gain amplifying medium and Q depicts the absorbing medium.

E(t, 2) is the complex envelope of the electric field.

N is the carrier density.

N is the carrier density at transparency, the parameter is a function of material.

Vg4 1s the group velocity.

[" is the confinement factor which describes transverse modal confinement.

g 1s the differential gain which is a function of material.

a 1s the linewidth enhancement factor which models the carrier-induced refractive index changes.
T is the carrier lifetime, and the inverse is defined as the carrier lifetime relaxation rate.

J = Iq/o is the injection current density with o as the cross-sectional area of the active region.
The factor |E (¢, z)|* describes the photon density.

Since the passive section has no carriers (N = N;) hence, the right side of equation (3.2.1)
becomes 0 and the electric field amplitude in the passive segments is governed by the relation:

0E(t,z 10E(t,z
(t2) , 19E(D) _

9z v, ot (3.23)

The last segment is the spectral filter (3, < z < 35) that is assumed to be infinitely thin i.e. z, =
zs. The purpose of incorporating the spectral filter is to consider the finite bandwidth of gain
spectrum. The evolution of electric-field amplitude in this segment in the time domain is described
as the convolution function between the incoming electric field and the impulse function of the
filter element f(t):

E(t,z5) = f(t) ® E(t,z4) or

E(t,Zs) = ff(t - Q)E(e, Z4,) daeo

—00

In the Fourier domain, the above expression becomes:

E(w,25) = f(0)E(w,24) (3.2.4)
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here E(w,z4) and E(w, zs) are the Fourier components of the amplitudes of the electric field
E(t,z4) and E(t, z5). The component f(w) specifies the spectral line profile of the filter.

Another assumption made is that the electric-field amplitude in a ring laser satisfies the periodic
boundary condition because 3, + L = 35:

E(t,z + L) = E(t, %) (3.2.5)
where L is the cavity length.

Introducing the coordinate transformation from (¢, 3) — (7,{) to represent the changing of the
frame to coordinates moving with the electric field. Here T =t — 3/v, is the retarded time.

Equation (3.2.1) for amplifying segment becomes:

9E(t, 7) N 10E®2) _ gelc (1 — iag)[Ng(t, 2) — Nog| E(t, 2)

0z Vg Ot 2
z
(t,z) =t —— (3.2.6)
Vg
((t,z) =23 (3.2.7)
AT (t,2),4(t,3)) = E(t,2) (3.2.8)
From the above expressions:
Jr 1 (3.2.9)
0z Vg o
T _y 3.2.10
Frie (3.2.10)
o _ 1 3.2.11
0z (3.2.11)
o _ 0 3.2.12
ot (3212)
The left side of equation (3.2.1a) with the application of coordinate transformation can be re-
written as:
6+16E(t )= ot 6+lar 6+6( 6+1666A 3213
0z vgor) % T \oz ot T vyot ot 9z 0 vyt o (3-2.13)

Substituting equations (3.2.9)-(3.2.12) in equation (3.2.13) we get,
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o 10 -10 1 39 o 1 2
—+——E(t,2) = wty Lot 1ot — 00 ) 4

0z v, 0t vg ot ot ¢ vy, a¢
0 10 0
0A 1
(©.) =2 (1 - iag) gaTe N (6,2) = NoglA(z, ) (3:2.15)

0%

Applying the coordinate transformation in the carrier density equation, the modified expression
becomes-

%f,z) ZZ aaT % aa{ Ny(z, Q) = [1 —+0- 66] N¢(7, Q)
% _ (%) Ny (z,0) (3.2.16)
Similarly for absorbing medium, the equations become:
"’Ag D 1~ iag) gol Ve O) = Noo]A(®.0) (32.18)
aNQa(rT, 2-- NQiz °- Vg90To[No(7,9) = Noo] 14(z, OI? (3:219)

For the passive elements:

0A(T,¢)
9

The transformation of the fields as it passes through the segments of the cavity provided by
equations (3.2.16) to (3.2.20) is described in the following sections:

1) Amplifying segment (2, < 7 < Z3):

Integrating the field equation over the length of the gain amplifying section:

(3.2.20)

.fz3 0A(z, )

1 23
o ==(1— ia)f 96Ts[Ng — Nog|dg . A
¢ 2
Z2 22
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(L0

1 2
3 e % =30-i@ [ aulo[Ne ~ Noglag

4 1 .
In Al = E(l —ia)G(T)

[INA(z5,7) —InA(Z,,7)] = %(1 —ia)G(1)

A7, 23) I
A(T,Zz) =-(1—-ix)G(7)

In 5

A(nz3) _ 5%

A(1,3,) B
1-iag
A(T,33) = e[ 2 G(T)]A(r, 33) (3.2.21)
where:
33 Z3
G(7) =f 96 s[Ng — Nocld¢ =f ng d{ (3.2.22)
22 22

The term G (7) described in equation (3.2.22) represents the overall gain in the amplifying section.

Introducing the term x; which denotes the internal non-resonant attenuation loss occurring at the
intersection of the absorber and gain sections due to changes in materials and depends on the length
of each of the elements.

The boundary condition of the electric field at the intersection between each element is described
as:

A(t, 33) = Jx_le[l_zﬂ“’)] Az, 77) (3.2.23)

From equation (15):

A <6A(T' O) = L iag) noaa’

o 2
1 . )
= 21 - iag) ngl4| (3.2.24)
0A*(z, 1
1 ,
= E(1 + iag) nglA| (3.2.25)
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Adding (3.2.23) and (3.2.24), we get

aA|?
¢

Integrating the above equation over the length of the gain section

23 alAlZ _ 23 5
P = 9gele [NG - No,c;]|A| dq
32 22

= ng|A|? (3.2.26)

= A(z, 39)1* = 1A(z, 321 = geTe [ [Ne = NoglAI?dS (3:2.27)
Differentiating equation (3.2.22) with respect to T, we get:

G (1) %3 dNg 30N,y ¢
= [— —_ r 2
ot garc;j Py d¢ — g¢ GLZ Py dq

32

% 0Ny .
f —d{ =0 as N, is constant
., OT

From equation (3.2.17) the above equation can be written as:

3G (%) z s 2
—gaa | Jd5 — gals | =2d¢ — gaTavy | goTelNo — Mogllalzdg
ot 2 2 TG %

(3.2.28)

Expanding the second term on RHS further by adding and subtracting Ny s, we get:
Z3 Z3 Z3
| Nods = | s = Nogddg + [ Nogas
22 Z2 Z2
Multiplying both sides by g, [, the above equation becomes:

23 Z3 z3
gGFGj Ngd{ = gGFGj (Ng _NO,G)d(-l'gGFGj Ny cdq
22 Z2 22
From equation (3.2.22), we can write:
Z3 23
gGFGf Ngd{ =G +gGFGj Ny cdq
Z2 Z2

Substituting the above expression in equation (3.2.28)
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0G (1) 23 N, 23
Py = 9gele f ( - LG) ¢ ——— 9elevy f gGFG[NG - No,G]|A|2d(
22 32

From equation (3.2.26), the above equation can be modified as:

G (1) %3 N G
~— = 90T j (—ﬁ)dz———garavg(lA(r,zgw—|A<r,z2)|2> (32.29)
T Zo Tg

2) Saturable absorbers (z; < 3 < 35):

The relation between input and output field amplitudes:
[ 1- la

A(r,32) = e Q(T)]A( 7,%1) (3.2.30)

where Q(7) is the dimensionless integral carrier density in the absorbing segment:
32
Q(7) =f no(z,0) d¢ (3.2.31)
31

Similarly, including the internal non-resonant loss for the absorber section k, in equation (30):

A(t,3,) = \/K_ze

In case of the absorber section, the equation (3.2.25), (3.2.26) and (3.2.28) are modified as:

[ Q(T)]A( 7,%,) (3.2.32)

OlAF _ |A]? (3.2.33

oz @ 2:33)
32

—1A(7,z)I? + 1A(7, 21)1? = gQFQJ [Ny — NoolAI2dg (3.2.34)
21

d %2 (N,
Q(T) —Yq FQJ (LQ> d{_%_gQFQVg(_lA(TfZZ)lz +1A(r,3)1%)  (3.2.35)

ot T4

The above equation describes the time evolution transformation of Q (7).

3) Passive segment (g3 <3< z4)and (5 <z3<3;+1L):

The equations give the electric field amplitude transformation in these segments:

A7, 24) = |[K3A(1, 33),
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A(t,3,+ L) = A(t, 35) (3.2.36)

4) Spectral Filter (34, < 7 < Zc):

The component A(t,35) contributing to the Gain profile forms a linear time-invariant
system that is characterized by the impulse response f and convolution describes its action,
so that equation (3.2.4) is equivalent to the time domain representation:

A(T,35) = (1) ® \[K4A(T, 24)
A(T,35) = Ky f f(t—0)A(6,3,) do (3.2.37)

From equation (3.2.5), the periodic boundary equation is modified to a form as:

E(t,z+ L) =E(t,3)

A(t,z+L)=A(t+T,2) (3.2.38)
The delay from the first segment to the last segment can be described as:
(DrA)(7) = A(r —T) (a)
Similarly, the delay from the last segment back to the first segment is described as:

(DrA)(T +T) = A7) (b)

Substituting the equations (3.2.21), (3.2.29), (3.2.34), (3.2.36) into equation (3.2.35)

The transformation of the electric field amplitude at the input of the absorbing segment after a
cavity roundtrip is given as:

1-iag

T
1—iaQ
A(T+T) = JKk1Kok3Ky ff(r—ﬁ)e[ 2 60— Q(G)JA(H)dH

In simplified version, the above equation can be written as:

4 —iag 1-ia
AT+ T) = Vi j fz- me[1 z (O QQ(G)]A(B) de (3.2.39)
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Here, vk < 1 where k = Kk, k,k3k, denotes the total internal attenuation losses experienced by the
pulse as it travels the roundtrip inside the cavity. The factor k is described as k = e~** where a is
the attenuation loss per unit length and x denotes the length of the section for which the losses are
accounted. Hence, k is different for different elements depending upon the length of the section
and the loss experienced by the light wave inside the section.

The notation A(t) = A(t,%;) and T = L/v, is the time of cavity roundtrip. Note that L is the
round-trip length which is equal to twice the cavity length i.e. L = 21.

Substituting
A(1,33), A(T,3,) and A(1,3,) = A(7)

|A(T, 22)1? = A(T, 22) - A" (7, 37)

- 520w -5 0]
|A(T, 2)|* = \ K2€ 2 A(t,3) - \/K_ze A (1,34)
_1—iocQ+1+iaQ
o AP =rgel T ) A, 22
1A, 22) > = ke D |A(x, 31) |2 (3.2.40)

Similarly, for the gain section, amplitude can be written as:

|A(T' Z3)|2 = A(T, Z3) ' A*(T, Z3)

AG w1 = el 7@l acap) - Jrrel 76 4 r )

1-iag+itiag
> 1A = el 2 oOlja@ )P
|A(7, 23) | = 11D |A(z, 2,) |
From equation (3.2.38) the above equation can be modified as:
|A(7, 23)1? = K11, e A(7, 31) |?

|A(T, 33)|? = K1k, 2@ |A(7)|? (3.2.41)

By using equations (3.2.40) and (3.2.41), the equations (3.2.29) and (3.2.35) are modified as:

aG(t %3 N, G
D = g [ (1= "22) ag ~ £~ gorovyeamzet €00 1aGr, 2 - Ky 0D 1AGe, 2P
Jt % TG T
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¢

G %3 N G
D _ gere f (=) a8~ o geTevgrae 2P ey ~ 1) [ADF | (3242)
22

0Q(7) %2 (N, Q _
== —daly (—"Q) 43 = == goTova (1A, 21 = 12672 |A(z, 3,)?)
T z1 \ TQ To
d 32 (N
(@) _ —gQer <—°‘Q> dq — Q_ 9oTov, (1 — ke 0@)|A(D)|? (3.2.43)
at - Tg Ty

The above highlighted equations describe the passive-mode locking in a ring laser with arbitrary
line profile of spectral filter specified by the function f (7).

Let us assume the Lorentz profile of the spectral filter:
f(r—0)=ye 7" (3.2.44)

The spectral filter functions as a bandpass filter. However, since it acts on a modulated carrier, it
can be modelled as a low-pass filter applied to the complex envelope. The rationale behind this
approach, where a bandpass filter is equivalently modelled as a low-pass filter, is thoroughly
explained in the appendix section at the end of the document.

The Fourier transfer function of the low pass filter is given as:

H = —
() 1+ jwty

2
where 7 = w—Q
0

It has a Lorentzian line shape. The spectral power density becomes:

1
|H(w)|? = T+ (@rp)?

From equation (3.2.43) and using equation (3.2.16) of the appendix, the expression in equation
(3.2.37) can be modified as a system of delay differential equations as:

0A(t+T)

l-iag,. 1-iag
= +A(T+T) = x/Ee[ z 003 Q(T)]A(T)

TR
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From equation (a), the above equation can be written as:

0A(T)
ot

=V[—A(T) 4 Jrel 200 S T)]A( )l

0A(T)

1-iag,. . 1-iag

1
where y = —
R

2G(1) G
9z garc;f (] ——G) d{ — ——g¢lgvyk,e 0@ (g, 5@ — 1) |A(7)|?

0Q(7) (N Q :
3 = 90| (Q") a __Q—gorovg(l—Kze °)\A@)?

(3.2.45)

(3.2.46)

(3.2.47)

The equations highlighted in the box above are the delay differential integral equations proposed

in the paper[22].
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3.3 Delay Differential Equation Modelling in Simulink

The Simulink implementation of the DDE model is based on the passive mode-locked lasers, as
Vladimirov proposed in the DDE model. The functionality of the subsystems ‘Phase Bias’, ‘Phase
fluctuation’, ‘Initial condition’, ‘Delay’, and ‘Gain profile’ subsystem blocks are thoroughly
discussed in Section 2.5.

As discussed at the beginning of this chapter, a passive mode-locked laser comprises a saturable
gain section and a saturable absorber section. This section will explore these subsystems in detail,
highlighting their implementation and the resulting outputs.

The parameter values used in Simulink are based on estimations, with some extracted from the
built-in passive mode-locking example in PICWave. The PICWave model serves as a reference,
providing key parameters for the simulation.

The section begins with a discussion of the mode-locked laser implementation in PICWave,
followed by an explanation of the implementation in Simulink.

3.3.1 Passive Mode-locked laser in PICWave

The passive mode-locking laser described in PICWave contains an InGaAsP active layer based
on a ridge waveguide structure. The gain section has the length of 600 um and a ridge width of
5 um, whereas the absorber section is 40 um in length. The epitaxial structures are identical for
both the gain and absorber sections, with the primary differences in their lengths and operational
conditions. The gain section is supplied with an injection current to achieve population inversion
and amplification, whereas the absorber section operates without any electrical signal, as it must
be reverse-biased to operate as a saturable absorber.

3.3.2 Parameter extraction for Simulink

The equation (3.2.29) can be modified to be written as:

G 1
20 = L6y~ 6 - 560145 301 ~ 14 2)12) (33.)
G
where,
AT
Gy = gl ——-1]d 3.3.2
0 gGG-L2<NO,G >( ( )
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SG = gGFGngGlAlz (333)
and
T, = Tg (3.3.4)

Simplifying the equation (3.3.1) in terms of gain would lead to the result:

6 = [ =160 - 6~ 561Gz - 4G 2] (335)
G

Here, 7 is the spontaneous carrier lifetime.

N, is the carrier density at transparency; it is a function of material
N is the carrier density of electrons and holes.

g 1is the differential gain coefficient which is a function of material.
[" is the confinement factor

G is the gain of the gain section.

Substituting the value for |A|? from equation (3.1.48) in equation (3.3.3), the expression for s is
reduced to:

P
SG = gGFGTG— (336)

O'.fla)o

The carrier lifetime relaxation rate is the sum of radiative (1/7z) and non-radiative (1/7yg)
recombination rates.

= (3.3.7)

Tc  Tr  Tnr
According to the reference[48], the radiative recombination rate is calculated as:

1 1 _ _
- = "0 rps] B.[cm3.s].N[cm™3] — C,[cm®s]. N?[cm™°] (3.3.8)

where, try is the inverse of Shockley-Read Hall coefficient, A,..
B, is the spontaneous emission recombination coefficient with units (¢cm3. s).
C, is the Auger recombination coefficient with units (¢cm®s).

These parameters are material-dependent; thus, they are extracted from the InGaAsP .mat file
(attached in Figure 21) as InGaAsP is the device's active layer.
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The parameters for the case of radiative and non-radiative recombination are presented in the

Table 1.
i
/{ define InGaAsF (x) material
// refractive index is for InGaRsP at the corresponding bandgap,
// and lattice matched to InP
// ® is Rs content
BEGIN InGaksP(x) // material name
RNAL INGRASP1 20 0 // loads internal InGalAsP model at 20 Celcius
GAIN_POLYN 1.167el8 6€.0s-6 1 f/ Ho [1/cm3] Gmat [cm3/s] polylen g nZ g n3... ;gain model
GAIN LAMFUNC 10000 1.475 0.0 0.0 0 0 /f g2[um-2] lam0[um] lamMl lamN2 lamTl lamT2
GRIN EFPS 1.04e-18 /{ gaineps (non-linear gain) [cm3]
RADRECOMB 1eZ0 2e-10 0.0 // tsrO[ps] Btsr[cm3/s] Ctsr[cmé/s] ; rad recombination
WRADRECOME 1e4 0.0 0.0 // tsnrl[ps] Btsnr[cm3/s] Ctsnrlcmé/s] ; non-rad recombination
DIFFUSION 20.0 o] // DAif0[cm2/s] DAif n[cm5/s] ; diffusion coefficients
LEF o /f lef ; linewidth enhancement factor
RHO 600 /{ rho ; electrical resistivity
DOSCB 2.9E17 /{ [cm-3] dos in conduction band
DOSVE 2.4E17 // [cm-3] dos in valence band
END
i
/f{ define InGaAsP_5A(x) material (x-Parameter is bandgap - Saturable absorber material)
BEGIN InGaRsP SR << InGalAsP
GAIN POLYN 1.167e=l8 24.0e-6 1 // Ho [1/cm3] Gmat [cm3/s] polylen g n2 g n3... ;gain model
GAIN LEMFUNC 10000 1.475 0.0 0.0 0 0 // g2[um-2] lamO[um] lamNl lamN2 lanmTl lamT2
LEF 0 // lef ; linewidth enhancement factor
NRADRECCME 0.01 0.0 0.0 // tesnrid[ps] Btsnrlcm3/s] Ctsnrlcmé/s] ; non-rad recombination
END
r
// define InGahksP_SR(x) material (x-Parameter is bandgap - Saturable absorber material)
BEGIN InGaksP FP << InGalAsP
GAIN_POLYN 1.167el8 6€.0s-6 1 f/ Ho [1/cm3] Gmat [cm3/s] polylen g nZ g n3... ;gain model
GAIN LAMFUNC 10000 1.475 0.0 0.0 0 0 /f g2[um-2] lam0[um] lamMl lamN2 lamTl lamT2
GRIN EFPS 1.04e-18 /{ gaineps (non-linear gain) [cm3]
LEF 3 // lef ; linewidth enhancement factor
END
r
// define InGaAsPL(x) material (x-Parameter is bandgap)
BEGIN InGaAsPL << InGalAsP
RNAL INGRASP1 20 1 // loads internal InGaiAsP model at 20 Celcius
END
r
Figure 21: InGaAsP material file in Harold
Parameters Symbols Units Values
Shockley-Read Hall tr, ps 1x 1020
coefficient inverse
4
tnr, ps 1x10
Spontaneous emission B, cm3/s 2x 10710
radiative recombination
coefficient
Auger recombination C, cm®/s 0
coefficient
. . — 1
Carrier density at Ny g cm™3 1.167 x 1018
)
transparency
Differential gain 9o cm3/s 6x107°

Table 1: Parameter values for gain section
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Similarly, the material parameters for the absorber section are summarized in the table below:

Parameters Symbols Units Values
Shockley-Read Hall tnry ps 0.01
coefficient inverse
Auger recombination C, cm®/s 0
coefficient
Carrier density at Noo cm™3 1.167 x 1018
transparency
Differential gain 9o cm3/s 24 x 107

Table 2: InGaAsP material parameters for saturable absorber section.

The charge carrier lifetime in the gain section of Quantum well lasers is ranges from 0.1 — 1ns
and the carrier lifetime for absorber section is typically between 5 — 50ps[49]. For simplicity, the
carrier lifetimes in the gain and absorber sections are assumed to be equal.

The values of other parameters such as the confinement factor and group velocity are obtained as
presented below:

* Carrier lifetime, 7, = 1ns =75, = 7
= Confinement factor I' = 0.07864
* Group velocity, v,

In PICWave, the group velocity is a function of zStep and tStep simulation parameters
which is given as:

Z
Zstep (3.3.8)

Vg

tstep =

_ Zstep _ 10 (um)
tstep 0.12305 (ps)

= 81.26777 X 10°(m/s)

= v, = 0.81267 x 10'%(cm/s)

After substituting the values into equations (3.3.2), (3.3.3), and (3.3.5), and performing the
dimensionless conversion of the parameters to make them suitable for simulations, the parameters

for the gain and absorber sections are outlined in Table 3:
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Parameters Symbols Dimensionless
Values
Saturation in gain S¢ 1
section
Injection in gain Gy log 6
section
Recovery time g 1x103
Saturation in So 10
absorber section
Injection in gain Qo -1
section
Recovery time Tg 1x103
Linewidth ay 0
enhancement factor

Table 3: Parameter values for Simulink simulations

3.3.3 Implementation of DDE model in Simulink

The Simulink model implementing the DDE framework for the passive mode-locking mechanism
is represented in Figure 22.

a)

- out - C] Q s » D

Scope 1 From 1 Scope 3
Laser >+

> juf? I ols ¥ utb [ J

Math  Scope 2 Add Bias Scope 4
Function

p passive.mat G » C]

To File From 2 Scope 5
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b)

in out —m in out —min out — in out —m in out — in out 3 in out —mul u3
n - - n p{u2 ud 1
Phase bias Phase Initial condition Delay Gain profile Saturable Saturable fen
Tuning fluctuations white noise absorber gain MATLAB Function ©ut
Coupler
Termination
c)
o
in Math
Function 1
relaxation
Goto
X
, =
ou
Math Product 3 Integrator ~ Gain Prodnot 4 Real-lmagto  math Math Product 5
Function 2 reservoir Complex  Fynction 3 Function 4
Constant 1 Constant 2 Constant 3 e
saturation injection GO  recovery time onstant 4
alpha
Henry's linewidth enhancement factor
Tt
in Math
Function 1
relaxation
i o
out

Product 5

4 Real-imagto  Math Math
Complex  Function 3 Function 4

1D|

Constant2 Constant 3
injection QO recovery time

Constant 1
saturation

Constant 4
alpha _
Henry's linewidth enhancement factor

Figure 22: a) Block diagram illustrating the passive mode-locking mechanism implemented in Simulink. (b) The 'Laser’
subsystem, displays components such as phase bias, phase fluctuation, initial conditions, delay, and other key blocks. (c)
Internal structure of the Saturable Gain subsystem. (d) Internal structure of the Saturable Absorber subsystem

implementing the absorber Delay Differential Equation.
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The equations implemented in the saturable gain section, illustrated in Figure 22c) are:

1-iag
AT, z3) = Jx_le[_z I 2) Q)
and
|A(T, f53)|2 = K1eG(T)|A(T; Zz)|2 (i1)

These equations are discussed in detail in Section 3.2 under “1) Amplifying segment”. Since,
Henry’s linewidth factor is neglected, equation (i) is simplified as:

1
A, 23) = K1€2@. A(1, 2,) (iii)

For the saturable absorber block (Figure 22d), the equations implemented are:

1
A(T,3,) = Jrze 2% A(1, 29) (iv)
|A(T, 22)|1* = K672 |A(T, 51) |2 ()

Here, k; and k, represents the non-resonant losses at the facets of gain and absorber segments
respectively each of the section. These are assumed to be equal in both the gain and absorber
segments, i.e. k; = k, = k. The loss is implemented by the output coupler block, which is
depicted as the coupler block in Figure 22b).

a)

Time (ps)
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b)

In (G)

8.505 8.51 8.515 8.52 8.525 8.53 8.535 8.54 8.545
Time (ps)

Figure 23: Simulation results representing the mode-locking dynamics within the saturable gain section.

Figure 23a) illustrates the amplification and sustenance of optical fields within the laser cavity. The
results show the evolution of light pulses originating from random noise caused by spontaneous
emission. Within this noise, short-duration pulses are selectively amplified. As the light waves
reflect back and forth within the cavity, repeatedly passing through the gain section, the gain
compensates for the losses in the cavity as the intensity of the light waves increases due to
stimulated emission. Over time, the gain saturates, reaching a steady state, as depicted in Figure
23a).

In contrast, the dynamics of the absorber section operate inversely to those of the gain section.
This contrast is evident when comparing Figure 23b) and Figure 24b), highlighting the opposing
behaviours of gain and absorber sections.

The saturable absorber plays a crucial role in generating light pulses. It absorbs low-intensity light
while allowing high-intensity light waves to pass through. As the intensity increases, the absorber
saturates, reducing the losses experienced by the pulse. This loss reduction facilitates pulse
formation. In a steady state, the pulse experiences minimal loss, leading to amplification and a
further reduction in pulse duration, depicted in Figure 27.
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Time (ps)

Figure 24: Simulink results representing the dynamics of the saturable absorber section.

The net gain in passive mode-locked lasers represents the balance between the amplification
provided by the gain section and the losses introduced by the saturable absorber and other
components, such as the output coupler. As illustrated in the Figure 25, an initial small net gain
enables the buildup of noise within the cavity, which subsequently evolves into mode-locked
pulses. Once the system stabilizes, the net gain reaches a constant value, with a maximum peak of
0.4, which is less than the magnitude obtained in the gain section. This indicates that the

amplification by the gain section is balanced by the total losses within the cavity.
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This balance is crucial for the formation of stable pulses and the sustained operation of mode-
locking within the laser cavity.

a)

In {(gain)

0 1 2 3 4 5 6 7 8 9 10
Time (ps)

b)

0.2
0.15
0.1

0.05

In (gain)
o

8.68 8.685 8.69 8.695 8.7 8.705 8.71 8.715 8.72 8.725
Time (ps)

Figure 25: Results illustrating the net gain within the laser cavity, highlighting the initial buildup of noise leading to mode-
locked pulses and the eventual stabilization of the net gain, where amplification is balanced by the cavity losses.

65



—real (Laser)
imag (Laser)

»NMHHJIHIIIJIHHHIWHHHHWHHHHIH!

Amplitude

A

Time (ps)

b)

—real (Laser)
imag (Laser)

10

1

Amplitude
(=] (4]

4]

8.2 8.25 8.3 8.35 8.4 8.45 8.5
Time (ps)

8.15

Figure 26: The results illustrate the evolution of a) the complex envelope from noise to a mode-locked mechanism,
showcasing the temporal progression of the slowly varying complex envelope, A. b) Depicts the zoomed image of the
envelope.

Figure 26 illustrates the temporal evolution of the complex envelope starting from noise contributed
primarily by spontaneous emission. It demonstrates the implementation of Equation (3.2.45), as
discussed in Section 3.2, and highlights the dynamics in the slowly varying envelope A.
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Figure 27: Temporal evolution of optical power in a passive mode-locked laser. These results are obtained by squaring the
magnitude of the complex envelope i.e. |A|>.

The observed results are consistent with the theoretical predictions and demonstrate how the
balance of gain, loss, and other non-linear effects within the cavity contribute to the formation of
mode-locked pulses. These findings provide insight into the dynamics of the passive mode-locking
mechanism and its reliance on the slowly varying envelope approximation accurate modelling.
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3.4 Model for mode-locking in Semiconductor Quantum Dot Lasers

The Delay Differential Equation model discussed in the previous section is for the semiconductor
Quantum-Well structures proposed by Vladimirov[22]. However, this section extends the DDE
equations for the Quantum Dot structures. This model is proposed by Viktorov as attached in the
references[5],[50]. The saturable gain and absorption in the gain and absorber sections respectively
are given as:

G(t) = 2g4Ly[2p,() — 1] (34.1)
Q) = —2gqLq[2pq(1) — 1] (3-4.2)

The terms p,4(t) and p, (t) describes the occupation probabilities in a dot located in the amplifying
and the absorber sections, respectively.

By using the equations discussed in the previous section, the expression describing the
occupational probabilities in dot and carrier densities in the amplifying and absorber sections can
be described as[50]:

dap _

a_f = ~Ygpg + Fy(pg. Ng) — e7%(e = DIAJ? (3.4.3)
ap
a_tq = ~YgPq + Fy(pg: Ng) — s(1 — e~ 9)|AJ? (3.4.4)

The carrier densities in the wetting layers in gain and absorber sections is given by the equations:

N,
5 = Noo = Tglg = 2F,(pg. N,) (3.4.5)
N,
27 = Nao = TqlNg — 2F,(pg. Ny) (3.4.6)

Here,

Ly 4: describes the length of gain and absorber sections respectively

pg: describes the occupation probabilities in a dot located in gain section.

pq: describes the occupation probabilities in a dot placed in absorber section.
N: describes the carrier densities in the wetting layers or the QD carrier density.

[q: describes the carrier relaxation rates in the wetting layers in gain and absorber sections

respectively.
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Yg,q- defines the carrier relaxation rates in dots located in the gain and absorber sections
respectively.

Fq (pg'q, Ng,q): describes the carrier exchange rates between the wetting layers and the dots in the

gain and absorber sections which is described as:
Fy(pg:Ng) = Ry™P™(1 = pg) — RS“P°p, (3.4.7)

Similarly, for the absorbing section the carrier exchange rate between the wetting layers and dots
is defined as:

P Ne) = RSP (1= pg) = RS“°p, (348
where 1 — pg 4 is the Pauli blocking factor and

R = By Ny, where By , is the rate at which the carriers Ny, are captured from the wetting

layers to the dots in the gain and absorber segments respectively.

R;SqC “P€ is the coefficient describing the escape of the carriers from the QDots in the amplifying

and absorbing segments to the wetting layers. It is a temperature-dependent coefficient.

Substrate

Wetting layer

[ 1 T
TC a&g ture re scape
O

QDot l:rre!a
O

__\l

Figure 28: Schematic diagram representing the carrier dynamics in Quantum dot structures

Excited State (ES)

Ground State (GS)

The schematic of carrier dynamics in Figure 28 shows the different timescales involved in the
carrier dynamics. Tegcqpe describes the rate at which the carriers transition from the Quantum Dot
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material to the wetting layer material, while T qp¢re denotes the rate for the transition of carriers

from the wetting layer (WL) material to either the ground state (GS) or the excited state (ES) within
the QDot structure. Similarly, 7,4, describes the intraband relaxation rate of the carriers within
the QDot.

When carriers are pumped into the wetting layer by an applied injection current, they are captured
from the 2-D WL into the ES of the QDot at a rate denoted by T qp¢yre- The “captured” carriers
then further relax into the GS, denoted by T,.;4,. According to[51], the GS of the QDot can
accommodate only two electrons-hole pairs (excitons). The relaxation rate from ES to GS is
limited by the Pauli-blocking effect, which prevents more than two carriers from occupying the
same quantum state. This effect is defined by a factor (1 — p) where p describes the occupational
probabilities in the GS and ES.

When the injection current and the rate of stimulated emission exceeds the threshold, the carrier
density in the WL increases, triggering the “capture” mechanism in the QDot structure. These
carriers tend to occupy the ES before relaxing down to the GS. However, due to Pauli-blocking
effect, only two carriers can occupy the GS, hence reducing the relaxation rate from ES to GS. As
the carrier population increases in the ES relative to that in the GS, an uneven distribution of
carriers arises, ultimately limiting the radiative emission from the GS. This results in the saturation
of output power from the GS, because further relaxation of carriers from the ES would not
contribute to lasing. When the carrier population in the ES increases beyond a threshold value, the
radiative recombination from the ES begins to contribute to lasing, leading the ES to compete with
the GS for carriers and optical gain. Consequently, the GS is no longer the sole contributor to
lasing operation. This competition affects the overall lasing performance, leading to asymmetries
in the gain spectrum and higher values of linewidth enhancement factor, a.

In dynamic operation, the QDot-based laser needs to respond swiftly to changes introduced in
parameters such as injection current, and carrier densities, and carriers must move quickly between
energy states within the QDots for the laser to function effectively in high-speed systems.
However, the limited carrier occupation in the GS reduces parameters such as differential gain and
results in gain compression which occurs in the laser when the optical gain decreases at high output
intensities. The gain gets ‘compressed’ even if the carrier concentration is fixed at a stable value,
ultimately reducing the laser’s quantum efficiency and output power[3],[51].
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3.5 Results and Discussions

This chapter presents a comprehensive mathematical analysis of two time-domain models: the
Time Domain Travelling Wave (TDTW) model and Delay Differential Equation (DDE) model,
which is based on the lumped element approach. The extraction of critical parameters, such as
differential gain and saturation constants, from PICWave and their subsequent implementation in
Simulink have yielded key findings regarding the establishment of the mode-locking regime within
the laser cavity. The parameters are detailed in Table 3.

Section 3.3 provides valuable insights into the dynamics responsible for the initiation and
sustenance of the mode-locking mechanism, beginning from the spontaneous emission noise. The
results demonstrate that the complex envelope is well-described by Equation (3.2.45) of the DDE
model (Section 3.2), while Figure 23 and Figure 24 illustrates the implementation and visualization
of the dynamic interactions within the gain and absorber sections equations (3.2.46) and (3.2.47),
discussed in Section 3.2. These findings significantly enhance the understanding of the mode-
locking phenomenon, fulfilling the study's objectives.

Additionally, the simulations validate the practicality of the DDE model, demonstrating its
capability for numerically simulating the physical processes within the cavity. The pulse widths
obtained are on the order of 1 ps, aligning with expected outcomes.

While several authors have performed mathematical analyses of the DDE and TDTW models, their
works often lack clarity and omit critical steps in the derivations. The models developed in this
study address these gaps by providing a more transparent and detailed explanation of the
mathematical processes, offering readers a clearer understanding of the steps involved in deriving
the final outputs of the DDE and TDTW models.

These models have also been extended to describe Quantum Dot (QDot) structures, as presented

in Section 3.4. However, the Simulink implementation of the DDE model for Quantum Dots
remains a potential avenue for further research to extend this work.
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CHAPTER 4

Simulation Tools

4.1 Introduction

In this chapter, we will discuss two commercial simulation tools, Harold and PICWave, primarily
used to simulate Quantum-well laser structures for the thesis project. The Photon Design’s
simulation tool, Harold, is a heterostructure simulator which is used to model Fabry-Perot
Quantum well laser structures. The tool can describe the electrical, optical, and thermal properties
of laser diodes. Harold can support one-dimension and two-dimensional running modes, which
perform the analysis in the vertical direction, and both YZ directions i.e. vertical and longitudinal
device axes. Harold contains additional modules like HaroldXY module, which enables the
modelling of laser devices with different geometrical shapes.

The other simulation tool, PICWave is an acronym for Photonic Integrated Circuit simulator, and
Wave refers to the Time Domain Travelling Wave (TDTW) model used by the simulator to
perform time-domain analysis of the laser device. In addition to simulating laser devices, it can
also be used to simulate other active and passive optical components such as Mach Zehnder
interferometers, ring resonators etc. A detailed description of the tool’s capabilities can be found
in reference[48]. The simulator can model various physical processes, including lateral carrier
diffusion, dispersion, spectral hole-burning, spatial hole-burning in the lateral and longitudinal
direction, non-linear gain, and free carrier absorption. The visualization of these complex physical
processes is important for providing a better understanding of the dynamics of the mode-locking
phenomenon. However, a limitation of these simulation tools, at the time of writing the thesis, is
that these can only support Quantum-well structures and do not include the modelling of more
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complex structures like Quantum Dots and Quantum Dashes in the gain medium. PICWave can
be used to visualize the mode-locking phenomenon in Quantum-well laser devices.

One of the most important features of these two simulation tools is their ability to import and
export model files between one another. Harold can export a laser device model, including gain,
material, epitaxial, and spontaneous emission data, to the circuit simulation tool PICWave. This
feature of both tools is extensively used in the work published in this thesis.

4.2 Simulation Process in Harold

The first step in modelling the geometry of laser device is by selecting the type and material of
layers from a library of different material database such as bulk, metal, QWells. In the next step,
other important geometrical aspects such as the layer thicknesses, doping concentrations and alloy
compositions of layers are specified in the epitaxial layer editor of the tool. After the completion
of this step, the complete epitaxial structure of the device is ready with layers of specific type,
thicknesses, material doping, and alloy compositions stacked onto the substrate. The basic version
of Harold focuses on defining the properties of epitaxial structure in the vertical direction.
However, it solves the equations for electrical, optical, and thermal models in both the vertical and
longitudinal directions.

Once the epitaxial structure information of the device is incorporated in the simulator, the device
is discretized spatially along y-axis of each layer. The spatial discretization of the entire structure
in Harold forms various rectangular elements of specific materials. The equations are solved for
each rectangular element and the summation of solution of each element describes the
characteristics of the device. Harold uses three discretization meshes for different models, Y-mesh
for electrical and optical calculations, T-mesh for thermal calculations of the device and Z-mesh
for scaling the device along the cavity axis. The latter meshing is not used by Harold internally.
However, it is used when the device structure from Harold is imported to other simulation tools
like PICWave for further analysis.

In the device editor window, some other geometrical parameters such as the device dimensions,
scattering losses, and the reflectivity of the facets for Fabry-Perot lasers are described. Following
the device specifications, the simulator window asks the users to define simulation parameters.
Here the parameters like the maximum current, step size of current increment, wavelength range
are specified. Then, Harold asks to run the simulations in any one of the three execution modes.
The user selects one of the three execution modes depending on the application and device
structure. The three execution modes are:

a) Isothermal mode: This mode is enabled for the pulsed operation of the laser.
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b)

Self-heating mode: This mode allows to model the continuous wave operation of the laser.
It models the effect of temperature increment on the Light-Current (L-I) characteristics of
the device. The increase in temperature is known to affect various physical processes such
as the optical gain, optical losses, non-radiative recombination mechanisms, reduction in
bandgap and carrier mobility[52]. With high temperatures, the resistance of the top contact
increases which impacts the electrical characteristics of the device eventually causing a
reduction in the optical gain of laser device. The primary contributor to increase in
temperature is the current flowing through the device, this effect is called as Joule heating.
To compensate for the decrease in optical gain of the quantum wells, the carrier density
increases, due to which the recombination due to Auger process becomes more significant.
The Auger recombination process is a mechanism in which the electron and hole
recombines and instead of photon emission, the heat generated during the recombination
process is taken up by a third carrier, an electron to come to the edge of the conduction
band.

Test mode: This mode performs a quick OV bias run to check that the device and its
epitaxial structure are set up correctly.

Once the execution mode of the device is set up correctly based on the laser operation of
interest, the next step is to define the dimensions for obtaining various simulation results:

1)

2)

3)

One-dimensional mode: This mode performs computations and generates data only for
Y-direction (vertical).

Two-dimensional mode: In this running mode, Harold generates simulation results for
variations in different parameters across both the Y-direction (vertical) and along the cavity
axis, Z- direction (longitudinal).

PICWave mode: This mode is chosen when the gain function data for the quantum well
layer structures have to be imported into PICWave. It enables the modelling of other
dynamics like stochastic noise, spectral hole burning, dispersion, and other behaviours of
the designed laser structure. This execution mode generates gain results relative to carrier
densities and temperature. The PICWave model is generated by running the 1-D isothermal
mode for a set of bias currents and temperatures. This process generates files containing
epitaxial layer data (.swg), material gain spectra (.gain) for carrier densities and
temperatures using either the parabolic band or k.p model, spontaneous emission spectra
(.spon) and material properties (.mat) such as refractive index, scattering loss, free carrier
absorption, electron and hole mobility, and others. The Harold-PICWave link will be
discussed in more detail in a later section of this chapter.
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4.3 Basic Semiconductor Optoelectronic Equations

The core of each spatially resolved quantum well simulation lies in the Poisson, drift-diffusion,
continuity, capture/escape and photon rate equations. These equations describe the electrical,
thermal, and optical characteristics of the laser module.

In this section, we present the basic semiconductor optoelectronic equations which are used in
modelling the semiconductor devices. These equations are based on Maxwell’s equations and
charge continuity equations[53].

The well-known fundamental Maxwell’s equations are given as:

VXE = 0B 4.3.1
=~ (4.3.1)
VXH= +6D 4.3.2
_] at ( i )
V.D=p (4.3.3)
V.B=0 (4.3.4)

where E is the electric field (V /m), H is the magnetic field (4/m), D is the electric displacement
flux density (C/m?), B is the magnetic flux density (Vs/m?), ] is the current density (A/m?), p
is the charge density (C/m3).

In an isotropic medium, the magnetic flux density and electric displacement flux density can be
extended as:

B =pHand D = ¢E (4.3.5)

Here, p describes the magnetic permeability of material and ¢ is the dielectric constant of the
material.

4.3.1 Poisson’s Equation

For the devices operating at low frequency or DC biases, the variation of the equation relative to

time is almost negligible (% ~ 0) Hence, the equation (4.3.1) can be modified as:

VXE=0 (4.3.6)

Under an assumption that there is no application of external magnetic fields, the solution of the
electric field is expressed as:
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E=-V¢ (4.3.7)
Using relations in equations (4.3.5) and (4.3.7), equation (4.3.3) becomes:

V.(eV) = —p (4.3.8)

Equation (4.3.8) is the Poisson’s equation where ¢ is the electrostatic potential and p is the charge
density.

The overall charge density is described as:
p =q(pr —nr + Np — Ny) (4.3.9)

Substituting equation (4.3.9) in (4.3.8), the Poisson’s equation becomes:

V.(eVep) + q(pr —my+ Np —Ny) =0 (4.3.10)

where ¢ is the dielectric constant, g is the magnitude of a unit charge, N, and N4 represents the
ionized donor and acceptor concentrations, respectively. pr and ny denote the sum of unconfined
(p,m) and confined hole and electron densities (pow, Now) present in the quantum well structure.
The relationships are given as:

4.3.2 Continuity Equations

From Maxwell’s Ampere law

VXH= +6D
=J ot

where H is the magnetic field (4/m), J is the conduction current density (4/m?) which is equal
to the sum of hole and electron current densities:

=]+ (4.3.13)

9(V.D)
ot

V.(VXH)=V.] + (4.3.14)

The term V. (V X H) = 0 as there is no application of an external magnetic field. Hence, the above
expression after using the expression in (4.3.2) becomes:
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o L 4315
T+ = (4.3.15)

The equation (4.3.15) gives the relationship between the charge density and conduction current
density.

Under the assumption that the donor and acceptor concentrations are constant i.e. they do not vary
with time, the terms N, and N, in equation (4.3.9) becomes 0, using equations (4.3.9), (4.3.13) in
equation (4.3.15):

d
V-Uptl)+tag(p—m) =0 (4.3.16)

The above equation can be split into two equations for electrons and holes:

)

Voo —a5:n =Ry — Gy) = 0 (4.3.17)
3]

Vip+q5p+ q(R, —G,) =0 (4.3.18)

Here R, and R,, denotes the recombination rates and G,, and G,, describes the generation rates for
electrons and holes respectively.

Therefore, the current continuity equations for the electrons becomes:

on
V. —qRy, —Gy) = qa
on
= v ]n an + an q E
aon 1
> T G,— R, + EV.]n (4.3.19)
Similarly, the continuity equation for holes becomes:
dp 1
E = Gp —Rp —EV.]I, (4320)
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4.3.3 Drift - Diffusion Equation

The total current density in the semiconductor device consists of two components: drift current
and diffusion current. Diffusion current arises from the movement of charge carriers due to non-
uniform distribution of carriers within the semiconductor material. The movement of carriers is
due to concentration gradient i.e. carriers move from regions of higher concentration to regions of
lower concentration, a process which occurs without the application of any external field.

In contrast, drift current is generated by the movement of carriers under the influence of an external
electric field. This type of current depends on both the mobility of charge carriers and the strength
of applied electric field.

The current density for both types of carriers can be written as:
Jn = qunnE +qD,Vn (4.3.21)

Jp = quppE — qD,Vp (4.3.22)

where, p,, and p,, are the mobilities of electrons and holes.

n and p are the electron and hole densities.

E is the applied electric field.

D,, and D,, are the electron and hole diffusion coefficients.

Vn and Vp and the concentration gradient of electrons and holes.

The relationship between diffusion coefficients D and charge carrier mobilities u is expressed by
the Einstein relation as:

D, kT
Hn 4
and,
D, kT
—=— (4.3.23)
Hp 4
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4.4 Radiative Generation and Recombination Processes in Semiconductors

In semiconductor physics, the process of creation of free charge carriers, electrons or holes is
known as generation. When an electron gets excited under the influence of thermal energy, external
electric field or optical excitation and moves from the valence band (VB) to conduction band (CB),
the free carriers are created in the process. The rate at which the generation of electrons and holes
mechanism takes place in a semiconductor material is denoted by G,, and G, respectively. When
the excited electron jumps from valence band to conduction band, both the free electrons and holes
are created in the mechanism. In other words, the rate of generation of electrons and holes are
equal hence, the relation can be written as:

G =Gy = e, (4.4.1)
Here, e, is the emission rate.

When an electron in the conduction band drops down to the valence band and recombines with a
hole, it causes the release of either photons or heat with energy equivalent to the bandgap energy
is known as recombination mechanism. Recombination is basically of two types: radiative and
non-radiative. In radiative recombination, the movement of electron from CB to VB causes the
release of a photon whose energy is same as that of the bandgap energy. However, in non-radiative
recombination, the release of electron from CB to VB is accompanied by the release of heat. There
are several factors contributing to non-radiative mechanisms which will be discussed in detail in
the next section.

The rate at which the recombination occurs is proportional to the carrier concentrations of electrons
(n) and holes (p) present in the conduction and valence bands respectively.

R «<np (4.4.2)

Since, the recombination process involves the equal contribution of both the electrons and holes,
hence the recombination rate for both types of carriers is given by the relation:

R, =R, =Bnp (4.4.3)

The net recombination rate of the carriers is the difference between the recombination rate and the
generation rate of the carriers, which is given by the relation:

R=R,—G,=R,—Gp=Bnp— e, (4.4.4)

At thermal equilibrium i.e. at room temperature under the influence of no applied external field,
the generation rate of carriers is equal to the recombination rate of carriers. Thus, the above
equation becomes:

Bngpo = e, (4.4.5)
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Here, ny and p, are the electron and hole concentrations generated at thermal equilibrium.
According to the mass action law, the relationship between carrier concentrations in an intrinsic
semiconductor at thermal equilibrium is given as:

NoPo = N7 (4.4.6)

where n; is the intrinsic concentration of carriers per unit volume in a semiconductor at room
temperature.

Using equation (4.4.5), equation (4.4.4) can be rewritten as:
R = Bnp — Bnyp, (4.4.7)

Under the application of an external electric field, the increment in the electron and hole
concentrations in the material is denoted by An and Ap respectively. The net electron and hole
concentrations in the medium becomes:

n=ng+ An (4.4.8a)
p=po+Ap (4.4.8b)
Substituting equation (4.4.8) in equation (4.4.7), we get:
R = B[(no + An)(po + Ap) — nopo]
= R = B[(ngpy + nolAp + poAn + AnAp) — nypy]
Simplifying the above expression, we obtain:
R = B(nyAp + poAn + AnAp)

Considering the case with low-level injection condition i.e. An, Ap < (ny + py) and with an
assumption that the injected number of electrons and holes are equal (An = Ap), the above
expression becomes:

R = B(nyAn + pyAn + An?)
= R = B(ny + py + An)An (4.4.9)

The radiative carrier lifetime is given as:

1
T = 4.4.10
B(ng + py + An) ( )
The net recombination rate is written as:
An
R = — (4.4.11)



For the case of high-level injection current, i.e. application of high values of external electric field,

An = Ap > (ng + py), the radiative recombination also known as spontaneous emission rate is
given by the expression[53]:

Rspon = B(An)? ~ Bn? (4.4.12)

with an assumption of neglecting the carriers generated at thermal equilibrium as they are very
small compared to the injected carriers by the external force.

4.5 Non-Radiative Generation and Recombination Processes in
Semiconductors

In semiconductors, the non-radiative recombination processes are the mechanisms where the
electrons recombine with holes with no release of photons. Instead, the energy is released in the
form of lattice vibrations, called as phonons. The energy can also be transferred to a third particle
such as in Auger processes. These processes occur mainly due to defects in the crystal structures,
impurities and other reasons. The non-radiative recombination mechanisms affect the overall
efficiency and performance of the device. These processes also boost the degradation of devices.
There are various types of non-radiative recombination processes, some of which are discussed in
detail as follows:

4.5.1 Shockley-Read-Hall (SRH) Recombination

This process also called trap-assisted recombination, is the process in which recombination
occurs through the defect energy levels present in the bandgap or forbidden region. These are
called “trap” energy states which could either be introduced by defects or dopants. Instead of
jumping directly to the valence band, the electron in the conduction band is captured by the
trap energy level present in the bandgap region. There are two major processes: capture and
escape, which occur with the carriers located in the trap energy state. Capture involves the
trapping of electrons from CB or holes from VB at the trap energy level, Conversely, escape,
or emission refers to the release of carriers from the trap state to the energy levels present in
the CB (in the case of electrons) or VB (in case of holes).

The capture and escape processes in the carriers can be caused by absorption or emission of
phonons. These processes for electrons and holes are explained as follows:

1) Electron Capture: The equation (4.4.3) can be modified to describe the capture process
of electrons as:

81



Ry sgru = BynN:(1 - f;) (4.5.1)

Here,

B,,: the electron trapping coefficient,

n: electron concentration

N;: trap states density

ft : the probability of occupation of trap states by electrons

1 — f;: probability of absence of electrons in the trap energy states.

2) Electron Escape/Emission: The movement of electrons from the trap state to higher
energy levels or the energy states present in the CB, equation (4.4.1) can be modified as:

Gn_srr = enNeft (4.5.2)
e,,: emission coefficient for electrons

3) Hole Capture: Similarly, the capture process for holes can be described as:
Ry_sru = BppNif: (4.5.3)
where,
p: hole concentration
B, trapping coefficient for holes

4) Hole Escape/ Emission: The hole emission process from the trap energy states can be
expressed as:

Gp_sri = epNe(1 = f) (4.5.4)

where, e, is the emission coefficient for holes

In thermal equilibrium conditions, the generation and recombination rates of electrons and holes

are equal i.e. R, gy — G =0andR G = ( respectively.

NSRH PSRH ~ “DSRH

By using the relations from (4.5.1) to (4.5.4),
B,nN.(1 — f;) — enNefy = 0
- BnnNt - BnnNtft - enNtft = 0

B,n

=— 4.5.
B,n+e, (4.5.5)

= fe

Similarly, simplifying the expressions for holes, we get:

BppNtft - epNt(l -f)=0
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= BppNtft_epNt'l'enNtft = 0

e

p
= =—7P 45.6
fe B,p + e, ( )

Equating equations (36) and (37), the final expression becomes:

B,n ey
f—t =
B.n+e, Byp+te,
= B,B,np —epe, =0 (4.5.7)

In a steady-state condition, the net recombination rate of electrons is equal to that of holes. The
expression becomes:

Rsrn = Ry _sru = Gngpy = Rpspy = Gpsru (4.5.8)
B,nN:(1 = fi) — enNefy — BppNtft + epNt(l —f)=0
BynN; — BynN.f; — e, N fy — BpPNtft +e,N; — epNtft =0
Byn+e, — ft(Bnn +e, + Byp + ep) =0 (4.5.9)

Since the right-hand side of the equations (4.5.7) and (4.5.9) are equal to 0, they can be equated to
each other. Hence, the final expression for recombination rate due to SRH becomes:

B,B,np — eyey
Byn+e, +Byp+e,

Repy = t

Dividing numerator and denominator with By, B, yields the expression:

_ Spén
. "P " B,B, N
SRH = B.n L en B,p . e, t
B.B, " BB, ' B,B, " BB,
Substituting,
ny =3, 12 =3, and 7, BnNt'Tp BoN:

The simplified expression becomes:

np —nn,
T,(n+ny) +7,(p +P1)

Rspy = (4.5.10)
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4.5.2 Auger Recombination

In Auger processes, the energy released from the recombination of electron with hole is transferred
to a third carrier present in the same or nearer energy level. The excited electron or hole then moves
to a higher energy level within the same band. The carrier then loses its excess energy by phonons,
a process known as thermalization. In this process, an electron-hole pair is destroyed with no
photon release. This process is more pronounced in semiconductor materials with high
concentration of carrier densities.

The recombination rate in electrons is given as:

Ry aug = Cn®p (4.5.11)

where C, is the Auger coefficient, np denotes the concentration of electron-hole pairs and n
denotes the third carrier, in this case, an electron.

Similarly, the recombination rate for holes is given as:

Ry aug = Cnp? (4.5.12)

At high injection currents, under the condition when n > n? and p > n?, the combined expression
for Auger recombination rate is written as:

RAug = Cnp(n+p)

Assuming the total concentration of electrons after injection is equal to the concentration of holes,
the final expression becomes:

Rpyg = Cn3 (4.5.13)

The total recombination rates arising from both the radiative and non-radiative mechanisms
become:

R = Repy + RSpon + RAug

The above expression can be expanded in terms of carrier concentrations and carrier lifetimes as:

R =An+Bn? +(Cn3 = (4.5.14)

t(n)

Here, t(n) is the carrier lifetime, the inverse of which is the sum of the inverse of radiative and
non-radiative carrier lifetimes.
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1
- = 2
pron A+Bn+Cn (4.5.15)

where A, B, and C are the SRH, spontaneous emission and Auger coefficients with units 1/s,
cm3 /s and cm® /s respectively.

The total carrier lifetime in terms of radiative and non-radiative lifetimes can be written as:

1 1 1

T LM I (45.16)
where,
Trzn) = Bn (4.5.17)
and
oy = A+ (4.5.18)

The continuity equation for electrons in the case of quantum well structures is described as:

V.J, — q(RSRH + RSpon 4 pAuger 4 Rrrzet.cap) =0 (4.5.19)
and for holes, the equation becomes:

V.J, + q(RSRH + RSPon 4 RAuger 4 RTCLCAP) = (4.5.20)

Here, q is the charge of an electron, [, and ], represent the current densities of electrons and holes,

respectively. R represents the recombination rate per unit volume and the superscripts denote the
different recombination mechanisms: RS®H for the Shockley-Read-Hall recombination, RSP°™
means spontaneous recombination, R4*9¢" is the Auger recombination, Ry,*"““” and R}*““*? for

the net capture rate of electrons and holes per unit volume in the quantum wells[54].

The capture/escape equations for electrons and holes in quantum-well structure is given as:

. 1
V. —q (Ré’éﬂ + Rop™ + Ry 9" + RStm — —— | greteap dw) =0  (4521)
QW Jow

V-];?W +q <Rbgﬁ/H + Réz‘x)n + Rgll/tvger 4 RStim _ _LWRZet,cap dw) =0 (4'5'22)

dQW
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where d gy is the width of quantum well layer. The subscript QW denotes the recombination rates
per unit volume in the quantum well regions.

4.6 Gain Model of Harold

In semiconductor physics, the electronic band structure of a material is essential in explaining
various physical properties, such as electronic, optical, thermal, and material characteristics. The
band structure depends on internal factors, like carrier concentrations, crystal structure, defects,
and external factors such as the mechanical strain, temperature, doping, electric field, and injection
currents. Changes introduced in these factors alter the electronic properties of the material, which
in turn, affects its optical properties and modifies the density of states and corresponding wave
functionality of states[55]. This information of density of states is crucial in determining the
characteristics and performance of the device. Therefore, gain models provide valuable insights
into how different compositions and structures influence overall gain of the device, allowing
predictions of key parameters like threshold current, emission wavelength, output power and other
performance characteristics of the device. This understanding enhances the potential for
optimizing device designs and, operating parameters, such as temperature and current density.

In Harold, two gain models are available to describe the material gain spectrum as a function of
carrier concentration for Quantum well devices:

4.6.1 Parabolic gain model

In this model, the gain due to carrier transitions from conduction band to valence band is
given by the expression:

1
9y=0(Ephot) = CgM§ E. . tZ|Cij|2A€;I(Ephot)pij[fj(Ephot) — fi(Epnot)]  (4.6.1)
p 0 j'i

The expression in equation (4.6.1) does not account for dispersion. The subscripts i and j
represents the density of states in valence and conduction band respectively.
fi and f; represents the Fermi occupation factors in energy bands.

pij denotes the reduced density of states in the active region.
A’Z})l is the anisotropy factor for dipole moment.

M, is the momentum matrix element.
Ephot 1s the emitted photon energy.
C;j is the overlap integral of the energy states i and j. C, stands for-
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wq2h
Cy =

Y,
9 pcegmy

To consider the gain broadening due to intra-band scattering, the overall gain is described
by the convolution of the optical gain (in equation (4.6.1)) with line shape function denoted
by the notation L[54].

9(Eprot) = y=0Epnot) @ L(Epnot)
9(Epnot) = f Gy=0(E)L(Epnor — E)dE

A Lorentzian function with constant width is used as the line shape function which is given
as:

A . .
where y = — Tin stands for the intra-band relaxation time.
m

An important aspect of parabolic gain model in Harold is its consideration of anisotropic
effective hole masses for confined carriers in QWell and confinement layers. Anisotropic
effective mass means that the effective mass of carriers varies in different directions in the
crystal material, providing valuable insights about the carrier dynamics in semiconductor
materials with complex band structures. The parabolic gain model takes into account two
directions when modelling effective hole masses:

a) Parallel effective hole mass, which applies to both light and heavy holes parallel to the
heterojunction interface, this is used in computing the 2D density of states for confined
carriers.

b) Perpendicular effective hole mass, represents light holes and heavy holes perpendicular
to the heterojunction interface, essential for solving Schrodinger equation to locate
confined holes in QWell structures.

This can be better understood by the following set of equations:
The effective hole mass for light and heavy holes in case of bulk materials is given as:

3/2 _ __3/2 3/2
p =My +my,

m
In case of QWell materials, the effective hole masses are described as:
! —
Myp || = My Win,j) + My (1 — wig )
! —_—
Mpp)| = Mpn|\Wan,|| T Man) (1= Wha))
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where wyp, ||, Wy, are the weighting factors for light holes and heavy holes and depend

upon the type of materials.

4.6.2 k.p Model

The k.p model is an envelope approximation function which computes the optical gain of
the QWell structures by solving the Schrodinger and Poisson equations. These equations
are essential in predicting the charge carrier dynamics in confined dimensions such as in
the case of QWells. The k.p model effectively describes the complex electronic band
structure of various materials and analyzes band-to-band transitions, taking into account
the coupling effects between the VB and CB. Coupling between energy bands is
particularly crucial in narrow bandgap materials, and the structures where carriers are
spatially confined, as confinement of carriers can alter the energy levels and significantly
affect carrier dynamics. Accurate modelling of carrier dynamics is crucial to obtain precise
band structures.

Similar to the parabolic gain model, the k.p model accounts for the anisotropic distribution
of effective masses of electrons and holes across the crystal. However, unlike parabolic
model, the k.p method considers the non-parabolic nature of the energy bands at higher
energy levels.

In Harold, the k.p model has certain limitations and considers a few assumptions. For
instance, it neglects the coupling effects between energy bands and assumes a zinc-blende
crystal structure for simplicity[54]. The conduction band, being simpler to model, is
computed with the parabolic gain model in Harold, while the valence band and other strain-
dependent sub-bands such as light-holes (LH), heavy-holes (HH) and split-off (SO)- are
modelled using the k.p approach.

The broadened gain for k.p method is described as:

g(Ephot) = CgMg - ! Z f k"dk”IZ.Ol(k")L (Ephot - E(kll)) [f] (Ej(ku))
Jii

Ephot T[dact

— fi (Ei(kll))] (4.6.2)
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Here, IZ-OI is the overlap integral which depends on polarisation of the transition states i
and j.

d 4+ 18 the width of active region which is the sum of thicknesses of different QWell layers.
k) refers to the in-plane wavenumber.

E stands for photon energy.

Ephot 1s the energy of emitted photon.

4.7 Thermal model

The thermal model in Harold uses the heat flow equation across different layers of the device,
represented as:

V., =w (4.7.1)

where, J,, is the heat-induced current density, which depends on the thermal conductivity k and
device temperature T. This relationship is described as:

]h = —xVT

The term w represents sources of heat generation, which includes Joule heating, non-radiative
recombination processes, photon absorption by free carriers, Thomson heating, and other heating
mechanisms arising from scattering and absorption of photons across the device facets. w can be
written as:

W = Wioute + Wnyr + Wreq + Wexc (4.7.2)

The heat generation by Joule heating mechanism varies with layer types and materials. The term
Wjoute 18 the sum of Joule heating in substrate, metal, bulk, confinement, quantum well as well as

contact regions of the device. The details of the expressions for each layer can be found in [54].

The generation of heat due to non-radiative recombination processes is described as:

Wnr = (Rsgy + Raug)[(Ern — Erp) + T(Py + B,)] (4.7.3)

where, Rggy and Ry, 4 are the non-radiative recombination mechanisms due to SRH and Auger

processes.
Epy, and Ep, denotes the fermi-levels in n-type and p-type materials.

T is the temperature.
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P, and P, represents the thermoelectric power values for electrons and holes respectively.

The loss of energy due to absorption of photon by free carriers in bulk, quantum well and
confinement layers of the device is described as:

Wrea = Area (V) fr (V) Svgho (4.7.4)
where, ., () is the absorption coefficient.
fr(¥) is the transverse distribution of photons in each eigenmode.
S is the photon density inside cavity.
v, 1s the group velocity.

hw is the photon energy.

4.8 Harold-PICWave Link

Once the device structure is defined in Harold, model files such as epitaxial data (.swg), gain
(.gain), material data (.mat), and spontaneous emission spectrum (.spon) are generated and then
exported to PICWave. This enables the modelling of various physical processes, complex
geometrical structures, and time-domain analysis of the device. The model files specifying the
device characteristics are generated in Harold by running a 1D isothermal simulation with
PICWave model as the execution mode. this generates material gain data as a function of carrier
densities and temperatures for different sets of bias currents.

After completing simulations in Harold, the material data is fitted to be compatible with PICWave,
allowing it to interpret the data correctly. This step is necessary because PICWave has certain
assumptions and limitations; for example, it cannot distinguish between electrons and holes
beyond general n-type and p-type doping. Additionally, it interprets different QWell layers in
multi-QWell structures as identical in terms of doping. Another distinction is that PICWave
employs a different default mode solver configuration as compared to Harold. Once this fitting is
complete, the structure can be imported into PICWave. In PICWave, the epitaxial structure is
pasted into the gain section, and other parameters such as central wavelength for simulation i.e.
lambdaCentre, device discretization along the cavity axis i.e. zStep are specified according to the
recommended values from Harold. Not adhering to Harold’s recommendations may cause
simulation failures and generate errors.
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Figure 29: Gain section with two facets in PICWave

PICWave uses a Wide band gain fitter tool to fit the imported gain data from Harold. As a result,
it produces a gain model as a function of wavelength for a wide range of carrier densities and
temperatures. Additionally, it also contains the capabilities of modelling wide free-spectral ranges
and spatial hole burning.

The gain spectrum can be also be defined with parabolic gain model in PICWave depending on
the gain export method specified in Harold. The parabolic gain model uses the following
expression to produce gain results:

gWN,A,T) = go(N, T) = GoNogz (N, T). (4 = Apie (N, T))2 (4.8.1)

where g,, Gy and N, are the differential gain, carrier density at transparency values which are the
functions of material. These parameters are defined in the material directory.

Parabolic gain model generates material gain closer to the gain peak. The gain spectrum for this
model is characterized by three parameters:

1) The peak gain (gg)
2) Gain peak wavelength (4,)
3) Curvature of the spectrum at the gain peak (defined by g, parameter)

4.9 GaAs-Based Multi-Quantum Well Laser Structure Simulations with
Harold and PICWave

The GaAs substrate-based multi-QWell laser structure presented in this section was implemented
in Harold. The model was then exported to PICWave, which converts the frequency-domain gain
spectrum into discrete time-domain results. PICWave applies the travelling wave with a slowly
varying envelope approximation model to generate time-domain results of the laser structure. Due
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to the conversion of frequency domain gain spectrum into its time-domain equivalence, the gain
spectrum results produced by PICWave are periodic and continuous, as demonstrated in the
attached results in Figure 30. PICWave employs a wide-band active fitter model to compute the
imported gain data from Harold, which is then subsequently compared with the gain spectrum
imported from another simulation tool, Crosslight.

Crosslight is a simulation tool which can model complex structures such as QDots and QDashes
in the active medium. However, for a fair comparison (“an apple-to-apple comparison”), the laser
structure implemented in Harold and Crosslight was based on QWell designs. One of the key
features in Crosslight is a QDot and QDash gain model, based on the k.p method. The software
uses more detailed physics to describe the characteristics of the device. However, the software has
some challenges such as it is tough to use, is riddled with bugs, is expensive, and is no longer
accessible through CMC Microsystems.

In contrast, Harold, along with its built-in HaroldXY tool, and PICWave can simulate a broader
range of lasers, including mode-locked lasers. These tools support bulk and QWell lasers and are
expected to support QDot gain models using the k.p method in the future. Moreover, Harold and
PICWave are far more user-friendly, well-supported, and affordable than Crosslight. A more
detailed comparison about both tools is discussed in the ‘Material gain section’ mentioned below.

The epitaxial structure of the multi-quantum well structure simulated in Harold is presented in the
Table 4:

Layers Material Thickness x-Mole Doping type | Concentrations
(um) fraction (em™3)
Metal contact Gold 2
Capping GaAs 0.15 p le + 20
p- cladding InGa(x)P 0.9 0.51 p 3e +18
p- barrier InGa(x)P 0.1 0.51 p le + 18
p-confinement GaAs 0.65 p le + 17
QWell-1 In(x)GaAs 0.008 0.4
Confinement-1 GaAs 0.01
QWell-2 In(x)GaAs 0.008 0.4
Confinement-2 GaAs 0.01
QWell-3 In(x)GaAs 0.008 0.4
n-Confinement GaAs 0.65 n le +17

92




n- Barrier InGa(x)P 0.1 0.51 n le + 18

n- cladding InGa(x)P 0.9 0.51 n 3e+18

Substrate GaAs 0.5 n 4e + 18
Metal contact Gold 2

Table 4: Epitaxial structure description

The .gain data from Harold looks like the ones attached in Figure 32. The gain file contains the
gain information in the format:

mAi Amin Amax nT minT maxT poln
nN(Ty)
Ny (T1) N>(T1) N (T1)
gain (N3, Ty, 44) gain (Np, Ty, 44) gain (Ny, Ty, 44)
gain (N;, Ty, A3) gain (N,, Ty, ;) gain (N, Ty, 1,)
gain (le, T, Am) gain (N,, Ty, 1) gain (N,,, Ty, )

The parameters A,,;, and 4,4, defines the minimum and maximum wavelength values for which
the gain spectra are generated, nT signifies the number of temperatures and minTand maxT
specifies the temperature range. The parameter poln signifies the polarization. If poln = 1, the
spectra are provided for TE polarization and if poln = 2, the spectra are provided for TM.

Each element in the matrix contains the gain spectra corresponding to the carrier densities specified
in the first row of the matrix for a given temperature T. The parameter mA decides the number of
rows of the matrix, which specifies the gain obtained with each wavelength increment.

The number of columns in the matrix is decided by the current increment specified in Harold’s
settings. Each column corresponds to the gain values for a different carrier density, whereas each
row represents the gain value for a different wavelength. When nT > 1 i.e., when multiple
temperatures are specified, another set of gain values is generated in the same structure for each
temperature value. Thus, the matrix data represents the gain spectra as a function of carrier
densities, wavelengths, and temperatures.
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Figure 30: The 3-Quantum well gain spectra from: a) Harold in PICWave, and b) Crosslight in PICWave, for | = 500 mA

andT = 25°C.
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Figure 32: Gain spectra information generated by Harold.

The material gain spectra depicted in Figure 30, demonstrate the variation in gain peaks for
different injection currents. This variation in gain is influenced by various material properties, such
as the carrier density, energy band structure, and the composition of the device.

In Figure 30, the material exhibits maximum gain within 1100 — 1200 um wavelength range,
whereas the results from the Crosslight simulation tool depict the maximum material gain within
the 1100 — 1150 um range. The reason for this discrepancy between the two simulation tools is
primarily due to the different computational models used by the tools and some approximations
considered in Harold. These will be discussed in detail in the following section.

4.10 Results and Discussions

In this chapter, two simulation platforms, Harold and PICWave, are discussed in detail,
highlighting their capabilities, limitations and functionalities. The chapter explores the simulation
process within the tools and discusses some crucial equations and models including the gain, and
thermal models. By using the export and import functionalities of Harold and PICWave, gain data
for the same laser structure from Harold and other simulation platform, Crosslight, were integrated
in PICWave for comparison. The resulting gain spectra results for 3-Quantum wells GaAs based
substrate are presented in Figure 30.

95



The gain spectra shown in Figure 30(a) represents the output from Harold, showing the maximum
gain peak of 6000 cm™! at the wavelength of 1210 um. However, the results displayed in Figure
30(b) is based on the gain spectra from Crosslight where the maximum gain peak is observed at a
wavelength of 1150 um with a material gain of 4000 cm™?1. This discrepancy in results occurs
due to the significant differences in the underlying physics and computational models used by each
tool, as discussed below:

1) Harold employs the Schrodinger equation to calculate confined energy states, which are
then used to compute the material gain of the device. It incorporates effects like bandgap
narrowing effects and quantum well transitions in its computation. On the other hand,
Crosslight uses k.p method to calculate the material gain, which takes into account many-
body interactions, providing a more detailed representation of the gain spectra at higher
carrier densities.

2) Harold uses some approximations to simplify higher-order many-body interactions
whereas Crosslight provides more detailed and accurate, especially in high density
scenarios gain spectra results by including strain and birefringence effects.

Although the device structure and other simulation conditions were kept constant in both Harold
and Crosslight, the significant differences in their approaches in computing gain results in these
varying spectra[54],[56].

It is also observed that for the carrier density of N = 4.03 X 10°> (cm™3) in Figure 32, population
inversion is not achieved, resulting in a negative gain peak (g < 0) at lower injection currents, as
seen in Figure 30. This depicts that there is more net absorption in the device than amplification at
specific wavelengths, preventing the laser from operating in lasing mode. However, as the
injection current increases, the carrier density increases i.e. N > 2.62 X 1018, and gain becomes
positive (g > 0). This transition signifies that there is more amplification than net absorption in
the laser cavity, enabling the device to achieve lasing[40].
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CHAPTER 5

Experimental Analysis of Quantum Dash Lasers

5.1 Introduction

While the numerical modelling and simulations discussed in the previous chapters provides a
theoretical aspect of the mode-locking mechanism, the experimental analysis provides a practical
perspective on the characteristics, properties, and performance of the laser device. This
experimental approach is crucial for evaluating its quality and operational efficiency in real-world.
By conducting a set of experiments and measurements, the behaviour of laser under various
conditions is analyzed. The data obtained from these experiments and measurements provides
valuable insights into the device’s performance and parameters.

In this chapter, we discuss the experimental investigation of Quantum Dash laser structures,
focussing on the impact of injection current (or bias current) and temperature on their performance.
These experiments were conducted at the National Research Council of Canada (NRC) campus in
Ottawa. The work was carried out collaboratively by myself and Narmada Rajaram, with Dr.
Chun-ying Song, Dr. Jiaren Liu and Dr. Zhenguo Lu as our supervisors. The results were analyzed
and thoroughly reviewed by the experts from NRC and the University of Ottawa.

The chapter is structured as follows: the first section presents the Light-Current characteristics,
detailing the relationship between injection current and emitted power. The second section
explores spectral measurements to understand the wavelength-dependent behaviour of the device.
In the third section, we describe the RF testing to assess the mode-locking performance of lasers
for different injection currents and temperatures. Although RF tests could not be completed for all
the planned temperatures due to time constraints. However, an intriguing phenomenon was
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observed during the measurements which will be discussed in detail in section 5.5. Finally, the last
section covers dispersion measurements conducted on a different sample.

5.2 Objective and Workflow

The primary goal of the project was to investigate the influence of temperature and injection
current on the mode-locking performance in Quantum Dash laser devices. A systematic workflow
was followed to achieve this objective:

1) Light-Current (L-I) characteristics were recorded at different temperatures.

2) Optical comb spectra were recorded to understand the wavelength-dependent behaviour of
the laser device.

3) RF measurements were conducted at various injection currents, keeping the temperature
fixed at 25°C.

4) Dispersion measurements were performed on another QDash bar sample.

5.3 Light-Current (L-I) characteristics
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Figure 33: a) L-1 curves recorded for different temperatures. Image b) highlights the threshold currents for various
temperatures.
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The Light-Intensity curves discussed in this section are based on the ridge waveguide structured
5-layer Quantum Dash laser sample with cavity length 1500 um and strip width of 2.3 um. The
emission wavelength for the chip-on carrier packaged laser sample under test is 1550 nm. The
laser sample discussed in this thesis is designed to cater to its application in data communication
systems. Figure 34 represents the overall measurement setup while recording the L-I curves.

' Collimating !

Photodiode

Laser | lens !
Laser Diode L ; I Optical
Controller i 100% Power meter
Sample | i Power
holder L~ :

Figure 34: Measurement setup for L-I curves
Working Principle of TEC Controller instrument:

The acronym TEC stands for Thermo-Electric Cooler which operates based on the Peltier effect.
This phenomenon creates a temperature difference by applying voltage across the two electrodes
connected to the semiconductor sample. The resulting temperature gradient created in the material
causes charge carriers to diffuse from the high-temperature region to the low-temperature region.
This effect is utilized in various applications including electricity generation, temperature
measurement, and maintaining or altering the temperature of objects.

In optical systems, TEC controller offers several advantages:

1) Lasers are highly sensitive devices to temperature which can significantly affect their
performance. Parameters such as threshold current, wavelength stability, slope efficiency
and output power can vary with slight temperature difference. Therefore, maintaining the
operational conditions of laser such as temperature and input current to a precisely accurate
value are necessary to ensure its optimal performance. Thus, TEC controller offers precise
control over the parameters.

2) Lasers usually operate over specific wavelengths in various applications. With the
temperature stability offered by TEC, the lasing wavelength of laser is maintained to a
desirable value.

The temperature-sensing device in TEC is a thermistor. The thermistor senses the real-time

temperature of the module, and the difference between the set temperature and actual temperature

produces the temperature error. This error adjusts the temperatures by converting the temperature

error to voltage. The thermistor is positioned close to the laser module to ensure the temperature
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readings gives accurate readings of the laser’s actual temperature. The detailed working principle
of the instrument can be found in reference [57].

5.3.1 Measurement Setup

Figure 35: Image illustrating the laser sample placed on the sample holder and collimating lens

The laser module consists of the laser sample mounted on a gold sample holder. Two probes from
above make contact with the device. The device is manually placed on the sample mount following
which the manual positioning of probes on top of the sample. The injection current and the
temperature for the measurements are set using the ILX Lightwave LDC 3744C Laser Diode
Controller. This controller combines a precise laser diode current source with a TEC temperature
controller. The injection current is adjusted via the current source, while the TEC temperature
controller manages the temperature to ensure stable thermal conditions[58].

Once the operating conditions for the laser device are specified, the system is left undisturbed for
a few minutes to stabilize. The light output is then collected by the collimating lens mounted on a
NanoMax 300 flexure stage. Since the laser device under test is an edge-emitting light source, the
emitted light diverges from the facet surface. The collimating lens collects this diverged light and
converts it into a parallel beam. The curvature and material of the lens ensure that the light emerges
in a consistent direction. The lens must be precisely aligned with the laser source to achieve
optimal performance. The flexure stage is a three-axis stage that allows the lens position to be fine-
tuned in all x,y, and z axes. This ensures precise alignment, maximizing the light captured from
the source. The flexure stage’s movement is controlled by piezoelectric actuators, which allow the

travel of up to 20 um and can be operated manually or through a LabVIEW-coded program[59].
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These actuators stabilize the stage in a fixed piezo-position, maintaining alignment throughout the
measurement process.

After collimation, the light is transferred to an InGaAs photodiode equipped with an S120 FC/PC
fiber adapter cap. The photodiode, operating on the principle of the photoelectric effect, converts
the incoming photons into electrical energy. This energy is then fed into the Thorlabs Optical
Power and Energy meter which measures and displays the output power[60]. The bias current
supplied to the laser sample under test is adjusted manually, and the power is recorded for each
bias current setting. This method helps to minimize heating effects, ensuring accurate
measurements.

Using the above arrangement, the L-I curves were recorded for four temperatures (20 — 35°C).
According to the results, the threshold current increases with an increase in temperature and the
threshold current obtained at each temperature is displayed in Figure 33b.

5.3.2 Slope of L-I Curves

The information on the slope of L-I curves for the laser device is crucial in determining the external
differential quantum efficiency of the device[61]. It is measured above the threshold current value
I, and is denoted as AP /Al

Slope for T = 20°C, ~~ =22 — 0.0924 W /A

AP _ (19.06-14.44)mW _ 4.6
— =

I (250—-200)mA 50
AP 18.46—13.97 w 4.49

Slope for T = 25°¢, 22 = ¢ W 249 0.0898 W /A
Al (250—200)mA 50

A .73-13. .
Slope for T = 30°C,—P _ (17.73-13.3)ymW _ 443 _ 0.0886 W /A
Al (250-200)mA 50

Slope for T = 35°C, ~— = 2 =0.0824 W /A
1 (250-200)mA 50

AP (16.72-12.6)mW _ 4.1
A =

5.3.3 External Differential Quantum Efficiency

It indicates the efficiency of converting the input electrical charges i.e. electron-hole pairs to the
output light produced i.e. photons emitted from the laser device. This parameter is a function of
geometrical parameters like the device's cavity length and strip width[61]. It is denoted as 7.

The external differential quantum efficiency, n, is expressed as:
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AP .
Here, A—I: is the slope of L-I curves.

h is the Planck’s constant given as 6.6262 X 1073* ], sec.
q is the electric charge, 1.6022 x 1071 C.
c is the speed of light, 2.99 x 108 m/s.

A is the emitted wavelength from the device, 1550 nm.

W) x 1.6022 x 10~19 x 1550 x 10~°(C.m)

0.0924 (Z

nq (T = 20°C) = —
6.6262 X 10-34 x 2.99 x 108 ( Sec.?)

N4 (T =20°C) = 0.1158 = 11.58 %
Similarly for other temperatures, 71, is obtained as:

nq (T = 25°C) = 0.1126 = 11.26 %

N4 (T =30°C) =0.1111 = 11.11 %

14 (T = 35°C) = 0.1033 = 10.33 %

(5.3.1)

Conclusion: The efficiency of converting injected charge carriers to output photons decreases with

an increase in temperature when compared to the same injection currents.

5.4 Optical Spectral Measurements
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Figure 36: Block diagram representing measurement setup for RF test.
Red indicates the electrical signals, and blue indicates the optical signals.
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Figure 36 describes the setup used to obtain the optical spectra for the device consists of an isolator
following the collimating lens, to avoid any parasitic reflection to the device. However, some
power loss is experienced by the light within the isolator. The isolation provided by the isolator is
around —52dB. Following the isolator is a fiber coupler which couples 90% of light into the
ANDO AQ6317B optical spectrum analyzer (OSA) via an optical fiber. The remaining 10% of
light is fed into the power meter via a photodetector. The OSA provides power spectral density
(dBm) as a function of wavelength (nm).

D oy \ e |
= - \.w.m.w»wmww
& I o

Figure 37: Optical Spectra for various injection currents recorded at a) 22°C and b) 30°C

The optical spectra of the laser device were recorded for two temperatures (22 and 30°C) for
different injection currents. The results and observations recorded for the results are discussed in
Table 5.

Two parameters are included in this set of measurements. First, the objective was to observe the
change in the spectra with temperature change. Second, the aim was to observe the change in the
spectrum by keeping the temperature fixed to one value and varying the injection currents. The
changes introduced in the parameters are presented in the Table 5 following the conclusions
observed.
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From the results, with an increase in injection current, the optical spectrum shifts towards the

longer wavelength. The temporal width i.e. —3dB width of the envelope of spectral lines and peak
power are discussed for each of the spectrum recorded at different injection currents.

a.
Injection Peak Power Peak Power Centre Temporal Width
Current (mA) (dBm) wavelength Wavelength at —3dB
(nm) (nm) (nm)
250 —14.080 1550.498 1544 9.080
350 —7.727 1550.977 1547 10.2
450 —7.103 1554.057 1550 12.080
b.
Injection Peak Power Peak Power Centre Temporal Width
Current (mA) (dBm) wavelength Wavelength at —3dB
(nm) (nm) (nm)
150 —-11.114 1548.726 1547 7.040
250 —8.967 1552.317 1549 9.120
350 —8.357 1553.036 1551 10.080
450 —7.683 1557.780 1553 11.280

Table 5: a) Depicts the Parameter values for different injection currents at 22°C and b) 30°C.

The results indicate that the peak power and temporal width of the device increase as the injection

current increments. A more detailed discussion, exploring the potential explanations for this
behaviour is presented in the Results and Discussions section (5.7) at the end of the chapter.
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Figure 38: a) Optical comb spectrum atT = 22°C and I = 350 mA. b) AA denotes line spacing between two adjacent

longitudinal modes. The optical spectrum is for the Quantum Dash active layer laser device.
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where AA is the line spacing (nm) between two successive modes.

A is the central wavelength (nm) of the spectrum shown in Figure 38.

ng(4) is the group index (dimensionless) which is a function of wavelength.

[ denotes the cavity length of the device (um).

Factor 2 represents the round-trip cavity length i.e. L = 21.

Substituting the values in equation (1), we obtain the value of the group index as-

ng(1) =

(1547)? (nm)?

0.224(nm) X 2 X 1500(um)

n,(2) = 3.561
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Since the laser device under test is a mode-locked laser, the beating frequency of the individual
mode or the pulse repetition rate of the device is obtained as:

c
f=5=19392THz (5.4.2)
AA
Afpsg = T X f (5.4.3)
0.224(nm)
= AfFSR = W X 19392(THZ) = 28.08
N Afpsp = 28 GHz (5.4.4)

The beating frequency of the individual mode is approximately 28 GHz.

The cavity round-trip time 7 is given as:

T =35.7ps (5.4.5)

~ Afrsr

The temporal width or the spectral width of the optical comb spectrum depicted in Figure 38 is
10.2 nm. It is defined as the band of frequencies that the resonant cavity of the laser device
allows to oscillate within the cavity.

The expression in equation (5.4.2) can be written in terms of the frequency and wavelength of
the envelope of comb spectrum as:

AAenvelope

Afenvelope = 1 X f (5.4.6)

where Afenpeiope 18 the frequency of the envelope of the comb spectrum.
Alenvetope 18 the spectral or temporal width of the comb spectrum.

A is the central wavelength of the spectrum displayed in Figure 38b)

f is the frequency of the spectrum.

Substituting the values in equation (5.4.6),
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Afenvelope =

The pulse width becomes:

Atenvelope =

1

Af envelope

102 193.92 = 1.2786 TH
— X . = 1.
1547 z

Atenvetope = 0.7821 ps

(5.4.7)

(5.4.8)

The inverse of the frequency of the comb spectrum envelope gives the pulse width of the device.

Hence, the estimated pulse width is approximately 0.8 ps.

Device Symbols | Units Values
Parameters
Operating T °C 20 25 30 35
Temperature
Cavity Length l um 1500
Strip Width w um 2.3
Repetition Rate Afrsg GHz = 28
Cavity roundtrip T pS 35.7
time
Pulse Width Atenvelope | DS = (.8
Threshold current Itn mA 51 54 58 62
Slope of L-I curve | AP/AI | W/A | 0.0924 | 0.0898 | 0.0886 | 0.0824
External
Differential Na % 11.58 | 11.26 | 11.11 10.33
Quantum
Efficiency

Table 6: Summary of device parameters
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5.5 RF Measurements

Radio Frequency (RF) testing in semiconductor lasers is essential in determining characteristics
such as the repetition rate and stability of the line spacing between consecutive longitudinal modes.
These parameters are crucial for assessing the performance of the mode-locked laser. By
conducting RF testing for various injection currents and thermal conditions, the laser’s long-term
performance can be analyzed.

Photodiode
fmmmmm oo, Optical % | Optical
' Collimating ! fiver [P | Power meter
Laser !lens | Coupler

Isolator 10% Power
Laser Diode ' '_
Controller ‘..‘:’ _
1 ! 90% Power
I

Sample i
holder ~ L-------o-i Optical . ,| RF Spectrum
fiber Analyzer
Photodetector
Max. Power
limit =8 mW

Figure 39: Block diagram representing measurement setup for RF test

For RF testing, measurements were taken at different injection currents while keeping the
temperature constant at 25°C. The setup for measuring the RF spectrum consisted of a Keysight
PXA N9030A Signal Analyzer with a maximum bandwidth of 50 GHz. Since the RF spectrum
analyzer processes electrical signals in the frequency domain, the optical signals from the 90%
split of the coupler was directed into a high-speed New Focus InGaAs photodetector. This
photodetector has the maximum pulse power limit of 8 mW, requiring the optical power to remain
below this threshold to prevent damage.

At lower bias currents, the optical power from the coupler remained within the safe limit for
injection currents up to 200mA. However, when the injection current exceeded 220 mA, the
output power from the coupler surpassed the photodetector’s power limit. In such cases, an
attenuator was used to reduce the power level. After attenuation, the optical power was maintained
at approximately 6.5 mW. The RF spectrum recorded at 25°C is presented in Figure 40.

The test parameters for the Spectrum analyzers play a crucial role in determining the pulse
linewidth values. These parameters include:

1) Span and Center
2) Reference level
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3) Resolution Bandwidth (RBW)
4) Video Bandwidth (VBW)

The span and centre parameters determine the frequency range analyzed. In our measurements, the
span was kept constant at 500 — 600 MHz, and the center frequency was set around 28 GHz as
the frequency displayed on the RF spectrum analyzer corresponds to the device’s repetition rate
explained in equation (5.4.4) of the previous section. The reference level is chosen such that the
highest power peak of the device remains below the reference level set in the analyzer.

The RBW is one of the most critical parameters. It employs a Gaussian-shaped filter to distinguish
closely spaced signals. Two narrowly spaced signals can be resolved only if the RBW value is
smaller than the frequency separation between them. If the RBW is set too high, closely spaced
signals will be mistaken as a single signal. Therefore, RBW values were adjusted for different
injection currents to ensure accurate linewidth measurements. Notably, decreasing RBW also
reduces the signal’s noise floor.

In contrast, VBW influences only how the signal is displayed on the screen. Lowering VBW
reduces the displayed noise on the trace. In our case, VBW was set to 100 Hz to achieve clearer
signal presentation.
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Figure 40: RF Spectrum at different injection currents at T = 25°C.

7 28.8

The results indicate that multiple side-modes appeared instead of a single, narrow linewidth. At
lower injection currents, more side peaks are observed, progressively merging into a fundamental
mode as the injection current increases. Additionally, the linewidth of the peak stabilizes at higher

injection currents.

Interestingly, when the position of the collimating lens was slightly adjusted in the X, Y, and Z
directions away from the laser device under test, the side modes or the multiple peaks disappeared
at lower injection currents. This adjustment resulted in a smooth, narrow single linewidth, even at
reduced injection currents. This phenomenon was further verified using other samples from the

same wafer and a 3-layer Quantum Dash sample from a different wafer. One plausible explanation
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Figure 41: Results showing the changes observed in the mode-locking RF spectrum for =90 mA and T=25°C as the lens
position in the Z-direction is moved away from the sample.

for the existence of multiple peaks in the RF spectrum could be because 5-layer and 3-layer
Quantum Dash laser devices are multimode lasers likely causing the side peaks in the RF spectrum.

Figure 41 illustrates the impact of the collimating lens on the mode-locked performance. The
bottom-most RF spectrum represents the optimized lens position, where the lens collects the
maximum number of photons. As the lens is gradually changed in the Z-position, the spectra from
bottom to top depict the evolution of the RF spectrum. At a specific piezoelectric Z- position, a
nearly ideal, narrow linewidth is achieved, even at a low injection current of 90 mA. Similar
behaviour was observed at various injection currents and temperatures for different samples,
reinforcing the reproducibility of this phenomenon.
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Injection Resolution Video Centre Peak _3dB
Currents | Bandwidth | Bandwidth | Frequency | Power Linewidth
(mA) (kHz) (Hz) (GHz) (dBm)
60 820 510 28.318 —59.79 | 3.65 MHz
70 1000 300 28.32 —53.64 3 MHz
80 1000 510 28.32 —47.03 2 MHz
90 1000 510 28.3224 —43.8 1.5 MHz
100 1000 510 28.3218 —40.92 3 MHz
110 1000 510 28.3272 —42.78 | 5.9 MHz
120 1000 510 28.3272 —44.01 6 MHz
130 1000 510 28.3308 —43.54 | 84 MHz
140 300 100 28.3255 —46.93 | 5.8 MHz
150 300 100 28.3272 —47.59 | 9.2 MHz
160 300 100 28.3296 —4893 | 13.2 MHz
180 300 100 28.3296 —50.46 | 24.5 MHz
200 300 100 28.3386 —51.38 | 17 MHz
220 300 100 28.3408 —48.48 | 13.5 MHz
250 300 100 28.3408 —48.31 | 29.2 MHz
280 300 100 28.3558 —47.15 | 8.1 MHz
300 300 100 28.3558 —4398 | 49 MHz
330 300 100 28.3558 —40.77 | 3.6 MHz
350 300 100 28.3535 —36.96 | 700 kHz
400 51 100 28.3488 —34.7 | 300 kHz
450 51 100 28.3476 —31.77 | 100 kHz
500 51 51 28.3488 —22.25 | 20kHz

Table 7: Summary of the linewidth values for various injection currents and spectrum analyzer settings.
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The results presented in Table 7 highlight the different parameters of the OSA set to obtain the
peak power values and corresponding linewidth values. From the results, it is evident that the
linewidth values do not follow a specific trend. When the RF spectrum exhibits multiple peaks,
1.e. at lower injection currents, the linewidth tends to become narrower. However, as the injection
current increases and the multiple peaks begin to merge into a single peak, the linewidth broadens.
At higher injection currents (above 250 mA), the linewidth becomes narrow again.

5.6 Dispersion Measurements

For the dispersion measurement, the experimental setup was identical to that used for OSA
measurements, except for one change in equipment. Since the settings of the OSA play a crucial
role in determining the dispersion values, the AQ6380 Yokogawa OSA was used for these
measurements as it has a higher resolution of 0.005 nm, whereas the one used for OSA
measurements has a maximum resolution of 0.05nm. A bar sample with the cavity length of
1693 um and varying ridge widths (e.g., 2.0, 2.2, 2.4, 3.0, 3.2, 3.4 um etc.) was analyzed. To
ensure single transverse mode operation, the device with the smallest ridge width i.e. 2 um, was
selected. As a preliminary step, the L-I curves for the device were recorded to determine its
threshold currents at various temperatures. The L-I curve data is presented in Figure 42.

a. b.
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0
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" i ; . 0.5 ; i . p p
50 100 150 200 250 40 50 60 70 80 90 100
Input Current (mA) Input Current (mA)

Figure 42: a) L-1 curves measured for the bar sample at five temperatures.
b) The results highlight the threshold currents extracted for each temperature.

After recording the L-I curves, the dispersion tests involved recording the full spontaneous
emission spectra. These spectra were obtained at different temperatures by setting the injection
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Figure 43: The resulting spectra illustrate the spontaneous emission spectra recorded at four temperatures (20-45°C) for
injection currents set 5 mA below the threshold for each temperature.
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Figure 44: a) The variation of the group index with wavelength for different temperatures.
b) The corresponding dispersion values for the same temperature range.
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current to 5 mA below the threshold current for each specified temperature. Lower injection
currents were deliberately chosen to capture the spontaneous emission region, as the device has
not yet begun producing mode-locked pulses. To avoid mode-locking within the laser, the
dispersion was calculated from the spontaneous emission region of the laser device.

To calculate the dispersion within the cavity, the full spontaneous emission spectra recorded at
various temperatures were fed into NRC’s curve-fitting tool. This tool provided a linear
relationship between the group index and wavelength. The slope of this fitted linear relationship
was used to calculate dispersion values for each temperature.

The dispersion results, presented in Figure 44(b) and Table 8(b), demonstrate that dispersion inside
the cavity increases with an increase in temperature.

a.
OSA
Values
Parameters
Resolution 0.1 nm
Sampling 1667.5 samples/ nm
Points
Sensitivity MID
Average 10
b.
Temperature Dispersion
(°C) (1/nm)
20 —7.5281 x 10~*
25 —7.4654 x 1074
35 —7.4342 x 10™*
45 —7.1667 x 10~*

Table 8: a) Lists the OSA parameters settings used to record spontaneous emission spectra at different
temperatures.

b) Summarizes the calculated dispersion values for each temperature based on the slope of the group index
versus wavelength relationship. These numerical values correspond to the trends depicted in Figure 44 (b).
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5.7 Results and Discussions

This chapter discussed the testing results of the QDash laser device. The key performance
characteristics such as the threshold currents, optical spectra at various injection currents, RF test
and dispersion results were investigated throughout the chapter and the results are summarised
here:

L-I Characteristics:

The results for the L-I curves, depicted in Figure 33, highlights the threshold currents at different
temperatures. The data depicts that with increase in temperature, the value of threshold current
rises. It was observed that with every 5°C increment in the temperature, the threshold current
increases by approximately 4 mA. The maximum peak output power of the laser decreases with
increasing temperature. Additionally, the output power as a function of injection current declines
more rapidly at higher temperatures due to heating effects.

Optical Spectra:

The optical spectra recorded at 22°C and 30°C for various injection currents are summarized in the
Table 5. The results indicate that both the peak power and the —3dB spectral width increases with
rise in injection current.

Another significant observation is the red shift (shift towards longer wavelength) in the spectrum
with changes in operating conditions, such as the increase in injection current and temperature.
For example, at T = 30°C, with the increase in injection current from 150 mA to 450 mA , the
peak power wavelength shifts from 1549 nm to 1558 nm, accompanied by an increment of
approximately 4 nm in the temporal or spectral width.

The red-shift observed in the spectra occurs due to changes in the refractive index of the material.
As the injection current increases, the refractive index changes according to the Kramers-Kronig
relation, leading to a shift in the emission wavelength towards longer wavelengths[62]. Another
reason for this shift is the increase in temperature. Higher injection currents result in elevated
temperatures, which, in turn, causes band-gap narrowing[63].

The summary of device parameters retrieved from the measurements is presented in Table 6,
providing an overview of the key characteristic parameters of the laser device under test.
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RF Results:

The results of the RF measurements, presented in Figure 40 and Table 7, highlight the RF spectrum
for various injection currents at a fixed temperature of 25°C. The data reveals that for injection
currents ranging from 60 — 100 mA, the RF spectrum shows multiple peaks. The —3 dB linewidth
for these currents decreasing gradually from 3.65 MHz to 3 MHz.

As the injection current increases beyond 100 mA i.e., from 110 — 280 mA, the side-peaks begin
to merge, forming a single dominant peak. During this transition, it was observed that the side-
peaks disappear progressively, and the linewidth broadens as the multiple peaks consolidate into
a single peak. For injection currents higher than 300 mA, the RF spectrum shows a single
dominant mode with significantly enhanced stability. At these higher injection currents, the
linewidth narrows further, reaching a minimum of 20 kHz at 500 mA.

An intriguing phenomenon was observed when the collimating lens was adjusted in different
directions. Specifically, the multiple peaks observed at the lower injection currents disappear upon
lens adjustments. For instance, Figure 41 shows the changes in the RF spectrum recorded at an
injection current of 90 mA. The bottom-most spectrum corresponds to the lens position capturing
the maximum emitted power from the device. As the lens position was changed, a single, narrow
and stable peak was achieved.

One possible explanation for this phenomenon is that with the adjustments in the lens position, the
side-modes are suppressed due to alterations in the optical field distribution. Another reason could
be that not all modes are captured when the lens is shifted. The third possibility could be the
formation of external cavities within the setup.

However, none of these explanations could be conclusively confirmed due to time constraints and
the lack of existing literature discussing this phenomenon. Far-field measurement tests could
potentially confirm the first hypothesis, but as discussed, further exploration of this aspect was not
feasible within the project timeline.

Dispersion Measurements:

Dispersion measurements were performed on a different sample than the previous device- a bar
sample with a ridge width of 2 um. The narrower ridge device was chosen to ensure that only a
single mode could be sustained within the cavity. Initially, the L-I curves for five temperatures
were recorded, as illustrated in Figure 42. Using the threshold current data from these
measurements, the injection current was set to 5 m4 below the threshold for each temperature, and
the spontaneous emission spectra were recorded as presented in Figure 43.

The line-spacing results retrieved from further analysis are summarized in Table 8. Part b) of Table
8, highlights the dispersion values for varying temperatures. The results indicate that dispersion
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increases with an increase in temperature. For instance, the dispersion value at 20°C is
—7.53 x 10~* (nm™1), which increases to the value of —7.16 X 10™* (nm™1) at 45°C. This
demonstrates the temperature dependence of dispersion in the laser cavity.

These findings enhance our understanding of the influence of temperature and injection current on
the overall performance of the Quantum Dash devices and provide significant insights into the
mode-locking mechanism. In the next chapter, the main findings, and the limitations of the current
work, along with the potential areas for future explorations will be discussed.
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CHAPTER 6

Conclusions and Future Scope

6.1 Limitations and Future Scope

There are numerous opportunities to extend the work presented in this thesis.
Simulation Work:

In the simulation part, the current work on Harold, PICWave, and Simulink platforms is limited to
quantum well structures. This limitation arises from the inability of Harold and PICWave to model
quantum dot and dash structures. As a result, we had fewer opportunities to compare the
experimental results obtained from Quantum Dash samples with the simulation results. However,
Photon Design is actively working on integrating more advanced structures, such as quantum dot
structures, into their tools. Once these features become commercially available, a comparison
between the experimental results and simulation outputs can be conducted.

The DDE model for quantum dots, discussed in Section 3.4 could also be extended to Simulink.
Simulink offers a powerful time-domain analysis platform, enabling the exploration of various
architectures and the simulation of complex dynamical processes in the time domain for a deeper
understanding. The Simulink models currently implemented in this thesis use a Gaussian or bell-
shaped passband filter. Future work could involve replacing this filter with alternative types, such
as a sinc function or other filter functions, to investigate the changes in the laser dynamics.
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Experimental Work:

For the experimental aspect, the RF measurements can be performed at higher temperatures to
observe if the side modes at lower injection currents persist. During our study, we observed more
side peaks at higher temperatures for the same value of injection currents. Additionally, a similar
phenomenon—a smooth, narrow single peak—was observed when the position of the collimating
lens was adjusted. A detailed investigation into this phenomenon could help determine whether
the change in lens position alters the optical fields collected by the lens or an external cavity created
within the setup causes this phenomenon. Far-field tests and other similar experiments can be
conducted to explain these observations.

In the dispersion tests, there were some limitations. For instance, the injection current at which the
spontaneous emission spectra were recorded was set 5 mA below the threshold current. To ensure
more accurate results, the injection currents should remain constant during dispersion
measurements. However, this approach was not feasible as the spectral lines became weaker and
noisier with increasing temperature when using the same injection current. We attempted to use
an EDFA to boost the power of the modes or lines, but the amplification could not be achieved
because the minimum required power for the EDFA to operate is —25 d Bm. In our case, the power
of the peaks within the same spectral range and injection current was approximately —70 dBm,
which is too low for the optical amplifier to function. Furthermore, the amplifier caused the
clamping of the lines, making them indistinguishable.

6.2 Conclusions

As the title of the thesis suggests, the work presented focuses on the study and analysis of
numerical models which includes the Time-Domain Oscillator (TDO) model, Time-Domain
Traveling Wave (TDTW) model, and Delay Differential Equation (DDE) model, implemented in
Simulink. The numerical modelling section is specifically limited to passive mode-locked
Quantum Well structures. The mathematical analysis of these models was performed on the
foundational works by Trevor Hall et al. [32] for the TDO model, G. Agrawal et al. [27] for the
TDTW model, and Vladimirov et al. [5], [27] for the DDE modelling of quantum well and quantum
dot-based laser structures. Chapters 2 and 3 focus on the implementation of these models within
Simulink.

Chapter 4 transitions into the simulation analysis of lasers. This section provides a detailed
discussion of two simulation tools: Harold and PICWave, including their underlying physics and
functionalities. A comparative analysis of gain models extracted from Harold and Crosslight and
simulated into PICWave, was conducted by maintaining consistent simulation parameters across
both tools. The results revealed some discrepancies in the material gain outputs. These
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discrepancies were attributed to differences in the approaches used by the tools. Crosslight models
more complex physical processes in greater detail, while Harold employs approximations to
simplify these processes, offering a broader understanding of device characteristics. Both
simulations were again limited to quantum well-based lasers due to the inability of Harold and
PICWave to model QDot and QDash structures.

In the final segment, Chapter 5 presents the experimental results derived from various tests
performed on Quantum Dash laser devices. These tests included the measurement of L-I curves
and the observation of optical spectra changes under varying injection currents at different
temperatures. The study led to several conclusions regarding the influence of these factors on
device behaviour. Additionally, RF spectrum measurements were conducted at various injection
currents while keeping the temperature fixed. These experiments revealed the impact of injection
current and temperature on the mode-locking performance of quantum dash lasers. The
phenomenon observed in Figure 41 was also confirmed in other 5-layer and 3-layer quantum dash
laser samples, validating the presence of an intriguing phenomenon that requires further
investigation. All the above-mentioned tests were performed on a 5-layer quantum dash laser
device, and various characteristic parameters of the laser device were obtained during these
experiments.

Finally, the dispersion measurements were carried out on a separate bar sample, in which a device
with a minimum ridge width of 2 um was selected to ensure the oscillation of a single transverse
mode within the cavity. The dispersion tests revealed that dispersion increases with the
temperature rise.
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APPENDIX

1)) Baseband equivalent transfer function of Bandpass filter
The convolution of a filter can be described as-
y=f®x
Where f is the impulse response of the filter.
x(t) = u(t)e iwot
y(t) = v(t)e ®ot

u, v are complex envelopes of x and y signals. w, is the nominal carrier frequency.

All the information lies within the complex envelopes of the input and the output.

Taking the Fourier transforms of equations (1), (2) and (3)
Y(w) = F(w) X(w)
X(w + wy) = U(w)
Y(w + wg) =V(w)
V(w) =Y(w+ w) = F(w + wo) X(w + wy)
V(w) = H(w) U(w)

where
H(w) = F(w + wy)

The transfer function of two pole bandpass filter is given as:

1
F(@) = _
REE

(1

(2)
(3)

4
()
(6)
(7)
(8)

)

(10)

Where Q = wy/Aw is the Quality factor, Aw is the —3 dB bandwidth, and w is the offset frequency

from the nominal carrier frequency w, which is the natural frequency of the resonator.

122



Substituting @ = w + wy in equation (10)
1

1+je [w Zowo o ioa)o]

Flw+ wy) =

H(w) = F(w + wy) = ! (11)

w
14+jO(1+——
e+ g —a —
Wo

wo
expansion to first order and ignoring the higher-order terms:

The offset frequencies are of small magnitude

~107% — 107*, by applying the binomial

1 W
1+ﬂ=1_w_o+m (12)
0
Equation (11) can be modified as:
H(w) = 10) 7
1+jQ[1+w—0—1+w—0]
1
H(w) = 1+—2w (13)
JjQ @0
The final expression becomes:
H(w) = — (14)
1+ jwty
2
where Tp = w—QO

The expression in equation (14) is the baseband equivalent transfer function of bandpass filter.

The transfer function can also be written as:

V(o) 1
Ulw) 1+ jwtg
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V()1 + jotg) = U(w)
JjotrV(w) + V(w) = U(w)

In time domain, the above equation can be written as:

v (t)
ot

TR + v(t) = u(t)

1)) Dynamical Equation in case of flat-top passband for Band Pass Filter

The impulse response for a flat-top passband filter is given as:

Y
H(w) = )% =1
In the time domain,
h(t) = 6(¢t)

The dynamical equation for free-oscillating OEO is given as:
v =ePK(h @ (D;,v))
which for the impulse response for flat passband filter becomes:
v=ePK@61t)® (Dzpv))
v=ePK((t—1p) V)

By using the impulse property:
§(t—to) ® f(t) = f(t —to)
Applying the property in equation (19), the expression becomes:

v=ePKuv(t—1p)

This makes the expression reduced-phase model to look like:

124

(15)

(16)

(17)

(18)

(19)

(20)

(21)



0,(t) = ¢ + 0,(t — 7p); modulo 2n (22)

0,(t) —6,(t—1p) = +2m (23)
It is assumed that the oscillator is in a single-mode oscillation state of frequency w,
0,(t) = wyt (24)

wpT = ¢ + 2pm
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