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:f-;'»"'ABSTRA_‘c‘T' LT TN
The thesis is cOncerned with the G- and H- functions
\

We apply the methods of 1ntegral transforms fractional

.integration and representation theory of Lie group to study

K Ly

~ somg properties of the G- and H- functions . . \

!

\ .-
We apply a uniqueness theorem for the solution of Fredholm
N,

integral equation of the first kind to prove a necessary and \\
sufficient condition for a pair of functions to be G- transforms\\
of each other and for a Jpair of functions to be H-transforms of \\

. . . . Lo N
each other. , ca . R

We solve the following integral equation
| Lo xu o
[ (xu) % e 2w, (xu)f(u)du = g(x) -
0 A

by reducing it to a Laplace transform'bylmeans of fractional

integral operators. A more general integral equation'whose
kernel involves H- functions is briefly discussed The problem
of dual integral equations involving H-functions as kernels has
been discussed too. i

We also find integral representations of some Hffunctionsr

by using grouo'representation theory and then evaluate limiting .

- values of some H-functions.
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Qf/lNTRODUCTIdN"T,f\\Af"l L
: U N | |
Higher transcendental functions, also called special func—:'
tions of mathematical physics, play an important“role In the solu-
tlons of problems in theoretical physics. The core of special

functions 1s the Gaussian hypergeometric function,.,Fl

-and Its

-'confluent forms, thejconfluent hypergeometric functions lFl and
¢n[31], The confluent-hypefgeOMetric functlons slightly modi?

2Fl Iincludes

. fied are also known as Whittaker functions. The
. as special cases Legendfe functlons, the incomplete beta funec-
tions, the comolete‘elliptic integrals of the first and. second
kinds,'and most of the classiecal orthogonal polynomials. The

confluent hypergeometric furictlons include as special cases

Bessel.functions, parabolic-cylinder functions,‘and incomplete

gamma functions.- A natural generalization of the ,F, is the

generalized hypergeometric- function, the so-calléd qu; which

in turn is generalized by Meijer's G-functlion. The theory of

the Eﬁd\and the G-function is fundamentallin the apolications, "

since they contain as special cases all the commonly used fune-
tions-of analysis. Further, these functions are the building
blocks for many functions which are not members of the hypergeo-'
metric famlly. A speclal function known as H—function, a genera—
lization of G-function, was recently introduced ty Fox and occu-

. ' ! :
- pled the attention of several apthors.



'These'hiéher'transcéndental functions are;anairtic fune- - :
- tions of their arguments and their properties are usually de- :
-rived on the, basis of thelr analytic character, using the ‘
’methods of the theory of analytlc functions, integral trans-
.forms,generating functions, differential equations etc.

"On the otHer hand many properties of the special func—

_.tions can be derived from a unified point of view from the

group representation property. The group- theoretic approach leads

to a- natural treatment of integral representations of special

| functlons. In this connection operators of the representation

.take the form of integral operators whose kernels are expressed

by means of special functions; This 1eads to various integral
relations between Special functions. | |
This thesis is devoted to a- study of some properties of
G—'and H—functions |
From the point of view of approach this- thesis can be A
‘divided into two parts. Chapters I - III employ integral trans-

form methods to study the properties of special functions. In

Chapter IV we use group representation theory for the same pur- -

.pose’.

In the following a short summary will be glven of the con-

tents of the whole work.
In Chapter I, Mellin transform is introduced and a theorem

due to Fox 1s given. Since the subseqient work heavily depends

N AT, I o :

Ty )



upon this bheorem we also reproduce its proof. As an.appli—
cation of this theorem, ‘'we have a convolution theorem of Mellin

transform in L (0 ) which is similar to the result in L(0, w).’

The definitions of G- and Hefunctions are given in §1.2 and
some of its elementary properties are listed in §l 3 Descrip-_

_ tion of general integral transformations in L (0, ) and'Fourier'

kernels have §\tﬁpied the space in the remaining part of Chapter I.
_ In-Chapter II, the G— and H transforms are introduced. ° We
obtafn a necessary and sufficient condition for two functisns to
be a pair of. G- transforms by using a uniqueness theorem on solu-
tions of Fredholm integral eouation of the first kind which 1s
';proved in §2.2. " The proof of the sufficiency of the, condition is
believed to be new in this thesis Later we'extend the result of

-~

oG- transform to H- transform in §2 5.

-

( In Chapter III definitlions of fractional integration are
given and’ some of its properties summarized We use the technique
of fractional integration to. solve the following integral equa-

\\ tion _ .l e : A\ _;

hY . .
\ . 1 XU : )
\_ PO e , N :
- [ (xu) e W, (xu)f(u)du = g(x).
O . ' ‘_)l,u ) . )
We'show that the abote integral equation may be reduced to a
Laplace transform by means of fractional integral Operators : Later
the above integral equation has been generalized to a kernel in—
volving H-functions. 1In. the last section nf this chapter the problem

of dual integral equations.involving H- functions as kernels has been




consideredl_ We reduce the problem to that of solving a

single integral equation by applying appropriate fractional

"integral Operators =

\

In Chapbtex IV we construct a (p+2) dimensional real Lie
group g///iien we apply Vi;enkin 8 integral transtrm method_
to defiine a local representation of the group G and oalculate
‘ the Kernels of the operators of this representation | We find f ?"
b\that the kernels which are associated to certain elements of

" G can be expressed in terms of H-functions. In §4.4 we obtain

limiting values of ‘some H-functions,
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CHAPTER I

' DEFINITIONS AND PRELIMINARIES

1. In-this chapter we shall collect definitions of some
special functions and ‘pesults on certain integral transforms

- which we shall need in the later chapters

T 1.1 MELLIN TRANSFORM .
By .
1.1.m.
] _Fnix)

n-ow

| (limtt in_mean) we denote limit in Lg(a, b) sense, i.e., a:

 function ¢(x) such that N

R . 5 -
- lim f 1¢(x) - F (x)]|" ax = Q.
n+e g -’

- Let }ﬂif(z)} denote the Mellin transform of f(z) If

wt{fgg)} ;;?ET\QS\Zhall also write £(z) = ﬂL_l{F(s)} and Wt

" will denote the invérse Mellin transform. Férmally we have

(1.1.1) © F(s) =Wir(2)} = | £(z)- L ag e
T L
_,and . . ' . . | . . ‘ - | h ‘ﬁ’ o ;::".‘ﬁ:_-
. , I .
N ' . ptim - C e
(1.1.2) f(2) =W HFG)) = 5%3 [ F(s) z7° ds. X
' . ' “p—ic . ‘ T

The simplest conditions for (1.1.1) and (1.1.2) to hold are

gQVen-in L2(d, =) space, which we shall use in this thesis.



If £ e T,(0, Q)Ptheﬁ._ o
i . ) . N' ‘ i ‘ . l . ] . -. l '
©(1.1.3) F(s) 'nt{f(z)} = l.i.m. [ £(z) 25" dz, Re s = 5
.. | Nra  I/NT
and also F ¢ Ly(3 = 1=, 5+ 4=). "ICF ¢ Ly(5 = i=, 5 + 1o)
‘then- - . S g
. -%+1N-. |
(1.1.1) f(z) -nifl{F(s)} —;E-~.i}m [ R(s)z5ds, 0 <2<
| Now 1 -
-2-'—-iN L

and' also -f e‘L2(0, ﬁ) (40, p;'gﬁ; Theorem‘Tliwith k = %]. ‘Throughout
5_ﬁ/’f"’"’c'l’r-_'.Ls"‘ thesis' the symbol WU will denote the Mellin  transform.
" If the integral of (1.1. 1)'and the 1.i.m. of (1.1.3) both

exist then they are equal (15, p- 458]. The sdme is true for

(112) and(llll) .
If x > 0, from (1. 1.3) or (1 l 4) 1t follows easi]y that

Af f(xz) 1is considered as a function_of z with X as a parameter

then ' fﬁ\\\ R
C@es) L Elee)) = xS n‘c{'f(z)}
The following result of Fox [15, p. 458] will be useful

o
in wour work .

v’

=

Theorem 1.1.1 (Fox);‘\If

{ ' _ 2
(L) r and g both belong to L2(0, ®),

(113 ﬁm{ftz)} = F(S);jﬂig(z)}"= G(s)‘and G(s) 1s oounded

on the-line's = 3 +.1t, —» < £ < =,

then . ﬁ | - T



(1.1.6) o [ sx2) £(2) az € L,y(0, ®)

~and

. "( .
F.

'(1.1.7)1131{5 g(k?)‘f(Z):az% = G(s) F(1 - s).

1

Proof. Since f ¢ Ly(0, ) we have F(s) ¢ Ly(3 - 1=, 5 + i=)

by f;.l.3) and so, on writing 1 - s for.s, ﬁé also have

F(l - 8) ¢ LE(% - e, %'T iw):- From condition (ii)’ G(s).is

bounded on the lire s % +1t, ~» < ¢ < 5. i.e., on ﬁhis'iihe‘

4 I

we halve ‘ . . ‘ ' . o | ° _ L !
J6(s) F(1 = s)| < B|F(L - s)],

where B 1s a finite positive.constant. Hence

.G(s) F(1 - s) 57L2(% - 1w, % + ikf‘and so, from (1.1.4)§_we'
have
. _ SHIN
(1.1.8) WHG(s)F(1-5)} = z3r 1.i.m. [ G(s)F(l-s)x Sds.
- - ] Noo 1 o S
2 .
We now proceed to deduce'from (1.1.8) the following result;
(1.1.9) 1ﬂ:lFG(s)F(lT§)}'= . / G(s)F(1-s)x %ds.
. - -2—_j_oo
. Denote thg'integfal in (1.1.9) by I. From (1).and-the state- 0

. ments acégﬁﬁ%ﬁyghg (1.1.3) we see that F(s), G(s) and so F(1l-s),

‘all belong to Lz(% - 1=, % + 1=), Hence, on applying Schwarz's



~inequality to I t39,‘p; 381]"it.follews that I converges‘
absolutely._ Consequently the value of . T must be the same as
the l.i.m. of (1 l 8}; hence (l 1. 9) is established.

One more step 1s required before we can establish the r
theorem. We may apply the Parseval Theorem for Mellin trans-
. forms'[MO ‘D. 95, Theorem: 721 to I, an application Justified
by condition (i) Erom (1.1.9? we then obtain

(¥

At

(1.1.10) WU HG(S)F(L = s)) = é,gtxz)f(z)'dz.. e

To establish (1.1.6), we-have just proved that

G(s)F(1'- §) ¢ Ly(5 - 1=, 3 +1=) and therefore, from the state-

ment following (1.1.4), we have 1n71{G(s)F(iAS)} € L2(O; @),
Hence the'right;haﬁd side of”(l.l.lo); belongs to L2(O, «} and

6

(1.1.6) is established.

To-estahlish (1.1.7) we note that both sides of (1.1.10)

belong to'ﬁe(O' »)-and so by (1.1. 3) we may apply the operator

}ﬂ,to both.sides. This application transforms (1.1.10) to
(1. L. 7) and so establishes (1. 1 7)-

Note that the cendition (11) in Theorem 1.1.1, vizﬂ-G(s)

is bounded on the line s = % +1t, = < t <=, may be changed

1

',to 2 weaker condition that G(sFFTl—sﬁ < Ly (—-— 1=, 5+ qw) .

If f e'LE(O, w ,_let‘nm{f(z)} F(s) then 1t can be easily

;
/

“ gt L 1y - S (2 Y = - '
shown that = f(;?te L, (0, @) and }n{zf(z)} F(l, s?. . //
[k I o - N : . . * } ) - L

§
1



iy

T(1.1.12)  (f % g)(x) = é f;'— f( $e(2)dz ¢ Ly(0, =)

'Let'
i
z

O~ 8 .

(1,1.11) * (£ % g)(x) = é % X gc > £ () g(xz)dz.

The-function f* g 1s oalled the convolution'of f and.g.

" Simple calculations show that the convolution operation 1is -

commutative aﬁ& associative whenever it:is defined Associated
with Mellin transforms we have the following convblution
theorem. IR

Theorem 1. l 2 _

——— —— T r

(i) Let f and g both belong to L (o, m),_

(ii) 'ﬂL{f(Z)} F(S), }ﬂig(z)} = G(s) and either F(s)

or'G(s) be bounded on the line s = %+1t, -® <t <

2

‘then. -

and

(1.1.13) )YL{(f'* g)(x)} = F(s) G(s).

Proof. ~This follows directly from Theorem 1.1.1 and the

remark Just before (l 1.11).

1.2 'DEFINITIONS OF G- AND H-FUNCTIONS.

In this thesis, we will be mainly conoerned’With establiSh?

ing results involving G- and. H-functions which are generalized

hypergeometric functions in a sense desoribed below.

The following—notations Will be used throughout this thesis
[13, p. 7571, [17, p. 4441,



q ' L - '
J;ﬁ+1,r(b3 ?,t>5 [(bg - ) = I by ~ )

I

.rn(pQ'~'t) 

M

gomsy T35 7 B Tlagmiagh) = Tolag - agt);

C , g e | .
Fn(k'+ aq - agt) = _g+lr(k + aJ_—'aJt),? . 3 ' <i

.F(k + aéﬁ;"age) =:P0(kif aé'; aQt}.

In(aQ fith)

(ai +‘b,‘ai)m,n, n ?‘m,;wil1lstand.for g -m+ 1 pai:s”
(arn + b, am), (am+l + b, am+l), N (an + b"QnJ' Thus -

(ags w;)) , will stand for n'pairs (a), a)), (ay, ay), ...,
(an; en) and"so on. = -

A G-functlon is written as en the left of (1}2.1) below .
and defined (31, p. 143] by the integral‘on the right

C(1:2.1)
Qo yee.yd SR _
. m,n 1229 1 F(qf—s)r(l-qN+s) 5
G X . = x° ds
oo2nrl ' {(1-b +s r a —s ?
P,q- bl,...ubq L ( ) ( ) ‘

where an empty product 1s interpreted as unity, 0 <m < q,
0 <n <p, parameters aJ and bJ are such that no pole of F(bJ—s), :

Y

J=1, ..., m, colncides with any pble'of (1= a +_s),

k =1, ...y n. Thus a, - bJ'is not a positive integer. We

~ retaln these assumptions throughout. Also x # 0.

There are thfee‘different paths L qf'integration E31? p. I44]:



(1) L goes fromlé ~ 1w fo 6 + iw So that all poles
of Iiby - s), Jfé'l,...,'m, 11ée to the right ‘and all poles
of T(1 o + s);-k;%_l, .;i,;ﬁ;lig to Fhe'left‘of the péth.
For ;he 1nt§grai fo'gqnvergé{ we need § ; m + n‘;.%(p + q) ;;0,

|arg x| < &m. Iarg x| = &m, & > 0, the integral converges

absolutely whe q 1f-Re(v) < -1; and when p # q, 1f with

s =0+ 11y, ¢ and T real, ¢ 1s chosen so that for T =+ i=,

(1.2.2)  (q - po > Re(v) + 1 - %(q -~ p),
where v 1s given by-
| ‘ J=1 =
(i1) L is.a lodp_beginning and ending at +m'and-en—

circling‘al; poles of_.I'(bJ -38), ] =1, ..;, m, once in the

negative diréction, but none of the pales of (1l - a_ + s),

k
'k =1, ..., n. The integral converges if q > 1 and elther
(a). p <q, or (b) p.¥'q and |x| < 1.
(111) L is a loop beginning and ending. at = and’ en-

cireling all poles of T(1 = a +s), k=1, ..., n, once in

‘-

‘the positive directlon, but none of the-pdies of I‘(bJ - 8), ‘

] = l, ..., m. The iﬂﬁegra; converges if p > 1 ard elther-

(aj p > q, or =g arfd |x] > 1.



_’f ,... )
o : . ' ' . "
L : . . . e
' . B S

. ?L- Ld .
We shall always assume that the values of the parameters

‘and the variable x are such that the definition with at least
one of the contours (i), (11),° (iii) makes sense. In cases .
when more than one of these contours make sense, they lead to
the same result so that there will be no ambiguity involved

| ‘[31, p. 1451, | |
Note fhet with-m =31, p < q, the G—function in (l 2.1)

+ .

reduces to a single hypergeometric function qu 1;'namely

[31, p. 146, eqn (12)1 .
- . , - ‘ . . b

ljn al’:"’ap- F(1+bl-aN) x :
G. X . = - x

F1(1¥0y-b T, (ap-b))

1+b l—al 3 aey LFD 1-ap . : n_i
(-1)P~ x

F | ;
pg-1 “b. 2
S\ Mbymby,. .., 14D, b |

It is for gﬁis reason- that G- function is‘considered as a
generalization of. hypergeomet;ic function. For more - informa—

- tion on G- function one may refer to [31 Chapter 5]

Another function_more general-than the_G—functipn, called

the H-function, was first introduced by Fox [14, p. 408]. It

is defined and denoted .as follows {16, p. 1421 = . .

(1.2.5) o B | .
Hm,n i} (?1’“i)1,p o o T (by-By SIT(1-ay+oy s)'»xs -
- " - |
poa| (b8, o/ ™1 [n{1-bgtBq s)Ty(ap-op )0 .

where x may be real or complex but 1s not equal'to zero and

g



- S
Y -

S APy

empty - product 1s interpreted as unity, m,_n, P, e are'>‘
1ntegers satisfying : | |
(1.2.6) - 0 <m <4, 0 <n < p,

aj; J ﬁ 1, ;7.; p; Bh, h = l;'..,,jq,”are positi?e numﬁere.

and aj; 3 =1, cevs P b h =1,

0 : \ )
B ., 4, are complex numbers

I}
bt
-

such that no pole of P(bh - B, S)’.h .., m, coln-

cides with any pole of. I'(1l - ay + qjs),'J =1, ..., n, i.e.,
(1.2.7) aj(b_h + v) # Bplay - n- 1), v, n =0,1,2,
-h =1, +s M3 J = 1 ..}, n. We retaln these assumptions
throughout. L is a contour in the complex s-plane that goes - ' |

from ¢ - im to.o + i= such that the points

(1.2.8) s = (b, + v)/Byy § =1, ovy m3 vo=0, 1, 2, .

«sy

wﬁich_are'polee of’P(bj—rﬁJs?, j = l,.:.;, m, iielto the right
‘and the points’ _
(1L2.9) S.= (aJ —.l —'nj/aj, j= i, cees M3 M= 0}1{2, eees
which are poles of P(l -a; ta s), =1, ..., n,Alie to the
left of the contour L Such a contour is possible on account of

. (1.2.1). . For the 1ntegral to converge [6, p. 83], we need"

m . p o .

26 = ) By - 3 +, { aj oy larg x| < &,

“If |arg x| = 8w, §.> O; the integral converges ébsoluteiy when

| 3 BJ = § ‘aj if %(q.— p} > 1 + Re( % bj - E )3 : ) o
g d s I S S E1 - -



if with

" and’ when %‘ By # e |
. ‘j=l . J=1 a
. : Ty
1s chosen 50 that for T » i,
‘(i.2.10) N R
~ . ‘ . . .

3=1

thé that the H-function reduces to the G-function of

o(le By - Jil aj.)'/;"ﬁeszl' by - ¥ J) ny 1‘-.—cq —'p>'

(1.2.1) when all the a's, S's are'equal‘to-unity,
.l 3 ELEMENTARY PROPERTIES OF G- AND H—FUNCTIONS.

From (1.2.1), G- function 1s symmetric in the parameters

?l.’ ey an; an"]'l’ * vy ap; bl, ..y bm’ a-nd bm+l’ v 2y bq0

Thus, if one of ﬁhg ah's, h =1, ..., n, 1is equal'td one of the-

bj's, J #Lm+1, ceey q; thenanupction reduces to one of lower

order: {31, p..149], For example
. Cmyn [ [Bieccedp m,n-1 [ [B2°--
(1.3.1) G 1 x| : ‘ = G X
' Psq bl,---an,1:31 p-1,9-1 'bl:---sbqu

.,apl

- ﬁ,-ﬁ, q 2 1. Similarly, if one of‘the ah‘s, h = n+l,'..;, D,
1s'éq&a1 £5 one of the bj*s; j =1, ..., m, then the G;;uhction
reduces'fo one of ldﬁer‘ofder. Fof example,

mn | al,...,ap 120 _ m—l;n ; al;,.L,ap_i
(1.3.2) G x| . =G x '

p-1,q-1 b ,b

~ERRREL

m, Py, Q 2/1'



.‘1T-iit;:j

- L -

A}

The following 5ﬁo're§ﬁits can be eaéily provedfapom

(1.2.1) |
(1.3.3) & x} . =g o , ,
- P,q bl’f"’bq- - . Q,p l—al,.f.,l—ap' - .
Mg(%)=—m®x,
ﬂtl 3.4) x° Gm,n X al’...éap Gm;n &l+§,...,ap+c
.3. | : = X

p,q \ bl,---abq - P,q bi+°’;'*qu+d

Similar results hold for H-function. For example

. ©myn (@384 o m,n-1 (2350405 5
(1.3.5) H x{ : = H x| s
P.4g ’ (bi’B'i).l,q—l,(al’al) p"'l,Q"'l N (bi’si)l,q-l .
n, p, @ 2 1, Q ».q
o mon | | (212%102,p-2®1581) \ o p1p (ag,e4)3 oo1) ,
: - p,Q' i°71 l:q N p—lsq-l (bi’81)2,q
. . N . .
m, p, @ > 1, ' '
| Cmin [ [%1,0\ nym L3 PasBeda g
(1.3.7) H x| . = E LS N
P.Q (bi’Bi)l,q o q:P (lfai’ai)l,p
. 1, _
arg(3) = sarg X, ]
" and
_m,n <a1’?i)1;p m,n ﬁai*?“i’ai)l,p
(1.3.8) x? H 1Tx =H  [|'x -
- P,q (by2 8407 4. psq | |[(bytoBy,By) o
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From the definition of the G- function, (l 2.1),
the Mellin 1nversion formula (1. l ) we.have [10, p. 337]

; m,n 'al’:”;ép F(b + )P(l— ; )
(1.3.9) }ﬂ,{c, X, } = ® >

. 7 .- s L
- Psq b-ls-.-',bq‘ ‘ F (l b S)%(\a‘?S)‘. o ‘.\

where 2(m + n) > p + q, -min Re(b ) < Re(s) < 1 - max Re(a ).

1<j<m _ 1<J<n J ‘ 3

Similar result holds for H—function, 1. e.,

(ay,0,) '
. : - m,n %y 1,p P(b pt8 r{l-a,-
(173.10) WM{H (= 7T (1 b EIBS)SEI‘ ?1; 22 Ss)) g
where | .
| ' ' - —_— (
\ no. S _ :
B a b B + & RPN . < ¥
| Z J 321 J -'J=Z}1 J J=§+1 A :
~min Re(bj/ﬁ ) < Re(s) < min (1 - a,)/o,.
1<J<$ ' 1<j<n J°d

1.4 UNITARY TRANSFORMATION. IN L,(0, =).

Let T be -an opereter on L2(0, @) and Tf = g then [1,

pp. 152, 153, Theorems 77, 78] T-1s unitary 1f and only ir
there exist two unique (up to a’ set of measure zero) functions

k(a, x) L(a, x) belonging to the class L (O =). for each a,

0 < a'< ©, such that:

t

(Il'_l"l)-" - é gly)dy = é k(a,x) f(x)ax, ' o . ;
o a2 e
(1.4.2) »é*f(x)dx =-£ 2(a,y) elyldy,



-

(1:4.3) ;é kK(a,x) k(b;x) dx = é 2(a,x) 2(b,x) dx = min(a,b),

"0 < x < =, such that

(1.4.9) . -

_ . b o o
(1.b.a) "é‘k(a,x) dx = é £(b, x)dax. .
hold.

Suppose that k(a,x) has a partial derivative

'{114.55 s %3 k(a,x) “.ﬁ(a,i) S -ﬂ.f

in the sense that there exists k(a,x) cbntinuous in 0 <ac<w,

1

o
a

- (1.4.6) f k(a,x)»= f E(a,'x)dﬁ.

0

Then (1.4.1) can also be written as [1, p. 155]

Aol

L | n oz - |
(1.8.7) - &)= 1.4.m. é k{y,x3f(x)ax. >

[ -«

If there éxiét functions;ki, zl_défined everywhere in-
‘ = . * .

0 < x < =, such that

: . k,(ax) . %4 (ax)
(1.4.8) k(a,x) =—=——, (a,x) = =

X = s
then (1.4.4) gives = . I Ay

ab & (x) © abf,(x) -
L~ ax = f 277 4.

,*,OIX O_.x

and therefore
. ‘|/ -

(1.4.10)" L) = k() ae., T

and (1,4;3) reduces to
r‘ﬂ.

3




GO T e e

. NV‘_. e . ‘ ‘i}
.- - w© kl(ax)kl(bx) D - -
(l.u-ll) s f . 2 ‘7 T dx = min.(a,~b).
B Q xS,

'Conversely, starting with a func%ion kl defined in (O «)

e e L N e
sueh that ——— ¢ L,(0, #), we define k(a x); &(a, x) by
‘(1.u.8) ,- (1.4.10). Then (1.4, 11) 1mp11es (1.1, 3).and (1.4.4).
Hence we have D., p. 157, Theorem 791.

S k (xi
'Theorem 1.4.1 Gilven

€ L,(0, =) such that

L e k@kex)y

{1.4.22) f 5 - dx = min(a,b),
0 X o B '

then there exists a transformation T in L, (O ©) which 1s .uni- )

tary, and 1f Tf = g, then

v ¥q o k (ay) ' :
(1.4.13) - { g(x)dx = ——;——— f(y)dy,
' 0
- a . 1(a.v)
(1.4.14) é f(x)dx = f g(y)dy.‘

Thithransformation'1s called a Watson transform [1, p. 157].
1.5 SYMMETRICAL FOURIER KERNELS
' If in Watson transforms, the function k (x) is real~valued
for x e (0, m), then
kl(x) = 11(;)

: and,(l:u.l3) becoﬁes



L

= k,(ay) o

. | . 'a
(1.5.1) - f ggu)du~=.f —5 f(y)dy.

In case we can«differentiate with respect to a under the ¥

| integral sign of (1 5.1}, (1.4, l”) we have

a2 kl(xy) ® e
(1. 5 23_ﬂs(x)|- afqu, = f(y)dy = é k(xy)f{y)dy,
(1.5.3) 1£(x) = E_ f - g(y)dy = é k(xy)g(y)dy, |

\.

" where k(x) =. = ki(x).-Relationé (1.5.29 and (1.5.3) may be-

CLIQJ -

Combined into ope ae
(1,5.8)  £(x) = [ k(xu)du I k(uy)£(y)dy.
0 - S

A function k giving rise to a formula of the form (1;5,“9

Twill be cal;edla symmetrical Fourier-kernel.

We shall give.a few examples of symmetrical Fourler kernels.

(1) k(x) = ./g cos x glves rise fo.Fqurier bosiﬂe transform
[HQ, p. 31.

(2) k(x) = 1/§‘siﬁ-x glves riselto Eoufief Sineeeranefprﬁ
EMG; p--“]-

(3) k(x) = vx Jvtx), v o2 ~%'gives'riae.to.ﬁanke£ tpaneform:

.

| 4o, p. 2h0].
() k(x)

]

W, ka) gives rise to an 1n£egral_transform
2% ' : '

J

studied by'ﬁatson [4#, p. 308].



[ .7 - ] R : l q,p A 1 al’o.-_’ap 1_'0_ 1’.'.’1—(:_
S 68 k(x) =@ \ ;) o '
'_‘ . ‘ . ' "L ‘ 2p \2 , L ,t?.q', l-c—bl’ .. ,l—c_bq
. .m,n ’ ‘ ‘ |
¢ > 0, where G. . denotes the Meijer G-function, defined in
. p,q ‘

(l 2. 1) gives Tise to a Fourier type transform 1nvestigated
by Fox [1&, p. 3953
6) K(x) = vﬁ% xxéi'c?’p | RS e SR .
. C zp,zq ' ByseivsBysmb
AN n > 0, glves rise to a Fourier type transform investigated

by Kesarwani [22, p. .2981].

" 1.6 UNSYMMETRICAL-FOURIER KERNELS,

¢ Instead of (1.5.4), there,are_also'fofmulae of the form °

(1.6.1)  £(x) = [ k(xu)du ! h(uy)f(y)dy,
) . 0 '

where h # § i. e., k and h differ on a %et of positive measure.
Pairs of. functions kK and h giving rise to a formula of the form

(1.6.1) are called nnsymmetrical Fourier kernelsf

Here we give,some examples of unsymmetfical‘Fourien kernels.

u)mm=&2uhmm FH@L,‘,A
where Y denotes the Bessel function of the second kind and.
- B, the Struve s function [45, pp.-6U, 328], glve rise to an

integral transform studied by'Hardy'and'Titcnmarsh [19,.p. 119].



(2) k(x) ok (cos X + sin x + e™%),
| 5 S
= - h{x) = - (cqe X + sin x - e_x);-
. Y ™ ’ . .

are unsymmetrical Fourier kernels obtained by Guinand [18, p. 192].
(3) The kernels -

AR m,p .x2 al{";’apsbls---sbq
k(x) = AVx G T | X
. p+q,m+n cl".""cm’dl’°"l’dn Py
R l n’q - x2 bl,“"‘, bq, al,‘---’ ap . A
hix) = i VX G e . > ] o
o p+q,m+ng -d a

1’..-’.- n’"ci’--o,_‘gm-
with certain restrictions on the parameters involved, glve

rlse to an unsymmetrical Fouriler type transform investigated

by Kesarwani [23, p. 953].
(4) Functions of the form’

'rtc'+chs-%>>r(aP-aP(s4§>)‘_

(1.6.2) k(x) = =L L : S‘ds,
. T L Ty (3T ogeBg(s-2) T
. 1 ' ' 1 .
. . ’ I‘(d +8,(5-5))T(b.~B . (5-%))
(1.6.3) h(x) = == N ¢ Q9 2 -8 g,

£ aml 1, P(cmrvm(s-%))F(aé+aP(s¢%))

" which are . a generallzation of Meijer's G—funcfion have recently
occupied the attention of several authors. 'Undérﬁsuitable
conditions on the parameters involyed,'they‘have been proved

to be a pair of unsymmetrical Fourler kernels [26, p. 362].

-,

N\‘~ .
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1. 7 A NECESSARY CONDITION FOR TWO FUNCTIONS TO. BE A PAIR
OF FOURIER KERNELS. ~ |

.In this section we shall establish heuristicallf a'
necessary condition for a given pair of functions to be

Fourier kernels. - S e , ' - |

Let k‘and h be a pair of unsymmetrical Fouriler kernels,

i.e., if

(1.7.1) g(x) ='£ k(xy) £ (y)dy
then
(1.7.2) | £(x) =”£ h(xy)s(y)dy-

Let K H F and G denote the Mellin tr-ansforms of -k, h, f and'

g respectively. On multiplying both sides of (1 7.1) by x5~ -1

'and integrating over (0 ©), we obtain formally‘

x> lax [ k(xy)r(y)ay
R T

a(s) [ 5 lg(x)ax =
Lox

o~ 8

f(y)dy-[ xs-l\k(yx)dxt
. 0 ‘

il

[ vy 3r(y)ay [ w®™ k(w) aw
_ 0 ‘ 0 '
T = F(1 - s)K(s).
Simlilarly, (1.7.2) gives
“F(s) = G(1 - s)H(s)
.and, if we chénge 8 iﬂtb i - 5 in one of these equations, and

hultiply the corresponding sides, we deduce that
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(1:7.3) T K(S)H(L = s) = | |
Thus, a necessary condition for functions k, h to be a pair . Co
of unsymmetrical Fod;ier kernels Is that their Mellin-trans-
forms satisfy the functional relation (1.7.3). 1In case of
symmetrical Fourier kernel, " the relation (1. 7 3) reduces to l
W NI CK(S)K(L - 5) = |
Note also that if 'k, h are a pair -of unsymmetrical Fourler | i

kernels, so are the following two pairs,

/‘k(ax) and /‘h(ax)

I—l - -1
vx 2 k(xY) and yx 2 hx¥)y., . ¢

}

As an example, if we take k(x) /— J (x) it 1is

;found.[IO, pp. 326, 307] /”;

S5 Iy

: Kgs).= 2

_which obviously satisfies the. functional equat on (1.7.4).

As ‘another example, take

k(x) /”'H (x) h(x) = Y (x)

then [10, pp. 335, 3291

1 Y S
. s-= T(3+ + = + =)
K(s) ='2 . 2 g ‘ 3 g tan v(% + % + %)
' I'('E t 5 -
and -
- 1
His) = -2 % 2 D(p)r -3 cos m(Eus)



'Now

1 .,1,v.8
B S—5 1"( -—+—-)
K(s)H(1-s) = 2 2, §+§.§ tan n(%+§+%) ~
e TR |
1 - - .

x (2% L@ )P(E‘z 3) cos m(3-3-5))

e o i ety

= 'l’ o | .

on using the relation [9 ’P
(1.7.5) [(z)T(1 4 2) =7 csc nz.
Next take k; h as ih example 4, §l.6, equations (1.6.2), |
(1.6. 3) respectively Eﬁﬁren | |
| F(CM+YM(8~§))P(aP—QP(Sf%))
T (dy=6y(s-5)) (b +8, (s-2))

K(s). =

Heo) I (a+8),(s-5))T (b -8, (s-3))
s) = . 3 ,
C Tloyrry(s=3))T (aptay (s-2))

~which obviously satisfy the functional equation (1.7.3).

1.8 AN INVERSION THEOREM
‘ Relation (1 7 3) is the formal necessary condition for k

‘and h to be unsymmetrical Fourier kernels However we need

only assume the existence of the func¢tion K(s) and H(s) on the-

" line o = %, where s = ¢ + 1t so that (1.7.3) becomes

(1.8.1) - kG +10HG - 10) = 1,
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| We also assume that K(§ + mr) and H(§ + ir) ‘are both bounded

as ITI + o,

. _ : , ,kl(x) hlix)
Let kl(x) and hl(x) be so deftned, that —5— and :
, | : 1{(% +1t) H(% +17)
are the inverse Mellin transforms of T - and —
: = -1iT o = =11 .
2 . 2
respectively, that is
X R N K(3+ 11) -dear
(1.8.2) =5='1.1.m. | = X dt,
N+w -N 5 -1t
2
h,(x) 4 . N H(_21_ + 1t) -%_-n‘
(L.8.2) = 5= l.i.m, [ - T X dt.
| New  -N . 5 -1

The Integrals are convergent in the L2—sense since on account

o S q ' EE K(2 + it)
of the boundedness of K(5 + 11) and H(z + 1i7), —T———— and
| -
‘H(% + 11) | - ky(x)  hy(x)
—3 belong to Lz(—w, @), and hence'e-ir—- and belong
2 .

to LE(O; ), Analogous to results (1;5.2) and (1.5.3) for

‘symmetrical Fourier'kernels we have the following lnversion
theorem for unsymmetrical Fourier kernels [4o, p. 226, §8.9],
[25, p. 272] |
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A

 Theorem 1.8.1 Let K(%-a 11) and H(% + 11) be bounded

functions of' T satisfying (1,8.1). Let‘kl, hy be defined by
o Lo & . R e
(1.8.2%, (1.8.2)! respéctively;'and‘f be any functlon belong-

inglto L2(O, ©). Then-the formulae

o . | o k. (xu)
(1.8.3)  g(x) =5 ! ——— f(w)du,
‘ ' @ h (xu) .
(1.8.4)° gy (x) = Iz / L~ f(wau,

define almost everywhere functions gk,-gh respectively both

belonging to L2(0, ®). Also the reciprocai Térmulae

e ho(xu) .
(1.8.5) g f(x) = %E é,—ltr——— gk(u)~du,
o ' .d ucs-kl(xu)
(1.8.6) £(x) = &5 é fﬂa———-gh(u)"du,

hold almost everywhere;, And further,

e [ ek = [ (0 g0 ax.

Proof. Let f be any function of Lg(o,‘m), and F 1ts
‘Mellin transform, so that F(% + 11) e L2(-P,‘m). Since
1 - (L 1oy ' ‘
|K(§ +.1t)[ is bounded, K(3 + ir)F(i - 11) also belongs to
L,(-», »). Let g be its Mellin transform. Then g ¢ L,(0, =)

and



r——————— e -

s ow

Ay
J 1
. 8 . x 9 '2+i' L x1=8 A
. (1. . ) é; skl(ll)dl.‘l‘- oy { . K(S)E-(l—s) -i-—_-_‘—é' ds . | -
R(5) L Ky (x) Lo
Now T3 is the Mellin transform of v+ Hence, by the

Parsevalrformula‘fob Mellin transforms,[uo, p; 95;'Theorem 721

L %""j_'m K(s ) : | _ 'l o k (xy) .
-(1.8.9)- EFT-{ ‘Tégf F(l-s) x ~ 'ds é_ f(y)dy.
15“1“' , .
‘Hence )
_ B * k,(xy) o
(1.8.10) é g, (w)du = £‘-3;——— f(y) dy, .

and (1.8.3) follows almost everyWhere; Thus B s the k-transform
of £, is the Mellin transform of K(s)F(1l-8), Re 5 = %. -For the
same reason (1.8.%4) holds and gh € L2(O m), the h-transform

of £, Ls the Mellin transform.pf H(s)F(1-s). By the same rule;

the h-transform of g, is the Mellin transform of -

.(1.8;11)- - H(s){K(1 ~ s)F(s)} = F(s).

Thus ‘the h-transform of &y is f. Similarly, the k«ﬁraﬁsform
of g, 1is fl Thus (1.8, 5), (l 8, 6) hold Finally'on dsing 5

(1.7.3) and the Parseval formula for Mellin transform we obtain



e

n
|H
Py 1
R L
B
8

K(s)F(1-s)H(L1-s)F(s)ds

n
=1
Py

(1.8.12) é-gk(i)gh(x)dx"

)
juy
8

s

V] ) o B AN
+
[
8

=

H

n
3
-

F(s)F(1-s)ds ‘7 {£(x)}%ax.
r8Flms)ds =) |

M=
1 .
[ ned
8




CHAPTER II

.
ON FUNCTIONS SELF-RECIPROCAL IN G- AND H-TRANSFORMS
- 5. Methpds connected with the use of integral transforms
have gained-widefimportance in mathematical analysis. These

A Ve been successfully applied to the solution of -

differential and integral equations, .the study" of special
functions the evaluation of 1ntegrals and many other areas.
see [51, [37], [38] "In this chapter, the integral trans—
forms with G- and H—functions as kernels are introduced. |
The importance of G- and waunctions as kernels 1s due to
their very general yet . simple form from which many known as

'well as new kernels can be deduced as special cases. . See

cas, Pp. 954-9581, [29, pp. 86-911, [31, pp. 225-234].. o e
: begin with obtaining a condition. (Theorem 2.2. 1) for the '

uni@ueness of the solution in L, (0, ©) of a Fredholm integral

equation of ‘the first- kindT__a particular,case of which,/namely
Corollary 2 2.2, 'is essential for the’ subsequent work in this
thesis. The main result of this chapter is contained in

.r

Theorem 2 3.1 which. gives a necessary and sufficient condition

Al

for two functions in L (O o) space to be‘a pair of G—transforms.

The necessity of the condition ‘was’ proved by Kesarwani . [28 p 961].

It is the.proof of the sufficiency of the condition that 1s be—

lieved to be new in this thesis. We also show that the kernel



' q,p . l‘.' al, LR ;.’- ap, —a.-l,‘l l.-, _ap - . . HEN
G, L xl I . fs Q=1 >p >0,
2p:2q . bl":;’ bqs - ) ]
used in.[28] may be extended. to the case when q~1 >'p > O
In §2. 5 we extend the results of §2 3 to the H—transforms
and obtaln Theorem 2.5.1 which 1s.4 generalization of

Theorem 2.3.1.

2.1 INTEGRAL. TRANSFORM INVOLVING G-FUNCTIONS
The 1ntegra1 transform we discuss in this section arises o =

Lfrom the integral formula

. - . o : -
(2.1.1) f(x) = [ k{xu)du [ k(ut)f(t)dt
' | 0 C0 -
where )
. o . ) = ' -« s a -8, . -a
. . %7 5 a,p oy al’ 3 p} 12 y D
(2.1.2) k(x) = yu°x-° G (ux) K . Co)e
o o :?p’Qq ' ‘ ,bl’u-.’ bq, —bl,..., ~bq

Here u and y are positive real constants, p and g non-negatlve
integers such that’

(2.1.3) - . ¥g-1>p3

[
.,

5

i

and'aj, J #”1,...; p,.énd bh, h 1l,.v.5, Q, are numbers\satié~

 fying ) _
aj - bh # 1,2,3,..45'J'= 1,00, P, h = l"'ﬁ’ q;,l
(2.1.4)

pjﬂ; b, # 0, +1, +2,.000y 3 = 1.0, @, h = 1,000, 9, J B
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and obeying conditions mentioned in Theorem 2. l 1 given
~ below due to Fox. This kernel has been introduped by 5
Kesarwanl [22, p. 298]. The conditions (2.1.4) ensure that

the poles of I'(by - s) and T'(1l - ay + s) lie pn opposite

sides of the contour used in the definition of the G function '
and that they are simple poles
The formula (2 1. 1) gives rise to the reciprocal rela—"

tions

(2.1.5). R =] k(Fu)f(u)du,
. ' 0 . '
(2.1.6) : £({x) = f k(xu)F(u)du;
. ' : 8] :

connecting two functions f£ and F. We will call eachrof the

twWo funotions so.related the G-transforms of each other. If,

further, F = f so that

I

(2.2.7) .‘. f(x) f k(xu)f(u)du, T . i .

s

_ then following [40, p. 2”5] f is called self—geciprocal in

. the G—transform

The - formula (2.1. l), with the left-hand side replaced
by {f(x + 0) +.£(x - . 0)}/2 at the points of discontinuity of -

£(x), has been proved [14, p. 400] under the hypothesis that
¢

't f(t) e L(O, on), with sultable o, and that f(t) is of bounded

variation in the neighborhood of_the.point t = x.. See [2”



p. 283talso. However, when we come to study the relations
(2.1.5) (2. l 6) directly, we find_that the theory of ordi-

nary convergenﬁp Is not always enough A case in. which a

L]

satisfactory theory can be developed is, that in which

f e L (0, =); eveh in this case, the 1ntegrals 1n (2 1. 5),

4 R o
- : k

(2.1. 6) do not generally ‘exist, and we have to express the

“\reciprocal relations 1in the form

Tl i : ' d “ = k (xu) '
.(2.1.8)' - E(X) = a;_é T—E*“— f(u)du;
B . o - “d. m‘kl(xu) .- |
(2.1,9)» | £(x) = g% S F(u)du,
) . X . \ ' ‘ .
. where k,(x) = [ k(u)du. In case we can differentiate with
‘ T . :

respect to‘x under the.integral'sigﬂ, the formuiae (2.1;8);
.(é 1.9). reduce to (2.1. 5), (2 1.6) respectively.

| \//Th [28 D. 96] Kesarwani obtained a necessary condition

given below as Theorem 2. 3 1, ' so that a pair of. functions £, F

in LQ(O, ) are ‘G-transforms of each other. We will-show_in

Theorem 2.3.1 that the'condition is sufficient also. First"
we meption a few preliminary results. : : L
E _ _ .
. I .
2. 1 1 Here we present a. theorem due to Fox which pro-

vides a set of hypotheses for the validity of the rEciprocity

and b

h-havebeen slightly

-

(2.1.8), (2.1;9).'.$he parameterS'aJ

€



"‘make the theorem applicable to the kernel (2 1. 2).wgSeh;”&?

—~
»

changed from those in Fox's paper [14, P. 399] so as to

=}

”[25, p. 277] also.

Theorem 2.1.1 (Fox). -If

4 ¥y >0, u >0,

(11) RE(']; - a ) >0, J =1, +s Po»
ARy a
1 o *
(111). Re(§ + bh) >LO, h=1, ..., q,
(iv) £ e L,(0, =),
o L |
(v) kl(x)_= é k(u)du,
then.the function
o k.(xu) - . )
d- 1 ‘ C
& [ Twtwaw

d

is defined almost everywhere on (0, .«) and belongs to_La(O, w )

jDénote this function by F(x)ﬁas in'(2;1l8).. Then the recipro?
-cal relation (2 1.9) also holds almost everywhere on (0, =},

and further
Fa¥

L

7 mG2Pax = [ te(a))Pax.
.0 - -0 .

2.1. 2 Parseval's Theorem for G—transforms can be stated .
in the following form. If F and f are two functions satis--
fying the re;ations (2.1.5) and §2.1.6), and H and h are two
fuﬁctions similarly re£QEEd; then [28, p. 951 we ﬁave the |

following result.



Theorem 2.1.2 If £ and h belong to L,(0, =), then F

ahd H also belong to L,(0, =) and

!
é F(x)H(x)dx = [ f£(x)h(x)dx, c o '
. L 0 o :
both sides_being L—iﬁtegrals.?~-" 5 -

2.1.3 We reproduce the following results of Kesarwani

- {28, pp. 95-96] in a form that will be useful in ‘proving our

assertion
"It has'beenfshown that oo
.y=1- layseees @
5 QsP vl 1 > P
(2.1.10) x G (vix) :
'p?q bl""’ bq

. ) ‘ . ] _
1s self-reclprocal in the G-transform under the conditions

(2.1.4) and (11), (111) of Theorem 2.1.1. To verify this

we have to proveithet

R T - - B e EA e 2 I '
. [ k(xu)u © G (Ve du
o0 | Poa |\ |Ppseees By
(2.1.11) ' ‘ o .
‘ . -7 . -1 a. - .al,;..; a
I = q,p p
s =x2 o [y i
' piq ) ..bl_,--;, bq

Here k(x). 1s defined in (2.1, 2). The integral:on the left~
hand side is convergent under the above hypothesis if

a-1 3 p,i 0. In [28; p. 95] Kesarwani showed that (2.1.11)

is convergent'only for g-1 >.p > 0. We first coﬁsider'the _ - -



~

case g-I > p > 1. Changing ‘the variable of integration by

setting (/—u)Y

t, the 1eff’hand side of (2.1. 11) equals

!"'l ~.q,p. ‘a‘i,-n-’_,_a

. o p -"
(2.1.12) x %> fg@ A
.0 p,a pl,f:u, bq
' - l a ‘ & a -a 9 _a
. g,p ) 1° E] D’ 12 ': o)
G (VEx) Tt 'g | dat
. 2p32q P . bl: s ey b’C‘]’ "bl: L} "bq
‘I—l- -b,y..., -b 5.2 - | —B.seeey =&
. p+q,ptq : 1 q? "12tTtr Tpr L2ttt T -
=x2 6 Y - g : oo
2p+q,2qtp . _al"'f’ _ap’,bl’ s bq’ fbl’ -.,'—bq u
_'l a 3 . 3 a
== q,p : 1 o
=x? g (Vix)Y
P,.q Pyseres By

Here we have made use of a'known integral (31, .p 159, §5.6. 2

case 2] involving the product of two G-functions and identities

2

S(1. 3 1) and (1. 3. 2). For the case q—l >p =0

(2.1,13)

© g,0 A V- 4,0 | ) | .
[ o (t,b ..,b )@ ((#Ex)*t‘b
b

iq 1 q 0,2q 12" q’ 1
- 0 . I{b.-s.) -
1 q> , Q "1 Yool g
== [ G  |[t|byse.., D_}Jdt | [( x) t] *ds o
ELERS o,q 1° q L, F(1+bQ 1) | 1 /

If the’ change of order of integration in (2 1. 13) is permitted,

then (2.1.12) holds _ Let_s1 = l + 111 Then



(2.1.14) . ...
T(b.-s-) ys ® s, q,00 4 .
: Q51 1 LB 9 S
£1 \‘F(I+DQ+51) (vux) hdsl|£ It Go’q(t]bl,..., bq)|dt
S )
- Hx ds t ‘ G | ' '
L _r(1+bg+s1) | 1 | 0’q(t Byseres bq)ldt-

From the estimation given by Luke [371, p. 144, eqns. (5), (6)]

‘the first integral on the right-hand side in (2.1.14) will be

}

- convergent 1f % t o> %a.'From,(l.2.2)'We can always choose

N

suc@ Ul.

Noﬁ
q,0

K t‘b ..y b }fdt
l! 3 | .

(2.1.15) " [ t ~|¢
0

1 o, q,0 | . e g, 'q,0
=7t Yo tlbl,..., b lat + [ ¢ e 7 |
0 C,q : -1 0,q
From [31, p. 145, eqgn: (7)] the first integral on the right-

’bl,...,-bd)ldt.

hand side in (2.1.15) will be convergent 1if

(2.;.16) . gq + bj

Under condition (1ii) of Theorem 2.1.1, then, (2.1.16) will be

+l>0,j= l,oo-, q-

“.-satlisfiled it
(2.1.17) o i >0
1. | 3+ g i

For the convergence of the second integral of the right-

_hand side in (2.1.15) S | ‘



.; _ 33'_..fifi"

. o, ‘q 0 - o ) _ |
(2.1.18) f t | ’ (tlbl,...,_b )ldt : o -
o : " 0,9 ' 9 - ' o
w g .. ’
o _ 1 1 _ o 82 - . 7 ‘
y = 5= { t © dat| {_ P(bQ - 8,)t dsgi | \““f) .
2 ~ .
L : .
1 1 : 2
<z [t ~at f | r{b, - s,)t hds
) .+ | . | - | . .
- %— f’tél “2.at [ | rieg - sp)llas,l, )
sam . L2‘

where aé ='oé + 112 with o, < Re(b ), J=1,..., q. So the -

integral on the left hand side in (2 1. 18) wlll be- convergent .
if

(2.1.19) oy + ot 1< 0.

Since g, is subjected only.to the eondition o, < Re(bj); yﬁg“

3= 1,004, q,-it followé”fhat for any given o, we can always

.choose 95 such that (2 1.19) holds
From (2.1.14), (2 1.15) and (2 1.18) the order of integra—

tion in (2.1.13) may be changqqr ‘Hencer(z.l.;2) holds for

. p = O also.
As a particular case noté that wheo p-=+0, q = 1, bl = v/2,
Yy = 2, 1/2 the kernel (2 1.2) reduces [27, p. 185] to
VX J (x) which is the kernel of Hankel transform (40, p. 245]

of order v, and the function (2.1.10) reduces to a constant



1.
n;multiple.of.ﬁv+§ exn(;§2)7which-is a well-known séif—;
reciprocal‘funotion in'thé Hanﬁel transform cbtained by
Tricomi [hl, p 286] Note also that (2 1.10) is only a
particular case of a more general self-reciprocal function .
obtained in [27, p. 18h] ‘ _
By making obvious changes of variables ih (2.1.11), we

obtaln that if y > 0,

y-1 e
a,p , 1 P
(yx) 2 6 [ (AyRY| .and
. P,q | bl,..n, bq
(2.1.20)

y-1 . Byseees &
q,p D

&2 e EhY T

" p,q \ - b.,.i., b
Paa | 1 q

form a pair of G—transforms. Tnese functions belong to

L2(0 ) whenever conditions (ii) and (iii) of Theorem 2.1.1

are fulfilled. See [31, §5.6.2].

S 2. 2 UNIQUENESS THEOREM FOR THE SOLUTION oF FBEDHOLM INTEGRAL

EQUATION OF THE FIRST XIND. -

Thesrem 2.2.1 Let

1) Hoe Ly, @), -

(ii) m{h(x)} H(s), and H-‘(; + it) be bounded and

o

never vanish for all real t,  ©



l _.35:“

(1i4) f . ;2(0§ miQ
‘(1v)' Z h(;yjf(y)dy = O,Iféy aii X > 0.
. Then f(x) = 0 almost averywhere ﬁn’(Oé ©).
Proof. lBy Theorem 1.1.1 both Sides'of:
(2.2.1) | o Z h(xy)f(&)dy.=.b

belong to L2(0, @), We obtain its Mellin transform so that

+ 1it, —o < <@,

0 = W {f h(xy)f(y)dy} = H(s)F(1 - s), s =
0 .

where FQS) = WAir(x)}. _Bjﬂcondition (ii) we‘have'F(s) = 0,‘

f\)[l»-"-.

s =%+ 1t, -» <t < », Hence by inverse Mellin transform

(1.1.4) we obtain f(x) = 0 a;most'everyﬁhére on (0, «).

Corollary 2.2.2 Let

(1) uw >0, y > 0,

(i1) B, + Y a, > 0,
j=1" le :

vs Py

|
=
L

(111) Re(l - a;) > ay72, J =
) Re(ny + 8y/2) > 0, J =1,..0, a,
(v) £ e L,(0, =),

-1 .
el
P

(vi) é £(6) (xt)

for all x > 0,

Then f{x) = 0 almost everywhere on
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,E\
R : . .
\ Proof. Let
. 1 T .
s 5= ap oy (2305 ;
(2v2.2) h(x) = x H- 1 {vux)
: ' P,Qq (bi’Bi)l,q
. . (é-'za )
. (1= y 9P 1°71°1,p
‘ . .
i where
l
‘ : 1. 1 .
| al = a, ta, (5~ 5=-),7F = .o ‘
N 3T EE) TS e s
: (2.2.3)
1 : T 101,
! T = —_— - — =
T‘ b} = by * B3 -5 I = Lt q
- By (1.3.10) & (1.1.5), the Mellin transform of h(x) is obtained as |
) 1 1- —% " BQs aPs‘
.2, = = K. - al - —/—).
(2 2 ); H(s) > r(bQ = )r(l af = )
We will show that H(s) e L,(3 - i®, 2 + i») and H(s) is bounded
on the line s = % + it, == < t < = also. “Now: .
(2.2.5)
1t '
_—t= . B~ 1BAT a la t
1,0y _ 1 2 PQ, " q %p  %pr. .
H(5+t) = = u T (bgt—5+ E ) T(l-—-ap-——), <t < w.

: ' : - B, 1B,t .
By congitions (1i1) and (iv) the functions F(bJ+—%+—ﬁ$~),.

L

ia.t

| | &
j=1,..., q; TI(1l- 5-aym—y )o 3 = 1,..., P, do not have

any'singularities for real -t. Using the asymptotlc expansion




“of gaﬁmafunctidn.[jl;.y(,BBJ
| o L B
(2.2.6) IT(x + 1901 ~ v27 mx 2 o 21Vl |

3

X, y real, x fixed, |y| + =, we find that

i . RZ%%4Ren+E& . .
(o 1, £, 2 2 o ‘
(2.2.7) |H(5 +‘it)| N A|?| N  exp(~§7 Dlt[),_ltl + @,
where
) (8,-1). (1-u,)
1 _% Bta 4 ——%———+Reb P ——EEJ-—Rea
A==y Y(am) 18, A ™ J,
Y . j=1 j=1 J
B = % b, - E .,
j=1 oy
c = ? B - L

Due to the factor exp(e%? D|t|) and conditions (i) and (i1)

we know that H(3 + it). is bounded for all real t and H(s) be-

1ongé to L (l - e, Lo+ iw) Hence h(xj ==n{"l{H(s)} belongs
a2t2 > 3 - Rences o, : &S

to LQ(O; w), JSince_all the assumptions of Theorem 2.2.1 ére

fulfilled, the desired result folibws, o ' - '

-2

A result analogous to'Coroilary 2.2.2 involving G-functlions,

instead of H-functions follows on sgtting-di_= 1, B4y = 1.



2.3 NECESSARY AND SUFFICIENT CONDITION. FOR A PAIR OF -
FUNCTIONS TO BE G~TRANSFORMS.

Theorem 2.3.1 Let
(1) u 30,y >0,
(11) g-12>p > 0,

(111) 'Re(% - aj) >0, J =

I
et
»
e
U
v

(iV) REF%.+ bj) > 0: J = 13':'1 q;

" Then a necessary and sufficient conditiop that functions F

and £ in L2(O, «) be a palr of G—transforms is that

!_1 al,.o-o, a

ot a,p P
(2.3.1) [ £(t)(xt) 2 g (Vixt)Y : dat
0 ‘ P,4a : bl’.';’ bq
-1
1 @ : £ 2 . a,p £ Y al’ 3 ap
= 7 f F(t)(;) G ( Ux) . dat
0 o D,q 'bla- > b '

‘for all x > 0.

| Proof'. Necessity.

Since from (2.1.20) the functions

g =1 al;.,., a
QP p
(xt) 2 @ (Vixt )Y
. pfq - ?l,...} bq_
and _
l I:"l a'o- a
1,£. 2 QP gyl 07 P
25 G (Vud) ') . ,
’ P,4d bl’ .y b

A



_considered as functions of t, form a palr of G-transforms

for all x > 0 ‘Wwe obtain (2.3. l) on applying Theorem 2.1. 2

Sufficiency. 7 _
Let fd € L2(0, «) be. the G-transform of F. By
-~ the necessarﬁ‘condition we Hhave SRS ‘/
(2.3.2) [ fo(tia(xt)at = = [ F(e)n(Dat,
_ D _ X g - X
for all x >'0,'where'
' ! ' !_l + .
e ' 2 a,p . Y 212 ? ap
(2.3.3) h(x) = x G (vpx) "
l p’q bl! A | bq
- But by the hypothesis
. . | . - 1:0
o (2.3:8) [ £(t)h(xt)dt = < [. F(t)h( Ydt,
v . ' o 0

for all X‘>-O, also. Hence

[
o

(2.3.5) fAe(e) = £4(E) In(xt)dt
0 o

By Corollary'2.2.2swe must have f(x) = fo(x) almost everywhere

"on (0, =), i.e., f and F.are a pair of‘C—tfansforms. Eg\\\
2.4 iNTEGRAL TRANSFORM INVOLVING H-~FUNCTIONS.

'2.4.1 The function

, | - g,p (ai’“i)l p’(l_ai—ai’ui)l p
(2.4.1) H ol x
' ' gpseq ' (bi’Bi)l q:(l -b Bissi)l ,q.



"‘7 ——-uO— '

"‘ahd hence'in view of the remark fdllpwing'(i;T,u);'the

function
(2 H 2)
. ”% -1%; ap -‘.Y (ai,ai)1 s (1-ay-ay,04)) o
k(x) = yn" x° H (ux) 0
' ‘ 2p32q ) (bif i)l,q’ 1—b1#8i?81)1;q-
| p‘" Y > 0,
has been proved by Fox [14, ‘p. 410, Theorem 5] to be a y

symmetrical Fourief kernel in L2(0’ ) in the following BRGNS

sense.

Theorem 2.4.1 (Fox). If o RN
(1 By > 0, 1= 1,0, @0 >0, 1= 1,0u, p, and

'gm/
3 e, -
L By

i=1 i=1

oy > 0,

(11) Re(by + By/2) > 0, 1= 1,005 Qs

I-(iii)"ﬁEtl" a,) > Qi/z, 1="1,..., P,
. {1v) uo> 0, f > 0,.
(v} ¢ e'Lz(O,'W),‘

~

k(u)du ,

O 4

(vi) kl(x) = \’////
-then |
.. k (xu)

Fix) %— é f(dﬁdu

defines, almost everywhere, a function F(x) € L2(0, @),
. '



N “'_' ul. -

‘ f(x) %-'f —i———— F(u)du

o %

holds almost. everywhere and

/ {£(x)}%ax "é{ﬂ(x)}zaé._'

The functions F, f which satisfy

.

(2.4.3) F(x) = é k(xu)f(u)du,

(2.4.1) |  £(x) = [ k(xu)F(y)du
b X |

will be called H-transforms of .each other. If, further,

F =.f so that.

f(x) = [ k(xu)f(u)du, }
5 s :

" then fis called self—reciprocal"in the H-transforﬁ.

2.4.2 Parseval's Theorem for H—transforms may be stated
‘in the following form If F and f are two functions satis—
fying the relations (2.4.3) and (2. 4 ﬂ), and H and h are two

functions similarly related, then

(2.4.5) f F(x)H(x)dx = éf(x)h(x)dx{ '
6 T | .

Theorem 24,2 If fandh beiong‘to-L2(0,‘m) then‘F'and

H also belong to L,(0, ) and (2.4.5) is true, both sides being

- L-integrals.



- 4é ;_-'

2.4.3 Analggous‘%o (2.1.10) we will show that the .
. function | ' .
o '13%'Lq,p (8350503 o\ |
(2.46) "~ x° H [ e
‘ ) P,d \ gbi’si)l,q

1s self-reclprocal in the H-transform. To verify thls we

have to brove that

i-l. o | ,fa

)‘ .
© :q,P 1°%171,p\
2.4.7) [ k(xwu 2 H, [ (EWY du
y-1 | (ayey)
. . a,p i i‘l,p
= x ¢ H ((/E.X)Y
- ?sq \ (bi,Bi)l,q

The integral on.fﬁe leftaﬁand side is convergent under the

condition (i) of Theorem 2.4.1. In fact, changing the variable
.. . . . e A - : !

of integration by setting (Vi u)Y = t, the left-hand side of

(2.4.7) equals ' ' a -
e g [ P10
(2.4.8) x [ H th x
. 0 p,q (032857 4 .
a,p | (ags0ydy patlmagmegsas )y g
H (Vuxi'y - Jat
- 2p32q - (bi,Bi)l,q,(l-bi-Bi’Bi?l,q
];1 @ 'q’p (ai’qi)l,p
=x 2 2 fu |t at
oo {) (b, 5B )
PPQ | 1°Pi’1,q




I 4 o-Ba sl)P(l a ‘o

x ] 2% 2 m e,
= e /i X ‘ s, . .
CLE L.’ T(® +3Q;3Q sl)I*(l a8 =%, EFRANE . 1‘__

® sy dp (ai’“i)l,p
x [t t ] at
0 p,q (bi,fsi)l’q
B ' ' : s
=:§ 52T £lr(bQ-_ ?Q sl}?(l - a, +eap 512(iﬁ'x)' 1 osl
IE—' a,b : Y (ai’ai)lsp :
='X H (Vvu x)'| . {
o Po@ry -(bi’si)l,q\ 1

To justify the change af order of integration,\ge have to

show thetfthe following integral.

L

g r(b _3 s )F(l a } ‘. o ¥s
P P 1 - 1
(2.4.9) .f ‘ 2 (VE-x) ||ds |
- (a 50
®© a,p i, i l:p 1
< [ 18 |t Idt

0 psq (bi,si)l,q

is convefgent. Let s, = 04 + 11y, 0y, Ty real By using

-

1

S (2.2. 6) the first integral in (2 4.,9) will bve convergent 1if

'(2.4L10) T2 ol + 1)¢ % B E

J_
To estimate the’ second integral in (2 % 9), we have




" We may always choosezcl to satisfy the conditions (2.“:10)";

. . . &
w aip [ e o\
. . q,p 1171 '1,p) s : .
NEN TS0 I SIS S £ £ L)at
. ; % 01, QP (31’91)1,p' ‘
1 o, a,pf |P1r% 01, © oy aypf |P12%)1,p ﬂ
= [t ~|H t - Jlat + [t 7|H t o |lat.
0 P,q (bi"Bi)l,q .l ] .. P,q | '(bi’Bi)l,q
From [2, p. 279, eqnh. (6.5)] we knpw that '
| , (ai’“i)l;p N
(2.4.12) H t = ?(ltl ) for small t, .
. p,q (bi’Si)l,q . - .

where

.o

(EﬂQ?IB) a = min. ReﬁbJ/BJ), J - R

“Therefore the first 1ntegra1 on.the'right-hand.side'of (2.4.11)
will be convéfgen@ if- » -

;2.hl;u), , L1+ o+ g, > 0.

+

-~ H

and (2.4.14) dﬁe_to (1.2.10).- To estimate the aecdnd.intEgral

on-the right-hand side of (2.14.11) we have

' . 61 q,Pp (ai’ai)l,p -
(2.4:15) [t F[H |t et - o
. l .'; . p:q . (bisai)l,q . v 7.. -‘;
- 1 © val ‘ ;.'M' ' ' : . . 52
< = { t - ﬂt,{ [T(bg - Bq 5,)r(1~a ta 5,)t ‘L|q52|e
' 2 N J



..iéiusﬁ_fﬁ

at f lr(besQfsa)r(;-ap+aplsé}||d52|

where s, =g, + it,. 'Hence the left-hand side of (2.4.15)

.is convergent if g

(?.4.15) dl.+,02 f ; < 0.

For given g, d, can always'be chosen so that condition
(2.4.16) holds. Therefore (2.4.9) is convergent. This justi;
fies the change of order of integration in (2.4.8).

By making'obvious-changes of varilables 1n.(2tu.7),_we_
obtain that if y > 0, . ° S

2 q,p (ag,2y)

f

. 1,p
(yx) © H (Vi yx)Y | "} and
. p,q' Rt bi’Bi)_l,q_
“(2.4.17)
. : I:_l_ ) (a 3 )
..%(g) 5 Hq,p (/' x) | 1 i 1,p

form a pair of H-transforms.

R I

2.5 NECESSARﬂ AND SUFFICIENT ‘CONDITION FOR A PAIR OF FUNCTIONS
70 BE H-TRANSFORMS.

Analbgous to the G-transforms, we have

« Theorem 2.5.1 Under the hypotheses (i), (11), (111),, (iv).

of Theorem 2 h 1 a necessary and sufficient condition that

functions f.and F in Lj(0, =) be -a pair of Hmtransforms 1s that



‘ 39  .(ai’ai)l,p
(2.5.1) - [ £f(&)(xt) = H v xt)Y S Jat
1 = t‘ 2 t Y (ai’.ai)lswp
=3 é F(t)(;), H (Yu o N dt
| S | P9 1<BysByy g
for all x > 0. -
t

Eroof, Necessity.

S 31n%e-from (2.4.17) the fuhctions

S XL qp | @10 p
(xt) ° H (/5 xt)Y
Ip,q (loi,ti%i)l,q
and - - . ' S ‘ -
| =1 ey ya).
1.6, 2 AP g Y|t e
=(%) H (Vo ) ' o
*x p,q X | (oy,8y)
? ' i°%171,q

con$idered as functions of t, form a pair of H-trans forms for

a1l x > b, we obtain (2.5.1) by applying Theorem 2.4.2. “
Sufficiénﬁy.l. SR v |

Let f

o € Ly(0, =) be the H-transform of F. By the .

necessary condition we have

e | ' 3 o -
é fo{tin(xt)dt = & é_g(t)h(z)dt,

“ -

for all x > 0, where . . A

L q,p | (ai’ai)l,p\
h(x) = x 2 H (vn x)Y. / .




— ,47 ‘-‘-‘ ‘-' lr._

By the hypothesis .
@ LI

[ F(t)n(2)dt, x > 0,
0. . X R .

f f(ﬁ)h(xt)dﬁ =
0

]

also. Hence
L [ A£(s) - £y(e)In(xt)dt = 0.
0o R
By‘Corolléry 2.2.2 we must have f(x) = fo(k) a.e. on (0, =),

1.e., £ and F are a palr of H-transforms.

)
L
% @ .
7 : .
Yo ‘
T
g N
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. 1
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CHAPTER III

‘FﬁACTIONAL ;NTEGRATION-AND WA’H—TBANSFORM |
- T : : ! A
3. Intagaation-and'differentiatiqn of,fractiohal‘order
appear'in‘various branches af mafhematical-analysis and

bits applicat;ons. ‘While working:withléerpain 1ntagra1
Qrapsqums we find that f;aCtional Integration and differ-

entiation can profitably be developed into 2 uSeful tool
to'obtaia interesting results.” Such a development would
entail atandardized definitions, a good notatlon, and collec—
tion of the basic properties of fraptionalrderivatiaes and

‘iﬂtegrals in-a form sultable for the iﬂtended project. Short
tables of fractional integrals already exist [11, Chapter 13]"
‘and could be usefully expanded. ”

In 1940 Kober defined certain operators of fractional’

differeﬁtiation and integration which were generallzed by -

Erdélyi in 1951. Theée_operators'are very useful in eonnexion

with the work in hand. in this thesls we consider these

operators defined.on the function space L, (o, ©).. The present

-

chaﬁter is devoted to the application'of fractional integral -
-‘operatpﬁs to aertain intégral transforms. |
In §3.1, we calieét some properties of fractional inte—_-
gration aad in.§3.2,'w§ solve the ihtagral eqhatign
. 1w _

(3.1) {(xu) e 2‘ W, utxu)f(u)du = g(x);,x >0,
0o | | ‘ X -

’

b



R

where W '(x) is the Whittaker's confluent hypergeometric

function [36, p 14].' ‘We show that the above integral equa;
tion may be reduced to an. equation representing a Laplace |
- transform by means of fractional integration. See Theorem

| 3.2. H‘ We give some- examples to illustrate the applicatioﬁ
of this theorem.” In §3.3 we solve an integral equation whose
"kernel 1s an H—function.

In §3.4 the'problem of dual integral-equations involving
H—fnnctions as kernefsahas been considered. We reduce the
problem to that of solving a single integral equation by
applying appropriate fractional integral operator which in

. turn, can be solved by the method given in §3.3.

3.1 FRACTIONAL INTEGRATION. |

:Various definitions have. be%n ‘glven of fractional inte-
gration. We use here the definitions given by Kober [30] and
. generalized by Erdélyi [8]. These authors define four types
‘ of fractional integral Operators but of these four types the
last two are little more than varlants of the first ‘two. For
this reason we shall deal with the first two types only.

Let £ e 1,0, =), MLL(x)} = F(s) and Fy(e) = F(G + 16).

We shall denote by Léa)(o,-@) or Léu)'the'set of functions.f

belonging to L, (0, «») for which |t|max(0"Rea)F (t) belongs to

Lo (=, g);; Obviously L(a)(O w) is identioal with L, (0, m) when



,.Re a > 0, and L(a)(Og w) is a- proper subset of L (0, )
when Re a <.0 [7, p.'300}.
.The'operators 12’ and- Kn’ ‘are defined by the formulae

[30, p. 193]

MNy& oy l _-n—-a gy =1
‘IX, T(x) = () x N f (x - t)a tn f(lt)dt,J‘C > 0,

0
n,a, = 1 .n Foy@—1 _=m=-a .
Ko £(x) = gy X i.(t -'x) , 70T r(e)dt | x > 0.
By (30, p:. 199, Theorem 2] if £ ¢ L,(0, =), Re n > -%,

Re a > 0 then Ig’uf(x)"and K2=“f(x) exist almost everywhere
in (0, «) and belong to Lé“)(o, =), For simplicify we assume

n,a the super-scripts of Ig’a, Kg’a'to be real from now on.

| B

Also when no confuslon can result, we.write In,u,-Kn,a for

In’a, Kg’a‘respectively. Here it'willgbe sufficlent to note

that the.elements of Lé-“)(o,'m) are [a] times- contlnuously

"differentiable [7, p.'301j,'where [&] denotes the largest 1n-
tegefrg a. | ‘

" For a=0 . . | R .
(3:1:2) - 1“’“f(x) = £(x), - x” “f(x) = f(x)

—\

and for o < 0, we define glx) = 1™ 0‘f(x) and h(x) = KN @ f(x)

as the solutions in L2(0 w) (1f. any) of the integral equations




o= 51 -

(3.1.3) £(x) = 1% % (x), £x) = KM% (x), |
these solutions being uhiqﬁe‘£30j p. 205]. These solutions

exlst 1f n KR 5_—%,<'We see thét for real o and under the

‘coodition n > f% +:ﬁax(q, 4&3, INs%e Kn’af-are"definod and
belong to_LE(_u)(dywm)-provided that f € Lé(u)(o;.w) tT,”p._3bO,
Theorem 7]:chor the operators"oo extended we have‘[12, p; 688]

phsarnte,f _ nta,B n,o _ gn,otB ‘_ ,
(3.1.4) K1 gTOSB RENRCR - KMot

(In,u)—1-= In+a,-a (Kn,a)—1.= Kn+a,—a

2
provided all opefations make sense:

-Let n be a positive intéger. Then [12; p. 688]

Mehe(x) = xR 4 {x”f<x>}
‘ : dx
(3.1.5) |

]
1P A" S TP ()
ax’

by explicit computation, and thls result in combination with

Kn?-nf(x)

(3 1. M) 1eads to explicit expressions for IN? 2%, Kn %f. When

' +n,-n +
x+n 1 0, where n 1s a‘pOSitive integer, 1”’“=1“+9 s n.In,o_n

and similarly‘for K, so that:

. 2N .
1% (x) = x 1% S0 XTI TSR £ ()}

7 . dxn
(3.1.6) | o
(“1)3 Lnroetn QE_'{x-n—a.Kn,a+nftx)};

KN2%p(x) = =
- dx



(3.1.7)-

‘When no confusion can result, we write I7*¢ KC’ for IN2¢

os2-

' By.E30,rp 203, Theorem 5(a)] for n >--2, o > 0

, ; r'(1+n-
abfxn f(x)} —r(1+n2uig)nmffcg)},

‘Iﬁ&Kn’Qf(xﬁ} = rr§+:i; Hl{f(x)}

4

Fractional integral operators with respect to xA, A >0,

_ may he defined by simlilar formulae by replacing X by x [8

p. 220]. Thus we write

. 1 - -An-Ac' ¥, A _Ava-l  An Ay
Ip,af(x) = X f (x7 = ™) £ohE(e)a(e™),

(3.1.8}.

D,® ey o 1 AT A _Aya-l  —Az-Ad Ay
s Kfﬂ- f(X) FTET X i (t . X ) t. A f(#)d(t ).

A 2 A2

., X

o 8
Kcﬁu respectivéiy. L

X
Let U be the Heaviside unit step function, i.e.,
I 0 for x < 0,
(3.1.9) U(x) =
. - 1 for x.> 0,

and for A > 0, define functions

. in,a,A(x) = FT%T (XA _ l)a—l fon—AG U(x'— l),
(3.1.10) - - | '
' T,0, 8 ~ a—l AT i}
K222 % (x) = —(—7 (1 - x U(l x).
' Then A g k5294 yelong to Ly (O ®) if a > l - %, .

o
p

' .C>"§K‘iwﬁ > —%'a 1, 1 < p < =. ‘For p-= 2, we have {#, p. 101]




s 53‘;‘.: : - 'i?'. .1' "ﬂ:  :,

r(l+n-3)

M‘(/‘-{I"’“’_A(-x)} = — A . o >'-'¥l-,‘n N I, Re s < L
. ' 1‘(l+n+u—%) 2 R =2’
o (3.1.11)
F(§+ =) . . o - - '
ML{KC,G,A(x)} —?—————;., o > %, > '%K , ‘Re s 3‘%,
: r(g+at+=) -
. a°

and EK{I?’G’A(X)}, m%{Kc’a’A(x)) belong to L2(%~im, %+im) and

aré;bounded Qﬁ the line s'= % + it, —-» < t < «, .Hence 17
1 1 1 ) o
A > 0, @« >3, N> 5 - 1, and § > - 5% » the fractional‘integral

operators (3 1. 8) can be written in the form of the convolution

(1.1. ll), that is, if f e L {0, y

(3 1. 12) IR’af(x) ='(In’a’A*f)(x),' KC’“f(x)'= (Kc:uéﬁ*f)(x).

It has been pointed out by Fox {15, p. 460] that the Kober's -
‘proofs (30, pp-. 203 - 204] for the case A = 1 may apply, with

‘perhaps some minor modifications, to the case A > 0. 'Hence,

from (30, P- 203],'a set of sufficient conditions for the

existence of (3.1.8) aré

(3.1.13) « >0, n> 5=~ 1, > 1 ana £e L, (0, =). -

2R 28
Further, ' _
. r(14n-2) R o
;‘MTIR’uf(X)} = : . As m{f(x)}, C(.>O A)O, n>2i_l,Re 5 5_ _2_’ .
' ' I'(l+n+u-ﬁ-) R
(3.1.14)
m{KE’af(X)} = M{f(x)}, a > O L > - l__, _Re s > .é. .

F(C+a+§) o o 2A

A
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"As an application of (3.1.1H), let

o : o m,ﬁ‘ (ai’ai)l'p
(3.1.15) f(x) =H (ex)B (b,,8.)

| . p.a '12P1 l,q

n  om | |
where } ‘Bd’ B>0, ¢c>0.

+ ¥ @, > o, +
B E=5 N AT =5 BN E- VS N -V X
Then by the“asymptotic,expansioh of gamma function (2.2.6)

and (40, p. 94, Theorem 71], f e L,(0, =) and hence

2 | ‘ (n+) .( : S.)‘ - Ay
o=S T{n+g) Tby+ T(l-a

n,a M ANTB
XHAK £(x)} = X

; | ‘ _‘F(n+a+ 7) T (1-bQ )T (aP+_§_

This implies

| (3.1.17) | _ N
E . ’ : . (a 2 O ) ’(n+d,'—)
_ e m,n (ai*ai)l,p - Hm+1,n (cx)B 1271 13p A’
K> | Cex)’ . L (n.B P
A ‘ D,q (bi’Bi)l,q ) 'p+1,q+l ‘(nJA):(?i)Bi);’q

wherg n > '%K’ o > O’fA >0, B >'0,_c > 0,

n _‘ m '.
Loyt Loy

Bj" Hence from 63:1.8),-
j=1 J=1 | '

jon+1 3 J=m+l

after an obvious change of variables, we obtain

. S flagsagdy o\
e m,n 1*4171,p
- +A- -1 :
(3 1.18) ”T”T f A“ ~Aata Leyh 1)* L g xy| - dy.
p:q (bi’Bi)l,q
\ o | (ay,0,), o »(nta L)
-, : ) C‘mtl,n L TiY1,p A .
': - :_H . X - 1 ] 43 X >‘03
\ . P+lsq+1 : (H,I),(bi;ﬁi)l,q
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_wherern > ﬁ%i,.u >0, A >0,
2 -? L |
) ag )T By > o, + 8..
g21 3 g=1 9 T gens1 Y geme1
Similarly we have,
L (a Q. )
: m,n 1°7171,p
(3.1.29) ID%mH | (e)®] T ;
) B. ., .
m,n+1 B (nu3)s (a0 )y g
= H {cx)™ e g |>
p+l’q:+1 ) - (bigﬁi)l’q"(-n_a,ﬁ)
where n > %ﬁ -1, A > p,'Bd>'0, c > o: a > 0,
n m 5. q S o /
Y e, + § B, > o, + 'g B, '
AP SR AT WA I IS B R TS R
: | A..l An+A-1 Aya-1 maf i)
(3.1.20) [y (1 ) H Xy day
a) 7 by .80, o/
. | o | 12f1)1,q/ /
_ : 1. . Lo
' <m,n+l (-n’K):(aiJai)l,p ,"/
= H - ) x ) . ! l s .""‘
ptl,qtl , (.bi’Bi)l,Q’ ("‘ln""asi') /
. 1 : . ,f‘;
where A > 0, u_f 0, n > 58~ L, . ' J
j=1 30 321 7 gmner 9 jemnn J

/

We use the convolution property to derive sdﬁe,intéresting

results on H-functions. We have , T
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"-<3.1;21>_

| P(c+%).

h&{KC,B,B(X)} = ‘——_“fE_ 2 B >'%’ g >:“ 3 B-B Os Res > ;
- r(gg+d) eP TF

whilch meansk'
sy
. T(z+g)

T(g+B+g)

-(3'1'227\*)2i1 xSas = k52 8:P ().

Ori‘in other words

Coq 1,1\
1,0 ;(C%B,B)l -
(3.1.23) H x| = x5 BB(x)
- 1,1 (5,5)

o
-
v
—

By repeated application of convolution Theorem 1.1.2, and

-ﬁsing the fact that convolution operatign 1s assoclative, we
have

g CreeE ¢
»B B N BN ,

E SB'JB .
lf‘l 1 k...% K n7TnTne .y -

(3.1.24)  WU{K —,
o T(gytByta)

! : N
or ) .

€ BB TGRS\

ntratm = N x"%as,

E,,B,,B ‘ )
12 l- 1 (x) = 5o —
RIS~

_&.;.* K

'(3.1.25) K

where BJ > 0, Ej >'—§%3 s Bj > %; J =1, n. .In particular,

.



ro

-

r(g+i)fr(g+§)

| DAY wZiBsB. wEaysGryy o 1
(3.1.26) KPEBy k572000 T

L I'(§+B+ ) T(E+Y+—)

2.0 (c+B,B) (E+Y, 2)
" ="H b4 l

On the other hand

o

g1.1.27) KC{B:B * KE:Y:C(xj'=-I

ot

TKC’B’B(%)KE’Y’C(t)dt

1l

BC_iBr Ty o (5Bl - tc)?~;t0£73§—iuflf%)u(l;t)dt

X

TRITGY) — 4

= fTE%%T?T B f [T - (%)B]B~1(l _Jt')Y-l cs “Bg- lU(l -‘t)ﬁt'f
e e f[l : ( )PP~ 1(1 C)Y‘ltCE‘Bﬁthi, 0 < %<1,
B ) 0, . ' o A\x.i 1.

Therefore

| ol <c+s,§>,(a+v,%> e
(3.1.28) H - |x : S
4 | - ' . ‘ o
= TT%%TT7T xB [ [1- (%)B]Bfl(1-t€)*'1tc&753";u(1—t)dt,

i

andu |
(3.1.29) KPP & x5 Y=C(x) =0 for x > 1.
By induction and the fact that convolution operat on is asso-

g

clative we obtain
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. £,+8, B, g8 B\ - :
(3.1.30) KBV L kT Rk =0, for x > 1,
where B‘ > 0,§ > i ‘ 1 - ’ | "
e By > i FZBJ’ BJ > 5, 3 = l"'\* n. This dimplies
. =4+ : : :
5 2 T(z tBus) Lt . e
. 1 ENON -s o LT
(3.1.31) EEE f. - T{(Z.¥B . +B.5) * ds = 0, for x > 1,
. 1y CCNTENTON LT
2 : .
B s

with 6y > —51, Bj > %? Bj-> Q;'j =1, A..? n. Bf'analytic

K

continuation the restriction on.Bj, J 1,..., n, may be

n . : e .
replaced by } By > 1 if n > 2. ‘Thus, for x > 1, -«
- | n,o (y*aysBidyn) - fp .
(3.1.32) H x| - =0, |l ‘ay > 1, n22.
' ' '{lsn }bi’Bi)l,n F =1 X

{

If we replace x by 1/x, then the above pecomés

~ o,n{ |(P1283)1 n n o
(3-1.33) H x{ - _ =0, ) ay< -1, n> 2,
\ . : n:'n (bi+ai,‘8i)l,n . 'j=1 -' ’ -

ror\0 < x £ 1. Following the method ojderivation of (3.1.28)
, and Wging the functions In’a?A(x) and C’E’-‘B(x) 1nst?gﬁ'of ,

KC :'BJB(X) and KE’Y’C (]{) we. Obtain S ' a T - :
| ! 1 . '
Lo,z [ | GmeE) -EE) S

(3.1.34) H b 1o, o1 _

2,2 (-n-a,K),(—c—B,E) ; : .
| : |

;' . . x‘ . N . } . . X )

: _ AB ~An-Aa I [(K)A 1]0‘_1(.1;8 'l)B"ltAn-*-Aa_Bc_'BB—lU(t—l)d-t .
! = —(—)—-(—)— X i - ’ : " ¢ L

r P C!. F B . 0 . t ¢ . . . . !

-




e, .

S : o1 17 : S L
where o + 5 > 1, n "> 5K~ , £ » 5B -1, A> O? B>0, >0, 8> 0.
[ N . _} -— . } - . . .
Next, since -.
- ) .

T (=T (o)

{3.1.35) —— - — = MULIM %A ¢ kEoBaBy)d,
o P(ln+a=3)T (L+B+3) |

i

~ where ¢ > -%E,'B > %, B >0, a >3%, n > %ﬁ -1, A > 0,
S ,
L". . l ’ . ' [l .
Res = 5, we obtain | -
+im I

F(l+n—%)ﬂ(g+%}

- x"Sgs = 1% R kBB B(y)

. 1
(3.1.36) =ie |
3.1.3 — . —
enl ; 5 ) . .
: . 1 F(1+H+Q—K)T(CTB+§). |
2

~

_  AB T 1, x\A L qo-1 E:;An-Aa B,B-1, Bz ‘5_ ' _ '3 _
= ey P T TR T e e v -eigy,

iy

| e -
or . . ) : J/,
- 1 1y . L\ B
. l,l _(-H,K),(_E*‘ﬁ_:g) N _ . . . \ ) ; o
(3.3.37) H_ [x\- 4 -y ] S |
.;‘2,2 (CII:E)‘;(:"“—G:‘K) s B .
- i .x M a . . ' - ' .‘ -'
AB ~An-Aa X\ A8 a-1 - LBy\B-1_AntAotBL-l, .4 .y
= TTIT(EY * JIET = 11770 (- 7))t U(1l-t)dt.
'a ? B} . 0‘ t B o .

.

3.2 W. —-TRANSFORM. -
. )\,p_ -/

The ihtegf%l equation (3.1} can be treated.as an integral - °
- ) ' . l x . PR
transform whose kernel is x 2e?y U(x'). This transformfi"



.;ﬁ_‘sdh;n_kl,

sntroduced by Varma-[ug, p. 209] is a generalization‘of
Laplace transform “In . the present section we apply fractional

‘integration to’ solve (3.1). First we prove a few 1emmas.

321 Leéma 3.2.1. If Re"u.>--%, 20 # 0,1,2, ..., then

. . : M . x ' . . Y
.k(x)'e xu—§ e 2w kx)- 1L.(0, =)
. - . ‘A’u £ 2 3

and

" K(s) =?ﬁ5{k(£)} = F(i)p(2“+3),-ne s >0
" " ﬁr(§+u—l+s),

1

is bounded on the 1 5 = 5 + 1t, == < £t < =, and 1s exponen-

tially small as |t

Proof. First we note that k 1s continuous in (§,*) and

[31 p. 1343

-

(3.2.1) (x) H o™X w(i S A tp, 2u +1; x)

and hence the asymptotlc behaviour of k(x) as |x| » = 1s glven

[31, p.~227] by

1 1 }
p-i-?\-—--— : u+l—-— _
(3.2.2) k(x) = e~ X{1 O(T—T)} noxo © ™%,

|arg x|-<m=§ <m. To obtain asymptotic behaviour for k(x)
as |x| ~ 0, we note that [36, p. 147
(3.2.3)

(——l+u, 2p+l; x)

r(-2u)_ ,2u_-x .
k(x ) = __i__B__ X F | 4Fy _ ‘ | 5 i

I’(——l u)
o+ ____1._|__I‘(2 ) e"x 1F (—-—i ~u, 1-2p; X)
F( Atp)

from which 1t foiiows that as |x| + 0
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. ¢ -
R ‘ T . . . . Ral

[ T(-2y o o |
A E(=21) 22 yp Re o< 0, 2u # -1, -2

| Y . o‘..’ ‘ '
r,(%—l"l-l) - / S - : o
, ) r(-2p 2y, {12y o . |
(3.2,4) k(x) m{ ——é-fﬁl- X i -l( ) if Re W= D, and u # 0, _
. 3 P(kau) T‘('é-—l'*'_u.).,\ - . : o
) . a ' a ' .
. | LMD yp e wsToL2u A1, 2, Lan .
e
Therefore, k(x) is boun on an intérval (0, &) in case '
Re u 3’0 and u # 0. fAn case 0 > Re u > f% we have
8 12 | ”F£-2u) 2 g 4Reu - e
[ IR [ fax = | =—3—=—" -] x dx < el
Thus . : o - ' L
SRR SR . S
(3.2.5) _ Jk(x)[Tdx < @ a0 R
: | O EET
whenever Re p > —% and 2p # 0, 1, 2,7 L. . %
Further, R S : -; ‘ 7
' o ‘ ‘\\ Ll
-~ . 0 @ _ . ) = .
(3.2.6) [ |k(x)|2ax ~ [ e”2F PRe()-lgy ¢l
. : N o . N . y R '.-;,

]
The estimates (3.2.5) and (3.2.6) imply-that

1 P P . i

- . ! I ,
k(i) = x 2 ey (x) € L0, =) if Re > - and 24 # 0,1,2,...

For the Meilin‘transfqrm K(s) of k(x), we have

o s+u_.3.. _E.

' e \.s-1 2 2 .
(3.2.7) K(S) = Jf _k(,X)x dx = é x e .Wk’u'(X)dx
< t . O ' .
LInens) L d g et <o,
r(%+u-x+s)
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on using.a known integral [36 D. 53, eqn. (3.6.14)]. Since
—_ —_ . _ o
[31 p. 33, (12)]

" T(z+a) _ a=b,. : 1“ . N -
(3.?.8)__TTE¢ET =z {1 + O(TET) » |arg (zta)| < m - &8 < 7w,

we obtain, with the help of relation (2.2.6),

1 -1 k)
‘ | . Re (p+r)-3 -5|t| | S
(3.2.9) |KG+16)| ~ als] e? so0as [t] >,

where A is some coﬁstaﬁt. Hence K(s) 15 bounded for s =

oy

it,
- < t < o, if Re u >‘—%. This'completes the proof of the lemma.

For convenience we use the following language " If g 1s of

- 3

the form of (3 l) we say that g is the N u-transform of and
' denote it by g(x) = WA u{f‘(x)}. It may be noted that the result
. . . 2 " : ' |

in. the following lemma is an improvement. over a similar result of

‘Saxena (49, p. L4697 since the condition on u is less restrictive:

Lemma 3.2.2 Let

N .
(1) Re u > —%,.2u F0, 1, 2, ens

(1) e 1,0, @) and WAL} = F(s).
Then | |

(3.2.10)" g(x)'=-wx,u{f(X)} ¢ L,(0, )

and

(3%2511),‘nb[w RECIDNI (2“+5)T(S)F(l - 5.
- r(—+u—x+s) o

) ~ - '
- -

Proof. This lemma follows immediately from Lemma 3.2.1

and Theorem 1.1.1.. . | e .




...63....

Theorém 3.2.3 'Lef

(1) cw'= A > =1, W A3, 2u A0, 1,2, ...
(11) m> -f, 3 -m=k 30, 2m#0, 1, 2,

(111) £ ¢ Ly(0, =).

Then
"2m,%—m—k %+p~l,u+x—%
(3.2.12) K- - K© ' [wl u{f(x)}]
| | T

| = Wk,m{f(x)}, a.e.,
and in particular
‘ SHp-d,ueA-3 -
(3.2.13) ¥° VAR EIEORN

. 3

V= eT®p(u)au =L {£(x)}, a.e.,
. 0 ,
where d: denotes the.Laplahe transform (10, p. 127].

. - i .
Proof. In Lemma 3.2.2, we proved that under condition (i)
LTroos . | . i
the function
L]

(3.2.14) el =y Le0)

belongs to L, (0, »). So by [30, p. 199, Theorem 2]

: %+u—k,u+lf% N -
h(x) = K° g(x) € Ly(0, =).



SIS TR

Tee

f ' S i-2m,%-m-k : R '
By the same reason-.K  f;h(x)'e LE(O, =), Hence by (3.1.7)
and (3.2.11), ‘ _
o 1 1, 1
. 2m,5-m=K “Ftu—=A,uti-x '
(3.2.15) Wk ¢ K RSN EIEIRSE
_ I'(2mts}T (s) F(1 - ),
P(m—k+%+s) ' ’
where F(s) =WL{f(x)}. By-(3.é.ll) again
' N S T 1 .
. T 2m,5-m-k Stp-A,pti-5 : S
(3.2.16) Wik ° K° 2wy G011y
- ='ﬁl{wk’m{f(x)}}.

T -

On taﬁing inverse Mellin transform of both sides of (3,2.16)'
we obtaiﬁ (3.2.12);' In particular, if we take m + k= %, we

have (3.2.13), [32, p. 3051.

Theorem 3.2.4 (Saxena). Let
(1) p - A >.-1, m+ A>3, 20 #0, 1,2, ...,
(11) f ¢ L2(O, ) be a solution .of
(3.2.17) L oglx) =W {000
} : . : 3

Then (49, p. 470 ]
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| | Ly 1l
21, stu-Autd-s
(3.2.18) £(x) =L7HE 2 T 2 g0}, ase.,

where J:—;'denote$ the inverse Laplace_transform.

Proof. By Lemma 3.2.2, g e;La(O, m):_ Aﬁbly the operator
L :

2

%-*'U—A ,U+A‘_

K to both sides of (3.2.17) then by (3.2.13) of

Theorem 3.2.3

' 1 1
_2"{']-1_)\ 3 !1"‘)\"2'

(3.2.19) X s(x) = [ e™Mrtwau =L g0}

- o . y R |
"App)y the inverse Laplace operator to both sides of (3.2.19)

tof{obtain (3.2.18). *
~ ) ) [T
\\\\W 3.2.2 Illustrations. In this sectlon we assume p - A > —l;
b+ > L 2u # 0, 1, 2, ': E
: A__2) 5-3 3 4w e
Example 1. . Let W, u{f(x)} = g(x) = e®* "a > 0. Then
3
L 1 L 3
U=A+5, U+A -5 : U=At+z ® S utA=3 4
K e’ 2 g(x) = '___ELTT— X _2 f (t-x) 2 t 2Lle atst
.-P(u+A-§) A S : :
- 1 3 . '
== ]J-{n)\._._
2 =2 -ax
= —— [ (y-1) gy~ ™Y ay
P(U+A-§) I
V3
u+A-2

- _?__L_T;»f (y-1) v M u(y-1)e @ Vay
F'p+l—§ 0 o ; . .



= —_—__—T—
F(U+7\“§')

Here U 1s the unit step function as defined in (3 1. 9)

WAty

1
2

-6

f e'xt(t a)
0

RS
u+l—2

t“zuu(g—i)dt.

: Hence by Theorem 3.2.4, it follows that the 1ast expression

is L{f(x)} and then

. . ;\+§
f(x) = T
I {utr-5

-Itrmey he interesting to. verify the result of this

example. We have [11, 'p..211} (73); 32, p. 305]
1 ' .
o p=AtE 1  xu 3
\y.a. ® 2 T2 - ”2-2
(1)} = B [ (xu) S e W, (xu)(u-a) ucg
W I (u+r-3) 0 s ‘
e llf xu | u?lré
2 U-5 ©  <W-3 ° (xu) (u-a) du
T (u*A-3) a g
oL
= (ax) 2 e Wl_ {(ax) —'Eiax
'é"u:]-l'
‘ , m,n a . a.p
. ] f = x) = G X
. Example 2. Let wA,uﬁ (x)} g( { o .
p,a s Dy
Wt ) : >‘f ¥ a, 0 < Ré(a, - 1) < p = A + = =1
where 2(m + n) >.p + Q, 3 u b5 Lsee
Thén by Theorem 3.2.4,
' p-arm,ukkez minf (%1000
L)) = : G | X o
' B pP,q b . ’b

1)du_



n 8 ° J
1 | a
. - . m,n _.1:‘ 3 p
. STET 0" R g [ e
I‘(IH')\“E X Psd bl's -,':bq
= | 3 Bqyeeesd
- +A-% m,n 1° ’
1 . H > P N
= I y Eu(yﬂl) 26 Xy dy
F(utr-3) 1 ‘ pP,q .‘bl" ,bq
|2y -saps2H TS W TS
lTH‘l,n l,‘ 3 p’ - n’m+2 1 > u 2, l,c--’ - q
= G S ox = G =
1 : : ‘
p+l,q+l o N"A+-§,bl, s .. ,bq ) ' q+2’p+2 X 1_al! s ,1-_'ap,l-21.l,‘l'

on using a known integral [31; p,_17o,'(5)j_ang (1.3.3), (1.3.1).
Hence by [10, p.,222,“(3u)j- o | ' '

. 1 . " " .
1 n,m+l k-u+—,l—bl,,,7,1-bq
f(x) = = G x : . :
o | 3 q+1;p+2 lfal,,..,}—ap,leu,l ’
1 m+l,n L al,...fgp,zu,o
= =G { = o
* Tpr2,qrl | Flu-aeging sy

Before we glve another exémple, we apply Theoremllfl.l

(ai’“_i)l,p

to calculate the Laplage transform of X -
To ensure that_t:he-ft_.lnctj.orf‘x'cr H

v
L2(O, ), we assume that




. and
. b, . ' . 1-a
- min Re(gl' < 1% - Re ¢ < min ~Re(———i). o
1<g<m i, ‘1¢d<n - %y

Since the function £(x) = e™* belongs to L, (0, =) and 1ts
Mellin transform PL(L(x)} = P(s) is clearly bounded on the
'i'line s = % + 1t, -= < t < =, by Theorem 1.1.1; we have

- . n,n Rt T I
©(3.2.20) WL L(xT7H | x|
. ' : . P4\ | (b-i’.si)l,q

1,0

. (a1f°“1’“1)1,p
= WAL EH X _ )}
- p’q '(bi_UBi:Bi)l’q '

w0 m,n ;(31"0“1’“1)1,p'

wif e;xy.ﬁ
0 .

]

dy}

» B ’ ! .
plq X (bi—ﬁifsi-)l,q G

= D (bym0Byy By (1-5) )T (1-aytoay-ay (1-8))
?Fs? rmﬁl-bQ+UBQ-BQ(l—s))fn(aP—UanqP(l-s))

\

. T(bM+Bﬁ—GBM—BM_s)F(l-aN—aNfouN+dN s)
r(s) Fm(lng—BQ+cBQ+BQ s)rn(aP+aP-caP-aP s) '

' This implies that

E .{ ;0 m;n‘_. (ai’?i)l,p
(3.2.21) L{x°H : o
| p>q (by58i)1 4

n+l;m (1-b;-Bs+0Bs By )y o
= H X . v

q,p+l (031),(;—ai-gi+oai,qi)l’p



o-1 " [ 2 {9 l) (ai’“i)l,p'

ptl,q

X
( i’Bi) ’q

This result has been obtained by Jain [21, p. 374] also.

’ " - Mm,n (ai,ui) \
Exam Qle 3. Let W, u{f{rﬁ} = g(x) = H X 1,p
i T ;
. qu (bi’Bi)l,q
n . .om 3 .
with § poyg } By > a, + By '
g2 g8 3 e Y gmme )
By Theorem 3.2.4 -
§ %+u—l,u+l—% m,n [ (ai’ai:l p
L(x)} = K7 . °H x
: ”p:q" . (bi’si)l aQ
| ﬁm+l,n . (ai,ai)l;p,(2u,l)
= Co X
p+1,q+I | [ (E+u-2,1), (b, 480y o
) ] :2 ? 3. i’ i lsq
o P!
. 1 n,m+l ) 1 (l"u—isl)s(1_1)_1"61581)1,(1
x x .' . .1
_q+lsp+1 (l_ai_aixlqi)l’p:(_2u.sl)_ ",,
! . i n’m+2 l (0 1) (A-u- l) (l b ,Bi’Bi)l,q
’ = = H. = . ‘ .
,¥ q+2ap+2 f (l-ar—ai;ai)llp,(f2U;1)5(051)'

Therefore by (3.2.21) and (1 3. 8), (1.3. 7)

(O l) (A“u— 1) (l b Bi:Bi)

| ._“ - n,mt2
R % ,(0,1
. q+2,p+2 (l-a i i’ai)l,p (- %;,1) )
Cn,mbl | (A—u— ,1), (1 b Bi’Bi 1, q@.
= H . X

g+l,p+2 | (1-a -ai,ai)l ne 2u,1), (0 1)




- Yo,ﬁ  

-

. m+;h3“1 (&isui)lsp,(2u,l) (0,1)\

p+ ,q+l K _* _ F “.
( p=2,1) 5 (bi’Bi)l,q .

]
_N'h—'

3.2.3 Theorem 3.2.5.. Let  °

(1) m>-F, 3-m-k>0,2n#0,1,2,

* ]
(11) n(x) = LI{r(0},
. (111) £ e L,(0, ®).
' 2m l—m—k- ' o SR
Then K“™2 " “H(x) 1s the W, _~transform of f(x).’ a
| | , $ ‘. o

Proof. By (3.2.13) of Lemma 3.2.3

(3.2.22)
o . %+u A,u+x-l‘

hix) = n(,{f(x)} [w RELERDD

whe;e‘k,u be such that p - A > =1, u + A > = and ou # 0,152, ...
' " : / ’ . ' R ‘ \ - ‘

! 2m ,%—m—k , o 7 ‘ o

Apply the opérator K o to both sides of (3.2.22) and with
. e . .
the help of’T§ 2. 12) we obtain the desired result. o

Lemma 3.2.6. 't36, D. 2§; eqp;'(e.u.lsjj. .Let n be a posi-

tive integer. Then L,
R 1 ‘xu : -
' ! n o _5, ¢ B5FT5
(3.2.23) (,1)nxn*2“__2—z{x 21J(qcu), 2e_'2“wl- (xu)}.
o UL T axt ' e
= (xu) 22 u?-w n n(xu)
Moty
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, Lemma 3.2.7. -If |
(1) K(x,t) has x-partial derivative eontinuous in ’
@< x<b any'z' 0, "
. (11, |K(x;t)|?dtuis'convergént ina<zx<b,
i S 0 - ] B . ) - -
(i) £ |%§ Kgx,t)ladt is Qonvergent uniformly in
ra<x<hb,
(1v) £ e L,(0, =),
then 4
(3.2.24) - F(x) = [ K(x,t)f(t)dt
. Fl 5 . .. ) 0 ‘. — -~
A < o ‘ ' " : i -
is differentiable:in a < x < b and !
) ' ) ) . . N o a ' . .
(3.2.25) Ft(x) = [ == K(x,t)f(t)dt.
i “ . 0 ax . ) . “ \l‘

Proof. From the conditilons

(3.2.26) ;_ [ K(x,8)£(t)de
: ' 0 L

- deflnes a fqﬁdtion‘F(xj. For,ifrom Schwarz's inéquaiityﬁfBg,
p. 3811 N

o ’ -] o . !'- ' -
C(3.2.27) |[ K(x,t)r(e)at] < {£ [K(xat)|2dt éa]f(t)radt}? + 0.y
: : N S ' ; ' '
Shﬂlm&y o T;fm_ '1
/
,G\ }/ /\;-



'.\'-.' : . R 3 - ' ' " T Gy

S (3.2".28). . ) f

o;l o

< K(x, t)f(t)dt

o

" defines a function G(x). PR L ,
“Now by the Mean Value Theorem and Schwarz 8 1nequality :

+ - " - o -

(3.2.29) 1im IF(X h) 2 F(x): G(x)l S o

.« .+ h+0. o

= %ig lf EK(x+hftg"ng’t{; %— K(x, t)]f(t)dt|2‘; S

= 1im |f [ < K(xX+E,t) - S K(x,0)Ir(edat|®, o<g<n LT
£+O 0 f . ' "\Q . Co-

1inm f | K(x+g,t) --%~ K(x t)] 24t j 12(8)1°
£+0 0 e

s . )

e g ‘ax KOxtg o J)-g7 Kix,8)|Par

- &0 _ | ;'s' _ o | (iii:
- L "ijﬁ ' 'gj «,; +.£ ]%;JK(x¥é?t1v %E K(x t)[gdt} e ‘

I
'_.I
'-Jc
=

)

—

3 vreep ey .3 2
=5 K(x+gi:) f'axK(x,t)J dt

. . Ly

T T A W S
| K(x+g,;)| at + gzﬁxiE?-K(x,FZJ.q;},

+
fZ‘—ﬂB

L)

where : i B L T I
(342030 7 - IIfII -] lfcx)i_d;, LT |

Frém (iii), for any given e > 0 there'existsra-N(éz'indepaﬁ_ L

)_ . ’ ' ’ ) {

7mt ort-x ‘such that ' o & T L



< K(x, t)| dt < —T]];FFE for all N > Nfe),

By (i) K(x t) exists and'continuous 1n a < X < b, hence

e ..
tr { L

it is uniformly continuous in a <X < e),ﬂ <t < N There7z

/// .. . _- | R e/ - ':- .f ‘* S  . o .
74 (3.2.31) j | o

bh

fore fof the given € > O there e?ists a6 >0 such that
. t) - 2 k(x'tir2<-' < =
(},?-3?} | K(X+E 3x %t EETTETTQ.' B

. whenever [g| <8, 02 t < N. Therefore

(3.2.33) - 1im [Blh) = FGO G(x)]g '-}‘;._? o

h+0 R _ A

2 N
< lim~ka| —— é dt #+

- E
80 eﬁj T : 8|lfl| \y)
This is)/ uivalent to K

LI

Fr(x) = 6(x) =

O"‘ﬂﬁ

%— K(x,t)f(tht;

Lemma 3 2. 8 Let 

(1) n be a posit%ve integer o . o
- / - . ’ ’ ' . “ o
: (11) X.> 0; S jS R L
’ . | ._1. o | 0 ,. ..‘.-.Q. | .
. (iiiw —E, 21-1 ,# 0 3 1’ 2 ’I s 3 T . -
LI 5 T S -
‘ C{iv).. f € ‘ (0, =).. SR o o

Tﬁen]" L T ...:-\ | "?

R
:3

: YA n' "‘_ ’
(3.2.38)  (<L)PAV ey JREIESEN
S A Ty dx. : Y At 2:u+2

-



Proof If the order of differenfﬁ%%ion and integration

, involved on the left-hand side of (3. 2 34), can be interchangéd )

_then the desired result would -follow immediate}y from Lemma

: 3.2.6. Now at each stage of this differentiation we have to

. differentiate expressions of the type X I where a > -%,

ca # 0,1, 2 .y Igis given by

. ' 1 xu- : )

L pAres =SS
(3.2.35) I-=-+ (xu) “e “.W -r' (xu)f‘(u)du | _
. ‘ 0 Y . . ': A+ 2’u-|--2— L, ) \__,. o EEEE

and r is' a positiVe integef Consequently by Lemma 3. 2.7 the -

validitytof the desired 1nterchange of order will be established

if we can prove thax T is uniformly convergent with_respeet_to

x> 6 > 0. From Schwarz's 1nequa11ty-[39;,p.'38iJ we have .

' S R S i° R 3 "2 . o
(3:2.36) | Ga) 2% P . Gwf(wanl .
' N - aE, el .
/ Al ” ..u ) r .]_'. ....i(& ot .
s f |(xu) i 2‘W o (xu)l du f|f(u)| du
) ‘ : ‘. o . l+§’u+2 L R Ty
w r-_l . _E S ' B /
=, % [ i e 2}&71, (v)[ dv f |f(u)| du.J’J‘
Lo J"”2’“‘”2 -
From (3.é.2)}“we obtain
. . u+§—%~ '—-‘21. o }1+?L+I'—!2'- _
(3.2.37) v - e =W -'r(v) v oy e vl + = .
1+ S hts ) .
Ny
= ‘ ’
- : 5 ‘ .
"N



It then follows that the first integral on the right of

(3}2;36)tconverges and 1s bounded fof ali poéitive (and zero)

.valueg of Njand x(>'68 > 0)

: thistintegral}_ Since f e L {0

. NO dependent on ¢ and independent'oflx(i § > O)'so.that

| R 2. sel
(3.2.38) fIf(u)|“du < =g,
. N .
Hence = . |
. - ' .I' }- .—_— A ) ) ‘- [h\
i I f (XU.) 2 2 | 2 W . r

where N, is independent of x(> 8§ > 0)

oc), given e >0,

(xu) f(u)dul <'e, N >N

Let B denote the upper bound of

we can choose

N >.N_©
MY

O’

This‘establishes the.

uniform convergence of (3 2 35) with respect to x and SO justi»,

(Y

involved.in (3.2r3Q).
//;“& | Theorem 3.2.9. het
o -(iJ ! ‘u F A2
(11) f e Lé(o, é),

151y hc-x'):_a(;{fcx)}.,

1 &
2p ,E_U_A '
Then K h(x) is the wk
Proof;.

: - 1
.}—’4-]_1-',\ u+l—"2"
2

written as h(x) : ‘ ¥a ,

L
2

fies the change in the order of differentiation and integratiqn"

, 2u #0,1,2, el

LSS

. . . o
~ [N .

u—trahsform’dﬂ'f(x)t

Byg(iii) and (3 2.13) of Lemma 3. 2 3 h(x) may be‘t

Y

'fTherefore,

"{f(x)}.
' ~”
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2u,%4u-l L
. h(x) is meaningful. IHence by (3.1.4) we have
2u,3-u-A Lo A o '
(3.2.40) X ,° h(x) = (K : )7 h(x)
%.}-‘u_)\’u-}x,%' —1" "_2];.*.]'_1',_1,“4.3;'__ i C ‘ e .
= (K° . S il . , lfxal = {f(x)}

' qifhis theorem, which s the converse of Theorem 3 2 H enables

us to construct tables of WA —transforms from tables of

f

Laplace transforms and fractional 1ntegrals when u - x> ~1
u+l_>_%‘sand2u#012 U T ”
4

3.3 A GENERALIZATION
:In this section wé consider very briefly the integral

equation - o . s - '-‘.. , E— '

3:3.0) r}f icu)f(u)du g(x) "

. i / - N - ;- .
where f e Ly (0 ®) is_to be determined, g e L, (0, =) is given,

H is an H—function éf the form

| o 11 n (25050 n’(di’Bi)
(3. 3 2) H(x) ~“H7 x|

mﬁn mn+l
R

-~

<0, 1) (bi’Bi 1,m (°1’“1)1 n

/ | 2 r(b +BM s)P(l- oy s)

-8
/2n1 [ T(s) T(I-c N—aN s)r(d +BM s) x

,ds, |

£

‘where all al s, 6'5 are positive Note that the function given

in (3*3/h\\beﬂongs to L (0, =). By Theorem 2. 2 1 if f‘exists

.then'it.is un, que; ‘When n = 0, m‘#ll, b1 =-2u,,dl =y - l.f.g, Con
j ! ’ ' ) r . ) . N ‘ ’ : . . .
) -":/ . TR T _.1'. X : ‘ N D.
B, = 1, we Have (31, p. 226] H(X),ﬁix} e W (x).

M ] 1



o :_f 7?é;‘~.'

@y

(1)

Theorem 3.3.1. Let .
A> 0, a> 0, )
S T TR R
L > -5 M > 5% --1{ L

NELTON

'(iﬁi

and

. “Then

: (3.3.3)_ I

~-(3.3,11)3-1{

-

‘the parameters be such that

‘.f; € L2(0 ,.. a—).,

o - | «
mn [ |G\ -
H. |x ' ; EnL2(Q, ®)
o B )
- Psa | |(PysBy)y g

m,n | . (ai’qi)l,p

et (x 1y =R ()

is bdﬁnded on thé line s 5_% + it - <t <,

n,&-w. m,n y (?i’ai l;p

{5 |y Tl eey)ay
' .0 PsQ \. . (bi\"‘si)l,_q ' T

l(é;,ai)

e ma mn| AU
=/1, H xy . - | £(yldy,
) o . m,n _ (ai’ai)l,p :
'R | %y : f(ylady-.
xP 0 (b, ,8;) '
X P»4 1°P171,q
L0 ~m,n (ai’? ) ,p -
=[x Xy - | £(y)ays

o x" psal Loy 161 y




Sy, S o 1
. I oL . ‘
s = 78 -
Pfoof."By_Thedrem 1.1.1 and.conditions-(iii) and'(iV).'
- we know that = : N
: @ Mm,n (ai5ai)i,p -
(3.3.5) [ H Xy T f{x}dy ¢ L,(0, =)
.o p,a \ |(by,By) ' ‘ B
? 1 ‘i.l,q .
and -

. e omn | |Be%ip B S
(3.3.6). ML [ H -~ [xy| £(y)ay) .=ae€(g,js(-1_- s), .

0 psa ). (bi5si)1,q

where F(s) "Mﬁ&f(x)} Hence by.(S.l:lh) andf(3.1.19)'we.have'

. - .. f._
n ¢ = mn ‘aifai)l,p. .
- Xy ) £(y)ay}
.:,} x . 0 .Pad (bi’ﬂi)l,q
rin-2) = omn [ | Br%1p

Ay w (x| T [r@an
Fluneap) 0 Boa |08y g )

r(1n-S) . F(byB, SIT(l-ay-oy, s)
s) T (l b -BQ s)P (aP+a S )

I

| . F(1 - s)
. T(lim+a- . .
® _m,n+1 (- n’A) (ai’ai)l ,p N

weif.mn o o 'xy 4. f(y)dy?

: 3
=W T, H - %y T ] e(y)ayt. o
Q X" P,q\ - (b;’?i)l,q Lo L s

' . oy o E E : - R T 7,0 o

.This' 1s equivalent to (3.3.3). Similarly for the operator K, -

- - . i v . “ x .
- ) l . 'r. . ) .

Thus the proof is complete. - "“:' L



-

Now, in (3.3:2) if

.éj.

< . -,‘..n,
(3.3.8) U
oy > 8> b T
then from, (3.3.1) we have ' 3
n -C ,c.—a' m d,,b,~d
(3.3.9) 1 x4 okt Y e
o j=1 = J=1 7
J o J .
- . d,,b,-d
S DUTe SR g
1 S
=l 3 =1 3
3 ;- | o
e w11 ne (481 m N ).
% [.H S ] R _ f(ul)gyff\]
~0 mFnymtntl ('0’1.)?(bi’Bi-~)'i,rri’(ci’°fi)l,n - ( .
i R A S .
- T _g%;‘;%’%'%_' 1 ij’bj'dj
0. g=1 = j=1 =
B LI ~
_m+l,n (ai,ai)lln,(d'i,si)l,m) I . <
xH:" | xu | 2 ( . f(u)du
mn,mintl (0’1)’(b1’81)},m’ °42%71,n/ -
= [ e ¥r(uydu =L{£(x)}. o
o ' - - : - v
: o n o omc.,C.-ay M d, by=dy o
(3.3:10) f(x)-=1;"1{'n 1 3773 -§1 Xy g(x)}.
e ey



. 1
-3.4 DUAL INTEGRAL.EQUATIONS.
In;tne‘analysis of mixed boundarj ralue_problems.we”

often encounter pairs of‘dnal_integral equationa.' Afwell

knde example is -

P
SEERE P -Ju.cxm(y)d&_ = e, 0 <x<1,r :
- .0 : : SR 8
(342 ) y0 (xy)f(y)dy = nc“x_),_’ 1k <o,
‘ - o Mg : . e

L g

where JA 1s the usual Bessel function, g and h are given and

i is td-be determined Recently, -Buschman [ 4] indicated that
by using fractional integral operators the dual integral equa— " 5

tions of the type (3 4. l) and (3 b, 2) can be reduced to - single ¥

integral eguation of the type 7 [d T ﬂ ,[T-
. g

- SN j‘yT“JA(ky)r(y)dy . F(x), ﬁ,,o RS ,,f;

where T and A are related to P, T, u, v and F to g and h.

In this section we consider the dual integral equations

v e m+1 n - f' (ai’“i)l n’(di’Bi)l m I S -
(3.4.4) [ H " |xy o pEly)dy=e(x),
. m+n, m+n+1 , (0,1),(b 51)1 m,(ci, %)y ) : o

;q'< x < 1, - N V%p". SN .

, ;”.m+i-n ' - (gi’yi)l;n’chi’si)i,ﬁf— 2 L
€3.4.5) '}'H Szl )y =h(x),

m+n m+n+l . (q’l?’(fi?di)l,m’ggi’Yijl,n :
L. e et o,

‘1<‘x<oo,'.



- .or

;-L‘ a-sim;ﬂ .':3;'l; N i 15.n ._'5 4

course, we assume that the parameters involved in the
H-functions satisfy the conditions required on page 9 so aS‘
to make'these functions meaningful. We do not write any

power of y before the H—functions in (3.4. H), (3.4.5) since
the. identity '

g menf (832202, myn ai*”“i'“i)l p
(3.”.6) Z H _ Z = H ‘..

‘ S .PLal (bi,Bi)l ) P 1o +081,81)1
allows any power factor to be absorbed beforehand

From (3.1.19) we_know that

. : ' - : .
o ﬂ,d m,n ‘-(ai?ai)lap ' L : : L -
(3-“@7)' I, f{H- | cx i . S o o
3 ‘ A : ‘ . ‘
m,n+l | | ¢ ”’A) (a 10‘1 1,p
= H . &3 L 1
Id.particuiér (formally) - - ‘:. e e
. . N X '.' e ] . .' . . | ; \ ,
o S m@ g €= —Cq5Cq—2 : _
1281781 712 %17% R
(B.H.B)‘.il T Il ) . BRI
Y1 L NPT |
mtl,n f (ags 1)1 n’ 1’81 1,m. g
x H -, { eX -
omén,mEntl (0 1) (bi,Bill m,(c ,ai)l n
m+l,n¥2 L T (?qul)agcl: ) (ai: i)ﬁ n’(di’Bi)l m . ".
=H v : Hex| o . ,
mn+ 2, mntd | (_q,l)?(bi;,si)l,m,(ci, i) ne (2 ,a )s (gl,yl)
. I-‘a‘
B



¢
Fy

L N

P

mtl,n (el’Yl) (ai’“i)e n’(di’Bi)l m
=H " cX .

m+n,m+n+l (O l) (bigsi)l,m, (Ci,ai)g,n, (glel)

Similarly from (3v;.17). o e -
(3.4.9) . s

bi,dlébl' ﬁl,fith'"m+l,n-‘_ o (ei’Yi)l n’ (h 1)1 mo .
Kl K.l : - H : cX ‘
3 5 m+n,m+n+l‘ CO,l) (f

1

Comel,n [ (ei’Yi)l n’(hi’ai)z m’(dl’sl)
= H | cx -
m+n,m+n+l (O 1), (bl,B ) (fi,Gi)2 m,(gi,yi)1 n
Now,. if I is a aolution of the dual integral equation
j”(3 ﬂ H), (3 H 5) which belongs 'to L, (0 %) then

| 13;3.10)_ Tlg(x).E. %-I;ej’éi * IZCJ’CJ 1 a(x)
‘ o  J=1 .§3 ;5 ‘
é mtl,n (ai;ai)l‘n?(di’su)l m ' \ S
='? é Hm+n m+n+l (0 1), (bi,Bi)l (ci,ai)i . ?gy)éy~
‘= mtl,n (ai’ai)l n’(di’Bi)l m |

?;é ’ Hm+n m&n+l (0 1) (bi’Bi)l (ci’ai)l (Eldy

.; '5+1,n' . (ei’Yi)l n? (d Bi,)l,m  AT
| %'é Hm+h;m+ﬁ+1 ‘Ty (0,1),gbi,6i)l m’(gi’Yi)l;n. f(y)dy§
(3!4411) s h(;) = l? ij’dj Bt Khj,fd & h(x)
| /J g . -5;1 o P

N o 3 1)1 m’(gi’yi)l n




L83 - - .

. ?'Hm+l »n y (ei’Yi)l n;(hi’aijl m Ce
g  min, m+n+l . ‘(0 lL(fi,Gi)l m’(gi’vi)l n/

o m+lln‘f.-‘ (ei,Yi)l ns(hi: i)l,m . )
= é s-s ; et Xy . ‘ . f(y)dy.
O ommLmatl "l)’(fi’.i)l,m’(gi’Yi)l,n '

o m+1,'n_ .. ' ( i)Yi)l I‘l’(di’si)l m A .
=‘£ H N Xy | 0 A f(yldy,
0 min,min+l ( 1), (bi’si)l m’(gi’Yi)l n -
‘whenever
Ii - i ._i
| 1 -~ 5 > eJ > gj, 1. - 5 > cj : aj, J Iy ooy R
(3.4.12) - - | , .
‘ o 8 N - S, . . ‘
ok .k ’ k : '
d,. > b, > f >‘hk'? -5 s k =1, ..., Me. _

| % 7 %k T T2
Thus we . may write (3 4.4) and (3 4.5) in the form of a. single

: integral equation under conditions (3.4.12)

© - w . meln . (ei’Yi)l n’(di’si)l mo T
(3.4.23) " fH - - X o f(y)ay=F(x),
: ’ 0 m+n3m+?*ljl _(031),(b1331 l,m’ggi’yi)l;n ' T :
“d < X < @, | ' ' ‘
Whére“ ¢
. : L n - -e,,e;-g , n C,3Cyma,

(3.4.14) Flx) =U(l-x) T I 3773 7 o 1113 7 gx)

.Y S %

T b;,d,~b, m. h,,f.-h, °

+ U(x—l) P IS S R (CO
I J=l = 'j=l. 1 ! -
J %

The problem of solving a single integral equation of the form

(3 . 13) has been discussed in the previous section.;



CHAPTER IV

... GROUP REPRESENTATibN*iamn;chTAiN‘H—EUNCTIONS

4;‘ At first sight the theory of special flinctions appears
-.as a\ihaotic collection of formulae apart from‘the fact that
there exists an immense aggregate of the speclal functions them—
selves for each of them there are- at present, all sorts- of
differential equations, integral representations, recurrence‘l“
_formulae, composition theorems and so on. To establish some,
| lkind of order in this chaos of formulae seems to be a difficult
task. ﬁ ‘ _ o _
g Howe‘yer, -the development of the theory of groupr’represen-— : ‘
tations has now made it possible to comprehend the theory of .‘
\;“certain classes of special functions from a single‘point of view.
| ‘ﬁeﬁcan apply it to the hypergeometric fungtions and fts\;arious
special and degenerate cases, the. functions of Bessel Legendre,lk
' the orthogonal polynomials of Jacobi Chebyshev, gaguerre\anax\\ ;
Hermite etc [33, 43]. ' | . - :
| In this chapter, we apply Vilenkin s integral transform
method as seéé?orth in [43] to obtain some 1%entities involving

We first construct a (p+2) dimensional real Lie

[ Vo

,H-functions
f group G. Then we apply Vilenkin S integral transform method to

,'define a local representation of tHE group G ‘and calQulate the ker—

. nels of the operators of this repre entation. We fin h ’the
.'-{1 . . ' / ) .
* . For the definition, of ‘group representation‘see;E43,'ptx8]. -”;H(/‘
: - ] ’ 4 '.‘ ' . ? o ' h .

. ' . i
. N . . “ . . ', .
. . . ‘ ‘ ' ]
; : . = : < : R
.o N =7 . . . . o N a. - . .
: - o ) ' . . . Co . .
w N, . } v ‘ - B S
N . f e ot PR N . r
' o S S 3 : : o . LI (LI
oo N o y
p < o , . L AT :



et

' kernels which are associated to certain elements of G can
be expressed in terms of H—functions. In”the last section

of this chapter we obtain limiting values of some H functions.

' ¢ - ) Ce N
by, l THE LIE GROUP G.Ar_ - —~
I Let G denote the (p+2) dimensional real Lie group* whose
elements are (pt2)-tuples glc; a o? al,,.l., ay, ) satisfying the
* multiplication law - - L
C{h.1.1)  egles a2 ,aq, u;.;ap)gﬁc'; a , aéy &
| = : 3 ¢ ] ¢ a ) 2 ¢ )
A . . . . lJ- © l p"
Wher‘& ‘_T.‘ ! '.l . i ) : . . c;.' .:"L',, L .
K ) - . k r‘- k_ﬂ‘ ) .
'(u‘-l-e) ¢’£ = 4 + E (2,) c aﬁls' 0 i— L < P,

Yok

. (ﬁ)‘-'——jgifj— the., binomial coefficient | It is straightfor—

d x

f ward though tedious, to verify that the multiplication is

jassociative.. Furthermore, g(O ,~O; ..1, 0) is the identity

'(j/ 'element andvg(-c;dbo,;bl, ceea b ) is the un&que inverse of the
‘element-g(c;'a , als cees a,),;wﬁéfe ':“ Lo ::-". x
' 5L+k Sk K

S (4.1.3) by = X (- l) ) ¢’ By 02 2P |

. _ _ / | i
o ' ~ ",# o

4, P REPRESENTATION OF G. :

Let:;) be the subspace of L (O _w) npose elements are -
E infinitely differentiable functions witn‘compact support. Then
. . _

.

-

-t For the definition of Lie gnoup-see [ao p 88]
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T . N N
s . . N . _\_\_ ‘
. . f ".—. 86 _""l‘ : ! " N . : . e
;) 1is’ dense 1n L (0 ). [HG, p 101 M3, p 87] _ For
every f-e;D let [a £h B £l be.$he smallest closed 1nterva1
AN :

.containing the support of f. Now let'g' g(c, ao,al,f..., ap)qu.

N )

; 'Then for“{erasufficiently small’ and\T e;) _we .associate the Opéra;,

'_-‘_--—-_

—————

tor' T(g) which ‘is- def‘ined by ' ‘__

1

'-.‘;__.' ) 7 D ’ . . N - .
(h:2.1) [T(g)f1(x) = exp(- } aﬁxl)(l + )% p(x £y

=0

tg.her_e w is flixed ‘eﬁdfnqt-,_ép_'intégere It is e-asy .i‘,o verify that -

(4.2.2) T(g'g)f = T(g")[T(g)rl.
‘ ’ (&) =, | e R S — .
The function £'®’/ =-T(g)f will belong to D 1f P-< ¢ < ap. More-
over, let " Tl o N
.. . ‘-.‘___7 . . . \ -~ “-‘-‘

(11.?.3) _ 2a = min..(af, af(?g\.i‘}_..\_a

'Then T(g g)f eD 1f ¢' < o, ¢ < o \ ' ‘
. b4

If f e;) s We dei‘ine the Mellin transform F of*\fl by

e

| R L
(1.4.2.14.‘) X F(A) = m{f(}()} = (]:;x. A f(X)IdJ(.. J AR
' o ‘ L . : o
- It 1s well known that [43, pp. 94-95]
.‘ L .. ]:c p+i°° -)\ . . . ) . ¢
(h.2.5) £(x) = 5y f x~* F(A) dr, p any real number.
' e . . L |

The 'orperatorr‘s T(g) induyce operat-ors Rggc) on tI".le space ?f '
Mellin transforms, __defined by : | "
(4.2.6) R(g)WE, = MT()E. * s

It is easy to show that for given f eD

(4.2.7) R(S s)mf = R(g YR(g)WLE /./ |

o - N : .
- . ¥
: P /

P ama



N ‘;87 - ) :
. N ,
N - z S
" where g ; g e G be such that R

L o(f2.8) o .oet < a, ¢ < G,i. #

'(Me2.9)' . 2a = min.(ar;af(g)), } _ ; '_IJﬁP/

Thus, ‘

(4.2.10) [R(g)F1(A) = é'xA“I £(8) (x)ax.

e xi"..l:_egip:(—,_g a.x )(1+ ) f(xte)dx
0" TS e L R .
| | _ﬁi = | exp(—gﬁo 2 y- ~o)* )(l+ ol (y-e)* lf(y)dy
; o c . . . = . ) . .

- § a (y C) . % . ' ‘im -. o 3 .
e <0 ¥ (y*C) w=1 gy glf_?¢ F(v)y~> av.
- —:fp__im T

[}
O— 8

If the iterated integral is absolutely convergent, we c¢an’ intern

change the order of integration and write

‘ e e - 1 p-{-iw . o Neo \ . 3
(Ha2 ll): [nglE](k) 5= [ F(v)dv [ exp(- % a,(y-¢)7)
' cE 5™ b ¢ . =0 T -
~ | ST '-‘”“-Tfeu\\x x (y-c) 9Tl V gy
! ) ptie el : ,
;’ .= f K(X,v; g)F(v) dv,~.f“~\\_ ,
. D—i‘” . . ’ __M--""-'A;i_‘_. E ’
Wéere “ L - e e
: . L . 1 P P . R' m_\;)? ‘ A—m—l '\ i Z:
(4.2.12) " K(x,v; 8) = 551 [ exp(~ §0 a, (y-c)7)y S{y=c)” dy
‘ e : - T e _oa=0 -
\\\\\\ = §lf [ exp(- § agxl)fx+c)w-vxl"w_ldx,'
\\\ 0 2=0Q - R o
\"‘\ . ' A EE T
[} \‘-s & . *
© ‘ .\\'\_ ! - ‘
L }
S ©
~
' .
L SN
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g(c, ags al, ey a, ) € G.' In particular the inter— '

change of order of integration is valid if the parameters

e, ao, al,“..., aﬁ‘and W satisfy any ‘of the following conditions:

—

(1) ay >0, ] 1, ..., p,‘but at lesst‘one of éj >0, ¢.> 0,

Re X > Ré w. DU | . P
(2) ai“i O} 3 =?l? ceny p, bnt at least ong of aj.>76,;c'efo,#' @
Re A > Re uf‘. . E o -
(3) a;j = 0 j =1, ...y P, C?> 0, Re \);.> Re )\j > 'Re.w?,,,--" -

In this chapter we shall always assume that at least one.of

these three conditions holds. \Moreover if‘atxleast one of : '_,

ay >'0} J=1, ... 'p, then K(A V3 ) is an analytio function*o{L qg

C(z 0).@ -
~In the rensining.part of thls chapter, we shall use the follow—

ing notations'for'brevity. For ¢ > 0, aJ > 0, ak > 0, a21>_0,

gles ,...,0) = g(c; 0), - '

g(O 0,...,0 ag,O,...,O) g40; a,),

glcs 0,...,0 ag,O,...,O)

gles 24),

803 2, ag),

H

| 3(0;0,...,0,ak,0;-.,,O,ag,O,...,O)_

3

g(c 0:0--: ’ak’ ,'-'s"azs s'°'so) = E(c; ﬁb: az),'

0
4.2
Tanl
[
1Y
v
Ce
¥l
~
»
m
©
S

g(O o,...,o aj, L enes0, ak,o,...,o aE,O,...,O) =

i__

Letxg“ 8(0, )g' Then .




., 3 INTEGRALS CONNECTED HITH SQME H—FUNCTIONS

'(gé) o \ - g |
£ ° (x) [T(g2>f3(x), F(a) = (WL)(

(4.3.1) '””ij- R(g1g2)F RlgyRGe

we write this equality by means’ of th

' R{gl) R(gz), R(glgz) Ve find “that

one has the_relation o

C : a+iw o . .

(4.3.2) 7 f + K(A,v; glgE)F(v)dv = [R
g—1c - . . L

= [R(g,)(R(g)F) 1)

v

. =l

—. . ) .p+im . . a+ifﬂ/‘
f K(X,038g,)d0 [. Ko,V
p-tew . . ca=de

'
Het gy = g(c, ao, al, .L.;‘a ), g2 = g(d b bl,... bp),

K(1,0;8, )[R(gy)Fl(a)do

- . + ., ‘ t \.
o - 89 - R e,
"_ . v .. t '
(4.2.13) K(A,v;gle; 0)) =-§%I [ (xe)Vxrmemd ax.
T 0 ' .
- ' - A."-.\, o * . » ' ﬁ'
A . ) 2 _-C A=w=1 -V :
- .o . - 2’1Ti t’; y M (1‘ + Y)w . dy .
g _ MY rG-wr(usa)
_ eml T(v-w). . °
31m11ap1§'1ét-g’= g(0; a,), then A
(4.2.1%) K(a,v; g(05 ag)) )
' . [ . vl Y
&  —-g.x" T —_ 1
1. 2t A=v-l. - 1. 1 ) A=V
= Inl é-e- R -ax *xzni g ey T, =has

»

-

A).  Since .
F,. .
N

e kernels of the operators

for each given F=1tf em)

(g,8,)F10N)

-

3 &y)F(v) dv. "



T 1dentities

‘ The above relation ho& S only for the case, ¢ < a, d. < @,

where 2a = min. (af, Q- (\\ By analytic continuation ir

‘at'least one\of aj_? O; J s\l, c..,ﬂpﬁin'gi and“at least_one.
of bj > 0% J=1, ..., p in ge,,then_the above relatlon holds
- for all c, d greater than or equal to zero.. 'Hence, 1f one can
Justify the change of order of" ﬁntegration, the kernel K(a, v,g)
must satisfy the relation [ 34, -p. Hl]
'(4.3.3) K(l,v;*glga) = j " K(A,g;igl)K(o,v; sz)dc,

p @
the value of p must be such that the 1ntegrals considered are
, absolutely convergent for o = p + it "

. Choosing gl and g2 in a special way, we obtain various
' o \

. : o e
(1) Let & - g(O a), g2 = g(O ag).\‘Then g18p = 828y

. gQO;-ak; ag), where for definiteness we assume k < L. For

)
Y

K = £, 8185 = g(03 ay, + a, § In both cases \

~\f'.

‘tu.g.u) 'K(A,v;;g(o ak, a,)) = K(A V3 g1g2) ' \
+1e \\
= f K(A v g(O, ak))K(U v g(O a ))do
p—ie
| \ g .
LA Y e &
2rl k-ﬂ. . pTim N . :\. f
- . — v 1 \__ -

A2 1 [a k|§}ff’ f? o .
ke Ay g :
= onl K.2 %k e T

LA TR
. . a



k]

B

C(h.3.5) K(A,v3 805 k,a » =

~a’'for a,, b for ag, we obtain

On the‘othor_hahd, from‘(u‘g.lg)-we have\\

4

Equating the right hand sibes of (u 3 u) and- Qf 3 5) and Writing

‘k

. e kb S
(4.3.6)  yig [ e 8% 0% AV
0 B B "
. l '
ATV = (1t
- kot E | 3
1,1\ ¢ ¢

“k,% any positive integera By analytic continuation (4. 3 6) holds

for |arg al| < |arg b] < %,IkJ 2 any positive reals When
k=1, % = (u 3 6) reduces to a known result [10 p' lh6
()3, | B | o
(2) Take g1 = g(o; ag){ gy = s(é; 0)7‘ Thenlglggég(o;‘ag)
o _ pt+i= ' I‘. . . _ ‘_ .
(4.3.7) KQ,v; g(c;‘ag)) =[ K@ ,o;8(0; al))K(c,v; gle; 0))do
S ‘ :
S a
2 - Cptle =
1- 1 2 -V : 2 .0 —c P(o—m)r(u -c)
= (=) = a, ¢ , a,” ¢ TI(=g— - dc
(2ni) [} g—iw 2 rrﬁ: w)
2 X2 Grede g iy |
2 el Bt ad *? r(A=¥_0)r(~20)T (v-w+to)do
owa e awens
= —l—-a L H c - by

551 & To-o 8 R
: T 1,2\ 1_';7\_-’_, 1), (0:2')



' On the“ether hand' from (4.2.12) we have

. ' : f \'l -a x‘Q" _ ! ‘
(11;'3.8) K(h,v; gles al)) "o o % (x + o) V9 lay,

Jols

From (4, 3 7), (H 3 8), after replacing w-v by w,ﬁ'nu by A,
we obtain_ ’ '

L A

. . o _¥ 2 - . . | '-I 5 1 z - | )
! (4-3-9) I e-"a"x- (X+C)lwxl'—m"ldx.= a H ? acl (1“"03,2.) -
o . ’ TTw) 7y 0 N L N
‘ | o T\ H(F,1),(0,2)

-

.,Re{x - w) > 0, w not e'non—negative‘integer, a > 0, c‘>,0'”2
positive integers' By analytic continuation; the parameters
a, c,'l‘may be released to Re a > 0, |arg cl < T, larg ac£|<(21+1}3-

% any positive real..

. . _.\ N ) ) ‘ .
: __l ‘ __1-; . l : i
.. When & =1, A= 7, Re w = 5 -V < 3, (4.3.9) reduces to
. Ca o -t ' ’ : . L B
1.1

- =

[lOOfp. 139; (20)].x When & = 1, A = -l, Re w = -V -

2
(ll 3. 9) reduces to [10 p. 139, (21)] When-aA= L .= 1 A = 1,

I} i -
_— =_E%_ + X, (ll 3 9)/beduces to [3 p. 63, (5)] with the‘a%d_of

-

[31, p. 231, (12)1.
(3) ket gy = gle; O’.}; By = 805 a,). ~Then

glga =,E(C;.¢§: ¢i: sty ¢23 g, ..t’ 0)’ Wh&?e_

(4.3.10) = 6y = (j)c’“J ags 0532 '
- l . p+im ]
(u 3. 11) K(l V3 8152) = I K(K G’/é(c, 0)) K(c V3 g(O az))dc

t

p=ie  w



‘QJ

n
—~
lH.

0

3
i‘
i)
. : .‘ ...‘
.l:r_.‘ v - L) ' V *
X LT T - W)k ?+im’.;c" ‘; e
c al' -0 p-iw . §£'~ Mo = m)
: ai T(x - w). -H }ca,

1.2 (=3,1),(- m)*

| Combining°(4.3.11), (u 2. 12) we have -

E
o~ Lgx o
(H 3.12) Eii [ e 3507 (xro)™ 07t ax
R o L ' -
: "2,0 '—ft=m;1ﬂ~“~ -
But by (4.3.10) we know , '.; o
. A S - - ;g

(4.3.13) Id ¢J x ; 320 (j)c-- a,x - ak(x Y

Therefore after replacing a by a, w =V by'mi_l‘— v by A and

'with the help’ of (1.3.8) we obtain

cu.3.1u)_ 2 | e‘a(x+°) (x+c)‘*’xA w1 gy LT
: . ! _ |

Cop——— .

' ¢ )

= o r(a-w) He |eca

J -
1l
2,0 Fl(-w,1)

';{2 N 1S A 1)(0,

¥

Retl'— w) > 0, a >'b c 0, 2 any positive integers By anélytiq

1‘continuation (4.3.14) holds for Re a > U“ |arg el <m, £ >0,

lars ca. / |<§—,Re(k-m)>0.. When 2 T 1 (4.3, 1u) reduces to

3,.p+ 63,

(5)] again with the ald of [31, . 231, (11)}



| -\“ " . ' - 91‘ - " S '.f '
&) "Let gy ="g(05 &), g, = &(0; b, b,). Then o -
?§l§2 = g(0; a, + by, b,). By using (4.3.3), (4.2.14) and -
(4:3.0) we have - _ |
(Ll.3.15) K(IA{VE'.S(Q.; ‘ak'{.bk’- bﬂ.))
V p-«'}-j_ca - - . . .. .. '_ I . |
= £-1m K(A,o;g(Q;ak))K(c,y;s(Q;.bk, b,))do, o
S A v g g-=- . ' %(1_,_}’_‘ -J-'~)‘
.2 g 7 Ptle. ¢ % 1,1[ b 227\
= (325) ——a bt [ aFop Xz g X d
‘ort! 2 k0% ve ok Pk VK | i|,0 1 ?
ke © p-iw L\ 3G
. N : b B
y . .
. 1 ' *
. - . i v 1
jo2 1 -k Foetee ¢ -0 1,1f b | TR
= {mD) wrak Py S, b Te) H | do
"\ b °’k
- - - 2'
On the other hand from (4.3.4) we have
(4.3.36) K(A,v;'gtﬁ; Y By Bl - -
'% ' 1
. ‘ = v 1:
Ay gy e e K ()
271 k-2.°%k . - Dy I I | !
| AN R [ ~
: b, k* k ,
. . . ‘ '
| 1 A L
] . . - ‘:T ) - ) v
‘Ai.‘ter- writing a, = a, :bk = b', b ‘=o‘c, and replacing,-i- by v,
%.by A, from (4.3.15) and (4.3.16) we obtain . . - o
- - +
o FURYE L) (14, -
(4.3.97) (atp)"" H c{at+b)” - N
H - _ ! ' . ()\31{ /



= QST_Au;;;,;_,?(J e

5

‘g

a_;.O, b > 0, e >0, 2 K positive integers By_analytic.

. ‘_continuation (M 3 17) holds ror k > 0 > 0, 1,3_; o o
. o N A ' * ' ' H ' ’
"
Y B : 4 1,1 (1 4 v, &)
(4.3.18) ..a*(a + b)"* H c(a + b) o
ptie o 1,1 .n(1+v,g) )
f= 2$i f ‘agb ’ P(A—G)H cbk P ﬂU,
o R 1,1 [4a',k)
a>0,b>0,c>0,k>0,2>0, " .
(5) Let gl'= g(O;ﬁaﬂ),.gz = g(0; bk’ bg). . Then the rela- _ v
| . : _ L
. tion g.g, = g(q;'bk, a, + bg) leads to o B
. T - - ‘ -1 (1+\) .-) e /
i , - v 1,1 2 . L
(4.3.19) gLc¢ "“(a + bB) 'H c(a+b) : : -
- Co1,1 B S
- k? k
r B
, K
* - . 0- . .
2 ptle = . _ 21,1
) T p-ie ' k 1,1

'a> 0, b >0, ¢cA 0, k>0,.2>0.

1(6) Let.gl =:5(03 aj),.g2 ='g(0; ak)tai). . Then -

e = - ;o . J
glg.z = g(0; ﬁ: 8109 ag‘) a—nd //‘,-" _ . ‘ »,
(4.3.20% K(,v; (05 <5 8y)) S
| | ,, \ e
p+ies | T : | \
= [ 703 g(0; aj))K(o,v; g(O;‘ak,-al))do A _%

. ’ l‘. v 1
- . AV e 902 K (g
RGN T TN 2L il Ry N O el o " do
= (==)- ajd-a,” ] 8yt gy I‘(--j—) T .
2ni Jek-2 J p—de 1,1 =l l
Y . ‘ 9‘



e T

_On the other hand - . -
L

(u-3-2;5 (l V, 8(0, aJJ. k: J = -li'é - ) coooxt “dif

v.

Comagp&ng (4 3. 20) and (H 3. 21) ‘and by analytic continuation,

we obtain

| P B A
(U;3.22) { ax*-bx -dx xk v-1 ax ) )
- . X v 1
) —% r etie .%ﬁ T ag. Lol K (g3
= Teeg 2T A [ &' b T(HFH ¥ do,
p-ie L1\ e, L

a>.0;b>0, d > 0, j > G, k > o, 2 > 0. _ )
(7) Let gl = g(O ), g2 = g(ey b ) Then g1g2=g(o; a, +,b2)

and proceding as in previous examples, we obtain

| C g 2,1 : (w,) ' )
(4.3.23) —=— H |c(a + D) ]
L Codde 2,1 (w,2)
_ L a,o Al :
= 5T £ (b) T(l g)H 1 be ) do,

1w 0 1,2 (g,1),(0,%)
where a, b, c, & are positive reals. g S ' |

(8) " Let-g, = 8(03 3)s gg = g(c, an) ., Then the relation

glgz'%.g(d; ak, az) 1eads.to'

\ - k "!’.'_ . “
(4.3.268) g'é gma% DX (x + ) U7 ax. o
- L o
A ‘——ﬁ\\‘ A (l+w,2)
ey Znlp e 0 PR G0,

.

bl



(9) ‘Lét él = g(c;'O),‘82l=:g(d; a,). Then the felatioﬁ

glg2=‘g(c+d; ¢b’¢l’ ;-I. ,¢R,’0’ ' ey 0)’ ¢J =(§,)C£_J az, . ,.M.
’ : 'j = 0).11, ’-,'.-'-., '.9,, .
Cimplies’ .
! ° —a(x%c)l'l | © A;Qél IR
: o g | .
- Ny ptie - e ‘2 1 (l+w-£) |
- e %%iw?) 2#1 Jear %%%:%% i [ad*) - as, . _.
' p=i= . 1,2 :

(3,1),(0,2)
> . - ' . . .
-where a, ¢, d positive geal, % positive integer, w not an

‘integer} Re(} - w) > 0.

I ‘ ' - , j‘ A
4.4 SOME LIMITING VALUES. .-

- From‘(u.2;l2);;we have .

- S )
_ . L m max
(4.4.1) K(l,v;g(cigg))“= 75T é e 7

o - N\ o 2

LA

e )0V ax,

. . : ¢ : |

where the right—haﬁd side iS'abﬁglﬁtelf'convergent if a, > 0,

* Re.A.> Re w, Then ’ I o .

) - \ | . ) ' mr "#.xg .

‘(M.H.2) Lim \ K(l,v;g(éiahaj'é 2wi'1im +(£:i)-2 (3+0)@"“x3‘frldx .
: a£+0, o ‘ _ a +0 \0 ‘ - o '

bl

EﬁKGﬁ:U;é(c;QI)

~and from (4}3,75 and (4.2;13)_We obtain _ B .‘ﬂ:.

P
. R M .l : _.-/—‘
. . L
. -~
o
o . ] o //"
: -
e
. *
. N



.

o f

' 1 2,1 [ [{1+w,1) X
. (4.5.6) T(A) =‘11m+ yem H - |el
- ‘. : e+0 1,2.-. g)\.:l)s(osl)
, . 2,1 14w
= 1im G et- .
| ol ( wj 1,2 x,0
N . L. :
I o A -
= 1lim, P(A—m)x'z' W
. x+0 . -—-(l L+2m) ,2
- Similarly - . " »
lim . K(X,v; g(0; a az}):= K(A,V; 5(0;_a¢))(
ak¢0 N : .
o - _
Fgom'(u.3.u) and (4:2.14) we obtain .© 4
\ . oo mT

-1

v

o ° « 7 éft:‘\.t $
| TR G LR S .
(" 4 3)’ 1im a™ H ac = ¢ T(&V = w)l(=2v),"
R - (u 1y,(q, g) -
where c > 0, &> 0, Re w < Re gu < 0 K €
F ' A;so_for a, > 0 we have’ B ]
" . . }’“\\__ . %
1 P w=v_A-w-1
(M 4. 4) lim K(l v,g(c ag)l) = __T 1im "T,e‘ (x+c)™ "x dx
et C*O a° :
e . m' _a ‘ xg‘ .
- 211 S
0 R :
a ' 3
= KA,V g(O,,a Y. ' .
Therefore from (u 3 7) and (4.2.14) we obtain
| . o 2,1 Qe | -
(H.H,S) lim — H 1 ac. I = T(l) :
| et TR Ty o oL D50 Ly ’
"Re >0, a > 0, & > 0. In particular, let £ = 1; a.= 1. Then
(31, p. 231, (12)1 | L

A(x),'ﬁe x> 0.




(\tﬁ ) lim, RN H |
b+0 1,1

a>.0,°k >"o,_z > O,'Re(l,e v).> 0. .From- (4.3.14), we obtain -
. e"",. . . . 1. ~ o ." \ ' ‘ . :
: : - .2,0 = (nw,l) . . , o
(4:4.8) 1im, - T{A=w). | cat : ] N
: c+o : -

(-3,1),(0,7) o

&

= g 11m4 j e “ax+e)’ (x+c)mxk"@_ldx
l C"'O.“O ' 7
© L . : _2-' -
=5 [ 78 x*“tax = a g.r(%),_
0 o .
or
o - . 2,0 e, Co
‘ A 3 e @ _ T(Lx .
(4.4.9) lim ¢ H _1-c Lo ‘ = f%j?%f >’
e 1,2\ [(=A,1),00,0) ) |
L >0, A #F O, =1,-2;, +.. . .
S . '
¢
< \
.J . .
L x-
| y | <% :
§ . .
. . - !
" -
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