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Abstract

The scope of this thesis is to examine asymptotic properties for some longitudinal
regression models. These models are often used in biostatistics, econometrics and
psychology and involve the collection of several measurements, at different occasions,
on the same individuals or clusters. First, we examine the classical regression model
for longitudinal data and define the asymptotically optimal estimating equation, with
strongly consistent solutions. Then, we consider a simple model with error in covari-
ates, adapted to longitudinal data, obtain estimators of the regression paraimeters

and examine their asymptotic behavior.
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Chapter 1

Introduction

Longitudinal models are often used in psychology, sociology and biostatistics, where
individuals or units are followed over time. This type of investigation can be very
complex, involving a large population which might be followed over decades. For
example, the National Population Health Survey of Canadians is a study which has
been conducted by Statistics Canada since 1994/1995, where information is collected
every two years for a period of twenty years. The scope of the present work is to eval-
uate asymptotic properties of estimators in some regression models for longitudinal
data, without a subject specific random effect.

When data are collected on the same unit or individual across time, the obser-
vations of the variable of interest are usually correlated, and the correlation matrix
might be unknown. A popular method of estimation for longitudinal data was pro-
posed in [24]. Their approach is an extension of the generalized linear models, in-
troduced in [28], to a regression setting with correlated observations within subjects.
They assume only a functional form for the marginal distribution on each occasion,
without specifying the joint distribution of the measurements. and propose solving
the derived generalized estimating equation (GEE) by replacing the true correlation

matrix with a “working” matrix, R(«), which is treated as a nuisance. Their main



result is that the estimators, which are roots of such GEEs. are consistent. as long
as « is estimated consistently, for any correlation. In addition, they conjecture that
estimators are most efficient if the true correlation matrix is correctly modeled or if

[43

the sample mean of the observed correlations of each individual is used as the “work-
ing” correlation matrix. Hence, the downside of their method is that the estimator
of the regression parameter obtained is efficient only when the “working” correlation
matrix is correctly specified.

Following the ideas of [24] that improvement in efficiency of the estimators of
mean parameters can be done by also estimating parameters in the covariance matri-
ces for the response vector. in the case of binary data. the author of [30] introduces
a second set of estimating equations for a. The approach is extended by the authors
of [31] to the case of a general multivariate response. However, the suggested method
requires additional assumption such as the functional form of the third and forth
moinents.

The author of [9] shows that there are cases when the use of “working” correlation
matrix suggested by the authors of [24] leads to a breakdown of the asymptotic
properties of the estimators. The article points out that even if an estimator of «,
derived {from an estimating function, exists and converges, its limit has to depend
on the chosen form of the “working” correlation matrix, R(a) and on the chosen
estimating function. An example using particular choices of correlation structures is
used to illustrate the problem. The author concludes that the work of [24] may have
theoretical problems, generated by the use of a “working” correlation matrix involving
a parameter «, which does not have a precise parametric definition. Consequently,
to circumvent this issuc. the author of [10], suggests using a method which combines
the GEE with Gaussian estimation.

Furthermore, when the correlation structure is misspecified. the authors of [35]
show that the estimators of the regression parameter derived from the GEE are usu-

ally inefficient as compared to those obtained by using the “working” independence



estimating equations approach. They argue that the structure of the correlation is
quite important and that, especially in the cases involving an exchangeable true cor-
relation structure. the estimator suggested in [24] is less efficient.

In [32], the authors apply the principles of generalized method of moments to
the GEE framework. Their approach is to estimate the “working” correlation R(a)
so that the resulting estimator always exists and is optimal within a specific family.
Their use of quadratic inference functions leads to estimators which are nore efficient
than the ones obtained applying the GEE method when the correlation matrix is
misspecified.

Therefore, a GEE in which the true corrclation matrix is substituted by another
matrix is non-optimal. The goal of Chapter 2 is to identify conditions under which a
GEE is (asymptotically) optimal. A comprehensive study of optimality of estimating
functions and quasi-likelihood is available in [18] and [21].

As in [21]. the principle used for obtaining quasi-score estimating functions is
to maximize a matrix value information with respect to the order relation of non-
negative definite matrices. Hence, in order to obtain an optimal estimating equation
(EE), we define an appropriate class of estimating equations, find the quasi-score
in this class and then find sufficient conditions for which a GEE is asymptotically
equivalent to it. Optimality and efficiency considerations of transform martingale
estimating functions have been considered in [29]. The proposed estimating equation
is robust and satisfies C. R. Rao’s asymptotic first order efficiency criterion (see [21])
which lcads to a minimal asymptotic confidence interval.

The authors of [23] suggest using an iterative estiinating equations procedure to
achicve weak consistency and asymptotic efficiency of the estimator. They suggest
iterating between the estimation of the unknown parameter 3 and the estimation
of the covariance matrix (using the method of moments). It is shown that their
procedure converges at an exponential rate and that the estimator obtained by this

procedure is asymptotically as efficient as the optiinal estimator.



In [37], the authors consider the GEE suggested in [24], which contains the
“working” correlation matrix R{«). They obtain some sufficient conditions for the
asymptotic existence, weak and strong consistency and asymptotic normality of an
estimator B\n, which is defined as a solution of the GEE. Their rigorous results hold
when either the number of independent observations, or the number of observations
within cach subject. (or both), go to infinity.

The authors of [2] consider a generalization of the model to the case when the
residuals form a martingale difference sequence. Under the “working independence”
assumption, they first construct a preliminary sequence of weakly consistent estima-
tors which is used to estimate the average of the correlation matrices. Their “working™
correlation matrix is robust and therefore, this approach avoids the problems asso-
ciated with the nuisance parameter «. As in [37], they obtain conditions for the
asymptotic existence. weak consistency and asymptotic normality of an estimator Bn,
which is defined as a root of their GEE.

In Chapter 3. we prove the existence of a strongly consistent estimator //3\”, defined
as a root of a GEE which is a martingale. In addition, as in [37] and [2], to siinplify
assumptions, we examine the asymptotic behavior of the derivative of the estimating
function.

In Chapter 4, we introduce a longitudinal error-in-variables linear model, with
a single predictor and no subject specific random effects. To motivate our approach.
we discuss first some of the contributions in the field. beginning with the univariate
case.

Error-in-variables (also known as measurement error) models are regression mod-
els where the covariates cannot be measured directly or without error. Thus, the
response variable y is assumed 1o depend on an unobservable variable £, called the

latent variable. Instead of £ we observe x. A simple linear error-in-variables model



can be written in the following form:

y = a+BE+s,

r = £+0.

If £ is a random variable, the model is called a structural error-in-variables model.
We also mention here that the latent variable £ is assumed to be independent of the
errors £ and 6. Thus, if an n dimensional sample is available, the collected data are
(21, ¥.)1<2<n and the unknown parameters of the model are a and 8.

The error-in-variables model cannot be reformulated as a classical regression

model with random design since the regressor x is correlated with the error:
y=a+ Bx+ (e — B9).

1t is known that the error-in-variables models are, in general, not identifiable
and therefore, it becomes impossible to consistently estimate the parameters fromn
the data. In the univariate case, several additional assumptions that make the modecl
identifiable can be found in the literature (for further details, see [8], Section 1.2.1).
Under the assumption that the variance of ¢ is known, the authors of [8] obtain the
modified least squares estimators. However, their asymptotic covariance matrix is a
function of unknown parameters.

The author of [27] obtains some central limit theorems (CLTs) for the univariate
linear structural models when the explanatory variables are in the domain of attrac-
tion of the normal law (DAN), which constitutes a new approach in the study of
measurement error models. The concept of DAN is also used in a regression context
by other researchers (see [25] for instance). This approach has two advantages. First,
the assumption about the finiteness of the variance of the latent variable can be re-
laxed. Second, Studentized and self-normalized CLTs (that depend only on the data)

for distributions which are in DAN, are already available due to [17].



In the multivariate measurement error regression context, [19] assumes the co-
variance of the erior & to be known, or estimated to acquire identifiability of the
modcl. The estimation of parameters is suggested to be performed in two steps: first,
the reliability matrix (the correspondent of the reliability ratio in the univariate case)
needs to be estimated. Second, classical estimation methods, such as the least squares
method are used to obtain estimators of the unknown parameters.

The authors of [5] consider a longitudinal linear mixed model with measurement
error. Identifiability of their model follows from assuming a restricted model for the
covariance matrix of the latent variables. They describe extensions to the case when
replicate or validation data is available. For estimation of the regression parame-
ters, they use a regression calibration method, with a substitution for the unknown
covariates, which is corrected for estimation of the variance parameters.

Many of the carly results regarding error-in-variables problems and applications
are summarized in [15], whereas [8] contains updated results and [6] is an exhaustive
review of measurement error models.

In our longitudinal erior-in-variables model, the true predictor, & is assumed to
have the same effect for cach repeated measurement within the individual. We employ
the method of moments, as used in [8] to obtain consistent estimators appropriate to
the multivariate structure of the data. They correspond to the modified least squares
estimators of a univariate structural measurement crror model. The estimators are
constructed under the assumption that the diagonal of the covariance matrix of the
error 6 is known. This additional assumption ensures the identifiabilitv of our model.
We do not discuss here the case when this information is not available. (In this
situation, an estimator of the diagonal of the covariance matrix should be provided;
for additional details see Section 2 in [19)]).

We use the technique developed in [27] to obtain the CLTSs for the estimators
of the parameters of interest of our model. In our multivariate context. we use the

assumption that the vector formed by the latent variables belongs to the generalized



domain of attraction of the normal law (GDAN). The concept of GDAN is defined
in [20] and it does not coustitute a trivial extension of DAN to the multivariate case,
as it was previously assumed (sce [26] or [34]). By applying the results obtained in
[17], this approach enables us to obtain Studentized and self-normalized CLTs for our
estimators.

Thus, our results apply to the case of multivariate data where the components
of the vectors formed by the explanatory variables are not necessarily independent,
allowing for some degree of correlation between the comnponents of the latent vector.
As in [27], this approach allows us to obtain CLTs which are data-based and do not
involve unknown parameters. Our results can be viewed as a generalization of the
results obtained in [27] to include the case of longitudinal data. This generalization
is not trivial, the technical difficulty arising from the use of the GDAN concept. For
the sake of consistency with the literature and to facilitate a comparison of results,

we employ the notation and the structure of proofs laid out in [27].



Chapter 2

The Asymptotically Optimal GEE

A generalized estimating equation in which the true longitudinal correlation matrix
is substituted by other matrix is non-optimal. The goal of this chapter is to identify
a sequence of generalized estimating equations which are asymptotically optimal in
the sense introduced in [21]. We should point out that the principle used in [21]
for obtaining an optimal estimating function within a given class is based on the
maximization of a “matrix-valued” information function with respect to the order
relation of non-negative definite matrices.

In Section 2.1 we establish our general framework: we consider the response vari-
able to be a random variable on a probability space (Q, F, Pg), where 3 is an unknown
parameter. Section 2.2 introduces the appropriate class of estimating equations and
the concept of optimal equation within this class. In Section 2.3 we identify some
sufficient conditions under which a sequence of generalized estimating equations is
asymptotically optimal, in the sense that it is asymptotically equivalent to the se-
quence of optimal equations. Section 2.4 gives an example of a sequence of generalized

estimating equations which is, under certain conditions, asymptotically optimal.
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2.1 Model Assumptions

Assume that y, = (41, -, Yum)’, ¢ € {1....,n} are observations made on n individ-
uals. Each vy,, denotes the observation made on individual ¢ at time 7 € {1,...,m}.
We suppose that each y, is a random variable on a probability space (2, F, Pg).
Here /3 is a parameter which lies in an open set T C RP. We assume that the randomn
vectors y,... ,Yy, arc independent. We denote by Es(-) and Varg(-) the expectation.
respectively the variance with respect to Pp.

The value of y,, is considered to depend on a regressor x,, € RP through the

value 0,, = xg B. Our model assumptions are the following:

Es(y,) = ,U(X7T]/ ) = phy (B),

Vars(y,) = ou'(x)B8) = ¢o.(8), 0 #0,

where p is a differentiable function with x4 > 0. (p is called the link function.) Note
that these assumptions are satisfied when dealing with distributions in the exponential
family.

Some examples of link functions u are:
1. pu(y) =y in the lincar regression;
2. nu(y) = exp(y) in the log regression for count data;
3. u(y) = exp(y)/[1 + cxp(y)] in the logistic regression for binary data;
4. u(y) = ®(y), where @ is the standard normal distribution function, in the probit
regression for binary data.

Following [37]. we set the nuisance parameter ¢ to 1. as we do not need to
estimate it here. Let A, () be the diagonal matrix with elements ¢4 (3)..... o (B).

Note that:
Eﬂ(glj - Nzy(ﬂ)) = 0, \7/[3 cT.

Let 3,(8) be the covariance matrix of y,, with respect to Pg. i.c the m xm matrix
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whose elements are:

ka(ﬂ): = Cov,g(y”,ylk)
= Es{lyy — 1, (B)][yok — 10k (8)]}-

Recall that by definition,

‘712](/3) = Varg(y,;) = Ep{ly, — ﬂm(ﬁ)]z}-

Hence the matrix %,(3) has the elements o2 (8),...,02,.(8) on the diagonal. Let
R.,(B) be the true correlation matrix of y,, with respect to Py, i.e. the m x m natrix
whose clements are:

Covﬁ(yn’yzk) _ Umk([j)
\/Varg(yu)Var/g(ylk) Oy (B)O'Lk(/))) ‘

We assume that {R,(8)}.>1 is a sequence of positive definite matrices whose

Fl,]k('[}) = Corrﬂ(yz]7y1k> =

entries are continuously differentiable with respect to 3.

We denote:

w(B) = (La(B),. .., 1m(B)".
Y. = (yll ---- yzm)T-

In matrix notation we have:

S.(B8) = Covs(y,) = Eslly, — 1(8)(y, — m(8))"]
R.(3) = A/(8)7Y?5,(8)A.(B3)~V2

Lemma 2.1.1 For any i < n, let X, be the m X p matriz with rows :l%, 7 < m.

Then, %(—T@z = A,(8)X,, forany €T and i > 1.

Proof Let € T and: € 1,...7n be arbitrary. It is sufficient to prove that for any

Oy (B) _ o2 (B)x.. Using the chain rule, we have:

J S m, 6/371 27

Opsy () _ Onlx;B)
opr 08T

which proves our conclusion. O

T T _ JT 2
- ngﬂl(xm'g) - ngazj(6)7



2.2. The Quasi-Score 11

2.2 The Quasi-Score

Let &, be the o- field generated by y4, ...,y for each i < n. We denote by Eg(-|F,-1)
and Varg(-|F;_;) the conditional expectation, respectively the conditional variance,
given F;_q, with respect to Pj.

Throughout the remaining part of this chapter we consider estimating functions

of the form:

n

€.(8) = Y XTAL(B)/*Ria (8) M A(B) 2 (ys — milB)), (2.2.1)

=1
where {R,.(8)}, is a sequence of m x m positive definite random matrices which

satisfy the following assumptions:

(A) R,(8) is positive definite for all n > 1 and f € T; the entries of R,(5) are

continuously differentiable with respect to 8, for alln > 1 and 8 € 7T,

(B) the entries of R, (8) are F,, - measurable for alln > 1 and § € 7.
We want to find a matrix R;_;(8) which is a good approximation of true corre-
lation matrix R,(3). The fact that we consider R;_1(8) instead of R,(3) allows us to

consider a rich class of estimating functions, as it can be seen in the examples below.

For each n > 1, we consider the following class of estimating functions:
Ho = {8,(6) = Y_ C.(B)ly; — mi(B)]. 8 € T},
i=1

where C,(53) is a p x m random matrix whose entries are JF;_; - measurable and con-
tinuously differentiable with respect to S for any ¢ < n and for all # € T. We assume

that B3, (6)g,(6)"] < o0 and E, | 22

}<ooforanyﬁ€‘3’.

Example 2.2.1 The generalized estimating equation (GEE) considered in [37] is:

n

g (8) =Y XTA(B)*Ri(a) A (B) 2y, — mu(B) = 0, (2.2.2)

i=1
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where R, () is a known positive definite non-random matrix. In this case, R,_;(8) =
R,(a), for all B € T and therefore, R, (3) clearly satisfies (A) and (B). Hence, (2.2.2)

is an element of H,.

Example 2.2.2 The “working independence” GEE:
g (8) = D X[y, —m(8) =0
7==]

is of the form (2.2.1), with R,(8) = I. This GEE is a particular case of (2.2.2) and

hence it is an element of J{,.

Example 2.2.3 The following GEE is of the form (2.2.1):

n

8.0 = S XTAB)VR_ABL) V(y, — m(B) =0 (2.2.3)

=1

~ 1< ~ ~ ~ ~ ,
:Rn(ﬂ) = Rp= ﬁ ZAZ(BH)_I/Q(Yz - l"z(dn))()’z - /‘1(5n))TAz(Bn)_]/z-
=1

Here {En}nZl represents a sequence of weakly consistent estimators of 3y which are
defined as roots of the equation g"°P(3) = 0; S, is interpreted as the “true” value
of the parameter. In this case R,(3) also satisfies (A) and (B). Therefore. (2.2.3) is
also an element of 3(,. (Note that (2.2.3) is different from the GEE considered in [2],

where ﬁ:l is replaced by R, 1.)
Example 2.2.4 Consider the GEE given by (2.2.1), where:
* 1 - - -
Ra(B) = R(B) = ~ DA Ty, — m(B)(y, — m(8)TAB) .
1=1

The sequence {R,(f)}n>1 clearly satisfies (A) and (B). In Section 2.4 we show that,
under some conditions, R,(8) is a good approximation of R,(8), when R,(3) docs

not depend on i.
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As in [21], we introduce:

sig. () = {8 | BV ylg, riomy {ms [22) ]

For all 8 € T and g,,(8) € H,, we use the following notation:

M, (8) = Covsl[g,(3)] = Eslg.(8)e, (B)]:

H.(8) = -Ej {aggéﬁ)] .

It follows that €[g,,(8)] = H,(8)M,(8)'H,(3).

The next definition introduces the concept of optimal estimating function within

the class H, (see Definition 2.1, [21]).

Definition 2.2.5 An estimating equation g, € H,, is optimal (or quasi-score)

withan the class 3, of for any g, € H,, and for any B € T,

£[9,(8)] — €[9.(8)] is non-negatwe definte.

The following remarks provide some insight into the motivations leading to the above

definition.

Remark 2.2.6 The matrix €[g,(0)] is a natural generalization of the Fisher infor-

mation matrix. If there exists a score function s, (3), then:

Eglsn(8)] = 0,

I,(8) = Covglsn(B8)] = —Eg {asn(ﬁ)

opT

} is the Fisher information matrix.

It follows that &[s, (/)] = I.(8). The Cramer - Rao inequality states that the inverse
E[sn(B)]7* of the Fisher information matrix is a lower bound for the variance of any
unbiased estimator of 8. Hence a best unbiased estimator of 8 is one for which

E[sn(B)] is maximal (w.r.t. the order of nonnegative definite matrices).
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Consider the following estimating equation:

n

8.(8) = Y _ XTAB)R.(B) T AB) Py, — m(B)), BET.

=1

Note that g,(8) is an element of the class 3.

Proposition 2.2.7 The estimating equation g, is a quasi-score in J{,.

Proof. Let n > 1 be fixed. We apply Theorem 2.1 of [21]. For an arbitrary g, € H,,

we show that:
o o
Ed[gn(ﬁ>gn(ﬁ)l] = _Eﬁ |: i%(f)

Denote C,(8) = X A, (8)Y?R,(8) 1A, (B)"? = XTA,(B8)%,(B)~! and note that

C,(B) is non-random. Then:

:l , VB eT. (2.2.4)

Z m(B), BeT
Since y, — 1u.(3) is independent :f F for any j # o and C,(3) is F,_, measurable, we
obtain:
Eslg,(8)8.(3 21 E5[C w(B)(y, — 1,(8))"C,(8)"]
- i_l;Eﬂ{czw)E,e[(yz BNy — BT
v Z By {C(B)Bsly, — (AT )y, 1 — s (5)Cos (5)7)
+Z T BACOR, ~ (O, ~ BI04

Since Egly, — . (8)|Fom1] = Eply, — 4 (8)] = 0 and Eg((y, — . (8))(y, — 1, (8)) T 1Fo-1] =
Es[(y, — 1. (B)(y, — 1,(B))"] =0 for any i > 1 and j # i — 1 and j # 7 , the left
hand side of (2.2.4) is equal to:

Eslg. (9)E.(8)") ZEﬂ C.(8)Z.(B)C.(8)"]
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n

= Y EC.(B)AB)X] (2.2.5)

=1
Denote by ¢,1(3),...,Cum(B) the columns of the matrix C,(8). Hence, g,(8) =
Y1 g € (B) (Y — 14y (B))- The right hand side of (2.2.4) is equal to:

o[22 =53 [ o] s [ %2

- ; ; { [acamﬁ(f Egly,, — lLU(B”‘(fZ—I]J + Bslc, (8)or, (B)XZ;]}
=3 D Esley (B)oh ()] = D E(C.B)A(B)X.]. (2.2.6)

Here we have used Lemma 2.1.1, the fact that ¢, () is F,—1- measurable (and there-

fore, &Calig(f) is F,_1- measurable), and Egly, — p;(8)|F-1] = Egly,;, — 114;(8)] =0

for any 4 > 1. The conclusion follows from (2.2.5) and (2.2.6) . O

Remark 2.2.8 By taking g, =g, in (2.2.4), we obtain that:

Covs[E,(3)] = —Es [8%?6@] vgerT, (2.2.7)

i.e. g, has the property of a standard score function.

If we denote by:

mn(ﬁ) = COVﬂ [gn(ﬂ)]a

_ I8, (/
H.(3) = —Eg {————gggj)y

from (2.2.7) it follows that:
ﬁvz(B) = Mn(ﬁ)

Remark 2.2.9 In the case of the “working independence” GEE given in Example

2.2.2, we have:

. inde n
()= -5 | EE 20| S XTA (X
=1
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2.3 The Asymptotic Quasi-Score

Even if g, is the optimal estimating [unction in the class H,, it cannot be used in
practice, since it depends on the unknown correlation matrix R,,(8). In what follows
we consider a different estimating function g} which does not depend on _I_{n(ﬁ) and
turns out to retain the optimality property of g,, in the asymptotic sense. More
precisely, let {R*(8)}>1 be a sequence of m x m random matrices which satisfy (A)
and (B) and let g*(8) be the associated estimating function given by (2.2.1). Note
that g € 3, for any n > 1.

Denote:
M,(8) = Covg[g,(8)],
og: (3
H'(3) = —Eﬂ{ %@J.

Lemma 2.3.1 We have the following formulas:

n

M,(8) = > XIA(8)/"R.(8)7'A(B)/X, (2.3.1)
2=1

M;(8) = Y XTA,(8)E,_,(8)A,(8)/*X, (2.3.2)

Hy(8) = D> X[A(B)EL(B)A(B)*X,, (2.3.3)
p=1

where E;_,(8) = Es[R;_,(8) "Ru(8)Re_y(3)7'] and E;_,(8) = Eo[R:_,(8)").

Proof. Using an argument similar to the one used for the proof of (2.2.5), we have:
Eﬂ [gn(ﬁ)gn(ﬂ)T] - Z EB[C7 (ﬁ)zl(ﬁ)cl(ﬂ)’r]? Vgn € :H:TL
=1

We first prove (2.3.1).

M,,(8) = Cov;[g,(8)] = Es[8,.(8)E,(8)"]

= 3 E{XTAL(B) R (8) 7 A(B) AL (8) /R (B)AL(B)2
=1
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'AZ(/B)_UZE (/3)_1A ( )1/2X1}

— S XTAB) PR () TA(8) X,

=1

Using the fact that the entries of R}_,(8) are J,_; - measurable V3 € T we obtain:
M; (6) = Covslg ()] = Bl (£)83(5)"
= DB KI AL () (6) AL (B) A5 R 5) A (6)
A (B) TR (8) T AL(B) X}

=D B [XTA(B) PR (8) " RUB)RL(8) 1 AL(8)°X

=1

= Z XT A (8)PEg[Rr_ (8) "R.(B)R_1(8) " JAL(8) /X,

—ZXT (A)VPE,_(8)A,(B)*X,.

This proves (2.3.2).
To prove (2.3.3), let C*(8) = XTA,(B)V?R*_,(8)"'A,(B)~/2. Using (2.2.6) we

have:

Hi(5) = B |20 ZE CHAABIX]

= ZEAX?’ A(B)VAR:L(B)TIAL(B) /X ]
=1

= Z XTAZ(B)l/QEﬁ[:R:—I (/B)MWAZ(B)UQX%

1=1

= ZXTA (8)2Er_,(B)A.(B)/*X,. O

As in [21], in order to define the concept of asymptotic optimality, for any esti-

mating equation g, € H,,, we introduce the following normalization:

rn(6) = [is ()| ,8) = Bo(9) 8,00

We denote I[g,,(8)] := Cov,[gr™(8)).
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Remark 2.3.2 For any g, € H,,, we have:

Ig.(8)] = Es[gl™(B)gl ™ (B)"]
= H.(0)'Es [8.(8)8,(8)T] Ha(5)
= H,(8)"'M,(8)H.(8)™"

= {Elg.ON 7"

Intuitively, we say that g’ € J(, is asymptotically optimal if, for n large enough, the
matrix J[gr(8)] is minimal. The following definition introduces this concept rigor-

ously; it corresponds to Definition 5.1 in [21].

Definition 2.3.3 A sequence {g},}n>1 of estimating equations with g}, € H,, for any
n 15 asymptotically optimal (or asymptotic quasi-score) within {3, },>1 of for

any sequence {g,}n>1 with g, € H,, for anyn > 1, and for any 3 € T the sequence

{91g,(3)]*g,(B)Igs (B = I

18 asymptotically non-negatwe definite, 1.e. for any p x 1 vector ® of norm 1,

lim inf =7 {J(g7,(8)]"*I(g,(8))I[g,(8)]T/* — Bz > 0.

Here, we used the notation J[g*(8)]77/? = {J[g:(8)]"/2}7.

We introduce the following assumptions: (note that the first one is similar to
assumption (H') in [2])

(H) for any 8 € 7, there cxists a constant Cj > 0 such that Amn[Ra(8)] > Cs,
for any n > 1

(D) A [H29P(3)] — o0, for any 8 € 7.

Here, Amn(+) denotes the smallest eigenvalue of the corresponding matrix (see
A1)
The next theorem states the conditions under which a generalized estimating

equation of the form (2.2.1) is an asymptotic quasi-score.
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Theorem 2.3.4 Assume that (H) and (D) hold.
Let {R2(8)}n>1 be a sequence which satisfies conditions (A) and (B) as well as:
(O) R:_,(3)— R.(B) 0 element-unse, forallBeT
(R) there emsts K(8) > 0 such that A\nm|R:(8)] > K(B8) Ps a.s. forall B € T
and n > 1.

Then the sequence { g}, }n>1 18 an asymptotic quasi-score within the collection H,.

Proof. By Remark 5.2 of [21], as §, is a quasi-score in J(,. it is therefore an asymp-
totic quasi-score in H,,. In what follows we show that g, and g’ are asymptotically

equivalent. More precisely, by Proposition 5.5 of [21], it is enough to show that:

(norm) (norm) T
det Ed[g*(nmm)(ﬁ)g:(mrmgﬂ) ] 1, VBeT. (2.3.4)
det Eg[gn ™" (B)gn"" " (8)"]

By Remark 2 3 2, it follows that:

Es[g0"™ (B2 (6)7) = M(6)"
Balgim™ (B)g "™ (B)T] = Hy(8) " M;(8)H; (5) !

Therefore, relation (2.3.4) becomes:

det M,,(8)1
- —1, VvVBeT,
det[H; (8)"' M} (8)H;,(8) ]
which can be written as:
*(3)?
detHL9)" 1 vger (2.3.5)

det[M,,(8)M;,(8)]
since det(AB) = det(A)-det(B) for any matrices A and B and det(A™") = (det A)~!
for any non-singular matrix A.

Relation (2.3.5) is proved in two steps. Namely. we show that:

det HZ(8) , .
MG 1, V8eT. (2.3.6)
detMLB) L, 4, vger (2.37)

det M,,(8)
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For this, we first show that:

R.(B)E:_,(8) — I element-wise, V3 € 7. (2.3.8)
R.(B)E, ,(8) — I element-wise, V3 € T. (2.3.9)

Let 8 be arbitrary, but fixed. We begin by proving (2.3.8). From (C), it follows

that there exists a subsequence (ng)g>1. such that:

*
:Rnk—l

(8) - R, (B) o og 0, element-wise.

By assumptions. (A) and (H), the matrices R _,(8) and R, (3) are positive definite

nk—l

and therefore invertible. Hence, it follows by Lemma A.2.1(i) that:

-1 P3as
—

fRka_l(/S’)_1 ~ R, (B) 0, element-wise. (2.3.10)

Also, each of the absolute values of the elements of the matrix R*(8)7! is bounded

above by Anu(R5(8)71], by Lemma A.1.12. Since Apu[R:(8)7Y = AL [RA(B)] <

min

K(8)™',¥n > 1, Ps as., by (R), we conclude that for any k£ > 1:

each of the elements of R _(3)! is bounded above by K(8)™!, Psa.s. (2.3.11)

nk—l
Similarly, by (H),
each of the elements of R, (8)~" is bounded above by C5". (2.3.12)

Therefore, the convergence in (2.3.10) holds in L!(Ps) as well, and so:

EglR: 1 (3)7Y — Es[R, (B)"'] = 0, element-wise

g —1
or, equivalently,

E; _1(8) - R, (8)"' =0, element-wise (or in norm). (2.3.13)

Using Lemma A.1.12 and the fact that the absolute value of the elements of

ﬁnk (8) are bounded above by 1, we conclude that /\max[ﬁm. (8)] < m, 80 Amm [ﬁnk (8) =
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{Mmax[Ri, (8)]}71 > m~1. By Lemma A.1.14(i), it follows that Ry, (8)~! > m~I for
any k > land so R, (8) < ml for any k > 1, i.e. (by Lemma A.1.14(ii)),

Hﬁnk(ﬁ)n = /\max[ﬁnk(,@)] < m. (2.3.14)

Since:

IR, (B)E7, 1 (8) I = [[Ra(8) - [E}, 1(8) — Ru, (B) 7]
< R B - 1B7, 1 (8) — R (B)7,

using relations (2.3.13) and (2.3.14) we conclude that:
IR, (B)E, _1(8) —1|| =0, as k — oo. (2.3.15)

We now claim that (2.3.8) holds. Suppose, by contradiction, that there exists

£0 > 0 and a subsequence (n;);>1 such that:
IR, (B)E;, 1 (8) = 1|l > e VI>1. (2.3.16)

Repeating the previous argument with R7, (8) in lieu of R} (8), and R, (8) in licu
of R, (), similarly to (2.3.15), we conclude that there exists a subsequence (n1 ) e>1
such that:

HR,” (B)E, n, 1B) =TI =0, as k — oo. (2.3.17)

From (2.3.16) and (2.3.17) we obtain a contradiction.
We now turn to the proof of (2.3.9). From (2.3.10), (2.3.11) and the fact that
the elements of R,(3) are bounded by 1, we also have:

R () R (B)R:, 1 (8) ) — R (B)7Y] 570, element-wise,

and hence, by using (2.3.10) again we obtain the following element-wise convergence:

[R: 1 (B) R (B)RE, _1(8) ™ = Rz, 1 (8)7]
R () =R (8)7] 25T 0. (2.3.18)
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The convergence in (2.3.18) holds in L!(Pg) as well, by the bounded convergence
theorem and by invoking again (2.3.11), (2.3.12) and the fact that the elements of
R.,.(B) arc bounded by 1. Thercfore, applying Lemma A.2.2:

Es[R: _1(8) "R, (B)R, _1(8)7'] — Eg[Rn, (8)™1] — 0, element-wise, i.e.

—k J—

(B) = R, (8)™' — 0, element-wise. (2.3.19)

ne—1
Since:

=t

R (D)E,, 1(8) ~ T = R (8) By, 1(8) - Ru(8) 7l
< R (B IE,, 2 (8) =",

using (2.3.14) and (2.3.19) we conclude that:
IR, (8)Er, 1(8) = I|| = 0, as k — oo.

Arguing by contradiction, as in the proof of (2.3.8), we conclude that (2.3.9) holds.
We now turn to the proof of (2.3.6) and (2.3.7). Using relations (2.3.8), (2.3.9)
and Theorem 3.14 in [33], for € > 0, there exists an integer n, (depending on ¢ and

B3) such that for any ¢ > ny:

l-e< )‘min[Rn(ﬁ)E;—l(ﬂ)] < /\max[Rn(/B)E:L—l(.B)] <l+g, (2-3~20)
1— & < Anin[Ra(B)Er1(8)] € Anax Ru(B)E, 1 (8)] < 1 +¢. (2.3.21)
Denote:

Man(B) = Y XFA(B)*Ri(8) ' = Ru(B) " A(B) X,

1="n0

M, .(8) = > XTA(B)/E;_,(8)A:«(B)/*X,,

i=ng

H; (8) = Y X[AiB)’E(8)A:(B)/*X,.

i=ng
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By writing EZ,(8) = R(8)~2[R.(8) By, (5)R:(6) IR, (5)~" and using
the fact that the eigenvalues of R;(3)Y?E:_(8)Ri(8)Y? are the same as the eigen-
values of R,(3)E;_,(3) we obtain:

Amin[ﬁi(B)E:—l(ﬂ)]ﬁi(ﬂ)_l < E:—l(ﬁ) < Amax[ z(ﬁ)E:—l(ﬁ)]ﬁt(ﬁ)_l’ Vi > 1.

We multiply these inequalities by X7 A;(8)Y? to the left and by A;(3)Y2X; to the

right. Taking the sum over % = ng, ...n we obtain:

H<HI<1 )‘min[—_’i(ﬁ)_lE:—l(:B)]M_no,n(B) < H:Lo 2(B)
< o A lRi(8) B (8) M (9).
Using (2.3.20), this gives:
(1= &)Mupon(8) < Hj, 1 (8) < (14 €)Mpgw(8). (2.3.22)

Taking the determinant and using the fact that the determinant is an increasing

function with respect to the order of non-negative definite matrices we obtain:

L det[H: ()] .,
(1 - 8) S m S (]. +€) . (2323)
By writing E;_;(8) = Ru(8)"*[Rs(8)?E,_(8)R:(8)/*JR;(6)""/? and using

the fact that the eigenvalues of R;(8)Y/2E,_,(8)R.(8)Y/? are the same as the eigen-
values of R;(8)E; () we obtain:

Amin Ri(B)E,_ (B)Ri(B) ™ < Er_(8) < Anax[Ri(B)E;_, (B)R(B) 7Y, Vi > 1.

We multiply these inequalities by X7 A;(8)Y? to the left and by A;(8)Y2X; to the
right. Taking the sum over i = ng,...n we obtain:

min /\mm[ (B)—z 1( )] no, 71(/8) < non(ﬂ)

ng<i<n

< max )\max[ (B) (/3)]‘1\7[—770 774(/6)

np<i<n



2.3. The Asymptotic Quasi-Score 24

Using (2.3.21) this gives:

(1- 5)M—no,n(ﬁ) < M;km,n(/g) <1+ E)Mno,n(lB): (2-3-24)
which implics, similarly to (2.3.23):
det[M?
(1-¢) < detMy,, (B)] 1+ (2.3.25)

B det[MnO,n (/8)]
Since R,(8)™! > m™'1, using (2.3.1) and Lemma A.1.14(i). we have the following
estimation

M,(8) > minAgu[R,(8) ' THRP(8) > m 'HP(8),

T ai<n

By condition (D). it follows that A\pm[My,(8)] — 0. Since Amn(A +B) > Ann(A) +
Ammn(B), by writing M, »(8) = M,(8) — My,_1(8), we have the following relation:

A M (8)] + Asasn[~Ming-1(8)] < MM, (8)]-

Hence Amun[M,,(8)] — oo, and there exists n; > ng such that Apn[Mp, »(8)] >

™

“Amax[Mp,_1(8)] for any n > n;, since ng is fixed. It follows that for any p x 1

vector x and any n > ny:

XTMnD—l(,B)X S )‘max[mno—l(ﬂ)] S EAHIIH[MTLO,TL(B)] S 5X7‘Mno.n(/3)x
Hence M,,,_,(3) < eM,, ,(8) for any n > n, and therefore:

M., (8) M, (8) < (1 + )My, n(8). Vn > ny. (2.3.26)

Using relations (2.3.22) and (2.3.24) and the fact that Ay, [M,, »(8)] — oo, we
obtain that /\mm[H;O,n (B8)] — oo, as well as /\mm[M;O’n([)’)] — o0. An argument

similar to the one leading to (2.3.26), applied to H (3) and M} (3). allows us to

conclude there exist ny > n; and ng > n; such that:

H. (8) < HL(B) < (1+e)Hy, (), Vn = n,. (2.3.27)

ng,n 70,7
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M, (8) < M(8) < (1+2)My,,.(8). Vn > ns. (2.3.28)

ng."

By taking the determinant, and using (2.3.26), (2.3.27) and (2.3.28), we obtain:

O+ g < T <O ) Y
(1+2)” %H < %Z%‘%S(H )%B—A—L’% > ny
These relations together with (2.3.23) and (2.3.25) imply:
(1-e)f(1+e)? < % < (142)%, Vn > ny,
(P tey? < i:{ME"H <1+, ¥n > m

This proves (2.3.6) and (2.3.7).0

2.4 An Example

Throughout this section we assume that, the correlation matrices R,(3) are the same
for all individuals.

We consider the following sequence:
R;(8) = ZA B) 2y, — (B, — 1(B8)) ALB) V2, BET,n>1.

We show that this sequence satisfies condition (C) of Theorem 2.3.4 and is

equicontinuous at Gy, where 5y € T is a fixed value of the parameter.
Proposition 2.4.1 Assume that for any 8 € T and i > 1:
R,(3) = R(B), (2.4.1)

and that the following condition holds:

(Ny) for any B € T there exists some constants 6 > 0 and Cg > 0, such that:

Es| A.(8)"Y2(y, — w(B))|I**% < Cg. for alli > 1.
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Then the sequence {R%(8)}n>1 satisfies condition (C) of Theorem 2.8.4. More pre-
cisely for all 8 € T we have:

R (B) — R(B) @sand I g element-wise, with respect to Psp.

Proof. Let 8 € T be fixed. For any n > 1 and j,k € {1,...,m}, we denote by
*(n) (8), 7,x(8B) the elements of the matrices R;(3) and R(B), respectively.
Note that:

I (8) —T(8) = —Z% B) M (g — 114y (8)) e — 11 (B)) —
_Eﬂ[(yu - /’LLJ( ))(ybk - ,U'Lk(«B))]}O—zk(B)_l-

By the Strong Law of Large Numbers. we conclude that {1‘]*,(6") (8) = 7x(B) }n>1 con-
verges to 0 a.s and in L'(P3). O

For the next theorem we fix a value 8y € T and we omit the argument 3, in the
corresponding functions. Note also that the a.s. relations are considered with respect
to the probability measure Pg,.

We denote by B, = B,.(8) = {8 € T:||8 — Bol| < r} and

- 1/2
) w(xrs)]" )
T = su max ——i— - .
In 8,8’ pB 1<ng<m /,L/(X;I; )

Note that in the case of linear regression (i.e. u(z) = ), 7,(r) =0 for all r > 0 and
n>1.
The next result gives sufficient conditions for the sequence R%(3) to be equicon-

tinuous at fq.

Proposition 2.4.2 Assume that (2.4.1) holds as well as the following three conds-
tions:

(K") hm lim sup 7, (r) = 0,

n—00

(G) there emsts a constant C' > 0 such that Apax(HP) < Cn, Vn > 1.
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(N,) there emst some constants § > 0 and C > 0 such that

E|AV e, | < €, foralli> 1.

Then,
lim limsup sup [|R;(8) = R:|| =0 a.s. (2.4.2)

r—0 n—oo ﬁEBr

Remark 2.4.3 Note that condition (IV}) is weaker that condition (Njs) encountered

in Proposition 2.4.1.

Remark 2.4.4 Assumption (G) is satisfied if sup,5, ||x,|| < oo and 4’ is a bounded

function: in particular this is the case of the linear regression and logistic probit regres-

sion for binary data. (To see this note that Ay, (H24P) < max Amax (Ay) Z XTx, <
1<n

1=1

Cn.)

Proof of Proposition 2.4.2. The proof is similar to that of Proposition 2 of [2], by
replacing ,(;,, with 8. We include it for the sake of completeness.
For each + < n and 3 < m, let £,(8) = ¥, — 1,;(8) and y;,(8) = &,(B)/,,(B)-

The elements of the matrix R (3) are:

*(n 1 <1, B‘-L
T]IE: )(5) = —ZJ(—k ZUU Yy (8). where « <m and 3,k < m.

n < o, (B)ow(B)
For each ¢+ < n and 3,k < m we denote:

3) = Tk
0 k(B) = 0., (8)ow(B)
Byiy(B) = 41(8) =

Aleyen)(F) = ey(B

= Au,

5zk(/3) 991k

)
(B)Apx(8) — Apy(B)ewk — Apuk(B)ey-

Let 3,k € {1,....m} be fixed. With the above notation we have:

*(n)(B *(n) _2 : 51] . _2 : €k
— o, (3 n 01y 01k
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1 <= Ale,e)(8 1w~ Alg,,g, 1 o &,.6,
:_Z ( J k)( )+_ ( 7 k>(6)51jk(5)+_ Ciy kfsl,Jk(,B)-
n N G130k n —1 0130k n 1 0,30k
After some algebraic manipulations, we obtain that:
|’*(n)(ﬁ) - 71;1(»71)‘ < Unyi(B) + max 10, 1 (B)| - [Un e (B) + Vil (2.4.3)
where:
V":]k = - Z |y y’LkI
| Ay (B ARk(B)] | 1 [Apy ()] 1~ |2 (8)]
Uy, x(8) = =— — J " - — |y
Jk( ) n ; 0000k + n ; o, |y’Lk| + n Zzzl Tk i 1][

= ULL(B) + UL (B) + Uy (B).

Let ¢ > 0 be arbitrary. We want to prove that with probability 1, there exist

some random numbers ro(g) > 0 and ng(c) > 1 such that:

7 (8) — Y] < =, Vr € (0,70(€)), ¥n > o).

We treat separately the terms max,<,, |0, ,£(8)|, Vi, ;& and Up ;i (8)

We begin with the term max,<, |6, ,x(8)|. By the definition of 7,(r), for any

B € B,,i<n, 7 <m, we have the following relation:

- T1,0,1 g Tk, a,
_J_ﬁ_\__..g..g\.__lb -
L PN G R Rl e ) R B o ey B R )

+ -1 < i )+ 2n,(r).
T 1] < ki) + 20n(0)
By (K). there exist ry(e) € (0,2) and n;(¢) such that:
na(r) < e, Vr € (0,ro(g)), Yn > ny(e). (2.4.4)

Hence:

max |3, ,(8)] < £? + 22, VB € Bryey, Vn > ny(e). (2.4.5)
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Next. we treat the term V, )x. By Cauchy-Schwarz mequality:

”
]-n * »{n / *\ 7 1/2

<[ > i -[;zlyzk@ = () ()"
=1

Using an argument similar to the one used in the proof of Proposition 2.4.1 (and

using asswmnption (Ny)). it follows that:

*(n)
|TJJ

— 7, 0.
Since, 7,, < 1, it follows that with probability 1, there exists a random number 1, ()
such that:

r™ <146 as Vo> ng,(e). (2.4.6)

By letting no(e) = max,<,, n,,(¢) we obtain:
Vask <14z as ¥Yn > nye) (2.4.7)

Let 7 > 0 and 8 € B, by arbitrary. We now treat the term U, (). Applying
Taylor’'s formula to the function p,,(3), we obtain that there exists EW between 3 and
Bo such that ,)(8) — e, = 02 (8,,)x5(8 — 8). Hence, for any n > 1 we have:

n

1N | Ay, (B)]2 26,
EZ | #;é[j)| - nul(B _ ﬁO)T Zl [0']0(-2] 7):| OEJXUXS (B i BO)
7=1 1 7= 3

< N8~ Bo)” {Z XA (A3, )A211A3/2X7} (8 — Bo)
1=1

< 0 max X2 (AW, ) AT(B ~ 6)THEP(5 ~ fio)

< n‘lx\max(H‘“dep)maX Mmax[ A (B, ) AT — Bo)I?

- 2
S CI?Sa;‘{ /\rznax[ L(B’L]) 1 ]T

where we used assumption (G) for the last inequality.

Note that forany : <n,3<mand 8 € B,,n > 1

W8 [ [WeEE,)
WD) ”L(xw Bo)

2

1/2
} —15 <[L+na(n))
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Hence:

. 2
max )‘max
1<n

[ABA < [L+1.(r)])*, Vn > 1, VB € B,

We conclude that for any 8 € B,, n > 1:
1 ¢ IA/LzJ(ﬁ)IZ 2 4
— —— < (Cr1 n .
~ 1§:1 2 < (1 + 7 (r)]

By (2.4.4) it follows that:

1 < | A, (B)]? . ‘
EZ Li‘;g(f—)‘— < Cro(e)*(14¢)* < Ce*(1+ €)%, Vn > ni(€). VB € Bry(e)-
=1 J

Using Cauchy-Schwarz inequality, it follows that with probability equal to 1:

n 1/2 n 1/2
1 A, (8)]2 1 A (B8)1? y
Ur(I]j)k(:B) < (;Z——-—I 32( ) ) (—-Z————‘ }"2( ) < Ce2(14¢)4,
o n o

n 1/2
1 < | A, (B)]2 N2 o
(— > [Bps (O 72( | ) <7~,¢§c )) < Ce(l+¢)?,

n g

=1 [

U1(fj)k (/B )

IA

1=

n 1/2
1 Api(B)[? s\ /2
) < (332 T () < e
1k

for any n > ng(e) and § € B, where nz(e) := max{ni().ns(c)} is a random
numnber.

Hence, with probability equal to 1:
Unyk(B) < 3Ce(1+¢)t, Vn > na(2), V8 € By (2.4.8)

Returning to (2.4.3) and using (2.4.5), (2.4.7) and (2.4.8), we conclude that, with
probability 1, for any n > ng(e) and for any § € By,

P (8) — ] < 3Ce(1+e)t + (2 4+ 26)[3Ce(1+ €)' +1+¢] <e.

Here ng(e) > n3(e) is chosen sufficiently large so that the second cquality above holds.

This concludes the proof of (2.4.4). O



Chapter 3

Strong Consistency

In this chapter we fix 8y, assumed to be the “true”, unknown value of the parameter
B, and prove the asymptotic existence of a sequence { /B\n}nzl of strongly consistent
estimators of By9. To do this, we consider a sequence of estimating functions which
form a zero-mean square intcgrable martingale with respect to Pg,.

In Section 3.1 we prove a general theorem which guarantees the existence and
a.s. convergence of a sequence of estimators of 3y, defined as roots of generalized
estimating equations which are martingales. Some preliminary results needed for
computational purposes are given in Section 3.2. The asymptotic behavior of the
terms of the derivative of the estimating [unction is treated in Section 3.3. In Sec-
tion 3.4 we find simplified conditions under which a strongly consistent sequence of
estimators for 3, exits.

Throughout this chapter. the almost sure relations are considered with respect
to the probability measure Fg,. For simplicity, we omit writing the argument 5y, i.e.
we write 7, E(-) instead of Pg,, Eg,(-), etc. We denote by C a general constant which

can differ from one case to another.

31
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3.1 A General Theorem

In what follows we consider Sy € T to be aibitrary (but fixed). All the random
variables are defined on the probability space (2, F. Pg,).

For each n > 1 and 8 € T let g,(8) be a p x 1 random vector such that the
function g,, is continuously differentiable with respect to 8. We use the notations
B, =B, (6y)) ={B€T;||B—Fl| <r}and 0B, = {f € T;||8 — Bl = r} with r > 0.

Recall the notation for g € T:

D,(8) = 0g,.(3)

opT
Mn(B) = COVB[gn(IB)]'

The following theorem gives sufficient conditions for the existence of a strongly
consistent sequence of estimators of 3y. Note that some of the conditions are similar
to those of Theorem 7 of [37]. Note that here {g,,F,}n>1 is a martingale and we do

not assume that D, is positive definite.

Theorem 3.1.1 Let {g,,F,}n>1 be a zero-mean square wntegrable martingale defined

on a probability space (2. F. Pg,).

Let (o )n>1 be a sequence of constants such that there exists C > 0 and N > 1

with:
Chmax| M) < apn, Vn > N. (3.1.1)

Suppose the follounng conditrions hold:

(1) A [M] = o0,

(S) there exist some constants 6 > 0, ¢g > 0 such that with probabiity 1, there
ex1st some random numbers ro > 0 and ng > 1 with-

(1) |zFD,.(B)z| > 0 for any p x 1 vector, z, ||z| =1, B € B,, and n > ny,

(1) lim,_,o limsup,, ,., an/>"° supse, || Dn(8) — Dnl| = 0.

(1) |5 D] > coa!*™® for any p x 1 vector, =, ||z = 1 and n > ny.
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Then, there exists a sequence of random wvectors (B,)n>1 and a random number n,

such that:

(a) Ps(g,(Bn) =0, for anyn >mn;) =1,
(b) B\n 2) /80-

Proof. Since

Blan " g, (8)]
apT

and by condition (S)(i). |x'D.(8)x| > 0 for all vectors x of norm 1, it follows that

= _0(7;1/2, "Dn(8)

with probability 1, for all 3 € B,, and n > ng, D,(f) is non-singular and hence the
derivative of an /> g (B) is non-singular (i.e. an/*°g, (8) is one-to-one).
We show that with probability 1, for any € > 0, there exist some random numbers
re € (0,€), re <19 and N, > ng such that:
a7 gall < 0?0 inf |lg,(8) = gall, Ve > N (3.1.2)

BE€IB,

Applying Theorem C.0.10 to the function T, (8) = o, Y 2_6gn(,8). this implies that

with probability 1, for any £ > 0 there exist some random numbers r. € (0,¢)., 7. < 19
and N, > ng such that for any n > N., there exists a random vector Bn € B, with
g.(3,) = 0. Part (b) follows from the definition of 43, since, with probability 1,
1B, = Bo|| < 7e <, for any n > N..

To prove (3.1.2), it follows from (S)(ii) that, for any £ > 0, there exist some

3

random numbers 7. € (0, z), . < 79 and n. > ng such that:

a;lﬂmall@n(ﬁ) — Dyl <,
—1/2-6

for any 8 € 0B,, and n > n.. Hence, a, [xT[Dn(8) — Dalx| < ¢, for any vector

x of norm 1 . Therefore, for any n > n. and 5 € 0B,, we have:

0 T ()] > 07/ D, — . (3.13)
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Let n > n. and 8 € 9B,,. We apply the Mean Value Theorem to T,(8) and

hence there exists 8, € B,, such that:

0, lga(8) — &all = a7 > IDn(Ba) (B - o)l

Therefore, using Lemma A.1.13 with A = D,(B,,), v = 8— 5 and X, - an eigenvector
of norm 1 corresponding to Amin[Dn(B,)T Dn(B,)], we obtain that for any 8 € 9B,.:

0 g, (8) ~gall” = o' P Da(B)(8 ~ Bl

2 arbl 25[ Tinl( )x"] ”([3 /8 ”2
Hence, using (3.1.3),
P08 (B) — gall > a2l D (B, %l [1(B — Bo)|
> oy, 20 Dl = el
> (cg—e)re, as.,

where for the last inequality we have used condition (S) (iii). Hence with probability

1, for any 8 € 9B,, and n > n,

e 500k 18a(8) = gnll 2 (co = €)r (3.1.4)

We next show that for any p-dimensional vector A of norm 1:
a2 0\Tg -0, as. (3.1.5)

Since {g,,Fn}ln>1 is a zero-mean square integrable martingale, it follows that
{)\Tgn,?n}nzl is also a zero-mean square integrable martingale. To see this, de-
note A = (A\,...,\,)7 and g, = [g},....g"]". Then E[Xg,] = E>0_ \gl] =

P \E[gh] =0, and:

[ gn‘gjn 1 Z/\lgnlgtn 1]—ZAEgn’3~ﬂ 1] "‘Z)"Lgn I_Algn 1:
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where we have used the fact that {g’,F,},>1 is a martingale. Note that:
Var[A'g,] = AE[g,gh 1A = A" MpA < Anax[Ma]A"A = Apax[ M) < C My,

by (3.1.1). As condition (1) holds, by applying Theorem B.0.9 we conclude that
(3.1.5) holds.
For any € > 0, let r., n. as defined above. From (3.1.5) it follows that with

probability 1, there exists a random number N, > n.. such that:
o120 g || < (co — €)re, ¥n > N.. (3.1.6)

From (3.1.4) and (3.1.6) we obtain (3.1.2).0

3.2 Preliminary Results

We use the following notations:

- (x5 (XL
kP(8) == max i ,}Jf) kBN B) = ma ! (;J ) ’
1<n,3<m /L/(Xij ) i<n,j<m /L/(ij )
A/glo),indep = max XZ;(HElde)Al)(U. a, = ,7,7(l0),indep . )\max(Hiy?dep)-
i<n,g<m

We introduce the following assumptions:

(AH) there exists C' > 0 such that for [ = 2,3, we have:

K= sup Kl (B) < C, ¥r >0, VYn2>1.
’ peB,

(K) lim, ¢ limsup,,_,, ray® = 0.
Note that assumption (K) is equivalent to limsup,,_, ., an, < 00.
The next result shows that assumption (K) is stronger than assumption (K')

encountered in Proposition 2.4.2. The result is similar to Lemma B.1 of [37].

Lemma 3.2.1 Suppose assumplions (AH) and (K) hold. Then, there exist some

constants rg > 0 and nyg > 1 such that for every r € (0,r9) and n > ng, we have:

M (r) < Cra,ll/ 2
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Proof. Using the fact that for any z > 0. |z — 1] < |z — 1|(z + 1) = |2? — 1], we
obtain:

W)
x;,8)

1] :=
p(x,,

V(1) (3.2.1)

nma(r) < sup max
B,5'€B; 1<n,3<m

By Taylor’s formula, applied to the function ¢,)(8) = p/(x1 ), there exists a f3,,
between 5 and 8’ such that:

W (%, B) — 1 (x,8) = 1 (x,,8,))%, (8" — B)-

Hence for all 5,8 € B, and 1 < n,j < m:

Tﬂ, " XT’;
( z] ) _ ,“ ,( 'L]T/[n) ‘X;I;(,B/_,BM
(X1]/ ) " (X”,B)
" TB‘ / Tﬁ
S :u‘ (X:_Z[f_l_“) /J' ,(XZ'?T 2]) . IXTT](,BI o /3”
w(xI3,,) | w(x)8)
Using assumption (AH), it follows that:
' (x;8) u’ XZB’)

sup max [x (8" = B)|

Yn(r) < sup max
B.8'€B; 1<n j<m

BeB- r<n, <m

WxhB)

)

) 8. ﬂ’EB 1<n,g<m
sup max /( )

8,8'€B, 1Sn.JS<m ( 11/3)

= Cun(r) sup max Ix (8= B)|+C sup max |x1](ﬁ B)]. (3.2.2)

B.BCB, 1<n.g< B,8'€B, 1<ny<

< C -1 sup  max |x, (8 — )]

B,8'€ B, *STHhySm

+1

By the definition of v\ ™*P for any 3,3’ € B, we have:

\XZ(BI—/\?)Q — |X (Hmdep) 1/2(Hmdep)1/2 }3 ﬁ)\z

< (ER) T2 (HR) (S~ )7
= X, (H) ', - (6 = B)HP (6" - 5)
yOndep ) o (HIREP Y2 = g2, (3.2.3)

Therefore,

sup max |xp (8 —B)| < al’r, ¥n>1, ¥r > 0.
8.8'€By 1<n,g<m



3.2. Preliminary Results 37

Relation (3.2.2) becomes:
(1) < Copp(r)ar + Ca?r. ¥ > 1, Vr > 0,
ie.
Un(r)(1 = Cal?r) < Call?r, ¥n > 1, Vr > 0.

By assumption (K). there exists some constants rq > 0 and ng > 1 such that
a*r < 1/(2C) for all r € (0,79) and n > ng. Hence ¢,(r) < 2Car*r, for all
r € (0,79) and n > ny.

The conclusion follows from (3.2.1). O

The next lemma is needed for computational purposes in Section 3.3. The result

is similar to Lemma B.2 of [37].

Lemma 3.2.2 Suppose assumptions (AH) and (K) hold. Then, there exrist some
constants rq > 0 and ng > 1 such that for every r € (0,79) and n > ng, we have:

M”(fL'E ) ~ ,u’”(mZ;/BO)
w(zh BV (] o)/

p(ap) (a6
”/(%5)3/2 M/(w;l;ﬂo)Sﬂ
' (x,8)

,u’(xgﬁ’)l/?

(}) vp(r) = sup max {

BeB, 1<n,g<m

- |,/(;c3;60)|—1/2} < Cay/*r,

(iz) §,L(7’) = sup max {

BeB, <n.g<m

- !u’(wf;ﬁonm} < Calfr

Proof. (i) Let h,(5) = The function h,,(38) is differentiable on B,, with:

- 1 o
o) = | )7 = G ok )

by Taylor’s formula, there exist a BU between 8 and 3y such that:

hz] ([3) - th(BO) = h;,_] (Bz])(y[j - /80)

Hence,

|ag (B) = Pay (Bo)| - 11/ (x5 80) | =72 = |1, (B, ' (x3y0) ~/%(8 ~ o)
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— — 12 — 2 — 172
:U'”,(Xz;ﬁzj) /L,(X;];Bl]) + 1 ! Xl];B?J) ,MI(XZ;[}”) T(ﬁ /3 )l
o= : ey P : ~o
w(xLB,) | | (x)50) 2\ w(xLB,,) | | # (X 5) Y
1= ¢, (B,) 1%, (8 — o).
By taking supgep, max,<n ;<m in the above inequality, we obtain:
valr) < sup max 6, (B,)x(8 = fo)l.
BEB, 1<n.g<m
We have:
— 1172
J(xL B
ki lc ,( T o) | o Tn(r) +1 < Cral/* +1 < C, Vr € (0,79), Yn > ny,
1 (x3,Bo)

by Lemma 3.2.1 and assumption (K). Using assumption (AH), this implies that:

sup max qbw(ﬁu) < C, ¥re (0,rg), Vn > ny.
/5]€BT 1§n,]§m

Therefore,

vo(r) < Csup max [x2(8— Bo)|, Vr € (0,70). ¥n > ny,
BEB, <n.gy<m 1

and the conclusion follows from (3.2.3), applied to 8’ = S,.

p' (x7,8)

ii) In this ¢ h, = ——
(i) In this case, h,,(3) Ml(x;[;/j)g/g

omitted. O

3.3 Asymptotic Results for D, ()

The proof is very similar to part (i) and is

This section gives sufficient conditions for (S)(i¢) in Theorem 3.1.1 to be satisfied. in

the casc of estimating functions of form (2.2.1). Throughout this section we assume

that the sequence of random matrices R, (/3) satisfies assumptions (A) and (B).

We denote:

_0g.(8)
apT

.Dn(ﬂ) =

(3.3.1)
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To proceed with the calculation of D, (3), we write:

n

g.(8) = Y XTA(D)*Ria(8) 7 AB) P ly; — )]

i=1

= Z XTA(B)PRi1(8) T A(B) P (s — 1a(B)]
g=1

+ S XTAB) R (B) T A(B) TV — i)

d==1

= g0(B) + ¢ (B). (3.3.2)

The derivative of the first term gives rise to four terms. More precisely,

(1)
aﬁ?) BU(8) + BY(5) + BY(8) - Ha(8) := Ba(8) — Ha(8),  (3.33)

where:

H.(8) = 3 XTA8) R 1(5)AL) X,

BUB) = 3 X! ding{Rea(8) " A(8) (s — i (HNG(BX,

BP(B) = Y XTA(B)V2Ri_1(8) "diag{p — m(B)}GP (H)X:  (3.3.4)

bO(B) = Y XFAB)ATE (B)A(B) (1 — wi(B))-

=1

Here, b () is the I-th column of B®Y)(8) and

R (8 .
T, (8) = ‘—a};T—)— = —Ria(8) QL (A Ri-a(B)
with Q(l)l(ﬂ aﬁg;le(ﬁ) and [ =1,...p. The derivative of the second term is:
]
dg(8) )
g = e (O +ED(B) + ED(B) = En(B), (3.3.5)

where:

n

eV(B) = Y XTdiag{Ri1(8) " A(B) " (y; — m)}G ()X

i=1
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EDB) = > XTA(B)*R,_1(8) 'diag{y, — 1.}GP (B)X, (3.3.6)
eD(8) = iX;‘“Azw)”"’TE?l<,8>Az(6>—”2<yz — ).

Here ¢!(8) is the I-th column of £€P(8). The matrices GV(8) and GP(8) are
defined by: (see also Appendix A of [37])

G.(8) = dlag{l (B (x 6) 712, -,%u”(x;’{nﬁ)u'(x;’iﬁ)*”}
GP(p) = diag{—gu”(Xﬂﬂ)u'(Xﬁﬁ)‘:“/ga---,—%u (x5.8)u (mﬂ)—m}

From (3.3.1), (3.3.2), (3.3.3), (3.3.5), we conclude that:

Dn(8) = Ha(3) — Bo(8) - € (B).
For any r > 0 and any n > 1, we define:

7n(r) = sup max Amax[R, 1/2 R.1(B8)” 1:}311121]

3€B, =N

pu(r) = dsgg r§1<ai</\mm[]ﬂQl/ZRZ_l(B)_IR}ZZ] — 1.

Note that m,(r) and p,(r) are random variables since they depend on the random

matrix R,(8). Also. p,(r) > 0 a.s.. for any r > 0 and n > 1. Furthermore,
mn(r) > 1 as. forany r > 0 and n > 1.

(To see this, note that m,(r) > max,<, )\max[fRz_/ibe_l([ﬁ) 1R /1] for any 8 € B,. In

particular, for 8 = 8y, we have 7,(r) > max,<, Amax(I) = 1.)
Remark 3.3.1 If the sequence {R,(5)}n>1 is a.s. equicontinuous at Sy a.s., i.c.

hm lim sup sup [Rn(B) = Rul| = 0 as, (3.3.7)
n—o0 BEB
then:

lim limsup p,(r) =0 a.s. and limlimsupm,(r) =1 as.
r=0 o500 =0 5 o0
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Proposition 2.4.2 shows that under some conditions, the sequence {R*(53)}n>1 intro-

duced in Example 2.2.4 is equicontinuous at Sy.

We introduce the following assumption:
(R’) there exists a constant C' > 0 such that Ay, (R,) > C, for all n > 1,a.s.
Note that assumption (R') is weaker than assumption (R) encountered in Theo-

rem 2.3.4.

Remark 3.3.2 By the definition of m,(r) and assumption (R'), it follows that for

anyn > 1 and r > 0:
Mmax[Re—1(8) 71 < Oma(r), VB € B, Vi < n,¥n > 1, as. (3.3.8)

(To see this, note that for any p x 1 vector x of norm 1, for any ¢ < n and 8 € B,,

we have:
xTR_1(B)'x = xX"RRIER, ()RR x
< max Amax([R, R3 R, (B) IR AT R, x
< (1) Anax(RiZy) < Ca(r).)
Recall that H?? = $°"  X'A X, and denote

S . —1/2-4 inde
O 1= 0 27O\ e (HP),

where (a,,)n>1 is a non-decreasing sequence of constants (to be specified later) which
satsifies lim,,,o0 0, = 00.

The following inequalities will be used repeatedly in the proofs of Lemmas 3.3.3,
3.3.3 and 3.3.6.

(a) Cauchy-Schwarz inequality:

1/2 " 1/2
Za b, [Za a,} : {Z bsz} (3.3.9)




3.3. Asymptotic Resuits for D,,(5) 42

(b)

I;ﬂglﬁl Amm(A Zx x, < ZXTA x, < max Amax (A,) Z:x?xz (3.3.10)

=1 1=1

Lemma 3.3.3 Assume that (AH). (K') and (R') hold. In addition, tf:

(C7) : lim limsup 8,7, (r)na(r) = 0 a.s.

=0 pnooo

(Cy) : lim limsup é,p0,(r) =0 a.s.

™0 oo

then
lim lim sup o, 1/27% sup |H,(8) — H,|| =0 a.s.
0 o
Proof. Note that
H,(8) - H, = HY(8) + HY(8) + HY(8), (3.3.11)

where

HO() = 3 XTIA(8) — AVIR_,(8) AL (5)7X,

HO((B) = Y XTAY R 1(8)7 - RLJA(B) X,
=1

HY(B) = Y XTARY[A(8)2 - AX..

=1
Let x be a p x 1 vector of norm 1 and r > 0 be arbitrary. All the inequalities

obtained bellow are valid with probability 1.

We begin treating the term HM(3). Using inequality (3.3.9) with:
aT = xXTAV(ATAL(B) - TR (8
b, = R1(8)?A(B)*X.x,

we have:

x"H (8)x| = Zx XTAZ AT A8 — TR (8) 7T AL(B) P Xox

1=1
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n 1/2
< {Z xTXIAVP AT AL(B)? — TR, (8) AP AL(B) 2 - I]AJ/QXzX}
=1

n 1/
- {ZxTX?Azw)”?%_l<ﬂ>-1Az<ﬁ>1/2xzx}
7=1

= Il(ﬁax)l/z ’ IQ(B7X)1/2'

We obtain the following estimates:

B(8,%) < max Amax[Rem1(8) ] max Ao [A A (8) /7 — TP HPx

< O_wn(r)nn(r)?Am(H;;“;"p), (3.3.12)
L(8,%) < max Amu[Ri-1(8) '] max A [ATTAL(6)xT HPx

S Ol e M AT A () A ), (33.13)

where for the previous inequalities we used (3.3.8).
Note that. by Lemma 3.2.1, there exist some constants rg > 0 and n > ng such

that for any r € (0,79) and for any n > ng we have:

1T
—1 / _ . l’L (XU ) 2
max Amax[ A, AL(8)] = Jnax —M'(X,‘Eﬁo) < [pu(r) + 1) < C. (3.3.14)

Hence (3.3.13) becomes ,(8,%) < Cmp(r) Amax(FHPP), for any r € (0,ry) and any
n > ng. It follows that [xTHWY(8)x| < C7p (r)17a(r) - Amax(HP4P). for any 7 € (0, 7)

>

and any n > ng and hence:

a0 sup sup |x"HY(B)x| < C8,ma(r)na(r), Vr € (0.70), ¥n > no.
BEBy fix||=1

From (C), we obtain that lim limsup o;;%7% sup sup [xTHW(8)x| =0 a.s.

0 n
T pooco BEB: ||x||=1

The term H?(8) is treated similarly. Using inequality (3.3.9) with:

T _ JTIxvTAl/2p-1/2
a, = x' X, AR, |7,

b, = [RZR ()RS ~ IR AL (5) X .x,
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we have:

[xTHY (8)x| =

S TXTAVRIPR R (6) IR — IR AL(B) Y X x

=1

n 1/2
< { > XX AR AY 2’)(pc}

1=1
{3 KTXTAB)PRIRYAR, 1 (8) RS2 —IPRIY?
=1
-A1(5)1/2XIX}1/2

= ()Y 15(8,%)"".
By assumption (R’) we obtain:

I(x) < max Apa(R, L)X HPMPx < Ao (H2P) (3.3.15)

1<

I(8,%) < max AR 1Rt (8) 7' RS — I - max A (R7Y) -

max Aman[A, T A, (8)]xTH™Px

IN

Cpn(r)? max Amax [ AT AL (8)] A (FIP). (3.3.16)

As in the proof of (3.3.14), there exist some constants 7o > 0 and n > ng such that
(3.3.16) can be written as 14(8,%) < Cpn(r)?Amax(HP), for any r € (0,74) and for
any n > ng. Using (3.3.15) we obtain |x! H? (8)x] < Cpn(r) - Amac(HPP), for any
r € (0,rg) and for any n > ng. and:
a7 V27 sup sup |xTHP(8)x| < Coppulr), ¥r € (0,70), Yn > ny.
3EBr ||x||=1

Using (C%), it follows that lim limsup o;; /2% sup sup [xTHP(8)x| =0 as.

=0 neo BeB, ||x||=1

To treat the term H'®(3) we are using incquality (3.3.9) with:

al = xTXTAM*RL[A(3)YATV? —1],
b, = A/*X.x.
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We have:

XTHO(B)x| = | S x" XA R [A(9) A — AV X x

=1

< {Z XTXTA3/2RL__11[Al(ﬂ)l/zA;l/z _ I“Az(ﬂ)l/QAZ_lﬂ . I] )

=1

n 1/2
RAAPX xP2 {ZxTxf A}/2A3/2X¢x}

=1

= I3(B,x)Y? - (xTHDPx)1/2,
Using (R'). it follows that:
L(B,%) < max M [A(8) A — TJ* max A [R5 X Px
< Ol M (HZ), _

and hence |xTH® (3)x| < C1n (r) Amax (H"¥P) for any n > 1. It follows that:

O/le/z"s sup sup |xTH7(f) (B)x] < Copnn(r) < Copmp(r)n.r), ¥r >0, Vn > 1.
8eB, |x|=1

since 7,(r) > 1.

Using (C}), it follows that lim limsup a;; /27 sup sup [xTHP(8)x| = 0 a.s.
0 nooo BEB, ||x||=1
This concludes the proof. O
Let:
!
dO(r) = sup max A QYL (B)]. L=1,...p
BEB, ST
gn(r) = maxq(r).
I<p

Lemma 3.3.4 Assume that (AH), (K) and (R’) hold. In addition if:

(Cy) : lim limsup ré,7,(r)al/? = 0 a.s.
r—=+0 p-soc

(Cs) : lim limsup 76,72 (r)gn(r) = 0 a.s.,

™0 pn 00

then

lim lim sup o, V/27% sup || B,.(8)|| = 0 a.s.
r—=0 00 BeB,
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Remark 3.3.5 Since 7,(r) < Crax* by Lemma 3.2.1, condition (Cy) is stronger

than condition (C}) encountered in Lemma 3.3.3.

Proof of Lemma 3.3.4. Recall that B,(8) = B(8) + BP(8) + B®(3), where
BY(3), B?(3) and B®)(8) are given by (3.3.4).
We use the following property:

diag{v}Du = Ddiag{u}v, (3.3.17)

where D is any diagonal matrix and u, v are any vectors.
Let x be a p-dimensional vector with x with ||x|| = 1. We begin treating the

term which involves B (8). Using (3.3.17), and relation (3.3.9) with:

a’ = xTXTGY(B)diag(X,x)R,_1(3) /2

b, = R (B)7HAL(B) M — ().
we obtain:

KTBU (B = | 3 xTXT GO (3)ding(Xx)Rs(8) A (3) 2 — ()

=1

n 1/2
< DoxXT GE”(ﬁ)diag(xzxm_l(ﬁrldiag(xzx)ei”(ﬁ)Xfx’f] :

=1

n 1/2
- [Z[uz (BN AR (8) AB) 2, — m@)@

= L(B,x)'? - I(B)"/? (3.3.18)
The first term of the product is estimated as follows:

11(/37 X) S 1?5}{3( )\max [:Rz—l(,B)il] ) I?é%rf( )‘max[diag2(xzx)]
ixTXTAl/QA_l/ZG(l)(B)ZA_WA”ZX,xl
1=1

< max Amax|Rec1(8)7Y] - max Amax |[diag? (X, x)]
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max A%, [A; PG (8)x HyPx
< Cra(r) m<ax)\max[diag2(Xlx)] max/\2 [A_l/zG(l)([i)]
Amax (H;fdep) .

where we used (3.3.8) for the last inequality.

We also have the following evaluations, for each j < m and i < n:

XZX X x Hmdcp —1/2 Hmdcp 1/2X
|(X.x),| x| = ) (

IA

HX (Hmdep) 1/21|H(H1x1dep)1/’x|| ’X (Hmdep) ”|1/2lx7’H1nnder11/2

< (,\/7(70) mdcp)1/2[)\max(le?dep)]l/Z — a}L/Q.

Hence, |(X,x),|? < a,. ¥§ < m and Apa[diag?(X,x)] = max, <, [(Xx),1? < an, Vi <
n. We conclude that:
max /\max[diagQ(sz)] < a,. (3.3.19)

Note that using assumption (AH) and Lemma 3.2.1, there exist some numbers

ry > 0 and ny > 0 such that for any r € (0,7,), and n > n;, we have:

1/2
—1/2~(1) _ 12 M "(x]B) _ p'(x, 5) u'(x78)
[Az G, (/8)].” 2 ( 8 ) Wi(x ( 5)1/2 2 L (X” ) ( 5,80)

< Clpa(r) +1] < C,

1

foranyi<n,j<mandp € B,.

Hence, the first term of the product in (3.3.18) is estimated as follows:
1(8.%) € Cmp(1)ap dmax(HRP), VB € By, Vr € (0,71). Y1 > n. (3.3.20)

We begin now to treat the sccond term of the product in (3.3.18). By Taylor’s
expansion, there exists 3, between 8 and S, such that p,(3) — p, = A,(8,)X.(8 — Bo).

Hence, the term I5(8) can be evaluated as follows:

n

15(8) < max Ama[Remr (8) 1] - [D (8 — o) "XT AL(B) 2 AL(68) 7/ Au(B,) -

=1
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AI(B)_I/ZAI(ﬁ) 1/2A ( )A (B) 1/2Az(6)1/2X7(6 - 80)}

< e Rt (8) e Ama A () 2A(B) A ]
i(ﬁ—ﬂoFX?Ai”A V2AL(B) 2 AL(B)RA ALK (B — Bo)

= %X Ao Ra-1(B) ™'] - max Ama A (8) ™2 A (B,) Au(8) 7] -
A A, A (8) A, M (FES2) - (5 — 50)7 (8 — 50)

<

Cmn(r) - 18X Amax AL (8) ™2 As(B) A () /) max A A, As(B) A7)

T
Amax (H:dep>r2a

were we used (3.3.8) for the last inequality.

Note that, by Lemma 3.2.1, for any 0 < r < r; and n > n;. and for any 3, € B,,
we have:
W (xLB)
- (x)B)
for any j < m and for any i < n. Hence, Apax[A.(8)"V2A,(B,)A (B3] =

max,<m[A,(8)"V2A,(8,)A,(B)"V/3,, < C, for all { < n. We obtain that:

[A.(8)72 AL (B)AL(B) < () +17 < C,

m<ax)\max[Al(/3)’1/2Az(§1)Al(ﬂ)‘1/2] < C, Vr € (0,71), Vn>ny, VB € B,.

Similarly. max M < [7a(r) + 1]* and by Lemma 3.2.1 it follows that, for

1<n,y<m Mz}( X /80)
any r € (0,71), for any n > ny and for any 8 € B,, we have

max Hay (XJJ‘ B)

maX )\ma,x[A_l/r)A (/3) Wl/q] = 1<n,3<m M ( T/BO)
) 27

< C. (3.3.21)
Therefore, the second terin of the product in (3.3.18) is estimated as follows:
L(B) € Crm (1) Amax(H2P), VB € B,, Vr € (0.71), Vn > ny (3.3.22)
From (3.3.18), (3.3.20) and (3.3.22), we conclude that:

XTBO(B)x] < Crma(r)al/ A (FP),

n
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for any 8 € B,, r € (0,r1),Vn > n;. Multiplying by ant*7° we get:

o278 sup sup [xTBWY(8)x| < Cré,ma(r)al/?,
B€B: [|x||=1

for any r € (0,71) nd for any n > n;. Using condition (C}). it follows that:

lim lim sup o, /278 sup sup |x’BM(B)x| = 0 as. (3.3.23)

0 pseo BEB, ||x||=1

We begin now to treat the term which involves B®(8). Using (3.3.17) and
relation (3.3.9) with:
al = x"XTA(8)*R,1(8)7"
b, = R1(8)Vdiag(X, )G (8) [ — ()],

we obtlain:

KTB(B) = |3 X XTALH) R, (8) Mding{n — (A} G (B)Xx

7=1

= | DX XIA(B) R (8) ding(X) G (8) s — ()]

n 1/2
{ZXT'XTA (B)?R,1(B) T AL(B)* X, x :
1/2
{ (B)]TG () diag(X,x)R,-1(8) " diag(X,x) G (8) 1. — u(B)]
= (B, x)V? - 15(8,%x)* (3.3.24)
The first term of the product in (3.3.24) is estimated using (3.3.8) as follows:

11(8,%) Smax)\max[ﬂzi_l(ﬁ) ]max/\md‘x[Aﬂl/zA (B)A _1/2} xTHi;‘d"px

< Crn(1)A m[A‘lﬂA (B)A "1/2]\%(Hmd®)

where we used (3.3.8) for the last inequality. By (3.3.21), A max[Aﬁl/zA (ﬂ)A_]/)} <C

for any 8 € B,, any r € (0,71) and any n > n;. Hence:

I(B,%) < Cmp (1) Amax(HP®P), VB € B,, Vr € (0,71), Vn > n,. (3.3.25)
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The second term in the product (3.3.24) is estimated as:

L(3,x) < max Amax|Re1(8) 7] max )\mdx[diagz(qu)]

>l = m(BN G (B[ — 1 (8)]
< Cma(ran Y[t — m(B)] G (8 [ — 1(B)],

=1

where we used (3.3.8) and (3.3.19) for the first inequality. By using Taylor’s expansion
again, there exists 3, belween § and By such that p,(8) — p, = A,(B,)X.(8 — Bo). We

obtain:

15(8,x) < Cma(r) anZw Bo)"XTAL(B)GP (8)* A, (B,)X.(8 — 6o)

=1
< () max Auwas [ A (B, )2GP (8)2A,(B,)]

n

D (B = 80)"XTA(B,)X.(8 — Bo).

=1
Note that using condition (AH) and Lemma 3.2.1, for any r € (0,71), any 8 € B,,

any n > ny. ¢ < n, j <m, we have:

_ _ 1 (B o
A )G BPAB) Y, = |-i L >] W(x'B,)

1

2p ( x; )3/ N
2 —

p(x;)8) | (x)8,,)

p 11

xTB) < Cla(r) + 12 < C.

Hence for any r € (0,7,), any 8 € B,, any n > ny:

I(8,x) < Cmu(r)an max|A; A, (F,)A ‘”Z]anw—/a’())TXfAsz(,a—/so)

=1

< O (r)an max Anax [ A, 2 AL B) AT A (HRP) (8 — o) (8 — Bo).
Using Lemma 3.2.1, we obtain that for any » € (0,r,) and for any n > n; we have:

L =)
max Amax[A 1/2A (3 )A—I/Q] _ & (Xz]ﬂ )

. 2
1< z<n?<m,u,( TB ) S [77n(7) * 1} S ¢
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It follows that:
15(8,%) < C7n(1)anAmax (H2P)r2 VB € B,, Vr € (0.71), Vn > ny.
From (3.3.24), (3.3.25) and (3.3.26) we conclude that:

XTBE(B)x] < Crmy ()l Amu(HI),

for any 5 € B,. r € (0,71), n > ny Multiplying this last inequality by a, 2 ° it
follows that for any n > ny, 7 € (0,7)):
a7V sup sup xTBP(B)x| < Cro,ma(r)al/?.
BEByr ||x|=1
Using condition (C), we conclude that:
lim limsup a;V27% sup sup |x"B@(g)x| =0 as. (3.3.26)
T 20 00 BEB, |x||=1

We are now treating the term which involves B )(,B). Recall that b¥ (8) the I-th
column of B (8), for I = 1,...p. Using Lemma A.1.16, we have: for any x vector.

x| = 1,
p 1/2
x"BY(8)x| < {Z |be5£><;3>|‘2} : (3.3.27)
=1

Hence, if we find a common upper bound for all |XTb,(f)(5)], with { = 1....p. this is
also an upper bound for <TBY) (B)x.
Applying Theorem A.2.4. we obtain:

85{7_1(,3)_1

0 () —
Tz—l(/B) 8,8[T

= ~R_1(8)1QY, (B)R.-1(8)

d:R7—1(/6)
asf
Let € {1,...p} be fixed. To estimate the term |xTb{’(8)|, we proceed as for

xIBY(8)x and xTBY(8)x. Using (3.3.9) with:

. Notice that Q" (8) is a symmetric matrix.

where Q(l)l([)’)

fo (V2R (8)7 QYL (B) R, (8) 7V
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Z :Rq—l(B)_I/ZAL(B)_Iﬂ[Hz - /%(ﬂﬂ'
1—1
we obtain:

x"bO(8)| < ZXTXTA B)PR,_1(8) QYL (B)R-1(8) 1QY L (B)Ri-1(8) L

Al(,B)l/QXzX]1/2 .
n 1/2
Z(,Uz - #1(3))TA1(/3)_1/2:R1—1(ﬁ)_lAz(ﬂ)_l/z(#z - Nz(ﬁ))
-1
= I, 8,x)V* . L(B)"2 (3.3.28)
Using (3.3.10), the first term in (3.3.28) can be estimated as:
B8,%) < maxAma(Ri- ZXTXTA , L3 'QYL(8)*R, 1 (8) 7!
Al(,B)l/ZX,x
ZxTXYTAL([)’)]/Q[Rz_l(,B)_l]QAL([)’)WXLX
1—1
< Iflgf()‘mdxpzt—l(ﬁ)_l]'I?gf{/\max[Qz(Ql(/@)] maX)‘ ax R ()71 -
max[A; AB)ATY XTXTA A X x
15N . 1
< n1<ax)\fnal[331_1(/3)_ ] Inax/\md_x[Q(l) (B)% - max{A /QAL(,B)A:U?]-
'X_THdePX
= C73(r) @2 (r) Auax (H2IP), (3.3.29)

for any r € (0.r1), 8 € B, and n > ny. For the last inequality we have used (3.3.8)
and (3.3.21).
Using the estimation (3.3.28), (3.3.29), and (3.3.22) and it follows that:

IXTbYOB) < Cra?(r)gn(r) Amax(HIP),
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/28

for any 8 € B,, r € (0,r1) and n > n;. Multiplying by an’?7°, we obtain for any

r € (0,r1) and any n > n;y:
;% sup sup [xTbO(B)] < Cr,m2 (1) gn(r).
BEB, x|=1

Using condition (C}), it follows that for any [ € {1,...p}:

lim lim sup o, /27 sup sup |x"bY(8)| =0 as.

™0 oo BEBr ||xj|=1

From (3.3.27) we conclude that:

lim lim sup ;7270 sup sup [x’B®(8)x| =0 as.
0 neo BEB, |Ix|l=1

|

Lemma 3.3.6 Assume that (AH), (K), and (R’) hold. If there exists a constant

C > 0 and there exists rq > 0 (non-random) such that for any r € (0,79):

(Cy) : lim sup nE[72 (7)]dn Amax (H2P) < oc, where G, = max{a,,a’}

n—roc

(Cs) : im sup nE[WfL(r)qi(r)])\max(H;?dep) < o0,

n—oc

then, for any r € (0, ro):
lim oY% sup ||€n(B)]| = 0, a.s.
n—o €B,

In particular, lim limsup a; 7% sup |€,(8)] =0, a.s.

n—=00  n3oo BeB,
Proof. Recall that &,(8) = £(8) + £(8) + €P(8), where £(8), £7(8) and
e (B) are given by (3.3.6). Recall that el () denotes the I-th column of e (3) and
e (B)x] < {0 [xTel (B)P} 2

Let x be a p-dimensional vector with ||x|| = 1. Using (3.3.17), we can write:

xTeMB)x = UM(B.x)+UP(8,x)+UP(8,%),
xTe@(B)x = UM (B,x)+UP(B,x) + UY(B,x),
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xTe®(8) = UD(B,x), le{l....,p}
where

UD(B.x) = > x"XIGVdiag(X,x)R,1(8) A2 (y, — 1)

=1

UP(B,x) = > x"XI'GY(B)diag(X.x)R,—1(8) " [A.(8) 2 — ATV )(y, — )

2
1=1

UP(B,x) = D x"XI(G () - GV diag(Xox)Ria(8) AT (y, — ),

=1

UPB.x) = 3 x"XTAR, 1 (8) diag(X.x)G (y, — 1.)

=1

UR(B,x) = 3 x"XTA(B)2 — AR, (B) " diag(X.x) G (B)(y, — 1)

12

U®B,x) = Y x"XTAR,_1(8)  diag(X.x)[GP(8) - GP|(y, — 1)

=1

and
UN(1,8,%x) = 3 x"XTA(B) R (B) QY (B)R-1 (8) T ALB) Ay, — ).
=1

For any s € {1,...6}, and for any 8 € B,, r > 0. {U{”(8). Fn}n>1 is a martingale

with respect to Pg,:

E[US (8, %)|Fnoi] = Z(y:> TR, (8) YNy, = 1) Fnn

=1
n-1
=B [ RA(B) Yy, — )| Fact | +B [0 R (A)Y | T
1=1

—Z(y“%l YUy, — ) + (TR (B) YO E =, |Fomi]

Uf:’)l(ﬁ,x)-
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where yfs) is an m x 1 vector of constants and st) is an m x m matrix of constants.
For the equalities above we have used the fact that R,(3)"! is &, measurable and
Elen|Fno1] =0.

It follows that {[U,Ss)(ﬁ ,X)|, Fn}n>1 is a submartingale, for any 8 € B,. Hence.
for any 8 € B, and any p x 1 vector x of norm 1, we have:

Elsup sup [US(B.%)][Faa] > BIUS (B, %)[[Foa] > [U12,(8,%)|
BeBy ||x|j=1

From where it follows that:

Eg,[sup sup |U(8.%)||Fnr] > sup sup UL, (8.x)] as. .¥n > 1.
BEB, |Ix|=1 BeB, |Ix[l=1

i.e {Supgcp, SUP|xj=1 |U,(f)(/3,x)|, Fn}n>1 is a submartingale with respect to Pg,, for
any r > 0.
Similarly, for any [ € {1,...p} and for any 8 € B,. r > 0, {UnT)(B), Fntn>11s a

martingale with respect to Fj,, since the components of the vector
7 ~1{
() = x"XTA(B) R () Q1 (8)

Ug)(l, B,%)|, Fnln>1 18 a submartin-

are F,_; measurable. Hence, {supgecp, Supjxj=1
gale with respect to Fg,.

Note that by Lemma 3.2.1, there exist some rg > 0. ng > 1 such that:
Ma(r) < C, ¥r € (0.19), Vn > ny. (3.3.30)

We prove that for any r € (0,rg), there exists a constant C > 0 (depending on

r) such that:

E[sup sup |[UP(3,%)|] < C, ¥n > ny, Vs € {1....6}, (3.3.31)
BEB: ||x||=1
E[sup sup |[U(B,x)]] < C, ¥n >ny. (3.3.32)

BEB, |x{=1
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By the Martingale Convergence Theorem (Theorem 35.5 in [3]), it follows that the
sequence {SUpgep, SUP|x|=1 IU,SS)(B,X)|}@1 converges a.s. For any s € {1,...7} and

for any r > 0 since «a,, — 00, we obtain:

lim o '/%7% sup sup |UL)(B,x)| =0 a.s.

n—00 BEB, x|=1

From here, it will follow that for any r > 0:

lim ;Y27 sup sup |xT€Wx| =0 as., Vk € {1,2,3}.

nreo BEB: |x|=1

The remaining part of the proof is dedicated to relations (3.3.31) and (3.3.32).
We begin with the term U/\"(3,x). Using (3.3.9) with:

al = ZxTXlTGEI)diag(X,x)ZRhl(,B)"l

e—1

b, = ZAz_l/Q(Yz—/%)a
1—1

we obtain:
[ n 1/2
UPBx) < DK XGNP diag(Xx)[R,1(8) " diag(Xx) G X x
L1=1
[ n 1/2
Z(yt - ILLI)TA;l(Yz - /11)]
L2=1
= (8,7 1" (3.3.33)

The first term in (3.3.33) can be estimated as:

max

Ji(B,%) < max A [Re-1(8)7'] - max Anax[diag?(X.x)] - max X;, . [AT2GH) -

En: xTXTAYZAY 2)(pc]
=1

= max A2 [Re-1(8) 7] - max A [ding” (X)) - max A% [A;2G]

.

(xEEp )
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[A

O - e X AT 2 G] - A (D),

1<n

where we used (3.3.8) and (3.3.19) for the last incquality. Using assumption (AH) we

have the following estimation:

- 1 12 W' (x550) 1" (x1,50)
1/2~(1) _ 1T 2 ? _
A, 777G ], = 5# (Xz] 0) Y M'(Xgﬁjo)l/z = ‘2‘ (X 30) < C Vi<m, Vi > 1.

Therefore, max,<, A2, [A, M QGSI)} < C, for any n > 1. Hence,

max

E[sup J;(8,%)] < CE[72(r)]anAmax(H ), Vn > 1. (3.3.34)
B€Br

As for the sccond term in (3.3.33), we observe that:

E(J;) = E |:be1 — ) ATy, ~ ,uz):I = nm. (3.3.35)

=1
To see this, we use the fact that the elements on the diagonal of A, are non-random.

More precisely, we have:

E {Z(yl — ) ATy } > Elel o)™

=1 =1 7=1
= Z Z E[(o?)'E(e2)|Fio1)] = Z ZE[(OEJ)_IU?J] = mn.
1=1 =1 =1 g==1

Using the Cauchy-Schwarz inequality, and relations (3.3.33), (3.3.34) and (3.3.35)

we obtain:

E[sup sup [USV(8.%)|] < {E[sup sup Ji(8.x)]}*/2 - [E(J5)]"/
BEB, |x|i=1 B8EB, ||x||=1

< C{nE[R2(r)]anAmax(HPP)}V2 Wi > 1, Vr > 0.

Relation (3.3.31) with s = 1 follows from condition (Cy).
We now treat the term involving US? (8,x). Using (3.3.9) with:

3 x"XIGY(8)diag(X,x)R,-1(8) !

1—1
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b, = > [AB) - ATy, — 1),

we obtain:

- 1/2
UD(B.x) < Y xTXT Gfl’w)diag(xzx)m_l(m-lmiag(xzx)GS”<,6>X‘X}
| 1=1

n

1/2
> (v, — m)TAB) M2 — ATVRALB) V2 - ATy, - uz)}

L2=1

= J3(8.x)V% . Jy(B)? (3.3.36)

The first term in (3 3 36) can be estiunated as

J3(/37 X) S ID&X Amd‘([:Rl—l(B)_l] ) m<aX /\max {dlagz(xlx)] maX A?rlax[A_l/zGEl) (B>] ’
Z x'XTA2AM?X x
=1

= max)\ma‘{[ (87 max/\max[dlag (X;x)] - maX/\2

max
7 —_=

xT Hfdepx

A6 (8)]-

< Cmp(r)an max A; [AT2GW(8)] - A (P,

niax

where for the last inequality we used (3.3.8) and (3.3.19).
Using (AH) (3.3.30) we have:

” 1/2 ,
A, PGO@), = Ty L et _1{ cH >] 1 (x55)
1 (2 7 2 (2 2

(DB 2 (xDB) | w(xB)
1
< 50[777,(7“) +1]<C, Vi <n, V7 <m
for any 8 € B,, any r € (0, rg) and any n > ng. Therefore:
max A2 [AT2GY(B)] < C. V8 € B,, ¥r € (0,r), Vn > ny.

max
1<n

It follows that:

E[sup sup J5(8,x)] < CE[72(7)]anAma (H2®), Vr € (0,79). Vn > ng. (3.3.37)
BEBr [Ix|[=1
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The second term in (3.3.36) is:

J(B) = D (v, — u)TATAB) T VPAY —1PAT (v, - )

=1
< max Ane[A(8) AV TP Yy — )" AT (i — ).

= 1<n

Note that for any 3 € B,., any r > 0 and n > 1:
1/2
'(x],60)

APy = [FOB) 3.3.38
[A.(B) v 55 ,U’(XZ»B) < n(r) ( )

Hence, by Lemma 3.2.1 max,<,, Amax [Al(ﬂ)‘lﬂA;/2 —1? < a?, for any 8 € B,, any
r € (0,70) and any n > ng. Therefore, supgep Ja(8) < anr? Y, (v — ) A (y, —
i), for any r € (0,75) and any n > ng. Using (3.3.35) it follows that:

E[sup J4(8)] < Cna,r?®, ¥r € (0,70), Yn > ng. (3.3.39)

BEB:
where C' = m. Using Cauchy-Schwarz inequality and relations (3.3.36), (3.3.37) and
(3.3.39), we obtain:
E[sup sup |[UP(8.x)]] < {E[sup sup Js5(3,x)]}/% {E[sup J4(B)]}"/?

BCB: |Ix||=1 BEB, ||x||=1 BEB,

< C{nBlm) (n)]anr® A () }72,

for any r € (0, 7o) and any n > ng. Relation (3.3.31) with s = 2 follows from condition
(Cy)-

In order to evaluate U (B,x), we use again (3.3.9) with:

al = Y x"XT[GV(8) — GV ]diag(Xix)R,-1(8)”"

21
n
~1/2
b, = > Ay, —m),
i—1
and we obtain:

U B,x)] < D xTXTGI(8) — GVdiag(Xix)Ri-1(8) 2diag(Xx)

i=1
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1/2
GV (8)X.x]""? {Z(yz — ) ANy, — u»}
= J5(B8.x)V2. 5y (3.3.40)

The first term in (3.3.40) can be estimated as:

J(8,%) < max Ny [R1(8)7] - max Aaldiag”(X,x)]

max

max Amax{ AP [GI(8) — GI)Y? [Z xTXTAMZAY 2xLx]
N1 —1
= max A R(B)7Y MAX Aprax [diag?(X,x)]

max Aua{ A7 7°[GL7(8) — GIV)Y X H P x
< Om2(r)anmax dmocf A7 VPG (8) = Gy A (™),

where we used (3.3.8) and (3.3.19) for the last inequality. We have the following

estimation which follows from Lemma 3.2.2(i):

1‘/3 )_]/2 :U”(X;FJIB) - /,l”(xz;ﬁo)
1970 /L/(X;‘gﬁ)l/z M’(X£50)1/2

(ATGY(E) - GPl, = i

IN

Vp < a,ll/Zr,
for any 8 € B,. any r € (0,79) and any n > ng. It follows that:

max Amax{ AT [GP(B) — G2 < ar®. VB € B, Vr € (0,1r0). Vn > ny.
Hence:

E[sup sup J5(8,%)] < CE[r2(r)]a2r?Apax (HRP)

3.3.41
BEB |x|j=1 ( )

i

for any r € (0,79) and n > np. Using Cauchy-Schwarz inequality and relations

(3.3.40), (3.3.41) and (3.3.35), we obtain:

E[sup sup |[UP(8,x)[] < {E[sup sup J5(8,x)]}"/ - [E(J)]"?
peB, |x|=1 BeB. Ixl=1
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< C{nE[R2(r)]a2r? A (HIP)}1/2,

for any r € (0, 7p) and any n > ny. Relation (3.3.31) with s = 3 follows from condition
(Cy).

"To obtain an estimation for |U,(14) (8,x)| we use again (3.3.9) with:
al = Y xX"X[AR(6)

b, = Z diag(ny)Gq(z) (y, — i),

1—1

and we obtlain:

[ n 1/2
U (B,%)| < ZxTXfAJ”[m7,1<5>—1}2A3/2x1x}

—1:1 1/2
Z(yz G diag(X,x)diag(X,x)GP (y, — )]
= JB(,B,X) 2. I (x)M2. (3.3.42)

The first term in (3.3.42) can be estimated as:

Jo(B,%) < max Amax[Rea(8) 7] Z xITXTAY2AY?X x
=1
= max/\max{ —1(8) 71 - xTHMepx

< Omr ) hmaH),
where for the last inequality we used (3.3.8). Hence:

E[sup sup Js(B.%x)] < CE[72(r)] Amax (HP). (3.3.43)
BEB; ||x||=1

For the sccond term of the product in (3.3.42). we have:

Jr(x) < max Amacdiag®(X,x)] - max N [A*GT Y (v, — 1) AT (y, — i)

1<n

. 2 1/2~(2) T
< Ay, I?S%X)\ A G ]Z ﬂz A ( /“Lz)a

1<n



3.3. Asymptotic Results for D, (5) 62

using (3.3.19) for the last inequality. By (AH), for any ¢ <n and j < m:

1 p(x};50) 1 " (x350)
AM2G@) PR A LA A A o)
[A7G i = ”(X o) 2 (ijﬁo)3/2 2#'("5/30) B

2 [AV2G®) < C, for any n > 1. Therefore,
sup J7(x) < CanZ(yi — )T Ay, — ;). By (3.3.35), it follows that:

lix|l=1 i<n

It follows that max;<p A2

E[ sup J7(x)] < Cnay, ¥Yn > 1. (3.3.44)
llx||=1

Using Cauchy-Schwarz inequality and relations (3.3.42), (3.3.43) and (3.3.44), we

obtain:

IA

E[sup sup |U7S,4)(,B,x)|] {E[sup sup Jﬁ(ﬁ,x)]}l/2 - {E[ sup J7(x)]}1/2
BeBr ||x|i=1 BEB: |Ix|l=1 Ix]l=1

< C{nE[ﬂ—Z (T)]an)‘max(Hir?dop”l/z: Vr >0, Vn > 1.

Relation (3.3.31) with s = 4 follows from condition (Cjy).
For |USY(8,%)|, we use (3.3.9) with:

a] = iXTX?[Ai(ﬁ)l/Q—A}/2]93i~1(/3)_1

n

b = Yy diag(Xx)GP (8)(y; — i),

i-1

and we obtain:

)

[ n 1/2
U9(8,%x)] < ZXTX?[AZ(WE—A”Q}[ﬂzinl(ﬁ)—lJ‘z[Ai(ﬁ)W—A%”[Xix}

1/2
Z(yz u)T G (8) diag(Xox)diag(Xox) G (8)(y; — m)]
= Jg(ﬁ,x) Je(B,x)V2. (3.3.45)
The first term in (3.3.45) can be estimated as:

J(8,%) < max ALl [Ria(B) ] max ma[A;(A(B)YF — AP

i<n
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: zn: xTXTAM2 AV X x
=1
= max A2 R_(B)7Y - max Amax| AP AL(B)Y? —1)2 - xHPerx

< COma(r) - max Amax[AT2A(8)'% = 17 - A (HIP).

7

where we used (3.3.19) for the last inequality. Note that:

1/2
-1/2 /2 . N'(Xgﬁ) B
[Az Ai(/B) I]J] - {N/(XZ;BO) 1 S Ty

and hence, by Lemma 3.2.1, for any 8 € B,, any » € (0.79) and any n > ng, we have:
max Amax AT A8V — 1) < anr?.
<n

Therefore, for any r € (0.ry) and for any n > ng, we obtain

E[sup sup Ji(8,x)] < CE[m2(r)]ant” Amax (HLP). (3.3.46)
BEB: ||x||=1

For the second term of the product in (3.3.45). we have

n

Jo(B,%) < max Apacldiag® (X, %) max A [A2GP (B Y (v, — 1) AT (. = o)-

=1
By (AH) we obtain:
, 1/2
1/2~(2)  raapl HEDE) 1p(x]8) | p(x],50)
[APGY (B, = —H&B) e = — 5
&P ) T BP? T T2 w8y | WiB)

< Cn(r)+1] <C, VB € B, Yr € (0,19), Yn > ny,
where for the last incquality we applied Lemma 3.2.1. It follows that:

max A2 [AM2GP(8)) < C, VB € B,, Vr € (0,ry), ¥n > ne.

max
1<n

Therefore, using (3.3.19),

sup sup Jo(8.x) < Can- Y (y, — ) A7y, — o).

BEB: |ix||=1 <
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By (3.3.35), it follows that:
E[sup sup Jo(3,x)] < Cnay,. (3.3.47)
BeB, Ixl=1
Using cauchy-Schwarz inequality and relations (3.3.45). (3.3.46) and (3.3.47), we

obtain:

E[sup sup |[UP(8.x)]] < {E[sup sup Js(3,x)]}/%  {E[sup sup Jo(B,x)]}!/?
8B, [x|=1 BeB, (x|=1 BeBy (x|=1

C{nE[72(1)]a?r* Amax (HPPY Y2 Vr € (0,70), Vi > ny.

IA

Relation (3.3.31) with s = 5 follows {rom condition (Cy).
To estimate 737 (3, x), we use (3.3.9) with:

a’ = Y xIXTA*R,_1(8)7

2—1

b, = Y diag(Xx)[GP(8) - GP(y, — ),

t—1

and we obtain:

n 1/2
|l]7(16) (ﬁ, X)’ < [Z xTXz"A:/'Z [R7_1 (,8)_1]2A11/2XZX]

=1

n 1/2
: {Zm — 1)TIGP(B) — GP)diag?(X.x)[GP(8) — GP)(y, - u»}

1=1

= Je(B8.x)1? - J1o(8,%)"/? (3.3.48)
For the second term of the product in (3.3.48), we have:

So(8,%) £ maxAnu[diag’(X,x)] - max X {A;7[G(8) - G} -

> (v, = m) ATy, — ).

1<n

By Lemma 3.2.2(ii), for any 8 € B,, any r € (0,75) and any n > ny:

raupl | HOGB) WX Bo)
A1/2 G(?) z) = ()2 13 _ 1
ASIG78) = Gy Hx,50) 3 WLBP2 () Bo)*?
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< &, < a}/zr.

It follows that max;<, A2 {AV* G (B) - GP1} < anr?, for any B € B,, any 7 €

max

(0,79) and any n > ng. Therefore, using (3.3.19) we have:

sup sup Jyo(B,%x) < Cair? Z(yi — )T ATy, — i), V7 € (0,70), Vn > ny.
§EBy xl=1 =

By (3.3.35), it follows that:

E[sup sup Jio(8,x)] < Ca,rin, ¥Vr € (0,7), Vn > ny. (3.3.49)
BEB: |x|=1

Using Cauchy-Schwarz inequality and relations (3.3.48), (3.3.43) and (3.3.49),

we obtain:

E[sup sup |Ur(f$)(ﬁ,x)|] < {E[sup sup Jg(ﬁ,x)]}l/‘2 -{E[sup sup Jm(ﬁ,x)]}l/2
BeB, |Ix||=1 BEB; |Ix||=1 BEB, ||x|I=1

< C{nElm; ()] Amax(H40) /2,

for any r € (0,7p) any any n > ng. Relation (3.3.31) with s = 6 follows from condition
(Cy).
Finally, we prove (3.3.32). Let L € {1, ..., p} be fixed. Using (3.3.9) with:

; 3

n

al = 3 o7 PUNIXTA(S) PR (B) QLB R(8)!

i—1

b, = Y A(B)V(yi — ),
11
we obtain:

U B,x) < D x"XTAB)*Ri_1(8) QY (B)[Ri-(B)TPQY,(8)
i—1

n 1/2

311'—1(,5)_1Ai(/3)1/2XiX]1/2 Z(yi - Hi)TAi(.B)_l(yz — 4)

i—1

= Jn (8, %)Y Ju(8)Y2 (3.3.50)
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For the first term of the product in (3.3.50), we have:

Ji(B,%) < max A [Ric1(8)71] - max AL IQEZ(ﬂ)]-mﬁ«“Q (A2 A(8)7)

) ZXTXiTAiXiX
i=1
S CmAE ) max AL [ AT AD) A (),

where we used (3.3.19) and the definition of ¢,(r) for the last inequality. By Lemma

3.2.1, for any 8 € B,., any r € (0,79) and any n > ny we have:

w'(x}B)

1/2
<in(r) +1<C
w(xk "o)] Sl 1<

(A2 A(8) )5 = [

[A.‘l/zAi(ﬁ)l/?] < C, for any 8 € B,, any r € (0,79) and any

and so max;<, A2 ;

max

n > ng. Therefore, for any 7 € (0, 7y) and any n > ng, we obtain:
E[sup sup Ji(3,x)] < CE[72(r)q2 ()] Amax (F2P). (3.3.51)
BEB, |x||=1
For the second term in product (3.3.50), we have:

Ja(B.%) < S (v, — w)TATPAPAB) A PAT - )

7
i—1

< max A [A(8) T PAYT Dy — ) AT (s — o)

i<n
i1
By Lemma 3.2.1, for any 8 € B,, any r € (0,79) and any n > ny we have:

, 1/2
J(xT
M} <ma(r)+1<C,

(BYVZAN?
{Az(ﬁ) ! ZAi ]JJ /'L,(Xil; )

and so max;<, A2 [A:(B)"2AYH < C;L for any 5 € B,, any r € (0,7¢) and any n >

ng. Therefore, ;u}g HSLHIp J12(B,x) < C’Z(yi — )T ATy, — 1), Using (3.3.35), we
€0y ||x||=1 31

obtain:

E[sup sup Jia(83,x)] < Cn, Yr € (0,7)), Vn > ny. (3.3.52)
BEB; ||x||=1
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Using Cauchy-Schwarz inquality and relations (3.3.50), (3.3.51) and (3.3.52), we
obtain:

E[sup sup |U(8,x)]] < {E[sup sup Jii(B.x)]}¥/?- {E[sup sup Jia(8, %)}/
BEB, |x||=1 BB, ||x|I=1 BEB, |Ix|=1

C{RE[m (1) g (1) Amax (HP)} /2,

IA

for any r € (0,79) and any n > ng.

Relation (3.3.32) follows from (Cjs). O

3.4 The Strong Consistency Theorem

In this section prove the existence of a strongly consistent sequence of estimators of
Bo, defined as roots of the cquation (2.2.1).

We introduce the following assumptions:

(H" there exists a constant C' > 0 such that Apnin(R,) > C,Vn > 1,
(D/) Amin(Hiyl:dvp) - 0,
(S5) there exist an integer NV > 1 and some constants § > 0,¢p > 0 such that:

Ammin (PP > ¢4 [ Ao (IR /2H0 0y > N,

Theorem 3.4.1 Suppose that (AH), (K) and (H'), hold. Let {R,(-)}n be a sequence
of random matrices which satisfy (A), (B), (R'), as well as:

(E) there exists a constant C > 0 such that Apu(R,) < C, Yn > 1, a.s.

Suppose that conditions (C1)-(Cs) are satisfied with an, = Apax(HIRP). If (D') and
(S5) hold then there exists a sequence {Bn}n C T and a random number ng such that:
(a) P(gn(,@\n) =0, foralln>ny) =1;
(b) By — By a.s.
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Proof. We apply Theorem 3.1.1 to the sequence {g,,F.},>1. by taking a, =
Amax(H9eP).

We first prove {g,,Fn}n>1 is a zcro-mean martingale. By definition g, is F, -
measurable. We have:

E(g,) = Y EBXIARLAT(y, - m(8))]

2==x1

= Y E{EXTAPRLAT(y, — m(B)1Fioi}

=1

= Y EXIARATYE(y, — i (8)|F,-1)] = 0,

=1
where we used the fact that the entries of R,_, are F,_; - measurable and that
E(y, = m(B)|F: 1) = E(y, = () = 0 for all ¢« > 1.

Also. by the same arguments:

E(gn|Tn-1) = EBlguy + XTA 2RI A (y, — 11(8))]F o]

n—1
= Bp1t XZ;A:L/ZRE}'IA;I/ZE(yﬁ - IUI(B)!:?nfl)
= Bn-1
Recall that M,, = Cov(g,). Similarly to (2.3.2), (with R,.; in lieu of R} _,), we
have M,, = 3" . X,A’E,_|A!?X,, where E,_; = B(R, L R,R,}).

We prove that (3.1.1) holds Using (R’) and the fact that R, < mlI for all 2 > 1,
it follows that R, R,RY, < CI for all 2+ > 1, a.s. Hence E, < CI for all ¢ > 1 and

M, < CH®P  vn > 1.

Hence Apax(M,) < CApax(HBP) ie. {an}nsy satisfies relation (3.1.1).
We now prove that (I) holds. For any p x 1 vector x with ||x|| = 1, we have:
Z IXTAVPRARR LA X x > min Amn(RY) min Ay (R ) -

=1
XTH;?deX
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> CoxTHov,
using (II') and (FE). Taking the expectation (with respect to Pj3,), we conclude that
xTM,x > CoxTH»¥Px j.c.
M, > CoH»¥ vp > 1.
The fact that (/) holds follows from our hypothesis (D').
We now prove that (S) holds. Part () follows directly from Lemmas 3.3.3, 3.3.4

and 3.3.6. To prove that parts (i) and (4i7) hold. note that condition (E) and our
hypothesis (S§) imply that for any p x 1 vector x with ||x|| = 1:
n
XTHnX = Z XTXTAS/QR:_l]Aj/ZXzX > /\min(\[R;.ll) . XTH:?dCPX
=1

>C xTH™MePx > Cal/?t Yn > N.

From Lemmas 3.3.3, 3.3.4 and 3.3.6, it follows that. with probability 1, there

exist some random numbers r; > 0, ny > 1 such that
a; Y2 T H, (8) — Holx + xT[BL(8) + &.(8)]x| < C/2, VB € B,.n>n,.
Recalling that D, (8) = H,(8) — B,.(8) — £,(8), we conclude that:

X" D..(6)x|

Vv

‘XTHMX‘ - ‘XT[Hn(ﬁ) - H,lx+ XT[Bn (B) + E.(8)]x]

> Call*™ —Cal/?*9/2 >0, forall B € B,,n>n,

This concludes the proof of parts (i) and (i) of (S). O

Remark 3.4.2 The proof of Theorem 3.4.1 can be adapted to apply to the “working
independence” GEE introduced in Example 2.2.2. More precisely, assume that (H’)
and (K’) hold. Under conditions ([) and (5)) of Theorem 3.4.1. one can prove that

there exist a sequence {En}n and a random integer ng such that
P(glrf‘de(Bn) =0.Vn>mny) =1 and En — By a.s.

Our set-up covers a more general situation than Theorem 2 of [13]; in our case, neither

the joint distribution of the data nor the covariance matrices are known.



Chapter 4

The Error-in-Variables Model

In this chapter we introduce a multivariate structural linear error-in-variables model
which is suitable for longitudinal data. We construct estimators of the regression
parameters, which correspond to the modified least squares estimators used in the
univariate case (sec [8]). We show that these cstimators are consistent. We prove
a central limit theorem. which is completely data-based, under the assumption that
the vector of latent variables belongs to the generalized domain of attraction of the
normal law. Our results can be viewed as an extension of the results of [27] to include
the longitudinal case.

This chapter is organized as follows. In Section 4.1 we state our model assump-
tions and obtain the estimators of the parameters of interest. In Section 4.2 we
introduce the concept of GDAN and give preliminary results, which will be used in
the next sections. The main result of this section is Theorem 4.2.4, which states
that the inner product between a vector in GDAN and a vector whose components
have moments of order four is in DAN. In Section 4.3 we give conditions under which
the estimators are either weakly or strongly consistent. The CLTs are presented in
Section 4.4 and Section 4.5. We remark that throughout the chapter we consider the

euclidean norm.

70
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4.1 Model assumptions and estimators of the pa-

rameters

4.1.1 The model

We consider a sample of n individuals, whose responses are recorded, at fixed moments
of time (which are denoted for simplicity by 1,2,...,m). Forany i € {1,2,...,n}, let
Y. = (%1, -, ¥%m)! be the collection of m responses supplied by the i-th individual.
More precisely, y,, represents the response of the i-th individual at time j. Alterna-
tively, we can think of n as a sample of independent clusters of equal size m. Within
each cluster 2, the observations (y,1, ..., ¥.m) might be correlated.

Each response y,, depends on a covariate &,,, which is unobservable (or latent):
instead of the covariate ,,, one observes a surrogate variable r,;. This happens for
any individual + € {1,2,...,n}, and for any occasion j € {1,2,...,m}. For any
i€ {1,2,....n}, we denote by &, = (&1....,&m)T the collection of m unobservable
covariates which correspond to the i-th individual, and by x, = (2,1...., T,n)T the
collection of m respective surrogate variables.

Both variables y,, and z,, are observed with errors. Nore precisely. we consider

the following error-in-variables model: for any ¢+ € {1,...,n} and j € {1,...,m}

Yy = a+5€1j+5”, (411)

Loy = §IJ+(51]7

where a, 8 arc unknown parameters (of dimension 1), and ¢,,, d,, arc the random error
terms. For any i € {1,...,n}, & = (8,1, ... €m)? and 8, = (8,1,....0,m)T represent
the error random vectors.

We assume that {€,}i<.<n is a sequence of i.i.d. random vectors with mean

w= (g1, )T, Le. p, = E(§,), for j € {1,...,m} and ¢ € {1,...,n}. We
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denote for any ¢ € {1,...n}, and 3,k € {1,...m}

0¢ 4, = Var(€,), and og i == Cov(&,;. Eun)-

In matrix notation. we write

Y = (0g )1)1<0k<m:

We assuine that the eirrors {(&,,d,)}1<,<n form a sequence of i.i.d. zero-mean

random vectors, and denote
Oc gk ‘= E(eljglk)' s jk = E((slj(slk)7 Teb b = E(EZJ(SL/C);
for any 2 € {1,...,n} and 3.k € {1,...,m}. In matrix notation.

Be = (0e k)1<pkcm: s = (Top)1<phem:  Bes = (Tes k) 1<phzm.

We remark here that when there is no risk of confusion we use a generic notation
&, 9, € to identify random vectors which have the same distributions as &,, 4, and ¢,

respectively, ¢+ < n.

4.1.2 Estimation

We are interested in the estimation of a and 8. To obtain consistent estimators for
a and 3, we assume that the diagonal elements of 3.5 and 35 are known.

For any i < n.jy < m, we have:

) = E(&)+ E(3y) = 1,
E(yy) = a+BE&,)+ E(ey) = o+ Buy,
) = Var(&,) + Var(d,)) = o¢,, + s 45,
) = B*Var(&,) + Var(e,) = 8%0¢,, + 0c,,

Cov(zyy,y,,) = BVar(&,) + Cov(e,,,0,) = Bog,; + 0es.y;-
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Using the method of moments (see also [8]. Section 1.3.1), we obtain the following

system of equations, for any y € {1,...,m}:
R 1 n _
H, = — Y 1, =T, (4.1.2)
n =1
R s 1 n o
a‘i—/B,u] = ;;yz] =Yy (413)
R 1 .
O¢yy + 055 = n Z(fu —T,)% (4.1.4)
1=1
e 1 ¢ _
B0y + 0y = " Z(yu - 91)27 (4.1.5)
=1
. 15 B _
Bog,y; + 0esyy = o (T2 = T5) (Y — y]). (4.1.6)
T =l

By taking the sum of the m equations in (4.1.2) and (4.1.3), we obtain an esti-

mator of a:
Gn =7 — Bz, (4.1.7)
where
_ 1 n m . 1 n m
T=— and 7§ = — )
T Z Ty ARGy = Z Z Yoz
=1 3=1 =1 j=1

It is useful to develop a vector notation. Let

-1 z": 4 vl =
X=—) X, an = —
n 1 y n yt’
1=1 1=1
be the sample mean of (xi,...,x,), respectively (yi1,...,¥,). Note that X is an

m-dimensional random vector whose components are 7,,1 < j7 < m. Similarly.
y - (yla fo 7y'm,)r'
By taking the sum of the m equations in (4.1.4) and (4.1.6), we obtain

B — Z::l[(xl B R—)T(YI - y) B tra’ce(zeé)]
" 2 lllx = X||? — trace(Xs)]

(4.1.8)

where trace(Ees) = YL, 0es,, and trace(X;) = 70, 05, The estimator B, is

obtained under the additional assumption > ", [||x, — X||* — trace(Xs)] > 0. We
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remark that a similar assumption is required in the univariate case to obtain the

modified least square estimators (see [8]).

Remark 4.1.1 The errors could be taken to be independent, as this is the case which
is more often encountered in the literature. The fact that we allow for some degree
of correlation of the errors, makes the model more general, but all the results could

also be carried out in the case when X.5 = Onxm.

Remark 4.1.2 It is known that the error-in-variables models are, in general, not
identifiable and therefore, it becomes impossible to consistently estimate the pa-
rameters {rom data. In a multivariate context, the assumption that ¥ is known
(¥es = Omxm) is needed to guarantee identifiability of the model (see [19]). In the
univariate case (i.e. m = 1), the same assumption is used to construct the modified
least squares estimators of & and 3 (see [8]).

The information regarding the diagonal of the covariance matrix of the error 8
might be available from previous studies or, if additional replications are available,
trace(Xs) might be estimated. In the latter case, two or more replications are needed,

al each occasion, for each individual.
(r)

Assume two replications are available, z,;’, with r =1, 2 (the r-th replication

taken on individual ¢, at time j):

xgl) = Si + 61(1)a

X1(2) = 51 + 61(2)

Then a consistent estimator of trace(Xs) is

1 i . . 5 _
mz IV — x@) — (x? — x@)2,
=1

—_ 1 &
here x® = =3 x\" forr =1, 2.
wher nigzl ., for 7
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Remark 4.1.3 A different estimator of S can be obtained using (4.1.5) and (4.1.6),
when the diagonal elements of 3.5 and X, (instead of Xj) are assumed to be known.
Its form is similar to (4.1.8) and the asymptotic results are similar to those derived

in this chapter.

Remark 4.1.4 The error-in-variables model with replications is a particular case of

model (4.1.1), obtained when &,; = &2 = ... = &,,. More precisely, if we consider the
model:

Yy = « + 1851 + &y,

Ty = {z + 5117

using the same method. the estimators of v and 8 have the same form as in (4.1.7)

and (4.1.8). respectively.

The goal is to evaluate the asymptotic properties of the estimators defined by
(4.1.7) and (4.1.8). This purpose requires the introduction of additional model as-

sutnptions as follows.

The distribution of & is assumed to be full, i.e. for each m-dimensional vector
of norm 1, u, the random variable u’€, is not a constant, alinost surely. This is a
standard assumption in the context of generalized domain of attraction and allows us
to use results obtained in [26] and [17]. It also guarantees that X¢ > 0 whenever the
components of €; have finitc variance.

Recall that &£, — p has a symmetric distribution if its distribution is equal to the
distribution of —(&, — ).

Our model assumptions are the following:

(Al) & lies in the generalized domain of attraction of the normal law (GDAN),
&, — p has a symmetric distribution, whenever the matrix 3, has at

least one element on the diagonal which is oo
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(A2)  E(ey,) =0, E(61,) =0, E(e};) < oo, E(6],) <oowith1<j<m,
2:—: 256 ... .
and Yoor 1= is positive definite

(A3) (51’)1§1§n and {(61, 52)}1§72§n are independent.

We note that assumptions (Al) — (A3) are the multidimensional versions of the

assumptions used in [27].

We mention that, as in [27], our proofs cover two distinct cases: the case when
all the components of the covariance matrix of the latent vector arc finite, and the

case when at least one of these compounents is infinite.

4.2 Preliminary results for GDAN

In this section we present the concept of the generalized domain of attraction of the
normal law (GDAN), introduced in [20]. For additional properties, see [26] or [34].

i

We begin with a definition.

Definition 4.2.1 Let & be an m-dimensional random vector. We say that € belongs
to the generalized domain of attraction of the normal law (and we write € € GDAN )
if there exists a sequence (B, )n>1 of non-stochastic m x m malrices and a sequence

(An)n>10f non-stochastic m-dimensional vectors, such that:

B., (Yi ¢ — An> 2, N(0,1), (4.2.1)

where (€;)1<i<n 1S a sequence of i.i.d. random vectors with the same distribution as

€.

Remark 4.2.2 (i) If m = 1, the above definition coincides with the definition of
the domain of attraction of the normal law (DAN). It is known that £ € GDAN

implies that each component ¢, € DAN, for j < m. In general, the converse of
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this statement is not true. However. Remark (ii) of [26] points out that in the case
when & has a spherically synimetric distiibution, the condition & € GIDAN becomes
equivalent with the condition that cach &, € DAN. for j <m (or to ||&| € DAN).

(i) If &€ = (&,....&n)T € GDAN, then E(J€]") < oo, for 0 < r < 2 (in
particular, p, = E(§,) < oo, for all ) < m) and the sequence (A,),>1 can be taken
as A, = np, where p = E(€) (sce also Remark (ii), p.193 in [26]).
Note that. if £ € GDAN, since E(||£]|) < oo, the condition Var(]|€||) < oo is equiva-
lent to E(]|€]|?) < oo (or E(|§,]?) < oc. for all 3 < m).

(iii) If Var(]|€||) < co. the condition that the distribution of & is full is equivalent
to e > 0.

(iv) If Var(||€]]) < oo, by the classical CLT, the sequence (B,,),>1 of (4.2.1) can
be taken to be B, = /n £;'/%.

(v) The matrices B, can be taken to be nonsingular and symmetric. For a

complete discussion, see Remark (ii) in [26].

The next result is a consequence of Remarks (ii) and (iii), p. 193-194 in [26].

Lemma 4.2.3 If € € GDAN and E(&) = p, then ||€ — ul| € DAN,

AN » mollE - ull? b
= <Z g, — u| —an> 2, N(0,1). and 2= = EdgY (4.2.2)
n =1 n

where (€, )1<i<n are 1.0.d copies of &, b2 = trace(B,?), and (B,)n>1 15 a scquence of

matrices for which (4.2.1) holds.

The following theorem is an essential tool for the development of our asymptotic
results. The result is important in its own right since it provides sufficient conditions
for the inner product between a random vector in GDAN and a random vector with
finite fourth order moments to be in the domain of attraction of the normal law. The
case of m = 1 was fully resolved under more general conditions in [25] (see Theorem

D.1.6). In the case of infinite variance, we assume that €& — p has a symmetric full
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distribution, as we rely on Theorem D.2.5 (sce Theorem 3.4 in [16]). We use the

method of the proof of Lemma 4 in [27], adapted to a multivariate setting.

i

Theorem 4.2.4 Let € = (&,....&m)T € GDAN be an m-dimensional random vector
wath a full distribution. If Var(]|€]|) = oo we assume, wn addition, that the distribution
of & — p 15 symmetric.

Let € be an m-dimensional random vector, such that E(e) = 0 and E(

&) < oo,
for all j < m. Assume that 3. > 0, where X, 15 the covariance matrix of €. If & and

€ are independent, then,

g'e=> ge, € DAN.

1=1
Proof. Case 1. Assume Var(J|€]]) < oo.

Since £ is independent of € and E(e) = 0,
Var(¢'e) = E[(¢7e)?] = Eftrace(£€7ee™)] = trace(T X ).

Hence, Var(¢”e) < oo. since the covariance matrix ¢ has only finite entrics in this
case.

Since & is full, Xz > 0 and so, using the fact that 3. > 0, we obtain that
22/22522/2 > 0. Therefore, trace(XeX.) = trace(Eé/zEEZép) > 0 and so Var(¢7e) >
0. The conclusion follows by applying the CLT.

Case 2. Assume that Var(]|€]|) = oo (at least one component of € has infinite
variance). In this case, we assume in addition that € — p has a symmetric distribution.

Let {€,}1<i<n and {&,}1<,<n be 1.i.d copies of & and €, respectively. We denote

= (s Em)T and €, = (64, .., Em)T.

(a) Assume that 3. =I. First, we consider the case when E(€) = 0.

Since & € GDAN, there exist a sequence of symmetric and non-singular non-
stochastic matrices B,, such that B, >~ €, 2, N(o, I). Denote b2 = trace[(B,) 2]
and note that ¥ — oco. To show that £€'e € DAN |, by Remark D.1.4, it suffices to
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prove that
b2 (€le)? 5 1. (4.2.3)
We have 67237 (&f€,)? = Yn1Vn 2, Where:

n T 2
— Zzzznl(géqwsé) and 711,2 = Z'L I;QE 5
=11 %, n

By Lemina 4.2.3, v, 2 L1

711,1

In what follows we show that v, £4 1. Let € > 0 be fixed. Using Chebychev’s

inequality, we have the following:

P(hn.l - 1| > 6)

A
o
&
b
M-
m
M
o
S
[
&)
AT
AN}
o
\_/

= 6*2(]1 -+ [2), (424)

& €zT(Ez€zT - 1)51)2
i = E - ,
' Zl ( S &g,
5 €, 5 -1)¢, fz (5151 —1)§
L, = E .
: %l: (Zz 15 51) j[

We treat Iy first. Let C, := > | EZ&T which can be assumed by Lemma D.2.4 to be

where:

non-singular. By Theorem A.1.3, we have the following evaluation:

(€] (e1e] — D)€, ]

IA

Amas (€167 Amax[(€16] — I)°JE7 €,
trace(§;€] ) Amax[(€16] — D?J€1 €,
Amaxl (€167 — D)?)(£1€,)°

Amax[(€167 — D?]A2(Cn) (€7 C;61)%

IA

IA

By Remark A.1.11,

Amax(C) = Amax Zss Z Amax(§,67) <> trace(£,€)) =Y _ €T,
=1 =1
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Using the independence between € and € we obtain that

5’{(515{ - D¢, > ’
i = nE
' " {( E:lzl E’f&'z

< nBua((e1e] — D?DE[(E7CLEL)’].

Using Remark A.1.9, Remark A.1.10, the fact that E(sj) < 00, for all 3 < m and the

Cauchy-Schwarz inequality, we obtain

m

E{QAmul(e16] =17} = E(lere] —1I1*) < > El(enyen — )]
1,k=1
< 3B <Y EE) <
1,k=1 7=1

Here we let 6,, =1, if j = k and é,, = 0. if j # k.
By Theorem D.2.5, since & € GDAN, it follows that nE[(&]C;'€,)?]—0.
Hence,

I;—0, as n — oo. (4.2.5)

We now treat I». Using the fact that (€,),<, and (g,),<, are identical distributed.
the independence between (€, &,) and (&1, €7) and the independence between &, and

£, we obtain:

L = (n2—n)E [éf(els{—1)5155@265_1)52}

(O €7€,)
- T €ty
= (”2 —-n) ] k;‘lE(&ﬁ]k — 531:)E(€2182p — ()IP)E [—(}EJ?:TE?&;?}
=0 (4.2.6)

since, E(e,eT) = I. Note that by Cauchy-Schwarz inequality:

E616€uéop } [ €1, r [ &1k r
E |- E E )
‘ {( v ETE)? : { (O 1€, 11%)2 O IAIDEE
o

4 4) 174
| stem) Bl }
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< 1.

From (4.2.4), (4.2.5) and (4.2.6), it follows that v, 4 1. This concludes the proof
of (4.2.3), when E(€) = 0.

Now, consider the case when E(£) = u. Since &€ € GDAN |, it follows that
(6 — p) € GDAN and E(€ — ) = 0. Hence, by applying the first part of the proof,
we obtain (£ — u)Te € DAN. We write:

£Te = (¢ - p)Te + ple,

and note that 0 < Var(uTe) < oco. Hence, by CLT. ule € DAN and since E((€ —
w)le - ule) < 0o, we apply Lemma D.1.9 to obtain £Te € DAN .

(b) Assume X, is a positive definite covariance matrix. It follows that & =
¥:%¢ is such that E(e’) = 0 and E[e/(¢')7] = I. If £ € GDAN | there exist a
sequence of matrices B, such that B,(} ", & — nu) 2, N(0,I). It follows that
¢ = 2.2 ¢ GDAN . with B], := B,X. Y2 as the scquence of normalizing
matrices. We apply part (a) of the proof and obtain (¢')7e’ = £€7e € DAN. O

Lemma 4.2.5 Assume that &€ € GDAN, E(§) = 0 and B,,Y_ | €, 2, N(0.1),
where (€)1<,<n are i.1.d copies of §. Lel X be o posutive definile matriz and de-
note & = X'%¢. Then ¢ € GDAN, and B3, & N N(0,I), where B, =
(S-1/2BTB,x-V2)1/2,

Proof. We denote by C, := B,X7"? and so C,Y " € 2, N(0,I). We apply
Lemma D.2.1 to conclude that:

(CIC)Y*Y & 25 N(0,1). O
=1

The next result gives the rate of convergence for the trace of the sequence (B,,),,>1

of normalizing matrices. It will be used frequently in the proofs of the main results.
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Lemma 4.2.6 Let £ € GDAN, E(§) = p and (B,).>1 be a sequence for which
(4.2.1) holds, with A, = npu.
n 1
N T _
(a) (3) If Var(||€])) < oo, trace(B,;2)  Var([[€ — pl)

(@) 1 Var(€1) = 00, o = 0
trace(B,?)

n2

, for anyn > 1.

(b)

— 0, as n — 0.

1 n
Proof. By Lemma 4.2.3, || — p]| € DAN and o Z &, — )l — an> SN N(0,1),

n

=1
where (€,),<, are i.i.d copies of & and a, = nE(||&; — p|)).

(i) If Var(J|€||) < oo, it follows that o* := Var(||€ — p)|) < oo. Then b2 = no?
n 1 2 2

and so — = — and =% = — — 0.
b2 2 n? n
(i1) If Var(||€]]) = oo, then Var(||& — p||) = oo and b2 = ni?(n), where I(n) is a
, 1 v Pn
slowly varying function at infinity. Hence o —=— — () and o ——(ﬁ—)- = 0.0
b2 12(n) n? n

4.3 Consistency

In this section, we examine the consistency property of our estimators, which is
relatively straight-forward. Lemma 4.3.2 shows that in the case when all components
of € have finite variance, the estimators given by (4.1.7) and (4.1.8) are strongly
consistent. The assumptions required for weak consistency are slightly weaker than
the assumptions (Al) — (A3), which are required for the CLTs proved in the next

sections. More precisely, here we replace (Al) by
(A1) &, € GDAN.

Theorem 4.3.1 Assume that (Al") and (A3) are satisfied. Then, the estimators

o~

Bn and @, given by (4.1.8) and (4.1.7) are weakly consistent, i.e. B =+ B and

~ P
Oy — Q.
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Proof. Let b2 = trace(B2), where (B,).>1 is a sequence of normalizing matrices for
which (4.2.1) holds, with A, = npu. From (4.1.8), the consistency of B, follows once

we proved that:

Sy [ — S<‘)T(y;~)‘i— ¥) — trace(Yes)] 2, 3, (4.3.1)

Eh b = SIP —tnee(Bg)] e,

(4.3.2)

n

_ 1 1 n _ 1 k23 _
We denote 6 = - 4, €= - Eez, = -~ Z &,. Note that d is an m~dimensional
1 i=1 =

i= : =1
n

random vector with components 6, = — E 0,5, where j < m.
n <

=1
Writing x; and y; in terms of §,, €; and 4, we obtain:

Zf:l [(Xl - R')T(yz -V)— trace(zsg)] _ Z?:l 1€ — Ellz

3 TR
+5Zz:1(€z _bf) (0; —9) T 2121(& ”bf) (€: — %)
+Z?:1 [(5,' —8)T(g; —€) — trace(Ea;)]

b2
=L+ BhL+ I3+ 14,
Yoy 1% — X||* — trace(3s)] D0, 1€ — €I

and 2 = B
i€ -6 =8) | S (16, 3]~ trace(Sy)
b2 b?
= [1 + 2]2 + .[5.
Note that:

D o T G e
where the first term converges to 1 in probability, by Lemma 4.2.3, and the second
term converges to 0 in probability, by the weak law of large numbers (WLLN) and

Lemma 4.2.6. Hence, [; 21

By WLLN, 1 E |6; — 8] L, trace(Z5), and using Lemma 4.2.6, it follows
n
i=1

that I5 — 0. Similarly, I, — 0.
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Since (&,).<n and (4,);<, are independent, by WLLN, we obtain:

P (e R I I

— 0.
n

This, together with Lemma 4.2.6, implies that 7, o Similarly, I3 £o. Hence,
(4.3.1) and (4.3.2) hold and therefore Bn 25 B.

By WLLN I . d n
y , We 1avex—>m2u]an y—+a+ﬂ leu] Smceﬂ —)B

L~ = S= P
we obtain &, =y — 3,7 — «. O

Lemma 4.3.2 If Var(||€]|) < oo, then &, and B, are strongly consistent, i.c. B, £

y ~  a.s,
B and &, — «.

Proof. The proof follows by applying the strong law of large numbers (SLLN).

First, we consider the denominator and write:

1 & _ 1 < B
= k=X = =3 I — pal — % -l = Ty~ T
i=1 =1

By SLLN, we have:
X =% p, and hence ||X — p||> <5 0, or Tz =% 0.

Also,

~ Z I = pll? =% E(llxi = pl®) = Y El(xi, — p,)] = D Var(xyy),
71=1 g=1
and so T} —> trace(X;) + trace(Xs). Hence, the denominator of B, converges to

trace(X¢), a.s.

We consider the numerator and write

S - ® - Y = 36— ) Iy - (@A)
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- &=y - (a+fp)
= 51— Ss.
By SLLN,
X 2% pand ¥ 25 oo+ B, and so Sy =3 0.

We apply SLLN again to obtain
- > (i — )y, — (@ + Bp)] =3 E{(x1 — )" [y1 — (o + Bp)]}
T =1

= trace{E{(x; — p)[y1 — (@ + Bu)]*}} = trace[Cov(xy, y1)]

= ptrace(Te) + trace(Xes).

and so S§; =5 Btrace(Xe) + trace(Xes). Hence, the nominator of Bn converges to
Btrace(Xye), a.s.
We conclude that the estimator Bn given by (4.1.8) is a.s. consistent.

: — as. 1 & — s 1 & ~
By SLLN, we have T =% — b, and 7 — a + B .. Since 3, is a.s.
\ , — J};l 1y Y A~ ; 14 p
consistent, it follows that the estimator @,, given by (4.1.7) is also a.s. consistent. O

4.4 Central Limit Theorems

In this section we state and prove CLTs for our estimators. The CLT requires more
work and we divide the demonstration into several steps. First, we consider the case
a = 0 and obtain CLTs for the estimator of § (Theorem 4.4.2 and Theorem 4.4.3).
Next, we remove the condition o = 0 and prove a CLT for B\n (Theorem 4.4.5) and a

CLT for &, (Theorem 4.4.9).

4.4.1 CLTs in the case o« =0

When « = 0, the estimator of 3 has the following form
5= > X7y — trace(Sse)]
" inllxill? — trace(Xs)]

(4.4.1)
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It follows that:

n

> llIx)? — trace(Ss)] | (B, — B) =D u, := 7, (4.4.2)

=1
where

u, = X'y, — trace(Lse) — BllIx.]|? — trace(Bs)], 1 <2 < n. (4.4.3)

In terms of &,, €,, d,, we obtain, for 1 <i<n
u, = &le,— BETS, + 6! e, — trace(Ee5) — B[||6,]|? — trace(Xs)].

Our goal is to prove that u; € DAN, which by (4.4.2) and Lemma D.1.7 gives a CLT
for the estimator of 5.

We first present the general idea of the proof. By Theorem 4.2.4. the first two
terms of u; arc in DAN. The remaining terms are clearly also in DAN. Then, the fact
that u; € DAN follows by Lemma D.1.9.

To obtain CLTs in the case when « is arbitrary, we need a general result. We
write, for 1 <i<n

u, = b''(,. (4.4.4)

where b = (1, —3,0,0,1, -8) € R® and

¢, = <€ €,§ T(s“ i

m

25’1’ L €, — trace(Bes),

SIH

T

16,112 — trace(25)> : (4.4.5)

Note that w, are i.i.d. random variables and that E(¢,) = 0, for any ¢+ < n.

Let

C; = <(£z_p') Ela(€ N) 6 Z‘-‘l]7 Zéz]a 2 trace(zeé)a
_] 1

18,01 — trace(25)> : (4.4.6)
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Note that this result is a generalization of Lemma 6, in [27] to the case when

£ GDAN.

Lemma 4.4.1 Assume that conditions (A1), (A2) and (A3) are satisfied.
Letb € RS and ¢, be gwen by (4.4.5). If|by|+|bz| = 0, assume that Var(b¥¢;) > 0.
Then,
(a) bT¢, € DAN and (b) b'¢) € DAN.

In particular, uy € DAN, where uy is defined by (4.4.3).

Proof. (a) Since in this proof there is no risk of confusion, we suppress the index ¢
of the random vectors (,, §,, €, and 4,.

We write b7¢ = €7 (b1e + byd) + fi(e, ), where

m

_ L L~ Te _ trac
fb(e,é) = bg (;{Zc]> +b4 (E;OJ> +b5[(5 g —trdce(Ega)]

7=1
+  bg[||8]]* — trace(Xs)].

Case 1. |b1|+]b2| = 0. By assumption (A2), 0 < Var(b?¢) = Var(/u(e,d)) < oo,
since fp(g,d) is a function containing powers of maximum order 2 of € and . Hence,
we apply the CLT and obtain b’¢ € DAN.

Case 2. |b1| + |b2] > 0.

1. Assume Var(]|€||) < co. Then, Var(b?¢) < oo and if Var(b?¢) > 0, we apply
the CLT to reach the conclusion.

Assume, by contradiction, that Var(b?¢) = 0. Then, b”¢ = C a.s., where C is
a constant. Since E(b?¢) = 0, it follows that C =0, (i.e. b¢ =0 a.s.).

Now 0 = E[b”(¢|e, 6] = E[¢” (bie+b:8)+ fu(e. 8)|e, 8] as. Since & is independent
of (g,6) and the other terms and factors are (g, d)- measurable functions, we have
ul(bie + b28) + fo(e.8) =0 as., so (&€ — )T (bre + b20) = 0 ass.

Using (A3), Var[(& — p)T(bie + b28)] = trace[Z¢Vp(e,d)], where Vi(e,d) =
Var(bie + byd) = BIE, + b Xes + b1by 2L, + b2%5. Note that. by (A2), Vi(g,8) > 0
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which together with Remark 4.2.2, (iii) implies that Var[(& — p)¥(b1e + b,8)] > 0.
We reached a contradiction and therefore. Var(b?¢) > 0.

I1. Assume Var(]|€]|) = co. By Theorem 4.2.4 we have &7 (bie + b,6) € DAN.
Since fp(e,8) € DAN, we apply Lemma D.1.9 to obtain b?’¢ € DAN, provided we
checked two conditions:

(i) E[¢T(bie + b16) fu(e,6)] < oo and

(ii) Var(b7¢) > 0. Denote V¢ = E(¢¢7). We have:

Var(b'¢) = Var[€T(bie + b:0)] + Var[fu (e, 8)] + 2Cov[e” (b1 + b26), fu(e.8))
= trace[V¢Vy(e, 8)] + Var[fu(e, 8)] + 2ulE[(bie + b20) fu(g, 8)]

= 0OG,

since the last two terms are finite and, by Lemma A.1.17,

trace(Vy)

trace[V¢Vyp(e,d)] > trace[V. (e, 3] =

(b) Since & € GDAN is equivalent to & —u € GDAN, we apply part (a) to & =&—p

to obtain the conclusion. O

Using Lemma 4.4.1 and the self-normalized and Studentized versions of the clas-

sical CLT (Lemma D.1.7), we obtain the following CLTs for B\n, when o = 0.

Theorem 4.4.2 Assume that (Al), (A2) and (A3) hold and o = 0.

Let B, be the estimator guen by (4.4.1). Then, as n — oo, we have:

) J Smallll - trace(%s)](8;, — 5)
\/n 1 Zn (ul - u)2
(

Souy [lx.2 = trace(33s)] (B, —B8) o,
Dy Uf

(a 2,5 N(0,1),

(6)

N(0,1),

n

1
h 1, 1S gt by (4.4.3 du = — .
where u, is given by ( ) and @ - Zu

=1
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Proof. By (4.4.4) and Lemma 4.4.1, u; € DAN. Note that E(u;) = 0. Hence,

Vi 2, N(0,1),
\/# Z?ﬂ(“? —u)?

% 2. N(0,1),
i=1 "1

by Lemma D.1.7. The conclusion follows using (4.4.2). O
The next result shows that Theorem 4.4.2 continues to hold if we replace 8 by
@L in the definition of w;. Its proof is omitted, as it is similar to the proof of Theorem

4.5.1 (below).

Theorem 4.4.3 Assume that (A1), (A2) and (A3) hold and & = 0.

Let B\; be the estimator given by (4.4.1). Then, as n — oo, we have:

Z?ZI{HXZ,HZ — trace(za)](,g;z ) 2, N(0,1)
> ic Ui(n)? -

where @;(n) = xTy, — trace(Bes) — Bu[||x:]|? — trace(Ts)].

4.4.2 CLTs in the case of o arbitrary

We write:

Z [lIx; — %|* - trace(3s)] (B, — 8) = Z ui(n), (4.4.7)
with
u;(n) = (x; — %) (y; — 7) — trace(Tse) — B|Ix; — X||? — trace(Ts)]. (4.4.8)

Note that u;(n) depends on n and 3.

Relation (4.4.8) is of crucial importance and lies at the core of our developments.
The goal is to obtain CLTs for the right hand side of (4.4.7), which will give a CLT
for Bn
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We express u,(n) in terms of £, £, and 4§, for every 1 <12 <mn.
u(n) = (§—§€)7(e,—8) — B(& —€)7T(8, —8) + (6, — 8)" (e, — E) — trace(Tes)
— 316, — 8]|* — trace(Zs)]

Note that
u,(n) = d"n,(n). (4.4.9)

where d = (0,0,1. —3)T and

1 m 1 m _ _
n,(n) = (E Z Yo = = Z Zyy, (% = X) (yi = F) — trace(Ees).
1=1 1=1

T
Ix; — X||* — trace()l;)) (4.4.10)
1 m 1 ny 1 m 1 m
= B— 1 - €49- y + 5@ )
(' 771;£J+m; ! m;fy m?:-:l J

BllE, —€lI*+ (&, - &) (e, — &) + (€, — §)7(d. - 9)
+(8, — 8)T (e, — ) — trace(X.s),

€, — €I1° + 16, — 811* + 2(&, — €)7(, - 8) — trace(Ea)) :

The first two components in the definition of n,(n) are introduced artificially at this
point, but they will be used in the proofs of the asymptotic properties of the estimator
Oy

The idea is to replace €, — € by &, — i in the expression of u,(n). i.e. io obtain
an expression for u,(n) which contains an inner product of the form e’ ¢] (for some
e € R®), plus a remainder term. Then, we use the fact that e7¢} € DAN. which was
shown in Lemma 4.4.1, (b), and show that the normalized remainder term converges
to 0.

For a sake of a generalization needed in the sequel, we consider d € R* such that

Bdy + d; =0 and Bd; + dy = 0. We have the following decomposition:

d'n,(n) = el -—p) e —el(€—p)—€ (& — )+ (€—p)
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+ oel(€, — )78, —8TE-p) -3 (&, —p)+5 € - )

1 m i 1 m T T— T _T_
+ 63% ; Sy + 645 ; 61] + 95[61 &g, — 6L -9 &g, + 0 F— trace(Ee,;)]
+ egl[|0.]7 — 28,8 + |8 — trace(Zs)], (4.4.11)

with

e = (ds. Bds + 2dy. dy, dy, d3, dyg)7. (4.4.12)
Therelore, for any d € R* which satisfies 3d, + d> = 0 and Bdz + d; = 0, we have the
decomposition:

d’n,(n) = e"¢ + R,(n), (4.4.13)

where (! is given by (4.4.6) and

Ry(n) = e/ (E—p)—€ (& —p)+E (£ — )

+ o[ -0T(E-p) -3 (&~ w)+3 (€ p)
+ e5(—67E—3 &, +6 B)
N

eo(—20,0 +[|8]%).

In particular, (4.4.13) holds for d = (0.0,1,—8)%, in which case (4.4.13) gives a
representation of u,(n), definied by (4.4.8).
The next result contains the Studentized and self-normalized forms of the CLT

for the sequence {d”7n,(n)}.<s, (and in particular, for {u,(n)}.<p)-

Lemma 4.4.4 Assume that conditions (Al), (A2) and (A3) are satisfied.
Let d € R, which satrsfies Bdy+dy = 0, Bds+dy = 0, and e be grven by (4.4.12).
If ley| + |ea] = 0, assume that Var(eT¢]) > 0, where ¢ 1s gwen by (4.4.6). Then, as

n— oo

(a) vin dTn(n) % N(0.1),
ki S a7, (n) — ()2
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ndTn(n) D

b
| )\/Z (d7n,(n))?

25 N(0,1),

where n,(n) 15 gwen by (4.4.10), dTn(n) ZdTle n) and n(n) = an(n

Proof. By (4.4.13), it follows that dTn(n) = e7¢’ + R(n), where e7{’ = ~ Z e’ ¢!,

—_ 1 <
I =— I?,(n) and therefore:
?(n) - z_: ?.(n) and therefore

vn d'n(n) L4
Vi S AT (,(n) — ()2
where:
I = v eT¢’ |
% LS [dT(n,(n) — n(a))?
Vi R(n) |
J L3 [dT(,(n) — n(n))?
We write:
5 = Vi erd R (Il
e Tler¢ - o\ Snldr (m,(n) = n(e))
L ) Sl - Or
L AT —op \ LA ) — )

- 1<
where ¢/ = — ZC; We prove that, as n — oo:
n

v R(n) ___ 0, (4.4.14)
\/n =3 [T - )P
Sl () )P p (4.4.15)
>oale (6 = P
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By Lemma 4.4.1. (b) with b =e, e7¢} € DAN and so:
T~
vneld 2 ..
Vit 2T (6 = ¢

This result and (4.4.15) imply 2y N (0,1), by Slutsky’s Theorem. Furthermore,

from (4.4.14) and (4.4.15). we obtain I, £, 0. Therefore, the convergence in (a)

would follow by applying Slutsky’s Theorem.
_ _ _ _ 1 n
Recall that & = (01,...,0,,)7, where §, = — E 6,5, 1 < j < m. Note that:
n
1=1

R(n) = el[-(€—p)"e] + ea[—(€ — )79
+ es(—8 &) +es(—|3]). (4.4.16)

To prove (4.4.14), we consider two cases.
Case 1. Assume Var(||€]]) < oo or |e1| + |ea| = 0.
In this case, we first prove:

vn Ry =5 0. (4.4.17)

For each 1 < 7 < m, by applying the CLT, we obtain /113, = Op(1) and so \/ﬁgj =
op(1). Hence, v/n||8]|*> = op(1). Similarly, we have v/7|[g||*> = op(1). By Cauchy-
Schwarz inequality, n|3TE|2 < nl|g|?-||6]|* and therefore, we obtain \/7_L|3TE| = op(1).

Using the same arguinents as above. /n|(€ — ) 8| = op(1) and \/n|(€ —u)Té| =
op(1), so (4.4.17) follows.

To prove (4.4.14) in this case, we write:

viR(n) _ VR(n) Var(eT¢') .
Vet -y VVareTd) | e (¢ - O

n—1

By WLLN (see also (4.4.24), with b = e and ¢, replaced by (!), the second factor of
the product converges in probability to 1. Since 0 < Var(e’'¢’) < oo, (4.4.17) implies
(4.4.14).

Case 2. Assume that Var(]|€]|) = oo and |e;| + |es] > 0.
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Let (Bn)n>1 be a sequence of (nonsingular. symmetric) non-stochastic matri-
ces such that B, " (€, — p) BN N(0,I). Let b? = trace(B;2). Define ¢ =
trace(X4B, %), where v, = ei&, + 26, and X, = Var(v,). In this case, in lieu of

(4.4.17), we prove:
n

R(n) 2 0. (4.4.18)

c2

(X

Using Lemma A.1.17 and Lemma 4.2.6, —,—;- — 0. Therefore, the last two terms in

n

(4.4.16), multiplied by Lz converge in probability to 0.
c

kL
As for the first term, by applying Cauchy-Schwarz inequality, we have:

I(E u)T€l<——H£ - Il

Ve

\_/
) )
ol

Op(1

N
Since ||B, > (&, — p)|| = Op(1), we have the following relations:

- nl—gtraf-‘e (Z(Ez — u)) : <Z(£1 - u))

Recall that ||g]| =

1

n

Il

1€ — pl?

=1 =1

=

[ T n T
B n%tra“‘ B.'B, ( ( 1—u)> ’ (Z(& —u)) B,B;'

=1 1=1

= %trace B.°’B, ( (&, —p,)) . (Z(g — p)) B,

=1 =1

itrace(B Htrace |:Bn (Z(fz — u)) . (Z(£1 — p,)) B

=1 =1

IN

,)biOp( )

Qn

where we have used Lemma A.1.17 to obtain the inequality.

. n VEO) _0rl) [
n 2. By Lemma A.1.17

\/c;a'( < Nz Ve v e

2

b - _
we obtain 5 < trace(X;") and so \/C_2|(£ — )& = 0p(1).

n

Therefore
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%[(E — 1)78] = 0p(1) and so the convergence in (4.4.18) is proved.
Therefore, @e write:
VnR(n) _ nR(n) \/n -1 1
JETLEC-OF Sl O
the last factor converges in probability to 1, by (4.4.25), with b = e and ¢, replaced
by (.. This, together with (4.4.18), concludes the proof of (4.4.14).

Now we prove (4.4.15). Using (4.4.11), we write:

Similarly,

d’(n,(n) —n(n)) = ell&, —p)'e, —(€—p)'e — (& —pw)'E—(€—pTe

+ 2(€ - p)'El
+ ef(¢, — )T, — (E—p)T6, — (&, — w6 — (€ — )T
+ 2(€ — )"
1 — 1 & =
+ e3 (E;&J —s) + e <E;5M —6)

+ e5(67e, — 67 — 5e, —0Te+ 23T?=:‘)

+ eo(ll0.]1* — 26,78 — T[] +2[[3]).

1]

- = 1 -
where €=%ZZ€Z 5:nm 12011 (E—wTe =“Z(€

_1 7=1 1=

=g Z(@ W', 5 = -};Za e and 3% = Z 8.1, Also, by
(4.4.6)
(-0 = alE - e -TE-pre
+ el(€, - w87 — €= mTY)
+ (77126”*6‘)—}-61 (;}—Z §)+65 (67e, — 67¢)

+ e(l16.]* = [[6]2),

and therefore:

d’(n,(n) —n(n) —e"(¢(; - ¢) = al-(E-n)e, — (& —w)'e+2E - e
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+ e~ (€ - p) "o — (& — 1) +2(E - )73
+ es(—0TE 3 & +26 7) (4.4.19)

+ es(—2678 +2|[8]%).

By Lemma C.0.12, to prove (4.4.15), it is enough to prove

S ldT (mn) = n() = (G =P e,
SLle (¢ = O)P

1« —
If Var(||€]]) < oo or |ey| + |ea] = 0, ;Z[GT@ —¢")? = Op(1), by the WLLN (see
=1

also (4.4.24)). Therefore, it is enough to prove:
- Z[dT n,(n) - n()) — (¢, — D) £ (4.4.20)
If Var(J|€]]) = oo and |e| + |ea| > 0, by (4.4.25), with b = e, we have

=D le"(¢ = O = 0p(1),

;;Z[dT(m(n) ) ~ & (¢ = TN = 5= Sl () — () — €7 (¢L - OO

=1
where the first ratio converges to 0.

Hence, it remains to prove (4.4.20). By (4.4.19), we have the following

I 0) =) = €716}~ D AT =4 T e+ e
where:

no= % Zn;[—(g — e — (& — n)'E+2(€ — p)"EP,

T, = LS @ wTe - - T 2@
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1 «— —T —T__.
Ty = = —678 -6 g;+ 20 &)
3 nz_:( L E €; + g)°,
1 & — -
T, = — —2678 + 2|[8]12)2.
b= o (20TE 20l

Using the Cauchy-Schwarz inequality, we have
1 = . 1 & _ 1 <, — .
T < 4= (€ - wTel +4-> M6 - w)E +8- ) (€ - '’
i=1 i=1 i=1

1 e~ — oo
4;; Z 1€ — wlPlle:ll + 12112 1E, — mll?] + 8lI€ — mlPlE]?. (4.4.21)

i=1

IN

_ 1 «—
By WLLN, }|€ — u)? L5 0and = Z e |2 N trace(Xe). It follows that the first
n
i=1
term of (4.4.21) converges in probability to 0.

n 2
Recall that n||g||? = Op(1), and izt ”52 2 51, by Lemma 4.2.3. Hence,

b2
we have ||s|12 Z &, — ul? = 0p(1 )5 = 0p(1), by Lemma 4.2.6, (b).
=1
= _ 0
Since € — P = 0p() 2L
bility.

= 0p(1), we conclude that 77 — 0, in proba-

By replacing € with é we obtain 15 — 0, in probability. Using the same technique
as above, one can prove T; — 0, in probability, for i = 3,4. This concludes the proof
of (4.4.20).

Part (a) can be used to prove part (b). We have:

T i () e
VEL@nmP Sy )~ napp VP

\/27 47, () — ()
)

By (a), the first factor converges in distribution to N(0,1). Hence, by Slutsky’s

Theorem, to obtain the convergence in part (b), it suffices to prove:

> i (dTm,(n ))_ Foq (4.4.22)

il (n,(n) — m(n))]?
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Using the result in part (a). we obtain:

n(dTn(n))z—_“ _ ! vn dTn(n)
> [dT(n(n) — n(n))? n-—1 \/ﬁ S [dT(m,(n) — n(n))]?
Op(1)
= 1= 0p(1).

To conclude (4.4.22), we apply Lemma C.0.12. with s, = d7n,(n), t, = dT[n,(n) —

n(n)]. O

The next theorem gives CLTs for Bn, as a direct consequence of Lemma 4.4.4.
Note that the normalizing factors in the CLTs depend on the parameter 5. In Theo-

rem 4.5.1 we show that the result is still valid with 8 replaced by ,En.

Theorem 4.4.5 Assume that (Al), (A2) and (A3) hold.

Let En be the estimator gwen by (4.1.8). Then, as n — oo, we have:

(a) v Z?:l [sz - XHZ - trace(fj?} (/371 - /3) i) 1\7(0, 1)7
Vo o () — a(m)P?
S % = X|° -~ trace(85)] (Bn = ) v
Z?:l u,(n)?

(b) (0.1),

- 1
where u,(n) s grwen by (4.4.8) and u(n) = — Z u,(n).
=1

Proof. The results follow by applying Lemma 4.4.4, with d = (0,0,1, —8)? (and
e=(1.-46,0.0.1,-8)T), due to (4.4.9) and (4.4.7).0

3

To examine the asymptotic behavior of &, we need three auxiliary results.
n

1
The first result gives the convergence rate of — Z bf¢ ,» with ¢, given by (4.4.5),
n

=1
1< <n.

Lemma 4.4.6 Under the same hypotheses as wn Lemma 4.4.1, as n — co:

1
g;bICz:

—\/%Op(l). of Var(||€]|) < oo. or by =by; =0
S0p(1), of Var(||€])) = oo, and |by] + |by] >0,
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where ¢2 = trace(EvB;Q), with ¥, = E(vY), v = bie, + b8, for i < n and
(Bn)n>1 is a sequence of symmetric matrices such that B,y (€, — ) 2 N(0,1).
2

_ c
The sequence (cn)n>1 satisfies ——75 — 0.
= n

Proof. We apply Lemma 4.4.1 to obtain b”¢{; € DAN, which by Lemma D.1.7

implies L
vn b7¢ — 2, N(0.1),
Vi S br(C, - QF

(4.4.23)

here bT¢ = — b? d¢ =
where bI'{ = - Zz; ¢, an ¢ = ZC
Case 1. Assume that Var(||£]]) < oo or by = by = 0. Since Var(b?(¢,) < oo, we

apply the WLLN to obtain:
LS BT, — D B Var(bT¢y) > 0. (4.4.24)
n
=1

(The fact that Var(bT¢,) > 0 follows either by hypothesis, if b = by = 0, or as it

was shown in the proof of Lemma 4.4.1, if |b;| + |b2| > 0.) Using Slutsky’s Theorem,
— Op(1

(4.4.23) and (4.4.24) we obtain b7¢ = ﬁ

NG

Case 2. Assume Var(]|€]|) = oo and |b;| + |b2| > 0.

We write

nle = 1)bT VABTC \/ZLde(crf)P_
Vi T br(C, - O

By (4.4.23), the first factor of the product converges in distribution to N(0,1) and

we show

Xn: M ) (4.4.25)
1=1 n

From the proof of Lemma 4.4.1, we recall that, for each i <n

bT¢, = &, + fulen, 8,), (4.4.26)
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where v, = b, + b2, and

1 & 1
fo(g:,0,) = U3 (EZVI‘]> + by (-n'{

J=1

1:

5”) + bs[67 e, — trace(Ees)]
4+ bg[||0,]]> — trace(Xs)].

Note that X, = E(y,7]) = ¥2X. + b1baXes + bi1ba XLy + 6225 > 0, since for any
z € R™, we have 27X,z = sT3 s > 0, with sT = (b;27 byz”) € R*™. We denote
v = 2;1/27“ and & = E}/Z(ﬁl — p) for all i < n. It follows that Var(vy,) = I and
E(¢) =0, for all i < n.

We first prove that

n

LS (ery Bt

C
mo4=1

Let (B,),>1 be a sequence of symmetric matrices such that B, > (€, — ) 2,

N(0,1).

By Lemma 4.2.5, & € GDAN, and B> " & 2, N(0,TI). where B, =
(CI'C,)2, and C, = B,X, Y2 From the proof of Theorem 4.2.4, Case 2, (a)
(applied to &] and +}) it follows that:

1 «— P
= D €)™ — 1. (4.4.27)
=1
where
’fb = trace[(B;)‘Q] = trace[(cgcn)_l] = Lrace[z,ly/QBgzﬁyﬂ = ’lrace[z'r(Bn)_Z].
Since (€, — p)Ty, = (€)1, (4.4.27) becomes:

1 n
—C—Q— Z[(éz - “)T71]2 j—) L.
1=1

F £
We write:

S (&) Y€ - )Ty L 2w

2 2
cs ca c

S (€, — )Ty (")

2
Ch

2
+2

’

Siv
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and prove that the last two terms of the sum converge to 0 in probability.

Using Remark 4.2.2, (iv), Lemma 4.2.3 and (A2), we have 2oz [l B,

a3
where d2 := ntrace(X.,) > 0. By the Cauchy-Scwharz inequality,
22:1(“’1171) “2 Zz 1 ||7z||2 d2
2 a2 cz :
d2 -2
We have to show that lim = = 0. By Lemma A.1.17, M and
n—oo 2 trace[(E )~
l?
hence Z—H < trace(X4)trace[(X,) " ]qué—;—)—:-z—] — 0, where we used Lemma 4.2.6,
part (a).

By the Cauchy-Schwarz inequality, it also follows that:

'z {6 — )™ )W) _[zz;luéi—mw]” [Z?zl(uT%)Z]w N

2 2 22
Ch Ch Ch

lel(é;r’yz)z
We now return to the study of b”¢. Using (4.4.26), we obtain:

P
and so — 1.

"L B¢, QP (€= - (e 8) — Tole, )
S -OF 2(576%57>+Z[f(s )C2f( )

2
C
1=1 n

) Z (A E)[fbgz, 8) — Jo(=.9)
= L+ L+ 1,
where 5 ~ = Z& ~, and fu(e,8) = Zfb(E,

We have Il — Z w — Z M — c_2<_€_TTY—)2 i) ]_, since by ap-

- 2 <
plying the WLLN a:nd using the fact tha‘z nh—l;l(}o o 0, the second term converges in
probability to 0. @
We write:
Iy = zn: [fb(sz-éz);m—)]z _ 2ialfelei di) — Jo(e,0) (n — 1)V‘d1“£fb(€1,51)].
c (n — 1)Var[fp(e1, 61)] c2

=1



4.4, Central Limit Theorems 102

By the WLLN, the first factor converges in probability to 1 and since lim — =0,

n-—+co c%

the second factor of the product converges in probability to 0.
By the Cauchy-Schwarz inequality, Is < /1715 and hence I3 25 0. Therefore.

(4.4.25) holds.
2

It remains to prove that lim —C% = (. Using Lemma A.1.17 and Lemma 4.2.6,
n—oc 1

(b) we obtain:

2 trace(X,B;?)
n—; = T" < trace(X,)

trace(B;?)

— 0.0
n2

The next result gives the convergence rate of d7n(n). Its proof essentially follows

from Lemma 4.4.6, with b = e, and (4.4.15).

Lemma 4.4.7 Under the same hypotheses as i Lemma 4.4.4, asn — oo:

1) 1

1 0 —=0p(1), 2f Var < oo or ep =¢e3 =0
L™ g~ TG = 4 F0P0: o Var(lED =c

L — 20p(1), of Var(||€]]) = o0 and |ei| + |ez] > 0.
where ¢, 15 a sequence of constants, gwen by Lemma 4.4.6, with v, = e1€, + €30,

1<t <n.

Proof. By Lemma 4.4.4, (a)

nd7n(v) 2, N (0, 1).
\/nil le:l[dl(nz(n) - W)]Q

Case 1. Assume Var(||€]]) < oo or e; = ey = 0. We write:

T vnd’r(n I |1¢ —

dnln) = === N 3 )
71 2 47 (M (n) = (n)))? =1

From the proof of Lemma 4.4.6, with b = e and , replaced by ¢! (see relation (4.4.24))

1 ¢ =
we have — E [e7(¢) = ¢N]? 55 Var(eT¢)) > 0. This. together with (4.4.15), implies:
n
1=1

%Z{dT(nl(n) — ) - Var(e”'¢)) > 0, (4.4.28)
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and so d7n(n) = \/%1)

Case 2. Assume Var(]|€]]) = oo and |ey| + |e2] > 0. We write:

VadTn(n) .
\/anl[dTn,(n w)]\/;: Z (mi(n) = ()]

From the proof of Lemma 4 4.6, with b = e and (; replaced by (. (see relation

(4.4.25)), it follows that — Z ; 2 Py, Hence, we use (4.4.15) to obtain:
1 Y P
) Z[dT(m(n) —n(n)’ — 1. (4.4.29)

2
and so dTn(n) = 4/ %Op(l).

Here, the convergence rate depends on the sequence ¢ = trace(X,B,?), where

¥; = €18, + €20;, 1 < ¢ < n and (By),>1 is a sequence of symmetric matrices such
"

that B, Y (& — p) —» N(0,1). O

=1

The next result gives the asymptotic convergence rate of the estimator f)’\n to .

Lemma 4.4.8 Assume that (Al), (A2) and (A3) hold.
Let B\n be the estimator given by (4.1.8). Then, as n — oco:

(@) j—iﬁ@ ) 25 N0, ). if Var(JE]l) < oo

(b) \}(E ) 2 N(0.1), if Var(g]}) =

where b2 = trace(B;?), (B,l)n>1 is a sequence of m X m non-stochastic malrices
such that B, Y~ (&, — n) — N(0.1), 2 = trace(X,B.?), £, = E(vv)), with

Y, =€ — [0;, 1 <i<nand XA >0 is a constant.

Proof. Recall that u,(n) = d”n,(n), where d = (0,0,1, —3)7 (see (4.4.9)). By
Lemna 4.4.4, (a):

Vn u(n)

—— 2 N(0,1), (4.4.30)
Vi S l(n) — w2
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where u(n) = Z U,
Case 1. Assume that Var(]|€]|) < oo. Then, by (4.4.28), with A = (0,0, 1, —8),

it follows that:

(n) — um)]> <5 A = Var(eT¢}) > 0

where e = (1,—4,0,0,1, —3)7. We use (4.4.7) and write:

-~

ﬁ B _ i nu(n)
VR TP = R ST SR — trace()]

o) P Vit S fs(n) — u(n))?

s ) a2l X — trace(35))

We apply Slutsky’s theorem, (4.4.30) and (4.3.2) to obtain the conclusion.

Case 2. Assume that Var(||€]|) = co. By (4.4.29), with d = (0,0,1,-8)"

follows that:
1 & —
=) Z[ui(n) —u(n) —1
o=
V\’lth C?l = traCG(E.YBT_LQ)’ and Vi = elsi+625i = Ei_ﬁéiy since e = (1[ _‘B, 0’ 07 1’
Using (4.4.7) again, we obtain:
SN b2 nu(n
—2 (B, —f) = N " (z )
Ve iz 2imalllxi — X|? — trace(2s)]
vnu(n) 1 &
2
/A ) — e \ 4

[n by
n—1 S [lIx — X|? - trace(Zs)]”

The conclusion follows by Slutsky’s theorem, (4.4.30) and (4.3.2).0

— u(n))?

=1

The next theorem gives a CLT for @,,.

Theorem 4.4.9 Assume that (A1), (A2) and (A3) hold.

it

—B)".
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Let &, be the estimator given by (4.1.7). Then, as n — oo, we have:
\/ﬁ(an — O‘)
\/n 7 21 (i) = v(n))?

1 T
where v,(n) = — Y B z, — — u,(n),
m Z J Z Y 1 Z )

= = XH2 — trace(Xs

25 N(0,1),

=1
! ’I'L m
448), T
u,(n) is given by (4.4.8), T = — IZ:; x,, and v(n) - Z’b
Proof. We divide the proof into two cases and use the notation ji = — Z My

Case 1. Assume that Var(]|€]]) < oc. We use (4.4.7) in the followmg decompo—
sition of &, — a:
— BT
_Z Ju () + B(lIx, — X||* — trace(3s))]
Yo lllx, — X2 — trace(Xs)]

~ 1:_0"—5: ( ) TL.IZ
=7 O Sk — P — trace(T5)]°

where 7 = % z”: i Y-

=1 3=1

We introduce v/( Z Yy — — B— Z

<]

Op — @ =

- —

Il
<Y}

trace 25) u,(n) and note that

1 n , _ _ - ZZ
) = =S ) =T — o — 7 — u(n)—toer.
v'(n) P v(n)=y—a— 0T u(n)trace(Eg)

an —a =v'(n) + u(n) K - nz
" - trace(Xe) Yoo [lIx — X||? — trace(X

Using (4.4.9) and Lemma 4.4.7, with d = (0,0. 1, —3)7, we obtain \/—u( ) = 0p(1).
n = 2 _ ) 2
By (4.3.2), we have 2llix X£2 trace(Xs)] P,

1. where b2 = ntrace(X¢)

and so
1 n
- Z %, — X||* — trace(Xs) AN trace(Xg¢). (4.4.31)

g=1
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Using the WLLN, X — 7 and it follows that

i (i T ) =or)

trace(X¢) 711 Y lIxi — X||? — trace(Xs)

Therefore, we have

Vn(a, —a) = /nv'(n) +op(1). (4.4.32)
Note that v{(n) = d'n,(n), where d = (1, -8, — f b and so
A= A, W S\ 7 trace(Be) trace(Ze) )
using (4.4.28), it follows that
= Z —Wm)? -5 Var(e”¢) > 0, (4.4.33)
- _ - _ T
[ P I B
h = |- 1, -8, — . Therefore, w
where ( trace(Xe) trace(Xe)’ b, trace(Xe)’ trace(Eé)) eretore, we

apply Slutsky’s Theorem, to obtain
\/ﬁ(an — O‘)

Viss — v

Slutsky’s Theorem applied again completes the proof once we proved that:

> ica[vi(n) —v(n)P? Foq (4.4.35)
>ima[vi(n) =V ()2

By Lemma C.0.12, to prove (4.4.35), it is enough to show

"z T Sl — u(m)P
Sl — X2 — wrace(y)] | wrace(Se)| S0 [ol(m) — o/(n)

B

=5 N(0,1). (4.4.34)

= Op(l).

By (4.4.31) the first factor converges in probability to 0.
By (4.4.28), with d* = (0,0,1, )T and e* = (1, —3,0,0, 1, —=3)T, we have:

[wi(n) — u(n)]? = Var(e*7¢}) > 0. (4.4.36)

Hence, using (4.4.33), we complete the proof of (4.4.35).
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Case 2. Assume that Var(]|£]|) = co. In this case we use a different decomposition

of &, — a. We write:
an"o‘ = j_a_ﬂnfzﬁ_a_lgi_(Bn_ﬁ)izm—(1371_';3)%a

. 1 n 1 m 1 m 1 m
where v’ = - Zv;' and v/ = — Zy” —-a - ﬂa ZJ?Z] = EZ(E—:” — B6,,). Note
1=1 7=1 7=1 J=1

that v/ = d'n,(n), with d = (1, /3.0, 0)T.
We have:

Vn(a, — o) _ \/‘ﬁ{}Ti_\/ﬁ%(B\n_ﬁ).
S R o R S SN

=l — v 4.4.3
\/2 o —sop A

First we prove v/7(B, — 8) = op(1). We apply Lemma 4.4.8 (b) to obtain:

b2

where ¢ = trace(2,B,?) with v = & — 34.

(Bn — B) = Op(1),

By Lemma A.1.17 we have

2 < trace(X,)trace(B,?) = (const,)b?, with const; = trace(Z-),
trace(B;?
g = %ZZEE-;;’—I% = (consts)bZ. with consty = [trace(E]")] 7",

2
Z—;} is bounded. Using Lemma 4.2.6 (a) (ii), we
n n>1

and therefore, the sequence {

have the following evaluation

\/E(Bn‘ﬁ) = \/—;

n Ch
= b—2' 5—2‘0}3(1) B Op(l)

From here, we obtain v/n(3, — 8) = op(1).
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By WLLN we have X -2 7 and

n

1 ‘ R
S -0 = > T =P -5 Var(u)) > 0, (4.4.38)
i=1

n—14 n—14

where the inequality follows from assumption (A2). To see this, write

1 & , 1 &
= Var <E Z€1j> -+ ﬁQVa,I‘ (E ZOU)

m

1
— €1, — 36
mZ( y — B0)

Var(v]) = Var

Jj=1 J=1 71=1
1 m 1 m
— 28Cov ,— o1,
' mz m
j=1 j=1
m
2
S SLUEE) SRS o
7.k=1 7.k=1 7.k=1
1
= —2Z Zerrorz > 0
m

where zT = ((z!)7 (2* ) ), with (z1)T = (1,...,1), and z? = -5z’
377, - 3 . . . .
Hence, vn I([ A) = op(1), which implies that the first factor in (4.4.37)

Vi Sl =

converges in distribution to N(0,1), by Lemma 4.4.4, with d = (1,-03,0,0)7 and

Slutsky’s Theorem. To finish the proof, it remains to show:

Using Lemma C.0.12, it is enough to prove:

nx : > [w(n) — @]Z _
[Z?:lmxi —X|I? - trace(Eé)]] ' ST - op(1). (4.4.40)

By (4.3.2), Z[sz — X||? — trace(X5)] = b20p(1), where b2 = trace(B;?) and (B,,)n>1
i=1
is a sequence of matrices such that an:(ﬁZ — ) = N(0,I). Since, by WLLN,
i=1
T — i, in probability, we conclude that
nX
Sl — X2 — trace(T)] 82

Z0p(1). (4.4.41)
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By (4.4.29), with d = (0,0,1, —B)7.
212_ > _lu(n) — u(m)f’ = 0p(1), (4.4.42)
N =1

where ¢} = trace(X,B;?) and v, = €, — 34,, for i < n.

Yo [u(n) —u(n)]? 0;270 )
St —wp o n ot
Finally, using Lemma A.1.17:

Also, (4.4.38) implies

= 2 n .
[ nx } 2 w(n) — u(n))?
2zl — X2 — trace(3s)] Sl =P
n 2 C% (:% n
“\z ';;OP(l) = n(bQ)EOp(l) < b—2trace(§37)0p(l) = op(1),
where we used Lemma 4.2.6, (a) (ii). This proves (4.4.40).0

4.5 General CLTs

The normalizers of the CLTs in Theorem 4.4.5 and Theorem 4.4.9 depend on 3. The
next result proves that, under the same assumptions. we can substitute the unknown
parameter 3 by its cstimator, §n for large values of n. The idea is to show that
the normalizer Y " u,(n)? has the same asymptotic behavior as Y ., @,(n)?, where

@,(n) has the same expression as w,(n), with 3 replaced by 3,.

Theorem 4.5.1 Assume that (A1), (A2) and (A3) hold.

Then, as n — 00, we have:

@ Ziallx X taceEa)Bu =) oy
>y ty(n)?
V(@n — a) 25 N(0,1),

o) M)
Vi S (@(n) - 5(m)?
where i,(n) = (x, —X)T(y, = ¥) — trace(Ses) — Bu[llx, — X||? — trace(Xs)], B, is given

by (4.1.8), &, s given by (4.1.7),

m

1 ~ 1 & nT
~7, = — - _B - 4 F U )
) = 2t == B D ST S e
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n

— 1
and t(n) = - Zf}l(n).
=1

Proof. (a) Note that the numerator of the ratio is equal to Y., u,(n), by (4.4.7).
We write:

Sw(n) Sl w(n) ] >y w(n)?

VEL M VL wm(n? VL wn)?®

The first factor in (4.5.1) converges in distribution to N(0,1), by Theorem 4.4.5 (b)

(4.5.1)

and (4.4.7). The proof is coinplete once we showed that:

n o~ r.\2
= @) oo

4.5.2
D ey (n)? ( )
By Lemima C.0.12, it is enough to prove:
n oI~ . 2

21;1 u,(n)?

Using (4.4.7) and the definitions of u,(n) and 4,(n), we have

i[ﬁl(n) —u,(n)]? = [zﬂ: uz(n)} i Sl — X||? — trace(Xs)]? |

—1 —1 {Cralllx, = |2 — trace(£5)]}°

Since () 2 N(0.1). by Theorem 4.4.5 (b), to prove (4.5.3), it suffices

Dy We()?

to show: ,
Z::l [“x'l - —X.H2 - tra'ce(zé)] __P__> O (454)
{3, llx — |2 — trace(S6)]}

The convergence in (4.5.4) follows from (4.3.2) and:

e % — T;\;); trace(B5)]” P (4.5.5)

where b2 = trace(B,?). Here the sequence (B,),>1 is such that

n

D
Bn (€z - N) — ‘N(O I)
=1
We write;
Sl —%I? — trace(E)E Yl - | Sl — =P
B B e O 3
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+  [trace(Xs)]? I

= Jl + .]2 -+ J3.

We use (4.3.2) to obtain J, 4 0 and Lemnma 4.2.6, (a) to obtain J3 — 0. It remains

to show that J; %4 0. We have:

ST -l Y e —E Y |6~ 3
3 R 7 R 3
S e —ult Y 8
R e
E—pl*  I9)°
)

= 16(T1 + Ty + T3+ Ty).

We that T, N 0, forall 2 =1,2,3,4. We first treat T} and write:

n 7 n 2
b S le —plt _ z_ma—uw_( mma—uw>

= B

(67)? (1€, — mll?)’

where the last factor converges in probability to 1, by Lemma 4.2.3 and therefore is

n 4
bounded, in probability. Hence, T} L 0, if we prove that 2 g, — i 250

(S € — mll?)?

Let € > 0 be arbitrary. By Markov’s inequality and the fact that (£,)1<,<, are

1.i.d. random vectors:

P(‘;}ma—mv2>% S Iy
(Zz:] H&l - I"l‘“2) _(Zz:l HEz - I"’“Q)
Ly ozrzy N

where we have denoted Z, = £, — . We have the following inequalities:

o n -1
Zi Zy < ! ZT7, < A Z Z. 77 YAV /
i) = ) = \min vy 1
Yo 71z, Amax(Z, ZT) 1 < !

3==1 7'max

n ~1
zr (Z zz;-’") Z,. (4.5.7)
=1

IN
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2

" -1
From Theorem D.2.5, it {ollows that nE { VA <Z ZZZIT) Z, — 0, since Z; €
1=1

DSy [ A
GDAN and hence by (4.5.7) and (4.5.6), we obtain —=t——" 5 = op(1).
. (0, 1€ — ull)
——Z,tzl—”Z”—z = op(1). since §; € GDAN. We write:
iz 14:]1%)

Z?(zg%l;lel‘* —op(1). [ ErZé en{; ]i) } > [ntra(b?z,s)r

Similarly,

T2:

ntrace(Xs)

n 67 2
By WLLN. Z—’Zl—U—l — 1, in probability. In addition, 7

ntrace(Xs)
Lemma 4 2.6. (a) and hence. T, — 0, in probability.

Also. T, — 0, in probability. wherc ¢ = 3.4, by WLLN and Lemma 4.2.6. (a).

is bounded. by

This finishes the proof of J; £so.
For the proof of (b), we use Theorem 4.4.9 and Slutsky’s Theorem. Hence, it

suflices to show:

n ~ = 2
2’7"‘:1 [D'L(n) U(n)] _P_) 1 (4 58)
> ima[vi(n) = v(n)
By Lemma C.0.12, 1t suffices to prove.

—
[\

— 0 (4.5.9)
> imalv(n) = v(n)]?
We have
Y {(n) —uv(n) = [5(n) — v(n)]}?
~ o~ 1 & - nt
-2 {w - (E 2" ) " ST R ()]

/ = n 1 m — 2 'n% :
== Z(EZ‘“’”) 2 (s =)
D it (n) = u,(n) = [f(n) — u(n)]}?
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=21 + 21, - I,

where we have denoted by:

n

m 2
~ 1 —
I <ﬁn—6>2Z(JJZW"T) |
j=1

i=1

L < nt >2
2T\ - X - trace(T)] )

Iy = Z{ﬁi(n) —ui(n) — [a(n) — u(n)]}*.

By (4.4.41),

n?
L= ——0p(1). (4.5.10)

(b2)?

Since ;(n) — wi(n) = (8 — Bu)[||x; — X||> — trace(Es)], it follows that:

= (B | @)Porl1) + SE2F0p(1)] = 205, — HP(EVon (), (45.11)

i=1 i=1

N . " ) ) 1 n .
L < 2(8,—8)? = %2 =t ¥5)1° = ; — X||? — trace(Z
3 < 2(B.—B) {Z[Hx X||” — trace(Xs)]” +n nZHx X||* ~ trace(Xs)

= 25— By {Zuxf ~ %P~ trace (S + {mei ~ |~ trace(Ss)

i=1 i=1

by using (4.5.5) and (4.3.2).
From (4.5.10) and (4.5.11) we get I, - Iy = n2(B, — 8)%0p(1).

We have the following inequality:

]1S2(//3\n_.6)2 Z(%Z&J_E> +Z<—T1;Z5ij—3) )
j=1 i=1 j=1

=1

n

wheregz ;%ZZ@] and 6 = %sz"j'

T =1 =1 i=1 j=1
Since the asymptotic behavior of 8, — j is different in the cases Var(||€]]) < oo

and Var(||€||) = oo, we have to consider these cases separately.
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Case 1. Assume Var(||€]]) < .
We apply WLLN and so:

1 n 1 m _ 2 1 m
=\ »r
- > (E > & - 5) — 3 > oens
i=1 =1

2,k=1

1<~ 1 <& =\’ r 1 &
;Z(EZ%“S) —>"‘z‘; To,9K

i=1 7=1 =1

1
By Lemma 4.4.8, (a) and Lemma 4.2.6, (a), we obtain 511 ——0p(1) = op(1)

1 1
and 7—7:[2 . [3 77 ()p(l)

(b%)

(b2) OP(l) Op(l)‘

Hence, ~ Z{fvi(n) —u,(n) = [6(n) — v(n)]}2 = op(1).

1< —
By (4.4.35) and (4.4.33), the sequence {-— E [v.(n) — U(n)]z} has a positive
n
=1

n>1
finite limit, in probability. Hence, (4.5.9) follows in this case.

Case 2. Assume Var(||&|]) =
By Assumption (A1), & € GDAN and therefore, by Remark D.2.3, we have

— 61 € DAN. Let (b,),>1 be a sequence of constants such that
J

b

n

= 5—20P(1) = op(1),

n

2 2
1 n 1 m — 1 k13 1 m —
= (HZ%‘ﬁ) == Z(T—nz&a—ﬁ> ~n(€ -m?*| 1,
n =1 7=1



4.5. General CLTs 115

. o2 o . .
since b, = nl*(n), where I(n) it is a slowly varying function at co. Hence

Z( wa => +Z(%Zau—f) =B, [0p(1) + op(1)].

=1

By Lemma 4.4.8, 8, — 8 = - Op( ). with ¢2 = trace(X,B,?) and ~y, = ¢, —

b2
88,, for 1 < n. Hence. (B, — B)* = (b2) =Op(1). By Lemma A.1.17. we conclude that
2 B2 o2
the sequence {%} is hounded, whereas Lemma 4.2.6 implies that ———= — 0
n>1 (n - 1)bn

and Ené_ ~3 0. Therefore,

n

=2

1 b,
S 1[1 = (—1)(‘553"0}3(1)[0}3( ) + Op(].)] = Op(].).
! o = T Op(1)or(1) = 0p(1).

n—1

(n = 1)(07%)

and so,

. 1 n
From (4.4.39) and (4.4.38), it follows that {_n—l Z[Uz(n) — v(n)]Z} has a
1=1 n>1
positive finite limit. in probability, which concludes the proof of (4.5.9).0

Remark 4.5.2 (see also Remark 4.1.4)
In the case of replications, the assumption that £ has a full distribution does not

hold. Nevertheless, the results remain valid. under slightly different conditions:

(A1*) & lies in the domain of attraction of the normal law (DAN)

(A2*)  E(ey,) = 0. E(dy,) =0, E(e},) < oo, E(8},) < oo, with1 <7 <m,

* O Ogs . - .
and X7 = is positive definite
*

E3
O 05

(A3")  (&)1<i<n and {(&,, 8,) }1<.<s are independent.
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* m * m * m
where o = Z].k=1 COegk; T5 = Z],kzl T80k O = Z]Jc:l Ted gk
Note that assumption (A5) is weaker than assumption (Asz) since Yo > 0
implies 333, > 0.

In this case,

n

m m A 1 T 1 m
¢ = <§1 Z €15, &1 Z 015, -~ Z £150 — Z 81,01 €1 — trace(Bes),
1=1 =1 1=1

J= =1
T
16,117 — trace(25)> .

One can follow the steps in the proof of Lemma 4.4.1 and use Lemma D.1.8 in lieu
of Theorem 4.2.4 to obtain the result. Furthermore, one can prove Theorem 4.4.2,
Theorem 4.4.5 and Theorem 4.5.1, using similar arguments.

Note that in this special case of repeated measurements, the converse of Lemina
4.4.1 also holds, by Theorem D.1.6. Hence, in this case the assumption (A1*) becomes
necessary for the CLTs in Theorem 4.4.2 and Theorem 4.4.5, by Lemma 7 in [27].



Appendix A

Matrix Analysis Results

A.1 Norms and Inequalities

This appendix section contains somne auxiliary results which are used in the present

work. Our major reference is [33].

Definition A.1.1 We say that A € C is an eigenvalue of an n x m matriz A if there

exists an m x 1 vector ¢ # 0 such that: Az = Az

If A is a symmetric m X m matrix, then all its eigenvalucs are real numbers.
We denote these eigenvalues by A (A),. .., \n(A). We use Ayin(A) and Apax(A) to

denote the minimum and the maximum eigenvalues.

Theorem A.1.2 (Theorem of 3.4 [33]) If A is a is a symmelric, non-singular

m x m matriz, then for any i < m:

MAT) =y

In particular, Amax(A™") = 1/ A (A).

117
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Theorem A.1.3 (Theorem 3.15 of [33]) If A = (a;j)i<ij<m S @ symmetric m X
m atriz, then:

)\min(A):ET:B <z Az < )\max(A):I:Ta:,

for any m x 1 vector x.
Lemma A.1.4 Let A be a symmetric m x m matriz. We have:
)\min(A) < Qj4 < )\max(A) (All)

Proof. Use Theorem A.1.3 with x = e;, where e, is the m x 1 vector which has 1 on

the j-th entry and 0 elsewhere. O
Definition A.1.5 Let A be a n x m matriz. . The speciral norm of A is defined by:
|A|l = sup [|Az].

ll=f|=1

Definition A.1.6 Let A be a n X m matrixz. The Euclidean norm of A is defined

by:

I4lls - (iilam?) "

i=1 j=1

Definition A.1.7 Let A be an m x m matriz. The numerical radius of A is defined

by:
IlA]l| = sup |=" Ax].

[lf]=1
Definition A.1.8 Let A be an m X m malriz.

We say that A is a nonnegative definite and we write A > 0 if ' Az > 0 for

any m X 1 vector x.

We say that A is a positive definite and we write A > 0 if € Az > 0 for any

m X 1 vector x.

For the m x m matrices A and B, we use the notation A > B if A — B > 0.
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Remark A.1.9 We have the following properties for the norms introduced above: (z)
For any m x m symmetric matrix A, ||Al| = [Amax(ATA)]Y? = mnax;<,cm A (ATA),
where (\,)1<,<m are the cigenvalues of ATA. If A > 0. then |All = Anax(A).

(i) || Al = [trace(ATA)]/2.

(i13) If A is an m x m symmetric then |||A|l| = max;<,<m |A(A)].

Remark A.1.10 (sce Theorem 3.16 in [38])
For anv an n X m matrix A the Euclidean norm and the spectral norm are
equivalent. In addition, if B is a matrix of dimension m x m, the spectral norm and

the numerical radius are also equivalent. More precisely,

Al < JAlle < vam|AlL
Bl < 1Bl < 2[IB]-

Remark A.1.11 (Theorem 3.21 of [33]) If A and B are m x m symmetric ma-

trices, then, for any 1 <1 < m, we have
A(A) + Amn(B) < (A + B) < Xi(A) + Anax(B).
Lemma A.1.12 For any n X m matrr A, we have:

max |a,3| <A < \/nm Jnax \am\

1<n,
Proof.
n m
A% = ZZCL < nmmaxa = {v/nm m Joex la,,|}2.
=1 y=1

Using Remark A.1.10, it follows that ||A|| < y/nmmax,, |a,,|.
For the other inequality, using (A.1.1), we have:

JA]? = Amax(ATA) > max(ATA),, = max ) o’ > maxmaxa;,

JS J<m T 7<m 1<n
1=

Hence, max, , |a,)| < [|A|. O
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Lemma A.1.13 For any m X m matrx A and for any m-dimensional vector v, we
have:

|Av]* > (a" Az)*|[v]%,
where x 15 the esgenvector vector of norm 1 corresponding to Amn (AT A)

Proof. Using Theorem A.1.3, we have:
VIATAV > A (ATA) V|12 = xPAT Ax|lv]]? > (xT Ax)?||v|)?,
where for the last inequality we used Lemma 1 of [37]

Lemma A.1.14 Let A be an m X m symmetric matrix, I the identity matriz and C
a constant. Then:

(1) Ammn(A) > C s equivalent to A > C1,

(1) Amax(A) < C 15 equavalent to A < CI

Proof. (i). Assume that Ay, (4) > C.

Let x be any m x 1 vector Then x7Ax > Apu(A)xTx > CxTx

Conversely. since A > CT then A — CT > 0 and hence, the eigenvalues of A —C1
are non-negative. It follows that A\,(A)—C > 0, for all : < m and hence A, (A) > C.

Part (i1) is very similar and is omitted here. O

Lemma A.1.15 For any symmetric m x m matrices A, and for any m x 1 vectors

x,, we have:

n
T
E T, Az,

=1

) T
< max{| 1%1713 Amm(4,)], II?S%L‘{ Amax (A} - z_; z, T,

In particular, +f A, are diagonal matrices, then:

n
> el A
=1

n

® Z T

< .

- {Iflsaizxgns%fflaﬂ 1} - % T
=

where A, = (aglk))],k:l, m-
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Proof. By Theorem A.1.3, for all i < n. we have:
Amin(A)XT %, < xTAX, < Amax(AL)X] X,
Hence:

n ¥ n
. T T T
min Apn(A,) g X X, < E x; A,x, < max Amax (A,) 5 X, X,.
n 1]
- =1

1<

2=1 =1

Using the fact that o < & < b implies

z| < max{|al, |b|} we obtain our conclusion.
For the second statement, note that if A is diagonal then the eigenvalues of A, are

in fact the elements on the diagonal (sce Theorem 3.2 (c) in [33]). Hence:

Amin(At) = a(l) )‘max(Al) = al(c?kz7

T

for some indices j,, k,. Hence, there exist some indices ig,7; < n such that:

; : ?) (20) (¢)
min A A = |(mina® | =|a < max max |a
’ <n mln( Z)‘ l 1<n JIJll | J10]10| ~ i<n 7<m .7.7‘
mMax Amax (A = |maxa® | = e | < maxmax|a™|. D
| <n m).x( 1)‘ ’ <n ],]L[ I ]‘Hk’bll = <n j<m ‘ J]|
Lemma A.1.16 For any m x m matriz A, whose columns are a®, ..., a(™ and for

any m X 1-dimensional vector x, we have:

m 172
!X%AX] < {Z |XTa(J)I2} x|l

=1

Proof. Using Cauchy-Schwarz inequality, we have:

m m m
Z (Z ﬂizarg) Zy Z(xTa(]))x]
=1 =1 =1

m 1/2 ¢ m 1/2
< {Z(xTa(J))Q} {Zx?} .0

=1

IxTAx| =

The next lemma, was essential for the development of the asymptotic results in

Chapter 5 and basically enables us to relate the trace of ¥B,, to the trace of B,,.
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Lemma A.1.17 Assume that A and B are two m x m symmetric matrices such that

A>0andB>0. Then:

trace(B)

trace(A 1) < trace(AB) = trace(BA) < trace(A)trace(B)

Proof. The second inequality follows from Theorem 6.5, of [38]. Since the eigenvalues
of B are the same as the eigenvalues of AY?BA~Y/2 it follows that trace(B) =
trace(AY?BA~1/2). We applying again Theorem 6.5, of [38], and since AY/?BA/? >

0, we obtain:

trace(B) = trace(AYZBAY2A™Y) < trace(AY2BAY?)trace(A™?)

= trace(AB)trace(A™).0

A.2 Random Matrices

An m x m random matrix A is a collection (a,,)i<,,;<m of random variables, defined
on the same probability space (Q,F, P). We define E(A) to be the m x m matrix

with elements E(a,,),1 <7,7 < m.

Lemma A.2.1 Let A, {A,}n>1 be m x m random matrices defined on the same

probability space (Q, F, I’) such that their inverses emst a.s. Suppose that:
A, — A a.s., element-wise.

(i) Then A;' — A™! a.s. element-unse.
(i7) If the matrices are symmelric, then A\ (A,) — A\(4) a.s., for any i < m,

where A\ (A) < ... < An(A) denote the eigenvalues of the matrix A.

Proof. Because the inverses exist, det(A,) # 0, for any n > 1. Part (i) follows
because the computation of elements of A involves only addition and multiplication

of elements. Theorem 3.14 in [33] proves (ii).
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Lemma A.2.2 Let {A,}n>1 and {B,},>1 be sequences of m x m random matrices

defined on a probability space (U, F, P) such that:
A, — B, 250 element-wise
and |a1(3")] < a, |b£;)| <b for all n, a.s., for some constants a > 0 and b > 0. Then,
E(A,) — E(B,) — 0 element-wise.

Proof. E(A,) = (E(a!™))i j=1..m and E(B,) = (E(bg”))i‘j:l,_,_m. Hence,

5]
E(A,) — E(B,) = (B — b)) jm1,.m

and the conclusion follows by the bounded convergence theorem. O

Lemma A.2.3 Let A be a random matriz defined on a probability space (2, F, P).
If there exists a constant C > 0 such that A > CI a.s, then

E(A)>CI

Proof. Hypothesis A > CT a.s. implies that xT’ Ax > Cx™x for any m x 1 vector x
a.s. Taking the expectation we obtain E(xT Ax) > Cx'x, for any m x 1 vector x.
But E(xTAx) = BT maixy) = 30 w8 (ay)z; = xTE(A)x.

Hence xTE(A)x > Cx'x, for any m x 1 vector x, which implies our conclusion. O

Theorem A.2.4 Let A(a) be an m x m random matriz, whose elements a;;(a),
1 <4,7 < m are a.s. continuously differentiable with respect to « € T, T C R.
Suppose that A(a)™! exists for alla € T a.s.

Then, the clements of A(a)™! are a.s. differentiable with respect to o and:

d d

—[A(@) ] = -A(a)”! [d—&A(a)} A()™, as

d d
Here d—[A(a)'I] and d—A(a) denote the matrices whose elements are the derivatives
o o

with respect to a of the elements of A(a)™! and A(«), respectively.

Proof. Let us denote by () the event where the hypothesis of the theorem hold. This

result is a consequence of Theorem 9.2 in [33], for every w € Q.



Appendix B

Martingale Strong Laws of Large

Numbers

In this section we include some results about the convergence of p-dimensional mar-

tingales.

Definition B.0.5 We say that a sequence {s,},>1 of p-dimensional random vectors

with components s, = (s%1 ), ,sd )) s a p-dimensional martingale if

Theorem B.0.6 (Theorem 3 of [22]) Let {s,}n>1 be a p-dimensional square in-
tegrable martingale with s, = (37(3), e ,s%p)). Suppose that E(s%k)) =0 for all k €
{1,...,p} and let M,, = Cou(s,) = E(s,sL) be positive definite.
If Mpax (M) — oc, then for any 6 > 1/2,
MV
o8 Ao VLT

— 0, a.s.

Corollary B.0.7 Let {s,}n>1 be a zero-mean square integrable martingale, such that
o2 = E(82) — 00 as n — 0o. Then

$n
(07)!?(log 07,)°

— 0, a.s., Ve > 0.
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In particular,
Sn

—(02)1/2+5 — 0, a.s., Vd>0.

Remark B.0.8 Corollary B.0.7 is a martingale generalization of a classical result in

probability theory (valid for independent random variables). See page 132 of [11].

Theorem B.0.9 Let {s,},>1 be a p-dimensional martingale, s, = (s, 5P and

suppose that E(s%)) = 0 and E[(s¥12] < oo, for all k < p. Let M, := Cou(s,) =
E(s,s;) = {E(Sgtj)sgtk))}mkfp'
If Apin(M,,) — o0, then

Sn

[Ama.x ( Mn)] 17248

-0 as, Vé>0.

Proof. Let k € {1,...,p} be fixed.

By (A.11), Auin(My) < E[(55)%] < Amax(M,), and so 02, = Var(s$)) =
E[(s%)?] = oo.

We apply Corollary B.0.7 to the martingale {s%k)}nzl and obtain:

(k)
Sn
Wﬁ -0 as, V>0

(&) 5

T = Do M

7,

Since the conclusion follows.




Appendix C

Real Analysis Results

Theorem C.0.10 (Lemma A of [7]) LetT : T C R? — RP? be a one-to-one contin-
uously dufferentable function. Let By € T, v > 0 and let B, (8o) = {8 € R?, ||f—Fo| <
r} and 0B, (By) = {8 € RP: || — Bl =r}. Assume B.(6y) C 7.

If there exasts € > 0 such that € < infaeop, (s0) |7(8) —T'(Bo)l], then B.(T(8y)) C
T(B,(Bo)), where B(T(5o)) = {y € R?; |ly—T(Bo)l| < ¢}

In particular, if.

=T@o)ll < _inf T (8) = T(Bo)ll,

B€dB, (8o)
then 0 € Be(T(Bo)) C T(B,(Bo)) te. there emsts a pownt B € B, (By) such that
T(8) =0

Remark C.0.11 Since T is one-to-one, the point B is unique.

Lemma C.0.12 If (s,),>1 and (t,),>1 are sequences of random variables such that:

n z“'t 2 n 2
DREIC LV N DL

Dty YL
Proof. We have | 3" (52 — 2)] = | 27, [(s, — t.)% + 2, (s, — £)]] < 274 (s, — t,)
203, tf)lﬂ [Zle(& - t1)2]1/2 and therefore:
n n 1/2
Do ( t2) S (s —t,)? S (s —t)? /
S n 92 + 2 — " 2 .
Zl—-l tl Zz 1 tL
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The result follows since, by hypothesis, the right hand side converges to 0, in proba-

bility. O



Appendix D

Domains of Attraction

D.1 Domain of Attraction of the Normal Law

Definition D.1.1 Let {X;,..., X,.} be a sample from a distribution X. The distribu-
tion of X is said to belong to the domain of attraction of the normal law (X € DAN)
if there exisls sequences of scalars (ay)n>1 and (by)n>1 such that

> Xi —n

- 25 N(0,1).

Lemma D.1.2 (see Proposition 1 in [4]) Let {Y1,...,Y,} be a sample from a distri-
aXi<n Y
bution Y, with Y; > 0. Then %ﬁ,—
g
Zz-b:l i P

n

0 if and only if there exists a sequence
(bp)n>1 with b, — oo such that

Lemma D.1.3 Let {Xi,...,X,} be a sample from a distribution X. Then X €

. L maxic, X7 p
DAN if and only if ——-—-—=- — 0.
D XP

Remark D.1.4 From Lemma D.1.3 and Lemma D.1.2, by taking Y = X2, it follows
2o X¢

n

that X € DAN is equivalent to £, 1, for some sequence of scalars (b,)n>1,

with b, — oo.
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Remark D.1.5 By [14], p.313, X € DAN if and only if the function
lx(’E) :/ uzdFX(u)

Ix(tz)

ly(’L‘)
Theorem D.1.6 (Theorem 1in [25]) If X € DAN,Y € DAN and X is independent
of Y, then XY € DAN. Conversely, if E(X?) < co and XY € DAN, then Y €
DAN.

is slowly varying, as * — oo (i.c. — 1, as ¢ — oo, for all ¢ > 0).

Lemma D.1.7 (see e.g. [17]) Let {X1,..., X} be a sample from a distribution X.
Then, X € DAN and E(X) = 0 are equivalent to either one of the following CLT

v X 25 N(0, 1),
¢nlz (X, —X)?
27:1)(@ Doar
W s NOD

Lemma D.1.8 (Lemma 4 in [27]) Let {(U,V),(U;,V;),i > 1} be i.i.d. random vec-
tors, and U and V' be independent. If U € DAN and V € DAN, then UV € DAN.
Conversely, if E(V?) < o0 and UV € DAN, then U € DAN.

Lemma D.1.9 (Lemma 5 in [27]) Let {(U,V),(U;,V,),i > 1} be i.i.d. random vec-
tors with E|UV| < co.

(a) IfU € DAN andV € DAN, then U +V € DAN, provided that P(U+V =
const) # 1.

(b) Conversely, if U +V € DAN, U € DAN and E(U?) < oo, then V € DAN
provided that P(V = const) # 1.
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D.2 Generalized Domain of Attraction of the Nor-

mal Law

Lemma D.2.1 (see Lemma 2.1 in [26]) Suppose for a sequence of random vectors
D . .

£, € R™, we have B,§,, — G, as n — oo, where G is a nondegenerate spherically

symmetric random vector in R™ and B,, are square nonsingular stochastic matrices.

Then B,, may be taken to be symmetric matrices.

Theorem D.2.2 (see Theorem 1.1 [34]) Let {&,,..., £,.} be a sample of random

3 H

vectors in R™ from a distribution €. The following statements are equivalent:
(i) € € GDAN,

(ii) Ve > 0, lim sup P ma;(lsn | (5“20> | >e| =0.
nooeg=1 \ (Do (€,,0)7)2

1
Remark D.2.3 By taking 0 = \/—_(1 ..... 1)* in Theorem D.2.2. using the charac-
m

terization in Lemma D.1.3; it follows that € € GDAN implies that the sum of its

components is in DAN. Note that the converse of this statement is not true, in general.

Lemma D.2.4 (see Lemma 2.3 in [26]) When £ is full, there is a constant ¢ > 0

such that P ()\min (Z 5&5?) > (*fn) i
=1

Theorem D.2.5 (see Theorem 3.4 in [16]) Let &€ be a symmelric full random variable
in R™ and {&,,....&,} be a sample from the distribution &. Then, 1f € € GDAN we

have
2

n -1
nE | €] (Z&s?) &| =30
1=1



Appendix E

List of Assumptions

E.1 Model Assumptions - when the covariates are
measured directly
(AH) there exists C' > 0 such that for [ = 2,3, we have:

k;7[7l.]7' = sup kﬂlr(ﬂ) <C,V¥r>0, Vn>1.
’ BeB,

(D) Amin[H™P(8)] — o0, for any 8 € 7.

(D) Amin (HP4P) — o0.

(G) there exists a constant C > 0 such that Apga, (H™P) < Cn, Vn > 1.

(K)  lim, olimsup,, ,. ray> =0.

(K’)  lim,_,olimsup,, . 7n(r) = 0.

(H) for any 8 € T, there exists a constant C > 0 such that )\mm[ﬁ,(f) (8)] > Cs,
Ps a.s. foranyn > 1.

(H’) there exists a constant C > 0 such that /\mm(ﬁﬁC )) >C,Vn>1, as.

(Ns) for any B € T there exists some constants d3 > 0 and Cyz > 0, such that

Esl|As(8) 72 (y; — m(B)IIP*% < Cp for all i > 1.
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(N})  there exist some constants § > 0 and C' > 0 such that E||A 1/2

C,foralli>1.

(y, =) |2 <

(S5) there exist an integer N > 1 and some constants ¢ > 0, ¢ > 0 such that:

/\min(HiT?dep) Z CO[)\max(H';?dep)]l/QJré’ Vn Z N.

E.2 Assumptions on the Substitute of the Corre-
lation Matrix in GEE

(A)  R,(P) is positive definite for all n > 1 and 8 € T; the entries of R,(8) are
continuously differentiable with respect to 8, foralln > 1 and 8 € 7.

(B)  the entries of R,(8) are F,, - measurable for alln > 1 and S € 7.

(C) R:_i(B8)~ ES)(B) RNy element-wise, for all 8 € 7.

(E)  there exists a constant C' > 0 such that Ay (R,,) < C foralln > 1 as.

(R)  there exists K(f) > 0 such that Amin[RE(8)] > K(3) Ps a.s. for all 3 € T and
n>1.

(R’)  there exists a constant C' > 0 such that Apin(R,) > C, for all n > 1, a.s.

E.3 The Error-in Variables Model Assumption

Assume that € is a symmetric, full random variable in R™

(A1) &, lies in the generalized domain of attraction of the normal law (GDAN).
&, — 1 has a symmetric distribution, whenever the matrix 3, has at
least one element on the diagonal which is oo
(A2)  E(ey) =0, BE(6y,) =0, E(c},) < o0, E(d])) < oo with 1 < j < m,
Y. s

and Xepor 1= is positive definite
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(A3) (€,)1<:<n and {(€,,8,) }1<.<n are independent.
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