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Abstract

In the communication of multimedia content, certain dependency structure often ex-
ists among the source-coded messages by different source coding techniques, where by
“dependency” we mean the dependent contributions of the messages to the overall re-
construction quality. Motivated by such notion of dependency, this thesis considers the
problem of communicating dependent source-coded messages over compound channels,
which include the attractive wireless channels and packet-loss channels. In this thesis
we propose a novel framework to model arbitrary dependency structure among source-
coded messages from the source-reconstruction perspectives, and formulate the problem
of communicating such messages over compound channels as the problem of maximiz-
ing the average utility at the receiver. Over discrete memoryless channels (DMC), we
derive the expression of maximal achievable utility, which appears to be governed by
the channel coding theorem. Over degraded compound channels, we study analytically
the maximal achievable utility by superposition codes. To achieve the maximal util-
ity, the encoder chooses the best sub-chain in the utility graph and encodes it using
the best superposition code. For the case of two source-coded messages, we show that
the maximal utility achieved by superposition codes is the maximum among all coding

schemes. Since in practice layered codes (LC) and multiple description codes (MDC)
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are two most attracted source coding schemes which induce different dependency struc-
tures among coded messages, we numerically evaluate the maximal achievable utility for
sources coded with those two source coding schemes communicated over DMC and de-
graded compound channels respectively, and show the impact of communication delay and
channel condition on their respective achievable utilities. In addition, for communicating
a Gaussian N (0, 1) independent identically distributed (i.i.d.) sequence over degraded
compound channels, the joint source channel coding schemes are considered and the min-
imal achievable distortion is derived and compared for different combinations of source
and channel codes. It is shown that the combination of LC and superposition codes out-
performs other coding schemes. The comparative behaviour among those techniques is
further demonstrated by the experimental results. Practically, we study the performances
of various coding schemes for communicating two dependent messages over quasi-static
Rayleigh fading channels, which include conventional channel codes, time sharing codes,
and a low-density parity-check (LDPC) based coding scheme, termed Bi-LDPC codes.
The success rates and the throughput of the considered coding schemes are compared.
For communicating a Gaussian N (0, 1) source sequence encoded by LC and MDC respec-
tively over quasi-static Rayleigh fading channels, the average distortion is also compared
among different channel coding schemes. It appears that Bi-LDPC codes, conventional
channel codes encoding both messages, and time sharing type-2 (TS-2) codes, each has
their advantage over different region of signal-to-noise ratio (SNR), compared with each
other.
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Chapter 1

Introduction

1.1 Motivation and contribution

Streaming multimedia information, such as video, audio, or image data, over wireless
networks is becoming prevalent in the modern world. Wireless channels fundamentally
belong to the class of compound channels [1], in which the channel realization is drawn
at random from a distribution, and the channel realization is assumed to be unknown
to the transmitter, but known to the receiver. Besides that, data transfer over Inter-
net often suffers from unexpected packet loss, and thus data networks can be modelled
as packet-loss channels or erasure channels, in which the packet is either successfully
delivered to the receiver or lost mainly due to network congestion. In this scenario,
the packet is considered to be dropped at a random manner and Internet is essentially
deemed as a category of compound channels. Partially motivated by wireless and data
network applications, there has been extensive research effort towards developing com-
munication techniques for compound channels [2-15]. In the context of communicating
multimedia content, the communication problem is compounded with the complexity
of efficiently representing the source in order to accommodate various levels of media
fidelity demanded by the heterogeneous receiving devices. To that end, various source
coding techniques are employed to compress the multimedia data, where layered coding
(LC) [16-30] and multiple description coding (MDC) [31-42] methodologies are the most

typical and attractive. One observation made in this thesis is that different source coding
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techniques induce different “dependency” structures among the source-coded messages.
For example, in LC, the source is represented by packets of multiple layers, where the
lower-layer packets contain low-fidelity information of the source and the higher-layer
packets contain enhancement information; higher layers serve to improve the fidelity
in source reconstruction but are only useful when the lower layers have been received
and decoded correctly. In MDC, on the other hand, the source is coded into a set of
“equal-footing” packets, and every packet serves to improve the overall fidelity in source
reconstruction, regardless of whether other packets are decoded. It is clear that LC and
MDC induce different dependency structures among the coded packets. However, such
a notion of source message dependency, “reconstructive” rather than probabilistic, has
hardly been rigorously formulated or carefully examined in the design of communication
systems.

Essentially, the problem of efficiently representing a source, known as the source
coding problem, is interleaved with a channel coding problem, i.e., how to reliably and
efficiently transmit the source-coded messages over compound channels. Research on joint
source channel coding over compound channels has then been inspired [43-50] typically
for communications over wireless fading channels.

There are several questions of interest along this research. It is necessary to first
introduce a notion of message dependency to capture the “reconstructive” dependency
of the source-coded messages. For any source under such representation of message de-
pendency, we then investigate how to optimally transmit the source-coded messages over
compound channels. Along this direction, we first study the optimal coding schemes for
fixed discrete memoryless channels (DMC) as a special case of compound channels, then
investigate coding schemes for degraded compound channels. The problem for general
compound channels remains open at this time. Furthermore, in terms of the optimal
performance, for a source to be transmitted over compound channels, the joint source
channel coding problem needs to be taken into consideration under different scenarios.
We also investigate practical channel coding schemes for source-coded messages over
fading channels and study their performance under various performance metrics.

The contribution of this thesis is summarized as follows.

1) We propose a novel framework to model an arbitrary dependency structure among
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source-coded messages.

As the first effort dealing with the fore-mentioned message dependency, this the-
sis proposes a framework to model the dependency structure among source-coded
messages and investigate efficient channel coding strategies for communicating such

messages over compound channels.

In this framework, an arbitrary dependency structure of source-coded messages,
which may in general be induced by the mixture of LC and MDC, is modelled via a
utility function. Such arbitrary dependency structure can be illustrated by a movie
process. A movie process is normally formed by the video process, the audio process,
and the caption process; the video and audio processes may each be represented by
several streams so that various levels of quality may be reconstructed; inside the
caption process, there could exist various language tracks. The presented framework
associates every possible reconstruction of the movie source with a utility value and

uses the utility function to represent the coded source.

For a special case of compound channels, namely, fixed channels, we derive the
maximal achievable utility and provide the coding scheme for transmitting any

given source-coded messages under the proposed model.

Under the proposed source model, we first consider the scenario of real-time com-
munication of media sources over DMC subject to a “delay factor” constraint. Us-
ing the average achieved utility as the performance metric, we derive the maximal
achievable utility in the asymptotic regime, which largely follows from the channel
coding theorem. To achieve the maximal utility, the encoder selects the best node
in the utility graph subject to the channel capacity constraint, treats the set of
messages corresponding to that node as a single message, and encodes it using a
capacity-achieving channel code. We numerically compare the achievable utilities
of an LC-coded source and an MDC-coded source and find that the two source
coding schemes each has its own advantage, which depends on the delay-factor

constraint as well as the channel statistics.

For any given source-coded messages under the proposed model communicated over
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degraded compound channels, we derive analytically the maximal utility achieved
by superposition codes and provide the optimal superposition coding scheme to
achieve that. For the case of two source-coded messages, we show that the maximal

utility achieved by superposition codes is the maximum among all coding schemes.

Inspired by the work of [51], we consider to adapt superposition codes to the prob-
lem of communicating dependent messages over degraded compound channels. For
any source-coded messages with the entropy rates and the utility function defined,
we derive analytically the maximal utility achieved by superposition codes and con-
ventional channel codes respectively, where the latter follows from the former as a
special case. To achieve the maximal utility, in superposition coding scheme, the
encoder codes along the best (in the utility maximizing sense) sub-chain in the
utility graph, whereas in conventional channel coding scheme, the encoder codes
for the best node. We numerically evaluate the achievable utilities of an LC-coded
source and an MDC-coded source by superposition codes. It is shown that for any
given source, the performance depends on the distribution of the channel realization

and the delay (or channel-code block length) requirement.

Considering a Gaussian N (0, 1) source transmitted over degraded compound chan-
nels, we find the minimal distortion achieved by different joint source channel cod-
ing schemes. For each coding scheme, the optimal solution of code construction is

suggested.

The LC-coded and the MDC-coded sources used as the examples in previous numer-
ical studies are not constructed from a single source, which makes the performance
comparison between both source coding techniques infeasible. To make the com-
parison on their performance, we investigate efficient combination of source coding
and channel coding strategies for communicating a Gaussian N (0, 1) source over
degraded compound channels for the purpose of demonstration. We derive analyt-
ically the minimal achievable distortion of different source coding schemes, namely,
rate distortion codes, LC, and MDC at the receiver, by channel codes being con-

ventional channel codes and superposition codes respectively. We find that in the
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asymptotic regime by conventional channel codes the minimal achievable distor-
tion of different source coding schemes are same, however the minimal achievable
distortion of an LC-coded Gaussian source is lower than that of an MDC-coded
Gaussian source by superposition codes. Additionally, for either an LC-coded or
an MDC-coded Gaussian source, the minimum distortion achieved by superposi-
tion codes is not greater than that achieved by conventional channel codes. The
optimizing coding strategies under different scenarios are therefore provided. The
analytic results are further demonstrated by numerically comparing the minimal
achievable distortion of a rate distortion-coded source, an LC-coded source, and
an MDC-coded source by both channel codes. The comparative behaviour also

depends on the distribution of the channel realization.

For two dependent source-coded messages transmitted over quasi-static Rayleigh
fading channels, we investigate several coding schemes including conventional chan-
nel codes, time sharing codes, and a low-density parity-check (LDPC) based codes,
termed Bi-LDPC codes. Performance study based on simulations shows that the
considered coding schemes each has its own advantage over different region of chan-

nel signal-to-noise ratio (SNR).

Given the two source-coded dependent messages to be communicated over quasi-
static Rayleigh fading channels, as the special case of degraded compound channels,
we consider to use several coding schemes, namely, conventional channel codes,
time sharing codes, and Bi-LDPC codes which demonstrate the concept of message
superposition to some extent. We are to compare the performance among different
channel coding schemes. For the purpose of comparison, the conventional channel
codes and the time sharing codes are constructed based on LDPC component code.
The success rates of both messages and the throughput are compared based on the
simulation results. Furthermore, under the assumptions that the two dependent
messages are generated by an LC and an MDC respectively to encode a Gaussian
N(0,1) source sequence, the achieved average distortion on source reconstruction
at the receiver is also compared among the considered channel codes. In terms of

the considered performance metrics, Bi-LDPC codes, conventional channel codes
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encoding both messages, and time sharing type-2 (TS-2) codes, each has their
own advantage over other schemes in different region of channel SNR. Along with
the simulation studies and discussions, further optimization of the Bi-LDPC codes
and the consideration of high order signaling during transmission are expected to

improve their performance.

1.2 Thesis organization

The remaining parts of thesis are organized as follows.

In Chapter 2, we orderly introduce the necessary background around the concepts of
source coding, channel coding, coding for compound channels, and joint source channel
coding for compound channels, especially wireless fading channels. In the part of source
coding, we have the literature review on lossy source coding techniques including rate
distortion codes, LC, and MDC, and the applications of modern source coding techniques
on multimedia streaming. In the part of channel coding, we briefly review various coding
schemes, and treat LDPC codes as an emphasis.

We propose in Chapter 3 the model of dependent source messages with an intro-
duction of the utility function and its graph representation, which we use throughout
our discussion. Special examples of utility function are included to better explain the
concept.

We derive in Chapter 4 the maximal achievable utility for communicating any given
source-coded messages under the proposed model over fixed channels, followed by the
numerical study on the example of source-coded messages.

Correspondingly, we derive in Chapter 5 the maximal utility achieved by superposition
codes for communicating any given source-coded messages under the proposed model over
degraded compound channels, and prove the optimality of superposition codes for the
case of two source-coded messages. Numerical study on the example of source-coded
messages is also included.

In Chapter 6, we investigate the minimal achievable distortion for communicating a
Gaussian NV (0, 1) source over degraded compound channels. Different joint source channel

coding schemes are analyzed, wherein the source coding scheme is chosen to be rate
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distortion codes, LC, and MDC respectively, while the channel codes are conventional
channel codes and superposition codes respectively. The analytic results are further
compared via numerical study.

In Chapter 7 we compare several coding schemes for communicating two dependent
source-coded messages over quasi-static Rayleigh fading channels, including conventional
channel codes, time sharing codes, and Bi-LDPC codes. Simulation results are also
studied.

Chapter 8 briefly concludes the thesis and the future work is to be expected.



Chapter 2

Background

2.1 Source coding

Source coding refers to the techniques that attempt to compress or efficiently represent
the source information. Generally, in source coding techniques, the sequence of source
information symbols is represented by a sequence of alphabetical symbols. Source cod-
ing can be divided into two categories, namely, lossless coding and lossy coding. The
source coding is lossless if the information symbols can exactly be reconstructed from
the alphabetical symbols otherwise it is lossy with distortion or error. This thesis is only

concerned with lossy source coding.

2.1.1 Lossy source coding

Compared with lossless source coding, the lossy source coding techniques provide the
flexibility on representing the source. They have been widely used in many applications
such as audio, video, and image compression. Typically, in multimedia communication,
lossy source coding techniques can be applied to not only meet the bandwidth require-
ments, but also maintain the source fidelity up to some certain criterion. In general,
a lossy source coding scheme can be characterized by the rate of compression and the
distortion on source reconstruction. Inspired by the introduction of the rate distortion

theory [52], the rate distortion theoretic concepts have been tremendously developed and
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various practical lossy source coding schemes have been presented [53]. In addition to the
classic rate distortion coding, or quantization, the concepts of LC and MDC schemes are
the most fundamental and typical, for which we now introduce the information theoretic

results.

Information theoretic results

Highlighted by the rate distortion theory [52, 54|, the rate distortion codes, or simply
quantization, work by encoding the source into a single message such that the code rate
is the minimum subject to a certain upper limit of distortion between the source and
its reconstruction. Typically, we consider a source emitting an independent identically
distributed (i.i.d.) sequence X := X, Xy, ..., X,,, where each X; is drawn according to
the distribution p(x), * € 2. By rate distortion code (2"% n), the source sequence is
encoded by a mapping f: 2™ — {1,2,...,2"#} where H is the rate of the code in bits
per source symbol, and the encoded message f(X) is decoded into the reconstruction
of X, X by a mapping ¢ : {1,2,...,2"} — 2", where 2 denotes the reproduction
alphabet. The cost of source reconstruction is measured by a mapping d : 2" X Z - RT,
termed as distortion function, where R denotes the set of positive real numbers. The

distortion between any source sequence x and reconstruction sequence X is defined as
d(x,x) := 1 z”: d(x;, ;). (2.1)
o
Therefore the distortion D incurred by the rate distortion code is given by
D =Ed(X, X), (2.2)

where the expectation is with respect to the distribution p(z). A rate distortion pair
(H, D) is said to be achievable if there exists a sequence of rate distortion codes parametrized
by n, such that lim,_,., Ed(X, X ) < D holds. The rate distortion region is the closure of
the set of achievable rate distortion pairs (H, D), which can be specified by H > I(X; X),
where the joint distribution p(z, %) satisfies the condition Ed(X X ) < D. The mean-

squared error (MSE) is commonly used as the distortion measure in the rate distortion
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theory.

Being adapted to the varying channel conditions during data transmission, such as
channel uncertainty over wireless channels and packet-loss channels, LC as the source
coding scheme is a desired candidate in order to obtain different levels of source fidelity
at the receiver. LC, theoretically traced back to the idea of “successive refinement of
information” [16], represents the source by messages of a base layer and several successive
enhancement layers. The base layer provides a coarse reproduction of the source, which
can be successively refined on receipt of additional enhancement layers. An enhancement
layer is useful only if the base layer and all previous enhancement layers have been
correctly received. Therefore, an improvement in source reproduction, namely, reduced
distortion, can be achieved. The results of [16] are further generalized and interpreted
in [17]. In [17], by LC, the sequence X is encoded by two mappings f; : 2" —
{1,2,...,2"M} and f, © 2" — {1,2,...,2"2} where H, and H, are rates of the
base layer and the enhancement layer respectively. Depending on the availability of the
encoded messages f1(X) and fo(X), either the mapping gy : {1,2,...,2"#1} — 2" or
go: {1,2,...,20M1) x {1,2,... 272} — 2 is applied to generate the reconstruction
of X, X, € 331" or X, € 3%}0". With the distortion functions defined as the mappings
dp © X X Loy — RT for m = 0,1, the distortion between any source sequence x and

the reconstruction sequence is defined as
dn(,500) = 3 do(ars o). (2.3)
"
The distortions D; and Dy with Dy > Dy incurred by the LC are given by
Dy, = Ed,, (X, X)), m=0,1, (2.4)

where the expectation is with respect to the distribution p(x). A rate distortion tu-
ple (Hi, Hy, Dy, Dy) is said to be achievable if there exists a sequence of LC codes
parametrized by n, such that lim,, ., Ed,, (X, Xm) < D,, holds for m = 0, 1. The rate dis-

tortion region is the closure of the set of achievable rate distortion tuples (H;, Hy, Dy, Dy),



2.1. SOURCE CODING 11

which can be specified by
Hy > I(X; X)

and
H,+ Hy > ](X§X0>Xl)>

where the joint distribution p(z,Z,4,) satisfies the conditions Ed,,(X, X,,) < D,, for
m=0,1.

Alternatively, originated from [31-33], MDC represents the source by a set of mes-
sages, namely, descriptions, where all descriptions are equally important. The source can
be reproduced by any subset of the descriptions, and the quality of reconstruction im-
proves with the size of the subset. Typically by MDC, the sequence X is encoded by two
mappings fi : 27" — {1,2,....2"M}and fo 1 2" — {1,2,...,2"2} where H, and H,
are the rates of description 1 and 2 respectively. Depending on the availability of the en-
coded messages f1(X) and f5(X), one of the three mappings g; : {1,2,...,2"1} — 5&}1”,
gp = {1,2,...,2M) 5 20 and gy 0 {1,2,...,20) x {1,2,..., 2"}
is used to generate the reconstruction of X, which are X, € 5&}1”, X, € %", and
X, € L%’}O" correspondingly. Associated with the distortion functions defined as the map-
pings d,, : Z X e%}m — R* for m = 0,1, 2, the distortion between any source sequence

x and the reconstruction sequence is defined as
I, %) 1= &3 i) 25)
m\X; Xm ) ‘= — m\Lis Lmi)- .
(C— ’

The distortions Dy, Dy, and Dy with Dy > Dy and Dy > Dg incurred by the MDC are
given by
D = Ed,(X, X,), m=0,1,2, (2.6)

where the expectation is with respect to the distribution p(x). A rate distortion tu-
ple (Hy, Hy, D1, Dy, Dy) is said to be achievable if there exists a sequence of MDC
codes parametrized by n, such that lim, . Ed,, (X, Xm) < D,, holds for m = 0,1, 2.

The rate distortion region is the closure of the set of achievable rate distortion tuples
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(Hy, Hy, Dy, Do, Dy), which can be specified by
Hy > I(X; X),

Hy, > I1(X; X,),

and
Hy+ Hy > ](X;X07X17X2) + ](Xl;XQ),

where the joint distribution p(x, &, 21, £2) satisfies the conditions Ed,, (X, X,,) < D, for
m=0,1,2.

Coding techniques

Based on the information theoretic results on different lossy source coding schemes, ex-
tensive research has been conducted towards developing various coding techniques. In
the area of rate distortion codes, also known as quantization, or scalar quantization, the
well known pulse-code modulation (PCM) [55], originally developed for speech applica-
tions, is a typical example of scalar quantization. A comprehensive survey of the popular
and promising quantization techniques and their variants has been shown in [56].

For LC codes, similar idea on representing the source in the form of several copies
with different error levels is presented in [57-59]. Similar to the concept of successive
refinement of information, progressive coding scheme, as a means to provide the source
reconstruction at different levels of quality, is mainly applied in graphic compression and
image coding [18,60-63]. The well known Joint Photographic Experts Group (JPEG)
prescribes the progressive compression scheme after applying the discrete cosine trans-
form (DCT) to the image [18]. The moving picture encoded into a low frequency com-
ponent and a high frequency component by progressive coding, and more complicated
method of visual progressive coding for image based on transformation and weight as-
signing are patented [62,63]. Moreover, progressive coding is further used to perform
the three-dimensional (3-D) graphic compression [60] and the compression of the medi-
cal volumetric data using 3-D integer wavelet packet transforms and set partitioning in
hierarchical trees (SPIHT) algorithm [61].
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For MDC codes, the history and the development of MDC are reviewed in [34]. The
design of practical MDC has been presented in [35-37]. In [35], the design of multiple
description scalar quantizer (MDSQ) is formulated as an optimization problem and the
design algorithm is developed, while in [36,37], the design of multiple description lat-
tice vector quantizer (MDLVQ) is considered, which is shown to outperform MDSQ. In
the area of image coding, relevant work is presented in [39,40,64]. In [39] two MDC
schemes on image coding are reported, wherein one scheme is based on the correlating
transform, whereas the other uses frame expansions. The design and optimization of
high-performance wavelet-based multiple description image coding algorithms are pre-
sented in [40]. Furthermore, an MDC image coding scheme is proposed in [64] which is
based on the design of pairwise correlating transform (PCT) for the purpose of reducing

the distortion when only one description is received.

2.1.2 Source coding in media streaming

With the advancement of multimedia technology, demand for real-time multimedia data
transfer has increased, which typically involves large volume of data. Various advanced
data compression techniques have been incorporated in order to fulfill the ever increasing
bandwidth requirements. In the context of delivering multimedia data stream to het-
erogeneous receivers, the source is to be efficiently represented. Due to the flexibility
provided by LC and MDC for the data transmission over channels with different condi-
tions and the increasing demand for multimedia communication, various state-of-the-art
applications of both LC and MDC methodologies have been widely utilized specifically
in the area of media communications over years.

Scalable Video Coding (SVC) [19], as the major application of LC, becomes attrac-
tive since it is adapted to enable the decoding from partial bit streams depending on
the required rate and quality by certain receiving device during video streaming. Ex-
tensive research work has been conducted for efficient SVC techniques [20-25]. Notions
such as spatial, temporal, and SNR scalability are further defined in Moving Picture Ex-
perts Group (MPEG) standard [65], where the SNR scalability is also known as fidelity

or quality scalability. The performance of techniques based on different scalability is
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compared and discussed [25]. The combination of SVC and unequal error protection is
investigated for Internet video streaming [20]. An adaptive framework based on SVC is
proposed for video delivery over wireless networks [21]. With 3-D SPTHT algorithm orig-
inally designed for image coding, a low bit-rate SVC scheme is proposed in [23]. SVC has
been standardized as an extension of H. 264/Advanced Video Coding (AVC), commonly
referred to as part 10 of the MPEG-4 standard [26]. A typical SVC approach, known
as fine granular scalability (FGS) and also adopted in MPEG-4 standard, is described
in [22] to show its simplicity and flexibility, and an efficient FGS SVC scheme is also
presented [24]. An overview of the concepts on SVC in the extension of H. 264/AVC is
provided in [66], and the comprehensive introduction to H. 264 and MPEG-4 standard
is contained in [67]. Additionally, the relation between SVC and sorts of mobile delivery
methods is introduced [68].

Other related work on LC is included in [27-30]. Earlier work of [27] presents an LC
scheme using DCT transform for video transmission over asynchronous transfer mode
(ATM) networks. An effective framework for low bit-rate video communications over
Internet based on LC is proposed together with an algorithm on the selection of rate
distortion optimized mode [28]. Over peer-to-peer (P2P) networks, a distributed protocol
using LC approach for video streaming is shown to have promising performance [29].
Recent work of [30] jointly optimizes both the base layer and the enhancement layer for
particular cases of LC, namely, MPEG Scalable Advanced Audio Coding (S-AAC) and
Scalable-to-Lossless (SLS) coding.

MDC, on the other hand, due to the property that any received subset of data is useful
on source reconstruction, is well adapted to media sources. In audio coding, as the original
motivation for MDC, an audio stream, is separated into two sub-streams before further
encoded, which provides the flexibility to the decoder depending on how many sub-stream
it receives [38]. Along with such idea, later work such as [69] proposes an MDC-based
packetization scheme for transmitting audio over Internet. For video streaming, due to
its requirement on delay constraint, MDC acts as a proper solution [41,42,70,71]. The
principles on designing MDC for video streaming are described [41], specifically for codes
utilizing prediction and mismatch control. An algorithm for multiple description motion

coding (MDMC) is proposed [70], which is shown to have promising performance on video
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transmission. To achieve good performance over channels with bursty errors, MDC is
exploited on designing transmission scheme for low bit-rate video [71]. Furthermore,
two schemes of MDC based on motion compensation prediction are proposed for video
steaming over Internet [42].

Over packet networks, LC and MDC are further analyzed and compared in different
scenarios. In [72], they are compared with or without retransmission in terms of the rate
distortion lower bound, while in [73], their performance is compared with or without net-

work path diversity using different transmission schemes. Nevertheless, the combination
of LC and MDC is shown to have the advantage of both LC and MDC [74].

2.2 Channel coding

Source coding tries to remove the redundancy present in the source, while channel coding,
as a framework to efficiently and reliably transmit the data over channels, adds the
redundancy to the information being transmitted. Channel codes, also known as error-
control codes, are now widely used not only in communication systems, but also in
many applications such as compact disk and hard disk drive. Channel codes are mainly

classified into two categories, namely, block codes and convolutional codes.

2.2.1 Overview

In general, a block code is a set of fixed length sequences, called codewords, where the
symbols of a codeword is selected from some finite alphabet, usually the finite field
GF(q). Specifically, when ¢ = 2, the code is a binary code and the symbols of any
codeword are named bits. The most attractive block codes are linear, where the sum of
any two codewords is a codeword, and any codeword multiplied by an element of GF(q)
is a codeword. For instance, Bose-Chaudhuri-Hocquenghem (BCH) codes [75,76], Reed-
Solomon codes [77], and Reed-Muller codes [78,79] are all well known linear block codes.
For illustrative purpose, we consider binary linear block codes.

For positive integers k < n, a linear block code, termed (n, k) code, maps a block of k

information bits into a length n codeword, chosen from the set of 2% codewords. The set
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of all codewords form a k-dimensional subspace of the vector space formed by all length
n sequences. The ratio k/n, denoted by R, is defined as the code rate. A measure called
Hamming distance between two codewords is the number of corresponding bits for which
they differ. The smallest Hamming distance among the set of all codewords is termed
the minimum distance of the code, and denoted by d;,. Let m denote the sequence of
information bits. The encoding of m is performed through a full rank binary generator

matriz of size k x n, denoted G. We use an example to illustrate the generator matrix.

Example 1 The generator matriz of a (7,4) Hamming code is as follows.

(2.7)

o o O =
o O = O
o R O O
_ o O O
O = =
—_ == O
= e

The codeword c¢ is generated as ¢ = mG. Consider also the dual code of any (n, k) code,
which is a linear (n,n — k) code with codewords forming the null space of (n, k) code.
Associated with any (n, k) code is the parity-check matriz of size (n — k) x n with binary
elements, denoted H, which is the generator matrix of its dual (n,n — k) code. We use

an example to illustrate the parity-check matrix as well.

Example 2 The parity-check matriz of a (7,4) Hamming code is as follows.

1110100
H=|10111010 (2.8)
1101001
For every codeword ¢ of the (n,k) code, it satisfies the condition ¢cH’ = 0, where 0

denotes the all zero sequence. An efficient decoding algorithm based on the parity-check
matrix H is called syndrome decoding. Given the received word corrupted by the error,
a syndrome can be computed. For the computed syndrome, we may find the most likely
error pattern based on a syndrome decoding table called standard array, from which

the decoded word is yielded. For codes in different classes, various decoding algorithms
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may exist. For example, BCH codes and Reed-Solomon codes can be decoded by the
Berlekamp-Massey algorithm [80, 81], and Reed-Muller codes can be decoded through
the notion of majority logic decoding.

Convolutional codes, as another major category of channel codes, generally map an
information sequence, of possibly infinite length, into an output sequence. Assume the
input data has binary symbols. More precisely, the encoding of a convolutional code
is done through a linear finite-state shift register, which we now describe. The input
sequence is entered into and passed along the shift register k bits at one time. The shift
register is also parametrized by the constraint length K and n linear generator based on
the total Kk input bits in the shift register. The code rate R is defined as the ratio
k/n. Three different ways, namely, the tree diagram, the trellis diagram, and the state
diagram, are used to represent the convolutional code. Based on the trellis representation
of the convolutional code, Viterbi algorithm [82] provides the optimum decoding based
on maximum likelihood sequence estimation (MLSE) to search through the trellis for the
most probable input sequence. The BCJR decoding algorithm [83] is exploited to achieve
the optimal bit error by estimating the maximum a posteriori probability (MAP) [84].

With the invention of Tanner graph [85], Tanner-Wiberg-Loeliger graph [86], and later
factor graph [87,88], the traditional code representation has shifted to the paradigm of
codes on graph, typically accompanied by the invention of turbo codes [89] and the re-
discovery of LDPC codes [90-92]. The state-of-the-art approach of coding and decoding
requires both the graph representation of codes and the iterative message passing decod-
ing algorithm. Based on the work of [89], turbo codes are constructed from the parallel
concatenation of two elementary recursive systematic convolutional (RSC) codes linked
by nonuniform interleaving. The decoder consists of two elementary decoders, each of
which is based on a modified BCJR algorithm. The iterative decoding is performed by the
decoder, where the MAP information is exchanged between the two elementary decoders.
It appears that turbo codes can perform close to Shannon’s theoretical limit [93].

Unlike turbo codes which use convolutional codes as the building blocks, LDPC codes
are linear block codes, which can be represented by factor graph. In next section we

introduce LDPC codes and focus on the factor graph representation of LDPC codes.
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2.2.2 Low-density parity-check (LDPC) codes

We first introduce the factor graph representation of linear block codes. A factor graph
is a bipartite graph consisting of two types of nodes, variable nodes and function (factor)
nodes, where a variable node is connected to a function node by an edge if the variable is
an argument of the function, and we term the number of the edges connected to a node
the degree of the node. A linear block code (n, k), completely specified by its generator
matrix GG or parity-check matrix H, can be represented by the factor graph. By using an

example, we explain how to obtain a factor graph from a parity-check matrix.

Example 3 Consider the parity-check matriz H of a (7,4) Hamming code in (2.8). If
we denote the codeword by sequence (cy,ca,...,c7), then in terms of H, the following

constraints are satisfied simultaneously.

c1PBcaBesPbes = 0,
co@csPeadeg = 0,
ciPca®eysde;r = 0,

where @ denotes the operation of modulo 2 addition. Let each codeword bit and each
constraint be represented by a variable node and a function node respectively. An edge
1s connected between a variable node and a function node if the variable node is involved
in the constraint specified by the function node. Therefore we have the factor graph

representation of the (7,4) Hamming code, shown in Figure 2.1.

Experiencing invention in 1960s by Gallager [90] and rediscovery during the recent
years [91], LDPC codes become an important class of linear block codes, which are so
called due to the fact that in terms of the parity-check matrix, only a small fraction of
“17’s exists in it.

Based on the factor graph representation of LDPC codes, each of the codeword bits
represents a variable node, while each parity-check constraint represents a check node,
equivalent to function node in general factor graph. The factor graph of an example of
LDPC codes is shown in Figure 2.2. The ensemble of LDPC codes with same length
is identified by the degree distributions {\;} and {p;}, and each of the codes in the
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C1 [&] C3 Cy Cs Ce C7

Figure 2.1: Factor graph corresponding to parity-check matrix H in (2.8) (squares rep-
resent the function (factor) nodes and circles represent the variable nodes).

ensemble has nearly the same performance. In LDPC codes literature, {\;} is termed
variable (left) degree distribution, and {p;} is termed check (right) degree distribution,
where \; and p; are the probability of an edge being attached to a degree 7 variable node
and a degree j check node respectively. Degree distributions plays an important role on
the performance of the codes. If there is only one element involved in {\;} or {p;}, such
a degree distribution is a regular distribution, and an #rregular distribution otherwise.
Given those two degree distributions {)\;} and {p;}, the rate of the ensemble can be

obtained as .
R=1- M (2.9)

> Aifi
The suboptimal decoding algorithm, sum-product algorithm [88], is widely applied to
decode LDPC codes with low complexity. The sum-product algorithm, also terminolog-
ically known as belief-propagation (BP) algorithm, passes the information from received
noisy codeword symbols in the graph, and the belief of a transmitted codeword symbol
becomes more and more precise during iterations. Under the MAP decision rule, the
performance of sum-product algorithm is close to optimum, which has been acted as the
standard approach for decoding a large family of channel codes with the performance

extremely close to Shannon’s theoretical limit [91,92,94].

With respect to such iterative message-passing decoding algorithm, the asymptotic

performance of the ensemble of LDPC codes can be analyzed via a powerful tool, termed
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Figure 2.2: The factor graph of an LDPC code (squares represent the check nodes and
circles represent the variable nodes).

density evolution (DE) [95]. By DE, the probability density function (pdf) of log-
likelihood ratio (LLR) messages keeps evolving during the decoding iterations. Two
assumptions need to be imposed essentially in order to validate the density evolution.
On one hand, the pdf f(z) of LLR messages during the iterative decoding keeps sat-
isfying the condition of symmetric distribution [95], and hence, the all-zero codeword,
or equivalently, the all-one codeword after the binary phase shift keying (BPSK) mod-
ulation is considered to be transmitted, where the symmetric distribution refers to the
distribution of random variable X with pdf f(z) if and only if f(z) = €*f(—z). On the
other hand, after round [ of the iterative decoding process, the paths of the LLR messages
passed along are assumed to be strict trees under the factor graph representation. Thus,

when [ becomes larger, the factor graph is assumed to be a group of trees, without any
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cycles in it, which guarantees the independence among the LLR messages. This fact is
impossible for a finite length code, but only valid for an infinite length code.

As an analytical tool for LDPC codes, DE determines the threshold for the given
ensemble parameters {\;} and {p;}, which equivalently gives the average asymptotic
performance of the family of codes over a range of channels. Threshold, which is a channel
parameter, divides the range of channels into two parts of different code performance.
We refer to Gaussian channels as an illustration. If the threshold is the channel variance
0*2, then the error probability after [ iterations of decoding algorithm tends to zero with
[ approaching infinity for all the channels with variance smaller than ¢*2, whereas for all
the channels with variance greater than o*2, the decoding error probability is bounded
away from zero.

DE is not only good for analysis, but acts as a design tool of LDPC codes as well.
Nevertheless, it is such a computation-intensive method that we are interested in other
approximation schemes as the replacements. As a result, semi-Gaussian approxima-
tion approach based on extrinsic information transfer (EXIT) chart, known as a one-
dimensional (1-D) method typical for Gaussian channels, shows its good performance by
the gap between the Shannon limit and the design code rate, and its less computational
cost with only one parameter evolving [96].

The work of [96] suggests that due to the central limit theorem, the pdf of LLR mes-
sages at the output of variable nodes can be well approximated by symmetric Gaussian
or a mixture of symmetric Gaussian pdf’s, while the density at the output of check nodes
keeps its true pdf. EXIT chart provides a way to describe the transition of information
on transmitted codeword bits during the decoding iterations, which is always expressed
as a function I, = f(Iin, o), where Iy, I;,, and I,,; are channel information, information
from previous iteration, and output information of current iteration, respectively. Based
on such semi-Gaussian assumption, the error probability in iterative decoding, which is
well approximated by the tail probability of symmetric Gaussian distribution for LLR,
can be chosen as the measure of the information. Therefore, the EXIT chart approach,
combined with the semi-Gaussian assumption, sufficiently provides a good approximation
of DE. On the other hand, for a given Gaussian channel, a good ensemble of LDPC codes

can be found by this method together with linear programming, with little computational
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cost.

2.3 Coding for compound channels

With the rapid development of wireless communication technology, there has been exten-
sive work on channel codes over wireless fading channels, a class of compound channels.
In general, under the assumption that both transmitter and receiver are ignorant of the
channel realization, the capacity of compound DMC is provided in [2,3], while the com-
pound channel capacity of a class of finite-state channels (FSC) is derived in [5]. For
the compound FSC with time-invariant deterministic feedback, the capacity is provided
in [97] when the fixed length block codes are considered. For fading channels, the com-
prehensive information theoretic results and communication features are described in [6]
including the description of several frequently used channel models and the discussion
on coding for fading channels as well. Furthermore, the capacity of fading channels with
channel side information at the transmitter and receiver, and at the receiver only, is also
obtained [4]. In the scenario of multi-user communications, the capacity region of the de-
graded multiple-input multiple-output (MIMO) compound broadcast channels with two
receivers and two messages is characterized in [98], where each receiver is subject to a
finite set of possible channel realizations. Another class of compound channels, namely,
the compound wiretap channels, have been studied and the upper and lower bounds on
the secrecy capacity are derived [99].

In fact, the problems on compound channels can be viewed from their similarity with
broadcast channels [51], and theoretically there has been some work on fading channels
studying the coding approach applied over the broadcast channels, named broadcast
approach terminologically. With such approach, a strategy that adapts the power of
transmitted symbols, or equivalently, the transmission rate, to the infinitely many chan-
nel realizations based on the concept of superposition coding is shown to have advantage
on the average transmission rate over the traditional transmission scheme of fixed rate
over slow fading channels with the channel realization known at the receiver only [7].
Such power allocation scheme for finite levels, especially two levels is further studied over

quasi-static fading channels, which has also been shown to achieve significant gain on the
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throughput [8]. As an extension of the work [7], the broadcast transmission approach
is investigated with the achievable rate region characterized over slow fading Gaussian
MIMO channels as well [9]. The results of [9] are extended in [10] for a suboptimal finite
level transmission over the MIMO block fading channels, wherein the information theo-
retic upper bounds of the achievable rates are derived for MIMO block fading channels.

Other than the broadcast approach applied for the transmission schemes over com-
pound channels, the recently developed polar codes [100], which have been shown to be a
family of capacity-achieving codes for a large class of channels, have been considered to be
exploited over compound channels as well. The capacity of polar codes under successive
cancellation decoding is investigated and shown to be strictly smaller than the com-
pound capacity over the class of compound binary-input memoryless output-symmetric
channels [14].

Block fading channels, over which the transmission of a codeword spans a finite num-
ber of independent channel realizations, are considered as a case of compound channels,
and the coding over block fading channels is also of interest. A novel blockwise concate-
nation coding strategy is shown to significantly outperform the conventional transmission
scheme [11]. The performance of the proposed coding scheme is analyzed in terms of the
means of bounds and approximations, which shows that the codes perform close to the
information theoretic limit of block fading channels. For block erasure channels, deemed
as the simplified block fading channels, the error probability of the coded system is stud-
ied and the optimal solution is given in [12], where the diversity-wise maximum-distance
separable (MDS) codes are shown to have the lowest error probability. Specifically, if
considering full-diversity binary codes over block fading channels, the performance on er-
ror probability is further analyzed in [13]. Based on the theoretically fundamental limit
of block fading channels, namely, information outage probability, the notion of outage
boundary region is introduced into the scenario of communications over block fading
channels. It has been shown that the codes are outage achieving if and only if the error
probability is independent of the block length. Practically a new family of full-diversity
LDPC codes is designed typically for block fading channels, which are shown to perform
close to the outage limit [15].
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Additionally, the reliable communications over wireless fading channels has been char-
acterized by the tradeoff between diversity and multiplexing gains [101], and in [102], the
problem of designing codes that are universally tradeoff-optimal is studied at high SNR,
where a precise characterization of codes is provided. Practically, LDPC codes have been
a good solution for transmission over fading channels. The performance of LDPC codes
over Rayleigh fading channels is studied in [103], and the code optimization based on the
technique of differential evolution is shown to be effective. For a two state fading channel
model, namely, burst-erasure channels with Gaussian noise, an approach for designing
LDPC codes is presented in [104] together with the performance characterization by the

maximum resolvable erasure-burst length.

2.4 Joint source channel coding

For the purpose of transmitting a source over a channel, source coding and channel coding
can be performed separately and sequentially together with the consideration on their
own optimality, provided that the coding block length goes to infinity [93]. In practical,
such condition on the block length of the code can not be hold in general, and thus
considerable interest has developed on various schemes of joint source channel coding.
Over the decades, plenty of work has been conducted both theoretically and construc-
tively under different scenarios of sources and channels along the research. Theoretically,
a coding theorem is established for transmitting a stationary and ergodic source over
discrete memoryless noisy channels by joint source and channel trellis coding, which is
shown to perform arbitrarily close to the information theoretic limit [105]. For an infor-
mation stream jointly source channel-coded using variable length codes and transmitted
over discrete memoryless noisy channels, it is shown that the probability of decoding
error under a convolutional-type decoder goes to zero as the length of codeword goes to
infinity [106]. Practically, the design of joint source and channel trellis waveform coders
are proposed in [107] to encode the stationary and ergodic source for communication
over discrete memoryless noisy channels, which has been shown to outperform the sep-
arately optimized source and channel codes. On considering the source codes that are

robust against channel errors, an algorithm based on simulated annealing for designing
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the vector quantizer over noisy channels is developed [108]. In [109], the joint design
of a block source encoder and a finite modulation signal set is proposed to minimize
the decoding error, where it is shown that the code performance for a correlated source
and a sufficiently noisy channel coincides with the theoretically attainable limit. Based
on the idea that the residual redundancy at the output of the source encoder can be
used to provide error protection in the same way as the insertion of redundancy by the
channel encoder provides the error protection against the channel noise, an approach for
using such redundancy is proposed in the design of joint source channel codes and has
been shown to obtain significant performance gain [110]. The residual correlation left in
the bits of audio, image, and video source encoder can be further used in developing a
channel decoder, which is based on a modification of the Viterbi algorithm and can be
used with all channel codes having binary trellis representation [111]. Additionally, for
transmitting nonuniform memoryless sources over Gaussian channels and Rayleigh fading
channels by turbo codes, the joint source channel coding problem is investigated in [112],
where a recursive nonsystematic convolutional encoder is proposed as the elementary en-
coder. The performance of the resulted nonsystematic turbo codes is extremely close to
Shannon’s theoretical limit, and also shows the advantage over the cascade of separated
source and channel codes. The rate of source and channel codes can be further adjusted
to provide various levels of protection on the source data. By providing the error control
protection to the most significant source-encoded bits on source reconstruction, a joint
source channel image coding scheme is described to offer the performance approaching
the rate distortion bound [113].

Further interest has been focused on the communications over compound channels,
which exhibit a varying information theoretic limit, and the joint optimization or the
combination of both source and channel codes becomes attractive. Over slow fading
wireless channels, in terms of the distortions induced by the source codes and the chan-
nel, an adaptive rate allocation scheme is proposed to allocate the rates of the source and
channel codes, and shown to be optimal [43]. In the general joint source channel coding
scheme, the optimization of source and channel codes over wireless fading channels is
further analyzed and a general approach based on a parametric distortion model is de-

veloped in [44]. Furthermore, for the image transmission over wireless channels, a fixed
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length reliable joint source channel coding scheme is proposed in [45], which is shown
to achieve the optimal tradeoff between the source and channel codes. In addition, over
MIMO block fading channels, the joint source channel coding is considered for communi-
cating a continuous amplitude source [46] and the bounds on the distortion exponent are
derived. The scheme of layered source coding with progressive transmission is analyzed
for the purpose of minimizing the expected distortion on source reconstruction at the
receiver.

The broadcast approach has been shown to be a good solution for transmission over
wireless fading channels in Section 2.3, and in fact in joint source channel coding over
compound channels, it plays an important role together with the layered source coding.
In [47], the problem of transmitting a Gaussian source over Gaussian fading channels is
considered, where the source is encoded by LC and the broadcast approach is applied
on the transmission. The expected distortion at the receiver is optimized according to
the power allocation, where the optimal power allocation algorithms are presented. The
properties of such optimal power allocation scheme are further studied in [48], and the
minimization of distortion under certain circumstances is shown to be a convex opti-
mization problem. The tradeoff between the power constraint and the distortion is also
analyzed in [49], where a joint source channel coding scheme based on the transmission
of scaled vector-quantized source can approach the optimal tradeoff between the power
constraint and the distortion. The transmission of a Gaussian source through a block
fading channel is considered in [50], in which the performance of scalable source coding
and the superposition codes are evaluated, and both the rate and the power allocation
are optimized to achieve the low distortion on source reconstruction.

The popularity of media streaming, on the other hand, also boosts the research and
the applications of joint source channel coding techniques. For video transmission over
wireless channels, the relevant research work on joint source channel codes is reviewed
in [114], together with the discussion on various video compression and transmission
techniques. The joint source channel codes in MPEG-4 standard are discussed as well.
The multi-resolution joint source channel codes have been applied into the broadcasting
of high definition television (HDTV), and shown to have advantage over the traditional

single-resolution schemes by providing various levels of receiving quality [115]. In terms
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of minimizing the power consumption, a general joint source channel coding scheme
with power optimizing framework is discussed in [116] for scalable video streaming over
wireless channels. More work has been done towards SVC and transmission over wireless
channels. A joint source channel coding approach is presented for motion-compensated
scalable video based on DCT transform [117]. The optimization of source and channel
codes for the purpose of minimizing the overall distortion on the video reconstruction is
taken into the consideration as well. The rate distortion optimization of the joint source
channel codes for video streaming has been further considered in [118], where an efficient
rate distortion optimization scheme is proposed and shown to have advantage over the

existing schemes.



Chapter 3

Source Model

3.1 Model of dependent messages

We first propose a model for dependent source-encoded messages, where the concept of
message dependency is from the source reconstruction perspective. We consider that
the source coder of a media file (for example, a video) generates N independent discrete
stationary processes. Let A denote {1,2,..., N} and My := {M; : i € N'} be the set of
independent random processes, each with entropy rate H;. Here the process M; represents
the i-th message stream obtained from coding the source. We assume that each M; is
drawn uniformly from Q; := {1,2,...,2"%Hi} where n, is the “emission duration” of the
source coder i. For any subset « C N, H, denotes the set (or vector) of entropy rates
associated with the message set M, := {M; : i € a}.

A utility function k, which we use to model the dependency structure among the

message set My, is a non-negative function on the power set of N satisfying the conditions
1) k(@) =0, and
2) k(a) < k(B) for any a C B C N.

We note that the value x(«) represents the “utility” that a receiver obtains when recon-
structing the source using exactly the message set M,,.

The dependency structure of the utility function can be represented by a graph, which
we now explain. Let directed graph G denote the lattice of the power set of N'. That

28
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is, each vertex of G is precisely a subset of N and for any two subsets a and 3 of N
satisfying o C § and |3\ «| = 1, there is an edge from « to 8. Let G’ denote the subgraph
of G obtained by deleting all nodes 7 (i.e., subsets of A') with zero utility (i.e., k(n) = 0).
Further, any node «, if k() = k(«) for every parent ( of «, then 1) node v and all edges
connecting to it are deleted, and 2) every parent of « is connected to every child of a by
a directed edge pointing to the child. This procedure is repeated on the graph G’ until
no such node exists. Finally, we mark the utility value of each node beside the node and
call the resulting (node weighted) graph the utility graph of the message set Mys. Figure
3.1 contains four utility graphs, where it is assumed that along every edge, the utility
value strictly increases. It is easy to see that Figure 3.1 (a) corresponds to LC-coded
messages, where message 1 is the based layer and message 2 is the enhancement layer.
Figure 3.1 (b) corresponds to two MDC-coded messages. Figure 3.1 (c) corresponds to
a mixed structure of LC and MDC schemes: messages 1 and 2 together form the base
layer of an LC code, and message 3 forms the enhancement layer; inside the base layer,
messages 1 and 2 are MDC-coded.

It is clear that utility function s induces a dependency structure among the messages,
and arbitrary dependency structures among source-coded messages can be induced this
way, as shown in Figure 3.1 (d). From the examples in Figure 3.1, it appears that the
utility graphs introduced here are a very intuitive tool for representing the dependency

structures.

s({2h)  w({1}) s({2})  w({1})

Figure 3.1: Examples of utility graph.

To illustrate the dependency among source-coded messages and the utility graph, we
construct examples of an LC-coded and an MDC-coded source based on the work of [73],

each generating two output message processes.
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Example 4 Based on the experimental results of [73] on LC-coded and MDC-coded video
source, the two coded sources can be constructed as follows.

The LC-coded source messages are represented by Figure 3.2(a), where message 1 is
the base layer and message 2 is the enhancement layer. We choose the entropy rates
for both messages Hi = 0.32 and Hy = 0.64. The average peak signal-to-noise ratio
(PSNR) is obtained as 26.3 dB and 29.9 dB on source reconstruction from message 1
only and both messages 1 and 2 respectively. The utility function is simply taken as
the obtained PSNR values in dB when exactly the corresponding message set is available
on source reconstruction.On source reconstruction, we obtain utility 26.3 with message 1
only and utility 29.9 with both messages 1 and 2. However, none utility is obtained with
only message 2 decoded, meaning that message 2 is only useful when message 1 is also
decoded.

The MDC-coded source messages are represented by Figure 3.2(b), where message
1 and message 2 are two descriptions. We choose the entropy rates for both messages
H; =0.48 and Hy = 0.48. The average PSNR is obtained as 26.5 dB, 26.5 dB, and 29.2
dB on source reconstruction from message 1 only, message 2 only, and both messages 1
and 2 respectively. The utility function is taken as the obtained PSNR values in dB when
exactly the corresponding message set is available on source reconstruction.It can be seen
that on source reconstruction, when either message 1 or 2 is successfully decoded, utility
26.5 can be obtained, meaning that the two descriptions are indeed “equal-footing”. When

both messages 1 and 2 are decoded, utility 29.2 is obtained.

We now summarize the source model: the output messages of the source encoder are
specified by a set of entropy rates {H; : i« € N'} and a utility function s, which can be
visualized using a utility graph. We note that the source emission time ng participates
in defining the source model and will be used in subsequent analysis, but we choose to
ignore n, from the model, as we are mainly interested in the asymptotic regime where

ns goes to infinity.
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26.3 26.5 26.5

Figure 3.2: Examples of source-coded messages.

3.2 Special examples of utility function

In last section we propose a model to capture the arbitrary dependency structure among
source-coded messages. Such dependency structure is modelled via the utility function x,
where it defines the obtained utility when the source is reconstructed at different levels
of quality. We note that the notion of utility is in general sense. In order to better
understand the implication of the utility function, it needs to be further explained. In
this section, we provide several special examples of the utility function.

Various metrics can be used on defining the utility function. Suppose the data rate re-
quired to support the transmission of any subset of the source-coded messages is exploited
as the utility value of that subset of messages. It can be verified that such defined utility
function is non-negative and satisfies the two conditions mentioned in last section. The
data rata of the empty set is no doubt zero, and as the subset of source-coded messages
becomes enlarged, the data rate of the set is indeed increasing. Furthermore, the suc-
cessfully transmitted data volume for any subset of source-coded messages is considered
the throughput on the transmission of that message set, which serves as an important
metric to evaluate the performance of the communication system.

Alternatively, PSNR on source reconstruction from any subset of the source-coded
messages is treated as an example of the utility value of that subset of messages. The

PSNR is non-negative and can also be verified to meet the two conditions required by a
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valid utility function. Obviously none of the source information can be decoded, provided
that none of the source-coded messages is available, which corresponds to the case that
PSNR equals zero for the empty set. With the subset of messages becoming larger, the
source is thus reconstructed by using more messages. As a consequence, the quality of
source reconstruction becomes better and the PSNR value exhibits the non-decreasing
behaviour.

To better understand the meaning of utility function in practical, we further construct

an example of utility function as follows.

Example 5 According to an H. 264/AVC based Digital Video Broadcasting - Handheld
(DVB-H) service specification on SVC coding scheme [119], there exist four layers of
stream in the coding scheme, indexed 1 to 4 starting from the base layer. The base layer,
the second layer, the third layer, and the fourth layer are encoded at the bit rate 109,
140, 21, and 127 kbit per second respectively. The base layer supports a low fidelity
display of the Quarter Video Graphics Array (QVGA) resolution, which can be extended
to a high fidelity of the QVGA resolution by the additional second layer. Furthermore,
the combination of the bottom three layers supports a low fidelity display of the Video
Graphics Array (VGA) resolution, which can also be extended to a high fidelity of the
VGA resolution by the additional fourth layer. The PSNR wvalue, measured on an VGA
receiver, is obtained as 31.22 dB, 32.49 dB, 33.90 dB, and 34.83 dB, corresponding to the
different levels of video quality as discussed above. In this case, we have N' = {1,2,3,4},
and the utility function can be simply taken as the PSNR values such that k({1}) = 31.22,
k({1,2}) = 3249, k({1,2,3}) = 33.90, k({1,2,3,4}) = 34.83, and for all other « C N,
k(a) = 0. It is obvious that the constructed utility function satisfies the two necessary

conditions.



Chapter 4

Fixed Channels

4.1 Problem formulation

Under such a source model introduced in Chapter 3, we start to consider a special sce-
nario, real-time communication of media source over DMC subject to a “delay factor”
constraint. The media source to be transmitted is the set of message processes My spec-
ified by entropy rates {H; : ¢« € N'} and utility function x. Let the channel conditional
distribution be parametrized ! by .

Suppose that each channel use takes one time unit and we consider using the channel
rng times for communicating the source, where r is a positive number. For real-time
communication, such as in a video streaming scenario, the parameter r serves as a “delay
factor”: when r < 1, it is possible to deliver the source process to the receiver without
delay; when r > 1, the receiver will necessarily suffer from some delay in reconstructing
the source process.

For a DMC with input alphabet X and output alphabet ), an (Hyr, 7, ns) code consists

of a message space [] €2;, an encoding function f : [] €; — A", and a decoding

ieN ieN
function g : Y™ — [] € attempting to decode My,. Apparently, an (Hy,r,ng) code
ieN

is intended for communicating messages My with entropy rates Hy over rng uses of the

channel.

'In a general setting, 6 could be a vector.
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For any (Hy,r,ns) code C' over channel 0, let function (:|C,6) on the power set
2V of N characterize the probability of successful decoding. More precisely, for every
a C N, v(a|C,0) is the probability that the correctly decoded messages over channel
are precisely those in M,. We refer to function ~(-|C, 0) as the decoding profile of code
C over channel 6.

The average utility u(C') of a code C' is defined as

u(C) =Y 7(alC.0)(a). (4.1)

aCN

Given a source (Hy, k), over channel 0, the pair (r,X), referred to as a delay-utility
pair is said to be achievable if there exists an (Hyr, 7, n,) code whose average utility is
Y. For a given delay factor r, we refer to the supremum of ¥ such that delay-utility pair
(r,X) is achievable as the maximal achievable utility.

In this chapter we study the maximal achievable utility for a given source (Hys, k)

over a given channel 6.

4.2 Results

As the maximal utility is defined in terms of a supremum, we restrict our attention to
(Hpr,r,ns) code sequences (parametrized by n,) whose decoding profile converges as ng
approaches infinity. We call a code sequence (parametrized by ng) simple, if over any
channel 6, its decoding profile approaches a single-point mass distribution, i.e., if as n,
goes to infinity, v(a|C, ) approaches 1 for some o € N (which depends on ). Let
Cap(#) denote the capacity of channel . We have the following results.

Lemma 1 Given 6, if let the entropy rates Hx and the delay factor r be such that
> H;/r > Cap(0) for some o C N, then for any sequence of (Hpr,r,ng) codes with

i€

decoding profile converging to v as ng — oo, y(8) =0 for all 5 2 «.

Proof: For any sequence of (Hyr,7,ns) codes to communicate M, the channel code rate
of the message M; is H;/r. If > H;/r > Cap(f) holds for some o C N, then by the

1€Q
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strong converse of the channel coding theorem, the probability of error for decoding M,
goes exponentially to one as ny — 0o. Then the decoding profile 7 satisfies y(a)) = 0.
For any 8 D a, since Y, H;/r > > H;/r, it is easy to verify that v(3) = 0. O
i€B =
Lemma 2 Given 0, if let the entropy rates Hy and the delay factor r be such that
> H;/r < Cap(0) for some non-empty o C N, then there exists a sequence of (Hy,7,n)
Zceoades whose decoding profile converges to v satisfying y(a) = 1.

Proof: 1t " H;/r < Cap(#) holds for some non-empty o C N, then by the achievability
of the ch;;;el coding theorem, there exists a sequence of (Hyr, 7, ng) codes that has the
probability of error for decoding M, approaching zero as ny — co. Thus the decoding
profile vy satisfies y(«) = 1. O

For any given tuple (Hy, k,0,7), let a* be defined as

*

o' = argmax k(«a), (4.2)
a: Y H;/r<Cap(0)

1EQ

and X* be defined as
Y= k(a”). (4.3)

Then we have the following results.

Theorem 1 Given the source (Hy, k) over channel 6 and the delay factor r, (r,X*) is

achievable.

Proof: By the definition of o*, we have )

a sequence of (Hyr,r,ng) codes C,, whose decoding profile converges to 4 satisfying

H;/r < Cap(#). By Lemma 2, there exists

i€a*

4(a*) = 1. Therefore, we have

lim p(C,,) = lim Zv(a|0ns,«9)m(a)

ng—00 Ng—00

aCN

= > Al@)k(@)
aCN
= k(a¥)

= X"
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O
The proof of this theorem suggests that not only >* is achievable, it is in fact achiev-

able by a simple code sequence.

Theorem 2 Given the source (Hyr, k) over channel 0 and the delay factor r, suppose
(Condition (x)) that there exists no a C N that will make both r(a) > k(a*) and
Y ica Hi/r = Cap(0) hold. Then there exists no X > ¥* such that (r,X) is achievable.

Proof: Assume there exists a sequence of (Hy,r,ns) codes, possibly non-simple code
sequence, whose average utility approaches some ¥ > ¥*. Let v denote the decoding
profile when ng approaches infinity. From the assumption we see that there must exist
& # o such that both v(&) > 0 and k(&) > x(a*) hold. By Lemma 1 and the condition
on Y .. H;/r, > H;/r < Cap(f) holds. This violates the definition of o* in (4.2). [

The above tllelgorems, resembling channel coding theorem and its converse, state that
¥* is the maximal achievable utility for any given source (Hys, k) over channel 6 and the
delay factor r satisfying Condition (x). Condition (%) essentially excludes the isolated
values of delay factor r, such that the overall channel coding rate is exactly at the channel
capacity. As the channel coding theorem is inconclusive about the error behaviour when
the code rate is equal to capacity, the maximal achievable utilities for these values of r
are not determined. From Theorem 1, it can be seen that the optimal coding strategy
for a given DMC is to select a message set M, that has the maximal utility x(a) subject
to channel capacity constraint, treat them as a single message and code them using a

capacity-achieving channel code.

4.3 Numerical results

For the examples of an LC-coded and an MDC-coded source in Example 4, which are
constructed based on [73], we consider communicating such given sources over a binary
symmetric channel (BSC) where the crossover probability is 6, and numerically evaluate
the maximal achievable utilities.

Figure 4.1 shows the maximal achievable PSNR at varying delay factor r when 6 = 0.1

for both sources. It can be seen that the maximal achievable PSNR increases with the
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Figure 4.1: Maximal achievable PSNR at various delay factor r over BSC(0.1).

delay factor r. In both cases, the maximal achievable PSNR appears to be a stair-
case function of delay factor r, where the discontinuity points of the function precisely
correspond to the values of r for which Condition () in Theorem 2 is violated. For this
particular channel parameter § = 0.1, it appears that the LC achieves higher PSNR than
the MDC at low delay; however when allowing longer delay, the MDC results in higher
PSNR. It requires even longer delay for both codes to reconstruct the source perfectly
(achieving their respective maximal PSNR).

Figure 4.2 shows the maximal achievable PSNR at varying crossover probability 6
when the delay factor r = 2. It can be seen that the maximal achievable PSNR increases
as the channel becomes better. Regarding maximal PSNR as a function of €, the dis-
continuities of the function occur precisely at the points of 6 for which Condition ()

of Theorem 2 is violated. It appears that for poor channels, the LC performs better
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Figure 4.2: Maximal achievable PSNR at different BSC() for r = 2.

than the MDC, and as the channel improves, the opposite trend occurs. The crossover
behaviour as observed in the figures may not always occur, which depends on the rates

and the utility values of the messages.

4.4 Conclusion

In this chapter, we study the problem of communicating source-coded messages under
the proposed model over a fixed channel and use the average utility to evaluate the
performance of the communication systems. Maximal achievable utilities are derived
for any given source over any DMC. Numerical comparisons are made for two specific
examples of source models over BSC, where the two models correspond respectively to

the messages generated by a layered-coding source encoder and those generated by a
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multiple-description-coding source encoder. Depending on the tolerable delays and the
channel conditions, the two sources each has its own advantage in terms of its maximal
achievable PSNR. In practical, when an arbitrary dependency structure exists among the
source-coded messages and the utility function is specified by the required data rate for
transmission, PSNR on source reconstruction, or even the user satisfaction, we are able
to evaluate the throughput, average quality on source reconstruction, or average user
satisfaction, and provide the optimal coding scheme to achieve that.

The work of this chapter is still a preliminary study, since the simplicity of DMC
models reduces the utility maximization problem completely to a simple mathematical
structure that is completely governed by the channel coding theorem. It is our plan to
extend this work to the setting of compound channel models, where we expect that the
channel coding theorem for DMC will become insufficient for utility maximization and

more sophisticated coding schemes are expected later.



Chapter 5

Degraded Compound Channels

5.1 Problem formulation

In last chapter, we consider the scenario of real-time communication of media source over
fixed channels where the utility maximization problem is simply governed by the channel
coding theorem. In this chapter, we consider communicating the set of messages My
through a compound channel. Let 6 be the parameter of the channel realization, and the
compound channel is defined via a distribution g over a space of . Let © denote the
support of q. We assume each # € © parametrizes a DMC with input alphabet A and
output alphabet ). The transition probability function for each 6 is denoted by Fp(Y|X),
which is completely determined by 6. As is typical, we assume that 6 is known to the
receiver but not to the transmitter. A channel realization 6 : X — Y is degraded with
respect to 0’ : X — Y if X, Y’, and Y form a Markov chain, denoted by X — Y’ — Y.
We write 8 < 0" or 8 = 0 to denote # is degraded with respect to 6. A compound
channel is degraded if for any two channel realizations in O, one is degraded with respect
to another. In the sequel, we consider ¢ being a continuous distribution. In that case,
the probability that a specific channel realization # is chosen becomes zero.

Similar to the case of fixed channels, the communication over compound channels is
also subject to a “delay factor” constraint. With the delay factor r, under the assumption
that each channel use takes one time unit, we consider using the channel rn, times for

communicating the source. In the case of real-time communication, when r < 1, it is

40
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possible to deliver the source process to the receiver without any delay, however when r >
1, the receiver will necessarily suffer from some delay on source process reconstruction.

An (Hy,r,ns) code consists of a message space [] €;, an encoding function f :
[T Q@ — X™: and a set of decoding functions {geleiNy’"”S — [ %, 6 € O} each
zxetj’\c/empting to decode Mys. To ease our discussion, we also let n :liNrnS and R; denote
the channel code rate of M;, and R,, be the set (or vector) of channel code rates associated
with M,. Thus R; = H;/r holds for i € N/, and the (Hy,r,n,) code is equivalent to the
conventional (R, n) code.

For any (Hpr,r,ng) code C' over channel 6, let the decoding profile v(-|C,8) on the
power set 2V of N be well defined to characterize the probability of successful decoding.

The average utility u(C') of a code C'is defined as

W(C)i= [ 3 alC,o)x(a)a(6)ab, (5.1

aCN

Given (k, q), we use u(C') to measure the performance of code C'. It is worth noting that
if one chooses k(a) = > H;/r, then pu(C) reduces to the throughput achieved by code C
over the compound chlzilollnel.

Given a source (Hy, k), over compound channel ¢, the pair (r,X), referred to as a
delay-utility pair, is said to be achievable if there exists an (Hr, 7, ng) code whose average
utility is 3. For a given delay factor r, we refer to the supremum of ¥ such that delay-
utility pair (r, ) is achievable as the mazimal achievable utility. As the maximal utility
is defined in terms of a supremum, we restrict our attention to (Hy, 7, n) code sequences
(parametrized by ng) whose decoding profile converges as n, approaches infinity.

Given arbitrary (k, Hy,q), we are interested in finding a coding scheme achieving
highest average utility. In general the problem is quite open, and in this chapter we

mainly focus on the cases where the channel is degraded compound channel.
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5.2 Results

5.2.1 Swuperposition codes

It is well known since [51], superposition codes are good solution used for degraded broad-
cast channels [120]. In this chapter, we primarily consider adapting superposition codes
to the communication problems over degraded compound channels. The construction of
superposition codes in this section is slightly different from the conventional one, which
we now describe.

Given a set of messages My, Ms, ..., My with M; uniformly distributed in €2;, a
length-n m-layer superposition code for those messages is specified via a Markov chain
Xay = Xagvar — " = Xam\amor = Yam\amo1 — Yam_1\am_o — *** — Yo, and a rate vector
(Rays Ras\ays - - > Ran\am_1)» Where a; C ap C -++ C ay, form a chain in the utility
graph. We note that a chain refers to a directed path in the graph. For convenience,
let A(1) := aq and A(3) := a; \ ;1 for i = 2,...,m. The Markov chain and the rate
vector can be rewritten as Xa) — Xa@) = — Xam) — Yam) — - — Yae) — Yaq) and

(Raq)s - - - » Ragm)) respectively.

Example 6 To encode the chain ({1} — {1,2,3} — {1,2,3,4,5}), we have m = 3
with o = {1}, o = {1,2,3}, a3 = {1,2,3,4,5}, A(1) = {1}, A(2) = {2,3}, and
A(3) ={4,5}.

For any given distributions Pxy iy PxamlXam - PX am X a1y EYaum | Xagm):

PYA(m—l)lyA(m)7 s ’PYA(1)|YA(2)’

e Map the index set {1,...,2"2eam i} o {1, 2Xaw¥aw)} by hy. Generate

2 (Xam¥am) independent length n sequences Xxy(Ma,) according to [T7_; Px, ., (Taq))-

e For each i = 2,...,m in order, map the index set {1,..., PRPEONG Bl to {1,.. .,
oM (Xa@¥amXai-1)1 by h;. For each sequence XR(i_1)» generate ol (Xa@Yawm | Xa@-1)

independent length n sequences XZ(Z‘) (M,,) according to H?Zl PX i Xai, (Ta@)jlTai-1);)-

Y The process Continues untll Qn(I(XA(l)?YA(I))J"[(XAQ);YA(2)|XA(1))+"'+I(XA(m)§YA(m)|XA(m71)))

codewords X%, have been generated.
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e Reveal the codebook to the decoder. The encoder sends the codeword X}, (Ma,,)

if it sees the message set M, .

The mapping h;, i = 1,...,m is defined as follows. For any a € {1,..., " Lieat) Ry
hi(a) := a mod 2" Xaw¥awXaw-0)1 where A(0) is neglected, and Xa(p) is the dummy
random variable. The rate tuple (/(Xay, Yaq)), [(Xa@); Ya@)|Xa@)): - -

I(XA(m); Yamm)| Xa@m-1))) has been shown to be achievable over the degraded broadcast
channel Xa@m) — Yamm) — -+ — Ya@) [120]. We use an example to illustrate the encoding

process as follows.

Example 7 In Example 6, we encode the message set My 2345, as follows. For any

distributions Px ), Px s 01Xy PxX ) Xppap Das X s Dam Vs Dy Vi, firstly we

map the set {1,...,2"%Y} to {1,...,2ME0Y0)Y by hy and generate 27T XyYiy) in-
dependent length n sequences Xfl}(Ml) according to H?Zl Px,(zpy,).  Secondly we
map the set {1,..., 2"t 1o £1 oM XesyYiesylX0) ) by hy and for each sequence
X?l}(Mﬂ, generate 2" X231V X)) jndependent length n sequences X?2’3}(M1, My, Ms)
according to [[_) Px, . 1x., (T(2,3),17(1y.,5). Finally we map the set {1,..., on(Ratlis)Y 10
{1,..., 20X ¥us X)) by hs and for each sequence X 3}(M1, My, M3), generate

oM (Xpasy Vst X2)) independent length n codewords X7,y - (My, My, Ms, My, M) accord-

{4,5}
. n
an tO H]:l PX{4,5}‘X{2,3} (x{4»5}).7

T(2:3},5)-

We note that slightly different from the superposition codes in [51,120], the mapping
h; is introduced into the encoding of the message set Ma(;). The inverse mapping of
hi;, i1 =1,...,m exists if and only if A; is injective. In that case, h; is called invertible.

h; is invertible if and only if

Z Ry < I(Xa@): Yam)| Xag-1)) (5.2)
IEA()
holds. We denote the inequality in (5.2) by £(4). Let A;;—1 and ¥;};41 denote the space of
Px )| Xa-1) and Py, Vagin respectively for i = 1,...,m, where to ease our discussion,

we also let Ya(m41) denote Xay). The invertibility of the mapping h; for i = 1,...,m

"More precisely, hi(a) := a mod 2™ (Xam¥amXai-1) when a # k2™ XamYamXac-n) for some
integer k, while h;(a) := 2" (XamYam | Xai-1) when a = k2 XawYam [ Xaa-1),
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is completely determined by A € [[, Aji—1, ¥ € []; Wii+1, and R,,,. Thus we consider
a sequence of superposition codes C, parametrized by (X, ¥, Raqy = Ra@) — -+ —
RA(m),n), where the arrow indicates the order of superimposed messages from the view

of encoder.

5.2.2 Coding theorems

When the channel is a degraded compound channel, the decoder attempts to recover the
message set M, . We are to find the decoding profile of C), over any § € © as n — oc.
We note that since the code sequence is specified by the distribution A, which generalizes
a probabilistic ensemble of code sequences, the decoding profile in consideration is indeed

the average over the ensemble. Furthermore, let 7; be defined as

T = U A()). (5.3)

j<i and E(j) holds

Example 8 In Example 7, suppose the distributions A and 1) is such that

R, < I(Xquy:;Yay),
R2 + R3 > [(X{Zg}; Yv{g,g}’X{l})? and
R+ Rs < I(Xqasy; Yiusy| Xp23))

hold. We have 7y = {1}, 7o = {1}, and 153 = {1,4,5}.
We have the following results, which follow from the work [54,121].

Lemma 3 For the sequence of superposition codes C,, parametrized by any given (X, ¢, Raqy —
Ra@) — +++ = Ragm)) over channel § : Xamy — Y, if 0° < 0 < 071, i =0,...,m,
the decoding profile v satisfies y(1;) = 1 as n — oo, where 0, i = 1,...,m denotes the

channel Xy — Ya@), and the bounds of 0° and ™" are neglected.

The proof of lemma is provided in Appendix I.
Lemma 3 suggests that for any given sequence of (A, 9, Raqy — Ra@) — -+ —

Ra@m),n) superposition codes, a degrading sequence of channels 0™ > --- > o' are
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induced, which potentially divides the support © of degraded compound channel into
m + 1 intervals in order. When the channel realization 6 is such that #° < § < ! for
some ¢ = 0,...,m, exactly the set of messages M,, can be decoded, where 7; represents
the index set of messages on all layers 5 up to layer ¢« under the view of superposition,
such that the mapping h; is invertible.

In an arbitrary utility graph, let ® denote the set of all chains and sub-chains, where
a sub-chain is a sub-sequence of a chain and may not be a chain in the graph by itself.
Here we note that a chain is also a sub-chain by itself, and ® is the set of all sub-
chains. For any sub-chain ¢ € @, let my be the number of nodes in ¢. Let {1,...,m,}
be the index set of the nodes in ¢, where the index increases with the direction of

¢, and ; C N be associated to node ¢ for i € {1,...,my}. Let m = my, and we

may correspond the my messages Maa), Mac),---; Ma(m,) in ¢ to the m messages
Mnaqy, Ma@), - - -, Ma@my discussed above. Pick Ay € [, Aji—1 and 9y € ], Uypip1. Let
the sequence of (g, ¢y, Ray — Rap) — -+ — RA(m¢),n) superposition codes be

applied for communicating messages Ma% over the degraded compound channel q. Our
goal is to find the best ¢ € ® and best configuration of (A4, 1) in terms of achieving the
maximal utility. Let ¥* be defined as

Mg

¥ = OPr(0: 607 <6 <671, 5.4
B 2 | o

Theorem 3 Given the source (Hy, k) over degraded compound channel ¢ and the delay

factor r, ¥X* is the maximal achievable utility by superposition codes.

Proof: For the sequence of superposition codes C,, specified by any tuple (Ag, 1y, Rag) —
Ra@) =+ -+ = Ra(m,)), where R; = H;/r for i € N, by equation (5.1), we have

n—o0 n—o0

lim pu(C,) = lim / > alCy, 0)k()q(0)do
aCN
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where 4 denotes the limiting decoding profile. By Lemma 3, we have

n—oo

lim 4(C,) = / S 4(rk(r)a(0)do
= Y k(n) / 5(0: 60" <6< 0" )q(0)do

= Zm(n)Pr(é’ 08 <0 <0,

where (-) denotes the indicator function valued 1 if the argument is true and 0 otherwise.

Since (), is specified by different choice of (A4, 1y) and ¢, the utility X* is thus
achievable by the maximization of lim u(C,) over all possible sequences of codes for
different choices of (Ay, 1) and ¢ eng.oo

On the other hand, let ¢’ denote the sequence of C --- C a/,, where ¢’ ¢ ®. Suppose
the condition E(i) holds for i = 1,...,m, as otherwise if F(i) does not hold for any 1,
we can always achieve better utility by following the proof of Theorem 4 to trivialize
or essentially remove A(7) from the chain. Based on ¢, we can generate a sub-chain
¢ € ® formed by &1 C --+ C &y as follows, according to the construction of the utility
graph. Starting from ¢, 7 = 1, if ¢/ is a node in the utility graph, let &; = «}; otherwise,
/

if k(o

) > 0, we find the smallest a in the utility graph such that x(c)) = k(a) and
&j—1 C «a hold, and let &; = « if &;_; C a. We note that &g denotes the empty set.
Increase j by 1 if &; is updated, as well as i. The process is repeated with increasing i
and j until ¢ = m. Clearly we have m < m.

We only consider the non-trivial case where QAS is not an empty sequence. Let X, de-
note the maximal achievable utility for encoding ¢’, achieved by the tuple (Ag/, Vg, Rar(1y —

-+ = Rargmy). Let PXA’(i)‘XA’ and PYA,(MYA, for i = 1,...,m denote the distribu-

(i—1) (i+1)
tions specifying Ay and 1y respectively, and Px,, o and Py, o be the induced marginal
distributions. A degrading sequence of channels ™ = ... = #" are thus induced.
To encode qB, generate the distributions A 3 and 4 as follows. Let PXA@-)\ X+ and

A(i-1)
By Vg

and 0™ > - - = 0! denote the induced sequence of channels. For j = 1,...,7, let k; and

Y3 for © = 1,...,m denote the distributions specifying A 3 and 3 respectively,

l; denote the smallest and the largest i respectively such that x(&;) = k(«}) holds. Let
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Px .

am = DXy

lj

PXA<j>|XA<j—1) - Z H PXA’(i)|XA’(z‘—1)

TA (k)T Al (1 —1) i=k;

for j > 1, and

lj
PYA(J‘)|YA(J'+1) - Z H PYN(i)\YA’(iH)

YA (kj+1) YAl 1) ©=K;

for j > 1. By doing so, we have the marginal distributions PXA(J-) = Px,, o and PYA(]_) =
J
Py, and the channel #/ = 6% holds.

(k;)?

Let X5 denote the utility for encoding gB, achieved by the tuple <)‘¢3’ Vs, RA(l) — =

RA()- Based on the code construction, for any j = 1,..., 70, we have r(7;) = £(7;) for

t = kj,...,l;. Therefore, we have

Ty = k(T)Pr(0: 0" < 6 < 0/

g

o~
<.

k(T)Pr(0 : 0" < 6 < §/0FY)

Ms

134

<.
Il
I
ka

J

Ms

k(T)Pr(0: 67 <0 < 67

1

I
M

&

which means that the maximal utility can be obtained by considering to encode an ¢ € @,
and X* is therefore the maximal achievable utility by superposition codes. 0

Theorem 3 states that for any given source (Hy, k) communicated over degraded
compound channel ¢ with delay factor r, the maximal utility by superposition codes can
be achieved by searching for the best sub-chain ¢ in the utility graph and best superpo-
sition code, or equivalently, Ay and 14, to encode ¢. For illustrative purpose, in Figure
3.1(d), ({1} = {1,2,3}), ({2} = {2,3} = {1,2,3}), ({2} = {2,3} = {2,3,4}), ({3} =
{2,3} — {1,2,3}), and ({3} — {2,3} — {2,3,4}) are five maximum chains, where a

chain is said to be maximum if it is not contained in any other chains except itself. ®
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contains all maximum chains and their sub-chains.

The calculation of (5.4) involves searching over a space of joint probability distribu-
tion. However, under some situations the searching space for A4 can be efficiently reduced
for any given ¢ and given distribution 1,. We consider the sequence of superposition
codes C,, parametrized by any given (A, Vg, Baq)y — Ra@) -+ — Ragm,)), and let )y
denote its achievable utility. We have the following result, the proof of which is provided
in Appendix II.

Theorem 4 For the sequence of superposition codes C,, parametrized by any given (Ay, Vg,
Raqy = Rag) - = Ragm,)) over degraded compound channel q, if 0 < I(Xag); Ya) | Xai-1))
<D ieaq B for any i € {1,... ,my}, then there exists other Xy € []; Ajjj—1 such that
I(Xa@); Ya@|Xaa-1)) = 0 and the utility X' > X achieved by the sequence of superposi-
tion codes parametrized by ()\;, Vg, Baqy = Ba@) -+ — Bagmy))-

Theorem 4 provides a means to reduce the complexity in the calculation of (5.4).
For any given ¢ € ®, whenever the mapping h; is not invertible for any i € {1,...,m4},
resulting in the fact that the message set M ;) can not be decoded, the theorem suggests
that we can always suppress that message set by letting I(Xag); Ya@|Xag-1) = 0
without decreasing the achievable utility. In this case, the mapping h; and the message
set Ma; are trivialized® since none of its information is encoded. Therefore, regarding

o (5.4), for any fixed ¢ € ®, the calculation for any A, and v, such that there exists
0 < I(Xaw; Yam|Xau-1)) < ZleA(i) R, for any i € {1,...,mg4} can be omitted, in terms
of achieving the maximal utility.

Superposition codes, originally designed for degraded broadcast channels, have been
shown to be a good solution to our problem. Indeed, a correspondence exists between the
original problem of degraded broadcast channels and our problem. In degraded broadcast
channels with m components, superposition codes are known capacity-achieving codes
to transmit m independent source messages to m receivers. In our problem, when the
source with arbitrary utility graph is given and the communication is over degraded
compound channels, for a fixed sub-chain ¢ of length my, Ma(1), Ma2),-- -, MA@m,) are

the m, source messages to be encoded. The set of all channel realizations of the degraded

2In this case, for any a € {1,...,2" >cam B} pi(a) = 1.
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compound channel is divided into m, + 1 subsets. Except the one over which nothing
is decodable, each subset contains channel realizations over which exactly the message
set M., is decoded for 7 = 1,...,my, resembling each of m receivers under degraded
broadcast channels.

In general, from (5.4), it is difficult to evaluate the maximal achievable utility by
superposition codes since it depends on the source (Hy, k), the compound channel ¢, and
the delay factor 7. For a given ¢, the utility vector (k(ay),...,s(am,)) for the sequence
of nodes along ¢ is given. The maximization taken over all possible A\, and 1), is indeed
to find a vector of probability mass with component Pr(6 : §° < 6 < 0°'), i =1,...,m,
such that its inner product with the vector (k(7i), ..., k(7n,)) is maximized. For given
source (Hp, k) and the delay factor r, the vector of probability mass depends on both
the superposition codes and the degraded compound channel ¢, while the vector of utility
depends on the superposition codes. To find the maximum in (5.4), we are to find the
best element ¢ € ® to encode and the best superposition code to encode that sub-chain,
where the best is chosen in terms of maximizing the inner product of the utility vector
and the vector of assigned probability mass.

From the practical point of view, due to the complexity of the encoder, if the super-
position codes are limited to no more than L layers, the maximization of the achievable
utility becomes searching for the best sub-chain up to L nodes and the best possible

superposition code to encode it.

5.2.3 The special case of conventional channel codes

When the length of ¢ is reduced to one, i.e., my = 1, superposition coding scheme in
fact reduces to the conventional channel coding scheme which encodes a single node of
messages a7 in the utility graph. In this case, the Markov chain specifying the codes
becomes X,, — Yy, and the distributions A; and 1, are simplified to Px, and Py, |x,,
respectively. Let V' denote the set of all nodes in the graph, and >** denote the maximal

achievable utility by the conventional channel codes. By (5.4), we have

Y =max max  k(m)Pr(0:60 = 0").
¢EV PXQI7PY041‘XO£1
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In the sequel, we consider the maximal achievable utility for encoding any given ¢ € V.
We first consider the sequence of Cj, codes where the distributions Px, and Py, |x,, are
such that 1(X,,;Ya,) = Cap(#') and 3=, i = Cap(0') hold. Let Py and P x.,
denote such Px, and Py, |x,, respectively, and 6 denote such #'. Hence Py, is the

capacity achieving input distribution for channel #'. In this case, k(71) = k() and we

have
lim u(C)) = k(aq)Pr(6: 6 - 6'). (5.5)
n—o0

For the sequence of codes C, where Px, # Pj(al and Py, x,, = P{/al| Xop» WO have

I(Xa,;Ye,) < Cap(¢) and therefore 3, R; > I(Xa,;Ya,). In this case x(m) = 0 and
we have

lim u(C,) =0. (5.6)

n—oo
Let Y’ denote the channel output of ¢. For the sequence of codes C;, where Py, and
Py, |x,, are such that 6' < ¢ holds, by data processing inequality, we have

I(Xay; Yay) < I(Xay;Y') < Cap(6),
and therefore » 7, Ry > I(Xq,;Y,,). In this case (7)) = 0 and we have

lim u(C,) = 0. (5.7)

n—o0

For the sequence of codes C,, where Px, and Pya1| X,, are such that ' = ¢’ holds, we

have

lim u(C,) = r&(m)Pr(f:6 = 6"
< kK(ap)Pr(6:60 = 6"). (5.8)

By (5.5)-(5.8), it can be seen that for any given ¢ € V, the maximal achievable utility is
that in (5.5). Therefore, we have

o= max k(ay)Pr(0:0 = 6')

= maxk(a)Pr(0:0 -6,

aq
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where ¢ is such that ), ~H;/r = Cap(¢') holds. To that end, we have the following

results.

Corollary 1 Given the source (Hyr, k) over degraded compound channel q and the delay

factor r, ¥X** is the maximal achievable utility by conventional channel codes.

Corollary 1 states that for any given source (Hpr, k) communicated over degraded
compound channel ¢ with delay factor r, the maximal utility by conventional channel
codes can be achieved by choosing the best node in the utility graph and using a capacity-
achieving channel code to encode it. Since the conventional channel codes are special

case of superposition codes, it is obvious that >** < 3*.

5.2.4 Optimality of superposition codes

In Section 5.2.2; we show that 3* in (5.4) is the maximal utility achieved by superposition
codes for any given source (Hys, k) communicated over degraded compound channel g
with the delay factor r, and also provide the optimal superposition coding scheme to
achieve ¥*. In this section, we investigate the optimality of superposition codes. That
is, whether ¥* is indeed the maximal achievable utility among all coding schemes. We

have the following results for the case N = 2.

Theorem 5 For N = 2, given the source (Hpr, k) over degraded compound channel g
with the delay factor r, the utility achieved by any code is upper bounded by that achieved

by superposition codes.

Proof. Suppose there exists a sequence of codes C,, whose decoding profile converges
to 4 as n — oo. Let 3 be the achievable utility by C,. Let function n(a|C,0) of any
non-empty o C N be defined as follows,

n(alC.0):= Y (BIC.0). (5.9)

B:8Da and BCN
For every non-empty o C N, n(«a|C, ) is the probability that M, is decoded over . We
consider only normal decoder, i.e., if §' = 6", for any « C N, n(a|C,0") > n(a|C,0")
holds. We suppress the role of code C' when there exists no ambiguity. Let 1 be the
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1 function induced by %. Furthermore, let the threshold 6, : X — Y, € © denote the
channel realization such that 7(a|f) = 0 for 8 < 6,, and 7(«|f) > 0 for 6 > §,. Clearly,
we have 0, = 03 if a C 3. For N = 2, both 01y = 012y and 05y < 01 23 hold if all such
thresholds exist.
If 7n({1,2}|) = 0 for any 6 € O, by (5.9), we know the decoding profile satisfies
¥({1,2}]0) =0, and Y({i}|0) = n({i}|¢#), ¢ = 1,2 for any 6 € ©. By the strong converse
of the channel coding theorem, we have R, < Cap(f{1;). By the achievability of the
channel coding theorem, there exists a sequence of codes C}, encoding M; only which
has the probability of error for decoding M; under 64, approaching zero as n — oo.
Let (', be applied over degraded compound channel ¢, and the decoding profile v,
satisfies 71(0]¢) = 1 for 6 < 01y and v ({1}|0) = 1 for 6 > 6;1y. Similarly, there exists
a sequence of codes (%, encoding M, only which has the decoding profile v, satisfying
Y2(0]0) = 1 for 8 < 05y and 12({2}|0) = 1 for 6 > O;5y. Let ¥; and X, be the utility
achieved by C, and Cy, respectively. By (5.1), we have ¥; = x({1}) [}, 00, q(0)do
and X, = x({2}) [, 00, q(0)d. Let a := supp.gee Y({1}|6) and b := supp.gcq Y({2}6).
Since 4({i}|0") > 4({i}|#”), i = 1,2 holds for &' = 6", and 5({1}|0) + 4({2}|6) < 1 for
any 0, we must have a + b < 1. It can be shown as follows that S s upper bounded by
the utility achieved by time sharing of C}, and C;, with fraction a and b respectively,

and further by the maximum of »; and >,

A

S = [ aquesaedn + [ A0 Eae0)

0:0-0,1, 0:0-0,5,
< an({1}) / $(0)d(0) + bi({2}) / 4(0)d(0)
0:0-0,1, 0:0-0,5,

S max(zl, 22)

Otherwise, if 01y =< 019y and 02y < 193, by (5.9), the decoding profile satisfies
¥({1,2}|0) = 0, and A({i}|0) = 7({i}|f), i = 1,2 for any 6 < 6 2;. We consider
applying C,, over the degraded broadcast channel X — Y9y — Y{;;. By the strong
converse and the weak converse of the coding theorem for degraded broadcast chan-

nels [122], there exists U such that U — X — Y9 — Y5y form a Markov chain
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with Ry < I(U;Yy) and Ry < I(X;Yp23|U). By Lemma 3, we are able to con-
struct a sequence of superposition codes C, encoding M first and M, superimposed
which has the decoding profile v, satisfying ~;(0]6) = 1 for 6 < 61y, % ({1}|6) = 1 for
01y < 0 < Op19y, and v ({1,2}|6) = 1 for 0 > 01 ). Similarly, there exists a sequence
of superposition codes Cy,, encoding M, first and M; superimposed which has the de-
coding profile v, satisfying 12(0|6) = 1 for 8 < 0y, 12({2}]|0) = 1 for Oy < 0 < 61193,
and 72({1,2}|0) = 1 for § > 01 2). Besides, there also exists a sequence of codes Cj,,
encoding both M; and M, which has the decoding profile 3 satisfying v3(0|6) = 1 for
0 < 0719y and y3({1,2}]0) = 1 for 6 = 01 3. Let 1, o, and 33 be the utility achieved by
Cln, an, and an respectively By (5 1), we have El =K {1} o, 9{1}%%{12} (9)d9 +

and 23 =K {1 2} fe:ew{l,z} (0)d9 Let a := supy, 9<9{1 2 7({1}|9) and b = supe 9<9{1 " 7({2}|6’).

Since 4({i}|¢0') > 4({i}|6"), © = 1,2 holds for 6 > 0" and ¢',0" < 01 93, and ({1}]0) +
4({2}]0) <1 for any 6 < 0 23, we must have a +b < 1. It can be shown as follows that
3 is upper bounded by the utility achieved by time sharing of C},,, Cs,, and Cj,, with

fraction a, b, and 1 — a — b respectively, and further by the maximum of ¥, Y, and >3,

£ = / F{1}HO)R({1})q(0)d(6) + / 7({2}0)x({2})q(0)d(0)

9:9{1}<9<9{1’2} 9:9{2}<9<9{1,2}

+ / (YO R{1}) +4({2}H0)w({2}) + 7 ({1, 2}0)w({1, 2})) ¢(6)d(0)

920>—0{172}

IN

9:9{1}-<9-<0{1’2} 919{2}-<0-<9{]_’2} 0:9>—9{1’2}

= alsy [ aowesii [ a0 | oy

9:9{1}-<9-<9{1’2} 9:9>9{1’2} 9:9{2}-<0-<0{172}

Tr({1,2)) / 2(0)d0 | + (1 —a—b)r({1,2}) / 4(0)d(6)

9:9>—6’{172} 929>—9{172}
maX(Zl, 22, 23) .

IN

an({1}) / 2(0)d(8) + bi({2}) / 2(6)d(6) + n({1,2}) / 4(6)d(6)

q(6)do
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O

Theorem 5, together with Theorem 3, state that ¥* in (5.4) is the maximal achievable
utility among all coding schemes. For communicating any given source (Hy, k) over
degraded compound channel ¢ with delay factor » when N = 2, superposition codes are

optimal.

5.3 Numerical results

Same as the coded sources used in Chapter 4, for the examples of an LC-coded and an
MDC-coded source in Example 4, which are constructed based on [73], we consider com-
municating such sources over the degraded compound channel with specific ¢ distribution,
and numerically evaluate the maximal achievable utilities by superposition codes.

Let 6 be the crossover probability of BSC and let distribution ¢ be ¢(0) = 2Beta(20; 2, 6),
where Beta(z; «, 5) denotes the pdf of the beta distribution parametrized by a and f for
0 < 2z < 1. Figures 5.1 and 5.2 show the maximal achievable PSNR by superposition
codes at varying delay factor r for LC-coded and MDC-coded source respectively, in
which the curves of Ry;y and Rysy represent the maximal achievable PSNR for the cases
of trivializing message M, and M; respectively, the one of Ry 2y represents the maximal
achievable PSNR for conventional channel code encoding both M; and M,, and the one
of R{1y — Rygy represents that for the non-trivial case. In the curve of Ry — Ry, there
exists point of discontinuity which results from the fact that two different configurations
of (Pxyy» Pxpaylx gy, 0" < 0%) both maximize the achievable PSNR at that point.

It can be seen that for both sources, the maximal achievable PSNR by superposition
codes is the envelop of the four curves. This fact coincides with the results of Theorem
3 and 4. For LC-coded source, since x({2}) = 0, the maximal achievable PSNR by
codes trivializing message M; is zero, while for MDC-coded source, since H; = Hs
and k({1}) = k({2}), the maximal achievable PSNR by codes trivializing M; and M,
respectively are equal. For both sources, the maximal achievable PSNR increases with the
delay factor r, and becomes to deviate from zero when the delay factor r is such that the
channel code rate of a single message becomes supported by some channel realizations. It

requires long delay for both codes to reconstruct the source perfectly (approaching their
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Figure 5.1: Maximal achievable PSNR at various delay factor r over degraded compound
channel for LC-coded source.
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Figure 5.2: Maximal achievable PSNR at various delay factor r over degraded compound
channel for MDC-coded source.
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respective maximal PSNR).

For both sources, the maximal achievable PSNR by conventional channel codes, as the
special case of superposition codes, is the envelop of the curves of Ry1y, Ry, and Ry o3,
which correspond to encoding My, M, and both M; and M, together respectively. The
fact coincides with the result of Corollary 1. The maximal achievable PSNR by conven-
tional channel codes increases with the delay factor r as well. Apparently, the maximal
achievable PSNR of conventional channel codes is dominated by that of superposition
codes.

Figure 5.3 shows the comparison of maximal achievable PSNR by superposition codes
between the LC-coded and the MDC-coded sources. For this particular case, it can be
seen that the LC achieves better quality of source reconstruction than the MDC. However,
for other cases of sources and degraded compound channels, it may be different. For any
source communicated over any degraded compound channel, the maximal achievable
utility by superposition codes can be numerically evaluated.

On the other hand, we are interested in the maximal achievable utility at different
degraded compound channels. Figure 5.4 shows the examples of ¢() = 2Beta(26; 2, 3)
for some (. It appears that as [ increases, the distribution ¢(#@) is shifted to low value
of crossover probability @, i.e., less noisy BSC channels.

Figures 5.5 and 5.6 show the maximal achievable PSNR at degraded compound chan-
nel ¢(0) = 2Beta(26; 2, 8) with varying 8 by superposition codes when the delay factor
r = 2 for LC-coded and MDC-coded source respectively. It can be seen that for both
sources, the maximal achievable PSNR by superposition codes is the envelop of the four
curves by codes encoding M; only, M,y only, both M; and M, treated as one message,
and M first with My superimposed respectively. It appears that the maximal achievable
PSNR increases with 3. That is, as the major probability mass of ¢ is shifted to less
noisy channel realizations, the maximal achievable PSNR increases.

For both sources, the maximal achievable PSNR by conventional channel codes, as
the special case of superposition codes, is the envelop of the curves by codes encoding M,
only, M only, and both M; and M, treated as a single message respectively. It appears
that the maximal achievable PSNR by conventional channel codes increases with 3 as

well. Apparently, since conventional channel codes are special case of superposition
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Figure 5.3: Maximal achievable PSNR at various delay factor r over degraded compound
channel by superposition codes.
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Maximal achievable PSNR (dB)

Figure 5.5: Maximal achievable PSNR at different degraded compound channels when
r = 2 for LC-coded source.
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Maximal achievable PSNR (dB)

Figure 5.6: Maximal achievable PSNR at different degraded compound channels when
r = 2 for MDC-coded source.
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Figure 5.7: Maximal achievable PSNR at different degraded compound channels by su-
perposition codes for r = 2.

codes, the maximal achievable utility of conventional channel codes is dominated by that
of superposition codes.

Figure 5.7 shows the maximal achievable PSNR by superposition codes for the LC-
coded and the MDC-coded sources over different degraded compound channels for r =
2. For this particular case, it appears that the LC achieves better quality of source
reconstruction than the MDC. However, the comparison behaviour observed in the figure

may not occur in other cases of source and degraded compound channel.
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5.4 Conclusion

In this chapter we formulate the problem of communicating source-coded messages for
multimedia content over degraded compound channels as the problem of maximizing the
average utility at the receiver. The performance of superposition coding schemes, which
include the conventional channel code special cases, is investigated. We show that with
superposition codes, the maximal utility is achieved by coding along the best sub-chain
in the utility graph, and when restricting the superposition codes to the conventional
channel code family, the utility is maximized by a capacity-achieving channel code over
the best node. For the case of two source-coded messages, we show that the maximal
utility achievable by superposition codes is the maximum among all coding schemes.
We numerically evaluate the maximal achievable PSNR for LC-coded and MDC-coded
messages under superposition coding schemes and demonstrate the impact of the chan-
nel statistics and delay on the achieved utility. Practically, when a more complicated
source-coded media file with an arbitrary dependency structure among messages is to be
transmitted over a wireless fading channel or packet-loss channel, we are able to evaluate
the maximal throughput, maximal average quality on media reconstruction, or maximal
average user satisfaction, and provide the optimal coding scheme to achieve that as well.

In the problem of communicating dependent source messages over degraded compound
channels, we conjecture that the maximal utility achievable by superposition codes is
in fact the maximum among all coding schemes for arbitrary number of source-coded

messages. Proving or disproving this conjecture remains as an interesting future work.



Chapter 6

Joint Source Channel Coding of

Gaussian Source

In last chapter, we investigate the problem of communicating given source-coded messages
over degraded compound channels. Based on the numerical studies, the maximal achiev-
able utility by superposition codes can be evaluated and the optimizing coding scheme is
therefore provided. However, the examples of the LC-coded and the MDC-coded source
used in Chapter 4 and 5 may not be constructed from a single source, which makes the
performance of both source coding techniques not comparable. To better understand
the nature of different source coding techniques, and further compare their performance,
we heuristically consider communicating a single source over degraded compound chan-
nels by joint source channel coding. Specifically, in this chapter we consider the source

sequence as a Gaussian N (0,1) i.i.d. sequence.

6.1 Problem formulation

Instead of considering all families of source and channel coding schemes, on source cod-
ing side, we consider rate distortion coding, LC, and MDC schemes respectively, while
on channel coding side, we focus on special cases of channel codes, namely, conventional

channel codes and superposition codes. We consider communicating the Gaussian A/(0, 1)

64
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source sequence by the combination of source and channel codes through degraded com-
pound channels described in Chapter 5. Let 6 be the parameter of the channel realization,
and the degraded compound channel is defined via a distribution g over a space of 6. Let
© denote the support of g. We assume each 6§ € © parametrizes a DMC. For any two
channel realizations in ©, one is degraded with respect to another. Similar to that dis-
cussed in Chapter 5, we consider ¢ being a continuous distribution. In that case, the
probability that a specific channel realization 6 is chosen becomes zero.

The communication over degraded compound channels is also subject to a “delay
factor” constraint. With the delay factor r, we consider using the channel rng times for
communicating the source sequence. In real-time communication scenario, such as in a
video streaming scenario, when r < 1, it is possible to deliver the source sequence to the
receiver without delay, and otherwise the receiver will necessarily suffer from some delay
when reconstructing the source sequence.

With the notations introduced in Chapter 3, the constructions of the encoded source
messages by different source codes under consideration are described as follows, together
with the characterization of their corresponding information theoretic bounds. Let the
source sequence or process X = Xp, Xs,...,X,, be iid. Gaussian random variables
with mean 0 and variance 1, and X = Xl, Xg, e ,an denote the reconstruction of the
sequence X. The squared error distortion between sequences x and X is defined by

1 s
d(x,%) = — Y (x; — &)". (6.1)
L
In rate distortion coding scheme, essentially we fix the number of encoded messages
N = 1. By rate distortion codes, the source sequence X is encoded into an index
M(X) € {1,...,2"H1} and is reconstructed by function X (M), where Hj is the rate
of the code. A rate distortion pair (Hy, D) is said to be achievable if there exists a
sequence of rate distortion codes, parametrized by ng, with lim,, . Ed(X, X ) < Dy,
where the expectation is with respect to the distribution N (0,1). Based on the rate
distortion theory [54], the rate distortion region formed by all achievable pairs (Hy, D;)
is such that .

1
H{ > —log — 2
I_QOng (6)
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holds for 0 < D; <1.

In LC scheme, as that shown in Figure 3.1(a), we choose N = 2, i.e., two layers. By
LC, X is encoded into the base layer message M;(X) € {1,...,2"} and the enhance-
ment layer message My(X) € {1,...,2%™} and is reconstructed by function X'(M;)
or XO(Ml, Ms) depending on the availability of M; and Ms, where H; and Hs are the
rates of based layer and enhancement layer respectively. The tuple (Hi, Ho, Dy, D)
is said to be achievable if there exists a sequence of LC, parametrized by n,, with
lim,,, o, Ed(X, Xl) < D;, I = 0,1, where the expectation is with respect to the dis-
tribution A'(0, 1). It has been shown in [16] that the rate distortion region formed by all
achievable tuples (Hy, Ha, Dy, Dy) is such that

Hl—i‘HQZ%lOgDLO .

holds for 0 < Dy < D; < 1.

In MDC scheme, as that shown in Figure 3.1(b), we choose N = 2, i.e., two descrip-
tions. By MDC, X is encoded into the first description M;(X) € {1,...,2"#1} and the
second description My(X) € {1,...,2%™} and is reconstructed by function X'(M;),
X2(M,), or XO(Mjy, My) depending on the availability of M; and M,, where H; and H,
are the rates of two descriptions. The tuple (Hy, Hs, D1, Dy, Dy) is said to be achievable if
there exists a sequence of MDC, parametrized by n,, with lim,, . Ed(X, X <D, l=
0,1,2, where the expectation is with respect to the distribution A(0,1). Two scenar-
i0s, namely, high distortion and low distortion, exist in the MDC of Gaussian A(0,1)
source [33]. In the case of high distortion where D; + Dy — Dy > 1 is required, the rate
distortion region formed by all achievable (Hy, Hy, D1, D2, Dy) is such that

H, 2%1 gDL
Hy > Slog (6.4)
H, + Hy Z%l gDLO

holds. In the case of low distortion where D;+ Dy — Dy < 1 is required, the rate distortion
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region is such that

Hy > %1 gDL
H, + H, >11 L 410 (1=Do)*
! = 2798 Dy T 298 1= Do)2—((1-D1)172(1- D2)'/2—(D1~ Do) /(D Do) /2)2

holds. In both scenarios, apparently we require 0 < Dy < D; < land 0 < Dy < Dy < 1.

For convenience, let

(1 — Dy)?
(1= Dg)? — (1+ Dy —2Dy)?*

s(Dy, Dy) :=log (6.6)

For any fixed source coding techniques, generally let (H s, r, ns) denote a channel code
defined in Chapter 5, and let the decoding profile of the channel code C over channel
0, v(-|C, ) be well defined on the power set 2 of A/ characterizing the probability of
successful decoding, as that in Chapter 4. Let D(«) denote the squared error distortion
for source sequence reconstruction from M, for « C N. For any given source code, i.e.,

function D, the average distortion v(C) of a code C' is defined as

/Z (|C, ) D(a)q(6)db. (6.7)

aCN

Given (D, q), we use v(C') to measure the performance of code C.

Given an encoded Gaussian N(0,1) source, i.e., (Hyr, D), over degraded compound
channel ¢, the pair (r, D), referred to as a delay-distortion pair is said to be achievable if
there exists an (Hyr,7,n,) code whose average distortion is D. For a given delay factor
r, we refer to the infimum of D such that delay-distortion pair (r, D) is achievable as
the minimal achievable distortion. As the minimal distortion is defined in terms of a
infimum, we restrict our attention to (Hy,r,ns) code sequences (parametrized by ng)
whose decoding profile converges as ng approaches infinity.

For the Gaussian A(0,1) source to be communicated over any arbitrary degraded
compound channel ¢ with given delay factor r, we are interested in finding the mini-

mal achievable average distortion for different combination of source and channel coding
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schemes.

6.2 Results

Since in MDC, the source is typically encoded into “equal-footing” descriptions, we nat-

urally choose H; = Hy in our discussion and denote it by H.

6.2.1 Conventional channel codes and their achievable distor-
tion

We first consider the case where the channel codes are conventional channel codes. In
the conventional channel coding scheme, we select a message set M, for some non-empty
a C N, treat them as a single message, and code them using a capacity-achieving channel

code. Let C, be the sequence of conventional channel codes for message set M,, and 6*
be the channel such that ). H;/r = Cap(#*) holds. Furthermore, let D’ be defined as

D' =min D(0) — (D(0) — D(«)) Pr(6 : 6 = 6%). (6.8)

«

For Gaussian A (0,1) source, we have D(()) = 1. We apply C,, on § € © and have the
following results, the proof of which is provided in Appendix III.

Theorem 6 Given the encoded source (Hy, D) over degraded compound channel q with

delay factor r, D' is the minimal achievable distortion by conventional channel codes.

When conventional channel codes are applied to communicate the rate distortion-

coded Gaussian N(0,1) source, we have the following results. Let D be defined as

A

D = min D(0) — (D(0) — 272 Pr(g : 6 = 6%). (6.9)

Theorem 7 For the rate distortion-coded Gaussian N(0,1) source over degraded com-
pound channel q with delay factor r, D is the minimal achievable distortion by conven-

tional channel codes.
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Proof: For rate distortion codes, by (6.8), we have the minimal achievable distortion

D = minminD’
H D

= minmin D (0) — (D(B) — D({1})) Pr (9 10 = Cap™ ' (g)) :

where Cap~'(-) denotes the inverse capacity function. By (6.2), we have D({1}) > 2721

for any given H. Therefore, we have

D = minD(0) — (D(®) — 272) Pr (e 10 = Cap™! (E))

H T
= r%i*n D(D) — (D(B) — 272 Pr(g : 0 = 67).
OJ
Theorem 7 suggests that if the channel code is a conventional channel code, the
optimal rate distortion-coded Gaussian A/ (0, 1) source to achieve the minimum distortion
can be constructed at the achieving rate H with the minimum distortion 272,
When conventional channel codes are applied to communicate the LC-coded Gaussian

N(0,1) source, we have the following results.

Theorem 8 For the LC-coded Gaussian N (0, 1) source over degraded compound channel
q with delay factor r, D s the minimal achievable distortion by conventional channel

codes.

Proof: For LC, by (6.8), we have the minimal achievable distortion
D = minminD’
H D

= minminmin (D((Z)) — (D(®) — D({1}))Pr (0 6 > Cap* (%)) :

H D

D(0) — (D) — D({1,2}))Pr (9 10~ Cap™! <¥>>)

= minmin (mDinD(Q)) — (D(®) — D({1}))Pr (9 0 = Cap* (E» :

min D(0) — (D(0) — D({1,2}))Pr (9 0 = Cap™* (?)))T

D
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By (6.3), we have H > max(3 log ﬁ, Llog ﬁ), and therefore D({1}) > 272H and
D({1,2}) > 27*# hold for any given H. Thus we have

D = minmin (D((Z)) — (D(§) —27*") Pr (9 .0 = Cap ™! (%)) ,
D(®) — (D(0) — 27*) Pr (9 10 = Cap™' (?)))
— min (mj}nD(@) _ (D(0) — 272} Py (9 .0 Cap™! (g)) ,
min D() — (D() —27*7) Pr (6 10 - Cap™' (?)))

H
— min (n%;nD(@) — (D(0) — 272 Pr(f : 0 - 07),

min D(0) — (D() — 272 Pr(g : 0 > 9*))

o
= rr;in D(D) — (D(0) — 272 *E)) Pr(g : 0 = 6).
O
Theorem 8 suggests that if only the base layer message is chosen to be encoded
by conventional channel codes, the optimal LC-coded Gaussian N (0,1) source can be
constructed at the achieving rate H together with the distortion function being specified
via D({1}) = 272 and D({1,2}) > 27*. On the other hand, if both the base layer and
enhancement layer messages are chosen to be encoded by conventional channel codes, the
optimal source can be constructed at the achieving rate H with the distortion function
being specified via D({1}) > 272 and D({1,2}) = 2744,
When conventional channel codes are applied to communicate the MDC-coded Gaus-
sian N (0, 1) source, we have the following results. We note that since H; = Hj holds, by
symmetry we consider D({1}) = D({2}).

Theorem 9 For the MDC-coded Gaussian N (0,1) source over degraded compound chan-
nel q with delay factor r, D is the minimal achievable distortion by conventional channel

codes.
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Proof: For MDC, by (6.8), we have the minimal achievable distortion

D = minminD’
H D

= m}}n mDin min (D(@) — (D) — D({1}))Pr (9 10> Cap™! (g)) ,

D) — (D(®) — D({1,2}))Pr (9 10> Cap! (?))) |

By (6.4) and (6.5), we have H > max(3 log D({ll})7

tortion where 2D({1}) — D({1,2}) > 1 holds, and

%log D({%,Z})) in the case of high dis-

1 1 1
H> max( log ———— ({1}) <log D12} —I—s(D({l}),D({l,Q}))))

in the case of low distortion where 2D({1}) — D({1,2}) < 1 holds. Then, for any
given H > 0, in the case of high distortion, we have D({1,2}) > 27* and D({1}) >
(1 + D({1,2}))/2 > 272% such that (H,D({1}), D({1,2})) is achievable, while in the
case of low distortion, we have 272 < D({1}) < (1 + D({1,2}))/2 and

2§ (108 5t 7 + 50D DI1.2D)), (6.10)

such that (H, D({1}), D({1,2})) is achievable. When D({1}) = 272 we have D({1,2}) =

(222 — 1)1, Therefore we have

D

D = min (m}}nmin D(0) — (D(0) — D({1}))Pr (9 10 > Cap™! (g)) ,
min min D() — (D(®) — D({1,2}))Pr (9 0~ Cap ! (?)))

= min (m}}nD(@) — (D(0) — 27*") Pr (9 .0 = Cap™! (%)) :
min D () — (D(0) — 277 Pr (e 0~ Cap ! (?)))

H

= r%in D(D) — (D(B) — 272 *PE)) Pr(g : 0 = 67).
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O

For the MDC-coded Gaussian N (0,1) source, if a single description is chosen to
be encoded by conventional channel codes, the optimal source can be constructed at the
achieving rate H together with the distortion function being specified via D({1}) = 272#
and D({1,2}) = (2- 22 — 1)~ The distortion function corresponds to the case of low
distortion, where encoding the single description by conventional channel codes gives rise
to relatively lower distortion than encoding both descriptions. On the other hand, if
both descriptions are chosen to be encoded by conventional channel codes, the optimal
source can be constructed at the achieving rate H together with the distortion function

being specified via D({1}) > 204 and D({1,2}) = 2. The distortion function

corresponds to the case of high distortion, in which the single description results in
higher distortion than that in the case of low distortion. Consequently, encoding both
descriptions gives rise to lower distortion.

Figure 6.1 shows the achievable region formed by all achievable distortion pair (D({1}),
D({1,2})) for the LC-coded and MDC-coded Gaussian N (0, 1) source under given H.
For the MDC-coded source, the achievable region of (D({1}), D({1,2})) under given
H is the shaded area with both vertical and horizontal lines, while for the LC-coded
source, the achievable region of (D({1}), D({1,2})) under given H is all shaded area.
For LC-coded source, it can be verified that for any given H, the minimum of D({1})
and D({1,2}), 272# and 27*# respectively, can be achieved simultaneously. Alterna-
tively, for MDC-coded source, it can be seen that for any given H, the minimum of
D({1}) and D({1,2}) can not be achieved simultaneously. In fact, when the minimum
of D({1}) = 272# is achieved, D({1,2}) = (222 — 1)~! can be achieved; when the
minimum of D({1,2}) = 274 is achieved, D({1}) > (1+27%)/2 can be achieved. Nev-
ertheless, the minimum of D({1}) = 272 can be achieved for both LC-coded and MDC-
coded sources when a single message is encoded by the conventional channel codes, and
the minimum of D({1,2}) = 27*# can be achieved when both messages are encoded by
the conventional channel codes. Consequently, the minimum distortion achieved by con-
ventional channel codes are same for both LC-coded and MDC-coded Gaussian N(0,1)

source.
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Figure 6.1: The set of all achievable distortion (D({1}), D({1,2})) for an LC-coded and
an MDC-coded Gaussian N (0, 1) source under H = 0.4.

It can be seen from Theorem 7, 8, and 9 that the minimal distortion achieved by con-
ventional channel codes are same for communicating rate distortion-coded, LC-coded, and
MDC-coded Gaussian N (0, 1) source over any degraded compound channel ¢ with delay
factor r. In fact conventional channel codes treat either one message or two messages
as a single message and encode it, and the minimum distortion on source reconstruction

can be achieved.

6.2.2 Superposition codes and their achievable distortion

Next we consider the case where the channel codes are superposition codes. We note

that since superposition codes are applied to encode multiple messages, we do not take
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into account the rate distortion-coded source.

Since H; = H,, by symmetry we consider only the superposition codes encoding M;
first and then M; superimposed. A length-n superposition code is specified via a Markov
chain U—X —Y,—Y; and arate pair (R, Ry). For any given distributions Py, Pxu, Py,|x,
and Py, )y, such that Ry = I(U;Y;) and Ry = I(X;Y5|U) hold, generate 2"# independent
length n sequences U™(M;) according to [[;_, Pu(u;). For each sequence U™ (M), gen-
erate 2" independent length n codewords X™(M, M) according to [T7, Pxju(a;|u;).
Reveal the codebook to the decoder. The encoder sends X™(M;, Ms) if it sees the mes-
sage pair (Mi, Ms). The rate pair (R;, Ry) has been shown to be achievable over the
degraded broadcast channel X — Y, — Y] [120].

Let ¢ and 6" denote the channels X — Y7 and X — Y5 respectively. We consider a
sequence of superposition codes C,, parametrized by (Py, Pxy,¢',60", Ry, Ry). Let D* be
defined as

D= min  DO)~(D@)—D{1N)Pr(0: 0" - 0 = ¢)—(D(@)~D({1,2}))Pr(6 : 6 - 0").
PU7PX|U7 N
(6.11)

Theorem 10 For LC-coded and MDC-coded source, if given Hy = Hy and D over de-
graded compound channel q with delay factor r, D* is the minimal achievable distortion

by superposition codes.

The proof of theorem is provided in Appendix IV.
When superposition codes are applied to communicate the LC-coded Gaussian N (0, 1)
source, we have the following results. Let Dy be defined as
> _ : : _ _ o—20 .ol ’
Dic = min PU,PI)?‘IUI}O/,H” D) — (D) —27*")Pr(0: 0" =6 = 0')

— (D) —27"")Pr(6: 0 - 0"). (6.12)

Theorem 11 For LC-coded Gaussian N(0,1) source over degraded compound channel

q with delay factor r, Dic is the minimal achievable distortion by superposition codes.
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Proof: By (6.11), we have the minimal achievable distortion

D = minminD*
H D

= minmin  min D) — (D(®) — D({1}))Pr(0: 6" =0 ~ &)

H D PU,PX|U76/76,,

—(D(®) — D({1,2}))Pr(6 : 6 = 0")
= min  min ml%n D) — (D) — D({1}))Pr(0: 6" =6 = ¢

H PU7PX‘U79/79H

—(D(0) — D({1,2}))Pr(6: 0 = 6").

By (6.3), we have H > max(2 log D(h}) 1og D({l 577) and therefore D({1}) > 272 and
D({1,2}) > 27*# hold for any given H. Therefore, we have

D = min_ min D) — (D®) —27*")Pr(6:0" -0 > 0)

H PUaPX‘U79/70”

— (D) —27"")Pr(6: 0 > 0").

OJ
Theorem 11 suggests that in order to achieve the minimum distortion by superposition
codes, the optimal LC-coded Gaussian N (0, 1) source can be constructed at the achieving

2720 and

rate H together with the distortion function being specified via D({1}) =
D({1,2}) = 27*# Meanwhile, the superposition code is parametrized by the achieving
tuple (Py, Pxu,0',0").
When superposition codes are applied to communicate the MDC-coded Gaussian
N (0, 1) source, we have the following results. Let Dypc be defined as
Dupc = min  min min D(0) — (D(0) — D({1}))Pr(6 : 0" = 6 = 6')

H Py,Pxy,0.0" D({1})

—(D(0) — D({1,2}))Pr(0 : 0 = ¢"), (6.13)

where 272 < D({1}) < (1 +27*7)/2 and D({1,2}) is such that

= (108 5y gy + S(OD. D12 (6.14)
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holds.

Theorem 12 For MDC-coded Gaussian N (0, 1) source over degraded compound channel

q with delay factor r, Dypc is the minimal achievable distortion by superposition codes.

Proof: By (6.11), we have the minimal achievable distortion

D = minminD*
H D

= minmin = min  D(0) — (D(@) — D({1}))Pr(0: 6" = 6 = 0")

H D Py,Pxy,0.0"

—(D(®) — D({1,2}))Pr(6 : 6 = 0")
= min  min ml%n D) — (D(®) — D({1}))Pr(0: 0" = 6 = 6"

H PU7PX‘U79l79N

—(D(0) — D({1,2}))Pr(6 : 0 = 0").

By (6.4) and (6.5), and the definition of function s in (6.6), we have

1 1 =
H > max( IOg ({1}) m>

in the case of high distortion where 2D({1}) — D({1,2}) > 1 holds, and

1 1 1 1
H > max (5 log D 1 (log DUL2Y +s(D({1}), D({1, 2}))))

in the case of low distortion where 2D({1}) — D({1,2}) < 1 holds. For any given H > 0,
let D denote the achievable region of MDC-coded Gaussian N(0,1) source. Consider
the region of distortion I such that every D € D is specified via 2727 < D({1}) <
(1427%)/2 and

1 1 ~ -
n-t (mm (D). D(1,2D))

It can be verified that (H, D) is achievable. Furthermore, for any distortion D € D, there
exists D € D such that D({1}) < D({1}) and D({1,2}) < D({1,2}) hold. Therefore,
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we have

D = min PU7PI)I(1‘1UI710/79// Drl(l{lﬁ) D) — (D) — D({1}))Pr(6:0" =6 = 0"

—(D(0) — D({1,2}))Pr(0 : 0 = 0")

for 2720 < D({1}) < (1 +27%) /2, where D({1,2}) is such that

-t (m@ " s<D<{1}>,D<{1,2}>>)

holds. U

Theorem 12 suggests that in order to achieve the minimum distortion by superposi-
tion codes, the optimal MDC-coded Gaussian A (0, 1) source can be constructed at the
achieving rate H together with the distortion function being specified via some mini-
mizing D({1}), D({2}), and D({1,2}) such that D({1}) = D({2}), 272 < D({1}) <
(142747 /2, and (6.14) hold. Meanwhile, the superposition code is parametrized by the
achieving tuple (Py, Pxju,6',0").

6.2.3 Comparison

By examining Dy and Dypc in (6.12) and (6.13) respectively, we have the following

results.
Corollary 2 ,[)LC < ﬁMD(}

Proof: By contradiction. Assume @MDC < @LC and YiMDC is achieved by the tuple
(H, Py, Pxiy,0',6", D({1}), D({1,2})). Since D({1}) > 272# and D({1,2}) > 274#,
and the equalities do not hold simultaneously, with the tuple (H, Py, f’X|U, g.0" ), we can
always achieve distortion lower than Dyg for an LC-coded source by letting D({1}) =
2720 and D({1,2}) = 2~*7. This violates the assumption. O

Corollary 2 states that for any degraded compound channel g and delay factor r,
the LC-coded Gaussian N (0, 1) source outperforms the MDC-coded source in terms of

achieving the minimal distortion by superposition codes. It can also be justified from
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Figure 6.1, in which the achievable region of (D({1}), D({1,2})) for an MDC-coded
source is strictly contained in that for an LC-coded source under any given H.
Furthermore, for an LC-coded Gaussian N(0,1) source over degraded compound
channel ¢ with delay factor r, let § denote the achieving 6* in (6.9), and Py denote
the capacity achieving input distribution for channel §. Consider the sequence of su-
perposition codes C,, parametrized by (Py, Pxu,#',60"), where Py and Pxy induce the
marginal distribution Py, and ¢ and #” are such that I(X:;Y3) = Cap(d) — A and
I(X:Y;) = I(X;Y3) — A hold under the channel input distribution Px for any small
A > 0. Let Da denote the minimum distortion achieved by the sequence of C,, codes.

By examining D and Dic in (6.9) and (6.12) respectively, we have the following results.

~

Theorem 13 lim Dy = D.
A—0

Proof. Since H; = Hy = H holds, for the sequence of C, codes, we have I(U;Y;) =
I(X;Y5|U) = H/r. On one hand, we have

2H

N (CAORS A

A
INe

I(U;Ys) + 1(X; Y2 |U)
I(U, X;Ys)
(
(

= I(X;Ys) + [(U; Ys|X)
= 1(X;Y),

—
=

where (a) follows from the data processing inequality, and (b) follows from the conditional

independence of U and Y5 for given X. On the other hand, we have

2H
- = I(U; Y1) + 1(X;Y»|U)
I(U; Y1) + 1(X; Y3 |U)
— I(U,X; V)

= I(X;Y)) 4+ I(U;Y1]X)

(
(
(
= I(X;Y),
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where (c) follows from the data processing inequality, and (d) follows from the conditional
independence of U and Y; for given X. Thus we have I(X;Y;) <2H/r < I(X;Y5,). Since
lima o 1(X; Y1) = lima_o I(X;Y3) = Cap(d) holds, we have lim H = rCap(f)/2. As
A — 0, we have ¢ — 0 and 0" — 0. By (6.12), it follows that
lim Da = D(0) — (D(@) - 2‘4<TC?‘5(§))) Pr(0:0>60) =D
Ao A8 ' '
O
Theorem 13 states that for LC-coded Gaussian N(0,1) source over degraded com-
pound channel ¢ with delay factor r, there exists a sequence of superposition codes
achieving the distortion that is the minimum distortion achieved by conventional chan-

nel codes. By (6.12), it gives rise to the following result, where the proof is obvious.
Corollary 3 @LC < D.

Corollary 3 states that for an LC-coded Gaussian N (0, 1) source over degraded com-
pound channel ¢ with delay factor r, the minimum distortion achieved by superposition
codes is not greater than that achieved by conventional channel codes. Along with the
similar arguments, we have ijDC < 15, which means for an MDC-coded Gaussian N (0, 1)
source over degraded compound channel ¢ with delay factor r, the minimum distortion
achieved by superposition codes is also not greater than that achieved by conventional
channel codes. As a consequence, among all the source coding and channel coding tech-
niques considered in this chapter, the best solution to achieve the minimum distortion
when communicating Gaussian N (0, 1) source is to first encode the source with LC and

then with superposition codes.

6.3 Numerical results

For specific ¢ distributions, we numerically compute and compare the minimal distortion
achieved by superposition codes and by conventional channel codes for communicating
different source-encoded messages of the Gaussian N (0, 1) source.

Let 6 be the crossover probability of BSC and let distribution ¢ be ¢(0) = 2Beta(20; 1, 3).
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Figure 6.2: Examples of ¢(0) for different 5.

Figure 6.2 shows the examples of ¢(f) = 2Beta(26; 1, 8) for some /3. It appears that as (
increases, the distribution ¢(#) is shifted to low value of crossover probability 6, i.e., less
noisy BSC channels.

Figure 6.3 shows the signal-to-quantization-noise ratio (SQNR) achieved by the three
different combinations of source and channel coding schemes for different ¢ with varying
[ parameter when the delay factor » = 1. In our case, the SQNR value is defined as the
ratio of power of Gaussian N (0, 1) random variable to the achieved minimal distortion
for each scheme.

Since the minimal distortion achieved by conventional channel codes are same for
rate distortion-coded, LC-coded, and MDC-coded source, only one curve exists for con-
ventional channel codes. It can be seen that the SQNR increases with S for all coding

schemes. It coincides with the fact that as the major probability mass of ¢ is shifted
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Figure 6.3: SQNR for different coding schemes at various values of § when r = 1.



6.4. CONCLUSION 82

to less noisy channel realizations, the minimal achievable distortion decreases. In Fig-
ure 6.3, conventional channel codes perform worse than superposition codes applied on
either the LC-coded or the MDC-coded source over the given range of [, which coin-
cides with Corollary 3. In addition, superposition codes for the LC-coded source are
shown to achieve higher SQNR value than those for the MDC-coded source, as stated
in Corollary 2. The combination of LC and superposition codes is the best to achieve
the minimum distortion, or equivalently, highest SQNR. However, due to the small gap
at around 0.02 dB between the LC-coded and the MDC-coded source transmitted by

superposition codes, in practical MDC with more flexibility is preferred.

6.4 Conclusion

In this chapter we consider the problem of communicating Gaussian A(0, 1) sequence
over degraded compound channels. It is formulated as the problem of minimizing the av-
erage distortion at the receiver, where the minimization is taken over different schemes of
source coding and channel coding. The minimal achievable distortion of rate distortion-
coded, LC-coded, and MDC-coded source is derived and compared for the communication
by conventional channel codes and superposition codes. By conventional channel codes
the minimal achievable distortion of different source coding schemes are same, however
by superposition codes the minimal achievable distortion of an LC-coded source is lower
than that of an MDC-coded source. Moreover, for either an LC-coded or an MDC-
coded source, the minimum distortion achieved by superposition codes outperforms that
achieved by conventional channel codes. Out of all the considered schemes, the combi-
nation of LC and superposition codes is the best. For LC and MDC, we have focused on

H, = H,. But our approach extends to more general setting of arbitrary rates.



Chapter 7

Codes for Quasi-Static Rayleigh
Fading Channels

In the scenario of multimedia communication over wireless networks, assuming the multi-
media source is source-encoded into a set of messages, it is of interest to investigate how
to communicate the source-coded messages reliably and efficiently over wireless chan-
nels. Fading channels, which model the wireless channels suitably, belong to the class of
compound channels. For dependent source messages under the model proposed in Chap-
ter 3, we consider the channel coding problem for communication over fading channels.
Specifically, we consider that the source is encoded into two dependent messages and the
communication is taken over quasi-static Rayleigh fading channels. The success rates
of both messages and the throughput are evaluated and compared for several channel
coding schemes including conventional channel codes, time sharing codes, and an LDPC-
based Bi-LDPC codes. For an LC-coded and an MDC-coded Gaussian A (0,1) source
transmitted over quasi-static Rayleigh fading channels, the average distortion on source
reconstruction is evaluated and compared among different channel coding schemes as

well.

33
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7.1 Problem formulation

7.1.1 Problem setup

We consider single-input single-output (SISO) communication over fading channels. The

discrete time channel model is given by
Y; = ax; + z;, (71)

where at time 7, y; and x; are the received and transmitted symbols, respectively, and z;
is additive white Gaussian noise with zero mean and variance 0. The fading coefficient a
is a random variable independent of time, which gives rise to a quasi-static fading model.
We further assume the fading coefficient a follows from a Rayleigh distribution ¢(a), i.e.,
q(a) = 2ae~" for a > 0, and is available at the receiver but not at the transmitter. The
symbol z; is chosen from a BPSK alphabet x; = £1/E, where Ej is the average energy
per transmitted symbol. The average SNR of the channel is given by E,/0c? and the
SNR of the channel realization, termed as realized SNR, is given by a’FE,/o?. For any
given average SNR, the set of all realized SNR can be ordered in terms of the fading
coefficient a, and therefore quasi-static Rayleigh fading channels belong to the class of
degraded compound channels.

In this chapter, we consider communicating two messages M; and My over quasi-
static Rayleigh fading channels. Suppose we have k; and ks information bits for mes-
sage M; and M, respectively, and we consider the general coding scheme where the
encoder maps the two information sequences of length k; and ks into an n-bit code-
word, giving rise to code rates Ry := k;/n and Ry := ks/n, and the decoder attempts
to recover both M; and M, based on the received length-n sequence. Mathematically,
a general (R, Ry, n) code consists of a message space {1,...,28} x {1,...,2%2} an en-
coding function f : {1,...,28} x {1,...,2"} — X" and a set of decoding functions
{ga : Y™ — {1,...,28} x {1,...,2"} a ~ q(a)} attempting to decode M; and My,
where X' and ) are channel input and output alphabet respectively, as denoted earlier.
In particular, we consider codes with binary codebooks, i.e., X is binary. Without loss

of generality, we assume ki < ks, or equivalently, R; < R,.
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7.1.2 Performance metrics

In such communication scenario, for different coding schemes, success rate of M; and M,
can be used to evaluate the code performance, which is a measure on the robustness of
the code. Under any given quasi-static Rayleigh fading channel, the probability that M,
and M, can be decoded individually is termed the success rate of M; and M respectively,
which we denote as P}’ and P;. Furthermore, let P, P», and Pj» denote respectively the
probability that only M; is decoded in error, only M, is decoded in error, and both M,

and M, are decoded in error. The success rates of M; and M, can be expressed as follows,
Pl =1-P — P (7.2)

and
P2S:1—P2—P12. (73)

In addition to the notion of success rate, throughput plays the role of performance
metric to evaluate the efficiency of the coding scheme. On average we use throughput to
evaluate the total number of information bits transmitted successfully during one channel
use. Let T" denote the throughput of a code under any given quasi-static Rayleigh fading

channel, and it can be calculated as follows,
T =RP}+ RP;. (7.4)

Moreover, suppose the messages M; and M, are source-coded messages by encod-
ing an i.i.d. Gaussian N (0,1) sequence using LC and MDC respectively. We consider
transmitting the LC-coded and the MDC-coded source messages M; and My over given
quasi-static Rayleigh fading channel respectively, and evaluate the performance by uti-
lizing the average distortion on source reconstruction.

Based on the discussion in Chapter 6, in which we investigate the achievable rate
distortion region of an LC-coded and an MDC-coded Gaussian A(0, 1) source, the LC-
coded and the MDC-coded source can be constructed as follows. Assume we pick the
delay factor r = 1, or equivalently, the length of source symbols n, = n, and thus we

have the entropy rates of both messages H; = R; and Hy = R,. Assume the LC-coded,
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and MDC-coded source are constructed at their optimized distortions. More precisely,
in the LC-coded source, the dependency between M; and M, is shown as that in Figure
3.1(a), i.e., Mj is the base layer message and My is the enhancement layer message. We
note that the assumption R; < R, guarantees the successful decoding of the base layer
when the enhancement layer is decoded, and the enhancement layer can not be decoded
by itself. According to (6.3), the distortion can be minimized at D; = 27281 Dy = 1,
and Dy = 272(1+R2) [ the MDC-coded source, the dependency between M and M, is
shown in Figure 3.1(b). The source messages can be constructed optimally in the sense
that all the equalities in (6.5) hold, which corresponds to the case of low distortion. That

is, we have Dy = 2721 D, = 27282 and D, is such that

(1 — Dy)?
(1= Do) = ((1 = D1)Y2(1 = D)V/2 — (Dy — Do)V/?(Dy — Dy)'/2)?

1 1 1
Ri+Ry==-log— + =1
1 =gl s
holds. Let D denote the average distortion of the joint source channel coding scheme.

With the above notations, the average distortion is given as

DI:D0<1—Pl—PQ—P12)+D1P2+D2P1+1‘P12. (75)

7.2 Coding schemes

From the perspective of practical code construction, instead of considering all possible
codes, we restrict our attention to the coding schemes based on the class of well known
graph codes, LDPC codes, due to their capacity-achieving performance by BP decoding
algorithm. For codes to encode two messages, we consider three different coding schemes,

namely, conventional channel codes, time sharing codes, and Bi-LDPC codes.

7.2.1 Conventional channel codes

By conventional channel coding scheme, we have three different strategies to map mes-
sages M, and M, to the length-n codeword. The concatenation of k; and ks bits can be
mapped to the codeword by a single LDPC code, resulting in the code rate Ry + Ry. We

denote such scheme by CCio(R; + Rs). Alternatively, we can choose to encode either
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M only or M, only by a single LDPC code, giving rise to the code rate Ry or Ry. Such
schemes can be denoted by CC;(R;) and CCy(Ry) respectively. In that case, the other
message is simply dropped by the encoder.

7.2.2 Time sharing codes

Under the concept of time sharing, two categories, namely, type-1 (TS-1) codes and
type-2 (TS-2) codes, are taken into consideration. In both categories, the codes are
parametrized by two LDPC codes encoding messages M; and M, separately, which we
call component codes, and a time sharing fraction A, which dictates the fraction of using
one of the two codes in the probabilistic or deterministic sense.

More precisely, the scheme TS-1 is illustrated in Figure 7.1. The two messages M
and M, are firstly encoded into length-n sequences X{" and X by component codes C;
and C, separately. Secondly, the codeword is chosen to be either X" or X} by a switch
parametrized by A. Specifically, we choose X' to be the codeword with probability A
and X7 to be the codeword with probability 1 — A. Obviously, the time sharing fraction
A can vary between 0 and 1. Figure 7.2 shows the encoding process for the scheme T'S-2.
In TS-2 encoding, the message M, is encoded to a length An sequence X" by the code
Cy, while the message M, is encoded to a length (1 — A)n sequence Xél_A)" by the code
Cy. The length n codeword is simply the concatenation of X" and Xél_A)n. Let r; and
ro denote the rate of the component codes C; and Cy respectively. It can be obtained
that

ok Ry
"TAT A

and
ko Rs

1-—An 1-A

Due to the restriction of the binary input over the channel, both r; and r, must be less

T =

than one bit per channel use, which results in the range of A is such that k;/n < A <
1 — ko /n holds for any given ki, ko, and n.
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Figure 7.2: TS-2 coding scheme.

7.2.3 Bi-LDPC codes

For channel codes encoding both messages, we consider adapting the information theo-
retic notion of message superposition into the practical code construction. Inspired by
the work of [123], in which the superimposed LDPC codes are investigated over fad-
ing Gaussian broadcast channels with the superposition of coded symbols done through
the idea of power allocation, we consider a coding scheme, which we call Bi-LDPC, for
communicating two messages. Figure 7.3 shows an example of Bi-LDPC code on factor
graph representation, where C; and C, represent two LDPC component codes. During
the encoding of M; and M, the messages M; and M, are first mapped to an ni-bit
sequence and an ns-bit sequence by C; and Cy separately. For simplicity, we let ny = ns.
It can be identified in Figure 7.3 that n;y = ny = m =n — [+ 1 holds, where [ and m are
some integers such that 1 <[ < m < n holds. Let the output sequence of C; and Cy be
/ I

denoted by (d},c,...,c,) and (], 5, ..., ) respectively. The codeword (cy,ca, ..., ¢y,)

v m ’m
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of the Bi-LDPC code can be generated as follows,

c, if 1 <i<l
=9 Doy HI<i<m (7.6)
i ifm<i<n.

We note that the codeword bits ¢;, | <7 < m are generated by the addition of bits from
encoding the two messages separately, which resembles the idea of superposition to some

extent.

Figure 7.3: The factor graph of a length n Bi-LDPC code (squares represent the check
nodes and circles represent the variable nodes).

Let a denote the overlapped fraction of bits between (¢}, ¢, ..., c,,) and (¢}, 5, ..., cl)

out of n codeword bits. In Figure 7.3, we have

m—1I1+1
- )

o= (7.7)
Furthermore, let (A1, p1) and (Ag, pa) denote the degree distributions parametrizing the
codes C; and C; respectively. Therefore the Bi-LDPC code is parametrized by the tuple

(A1, p1, A2, p2, ;). Let r; and 7y denote the rate of codes C; and Cy respectively, i.e.,

_2pld
1 —Z )i (7.8)

™ =
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and S p /i
P2,5/J
=1 =2 7.9
T2 S Naifi (7.9)
It can be easily verified that
1
Ry =1 J;O‘ (7.10)
and
1
Ry — 1y J;O‘ (7.11)
hold.

7.3 Simulation results

We performed Monte Carlo simulations for conventional channel codes, time sharing
codes, and Bi-LDPC codes. The success rates of messages M; and Ms, and the through-
put of the coding schemes are compared for given length of message sequences k; and
ko, and length of codeword n. For Gaussian NV(0, 1) source sequence encoded by LC and
MDC respectively, we evaluate and compare the achieved average distortion for given
length of source sequence n, length of encoded message sequences k; and ks, and length
of codeword n.

For all coding schemes, we choose n = 5000, k; = 625, and ko = 1875, giving rise to
the rates Ry = 0.125 and Ry = 0.375. Hence in conventional channel codes simulations,
all possible codes are specified by CC;(0.125), CC5(0.375), and CC;5(0.5). In TS-1 codes
simulations, the rates of two component codes are 0.125 and 0.375 with the time sharing
fraction A varying between 0 and 1, while in TS-2 codes simulations, the rates of two
component codes are 0.125/A and 0.375/(1—A) with the time sharing fraction A varying
between 0.125 and 0.625. In Bi-LDPC codes simulations, « is set to be 0.0999, and thus
the rates of two component codes are 0.227 and 0.628. Table 7.1 and 7.2 show the degree
distributions of the codes we use in the simulations, which are optimized using the EXIT
chart-based design approach [94,96].

For Gaussian N(0, 1) sequence, provided the parameters k;, ks, and n as above, the

LC-coded messages can be optimally constructed at the distortions D; = 0.8409 and
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Rate | 0.125 [ 0227 | 0375 | 05 | 0.682
A2 [0.292350 | 0.417338 | 0.368543 [ 0.289956 | 0.344805
A3 | 0.124880 | 0.135719 | 0.230643 | 0.184750 | 0.206629
Ay 0.135881 | 0.014853 0.223540
A5 0.013027 0.222267 | 0.225027
Xs | 0.121689

Az ]0.124470 0.385961

Ao 0.298035

A1o 0.007296

A1 0.295732

A1 | 0.336611

ps ]0.100001 | 1.0

ps | 0.899999 1.0

pr 0.800001

Ps 0.199999

P9 0.799999
P10 0.200001

91

Table 7.1: Degree distributions of LDPC codes for CC;(0.125), CC5(0.375), CC12(0.5),
TS-1, and Bi-LDPC codes.

Rate | 0208 | 0313 | 0469 | 0624 | 0.625 [ 0.939
Xy [ 0.408959 [ 0.241640 [ 0.294023 [ 0.356537 [ 0.320955 [ 0.209468
As | 0.137013 | 0.110291 | 0.174390 | 0.237690 | 0.269766 | 0.311117
Ay [ 0.071145 | 0.030150 [ 0.025322 [ 0.073345

As | 0.106746 | 0.127258 | 0.188011 | 0.332427 | 0.005597

As 0.403683

Ar 0.443697
As 0.035719
Ao | 0.144494 [ 0.207123

A | 0.131644 0.318254

Ao 0.283537

P4 1.0

Ps 0.300002 | 0.200002

pr 0.699998 | 0.799998 | 0.200001

ps 0.799999 | 0.599999

P9 0.400001

P59 1.0

Table 7.2: Degree distributions of LDPC codes for T'S-2 codes.
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Dy = 0.5. Alternatively, the MDC-coded messages can be optimally constructed at the
distortions Dy = 0.8409, Dy = 0.5946 and Dy = 0.5345.

Figures 7.4 and 7.5 show the success rates of messages M; and M, for different
coding schemes. It can be seen that except for the codes CCy(0.125) and CC2(0.375),
the success rates for both messages strictly increase with the channel average SNR. For
the code CC;(0.125), since only message M, is encoded, the success rate of M, stays at
zero, while for the code CC2(0.375), since only message My is encoded, the success rate of
M, is always zero. As the average SNR becomes high enough, it appears that the success
rates of both messages converge. It is shown in Figure 7.4 that for CC15(0.5) code, T'S-2
codes, and the Bi-LDPC code, both success rates converge to one. Compared with the
conventional channel code CCy5(0.5) for which Py = P5 holds since both messages are
treated as a single message to be encoded, the decoder of the Bi-LDPC code is more likely
to decode M; than M,. From Figure 7.5, we can see that for T'S-1 codes, P} and P;
converge to A and 1 — A respectively as the success rate for either message is bounded by
the probability that message is transmitted. For the codes CC;(0.125) and CCy(0.375),
Py and Pj converge to one respectively. In addition, for both T'S-1 and T'S-2 codes, as
the time fraction A increases, for any fixed average SNR, P} increases and P; decreases
since in TS-1 coding scheme, M is transmitted with increased probability, and in TS-2
coding scheme, M; is in fact encoded by the code of lower rate.

Alternatively, the throughput of different coding schemes is shown and compared in
Figures 7.6 and 7.7. For all the coding schemes, the throughput increases with the average
SNR and becomes saturated when SNR is large enough. In Figure 7.6, the throughput
of CC12(0.5) code, TS-2 codes, and the Bi-LDPC code goes to Ry + Ry = 0.5 which is
the maximum achieved by any coding scheme for the given selection of ky, ko, and n.
However, in Figure 7.7, the throughput of the code CC;(0.125) and CC4(0.375) converges
to Ry = 0.125 and Ry = 0.375 respectively since only one message is encoded, while the
throughput of TS-1 codes saturates at the value RjA + Ry(1 — A), which is between R,
and Ry. In terms of the throughput, the performance degradation exists in CC;(0.125),
CCy(0.375), and T'S-1 codes especially over channels with large average SNR, compared
with other coding schemes. Furthermore, as that can be seen in Figure 7.6, CCy5(0.5)

code, TS-2 codes, and the Bi-LDPC code perform closely and each has its advantage
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over different range of SNR, compared with each other. For example, for SNR less than
approximately —3.5 dB, the Bi-LDPC code outperforms CCj5(0.5) but underperforms
the TS-2 code with A = 0.6, while for SNR greater than —2 dB, the Bi-LDPC code
outperforms the T'S-2 code with A = 0.6 but underperforms the CC;5(0.5) code.

For the case of communicating an LC-encoded and an MDC-encoded Gaussian N (0, 1)
sequence using the above setup, the average distortions for the LC-coded source achieved
by different coding schemes are presented in Figures 7.8 and 7.9, while those for the
MDC-coded source achieved by different coding schemes are presented in Figures 7.10
and 7.11. Except for the CCy(0.375) code applied on the LC-coded source, which trans-
mits the message Ms only and thus gives rise to the distortion one, the average distortion
decreases as the channel average SNR increases. For the LC-coded source, as SNR be-
comes large enough, the distortion of CCy5(0.5) code, TS-2 codes, and the Bi-LDPC code
converges to Dy = 0.5 when both messages are successfully decoded, while the distor-
tion of CC;(0.125) code converges to D; and that of TS-1 code converges to distortion
larger than D; depending on the selection of A. Similarly, for the MDC-coded source,
when SNR becomes large enough, the distortion of CCi2(0.5) code, T'S-2 codes, and the
Bi-LDPC code converges to Dy due to the successful decoding of both messages, while
the distortions of CC;(0.125) and CC4(0.375) codes converge to Dy and Dy respectively
and that of TS-1 code converges to the weighted sum of D; and D,, weighted by A.
For both source-coded messages, it can be seen that CC;(0.125), CC4(0.375), and TS-1
codes perform worse than the other coding schemes especially over channels with large
average SNR, in terms of the average achieved distortion. However, CC;5(0.5) code,
TS-2 codes, and the Bi-LDPC code perform close to each other and each has its own
advantage in different range of SNR. For example, for SNR less than approximately —2
dB, the Bi-LDPC code outperforms CCj5(0.5) but underperforms the TS-2 code with
A = 0.6, while for SNR greater than —2 dB, the Bi-LDPC code outperforms the TS-2
code with A = 0.6 but underperforms the CC12(0.5) code.

The simulation results of the Bi-LDPC code can be further analyzed. In general, since
Ry < Ry and hence M5 can not be decoded by itself, for any given average channel SNR,

each simulated codeword corresponds to a realized SNR and one of the three decoding
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outcomes, namely, neither message decoded, only M; decoded, and both messages de-
coded, due to the randomness of the Rayleigh fading coefficient and the Gaussian noise.
With the set of realized SNR quantized into intervals of 1 dB, the probability of the
event that a simulated codeword corresponds to the realized SNR in a given interval and
one certain decoding outcome can be computed based on the simulation results. The
calculated results for channels with varying average SNR are shown in Figures 7.12 to
7.17 respectively, where for each average channel SNR, the probability of each decoding
outcome is shown as the function of the realized SNR. It can be seen from the figures
that for any given average SNR, three peaks of probability mass, indicating the decoding
outcomes of neither decoded, only M; decoded, and both messages decoded respectively,
are ordered with the increasing of the realized SNR. Moreover, as the channel average
SNR increases, the probability mass of the decoding outcomes is shifted from the peak
of neither decoded to that of both messages decoded.

Figures 7.18 to 7.31 present the simulation results for setup n = 5000, k; = 1000, and
ko = 2750, which give rise to the rates R; = 0.2 and Ry = 0.55. Thus in conventional
channel codes simulations, all possible codes are specified by CC;(0.2), CCs(0.55), and
CC12(0.75). In TS-1 codes simulations, the rates of two component codes are 0.2 and
0.55 with the time sharing fraction A varying between 0 and 1, while in TS-2 codes
simulations, the rates of two component codes are 0.2/A and 0.55/(1 — A) with the time
sharing fraction A varying between 0.2 and 0.45. In Bi-LDPC codes simulations, « is set
to be 0.2017, and thus the rates of two component codes are 0.333 and 0.915. Table 7.3
and 7.4 show the degree distributions of the codes used in the simulations, which are also
optimized using the EXIT chart-based design approach. For Gaussian N (0, 1) sequence,
provided the setup of k1, ks, and n, the LC-coded messages can be optimally constructed
at the distortions Dy = 0.7579 and Dy = 0.3536, while the MDC-coded messages can be
optimally constructed at the distortions Dy = 0.7579, Dy = 0.4665 and Dy = 0.4061.

From Figures 7.18 to 7.31, it can be seen that the comparison behaviour among
different coding schemes are similar to that for previous setup of n, ki, and ky;. In
terms of either the throughput, or the average distortion on communicating a Gaussian
N(0,1) source, the performance degradation exists in CC;(0.2), CCy(0.55), and TS-

1 codes especially over channels with large average SNR, compared with other coding
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Rate | 0.200 0.333 0.550 | 0.750 | 0.915
A2 [0.330389 | 0.319815 | 0.304852 | 0.313941 [ 0.199412
As | 0.123273 | 0.163348 | 0.259917 | 0.248981 | 0.251720
A1 | 0.028396 0.057844 | 0.096172
As | 0.124955 | 0.117181 0.379233

A6 0.145597 | 0.020007

A 0.415224

As | 0.160081 0.184646
Ag 0.268050
A1 0.195141

Ais 0.058918

Ao | 0.164466

Aoz | 0.068440

pa | 0.300001

ps ]0.699999 | 0.6

P6 0.4

p1 0.600001

Ps 0.399999

P12 0.899996

P13 0.100004

pas 0.799999
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Table 7.3: Degree distributions of LDPC codes for CC;(0.2), CC5(0.55), CCy2(0.75),
TS-1, and Bi-LDPC codes.
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0.180131
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A3

0.184750
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0.205780

0.266573

A

0.068391
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As

0.222267

0.348911

0.316058

A

0.212200

0.178146

0.105675

0.376488

0.085699

0.007296
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0.295732

0.012841

0.317427

0.275475

0.021518

0.800001

0.199999

0.099997

0.900003

P11

0.799995

P12

0.200005

P21

0.199997

P22

0.800003

P23

1.0

Par

1.0

Table 7.4: Degree distributions of LDPC codes for T'S-2 codes.
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Figure 7.18: Success rates as functions of SNR for C'C12(0.75), TS-2, and Bi-LDPC codes.

schemes. However CC15(0.75) code, TS-2 codes, and the Bi-LDPC code perform closely
and each has its own advantage over different range of SNR, compared with each other.
The crossover behaviour as observed under previous setup appears to happen at slightly
higher channel SNR around 0 to 1 dB. In the simulations, we also note that the TS-2
code with A = 0.4 performs very close to the Bi-LDPC code.

7.4 Conclusion and discussion

In this chapter we consider communicating two messages over quasi-static Rayleigh fading
channels. The success rates of both messages, and the throughput are evaluated and
compared among three different coding schemes, namely, conventional channel codes,

time sharing codes, and Bi-LDPC codes. For a Gaussian A (0, 1) source sequence encoded



7.4. CONCLUSION AND DISCUSSION 112

~ __CC,075) /

— -~ CC,(055) | ~
14| - - —CC,(0.2)
TS-1, A=0.3

0.8 TS-1,a-05| e
— — TS-1,A=0.7| e AT

Figure 7.19: Success rates as functions of SNR for CC1(0.2), CC5(0.55), and TS-1 codes.



7.4. CONCLUSION AND DISCUSSION 113

0-8 T T I I I I
Bi-LDPC
07| = = — CC,,(0.75)
————— TS-2, A=0.25
06l TS-2, A=0.3 p |
O~ — Ts-2,4=04
05} ]

Throughput
o o o
o w i

o
—_
T

SNR (dB)

Figure 7.20: Throughput as a function of SNR for C'C15(0.75), TS-2, and Bi-LDPC codes.



7.4. CONCLUSION AND DISCUSSION 114

0-8 T T I I I |
— - —CC_,(0.75) | | | -
0.7H - — —CC,(058) | T T ]
. . V2 . .
~ - —CC,(02) ‘ A ‘
0.6 TS-1,4=03 s
TS-1,4=05 | ;- I R
ospl T TSMA07) s o ]
S -
o /7
S ///
204} 7 ]
(@]
c /1
— 7y
0.3} b L
/// - B
/ ~
02y AR
v b
L A i
0.1 kY
Y
////// /
0 = — 1 = 1 1 1 1 1
-10 -5 0 5 10 15 20 25
SNR (dB)

Figure 7.21: Throughput as a function of SNR for C'C4(0.2), CC5(0.55), and TS-1 codes.
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Figure 7.23: Average distortion of an LC-coded Gaussian N (0, 1) source as a function of
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Figure 7.24: Average distortion of an MDC-coded Gaussian N (0, 1) source as a function
of SNR for C'C12(0.75), TS-2, and Bi-LDPC codes.
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Figure 7.25: Average distortion of an MDC-coded Gaussian N (0, 1) source as a function
of SNR for CC4(0.2), CC5(0.55), and TS-1 codes.
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Figure 7.28: The decoding behaviour of Bi-LDPC codes over quasi-static Rayleigh fading
channel with average SNR at 5 dB.
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Figure 7.29: The decoding behaviour of Bi-LDPC codes over quasi-static Rayleigh fading
channel with average SNR at 10 dB.
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Figure 7.30: The decoding behaviour of Bi-LDPC codes over quasi-static Rayleigh fading
channel with average SNR at 20 dB.
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Figure 7.31: The decoding behaviour of Bi-LDPC codes over quasi-static Rayleigh fading
channel with average SNR at 31 dB.
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by LC and MDC respectively, the average achieved distortion on source reconstruction is
further evaluated and compared among different coding schemes. It has been shown by
the simulation results that the CCy(R;) code, CCq(R2) code, and TS-1 codes have large
performance degradation compared with the other codes especially in high SNR region,
in terms of the considered performance metrics, while the CCio(R; + Ry) code, TS-2
codes, and Bi-LDPC each has its own advantage over different range of SNR, compared
with each other.

Based on the simulation results, it also appears that the conventional channel codes
CCi2(R1+ Rs), TS-2 codes, and Bi-LDPC codes perform similarly in terms of the success
rates of both messages, the throughput, and the average distortion on source reconstruc-
tion of an LC-coded and an MDC-coded Gaussian N (0, 1) source. Before making any
further conjecture about the properties of the Bi-LDPC code construction, two possible
improvements may necessarily be taken into consideration.

On one hand, the Bi-LDPC codes can be optimized at the codeword length n going
to infinity, where the optimality depends on the performance metric. Instead of kq,
ko, and n, we are given the two code rates R; and R,. Suppose the throughput, as a
special case of average utility, is the performance metric which we need to maximize.
The cost function is thus given as that in (7.4), and the maximization is taken over all
possible Bi-LDPC codes of rates R; and Ry. Since Bi-LDPC codes are parametrized by
(A1, p1, A, p2, @), and the parameters are related according to (7.8) to (7.11). Aware of
the subtlety among the fraction «, and the two rates r; and ro, the optimization problem
may be solved by either forming it into a convex optimization problem [124] based on
DE [94,95] and the 1-D EXIT chart approach [96], or at least exhaustive search.

On the other hand, it is necessary to investigate whether such performance behaviour
is due to the restriction of binary signaling since BPSK modulation is applied during the
transmission. Along with such consideration, we are required to determine the theoretical
performance limit of Bi-LDPC codes under binary signaling transmission scheme. Instead
of the direct study on Bi-LDPC codes, we provide the guidelines to numerically determine
the fundamental performance limit of superposition codes. For any given average SNR
of the quasi-static Rayleigh fading channel, based on the approach discussed in Chapter

5, we can numerically evaluate the maximal achievable throughput by finding the best
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superposition code encoding message M first with M, superimposed when the channel
input is limited to binary. Similarly, for arbitrary distribution on channel input, we
are certain to numerically calculate the maximal achievable throughput by superposition
codes. Should the performance limitation by binary signaling is not promising enough, we
are to consider the high order signaling transmission scheme next. For example, in [123],

a 4-ary signaling scheme is studied under the concept of superposition codes.



Chapter 8
Conclusion and Suggestions

Wireless and Internet applications have been stimulated with the increasing demand
for multimedia streaming over wireless channels and packet-loss channels. The mod-
ern source and channel coding paradigm motivates us to study the communication of
dependent messages over compound channels.

This thesis contributes to the subject matter in the following aspects.

e We propose a model for source-coded messages to model arbitrary dependency
structure among source-coded messages for the communication of multimedia con-
tent. Assigning to each subset of the messages a utility value, this source model

has an intuitive graphical representation.

e We study the problem of communicating source-coded messages under such a model
and use the average utility to evaluate the performance of the communication sys-
tems. Maximal achievable utilities are derived for any given source over any DMC.
Numerical comparisons are made for two specific example of source models over
BSC, where the two models correspond respectively to the messages generated by a
layered-coding source encoder and those generated by a multiple-description-coding
source encoder. Depending on the tolerable delays and the channel conditions, the

two sources each has its own advantage in terms of its maximal achievable utility.

e We formulate the problem of communicating such messages over degraded com-

pound channels as the problem of maximizing the average utility at the receiver.

127
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The performance of superposition coding schemes, which include the conventional
channel code special cases, are investigated. We show that with superposition
codes, the maximal utility is achieved by coding along the best sub-chain in the
utility graph, and when restricting the superposition codes to the conventional
channel code family, the utility is maximized by a capacity-achieving channel code
over the best node. For the case of two source-coded messages, we show that the
maximal achievable utility by superposition codes is the maximum among all cod-
ing schemes. We numerically evaluate the maximal achievable utility for LC-coded
and MDC-coded messages under superposition coding schemes and demonstrate

the impact of the channel statistics and delay on the achieved utility.

e We consider the problem of communicating Gaussian N (0, 1) sequence over com-
pound channels. It is formulated as the problem of minimizing the average dis-
tortion at the receiver, where the minimization is taken over different schemes of
source coding and channel coding. For degraded compound channels, the minimal
achievable distortion of rate distortion-coded, LC-coded, and MDC-coded source is
derived and compared for the communication by conventional channel codes and
superposition codes. By conventional channel codes the minimal achievable distor-
tion of different source coding schemes are same, however by superposition codes
the minimal achievable distortion of an LC-coded source is lower than that of an
MDC-coded source. Moreover, for either an LC-coded or an MDC-coded source,
the minimum distortion achieved by superposition codes outperforms that achieved
by conventional channel codes. Out of all the considered schemes, the combination

of LC and superposition codes is the best.

e We consider communicating two source dependent messages over quasi-static Rayleigh
fading channels. The success rates of both messages, and the throughput are eval-
uated and compared among three different coding schemes, namely, conventional
channel codes, time sharing codes, and an LDPC-based Bi-LDPC codes. For a
Gaussian N (0, 1) source sequence encoded by LC and MDC respectively, the aver-
age achieved distortion on source reconstruction is further evaluated and compared

among different coding schemes. We show by simulations that in terms of the
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considered performance metrics, the conventional channel codes encoding a single
message and TS-1 codes have large performance degradation, compared with the
other coding schemes in high SNR region, while the conventional channel code en-
coding both messages, T'S-2 codes, and Bi-LDPC code each has its own advantage

over different region of SNR, when compared with each other.

At the point, we shall turn to consider far beyond this. Some future work exists in

the following areas.

e Under the proposed source model, for any given source-encoded messages, it is of
importance to consider the communication of the dependent source messages over
general compound channels, possibly formulated as the utility maximization prob-
lem. Practically, the block fading channels may be taken into consideration, over
which the transmission of a single codeword spans a finite number of independent
channel realizations. The state-of-the-art channel coding and transmission schemes

are to be investigated on both theoretical and practical aspects.

e Over degraded compound channels, it is also of interest to investigate whether su-
perposition codes are optimal solution for communicating the given source messages
within an arbitrary dependency structure for the case of arbitrary number of source
messages. Some implications are provided by the work of [7,9], in which a concept
of infinite layer message superposition for transmission over slow fading channels

has been shown to be optimal.

e On joint source channel coding of the Gaussian N (0, 1) sequence, due to the neg-
ligible advantage of the two-layer LC codes over the two-description MDC codes,
further comparison between LC of more than two layers and MDC of more than
two descriptions needs to be considered. The MDC can be constructed by the
suboptimal approach proposed in [37].

e As discussed in Chapter 7, attention needs to be given to the optimization of Bi-

LDPC codes in terms of some given performance metric. Based on the notion
of DE [94,95] and the 1-D EXIT chart approach [96], the problem is expected
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to be formulated as a convex optimization problem. Terminologically, in LDPC
coding context, an elementary EXIT chart is required to be defined and analyzed

potentially.



Appendix

I Proof of Lemma 3

We fist note that a sequence of degraded channels 6! < --- < ™ are characterized by

the distribution . To prove Lemma 3, we need the results as follows.

Lemma 4 For the sequence of superposition codes C,, parametrized by any given (X, ), Raqy —
Ra@) = +++ — Ram)) over channel 0 : Xaumy — Y, if @ < 0, then the probability of

decoding error for M) approaches one as n — oo.

Proof: If § < 6, by the chain rule, we have

I (Xa@: Y, Yap!Xao—n) = I (Xaw;Yaw!Xae-1)) +1 (Xaw;Y|Xau-1), Yaw)
= I (Xaw; Y| Xae-1) + 1 (Xap; Yap|Xai-1),Y) .

Since Xa(;) and Y are conditionally independent given Y (;), we have ](XA(Z-); Y| Xai-1), Ya@) =
0. By neglecting the case I(Xa@); Ya@)|Xa@-1)) = 0 such that the result holds trivially,
we have

I (Xa@:; Y Xa6-1) < I (Xaa; Yap!Xae-1) -

If 1 = 1, directly by the results on Csiszar’s sphere packing bound [121], the probability of
decoding error for Ma (1) goes to one as n — oo regardless of the invertibility of the map-
ping hi. For i > 1, consider an arbitrary decoder y : Y™ — {1,...,2M&Ea@¥amXa6-1)}
where ) is the output alphabet of channel . Assume h; is invertible and the decoder

has the knowledge of the vector Xg(iq)(Mai-Jv denoted x7;_;). Then we are given a

131
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codeword set
{xz(i),l’ T ’xz(i%M} C T—QA(Z')LXA(i—l) ($Z(i—1)) )

where T% A1 Xan 1>(x AGi—1y) is the V-shell of 7y, ;) with the conditional type specified

by Px,;|xau_,, and M is a positive integer. The decision region of the decoder y is
Dy ={y": x (") =Jj}

for j =1,...,M. Let W"(y"|xz(i)) denote the probability of receiving y™ when TA i)
is transmitted over the channel Xa;) — Y, and pgnj) denote the probability of decoding
error when x'x A(i),; 1s sent over the channel. For every conditional type V' of 4" given z'x Ali)
with Py, induced by the joint distribution A,

M
‘T{}LXA(i) (372(1'),3') < U T$|XA(Z') (xz(i)yj)
j=1 j=1
< Ny @Ry y") € A

< (o) >,

where T, Xam (xz(i)) is the V-shell of 27, ;) with the conditional type specified by Py|x,
and A;™ denotes the e-strongly jointly typical set. We note that the second inequality
follows from Markov lemma and € can be arbitrarily small with an appropriate choice of
€ and n.

In the sequel of the proof, we use the notations < and = for inequality and equality
up to a polynomial factor. Supposing M > 2"UXa@YawlXa@-1)49) for arbitrary § > 2¢,
it follows that

’ Y‘XA() (JIA(Z)J> 1 2n(H(Y|XA(i71)>+€/)
i Ly

= M H(Y|Xaq))
=1 ’TY\XA() <xz(i)d’>) 2 Y

< 2”(I(XA(Z')%Y|XA(F1))—I(XA(@'> Ya( | Xag-1))+€—9) _
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In particular, if 1(Xa@); Y[ Xag-1) < 1(Xa@); Yau)!Xa@-1)) + /2 and n > ng(€,0)

(sufficiently large), we have

=1 ‘TY\XAW < A(Z)J)

>1-T

for any F > 0.
Let pe ) be the probability of decoding error for message Ma;). It follows that

pl = Zp(”)
1 n C n
= MZW (Dfl26))

j=1
1 M
M > w (T%xm (#A0.) N1 D |x2(i>d‘>
j=1
[y, (#hi0s) 1 25

TY\XA@ < TAG),j >

> (1- F>2—nD(V||W|PXA(i)>

v

wr (T%xm (#A0.5) |$Z(i>,j>

for conditional types V' with I(Xag); Y |Xau-1)) < 1(Xaa); Yae|Xaw-1)) + /2, where

D(V||W|Px, ) denotes the conditional KL divergence of V' with respect to W under
Px,,- For sufficiently large n the minimum of D(V|[W|Px, ) approaches zero with
arbitrary small ¢ if I(Xag); Y[ Xag-1) < I(Xa@; Yam|Xau-1), and pi™ approaches
one. Without the assumptions that the mapping h; is invertible, and the decoder has
the knowledge of the vector Xg(iq)(MaH)a the decoder can not perform better and this
completes the proof. O

Lemma 5 For the sequence of superposition codes C,, parametrized by any given (X, ¢, Ragqy —

- = Ragm)) over channel 6 : Xaimy — Y, if 0 = 6" and Y ieaw B < I(Xaw; Yaw | Xai-1),

then the probability of decoding error for Ma) approaches zero as n — oo.
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Proof. 1f ZleA(i) Ry < I(Xa@); Yau|Xa@-1)), meaning h; is invertible, the probability of
decoding error for Ma(;) does not depend on which codeword is sent. Since the set of
messages Ma;) is treated as a single message by the encoder, without loss of generality,
we assume that the message set M,,, such that My =1 for ¢ =1,...,m is sent. Let
Q(+) denote the conditional probability of an event given the message set M,,  is sent.

If + = 1, we define the event

By; = {(XZn (), Y") € A},

where j denotes the index encoded at layer 1, and A™ denotes the set of jointly typical

sequences. If § = 0', by data processing inequality, we have
I (XamiYam) < I(XaapY).

If n is large enough, the probability of error for decoding Ma) is

PIAL) = Q (Efm uU EYj>
j#1
Q(E5,) + Y Q(Ey;)
j#1
e+ ond (Xam¥aw)g—n(I(Xaw:Y)—2e)

IN

< 2e.
If 1 < < m, we define the events

Eyj, = {(XZa) (1), Y") € A},
EYj1j2 = {(Xg(l)(jl)aXZ(Q)(]DJZ)?Yn) € Agn)}>
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where j;, k = 1,...,i denotes the index encoded at layer k. When 6 = 6 since
0t — ... = 0, by data processing inequality, we have
I (Xan;Yaw) < T(Xaa;Y),

I (Xa@:YaelXam) < I(Xae:YIXaw)

I (Xag; Yam!| Xag-1)

IA

I (XA(i);Y‘XA(i—l)) .

Then the probability of error for decoding Ma;) is

PM(Ai) = Q (Efm ulJ By uE U By U UES U EY1-~-1ji>

n#l J2#1 GiAl
< Q(Ey) + Z Q(Evj,) + Q(Eyy) + Z Q(Evig) + -+ Q(EY..q)
#l jo#l
+ Z Q(Ey1.15,)-
Ji#l
For any k < i with j; = --- = j; = 1, we can bound the probability of error as

Q(Ey..) < e

For any k£ <i with j; =--- = jr_1 = 1 and j; # 1, we can bound the probability of error
as
(¥R X R V™) €AL

IA
[\

3
—~
T
—
>

>
=
=
>
=
=
S—
_|_
[}
S—
N
3
—~
s
—
<
4
=
>
=
N—
J
SN—
~
3
—
T
—~
=
>
>
=
&
SN—
4
S—

2_n<I(XA(k>;Y|XA(k71))—35) :
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and hence

> QEviay) < ) 27 (T(Xac¥agon) =)
Jrk#l Jr#l
2nI<XA(k>,YA(k)|XA(k_1))2—TL<I(XA(]€),Y|XA(k_1))—3E)

IN

_ 2*n(I<XA(k)§Y|XA(k71))*I(XA(k) YA (k) \XA<k71))*36)

IN

€.
Thus, we have

P (A(i)) < 2ie
if n is large enough. If the mapping h; is invertible, the above bounds show that we can
decode Ma(;) with probability of error going to 0 as n goes to infinity. U

Consider the channel 6 is such that 6° < § < §°*! holds for some i € {0,...,m}. On
one hand, 6 < 0!, then # < ¢’ holds for i +1 < j < m. By Lemma 4, the probability
of error for decoding Ma(;), ¢ +1 < j < m approaches one as n — oo. On the other
hand, 6 = 6 holds, and then # = 67 holds for 1 < j < i. By Lemma 5, the probability
of error for decoding Ma(;, 1 < j < ¢ approaches zero as n — oo if h; is invertible.
For A(j) C 7, we have ZZGAU) Ry < I(XAa(); Yag)|Xa@-1)) and hence h; is invertible.

Therefore we have the decoding profile satisfying v(7;) = 1 as n — oo.

II Proof of Theorem 4

For the sequence of C, codes, since I(Xa); Yau|Xap-1)) < ZZGA(i) Ry, h; is not in-
vertible and Ma(;) can not be decoded for any 6 € ©. Let Px )1 Xag-1) and Px, for
j =1,...,my denote the distributions specifying Ay and the marginal distributions in-
duced by A4 respectively. Generate another Ay € [, Ajjj-1. Let P)’(A(j)‘ Xago1) and P)’(A(j)
for j = 1,...,mg denote the distributions specifying A}, and the marginal distributions
induced by )\fz) respectively. In the sequel of the proof, we use the subscript Ay and A}, to

distinguish the information quantities induced by different distributions.
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Ifi =1 ie, I(Xaq);Yam) < Djeaq) B, we generate Py

as follows. Let P)/<A(1) PXN1 and P)/<A(2)|XA(1) be such that P)’(A(Q)

independent of Xx(;). For 3 < j < my let PXA( Xagon = PXA(j)|XA(j71)'

I)\;5 (XA(l); Ya(1y) = 0 by data processing inequality, and

apXagoy 4 = L™

PXA(Q) and XA(Q) 1S

Then we have

Ly, (Xa@: Yap|Xaw) = Hy, (Yap|Xaw) — Hy, (Yae | Xae)
Hy, (Ya@) — Hy, (Ya@)|Xaw)

Hy, (Yae | Xaw) — Hx, (Yae)|Xae)
I, (Xa@); Yae)lXaq)) -

Y]

For 2 < j S me, W€ have IX¢<XA(]'); YA(]-)|XA(]~_1)) = ]/\¢ (XA(]'); YA(j)|XA(j_1)).
If 7 # 1, the distributions P),(A(]-)I Xago1
Let Xa(i—1) take the cardinality of Xa (. Let Py

, J=1,...,my can be constructed as follows.

Al XaGor be such that P)’(A( XA 1)( Aw|Tai-1) =

1if xA(i) = TA(@i-1), and

PXA(Z nIXag—2) — Z PXA('L)'XA(Z PXA(z HIXagi-2):
TA(i—1)

/
Let PXA( I XAaG-1) PXA(J'>|XA(J'71)

distributions, we have Py, =
’ A)

for1<j <i—1andi<j<m, With such generated

for j #i—1, and P% = PP/CA@)‘ Then we have

PXA(J‘) A(i—1)

Iy, (Xag@): Yam|Xau-1) = Hy, (Ya@ | Xau-1) — Hy, (Ya@ | Xaw)
= 0.

By the chain rule, we have

D, (Xa@ Xaw-vi Yae-vlXae-2) = Dy (Xaw; Yae-nXa-2)
+1, (XA(i—l)? Yai-nlXaw, XA(i—Q))
= [)\¢ (XA(i71)§YA(i71)|XA(if2))
+1n, (Xagw Ya-nXai-1), Xai-2) -



II1. PROOF OF THEOREM 6 138

Since Xa(i—1) and Ya(;—1) are conditionally independent given Xx(;), we have

]/\¢ (XA(iflﬁ YA(i71)|XA(i)>XA(i72)) = 0.

Thus,
Iy, (Xa@: Yaa-nlXau-2)) = I, (Xag-1): Yag-1)Xai-2))

holds. Then we have

Iy, (Xag-1): Yae-0lXai-2) = I, (Xa@: Yae-1|Xae-2)
> I, (Xag-1; Yau-1|Xag-2) -

For j #i,1 =1, we have Iy, (Xa); Yag) [ Xag-1) = I (Xagy Yag [Xag-1)-

Let C}, denote the sequence of superposition codes parametrized by (X, Vg, Raq) —
“++ = Ra(m,))- Let 75 and 7] for j = 1,...,my be associated to C,, and Cj, respectively.
By the above results, we have 77 2 7;, which results in x(7}) > x(7;) for j = 1,... ,my.
On the other hand, since the distribution v is fixed, the channels 67, j =1,...,m, are
fixed. Consequently, by (5.4), we have ¥/ > 3

III Proof of Theorem 6

To prove Theorem 6, we need the results as follows.

Lemma 6 For the sequence of conventional channel codes C, specified by any given
(Hy, 1) over 8 € ©, if 0 is such that § > 0%, the limiting decoding profile v satisfies
y(o) =1; i 0 < 0%, v(0) = 1.

Proof: First we have the channel code rate R = )_._ H;/r. For the case where 6 > 6*,

by data processing inequality, we have Cap(f) > Cap(6*). Since R = Cap(#*), we have

[Ite]

R < Cap(f). By the achievability of the channel coding theorem, the probability of
error for decoding M, approaching zero as n — oo. Thus the decoding profile v satisfies
v(a) = 1.

For the case where 6 < 6%, by data processing inequality, we have Cap(0) < Cap(6*),
and hence R > Cap(f) holds. By the strong converse of the channel coding theorem,
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the probability of error for decoding M, goes exponentially to one as n — co. Thus the
decoding profile v satisfies (@) = 1. O

For the sequence of conventional channel codes C,, specified by any tuple (H,,r), by
(6.7), we have

n—oo n—o0

~ [ 3 staloypiaye)as,
aCN

lim »(C,) = lim / > (e|Cr, 0)D()q(6)db
aCN

where 4 denotes the limiting decoding profile. By Lemma 6, we have

lim »(C,) = / S({a})D()q(0)do

= D(«) /(5(9* < 0)q(0)dé + D(0) /5(9* = 0)q(0)do
= D(a)Pr(6:0" <0)+ D()Pr(6: 6" > 0)
= D) — (D@®)— D(«))Pr(0:0"<0),

where (-) denotes the indicator function valued 1 if the argument is true and 0 otherwise.
Since C,, is specified by different choice of «, the distortion D’ can be achieved by the
minimization of lim v(C,,) over all possible sequences of conventional channel codes for

n—oo
different choices of «.

IV  Proof of Theorem 10

To prove Theorem 10, we need the results as follows.

Lemma 7 For the sequence of superposition codes C,, specified by any given (Py, Pxy,¢',0", R1, Ry)
over channel 0 : X — Y, if Ry > I(X;Y|U), then the probability of decoding error for

My approaches one as n — 0o.

Proof. We consider an arbitrary decoder y : Y* — {1,...,2"%} where Y is the output
alphabet of channel 6, and assume the decoder has the knowledge of the vector U™ (M),
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denoted u". Then we are given a codeword set {7, ..., 2%} C Ty, (u"), where T, (u")
is the V-shell of ™ with the conditional type specified by Py and M is a positive integer.
The decision region of the decoder x is D; = {y™ : x(y") =i} for it = 1,..., M. Let

W™ (y™|x™) denote the probability of receiving y™ when 2™ is sent over the channel 6, and
P, l) denote the probability of decoding error when z7 is sent over the channel. For every

conditional type V' of y" given 2" with Px induced by P and Pxy,

Z}TQ\X ﬂD| < Y\X ;')
< \{y u',yt) € AL
< onH mU) 2l

where Ty (") is the V-shell of 2™ with the conditional type specified by Py|x, and A
denotes the e-strongly jointly typical set. We note that the second inequality follows from
Markov lemma and € can be arbitrarily small with an appropriate choice of € and n.

In the sequel, we use the notations < and & for inequality and equality up to a

polynomial factor. Supposing M > 2E2+9) for arbitrary 6 > 2¢, it follows that

1 2n(H(Y|U)+e’)

T o7)
= M 9nH(Y|X)

MZ‘

Y|X
< 2n(I(X;Y|U)—R2+e’—6) )

In particular, if I(X;Y|U) < Ry +d/2 and n > ny(€,d) (sufficiently large), we have

TP a7) 0 D¢

%Z >1-—A

i=1 ‘ Y|X (@)

for any A > 0.



IV. PROOF OF THEOREM 10 141

Let pe ) be the probability of decoding error for message M,. It follows that

M
pl" = Z O

M

= Z "(Df|x})

M
—ZW” Ty x () N D7)

v

‘ )N D

YX

- > W (T () et
=1 T$|X( )

> (1-— A)Q—nD(VHW\Px)

for conditional types V' with I(X;Y|U) < Ry + 6/2, where D(V||[W|Px) denotes the
conditional KL divergence of V' with respect to W under Px. For sufficiently large n the
minimum of D(V'||W|Px) approaches zero with arbitrary small ¢ if I(X;Y|U) < Ry, and

é n) approaches one. Without the assumption that the decoder has the knowledge of the

vector U™ (M), the decoder can not perform better and this completes the proof. O

Lemma 8 For the sequence of superposition codes C,, specified by any given (Py, Pxjy,¢',0", Ry, Rs)
over 0 € ©, if 0 is such that 0 > 0", the limiting decoding profile v satisfies y({1,2}) = 1;
if 0" =0 =0, v({1}) =1;if0 <0, v(0) = 1.

Proof. Let Y denote the output of channel . For the case where 6 is such that 8 < ¢’
holds, by data processing inequality, we have I(X;Y|U) < I(X;Y5|U) and I(U;Y) <
I(U;Y1). Since Ry = I(U;Y1) and Ry = I(X;Y32|U) hold, we have Ry > I(X;Y|U) and
Ry > I(U;Y). By Lemma 7, the probability of decoding error for M, goes to one as
n — oo. Also, by the results on Csiszar’s sphere packing bound [121], the probability of
decoding error for M; goes to one as well as n — oo. Thus the limiting decoding profile
7 satisfies y(0) = 1.

For the case where 6 is such that 8” = 6 = 6 holds, by data processing inequal-
ity, we have I(X;Y2|U) > I(X;Y|U) and I(U;Y) > I(U;Y;). Thus we have Ry >
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I(X;Y|U) and Ry < I(U;Y). Without loss of generality, we assume that the message
pair (M, My) = (1,1) is sent. Let @Q(-) denote the conditional probability of an event
given the message pair (1,1) is sent. We define the event Ey; = {(U"(i),Y") € A™},
where A™ denotes the set of jointly typical sequences. If n is large enough, the proba-

bility of error for decoding M; is

PM1) = Q (E;l vl EyZ»>

i#1

< Q)+ QByi)
i#1

< e+ 2nR12—n(I(U;Y)—26)

< 2e.

On the other hand, by Lemma 7, the probability of decoding error for Ms goes to one as
n — oo. Thus the limiting decoding profile 7 satisfies v({1}) = 1.

For the case where 6 is such that 6 > 6" holds, by data processing inequality, we have
I(X;Y|U) > I(X;Ys|U) and I(U;Y) > I(U;Y1). Thus we have Ry < I(X;Y|U) and
Ry < I(U;Y). By the same arguments as above, the probability of decoding error for

M; goes to zero as n — co. Next, we define the event
Eyy = {(U"(i),X"(i,§),Y") € AM}.

The probability of error for decoding M, is

PM(2) = Q (E;l ulJEviulJ Ey1j>

i#£1 G#1

< QES)+ ) QEyvi)+ ) Q(Eyy;).
i#1 j#1
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We can bound the third term as

Q(Eyy;) = > Q (U"(1), X*(1,7),Y")

(Un,...xnyn)eA"

= > Q U"(1)) @ (X" (L, HIU"(1)) @ (YU (1))

o n(H(U) =€) g—n(H(X|U)~€) g—n(H(Y|U)~c)

(]

(Un,... . xnyn)eA™
Qn(H(U,X,Y)-i—e)2—n(H(U)—e)2—n(H(X\U)—6)2—n(H(Y\U)—6)

VAN

2—n(I(X;Y|U)—4e) )

Therefore, we have

Pe(n) (2) €+ 2nR12—n(I(U;Y)—26) 4 2nR22—n(I(X;Y|U)—4e)

IA

< e

if n is large enough. Thus the limiting decoding profile v satisfies y({1,2}) = 1. O
For the sequence of superposition codes C,, specified by any tuple (H:, Hy, 7, Py, Pxv, 0, 0"),
by (6.7), we have

n—oo n—o0

~ [ 3l Dia)ato)as
aCN

lim v(C,) = lim/Zv(a|C’n,9)D(a)q(0)d9
aCN
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where 4 denotes the limiting decoding profile. By Lemma 8, we have

lim o(C) = [ GODEO)+3 (1) DALY +7({1,2)) D ({1,2)) a(6)a9
— D(D) / 5(0 < 0)q(0)d0 + D({1}) / 50 <0 < 0")q(6)do

+D({1,2}) / 560" < 6)q(8)do
= D(0)Pr(6:6=<6")+ D({1})Pr(0:0 <0 <6")+ D({1,2})Pr(6: 6" < 6)
— D) + (D(0) — D{1})Pr(6: 6 <6 < 0") + (D) — D({1,2)))Pr(d : 0" < 0),

where §(-) denotes the indicator function.
Since €, is specified by different choice of (Py, Pxy,¢',0"), the distortion D* is thus
achievable by the minimization of lim v(C,,) over all possible sequences of superposition

n—oo

codes for different choices of (Py, Pxu,¢',0").
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