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Abstract

During the startup phase of a production process while statistics on the product
quality are being collected it is useful to establish that the process is under control.
Small samples {n;}}., are taken periodically for ¢ periods. We shall assume each
measurement is bivariate. A process is under control or on-target if all the obser-
vations are deemed to be independent and identically distributed and moreover
the distribution of each observation is a product distribution. This would be the
case if each coordinate of an observation is a nominal value plus noise. Let F'
represent the empirical distribution function of the i* sample. Let F represent
the empirical distribution function of all observations. Following Lehman (1951)
we propose statistics of the form

S [ [ (F ety = Fe)F(e)PaR(e,) )
i=1 Y= V-

The asymptotics of nonparametric q-sample Cramer-Von Mises statistics were
studied in Kiefer (1959). The emphasis there, however, is on the case where
n; — oo while g stayed fixed. Here we study the following family of statistics

S¢=i_/

i=1 Y~

j_ " ky(nyi, (s, 2), F(s)F(t))nidF(s, t) (2)
in the above quality control situation, where ¢ — oo while n; stays fixed. In
the univariate case, the abov§ statistics were studied in McDonald (1989) where

asymptotic normality was pi‘bved when the process is on-target.



Here we again establish asymptotic normality. For n times the statistic (1) we
give expressions for the asymptotic mean and variance under the null hypothesis.
Small sample studies show the statistic has good power for detecting an out-of-
control situation where the two coordinates of the observations become correlated.

The statistic is moderately powerful for detecting a change-point.
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Introduction

Meeting a standard of quality is one of the main objectives of most industries.
For this purpose the implementation of a quality control procedure becomes a

necessity. This implementation involves at least one of the following situations.

1. testing if past observations were in control,

2. detecting as soon as possible a change in the distribution of the controlled

observations.

In this thesis we mainly consider the first situation for bivariate cbservations.

We suppose that small samples {n;}_, are taken periodically over q periods. We

consider statistics of the form

5, = )i‘_; j j ko(n, i, Fi(s, £), H(s)G())nidFi(s, )

where

.ﬂ=zg=1ni -

o F is the empirical distribution function of the i** sample



e 1 is the first empirical marginal distribution function of all observations

o G is the second empirical marginal distribution function of all observations

These statistics can be classified with the Crémer-Von Mises family of statistics.
The asymptotic properties of these statistics were studied by Kiefer (1959). He
considered the case where n; — oo while ¢ stayed fixed. McDonald (1989) con-
sidered the situation where ¢ — oo and n; stays fixed for univariate observations.
The asymptotic of these statistics for bivariate observations in the case where
q — oo while n; stays fixed constitutes the main result of this thesis. Note that
the same development carries over to a multidimensional situation.

A typical application of the above statistics would be the case of a startup
phase in which we do not dispose of the nominal control values nor of sufficient in-
formation on the distribution of the measured qualities. Usually we assume that
the process is in control during this phase and we use the first measurements
to collect statistics on the product qualities. The non-parametric statistics pre-
sented here allow us to do retrospective tests on the past measurements to ensure

that the process was always in control.

Chapter 1 presents a quick literature review that summarizes different ap-
proaches of solving the problems described above.

In Chapter 2 we consider the asymptotic behavior of the above statistics.
Two dimensional L-statistics are introduced and following Stigler (1969) a pro-
jection argument is used in the proof of their asymptotic normality.

Chepter 3 concentrates on one particular statistic of this family.



5,= 3 [ [0 BG@ mdF(e)

This statistic is used to verify results of Chapter 2 and to carry out a simulation
study comparing S, to the Shewart Z chart. This statistic proves very convenient
especially if a correlation between coordinates of the random observations is
present.



Chapter 1

Literature review

1.1 Introduction

Two common problems in quality control involve:

o Testing if past observations of a controlled process were in control and if

not, estimating when the process went out of control.

e Detecting as soon as possible the change in distribution of controlled obser-
vations. This problem is usually referred as disruption or disorder problem.

An extensive literature on both problems exists in various scientific journals.
Both problems have been studied under several assumptions and using different
methodologies. In this chapter we present a quick review of the most important
of these methodologies,



1.2 Posterior detection

This class of methods deal with the first problem mentioned above and can be

divided into two major subclasses which we describe in the following sections.

1.2.1 Parametric posterior detection

Darkhovskii (1976) and Darkhovskii and Brodskii (1980,1987) posed the problem
in the following way.

Let X;,..., X be a sequence of random variables and it is known that Xj,...,X,,
have known distribution function F and the remaining variables have known dis-
tribution function F; The problem consists of giving an estimate of the change
point ng based on the sequence Xj,...,Xy.

1.2.2 Nonparametric Posterior detection

Sen and Srivastava (1975) presented a non-parametric method for testing wilether
the means of each variable in a sequence of independent random variables can be
taken to be the same, against alternatives that a shift might have occurred after
some point r. The same problem has been studied by Page (1954,1955),Chernoff
and Zacks (1964),Kander and Zacks (1966),Battacharya and Johnson (1968) and
Gardner (1969). Most of the papers on non-parametric posterior detection were

focussed on a shift in the mean of the random variables.

1.3 Fastest detection of a change in distribution

—

In this section we will consider methods devoted to the detection of a change in
distribution. A very wide literature exists on this subject and for more detail the
reader may refer to Jandhyala (1985) who presented detailed literature review
and a wide bibliography of this subject. As in the previous section we divide the

5



methods into parametric and non-parametric and we start our description by the

parametric ones.

1.3.1 Parametric Approach

The parametric approach itself can be divided into two subclasses. The first
class uses a Bayesian approach and the second class groups the non-Bayesian
approaches to the problem.

Bayesian setting

Using a Bayesian approach the problem was first presented and sorved by Shiryayev
(1963, 1978). He posed the problem as stated below. Suppose one is able to
sequentially observe a series of independent observations X3, X3, ... whose dis-
tributions may change from a known distribution Fj to a known distriBution o
at some unknown point in time v. Formally X;, X3, ... are independent random
variables such that X;,X;,...,X,, are inde;iencient idertically distributed with
distribution function Fp and X,,, X,4,, .. ., are independent identically distributed
with distribution F; and where v is referred as the disorder time and is such that
1<v< oo He introduced a cost structure in which he assumed that one loses
one unit (i.e inspection cost) if one stops before the change (i.e 7 < v) and one
loses c(r — v) units if one stops after the change (i.e 7 2 v).He also supposed
that the disorder time v has a geometric prior distribution. He proved that the
optimal stopping rule is of the form r* = inf{n : #, > A}, Where =, is the
conditional probability that the change occurred given (Xj,...,X,) and where
A is a constant.



Non-Bayesian setting

In this section we group most known non-Bayesian approaches dealing with the
disorder pfoblem. The first optimality results in this context were presented by
Lorden (1971). His results are based on the restriction that the stopping rule 7
must satisfy E(r/v = o0) 2 B (i.:a-a very low false alarm rate). His criteria of
selecting the best stopping rule is {esssup E(r — v + 1)*/Xy,...,Xu-1)} which
represents the speed with which the stopping time detects the change. He proved
that a certain class of stopping rules is asymptotically (i.e B — oo) optimal and
that Page’s procedure (Page 1954) belongs to this class. A generalization of his
results are presented by Moustakides (1936) .

Bojdecki (1979,1984) presented a probability maximizing approach for a
somewhat generalized disorder problem. His aim was to find a stopping rule
7* such that P{|r" — v| < m} = sup{P{jr — v| £ m};7 € T} where T is the
get of all possible stopping rules. His generalization of the problem consists of

considering the shift to an unknown disiribution Fi that belongs to a finite (or
countable) family of distributions.

Pollak (1985) presented a non-Bayesian setting in which he derived a stop-
ping rule 7 that minimizes E(r/7 2 v) subject to the constraint E(r/v = c0) 2
B. He proved that this stopping time can be written as the limit of a sequence
of Bayesian rules identical to those presented by Shiryayev (1963). He also pre-
gented an almost minimax stopping rule.



1.3.2 Non-parametric approach for the disruption prob-
lem '

This set of methods is also divided in two subclasses; those using a Bayesian

technique and those using non-Bayesian techniques.

Methods using a Bayesian technique

In this class we can cite the work of Zacks (1981) who used the same framework
on.d the same cost structure as Shiryayev (1963) to solve a non-parametric version
of the disorder problem. He considered the case of a change from an unknown
binomial distribution with parameter 8 to an unknown binomial distribution with
parameter ¢ > 6. He also assumed a prior k(8,y). He showed that the optimal
stopping rule s of the form: ‘

™ = inf{ﬂ : "A'n(xn) 2 bn(xn)}$

where 7,(X,) has the same definition as m, above except that it depend on the
past observations X = (Xi,...,X,) aud where 3,(X,) is a function of n and
X Altht;ugh the case considered is very simple the computation of b,(X,) is
qqgtrgmely difficult if not impossible.

Non-Bayesian methods

Battacharya and Frierson (1981) designed a non-parametric cumulative sums
(Cusum) procedure to detect small disorders based on sequential ranks. The
main result of their paper deals with the asymptotic behavior of such proce-
dure. McDonald (1988a) presented a nonparametric cumulative sum procedure
based also on sequential ranks designed to detect a change in the sampling dis-
tril?ution to a stochastically larger distribution. Hackl and Ledolter (1989) pre-
sented a .non-pa.rametﬁc new technique using exponentially weighted moving av-

8



erages(EWMA) on sequential ranks. Their sequential ranks were different than
in McDonald (1988a) and Battacharya (1981). They ranked the last observa-
tion among the g last observations where g is a fixed parameter for the proce-
dure. Darkhovskii and Brodskii (1988) discussed a non-parametric method for
the fastest detection of a change in the mean of a random sequence. They didn’t
base their analysis on the whole past but they only consider the last N obser-
vations (N is called memory size). They established that for a special choice of
N their method is asymptotically optimal for a sequence of independent random

variables.
1.4 Multivariate case

Literature dealing with the multivariate case is mostly devoted to practical rules
such as Cusums and T-charts. Crosier (1988) proposed two different techniques
for constructing multivariate Cusum procedures. The first technique consists
in reducing each multivariate observation to a scalar and then constructs the
cusum on the scalars. The second procedure consists in forming & cusum vector
directly from the observations. The same ideas are also discussed by Woodall
and Ncube (1985). Hotelling (1950) and Jackson (1959,1979,1957) proposed some
multidimensional T-charts to test if past observations are in control.



Chapter 2

-

Non-parametric approach

2.1 Introduction

In a very recent paper McDonald (1988b) presented a Cramer-Von Mises statistic
based on ranks. He used this statistic to detect if a collection of data comes
from independent replications of non-homogeneous Poisson processes. In this
chapter we define statistics that belong to the same family of statistics for which
we prove the asymptotic behavior under the null hypothesis. These statistics |
can be used to test if a ccllection of bivariate observations is the outcome of
an on-target or in control process. We say that a process is in control if all
'the observations are deemed to be independent and identically distributed and
moreover the distribution of each observation is .the product distribution. This
would be the case if each 'coordina.te of an observation is a nominal value plus

noise,

2.2 Definitions and results

Suppose we dispose of ¢ samples each of size {n;}L_;. Let n = T n; and denote
Z;; =(X;;,Yi) #=1,2,...,q and j = 1,...,n; be the jth observation of the ith

sample,

10



Definition 2.1 We will define the null hypothesis to be the in control case or,

in other words, the case where the Z;; are bivariate iid and the coordingles them-

selves are independent.

Let:

o

o F(z,y) be the distribution function of Z.
o F(z,y) be the empirical distribution function of Z.

e Fi(z,y) be the empirical distribution function of Z based only on sample 2

of size n;.
e H(z) = F(z, o) be the marginal distribution function of X.
e G(y) = F(o0,y) be the marginal distribution function of Y.
e H(z) be the empirical marginal distribution function of X.
o G(y) be the empirical marginal distribution function of Y
o H = ;%E' , G = ;}3@.

Definition 2.2 Suppose we dispose of observations Z;;; i = 1,...,q and j =
1,...,n; and for each o(;servation, say Z we are given the number of points a,b, ¢
and d falling in each gquadrant 3s shown in Figure £.1. We will call the above
information the siructure and we will denote it by S. Note that the number of
points in the first quadrant (a) includes the point Z iiself.

Let Fs(z,y) be the conditional distribution of Z given S then:

_ (n)?H(z)*+1(1 - H(z))"4G(y) (1 - Gy)t
Fs(z,y) = @+c=Dla+d—-DIG F B+ (21)

11



y 4z

T .

Figure 2.1: Structure §

(a+c)a+d) _ n?
(n+12? ~ (n+1)

In the rest of this chapter we will consider the following statistics for which we

E(F(z,y)l8) = H(z)G(y) (2.2)

will study the asymptotic behavior under the in control hypothesis.

Se=3 [ Halmis Fia, 1), F (@8 ()i, ) (29

=1

which can be also written:

8y = 303 kylrmyiy Fi(Zi), H (X (%) (2.4

i=] =1
Definition 2.3 We say that S, .iatiaﬁea condition I if the following holds for any
integers {n,q,i} and any (y,2) € [0,1]%.

ko (1,9, 2)| < ko (2.5)
|%(ﬂﬂ',v, z)| £ ky, (2.6)
%%(ni iv y,z)l S kls (2-7)

12



and
k .
L) < s 28)

Theorem 2.4 Under the null hypothesis, if k, satisfies condition I and if:

lim ~ max_n; =0, hmsup—"- < coand hmmfvars >0
=0 n |E{1r -q]' q
Then:
S —ES% _, x(0,1). (2.9)
y/VarS,

The proof of this theorem requires some preliminary, propositions.
Define:

T,= }; j ko(n, i, Fi(z, y), H(z)G(y)ndF(z, y) (2.10).
which is elso equivalent to
Ty = 33kl F(24), F(Z5) (1)
The on;d;monal Teylor expansion n the variable z of T, around (%) (¥i)
gives
T,=8, + Ay + L 2.12)
Where
&= };g——(n,nﬁ"(zu), (X5)G (V)P (Z5) - B (Xi5)C (Yy)] (2.13)
And
L, = 2‘_2.1,2:; 5, s (n,i, F¥(Zi5), 6B (Xi5)G(¥sg) + (1 — O)"(X:5)T (¥:5))
[F(Zi;) - H (Xi5)G (¥ (2:14)

where # is a stochastic number in [0, 1].

13



Proposition 2.5 If condition I holds then E|L,| = O(1).

Proof :
|Lg| is bounded by

b3 S IF (%) - (X:)G (¥;))?

i=t j=1

=k, i SIH(X5)(G(¥:s) — B¥is))

i ) — H(Xi;)) + G(Yy5)H(X; )]
=k 2: }24(6(Kj )= G¥))* +4(H (X) — H(X)) + 4 (2n+ 1;2 e
< 4h, | [Vsup |6(s) - C)IP + [VAsup | (2) - B@)P + (s !

From this and by the Kiefer’s theorem (Serfling 1980) it follows that
E|L| £ C < ' ' (2.15)

Proposition 2.6 The conditional distribution of A, given the structure S has

mean 0, variance V, and is asymplotically normal. Moreover

9

nV ;;E 21 q(n’ z’ F'(Z‘J)’ F(Z'J)) a q(u,z F‘(Zlm)’ F(z!m))
{(Xi)H (Xim) K (G(Yi5), G(Yim)) + G (V)G (Yim)
K(E(X), HXin))} = 1+0(2), (216

Where K(u,v) = min(u,v) — uv.

The proof of this proposition will be given after we present some properties

of two dimensional L-statistics.

14



2.3 Two dimensional L-statistics

Later, we show that A, belongs to the family of two dimensional L-statistics
which we define in the following definition. The asymptotic normality of this

family of statistics constitutes the main objective of this section.

Definition 2.7 A statistic R, is called a two dimensional L-statistic if it can be

writien as follows
Rn = chraa.'Unra Vmi- (2.17)
i=1
where {{U;, V});i = 1,...,n} are independent identically disiributed; V5., and Uy,
are respectively the s;th order statistic of V and the r;th order statistic of U end

where the {Cpjk : J =1,...,nk=1,...,n} are constanis.

~ In the following we will consider the case where U; and V; are mutually indepen-

dent uniform (0,1).
Let
" fu= LB~ (v~ DER, (2.18)
md

B = gn(mm) —(n-1)ER, | 2.19)
Since U and V; are independent we get

EUnr, Vs [Vi) = EVnri E(Vasi Vi) (2.20)
which implies '

R,= _ilc“‘m-E(U,.,‘)V,..‘ —(n-1)ER, (2.21)

Where Gy = Chrs; 20d where V;,,, is given in Stigler (1969) via

15



s

noY,
V=3 [ guit)dt +nEVynics - (n— DEVa (2:22)
k=10
where for any ¢ € (0, 1) g,(t) is given by
gui(t) =n ( ’::11 ) 11 — ) (2.23)

The same argument applied to R, gives

Bo= CuB(Vas)0ur — (n — 1)ERn (2.24)
i=l
where
I},,,- = n-l i ./U* g,..-(t)dt + nEUﬂ—lli—l - (ﬂ - I)EUm' (2.25)
=170
" Now let
R,=R.-ER,+ R,-ER, (2.26)

and let p; = ﬁ

Proposition 2.8 (Stigler 1869 Theorem 1) For any sequence of iniegers {b.}
such that b,/ log(n) — oo and b,/n — 0,

nCoV( Vi, Va; )/ K (2i,0;) = 1+ o(1) (2.27)
and
nCov(Vei, Vs )/ K(pi, ps) = 1+ o(1) (2.28)

uniformly for p;,p; in [by/n,1 = b,/n].
Let Ay = [ba/n,1— by /n]

Proposition 2.9 Assume that ¢ =0 for ey € A, or 35 & A,. If for some

C independent of n we have

16



3 G i K Burpy) + =25 K 20}

ig=1 (n+ 1)2
L rir; _8i8;
<C u2=1 canJ{ (n+ 1y K(Plnpl,') + (n+ 1) ———K(pr,;, Pf,)} (2.29)
and
'Z"._:l Iénién.i HK (Pu 1D )K (Pr; ) Pr,-)}
é J{ (nr_ijl)g K(p,, !plj) + n 8-: 11)2 K(pr:, Pr,)} (2.30)

Jor all n then

naz(Rﬂ)["jgl ém'CnJ ( _;_ 1) (Plnpa,-) + (n "l"‘;.)g K(Prnpr,)}]_
=1+ 0(1) _ (2'31)

and

na’(ﬁ;)[i Cmcn.v{( - K(py, pa;) + (n ‘33 K(Prnp":)}]-l

ig=1 +1) +1)?
=1+0(1). (2.32)
Proof:
oA(R,) = 2 CoiCriCOV(Urnr; Vaasy U Vi) (2.33)

Using the fact that U and V' are independent gives

nCov(Uy,; Vauis Uny; Vm.i) = n{E(U,, Une; YE(Vau, Vi ) = EUnr EUp, EVoiEVa, }
= n{COV( Um'n Unrj )COV(VM' ? Vﬂl’)

+BUr EUnr; COV(Varis Vas;) + EVi BVig; CoV(Unsiy Unr;)}

Immediate use of Proposition 2.8 impﬁea

17



| 1
nCov(Unr,, U ﬂfj)COV(Vnu ) Vmg)[K (Dsi: Daj YK (pri» Pr; )]—l = O(;) (2.34)
Since ) . v

no¥(Ry) =n Y. CniCai{CoV(Unri Unr;)COV(Vayyy Vi;)

=1
-]-EU,“-,EUM,-COV(V,.,‘, ij) + EV,,,,-EVM,-COV(UM‘, Um-,-)} (2.35) .
then
LN rir; 8;8; -
lnoj(Rn)['Zl Oﬂicﬂ:{ (n+ :1)2 K(P.npa,) + n+ 11)2 K(Prnpr_, )}] ! 1
1J=

< 0(1) ,;_1 Icmcn: I{K(Pmpa, )K(PrnPr,) + (,:.:.'1)2 K(py, ,P:,) + (,:.;:l)a K(Pra ,Pr,)
- Eag-ﬁ Cri nJ{(n—r.:.:i')TK (PanPa,) -+ G%'EFK (Prs Pr,)}

< Co(1) by (2.29) and (2.30).

= of1).
R, is a‘(Vh: .., V) measurable and R, is a(U7, ... ,U,) measurable therefore R,
and R, are independent. It follows that
o3 (Rn) = 0¥(Ry) + o*(Ry) : (2.36)
which gives
no(R,) = i CriCrit{BU e EUpy, CoV(Visi, Vas,) + EViy BV, Cov(Uney, U, )}

=1

Using the first part of Proposition 2.8 and following the same steps as above gives

2¢ A B s i3 . a
InoX o) 32 CuCrnil g K Pur) + 7o K Y™ = 1 = o(1). B

Proposition 2.10 Under conditions of Proposition 2.9

B BB, wo,1) | (2.37)

y Var(R,)

18



Proof:
By Proposition 2.9 and Proposition 1 (Stigler 1969) we get

E(Ra = Ba)? _ o3(Ba) = oX(Rn)
o* () =T

This implies that R, — ER, and R, are asymptotically equivalent. So in order
to prove that ﬁ? converges weakly to a standard normal it is sufficient to
show that R,/,/Var(R,) converges in distribution to a standard normal.

— 0

Rn = 2 éﬂiEUm‘f’m; + 2 éniEVnJu ﬁnr.- + 6m (2-38)

i=1 i=1
where &, is non-random.

Replacing V;; and Uy, by 2.22 and 2.25 gives:

- . no. n Vi no n
Ro=n"1Y CrBU,y, Y. f ) gni(t)dt + 3 CriBV,, D /u ' Gar(2)dt + 8,
k=1 V¢ k=170

i=l =1
Interchanging the order of summation gives
- -1 LI I N Va a u
Rl'l =n Z Z (C’“'EU’“-i / gni(t)dt + CniEVm. ./‘, gﬂ"(t)dt) + 63
k=1i=t o . JO
Let

n

. Vi .
an = n”l 2 [CniEUnr‘ jo ' gn"(t)dt + Cn"EVm‘ ./ouh gﬂr.(t)dt]

i=1
Then

n
R, = n-lzznk + 6n
k=1

Since ER, = 0 then: R, = n~1T%_,(Zn — EZn:). To prove the asymptotic
normality of R, we only need to check the Lindeberg condition (Billinsley 1985)
for the T%_1(Znk — EZni). A straightforward calculation gives

EZw = 3 GuEUy, i "(1 = t)gni(t)dt + CoiEVi, / (1 = £)gun ()dt

=1
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and hence

Zux —EZn = 3 CoiBU,, j (t — Iyc)gnss (1)t + CriEVas, j (¢ = T, <) nri ()t

=t
Let B} = Var(Ti.(Zn: — EZn)) = n?o?(R,).
Following Stigler (1969) it is sufficient to show that P{|Zux — Eanl 2¢eB,} =0
for large n to conclude that Lindeberg condition holds for 37_;(Znk — EZ.;).
For this purpose let
Hu =Y. CuEUo, j e

i=1
' L= CuEVi, f guri (1),

i=1
B}, = Var(Ti_,(Hu — EHui)) and B}, = Var(Zh, (Ink — BLnk)). -
We heve B2 = B?, + B}, and Zp — BZny = Hpg = EHpp + Lok — ELy;, which
implies

Bn Bﬂ
P{|Zws ~EZul 2 ¢Ba} < P{|Hus - BHu| 2 652} + P{|Lui — ELu 2 65}

< P{|Hn- E-anl 2 Siﬁ} 4+ P{|Lyx — ELy;| 2 E-'B;n}

The R.H.S of the above inequality is equal to 0 for large n by the same argument

as in the proof of Theorem 2 in Stigler (1969) .

In the following proposition we present conditions under which (2.29) and (2.30)

hold. This will allow us to give a more @neral statement of Proposition (2.10).
‘But first let D, = {integers i for which r; or s; is not in 4,}

Proposition 2.11 If|Cyi| < ky for any integers n and i, and if iminf, ..o o3(Rn)/n >
0 then (2.29) and (2.90) hold.

Proof:
A straightforward calculation gives
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rin—r;+1)

CoV(Unriy Une;) = (n+ Din +2) forr; < rj (2.39)

which implies
K(p,.,pr:
Cov(UnrisUor;) = ‘(%‘%’l

hence

r.-r,-K(p.'“p.,-) 353:'K(Prnprj) }
(n+1)3n+2)  (n+1P(n+2)

A AL K(pris pr; YK (Pssy Ps;)
o*(Rn) = -’.:'E=l CaiCai{ (n +2)3

We claim that

- a rr-K(p..-. lj)'*‘i K( W
lim 27 =1 CniCnj { = p(n-i-l.):, — )} =

= no(Re)

to.check this claim we note that T2,_, CniCu; K(P'"’::__‘l;?"""' ) < k2 hence

+

1

T i - i

= AT)
by hypothesis we get

O L R
Noting the expression of no?(Ry,) and using the hypothesis lim infp.oo 0*(Rn)/n >
0 we conclude that (2.29) holds. Noting also that

Z |éniéﬂ:'lK (anPrj)K(PtisPO,') < kfnz

WJ=1

the same argument as above implies that (2.30) holds.

Theorem 2.12 If |Cni| < k1 for any integers n and i and if liminfy oo 0%(Ry)/n >
0 then there ezisis a sequence b, satisfying lim, . 9: =0 and im.,, 1-}:; = 00
for which we have
Cov(Unr;Vasis Unr; Vms) ():-'ED.. o C“.',,.-C‘,.,- + Tienn Li=1 c'niéni) =0
o*(Ra)
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ond (R, — ER,)//VarR, is asymptotically a standard normal.
Proof
CoV(Unr Vausir Unr; Vas;) = COV(Unriy Unr;)C0V( Vi, Vi)
+EU,1,.,.EU,...,. Cov(Vii, Voi) + EViy BV, Cov(Une;, Une;)

From (2.39) we get COV(Uﬂr.1 Unr;) < n+2

Hence
2 2n+5 L 2n+5
Cov Unr.'Vm yUnriVaey) < +
ieg,.:}:—-:l ( o ey Vo) 1-52-:11-2—1 (n+2) r..?—bn r_,-z—l (n+2)
2nb,(2n + 5)
_— <
= n+22 -~ 4bs
Therefore

2 z éniénjcov(Unran; ’ Unr,' Vm,-) < 4’?35"

Now let us show that | Ziep, C',..-U,.,,. Vps; | is asymptotically negligible with respect
to o3(R,). |

El E éﬂiUnﬂVMil S 4l"nkl
i€Dp
Choose b, = (log n)!*¢ for some € > 0. Hence
Cov( U, nry an Uﬂl'j VM,') (Eien.. E}‘=x ém'c'nj + Ejep.. E?:l c'm'énj)
(Ra)

-0

and

EI Enebn_m 14 nr{ Vrml
a(Rn)

From the above, Propositions (2.11) and (2.10) the asymptotic normality of (R, —
ER,)//Vark, follows.

-0
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Proof of proposition 2.6

Conditioning on the structure §, A, can be written

Aq = Eéﬂi Uﬂr‘ Vm‘] + Aq (2.40)

i=1
where Cn; = %2(:4,1, F¥(Z;, B (Xi;)G (Y,;)), which is a constant for a given
structure §. Uy, = H(X;;) is the r;th order statistic of a uniform (0,1) and
Vasi = G(Yi;) is the ith order statistic of a uniform {0,1). Proposition 2.9 gives the
conditional asymptotic variance of A; and Theorem 2.12 implies its conditional
asymptotic normality.

Proposition 2.13 1V, is asymptotic to A, where

n

'n'
Mo
M

I

3 T8, (), F(2) 3203, F(B), F( )

[B(X:;) B (Xim) K (G(Y:5), G(¥im)) + G(¥is)G(Yim) K (H(Xis), H (X1 ))]

Proof:
The asymptotics of 2V, are given in Proposition 2.6. Next SUP(z,y) |7 ()G (y) -
H(z)G(y)| — 0 as ¢ — oo (see proof of Proposition 2.5).

Since %f(n, %, ¥, 2) is uniformly bounded for any integers n and i and any (y,2) €
[0, 1]

hence
|%§i(n1 i: Fi(zij')! F(Xq)?(yu)) - aa—’:i'(ﬂ, i, ‘F‘(zl.f)! F(Z.,))‘
< Ka|B(X55)G (Yi3) — H(X;;)G(Yi5)] — 0 uniformly as g — oo
|K(E (Xi;, H (Xim)) — K(H(X5), H(Xim))|
< 2H'(Xy;) — H(Xi)| + 2H (Xim) = H(Xim)| = 0
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uniformly for all 4, 7,/ and m as ¢ — oo. The same holds for G and gives
|K(@ (Y;;), G (Yim)) — K(G(Y;), G(¥im)} — 0 uniformly as g — co.

Using the same argument as above it is easy to see that
| (Xi) Y H (Xim) — H(X:;)H(Xim)| — 0 uniformly as g ~ co.
This implies that each of the n? terms in 1V, — 4, is going uniformly to 0 and

since we have - in front of the summation, the proof is complete.O

Proposition 2.14 If liminf, . &':A"- >0 then Val:-'a_, = 1 and
7‘%&? == N(0,1) independently of S,.
q

Proof:

Proposition 2.13 shows that A, is the asymptotic equivalent to 1V;. Since the
Z;; are independent and for different i's F¥(Z;;) are indepéndent then in the
computation E(4, — EA,)* each term involving six or more different rows is
equal to 0. Hence (E4, — EA,)* contains at most kn® non-null bounded terms;
where k is a constant independent of n. The ; in front of this expectation implies
that (A, — BA,)* < C/n® where C is a constant independent of n. Hence

S (B4, - B4 Soo

Theorem 1.3.5 (Serfling 1980) implies A, — EA, and hence 1V, — LEV, converges
a.s. to 0. Since EV; = VarA, and liminf, .o, ¥32¢ > 0 It follows that yy&-
- . A
converges a.s. to 1. From Proposition 2.8 it follows that 7‘7:'71 => N(0,1)
independently of the Structure S. Since S, is a function of the structure then the
limiting distribution of A, is independent of S,.0

Proposition 2.15 If k, satisfies condition I then there ezists a universal

constant C such that
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. . .
E szq(",i'f"‘ (Zs), F (Z,-,-))] < Cn} (2.41)
Proof:.

ikq(n, i, F(2;), F(Z;;)) = f: ky(n, i, Fi(2), F(2))nidF'(2)

i=1

Therefore the L.H.S of (2.41) is bounded by
Cyn3E [[2 ky(n, i, Fi(z), F(z))/mi d(Fi(z) - F(2))]' (2.42)
+CinE [ /R 3 {ko(n,i, Fi(z), F(2)) — ky(nyi, F(2), F(z))} dF(z)" (243)
+ O3B [ (18 {ko(n,i, F(2), F(2)) — ky(n,i, Fi(2), F(2))} dFi(2)] " (2.44)
Expression (2.43) is bounded by GyKn?E {\/n_.:m:p |F(z) - _r'(z)|}'l (2.45)
By Kicfer's theorem (Serfling ‘1930) it follows that:

E {\/17. shxp-lF"(z) - F(z)l}4 SM<oo (2.46)

and hence (2.43) is bounded by Cn?.
Next expression (2.44) is bounded by

CinlE [ﬂ ( jo ' {|%’:’-(n, i, F(2), F(2))||F*(z) — F(z)l} dF"(z))r

, 4
< CuintE { s |F(z) - F(2)|)
< Cn?. by the above

Also expression (2.42) is bounded by

CirB{ [ {ky(msi, Fi(2), F(2) - Kyt iy F(2), P}

VR(F(z) - Fa)]! (247)
4
+ B [[ ky(nyi, F(a), F(z) i d(F(z) ~ F(2)) (248)
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Expression (2.47) is bounded by

ConB [ [ Ik, F(2), FDIAIE(2) — FI dF) = F&)|
< 20K Vrisp [F(z) - F(a)| |
< Cnl. ’

After integrating by parts (2.48) is bounded by:

CinlE[ j { B, i, F(2), F(z)) + —'i(n, i, F(z), F(z))}
VIi(F'(2) - F(z))dF(2)}*
< 20KIniE { Vs [Fi(z) - F(2)l}
< Cni

1

Adding (2.42), (2.43) and (2.44) implies that expression (2.41) is bounded by
Crnl 0O

Proposition 2.16 If

liminf ~( max n;) =0 and hmmfv‘“'T

=0 N i=1,..9 n

0

Then

ﬁ = N(0,1). (2.49)

Proof:
q n
T, = ggkq(ns i F'.(z-‘j): F(Zy))
For different i's the k,(n,:, F'(Z;;), F(Z;;)) are independent therefore we only
need to verify the Liapounov condition for the central limit theorem for
T3 ky(n,i, F¥(Z;;), F(Z;;)). Proposition 2.15 implies the Liapounov condition
for the fourth moment if :
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s ﬂ:l Cn'l? — \
lim Ry = 0 (2.50)
but by hypothesis liminf, ., Y272 > 0 which implies that (2.50) holds if

l(_nue.:ac n;) — 0.0
1 -

The following lemma will be used in the proof of Theorem 2.4.

Lemma 2.17 (McDonald 1989) Let {T;,5,,A,, Ly}, be such that

o o) T,=5,+A, + L, vhere T,,5,, A, and L, have ezpectation 0.

o b) Along every weakly convergent subsequence the joint law of
(§,/\/VarS,, A/ 1/6&1‘1&,) converges weakly to the joint distribution of two

independent random variables S,Z where Z is o standard normal (S may,

in principle, depend on the subsequence).

*c)
VarA VarA
lim inf =L < lim =1
0< ¢=%  VarS, ~ q—?p VarsS, <o
and
lim sup -Yg-r-& =

o d) T,/\/VarT, converges weakly to a standard normal,

then § is e standard normal distribution.

Proof of theorem 2.4

We have T, = S, + A, + L,. Proposition 2.5 gives E{L,| < O(1) and since
VarS, — oo as ¢ — oo this implier L, is asymptotically negligible.
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Va.\'T, — V“(Sq+Aq) >

First assume lim inf,_,oo ——+ V"A > 0 Asymptotically we have:
!-’fg-"- since 4, is asymptotlca.]ly independent of S, by Proposition (2.13).

Hence
timinf YT o iing Y855 o g,
g—+o0 n =00 mn "

The same argument as in proposition 2.15 gives VarT, < C Tl

limsupvarTq 5011m§-<co

Unt | =g
Which implies limsup,_., anA‘ < 0
Hence limsup,_., %’l < oo K lunmf,,_.m > 0 then by letting T, =
T, - ET,, 5, = S, — BES; and L, = L, — EL, in Lemma (2.17) gives the asymp-

totic normality of S,

If iminf, v—’:—ﬁ-"- = ( then there exists a subsequence g; along which ‘—@:ﬁ-

is going to 0. Along this subse(.;uence A, is asymptotically negligeable and S, is
asymptotically equivalent to 7, and hence it is asymptotically normal.D
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Chapter 3

Applications |

3.1 Introduction

In this chapter we present a particular statistic which we will define in the next
section and which belongs to the family of statistics studied in chapter 2. Using
this statistic we first verify the properties and results developed in the previous

chapter, then we carry out simulations of its behavior under some alternative
hypotheses. . -

3.2 Definition
Consider the following statistic:
q 1) L—] — I3
5= [(Fi@) — T ()& (=) midF(2) (3.1)
i=1

where the notation of the previous chapter is conserved. The kernel associated
with the above statistic is k(n,i, Fi(z), H (2)G (2)) = (Fi(z) — H (2)G (2)).
It is easy to verify that S, belongs to the family of statistics defined in chapter 2

and that k, satisfies condition I defined previously.
The following propositions will prove very useful and they give an estimate of

the mean and the variance of the above statistic 5.
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Proposition 3.1 Let T, (associated with the kernel k;) be as defined in the pre-

vious chapter. Then

5n; + 17 ‘
ET, = Z 36, . (3.2)
and
I, 921n? + 7856n? + 10945n; — 4926
Varl, = ;, 324007 (33)
Proof:

The proof involves tedious calculations which we carried out using a Maple pro-
gram. Here we present the technique used in the proof and for more detail we
refer the reader to the Maple program presented in appendix A.

The technique used borrows the idea of the structure defined in Chapter 2.
We define the distribution function for each structure and then we sum over'a.ll
possible structures. Since the computation of the variance is more complex and
more general than that of the expected value we omit the latter.
Note that T, = L, 2}‘;1(F"(Z,-_.,-) — F(Z;;))?, hence

VarT, = EIVar LE(F'(Z.,) F(Z.,))’]

this because the F¥’s are independent for different ’s.
ng . 0§ ) 2
Var [’Z;(F' (Zi;)-F (Z-‘:‘))2] = E [E(F' (2i5)— F (Zij))g]
= =1

- (E Lil(r"‘(z.-,-) - F'(z.-,-))’] )
Let us first compute

E [T3.(F(Z;) - F (2] = S Tty B((F(8i)~ F(Zi5)(F¥(Za)~F (Zax) ]
First we consider the case j # k. Figures 3.1a and 3.1b show the two possible
configurations of the two points Z;; and Z;; (note that strictly speaking we have
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Figure 3.1: Possible configurations

four possible configurations but it is easily seen that these configurations are two
by two equivalent).

It can be seen that we can have either one of the two configurations with
probability 1/2. Now we restrict our attention to the configuration of Figure
3.1a. In this case the joint density of Z;; and Z;; can be written as

f(t, Y, S,tgag b1 c,d,m, ¢, .f!g) = ( n:‘e,-f?g ) ( a, br,nc,d ) (xy)a ((s - 3)!’)6

((t = 9)2)° (s = =)t = ) (1 = 9)t)" (1 ~ 1)s)' (1 = 8)(1 — 1))’

wherem =a+b+c+d.
A straightforward calculation gives

E(F'(Z;;) - F(Z)(F'(Za) = F(Z4))

=.nl'4’/:j:_[:/o. b E(a+1—n.-zg,.')’(m-i:2—ﬂ.-.'nt)2

mye.f.gab,cd

f(z"y!sit!a,b,c’d!m,e,f!g)dzdydsdt

We developed the right hand side into nine terms which we labeled from
A to I. Note that for ease of notation, in the following development we denote
f(z,y,8,t,a,b;c,d,m,e, f, g) simply by f(.).
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f f f f (a+1)’(m+2)’f(.)dzdydsdt

me, 0 a.b cd

=L LLL S X e+ vm+ 275 dedydoct

mye,fg abyed

c—-— j j j j T 3 (ay)*(m + 2) () da dy dsdt

m.e .8 o,bed

D——jfojo'j T 3 (a+ 1)¥(st)(m +2)f(.) de dy ds dt

me, fig abecd

5[ L[ T T e+ ienm+ 05 dody dod

m,e.J.g abed

=_;.72jo‘jo'jo'jo' T 3 (aw)(st)(m +2)f(.) do dy ds dt

m.efg abed

G—— j j f j 3 (a+1)*(st)* () de dy ds dt

m,e,f.gabed

=:$/ol.[) fj Y Y (zy)(a+ 1)(st)*£(.) dz dy ds dt

meda abed
= j j / ] Y (zy)?(st)*f(.) dz dydsdt
med g abed
We choose the first term A to describe the typical calculations carried out by the
Maple program.
First we write (a +1)? = a(a — 1) + 3a + 1 and replace this in the expression of
A. Then we use the multinomial theorem after integrating with respect to £ and
y, developing any power of m into term of the form m(m —1)(m —2},....then we

use the multinomial theorem a second time and integrate with respéct to s and ¢

_ L[(n- — 2){ni — 3)(ni — 4)(ni — 5) 4 - 2)(ni — 3)(ni — 4)
n! 324 100
289(n; — 2)(n; - 3) + 47(n; -2
576 36

)+1]
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We use the same technique for B,C,...,I. For the second configuration the
only things that change are the distribution and the expression of (F¥(Z;;) —
F (Zij))’(F“(Z;;,) - F (Z,'};))3 Wh.i(‘.h become

.f(z’ Y, 8,4, b,¢c,d,m,e, f’g) = ( ﬂ:ie:.f?g ) ( a, l:,nc, d ) (zt)“ ((8 - :n)t)b
(ly = )z)* (s — )y — )" (1 - W) (@ — 9)s)" (1 — )2 — )Y
(F'(Zi5) = F(Z5))"(F'(Zu) = F(Za))* = ;};(a +b+1-nist)(a+ec+1-nizy)

Note that the same technique is also used for the case j = [ and for the compu-
tation of the expected value of T,.

Proposition 3.2 Let A; be associated with the above kernel ky defined as in
Proposition (2.15) then

(ni — 1)(25285 + 12083n;) . 13n; . 47 | . 6lg(g—1)
B4, = 42[ 3175200m; + 500 T 1300) T 3200

izl

Proof:
The same technique as in the proof of Proposition (3.1) is used. The only differ-

ence is the presence of one more case that corresponds to the situation of Figure

3.2 where we have two different rows ¢ and [.

The joint distribution in this case is just the product and can be written as

f(z,y,8,1 y& byc,d,e, £ 9, h) = ( a, b ¢,d ) (3!’)“((1 _x)y)b((l y)z)*

(@—-2)(1 )’ ( o ) (st (1 = (1 — )P ((2 = 8)(1 — )P

The rest of the proof uses the same ideas as above and for more informati n see

appendix A.
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Figure 3.2: Configuration 3 (i # )

3.3 Verification of the results of Chapter 2

A simulation study was carried out to verify the results of Chapter 2.

The first set of simulations verifies the asymptotic normality of S, and is car-
ried out using bivariate independent uniform randem numbers generated using
the IMSL library random number generator. These simulation results are pre-
sented in Figure 3.3 a,b and ¢. Figure 3.3b represents a simulation result based
on 1000 replications of 100 samples (i.e ¢ = 100) each of size 5. The histogram
represented in figure 3.3b shows the asymptotic normality of S;. Figures 3.3a
and 3.3¢c were also based on a 1000 simulations. Figure 3.3a corresponds to 30
samples each of size 10 and figure 3.3c corresponds to 200 samples each of size 5.
These figures shows that the asymptotic normality of S, is valid even for a small
number of samples (g = 30).

All simulation results presented in the second set (Figures 3.4a ,b and c) were
based on a 1000 replications. They all use the same number of samples (g = 100)
and the same sample size (n; = 5 for all { = 1,...,q) but they use different
d.istriBuj:ions. Figure 3.4a corresponds to the same case as Figure 3.3b, Figure
3.4b corresponds to bivariate independent normal and Figure 3.4¢ corresponds to
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bivariate independent exponentials These results emphasize the non-parametric
property of S,. These figures confirm the asymptotic normality and Table 3.1
shows that the expected value and the variance of S; are independent of the
distribution of Z;; when the null hypothesis is satisfied.

__l?zatribution ES, | Vars, |
Bivariate | 23.2574 | 1.9115
|__uniform
Bivariate | 23.2573 1 1.9117
normal
" Bivariate | 23.2574 | 1.9115
exponential | -

Table 3.1: Non-parametric property of Sy

In practice it is often hard to do simulations to get the expected value and
the variance of S;. Propositions 3.1 and 3.2 provide the fo]lo;ning estimates of
these values.

ES, ~ ET, (3.4)
and
VarS, ~ VarT, — nEA, (3.5) |

To verify the precision of this estimate, we present estimates (in Table 3.2)
of both the variance and the expected value using 1000 simulations and estimates
are given using equations 3.4 and 3.5. These results show the precision of the
estimates (3.4 and 3.5) even for a small number of samples (g = 30). Moreover
the following proposition implies that the use of equation 3.4 to estimate ES,

will only make a test using this estimate more conservative. In other words a
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test using this estimate will erroneously reject the null hypothesis less often then

of test using the exact value.
Number of | Sample | Simulated | Estimated | Simulated | Estimated
samples size ES, *ES, VarS, VarS,
100 5| 23.2574| 23.3333 1.9117 1.9678
200 5| 46.5792| 46.6667 4.0873 3.9388
30 10 5.4588 5.5833 0.4058 0.4018

Table 3.2: Quality of the estimates of ES; and Var$,

Proposition 3.3 For the kernel k, defined in the beginning of this chapter, ET;
is an overestimate of ES, (i.e ET, > ES,)

Proof:
From Chapter 2 we know that

T, =S+ A+
hence ET, = ES, + EA,; + EL,. However EA, = 0 and by the definition of &,
we get

L= Y3 4(F(Zy) - F(Zg)F 2 0

i=l y=1

Therefore EL, 2> 0 and this completes the proof O.

3.4 Behavior of S, under some alternatives
In this section we will use the statistic S;,defined above, and study its behavior
under some alternatives that will be defined in later sections. In order to compare
this statistics with well known competitors we introduce the Shewart Z chart

which we will discuss in the next section.
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3.4.1 Shewart T chart

Suppose groups (or samples) of, say, five items are drawn from a process at
regular intervals, and measurements of quality are made. The simple Shewart
F chart plots the mean of each sample of size, say, five against time and if this
_mean goes over or below certain action limits the process is declared out of
control (see Figure 3.5). Usually it assumes that the measured variables have
normel distribution under the in control hypothesis. It also assumes that an out
of control situation means a change in the mean of the initial normal distribution
which without loss of generality is assumed to be a standard normai.
To determine the action limits we use the following technique:

We suppose that from past observations of the process, we dispose of good esti-
mates of both the mean i and the standard deviation ¢. First we compute the
standard error of T, o/y/n where n is the_ sample size (five for example). The
second step uses normal tables to define the limits. For example if the process
is in control, only one point in a thousand would be above z + 3.090/+/n, and
only one point in a thousand would be below u — 3.090/+/n. These define the
upper and lower limits for the Shewart chart. Therefore if a point falls outside

the limit action we declare the process out of control.

Y o
f upper action limit
°
o
T o
o o — -
lower action limit
——t—t—t—} z
12 3 4 5

sas.mple number
Figure 3.5; Shewart F chart
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3.4.2 Alternatives

Four major alternatives will be considered. First we consider a shift in one
coordinate then we consider a shift in both coordinates, after that we consider a
chiange to correlated random variables and finally we consider a combination of
a shift and correlation. v

Shift in the mean of one coordinate

It is well documented in the literature that the Shewart T chart detects a shift
in the mean of normal observations very well. In this section we compare the
behavior of the statistic S, to that of the Shewart chart.

First let us define precisely the alternative hypothesis. Suppose we dispose of ¢
samples ( say, ¢ = 100) each of size n; (say, five). We also suppose that each ob-
servation is a bivariate normal random variable and that the first, say, 80 samples
are from independent iid bivariate normal (0,1) distribution and that the rest of
the samples are also from independent bivariate normal but the distribution of
one of the coordinate, say, X is shifted in mean (i.e X has a normal (z,1) dis-
tribution). Table (3.3) summarizes the simulation results obtained for different
shifts in the z coordinate. A shift is defined and referred to by its ratio to the

standard deviation.

Shift |2std | 1.5std | 1 std | 0.5 atd
S, 936 730 | 347 111
Shewart | 1000 1000 | 826 142

Table 3.3: Shift in one direction



Note:

Note that all the results of th.%s section and all other following sections are based
on 1000 replications of a simulation study using a 100 samples (¢ = 100) each
of size 5 (n; = 5;Vi). The numbers presented in this section tables represent
the number of times out of & thousand in which the statistic 5, or the Shewart
rejects the null hypothesis (in control hypothesis). Note also that the actions
limits of the Shewart were fixed so that under the null hypoth&e.is the Shewart

and the statistic 5, reject with the same probability ( in this case they both reject
a portion of 50 out of a 1000).

Shift in two directions

For this alternative we adopt the same conditions as in the preceding section
except that both ccordinates will shift in mean after, say, 80 samples. Results of
simulations related to this alternatives are presented in Table (3.4). These results
prove that S, beats the Shewart chart when the two coordinates are shifted. This

- can be explained by the fact that the Shewart treats each shift alone, while Se
combines both shifts.

Shift |2 std | 1.5std | 1 std | 0.5 std
) 1000 1000 | 981 297
Shewart | 1000 1000 | 953 219

Table 3.4: Shift in two directions

Correlation between the two coordinates

We define this alternative as follows.
In the in control case X and Y are independent normal (0,1) random variables.

41



An out of control situation can induce a correlatiﬁn between the two coordinates
while at the same time conserving the same marginals of X and Y. This alter-
native is called correlation of the two coordinates. The simulation study done
to evaluate the quality of the statistic S, compared to that of the Shewart chart
is summarized in table (3.5): These results prove that for this alternative the
statistic S, has much better power than the Shewart statistic. This conclusion
is strengthened by another simulation in which we considered that the two co-
ordinates were correlated right from the beginning. For a correlation of 0.3, the
statistic S, rejected the null hypothesis in 804 cases out of a thousand while the
Shewart chart rejected in only 52 cases and for a correlation of 0.5 5, rejects in
999 cases while the Shewart chart reject in 43 cases.

Cor(z,y)[ 091 0.7{ 0.5] 0.3
S, 757 | 431 | 244 | 138
Shewart | 49| 48| 50| 49

Table 3.5: Correlation of the two coordinates

Small shift and correlation

In this alternative we grouped all the above out-of-control situations. In other
words when the change occurs the coordinates may shift in mean and/or may
become correlated. Table (3.6) presents some combinstions of shifts and corre-
lations that we use to decide on the power of S; compared to that of the well
known Shewart chart. It can be seen from table (3.6) that S; performs better
than the Shewart and it also show that S, collects the effuts of all changes. In
other words any change results in an increase in S;. For example, the change
resulting from a shift together with a correlation is greater than the one resulting
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| from a shift alone. The same thing holds for a shift in two directions and a shift

in one direction.

Cor(z,y) | 0.1] 0.5] 0.2] 0.7] 05] 0.2
Shift | 1.0| 1.0| 1.0| 05| 0.5] 05
[ _S;__| 840731 [ 500 | 438 [ 300 | 164
Shewart | 843 | 832 | 828 | 157 | 148 | 140

Table 5.6: Shift and correlation
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Conclusion

The asymptotic normality of the family of bivariate randomness statistics is de-
rived. For a particular statistic of this family, defined in Chapter 3, we give an
expression for the asymptotic mean and variance. This statistic is also used to
verify the results of Chapter 2 and then to carry out a simulation study com-
paring it with the Shewart chart. These simulations show that this statistic has
good power if & correlation is present between the two coordinates or if one or

more change-points are involved.

A proof of the asymptotics of this family of statistics under different or
more general hypotheses would be of great importance since it would allow the
computation of the power of these statistics. In the proof of the asymptotic
normality of these statistics we introduce two dimensional L-statistics. We only
prove their asymptotic normality under the null hypothesis (bivariate uniforms).
A general proof, which will take care of different distributions and of different
hypotheses such as correlation of the components, would be very useful.

A practical issue, which requires more work, is a comparison with different
tests such as Shewart chart based on generalized T-test, non-parametric CUSUM
and multivariate CUSUMs.



Appendix A

Proof of Propositions 3.1 and 3.2

In this appendix we present three maple programs that carry the calculation
involved in the proof of Propositions 3.1 and 3.2. The first Program computes
the expected value of Ty, while the second program computes the variance of T,.
The third program computes the expected values of the estimate A,.



This maple program computes the expected value of Tq
It uses the multinomial theorem in the computation of the Involved
#integration.

Ai=m+1;

s7:mexpand{A**2);

82:msubs m'*4-m4+6'm3+7'm2+m1.m“3-m3+3‘m2+m1.m“2-m2+m1.m-m1.a7):
39:msubs(mamn4* (5*t)*24, m3=n3*(3%L)**3, m2=n2*(s*t)**2,mi=n1%s*t,32);
310:=int(s9,8=0..1);

sit:mint(s10,tm=0,,.1);

Vi:=s11/n¥*2;

s7:mexpand(A®*s*t);

52:m3ubs(m**4=md-+6*m3+7*m24m1 ,m**3=m3+3*m2+m1 ,m**2=am2+m1 ,mem1t , 87) ;
$9:msubs(mimn4* (8*t)*24 m3=n3*(s*t)**3, m2=n2*(s*t)**2,mi=n1*s*t,82);
s10:=int(s9,s=0..1);

s11:=int(s10,t=0..1);

V2:==2%*311/n; -

s7:m(s*t)**2;

52:msubs(m**4am4+6*m3+7*m2+m1 ,m**J=m3+3*m2+m1 ,m* *2=m2+m1 ,m=m1,87) ;
$9:msubs(md=mn4® (8*t)**4 m3mn3*(set)*e3, m2=n2*(s*t)**2,mi=n{1*s%t,s2);
s10:=int(s9,s=0..1);

s11:=int(s10,t=0,.1);

V3ims11;

ni:=n-1;

n2:=ni*{(n-2);

n3:=n2*(n=3);

n4:=n3*(n-4) ;

EO:=normal (V1+V2+V3);
E1:-suba(n-n§I;.EO):
Exptq:=sum(n(i)*E1,I=1..q);
quit;
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VARTQ MAPLE

§Thls progrom uses the same technique as the flrst one and 1t computes

the varlance of Tq. It carry calculation for all different configuration
presented in chapter 3.

§ We start by computing the terms that does not depend on the

configuration, in other words the variance for a particular |
Ait=m+i;

s7:mexpand (A**4);
82:=subs(m**4=m4+6*mI+7*m24m1 ,m* *J=mI+3*m24m1,m* *2=m2+m1 ,m=m1i,s7) :

)
89 imsubs(mémnk4* (8%¢) **4 , m3=nk3*(s*t)**3, m2=nk2*(a*t)**2,mi=nki*s*t, a2);
310:=int(s9,8=0..1);

si1:=Int(s10,t=0,.1);
Viims11/n**4;

s7:=axpand (A**3*s*t);
$2:=3ybs(m**4=m4+6*'m3+7*m24m1 ,m**3=m3I+3*m2+m1 ,m**2=m2+m1 ,m=m1,357) ;

s9:msubs(m4mnk4*(s*t) **4,m3=nk3*(s*t)**3, m2=nk2*(s*t)**2,mi=nki*s*t,s2);
810:=int(s9,s=0..1);

s11:=int(s10,t=0..1);
V2:m=4*311/n**3;

s7:mexpand((s*t) *222A%22);
$2:msyubs(m**4=m4+6*mI+7*m2+m1,m**3=m3+3*m2+m1,m**2=m2+m1,m=m1,s7) ;

s9;msubs(m4=nk4*(s*t) **4,m3=nk3I*(s*t)**3, m2=nk2*(s*t)**2,mi=nk1*s*¢,s2);
s10:=int(s9,s=0..1); :

sit:=int(s310,t=0..1);
Vi:=G*sii/n**2;

s7:mexpand((s*t)**3*A);
s82:=msubs(m**4=m4+6*m3+7*m2+m1 ,m**J=m3I+3*m24n1 ,m**2=m24m1 ,m=m1,s7);

)
39:msubs(mdmnks*(s*t)**4, m3=nk3*(s*t) **3, m2wnk2*(s*t)**2,mi=nki*s*t,s2);
s10:=int(s9,s=0..1}; '

s11:=int(s10,t=0,..1);
V4:m~4*311/n;

87:=(a*t)**4;
82:msubs(m**4=m4+6*m3+7*m2+m1 ,m* *3=m3+3*m24m1 ,m* *2=m2+m1 ,m=m1,87) ;

39 :msubs(mdmnk4*(s*t)**4, m3=nk3*(8*t)**3, m2=nk2*(s*t)**2,mimnki*s*t,s2);
s10:=int(s9,s=0..1);

s11:=int(s10,t=0..1);

vo:i=m311;

nki:=mn-1;
nk2:=nki*(n=-2);
nk3:=nk2*{n=-3) ;
nk4:=mnk3*(n-4);
E2:=normal (V1+V2+V3+V4+VS) ; .
now we compute covariance term for the first conflguration
Note that we compute each of the nine terms defined in chapter 3 alone

Bimag+1;

Ai=m+2;

s1:mexpand(B**2);
s2:=subs(a**4mqd4+6*a3+7*a2+al, a**3=q3+3*%a2+al ,a**2=a2+al,a=al,s1);



sS5:mexpand(s2);
sB:-subs(o4=m4*(x‘y)"4{(s't)“4.03=m3‘(x* Yre3/(s*t)*s3,
a2om2*(x*y)**2/(s*t “z.at-mi‘x'y/(a*tg,ss):
s87:mA%92%s5;
s8:=subs(md=m*(m=1)* (m=2) * (m=3) ,m3=m* (m~1) * (m~2) ,m2=m* (m~1) ,m1=m, s7) ;
89:mexpand(s8);
82:maubs(m**4=md+6*mI+7*m2+m1 ,m**3=m3+3*m24mi ,m**2=m2+m1 ,m=m1i, 89) ;
510:=[nt(s2,x=0..8); :
s11:=Int s10.y-0..t;:
39:msyubs(mimnd*(g*t)*
310:=fnt(s9,3=0..1);
ai11:=Int(s10,t=0..1);
Vi:i=msg11/n**4;
Above Is the first term (A)
Below starts the computation of the second term. Note that the program
Is almost repeating itself.
s1:mexpand(B);
s2:=subs(a**4=ad4+6*a3+7*a2+al,a**3=a3+3*a2+a1,a**2=a2+al,a=a1,s1);
sS:mexpand(s2);
36:-subs(u4=m4'(x'y)“4§(s*t)"4.a3=m3*(x' Yo**3/(s*t)*Z,
a2=m2*(x*y)**2/(s*t ‘*2.01-m1'x‘y/(s't§.35);
87 :mA*e 20 gEexty
s8:msubs (md=m* (m=1) * (m=2) * (m~3) ,m3=m* (m—=1) * (m=2) ,m2=m* (m~1) ,m1=m, 37) ;
$9:=expand(s8); )
82:=subs(m**4=m4+6*m3+7*m2+m1 ,m**3=mI+3*m2+m1 ,m**2=m2+m1 ,m=m1, 59) ;
810:mint(s2,x=0,.3);
s11:={nt s10.y-0..t;:
89:msubs(mé=nd* (s*)%*4 m3=n3I*(s*t)**3, m2en2*(s*t)**2,mi=n12s*t,s11);
810:={nt(s9,s=0..1);
s11:=int(s10,t=0..1);
V2:m=2%311/n**3;
# Above 1s the second term (B)

*4,m3=n3*(3*t)**3, m2=n2*(s*t)**2,mi=n1%s*t,a11);

# ond s0 on...

8]:mi; ) '

82:msubs(a**4=q4+6*a3+7%a2+a1,a**3wa3+3%q2+a1,a**2=q2+al,amal , 81) ;

85:mexpand(s2);

86:msubs(ad=md* (x*y)**4/(s*t)**4 a3em3*(x?y) **3/(s%t)*+3,
a2=m2*(x*y)**2/(s*t “2.01-m1'x‘y/(s‘t§,35);

s7:mA**2936% (x*y)e2;

38:msubs(m4=m* (m-1) *(m=2) * (m~3) ,m3=m*(m—-1) * (m=2) ,m2=m* (m~1) ,m1=m, 87) ;

s9;:=axpand(s8);

82:msubs(m®*4=m4+6*'m3+7*m2+m1 ,m* *3=m3I+3*m2+m1,m* *2=m2+4m1,m=m1, 89) ;

s10:=int(s2,x=0..8); . -

sit:=int s10.y-0..t;; '

s9:msubs(mé=nd*(s*t)**4 ,m3=n3*(s*t)**3, m2=n2*(s*t)**2, mi=ni*s*t,s11);

810:=Int(s9,s=0..1); :

s1l:=[nt(s10,t=0..1);

V3:ms11/n**2;

st:=expand(B**2);

sZ:-subs(q“4-a4+6‘03+7‘02+a1.a“3-03+3'02+a1.c"2-02+al.a-o1.81):

85:mexpand(s2);

s6:msubs(a4=md* (x*y) **4/(s%t)**4,a3=m3s(xsy) *+3/(s*t)**3,
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02-m2‘(x‘y)"2/(s't)“2,01-m1‘x*y/(s‘t).35);
s7:mA%s*tes5;
sB:-subs(m4-m‘(m—1)‘(m—2)‘(m—3).m3nn'(m—1)‘(m—2).m2-m‘(m—1).m1-m,s7);
s9:=mexpand(s8);
s2:=3ubs m“4-m4+6'm3+7*m2+m1,m‘*3qm3+3‘m2hm1.m“2-m2+m1
310:=int(s2,x=0,.s);
si1:=int s10.y-0..t;;
89 :msubs(m4mnd® (3*t) **4 mImnI*(set)*e3, m2=n2*(s*t)**2, mimn1*s*t,s11);
810:=int(s9,s=0,.1); -
st1:=int(s10,t=0.,1);
. V4:im=2%311/n**3;

J=m1i, s9);

s1:=expand(B); . .

32:-subs(a**4-a4+6‘c3+7‘02+q1,q“3-a3+3‘02+a1.a"2u02+01,u-a1.31):

s5:mexpand{s2);

s6:=subs(cd=m4* (x*y)**4 (s*t)**4 q3am3Is(x» Y3*3/(s*t) 03,
a2=m2*(x*y)**2/(s*t **2.01-m1‘x'y/(s‘t§.35):

87 :mAvgeiesGexty;

sB:-subs(m4-m‘(m-1)‘(m—2)*(m—3).m3-m‘(m—1)‘(m—2).m2=m'(m-1).m1=m.s7):

s9:=expand(s2);

82:msubs m“4-m4+6‘m3+7*m2+m1.m“S-m3+3'm2+m1.m“2-m2+m1.m-m1,aQ);

s10:=int(s2,x=0..8);

s11:=int s10.y-0..t;:

39:m5ubs(mdund* (3%1) *94 m3mn3s(s*t)s+3, m2=n2%(s*t)**2,mi=n1*s%¢,511);

s10:=int(s9,s=0..1); )

s11:mint(s10,t=0..1);

V5:m4*511/n**2;

8=y,

sZ:-subs(a“4—u4+6‘03+7‘02+a1.q“3=u3+3‘u2+a1.a"z-a2+c1.0-01.31);

s5:=expand(s2);

36 :msubs(cdumd* (x0y)$94/(s%t) $34, q3=m3*(x* Y3/ (s%t) =3,
a2=m2*(x*y)**2/(3%t)**2, cl=mi*x*y/(s*t ,85):

87 :mA*g*{ 936 (xty) *52; .

aB:-subs(m4-m‘(m-1)‘(m-2)‘(m-3).m3-m'(m—1)‘(m-2).m2-m'(m-1).m1-m.a7):

89:=expand(s8) ;

s2:=subs m**4emd-+6*m3+7*m24m1 ,m** J=m3I+3*m2+m1 ,m* * 2=m2+m1

810:=mint(s2,x=0..8)

s11:=int(s10,y=0..t);

Jmem1,89);
89:=sybs m4-n4'(s‘t;;'4.m3-n3'(s't)"3. m2=n2*(s*t)**2, mi=n1*s*t,511);
)i

810:=int(s9,s=0..1)
811:=int(s10,t=0,.1
VG:m=-2*311/n;

s1:wexpand{B**2);
32:-subs(a'*4-o4+6'03+7'02+a1.q“3-03+3‘02+a1.a“2-02+o1.a~a1.s1);
85:mexpand(s2);
sG:-subs(o4-m4*(x'y)"4{(s‘t)"4,03-m3'(x‘ )$e3/(s%t)ee3,

a2=m2* (x*y)**2/(s*t "2.01-m1'x'y/(s't§.35):
s7:m(a%t)*%2036;
sB:-subs(m4-m‘(m-1)'(m—2)‘(m—3).m3=m‘(m-1)*(m—2).m2=m‘(m—1).m1-m.s7);
39:=expand(s8);
s2:=s3ubs m"4-m4+6'm3+7‘m2+m1.m“S-m3+3‘m2+m1.m"2-m2+m1.m-m1.39):
310:=int(s2,x=0..8);
si1:=int(s10,y=0..t);
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s9:m=subs m4=n4*(s*t)*24 mIan3* (s*t) *s3, m2=n2*(s*)**2, mi=n1*s*t,511);
$10:=in%(s9,3=0.,1);
$11:=int(s10,t=0..1);
V7:=811/n**2;
si:mexpand(B);
32:-subs(a'*4-u4+6‘a3+7‘a2+01,q"3-03+3'02+u1.a‘*2-02+01.0-01.31):
sS:maxpand(s2); '
86:msubs(ad=ma*(x*y)*se4 (s*t)*24, q3um3* (x* Y*a3/(s0t) #s3,

Q2wm2* (x*y)**+2/(s*t “*2,a1=mi*xsy/(s%t}),s5); *
87:m(3%t) 99205605ty
sB:-subs(m?-m;(m-1§*(m—2)*(m—3),m3=m‘(m-1)‘(m—2).m2=m*(m—1),m1=m.s7):
89:=expand(s8) ; . ,
aZ:-sugs m"4-m4+6'm3+7‘m2+m1.m'*qu3+3*m2+m1,m"z-m2+m1.m-m1.39);
810:=int(s2,x=0.,8);
sti:=int sto.y-o..t;:
89:msubs(md=mnd*(s*t ¥*4,m3=n3* (srt)*e3, mZ=n2*(s*t)**2,mi=n1*s*t,511);
810:=int(s9,s=0,.1);
811:mint(s10,t=0.,1);
V8:==2*811/n;

stim1;

32:-aubs(o"4-a4+6‘a3+7'02+01.a“s-c3+3'02+01.a“2-02+a1,u-a1.s1):

35:mexpand(s2);

$6:=subs(ademds(x2y) #*4/(s*t) 004, a3em3® (x0y) #23/(set) 053,
a2=m2*(x*y)*92/(s*t “2,01-m1‘x‘y/(s‘t§.35);

37:m(3%t) *%203G% (x*y)es2;

s&:-subs(gz=m;(m-1)‘(m—2)‘(m-3).m3-m'(m~1)‘(m—2).qun‘(m—1).m1-m.s7);

$9:=mexpand(s8);

s2:=subs m"4=m4+6*m3+7‘m2+m1.m"3=m3+3‘m2+m1.m"2=m2+m1.mam1.39);

810:=Int{s2,x=0.,.3); '

sil:=int(s10,y=0,.t):

$9:msubs(mdmnd* (s*t **4,m3an3*(set)**3, m2=n2t(s*t)**2, mimn1*s*t, 811);

810:=int(s9,s=0,.1); . :

s11:=int(s10,t=0..1);

V9:ims11;

v:-normal(v1+v2+v3+v4+v5+vs+v7+vs+vs);
End of the first configuration and Beginning of the second one.
Note that the same steps will be repented starting from the first
up to the nineth term.
B:matb+1; :
Aimatett;
s1:mexpand(A**2#*B##2); _ )
s2:=msubs o“4-a4+6‘c3+7'02+ai.a"3-03+3'02+a1.a"2-a2+a1.a-ai.sl H
s3:msubs b"4-b4+6‘b3+7‘b2+b1,b"S-b3+3'b2+b1.b“2-b2+b1.b-b1.s2
s84:wsubs c*‘4-c4+6'c3+7'c2+c1.c"3-c3+3‘c2+c1.c“2-e2+c1.c-c1.33
sS:mexpand(s4);
36:-suba(a4~m4‘(x‘t)“4.a3'b1-m4‘(x‘t)"3‘(t‘(s-x ),
a3*ci=md®(xst)e3e(yelyat ;.02‘b2-m4‘(x‘t)"2*(t'(s—x))"2.
a2%c2=m4*(x*t)es2e(xo(y_t “2.b2‘c2-n4‘(t'(a-x;)“2‘(x'( —-t))**2,
b3%ctimm4s (to(g=x)) o308 ce (yoy +D1%c3am4e (te(5-x) '(x'(y-t)g"S.
a2*b1*clamé®(tox)*228 (12 gmy Y*x*(y=t),
al*b2*ciam4*(tex ‘5t‘ s-x;;"Z'x‘ y=t

a1*b1*c2mmdn(tox)e ‘(x‘(y-t))‘;2,m4-m4/(s‘y)“4.35):

t*(s—x
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87:msyubs(a3=m3*(x*t)**3,02*b1=m3* (x*1) **25 (t*(s-x)),
a2*ci{am3* x*t;“Z‘ x*( -t)).01‘b2=m3‘(x‘t)‘(t‘(s-x))“z.
al*c2em3* (x*4)*(x*(y~t))**2,b1%c2 =m3I*(t*(s=x))*(x*(y—t))**2,
b2*ctmwm3* t‘Es-x Yer2s(x*(y=-t)),
atl*bi*cimm3*(t*x)*(t*(s-x) ‘(x‘(y-t)).m3-m3§(s‘y)"3.ss):
s8:msubs(a2=m2*(x*t)**2,q1*b1=m2*(x*t) *(t*(a=x)),
at*cl=m2*(x*t) *(x*(y=t)) ,b2=m2*(t*(3=x))**2,
c2 -mz*(x*(y-t);"2.b1*c1-m2‘(t*(s-x))‘(x'(y—t) Jn2=m2/(
89:msubs(ai=m1*(x*t),blemi*(t*(s=x)), ci=mi®(x*(y-t
810:=int(s9,x=0,.8);
sti:=int siO.t-O..y;:
89:=subs(mdmnd* (8*y)**4,m3un3I*(s*y) **3, m2=n2*(s*y)**2, mi=n1*s*y,511);
810:=int(s9,8m=0..1);
s11:=int(s10,y=0..1);
Viimaii/n**4;
81 :=expand(A*B**2);

aZ:-aubsgc*‘4-a4+6‘03+7‘02+a1.o“3-u3+3'a2+u1.a"2-02+a1.o-q1.sii

Gy )

83:msybs b"4-b4+6‘b3+7‘b2+b1,b“3-b3+3‘b2+b1.b“2ﬂb2+b1,b-b1,32

84 :msubs c**4mc4+6%cI+7%c2+ct, c* *ImcI+I*c24c1,c**2mc24c1, cmel , 83

s5:mexpend(s4);

86 :msubs(ad=md® (x*1) $%4 a3 1mmas (x*t) 938 ( L% (s-x)),
a3*clmm4*(x*t)*23%(x*(y~-t }.02'b2-m4‘(x't)"2'(t‘(3mx))"2.
Q2%c2=m4*(x*t)**2%(x*(y~t))**2,b2%c2mm4* (t*(m=x) ) *22*(x*(y=t))**2,

b3*cimmd* (t*(s—x))**3*x*(y=t .b1‘c&qn4‘(t‘(s-x);'(x*(y-t) *s3,
a2*bi*clmm4*(te*x)**2*(t*(s—x))*x*(y~-t),

ai*b2*cimm4*(t*x)*(t* s-x;;"Z‘x‘ -t),

a1*bi*c2mma*(t*x)*(t*(3-x))*(x*(y=t))**2,m4=md /(s*y) **4,85);
37:msubs(a3=m3*(x*t)**3,02*b1em3*(x*t)**2¢(t*(s-x)),

02!c1-m3‘§x't;“2‘ x*(y=t)),a1*b2om3*(x*t)*(L1*(s=-x))**2,

al1*c2=m3* (x*t)*(x*(y-t))**2,b1%c2 =m3I*(t*(s=-x) )} *(x*(y~t))**2,
b2*cimm3* t‘ia-x )r*2% (x* (y-t _

e W S e ()

al*cl=m2*(x*t)*(x*(y-t)),b2=m2* (t*(s~x))**2,

c2 -m2'(x*(y-t);“2.b1‘c1=m2'(t‘(s—x))'(x*(y-t);.m2=m2/(s'y)"2.s7);

89:msubs(at=m1*(x*t) ,bi=mi*(t*(s=x)), cl=mi*(x*(y-t)),mi=m1/(s*y),s8);
819:=m39%x*y;

810:=int(s19,x=0..5); )
s11:mint(s10,t=0..y);

89:msubs(m4=n4*(s*y)**4 ,m3=n3*(s*y)**3, m2=n2*(s*y)**2, mi=ni*s*y,s11);
810:=int(s9,s=0.,1); .

si1:=int(810,y=0..1);

V2:m-2%311/n%%3; |

s1:=expand(B**2);
szt-aubsia"4—a4+6‘03+7'02+01.o"3-03+3'02+01.o“z-u2+o1.q-a1.s1i

s3:msubs(b**4=mb4+6*b3+7*b2+b1,b**3=b3+3*b2+b1,b**2ub2+b1,bub1,32
84:msubs(c?**4mcd+6*cI+7%c2+¢1,c**3mc3+3%c2+4¢1,c**2mc2+c1,cmc 1,83
s5:mexpand(s4): :
s6:msubs(ad=ms*(x*t)**4, a3*bimmss (x*t) **35(t*(5-x)),

a3'c1-m4‘ix‘t;“3‘ x*(y=-t ;.02'b2-m4'(x‘t)“Zzit'(s-x))“z.

W2%c2uom4*(x*t)**2%(x*(y-t “2.b2‘c2sm4'(t‘(s-x;)“Z‘(x‘( -t))**2,
b3*clmm4*(t*(s=x))**3%x*(y-t),b1*c3=mi* (t*(s—x) ‘(x‘(y—t)y“S,
a2*bi*cl=m4*(t*x)**2%(ts(g=x
al*b2*cir=mé*(t*x ‘it‘
al*b1*c2=m4*(t*x)*(t*

) Ryt y—t .
s—x; 28200 (y=-t),

s=x) ) *(x*(y~t))**2,m4=m4/(s%y) **4,s5);
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s7: -aubz(aS-mS'(x‘t)“S a2*bimm3*(x*t)**2+(t*(s-x)),

a2*ci=m3* x‘t;“Z‘ x‘( -t)), a1'b2=m3‘(x't)'(t*(s-x))“2

a1*c2=m3*(x*t)*(x*(y-t )--2 b1-c2 -m3'(t‘(s-x))*(x‘(y—t))"z,

b2%*c1=m3* t‘Es-x )"2‘ -

at*b1?cl=m3*(t*x)*(t*(s~x) ; x‘(y-t)).mSamS (s*y)*3,36);
s8:maubs(a2=m2*(x*t)**2,a1*b1=m2* (x*t)*(L*(s-x)),

ai'c1-m2‘(x‘t)‘(x‘(y =t)),b2=m2s(t*(s=x))**2,

c2 »m2*(x*(y—~t))**2,b1*c1=m2*(t*(s—-x))* (x‘(y-t)g ,m2=m2/(s*y)**2 g7);
89:msubs(aimmi*(x*t b1-m1'(t‘(s-x)). ct=mi*(x*(y-t)) ,mi=m1/(s*y), 38)
819:ma9%(x*y)**2;
810:m=int(s19,x=0,.s ;
si1:=mint(s10,t=0..
s9:msubs m4-n4‘(s‘
810:=int(s9,s=0, .1
s11:=int(s10, y-O..1)
V3ima11/n**2;

“4 m3-n3‘(s‘y)“3, m2=n2*(s*y)**2 mi=ni*s*y,s11);

s1:mexpand(A**2+B);
s2: -subsia“4-a4+6*a3+7‘az+a1 »0**3=a3+3*%g2+atl,g**2mg2+q1,0=al, 312

83:msubs(b**4=b4+6*b3+7*b2+b1,b**3mp3I+3°b2+b1,b**2=b2+b1, b=bi, s2
s4:msubs(c**4mc446*cI+7%c2+c1, c** ImcI+3%c24¢1,c**2uc2+c] ,cmcl, 83
s5:=expand(s4);
s6: -subs(a4=m4'(x't)“4 a3*bi=m4* (x*t)**3+(i*(s-x)),
a3*ci=m4*(x*t) *s3%(x* y—t .02'b2=m4‘(x‘t)"2‘(t‘(s-x )*e2,
g2%c2mmd*(x*t)**2%(x*(y=t))**2, b2‘c2-m4‘(t'(s-x;)'*2‘( x*( -t))“z.
bI*cimmd*(t*(s—x )*‘S‘x‘ y-t; ,bi*c3=mé*(to(s=x))* (x‘(y-t)g"S,
-a2*bi*cimm4*(tox)s220(t*(g=x))*x*(y=t),
al*b2%*ctiam4*(t*x)*(t* s-x; 2 xe(y~-t
at*bi*c2=mé*(t*x)*(t*(s-x '(x'(y-t))**z md=m4/(s*y)**4,s5);
s7:=subs(03=m3%(x*t)**3,02*b1=m3*(x*t) **28(t*(s-x
a2%ci=m3*(x*t) **2* x‘( -t)), 01‘b2-m3'(x‘t)‘(t‘(s-x))"z
al*c2=m3*(x*t)*(x*(y ;)"2 b1‘c2 =3¢ (t*(8-x))* (x'(y-t))“2.
b2*c1=m3* t‘is-—x )"2‘ x*(y-
at*bi*cl=m3*(t*x)*(t*( s-x); (x‘(y-t)).qunS (s%y)**3,86);
88:msubs(a2=m2*(x*t)**2, a1‘b1-m2‘(x‘t)'(t (s-x)
o1‘c1-m2‘(x‘t)‘(x‘( y=t)) ,b2em2%(t*(s—x))**
c2 =2+ (x*(y~ );"2 b1‘c1-m2‘(t‘(s-x)) (x‘(y-t);.qumZ/(s‘y)“z ,87);
89:msubs(aimmi*(x*t) ,bi=m1*(t*(s=x)), cl=mi*(x*(y-t)),mi=m1/(a%y),2s8);
319:m39%s*t;
810:=int( 319,x-0..s
s11:mint(s10,t=0..y);
89:msubs(m4=n4*(s* “4.m3-n3'(s‘y)"3. m2=n2*(8*y)**2,mi=n1*s*y,811);
s10:mint(s9,9=0,.1
s11:mint(s10 y-O..t),
Vé:m—2%811/n%*3;
s1:=expand(A*B) ;
32.-subs{o'*4-a4+6‘03+7‘c2+a1 ,@**3mgJ+3%c2+al, a"2-02+a1 a=ai, 315

s3:msubs(b**4=b4+6*b3+7*b24b1,b**3mb3+3%b2+b1,b**2=b2+b1 ,bmb1, 82
4:msubs(c**dmc446¢cI+7%c24c1,c**Imc3+3%c2+c ], c* *2mc 241, Cmcl, 83
s5:mexpand(s4);
36'-subs(o4=m4‘(x‘t)"4 o3'b1-m4‘(x‘t)"3*(t‘(s- )),
a3*cimmd? (x*t) *33% (xs(y-t ; 02‘b2-m4‘(x't)"2'(t‘(s-x))"2
a2*c2=m4* (x*t) $92e (x* (y=t))#%2, b2%c2umdes (t*(s~x )3*2% (xo( -t))**z
b3*ci=m4*(t* s-xg)**s*x‘ y—-t b1*c3=m4‘(t'(s-x) *(x*(y=t))**3
a2*bi*ci=m4*(t*x)**2*(t*(s~x )‘x‘(y- ),
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01'b2‘c1-m4‘it‘x;‘Et‘is-x;;"Z‘x‘(y—t).
Q1*b1*c2umd® (%)% (t*(3~x))*(x*(y=t)) **2,md=m4/(s*y) **4,35);
87:=subs(a3=m3*(x*t) **3 3" “DI=m3* (x*t)**2%(t*(s-x)),
a2*clm=m3* (x*t)**29(x8:.~t)) al*b2am3* (x*t)* (t3(s~x))*+2,
al*c2mm3* (x*t)*(x*(y=1);%%2,b1%c2 =m3*(t*(s~x))*(x*(y~t))**2,
b2*cl=m3*(t*(s—x))**2%(x*(y-t)),
al*bi*cl=m3*(t*x)*(t*(s~x g‘(x‘(y-t)).m3-m3 (s*y)**3,s86);
88:msubs(a2=m2*(x*t)**2,q1%b1=m2¢(x*t)*(t*(s~x)),
at*clmm2*(x*t)*(x*(y=t)),b2=m2*(t*(s=x))**2,
c2 -m2‘(x*(y-t)3“2.b1‘c1-m2'(t'(a-x))'(x‘(y-t)
89:msubs(at=m1*(x*t),bi=m1*(t*(s~x)), clmmi*(x*(y-t
319:mgg*x*y*gst;
810:=int s19.x-0..s}

[M2em2/(8%y)**2 87);
).m1-m1/(s'y).sB):)
s11:mint(s10,t=0,.y); :
39:msubs(m4=n4* (s*y)**4 m3=n3*(ary)**3, m2=n2*(s%y)**2 mi=ni*s*y,si1);
$10:=int(s9,s=0..1);
s11:=int(s10,y=0..1);
VS:im4*311/n**2;
s1:=expand(8);
82:=subs a“4-c4+6'03+7‘02+o1.o"3-a3+3‘02+u1,a'*2-c2+u1,a-u1.s1 H
83:msubs b“4-b4+6‘b3+7‘b2+b1.b"3-b3+3‘b2+b1.b“2-b2+b1.b-b1,82
$4:msubs(c**4mcd+6*cI+7%c2+cl,c**3mc3+3%c2+¢1, c**2me2+¢ ], cncl, 83
sS:mexpand(s4);
36:msubs(ad=md*(x*t)**4, a3*bl=mds(xst) s*3s(t*(3~x)
a3*cimmd* x‘t;*'3‘ x* y-tg ,02*b2=m4* (x*t) **22 (t* (s-x))**2,
Q2%c2=m4*(x*t)**2* (x*(y=-t "2.b2'c2qn4'(t‘(s-x;)"z*(x‘( ~t))se2,
b3*c1=m4*(t*(s=x))**3%x*(y~t),b1*c3=md*(t*(s~x) ‘(x‘(y-t);“s.
Q2*bi*cl=m4*(t*x)**2¢({*(s~x))*x*(y~t),
al*b2%ctmmé*(tox)*(t* a-x;;'*Z‘x‘ y=t),
- S1bi%c2=m4* (t*x)*(t*(5=x))*(x*(y=t))**2 ,mdwmd /(s*y) **4, 85);
87:msubs(aJ=m3*(x*t)**3,a2*b1am3I* (x*t) **2+(t*(s-x)),
02*c1-m3‘¥x't #2028 (x5(y=t)),al*b2=m3* (x*t)* (t*(s-x))**2,

-
)

al*c2=m3*(x*t)*(x*(y-t))**2,b1%c2 =m3*(t*(s—x))*(x*(y-t))**2,
b2*cl=m3*(t* (3—x))**2s(x*(y~t)),
al*bl*ciem3* (t*x)*(t*(s=x))*(x*(y=~t)) ,m3=m3/(s*y)**3, 56);

88:msubs (a2=m2*(x*t)**2,a1*b1=m2% (x*t)*(t*(8~x)),
al*cl=m2*(x*t)*(x*(y=t)),b2=m2*(t*(s=-x))*s2,
c2 -m2‘(x*(y—t);*‘2.b1‘c1-m2‘(t‘(s-x))'(x‘(y-t);.m2-m2/(s'y)"2.a7);

s9:msubs(at=m1*(x*t) ,bl=mi*(t*(a-x)), cl=mi*(x*(y~t)),mi=m1/(s*y),s8);
819:ms9*(x*y)**2%grt;

s10:=int(s19,x=0,.3);

st1:=Int(s10,t=0..y);

39:msubs(mdmnd® (s*y)*24 m3=n3*(s%y)**3, m2=n2*(s*y)**2,mi=ni*s*y,s11);
s10:=int(s9,3=0,.1);

s11:mint(s10,y=0..1); ;
V6:m—-2%s11/n;

s1:mexpand(A**2); ’
sZ:-subs20“4-a4+8*a3+7'02+u1.c“3-03+3‘u2+01.a**2-02+u1.c-a1.s1§

83:m3ubs(b**4=b4+6*b3+7*b2+b1,b**3=b3+34b2+b1,b**2=b2+b1, bub1, 52
s4;msubs(c**4=c4+6*c3+7%c2+ct,c**Imc3+3%c24c1,c**2uc24c1, cme1, 83
s5:mexpand(s4);
36:=3ubs(a4=m4*(x*t)**4,a3*b1=mi*(xet)* ¢330 (t*(s-x)),
03‘c1-m4*2x*tg“3'2x* y-t; ,02%b2em4* (x*t) **2% (t*(s=x))**2,
a2vc2=m4*{x*t)*s2s( x» y=t 332'bzacz.m4t(t-(3_x))ttzt(xt(y,t))ttz.
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b3*cimm4*(t*(s—x )“S‘x‘{y—t;.b1‘c3=m4‘(t‘(s—x))‘(x‘(y—t))“s.
a2*bi*clmm4*(t*x)**22*(t*(s=x))*x*(y~t),
al*b2*ct=md*(t*x)*(t* s—x; ss28x*(y-t),
a1*b1*c2=mé*(t*x)*(t*(s~x))*(x*(y—t))**2,m4=mda/(s*y) **4,355);
s7:msubs{a3=m3*(x*t)**3,a2*b1=m3* (x*t) **2*(t*(s-x)),
a2*clwm3* (x¥t)**2% (x*(y=t)),a1*b2=m3* (x*t)*(t* (a—x))**2,
a1*c2=m3* (x*t)*(x*(y~t))*%2,b1%c2 mm3*(t*(s~x))*(x*(y=t))**2,
b2*clmm3* (t*(8=x))**25(x*(y—t)), |
gl*bi*ci=mi*(t*x ‘(t‘(s-x)x‘(x'(y-t)).m3-m3 (8%y)**3,56);
88:msubs{a2em2* (x*t)**2,q{*bl=m2¥ (x*t)* (% (8~x) _
a1*cluwm2*(x*t)*(x*(y=t)),b2=m2*(t*(s~x))**2,
c2 -m2‘(x'(y-t);"Z.bt‘c1-m2*(t'(s-x))‘(x‘(y-t)}.m2-m2/(s‘y)“2.s7):
89:msubs{at=mi*(x*t),bi=mi*(t*(s~-x)), cl=mi®(x*(y-t ).mi=m1/(s*y),s8);
819:mgQ*(s*t)*22;
810:=int a19,x-0..32:

s11:=mint(s10,tm0,..y

'89:msubs (mdmn4* (s*y) **4 m3=n3* (sty) 3, m2=n2*(s*y)**2,mi=ni*s*y ,s11);

s10:=mint(s9,9=0,.1);

s11:=int(s10,y=0..1);

V7:msi1/n**2;

s1:mexpand(A);

82:msubs o*‘4-a4+6‘03+7'a2+a1.a“3-a3+3'02+a1.a"2-02+a1.0-01.31 :

83 :wmsubs b“4-b4+5‘b3+7‘b2+b1,b“3=b3+3'b2+b1.b“Z-b2+b1.b-b1.s2

s4:msubs c"4-c4+6‘c3+7'c2+c1,c“3-c3+3‘02+c1.c"2-c2+c1.c-c1.33

s5:mexpand(s4); .

86:msubs(ademd* (x*t)**4 g3%bimmas(x*t)**3*(t*(s-x)),
ad*clemd®(x®t)sa38(xo(yat)), a2*b2mmd*(x*t) 025 (t*(3—x))**2,
a2%c2=m4* (x*1)s32# (x¥(y=t))$32,b2%c2emds (19 (3-x))222%(xs (y=t))*#22,
b3*ci=m4*(to(s=x))#*38xs(yot) , b1*cI=mé* (L5 (s~x))*(x*(y~t))*23,
02*bi*clmmd*(tox)*e2%(ts(g—x))ex*(y=t), .
al*b2%cimmi®(t*x)*(te(g-x))**2¢x*(y~t),
- a1%b1%c2=md® (t*x)*(t*(s~x))*(x*(y=t))**2,m4=m4/(s*y) **4,85);

87:msubg(a3=m3*(x*t)**3,02%b1um3* (xs)*+2 t*(s-x)), g
a2%c1mm3*(x*t)s228(xs(y=t)),a1sb2mm3I*(x*t) *(t*(8=-x))**2,
al1*c2=m3*(x*t)*(x* y-t§)“2.b1‘c2 wm3*(t*(8~x))*(x*(y-t))**2,
b2*c1em3*(t*(s~x )“2‘(!‘( =-t)),
ai*bi*ci=mI*(t*x)*(¢t*(s=x g‘(x'(y-t)).m3-m3§(a‘y)"3.36):

88:msubs(a2=m2(x*¢)**2, g1sblem2s (x*t)*(t*(s-x)),
af*cl=m2*(x*t)*(x*(y-t)),b2=m2* (t*(3-x))**2,
c2 -m2'(x*(ynt);"z.b1'c1-m2‘(t‘(s-x))'(x'(y-t);.m2-m2/(a‘y)“2.s7);

s9:msubs(at=m1*(x*t) ,bi=mi*(t*(s-x)), clmmis(x*(y-t ) mi=m1/(s%y),s8);

819:ms9*x*y*(s*t)*92; .

310:=1nt(s19,x=0..8);

811:=Int(s10,t=0,.y); -

89:msubs(minnd* (s*y)**4 m3an3s(sty)*s3, m2=n2*(s*y) **2,mi=n1*s*y,s11);

$10:=int(s9,s=0..1);

si1:=int(s10,y=0,.1);

V8:m=2*311/n;

s!:i=1;

32:-subsgo"4-u4+6*a3+7'02+c!.a°‘3=a3+3'02+a1.u*‘2=02+a1.o=c1,31§

»
]

.
’

s3:=msubs b"4-b4+6*b3+7*b2+b1.b"S-b3+3'b2+b1,b**2-b2+b1.b—b!,sz
s4:msybs c"4-c4+6'03+7‘c2+c1.c"3-c3+3‘c2+c1,c“2-02+c1.c-c1.53
s5:=mexpand(s4); :
sG:-subs(a4=m4‘(x‘t)"4.03‘b1-m4‘(x‘t)*‘3'(t‘(s-x)).
03*c1=m4‘(x‘t)‘*3*(x‘(y-t)).o2*b2qn4‘(x't)"2‘(t‘(s-x))**2.
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02'°2=m4‘ix‘t)"2‘(X'(Y-t))“2.b2‘c2=m4‘(t‘(a—x Yre2s(x*(y—t))es2,
b3*cl=ma® (t*(s=x))**38xs(y~t) b1%c3=m4*(t*(s—x) ‘(x‘(y—t)g"“S,
a2*bi1%ci=ma*(tox)**2*#(ts(s~x))*x*(y=t),

al*b2*ci=m4s(tex)*(t» s-x;;“Z‘x‘ y=t),

G1*b1*c2umd® (t+x) *(t*(s=x))*(x*(y=t))**2, m4=m4 (s*y)**4,s5);
87:msubs(a3=m3*(x*t)**3,a2*b1=m3* (x*t) 2+ t*(s-x)),

a2%clem3*(x*4)*22% (x*(y=t)),a1*b2=m3* (x*t)*(t*(s—x))**2,

al*c2=m3*(x*t)*(x* y-t§)“2.b1‘c2 =m3*(te(s-x))*(x*(y~t))**2,

b2*ci=m3*(t*(5-x))**2*(x*(y=~t))

a8 :m3ubs (azmmz (X2 1) 455, 0\ sp 1 oms (sl s Ao (3790 %3, 06):
o1‘c1=m2'(x‘t)‘(x‘(y-t)).b2=m2‘(t‘(s-x))*‘2.
c2 =m2'(x‘(y—t);**2.b1'c1=m2‘(t*(s-x))'(x'(y—t)g,m2=m2/(s‘y)“2,s7);

39:msubs(at=m1*(x*t),bi=m1*(t*(s-x)), cl=mi*(x*(y-t)) ,mi=mi/(s*y),s8);
$19:mgg*(x*y) #2245 (%) *2; ' )

310:=int(s19,x=0..3);

si11:=int(s10,t=0..y);

$9:msubs(md=nd*(s*y)**24 m3=n3*(s*y)*+3, m2=n2¢(s*y)**2, mi=ni*sty,s11);
510:=int(s9,s=0..1);

s11:mint(s10,y=0..1);

V9:=s11;

VO:=normal (V1+V2+V3+V4+VES4VE4VTHVEHVY) ;

# ond of the second configuration.

i we put the contribution of each confliguratien plus the term not
depending on any configuration and we get the following.

nt:mn-2; .
n2:mni1*(n-3);
n3:=n2*(n=-4);
n4:=n3*(n-5);
var:snormal (2*V+2*vQ);

§ the coefficlent to Is becau
vi:-normal(n‘in-1)‘var+n‘£2);
vil:msubs(n=n(i), vi);
vartq:msum(vii,i=1,.qg);

qult;

se of the symetric role of Zi] and Zik
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EXPAQ MAPLE

defined in Chapter 2 it performs all computation invsived in the
proof of proposition 3.2.
printlevel ;m=1;
Bimg+1-nl*x*y;
Aimeti1-n[*s*t;
Cimxsg*(t=y*t
Dimx*s*(y-t*y
Fimy*t*(3~3*%x
Gimy*t®(x—x*s
ni:=n(i);
# The following computation are related to the first confliguration.
s1:-expand(A*C?;
s2:=subs{e=(ni=1)*s*t,s1);
sS:-lntEsZ,s-O..1 :
s4:mint(s3,t=0..y);
s5:=B*s4;
s6:msubs(a=(nl=1)*x*y,s5);
s?:-lntEsG.an..1 H
s8:=int(s7,y=0..1);
Vi:imsB;
s1:=expand(A*D);
s2:=subs(e=(nl-1)*s*t,s1);
s3:-int252,s=0..1 :
$4:m=int(s3,tmy..1);
s5:mB*s4;
36:m=subs(a=(nl-1)*x*y,s5);
s?:-lnt{sﬁ.x=0..1
s8:=int(s7,y=0..1
V2:ms8;
si:mexpand(A*F);
32:=subs(e=(ni-1)*s*t,s1);
s3:-!nt€sz.s=0..x ;
s4:=int(s3,t=0..1);
s5:=B*s4;
g6:msubs(a=(nl-1)*x*y,s5);
s7:-|nt§ss,x-0..1 ;
s8:=int(s7,y=0..1);
V3:m=s8;
s1:=expand(A*G);
s2:=subs(e=(ni~-1)*s*t,s1);
sS:-Intssz.s-x..1 H
s4:=int(s3,t=0..1);
55:=B*%354;
s6:msubs{a=(nl-1)*x*y,s5);
s7:-lnt£se.x=0..1 :
s8:mint(s7,y=0,..1);
V4:ms8;
varO:=normal (V14V24V3+V4);
# end of flrst conflguration

g This progrom computes an estimate of the variance of Deita q

.
»
-
’

# beginning of the second configuration.
Bimag+i-ni*x*y;
Ai=mi2~ni*s*t;
Cimx*s+(y-t*y);
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Dimy*t*{x-s%x);

s1 -expand(A'B*C)
2°-subs(o*‘4-a4+6*03+1'02+01 a**3=g3+3%*02+a1,a**2=a2+qa1,0=al,s1);
sS:maexpand(s2);

36'-subs(a4=m4‘(x‘ )*%4/(s*t)**4,a3=m3* (x2y) *+3/(3%t) *+3,

02=m2*(x‘y)‘*2/(s‘t 2, a1-m1*x‘y/(s‘t§ ;

87 :m36; :
38'-subs(m4-m‘(m—1)'(m—2) (m=3) ,m3=m* (m—1)* (m-2) ,m2=m* (m=1) ,mimm, 87) ;
s9:=expand(s8);

82:maubs m"4-m4+6'm3+7‘m2+m1.m*'s-m3+3'm2+m1,m"2qn2ﬁm1.m-m1 89);
s10:mint{s2,x=0..8);

st1:=int(s10,y=0..t ;:

$9:msubs m4=n4*(s't **4,m3=n3*(s*t)**3, m2=n2*(s*t)**2,mi=n1*s*t,s11);

s10:=int(s9,s=0..1); .

s11:=int{s10, t=0..1);

V1:-s11/ni'(nl-1).

si:=expand (A*8*D);
32'-subs(a**4=a4+6‘03+7‘a2+u1 Q**3=a3+3%*a2+a1,a**2=a2+al,a=al,s81);
s5:=expand(s2);
36 :msubs{ad=md* (x*y )"4§(s‘t)'*4 , G3=m3* ( x* )“3/(s‘t)"3,
. o2=m2*(x*y)**2/(s‘t *s2 a1-m1'x'y/(s‘t§ :

.-s

8°-subs(m4=m‘(m-1) (m=2)*(m=3) ,m3em* (m=1)* (m-2),m2=m'(m-1) ,mi=m, s7);
89:mexpand(s8);

s2:msyubs m"4-m4+6‘m3+7'm2+m1.m“3-m3+3‘m2+m1.m"2-m2+m1.m-m1 89);
$10:=int(s2,x=0..8);

s11:=int(s10,y=0. . t ;: .
s9:=subs m4=n4*(s't **4,m3=n3*(s*t)**3, m2=n2*(s*t)**2,mi=ni*s*t,s11);
s10:=int(s9,s=0..1); :

sii:mint a10.t-0..1)

V2:=s311/ni*(ni=1);

Vi=2*normal (V1+V2); . *

Bi:ma+ct1-nl*x*y;

Aimatb+i=ni*s*t;

Cimx*g* t-t'y;:

Dimy*t*(x~s*x);

s1:=expand(A*B*C);

.82:=3ubs a"4-o4+6‘03+7‘02+01.o“3=a3+3'02+o1.c"2-02+a1.a-u1.a1 :

83:msubs(b**4mb446*b3+7*b2+b1,b**I=bI+3*b2+b1,b**2=b2+b1, bubl , 82

84:mgubs(c**4=ca+62cI+7%c2+c1,c**3xcI+3*%c24c!,c**2mc24+c1,cme1, 83

s5:=expand(s4) ;

86 -subs(a4=m4'(x‘t)"4 a3*bi=m4*(xst)**3*(t*(s-x)),
a3*cimm4s (x*t)+*30 (x*(y—t)),a2*b2=ma® (x*t) *s2% (ts(s-x))**2,
c2%c2wmd*( x*t) **2% (x*(y-t "2 b2'c2~n4‘(t‘(a—x;)"2‘(x' -t))"z.
b3*clamé*(t* s-xz)"3'x‘ y=t) ,b1*c3=més(t*(s-x))* x‘(y-t)g"3.
a2*bi*ci=m4*(t2;ye22% ({8 (s—x )‘x‘ y=-t
al*b2*ci=m4*(t*x)*(t*(s-x ;“Z‘x‘ y=-t
at*bi*c2=mé*(t*x)*(t*(s—x (x‘(y-t))"z mé=m4/(s*y)**4, 35)

$7:=subs(a3=m3*(x*t)**3,02*b1am3*(x*t) **2*(t*(s=x
02'c1=m3'§x‘t3‘*2‘ x‘( -t)), 01'b2-m3‘(x't)'(t‘(s—x))"z

al*c2=m3*(x*t)*(x*(y-t )“2 b1%c2 =m3*(t*(s-x))* (x‘*y-t))"z
b2*ci=m3* t‘(s-x))“Z'(x‘(y- v),
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s8:msubs(a2=m2*(x*t)**2,ai*b1=m2*(x*t)*(t*(s~x

at*cimm2*(x*t)*(x*(y=-t)) ,b2em2%(t*(s—x))**2,

c2 =m2*(x*(y=t))**2,b1*ci=m2% (t*(s=x))*(x*(y—-t)) ,m2=m2/(s*y)**2,357);
s9:msubs(at=mi*(x*t) ,bi=mi*(t*(s=x)), cl=mi*(x*(y—t)) ,mi=mi1/(s*y),s8);
$10:=int{s9,x=0,,.38);
s1i:m=int s10,t-0..y3

01‘b1'c1-m3‘(t‘x)‘(t‘(s—x))‘(x‘(y-t)),m3=m§{(s*y)"3.s$):
2 ’

89 :m=subs (md=n4* (s*y)**4 ,m3=n3*(5%y)**3, m2=n2*(s*y)**2,mi=ni*s*y,s11);

810:=mint(s9,9=0..1

si1:=Int(s10,y=0..1);

Vi:=gi1/ni*{(nl=1});

st:=mexpand(A*B*D) ;

s2:=subs{a**4=a4+6*a3+7*a2+a1,0**3I=a3+3*a2+a1,a**2=a24al ,a=a1,81);

83:msubs(b**4ubd+6*b3+7*b2+b1,b**3=b3+3*b2+b1,b**2=ub2+b1,b=b1, 82

s4:msubs(c**4mcq4+6%cI+7%c24c1,c**3meI+3%c2+c1,c**2=c2+c 1, cmc, 83

85:mexpand(s4); '

s6:msubs(ad=md* (x*t)**4 ,a3*bixmi* (x*t) ¥e3*5(t*(s5=x)),
03‘c1=m4'§x‘t s33% (x*(y=-t ;.02‘b2-m4*(x‘t)“2‘(t‘(s-x))‘*2.

a2%c2=m4* (x*t) **2*(x*(y-t “2;b2‘02qm4‘(t‘(s—x;)“2‘(x*( -t))**2,
b3*clemd*(t*(s—x )"3‘x'iy-t yb1%c3=m4é* (t*(8-x) ‘(x‘(y-t)x‘*s,
a2*bi*clemds(tox)**2%(t*(g-x))*x*(y-t),
al*b2*cl=m4* (t*x)*(t*(a~x))**2%x*(y=-t),
at*bi1*c2=m4*(t*x)*(t* s-x;;'(x‘(y-t))*'z.m¢Hn4 (s*y)**4,s5);
87:=subs(a3=m3*(x*t)**3,a2*b1=m3*(x*t)**2¢(t*(s-x)), ’
a2*¢1=m3* x't;“Z‘ x*(y~t)),a1*b2=m3* (x*t)*(t*(s~x))**2,
al*c2=m3*(x*t)*(x* y-t§)"2.b1'c2 wn3*(t*(8-x))*(x*(y-t))**2,
b2*c1=m3*(t*(s—x))**2*(x*(y=t)),
a1*bi*cl=m3*(t*x)*(t*(s-x)) *(x*(y=t)) ,m3=m3/(s*y)**3,36);
38:-subs(02=m2‘(x‘t)"2.01‘b1=m2‘(x‘t)'(t‘(s-x) ’
al*ci=m2*(x*t)*(x*(y-t)),b2=m2* (t*(s-x))**2,
¢2 -m2*(x'(y-t);"2.b1'c1-m2'(t'(a-x))‘(x‘(y-t);.m2-m2/(s‘y)‘*2,s7);
s9:msubs(ol=m1*(x*t),blami*(t*(s=x)), cl=mi*(x*(y-t)),mi=m1/(s*y),s8);
319 :ms9*x*y;
s10:=int(519,x=0,.8);
si1:=int(s10,t=0,.y);
89:msubs(mé=n4*(s?y)**4 ,m3=n3*(8%y)**3, m2=n2*(s*y)**2,mi=n1*as%y,811);
810:=int(s9,a=0,..1);
s11:={nt(s10,y=0..1)
V2:msi1/ni*(nl=1};
VO:=2*normal (V1+V2);
ni:=ni=2;
n2:-n1‘§nl-3i:

n3:=n2*%*(nji-4
n4:=n3*(ni=5);

vari:=normal {V+V0);

# end of the second configuration

.
¥

# Third configuration
Bima+1—-ni®*s*t;
Aimg+i-ni*s*t;
C:-s‘s‘ft—t‘t;
Dimt*t*(s—s*s);

s1:mexpand(A*B*C);
s2:msubs(a**4mg4+6*a347%a2+a1,a**3=a3+3%a2+a1,0**2=02+al ,a=at,s1);
aS:mexpand(s2) ;
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810:=[nt(s9,3=0..1);

s11:=int(s10,t=0..1);

Vii=msil;

s1:=expand(A*B*D);
82:=subs(a**4=q4+6*a3+7*a2+al,a**3=a3+3%a2+a1,a**2=a2+a1,omal,s1);
s5:mexpand(s2);

sQ:-subs%aé-k4'(s‘t)"4.03-k3‘(s‘t)“3. a2=k2*(s*t)**2,q1=mki*s*t,s5);

39:-subs§a4-k4‘(s‘t)“4,03—k3'(s‘t)“3, a2=k2*(s*t)**2,a1=k1*s%t,s5);

s10:mint(s9,s=0..1);
311:mint(s10,t=0..1);
V2:ms11;
kl:=pni-1;
k2:=k1*(ni=-2):
k3:=k2*(n1-~3
k4:mk3*(ni=~1);
printlievel :=i;
var2:=normal (V14v2);
vari:=vari;
varQ:=var0;

ex?Aq;-1/n'(sum(sum(varo.I-1.-Q).l-1..q)+sum(vqr1+vor2,i-1..q));
qult;

5%



Appendix B

Simulation program

In this appendix we give an example of simulation program used in the simulation
study presented in Chapter 3.
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Program simul(input,output,filet,file2);

* This program simulates the bshavior of the statistic Sq of chapter 3
At some point in time (tou) It Introduces a change in the distribution
of the observed random variables x and y. This change could be a shift

in one or both directions or it could be a correlation between the two
coordinates. *)

(* Declaration part *)
const
q=1007;
n_dim=2000;n_max=15;
type :
vector=array(.1..n_dim.) of real;
vector1-arroy£.1..q.) of integer;
vectorO=array(.1..1000.) of shortreal;
matrix=array(.1..q,1..n_max.) of real;
informetion=record
a,b,¢,d,fl:integer:
end;

matrix1-urray2.1..q,1..n_mox.) of information;
matrix2=array(.1..q.) of real;

var

Sq,Aq,Tq:vector; (* Sq is the statistic and Aq Is the varlance of
Delta_q given the structure *)
n:vectori;
var_Sq,var_Tq,exp_tq,var_Dq,exp_Sq,var_Sqe,pl,theta,radlus,
- phT0,8ln_phi,cos phl,va7_Vq,exp_Vq, ki, k0,
reject levell,reJect level2,

shift.?h_level1¢sh_l?vel2:reol;
x,y:matrix;

x0:vector0O;

dseed:real;

nr,i,J.m,l,k,n_replication,n_point,tau,sq_reject,sh reject:Iinteger;

struct:matrix13 - -

x bar,y bar:matrix2;

filel,fTl1e2:text;
procedure ggnmi{var dseed:real; var nr:integer;var x:vector0);external;
(* the above procedure is the IMSL random number generato, In this case
it generates normal (0,1) random numbers. Some others simulotions were
carried using uniform (0,1) and others distribution such as exponentlal,

end of the declaration part *)

procedure mean var(x:vector;nb:Integer;var exp x,var x:real);

(* this procedure compute the variance and The expected value of
the vector x *)

Var
{:integer;
Begin (* of procedure mean_var *)
exp x:=0; var x:=0;
For"i:=1 to nb do
exp x:mexp x+x{.1.);
exp_Ximexp_x/nb;
Fot"i:=1 to nb do
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var_x:mvar_x+sqr(x(.i.)-exp_x);
var_x:imvar_x/(nb=1);
End; (¥ of procedure mean_var *)

Procedure structure(x,y:matrix;q:integer;n:vectori;var struct:matrix1);
(* In this procedure we constract the structure S defined In chapter 2
= .

Var
isJ,l,m:integer;
Begin (* structure *) .
(* The following procedure constuct the structure associated

with the observation given in x and y . the result is put
in the matrix struct. *)

For i:=1 to q do
For j:=1 to n(.1.)=-1 do
For m:=j+1 to n(.i.) do -

Begin
If x(.F,].) <= x(.1,m.)
then
if y(.1,5.) <= y(.1,m.)
then
~.-begln
struct(.i,m.).a:mstruct(.!,m.).a0+1;
struct(.l,m.).fi:=struct(.i,m.).fi+1;
struct(.1,].).d:mstruct(.i,j.).d+1;
end
else )
begin
atructi.i,j. .b:-structi.l.].;.b+1;
struct(.1,m,).cimstruct(.i,m.).c+1;
end
else
if y(.1,m.) <= y(.i,j.)
then
begin
struct(.i,]j.).a:mstruct(.f,j.).a¢1;
struct(.1,].).fi:mstruct(.1,].).fi+1;
struct(.i,m.).d:=struct(.1,m.).d+1;
end
else
begin
structs.l.m. .b:-structs.i,m.;.b+1;
struct(.f,].).cimstruct(.1,}.).c+1;
end
end; -

For I:=1 to q-1 do
For j:=1 to n(.1.) do
For l:=i4+1 teo ? do

For m:=1 to n(.1.) do
Begln
If x(.1,j.) <= x(.1,m.)
then

if y(.i.jf) <= y(.1,m.)
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then

begin '
structE.l.m.;.a:-structi.I.m. a+1;
struct(.1,].).di=struct(.1,].).d+1;
and
olse
begin
atructi.l.].;.b:-struct .I.].;.b+1;
struct(.!,m.).c:=struct(.1,m. .c+1;
end
e|se .
if y(.l,m.) <= y(.1,}.)
then
begin
structi.l.].;.a:-structg.i.]. .a+l;
struct(.l,m.).d:=struct(.1,m.).d+1;
end
else
begain
atructi.I,m.;.b:-structs.l.m.;.b+1:
:truct cdsj.).comstruct(.1,].).c41;
end;

ond;
end; (* end of procedure structure *)

Procedure statistic(k:integer; struct:matrixi;q:integer;n:vectorti;
" var Sq,Aq:vector);
(* In this procedure we conpute the statistic Sq using the structure S
defined in previous procedure. *)
var .
i,j.1,m:integer;
al,02,a31,032,041,a42:real;
Begin (* of the procedure statistic *)
Sq(.k.):=0;
For l:=1 to q do
begin )
a2:=0;
For j:m1 to n(.i.) do
begin
at=(struct{.l,j.).fi/n(.1.)-kO*(struct(.i,].).a
+struct(.l.].;.b)‘(struct(.i.].).a+struct(.I.j.).c)):
a2:=q2+sqr(at);
end; :
Sq(.k.):»Sq(.k.)+02;
end;

.

End; (* of procedure statistic *)

Procedure variance( var exp Tq,var Tq:real);

* here we compute the varidnce and the expected value of Tq using
proposition 3.1 *)

var
i,j:integer;

Begin (* variance *)
var_Tq:=0; exp_Tq:=0;



For 1:= 1 to q do
begin

var Tq:mvar Tq+(148*n(.i.)*n(.1.)*n(.1.)+1803*n(.i.)*n(.1.)
B0*n{.1.)-2463 16200*n(.i.)*n(.1.)*n(.1.));
Elg_gq?sepoTq+(52£E.l.)+1;§/(3%‘:2.I.;)?( %
end;

End; (* of procedure variance *)

begin (* main program-*)
dseed:=2147493647.0; .
reudlnEfllez.n repiication); (* number of simulation ‘;
readin(file2,tau); * time of the change *
reject levell:m=1,645%sqrt(1.9117)+23.2573;
reject:Ievel2:-—1.645‘sqrt(1.9117)+23.2573;
sh_level|1:m3.65/3qrt(5.0);
sh_level2:==3.65/sqrt(5.0);
(* aboVe are defined the rejection levels for both Sq and the Shewart
chart (sh) *)
3q_reject:=0;
sh_reject:=0;
For i:=1 to q do
n(.i.):=5;
n_point:=0;
For I:=1 to q do
n_point:=n point+n(.i.); -
kO:-1/$n point+1;/(n_polnt+1):

k1:m1/(n"point+1);

pl:=3,147592654;

phiO:=pi/2;

readlnEfllez.cos phi); 2‘ value of the correlation ‘;
readin(file2,shift); * vaglue of the shift s

sin_phi:msqrt(1-sqr(cos_phi)); .

writeln i'q-'.qzs,' n_replica’,n repiication:7);

writeln (’tau=’, tau:3,” Cos(phi)=',cos phi:7:4,’ Shift =*,

shift:7:4); -

nr:=1000;
For ki=1 to n_replication do

Begin
For i:= 1 to q do
For j:= 1 to n(.1.) do

begin
struct(.1,j.).a:=1;
struct(.i,j.).b:=0;
struct(.1,].).c:=0;
struct(.1,].).d:=0;
struct(.1,].).fl:=1;
end;

ggnml (dseed,nr,x0); (* generates random numbers *)

For 1:=1 to q do )
for j:=1 to n(.1.) do ~

Pes it i,] 0(. 5*(i-1)+]
A,0.)mx0(., B5*( (= N

;2.i,].;:-x02. 500+5'(i-1;+j.);
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end;
For i:mtau+l to q do
for J:=1 to n(.1.) do

in
x?.i j.; imghift+x(.1

y(.i,].):=sin_phi®*y(, I.j.)+cos _phi*x(.i,j§.);
end;

structures »Y:q,n,struct);
statistic k.atruct,q n,Sq,Aq);
writein(fllel,sq(. k.))
i:=1;x_bar(.1.):=0; y bqr( i.):=0;
for [i=1 to n( I. )

- begin

;‘E:::i Rt SR SR

: z::; Bt R ASRE
thle( < ) and (x bor( 1.)< sh _level1)
and (x bor; i

. sh_level2) and™(y_bar(.1. )<sh_level1)

and y “bar > sh_leve!2)) Do
Begin
Fomjdi;
x bar{ ;°-0'

“bar i=Q;
for i -1 to n(.1.) do
begin

x bori . ;:-x_bcri.i.\+xi.i.1.;;
y_bar(.l. imy_bar )4y S
d-

end; ’
x bar(.1.):=x bar(.i.)/n(.i.);
y;bari.I.;:-y'bars.i.g/ni.!.};
en
(* tests for rejection *) -
If(i < q) then sh reject:msh reject+i
else IfT§ bar(.1.Y >=sh levell) or

2 bar T.; <= sh Ieveng or (y_bar(.1.) >= sh level1)

y_bar(.1.) <= sh”level2 ) then"sh re]ect msh _Teject+i;
1£((sq(. k ) >="reject_level1)T]

4 then sq_reject:msq reject+i;
end;
mean var 3q,n _replication,exp_sq,var sq)
writeéln (’reject |evel1-’.reject Iovel1 9:4);
writeln (fllel, 8xp_Sqm’,exp Sq:5:4
writeln file1.’Vur _Sq=’,var_Sq:9: 4):

~writeln (’reject level2=’ reJect levelz 9:4);
writeln (’sh_leveli=’ sh levei1:5:4
writeln (’sh” leve|2w=’ »sh_level2:9:4
writein sh _reject=’,sh reject: 7{
writeln (’sq_ reject-'.sq reject:7

end. (* end of the main progrom *)
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