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ABSTRACT

New design techniques cf digital filter banks are presented in this thesis. The re-
search has been focused on systematic design methods for computationally efficient filter
banks with arbitrary center frequencies, which could be easily implemented and are useful
in acoustic, speech signal processing, and commurication systems. Frequency interpola-
tion filter banks {(FIFB) are first derived based on an adaptive filtering structure. FIFB
banks show good frequency responses, interesting sensitivities and negligible parameter
quantization effects and roundoff noise when they are implemented using modern DSP
processors with fixed-point arithmetic. For maximally flat FIFB filter banks, the adjusted
pole selection strategy by an optimization procedure is applied. Then, the resonator-based
arbitrarily spaced center frequency filter banks (RFB) are proposed. They show better
behaviour than general FIFB banks from the point of view of frequency responses and the
implementation. In order to suppress the non-negligible sidelobes and further improve the
passband performance of the non-uniform band filter banks, frequency domain windowing
techniques are studied and linear programming is used to produce optimal windows for
different banks. Thus the design methods of non-uniform band filter banks with win-
dowing processing are presented and significant improvements are obtained on the filter
bank performance. Finally, the FIFB filter bank techniques are successfully extended to
the field of allpass and perfect reconstruction analysis/synthesis systems. This widens
the application area of the FIFB filter banks. In an allpass system, a synthesis FIFB
filter bank is derived based on a general analysis FIFB bank and the allpass requirement.
In the perfect reconstruction system, multirate techniques are applied and the efficient
general FIR synthesis filter bank and IIR FIFB filter bank are designed to construct the

system,
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I INTRODUCTION

1.1 Introduction

Digital filter banks arise in many areas of science and engineering[1-18]. They are
extremely important in systems for speech analysis[1,5], bandwidth compression|[8,11],
radar and sonar processing, spectral parameterization of signals[9,19,18] and anywhere
that signals need to be decomposed into subbands in frequency, or where a new signal is

reconstructed from the elementary signal components.

What is a filter bank? From the structural point of view, a filter bank is a simple
collection of filters which cover the different frequency bands based on the application.
There are two basic types of filter banks. Those are the analysis filter bank and the
synthesis filter bank. Fig.1.1 illustrates the basic structure for both N-channel analysis
and synthesis filter banks. An N-channel analysis filter bank is the bank which splits a
signal #(n) into V subband signals yi(n), 1 <¢ < N. An N-channel synthesis filter bank
is the bank which reconstructs a new signal y(n) from N input elementary signals zi(n),
1 <1 £ N. Except for the basic forms in Fig.1.1, there exist other different ways in which
filter banks are used. Fig.1.2 simply illustrates some of these possible system structures

which will be discussed in detail in the next section from the application point of view.

What are the important issues for the design and realization of the filter banks?
The problem may be considered from different levels. For example, in the system of
Fig.1.2(c), the issues related to the individual filters, the filter bank, and the bank-based
analysis/synthesis system should be discussed, individually. The filter design problem
exhibits all of the constraints and tradeoffs of the general filter design problem. In analysis

filter banks, the stopband, passband, and transition band characteristics of the individual
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filters must be constrained to control magnitude, phase, and aliasing distortion in the
channel signals. In the synthesis bank, in addition to the reconstruction issues exactly
the same properties must be addressed so as to control the effects of the processing
distortion in the reconstructed signal. Of course, the type and order of the filter and the
numerical sensitivity of the filter and implementation structure must also be considered

in the design process.

— - y1(n) X1(0)
Analysis [ y2(n) X2(n)——| .
x(n) Fil y3(n) x3(n)—| Synthesis y()
— ilter
Input . : Filler [~
’ Bank . : Output
Bank
*= yN(n) XN(n)———
(a) N-channel analysis filter bank (b) N-channel synthesis filter bank

Figure 1.1 Two basic framework for filter banks.

On the filter bank level, first, the quality of the frequency coverage of the analysis filter
bank is important since the total set of the channel signals constitutes a time-frequency
representation. Secondly, the efficiency of the whole filter bank realization is an issue
since it may be possible to implement the entire filter bank with fewer operations than
the sum of the operation in the individual filters. Finally, the fact that the synthesis filter
bank is to be used to reconstruct from the distorted channel signals imposes constraints
on the passband, stopband and aliasing rejection properties of the individual synthesis
filters. In Fig.1.2(c), the goal of the entire analysis/synthesis system (without any channel
processing) is to split and then to recreate the input signal at the output. Thus, the

distortions introduced at the analysis/synthesis level can be characterized in term of the
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spectral magnitude and phase distortions and the aliasing. The requirements imposed by

the minimization of analysis/synthesis distortions are quite severe, and make the filter

and filter bank design problem considerably more difficult.

- — Lo
= — — -
— A S | . S > A
(a) (b)

+
¢
;
v
.
+
i
v

'
i

Lisg

() (d)

Figure 1.2 Some of possible structures of filter bank systems.
A: Analysis bank;  $: Synthesis bank;  X: Summation.

The discussion on the issues above is based on the filter bank-based analysis/synthesis
subband coding system in Fig.1.2(c). However, for a filter bank-based spectrum analyzer
and a cochlear modeling system( see Fig.1.1(a) ), since there is no synthesis filter bank
in the system at all, the issues on the reconstruction system level do not exist. But the
requirements on the resolution of the analyzer and the nonlinear frequency sensitivity of
the human auditory system impose new problerms on the filter and filter bank design. For
example, the shapes of the filter frequency responses and the center frequency spacing

of the filter banks are two important issues. Before viewing the area of the filter bank
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applications in the next section, we first describe some important characteristics classifying

the filter banks.

There are several important characteristics that distinguish different classes of filter
banks. One of them is the manner in which the spacing and widths of the frequency bands
are chosen. Generally speaking, there are two types of bandwidths or center frequency
spacing filter banks, the uniform filter banks and nonuniform filter banks. Uniform filter
banks in which all the channels have the same bandwidths, are often very appealing in
practice because they can be realized with the aid of fast transform algorithms such as the
FET (fast Fourier transform). Another significant merit of uniform filter banks is that it is
possible for them to be designed to construct exact pure delay analysis-synthesis systems.
This is important since in practical systems, it is desired to have an analysis-synthesis
system such that if the output of the analysis filter bank is applied directly (i.e., without
any processing) to the input of the synthesis filter bank, the output of the synthesis filter
bank should be an exact replica of original input of the analysis filter bank. Different filter
bank structures and design techniques have been proposed and developed for this[20-27].
Among them polyphase structure DFT(discrete fourier transform) filter banks and tree

structure quadrature mirror filter banks (QMF) are most dominant two ones.

Nonuniform filter banks are defined in innumerable ways depending on the chan-
nel stacking arrangements. Different nonlinearly-spaced filter banks have been studied
because of their special functions and practical requirements. One important class of
nonuniform filter banks is the octave-spaced filter banks[17,28]. Fig.1.3 illustrates an
example of 6-band octave-spaced stacking arrangement in which each band is twice the
width of preceding band. Because it was shown by researchers that one stage of the
human auditory system is similar, in function, to a filter bank whose center frequencies

are nonlinearly spaced, the nonuniform filter banks play an important role in acoustics
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analysis and speech processing. However, the efficient techniques for designing and imple-
menting this class of filter banks are not obvious, specially when the center frequencies are
spaced arbitrarily. Later on, it will be clear that the main works of this dissertation are
related to these nonuriform-band filter banks: logarithmic filter banks, where the center

frequencies of the bank are spaced logarithmically.

4

Amplitude

]
-

G/ n/8 wn/4 /2 )
/32 716

Figure 1.3 Octave-band stacting arrangement for
filter bank channels (N =6 ).

Another major difference in filter bank systems results from the manner in which the
filters are designed for the channels. There are three different kinds of filter designs which
result in nonoverlapping, slight overlapping, and substantial overlapping of the bands
of the filter bank (see Fig.1.4). Nonoverlapping designs are of interest, for example, in
time division to frequency division (TDM/FDM) transmultiplexers for communication
systems(2,3,15]. In this case the crosstalk problem due to finite stopband attenuation
must be overcome. Slightly overlapping filter bank designs are sometimes desired in
systems, such as bandwidth compression systems, where an input signal is analyzed in
terms of its spectral components for encoding into a compressed digital form{1,6,7]. In
reconstruction, the spectral components are decoded and used to synthesize an output

signal which is intended to be a replica of the original input signal. Many contributions
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have been made in the area of design and realization of perfect reconstruction filter bank

based systems[20-22].

3 (a)
2
g
<
)
* + - -—
W, , W,
i-1 i i+l
2 {b)
2 _ .
B
g1l e
<
/ X ©
. s + >
mi- { mi mi +

(c)

Amplitude

Q. o, D41

Figure 1.4 Different covering of filter bank designs,
(a) Nonoverlapping;
(b) Slight amount of overlapping;
(¢} Substantial amount of overlapping.

Heavily overlapped filter bank designs are of interest in systems such as spectrum
analyzers[8-11], where a high-resolution analysis and a smooth or well-interpolated spec-
tral model may be desired. In this case each filter bank channel conveys information about
the amount of spectral energy in input signal near the center frequency of the band. The

spectral leakage for this class of banks is to be avoided to model the true spectrum. So the
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filter banks with the sidelobes as small as possible are desired. A typical filter response

is drawn in Fig.1.5 with the illustration of sidelobes.

There are other important characteristics that distinguishe different classes of filter
banks. For examples, for analysis/synthesis bank systems, two of them are, the manner
in which the channel signals are modulated, and the rate at which the channel signals are
sampled. T'wo modulation methods are the complex modulation or quadrature modula-
tion and the single-sideband (SSB) modulation. In the case of complex modulation, the
channel signals are complex-valued signals, whereas for single-sideband modulation they
are real valued. Complex modulation is generally preferred in systems such as spectrum
analyzers{4,8,9], whereas single-sideband modulation is generally preferred in systems such

as communication systems(2,3,6] and coding systems{11-13].

¥ Mainlobe

Response

Sidelobe

. ®
N,

Fig}:re 1.5 Typical filter response with illustration of sideiobes
which are crosstglk in nonoverlapping filter banks(TDM/FDM) and
spectral leakage in overlapping filter banks for spectrum analysis.

Theoretically, for the N-band uniform bank system, the sampling rate of each of the
channel signals can be reduced by a factor N [29]. If it is so, the filter banks are referred
to as critically-sampled filter banks, and otherwise they are referred to as oversampled
filter banks. In order to make the channel signals work at lower sampling frequency, the

channel signals first are decimated after the analysis filter bank, then are interpolated
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before the synthesis bank. Decimation can cause aliasing and interpolation can cause
imaging[28,30]. The aliasing and imaging make the design and realization of exactly
reconstructing analysis-synthesis bank systems challenging. However, several successful

techniques have been developed to solve the problems based on the fact that information

about the aliased signals in one channel is available in the other channel signals[20,27,25].

From the point of view of the design of digital filter banks, there appear to be many
different techniques available in common use. For examples, FIR and IIR filter banks,
DFT filter banks[28], quadrature mirror filter (QMF) banks{31], all-pass filter banks and
adaptive spectrum analyzer-based filter banks{32,33]. For some of design methods, there
are several different realization structures. More details about those will be briefly re-

viewed based on the literatures in section 1.3.

1.2 Some Applications of Filter Banks

As we mentioned earlier, filter banks have wide application areas, including frequency
division multiplexing (FDM) transmission system, the conversion between time division
multiplexing (TDM) and frequency division multiplexing (FDM), subband coding system
and vocoders, spectrum analyzer, modeling of the human auditory system, analog voice
privacy system and so on. We shall now review a number of important applications of
filter banks, with pointers to the literature for details, examples, and demonstrations. The
applications in the modeling of the human auditory system and related speech processing
are outlined in section 1.4 with the emphasis that the efficiency desi.gn and implementation

of the nonuniform-band filter banks are still open questions.

In an FDM communication system, N signals from N lines are to be transferred along
one single transmission channel by dividing the available bandwidth of the transmission

channel into N narrower bands. In the transmitter, the modulator, in fact, is an N chan-
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nel synthesis filter bank and in receiver the demodulator is an N channel analysis filter
bank( see Fig.1.6[35] ). These filter banks are equidistantly spaced identical passbands.
Similar to in FDM system, the filter banks play the key role in FDM/TDM conversion
and vice versa, which are widely applied in telecommunication network. The TDM/FDM
conversion needs a synthesis filter bank while the FDM/TDM needs an analysis filter
bank. Different transmultiplexing algorithms have been derived and developed such as,
bandpass filter bank technique[36-38], lowpass filter bank technique[39,40], and Weaver
structure(41,42]. Note that the filter banks used in FDM system or in FDM/TDM conver-
sions, are nonoverlapping filter banks. The frequency band gaps between the passbands

are left to reduce the crosstalk over channels.

Increase Bandpass Bandpaass Decrease
sample rate filter bank filter bank sample rate
yi(n) —p ‘ | Hi - 4y [ * yi(m)
y2(n) g ‘ — —t { o [—i * ~=-y2(n)
x(n)
yN(n) - ‘ —| U > iy * - YN ()
(a) Modulator (b) Demodulator

Figure 1.6 Block diagram of filter banks for modulator and demodulator
in TDM/FDM translation.

Now we are going to see the role of filter banks in the subband coding systems, In
practice, one often encounters signals with energy concentrated ina particular region

of frequency. An extreme example was shown in Fig.1.7(a), where all the energy is in
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0 <|w |< =L/M (where L and M are integers and M > L ). In this case it is possible to

compress the signal simply by decimating it by a factor M/L.

X(elo) X(ei®)
) m
— 0 {
~TL/M 0 TL/M s

(a)

A
H, (z) Ha(z)

X 0)

0 H=
(c) (d)

Figure 1.7 Splitting a signal into subband signals.

(a) X(el®), transform of a signal x(n) which may be compressed simply by
decimating it by a factor M/L.

(b) Transform of orignal signal x(n) which can't be decimated without cousing aliasing.
(c) Splitting the signal in (b) by using analysis filter bank with M=2 (Fig.1.1(a) ).
(d) Transform of the subband signals.

It is more common, however, to encounter signals that are not bandlimited but still
have dominant frequency bands. An example is shown in Fig.1.7(b). The information
in | w [> 7/2 of the transform X(e/*) of original signal z(n) is not small enough to be
discarded. And thus we cannot decimate z(n) without causing aliasing either. But there
is a way to overcome t‘:his difficulty. The signals can be split into two fraquency bands
by an analysis filter bank (Fig.1.1(a) with N=2), with responses as in Fig.1.7(c). The
subband signal z3(n) has less energy than z;(n), and so can be encoded with fewer bits

than z3(rn). As an example, let z(n) be a 10 kHz signal normally requiring 8 bits per
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sample so that the data rate is 80 kbits/s. If the subband signals z;(n) and z2(n) can
be represented with 8 bits and 4 bits per sample, respectively, the data rate now works
out to be 40 + 20 = 60kbits/s after being decimated by two, which is a compression by
4/3. This is the basic principle of subband coding: split the signal to NV subbands by
an analysis filter bank, decimate each subband signal, and allocate bits for samples in
each subband depending on the energy content. In speech coding practice, further use
of the perceptive properties in each subband is exploited before quantization[43,44]. The
reconstruction of the full band signal is done using the interpolators and synthesis filter
bank. The block diagram of the whole system is shown in Fig.1.2(b), and when N = 2,

the detail illustration is drawn in Fig.1.8.

x1(n) y1(n}
H,(2) ——a—* 5 f—w 4 2 »| F,(2)

x(n) y(n)

2
H@ Pl § 5 b2 P% ke

Figure 1.8 Analysis /synthesis system for subband coding
(i.e.: two-band QMF bank ).

Another application field of filter banks is analog voice privacy systems[30,45]. The
systems are intended to communicate speech over standard analog telephone links, while
at the same time ensuring voice privacy. The main idea is to split a signal z(n) into N
subband signals z;(n) and then permute each subband signal into segments in the time
domain. These segments of subband signals are then permuted and recombined into a
single encrypted signal y(n), which can then be transmitted. For example, if there are
eight subbands and ten time segments in each subband, then there are eighty possible

permutations, and unless somebody has the key for decryption, he will be unable to get the
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original voice information in the signals. The aims of the designer of such a privacy system
are: the encrypted message should be very difficult to understand, and the decrypted
signal should be of good quality retaining naturalness and voice characteristics. At the
receiver end, y(n) is again split into subbands, and the time segments of the subbands
unshuffled to get z;(n), which can then be interpolated and recombined through the
synthesis filters. The block diagram of the voice privacy system is given in Fig.1.9, where
the filter banks are the important fundamental units. Filter banks in this system may be
uniform band or nonuniform band, but heavily overlapped design should be applied since

no frequency element of the voice signals should be lost due to the system itself,

L» R P -
L - - —- e

x(n)

Bl A ylso s s O] A [Lus]i]|s WS
= =S . -

Figure 1.9 The block diagram of a voice privacy system.,
A: Analysis filter bank; SU: Shuffling;
S: Synthesis filter bank; US: Unshuffling,

Signal analysis and detection (spectrum analyzer) is another of those most basic and
important applications of filter banks. In a filter-bank-based spectrum analyzer, the bank
are used to measure the energy distribution of signals in various bands. The filter-bank-
based spectrum analyzers are widely applied in speech and music processing and signal
transmission. For examples, in the channel vocoder( see Fig.1.10 ) (46,47}, a filter bank
is used to provide an approximation to the spectrum envelope of the speech. This slower

varying envelope is sampled and then transmitted together with the side information
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(Fo: fundmental frequency and V/UV: voice or unvoice decision). In the receiver, the
spectrum signals modulated by the pulse generator based on the side information are
excited to the inputs of a match synthesis filter bank. The bank thus attempts to recreate
the transmitted voice. In [48], a filter-bank-based real-time phase vocoder was derived
and developed, where the center frequencies of the filter bank are logarithmically spaced
(twelfth-octave) and correspond to the frequencies of the equally tempered piano. In [49)],
a third-octave filter bank with the center frequencies spaced logarithmically is designed
and implemented in TMS DSP processor. This filter bank is used as a spectrum analyzer

in the first stage of the neural network for speech recognition.

. -
- - b
Voice in Voice out

i

| Pitch/ Voice |eaee = g Pulse / Noise
Detectors S (Generators .

Figure 1.10 A channel vocoder. The amplitude spectrum of the voice signai
is analyzed by analysis filter bank and the channel amplitude are
used to control the matching synthesis filter bank at receiver.
ED: Envelope Detectors; M: Modulators.

In {34}, adaptive applications of the resonator-based filter-bank are presented, which
include: spectral line enhancement, tracking of periodic signals, and frequency-domain

noise-cancellation and equalization. More about the resonator-based filter-bank proposed
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in [34] will be reviewed and referred in following chapters since this is the topic very

closely to what we are working on in this thesis.

1.3 Reviews of Digital Filter Banks

Filter banks composed of FIR (finite impulse response) digital filters, are applied con-
ventionally in systems where filter banks with specified composite response (usually flat,
or having bandpass characteristics) are required. For example, filter banks are used in
analyzing speech signals for speech recognition applications[50]. There are many tech-
niques for designing FIR filter banks[29]. For example, each filter in the filter banks can
be designed independently by either the Remez exchange method in optimal min-max
sense[51], or the statistical approach for the optimal Wiener FIR filters[52], or the popular
window method for simplicity. From the point of view of implementation, people prefer
to make the filter banks by the method of frequency translated versions of a prototype for
efficiency. More new techniques given in[53,54] are WMMSE(weighted minimum mean

square error) and optimal uniform filter banks for specified composite response.

The use of FIR filters for filter banks is attractive for the usual reasons, no stability
problems, possibilities for linear phase, simple realization. However, the number of coeffi-
cients per filter is too large for some requirements. For example, consider the implemen-
tation of a spectrum analyzer for music signals in the range covered by the fundamental
frequency of the piano kejs, that is, from 27.5 Hz to 4186 Hz, covering 88 frequencies and
88/12=T+ octaves. The frequencies are related to each other by twelith roots of 2, about
6 percent and in particular note that the filter bandwidth is 1.5 Hz at lowest frequency
and 225 Hz at the highest. If the sampling frequency is chosen as Nyquist frequency, the
lowest band filter requires many coefficients (the orders of the filters are so high up to
several thousands when the Park and McClellan method is applied with ripples 0.05-0.1

and transition bands about 0.4-0.75 times of the passband ). Furthermore, each filter
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requires at least (V — 1) zeros to satisfy the interpolation property.
IIR (infinite impulse response) filters have the desired bandwidth and center frequency
properties, and are efficient. But the phase is not linear. Many technitjues have been

developed, such as well-known impulse invariance and bilinear transformation of classical

analog Elliptic and Butterworth filters[29).

x1{m)
— P} (m) }—p] ——p»-y1(m)
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- Fy@) | ——- yN{(m)

Figure 1.11 Polyphase DFT filter bank structure,

The DFT(discrete Fourier transform) filter bank is one of the most important filter
banks. The concepts of DFT filter banks evolved primarily through the need to do spectral
analysis and synthesis of quasi-stationary signals such as speech [1,34]. In a DFT filter
bank, a block of ¥V successive samples of an input signal is applied to a DFT structure to
yield a computationally efficient frequency interpolation filter bank in which the center
frequencies are uniformly spaced. Conceptually, it is possible to consider the DFT filter
banks as a non-block filter with the structure of a DFT preceded by a block that may be
viewed as a commutator or as delayed versions of the input being applied as successive
inputs(28,33]. This is the so-called polyphase realization of the DFT filter banks from the

point of view of structure [11,19] (see Fig.1.11).

Another efficient structure to realize the DFT filter bank, is the weighted overlap-add
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structure [55]. This is somewhat more general than that of polyphase structure in that
it can be more easily applied to cases where the channel decimation/interpolation ratio
(in the analysis/synthesis filter bank systems), is unrelated to the number of frequency
channels. Generally speaking, there is a windowing block before the i)FT structure for
analysis bank (after the DFT for synthesis bank). This is for reducing the large sidelobes of

the filter responses and the aliasing distortion which is usually followed the decimation for

the rate reduction (or the imaging distortion followed the interpolation for rate increasing).

The DFT filter bank is equivalent to a bank of FIR filters realized in a particularly ef-
ficient manner based on the high speed algorithms such as F FT(fast Fourier transform).
Therefore there have been some approaches using the FFT-based filter bank for nonlin-
early spaced frequencies in the literature. The digital frequency warping technique was
proposed in [56,57], in which the sampled input is fed to a chain of networks, the outputs
of each being Fourier analyzed using FFT. The limitation of this technique is it appears
suitable for small size banks (only two to three octaves). The common approach of per-
forming a higher order FFT and then reorganizing the many frequencies corresponding
to one frequency band for higher frequencies is presented in {58], where the problem of

calculating Fourier components at arbitrary frequencies was considered.

When the two-band filter bank with aliasing cancellation was introduced by Croisier
et in[59], the very active research topic of the design and application of this class of
filter bank, started. The filter bank is the QMF(quadrature mirror filter) filter bank (see
Fig.1.8). These two-band systems consisting of a lowpass and a highpass filter followed by
a 2-to-1 downsampler could be cascaded in a tree structure to form a variety of different
spectral decompositions. These filters also have the advantage that they could achieve
similar frequency decompositions but with much less computation. Furthermore and

perhaps most important, QMF has the advantage of using the mutual information between



the channel signals to cancel aliasing and imaging distortion. For this reason, quadrature
mirror filters were a major advance and their use in octave-band structures for subband
coders substantively improved the speech quality. In addition, the QMF filter banks
can be realized in the tree structures or the polyphase networks[60]. In Fig.1.12, two
tree structures based on the QMF filters are given to implement the uniform-band(in
Fig.1.12(a)) and octave-band(in Fig.1.12(b)) filter banks. Fig.1.13 shows the polyphase
structure of basic QMF filter. Identical to that in FFT filter bank above, the polyphase

implementation is efficient because multiplies and adds may be shared between the lowpass

and highpass filters.
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Figure 112 Tree structure QMF filter banks:

(a) Two stage tree structure for a four band uniform SSB filter bank;
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Figure 1.12 Tree structure QMF filter banks. (b) Five stage tree structure for
a six-band-octave spaced SSB filter bank. LP; low pass filter, HP; high pass filter.
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Figure 1.13 Polyphase structure of elementary QMF filters,
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Many reports in the literature have addressed the problem of the QMF filter bank
design, which includes symmetric FIR filters [12,61], IR filters[62,63], and variations of
half-band filters[64]. Although all the categories of filter design above lead to appropri-
ate methods of QMF filter bank design, a particularly useful class of designs are those
based on symmetric FIR filters. They have the advantage of linear phase response (flat
group delay), which allows the two-band design to be conveniently cascaded in the tree”
structures without the necessity for phase compensation. Perhaps the most well-known
design method is the method based on computer-aided optimization techniques[65,31],
which produced the QMF filters with better characteristics and smaller reconstruction
errors for a given filter length. The problem can be formulated in the framework of a non-
linear optimization problem by defining a real-valued error function[31]. The QMTF filters
designed by these methods have been widely used as the standard sets. Computational
efficiency and good filter quality were recognized as important issues in the design of QMF
filters and related filter banks. For uniform multiband systems it was shown that good
reconstruction quality can be achieved by only canceling the major aliasing components

in the reconstructed signals[66.67,68).

Recursive filter banks can also achieve computational gains over FIR banks but with-
out the constraint of a uniform multiband structure. IIR filter bank designs has been
considered previously by a number of researchers for application in subband speech cod-
ing[69,70,71]. Many of these approaches employed the Remez Ezchange algorithm in a
way that forced the denominator polynomial of the filter to be a function of z2~2. This
constraint on the denotninator enables the filters to be realized with an efficient polyphase
implementation. It was later discovered that a specialized class of filters which include op-
timal equiripple filters satisfies this design constraint and has a higher degree of numerical

efficiency[72,73).
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Along with the development of the QMF filter banks, the focal point of research on
analysis/synthesis filter bank design shifted to the design of systems with exact recon-
struction properties several years ago[20,22,74,21,25]. A major advancement in this area
was the introduction of V-band exact reconstruction solution[25,27,23]. It was shown that
exact reconstruction could be achieved for arbitrary uniform N-band systems as well as
two-band systems. This formulation is based on the circuit theory concept of losslessness.
When the analysis/synthesis systems are constrained to be lossless a convenient lattice
structure emerges which can be used for design and implementation. These FIR lattices

have the property that they preserve their exact reconstruction property even when the

lattice coeflicients are quantized.

Two-band systems.which form the basic building block for tree structure have also
undergone examination and hence are now better understood. For example, a linear phase
constraint can be imposed on the analysis-synthesis filters without loss of the exact recon-
struction property. However the price paid for this is a relative loss in the quality of the
magnitude response{23] for a given order. Nonetheless by using efficient implementation
structures these filters are competitive with the rest in terms of cormputational complexity.
Interesting solutions have also been discovered as an outgrowth of narrowband systems
which involve block transforms[75-77). If the window of a block transform is pe>rmitted
to exceed the number of transformed cutput samples and thus results in overlapping win-
dows, the new system is equivalent to a conventional filter bank. Several solutions have
been reported which are primarily narrowband filter banks and result in exact reconstruc-
tion. Among solutions are the perfect reconstruction filter in [21], the lapped orthogonal

transform in [75,76], and the TDAC(time domain aliasing cancellation) system in [77].

In the area of QMF filters, filter banks and related analysis-synthesis systems, there

was the development of the systematic theory of the design problems in terms of matrices
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and vectors(78,25,79,22]. By imposing constraints on these matrices, different aspects

of the overall system can be addressed such as phase distortion, magnitude distortion,

aliasing, filter structure and so on.

Besides the filter banks and related systems reviewed above, there are also some other
types of filter banks. For example, filter bank designed using all-pass structures appear
to have the possibility of a variety of bandwidths{80]. Matched filters are used to make
the filter banks which are useful in modern telephone network[81]. The filter banks based
on the design and realization of LMS adaptive filtering systems, are the good model of
a spectrum analyzer. This bank with linearly spaced frequencies, by a certain choice of

LMS gains, is the same as the DFT filter bank in the outputs[63,82).

1.4 Motivation and Organization of the Dissertation

The reviews in the previous section show that the techniques of design and implemen-
tation of digital filter banks in which the center frequencies are spaced linearly ( or with
uniform bandwidth), have been established and reached a certain level of maturity, even
though there remain some open questions and research problems of considerable interest,
such as refining the perfect reconstruction of QMF filter bank based anaiysis/syntheéis
systems, the control over system delay and computational complexity, and the progress in
two-dimension area. The FFT-based polyphase filter has emerged as an efficient structure
and the QMF filter banks have been widely applied in sub-coding system of speech com-
munications. However, a big gap left is the systematic and computational efficient method
of design and implementation of the digital filter bank in which the center frequencies of

the filters are not linearly spaced and the bandwidth of the filters is not constant.

Because of the nonlinear selectivity of basilar membrane of human auditory system

in the displacement with the frequency of sound wave, the cochlear of human ear was
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interpreted as a special spectrum analyzer, i.e., a special filter bank[46,47], which has
partly linearly spaced frequencies(0 to 1 kHz) and partly nonliearly spaced frequencies,
or approximately logarithmically spaced frequencies(above 1 kHz). Different types of the
models of basilar membrane have been reported to simulate human cochlear or whole
auditory system[83-86]. All these models or systems base on the filter bank expression of
the basilar membrane. These filter banks may be constant-@, varying-@, or with adaptive

@ circuit. In Fig.1.14, the block diagram of modeling system is shown.

Cochlear Hair
» filter - cell .
Cochlear Hair
- filter - cell -
__.»

Cochlear
filter cell

Figure 1.14 The block diagram of the model of human auditory system.

For the same reasons as above, the nonuniform-band filter banks are widely used in the
speech enhancement, power spectrum analysis of speech signals, pitch and format estima-
tion, and speech recognition. In particular, it is due to the nonlinear frequency sensitivity
of human auditory system that the uniform band subcoding systems may be nonuniform
to achieve higher transmission efficiency and improve the speech quality. We know that the
headway is just beginning in the study of fractional nonuniform band analysis/synthesis

and other non-traditional decomposition based on the QMF techniques[87,30]. However,
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for the design and implementation of the nonliﬁearly-spa.ced-frequency filter banks with
constant-¢} or non-constant-@}, there are not obvious choices. The DFT filter banks
or polyphase-structure-based filter banks produce inherently linearly-spaced center fre-
quencies. The problem of calculating Fourier components at arbitrary frequencies was
considered in[57,58], but it does not seem to lend itself to a decomposition of a signal into
constituent elements. For QMF filter banks, the limitation is on the arbitrarity of filter
bandwidth structure due to the symmetric QMF filters. The tree-structure implementa-
tion means that the octave-spaced filter bank can be realized. However, it seems. to be
very hard to get elegant solutions to sampling rate conversion when the frequency spacing

is nonlinear.

The topics of this dissertation are mainly focused on the design, implementation,
and performance analysis of digital filter banks, ir which the center frequencies may be
spaced arbitrarily and the filter bandwidth in the structure may be uniform or nonuniform.
We start the study of the systematic design of computationally-efficient filter banks by
introducing the Frequency Interpolation Filter Banks (FIFB) based on an adaptive filter
structure. A different type of FIFB filter banks is proposed based on the resonator
filters with better behaviour, which are called resonator-based FIFB filter banks. In
order to suppress the appreciable sidelobes of the filters designed by both approaches
above and improve their passband performance, new design methods are proposed with
the application of equivalent frequency domain windowing techniques. Furthermore, the
techniques are extended to the FIFB filter bank-based allpass and perfect reconstructicn
analysis/synthesis systems. This widens the application area of the FIFB digital filter

banks and completes the structure of the FIFB filter banks.

The organization of this thesis is as follows. In chapter II, the adaptive structure-

based FIFB filter bank is generally introduced with the discussions on the principle of
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FIFB filter banks, design method, and performance analysis. In addition, the rehtionship
to adaptive algorithm and the implementation structure of FIFB banks will be described.
The pole optimization design approach for maximally-flat FIFB filter banks is derived.
The nonlinear optimization equation sets are formulated and numerical methods are ap-
plied to achieve the optimal pole sets for the design examples. The sensitivity of the
FIFB filter banks and parameter quantization effects on the filter frequency responses
and pole positions are studied. The filter bank output noise powers caused by fixed-point

arithmetic rounding are considered.

In chapter III, the resonator-based frequency interpolation filter banks(RFB) are pro-
posed. Based on the presentation of the general theory of resonator filters concentrating
on the Foster property of the resonators, the resonator-based digital filter bank structure
and the approximation problem for logarithmic filter banks are presented. Four differ-
ent pole-zero structures for designing the banks are explored and the sensitivily and the
implementation structure are derived. The banks with large number of filters or infinite

filters are also studied from theoretical point of view.

In chapter 1V, windowing techniques for improvement of the filter bank stopband
and passband performance are described. The filter bank design procedure with windows
consists of two steps: The design of mother filter banks and the frequency windowing
processing for the final filter banks. The weighted outputs of the mother filter banks are
summed to produce the final banks with significantly improved responses. Linear pro-
gramming is applied to find the optimal weighting coefficients and the experiments for a
variety of windows are made with a discussion of the results and a comprehensive consider-

ation to the type of windows, the performance of the filter banks and the implementation

complexity.

In chapter V, the design technique of the FIFB filter bank-based allpass analy-
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sis/synthesis system is proposed. The system consists of an analysis filter bank and a
synthesis filter bank, where the analysis filter bank is a general FIFB bank with an arbi-
trary spacing of the filter frequencies and bandwidths, and then the synthesis filter bank
is derived based on the analysis bank and the requirement of the allpass system property.
The design examples are presented and the design technique is evaluated by performance

analysis and computer calculation of imaging rejection.

In chapter VI, the FIFB filter bank techniques are extended to the multirate FIFB
filter bank analysis/synthesis systems. The matrix theory of multirate filter banks and the
conditions for perfect reconstruction wi*h the decimation and interpolation are introduced.
The general FIR synthesis filter banks are derived out based on the IIR FIFB filter banks
for perfect reconstruction systems. The examples with uniformly and logarithmically

spaced channels are designed and the computation resulits are discussed.

Finally, in the chapter VII, we summarize the contributions of this research work and

present a number of suggestions and ideas for future research.
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II FREQUENCY INTERPOLATION FILTER BANKS
WITH ARBITRARY CENTER FREQUENCIES

2.1 Introduction

In this chapter, the frequency interpolation filter banks(FIFB) are introduced based
on an adaptive filter structure originally described in [32} for signal spectrum analy-
sis. The FIFB filter bank can have the filter-center-frequencies arbitrarily set, and gets
its name due to the frequency interpolation property: #** filter has exactly unity re-
sponse at ** center frequency and zero responses at all other center frequencies. Since
the structure of the filter banks consists of, in fact, a set of resonators with common
feedback around all of them, sometimes these filter banks are called resonator-based
filter banks[88,89,34] or resonator-based filters[90-92). The same structure of the filter
banks(with slight variations) is independently arrived at by using different approaches.
Besides the approach[93,88,89] to be presented in this and the next chapters, the approach
described in [90,91] is based on the work in [94] and uses observer theory to estimate the
states of a hypothetical system of resonators that models the input signal. The approach
described in [34] is based on a modification of the lossless discrete integrater(LDI) simu-
lation of a singly terminated ladder filter, with the emphasis on the case where LDI-based

biquads are used as the digital resonators, and adaptive applications of these filter banks.

We first present the principle of FIFB filter banks in section 2.2, where the contents
are described in the subsections: An adaptive filtering structure for identifying the fre-
quencies of speech or music signals; The equivalent FIFB filter banks of the adaptive
spectrum analyzer; The design of the FIFB filter banks and a discussion of the perfor-
mance; And the consideration of the filter bank implementation. Then in order to obtain

maximally flat filter bank responses, the pole optimization of FIFB is studied in section
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2.3, where the nonlinear optimization equations are derived and the Newtor's method
and Steepest Descent method are applied to give the numerical solutions of optimal pole
sets, Filter bank examples with the applications of optimal pole sets are designed, typi-
cal frequency responses are presented, and performance analysis is discussed. Finally in
section 2.4, based on the implementation structure given in section 2.2, the finite werd
length effects of FIFB filter banks are considered. The filter transfer function sensitivities
with respect to coeflicients, zeros, and poles are derived and discussed. The parameter
quantization effects on filter frequency responses and pole positions are calculated. Fur-
thermore filter bank output noise powers caused by fixed-point arithmetic rounding are

calculated by the conventional white noise model and numerical integration techniques.

2.2 Principle of FIFB Filter Banks[33,93]

2.2.1 Adaptive structure for identifying signal frequency components

The block diagram of this adaptive filtering structure is shown in Fig.2.1, where os-
cillators have their fixed resonating frequencies which can be selected arbitrarily for any
specific purposes. The outputs of the oscillators are modulated adaptively to match an in-
coming signal. The difference of the incoming signal {or the input signal) and the summed
weighted outputs of the oscillators is the error signal. The different adaptive algorithms
may be applied to update the oscillator weights based on different error criterion such as

least mean squares (LMS) and recursive least squares (RLS) [95)].

We consider the discrete time implementation, i.e., all signals in the system are sam-
pled. If the sampling period is normalized (i.e. sampling period T=1) and time index is
n, we may define the oscillator vector X, with its elements, Xni, the output of the ith

oscillator at time n, 1 < i < N, as

X?: = [Xn,l, Xn,z, ey Xn,N], (2_1)
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where the it* element of the vector is
-Xn.,i = ejwm, (2‘2)

and the superscript T indicates vector transpose. The weight vector C, has the complex

weight elements Cr;, 1 Si< N, as
Cr = [Cuis Cags vy Can). (2.3)
The inner product of the oscillator vector X,, and weight vector C,,
CT X, (2.4)

gives an estimate of the input signal, which is the sum of the product of the oscillator
output and the corresponding weight. The input signal is d, and the error signal €(n/r)

is defined as

nfr) = dr — C:{ Xr. (2.5)

Note that there are two kinds of the errors, the a posteriori error €(n/n): (Or sOmetime ¢,,),
and the a priori error e(,_; /n)» {(or sometimes ay). The updating equation of the weight
vector C,, is

Cp, = Cu1 + €(n—1/n) U,. (25)

The i** element of the vector U,, is

Uni = K;i X

n,i

(2.7)

where the asterisk denotes complex conjugation. Physically Cy ; represents the amplitude
and phase modulation of a carrier at frequency w;. For the input speech signals, gencrally
speaking, Cy,; tends to vary rather slowly. The magnitudes of the weight vector are, in

fact, the time-frequency representation of the input signal. For the purpose of tracking
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the input, it is equivalent to taking the modulated carriers as the system outputs, which

may be represented by the vector G, with its elements
Gri = Cni €™ (2.8)

The only thing remaining to realize this adaptive system is to determine the complex
number Kj in equation (2.7). The K;'s are called the Kalman gains because they occur
in the Kalman filter solution to the problem of mean-square estimation for a process in
which the state vector is the oscillator vector and with no process noise. In the next
section, the Kalman gains will be decided as the filter coefficients of the equivalent filter

banks using a variety of techniques.

2.2.2 Equivalent FIFB fiiter banks

If the modulated oscillator outputs are taken as the output signals, then these N
signals, (Cy; e/“i™), 1 < i < N, are simply filtered versions of the input signal d,. In
other words, the adaptive system may be described with N transfer functions, which is
an equivalent digital filter bank. If H; represents the transfer function from the input to
the i** weighted oscillator output, the block diagram of the equivalent filter bank can be
drawn in Fig.2.2. We will now study the system from the equivalent filter bank point of

view.

When this structure is analyzed in the sinusoidal steady state, i.e., when the input
signal dy = ¢/*" and w a constant frequency, the elements of the output vactor G, will
have the same sinusoidal variation, and the elements of the weight vector C, are down-
converted by the frequency w; (for ¢ = 1,2,..., N). The equations above may be solved

for Cp,; with the assumption

Cni = H; e(jwn-——jwm)’ (29)

¥



Qscillators

. Adaptive et Error
Controller

Figure 2.1 The block diagram of the adaptive structure
to realize a general filter bank.
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Figure 2.2 Thé block diagram of the equivalent
filter bank in Figure 2.1.
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where H; is a constant and does not depend on the sampling instant index n.

Since the weighted oscillator output (Cni Xn;:) is equal to H; e/*", the transfer
function of the :** filter in the equivalent filter bank above may be considered consequently

as H;. The transfer furction is given by

K. .
Y glrw—guwi)_ N er
Hi(e) = JN 1[{- = D'( jw)), (2.10)
I + EJ:I e Jw=juy -1 (e

The z-domain form of the transfer function, replacing e’ with z, is

I(‘l zz‘1 — Ni(z)
1+ T Kt DG

l—z;z—1

Hi(z) = (2.11)

where z; = ¢/ and z; = e/*i, The derivations of (2.10-2.11) are given in subsection 2.2.4.

As a filter bank, all the filters in the bank have the same poles, and the zeros of the
i* filter occur at those other oscillator frequencies not equal to w;. Furthermore the 74
filter has its unity response at w;, the i*# center frequency of the bank. Thus the outputs

of the filter bank obey the frequency interpolation property.

The design of the filter banks is to arrange the center frequencies and to calculate
the filter coeflicients. The center frequencies are the oscillator frequencies or the poles
of numerator N;(z), and the filter coefficients are the Kalman gains K;. Based on the
theory of adaptive filters[95], several approaches for choosing the Kalman gains have been
explored. Of course, this corresponds different ways to choose the center frequencies and

system poles. The following conclusion is based on references[33,93).

General Normalized LMS algorithm with linearly spaced frequencies, results in all
equal gains, and the gain coeflicient is 1/N if all the poles are located at the origin, where

N is the number of oscillators.

For nonlinearly spaced zeros, when the sum of the Kalman gains is unity, there is a

zero in the denominator polynomial D(z) at the origin, in this case, the transfer function
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has a pole in the origin. However, the other pole locations are not obvious; in general
they fall between the zeros, sometimes close to the unit circle. In unequal weighted LMS

algorithm(33], it is supposed that the changes should occur faster for high frequencies.

This leads to unequal but real gain coefficients.

Application of the powerful recursive least squares(RLS) theory results in the Kalman
gains which makes the filter bank have poles with the same phase angle as the zeros and on
a circle of radius A, where the X is the exponential forgetting factor[95]. For the problem
of 12 frequencies per octave, this approach yields poor gain coefficients for more than 4

octaves[33].

From the simulation results, we find that a good way is to put the poles with the same
angles as those of the corresponding zeros but closer to the unit circle for lower frequencies.
The different pole magnitude functions may be tested. This will produce more constant-@J
filters and appears to provide useful filter banks. We have done many designs with this
approach[33,93,96]. The straightforward procedure to calculate the Kalman coefficients
is as follows: First choose N oscillator frequencies, i.e., filter center frequencies w; in the
bank, and choose N poles according to I'(¢;), where the I'(¢;) is the pole function(see the
next page) and here we have ¢; = w; for j = 1,2,..., N. Then the denominator D(e/*) in

equzition (2.10) can be expressed (perform a partial fraction expansion) as

N
D(¢*) =1 + Y Nj(e™)
j=1

N K

_ J

=1+ Zl eliw—jw;} _ 1 (2i2)
J:

- Hf:l[ e —T(¢;) ]

[ja(e =)
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This is the definition of D(e/“) and from (2.12) the K; can be easily derived as

[Lo[ e ~T(45) ]

Ki = W o jos)
€ Hj:l,j;él-\e €

: (2.13)

Considering the simulation problem of fundamental frequency of the piano keys (see
chapter I in page 14) again, instead of several thousandth order FIR filters or FFT, an
85th order FIFB filter bank may be applied to solve the problem. Thus we may say that

the FIFB filter banks are computationally very efficient.

2.2.3 Filter bank design examples

In this subsection, we show some numerical examples with different selections for the
forgetting factor A and different filter-bank center-frequency spacing. Figure 2.3 illustrates
the frequency responses of four filter banks. First the curves in Fig.2.3(a) correspond to a
bank with N = 33, A = 0.85, and linear center frequency spacing. In Fig.2.3(b), (¢), and
(d), the frequency responses are for the three banks which were designed based on the
procedure discussed above, i.e., to put the poles with the same angles to the corresponding
zeros but closer to the urit circle for lower frequencies. All the three banks are sixth-
octave bank with logarithmic center frequencies. The filter bank in Fig.2.3(b) is with the
forgetting factor A = 0.85, and the bank in Fig.2.3(c) with A = 0.90, where the Kalman

gains are calculated according to formulation (2.13) and the pole functions are as
T(d) = A7 e, (2.14a)

The filter bank in Fig.2.3(d) is similar to the bank in Fig.2.3(b) but with the pole function
as

D(¢i) = A5 eii, (2.14b)
From the figures we can see that the selection of the forgetting factor and the pole func-

tion affect the filter responses. The larger A value make the filter response with smaller
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sidelobes while the smaller A leads to the flatter passband but larger sidelobes. Notice

the high sidelobes which may be suppressed by a windowing process {similar to that in

FFT} which will be studied in Chapter IV.
2.2.4 Implementation considerations

Considering the implementation of the filter banks, we will first consider the structure
in Fig.2.1 and the adaptive algorithm equations in section 2.2.1. To implement the filter
bank we could use the updating equations (2.5-2.7) with the oscillation generators (2.2)
which can be realized by table look-up or sinewave generation methods. The implemen-
tation of the filter banks in this way is called the C-formulation implementation since it
mainly bases on the definition of the vector C,,. The three equations related are rewritten

with slightly different forms.

Cn,i = Cn—l,i + K; €(n=-1/n) X:,i' (2'15)
N

e=1/z) = dn = D Cu1j Xu,. (2.16)
j=l1

Xni = i, (2.17)

The C-formulation implementation is attractive because the variables Cy; in the updating
equation do not change much from iteration to iteration. However, the computation cost

is relatively high.

A second possibility for implementation of the filter banks is to consider an update to
the modulated oscillator output variables G, ;, and therefore the following formulation is

named G-formulation implementation. From the G, ; definition in (2.8), it is easy to get

&% Guri = Cuopg 990, (2.18)
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Figure 2.3 The frequency responses of FIFB filter banks.
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Figure 2.3 The frequency responses of FIFB filter banks.
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Thus, multiplying two sides of equation (2.15) by e/" and considering (2.18) relation
in {2.15-2.16), the G-formulation is derived as

Gn,i = ejw‘ Gﬂ—l,i + €(n_1/n) I({, (219)

and

N
Ca-ifn) = dn = Y Gno1; ™. (2.20)

i=1

This formulation is interesting since it directly represents the actual equivalent-filter-
bank outputs. However, the calculations involve two complex multiplications per filter

per sample.

The last implementation approach is to use the H-formulation. The derivation from
the G-formulation to the H-formulation is similar to the procedure from the C-formulation

to the G-formulation. We define the new updating variables Hy ; by
Hn,:' = Gn,i ejw." (221)

which indicates that H, ; variables have a phase shift from the variables G'r,i and produce

the predicted outputs at the next sample time. Considering the relation
e Hy 1i = Gnyi €82, (2.22)
and multiplying two sides of (2.19) by /¥, we will have the resulting equations
Hei =™ Hy 1 + e(n-1/n) € Ki, (2.23)

and
N
Cn-1/n) = dn ~— ZHn—l,j- (2.24)
1=1

In the ii-formulation, there are no multiplications for the determination of the error,

and the expression e/ K; in (2.23) may be pre-computed. Another advantage of this
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implementation method is its lower rounding-noise effects. Note that when the input is

a real signal, the feedback error is real since E;Y__l Hy 15 =2 EM 2

=1 Re[Hyo 5] is real.

Thus, equation (2.23) can be performed by only 6 real multiplications and not eight like
the G-formulation and the C-formulation. This means that the rounding noise sources

are only six and the filter output-noise-power is reduced. This will be discussed in detail

in section 2.4.

When the filter banks are implemented in some specific digital signal processors, such
as TMS320C25 and DSP56000, one of the important things is to reduce the number of
instruction cycles per filter per sample as much as possible, since we get the tradeoff
between the number of the filters in the bank and the maximum sampling frequency.
If the number of instruction cycles per filter per sample is L, the number of filters is
N(complex filters), the number of additional instruction cycles per sample is S, the DSP
processing speed is fp (cycles per second), and the sampling frequency is fg, then the

basic condition to be met by the implementation is

(N*L+5)<%. (2.25)

Comparing the number of multiplications and additions for the three formulations above,
we find that the minimum L and S are obtained in H-formulation. Thus, the H-

formulation is applied in our implementations[49)].

It is easy to obtain the filter transfer function (2.11) in the equivalent filter bank from

the H-formulation. Taking z-transform of equations (2.23-2.24), we have

Hi(z) =& Hi(z)2™! + E(z) ¢ K; (2.26)
and
N
E(z) = d(z) — > Hiz)z"", (2.27)

7=1
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where Hi(z), E(z) and d(z) are the z-transforms of H,, €(n—1/n) @nd dyn, respectively.
With the input X (z) as d(2) and the i** output ¥;(z) as Hi(z)z™2, the signal flow graph
of the system is drawn in Fig.2.4. From the signal flow graph, the Mason's Rule directly

results in the transfer function of the :** filter in the bank as

jwiz—l
Hiz) = 56 _ KitZoeer
' X(z) 1+ E;f"_l K. ezt

J1-gt¥5z-1

(2.28)

Note that if the Hi(z)e™/* is considered as the i** filter output (but not H;(z)z™1)

expressed as f’,‘(z), the transfer function will be a different form as

Y
1/z
l/ - - oY,

7
i 1
il‘lJ)l]l — .=Z e Y,

e
Y

¥
N\
"‘.-‘_ =
y

3> YN

Kn 2N

ZN

B3

Figure 2.4 The signal flow graph of the H-formulation implementation
of FIFB filter banks, where z, = J®L

i
f{. z) = 1—e¥iz—1 — . 2.99
l( ) 1+ ZN K el®i z—1 ( )

J=1 I_e.?“'j z-l

This type of filters form an allpass filter bank (see Chapter V in details).
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2.3 Design of Maximally Flat FIFB Filter Banks
2.3.1 The problem

In the last section, the design of FIFB filter banks was presented and the procedure
was given for designing a constant-Q filter bank, that is, the poles are chosen with the
same phase angles as the zero’s, i.e., ¢; = wj, where the ¢; and w; are the phase angles
of the 7% pole and j** zero of the filter bank. But the magnitudes of the poles are made
closer to unity for low frequencies. Usually, the pole location is specified by the function
I'(¢;) as

[(4;) = \Fei (2.14a)

where A, the same as before and called forgetting factor, is a positive constant less than
1, and ¢; is the phase angle of j** pole. From the viewpoint of the filter design, A is a

parameter adjustable for better frequency responses.

The problem with the procedure above is that the frequency response of the bank
is not flat, i.e., some peaks of the filter response magnitudes are larger than unity, even
though unity response is obtained at w = w;. Fig.2.5 shows part of the frequency response
of a third-octave filter bank designed by using above method to choose poles and calculate
Kalman gain coefficients. It can be seen that the peaks of the responses of some filters in
the bank are over unity. Recently, G. Peceli proposed[90] the same structure for designing
a single filter, and gave the condition which guarantees that the magnitudes of the filter
transfer functions are less than or equal to unity. However, that is only for the single filter
with a windowing procedure and therefore is not suitable for our case. M. Padmanahan
and K. Martin[34] have noted the unflat filter response problem in the LDI-based-biquad

resonator-based filter banks.

In this section we present an approach to solve the problem by finding the optimal pole
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positions in the sense that they guarantee that the magnitudes of the frequency responses

of all the filters in a bank are less than or equal to one, the peaks of the response curves

occur at w = wj (j = 1,2,...,N), and the passband properties are improved.

2.3.2 The pole optimization equations

In this subsection, we derive the equations for finding the optimal pole positions(phase
angles). As mentioned above, according to the specification of the filter bank, N center
frequencies are preassigned as f; (j = 1,2,..., N). Therefore, from Fig.2.5 and equation

(2.10), we know that N zeros on the unit circle of Z-plane are decided as e/“ (7 =

1,2,...,N), where w; is the phase angle of j* zero of the bank system, and

wj = 2?!‘% (2.30)

The pole function is chosen as I'(¢;) in (2.142). The relationship between all the poles
and the transfer functions of the filters is not difficult to find if we recall equations (2.10),

(2.12) and (2.13) in the last section. The new version of H;(jw} is obtained as[96]

Hf-_q,j;ei(ejw — e7¥i) Hﬁﬂ[ejw‘ —I'(¢;) ]

Hi(e™) = ] — (2.31)
[Tmale® = T(85) ] Ty juslei™ — &)
Let
Mi(e’) = |Hi(e™)| (2.32)
Then, taking natural logarithm of both sides of (2.32) gives:
In M;(e¥)
N . . N .
=inl JT (¢ = ) - ]l - T8 1| 2.33)
j=1,5#t j=1

N N :
+ [l - T(45) 1l =il J] (& — &™)
j=1

=L
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This is only done to simplify the procedure of taking derivative but has no effect on the
optimal pole positions since the local maximums of the functions are not changed. Taking

the partial derivative with respect to the phase frequency w gives

3 s 9 Jw Jw;
5o I M; = Z Sotnle — e
J=1,5#1

N, (2.34)
=3 taffe ~ T(g;) |

=1 %
Note that the order of summation, taking logarithm and absolute value have been changed.

By using the relations:

[(e7¥ — &#“%)| = [2 — 2cos(w — wj) k (2.35)
and
7 —T(¢5) | = [1 — 22 F cos(w — wy) + AT ] (2.36)
which can be easily derived, we have
0 ; » %, 1
—_ IV eIy = o - — Y1z
e In|(e e?“7)] awln[Q 2cos(w — wj) ]2
sin(w — wj) (2.37)
2 - 2cos(w — wj)
and
il = TGid;) )
Ow I
= 2 init — A% cos(w — wj) + A 2]}
=% nll — cos(w — wj) (2.38)
—)\ = stn(¢; — w)

TR
1% cos($; —w) + A=

Substituting (2.37) and (2.38) into (2.34), the partial derivative of In M; is given by

a InM; = Y sin(w — wj)

g IZ ,l—cos(w—wj)
JN I (2'39)
Z Zsin (¢; —w)
j=1 2chos(¢1—w)+,\ ™
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Now let
d

5‘; ln M| lu:w.' =0 (2'40)

ie.,

N N ¢
Z: sin w, —wj) + Z AT sin($j — wy) _o. (2.41)

P
ot L oSl —wi) ) 93 Feos(hy — wy) + AR

This is the i** optimization equation. For whole bank, we have N similar equations like

(2.41) as (taking i from 1 to N in (2.41))

- ¢. .
1 — cos{w1 —w;) = 4 23 , S
3 =11 =2X7cos(g; —wr) + AT

sin(wg — wy) N f: ,\'?sz'n(gﬁj — wz) _0
: 5 26; =
! i=li#2 L—cos(wy —wj) ~ =y - 2\7 cos(p; — wa) + A

(2.42)

N-1 N .
Z sin(wy — wj) z ™ .szn(qu — W) =0

[ j=1 1 - cos(wy —w;) j=11-— or % ccr.s(qbJ —wy)+ AF

Note that each equation in the set is a nonlinear equation with N local maximums. So
in order to search out the phases ¢; (j = 1,2,..., N) making |H;(jw)| get the maximum
at the frequency w = w;, care must be given to the selection of the initial value qb?
of ¢; (j = 1,2,..,N}). As a matter of fact, an obvious choi.ce is to let é‘} = wy for

j=1,2,..N.
2.3.3 Solving the optimization equations

In this subsection we will concentrate on the solving of the set of the nonlinear equa-

tions and the discussion of the optimal pole solutions.

There exist many methods{96] to be used to solve the nonlinear optimization equa-

tions. A typical one is Newton's method. The only condition of Newton's method is
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the existence of Jacobian matrix. Newton's method applied to the pole optimization of
third-octave filter bank with low order works fine. However, with the increase of the size
of the bank, the computation will increase dramatically since in each recursive step N2
terms of the second order partial derivative need to be calculated for an N-filter bank, and
the inversion of a Nx/N matrix is required. For example, the order of a typical twelfth-
octave filter bank is 85, and because a special pole with the corresponding zero to be on
the minus rcai axis sometimes, we have to separate each pair of the complex conjugate
poles into two single poles to look for the optimal angles of the poles. In this way the
number of the terms of the second order derivative is 1692, and the order of the matrix is

169 by 169.

Considering the computational complexity, the convergence speed and the available
computational power, we prefer to apply the method of Steepest Descent[97] for larger
size banks. In Steepest Descent we have no matrix inversion problem and the terms of
second order derivatives will be reduced greatly. The general form of the second order

partial derivative derived is ( the long derivation is omitted)

0 a
545 B ! Mi b=y )
26, . 24, 2.43
42 +2X¢?,rl[ (1 +A‘:'J')cos(¢j —wj)-l-%(l-—/\%l)ln()«) sin{¢; — w;) ] (2.43)
- 2).23cos(¢j - w;)+ )\2':4]2
where j takes the integer value between 1 and N.
If we let P
Ci(®) = o5 InM; |o=,
5 (2.44)
: — (P
A5(®) = 5= 1 Ci(@)]

where @ is a vector containing the elements ¢, ¢2,...,¢x5. Then, the Steepest Descent

procedure for our problems can be described as follows:
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(1) Preassigﬁ the phase angles of the zeros: w; (j = 1,2,...N).
(2) Choose the initial values of the phase angles of the poles: qﬁg (j=1,2,..,N).

(8) Choose the small positive number ¢ for the convergence criterion and let & = 0.

(4) Compute C;(®*), j =1,2,...N.
(5) Compute 4;(®*), j =1,2,...N.

(6) Let

B = c;(a%) (2.45)

and for any 7 among 1,2,..., N if
1B < e (2.46)

then finish computation and ®* is what we want. Otherwise go on to the next step.
(7) For any j among 1,2,..., N, let
k
i+l = ¢k 4 uBY) (2.47)

where u is a small real negative number chosen experientially. Then let £ := % + 1 and

go to step (4).

It is worth noting that the optimal phase angles of the poles change in a definite way
when the forgetting factor A changes. Following is a brief summary of the optimal pole

moving with A when N =2,

(1) For different forgetting factor A, different optimal phase angles of the poles and
different radii are obtained. When ) is reduced from 0.99, the optimal poles moves from
the same phase angles as the corresponding zero’s #1(Astart) = wi, and d2(Astars) = wo
to the one same point. At this point the phase angle ¢(Mast) is the arithmetic average of

the phase angles of the starting points:

$1{Astart) + $2(Astart)

¢(’\Iast) = 2 - (2.48)
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Figure 2.5 Part of the frequency respons of a FIFB filter bank

with general poles, N=33 and A=0.80. Note that the peaks of the
response curves are larger than unity.

(b) (e)

Figure 2.6 The pole-position-change plot in the pole-optimization
X -- pole, O -- Zero.
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The minimum radius is
ﬁkh!:!
Tmin = A" = (2.49)

Fig.2.6 (a) shows the complete pole trajectory situation.

(2) For the same difference of the phase angles at the starting points, A¢ (¢a(Asiart) —

$1(Astare)), the same minimum radius rp;, is obtained, no matter where these two poles

are started (see Fig.2.6 (b)).
(8) The larger the A is, the smaller the minimum radius (see Fig.2.6 (e)).

(4) Sometimes, for the same starting phase angles ¢1(Astart), and da(Astare), we get
optimal angles ¢; and ¢ which show a difference from above rule (1), since the pole with
larger angle moves with an increasing angle (see Fig.2.6 (d)). We call this special kind of
solution the abnormal solution. This is because they make the sidelobe behaviour worse,
even though the peaks of the response curves move to the center frequency points. Fig.2.7
(a) and (b) give the response curves of the filter bank with N = 2, where the curves in
Fig.2.7 {(a) is plotted by applying the good optimal poles, while Fig.2.7 (b) is plotted by
applying the abnormal poles. The partial results of the optimal pole angles for the filter

bank with N as 2, 3, 4, and 33, are given in Appendix-A.

From the simulation results with the different order logarithmic filter banks, we find
that first, when the forgetting factor A is reduced, the optimal poles move to the center of
the frequency band. That is, the poles in a high frequency band reduce their angles while
the poles in the low frequency band increase their angles. This behaviour changes when
A is near to or smaller than 0.8. Some of the pole angles in high band may increase, and
some of the pole angles in low band may decrease. And in center band, some poles increase
their angles, while some decrease. However, the case of the pole change in large size bank
always can be separated into some small groups in which the poles move like the cases of

small V banks. Secondly, the different forgetting factor A gives different optimal poles,
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and A has a change range in which the optimization equations can give the convergent

solution. So we may choose the different A values for the different requirements of the

filter bank, and therefore the different optimal pole sets will be obtained.

2.3.4 Applications of the optimal poles to the design of the filter banks

In order to check the optimization results, the optimal poles approach is applied to
calculate the corresponding optimal Kalman gain coefficients according to (2.13). Then

the frequency responses of the filters can be computed by (2.10) or (2.31).

A third-octave filter bank, with N = 33 and A = 0.8, has been designed by deter-
mining the optimal poles and the corresponding optimal ga,in. coefficients. The frequency
responses of the last several filters in high band of the bank are plotted in Fig.2.8, where
the continuous curves are the frequency responses with using the general poles defined in
(2.14a) and the broken line curves are the responses using the optimal poles. It can be
seen that the peaks of the response curves do move to the center frequency points and

the sidelobe behaviour improves.

We designed another filter bank, a twelfth-octave filter bank with N = 85. Because
the 85 center frequencies cover whole Nyquist frequency band and the last zero and pole
are on the negative real axis of the z-plane, we have some difficulties to use the optimal
pole angles in the range (0, 7) to calculate the optimal Kalman gain coefficients K 5. This
is because, due to the pole and zero structure, there always is a term VEery near zero in
the denominator in (2.31). Therefore, we have to optimize the poles in the range (0, 27).

This means that much more computation is needed.

The method of Steepest Descent has been used to solve the large optimization equa-
tion set. The optimal poles and the corresponding Kalman gain coefficients have been

calculated. Fig.2.9 shows the Log-magnitude frequency response of the whole twelfth-
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octave filter bank with the application of the optimal poles.

2.4 Sensitivities and Finite-Word-Length Effects of FIFB Filter Banks[98]

When filter banks are implemented on a computer or with special purpose DSP
processors (typical as TMS320 & Motorola DSP), the errors and constraints due to finite-
word-length are unavoidable. The main sources of finite-register-length effects are errors
due to A/D conversion of the input signals, errors due to roundoff in the arithmetic,

constraints on signal levels imposed by the need to prevent overfiow, and quantization of

the filter bank coefficients,

In this section, the coeficient quantization and computational roundoff effects in fre-
quency interpolation filter banks are studied. Filter sensitivities with respect to different
parameters are derived and discussed. The effects of parameter quantization on filter
frequency responses and pole positions are evaluated. The white noise models are applied
to analyze the effects of filter bank arithmetic roundoff, and the noise powers at filter
outputs are calculated by numerical integration techniques. Finally we will give a brief

discussion about the constraints on the input to prevent overflow and zero input limited

cycles of FIFB filter banks.

2.4.1 Sensitivity properties of FIFB filter banks

An important characteristics of the frequency interpolation filter bank is the sensitivity
of the filter functions to the Kalman gain coefficient changes, or zero and pole positions[96].

In this subsection, single parameter sensitivity is derived in the z-domain.

The sensitivity of H(z) with respect to z is defined as a partial derivative as
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Figure 2.8 Frequency responses with gencral and optimal poles(N=33).
Dotted curves: Responses with general poles.
Solid curves: Responses with optimal poles.

Normalized frequency 0.486
Figure 2.9 Log-magnitude frequency response of a twelfth-octave filter bank.
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GH(z) Hiz
5 ( ), (2.50)

where the changes in filter transfer function §H(z) is related to the variations in parameter

z. The operator, s, is dropped for brevity, e.g.,H(z) to H. Consider the z-form transfer

function of #** filter in (2.11) rewritten as

) = Nz _ (2)
Hi(z) D) 14 xF, M) (2.51)

The coefficient K; or K; and zero z; or z; sensitivity formulas for the ith filter are derived

and shown as follows:

SH W(zy 0O Hilg) — 1., N
" 9z i(z) = E-H ()1 + Z Ni(z) ] (2.52)
' k=1,k+#1
. Sf_,['(z) ( ) = Kj p— H?( ) (2'53)
L —1 ki IVE(2)
Sg = a—a—H.-(z)=-1_H‘.(z) + Ticaas M
i K; ; N -
| b 2k N (2.54)
= K; H( ){ — Hi(z) ]
S = g i) = B 2.5

Beca,use of the interpolating properties of the ﬁlter bank, i.e., Hi(z;) =1, and Hi(z;) =0
if j # ¢, from (2.54) and (2.55) it follows that in the vicinity of any zero zp,, (m =
1,2,...,N) of the filters, the sensitivity with respect to any Kalman gain coefficient I,
(n = 1,2,...,N) will be small concerning both the magnitude and phase and it will be
zero if z = 2, (i = 1,2,..., N). The equations (2.52) and (2.53) can be easily changed to

the following forms:

sE@ L g, ~ Ni(z)
K; ( )(2 = 2) + Kj + They (2 — ) Ni(2)
. (2.56)
[e~z))+Ki+ D (2—2z)Nu(2) ]
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Sg.(z) _ I{'Hj 2 .;\gz)
K;j (z = zi) + Ki + X g pi(z — 20) Ni(2)
where j is any number except 7 among 1,2, ..., N. From (2.52) and (2.56), and (2.53) and

(2.57)

(2.57), it can be seen that the sensitivity with respect to any zero zj, except at zero z;
and its vicinity, is the same case as the sensitivity with respect to K; above. In Table
IL1, we list some special sensitivity values with respect to Kalman gain coefficient K; and

zero z; for the different frequency points.

Table I1.1: Some special sensitivity values,

3;‘;’;(!.) s::'-’(ll)

j=i =i 1 =

k=i 0 k=i gt X M=)
k=04t

j=i j=i

k21 0 k#i 0

P Y

jEi 0 i#i 0

k=i i=k

. JEi

i k#i

ki 0 ifK 0

The general formula of the sensitivity of the i** filter transfer function with respect

to the j** pole of the bank is given by (the long derivation is omitted)

Hi(zx) £f — 2k =
S = 2.58
> (zk ~ pj)(zi — p;) (2.58)

where 2 is the k** zero, pj is the j* pole, and i, j and k take any integer number between

1 and N. The equation (2.58) shows that the ** filter transfer function sensitivity with
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respect to the i** pole, or with respect to the 7% pole (j # 7) have zero values at the it

zero. Numerical analysis of coefficient quantization effects on the filter bank performance

is studied next.

2.4.2 Effects of the coeflicient quantization

The design procedures of FIFB filter banks generally lead to filter coefficients I;
and parameters z; with arbitrary accuracy and the implementation of the filter banks
then requires that the K; and z; be modified to fit the available register length. Even
if these filter banks have good sensitivity in their configurations, when realized on the
hardware processors, the performance of the filter banks will be affected by the finite-
word-length of registers and this will perhaps lead to a problem of stability since our
filters are IIR filters. To evaluate the numerical effects, simulation programs for parameter
quantization distortions on filter frequency responses have been developed. Different
lengths of number of bits have been calculated for different kinds of filter banks (uniform-
band spacing, third-octave and twelfth-octave). The results, in general, are in accordance
" with the sensitivity expression derived above. Meanwhile they show that the lower the
frequency at which the filter is located in the bank, the stronger the quantization effects
on the filter for nonuniform-band spacing banks, and thus uniform band filter banks
suffer somewhat less than nonuniform-band banks. In Fig.2.10, distortion curves on filter
magnitude frequency responses are plotted with number of bits (B + 1}=10, 12, and 186,
for a typical filter(seventh filter) in a 16-filter third-octave bank. We may see that when
the registers are longer than 12 bits, the quantization distortions are small enough to
be negligible. Since it is hard to obtain a mathematical relation between the i** pole
and quantized parameter K; and zj, the numerical Newton's method[97] is used to find
the poles. Table I1.2 lists poles before and after 12 bit parameter-quantization for the

third-octave filter bank, and Fig.2.11 shows the pole changes caused by quantization. The
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calculation results, once again show that if the filter banks are not very large(16-filter or
20-filter banks) and if the number of bits is larger than 12, the quantization effects on
the pole positions may be ignored and filter banks have no problem of stability. Thus,
with the application of general DSP processors, such as TMS320C25 and Motorola 56000
(both are with 16 bit registers), these FIFB filter-bank implementations are almost not
affected by parameter quantization. However, when the number of the filters in the banks
increases, specially for logarithmically spaced filter-banks, more poles of filters will be
located at the positions closer to z = 1.0 in the 2-plane, and thus they are more sensitive

to parameter quantization[29)].

2.4.3 Roundoff noise with fixed-point arithmetic

A convenient and reasonable means for analyzing the effects of roundoff errors is
to represent the error statistically[29]. For the case of fixed-point arithmetic, roundoff is
introduced after the multiplication and the approach is to model the effect of the rounding
at each multiplier by a white-noise source uniformly distributed in amplitude between plus
and minus (1/2)278, where (B + 1) is the length of registers (including sign bit). Each
of the noise source is assumed to be linearly independent of each other and of the input
signal. Experimentally, these assumptions have been justified for a broad class of inputs
including random signals, speech, etc. If the impulse response from the i** noise source
of the system to the output is &;(r) then the steady-state output-noise-variance due to

the i** noise source is

2 2
a'-z = of E h; (n), (2.59)
where G'? is the Signal source noise variance and

o? = %2-2—23. (2.60)
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Since all the N noise sources are assumed to be uncorrelated, the total output noise is

o = JEZZh?(n) (2.61)

An N filter FIFB filter bank has N resonator branches. Each of the branches, in fact,
is a first order complex IIR filter and has two multipliers. The structure block-diagram
of a FIFB filter bank is drawn in Fig.2.12. The signal flow graph of the filter bank with
the linear rounding noise model is illustrated in Fig.2.13, where the error noise ¢; for 3%
branch is the combination of the two multiplication rounding error sources. Since we are
dealing with complex multiplications, these elemental noise sources are complex. Defining

the complex variance 0% as the expected squared magnitude of such a noise source, we

have
2—23

3

cf =2 (2.62)

where it is assumed that each of the four real-multiplications used to perform the complex
multiplication is rounded separately. All N rounding noise sources in the bank contribute
to each filter output-noise-power. Instead of using the impulse responses from the noise
source inputs to the filter outputs in time domain, the corresponding frequency responses
are applied to calculate the noise powers. It can be shown if |H;j(e/*)| is the frequency

th

response in magnitude from i** noise source to 5** output of the bank, then the power

spectrum element of the 7 output noise caused by #** source noise ¢; = ep is
Pij(w) = og|Hij(¢))*. (2.63)

The total power spectrum of the j* output noise caused by all the noise source inputs

is
N N

Pi(w) = Y Pyj(w) = o} ) |Hij(e). (2.64)

1=1 =1
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Figure 2.10 Seventh filter frequency response distortions in a 16-filter
third-octave bank by parameter quantization.
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Table I1.2: Pole modulus of third-octave filter bank

with N=16 and (B+1)=12,

Filter Before Q(.) After Q(.)
1 0.98910640 0.98925812
2 0.98595891 0.98620681
3 0.98221774 0.98234266
4 0.97734496 0.97653006
5 0.97104295 0.97199576
6 0.96293141 0.96327307
7 0.95252180 0.95214825
8 0.93920081 0.93967267
9 0.92221549 0.92321266
10 0.90066890 0.90018159
11 0.87354333 0.87354724
12 0.83978564 0.84013819
13 0.79852634 0.79773919
14 0.74959998 0.74955809
15 0.69477035 0.69468012
16 0.62860795 0.62851262 ,

Figure 2.11 Pole change plot with pramater-quantization for the
third-octave filter bank.

Circles: Ideal poles; Dots: Poles after quantization.
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Figure 2.13 Signal flow graph of the FIFB filter bank with

combined linear noise models.
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Thus, the variance of the output noise in the j** filter is

o’ _032—/ Z|ﬁr,J )2 dw. (2.65)
T i=1

From Fig.2.13, the transfer functions H;;(z) are not hard to derive, and then the frequency

responses can be expressed as

erw _ler. GJ'(ejw)

Hi(e) = VKo (2.66)
1 + zr =] eJIS._e:JWr
and
i 1, o =g
Gj(e™) = Kies_ otherwise (2.67)
elw_g¥s? *

However, since the outputs of the filters from (N/2+4 1) to N(N always is a even number
in the case) are complex conjugate of the outputs of the filters from 1 to N /2, the whole
filter bank thus is realized by implementing only firss N/2 filters. The feedback in Fig.2.12
should, of course, be two times the summation of the real parts of the filter outputs.
Consequently, only N/2 roundoff-noise-sources need to be considered, and the noise power,

which is reduced, may be calculated in

N/j2

2 —2B
o? = / > 1Hi () dw . (2.68)
-

i=1
Note that when the input is a real signal, the noise powers of filter outputs are reduced

by three-fourths, since the eight real multiplications in each resonator branch of Fig.2.12

are reduced to six.

The calculations of filter output noise powers of the banks are accomplished by
Gaussian Quadratures[97] integration techniques. The numerical results for the two
filter banks, one 16-filter third-octave bank and another 20-filter uniform-band bank, zre
listed in Table IL.3. It can be seen that the output noise power depends on the frequency

bandwidth of the filter. For example, the noise gain { the integration part in equation
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(2.68) ) of the last filter (with the widest bandwidth) in the third-octave bank is about
41.5 times of first one (with the narrowest bandwidth). However, when (B + 1) = 16,
the output powers(-75dB) are still very small and good in practical applications of these
FIFB filter banks. The filter output-noise-gains are approximately directly proportional
to the filter bandwidths. For example, for the 16-filter third-octave filter bank, we have

an approximate relation:
[Bandwidth]

—_— R . _4. N
(NoiseGain] ~ 27*10 (2:69)

2.4.4 Dynamic range considerations for fixed-point implementation

of FIFB filter banks

The possibility of overflow must be considered in the implementation of FIFB filter
banks with fixed-point arithmetic. With the convention that each fixed-point register
represents a signed fraction, each node in the filter bank structure must be constrained
to maintain a magnitude less than unity in order to avoid overflow. As we have defined
z(n) as the filter bank input, and letting yx(n) and hi(n) denote the output and impulse
response for the k** node in the filter bank, then

yk(n) = Y hi(r) a(n—7). (2.70)

r=0

If 214, denotes the maximum of the absolute value of the input then

l¥6(n)] £ Zmaz Z|hk(r)[- (2.71)
=0

Thus , since we require that |yx(n)| < 1, (2.71) requires that

1
> k()

Equation (2.72) thus provides an upper bound on the maximum value of the input to

for all k. (2.72)

Zmar <

insure that no overflow occurs in the k™ node. For a general input (2.72) in fact provides
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a least upper bound, i.e., if the maximum value of the input exceeds the bound, overflow

can occur. The condition in (2.72) would be satisfied by applying attenuation to the

signal at filter bank input. This result can be used in any kinds of IR filters or IIR filter
banks.

In practical case, a scaling of the input on the basis of (2.72) can be considered to be
somewhat pessimistic since the probability of equality being attained in (2.72) is extremely
small. Furthermore, it is difficult to compute the sum in (2.72). For the FIFB filter banks,
as we mentioned before, the whole N filters in a FIFB bank will be realized in N/2 filters,
where the feedback is two times the sum of the real parts of first N/2 filter outputs.
To reduce the computations and avoid possible overflow, scaling by 2 in the feedback
1s removed and is completed together with K;z; multipliers. Thus, the implementation
structure diagram of the filter bank is as Fig.2.14, where we have noted that the outputs
get 6 dB gain because of the position of scaling by 2. Considering the worst and special
case, i.e., when the input is real cosine signal as cos(nw;), the feedback gets thé sarme
signal as the input since now all the outputs except i** one, have the zezo output, the itk
filter output cos(nw;). The error signal is zero and the filter bank has no overflow. In
general, if magnitudes of the input are smaller than unity the error is not equal to zero
but still very small since the feedback signal closes to the value of the input. All the nodes
of filter bank have the signal magnitude not larger than unity. This has been verified by
analogue computer experiments. Thus, the maximum magnitude of the input of the FIFB
filier banks, £mqq, is unity. This means that there is no overflow problem with fixed-point
arithmetic. Based on the analysis above, we have known that the maximum magnitude
of the filter output is unity also and consequently so is the maximum filter output power,

Therefore the dB values listed in Table I1.3, in fact, are the maximum noise-to-signal

ratio.
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Note that the experiments of the filter bank implementation shows that these filter
banks sustain small zero-input limit cycles. This is not surprising since they are IIR
filter banks with two layers feedback loops, i.e., the inside feedback loops of each branch
and the outside feedback loop of the whole filter bank. The effect of the small zero-input
limit cycles due to roundoff is not serious with the 16-bit wordlength implementation, and
therefore we will not attempt to treat this complex and difficult topic in any mathematical
sense. However, it is helpful to note that the limit cycles in the bank system ( see Fig,
2.12 ) vary from filter to filter, and even though the system input is zero, the branch
inputs do not vanish because of the outside feedback loop. Thus, the limit cycles in the

outputs of filters are not constant in the amplitude.
2.5 Summary

In this chapter, the frequency interpolation filter bank was first introduced from
the point of view of an equivalent adaptive filtering structure, the approximation of the
Kalman gain coefficients, the design procedure and the implementation strategy of the
filter banks. Then, the design of maximally flat FIFB filter banks is considered. A pro-
cedure is proposed to find the optimal poles: use the same way to keep the radius of
the poles for a more constant-Q for the filters as for the general FIFB banks, but adjust
the phase angles of the poles to make the peaks of the frequency responses occur at the
center frequencies and to make the values of the peaks be unity. The nonlinear optimal
pole equations are derived, and the optimal poles of some particular filter banks and the
filter gain coefficients with the optimal poles have been calculated to design the banks.
The results show that the maximally flat filter banks are achieved, and more symmetrical
passband property and better sidelobe behaviour are obtained due to the optimal poles.
Finally, the sensitivity formulas of the filter transfer functions to the coefficient, and pole

and zero positions are derived and discussed. The results of analysis and numerical cal-
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culations show that frequency interpolation filter banks have good parameter sensitivity,
and when they have the size with 16-filters or 20-filters and are implemented with general

16-bit word length DSP processors, such as TMS320C25 or Motorola 56000, the effects

of coeflicient quantization and arithmetic roundoff errors may be negligible.

- ®Y,
2
Input
@ | ] b )
Zy
By \n
ZINg2
1

Figure 2.14 The signal flow graph of the FIFB filter
banks implemented.
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III RESONATOR-BASED LOGARITHMIC FILTER BANKS

2.1 Introduction

In the last chapter, we described the frequency interpolation filter banks based on an
adaptive filtering structure. Besides allowing for the arbitrary spacing of the filter center-
frequencies, the FIFB filter bank is very efficient in computation and implementation.
However, the frequency responses could be improved for more applications because the
frequency responses have appreciable sidelobes and non-constant- @ filters, or non-constant
crossover gain of the filter banks. In this chapter, we will present a new approach to the
design and analysis of the filter banks. The digital resonator with purely imaginary
transfer function on the unit circle is treated as the basic element of the filter bank. Since
the frequency interpolation structure is applied, the filter bank designed by this technique
still retains the properties similar to FIFB banks. But the new approach makes the bank

behaviour much better and clearer.

First, the general theory of resonator filters is presented, concentrating on the Foster
property of the resonators. Then, the approximation problem for logarithmic filter banks,
the sensitivity properties, a: numerical example of an 85-filter bank, and the design theory
for an infinite filterbank are studied. Finally the connection to normalized LMS adaptive

filtering is made.

3.2 Resonator Filters

The essential element of the filter banks in question is a set of resonators with resonant

frequency w;. These resonators have the transfer function

pi 3.1
(z —pj)’ (31)
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where a pole p; of a resonator is on the unit circle with p; = e/“i. The analysis of these

structures is based on continual use of the identity

pi_ 1 1l(z+p)
c—p) 27 2G-m)

. (3.2)
On the unit circle, this is a decomposition of (—zﬁ%) into its real and imaginary parts.
However, this mixture of real and imaginary parts makes a connection with classical filter
theory difficult, since that theory deals with elements that are either purely real (resistors),
purely imaginary (the imaginary resistor) or purely reactive (the capacitor, the inductor,
the shunt resonator-open circuit at resonance and the series resonator~short circuit at
resonance). Consequently we are proposing that the basic element of this theory be the

element

Zifz) = K.-Ej——f—i%, (3.3)

with the real and positive number K; the resonator gain (or Kalman gain like that in

the last chapter), and p; the unity magnitude resonator pole is characteristic of the real

resonator frequency w; {(~x < wj < ), and
pi = ¥, (3.4)

This unit-resonator has a zero at —p;, and Z;(z) is purely imaginary on the unit circle.

The resonator transfer function is a reactance function: Z;(z) is purely imaginary on
the unit circle, has a real part that is negative inside the unit circle, and a real part that
is positive outside the unit circle. As well, the slope of the resonator imaginary part is

positive on the unit circle and thus obeys the Foster reactance property.

The modification of a reactance function by the addition of an imaginary constant
is usually of no theoretical consequence, and this permits a variety of normalizations,

forcing a zero at an appropriate location on the unit circle. For example, it might be
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useful, for theoretical reasons, to force all reactance functions to have a zero at I, or-1;
this is possible as long as they do not have a pole at the same point! That is why it is

very important to note that a resonator is described by its pole at p; and not by the zero

at —p;.

A general Foster function on the unit circle is thus described by the N poles p;, the
N corresponding real gain constants K; and a constant jB, representing the constant

reactance. Consequently, the resonator may be considered as the bilinear transformation
of the s-domain resonator (_s'L_—lg_X’)'

Because of the positive slope property of reactance, the usual results[99)] for reactance
may be stated: if Z;(z) is a reactance function, so is "Z.-l(—z)’ and C'Z;(z) where C is real
and positive. The sum of two reactance functions is a reactance function, and we thus
have the fundamental result that if the number of poles of a reactance function is finite,
the poles are simple, the function has the same number of zeros as that of the poles, and
the poles and zeros are interlaced. Finally, if Z = 2; 4j(z) is a reactance function, then

the zeros of [1 + Z(z)] are inside the unit circle. This follows simply because the real part

of Z(z) is positive outside the unit circle, and thus {1 + Z(z)] cannot vanish there.

It is clear that a theory of digital prototype filters based on passive networks is pos-
sible, and they will be expected to have the same desirable properties as passive filters.
In the present context, however, we are only interested in one such configuration (sce the
block diagram in Fig.3.1), which corresponds to a transfer function given by

Zi(z) _ Zi{z)

) = mizeT = Dy )
or specifically
(z4pi)
Hi(z) Zy(z) — I{'{Z—Pi) ) (3.6)

(1+55 2] 1+ T, Kk
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Figure 3.1 The block diagram of RFB filter bank.
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Figure 3.2 Frequency response of a typical filter in the RFB filter banks.
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As a matter of fact, the same FIFB structure is applied(see Fig.2.12) but the basic
element of the system is the resonators with the purely imaginary magnitudes on the unit
circle. Hi(z) in (3.6) is called a resonator-based frequency interpolating filter because its
response satisfies

Hi(e)=6(i-j), 1<ji<N (3.7)

that is, it is unity at the frequency w; and zero at the other frequencies w;, j # 1. Another
fundamental property of this filter class is that the magnitude of [ﬂ-'%(‘zﬂ 1s always less
than unity on the unit circle. This follows because Z(z) is purely imaginary on the unit
circle. Consequently the magnitude of H;(z) on the unit circle is always less than that of
Zi(z). In addition, this kind of filter banks(Fig.3.1), described by Hi(z), 1 <i < N, have

the maximally flat frequency responses since it can be shown that 3—35 Hi(e¥) lw=w; = 0.

The frequency behaviour cf this function H;(z) is rather difficult to evaluate aside
from the pole locations p; but one other set of frequencies is useful to consider, the zeros
gj of Z(z), 1 <j < N. We know that the zeros g; interlace the poles p;, and at these

zeros the responses of H;i(z) and Z(z) match, that is
Hi(g;) = Zi(g;), 1<4,j<N. (3.8)

In particular, the real part of H;(z) is zero at a zero ¢;; H;(z) is purely imaginary at these

frequencies. The frequency response will thus have the general shape of Fig.3.2.

Finally note that based on the basic element of the FIFB banks, i.e., the first-order
complex filter N(z) in {2.11), we have
-1 2¥z™1
— +K* i

'1—ztz7)

_ 2271[Re(Kiz) — 27 Re(K;)]
T 1-2Re(z)z"142z2

2z
K 1 — 2z

(3.9a)
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and based on the basic element of the RFB banks, i.e., the purely imaginary magnitude

resonator Z;(z), we have

{ : *
K2R | g (2P
(z — pi) (z - p})
o =1z +1)
RN (390)
o 2Ki(z7t-1)
~ 1—2Re(pi)z~1 4277
where Re(z) denotes taking the real-part of a complex number z, and K7, z}, and pi are

the complex conjugates of Kj, z;, and p;, respectively. If one is dealing only with real
signals, these would be more natural definitions for the resonators, since all the coefficients

are real. However, we usually require the complex filter for most applications.

3.3 Approximation for Filter Banks

In this section, three approaches are described for the approximation of the RFB filter

banks, i.e., for the calculation of the filter coefficients K;, 1 <7 < N.

(1) To calculate K; from assigned p; and ¢;: In general, the poles p; are specified in
advance, and a “desirable” frequency response known. The denominator D(z) in equation
(3.5) is common for all the filters H;(z). If the zeros g; of Z(z) are also specified, then

the overall denominator is

Q(=)
14+ G i)’ (3.10)

where

9
Nl
Il

=

(z - q7) (3.11)
1

a,
]

9

X
I

=

(z - pj)s (3.12)

.
]
—
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and the G is a gain adjustable for better frequency property. Generally, the gain G is
a complex number, but for the filter bank structures considered in following sections, G
is a real number( see the proof in Appendix-B ). The poles pi and the zeros ¢; must
interlace. With a logarithmic spacing for the frequencies w;, it would be natural to choose
the zeros ¢; as the harmonic mean or geometric mean of the adjacent poles p; and Pi+1
along the unit circle. For deriving the remaining gain coefficients K;, if the zeros of @(z)

are determined after p;, then from equations (3.6), (3.10), (3.11) and (3.12), the following

relation can be obtained

i Ki(z+p;) _ G ij=1(z — qj)

_ . (3.13)
J=1 (Z - p.?) .?;1(2 - pj)
Thus it is easy to derive the i* gain K; as
N (o a4
;= G 1im(pi— ) (3.14)

=y :
2pi [15e1 j2i(Pi — p3)

(2) To determine g; from assigned p; and K;: Another way is that the coeflicients K;
may be simply specified, then ¢; is determined by (3.13). In many cases the sum of the
K; is unity, ( resulting in a pole at the origin ), so assigning to K; the fraction of the unit

circle near the pole p; is logical.

(3) More generally, if the zeros of the denominator polynomial D = P +Q are specified
in advance, for example all at the origin, then the values of p;, ¢; and K; may be determined
by considering the partial polynomials as (D + D,)/2 and (D - D,)/2. where D, means to

take complex conjugate of the coefficients of D and to reverse their order in the polynomial.

3.4 Logarithmic Filter Banks (Numerical Example)

In this section, the design of a twelfth-octave filterbank with 7 octaves is considered,

which is useful to analyze music. This results in 7 * 12 + 1 = 85 frequencies wj, or,
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since negative frequencies must be included, 170 frequencies. This specifies the poles p;.
The zeros of Z(z), gi, will be chosen so that the imaginary part of their logarithm is the

harmonic mean or geometric mean of the adjacent frequencies w; and wj,;. This specifies

all of the zeros of Z(z).

The harmonic mean has the property that the frequency difference between the zero
below and the zero above a pole is equal, and therefore, promises that the flters in the
banks will have better symmetric passband property. The geometric mean gives a slightly

different mean value from the harmonic mean.

Pased on whether the number of the poles or zeros of Z(z) is even or odd, and
whether z =1 and z = —1 are a zero or a pole of Z(z), there exist four different pole-zero

structures:
(1) Even number of poles with zeros at z = +1 (see Fig.3.3 (1) ).
(2) Even number of poles with poles at z = %1 (see Fig.3.3 (2) ).
(3) Odd number of poles with a pole at z = 1 and a zero at z = —1 (see Fig.3.3 (3) ).
(4) Odd number of poles with a zero at z = 1 and a pole at z = —1 (see Fig.3.3 (4)}).

Now let’s consider the case (2), where a pole of Z(z) is placed at unity, and another
at z = —1. Since the zeros correspond to musical quartertones, make the largest zero
correspond to musical semitone as well; this fixes the sampling frequency. Thus choose

the pole frequencies-the center frequencies of the filter bank as:

fr=05e0D5E] (r=1,2,...,85) (3.15)
fss = 0.0, (3.16)
f86+f = _fSG—r, (T = 112$ "'!8‘5) (317)

and

wr = 27 fr, (3.18)
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pr=eU) (r=1,2.,170) (3.19)

Similarly, according to the harmonic mean the zero frequencies are chosen as

ve= (0.5e0DE (14 58)), (r=1,2,..,85) (3.20)
Vri85 = —Vg6—r, (r=1,2,..,85) (3.21)
and
¢r = 271, (3.22)
g =€) (r=1,2,..,170) (3.23)

The gain coefficients K, have been calculated, and when computing the coefficient to

frequency ratios i)\,’:. we find the ratios are almost constant, which is to be expected since

the gain will be approximately the same at the frequencies vy.

The calculations for the four different pole-zero structures described above have been
done with the zeros of Z(z), ¢,, being chosen according to both harmonic mean and
geometric mean. For harmonic mean zeros, even though for all cases the K, are almost
proportional to the frequency f;, but K, changes with f, somewhat and there are different
frequency responses. The increasing ratios -‘%—, with frequency in the structures (2) and
(3) give more reasonable frequency responses than the structures (1) and (4), where ]7‘:-
decreases with frequency(see Fig.3.4). 1t is also interesting that in the pole-zero structures
(2) and (3), the geometric mean zero structure leads constant ratio %— except near the end
(zero center frequency), and an approximate constant crossover gain of the logarithmically
spaced frequency filter bank(see Fig.3.5). The significant fact is that the scalar G thus

may be used helpfully to improve the passband as well as to control the crossover gain of

the filters. The G can be determined by following equation ( see Appendix-C )

|1¢1!

10-%, (3.24)
Krqr+pr I
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where M is the crossover gain in dB value and [ is a typical number between 1 and order
N, but the experiments show that I should be from 2 to Round(%N) for harmonic mean,
and from 2 to Round(%) for geometric mean. Note that the K is calculated according
to equation (3.14) with unity G. Fig.3.6 shows the Log-magnitude frequency responses
of the filters with the geometric mean zeros and the pole-zero structure (3). The scalar

G is determined as 1.08 for -3dB crossover gain in the filter bank.

For further exploration, note that the gross behaviour in the stop band is determined
by the factor Z;(z) which is the product of the real number K; and the “universal” function
(L:—ilg—%. At the zeros of Z(z), the response of H;(z) is linear in K; (we are neglecting the
complicated relationship between the zeros ¢; and the coefficients K;). In order to gain
control of the passband behaviour, let us assume that the zeros occur at harmonic means,

and calculate the frequency response neglecting the denominator. In particular at the first

zero above and below a pole the response is

—7K;cot] 0.5 % w; tanh(lzﬁf—) I, (3.25)
which is approximately
—j K —j K
= — 3.26
(w; l%?) (5% % 0.0907) (3.26)
since In(2) is 0.69314. A 3-dB loss at this frequency will require
K =0.707 * w; + 0.0144 = 0.06412 % (;:_) (3.27)

Thus we have a simple rule to obtain the gain coefficients.

3.5 Filter Bank with an Infinite Number of Filters

The previous section has shown that the filter responses that result when a finite
structure is used is basically uniform except near the ends. In this section we consider a

filter bank with infinite number of filters from the theoretical point of view.
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+1

+1

(3) Odd number of poles (4) Odd number of ploes

Figure 3.3, The pole and zero structures of Z(z).
X--pole, ©O--zero.
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Figure 3.6 Log frequency response of a sixth-octave filter bank.
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Since the frequencies w; are related geometrically, the sum of the frequencies is finite.
Furthermore, if the gain coefficients K are proportional to frequency as recommended in
the last section, the sum of the K; is also finite. It is advantageous in many cases to have

the sum of the gains equal to unity; if under this precondition and
K = nlwi, (3.28)

where 7 is a small real constant. Then we have

L=>"K,=1) |l (3.29)
] T

or
" jwi]
Ki= =4, 3.30
%, ko (3:30
so if {geometric mean)
wr| = e~V (=12, N) (3.31)
we have - -
K, = (e #)(1 - )
In? _ i ' (3.32)
SV
If the sum of the gains K is unity, then other possibilities arise. For example,
N . N z
= N e N N '
1+ Yo Ko 2 14 %, K 2

give a perfect reconstruction. Similarly, [Z(z) — 1]/ [1 + Z(z)] is all pass. Therefore

N +pr N 2p. K,
Zr= o557 1 - =1 2o (3.34)
L+ oL K2 1+ e K

is all pass with increasing phase.
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Also, by calc;llating equation (3.14), with increasing order N and unity G value, to
see the tendency of the ratio %, we find that with increasing N the horizontal part of the
curves extends, the nonlinear piece near the end shortens (see Fig.3.7), and the constant
ratio value keeps the same value (0.05776). Thus we may suppose that an infinite filter
bank will result in an over all constant ratio: % = 0.05776. In comparison with the
approximate ratios obtained in equations (3.27) and (3.32), they are very close. This

provides an important theoretical basis for the design of this class of filter banks.

3.6 Sensitivity Properties and Implementation of RFB Banks

Similar to FIFB filter banks, RFB banks have good sensitivity. The filter transfer
function sensitivity formulas with respect to the gain coefficients and the poles of Z(z)

have been derived and given as follows:

Hi(z) _ O
Spi’ 3p,H( z)
(3.35)
—H2(z) 2[1+ Z Z;
( r=1r7#i
) 2 9 g,
SP: - aij'( ) 136
_ —2:zK; (24 pi) 2H}"(z). (336)
K;i (z—pi)(z+p;)
Hiz) o 9 o,
S = BK,'H'( )
= L) (z"”lu + i Z(2) ] (6.37)
- Klz ‘ (z+p,) r=1,r#1 ’ .
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Note that in equations (3.36) and (3.38), j # i. The same as FIFB filter banks in the
last chapter, because of the interpolating properties of the filter bank, i.e., Hilpi) = 1,
and Hi(p;) = 0if j # 4, from (3.37) and (3.38) it follows that in the vicinity of any zero
pi» (i = 1,2,...,N) of the filicrs, the sensitivity with respect to any gain coefficient K,
(r =1,2,..,N) will be small concerning both the magnitude and phase and it will be
zero if z = p;, (i =1,2,..., N). Equations (3.35) and (3.36) can be easily changed to the

following forms:

2z
(2 = p})
(2= pi) + K;(z+pj) + TN i (2= 1) 20 (2)
(2= i) + Ki(z 4+ pj) + T 1502 = 1) 22 (2)

SH) = fy(z)

(3.39)

k]

—2K;2(z + p;)
(=2 —p)
Hj(2)Z;i(z) ,
(= Pi) + Kz + i) + 901 4z = 20) 20 (2)

Spji(z) =

(3.40)

where j is any number except ¢ among 1,2, ..., N. From (3.35) and (3.39), and (3.36) and
(3.40), it can be seen that the sensitivity with respect to any zero p;, except at zero p;

and its vicinity, is the same case as the sensitivity with respect to K; above.

Considering the realization structure of the filter banks discussed above in this chapter,
we find that when the system is implemented directly according to equation (3.6) the
signal flow graph of the bank system has a delay-free loop and therefore noncomputable.
This can be seen clearly in Fig.3.8. However, the resonator-based filter bank is realizable
since the form of function (3.6) may be changed to correspond to a computable signal
flow graph, where all the loops are with one unit delay element. The derivation is given

here as follows: If the sum of all the coefficients K is unity, i.e., if fo__l K; =1, the
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denominator D{z) in (3.5) is as

and meanwhile we have

T = K20 Pm _ gy o KmPm

Z—=Pm <= Pm

Thus the new form of the filter function is obtained as

K + 2Entn o . Bopz ]
Hp(z) =

Kypjz—4’
(1+Z lz-p) +EJ]1—‘J_£J—Z:T

(3.41)

(3.43)

From equation (3.43), the computable signal flow graph is achieved and shown in Fig.3.9.

Figure 3.8 Siginal flow graph of the filter bank when the transfer

function (3.6) is implemented directly.
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Figure 3.9 SFG of the filter bank when the sum of
the filter coefficients is unity.

ST .
- - 0
P 1
Input
e P‘ e
2
QKN \ - -
T
z —-y—0
PN N
-1 -

Figure 3.10 SFG of the filter bank when the sum of
the coefficients is not unity.
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More generally, if Zf:l K; = A, then

N N
_ N 2Kaps 2k;p; .
=1+ Ki+) — =B+) L (3.44)

.=1 i—1 -

where B = 1+ A. Since the Z,, is the same as (3.42), the m** filter can be expressed as

Km+ 2-—L"’m 2 R e ";i]’
m(z) = = ” AL (3.45)

B+EJ 12—?; 1+ZJ =] I--p :a"1

where K, = —I%m. The computable signal flow graph of the system is drawn in Fig.3.10
from (3.45), which is realizable.

The effects of the finite-word-length on the filter-bank performance are similar to those
in FIFB filter banks, and because of equation (3.43) and (3.45), there is no possibility of

system instability due to parameter quantization.

3.7 Relationship to Adaptive Algorithm

»

In the last chapter, the FIFB filter bank was derived based on the adaptive filtering
structure. In this chapter, the similar resonator-based filter bank is derived from the
lossless-resonator-units, so there should be some links between the RFB filter bank and
the adaptive algorithm. The relationship will be studied in this section and we will show
that if the normalized LMS algorithm is used where the updating weights vary from
frequency to frequency, the same structure as the resonator-based frequency interpolation

filter bank is obtained.

The normalized LMS algorithm is based on projection[95]. In essence, like that in
section 2.2, an input d, sampled at time n is matched to a weighted sum, in our case, a
weighted sum of oscillators. The weight coefficients are C, ;, the i** weight at sample time

n. The oscillator outputs are X, ; = e/“® Two errors arise in the theory of adaptive
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equalizers, the a posteriori error and the a priori error defined by (a posteriori)

N
En =dy — Z Cn,:' Xn,i, (3-46)
=1
and (a priori)
N
an =dp = ¥ Cnti Xn,i. (3.47)
=]

The a priori error represents the difference between the input d, and the estimate. The
a posteriori error is minimized. Classical normalized LMS forces &, to be zero while the

change in the weights is minimized. Thus, subject to &, = 0, minimize

N L 12
Z_ ICn.: p(‘:n—l,tl _ (3.48)
i=1 !

Ordinarily the quantity p; is independent of ¢; making it ¢-dependent is crucial to our
argument. The solution to this problem may be solved using the technique of Lagrange

multipliers and results in the following equations

Cu," =Clp-1i+ an X;,:' p’,', (349)
where
Pi=—t—. (3.50)
Zj:l Pj

(Note that the sum of the primed s is unity.) Define the quantity

Hyi = Cp i ewilntl), (3.51)
Then H, ; satisfies the equations
Hyi=piHu 15+ an pi p';, (3.52)
and the error o, is then o
ap=dp— Y Hp 14 (3.53)

1=1
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Now, if d,, is a sinusoid then the LMS algorithm may be analyzed using z-transforms and

the result is
i ey
Hi(z) = . (3.54)
I pJ
L+ Tl 22

Using the relation in equation (3.3), the denominator may be rewritten as

1=z '+ p_j(z+pJ)
2 =1 ! j=1 2 (z—pj)
N (3.55)
1 (z + pj)
=5+ ) 0 =,
2 ; ’ (z—p)]
and the numerator may be written as
t . I
pilpi—2)+(z+p)  pilz+pi)
— = z—[——= =1]. 3.56
2 (2~ pi) 22[(2—;).') ] (3.56)

Thus we conclude that the saine filter structure results when using a weighted sum of
oscillators to approximate a signal using the LMS algorithm with weighted coefficient
change minimization. This gives an alternate way to view the filter banks. The realization
of the filter response is made in a slightly different manner, by noting that

(z +Pl
Ki———=
1+Z (Z _Pl

N
=1+Y I{i(—zﬂf—l’ﬂ (3.57)

—1+ZK +ZZK,p,

$=1

— pi 2‘1)
If the condition Efil K; = 1 is satisfied, then (1 + Z(z)) has a zero at the origin.
Furthermore, the value of the numerator at z = oo is, under this constraint, 2.

The normalized LMS algorithm has the sum of the gains p’; unity, and this is because

of the requirement that &, is identically zero. The argument may be easily generalized by
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considering the problem of minimizing

N

Cni"'crt— 12
§ :l > l,tl +ﬂ|5n12- (358)
=1 Pn

3.8 Summary

In this chapter, a new technique has been proposed to design bandpass filter banks
where the center frequencies are spaced logarithmically. The filter bank is derived from
a lossless resonators based structure. The approximation techniques for the filter gain
coefficients have been presented and a variety of pole-zero structures have been studied.
Calculations show that the pole-zero structure(2) and (3) (Fig.3.3) give better frequency
property for the harmonic and geometric mean zeros, and the geometric mean zero struc-
ture results in good control ability of crossover gain. Much better filter bank behaviours
are achieved comparing with the FIFB design method. The design procedure of the filter
bank is summarized as follows: (a) determine the center frequencies in a way similar to
that in section 3.5; (b) determine the zeros of resonators according to the harmonic or
geometric means of adjacent poles; (c) calculate the filter gain coefficients K; from equa-
tion (3.14) with unity G; (d) find the required factor G. Then calculate the frequency

responses and adjust gain Kj.



- 86 -

IV~ WINDOWING TECHNIQUES FOR THE PERFORMANCE
IMPROVEMENT OF THE FILTER BANKS

4.1 Introduction

In chapter II, the frequency interpolation filter bank (FIFB) has been introduced
based on adaptive filtering structure[93], and in chapter III, digital resonator-based fil-
ter bank(RFB) has been proposed based on the elementary lossless digital res~nator
(LDR)[88,89]. The filter banks designed using these two techniques have the proper-
ties: (1) All the filters in the bank have the same poles, unit response at the filter center
frequency and zero response at all the other center frequencies. (2) The center frequencies
of the filter banks may be spaced arbitrarily, in other words, the filter bandwidths may
be constant, linear, nonlinear function of frequency and so on. This greatly widens the
area where the filter banks may be applied. (3) These filter banks have low round off
noise and good sensitivity. (4) The filter banks are very efficient in the computation and
the implementation. However, the elementary filters alone, in the banks designed by both
approaches above, have poor passband behaviour and appreciable sidelobes(sce Fig.3.6,

the highest sidelobe only about -13 dB down).

In this chapter, we apply the “windowing” techniques to suppress the sidelobes and
to improve the passband performance. What windowing is and why the windows work
are discussed first in the next section. Then, the mathematical models for window opti-
mization are derived based on the RFB filter banks, and linear programming techniques
are used to search out the optimal weight coefficients. Following this, examples of the
filter banks with the application of optimal windows are given. Finally this chapter has

discussions of the trade-offs among the window widths, the passband and stopband per-
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Figure 4.1 Block diagram of equivalent filter bank
with window processing,

0.044 0.159
Normalized frequency

Figure 4.2 The phase responses of two adjacent filters in a bank.
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formance of filters, crossover gain of the banks and the computation complexity.
4.2 What is Windowing and Why Windowing

The tentative idea to suppress the sidelobes has been given in [49] by adding together
appropriately weighted elementary filter outputs, where the “mother” filter banks were
designed by the approach in chapter II. By analogy to the effect of windows (Hamming,
Hanning, etc.) on DFT(discrete fourier transform) computation [100], we call this process
“windowing”. In [101,102], we have more systematically studied the windowing technique
in the design of logarithmic FIFB filter banks and concentrated on the filter bank stopband
optimization with windowing processing. From the block diagram of the equivalent filter
banks shown in Fig.4.1, we can see that windowing is a DSP procedure to produce a
final-desired filter bank from a mother filter bank. The windowing procedure consists of a
set of “windows” and each of the windows is a summation of some weighted filter outputs
of the mother filter bank(see Fig.4.3). This summation is the output a desired-filter of the
final bank and the weighting coefficients are called the weights of the windows. Sometimes
this procedure is called equivalent frequency dc')main windowing. This is because with the
DFT, instead of the time windowing before the transform for the reduction of spectrum
leakage, the equivalent function may be performed in frequency domain by taking the

DFT first and theu operating the windowing similar to that above [49,97).

The answer to the question why the windows work may be found when the phase
responses of these filter banks are examined. Fig.4.2 gives the phase responses of 8** and
9 filters in a third octave filter bank. An interesting property is the phase difference that
exists between adjacent filters. As the notation u.sed before, the phase difference hetween
it and (i + 1)t filters is approximately 7 for w; < w < wi+1 and zero elsewhere. Here

the w; is the phase angle of the i** zero on the unit circle, i.e., the center frequency of the
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i filter in the bank. This suggests that the window with alternate signs associated with

each adjacent filter weight will suppress the sidelobes.

The width of the window, or the number of the weights in a window, is a very im-
portant parameter of the windows. Generally speaking, the wider the window, the better
it works. Later in this chapter, we will find this is not only in the sense of the property
of stopband, but also in the sense of the passband property. Because the filter banks
under consideration are either real filter banks or complex filter banks, the windows may
be with real coefficients or complex coefficients. However, resonator-based filter banks
simplify the reasoning, because for them the purely imaginary resonators make the com-
plex weighting coefficients of no advantage compared to the real ones (see Appendix-D).
Another issue about windowing is that the windows can be symmetrical or asymmetrical
around the center frequency of the final filter. If the filter bank with uniform bandwidths
is designed, the symmetrical windows are usually applied. But asymmetrical windows are

preferred in the design of nonlinearly-spaced-center-frequency filter banks.

4.3 Windowing Optimization

4.3.1 Theory background

The design of the logarithmic frequency RFB bank with the application of windows
consists of deciding the specification of a mother filter bank according to desired filter bank
requirement, choosing the type of windows, and finding the optimal weighting coefficients.
From the block diagram of the equivalent filter banks in Fig.4.1, we can see that the
function of the windows is to improve upon the frequency responses of the mother bank
(mainly to suppress the appreciable sidelobes and flatten the passband). Since the center
frequencies of the filters are nonlinearly spaced, the responses of the filters in the bank are

nonuniformly distributed in frequency. Thus, there must be a set of optimal weighting
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coefficients for each output filter, which can he found by defining a linear approximation

problem and by solviag it in the linear programming technique. We present this in this

subsection and the following two subsections.

In the lossless digital resonator-based filter bank, the transfer function of i filter in
frequency-domain is

(wi—w)
Hiew) = @) _ Ko
’ Dw) 14 o Kyl

2 1__6.1(“{,'-“')

(4.1)

where w; and Kj, 7 = 1,2,..., N, are the center frequencies of the filters and the cor-
responding real gain coefficients, respectively. Because of the lossless elementary res-
onators, the numerators Nj(w) are purely imaginary at any frequency w since the term
[1 + ef@i~w)]/ [1 — e/i=¥)] is purely imaginary number and K is real. “Windowing”
means to combine several weighted filters in the mother bank to give a resulting filter in
desired bank, and thus a window may be described as

M2

Flw)= Y (D)MW, 0 H, (), (4.2)
r=M1

where Wj, j = 1,2,..., M, are the weighting coeficients to be found, M, equal to (M2 —
M1+ 1), is the number of the windowing coefficients to express the width of the window,
and the alternate signs of the weights has been applied . F'(w) is the transfer function of
the resulting filter obtained from M filters H;(w) (j = 1,2,..., M) in the mother bank.
Because of the purely imaginary numerators N;(w) and the same denominator D(w) for all
the mother filters H;({w) the optimal weights {W;} should be a set of real coefficients, i.e.,
a set of complex weighting coefficients contributes nothing more than the real coefficients
for the improvement of the magnitude responses of the resultant filters. Furthermore, the
signs (—1)("=M1) in equation (4.2) guarantee that there exists a set of positive and real

weighting coefficients {W;}, which will be able to work for the stopband as well as for the
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passband. If we let F{w) be the desired magnitude characteristic of the filter, then the

approximation problem is to find a set of weighting coeficients {W;} such that
| 1P(w)] - F(w) | € e(w), (4.3)
or
—e(w) < |F(Ww)] - F(w) < e(w), (4.4)

where ¢(w) is a tolerance function on the error which allows for unequal weighting of
errors as a function of frequency. Since F(w) and £(w) are generally specified functions
of frequency, equation (4.4) can be expressed as a set of linear inequalities in the Wis.
For example, in the stopband, i.e., when w < w17 and w > wpreyq, all the M filters

applied have the same phase. Therefore we may define
[F(w)] = + Wi | Hag1 (w)] — Wal Hpgr 1 (w)]
+W3|HM1+2(W)I — et WMIHMZ(WN:\ (4.5)

WM1-1 2 W 2 WM24]

2o v 1S (W)
with definition
M2
S@)l = Y (=D MW Ne(w)]. (4.7)
r=M1

Thus, the linear inequalities, or the constraints on the stopband may be written in the

form _
~1S(@)| +ID@)IIFE) +e@)] 20, w1 2w 2wy 43)

+HSW)| = [DW)|[Fw) —e()] 20,  wai1 2w > wpa41.

- -

(4.9)
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With the additional linear inequalities
W; > 0, i=12,....M (4.10)

we completely define the approximation problem if only the constraints on the stopband
are considered. Notice that W; > 0 is necessary to avoid passband deterioration based
on the sign strategy in equation (4.5) or (4.7). Given the precondition that some center
weights are fixed to unity, the approximation problem above will be solved to give rea-
sonable results which are generally consistent with the case when both the stopband and
the passband are considered. Thus we may think of this as a simple but rough way to

find the weighting coefficients.

If the approximation is extended to the passband, due to the opposite phases between
adjacent filters, the signs in equation (4.7) will become irregular for the passband fre-
quency range. For example, when M = 3, based on the |N,(w)|, and using |P;(w)| for
first half part of the passband and |P(w)| for second half part of the passband instead of

|S(w)| in (4.6), the equations similar to (4.7) may be expressed as

| Pi{w)| = +WiNar1(w)] + Wa | Nar141{w)] — W3 | Npsa(w))

(4.11)
wp1 S w S w4
1Pa(w)| = =W1lNa1(w)| + WalNpr111(w)] + Wi Naga ()|
(4.12)
WM+l Sw S Wy
The corresponding linear inequalities are adjusted to be
B + [DE)IFW) + (@) 20 win < w < warrn (4.13)

HPr(w)] = ID@)I[FW) —e@)] 20wy Sw S wain (4.14)
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—|Paw)f + [DW)[[F(w) + e(@)] 20 wanq1 Sw <wypy (4.15)

+Po()] = ID@)|[F(w) — e@)] 20 w1 € w < wirg (4.16)

Thus, the question of whether or not there exists a digital filter in desired bank with
magnitude response F(w) and tolerance function &(w) is equivalent to the question of
whether or not there exists a set of weights satisfying the system of constraints defined
by (4.8)-(4.10) and (4.13)-(4¢.16). The question can be answered by using the linear
programming technique[97] which has been applied to design different types of filters[103-
105]. In fact, by adding an auxiliary variable v to the right side of equations (4.8)-(4.9) and
(4.13)-(4.16), the linear programming problem may be stated to find {W;},7 = 1,2, ..., M,

subject to the constraints

Wi > 0, i=1,2,.., M (4.17)

v >0 (4.18)
~1S@) + IDE)IIF() + @) +v > 0 (4.19)
H8@)] — IDE)IIF(w) - ()] +v 2 0 (.20)
P} + IDWIFW) + (@) + > 0 (.21)
HPw)| = ID@I[F) - ()] +v > 0 (22)

such that v is minimized. Note that % is from 1 to M — 1 where M is the width of the
window. In equations (4.19)-(4.20) the frequency range is w > wprey1 and w < wpr1_1,
and in equations (4.21)-(4.22), w > wpr145—1 and w < wpyi4k. Clearly, a solution to
constraints (4.8)-(4.10) and (4.13)-(4.16) exists if and only if the minimum value of v
under constraints (4.17)-(4.22) is zero. In other words, if the minimum value of v is

zero, a set of weights may be obtained directly as the output of linear programming
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routine. If v is not equal to zero, then, either F{w), or ¢(w), or both must be modified to
obtain a solution. In the following parts of the section we illustrate the above procedure
by considering the specific design examples and report the results of different windows

optimized under the constraints on the stopband, and on both the stopband and the

passband.

1 e,

2 o 3 -0 1
| Window-1

3 o<,

5 ot Window-2
®
°
9 ®
N- o
N-1

L Window-n

Figure 4.3 The detailed structure of a 3-weight window processing.
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Figure 4.5 Frequency response of the filter obtained
by 3-weight window processing,
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Figure 4.6 Frequency responses of the filters obtained
using different windows in Table IV.1,
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TABLE IV.1. Optimal windows with constraints on the stopband:

=
Minimax .
o.M | L |Sidelobe Weighting Coefficients
(-dB)
1.3 | 1| 42.11 w1=0.4246, w2=1.0, w3=0.4397
2 2| 52.70 wl1=0.2591, w2=w3=1.0, w4=0.2590
3. 3| 42.82 w1=0.3985, w2=w3=w4=1.0, w5=0.4160
w1=0.0031, w2=0.5825, w3=1.0, w4=0.5970,
4.15 | 1| 7028  |.5.0.0970
516 {4 ] 49.59 w1=0.3055, w2=w3=w4=w5=1.0, w6=0.3054
w1=0.0455, w2=0.3987, w3=w4=1.0, w5=0.3985,
6.6 |2 81.81 W6=0.0453
7.17 | 5| 41.38 w1=0.3950, w2=w3=w4=w5=w6=1.0, w7=0.4139
={), . =U. R = = =]1. y
8|7 | 3] 6743 wl1=0.1045, w2=0.5950, w3=w4=w5=1.0
wB=0.6091, w7=0.1111
9.18 | 6| 48.31 w1=0.3242, w2=w3=...=w7=1.0, w8=0.3239
wl1=0.0632, w2=0.4743, w3=w4=wbH=w6=1.0,
10181 4) 7741 |7 04744, w8=0.0633
M: Number of the weights in windows.
L: Number of the center-unity weights in windows.
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4.3.2 Constraining the stopband

For the window with three weights which weights and adds three filters in a mother
bank to obtain a resultant filter in the windowed bank(see the details of the window
structure in Fig.4.3), if we let § be the peak approximation error in the stopband, or
the minimum highest sidelobe value, it is easy to define the function F(w) and e(w)(see
Fig.4.4). Since we ignore the passband, simply letting F(w) equal to zero and &(w)
equal to ¢ in the stopband results in a pair of weights which will suppress the highest
sidelobe to a value of 20Logy9(6), if the v, which is the variable to be minimized in linear
programming problem, is minimized to zero. In turn, if the highest sidelobe V dB is
desired, F(w) and £(w) may be chosen as zero and 10%, respectively. Two programs
have been made to implement the above procedure. One is designed following the general
simplex algorithm given in [97] with PASCAL running on IBM-PC. Another is based
on the subroutine ZX3LP(FORTRAN)(106] on the CMS main frame, which applies the
revised simplex algorithm to the dual linear programming problem, since in our case the
number of constraints(the number of discrete frequency samples in considered band) (more
than 400) is much larger than the number of weighting coefficients(several). Fig.4.5 shows
the frequency response of a resulting filter obtained by the window with three weights.
The weighting coefficients are W7 = 0.4246, W, = 1.0, and Wi = 0.4397, which are
optimized using the linear programming routine with F(w) = 0 and ¢(w) = §, and one
center unity weight. The smallest é is obtained in an iterative way and the highest sidelobe

is suppressed to minimum value -42.1 dB from original -13 dB(see Fig.4.6).

We have extended the procedure to different widths of windows with different number
of center unity weights. TABLE IV.1 lists a part of the results, where type of windows, the
corresponding weighting coefficients and minimax sidelobe (dB) values are given. Four

typical filter responses are plotted in Fig.4.6, where windows 4, 5, 8, and 10 in TABLE



- 102 -

IV.1 are applied. From the results above, we may see that the wider the window, the
better the filter performance. Moreover a wider window has more flexibility to control
the resulting filter properties than a narrower one. Thus a trade-off exists between the
filter property and the computational complexity when implemented. For the M-point
window, there is the second trade-off when we consider the highest sidelobe and the
transition bandwidth. More center unity weights will shorten the transition band, but
make the stopband performance get worse. The same will happen when the passband

constraints are applied, and more discussion will be given in the next subsection.

4.3.3 Constraining both the stopband and the passband

The results in the previous part show us that even though only the stopband con-
straints are considered, the windows obtained produce the reasonable passbands as well
as improved stopband. The ripples in the passband generally are less than 1 dB in Fig.4.6.
This is becausedof the original characteristics of the mother filter bank and the alternate
signs with the weights. However, the passband performance is not under exact control
without the constraints on the passband. Furthermore, in order to approximat.e the de-
sired crossover gain of the banks and reduce the transition bandwidth, it is necessary to
extend constraints to the passband. For this, we need, naturally, to adjust the magnitude
characteristic function F(w) and the tolerance function ¢(w). As before, with § expressing
the peak approximation error in the stopband, and é; in the passband, the function F(w)
and ¢(w), based on the corresponding magnitude response of the filter |F'(w)|, are defined
by equations (4.23)-(4.24) and drawn in Fig.4.4.

Flw)= 1.0, wrp Sw S wrp

4,23
= 0,(or 6/2) wprer1 < w < wyiy ( )
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g(w) = &y, wrp Sw X wrp

=6,(or §/2) wpraq1 Sw < wprg (4.24)

where wrp and wgp are the left side and right side passband cutoff frequencies. It is

obvious that |F(w)| in Fig.4.4 (a) is less than or equal to F(w) + e{w) and greater than
or equal to F(w) — ¢(w).

Geneially speaking, the passband ripple §; may be taken as 8 times of the stopband
ripple 8, i.e., 61 = B+ 4§ (8 is a constant), and thus we may use an iterative procedure
to find the smallest 8. In practice, however, we are interested in improving the stopband
performance as much as possible with the satisfaction of the passband requirement(fixed
61). This is equivalent to searching for the smallest & such that the approximation problem
has a solution. Thus, an iterative procedure must be used, because § enters into the

design constraints in a nonlinewr manner. However, one simple way is to let e(w) equal to
zero in the stopband and to choose the required 63, since we are interested in improving
the stopband performance as much as possible with the satisfication of the passband.
This does not mean we will get a zero stopband filter, but it is a way to transfer the
approximation error, or the minimum highest sidelobe value of the desired filter, from §
to v, the variable of Jinear programming problem. Of course, now that v equals to zero is
no longer the criterion for whether or not there is a solution to the problem, since in this
case the convergence of the optimization algorithm and the optimality of the resulting
filter in the given - 1se are guaranteed. The results in this part are calculated according

to the second criter.on.

TABLE IV.2 lists the optimai windows with three weights obtained under the con-
straints of different passband widths{given by the number of discrete samples in the
passband). &7 is chosen as 0.085 so that selected passband ripples are less than 0.8 dB.
Frequency responses of the filters using windows 3, 4, 6 and 8 in TABLE 1V.2, are plotted
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in Fig4.7. It can be seen that there is a trade-off between the passband property and
the highest sidelobe. Better passband performance and shorter transition bandwidth are

achieved at the cost of higher minimax sidelobe.

TABLE IV.2. Optimal 3-weight windows
with various passband widths:

No. %ﬁzﬁgld I\Sdiléléigﬁg w1 w3
(-dB)

1. 8 42.10 0.4246 0.4397
2. 10 42.10 0.4246 0.4397
3 12 42.10 0.4246 0.4397
4 14 30.71 0.4957 0.5084
5. 16 25.53 0.5607 0.5797
6 18 22.58 0.6191 0.6433
7. 20 20.62 0.6709 0.6991
8. 22 19.20 0.7166 0.7482
o. 24 18.53 0.7634 0.7642

* Number of discrete frequency samples in passbands.
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Figure 4.7 Frequency responses oi the fiiters obtained
using different 3-weght windows In Table IV.2.
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The extension of the above procedure to other types of windows (different widths) is
straightforward and will not be discussed here. In the next section we will present several
examples of filter banks which were designed based on a twelfth-octave mother bank, and

using different optimal windows.

4.4 Final Filter Bank Examples

In the preceding section we have shown that the linear programming method does
give reasonable solution for the resulting filters, and does optimize the window coefficients
which produce much better filters based on the filters in the mother bank. Also we have
found the trade-offs between the type of windows and the perfgrmanée of resulting filters.
In this section we present examples to show the selection and application of windows for

design of logarithmic RFB filter banks.

Given the specifications of a filter bank, the design procedure with the window pro-

cessing, basically, consists of the following four steps:
1. Choose the type of windows;
2. Decide the specifications of mother filter bank;
3. Design the mother bank and calculate the bank frequency responses;
4. Optimize the weights of windows based on the mother filter bank;
5. Check the frequency response of the fina] filter bank.

There is a lot of flexibility in the selection of the weights of the windows between a
mother bank and a desired bank. Widening the window, i.e., increasing the number of
the fiiters in the window, will increase the window’s power to suppress the sidelobe and
improve the passband performance. In addition, a wider window, i.e., a window with

more weights has more adjustability than a narrower one. Increasing the number of the
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center unity weights, or the number of discrete samples in the passband, will res»lt in
shorter transition bandwidth and higher crossover gain. And the number of mother filters
which the window shares with the previous one(or with the next one), strongly affects the

crossover gain too. Thus a comprehensive design must be made.

EXAMPLE I: Design a third-octave filter bank based on the twelfth-octave mother
filter bank, with as much sidelobe suppression as possible and 6 dB crossover gain. In order
to obtain a third-octave bank from a twelfth-octave bank, the number of the filters which
are applied in the window but not applied in the previous one is equal to 12/3 = 4(12

from twelfth and 3 from third). This means the windows have, at least, five weights.
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Figure 4.8 Frequency response of a third-octave filter bank
using 6-weight windows on a twelfth-octave mother bank,
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Figure 4.9 Frequency response of a third-cctave filter bank
using 7-weight windows on the twelfth-octave mother bank.
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Figure 4.10 Frequency response of a sixth-octave filter bank
using 3-weight windows on the twelfth-octave mother bank.
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We first choose the windows with six weights considering the 6 dB crossover gain
and the implementation load. Then the windows are optimized to approximate crossover
gain. The dB requirement is met by adjusting the passband constraints. The desired
third-octave bank is produced and its frequency response is plotted in Fig.4.8, where we
can see the highest sidelobes are reduced to -53 dB from -13 dB of the mother bank, and

the relative transition bands of the filters are smaller relative to those in the mother bank.

EXAMPLE II: Design the same filter bank as example I but for 3 dB crossover gain.
The windows with seven weights are used and optimized to give reasonable desired filter
bank. Fig.4.9 shows the frequency response of the bank. It can be seen that because of
required 3 dB crossover gain the optimal wider(seven weights) windows make only 37 dB

improvement in the stopband (from -13 dB to -50 dB).

EXAMPLE IIL Design a sixth-octave bank based on the same twelfth-octave mother
filter bank. The windows must have 12/6 = 2 new mother filters which are not used in
the previous window. The narrowest windows, i.e., the windows with three weights, are
applied and the frequency response of the resulting bank is plotted in Fig.4.10, where only
the stopband performance is under consideration and the highest sidelobe is supressed to

41.5 dB of the desired filter bank from 13 dB of the mother filter bank.
4.5 Summary

In this chapter, the optimal windowing technique for improving performance of loga-
rithmic octave filter banks is presented. The technique based on the mother banks, sets
up a linear programming problem which is solved using a simplex algorithm to produce
the optimal weighting coefficients for desired filter bank specifications. The linear pro-
gramming problem is formulated in two ways: constraining only the stopband and both

the stopband and the passband. Examples of optimal windows and bank designs were
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given and some trade-offs among the selection of windows, the computational complexity,
and the performances of the stopband and passband of filter banks are discussed. The
results show that the filter banks with much better frequency responses are obtained at

the cost of windowing processing.
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V FIFB FILTER BANK-BASED
ALLPASS ANALYSIS/SYNTHESIS SYSTEMS

5.1 Introduction

In chapter I, we reviewed the digital filter bank and the filter bank-based analy-
sis/synthesis system. In chapter II to chapter I11, the frequency interpolation digital filter
banks based on the adaptive filter structure or based on the complex unit resonator, have
been derived and frequency-domain windowing techniques are proposed to improve the
filter responses in chapter IV. In this chapter, we will study the logarithmically-spaced

FIFB filter bank-based analysis/synthesis systems[107].

The block diagram of an analysis/synthesis system is shown in Fig.5.1, where the
input signal is analyzed into its frequency constituents with an analysis bank, processed,
and then a new signal is resynthezied from these processed elements. It is useful in such
cases that the analysis /synthesis combination not seriously affect the signal. Sometimes
it is required that the analysis and synthesis be perfect, i.e., the combination produces an
output signal that is unchanged from the input signal except perhaps for some processing

delay.

As we discussed in chapter I, many researchers have made their contributions to the
design of uniform-bandwidth filter banks and corresponding analysis/synthesis systems,
and there have been many successful approaches. For example, the QMF filter banks were
introduced in sub-band coding system and have advantages for analysis and synthesis,
in that the aliasing distortion of decimation and interpolation operation is completely

. compensated.

In this chapter, we are considering the similar problem, but without involving deci-
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mation and interpolation. In other words, we will design an allpass system consisting of
an analysis filter bank and a synthesis filter bank, where the analysis filter bank is a FIFB
bank. Then a synthesis filter bank will be derived for the perfect reconstruction property.
However, the filter banks in the allpass analysis/synthesis systems we consider may have
an arbitrary spacing of the frequencies and bandwidths. They are useful for some acoustic

signal processing systems such as speech enhancement and noise cancellation[108].

5.2 The FIFB Filter Bank Analysis/Synthesis System

5.2.1 The analysis filter banks

The analysis filter bank in Fig. 5.1 is chosen as a FIFB filter bank. Fig.5.2 shows the
structure of the FIFB filter bank, which consists of first order complex matched filters for
a sinusoid at the center frequencies w; of various filters, and overall feedback is applied
to stabilize the frequency response. The i** filter in the bank, from the input to the st

output, has the transfer function

K5l .
Hi(z) = R = “gfi(‘)*), (5.1)
1+ e Kitts=r z
where
zz~1
Ny (z) = K;—"—— 5.2
H.(z) Kil — Z;‘Z—l, ( )

and z; = &/ = /275 is i pole of Ny,(z) which corresponds the center frequency w; of
the i** filter in the bank. The K i's are the filter coefficients, and may be determined in
different ways (see Chapter II and Chapter III). However, in this chapter, the calculation
of the K; plays an important role in the design of an allpass system, which will be discussed
in following sections. From above equations it can be seen that all the filters in the bank
have the same poles since all Hi(z), 1 < i £ N, have the same denominator D(z). The

frequency interpolation property is described as that the ** filter has unity response at
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wi, and zero responses at other frequencies w; for j # 7. Notice that these filter banks

may be implemented in different adaptive filtering structures(see chapter II).
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Figure 5.1 The block diagram of a bank-based
analysis/synthesis system.
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Figure 5.2 The block diagram of a FIFB analysis filter bank.
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Figure 5.3 The signal flow graph of the FIFB bank in Fig.5.2.
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Figure 5.4 The complex conjugate transpesed form of the SFG in Fig.5.3.
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5.2.2 The structure of the synthesis filter bank

There are two important factors for the design of the synthesis filter banks. One is
which kind of the structure to be applied to realize the synthesis bank. Another is how

to calculate the filter coefficients K;’s to obtain an allpass analysis/synthesis system.

It is natural that the structure of the synthesis filter bank be the dual structure of
the analysis bank structure. The signal flow graph (SFG) of the analysis bank is plotted
in Fig.5.3 based on Fig.5.2 and equation (5.1). To determine this dual structure, we first
study the complex conjugate transposed form of the SFG of the analysis filter bank. The
complex conjugate transposition of a SFG is accomplished by reversing the directions of
all branches in the network while changing each branch transmittance (except for delay
branches) into its complex conjugate form and reversing the roles of the input and the

output so that source nodes become sink nodes and vice versa.

The SFG of the synthesis filter bank, the complex conjugate transposed SFG of the
analysis bank is derived and plotted in Fig.5.4, where a single-input /N-output system
becomes an N-input/single-output system. Notice that the input and the output nodes
are interchanged and the notation §; and & in Fig.5.4 are applied to differ from z; and y
in the analysis bank. The i** filter, i.e., the filter from the i** input §; to the output  in
the stnthesis bank, has the transfer function as

Kua—l

l_l_z‘?T NG.‘(Z)
Gi(z) = e = : 5.3
MUy T ) 3
where
* % —-1
Ng(z) = "1'%1 (54)

and note that because of the structure of FIFB filter banks, G;(z) has the same denomi-

nator as H;(z).
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If T'(z) denotes the overall transfer function of the system, from the input z of the

analysis filter bank to the output % of the synthesis filter bank, then we have

N{z)

T(z) = D(2)7 (5.5)
and
N N
_ | K;|22—2 _ | I |222
N(z) = Z (1—zz71)(1 —2f2-1) — Z 1 =227 1Re(z) + 272’ (5.6)

=1 =1

where Re(z) means taking the real part of z.

This complex conjugate transposition structure is a good form to realize the synthesis
filter bank. However, based on this structure, it is difficult to find the coefficient Ki'’s
to meet the allpass requirement. The problem is to separate N(z) into two factors, with
one factor having the zeros inside the unit circle the same as the zeros of D(z), and with

another having the zeros outside the unit circle and having the same magnitude as that

of D(z2).
5.2.3 The allpass systems

By taking the complex conjugate transposition to the SFG of the analysis filter bank,
the structure of the synthesis filter bank has been obtained as shown in Fig.5.4, and the
overall analysis/synthesis system transfer function T(z) has been derived as equation (5.5).
But the synthesis filter bank must be designed to obtain an allpass analysis/synthesis
system. In other words, we have to find some synthesis filter bank with the satisfaction

of the allpass requirement of T'(z).

If the denominator of Gi(z) is chosen as the same as that of H;(z) but the numerator

of Gi(z) as
*
Ngi(z) = Z

T 1= zz

(5.7)
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then the transfer function of the i** filter in the synthesis bank is

K7 Ng(z
) = T o e (:3)
and consequently, the overall system has the transfer function as
T(z) = = N(z), (5.9)
? D(2) D(z)  D(z)?
where N . .
= ;Nﬂ-i(z) Ng.(z) = ;(I%f:‘—';- (5.10)

The question whether or not the system will be of the perfect reconstruction property is
equivalent to the question if the magnitude of T(z) will be unity. Now let’s study if this
structure can be made as an allpass network. This means to analyze the possibility of

unity |T(z)|. We start this from examining the zeros of the numerator of T(z). Assuming
that z, is a zero of the N(z), that is

N ]K,[zz,zo

By 0, (5.11)

1=}

N |z = *
(Z———('Kl_z ;.)‘;) = 0. (512)

i=1

then we have

However we can show that

N J2.,.1
- Z lll(ll % --2 (5.13)
i=] (;g _z')
1
= N(=)

Note that we have multiplied the numerator and denominator of the summation by (z;)?

firstly and by -(#), secondly, and the relation z!z; = 1 has been used.
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Equations (5.11-13) show that the numerator N{z) has the property that if z, is a
zero of N(z), then there is a matching zero at the reciprocal conjugate position, i.e., at

L. Furthermore, from the simulation results we find that if all the zi's are chosen on

s

the unit circle and the magnitude of the coefficient |K;| is directly proportional to the
bandwidth of i** filter, then N(z) has no zeros on the unit circle. Thus if zg is inside the
unit circle, the pairing zero zl—o. 18 outside the unit circle, and consequently we summarize
that N(z) has totally 2N zeros, and N zeros are inside the unit circle and N zeros outside

the unit circle. Apparently there is a zero at z = 0 and another at infinite position since

every term of the summation has zero at z = 0 and at infinite position for N(z).

We classify the zeros of N(z) into two groups: Group 1 is all the zeros inside the unit
circle, i.e., Z,5, 1 < k < N, and Group 2 is all the zeros outside the unit circle, ie., Ik,
1 < k £ N, and we have the relation 3, = ;%: If Ni(z) and No(z) express the partial
factors of the numerators of N(z), with including all the first group of zeros and all the

second group of zeros, respectively, we have

N(z) = NI(Z) NO(Z)

P ORR (5.14)
with
) N
Ni(z) = ]z - zax), (5.15)
k=1 .
and
) N
No(z) = [](z~ za), (5.16)
k=1

where Dy (z) is the denominator of N(z) in equation (5.10), and 3,¢ and Z,x are k™* pair
zeros, one inside of the unit circle and another outside of the unit circle. To find the
strategy for the cancellation of the zeros between D(z)? and N (z), we determine Nj(z)

and No(z) by reviewing and applying the following definition[95].
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For a general complex polynomial F(z),

Fz) = ap + a1z + a3 2* + ...+ ay 2%, (5.17)
we have
1o,
[F@ L = & R T, (5.18)
or
[F(z)}s = af 2 + ot Y14 . ¢ ay_, z + ay. (5.19)

According to the definition, thus we have
- P
(M) = = (2]

N

1 N
- zN H(Z—*—Zok)*
k=1
N (5.20)
alkal | (GRS
k=1 :
N ,
= Tl -2 2.

k=1
From the last line of (5.20), we see [N;(z)]. has N zeros at 3—1.:, 1 <k £ N, which are just
the zeros of [No(2)]. Thus, ]_[iv=1 2 1_‘[;:;1(‘.2—1‘|= —z)= Hf___l 2.(-1)¥ No(z). Therefore

- -y
No(2) = —5—"— [Ni1(2) . (5.21)
Hk:l %ko ‘

Thus we may conclude that N(z) can be factorized into N;(z) and [Ny(2)}s, i.e.,
-0 Ny(z Ni(2) e
N(z) = (N ). 1{ 1)[ (2) ]
k=1 253 N(2)
_ M) (Rl )
Dy(z) 7

(5.22)

where, clearly, Dy(2) = Dy(z) Hf=1 (—=23;)-
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Substituting equation (5.22) in (5.9), T(z) may therefore be expressed as

]vr!znf\f.r)!z! »
. Dyl
(z) Dz)? (5.23)
K: P; (2
o Jine- 1 2
Ql /"@——-.
K’; Kl z1
Sam - O X
A
Y2 < &
] I ] 2
[ 1 [ ]
] | [}
]
Kn
A O Py(2)
YN
/KN':N
< o y
Figure 5.5 The block diagram of the synthesis filter bank,
where Pi (z) =2/ (z - ).
If it is assurned that first
Np(z)®
D(2)? = , 5.24
CF = 5o (5:24)
secondly
. N
Dp(z) = G Dn(2) = G [](z - =)*, (5.25)
i=1

(this is reasonable) with G and G being two complex constants, and then finally let Np(2)
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have the same zeros as the zeros of Ni(z), we will obtain the T'(z) expression from (5.23)

Np(z)]s
T(z) = [_N%%?))L' {5.26)

It is obvious that T(z) is an allpass transfer function(29] since [Np(z)]. and Np(z) have

the same magnitude on the unit circle.

Frequency responses of the synthesis filters now are

K} 2=

Gi(e®) = UL . (5.27)
' I+ i Kizdis

It is not hard to show that the magnitude response of the i* filter in the synthesis bank,
|Gi(e7)], is just the same as that of the ** filter in the analysis bank, i.e., || H;(e?*) ]|.
The synthesis filter bank is realizable and stable (since it has the same poles as the analysis
filter bank). The structure shown in Fig 5.5 may be applied to implement the synthesis

bank, where
1

M Ty

(5.28)

The overall analysis/synthesis system is a stable system since all the poles of T(z) are
inside the unit circle. But it is not a minimum phase system because all of the zeros are

outside the unit circle. It is a maximum phase system!

5.2.4 The design of the analysis and synthesis filter banks

The design technique for a single analysis filter bank has been presented in chapter
IT and chapter III. The poles of the filter transfer function are chosen for good frequency
response, and then the filter coeflicients KX;’s are calculated based on the pole selection.
In chapter II, the poles of the FIFB filter bank were set at the position with the same
phase angle as the corresponding zeros but closer to the unit circle for lower frequencies.

The formula for K;’s is equation (2.13).
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To obtain the perfect reconstruction analysis/synthesis system, the analysis and Syn-
thesis filter banks have to be designed to meet the requirements in the assumptions given
in the previous section. It was supposed that all the zeros inside of the unit circle, of the
numerator of the overall system function N(z), should be the same as the zeros of the
denominator of the transfer function of the analysis filter. Thus, the zeros inside the unit
circle of N(z) have to be found first. For this, we see from equation (5.13) that one set

of the magnitudes of the filter coefficients should be initialized.
The design procedure, consequently, is listed below:
(1). Given z;, choose |[K/| 1 < i< N, and calculate N(z).

(2). Find the partial factor Ny(z) which has all the zeros inside the unit circle of N(z), in

fact, that is D(z).

(3). Calculate the filter coefficients K;'s from a partial fraction expansion of D(z) (in fact,

by assigning the zeros calculated in (2) as the zeros of D(z)).

(4). Chech if the ratio ‘II%JI- is a constant for all z. If so, we have obtained the K; for an all-
pass analysis/synthesis system. Qtherwise, repeat the procedure with the paramater

adjustment.

The formula for calculating K;’s is the same as equation (2.13). However, in (2.13),
the pole function I'(¢;) is taken by N zeros obtained in step (2). It is because the zeros
of Ni(z) are used to calculate K; in step (3) that the ratio of |K;| and |K}| should be a
constant for 1=1, 2, ..., N. So we may say that the design procedure is to find the proper
phase angles of the filter coefficients to ensure that the analysis filter bank has all the
poles just to cancel all the first Group of zeros of the whole analysis/synthesis system,

i.e., the zeros inside of the unit circle of N(z).

5.3 The Design Examples
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In this section, we illustrate the design procedure by presenting four different analy-

sis/synthesis reconstruction systems.

Example I: Design an uniform-bandwidth analysis/synthesis system. 20 filters are
uniformly spaced from 0.1 to 0.5 normalized frequency band and the center frequencies
are

f20 = 0.49, (5.29)

fi = fig1 —0.02, fori=1,2..19 (5.30)

The initial values of the filter coefficients | K| are chosen as a constant and the calculation
results show this is necessary since the bandwidths of all the filters are a constant. The

step two is very important, where we don’t care the zeros outside the unit circle but try

to find all the zeros of N(2) which are inside the unit circle. Maehly's method[109] is
applied to accomplish this.

If the P(z) is a N** order z polynomial, and P(z) has N zeros z; for i=1,2,...,N, then
one step of Maehly's procedure[109] which recursively calculates an estimate of the zeros
of P(z), taking an estimate zf into a new estimate m,’-""l of the i*# zero of P(z), can be

wzitten as

k1o ok P(zf)
T I By SY-1, k. 1
P'(zf) ~ P(z]) 2,‘=1($£ - z;)
) (5.31)
k
=z, — P": * - .
‘ p(:ﬂ - _;_—.%l(xf - 3’.1‘)“1
Now we have the objective function as equation (5.10) and therefore
N
d N(z2) zi |Ki? (z + 2)
"(2) = —/—2 = ) 5.32
N'(z) dz Z (z —z)3 (5-82)

=1

If the r™* zero of N(z) in the k** guess is z¥, then the (k + 1) guess zk+! may be

or:? or

calculated by

1
zokj'l = zk + Zf—l 1 N'(ng_l’ (5-33)

1=1 (2k —z0) ~ N(2k)
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where z,; is j** final zero of N(z) which has been found already before k% trying, i.e., in
above equation, we always have

J<r -1 (5.34)

It is very important to select the initial guess of the zeros properly. Otherwise the
routine will either diverge, or converge but with some zeros of the final zero set outside the
unit circle. Of course when it is convergent the speed of convergence is strongly related
to the initial guess also. For the uniform system, besides one zero at z = 0, all other N-1
zeros are initially near the unit circle at the phases which are the arithmetic average of

the phases of the two adjacent center frequencies.

The solutions for the zeros inside the unit circle and the final filter coefficients Ks
are shown in Table V.1 and Table V.2, where we can see that the magnitudes of K's are
constant and the phases of K's are inversely proportional to the center frequencies of the
filter banks. The magnitude frequency responses of the analysis or synthesis filter bank are
plotted in Fig.5.6. The phase and magnitude responses of the overall analysis/synthesis
system are plotted in Fig.5.7.

Example II: Design a third-octave bandwidth analysis/synthesis system with the num-
ber of the subbands N=16. Because the center frequencies of the filter banks are loga-

rithmically spaced as
fi = 055 (i-08) fori=1,2,..,N (5.35)

and the constant-Q filters are desired, the initial magnitudes of K;’s are taken propor-
tionally to the filter bandwidths. The initial guess of the zeros of N(z) are chosen in the
similar way above but the phase angles of the zeros are strongly deviated to the phase of
lower one of the two adjacent center frequencies. The calculation results of the zeros and
the gain coefficients are printed in Table V.3 and Table V.4, and the response curves are

plotted in Fig.5.8 ans Fig.5.9.



Table V.1 The zeros of N(z) for 20-filter uniform band bank.

Magnitude

0.8714891875
0.0000000000
0.8715651423
0.8717942336
0.8721788713
6.8727234122
0.8734342593
0.8743202135
0.8753927606
0.8766671538
0.8781631839
0.8799065972
0.8819317384
0.8842850099
0.8870309339
0.8902630643
0.8941237903
0.8988462989
0.9048542562
0.9130543293
0.5260861916

Angle

179.9999999991
0.0000000000
172.7890347110
165.5779964107
158.3668068740
151.1553905535
143.9436477061
136.7314731217
129.5187337709
122.3052683866
115.0908680343
107.8752526410
100.6580346331.
93.4386638105
86.2163104966
78.9896530551
71.7564400090
64.5124516880
57.2486657071
49.9415048913
42.5016379989

Table V.2 The filter coefficients of 20-filter uniform band bank.

Magnitude

0.0302627735
0.0302627895
0.0302627936
0.0302627880
0.0302627863
0.0302627835
0.0302627883
0.0302627978
0.0302627981
0.0302627960
0.0302627974
0.0302627920
0.0302627888
0.0302627924
0.0302627939
0.0302627941
0.0302627345
0.0302627947
0.0302627948
0.0302627950

Phase

0.7681354529
2.3110886325
3.8742586971
5.4719110978
7.1196524601
8.8350903452
10.6386752178
12.5549056306
14.6138468418
16.8534502551
19.323035434¢6
22.08851956398
25.24102156669
28.9115795062
33.29778537172
38.7167380415
45.7225548542
55.4142461402
70.4912058355
101.5543685800
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Magnitude response

0.1 Normalized frequency

Figure 5.6 Frequency response of 20-filter uniform band bank
( analysis filter bank or synthesis filter bank ).
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The Phase Response of Tha Overall Susten: nrg[T(z)]

Normalized frequency
0.1 0.5

1.0
The Magnitude Freguency Response of The Overall Susten

Figure 5.7 Phase and magnitude responses of uniform band
filter bank-based allpass system.
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Table V.3 The zeros of N(z) for 16-filter third-octave bank.

Magnitude Anqle
0.6286079520 180.0000000005
0.0000000000 0.0000000000
0.6947703526 136.8324063303
0.7495999863 106.7307348452
0.7985263443 83.7768785252
0.8397856355 65.971078544¢6
0.87354332717 52.053892%000
0.9006689017 41.1288383141
0.9222154969 32.5286507433
0.9392008085 25.7456503824
0.9525218002 20.3886454382
0.9629314086 16.1537898647
0.9710429455 12.8038900934
0.9773449572 10.1533447949
0.9822177397 8.0574314808
0.9859589108 6.4070546475
0.9891064072 5.1376974405

Table V.4 The filter coefficients of 16-filter third-octave bank.

Magnitude Phase
0.1070072981 ~2.2462456663
0.0849317489 -1.3538606305
0.0674103732 -0.5714146279
0.0535036488 0.2398064859
0.0424658746 1.1561234536
0.0337051870 2.2391405808
0.0267518250 L 3.5537920835
0.02123292388 ) 5.1773584521
0.0168525938 7.2078579132
0.0133759118 9.7756796106
0.0106164683 13.0634603226
0.0084262964 17.3447907370
0.0066879559 23.0707825948
0.0053082342 31.09968870082
0.0042131483 43.4976325219
0.003343%780 68.3671614248



Magnitude response

0.014 Normalized frequency
Figure 5.8 Frequency response of 16-filter third-octave bank

( analysis filter bank or synthesis filter bank ),
tpi \\\\\\
0.0

L\

The Phase Response of The Overal] Susten: ArglT(z)]

Normalized frequency

0.014 0.5

1.0
The Maanitude Frequancy Response of The Ovarall Sustes

Figure 5.9 Phase angd magnitude responses of third-octave
filter bank-based allpass system.
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Other two examples are a sixth-octave bandwidth system and a twelfth-octave band-
width system. The results are shown in Table V.5-V.8 and Fig.5.10-5.13. It is shown that
because of the nonlinearly spacing center frequencies and the bandwidths of the filters

the phase responses are not linear even though the perfect reconstructions in magnitude

are obtained.,

All the zero plots of N(2) in z-plan for four different examples above are shown in
Fig.5.14, where we can see that the higher the frequencies to which the zeros correspond,
the farther away from the unit circle the zeros, and the lower the frequencies the closer
to the unit circle. The changes of the radii of the zeros along the angles are depended
on the spacing of the frequencies. For example, for uniform filter bank, the change is not
obvious in high frequency, but for third-octave filter bank, the change is very large, from

0.6286 of the zero at the highest frequency to 0.9891 of the zero at the lowest frequency.
5.4 Discussions

First since the same FIFB filter bank structures are applied for the analysis/synthesis
system, the good sensitivity property is still retained for the analysis filter bank and for
the synthesis filter bank. The efficient adaptive realization structure may be used to
implement the analysis filter bank. Secondly, since the i** filter in the analysis bank has

the same magnitude response as the i** filter in the synthesis bank, we may have

N
SNl H P =1, (5.36)
=1
and therefore
Maz{| H; |} = 1, fori=1,2,...,N. (5.37)

This means these filter banks are maximum flat, i.e., all the filters obtain their responses
with the maximum unity value at their center frequencies. Thus these filter banks form

a useful basis for the windowing procedures described in previous chapter.
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Table V.5 The zeros of N(z) for 35-filter sixth-octave bank.

Magnitude

0.7746684101
0.0000000000
0.7943231371
0.8104544562
0.8274793403
0.8441990558
0.8600361895
0.8747359096
0.8882063322
0.9004427646
0.9114883823
0.9214121671
0.9302958710
0.9382260849
0.9452893791
0.9515693604
0.9571449620
0.9620895353
0.9664704645
0.9703491190
0.9737810196
0.9768161328
0.9794992386
0.9818703270
0.9839650042
0.9858148814
0.9874479386
0.9888888451
0.9901592226
0.9912778187
0.9922605389
0.9931202335
0.9938662127
0.9945053242
0.9950704552
0.9958787920

Angle

179.9999999987
0.0000000000
158.1545580404
14070170781108
124.1948916858
110.2628432005
97.9517826419
87.0527316776
77.3922228681
68.8222656582
61.2148840933
54.4585535724
48.4556101285
43.1202406928
38.3768611429
34.1587737097
30.4070368160
27.0695024746
24.,0999893918
21.4575680968
19.1059398676
17.0128950618
15,.1498392352
13.4913776035
12.0149499428
10.7005094981
9.530240563¢4
8.4883105363
7.5606537433
6.7347867916
5.9996609625
5.3455746820
4.7642314085
4.2492889294
3.7986784112
3.4149438852
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Table V.6 The filter coefficients of 35-filter sixth-octave bank.

Real part

0.0562245705
0.0500959244
0.0446329322
0.0397643996
0.0354259521
0.0315599489
0.0281149233
0.0250449646
0.0223091336
0.0198709314
0.0176378192
0.0157607891
0.0140339791
0.0124943293
0.0111212751
0.0098964721
0.0088035511
0.0078278983
0.0069564576
0.0061775540
0.0054807322
0.0048566101
0.0042967428
0.0037934933
0.0033399048
0.0029295674
0.0025564661
0.0022147882
0.0018986466
0.0016016262
0.0013159338
0.0010305592
0.0007265299
0.0003610894
-0.0002164958

Imaginary part

-0.0011068207
-0.0006474948
~-0.0003261358
-0.0000819720
0.0001116327
0.0002686181
0.0003977281
0.0005049983
0.0005948310
0.0006705517
0.00073473490
0.0007894056
0.0008361868
0.0008763870
0.0009110750
0.0009411314
0.0009672884
0.0009901602
0.0010102681
0.0010280595
0.0010439249
0.0010582111
0.0010712334
0.0010832869
0.0010946559
0.0011056240
0.0011164821
0.0011275334
0.0011390902
0.0011514423
0.0011647435
0.0011786180
0.0011906583
0.0011890202
0.0010856914
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Magnitude response

Normalized frequency

Figure 5.1¢ Frequgncy response of 35-filter sixth-octave bank
. ( analysis filter bank or synthesis filter bank ).

ARAANANAND
CRRRNANANAN

P
The Phase Response of The Overall System: AralT(z)]

Nermalized frequency
0.096 0.5

1.0
The Nagnitude Frequency Response of The Qverall Susten

Figure 5.11 Phase and magnitude responses of sixth-octave
filter bank-based allpass system.
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Table V.7 The zeros of N(z) for 60-fiiter twelfth-octave bank.

Magnitude

0.8685292054
0.0000000000
0.8739468912
0.8775543531
0.8820268674
0.8869477620
0.8320572173
0.8972060799
0.9023043342
0.907295285%5
0.9121372283
0.9168161597
0.9213146225
0.9256248752
0.9297435382
0.9336703625
0.9374073619
0.9409581834
0.9443276448
0.9475213870
0.9505456119
0.9534068817
0.9561119662
0.9586677232
0.9610810095
0.9633586102
0.9655071871
0.9675332384
0.9694430702
0.9712427757
0.972%382211

Angle

180.0000000005
0.0000000000
169.1047126564
159.2621979236
150.0934017081
141.4945126457
133.4116444331
125.8057344855
118.6443436192
111.8989076560
105.5435389197
99.5543365399
93.39093539306
88.5881043518
83.5714656657
78.8415510396
74.3816036128
70.1759073924
66.2097099426
62.4691539365
58.9412157892
55.61236500030
52.4749384051
49.5142434716
46.7213653303
44.0867019825
41.6012122975
39.2563817328
37.0441902816
34.9570826823
32.9879404939

Magnitude

0.9745350363
0.9760386108§
0.9774540916
0.9787863842
0.9800401562
0.9812198403
0.9823296418
0.9833735427
0.9843553100
0.9852785012
0.9861464723
0.9869623828
0.9877292026
0.9884497156
0.9891265238
0.9897620482
0.9903585263
0.9909180064
0.9914423336
0.9919331270
0.9923917418
0.9928192094
0.9932161545
0.9935827115
0.9939186070
0.9942242760
0.9945073231
0.9948125688
0.9953019554
0.9962441939

Angle

31.1300560332
29,3771080040
27.7231386171
26.1625322257
24.6899951974
23.3005371442
21.9894532131
20.7523075236
19.5849175925
18.4833397397
17.4438553724
16.4629581470
15.5373419257
14.6638895397
13.8396623550
13.0618905890
12.3279645398
11.6354267797
10.9819656010
10.3654102764
9.7837291399
9.2350327742
8.7175871686
8.2298482549
7.77065459681
7.3388880571
6.9350257565
6.5606222683
6.2159766151
5.8881952270
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Table V.8 The filter coefficients of 60-filter twelfth-octave bank.

Real part

0.0299652696
0.0282843446
0.0266966921
0.0251973875
0.0237815665
0.0224445138
0.0211817663
0.0199892913
0.0188637428
0.0178016724
0.0167985087
0.0158511218
0.0149564586
0.0141115746
0.0133136718
0.0125601011
0.0118483571
0.0111760716
0.0105410061
0.0099410449
0.0093741885
0.0088385465
0.0083323321
0.0078538555
0.0074015187
0.0069738100
0.0065692990
0.0061866314
0.0058245247
0.C054817634

Imaginary part

~0.0002428394
~0.0000464124
0.0001114880
0.0002442895
0.0003585049
0.0004578127
0.0005446027
0.0006205159
0.0006869423
0.0007462496
0.0007992311
0.0008463959
0.0008884627
0.0009260593
0.0009597231
0.0009899164
0.0010170390
0.0010414389
0.0010634193
0.0010832463
0.0011011534
0.0011173464
0.0011320072
0.0011452963
0.0011573563
0.0011683137
0.0012782810
0.0011873584
0.0011956351
0.0012031907

Real part

0.0051571950
0.0048497257
0.0045583161
0.0042819779
0.0040197693
0.0037707918
0.003534185s
0.0033091261
0.003094819¢
0.0028904358¢
0.0026954171
0.0025088451
0.0023300521
0.0021583502
0.0019929842
0.0018332210
0.0016782845
0.0015273466
0.0013795005
0.0012337241
0.0010888264
0.0009433675
0.0007955340
0.0006429368
0.0004822629
0.0003086370
0.0001143458
-0.0001140016
-0.0004026515
-0.0008044838

Imaginary part

0.0012100963
0.0012164152
0.0012222041
0.001227513¢0
0.0012323867
0.0012368644
0.0012409804
0.0012447644
0.0012482411
0.0012514304
0.0012543468
0.0012569990
0.0012593882
0.0012615072
0.0012633372
0.0012648445
0.0012659749
0.0012666451
0.0012667301
0.0012660433
0.0012643034
0.0012610810
0.0012557041
0.0012470854
0.0012333841
0.0012112859
0.0011742776
0.0011077620
0.0009709301
0.0005806007
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Magnitude response
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Figure 5.12 Frequency response of 60-filter twelfth-octave bank
( analysis filter bank or synthesis filter bank ).
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Figure 5.13 Phase and magnitude responses of twelfth-octave
filter bank-based allpass system.
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(a) 20-filter uniform band bank-based system; (b) 16-filter third-octave bank-based system;

(c) 35-filter sixth-octave bank-based system; (d) 60-twelfth-octave bank-based system;

Figure 5,14 The plots of the zeros of N(z) for four different
filter bank-based allpass systems.
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Finally,because there is a zero for D(z) at z = 0 (since N{(z) has a zero at z = ), we
have
I{ zz~
1+Zl_z' ]lzg=0, (5.38)
thus
Af
> K= 1, (5.39)
i=1

l.e., the summation of all the filter coefficients is unity. Consequently, we may derive the

relation
N
K; zz K;
1+Z = ;(1_ (5.40)
This means N p
e N 5 41
N K zz-! 4 ( ) )
1 + E!""l 1—-2, z"l)
Thus we may see that the filter bank with its :** transfer function as
— K
Hi(z) = (1-ziz”) (5.42)

N K 22—
1 + Zi:l tﬁ-?z.fws')-
has the sam¢ n.. gnitude frequency response as that with H;(z) and is an allpass filter

bank. This will be useful in some DSP processing systems.

5.5 Calculation of Imaging Rejection

In previous sections we have succeeded in designing the analysis and synthesis filter
banks to consist of an allpass system without changing sampling rate. In order to extend
the application of this system to the subband coding area, it is necessary to insert in
decimation and interpolation procedures between the analysis and synthesis filter banks.
This will distort the allpass property of the system. This section will evaluate the aliasing

and imaging distortion caused by downsampling and upsampling.
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The block diagram of the analysis/synthesis system with decimation and interpola-
tion is illustrated in figure 5.15, where R, an integer and smaller than or equal to N,
is the downsampling or upsampling rate. In the i** channel, the pure decimation and

interpolation procedures are described in frequency domain as
X)) = }: Xi(ef@= R, (5.43)

and then

2wk

X(e"")—l Gi(e) ZX(e’ o~2)) H, (eI 3)), (5.44)

Equation (5.43) is derived in chapter VI (see (6.7)). Thus the system frequency response
T(ej”), which in fact is the system output X (¢/“) with an impulse input, may be expressed

as

oo’ (w—22E)
i(e) D Hi(e™R))

k=0

b~
™=

T(e¥) ==

)

Gi(e?¥) Hi(e)

i
=l
.Mz

..
il
-

(5.45)

by
L

imk

H; (eJ("’__ )
1

m‘-n.
)
S—

Gi{

T
Fead

+
L ool
% IM)=

il

() + B(e™)

where
N

Ale??) = ;Z Gi(e’™) Hi(e™) (5.46)

=1

is the ideal response of the allpass system, and

E Gi(e™) Z Hy(e=") (5.47)

presents the aliasing and imaging distortions coursed by decimation and interpolation.

Usually B(e/*) is called “imaging rejection”.
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In Figure 5.16 the magnitude imaging rejections with sampling rate change as 2, 3,
4, and N(=16) for the third-octave filter bank in example 2 of section 5.3, are drawn.
We can see that the peak values of the distortions increase as the decimation rate R
increases. The smallest one for R = 2 is about 0.05244 or 25.6dB, and when R = N, the
system suffers the maximum of distortion as 0.10897 or 19.3dB. In comparison with the
sidelobes of the filters in the banks, these are small enough. However, for applications of
the systems, they still need to be reduced. This may be possible if the allpass system is
designed under the consideration of the circular windowing procedures between the two

filter banks and the decimation/interpolation step.

-——»TI—>I*R —-—+Rr-—l‘- G, ™

—» H, '-—*R —--412—"- G,

-

[ ] *

—» H; —»*R——»*R—P G [

] Hy —b—*R ——»*R—i"— GN‘J_’

Figure 5.15 The block diagram of analysis/synthesis system
with decimation and interpolation procedures.
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5.6 Summary

In this chapter, we propose the techniques for the design of the FIFB filter bank-
based analysis/synthesis system. The perfect reconstruction systems are achieved by the
design procedure, which depends on the overall structure built by a general FIFB analysis
filter bank and a special synihesis filter bank. By evaluating and calculating the imaging
rejection, we find that when the decimation and interpolation procedures are performed
after the analysis filter bank, the allpass system will suffer significant distortion because of
high sidelobes in the filter frequency responses of the filter banks. However the windowing
techniques may be applied to improve the system quality. Meanwhile these filter banks
form a useful basis for the windowing processing for the better quality filter banks, and

the useful single allpass filter bank results from the derivations.
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VI PERFECT RECONSTRUCTION ANALYSIS/SYNTHESIS SYSTEMS
BASED ON THE FIFB FILTER BANKS

6.1 Introduction

Analysis/synthesis systems are the systems that divide an input signal into frequency
bands in an analysis stage, and later create an output signal by merging the bands in a
synthesis stage. Systems of this type have been studied and used in many application
areas, including time-scale modification, speech enhancement, speech coding, and imaging
processing. Analysis/synthesis systems are of particular interest in the speech coding
area because the properties of aural perception are most appropriately exploited in the
frequency domain. In speech coding applications, the primary objective is to reduce the
bit rate while maintaining the perceived quality of the coding system. Since in frequency
domain coders, the bit rate is directly related to the number of frequency domain samples
per unit time, it is important to represent the output of each channel with the minimum
number of samples. Thus, the N subband signals after the analysis filter bank (N analysis
filters) are, first downsampled (or subsampled ) by a factor R, and then the decoded signals
at receiver are upsampled by the same factor before going the synthesis filters. The whole
system structure is shown in Fig.6.1. This kind of filter bank-based systems is usually

refered to as multirate filter bank systems.

In the last chapter, the design of FIFB filter banks for allpass analysis/synthesis
systems were studied without involving the sampling rate changing by decimation and
interpolation. The results show that the exact reconstruction of the magnitude frequency
response are obtained by the analysis and synthesis filter banks which have the similar
structures and magnitude responses. However these allpass analysis/synthesis systems are

largely limited in their applications due to the high sampling rate in all channels. In this
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chapter, we will put the effort into trying to extend the FIFB filter bank techniques to the
multirate FIFB filter bank analysis/synthesis systems. In other words, the systems with

the structure in Fig.6.1 where the filter banks are the FIFB filter banks, are explored.

We start out the discussion in section 6.2 with some introductions to the basic notions
and operations about multirate filter bank systems. Section 6.3 briefly reviews the matrix
theory of multirate filter banks or analysis/synthesis systems developed by Smith and
Barnwell[110] and Vetterli[78] at the same time. This matrix theory gives out the general
direction for finding the synthesis filter bank which corresponds to the analysis filter bank
and makes the whole system able to be an aliasing-free or perfect reconstruction system.
Section 6.4 derives in theory the synthesis filter banks based on the FIFB analysis filter
banks, where the matrix formulations are applied to produce more general forms of the
synthesis filter banks. The interesting results are achieved and the final synthesis filter
banks are FIR filter banks with zeros closely related to the poles and zeros of the analysis.
filter banks. Section 6.5 simulates the synthesis filter banks. The examples with uniformly
and logarithmically spaced channels and the computation results are discussed. Finally
section 6.6 summarizes the work described in this chapter. Note that in this chapter the
investigation of the multirate FIFB filter bank systems are based on the structure in the

speech subband coding application.

6.2 The Basic Notions and Operations of the Multirate Filter Banks

The two fundamental operations in multirate filter bank systems are downsampling
and upsampling, which are realized by the decimator and the interpolator shown in Fig.6.2
(a) and (b). We will only consider integer sampling rate changes in following, since rational
ones can be obtained by cascading integer ones[28]. A R-fold decimator takes an input

sequence z(n) and retains only samples that occur at times which are multiples of . The
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X1(z) Yi(2) Yi@m Xi(2 X, (2)
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Figure 6.1 The structure of the analysis/synthesis filter bank-based system.

X(z) Y(z) X(z) Y(2)
o—p R* — o——p R+ — 0
(a) Downsampler {(b) Upsampler

X(z) Y(2)
o——p R* s R’ ———0

(¢) A downsampler followed by an upsampler

X(z) Y(2)
G—-—-h-R*—l- H(z) ——an-—R+ o

(d) A filter placed between the downsampler and upsampler

Figure 6.2 The basic operations in multirate filter banks.
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input-output relation is therefore

y(n) = o(Rn). (6.1)

As shown in [27,33], the z transform relation is
1 R-1
— k_: ‘
Y(z) = = kéo X(W*hz=r) (6.2)

—327 .
where W = e~%". For frequency spectral interpretations, (6.2) may become with z = e/

as
R-1
. 1 {w—2rk
nwwﬁgmﬁrﬂ (6.3)
which shows that Y (e’*) is a sum of R uniformly shifted versions of an R-fold stretched

version of X (e/“). Fig.6.3(b) depicts this idea for R = 2. The original signal frequency
spectrum is plotted in Fig.6.3(a).

If the sampling rate is increased by an integer factor R as shown in Fig.6.2(b), the
input signal of the interpolator z(r) is filled in with R — 1 zero-valued samples between
each sample of z(n), giving the signal

_ J«(%), if n=multiple of R;
y(n) = {0, otherwise. (6.4)

In the transform domain this is equivalent to

Y{z) = X(2F)
. : 6.5
Y(e#) = X (4R, (65)
As illustrated by the spectral interpretation in Fig.6.3(c), Y (&%) is merely a compressed

version of X(e/) but with the period 2%.

If a decimator is followed by an interpolator as in Fig.6.2(c), the input-output rela- -
tionship as well as the transformed forms are

_ J z(n), n=multiple of R; 6.6
y(n) = {0, otherwise. (6:6)
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Figure 6.3 Frequency-domain illustration of the sampling rate change,
where X(eJ®) is the spectrum of the input singal x(n) for all the three
cases: (b) a decimator(R=2); (c) an interpolator(R=2); (d) a decimator(R=2)
followed by an interpolator(R=2). Nete that ® is the radian frequency.
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and

Y(z) = -1% X(Wkz)
k=

o
- O

2nk

Y (&™) m% X (/@3
k=0

And the overall effect is as illustrated in Fig.6.3(d), where we can see that there are

multiple copies of the input spectrum X (e’ “), and successive copies can possibly overlap

to produce the aliasing distortions.

If filtering is placed between the decimator and the interpolator as shown in Fig.6.2(d),

the time domain input-output relation will be

y(n) = { D he—co T(k)A(% — k), n=multiple of R; (6.8)

0, otherwise.

which is not easy to interpret, but the transformed forms(see below equation (6.9) ) are

obvious that the filter appears simply as a multiplicative factor with R*® power of z,

1 R-1
Y(z) = EH(ZR) > X (wkz)
k=0

(6.9)
. 1 . R-1 - 2nk
Y(e) = SH(R) Y x (/=)
R
k=0

In all practical systems based on multirate filter bank analysis/synthesis techniques,
there are two types of distortion{110). One type of distortion is processing distortion
which is introduced by processing performed on the analysis filter outputs and caused by
the finite-word-length effects. Processing distortion is usually related to such character-
istics as the number and center frequencies of the filter bank channels, the quality of the
frequency resolution, the system processing delay, and the system complexity. The second

type of distortion is intrinsic distortion, including all those distortions which would be
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present in the absence of any processing of the analysis output and any finite-wordlength-
effects. The intrinsic distortions may be divided three different types of distortion[110]):
interband aliasing distortion; short-time frequency (magnitude) distortion; and short-time
phase distortion. In speech coding, interband aliasing is relatively easy to perceive, while
moderate amounts of phase distortion and small amounts of magnitude distortion may be
virtually imperceivable. The interband aliasing distortions are produced by the decima-
tors and the interpolator, however the proper design of the analysis and synthesis filter
banks may help to reduce the distortions, to cancel the aliasing distortions, and even
completely to cancel all intrinsic distortions. This is the topic of this chapter but based

on the FIFB filter bank techniques.

There are numerous methods {61 ,26,24,69,62}, which have been proposed to attempt
to design the analysis/synthesis systems to represent the input signal by a finite number
of minimally-sampled frequency channels and minimize the distortion between the input
and the output signals. Studying all different design methods and techniques, Smith and
Barnwell[110] and Vetterli[78], almost at the same time, have derived similar unifying
matrix theories for the design and analysis of multirate filter bank systems. In the next

section the general matrix framework will be reviewed briefly.

6.3 The Matrix Formulation of Multirate Filter Bank Systems

The matrix theories founded by Smith and Barnwell and Vertteli individually are
basically the same. However, Vertteli developed a more general matrix formulation for
the application to speech coding as well as transmultiplexing with the inclusion of the
polyphase and modulation representation of periodically time-varying linear systems (note
that downsampling units are linear time-varying elements). Smith and Barnwell mainly

focus on the application of speech coding, and simply introduced the matrix concepts and
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then derived a general theory The core of the matrix theory is a matrix in transform
domain, which expresses the input signal and frequency shifted versions of the input
signal after the analysis filter bank. Smith and Barnwell call this matrix as aliasing
component matrix or AC-matrix, while Vertteli calls his matrix, a transition form of
AC-matrix, modulated filter matrix, since all the elements except for first line are the
modulated version of the analysis filters. In following parts of this section, we introduce
the AC-matrix and the matrix formulations with using Smith and Barnwell’s notions
and notations. This is a preparation for the development of FIFB perfect reconstruction

analysis/synthesis systems in the rest of this chapter.

For the general multirate filter bank system shown in F ig.6.1, if the coding and trans-
mission are ideal, the output X (2) may be expressed as

-1 N

X(z) = % S5 Hu(WTz) X(W2) G(2) (6.10)

r=0 k=1

—jer

where W = ¢™2", If an input vector x, and a synthesis filter vector g are defined as
x = [X(2), X(Wz), X(W?), .. , X(WE-1) T (6.11)

and

g = [Gi(2), Ga(2), Ga(2), ... ,Gn(2) |7, (6.12)
then the system equation (6.10) may be written as a matrix form

L
7 8

X(z) =

TMT ., (6.13)

The matrix M is the R-by-N AC-matrix defined as

H;(z) Hz(z) HN(Z)

Hj(W2) Hy(Wz) ... Hy(Wz) (6.14)

Hy(WR) Hy(WE1z) ... Hy(WE12)
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The basic question to be explored is: Given an analysis filter bank, how should one choose
the synthesis filter bank g to result in a system that meets the requirements for system
performance. Since aliasing degrades performance, it is desirable to explicitly remove its
presence from the output. The first row of AC-matrix represents the transfer functions
of the analysis filiers, while the elements in the other rows correspond to the aliasing
terms in the reconstruction equation (6.13). Thus, it is easy to see the system properties

i equation (6.13) is rewritten as

X(z) = =bl'x (6.15)

1
R
of course, with the vector b as

b = Mg =[b;, by, (6.16)

where by and bz are 1 by 1 and (R —1) by 1 vectors, respectively. The vector b is called
distortion vector since all the elements of by express the aliasing components of the system.
Note that if without any DSP processing between the decimation and interpolation, the
effect of bz on the system is just the imaging rejection which is expressed by B(e’) in the
last chapter (see (5.47)). Now the fundamental properties of the analysis reconstruction

system may be easily stated using above relation (6.15).

i) Aliasing-free output is achieved if
b =[RF(2),0,0,..,07 (6.17)

where F'(z) is an arbitrary transmission filter of the whole system.

i) Perfect reconstruction is obtained if
b=[Rz*%00 .07 (6.18)

where 27% is an arbitrary delay of the whole system with integer k.
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From the point view of number of the equations R (or the rate ratio) and the number
of unknowns N (or the number of filters in the analysis bank), there are two different
classes of realizable systems. Firstly, when R is less then N , the system generates more
frequency domain samples than time domain samples and therefore is inefficient in terms
of its representation. However we have more freedom to find the desirable synthesis filters
from the known analysis filters. Secondly, when R is equal to N, the system is called a
maximally decimated system since the number of the samples in the frequency-domain is
exactly equal to the number of samples in the time-domain input. This type of system
is efficient, and therefore attractive. In this case, the AC-matrix is square and thus,
when given the analysis filters, the synthesis filter bank is solely determined by following

equation;

g = M1h. (6.19)

Since the bottom (N — 1) elements of b are zero for both aliasing-free and perfect recon-
struction cases', the synthesis filter bank solutions for aliasing-free or perfect reconstruc-
tion, are easily obtained by first, multiplying the first column of the adjoint matrix of M
and the gain N by the F(2) or z7*, and then dividing the product by the determinant
of Mt. However, we must remember the stability of the synthesis filter bank is not guar-
anteed by the general procedure above, since the determinant of M may introduce poles
outside the unit circle. For the FIFB analysis filter banks given, the question whether
or not there exist a corresponding stable synthesis filter bank for aliasing-free or perfect

reconstruction, will be studied in the next two sections.

6.4 Derivation of Perfect Reconstruction FIFB Multirate Filter Banks

t For the case in which N is greater than R, and thus the matrix M is not a square matrix, the singular-value decomposition
technique may be applied to obtain its generalized inverse matrix M*.
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For a general FIFB analysis filter bank, the #** filter has the transfer function:

Kz z7!

. _ Juz=1z; —
Hs(z) = 1+ ZJ\LI {(;_21;1 D(Z), (6.20)

where z; = e/ = &/2*/i_ and f; is the center frequency of #** filter in the bank.

The AC-matrix M here for the minimized sampling rate case, i.e., N = R, is

Ky Pt Kzzzx_l Ke[zmz_'l
( 1-:~1g 1-z=1sg 1-z—izy
D(z) D(z) o D(z)
Kyzpz~iw~—1 Kozax—tw—1 KM:M;_IW_I
1—z—1z, W—1 1—z—lg, W1 1—z=1zpyw—1
M = D(zW) DW) e D(zW) (6.21)
Kpzpe™ W_N"H Kg:gz_.! w-N+1 ' Kyz z':1 w—N+1
1—z=1lgy Ww—N+1 1—z=lzow—N+1 1—2= Tz W=NH1
\ D(zW¥-1) D(zWN-1) tt DWF-T)

The key procedure to obtain the desired synthesis filter bank g is to find the inverse of
the AC-matrix. It is because of the frequency interpolation structure of FIFB filter bank
that the AC-matrix M in (6.21) displays many regularities. The AC-matrix thus may

easily factored into the product of three matrices as

M = D(z) C(z) K (6.22)
with -1
om0
0o LA 0
D(z) = bewy (6.22a)
—lur—N
0 0 .. H¥
1 S S 1
1—z-Tz, 1—z-1z, i 1-z=tzy
_11 - —11 =1 e __.1..!-__:1_
C(z) — 1-z .Z]W 1-z ‘ZQW . 1—z TNW (6.225)
l-z—’lew-m 1--::—1z:i"l/’:l"""1 Te W
and
Kz 0 - 0
e [0 ma oo 2t

0 0 ... Kyzy
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We can see that the matrices D(z) and K are diagonal matrices whose inverses are im-

mediate. For the inverse of M matrix, we have the relation
M~ = K™ C7l{(2) D7(2) (6.23)

and thus, whether or not the inverse of the AC-matrix exists is equivalent to whether or

not the inverse of the C(z) exists.

Examining the C(z) matrix, we may find that: 1) The elements in first row are the
first order IIR filters with the poles z;, the same as corresponding zeros in the analysis filter
bank; 2) The element in all other rows are frequency-shifted version of the filters in the
same column of the first row, shifted by normalized frequency i'_;v!l (¢ means i** row); 3)

All the elements have the similar form of fl_ia—) with a general complex a = z;W~{(i=1);~1,

Since the sum of first NV terms of the complex series a” (for r=1, 2, ...) with @ # 1 is

N-1 __N
Y=L (6.24)
l—a
r=0Q
we have the relation
N-1
L L= @ (6.25)

-1

Considering the complex a = zJ'W‘(""ljz in equation (6.25) and applying WHNG-1) =

we have

1 L+ (W U021y 4 (W60 1)2 4 L 4 (W (-0

1= W01 1—zNz-F

(6.26)
Thus, the matrix C(z) in (6.22) may be divided into the product of four new N-by-NV

submatrices as

C(z) = W* C,(z) Cy Cy(2) (6.27)
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where * means complex conjugation and the four submatrices are

11 1 1
1 w-l w-? .. Wwi¥
W=|1 w2 w-t L WM (6.28)
1 Wi p-R) -
1 0 0
0 z7! ... 0
Cuz) = | . °. 1 T |, (6.29)
0 0 2 i
2(1: 2(21] ng Zu 2z ZIN
z 2 ver 2 Loy 2 ven 2o
Cv = :l :2 .. N = :“1 :22 .. 2:\’ ] (6.30)
=t 21 v ZN1 ZN2 ZNN
and ]
ey 0
0 =Hmyp oo 0
Cy(z) = _ e _ : (6.31)
: : :
0 0 m

respectively. The matrices C,(z) and Cq(z) are simple diagonal matrices and so their
inverses are easy to find. The matrix W is the DFT matrix. The matrix Cy consists
of different powers of the zeros of the analysis filter bank, in fact, a very famous matrix,
a Vandermonde matrix. The inverse of the matrix W* is the complex conjugate of the

inverse of the DFT matrix. Thus

1 1 1 1
1 wtl W2 ... WAl
W= Wl = }IV 1 w2 owH L WA
i va-1 Wz(}\'—l) W(A-f—l)z (6.32)
1
=5 W.

Based on the knowledge about the Vandermonde matrix[109), if the z; are not the same

for i = 1,2,..., N (this is true for our analysis filter bank), the inverse of the Cy exists
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Zu Zn ... Zpy
- 1 Zia Zx» ... Zno
C 1 = = +
VTR s (6.33)
ZiN Zan ZNN

where _Z-J-,' is the cofactor of the element Z;; of the matrix C,, |Cy| is the determinant of

the Cy , and
ICvl = ] (zi—2) (6.34)

1<j<isN
for all pair of number (7,7} (1 <j<i < N).
Now examine the inverse of the matrix M(z). Substituting equation (6.27) in (6.23)
and considering the submatrices (6.28-6.31), the inverse of M(z) may be written as

M~ = K™ Ca7Hz) €7t C7Yz) W DTY(p) (6.35)

Focusing on equation (6.19) and applying b as equation (6.18) for perfect reconstruction

with R = N in the case, some manipulation will lead to

Gy(2) I )
Gz.(z) _ |7 (1;;.-:}(;2 L) H.‘=1,f¢2(z = %) (6.36)
Gn(z) "‘“(glN Z"';zz) D(:) 1Y%z
where the coefficients g;’s are
N
g = JI G-=) forj=1,2,...N (6.37)
i=1,i#;

D(z) is the denominator of the filter transfer function of FIFB banks (see equation (6.20)
), 2;’s are the zeros of the analysis filter bank, and K’s are the analysis filter coefficients.
Equation (6.36) is the final synthesis filter bank for the perfect reconstruction. Changing
the factor 2% into F(z) in all the elements of the right side of (6.36) will give the synthesis

filter bank for aliasing-free analysis reconstruction system.
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In (6.36), if the number k of the delay samples is V and after more manipulations,

the j** synthesis filter is changed as

1 ~Ny
Gi(z —-z z D(z — zz
()= sl )._lr.{e,l
1 =y X K. zz (6.38)
- (=4te) L(..l}“*z'z ) [+ 525
= Q4(z) Pn(2)

where the first factor
1 (1-2M%)

Qj(z) =
i(2) 9;K;z; (1—23 -1) (630
_ 1 1, .2.-2 N—i_~(N-1) )
_ngjzj(l—}—zJ-z ST O A )

which is a (N — 1)* order polynomial of 2=! and consequently is a FIR filter with (N —1)

zeros on the unit circle. The second factor in (6.38) is

i Kz 271
Py(z) = H(l—zq 1+Zl_”_1
: i==1 T
N-1
= H(l - )+ Kz H 1 -2z )+ ..+ Kyay [[(1-2i27Y)  (6.40)
i=1 =2 1=1

where the P; for i = 1,2, ..., N are all the poles of the analysis filter bank, since Py(z) is
just the numerator of the denominator of the filter transfer function in the analysis filter
bank. Py(z) is obviously a FIR filter too, and is a common factor for all the channels in
the synthesis bank. This makes sense for reducing the computation when implemented.
From the filtering structure point of view, Py(z) may be thought as a post-filter following

a pre-synthesis bank with filters Q;(z) for 7 = 1,2, ... , N, and the realization structure

is shown in Fig.6.4.
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In conclusion to this section, perfect reconstruction FIFB analysis /synthesis systems
are derived according to AC-matrix theory, The theory shows that for given any FIFB
analysis filter bank (uniformly or logarithmically spaced), there exist a corresponding
synthesis filter bank for perfect reconstruction system. These synthesis filter banks are
FIR filter banks with (2N — 1)** order FIR filters for a N channel system. The delay of
the whole system is N sample periods. The special feature of this perfect reconstruction
filter bank system, consisting of (6.20) and (6.38}, is that both analysis bank and synthesis

bank are computationally efficient to implement and are given by closed forms.

X'1(2)
O Q2

X'2(z)

Q@ X(z)
PN(Z) —f—0

N(Z)
—» Q@

Figure 6.4 The structure of the FIR synthesis filter bank.
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Figure 6.5 Frequency responses of a 16-filter uniform band analysis bank.
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Magnitude response

0 Nermalized frequency

(a) Response of sub-filter bank Q(z), A =0.85;
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(b) Response of post-filter Py{(2), A=0.85;

Figure 6.6 Frequency responses of sub-filter banks and past-filters
in the uniform band filter banks.
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6.5 Calculation Results

We will illustrate the calculation results of perfect reconstruction analysis/synthesis
systems proposed in the previous sections, by several linear and non-linear spacing fre-
quency multirate filter banks in this section. The design of the FIFB analysis filter banks
is the same as that given in chapter IL Filter coefficients K; are decided by specifying all
the poles of the filter bank, where the pole optimization for maximally flat filter banks

may be considered.

Example [: Design an uniform-band analysis/synthesis system with perfect recon-
struction property, where the number of the channels are 16. The K; (see Table VI1.1) are
calculated according to {2.13) and the pole angles are optimized by (2.42) with different
forgetting factors (A = 0.85 or 0.75). The magnitude frequency responses for the analysis
filter banks are plotted in Fig.6.5. For the synthesis filter banks, the FIR sub-filter Q;(z)
and Py(z) are separately simulated based on the zero z;, the pole P;, and the coefficient
K, and the response curves are given in Fig.6.6, respectively. The responses of final FIR
filters G;(z) in synthesis banks are shown in Fig.6.7. The results shows that the synthesis
filter banks have similar frequency responses to the analysis filter banks, but the different
A leads to the different tradeoffs between the filter passband and stopband. It is clear
that better passband of the synthesis bank is obtained at the cost of poor passband of

the analysis bank.

Example II: Design the same uniform-band perfect reconstruction system with the
forgetting factor A = 0.0, i.e., all the poles of the analysis filter bank are forced to be
at the origin. This structure implies that first, the system is FIR system, since both the
analysis and synthesis banks are FIR filter banks. Secondly, the common postfilter Py(z)
is disappeared from the synthesis filter bank and thus we get a pare of STFT (short time
fourier transform) and ISTFT (inverse of STFT). The 16-filter magnitude responses of
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this kind of analysis and synthesis filter banks are shown in Fig.6.8, where both banks

are the same each other from the response point of view.

Example III: Design a third-octave band perfect reconstruction system wiith the 16
channels. The center frequencies of the analysis bank are chosen according to (5.35) and
the pole function is the same as that in chapter II (see equation (2.25) ). The difference
between this system from the systems in the examples above is not only in aspect of the
nonuniform-band spacing, but also here all the filters in the banks do not cover the whole
half band. Consequently this multirate filter bank is not minimally sampled {requency
case, even though we have R = N. The simulation results are shown in Fig.6.9 and
fig.6.10. Fig.6.9 illustrates the magnitude responses of the analysis filter bank. But for
clarity, the filter responses of the synthesis bank are separately plotted in Fig.6.10 one
by one. These synthesis filter responses make us disappointed due to the poor filtering
quality. Thus even though the perfect reconstruction, the short system delay, and stable
FIR synthesis filter banks are obtained, we don’t think this is a good way for the design

of the nonuniform-band analysis reconstruction systems.
6.6 Summary

In this chapter, we present the perfect reconstruction analysis /synthesis systems based
on the FIFB filter bank techniques. Some notion and basic operations of the multirate
filter banks are reviewed first, and then based on the introduction of the AC-matrix theory
in transform domain for perfect or aliasing-free reconstruction, the design techniques
for perfect reconstruction FIFB systems are derived. General speaking, from the FIFB
analysis bank with N FIFB IIR filters, the N FIR filters, constructing the synthesis
bank, are easily achieved. The design procedure of a whole perfect reconstruction system

is: 1) Decide the channel specification, i.e., the center frequencies of the filters. This
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defines the zeros of the analysis filter bank, z;. 2) Choose the poles of the analysis
filter bank, F;, and optimize pole position for maximally flat frequency response. 3)
Calculate the filter coefficients K; to realize the analysis filter bank (see equation (6.20)
and Fig.6.1). 4) Determine g; and then FIR filter coefficients to implement the synthesis
filter bank (see equation (6.39)-(6.40) and Fig.6.4). Several examples are designed and

the simulation results show that this technique works for uniform-band systems but not

good for nonuniform-band case.

g\mm/mmmmmmmm@@m@ﬂ

Normalized frequency

(2} FIR analysis filter bank;

Figure 6.8 Frequelcy responses of perfect reconstruction analysis/synthesis
filter banks with all-poles at the origin.
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0 Normalized frequency 1.0

(b) FIR synthesis filter bank;

Figure 6.8 Frequency responses of perfect reconstruction analysis/synthesis
filter banks with all-poles at the origin.

0 Normalized frequency 1.0

Figure 6.9 Frequency responses of the analysis filter bank in a third-octave
analysis/synthesis perfect reconstruction system.
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VII CONCLUSIONS AND
SUGGESTIONS FOR FUTURE RESEARCH

7.1 Conclusions

In this thesis, we presented the design, performance analysis, and implementation of
the digital filter banks, in which the filter center-frequencies may be arbitrarily spaced
and the filter bandwidths may selected nonuniformly. The frequency interpolation filter
bank(FIFB) was introduced at first based on the adaptive filtering structure. Then the
digital resonator-based filter bank(RBF) has been proposed based on the purely-imaginary
elemental resonator on the unit circle. These filter banks are efficient in computation and
implementation, and have good frequency responses with the arbitrary center-frequency
spacing. Equivalent frequency-domain windowing techniques have been studied for the
improvement of filter bank stopband and passband performance. Finally, the FIFB filter
bank techniques proposed in this thesis are successfully extended to the field of allpass
and perfect reconstruction analysis/synthesis systems. This widens the area of the FIFB

filter bank applications.

In chapter II, the frequency interpolation filter banks have been introduced. Different
adaptive algorithms, such as, LMS, normalized LMS, and RLS, are applied to the design
of the filter banks. A good approach found is to put the poles with the same angles to the
corresponding zeros but closer to the unit circle for lower frequencies for more constant-Q
filters and the design procedure and examples were shown. Different possibilities for the
implementation of the filter banks are considered and the H-formulation implementation
obtains the highest operation speed (a 16-filter third-octave filter bank can be realized

on TMS320C25 under the real-time processing with the maximum sampling frequency as
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12.8kHz). The filter function sensitivity of the FIFB filter banks are derived and finite-
word-length effects are studied. The numerical results show that coefficient quantization
effects and filter bank output noise powers caused by fixed-point arithmetic rounding
may be readily predicted when implemented with general finite-word-length DSP pro-
cessors. In order to overcome the non-flat peak of the filter bank frequency responses,
maximally-flat FIFB filter banks are studied and new design procedure is presented with

the application of the pole optimization.

A new frequency interpolation filter bank has been proposed in chapter Il based on
the digital lossless resonators as the basic units of the filter bank structure. The RFB
filter bank retains the characteristics as the FIFB bank, such as good sensitivity and high
efficiency in commutation and implementation, but the frequency response is improved.
With these new techniques, our attention has focused on the study of the design of
logarithmic filter banks, i.e., filter banks with center frequencies spaced logarithmically.
The design procedure is derived and a variety of zero-pole structures are examined. The
results show that better frequency responses are achieved with the zero-pole structure (2)
and (3) in figure 3.3. The filter banks with very high orders are explored and the exact
constant-Q filter bank would be obtained with the constant ratio: K,/f, = 0.057776 if the
bank has an infinite number of filters, Even though the infinite filter bank is impossible
in practice, but because the serious changes in filter @ value only occur near one end of
frequency band for the filter bank with finite filters, good crossover gain filter banks may

still designed (see the typical frequency responses).

Windowing techniques are presented to suppress the appreciable sidelobes and to
improve the passband performance of the filter banks in chapter IV. Considering the
purely imaginary resonators on the unit circle of the z-plane in the RFB filter banks,

the symmetrical real windows with different widths are studied. The linear programming
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problem is formulated in two ways: constraining only the stopband, and constraining
both the stopband and the passband. This permits the direct application of the simplex
algorithm. The calculated results show that the performance of RFB filter banks is
improved significantly by the optimal windows. The three-weight windows may reduce
the highest sidelobe of the hanks from -13.5 dB to -42.3 dB, the five-weight windows may
reduce the highést sidelobes to -53 dB and the eight-weight windows can produce the final
filter bank with highest sidelobes low to -80 dB, i.e., 66 dB improvement is achieved. With
the reduction of the highest sidelobes, the relative transition bandwidths are reduced and
the passband performance is improved. The interesting thing is that the selection of the
windows may be used to control the :rossover gains of the filter banks. For example, we
may obtain a 3 dB bandwidth bank or a 6 dB bandwidth bank from the same mother

filler bank by using different windows and different window arrangements.

Another contribution of this thesis research is that the FIFB filter bank techniques
are applied to design and realize single-rate filter bank-based allpass analysis/synthesis
systems or multirate perfect reconstruction filter bank systems. This extends the FIFB
filter bank technique itself and widens the application area of these filter banks. The
allpass system is considered in chapter V, which consists of an analysis filter bank and a
synthesis filter bank. The analysis bank is a general FIFB bank with an arbitrary spacing
of the filter frequencies and bandwidths, and the synthesis filter bank is derived based on
the allpass requirement. The key in the system design is to find all the poles of the analysis
filter bank, which just cancel all the zeros outside the unit circle of N (z), the numerator of
the transfer function of the system. The calculation examples have successfully shown the
following design procedure: (1) Given z, initialize | K] for i=1,2,...N, and calculate N(z).
(2) Find the partial factor Nj(z) which has all the zeros inside the unit circle of N{z),
in fact, that is D(z), the denomirator of filter banks. (3) Calculate the filter coefficients

K from a partial fraction expansion of D(z). By evaluating and calculating the imaging
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rejection, we find that when the decimation and interpolation procedures are performed
after the analysis filter bank, the allpass system will suffer some distortions because of
high sidelobes in the filter frequency responses. However the windowing techniques may

be applied to improve the system quality.

The multirate FIFB filter bank-based perfect reconstruction analysis/synthesis sys-
tems are presented in chapter VI. Based on the introduction of the AC-matrix theory
in transform domain for perfect or aliasing-free reconstruction, the design techniques for
perfect reconstruction FIFB systems are derived., General speaking, from the FIFB anal-
ysis bank with N FIFB IIR filters, the N (24 — 1)** order FIR filters, constructing the
synthesis bank, are easily achieved for perfect reconstruction. Both the analysis bank
and synthesis bank are computationally efficient to implement and are given by closed
forms. The design procedure of a whole perfect reconstruction system is: (1) Decide the
channel specification, i.e., the center frequencies of the filters. This defines the zeros of the
analysis filter bank, z. (2) Choose the poles of the analysis filter bank, F;, and optimize
pole position for maximally-flat frequency response. (3) Calculate the filter coefficients
K to realize the analysis filter bank. (4) Determine g; and then FIR filter coefficients to
implement the synthesis filter bank. Calculation results show that this technique works

well for uniform-band system but not well for the nonuniform-band case.
7.2 Suggestions for Future Research

The non-uniform band digital filter banks are still attracting the attention of many
researchers in the world. The research work done for this thesis has produced unsolved

problems and research directions. Some of them are:

1. In chapter VI, even though maximally decimated perfect reconstruction analy-

sis/synthesis multirate bank-based systems are achieved, the filter responses in the syn-
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thesis banks, with logarithmically spacing center frequencies, is too bad for the systems to
be useful. This is because of nonuniform filter bandwidths but the equal integer sampling
changing rate R in filter banks. It would be interesting to study the unequal integer rate
£ for different bandwidth filters and to study the case of the fractional sampling changing

rates for the FIFB multirate filter banks.

2.  In chapter V, the FIFB bank-based allpass analysis/synthesis systems are ob-
tained without sampling rate changing. The significant imaging rejections result if deci-
mation and interpolation are included. There may be a practical way to design multirate
FIFB filter bank-based analysis/synthesis systems using the design techniques in chapter

V using the windowing procedures.

3. To extend one-dimensional FIFB filter bank techniques to two-dimensional
case, to relate the FIFB filter banks to the wavelet theory, to explore the relationship
between the filter banks considered in the thesis to the analog Cauer filters, and to study
the application of the FIFB filter banks presented to different practical systems, are all

interesting and worthwhile for future research.
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| APPENDIX-A:
SOME OPTIMAL POLE CALCULATION RESULTS

Optimal poles when N=2:

l!liIliifillll!i!ilIlilillillililiilI!Illillilii!illiilf!!iillIllllllI!illllllillIllillll!lllllllliil!lllllllllllllllllllllllilll
FILTER BANK (BRDER=2)
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! ORIEINAL #DLE FOSITICNG: FHIBAE OFT3rac PALE FOSITICNS: PRI TEE RABLD 7 THE FILTEFS: TeHPol71/2
1 2. 009600006601 27E-0001 20001 6284B22502E-0001 9, 7963005957226 28 - ok,
Z 2, 20C00000609552E-0001 2,:3233735639205 - 000} 9, 7705055748 24 54E 0G0
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Oprimal poles when N=3;

P I G O R IS5 L IO 6 € e e A H LR e RS 08 58004
FILIZR BANK (0RDER=1)

LANEDAs= 0, 75000

C1GARA: =0, 00000001
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FILTER BANK (GRDER=3)
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Optimal poles when N=4:
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FILTER BANK (ORDER=4)

LANBDA:=  0,90000

C13AMA: =0, 00000001 '
] ORISINAL POLE POSITIONS: PHIBAI OPTIMAL POLE POSITICNS: PHII THE RADIT o THE FILTERS: TENPOLI)/2

! 2, 000000000031 37E-6901 2.06346773796276E-0001 9.586614£1413085E 200}
: 2. 20000000004033E- 0901 2.202159640331 34E-0001 »S4B36074542072E-5001
3 2, 40000066000048E-3001 2.40365626834905E-0001 9.50610435303871E-0001
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Optimal poles when N=33:

muuinnmlmnuummnuumumnmn|nmnmmmmnunumuuunnmuunmnmmnmnnnu:n
FILTER BANK (DRDER=33)
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LIEAMAL=0, 00000001
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Optimal poles when N=33 ( cont. ):
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APPENDIX-B:
THE PROOF OF PURELY REAL NUMBER G

From equations (3.5) and (3.10) or (3.13), and noting that on the unit circle

2(z) = Z )—ZK(””’" (B-1)

e (z—pr)

is a purely imaginary number, we know that the term

¢ Mrei(z—a0)

B -2)
j7 (
Hr:l(z - pT)
is purely imaginury too. However, since
i _ gi _ ej(w—zfﬁr) _ ej(ﬁrz-W)
Var V2
(B-3)
= 2j sin(2=9r)
2
and
Eo [P gt ez
Pr Z
(B —4)
= 2j sin(w_wr)
J 2 )
we have N
> 2 . qr.
. (2 - g) o j q(\/q—r \/j)
N N N
[Tr=i(z—pr) | zpr(\/pzr— \/g) (B —5)
N - N
=G H 132”,(—'2“2" ej(‘ibr'“wr).

L N

HN p Sin(45Es

Since the middle factor in the final expression of (B-5) is purely real and the last factor

1

T

1l

is a complex, thus the parameter G must be a complex for the purely imaginary product.
But for all the four different pole-zero structures discussed in the chapter III, the last

factor is a purely imaginary number, and therefore @ is real.
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APPENDIX-C:
THE DERIVATION OF EQUATION (3.24)

From (3.6) and (3.13), we have

K. (z+pi) Ki(z+p:)
Hi(z) = {zmpd) = (z=ps)
L+ T GG g )
H, ,( -p;)
and when z = ¢,
- @i + pi
Hi(z)| = |K; .
) = IR
If we assume that firstly
K; = K;G,

where K7 is calculated at G = 1, and secondly
—20Log|Hi(z)| = M
Thus at z=¢q; and i =1
20Loglk;GHTPL| = _pq.
q1 — pI
Since G is real and positive, we can easily obtain

llfﬂ

10"'_
Krqr+pr .|

(C-1)
(C-2)
(C-3)
(C—-3)
(C—4)
(C=5)

We have supposed that g is the frequency at I** crosspoint of filter bank frequency

responses. This is true for big size RFB filter banks.
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APPENDIX-D:
THE PURELY IMAGINARY RESONATORS MAKE THE
COMPLEX WINDOWS OF NO VALUE COMPARED TO THE REAL ONES

From equation {3.3) in chapter III we know that on the unit circle the i** resonator

or the numerator of the :** filter in the mother filter bank is

. jo o i
Zi(e) = K& LE

el — elw’

(D-1)
It is easy to show Z;(e’“) is purely imaginary with the real and positive Kalman gains
K;. Expressing e/ as {cosw + Jstnw), we have

e 4 ¥ _ (cosw; + cosw) + j(sinw; + sinw)
e —el® " (cosw; — cosw) + j(sinw; — sinw)’

(D-2)

Transferring the denominator of the equation (D-2) into real by multiplying the denomi-
nator and numerator by (cosw; — cosw) — j(sinw; — sinw) leads to the real part of (D-2)

as .
2w,‘ ~ c08w + sin?

(cos wi — sinzw)

(D -3)

(cosw; — cosw)2 + (stnw; — sinw)?
which is zero because of the relation (cos?w + sin®w) = 1. Since all the mother filter
Hp(z) for m = 1,2, ..., N have the same denominator and all their numerators are purely
imaginary, thus weighting is just on the numerators of Hy,(z), and therefore there is no
difference between the real weights and the complex ones from the suppressing sidelobe
point of view. In other words, if a; is real, then to minimize | ¥ W;q|, it is sufficient to
consider W; real. Consequently, in a window, the complex weighting coefficients contribute
no thing more than the real coefficients for the improvement of the magnitude response

of the result filter. This simplifies the window design and optimization.
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