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Abstract

Pseudo-spectral optimal solvers are used to optimize numerically a per-
formance index of a dynamical system with differential constraints. Although
these solvers are commonly used for space vehicles and space launchers for tra-
jectory optimization, few experimental papers exist on optimal control of small
airships. The objective of this thesis is to evaluate the use of a pseudo-spectral
optimal control solver for generating dynamically constrained, minimal time
trajectories. A dynamical model of a small airship is presented, with its exper-
imental virtual mass, drag and motor experimentally modeled. The problems
are solved in PSOPT, a pseudo-spectral optimal control code. Experimental
tests with a small scale model are performed to evaluate the generated paths.
Although drift occurs, as a consequence of an open loop control, the vehicle
is capable of following the path. This results of this thesis may find uses in
verifying how close to optimal discreet path planners are, to plan complex
trajectories on short distances, or to generate dynamic maneuverer such as
take-off or landing. Ultimately, improving path planning of small airships will
improve their safety, maneuverability and flight-time, which makes them fit for
scientific monitoring, for search and rescue, or as mobile telecommunications
platforms.

i



Acknowledgements

I would like to acknowledge the immense help from the staff at the Uni-
versity of Ottawa. In particular, I would like to thank my supervisors, Dr.
Lanteigne, for his advice and support in writing this thesis and my other tech-
nical projects, and Dr. Gueaieb, for his comments and ideas. I also would like
to thank Steven Reckoskie for his help and for the useful discussions we had
on airships.

In addition, I would like to thank the members of my thesis committee,
Dr. Spinello and Dr. Ahmadi.
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spéciale pour Angelle, ma partenaire, pour son support, son amour et ses
encouragements.

ii



Dedication
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Chapter 1

Introduction

1.1 Motivation

Airships were the first vehicles that allowed humans to fly while controlling
their direction. They have been used extensively at the beginning of the
century for transportation and military purposes. Dirigibles offered long en-
durance flight at high speed when compared to ground vehicles, and larger
airships could move faster than 100 km/h, a revolution at the time. Techno-
logical advances in planes, as well as the Hindenburg catastrophe, reduced the
use of dirigibles after the Second World War. The concept has seen a renewed
interest since the beginning of the millennium. Their inherent safety, long
range and flight time make these vehicles ideal as mobile telecommunications,
surveillance, and monitoring platforms [1]. They can also be used for search
and rescue missions, to deliver payload, to locate survivors or, thanks to their
ability to hover in place, as a relay to replace destroyed telecommunication
platforms [2]. Recent academic projects include project AURORA, a multiple
phase endeavor which, at term, should result in the construction of an airship
with over 100km range and over 24h flight duration [3, 4]. The authors want
to use the vehicle for biodiversity, climate research, and monitoring. As an-
other example, the United States army has developed a high altitude airship
to provide 16kW to the surveillance payload, have an operating range of 2000
miles and stay in the air for 21 days[5].

To perform their missions, airships are required to move from one point to
another in space, keep their position, take-off, land, follow a target, and other
maneuvers. Whether the airship is used for surveillance or payload delivery
missions, energy efficiency is important to maximize flight time and distance
covered. Consequently, a wide range of techniques have been develop to plan
the path and control airships, as multiple paths are generally possible [6].
Each path will have a different energy requirement, risk factor, and time asso-
ciated to completion. Airships are also required to perform complex dynamical
manoeuvres, such as position for storage, or coverage of a moving target.
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While many path planner exist, as described in section 1.5.1, each has their
own limitation and drawback. This research will attempt to use a pseudo-
spectral optimal control solver to generate a path taking into account the
vehicles dynamics in a wide range of conditions. The result of this work can
then be used on a real airship with a controller to follow the generated path,
or it could be use to compare the results to other types of path planners.

1.2 Problem description

Due to the large search space of a path planning problem, many assumptions
are often made to reduce the search time and to improve the convergence of the
optimizer. The airship can be described by a state vector x(t) and a control
vector u(t). As a simplification, airships are sometimes described as a single
point, with or without mass, which removes the orientation of the vehicle from
the problem. The state vector x(t) is then limited to a position vector. For a
better approximation, the state would also include the orientation of the vehi-
cle. When the vehicle travels at a relatively constant height, with little change
in the environment in the vertical direction, the problem can be assumed to be
in two dimensions under certain conditions. In three dimensions, the orienta-
tion is often described using Euler angles or quaternions. When the simulated
path is short relative to the acceleration time, differential constraints on the
velocity and angular velocity must be considered. Consequently, velocity and
angular velocity will also be part of the state vector. Moreover, the state vec-
tor can include other variables such a motor velocity or volume of the ballasts.
Those states can also have differential constraints. The control vector u(t)
is a vector of functions representing the inputs of the system. In the case of
airships, it represents the command sent to the thrusters, the control surfaces,
and the air pump of the ballast.

After the proper assumptions have been made for a particular problem, a
very large or infinite number of feasible paths are still typically possible be-
tween two points. Unless the only requirement is a feasible path, the paths have
to be evaluated against a certain performance index to minimize or maximize
this performance index[7]. For example, airships may be required to mini-
mize the time of arrival, the flight-time, or the energy used. Alternatively, for
telecommunications or surveillance applications, maximizing the time of flight
is often critical. In that case, the performance index would be the energy con-
sumed for the total maneuver. Mathematically, the problem of path planning
for a UAV can be represented by:

minG(x(t), u(t)) (1.1)

where

G = Gi(xi) +Ge(xe) + min

∫ t

0

f(x(t), u(t))dt, x ⊂ X u ⊂ U (1.2)

2



where Gi(xi) is the starting point cost, Ge(xe) is the end point cost, f() is the

xi

xe

x1

x2

Figure 1.1: A possible path in a 2D problem

cost function, and X is the search space. The search space is restricted by the
boundaries of the environment, such as the ground and the maximum height,
and by the obstacles. In addition, the maximum velocity and angular velocity
are limited due to the physical constraints of the airship. The search space of
the control inputs is U , and it is limited by the maximum electrical command.
Moreover, a model could include dynamical constraints on the derivative of
the states ẋ.

1.3 Thesis objective and contribution

The objective of this thesis is to study optimal control for airship path plan-
ning and, more specifically, for small airships. To this end, a pseudo-spectral
optimal control solver will be used to generate a time optimal path for a small
dirigible. The feasibility of this method will then be demonstrated with ex-
perimental tests. Since a good dynamical model is required for generating a
feasible trajectory, the second objective of this thesis is to model the airship
based on experimental values.

Airship models traditionally use the center of volume as the frame of ref-
erence. To simplify calculations for the optimal control solver, the airship
model has been redeveloped around the center of gravity. Novel techniques
have been used to characterize the physical constants of the dynamics model
of the airship, such as using the tracking system to track the response to an
input, or recording the sound of the motor. The mass and drag model was
characterized experimentally. Finally, to the authors knowledge, this is the
first study of pseudo-spectral optimal control applied to airships.

3



1.4 Thesis layout

The thesis will be divided into four parts. First, a review of existing methods
of path planning will be presented, followed by a review of airship model-
ing techniques and the psendo-spectral optimal control methods. Second, the
airship will be modeled using Newton’s equations and characterized experi-
mentally. Third, the optimal path will be generated for some test situations
and finally, the performance of the airship in these situations will be evaluated
experimentally.

1.5 Literature review

1.5.1 Methods of path planning

Path planning is a method to find a suitable path, while reducing a cost
function. Goerzen et al. conducted an extensive review of path planning for
UAV guidance[8]. In the case of a UAVs, the cost function is typically time,
energy, safety of the path, coverage, or a combination of the previous factors.

A general path for a 2D problem is seen in figure 1.1. In this problem, the
state vector x can be any state, such as position, orientation, motor velocity,
etc. In the case that the initial and final points are known, only the integral
portion of the Eq. 1.1 is kept for the optimization. For UAVs, the search space
is typically restricted by the terrain, the maximum altitude reachable by the
vehicle, exclusion zones due to airspace restrictions and air traffic, as well as
a security buffer.

In general, path planning for UAVs can be separated into two categories:
methods that respect differential constraints, and methods that do not. Dif-
ferential constraints arise from the dynamical model, the maximum speed and
the acceleration. Mathematically, adding differential constraints is equiva-
lent to adding constraints on the derivative of the state vector. The methods
not using differential constraints are typically faster and more suited for large
scale problem, but can lead to unfeasible paths. Using differential constraints
is computationally expensive and requires an accurate dynamical model, but
has the advantage of generating optimized and precise trajectories. This work
will focus on numerical solutions including differential constraints.

A commonly used approach is to discretize the problem into a grid, as seen
in Fig. 1.2. The airship travels on the edges between the points. The search
space is then transformed from a continuous search space to a discrete space.
Each edge can be assigned a weight, evaluated from the cost function, and a
network search algorithm can be used.

Once a problem is discretized, a multitude of search algorithms and tech-
niques can be used, such as a Markov decision process, A*, D*, or a rapidly
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xi

xe

x1

x2

Figure 1.2: Discretized path in a 2D problem

exploring random tree[9]. A good overview of different discretized (grid based)
algorithms is provided by [10]. They are part of classic path planning meth-
ods, but they have been extended to cover partially known or dynamic en-
vironments. In discrete, grid-based algorithms, a path planner is complete if
it will always find a solution given a finite amount of time in a finite search
space, and it is optimal if it always finds the path with the lowest cost per
edge. Consequently, an optimal path planner is always complete. Mathemat-
ically, the search grid is represented as a graph. The grid is typically square,
but other forms have been explored [11]. The grid points can also be moved
after the search, a process called relaxation [12]. Limitations can be added
on the search to respect constraints on the model. For example, Reckoskie
[13] limits the search from a node to the nodes the vehicle can reach, given its
turning radius. After, the discretized path is found, trajectory smoothing is
often applied to the path using a polynomial function [14], a NURBS, or arcs
of circles. The smoothed trajectory can be constrained to respect the turning
radius of the vehicle.

The complete and optimal definition has two more weaker forms: resolu-
tion complete and probabilistically complete. A path planner can be resolution
complete/optimal for the discretized space, rather than the physical space,
often a subset of <. Moreover, a path planner that is probabilistically com-
plete/optimal will find the solution given an infinite amount of time. Those
path planners often use a random element to converge. Many path planners
assume a static environment instead of a time varying environment. In the
case of an airship, the environment varies due to the changing wind conditions
during flight or other flying vehicles. Air safety is a very important concern
for the cohabitation of UAVs and civil aircraft, so a path planner should take
those variables into account.

In the last two decades, path planners have increasingly incorporated dy-
namical constraints [8], wind disturbances [13], and risk factor[15]. When the
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dynamical model is well known, optimal control solvers are well suited for
those operations. Those solvers have been extensively used for planning the
motion of airplanes [16] and rockets [17]. Path planners using optimal control
generate a locally optimal path respecting the differential constraints of the
vehicle. The origin of optimal control comes from the calculus of variation,
which deals with the optimization of functionals. A functional is analogous to
a function for functions. One of the first calculus of variation problems was the
brachistochrone problem, which was solved by Bernoulli in 1697 [18]. Given a
point mass, affected only by gravity, find the path that minimizes the time to
travel between two points in space. The optimal path is a cycloid, shown in
Fig. 1.3.

LineCircleCycloid

Start point

End point

Gravity

Figure 1.3: Possible solutions to the brachistochrone problem.

For example, [19] demonstrated the use of direct collocation to generate
a path for a small airplane with a fixed camera pointed toward the ground.
Direct collocation, which solves the optimal control problem by approximating
the solution with polynomials and minimizing the differential errors, will be
presented in Section 2.4. In direct collocation using a psendo-spectral method,
the solution is approximated with polynomial functions, which are evaluated
to check if they respect the dynamical constraints of the problem. In the case
of [19], the parameter being optimized is the time that the camera is pointed at
the payload. Since an aircraft cannot stay in place, there will be time that the
camera will not be pointed at the target, such as when the vehicle is banking
to turn around. In another example, the performance index being minimized
is the accumulated heat in an Apollo capsule during descent [20]. The optimal
control solver allows for a solution for varied conditions of wind and target
ground speed, while respecting the physical constraints of the flying vehicle.
The advantage of the direct approach is that it has good convergence and it
has been applied to difficult problems.

1.5.2 Uses of optimal trajectories for flying vehicles

Historically, the formulation of the trajectory problem as a calculus of variation
problem has been used for rockets and high altitude aircraft. Calculus of
variation was used in 1962 at the height of the cold war to calculate the
fastest ascent to high altitude of aircraft [21]. Optimal control then allowed
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the calculation of optimal ascent trajectories for rockets. Each rocket has
a unique optimal path that depends on its thrust to weight ratio, specific
impulse, quantity of fuel, staging and mass. This problem, named the Goddard
ascent problem, was described and analyzed by Robert H. Goddard in 1919
[22]. Rockets are ideal dynamical systems for trajectory generation with an
optimal control solver, as they are well characterized, and are operating in a
well known environment. Approximate analytical solutions for the case of an
airship modeled as a point mass have also been calculated and found to be
consistent with numerical solutions using collocation approach [23].

More recently, optimal control solvers have been used for fixed wings and
airships. The ability of optimal control solvers to take into account wind
velocity has been demonstrated before. For instance, [24] used a collocation
technique on a fixed wing UAV to increase the energy of the vehicle using
wind gradients, in a similar way that albatrosses are flying for hours along the
coast. Optimal control solvers can also optimize the path of multiple planes
for safety, while minimizing the flight time before the landing procedure at
airports [25]. The fact that multiple aircraft are taken into account in the
problem is reflected in the state equations and in the search space of the
state of each aircraft. Adding new aircraft to the problem involves adding
more states to the problem description and dynamical restrictions on those
states. The possible position of each aircraft is limited by the position of the
other aircraft: each plane has an exclusion zone around it. The exclusion
zone around each plane is dynamic. To improve convergence of the optimal
control solver, a rapidly exploring random tree can be use to first generate
a rough possible path [25]. The path generated is used as a guess for the
optimal control solver. Other ways of searching the solution space have been
explored. Genetic algorithms have also been used to plan airship trajectory.
For instance, clonal selection has been successfully applied to optimize the
trajectory of a high altitude airship [26].

Optimal control for the trajectory optimization of large airship over long
distances (multiple kilometers) has been demonstrated by [27]. Their airship
model included wind tunnel data and CFD simulations of estimating the added
mass from the mass of air displaced by the vehicle. The simulation used a wind
model. The authors concluded that their optimization technique using optimal
control resulted in a very realistic flight trajectory due to the precise airship
model, the flight restriction, and the environment model used.

Optimal trajectories generally require a precise dynamical model. A sta-
tistical analysis of the error under varying parameters can be used to quantify
how precise a model has to be and if the computed results are valid [24]. This
kind of analysis is done by varying randomly important input parameters and
analyzing the output.

This thesis will apply a technique that has seldom been used for airship
path planning. Its other contribution to the research on small airships is the
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use of an experimental model to verify the solver used as well as the accuracy
of the modeling.
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Chapter 2

Modeling and theory

2.1 Modeling of the airship

2.1.1 Modeling of airships in the literature

Airships are typically modeled using Newton’s equations in a local frame of
coordinates, with the axes fixed to the body. The center of reference typically
chosen for modeling is the center of volume. The large mass of air displaced
by the airship relative to the mass of the airship itself will create a virtual
mass and inertia [28]. The model represented here is from [28], but similar to
[27, 26, 29, 30].

ψ

φ
θ

xi

yi

zi

xb

yb

zb

1st rotation

2nd rotation
3rd rotation

Rotations are along the plane of the discs

Figure 2.1: Angle convention

In most of the papers reviewed, two frames of reference are used: the
inertial frame of reference and the body frame of reference, as shown in Fig.
2.1. Most path planners are using Euler angles for describing the airship
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orientation, while studies on airship controllers are using both Euler angles
and quaternions. The dynamical equations are expressed using two equations.
The first one is the sum of forces and torques in the body frame, seen in Eq.
2.1, and the second one relates the velocity in the body frame and the velocity
in the inertial frame, as seen in Eq. 2.2. Due to the modeling in the body
frame, inertial forces appear in the model.

Mdµ̇+ C(µ)µ+ Ta(µa) + g(η) = Tp (2.1)

η̇ = Sb→i(η)µ (2.2)

In the previous equations, the vector µ is the velocity and rotational velocity
expressed in the body frame and µa is the velocity of the wind in the body
frame. The term η is the orientation of the ship. Md is a 6×6 matrix containing
the mass, the inertia of the vehicle, the terms appearing from choosing a frame
of reference different from the center of mass, and the added mass from the
displaced fluid. The term C represents the centrifugal torque from the Coriolis
force, Ta is the torque from the aerodynamic force and torque, and g is the
sum the buoyancy and the gravity forces and torques. The last force is Tp
is the sum of thrusters force. The matrix S converts the angular velocity in
the body frame (p, w, r) to the derivative of the Euler angles in the inertial
frame(φ̇, θ̇, ψ̇).

The rotational damping terms are often ignored for large vehicles for lin-
earizion as, at high speeds, the aerodynamic forces from the control surface
become relatively large. In the case of small airships, such as the one studied in
this thesis, the damping from fluid forces cannot be neglected. The modeling
of the airship presented in the following section will be derived from Newton’s
equations and is consistent with the models available in the literature.

2.1.2 Modeling of a small airship

The airship is modeled as a six degrees of freedom mass in a viscous fluid, with
viscous damping in rotation and drag in its linear movements. The airship is
typically used by hobbyists and is commercially available. The balloon is an
oblate spheroid with a major radius of 50cm and a minor radius of 30 cm. It
is inflated using helium. The assembled airship is shown in Fig. (3.3).

The nacelle assembled on a single PCB, and it is comprised of three small
motors, a receiver, the motor controllers, a small battery, and a small micro
controller for the logic. The airship is sold under the name Microblimp by
the company Plantraco. The modification of the transmitter is described in
the experimental section. An enlarged view of the single printed circuit board
(PCB) gondola is shown in Fig. 2.3. Two lateral thrusters are aligned in the
longitudinal axis. During testing, it was found that the vertical axis dynamics
was almost completely decoupled from the horizontal axes dynamics. Thus,
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Figure 2.2: Airship during a minimum time linear displacement test.

the experiments were performed on a 2D planes. The vertical thruster was
removed to prevent interference and reduce weight. The battery powering the
vehicle is a single 90 mAh lithium-polymer cell delivering 4.1V at full charge.
Each motor provides around 0.01 N of force. A model of the airship is shown
in Fig. 2.4.

The following assumptions are used:

1. Rigid body with six degrees.

2. Lift negligible.

3. The Reynolds number is sufficiently high to apply the drag equation, i.e.
drag is proportional to the square of the relative wind velocity.

4. Constant center of gravity.

The dimensions of the airship are shown in Fig. 2.1. The forces are modeled
around the center of gravity (CG) and the buoyancy force is applied at the
center of volume (CV). The CV is calculated using Solidworks.

2.2 Kinematic equations

The optimal solver is not restricted to a specific representation of angle or po-
sition. Quaternions have the advantage of not having a singularity. However,
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Figure 2.3: Close-up of the nacelle

CV

CG

Left Thruster

Right Thruster

Vertical Thruster

Lenght = Width

dCV

−dT,y

dT,y

x
y

z

d
T
,z

Figure 2.4: Airship dimensions
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Table 2.1: Important dimensions of the airship

Variable Description Value (cm)

dCV Distance between CG and CV 5
dTy y distance between CG and horizontal thruster 6
dTz z distance between CG and horizontal thruster 5
- Balloon length 50
- Balloon height 30

due to the dynamical constraints on the airship, it is unlikely to be pointing di-
rectly up. Quaternions are in 4 dimensions, which would increase the number
states used to describe the problem. Therefore Euler angles were used. Two
reference frames are used: the body frame of reference, fixed to the airship
and denoted with the superscript b, and an inertial frame of reference, fixed
to the ground and denoted by the superscript i. The orientation of the vehicle
is represented with three angles: φ, θ and ψ, which represent rotation in roll,
pitch, and yaw. Fig. 2.1 shows the angle convention used and the frame of
reference.

We define the following rotation matrices, where the subscripts x, y and z
represent the axes along which the rotation is performed:

Rx =

1 0 0
0 cosφ − sinφ
0 sinφ cosφ

 , Ry =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , Rz =

cosψ − sinψ 0
sinψ cosψ 0

0 0 1


(2.3)

To transform a vector vb in the inertial frame to a vector vi in the inertial
frame, we apply the following transformation:

RzRyRxv
b = S(η)b→ivb = vi (2.4)

The matrix S(η)b→i is defined in the following equation, where the function
sin is represented by ’s’ and the function cos is represented by ’c’.

c(ψ)c(θ) −s(ψ)c(φ) + c(ψ)s(θ)s(φ) s(ψ)s(φ) + c(ψ)s(θ)c(φ)

s(ψ)c(θ) c(ψ)c(φ) + s(ψ)s(θ)s(φ) −c(ψ)s(φ) + s(ψ)s(θ)c(φ)

−s(θ) c(θ)s(φ) c(θ)c(φ)

 vb = vi

(2.5)
The opposite transformation is done with a transpose of Si→b such that:

(S(η)b→i)Tvi = S(η)i→bvi = vb (2.6)
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2.3 Kinetic equations

The airship is modeled as a solid mass of mass m and of inertia J , and dy-
namical equations for the acceleration will be written in the body reference
frame. The forces acting on the vehicle are the gravity force Fg, the buoyancy
force Fb, the thrust force Tf , and the aerodynamic forces Fa. The moments
acting on the vehicle are the moments due to the inertia J , the drag Cr, and
the thrust forces. The angular velocities p, q, and, r are the angular velocities
along the x, y and z axes, respectively.

The velocity change in the body reference frame is:V̇ b
x

V̇ b
y

V̇ b
z

 = F b/m−

pq
r

T ·
V b

x

V b
y

V b
z

 (2.7)

The right-most term of the previous equation is due to the modeling in the
body frame. The position change in the inertial frame is:ẋi

x

ẋi
y

ẋi
z

 = RzRyRxV
b (2.8)

where V b is [V b
x , V

b
y , V

b
z ]T . The angular acceleration in the body frame is:ṗq̇

ṙ

 = ω̇ = J−1(M b − ω × Jω) (2.9)

In the previous equation, J is inertia matrix including the virtual mass. Since
the frame of reference for the angular acceleration is in the body frame and
the description of the angular positions is in the inertial frame, it is necessary
to transform the angles from one frame to another. This transformation will
be done using the matrix W . The airship angular rate of change in the body
frame is found by rotating each vector of the Euler angular rate of change in
the body frame.pq
r

 =

φ̇0
0

+

1 0 0
0 cosφ sinφ
0 sin−φ cosφ

0

θ̇
0

+

1 0 0
0 cosφ sinφ
0 sin−φ cosφ

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

0
0

ψ̇


(2.10)

pq
r

 = W−1

φ̇θ̇
ψ̇

 (2.11)

It is possible to calculate W by inverting the matrix (W−1). Thus, the
equation that defines the rate of change of the orientation of the vehicle is:
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φ̇θ̇
ψ̇

 = W

pq
r

 , W =

1 sinφ tan θ cosφ tan θ
0 cosφ − sinφ

0 sinφ
cos θ

cosφ
cos θ

 (2.12)

In summary, the state space equations are Eq. (2.7), Eq. (2.8), Eq. (2.9)
and Eq. (2.12).

For the simulation, another state vector, Ω, will be added to represent the
propeller velocity, since the propeller has inertia and does not react instantly.
The dynamic equations governing those state will be described in Section 2.3.2.

To complete the dynamic model, the input forces in the body frame, F b,
and the input moments in the body frame, M b, have to be added. The input
forces are calculated around the CG.

The input forces are due to the buoyancy force B, the gravity g, the aero-
dynamic drag and lift force D, as well as the thrust from the propellers T .
The buoyancy force and the gravity force, which always stay vertical, have to
be transformed to the body frame by the matrix Si→b.

F b = Si→bBi + Si→bgi +Db + T b (2.13)

For the experiments, the vehicle operates in a neutrally buoyant plane due
to small weights added to the airship. Therefore, the buoyancy force is equal
and opposite to the gravity force and can be neglected.

The thrust vector T is the sum of the thrust from the three thrusters on
board (i.e., T1, T2, and T3).

T = T1 + T2 + T3 (2.14)

Where,

T1 =

T̄10
0

 , T2 =

T̄20
0

 , T3 =

 0
0
T̄3

 , (2.15)

In the previous equation, the magnitude if the thrust is represented with
a bar over the variable. Note that there is no term in the y direction, which
means that the vehicle cannot accelerate laterally on its own. The forces in
Eq. (2.13) can also produce a torque on the airship. This torque is modeled
by Eq. (2.16).

M b = dCV S
i→bBi + dDD

b +M b
T (2.16)
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where dCV is the distance between the center of gravity and the center of
volume, and dD is the distance between the center of gravity and the center of
drag. The term dCV S

i→bBi is due to the the torque from the buoyancy force.
Since the buoyancy force is applied at a certain distance from the CG, a torque
is generated using the matrix Si→bBi. The orientation of Bi also has to be
transformed in the body frame. The center of drag is at the position described
by dD. Thus, the drag causes a torque dDD

b on the airship. For this model,
the CV and the center of drag will be assumed to be the same. The variable
M b

T is the sum of moments caused by the thrust forces from the thrusters. The
torque of each thruster is the cross product of the distance from the center of
gravity to the thruster and the force applied by the thruster.

2.3.1 Drag Model

The drag D is modeled mathematically in Eq. (2.13). Its magnitude is a
function of the square of the magnitude of the incoming airflow velocity Vr,
and is parallel to the incoming airflow Vr in the body frame. Consequently,
the drag expressed in the body frame is approximated by:

Db = Cl(φ, θ, ψ, Vw)V b
r |V b

r | (2.17)

The drag coefficient Cl(φ, θ, ψ, Vw) is a function of the angle of attack of
the airship and the incoming inertial wind velocity Vw, and Vr is the relative
wind velocity from the body frame of reference. The variable Vv is the vehicle
velocity. Fig. 2.5 shows graphically the relationship between the velocities.
The figure is true in the inertial frame and in the body frame. The relative
wind velocity in the body frame is calculated in Eq. (2.18).

V b
r = V b

v − Si→bV i
w (2.18)

Vv −Vw

Vr

Figure 2.5: Relative velocities of the airship

As explained in the introduction, the drag coefficient is usually measured
in wind tunnels or approximated using fluid theory. Due to cost and time
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constraints, wind tunnel measurements could not be performed on the airship
model. Instead, the response to a known input was measured using the vision
tracking system. This response was fitted to the theoretical curve to find the
coefficients.

The drag coefficient was found experimentally by capturing the airship’s
position in free fall. The vehicle was weighted with a known weight, which
allowed to precisely calculate the force applied on the airship. The fall was
recorded using the optical positioning system explained in the experimental
section. By varying the position of the weight, it is possible to control the
orientation of the vehicle during the fall and find the drag coefficient at multiple
angles. The equation governing the drop experiment is the following:

ma = Fg −D (2.19)

where m is the mass of the vehicle, including the virtual mass from the air,
Fg is the gravity force, Fd is the drag force, and a is the acceleration vector.
Each drag experiment experiment is performed in one dimension, so only the
magnitude of the vector is considered. The drag force is:

|Fd| = Cl|Vr|2 (2.20)

The solution to Eq. (2.19) and Eq. (2.20) equation is:

x(t) =

m log

(
cosh

√
Cl

√
Fg(c1m+t)

m

)
Cl

+ c2 (2.21)

The equation was fitted to the experimental results of the drop tests. The drop
tests were performed by launching the airship vertically. From the moment
the vehicle is released, its movement is described by equation 2.21. There are
four unknowns in this equation: c1, c2, m and C. The value of c1 and c2 are
not important here, since they depend on the time the experiment was started
and the absolute value of the height measured. The value of C however is the
drag coefficient of the orientation measured, and me is the mass of the airship
added plus the mass of the added weight. Since the amount of air displaced is
not the same during travel along the x and z axes due to different geometry,
the experimental mass depending on the direction of acceleration. Multiple
drop tests were perform to find the drag and the mass constants shown in
Table 2.2 on page 22. An example of one of those fits can be seen in Fig.
2.6. The mass is determined experimentally from the measured curves, which
means it includes the added mass from the displaced airflow.

The characterization of the rotational damping followed the same proce-
dure as the linear damping. The dynamic equation has the same form, but
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Figure 2.6: Characterization of a drop test

the velocity is replaced by the angular velocity ω:

Ma = Crω
2 (2.22)

In the previous equation, Ma is the applied torque and Cr is the drag
coefficient in rotation. Instead of the gravity however, a constant torque Ma

was applied using the thrusters of the ship. The resulting data was then fitted
in Matlab to find the experimental inertia and the experimental drag. The
solution for the z axis is then:

ψ(t) =
Jz log

(
cosh

√
Cr
√
Ma(d1Jz+t)
Jz

)
Cr

+ d2 (2.23)

The solution for the x and y axes is the same, but the constants have
different values due to the different geometry. The torque Ma is applied by
the two thrusters. The thrusters are speed up to 100% and the airship is
released. The pose of the airship is then recorded, and the unknown constants
Cr, Jz, d1, and d2 are computed using a fit on the experimental data.

2.3.2 Thrust model

The thrust is assumed to be proportional to the square of the propeller rota-
tional speed. Experimental tests on the gondola model showed that a model
for the thrust was needed, since the motor required about one second to reach
full thrust. This delay is not negligible when compared to the thrust time of
the simulated maneuverer.
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The thrust model is based on one similar to [31]. The variable Jp is the
inertia of the motor, Ω is the angular velocity, dp is a damping constant due to
the drag of the air, and Cp is a constant that relates the square of the angular
velocity of the propeller and the thrust.

dpΩ
2

T = CpΩ
2

τ

J

Figure 2.7: Thrust model of the airship

The governing equations are

JpΩ̇ = τ −DpΩ
2 (2.24)

T = CpΩ
2 (2.25)

The torque τ is assumed to be controlled directly by the input sent to the
airship. This torque is caused by the application of a DC voltage on the
motor.

The motors are very small, therefore measuring their velocity directly is
difficult. Since the frequency of the sound of the motor is proportional to the
rotational speed, the normalized velocity profile for speeding up and down the
motor was acquired using a sound recorder. The sound files generated were
then analyzed using the software Audacity to sample the frequency change
over time. An example of such a sample is shown in Fig. 2.8.

The frequency power spectrum of the previous signal is shown in Fig. 2.9.
The peak frequency is 419 Hz.

Multiple short samples of the sound of the motor accelerating and de-
celerating were analyzed using frequency spectrum plot. For each sample,
the frequency with the highest amplitude was recorded. This dominant fre-
quency was plotted as a function of time. Since this dominant frequency is
proportional to the motor speed, it was fitted with theoretical results of the
differential equations as seen in Fig. 2.10 to obtain the normalized constants
Dp. The drag constant Dp is normalized by setting the inertia Jp to 1.

The normalization can be done since only the propeller velocity normalized
with respect to the maximum propeller velocity is needed to model the airship,
as we are looking to establish the relationship between the input and the motor
thrust. The absolute propeller velocity will not affect the result, as the thrust
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Figure 2.8: Sample of the analyzed spectrum of the sound emitted by the
motor.

Figure 2.9: Frequency spectrum of a sample of the motor sound at full power.
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(b) Response to a reversed step input

Figure 2.10: Normalized response of a thruster during simulated and experi-
mental test

is proportional to the square of the propeller velocity using the constant Cp,
and this constant is computed experimentally.

In practice, the damping constant Dp was computed first. The sound of
the motor responding to an inverse step input of full throttle to zero throttle
was recorded. Since no torque is applied during deceleration, τ = 0. Using a
normalized rotational inertia of Jp = 1, the differential equation representing
this situation is the following:

JpΩ̇ = −DpΩ
2 (2.26)

The solution to Eq. 2.26 is:

Ω(t) =
1

Dpt+ c1
(2.27)

The solution to Eq. (2.24) is:

Ω(t) =

√
τ tanh(

√
τ
√
Dpc1 +

√
τ
√
Dpt)√

Dp

(2.28)

The value of Dp is found by fitting this function in Eq. (2.28) to the exper-
imental data. The value of the unknown parameters were also found with
non-linear fit to the experimental data. The results for a normalized step in-
put and a normalized output are dp = τ = 2.1 with a 95% confidence interval
range of [1.5, 2.6].

The precision of the model decreases at low speed, but the low speed regime
is less important for small motors, since the thrust produced at these speeds
is very small (the thrust is proportional to the square of the angular velocity).

Finally, all the parameters used for modeling, and for which the derivation
was demonstrated in this section, are shown in Fig. 2.2.
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Table 2.2: Experimental value characterizing the airship

Variable Description Value unit 95 % conf.

T̄1 Maximum thrust of a
thruster

0.010 N

Cx Horizontal linear drag coeffi-
cient

0.046 ±0.04

Cz Vertical linear drag coeffi-
cient

0.13 ±0.04

mex Experimental total mass of
the vehicle in x

0.077 kg ±0.010

mez Experimental total mass of
the vehicle in z

0.117 kg ±0.020

mb Mass of the gondola, battery,
and balloon

0.0357 kg ±0.005

mg Theoretical mass of the gas 0.0258 kg ±0.001
mb +mg Mass of the vehicle without

virtual mass
0.0565 kg ±0.005

mex

mb+mg
Horizontal virtual mass ratio 1.4 ±0.2

mez

mb+mg
Vertical virtual mass ratio 2.1 ±0.4

Iez Experimental inertia around
the z axis

2.7 ∗ 10−3 kg · m2 ±0.2 ∗ 10−3

Iex Experimental inertia around
the x and y axes

6.0 ∗ 10−3 kg · m2 ± ∗ 10−3

Crz Rotational drag coefficient
around the z axis

2.7 ∗ 10−4 ±0.7 ∗ 10−4

Crx Rotational drag coefficient
around the x axis

9.7 ∗ 10−4 ±2 ∗ 10−4

dp Damping constant of the mo-
tor and propeller

2.1 ±0.6
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2.4 Simulation method

The problem of finding a path for aerial vehicles is equivalent to minimizing a
cost function with constraints. The cost function is generally composed of an
integral over the path, and a cost associated with the start and end position.
As described in the introduction, many methods have been used to minimize
the cost function. The method presented here is a pseudo-spectral method,
which takes into account the differential constraints of the problem and finds
a local minimum solution.

2.4.1 Description of the general optimal control prob-
lem

Optimal control for trajectory optimization has historically been used in aerospace
to solve the ascent problem of rockets. Since analytical solutions are only possi-
ble in very simple and specific cases, numerical solutions are used. Mathemat-
ically, the general optimal control problem is defined as follows, and presented
using the same notation as the one adopted by the PSOPT. Given the state
trajectories x(t), t ⊂ [t0, tf ], and times to and tf , find the optimal control
trajectory u(t), t ⊂ [t0, tf ] to minimize the following performance index:

G = Φ(x(t0), x(tf ), t0, tf ) +

∫ tf

to

L(x(t), u(t), t)dt (2.29)

where the function Φ is the cost associated to the initial and final starting
points and time, L is the cost associated to an infinitesimal section of the
path, and G is the cost function. The state vectors x(t) and the control vector
u(t) have the following form:

x(t) =

x1(t)x2(t)
. . .

 =



xi(t)
yi(t)
zi(t)
vbx(t)
vby(t)
vbz(t)
p(t)
q(t)
r(t)
φ
θ
ψ
Ω1

Ω2

Ω3



u(t) =

u1(t)u2(t)
. . .

 =

τ1τ2
τ3

 (2.30)
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The Ω components are related to the motor command. The components of
the control vector u(t) are the controls sent to the three motors. The states x(t)
of the airship studied are position, velocity, and motor speed. If the airship
had ballasts, the volume of those ballast could also be a state. The states
have dynamic constraints due to Newton’s equations. That means that the
derivatives of the vehicle’s states are functions of the vehicle’s states, control
inputs, parameters p, and time, as expressed in the following equation:

ẋ(t) = f(x(t), u(t), t), t ⊂ [to, tf ] (2.31)

A simple example of the previous equation is that the derivative of the
position in the inertial frame is equal to the velocity in the inertial frame. The
solver will have to respect that constraint.

Typically, there are maximum and minimum values associated to the con-
trol inputs, the states, the parameters, the start time and the end time. Those
constraints will be called bound constraints and are given by Eqs. 2.32 to 2.36
for the present airship.

Control: uL ≤ u(t) ≤ uU , t ⊂ [to, tf ] (2.32)

States: xL ≤ x(t) ≤ xU , t ⊂ [to, tf ] (2.33)

Start time: t0L ≤ t0 ≤ t0U (2.34)

End time: tfL ≤ tf ≤ tfU (2.35)

Total time: tf − t0 ≥ 0 (2.36)

The subscript U is for the upper limit and the subscript L is for the lower
limit. Additionally, it is possible to specify a path constraint h function of the
states, the controls and the parameters as shown in Eq. (2.37).

hL ≤ h(x(t), u(t), t) ≤ hU , t ⊂ [to, tf ] (2.37)

In the case of an airship, a path constraint may be a limit on the sum of
the electrical current input of all motors, due to the maximum current draw
of the battery. It could also be a restriction on the position of the vehicle.

Moreover, the initial and final values of the problem may be specified. For
instance, the vehicle may have to start in a certain configuration, and the
starting and ending values may be specified. Such condition are called events
and are represented by the letter e.

eL ≤ e(x(to), u(to), x(tf ), u(tf ), to, tf ) ≤ eU , t ⊂ [to, tf ] (2.38)

In the problem studied, the events are the upper and lower initial and final
states. The upper and lower event can be the same, or different. For example,

24



in the experimental section, the set of initial upper event was the same as
the set of initial lower event. However, the final pitch of the vehicle was not
restricted, so the upper and lower events associated with the pitch were the
maximum and minimum possible pitch expected for the vehicle.

2.4.2 Multiple phase problems

The problem can be described in multiple phases, which is useful when discon-
tinuities appear in the problem or when the equations governing the system
change. The phase will then be described by the superscript j, with j = 1...Np,
where Np is the number of phases.

The different phases are related by the phase linkage. For instance, a
spacecraft going from low circular orbit (Fig. 2.11a) to a higher circular orbit
will require two phases of powered flight. The first phase (Fig. 2.11b) will
raise the orbit to an ellipse and the second phase (Fig. 2.11d) will circularize
it. The linkage in this case is the cruising phase between the two parts of the
flight (Fig. 2.11c). Using Kepler’s equations, the starting conditions of phase
2 are related to the final condition of phase 1.

Earth

Initial orbit

Ship

(a) Initial orbit

Earth

(b) Phase 1

Earth

(c) Cruise phase

Earth

Final orbit

(d) Phase 2

Figure 2.11: Multi-phase example in an orbital change problem

Another common example of multiple phase uses is the Goddard rocket
maximum ascent problem, as seen in [32] and [33]. Use of multiple phase
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problems for airships can be useful when the dynamical equations representing
the system change suddenly (eg. dropping cargo), or to help convergence. For
this thesis, the problem is implemented in the software as a multiple phase
problem, but convergence was better when solving with a single phase.

2.4.3 Description of the solver used and its methods

Pseudo-spectral solution solvers were initially investigated for solutions to
PDEs in fluid dynamics. For example, solutions to the well known 1D burger
equation, as well as the 3D Euler equations, were obtained using those solvers
[34].

This section will describe how the optimal control problem is transformed
into a non-linear optimization problem. This process is well described in [32]
and will be summarized in the present section, with added examples. Under-
standing the solver is important to analyse the solution, and to understand
which problem are well suited for optimal control. The objective is to mini-
mize the performance index G. The search space is the space of functions that
respect the differential constraints on the problems and the functions that are
control inputs. The first part of this section will describe how to approximate
smooth functions using a weighted sum of Legendre polynomials. The sec-
ond part will show how this approximation allows for very fast and accurate
differentiation. The third part will demonstrate how to evaluate quickly if a
function respects the differential constraints (state equations) of the problem
using parts one and two. The last part will combine the previous parts to ex-
press an optimal control problem as a non-linear optimization problem, which
minimizes the performance index G, while respecting certain constraints, such
as differential constraints on ẋ(t), the time constraints tU and tL, and the
maximum and minimum state of x(t), and control inputs u(t).

The states and the control inputs of the system, which are functions of
time, will be represented by polynomials. The problem will be discretized in
N points Πk, and the value of the states and controls will be interpolated
between those points using Legendre polynomial a P (Π). Let’s define the
auxiliary function f such that f(Πk) = P (Πk). Thus, the Lagrange polynomial
is:

P (Π) =
N∑
k=0

f(Πk)
N∏

i=0,i 6=k

Π− Πi

Πk − Πi

(2.39)

26



For example, the function sin Π discretized at point 0,1,2 and 3 is:

sin Π ≈ sin 0

(
Π− 1

0− 1

)(
Π− 2

0− 2

)(
Π− 3

0− 3

)
+ sin 1

(
Π− 0

1− 0

)(
Π− 2

1− 2

)(
Π− 3

1− 3

)
+

(2.40)

sin 2

(
Π− 0

2− 0

)(
Π− 1

2− 2

)(
Π− 3

2− 3

)
+ sin 3

(
Π− 0

3− 0

)(
Π− 1

3− 2

)(
Π− 2

3− 3

)
+

(2.41)

An example of the resulting function can be seen in figure 2.12.
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Figure 2.12: The function sin Π, approximation with Lagrange polynomial and
linear interpolation

A special case of Lagrange polynomials, the Legendre polynomials, will be
used to represent states of the system. Legendre polynomials are orthogonal to
each other and they are the solutions to the Sturm-Liouxville problem, which
is a differential equation problem. They are defined explicitly as:

Pn(x) = 2n ·
n∑
k=0

xk
(
n

k

)(
n+k−1

2

n

)
(2.42)

The first four polynomials are shown below and plotted in Fig. 2.13.
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Figure 2.13: The first four Legendre polynomials

P0(x) = 1 (2.43)

P1(x) = x (2.44)

P2(x) =
1

2
(3x2 − 1) (2.45)

P3(x) =
1

2
(5x3 − 3x) (2.46)

The Legendre polynomials are orthogonal to each other, which means:∫ 1

−1
Pn ∗ Pm = 0, n 6= m (2.47)

The orthogonality has important applications with respect to the numerical
stability and to approximate accurately the functions via spectral decompo-
sition. The Legendre polynomials have the property of being very fast to
integrate from [−1, 1] using the Legendre-Gauss quadrature which states:

∫ 1

−1
f(Π) ≈

N∑
i=1

wif(Πi) (2.48)
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In summary, the integral of a function can be approximated by a weighted
sum of this function evaluated at the nodes Πi, which are the roots of the
Legendre polynomial. The weights wi are calculated only once using the Gauss-
Legendre quadrature, which makes the integral very fast to perform. Note that
for the rest of the problem, the functions of time t will be mapped to Π, where
the start time t0 and the end time tf will become -1 and 1, respectively. The
transformation used is the following:

Π← 2

tf − t0
t− tf + t0

tf − t0
(2.49)

Any node Π could be chosen to represent the discretized function. How-
ever, for numerical stability reasons explained in [32], the Legendre-Gauss-
Labatto(LGL) nodes will be used. The LGL nodes are more precise than
equidistant nodes. In general, the coefficient of the spectral decomposition
of a function f(Π) over a certain interval is performed by integrating f(Π)
multiplied by the spectral functions. It is also possible to differentiate quickly
the function approximated by a Legendre polynomial using a differentiation
matrix as shown in Eq. 2.50 [32].

ḟ(Πk) ≈ ṅN(ΠK) =
N∑
i=0

Dkif(Πi) (2.50)

Consequently, the function to being optimized can be rewritten as

G = φ(x(−1), x(1), , t0, tf ) +
tf − t0

2

∫ 1

−1
L(x(Π), u(Π),Πdt (2.51)

≈ φ(xN(−1), xN(1), t0, tf ) +
tf − t0

2

N∑
k=0

[
L(xN(Πk), u

N(Πk), p,Πk

]
ωkdt

(2.52)

In the previous equation, xN and uN are the states and the control inputs
approximating the exact solution with Legendre polynomials of order N . For
smooth functions, the integral can be approximated with very few points accu-
rately. In the case of an airship, the function G will typically be the time, the
power required, or a combination of both, such as in [13]. For the experiment
presented in this thesis, the performance index is the final time tf .

The solver will minimize the function G, while respecting the differential
constraints imposed on xN , ẋN and uN .

The vector representing the problem is y:

y =


vec(UN)
vec(XN)

t0
tf

 (2.53)
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The function ’vec’ takes column vectors and concatenates them vertically
in a larger column vector. At the same time, the solver has to respect the
constraints H(y), such as the differential constraints, the path constraints,
and the constraints on the time tf − t0.

Finally, the problem in Eq. (2.54), Eq. (2.55) and Eq. (2.56) is solved by
the non-linear programming problem IPOPT.

min
y

G(y) (2.54)

subject to:
Hl < H(y) < Hu (2.55)

yl < y < yu (2.56)

The vector H(y) is composed of the events, the path constraints, the time
tf − t0 and the differential defects. The differential defects are the differences
between the evaluated differential constraints from the dynamic equations of
the problem and the differentiation of the state vector. For example, if a
problem sets ẋ1 = x2, the differential defect will be ẋ1 − x2.

The results of the optimization are the state vector y, which contains the
optimized control inputs and states, expressed as a combination of Lagrange
polynomial, the start time to and the end time tf . The solution is not guaran-
teed to be the absolute minimum, but it is a local minimum that respects the
constraints set on the system to the tolerance given of the solver. The process
of solving the problem is showed in Fig. 2.14 as a simplified diagram, while
the software and libraries used to solve the program are shown in Appendix
A.
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Figure 2.14: Simplified visual representation of the problem.
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Chapter 3

Experimental platform

This section will discuss the equipment used for the experiment. The computer
sends commands to the airship in open loop. The objective of the research is to
evaluate the generated path directly and the drift caused by differences in the
physical and mathematical model, as well as numerical error in the solution.
Therefore, the implementation for real applications would include a controller
or a high frequency replanning of the path to correct for drift.

3.1 Tracking software and pose estimator

Tracking of the airship is essential for the experimental tests, as it allows com-
parison of the airship’s real trajectory to the simulation results. The first
solution explored for pose tracking was using two cameras and active infrared
markers made of LEDs embedded in small empty translucent spheres. Ex-
tensive work was done to build the system and integrate it with an open
source code, Track-it-yourself, written by Andreas Pflaum, version 1.0. Unfor-
tunately, the active marker system proved too heavy to install on the airship
and the tracking was often lost. Instead, a system based on marker tracking
was used. The software used for tracking is named ARUCO, and it is the result
of the research of group ’Aplicaciones de la Visión Artificial’ at the University
of Córdoba, Spain. The tracking software tracks a 25cm by 25cm marker,
such as the one seen in figure 3.1. The camera is a Microsoft Livecam, seen in
Fig. 3.2, running in 640x480 pixel mode. Before use, the camera’s lense model
was estimated using ARUCO’s camera calibration tool. When launching the
software, the position of the marker(s) tracked by the camera is output in
real time to a text file, which is then processed by Matlab for plotting. The
camera, the marker, and the airship are shown in Fig. 3.3.
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Figure 3.1: Tracking marker used on the airship.

Figure 3.2: Camera used for tracking

Camera→

QR marker↓

Figure 3.3: Airship during a minimum time linear displacement test.
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3.2 Data Transmission

The small airship is controlled with the original transmitter from the manu-
facturer, in which a signal is injected to replace the original commands. The
control is sent by the computer, transmitted through the COM port using the
serial protocol and read by an Arduino board running an Atmega368. The
microcontroller then generates a pulse width modulation signal, with a cy-
cle time proportional to the motors’ command. The transmitter expects an
analog voltage input, so the pulse width modulation signal is smoothed using
an electrical low pass filter. Also, it was discovered that the impedance of
the filter is high, so an operational amplifier is added to the circuit to force
the input of the transmitter to follow the output of the low pass filter. The
transmitter, low pass filters, microcontroler, and OP-amps are shown in Fig.
3.4.

↑Low pass filters

Op-Amp↓

←Microcontroller

Figure 3.4: Transmitter used for the experiments.

The controller sends a pre-mixed signal to the airship. For instance, the
forward command of the transmitter activates the two forward thrusters. The
input had to be mix by the computer to be properly interpreted by the airship,
since the optimal solver is calculating the input of each motor. The whole pro-
cess, from the solving of the problem to the output to the motors, is illustrated
in Fig. 3.5.
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Figure 3.5: Experimental process, from the generation of the trajectory to the
airship.
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Chapter 4

Experimental tests and
simulations

The objective of this section is to demonstrate that the simulated paths, gen-
erated using the experimentally defined parameters, are achievable, and that
the airship behaves as predicted. Eventually, the same method for trajectory
generation and parameter identification could be used in large airships. To
achieve this, the small airship modeled in the previous section was subjected
to the control vector computed by the pseudo-spectral optimal control method.
The resulting paths are compared to the paths generated by the solver. The
experiments are divided into two class. In the first class, simple trajectories
are computed and executed experimentally. In the second class, more complex
trajectories are demonstrated in simulation only.

4.1 Problem 1

4.1.1 Problem description

The objective of the first problem is to analyze how precisely and accurately
the airship executes a linear displacement generated by the optimizer. The
simulation and the experimental results will be compared. The test verifies
the accuracy of the model, the modeling, and trajectory generator. Note that
there is no controller and the test were executed in an open loop manner only.
A real system would need a controller, as drift and disturbances accumulate
over time.

For this test, the vehicle starts immobile and has to finish immobile at a
point one meter straight ahead. The initial and final conditions are shown in
Table 4.1.

The final roll and pitch are not considered important for this test and are
therefore considered ”free”. Consequently, they can take any value. In the
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Table 4.1: Simulation parameter for the first experiment.

Time x (m) y (m) z (m) φ (rad) θ (rad) ψ (rad)

Initial 0 0 0 0 0 0
Final 1 0 0 free free 0

ẋ (m/s) ẏ (m/s) ż (m/s) p (rad/s) q (rad/s) r (rad/s)

Initial 0 0 0 0 0 0
Final 0 0 0 free free 0

code, their upper and lower limits are set to a large value, such as ±10 rad,
as it relaxes the constraints on the solver. The initial conditions were input
in the code and the problem was solved using PSOPT. The model used is the
model presented in Section 2.3.2.

4.1.2 Simulation results

Without the propeller inertia, the solution would be very close to a simple
bang-bang control, with a full forward thrust followed by a full reverse thrust
[35]. However, this inertia increases greatly the complexity of the problem. In
Fig. 4.1, the solid blue line represents the optimal path generated, while the
base of the arrows represent the point of the thrust application. The arrows
are spaced at equidistant time. The length of the arrows represent the relative
magnitude of the thrust. The interpretation of the graph is an acceleration
followed by a deceleration, after the airship traveled 0.8m.
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Figure 4.1: Simulated thrust and its position for the first problem.
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According to the optimizer, the solution is a full power forward command
followed by a full power reverse command, and, finally, a short full forward
command to stop the propellers. Fig. 4.2 shows the command and the resulting
simulated thrust sent to the individual motors. The command and the thrust
of the left and right motors are exactly equal within the simulation’s tolerance
at all times during the problem. The consequence of having equal thrust on
both sides is that the vehicle keeps its heading at all times during the problem.

It can be noted that the thrust from the propeller lags behind the command.
This is due to the propeller inertia and the damping of the air, implemented
in the model presented in the previous section. The significant lag between
the command and the thrust relative to the simulation time demonstrates
that a propeller model was needed for accurate simulation. If such model was
not included, the results would underestimate the time required to perform a
maneuver.
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Figure 4.2: Simulated command sent to the motors.

The simulated orientation is shown in Fig. 4.3. Considering the tolerance
of the modeling, the commanded yaw angle is a straight line.

4.1.3 Experimental results

The simulation command were sent to the vehicle and the trajectory was
tracked. The experiment was repeated eight times and the experimental tra-
jectories plotted alongside the simulated trajectory. Fig. 4.4 shows the position
of the vehicle at 50% and 100% of the simulation time.

The heading (yaw) of the vehicle is shown in Fig. 4.5. The yaw angular
acceleration is positive and the yaw finishes at +10deg. The experimental and
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Figure 4.3: Simulated orientation as a function of time.
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Figure 4.4: Simulated and experimental trajectories as a function of time for
the linear acceleration test.
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Figure 4.5: Experimental orientations as a function of time for the linear
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simulated speeds are shown in 4.6.
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Figure 4.6: Simulated and experimental velocities as a function of time for the
linear acceleration test.

On average, the error at 50 % time, after 1.6 seconds, is 3 % in the x
direction and 6 % in the y direction. At the end of the experiment, after 3.8
seconds, the error is 7 % in the x direction and 15 % in the y direction. A
statistical analysis of the experiment is presented in Table 4.2.
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Table 4.2: Experimental results of the linear test

50 % time 100 % time
Speed
(m/s)

x (m) y (m) Speed
(m/s)

x (m) y (m)

Simulated state 0.39 0.54 0 0 1 0
Average error -0.06 -0.03 0.06 0.07 -0.15 0.17
Standard deviation 0.05 0.04 0.02 0.04 -0.05 0.04

4.1.4 Analysis of the results

There are artifacts caused by the use of a spectral method, as seen in the
command plot at around 1.5s in Fig. 4.2. In this case, it is clear that the
optimal solution is, as know in the literature, a bang-bang control. Specifically,
the command should be in order, full forward thrust, full reverse thrust, and
full forward thrust. The first part accelerates the vehicle, the second part
decelerates it, and the last part stops the propellers as quickly as possible.

Polynomials, while very accurate for continuous solutions, will show arti-
facts when approximating discontinuous changes, such as a bang-bang control.
In this case, considering uncertainty in the model, the result is very close to
the optimal bang-bang solution. In this simulation, a single phase was used.
For a more accurate solution, three phases could be used. Since each phase
does not require continuity, the solution could be approximated with the dis-
continuities properly modeled. Using multiple phases would require manual
input and prior knowledge on the form of the solution.

The yaw acceleration was consistently positive. This was probably due to
the right motor being stronger than the left motor. Due to the non-linear
behavior of the command, it was very difficult to calibrate the motors. Conse-
quently, due to manufacturing tolerances, one motor happened to be stronger
that the other.

4.2 Problem 2

4.2.1 Problem description

The second problem demonstrates a reorientation of the airship. In this case,
the reorientation is of 180 degrees. The start and end parameters are shown
in Fig. 4.3. Once again, the final roll and pitch are considered ’free’ as their
final values have little effect on the intended maneuverer.
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Table 4.3: Simulation parameter for the rotation experiment.

Time x (m) y (m) z (m) φ (rad) θ (rad) ψ (rad)

Initial 0 0 0 0 0 0
Final 0 0 0 free free π

ẋ (m/s) ẏ (m/s) ż (m/s) p (rad/s) q (rad/s) r (rad/s)

Initial 0 0 0 0 0 0
Final 0 0 0 free free 0

4.2.2 Simulation results

The simulated thrust and position of the airship is shown in Fig. 4.7. The
graph shows that the vehicle stays immobile while the two thrusters rotate the
vehicle. Fig. 4.8 shows that the command sent to each motor is exactly the

−6 −4 −2 0 2 4 6

·10−2

−4

−2

0

2

4

·10−2

X (m)

Y
(m

)

Position
Right thruster
Left Thruster

Figure 4.7: Simulated thrust and its position for the reorientation problem.

same, but opposite. This is an expected solution due to the symmetry of the
problem.

4.2.3 Experimental results and discussion

The experiments were repeated multiples times and demonstrated excellent
repeatability between each test for the orientation of the yaw. The standard
deviation at the end of the test was 1.2 degrees for the yaw orientation, while
the error was 18 degrees. The vehicle consistently overshoots, which implies
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Figure 4.8: Simulated command sent to the motor for the reorientation prob-
lem.

that the rotational inertia or the rotational drag coefficient was overestimated.
Table 4.4 shows the error and the standard deviation at 50 % of the time of
the complete test, and at the end the test.

Table 4.4: Experimental results of the rotation test

50 % time 100 % time
Yaw (◦) x (m) y (m) Yaw (◦) x (m) y (m)

Simulated state 74 0 0 180 0 0
Average error 19 -0.05 -0.03 18 -0.08 -0.17
Standard deviation 1.2 0.05 0.04 3.7 -0.13 0.18

The position of the airship was drifts over time. Since the command sent
to each motor was the same, but inverted, the drift in position shows that
each motor has a different response to the input. Additionally, the part of the
positional error may be due to the initial velocity being slightly different from
zero, or due to air movement in the test room.

Fig. 4.10 shows the position of the airship during the tests. It shows that
the airship will generally move to the lower left of its initial position. Fig.
4.11 shows the velocity of the airship during a test. The velocity reaches a
maximum of 15 cm/s and the vehicle ends the test with a velocity of 10cm/s.
The discrepancy could be reduced with a controller, an individualized motor
model, and an accurate representation of the wind velocity around the airship.
While the wind velocity is difficult to estimate for small airships, larger airships
can use wind data and on board sensors to estimate the local air velocity.
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Figure 4.9: Experimental orientation as a function of time for the rotation
acceleration test.
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Figure 4.10: Simulated and experimental trajectories as a function of time for
the rotation acceleration test.
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Figure 4.11: Simulated and experimental velocities as a function of time for
the rotation acceleration test.
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4.3 Advanced simulations

The first two problems demonstrated simple trajectories. However, the optimal
control solver can handle much more complex problems. The limitation for
practical experiments is that the drift causes an error between the trajectory
to follow and the actual path. This drift is caused by the airflow in the test
room, imperfection in the motors, and inaccuracy in the model. Therefore,
in these problems, a controller must be used. Consequently, more complex
trajectories will be demonstrated in simulation only.

4.3.1 Problem 3

The third problem demonstrates a case where the vehicle moves and reorients
itself. The simulation parameters are shown in Fig. 4.5.

Table 4.5: Simulation parameter for the third experiment

Time x (m) y (m) z (m) φ (rad) θ (rad) ψ (rad)

Initial 0 0 0 0 0 0
Final 1.5 0.5 0 0 0 1

ẋ (m/s) ẏ (m/s) ż (m/s) p (rad/s) q (rad/s) r (rad/s)

Initial 0 0 0 0 0 0
Final 0 0 0 0 0 0

The resulting trajectory with the relative thrust orientation and magnitude
is shown in Fig. 4.12, while the command sent to the thrusters as a function
of time is shown in Fig. 4.13a.

The vehicle accelerates in a straight line in the first second of the trajectory.
As seen in Fig. 4.13b, the vehicle points outside the curve and reverses its
thrust to reorient the vehicle’s velocity vector toward the final position. The
final part of the path is in a straight line, where the airship accelerates and
decelerates to finish in the position and orientation desired. The normalized
thrust for each motor is shown in Fig. 4.13b. This kind of optimal maneuver
would be very difficult to generate with traditional linear controller. The
dynamical model has to be taken into account to minimize the time: the
optimal solver uses the inertial of the vehicle.

4.3.2 Problem 4

The fourth simulation demonstrates how lateral movements are possible with
the airship even though it is under-actuated. The airship is commanded to
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Figure 4.12: Path of the vehicle and thrust of the right (green) and left (red)
motors at different positions along the path.
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Figure 4.13: Thrust and yaw angle as a function of time for the third experi-
ment.

finish the simulation to the left of the starting point, in the same orientation,
but with a lateral speed. This kind of maneuver could be useful for storing
the airship in a similar manner to parallel parking for cars. Due to the lateral
movement, generating this path requires a path planner taking into account
the dynamics of the airship. The initial and final conditions for the fourth
problem are presented in Table 4.6. The trajectory generated is shown in
Fig. 4.14, the commands sent to the motor are shown in Fig. 4.15a, and the
orientation of the vehicle as a function of time is shown in Fig. 4.15b.

In the Fig. 4.14, the vehicle is shown accelerating, then turning to its
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Table 4.6: Simulation parameters for the fourth experiment

Time x (m) y (m) z (m) φ (rad) θ (rad) ψ (rad)

Initial 0 0 0 0 0 0
Final 0 0.3 0 0 0 0

ẋ (m/s) ẏ (m/s) ż (m/s) p (rad/s) q (rad/s) r (rad/s)

Initial 0 0 0 0 0 0
Final 0 0.1 0 0 0 0

−0.1 0 0.1 0.2 0.3

0

0.1

0.2

0.3

X (m)

Y
(m

)

Position
Right thruster
Left Thruster

Figure 4.14: Path of the vehicle and thrust of the right (green) and left (red)
motors at different positions along the path.

right and reversing thrust. This maneuver causes the vehicle to gain lateral
velocity. In the last part of the path, the vehicle cancels out its velocity in
the x direction and orients itself to 0 radians, while keeping a velocity in the
y direction. The air resistance slows down the vehicle to a rest position.
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Figure 4.15: Thrust and yaw angle as a function of time for the fourth exper-
iment.
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Chapter 5

Discussion of the simulations
and experimental tests

5.1 Error analysis

The model is not perfectly accurate; consequently, the vehicle drifts due to
small errors in the model and due to external disturbances. Errors in the
modeling will cause differences in the acceleration time, the time of arrival,
the terminal speed and other characteristic of the airship. In addition, some of
the model assumptions are simplifications. For instance, with real propellers,
the thrust is function of airspeed, which was neglected. The drag is based on
a very simple model, not taking into account the angle of attack or the change
in Reynold number when the speed increases, which means that the drag is
not perfectly proportional to the square of the velocity. Since the airship is
not a rigid hull, there is also deformation of the helium’s envelop, changing
the dynamical characteristics. The thrust of the nacelle was not symmetric, as
shown by the rotation and linear acceleration test. The structure itself is not
perfectly rigid, as it is supported by helium. Consequently, the mass matrix
and the orientation of the thrust may change during acceleration.

Some errors were caused by measurement system. The resolution of the
camera is limited, which causes a finite precision of the position. The position
measurement accuracy is limited by the resolution of the sensor. It was ob-
served that the noise is lower in the plane parallel to the camera sensor than
in the direction perpendicular to it. The former one relies on the position of
the marker, which can be latter one relies on the size of the marker. Conse-
quently, the camera was placed directly above the marker to reduce the noise.
The noise is due to the noise in the image and to imprecise corner recogni-
tion of the software. There are also constant turbulences in the experiment
room due to ventilation, convection, and movement. Even under no power,
the vehicle drifts fairly quickly due to these turbulences.
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Nonetheless, a controller has to be used for real airships. Additionally
to a controller, it may be necessary to re-plan the path using the optimal
solver when significant error has accumulated. The dynamical model can be
updated to better reflect the changing conditions, such as new wind conditions,
changing mass, or even a broken actuator. The errors are due to multiple
factors.

5.2 Limitations

Convergence was an issue. Due to the very wide search space, the solution
is not guaranteed to converge, especially if the initial guess is poor. To help
convergence, the problem is resolved in multiple steps. The solver initially
finds a solution with a low number of points, which corresponds to a low order
of Legendre polynomials. The low resolution solution is then used as a guess
for a higher order of polynomial approximation. The process is repeated until
the desired resolution is achieve. For reference, in the first two problems, the
solver started with 8 nodes, followed by 9, 15, 19 and 25 nodes.

An initial guess has to be provided. The optimizer starts from the guess
and modify it to respect the differential constraints while minimizing the per-
formance index. For all the experiments, a linear interpolation between the
initial and final conditions is used as a guess for every state, and the controls
are guess to be zero at all time. This initial guess was sufficient for the prob-
lem used. In more complex cases, a refined guess may be necessary, especially
if the solution diverges significantly from the guess. The solver may fail to
converge, which is unacceptable for real time application if the optimal solver
is the only path planner used on an airship. When the solution can be planned
in advance, manually changing the number of points used for each step of the
solving can help. The solver work by solving the problem with a low order
polynomial first, and then it uses this solution as a guess for a higher order
polynomial. For example, instead of solving the problem in two steps with 8
and 20 nodes, four steps of 6, 12, 16 and 20 nodes could be used. The solving
time increases, but there is more chances of convergence.

In the case of the problem studied, part of the convergence issues were due
to the sharp discontinuities in the solution. Attempts to solve directly with
25 nodes failed. Consequently, to use a pseudo-spectral solver on a real flying
vehicle, a method for generating a guess be required. This would have two
advantages: first, if the optimal solver does not converge, the guess can be
used by the path follower as a less optimal solution. This way, the vehicle will
not be left without a path. The method for generating the guess can be a
discrete path planner using a grid search algorithm. Second, the guess can be
used by the optimal control solver, which helps convergence.

As explained earlier, an issue with spectral solvers is that discontinuities
are approximated with error, as polynomials have to be continuous. Around
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discontinuities, artifacts appeared in the solution, as seen at 3.5 seconds in
Fig. 4.8. Considering the error already present in the model, those artifacts
are small. It has been proved that convergence is possible even in the presence
of discontinuities [36]. In practice however, a very large number of nodes will
be required for a good approximation of discontinuities, which may take a
long time to solve. If a very precise solution is required, multiple phases would
be required. The controls don’t have to be continuous between two phases,
which allows discontinuities. The problem is then to guess how many phases
are required for the optimal solution. This step can be performed manually.
Future work could include automatic recognition of the discontinuities to allow
solving automatically for use in embedded systems.

5.3 Comparison of simulation and experimen-

tal results

Over the period of time studied, the experimental model showed drift. This is
due to the open loop nature of the control. An open loop control was necessary
to evaluate the performance of the path planner without interference from a
controller. The main problem with the experimental model was a constant
drift toward the left. This is due to a difference in the right and left motor
thrust, as well as the aerodynamic dissymmetry of the vehicle. There are
multiple way of solving this problem. The command could be changed to
make both motors match thrust. Another possibility is to use small fins to
correct the orientation during forward movement. The fins would change the
aerodynamic characteristics of the airship, which would required changes to
the model. Finally, the controller could also correct directly for the error
in the model. The experiment of reorientation showed lateral movement for
every test. Those movements are probably partly due to the turbulence, but
an imbalance in thrust would also cause them.

5.4 Solving time

The solving time was between 1s and 30s on an Intel i7 2600 processor for
the problems presented. The main factor affecting the convergence time was
the number of node used for solving as well as the number of steps. Many
parameters affect the time of convergence. The time can be affected due to
technical details of implementation as many code libraries used for solving.
In the experiment performed, it was found that the number of nodes was
the most important parameter affecting the time to solve the problem. A
poor initial guess also affected the time of convergence for the first step of
solving. It is possible to change the tolerance accepted by the solver, which may
improve convergence time. However, the tolerance accepted has a relatively
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small impact due to the exponential rate of convergence of the pseudo-spectral
method [32].

5.5 Optimal control solver for airships

The optimal solver used generates very complex paths locally optimal, and
respecting the differential equations. An important advantage of the optimal
solver is the flexibility it offers, as almost any dynamical equation can be used.
For instance, a propeller model taking into account the inertia and the drag
of the propeller could be added by adding states and dynamical constraints.
The solver and problem formulation would not change.

Given the strengths and limitations of the optimal solver, the results could
be used in real applications to precalculate specific open loop maneuvers. For
instance, parts of the landing and take-off procedure could be open loop, and
the optimal solver could be used to generate the command. There could also be
precalculated commands to reorient the airship quickly. The optimal control
solver can also be used to verify the result of other path planners that use
approximations, discretization, genetic algorithms, or other. An important
advantage of an optimal path planner is that it is very flexible and updates to
the model are easy. For example, adding a second airship in the simulation is
simply a matter of duplicating all the states, controls and dynamic constraints,
as well as adding a path constraint to prevent collisions.
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Chapter 6

Conclusion

6.1 Key findings

Airships are complex dynamical systems. The modeling of a small airship was
covered theoretically and experimentally. The experimental modeling success-
fully included a technique to model drag, virtual mass and the response of
the thrusters. This thesis demonstrated that pseudo-spectral optimal control
solvers can be used to optimize small airship trajectories in complex envi-
ronments. Simple solutions we computed and used to control a small airships.
The experimental results matched the simulations results with a quantified and
explained error. Finally complex maneuverer were computed and presented.
The results of this thesis may find applications in research, to compare opti-
mal solutions to simpler models, and in helping to compute complex maneuver
such as landing, take-off and parking.

6.2 Future work

The objective of this work was to generate an optimal trajectory for a small
airship and create a good dynamical model of the experimental platform. As
demonstrated by the results, in open loop, the airship will diverge from its
trajectory. The solution to the accumulating error is a controller. Although
a linear controller might work for simple trajectories, the non-linear dynam-
ics of the system indicate that a more advanced controller would be required.
Dynamic re-planning may also be necessary if the environment changes signif-
icantly from the initial assumptions.

The airship model used proved useful for indoor testing in a research envi-
ronment. Improvements could be made to the mechanical system to facilitate
tests. The most significant problem discovered is that the voltage changes
significantly after a few minutes of tests. Consequently, tests were all done
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with a fully charged battery. It would be possible to correct for this by mon-
itoring the battery on-board and sending a command to the motor function
of the voltage. This implementation would be very difficult with the tested
off-the-shelf airship, which means a custom airship would have to be made.
The second improvement is on the characterization of the propeller. Since the
motors used are very small DC motors, it is difficult to control their speeds,
and dust or dirt significantly affects their performance. To ensure repeatable
tests, small brushless motors may be preferable.
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Appendix A

Software Libraries

C++ program problem description

PSOPT (Pseudo-Spectral solver)

DMatrix (OO matrix operation)

SNOPT (Non-Linear programming)

ADOL-C (Differentiation)

HSL (Linear equation solver)

LUSOL (LU factorisation)

Figure A.1: Program description

The problem is described in C++ and the libraries used are shown in
Fig. A.1. Multiple objects are defined by PSOPT and modified to describe
the problem. The library DMatrix, which uses heavy operation overloading,
facilitates the manipulation of matrices. PSOPT also has helper functions
to simplify the problem description. The objects describing the problem are
passed to the optimizer. Internally, the software will transform the problem
into a non-linear programming problem (NLP). NLP is the process of solv-
ing an optimization problem constrained by inequalities. Solving the problem
involves evaluating a large number of derivatives due to the dynamical con-
straints. Those derivatives are solved using ADOL-C. The NLP problem is
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solved by SNOPT, which transforms the problem into a linear problem in-
volving large matrices. Those matrices are solved using the HSL library and
LUSOL for LU factorisation.
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