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Abstract

Three- and four-derivative k-step Hermite-Birkhoff-Obrechkoff (HBO) methods are
constructed for solving stiff systems of first-order differential equations of the form
v = f(t,y), y(to) = yo. These methods use higher derivatives of the solution y as
in Obrechkoff methods. We compute their regions of absolute stability and show
the three- and four-derivative HBO are A(«)-stable with o > 71° and o > 78°
respectively. We conduct numerical tests and show that our new methods are more

efficient than several existing well-known methods.

Key words: general linear method for stiff ODE’s; Hermite-Birkhoff-Obrechkoff method;
maximum end error; number of function evaluations; CPU time; comparing stiff ODE

solvers.

i



Acknowledgements

During the course of my Masters degree at the University of Ottawa I have had
to meet and overcome many challenges and obstacles. Without the help of several
people, and first of all God (Allah) first, It would have been much harder and more
stressful here. I was able to be successful in my program primarily with the support of
my supervisors, whom I would like to thank from the bottom of my heart. Both Drs.
Rémi Vaillancourt and Thierry Giordano were instrumental in my academic
success at the University of Ottawa. I would also like to give special thanks to Dr.
Troung Nguyen-Ba, who helped me throughout the entire duration of my program,
following, motivating, and advising me step by step during my studies. Of course, I
would also like to thank my mom who was an excellent role model for me while I was
growing up and who encouraged me to become the person that I am today. I want
to thank my husband, who supported me, both in my original decision to come to
Canada and in my pursuit of my Masters degree at the University of Ottawa. Without
coming home to him each day I wouldn’t have had the stability that I needed to be
able to deal with the stresses of completing a Masters degree. I would also like to
thank my brother and my six sisters who kept praying for me during my time here
in Canada. They will always give me wisdom and positive influence during times of
need. My friends, both those that I left behind in Saudi Arabia, and those that I made
here in Canada, were all very supportive throughout my education here in Canada.
Finally I would like to thank the government of the Kingdom of Saudi Arabia for
their financial support and for providing me with the opportunity to study abroad.
I know that not everyone has this kind of an opportunity and I am truly grateful to

be able to take advantage of this study abroad program. The program allows Saudi

il



youth to experience different cultures, learn a different language, and take valuable
knowledge back to Saudi Arabia for the education of Saudis who did not have the

same opportunity.

v



Dedication

I would like to dedicate my thesis to my family. They are the one constant in my
life who have always been at my side throughout my academic development. My
mom, Sarraa, my husband, Mohammed, my brother, Abd Al-Aziz and my sisters
Ohoud, Abeer, Ghadeer, Shorooq, Shumookh, and Hatun; without them I
don’t know where I would be in life, with them I know that I will be able to succeed
at anything. I also want to dedicate this to my children, whom I hope will someday
read this and know that they meant so much to me even while I was concentrating on

my Masters degree in a far away place; Meshari my son and Shaden my daughter.



Contents

Abstract ii

Acknowledgements iii

Dedication v
1 Introduction

1.1 Organization of the Thesis . . . . . . . . .. ... ... ... ..... 2

1.2 Thesis contribution . . . . . . . ... 2

2 Background material review 4

2.1 Linear multistep methods . . . . . . .. ... ... 0. 4

2.1.1 Numerical methods: notation . . . ... ... .. ... .... 4

2.1.2  Linear multistep methods: notations . . . .. ... ... ... 5

2.2 Linear stability . . . . .. .. ... 6

2.3 Stiff differential equations . . . . .. ..o 9

2.3.1 Some characterization of stiffness . . . . . ... ... ... .. 10

2.4 Example of linear multistep methods for stiff ODEs . . . . . . . . .. 11

2.4.1 Backward differentiation formula . . . . . ... ... ... .. 11

2.4.2 Numerical differentiation formula . . . . . . ... ... .. .. 12

2.4.3 Enright’s two-derivative method . . . . . . . .. ... ... .. 14

2.4.4 FEzzeddine et al.’s third derivative multistep methods . . . . . 16

2.4.5 Other known methods . . . . .. .. ... ... ........ 16

vi



3 Three-derivative methods 17

3.1 HBOBp);5<p<14. . . ... 17
3.2 Regions of absolute stability . . . . .. ... ... ... ... ... .. 18
3.3 Principal error term . . . . . . ..o 21
3.4 Numerical Results . . . . .. .. ... .. . 22
3.4.1 [Tteration scheme . . . . . ... .. .. ... ... .. ..... 22
3.4.2 Implementation and problems used for comparison . . . . . . 23
3.4.3 Comparing CPU time on the van der Pol oscillator . . . . . . 24

3.4.4 Comparing CPU time on the Robertson chemical reaction prob-
lem . . . .. 28
3.4.5 Comparing CPU time on a stiff DETEST problem . . . . . .. 30
4 Four-derivative methods 35
41 HBOMA)p); 7<p<14. . . . . . ... 35
4.2 Regions of absolute stability . . . .. .. .. ... ... ... ... 36
4.3 The principal error term . . . . . .. ..o 38
4.4 Numerical Results . . . . . . . ... ... ... ... ... 39
4.4.1 [Iteration scheme . . . . ... ... ... ... ... ...... 39
4.4.2 Implementation and problems used for comparison . . . . .. 40
4.4.3 Comparing CPU time on the van der Pol oscillator . . . . . . 41

4.4.4 Comparing CPU time on the Oregonator describing Belusov—
Zhabotinskii reaction . . . . . . ... ... oL 42
4.4.5 Comparing CPU time on a stiff DETEST problem . . . . . .. 45
5 Conclusion 50
6 Coefficients for HBO(3,p) and HBO(4, p) 52
6.1 Coefficients of new 3-derivative HBO(3, p) and 4-derivative HBO(4,p) 52
6.1.1 Coefficients of HBO(3, p), of order p =5,6,...,13.. . . . . .. 52
6.1.2  Coefficients of HBO(4, p), of order p =5,6,...,13.. . . . . .. 53

vil



List of Figures

10
11

Upper parts of the regions of absolute stability for k-step BDF for

k=1,2...,6. These regions include the negative real axis. . . . . . . 13
Regions of absolute stability, R, of HBO(3,5-14). . . . . . . . .. .. 20
HBO(3,p), p = 9,11,13, are compared with SDMM(9) (left) and
BDF(5) (right) for Problem (vdP) . . . . . ... ... ... ... ... 25
straight line that best fits the data (log;, (EPE), log;, (CPU)) of HBO(3,9)
solving Problem (vdP) . . . . . .. ... oo 26

HBO(3,p), p = 9,11,13, are compared with TDMM(9) (top left),
TDMM(11) (top right) and TDMM(13) (bottom) for Problem (vdP). 27
HBO(3,9), HBO(3,11) and HBO(3,13) are compared with SDMM(9)
(left), and BDF(5) (right) for Problem (RC). . . . . . ... ... ... 29
HBO(3,9), HBO(3,11) and HBO(3,13) are compared with TDMM(9)
(top left), TDMM(11) (top right) and TDMM(13) (bottom) for Prob-

lem (RC). . . . . 31
HBO(3,p), p = 9,11,13, are compared with SDMM(9) (left) and
BDF(5) (right) for Problem (D1). . . . .. ... ... ... ...... 32

HBO(3,p), p = 9,11,13, are compared with TDMM(9) (top left),
TDMM(11) (top right) and TDMM(13) (bottom) for Problem (D1). . 34

Regions of absolute stability, R, of HBO(4,7-14). . . . . . .. .. .. 37
HBO(4,p), p = 9,11,13, are compared with SDMM(9) (left) and
BDF(5) (right) for Problem (vdP). . . . ... ... ... ... ... 41

viil



LIST OF FIGURES ix

12

13

14

15

16

HBO(4,p), p = 9,11,13, are compared with TDMM(9) (top left),
TDMM(11) (top right) and TDMM(13) (bottom) for Problem (vdP). 43
HBO(4,p), p = 9,11,13, are compared with SDMM(9) (left) and
BDF(5) (right) for Problem (OdB) . . ... ... .. ... ...... 44
HBO(4,p), p = 9,11,13, are compared with TDMM(9) (top left),
TDMM(11) (top right) and TDMM(13) (bottom) for Problem (OdB). 46
HBO(4,p), p = 9,11,13, are compared with SDMM(9) (left) and
BDF(5) (right) for Problem (D1). . . . . ... ... ... ... .... 47
HBO(4,p), p = 9,11,13, are compared with TDMM(9) (top left),
TDMM(11) (top right) and TDMM(13) (bottom) for Problem (D1). . 48



List of Tables

10

11

12

Coeflicients of the BDF methods of order 1 to 6. . . . . . . . . .. ..
Coeflicients of the NDF methods of order 1 to 5. . . . . . . . . . . ..
Coefficients of the TDMM methods of order 4 to &. . . . . . . . . ..

For a given order p, the table lists the angles o of A(«)-stability for
HBO(3,p), SDMM(p) and TDMM(p), respectively. . . . .. ... ..
For a given order p, the table lists the PLTC of HBO(3, p) and SDMM(p),
respectively. . . . . . .. L
CPU PEG and NST PEG of the listed HBO(3, p) over SDMM(9) and
BDF(5) for Problem (vdP). . . ... ... ... ... ...
CPU PEG and NST PEG of the listed HBO(3, p) over TDMM(p) for
Problem (vdP). . . . . . ..
CPU PEG and NST PEG of HBO(3,p), p = 9,11, 13 methods over
SDMM(9) and BDF(5) for Problem (RC). . .. ... ... ... ...
CPU PEG and NST PEG of the listed HBO(3, p) over TDMM(p) for
Problem (RC). . . . . . . ...
CPU PEG and NST PEG of HBO(3,p), p = 9,11,13, over BDF(5)
and SDMM(9) for Problem (D1). . . . ... ... ... ...... ..
CPU PEG and NST PEG of the listed HBO(3, p) over TDMM(p) for
Problem (D1). . . . . . . . ..

For a given order p, the table lists the angles o of A(«)-stability for
HBO(4,p) and SDMM(p), respectively. . . . .. ... ... ... ...

19

21

27

28

29

30

32

33

38



LIST OF TABLES xi

13

14

15

16

17

18

19

20
21
22
23
24
25

For a given order p, the table lists the PLTC of HBO(4, p) and SDMM(p),

respectively. . . . . . Lo 39
CPU PEG and NST PEG of the listed HBO(4, p) over SDMM(9) and
BDF(5) for Problem (vdP). . . ... ... ... ... 42
CPU PEG and NST PEG of the listed HBO(4, p) over TDMM(p), for
Problem (vdP). . . . . . .. 42
CPU PEG and NST PEG of listed HBO(4, p), p = 9,11, 13, methods
over SDMM(9) and BDF(5) for Problem (OdB). . . . ... ... ... 45
CPU PEG and NST PEG of the listed HBO(4, p) over TDMM(p) for
Problem (OdB). . . . . . .. ... 45
CPU PEG and NST PEG of HBO(4,p), p = 9,11,13, over BDF(5)
and SDMM(9) for Problem (D1). . . . ... ... ... ...... .. 47
CPU PEG and NST PEG of the listed HBO(4, p) over TDMM(p) for
Problem (D1). . . . . . . ... 49
Coefficients of HBO(3,p) of order p=k+4=5,6,7. . .. ... ... 52
Coefficients of HBO(3,p) of order p =8,9,10. . . . .. . ... .. .. 53
Coefficients of HBO(3,p) of order p = 11,12,13. . . . . . . . . .. .. 54
Coefficients of HBO(4,p) of order p=k+6=7,8,9. . ... ... .. 54
Coefficients of HBO(4, p) of order p =10,11,12. . . . . . . . . . . .. 55
Coefficients of HBO(4,p) of order p=13. . . . . . ... .. ... ... 55



Chapter 1
Introduction

In this thesis, we generalize explicit Obrechkoff methods defined and studied in [34]
to implicit k-step, three- and four-derivative Hermite—Birkhoff-Obrechkoff methods.
We will denote by HBO(3, p) (respectively HBO(4, p)) the three (respectively four)
derivative methods, of order 5 < p < 14 (respectively 7 < p < 14). These new meth-
ods are named Hermite-Birkhoff-Obrechkoft as they use Hermite—Birkhoff interpola-
tion polynomials and values from 3’ to y™® like Obrechkoff methods. HBO(d, p), are

designed for solving stiff systems of first-order initial value problems

d
y/ = f(ta 3/), y(to) = Yo, where = %7 (]-)
where f is smooth enough to be able to compute v”, v, ..., y@. The derivative

of y are computed either analytically or recursively. The recursive computation of
higher derivatives using Taylor coefficients was used for example by Steffensen [41],
Rabe [38] and others (see, for instance, [23, pp. 46-49] and [5]). Deprit and Zahar [12]
showed that recursive computation of Taylor coefficients is very effective in achieving
high accuracy with little computing time and large step sizes.

In applications, one meets many stiff problems such as (1), for instance, nonlinear
chemical problems (Robertson, 1966), chemical pyrolysis (Datta, 1967).

The increased efficiency of our methods HBO(3,p) and HBO(4,p), for p < 14 is
achieved by the addition of high order derivatives even with the evaluation of Taylor

coefficients of the functions involved. We compare our methods with the well-known
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and frequently used methods:

e BDF(p): Gear backward differentiation methods of order p < 6, (see Subsection
2.4.1).

e SDMM(p): Enright second derivative multistep methods of order p < 9, (see
Subsection 2.4.3).

e TDMM(p): Ezzeddine et al. third derivative multistep methods of order p < 14,
(see Subsection 2.4.4).

1.1 Organization of the Thesis

This thesis consists of six chapters. The introduction and the list of contributions are
the first one. In Chapter 2, we present a brief summary about known methods for
solving a stiff ODE system. Chapter 3 is divided in two parts. In the former part, we
present three-derivative Hermite-Birkhoff-Obrechkoff methods, their regions of abso-
lute stability and principal error terms. In the later part, we present our numerical
results, which include an iteration scheme, and compare CPU time on the following
test problems: the van der Pol oscillator (Subsection (3.4.3)), the Robertson chemical
reaction problem (Subsection(3.4.4)) and the stiff DETEST problem D1 (Subsection
(3.4.5)). In Chapter 4, we first, present four-derivative Hermite-Birkhoff-Obrechkoff
methods, their regions of absolute stability and principal error terms; then, we present
numerical results, which include an iteration scheme, and compare CPU time on the
following test problems: the van der Pol oscillator, the Oregonator describing the
Belusov-Zhabotinskii reaction (Subsection (4.4.4)) and the stiff DETEST problem
D1. The conclusion of the thesis is presented in Chapter 5. The coefficients of the
new HBO(3, p) and HBO(4, p) are given in the Appendix (Chapter 6).

1.2 Thesis contribution

We hope that the new results we have obtained will become a very useful development

of stiff ODE solvers. We summarize below our contributions:
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e We introduce three- and four-derivative k-step Hermite-Birkhoff-Obrechkoff
methods of order 5 to 14 and 7 to 14 respectively and compute their regions of

absolute stability.

e We show that for p = 9,11 and 13, HBO(3, p) compare favorably with BDF(p)
and SDMM(p). Our methods give the best result in C++.

e We show that for p = 9,11 and 13, HBO(3, p) compare favorably with TDMM(p).
Our methods give a good result in MATLAB.

e We show that for p = 9,11 and 13, HBO(4, p) compare favorably with BDF(p)
and SDMM(p). Our methods give a good result in C++.

e We show that for p = 9,11 and 13, HBO(4, p) compare favorably with TDMM(p).
Our methods give a good result in MATLAB.



Chapter 2
Background material review

In this chapter, we summarize the background material used in this thesis. In Section
2.1, we present briefly linear multistep methods and in Section 2.2, we introduce linear
stability. We discuss stiff ODEs in Section 2.3 and present in Section 2.4 some well
known numerical methods for solving them. The material presented in this chapter
can be found in [32], [24] and [43].

For Section 2.3, we have also used references [1], [2] and [48].

2.1 Linear multistep methods

2.1.1 Numerical methods: notation

Consider an initial value problem:

y/ = f(ta y)v y(tO) = Yo,

as in the Introduction. Numerical methods are techniques to solve initial value prob-
lems on the interval [to, tend, tena < 00, by finding, forn = 0,1,2,--- | N, approximate
values y,, of the exact solution y(t,), where t,, =ty + nh and h = (te,q — to)/N. The
parameter h is called the step size.

For example the two simplest numerical methods to solve initial value problem are



CHAPTER 2. BACKGROUND MATERIAL REVIEW 5

e The explicit Forward Euler method
Yn+1 = Yn + [ (tn, Yn) (2)
e The implicit Backward Euler method
Ynt1 = Yn + [(tns1, Ynt1) (3)

The first method is ezplicit as, given y,, the difference equation (2) yields y,41 ex-
plicitly. In the second method, ¥, 1 cannot be computed without solving the implicit
equation (3). This method is implicit. The HBO methods we construct below are

implicit.

2.1.2 Linear multistep methods: notations

A general k-step linear multistep method may be written

k k
Z AjYn+tj = h Z ﬁ]f (thrjv yn+j> 5 (4)
j=0 =0

where o and 3; are constant subject to the conditions

ar =1 and lag| + | Bo| # 0.

Applied to the test problem ¢y = Ay, Equ. (4) becomes

K K
>t = DAY Binss,
j=0 3=0

and gives the following difference equation

k

> (e = hAB; Y4y = 0. (5)

j=0
Equ. (5) is a complex linear, constant coefficient difference equation that can be
solved by setting y,.; = £"™7 and solving the resulting characteristic polynomial

(with i = h))
k

m(r,h) = Z(ozj — hB;)ri = 0. (6)

J=0
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The solution of Equ. (5) is given by

l
1=0

where | < k and &, ¢ = 1,...,k and the distinct roots of Equ. (6) and each p; is a

polynomial in n of degree one less the multiplicity of &;.

Example

e The explicit Forward Euler method is a 1-step linear method with g; = 0, a7 =
BO =1and Qp = —1.

e The implicit Backward Euler method is a 1-step linear method with £, =
0,00 =p1 =1and ag = —1.

2.2 Linear stability

Let v = f(t,y), wy(to) = yo be an initial value problem as in Equ. (1) and let us
assume that its exact solution displays certain stability properties. Then a numeri-
cal method will be stable if it replicates the long-term dynamics properties of Equ.
(1). The analysis of the long-term behaviour of numerical methods for initial value
problems begins with a study of a scalar linear, constant coefficient, test problem.

Throughout this section we consider the linear problem
y = \y, A e C, Re () <0. (7)
Let us first recall the definition of absolute stability (see Remark 1).

Definition 1 (/43], Definition 3.6.1) The region of absolute stability R of a k-step
numerical method for the solution of Equ. (1) is the set of points h = h\ in the
complex plane with the property that iof h € R, then there is a constant C' such that
the numerical method applied to Equ. (7) satisfies

< )
Sup llynll < € max llysl
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for all initial data {||y;||;0 <j<k—1}.

Proposition 1 ([43], Lemma 3.6.3)
For a linear multistep method (4), the region of absolute stability is the subset R of
all points 2 € C such that all the roots of the characteristic polynomial 7 (r, i) lie

inside or on the unit circle and those on the unit circle are simple.

Remark 1

In [32], Lambert uses a stronger notion of absolute stability. Indeed, he restricts in
Equ. (7) to the case of linear decay (i.e. Re A < 0) and a linear multistep method will
be absolutely stable if ||y,|| = 0 as n — oo. Hence, the region of absolute stability
R will become the subset of all points & € C such that all the roots of 7(r, h) lie
inside the unit circle.

From now on, we will use the (stronger) notion of absolute stability given by Lambert
in [32] (see [43], Chapter 5, for a more general approach).

In many circumstances, we want the numerical solution to replicate the long term be-

haviour of the exact solution without restriction on A, hence the following definition.

Definition 2 A linear multistep method is said to be A-stable if the region of absolute
stability R satisfies
{}3 € C;Re(h) < 0} CR.
Example
1. The simplest A-stable Runge-Kutta method is the backward Euler method (see
for example [43, pp. 362-363]).

2. The backward differentiation formula of order 2 (BDF2) is A-stable (see for
example [32, pp. 98-101]).

A-stability is a strong requirement, and is too strong for some problems. By restricting
the class of test problems, we can consider a weaker requirement, which will remove
the restriction on the step size for this class of problems. Consider for example the

linear, constant coefficient system

y = Ay, y(0)=yo, (8)
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where the spectrum of A lies inside a wedge entirely contained in the left half-plane
and making angles @ with the real axis. For such problems, the following definition

of stability is natural.
Definition 3 A linear-multistep method is A(c)-stable for a € (0,%) if
{BEC;W—a<arg(lAz) <7T—|—0z} CR.
It is A (0)-stable if it is A(«)-stable for some o € (0,7/2).
Example The backward differentiation formula BDF(p) are A(«)-stable for p < 6
([32, pp. 98-101]).
Remark 2
1. - A A(«a)-stable method is A(3)-stable for all 0 < 5 < «,
2. - A method is A-stable if and only if it is A(«a)-stable, for all 0 < o < 7,

3. - For all a € (0,%), the region of absolute stability of a A(«)-stable method

contains {iz € C; Re(h) <0 and Im(h) = 0}.
This last remark motivates the following definition ([32, pp. 225]).
Definition 4 A linear method is said to be Ay-stable if
{ﬁ € C; Re(h) <0 and Im(h)= O} CR.

Other notions of stability have been considered. As we do not pursue their study in

this thesis, we state them only for completeness.

Definition 5 A linear multistep method is stiffly stable with real positive parame-
ters a and c if Ry U Ry C R where

Ri= {B | Re(h) < —a}

and
Ry = {/; | —a < Re(h) < 0, —c < Im(h) < c} .
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Remark 3 For a linear multistep method, we have the following hierarchy:

1. A-stable = stiffly stable = A(«)-stable for some a € (0,7/2) = A(0)-stable
= Ap-stable.

A stronger concept of stability for linear scalar test problem is the following. It uses
the notion of the stability function R of a numerical method. We refer the reader to
([32, pp. 199]) for the precise definition of the stability function.

Definition 6 A one-step method is said to be L-stable (respectively L(«a)-stable) if
it is A-stable (respectively A(«)-stable) and when applied to the scalar test problem
Yy = Ay, Re()\) <0,

|IR(AR)] -0 as h— oo.

A generalization of L-stability (respectively L(«)-stability) to linear multistep method
was given for example in [11], [25] and [30].
Note that the methods we develop in Chapter 3 and 4 are L(«)-stable.

Example The Backward Euler Method is a L-stable, one step method, as its stability

function is R(z) = .

2.3 Stiff differential equations

A stiff equation is a differential equation for which certain numerical methods are
numerically unstable, unless the step size is extremely small [48]. There is no precise
definition of stiffness. Following [24], let us recall the first characterization, given
by Curtiss and Hirschfelder, in 1952: “stiff equations are equations where certain
implicit methods, in particular BDF, perform better, usually tremendously better,
than explicit ones”. The system introduced by Robertson in 1966, of a chemical

reaction conferring fast and slow reaction is a well-known example of a stiff system

of ODEs:
y; = —0.04y; + 10"yoys,
/

Yo = 0.04y1 — 104y2y3 — 3 X 107937 (9>

Yy =3 x 107y3.
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If one treats this system on a short interval, e.g. ¢ € [0,40] there is no problem in
numerical integration. However, if the interval is very large, then many standard
codes fail to integrate it correctly [48]. We will study in details this system of ODEs
in Section 3.4.4.

2.3.1 Some characterization of stiffness

As already indicated, there is no precise definition of stiffness, Hairer and Wanner
mentioned, in [24, p. 1], that the most pragmatic characterization is also the first one,
given by Curtiss and Hirschfelder.

Given initial value problem

y/ = f(tv y)7 y(t()) = Yo,

consider the (m x m)-Jacobian matrix

dfi
J= ( S ) . (10)
dy; 1<i,j<m
We assume that the m eigenvalues Ay, ..., \,, of the matrix J are ordered as follows:
Re )\, <...ReXy <Re) <0. (11)

The following definition occurs in discussing stiffness.

Definition 7 The stiffness ratio of the system y' = f(t,y) is the positive number

- Re A\,
N Re)\l’

where the eigenvalues of the Jacobian matrix J of the system satisfy the relations

(11).

The phenomenon of stiffness appears under various aspects (see [32], p 216-217).

e A linear constant coefficient system is stiff if all its eigenvalues have negative

real parts and its stiffness ratio is large.

e Stiffness occurs when stability requirements, rather than those of accuracy, con-

strain the step size.
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e Stiffness occurs when some components of the solution decay much more rapidly
than others.

e A system is said to be stiff in a given interval I containing ¢ if in I the neigh-
bouring solution curves approach the solution curve at a rate which is very large

in comparison with the rate at which the solution varies in that interval.

A statement that we take as a definition of stiffness due to Lambert is one which

merely relates what is observed happening in practice.

Definition 8 (see [32], p 220) If a numerical method with a finite region of absolute
stability, applied to a system with any initial conditions, is forced to use, in a certain
interval of integration, a step size which is excessively small in relation to the smooth-
ness of the exact solution in that interval, then the system is said to be stiff in that

interval.

2.4 Example of linear multistep methods for stiff

ODEs

In the following subsections, we present different numerical methods mentioned in the
thesis. We start with the backward differentiation formulas, denoted by BDF, and
their more recent versions: the numerical differentiation formulas, denoted by NDF.
We will compare these linear multistep methods with the new methods we built in

Chapter 3 and Chapter 4.

2.4.1 Backward differentiation formula

The first use of BDF methods appears to date back to Curtiss and Hirschfelder (1952),
although then they were not given that name. Curtiss and Hirschfelder said “stiff
equations are equations where certain implicit methods, and in particular backward-
differentiation formulas (BDFs), perform better, usually tremendously better, than
explicit ones”. The importance of the BDF-based methods is their stability: they

are stable along the entire negative real axis. This makes them suitable for solving
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stiff equations. With their superior stability properties, they can be used with much
larger step sizes than explicit methods.

In [21, 22], Gear constructed a series of stiffly-stable backward differentiation formula
of order k up to six, denoted by BDF (k):

k
Z j¥ntj = Mk frtk- (12)
j=0

BDF methods of order larger than 6 are unstable. Indeed, Cryer in [9] proved that
”The backward-difference multistep method BDF (k) satisfies the root condition iff
1 <k <6”. The coefficients of the BDF methods are listed in Table 1.

BDF methods are also among the most efficient linear multistep methods for stiff
differential equations ([45] and [36]).

The upper left parts of the regions of absolute stability of the BDF methods are the
exterior of closed regions. Upper parts of the regions of absolute stability for k-step
BDF for k = 1,2,3 (left panel), k =4, 5,6 (right panel) are shown in Fig. 1.

Table 1: Coefficients of the BDF methods of order 1 to 6.

k o (0%} Qly a3 Qo aq Qp Br p Cp-l—l Q
1 1 —1 1 1 1 90°
4 1 2 2 °

2 1 3 3 3 2 5 90
_18 9 _2 6 _3 °

3 1 11 11 11 T 55 S0
_ 48 36 _16 3 12 _ 12 °

4 1 25 25 25 25 25 4 125 73
300 300 200 75 12 60 110 o

5 1 137 137 137 137 137 137 D 137 51
6 1 —360 450 _d400 225 72 10 60 g _ 20 qgQo

147 147 147 147 147 147 147 343

2.4.2 Numerical differentiation formula

Numerical differentiation formulas (NDF) are a modification of Backward differenti-

ation formulas (BDF). We can rewrite the BDF formula of order k in Equ. (12) as
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Figure 1: Upper parts of the regions of absolute stability for k-step BDF for k =

1,2...,6. These regions include the negative real axis.
follows,
1 m
Z Vo Ynt1 T hf(tns1s Ynir) =0, (13)
m=1

where /" denotes backward differences:
V" Yni1 = V" (VYnt1)

=" (Yn+1 — Un) -

A simplified Newton (chord) iteration solves the algebraic equation for y,.;. This

iteration is started with the predicted value.

Yoy = Z V" Yn- (14)

Since the predictor Equ. (14) has a longer memory (needs more backsteps) than Equ.
(13), Klopfenstein [28] and Reiher [40] decided to study NDF (k) formulas of the form

1
Z m V" Yni1 = hf (bnt1, Y1) — K% (yn+1 - y2+1) =0, (15)
m=1
where & is a scalar parameter and the coefficient v, is equal to v, = Z =173 L Klopfen-
stein and Reiher [28] found numerically that the scalar k widens the angle of A(«)-
stability for order 3 to 6. Because BDF(2) is already A-stable, Klopfenstein and
Reiher tried to make an optimal choice for the scalar x so that it could reduce the

truncation error as much as possible and still retaining A-stability. Klopfenstein and
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Reiher’s optimal choice is k = —%, giving a truncation error coefficient half that of
BDF(2). This implies that, for sufficiently small step sizes, NDF(2) can have the
same accuracy as BDF(2) with a step size about 26% bigger. Klopfenstein and Rei-
her’s formulas are less successful at order higher than 2 because the price to pay to
improve stability is a reduced efficiency. On the other hand, Shampine and Reichelt
[44] looked at values of the scalar parameter x that would make NDFs more accurate
than BDFs and not much less stable. Since Klopfenstein’s second order formula in-
creases accuracy while retaining L-stability, this formula serves as the order 2 method
of the new NDF family proposed by Shampine and Reichelt. Correspondingly, these
authors looked for obtaining the same improvement in efficiency (26%) at orders 3
to 5. Because the stability of BDF(5) is so poor, Shampine and Reichelt were not
willing to reduce its truncation error at all. The sufficient condition for NDF(1) to
be A-stable is 1 — 2k > 0 and, for 1 < p < 5, Shampine and Reichelt chose an
improvement in efficiency of 26% leading to xk = —0.1850 [44].

The coefficients of the MATLAB NDF methods of order 1 to 5 are given in Table 2

[1].

Table 2: Coefficients of the NDF methods of order 1 to 5.

k K Qa5 Qly a3 Qi aq Qg Br p Cp-i—l Q
1 —=37/200 1 -1 1 1 1 90
2 -1/9 1 —4 1 2 2 -2 90
3 —0.0823 1 _% % _1_21 % 3 _% 30°
4 —0.0415 1 —% % _% % é_g 4 _% 66°
500 1 -m % om o omo_xom o5 e

2.4.3 Enright’s two-derivative method

In [15], Enright derived a class of second derivative multistep formulas for solving
stiff equations denoted by SDMM(p). His formula is more accurate than BDFs. The
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following second derivative k-step formula are considered,

k k k
Yn4+1 = Z QrYnt1—r + h Z Bryq/m-kl—r + h2 Z ’)/Ty;;—‘rl—'r? (16)
r=1 r=0 r=0

where «;, 3; and vy, are parameters. The formula will be implicit if either 5y or 7 is
NONZEro.
We shall introduce some particular cases of Equ. (16). Obrechkoff [35] considered

the fourth order formula
h h?
Ynir = Yo+ 5 (U0 + Yisr) = 33 (0 —vi) s (17)
which is A-stable but not stable at infinity. Let us recall the definition of stability at

infinity.

Definition 9 A k-step formula is stable at infinity if the following condition satisfied:

There exists a negative real number W,

=c< 1.

sup

RA<W | Yn—1

In [33], Liniger and Willoughby considered the following two parameter class of for-

mulas:
h’ / / h'2 ! "
Yn+1 = Yn + 5 (A—a)y, +(1+a)y, ] + T [(b—a)y, — 0+ a)yn].  (18)

These methods are A-stable if a and b satisfy the conditions % < a+b<2and
0<b—a< % Fora=10= %, the method is A-stable, stable at infinity and of order
three.

From Formula (16), in [15], Enright proposes a class of second derivative k-step
methods of order k£ + 2 up to 9 given by

k

Yn+1l = Yn + h Z 5ry7/1+1—7~ + tho?/Zer (19)
r=0

with a; = 0,7 =2,3,...,k, 70 # 0 and v = 0, ¢ = 1,2,...,k these methods are
stiffly stable for 1 < k£ <7 [15].

Formula (19) for k = 1 corresponds to the third order formula given by Liniger and
Willoughby [33].
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2.4.4 Ezzeddine et al.’s third derivative multistep methods

In [18], Ezzeddine and Hojjati construct a new class of third derivative k-step methods
of order k + 3, k = 1,2,...,5, denoted by TDMM(k + 3). Their methods, more
advanced and efficient than Enright’s second derivative method and other methods
[18], are defined by

k

Yn+1 = Yn + h Z Oéry;ﬁ_l—r + h25kyz+1 + hg’Yk:yZ/H (20)
r=0

These methods are A-stable of order k£ + 3 up to order 6 and A(«)-stable up to order
8. In order to get high accuracy and improve their absolute stability region, these
methods use the first, second and third derivative of the solution.

The coefficients of the TDMM are given in Table 3.

Table 3: Coefficients of the TDMM methods of order 4 to 8.

k as Qy as Qg a Qg Vi Br
1 3 T B
4 4 24 4
5 113 3 1
160 10 60 240 80
5 8813 1 71 a1 _s3
12960 3 80 810 720 132
4 479833 151 41 a7 1 41 2159
725760 420 1680 11340 36880 2016 12096
5 46913609 1099 _ 1429 821 _ 577 89 731 _ 29101
72576000 2830 20320 90720 322560 504000 10320 172800

2.4.5 Other known methods

In [10] and [11], Cash derives extended backward differentiation formulas and a family
of L-stable, second derivative extended backward differentiation formula of order
up to 8 and a 9th order A(«a)-stable scheme with a > 89°. In [26], Ismail and
Ibrahim construct a special class of efficient second derivative multistep methods
whose stability depends on two free parameters. In [25], Hojjati, Rahimi and Hosseini
present a new class of second derivative multistep methods whose A(«) region of

stability is larger than these of several other well known methods.



Chapter 3
Three-derivative methods

In Section 3.1, we define HBO(3, p), for p = 5,6,...,14, and list the relevant order
conditions. In Section 3.2, we consider their regions of absolute stability and in
Section 3.3, their principal local truncation error coefficients. Numerical results are

listed in Section 3.4.

3.1 HBO(3,p); 5 <p< 14

We present the implicit Hermite-Birkhoff-Obrechkoff methods of order p = k + 4
with 1 < k < 10, denoted by HBO(3,p). These methods use first, second and third
derivatives. To integrate numerically an initial value problem as in Equ. (1) from ¢,

to t,y1, the k-step HBO(3, p) of order p = k + 4 is given by the formula

k

Yt = Yn + 0> Bty + 1 (Youler + 71ul) + BP0yl (21)
=0

It is to be noted that, when = in (21) equals zero, formula(21) of HBO(3, p) methods
and formula (20) of TDMM(p) are the same.

Using the localizing assumption for formula (21) [32], we obtain

y(tn +h) =y (tn) + R [Boy (tn +h) + b1y (tn) + -+ Bry' (tn — (k = 1)h)]
+ B2 [voy" (tn + h) + 1y (t2)] + B*6oy” (t, + h). (22)

17
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!

Using a Taylor expansion of y, 3/, ¥ and v at t,, we get the following system of

p = k + 4 linear equations in the p unknowns 3;, 0 < j <k, vy, 71 and dy :

k
1=> 5
j=0

k

! |

5= E Bi(L = 7))+ + (23)
=0
k .

! (1= ) ! !

LA O e Dl —3.4....p

0 ;BJ TR T TR ey TH e R

The coefficient matrix of this linear system is a Vandermonde type matrix, of rank
p (see for example [3], [20] and [4]). Hence, for 5 < p < 14, the coefficients of the
method HBO(3, p) are unique.

It is to be noted that, when =, in (23), is set to zero and the equation of (23) for I = p
is deleted, the order conditions (23) are the order conditions of TDMM(p). Numerical
results stated in Subsection 3.4.3, 3.4.4 and 3.4.5 will show that HBO(3, p) methods
are generally more efficient than TDMM(p). For the A(a)-stability of HBO(3, p) is
slightly smaller than the corresponding one of TDMM(p).

3.2 Regions of absolute stability

Recall (see Proposition 1 and Remark 1 in Section 2.2) that the region R of absolute
stability is the subset of all points h € C such that all the roots of m(r, iz) lie inside
the unit circle.
For HBO(3, p), the characteristic polynomial 7 (r, iL) is given by Z?:o n,;r?, where the
7n; are given by:
=1 d-ng-1=— <1+5lil+’71il2> ;
d-me=—hB 2<1<k

where d=1-— Boiz — ’yoif — 5053.

Using Matlab scanning techniques, we represent the region R of absolute stability as



CHAPTER 3. THREE-DERIVATIVE METHODS 19

Table 4: For a given order p, the table lists the angles a of A(«)-stability for
HBO(3,p), SDMM(p) and TDMM(p), respectively.

Order o for « for « for
p | HBO(3,p) | SDMM(p) | TDMM(p)
5 90.00° 87.88° 90.00°
6 90.00° 82.03° 90.00°
7 83.66° 73.10° 89.86°
8 84.29° 59.95° 89.10°
9 83.48° 37.61°
10 81.25°
11 78.93°
12 76.26°
13 73.89°
14 71.22°

the exterior of the closed regions shown in Fig. 2.
Recall (Definition 3 of Chapter 2) that a method is A(J)-stable if its region of abso-
lute stability contain {ﬁ, —6<m— argﬁ < 6}. For a method M, let o denote the

supremum of

™ .
{ﬁ € <0, E) ;M isA (ﬁ)—stable}.
In Table 4, we list the values of o for HBO(3, p), SDMM(p) (see Subsection 2.4.3)

24, p. 263] and TDMM(p) (see Subsection 2.4.4) [18]. From Table 4, we note that:

e the angle « is larger for HBO(3, p) than for SDMM(p) for p = 5,6,...,9 and

decreases slowly when p increases.

e the value of the angle « is the same for HBO(3,p) and TDMM(p), for order
p =>5and 6.

e for p=7and 8 TDMM(p) has a larger a than HBO(3, p).
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Table 5: For a given order p, the table lists the PLTC of HBO(3, p) and SDMM(p),
respectively.

Order PLTC PLTC
p of HBO(3,p) | of SDMM(p)
5 -1.39e-04 2.36e-03
6 -3.31e-05 1.36e-03
7 -1.16e-05 8.63e-04
8 -5.01e-06 5.90e-04
9 -2.49e-06 4.24e-04
10 -1.36e-06
11 -8.04e-07
12 -5.01e-07
13 -3.28e-07
14 -2.22e-07

3.3 Principal error term

Recall that as in [32], the principal error term is obtained by the Taylor expansion of

Formula (21) and it is given by
k .
1 (1—j)" ()Y 1
— 4 + 49 pptl, (p+1) 24
{(p+1)! [;5] p! IO IR o 24
In Table 5, we list the principal local truncation error coefficients (PLTC), which are

(vl Lﬁ;@“ Sy )

for HBO(3, p) and SDMM(p) (see [24, p. 263]). We note that HBO(3, p) has smaller
PLTC than SDMM(p) for all p.

equal to
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3.4 Numerical Results

3.4.1 Iteration scheme

The implicit equations of Formula (21) are implemented with constant steps and
solved iteratively by the modified Newton—Raphson method [32, p. 13]. This method
is one of the most powerful techniques for solving numerically systems of linear equa-

tions. The modified Newton-Raphson takes the following form:

d
J2+1 (ygﬁ - y7l~0+1) = —?sz+1 + hﬁof(tml, yfz-&-l) + hQ’Yoaf(th, y7l~0+1)

2 k
Fltasts ) U +h Y Bithiny + W20y, 1=0,1,2,..., (25)

j=1

d
R36y——
100

where the Jacobian J2,, at step [ = 0, is given by

0 ty 0 8i tn , 0 8d_2 tn ’ 0
J2+1: []—hﬁow_hz)@ dtf( +1 yn+1)_h350 dt2f( +1 yn+1)

3y 9y ay . (26)

We do not need to update the Jacobian J7,, for the modified Newton-Raphson
method to get good results.

As a first guess, we use
P
y2+1 = Yn+1> (27)

obtained from the following predictor, similar to Gear predictors [21],

k
Uhin =Y apiynii—j + hBpy,. (28)
j=1

At each iteration of the modified Newton-Raphson method, the derivatives v, , =
% f(tns1, Yns1) and 4y = j—; f(tns1,Yns1) of the Taylor series are calculated with
known recurrence formulas (see, for example, [23, pp. 46-49], [5]). In the rest of
this chapter, we compare numerically our new methods with BDF(5), SDMM(9),
TDMM(9), TDMM(11) and TDMM(13).

Recall that the infinity norm or uniform norm of a vector v € R” is defined by

IPlloo = max fuil,
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and the error at the endpoint of the integration interval, denoted by EPE, is equal to
EPE = ||yend - Zend”ooa

where Yenq is the numerical value obtained by the numerical method at the endpoint
tena Of the integration interval and z.,q is the “exact solution”. This “exact solu-
tion” is obtained by MATLAB’s ode15s with one of the most stringent tolerances:
5 x 1071%. Recall that MATLAB’s odel5s is a variable order solver based on the
numerical differentiation formulas (NDF's). Optionally, it uses the backward differen-
tiation formulas (BDFs, also known as Gear’s method) that are usually less efficient
[44].

3.4.2 Implementation and problems used for comparison

We compare the numerical performances of HBO(3, p), BDF(5), SDMM(9) and TDMM(p)

on each of the test problems listed below:
e vdP, the van der Pol oscillator Equ. (29).
e RC, the Robertson chemical reaction Equ. (32).
e D1, the Stiff DETEST problem D1 Equ. (33).

Our comparison of the performance of the methods proceeds in five steps.

Firstly, we implement HBO(3, p), BDF(5), SDMM(9) and TDMM(p) in MATLAB.
Secondly, we collect the CPU time and the endpoint error.

Thirdly, we compute the CPU percentage efficiency gain (the estimates of the CPU
time are obtained by using MATLAB’s polyfit).

Fourthly, we compute the estimates of number of steps, denoted by NST (the esti-
mates of NST are obtained by using MATLAB’s polyfit).

Finally, we draw figures and tables according to the collected data and compare the

results.
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The necessary starting values at ti, o, . .., tx_1 for HBO(3, p) were obtained by MAT-
LAB’s ode15s with stringent tolerance 5 x 1071, Computations were performed in
MATLAB and C++ on a PC with the following characteristics: Memory: 5.8 GB,
Processor 0,1,...,7: Intel(R) Core(TM) i7 CPU 920 @ 2.67GHz, Operating system:
Ubuntu Release 11.04, Kernel Linux 2.6.38-12-generic, GENOME 2.32.1.

3.4.3 Comparing CPU time on the van der Pol oscillator

Van der Pol oscillator was originally proposed by the Dutch electrical engineer and
physicist Balthasar Van der Pol while he was working at Philips Company in Eind-
hoven [7]. This model is important for oscillatory processes not only in physics, but
also in biology, sociology and even economics [31].

The van der Pol oscillator is given by the following equation [25]:

Problem 1 (vdP) The van der Pol oscillator is the system

yll = Y2, yl(o) = 2,
: 2 . (29)
vo=|\1=w)se—wi|pw’s  12(0) =0,
with = 500.
In our comparison of methods, we will use the interval [0, te,q] = [0,0.8]. Notice that

this choice is arbitrary, and we could have used larger t.,q (for example te,q > 11).
We use this system to compare HBO(3, p) with BDF(5), SDMM(9) and TDMM(p).
In Figure 3, we draw log,, (EPE) as a function of CPU time for HBO(3,p), p =
9,11,13, SDMM(9) and BDF(5). From this figure, we deduce that for p = 9,11, 13,
HBO(3, p) compare favorably with BDF(5) and SDMM(9) on Problem (vdP) at strin-
gent tolerances.

We note that the results for HBO(3, p), p = 9, 11, 13, are very close to each other.

In [42], Sharp introduces the CPU percentage efficiency gain (CPU PEG). To com-
pute CPU PEG, we need the following intermediate steps, given a whole set of data
(log,, (EPE),log,, (CPU)) obtained by MATLAB.



log, 0(end point error)

CHAPTER 3. THREE-DERIVATIVE METHODS 25

-2 -2
-4+ § 4+ i
van der Pol o van der Pol
-6t S 6} N
g <
o <«
-8t X c -8t Ny
X © Ny
Xx o ) < 4
10 | 8 10 +
-12 : : -12 . : : :
0.5 1 1.5 2 0.5 1 1.5 2 2.5 3
CPU time in seconds  , 1¢3 CPU time in seconds 103

HBO(3,13) o, HBO(3,11) O, HBO(3,9) *, SDMM(9) x and BDF(5) <

Figure 3: HBO(3,p), p = 9,11, 13, are compared with SDMM(9) (left) and BDF(5)
(right) for Problem (vdP)

1. Using these data (log,, (EPE),log,, (CPU)), we consider a function F; whose

graph approximates well our set of data.

2. Using Polyval, we get the max of error in estimation and the estimate of the

CPU time.
3. We compute CPU PEG defined by the Formula (30).

The CPU percentage efficiency gain (CPU PEG) is defined by the formula (cf. Sharp
[42]),

(30)

CPUs,,
(CPU PEG); = 100 [M - 1] ,

>.;CPUy;;
where CPU;;; and CPUy; ; are the estimate of CPU time of methods 1 and 2, re-
spectively, associated with problem 7, and the estimate of EPE = 1077/. To compute
CPU,,; ; and CPU, ;; appearing in (30), we obtain a straight line L that best fits the

data (log,;, (EPE) ,log,, (CPU)) in a least-squares sense by MATLAB’s polyfit. (For
example, Figure 4 shows the straight line that best fits the data (log,, (EPE), log,, (CPU))

of HBO(3,9) solving Problem (vdP).) Then, for chosen integer values of the summa-

tion index j, we take the estimate of EPE = 1077 and obtain log;,(the estimate of CPU time)
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Figure 4: straight line that best fits the data (log,, (EPE),log,, (CPU)) of HBO(3,9)
solving Problem (vdP)

from the approximating line L., and finally the estimate of CPU.

The number-of-steps percentage efficiency gain (NST PEG) is defined by the formula
(cf. Sharp [42]),

(NST PEG); = 100 (31)

>, NSToi; 1]
> NST1;; ’
where NST; ; and NSTy; ; denote the estimate of the number of steps of methods 1
and 2, respectively, associated with problem 4, and the estimate of EPE = 1077. The
number of steps was obtained from the line which fit the data (log,,(EPE), log,,(NST))
in a least-squares sense by means of MATLAB’s polyfit.

Table 6 lists the CPU PEG and NST PEG, defined by Formulas (30) and (31), respec-
tively, of HBO(3,p), p = 9,11, 13, over SDMM(9) and BDF(5) for Problem (vdP).
From these results, we can conclude that HBO(3, p), p = 9, 11, 13, generally need less
CPU time than SDMM(9) and BDF(5) .

Comparing CPU time of HBO(3,p) and TDMM(p) on the van der Pol oscillator

In Figure 5, we plot log;, (EPE) as a function of CPU time in seconds for HBO(3, p)
and TDMM(p), for p = 9,11,13. From this figure, we derive that for p = 9,11,13
HBO(3, p) compare favorably with TDMM(p) for Problem (vdP) at stringent toler-

ances.
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Table 6: CPU PEG and NST PEG of the listed HBO(3, p) over SDMM(9) and BDF(5)
for Problem (vdP).

TDMM(11) (top right) and TDMM(13) (bottom) for Problem (vdP).

CPU PEG of listed HBO over: | NST PEG of listed HBO over:
HBO(3,p) | SDMM(9) BDF(5) SDMM(9) BDF(5)
HBO(3,9) 25% 69% 79% 858%
HBO(3,11) 32% 100% 141% 1332%
HBO(3,13) 32% 101% 174% 1526%
) -2
X
-4+ S A4t X van der Pol
by
6| c -6}
o
o
81 2 8
o
10} g -0}
-12 : : : 12 : :
0 0.2 04 0.6 0.8 0 0.2 0.4
CPU time in seconds CPU time in seconds
-2
o van der Pol
£ 6
o
o
2 gl
o
g -0}
-12 . .
0 0.2 0.4 0.6
CPU time in seconds
HBO(3,13) o, HBO(3,11) O, HBO(3,9)
TDMM(9) <, TDMM(11) x and TDMM(13) x
Figure 5: HBO(3,p), p = 9,11,13, are compared with TDMM(9) (top left),

0.6
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Table 7: CPU PEG and NST PEG of the listed HBO(3, p) over TDMM(p) for Problem
(vdP).

CPU PEG of listed HBO over: NST PEG of listed HBO over:
HBO(3,p) | TDMM(9) | TDMM(11) | TDMM(13) | TDMM(9) | TDMM(11) | TDMM(13)
HBO(3,9) 37% 13% 4% 37% 11% 1%
HBO(3,11) 62% 34% 24% 67% 36% 23%
HBO(3,13) 73% 44% 33% 80% 46% 33%

Table 7 lists the CPU PEG and NST PEG, defined by Formulas (30) and (31), re-
spectively, of HBO(3, p) over TDMM(p), for p = 9,11, 13 for Problem (vdP). From
the results, we can conclude that HBO(3,p), p = 9,11, 13, often use less CPU time
than other methods.

3.4.4 Comparing CPU time on the Robertson chemical re-
action problem

As a second comparison between HBO(3, p), BDF(5), SDMM(9) and TDMM(p), we

consider the Robertson chemical reaction which was studied by H.H. Robertson in

1966 [39, pp. 178-182]. This problem is one of the most studied ordinary differential

equations in numerical studies [14] and is usually used as a test problem to compare

between different stiff integrators.

Problem 2 (RC) Robertson chemical reaction:

Y, = —0.0dy; + 10" Y2y, y1(0) = 1,
yh = 0.04y; — 10%yoys — 3 x 107y3, y2(0) = 0, (32)
ys =3 x 1073, y3(0) = 0,

with tend = 400.

In Figure 6, we draw log,, (EPE) (vertical axis) as a function of CPU time for
HBO(3,p), p = 9,11,13, SDMM(9) and BDF(5). From this figure, we conclude
that HBO(3,p), p = 9,11,13, compare favorably with BDF(5) and SDMM(9) on
Problem (RC) at stringent tolerances. Surprisingly here, HBO(3,9) is more efficient



log, ,(end point error)

CHAPTER 3.

1
(o]

I
©

10}

A1t

A2t

THREE-DERIVATIVE METHODS

&

X

X

Robertson

X

X
X

N 1
N

0.

8

1 1.2

1.4

log, ,(end point error)

10t

qot

-14

29

Robertson

CPU time in seconds

CPU time in seconds

%1073

HBO(3,9) », HBO(3,11) O, HBO(3,13) o, SDMM(9) x, and BDF(5) «

5
%1073

Figure 6: HBO(3,9), HBO(3,11) and HBO(3,13) are compared with SDMM/(9) (left),
and BDF(5) (right) for Problem (RC).

than HBO(3,p), p = 11, 13.
Table 8 lists the CPU PEG and the NST PEG, defined by Formulas (30) and (31),
respectively, of HBO(3,p), p = 9,11,13, over SDMM(9) and BDF(5) for Problem
(RC). From these results, we can conclude that HBO(3,p), p = 9,11, 13, generally
require less CPU time than SDMM(9) and BDF(5).
As an example, HBO(3,9) uses a step size of length 10 and takes 40 steps, compared
to 1167 steps used by SDMM(9) and 7000 steps used by BDF(5) to obtain an EPE
of about 4.0e-12.

Table 8: CPU PEG and NST PEG of HBO(3, p), p = 9, 11, 13 methods over SDMM(9)
and BDF(5) for Problem (RC).

CPU PEG of HBO(3,p) over: | NST PEG of HBO(3, p)over:
HBO(3,p) | SDMM(9) BDF(5) SDMM(9) BDF(5)
HBO(3,9) 120% 507% 6269% 36 274%
HBO(3,11) 99% 450% 5147% 20 869%
HBO(3,13) 51% 280% 713% 6961%
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Table 9: CPU PEG and NST PEG of the listed HBO(3, p) over TDMM(p) for Problem
(RC).

CPU PEG of listed HBO over: NST PEG of listed HBO over:
HBO(3,p) | TDMM(9) | TDMM(11) | TDMM(13) | TDMM(9) | TDMM(11) | TDMM(13)
HBO(3,9) 519% 6833% 38% 466% 640% 35%
HBO(3,11) 376% 502% 6% 368% 512% 12%
HBO(3,13) -12% 9% -79% -17% 6% -719%

Comparing CPU time of HBO(3,p) and TDMM(p) on the Robertson chemical re-

action problem

In Figure 7, we plot log;, (EPE) as a function of the CPU time for HBO(3, p) and
TDMM(p), for p = 9,11,13. From this figure, we deduce that HBO(3, p) compare
favorably with TDMM(p), for p = 9,11, 13 on Problem (RC) at stringent tolerances.

Table 9 lists the CPU PEG and the NST PEG, defined by Formulas (30) and (31),
respectively, of HBO(3, p) over TDMM(p), for p = 9,11, 13 for Problem (RC). From
the results, we can conclude that in most cases HBO(3, p) requires less CPU time
than TDMM(p), for p =9, 11, 13.

3.4.5 Comparing CPU time on a stiff DETEST problem

In 1975, Enright, Hull and Lindberg [16] presented a bank of test problems called
stiff DETEST for comparing different numerical ODE solvers. This bank of problems
includes 25 stiff problems, and they have been used by several authors (see for example
[37, 29, 6]). As a third comparison, we consider the stiff DETEST problem D1.

Problem 3 (D1) Stiff DETEST problem D1 [17]:

yi =0.2 (?Jz - yl) ) yl(o) =0,
Yy = 10y; — (60 — 0.123y3) yo + 0.125y3,  y2(0) =0, (33)
yé = 17 3/3(0) = 07

with tend = 400.
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In Figure 8, we plot log,, (EPE) as a function of the CPU time for HBO(3,p),
p=09,11,13, BDF(5) and SDMM(9). From this figure, we derive that for p = 9,11, 13,
HBO(3, p) compares favorably with BDF(5) and SDMM(9) for Problem (D1) at strin-
gent tolerances.

Table 10 lists the CPU PEG and the NST PEG, defined by Formulas (30) and (31),
respectively, of HBO(3,p), p = 9,11,13, over SDMM(9) and BDF(5) for Problem
(D1). From the results, we can conclude that for p = 9,11, 13, HBO(3, p) generally
need less CPU time than BDF(5) and SDMM(9).

Table 10: CPU PEG and NST PEG of HBO(3,p), p = 9,11,13, over BDF(5) and
SDMM(9) for Problem (D1).

CPU PEG of listed HBO over: | NST PEG of listed HBO over:
HBO(3,p) | SDMM(9) BDF(5) SDMM(9) BDF(5)
(3,9) 7% 108% 114% 2020%
HBO(3,11) 10% 114% 149% 2508%
(3,13) 12% 118% 199% 3037%
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Table 11: CPU PEG and NST PEG of the listed HBO(3,p) over TDMM(p) for
Problem (D1).

CPU PEG of listed HBO over: NST PEG of listed HBO over:
HBO(3,p) | TDMM(9) | TDMM(11) | TDMM(13) | TDMM(9) | TDMM(11) | TDMM(13)
HBO(3,9) 45% 19% -12% 36% 7% -8%
HBO(3,11) 61% 30% -4% 69% 33% 12%
HBO(3,13) 92% 55% 12% 7% 47% 24%

Comparing CPU time of HBO(3,p) and TDMM(p) on the stiff DETEST problem D1

In Figure 9, we plot for p = 9,11,13, log,, (EPE) as a function of the CPU time
for HBO(3,p) and TDMM(p). From this figure, we conclude that for p = 9,11, 13,
HBO(3,p) compare favorably with TDMM(p) for Problem (D1) at stringent toler-
ances.

Table 11 lists for Problem (D1) the CPU PEG and the NST PEG of HBO(3, p),
over TDMM(p), for p = 9,11,13. From the results, we conclude that in most cases
HBO(3, p) need less CPU time than TDMM(p), for p = 9,11, 13.
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Chapter 4
Four-derivative methods

In Section 4.1, we define HBO(4, p), for p = 7,8,...,14, and list the relevant order
conditions. In Section 4.2, we consider their regions of absolute stability and in
Section 4.3, their principal local truncation error coefficients. Numerical results are

listed in Section 4.4.

4.1 HBO(4,p); 7 <p < 14.

We present the implicit Hermite-Birkhoff-Obrechkoff methods of order p = k + 6
with 1 < k < 8, denoted by HBO(4, p). These methods use first, second, third and
fourth derivatives. To integrate numerically an initial value problem as in Equ. (1)

from t, to t,.1, the k-step HBO(4, p) of order p = k + 6 is given by the formula

k 1 1
4
Ynt1 = Yn +h Z Bitni1-; + h’ Z ViYni1—j + h’ Z 0jYnr1-j + h47709£421- (34)
=0

Jj=0 J=0

35



CHAPTER 4. FOUR-DERIVATIVE METHODS 36

In order to obtain order conditions, we use the same procedure as mentioned in

(Chapter 3, Section 3.1). The following order conditions are obtained from (34),

k
=0

K
1 .
5225j(1—3)+70+’71,
R
1l &, =92 ¢ (35)

1, (=) 1
E_;ﬁj (—1 T

1 1
0g ———— —_ {=4,5...,p.
+ 0(6—3)'—'—7’0 (€_4>'7 s Yy » D

These conditions form a system of p = k + 6 linear equations in p unknowns. As in
Section 3.1, we can check that as this system has a unique solution, the coefficients
of the method HBO(4, p) are unique.

4.2 Regions of absolute stability

Recall (see Proposition 1 and Remark 1 in Section 2.2) that the region R of absolute
stability is the subset of all points i € C such that all the roots of m(r, iz) lie inside
the unit circle.

For HBO(4, p), the characteristic polynomial «(r, h) is given by Z?:o ;7 where the
; are given by the following :

pe =1, d-pp1 = — <1 +51h+7152 +5153> ;

d-p=—hs 2<1<k

where d=1-— ﬁoiz — ’yoiz2 — 5053 — fﬁyo.

Using Matlab scanning techniques, we represent the region R of absolute stability as
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Table 12: For a given order p, the table lists the angles a of A(«)-stability for
HBO(4, p) and SDMM(p), respectively.

Order « for « for « for
D HBO(4,p) | SDMM(p) | TDMM(p)
7 90.00° 73.10° 89.86°
8 90.00° 59.95° 89.10°
9 82.87° 37.61°
10 81.87°
11 81.87°
12 81.87°
13 80.54°
14 78.69°

the exterior of the closed regions shown in Fig. 10.
Table 12 lists the angles o of A(«)-stability of HBO(4,7-14), SDMM(7-9) and TDMM(7-
8) [24, p. 263] and [18], respectively. From Table 12, we note that:

e i): the angle « is larger for HBO(4, p) than for SDMM(p) for p = 7,8, and 9.

e ii): for p = 7 and 8, HBO(4, p) has a larger a than TDMM(p).

4.3 The principal error term

Recall that as in [32] the principal error term is obtained by the Taylor expansion of

Formula (34) and it is given by
k . 1 : 1 :
1 (1—j) (1—45)®Y (1 )% 1

_ . A S 5 hPtly p+1)_
{<p+ ] [Zﬁ PID iy vy e DU e e

(36)

In Table 13, we list the principal local truncation error coefficients (PLTC), which

are equal to

{(pil‘_

k 1 1 .
- 1—1“) () LN S
{Zﬁ Z 3Ny i)}

=0
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Table 13: For a given order p, the table lists the PLTC of HBO(4, p) and SDMM(p),
respectively.

Order PLTC PLTC

p of HBO(4,p) | of SDMM(p)
7 7.09e-07 8.63e-04

8 1.28e-07 5.90e-04

9 3.50e-08 4.24e-04
10 1.21e-08

11 4.95e-09

12 2.26e-09

13 1.13e-09

14 6.04e-10

for HBO(4, p) and SDMM(p).

Table 13 lists the principal local truncation error coefficients (PLTC) of HBO(4, p)
and SDMM(p) (see [24, p. 263]). We remark that HBO(4, p) has smaller PLTC than
SDMM(p) for all p.

4.4 Numerical Results

4.4.1 Iteration scheme

The implicit equations of Formula (34) are implemented with constant steps and

solved iteratively by the modified Newton-Raphson method [32, p. 13]:

d
Jg+1 (%111 - yfz+1) = —yiL+1 + hBof(tns1, ?JLH) + h270—f(tn+17 yiz—i—l)

dt
5o @ ! i @ !
+ h 5Oﬁf(tn+1; yn+1) + h noﬁf(tn-i-la yn-‘rl)
k
Fyn+h Y B+ WPy + oy, 1=0,1,2,..., (37)

Jj=1
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where the Jacobian J , at first iteration [ = 0, is given by

aif(t LYY )
2 dt) \"ntls Int1
Yo oy

2 3
8%f(tn+la y2+1) % 8;?f(tn+1, y2+1>
— o .
y dy

af(tn-l—la yg )
J7Oz+1 = |- h@o—ay =

— B35, (38)
We do not need to update the J? , for the modified Newton—Raphson method to
obtain good results.
As a first guess, we use

y2+1 = yT}LD+17 (39)
obtained from predictor (28) [21]. At each iteration of the modified Newton—Raphson
method, the derivatives yZL 1= jTjj f (tne1, Yns1) for 2 < j < 4, of the Taylor series
are calculated by known recurrence formulas (see, for example, [23, pp. 46-49], [5]).
In the rest of this chapter, we compare numerically our new methods with BDF(5),
SDMM(9) and TDMM(p), p = 9,11, 13.
The necessary starting values at ti, o, . .., tx_1 for HBO(4, p) were obtained by MAT-
LAB’s ode15s with stringent tolerance 5 x 10714,

4.4.2 Implementation and problems used for comparison

We compare the numerical performances of HBO(4, p), BDF(5), SDMM(9) and TDMM(p)

on each of the test problems listed below:
e vdP, the van der Pol oscillator (29).
e OdB, the Oregonator describing Belusov—Zhabotinskii reaction (40).
e D1, the Stiff DETEST problem D1(33).

In this chapter, we use the same five-step procedure as mentioned in (Chapter 3,

Subection 3.4.2) for comparing the performance of the methods.
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Figure 11: HBO(4,p), p = 9,11, 13, are compared with SDMM(9) (left) and BDF(5)
(right) for Problem (vdP).

4.4.3 Comparing CPU time on the van der Pol oscillator

As a first comparison of HBO(4, p) with BDF(5), SDMM(9) and TDMM(p), we con-
sider the van der Pol oscillator equation used in [25] (see Subsection 3.4.3).

In Figure 11, we draw log;, (EPE) as a function of CPU time for HBO(4,p), p =
9,11,13, BDF(5) and SDMM(9). From this figure, we deduce that HBO(4,p), p =
9,11, 13, compare favorably with BDF(5) and SDMM(9) on Problem (vdP) at strin-
gent tolerances.

Table 14 lists the CPU PEG and NST PEG, defined by Formulas (30) and (31), of
HBO(4,p), p = 9,11, 13, over BDF(5) and SDMM(9) for problem (vdP). From the
results, we can conclude that for p = 9,11 and 13 HBO(4, p) generally require less
CPU time than BDF(5) and SDMM(9).

Comparing CPU time of HBO(4,p) and TDMM(p) on the van der Pol oscillator

In Figure 12, we plot log,, (EPE) (vertical axis) as a function of CPU time for
HBO(4, p) and TDMM(p), for p = 9, 11, 13. From this figure, we derive that HBO(4, p)
compare favorably with TDMM(p), for p = 9,11, 13 on Problem (vdP) at stringent
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Table 14: CPU PEG and NST PEG of the listed HBO(4, p) over SDMM(9) and
BDF(5) for Problem (vdP).

CPU PEG of HBO(4, p) over: | NST PEG of HBO(4, p) over:
HBO(4,p) | SDMM(9) BDF(5) SDMM(9) BDF(5)
HBO(4,9) 20% 1% 146% 1221%
HBO(4,11) | 20% 63% 185% 1430%
HBO(4,13) | 20% 70% 215% 1590%

Table 15: CPU PEG and NST PEG of the listed HBO(4,p) over TDMM(p), for
Problem (vdP).

CPU PEG of listed HBO over: NST PEG of listed HBO over:
HBO(4,p) | TDMM(9) | TDMM(11) | TDMM(13) | TDMM(9) | TDMM(11) | TDMM(13)
HBO(4,9) 116% 81% 53% 75% 37% 26%
HBO(4,11) 156% 117% 78% 113% 68% 50%
HBO(4,13) 185% 146% 101% 136% 86% 69%
tolerances.

Table 15 lists the CPU PEG and NST PEG, defined by Formulas (30) and (31), of
HBO(4, p), over TDMM(p), for p = 9,11, 13 for problem (vdP). We can conclude that
HBO(4, p) generally need less CPU time than TDMM(p), for p = 9,11, 13.

4.4.4 Comparing CPU time on the Oregonator describing
Belusov—-Zhabotinskii reaction

In 1984, Field and Noyes [19] have generalized a chemical reaction called Oregonator

by a model . This model is one of the famous model equations in chemical reactions

[27]. As a second comparison of HBO(4, p) with BDF(5), SDMM(9) and TDMM(p),

we consider the Oregonator describing the Belusov—Zhabotinskii reaction [19].
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(right) for Problem (OdB)

Problem 4 (OdB) The Oregonator describing Belusov-Zhabotinskii reaction:

Yo = T727(y2 + 91 — 8.375- 1077 —yrgn),  1(0) =1,
Yo = (y3 — (1 +y1)y2)/77.27, y2(0) = 2, (40)
yf», = 0.161(y1 — y3), y3(0) = 3,

with tend = 20.

In Figure 13, we plot log;, (EPE) as a function of CPU time for HBO(4,p), p =
9,11,13, BDF(5) and SDMM(9). From this figure, we deduce that for p = 9,11, 13,
HBO(4, p) compare favorably with BDF(5) and SDMM(9) on problem (OdB) at strin-
gent tolerances.

Table 16 lists for p = 9,11 and 13 the CPU PEG and NST PEG, defined by Formulas
(30) and (31), of HBO(4, p) over BDF(5) and SDMM(9) for problem (OdB). From
the results, we can conclude that for p = 9,11,13, HBO(4, p) generally require less
CPU time than BDF(5) and SDMM(9).

Comparing CPU time of HBO(4,p) and TDMM(p) on the Oregonator reaction

In Figure 14, we draw for p = 9,11, 13, log,, (EPE) as a function of the CPU time
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Table 16: CPU PEG and NST PEG of listed HBO(4, p), p = 9,11, 13, methods over
SDMM(9) and BDF(5) for Problem (OdB).

CPU PEG of listed HBO over: | NST PEG of listed HBO over:
HBO(4,p) | SDMM(9) BDF(5) SDMM(9) BDF(5)
HBO(4,9) 5% 132% 151% 1552%
HBO(4,11) 10% 143% 200% 1870%
HBO(4,13) 15% 148% 260% 2125%

Table 17: CPU PEG and NST PEG of the listed HBO(4,p) over TDMM(p) for
Problem (OdB).

CPU PEG of listed HBO over: NST PEG of listed HBO over:
HBO(4,p) | TDMM(9) | TDMM(11) | TDMM(13) | TDMM(9) | TDMM(11) | TDMM(13)
HBO(4,9) 67% 31% 5% 91% 58% 28%
HBO(4,11) 103% 58% 27% 132% 92% 55%
HBO(4,13) 138% 86% 49% 162% 117% 75%

for HBO(4,p) and TDMM(p). From this figure, we deduce that for p = 9,11, 13,
HBO(4,p) compare favorably with TDMM(p) on Problem (OdB) at stringent toler-
ances.

Table 17 lists for p = 9,11 and 13 the CPU PEG and NST PEG of HBO(4, p) over
TDMM(p) for problem (OdB). From the results, we can conclude that HBO(4, p)
often requires less CPU time than TDMM(p), for p = 9,11, 13.

4.4.5 Comparing CPU time on a stiff DETEST problem

As a third comparison, we consider the stiff DETEST problem D1 [17] (see Subsection

3.4.5).

In Figure 15, we plot for p = 9,11 and 13 log,, (EPE) as a function of the CPU time

for HBO(4, p) BDF(5) and SDMM(9). From this figure we deduce that HBO(4, p),
= 9,11,13, compare favorably with BDF(5) and SDMM(9) for Problem (D1) at

stringent tolerances.
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Figure 15: HBO(4,p), p = 9,11, 13, are compared with SDMM(9) (left) and BDF(5)
(right) for Problem (D1).

Table 18 lists for p = 9,11 and 13 the CPU PEG and NST PEG of HBO(4, p)
over BDF(5) and SDMM(9) for problem (D1). We can conclude that, in most cases
HBO(4,p), p = 9,11, 13, requires less CPU time than BDF(5) and SDMM(9) .

Table 18: CPU PEG and NST PEG of HBO(4,p), p = 9,11,13, over BDF(5) and
SDMM(9) for Problem (D1).

CPU PEG of listed HBO over: | NST PEG of listed HBO over:
HBO(4,p) | SDMM(9) BDF(5) SDMM(9) BDF(5)
HBO(4,9) 3% 80% 163% 2279%
HBO(4,11) -3% 63% 238% 2956%
HBO(4,13) 5% 83% 294% 3455%

Comparing CPU time of HBO(4,p), TDMM(p) on the stiff DETEST problem D1

In Figure 16, we draw for p = 9,11, 13 log,, (EPE) as function of CPU time for
HBO(4, p) and TDMM(p). From this figure, we derive that for p = 9,11, 13, HBO(4, p)
compare favorably with TDMM(p) for Problem (D1) at stringent tolerances.
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Figure 16: HBO(4,p), p =

TDMM(11) (top right) and TDMM(13) (bottom) for Problem (D1).

9,11,13, are compared with TDMM(9) (top left),
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Table 19: CPU PEG and NST PEG of the listed HBO(4,p) over TDMM(p) for
Problem (D1).

CPU PEG of listed HBO over: NST PEG of listed HBO over:
HBO(4,p) | TDMM(9) | TDMM(11) | TDMM(13) | TDMM(9) | TDMM(11) | TDMM(13)
HBO(4,9) 141% 32% 15% 95% 58% 19%
HBO(4,11) 100% 19% 3% 99% 52% 27%
HBO(4,13) 199% 63% 43% 205% 126% 86%

Table 19 lists for p = 9,11 and 13 the CPU PEG and NST PEG of HBO(4, p)
over TDMM(p) for problem (D1). From the results, we can conclude that HBO(4, p)
require less CPU time than TDMM(p), for p = 9,11, 13.



Chapter 5
Conclusion

In this thesis, we construct two new families of Hermite—Birkhoff-Obrechkoff methods:
they are, respectively, implicit three—and four-derivative methods of order 5 < p < 14
and 7 < ¢ < 14, denoted by HBO(3, p) and HBO(4, q).

These methods are designed to solve stiff systems of first-order differential equations.

We determine their stability properties and test their efficiency.

The methods HBO(3, p) and HBO(4, ¢) are A(«)-stable, their regions of stability are
comparable to those of known methods (described in Chapter 2). For HBO(3, p), (re-
spectively HBO(4, q)) the angle « is, in general, slightly smaller (larger respectively)
than that of comparable methods. Remark that, in general, the higher the order of
derivatives is, the larger the stability region becomes. For p = 5,6 and ¢ = 7,8,
HBO(3,p) and HBO(4, q) are A-stable. In a future work, we propose to study and
show that these A-stable methods will be suitable for the integration of stiff differen-
tial systems whose Jacobians have some large eigenvalues lying close to the imaginary
axis.

We determine the efficiency of our methods by comparing their CPU PEG (the CPU
percentage efficiency gain) and NST PEG (the number of steps percentage efficiency
gain), for a family of test problems.

More precisely, the performance of HBO(3, p) and well-known methods is compared

on

20
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e Van der Pol oscillator,
e Robertson chemical reaction,
o Stiff DETEST problem D1,
similarly, the performance of HBO(4, p) and well-known methods is compared on
e Van der Pol oscillator,
e Oregonator describing Belusov—Zhabotinskii reaction,
e Stiff DETEST problem D1.
Our results, described in Chapter 3 and 4, show that

e HBO(3,p) and HBO(4, p) are more efficient than several other well known meth-
ods.

e Third and fourth derivative methods are generally more efficient than first and
second derivative methods. However, the task of computing a Jacobian of stiff
differential systems involving third and fourth derivatives might be, unfortu-

nately, very laborious (even nasty).



Chapter 6

Coefficients for HBO(3, p) and
HBO(4, p)

6.1

4-derivative HBO(4, p)

6.1.1 Coefficients of HBO(3, p), of order p = 5,6, ...

Coefficients of new 3-derivative HBO(3, p) and

13.

Table 20: Coefficients of HBO(3, p) of order p =k +4 =5,6,7.

k 1 2 3

coeffs\p 5 6 7
do 1.6666666666666607e-02 | 1.2499999999999734e-02 | 1.0515873015872895e-02
Yo -1.4999999999999966e-01 | -1.2916666666666540e-01 | -1.1792328042327985e-01
Y1 5.0000000000000239¢-02 | 6.6666666666667623e-02 | 7.8571428571428875e-02
Bo 5.9999999999999942e-01 | 5.6458333333333122e-01 | 5.4397045855379100e-01
b1 4.0000000000000058e-01 | 4.3333333333333529e-01 | 4.5119047619047720e-01
Ba 2.0833333333334226e-03 | 5.0595238095237551e-03
B3 -2.2045855379187725e-04

02
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Table 21: Coefficients of HBO(3, p) of order p = 8,9, 10.

k 4 5 6

coeffs\p 8 9 10
do 9.3005952380951773e-03 | 8.4589947089946382¢-03 | 7.8317901234568332¢-03
Yo -1.1042906746031719e-01 | -1.0490255731922390e-01 | -1.0057484567901248e-01
oGl 8.8293650793650674e-02 | 9.6709656084655621e-02 | 1.0423611111111047e-01
Bo 5.2947151951058169e-01 | 5.1832545561434462¢-01 | 5.0929754249951054e-01
b1 4.6253306878306916e-01 | 4.7024774029982380e-01 | 4.7564169973544962¢-01
Ba 8.7053571428569020e-03 | 1.2913359788359412¢-02 | 1.7617394179893716e-02
B3 -7.6058201058197409e-04 | -1.6956937095825317e-03 | -3.0894816774445504e-03
Ba 5.0636574074071437e-05 | 2.2597001763667530e-04 | 6.1797288359786691e-04
Bs -1.6832010582009943e-05 | -9.2096560846558655e-05
Be 6.9689398393100773e-06

6.1.2 Coefficients of HBO(4, p), of order p =5,6,...,13.
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Table 22: Coefficients of HBO(3, p) of order p = 11,12, 13.

k 7 8 9

coeffs\p 11 12 13
0o 7.3409191117524142e-03 | 6.9430634469692387e-03 | 6.6120102386191537e-03
Yo -9.7047586837765515e-02 | -9.4089245787484899¢-02 | -9.1554061337191572e-02
ol 1.1110830527497154e-01 | 1.1747399591150204e-01 | 1.2343295366179957e-01
Bo 5.0172810557808356e-01 | 4.9522321169493949¢-01 | 4.8952884305001004e-01
I3} 4.7942140652557302e-01 | 4.8201315199901801e-01 | 4.8369442936428481e-01
B 2.2771539802789637e-02 | 2.8341519109753490e-02 | 3.4300476860046981e-02
B3 -4.9984245007393454e-03 | -7.4739708593898014e-03 | -1.0563800803984648e-02
Ba 1.3338264423334136e-03 | 2.4942387979507512e-03 | 4.2322681417844739e-03
Bs -2.9826238576239581e-04 | -7.4386073031943215e-04 | -1.5781148153592522¢-03
Be 4.5147796305205850e-05 | 1.6892511423771068e-04 | 4.7790810869678528e-04
Bz -3.3392585830229488e-06 | -2.4991267550807174e-05 | -1.0606552265665973e-04
Bs 1.7761413606384832¢-06 | 1.5077386338938537¢-05
Bo -1.0217691615701147e-06

Table 23: Coefficients of HBO(4, p) of order p =k +6 = 7,8, 9.

k 1 2 3

coeffs\p 7 8 9
7o -1.1904761904759364e-03 | -8.9285714285746581e-04 | -7.4955908289253692e-04
do 1.9047619047616766e-02 | 1.5922619047622849e-02 | 1.4274691358025941e-02
01 4.7619047619054319e-03 | 6.5476190476162766e-03 | 7.8373015873009003e-03
Yo -1.4285714285713391e-01 | -1.2901785714287511e-01 | -1.2125587889477346e-01
o1 7.1428571428577156e-02 | 8.2142857142842071e-02 | 8.8591269841265197e-02
Bo 0.7142857142855674e-01 | 5.4665178571431916e-01 | 5.3213489613953602e-01
B 4.2857142857144331e-01 | 4.5357142857139482e-01 | 4.6840277777776779¢e-01
B -2.2321428571386254e-04 | -5.4563492063500923e-04

7.9610033313860251e-06
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Table 24: Coefficients of HBO(4, p) of order p = 10,11, 12.

k 4 5 6

coeffs\p 10 11 12
Mo -6.6137566137560583e-04 | -6.0014830848156842¢-04 | -5.5444491208368057e-04
do 1.3194444444444058e-02 | 1.2407672959755429¢-02 | 1.1797532617844213e-02
01 8.8955026455034211e-03 | 9.8139129389142668e-03 | 1.0636574074075401e-02
Yo -1.1593915343915141e-01 | -1.1193294569370511e-01 | -1.0873911618109663e-01
" 9.3176807760142935e-02 | 9.6697380551551096e-02 | 9.9521850448937771e-02
Bo 0.2187224426807322¢-01 | 5.1394545693096283e-01 | 5.0749617068431974e-01
B 4.7904357730747121e-01 | 4.8739855983780600e-01 | 4.9431759701847522¢-01
Ba -9.4246031746095119e-04 | -1.4016654641663567e-03 | -1.9158286736420612¢-03
B3 2.7557319224024748e-05 | 6.1572515276276819¢-05 | 1.1235406682943317e-04
B4 -9.1857730746743866e-07 | -4.1075019373660849e-06 | -1.1248657624528746e-05
Bs 1.8368205868216327e-07 | 1.0063431938433069e-06
Be -5.0781551553157219e-08

Table 25: Coefficients of HBO(4, p) of order p = 13.

k 7

coeffs\p 13
Mo -2.1863792439185014e-04
do 1.1304163480289571e-02
01 1.1388520815605201e-02
Yo -1.0609590159214446e-01
0G| 1.0185288534768008e-01
Bo 5.0206578190475215e-01
B 5.0025338104647343e-01
Bo -2.4797887297894157e-03
B3 1.8197876511923071e-04
B4 -2.4303288553865888e-05
Bs 3.2621834184327797e-06
Be -3.2928034471235219e-07
B7 1.7398925020357870e-08
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