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ABSTRACT

In

oI sheaves with values in a Grothendieck category with a small gen-

this thesis, we prove the following result: the category

erator and erbilitrary products has enough injectives. The result re-
zzins valid if we replace the value~category by a Grothendieck cate~
zory with a noetherian projective generator. The proofs are based

on & theorem on transported structures which is due to J.M. Maranda.




Section AY

Summaxry

References

TABLE OF CONTENTS

INtroGUCLioN ceeeccccvrcccvocsossccesconcnsns

Fundanmentals of the Theory of Categories

and Functors esecececcscessccscccvsacccne.

Injective Structures eveeececcccecscccsces
Existence of Enough Injective Sheaves ...

Reflective Subcalegories ceccceccecescsese

page

20
29
38




Sgction I

INTRODUCTION

The functors Ext” and T‘orr1 are very powerful tools in the
study of conomology and homology theories of many algebraic systems
and also of topological spaces. The construction of Ext"(A,B) for
i1wo objects in an abelian category (cf. II, 2.6) can be achieved
by means of projective resolutions of A or injective coresolutions
ef 3. An injective coresolution of B is an acyclic right complex
over B in which all objects are injectives (cf. II, 2.1). In order
that such injective coresolﬁtions exist, we must reéuire that the
category nas enough injectives, i.e. that every object can be em-

sedded into an injective object. That is why we are interested in

problems concerning the existence of enough injectives in a category.

The stuly of sheaves arose from Algebraic Geometry. More-
over they are used in proofs of several important isomorphism theorems
in homology and in cohomology theories. We have pointed out that the
furctor ixt" is a usefﬁl tool in studies of homology and cohomology
theories; for instance, in [7, p. 176 ané p. 189] it wes shown that
the Cech cohomology gfcups ﬁ(X,F) of a paracompact topological space
X with values in an sbelian sheaf F (cf. II; 2.7) are isomorphic to

Ext_ (2,F), where Z is the rin

zZ

Q

7 of integers consicdered as 2 constant

- . - .
sheal on X. Such results suggested the construction of Ext (A,B) in
the caterory of sheaves with values in an arbitrary category. "Since
it is very difficult to prove that such a category has enouzn nrojecs

tives, (i.e., every sheaf can be written as a cuotient sheaf of =




RN 2

projective sheaf), we therefore try to nrove that it has enough in-
Jectives. (In fect, in some cazses, for instance the category of
apelian sheaves, the category actually does not have enough projec—
tives). In this thesis, we prove that the category of sheaves hsas
enourh injectives when the value-category is the category of abelian

groups, or has a small generator (ef. II, 2.5 and 2.8) and arbvitrary

£

irect products, or has a noetherian rrojective generator (cf. II,

2.1 and 2.8) and arbitrary direct products.

In section II of this thesis, we give a survey of basic
definitions in the theory of categories and functors as well as
several different definitions of sheaves. In section IIT, we prove
sore results concerning injective structures on which we base our
proofs in section IV where we establish the results mentioned in the
lest paragraph. In section V, we prove a theorgm avout reflective

subcategories of a special category; the result is a consequence of

o

nvestigations made in section IV.

I wish to express my sincere thanks to Dr. H. Kleisli, who,
es the tnesis advisor, suggested this work, and who directed it with

»etience during its development.
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CATEGORIES AND FUNCTORS

In this section we give the basic definitions in the theory

of categories and functors which we need in the followving sections.
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When the article

“the" eppears in a definition, it should be understood that the "uni-

1

queness’ of the term defined up to isomorphisms can be easily verified.

2.1. Categories, monomorpnisms, epimorphisms, isomorvhisms,

zero objects, injective objects, crojective cobjects, subobjects and

quotient ovjects.

A cotecory € is a class of objects A, B, C, . . . with the
fellowing date:

(i) For any two objects A&, B, a set HomC(A,B) is given,

{ii) There is an associative composition law assigning to
each a& ;-LomC(A,B) and each sc—:HomG(B,C) an element y = BaE—HomC(A,C),

(iii) To each object A, there is an element 1.< Hom

A C(A,A)

which acts as a two-sided identity.

The elements o in Homm(A,B) are called morphisms with domain

X : : - o a o s o
A eand ranze B, Ve sometimes write o : A~ B or A + B instead of

A morpnism a: A~ B is a2 monomorvhism if for any two morphisms

Byy : C > 4, cB

fl
R

Y implies B = y. Duelly, a morphism a : & + 2 is

an epimorthism if for any two morphisms B,y : B - C, Bo= ya implies

;
i
1
i



B = y. It should be noted that an epimorphism is not necessarily
surjective in "conerete" categories. TFor instance, the inclusion

mepping from the set Q of all rational numbers into the set R of all

H

eal numbers is an epimorphism if R is considered as a topological

space with the usual topology and Q is endowed with the induced topo-

[

ogy. A rmorphism a: A -+ B is

somorvnhi

o)

n

n

{0

1s clear thet an isomor-

w

B -+ A such that Ba = 1A and af = lye I

thism is at the same time a monomorphism an

ct

Qs

an epimorphism. We shall

indicate monomorphisms and epimorphisms byr>—r and.—s respectively.

An object 0&C is called a zero object if for every A= ¢,

HomC £,0) and Homc(O,A) consist of exactly one morphism each. The
worphisz A— B which is the composition of the morphisms in Homc(A,O)

encé HomC(O,A) is called a zero morphism znd is usuelly denoted by o.

An object A is an injective object if for every monomorphism

-

@ : B 7 C, the induced mapping o% Homc(C,A) - HomC(B,A), given by

a%(8) = B¢ for every morghism 8 : C + A, is surjective. Dually, en

object A is a projective object if for every epimorphism o : B -+ C,

3+

T

[3
]

@ induced mepping & -: HomC(A,B) - Homc(A,C), given by ¢ _(B8) = B

o)

ki
w

every morphism 8: A=+ B, is surjective. A category ¢ is said to

have enough injectives if for every object A€ C there exists a mono-

morphism & : A > B with B injective. Dually, a category is szid to

nave enouzh vrojectives if for every object A€ €, there exists an epi=-

morphism @ : B * A with B projective.

Zxarmples: in the category of lefi R-modules over a ring R,
every free module is projective ané every divisible torsion-free
module is injective. It is well-known that this category has enough

srojectives and injectives.

m if there exists a morphism




Let o : A"~ 4 and 8 : A" > A be in €. We say that o is
related to § if there exist morphisms vy : A' + A" and & : A" > A'

such that the diagrams

A—2r A Ab—=y A

\/

£
3
o

are commutative. Clearly this relation is an eguivalence relation.

We will choose representatives of the equivalence clesses and call"

s AT AL We gomefimes also call the domein of tho sunre-

sentavive mMoLCL.Orsuiui. & swubugect o' A. Quotient cbjects are defined

c¢ually.

2.2. Covariant functors, contravariant functors, bifunctors,

ané netural transformations.

Let € and €' be two categories. A covariant {contravariant)

Tunctor F from € to €' is & function which maps cbjects toc objects
and morphisms to morphisms sucn that
(i) for every ¢ : A > B, Fa : FA » FB8 (Fa : FB - FA)

(ii) if v = Ba, then Fy = FAFa (Fy = FaFp)

Given two categories Cl'and mz, wve can form a2 new category

o
&, x ¢

. 5+ The objects of C; x €, are peairs (A,B) with Ae c,, Bec,,

l -
the morphisms are the pairs (o,3) with ¢ € Cl,B Gz, and the ccmposi-

tion of nmorphisms is defined comnonentwise., Define a mapping

Zom (F-,-) : Cl x C2 =+ §$, & being the category of sets, as follows:




Homcz(F~,—) (Al,Ag)hf Homwg(FAl,Ag)
and
Heon - = F : P4
Ec CEQ(F‘ a=) (al,ae)a o eFa, jl - 52

Tor all (Al,Ag)ewlx C,» (al,ae) : (Al,Az) - (El,Ee)écl x T, and

a o FB, > Ae in @2. It is e=sily checked that when A2 is held fixed

ne mapring is a contravariant Tunctor from Cl intc § and wvhen A, is

Tixed, it becomes a covariant functor From E? into B. We dencte these

two functors by Hom, (F-,Ae) and Hom, (FAl,-) respectively. A mapping
2 2

of this type is called a bifunctor, contravariant in the first variable

and covuriant in the second variable.

Let F and G be covariant functors from a tategory € to a

cavegory €'. A function n is called z natural transformetion from

F to G if it assigns to each A&eC, a morphnisnm nﬁ :

such that for any ¢ : A - B in ¢, commutativity holds in the diagrem

>

PA ———— G2

Fa- Go.

M n. v
FE ——=— G5

4 similer definition is made for natural transformations between contra~

variant functors.

It is seen that the class of all covariant functors from a
category € into a category C' with netfural transformations as morphisms
forms a category, provided that the collecﬁion of all naturai transfor-
mations between any two covariant Tunctors is a set. This category is

called =z functor category. For this reason, sometimes we call natural




trensfornations functor morvhisms. When a functor morphism is an

isomorvhism, it is called a functor isomorvhism or a naturnl ecuivelence.

Hatural transformations and equivalences between bifunctors are functions
which, when either varisble is held fixed, are natural transformations

and equivalences between the resulting functors.

2.3. Adjoint functors.

3

ne idea of adjoint functors is due to D. Xan [9] and is very

Tundarentel in the modern develcpment of algebre.

a % ategorie 52 -+ 2 T .
Let Cl nd @2 be two categories, S ml @2, nd T ¢2 -+ Cl

ve covariant functors. Then S is said to be (left)*adjoint to T if

there exists a2 natural equivalence

n: Hom, (8=-,~) - Hom_ (~-,T-)
%2 ©
where Hom, (S-,-) and Hom,, (-,T-) are bifunctors, as described in 2.2.

n
[

In the category A of ebelian groups, the functors A © -, Which
assigns to each B€ A the abelian group A ® B and each homoriorphism an
cbvious induced homomorphism, and the functor HomZ(A,—) are adjoint

functors. For more exemples, see [9].

2.4, Puchouts, pullbacks, difference kernels, kernels, Qiff-

erence cckernels, images and coimages.

A commutative diagram,

A B

8 Y

a
e
S
_—b

a <

P




& pushout (diseram) if for any commutative diagram

jus
(2}

[¢3

‘A > B
|

s

3

l N2
C > P!

there exists a unigue morphism P—> P! such that the diagram

>

143)

i

Q<
On

is commutative. If C = B'and 6 = y; then y is seén to be an epi-

merphism,  Let vy be a representative of the equivalence class of all

ct

such erimorphisms. vy is called the difference cokerrnel of o and 8.
also
Sometines P is.called the difference cokernel. In particular ir

8 is a zero morphism, then P is the cokernel of o. If A is a sub-

ooject, P is usuelly written as 3/A. Pullbacks, difference kernels

and kernels are defined dually. These definitions coincide with the

usual definitions in the category of R-modules over a ring R.

Let p : B+ F be the cokernel of o : A - B, Then the imare

Ine of o is defined to be the kernel of pa. Coimages are defined

cually.

2.5. Direct sums, direct products, renerators, cogenerators,

limits and inverse

&

intersections and unions of subobiects. direc

Let (Ai);e ; be a femily of objects in €. &n object, denoted

P
§
i
i
1



9 -

oy 5 A, is called the direct sum of (A,).
i —_—— i

—, 1f ther i -
N iel? here exist mor
iel

phisms by ok Ay T A, for 211 ieTI, called i-th injections, such

iel

that for every Ae C and morphisms ei : Ai -+ A,i €I, there exists a

unique morphism ¢ <5;} Ai + A such that the diagrams
iel

|
4 i a
i \j/__i
iel
8, 5
i ¢
A
are commutative for all i€I. It is easy to see that if € has a Zero

object, a1l injections are monomorphisms. Direct products I Ai
. ) 'eI
end projections Wi : l l Ai * A, are cefined dually. With these de-
ielI -

finitions, one sees that the direct suns of modules aré the usual
direet sums. They are set unions in the category of sets, tensor
products in the category of commuiztive rings ﬁith identity elements
and free products in the category of groups. The direct products in

the above categories are introduced viz cartesian products.

o

Let C be a cdtegory where Tor every subobject A™ A the gquotient
coject A/A' exists. 24n object G is called 2 gzenerator in ¢, if for
every proper subobject A' = A of A in €, there exists = morphism G > A
sucn that the composition G + A& -+ A/AY Is not zero [7]. In the case
vhere the direct sum of every family of objects in G.exists, an object

G is a generator if, and only if, each A< C can be written es = guotient

oblect of & direct sum of (Gi)ié Gi = G for all i€ I [T]. Comenerators

T

zre defired duallj. -




10

are the ring R i

¢

modules and the direect sun of

torsion groups [cf. &, p. 26].

all cyclic grouns

n the category of left

of

prim

A set consis

(<]

tin

order in the

o ¢f a single

[ hend

the category of sets.

Let (4.) e be a family of subobjects of A Then the epi-
morphisms from A to A/A determine a morphism u : A + LiA/n. and the
o
; . . : . s ] .
monomorphisms of Ai into A Cetermine z morpnism v <l> Ai + A, The
i€l
intersection of (A ). je71 In A is the kernel of the morphism y and the
union of (Ai)ieI in A is the image of the morphism v. When I consists
oI two elements, the intersection of Al, LA, in A is isomorphic to the
<
kernel of A, » A-—»A/A2 Hote that definitions of intersections and
unions are not dual to each other.
Let I be a directed set and {A.,u..}. a2 direct femily of
i’7ij'1i€1

cbjects over I in C.

Ty lim A,

i iirect
;0 18 called the q17e§u i3 1CII°
it
) ¢ -4 famil P W3 + 1im A
(1) there exists a family (Ai)ie 7 Of morphisms, li : Ai lim A

for

An object, denoted by lim

every pair

{A.,u..} or just simply

< J, commutativity

ie€Il?

imit of the direct family {A.,u 1.

holds. in the

Following diagram
]
A,
A = lim A
. T —— .
i i
) 7
M., A,
1J\\\\ ///// d
v
ot s
J
(ii} for any object B znd & femily (Y ), ; ¢ y Of morphisms,
Y. : A, » E, with the same property as the (k ). there exists




1z

a unique morphism & : iim Ai + B such that for all i€I, the folleowing

cizgram
4
AL
i .
A, > 1im A,
i = i
. é
Y3
d =
B
is commutative. Direct limits can zctually be constructed explicitly

if direct sums, @ifference kernels, cokernels and unions of subobjects

axist.

. o él\ X .
The construction goes as Tollows: Let (T Ai be the direct
: iel '

i

\
sua of (A,). and ¥, : A, > T7J A,, the j-th injections. Let
( i'ieT Vj 3 .k\—f'{; 12 e J J
iel .
M. . v,
s et e ae graw i3 A
Z,.,3 > i, be the difference kernel of A. Y &, 4 (jj A. a2nd
i3 i 3 . i
iel
W
i /0 § - . - . . N
A, EE; A.. Then K. can be regarded as a subobject of (tj A,
i - N ij . i
i€l iel
Let Q be the union orf 211 such X... Then lim A, = A, /Q.
*d IO - Sl

Iaverse linmits lim Ai are Gefined dually.

Let D be the collection of all direct families of objects in

2 category €. Define a morphism teiween any two dirsct families

AU, .7 and {af,u!.}. over the same directed set I to be a
*"ijiieT >"ijiieI
family of morvhisms ¢, : A, + A', for i€ I, such that for all ie I
y - i i 3 ? k]
commutativity holds in the diagram
(538
A, : Al
i It
[
{
W, . MIL
1] id
!
< OZJ_ v
A AAE

[N
s,




The compesition of morphisms is defined componentwise. Then we see
that D Tforms a category. It is easily checked that the mappling linm
- Y TS

which assigns to each direct family ity direct limit is 2 covarient
Tunctor from P to €. Similerly, lim is a functor from the category

o

o 211 inverse families to C.

2.6. Abelian categories. exact secuences, exact functors,

small catecories, embeddines, full subcaterories and Grothendieck

»

A category C is apelizn it

e
‘,1
——
1]
hY
OJ
o)
(o]
=N
d

e disjoint sets Homm(A,B) has an abelian group
structure,
A 2) the composition law is & group homomorphism

a2 HomC(B,C) ® Hom,(A,B) -~ Hom_(4,C),

[
written 2{8 8 o) = Ba,
-~ 3) there is e zero object,

A L) every pair of objects nhas a direct sum,

5) every morphism hes & kernel znd a coxernel,

w

(=3

. &) every morphism ¢ can be written as g = Ag with A mono-—

morvnic;c epimorphic.

This cerinition is the criginal definition of an exact category

given by Zuchsbaum in the appendéix of Cartan-Eilenberg's "Homological

~lgebra”. The term "abelian catezory” was introduced by Grothendieck [T7].

£ standard example of abelian categories is the category of

13

=1l F-rodules over z ring R.

he category of all right complexes of

ezelian sroups with itranslations as morphisms is also an abelian cate-




=
W)

Q
=

Categories satisfying

Lot
. U

tive categories [11].

i

A

t is shown in [3] that irn

1) -

i cen be completed to & pushout and its

i Moreover each direct sum of a finite

£ L) are sometimes called addi

-

abelian category every diagran

!

dual dizgram to & pullback.

number of cbjects is iscmor-

ohic to the direct product of the same oojects.

U v
A sequence A, -+ A_ + 4. is exact if Inu = Kerv. A long se-.
) 1 . H &

cuence is exact if any subsequence of three consecutive ovbjects is

(o3}
<
I,

gxact. Waen uw is monomorphic an 1s epimorphic, the exsct seguence

is scmetimes called a short exact seauence.

L Tunctor F whicn carries zry short exzcet sequence A, A+ A~ A
Pu Fv
TO an exzct seguence FA1>+ FA2 +> Fi, is called a left-exact funcior.

Pisght-exact functors ere Gefined duclly. An exazet functor is =

functor which is both left-exact zné rignt-exact.

Zxamples: HomP(A,-) is & left-exact functor from the category
of left R-modules to the category of sbelian groups. It is exact

if, and only if, A is projective. On the other hand A ® -s3A being

R

o)
3
I
(&)
[(]
—
e
]
5
¢
H
o]
,ﬁ
M
e
[0}
o

right-exact functor from the category of abelian

; group to the category of left R-modules.

by a small category, we understard that the class of 211 mor-
P —————— = > .

A

shigms in that category is = get, i.e.y, 1t vossesses 2 cardinalitv.




& Tuncvor is faithful or is an empeddins if it is injective on the
class of 211 morphisms., 4 I "“cto* o, @2 is full if for any
2,2 €0y, the xapping Hom (~,B) - Horm,, (r4,72) is surjective. &

- 1 2
subcatezory of a category is full if the embedding functor is Full.
The Mitchell-Freyd representation theorem says that every small zbelizn

category can

be embedded fully and

over a ring R [3, n. 152].

fireet famil
oA
sums. I1F A

only have lim A, -+~ 1in B

gory. ILuamp

modules cver

migat think
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njectives,

tion is a Grotnendieck ceategory and then
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of sheaves (s

arbitrery di

- s . ) ro
jectives [&]

les of Grothendieck cat

=

a small zbelian category into

Grothendieck has s
alwvays has enough
to solve problems
it might be a good way
cwe have succeeded in

see below) with values

o

rect products and

. However, their pr

hovn

this way to prove that

exazctly into a category of modules

,iB,,v. .}

177i37ie I TiY ijie 1

arbit

exact, i.e., 1linm is &
-r
ulate thet lim is also

egories

[7, ». 135].

injectives

’i

that a Grothendieck

concerning the existence

teistier

rary direct

ight-exact

zre the category of left
a ring R, and the Tunctor category of all covariant func-

the category of sbelian groups.

category

of enough

to show that the category in ques-

to construct a

n z

the category

generator

Grothendieck category with
projective generator has enough in-

»00I involves & rather lengthy con-
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Abelian sheuves. sagaves with values in an apeililgn

o+
(¢}
)
O
el
(o}
€3
’Jl
(¢}
fv
-
6]
3
£
(e}
[¢]
]
3
fo )
(e
)
<
L3
.

An abelisn

sheaf over

£5 1) Let U = I U., U.eT, For 21l ieI
) ~ Ti% Ci X =
e I
denote the homomorphism from FU to FUi whi
inclusion mapping from U, to U unéer F. Then s
- t), for all ie I.
pUU.( ))
A8 2) Let U be as in AS i). I (s;), .- is &

ho:E(A,R—) :

an element sé& FU such that DUU_(S) = s, for all i< 1.
i
I over X with values in an abelian celegery € is & contro
TX * € such that for every A €, the functor
T, & is an abelian shear; in this case, € is callad the

such tnzt

Tanctor T :

\
Pu.uny. (g
11

Ty g

1y

.% A contravariant functor # ; T

2 sheaf if

© lue~catezory of F
33]. To aveid

J J

There are other deri-_tions for sheaves

FU = lim FU, , whencva: (
I

C bein

Ui)

i€l

5

fod
<

open subsets

»

is a

be nade into a cetegory with in-

-
COnTUXEm

cl
F-te
[

Tamily of

oy UJ?U.(SJ) for all i, jeI, tnen
1

Lef. 6,

lengthy descripiion of terminology, we list only

an gbelian
forzszn inverse



{ii) It ¢

3

ossesses arvitrary direcet products, then # iz a

beeais

Tor every U, the horizontal sequence in the following commu-

iz exact.

]

Zince there is no comnlate nroc? of their equivalence o be

MEENIng proverty of inverse limits into account, it is easy to verify

that our lefinition implies (i) anc (ii). (In the verifi

fact thet HomC(A,—) commutes with inver

n
w

rroof of tkhz Zual of this statenent is

sa¢w that the converses cre als

O
ct
He
o
o]
L]

-1rst, we show that (i) implies our definition. By (i), we

aove

vhenever (Ui)i Tormsan inverse Tamily snd U= | | g

»
=

- Li for any indexing set I' and Ssiflme(A,FU) such that
o= o = T Tor &1l U, ,i LR leerl
\ L:)‘(‘) (DUUi)ﬂ(t), Cx OUU;S pUU;° Tor il Li,leit c v

Jore
'.I




17

Then pry 5 = p,. Pimi S = Peny T =0p t, i.e.
UJiﬂUj UiUf7Uj Udi UiUfiuj Uuy UUif“JUj ? ?

‘/ - - I4 -+ - g -
Cuuny Juls) = gy hp dult) ' ilier
i3 i'73

it Tollows Irom the universel manping vroperty of the inverse limit

or Hom (&,7-), we note that the
¢

inverse limit of an inverse family {A;,pﬁi}ﬁe ; is isomorphic to the
i*Yijiier
. . . Vs L
uaion of all difference kernels of any two morpaisms Wj LA - Aj
iel ~

: ! ! A, -~ A . TNow let (s.)
L et 1 3 : i

3
-

iel?

Temi T rmorphisms ! s.) = ( y .
Termily of morphisms such that (p g U-)_;__(sj) , (pU.UJEU_)w(sj)

U030 J - Ji7d
Trhen s = (S;)i‘=I is in Homm(A,FU) and DUU.(S) =s;. This proves
25 2).
Jext, we show that if £ possesses arbitrary direct products,
(i1) impiies our definition. Since HomG(A,—) a left-exact functor,

it Tollicws that the horizontal seauence in the commutative Giezram

: [ . U
Hom, (A.?U),———E——¢ Hom L(A b FU. ) a3 3 Hom®(A I FU'QU

(" )e Py yau Wi)*-(pU.U.!’}U.Wj)*
SRt g

—~ .
' e e

tr
9
¥

5]
L
‘o
<
S
o=
o}
=
e .
=2
vy
, <
o
c

(=8

is exact.

=
]
H
[ ]
-

t&Hom  (A,FU) such thnat (P
G 2

i
ct

Tor all UcU Tollows that 7_€s = Wiet for 21l ., hence Os = 8¢,

Since © is zcnomorphic, s = t. Let now (g .; be a set of morphisms
D >




’ - —.V
M ol & od
0 mU Q o} e} Tt . H
i e 4 G4 H A by ol
— A Q o . . ef —~
) <i [ el G $ ord
joe] ~— [qY] (%) o) o 3] [ »
P © (o} 12 K3 12 8 3}
&) £ +2 0 ) o} -~ (] G4 )
D O < Lh ] =~ 4
3 ] o] e o ol ) P ot
D i ] 2] Q o 3 3 o
Q. U ] o (e} o W W
~ R B o 7 > 3 G4 K 4 (7]
o o o] 3 i .. o — ks
1} 3 &4 o 31 o] o EE)
o) Oy <f
] £ ’ o]
e n [1}) — 2 FE)
vl £ ) Rt
o o] 42 <i &) [}
. ) e =~ ) e n B 5] £i
D 53 o} ()] (03] ~ 2 0
o 5] £3 s ~ ~> o a e
I B U ’ 4 A T >R © ~< el <
o) 0] U] o 3 [¢] el E [3] 2 ~ 3] ol
o w3 =Y o G g o £ —
= 2 = > o 0 i 1 o) ol
@ @ B o i ) " ) i3 -n
» o Ry N \ o O b
y R i £} i
o3 T — —~ IS n Q ~
Q fit R o} R )| -~ £i < ©
<3 [} . <f, P il 2] £i
“ 43 o b § Ry “1f o ] O
3} U} ) N o8 K £ Ky 84
[ 4 5] W) n g Y - ) ol 42
1 12 25 ] Q S~ & !
, t “l ) £1 3] 1 © o} A paiy
el S O Q 4} Q mo £ - 1
) H¥ w H .
—~ o ) mu 3 O W 3
| Ao " e e b { ' £ oel
£ L) [e] ~{ G ' 42 -~ —
o 0 B (3} qa) — 18] —~ K] wl
R ™ ~ 3 W) ) [} i <1y
S g w0 of <q [ I N &4 p=1
[ w 9 O - oot o : £
i e £ n ) ~< : A
Q el St ~— = .\.w ~— ~r R <1y |
4 ~ (o] [5 I (&3 < et
~{ -y Gy 0 12 o fi %] { R o
& i ot it 0 [ T 0o b 2
Q [d] . oy I 5] K¥] A)] e &3 1} 1 ~
: i 0 o a by 49 1] 5] “ S
a 0 +3 e I Eyt @ 0 ] ! E] 1 I
] ol -t & [ P 0 T et | | wrib ] 2
D e 5y Q “ ~{ o] o~ i i
> gt (o] 1 o a4 ’
’ <O Ny 12 ’ I ' ) M ve
—~ > b G) [£9] Q —~~ ) )] o 2
1 Q] ) B Y = o el Ly 3]
£ . s ! B 5 ) ]
~ ....4 Rz kS %g“ i m.a b
- 9] 0! 1 42 s
~ 00 TR : ool
) B) ] >0 4
4 4 2 v o3 ' 3 )
[»] I y (9] K 9] $4
gt ST I R U R e 9 ¢




waich is obtained in a similar manner is an epimorphicem.

Txamples of small objects are: the ring R in the categorylMR

P
of R-modules and (:7 C

CD beint cyclic groups of prime order, in

3

£ torsion abelian xroups. & set consisting of a single

wamole of a cosmzll object in the category of sets.

Ip zn cbelian category €, an covject ¥ is called a ncetherian

Joly : £ thne Tamily of proper susodjects of N satisfies the asce

~nain condition. An artinian object is an object whose family of

wilaal

pronalr owoosjects satisfies the descending cnain condition.

ja]
(o2}
1o
I
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Section III
j
INJECTIVE SPRUCHURLE
Ta this secticn the concerts of an injective structure and
a wrojective structure are introduced, and we will vrove scme results ;
|
§ Leh o willomele use of inm geetion IV,
i
3.1, Injective Struclures.

Let € be a category, vil ¢ class of morphisms and J a2 class of |

. . . . - L e s s s .
Coiects i U. An object Ce is called v - injeciive if, for every
. 1y x4 o - — H
o A= b in J{ , the induced nepning

(3]

is surjecuive. A morphism o : A+ B is called 3 - prover if, for

[6]

N

L couple (uif , &) r = class o of morphisms and

O
o]
o]
"
l '
[4]
!
H
18]
]
o]
=
1o

| ad
(2

clzss § ¢f objects in ¢ is called an injective structure {121 in ¢

(1) ¢ is the class of all X - injective objects,

(2) L is the class of a1l J - proger morphisms, ;

O

b

(3) for every objecti L& I, there exist Q,€.9 and ¢ : A 7

in objeet A is called a retract of B i there exist ¢ ¢+ A'’*> B

zmd B ¢+ L -+ A such that Ba = IA. Tet the class of all retracts of a

ciluss o oF objects be denoted oy RJ .




Pron

fssume that € has enoush injectives. Let % be the

Proof:

i
{
;
i
i
;
i
|
i
!
i

oA

ncnomorrhic

{3) is clearly true.

converse is ovvious.

category with an injective

m

Thus we see that the concept of

structure

gory with

the usual concept of

(578

is ectually a generzlization o

enough injective objec examples of injective struc-

Ixg
w

[

couple (J{,Jd ) wheredi class of all moryp

or where JLis th

2]

there exists such that Ba

all cbjects



‘ Proposition 2: & couple. (M,R ), where RY is the class of all

retracts of objects in J , is an injective structure in ¢ if, and only

Y
-LJ.)
a1 Lo ) PR
(1*) ¢ is contained in
oy e s .
(27) % contains 7
‘ .
. anda
> -
.
acd.

there exist. B&J which is Jl- injeci

i T4

thot ve = 1,. Let e e, There exists y' such that the followi

Jiagram
C
£
RE
Aﬂ-
u
v
3
3 vyt st g ara T = ¥
is comm utative. Let v = vy'.

This vproves ¢ is surjective.

the ecless of all Jf—- injective objects,

i

(3%) for every L& C, there exists an a : A + § inuwd , where

(37) sre satisfied. Let A€ RY. Then

ive end p ¢ A+ B, v : B+ A such

/
i

5
Then we nave £ = vpB = vy'a = ya = a (y).
Hence BJ 1is contained in the class of

o - - [T . . e
211 J - injectives., Conversely, Let 2 be zny Ui~ injective object.
Tren oy (3'), there exists inxa v : A -+ 3 with B in 3 . Ssince B is

i here exisis v @ E =+ £ such that commutativity holds

ective, ©

r 5
/
?
1/
/
/ V
\
:}‘
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vie

Se
=

pito]
[N

0]

(ne)  (v).

Yivua = yeao

)

T e
n exacily the

.

O

ct




Tor every Bia

ct

w

(=3

to T, 211 the conditions

Con

clear that when

by

2ll use this

1 6)]
1

a.CT

(=5

vy
pey

Suprose

Then SATe
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M

SA

7 Q
;\\\\\ /////;
N - .
C

is commutative. Hence the diagranm

| O,

ut o
Al ——————l Ql
N ¥
Cl

cornmutes. Indeed, from the Tollovwing commutative édiagram

| AR
Homw(SA' ,Q) > Hom, , (ar,7Q)
B (T8),
v -
Hom_(SA'C) » Hom,, (A',TC)
C °A',c [y
we o nave
m ' = = R = = !
TBu T8 GA',Q“ UA,,cpu OA',Ca o
Provosition k: Let (J¢.,RJ.). be a family of injective
. i i‘ie I

structures in €. If C possesses infinite direct products, then the
couple (L ,RJ ) given by

M=Vt - 3= (1 g s e dd

iel iel

is another injective structure in ¢.

Kote thatl is not empty for it contains at least all iso-

morphisms in ¢.

Proof: Let A€J. Then A = l l B, A€ ﬁi. Let M: B CeM
ie1r -

Then, since u. : B+ C €°H£ for every i€I, u : Homc(C,Ai) - Homc(B,Ai),




Y
(@)

is surjective. So is

u*:Hom I—A) llnom(CA)-*rIorr(B I_'A.)
et iel fer L

= iIEIIHomcc(B,Ai).

Thus (1') and (2') of proposition 2 ere satisfied. Let A€C. Then

d

re exist Q € .9 and M, : A Q in i , for each i€ I. Thus there

exists = unique morphism u : A -+ I I Qi determined by the commutative
iel
dizgrams
.
[1 "‘
Q. > Q
ier ?t AL
H Ui
A

i€ I. It remains to be shown that u is in M. Solet C€J and B : A ~ C

in & . ﬂ C As all Ci are Ji{ - injective, there exist
ier *

Y.,1& I, making the following diagram
3 :

where 7Tl ﬁit are thne projections, commutative. Thus there exists a

unigue nmorphism Y : I ' Q - H C meking the triangle on the right
iel ™ iel *t
end side commutative. Since 7B = 8, = Yy, 7.u = W!YM for all ieI,
i i ii i

it follows that 8 = Yk = M (Y) because of the universzl mapping

property of t C,. Hence ¥ is in K.
=I
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3.2. Projective structures.

"
o]
(<]

Jjective structures are obtained from injective structures
by duslization. Let ¢ be a category, J{ a class of morphisms in ¢,
and (P a class of objects in €. Then an object Cc € is called uidf-

projective if for every y : A+~ B in H, the induced ma ping

iy

TRRE HomC(C,A) - Homc(C,B)

is surjective. A morphism yu : A - B in ¢ is called - vrover if

ior every Ce P, M, is surjective.

A couple (M,F ), M being a class of morphisms, ¢ a class of

objects in €, is a projective structure in € if they satisfy the

Tollowinz conditions:
w
(1) @ is the class of &1l - projective objects,

(2) "M is the class of all P - proper morphisms,

(3) for every object A€ €, there exist F€ ® and a u:F+Aindt.

%
Provosition 1 : € has enough projectives if, and only if,

the couple (M, ) where { is the class of all epimorphisms, ® the class

o all projective objects, is a projective structure.

N
Frovosition 2 : (M ,RP ) is a projective structure if?T
s brog v

(1')" ¢ is contained in the class of all - projective objects,
(2%) U contains the class of all € - proper morphisms,

B

(3')" for every A€ €, there exists v : F > A in J{, with FEP .

%
Theorem 3 : Let S be & covariant functor from C' to C, T a

coveriant functor from € to €', ané (M',RP') a projective structure in
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€'. 1If there is a surjective mappins,
« HAam 1 1 o t N
"ar,3 ° nommKA ,TB) ~ LomE(SA ,B)
Tor each A' &€ ' and each BE €, which is naturzl in both veriables,
then the couple (M ,R(P ) given by

A = T-][/f ' , P=ser,

is a projective structure in C.

- s g . . .
Proposition 4 : TLet (m{i,R6>i)iE 1 be & family of projective

gstructures in €. If € possesses infinite direct sums, then the couple

JLRP Y given vy M= [ | . , @P= {@A. | A, €.},
. i . i i i
iel iel

is another projective structure.

llote that there are two more duslizations of theorem 3,

- LR Y - . *®
Viz., 17 in thecrem 3, we replace T by a contravariant functor 7T
then we can transport projective structures into injective structures,

# ' #
and i¥, in theorem 3 , we replace S by 2 contravariant functor S s

Tnen one can transport injective structures into projective structures.

Remark: Definitions and results of this section were set
Torth in [10], perhzps with slight differences. Theorem 3 is Just
a reformulation of the crucial idea of the Eckmeann-Schopf proof

for the existence of enough modules [2].




Lection IV

SXISTENCE OF ENOUGE INJECTIVE SHEAVES

In this section using the results of section III we want

to show that certain categories of sheaves have enough injectives.

Lemma 1 {1, p. 291] Let F be an abelian sheaf over a topo-
logicel space X. If lim FU = 0, and s€ FU, s # 0, then there exists
U=x

an open neighbourhood V of x, V< U, such that pUV(s) = 0.

Proof: Recall lin FU = €E>FU Q@ = 0, vhere Q is the small-
Usx U sx

est subgroup of €£>FU containing all elements of €£>FU of the form
Usx U sx

L

b (B) = ylt), t eFU, UV o {x},

wﬁ dbeing the w-th injection. As the image of s € FU in lim FU is zero,
' Uox

WU(S) can be expressed in the form
Do v (t)) |
WoZ

Let V be an open neighbourhood of x contained in all W,Z appearing

7Pz (t) -

in this sum. We have

Upy(s) = (hyo(s) = v(s)) + vyls)

ana ! + = - 1 : o U - :
and o, (3) - Y (v) “’v ay(8) = B(e) + wye (= op(2)) = vy (e P (0))
Hence ¥ (s) can be expressed as a sum

YPy(s) = L (bpe(6) = w(e)).
W
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Since relations in FU result in individual summands, it follows
Uax

for W # V, wV(t) = 0; hence t = 0 since wV is monomorphic, and hence
) i

= o Y ' ] 1 ~ b ] - =
(t) 0. For W =1V, it is clear that quVV(t) *V(t) 0.

So vauv(s) = 0. Hence pUV(s) = 0 because ¢V is monomorphic.

Lemma 2: Let F be as in lemma 1. If 1im FU = 0 for every
Usx

x& X, then FU = 0 for all open subsetsUof X.

Proof': Assume the contrary, i.e., there exists a U such
that FU # 0. Let s€FU, s # 0. By lemme 1, for every xe& U, there
exlsts an open neighbourhood V(x) of x contained in U such that

QUv(x)(S) = 0. Clearly U = i};ﬁ Vv{x) and pUV(x)(S) = pUV(x)(o) =90

Tor all V(x). This contradicts .AS 1). So FU = O.

Trecrem 3: The category [ of abelian sheaves has enough

injectives.

Proof: For every x€X, define Sx : F~> A to be the functor

given by S F = lim FU, F€F. This functor is adjoint to the em-
Usx

vedding functor Tx : A > F wvhich assigns to every A€4A, the shesaf

¥, such that F,U= A if x€eU, F,.U =0 if x¢U. The natural equi-

A A
valence.
© e - Lom ™
nF,A : HOQA(SXF,A) nomF(i,FA)
ar if xeU
is given by nF,A(a) = {o it xeU for every

awsﬁbmp(SvF,A). (Here XU denotes the morpnism from FU to 1im FU




D O SR P TR T S

B SRS

.

s in

1]

ection II). Since A has enough injectives [11, p. 93] the
class § of all injectives and the class J{ of all monomorphisms form

an injective structure (Proposition ITI.1). So does (HM,RI). By

. . -1
¥ rem ITI. T 1 Dy ¥ =8 4 = is an in-
theorem III.3, (JCK,RJ)X) given by "’(:-: S s ﬂx Txg ,» is an in

Jective structure in F. Hence by Proposition III.4%, (M*,RJ "), vhere

S0= ) Hyo Jr = {l 'F}: | F_€ .9x}, is another injective structure

Let uy ¢ P, » F2 be a monomorphisc in [F. Then, A veirns a

1

Grothendieck category implies thet ST;.- : S*-:Fl - SxFQ is & monomor-

phism for all xeX. Conversel suppose S : 8. F, -8 F_ is mono-
= . ¥ oP R | x g 1S mono

morphic for all xeX. Let K be the kernel of o Fl -+ F2. X is a
S u
sheal. Since lim is exact SxK - Sx'l = S:,F’2 is exact. Thus

- =0 for 21l xeX. So by lemma 2, K = 0 and hence y is a mono-

morphism. Therefore X' consists of all monomorpvhisms of I and the

assertion is thus proved.,

Theorenm L4: The category {#-of sheaves over a topolozical space

X with values in a2 Grothendieck ca 2gory € which has a small generator

G and arbitrary direct vroducts has enough injectives.

Procof: The same adjoint functors are defined as in the last
troof and in the same way we obtain the injective structure (H',R §').

2T Then remains to be shown that 47 actually consists of all monomor-

Dé & mronomorphism in F. It is clear

3
3

isms in . So let u ¢ Fl - F2

i

thal the exactness of lim implies that S_u is monomorphic -for all
P

th

x&X. Conversely, let qu : S F, ~ 8 _F, be monomorphic for all xeX.

X1 X2




e TR AT A Y B O P P

32

-
~

et X = Kery., ¥ is a sneaf. Then Sy“ = Xer S_u is zero zn
. - Y

hence

£

Eomc(G,S"K) = 0 for every x€X. Since G is smell we have lim Home(G,KU) =
- ' ’ Usx

Tor ell xe X. This implies that Homm(G,KU) = 0 and hence XU = 0 beczuse
G 1s a generator. Thus u is monomorphic and JM' is the class of all

monomorphisms.,

Corollary 5: The category of sheaves with values in the cate-~
SN0 )

gory b,0 of all unitary right R-modules has enough injectives.
ey

Froof: R is a small generator ang Nﬁ:has enough injectives

[10].
Lemma 6: Let B be a full abelian subcatezory of the cate-
gory bi, of left R-modules. Then the Tinite direct sums formed in B

are the same as those formed in Mq .
F

Proof: It suffices to rrove this fof the direct sum of two

left R-modules. Let A,Be B, A{EE% B their direct sum in B and yA,

V.. the injections of A,B into Aé};@ B. 8ince B is abelian, AG}EE 3

s isomorphic to the direct product of A XB B. The projections “A’ WB

are determined by the following commutative diagrams:

5

U

Pt

V..

v, v, v
A>————“-—>A@SB<—-——B—_43 'A>—A;——>A€BBB<—5———<
‘LA , [o] 7TB IB
by VL VK
“ A B

y , L ! - ,
We want to show first that #h : A A{i}% 3 is the kernel of 7_:

et ot (D LB , .
tnat A*———*ﬂ\i/A B ?B is zero follows from the second diagram
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above. Let @ : K-+1§€£>B 5 such that WBQ = 0. Then 7 o ; K+ A
can meke the following diagran
!
! ki
Ya 5
A A B

X

commutative, Indeed ,]%WAau,a both make the following diagram

'n'A TTB

A @L b
s

A «

> B

cormmutative. The uniqueness of m.a is clear Tor if a' : K + 4 is

S

rother morphism such thet v o' = g then o' = 7w v.a' = 7 @, Thus
- A ? ) L A A

Y, @ A+ A<5E>EB is the kernel of 7

B"

Since wﬁ’wB are monomorphisms, we can consider A,B as sub-

modules of A<3;>B B. Let C be the set theoretic intersection of 4A,E

- A

.—%— B. As €lement chasing is possible in B, it is easily checked

w

thet C is isomorphic to the categorical intersection which is the kernel
v
A
of the composition homorphism A - A@B B—»A@B 17 (ef. p. 10).
‘ B
“ence CeB., low assume that C # O. Consider the following commuta-

tive diagram




o e

o
il

et ceCCA, ¢ # 0. Then since ﬂpr(c) =0, wA(c) c' is in the
Xernel of ﬁB’ i.e., belongs to A. Hence ¢' = ¢ and nA(c') = c. The

same reasoning shows HB(C') = ¢. This contradicts the commutativity

of the diagram. Hence C = 0. Define By A ﬁM 3 A XB B oy

&

p,(a,b) = a + b for (a,b)eA %y B« Clearly commutativity holds in
- R

tne diagram

where n&, né are the projections from 4 XN B, the direct product
: R

EAY

Tformed in Nq, onto A,B respectively. Now consider the commutztive

diasgram

A %
A
J.;- TT‘A v
B E——— A

b v
1'_]

NA 1 HB
v
A x|

5 B

where p, is the homomorvhism determined by 7 T

> Tge By the universal

repping property of the direct product, it follows theat HiHy = 1@ x_ B
T B

P

e



Thus, Ag is epimorphic and hence isomorphic.

Note that in <the proof we did not use the fact that the set
theoretic intersection is in B. We stated this fact in the proor

because we need it later in lermma S,

Lemma 7 [13, p. 16]: 4 Grothendicck category € with a pro-

ive generator G can be embedded fully and exactly into the cate~

S

gorylxﬂo of rizht R-modules by the functor Homc(G,—), where

In Tact, this is merely g

part of his represeitation theoren (loc. cit.).

Lemma 8 [4, p. 355]: If ¢ is = Grothendieck category with a

generzior, A& a noetherian object of €, anc (Bi)ie T @ direct family
of subobjects of B, then the canonical nomomorphism

v, s LJ. Homm(A,Bi) > Homg(4, B;)
i€l : I

Y

§
(]

an isomorphiecn.

The above lemma is due to Gabriel. (loc. cit.)

Lerma 9: If C is a Grothendieck category with a noetherian
projective zenerator G, then the functor Homc(G,-) is a full exact

embeddihs ¢f € onto MRO.

froof: In view of lemma T, it remains to be shown that Homc(G,-)

is surjective on the class of objects in C. Consider Ai’ ie1I,

as subcvjects of {EE} Ai’ ve have
i€l




|3
(92

U Homg(G,4; ) »»Homy (e, (3;} A;)

iel i€l
oy lemma 8. As in the proof of lemmz 6, we know that the groups

homm(G,A{), considered as subobjects in Homm(G, (EE} Ai), intersect
- i1€1

each other trivizlly in Homc(G, 69;} Ai). Thus | J HomE(G,Ai). the

b

i€I ie]
irzage of the homomorphisn é%} Homw(GsAi) - Homc G, Ai), is iso-
iel i€l
morphic to G}E} Hom (C,A. ).
N1 [ i
1€l

S il be any right R-module. There exists an epimorphism

eH’J : g&;? Homc(G,G) + M. Let Q ve the kerngl of GM,J. There

ie : .
viate seend ani ; L ' o
exists zzzin an epimorphisn 6O x ¢ {5;} nom@(G,G) + Q. 6Q,K can ve

‘2 i€x

extended in an obvious way to

iex i€K ie€d

Thus Q, veing the image of eO w» belongs to the image of € under

LR R
Hcmc(G,-). This image of € can be easily checked to be = subceategory
of M 0. Hence M has an isomorrhic cony in this subcategory. Thus the

proof is complete,
From lemma 9 together with Corollary 5, we have:

Tneorem 10:° The category of sheaves with values in a Grothen—

dieck category with a noetherien projective generator has enouzh

’_’l
¥
jof
H
(o]
{

Ccrollery 11: A Grothendieck caetesory with a noether

cective cererator possesses arbitrary direct products.

: -——-i/ Homc(C-,G) = Homm(G, @ G) - O—’; HomC(G,C—) = Homc(c-,@ G).
S : ied




Corollary 12: In'a Grothendieclk category a noetherian pro-
LA P

B,

Jective generator is a small generator.

Corellary 13: Any full Grothendieck subcategory of the cate-

gorylMRo of right R-modules over & noetherien ring R conteining the

27

ing R is equivalent to M_o, i.e., every right R-module inJMRo hes
4

Iy

an isomorphic copy in the subcategory.




“Section V

PEFLECTIVE SUSBCATEGORIYS

The theorem contained in this section was obtained when we
wvere looikinz for a proof for leller and Rowe's theorem. It reduces

The important guestion of whether a full subcategory is reflective

(g™

<! be a subcategor: o - - Tt cnterory €

s SN

object of €. A pair (A,TA), A€C' znd v, : A~ A, is celled a re-

Tlection of A in C! if (A,TA) satlisfies the universal mapping proverty

in €', i.e., for any BeC', end o : A~ B, there exists a unique mor-

phism B in C* such that comnutetivity holds in the diagram
T
‘a- —
A > A

LI every object in € has 2 reflesction (which is easlily seen to be

K
, J
Re)
[
[¢:]

up to isom orphls.s) in €', then C' is called a reflective
succatesory of €, It is easy to check that the function, which assigns
To every A& C the object A of its refi ection (& Tq) and to each morphism

tne induced morphism, is a covarisnt functor, usually czlled a reflector

of € with respect to €'. Moreover this functor is adjoint to the
e s

e

exedding from €' to €. Coreflieccticns of cbjects, coreflective

subcatesories and coreflectors of ategories are defined dually.

NN SN




An object in an abelian catezory with a generator G is Tinitely

generated 1T it is a quotient object of 63;} G for some finite indexing
i€l
set I.
Lemma 1 [13 p. 13]. Let ¢ be & Grothendieck category with a

projective generator G. Thern every object is the direct linmit of thae

ojects directed by inclusion.

ry

amily of its subo

Theorem 2: Let € be a Grothendieck category with a orojective

e T Q1 -

1
-~

‘Jn
i

s any full subcategory of € witn dirac: [ nlts
such that every finitely generaied object in € has & reflection in €',

then €' is reflective in C.

Proof: For every finitely generated object A in €, we denote
its reflection to be the pair (A,TA). Let A be any object of €.

Then by lemma 1, we have 4 = lin A*’(Ai)“ T being the femily of its
% i

firitely zenerated suvobjects. In the following diagram
J £ S

where lim A, means that the limit is taken in T', we see that there
¢t '
.exists a unique morphism Trom T, : A > & such that the divided
L

Ciggram -is commutative in the upver part and the lower part. Ve

FUNEPIE JsuRchs AR




l;o .

want to show that the couple (A,Tﬁ) is the reflection of A. To

where s G

5 1 @y are the induced morpynisms in C¢'. Thus the

T

™
[N
]
G2
o
fi

n is commutative in the shnced regions., Teking commutati-

vity of the sguare into account, we have

T =0, p.. =a, T H.. =¢c, u
A J T3 J Ay T

o

Fl
s,

[N
e

Ly the uniqueness of «_,, we have a, = a, i, . proving the commuti-

v i S Tig

vity in the unsheded region.

To complete the proof we reed to show that commutativity

£
v >
A A
- Tt

Hy

CA, = o, = oT =X, T = AT, AL
i i .

2 a rmorphism. By

oilows Irom the commutativity in the shzded regions. Indeed, we have

S,

RO



waich tozether with the uniqueness of « gives o = Tat

The uniqueness of o can ve verified in a similar way.

Let B1, = o. From the last diarram we have
A (] 2

by

By the unicgueness of o, 5 N

and agein by the

universal mapping property of direct limits, we have B = «.

>



Frreisaeee

i)

Dy using the concept of an injective structure and = theorem on
transportation of such structures from one category into another
{Theorem 3 in section III). This theorem is Gue to J.M. Meranda
12]; nowever we have given here a nev end very simple proof.(cf.
2lso [10]). The first result (Theorem L in section IV) is new;
the second (Theorem 10 in section IV) is contained as a specizl

czse in a theorem of Eeller and Rowe [3] (cf. below, also remark

on p. 14},

" theorem can be also applied to

The "transported structure
zrovlems other than those in section IV. For instance, it leads
To & very simple proof for that the category of modules over a

sheal of rings hes enough injectives [10].

S

The result of Theorem 3 in section IV is well-known but the
elzebraic uroof of Lemme 2 is new. One mignt conjecture that such
& prooi can be carried over to any abelian cztesory but this seems

o be very &ifficult. Therefore we had to impcse some additional

conditions on the value-category to obtain Theorem IV. L. However,

the question of deciding the necessary condition for Lemma 2 to hold

is yet open.

deller and Rowe have proved that the category of sheaves with

velues in a Grothendieck category vossessing arbitrary direct products

e R T



e i T

ctive generstor has
vain to give a proof using the

The failure makes us think that

tne cotegory of
injectives but no functors exis
structure’ theoren.

In the effort to produce

theoren, we obteined Lemma & of

section V. We did not succeed,

information on infinite direct

ir categorical terms the categ

nere this cuestion any further.

T as that in

o preoof for

theorem.

nere are provably cases vhere

sheaves and the value-category both have en woush

the "transported

since we were not able to obtai

sums formed in a full subcategory

uch as the one

\,‘

in Lemma 9 of section

to be of importance in axiomatizing

v 6f mocdules. Ve did not pursue

B SRR
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