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Abstract 

The scope of this thesis is to examine asymptotic properties for some longitudinal 

regression models. These models are often used in biostatistics, econometrics and 

psychology and involve the collection of several measurements, at different occasions, 

on the same individuals or clusters. First, we examine the classical regression model 

for longitudinal data and define the asymptotically optimal estimating equation, with 

strongly consistent solutions. Then, we consider a simple model with error in covari-

ates, adapted to longitudinal data, obtain estimators of the regression parameters 

and examine their asymptotic behavior. 
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Chapter 1 

Introduction 

Longitudinal models are often used in psychology, sociology and biostatistics, where 

individuals or units are followed over time. This type of investigation can be very 

complex, involving a large population which might be followed over decades. For 

example, the National Population Health Survey of Canadians is a study which has 

been conducted by Statistics Canada since 1994/1995, where information is collected 

every two years for a period of twenty years. The scope of the present work is to eval­

uate asymptotic properties of estimators in some regression models for longitudinal 

data, without a subject specific random effect. 

When data are collected on the same unit or individual across time, the obser­

vations of the variable of interest are usually correlated, and the correlation matrix 

might be unknown. A popular method of estimation for longitudinal data was pro­

posed in [24]. Their approach is an extension of the generalized linear models, in­

troduced in [28], to a regression setting with correlated observations within subjects. 

They assume only a functional form for the marginal distribution on each occasion, 

without specifying the joint distribution of the measurements, and propose solving 

the derived generalized estimating equation (GEE) by replacing the true correlation 

matrix with a "'working" matrix, R(a ) , which is treated as a nuisance. Their main 

1 
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result is that the estimators, which are roots of such GEEs. are consistent, as long 

as a is estimated consistently, for any correlation. In addition, they conjecture that 

estimators are most efficient if the true correlation matrix is correctly modeled or if 

the sample mean of the observed correlations of each individual is used as the "work­

ing'' correlation matrix. Hence, the downside of their method is that the estimator 

of the regression parameter obtained is efficient only when the '"working" correlation 

matrix is correctly specified. 

Following the ideas of [24] that improvement in efficiency of the estimators of 

mean parameters can be done by also estimating parameters in the covariance matri­

ces for the response vector, in the case of binary data, the author of [30] introduces 

a second set of estimating equations for a. The approach is extended by the authors 

of [31] to the case of a general multivariate response. However, the suggested method 

requires additional assumption such as the functional form of the third and forth 

moments. 

The author of [9] shows that there are cases when the use of "working" correlation 

matrix suggested by the authors of [24] leads to a breakdown of the asymptotic 

properties of the estimators. The article points out that even if an estimator of a, 

derived from an estimating function, exists and converges, its limit has to depend 

on the chosen form of the "working" correlation matrix, R (a ) and on the chosen 

estimating function. An example using particular choices of correlation structures is 

used to illustrate the problem. The author concludes that the work of [24] may have 

theoretical problems, generated by the use of a "working" correlation matrix involving 

a parameter a, which does not have a precise parametric definition. Consequently, 

to circumvent this issue, the author of [10], suggests using a method which combines 

the GEE with Gaussian estimation. 

Furthermore, when the correlation structure is misspecified. the authors of [35] 

show that the estimators of the regression parameter derived from the GEE are usu­

ally inefficient as compared to those obtained by using the "working" independence 
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estimating equations approach. They argue that the structure of the correlation is 

quite important and that, especially in the cases involving an exchangeable true cor­

relation structure, the estimator suggested in [24] is less efficient. 

In [32], the authors apply the principles of generalized method of moments to 

the GEE framework. Their approach is to estimate the ''"working" correlation R(ct) 

so that the resulting estimator always exists and is optimal within a specific family. 

Their use of quadratic inference functions leads to estimators which are more efficient 

than the ones obtained applying the GEE method when the correlation matrix is 

misspecified. 

Therefore, a GEE in which the true correlation matrix is substituted by another 

matrix is non-optimal. The goal of Chapter 2 is to identify conditions under which a 

GEE is (asymptotically) optimal. A comprehensive study of optimality of estimating 

functions and quasi-likelihood is available in [18] and [21]. 

As in [21]. the principle used for obtaining quasi-score estimating functions is 

to maximize a matrix value information with respect to the order relation of non-

negative definite matrices. Hence, in order to obtain an optimal estimating equation 

(EE), we define an appropriate class of estimating equations, find the quasi-score 

in this class and then find sufficient conditions for which a GEE is asymptotically 

equivalent to it. Optimality and efficiency considerations of transform martingale 

estimating functions have been considered in [29]. The proposed estimating equation 

is robust and satisfies C. R. Rao's asymptotic first order efficiency criterion (see [21]) 

which leads to a minimal asymptotic confidence interval. 

The authors of [23] suggest using an iterative estimating equations procedure to 

achieve weak consistency and asymptotic efficiency of the estimator. They suggest 

iterating between the estimation of the unknown parameter 13 and the estimation 

of the covariance matrix (using the method of moments). It is shown that their 

procedure converges at an exponential rate and that the estimator obtained by this 

procedure is asymptotically as efficient as the optimal estimator. 
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In [37], the authors consider the GEE suggested in [24], which contains the 

"'working" correlation matrix R ( Q ) . They obtain some sufficient conditions for the 

asymptotic existence, weak and strong consistency and asymptotic normality of an 

estimator /3„, which is defined as a solution of the GEE. Their rigorous results hold 

wrhen either the number of independent observations, or the number of observations 

within each subject, (or both), go to infinity. 

The authors of [2] consider a generalization of the model to the case when the 

residuals form a martingale difference sequence. Under the "working independence" 

assumption, they first construct a preliminary sequence of weakly consistent estima­

tors wrhich is used to estimate the average of the correlation matrices. Their "working" 

correlation matrix is robust and therefore, this approach avoids the problems asso­

ciated with the nuisance parameter a. As in [37], they obtain conditions for the 

asymptotic existence, weak consistency and asymptotic normality of an estimator (37l, 

which is defined as a root of their GEE. 

In Chapter 3. we prove the existence of a strongly consistent estimator j3n, defined 

as a root of a GEE which is a martingale. In addition, as in [37] and [2], to simplify 

assumptions, we examine the asymptotic behavior of the derivative of the estimating 

function. 

In Chapter 4, we introduce a longitudinal error-in-variables linear model, with 

a single predictor and no subject specific random effects. To motivate our approach, 

we discuss first some of the contributions in the field, beginning with the univariate 

case. 

Error-in-variables (also known as measurement error) models are regression mod­

els where the covariates cannot be measured directly or without error. Thus, the 

response variable y is assumed to depend on an unobservable variable £, called the 

latent variable. Instead of £ we observe x. A simple linear error-in-variables model 
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can be written in the following form: 

y = a + /?£ + £, 

x = £ + 5. 

If £ is a random variable, the model is called a structural error-in-variables model. 

We also mention here that the latent variable £ is assumed to be independent of the 

errors e and 6. Thus, if an n dimensional sample is available, the collected data are 

{xi,yi)i<i<n and the unknown parameters of the model are a and 13. 

The error-in-variables model cannot be reformulated as a classical regression 

model with random design since the regressor x is correlated with the error: 

y = a + (3x + (c - [35). 

It is known that the error-in-variables models are, in general, not identifiable 

and therefore, it becomes impossible to consistently estimate the parameters from 

the data. In the univariate case, several additional assumptions that make the model 

identifiable can be found in the literature (for further details, see [8], Section 1.2.1). 

Under the assumption that the variance of 5 is known, the authors of [8] obtain the 

modified least squares estimators. However, their asymptotic covariance matrix is a 

function of unknown parameters. 

The author of [27] obtains some central limit theorems (CLTs) for the univariate 

linear structural models when the explanatory variables are in the domain of attrac­

tion of the normal law (DAN), which constitutes a new approach in the study of 

measurement error models. The concept of DAN is also used in a regression context 

by other researchers (see [25] for instance). This approach has two advantages. First, 

the assumption about the finiteness of the variance of the latent variable can be re­

laxed. Second, Studentized and self-normalized CLTs (that depend only on the data) 

for distributions which are in DAN, are already available due to [17]. 
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In the multivariate measurement error regression context, [19] assumes the co-

variance of the erior 6 to be known, or estimated to accmire identifiability of the 

model. The estimation of parameters is suggested to be performed in two steps: first, 

the reliability matrix (the correspondent of the reliability ratio in the univariate case) 

needs to be estimated. Second, classical estimation methods, such as the least squares 

method are used to obtain estimators of the unknown parameters. 

The authors of [5] consider a longitudinal linear mixed model with measurement 

error. Identifiability of their model follows from assuming a restricted model for the 

covariance matrix of the latent variables. They describe extensions to the case when 

replicate or validation data is available. For estimation of the regression parame­

ters, they use a regression calibration method, with a substitution for the unknown 

covariates, which is corrected for estimation of the variance parameters. 

Many of the early results regarding error-in-variables problems and applications 

are summarized in [15], whereas [8] contains updated results and [6] is an exhaustive 

review of measurement error models. 

In our longitudinal enor-in-variables model, the true predictor, £ is assumed to 

have the same effect for each repeated measurement within the individual. We employ 

the method of moments, as used in [8] to obtain consistent estimators appropriate to 

the multivariate structure of the data. They correspond to the modified least squares 

estimators of a univariate structural measurement error model. The estimators are 

constructed under the assumption that the diagonal of the covariance matrix of the 

error S is known. This additional assumption ensures the identifiabilitv of our model. 

We do not discuss here the case when this information is not available. (In this 

situation, an estimator of the diagonal of the covariance matrix should be provided; 

for additional details see Section 2 in [19]). 

We use the technique developed in [27] to obtain the CLTs for the estimators 

of the parameters of interest of our model. In our multivariate context, we use the 

assumption that the vector formed by the latent variables belongs to the generalized 
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domain of attraction of the normal law (GDAN). The concept of GDAN is defined 

in [20] and it does not constitute a trivial extension of DAN to the multivariate case, 

as it was previously assumed (see [26] or [34]). By applying the results obtained in 

[17], this approach enables us to obtain Studentized and self-normalized CLTs for our 

estimators. 

Thus, our results apply to the case of multivariate data where the components 

of the vectors formed by the explanatory variables are not necessarily independent, 

allowing for some degree of correlation between the components of the latent vector. 

As in [27], this approach allows us to obtain CLTs which are data-based and do not 

involve unknown parameters. Our results can be viewed as a generalization of the 

results obtained in [27] to include the case of longitudinal data. This generalization 

is not trivial, the technical difficulty arising from the use of the GDAN concept. For 

the sake of consistency with the literature and to facilitate a comparison of results, 

we employ the notation and the structure of proofs laid out in [27]. 



Chapter 2 

The Asymptotically Optimal GEE 

A generalized estimating equation in which the true longitudinal correlation matrix 

is substituted by other matrix is non-optimal. The goal of this chapter is to identify 

a sequence of generalized estimating equations which are asymptotically optimal in 

the sense introduced in [21]. We should point out that the principle used in [21] 

for obtaining an optimal estimating function within a given class is based on the 

maximization of a "matrix-valued" information function with respect to the order 

relation of non-negative definite matrices. 

In Section 2.1 we establish our general framework: we consider the response vari­

able to be a random variable on a probability space (Q, J", Pp), where j3 is an unknown 

parameter. Section 2.2 introduces the appropriate class of estimating equations and 

the concept of optimal equation within this class. In Section 2.3 we identify some 

sufficient conditions under which a sequence of generalized estimating equations is 

asymptotically optimal, in the sense that it is asymptotically equivalent to the se­

quence of optimal equations. Section 2.4 gives an example of a sequence of generalized 

estimating equations which is, under certain conditions, asymptotically optimal. 

8 



2.1. Model Assumptions 9 

2.1 Model Assumptions 

Assume that y, = (y ? 1 , . . . , y j m )T , i G { 1 , . . . , n} are observations made on n individ­

uals. Each y%1 denotes the observation made on individual i at time j G { 1 , . . . , rn). 

We suppose that each y is a random variable on a probability space (fi, 3", Pp). 

Here (3 is a parameter which lies in an open set T C M.p. We assume that the random 

vectors yl... ,yn are independent. We denote by Ep(-) and Var#(-) the expectation, 

respectively the variance with respect to Pp. 

The value of ytJ is considered to depend on a regressor x^ G MP through the 

value 0tJ = x^p\ Our model assumptions are the following: 

E ^ ) = KxfjP) ~ /M#). 
V a r ^ ) = ^ ' ( x ; / 3 ) : = ^ ( ) 9 ) ) 0 ^ O , 

where /i is a difTerentiable function with / / > 0. (/z is called the link function.) Note 

that these assumptions are satisfied when dealing with distributions in the exponential 

family. 

Some examples of link functions \x are: 

1. fi(y) = y in the linear regression; 

2. //((/) = exp(y) in the log regression for count data; 

3. n(y) = exp(y)/[l + exp(y)] in the logistic regression for binary data; 

4. fi(y) = $(y), where $ is the standard normal distribution function, in the probit 

regression for binary data. 

Following [37], we set the nuisance parameter 0 to 1, as we do not need to 

estimate it here. Let Aj(/3) be the diagonal matrix with elements <r^(/3) ofm(/3). 

Note that: 

E^G/, ,- / /„(/?)) = 0, V/3GT. 

Let £j(/3) be the covariance matrix of y?, with respect to Pp. i.e the mxm matrix 
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whose elements are: 

o\jfc(/3) : = Cov/3(ylJ,ylA.) 

= E8{[yu ~ ^j()3)][yik ~ l-hk(ft)]}-

Recall that by definition, 

aJ(^) = Var/9(^) = E^{[yv - ^(ft)}2}. 

Hence the matrix £,(/?) has the elements a^(ft),..., ofm(/5) on the diagonal. Let 

R,(/3) be the tree correlation matrix of y t , with respect to Py, i.e. the m x m matrix 

whose elements are: 

- ia\ n ( \ Covp(yzl,ylk) crl<jk(ft) 
r,jfc(/3) := Corr/3(y,J,yifc) = = , , , r 

^Var^ (j/„) Var/3 (ylfc) <rtJ {a)alk {ft) 

We assume that {RI(,/?)}i>i is a sequence of positive definite matrices whose 

entries are continuously difTerentiable with respect to 0. 

We denote: 
A*, (£) = (A4,i(/3),...,/iim(/3))T. 

y» = (2/11 y*™)T 

In matrix notation we have: 

S,(/3) = Cov5(y,) = E^ [ (y l - / i J (5 ) ) (y J - A t j ( / 3 ) ) r ] 

R,(5) = A . C S ) " 1 / 2 ^ ^ ) ^ ^ ) - 1 / 2 . 

Lemma 2.1.1 For any i < n, let Xt be the m x p matrix with rows x[, j < in. 

Then, l = Al(0)X1, for any ft G T and i>\. 

Proof. Let ft G T and 1 G 1,... n be arbitrary. It is sufficient to prove that for any 

j < m, „'1T = cr\ (ft)y^. Using the chain rule, we have: 
dft1 

d^W = d^<^ = xTu>UT8) - x T a 2 (B) 
d0T dftT l^ ^^P) ~ xi]aiAp)> 

which proves our conclusion. • 
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2.2 The Quasi-Score 

Let 3"j be the a- field generated by y 1 ; . . . , y, for each i < n. We denote by Eg(-\3r
l^i) 

and Varig(-|3r
i_1) the conditional expectation, respectively the conditional variance, 

given ?i_i, with respect to Pp. 

Throughout the remaining part of this chapter we consider estimating functions 

of the form: 

n 

gn(,0) = YJ^^Y/2Kl-m-l^m-l/2{y* - *(£)), (2.2.1) 
i = i 

where {ftn(/3)}n is a sequence of m x m positive definite random matrices which 

satisfy the following assumptions: 

(A) 3?n(/3) is positive definite for all n > 1 and ft G T: the entries of 3ln(ft) are 

continuously difTerentiable with respect to ft, for all n > 1 and ft G T, 

(B) the entries of Oin(0) are 3„ - measurable for all n > 1 and ft G T. 

We want to find a matrix CRj_i(/3) which is a good approximation of true corre­

lation matrix Ht(ft). The fact that we consider CR^_i(/5) instead of 3lz(ft) allows us to 

consider a rich class of estimating functions, as it can be seen in the examples below. 

For each n > 1, we consider the following class of estimating functions: 

n 

Kn = {gn(ft) = ]£C,G8)[y, - /i,-G8)],/3 G T}, 
i = l 

W /here Cz(ft) is a p x m random matrix whose entries are &i-i - measurable and con­

tinuously difTerentiable with respect to 0 for any i < n and for all ft G T. We assume 
'dgn(ft)' that Ep[gn(ft)gn(ft)

T} < °° and E, 
dft T 

< oo for any ft G T. 

E x a m p l e 2.2.1 The generalized estimating equation (GEE) considered in [37] is: 

n 

&*(0) = E X ^ A ^ ) 1 / 2 ^ ) - 1 ^ / ? ) - 1 7 2 ^ - IH(ft)) = 0, (2.2.2) 
i=l 
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where Ri(«) is a known positive definite non-random matrix. In this case, 3^_i(/3) — 

R J (a ) , for all ft G T and therefore, 3ln(ft) clearly satisfies (A) and (B). Hence, (2.2.2) 

is an element of "Kn. 

E x a m p l e 2.2.2 The "working independence" GEE: 

n 

z = l 

is of the form (2.2.1), with Jln{ft) = I- This GEE is a particular case of (2.2.2) and 

hence it is an element of 5fn. 

E x a m p l e 2.2.3 The following GEE is of the form (2.2.1): 

n 

gn(ft) = Y,^Mi3)1/2R^MPr1/2(y<-v,W)) = o (2.2.3) 
i = i 

Xn(ft) := R„ = ^ A l ( / 3 „ ) - 1 / 2 ( y ^ ^ ( r f n ) ) ( y ^ / < 2 ( ^ n ) f A i ( / 5 n ) - 1 / 2 . 
2 = 1 

Here {ftn}n>i represents a sequence of weakly consistent estimators of fto which are 

defined as roots of the equation g^dep(/3) = 0; fto is interpreted as the "true" value 

of the parameter. In this case Jln(ft) also satisfies (A) and (B). Therefore. (2.2.3) is 

also an element of "Kn. (Note that (2.2.3) is different from the GEE considered in [2], 

where Ht_1 is replaced by R n .) 

E x a m p l e 2.2.4 Consider the GEE given by (2.2.1), where: 

MP) = KW) = - E A^)~1/2(y* - *(0))(y. - th(ft))TMft)-'/2. 
n z—' 

i=i 

The sequence {"R-nift)} n>i clearly satisfies (A) and (B). In Section 2.4 we show that, 

under some conditions, ^R.n{ft) is a good approximation of Ht(ft), when R?(/3) does 

not depend on i. 
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As in [21], we introduce: 

£[gM]--=\v 
T 

{^[snWWAm'1 E, 9gn{ft) 
80T 

For all ft G T and gn(ft) G 5Cn, we use the following notation: 

Mn(8) := Covp[gn(8)] = Ep{gn(0)sl(ft)}-

'dSnWY 

dgn(ft) 

dft T 

H„(/3) := - E , , 
dft 

It follows that £[g„(/3)] = Hn(/3)Mn(/3)-1Hn(,3). 

The next definition introduces the concept of optimal estimating function within 

the class 3in (see Definition 2.1, [21]). 

Definition 2.2.5 An estimating equation gn G 3in is optimal (or quasi-score) 

within the class "Kr, if for any gn G "Kn and for any 0 G T, 

£[~gn(ft)] — E[gn(ft)] is non-negative definite. 

The following remarks provide some insight into the motivations leading to the above 

definition. 

R e m a r k 2.2.6 The matrix £[gn(/3)] is a natural generalization of the Fisher infor­

mation matrix. If there exists a score function sn(ft), then: 

E6[sn{0)} = 0, 

In(ft) := Covp[sn(ft)} = -Et 
dsn(ft) 

dft T 
is the Fisher information matrix. 

It follows that 8,[sn(ft)] = In(0)- The Cramer - Rao inequality states that the inverse 

£[srl(/3)]_1 of the Fisher information matrix is a lower bound for the variance of any 

unbiased estimator of ft. Hence a best unbiased estimator of ft is one for which 

£[sn(/3)] is maximal (w.r.t. the order of nonnegative definite matrices). 
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Consider the following estimating equation: 

n 

gn(ft) = Y^XjAl(ft)
l/'2Rl(ft)^Al(ft)-^

2(yi - /i.09)), ft G T. 
i=\ 

Note that gn(ft) is an element of the class !Kn. 

Proposition 2.2.7 The estimating equation ~gn is a quasi-score in "Kn. 

Proof. Let n > 1 be fixed. We apply Theorem 2.1 of [21]. For an arbitrary gn G 1K„, 

we show that: 
dgn(ft) 

dft1 , V/3 G T. (2.2.4) E8{gn(ft)MnWV] = -Ep 

Denote C,(/3) = X.JA^y^R^ft)-1 At((3)-1/2 = X.J A^E^ft)'1 and note that 

C,(/3) is non-random. Then: 

n 

gn(0) = Ec t (5 ) (y t - ju , ( /3 ) ) , 3 e T . 
2 = 1 

Since yz — /J.z(ft) is independent of 13 for any j j^ i and Cj(,3) is jf,_i measurable, we 

obtain: 
n 

Ep[gn(ft)gMT\ = E Mc+ft)^ - M)(y3 - ^(ft))Tc}(ft)
T] 

n 

= E E„{C,(/3)E0[(y, - /x,(/3))(y, - /zt(/3))T|?;_1]Ct(/3)r} 
i = i 

+ EE^{C?(^)E / 3[y [ - ^(/3)|J,_1](yI_1 - iul_1(/3))'rCl_1(0)T} 
2 = 1 

+ E E E s{C J(/3)E / 3[(y l-^(,5))(y J- /i J(^))T |J i_1]C J(/3) r} 
« = 1 Jy^l — 1,1 

Since E ^ - M / ^ l ^ - i ] = E/3[yj-A/,(/3)] = 0 and E /3[(y (-Ail(,5))(yJ-^(/5))T |^_1] = 
Efl[(y, - ViW))(yj - Aij(/3))T] = 0 for any z > 1 and j ^ i-1 and j ^ ?' , the left 

hand side of (2.2.4) is equal to: 

n 

Eg[gn(ft)gn(ft)
T] = E E / 5 [ C ^ ) E ^ ) W ) T ] 

z = l 
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EEj9[C,(/3)At(/3)X,]. (2.2.5) 
i = i 

Denote by c a(/?), . . . ,ctm(ft) the columns of the matrix C,(/3). Hence, gn(ft) = 

XT=i Y^Li cv(^)(y«j ~~ tLij{ft))- The right hand side of (2.2.4) is equal to: 

- E , 
dgn(ft) 

80T 

i = i j=i 

--EEi^ 
i = i j = i 

dClJ(ft) 

dc9J(0) ' 
+ Ep c ^ ) 9 ^ 

Oft2 

dft1 Ep[yu - ^(0)1%- + Ep[cv(ft)a
2(ft)xl] 

EEE/5[^(^)^(/5X] = Y,E0[Ct(0)A,(P)TQ-
i=l 3 = 1 i=l 

(2.2.6) 

Here we have used Lemma 2.1.1, the fact that cv(ft) is 3^-1- measurable (and there-
dcz (ft) 

fore, ,'J is J,^- measurable), and EB[yl3 - A*»j(/5)|3r,._i] = E^y^ - ^{ft)} = 0 

for any i > 1. The conclusion follows from (2.2.5) and (2.2.6) . • 

Remark 2.2.8 By taking gn = gn in (2.2.4), we obtain that: 

dgM' Cov4gn(/3)] = - E = 
dft T , V/3GT, (2.2.7) 

i.e. g„ has the property of a standard score function. 

If we denote by: 

Mn(0) := Covp[gn(ft)}, 

'dgn(ft) Hn{0) := - E , 

from (2.2.7) it follows that: 

Un(0) = MM. 

Remark 2.2.9 In the case of the "working independence" GEE given in Example 

2.2.2, we have: 

ECdcp(/3) := - E , dgn^ift) 
dftT = ExfA,(/5)X,. 
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2.3 The Asymptotic Quasi-Score 

Even if gn is the optimal estimating function in the class !Kn, it cannot be used in 

practice, since it depends on the unknown correlation matrix Rn(/3). In what follows 

we consider a different estimating function g* which does not depend on Rn(ft) and 

turns out to retain the optimality property of gn, in the asymptotic sense. More 

precisely, let {R*n(0)}n>i be a sequence of m x m random matrices which satisfy (A) 

and (B) and let g*n{0) be the associated estimating function given by (2.2.1). Note 

that g* G "Kn, for any n > 1. 

Denote: 

M*n(0) := Covp[g:(0)}, 

*W) := -^[^0^ • 
Lemma 2.3.1 We have the following formulas: 

n 

MM = j^^MPY^iftr'Mft)1^ (2.3.i) 
z=i 

n 

M*n(0) = E ^ A ^ ^ E l - i ^ A , ^ ) 1 / 2 ^ (2.3.2) 
»=i 

n 

H;(/?) = E ^ A ^ ^ U ^ A ^ ) 1 / 2 ^ , (2.3.3) 
i = i 

where E ^ f l ) = E ^ ^ ^ O W - i O ? ) " 1 ] and EU(0) = E ^ . ^ ) " 1 ] . 

Proof. Using an argument similar to the one used for the proof of (2.2.5), we have: 

n 

Ep[gn(0)&n(P)T] = J)E/s[Cf03)Et(i9)C1(i3)r], Vg„ G Xn. 
1=1 

We first prove (2.3.1). 

Mn(ft) = CoV<3[gn(/3)] = Ep[gn(ft)En(0)T) 
n 

= EE3{XrA2(,5)1/2Rl(/?)-1A,(/3)-1/2Al(^)1/2R,(/3)A4(/3)1/2 • 
i = i 
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•A,(/3)-1/2R l( /3)-1AJ(/3)1/2X)} 
n 

i=i 

Using the fact that the entries of 3i*_1(/3) are ^ - i - measurable V/3 G T we obtain: 

M;( /3) = covpig^ft)] = E3[g*n(ft)g:(0)T} 
n 

= Y^M^(Mf3)1/2^:-i(P)-1MPr1/2M0y/2^^)M^ • 
i = i 

n 

= Y,Ep [xjA^fty^^ftr'R^oiuiftr'Mfty^} 
i=i 

ExrAJ(5)1/2E/3[^_1(/3)-1R;(/3)^_1(^)™1]Al(/3)^X, 
1 = 1 

n 

YsKMey^EiMMpy^-
i=i 

This proves (2.3.2). 

To prove (2.3.3), let C*(ft) = Xf A^fty^^ft^A^ft)-1'2. Using (2.2.6) we 

have: 

'dgl\{0)' 
H;( ,3) -E, 

dft1 = EEa[C:(/3)Az(/3)XJ] 
i = i 

i=i 
n 

= Y^xTMpy^xuiftr'iMvy^ 
i=i 

YJ^Mft)1/2n-i(^)Mpy/2^- ° 
%=i 

As in [21], in order to define the concept of asymptotic optimality, for any esti­

mating equation gn G 5fn, we introduce the following normalization: 

sirm)(8) ••= E, 
dft1 gn(ft) = -Hn(B)-1gn(0). 

We denote 3[gn(0)} == Cov,[ g r m,(0)] 
(noi m) i 
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Remark 2.3.2 For any gn G 3in, we have: 

3[gn(ft)} = Eeiglr^i^g^Hftf] 

= Un{ft)-lEp [gn(ft)gn{ft)T] KniftY1 

= {^m\rl-
Intuitively, we say that g* G 3in is asymptotically optimal if, for n large enough, the 

matrix J[g*(,3)] is minimal. The following definition introduces this concept rigor­

ously; it corresponds to Definition 5.1 in [21]. 

Definition 2.3.3 A sequence {g\\}n>i of estimating equations with g*n G "Kn for any 

n is asymptotically optimal (or asymptotic quasi-score) within {^Kn}n>i if for 

any sequence {gn}n>i with gn G 3in for any n > 1. and for any ft G 7 the sequence 

{ngl(ft)]-1/23[gn(ft)Pl9:(PTT/2 - i}n>i 

is asymptotically non-negative definite, i.e. for any p x 1 vector x of norm 1, 

nminixT{3[gUft)}^23[gn(ft)P[g:(/3)rT/2 - l}x>0. 
n—>oo 

Here, we used the notation 3[g*n(0)]'T/2 = V[Sn(ft)]~1/2}T• 

We introduce the following assumptions: (note that the first one is similar to 

assumption (H") in [2]) 

(H) for any ft G T, there exists a constant Cp > 0 such that Amin[Rn(/3)] > Cp, 

for any n > 1 

(D) Amm[H^dep(/3)] -»• oo, for any 0e7. 

Here, Amin(-) denotes the smallest eigenvalue of the corresponding matrix (see 

A. l . l ) . 

The next theorem states the conditions under which a generalized estimating 

equation of the form (2.2.1) is an asymptotic quasi-score. 
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Theorem 2.3.4 Assume that (H) and (D) hold. 

Let {%-n(0)}n>i be a sequence which satisfies conditions (A) and (B) as well as: 

(C) #*_i(/3) - Rn(ft) -% 0 element-wise, for all ft G 7 

(R) there exists K{0) > 0 such that Xmm[3l*n(0)} > K(0) Pp a.s. for all 0 G 7 

and n > 1. 

Then the sequence {gn}n>i is an asymptotic quasi-score within the collection 0~(n. 

Proof. By Remark 5.2 of [21], as gn is a quasi-score in 3in. it is therefore an asymp­

totic quasi-score in 3in. In what follows we show that gn and g* are asymptotically 

equivalent. More precisely, by Proposition 5.5 of [21], it is enough to show that: 

det E0 [g^0"") (/3)g(|"
orm) (ft)T\ 

j i- T"< r„*(ncrm) / n\ * (norm) / n \ T I 
detEfl[g„v ;(/?)gn {ft)T\ 

By Remark 2 3 2, it follows that: 

1, V/3 G 7. (2.3.4) 

Ep[trrm\m{rrrn\®)T) = MM-Y 
Ep[g<norm\ft)g<norm\ft)T] = H ; ( , 5 ) ~ 1 M ; ( / 3 ) H ; ( / ? ) - 1 . 

Therefore, relation (2.3.4) becomes: 

d c t M ^ / 3 ) - 1 

1, V/3 G T, 
det[Wn(ft)-Wn(0)n:(0)-i 

which can be written as: 

f ^ t H ^ ) 2 , - H . V/3GT. (2.3.5) 
de\[Mn(ft)M:(0)] 

since det(AB) = det(A) -det(B) for any matrices A and B and det(A _ 1) = (det A ) - 1 

for any non-singular matrix A. 

Relation (2.3.5) is proved in two steps. Namely, we show that: 

d 6 t 5 ( / 3 ) -> 1, V/?GT. (2.3.6) 
detM„(/3) 
detM;(/3) 

de tM n (0 ) 
1, \/ft G 7. (2.3.7) 
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For this, we first show that: 

R„( i0)E;_1(/3) -> I element-wise, \fft G 7. (2.3.8) 

Rn(^)E^_1(/3) -> I element-wise, V/3 G T. (2.3.9) 

Let /? be arbitrary, but fixed. We begin by proving (2.3.8). From (C), it follows 

that there exists a subsequence (nfc)/c>i- such that: 

Kk-i(P) ~ &nk(ft)
 P^AS 0, element-wise. 

By assumptions. (A) and (H), the matrices 3l*lk__1(ft) and RnL(ft) are positive definite 

and therefore invertible. Hence, it follows by Lemma A.2.1(i) that: 

Kk-i(P)~l-Rn.ift)'1 PL^> 0, element-wise. (2.3.10) 

Also, each of the absolute values of the elements of the matrix 3J* (8)~l is bounded 

above by A ^ p ^ / 3 ) - 1 ] , by Lemma A.1.12. Since A ^ p ^ ) " 1 ] = A " ? n p W ) ] < 

K(8)~1, Vn > 1, Pg a.s., by (R), we conclude that for any k > 1: 

each of the elements of 3Tnk_1(ft)~
1 is bounded above by K{fi)~l, Pp a.s. (2.3.11) 

Similarly, by (H), 

each of the elements of RriL(ft)~l is bounded above by Cp1. (2.3.12) 

Therefore, the convergence in (2.3.10) holds in Lx{Pg) as well, and so: 

VplK.-iW1} - E ^ J W / ^ r 1 ] -> 0, element-wise 

or, equivalently, 

E«fe-i(/3) - Rnfc(,5)_1 -> 0, element-wise (or in norm). (2.3.13) 

Using Lemma A.1.12 and the fact that the absolute value of the elements of 

Rnk(ft) are bounded above by 1, we conclude that Amax[Rnfr(/3)] < m, so Amm[R,H(/5)_1] = 
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{\m*x[R-nk{ft)]}~~1 > m~~l. By Lemma A.1.14(i), it follows that Rnk(ft)-
1 > m~ll for 

any k > land so RTlk(ft) < ml for any k > 1, i.e. (by Lemma A.1.14(h)), 

\\R~nk(ft)\\ = Amax[R„fc(/3)] < m. (2.3.14) 

Since: 

I IR^E^^- I I I = \^k(0) • [E^ift)-R\lk(ftY']\\ 

< ||R„fc(/9)||-||E;fc_1()9)-Rriil(i9)-1||, 

using relations (2.3.13) and (2.3.14) we conclude that: 

H R ^ E ^ O S ) - I|| - • 0, as k -> co. (2.3.15) 

We now claim that (2.3.8) holds. Suppose, by contradiction, that there exists 

co > 0 and a subsequence (ni)i>\ such that: 

WR^K^ft) - I|| > e0. \/l > 1. (2.3.16) 

Repeating the previous argument with 3\*ni{0) in lieu of #*(/?), and R„,(/3) in lieu 

of R„(/3), similarly to (2.3.15), we conclude that there exists a subsequence {riik)k>\ 

such that: 

W.nik{P)Klk-M ~ III - • 0, as k -> co. (2.3.17) 

From (2.3.16) and (2.3.17) we obtain a contradiction. 

We now turn to the proof of (2.3.9). From (2.3.10), (2.3.11) and the fact that 

the elements of Rn{ft) are bounded by 1, we also have: 

^ - i ^ ) - 1 ^ ^ ) ^ - ! ^ ) - 1 " IW/?)-1] PP~^' 0, element-wise, 

and hence, by using (2.3.10) again we obtain the following element-wise convergence: 

[^fe_1(/3)-1Rri;c(/3)^_1(,5)-1 - Kk-i{PYl] 

+ [Kh-M~1 - IW/3)-1] ^ ' 0. (2.3.18) 
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The convergence in (2.3.18) holds in Lx(Pp) as well, by the bounded convergence 

theorem and by invoking again (2.3.11), (2.3.12) and the fact that the elements of 

Rn(ft) are bounded by 1. Therefore, applying Lemma A.2.2: 

E ^ ^ - i ^ ) - 1 ^ ^ ) ^ - ! ^ ) " 1 ] - EplR^ift)-1} -> 0, element-wise, i.e. 

K f c - i ( ^ ) - R-n.ifty1 -> 0, element-wise. (2.3.19) 

Since: 

< | | 5^08) | | - i iK*-!^) - - 1 II, 

using (2.3.14) and (2.3.19) we conclude that: 

| |Rn;c(,/5)E^-i(^) - III -> 0, as k -> co. 

Arguing by contradiction, as in the proof of (2.3.8), we conclude that (2.3.9) holds. 

Wre now turn to the proof of (2.3.6) and (2.3.7). Using relations (2.3.8), (2.3.9) 

and Theorem 3.14 in [33], for e > 0, there exists an integer ??.0 (depending on e and 

ft) such that for any i > no'-

1 - e < Amin[Rra((/3)E;_1(/3)] < Amax[Rn(,/3)E:_1(^)] <l + e, (2.3.20) 

1 - e < \min[Rn(ft)K-i(P)} < Amax[Rn(,/3)K-i(/?)] <l + e. (2.3.21) 

Denote: 

n 

Mno,n(ft) = Yt^Mpy^MPr^^iPr'Mpy^, 
i=no 

M:.0,„(/3) = J2*i^y,2%-i{mm112^ 

i=no 

i=n0 
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By writing E?_x(/3) = R i(^)-1 /2[R i( /3)i/2E*_1(^)R i(^)1 /2]R i( ) S)-i/2 a n d u s i n g 

the fact that the eigenvalues of Rj(i/3)1//2E*_1(/3)R,(/3)1//2 are the same as the eigen­

values of R\ (/3)E*_1(/?) we obtain: 

Amin[Rl(/3)E*_1(^)]R,(/3)-1 < EU(ft) < Amax[Rl(^)E*_1(/3)]Rl(/3)-1, Vz > 1. 

We multiply these inequalities by XjA^ft)1/2 to the left and by A,(/5)1/2Xi to the 

right. Taking the sum over i = no, • . • n we obtain: 

min Amin[R,(/3)-1E^1(,5)]Mri0in(/?) < H^Jft) 
no<i<n 

< max Amax[Rl(/3)-1E:_1(/3)]M„0jn(/3). 
no<!<n 

Using (2.3.20), this gives: 

(1 - e)Mno,n(/3) < H*noJft) < (1 + s)Mno,n(0). (2.3.22) 

Taking the determinant and using the fact that the determinant is an increasing 

function with respect to the order of non-negative definite matrices we obtain: 

( 1 - £ ) P < ^ = ^ < ( 1 + ^ . (2.3.23) 
det[Mno>n{ft)} 

By writing EU(ft) = %(ft)-^2[%(fty/%_M^i(Py/2}^(/3)~1/2 and using 

the fact that the eigenvalues of R,(/3)1/2EI_1(/^)R,(/3)1/'2 are the same as the eigen­

values of Rj(/3)Ei„ 1(/5) we obtain: 

X^iR^W^iftyR^ft)-' ^El.ift) < A ^ R ^ E ^ ^ R ^ ) " 1 , Vz > 1. 

We multiply these inequalities by Xf A?;(/3)1/2 to the left and by Ai(,5)1/2Xi to the 

right. Taking the sum over i = no, . . . n we obtain: 

min \m^(0)K-MW«oM < M;0IH(/3) 

< max X^lRiift^UiftYM^ift). 
riQ<i<n 
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Using (2.3.21) this gives: 

(1 - e)Mn0tn(ft) < M,;0in(/3) < (1 + eJM^Of?), (2.3.24) 

which implies, similarly to (2.3.23): 

(1 - ef < d C t [ ^S° ' n ( / ? ) ] < (1 + ef. (2.3.25) 
V ' ~ det[Mn0ir,(/3)] - V ' 

Since Rl(8)~1 > m~lI, using (2.3.1) and Lemma A.1.14(i), we have the following 

estimation 

Mn(0) > mmX^R^fty^W^^f^^m-'H^ift), 

By condition (D). it follows that Xmm[Mn(ft)] -> co. Since Amm(A + B) > Arain(A) + 

Amin(B), by writing Mr,0in(/3) = Mn(/?) — Mno_x(/5), we have the following relation: 

Xmm[Mn(0)] + Amm[-MTi0_1(/3)] < Xmm[Mno>n(0)}. 

Hence Amm[Mn0in(/3)] —» co, and there exists nr > nQ such that Amm[M„0 n(ft)} > 

c_1Araax[Mno_i(,/3)] for any n > n\, since no is fixed. It follows that for any p x 1 

vector x and any n > iix: 

xTM„0_i(/5)x < A ^ f M ^ . ^ ) ] < £Amin[Mno,n(/3)] < £xrMno.rt(/3)x 

Hence Mno_i(ft) < eM.nOtn(0) for any n > nx and therefore: 

MnQ<n(ft) < Mn(0) < (1 + e)M„0 n{0), Vn > nv (2.3.26) 

Using relations (2.3.22) and (2.3.24) and the fact that Amm[Mno n{ft)] —> co, we 

obtain that Amm[H*0 n(ft)] —> co, as well as Amm[M*on(/3)] —> co. An argument 

similar to the one leading to (2.3.26), applied to H*(/3) and M*(/3). allows us to 

conclude there exist ni > ny and n-j, > n\ such that: 

H;0)n(ri) < Wn(ft) < (1 + e)H*noJft), Vn > n2. (2.3.27) 
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M*noJft) < M ; ( 5 ) < ( l + £ ) M ^ . n 0 9 ) , V n > n 3 . (2.3.28) 

By taking the determinant, and using (2.3.26), (2.3.27) and (2.3.28), we obtain: 

^mam K detK(/3)]<(1+ de tg ; 0 ^) ]_ v n > 

det[Mno,n(ft)\ - det[M„O0)] ~ det[Mno,n(/3)]' ~ 

_,detM0,B(fl] < detgg^)] < detgg.,^)] 
d e t f M ^ / 3 ) ] - d e t [ M „ ( ^ ) ] - v det[Mn o n(/3)] ' ~ " 

These relations together with (2.3.23) and (2.3.25) imply: 

This proves (2.3.6) and (2.3.7).• 
2.4 A n Example 

Throughout this section we assume that the correlation matrices Rt(ft) are the same 

for all individuals. 

We consider the following sequence: 

K(P) = -EA^r1/2(y*-M)(y>-M)rA*tfr1/2, /? e T,n> 1. 
n 

z=i 

We show that this sequence satisfies condition (C) of Theorem 2.3.4 and is 

equicontinuous at fto, where fto G 7 is a fixed value of the parameter. 

Proposit ion 2.4.1 Assume that for any ft £ 7 and i > 1: 

Rl(ft) = R(0), (2.4.1) 

and that the following condition holds: 

(Ns) for any ft G T there exists some constants 5g > 0 and Cp > 0, such that: 

E^||i4,(/3)-1/2(yi - ^(ft))\\2^ < Cp. for all i > 1. 
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Then the sequence {^n(ft)}n>i satisfies condition (C) of Theorem 2.3.4- More pre­

cisely for all ft G T we have: 

3l*t(ft) — R(ft) —> 0 element-wise, with respect to Pp. 

Proof. Let ft G T b e fixed. For any n > 1 and j , k G { 1 , . . . , m}, we denote by 

r*k (8), rjk(0) the elements of the matrices Rn(8) and R(/3), respectively. 

Note that: 

n 

rt\ft)-rjk(0) = -E^^)"H(^-/^(/y))(?Afc-/^(^))-
n 1=1 

-E^[ (y y - n,,j{8)){yLk - nik(ft)))}alk(ft)
 1. 

By the Strong Law of Large Numbers, we conclude that {r*k (ft) — f]k(8)}n>i con­

verges to 0 a.s and in Ll(Pp). • 

For the next theorem we fix a value 0Q G 7 and we omit the argument fto in the 

corresponding functions. Note also that the a.s. relations are considered with respect 

to the probability measure Pp0. 

We denote by Br = Br{ftQ) = {ft G T; \\ft - 0Q\\ < r] and 

Vn(r) sup max 
8,B'eBr i<n.j<m 

vw1/2 
1 

Note that in the case of linear regression (i.e. a(x) — x), rjn(r) = 0 for all r > 0 and 

n > 1. 

The next result gives sufficient conditions for the sequence 3l*n(ft) to be equicon-

tinuous at fto-

Proposit ion 2.4.2 Assume that (2.4.1) holds as well as the following three condi­

tions: 

(K1) l imlimsupnn(r) = 0, 
r->0 

(G) there exists a constant C > 0 such that Araax(JFZ^dep) < Cn, Vn > 1. 
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Then, 

(N'd) there exist some constants 5 > 0 and C > 0 such that 

E\\A;1/2el\\
2+5 < C, for all i > 1. 

limlimsup sup \\3l*n(ft) - TJ = 0 a.s. (2.4.2) 

Remark 2.4.3 Note that condition (N'5) is weaker that condition (N5) encountered 

in Proposition 2.4.1. 

Remark 2.4.4 Assumption (G) is satisfied if sup?>1 ||xj|| < co and u' is a bounded 

function: in particular this is the case of the linear regression and logistic probit regres-
n 

sion for binary data. (To see this note that Amax(H™dcp) < max Amax(A8) } XfX z < 
7 .0? . * '^ 

Cn.) 

i<n 
i = l 

Proof of Proposition 2.4.2. The proof is similar to that of Proposition 2 of [2], by 

replacing ftn with ft. We include it for the sake of completeness. 

For each i < n and j < m, let £l3{0) = y,3 - uv(ft) and y*3(8) = elJ(ft)/alJ(ft). 

The elements of the matrix 3c* (8) are: 

tf'W - \ t ffjtfy = ~n t MWM- «"» * S n and ,, * < „, 
For each i < n and j,k < m we denote: 

5z,jk{ft) •= 7^7 73T - 1 
(Tl3{ft)alk{ft) 

A/ 'u(/3) : = t'u(ft)-lhj 

A(el3elk)(ft) := el3(ft)elk(ft) — el3elk 

= A/j,7J(0)AiJ,lk(ft) - Aixl3(0)£lk - Afilk{0)£lJ. 

Let j , k G { 1 , . . . , ni} be fixed. With the above notation we have: 

rjfc U J rjk ~n^crv(j3)atk{0) n^<r,3a,k 
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= l y A(e13elk){8) + 1 y . A(e,3elk)(ft) 

n *—f o-l3alk 1=1 
0~i3Oik 

« = 1 

After some algebraic manipulations, we obtain that: 

*(")/ „.*W| 
i<n 

V3r^) - rj}\ < UnAP) + ™ a x ^ AP)\ " WnAP) + VnA (2.4.3) 

where: 

1 " 
^fc = ~Ei^y*fci> 71 

i = l 

1 ^ \A^3(ft)\\Aalk(ft)\ , l ^ j A / ^ ( / 3 ) | , , , , 1 ^ | A / / , ^ ) | , , 

o~i3o-lk 

•= uSkW + ugM + uXM. 
= 1 " ' J 1 - ' " ' "- 7 = 1 

(1) , « , TT(2) , „ . . rT(3) (n 

1 = 1 
0~ik 

Let e > 0 be arbitrary. We want to prove that with probability 1, there exist 

some random numbers ro(e) > 0 and n-o(e) > 1 such that: 

Kin)(/3) " r*}k
n)\ < s, Vr G (0,r0(e)), Vn > n0(e). 

We treat separately the terms max,<n \$i,jk(8)\, Vn]h
 a n d Un,3k{8). 

We begin with the term max8<n \5h3k(0)\. By the definition of rjn(r), for any 

8 G Br, i < n, j < m, we have the following relation: 

\s*AP)\ 
0~i3Oik 

o-i3(8)o-,k(ft) 
< o~, 

a,3(0) 
- 1 

0~ik 

cr,k(P) + 
o-. 

°ij(P) 
-I 

0~ik 

Vikift) 
<V2

n(r) + 2rln(r). 

By (K1). there exist r0(e) G (0,c) and n\(e) such that: 

Vn(r) <e, Vr G (0,r0(e)), Vn > m(e). (2.4.4) 

Hence: 

max|5 l jfc(/3)| < e2 + 2e, V/3 G Bro(e), Vn > m(e) . (2.4.5) 
i<n 
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Next, we treat the term Vnjk. By Cauchy-Schwarz inequality: 

Vnjk < 
1=1 J L »=i J 

Using an argument similar to the one used in the proof of Proposition 2.4.1 (and 

using assumption (N'5)). it follows that: 

I *(n) — i 

K ~rn\ o. 

Since, r33 < 1, it follows that with probability 1, there exists a random number n23(e) 

such that: 

rAn) < ! + £ a_Si V n > n2,,(e). (2.4.6) 

By letting n2(e) = max3<mn23(£) we obtain: 

Vn,3k < 1 + 5 a.s Vn > n2(e) (2.4.7) 

Let r > 0 and ft G Br by arbitrary. We now treat the term Vnjk(ft). Applying 

Taylor's formula to the function ul3(ft), we obtain that there exists ft between ft and 

fto such that ^{(3) — ul3 = o2 (0l3)y^Aft — 80). Hence, for any n > 1 we have: 

I y > M . n-,{B_Mr{ 
1=1 1J 

E 
(Ji3\8ii) 

err 

2 T 
(Jij'Ki3X-iJ 

} (8 - 0Q) 

< nAft - 0o)T \ E XfAi^A^JAT1]A,1/2X, J (/3 - fto 

< n-1 max A^IA.^JA,"1]^ - /30)TH^(^ - A)) 

< »-1Am«(H^)maXALx[A1C9l.)Ar1]||(/3 - /30)||
2 

t < n 

l i ,2 < C m a x A ^ j A ^ J A / J r 
i < f i 

where we used assumption (G) for the last inequality. 

Note that for any i < n, j < m and ft G Br, n > 1: 

M'WO) 
= <i + 

/A x 5 /U 
/"'("SAO 

1/2 

l } <[ l + r?„(r)]2. 
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Hence: 

maxA2
nax[AJ(/3)A71] < [1 + r /n(r)]4, Vn > 1, V/3 G Br 

We conclude that for any ft G Br, n > 1: 

Lj2lA,hf)]2<Cr2[l + Ar)}4. 
i=i v 

By (2.4.4) it follows that: 

I j - | A / ^ 2
( / J ) | 2 < C7r0(e)2(l + A < Ce2( l + A, Vn > m(e) . V/3 G £?ro(£). 

n ,=i % 

Using Cauchy-Schwarz inequality, it follows that with probability equal to 1: 

^ » < (i E ̂ ) " fi E ®^)V2 * ̂  - <>*, n '—? a,. / \ n *—f ark 
\ i=i l] / \ i=i lK / 

« « s (iE!^p)I/2(4"»)"2s^i^)5/2. 

o> s ( iE^^y'Vr^ 1 ^ 
\ t=i i f c / 

for any n > n3(e) and ft G .B,-o(Vb where n3(e) := max{n1( t) ,n2(c)} is a random 

number. 

Hence, with probability equal to 1: 

UnAP) < 3Ce(l + e)\ Vn > n3(e)> V/3 G B r o ( e ) . (2.4.8) 

Returning to (2.4.3) and using (2.4.5), (2.4.7) and (2.4.8), we conclude that, with 

probability 1, for any n > no(e) and for any ft G Bro^, 

\r]{
k\ft) - r]{

k
n)\ < 3Ce(l + ef + (e2 + 2e)[3Ce(l + e)4 + 1 + e] < e. 

Here no(e) > 773(e) is chosen sufficiently large so that the second equality above holds. 

This concludes the proof of (2.4.4). • 



Chapter 3 

Strong Consistency 

In this chapter we fix fto, assumed to be the "true", unknown value of the parameter 

ft, and prove the asymptotic existence of a sequence {0n}n>i of strongly consistent 

estimators of fto- To do this, we consider a sequence of estimating functions which 

form a zero-mean square intcgrable martingale with respect to Pp0. 

In Section 3.1 we prove a general theorem which guarantees the existence and 

a.s. convergence of a sequence of estimators of ft0, defined as roots of generalized 

estimating equations which are martingales. Some preliminary results needed for 

computational purposes are given in Section 3.2. The asymptotic behavior of the 

terms of the derivative of the estimating function is treated in Section 3.3. In Sec­

tion 3.4 we find simplified conditions under which a strongly consistent sequence of 

estimators for fto exits. 

Throughout this chapter, the almost sure relations are considered with respect 

to the probability measure Pp0. For simplicity, we omit writing the argument fto, i.e. 

we write P, E(-) instead of Pp0, Ep0(-), etc. We denote by C a general constant which 

can differ from one case to another. 

31 
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3.1 A General Theorem 

In what follows we consider ft0 G 7 to be arbitrary (but fixed). All the random 

variables are defined on the probability space (Q ,^ . Pp0). 

For each n > 1 and ft G T let g„(/3) be a p x 1 random vector such that the 

function gn is continuously diffeientiable with lespect to ft. We use the notations 

Br = Br(0o) = {ft G T; ||5 - fto\\ < r} and dBr = {0e7;\\0- 0O\\ = r} with r > 0. 

Recall the notation for ft G T: 

_9g„Q3) 
" l > dftT 

Mn(8) = Cov5[gn(/?)]. 

The following theorem gives sufficient conditions for the existence of a strongly 

consistent sequence of estimators of fto- Note that some of the conditions are similar 

to those of Theorem 7 of [37]. Note that heie { g ^ ^ n l n ^ i is a martingale and we do 

not assume that D„ is positive definite. 

Theorem 3.1.1 Let {gn, 9"„}„>i be a zero-mean square mtegrable martingale defined 

on a probability space (il. 3 \ Pg0). 

Let (an)n>i be a sequence of constants such that there exists C > 0 and N > 1 

with: 

CXmax[Mn] < a n , Vn > N. (3.1.1) 

Suppose the following conditions hold: 

(I) Amin[M„] ->co , 

(S) there exist some constants 5 > 0, Co > 0 such that with probability 1, there 

exist some random numbers ro > 0 and no > 1 ivith-

(i) |arrDn(/?):E| > 0 for any p x 1 vector, x, ||cc|| = 1, ft G Bro and n > n0, 

(n) linv^olhnsup,, >00an sup/3cf,7 \\3Dn(0) - T>n\\ = 0, 

(in) l^JDnx] > coctn for any p x 1 vector, x, \\x\\ = 1 and n > no-
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Then, there exists a sequence of random vectors (8n)„>\ and a random number n\ 

such that: 

(a) Pp(gn(ftn) = 0, for anyn>n1) = l, 

(b) ftn ^ ft0. 

Proof. Since 

and by condition (S)(i), \xr3Dn(0)x\ > 0 for all vectors x of norm 1, it follows that 

with probability 1, for all ft G Bro and n > no, 3Dn(ft) is non-singular and hence the 

derivative of an ~ gn(ft) is non-singular (i.e. ct,T ~ gn(P) is one-to-one). 

We show that with probability 1, for any e > 0, there exist some random numbers 

r£ G (0, s), rE < r0 and N£ > n0 such that: 

a - 1 / 2 - 5 | | g J | < « - 1 / 2 " 5 inf | | g n ( / 3 ) - g n | | , V n > ,V£. (3.1.2) 
j3£dBr£ 

i / O r 

Applying Theorem CO.10 to the function Tn(ft) — an SnW)- this implies that 

with probability 1, for any e > 0 there exist some random numbers rE G (0, e), r£ < r0 

and Ne > no such that for any n > Ne, there exists a random vector ftn G BTe with 

g„(,5n) = 0. Part (b) follows from the definition of ftn since, with probability 1, 

\\8n — 50 | | < r£ < E, for any n > Ne. 

To prove (3.1.2), it follows from (S)(ii) that, for any e > 0, there exist some 

random numbers rE G (0, s), r£ < r0 and n£ > n0 such that: 

aA2A\Vn{ft)-Vn\\<s, 

for any ft G dBre and n > n£. Hence, a,T '"~ |x r[Dn(/3) — Dn]x| < e, for any vector 

x of norm 1 . Therefore, for any n > ne and 8 G dBre we have: 

a" 1 ' 2 "V0) n ( /3 )x | > « ; 1 / 2 " 5 | x r D n x | - e. (3.1.3) 
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Let n > ne and ft G dBTc. We apply the Mean Value Theorem to Tn(ft) and 

hence there exists 8n G BTe such that: 

a'-1/2-1gn(,3) - g j | = aA2A\Vn(ftn)(P ~ Po)l 

Therefore, using Lemma A.1.13 with A = 3Dn(8n), v = ft — fto and x„ - an eigenvector 

of norm 1 corresponding to Amin[Dn(,9n)
T'Dn(/3n)], we obtain that for any ft G dBr£: 

aA
25hM-Sn\\2 = aA25\\vn(f3n)(P-Po)\\2 

> cA~25An^n{ftn)^nfW-m2 

Hence, using (3.1.3), 

a-1/2"1gn(/3) - g j | > aA2~5\<Vn(ftn)xn\\\(P ~ Po)\\ 

> [a-^
2-s\^'Dnxn\ - e]re 

> (c0 - e)r£, a.s. , 

where for the last inequality we have used condition (S) (hi). Hence with probability 

1, for any ft G dBTc and n > n£ 

o-1/2-\™t \\gn(ft) - gn\\ > (co - e)r£. (3.1.4) 

We next show that for any p-dimensional vector A of norm 1: 

aA2~^rZn -> 0, a.s. (3.1.5) 

Since {gn,
 <Jn}n>i is a zero-mean square integrable martingale, it follows that 

{ATgn, 3n}n>i is also a zero-mean square integrable martingale. To see this, de-

note A = (A 1 ; . . . ,A pf and gn = [g*,..., g£]T. Then E[ATgJ = E[£f=1 Kg^] = 

Ef=1 A,E[gjJ = 0, and: 

v v P 
E^gJ^] = EE^gjJ^-l] = E^fenl^l] = EA^"-1 = ^ - 1 , 

i=l i=\ i=l 
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where we have used the fact that {g^^n lnM is a martingale. Note that: 

Var[A rgJ = ATE[gng^]A = ATMnA < Amax[Mn]ArA = Araax[Mn] < C~xan, 

by (3.1.1). As condition (i) holds, by applying Theorem B.0.9 we conclude that 

(3.1.5) holds. 

For any e > 0, let r£, ne as defined above. From (3.1.5) it follows that with 

probability 1, there exists a random number N£ > n£, such that: 

«n 1 / 2 _ < 5 | | gn l l<(co-e) r £ , W>N£. (3.1.6) 

From (3.1.4) and (3.1.6) we obtain (3.1.2).• 

3.2 Preliminary Results 

We use the following notations: 

kM(ft) := max 

7(o),indeP= x J C H ^ ) " 1 ^ . an := 7 f -indeP • Am^(H^n d e p). 

We introduce the following assumptions: 

(AH) there exists C > 0 such that for I = 2,3, we have: 

fcj|]r := sup fcjj]r(0) < C, Vr > 0, Vn > 1. 

(K) lim,.^o lim sup n ^ o c r a n = 0. 

Note that assumption (K) is equivalent to lim s u p j ^ ^ an < oo. 

The next result shows that assumption (K) is stronger than assumption (K1) 

encountered in Proposition 2.4.2. The result is similar to Lemma B.l of [37]. 

L e m m a 3.2.1 Suppose assumptions (AH) and (K) hold. Then, there exist some 

constants ro > 0 and no > 1 such that for every r G (0, To) and n > no, we have: 

Ar)<Cra}J2. 

/ i ' ( x ^ ) 
kf(ft) := max 

i<n,j<m 

A(*TA 
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Proof. Using the fact that for any x > 0. \x — 1| < \x — l\(x + 1) = |x2 — 1|, we 

obtain: 

i]n{r) < sup max 
3,0'eBr l^n>3<m 

AAA_, 
AAA 

••=i>n(r). (3.2.1) 

By Taylor's formula, applied to the function 4>i3(ft) = //(x^/3), there exists a ftl 

between ft and ft' such that: 

tx'&) - ti'AA) = ^"AAKA - py 

Hence for all ft, ft' G Br and i < n,j < m: 

/>'&) 
AAA 

< 

AA'-A 

Using assumption (AH), it follows that: 

li'AAn) 
H'AA 

AA'-A 

i-'n(r) < sup max 
peBr i<n,j<m 

tAAA 
AAA 

sup max 
P.P'£Br

l-nJ-m 

^'(AA) 
AAA 

sup max A(ft' — ft)\ 
H,H'^Br

,t<nJ<m 

< C sup max 
8,8'eBr ><n-J<m 

n'&) 
H'AA 

JT ( of 

+ 1 sup max |x/Aft' — ft)\ 

= Cipn(r) sup max A(ft'-ft)\ + C sup max |x*Aft' - 0)\. (3.2.2) 
8.6'eB, i<r>-3<m J p,8'eBr'

l^n-^rn 

By the definition of 7„ m cp, for any ft, ft' G Br we have: 

KA-A2 = \AynAA1/2(KndeA2A-A2 

< \A3(HAA1/2\\2 • ||(H^dep)1/2(^ -ft)f 

= ^ywAAA • (ft' - /5)rHf(^' - 8) 

< 7,(
1°

)'indepAmax(H-dcP)r2 = aA. (3.2.3) 

Therefore, 

sup max A A ~A< a]/\ Vn > 1, Vr > 0. 
8.8'€Br^

n>3^m 



3.2. Preliminary Results 37 

Relation (3.2.2) becomes: 

ljn(r) < CiAA'Tr + Ca]l2r. Vn > 1, Vr > 0, 

i.e. 

ipn{r)(l - Ca}J2r) < CalJ2r, Vn > 1, Vr > 0. 

By assumption (K). there exists some constants ro > 0 and no > 1 such that 

A r < 1/(2C) for all r G (0, r0) and n > n0. Hence ipn(r) < 2Can r, for all 

r G (0,ro) and n > no-

The conclusion follows from (3.2.1). • 

The next lemma is needed for computational purposes in Section 3.3. The result 

is similar to Lemma B.2 of [37]. 

Lemma 3.2.2 Suppose assumptions (AH) and (K) hold. Then, there exist some 

constants ro > 0 and n0 > 1 such that for every r G (0, ro) and n > n0, we have: 

^"(x-lft) /*"«&) 
(i) un(r) = sup max • 

A £,nA = sup max • 
peBr <-<n.]<rn 

ll'(xlft) ^"(xlfto) 

u'(^/3)3/2 U '(z^0)3/2 

WAA)A2 ><CaA, 

•\A<ftAl2]<Ca}J2r. 

Proof, (i) Let h13(ft) = —f 
V"AA 

v'(AA1'2' 
The function hl3(ft) is differentiable on Br, with: 

h'(0) = l"'(^T^.,'(^r,<{\-1/2 pAAAt'tAfA*12 AAA)/^AA 2. 

by Taylor's formula, there exist a ft between ft and fto such that: 

ht3(0)-KJ(0o) = h'l]@l3)(0-0o). 

Hence, 

K(ft) - hl3(ftQ)\ • |u'(x^0)|-1/2 = W^ftA'AAT"2^ - A))l 
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< AiAAi) 
^'KA) 

ti'^Aj) 

v'AA) 

1/2 
v"(AAi) 
v'KA) 

l*'(x?,0„) 
M'(x^o) 

1/2' 

AA-Al 

<p13AMA-A 

By taking supp€Br max,<n j<m in the above inequality, we obtain: 

un(r) < sup max 0 „ ( ^ t J ) | x J ( ^ - /30)|-
^eB,.^"^^"1 

We have: 

/./, (x^/3^) 

A*'(xSA)) 

1/2 

< 77nW + 1 < CralJ2 + 1 < C, Vr G (0, r0) , Vn > ^o, 

by Lemma 3.2.1 and assumption (K). Using assumption (AH), this implies that: 

sup max 0JJ(/3 ) < C, Vr E (0,r0), Vn > no-
fteBr ><n,J<m 

Therefore. 

Ar) < C sup max \x[A8 — fto)\, Vr G (0,r0). Vn > n0; 

and the conclusion follows from (3.2.3), applied to ft' = fto-

(ii) In this case, h,3(ft) 

omitted. • 

v"(AA 
AAA3/2' 

The proof is very similar to part (i) and is 

3.3 Asymptotic Results for T)n((3) 

This section gives sufficient conditions for (S)(ii) in Theorem 3.1.1 to be satisfied, in 

the case of estimating functions of form (2.2.1). Throughout this section we assume 

that the sequence of random matrices 3ln(8) satisfies assumptions (A) and (B). 

We denote: 

Vn(0) = 
dgn(ft) 

dftT ' 
(3.3.1) 
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To proceed with the calculation of 3Dn(ft), we write: 

ZnA = J2^MA,2%AAlMAll2\yi-AP)\ 
i = l 

n 

= Y.^iAA)l,2^AAlMA1'Ai - Aft)} 
i = i 

+ J2xiAA[fty/2%AAlMAl/2A - A 
i = l 

:= AA+g^A- (3-3.2) 

The derivative of the first term gives rise to four terms. More precisely, 

^ ^ = B^(ft) + B^2\ft) + B^(ft) - Hn(/3) := Bn{ft) - Hn(ft), (3.3.3) 

where: 
n 

un(ft) = J2^rMP)1/2%APAMA/2^ 
n 

B^(ft) = Y/Xfdmg{3ll_1(ftAAl(ftA
/Ai-AA}G\1)(ft)Xl 

i=l 
n 

B^O?) = Y.*TAi{Al2%AAl^A~-tAmG?\ft)xl (3.3.4) 
i=l 

b^(ft) = j^^MPyMliAMA^A-AP)}-
i=l 

Here, b{A(3) is the Z-th column of B^(ft) and 

TSI(/3) = d%~df
yl = -Xi-M-'Q^MKi-MA 

with Q,-_1(/3) = — — = — and I = 1,.. .p. The derivative of the second term is: 
dft[ 

dj§^1 = A A + A\3) + ̂ A •= UP), (3-3.5) 

where: 
n 

A A = Ys^&^APAMA^A-AyG^AXt 
i=l 
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A]A = Yl^A^)l,2^-M~l^^{y^-^)G^\P)^ (3-3"6) 
i = i 

A A = J^X^AM^AA^A-^A-A-
1=1 

Here e{n](ft) is the Z-th column of A\ft)- The matrices G2
(1)(/3) and G,(2)08) are 

defined by: (see also Appendix A of [37]) 

G(:\ft) = di&g^-a"AAAAiA1'2, • • •, \v" AAA AAA12} 

G?\ft) = di^^'^AAAA^2,..., -\^" AAA AAA12 

From (3.3.1), (3.3.2), (3.3.3), (3.3.5), we conclude that: 

Dn(/3) = H n O 3 ) - B n ( 0 ) - £ n O 9 ) . 

For any r > 0 and any n > 1, we define: 

7r„(r) = sup max A m a x [A- lX- i A'^l-i] 
8eBr *<" 

pn(r) = s u p m a x A ^ I I ^ ^ . ^ / i ) - 1 ^ 2 - ! ! ] . 
8eBT 

i<n 

Note that 7r„(r) and pr,(r) are random variables since they depend on the random 

matrix %,,((}). Also. p„(r) > 0 a.s.. for any r > 0 and n > 1. Furthermore, 

TTn(̂ ) > 1 a.s. for any r > 0 and n > 1. 

(To see this, note that ?rn(r) > n i a x K n A n , ^ ^ : ^ , . ! ^ ) " 1 ^ / ] ] , for any ft E Br. In 

particular, for ft = ft0, we have 7rn(r) > max,<„ Amax(I) = 1.) 

Remark 3.3.1 If the sequence {3ln(ft)}n>i is a.s. equicontinuous at ft0 a.s., i.e. 

limlhnsup sup ||!Rn(/?) — 3ln\\ = 0 a.s., (3.3.7) 
r->0 n->oo S£Br 

then: 

limlimsupp„(r) = 0 a.s. and limlimsup7rn(r) = 1 a.s. 
T >{j 77.—Vnn r—>U ~i i n n 
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Proposition 2.4.2 shows that under some conditions, the sequence {3^(/3)}n>i intro­

duced in Example 2.2.4 is equicontinuous at fto-

We introduce the following assumption: 

(R') there exists a constant C > 0 such that Arnm(ft„) > C, for all n > l.a.s. 

Note that assumption (R!) is weaker than assumption (R) encountered in Theo­

rem 2.3.4. 

Remark 3.3.2 By the definition of 7rn(r) and assumption (/?'), it follows that for 

anv n > 1 and r > 0: 

Amaxt^-iC^)"1] < Cirn(r), V0 E Br,Vi < n,Vn > 1, a.s. (3.3.8) 

(To see this, note that for any p x l vector x of norm 1, for any i < n and 0 E Br, 

we have: 

< max X^A^iXAA^lZAKA 

< 7rn(r)Amax(0C1i) < Cnn(r).) 

Recall that H;;idep - YZ=i ^ i A i ^ a n d denote 

«5n:=^ 1 / 2 - t f A m a x (H- d e P) , 

where (an)n>\ is a non-decreasing sequence of constants (to be specified later) which 

satsifies lin^^oo an = 00. 

The following inequalities will be used repeatedly in the proofs of Lemmas 3.3.3, 

3.3.3 and 3.3.6. 

(a) Cauchy-Schwarz inequality: 

E a ^ 
z=i 

< 
n 

E a?a' 
i = i 

1/2 

E b ^ 
n l / 2 

i = l 

(3.3.9) 
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(b) 

n n n 

min Amm(A;) E
x f x ' ^ E x r A * x * - maxAmax(A,) E x f x « (3.3.10) 

i<n ' ' ' * i<n ' ' 
i=l i=l ~ 1=1 

Lemma 3.3.3 Assume that (AH), (K') and (R') hold. In addition, if: 

(C[) : limlimsup5n7r„(r)?7„('r) = 0 a.s. 

(C2) : l imlimsup5npn(r) = 0 a.s. 

then 

lim lim sup an ' sup \\Hr,(ft) — Hn\\ = 0 a.s. 
r->0 dcBr 

Proof. Note that 

Hn(ft) - H n = H«(/3) + H^(ft) + H^(0), (3.3.11) 

where 

i = i 

n^(ft) = jrxjAAxAPA-AAMA^ 
i=i 

nfA = Ex«^TAAK(ft)1'2 - A;/2]X, 
1=1 

Let x be a p x 1 vector of norm 1 and r > 0 be arbitrary. All the inequalities 

obtained bellow are valid with probability 1. 
We begin treating the term H^'(ft). Using inequality (3.3.9) with: 

af = ^X^AAAA'KA^-mAA112 

b, = ^_1(/J)-1 /2A l(/9)1 /2X2x, 

we have: 

| x T H^( /3 )x | Y,XTXI</2IAA2MA/2 - i]XAAlMA/2^ 
i=i 
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<{ExrXfA;/2[Ar1/2A8(/3)^_i]^_l(/3)-i[Ai-
1/2Al(/3)V2_i]A;/2X,xl 

L i=i 

n 1/2 

• E x T x ^( /^) 1 / 2 ^- i ( /3)- 1 A l (^) 1 / 2 X 2 x 

:=h(ft,A'2-h(ftAV2-

We obtain the following estimates: 

AftA < maxAm a x [^_ 1 ( /5)- 1 ]maxAm £ 0 ; [A J - 1 / 2A ) ( /3) 1 / 2 - I ] 2x rH7 l e px 
i<n i<n 

< CAr)Vn(AKAHAP), (3-3.12) 

l 2 (0 ,x) < m^Xmax[XA/3) 1 ] -maxAm a x [A,- 1A t (^)]xTH^ d c px 

< Cirn(r) • maxAm d x[A71A l(/?)]Am^(H-d c p), (3.3.13) 

where for the previous inequalities we used (3.3.8). 

Note that, by Lemma 3.2.1, there exist some constants r0 > 0 and n > n0 such 

that for any r G (0,ro) and for any n > no we have: 

u'UT 8) 
m a x A ^ A ^ A ^ ) ] = max A TO\ ^ A A + I]2 < C. (3.3.14) 
i<n i<nj<m / i ' ( X ^ / J 0 ) 

Hence (3.3.13) becomes f2(/3,x) < C7rn(r)Amax(H^ndep), for any r G (0, r0) and any 

n > n0. It follows that | x T H^( ,5 )x | < Cirn(r)Vn(r) • A r aax(H^dep), for any r G (0,r0) 

and any n > rio and hence: 

A/2~S sup sup | x 7 H ^ ( £ ) x | < CSn7rn(r)rin(r), Vr G (0.r0) , Vn > n0. 
8eB, | |x | |=l 

From (C{), we obtain that lim lim sup a" 1 / 2 - 5 sup sup |x T H^( /3)x | = 0 a.s. 
T >0 ^ ^ peBr | | x | | = j 

The term H ^ ( 5 ) is treated similarly. Using inequality (3.3.9) with: 

af = x ^ A ^ 2 ^ 

b, = [^2^_1( , /3)-1^1 /2
1-I]^-_1

1
/ 2A,(/3)1 /2X lx, 
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we have: 

xrHl2)(/?)x| = 

J2*T^AJ23iA2{xA%AAXL\ - i]A-(2K(fty'2^ 
1 = 1 

< JE^xrA^A^xj1'2 

•{ExrxfMft^^AVJ-lXAA1^2! - i]2A-l2 • 
1=1 

•Mfty/2XA1/2 

:=i'A)ll2-i2^A112-

By assumption (R') we obtain: 

I'A) < maxA m c O C (^ 1
1 )x 2 H ,

n
n d e p x<CA m a x (H- d e p ) (3.3.15) 

i<n 

I'2(3, x) < maxXm a xA/-iXAA lRl-i " I]2 " max Amax(^~_\) • 
i<n l^n 

• maxAmax[A;1Al(^)]xTH^depx 
i<n 

< Cp n ( r ) 2 max AmdX[A7-1A,(/3)]ArndX(H^dep). (3.3.16) 
i<n 

As in the proof of (3.3.14), there exist some constants ro > 0 and n > no such that 

(3.3.16) can be written as I'2(ftA < Cp„(r)2Amax(H^ ldep), for any r G (0,r0) and for 

any n > n0. Using (3.3.15) we obtain | x / H| 2 ) (5 )x | < Cpn(r) • Amdx(HI„ndep), for any 

r G (0, ro) and for any n > no- and: 

«, 
-1/2-5 sup sup |x T H«( /? )x | < C5nPn(r), Vr E (0,r0), Vn > n0. 

3eBr ||x||=l 

Using (C2), it follows that lim lim sup an
 1,/2 6 sup sup |x T H^( ,S)x | = 0 a.s. 

To treat the term H^(/3) we are using inequality (3.3.9) with: 

af = x^A^X-lMM^^A, -1/2 

b, = A! / 2 X,X. 
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We have: 

|xrH<?>(5)x| ^xx 1 / 2 *r-MA^) 1 / 2 Ar 1 / 2 - i]Ay2x?x 
=1 
E 
i = i 

< (Ex^XfA^^tA^^^Ar1 /2 - I}[At(fty
/2K1/2 -1] • 

1=1 

.XAAJ^A12 • JExTxrAy2Ay2x,xj 
:= h(ft,A'2 • AEIAA1'2-

Using (!?')• it follows that: 

h(ft,x) < maxAm^[A,(/3)1/2Ar1 /2-I]2maxAmax[Dv7_2
1]xTH-d ' ; px 

< 6V(r) 2Am A X(H- d e p) , 

and hence \xTH^(i3)x\ < C,7?T)(r)Amax(H^dep) for any n > 1. It follows that: 

aA2~5 snp sup | x T r l £ % ) x | < C8nnn(r) < C5n7rn(r)r]n(r), Vr > 0, Vn > 1. 
8eB, j jx||=l 

since rcn(r) > 1. 

Using (C[), it follows that lim lim sup a"1 ' 2~d sup sup |xTH„'(/3)x| = 0 a.s. 
r->0 J J ^ O O peBr j | x | | = 1 

This concludes the proof. • 

Let: 

qV\r) := sup max A ^ Q f ^ (/?)]. l = l,...p 
peBr

 l<n 

qn(r) := m a x c / ^ r ) . 

L e m m a 3.3.4 Assume that (AH), (K) and (R!) hold. In addition if: 

(C\) : hmlimsupr(5re7rn(r)ay2 = 0 a.s. 

73) : limlimsupr5„7r2(r)gn(r) = 0 a.s., 
' > 0 n—>-oo 

(C 

then 

lim lim sup av
 1'2 5 sup ||JBn(/3)|| = 0 a.s. 

r->0 n-^oo peB, 
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-I /Q 

Remark 3.3.5 Since r/n(r) < Cran by Lemma 3.2.1, condition (C\) is stronger 

than condition (C[) encountered in Lemma 3.3.3. 

Proof of Lemma 3.3.4. Recall that Bn(0) = 3^(0) + B{2)(0) + B®(0), where 

B^(ft), B^(ft) and B^(ft) are given by (3.3.4). 

We use the following property: 

diag{v}Du = Ddiag{u}v, (3.3.17) 

where D is any diagonal matrix and u, v are any vectors. 

Let x be a p-dimensional vector with x with ||x|| = 1. We begin treating the 

term which involves B^(ft). Using (3.3.17), and relation (3.3.9) with: 

xTXfG l
(1 )(/3)diag(X7x)^_1(,3) 1/2 

b, = xAAl/2^AA'Ai- Aft)]-

we obtain: 

n 

|xTB«(/?)x| = \^T^Gi1\ft)dmg(X^)%_1(ftAAl(ftA/Ai-AA\ 

< ExTXrGl1)(/?)diag(Xlx)^_](/3)-1diag(X2x)Gl
(1)(,/3)Xrx 

.1=1 

n 

1/2 

E k - AATMiA1/2X-AAMA1/2[^ - AA 
i = i 

•.= AftA1/2 • WA12 

1/2 

(3.3.18) 

The first term of the product is estimated as follows: 

hiftA < maxAm a x[^_i(/3) x] • maxAraax[diag (X,x)] 
i<n 

n 

i<n 

^A^A-AA2G^(ft)2AA2AJ2xlXl 
i = i 

< msixXmax[X_l(0) x] •maxAraax[diag2(X,x)] 
i<n t<n 
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maxA2
nax[A;1/2G, (1)C5)]x rH; i

ndcpx 

-1/2^(1) , < CV„(r) max Amax[diag2(X lX)] • m a x A ^ f A ^ G ^ ^ ) ] 
i<n i<n 

• Am a x(H-d e p) . 

where we used (3.3.8) for the last inequality. 

We also have the following evaluations, for each j < m and i < n: 

< ||x^(H^ndep)-1/2||||(H^dep)1/2x!| = A^AAAl^A^AA^2 

< (A-mdcA/2{KAiiAp)]1/2 = A2-

Hence, | (X^) , , | 2 < an, Vj < m and Ama.x[diag2(X,x)] = maxj<m \(Xtx)3\
2 < an, Vi < 

n. We conclude that: 

maxAmax[diag2(X lx)] <an. (3.3.19) 
i<n 

Note that using assumption (AH) and Lemma 3.2.1, there exist some numbers 

r\ > 0 and ri\ > 0 such that for any r G (0,r\) , and n > n\, we have: 

-.1/2 

[K G, (ft)\33 - 2 u (x^io) fAxrpy/2 - 2 ^ ( x ^ } 

< C[r,n(r) + l]<C, 
v'AA) 

for any i < n, j <m and ft E Br. 

Hence, the first term of the product in (3.3.18) is estimated as follows: 

h(ftA < C7r„(r)anAmax(H;rdep), Vft G Br, Vr G (0,rT). Vn > nx. (3.3.20) 

We begin now to treat the second term of the product in (3.3.18). By Taylor's 

expansion, there exists ftt between ft and fto such that pt(ft) — fit = At(ftt)Xz(ft — fto)-

Hence, the term Aft) can be evaluated as follows: 

n 

i2(ft) < mjxxXmaK[X-AA] • E O 3 ~ fto)TKMA/2MA1/2MT^) • 
i<n ' * 
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• A,(8A/2AAA/2M,8,)MA1/2MA/2XA - A\ 

< xiiaxXmax{X-A)A^^^^{MftA/2MAMAA • 
i<n i<n 

- E(/3 - ftofXT AlJ2AA2K(ft)l/2K((3)l'2A.A2K/2*A - A 
i = i 

< maxA,^^-!^)-1] • m a x A ^ A ^ r ^ A ^ J A ^ ) - 1 / 2 ] • 
i<r> i<n 

• max Amax[A;-1/2A,(/3)A;1/2]Am<M(H^dep) • (8 - ft0)
T(ft - fto) 

i<n 

< C*n(r) • m-a.xXmaK[MA1/2MAMA'/2] max Amax[A71/2A?(/3)A ; 

• Amax(H-dep)r2, 

were we used (3.3.8) for the last inequality. 

Note that, by Lemma 3.2.1, for any 0 < r < r\ and n > r?i, and for any ftl E Br, 

we have: 

[A7(ftA/2AAi)M8A/2]n = ̂ M < A(r) + 1? < C, 

for any j < m and for any i < n. Hence, Amax[Aj(/i)~1/ '2A,(/^)A l(/?)_1/2] = 

ma,x3<m[Al(ftA
/2Ai(ftl)^AA/2]n < C, for all i < n. We obtain that: 

m a x A ^ l A , ^ ) - 1 / 2 ^ ^ ) ^ ^ ) - 1 / 2 ] < C, Vr E ( 0 ,n ) , Vn > n1 ; Vft E Br. 
i<n 

Vi (Afi) 

Similarly, max — 'J < [rin(r) + l]2 and by Lemma 3.2.1 it follows that, for 

any r G (0, rj), for any n > ?ii and for any ft E Br, we have 
maxAmax[A71/2A,(/3)A;1/2]= max ^ K ^ < c ( 3 - 3 - 2 1 ) 

><n i<n,3<m ^{X^ftoj 

Therefore, the second term of the product in (3.3.18) is estimated as follows: 

Aft) < CV27rn(r)Amax(H^dep), V8 G Br, Vr E (0-A, Vn > rh (3.3.22) 

From (3.3.18), (3.3.20) and (3.3.22), we conclude that: 

|xrBW(,5)x| < C7r7r„(r)ay2Amax(H-dep), 
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for any ft E Br, r E (0,ri),Vn > ii\. Multiplying by an we get 

aA2~S sup sup |xrBT
(
l
1)(/?)x| < CrS^AA/2, 

BeBr ||x||=l 

for any r G (0, ri) nd for any n > n\. Using condition (C\), it follows that: 

lim lim sup cc"1/2-*5 sup sup |xTB^(/3)x| = 0 a.s. 
r~^° n->oo 8€Br ||x||=l 

(3.3.23) 

We begin now to treat the term which involves B^2'(ft). Using (3.3.17) and 

relation (3.3.9) with: 

af = xTxrMfty/2XAPA/2 

bz = X-AA'^'A^AG^A^-PAA 

we obtain: 
n 

|xTBi2)(/3)x| = \J2^^iMA/2X-AAd^g{Pi - AfAG^(8)xtx\ 
7 = 1 

n 

= | ExTXfA l(/3)1/^ t_1(/3)"Miag(X lx)G;2)(/3)[ /i l - pz(ft)]\ 
i=i 

< Ys^'KMA^XAftAMfty/^x 
.i=i 

n 

1/2 

1/2 

E k - "J(/?)]rG;2)C5)diag(X(x)^_1(,/5)-1diag(Xlx)G;2)(,5)[/il - p%(ft)\ 
=i 

:=I'A3Al/2-lA-A1'2- (3-3.24) 

The first term of the product in (3.3.24) is estimated using (3.3.8) as follows: 

I[(ftA < maxAmax[^_1(/3)-1]maxAmajc[A71/2Ai(/3)At~
1/2] • x T H ^ p x 

i<n i<n 

<C7rn(r)Amax[A71/2Ai(/3)A;1/2]Araax(HJz
ndcp), 

where we used (3.3.8) for the last inequality. By (3.3.21), Amajc[A~1/2Al(/3)AJ~
1/2] < C 

for any ft E Br, any r G (0,ri) and any n>n\. Hence: 

I[(ftA < C7Tn(r)Amax(H-dep), Vft E Br, Vr E (0,r,), Vn > nx. (3.3.25) 
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The second term in the product (3.3.24) is estimated as: 

I2{ftA < rnaxAm a x[^_1(^)"1]maxAm a x[diag2(X,x)] 
l<7l ^ S 7 1 

• j^ip,- pAAG^AA- A8)] 
i=i 

n 

< CAAn E k - pl(8)]TG[2\ft)2[pl - pA)l 
2=1 

where we used (3.3.8) and (3.3.19) for the first inequality. By using Taylor's expansion 

again, there exists ftx between ft and fto such that p%(ft) — //, = A J ( / 3 J X J ( / 3 — ft0). We 

obtain: 
n 

i'2(ft.x) < CAr)anY,^-AT^MAG{2}(ft)2AAi)^(AA 
1=1 

KCAA^^xX^AAiy'^A'AAiy'2] 
i<n 

n 

• E(/3-^o)T'xrAl(^)Xl(/?-/30). 
1=1 

Note that using condition (AH) and Lemma 3.2.1, for any r G (0, r{), any ft E Br, 

any n > n\. i < n, j <m, we have: 

[M/3J1/2G?
(2)(/3)2A^)1/2L = IAAAA 

'2p>(Aft)V2 •p'A8v) 

lAAA 
2 p'AA 

f-'A^u) 
P'(AA 
Afj^ < civA) +1]2 < c. 

Hence for any r G (0,ri) , any ft E Br, any n>n\: 

n 

I'2(ft, x) < C7rn(r)an mAA1/2MAA1/2] Y)(0 ~ A)) r Xf A,X,(/3 - ft0) 
i<n, *—* 

-1/2 
< 6V„(r)a7lmaxAmax[AJ-

i/^A2(/3JAl-
1/lAmax(Hrep)(/3 - fto)1 (ft - 80). 

»=i 
1/2, 

i<n 

Using Lemma 3.2.1, we obtain that for any r G (0, n ) and for any n > n\ we have: 

1/2 maxA^fA, ' A, (ft) A -1/2 , 
= max i<n <n.j<m p'(AA < AA + I]2 < C. 
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It follows that: 

I'2(ft,x) < C^n(r)anAm a x(H-d c p)r2 ,V/3 G Br, Vr G (O.n), Vn > m. 

From (3.3.24), (3.3.25) and (3.3.26) we conclude that: 

|xTBi2)(/3)x| < CrAAH2 • AmdX(Hfep), 

for any 0 E Br. r G (0,7"i), n > rii Multiplying this last inequality by «„ , it 

follows that for any n > ?i1; r G (0,rj.): 

aA2~6 SUP &UP ABn]AM < CrdnA.r)A2-
PeBr ||X|| = 1 

Using condition (C\), we conclude that: 

lim lim sup a - 1 / 2 - 6 sup sup \xTB{2)(0)x\ = 0 a.s. (3.3.26) 
r >0 ?i->oo 8eB, | jx | |=l 

We are now treating the term which involves Bn (ft). Recall that bn (ft) the l-th 

column of B„ (8), for / = 1,. . .p. Using Lemma A. 1.16, we have: for any x vector. 

Ilxll — 1 

Ix^B^^xl^JElx^O^I2! . (3.3.27) 

Hence, if we find a common upper bound for all | x T b n (8)\, with / = 1. . . .p. this is 

also an upper bound for x 2 B „ (ft)x. 

Applying Theorem A.2.4. we obtain: 

T®M = d%f^~l = -X-AAQ^lA)X-AA 

>(o ^ - **<AP) v ^ s _ , w O(0 
80? 

where QAA = —j^jsf—• Notice that QA(P) 1S a symmetric matrix. 

Let / G { 1 , . . .p} be fixed. To estimate the term | x T b n (ft)\, we proceed as for 

xTB,(
l
1)(/3)x and xTBl2)(/3)x. Using (3.3.9) with: 

i - i 
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b, = E^-i^)"1 7 2^^)"1 7 2^-^^)]-
i-i 

we obtain: 
n 

|xrbW(/?)| < [J2^T^MA/2XAft) 'QAAXAP) 'QAAXAft)-1-
1-1 

• AA)1/2*IA/2 • 
"I 1/2 

E ( ^ - A8))TAl(8A/2XAftAMftA/2A - AA 
.i-i 

:= I'A,ft,x)ll2-I2(fty/2. (3.3.28) 

Using (3.3.10), the first term in (3.3.28) can be estimated as: 

n 

Ai-PA < xnaxxm^[x-i(8)AJ2xT^MA/2XAftAQ!;AAxAftA 
x - 1 

• Ax(ftyi2x,x 

< mnxXmax[X-i(ft)A • ^^KAQi-A)2] • 

• jrxTxjAy8)AX-i(ft)A2MA/2^ 
i-i 

< m a x A ^ ^ ^ ) " 1 ] • meixXm^lQA(ft)2} " ^A^lXAftA) " 
t<n iSn lSn 

n 

• m,x[AA2K(ft)A112] E xTxfA;/2
 Ay2x lX 

i<n *•—» 
1 1 

< maxXAlX-i(8)A • maxXmax[QilliA2} " max[Ar1/2A,(,5)Ar1/2] • 
i<n i<n b<n 

• •xTH1
n

ndepx 

= C7^( r )g 2 ( r )A m d x (H^ p ) , (3.3.29) 

for any r G (0. r\), ft G Br and n > ii\. For the last inequality we have used (3.3.8) 

and (3.3.21). 

Using the estimation (3.3.28), (3.3.29), and (3.3.22) and it follows that: 

| x r b»( /? ) | < Cr7T2(r)gn(r)Amax(H-dep), 
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for any ft E Br, r G (0, r\) and n > n\. Multiplying by an , we obtain for any 

r G (0,ri) and any n > n\\ 

aA2^ sup sup |xTb«(/3) | < CrdrAn(r)qn(r)-
peBr | jx| |=l 

Using condition (Cs), it follows that for any I G { 1 , . . .p}: 

limliinsuprt"1 '72- '5 sup sup |xTb^(/3) | = 0 a.s. 
r~>° n->oo <3eBr | |x | |=l 

From (3.3.27) we conclude that: 

lim lim sup a" 1 ' 2 - 5 sup sup | x r B^( /? )x ] = 0 a.s. 
r-^0 n _ 4 o c peBr |jx|j = 1 

D 

Lemma 3.3.6 Assume that (AH), (K), and (R') hold. If there exists a constant 

C > 0 and there exists ro > 0 (non-random) such that for any r E (0, ro)." 

(C4) : limsupni?[7r2(r)]anAmax(fli"dcp) < oc, where an — max{a n , a 2 } 
n—7-oc 

(C5) : hmsupnJB[<(r)(?
2(r)]Amax(fl1

n
ndep) < 00, 

n—^oc 

then, for any r E (0, ro)." 

lim a~1/2-5 sup ||£„O0)|| = 0, a.s. 
n->oo peBr 

In particular, lim lim sup a„ 2~ sup ||£n(/3)|| = 0, a.s. 
"->°° n-+oo PeB7 

Proof. Recall that En(ft) = £{n}(8) + A\ft) + A\ft), where A\ft), A\ft) and 

e), (ft) are given by (3.3.6). Recall that en (ft) denotes the /-th column of En (ft) and 

AA\ftA<{Ei=iA^(d)\2A2-
Let x be a p-dimensional vector with ||x|| = 1. Using (3.3.17), we can write: 

xT£W()8)x = uy\ftA + ui2\ftA + u^(8A, 
xT^2\ft)x = U^(8,x) + Ui5\ftA + U^(ft,x), 
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where 

iA(ft.x) 

u(
n

2)(ft-A 

A\P-A 

xTe\?(ft) = A\ft,x), lE{h...,p} 

rt 

ExrXfG!1)diag(X lx)^1(/3)-1Az-1/2(y l - pA 
i=i 

Y^^KG^Adi^x^xAftAiMA^2 - Ar1/2](y7 - Pi 
1=1 

n 

5>rX,r[G,(1)O0) - Gl
(1)]diag(Xlx)^_i(/3)-1Al-

1/2(y? - p,7), 
i = i 

Up (0.x) 

un
5)(ft-A 

A](P-A 

E x T X f A;/2^_1(/3)-1diag(Xtx)Gf)(yl - pA 
1=1 

n 

E ^ X H A , ^ ) 1 ^ _ A:/2]^_1(^)-1diag(Xlx)GS2)(/3)(y? - p, 
7 = 1 

n 

ExTXrAy2^_1C/3)-1diag(X,x)[Gf)(/3) - G|2)](yz - pt) 
>=i 

and 

A\l,8,x) = X)xrX1
rA1(/3)1/23lt_1(/?)-1Q1

(!l1(i3)ai1_108)-1At(/3)-1/2(yt - Pi). 
i=i 

For any s E {1,.. .6}, and for any ft E Br, r > 0, {Un(,5),3"n}„>i is a martingale 

with respect to Fg0: 

E[lA(ftA\3"n-i] = E J2(yATX-AAYi5)(yi~A\?i n-i 

i=i 

E 
n-l 

E(yIs))'r^i(/3)-1Y;s)(y2-^)|J, n - l E (yAV-iA^Enl^ 

n-l 

= D y h ^ - i O s r ^ y , - A + (yATxA(m{
n
sAA^A 

i=i 

=u!i(/3,X). 



3.3. Asymptotic Results for 'Dn{6) 55 

where y ; is an m x l vector of constants and Y7 is an m x m matrix of constants. 

For the equalities above we have used the fact that X(ft)~l is 3^ measurable and 

E[snAA = o-

It follows that {\Un (0,x)\,3r
n}n>i is a submartingale, for any ft G Br. Hence, 

for any ft E Br and any p x l vector x of norm 1, we have: 

E[sup sup A:\PAW3n-i] > E[\Un
s\ft,x)AA > \uAWA\ 

8eBr | |x | |=l 

From where it follows that: 

Ea,[sup sup |£#>(/3.x)|| ?"„_!] > sup sup An-Aj-A a-s- • Vn > 1. 
PeB, | |xj|=l /3GB, | |x | |=l 

i.e {sup /gcBr sup||x||=1 \Un (/?,x)|, 3n}n>i is a submartingale with respect to Pg0, for 

any r > 0. 

Similarly, for any I E {1 , . . .p} and for any /3 G B r . r > 0, {Un (8), %i}n>i is a 

martingale with respect to Pp0, since the components of the vector 

AAT = xTx?AA[ft)V2x-i(ftAQAA 

are 3r
l-\ measurable. Hence, {sup^g^ sup||x | |=1 \Un (I, 0, x) | , 3n}n>i is a submartin­

gale with respect to Pp0. 

Note that by Lemma 3.2.1, there exist some ro > 0. no > 1 such that: 

Vn(r) <C,VrE (0. r0) , Vn > n0. (3.3.30) 

We prove that for any r G (0,r0), there exists a constant C > 0 (depending on 

r) such that: 

E[sup sup |C/^s)(/3,x)|] < C, Vn>n0, V S G { 1 . . . . 6 } , (3.3.31) 
PeBr | |x| |=l 

E[sup sup \Un
7)(ft,x)\] <C, Vn>n). (3.3.32) 

PeB, | | x | |= i 

file://A:/PAW3n-i
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By the Martingale Convergence Theorem (Theorem 35.5 in [3]), it follows that the 

sequence { s u p ^ ^ sup||x | |=1 \Un (8,x)\}n>i converges a.s. For any s E { 1 , . . . 7} and 

for any r > 0 since an —> oo, we obtain: 

lim Al2~& SUP SUP An\$A\ = 0 a.s. 
U-KX3 peBr | | x | | = 1 

From here, it will follow that for any r > 0: 

lim A/2~d SUP SUP lxT£i fe)xl = 0 a.s., VA; G {1,2,3}. 
n-s-oo p€Br | | x | | = 1 

The remaining part of the proof is dedicated to relations (3.3.31) and (3.3.32). 

We begin with the term Un (ft,x). Using (3.3.9) with: 

af = ExTxrG!1)d iag(x^)^-i(^)^ 
n 

b, = Y,AV2A-A, 
1-1 

we obtain: 

l^1}(Ax)l < ExrXrG;i)diag(X2x)[^_1(/3)-1]2diag(Xlx)G|1)X,x 
! = 1 
n 

1/2 

"}2(yl-A
TK\yi-A 

i=i 

MftA^-A2-

1/2 

(3.3.33) 

The first term in (3.3.33) can be estimated as: 

Ji(ft-A < m a x A ^ l ^ . ^ ) " 1 ] • maxAmax[diag2(X4x)] • m a x A ^ j A ^ G ^ 1 

i<n i<n -''-

Ex-xfAy2
Ay2x,x 

i<n 

= nmxXA[X-i(8)-1} • maxAmax[diag2(X,x)] • I I U I X A L J A ^ G
 1J] • 

i<n i<n i<n 

• (x T H^ d c p x) 
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< CAAn • m a x A L X [ A T 1 / 2 G ; I } ] • Amdx(H^dep 

i<n 

where we used (3.3.8) and (3.3.19) for the last inequality. Using assumption (AH) we 

have the following estimation: 

[A,-"2Gf>]„ = W f t ) - / 2 ""(X"A) - 1 " " ( X « * ) - 1 

IT •"""' M'(xJ/3o)"2 2 ii'(x%M - 2 

Therefore, niax,<n A
2

iax[A~ ' G, ] < C, for any n > 1. Hence, 

E[sup Jx(/3,x)] < CE[7r2(r)]anAraax(HJlldep), Vn > 1. 

As for the second term in (3.3.33), we observe that: 

< A' Y/ < m> V? > 1-

(3.3.34) 

E(J2) = E E(y ' - / i ,) rA»1(y* - / i i 

1=1 

= run. (3.3.35) 

To see this, we use the fact that the elements on the diagonal of At are non-random. 

More precisely, we have: 

E ^2(yi- Ar\l(yi-^ 
n m 

EE^Xr1] 
i=i j = i 

n m 

EEE[(4)"lE(4i^-0] = EEEW)'lff5i = m 

1=1 j = l 1=1 3 = 1 

n. 

Using the Cauchy-Schwarz inequality, and relations (3.3.33), (3.3.34) and (3.3.35) 

we obtain: 

E[sup sup \lA(PA\] < {E[sup sup J1(/3.x)]}1/2-[E(J2)]1/2 

PeB, | |x | |=l /3GB,. | |x | |=l 

< C{nEAn(r)]anXm!lx(HAP)y/2; Vn > 1, Vr > 0. 

Relation (3.3.31) with s = 1 follows from condition (C4). 

We now treat the term involving Un (ft,x). Using (3.3.9) with: 

af = ExrXrGJ
(1)(^)diag(X,x)^_](/3)-1 

»-i 
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b , = ^ [ A 1 ( / 3 ) - 1 / 2 - A T 1 / 2 ] ( y 1 - / i I ) , 
2 - 1 

we obtain: 

\A\PA\ < ExTXrGl
(1)(/3)diag(Xzx)[^_1(/3)-1]2diag(XJx)G;i)(,/3)Xlx 

i = i 

£(y , -* ) r [A , ( /3 ) l>2 - Al,2][AA) 1/2-AA2](yi-Pi 

1/2 

1 V2 

,1=1 

J 3 (5 .x) 1 / 2 - J 4 ( /3 ) 1 / 2 (3.3.36) 

The hist teim m (3 3 36) can be estimated as 

:[diag2(X,x)] • maxX2AAA2Gl
1)(8)] • 

i<n 
MP,*) < ma,xX2AX-i(8) ^-maxAmaxf 

i<Am l<ill <n 

n n 

E ^ x w 2 ^ 
i = i 

= maxA2
nax[%_i(3)_1] • max 

i<n ' i<n 

• xTH"depx 

< CAAn m&xXA[AA2G[l)(ft)] • xmax(uAv) 
i<n 

where for the last inequality we used (3.3.8) and (3.3.19). 

Using (AH) (3.3.30) we have: 

Amax[diag2(X,x)] • maxAJUAr^Gl 1^)] . 

rA l /2 r(l) /m l _ 1.J(vTo N-l/2 ^"AA 1 
[A, L»t {P)\j3 - TJP V^jPo) AAAA ~ 2 

' AAA' 
AAA) 

1/2 

\AA 
n'(*$0) 

< \c[*h(r) + y<C, Vi<n, Vj<m 

for any ft E Br, any r G (0, r0) and any n > nQ- Therefore: 

l a x A L j A ^ G ^ O S ) ] <C.V8E Br, Vr G (0,r0), Vn > n0. 
<77 

It follows that: 

E[sup sup J3(ft,x)] < CE[7r2(r)]anAmax(H;rdep), Vr G (0,r0) . Vn > nQ. (3.3.37) 
/3EBr | | x | [ = l 

file:///A/PA/
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The second term in (3.3.36) is: 

n 

W) = Y.^~ ^TAl'2[Ai(ftAl2A]12 -i]2AA2(yi- A 
i=i 

< max Amax[A,(^)-1/2AV2 _ I ] 2 £ ( _ ̂ fA^y. _ ^ 
i<n z — ' 

i<n 

Note that for any ft E Br, any r > 0 and n > 1: 

[A,^)-1^2-!]^ /Ax^o) 
/i'(x^/3) 

1/2 

1 < n„(r). (3.3.38) 

Hence, by Lemma 3.2.1 max,<„ Amax[A8(/3) 1^2Al —I]2 < a„'"2, for any ft E Br, any 

r G (0, r0) and any n > n0 . Therefore, sup,1eBr JA(ft) < anr
2 Y>i<n(

yi ~ ATAi~
1(yl -

Pi), for any r G (0, ?"o) and any n > no. Using (3.3.35) it follows that: 

E[sup .IA(ft)] < Cnanr
2, Vr E (0,r0), Vn > n0-

PeBr 

(3.3.39) 

where C = m. Using Cauchy-Schwarz inequality and relations (3.3.36), (3.3.37) and 

(3.3.39), we obtain: 

E[sup sup A2)(P-A] < {E[sup sup J3(/3,x)]}1 / 2 .{E[sup J4(,3)]}1/2 

peBr ||x||=i peB, j |x | |=i peBr 

< C{nE[7r2(r)]a2r2Amax(H-dep)}V2, 

for any r G (0, r0) and any n > n0. Relation (3.3.31) writh s = 2 follows from condition 

(C4). 

In order to evaluate Un (ft,x), we use again (3.3.9) with: 

af = ExrxnG!1)(^)-G!1Viag(Xlx)^_1(,5)-1 

i-i 

n 

bi = EAr1/2(^-/y'0, 
i-1 

and we obtain: 

n 

\lA(ft,x)\ < [ExTXnGz
(1)(/5) - Gi1)]diag(X?x)^1(/3)-2diag(X,x) 

z=l 
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G[1) AXA'2 

Uft.xy'2-A2 

Yl{yi~ATKl(yl-pl) 
1=1 

1/2 

(3.3.40) 

The first term in (3.3.40) can be estimated as: 

J5(/3,x) < maxA2
nax[^_1(/3)-1].maxAmax[diag2(X!x)] 

7<T). ? < ? l 

• maxX^AA^A-GAy 
i<n 

Amax[diag2(X,x)] = m a x ^ m a x 
1<" 

- l l X14X-A) 

max 

< C^(r)anmaxAm a x 

ExTxfAy2
Ay2x4x 

.*=i 

where we used (3.3.8) and (3.3.19) 

estimation which 

a x A ^ f A ^ G f V ) - GA}2xTKA ~ 

A ^ A ^ I G l 1 ^ ) - G;i)]}2Araax(H-dep), 

u (̂ .cs.oj ana i^.j.iyj for the last inequality. We have the following 

ich follows from Lemma 3.2.2(i): 

' p"(AA v"(AA) 
,,'lvT,l\l/2 ,,HvTR\ll {AA2[G^A~GA}n = \AAAA12 

< vn<an
/2r, 

f (*I3P) " (X;3VQ) 

<i(xiftyi2
 P'(AA)1/\ 

for any ft E Br. any r G (0,r'o) and any n > no- It follows that: 

- l / 2 r r , ( l ) , - ( ! ) l \ 2 m a x A ^ A ^ H G i;(/3) - G ?H}2 < aA- V/3 G Br, Vr E (0,r0). Vn > n0. 
i<n 

Hence: 

E[sup sup ASA] < CE[7r2(r)]a2r2Amax(Hfcp), (3.3.41) 
PeBr ||x||=l 

for any r G (0,ro) and n > no. Using Cauchy-Schwarz inequality and relations 

(3.3.40), (3.3.41) and (3.3.35), we obtain: 

E[sup sup \UA(ft,x)\] < {E[sup sup J5(ft,x)]A2-lE(J2)A 
PeB,. ||x||=i peBr ||x||=l 

file:///AAAA12
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< C{^E[yr2(r)]a2r2Amax(H-dep)}1/2, 

for any r G (0, ro) and any n > ??o- Relation (3.3.31) with s — 3 follows from condition 

(C4). 

To obtain an estimation for \Un (/3,x)| we use again (3.3.9) with: 

n 

af = E^x^y2^-!^)-1 

( - 1 
n 

b, = Ed i as(x 'x)G!2 )(^-^). 
1-1 

and we obtain: 

A"\PA\ < ExTxfAy2[^^1(/?)- i]2A; /2x lX 

-,1/2 

, i = l 

E ( y 2 " A'J)
TG;2)diag(Xlx)diag(Xlx)Gl

(2)(yl - p% 

1=1 

1/2 

:= Aft,xy<2 • J7(x a/2 (3.3.42) 

The first term in (3.3.42) can be estimated as: 

n 

J6(ft,x) < maxAmax[^_1(/?)~1].ExTXrA2
1/2Al

1/2X,x 
i<n *—< 

= max X2
miUi[X-i(ftA] • xy H-d e px 

=1 

*1 . v T "H i n d e P-> 
i<n 

< C7r2(r)Araax(HJ;ldep), 

where for the last inequality we used (3.3.8). Hence: 

E[sup sup J6(/3.x)]<C7E[7r2(r)]Amax(H^dcp). 
PeBr ||X|| = 1 

(3.3.43) 

For the second term of the product in (3.3.42). we have: 

J7(x) < max Amax[diag2(X,x)] - max A J ^ J A J ^ G J 2 * ] J^A ~ ATA;1 (y, - pt) 
i<n i<n ' ' 

i<n 

< an • maxA^jA^G^] E (y , " ATA;l(yl - pA, 
i<n 
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using (3.3.19) for the last inequality. By (AH), for any i < n and j < m: 

[AI/2GA33 A(AA1/2~ 
1 p"(xlft0) _ lp"(A3A 
2p,'(xlfto?l2 2p'(xf3fto) 

<C. 

1/2^(2) It follows that maxi<„ A2
iax[A/ G,- ;] < C, for any n > 1. Therefore, 

sup Jr(x) < Cany^(yi — pAAi'
1(yi — pAj. By (3.3.35), it follows that: 

l|x|| = l ^ i<n 

E[ sup J7(x)] < Cnan, Vn > 1. (3.3.44) 
|x =1 

Using Cauchy-Schwarz inequality and relations (3.3.42), (3.3.43) and (3.3.44), we 

obtain: 

E[sup sup \U^(ft,x)\] < {E[sup sup J6(/5,x)]}1/2-{E[sup J7(x)]}1/2 

PeBr i|x||=i peBr ||x||=l ||x||=l 

< C{nE[7r2(r)]anArnax(H^dcp)}1/2
! Vr > 0, Vn > 1. 

Relation (3.3.31) with s = 4 follows from condition (CA). 

For \Un5)(8,x)\, we use (3.3.9) with: 

ar = J2xTxfiAi(fty'2 - AAXAA1 

i-l 
n 

b, = Yl^^i^GfXftyy,- Pi), 
i-l 

and we obtain: 

l^5)(Ax)l < E^XflA,^)1^ _ A\'2}[XAAAAi(ftyi2 - A}'2pCx 
i=l 

1/2 

(2) / E ( y , " ATGf )(5)diag(Xlx)diag(Xtx)Gf \0){Yi - p,) 
i=i 

1/2 

:= J80S,x)1/2-./908,x)1/2. 

The first term in (3.3.45) can be estimated as: 

Js(ft,x) < m^xX2
max[XAA1]-^axXmax[AA2(Al(fty

/2-A]/2)]2 

(3.3.45) 

i<n i<n 
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• £*Tx,rAy2Ay2x,x 
1=1 

= rnxxXlJ^XAftA] • maxX^lAA'Mft)^2 - I? " xrH-depx 
i<n i<n 

< C7r2(r) • max Xmsx[AA2Mft)1/2 - I]2 • Am a x(H- d e p) , 
i<n 

where we used (3.3.19) for the last inequality. Note that: 

AAAn V2 

v'AA) 
1 < Vn, [AA2Mfty/2-i^ = 

and hence, by Lemma 3.2.1, for any ft E Br, any r E (0, ?'o) and any n > n0, we have: 

m a x A ^ A r 1 7 2 ^ ) 1 / 2 - I]2 < anr2. 
i<n 

Therefore, for any r E (0. r0) and for any n > n0, we obtain 

E[sup sup J 8 (^ ,x)]<CE[7r 2 ( r ) ]a n r 2Am a x (H^ d e p ) . 
PeBr j|x|| = l 

(3.3.46) 

For the second term of the product in (3.3.45). we have 

Aft-A < maxAmax[diag2(X lX)] wi^XA[AlJ2G{Aft)] £ > • ~ ATA;1(yl - pt). 
i<n i<n z—* 

By (AH) we obtain: 

1=1 

,V2p(2) lK'Gy>(0)} JJ 
v „ r , u / 2 i AAA _ A'AA 

y«A0 2^'(x^)3/2 2„'(xA) AAA 

1/2 

< C[rjn(r) + 1] < C, Vft G Br, Vr E (0,r0), Vn > n0, 

where for the last inequality we applied Lemma 3.2.1. It follows that: 

m a x A ^ f A y ' G j 2 ^ / ? ) ] < C, Vft E Br, Vr E (0, r0), Vn > n0. 
i<n 

Therefore, using (3.3.19), 

sup sup J9(ft, x) < Can • E ( y » - ^ ) T A " 1 ( y l - pz). 
peBr |lx||=l *7T 
' 'un i<n 
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By (3.3.35), it follows that: 

E[sup sup Jg(ft,x)} < Cnan. 
peBr ||x||=l 

(3.3.47) 

Using cauchy-Schwa rz inequality and relations (3.3.45), (3.3.46) and (3.3.47), we 

obtain: 

E[sup sup APW-A] < {E[sup sup J8(/3,x)]}1/2.{E[sup sup J9(ft,x)]}l/2 

seBr ||x||=i PeB, ||x|!=i PeBr j|x||=i 

< C{nE[7r2(r)]a2r2Amax(H-dcp)}1/2.Vr G (0,r0), Vn > n0. 

Relation (3.3.31) with s = 5 follows from condition (CA). 

To estimate Un (ft,x), we use (3.3.9) with: 

af = J2xrxrK/2xA8A 
i-i 

bz = J2&AXiAG{2)(0)-GA(yi-A, 
» - i 

and we obtain: 

\un
6)(ftA\< ExTxrAy2[^_1(,5)-i]2A:/2xJx 

1=1 

1/2 

E ( y , - AT[G{2)(ft) - G;2)]diag2(XlX)[G:2)(/3) - G^Ky, - /z.) 
1=1 

= j6(8-A/2-MP,A/2 

1/2 

(3.3.48) 

For the second term of the product in (3.3.48), we have: 

J10(/3,x) < maxAmax[diag2(X,x)].rnaxA2
nax{A; /z[G^(/3)-G^]} ! / 2 r r - ( 2 ) / f l 1(2)1 

? < n i<n 

J2A-ATA,1(yl-pl). 
i<n 

By Lemma 3.2.2(h), for any ft E Br, any r G (0,ro) and any n > nc 

{ A ; / 2 [ G ; 2 ) ( / 3 ) - G ! 2 ) ] } . JJ y(xS/%)i/2^ 
p"(xlft) »"(AA) 

p'(xlftfn ,AA0o)3/2 
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< tn<a}J2r. 

It follows that max;<n A ^ - f A / [G\\ft) — Gf>]} < anr
2, for any ft E Br, any r G 

(0.?'o) a n d any n > n0. Therefore, using (3.3.19) we have: 

sup sup Jio(/3,x) < Ca 2 r 2 V V y . - pAAt
 1(yi - m), Vr E (0,r0), Vn > n0. 

P^r ||x|| = l £ £ 

By (3.3.35), it follows that: 

E[sup sup Jl0(8,x)} < Canr
2n, Vr G (0,r0), Vn > n0. (3.3.49) 

PeBr ||x||=i 

Using Cauchy-Schwarz inequality and relations (3.3.48), (3.3.43) and (3.3.49), 

we obtain: 

E[sup sup \U^(ft,x)\] < {E[sup sup J&(ft-A]Y'2 " {E[sup sup J ^ / l x ) ] } 1 ^ 
,seB,. ||x||=i 8eBr ||x||=i /?eBr ||x||=i 

< C{nE[7r2(r)]a2r2A raax(H^dep)}1/2 , 

for any r G (0, r0) any any n > n0. Relation (3.3.31) with s — 6 follows from condition 

(C4). 

Finally, we prove (3.3.32). Let I E { 1 , . . . ,/>} be fixed. Using (3.3.9) with: 

n 

4 = Y.Al/2-^TxjAA)ll2X-i(ftA^A)X-AA 
i-l 

b( = j^AAA^A-A, 
i-l 

we obtain: 

\u^(i,ft,x)\ < [^xjAAy/'XAftAQfAAXAftAMlA) 
i-l 

1/2 

X-i(8AAA)1/2Xix] 
1/2 YJ(yl-pi)

TAl(ft)-\yl-pi 
i-l 

Mft,A/2-MA/2- (3.3.50) 
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For the first term of the product in (3.3.50), we have: 

XA[X-i(ft)A • maxALxtQ^OS)] • max A2^ 
i<n i<n 

,(0 ^ M ^„„A2 \\-1/2A(8)1/2} •hi(ftA < m a x A ^ 
i<n 

• E x ^ X f A . X . x 
i = l 

< CAAlA max A1
2

nax[A-1/2At(,/3)1/2]Amax(H^dep), 
i<n 

where we used (3.3.19) and the definition of qn(r) for the last inequality. By Lemma 

Br, any r G (0, r0) and any n > n0 we have: 

1/2 

< Ar) + 1 < C, 

3.2.1, for any ft E 

[AA2MftyA^ ijj ^'(A3A 

and so maxj<n A
2
]ax[A- ' Aj(ft)1/2] < C, for any ft E Br, any r G (0,r0) and any 

•). Therefore, for any r G (0, r0) and any n > n0, we obtain: n > n0. 

< CE[7r4(r)(?
2(r)]Amax(H;^p). (3.3.51) 

For the second term in product (3.3.50), we have: 

E[sup sup Jn(ft,x)\ 
PeBr ||x||=i 

n 

jl2(ft,x) < ^yt-A
TAA2Al2Ai(ftA,2A),2AA2(y,-A 

i-l 

maXA2
nax[A,(,/3)-1/2Al

1/2] • E ( y , - pAA^A - pt). 
i<n z — ' 

i - l 

< nio,^ „ m a x 

By Lemma 3.2.1, for any 

[Ai(ftA/-2A)%3 

y ft E Br, any r G (0, r0) and any n > n0 we have: 

>(x5A>)' 
"'(4/3) 

1/2 

< 77n(r) + 1 < C, 

and so max,j<n X^^A^ft) i^2Ai' ] < C, for any ft E Br, any r G (0,ro) and any n > 

no- Therefore, sup sup , 
peBr ||x||=l 

obtain: 

n 

Ji2(0A < Cj^iyi - ATA;1(yi - A- Using (3.3.35), we 
i-l 

E[sup sup J\2(ft,x)\ < Cn, Vr E (0,r0), Vn > n0. 
PeBr l|x||=l 

(3.3.52) 
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Using Cauchy-Schwarz inquality and relations (3.3.50), (3.3.51) and (3.3.52), we 

obtain: 

E[sup sup \Un
7)(0,x)\] < {E[sup sup Jn(0.x)]}V2 • {E[swp sup J12{P,x)]}1/2 

PeBr ||x||=i PeBr ||x||=i 8eBr ||x||=l 

< C{nEK4(r)g2(r)]A r aax(H;»dep)}1/2 , 

for any r G (0, r0) and any n > no-

Relation (3.3.32) follows from (C5). • 

3.4 The Strong Consistency Theorem 

In this section prove the existence of a strongly consistent sequence of estimators of 

fto, defined as roots of the equation (2.2.1). 

We introduce the following assumptions: 

(//') there exists a constant C > 0 such that Amin(Rn) > C, Vn > 1, 

(D') A m i n ( H ^ p ) - • oo, 

(S's) there exist an integer AT > 1 and some constants S > 0,C,Q > 0 such that: 

Amin(H^dcp) > c0[Amax(H^dep)]1/2 ", Vn > N, 

Theorem 3.4.1 Suppose that (AH), (K) and ( / / ' ) , hold. Let {3ln(-)}n be a sequence 

of random matrices which satisfy (A), (B), (R'), as well as: 

(E) there exists a constant C > 0 such that Xmax(Xi) < C, Vn> 1, a.s. 

Suppose that conditions (C\)-(C$) are satisfied with an = Amax(H™dcp). If (D') and 

(S'g) hold then there exists a sequence {ftn}n C 7 and a random number no such that: 

(a) P(gn(ftn) = 0, for all n > n0) = 1; 

(b) ftn -> 0o a.s. 
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Proof. We apply Theorem 3.1.1 to the sequence {gn , 3>i}7?>i. by taking an = 

'ViiaxlJ ' in J-

We first prove { g n . ^ l n ^ i is a zero-mean martingale. By definition gn is 3>, -

measurable. We have: 

n 

E(gn) = EE[xrA ' / 2^"-iAr1 / 2(y J-^(/3))] 
1=1 

= EE{E[xrAy2^-_\A:l/2(yJ - AAWIA 

n 

= E E[Xf Al
1/2^-_\Ar1/2E(y? - AftAA] = 0, 

1=1 

where we used the fact that the entries of X-i are JFJ_I - measurable and that 

E(y, - Pi(ft)\?i i) = E(Y l - (1,(0)) = 0 for all i > 1. 

Also, by the same arguments: 

E ( g „ | J _ 1 ) = E [ g n _ 1 + X ^ A y 2 ^ 1 A - 1 / 2 ( y 2 - / i l ( / 3 ) ) | ^ 1 ] 

= gn_x + XIAH^AAA^A - vAWnA 

= gn - l 

Recall that Mn = Cov(gJ . Similarly to (2.3.2), (with X-i in lieu of X-i)> we 

have M n = E r = i X
l A J

1 / 2 E 7 „ 1 A y 2 X „ where E,_] - E(X\R,XA-

We prove that (3.1.1) holds Using (R') and the fact that R4 < m l for all i > 1, 

it follows that 3lA^A-i < Cl for all z > 1, a.s. Hence E, < CI for all z > 1 and 

M n < CH^ndep, Vn > 1. 

Hence AmdX(Mn) < CAmdX(H£dcp). i.e. {«n}n>! satisfies relation (3.1.1). 

We now prove that (I) holds. For any p x l vector x with ||x|| = 1, we have: 

ExTX, rA t
1 / 2ai J--1 iR,^"-1 iA t

1 / 2X,x > minA m i n (R l )minA m i n (^ 2
1 ) 

' * i<n i<n 
i=l 

• x T H ' n d c p x 



3.4. The Strong Consistency Theorem 69 

> C0xTH1
f:'

dcpx, 

using (II1) and (E). Taking the expectation (with respect to Pp0), we conclude that 

x r M „ x > C0xTH^ndepx, i.e. 

M„ > C0H^ ldep, Vn > 1. 

The fact that (/) holds follows from our hypothesis (D1). 

We now prove that (S) holds. Part (n) follows directly from Lemmas 3.3.3, 3.3.4 

and 3.3.6. To prove that parts (i) and (Hi) hold, note that condition (E) and our 

hypothesis (S'5) imply that for any p x 1 vector x with ||x|| = 1: 
n 

x r H„x = E xTKA]/2A-iA]/2XZX > XnAAA) • x rH-'d c px 
1=1 

> C xTH,
r7

ndepx > CA2+5, Vn > N. 

From Lemmas 3.3.3, 3.3.4 and 3.3.6, it follows that, with probability 1, there 

exist some random numbers r\ > 0, n\ > 1 such that 

aA2-dA[Hn(ft) - H n ] x + xT[Bn(,5) + £n(/3)]x| < C/2, V^ G Bri.n> n,. 

Recalling that 3Dn(ft) = H„(/3) — Bn(ft) — E.n(8), we conclude that: 

\xTVn(ft)x\ > | x T H r e x | - | x T [ H n ( / 5 ) - H f , ] x + xr[Bf((/3) + £n(/3)]x| 

> Can
/2+s - CA2+5/2 > 0, for all 0 E Bri, n > m, 

This concludes the proof of parts (i) and (hi) of (S). • 

Remark 3.4.2 The proof of Theorem 3.4.1 can be adapted to apply to the "working 

independence" GEE introduced in Example 2.2.2. More precisely, assume that (H') 

and (K1) hold. Under conditions (D') and (S'd) of Theorem 3.4.1. one can prove that 

there exist a sequence {ftn}„ and a random integer no such that 

^ ( g " d c p ( ^ ) = 0 . V n > n o ) = l and ftn - • ft0 a.s. 

Our set-up covers a more general situation than Theorem 2 of [13]; in our case, neither 

the joint distribution of the data nor the covariance matrices are known. 



Chapter 4 

The Error-in-Variables Model 

In this chapter we introduce a multivariate structural linear error-in-variables model 

which is suitable for longitudinal data. We construct estimators of the regression 

parameters, which correspond to the modified least squares estimators used in the 

univariate case (sec [8]). We show that these estimators are consistent. We prove 

a central limit theorem, which is completely data-based, under the assumption that 

the vector of latent variables belongs to the generalized domain of attraction of the 

normal law. Our results can be viewed as an extension of the results of [27] to include 

the longitudinal case. 

This chapter is organized as follows. In Section 4.1 we state our model assump­

tions and obtain the estimators of the parameters of interest. In Section 4.2 we 

introduce the concept of GDAN and give preliminary results, which will be used in 

the next sections. The main result of this section is Theorem 4.2.4, which states 

that the inner product between a vector in GDAN and a vector whose components 

have moments of order four is in DAN. In Section 4.3 we give conditions under which 

the estimators are either weakly or strongly consistent. The CLTs are presented in 

Section 4.4 and Section 4.5. We remark that throughout the chapter we consider the 

euclidean norm. 

70 
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4.1 Model assumptions and estimators of the pa­

rameters 

4.1.1 The model 

We consider a sample of n individuals, whose responses are recorded, at fixed moments 

of time (which are denoted for simplicity by 1, 2 , . . . , m). For any i E {1 ,2 , . . . ,??} , let 

Yi = (Vii-, • • • -, Vim)T be the collection of m responses supplied by the z-th individual. 

More precisely, y%3 represents the response of the i-th individual at time j . Alterna­

tively, we can think of n as a sample of independent clusters of equal size ni. Within 

each cluster i, the observations (y%i,... ,yim) might be correlated. 

Each response y,3 depends on a covariate £v, which is unobservable (or latent): 

instead of the covariate £ y . one observes a surrogate variable xl3. This happens for 

any individual i E {1,2,... ,n}, and for any occasion j G {1,2, . . . , m } . For any 

i E { 1 , 2 , . . . . n} , we denote by £z = (£ , i , . . . , (im)T the collection of m unobservable 

covariates which correspond to the z-th individual, and by xt = (x7\.... ,xim)T the 

collection of m respective surrogate variables. 

Both variables yl3 and xl3 are observed with errors. More precisely, we consider 

the following error-in-variables model: for any i E { 1 , . . . , n] and j E { 1 , . . . , m} 

yl3 = a + 0ZtJ+slJ, (4.1.1) 

X73 cjjj ~r OJJ , 

where a, ft are unknown parameters (of dimension 1), and el3, Sl3 arc the random error 

terms. For any i E { 1 , . . . , «}, e% = (e%i, • • • • £im)T and 8t = (5%\,.. .. d,m)T represent 

the error random vectors. 

We assume that {^t}i<i<n is a sequence of i.i.d. random vectors with mean 

H = (pi,..., p.m)J', i.e. p3 := EA), for j E {!,..., m} and i E {!,...,n}. We 
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denote for any i E { 1 , . . . n} , and j,k G { 1 , . . . m} 

ae,,3j : = Var(£y)> a n d ai,jk '•= CovA.^k). 

In matrix notation, we write 

^ = (a£ jk)l<j,k<m-

We assume that the eirors {(et, <^)}i<?<n form a sequence of i.i.d. zero-mean 

random vectors, and denote 

Cejfe : = B(£tJezA). as3k := E(8l38lk), cres,jk '•= B(el38lk), 

for any i G { 1 , . . . , n} and j.k E { 1 , . . . , m}. In matrix notation. 

S e :— (o~e,jk)l<],k<m, ^S '•= (°~d,jk)l<j,k<m- "^ed '•— (o~E6,]k)].<j,k<m-

We remark here that when there is no risk of confusion we use a generic notation 

£, S, e to identify random vectors which have the same distributions as £l5 5% and e, 

respectively, i < n. 

4.1.2 Estimation 

We are interested in the estimation of a and ft. To obtain consistent estimators for 

a and ft, we assume that the diagonal elements of Ee<$ and £<$ are known. 

For any i < n,j < m, we have: 

E(xl3) = E(A + E(5l3)^p3, 

E(ytJ) = a + 0E(£%J) + E(e,J) = a + 0t,3, 

V-&r(xl3) = Var A) + Yax(5l3) = a^.33 + as „ , 

Var(yy) = ft2 Var (£,_,) + Var(etJ) = 02at33 + a£J3, 

Cov(xu , yl3) = ftVA&j) + Cov(eu , 5y) = tfcr^j + a£d.33 • 
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Using the method of moments (see also [8], Section 1.3.1), we obtain the following 

system of equations, for any j E { 1 , . . . , m}: 

1 n 

1 = 1 

a 
n 

i=i 
n 

1 . 
atjJ + aS,31 

1=1 

1 n 

— 1 
Aftp3 = -^yl3:=yv (4.1.3) 

i=i 

= iflA-A2^ (4.1-4) 
1=1 

1 n 

J^AJJ + AJ = -^2(vv-y3)
2' (4-1-5) 

1 = 1 

- 1 n 

ftd^33 + aeS,33 = -J2A ^AA~Vj)- (4-1.6) 
1=1 

By taking the sum of the m equations in (4.1.2) and (4.1.3), we obtain an esti­

mator of a: 

an=lj-0nx, (4-1.7) 

where 
1 n m 1 n m 

i = i j = i 1=1 j = i 

It is useful to develop a vector notation. Let 

w n _. n 

x = ~ E x ' and y = _y!y«. 
n *-^ n /L^ 

1=1 1=1 

be the sample mean of ( x i , . . . , x n ) , respectively ( y i , . . . ,y„). Note that x is an 

m-dimensional random vector whose components are x3,1 < j < m. Similarly, 
y = (Vi, • • - ,ymV'• 

By taking the sum of the m equations in (4.1.4) and (4.1.6), we obtain 

n _ E I U K * . - X ) T ( ^ - y) - t race(S^)] 
Er=i[ll^-xll2-trace(S<5)] ' ^ ' ^ 

where trace(X£<5) = YA=i aeS-33 a n d trace(E,j) = YA=ias.33- The estimator ftn is 

obtained under the additional assumption EI"=I[IIXJ — x||2 — trace(£<5)] > 0. We 
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remark that a similar assumption is required in the univariate case to obtain the 

modified least square estimators (see [8]). 

Remark 4.1.1 The errors could be taken to be independent, as this is the case which 

is more often encountered in the literature. The fact that we allow for some degree 

of correlation of the errors, makes the model more general, but all the results could 

also be carried out in the case when E£(s = 0 m x m . 

Remark 4.1.2 It is known that the error-in-variables models are, in general, not 

identifiable and therefore, it becomes impossible to consistently estimate the pa­

rameters from data. In a multivariate context, the assumption that S5 is known 

(Se,5 = 0 m x m ) is needed to guarantee identifiability of the model (see [19]). In the 

univariate case (i.e. m = 1), the same assumption is used to construct the modified 

least squares estimators of a and ft (see [8]). 

The information regarding the diagonal of the covariance matrix of the error d 

might be available from previous studies or, if additional replications are available, 

trace(Sa) might be estimated. In the latter case, two or more replications are needed, 

at each occasion, for each individual. 

Assume two replications are available, x^, with r = 1, 2 (the r-th replication 

taken on individual i, at time j): 

4] = ̂  + e, 
x S 2 > = * 1 + *t

(2)-

Then a consistent estimator of trace(S^) is 

— ^ - E l K x ^ - x W ) - ^ 2 ) - ^ ) ) ^ 
^ ' x = l 

I n 

where xW = — V x , - . for r = 1, 2. 
n L - ' l ' 
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Remark 4.1.3 A different estimator of ft can be obtained using (4.1.5) and (4.1.6), 

when the diagonal elements of Ee<5 and E e (instead of Ej) are assumed to be known. 

Its form is similar to (4.1.8) and the asymptotic results are similar to those derived 

in this chapter. 

Remark 4.1.4 The error-in-variables model with replications is a particular case of 

model (4.1.1), obtained when t;^ = £,2 = . .. = £ im. More precisely, if we consider the 

model: 

yl3 = a + ft^ + Etj, 

xi3 C,i ~ r 0%3 , 

using the same method, the estimators of cv and 0 have the same form as in (4.1.7) 

and (4.1.8), respectively. 

The goal is to evaluate the asymptotic properties of the estimators defined by 

(4.1.7) and (4.1.8). This purpose requires the introduction of additional model as­

sumptions as follows. 

The distribution of £x is assumed to be full, i.e. for each m-dimensional vector 

of norm 1, u, the random variable uT£L is not a constant, almost surely. This is a 

standard assumption in the context of generalized domain of attraction and allows us 

to use results obtained in [26] and [17]. It also guarantees that E^ > 0 whenever the 

components of £x have finite variance. 

Recall that ^ — fi has a symmetric distribution if its distribution is equal to the 

distribution of — (£x — fi). 

Our model assumptions are the following: 

(Al) £x lies in the generalized domain of attraction of the normal law (GDAN), 

£x — /x has a symmetric distribution, whenever the matrix E^ has at 

least one element on the diagonal which is oo 
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(A2) E(el3) = 0, E(Sl3) = 0, E(e\y) < oo, E(8\3) < oo with 1 < j < m, 

and Ee r r o r := | | is positive definite 

(A3) (€j)i<i<n and {(et,6l)}i<i<n are independent. 

We note that assumptions (A\) — (A3) are the multidimensional versions of the 

assumptions used in [27]. 

We mention that, as in [27], our proofs cover two distinct cases: the case when 

all the components of the covariance matrix of the latent vector arc finite, and the 

case when at least one of these components is infinite. 

4.2 Preliminary results for GDAN 

In this section we present the concept of the generalized domain of attraction of the 

normal law (GDAN), introduced in [20]. For additional properties, see [26] or [34]. 

We begin with a definition. 

Definition 4.2.1 Let £ be an rn-dimensional random vector. We say that £ belongs 

to the generalized domain of attraction of the normal law (and we write £ E GDAN) 

if there exists a sequence (Bn)n>i of non-stochastic rn x m matrices and a sequence 

(An)n>iof non-stochastic m-dimensional vectors, such that: 

B J E ^ - A J ^^((U), (4.2.1) 

where (£;)i<z<n is a sequence of i.i.d. random vectors with the same distribution as 

Remark 4.2.2 (i) If m = 1, the above definition coincides with the definition of 

the domain of attraction of the normal law (DAN). It is known that £ G GDAN 

implies that each component ^ G DAN, for j < m. In general, the converse of 
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this statement is not true. However. Remark (ii) of [26] points out that in the case 

when £ has a spherically symmetric distiibution, the condition £ G GDAN becomes 

equivalent with the condition that each ^ G DAN. for j < m (or to ||£|| G DAN). 

(ii) If | = (&,....U)T € GDAN, then E(||£| | r) < oo, for 0 < r < 2 (in 

particular, p3 = E (^ ) < oo, for all j < m) and the sequence (An)n>x can be taken 

as An = n/x, where fi = E(£) (see also Remark (ii), p. 193 in [26]). 

Note that, if $, E GDAN, since E(||£||) < oo, the condition Var(||£||) < oo is equiva­

lent to E(||£||2) < oo (or E( |^ | 2 ) < oc. for all j < m). 

(hi) If Var(||£||) < oo. the condition that the distribution of £ is full is equivalent 

to E^ > 0. 

(iv) If Var(||^||) < oo, by the classical CLT, the sequence (Bn)n>i of (4.2.1) can 

be taken to be B„ = s/n E^ ' . 

(v) The matrices Bn can be taken to be nonsingular and symmetric. For a 

complete discussion, see Remark (ii) in [26]. 

The next result is a consequence of Remarks (ii) and (hi), p. 193-194 in [26]. 

Lemma 4.2.3 If £ E GDAN and E(£) = ^, then ||£ - /A|| G DAN, 

^ ( E l l ^ - ^ l l - ^ ) -^^(0,1). and^=lll^~m A l . (4.2.2) 

where (£i)i<»<n are i.i.d copies of £, b2 = trace(B~2) ; and (B„)„>i is a sequence of 

matrices for which (4.2.1) holds. 

The following theorem is an essential tool for the development of our asjanptotic 

results. The result is important in its own right since it provides sufficient conditions 

for the inner product between a random vector in GDAN and a random vector with 

finite fourth order moments to be in the domain of attraction of the normal law. The 

case of rn = 1 was fully resolved under more general conditions in [25] (see Theorem 

D.1.6). In the case of infinite variance, we assume that £ — [i has a symmetric full 
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distribution, as we rely on Theorem D.2.5 (see Theorem 3.4 in [16]). We use the 

method of the proof of Lemma 4 in [27], adapted to a multivariate setting. 

Theorem 4.2.4 Let £ = (£i, • • •. £,m)T G GDAN be an m-dimensional random vector 

with a full distribution. //Var(||£|[) = oo we assume, in addition, that the distribution 

of £, — ii is symmetric. 

Let e be an m-dimensional random vector, such that E(e) — 0 and E(|ej|4) < oo, 

for all j < m. Assume that E £ > 0, where E £ is the covariance matrix of e. If £ and 

e are independent, then, 

in 

.7 = 1 

Proof. Case 1. Assume Var(||£||) < oo. 
Since £ is independent of e and E(e) = 0, 

Var(£Te) = E[(£Te)2] = E[ t race(^ T ee T ) ] = t race(E c E £ ) . 

Hence, Var(^Te) < oo. since the covariance matrix Eg has only finite entries in this 

case. 

Since £ is full, Eg > 0 and so, using the fact that E £ > 0, we obtain that 

S j / 2 E £ E * / 2 > 0. Therefore, trace(EgE£) = trace (S j / 2 E £ E* / 2 ) > 0 and so Var(£ re) > 

0. The conclusion follows by applying the CLT. 

Case 2. Assume that Var(||£||) = oo (at least one component of £ has infinite 

variance). In this case, we assume in addition that £ — /x has a symmetric distribution. 

Let {£t}i<j<n and {£,}i<,<n be i.i.d copies of £ and e, respectively. We denote 

£» = fell • • • ; dm) and £z — (cj1 ; • • • , Eim) • 

(a) Assume that E £ = I. First, we consider the case when E(£) = 0. 

Since £ G GDAN, there exist a sequence of symmetric and non-singular non-

stochastic matrices B n such that B n ^ " = 1 ^ —> N(0,I). Denote b2
n :— trace[(Bn)~"2] 

and note that b2 —>• oo. To show that £Te E DAN , by Remark D.1.4, it suffices to 
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prove that 

K 2 ^ 
r_ \2 P, 1. (4.2.3) 

i = i 

We have bn
2 £ " = 1 (£ , £*)2 = 7n,i7n,2, where: 

n (tT* \2 

7n,i := 
E:LI ere 

and jn,2 '•= 
1^,1=1 S i S 

bl 

By Lemma 4.2.3, 7^2 —> 1. 

In what follows we show that 7n>i —>• 1. Let e > 0 be fixed. Using Chebychev's 

inequality, we have the following: 

2" 

P ( h , u - 1| > e) < e"2E y, g(eA ~ l)t 
t KLice 

= e~2(h + I2), (4.2.4) 

w /•here: 

h 

h 

E 

E 

£ 
L^ii=l S i S I 

^ g(£A - I&fffoef - 1)6 

We treat I\ first. Let C„ := Y^=i s^Cf which can be assumed by Lemma D.2.4 to be 

non-singular. By Theorem A. 1.3, we have the following evaluation: 

ItiXeA - i)Ci]2 < xm^(Zig)^A(£A -1)2]^ 
< t r a c e ^ f )Amax[(£ lef - I ) 2 ] ^ i 

= Amax[(£le[-I)2](Cfei)2 

< U 1 K - l)a]ALx(CB)(tfC"1^)2. 

By Remark A . l . l l , 

n n n n 

Amax(cn) = Araax(Ee4er) < E w « D ^ E t r a c e ( ^ ) = E ^ -
1=1 1=1 1=1 
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Using the independence between £ and e we obtain that 

nE a (SA - mi 
2-^11 = 1 S t S; 

< nE(Xm^[(£A -l)2])E[(iTiC-A)2]-

Using Remark A. 1.9, Remark A. 1.10, the fact that E(e^) < oo, for all j < m and the 

Cauchy-Schwarz inequality, we obtain 

E{Amax[(£lef - I)2]} = E( | | £ l £ f - I | | 2 )< Y^nAzik-A?] 
3,k=i 

m rn 

< EE(4£u)<EEH)<^ 
3,k=l 3 = 1 

Here we let 83k = 1, if j = k and 63k = 0. if j ^ k 

Hence, 

By Theorem D.2.5, since £ G GDAN, it follows that n E ^ C " 1 ^ ) 2 ] •0. 

Ii—>0, as n —> oo. (4.2.5) 

We now treat I2. Using the fact that (£A,<V and (ej),^,, are identical distributed, 

the independence between (£1,^2) and (£1,62) and the independence between £] and 

£2, we obtain: 

reAA-VZiZlAel-i)^ 
I2 = ( n 2 - n ) E 

" CT£ ^2 
yzAzA 

= (n2 - n) E E(£ij£ifc - 53k)E(e2le2p - 8,p)E 
j,k.lp=l 

= 0, 

since, E(£i£f) = I. Note that by Cauchy-Schwarz inequality: 

Zij^ik&i&p 

UEr=isfe,)2J 
(4.2.6) 

E 
£,lj£,lk£,2l£,2p 

UEILisfsJ2 < (E 6, 

E 

(Yn , ||£ ||2)l/2 

£2/ 

(Tn , ll£ ll2)1/2 

E s"lfc 
1 4 

(ElLi iie,n2)1/2 

6? 
iv™ iif 112) 

. v Z ^ t = i l lsii i ; 

1/2 

1/4 
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< I-

P 

From (4.2.4), (4.2.5) and (4.2.6), it follows that jn.i —> 1- This concludes the proof 

of (4.2.3), when E(£) = 0. 

Now, consider the case when E(£) = fx. Since £ G GDAN , it follows that 

(£ — fx) E GDAN and E(£ — fi) = 0. Hence, by applying the first part of the proof, 

we obtain (£ — /x)T£ G DAN. We write: 

£T£ = (£ - /x)T£ + /xT£, 

and note that 0 < Var(/xT£) < oo. Hence, by CLT. /x r£ G DAN and since E((£ — 

lx)T£ • Ae) < °°; w e apply Lemma D.1.9 to obtain £ r £ G DAN . 

(b) Assume E e is a positive definite covariance matrix. It follows that e' := 

E £
 1/2£ is such that E(e') - 0 and E[£'(£')T] = 1. If £ G GDAN , there exist a 

sequence of matrices Bn such that B n ( ^ " = 1 £ 4 — np) —> N(0,I). It follows that 

£' := E £
1 / 2£ G GDAN , with B;, := B„E £ ~ 1 / 2 as the sequence of normalizing 

matrices. We apply part (a) of the proof and obtain (£')2 e' = £ r £ G DAN. • 

Lemma 4.2.5 Assume that £ G GDAN, E(£) = 0 and Bn Y2=i L ^ N(0.I), 

where (£)i<i<n are i.i.d copies of £. Let E be a positive definite matrix and de­

note £' = E 1 / 2 £. Then £' G GDAN, and B ^ " = 1 £ ; A N(0,1), where B'n = 

( E - ^ B ^ X E - 1 / 2 ) 1 / 2 . 

Proof. We denote by C n := B n E - ] / 2 and so C„ J2A £ A N(0,I). We apply 

Lemma D.2.1 to conclude that: 

(C[C/^;AJV(O,I).D 
1=1 

The next result gives the rate of convergence for the trace of the sequence (B„)n>i 

of normalizing matrices. It will be used frequently in the proofs of the main results. 
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L e m m a 4.2.6 Let £ G GDAN, E(£) = /x and (Bn)„>i be a sequence for which 

(4.2.1) holds, with An = nix. 

(a) (i) //VarfllSII) < oo, ^ A ) = Va r ( | | « - „ | | ) ' ^ " " ' " 2 L 

<">ffV"«<«>-"'tdfB?T0" 
trace(B r i

2) 
(6) 0 -> 0, as n -» oo. 

n J 

n iV(0,l), Proof. By Lemma 4.2.3, ||£ - tx|| G ZMN and — j E 116 ~ A*II - «n ) 

where (£JZ<„ are i.i.d copies of £ and on = nE(||£j — A*ll)-

(i) If Var(||£||) < oo. it follows that a2 := Var(||£ - /x||) < oo. Then b2
n = no2 

A
 n l

 A
 hl «2

 n and so -— = —- and —- = > 0. 
bn a- nl n 

(ii) If Var(||£||) = oo, then Var(||£ — /x\\) = oo and 62 = nl2(n), where l(n) is a 
n 1 b2 l2(n) 

slowly varying function at infinity. Hence — = 777-7- -> 0 and -— = > 0. • 
\r i2(n) n1 n 

4.3 Consistency 

In this section, we examine the consistency property of our estimators, which is 

relatively straight-forward. Lemma 4.3.2 shows that in the case when all components 

of £ have finite variance, the estimators given by (4.1.7) and (4.1.8) are strongly 

consistent. The assumptions required for weak consistency are slightly weaker than 

the assumptions (AV) — (A3), which are required for the CLTs proved in the next 

sections. More precisely, here we replace (Al) by 

(yll') £x G GDAN. 

T h e o r e m 4.3.1 Assume that (AV) and (A3) are satisfied. Then, the estimators 

0n and an, given by (4.1.8) and (4.1.7) are weakly consistent, i.e. ftn —> ft and 
~ p 
an —> a. 
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Proof. Let bn = trace(B~2), where (B„)n>i is a sequence of normalizing matrices for 

which (4.2.1) holds, with An = nfx. From (4.1.8), the consistency of ftn follows once 

we proved that: 

Er=i [A - x)T(y* - y) " trace(E£(S)] P > 

Er==1[IN-x||2-trace(E5)] P 
(4.3.2) 

b2 

n 

-i n 1 n 1 n 

We denote 5 = — V ^ 8l,e = — y £»,£ = — 7 £;. Note that 8 is an /n-dimensional 
n -̂ —' n z—' n ^—^ 

i=l i = l i = l 
1 n 

random vector with components 83 = — }> 8\3, where j < rn. 
i.= \ 

Writing Xj and y» in terms of £t, £, and 5t we obtain: 

J2A [A - x f (y, - y) - trace(E£ ,)] _ ^ = 1 | | & - £||2 

+ft 

hi _ bn 

Er=i(6-oT(^-^), Er=i(c-£)T(^-^) 

and 

b\ b\ 

Er=i [(* - ^)T(£» ~ g) ~ trace(S£,)] 

K 
:=0h + 0T2+h + h, 
EILi [IN - x f - t r a c e d ) ] ^ = 1 116 " s T 

, o E ^ i ( 6 - | ) r ( ^ - ^ ) , E ; U O i ^ ^ ^ l l 2 - t r a c e ( S g ) ] 
+ bl + bl 

:= J1 + 2/2 + /5. 

Note that: 

, EIU 116 - Ml 
1l — 71 

W | | € - / J | 

62 62 

where the first term converges to 1 in probability, by Lemma 4.2.3, and the second 

term converges to 0 in probability, by the weak law of large numbers (WLLN) and 
P 

Lemma 4.2.6. Hence, I\ —y 1. 
1 " -

By WLLN. — V^ ||<5j — 8\\2 —>• trace(E^), and using Lemma 4.2.6, it follows 
n t—*1 

i=l 
P P 

that /s —y 0. Similarly, 74 —y 0. 
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Since (6X<n and (8Ai<n are independent, by WLLN, we obtain: 

E;Li(6-£) r(^-^) P, 
o. 

n 
p P 

This, together with Lemma 4.2.6, implies that I2 —y 0. Similarly, 1$ —y 0. Hence, 
(4.3.1) and (4.3.2) hold and therefore 0n A ft. 

= P t v;—> = p 1 ^—^ ^ p 
By WLLN, we have x —y — /Pi and y —y a + ft— > p^. Since /3n —» 8, 

in ±——* rn *-—' m *—' rn 
3=1 J = l 

we obtain an = y — ftnx —y a. • 

Lemma 4.3.2 7/Var(||£||) < 00, then an and ftn are strongly consistent, i.e. ftn 

ft and an —-A a. 

Proof. The proof follows by applying the strong law of large numbers (SLLN). 

First, we consider the denominator and write: 

-. n 1 n 

- E N - x||2 = - E IN - Mil2 - llx - /x||2 := Tx - T2, 
i=\ i=l 

By SLLN, we have: 

x AAA,, n a n c j hence ||x — /x||2 -^> 0, or T2 -^y 0. 

Also, 

-. n m m 

- E A ~ Mil2 ^ E(||Xl - /x||2) = E E ( K - M,)2] = E Va r(xu)' 
J = l J = l J = l 

and so Ti —4 trace(E^) + trace(E<j). Hence, the denominator of ftn converges to 

trace(E^), a.s. 

We consider the numerator and write 

- . r e .j n 

-E(x*-*0T(yi-y) = -E(xi-M) r[y*-(<* + /?M)] 
1 = 1 2 = 1 



4.4. Central Limit Theorems 85 

- (x-(x)T[y-(a + ftn)] 

:= 61 — S2. 

By SLLN, 

x —-y n and y -^4 a + ftn, and so S2 —-> 0. 

We appfy SLLN again to obtain 

i E N - M)T[y, - ( a + 0M)] ^ E{(X l - /x) r [ Y l - ( a + /3/x)]} 
i = l 

= trace{E{(x! — £t)[yi — ( a + ,#/x)]'7 }} = trace[Cov(x!,yi)] 

= /?trace(E€) + trace(E£(5), 

and so Si -^4 /3trace(E^) 4- trace(E£(j). Hence, the nominator of ftn converges to 

/3trace(E^), a.s. 

We conclude that the estimator ftn. given by (4.1.8) is a.s. consistent. 

Bv SLLN, we have x -—y — > u3 and y —y a _|_ p— > V , - . Since ft„ is a.s. 
m z—' m ^—' 

j = i j = i 

consistent, it follows that the estimator av, given by (4.1.7) is also a.s. consistent. • 

4.4 Central Limit Theorems 

In this section wre state and prove CLTs for our estimators. The CLT requires more 

work and we divide the demonstration into several steps. First, we consider the case 

a = 0 and obtain CLTs for the estimator of ft (Theorem 4.4.2 and Theorem 4.4.3). 

Next, we remove the condition a = 0 and prove a CLT for ftn (Theorem 4.4.5) and a 

CLT for an (Theorem 4.4.9). 

4.4.1 CLTs in the case a = 0 

When a = 0, the estimator of ft has the following form 

S) EIli[xry,-trace(E,£)] 
/ r e E I L J I W I 2 - t r a c e d ) ] " l J 
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It follows that: 

E E I W I 2 - t r a c e d ) ] 
i = i 

(&-0) = Y,ul:=nu, (4.4.2) 
1=1 

where 

u% — xjyi — trace(E(5£) - ^[| |x l | |
2 - trace(E5)], 1 < i < n. (4.4.3) 

In terms of £,, e,, 8l, we obtain, for 1 < i < n 

u% = £f e, - 0g6, + 8^£z - trace(E£<5) - 0{\\8, ||2 - trace(E*)]. 

Our goal is to prove that U\ E DAN, which by (4.4.2) and Lemma D.1.7 gives a CLT 

for the estimator of 0. 

We first present the general idea of the proof. By Theorem 4.2.4. the first two 

terms of u\_ are in DAN. The remaining terms are clearly also in DAN. Then, the fact 

that ni E DAN follows by Lemma D.1.9. 

To obtain CLTs in the case when a is arbitrary, we need a general result. We 

write, for 1 < i < n 

ui = brCY (4.4.4) 

where b = (1, -ft, 0 ,0 ,1 , -ft) E R6 and 

sT£*. s f^ , — E e'J> ~~ E S*]>STe* - trace(E£(J), rn z—' m L—' 
3 = \- J = l 

||<5t||
2 — trace(S t f) J . (4.4.5) 

Note that ut are i.i.d. random variables and that E(£7) = 0, for any * < n. 

Let 

( 1 rn ^ rn 

( 6 - M ) r ^ , ( 6 - M)T<^, — E £ ^ ' — E S v ' * C e * ~ trace(E e 5) , 
J=I J=I 

\ T 

|2 5 t | |
2 - t r a c e ( E 5 ) . (4.4.6) 
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Note that this result is a generalization of Lemma 6, in [27] to the case when 

£ G GDAN. 

Lemma 4.4.1 Assume that conditions (AV), (A2) and (A3) are satisfied. 

Letb E M6 and(,t be given by (4.4.5). / / |6 i | + |62| = 0, assume thatVar(brCl) > 0. 

Then, 

(a) b T <! G DAN and (b) bTCi G DAN. 

In particular, u\ E DAN, where u\ is defined by (4.4.3). 

Proof, (a) Since in this proof there is no risk of confusion, we suppress the index i 

of the random vectors £,, £j, £, and 8%. 

We write b r £ = £r(fri£ 4- b28) + / b ( e , 8), where 

Me, S) = h ( ~ E £J ) + 64 ( ^ E SJ ) + b'» ̂ £ ~ tra^e(Ee,)] 

4- 66[||<5||2 - trace(E<5)]. 

Case 1. |&i| + |62| = 0- % assumption (A2), 0 < Var(b rC) = Vax(/b(e,<J)) < 00, 

since /b(£, 8) is a function containing powers of maximum order 2 of £ and 8. Hence, 

we apply the CLT and obtain b T £ G DAN. 

Case 2. \bi\ + \b2\ > 0. 

I. Assume Var(||£||) < 00. Then, Var(bTC) < 00 and if Var(b r
s ' ) > 0, we apply 

the CLT to reach the conclusion. 

Assume, by contradiction, that Var(b r
s") = 0- Then, b r £ = C a.s., where C is 

a constant. Since E(b3's") = 0, it follows that C = 0, (i.e. hTC, = 0 a.s.). 

Now 0 — E f b ^ l e , 8] — E[£T(&1£4-&2<5) + /b(e- 8)\£, 8] a.s. Since £ is independent 

of (E,5) and the other terms and factors are (£,8)- measurable functions, we have 

liT(bi£ 4- b28) + / b ( e . 8) = 0 a.s., so (£ - ix)T(bi£ + b28) = 0 a.s. 

Using (A3), Var[(£ - ix)T(h£ + b28)] = trace[E^Vb(£, 8)], where Vb(e,5) := 

Var(6!£ + b28) = 62E£ + hb2i:£S + h b ^ + b2Hd. Note that, by (.42), V b ( e , 8) > 0 
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which together with Remark 4.2.2, (hi) implies that Var[(£ — ix)T(bi£ + b28)] > 0. 

We reached a contradiction and therefore, Vai^b1^) > 0. 

II. Assume Var(||£||) = oo. By Theorem 4.2.4 we have £ T ( M 4- b28) E DAN. 

Since /b(£,<5) G DAN, we apply Lemma D.1.9 to obtain hr£ G DAN, provided we 

checked two conditions: 

(i) E[£T(6 l £ 4- b28)fh(e,8)] < oo and 

(ii) Var(bTC) > 0. Denote V c = E(££ r ) . We have: 

Var(bTC) - Var[£T(6T£ 4- b28)] 4- Var[/b(e, 8)] 4- 2Cov[£T(61£ 4- b28), / b ( e . 8)] 

= trace[V^Vb(£, 8)} 4- Var[/b(e, 8)} + 2ri
TE{(bl£ 4- b28)fh(e, 8)] 

= oo, 

since the last two terms are finite and, by Lemma A. 1.17, 

r ,r , r / c-w t r a c e ( V * ) 
trace[V$Vb(£,5) > \ V = co. 

trace[Vb (£,d)J 

(b) Since £ G GDAN is equivalent to £ - / x G GDAN, we apply part (a) to £' = £ -£* 

to obtain the conclusion. • 

Using Lemma 4.4.1 and the self-normalized and Studentized versions of the clas­

sical CLT (Lemma D.1.7), we obtain the following CLTs for ftn, when a = 0. 

T h e o r e m 4.4.2 Assume that (Al), (A2) and (A3) hold and a = 0. 

Let ft'n be the estimator given by (4.4.1). Then, as n —y oo, we have: 

. , ^Er=i[II^H2-trace(E,)](a-/3) „ 
(a) = = = y iV(0,1), 

\/^riEr=i(^-«)2 

Vz2i=i < 

I
 n 

where u, is given by (4.4.3) and u — — \^ u%-n 
1=1 
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Proof. By (4.4.4) and Lemma 4.4.1, m G DAN. Note that E(ux) = 0. Hence, 

^ ^N(o,iy 
nhZlM-u)2 

E n 
i=l ui D 

VEILi u2 N(0,1), 

by Lemma D.1.7. The conclusion follows using (4.4.2). • 

The next result shows that Theorem 4.4.2 continues to hold if we replace ft by 

ft'n in the definition of w,-. Its proof is omitted, as it is similar to the proof of Theorem 

4.5.1 (below). 

Theorem 4.4.3 Assume that (AV), (A2) and (A3) hold and a = 0. 

Let ft'n be the estimator given by (4.4.1). Then, as n —y oo, we have: 

Er=1[||xI||
2-trace(E(5)](^-/3) _^ ^ ^ 

\/EILi^(n)2 

where Ui(n) = xfy, - trace(E£(5) - /3n[||xi||2 - trace(E^)]. 

4.4.2 CLTs in the case of a arbitrary 

We write: 
n n 

E [IN - x||2 - tracers,)] (ftn -ft) = J2 u » > (4A7) 
i=l i=l 

with 

Ui(n) = (Xi - x ) r (y i - y) - trace(Ed £) - ft[\\xi - x||2 - trace(Ea)]. (4.4.8) 

Note that v,i(n) depends on n and ft. 

Relation (4.4.8) is of crucial importance and lies at the core of our developments. 

The goal is to obtain CLTs for the right hand side of (4.4.7), which will give a CLT 

for ftn. 
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We express u,(n) in terms of £l5 £z and 8,, for every 1 < i < n. 

ui(n) = (^-W(^-e)-ft(^-DT(8l-8) + (8l-'8)T(ei - e) - trace(E£(5) 

- ,3[ | |^-5 | |2- trace(E ( 5)] 

Note that 

ut(n) = dTrit(n). (4.4.9) 

where d = (0, 0 ,1. -0)T and 

— E ^ ' J - « , — E X ' J ' N - x ) r ( y i - y ) - trace(E£<5). 
j = i j = i 

\ T 

|2 ||xi - x||2 - trace(E«) (4.4.10) 

( ., m ^ rn -. rn -. m 

J = l .7=1 J = l J = l 

/3II6 - £ll2 + ( 6 - £ ) T ( ^ - w) + /3(6 - £ ) T ( ^ - 3) 

+(8i - 8)T(£7 - £") - trace(Ee<5), 

116 - £||2 4- ||<5, - 8\\2 A 2(£t - £)T(<5? -8)- trace(E<5) J . 

The first two components in the definition of riz(n) are introduced artificially at this 

point, but they will be used in the proofs of the asymptotic propeities of the estimator 

an. 

The idea is to replace £2 — £ by £z — ii in the expression of ut(n). i.e. to obtain 

an expression for ux(n) which contains an inner product of the form e r £ ' (for some 

e G K6), plus a remainder term. Then, we use the fact that eT£i G DAN. which was 

shown in Lemma 4.4.1, (b), and show that the normalized remainder term converges 

toO. 

For a sake of a generalization needed in the sequel, we consider d G R4 such that 

ftd\ 4- d2 = 0 and ftdj + d4 = 0. We have the following decomposition: 

dTr,t(n) = e i [ ( | i - A t f e t - £ f ( £ - / x ) - £ T ( £ l - / x ) 4 - £ T ( £ - / x ) ] 



4.4. Central Limit Theorems 91 

4- e2[(£, - ix)T8% - <^(£ -ix)-82 (£t - /x) + 81 (£ - /i)] 
- m 1 ?7i 

4- e3— E e u + e4— E ^ + p5[^Te» - <5f £ -8 e, + 8 e - trace(E£(5)] 
171 j=i m

 3=i 

+ e6[||(5,||2-2(5;r5 4 - p | | 2 - t r a c e ( E d ) ] , (4.4.11) 

with 

e = (d3. ftd3 A 2d4. di, d2) rf3, J 4 ) r - (4.4.12) 

Therefore, for any d G K4 which satisfies ftdi + d2 = 0 and ftd3 4- <i4 = 0, we have the 

decomposition: 

dTrJ%(n) = eT£ + Rl(n), (4.4.13) 

where £[ is given by (4.4.6) and 

R%(n) := e i [ - £ f ( £ - / x ) - £ r ( £ ? - / x ) 4 - £ T ( £ - ^ ) ] 

4- e2l-8l(i-tx)-8T(Zl-n)+8T(t-ix)] 

+ e5(-8% £ - 8 £t + 8 E) 

4- eb(-28'r~8 +\\8\\2)-

In particular, (4.4.13) holds for d = (0. 0,1, — 8)T, in which case (4.4.13) gives a 

representation of ut(n), defmied by (4.4.8). 

The next result contains the Studentized and self-normalized forms of the CLT 

for the sequence {dTrjl(n)}l<n, (and in particular, for {n,(n)}z<n). 

Lernrna 4.4.4 Assume that conditions (.41). (A2) and (A3) are satisfied. 

Let d G R4, which satisfies 8di+d2 = 0, ftd^ + d^ = 0, and e be given by (4.4.12). 

If | e i | 4- |e2 | = 0, assume that Var(eT£') > 0, where (,[ is given by (4.4.6). Then, as 

n —>• oo: 

(a) V^*T^) J ^ jV(0.1); 

7TlE := i [d r (*7>) -77(n ) ) ] 2 
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_ n d ^ ( n ) = = A 

VEI=i(d^(n))2 

I n i n 

where'^(n) is given by (4.4.10), dTT](n) = — NJdT /7 , (n) and rj(n) = — /]r]t(n). 
1=1 1=1 

i n 

Proof. By (4.4.13), it follows that dTr?(n) = e r C' + R(n), where e r C' = - E ^ ' 

I n 

R(n) = — 2_) Lii(n) and therefore: 

n 

n dTr](n) 
hAl2-

^Er=JdT(^H-r/(n))]2 

where: 

V^e^C' 

h:= 

^TEr=i[dT(^H-l(n))]2 

y/n R(n) 

xJ^EU^lA^-W))]2' 
We write: 

h VnerC EILJ^C-OF 
=iEr=i[e T(C - C')]2 N E.=itdT( r '«(n) ~ ^(n))]2 ' 

n R(n) 

v^iEr=i[er(c:-o]2 N E:=i[dr(^w - r ^ r 
Er=jeT(c;-o]2 

w 
— 1 

/•here C' = — / C[- We prove that, as n —» oo: 
n /—' 

i=i 

n i?(n) 

^E:=i[er(c;-o] 
Er=i[dr(^H-^7(n))]2

 P ; i 

Er=i[er(c;-C)]2 

(4.4.14) 

(4.4.15) 
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By Lemma 4.4.1. (b) with b = e, eTQ 6 DAN and so: 

^ ^ Dviv(o.i ; 

v^E;u[eT'(c;-o]2 

V This result and (4.4.15) imply Ix —y N(0,1), by Slutsky's Theorem. Furthermore, 

from (4.4.14) and (4.4.15), we obtain I2 —y 0. Therefore, the convergence in (a) 

would follow by applying Slutsky's Theorem. 
_ _ 1 n 

Recall that 8 — (8X,..., 8m)T', where 83 = — V J 8l3, 1 < j < m. Note that: 
? = i 

Rip) = e1[-(£-Axr£]4e2[-(£-^)T5] 

4- e 5 ( -5 T £)4 -e 6 ( - | | 5 | | 2 ) . (4.4.16) 

To prove (4.4.14), we consider two cases. 

Case 1. Assume Var(||£||) < oo or \ex\ 4- |e2| 

In this case, we first prove: 

p V ^ f l ( n ) A 0 . (4.4.17) 

For each 1 < j < rn, by applying the CLT, we obtain y/nS3 = Op(V) and so \fh~5 = 

op(V). Hence, ,̂/rTH«5||2 = op(V). Similarly, we have A/n||£||2 = op(V). By Cauchy-

Schwarz inequality, n\8 f|2 < n||£||2-1|<5||2 and therefore, we obtain y/n\6 £~| — op(l) . 

Using the same arguments as above, y /n|(£ —/x)r£"| = op(l) and y/h~\(£ — ix)'r8\ = 

oP(l), so (4.4.17) follows. 

To prove (4.4.14) in this case, we write: 

y/nR(n) y/nR(n) / Var(eTC') 

1̂ Er=JeT(Cl " OP V^WO \/ ^ ZU^iC - C)]2' 

By WLLN (see also (4.4.24), with b = e and £, replaced by £,); the second factor of 

the product converges in probability to 1. Since 0 < Var(e r£') < oo, (4.4.17) implies 

(4.4.14). 

Case 2. Assume that Var(||£||) = oo and |ex | 4- |e- |̂ > 0. 

file:///fh~5
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Let (B„)„>i be a sequence of (nonsingular, symmetric) non-stochastic matri­

ces such that B n ^ " = 1 ( £ , - /x) - A N(0,I). Let b\ = trace(B"2). Define c2 = 

tracc(E7B~2) , where 72 = ei£7 4- e28z and E 7 = Var(74). In this case, in lieu of 

(4.4.17), we prove: 

R(n) - A 0. (4.4.18) 

n 
Using Lemma A.1.17 and Lemma 4.2.6, -r- —y 0. Therefore, the last two terms in 

c 
n 

(4.4.16), multiplied by — converge in probability to 0. 

As for the first term, by applying Cauchy-Schwarz inequality, we have: 

\(~? \T—\ ^ "' \\7- II n—n 
= ( £ — l1) £ < — = £ — XX • \\£\\. 

i i I \ 3 * / I I c\ 11 ^ I II I I II 

Recall that Hell = ——J-. 
y/n 

Since | |B n E r = i ( 6 ~~ M)ll — Op(V), we have the following relations: 

2 

l£-/42 = \ 
? i z E(6 - A*) 

? = i 

l 
-trace 

-trace 
n' 

rtrace 
n* 

i=i / \ J = I 

B^B„ I E(6 " /*) J • f E(6 - M) j B̂ B"1 

B"2Bn f E(£, - ix)) • f E(6 " /*)) B 
,*=1 , 1 = 1 

< — trace(Bn
2)trace 

n 
Bn E(6"M) ' £&"/*) Br 

n 
2 ^ ' B „ E ( 6 - M ) = ^ 2 O P ( 1 ) , 

where we have used Lemma A. 1.17 to obtain the inequality. 

n ,,— Therefore —f=\(£ — /*) e| < 
n V ^ O P ( I ) 0P(1) bl 

n yjn y/n V cn 
. By Lemma A. 1.17 

n 
we •e obtain -^ < trace(E ) and so —1(£ — /x) e| = op(l 
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Similarly, —1(£ — n)78\ — op(l) and so the convergence in (4.4.18) is proved. 

Therefore, if we write: 

\/nR(n) nR(n) \n — \ 

the last factor converges in probability to 1, by (4.4.25), with b = e and Ci replaced 

by £'• This, together with (4.4.18), concludes the proof of (4.4.14). 

Now we prove (4.4.15). Using (4.4.11), we write: 

d T K ( n ) - r ? ( n ) ) = eA(^ - tf £% - (£ - ^ _ (£ _ ^ - (£ - ii)T£ 

4 2 ( £ - A X ) T £ ] 

4- e2[(£, - ix)1 * , - ( £ - ft)18Z - (£, -ny6-(t- ix)T8 

A 2(i-ixf8] 

+ e 3 ^ E ^ - ^ 4 e 4 ^ E ^ - I 

4- e5(8
7et - 87£ - 8 £t - 8T£ + 28 e) 

4 e6( | |(5? | |2-2^5-| |<5| |2 + 2||(5||2). 
1 n m ^ n m 1 n 

1=1 ] = 1 1=1 3 = 1 1 = 1 

., 77 T n 1 " 

(£-M)T<5 = - E ( 6 - »)T^ ^ = - E ^ e « a n d F F = - E iî ii2- Also 'b^ 
t = l 1 = 1 2 = 1 

(4.4.6) 

e r ( C l - 0 = e i [ ( 6 - ^ ) T ^ - ( £ - M ) T e ] 

4- e a [ ( € t - / i ) i ^ - ( € - A i ) r * ] 
-i m \ / i m 

+ ea -E5^-£ + e4 — XX -5 + e^e* -6T£) 
m '—' / \ m 

, 3 = 1 J \ J = l 
4 e6(||<5,||2-||<SP) 

and therefore: 

d ^ H - ^ n ^ - e ^ C j - O = e i [ - ( £ - / x ) T £ , - ( £ , - / x f £ 4 - 2 ( £ - / x ) 7 ' £ ] 
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4- e2[-(£ - li)T8, - (£, - ix)T8 4- 2(£ - ii)T8] 

+ e5(-8f£-8T£i + 28T£) (4.4.19) 

4- e6(-28jS + 2\\8\\2). 

By Lemma CO.12, to prove (4.4.15), it is enough to prove 

Ei=i[dT(Vi(n) - ri(n)) -e7^ - Q ] 2 P , Q 

EILite^C-O]2 

1 " — 
If Var(||£||) < oo or | e i | 4- |e2| = 0, - ^ [ e r ( C ; ~ Of = 0P(V), by the WLLN (see 

i=l 

also (4.4.24)). Therefore, it is enough to prove: 

1 E[dT(r,t(n) - ^ R ) - eT(C: - O]2 -^ 0. (4.4.20) 
i = l 

If Var(||£||) = oo and |ei| 4 |e2| > 0, by (4.4.25), with b = e, we have 

-2-E[eT(c:-o]2 = oP(i). 
" i=i 

Therefore, if we prove (4.4.20), the convergence (4.4.15) follows since: 

i I X f a w -W))- er(c;: - c
7)]2 - ~ E[dr(^(«) - ^o) - eT(c: - c7)]2, 

n i=\ n ' i=l 

where the first ratio converges to 0. 

Hence, it remains to prove (4.4.20). By (4.4.19), we have the following 

i n _ 

- E [ d r f a i ( " ) - i M ) ~ e T ( ^ - C')]2 < 4(ei)2T1 + 4(C2)
2T2 4- 4(e5)

2T3 4- 4(e6)
2T4 n . 

i = i 

where: 

r i := 1 E h ( ? - M ) T ^ - ( 6 - ^ ) T £ 4 - 2 ( £ - ^ £ ] 2 , 
n7=\ 

T2 := - E [ - ( C - ^ ) T ^ - ( £ l - / x ) ^ + 2(£-/x)^]2, 
7 1 • 1 i=l 
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1 n 

T = T r ^ i oT T =A2 £ — 8 £i + 28 e) 

Ti := ^J2(-28f8 + 2\\8\\2)2-
n 

1=1 

Using the Cauchy-Schwarz inequality, we have 

Ti < 4 i E ^ - ^ ) ^ ] 2 + 4lE[(6-M)^]2 + 8-E[(£-/xr£]2 

n z—' n *—' n z—' 
i = i i = i i = i 

1 n 

<r /i V ' TllTF ,,ll2llc- II2 _i_ l l^ l l2 l l^ nl l2 l _i_ s i l t , , l l2 l l^ i l2 (A A 
> 4~~ 2 ^ l * ~~ A* e ' + £ Si ~ A* J 4-8 £ - / z F • l 4 - 4 -

. 21] 
n i = i 

- 1 n 

f, lis* - HI2 -^> 0 and - V I N | 2 " ^ trace(E£) By WLLN, I £ - u,\\2 —y 0 and - > e, | r —> trace(E£ . It follows that the first 
n . 

1=1 

term of (4.4.21) converges in probability to 0. 
v-^'n 11 £ 112 

Recall that n||e| |2 = 0P(l), and ^ i = 1 "f' ~ / i " - A 1, by Lemma 4.2.3. Hence, 
K 

1 n A2 

we have | | £ | | 2 - E II6 - A*f = C P ( 1 ) ^ = o P ( l ) , by Lemma 4.2.6, (b). 
i=l 

Since ||£ — /x||2j|£||2 = op(l) = op(l). we conclude that Ti —> 0, in proba-
n 

bility. 

By replacing £ with 8 we obtain T2 —>• 0, in probability. Using the same technique 

as above, one can prove TJ —>• 0, in probability, for i = 3,4. This concludes the proof 

of (4.4.20). 

Part (a) can be used to prove part (b). We have: 
ndT77(n) y/n dTr](n) I n 

s/YTU&riiWf ^xY:i=iW(Mn)-ri(n))Y n — 1 

/E?=i[drfaCn)-*7(n))]2 

V E:=i(d^4(n))2 ' 

By (a), the first factor converges in distribution to A^(0,1). Hence, by Slutsky's 

Theorem, to obtain the convergence in part (b), it suffices to prove: 

E ^ i [ d r ( n , ( n ) - r , ( n ) ) ] 2 
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Using the result in part (a), we obtain: 

n(drT7(n))2 1 

E:=i[dr(^(n)-77(n))P n - l 

OPQ) 

n — 1 

y/n dTri(n) 

Iv/^rEr^td^H-^n))]^ 
= op(l). 

To conclude (4.4.22), we apply Lemma CO.12. with s, = dTrjl(n), ft = dT[T7j(n) 

Tj(n)]. • 

The next theorem gives CLTs for ftn, as a direct consequence of Lemma 4.4.4. 

Note that the normalizing factors in the CLTs depend on the parameter ft. In Theo­

rem 4.5.1 we show that the result is still valid with 8 replaced by ftn. 

T h e o r e m 4.4.5 Assume that (Al), (A2) and (A3) hold. 

Let ftn be the estimator given by (4.1.8). Then, as n —y oo, we have: 

, , ^Er=i[l l^-x| l2-trace(E,)](^n-^) v 
(a) yN(0,l), 

^riEr=iK(n)-MW]2 

(b) Er=i[ll^-xll2-trace(E,)](^-/3) _ ^ 
vz:=i<ny 

I n 

where uAn) is given by (4.4.8) and u(n) = — } uAn). 
«=i 

Proof. The results follow by applying Lemma 4.4.4, with d = (0,0,1, — ft)1 (and 

e = (1. -ft, 0 .0 .1 , -0)T), due to (4.4.9) and (4.4.7).• 

To examine the asymptotic behavior of an we need three auxiliary results. 
1 " 

The first result gives the convergence rate of — > b T £ , with £ given by (4.4.5), 

1< i <n. 
n 

Lemma 4.4.6 Under the same hypotheses as in Lemma 4-4-1; as n —y oo: 

I W Y = [ 7K°P(1)- */ Var(H6l) < oo. or h = b2 = 0 

^ ' 1 xfSOpi1)' lf Var(H6l) = oo, and \h\ + \b2\ > 0, n 



4.4. Central Limit Theorems 99 

where cn = t r ace (E 7 B n
2 ) , with E 7 = E(r/lj'

1'), 7, — b\£t + b28,, for i < n and 

(Bn)n>i is a sequence of symmetric matrices such that Bn E r = i ( 6 ~~ A4) —^ N(0, I)-
c2 

The sequence (cn)n>i satisfies - ^ —y 0. 
rr 

Proof. We apply Lemma 4.4.1 to obtain bTQl G DAN, which by Lemma D.1.7 

implies 

^ ^ ^ A ( O . l ) , (4.4.23) 
\/^rEr=i[bT(C-0] 

1 n _ 1 " 

where b^ C = - E b T 6 and C = - E 6 -
t=i 1=1 

Case 1. Assume that Var(||£||) < 00 or 64 = b2 = 0. Since Var(b rCi) < o°; w e 

apply the WLLN to obtain: 

" X > T ( C - C)]2 A Var(bTCx) > 0. (4.4.24) 
i=\ 

(The fact that Var(bT£1) > 0 follows either by hypothesis, if b\ = b2 = 0, or as it 

was shown in the proof of Lemma 4.4.1, if |&i| + |62| > 0.) Using Slutsky's Theorem, 

(4.4.23) and (4.4.24) we obtain b^C = ^ 4 ^ -
yjn 

Case 2. Assume Var(||£||) = 00 and |&i| 4- \b2\ > 0. 

We write 

/ n ( w - i ) = ^hTC /Er=i [b r (c-o] 2 

V c- A/^iEILJb^C-CFV c2n 

By (4.4.23), the first factor of the product converges in distribution to Ar(0,1) and 

we show _ 

£ E M ! ! - ! U l . ,4.4.25) 
1=1 °n 

From the proof of Lemma 4.4.1, we recall that, for each i < n 

b T <, = * r 7 , + /6(e„<5,)> (4.4.26) 
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where 7 , = bx£t + b28, and 

/b(e. , <5») = &3 I — E £ « + bi [~ E ^ + M ^ e . ~ trace(E£(5)] 
\ m , = i / \ m , = i / 

4- 6 6 [ | | ^ | ! 2 - t race(E ( 5 ) ] . 

Note that E 7 = E f r ^ ' f ) = fe2E£ + 6i62E£<5 4- hb2T,7d + 6jj£a > 0, since for any 

z G Mm, we have z r E 7 z = s r E c r r o r s > 0, with s T = (&izr b2z
T) G R2 m We denote 

7j = E ~ 1 / 2 x , and £ := E 7
/ 2 (£ , - /z) for all i < n. It follows that Var(7 ; ) = I and 

E ( 6 ) = 0, for all i < n. 

We first prove that 

" 1=1 

Let (B n ) n >! be a sequence of symmetric matrices such that Bn E I = i ( 6 — A*) —* 

N(0,I). 

By Lemma 4.2.5, £'x G GDAN, and B'nY^=1C - A A7(0,1). where B'n = 

(CiCA)1/2, and C„ = B n E 7 " 1 / 2 . From the proof of Theorem 4.2.4, Case 2, (a) 

(applied to £[ and 7^) it follows that: 

1 n 

iE[(OVj2Al, (4.4.27) 
n i=i 

where 

c2 = trace[(B'„)-2] = trace[(C^Cn)-1] = t r a c e ^ B ^ E ^ 2 ] = trace[E7(Bn)-2]. 

Since (£, - j x f x = (O'H- (4-4.27) becomes: 

c6 
n 1 = 1 

We write: 

E : = I ( ^ 7 , ) 2 _ E : = I [ ( 6 - A*)T7.]2
 + E : = i ( A x r 7 j 2

+ 2 _ E : = J ( 6 - A O ^ K A ^ 

c2 el & cl 
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and prove that the last two terms of the sum converge to 0 in probability. 
E"_ ij-v -1 

Using Remark 4.2.2, (iv), Lemma 4.2.3 and (,42), we have - 1 ' di 
where dn := ntrace(E7) > 0. By the Cauchy-Scwharz inequality, 

1, 

2 A2 V n (tjT-y X2 V™ I K II2 d' 
l^i=l\H' Ii) ^ II | | 2 Z ^ i = l H7lll a-, 

.o. — HA*II dl .2 " 

d2 tracelYB )~21 
We have to show that lim - ? = 0. Bv Lemma A.1.17, cl > -—' , " , , and n—>oo C 

A hence -j < trace(E7)trace[(E7) l] n 
trace[(B„)~ 

trace[(E7)~ 

0, wrhere we used Lemma 4.2.6, 

part (a). 

By the Cauchy-Schwarz inequality, it also follows that: 

E r= i [« i -M) r 7 , ] (** T 7« < Er=j(6-M) r7 T-, 12 1/2 T-, \2 Er=i(MT7 
1/2 

and so E;=i(6f7j2 P : L 

0, 

We now return to the study of hT£. Using (4.4.26), we obtain: 

[bTK,-C)l2 

i = i 

y * (ff 7. ~ fl)2 y [Meu Si) - /b(e, <5)]2 

2-^1 n2 2-^i n2 
1=1 

+ o ^ ( f f 7 . - € r 7 ) [ / b ( e . , J . ) - / b ( M ) ] 

i=l 

hAhA l. 3, 

^ n 1 n 

where £ T 7 = - V C - 7 , and fh(e, 8) = - V] Me,, Sf). 
n ^—' n z—' 

(=1 i = i 

We have h = E ( ^ 7 t
 2 ^ = E ^T^ " ^ ^ " ^ *• s ince ^ aP" 

i=i c « i=i c « c « 
n 

plying the WLLN and using the fact that lim — = 0, the second term converges in 
n-S-oo Cn 

probability to 0. 

We write: 

'> = E 
i = i 

[Met. 8A - /b(£, 8)]2 Er=i[/b(g» SA - fh(e, 8)]2 (n - 1)Vaj[/b(e1; S1)] 
4 (n-l)Vuc[Mei,8i)] 4 
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By the WLLN, the first factor converges in probability to 1 and since lim — = 0, 
n—yco c 

the second factor of the product converges in probability to 0. 

By the Cauchy-Schwarz inequality, A3 < \fT\L2 and hence I3 —y 0. Therefore. 

(4.4.25) holds. 
c2 

It remains to prove that lim - ^ = 0. Using Lemma A.1.17 and Lemma 4.2.6, 
n—too n 

(b) we obtain: 

c2 t race(E7B~2) _ . trace(B"2) 
-2. = K ? n ' < trace E 7 \-^^ -> 0.D 
nl nz nl 

The next result gives the convergence rate of dTrj(n). Its proof essentially follows 

from Lemma 4.4.6, with b = e, and (4.4.15). 

Lemma 4.4.7 Under the same hypotheses as in Lemma 4-4-4, as n ^ 00: 

I V ^ r ( ^ AT-n \ - k 0 ^ %f Var(H€ll) < °° or e i = e2 = 0 
- > ^ d VAn) =dTr)(n) = < v

r T 

II A=i\ [ \I%°P(1)>
 lf V a r(H6l) = 00 and |ei| 4- |e2 | > 0. 

where cn is a sequence of constants, given by Lemma 4-4-6, with *yl = e\£x + e28u 

\<i<n. 

Proof. By Lemma 4.4.4, (a) 

^dTri{n) ^N(0,1) 

Case 1. Assume Var(||£||) < 00 or e\ = e2 — 0. We write: 

drr7(n) 
y/h~dTrj(n) 

v ^T ELJd^n) - itfn))]* V n " X ̂ n .=1 

1 n 

-E[dr(^(n)-r7(n))p. 

From the proof of Lemma 4.4.6, with b = e and C7 replaced by £' (see relation (4.4.24)) 

we have - E ^ C ~ O ] 2 -^ Var(eT<i) > 0. This, together with (4.4.15), implies: 
n 

i = i 
1 " 

- E [ d T ( ^ ( ^ ) - V(n))]2 A Var(eTC'i) > 0, (4.4.28) 
n 1 1=1 
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and so d1 ry(n) = 
>n 

Case 2. Assume Var(||£||) = oo and |ei| 4- |e2 | > 0. We write: 

d^n(n)~ V ^ d ^ ( n ) / <* 

y/7bZU*TMn)-Tj(n))]*V »<» - X) \l C« t i 

From the proof of Lemma 4.4.6, with b = e and £« replaced by (^ (see relation 

(4.4.25)), it follows that — E ^ ^ ' ' ~ O P " ^ L H e n c e > w e u s e (4-4.15) to obtain: 
" i = l 

^ [ d ^ n l - r j H ) ] 2 ^ ! . (4.4.29) 
c " j = i 

and so dT?7(n) = A / ^ O P ( 1 ) . 
V n2 

Here, the convergence rate depends on the sequence c2 — trace(E 7B~ 2) , where 

7j = e\£i + e-2<5,', 1 < i < n and (Bn)n>i is a sequence of symmetric matrices such 
n 

thatB„E(6-A*) AiV(O.I). • 
i = l 

The next result gives the asymptotic convergence rate of the estimator /3„ to ft. 

Lemma 4.4.8 Assume that (AV), (A2) and (A3) hold. 

Let 0n be the estimator given by (4.1.8). Then, as n —y oo: 

(a) -^=(ftn-ft)^N(0,\2), * /Var( | |£ | | )<co , 
y/n 

(b) -^=(0n - ft) A N(0,1), if Var(||£||) = co, 

where b'n = t race(Bn
2) ; (B„)n>i is a sequence of rn x rn non-stochastic matrices 

such that B r , E r = i ( 6 - A*) A W(0,I), c2 = t race(S 7 B" 2 ) , E 7 = E ( 7 i 7 f ) , with 

7,- = £j — /3<5;7 1 < i < n and A > 0 is a constant. 

Proof. Recall that uz(n) = dTrji(n), where d = (0,0, l,-ft)T (see (4.4.9)). By 

Lemma 4.4.4, (a): 

^ ^ ^ V ( 0 , 1 ) , (4.4.30) 
TrzrJltilMn) - u(n)Y 
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I n 

wdiere u(n) = — }^uAn). 
n *—* 

Case V Assume that Var(||£||) < oo. Then, by (4.4.28), with d r = (0,0 ,1 , -ft), 

it follows that: 

- L - E h ( n ) " «(n)]2 A A = Var(eTC'1) > 0, 
n i i=i 

where e = (1, -ft, 0, 0 ,1, -ft)1\ We use (4.4.7) and write: 

bl ,-S _By = _§_ nu(n) 
y/TiKPn P) y/K ' ELiHlx , - x||2 - t r a c e d ) ] 

y/Tvu(n) 2 V ^ T E " = I N W - « ( » ) ] 2 

l- EIU [»,(«) - ^ ) P n^=^ [ i | X l" x | | s " t r a c e(^)l ' 

We apply Slutsky's theorem, (4.4.30) and (4.3.2) to obtain the conclusion. 

Case 2. Assume that Var(||£||) = oo. By (4.4.29), with d = (0, 0,1, -ft)T, it 

follows that: 

J E M " ) - « W ] 2 A I, 
n i=l 

with c2 = trace(E7B~2) , and 7, = e\£i+e28i = £i—(38i, since e = (1, —ft, 0 ,0 ,1 , —ft)T. 
Using (4.4.7) again, we obtain: 

b2 ~ 
-0) -

b2
n nu(n) 

V ^ Er=i[ l l x
l-x | | 2- t race(E ( S)] 

y/nu(n) 

^ T~iY:=i[<n) - u(n)Y \ 

1 n b2
n 

1 n 

-^E^(n)-
c « i=i 

- u(n)]2 

n - l Ei=i[llx« ~ x l l 2 _ trace(Ea)]' 

The conclusion follows by Slutsky's theorem, (4.4.30) and (4.3.2).D 

The next theorem gives a CLT for a.n. 

Theorem 4.4.9 Assume that (Al), (A2) and (A3) hold. 
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Let 5J„ be the estimator given by (4.1.7). Then, as n —y oo, we have: 

^ ( ^ " a ) 'D^V(0,1), 

^iEr=i(^w-^))2 

.. rn - m rr 

where t , („) = - £ Vv " « " 5 - E *« " I E[Li I k - ^ - t r a c e ( E , ) ^ ( n ) ' 

w,(n) is given by (4.4.8), x — Z^,Z^Xt-> and v(n) = — } jv,(n). 
1 = 1 J = l 7 = 1 

-. 771 

Proof. We divide the proof into two cases and use the notation ~p = — Y J /x .̂ 
m J=I 

Case 1. Assume that Var(||£||) < oc. We use (4.4.7) in the following decompo­

sition of an — a: 

an- a = y - a - ftnx 

= _ = E ; i i K ( ^ ) + £(!!*> - x l l2 - trace(Sj))] 
V ° X Er=i[l|xl-x||2-_trace(E(5)] 

nx 
= V ~ a - ftx - u(n)=^ 

n 77i 

Er=JHx' - xll2 ~ trace(Ea)]' 

where y = > > %,. 
1=1 3 = 1 

-. rn 1 7Tt 

We introduce v'in) = — > y%1 — a — ft— > xn , _ . uAn) and note that 
A y m ^ y j m ^ J trace(S£) v ; 

3=1 3=l 

"'(") = - !>>) = y-*- ^-U^T^£(^)-

Hence 

p nx 
an — a = v'(n) 4- u(n) 

trace(E^) Er=JHx* "" X P "" trace(E<5)] 

Using (4.4.9) and Lemma 4.4.7, with d = (0 ,0 .1 , — ft)T, we obtain y/nv(n) = 0P(V). 

By (4.3.2), we have Er=it l lx
t ~ X P ~ trace(S(,)] ^ ^ ^ ^ ^ = n t r a c e ( s ^ 

hi 
and so 

1 
- E llx* - XH2 - trace(Ea) - A trace(E€). (4.4.31) 

i = i 
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__ p 
Using the WLLN, x —y p. and it follows that 

y/nu(n) T ^ ^ - x ̂ n || = ^ T^T = °P(1) 
\ t r ace(E € ) ± JJ . = 1 \\xi - x||2 - t r ace (E^ 

Therefore, we have 

y/n(an-a) = y/nv'(n) + op(l). (4.4.32) 

iTV r_\ _.i.-__ J J , o I1' Ptl 
Note that v'An) = dTrjAn). where d = [ V—ft, '" . , '"'" , I , and so 

*v J A ' ' V t race(E^) ' t race(E^)7 ' 
using (4.4.28), it follows that 

\ E M ( n ) - ^ R ] 2 A Var(erC'i) > 0, (4.4.33) 
7 = 1 

where e = I , , 1. —/?. , ) . Therefore, we 
\ trace(E^) trace(E^) trace(E^) t race(E^) / 

apply Slutsky's Theorem, to obtain 

^ ( S " " a) A N(0,1). (4.4.34) 

r^EIUKW-^n)]2 

Slutsky's Theorem applied again completes the proof once we proved that: 

EL,Mn) -^MP A L (4A35) 

E?.,M(«)-^(™)]2 

By Lemma CO. 12, to prove (4.4.35), it is enough to show 

" ^ v- Y El!=iK(n) -u(n)]2
 =n a) 

. E r = i [ l | x i - x | | 2 - t r a c e ( E , ) ] trace(E«)J ' ^=1[v'q(n) - ^ J ] 2 P 

By (4.4.31) the first factor converges in probability to 0. 

By (4.4.28), with d* = (0, 0,1, -ft)7 and e* = (1, -ft, 0, 0 ,1, -ft)T, we have: 

i n 

- V[ t i i ( n ) - u(n)]2 A Var(e*TC'i) > 0. (4.4.36) 
n z—' 

7 = 1 

Hence, using (4.4.33), we complete the proof of (4.4.35). 
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Case 2. Assume that Var(||£||) — oo. In this case we use a different decomposition 

of an — a. We write: 

an-a = y - a - ftnx = y - a - ftx - (8n - ft)x = v" - (ftn - ft)x, 

- . n 1 m - m 1 m 

where v17 = - E v" a i l d < = — E ^ ~ a ~ 0~ E x« = ~ E ^ " #**'• N o t e 

7 = 1 J = l 

that < = d ^ n ) , with d = (1, -ft, 0, 0)T. 
m 3 = 1 m J=I 

We have: 

y/n(an - a) yfh~v"-y/h~ X(0n - ft) 

TEILiKH -«(")]2 y]nhY:=iW:-^ 

EIUK'-^P 
V Er=iKW-v(n)]2 

First we prove y/n(ftn — ft) = 0p(l) . We apply Lemma 4.4.8 (b) to obtain: 

(4.4.37) 

bl 
n=(ftn-ft) = 0P(l), 

where c2 = t r ace (E 7 B n
2 ) with 7 = £ — 08. 

By Lemma A. 1.17 we have 

c2 < t race(E7) t race(Bn
2) = (constat)2, with consti — t race(E7) , 

c2 > , "^- = (const2)62. with const2 = [trace(E~1)]_1 , 
trace^z^ ) 

f c 2 l and therefore, the sequence < ^ is bounded. Using Lemma 4.2.6 (a) (ii), we 
• K J „>i 

have the following evaluation 

Vn~(ftn-ft) = y/n-^ 7=(Pn-ft) = V^^oP(i) 

71 / C 

¥\ffOP(l) = op(l) 
n V 1 

From here, we obtain y/n(ftv — ft) = oP(V). 
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_ p 
By WLLN we have x —y p and 

1 ?i 1 n 

( = 1 7 = 1 

where the inequality follows from assumption (^42). To see this, write 

V a r « ) = Var 

(4.4.38) 

- . 7 7 7 . / 1 m \ / 1 m 

3 = 1 J \ J = l / V 3 = 1 

( 1 m 1 '" \ 

-. / 777 777 777 \ 

= ^2 (^2 E a * j f c - 2 / 3 E a r f j f c + E a^k 

\ i , f c = l 7 , f c= l 7 , / r = l / 

1 
— Z 2j e r r o r Z > U, 

7 ^ 

where z T = ( (z : ) T (z2)T), with ( z 1 ) r = (1 , . . ., 1), and z2 = -ftz1. 
An x(ftn - ft) 

Hence, — = = op(l), which implies that the first factor in (4.4.37) 

V ^ E : - I K ' - ^ P 
converges in distribution to N(0,1), by Lemma 4.4.4, with d = (1, — ,5,0, 0 ) r and 

Slutsky's Theorem. To finish the proof, it remains to show: 

J2liMn)-v(n)]2
 P 

EILiN'"^2 (4.4.39) 

Using Lemma CO. 12, it is enough to prove: 

nx 
. E T I J I N ~ x l l2 - trace(E^)] 

}Z*=i[ui(n) ~ u(n) 

EILiK'-^7]2 oP(l). (4.4.40) 

By (4.3.2), E [ l l x i " x lP - trace(E<5)] = 6 20P(1) , where 62 = trace(B-2) and (Bn)n>! 
i=l 

77 

(£j — fx) —y N(0,1). Since, by WLLN, 

x —y Jl, in probability, we conclude that 

nx 

7=1 

n 
Er=1[||x7-xP-trace(E,)] b\ 

OP(V). (4.4.41) 
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By (4.4.29), with d = (0,0,1, -ft)T. 

-i n 

-J2Mi)-u(n)}2 = Op(l), (4.4.42) 
°n 1=1 

where c2 — t r ace (E 7 B n ) and 7, = £, — ft8z, for i < n. 

Also, (4.4.38) implies ^ f ' „ > " f f i ' = ^ 0 , ( 1 ) . 

Finally, using Lemma A. 1.17: 

nx K=M(n) ~ u(n)]2 

LEILJIK " x l l 2 - trace(E,)]J ^ i K " ~ ^ 2 

| ) 2 n °P(1) = nm°P{X) ~ bitraCe^0pM = oP(l), 
where we used Lemma 4.2.6, (a) (ii). This proves (4.4.40).• 

4.5 General CLTs 

The normahzers of the CLTs in Theorem 4.4.5 and Theorem 4.4.9 depend on ft. The 

next result proves that, under the same assumptions, we can substitute the unknown 

parameter ft by its estimator, ftn, for large values of n. The idea is to show that 

the normalizer Er=i ui(n)2 n a s the s a m e asymptotic behavior as E['=i ^i(n)2> where 

«i(n) has the same expression as ut(n), with ft replaced by ftn. 

Theorem 4.5.1 Assume that (Al), (A2) and (A3) hold. 

Then, as n —y oo, we have: 

{ y E ^ i t K - x l l2 ~ tTace(Es)](Pn - P) D , , 
1 } VT^Jny 
(b) , ^ ^ - ^ __ AiV(0, l ) , 

y] 7hY:=i{Un) ~ v(n))2 

where u%(n) = (xz — x)T(y,, — y) — traee(Se(s) — ,5n[||
x7 — ^IP ~~ trace(E,$)]; ftn is given 

by (4.1.8), S„ is given by (4.1.7), 
1 777 1 ™ = 

l T—i, -- l v—-v nx 

* . ( * ) - „ , ! > < > « ^ X X ^ = 1 [ | | X l - x | p - t r a c e ( E < 5 ) ] 1 
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and u(n) = — } vz(n) 
n *-—^ n 

7 = 1 

Proof, (a) Note that the numerator of the ratio is equal to E r = i u » ( a ) ' by (4.4.7). 

We write: 

E,=iu»(n) _ EI=iu*(n) . ./Er=iu?(n)2 / 4 5 1 x 
VEr=i^(«)2

 V E I U ^ H 2 vsr=i^w2 ' 
The first factor in (4.5.1) converges in distribution to AT(0,1), by Theorem 4.4.5 (b) 

and (4.4.7). The proof is complete once we showed that: 

C U W A 1 (4 5 2) 
ETLI <n)2 ^ L (4-5 '2) 

By Lemma CO. 12, it is enough to prove: 

E r = l f o ( n ) - U » ( n ) ] 2 P.ry 

E,=i u*(nP 

Using (4.4.7) and the definitions of uz(n) and n^n) , we have 

2 £r=i[ l l*-x | | 2 - t ra« f (£ , ) ] 2 

(4.5.3) 

E [ ^ ( n ) -Ui(n)]2 = Eu»(n) 
7 = 1 

{ E 7 n = i [ l l x
t -

x l l 2 - t r a c e ( E , ) ] y 

Since E ,= i*M r e )_ _J^ Ar(-Q_ ^ b y T h c o r c m 4.4.5 (b)} t o p r o v c (4.5.3), it suffices 
vri: u,[n 1 L"t 

to show: 
E : = i [ l l x * - x l l 2 - t r a c e ( E a ) ] 2

 P < 

{Er=i[llx
?-xll2-trace(E,)]}2 

The convergence in (4.5.4) follows from (4.3.2) and: 

0. (4.5.4) 

£?=! [||Xl - x||2 - trace(E,)]2 _ ^ Q ( 4 5 5 ) 

(&2)2 

where 62 = trace(B~2). Here the sequence (Bn)n>i is such that 

BnE^-AO-^^O-I). 
7 = 1 

We write: 

l 2 Y ^ n II —114 
Er=i [llx» - X P - trace(E^)] _ ^=1 llx* ~ XIP 2tracc(Sa) ^ " = 1 ^ ~ *^ 

(b2
n)

2 (bl)2 "v 0/ (62) 
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[trace(E^)]5 n 
(biy 

:= JiA-h + Js-

We use (4.3.2) to obtain J2 —y 0 and Lemma 4.2.6, (a) to obtain J3 —y 0. It remains 
P 

to show that J\ —y 0. We have: 

V" llx - x l l 4 Y"™ ll£ - £ l l 4 Y"n \\8 -8\V 
2^,1=1 IIx» x l l < 4/^7=1 list sll . |2^ t=i ll»» °ll 

(£)s 

< 16 

(^)2 (bl)2 

Y:=iMi-»r, EIUINI4 

( ^ (&2)2 

l l£-At| |4 115 
+ ft—TTTTTT; H ft (bl)2 (bl)2 

16(Tj 4- T2 4- T3 + T4) 

We that Tt —> 0, for all ? = 1,2,3,4. We first treat Ti and write: 

E fi It/- 114 v ^ 7 i 11 >. 114 / V ^ T I 11 >. I l 2 \ 2 

7=111̂ 7-A l̂l4 E,=i ll€, - A*lr A E , = I I I ^ - A * I | 2 X 
rii 

W ,2^2 (Er=i lie. - MII2)"" bl 

where the last factor converges in probability to 1, by Lemma 4.2.3 and therefore is 

bounded, in probability. Hence, Ti —y 0, if we prove that E7I1 lls\ - H\ 

( E : = I I I £ 7 - A 4 2 ) Z ~~*°" 
Let e > 0 be arbitrary. By Markov's inequality and the fact that (£,)i<z<n are 

i.i.d. random vectors: 

E : = I ii£\ - H I 4 

( E : = I II*. - A^II2)^ 
> e < e~JnE 

e ]nE 

l£i-A*l 
(E;UII£7-AX| | 2 

Tr, X 2"" Z'fZ! 

.EIL^X 
where we have denoted X% = £( — //. We have the following inequalities: 

(4.5.6) 

ZfZx < 
Er=l Z7 Z* Er=l ^max(ZjZj ) 

ZT_ ZI < Ar E z z 
, 7 = 1 

Z[Zx 

- 1 

< zfEz»zn Zi- (4.5.7) 
. 7 = 1 
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From Theorem D.2.5, it follows that nE 

- l 

znx>zn Zi 
, 7 = 1 

0, since Zx E 

V " ll£ - ttll4 

GDAN and hence by (4.5.7) and (4.5.6), we obtain ^ , = 1 " ^ — £ J ! _ j = oP(V). 

(Er=i ne - MII2) 
\ , n ||A l|4 

Similarly, ^ , = 1 " '" = o P ( l ) . since <5i G GDAN. We write: 

T5 

CV" 115 IPV VZ_^7=1 l l 0 » l l / 

Er=iii^n4 

(bl)2 = Op(l) 
E; I=I II*. 
ntrace(E,5) 

ntrace(E,$) "|2 

By WLLN. ,%=l , J. „ —» 1, in probability. In addition, — is bounded, by 
ntrace(E<s) 

Lemma 4 2.6, (a) and hence. T2 —y 0, in probability. 
K 

Also. Tt —y 0, in probability, where i = 3. 4, by WLLN and Lemma 4.2.6. (a). 
P 

This finishes the proof of J\ —y 0. 

For the proof of (b), we use Theorem 4.4.9 and Slutsky's Theorem. Hence, it 

suffices to show: 

Er=ifoQ) -Hny2
 P)1 

12t=Mn) - v(n)]2 

By Lemma CO. 12, it suffices to prove. 

E,=i{*"»(") ~ Viip) - ["(") - i'(r>)]V 

TZ=1[vt(ri) - v(n)]2 

(4 5.8) 

(4.5.9) 

We have: 

TL 

E ( ^ ( « ) - vi(n) ~ [v(n) - v(n)]}2 

7 = 1 

= E((/?-^)f^E^-^ nx 

7 = 1 3 = 1 
Er=i[llx» - xll2 ~ trace(E,5) 

nx 

1 2 
• {v,(n) - ut(n) - [u(n) - u(n)]}j 

n / 1 777 \ 2 

< 2(ft - ftn)
2 E {- E ^ - f J + - V En= i [ | | X i _ -||2 _ trace(Sa)] 

77 

• E^»(") ~ w'(n) ~ [ ^ _ «M]}2 

7 = 1 
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= 2/i 4- 2/2 • /; " -<3, 

where we have denoted by: 

77 / 1 771 

. ft* 
i=i \ j=i 

nx 

,Er=i[llxi _ xll2 - trace(Ei)]. 
77 

I-i := E { ^ ( n ) ~ ui(n) ~ [^(n) ~ u(n)]}2-
i = i 

By (4.4.41), 

T, = n 
(bl) 

;0P(\) (4.5.10) 

Since Ui(n) — Uj(n) = (ft — /3u)[||x,- — x||2 — trace(E<$)], it follows that: 

h < 2(ftn-ft)2{ E l l l x * - x||2 - trace(E(5)]2 4- n 
7=1 

1 n 

— y \\xi — xll2 — trace(E,5) 
n -^^ 

7 = 1 

2(^n - 0? \ E [ | | x , - x||2 - trace(E(5)]2 + i 
; = i n 

E [ ! | x 7 - x | | 2 - t r a c e ( E , 5 ) ] 
i = i 

0 \ 

= (Bn-ft) 
«^2 (62)2oP(l) 4- - (6 2 ) 2 0 P (1 ) 

ft 
= 2(ftn-ft)

2(b2
n)

2oP(l), (4.5.11) 

by using (4.5.5) and (4.3.2). 

From (4.5.10) and (4.5.11) we get I2 • h = n2(ftn - ft)2oP(l). 

We have the following inequality: 

\ 2 / \ 2 

/1 < 2(/3n - ft)2 E ^ E & - I + E ~ E ^ 
7=1 \ J = l / , = 1 \ 3 = 1 J 

- It lib ^ II lit 

where £ = >^ >^£;,• and (5 — >^ V^ <$,,. 
7=1 3=i 7=1 j=i 

Since the asymptotic behavior of ftn — ft is different in the cases Var(||£||) < 00 

and Var(||£J|) = 00, we have to consider these cases separately. 
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Case 1. Assume Var(||£||) < oo. 

We apply WLLN and so: 

it / .. ut i 

E ^Efe-I 
1 = 1 V 3 = 1 J 

7=1 \ ;?=! y mr 

5E 
j , f c = i 

777 

E 
j,k=i 

v&jk, 

0~S,3k-

By Lemma 4.4.8, (a) and Lemma 4.2.6, (a), we obtain —ii. < Op(V) = op(V) 
n \Pn)" 

1 1 n 
and - / 2 • h = - n 2 O p ( l ) —r^op( l ) = op(V). 

n n (bny 
I n 

Hence, - Y]{vi(n) - vt(n) - [v(n) - v(n)]}2 = oP(V). 
n L—' 

7 = 1 

By (4.4.35) and (4.4.33), the sequence < —2_][vi(n) ~ v(n)]2 } n a s a positive 
I 1 = 1 ) T7>1 

finite limit, in probability. Hence, (4.5.9) follows in this case. 

Case 2. Assume Var(||£||) = oo. 

By Assumption (Al), £x e GDAN and therefore, by Remark D.2.3, we have 
1 771 

— V £ i , E DAN. Let (&„)„>i be a sequence of constants such that 
3 = 1 

1 " / 1 m 
v Jl\ ^N(0,1). 

Hence, Z J E I - E ^ - A * 
}n 7=1 \ j=l J 

1. By WLLN, we have: 

^E^i>-? -£ 
°n i=l V 3 = 1 / °n 

E ^r£^-* --(?-^)2 
7=1 \ J = l 

p 

F E L E ^ - * = Jop(i) = 0p(i), 
7̂7 7=1 \ J = l / 7̂7 
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9 

since bn = nl2(n), where /(n) it is a slowly varying function at oo. Hence 

77 / -. 777 _ \ 2 77 / * 777 \ 2 

E u E ^ - t + ELE^-* =̂ [Op(i) + 0p(i)]. 
7=1 \ ' J = l J 7 = 1 \ J = l J 

By Lemma 4.4.8, 8n - 8 = - ^ L O p ( l ) , with c2 = trace(E7B~2) and 7 , = £z -

C2 

/?<5t, for z < n. Hence, (ftn — ft)2 — 2
n Op(l) . By Lemma A.1.17, we conclude that (bl 

(c2) b2c2 

the sequence < -^ > is bounded, whereas Lemma 4.2.6 implies that -.—n " 
I &n J „>1 ( n - ^ n 

and — —> 0. Therefore. 
&2 

1 -Ji = , hnfyil.2y,Op(V)\0P(VA + op(V)\ = op(V). 
n - l 1 ( f t - l ) ( 6 2 ) s 

1 " W s = 7 — ^ — - O p ( l ) o P ( l ) = 0 p ( l ) . 
« - l ( f t - l ) (& 2 ) 2 

and so, 
1 n 

n 
7 = 1 

- Ei^(n) - ^(n) - [̂ w - v(n)]}2 = °p(1)-

From (4.4.39) and (4.4.38), it follows that < - ^ [ ^ ( n ) _ v(n)}
2 I has a 

I 1=1 ) 77>1 

positive finite limit, in probability, which concludes the proof of (4.5.9).n 

R e m a r k 4.5.2 (see also Remark 4.1.4) 

In the case of replications, the assumption that £ has a full distribution does not 

hold. Nevertheless, the results remain valid, under slightly different conditions: 

(AV) £1 lies in the domain of attraction of the normal law (DAN) 

(.42*) E(el3) = 0, E(8l3) = 0, E(e\3) < 00, E(5\3) < 00, with 1 < 3 < rn, 

A * 

and E*iror := | e £ J is positive definite 

(A3*) (£,i)i<i<n and {(et, 8l)}iSl<n are independent. 



4.5. General CLTs 116 

where a*£ = E ^ i ^ j f c . v*6 = E",fc=ia«^fc" Ks = E ^ i ^ ^ -

Note that assumption (A2) is weaker than assumption (A2) since Eerror > 0 

implies E*rror > 0. 

In this case, 

( 777 777 . m . m 

Ci E ? i J > & E ^ ' ~ E £IJ ' — E ^ ' ̂ £ i - t r a c c ( s^), 
.7 = 1 j = l j = l j = l 

Y 
\\8i\\2 — trace(E,5) j . 

One can follow the steps in the proof of Lemma 4.4.1 and use Lemma D.1.8 in lieu 

of Theorem 4.2.4 to obtain the result. Furthermore, one can prove Theorem 4.4.2, 

Theorem 4.4.5 and Theorem 4.5.1, using similar arguments. 

Note that in this special case of repeated measurements, the converse of Lemma 

4.4.1 also holds, by Theorem D.1.6. Hence, in this case the assumption (.41*) becomes 

necessary for the CLTs in Theorem 4.4.2 and Theorem 4.4.5, by Lemma 7 in [27]. 



Appendix A 

Matrix Analysis Results 

A.l Norms and Inequalities 

This appendix section contains some auxiliary results which are used in the present 

work. Our major reference is [33]. 

Definition A. 1.1 We say that X E C is an eigenvalue of annx m matrix A if there 

exists an m x 1 vector x^O such that: Ax = Xx. 

If A is a symmetric m x m matrix, then all its eigenvalues are real numbers. 

We denote these eigenvalues by A i ( A ) , . . . , Am(A). We use Am;n(A) and Amax(A) to 

denote the minimum and the maximum eigenvalues. 

Theorem A.1.2 (Theorem of 3.4 [33]) / / A is a is a symmetric, non-singular 

rn x rn matrix, then for any i < rn: 

A^"> = wry 
In particular, Xmax(A~1) = l/Xmm(A). 

117 
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T h e o r e m A.1.3 ( T h e o r e m 3.15 of [33]) If A = (ai3)i<i,3<m "is a symmetric m x 

rn matrix, then: 

Amit i^-A) 3 ^ X <. X AX <: <^maxV-AJ IE X, 

for any m x 1 vector x. 

L e m m a A. 1.4 Let A be a symmetric rn x m matrix. We have: 

Am.n(^) < a33 < Xmax(A). (AAA) 

Proof. Use Theorem A. 1.3 with x = ej, where e3 is the m x l vector which has 1 on 

the j - t h entry and 0 elsewhere. • 

Definition A.1.5 Let A be any. m matrix. . The spectral norm of A is defined by: 

\\A\\ — sup ||-<4a:||. 

IMI=i 

Definition A.1.6 Let A be a n x m matrix. The Euclidean norm of A is defined 

by: 
/ 77. 7 

11^ = E E K 
\ 1/2 

HA 

, i = l 3 = 1 

Definition A.1.7 Let A be an m x rn matrix. The numerical radius of A is defined 

by: 

\\\A\\\ = sup \x7Ax\. 

Definition A.1.8 Let A be an m x m matrix. 

We say that A is a nonnegative definite and we write A > 0 if x7 Ax > 0 for 

any mxl vector x. 

We say that A is a positive definite and we write A > 0 if x7Ax > 0 for any 

mxl vector x. 

For the m x m matrices A and B, we use the notation A > B if A — B > 0. 
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R e m a r k A.1.9 We have the following properties for the norms introduced above: (i) 

For any rn x m symmetric matrix A, ||A|| = [Amax(ATA)]1/ '2 = inaxi<j<m Aj(ATA), 

where (A,)i<?<TO are the eigenvalues of A r A . If A > 0. then ||A|| = Amax(A). 

(ii) \\A\\E = [trace(A rA)]1/2. 

(in) If A is an m x m symmetric then || |A||| = max!<,<m |A2(A)|. 

R e m a r k A. 1.10 (see Theorem 3.16 in [38]) 

For any a n n x m matrix A the Euclidean norm and the spectral norm are 

equivalent. In addition, if B is a matrix of dimension m x m, the spectral norm and 

the numerical radius are also equivalent. More precisely, 

||A|| < | | A | | B < Vftfti||A||. 

II|B||| < | |B||<2|| |B|| | . 

R e m a r k A.1.11 ( T h e o r e m 3.21 of [33]) If A and B are m x m symmetric ma­

trices, then, for any 1 < i < m, we have 

\(A) + Amm(B) < Ai(A 4- B) < A;(A) 4- AmdX(B). 

L e m m a A.1.12 For any n x in matrix A, we have: 

max |a(J | < \\A\\ < y/nrn max \a%3\. 
I < 7 l J < m 7<77,J<?77 

Proof. 

77 777 

l|A|||; = / / a2-, < n?nmaxa2 — {y/nrn max | a , J} 2 . 
—4 — ' *J ><n,3<m 

1=1 3 = 1 

Using Remark A. 1.10, it follows that ||A|| < y/nmmax^ \al3\. 

For the other inequality, using (A.1.1), we have: 

|A||2 = Am d X(A rA) > m a x ( A r A ) „ = m a x ^ a 2 > maxmaxa 
J<777 3<rn —J 3^V^ 7<77 

2 

l=\ 

Hence, max,, |a,4 < ||A||. • 
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Lemma A. 1.13 For any m x m matrix A and for any in-dimensional vector v, we 

have: 

\\Av\\2 > (x7Ax)2\\v\\2, 

where x is the eigenvector vector of norm 1 corresponding to Xmm(A7A) 

Proof. Using Theorem A. 1.3, we have: 

v T A r A v > A r am(ATA)||v| |2 = x r A r A x | | v | | 2 > (xTAx)2 | |v | |2 , 

where for the last inequality we used Lemma 1 of [37] 

Lemma A.1.14 Let A be an m x m symmetric matrix, I the identity matrix and C 

a constant. Then: 

(0 Amm(^4) > C is equivalent to A > CI, 

(a) Amax(^4.) < C is equivalent to A < CI 

Proof, (i). Assume that Amm(A) > C. 

Let x be anv m x l vector Then x T A x > A m m (A)x r x > C x T x 

Conversely, since A > CI then A — CI > 0 and hence, the eigenvalues of A — CI 

are non-negative. It follows that Xl(A) — C > 0, for all i < rn and hence Amin(A) > C. 

Part (ii) is very similar and is omitted here. • 

Lernma A.1.15 For any symmetric m x m matrices A% and for any mxl vectors 

x,, we have: 

7 = 1 

In particular, if A% are diagonal matrices, then: 

< max{| min \mm(AA\, | maxAmdX(yl t)|} - E a^xi-
7<T7 7<77 ' J 

7=1 

/ j x i AzXi 

7 = 1 

< {maxmax |a,!; |} • 7 xJxi-
7 < n }<rn ^-—J 

(Oi where A, = (a^jAjj^ 1 , 777" 
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Proof. By Theorem A. 1.3, for all i < n. we have: 

^mm(-A-j jXj X, 5 : x
8 -A-7X« S Xmax{A1/)Xl X , 

Hence: 

minAmin(Aj) E x f x * ^ E x f A * x * ^ max Amax(AJ E x f x ' -
7<77 *——' t——' i<n z — ' 

7 = 1 7 = 1 7 = 1 

Using the fact that a < x < b implies |.x| < max{|a|, |6|} we obtain our conclusion. 

For the second statement, note that if A is diagonal then the eigenvalues of A% are 

in fact the elements on the diagonal (see Theorem 3.2 (c) in [33]). Hence: 

Amiri(At) = aJtJi, Am a x(AJ = aktkt, 

for some indices j,,k%. Hence, there exist some indices io,ii < n such that: 

,(«) (»o) ,(0i | min Amm(Aj)| = | min a , ; | = la:0' I < max max | a,.' 
t<n ' ' 7<n JtJ' J'0^01 — i<n 3<m n 

maxAm<lx A, = max a:' \ = \a), ', < max max \a:'\. • 
!<77 ' 7<77 3 , J l ^ l ^ l 1 ,<„ j < m 33 

Lemma A.1.16 For any rn x m matrix A, whose columns are a^), . . . , a^ and for 

any rn x 1-dimensional vector x, we have: 

1/2 

x 
TAx| < i E lx ' ^ 0 ) | 2 X 

.3=1 

Proof. Using Cauchy-Schwarz inequality, we have: 

777 / 777 

lx Axl = / j I 2-j XlCl'3 I X3 
3=1 \i=l J 3 = 1 

1/2 1/2 

< E ( x T a 0 ) ) 2 

1 . 7 = 1 .3 = 1 

D 

The next lemma, was essential for the development of the asymptotic results in 

Chapter 5 and basically enables us to relate the trace of S B n to the trace of Bn-
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Lemma A.1.17 Assume that A and B are two mxm symmetric matrices such that 

A > 0 and B > 0. Then: 

^ T A - n - t r a c e ( A B ) = trace(BA) < trace(A)trace(B) 
trace! A. J 

Proof. The second inequality follows from Theorem 6.5, of [38]. Since the eigenvalues 

of B are the same as the eigenvalues of A1 /2BA~1 /2 , it follows that trace(B) = 

t race(A 1 / 2 BA - 1 / 2 ) . We applying again Theorem 6.5, of [38], and since A 1 / 2BA 1 / 2 > 

0, we obtain: 

trace(B) = t race(A 1 / 2 BA 1 / 2 A" 1 ) < trace(A1 / 2BA1 / 2) t race(A-1) 

= trace(AB)trace(A_ 1).D 

A.2 Random Matrices 

An m x rn random matrix A is a collection (oy)i<ij<m of random variables, defined 

on the same probability space ($1,3^ P). We define E(A) to be the mxm matrix 

with elements E(al3), 1 < i,j < m. 

Lemma A.2.1 Let A, {An}n>i be m x m random matrices defined on the same 

probability space (Q,3,P) such that their inverses exist a.s. Suppose that: 

An —y A a.s., element-wise. 

(i) Then A~l —y A~l a.s. element-wise. 

(ii) If the matrices are symmetric, then Xl(Ari) —y Xt(A) a.s., for any i < m, 

where X\(A) < . . . < Xm(A) denote the eigenvalues of the matrix A. 

Proof. Because the inverses exist, det(An) / 0, for any n > 1. Part (i) follows 

because the computation of elements of A " 1 involves only addition and multiplication 

of elements. Theorem 3.14 in [33] proves (ii). 
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Lemma A.2.2 Let {-4.n}n>i and {Bn}n>i be sequences of m x m random matrices 

defined on a probability space (Q, 7, P) such that: 

An — Bn —y 0 element-wise 

and |a,-™ I < a, |6,-" I < b for all n, a.s., for some constants a > 0 and b > 0. Then. 

E(An) — E(Bn) —y 0 element-wise. 

Proof. E(A„) = (E(aff)y3=h...m and E(Bn) = (E(b^))iJ=1,...m. Hence, 

E(An) - E(Bn) = (E(a|;} - b\f))iJ=1,...m 

and the conclusion follows by the bounded convergence theorem. • 

Lemma A.2.3 Let A be a random matrix defined on a probability space (Q, 7, P). 

If there exists a constant C > 0 such that A > CI a.s, then 

E(A) > CI. 

Proof. Hypothesis A > CI a.s. implies that x T A x > C x r x for any mxl vector x 

a.s. Taking the expectation we obtain E ( x r A x ) > Cx'rx, for any rn x 1 vector x. 

But E(x T Ax) = ECZ^XidijXj) = E " i = i ^ E K ' K ' = x r E ( A ) x . 

Hence x T E(A)x > CxTx, for any rn x 1 vector x, which implies our conclusion. • 

Theorem A.2.4 Let A(a) be an m x m random matrix, whose elements aj3(a), 

1 < h'j ^ m are a-s- continuously differentiable with respect to a E T, 7 C R. 

Suppose that .4.(a)_1 exists for all a E 7 a.s. 

Then, the elements of A(a)~x are a.s. differentiable with respect to a and: 

A ( a ) - 1 , a.s. ^[A(ar ' l = -A(a)-1 iA^ 
Here —— \A(a) l] and —— A(a) denote the matrices whose elements are the derivatives 

da da 
with respect to a of the elements of A ( a ) _ 1 and A(a), respectively. 

Proof. Let us denote by fi the event where the hypothesis of the theorem hold. This 

result is a consequence of Theorem 9.2 in [33], for every u E £1 



Appendix B 

Martingale Strong Laws of Large 

Numbers 

In this section we include some results about the convergence of p-dimensional mar­

tingales. 

Definition B.0.5 We say that a sequence {sn}n>i of p-dimensional random vectors 

with components sn = (si , . . . ,Sn) is a p-dimensional martingale if 

E(s^\Sl,..... sn-i) = s^, Vfc G { 1 , . . . ,p}, Vn > 1. 

Theorem B.0.6 (Theorem 3 of [22]) Let {sn}n>i be a p-dimensional square in­

tegrable martingale with sn = (sn , . . . ,snT ). Suppose that E(sn ) = 0 for all k E 

{1,... ,p} and let Mn = Cov(sn) = E(s„s7) be positive definite. 

If ^max(M„) —y oc, then for any 6 > 1/2, 

lv±n °n , n 
v 0, a.s. [logAmax(Mn)]5 

Corollary B.0.7 Let {s,i}„>i be a zero-mean square integrable martingale, such that 

a2 := E(sn) —y oo as n —y oo. Then 

K 2 ) 1 / 2 ( iog^ 2 ) e 
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-> 0, a.s., Ve > 0. 
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In particular, 

(a2)l/2+* 

Remark B.0.8 Corollary B.0.7 is a martingale generalization of a classical result in 

probability theory (valid for independent random variables). See page 132 of [11]. 

Theorem B.0.9 Let {sn}n>i be a p-dimensional martingale, s„ = (sn , . . . , Sn) and 

suppose that E(sik)) = 0 and E[(sn])2] < oo, for all k < p. Let Mn := Cov(sn) = 

E(sns
7) = {EKsPs™)}^. 

If ^min(Mn) -> oo, then 

-7- 0 a.s , V6 > 0. 
[Amax(Mn)]V2+* 

Proof. Let A; G {1 , . . . ,p) be fixed. 

By (A.l . l ) , Amin(Mn) < EKs^)2] < Am a x(Mn), and so < , = Vea(sn
k)) 

E[(Snk))2] -> OO. 

We apply Corollary B.0.7 to the martingale {s„ }n>i and obtain: 

(k) 
Sn " 0 a.s , V<5 > 0. 

(<£*) 1 / 2" 

S h l c e
 ( < f c ) i / 2 + , > [A m a x(Mn)]V2+^ t h e inc lus ion follows. 



Appendix C 

Real Analysis Results 

Theorem C.0.10 (Lemma A of [7]) LetT : 7 C W ->• W be a one-to-one contin­

uously differentiable function. Let 0O E 7, r > 0 and let B1 (fto) = {ft E W, \\ft—fto\\ < 

r} and dBr(ft0) = { 3 e Mp: \\ft - ft0\\ = r}. Assume Br(0Q) C T. 

If there exists e > 0 such that e < ini3edBr(g0^ \\T(B) —T(ft0)\\, then Be(T(0o)) C 

T(Br(ft0)), where Be(T(0o)) = {yeW; \\y - T(ft0)\\ < e}. 

In particular, if. 

e=\\T(0o)\\< inf \\T(0)-T(ftQ)\\, 
0edBr(th) 

then 0 E B£(T(ft0)) C T(B1(ft0)) i.e. there exists a point 0 E Br(ft0) such that 

T(ft) = 0 

Remark CO.11 Since T is one-to-one, the point ft is unique. 

Lemma CO.12 If (.s,)8>i and (tl)1>\ are sequences of random variables such that: 

E r = i ( s . - o 2 ^ 0 thenT:=is2i ^ 
7=1 h 1^1=1 li 

Proof. We have | £ ; i
= 1 ( 5

2 ~t2)\ = \ K=il^ ~ ^)2 + 2/ , (* - *,)]| < EI=i(*7 " Q2 A 

2(Er=i^)1/2Er=i(^ - ^)2]1/2 and therefore: 
z:=i(s2-ti < 

V n t' 
Z _ / 7 = l l: 

E:=i(s,-ti)2
 0/Er=i(^-^)2\ 

2 \ l / 2 
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The result follows since, by hypothesis, the right hand side converges to 0, in proba­

bility. • 



Appendix D 

Domains of Attraction 

D.l Domain of Attract ion of the Normal Law 

Definition D . l . l Let {Xi,..., Xn} be a sample from a distribution X. The distribu­

tion of X is said to belong to the domain of attraction of the normal law (X E DAN) 

if there exists sequences of scalars (an)n>\ and (bn)n>\ such that 

E i = i Xi — an v y 

bl 
,¥(0,1). 

Lemma D.1.2 (see Proposition 1 in [4]) Let {Yi , . . . , Yn} be a sample from a distri­

bution Y, with Yi > 0. Then n
t~"" l —y 0 if and only if there exists a sequence 

E T : = I ^ 

(bn)n>i with bn —y oo such that — ^ — - —y 1. 

Lemma D.1.3 Let {X\,..., Xn} be a sample from a distribution X. Then X E 

DAN if and only if " ^ - n } - A 0. 
Ei= i xi 

Remark D.1.4 From Lemma D.1.3 and Lemma D.1.2, by taking Y = X2, it follows 
V™ X2 

that X E DAN is equivalent to — — — y 1, for some sequence of scalars (bn)n>i, 
bn 

with bn —y oo. 
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Remark D . l . 5 By [14], p.313, X E DAN if and only if the function 

lx(x) = / u2dFx(u) 
J —x 

is slowly varying, as x —y oo (i.e. -—j—r—y 1, as x —y oo, for all t > 0). 

lx(x) 

Theorem D.1.6 (Theorem 1 in [25]) IfX E DAN, Y E DAN andX is independent 

of Y, then XY E DAN. Conversely, if E(X2) < oo and XY E DAN, then Y E 

DAN. 

Lemma D.1.7 (see e.g. [17]) Let {X\,..., Xn} be a sample from a distribution X. 

Then, X E DAN and E(X) = 0 are equivalent to either one of the following CLT 

(a) , ^ ^ A,V(0,1), 

V ^ E ; L I ( ^ - * ) 2 

(fo) Er=i^ -Aiv(o,i). 
VK=i*i 

Lemma D.1.8 (Lemma 4 in [27]) Let {(U,V),(Ui,Vi),i > 1} be i.i.d. random vec­

tors, and U and V be independent. If U E DAN and V E DAN, then UV E DAN. 

Conversely, ifE(X2) < oo and UV E DAN, then U E DAN. 

Lemma D.1.9 (Lemma 5 in [27]) Let {(U,V),(Ui,Vl),i > 1} be i.i.d. random vec­

tors with E|UV| < oo. 

(a) If U E DAN and V E DAN, then U + V E DAN, provided that P(U 4- V = 

const) 7̂  1. 

(b) Conversely, if U + V E DAN, U E DAN and E(U2) < oo, then V E DAN 

provided that P(V = const) ^ 1. 
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D.2 Generalized Domain of Attract ion of the Nor­

mal Law 

L e m m a D.2.1 (see Lemma 2.1 in [26]) Suppose for a sequence of random vectors 

£ n E Wn, we have B„£ n —y G, as n —y oo, where G is a nondegenerate spherically 

symmetric random vector in Rm and B„ are square nonsingular stochastic matrices. 

Then B n may be taken to be symmetric matrices. 

T h e o r e m D.2.2 (see Theorem 1.1 [34]) Let {£i, ••- ,£„} be a sample of random 

vectors in Mm from a distribution £. The following statements are equivalent: 

(i) £ E GDAN, 

(ii) Ve > 0. lim sup P (™**<»\&>°)\ > \ = 0 . 

™ HUM ME:=I(C^)2) I / 2 ; 

R e m a r k D.2.3 By taking 6 = —^=(1 1)T in Theorem D.2.2. using the charac-

terization in Lemma D.1.3, it follows that £ G GDAN implies that the sum of its 

components is in DAN. Note that the converse of this statement is not true, in general. 

L e m m a D.2.4 (see Lemma 2.3 in [26]) When £ is full, there is a constant c > 0 

such that P | Amin I Y,S%&) > en J n ^ 1. 

T h e o r e m D.2.5 (see Theorem 3.4 in [16]) Let £ be a symmetric full random variable 

in Wn and { £ ! , . . . . £ n} be a sample from the distribution £. Then, if £ E GDAN we 

have 

??E 

- i ""2 

ir E ^ N *i 
. 1=1 

n—>oc „ 



Appendix E 

List of Assumptions 

E.l Model Assumptions - when the covariates are 

measured directly 

(AH) there exists C > 0 such that for I = 2,3, we have: 

fcj?r := sup kH(ft) < C, Vr > 0, Vn > 1. 
/3eBr 

(D) Amin[H^dcp(,3)] -> co, for any ft E 7. 

(D') Amin(HjfdeP) -> oo. 

(G) there exists a constant C > 0 such that Amax(H"dep) < Gn, Vn > 1. 

(K) l im r^0 hm sup n ^ o c raj = 0. 

(K') l i nwo hm sup , w o o rin(r) = 0. 

(H) for any ft E 7, there exists a constant CQ > 0 such that Amin[Rn' (ft)] > Cp, 

PB a.s. for any n > 1. 

(IT) there exists a constant C > 0 such that Amjn(Rn ) > C, Vn > 1, a.s. 

(NA) for any ft E 7 there exists some constants 5B > 0 and CQ > 0, such that 

E^\\Al(ft)-
1/2(yi - nm)\\2^ < C0 for all i > 1. 
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(N'6) there exist some constants 5 > 0 and C > 0 such that E||A, (y'i—tli)\\2+5 < 

C, for a l i i > 1. 

(S^) there exist an integer N > 1 and some constants 5 > 0, c0 > 0 such that: 

AminCHj^P) > c0[Amax(H^deP)]1/2^, Vn > N. 

E.2 Assumptions on the Substi tute of the Corre­

lation Matrix in GEE 

(A) 3tn(ft) is positive definite for all n > 1 and ft E 7; the entries of $„(/3) are 

continuously differentiable with respect to ft, for all n > 1 and ft E 7. 

(B) the entries of 3in(ft) are 7n - measurable for all n > 1 and 0 E 7. 

(C) #*_!(,£) - RiC)(/3) A 0 element-wise, for all ft E 7. 

(E) there exists a constant C > 0 such that Amax($.n) < C fora 11 n > 1 a.s. 

(R) there exists K(ft) > 0 such that Xmin[Ji*n(ft)] > K(ft) P3 a.s. for all 0 E7 and 

n > 1. 

(R') there exists a constant C > 0 such that Amin(3J„) > C, for all n > 1, a.s. 

E.3 The Error-in Variables Model Assumption 

Assume that £ is a symmetric, full random variable in Mm 

(Al) £x lies in the generalized domain of attraction of the normal law (GDAN), 

£x — /x has a symmetric distribution, whenever the matrix E^ has at 

least one element on the diagonal which is oo 

(.42) E(el3) = 0, E(5ij) = 0, E(efJ) < oo, E(5\,) < oo with 1 < j < m, 

and Xerror := ( _ I is positive definite 
^ < 5 S ? S^ 
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(A3) (£»)i<7<77 a n d {(£i,8i)}i<i<n are independent. 
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