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Abstract

The problems we study in this thesis are all related to covering arrays. Covering
arrays are combinatorial designs, widely used as templates for efficient interaction-
testing suites. They have connections to many areas including extremal set theory,
design theory, and graph theory. We define and study several generalizations of
covering arrays, and we develop a method which produces an infinite family of LYM
inequalities for graph-intersecting collections. A common theme throughout is the
dependence of these problems on graphs.

Our main contribution is an extremal method yielding LYM inequalities for H-
intersecting collections, for every undirected graph H. Briefly, an H-intersecting
collection is a collection of packings (or partitions) of an n-set in which the classes of
every two distinct packings in the collection intersect according to the edges of H.

We define “F-following” collections which, by definition, satisfy a LYM-like inequal-
ity that depends on the arcs of a “follow” digraph F' and a permutation-counting
technique. We fully characterize the correspondence between “F-following” and “H-
intersecting” collections. This enables us to apply our inequalities to H-intersecting
collections.

For each graph H, the corresponding inequality inherently bounds the maximum
number of columns in a covering array with alphabet graph H. We use this feature
to derive bounds for covering arrays with the alphabet graphs S3 (the star on three
vertices) and K3°" (K3 with loops). The latter improves a known bound for classical
covering arrays of strength two.

We define covering arrays on column graphs and alphabet graphs which generalize
covering arrays on graphs. The column graph encodes which pairs of columns must
be H-intersecting, where H is a given alphabet graph. Optimizing covering arrays
on column graphs and alphabet graphs is equivalent to a graph-homomorphism prob-
lem to a suitable family of targets which generalize qualitative independence graphs.
When H is the two-vertex tournament, we give constructions and bounds for covering
arrays on directed column graphs.

il



FOR arrays are the broadest generalization of covering arrays that we consider. We
define FOR arrays to encompass testing applications where constraints must be con-
sidered, leading to forbidden, optional, and required interactions of any strength. We
model these testing problems using a hypergraph. We investigate the existence of
FOR arrays, the compatibility of their required interactions, critical systems, and
binary relational systems that model the problem using homomorphisms.
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Chapter 1

Introduction

Covering arrays are combinatorial designs, widely used as templates for efficient
interaction-testing suites. They emerged as a generalization of orthogonal arrays,
and they have connections to many interesting problems in several areas of mathe-
matics including design theory, graph theory, extremal set theory, information theory,

finite fields, coding theory, and geometry.

In this thesis, we consider several different problems, all of which are related to

covering arrays.
The contributions of this thesis fall into three categories:

1. LYM inequalities for alphabet graphs
2. covering arrays on column and alphabet graphs
3. FOR arrays

We begin with a brief review, and then explain how these topics are related to covering

arrays.

A (classical) covering array, denoted CA(n;t, k,v), is an n X k array with symbols
from the alphabet {1,...,v}. The parameter ¢ denotes the strength of the array.

¢ must

In every t columns of a CA(n;t, k,v), each t-tuple of symbols in {1,...,v}
appear in at least one row. In other words, every set of ¢ columns must cover every
possible t-tuple of symbols. The covering array number, denoted CAN(¢, k,v), is
the smallest integer n for which there exists a CA(n;t, k,v). The column number,

denoted CAK(n;t,v), is the maximum k for which there exists a CA(n;t, k,v).



The quantities CAK and CAN are related: CAN(¢, k,v) = min{n : k < CAK(n;t,v)}
and CAK(n;t,v) = max{k : n > CAN(t, k,v)}. For fixed t and v, knowing CAN(¢, k, v)
for all k is equivalent to knowing CAK(n;t,v) for all n.

In terms of their applications to interaction-testing, covering arrays provide a template
for the efficient design of test suites for objects comprised of several configurable
components. Each column of a covering array corresponds to a component, and
the symbols in each column represent v different options for that component. Each
row corresponds to a test, that is, an assignment of one option to each factor. The
strength of the covering array guarantees that all configurations of options, for every

t components, are each tested at least once.

There are many situations where such test suites are desirable. Covering arrays
are used extensively in software testing, hardware testing, drug-interaction testing,
and material sciences; see [12, 28, 37] and the references therein for more on these
applications. Adaptations have been made to covering arrays in order to suit the
needs of more specialized testing applications; for some such examples, see [11, 19,
21, 22, 43, 46, 49].

In terms of testing applications, the covering array number CAN(, k,v) represents
the optimal size of a test suite for a fixed number of factors k, a fixed number of
configurations v, and a fixed strength ¢. In practice, however, efficient testing does

not need to be optimal — reasonably small covering arrays suffice.

The question of knowing the exact values of covering array numbers is an interesting
question in extremal set theory. For fixed ¢ and v, we only know the answer (for all
k) for one family of covering array numbers: the binary covering array numbers of
strength 2 [32, 34, 50] (see Theorem 2.3.3). For all n, we have CAK(n;2,2) = (| "' )

ln/2]—1
and equivalently, for all k, we have CAN(2,k,2) = min{n : k < (LHT/L;Jl_l)}

We extend the definition of covering arrays of strength 2 to include an alphabet graph.
Alphabet graphs make it possible to customize the pairs of symbols that are covered

between any two columns of a covering array.

An alphabet graph is an undirected graph H having no parallel edges, but may
contain loops. A covering array with alphabet graph H, denoted CA(n;2,k, H),
is an n x k array with symbols from the alphabet V' (H); for any column indices i < 7,
for each edge ab € E(H) there exist row indices r,7’ € {1,...,n} such that C;(r) = a
and Cj(r) = b and C;(r") = b and C;(r') = a.



The covering array number, denoted CAN(2, k, H), is the minimum n for which
there exists a CA(n;2,k, H). The column number, denoted CAK(n;2, H), is the
maximum k for which there exists a CA(n;2,k, H).

Example 1 Consider the alphabet graph H, pictured below. The array beside H is
a CA(7;2,4,H). Since {1,2} and {1,3} are edges of H, in any pair of two distinct
columns, we need to see each of the symbol pairs (1,2), (1,3), (2,1), and (3,1) in at
least one row. Since {2,3} ¢ E(H), we do not care whether the symbol pairs (2, 3)
or (3,2) appear in any rows.

e

Example 2 If H is the complete graph Ks, then the columns of a CA(n;2,k, K»)
correspond to an antichain of subsets of {1,...,n} as follows: From each column
C;, define a subset A; C {1,...,n} given by A; = {r : C;(r) = 1}. For any i < j,
there exist row indices r,7" € [n] such that C;(r) = 0 and Cj(r) = 1 and C;(') =1
and Cj(r') = 0. It follows that the sets A; and A; satisfy 4; € A; and A; € A;,
thus, the collection 9 = {A;,..., Ay} is an antichain. Sperner’s Theorem [54] gives

W N WN - ==
— W N = W N
W N = = =W N
o= =W W N

the maximum size of an antichain which, rephrased in terms of covering arrays, says

CAK(n:2,K3) = (,))-

Example 3 If H is the complete graph K5 with a loop on one of its vertices, then
the columns of a CA(n;2,k, H) correspond to an intersecting antichain. The size of
a maximum intersecting antichain is known [8, 52]. In terms of covering arrays, this

result can be rephrased as CAK(n;2, H) = <Ln/gj+1)'

Example 4 If H is the complete graph K5 with a loop on each of its vertices, then
a CA(n;2,k, H) is simply a binary covering array of strength 2, and it is known that
CAK(n;2,2) = (Ln’/‘z_f_l), as mentioned above.

Examples 2, 3, and 4 account for all possible connected alphabet graphs on two
vertices, and, for these three alphabet graphs, the problem of determining CAN and



CAK is solved. In each case, there is an upper bound on CAK, based on some “LYM-
like” inequality from extremal set theory, and a construction that meets the upper
bound. In contrast, with alphabet size v > 3, no values of CAN or CAK are known
for all k or for all n, respectively.

We now give the details of our main contributions.

LYM inequalities for alphabet graphs

There are ten pairwise non-isomorphic connected alphabet graphs to consider on
three vertices. The natural first step to take, going from two to three vertices, is
with a bipartite alphabet graph: the star on 3 vertices, which we denote by S3. We
approached the alphabet graph S; by generalizing a known LYM inequality. We
derived a LYM inequality specific to the columns of a covering array with alphabet
graph S3. From this LYM inequality for Ss, given in Corollary 7.1.2, we derived a
new upper bound on CAK(n;2,S3) involving the golden ratio; see Theorem 7.1.14.

Let K3 denote the complete alphabet graph K3 with a loop on each vertex. A
covering array with alphabet graph K3°” corresponds to a ternary covering array of
strength 2, thus, K" is another natural alphabet graph to consider on three vertices.
We derived a new LYM inequality to capture the columns of a ternary covering array.
From our LYM inequality for K7°°, given in Corollary 7.3.1, we derived a new upper
bound on CAK(n;2, K3°"). Using this upper bound, given in Theorem 7.3.20, we
derived an upper bound on CAK(n;2,v) for any alphabet size v > 3. This upper
bound is given in Corollary 7.4.1 and is an improvement on a known bound given
in [48].

We extended our technique for obtaining the LYM inequalities for S3 and K3 to
a general method in which, for any given alphabet graph H, we get a LYM-like
inequality that captures the columns of a covering array with alphabet graph H. The
infinite class of LYM inequalities which follow from our technique and the method we

use to derive these inequalities is the main contribution of this thesis.

The technique we use to obtain LYM inequalities for any H involves counting permu-
tations with certain “following” properties encoded by the arcs of a directed “follow
digraph” F. The permutation-counting technique is inspired by proof techniques
given in [33, 38, 59], but our technique, using follow digraphs, gives us the ability to



apply the method far more generally. We also introduce “F-following collections” as
a tool for obtaining LYM inequalities for alphabet graphs H. The key is to associate
with each alphabet graph H the appropriate follow digraph F. We completely char-
acterize the relationship between alphabet graphs and follow digraphs in Section 6.3.

For each alphabet graph H, our LYM inequality for H inherently bounds the column
number of a covering array with alphabet graph H. We illustrate this fact by deriving
bounds for the alphabet graphs Sz and Ky°*. To obtain these bounds, we used
“balancing” lemmas. The idea of balancing lemmas is to make small changes to
the parameters of a given LYM inequality, greedily increasing the formula, until a
maximum is reached. The optimal balance of parameters of the maximum depends

on the structure of H, so we need appropriate balancing lemmas.

If we assume that the proportion of symbols in the columns of optimal covering arrays
with alphabet graph H tends to a limiting distribution, then, in Theorem 7.5.6, we
prove that it suffices to consider a simplified version of our LYM inequalities: the
“single-arc” terms. Using the single-arc terms, in Theorem 7.6.2, we derive an upper
bound on the column number of v-ary covering arrays of strength 2, for all v > 2.
If our assumptions about the limiting distribution of symbol proportions hold, then
Theorem 7.6.2 is an even better bound on column numbers than the bound we gave
in Corollary 7.4.1.

Covering arrays on column and alphabet graphs

We define covering arrays on column graphs and alphabet graphs as a generalization of
covering arrays with alphabet graphs. The column graph simply encodes which pairs
of columns must cover the pairs of symbols corresponding to the edges of the given
alphabet graph. This generalization marries covering arrays with alphabet graphs
with another variant called covering arrays on graphs, which have been previously
studied in [42, 43].

Covering arrays on graphs have interesting connections to graph homomorphisms.
In Section 3.2, we develop analogous homomorphism results which incorporate any
given alphabet graph. We also consider covering arrays on directed column graphs
and directed alphabet graphs. For these arrays, the pattern of symbols to be covered

by two columns need not be symmetric.



Our main contributions for covering arrays on directed column and alphabet graphs
include the determination of CAN for the simplest case in this context: where the
column graph is T}, a transitive tournament on k vertices, and the alphabet graph
is Ty; in Theorem 4.4.3, we prove that CAN(2, T, T2) = [log, k]. We also define a
special family of directed column graphs, called circular tournaments, denoted €.
Optimizing covering arrays on circular tournament column graphs with 75 as the
alphabet graph can be viewed as a new Sperner-type problem. In Corollary 4.5.12,
we give a recursive construction of CA(n;2,Qy, Ts) that is optimal infinitely often.

In Section 4.4, we derive bounds on CAN(2, O, T3), where O is any k-tournament. In
Corollary 4.4.7, we show that, for all k-tournaments, the lower and upper bounds we

derived are asymptotically equal to log, k, as k grows.

In Proposition 4.4.4, we give a new construction for binary covering arrays of strength
2: our construction is based on building blocks made from covering arrays on transitive
tournament column graphs. Although this construction is not optimal, it gives us a
new way to consider classical covering arrays as arrays built from smaller covering

arrays on directed column graphs.

FOR arrays

The most general arrays we consider are “forbidden-optional-required” arrays, or
FOR arrays for short. We define FOR arrays to model testing applications where
prior knowledge leads to a combination of interaction strengths and types: forbidden,
optional, and required. A forbidden interaction corresponds to a pattern of symbols
in a given set of columns which should never appear in any row of the array. An
optional interaction corresponds to a pattern of symbols in a given set of columns
which does not need to appear in a row of the array, but we do not care if it does
appear. A required interaction corresponds to a pattern of symbols in a given set
of columns which must be covered by at least one row. Given a list of forbidden,
optional, and required interactions, a FOR array is, informally, an array whose rows
satisfy the constraints corresponding to each type of interaction.

We model the list of interactions using a FOR system, which is an accessory hyper-
graph with its edge set partitioned into three classes (one for each of the three types of
interactions F, O, and R). Given a FOR system, it is not easy to decide whether there



exists a FOR array satisfying its prescribed constraints. In Section 8.2, we establish

some properties that guarantee a FOR array’s existence and others that prevent it.

If a FOR array does exist, we prefer it to have as few rows as possible. This smallest
number of rows is called the FOR array number, denoted FORN. In Proposition 8.3.1,
we give bounds on FORN, and in Proposition 8.4.1, we establish that determining
FORN is an NP-complete problem, even for relatively simple families of FOR systems.

In Sections 8.6 and 8.7, we study “critical” FOR systems. If we have an interaction
that is either required or forbidden, when does switching it to an optional interaction
guarantee a decrease in the size of an optimal FOR array? We give examples of
critical systems and simple recursive constructions. We examine the relationship
between certain classes of critical FOR systems and prove that these systems have
vertex-critical “incompatibility” graphs.

In Section 8.8, we model a special case of the FOR array problem using binary
relational systems. We define a target system that characterizes the problem of
determining FORN in terms of finding homomorphisms to the smallest target system,
and we determine that these target systems are cores for all v > 2.



Chapter 2

Preliminaries

In this chapter, we survey basic results and definitions from extremal set theory and
graph theory. We include only those topics and results which have relevance to later
parts of the thesis. We also include sections on qualitative independence, covering
arrays, and the generalizations of covering arrays which are relevant to this thesis,
namely classical covering arrays, mixed covering arrays, covering arrays on graphs,
covering arrays avoiding forbidden edges (CAFEs), and variable strength covering
arrays (VCAs).

2.1 Extremal set theory

The principal reference for the results and definitions of this section is Anderson’s
text [3].

Let n be a positive integer. Denote by [n] the set of integers [n] = {1,...,n}. If z is
a real number, then |x| denotes the floor of x, that is, the largest integer less than
or equal to z. The ceiling of =, denoted [z], is the smallest integer greater than or

equal to x.

Let n and k be integers such that n > k& > 0. Denote by (Z) the binomial coefficient

(1) = e
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Now let k1, ..., k; be integers such that k; > 0 and k; + ko + - - - + k; = n. Denote by

( " ) the multinomial coeflicient

K1ks,... ke
n B n!
kikoy... k) kilko!e - Kyl

A collection o = {A;,..., A} of subsets of [n] is an antichain if, for every two
distinct sets A;, A; € 9, we have A; € Aj and A; € A;.

The first extremal result we present is Sperner’s Theorem [54], which provides the
answer to the question: what is the maximum size of an antichain of subsets of [n]?

Theorem 2.1.1 (Sperner’s Theorem [54]) If @ is an antichain of subsets of [n], then

1< (a1 .

A related result, stronger than Sperner’s Theorem, is the so-called LY M inequality,
named after Lubell [38], Yamamoto [60] and Mesalkin [45], who proved the following
theorem:

Theorem 2.1.2 (LYM Inequality [38, 45, 60]) If o = {A4,..., A} is an antichain
of subsets of [n], then

1
E ——F < 1.
: n
=1

(|Ai|)
Another related, and yet stronger result, is the following LY M-like inequality, given in

Theorem 2.1.3. Note that the inequality of Theorem 2.1.3 has been proved indepen-
dently many times, although it is sometimes referred to as Bollobds’s Inequality.

Theorem 2.1.3 (Bollobés Inequality [4, 27, 30, 33, 59]) If & = {A;,..., A} and
9B = {Bu,...,By,} are two families of subsets of [n] such that A; N B; = O if and

only if ¢ = j, then
(4] + |Bz'|)_1
<1. |
> (M

We describe the inequality of Theorem 2.1.3 as “LYM-like,” or simply “a LYM in-
equality” because of its resemblance to the LYM Inequality: an upper bound for a
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sum of some reciprocated binomial coefficients involving set cardinalities. In fact,
Theorem 2.1.3 implies the LYM Inequality by using the complements of the sets in
the antichain 9 as the second family %8. In turn, Theorem 2.1.2 implies Sperner’s
Theorem since, for all i, we have (‘X”) < (LnT/‘2 J)'

In Chapter 6, we develop a method that produces an infinite family of LYM inequal-
ities including the inequality of Theorem 2.1.3. Our method uses a technique that
is related to Lubell’s proof of Theorem 2.1.2 and Katona’s [33] proof of a special
case of Theorem 2.1.3. It is also related to the technique used by Tarjan [59] for
proving Theorem 2.1.3. For this reason, we provide complete proofs, as presented
in [3], of Theorems 2.1.2 and 2.1.3 (see Theorem 1.2.1 and Theorem 1.3.1 in [3]). The
particular proofs rely on a permutation-counting technique for which we need a few
definitions.

Let 7 be a permutation of the symbols [n], where 7(i) = m; for each i € [n]. We write

7 as an n-tuple: m = (7, ..., 7,).

Let A be a subset of [n]. A permutation 7 = (my,...,m,) of [n] begins with A if
A={m,...,ma}-

A permutation-counting proof of Theorem 2.1.2.

Let ¢f = {A;,..., A} be an antichain of subsets of [n]. We count the permutations
of [n] that begin with a set A; € &f. There are |A;|!(n — |A4;])! permutations 7 that
begin with A; since there are |A;|! ways to arrange the elements of A; in the first
elements of m and there are (n — | A4;|)! ways to arrange the remaining elements of [n].

If a permutation © = (7y,...,m,) began with two different sets A;, A; € 9, then we
would have A; C A; or A; C A;, contradicting the fact that &f is an antichain.

Therefore, each of the n! permutations of [n] is counted as a permutation that begins
with A; for at most one A; € &f. Consequently,

> AN n = A < (2.1.1)

AiEQQ

If we divide both sides of (2.1.1) by n! and notice that (‘Zil)fl = |A;|/(n — |A:])!/n!,
then we obtain the LYM Inequality:

i <|Zi’>_l <1. |

=1
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Let A and B be disjoint nonempty subsets of [n]. A permutation = = (7q,...,m,) of
[n] contains A followed by B if i < j whenever m; € A and 7; € B. Equivalently,
if we read 7 as an n-tuple from left to right, all the elements of A occur before all the
elements of B.

A permutation-counting proof of Theorem 2.1.3.

Let d = {Ay,..., A} and B = {By, ..., B,} be two families of subsets of [n] such
that A; N B; = O if and only if i = j. We count the permutations of [n] that contain
A; followed by B; for a fixed i € [n]. There are (| Al Bi\)
of the elements of A; and B; in a permutation. There are |A;|! ways to arrange the

ways to choose the positions

elements of A; in the first |A;| of these positions, and there are |B;|! ways to arrange
the elements of B; in the remaining positions. There are (n — |A;| — |B;|)! ways to
arrange the remaining elements of [n]. The number of permutations that contain A;
followed by B; is thus

n n!
ANNBi|\W(n —|A;)| — |Bi|)! = —————+.
(,Ai|+|Bi|)| 1B, in — |4 - |B) (MMB”)
| A

If, for some ¢ # j, a permutation 7 contains A; followed by B; and 7 contains A,
followed by B;, then either the last element of A; occurs in 7 before the first element
of Bj, or else the last element of A; occurs in 7 at the same position or after the first
element of B;. In the first case, we would have A; N B; = . In the second case, we
would have A; N B; = 0. Both cases contradict the intersection of the families @
and %.

It now follows that each permutation of [n] is counted as a permutation that contains
A; followed by B; for at most one i € [m|, and we get the LYM-like inequality:

Zf;(Aw) " .

|Adl
An intersecting antichain of subsets of [n] is an antichain & = {A;,..., A,,} such
that A, N A; # O for all 4,5 € [m)].

Brace and Daykin [8], and Schonheim [52] gave the following extremal result for

intersecting antichains.
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Theorem 2.1.4 (Intersecting Antichain Bound [8, 52]) If ¢ is an intersecting an-
tichain of subsets of [n], then

1% (/2] 41) .

A partially ordered set or poset is a pair (5, <), where S is a set and < is a
partial order on S satisfying the following properties:

o reflexivity (for all z € S, we have z < x),
e antisymmetry (for all z,y € S, if z < y and y < z, then z = y).
e transitivity (for all z,y,z € S, if z <y and y < z, then z < z).

The poset of subsets of [n] is the poset (P([n]), C), where P([n]) denotes the power
set of [n]. The rank of a subset A C [n] is the cardinality |A|. There are () sets
of rank k in the poset of subsets of [n]. If we have subsets Ay,..., A, C [n] such
that A, C Ay C --- C A,,, then the sequence A;,..., A, is a chain. If, further,
we have |A;11] = |4 + 1, for 1 < i < m — 1, and |Ay| + |A;n| = n, then the
sequence A, ..., A, is a symmetric chain. The following theorem of de Bruijn,
van Ebbenhorst Tengbergen, and Kruyswijk [20] tells us that we can decompose the
poset of subsets of [n] into a disjoint union of symmetric chains.

Theorem 2.1.5 (Symmetric Chain Decomposition [20]) The poset of subsets of [n]
can be decomposed into a disjoint union of symmetric chains. |

Example 2.1.6 Here is a symmetric chain decomposition of the poset of subsets of
[4] into six symmetric chains:

O c {1} c {1,2} c {1,2,3} c {1,2,3,4}
{2} < {2,3} < {2,3,4}
{3} < {1,3} < {1,3,4}
{4} < {1,4} c {1,2,4}
2,4}
{3,4}

Let & be a collection of k-subsets of [n], for some k € {2,...,n}. The shadow of
A, denoted Ae, is the collection

A4 ={BCn|:|B|=k—1and B C A for some A € o},
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Given positive integers x and k, the k-binomszal representation of x is the unique

= (1) () e (0)

where ap > ag_qy > -+ > a; >t > 1. For every x and k, the numbers ¢, a;, i € [t]

representation

exist and are unique; see Theorem 7.2.1 in [3].

Kruskal [36] and Katona [31] determined the following lower bound on the cardinality

of the shadow of a collection of k-subsets of [n].

Theorem 2.1.7 (Kruskal-Katona Theorem [31, 36]) Let % be a collection of k-
subsets of [n]. If the k-binomial representation of || is

il = () + (1) = (%)

where ap, > ap_1 > --->a; >t > 1, then

ag Q-1 ay
|Asz¢|z(k_1)+(k_2)+m+(t_l>. H

If A is a subset of [n], then the complement of A, denoted A, is the set A = [n] — A.
If A and B are subsets of [n], then the symmetric difference of A and B, denoted
A® B, istheset A®B = (ANB)U(ANB). If A and B are k-sets, then, in squashed
order, we have A <, B if the largest element of the symmetric difference A ® B is
in B. For fixed k, squashed order is a total order on the set of k-subsets. Indeed, the
collection of k-sets for which the Kruskal-Katona Theorem holds with equality is the
collection of k-sets that are smallest in squashed order. In other words, we have the
following corollary (see Section 7.3 in [3]).

Corollary 2.1.8 The first m sets of rank k in squashed order have the smallest
possible shadow among all collections of m sets of rank k. If 9 is a collection of the
|od | smallest sets of rank k in squashed order, then |Agf| meets the bound given by
the Kruskal-Katona Theorem with equality. Moreover, A% consists of the smallest
sets of rank £ — 1 in squashed order. |

A v-partition of [n] is a collection of v pairwise-disjoint subsets of [n|, say P =
{P', ..., P"}, where Uaep P* = [n]. The subsets P* C [n] are the classes of the
partition P. Sometimes, the labelling of the classes P® is important; in these cases,

we write a partition P as an ordered collection P = (P!, ..., PY).
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Let S be a finite set. An abstract simplicial complex or downset on S is a
collection % of nonempty subsets of S such that B € 9 whenever B C A for some
A€ (and B # 0). Each set Ain 9D is a face. If a face A is not contained in any
other face B in 9, then A is a facet of 9. Similarly, an upset on S is a collection
9 of nonempty subsets of S such that B € U whenever B D A for some A € U .

2.2 Graphs, hypergraphs, and relational systems

2.2.1 Basic graph notation

In this section, we establish some graph-theoretic notation and terminology used
throughout the thesis. For more details, we refer the reader to the text of Bondy and
Murty [7].

In this thesis, we do not consider graphs with parallel edges, although graphs may
contain loops or be directed.

Given an undirected graph G, we refer to an edge of G by the unordered pair of
(not necessarily distinct) vertices corresponding to its ends. Given a directed graph
D, we refer to an arc of D by the ordered pair of (not necessarily distinct) vertices
corresponding to its ends.

When it is clear that a given graph is undirected (or directed), for an edge (or arc)
having ends u and v, we refer to the corresponding edge (or arc) simply as uv instead
of the pair {u, v} (or (u,v), respectively).

Let D be a directed graph. If two vertices a,b € V(D) are joined by two oppositely
directed arcs ab,ba € E(D), then we say that ab and ba are an antiparallel pair
of arcs; we also say that a and b are symmetrically adjacent. Let u € V(D). If
indeg ) (u) = 0, then u is called a source. If outdeg,(u) = 0, then u is called a sink.
If D does not contain any directed cycle as a subgraph, then D is called acyclic.

Let G be a graph (undirected or directed). The symmetric digraph of G, denoted
G*, is a directed graph such that V(G*) = V(G) and, for every pair of vertices
a,b € V(G) such that at least one edge (or arc) joins a and b in G, there is an
antiparallel pair of arcs ab,ba € E(G"). That is, E(G") = Uep@i(a ). (b.a)}.

Let G and H be two graphs. The categorical product of G and H, denoted G' x H,
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is the graph with V(G x H) = V(G) x V(H) and edges given by (uy,v;)(ug,vs) €
E(G x H) if and only if ujus € E(G) and vivy € E(H).

Let G be an undirected graph. We denote by w(G) the clique number of G. A
collection € = {C,...,C,} of cliques of G is a clique cover of G, if every vertex of
G belongs to at least one C; € 6. A collection 6 = {C,...,C,} of cliques of G is an
edge clique cover of G, if for every edge uv € E(G), there is a clique C; € € such
that u,v € C;. The clique cover number of G, denoted 6(G), is the cardinality
of a minimum clique cover of G. The edge clique cover number of G, denoted
¢'(G), is the cardinality of a minimum edge clique cover of G.

Let G be a simple graph. A matching of G is a subset of edges M C E(G) such that
no two edges in M are incident with a common vertex. The matching number of
G, denoted p(G), is the cardinality of a maximum matching of G. Given a matching
M of G, a vertex u € V(G) is called M-covered if u is an end of some edge in a
M; otherwise u is called M-exposed. If there exists a maximum matching M of G
in which a vertex u is not M-covered, then u is called an inessential vertex of
G. A matching M in which every vertex u € V(G) is M-covered is called a perfect
matching. The deficiency of G, denoted def(G), is def(G) = |V(G)| — 2u(G).

Let G be an undirected graph. A subset I = {uy,...,u} of k distinct vertices of G is
an independent set of size k if wu; ¢ E(G) for all ¢, j € [k]. A proper k-colouring
of G is partition of V(G) into k classes Vi, ..., Vi, where each V; is an independent
set. If there exists a proper k-colouring of GG, then G is called k-colourable or k-
partite. The classes V; are the colour classes or the parts of G. The chromatic
number of G, denoted x(G), is the minimum integer k£ for which G is k-colourable.
If G is 2-colourable, then G is called bipartite. It can be shown that G is bipartite
if and only if G contains no odd cycles.

Let G be a graph. Let u be a vertex of G. Denote by G — u the graph obtained
from G by deleting the vertex u and all edges incident with u. Let e be an edge of
G. Denote by GG — e the graph obtained from G by deleting the edge e.

An undirected graph G is colour-critical, or simply critical, if for every proper
subgraph G’ of G, we have x(G') < x(G). A ecritical element of G is a vertex
u € V(G) (or an edge e € E(G)) such that x(G —u) < x(G) (or x(G —e) < x(G),
respectively). If every vertex (or edge) of G is a critical element, then G is called
vertex-critical (or edge-critical, respectively).



2.2. GRAPHS, HYPERGRAPHS, AND RELATIONAL SYSTEMS 16

A vertex cover of an undirected graph G is a subset V' C V(@) such that every
edge of G is incident with some vertex in V'. A vertex cover V' is a minimal vertex

cover if, for any vertex u € V’| the set V' — {u} is not a vertex cover of G.

The following special families of graphs appear throughout this thesis and are denoted
as follows. Figure 2.1 gives one example from each family.

D < @. ="

K3,4 54 06 C5 T4

Figure 2.1: Depictions of special types of graphs

The complete graph on k vertices, denoted K, is a simple graph such that every
two distinct vertices u,v € V(K}) are adjacent.

The complete graph with loops on v vertices, denoted K)°°?, is the complete graph
K, with a loop on each of its vertices.

The complete bipartite graph with parts of sizes p and ¢, denoted K, 4, is a simple
graph with p + ¢ vertices, where V (K, ,) is partitioned into two parts X and Y such
that | X| =p, |Y| =¢, and uwv € E(G) if and only if u € X and v € Y.

For v > 3, the star on v vertices, denoted .S,, is the complete bipartite graph K ,_;.
The vertex of degree v — 1 is called the central vertex; the vertices of degree 1 are
called leaves.

The k-cycle, denoted C}, is a simple graph with k vertices, say vy,..., v, and k
edges of the form v;v;,1, 1 < i < k, where addition is done modulo k.

The directed k-cycle, denoted C_"k, is a directed graph with £ vertices, say vy, ..., v,
and k arcs of the form v;v;1, 1 <17 < k, where addition is done modulo k.

The transitive k-tournament, denoted Ty, is a directed graph with V(T}) = [k]
and ij € E(T;) whenever 1 <i < j <k.
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2.2.2 Graph homomorphisms

In this section, we discuss graph homomorphisms. For further details, we refer the
reader to the text of Hell and Nesettil [29].

Let G and H be graphs which are both directed or both undirected. A map f :
V(G) — V(H) is a homomorphism of G to H if f(u)f(v) € E(H) whenever
wv € E(G). If there exists a homomorphism of G to H, then we say that G is
homomorphic to H and we write G — H. If there is no homomorphism of G
to H, then we write G 4 H. A homomorphism of G to H preserves edges, and
when G and H are directed, a homomorphism of G to H must also preserve the
direction of the edges. A homomorphism f of G to H is vertex-injective if the map
f:V(G) = V(H) is injective. A bijection f : V(G) — V(H) is an isomorphism if
f(u)f(v) € E(H) if and only if uv € E(G).

If there exists a homomorphism of G to H, then G is called H-colourable. This
terminology is based on the following fact (see Proposition 1.7 in [29]).

Proposition 2.2.1 If G is a simple graph, then there exists a homomorphism of G
to the complete graph K, if and only if x(G) < k. In particular,

x(G) = min{k : G — K} N

Thus, a graph is k-colourable if and only if it is Kj-colourable. For a fixed graph
H, the H-colouring problem is the problem of determining whether there exists a
homomorphism of a given graph G to H. In the H-colouring problem, the graph H is
the target of the homomorphism. Several covering array problems can be translated
into graph-colouring problems for an appropriate choice of target.

An endomorphism of a graph G is a homomorphism of G to itself. An automor-
phism of G is an isomorphism of G to itself. If, for every two vertices u and v of G,
there exists an automorphism f : V(G) — V(G) such that f(u) = v, then G is called
vertex-transitive.

A retraction of G to a subgraph G’ of G is an endomorphism r : G — G’ such that
r(u) = u for all vertices u € V(G"). If there exists a retraction of G' to a subgraph
G', then we say that G retracts to G'.

A core is a graph which does not retract to any proper subgraph of itself. A subgraph
G' of a graph G is a core of G, if G retracts to G’ and G’ is itself a core.
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If, for two graphs G and H, we have G — H and H — G, then G and H are called
homomorphically equivalent. In particular, if G’ is a core of GG, then we have
homomorphisms G’ — G, by inclusion, and G — G’, since G retracts to G'. Thus,
every graph G is homomorphically equivalent to its core. In fact, every graph G has
a unique core, up to isomorphism, as follows (see Corollary 1.32 in [29]).

Proposition 2.2.2 If G is a graph, then G is homomorphically equivalent to a unique

core, up to isomorphism. |

In terms of the H-colouring problem, the core of H, denoted H*®, is of particular
interest since H*® is homomorphically equivalent to H, but might be a proper sub-
graph of H. Since homomorphisms compose (see Section 1.7 in [29]), there exists a
homomorphism of G to H if and only if there exists a homomorphism of G to the
core of H.

2.2.3 Hypergraphs and relational systems

A hypergraph H is a pair (V(H), E(H)), where V(H) is a set of vertices and F(H) C
P(V(H)) is a collection of nonempty subsets of V' (H). Each subset of vertices in F(H )
is called an edge of H. If e € E(H), where |e| = s, then we say that e is an edge of
rank s. An edge e of H is incident with each of the vertices u € e.

A vertex cover of a hypergraph H is a subset V' C V(H) such that every edge
e € E(H) is incident with at least one vertex u € V'. A minimal vertex cover of
H is a vertex cover V' of H such that, for any vertex u € V', the set V' — {u} is not
a vertex cover of H.

A hypergraph H is k-partite if V(H) can be partitioned into k classes Vi,..., Vi
such that no edge of H is incident with more than one vertex from each class.

The underlying graph of a hypergraph H is the simple graph G with V(G) = V(H)
and F(G) ={e€ E(H) : |e| = 2}.

In this thesis, a matching of a hypergraph refers to a matching of the given hy-
pergraph’s underlying graph. For hypergraphs, we use the notation and terminology
of matching theory, as given for graphs, where it is understood that all definitions

and concepts are applied to the underlying graph of H.



2.3. CLASSICAL COVERING ARRAYS 19

A general relational system S is a pair (V(S),%(S5)), where V(S) is a nonempty
finite set of vertices, and % (S) is a finite family of relations on V(5), defined as
follows. We have a finite set I called the index set of S and a set {k; : i € I} of
positive integers called the pattern of S. For each ¢ € I, we have a k;-ary relation
R;(S) on V(S). The set %R (S) is defined to be the family of relations R (S) =
{R;(S) CV(S)*i:iel}. Ifk;=2foralli € I, then S is called a binary relational
system, abbreviated BRS. For general relational systems, we write GRS for short.

A BRS restricted to any one of its relations is simply a directed graph. We can
imagine a BRS as a directed graph with several colours of arcs, where, for each ¢ € I,
the colour 7 corresponds to the relation R;. Some pairs of vertices may be joined by

arcs of more than one colour.

Within this thesis, we deal mainly with BRS and only mention GRS as potential
avenues for future work. The following definitions hold, with slight adjustments, for
GRS; however, we give them in terms of BRS to cater to the scope of the thesis.

Let S and T be two BRS, where the families of relations %R (S) = {R;(S) : i € I} and
R(T) = {Ri(T) : i € I} have the same index set I. A map f: V(S) —» V(T) is a
homomorphism of S to T if, for all i € I, we have (f(u), f(v)) € R;(T) whenever
(u,v) € Ri(S).

A BRS S’ is a subsystem of a BRS S if V(S") C V(S), the family % (S’) of relations
on S’ are indexed by the same set I as the family % (S), and for each i € I, we have
Ri(S") C Ri(S).

A BRS S is a core if S is not homomorphic to a proper subsystem of itself. As with
graphs, every BRS is homomorphically equivalent to a unique core, up to isomor-
phism.

2.3 Classical covering arrays

In this section, we review “mixed” covering arrays, and we outline the terminology
we use to describe covering arrays in terms of testing applications. For more details
on mixed covering arrays, see [46].

Definition 2.3.1 A (mixed) covering array, denoted CA(n;t, k,(vi,...,vg)), is
an n X k array A with the following properties:
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e For each i € [k], column ¢ has symbols from the alphabet [v;].

e A has strength t: in every subarray of A consisting of ¢ distinct columns, say
columns iy, ..., 4, every t-tuple (ay, ..., a;) € vy ] X [vs,] X+ - - X [v;,] must appear
at least once as a row in this subarray.

The minimum integer n for which there exists a CA(n;t, k, (vy,...,vx)) is the cov-
ering array number and it is denoted CAN(t, k, (v1, ..., vg)).

A covering array with homogeneous alphabet size v, or a v-ary covering array,
denoted CA(n;t, k,v), is a CA(n;t, k, (v1,...,vx)) in which all columns have the same
alphabet size v; = v. The covering array number for a v-ary covering array is denoted
CAN(t, k,v).

A binary covering array is a CA(n;t, k,2).
Remark 2.3.2 In a v-ary covering array, we use symbols from the alphabet [v] =

{1,...,v}; however, when v = 2, for binary covering arrays, we opt to use symbols
from the alphabet {0, 1} instead.

—_
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—_
—
—_
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Table 2.1: A CA(24;4,12,2)
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In Table 2.1, we give an example of a binary covering array of strength ¢t = 4 with
n = 24 rows and k = 12 columns. This CA(24;4,12,2) is extracted from [37]. A
construction for such an array is given in [14].

2.3.1 A testing application of covering arrays

An important application of covering arrays is the design of test suites. Suppose we
have an object made of several components wherein each component can assume one
of several states. We would like to test the object under its different settings to see if

some combinations of states result in faulty interactions.

To be more concrete, suppose we have a testing problem where the object or system
to be tested has k components, called factors, which we label 1,... k, and for each
i € [k], factor ¢ can be set to one of v; possible states called values. A test is an
assignment of one value to each factor, represented by a k-tuple T = (t1,...,tx) €
[v1] X -+ X [ug]. A test suite is a list of tests, represented as an array where each row
is a k-tuple corresponding to one test. An exhaustive test suite consists of Hie[k] V4
tests corresponding to the full enumeration of all k-tuples in [vq] X « -+ X [vg].

In practice, exhaustive testing is too expensive or too time-consuming. As an alter-
native to exhaustive testing, we would like a smaller test suite, but we would like to
design our test suite to capture as many faulty interactions as possible.

The rows of a covering array CA(n;t, k, (v1,...,vx)) correspond to a test suite of n
tests for k factors, where factor ¢ has v; values. The strength of the covering array
guarantees that every possible ¢t-tuple of values among any t factors is tested. If our
testing problem has faulty interactions resulting from a combination of up to ¢ factors,
then at least one of our tests will “fail.”

Fix a testing problem with k factors, labelled 1, ..., k, where each factor j € [k] can
be assigned one of [v;] possible values. A factor-value pair is a pair (j,a), where
J is one factor in [k] and a is one of the values in [v;]. An interaction is a set
of factor-value pairs, say I = {(j1,a1),..., (ji, ar)}, where the factors j; are pairwise
distinct, and a; € [v;,] for each ¢ € [t]. In particular, I is a t-way interaction since
[I| =t. Atest T = (T1,...,T)) € [v1] X --- X [v}] covers the interaction I if T}, =
for all [ € [t]. A set of columns of a test suite, indexed by {ji,...,js} C [k], covers
I'if {iy,...,i:} C{J1,...,Js} and for some row index r € [n], row r covers I.



2.3. CLASSICAL COVERING ARRAYS 22

2.3.2 Qualitatively independent partitions

In this section, we discuss qualitative independence as it relates to covering arrays of
strength two.

The columns of a CA(n;t, k,v) are v-ary n-tuples. There is a bijection between v-
ary n-tuples and v-partitions of [n]. If ¥ = (z1,...,2,) € [v]" is a v-ary n-tuple,
then the v-partition corresponding to ¥ is the partition P = (P',... P"), where
P* = {i € [n] : z; = a} for each a € [v]. Conversely, if P = (P',...  P") is a v-
partition of [n], then the v-ary n-tuple corresponding to P is ¥ = (z1,...,x,), where

r; = a whenever 1 € P*.

Based on this correspondence, we think of the columns of a v-ary covering array
CA(n;t, k,v) interchangeably as v-ary n-tuples or as v-partitions of [n].

Two v-partitions of [n], P, = (PL,...,P}) and P, = (Ps,..., P}), are qualitatively
independent if P N P? # O for all a,b € [v]. In terms of the corresponding v-
ary n-tuples, ¥ = (x1,...,2,) and ¥ = (y1,...,Yn), corresponding to P, and P,
respectively, the condition PN P? # () implies the existence of an index r € [n] such
that z, = a and y, = b. A collection & = {Py,..., Py} of v-partitions of [n], where
P, = (P}!,... P?) for each i € [k], is a qualitatively independent collection if P,
and P; are qualitatively independent for every two distinct partitions P;, P; € 9.

The columns of a v-ary covering array of strength 2 correspond to a qualitatively
independent collection of v-partitions.

Rényi [50] raised the following question: what is the maximum number of qualitatively
independent v-partitions of [n]? In covering array language, what is the column
number CAK(n;2,v)?

The only case where an exact answer is known is when v = 2, that is, for binary
covering arrays of strength 2. For even values of n, Rényi [50] solved this problem.
In a paper dedicated to the memory of Rényi, Katona [32] solved the problem for
odd values of n. The result was also obtained independently by Bollobés [5], Brace
and Daykin [8], and Kleitman and Spencer [34]. According to a survey on binary
covering arrays [37], Schonheim [51] proved a result that implies Theorem 2.3.3 when
n is odd. Another result, equivalent to Theorem 2.3.3, was proved by Gregory and
Pullman [26]: they determined the edge clique cover number of the cocktail party
graph on 2k vertices.
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Here, we state the theorem in terms of binary covering arrays of strength 2.

Theorem 2.3.3 (Binary Covering Array Number [32, 34, 50]) For all k£ > 1, we have

CAN(2, k,2) = min {n:kg (Lnjiil)} |

Poljak and Tuza [48] were also interested in answering Rényi’s question: what is the

maximum number of qualitatively independent v-partitions of [n]?

Let m(n,v) denote the maximum number of v-partitions of [n] in a qualitatively
independent collection.

Poljak and Tuza [48] obtained the following upper bound on m(n,v) for all v > 2.

Theorem 2.3.4 (Poljak and Tuza Bound on m(n,v) [48]) For all integers v > 2 and
n > v, the maximum number of v-partitions of [n] in a qualitatively independent

)

In terms of covering arrays, Theorem 2.3.4 says that CAK(n;2,v) < %(Lf:/ﬁ). In

Corollary 7.4.1, we improve the bound of Poljak and Tuza for all v > 3 using a

collection satisfies

new method which produces LY M-like inequalities for qualitatively independent col-
lections of v-partitions of [n], and for other “graph-intersecting collections” to be
discussed later.

Gargano, Korner and Vaccaro [24, 25] completely solved an asymptotic problem
closely related to Rényi’s question.

Theorem 2.3.5 [24, 25] If v > 2 is fixed, then

1 2
lim —log, m(n,v) = —. N

n—oo M, v
The proof of Theorem 2.3.5 uses information theory and is based on a probabilistic
construction using Markov chains. In Chapter 5, we discuss Theorem 2.3.5 and other
results of Gargano, Koérner and Vaccaro. We also give some slight extensions to their

work.
In terms of covering arrays, Theorem 2.3.5 says that

1 2
lim —log, CAK(n;2,v) = —.

n—oo N, v
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2.3.3 Bounds on covering array numbers

Here we outline some bounds on CAN(t, k, (vq,...,vg)). More details can be found
n [12]. We assume without loss of generality that v; > vy > -+ > v;. The following
bounds hold for CAN(t, k, (v1, ..., vg)):

t
H’Ui S CAN(t, k, (Ul, . ,'Uk)) S Z Vi Uiy * Uy

i=1 1< << <k

Given an optimal CA(N;t, k, (v, ...,vx)) (where vy > 2), we can replace the symbol
vy from the first column with any symbol from [v; — 1] to obtain a CA(N;t, k, (v; —
1,vq,...,vg)). Thus

CAN(t, k’, (Ul, V2, ... ,Uk)) S CAN(t, k’, (Ul + 1, Vo, ... ,’Uk)).

For v-ary covering arrays, the “fusion” operation given in [11] improves the above
bound:
CAN(t, k,v) < CAN(t,k,v+ 1) — 2.

We can always drop a column of a CA(n;t, k, (v1,vs, ..., vx)) to obtain a CA(n;t, k —
1, (ve,...,vx)). Thus,

CAN(t,k — 1, (ve,...,vx)) < CAN(t, k, (v1,v2, ..., v0k)).

Suppose X is an optimal CA(N; ¢, k, (v1,ve,...,v;)). Consider the first column which
has symbols from [v;] and let n, denote the number of times symbol a appears in this
column for each a € [v1]. Assume without loss of generality that ny < ny < --- < mn,,.
Remove all rows of X for which the symbol 1 does not appear in the first column
and delete the first column of X. We are left with an n; x (k — 1) array Y which
is a CA(ni;t — Lk — 1, (va,...,0)), and ving = 321 < D gy Mta = N =
CAN(t, k, (vy,...,vg)). Thus,
CAN(t — 1,k —1,(ve,...,v)) < lCAN(IS, k, (v1,v9,...,0k)).

U1

Using Theorem 2.3.5, Stevens, Moura and Mendelsohn [57] gave the lower bound

CAN(2, k,v) > [”kfﬁw +1.

Other lower bounds can be found in [57].
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2.3.4 Constructions for strength-2 covering arrays

We briefly outline some known constructions for covering arrays of strength two.

An optimal construction for binary covering arrays of strength two is known. If
k< ([27%), then a CA(n;2,k,2) exists: the columns are simply k distinct binary
n-tuples, each with [n/2] ones and a zero as the first entry.

Using finite fields, for each prime power ¢ and integer k£ such that 2 < k < ¢, we can
build an optimal CA(¢?; 2, k,q). (see Theorem 6.39 in [58]). Using this construction,
we can also build a CA(¢%2,q¢+ 1,q) (see Theorem 6.40 in [58]). For every prime
power ¢ and integer ¢ such that 1 < ¢ < ¢, there exists a CA(¢*—t; 2, ¢+1+t,q—t) [13].

Algebraic methods provide other direct constructions. For all positive integers n
such that n = 10 (mod 12) there exists an optimal CA(n?;2,4,n) (see Theorem 6.41
in [58]).

Given integers ¢ and [, and a vector 7 = (vg,...,v_1) € (Zy_1 U {oo})" such that
vg =00 and v; € Z,_; for 1 <i <1 —1, the s-apart differences of v are given by
Dy = {(v;—v;) (mod g—1) : j—i = s (mod 1), v; # 00, v; # oo}. When D, = Z,_ for
1 < s < I, the vector U'is a (g, [)-cover starter. Meagher and Stevens [44] show that
the existence of a (g, [)-cover starter implies the existence of a CA(I(g—1)+1;2,1, g).

There are many recursive constructions for covering arrays in which a larger covering
array is built using smaller covering arrays as the ingredients, the simplest being the
product construction of two strength-2 covering arrays (see Theorem 4.1 in Col-
bourn’s survey [12]), which we now outline. Given a CA(n;2, k,v) and a CA(m; 2,1, v),
we build the product of these arrays, a CA(n + m; 2, kl,v) as follows: Place [ copies
of the CA(n;2, k,v) side by side obtaining a n x kl array. Denote by C; the i*" copy.
Below each copy C; place, side by side, k copies of the i column of the CA(m; 2,1, g),
yielding an n+m x kl array A. It is easy to verify that A forms a CA(n+m;2,kl, g).

Early papers on constructions for v-ary covering arrays of strength 2 were given by
Stevens and Mendelsohn [55, 56]. Constructions for mixed alphabet covering arrays of
strength 2 were given by Moura, Stardom, Stevens and Williams [46] and Colbourn,
Martirosyan, Mullen, Shasha, Sherwood, and Yucas [15].

A survey on covering arrays of general strength, including many constructions, is
given by Colbourn [12]. More recent constructions and classification results can be
found in the paper by Colbourn, Kéri, Rivas Soriano, and Schlage-Puchta [11].
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2.4 Covering arrays on graphs

In this section, we outline basic definitions and results regarding covering arrays on
graphs. For more details, see the following references of Meagher and Stevens [42, 43].

Covering arrays on graphs are covering arrays of strength ¢ = 2 except for the fact that
not every pair of columns is required to be qualitatively independent. They have an
associated graph structure to encode which pairs of columns should be qualitatively
independent.

Remark 2.4.1 In Chapter 3, we define a generalization of covering arrays on graphs
in which we use two different graphs as accessories to the array. To avoid confusion,

we refer to the graph of a covering array on a graph as a column graph.

A column graph is a simple graph G on k vertices labelled 1,... k. A v-ary
covering array on a column graph G with |V (G)| = k, denoted CA(n;2,G,v),
is an n x k array with symbols from the alphabet [v] such that pairs of columns
corresponding to adjacent vertices of G are qualitatively independent v-ary n-tuples.

The smallest n for which a CA(n;2, G, v) exists, denoted CAN(2, G, v), is the v-ary
covering array number of the column graph G.

—__ O O =
—_— O = O|w
== O Ofw
O = = O

Figure 2.2: A column graph G and a CA(4;2,G,2)

It is easy to see that a CA(n;2, K,v) on the complete column graph K} is sim-
ply a CA(n;2,k,v). Moreover, for a graph G with |V(G)| = k, we always have
CAN(2,G,v) < CAN(2,k,v); not all pairs of distinct columns in a CA(n;2,G,v)
need to be qualitatively independent. In other words, the bound follows from the
inclusion G C K.

In Figure 2.2 we give an example of a column graph G and an optimal CA(4;2, G, 2),

taken from [43]. Since 1 and 3 are nonadjacent vertices of G, the first and third
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columns of the CA(4;2, G, 2) need not be qualitatively independent. Indeed, we see
that they are not qualitatively independent: neither {(1,0),(3,1)} nor {(1,1),(3,0)}
are covered by those two columns. The other pairs of columns all correspond to
adjacent pairs of vertices of G and hence are qualitatively independent.

Covering arrays on graphs are related to graph homomorphisms. If, for column graphs
G and H, we have a homomorphism G — H, then CAN(2, G, v) < CAN(2, H,v) (see
Lemma 1 in [43]). Since there are homomorphisms K, — G — K,(¢), for any
column graph G, we have

CAN(Q, Kw(G)a U) S CAN(2, G, U) S CAN(2, Kx(G); U).

In fact, finding the v-ary covering array number of a column graph G is equivalent
to the QI(n,v)-colouring problem for a special target graph, QI(n,v), defined by
Meagher and Stevens [42, 43]. For two positive integers v and n such that n > v?
the qualitative independence graph, denoted QI(n,v), has as its vertices all v-
ary n-tuples in which each symbol from [v] occurs at least v times; additionally, the
first appearance of each symbol a € [v] of a v-ary n-tuple in V(QI(n,v)) occurs in
alphabetic order. Two vertices are adjacent in QI(n,v) if and only if they are a

qualitatively independent pair of v-ary n-tuples.

For a column graph G and nonnegative integers v and n such that n > v2, there
exists a CA(n;2,G,v) if and only if there is a homomorphism G — QI(n,v). More-
over, if there exists a CA(n;2,G,v), then x(G) < x(QI(n,v)) and similarly, w(G) <
w(Ql(n,v)).

The clique number and chromatic number for the qualitative independence graph
QI(n,2) are determined in [42, 43].

Meagher and Stevens [43] showed that the binary covering array number of a column
graph G lies within the following range of at most two values:

CAN(2, Ky(),2) — 1 < CAN(2,G,2) < CAN(2, K (), 2).
Moreover, if CAN(2, K\ (), 2) is odd, then CAN(2,G,2) = CAN(2, K\(c), 2).
Meagher and Stevens [42, 43] determined the core of QI(n,2): for n even, the core is

Kl( n s for n odd, the core of QI(n,2) is the induced subgraph of QI(n,2) containing

2\n/2

the vertices of weight |n/2|. Newman [47] proved that QI(9,3) is a core. Beyond

these cases, we do not know the cores of qualitative independence graphs.
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2.5 CAFEs

We briefly summarize some basic definitions and results regarding covering arrays
avoiding forbidden edges. All definitions and results in this section are given in
the paper by Danziger, Mendelsohn, Moura and Stevens [19], except when explicitly
referenced otherwise.

Covering arrays avoiding forbidden edges, CAFEs for short, are a generalization of
covering arrays of strength 2 in which specified pairwise interactions are forbidden
from appearing within any row of the array. CAFEs are defined using an accessory

graph that encodes forbidden pairwise interactions of a given testing problem.

Let k and v;, ¢ € [k] be positive integers. A forbidden edges graph is a k-partite
graph with vertices labelled by factor-value pairs (4, a;) such that ¢ € [k] and a; € [v;].
For each i € [k], the part P, = {(i,a) : a € [v;]} corresponds to the values in factor

i. The family of forbidden edges graphs, denoted G, . .,), is the family of

.....

k-partite forbidden edges graphs with k parts of sizes vy, ..., vy, respectively. If, for

,,,,,

77777 o) are called forbidden edges; forbidden edges correspond to forbidden

pairwise interactions of a testing problem. Each pairwise interaction {(¢, a;), (J,a;)},

where i # j and {(, @), (j,a;)} € E(G), is called a required interaction.

A k-tuple T = (ay,...,ax) € [v1] X -+ X [vg] is said to be a k-tuple avoiding
o) if, for all i, j € [k], we have {(i, a;), (j,a;)} & E(G).

-----

A CAFE for a forbidden edges graph G € Gy, ... +,), denoted CAFE(n, G), isann x k
array with columns labelled 1,... k. For each i € [k], column ¢ has symbols from

.....

the alphabet [v;]. Each row forms a k-tuple avoiding G. Moreover, for all pairs of
vertices (i,a;), (j,a;) € V(G) with @ # j, if {(i,a;), (j,a;)} € E(G), then there exists

a row that covers the required interaction {(7, a;), (J,a;)}.

The CAFE number for a forbidden edges graph G' € Gy, .. 4, denoted CAFEN(G),
is the minimum integer n for which a CAFE(n, G) exists, if a CAFE for G exists; if
a CAFE for G does not exist, then we write CAFEN(G) = +o0.

A k-uniform edge clique cover of a graph G is an edge clique cover of G consisting
entirely of k-cliques. If G € Gy, ... v,), then determining CAFEN(G) is equivalent to
determining the k-uniform edge clique cover number of a specific subgraph of the

.....

complement of G (see Proposition 5 in [19]).
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Not every forbidden edges graph G € Gy, ....4,) admits a CAFE. A required interaction

I = {(i,a;),(j,a;)} is consistent with G if there exists a k-tuple (rq,...,7%) €
[v1] X - - - X [vy] that covers I and avoids G. The graph G is consistent if all required
interactions of G are consistent with G. Indeed, there exists a CAFE(n,G) if and

only if GG is consistent.

If a forbidden edges graph G € G,
graph of G that is consistent, denoted G, is the avoidance closure of G. The

,,,,, v) 18 not consistent, then the minimal super-
avoidance closure of G always exists and it is unique. FEach required interaction of
G that is inconsistent becomes a forbidden edge in G. The most extreme situation
occurs when the avoidance closure of G is a complete k-partite graph (all pairwise

interactions are forbidden).

W W NN = =
W N WDN N = WK W
W NN WNDNDDND - W
NN~ DNRFR DN~ R~ NN -
DN DN = DN Do

Figure 2.3: A forbidden edges graph G € G333, and a CAFE(10, G)

In Figure 2.3, we give an example, extracted from [19], of a forbidden edges graph G €
033,322 (with solid black edges). The graph G is not consistent since the required
interactions {(1,3),(5,1)} and {(3,3),(5,1)} are not consistent with G; this can be
seen as follows: Since {(1, 3), (4, 1)} is forbidden, any consistent 5-tuple that covers the
factor-value pair (1,3) necessarily covers the factor-value pair (4,2). Likewise, since
{(4,2),(5,1)} is forbidden, any consistent 5-tuple that covers (5, 1) necessarily covers
(4,1). Together, these two properties make it impossible to cover the factor-value
pairs (1,3) and (5,1) in one consistent 5-tuple. For similar reasons, {(3,3),(5,1)}
is not consistent with G. By adding these two edges (dashed edges), we obtain the

avoidance closure G. A CAFE for G is also given.
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A characterization of consistent forbidden edges graphs G in the family Gy 5 is given
in [19]. In Proposition 8.2.3, we explicitly state this characterization and show how

it applies to a slightly more general setting.

Obvious lower and upper bounds on the CAFE number for a consistent forbidden

edges graph G' € Gy, ,..+,) are given by

-----

max {vv; — |[EY(G)|} < CAFEN(G) < > (viw; — |[EY(G)]),

1<i<j<k .
1<i<j<k

where E%/(G) denotes the set of edges with one end in part ¢ and the other end in
part j. These bounds are attained for forbidden edges graphs with £ = 2 parts, but
for k > 3 the upper bound can be tightened [40, 41]. If G € G(,,
then

v) 18 consistent,

,,,,,

AFEN < vv; — |E - k> 1.

CAFEN(G) < 3wy~ |E(O) (5) +

Constructions of CAFEs and asymptotic results on CAFE numbers are given in [19].
Computational complexity results for optimization and existence of CAFEs are also
given. In [40, 41], it is shown that determining whether CAFEN(G) < n for an
arbitrary forbidden edges graph G € Gy o and a given integer n is an NP-complete
problem.

Variable strength covering arrays

Variable strength covering arrays, VCAs for short, are another generalization of cover-
ing arrays, which we briefly mention here; we refer the reader to Raaphorst’s thesis [49]

for more details.

Let A be an abstract simplicial complex (downset) with vertex set V(A) = [k],
and let A denote the set of facets of A. A wariable strength covering array
of A, denoted VCA(n;A,v), is an n x k array with symbols from the alphabet [v]
and columns labelled 1, ...,k such that, for all A € A, the columns indexed by the
elements of A cover each of the ordered |A|-tuples of symbols in [v]/4 in at least one
row. The VCA number of A, denoted VCAN(A,v), is the smallest integer n such
that a VCA(n; A, v) exists.



Chapter 3

Covering arrays on column graphs
and alphabet graphs

In this chapter, we define a generalization of covering arrays on graphs: we add an
alphabet graph to encode the pairs of symbols to be covered. In Section 3.1, we intro-
duce these arrays. In Section 3.2, we define H-dependence graphs, a generalization of
qualitative independence graphs where the alphabet graph H is incorporated. Many
homomorphism results for covering arrays on graphs extend to include the alphabet
graph. In Section 3.3, we discuss covering arrays with alphabet graphs. In Section 3.4,

we define covering arrays on directed column graphs.

These concepts provide the setup for Chapter 4, wherein we study a particular al-
phabet graph and directed column graphs.

3.1 Column graphs and alphabet graphs

A column graph is an undirected graph with no loops and no parallel edges. An
alphabet graph is an undirected graph that contains no parallel edges, but may
contain loops.

Definition 3.1.1 Let G be a column graph with V(G) = [k] and let H be an alphabet
graph with V/(H) = [v]. A covering array on column graph G and alphabet
graph H, denoted CA(n;2,G, H), is an n X k array with symbols from the alphabet
[v] such that

31
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e for every edge ij € E(G) and for every edge ab € E(H), there exist rows r; =
(11, - -y 7)) and 7y, = (Tinas - -+, Tg) such that (ry;, ry;) = (a,0) and (1o, 7)) =

(b, a).

The covering array number, denoted CAN(2, G, H), is the smallest integer n for
which a CA(n;2,G, H) exists.

Remark 3.1.2 Our notation for covering arrays on column graphs and alphabet
graphs includes a strength parameter “2”7. Our definition for these arrays is only
applicable for strength 2, making the “2” superfluous in our notation CA(n;2,G, H).
We opted to record the strength nevertheless as covering array notation may then
consistently be read as follows:

CA( number rows ; strength , column information , alphabet information ).
Similarly, notation for the covering array number is consistently in the following form:

CAN( strength , column information , alphabet information ).

[N

== W N

W N ==
—_ =W N
A
—

no
—
w N

W N ==

Figure 3.1: A CA(4;2,Cy,S;) and a CA(2;2,G’, H')

Example 3.1.3 Take the column graph G = Cy (the undirected 4-cycle) and alpha-
bet graph H = S3 (the star on 3 vertices). The left side of Figure 3.1 shows an
optimal CA(4;2,C4, S3). The right side of Figure 3.1 will be explained in Section 3.4.

Notice that a CA(n; 2, G, K)°°?) is simply a covering array on GG, that is, a CA(n; 2, G, v).
A CA(n;2, Kj, K)*?) is simply a classical covering array of strength 2, that is, a
CA(n;2,k,v).
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Let G be a column graph and let H be an alphabet graph. If ij € E(G) and
ab € E(H), then the pairwise interaction I = {(i,a), (j,0)} is called a required
interaction with respect to G and H. If an interaction I C V(G) x V(H) is not
required with respect to G and H, then we say that [ is optional with respect to G
and H.

3.2 H-dependence graphs

In this section, we show that the problem of determining CAN(2, G, H) is equivalent
to a graph-colouring problem for the appropriate target corresponding to the alphabet
graph H. We define these targets, called H-dependence graphs, and we some proper-
ties held by their cores. Dependence graphs are the natural extension of qualitative
independence graphs. The terminology “H-dependent” was introduced by Gargano,
Korner, and Vaccaro [25].

Definition 3.2.1 Let H be an alphabet graph with V(H) = [v], and let ¥ =
(x1,...,2,) and ¥ = (y1,...,yn) be two v-ary n-tuples, that is, ¥, € [v]". If,
for every edge ab € E(H), there exist indices i, j € [n] such that (z;,v;) = (a,b) and
(xj,y;) = (b,a), then & and § are H-dependent.

Let v > 2 and consider the complete graph with loops K;>°". It is easy to see that
two v-partitions of [n] are qualitatively independent if and only if they are K o°r-
dependent. In a covering array on a column graph G, every two distinct columns
corresponding to an edge of G must be K)*°*-dependent. Analogously, every two dis-
tinct columns of a CA(n;2, G, H) must be H-dependent whenever the corresponding

vertices of the column graph G are adjacent.

Meagher and Stevens [42, 43| defined qualitative independence graphs to characterize
covering arrays on graphs. We define analogous target graphs using the notion of H-
dependence; these new targets characterize the problem of covering arrays on column

and alphabet graphs in terms of graph homomorphisms.

Definition 3.2.2 Let H be an alphabet graph with V/(H) = [v]. The H-dependence
graph, denoted QI(n, H), is the graph with vertex set V(QI(n,H)) = [v|* and
7y € E(Ql(n, H)) if and only if Z and ¢ are H-dependent.
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The problem of determining CAN(2, G, H) for a given column graph and alphabet
graph is now equivalent to a graph-colouring problem. The next two results are
straightforward extensions of the analogous results given by Meagher and Stevens [43]
(see Theorem 1, Lemma 1 and Corollary 1 in [43]).

Proposition 3.2.3 Let GG be a column graph and let H be an alphabet graph. There
exists a CA(n; 2, G, H) if and only if there is a homomorphism G — QI(n, H). Thus,

CAN(2,G,H) = min{n : G — Ql(n, H)}.

[proof] Let V(G) = [k] and V(H) = [v]. If there exists a CA(n;2,G, H), then its
columns are vertices of QI(n, H). Define a map f: G — Ql(n, H) given by f(i) = C;
for each i € [k] = V(G), where C; denotes the ith column of the CA(n;2,G, H) and
C; = (C1iy. - Cni) € [v]" for each i € [k]. If ij € E(G), then, for all ab € E(H),
there are indices [,!" € [n] such that ¢; = a and ¢;; = b and ¢;; = b and ¢p; = a. By
definition of the H-dependence graph QI(n, H), the vertices C; and C; are adjacent
in QI(n, H). Thus, f is a homomorphism.

If there exists a homomorphism f : G — QI(n, H), then we can build an n x k array
with columns Ci, ..., Cy given by C; = f(i) for each i € [k]. It is easy to see this
array is a CA(n;2,G, H). |

Proposition 3.2.4 Let H be an alphabet graph and let Gy, G2 and G be column
graphs. If there is a homomorphism G; — G, then

CAN(2,G4, H) < CAN(2,G9, H).
In particular, we have
CAN(2, Ky, H) < CAN(2,G, H) < CAN(2, K\, H),
where w(G) and x(G) denote the clique number and chromatic number of G, respec-

tively.

[proof] Suppose we have an optimal CA(n;2, G, H) with columns C, ..., Cly(cy)|-
Let f : Gi — G be a homomorphism and define an n x |V(G)| array where the ith
column is the column Cy. If ij € E(G1), then f(i)f(j) € E(G2). This means that
column CYy(; is H-dependent with column C(;y as required. |

Considering Proposition 3.2.3, we ask the following question:
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Question 3.2.5 For a given alphabet graph H, what is the core of QI(n, H)?

Let QI(n, H)* denote the core of QI(n, H).

Isolated vertices of QI(n, H) are superfluous with respect to the core QI(n, H)*. No-
tice that every non-isolated vertex & € V(QI(n, H)) must have each symbol a € [v]
occurring at least | Ny (a)| times; here, we use Ng(a) to denote the neighbourhood of
a in H, which includes a if H has a loop aa € E(H). In order for QI(n, H) to have
at least one non-isolated vertex, n has to be large enough:

nz [N (a)l
a€V (H)

In other words, if n < 3° v () [Nu(a)|, then all vertices of QI(n, H) are isolated; in
this case, the core is the trivial graph, that is, Ql(n, H)®* = Kj.

Lemma 3.2.6 Let H be an alphabet graph with V(H) = [v]. Ifn > > g [Nu(a),
then the core QI(n, H)® is a subgraph of the graph @’ C QI(n, H) such that every
vertex & € V(Q') has the following property: for all a € [v], the symbol a occurs at
least [Ny (a)| times as an entry of 7. N

Consider H = K,. For all n, we show that the core of QI(n, Ks) is K<L ") The
proof is similar to that given by Meagher and Stevens [43] in order to prove that the

core of Ql(n,2) is K< ")/ when n is even.
Proposition 3.2.7 Let n > 2. The core of Ql(n, Ks) is K(L ")
n/2

[proof] Let M, = (LnT/L2J)' Consider the vertices of QI(n, K3) as subsets of [n] by
letting & = (x1,...,2,) € (V(K3))" represent the set A C [n] given by A = {i € [n]:
x; = 1}. The (Ln72 j) vertices corresponding to sets of cardinality |n/2]| clearly form
a clique of QI(n, K3). Thus, Ky, C QI(n, Ks).
Using Theorem 2.1.5, we decompose the poset of subsets of [n] into symmetric chains.
Define a map f : V(QI(n, K3)) — V(QI(n, K3)) as follows. For each subset A €
V(QI(n, K3)) let f(A) be the |n/2]-set in the chain containing A. We claim that
f is a retraction of QI(n, K3) to K(L n) If {A,B} € E(QI(n,K,)), then A ¢ B

n/2

and B ¢ A since A and B must be Ks-dependent. Consequently, A and B must
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belong to different chains and f(A) and f(B) must be two distinct [n/2|-sets. Thus,
{7(A), f(B)} € E(QI(n, K3)).

It follows that QI(n, K3) retracts to Ky, , and since Ky, is a core, it follows that
Ky, must be the core of Ql(n, K5). N

n

Corollary 3.2.8 If GG is an undirected column graph, then

CAN(2,G, K;) = min {n 1 x(GQ) < (LnT/LZJ> } .
[proof] By Proposition 3.2.3, CAN(2, G, K3) = min{n : G — QI(n, K3)}. It remains
to show that G — QI(n, K>) if and only if x(G) < (LnT/L2J)'

Let M, = (Ln% j)' By Proposition 2.2.2, QI(n, K3) is homomorphically equivalent to
its core, which, by Proposition 3.2.7, is the complete graph K,;,. Thus, there exists
a homomorphism of G to QI(n, K5) if and only if there exists a homomorphism of G
to Ky, . By Proposition 2.2.1, there exists a homomorphism of G' to K, if and only
if X(G) < M,. N

3.3 Covering arrays with alphabet graphs

Here we define covering arrays with alphabet graphs which require all pairs of columns

to cover all pairs of adjacent vertices of an alphabet graph H.

Definition 3.3.1 Let H be an alphabet graph. A covering array with alphabet
graph H, denoted CA(n;2,k,H), is a CA(n;2, K, H). The minimum integer n for
which there exists a CA(n;2,k, H), denoted CAN(2, k, H), is the covering array
number. The maximum integer k for which there exists a CA(n;2,k, H), denoted
CAK(n;2, H), is the column number.

Corollary 3.3.2 Let H be an alphabet graph. There exists a CA(n;2, k, H) if and
only if w(Ql(n, H)) > k.

[proof] Recall that a CA(n;2,k, H) is simply a CA(n;2, Ky, H). By Proposi-
tion 3.2.3, there is a CA(n;2,k, H) if and only if there is a homomorphism K —
QI(n, H). There is a homomorphism K} — QI(n, H) if and only if the clique number
satisfies w(Ql(n, H)) > k. N



3.3. COVERING ARRAYS WITH ALPHABET GRAPHS 37

In light of Corollary 3.3.2, we ask the following question:

Question 3.3.3 Let H be an alphabet graph. What is the clique number of the
H-dependence graph Ql(n, H)?

For alphabet graphs without loops, we get the following bounds on column numbers.

Proposition 3.3.4 If H is an alphabet graph with |V (H)| = v such that H has no
loops, then CAK(n;2, K,) < CAK(n;2,H) < CAK(n;2, K\(m)).

[proof] Since H C K, any collection of v-ary n-tuples that is K,-dependent is
clearly H-dependent. Thus, CAK(n;2, H) > CAK(n;2, K,).

Let Z,...,%; be the columns of a CA(n;2 k, H), where k = CAK(n;2, H) and
Ty = (@14,..., %) for each i € [k]. Let Vi,..., Vi) be the colour classes of a x(H)-
colouring of H. For each a € V(H), denote by c(a) the colour class to which a

belongs. For each 7;, define a new n-tuple z;' by ;' = (c(x1;), ..., c(Tn)).
We claim that 7 # ;' whenever Z; # ¥, and the collection z7’,..., 2}’ is K\ (m-
dependent.

First, if #; # ;, then, for every edge ab € E(H), we have an index r € [n] such that
x;; = a and x,; = b. The colour classes of a and b must be distinct since ab € E(H),
thus c(z,;) # c(x,;), so T; # @ as required.

To see that 7;' and z} are K, (m)-dependent, take any two distinct colour classes V,
and V;. Since the colouring Vi, ..., V(g is optimal, there must be an edge of H with
one end in V), and its other end in V,. If ab € E(H) is such an edge and a € V,,
b € V,, then, for some indices r, s € [n], we have z,; = a and z,; = b while z5; = b
and z,; = a. Consequently, c¢(x,;) = p and c(z,;) = ¢ and c(xy;) = ¢ and cx;) = p.

It now follows that ;" and fj’ are K (m-dependent. |

In Chapters 6 and 7, we develop a method for deriving upper bounds on the maximum
number of columns in a covering array with alphabet graph H and a fixed number of

TOWS.
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3.3.1 Expanding alphabets

Here we describe one potential testing application for covering arrays with alphabet
graphs. Suppose we have a testing problem on k factors with v values each. We run
a test suite based on a covering array CA(n;2, k,v). Later, each of the factors of our
testing problem has expanded to include w new values as well as the v “old” values.
We would like a covering array which tests all the new values together as well as all
the pairwise interactions between old values and new values. This can be accom-
plished with a CA(n/;2,k,v + w); however, we do not require pairwise interactions
corresponding to two old values to be retested.

In this situation, using a CA(m; 2, k, H) is preferable, where H is the complete graph
K>°P joined to v isolated vertices. For example, if we want to expand the alphabet
of a binary CA(n;2,k,2) with as few rows as possible in order to obtain a 4-ary
CA(n';2,k,4), then CAN(2, k, H) represents the fewest rows that have to be appended
to the rows of a CA(n; 2, k, 2) in order to obtain a CA(n+CAN(2,k, H); 2, k,4), where

H =

Alphabet graphs of the above form, a complete graph with loops joined to several
otherwise isolated vertices, fall into the category of “strong” graphs. In Section 6.4,
we define strong graphs and show that they play a pivotal role in our method for
deriving LYM inequalities.

3.4 Directed column and alphabet graphs

In this section, we make the observation that the definition of covering arrays on
column graphs and alphabet graphs can easily be extended to directed graphs. We
get analogous homomorphism results for directed H-dependence graphs as well. This
section provides the general setup for Chapter 4, wherein we concentrate on one
particular directed alphabet graph.

A directed column graph is a directed graph G such that G has no loops and no
parallel arcs. A directed alphabet graph is a directed graph H such that H does
not contain parallel arcs, but H may contain loops.
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Definition 3.4.1 Let G be a directed column graph with V(G) = [k] and let H be a
directed alphabet graph with V(H) = [v]. A covering array on directed column
graph G and directed alphabet graph H, denoted CA(n;2,G,H), is an n x k
array with symbols from the alphabet [v] such that

e for every arc ij € F(G) and for every arc ab € E(H), there exists a row
r = (ru, ..., ) such that (ry,r;) = (a,b).

The covering array number, denoted CAN(2, G, H), is the smallest integer n for
which a CA(n;2,G, H) exists.

Example 3.4.2 The right side of Figure 3.1 shows an example of a directed column
graph G’ (where G’ is an orientation of Cy) and a directed alphabet graph H' (where
H' is an orientation of the star S5) as well as an optimal CA(2;2,G’, H’).

Definition 3.4.3 Let H be a directed alphabet graph with V(H) = [v]. Let & =
(x1,...,2,) and ¥ = (y1,...,Yn) be two v-ary n-tuples, that is, Z,y € [v]". If, for
every arc ab € E(H), there exists an index ¢ € [n] such that x; = a and y; = b, then
Z is H-dependent with y.

When H is a directed alphabet graph, the notion of two n-tuples being H-dependent
also has a direction. FEven if ¥ is H-dependent with g, it might still be the case
that ¢ is not H-dependent with #. When H is undirected, being H-dependent is
a symmetric relation; alternatively, we can imagine H is directed by replacing each
edge {a,b} € E(H) by two oppositely directed arcs ab and ba.

Definition 3.4.4 Let H be a directed alphabet graph with V(H) = [v]. The (di-
rected) H-dependence graph, denoted QI(n,H), is the graph with vertex set
V(QI(n, H)) = [v]" and arcs 2y € E(QI(n, H)) whenever & is H-dependent with

—

Y.

For directed graphs, we get homomorphism results analogous to those we gave for the
undirected version of the problem.

Proposition 3.4.5 Let G be a directed column graph and let H be a directed al-
phabet graph. There exists a CA(n;2,G, H) if and only if there is a homomorphism
G — QI(n, H). Thus, CAN(2,G,H) = min{n : G — Ql(n, H)}. N
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Proposition 3.4.6 Let H be a directed alphabet graph and let G; and G4 be directed

column graphs. If there is a homomorphism G; — G, then

CAN(2,Gy, H) < CAN(2,Gs, H). N

With respect to Question 3.2.5, we can also determine some properties that are held
by the cores of H-dependence graphs, when H is a directed alphabet graph. The
following lemma is the directed analogue of Lemma 3.2.6.

Lemma 3.4.7 Let H be a directed alphabet graph. If QI(n, H) has a non-trivial
core, then, for each Z € V(QI(n, H)*), we may assume that & satisfies at least one of

the two following conditions:

1. each symbol a € [v] occurs at least outdegy (a) times in Z, or

2. each symbol a € [v] occurs at least indegy (a) times in Z.

In particular, we need n > max {ZaeV(H) outdegy(a), D,y () indegH(a)} . N



Chapter 4

Binary covering arrays on directed
column graphs

In this chapter, we consider covering arrays on directed column graphs with the
directed binary alphabet graph T5 (the transitive 2-tournament), where V(T3) =
{0,1} and E(T) = {(0,1)}. We investigate the problem of finding CAN(2, G, T5) for
directed column graphs G. In Section 4.1, we give bounds relating CAN(2,G', T5)
to CAN(2, G, 2), where G’ is an orientation of G. In Section 4.2, we give properties
of the Ty-dependence graph QI(n,T3) and show that it is a core. In Section 4.3, we
show that determining CAN(2, G, T5) is NP-complete for arbitrary directed column
graphs G. In Section 4.4, we give bounds on CAN(2, G, T,) where the column graph
(G is a k-tournament. In Section 4.5, we consider a specific family of tournaments as
column graphs: circular tournaments. We give constructions for covering arrays on

circular tournament column graphs with the binary alphabet graph 75.

4.1 Bounds for binary covering arrays on directed
column graphs

There is a natural correspondence between binary n-tuples and subsets of [n]. Let

Z=(x1,...,2,) and § = (y1,...,yn) be two binary n-tuples. We may consider Z and

y as subsets of [n], namely A ={i € [n] : z; =1} and B = {i € [n] : y; = 1}. Notice
that & is To-dependent with ¢ if and only if B ¢ A.

41
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The columns of a covering array CA(n;2, k,T;) with alphabet graph 75 correspond
to an antichain of subsets of [n]. In fact, when a column graph G is undirected (or
thought of as a symmetric digraph), the problem of finding a CA(n; 2, G, T3) is equiv-
alent to the problem of finding a CA(n;2,G, K;3). By Corollary 3.2.8, determining
CAN(2, G, K») is equivalent to finding the minimum n such that x(G) < (LnT/L2J)’ and

we consider this problem satisfactorily dealt with.

Since T5 is a directed alphabet graph we are far more interested in covering arrays
CA(n;2,G, Tz) where G is a directed column graph. We are especially interested in
k-tournaments as column graphs with the alphabet graph T5. The latter half of this
chapter will deal principally with this line of questioning.

We begin our investigation with the following bounds which compare a binary covering
array on an undirected graph G to a covering array on column graph G, an orientation
of G, and alphabet graph T5.

If G is an undirected graph, then an orientation of G is a directed graph G’ on
V(G") = V(G) such that G’ has exactly one of the arcs ab or ba if and only if G
contains the undirected edge {a,b}. If G is a directed graph, then the reversal of
G is the directed graph G” with V(G”) = V(G) and arcs ba € E(G") if and only
ab € E(G).

Proposition 4.1.1 Let G be an undirected column graph with V/(G) = [k]. If G’ is

an orientation of GG, then

%CAN(Q,G, 2) —1 < CAN(2, G, T3) < CAN(2,G,2) — 1.

[proof] Let A be an optimal CA(n;2,G’",T,) and let A’ denote the array ob-
tained from A by interchanging all zeros and ones. Let G” denote the reversal of
G'. Clearly A" is a CA(n;2,G",T3). Thus CAN(2,G",Ty) < CAN(2,G",T,). Sim-
ilarly, CAN(2,G",T3) < CAN(2,G",Ty) so that CAN(2,G",Ty) = CAN(2,G', T3).
The 2n x k array obtained by appending the rows of A to the rows of A’ yields a
CA(2n;2,G, Ky). Adding the constant row of all zeros and the constant row of all
ones yields a CA(2n+2;2, G, 2). Consequently, CAN(2,G,2) < 2-CAN(2,G",T5)+2,
which gives the lower bound.

Now, take a CA(n;2,G,2). We can assume without loss of generality that the first
row is all zeros. Delete this row and we are left with an CA(n — 1;2,G’, Ty), for
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any subgraph G’ C G* of the symmetric digraph G*. Thus, CAN(2,G', T3) <
CAN(2,G,2) — 1. N

We now provide infinite classes of graphs achieving the bounds given in Proposi-
tion 4.1.1.

Let G be a nonempty bipartite graph with bipartition (X,Y"). If G’ is an orientation
of GG such that all arcs in G’ are oriented from X to Y, then we call G’ a consistent
orientation of G.

Claim 4.1.2 If G’ is a consistent orientation of a bipartite graph G, then G’ achieves
the lower bound of Proposition 4.1.1.

[proof] For any consistent orientation G’ of a bipartite graph G, there is a homo-
morphism G — T, (map all vertices in X to the vertex 0 € V(73) and map all
vertices in Y to the vertex 1 € V(T3)). It is easy to see that Ty-dependence graph
QI(1,Ty) is isomorphic to Ty, thus G' — QI(1,T3). By Proposition 3.2.3, it follows
that CAN(2,G’,T3) < 1. In contrast, a CA(n;2,G,2) requires n > 4 rows (there
are four pairs (a,b) € {0,1}* to cover). Thus, for any bipartite column graph G and
consistent orientation G’ of GG, the lower bound of Proposition 4.1.1 is achieved:

1=1(4)—1<LCAN(2,G,2) —1 < CAN(2,G", Ty) < 1. N

)

Claim 4.1.3 If GG’ is an orientation of a 3-chromatic graph G such that G’ is not
homomorphic to one of the graphs shown in Figure 4.1, then G’ achieves the upper
bound of Proposition 4.1.1.

[proof] Let G be a graph such that x(G) = 3, and let G’ be an orientation of G
such that G’ is not homomorphic to one of the graphs shown in Figure 4.1. Since
G — K, there exist homomorphisms G’ — G* — K3, where G* and K3 denote the
symmetric digraphs of G and K3, respectively. The vertices of QI(3,7%) corresponding
to subsets of rank one induce a copy of Kj, thus, there exists a homomorphism
K3 — QI(3,T3). Consequently, G' — QI(3,T3). By Proposition 3.2.3, it follows that
CAN(2,G",T,) < 3.

Since G' — KJ, the graph G’ must be homomorphic to some subgraph of Kj. Since
X(G) = 3, it follows that G’ cannot be homomorphic to K3 (if it were, then G would
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be 2-colourable). The three acyclic subgraphs of K3 shown in Figure 4.1 are the only
subgraphs of K} which are homomorphic to QI(2,7%) but not homomorphic to Kj.
By assumption, G’ is not homomorphic to one of the subgraphs in Figure 4.1; thus,
G is not homomorphic to QI(2,7T3), hence CAN(2, G, Ty) > 3.

It now follows that CAN(2,G’, T3) = 3, which achieves the upper bound of Proposi-
tion 4.1.1 as follows:

3=CAN(2,G',T5) =4 —1=CAN(2,G,2) — 1. N

For example, if G is an odd cycle, and if G’ is the orientation of G that is a directed odd
cycle, then G’ is not homomorphic to any of the three subgraphs shown in Figure 4.1,

but G’ is homomorphic to QI(3,75).
T °

Figure 4.1: Subgraphs of K] that are homomorphic to QI(2,7%) but not to K;

Using the following graph-homomorphism result, we get a bound on acyclic column
graphs; for a proof of Proposition 4.1.4, see Proposition 1.13 in [29].

Proposition 4.1.4 A digraph G with k vertices is acyclic if and only if G — Tj. H

Proposition 4.1.5 Let GG be a directed column graph on £ vertices. If GG is acyclic,
then CAN(2,G,T5) < [log, k].

[proof] By Proposition 4.1.4, G is acyclic if and only if G is homomorphic to the
transitive tournament Tj. It is easy to see that T}, is a subgraph of QI([log, k], T5).
Thus, CAN(2,G,T5) < [log, k].

Let G be a directed column graph with V(G) = [k]. Let i,j € [k]. The interaction
{(2,0), (4, 1)} is a distance-d interaction if d € [k — 1] and j —i = d(mod k). The
next result reveals why, in some cases, we can expect a covering array CA(2,G,T5)

to cover a substantial number of optional interactions with respect to G and 5.
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Lemma 4.1.6 Let G be a directed column graph with V(G) = [k]. In each row,
R;, of a CA(n;2,G,T,), the number of distance-d interactions covered in R; is equal
to the number of distance-(k — d) interactions covered in R;, for each d such that
1<d<k-1

[proof] Fix a distance d such that 1 < d < k—1 and let f = ged(d, k). We partition
V(@) into f disjoint cyclic sequences, namely:

Ci=11+4d1+2d,...,14+(

02:2,2+d,2+2d,...,2+(§—1)d

Cr=ff+df+2d,. .. f+(5-1)d
where addition is done modulo k.
Within each cyclic sequence C; consecutive vertices are distance d apart.

For each row R; of a CA(2,G,T5), taking the entries of R; in the order induced by the
above cyclic sequences yields f cyclic sequences of zeros and ones, which we denote by
Cj(R;) for j =1,..., f. That is, Cj(R;) = Ri(j), Ri(j +d), ..., Ri(j+ (5 —1)d). Since
consecutive entries of these cyclic sequences correspond to vertices that are distance
d apart, each time a sequence has a 0 entry followed by a 1 entry corresponds to one
of the distance-d interactions covered by R;. Summing over all C;(R;), the number of
times a 0 is followed by a 1, gives the total number of distance-d interactions covered

Now, it is easy to see that the number of times a binary cyclic sequence switches from
0 to 1 must be equal to the number of times that sequence switches from 1 to 0. It
remains to observe that a 1 entry followed by a 0 entry in one of the cyclic sequences
C;(R;) corresponds to a distance-(k — d) interaction that is covered by R;. N

Although, for each d € [k —1], Lemma 4.1.6 tells us that each row of a CA(n;2,G,T5)
covers the same number of distance-d interactions as distance-(k — d) interactions,
this property does not hold more globally. The total number of distinct distance-d
interactions covered by an entire array can be different from the total number of
distance-(k — d) interactions covered by the array.
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4.2 Properties of QI(n,T5)

Recall from the proof Proposition 3.2.3 that finding covering arrays with column graph
G and alphabet graph T3 is equivalent to finding homomorphisms of G' to QI(n, T3).
In this section, we give some properties of the Th-dependence graph.

For n > 1, the vertices of QI(n,T3) are all binary n-tuples, hence |V (QI(n,T3))| =
2", These n-tuples correspond to the subsets of [n], so we think of the vertices
interchangeably as n-tuples or subsets. Figure 4.2 shows QI(2,75) in two ways: with
vertices as binary 2-tuples (on the left) and with vertices as subsets of {1,2} (in the
centre). Figure 4.2 also shows the Ty-dependence graph QI(3,73) (on the right).

-]
——

{1,2

AN
N

{1}

i
NNVZ

4a

%

Figure 4.2: The T,-dependence graphs QI(2,75) (in two ways) and QI(3,75)

For A, B C [n], we have an arc AB € E(QI(n,T)) if and only if B € A. Every
pair of distinct vertices A, B € V(QI(n,T3)) has A € B or B ¢ A (or both), thus
the underlying graph of QI(n,Ts) is Kan. In fact, most pairs of vertices in QI(n,T3)
are symmetrically adjacent (both AB and BA are arcs of QI(n,T3)). Observe that
AB ¢ E(QI(n,Ty)) if and only if B C A. Moreover, if A and B are distinct vertices,
then AB ¢ E(QI(n,T3)) if and only if B is a proper subset of A. Using this fact, we
can count the pairs of vertices of QI(n,Ts) that are not symmetrically adjacent, as

follows.
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Lemma 4.2.1 The number of pairs of distinct vertices A, B € V(QI(n,T5)) such
that exactly one of AB and BA is an arc of Ql(n,Ty) is 3" — 2.

[proof] Consider the vertices of QI(n,T3) as subsets of [n|. Each k-set is a proper
subset of (”;k) sets of rank k + 4. For each fixed k-set A, the number of subsets in

which A is properly contained is thus equal to

n—=k
3 (”;k) —onk _q,

i=1
Summing over all sets of rank & and summing over all ranks k € {0,1,...,n}, we
have
n n n n k
n n—k __ _ n n—k __ ny _ on n 1 _on _ a9n __ 9n
> (e -2 () -2 () - 0 G) o
k=0 k=0 k=0 k=0

pairs of distinct vertices A, B € V(QI(n,T3)) such that A C B. These are the only
pairs of vertices for which BA € E(QI(n,T3)) and AB ¢ E(QI(n,T3)). Thus, there
are 3" — 2" pairs of distinct vertices in V' (QI(n, Ty)) such that exactly one of AB and
BA is an arc of Ql(n,T3). N

Corollary 4.2.2 The graph QI(n,T,) has 2**~1 + 27~ — 3" pairs of distinct vertices
A and B such that both AB and BA are arcs of Ql(n,Ty). In particular, as n — oo,
the proportion (2271 +2"~1 —3") /(%) — 1, where (%) is the total number of pairs
of vertices in QI(n, T).

[proof]| There are (2;) pairs of distinct vertices in QI(n,T3). By Lemma 4.2.1, 3" —2"
pairs are not symmetrically adjacent. Thus, the number of symmetrically adjacent
pairs is (%) —[3" —2"] = 2" 1(2" — 1) — 3" + 2" = 2271 4 271 _ 37 Asymptotically,

we have
) 22n—1 + 2n—1 —3n ) 4r 4 9n 9. 3m
o @) R T T

1. H

Corollary 4.2.2 is another reason for us to expect covering arrays CA(n;2, G, Ts) on
non-symmetric column digraphs G to cover a substantial number of optional interac-
tions. Consider a homomorphism f : G — QI(n,T,) and an arc ij € E(G). Given
Corollary 4.2.2, there is a good chance that both f(i)f(j) and f(j)f(i) are arcs of
QI(n, Tz) whether or not ji € E(G).
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Proposition 4.2.3 The graph QI(n,T5) is a core.

[proof] No two vertices of QI(n,T3) can be identified by an endomorphism since
QI(n,Ty) has no loops, and, for all A, B € V(QI(n,T3)), we have AB € E(QI(n,T3))
or BA € E(QI(n,T3)). Thus, there does not exist a retraction of QI(n,T3) to any
proper subgraph, so QI(n,T5) is a core.

In a directed graph X, a symmetric clique is a subset of vertices C' C V(X)) such
that, for all distinct u,v € C, we have uv € E(X) and vu € E(X). In Ql(n,T5),
a symmetric clique corresponds to an antichain of subsets of [n]. From Sperner’s

Theorem (see Theorem 2.1.1), we get the following result.

Lemma 4.2.4 The largest symmetric clique in QI(n, T,) has size (Ln72J)' If n is even,
the unique largest symmetric clique consists of the vertices of rank n/2. If n is odd,
there are two largest symmetric cliques: the set of vertices of rank |n/2], and the set
of vertices of rank [n/2].

4.3 Complexity of determining CAN(2, G, T5)

In this section, we discuss computational complexity results related to covering ar-
rays on directed column graphs with alphabet graph T5. For background related to
complexity theory, see Chapter 34 in [17].

Let T5-CAN denote the following decision problem for covering arrays on column
graphs with alphabet graph T,, namely

Ty-CAN = {(G,n) : CAN(2,G, T3) < n}

where G is a directed column graph and n is a positive integer.

For undirected graphs G, let 3-COL denote the 3-colouring decision problem

3-COL ={G : x(G) < 3}.

Let 2-CANG denote the decision problem for binary covering arrays on (undirected
column) graphs
2-CANG = {(G,n) : CAN(2,G,2) < n}.
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Seroussi and Bshouty [53] proved that 2-CANG is NP-complete, which implies T5-
CAN is NP-hard, as follows. Given an instance (G, n) for the problem 2-CANG, it is
clear that (G*,n) is an instance for 75-CAN, where G* is the symmetric digraph of
G. Indeed, (G,n) € 2-CANG if and only if (G*,n) € T,-CAN. If T5-CAN could be
solved in polynomial time, then we could solve 2-CANG in polynomial time which is
possible only if P = NP.

Corollary 4.3.1 The decision problem 75-CAN is NP-hard. |

In their proof, Seroussi and Bshouty [53] showed the reduction 3-COL <, 2-CANG.
Here, we give a proof that 3-COL <, T>-CAN directly, using properties of the graph

QI(3,T3).

Proposition 4.3.2 The decision problems 3-COL and 7T5-CAN satisfy 3-COL <,
T5-CAN. Thus, T5-CAN is NP-hard.

[proof] Let G be an instance for 3-COL and label the vertices of G as 1,...,k.
Let G* be the symmetric digraph of G. We claim that G € 3-COL if and only if
(G*,3) € T-CAN.

If G € 3-COL, then G* — Kj — QI(3,T3). Thus, (G*,3) € T,-CAN.
Conversely, if (G*,3) € T,-CAN, then G* — QI(3,T3); moreover, (symmetrically)
adjacent vertices in G* can only be mapped to vertices in the symmetric subgraph of

QI(3,73) shown in Figure 4.3 (these are the only pairs of vertices of QI(3,7%) which
are symmetrically adjacent).

Figure 4.3: The symmetric subgraph of QI(3,75)

It is easy to see that the subgraph of QI(3,T), shown in Figure 4.3, is homomorphic
to K5. Consequently, G — K3 and so G € 3-COL.
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Thus, 3-COL <, T5-CAN and T»-CAN is NP-hard |

4.4 Binary covering arrays on tournament

column graphs

A k-tournament is an orientation of the complete graph on K. Our convention
for k-tournaments is to label the vertices as 1,2,...,k (except when k£ = 2 in which

case we use 0 and 1).

We are interested in k-tournaments as column graphs with 75 as the alphabet graph.
Among all k-tournaments, which families of tournaments are extremal with respect
to covering array numbers? Do binary covering arrays on k-tournaments generally

require as many rows as binary covering arrays?

Recall from Proposition 4.1.1 that the following bounds hold, where GG’ is an orienta-
tion of a graph G-

%CAN(Q,G, 2) —1 < CAN(2,G', Ty) < CAN(2,G,2) — 1. (4.4.1)

A binary covering array of strength 2, CA(n; 2, k, 2), is equivalent to a covering array
on the complete column graph Kj, that is, a CA(n;2, Kj,2). We thus have the

following bound:

Corollary 4.4.1 If O is a k-tournament, then

%CAN(Q, k,2) —1 < CAN(2,0,Ty) < CAN(2,k,2) — 1. |

We now prove that the upper and lower bounds of Corollary 4.4.1 can be tightened
for k-tournaments.

Lemma 4.4.2 If O is a k-tournament, then [log, k] < CAN(2,0,T5).

[proof] Suppose CAN(2,0,T,) = n. Then there is a homomorphism f : O —
QI(n,Ty), and f must be vertex-injective since QI(n,T3) does not contain any loops
and each pair of distinct vertices in O is joined by an arc. It now follows that £ < 27
since |V (QI(n,Ty))| = 2". Therefore, log, k < n. N
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We now show that the lower bound of Lemma 4.4.2 is tight by considering transitive
tournaments.

Theorem 4.4.3 If £ > 2, then CAN(2, T}, T5) = [log,(k)].

[proof] Notice that AB € E(QI(n,Ty)) if and only if A # B and B ¢ A. We can thus
order the vertices of QI(n, Tz) in non-descending rank, arbitrarily ordering the vertices
of any fixed rank, and this ordering will have the property that AB € E(QI(n,T3))
whenever A precedes B. With this ordering in place, it is clear that QI(n, T5) contains
Ton as an induced subgraph.

It now follows that for all k£ < 2" there exist homomorphisms T}, — Ton — QI(n, T3).
By Proposition 3.4.5, we have CAN(2, T}, Ty) < [log, k].

By Lemma 4.4.2, we have CAN(2, T}, Ty) > [log, k|, which completes the proof. |

Note that the proof of Theorem 4.4.3 says even more than CAN(2, T, T3) = [log,(k)];
it says that we can construct a CA(n;2,Ty,Ty) for any n > log, k by arranging k
distinct binary n-tuples, corresponding to k distinct subsets of [n] in non-descending

order of cardinality.

Indeed, the lower bound of Lemma 4.4.2 is achieved by many k-tournaments. Any
k-tournament that is a subgraph of QI([log, k], T») achieves the bound (remember
that QI(n,T3) has many pairs of symmetrically adjacent vertices, so there are many

non-transitive tournaments contained in QI(n,75)).

Using transitive tournaments, we provide a new construction for binary covering
arrays. Said construction, given in Proposition 4.4.4, is not optimal in general, and
arguably, it is useless for building binary covering arrays; recall that the exact value
of CAN(2,k,2) and an optimal construction for binary covering arrays are already
known (see Theorem 2.3.3). Nevertheless, we believe the idea behind the construction
of Proposition 4.4.4 may be useful, if it could be generalized to higher alphabet sizes
v > 3.

Proposition 4.4.4 If k > 2, then there exists a positive integer m < [log, k| + 1
such that
CAN(2,k,2) < CAN(2,T, T3) + CAN(2, T}, T5) + 2.

Consequently,

CAN(2,k,2) < [log, k] + [log, ([logy k] + 1) ] + 2.
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[proof] Let n = [log, k]. Since n = [log, k1, it follows that that & < 2" =>"" (7).

Let m be the minimum number of binomial coefficients needed to write

= (o) (o) )

where 0 < a; < ay < -+ < a,, < n. Clearly, m <n+ 1= [log, k] + 1. We will con-
struct a CA(n—+ [log, m|+2;2, k, 2) by appending a blown-up CA([log, m1;2, T, T5)
to a CA(n;2,Ty,T,), and adding two constant rows.

By Theorem 4.4.3, there exists a CA(n;2,Ty,Ts). By the proof of Theorem 4.4.3,
we may assume that the k& columns of a CA(n;2,Ty,Ts) are the subsets of [n] of
cardinalities ay,as,...,a,,—1 and (as many as needed of) the a,,-subsets of [n], sorted
in non-descending order of cardinality.

ai-sets as-sets Q,-sets
7~ 7N ™~ 7N ™~ —NN———
Om e Cm Ctm—l C(m—l e Cm—l Ol e C11
(:1) times (;‘2) times up to (a’:n) times
Figure 4.4: Transitive tournament construction of binary covering array

The CA(n;2, Ty, Ty) covers all interactions of the form {(7,0), (j,1)}, whenever 1 <
i < j < k. Moreover, it covers all interactions of the form {(¢,0), (j,1)} for all 4, j
such that ( )+--~+(”)+1 <j<i< (TL)—l—---—i—(;Ll),foreachQ <l <m.

The array allso covers allliriteractions of the forlln {(4,0), (7, 1)} for all 4, j such that
1<y <1< (CZ) In other words, a collection of a;-subsets of an n-set forms an
antichain, thus the corresponding n-tuples are Ks-dependent (that is, 75 -dependent).
Thus, the CA(n; 2, Ty, Ty) is “almost” a CA(n;2, k, Ks). In fact, the only interactions
that may not be covered are of the form {(,0), (j,1)} where, for some [ with [ < m,

Wehavelgjg( )++(;)<z

n
ai
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Now, take an optimal CA([log, m|;2, T, T2), denoted B, with columns Ci, ..., C,,.
Build a new array A from B as follows. The first (:1) columns of A are copies of
C,,; for the next (QT;) columns, we repeat C,,_1; then, we repeat C,,_» (a”g) times,
etc. so that C,,_;.1 is repeated (;‘l) times for 1 <[ < m — 1. Lastly, we repeat C}
as many times as required to obtain a total of k£ columns for the array A. Clearly,
A covers all interactions of the form {(¢,0), (j,1)}, where, for some [ with [ < m, we
have 1 < j < ((Z)jt—{—(:l) < 1.

Append A to the CA(n;2, Ty, T5), as shown in Figure 4.4, and add a row of all zeros
and a row of all ones. We now have a CA(n + [log, m]| + 2;2, k,2). Thus,

CAN(2,k,2) < n+ [log,m] + 2 < [log, k] + [log,([log, k] + 1)] + 2. H

We now illustrate the construction of Proposition 4.4.4 with an example.

Example 4.4.5 Take k = 6. We have [log, 6] = 3 and the smallest integer m such
that we can write 6 = (;’1) + - 4 (ai), where 0 < a; < - < a,, < 3, ism = 2:
6 = (})+(3). By Proposition 4.4.4, we have CAN(2,6,2) < [log, 6]+ [log, 2] +2 = 6,
which is actually optimal. Here is the array constructed.

1 2 3;4 5 6
0 0 1:0 1 1
01 0i1 01
1 00i1 10
11 10 0 0
000 00 0 0
11 191 11

For k-tournaments, we can now show that the lower bound of Lemma 4.4.2 is better
than the lower bound given in Corollary 4.4.1 for all k£ > 5.

Corollary 4.4.6 For k > 5, we have [§CAN(2,k,2)] — 1 < [log, k].

[proof] By Theorem 2.3.3, we have CAN(2,k,2) = min{n : k < (Ln72_Jl—1)} For
5 < k < 31, we can verify that [JCAN(2,k,2)] — 1 < [log, k], so the result holds for

5 <k <3l

By Proposition 4.4.4, we have

%CAN(Q’ k,2) < [logy k] + ﬂogQ(glog2 k] +1)] + 2'
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For k > 32, it is easy to see that [logy k] + 1 < %. Thus,

[logs k] + [logy([logs k] +1)] + 2 < [log, k] + [log, %1 + 2

=l .
9 S 5 (ng kﬂ

It now follows that [$CAN(2, k,2)] < [log, k] and so [3CAN(2,k,2)] —1 < [log, k7,
as claimed.

Corollary 4.4.7 If {O}72, is an infinite sequence of k-tournaments, then

CAN(2, 0y, T3)
im =1.
k=00 [log, k]

[proof] By Proposition 4.1.1, we have CAN(2, Oy, T3) < CAN(2, K}, 2) — 1. Using
the fact that CAN(2, K}, 2) = CAN(2, k,2) and Proposition 4.4.4, we get the upper
bound

CAN(2, 0y, T3) < [logy k] + [log,([logy k] + 1)] + 1.

By Lemma 4.4.2 we have [log, k| < CAN(2, O, T»). Thus,
[log, k] < CAN(2, Oy, T3) < [log, k| + [log,([log, k] + 1)] + 1.

It now follows that

1 = Tim [log, k| < I CAN(2, Oy, T3) < lim [log, k] +[logy([logy k]+1)]+1

=1.
novo [logy k] — novoo  [logg k] — novoe [og, k|

At this point, we have tightened the lower bound of Proposition 4.1.1 to [log, k],
given a k-tournament column graph. Next, we will tighten the upper bound slightly,
though not by more than one.

Lemma 4.4.8 Let k£ > 2. If O is a k-tournament, then

CAN(2,0,T;) < min {n k< (Ln?%) } .

Moreover,

CAN(2, k, K5) < CAN(2,k,2) — 1 < CAN(2, k, K») + 1.
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[proof] It is clear that every k-tournament O satisfies O — K}, where K denotes
the symmetric digraph of Kj. By Proposition 3.4.6, we have

CAN(2,0,Ty) < CAN(2, K&, T). (4.4.2)

By Corollary 3.2.8, the upper bound of Equation (4.4.2) is
n
AN(2, K}, T5) = CAN(2,k, K3) = mi k< .
C ( y £k 2) C ( y vy 2) mln{n — <Ln/2J>}

Thus, CAN(2,0,T,) < min {n k< (Ln72j)}’ as claimed.

Now we prove that CAN(2, k, Ky) < CAN(2,k,2) — 1 < CAN(2,k, K3) + 1.

By Corollary 3.2.8, we have CAN(2, k, K,) = min {n k< (U;;QJ)} Ifn = CAN(2, k, Ka),
then it follows that

<L(nn—_1)1/2J) ks (Ln72J)'

It is easy to check that ( ol ) < (L( n—l ) and ( n ) < (n+1) — (L((n+2)—1 )

[n/2]-1 n—1)/2] [n/2] [n/2] n+2)/2]-1
Thus,
n—1 (n+2)—1
<k< . 4.4.3
(o =1) << (v ooy 1) 49
By Theorem 2.3.3, we have
CAN2,k,2) =mindn k< "1 (4.4.4)
Jk,2) =mins<n: k< /2] —1 . 4.

Comparing the bounds in (4.4.3) with (4.4.4), we see that CAN(2,k,2) must be
greater than n and no greater than n + 2. Thus,

n < CAN(2,k,2) —1<n+1. |

We now have a slightly better upper bound for CAN(2, O, T5) when O is a k-tournament;
however, this bound is based on K}, and compared with a k-tournament, K has twice

as many arcs. Can our new upper bound, namely
CAN(2,0,T3) < CAN(2, K}, Ty) = CAN(2, k, Ks),

be met with equality? The answer is yes (as we will show in Lemma 4.4.13); however,

the following construction sometimes gives a slightly better upper bound.
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Proposition 4.4.9 Let k£ > 2. If O is a k-tournament, then

CAN(2,0,Ty) < min {n k< 2<L<nn—_1)1/2j> } .

[proof] If k = 2, then there is only one 2-tournament to consider, namely O =
T5. By Theorem 4.4.3, we have CAN(2,T5,T5) = [log, 2] = 1, which satisfies this
Proposition.

Now, we may assume k£ > 3. If &k < 2(L(n 1)/2J) then n > 2 and |k/2] < [k/2] <
(\_(nn—1)1/2j)' We can partition V' (O) into two parts of sizes [k/2] and |k/2] so that a
matching of size |k/2] between the two parts has all its arcs oriented from the first
part to the second. Relabel the vertices of O so that the the vertices of the first part
of the partition are labelled 1,...,[k/2] and the vertices of the second part of the

partition are labelled [k/2] 4+ 1,..., k.

We build a CA(n;2,0,T,) as follows. First, build an (n — 1) x k array with columns
Ci,...,Cy corresponding to [25t]-subsets of [n — 1], as follows. Take [k/2] of the
L”;J sets in some order, followed by the same first |k/2] columns repeated in the
same order, that is, Cy,...,Cy 9 are distinct L”le-sets and Ciip/2) = C; for 1 <
i < |k/2]. Add an nth row to cover the arcs of the matching of O: the row has zeros

as its first [k/2] entries and ones as its last [k/2] entries.

Since every two distinct | 5= L]-sets are Ky-dependent, any two distinct columns Cj
and C; (of length n — 1) are Ky-dependent except when |j —i| = [k/2]. The extra
row ensures that we cover the arcs of the matching.

Thus, we have constructed a CA(n;2,0,T3), and it follows that £ < 2(
implies CAN(2,0,T5) < n.

L(n— 1)/2J)

When n is even, we have 2<L(n 1)1/2J) (LnT/L2J>; in this case, the bounds of Lemma 4.4.8
and Proposition 4.4.9 are equal. When n is odd, we have <Ln72j> < Q(L(Tf:)lm); in this

case, the bound of Proposition 4.4.9 is a tighter bound than the bound of Lemma 4.4.8.

The following corollary gives the improved bounds for binary covering arrays on
tournaments.

Corollary 4.4.10 If O is a k-tournament, then

Mog, k] < CAN(2,0,T3) < min {n k< 2<L(nn—_1)1/2j) } . |
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4.4.1 Analysis of small k-tournaments

For small values of k, we analyze which k-tournaments hit the upper bound of Corol-
lary 4.4.10. This will give us a clue as to which k-tournaments are the “worst” in
general, that is, which k-tournaments have the largest covering array number for the
alphabet graph T5.

If £ = 2, then there is only one 2-tournament: the transitive tournament 75. In
this case, CAN(2,T3,T,) = 1 = log, 2, which is equal to the upper bound given by
Corollary 4.4.10.

Up to isomorphism, there are two 3-tournaments, namely, T3 (transitive) and Chy (di-
rected 3-cycle). In this case, [log, 3] = CAN(2,73,7T,) < min{n : 3 < 2( (- 1)/2J)}

3. For the directed cycle, C_”g, the following lemma proves that CAN(2, C’3, Ty) = 3,
and so the upper bound, given in Corollary 4.4.10, is tight when k& = 3.

Lemma 4.4.11 For a directed k-cycle Cy, we have CAN(2, ék,Tg) = 2if k is even,
and CAN(2, Gy, T3) = 3 if k is odd.

[proof] It is easy to see that each row of a CA(n;2, i, Tb) can cover at most | k/2]
arcs of Cj. Thus, CAN(2, ék,Tg) > 2 when £k is even, and CAN(Q,(jk,Tg) > 3 when
k is odd.

If k is even, then we have homomorphisms Cp — Cy — Kj. The subgraph of QI(2, T5)
induced by the vertices of rank 1 is isomorphic to K3 so Cy, — QI(2,T3). Thus, when
k is even, CAN(2, Ck,T2> = 2.

If k is odd, then we have homomorphisms Cj — Cé — Kj — QI(3,T3). Consequently,
CAN(2,C,, Th) < 3. |

If k = 4, then, by Corollary 4.4.10, we have 2 < CAN(2,0,T,) < 3. We consider two
types of 4-tournaments: those that are acyclic and those that contain directed cycles.
If O is an acyclic 4-tournament, then, by Proposition 4.1.4, we have homomorphisms
O — Ty — QI(2,T5); in this case, CAN(2,0,T;) = 2.

Lemma 4.4.12 If O is a k-tournament containing a directed cycle, then O contains
a directed 3-cycle.

[proof] We prove by induction that if O contains a directed I-cycle for some
3 < I <k, then O contains a directed 3-cycle. Clearly, if [ = 3, then the result
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holds. Assume that O contains a directed 3-cycle whenever O contains a directed
l-cycle for some [ such that 3 <[ < k. Now suppose O contains a directed (I + 1)-
cycle, say v1vy...vv1v;. Consider the vertices vy and viyq. If v v € E(O),
then v;_yvu41v1 is a directed 3-cycle. Otherwise, v;_jv;11 € E(O). In this case,
V1Vy . .. U_1U41 07 18 a directed [-cycle of O, and by the induction hypothesis, O must
contain a directed 3-cycle. H

Let O be a 4-tournament that contains a directed cycle. By Lemma 4.4.12, O must
contain a directed 3-cycle. By Lemma 4.4.11, we have CAN(2,0,T5) > 3. The
upper bound given by Corollary 4.4.10 is n = 3, which is tight for all 4-tournaments

containing directed cycles.

When k = 5, the lower bound of Corollary 4.4.10 is n = 3. With one exception, all
5-tournaments are homomorphic to QI(3,73). The exception, which we denote by
(5, is one of the graphs shown in Figure 4.5.

Lemma 4.4.13 The 5-tournament 25 has CAN(2,Q5,Ty) = 4 = CAN(2,5, K>).

[proof] If CAN(2,95,75) = 3, then, to cover the arcs of the directed 3-cycle
(1,3,4,1) (see 5 in Figure 4.5), we know that a CA(3;2,Q5,75) must have the
following entries (by permuting rows if necessary):

We now have three options to cover the arc (5,2), in row 1, row 2, or row 3. Suppose
we cover (5,2) in row 1. Then (2,3) must be covered in row 3, thereby forcing (3,5)
to be covered in row 2, which in turn forces (4,5) to be covered in row 3, which leaves
nowhere for (5,1) to be covered.

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
0 1 1 0 N 0 1 1 0 N 0 1 1 0 N 0 1 1 0

0 1 0 1 0O 1 1 0 1 1
1 0 1 01 0 1 01 0 1 01 01

Similarly, if we cover (5,2) initially in row 2, or in row 3, we are forced to fill the
array until we reach an arc of €25 that cannot be covered within these three rows.
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Thus, CAN(2,Q5,T3) > 4. Since 4 = CAN(2,5, K3) is the upper bound, we have
CAN(2,Qs5, Ty) = 4. |

Our analysis of k-tournaments for small values of k£ has shown that, for 2 < k£ < 5,
the upper bound of Corollary 4.4.10 is met with equality. For k = 2, there is only one
2-tournament, T5, and it hits the upper bound. For £ = 3, the unique 3-tournament
that hits the upper bound is Cs. For k = 4, the upper bound is the same as the upper
bound for k£ = 3, and the only 4-tournaments that meet the upper bound contain 63
as a subgraph. For £ = 5 the unique 5-tournament that achieves the upper bound
is 5. The tournaments 15, 63 and €25 actually have a similar structure, which we

define precisely in the following section.

4.5 Circular tournaments

The circular k-tournament, denoted ), has vertex set V(€) = [k] and arcs as
follows. If k is odd, then ij € E(€y) whenever 1 < d < |k/2], where j—i = d(mod k).
If k is even, then ij € E(€Qy) whenever 1 < d < |k/2], where j —i = d(mod k);
furthermore, (7,7 + k/2(mod k)) € E(£) for all 4 such that 1 <i < k/2. Depictions
of circular k-tournaments are given in Figure 4.5 for some small values of k.

Figure 4.5: Circular tournaments

For k < 5, we have CAN(2,0,T;) < CAN(2,Qy, T5) whenever O is a k-tournament.
We are interested in knowing whether this is true in general. In other words, is €2
the “worst” k-tournament in terms of the number of rows required? We believe that
circular tournaments are a likely candidate for “worst” tournament, so we venture to
make the following conjecture.
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Conjecture 4.5.1 If O is a k-tournament, then CAN(2,0,Ty) < CAN(2, ., T5).

Consider Lemma 4.1.6 applied to column graph G = ;. Since €2 has required
distance-d interactions for all 1 < d < |k/2], each row necessarily covers some number
of distance-(k — d) interactions, which are not required by ;. We can expect binary
covering arrays on () to have coverage closer to the coverage required by binary
covering arrays on ;. This may be why circular tournaments tend to achieve the
upper bound given in Corollary 4.4.10, at least for small values of k.

Regardless of the state of Conjecture 4.5.1, circular tournaments are tantalizing tour-
naments to study in terms of extremal combinatorics. Determining the exact value
of CAN(2,Qy, T5) as a function of k seems possible. Such a result would make a nice
counterpart to Sperner’s Theorem [54] for the size of a maximum antichain (see Theo-
rem 2.1.1); in terms of covering arrays, Sperner’s Theorem determines CAN(2, K}, T5)
as a function of k.

For the remainder of this section, we collect several properties of circular tournaments,
including a construction that proves CAN(2, Q,T5) does not meet the upper bound
given by Corollary 4.4.10 in general. We also provide the results of a computer search
for determining CAN(2, €y, T5) for k < 37.

Lemma 4.5.2 If £ is odd, then the circular tournament €2, is vertex-transitive.

[proof] The vertices of Q are 1,...,k. Choose vertices i # j. We can write
j =i+ Il(mod k) for a unique [ € {1,...,k — 1}, and the map f : Qp — Q) given by
f(z) =z + l(mod k) is the required isomorphism such that f(i) = j. N

Lemma 4.5.3 If k is even, then the circular tournament €2, has but one endomor-
phism: the identity.

[proof] Note that  is a loopless digraph in which every pair of vertices are adjacent.
Consequently, endomorphisms of €2, must be vertex-injective, hence automorphisms.

Write k = 2[. The vertices of €, are of two types: the vertices labelled 1,2,...,1
which have outdegree [ and indegree [ — 1, and the vertices labelled [ +1,1+2,...,2]
which have outdegree [ — 1 and indegree /.

Suppose there is a homomorphism f : Q. — Q4 such that f(i) = j for some j # 1.
If i € {1,2,...,1}, then, in order for their in- and outdegrees to match, j must also
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be from among those vertices. Suppose j = i 4+ x for some z > 0. Then j will have
x more neighbours than ¢ from among the vertices in the set {l + 1,1 + 2,...,2[},
which means that those neighbours of j will not have the correct degrees. Similarly,
if j =1 — x for some x > 0, then j does not have the correct number of neighbours
from {l+ 1,04 2,...,2l}. Thus, it is impossible that f(i) = j in this case. Similarly,
ifie{l+1,1+2,...,2l}, then j € {l+1,1+2,...,2l} also. In this case, f(i) = j is
also not possible for similar reasons.

Lemma 4.5.4 For all k£ > 2, there exists a homomorphism € — Q..

[proof] If k is even, then k = 2[, for some [ > 1. We will show that Qg1 — Qy.
Define a map f : Qo 1 — Qo by f(i) =4, if 1 <i <l—1and f(i) =i+ 1if
[l <i<2]—1. We claim that f is a homomorphism.

If ij € E(Q9_1), then there are four cases to consider:

1. If 1 <i < j <1—1 (and, by definition of Qg _1, we have j < i+ [ — 1), then
f@)f0) =1ij € E(Qa).

22.If1<i<l—1land!l < j <2l —1 (and, by definition of Q9 4, we have
j<i+1—1), then f(i)f(j) =i(j +1). In thiscase [ +1 < j+ 1 < 2] and
j4+1<i+1 Thus,i(j+1) € E(Qy).

3. If I <i< j <2l —1 (and, by definition of Q9 1, we have j < i+ [ — 1), then
f@)f(y) =(E+1)(j+1). Inthis case, [+1 <i+1 < j+1 <2l and j+1 <i+l.
Thus, (i +1)(j + 1) € E(Qq).

4. fl <i<2l—1and 1 < j <1—1 (and, by definition of Qg _;, we have
J+20—1<i+1—1),then f(i)f(j) = (i +1)j. In this case, [ +1 <i+1 <2l
and 1 <j<Il—1and2/+j <i+1[ Thus, (i+1)j € E(Q).

Thus, Q91 — 9, as claimed.

If k£ is odd, then k& = 21 4 1, for some [ > 1. We will show that Q9 — §29;,1. Define a
map f: Qg1 — Qg by f(i) =i. We claim that f is a homomorphism.

If ij € E(Qy), then there are three cases to consider:

1. If 1 <i<landi < j <2l (and, by definition of Qq, we have 7 < i+ 1), then
(@) f(5) =1ij € E(Qar).

2. If I+ 1 < i< j <2[ (and, by definition of Qy, we have j < i+ — 1), then
f@) () =1ij € E(Qa11).
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3. Ifl+1<i<2and 1 < j <1[—1 (and, by definition of Qy, we have
jH20<i+4+l—1),then j+2l+1<i+10so f(i)f(j) =1ij € E(Qoy1)-

Thus, Q9 — 941, as claimed. |

Corollary 4.5.5 For all k > 1, we have CAN(2, Qy, T3) < CAN(2, 1, T) |

In Lemma 4.4.13, we found CAN(2,Q5,75) = 4. For k = 6, the upper bound for
CAN(2,Qg,T5) given by Corollary 4.4.10 is 4; thus, all 6-tournaments O that contain
5, including s, have covering array number CAN(2,0,T;) = 4. Once again, the
upper bound given by Corollary 4.4.10 is tight.

Although the upper bound of Corollary 4.4.10 is achieved for 2 < k < 6, the following
construction shows that this is not to be expected of circular tournaments in general.
If Conjecture 4.5.1 is true, then the construction that follows proves that the upper
bound of Corollary 4.4.10 is not tight in general. If Conjecture 4.5.1 is false, then some
k-tournament other than 2, might achieve the upper bound given by Corollary 4.4.10.

Our construction for circular tournaments is based on the Kruskal-Katona Theo-
rem [31, 36] (see Theorem 2.1.7). The idea is to use sets from the two largest ranks
in the poset of subsets, so long as the shadow of the larger sets is not too big. This

construction is given in Proposition 4.5.6, following a review of some terminology.

Recall the following definitions. If &/ is a collection of k-subsets of [n], then the
shadow of ¢, denoted A, is the set

Ad ={BC[n|:|B|=k—1,B C A for some A € d}.

Given positive integers x and k, recall that the k-binomsial representation of x
is the (unique) representation

[ Gk ag—1 ag
= () () (0)
where a,, > ap_1 > - >a; >t > 1.

If A and B are k-sets, then, in squashed order, we have A <, B if the largest
element of the symmetric difference A @ B is in B. The collection of k-sets for which
the Kruskal-Katona Theorem holds with equality is the collection of k-sets that are
smallest in squashed order (see Corollary 2.1.8).

We now take advantage of the squashed order to construct binary covering arrays on
circular tournaments.
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Proposition 4.5.6 Let k and n be integers, where (Lnr;%) <k< (Ln72J) + (Ln/;Hl)'
Write k& = (L /2J) + x and let

) G ()

where a|n 241 > Q|pj2) > -+ > a; >t > 1 (this is the (|n/2] + 1)-binomial represen-
tation of x). If

(i) - [(atz/i%“) i) =+ ()] = [5)
then CAN(2, 4, T5) < n

[proof] Let 9 be the collection of the first x (|n/2] + 1)-subsets of [n] in squashed
order. By the Kruskal-Katona Theorem (Theorem 2.1.7) and Corollary 2.1.8, the
shadow A¢{ has cardinality

Ad| — An/2)+1 at '
e A O
By Corollary 2.1.8, Agl consists of the first |Ag| of the |n/2]-subsets of [n] in

squashed order. Let 98 denote the collection of |n/2]-sets that are not in A.

Define an array A with columns, from right to left, corresponding to the collections
o, then A, then 9B, as shown below.

—— ==
B Ad A
The array A covers all 0-1 interactions from any column in 98 UA& to any column in
o as the sets in & have larger cardinality. Furthermore, %8 U A is an antichain, so
it covers all 0-1 interactions among its columns. In fact, &4 U9 is an antichain since
9B is itself an antichain, 9 is itself an antichain, and no set in % is contained in any
set in & and vice versa. Thus, the only type of required interaction that A might fail

to cover would be an interaction {(i,0), (7,1)} for some column i corresponding to a
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subset in & and a column j corresponding to a subset in Ag{. We show that this is

not possible.

Consider column k. From k, we must cover interactions {(k,0), (d,0)} for all d such
that 1 < d < |k/2]. As long as the first |k/2] columns of A belong to %, then A
suffices to cover these required interactions as & U9 is an antichain. This is indeed
the case as |k/2] < |%B]| = (Ln72J) — |Ad|, by assumption. Now it is clear that all
required interactions beginning from a column in &, either end in &, or end in %
in both cases they are covered.

Therefore, the array A is a CA(n;2,Qy, Ty) so CAN(2, Q, Ty) < n. |

Let us compute an example to clarify the construction in Proposition 4.5.6.

Example 4.5.7 Take k£ = 22 = (g) +2. Son =6 and z = 2. We write z in its

4-binomial representation: 2 = (j) + (g) Let &4 be the collection of the 2 smallest

4-subsets of [6] in squashed order. By the Kruskal-Katona Theorem, we have |[Adf| =
(5 + () =7and (§) — |Ad| =20 -7 =13 > 11 = |4]. By Proposition 4.5.6, we
have CAN(2, Q99,T5) < 6. Here is the array constructed:

10 11 12 13 i 14 15 16 17 18 19 20 i 21 22

T 2 3 4 5 6 7 8 9

o 00100101100 T11T:01 101 1 1:1 1
0010010107101 0:i1 0110 1 111
010010011010 0i1 10110 1:1 1
10001110001 1 10 0 0 1 1 1 0i1 0
1111000000711 1:i1 1 1 000 00 1
1 1111111110000 000O0O00O0i00

Corollary 4.5.8 If k < ("} then CAN(2,Q,T3) < n. In particular,

Ln/2j) + (Ln/2j+1)

a0 min k< (o )+ (a7 )

[proof] First, if k < (L /2J) then the result is clear: the subsets of [n] of rank |n/2]
: n—2

form an antichain. Otherwise, write k = (L /2J) + o where 0 < x < (Ln/2J+1) and

apply Proposition 4.5.6, as follows:

Let & be the collection of the first x (|n/2]+1)-subsets of [n] in squashed order. Let
9% be the collection of the first ( n/2) +1) (|n/2]+41)-subsets in squashed order. Since
T < ( n-2 ) it follows that f C 9. We also have Ad C A9. By the Kruskal-

In/2)+1)
Katona Theorem, we know that |[A9| = (L /2J) Thus |Ad| < |AD| = (I.:L7'722J)
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We now prove that [k/2]| < (Ln72J) — |Agd| so we may apply Proposition 4.5.6.

[k/2] < g = %((an;%) +$> = 1(<Ln7;2j) - (Lﬂjii 1))

<L”72J) N (E&Qj) B (Ln72j> — A2 < (LnT/lQJ) —|Ad],

it suffices to prove the following stronger inequality:

%(M%) * (Lnjiil)) : (LTZ;?J) - q&i)

Equivalently, we will prove

(Ln%]i 1) +2<Tn;2j> = (Ln;b%)' (4.5.1)

(iar 1) #2(gan) = (i 1)+ (o)

Since

and

We have

Thus, the inequality in (4.5.1) holds. It now follows that |k/2] < (L’I’Lr/LQJ) —|Ad|. By
Proposition 4.5.6, we have CAN(2, Qx, T3) < n. |

Corollary 4.5.8 gives us infinitely many values of k for which CAN(2, 2, T5) is strictly
smaller than the upper bound of Corollary 4.4.10; however, the bound from Corol-
lary 4.5.8 is no better than one row less than the upper bound given in Corol-
lary 4.4.10. In particular, if n is even or if n > 9, then

2(L<nn—_1>1/2J> < (Ln72J> * (Ln%]il) < 2<Ln72J)'
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To obtain more data, we used a simple backtracking algorithm to search for homo-
morphisms from € to QI(n,Ty). Table 4.1 summarizes our findings and includes

columns for the lower and upper bounds given in Corollary 4.4.10. The bounds are

abbreviated as follows: L.B. = [log, k] and U.B. = min{n : k£ < 2(|_(n7i—1)1/2j)}'

k | LB.|CAN(2,Q;,T5) | UB. [ k | L.B. | CAN(2,Q,T3) | UB.
2 [ 1 1 1 [20] 5 5 6
3] 2 3 3 |21 5 6 7
4] 2 3 3 |22 5 6 7
51 3 4 4 | 23| 5 6 7
6| 3 4 4 | 24| 5 6 7
7| 3 4 5 | 25] 5 6 7
8| 3 4 5 26| 5 6 7
9| 4 4 5 |27 5 6 7
10| 4 5 5 | 28] 5 6 7
1| 4 5 5 |20 5 6 7
12| 4 5 5 |30] 5 6 7
13| 4 5 6 ||31] 5 6 7
14| 4 5 6 |32 5 6 7
15| 4 5 6 |33] 6 6 7
16 | 4 5 6 |34] 6 6 7
17| 5 5 6 ||35] 6 6 7
18| 5 5 6 ||36] 6 6 7
19| 5 5 6 ||37] 6 6 7

Table 4.1: CAN(2, ), Tp) for 2 < k < 37

Here are some observations regarding Table 4.1:

For k € {2,9,17,18,19,20,33,34,35,36}, we have [log, k| = CAN(2,Q,Ty). If
Conjecture 4.5.1 is true, then for some values of k, all k-tournaments hit the lower
bound given by Corollary 4.4.10.

Notice that 36 > (g) + (%) but CAN(2,Q3,T5) = 6. It is not possible for the 36
columns of a CA(6; 2, (234, T3) to consist only of subsets of [6] of the two largest ranks
3 and 4. Therefore, it is not true that optimal binary covering arrays on circular

tournaments can be assumed to have columns from among the two largest ranks only.

Up to k = 9, our computer search for homomorphisms of €2 to the 7T,-dependence
graph was exhaustive, that is, we found all homomorphisms of {2 to QI(n,T5) for all
n < CAN(2,Q,T3). For larger values of k, we made use of the following results to
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cut down on search time, and we stopped searching once at least one homomorphism

was found.

Lemma 4.5.9 If A is a CA(n;2,Qy, Ts), then the columns of the complement of A,
the array obtained from A by interchanging all zeros and ones, can be rearranged to
give a CA(n;2, Q, Ts).

[proof] The columns of A are indexed by 1,... k. We take the complementary
columns to build an array A’ with columns indexed by f(1),..., f(k), where f(i) =
k41 —i(mod k). That is, A" = [Csqa)y,...,Crm)] where Cy(;y is the complement of
column ¢ of A. We now prove that A" is a CA(n;2,Q,Ts). Let {(2,0),(y,1)} be
a required interaction with respect to € and 75. We want to show that this 0-1
interaction is covered by columns C, and C, of A'. Well, z = f(i) and y = f(j) for
some i,j,€ {1,...,k}. Soy—x=(k+1—j)—(k+1—14) =1i— 7. This means
that in A, columns j and i needed to cover the interaction {(j,0), (¢, 1)}. Therefore,
the corresponding complemented columns C,, and C, of A" must cover the interaction
{ly=£04),1), (x = f(4),0)}. Thus, A’ is indeed a CA(n;2,Q, T3). N

Lemma 4.5.10 Let £ > 3. If Qx — QI(n,T5), then £ < 2" — 2.

[proof] Consider, as subsets of [n], the vertices @ and [n]| of V(QI(n,T3)). Neither
of these vertices have both in- and out-neighbours, so they cannot be the image of a
vertex of )y (all of which have nonzero indegree and outdegree, with the exception

of ). Since homomorphisms of tournaments to QI(n,7) must be vertex-injective,
it follows that Q — QI(n, Ty) only if k < 2" — 2. |

Since 37 is the largest value of k for which our algorithm succeeded to find a ho-

momorphism (within a reasonable amount of time), we provide an example of a

CA(G, 2, Qg'y7 Tz)

1 2 3 45 6 7 8 91011121314151617 1819 2021 2223 24 2526 2728 29 30 31 32 33 34 35 36 37
1101010101010101010100010001111010100
1011001100110010110010001001101110010
0111111111111110001110100010000000000
1000111100001110000001111001100001111
1000000011111110000000000110011111111
0000000000000001111111111110110110001

In Table 4.1, we see that circular tournaments hit the lower bound [log, k| several
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times. In fact, the following construction proves that circular tournaments will hit

the lower bound for infinitely many values of k.

For the construction, given in Proposition 4.5.11, we consider a supergraph of the
circular tournament, denoted Q;, defined for even values of k as follows. The vertex
set of Q) is V() = [k] and ij € F(Q}) if and only if 1 < j —i(mod k) < k/2. The
only difference between €, and ) is that Q) has symmetric pairs of arcs joining the

vertices at distance k/2.

Proposition 4.5.11 If k is even, then CAN(2,Q3,,Ty) < CAN(2,Q/,Ty) + 1.

[proof] Let n = CAN(2,Q/,Ty), and let Cj,...,C) denote the columns of a
CA(n;2,9Q;,Ty). Take two copies of this array and interleave their columns as shown

below. Add a row of alternating zeros and ones. Let us call the array we obtain A.

lo 1 0 1 --- 0 1]

For each j € [2k], the jth column of A corresponds to column Cf;/91. Consider two
distinct columns 7 and j of A such that j — i(mod 2k) < k. We must show that A
covers the interaction {(z,0), (5, 1)}.

If [j/2] = [i/2], then ¢ and j correspond to the same column C}o; in this case, the
extra row of alternating zeros and ones covers {(,0), (j,1)}.

If j >4, then 1 < j —i < k. In this case, we consider all possibilities for the parity
of 7 and j: If i and j are both odd, or if i and j are both even, then [j/2] — [i/2] =
J/2—1/2 < k/2; in these cases, the ith column of A (Cf;/1) and the jth column of A
(Crjja1) cover {(i,0), (4,1)} since {([i/2],0),(]5/2],1)} is a required interaction with
respect to ) and Ty. If i is odd and j is even, then the extra row of alternating zeros
and ones covers {(7,0), (7,1)}. If i is even and j is odd, then 1 < j—i < k—1, since k
is even. It now follows that j/2+1/2—1i/2 = [j/2] —[i/2] < k/2; in these cases, the
ith column of A (Cf;/21) and the jth column of A (Cfj/a) cover {(4,0), (j, 1)} since
{([i/21,0),([4/2],1)} is a required interaction with respect to Q} and T5.

If j <1, then 1 <2k + 7 — i < k, and the case-analysis is similar to show that the
array A covers each required interaction of the form {(¢,0), (,1)}.
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Thus, the array A is a CA(n + 1;2,Q4,,T»), and it follows that CAN(2,Q,,Ts) <
CAN(2,Q}, Ty) + 1. |

We now apply Proposition 4.5.11 to circular tournaments and we obtain infinitely
many values of k for which CAN(2, Q, T3) = [log, k].

Corollary 4.5.12 For infinitely many values of &k, we have

CAN(2, Q, T) = [log, k.

[proof] For all L > 0, we prove that [log, k] = CAN(2, 4, T3) whenever 16 - 2F <
k <20-2F.

First, when k = 20, we have a CA(5;2,Q4,, T3):

1 23 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

11010100110000111100

1011001000110011001

1000111000001 100111

0111111101010100000

0000000111111101010
By Proposition 4.5.11, for all L > 0, we have

—_— O = =

CAN(2, Q) .., T2) < CAN(2,Q4),T3) + L = L+ 5 = [log,(20- 25)].  (4.5.2)
Since, for all even values of k, we have Qi1 C Q. C Q) the above bound applies to
all circular tournaments €2, for which k& < 20 - 2%, In particular, if k lies in the range
16 - 2L < k < 20- 2L, for some integer L > 0, then [log, k] = L+ 5. By Lemma 4.4.2,
we have the lower bound [log, k| < CAN(2, €y, T5). This bound together with the
bound given in (4.5.2) yields the following bounds:

L+5 = [logy k] < CAN(2,Q,T5) < CAN(2,Q .., T5) = L + 5.

20-2L>

Thus, for all k such that 16-2- < k < 20- 2%, we have CAN(2, %, T3) = [log, k]. Il



Chapter 5

Sperner capacities

In this chapter, we give two slight extensions of the results of Gargano, Kérner and
Vaccaro [24, 25] regarding Sperner capacities. In Section 5.1, we discuss the results
in [24, 25] related to covering arrays with alphabet graphs. In Section 5.2, we extend
a result given in [24] from stars to arbitrary complete bipartite graphs. In Section 5.3,
we define Sperner capacities of alphabet graphs with respect to transitive tournaments
and we determine a formula for these new Sperner capacities for any directed alphabet
graph H.

5.1 Definitions and background

In this section, we outline the relevant definitions and results of Gargano, Korner and
Vaccaro given in [24] and [25]. The results in both these papers are similar in nature,
but the setting in [25] is more general. We concentrate on those results related to
covering arrays with alphabet graphs, but observe that the main theorem given in [25]
(namely, Theorem 2 in [25]) is far more general than the results we discuss presently.

We begin with the statement of two theorems, translated to use the language of

covering arrays.

Theorem 5.1.1 (see Theorem 1 in [24]) If v > 2, then

1 2
lim —log, CAK(n;2,v) = —. N
v

n—oo 1

70
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The binary entropy function, denoted h, is a map h : [0,1] — [0, 1], where, for
all z € (0,1), we have

h(z) = —zlogy(x) — (1 — 7) logy(1 — ),
and h(0) = h(1) = 0.

Theorem 5.1.2 (see Corollary 1 in [25]) If H is an undirected alphabet graph, then

1 - L
nh_{go - log, CAK(n;2,H) = m}gxabrené?H)(Pa +5) - h (Pa T Pb) )

where the maximum is taken over all probability distributions P on V(H) given by
P(a) = P, for each a € V(H). N

Theorem 5.1.1 is obtained as a special case of Theorem 5.1.2 by using H = K*°* and
determining that the maximizing probability distribution is uniform for K.

The limits in Theorem 5.1.1 and Theorem 5.1.2 are specific instances of Sperner
capacities, as we will explain below using covering array terminology wherever appli-
cable.

Let 9 be a family of directed alphabet graphs, all on a common vertex set V' = [v]. Let
Z and ¢ be two v-ary n-tuples, where ¥ = (z1,...,2,) € V" and ¥ = (y1,...,yn) € V™.
We say that # precedes y relative to 9 if, for every G € 4, there is an index i € [n]
such that (z;,y;) € F(G). Notice that, for each G € 4, we do not require Z and ¢ to
cover all arcs of GG; we require ¥ and ¥ to cover at least one arc of each G.

A collection C' C V™ is incomparable for 94, if, for every ordered pair of distinct
n-tuples (Z,7) € C' x C, it is the case that Z precedes ¥ relative to 4.

Let 1(%9,n) denote the largest cardinality of a collection C' C V" that is incomparable
for 4. The Sperner capacity of 4, denoted X(%9), is the limit

¥(9) = limsup%log2 I(%4,n).

n—oo
In [25], it is observed that the limit superior in 3(%) may be replaced by a limit.

Example 5.1.3 If 9§ is a family consisting of one member, the single-arc graph Tb,
then a collection C' C V™ is incomparable for 9 if and only if it corresponds to an
antichain of subsets. In this special case, I(¥4,n) = (LJ/LQ J) as given by Sperner [54]
(see Theorem 2.1.1), and we have %(9) = 1.
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Example 5.1.3 is the motivation behind the terminology “Sperner” capacity.

Example 5.1.4 Let H be an undirected alphabet graph with V(H) = [v], and let H’
denote an orientation of H. Let &(H) denote the family of one-arc graphs on vertex
set [v] such that the union of these arcs is E(H’). In this case, we have I[(&(H),n) =
CAK(n;2,H), and the limit in Theorem 5.1.2 is but one special case of Sperner
capacity. That is,
Y(E(H)) = Jim. % log, CAK(n;2, H).

In particular, if H = K then [((K?),n) = CAK(n;2,v), and the limit in
Theorem 5.1.1 is another special case of Sperner capacity. That is,

Y(E(KYP)) = lim llog2 CAK(n;2,v).

n—oo M,

In Example 5.1.4, the family &(H) depends on the particular orientation H' of H;
however, the Sperner capacity of &(H) is unaffected by the particular orientation
that was chosen. Given an undirected alphabet graph H, we use §(H) to denote
any such family of one-arc digraphs whose union corresponds to the edge set of some
orientation of H. The particular orientation of H will not come into play.

Although Sperner capacities are defined in terms of arbitrary families of directed
graphs, in the context of this chapter, we only consider Sperner capacities of families
of one-arc graphs whose union is the edge set of an orientation of an undirected
alphabet graph H, that is, §(H). For a given alphabet graph H, we sometimes refer
to the limit in Theorem 5.1.2 as the Sperner capacity of H, where it is understood
that we are talking about the Sperner capacity of the family of one-arc digraphs € (H).

5.2 Sperner capacity of complete bipartite graphs

As one application of Theorem 5.1.2, Gargano, Koérner and Vaccaro determined the
maximizing probability distribution in Theorem 5.1.2 whenever H is a star. In this
section, we apply Theorem 5.1.2 to complete bipartite graphs and determine their
maximizing probability distribution.

To begin, we outline the results for stars. Recall that S, denotes the star on v vertices.
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In [24], Gargano, Kérner and Vaccaro prove that

lim S log, CAK(n;2,S5,) = max(l — (v —2)a) - h (L> . (5.2.1)

n—oo 1N a 1—(@—2)0&

Comparing (5.2.1) to the limit in Theorem 5.1.2, we see that the maximizing prob-
ability distribution for stars gives equal probability to each of the leaves (the leaves
each have probability «, while the central vertex has probability 1 — (v — 1)a). To
determine the Sperner capacity of the star .S,, we only need to find the maximizing
value of a. In particular, Gargano, Kérner and Vaccaro [24] show that %(8(S,)) is
equal to the unique positive real root ¢ of the equation

27t 4 (=t — (5.2.2)

In Table 5.1, we give the approximate probabilities in the maximizing distributions
for the Sperner capacities of stars, with respect to (5.2.1). These values obtained by

computer.

v central probability leaf probability Sperner capacity of .S,
2 0.5 0.5 1

3 0.4472135955 0.276393203 0.694241913631
4 0.417237987926 0.194254004 0.551463089746
5 0.39665063816 0.150837341 0.464958417216
6 0.381157147833 0.123768571 0.405685231376
7 0.368841155014 0.105193141 0.361991800696
8 0.358685190969 0.091616401 0.328173397042
9 0.350086482564 0.081239190 0.301066229039
10 0.342659672098 0.073037814 0.278757614255

Table 5.1: Probabilities in maximizing distribution for Sperner capacity of stars

Let 8(K,,) denote the family of one-arc graphs on V(Kj,,) = [l + m], each graph
corresponding to an orientation of one of the edges of the complete bipartite graph

K ,,. For the Sperner capacity of K ,,, Theorem 5.1.2 says

P,
Y6 (K, = i P, +PB)- 2 . 2.
B =y i (s )0 () 029

The next lemma is of use for determining the maximizing probability distribution
in (5.2.3).
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For an edge e = ab and a probability distribution P on V(K),,), we use F'(e, P) to
denote

F(e,P)=(P,+P)-h (Paljfpb) .

For simplicity, if e = ab has ends with probabilities P, = p and P, = ¢, we write
F(p, q) interchangeably with F'(e, P).

Lemma 5.2.1 Let ¢ € (0,1) be fixed, and let f : (0,1—¢) — R be a function defined

by
fp)=Fp,q) =p+q [— (z%q) log, <piq) - (piq) log, (z%q)} .

Then f(p) is an increasing function on (0,1 — ¢).

[proof] We have f(p) = —plog, <z%1> — qlog, <pi+q)' Thus, the derivative of f
with respect to p satisfies

f'(p) = —log, (1%(1) N % (p-;Q> (p(z_:—]q_)f) - 1nqz <p;LQ) ((p:rq(J)Q)

2 p+q In2 \p+q In2 \p+gq

= —logy(p) +logy(p + q).

Since g # 0, we see that f(p) has no critical points since 0 = — log,(p) + log,(p + q)

implies ¢ = 0.

Clearly, (1 — ¢) € (0,1 — ¢). Notice that 1 — ¢ < 1 and 1+ ¢ > 1. Thus, }%g < 1.
Consequently, log, (%g) < 0. Now, f'(3(1 —q)) = —log, (ﬁ) > (0. Thus f is
increasing on (0,1 — q). |

Proposition 5.2.2 The Sperner capacity of the complete bipartite graph K, sat-
isfies

1 1—1
Y(E(Kym)) = lim —log, CAK(n; 2, Kj,,) = max F <a, a) :
m

n—oo 1 a€e(0,1)

[proof] Let Kj,, have bipartition (X,Y’), where |X| =1 and |Y| = m. Suppose P
is the maximizing probability of (5.2.3). Let p; < ps < --- < p; be the probabilities
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on the vertices in X and let ¢; < ¢» < --- < @, be the probabilities on the vertices
in Y. Consider the vertex of probability ¢;. By Lemma 5.2.1, the minimum F'(e, P)
value, over all edges e incident with the vertex of probability ¢;, is given by F(g;, p1)
since p; is minimum. Thus, an edge e of K, of minimum F'(e, P) value has one end
with probability p;. Now, by Lemma 5.2.1, the minimum edge incident to the vertex
of probability p, has probability ¢;. Thus, min.cgx, ,,) (e, P) = F(p1,q1).

Now, we show that the probabilities p; must be equal. If there existed an index

.
@ would satisfy

i € [l] such that p; < p;;1, then the average probability p =
P > p1. In this case, we would have F'(¢1,Dp) > F(q1,p1), contradicting the maximality
of P. Thus, all p;’s must be equal as claimed. Similarly, all ¢;’s must be equal.
Therefore, the probability distribution that maximizes min.cg(k, ,,) F(e, P) is of the

l,m

form P(x) = a for all z € X and P(y) = U:n—la) forally e Y. N

Corollary 5.2.3 The Sperner capacity of Kj,,, X(8(K,,,)), is the unique positive
root t of the equation
27t pgmmt — 1,

[proof] Let K;,, have bipartition (X,Y’), where |X| =1 and |Y| = m. By Proposi-
tion 5.2.2, the maximizing probability on V(Kj,,) is of the form P(z) = « for each
x € X and P(y) = % for each y € Y. Let p and ¢ be functions of a given by
p(a) = a and g(a) = =2, and define the function f by

By Proposition 5.2.2, the Sperner capacity of & (K,,) satisfies
S(8(Ky,u)) = max f(a)

since f(a) = F(p(a),q(a)).

To find the maximizing probability « € (0, 1), we take the derivative of f with respect

to a, which can be simplified to

F(a) = —p/(a)log, (%) — ¢'(a)log, (2#&)(1(04)) :

(1 —lar), we have p/(a) =1 and ¢/'(«) = —1/m. Thus,

(@) = —log, (%) + %logQ (p(%) . (5.2.4)

a) +q(a)
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Therefore, f(«) can be rewritten in terms of its derivative as follows:

fa) = af'(0) - L log, (%) |

m ) +q(a)

If f attains an absolute maximum at o* € (0, 1), then f'(a*) = 0, and
S(E(Kim)) = f(a).
If we let t = X(E(K,,)) = f(a*), then

ot Pl — Yo q(a”) _ 1y q(a*)
f=matflel) = 5 logy <p<a*> +_q<a*>) i 182 (p<a*> el

Consequently, —mt = log, (%) and we can write
2—mt — q( *)

Substitute f’(a*) =0 and (%) into the equation given in (5.2.4), we have

Thus, log, (}%) = —[t and we have

Putting (x) together with (xx), we get

= (o aw) * 6 sae)

Thus, t = X(6(K),,)) is a positive root of the equation 271 + 27 = 1.

)

Let 2 = 27! and rewrite 27 + 27 = 1 as 2! + 2™ — 1 = 0. By Descartes’ Rule of
Signs, 2! + 2™ — 1 = 0 has at most one positive real root, thus ¢t = 3(6(K},,)) is the

unique positive real root of 27 4+ 27 = 1,

In Table 5.2, we give the approximate probabilities in the maximizing distributions for

the Sperner capacities of complete bipartite graphs, with respect to Proposition 5.2.2.

These values were obtained by computer.
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I m o Lla Y(E(Kim))

2 2 0.25 0.25 0.5

2 3 0.234485 0.17701  0.405685231376
2 4 0.223605 0.1381975 0.347120956815
2 5 0.215295 0.113882 0.306268894185
2 6 0.208615 0.0971283 0.275731544873
2 7 0.20306 0.08484  0.251825364448
2 8 019832  0.07542  0.232479208608

3 3 016667  0.16667  0.333333333333
3 4 015932  0.13051  0.287760787084
3 5 0.153656 0.107806  0.255632592557
3 6 0.149071 0.092131  0.23141397121
3 7 0.145235 0.080614  0.2123226659
4 4 .

4 5 0.120724 0.103421  0.223180302968
4 6 0.117243 0.088504 0.202842615688

Table 5.2: Maximizing distributions of Sperner capacities of K,

For an alphabet graph H with no loops, we get the following bounds on the Sperner
capacity of H:

Proposition 5.2.4 If H is an undirected alphabet graph with no loops, then

v < ) <

IX(H)|
[proof] By Proposition 3.3.4, we have
CAK(n; 2, Ky ) < CAK(n;2, H) < CAK(n; 2, Ky(m)).

By Theorem 5.1.1, we have 2/|V(H)| = (& (Kvm))) and 2/x(H) = Z(E(Kym)))
and the result follows.

5.3 Transitive tournament capacities

In this section, we define a new Sperner capacity involving transitive tournament
column graphs. A slight alteration of a proof in [24] allows us to determine a formula,

analogous to the limit in Theorem 5.1.2, for these capacities.
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Let H be a directed alphabet graph. The column number with respect to tran-
sitive tournament column graphs, denoted CAK(n; 2, {1}, H), is the maximum
integer k for which there exists a CA(n;2, Ty, H).

The Sperner capacity of H with respect to transitive tournaments, denoted

Y(H,{Tp}), is the limit

Y(H,{Tr}) = limsup l log, CAK(n;2,{T.}, H).
n

n—o0

It is clear that
CAK(n;2,H) < CAK(n;2,{T.}, H)

for all n, since every CA(n;2, Ky, H) is, in particular, a CA(n;2,Ty, H). It now
follows that the Sperner capacity of the family of one-arc digraphs & (H) satisfies

S(E(H)) < X(H {Tw}).
Corollary 5.3.1 If H is a directed alphabet graph, then

in F(ab, P) < X(H. {T
mgx min (ab, P) < X(H, {T.}),

where the maximum is taken over all probability distributions P on V (H).
[proof] By Theorem 5.1.2, we have

1
max min F(ab, P) = lim —log, CAK(n;2, H).
P abeE(H) n—0o0 N

Since CAK(n; 2, H) < CAK(n;2,{T;}, H), the result follows. N

Gargano, Korner and Vaccaro attribute the following theorem to Cohen, Kérner and
Simonyi [9], but give a different proof of it in [24]. Here, we rephrase it using covering

array notation.

Theorem 5.3.2 (see Theorem CKS in [24]) If G is an undirected alphabet graph,
then

1
. 1 . < .
llgls;}p - log, CAK(n;2,G) < max abrenbl?G) F(ab, P),

where F'(ab, P) = (P, + P,) - h( Pa}j:Pb)’ and the maximum is taken over all probability

distributions P on V(G). N
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We adapt the proof of Theorem 5.3.2; given in [24], to accommodate transitive tour-

naments using the following result of Frankl [23].

Theorem 5.3.3 (Frankl’s Inequality [23]) Let o = {Ay,..., Ay} be a collection of
r-subsets of [n] and let 8 = {Bj,..., B} be a collection of s-subsets of [n]. If
A;NB;, =0 forallie[k],and A, NB; # O for 1 <i<j<k, then

kg(TJrs). n

S

Theorem 5.3.3 can be applied to the columns of covering arrays on transitive tourna-
ment column graphs as follows. Let H be a directed alphabet graph with no loops.
Let V(H) = [v]. Let C,...,Cy denote the columns of a CA(n;2, Ty, H), where, for
each j € [k], the jth column is of the form C; = (¢yj,...,¢,;) € [v]". Take an arc
ab € E(H). For each column Cj, define two subsets of [n]: A; = {i € [n] : ¢;; = a}
and B; = {i € [n] : ¢;; = b}. Let o = {Ay,..., Ax} and let B = {By,..., By}
Clearly, A;NB; = O for alli € [k]. If 1,5 € [k] and i < j, then ij € E(T}), so columns
C; and C; must cover the arc ab € E(H). In terms of the families 9 and %, this
means that A; N B; # . All that remains for & and 9 to satisfy the conditions of
Theorem 5.3.3 is to ensure that all the sets A; € o have a common cardinality and
all the sets B; € 9B have a common cardinality.

To obtain our result on Sperner capacities with respect to transitive tournaments, we
also make use of the following lemma which relates the binary entropy function to
binomial coefficients.

Lemma 5.3.4 (see Lemma 2.3 in [18]) Let 0 < k < n be integers. If ¢ = k/n, then

;th(fﬂ < " < gnhl@), [ |
(n+1)? k

We are now in a position to adapt the proof of Theorem 5.3.2 given by Gargano,
Korner, and Vaccaro [24] to a proof that holds for any directed alphabet graph H
and for the family of transitive tournament column graphs {77}. For our proof, we
essentially repeat the proof in [24]; the only point where our proof differs is when
we apply Frankl’s Inequality in Theorem 5.3.3—the proof in [24] applies Bollobas’s
Inequality (Theorem 2.1.3) exactly where we use Frankl’s Inequality.
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Theorem 5.3.5 If H is a directed alphabet graph with no loops, then

< 1 .
N(H{TL}) < mgxeg}El(r;{)F(e, P)

[proof] Let V(H) = [v] andlet C = {C}, ..., Cy} be the ordered collection of columns
of a CA(n;2,T, H), where k = CAK(n;2,{1.},H) and C; = (c1j,¢aj,- .., Cn ) for
each j € [k].

For each C; € C and for each a € [v], let nj(a) denote the number of times the symbol
a occurs in Cj, that is, n;j(a) = |{i € [n] : ¢;; = a}|. Recall that the type of C; is the
v-tuple (n;(1),n,(2),...,n;(v)).

For each a € [v], notice that n;(a) is in the range 0 < n;j(a) < n. Furthermore, we
have n;(1) + n;(2) + --- + nj(v — 1) + n;(v) = n. Consequently, among all v-ary
n-tuples there are at most (n + 1)*~! possible types.

It now follows that there is a subset C C C such that
€| > |Cl(n+ 1)

and all C; € C have a common type. For each a € [v], let n(a) denote the common
value of n;(a) for all C; € C. By preserving the same ordering of these n-tuples as
they were ordered in C, we clearly have a collection of n-tuples corresponding to the

columns of a CA(n;2,Tje, H).
Choose any arc ab € E(H) and define two collections of subsets of [n]:
ﬂ:{AJ’ZCJEC} and %8 :{BjZCjEC}

where, for each C; € C, we define A; = {i € [n] : ¢;; = a} and B; = {i € [n] : ¢;; = b}.
Clearly, as explained earlier, the families & and 9B satisfy the intersection conditions
of Frankl’s Inequality in Theorem 5.3.3. By virtue of C, all A; € ¢ have cardinality
|A;| = n(a), and all B; € 9 have cardinality | B;| = n(b). We can thus apply Frankl’s
Inequality in Theorem 5.3.3 to obtain the bound

a=("")

Since |C| > |C|(n +1)7" we get

CAK(n; 2, {T.}, H) = |C] < (n + 1)v<"<a) T ”(b)).
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The arc ab € E(H) above was arbitrary, thus

abeE(H)

CAK(n;2,{T1},H) < (n+1)" min <n(a) * n(b)>

For each a € [v], we now define a probability P*(a) = n(a). Thus, n(a) = nP*(a)
for each a € V(H) and our inequality becomes
- (n(Pr(a) + Pr(b))
. < v .
CAK(n;2,{Tp},H) < (n+1) Lin ( nP*(a)

We now apply the upper bound given in Lemma 5.3.4, namely (7)) < 2m"(/™ and
our bound on CAK(n;2,{T.}, H) becomes

CAK(n;2,{T}},H) < (n + 1)’ min 2"FP),

e€E(H)
Since P* was but one possible distribution, we get an upper bound by choosing the

maximizing distribution among all distributions on V (H):

CAK(n;2,{Tp}, H) < max min (n + 1)v27FEP)

e€E(H)
Now,
1 . vlogy(n+1)
il . < ZoeN T T
nlog2 CAK(n;2,{Tp},H) < mgxeer%l(%) " + F(e, P),
hence 1
li —1 AK(n; 2,{TL}, H) < in F(e, P).
imsup - logy CAK(n; 2, {Ti.}, H) < max min (e, P)
Consequently,
< i .
Y(H{TL}) < m}gxeé%l(%)F(e, P) |

We now give the formula for the Sperner capacity of a directed alphabet graph H
with respect to transitive tournaments. Notice that we get the same formula as the
Sperner capacity for an undirected alphabet graph, given in Theorem 5.1.2.

Corollary 5.3.6 If H is a directed alphabet graph, then

P
S(H{TL}) = in (P,+PF) h(5—2-),
(H,{Tp}) = max min (Po+ 1) <Pa+Pb)

where the maximum is taken over all probability distributions P on V (H).

[proof] Combine Corollary 5.3.1 with Theorem 5.3.5. |



Chapter 6

LY M inequalities
for H-intersecting collections
and F'-following collections

In this chapter, we develop a new method that produces LYM-like inequalities for
graph-intersecting collections for any alphabet graph H. We use a permutation-
counting technique that extends Katona’s technique [33] and Tarjan’s technique [59]
for proving Theorem 2.1.3 (see the proof of Theorem 2.1.3 in Section 2.1 for an

illustration of their technique).

For every alphabet graph H, there exists a directed “follow” digraph F' that encodes
the “right” set of permutations to count in order to obtain our LYM inequality for H.
The relationship between H and F' guarantees that “H-intersecting” collections are
“F-following” collections, and being an F-following collection is precisely the property
needed to yield a LYM inequality for H.

In Section 6.1, we introduce the problem that motivated our method, briefly outline
our method, and discuss related results. In Section 6.2, we define F-following collec-
tions and show that they are equipped with a LYM-like inequality. In Section 6.3,
we characterize the relationship between H-intersecting collections and F-following
collections. In Section 6.4, we investigate “strong” graphs, an important class of

alphabet graphs with respect to our method.

82
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6.1 LYM inequalities for graph-intersecting

collections — an overview

6.1.1 H-intersecting collections

Throughout this chapter and the next, all alphabet graphs are undirected.

A v-packing of [n] is an ordered collection P = (P!,..., P") of v pairwise-disjoint
nonempty subsets of [n], that is, PN P = @ for all a,b € [v] with a # b. The subsets
Pl ..., PY are the classes of P. In particular, if P! U---U PY = [n], then P is a
v-partition of [n].

Definition 6.1.1 Let % = {P,..., P,,} be a collection of v-packings of [n], where
P, = (P} ..., PY) for each i € [m], and let H be an alphabet graph with V(H) = [v].
If P* NP} # O whenever ab € E(H) and i # j, then % is an H-intersecting
collection of v-packings of [n], or simply an H -intersecting collection.

For a fixed alphabet graph H and integer n, we denote by m(n, H) the size of a largest
H-intersecting collection of |V (H)|-packings of [n].

In general, H-intersecting collections of v-packings of [n] are equivalent to v cross-
intersecting set systems of [n]. Let o' ... ¥ be set systems on [n], where, for
each a € [v], we have A* = {A¢,... A2 }. Two set systems 9/ and 4 are cross-
intersecting if A? N A} # O whenever i # j.

Let & = {P,...,P,} be a collection of v-packings of [n], and set A = P¢ for
all i € [m] and a € [v]. If 2 is an H-intersecting collection, then /¢ and #/® are
cross-intersecting whenever ab € E(H).

For another perspective, consider a covering array CA(n; 2, k, H) with alphabet graph
H, where V(H) = [v]. Its columns correspond to an H-intersecting collection of
v-packings of [n]. Each column is a v-ary n-tuple and corresponds to a packing
P = (P',..., P') — actually, a partition — where the class P? is the set of indices
where symbol a occurs in the column. In fact, two v-packings of [n] are H-intersecting
if and only if they correspond to v-ary n-tuples which are H-dependent. We use
both terminologies as they help to distinguish the language of v-ary n-tuples from
collections of packings (which are naturally phrased in terms of intersection).
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In particular, for an alphabet graph H and integer n, we have CAK(n;2, H) =
m(n, H).

It is straightforward to see that the columns of a classical covering array CA(n; 2, k, v)
correspond to a K *°P-intersecting collection. Equivalently, a qualitatively indepen-
dent collection of v-partitions of [n] is a K*°P-intersecting collection of v-partitions
of [n].

In Section 6.2, we define “F-following” collections of v-packings of [n] for a follow
digraph F. In Section 6.3, we characterize when “F-following” is equivalent to H-
intersecting. Thus, “F-following” is yet another way to view “H-intersecting.”

It is worthwhile to emphasize the various equivalent guises for the notion of H-
intersecting collections; however, throughout this chapter, we most often adopt the
language of packings.

6.1.2 An extremal problem

We are interested in the following problem.

Problem 6.1.2 Given an alphabet graph H and an integer n, determine m(n, H).

For all n, the only alphabet graphs for which m(n, H) is known exactly are Ko
(maximum size of an antichain — see Theorem 2.1.1), K5 with a loop on one vertex
(maximum size of an intersecting antichain — see Theorem 2.1.4), and K, with loops

on both vertices (the binary covering array number — see Theorem 2.3.3).

Recall that Gargano, Kérner and Vaccaro [24, 25] completely solved a problem closely
related to Problem 6.1.2. For any graph H, they proved

.1 : P,
nh_g)lo - log, m(n, H) = mgxabrerg?H)(Pa +B)-h (Pa n Pb> , (6.1.1)
where the maximum is taken over all probability distributions P on V(H), the mini-

mum is taken over all edges ab € E(H), and h denotes the binary entropy function.

In terms of Problem 6.1.2, knowing the limit in (6.1.1) does not help us to determine
m(n, H) itself — any subexponential function f(n) inserted within the logarithm of

this limit as a multiplicative factor of m(n, H) does not alter the limit.
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6.1.3 Follow digraphs and permutation-counting inequalities

For any alphabet graph H and integer n, we give a LYM inequality for H-intersecting
collections of packings of [n]. The key to providing this LYM inequality is to associate
a directed graph F', called a “follow digraph,” with H, and to count a suitable set of

permutations of [n| which are encoded by the arcs of F.

Definition 6.1.3 A follow digraph F is a directed graph having no isolated ver-
tices, no repeated arcs, and no loops (antiparallel arcs are permitted).

Given a follow digraph F', we are interested in counting permutations with properties
based on the arcs of F.

Let A and B be two disjoint nonempty subsets of [n], and let 7 = (my,...,m,) be
a permutation of [n], where 7(i) = m; for each ¢ € [n]. Recall, that 7 contains A
followed by B if i < j whenever m; € A and 7; € B. If {m, 72, ..., ma} = A, then
7 begins with A. Similarly, if {7,114}, Tni2-ja); ..., T} = A, then 7 ends with
A.

The goals of this chapter are to demonstrate how every follow digraph has a corre-
sponding LYM-like inequality, to establish the connection between alphabet graphs
and follow digraphs, and to use this connection to build LYM-like inequalities for
H-intersecting collections for every alphabet graph H. Briefly, our method is en-
compassed by Theorem 6.2.9, Corollary 6.3.2, Lemma 6.3.7, and Theorem 6.4.8. For

simplicity, we provide the following informal summary:

Theorem 6.1.4 (Generalized LYM Inequality for H-intersecting Collections) Let H
be an alphabet graph with V(H) = [v]. If 9 = {P,,..., P,,} is an H-intersecting
collection of v-packings of [n], then there exists a follow digraph F', with V(F) = [v],
such that the following inequality holds:

m # permutations of [n] that
Z contain P followed by P? <n! |
i=1 for some arc ab € E(F)

When we apply Theorem 6.1.4 to H = K5, we obtain the well-known LYM-like in-
equality given in Theorem 2.1.3. Our proof of Theorem 6.1.4 is in fact a generalization
of the proof technique used by Katona [33] and Tarjan [59] to prove Theorem 2.1.3
(see the proof of Theorem 2.1.3 given in Section 2.1).
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The application of Theorem 6.1.4 to H = K5® yields another known LYM-like in-

equality for intersecting set systems:

Theorem 6.1.5 [48, 57] If of = {A;,...,A,} and BB = {By,...,B,,} are two in-
tersecting families of subsets of [n] such that A, N B; = O if and only if ¢ = j,

then . .
| A 2

=1

By defining a collection of 2-packings of the form P; = (P}, P?), where P! = A; and
P? = B, for each i € [m], it can be seen that the two families & and %, given in
Theorems 2.1.3 and 6.1.5, are equivalent, respectively, to Ko- and Ky °"-intersecting
collections of 2-packings of [n].

6.1.4 Using LYM inequalities to bound m(n, H)

For a given alphabet graph H, the LYM-like inequality of Theorem 6.1.4 inherently
bounds m(n, H). For example, the LYM Inequality (see Theorem 2.1.2) transforms
into the upper bound given by Sperner’s Theorem (see Theorem 2.1.1).

For each alphabet graph H, our LYM inequality, given in Theorem 6.1.4, can be
transformed into an upper bound on m(n, H). In Chapter 7, we spend some time
making these transformations for specific small alphabet graphs H; however, trans-
forming our generalized LYM inequality for H-intersecting collections into an upper
bound on m(n, H) becomes more challenging for larger alphabet graphs H. We try to
overcome this challenge using an asymptotic estimate, given in Section 7.5, although
the estimate is based on some assumptions (see Premise 7.5.2).

The transformation of Theorem 6.1.4 into upper bounds on m(n, H) is the second

half of our method. This half of the problem is explored in Chapter 7.

6.2 F-following collections and inequalities

In this section, we define “F-following” collections of v-packings of [n]. The definition

itself is what gives us our LYM-like inequality. In Lemma 6.2.2, we give a general-
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ized LYM inequality for F-following collections, and in Theorem 6.2.9, we provide a

simplified version of our inequality.

Definition 6.2.1 Let & = {P,..., P,} be a collection of v-packings of [n], where
P; = (P},...,Py) for each j € [m]. Let m be a permutation of [n], and let F be a
follow digraph on V(F) = [v]. Let a,b € [v] with a # b. If 7 contains P followed
by P} for some ab € E(F), then 7 contains a P;-following for F. If every
permutation 7 of [n] contains a Pj-following for F' for at most one P; € %, then &

is an F'-following collection.

Let P; = (P},..., P}) be a v-packing of [n]. Let a,b € [v] with a # b. Denote by
Xj(a,b) the set of permutations of [n] that contain P{* followed by PJI»’. If I is a follow
digraph with V(F) = [v], then the union (J,c gr) X;(a, b) is the set of permutations
of [n] that contain a Pj-following for F.

The next lemma is our LYM-like inequality for F-following collections. Ultimately,
it will be used for H-intersecting collections, but this connection is not established
until Section 6.3.

Lemma 6.2.2 (Generalized LYM Inequality for F-following Collections) Let F be a
follow digraph with V(F) = [v]. If 2 = {Py,..., P,} is an F-following collection of
v-packings of [n], then
YU % b)' <l
=

=1 'abeE(F)

[proof] Since # is an F-following collection, for each permutation 7 of [n] there is at
most one index j € [m] such that 7 contains a P;-following for F'. Thus, each of the n!
permutations of [n] can be counted in at most one of the unions ¢ () Xj(a,0). In
other words, {UU,pc () X;j(a,b) : j € [m]} is an m-packing of the set of permutations
of [n]. Consequently, the sum of the unions J,,cgr) X;(a,b), over all j € [m], is at

most n! (the total number of permutations of [n]). N

For a follow digraph F and an F-following collection 9 of packings of [n], let
B(F,% ,n) denote the left side of the inequality given in Lemma 6.2.2, that is,
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|| |22 # permutations of [n] that
B(F, 9P, n) = Z U Xi(a, b)‘ = Z contain P¢ followed by PP (6.2.1)
i=1 ' abe E(F) =1 for some arc ab € E(F)

The quantity S(F, % ,n) measures the extent to which % captures the permutations
of [n]. By Lemma 6.2.2, we know that 0 < SB(F,%,n) < n! so larger values of
B(F,%,n) indicate that many permutations of [n] have Pj-followings for F' for some
P; € 9. Informally, if 5(F,%,n) is much smaller than n!, then we might hope to
add another packing to the collection % and still maintain its F-following property.
Conversely, if B(F, 2P, n) is close enough to n!, then % must be a maximal F-following
collection: every packing in % contributes nontrivially to S(F,%,n) and there is a
minimum possible contribution; having fewer permutations left than this minimum
guarantees that we cannot add any more packings to & without violating the upper
bound of n! permutations that have a following for F'.

For a fixed collection &, our first observation regarding 3(F,%”,n) is that, among
all follow digraphs F' such that 9 is an F-following collection, the largest value for
B(F,% ,n) is attained for a follow digraph that is maximal among such F. Removing
arcs from F' never gives a better bound.

Lemma 6.2.3 Let I} and F, be follow digraphs on the same vertex set [v], and let
9 be an Fy-following collection of v-packings of [n]. If F(F;) C E(F), then 2 is an
Fi-following collection and S(Fy, % ,n) < B(Fy, 2, n).

[proof] Suppose, to the contrary, that & is an Fy-following collection but not an
Fi-following collection. Then there exists at least one permutation 7 of [n] such
that 7 contains Pf* followed by P? and m contains Pf followed by P{ for some arcs
ab,cd € E(Fy) and for some i # j. Since E(F) C E(F3), the arcs ab and cd belong to
E(F3), so the permutation 7 contradicts the fact that 2 is an F} following collection.

Since E(Fy) C E(Fy), it is clear that S(Fy, 2P, n) < B(Fy, %P, n). N

Let us examine B(F,%  n) further. By the Principle of Inclusion-Exclusion, we have

BF,P,n)=>"

j=1

U xn|=3 3 o

abeE(F) j=1 SCE(F)
S#D

() Xi(a b)‘ (6.2.2)

abes
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Let S C E(F). We simply write S to denote the subgraph of F' induced by the arcs
in S. The transitive closure of S in F', denoted S , is defined as follows: ab € S if
and only if there is a directed path from a to b in S with ab € E(F).

Lemma 6.2.4 Let I be a follow digraph and let S and T' be subsets of E(F). If
S C T C 8, then, for a |V(F)|-packing P;, we have

() Xi(a.0) = [ X;(a,b) = () X;(a,b).

abesS abeT abes

[proof] Since S C T C S , it is clear that

() Xi(a,0) 2 () Xj(a,b) 2 () X;(a,b).

abesS abeT abe$

Suppose T € [\pes Xj(a,b) and let aff € S. Since a8 € S, there exists a directed
path from a to § in S, say ag,aq,...,ar, where ay = « and ap = . Since m €
Nases Xj(a,b), it is clear that 7 contains P} followed by P for all I, 0 <1 < k—1.
Consequently, 7 also contains all the followmgs that arise from the transitivity of a
linear ordering of the sets P/, P, ..., P/*. In particular,  contains P;* followed by
Pf, hence, ™ € X; (o, B). Therefore, 7 € X;(a, B) for all af € S and it follows that

() Xj(a,b) € () X;(ab). N

abesS abes

Corollary 6.2.5 Let F' be a follow dlgraph and let S C (F ) If S contains a

directed cycle, then, for a |V (F)|-packing P;, we have ﬂ X;(
abes

[proof] Suppose m € (),,cs Xj(a,b) and let a1, as,...,a;, a; be a directed k-cycle
in S. Then, by the proof of Lemma 6.2.4, we have 7 € X;(ax,a1) N X;(a1,ax).
Consequently, m contains P followed by P* as well as P;* followed by P}, which
is clearly impossible. Therefore, there are no permutations in (1),,.¢ X;(a,b). |

Consider the sum 3(F, %, n), given in (6.2.2). By Corollary 6.2.5, subsets S C E(F)
for which S contains any directed cycles contribute zero to S(F,%,n). We can say
more: for S C E(F) with S acyclic, if S # S, then some cancellations occur when
we combine the terms of the form |(7,,or X;(a,0)| for all subsets T C E(F) with
S C T C S this observation will be given precisely in Lemma 6.2.6.
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Given a follow digraph F' and a set S C E(F'), the transitive closure poset of S
with respect to F, denoted p(S), is the collection of arc sets {T : S C T C S}. Let
B[p(S)] denote the terms of (F,% n) corresponding to the poset p(S), that is,

_ i Z( |T|+1

Lemma 6.2.6 If F is a follow digraph and S is a subset S C E(F) such that S # S,
then S[p(S)] = 0.

N Xj(a,b)'.

abeT

[proof] Let j € [m]. By Lemma 6.2.4, for all T such that S C T C S, the number
of permutations in (7)., X;(a,b) is a constant. For each j € [m], let x; be that
constant. For each [ such that 0 < I < |S| — |S]|, the number of subsets 7' with
| = ||+ 1is (SH181).

Thus,

m |S]=1S]

BI(S)] = (151 Z <|S| |S> ):(_1)\S|+1§:xj(1_1)|3|7\S\:0' B
j=1 j=1

It remains to show that we can partition the set of all acyclic subsets of arcs of F
into disjoint transitive closure posets. To do so, we use the transitive reduction of
a directed graph and a result by Aho, Garey and Ullman [2]. Let G be a directed
graph. A graph G' is a transitive reduction of G if

1. there is a directed path from u to v in G* if and only if there is a directed path
from u to v in GG, and

2. there is no graph with fewer arcs than G* satisfying condition 1.

Theorem 6.2.7 (Aho, Garey, Ullman [2]) Let G be a finite directed acyclic graph,
and let T'(G) be the set of all graphs G; such that the transitive closure of G; is
equal to the transitive closure of G. Then there is a unique transitive reduction of G,
namely G' =, er(q) Gi- In particular, G' is a subgraph of G. |

For each set S C E(F') such that S is acyclic, Theorem 6.2.7 tells us that S has a

unique transitive reduction which we denote by S*. Consequently, we can partition
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the set of nonempty acyclic subsets of E(F') into maximal transitive closure posets.

Each acyclic subset S C E(F") belongs to a unique maximal transitive closure poset.

Corollary 6.2.8 If S C E(F) is acyclic, then S belongs to a unique maximal tran-
sitive closure poset, namely p(S*), the poset of the transitive reduction of S with
respect to F'.

[proof] Suppose S belongs to a transitive closure poset p(7T') for some acyclic subset
TCE (F ). By the definition of transitive closure posets, we have T'C S C f hence
S=T. By Theorem 6.2.7, since S and T" are acyclic and have the same transitive
closure, S and T must have the same transitive reduction S* = T*. Moreover, St=3.
It now follows that S* C T C T = St. Thus, p(T) C p(St). Since the transitive
reduction of S is unique, p(S*) is the unique maximal transitive closure poset to
which S belongs. N

We now rewrite the bound of Lemma 6.2.2 taking into account the terms of S(F, % n)
that contribute zero, as well as the terms corresponding to transitive closure posets

for which Lemma 6.2.6 applies.

Theorem 6.2.9 Let F be a follow digraph and let & = {P;,...,P,} be an F-
following collection of |V (F)|-packings of [n]. Define & to be the set of all nonempty
subsets S of E(F) such that S is acyclic and such that S = S* = S. Then

B(F,% n) Z U ’b)‘ - ZZ<_1)|S|H

Jj=1 " abeE(F) j=1 S€&

N Xj(a,b)' < nl.

abes

[proof] By Corollary 6.2.5, we may discard all terms |(,,cg X;(a,b)| for which S
contains a directed cycle. By Corollary 6.2.8, each of the remalmng (nonempty) sub-
sets S C E(F) belongs to a unique equivalence class corresponding to the transitive
closure poset p(S*). Whenever S* # S, we apply Lemma 6.2.6, yielding a combined
total of zero for the terms B[p(S*)]. The only terms of 3(F, 2P, n) that survive corre-
spond to subsets S € G. |
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6.2.1 Example of an F'-following collection and its LYM in-
equality

To illustrate some of the newly defined concepts, in this section, we examine a concrete
example of an F-following collection and its LYM inequality. We choose a small follow
digraph, but one that has enough arcs to require some nontrivial computations. Here
is a follow digraph F' with V(F) = [3]:

A

=0

Here are two 3-packings of [8]:

P =({1,2},{3,4,5},{6,7,8}) and P, = ({4,7},{1,3,6},{2,5,8})
—— —— —— —— —— ——

p} p? P} P} P2 P}

We claim that % = {P;, P} is an F-following collection. To verify our claim, one
could exhaustively check each of the 8! = 40320 permutations of [8] to see that each
of these permutations either

1. does not contain a P;-following for F' nor a P,-following for F', or
2. contains a Pj-following for F', but does not contain a P,-following for F', or

3. does not contain a P;-following for F', but does contain a P»-following for F'.

Take the permutation 7 = (1,2,3,4,5,6,7,8). We claim that = contains a P;-
following for F'. In fact, there are three arcs of F' which justify the claim: 7 contains
P} followed by PZ, corresponding to the arc 12 € F(F'), and 7 contains P} followed
by P}, corresponding to the arc 13 € E(F), and 7 contains P? followed by P}, cor-
responding to the arc 23 € F(F'). Notice that m does not contain a P,-following for
F. This one permutation meets the criteria for % being an F-following collection.

Take 0 = (1,2,3,6,4,7,5,8). Check that o contains a P;-following for F', correspond-
ing to the two arcs 12,13 € E(F). Notice that o also contains P followed by Py,
but that this is not a P-following for F since 21 ¢ E(F). Indeed, o does not contain
a Py-following for F'.

The permutation p = (5,1,3,6,4,7,2,8) does not contain a P;-following for F', nor
does it contain a Ps-following for F'.
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The permutation 7 = (7, 8,4, 2,6, 1,5, 3) contains a P»-following for F' (corresponding
to the arc 12 € E(F)) and 7 does not contain a P;-followings for F.

If we consider the classes of the P, and P, that intersect, we see that % is an H-
intersecting collection for the alphabet graph H shown below:

A

In Lemma 6.3.7, we will characterize the relationship between an alphabet graph H

and a follow digraph F' which guarantees that every H-intersecting collection is an F-
following collection. This characterization will allow us to verify that a given collection
9 is an F-following collection without resorting to an exhaustive verification of all

permutations.

Now, let us compute the LYM inequality for the given follow digraph F', using
Lemma 6.2.2 first, and then by applying the cancellations of Theorem 6.2.9.

Let % = {P,..., Py} be a collection of 3-packings of [n], where, for each i € [m], we
have P, = (P!, P?, P?) and |P}!| = a;, |P?| = b;, and |P?| = ¢;. If 9 is an F-following
collection, then, by Lemma 6.2.2 and (6.2.2), we have

BE,P m)=> > (-1 ﬂXab)‘<n'

i€[m] SCE(F) abes
S£D

The follow digraph F has four arcs, so it has 2* — 1 = 15 nonempty subsets of arcs
S C E(F) tosum over. We break these down by the cardinality of S. For each i € [m],
the single-arc terms of B(F,%”,n) correspond to the following 1-arc subgraphs of

F:
NS v °
® 0 ® 0

®@+—0 0—0

Xi(1,2) Xi(1,3) Xi(2,3) Xi(3,2)

For each ¢ € [m], the 2-arc terms of B(F,%,n) correspond to the following 2-arc
subgraphs of F"

AN AN 2 7 "

® 0 @+0 e—-0 ®+—0 e—0 =0

Xi(1,2) N X;(1,3)  X;(1,2) N X;(2,3) X;(1,2) N X;(3,2)  X;(1,3)N X;(2,3) X;(1,3)N X;(3,2) X;(2,3)N X;(3,2)
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For each ¢ € [m], the 3-arc terms of B(F,%,n) correspond to the following 3-arc
subgraphs of F"

A A 3 /

@0 o—-0 O—=0 O—0

X;(1,2) N X;(1,3) N X;(2,3)  X;(1,2) N X;(1,3) N X;(3,2) X;(1,2) N X;(2,3) N X;(3,2)  X;(1,3) N X;(2,3) N X;(3,2)

For each i € [m], there is one 4-arc term of B(F,% n), corresponding to F itself:

A

OO

X,;(1,2) N X;(1,3) N X;(2,3) N X;(3,2)

Now, let us give all terms of 3(F,%P,n), without cancellation, where permutations
are counted in the same order as the subgraphs listed above.

n! n! n! n!
Z a; +bi " a; +¢; * bi + ¢ - bi + ¢
i1€[m]
L a; a; bi bi

n! n! n! n! n!
— + - + - +0

a; +b; +¢ a;+b; +¢ a; +b; +¢ a; +b;i +¢ a; +b; +¢
L a; ai, bi, ¢ bi Ci ai, bi, ¢

n! n!
+
alererc? a1+b7+01
L\ ai,bi, ¢ a;, bi, ¢

To see how the terms in the above sum arise, we will explicitly count the permutations

+0+0] -0

for several sample terms.
We will count the permutations of [n] in X;(1,2); the other 1-arc terms are similar.

There are ((liibi)

P?. There are (a;)! ways to arrange the elements of P! in the first a; of these positions,

ways to choose a; +b; positions for the elements of the classes P! and

and there are (b;)! ways to arrange the elements of P? in the last b; positions. There
are (n — a; — b;)! ways to arrange the remaining elements of [n]. Thus,

n n!
| Xi(1,2)] <Clz' 4 bi> a;'b;!(n — a; — by) <ai i bi)

a;
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Let us count the permutations of [n] in X;(1,2)NX;(1, 3); the terms | X;(1,2)NX;(3, 2)|
and |X;(1,3) N X;(2,3)| are counted similarly.

There are (ai +IZ +CZ_) ways to choose a; + b; + ¢; positions for the elements of the classes
P!, P?, and P?. There are (a;)! ways to arrange the elements of P! in the first a; of
these positions, and there are (b; + ¢;)! ways to arrange the elements of P? and P? in
the last b; + ¢; positions. There are (n — a; — b; — ¢;)! ways to arrange the remaining

elements of [n]. Thus,

n n!
| X:(1,2) N X;(1,3)] (ai bt Ci) a;l(b; +c)!l(n —a; — by — ¢;)! (ai T Cz> :
a;

Next, let us count | X;(1,2)NX;(2,3)[; the term | X;(1, 3)NX;(3, 2)| is counted similarly.

There are (av +Z +C,) ways to choose a; + b; + ¢; positions for the elements of the classes

P!, P? and P?. There are (a;)! ways to arrange the elements of P! in the first a;

of these positions, there are (b;)! ways to arrange the elements of P? in the next

b; positions, and there are (¢;)! ways to arrange the elements of P? in the last ¢
positions. There are (n — a; — b; — ¢;)! ways to arrange the remaining elements of [n].

Thus,

n!
a; + bl + C;
ai7biaci

There are no permutations in X;(2,3) N X;(3,2) since no permutation contains P?
followed by P? and P? followed by P?. Thus, |X;(2,3) N X;(3,2)] = 0.

n

. (6.2.

The cardinalities |X;(1,2) N X;(1,3) N X;(2,3)] and |X;(1,2) N X;(1,3) N X;(3,2)|
are similar to (6.2.3), and, by Corollary 6.2.5, the cardinalities | X;(1,2) N X;(2,3) N
X;(3,2)] and | X;(1,3) N X;(2,3) N X;(3,2)| are both zero.

Since F contains a directed cycle, the cardinality | X;(1,2)NX;(1,3)NX;(2,3)NX;(3,2)
is zero by Corollary 6.2.5.

Notice that the terms corresponding to subsets S containing a directed cycle are
zero, hence contribute nothing to B(F,% n). The acyclic subsets S C E(F) such
that the transitive reduction of S is not equal to its transitive closure in F' combine

in transitive closure posets as follows:
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p({12,23}): ®\ C jD\ and p({13,32}): f) C jD\

@+0 ®@«+—0 0—0 e—0

By Lemma 6.2.6, the combined terms of each of the above transitive closure posets
contribute zero to B(F, % ,n). Below we give the remaining terms of 3(F, %, n), after

cancellation:

Z n! n n! n 2n! _ n! B n! _ n!
bt a; + b a; + ¢ bi + ¢ a; +b;i +¢ a; +b; +¢ a; +b;i +¢
a; a; bi Q; bz C;

Applying Theorem 6.2.9 to the above formula for 3(F, 2, n) (after cancellations), and

dividing both sides of the resulting inequality by n!, we obtain the following LYM
inequality for F-following collections:

Z 1 n 1 n 2 _ 1 _ 1 _ 1 <1

] a; + b; a; + ¢ bi + ¢ a; + b +¢; a; + b + ¢ a; +bi +ci\ ~
a; a; b; a; b; i

6.3 Relating H-intersecting collections and

F'-following collections

In this section, we establish the connection between F-following collections and H-
intersecting collections.

Let H be an alphabet graph and let F' be a follow digraph with V(H) = V(F) = [v]. If
every H-intersecting collection of v-packings is also an F'-following collection, then we
write H ~~> F'. If every F-following collection of v-packings is also an H-intersecting
collection, then we write H <~~~ F. If a collection of v-packings is H-intersecting if
and only if it is F-following, then we write H <> F.

Remark 6.3.1 Whenever the arrow notations ~ws, <w, or <ws are used, our con-
vention is to write the alphabet graph H to the left of the arrow, and we write the
follow digraph F' to the right of the arrow.

Notice that if H ~~» F'| then we can apply the inequality of Theorem 6.2.9 to H-

intersecting collections.
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Corollary 6.3.2 Let H be an alphabet graph and let % = {P;,...,P,} be an
H-intersecting collection of packings of [n]. Let F' be a follow digraph such that
V(F) = V(H), and define & to be the set of all nonempty subsets S C E(F) such
that S is acyclic and such that S = S* = S. If H ~~> F, then

Y1 U Xjlab) :iZ(—nSH < nl |

/=1 |abeE(F) j=1 S€&

() X;(a,b)

m
J= abesS

Here, we restate Corollary 6.3.2 in terms of families of cross-intersecting set systems;

however, going forward, our results will be phrased in terms of packings.

Corollary 6.3.3 Let H be an alphabet graph with V(H) = [v]. Let o', ... A" be
v families of subsets of [n], where of* = { A9, A5, ... A%} for each a € [v]. Suppose,
for each i € [m], we have A N A% = @ for all a # b, and A and H° are cross-
intersecting whenever ab € E(H). If F' is any follow digraph such that V(F) =V (H)
and H ~~» F', then

Z U {m : 7 contains A% followed by A’} < n! N

j=1 |abeE(F)

Our main goal for this section is to answer the following question:

Question 6.3.4 Given an alphabet graph H, for which follow digraphs F' can we
apply Corollary 6.3.2 to obtain the best upper bounds on the number of packings in
an H-intersecting collection?

As a first step towards answering Question 6.3.4, we give necessary and sufficient
conditions for H ~~» F', based on the next definition and lemma.

Definition 6.3.5 Let F' be a follow digraph and let a and b be two (not necessarily
distinct) vertices of F. Vertices a and b are aligned if both a and b are sources of
F, or if both a and b are sinks of F'; otherwise, a and b are unaligned. Since F' has
no isolated vertices, a and b are unaligned if indegy(a) > 0 and outdegp(b) > 0, or if
outdegp(a) > 0 and indegg(b) > 0.

Let H be an alphabet graph and let F' be a follow digraph such that V(H) = V(F) =
[v]. An H-intersecting collection & = {Py,..., P,,} of v-packings of [n] is minimal
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with respect to H if removing an element of a class P{, for some i € [m]| and some
a € [v], results in a collection that is not H-intersecting. Similarly, an F-following
collection & = { Py, ..., P,} of v-packings of [n] is minimal with respect to F if
removing an element of a class Pf, for some i € [m]| and some a € [v], results in a

collection that is not F-following.

Lemma 6.3.6 If H is an alphabet graph with V(H) = [v], then there exist two
v-packings, P, and P, such that P? N P? # () if and only if ab € E(H). Moreover,
{Py, P»} is minimal with respect to H.

[proof] To construct P; and P, it is convenient to use a ground set X, defined as
follows. For each ordered pair ab of adjacent vertices of H, X contains an element x,
indexed by this pair. In particular, if ab € E(H), then both x,, and z}, are elements
of X. If aa is a loop of H, then z,, is in X once.

We build two packings of X: for each z,, € X, put the element z,, into class a of
Py and class b of P,. Consequently, {z.} = PN P for all ordered pairs of adjacent
vertices ab of H. By the construction of P, and P, it is clear that P* N P! # @
if and only if ab € E(H). Whenever ab € E(H), we have {z,} = P2 N P2, so the
minimality of % being H-intersecting is also clear. N

Lemma 6.3.7 Let H be an alphabet graph and let F' be a follow digraph such that
V(F)=V(H). Then H ~~s F if and only if we have the edge ab € E(H) whenever

a and b are unaligned in F'.

[proof] (<=) Assume ab is an edge of H whenever a and b are unaligned in F.
Let % = {P,..., P} be an H-intersecting collection of packings of [n]. If & is
not an F-following collection, then there exist distinct packings P;, P; € % and a
permutation 7 of [n] such that 7 contains P followed by P}, as well as Pf followed
by P¢ for some arcs ab,cd € E(F). Having arcs ab,cd € E(F) means that a and d
are unaligned in F. Similarly, b and ¢ are unaligned in F'. We therefore have edges
ad,bc € E(H).

Let s € [n] be the index of 7 that P® ends at, and let ¢ € [n] be the index of 7 that
ch ends at. There are two cases: either t < sort > s. If t < s, then class Pl-b must

begin at index u of 7, where u > s, since P® and P? are disjoint. Consequently, we
have PN P} = @, which contradicts the fact that bc € E(H) and that P; and P; are
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H-intersecting. The case when ¢ > s leads to a similar contradiction. Therefore, %

must be an F-following collection.

(=) Assume that H ~s F. Using Lemma 6.3.6, we construct % = {P;, P»} such
that Pt N P # @ if and only if ab € E(H). Since H ~> F, we see that % must be
an F-following collection.

If there exist unaligned vertices a and b in F' (not necessarily distinct) such that
ab ¢ E(H), then, by construction of %, we have P¢ N P} = (). Without loss of
generality, there exist vertices ¢ and d such that ac and db are arcs of F', since a and
b are unaligned. Let 7 be any permutation that begins with P? and ends with P}
(such a permutation exists since P# and P? are disjoint). It follows that 7 contains
P¢ followed by P¢ and 7 also contains P¢ followed by P2, contradicting the fact that
9 is an F-following collection. Therefore, ab € E(H) whenever a and b are unaligned

in F. H

Analogous to Lemma 6.3.6, for every follow digraph F' there exists a minimal F-

following collection.

Lemma 6.3.8 If I is a follow digraph with V(F) = [v], then there exist two v-
packings, Py and P», such that % = { P, P»} is an F-following collection. Moreover,
9 is minimal with respect to F.

[proof] To construct &7, we use a ground set X, defined as follows. Let the elements
of X be indexed by ordered pairs of (not necessarily distinct) unaligned vertices of
F'. That is,

X ={x4 : a and b are unaligned in F'}.

To build 2, for each z,, € X, we put the element ., into class a of P, and put x4
into class b of P,. We claim that % = { P}, P,} is an F-following collection. Let 7 be
a permutation of X. If 7 contains a P;-following for F', then 7 contains P} followed
by P} for some arc ab € F(F). Let cd be any arc of F (not necessarily distinct
from ab). By the definition of X, we have elements g4, Tga, Tpe, and x4 in X (the
arcs ab,cd € E(F) provide the indegree and outdegree conditions). In particular,
Taq € PN P and xy,. € PP N P§. Since 7 contains PP followed by P?, the element
Zaq must occur in 7 before the element x.. Thus, it is impossible for 7 to contain Py
followed by P¢. Similarly, if 7 contains a P,-following for F, it cannot simultaneously

contain a Pj-following. Therefore, { P, P»} is an F-following collection.
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If we delete an element from any class of P, or P,, then we no longer have an F-
following collection: Suppose we delete an element of P, say .. Since x4 is an
element of X, we know that outdegy(a) > 0 and indegp(b) > 0 or vice versa (the
opposite case is similar). So, there exist arcs af3,ab € E(F) for some «, 5 € V(F).
Notice that z,, was the only element of X in the intersection PN P2, So Pf — {za}
is disjoint from PJ. Choose any permutation 7 of X that begins with P? — {z4}
and ends with P}. Then, 7 contains P — {zq} followed by P/, and 7 contains Pg
followed by PJ. Hence, we no longer have an F-following collection. Deleting an
element from some class of P; is similar. |

Although the assumption H <~ F does not give us the means to apply Corol-
lary 6.3.2, it gives us the means to characterize when being an H-intersecting collec-
tion is equivalent to being and F-following collection. Thus, necessary and sufficient
conditions for H <~~~ F' are given next.

Lemma 6.3.9 Let H be an alphabet graph and let F' be a follow digraph with
V(H) =V(F) = [v]. Then H <~ F if and only if vertices a and b are unaligned in
F whenever ab € E(H).

[proof] (<=) Assume that a and b are unaligned in F' whenever ab € E(H). If
H <~ F is false, then there exists an F-following collection 9 = {Py,..., P,,} such
that 2 is not H-intersecting. Consequently, there is an edge ab € E(H) such that
PN P} = O for some i # j € [m]. Since ab € E(H), the vertices a and b must
be unaligned in F'. Without loss of generality, there exist vertices f # a and a # b
such that a3, ab € E(F'). Define a permutation 7 that begins with P{* and ends with
P! (possible since P and P? are disjoint). Now 7 contains P? followed by P, and
7 also contains P;* followed by P;’, contradicting the fact that % is an F-following
collection. Therefore, H <~~~ F' must be true.

(=) Suppose there exists an edge ab € E(H) such that a and b are aligned in F.
Then there are two cases: either a and b are both sources of F', or a and b are both
sinks. Suppose the former and construct the F-following collection & = { P}, P»}
given by Lemma 6.3.8. We claim that % is not H-intersecting. By the construction
of 9, since a is a source, P = {x,5 € X : indegp(3) > 0}. Similarly, since b is a
source, P = {r, € X :indegp(a) > 0}. As indegp(a) = indegy(b) = 0, we see that
PN P! =, 50 is not an H-intersecting collection. The argument when both a
and b are sinks of F' is similar. |
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Corollary 6.3.10 Let H be an alphabet graph and let F' be a follow digraph with
V(F) =V(H) = [v]. Then (H <~ F) if and only if (¢ and b are unaligned in F if
and only if ab € E(H)). N

Given a follow digraph F', Corollary 6.3.10 tells us that there is a unique alphabet
graph H such that H <«~> F. On the other hand, in the following section, we will
show that if we are given an alphabet graph H, then there may any number of follow
digraphs F' satisfying H <~> F' (including zero).

6.4 Strong graphs

Definition 6.4.1 Let F' be a follow digraph. The strong graph for F'| denoted Hp,
has V(Hp) = V(F') and edge ab € E(Hp) if and only if a and b are unaligned in F.

By Corollary 6.3.10, Hr is the unique alphabet graph such that Hrp <~> F'. The
construction of Hp is summarized in Figure 6.1. Each pair of distinct arcs in F' is of
one of the five types given in Figure 6.1; we also give the edges of Hr that are implied
by unaligned vertices of F' in each case.

" Z@ (Cg @R(@ (l{ @‘b @f@}@ i

!

! ! ! )
@ © @ @ @ 0
H &—b
' @"@» @‘@

Figure 6.1: Five basic follow digraphs and the corresponding strong graphs

Corollary 6.4.2 Let H be an alphabet graph and let F' be a follow digraph such
that V(F') =V (H) = [v]. If Hp is the strong graph for F', then

1. H~ Fif and only if H O Hp,

2. H <~~~ Fif and only if H C Hp, and

3. H <~ Fif and only it H = Hp. |
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A strong graph is an alphabet graph H for which there exists a follow digraph F'
such that H <~ F. With respect to our results, strong graphs are the most relevant
class of alphabet graphs, and they have a particular structure based on the following
definition. Let F' be a follow digraph with V(F) = [v] (recall that F' has no isolated
vertices). The alignment decomposition of F is the partition (W, X,Y') of V(F),
where

o W ={w € [v] :indegp(w) > 0 and outdegp(w) > 0},
o X ={x € [v]:indegp(x) =0}, and
o YV ={y € [v]: outdegp(y) = 0}.

Notice that |W| =1 implies |[X| > 1 and |Y| > 1.

Proposition 6.4.3 An alphabet graph H is a strong graph if and only if H is the
join of a complete graph with a loop on every vertex and a complete bipartite graph,
where at least one of the two factors of the join has an edge.

[proof] By Corollaries 6.3.10 and 6.4.2, H is the strong graph for a follow digraph
F' if and only if the edges of H correspond to the unaligned pairs of vertices of F'.
Consider the alignment decomposition of ', (W, X,Y"). Each vertex in W is unaligned
with itself and every other vertex; each vertex in X is unaligned with every vertex
in W UY; each vertex in Y is unaligned with every vertex in W U X. Equivalently,
H is composed of a complete graph with loops induced by W, which is completely
joined to all vertices in X UY, and X UY induces a complete bipartite subgraph of
H with bipartition (X,Y). If |IW| = 1, then the vertex in W must be adjacent in F’
to at least one vertex in X and another in Y. |

We give an example in Figure 6.2 (on the left) to demonstrate the structure of a
strong graph Hp based on the alignment decomposition (W, X,Y). The set W has
white vertices with loops. The sets X and Y are indicated using grey and black
vertices, respectively. Notice that Hp is the join of a complete graph with a loop on
each vertex and a complete bipartite graph, as prescribed by Proposition 6.4.3; the
edges in each of these parts are thick edges, while thin edges indicate the join of these
two parts.

Consider a strong graph H = Hp and the alignment decomposition (W, X,Y") of F.
Notice that X and Y are indistinguishable when we simply look at the structure of
H. Which part of the complete bipartite subgraph of H represents X and which part
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w w

Figure 6.2: A strong graph H and its maximal follow digraph F'

represents Y7 The answer depends on the particular follow digraph F', but, as we
shall explain, we need not worry about this distinction.

Let F' be a digraph. Build a new graph from F' as follows: use the same vertex set,
and for every arc of F, say ab, put the reverse-direction arc, ba, in the new graph.
The directed graph we obtain is the reversal of F'.

Remark 6.4.4 Since the relations ~~s, <~ <> between an alphabet graph H
and a follow digraph F' are based solely on unaligned pairs of vertices of F' and the
corresponding edges of H, it makes no difference if the direction of all arcs of F
are reversed. We therefore make no distinction between a follow digraph F' and its

reversal.

By Remark 6.4.4, the alignment decomposition parts X and Y are interchangeable
since F' is interchangeable with its reversal. Let H be the strong graph for F. The
alignment decomposition of H is the unique (up to reversal) alignment decom-
position of F'.

Let H be a strong graph and let (W, X,Y) be its alignment decomposition. The
mazimal follow digraph for H, denoted ¥ has vertex set V(F#) = V(H) =
W UXUY, and arcs as follows:

e every ordered pair of distinct vertices w,w’ € W are joined by two antiparallel
arcs in F# namely ww’ and w'w;

e every ordered pair of vertices x € X, y € Y are joined by an arc zy;
e cach vertex x € X is joined to every vertex w € W by an arc zw;

e cach vertex w € W is joined to every vertex y € Y by an arc wy.

In other words, F'* is constructed by packing in as many arcs as possible while
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preserving the alignment decomposition that is unique to H. The structure of F'I is
demonstrated by the example in Figure 6.2.

We now highlight several interesting properties of strong graphs and their connection
to maximal follow digraphs. Let & denote the set of follow digraphs, and let #€s
denote the set of strong graphs.

Theorem 6.4.5 1. Strong graphs induce a partition of & via the following equiv-

alence relation: Fj is equivalent to Fy if and only if Hp, = Hp,.
2. Each H € J#5 defines an equivalence class, namely [H] = {FF € & : H = Hp}.
3. All F € [H] have the same alignment decomposition (up to reversal).

4. Each class [H] has a unique (up to reversal) maximal element, namely F¥ and
every F € [H] is a subgraph of F (up to reversal).

[proof] We prove (4). Let H € #€3 and consider its maximal follow digraph FZ.
Clearly, ¥ € [H]; moreover, F is maximal in the sense that any pair of nonadjacent
vertices, a,b € V(Ff), cannot be adjacent in any follow digraph F' € [H] without
violating the alignment decomposition of H. Consequently, all follow digraphs F' €
[H|] are necessarily subgraphs of F'Z (up to reversal). |

For a strong graph H € J€5, we can apply Corollary 6.3.2 for all F € [H]|. The
relation H <~» F' is stronger than H ~~» F'| so at this point, it makes sense to

differentiate the two resulting types of inequalities.

Let H be an alphabet graph and let % be an H-intersecting collection of packings
of [n]. Let F' be a follow digraph. If H ~~»> F'is true but H <~ F is false, then the
inequality B(F,%,n) < n! is an #ndirect bound for H-intersecting collections. If,
on the other hand, H <~ F, then the inequality 3(F, % n) < n!is a direct bound
for H-intersecting collections.

We now have the answer to Question 6.3.4 when the given alphabet graph H is a
strong graph. In this case, F'I| by its maximality, yields the best direct bound for
H-intersecting collections. Moreover, the direct bound given by F is better than

any indirect bound for H-intersecting collections.

Corollary 6.4.6 Let H € J€3 be a strong graph and let 9 be an H-intersecting
collection of packings of [n]. Let ' € F. If H ~~s F, then

B(F,% ,n) < B(FH,% n) <nl
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[proof]| First, F' has a unique strong graph, namely Hp. By Corollary 6.4.2, we
have Hr C H. It now follows that the maximal follow digraphs for Hr and H,
respectively, satisfy Fr C FH (up to reversal). This is easily checked by analyzing
the alignment decompositions of Hr and H under the constraint Hp C H. Thus,
F C FHr C FH (up to reversal). Applying Lemma 6.2.3 twice and Lemma 6.2.2
once, we get B(F, %, n) < B(FHr % n) < B(FH % n) < n! as required. |

-+~ H; } strong subgraphs H; C H

} maximal follow digraphs F'

Figure 6.3: Candidates F'Hi for best possible indirect bound for H

For an alphabet graph H € #€5, indirect bounds are the only option. We can produce
the list of all F € & that satisfy H ~~s F using Corollary 6.4.2: H ~~ F if and
only if Hr C H. We enumerate the list of all strong graphs H; € #€5 such that
H; C H. For each strong subgraph H; C H, we compute its maximal follow digraph
FHi_ By Corollary 6.4.2, we have H ~w~s F'Hi for each strong subgraph H; found.
All subgraphs F' C F*i that preserve the alignment decomposition for H; also satisfy
H ~~» F' but, for the purposes of optimizing our inequalities, we need only consider
the maximal follow digraph F¥i. Figure 6.3 summarizes this approach. Example
6.4.7 illustrates the procedure.

Example 6.4.7 Let

and notice that H fails to have the structure of a strong graph described in Proposition
6.4.3. Each strong subgraph of H has an alignment decomposition (W, X,Y). The
possibilities for W are {4,5}, {4}, {5}, or @. In each case, we look at the induced
subgraph H — W and compute all possible complete bipartite graphs. Modulo vertex
labels, we list all such strong subgraphs below. In each case, the set W has white
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vertices with loops. The sets X and Y are indicated using grey and black vertices,
respectively. Thick edges indicate edges in each of the two parts K ‘1;{}“’ or K\x|y|,
while thin edges indicate the join of these two parts.

Broly oy e Rk

Next, we give the maximal follow digraphs for each type of strong subgraph; these
are our candidates for the best possible indirect bound for H-intersecting collections.

S onflg oo olir oo e o

To conclude this section, we give Theorem 6.4.8, which provides our best answer to
Question 6.3.4.

Theorem 6.4.8 Let H be an alphabet graph and let 9 be an H-intersecting col-
lection of packings of [n]. If H is a strong graph, then F'¥ yields the best direct
bound for H. If H is not a strong graph, then the best indirect bound for H is given

by the maximal follow digraph of a strong subgraph H; of H, where H; is chosen to
maximize S(FHi, %P n). N

For an alphabet graph H that is not a strong graph, Theorem 6.4.8 does not tell
us whether there is a unique choice for maximizing S(F,%,n), nor do we know
if there is a universally optimal candidate that works irrespective of the particular
H-intersecting collection . We wonder whether the optimal choice is the follow
digraph F' with the most arcs among the list of candidates. In Section 7.5, we give an
asymptotically based estimate of 3(F,%P,n) that supports choosing follow digraphs

with as many arcs as possible.

By Theorem 6.4.8, our inequalities for H-intersecting collections are always based on
a strong subgraph of the alphabet graph H in question.

Let H be a strong graph and let F'¥! be its maximal follow digraph. Recall from
Theorem 6.2.9 that the terms of 3(F#,% n) range over all nonempty subsets S C
E(FM) such that S is acyclic and such that S = S* = S. For the maximal follow
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digraph F¥| such subsets S are simply those that contain no directed walk of length
two.

Theorem 6.4.9 Let H € #5 be a strong graph on V(H) = [v] and let F'# be its
maximal follow digraph. Define & to be the set of all nonempty subsets T C E(F)
such that T contains no directed walk of length two. If & = {P,..., P,} is an
H-intersecting collection of v-packings of [n], then

B(FH 9P n) ZZ )T+

i=1 TeJ

N Xi(a,b)' < nl

abeT

[proof] By Theorem 6.2.9, the terms of 3(FH 9% n) range over the set & of all
nonempty subsets S C E(F!) such that S is acyclic and such that S = St = S.
Since F'¥ is a maximal follow digraph, we claim that & = .

Suppose T' € . Then T does not contain any directed walks of length 2. It follows
that T is acyclic and transitively closed in F. Therefore, T € G and J C &.

Suppose T' C E(FH) and T ¢ J. Then T contains a directed walk of length 2, say
Uy, U, uz (where ujuy € E(FH) and ugus € E(FH)). If u; = ug, then T contains
a directed cycle, hence is not an element of &. Let (W, X,Y) be the alignment
decomposition of F1. We consider every possibility for the membership of the vertices

u1, ug and ug in the alignment decomposition’s parts:

First, notice that the vertex us; must belong to W since the vertices in X are all
sources and the vertices in Y are all sinks.

If uy,uz3 € W, then, since every pair of vertices in W are symmetrically adjacent,
we know that ujus € E(FH). If u; € W and uz € W, then, since upusz € E(F),
it follows that uz € Y (the set of sinks). Consequently, ujuz € E(FH) since every
vertex in W is adjacent to all vertices in Y. If uy € W and ug € W, then u; must be
in X (the set of sources), hence ujuz € E(F¥) since every vertex in X is adjacent to
all vertices in W. If uy ¢ W and usz ¢ W, then u; must be in X and us must be in
Y, hence uyuz € E(F) since every vertex in X is adjacent to all vertices in Y.

In all cases, T # T and so T ¢ &. Therefore, & C . |
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6.4.1 Number of strong graphs

By Proposition 6.4.3, all strong graphs consist of two parts: a complete graph with
loops completely joined to a complete bipartite graph, where at least one of these two
subgraphs contains an edge joining two distinct vertices in that part. If the complete
graph with loops consists of only one vertex, this vertex must be unaligned with itself
in the corresponding follow digraph. Consequently, the complete bipartite part must
be nontrivially bipartite, that is, contain at least one edge. Conversely, if the complete
bipartite part contains no edges, then the complete graph with loops must contain
at least two vertices in order for these vertices to be unaligned in the corresponding
follow digraph.

The number of ways that [ unlabelled vertices can be bi-partitioned is [1/2]| 4 1 since
this is the number of ways to write [ as [ =i + (I — i) where 0 < i < [1/2].

For a given number of vertices v, let ¢ denote the number of vertices in the complete
part with loops. It follows that 0 < ¢ < v and the remaining v — ¢ vertices must be
the complete bipartite part, which can be bi-partitioned in | (v — ¢)/2] + 1 ways.

There are two special cases: If ¢ = 1, then we do not count the bipartition with v — 1
vertices in one part and no vertices in the other part since this would not allow the
vertex with a loop to be unaligned with itself in the corresponding follow digraph. If
¢ = 0, then we do not count the bipartition with v vertices in one part and no vertices
in the other part: this would produce an empty graph which is not a strong graph.
For each of the above two cases, we must subtract 1 from the total.

The number of strong graphs on v vertices is thus

v v

S+ 2= 3 (18 +1) —2=feow+ ) - §[5] +v-1.

c=0 =0

Lemma 6.4.10 For v > 2, there are ;v(v + 1) — 3 (%W + v — 1 strong graphs on v

vertices.

6.4.2 Small strong graphs and maximal follow digraphs

For illustrative purposes, we list all strong graphs on 2, 3, and 4 vertices, along with
the corresponding maximal follow digraphs.
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Here are the two strong graphs on 2 vertices:
oo ¢ o
Here are the corresponding maximal follow digraphs:
o—o o o

Here are the four strong graphs on 3 vertices:

V<A

Here are the corresponding maximal follow digraphs:

V< >4

Here are the seven strong graphs on 4 vertices:

Here are the corresponding maximal follow digraphs:
For an inventory of LYM inequalities for H-intersecting collections for small H, see

Appendix A.



Chapter 7

Bounds for covering arrays with
alphabet graphs

The goal of this chapter is to transform our LYM inequalities for H-intersecting
collections into upper bounds on m(n, H) for several strong graphs H.

Recall that the column number for a covering array with alphabet graph H, de-
noted CAK(n;2, H), is the maximum number of columns % for which there exists a
CA(n;2,k, H).

For a given n and alphabet graph H, the quantities m(n, H) and CAK(n;2, H) are
equal. Thus, we are in fact using our LY M inequalities to find upper bounds on the col-
umn number of covering arrays with strong alphabet graphs. Since K;*°" is a strong
graph, classical covering arrays fall into this category (recall that CAK(n;2,v) =
CAK(n;2, K?)), and we do provide improved bounds for CAK(n;2,v) in this chap-

ter, specifically using our LYM inequality for K3 °P-intersecting collections.

When reading this chapter, always consider the equivalence between m(n, H) and
CAK(n;2, H), but note that we continue to phrase our results in terms of collections
of packings and using m(n, H) rather than CAK(n;2, H).

The method we use for transforming our LYM inequalities for H-intersecting collec-
tions into upper bounds on m(n, H) is summarized as follows: Using the appropriate
follow digraph F, we compute S(F,% n) in terms of the class cardinalities of the
packings in 2. Recall from (6.2.2) and Theorem 6.2.9 that

110
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|2| [ # permutations of [n] that ||
B(F, % . n) = Z contain P¢ followed by P? = Z Z (—1)‘3"’_1 ﬂ Xi(a, b)‘ < n!
i=1 for some arc ab € E(F) i=1 Ss%cfc(hl? abes
S#0
St £ 8

The formula for S(F,% ,n) sums over all P, € % but for each i, the formula has
the same form. For a fixed P, € 9P, we have v variables in the formula, namely
|PY|,...,|P?|. Let f(|P,...,|P?|) be the formula of 3(F,%P n) for one fixed 7, that

is,

FUPM, |y = Y (—psi

() Xi(a, b)‘.

S C E(F) abesS
S acyclic
S #O
St £ 8
We want to find the minimum value of f over all |P!|,... |P’|. Since any H-

intersecting collection of v-packing of [n] may be extended to an H-intersecting collec-
tion of v-partitions of [n], we may assume that |P}|+- - -+|PY| = n for all i. We find the
minimum via “balancing” lemmas, wherein we prove that certain substitutions help
to reduce f. For example, when is it better to make the substitutions | P¢| < |P¢#| —1
and |P?| < |P?| + 1?7 With adequate balancing lemmas, we are equipped with a
procedure for taking any value of f and reducing to the minimum value of f. Once
we have the minimum value of f, say f..., then for every H-intersecting collection %P

of packings of n, we have

From that point, the upper bound is given by || < n!/ fuw.

In Section 7.1, we discuss stars. For the star on three vertices, we give the following
upper bound on m(n, S3) in Theorem 7.1.14:

1 a-+b
<
m(n’S?’)_Q—(S( )

a

where a &~ 1(1+ v/5)b, a +2b = n, and 6 = o(1) (the exact values of a, b, and § are
given in Theorem 7.1.14).
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In Section 7.3, we provide an upper bound for m(n, Ky**) in Theorem 7.3.20. From
this result, we derive a general bound on m(n, K,>°*) for all v > 3 in Corollary 7.4.1.
For v > 3, Corollary 7.4.1 improves a bound given by Poljak and Tuza [48] (see
Theorem 2.3.4).

Although we successfully obtain the above bounds, transforming our generalized LYM
inequality for H-intersecting collections into an upper bound on m(n, H) becomes
more challenging for larger alphabet graphs H.

Under the assumption that there is a limiting distribution of class cardinalities among
the packings in optimal H-intersecting collections (this limiting distribution will be
defined precisely later), in Section 7.5, we prove that, asymptotically, it suffices to
consider a simplified version of our LYM inequalities with so-called “single-arc” terms.
While dealing only with single-arc terms, our task of transforming our LYM inequal-
ities into upper bounds on m(n, H) is simplified; although, obtaining upper bounds
using single-arc terms can nevertheless be a difficult task. The use of this single-arc
simplification also suggests the question: are the assumptions we made in order to
obtain the single-arc simplification reasonable?

Under these assumptions, we provide an asymptotic bound for m(n, K}*°?) for all v
in Theorem 7.6.2:

mtn,165) < 2 (A0 E D o)

If there is a limiting distribution on class cardinalities, then the above bound signifi-

cantly improves the bound in Corollary 7.4.1 for large enough v and n.

7.1 Stars and the alphabet graph S;

Stars are examples of strong graphs, and we give the inequality for star-intersecting
collections next. Our convention is to label the vertices of S, as V(S,) = [v], where

the central vertex is labelled 1, and the leaves have labels from the set {2,...,v}.

Theorem 7.1.1 If % = {P,,..., P,,} is an S,-intersecting collection of v-packings
of [n], then

Sy Lo

<

1 — < L

Jj=1 BC{2,...,v} |PJ | + zaGB ‘PJ |
45 7
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[proof] The maximal follow digraph F** is (up to reversal) the orientation of S, in
which the central vertex is a source and the leaves are sinks. For F%, the subsets of
arcs S C E(F*") satisfying the conditions of the sum given in Theorem 6.4.9 (T # @,
T contains no directed walk of length 2) are simply all nonempty subsets of E(F*).
Each subset T' C E(F5") corresponds to a subset of leaves B C {2,...,v}, and we

have
B(FS”,@,n Z Z |B|+1 ﬂX 1a

i=1 BC{2,...,v acB
B#Q

It remains to count the permutations in
n

that B # (). There are (\P}HZaeBlel)

P! and P?, a € B. We have |P!|! ways to arrange the elements of P! in the first

|P}| of these positions. There are (3, 5 |P?|)! ways to arrange the elements of P?,

wep Xi(1,a) for any B C {2,...,v} such
ways to choose positions for the elements of

a € B, in the remaining positions. There are (n—|P{| =" .5 |FPf])! ways to arrange
the remaining elements of [n]. Thus,

s o) (S o - i)

a€eB

n!

(1P + X aes 1P
||

Now, dividing both sides of the inequality S(F%*,% n) < n! by n! yields the inequal-
ity for star-intersecting collections. |

The application of Theorem 7.1.1 to the star S3 is the simplest generalization of
Theorem 2.1.3 from a result about collections of 2-packings to a result for collections
of 3-packings. An inequality equivalent to Corollary 7.1.2 was given without proof by
Korner and Simonyi [35].

Corollary 7.1.2 Let % = {Py,..., P,,} be a collection of 3-packings of [n] where
P, = (P!, P?, P?) for each i. Let a; = |P}|, b; = |P?|, and ¢; = |P}?| for each i € [m)].

If 9 is an Ss-intersecting collection, then

N U S — |
i1 a; + bz a; + ¢ a; + bz + ¢ -
a; a; a;
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Ahlswede and Cai [1] characterize the collections for which the inequality of Corol-
lary 7.1.2 holds with equality; however, the collections that achieve this identity do not
coincide with collections that maximize m(n,Ss;) (except when n = 6). If n is even,
then the construction of Ahlswede and Cai produces an Ss-intersecting collection of
packings of [n] containing n/2 packings, and, for this collection, the inequality of
Corollary 7.1.2 is met with equality. In contrast, in Section 7.2, we investigate a con-

struction of Ss-intersecting collections of [n] given by Korner and Simonyi consisting

1+V5
2

is not met with equality. Evidently, the result of Ahlswede and Cai does not address
Problem 6.1.2 when H = S5.

of approximately ( )" /n3 packings, but for which the inequality of Corollary 7.1.2

Let & = {Py,..., Py} be a collection of 3-packings of [n] where P, = (P!, P?, P?)
for each i. Let a; = |P}|, b; = |P?|, and ¢; = |P?| for each i € [m]. The expression
for B(F% 9 n) is as follows:

m

n! n! n!
FS3 — E _
BE>,2,n) — a; + b; * a; + ¢; a; + b +¢
a; a; Q;
Define f(a,b,c) as follows:

Flab,c) = (a;rb)le(a;rC)l— <a+2+c>1 (7.1.2)

Throughout Section 7.1, f will denote the function defined in (7.1.2).

(7.1.1)

The expression for (F3,% n), given in (7.1.1), can now be rewritten as

B(F% 9P n) = in!f(ai,bi,ci).
i=1

In an Ss-intersecting collection of 3-packings of [n], every packing P; € % must have
at least one element in each of its three classes, so we may assume a;, b;,¢; > 1. We
also have a; + b; + ¢; < n. While maintaining the property of being Ss-intersecting,
we can add extra elements to the classes of the packings in & so that, for all 7, the

packing P; is a partition of [n]; consequently, we may also assume a; + b; + ¢; = n.

Thus, for each packing P; in an Sz-intersecting collection, the contribution of P,
to B(F%3,9 n) can be assumed to be of the following form: n!f(a;,b;, c;), where
a;,b;,c; > 1 and a; + b; + ¢; = n.
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For a fixed value of n, our goal for this section is to show that there exist values a, b,
and ¢ such that a,b,c > 1, a+ b+ c=mn, and f(a,b,c) < f(as;,b;,¢;), for all i. Once
we establish these values, we will obtain the following lower bound on B(F%3, % n):

Ed

P [nlf(a,b,c) <> nlfa;, by, c;) = BFS, P n). (7.1.3)

1=1

Using the fact that (F°2,% n) < nl, the bound in (7.1.3) produces an upper bound
on ||
1
Pl< —.
1= T

Finding the values a, b, ¢ such that f(a,b,c) < f(a;, b;, ¢;) for all ¢ will be accomplished
using so-called balancing lemmas.

(7.1.4)

Our balancing lemmas will work in two stages:

1. In Section 7.1.1, we will use balancing lemmas show that the minimum value of
f has b=c.

2. In Section 7.1.2, we will show that the minimum value of f has approximately

a golden ratio between a and b.

In Section 7.1.3, we use our results on the minimum value of f to derive the upper
bound on m(n,S;), given in Theorem 7.1.14.

Before we get to these results, we need some notation and a lemma.

Let a and b be positive integers. If |a — b| > 2, then a and b are called unbalanced.
If |[a — b] <1, then a and b are called balanced.

For convenience, we use falling factorial notation, defined as follows: for positive
integers z and n such that x > n > 1, the falling factorial, denoted (x),, is
defined as

(@)n = 2(x = 1) (z = (n=1)),

Many times throughout this chapter, we will use the following lemma to get expo-
nential bounds from falling factorial expressions that frequently appear in the proofs

of balancing lemmas.
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Lemma 7.1.3 (Falling Factorial Fractions) Let z,y,d € Z, where x > d, y > d, and
d>1.

d d
1. If £ < 1, then (L:j) gﬂg<z> .
Yy Yy Y

d d
2. If £ > 1, then <§> < (@) < <x—d> )
Y Yy ()

d y—d
[proof]
1. Let 7 be an integer such that 1 <17 < d. If% < 1, then we claim that % >
ﬁ Since 5 < 1 implies « < y and % < 1, we have
T—(i-1) az—itl >:r:—i+§j—:§f: (x—i)y—i)+(@x—i) x—i
y—(i—1) y—i+1  y—i+l (y—i)ly—i+1) y—i

Thus, when we consider &<

() 85 a product of “falling” fractions, the largest term
is the first term i and the smallest term is the last term Z:jﬁ.

2. This follows from 1. by reciprocating. |

7.1.1 Balancing leaves

Lemma 7.1.4 If a,b, ¢ are nonnegative integers such that ¢ > b+ 2, then

1 1 1 1

SUNCORCHI NG

c—1

[proof] The inequality of Lemma 7.1.4 is equivalent to f(a, b, c)—f(a,b+1,c—1) > 0,
which is true as follows:

fla,b,¢) — fla,b+1,c—1)
_ 1 1

1 1 1 1
et Tar e\ Jatbto\  JatbrIN  Jate—1\  Tatbte
a a a a a a

_ a!b! n ale!’ al(b+1)! al(c—1)!
(a+b)!  (a+c)!

(a+b+1) (a+c—1)
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= (aa_!flc)! <(a +)ebt+ (C)e—p— (b+1)(a+C)ep-1— (a+c)(c— 1)c—1—b>
aldb!
= (ato) Ga—l—c)c—b—l(a—kb—l-l) + (e)(c—=1)ee1-p — (b+1)(a+C)ep—1 — (a+c)(c_1)c_1_l>
= (aa—:—b'c)' <(a + C)cfbfl(a) - (C - 1)clb(a)>
= a(aaiblc)! <(a +€)ep1 — (c— 1)cb1) (7.1.5)

Since a + ¢ > ¢+ 1 > ¢ — 1, it is clear that the expression given in (7.1.5) is greater
than zero, as claimed. |

Lemma 7.1.4 implies that f(a, b, c) can be reduced by balancing the class cardinalities
b and ¢ whenever b and ¢ are unbalanced. This is achieved by making the substitutions
a<a,b+<b+1,and c+ c—1.

A priori, we do not know what the class cardinalities a;, b;, ¢; will be in an optimal Ss-
intersecting collection, nor does the application of Lemma 7.1.4 tell us that collections
with balanced leaf-class cardinalities exist; however, our goal is not to construct Ss-

intersecting collections with balanced leaf-class cardinalities — our goal is to obtain

bounds as in (7.1.3) and (7.1.4).

Suppose we apply Lemma 7.1.4 until we have a lower bound for 3(F%3, % n) with all
b; and ¢; balanced. We can further reduce our lower bound by forcing b; = ¢; in one of
two ways: if a; < 2b; then we make the substitutions a; <— a; + 1, b; < b;, ¢; < ¢; — 1;
otherwise, a; > 2b;, and we make the substitutions a; <+ a; — 1, b; < b; + 1, ¢; < ¢;.
These cases are given in detail in the following two lemmas.

Lemma 7.1.5 Let a, b, ¢ be positive integers such that ¢ =b+ 1. If a < 2b, then
1 1 1 1 1 1

- — > - - .
a+b a+c a+b+c a+1+b a+c a+b+c
a a a a+1 a+1 a+1
[proof] When ¢ = b+1, the inequality of Lemma 7.1.5 is equivalent to f(a,b,b+1) >
f(a+1,b,b), which is true for all a < 2b as follows:
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1 1 1 2 1

T TaxtN T Jarbal\ Jat2b+IN  Jariib\ o Jatob+l
a a a a+1 a+1

alb! alb+ D! a2+ 1! (@t DB (at1)l(2b)!

(a+b)!  (a+b+1)! (a+2b+1)! (a+b+1)!  (a+2b+1)!

= T Ga—l—Qb—l—l)bH + (b+1)(a+2b+1), — (20+1)p41 — 2(a+1)(a+2b+1), + (a+1)(2b);)

= (a+6;'l?‘+1)' <(a +20+1)((a+b+1)+ (b+1) = 2(a+1)) + (20)s((a+1) — (2b+ 1)))
= (<1+C;!lf!+1)!(2b —a) ((a +2b+ 1) — (2b)b) (7.1.6)

Since a < 2b, it is clear that the expression (7.1.6) is greater than or equal to zero,
as claimed. |

Lemma 7.1.6 Let a, b, c be positive integers such that ¢ = b+ 1. If a > 2b, then
1 1 1 1 1 1

COYE) YT ) )

[proof] When ¢ = b+ 1, the inequality of Lemma 7.1.6 is equivalent to f(a,b,b+1) >
f(a—1,b+1,b+1), which is true for all a > 2b as follows:

f(a7b7b+1)_f<a’+17bab)
1 1 1 2 1

= + — — +
<a+b> (a+b+1> (a+2b—|—1) <a+b> <a+2b+1)
a a a a—1 a—1
_ ald! al(b+1)! _ al(2b + 1)! _2(a—1)!(b+ Dl (a=DI(20+ 2)!
(a+b)!  (a+b+1)! (a+2b+1)! (a+b)! (a+2b+1)!

— %Gl(a+2b+l)b+1 — a(b+1)(a+2b+1)p— a(20+1)p11 — 2(b+1)(a+2b+1)b+1+(2b+2)b+2>
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— m ((a +2b+ 1), (a® — 2% —4b—2) — (2b+ 1)y (a(b+ 1) — 26 — 4b — 2)) (7.1.7)

Since (a+2b+1), > (2b+1)y, in order to prove that the expression in (7.1.7) is greater
than or equal to zero, it suffices to prove a? — 2b* —4b—2 > a(b+ 1) — 20* — 4b — 2;
equivalently, it suffices to prove a? > a(b+ 1) which is true since a > 2b > b + 1. |

Corollary 7.1.7 Let n, a;, b;, and ¢; be integers such that a;,b;,¢; > 1 and a; + b; +

¢; = n. Then there exist integers a and b such that a,b > 1, a + 20 = n, and
fla,b,0) < flai, by, ci).

[proof]| If b; = ¢;, then a = a; and b = b; = ¢; satisfy the claim.

If b; # ¢;, then by Lemma 7.1.4 there exist integers b and ¢ such that |b —¢| <1
and f(a;,b,¢) < f(a;,b;,¢;). If b = ¢, then we are done; otherwise, without loss of
generality, we have b = c+1. In this case, we may apply Lemma 7.1.5 or Lemma 7.1.6
to complete the proof. |

7.1.2 Golden balance of central vertex with leaves

In this section, we first show that the minimum value of f is of the form f(a,b,b), for
some a,b > 1 with a + 2b = n, such that a is within the following range:

Ib—3+ V32 —4b+1) <a < 2(2b+ 3+ V1202 + 200 + 9). (7.1.8)

Once we establish that the minimizing values of a and b satisfy (7.1.8), we then use
balancing lemmas to show that, in fact, the minimum value for f has a within the

following narrower range:

T(b—=34+V5b>—2b—1) <a< 3(b+2+V5b>+8b+6). (7.1.9)

First, we give two lemmas to show that if a is not in the range (7.1.8), then the
substitutions a «<—a —2,b< b+ 1, 0r a < a+2, b < b— 1, respectively, can further

reduce the value of f.



7.1. STARS AND THE ALPHABET GRAPH S5 120

Lemma 7.1.8 If a < $(b— 3+ /30> — 4b + 1), then
2 1 2 1

at+b\ [a+20\ T fa+2+b—1\ [fa+2+20-1)\
a a a+2 a+2
[proof] The inequality in Lemma 7.1.8 is equivalent to f(a,b,b) > f(a+2,0—1,b—1),
which is true for all a < %(b — 3+ V3> —4b+ 1) as follows:

f(a,b,b) — fla+2,b—-1,b—1)

2 1 2 1
- . - +
a+b a—+2b a+b+1 a—+2b
) ) () G
altl a2l (a+2)b-1)!  (a+2)i(2b—2)!
@b (a2~ (atb+l) (a1 20)!
Cal(b— 1)) (2)y1 (a+2)(a+1)(2b—2)y_,
T (@t+b+ 1) <2b<a+b+1) - (a+2b;rb_1 — 2Aa+2)(a+1) + (a+2b)y_1 )

(7.1.10)

The expression in (7.1.10) is nonnegative if and only if

(2b)p—1
(CL + 2b)b—1

(2b — 2)p1

2ab+ 2% +2b— 2a® — 6a — 4 — AT S0
¢ (a+2b)p—1

(b* +b) + (a®*+3a+2) >0. (7.1.11)

For the inequality in (7.1.11) to hold, it suffices to satisfy the weaker inequality

2ab + 2b* 4 2b — 2a* — 6a — 4 — (b* +b) > 0, (7.1.12)
where we have subtracted (b* + b) rather than (a(il;)é’);il (b> + b), and we have not
bothered to add the term gzi;igb’l (a® + 3a +2).

a b—1

The inequality in (7.1.12) holds if and only if
2a*> — (2b — 6)a — b* —b+4 >0,

which is true for all a such that 0 < a < %(b — 34+ V302 —4b+1). H
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Lemma 7.1.9 If a > £(2b+ 3 + /1202 + 20b + 9), then
2 1 2 1

a+b0\ [a+20\ T fa—2+b+1\ [a—2+20b+1)\
a a a—2 a—2
[proof] The inequality of Lemma 7.1.9 is equivalent to f(a,b,b) > f(a—2,b+1,0+1),
which is true for all @ > $(2b+ 3 + v/12b> 4 20b + 9) as follows:

f(a,b,b) — f(a—2,b+ 1,04 1)

2 1 2,
T fa+0b\  [a+2b\ [a+b—1 a+2b
() (50 (G5 G5
altl @) (=2 1) (a—2)l(2b+2)
~ T(a+b)! (a+2b) (a+b—1)! (a+20)!
~ (a—2)! oy ala—=1)(2b)p " (2b+ 2)p42
(a+b)!<2a(a 1) ATy 2(b+1)( +b)+(a+2b)b> (7.1.13)

The expression in (7.1.13) is nonnegative if and only if

(20)p

2a(a—1)—2(b+1)(a+b) — (@t 20,

((a)(a — 1) — (2b+2)(2b + 1)> >0. (7.1.14)

For the inequality in (7.1.14) to hold, it suffices to satisfy the weaker inequality
2a(a—1) = 2(b+1)(a+b) — (a)(a—1) >0, (7.1.15)

where we have subtracted (a)(a — 1) rather than ~22(q)(a — 1) and we have not

(a+2b)b
bothered to add the term %.
a b

The inequality in (7.1.15) holds if and only if
a? — (2b+3)a — 2b* =20 >0

which is true for all a such that a > %(Qb + 3+ V1202 + 20b + 9). N

Corollary 7.1.10 Let n, a;, b;, and ¢; be integers such that a;,b;,¢; > 1 and a; +

b; + ¢; = n. Then there exist integers a and b such that a,b > 1, a + 20 = n,
1b—=34+V3b2 —4b+1) < a < 1(2b+ 3+ V12b2 + 20 + 9)
and  f(a,b,b) < f(as, by, c;).
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[proof] By Corollary 7.1.7, there exist values a and b such that f(a,b,b) < f(a;, b, c;).
>

Ifa<: (b — 3+ V3> —4b+ 1), then we may apply Lemma 7.1.8. If a %(2b+ 3+
V122 + 200 + 9), then we may instead apply Lemma 7.1.9. |

Knowing that the bounds given in (7.1.8) hold for the minimizing values of a and b,
we can go back to the proofs of Lemmas 7.1.8 and 7.1.9 and reconsider some of the

simplifications we made.

Lemma 7.1.11 Let n be a fixed integer and let @ and b be two positive integers such
that a+2b=mn. If a < 1(b—3+4 /50> — 2b — 1), then f(a,b,b) > f(a+2,b—1,b—1).

[proof]| By Corollary 7.1.10, we may assume

1b—3+ V32 —4b+1) <a < 2(2b+ 3+ V1202 + 206 + 9). (7.1.16)

Recall from the proof of Lemma 7.1.8 that f(a,b,b) > f(a+2,b—1,b—1) if and only
if the inequality in (7.1.11) holds, that is,

2ab+2b” + 2b — 20° — 60 — 4 — 9L (0 +b) + 2= (a® + 3a+2) > 0. (7.1.17)

First, observe that
(2ab + 2b* 4 2b — 2a* — 6a — 4) > 1 (7.1.18)

if and only if 2a® — (2b — 6)a — 20* — 2b + 5 < 0, which is true for all a such that

0<a<3(b—3+ V50> —2b—1).
Rewrite (7.1.17) as

2ab + 2b* +2b — 2a* — 6a — 4 — &2—i)<(2b)(2b—1)—(a+2)(a+1)) > 0. (7.1.19)

To prove (7.1.19) holds for all a < 1(b— 3+ v/5b? — 2b — 1), by (7.1.18), it suffices to
determine a value ng such that, for all n > ng (with a and b constrained by (7.1.8)),

we have

(2b— 2)y_s
(a —|— Qb)b_l

((26)(26— 1) — (a+2)(a+ 1))‘ <1. (7.1.20)

We now prove (7.1.20) holds for sufficiently large n.
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First, if (2b)(20 — 1) — (a +2)(a+ 1) > 0, then
(26)(2b — 1) — (a + 2)(a + 1)|
(26)(2b — 1) — (a + 2)(a + 1)
20)(20 — 1) — (b* — b+ 5302 —4b+1)  (since a > 3(b—3 + /302 —4b + 1))
20)(2b — 1) (1 v ) (1 v @) b (since /302 — 4b+ 1 > v/3(b — 1))

= (=)= (1)

VANAN

(
(

Second, if (2b)(20 — 1) — (a +2)(a+ 1) < 0, then
1(20)(2b — 1) — (a + 2)(a + 1)
= (a+2)(a+1)— (2b)(2b—1)
< 4B + by/1262 4 20b + 9 + 11b + 3v/1262 + 20b + 9 + 11 — (2b)(2b — 1)

(since @ < $(2b+ 3 + V1262 + 200 + 9))
< (A4 2V3)* + (8V3+11)b+ 6v3 + 11 — (2b)(26 — 1)

(since V1202 4+ 20b + 9 < 2v/3(b+ 1))
= 2v/3b% + (8V3 + 13)b + 6v3 + 11

In both cases, we have
[(26)(2b — 1) — (a+2)(a+1)| < 2V3b* + (8V3+13)b+6v3+ 11 (7.1.21)

Next, observe that

(2b—2)p1 _ <2b - 2)“

(a+2b)y_1 a-+2b

e 26—2
(since 2755 < 1)

b—1
20 — 2

I (since @ > $(b— 3+ V302 —4b+1))

5(b—3+ V302 —4b+1)+2b

IN

< 4b — 4 >b L
50+ vV3b2 —4b+1—-3
<5b—|—\fb ) 3) (since v/3b2 —4b+1 > /3(b— 1))

IN
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B ( 4(b—1) >“
- \B+V3)h—(3+V3)
4(b—1) b=t ,
((5+\/§)b—(5+\/§)> (since 5+ /3 > 3 +/3)
4 b—1
= <5+\/§> (7.1.22)

From (7.1.21) and (7.1.22), we now have the following crude bound to help us
prove (7.1.20):

o= (i) )
-_— —1)— 2 1 —— 2V 3b 13)b 11
CEST [(26)(20 — 1) — (a+2)(a +1)]| < ST V362 +(8v/3+13)b+6V3+
(7.1.23)
As a continuous function of b € R, the derivative of
4 b—1
( ) <2\/§b2 + (8V3+13)b + 6v3 + 11) (7.1.24)
5+V3

is negative for all b > 2, and for b = 15, one can verify that the expression in (7.1.24)

is less than 1.

Consequently, for all b > 15, the expression in (7.1.24) is less than 1. From (7.1.23),
the inequality in (7.1.20) holds for all b > 15.

From (7.1.16), it follows that a < b+ 2 +/3(b+1). Thus,

b+3+V3(b+1)+2b>a+2b=n. (7.1.25)
Solving for b in (7.1.25), we see that n > 75 suffices to guarantee that b > 15, hence,
for all n > 75, the inequality in (7.1.20) holds.

At this point, we have shown that Lemma 7.1.11 holds for all n > 75. For n < 75,
we can verify by computer that f(a,b,0) > f(a+2,b0— 1,0 — 1) for all a and b such
that a,b> 1, a +2b=n, and a < L(b— 3+ v/50¥ — 20 — 1). |

Lemma 7.1.12 Let n be a fixed integer and let a and b be two positive integers such
that a+2b=n. If a > %(b+2+\/5b2 +8b+ 6), then f(a,b,b) > f(a—2,b+1,b+1).

[proof] By Corollary 7.1.10, we may assume

Lb—3+ V32 —4b+1) <a < 1(2b+ 3+ V1202 + 200 + 9). (7.1.26)
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Recall from the proof of Lemma 7.1.9 that f(a,b,b) > f(a—2,b+1,b+1) if and only
if the inequality in (7.1.14) holds, that is,

2a(a —1) = 2(b+1)(a+b) — (a(j_b;;)b <(a)(a —1)—(2b+2)(2b+ 1)) >0. (7.1.27)
First, observe that
2a(a —1) —2(b+ 1)(a+1b) > 1 (7.1.28)

if and only if 2a® — (2b + 4)a — 2b*> — 2b — 1 > 0, which is true for all a such that

a>1(b+2+4 /502 +8b+6).

To prove the inequality in (7.1.27) holds for all a > 1(b+ 2 + V/5b% + 8b + 6),
by (7.1.28), it suffices to determine a value ng such that, for all n > ny (with a
and b constrained by (7.1.8)), we have

(25), : (a(a — 1) — (2b+2)(2b + 1))

G < 1. (7.1.29)

We now prove (7.1.29) holds for sufficiently large n.
First, if a(a — 1) — (2b42)(20+ 1) > 0, then
la(a — 1) — (2b+ 2)(2b+ 1)
=ala—1)—(20+2)(2b+1)
< 4b* + b/ 1202 + 200 + 9 + Tb 4+ /1202 +20b+ 9 + 3 — (20 + 2)(2b + 1)
(since a < $(2b+ 3 + V1262 + 20b + 9))
< (4+2V3)b + (4V3+ b+ 2V3+3 — (26 +2)(2b + 1)
(since v/12b% 4 20b + 9 < 2v/3(b + 1))
=2V30% + (4V3+ 1)b+2V3 + 1

Second, if a(a — 1) — (20 4+ 2)(2b+ 1) < 0, then
la(a — 1) — (20 +2)(2b + 1)|
=(20+2)(2b+1) —a(a—1)
< (2b+2)(2b+1) — (b2 BB — b+ 1—3b—2V302 —4b+ 1+ 4)
(since @ > (b — 3+ V/3b2 —4b+ 1))
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<(26+2)(2b+1) — (b2+§b(b—1)—3b—2\/§b+4)
(using V3(b— 1) < V3b2 —4b + 1 < \/3b)
- (3—§)b2+(9+%’7)b—2

In both cases, we have

la(a — 1) — (20 +2)(2b + 1)] < 2v/36* + (4V3 + 1)b +2V3 + 1. (7.1.30)

Next, observe that

(20)p 26 \° | .
1
(a+2b)y “\a+2 (since 252 < 1)
4b b . ) i

= 50— 3+ /302 —4b + 1 (since a > 5(b— 3+ V3b* —4b+1))

4b b
= <5b 34+V3(b 1)> (since v/3b2 —4b+1 > /3(b— 1))

_ ( 4b >b
~\5b+v3b— (3+3)
b
< (644(1)b> (for all b > 15 since b > 15 implies v/3b — (3 + v/3) > 1.4b)
b

- (Z) (7.1.31)

From (7.1.30) and (7.1.31), we now have the following crude bound to help us
prove (7.1.29) (for b > 15):

(a(ib;bb)b <a(a —1) - (2b+2)(2b + 1)) ’ < (z) ’ (2\/5132 + (4V3+1)b+2v3 + 1) (7.1.32)

As a continuous function of b € R, the derivative of

(§>b<2\/§b2 (VB4 23 1) (7.1.33)

is negative for all b > 4, and for b = 15, one can verify that the expression in (7.1.33)

is less than 1.
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Consequently, for all b > 15, the expression in (7.1.33) is less than 1. From (7.1.32),
the inequality in (7.1.29) holds for all b > 15.

Solving for b in (7.1.25), we see that n > 75 suffices to guarantee that b > 15, hence,
for all n > 75, the inequality in (7.1.29) holds.

At this point, we have shown that Lemma 7.1.11 holds for all n > 75. For n < 75,
we can verify by computer that f(a,b,b) > f(a — 2,0+ 1,0+ 1) for all a and b such
that a,b > 1, a+2b=mn, and a > 1(b+ 2+ /50> + 8b + 6). |

Corollary 7.1.13 Let n, a;, b;, and ¢; be integers such that a;,b;,¢; > 1 and a; +
b; + ¢; = n. Then there exist integers a and b such that f(a,b,b) < f(a;,b;,¢;), where
a,b>1, a4+ 2b=n, and

T(b—=3+V5b>—2b—1) <a<3(b+2+ Vb +8b+6)

[proof] By Corollary 7.1.10, there exist integers a and b such that a,b > 1, a+2b = n,
and 2(b—3+ V302 —4b+1) < a < 3(2b+ 3 + V1202 + 200+ 9) and f(a,b,b) <
flag,biyc). Ifa < %(b — 3+ bb?> —2b— 1), then we may apply Lemma 7.1.11. If
a > 5(b+2+ /5 +8b+ 6), then we may instead apply Lemma 7.1.12. |

7.1.3 The upper bound for Sj

Using our balancing lemmas, we now transform Corollary 7.1.2 into an actual upper

bound on the number of packings in an Ss-intersecting collection.

Let ¢ denote the golden mean, that is, p = (1 + \/5)/2
Theorem 7.1.14 If & is an Ss-intersecting collection of 3-packings of [n], then
1 [fa+0 1fa+0b
Pl < — ~ =
21 = 2 - 5( a ) 2( a )

where a + 2b = n, § = (2b)y/(a + 2b)s, and a is in the following interval of at most

three integers with a = n (mod 2):
[Ge—5)n-Geti)lsas<[Gr-3)n+ (Geti)l.

Moreover, lim § =0, and lim a/b = .
n—oo n—0o0
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[proof] By Corollary 7.1.13, there exist integers a and b such that

n! n!

a—+b a-+2b
a a
where a,b > 1 with a + 20 = n, and

S(b—3+Vob?—2b—1) <a < 3(b+2+ V50 +8b+6). (7.1.35)

|2 |n!f(a,b,c) =] |2 < B(F=,P . n) <n!  (7.1.34)

From (7.1.34), we get the following upper bound on |%2|:

-1
2 1 1 [(a+b

IS\ 7~ Tav o :2—5( )
a a

where 0 = (2b),/(a + 2b).

As n — oo, the range in (7.1.35) implies lim,,_,o, a/b = ¢.
Note that the following are valid for b > 1:
5b—1)2 <50 —-2b—1 and  5(b+1)* > 56> + 8b + 6. (7.1.36)

Applying (7.1.36) to the bounds on a given by (7.1.35) and substituting b = (n—a)/2,
we get the following range for a with respect to n:

(Gr—5)n—(Ge+3) <a<@Ge—g)nt(Ge+s) (7.1.37)
This places a in an interval of width ¢ + 1 ~ 2.6. This means that a is determined

to lie in a set of at most three possible values. Actually there are at most two values,
since the parity of a is constrained to be the same as n. |

For all n, our bound in (7.1.35) implies

<[<pm+bb—3) 3 <a:b> 3 (Lgobjzbm)

Stirling’s approximation is n! ~ /2mn (%)n, and, using this approximation gives

(mb} ;b+3)

(")

— 0(1).
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We also have

(Wﬂ :b—iﬂ) _ (Lsobe+b) - (Lgobj :b+3>‘

It follows that there is a constant K such that

b bl +0b
At | (et (7.1.38)
b b

We also have the following inequalities, which we will refer to in the subsequent
expression.

L (250 < (%) < (222)

b
9 (gob—b1+b)b < (\_tpngrb) < (cpbb—&-b)b
ob-145) 70 bib) ? bib )’
(=) = () < (59)

b—1 Lb] b
ob—14b\ % L pb]+b ob+b
e(e=m) = () < (8)

In each of the above four cases, the limit of the ratio of the outermost terms is a

b Leob) ob
constant. It follows that (L‘pb—gﬂ’) ~ K (@)b and (L%[gbjrb> ~ K, (%) for

some constants Ky and Ks.

Using Stirling’s approximation and (¢ + 2)b ~ n, there are constants K, K*, K**
and K*** such that

(a—;—b) N K(Lsobeer) (by (7.1.38))

b] +b (Liob] + )+
21 pb|b b pb|l¥t)

) ()

e (70) (%5

* Lgpr +b p+1 b
~ K \/ 21 pb|b (o1 (T>

(using Stirling’s approximation)




7.2. CONSTRUCTIONS FOR S3-INTERSECTING COLLECTIONS 130

A e ©b : 2
150 B 1=
27 b]b 0 (since ¢ + ©°)

~ *ok i 2b+pb =
K\ am ? oblb o0

3 1
~ K™/ % " (since n ~ (¢ + 2)b)

Therefore, there is a constant K such that

(a ;r b) ~K (j—%) (7.1.39)

Using (7.1.39), our upper bound, given in Theorem 7.1.14, gives

m(n, Ss) = O (\%) |

In contrast, a related asymptotic result of Kérner and Simonyi [35] is the following:

(since LEALEE o fetly

1
lim —log, m(n, S3) = log, ¢. (7.1.40)

n—oo 1

For any subexponential function f(n), we have

1 .
lim —log,(f(n)¢") =log, ¢.

n—oo M,

Thus, knowing the limit in (7.1.40) does not imply m(n, S3) = O (\“}—%)

7.2 Constructions for Ss3-intersecting collections

For n > 1, let f,, denote the nth Fibonacci number, where f; =1, fo =1, and for
n >3, we have fn = fnfl + fn72-

In their proof of the limit in (7.1.40), Kérner and Simonyi gave a construction of an
Ss-intersecting collection of 3-partitions of [n] yielding the following lower bound on
m(n, S3):

m(n, Sg) > % (7.2.1)
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Korner and Simonyi used the bound in (7.2.1) to prove

1
lim —log, m(n, S3) > log, ¢. (7.2.2)

n—oo 1N

Using the argument of Korner and Simonyi, the bound in (7.2.1) can be slightly
refined to

8
m(n, S3) > E(fn—f—l -1),
although, for their purposes, this additional precision is unnecessary since the loga-
rithm in (7.2.2) makes any polynomial factor of m(n, S3) unimportant.

For the construction, Korner and Simonyi begin by taking all ternary n-tuples ¥ =
(x1,...,2,) € [3]" such that

x1 # 3,2, # 2, and, for each i € [n—1], we have x; = 2 if and only if z;1; = 3. (%)

These ternary n-tuples correspond bijectively to binary (n — 1)-tuples having no con-
secutive ones. It is well-known that the number of binary n-tuples with no consecutive
ones is equal to the Fibonacci number f,, o, a fact that can be verified using induction
on n. Thus, Korner and Simonyi begin with f,,; ternary n-tuples.

We discard the n-tuple 1 = (1,...,1) since it cannot be an element of an Ss-
intersecting collection, hence we begin with f,, ;1 — 1 ternary n-tuples subject to ().
Denote by “6 this set of ternary n-tuples. For each ¥ € 6, the weight of Z, denoted
w(Z), is defined as the number of times the symbol 2 appears as an entry of Z. The
weight w(Z) can take on any value between 1 and [n/2], since at most every second
entry of ¥ € 6 could be a 2. Thus, there is a subset 6* C “6 such that all elements

in “6* have the same weight and
L2
6| > = |6].
n
For each ¥ € “6*, define the index-weight of T, denoted \(Z), to be the sum

ME) =D .

i€[n]
Ti=2

The smallest possible index-weight of an n-tuple & € 6* is 1 and the largest possible
index-weight is n?/4 (which is achieved by the n-tuple where every second entry is
a 2). We can thus find a subset 6** C 6* such that every ¥ € €** has the same

index-weight and
67 2 5167 2 5 (farr = 1)
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In the following lemma, we summarize the properties of the construction given by
Korner and Simonyi [35] (see the proof of Theorem 1 in [35]).

Lemma 7.2.1 Let 6 C [3]" be a collection of ternary n-tuples such that, for each
7 €6, we have ¥ = (11,...,1,). If

1. for all # € 6 we have x; # 3, x, # 2,

2. for all # € 6 and for each i € [n — 1], we have z; = 2 if and only z;,; = 3,
3. w(Z) is the same weight for all ¥ € 6, and

4. () is the same index-weight for all ¥ € 6,

then 6 is an Ss-intersecting collection. |

Here, we give a construction of an Ss-intersecting collection of ternary n-tuples based
on Lemma 7.2.1.

Corollary 7.2.2 Let n be a fixed integer. If a and b are positive integers such that

a + 2b = n, then there exists an Ss-intersecting collection 6* such that

|6*| > (a l_ b) (nb—2b> +1)7%,

[proof] We give the construction in terms of 3-ary n-tuples. Let € C [2]*™? be the
set of all binary (a+ b)-tuples with weight b (note that we are using symbols from the
alphabet {1,2}). Clearly |6 | = (“Zb). For each ¥ € 6, we blow up 7 into a 3-ary n-
tuple & € [3]™ as follows. In each entry where 7 has the symbol 2, we replace this 2 by
two entries in 7, namely a 2 followed by a 3. Let 6’ C [3]" denote this collection. For
7' € “6’, the minimum possible index-weight is A(Z) = 1+3+---+2b—1 = b? and the
maximum possible index-weight is A\(Z') =n—14+n—3+---4+n—(20—1) = nb—1*.
In total, there are at most nb — 2b% 4+ 1 possible index-weights of elements of 6.
Thus, there exists a subset 6* C 6’ such that all n-tuples in “6* have the same
index-weight, and

671 (nb— 2+ )76 = -2 1) (1),

Clearly, 6* satisfies the conditions of Lemma 7.2.1, hence 6* is an Ssz-intersecting
collection. |

We now use a balancing lemma to prove that, for a fixed positive integer n, the
binomial coefficient (“:b) subject to a 4 2b = n is maximized when a =~ n/v/5.
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Lemma 7.2.3 Let n be a fixed positive integer and let a and b be positive integers
such that a + 2b = n. The binomial coefficient

Jr
a+b _ e
a nga
is maximized when the integer a is in the range

L7+ VEE 1001 9)| <a< |13+ Va2 T 10n 1 9)]. (*)

For each n, either there is a unique value of a that maximizes (E:‘:Z;ﬁ), or there are

two values of a that both give the same maximum.

Moreover, lim,, o, n/a = V5 and lim,,_ o a/b= .

[proof] Since a + 2b = n and n is fixed, the integer a must always have the same
parity as n. Start with any such a where 1 < a <n. If a < %(—7 + \/M),
then we show that the promotion a <— a + 2 can only increase (EZJ:Z%) To see this
is true, observe that

ntat2 nta n+a
(n_i_2> — (&) > 0 if and only if <n2a>
2 2 2
This is true if and only if 5a% + 14a — n? — 2n + 8 < 0, which, in turn, is true for all

a such that 0 < a < (=74 V5n% +10n+9).
n+a+2 n+a
Note that a = £(=7 + v/bn? + 10n + 9) implies <n 2 ) = <n3a>

—a—2
2 2

(a+2)(a+1)

(=52) (5%) _ 1] > 0.

Similarly, if a > 1(3 + v/5n2 4 10n +9), then the demotion a < a — 2 can only

increase (EZtZ;;;) We have

(n3+2) - (é) > 0 if and only if <n3a> [ S 1] >0
2 2 2 (%5*) ("=5*)
This is true if and only if 5a® — 6a — n* — 2n > 0, which, in turn, is true for all a such

that a > £(3+ v/5n2 + 10n +9).
n+a—2 n+a
Note that a = £(3 4 v/5n2 + 10n 4 9) implies (n_§+2> = <n2a>-

2 2
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Thus, the value of a that maximizes (EZJ:Z)/ 2) satisfies

H(=T+Vin?+10n+9) <a < 23+ Vbin?+10n+9). (7.2.3)

If (=74 v/5n% 4+ 10n + 9) is not an integer, then neither is £(3 + v/bn? + 10n +9),
and conversely. For such values of n, there is a unique integer a that satisfies (7.2.3)
and has the same parity as n.

If (as is the case when n = 20) £(=7 + v/5n? 4+ 10n +9) is an integer, then so is
%(3 + v5n? + 10n + 9), and conversely. If these integers have the same parity as n,
then we have two maximizing values of a, and, by our notes above, both these options

for a give the same maximum.

From (7.2.3) it follows that lim, . % = \/ig Since a + 2b = n, it also follows that

lim, ;o0 § = ¢ |

Applying the maximizing values of a and b given by Lemma 7.2.3, we get the best
possible (“:b) for the construction of Corollary 7.2.2. Using b ~ n/(¢ + 2), we have

(nb—0*+1)"1 ~ n2‘15. Similar to (7.1.39), the maximizing values of a and b given

by Lemma 7.2.3 satisfy (a+b) ~ K(p™/\/n), for some constant K. Thus, our lower

bound given in Corollary 7.2.2 behaves asymptotically as

b n
<nb_bz+1>1(a+ )NK@_

a nd/2"

Since, for all n > 0, we have 5(n 4+ 1)? < 5n* + 10n + 9 < 5(n + 2)?, the range for a
given in Lemma 7.2.3 can be simplified to

257 n-1 _ 7 n+1 3 n+2 _ n—1 6
T =i <a<iHE=tE 4 ie (7:2.4)

Compare the range for a given in (7.2.4) to the range for a given in (7.1.37). The
latter can be rewritten as

n—1 n—1
LWJ <a< {W""pJa
but the values of a and b must also satisfy the range given in Corollary 7.1.13. It is

interesting to remark the similarity in these ranges.

In Table 7.1, we give the values of a and b subject to the range for a given in (7.1.37)
and (7.2.4) — for the values of n given in the table, the values of a and b coincide
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n |a b (“Zb) o LB. m(n,S3) UB
3 1 1 2 Y3 1 1 1

4 2 1 3 % 1 2 2

) 3 1 4 s 1 2 2

6 2 2 6 o4 1 3 3

7 3 2 10 Y 1 4 )

8 4 2 15 4 2 6 8

9 5 2 21 Y6 2 9 11
1014 3 35 Y6 2 19
1115 3 56 Y33 3 29
1216 3 &4 Vi 3 44
1315 4 126 a3 4 66
1416 4 210 1%as 6 108
517 4 330 %39 8 169
16| 8 4 495 Ya6 11 252
1717 5 792 Y%= 13 404
18] 8 5 1287 YA 20 653
1919 5 2002 7523 29 1011
201 8 6 3003 7"A230 36 1519
20 | 10 5 3003 2Vie2 40 1513

Table 7.1: Data for m(n, Ss)

for Theorem 7.1.14 and Lemma 7.2.3. For n = 20, there are two options; in this case,

(=7 + vbn? 4 10n +9)/5 is an even integer and so is (3 + v5n? + 10n +9)/5, and

both these options for a give the same maximum value for (“;’b).

In Table 7.1, we also summarize the bounds for m(n, Ss) for 3 < n < 20. For each n,
we give (“I%) and § = (2b),/(n). The lower bound L.B. denotes (***)(nb—2b%—1)1,

a

and the upper bound U.B. denotes (2 — 4)! (“::b). For 3 < n <9, we have exact
values for m(n, S3). These initial values of m(n,S3) appear to match the Fibonacci-
based sequence f,_3 + 1; however, since f,, ~ ¢"/+/5, our upper bound given in
Theorem 7.1.14 indicates that this cannot be expected as n grows, and f, 3+ 1 is

too large starting from n = 20.
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7.3 The Alphabet graph K3y

Complete graphs with loops are strong graphs, and they are of special interest
since K °*-intersecting collections correspond to qualitatively independent collections.
Thus, m(n, K°°*) = m(n,v) = CAK(n;2,v). In this section, we give the generalized
LYM inequality of Theorem 6.4.9 for K3°°, and derive an upper bound for m(n, K3).

Corollary 7.3.1 Let % = {Py,..., P} be a collection of 3-packings of [n] where
P, = (P}, P?, P?) for each i. If 9 is a Ky°"-intersecting collection, then

i”: 1 N 1 B 1 B 1 B 1 _1
= b; +¢; a; + ¢; a; +b; + ¢ a; +b; +¢ a; +b;+¢\ ~ 2
a; b; (& a; b; C;

where a; = |P}|, b; = |P?|, and ¢; = |P?| for each i =1,...,m

[proof] Let FF'=F K3 and let J denote the set of all nonempty subsets T' of E (F)
such that T contains no directed walk of length 2. By Theorem 6.4.9, we have

M Xi(a, b)‘ < n! <Where F= &)

abeT

F g) n Z Z |T|+1

=1 TeJ

There are only two types of subsets T"in & : those with one arc, and those with two arcs

incident with a common vertex (either both in-neighbours or both out-neighbours).

To illustrate how the subsets in & contribute to (F,% ,n), we count one term of
each type: The term |X;(1,2)| corresponds to the arc (1,2) € E(F) and we have

-1
a2 =t ")

The term |X;(1,2) N X;(1,3)| corresponds to the two arcs (1,2), (1,3) € E(F) and we

have .
b,
1X:(1,2) N X,(1,3)] = (‘“ “’) .

a;

The other ten terms of T' are counted similarly. Since every subset T € J can be
paired with its reversal, the formula for S(F, % n) has two sets of six terms repeated.
Dividing both sides of the inequality 8(F,%,n) < n! by 2n! gives rise to the factor
of 1/2 on the right side of the inequality given in Corollary 7.3.1 |
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The formula for our inequality for K3°"-intersecting collections is slightly more com-
plicated than the formula for the star S3 given in Corollary 7.1.2; however, with

appropriate balancing lemmas, we transform it into an upper bound on m(n, K3*?).

Analogous to the function f(a,b,c) defined in (7.1.2) for Ss, for a,b, c € IN, redefine
f for K5 as follows.

1 1 1 1 1 1

f(avb,C)=<a:b) + <ngc> + (aic> - <a+2+c> - <a—|—:—|—c> - <a+lc>+c>'

(7.3.1)

Throughout Section 7.3, f will denote the function defined in (7.3.1).

In terms of the function f, defined in (7.3.1), the inequality in Corollary 7.3.1 is
equivalent to the following inequality:

121
B(FES™ 9P n) = > " 2nlf(a;, bi,c;) < nl (7.3.2)
i=1
For n > 3, define
f(n/3,n/3,n/3), if n = 0(mod 3);

fn)=q f(In/31,[n/3],n/3]), if n=1(mod 3);
f(In/31,[n/3],|n/3]), if n=2(mod 3).

In order to transform Corollary 7.3.1 into an upper bound on m(n, K*") we will
prove that

f(n) < flai, bi, ¢i) (7.3.3)

for all integers a;, b;, ¢; such that a;,b;,¢; > 1 and a; + b; + ¢; = n. Once we estab-
lish (7.3.3), we will obtain the following lower bound, based on (7.3.2):

12|
loop

P [2n!f(n) < Z 2n! f(as, by, ;) = B(F™a 7,9, n) < nl (7.3.4)
i=1

From (7.3.4), we will obtain the following upper bound which is given explicitly in
Theorem 7.3.20:

1
m(n, K3) <

~ 2f(n)
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Since f is invariant under permutations of a, b, ¢, we may assume throughout that
a>b>ec.

The goal of this section is to prove f(n) < f(a,b,c) for all integers a, b, ¢ such that
a>b>c>1and a+ b+ c=n. We use a combination of balancing lemmas and
case-analysis to achieve our goal. Many of these results involve lengthy calculations.

The remainder of this section is organized as follows:

e In Section 7.3.1, we give a lemma that shows that the two smallest values among
a, b, and ¢, cannot be too far apart.

e In Section 7.3.2, we show that having one of a, b, and ¢ large enough implies

fn) < f(a,b,c).
e In Section 7.3.3, we show that having b and ¢ small enough implies f(n) <

f(a,b,c).

e In Section 7.3.4, we show that averaging the two most extreme values a and ¢
helps to reduce f when a > b > %(a +c).

e In Section 7.3.5, we show that f(n) < f(a,b,c) when b is equal to |n/3].

e In Section 7.3.6, we show that f(n) < f(a,b,c) when a equals b and both are
greater than |n/3].

e In Section 7.3.7, we show that f(n) < f(a, b, c) for several special cases of values
a, b, and c.

e In Section 7.3.8, we assemble the results of the preceding sections in order to
achieve our goal: f(n) < f(a,b,c) for all a,b,c > 1 such that a +b+c=n. In
Theorem 7.3.20, we give the resulting upper bound on m(n, Ky).

Remark 7.3.2 Often, certain steps in the proofs of our balancing lemmas apply only
when n is sufficiently large (the specific thresholds are given in detail in the proofs).
In all such cases, we have verified by computer for all small values of n below the
particular threshold that f(n) < f(a,b,c) for alla > b > ¢ > 1 such that a+b+c = n.

7.3.1 Balancing smallest values

Lemma 7.3.3 Let n, a, b, and ¢ be integers such that a > b > ¢ > 1 and a+b+c = n.
Ifa>b>candb>3(c+1)/2, then f(a,b,c) > f(a,b—1,c+1).
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[proof] Assuming b > 3(c+ 1)/2, it follows that b > ¢ + 2. We have

f(a,b,¢) — f(a,b—1,¢+ 1)
! 1 1 1 1 1
= Tatb\ | e\ | fate\  fatbte\ | [atbtc\  [atbic
(7)) ) ) () ()
1 1 1 1 1 1
atb—1\ T /bre\ | faterd | fatbte\  [fatbte\  [atbic
()G (E) () () ()

SlS]

-1 -1 -1 -1 -1
<a+b) + b—c—1 <b+C> + a (G+C> + a+tc+1—b (a+b+c) _ atb—c—1 (a+b+c)
c b b atb c

b b b atetl
oo\ afatkn)
b b b\ b

a <a+c>_1_ a+b—c—1 (a—l—b—i—c)_l

at+c+1\ ¢ a+b c
(7.3.5)
We now prove that the expression in (7.3.5) is nonnegative:
Notice that
a a+c _1>a—|—b—c—1 atb+c) (7.3.6)
at+c+1\ ¢ a+b c
if and only if
a (a+b+c) (a+0) o1

(a+1)(a+c+1)(a+b—c—1) —

ath > atd > atl which suffices to

: a+b+c
Since et > land b > ¢+ 2 > 3, we have T T 2 o

prove that the inequality in (7.3.6) holds.

Next, notice that
b—c—1/b+c\"'_afa+b) "
_ > — .0.

if and only if
(b—c—1)(a+0b)y
a(b+c)p - a

(a+1)(b—c—l)(a+b)(a+b—1)b_2>1
(c+1) (¢+2) (b+cpo —

Since a +b > 2(c+2) and b > 3(c+1)/2, we have Egg; (b(;:)l) > 2 (), which suffices

to prove that the inequality in (7.3.7) holds.
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Therefore, the expression in (7.3.5) is nonnegative and f(a,b,c) > f(a,b—1,c+ 1),
as claimed. |

In summary, if the two smallest values are too far apart, as in b > 3(c+ 1)/2, then
we can apply the substitutions b <~ b — 1 and ¢ « ¢+ 1 until b < 3(c+ 1)/2; by
Lemma 7.3.3, these substitutions can only help us to reduce the value of f.

7.3.2 One very large value

Lemma 7.3.4 Let n, a, b, and c be integers such that a > b > ¢ > 1 and a+b+c = n.
If a > [2n/3], then f(n) < f(a,b,c).

[proof] Since a > [2n/3] and a + b + ¢ = n, it follows that b + ¢ < |n/3]. We
assume b > c. Regardless of the value of n(mod 3), we have

f(a7b> C) - f(n)

() (T ) ) - 6) - )

We now prove that the expression in (7.3.8) is nonnegative.

By Lemma 7.3.3, we may assume that ¢ > %b — 1. Observe that

() ~wrtmea ()

(a+
-1
g( b+c) (b—l—c) (by Lemma 7.1.3)
b+c b+c\ ! . 9
<(2b+2b—1) ( b ) (since ¢ > b — 1)
b+c\
S( ) ( ) (since ¢ < b)
5 — b

6b b+ec\ !
8h—3 b

O».')
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3 -1
< (g_z) (b : C) (for all b > 3)
- 2(b+c\ "
3\ b '
Next, observe that

2[n/3\"" (L2/30) gy (1230) sy n/3] \7
3( [n/3] > _3(2W3 D) (nysgag UBLR/3L/21) 1y o (Hn/fiJ/?J)

; <%>LW3J/2J (g)fm/i’d/ﬂ (HTE%T}ZJ)A oy Lemmna 7.1

IA

=9 @ (u%%)_l (for all n > 12)
< %(b ’ C) - (since a > [2n/3] implies b+ ¢ < [n/3])

Thus, for all n > 12 with b > 3, we have shown

() () -0) =

]
Clearly, (GH’) > (Z)_l and (a;rc)_l > (’Z)_l. These inequalities suffice to prove that

the expression in (7.3.8) is nonnegative for all n > 12 with b > 3.

The expression in (7.3.8) is nonnegative for the special cases when b = ¢ = 2, or
b=2c=1 orb=c=1, as follows:

o If b=c=2, then (b%) = (4)_1 > 3(2Ln/3J)71 + ( " )71 for all n > 12.

2 [n/3] n—4
btcy 1 3 2|n/3 n \—1
e If b=2 and c =1, then ( b ) = (2) > 3( LLn//3JJ) + (n—S) for all n > 12.
b+c _ (! 2[n/3]\ ™ n )1
e If b=c=1, then ( ) = (1) > 3( LLn//3JJ) + (n—2) for all n > 12.
Finally, for all n such that 3 < n < 12, we can verify by computer that this lemma is
true. [ |

In summary, if we have one very large value, say a > [2n/3], then by Lemma 7.3.4
it follows that f(n) < f(a,b,c).
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7.3.3 Two small values

Lemma 7.3.5 Let n, a, b, and c be integers such that a > b > ¢ > 1 and a+b+c = n.
If c <b< |n/3], then f(n) < f(a,b,c).

[proof] By Lemma 7.3.4, if a > [2n/3], then f(n) < f(a,b,c). We may thus assume
a < [2n/3].

Regardless of the value of n(mod 3), we have

f(avb7 C) - f(n)

(0 C0) ) 0 - 0) () ) ()

We now prove that the expression in (7.3.9) is nonnegative.

Since ¢ < b < | 3], we have

C2l5) - 1) L8] = 2oz 201 (2L§J>l
J =) (B =D VLB

[
~ " po
~
w|3
| —
~— |
—
—
w3

> 3<2LL§JJ) B (for all n > 6)

Since |2] < a < [%], we have %] <n —a, and it follows that

(i) =(0)

3((71731)1 - (Ln%J)l' (73.10)

To see our claim is true consider the possible values of n(mod 3).

We claim that
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e If n =0(mod 3), then 3( n/3> 3<n/3>
 Itn = 1{mod 3), then 3<W31> =3 (afua 1) (Ln73J>1>3<Ln73J>1'

* 1= 2mod ), then 3( /31) =3 (o 3) (Ln73J>_1:§<Ln73J)_1'

In all cases,
3(&531) (Ln/S) ()

Clearly, (“Ib)_l > (’;)_1 and (“;rc)_l > (’2)_1. Thus, the expression in (7.3.8) is

nonnegative for all n > 6. The cases 3 < n < 5 are easily verified by computer. H

To summarize, if we have two small values, say ¢ < b < [n/3], then by Lemma 7.3.5
it follows that f(n) < f(a,b,c).

7.3.4 Averaging extreme values

The next two lemmas are special cases, followed by a third more general “averaging”

lemma.

Lemma 7.3.6 Let n = 3z. If z > 2, then f(n) < f(x +1,2,2 — 1).

[proof] In this case, f(n) = f(z,r,2) and we have

flx4+1,z,2 —1) — f(n)
=flzr+1,z,x — 1) — f(z,z,x)

241\t /2z—1\"' /22 ' 22\t 32\ [/ 3z \' [/ 3z\!
() () () ) =) - () - (5
Coxlel (41 20 w41 3 x!(2z)! 5 r+1 2z+1
_(Qx)!<2x+1 T x _> (3x)! < 22w >

- () (-5

3\ (3 (22 +3x+1) z+3 32)s
> — — >
(V) Gaine o) el
Since 3(z% + 3z + 1) > (z + 3)(2x + 1), we see that the expression in (7.3.11) is
nonnegative. Therefore, f(n) < f(z + 1,2, 2 — 1).

N

)- (7.3.11)
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Lemma 7.3.7 Let n =3z + 2. If £ > 1, then f(x + 2,2+ 1,2 — 1) > f(n).

[proof] In this case, f(n) = f(z + 1,z + 1,z) and we have

flx+2,2+1,2—1)— f(n)
=flz+2,z+1,x—-1)— f( +1,z4+1,2)

(2043 ‘1+ 2z + 1 (2w 42 2z + 1\
C\z+2 T+ 2 ac—l—l m—l—l r+1
3 +2\ " 3x + 2 3z 42 3z +2 3z +2\ !
+ +2 - - =
T z+1 z+2 z+1 z—1
2 ‘1_2 2 + 1\ 20+ 1\ (2w+2\"
z+1 z+1 z+2 z+1
3r+2\7"  (3z42\ 20+ 3\ (3z 42\
x x4+ 2 z+2 rz—1
We now show (7.3.12) is nonnegative. Observe the following three inequalities:
L2\ 2wl (2] ‘1>2 20 + 1\
“\r+1 oz x+1 x+1
, (21 2w +2) (2042 ‘1> 2 +2\ "
T\ +2 oz x+1 r+1
3r+2\7" Az +2(3z+2\"" _ [(3x+2\"
3. = >
T r+2 \x+2 T+ 2

One further observation will prove that the expression in (7.3.12) is nonnegative for
all n > 26: We have

2 + 3 —1_ (32 4+ 2)(3z + 1)ga(z 4+ 1)(z) [3z+2\"
(x—i—Q) B (2$+3)x—2($+5)(9&+4)($+3)<x—1> : (7.3.13)

(7.3.12)

It follows from (7.3.13) that (**3) ™" > (***2)7" if and only if

Bz +2)(Bx 4+ 1),—2(z + 1)(x)
(22 +3)s2(z+5)(z+4)(z+3) ~

(7.3.14)

For all x > 8, we have (3x +2)(x + 1)(x) > (x +5)(x +4)(x + 3), thus, for all x > 8,
the inequality in (7.3.14) holds. For 1 < z < 7, we can verify by computer that
fBz+2) < f(x+2,2+ 1,2 — 1), as claimed. N
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Lemma 7.3.8 Let n, a, b, and ¢ be integers such that a > b > ¢ > 1 and a+b+c = n.
If b > [%£€], then f(a,b,c) > f([%<],0, | %2¢]).

[proof] Write d = 3(a+¢) and ¢ = |[d] — ¢ and a = [d] + ¢, for some ¢ > 1. Thus,
fla,b,c) = f([d]+t,b,|d]| —t) and we must show f([d]|+t,b,|d]|—t) > f([d],b, |d]).

Ift=1and [d] = |d] =d,thena=d+1,b=d, and ¢ = d — 1. In this case, by
Lemma 7.3.6, we have f(a,b,c) = f(d+1,d,d — 1) > f(d,d,d) = f([%$<],b, [ “E<]).

Ift =1and [d] = [d] +1, thena = |d] +2,b = |d] +1, and ¢ = [d] — L.
In this case, by Lemma 7.3.7, we have f(a,b,c¢) = f(|d] +2,[d] +1,|d] —1) >
f(LdJ +1, LdJ +1, LdJ) - f((aT—i_c-‘ab’ LGT_‘_CJ)

Now, we may assume t > 2. We have

fla,b,c) = F([%5<1,0, [%])
- f((d] + 1,0, LdJ - )_ f((d]aa LdJ)

A (G ()
) () ) ()

) -y

[ - (0 ()

T (([ljzf_t?)‘l (bi[ljntm) 1] ( (cbzm) ("ﬂ[ﬁl ?%_1]

(7.3.15)
First,
(b+Ldj—t)_1:(b+LdJ)(b+LdJ—1)(b+LdJ—2)t_2(b+Ldj)_l
b (L)) (ld] =1)  (ld] = 2)e— b
(b+ |d] —2)i—s (b+ |d]\ _
>4 T < ; > (since b > [d])

() et ()
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> (b +deJ> - 4 (b +b[d1> - N 2<b(J[d5dJ_ ;)tz_);_Q <b +deJ> _1.

Second, notice that the last term of the preceding expression satisfies
g+ [d] —2)i—2 <b + LCU) !
(Ld] = 2)i—2 b
(0+1d] =2)i—2  (D)o—ra] (W + LdJ>_1
(ld] =2)t—2  (b+ |d])p—1a) [d]

-1
o1 Phb—fa) (0)p—ray (W + LdJ) (since (btld)=2)es 5 <b+LdJ—2>t_2 > 2t—2>

=2

v

0+ [d))o—1a1 [d] ([d]=2)s—2 [d]—2
AN + |d] . By ra N LT

o (4 (T (ot )

= ( [d] d) (since a > b implies t — 1 > b — [d]).

By the above two observations, we have shown that

(b+ chlj —t)_l . (b+bm)—1 . (b+bm)—1 . (m&m)—l

We also have (FLFLA) ™ s (W)™ ang (P00 ™0 s (044 Therefore,

the expression in (7.3.15) is nonnegative for all ¢t > 2. N

In summary, in order to reduce f, we can replace the two most extreme values a and ¢

by their average (rounded appropriately) so long as the third value b satisfies b > “TJ“C

7.3.5 One value equals |[n/3]

Lemma 7.3.9 Let n, a, b, and ¢ be integers such that a,b,c > 1 and a +b+ ¢ =n.
If c=b=|n/3] <a,then f(n) < f(a,b,c).

[proof] In this case, depending on the value of n(mod 3), we know a € {|n/3], |n/3|+
1, [n/3] + 2}.
If n = 0(mod 3) or n = 1(mod 3), then a = |n/3]| or a = |n/3] + 1, respectively. In

these cases, we are done since we already have f(a,b,c) = f(n) by definition.

If n = 2(mod 3), then a = |n/3|+2. In this case, we show f(|n/3|+2, [n/3], |n/3]) >
f(n), as follows:
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Write z = |n/3].

f(ln/3) +2,[n/3], n/3]) = f(n)
=fz+2,z,2) — f(r+1,z+1,2)

20 +2\ 7" 22\ 3z +2\7" [3x+2\
=2 + -9 —
x x x T+ 2
20+ 1\ (2x+2\"'  _/Bz+2\" [Br+2\
9 - +2 +
x x+1 r+1 x
22 + 2 ‘1+ 20\ (20 + 1\ (But2)”
T x x T+ 2
3z +2\ 2\~ 20 +2\7" 2z +2\
5 T+ _(3x+ n x+ _(2x+ (7.3.16)
r+1 x x rz+1
We claim that the expression in (7.3.16) is nonnegative.
-1 -1 -1 | |
2 +2 N 2x Ly 2z +1 :m.(erl). x+2+2x+1_2
x x x (2x + 1)! 2:c+2 x+1
zl(z +1)! 1
— 1—
(22 + 1)! xr+1

zl(z +1)!
> 0z 1) ( > (for all x > 1)

First,

Second, the last term in the preceding expression satisfies

R R I Y

(for all z > 2).

2\ ! -1
Third, 2 <3$ + ) - <3x + 2) — 0.
r+1 T

20 +2\7" (2x+2\"" 1 [2r+2\"
Fourth, T (=T = T > 0.
x r+1 r+1\z+1
The above four observations prove that the expression in (7.3.16) is nonnegative for

all z > 2. If z = 1, then we can verify that f(5) < f(3,1,1). Thus, we have shown
that f(n) < f(x + 2,2, ), as claimed.




7.3. THE ALPHABET GRAPH K% 148

In all cases, whenever b = ¢ = |n/3], we have f(n) < f(a,b,c). |

Lemma 7.3.10 Let n, a, b, and ¢ be integers such that a,b,c > 1 and a+b-+c =n.
If c=|n/3] —1and b= |n/3] <a, then f(n) < f(a,b,c).

[proof] In this case, depending on the value of n(mod 3), we know a € {[n/3] +
1,|n/3| +2,|n/3] + 3}.
If n = 0(mod 3), then a = |n/3] + 1. In this case, by Lemma 7.3.6, we have

fn) < f(In/3] +1,[n/3], [n/3] = 1) = f(a,b,¢).
Write z = |n/3].

If n = 1(mod 3), then a = [n/3| +2=2+42. Since z — 1 = ¢ > 1, we have z > 2.
In this case, we have

fle+2,z,2—1)— f(x + 1,2,2)
20 +2\"1 22+ 1\t 21\t /Bx+1\t B+t /Bre1\t
€T r—1 T T+ 2 T r—1
(235 + 1) -1 <2x> -1 <3x + 1) -1 (33; + 1) -1
—2 — + +2
X €T r+1 x
<2x 4 2> -1 <2x _ 1) -1 <2:c 1 1> -1 (295) —1]
+ ) _
X X X X
Se+1\ "' /3z+1\! 20 +1\ ' /3z+1\ !
— _ 3.1
<x+1> <:):—|—2> ]+ <x—1> <x—1> (73 7)

From the next three observations, it will follow that the expression in (7.3.17) is

nonnegative for all x > 2:

() ) )

_ alal (((x—i—Q)(a:—i—l) +2_x_2(91:—|—1>_1)

First,

2x)!\ (22 +2)2z+1) = 20+ 1
xlx! x

= >0 forall z > 1
(2:c)!(4:c+2 = (for all v 2 1)
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Second,

(Bx—l—l)l_ (3x+1)1:w(1_$+2> >0  (forallz > 2)

x+1 x4+ 2 (3x 4+ 1)! 2z

20 + 1\ A
Third, T N
x—1 x—1

By the above three observations, the expression in (7.3.17) is nonnegative for all
x > 2, which completes the proof that f(n) < f(|n/3] +2,|n/3], [n/3] — 1).

If n = 2(mod 3), then a = |n/3| +3 =z + 3. In this case, we have

f(x—i—S,:l:,x—1)—f(:v+1,x—|—1,x)
20 +3\ " /2242 /20 -1\ /Bra2\t /BNt /3r+2\ 7!
= + + — — —
€T r—1 €T T+ 3 T xr—1
20+ 1\ ' 2z +2\ ! 3z+2\"" /3zx+2\!
2 — + 2 +
r+1 r+1 z+1 T
22 +3\ ' /2r—1\! 20+ 1\ ' 2z +2\ !
+ 9 _
€T T r+1 r+1
3 +2\ ' /3r+2\ 7! 20 +2\ ' /3r+2\ 7!
92 _ — 3.1
(x+1) (x+3) ]+ (x—l) rx—1 (7.3.18)

From the next three observations, it will follow that the expression in (7.3.18) is

nonnegative for all x > 1:

22 +3 2z — 1 20+ 1\ [(2z+2\"

() () ) ()
2z + D! (x+3)(x+2) (2x 4+ 1)(2x) r+1
(2x 4+ 1)! \ (22 + 3)( 2x+2) (x 4+ 1)(x) 2x+2>
zl(x +1)! (22 4+1)(22) x+1)

1
> — — e —
2z +1 ‘(4 S+ 1)(x) 2z + 2
(2 + 1)! 1
zl(z + (7$ > (for all z > 1)

First,

(2x 4+ 1) \dz +4
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Second, for all z > 1, we have

2(3x+2>1_ (3x+2>1 _ (;E+1)!(2x+1)!<2_ (a:+3)(:1:+2)> > 0.

r+1 r+3 (3z +2)! (2x)(2x + 1)

220 + 2\ 2\ !
Third, TEZY ()
x—1 x—1

From these three observations, it follows that (7.3.18) is nonnegative for all x > 1.

For all three possibilities for a, we have shown that f(n) < f(a, |n/3],|n/3] — 1), as

claimed.

Lemma 7.3.11 Let n, a, b, and ¢ be integers such that a,b,c¢ > 1 and a+b+c =n.
If c<b=|n/3] <a,then f(n) < f(a,b,c).

[proof] If ¢ = [n/3]| or ¢ = |n/3] — 1, then f(n) < f(a,b,c) by Lemma 7.3.9 or
Lemma 7.3.10, respectively.

Now, suppose ¢ < |n/3] —2 and b = [n/3]. In this case, regardless of the value of
n(mod 3), we have

fa,1nf3)¢) - F(n) - -
o S I o R G I G I O R
3<2%//33J) i <n/3>

<cj[n/7;/3 - <2E;z//33j) 3([753})—1_ (Ln%J)_l]
OO e

We now show that the expression in (7.3.19) is nonnegative, which suffices to prove

f(n) < f(a,b,c).

Since ¢ < [n/3] — 2, we have (C E%BJ)_I > (2 VEQ % J_ 2) -

+

+
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Moreover,
20n/3) 2\ "1 (230N (n/3DNn/3) - 2L, (/31 (Ln/3) — 1)
< /3] > 3<Ln/3J> T @3] - 2) (1 3<2m/J><2Ln/3J—1>>
n3DN/3] =Dy
> (s @) o
¢+ [n/3\ " 2[n/3\
Fherefore ( /3] ) 23( Ln/3J)

From (7.3.10) in Lemma 7.3.5, we know 3([7;31)_1 > (LJ/‘SJ)_I. It is clear that
(“Jrlg/?’J)_1 > (Z)_l and (CH?/?’J)_l > (Z)_l, which completes the proof that the

expression in (7.3.19) is nonnegative. |

In summary, if one of the values equals [n/3], then f(n) < f(a,b,c).

7.3.6 Two largest values are equal

Lemma 7.3.12 Let a, b, ¢, and n be integers such that n = 0(mod 3),a >b>c¢>1
and a+b+c=n. If a=0b>n/3, then f(n) < f(a,b,c).

[proof] Write x = n/3 and a = b = x + y for some y > 1. Since n = 0(mod 3)
we have ¢ = n — 2a = x — 2y. In this case, f(a,b,¢) = f(x +y,z+y,z — 2y) and
f(n) = f(z,r,2). Thus,

f(aabac) _.f(n)
:f(x+y,x+y,x—2y)—f(x,x,x)

() () () () () = ()
) o) ) ) - () ] oo

It suffices to show that (7.3.20) is nonnegative.

-1

First, since x < x 4+ y < 2x, we have 3(?) > 2(I+y)

() () () (e

Second,
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() (i)

> <2x - y) h (2-3(1)"). (7.3.21)

r+y

Third, the expression in (7.3.21) satisfies

(7.3.22)

Since 3r =n > a+ b = 2x 4+ 2y and 2—3(%)y > 1 for all y > 2, we see that the
expression in (7.3.22) is nonnegative for all y > 2.

If y =1, then

—3 (L M: 1 (3%) 211
=30 Gt oy, ~ @ ot 2nn (7:3.23)

In this case, the expression in (7.3.23) is greater than or equal to 1 for all x > 4.
Thus, for all x > 4, the expression in (7.3.20) is nonnegative. For 1 < z < 3 we can

verify by computer that f(n) = f(3z) < f(a,b,c), as claimed. |

Lemma 7.3.13 Let a, b, ¢, and n be integers such that n = 1(mod 3),a >b>c>1
anda+b+c=mn. Ifa=b>|n/3] +1, then f(n) < f(a,b,c).

[proof] Write x = [n/3] and a = b = = +y for some y > 1. Since n = 1(mod 3) we
have ¢ =n —2a =z — 2y + 1. In this case, f(a,b,¢) = f(x+y,x+y,z—2y+1) and
f(n) = f(z+1,2,2).

If y =1, then f(a,b,¢) = f(r+ 1,2+ 1,2 — 1) and we have

f(avb?c) _f_(n>
=flz+Lxz+1l,z—1)— f(x+1,z,2)

2¢ \7V /2 +o\ 7! 3z +1\ " 3z +1\ "
-2 + ~92 -
x+1 x+1 xr+1 rx—1
20 +1\ ' 22\ ! 3 +1\ ' /3r+1\!
~92 — +2 +
x T x z+1
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20 \ ' (3zx+1\"" 20+ 1\ " 22\ [3x+1\"
2 + -2 — —
r+1 T x x r—1
3r+ 1\ [Br4+1\"
( thl ) - ( v ) ] (7.3.24)
x r+1

We now show that the expression in (7.3.24) is nonnegative:

First,
() () - () - - )
- 32'2(; T 11))!! (32 +2)

The last term in the preceding expression satisfies

5212(::;11))!! (304+2) - (:3511) ! N (3;:: 1) !

_al(z - 1)! (x — D)2z 4 2)! x

BTSN A e e 31 (1_2:c+2>
_al(z - 1)! (x =12z +2)! [ +2

= e O T ) <2x+2>

_al(z—1)! (x4 2)(2x 4+ 1)p11

= et <3x +2 - G 1 1. a ) (7.3.25)

£ 2etlein 1 which is true

The expression in (7.3.25) is nonnegative if and only i Garo < T

for all z > 1.

20 \' /3x+ 1\ 2r+ 1\ /22N /3r+1\"
2 + -2 — — >0
rz+1 T T T r—1

1\ 1\t
Second, <3x+ > > (Sx—l— ) .
T z+1

Therefore, the expression in (7.3.24) is nonnegative, as claimed.

Thus,

Now, we may assume y > 2. In this case, we have

f(a’bv C) - f(n)
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2z +2y ‘1+2 20 —y+ 1\ " H(30+1 - 3z+1 \ '
S\ x4y T +y T+y r—2y+1
20+ 1\ " [2z\ " 3e+1\ " [Br4+1\""
—2 - +2 +
x x x r+1
—1 -1 -1 -1 -1
. [2<3x+1> _2<3x+1> +[(2x—y+1> _2<2x+1> _(m) ]
T T+y Tty T T
2c —y+1 ! 3z+1 \!
+ —
r+y r—2y+1
We must show that the expression in (7.3.26) is nonnegative.

3z +1\ " 3z +1\""
First, observe that 2( T ) > 2( T )
T r+y

(7.3.26)

Second,

(o) =) - ()

_ (z+y) w—2y+1'<1 Syt Dy(@—y+1), _(x)y_l(x—y+1)y)
(2z —y+1)! :c+y (22 4+ 1), (22)y—1(z + 1)y
(x+y)l(z—2y+1)! —y+1), ()
S G-yt < 2m+1 (Qm)yy_1>
(z +y)l(x =2y +1)! .
S PR §| (1—2(§)y—(5)y )>0 (for all y > 2).

20 —y+ 1\ (2 —y+ 1\ 1\
Third, ToyS _ (YT S et .
Tz+y z—2y+1 r—2y+1
By the above three observations, we see that the expression in (7.3.26) is nonnegative. Thus,

f(n) < f(a,b,c), as claimed B

Lemma 7.3.14 Let a, b, ¢, and n be integers such that n = 2(mod 3),a >b>c¢>1
and a+b+c=n. Ifa=b>|n/3] + 1, then f(n) < f(a,b,c).

[proof] Write x = |n/3] and a = b = z + y for some y > 1. Since n = 2(mod 3) we
have ¢ =n —2a = — 2y + 2. In this case, f(a,b,¢) = f(r +y,x+y,z —2y+2) and
f(n)=flzx+1,2+1,2).
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If y=1, then f(x +y,x +y,x — 2y + 2) = f(n), by definition, so we are done.

Now, we may assume y > 2. In this case, we have

f<a7bac) _f(n)
=flr+y,r+y,r—2y+2)— fla+ 1L,z +1,2)

_, 2x—y+2)_1+ 2z + 25\ " 2(3x—|—2)_1 3r+2 \!
- T+y T4y T4y T —2y+2
2r + 1\ f2r 42\ /3r+2\'  [3r+2)"
—9 — +2 +
r+1 r+1 r+1 z
3z +2\ ! 3z +2\ " 20—y +2\ 2041\
2 —2 + Y —2
r+1 rT+y T +y r+1
2 —y+2\ " (242" 3r+2 \
(v _ (% _( Ot (7.3.27)
3z +2\ " 3z +2\
First, 2( ) 22< ) .
r+1 r+y
Second,
(2x—y+2)1 2(2x+1)1_<2$—y+2)1 (1 Q(ft)yl(ﬂf—y“)yl)
x+1 B Tty (22 + 1)y—1(z + y)y—1

T4y

—1

> (2:1: —UT 2) (1-20)")z0 (7328
T4y

Third,
<2x—y+2>—1_(2m+2)‘1_<2x—y+2)‘1<1_(w+1)y<w—y+1>y—1>
T4y r+1 N T+ (2x+2)y(x+y)y_1
2 — —1 Y
-(707) (0=6)
rT+y 2

20 —y+2\ "
§( Ty ) . (7.3.29)
Tty

4

Now, the expression in (7.3.29) satisfies

320 —y+2\"" 3x4+2 \ (i -2y +2) (3 (204 2Y)ary
4 x4y x—2y+2 B (2x —y + 2)! 4 Bz +2)44y
(7.3.30)
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The expression in (7.3.30) is nonnegative if and only if %y))“y < 3 which is true,

as follows:
(27 4 2y)ayy _ (224 2y)3y—2(27 — Y + 2)a—ny42
(3(13 -+ 2)93+y (31’ + 2)$_2y+2(2$ —+ 2@)33;—2
(37 +2),— 2y+2

2 o 2 r—2y+2
< < xgx j{; ) (by Lemma 7.1.3)
< (3" 2t (since y > 2)
<3 (since x —2y +2=c>1).

Thus, the expression in (7.3.30) is indeed nonnegative. This together with (7.3.29)
shows that, for y > 2, we have

2 —y+2\ " [2z+2\" 3z +2 _1>o
x4y x+1 T —2y+2 -

We have now shown that the expression in (7.3.27) is nonnegative for all y > 2. Thus,
f(a,b,c) — f(n) >0, as claimed. N
Corollary 7.3.15 If a = b > [n/3] > ¢, then f(n) < f(a,b,c).
[proof] Ifa =0b= |n/3], then c = [n/3]| and we have f(a,b,c) = f(n), by definition.
Otherwise, a = b > [n/3]| + 1, and the result follows from Lemmas 7.3.12, 7.3.13,
and 7.3.14. H
7.3.7 Three special cases
Lemma 7.3.16 If n = 3z + 2, then f(n) < f(x +2,2,7).
[proof] In this case, f(n) = f(z + 1,7+ 1,2) and we have

f(x+2,2,7) — f(n)
:f(x+2,x,$)—f($+17$+17$)

(2x + 2) -t (2:(:) -1 (3x + 2) -t (3x + 2) -t
—9 + ) _
x x x 4+ 2
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20 +1\ ' 2z 42\ ! 3 +2\ " /3r+2\ !
—9 — +2 +
z+1 z+1 r+1 T
o2 +2 ‘1+ 22\ o (20 +1 oo\t /3x a2\t
€T T z+1 z+1 T

32\ ' /3r+2\ !
(03 ()] s

We now show that the expression in (7.3.31) is nonnegative.

+

First,

20 +2\ "t 22\ ! 20+ 1\ 1 /2 +2\ 7!
2 T ) -
T €T r+1 z+1

_ @ffw <2(x )@+ 1) + (20 42)(20 +1) — 2@ +1)(22 +2) — (2 + 1)@ + 1)>
- J(r;c)'j(fz;rl = (7.3.32)

Next, the expression in (7.3.32) satisfies

(r+ D@+ Br+2\""  (2+ Dz +1)! (22 4+ 2)4 11
2z +2) ( T ) - (2 +2)! (1 (o4 1)(33:'—1—2)36) '
(7.3.33)

(2$+2)z < z+1

Get2). S ovo which is true

The expression in (7.3.33) is nonnegative if and only if
for all z > 4 since

(2x+2)m< 2c 4+ 2\"
(Bx+2), ~ \3zx+2

1 r+1

1
< =< = .
3 zr+2 x+2

Finally,

342\ [3r+2) (z+1)(22)
2 — = —2(2 1) — 2) ] >0.
(x—i—l) (x—|—2> Gorar GEFD (@42
The above observations prove f(n) < f(z+2,z,z) for all z > 4 (hence for all n > 14
such that n = 2(mod 3)). For each n such that 3 < n < 13 and n = 2(mod 3), we
can verify by computer that f(n) < f(z + 2,2, ).
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Lemma 7.3.17 If n = 3z + 1, then f(n) < f(z +2,2,2 — 1).

[proof] In this case, f(n) = f(z + 1,7,2) and we have

flx+2,z,2 1) — f(n)
=fz+2,z,2—1)— f(z+1,z,2)

20 +2\"" /2 —1\"' /2z+1\"' /Br+1\' B+ Br+1\?
T T r—1 T+ 2 T r—1
—1 —1 —1 —1
_2<2x+1> B (23:) +2(3:1:—1—1) N <3:1:+1>
x T x rz+1

>[<Zr—1>_1+(?x+1>_1_2<2r+1>_1_(?x>—1
B x z—1 T z
(2@«; 2>_1 - <3§ . 11>_1] " (396; 1>_1 - (35 f 21>_1] (7.3.34)

We now show that the expression in (7.3.34) is nonnegative.

(zigl)‘ﬂ+(iiff>‘1_2(zzT1>*__C?)‘l
=’gf:35@*‘Z§?§§$)—éffﬁg%—@%)
_al(z—1)! (1 (z+1)(z — 2))

2z -1 \2 (2 +1)(22)

First,

(7.3.35)

The expression in (7.3.35) is nonnegative if and only if D=2 < 5, which is true

(2z+4+1)(2z)
for all x > 1.
Second,
20 +2\"" [Bz+1\' 2! 2)! 27 + 2),
r+2\ 0 (Betl\ @+t Qr+2). (7.3.36)
x r—1 (2x + 2)! (3 + 1)1
The expression in (7.3.36) is nonnegative if and only if giﬁ;zj < 15, which is true

for all z > 4 since

@x—%2%,1< <2r+2

r—1
1 3 x
<><1 for all # > 4
B+ 1)1 = mw&) (for all @ 2 4)

2" T 243 z+3
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Third, for all x > 1 we have

The above three observations prove that f(n) < f(x + 2,z,2 — 1) for all > 4. For
1 < x < 3, we can verify by computer that f(3z +1) < f(x + 2,2,z — 1). |

Lemma 7.3.18 If n = 3z + 2, then f(n) < f(z + 3,2, — 1).

[proof] In this case f(n) = f(z + 1,z + 1,2) and we have

flx+3,z,2 —1) — f(n)

20 +3\ ' 242\t /2e—1\"' /Bz+2\' /Br4+2\h Brz+2\ 7!
x r—1 T T+ 3 T r—1
2+ 1\ ' [2z+42\! 3r+2\""  [3r+2\"
—2 ~ +2 +
T z+1 z+1 T
2z — 1\ ! 20+ 1\ "' 2z +2\ " 20 +3\ "' /3zx+2\"
> -2 — + —
T x rz+1 T z+3
20 +2\ 1 /3z+2\ !
oy (] nam)
We now prove that the expression in (7.3.37) is nonnegative. We have

22 — 1\ ! 22x+1_1 27 +2\ !
x x r+1

B x!(x—l)!(l_ 2(x 4+ 1)(z) (x 4+ 1)(x 4+ 1)(x) )

(22— 1) 2z +1)(2z) (22 +2)(2z + 1)(22)
_al(z—1)! 3(x+1)
= o) (1_4(2x+1)> >0 (for all z > 1).

Furthermore, (29”;3)_1 = (2;;3)_1 > (3;:32)_1 and (2;”:2)_1 > (?fff)_l. Therefore,

f(3z+2) < f(x+3,z,2 — 1), as claimed. |
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7.3.8 The upper bound on m(n, K3°)

Corollary 7.3.19 If n, a, b, and c are integers such that a,b,c > 1 and a+b+c = n,
then f(n) < f(a,b,c).

[proof] Since f(a,b, ¢) is invariant under permutations of a, b, and ¢, we may assume
without loss of generality that a > b > c.

If @ > [2n/3], then, by Lemma 7.3.4, we have f(n) < f(a,b, c). Now, we may assume
c<b<a<[2n/3]. If it also the case that ¢ < b < |n/3], then by Lemma 7.3.5, we
have f(n) < f(a,b,c).

At this point, we may assume ¢ < |[n/3| < b <a < [2n/3]. If b= |n/3], then, by
Lemma 7.3.11, we have f(n) < f(a,b,c). Thus we may now assume ¢ < [n/3] < b <
a < [2n/3]. If c = |n/3], then b =a = |n/3] + 1, and in this case, f(a,b,c) = f(n),
by definition.

Now, we may assume ¢ < [n/3] <b<a < [2n/3]. If a=0b> |n/3| + 1, then, by
Corollary 7.3.15, we have f(n) < f(a,b,c).

Finally, we may assume ¢ < [n/3] < b < a < [2n/3]. Since b > |n/3| + 1, we
have a + ¢ = n — b < 2|n/3] + 1. Consequently, the average of a and c satisfies

atel < In/3] +1 < b. Thus, by Lemma 7.3.8, we have f(a,b,c) > f([d],b,|d]),
)

where d = %€ Tt remains to show that f(n) < f([d],b, |d]) for which we consider
three possibilities for the value of [d]:

e If [d] = [n/3]+1, then, since b > [d] = |n/3|+1, we must have f([d],b, |d]) =
f(n).
o If [d] = |n/3], then ecither |d]| = |n/3] or |d| = [n/3] — 1. We consider both
1. If |d] = |n/3] = [d], then b € {{n/3] + 1, |n/3] +2}. It b= |n/3] +1,
then f([d],b, [d]) = f([n/3], [n/3] + 1, [n/3]) = f(n). If b= [n/3] +2,
then, by Lemma 7.3.16, we have f(n) < f(|n/3],|[n/3] + 2,|n/3]) =
f([d],b, [d]).

2. If |d] = [n/3]—1,thenb € {[n/3|+1,[n/3|+2,|n/3]+3}. Ifb=[n/3|+
1, then, by Lemma 7.3.6, we have f(n) < f(|n/3],|n/3] +1,|n/3] —
1) = f([d],b,|d]). If b = [n/3] + 2, then, by Lemma 7.3.17, we have
Fn) < F(In/3], nf3) + 2, [nf3] — 1) = £([d],b, [d]). b= /3] +3,
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then, by Lemma 7.3.18, we have f(n) < f(|n/3],n/3] +3,[n/3] — 1) =
f([d1,0,[d]).

e If [d] < |n/3], then we have two small values: |d| < [d] < |n/3] < b <
[2n/3]. By Lemma 7.3.5, we have f(n) < f(b, [d], |d]).

Thus, for all a,b,c such that a > b > ¢ > 1 and a + b + ¢ = n, we have shown
f(n) < f(a,b,c), as claimed. |

Theorem 7.3.20 For all n > 3, we have

(1 20/3)\ e e

6—5n,0<tn/3J) if n =0 (mod 3),
S S I S C 7T\ P

min K5 < Sy~ 4+%iﬂwm) fn=1(mod3),
—1 [2n/3] ifn=2 (mo

\5—%2<mmﬂ>f =2 (mod 3),

where, in each case, d,, is a function that tends to zero as n grows.

[proof] If & is a Ky -intersecting collection of 3-packings of [n], then, by Corol-
laries 7.3.1 and 7.3.19, we have

P 2n)f(n) < B(FXS"™ 9P n) < n!

whence 1
min, K§™) < 570
If n = O(mod 3), then
SNACEIEA
= e () ) SO

; <1 1(?:/?)) ()

(ays)
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6(2n/3)n/3

This gives 0,0 = O

If n = 1(mod 3) then, [2n/3] = 2|n/3] and f(n) = f(|n/3] +1,|n/3],|[n/3]), and

we have

m(n, K3°") < 1 1 ( 2 n 1 2 1 )1
2f(n) 2 <2LTE§;J3J+ 1> <2LLTZL//33JJ> <Ln7/l3j> <Ln/37jl+1>

Y S T S )
2(<2&/§fﬁ) ) Coil) () CREE) (o)

_1 (<2+2Ln/13m) (Ln73j> - (1.5_ 4xl+2> (2&?//3?))1

5 (o) ()

1 (2Ln/3j>
2 o O |\ L3
4t e (3 - 2[71/3J+1> ((tnégj)) /3]

.. o 9 1 (2|n/3])|n/3)
This gives on,1 = 5573757 — (3 - 2|_n/3j+1> ) 1n/3) =

If n = 2(mod 3) then, [2n/3| = 2|n/3|+1and f(n) = f(|n/3]+1, |n/3] +1,|n/3]),

and we have

m(”’K?OpKzfl(n);( 2Ln/§j+1 + 2[71/;J+2 N 721 N 711 )
(Ln/3J> <Ln/3J+1) (Ln/3J+1> <Ln/3J>

;(2@/;“1 + 2[71/13J+1 - Z;L - 711 )
< /3] > 2( /3] ) 2<Ln/3J> (Ln/3J)
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-1

n 2\n/3|+1
2 [ 28is) 2000 ) 1<2Ln/3J + 1)
2 (2Ln/3J+1>< n > 5_4m 1n/3]
[n/3] [n/3] (1n7s))
This gives 6, 5 = ~ZL2/3H ) 1w -

(1) |n/3)

7.4 A new upper bound on m(n, K)

Poljak and Tuza [48] gave the upper bound
1712
m(n7 Ki)oop) S - |. n/UJ
2\ [n/v]
by applying Theorem 6.1.5 to the K3y *-intersecting collection of packings of [n] ob-

tained from a K >°P-intersecting collection by selecting the two classes of smallest

cardinality from each packing.

For v = 3, Theorem 7.3.20 improves their bound by using our generalized LYM
inequality for K3°” which takes into account all three classes from each packing in a

K3°P-intersecting collection.

Following the proof of Poljak and Tuza, we use our bound for m(n, K3°?) in place of
Theorem 6.1.5 to improve the bound on m(n, K}*°?) for all v > 3.

Corollary 7.4.1 If v > 3, then

' ;(LQ”/”J) if [3n/v] =0 (mod 3),

6 — dian/uj0 \ [n/v]
oo 1 20/00\ i3 0l = 1 (o
m(n, K1) < —4+6L3n/vJ,1<Ln/vJ>’ £ [3n/v] =1 (mod 3), (7.4.1)

b N
\ 5—5L3n/vJ,Q<Ln/vJ>’ f[3n/v] =2 (mod 3),

where, in each case, |3,y is a function that tends to zero as n grows.

[proof] Let & = {P,...,P,} be a maximum K!**-intersecting collection of v-
packings of [n], and let m = m(n, K*"). From each packing P; € %, choose the
three classes of smallest cardinality, say P, P’ Pf.
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It follows that, for all i € [m], we have |P%| 4 |P%
[P+ B+ | P <[Py
|P{"| > n/v. If this were true, then it would follow that

> |P =P

a€v]

+ 1P
< |

< 3n/v; if not, then

, we would also have

> 3n/v and, assuming |P"

+ | P + (v —3)|Py

>37"+(v—3)%:n

p

which is a contradiction.

Consequently, for all i € [m] we have |P{| 4 |PY| + |P{*| < |3n/v]; furthermore, the
collection ' = {P/,..., P}, where P! = (P", P Pf) for each i € [m], forms a

)

K3°"-intersecting collection of 3-packings of |3n/v].

Thus, m < m(|[3n/v], K3*) < m, and the bound now follows from Theo-

rem 7.3.20. H

Given v, for all n > 22v/3, our upper bound given in Corollary 7.4.1 satisfies

i)

In this simplified form, it is easy to see that our bound improves the bound given by

1
KP) < -
m(n7 v ) 4 (
Poljak and Tuza by a factor greater than 2, for all n and v such that n > 22v/3.

7.5 The single-arc asymptotic estimate of 5(F,% n)

Given a follow digraph F' and an F-following collection %P, the exact terms of
B(F,% ,n) are tedious to compute, except for intersections (,,cq Xi(a,b) with rel-
atively simple subsets of arcs. Even for small follow digraphs for which S(F,% n)
is easily computed, the transformation of S(F,%  n) into an upper bound is quite
challenging, as the previous sections demonstrated.

For these reasons, we prefer to estimate 3(F,% ,n) in some simpler way. In this
section, we derive an estimate for 3(F,%P,n) based on its behaviour as n grows.
Asymptotically, we will show that it suffices to consider only the single-arc terms
of B(F,%,n); however, our asymptotic analysis is necessarily based on assumptions
about how maximum F-following collections behave as n — oo. Whether these

assumptions are realistic depends on the structure of F'.
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Let F be a fixed follow digraph with V' (F') = [v]. To consider the limiting behaviour
of B(F,% ,n), we consider an infinite sequence of F-following collections, denoted
{9,}22,. The nth F-following collection of our sequence, %,, is a maximum F-
following collection of v-packings of [n]. Let m,, denote its cardinality, that is, m,, =
|%,.|, and we have m,, > |2| for all F-following collections & of [n]. We write %,
as P, = {Pu1,..., Pum,}, where each of its v-packings of [n], P,; € 9, is of the

form P,; = (P,,, P2, ..., PY;). This is our usual notation for F-following collections
of v-packings of [n], with the additional subscript n attached to all its components.

Correspondingly, we use the notation X, ;(a,b) to denote the set of permutations of
[n] that contain P¢; followed by P! ;.

Remark 7.5.1 Throughout the remainder of this section, let F' be a fixed follow
digraph with V(F) = [v], and let {22,}°°, be a sequence of F-following collections
as described above.

Our aim is to estimate S(F,2,,n) using so-called single-arc terms. Let 3 denote the

following sum

ZZ

=1 SCE(F
IS]=1

ﬂXm-(ab‘ ZZ X,.i(a,b)].

abeS =1 abeE(F)

We refer to 8 as the single-arc terms of S(F,% ,n). To justify the single-arc
estimate, we will prove lim S(F,%,,n)/B; = 1, based on the following premise.
n—oo

Premise 7.5.2 For each a € [v], there is a constant p, € (0,1) such that > ., p
1, and the following property holds: for every € > 0 there exists n. such that for all
a € [v], for all n > n., and for all i € [m,,], where n > n., we have

n(pa —€) < | Pyl <n(pa + ).

In Premise 7.5.2, we assume that there is a limiting distribution p, € (0, 1) for each
a € [v] such that the cardinalities of class a of all packings P,; € 2, converge

uniformly to a fixed proportion of n, namely p,.

Consider the terms of 3(F,%,,n) as given in Theorem 6.2.9. Each term corresponds
to a nonempty subset of arcs S C E(F) such that S is acyclic, S is transitively
closed in F', and S is equal to its own transitive reduction. The term of S(F,%,,n)
corresponding to S is (—1)¥H |, ¢ Xni(a,b)] -
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We focus on three types of subsets S C E(F): the single-arc subsets, two-arc subsets,
and subsets of size at least three, where in each case the subsets must satisfy the
transitivity conditions above and induce an acyclic subgraph of F. We then show
that all two-arc terms are dominated by the one-arc terms, and furthermore, any
term with three or more arcs is less than each of the terms corresponding to its
two-arc subsets. This will tell us that, for large n, the single-arc terms provide a
reasonable estimate for 5(F, %, n).

When S C E(F) has exactly two arcs, there are three possibilities to consider (subject
to transitivity conditions and being acyclic): S = {ab,cd} where a,b,c,d are all
distinct, S = {ab,ac} where b and c are distinct, or S = {ba,ca} where b and ¢
are distinct. In the latter two cases, we have |X,,;(a,b) N X,,i(a,¢)| = [X,.i(b,a) N
Xy.i(c,a)|, thus, there really are only two types of two-arc subsets to consider with
respect to their contribution to B(F,%,,n).

By choosing an appropriate arc from each two-arc subset S, we now prove that the
chosen single-arc term dominates the term corresponding to S. Lemma 7.5.3 and

Lemma 7.5.4 correspond to the types of two-arc subsets mentioned above, respectively.

Lemma 7.5.3 Let ab,cd € E(F), where a, b, ¢, and d are distinct. If Premise 7.5.2
holds, then

lim | X0i(a,b) N X,.i(c, d)|
n—>00 | Xn,j(a,b)|

where i, j € {1,...,m,} for each n.

=0,

[proof] By Premise 7.5.2, for every ¢ > 0 there exists an n. such that for all a € [v],
for all n > n,, for all i € [m,], n > n., we have

[pan — en] < |Pyi| < [pan +en].

Using the fact that (’”T’S) < (Tl;“,sl) whenever r < r’ and s < §’, we have the following
bounds for all a € [v], for all n > n., and for all i € [m,], n > n.:

([pan —en| + [pyn — 5n1> - (|P,‘f’l-| + |P,SZ]) _ (Lpan +en| + [ppn + 5nj)
[pan — en] - | Py, - |pan + €n | '

(7.5.1)

Similarly, the inequalities of (7.5.1) hold when a and b are replaced by ¢ and d,

respectively.
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To count the permutations in | X, ;(a,b) N X,.i(c, d)|, that is, the permutations that
contain both Pg; followed by P!, as well as Pg,; followed by P¢;, we choose |Pg;| +
Pb Pe

n,i) T n,i)

|PY | + |PSi| + | PY,| positions among n positions for the elements of Pf;,
and PZ,. From among these chosen positions, we choose |P¢;| + |P},| positions for
the elements of P2, and P?,. There are |Pg,|! ways to arrange the elements of Py,
in the first of these positions and |Pfl’z|‘ ways to arrange the elements of Pf{,i in
the remaining positions chosen for the elements of P¢, and P?;. In the remaining
| PS5 ;| + | P2;| positions chosen from n, there are | PS |! ways to arrange the elements of
P¢ . in the first of these positions and there are |P¢,|! ways to arrange the elements of
P in the last of these positions. Finally, there are (n— |P2,|— [P} | —|P¢ ;| —|Pg,])!

ways to arrange the remaining elements of [n]. This total can be simplified as follows:

\Xm-(a, b) N Xn,i(C, d)‘

b d
o n IB 1 +1B) |+ ;| +1By ;| T T | ) i PRy
= ) . b ipealige Nipe g ) (=121 - 182 - 1B 1 - 1521
‘Pntl,i‘+‘Pn,i‘+‘ny,iH“Pn,i‘ \PJ”-’—\P;L,”

Po |+ |PY N\ Tt /IPe L]+ | PN T
:n!<| n,z|t! n,@|) (I n,@|t| n,z!> _ (75.2)
‘Pn,i |Pn,z‘

Similarly,

Po PN\

| X, (a,b)| = n!( \Pff,j

For convenience, let A, ;; denote |X”’if;b)r1§z§j(c’d)‘ Using the formulae in (7.5.2)
n,j (@

and (7.5.3), and the bounds given in (7.5.1), for all n > n. and for all 4,j €
{1,...,m,}, we have

<Lpan +L<;7zjni EZT - mJ)

([pan —enl|+ [pyn — 6n1> <[an —en] + [pan — 6n1> '

[Dan — en] [pen — en

Apij < (7.5.4)

Define A,, = |pan—+en] —[p,n—en] and ©,, = |pyn+en| — [pyn—en]. By cancelling
common factors, the upper bound given in (7.5.4) can be rewritten as follows:

o +en| + [ppn+enl)a, 1o, [pen — en!
[pan+ enla, lpsntenle,  ([pan = e + [pan — el ponom

Anij < (lp (7.5.5)
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The second factor of our upper bound given in (7.5.5) is bounded as follows:

fpcn — En—|! |'an _ En—‘ [pen—en]
S (by Lemma 7.1.3)
([pen —en] + [pan — en|)pon—en] [pen — en| + [pan — en]

<

pen —en+1 Pemmen
Pel — EN + Pgn — N

(pC—E)n
pc — & + 1
_ n , 7.5.6

<pc + Pd — 25) ( )

The first factor of our upper bound given in (7.5.5) can be rewritten as follows:

([pan+en]+mn+en]), o (pan+en]+lpon+en]), ([pan+en|+pn+en]—An)g

|pan +enla, |pon +enlo, [pan +en]a, [ppn +enlo,

(7.5.7)

Notice that 2en — 2 < A,, < 2en for all n, and similarly, 2en — 2 < ©,, < 2en. Like
the bound given in (7.5.6), we can similarly bound (7.5.7) as follows:

< |pan +en| + |ppn +en] — An>A" ( |pan +en| + [ppn +en] — A, — @n)e"

[pan +en] — A, |lppn +en| — O,

[pan —le—i; L;o?;,wn +en >A" ( [pan — F;th [j;n —en] >@n

Pal — EN Py — EN

1 2en 9 2en
pa+pb+n> (pa+pb—26+n> (7.5.8)

pby—¢€

(pan—€n+1+pbn+5n)A” <pan—€n+1—|—pbn—€n—|—1>®"
( Pa — €
6

From (7.5.6) and (7.5.8), for any ¢ > 0 and for all n > n., we have the following

2en 9\ 2en 1 \ (Pc—e)n

e ot Py —2+2 c—e+1

Anij < (p—p_b n) (p P — n) (—p — 2 ) . (7.5.9)
Da — € Py — € Pe +Ppq — 2¢

We can choose ¢ such that € > 6 > 0, and ns > n. such that for all n > ns we have

1 1
Patpo+ L f< Petpa—20Y Patpp—20+ 2 f< Pe +pa— 26
Pa—0 T\ pe—0+1 po—90 T\ p—0+2+ )
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Consequently, for all n > ns we have

patpr+ )" pe—0+ % o
[rned) (2ot o
and
Pat+pp—25+2 25n< pe—0+ 2 o (7.510)
Po— 0 ~ \pctpa—20 ' o

Finally, choose ~ such that § > v > 0 and p. > v+ 4,/7. It now follows from (7.5.9),
(7.5.10), and (7.5.11) that, for all n > n,, we have
( De _fy_'_% )(pc_’Y)n
Pe+pa— 2y

—2./An —2v/6n
A “<<pc_'7+%) vy (pc_5+%)
M\ pe+ pa — 2y Pe+pa— 20

(Pe=7—=4\/7)n
c + 1
— (&) (7.5.12)
DPe + Pd — 2'7
From (7.5.12), it now follows that
(pc_’y_4\/'7)n
X,i(a,b) N X,,(c,d e— Y+ 3
lim 1Xni(@0) 0 Xnile, D] (u) —0. |
n—00 |Xn,j (a, b)| n—oo \ Pe + Pd — 27

Lemma 7.5.4 Let ab,ac € E(F) with b # c¢. If Premise 7.5.2 holds, then

lim | Xi(a,b) N X,i(a, ¢
n—00 | Xn,j(a,b)|

=0,
where 7,7 € {1,...,m,} for each n.

[proof] The proof is similar to that of Lemma 7.5.3.

First, we have

| P2+ |PL| + |P,s,i|>‘1

|Xn,i(a’ b) n X”’i<a’ C)l =n! ( ’Pf;,z‘

and .
a b -
’Pn,j’+ ’Pn,j‘) )

| X, (a,b)| = n!( ‘Pﬁ,j
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Therefore
(IP“JI +| P )
[Xni(a, b) O Xnala, )| _ L . (7.5.13)
|Xn,j(aa b)| ’P;le‘ + ‘P£z| + ’P;fz‘
1Py

We now work on bounding the expression in (7.5.13).

By Premise 7.5.2, for every € > 0 there exists an n. such that for all n > n. and for
alli,j € {1,...,m,}, we have

(Lpan +enl + [pyn + an>

| X.i(a,b) N X,,i(a, c)] [pan + en |
’X’ﬂ,j(av b)’ - <[pan - ETL~| + [pbn - 8’)’L-| + fpcn — E?ﬂ) ’
[pan — en

([pan +en] + [pon + en)) |p,nten)
(Lpan +en]) [pan+en]—[pan—en] ([pan —en] + [pon — en] + [pen — enl) [pan—en]
(7.5.14)

To bound (7.5.14), define A,, = |pan+en| — [pan —en]. Rewrite (7.5.14) as follows,
and apply the bounds given by Lemma 7.1.3 as shown below:

([pan +en] + [pon + enl)a, + [pan—en]
(|pan +en])a, ([pan —en] + [ppn — en] + [pen — enl) [pan—en]

(lpan +en| + [pon +en])a, ([pan +en| + [pon + en] — Ap) [pon—cn]
(lpan +en])a, ([pan — en] + [pyn —en] + [pen — enl) pon—en]

< (LPaTH—an + Lpbn—l—anj — An>An< |_pan+5nJ + U?bTH—WlJ —A, )fpansn]
< |[pan+en] — Ay [pan—en] + [ppn—en] + [pen—en]

(by Lemma 7.1.3)

- (ba”—ﬁn] + [ppnten| )An( - [pan—en] + [ppn+en)| 1>Doansn1

[pan—en] an—en| + [ppn—en] + [pen—en

o (Pan—Ent Lt pinten) ™ pan—en+1l+pnten P
- Pa — EN Pa — EN + PpN — EN + PNt — €N
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2en (Pafg)n
_(Patmty Pa+Dpo+ (7.5.15)
Pa—€ Pa + Py + pe — 3¢ o

Choose § > 0 small enough and ns large enough that, for all n > ns, we have

5
(pa+pb+ %) < (paﬂ?b +pc—35)

Pa— 0 Pat+ Dot =+
Equivalently,
(pa+pb+%)26n< ( Pat+ Dot >m" (7.5.16)
Pa—90 = \Pa + Db+ pe— 30 ' o

Choose v > 0 such that 6 > v > 0 and p, > v+ 2,/7. It now follows from (7.5.15)
and (7.5.16) that, for all n > n., we have

2yn a—"Y)Nn
|Xn,z'(a, b) N Xn,i(a; C)‘ < (pa + py + %) K ( Pa + Db+ % )(P ”)
| Xn,j(a, b)] Pa =7 Pa+ Po + De — 37

< ( pa“f'pb"_%
- pa+pb+pc_37

(pa*'Y*Z\ﬁ)n
) (7.5.17)

From (7.5.17), the desired limit now follows:

(Pa—7—24/7)1
Xni 7b N Xni ) . a + + 1
lim| i@, ) ’(ac)|§hm< Pa TP T 5 ) =0. [ |
n—o0 ‘Xn,j(a’ b)| n—=oo \ Pg + Db + Pe — 3'7

Lemma 7.5.5 Let S and T be subsets of E(F). If T C S, then

N Xm-(a,b)' < Xuila, b)‘. |

abesS abeT

We now have the means to prove the main theorem for this section. Let S>o denote
the sum of the terms of 3(F,%,,n) with two or more arcs, that is,

522 — % Z (_1)\5\4-1 ﬂ Xm-(a,b)‘
i=1 Se6 abesS

15|22

where & denotes the set of all nonempty subsets S C E(F') such that S is acyclic

~

and S =St= 8.
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Theorem 7.5.6 Let F' be a follow digraph, and let {2, }°2, be a sequence of maxi-

mum F-following collections of v-packings. If Premise 7.5.2 holds, then

ILm B(F,%,,n)/p = 1.

[proof] For each subset S € & such that |S| > 2, choose a subset Ts C S with
|Ts| = 2. By Lemma 7.5.5, we have

B(F,Pn,n) < Bi+|Bs2| < B +i >

i=1 Se&
|5]>2

() Xnila, b)'.

abeTyg

For each T and for a fixed n, define iymax = imax(7Ts,n) to be the index in {1,...,m,}
such that ‘ﬂabeTs X i (@, b)| > ‘ﬂabeTS Xni(a,b)| foralli € {1,...,my,}. Similarly,
for a fixed arc ab € E(F) and a fixed n, define iy, = imin(ab, n) to be the index such
that | X, . (a,b)] <|X,i(a,b)| for all i € {1,...,m,}. Consequently,

> 3| ) Xutat)

Se6 i=1 ! abesS
. |522’ . |S]=2
lim —— = lim
n—oo 1 n—oo
E E | Xy.i(a, b)|
abeE(F) i=1

>y

() Xnila, b)’

S8 i=L | abeTs
< lim 1512 (using Ts C S and Lemma 7.5.5)
n—oo
> S
abeE(F

() X (@ b)‘

abeTyg

D ma

SeG
. 1S|>2
< lim

oo Z mn|Xnaimin (a7 b)’

abe E(F)

(by definition of iyax and imyin)
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ﬂ Xn,imax (a, b) ‘

. abeTys
= lim : (7.5.18)
15122 abeE(F)

Notice that the denominator in (7.5.18) satisfies 3 e o) [Xnipin (@5 0)| 2 | Xoii, (2, Y)]
for any choice of zy € E(F).

For each Tg, label its two arcs as asbs and csds so that | ,eqy Xnime (@, 0)] =
|Xn7imax (G’S7 bS) m Xn,imax (CS, dS) | .

We can bound the expression given in (7.5.18) as follows:

ﬂ Xn,imax (CL, b)

Z 1 abETS S Z hm |Xn,imax (a’S7 bS) m Xn,imax (CS7 dS)|
Se6 e Z ’Xﬂ,imm (a? b)‘ SEG neree |X"’imm (as’ bs)l
55>2 vTE) 552
(7.5.19)

where we arbitrarily choose the arc agbs € Ts to give the lower bound used in the
denominator in (7.5.19).

Therefore, for each subset Tg, we may apply Lemma 7.5.3 or Lemma 7.5.4 to the
limit in (7.5.19), as required. We sum over the number of two-arc subsets of E(F),
which is a constant at most 2/#(")I — | E(F)|. Thus, we have a finite sum of limits that

converge to zero. It now follows that,
lim ‘ﬂzg/ﬂll =0.
n—oo
Consequently,

tim PEFwn) oy Bt By u

The following observation regarding the non-single-arc terms of 3(F,%P,,n), along
with Theorem 7.5.6, allow us to give an asymptotic upper bound on m(n, K}*°?) at
the end of this section.

Corollary 7.5.7 If Premise 7.5.2 holds, then lim fs5/n! = 0.
n—oo
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[proof] Since 2, is an F-following collection, each permutation 7 of [n] is an element
of at most one of the unions (¢ g(p) Xn,i(a,b) (for at most one P, ; € 9,). Thus, in
f1, a permutation 7 can be counted at most |E(F)| times (7 can be counted up to
|E(F)| times in 3 ppy [ Xni(a, b)| for at most one i € [m,]).

Thus, 0 < 8; < |E(F)|n! and it follows that

—\E(F)|‘@ < - b1 B2 g@g b1 B2 < |E(F)] ]

/81 n! 51 n! n! 51 ﬁl

By Theorem 7.5.6, we have lim [>2/0; = 0, and the result follows. |
n—oo -

If Premise 7.5.2 holds, then, for large n, Theorem 7.5.6 provides a basis for justifying
the following single-arc estimate:

5(F79)7n> N61~

Essentially, Theorem 7.5.6 says that 5>, is negligible for large n. Informally, using /5,
to estimate S(F, 2P, n) is desirable since, for larger follow digraphs, > gets messy,

while [3; remains very simple.

7.6 Alignment decomposition balance for

single-arc terms

Let H be a strong graph with V/(H) = [v], let (W, X,Y") be its alignment decomposi-
tion, and let ' = F'H be its maximal follow digraph. If % is an H-intersecting collec-
tion of v-packings of [n], let 3; denote the sum of the single-arc terms of 5(F, %, n),

that is,
2]

H=3" 3 IXiab).

i=1 abe E(F)

We have seen that single-arc terms are easy to count: for any given arc ab € E(F),
we have

|Pe| 4+ PPN
]Xi(a,b)\:n!<l )
|Pe|
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Thus,
12

a b\ — 1
Bi=> > n!(’Pi :;JPZ") . (7.6.1)

=1 abeE(F)

If we use 3, to approximate S(F, 2, n), then, in order to approximate an upper bound
on m(n, H), we would like a lower bound for ;.

Define a function f on v variables as follows:

flan,. . x)= Y ($a+xb)1.

x
abeE(F) e

Now, we can rewrite (; in terms of f:
12|

Bi= Yo nlf (1P IP2, . |,
=1

To obtain a lower bound on 3, we are looking for the minimizing values of x4, ..., x,
with respect to the value of f. This is the same general approach we used to obtain
bounds on B(F%,% n) and B(FK?OP,@ ,n). Now we apply this approach to a generic
strong graph H, but restrict our attention to single-arc terms, that is, ;.

In Proposition 7.6.1, we will derive a lower bound for 5; by showing that there exist
integers Iy, ...,[, such that [, > 1, for all a € [v], Zaem lo =n,and f(ly,...,1,) <
FOPM, | P2, ..., |P?]) for all i. Moreover, the integers l,, a € [v] will be balanced
with respect to the alignment decomposition of H, meaning

1. for all w,w" € W we have |l,, — | < 1,
2. for all z,2" € X we have |l, — /] <1, and
3. for all y,y' € Y we have |l, — /| < 1.

Proposition 7.6.1 Let H be a strong graph with V(H) = [v] and maximal follow
digraph F2. If 9 is an H-intersecting collection of packings of [n], then there exist
positive integers [y, ..., [, such that
_ || -1
la+15\ " |Pe|+ P
P Y < g ) sﬁlzzn! > Pl :
abeEE(FH) =1 abeEE(FH)

and the integers [y, ..., [, are balanced with respect to the alignment decomposition
of H.
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[proof] Let (W, X,Y) be the alignment decomposition of H. Recall that in the
maximal follow digraph F'¥ every two distinct vertices in W are symmetrically adja-
cent, each vertex in X is adjacent to all vertices in W U Y, and each vertex in W is
adjacent to all vertices in Y.

Suppose there exist vertices b and ¢ such that |P?| and |Pf| are unbalanced and the
vertices b and ¢ both belong to the same part of the alignment decomposition of H.
Assume without loss of generality that |Pf| > |P’| + 2. We will consider all terms
of B; involving |P?| or |P¢| and show that the substitutions |P?| + |P’| + 1 and
| Pf| < | Pf| — 1 can only reduce the value of ;.

If an arc of F'¥ involves both b and ¢, then b and ¢ must both belong to W. In this
case, (31 contains the two terms

[Pl + | P

1P+ P\
|P?|

-1
|> and | X(e,b)| = n!< 1P|

1Xi(b,c)] = n!<

Since |P}| +2 < |Pf|, we have |P| +1 < 3(|P?| +|Ff]). Thus,

[P +1+1P =1\ _ (1B 4|
[Pl +1 B |P)|

-1

Consider the arcs of F¥ involving b but not ¢ (the argument for arcs involving ¢ but
not b is similar). If an arc of F involves b but not ¢, then its other end must be
some vertex a € [v] — {b,c}. If a is adjacent to b, then a € W U X, and we can pair
the arc ab with ac. If b is adjacent to a, then a € W UY and we can pair the arc ba
with be. In either case, the terms of 3; corresponding to these pairs of arcs yields the
same contribution to 1, namely

|Pe|+ PP\ |Pe|+ P\
! 3 1 d ' KA 3 .
"( |PY| WU Py

By Lemma 7.1.4, it follows that

1 _ -1 -
(L (T 1<<|zza|+|Pﬂ> +(|Pﬂ|+|Pf|)1
P+ 1 p=1 ) S e 7]

The terms of 3; corresponding to arcs of F'¥ involving neither b nor ¢ will not be
affected by the substitutions |P?| « |P?| + 1 and | Pf| + |P¢| — 1. Thus, in all cases,
the substitutions |P?| < |P?| + 1 and |Pf| + |P¢| — 1 help to reduce ;. We can
iterate the above substitutions until we reach balanced cardinalities || P}|— |P?|| < 1.
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Our procedure for making substitutions and applying Lemma 7.1.4 terminates when
we have integers [}, ..., l¢ that are balanced with respect to the alignment decompo-

sition of H. At this stage we have

5 (l?;l?>_1 s (ra-a:;'mbr)‘{ )

abcE(FH) ¢ abc E(FH) ¢
Since there exist integers [¢, a € [v] for each i, we can choose l,,...,[, to be the I¢
with the smallest sum on the left side of (%), among all 7. N

7.6.1 The single-arc asymptotic upper bound on m(n, K!*)

Using the single-arc estimate and bound given by Proposition 7.6.1, we obtain the

following upper bound on m(n, K.°°?).

Theorem 7.6.2 If Premise 7.5.2 holds, then

;(QWUJ +2

Kloop <
m(n, Ky) < v2—ov\ [n/v]+1

)(1 +o(1)).

[proof] Let H = K’* let F = F/ and let % be a maximum H-intersecting
collection of v-packings of [n|. By Proposition 7.6.1, a lower bound for 5, is given by

12| |2

-1 a b1\ !
Sl Y (zaltzb) <hH=Ym T (!R{;\!R!) |

i=1  abeE(F) i=1  abcE(FH) ¢

where the integers lq,. .., [, satisfy [, > 1 for all a € [v], Zae[v} l, = n, and the [,,
a € [v], are balanced with respect to the alignment decomposition of H. In this
case, the entire alignment decomposition of H = K}** is simply W (as X and Y
are empty). Thus, for all @ € [v] = W, the balanced integers [, have two options:
lo € {< [n/v], [n/v]}. Tt now follows that, for all a,b € [v], we have

lo + 1y < 2|n/v| +2
lq ~—\In/v]+1)
We get the following lower bound on [i:

2n/v| + 2\ "
|@yab§m n!< LEz//vJJ+ 1) < By < nl— Bss. (7.6.2)
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In FH there are 2(;) = v? — v arcs, thus, the expression in (7.6.2) is equivalent to
the following upper bound on |2 | = m(n, K3°):

min, K§™) < — 1 <2Ln/vJ + 2) (1 B 5z2>_

v2—v\ |n/v]+1 nl

By Corollary 7.5.7, the sum of the two-or-more-arc terms satisfies fs2/n! = o(1). Il

If the upper bound of Theorem 7.6.2 does not hold, then Premise 7.5.2 must be false.
In particular, the seemingly natural belief that there should always exist optimal
covering arrays exhibiting a balanced occurrence of symbols would not hold for v > 3.
Since Premise 7.5.2 is based on one particular sequence of F-following collections, if
Premise 7.5.2 were false, then there would not even exist an infinite sequence of
optimal covering arrays for which the frequency of symbols tended to any limiting
distribution.



Chapter 8

FOR arrays

In this chapter, we define forbidden—optional-required arrays, abbreviated FOR ar-
rays, which are generalizations of covering arrays that accommodate all three types of
interactions and any combination of alphabet sizes and interaction-strengths. They

are, by far, the most general version of covering arrays considered in this thesis.

In Section 8.1, we introduce FOR arrays and our model using hypergraphs. In Sec-
tion 8.2, we examine some properties that can prevent FOR arrays from existing. In
Section 8.3, we give bounds on the number of rows in FOR arrays, when they exist.
In Section 8.4, we establish that several decision problems related to FOR arrays
are NP-hard. In Section 8.5, we study compatibility hypergraphs which we define to
encode sets of required interactions that can consistently be covered together in a row
of a FOR array. In Section 8.6, we investigate critical FOR systems and the effects
of deleting required or forbidden interactions. In Section 8.8, we model a particular
class of FOR arrays using binary relational systems and homomorphisms. We show
that a relevant binary relational system is a core.

8.1 The general FOR model

Suppose we have a testing problem with k factors, labelled 1,..., k. Each factor
J € [k] can have one of v; possible values, labelled 1,...,v;. Based on the particulars
of this problem, we are interested in generating a test suite that caters to all our

whims: we want certain interactions covered by the test suite, we want to avoid

179
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covering certain other interactions, and we do not care what happens with the rest.
We have the freedom to classify every interaction (any strength t) of our testing

problem as one of these three types.

We use a hypergraph to encode the required, forbidden and optional interactions of
such a testing problem as follows:

A FOR system is a k-partite hypergraph X with vertices labelled by the factor-
value pairs of a given testing problem: V(X) = {(j,a;) : j € [k],a; € [v;]}. Each
part of X corresponds to one factor: P; = {(j,a) : a € [v;]}. The edge set of X is
partitioned into three classes, denoted F'(X), O(X), and R(X). For all t € [k], each
t-way interaction must belong to exactly one of the three classes F/(X), O(X), or
R(X). Let I ={(j1,a1),--..,(Jt,a;)} be a t-way interaction. If I € R(X), then I is
called a required interaction. If I € F(X), then [ is a forbidden interaction.
If I € O(X), then I is called an optional interaction.

The family of FOR systems having k factors with alphabet sizes vy,...,v; is
denoted X(y,, . .,)- If, for all i € [k], we have a constant v such that v; = v, then
we denote the family by A, instead. If, for some ¢ € [k], we have |I| = ¢ for all
I € R(X), then X has required strength t. If, for some t € [k|, we have |I| =t
for all I € F(X), then X has forbidden strength t. If X has required strength ¢
and forbidden strength ¢, then X is a FOR system of strength t. If X € A}, has a
homogeneous alphabet [v], then X is a v-ary FOR system. If X € X} 5, then X is a
binary FOR system.

FOR systems are generalizations of the forbidden edges graphs used to encode the
forbidden interactions of CAFEs.

Remark 8.1.1 Much of the terminology we use in this chapter is based on the paper
in which CAFEs were introduced, namely [19], and adapted as necessary to fit the
FOR setting.

Let X € X, ..
interaction of X. Let T" be a k-tuple, where T = (x1,...,2%) € [v1] X -+ X [vg]. If
xj, = a; for all ¢ € [t], then T is said to cover I. If T' does not cover I, then T is said
to avoid I. If, for all I € F(X), T avoids I, then T is called a k-tuple avoiding
F(X), or T is said to be consistent with X.

w) be a FOR system and let I = {(j1,a1),...,(js,as)} be a t-way

Definition 8.1.2 Let X € X, . ,,) be aFOR system. A FOR array of X, denoted

.....
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FOR(n, X), is an n x k array A with the following properties:

e For each i € [k], column ¢ has symbols from the alphabet [v;].
e Every row of A forms a k-tuple avoiding F(X).
e For each required edge I € R(X), there exists a row of A that covers I.

The FOR array number of X, denoted FORN(X), is the smallest integer n for
which there exists a FOR(n, X), if there exists a FOR array of X; if there does not
exist a FOR array of X, then we write FORN(X) = +oc.

Some remarks

We think of testing problems interchangeably with the corresponding FOR system
X € Xu,,..0)- Since, in terms of arrays, factors correspond to columns and values
correspond to the respective alphabets of each column, we sometimes refer to factors

as columns, or values as the alphabet.

When defining the relations of a particular FOR system X € &, .
specifying the edges of the optional relation O(X). A FOR array of X depends only
on the relations R(X) and F(X); it is implied that all interactions that are not in
R(X) U F(X) are necessarily in O(X).

Lup), We omit

Given X € Xly,,..v,), if I € R(X) is a required interaction, then any k-tuple that
covers I necessarily covers I’ for all I’ C I. By the same token, if [ € F(X) is a
forbidden interaction, then every row of a FOR(n, X) must avoid I. Consequently,
for all J such that J D I, each row of a FOR(n, X') necessarily avoids J as well.

For the sake of illustrating an example of a FOR system, we only illustrate maximal
(with respect to set inclusion) required edges, and minimal (with respect to set in-
clusion) forbidden edges; we do not illustrate optional edges. Our convention is to
illustrate required edges using green and forbidden edges using red.

8.1.1 An example to motivate the use of FOR arrays

To illustrate the applicability of FOR arrays, we present a toy example of a testing
problem; this example is extracted from [10] and can also be found in [19, 41].

Table 8.1 lists the five factors of a mobile phone product line and their possible values.
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Factors | 1. display 2. email viewer | 3. camera | 4. video camera | 5. video ringtones
1. 16 million | 1. graphical 1. 2 MP 1. yes 1. yes
colours
VALUES 2. 8 million 2. text 2. 1 MP 2. no 2. no
colours
3.b&w 3. none 3. none

Table 8.1: Mobile phone product line

The mobile phone product line contains some inherent constraints. For example,
video ringtones cannot be used without the presence of a video camera. Table 8.2
gives a list of constraints on the various options, as well as the resulting forbidden

interactions.
CONSTRAINTS FORBIDDEN INTERACTIONS

(C1)graphical email viewer requires a colour display {(1,3),(2,1)}
(C2)2 MP camera requires a colour display {(1,3),(3,1)}
(C3) graphical email viewer is not supported with 2 MP camera {(2,1),(3,1)}
(C4)8 million colour display does not support a 2 MP camera {(1,2),(3,1)}
(C5)video camera requires a camera and a colour display {(3,3),(4,1)}

{(1,3), (1L1)}
(C6) video ringtones cannot occur without a video camera {(4,2),(5,1)}

Table 8.2: Constraints on the mobile phone product line

Using a FOR system X € X33322), we encode the forbidden interactions given in
Table 8.2 as edges in F(X) . In R(X), we include all pairwise interactions other
than those corresponding to the constraints of Table 8.2. Notice that X restricted to
F(X) is precisely the forbidden edges graph G' € G3332.9) given in Figure 2.3. The
avoidance closure G and a CAFE(10, G) are also given in Figure 2.3.

Using the CAFE given in Figure 2.3, we run the ten tests on the mobile phone prod-
uct line. From these tests, we discover a faulty 3-way interaction {(2,3), (4,1), (5,1)}
corresponding to the options “no email viewer, video camera, and video ringtones.”
Since running these tests, a new value for the camera factor has become available
for testing: a 4 MP camera, corresponding to the new factor-value pair (3,4). Fur-
thermore, the 4 MP camera requires a colour display, resulting in a new forbidden
interaction {(1,3), (3,4)}. We also notice that the CAFE did not cover the 3-way in-
teraction {(1,3),(2,2),(3,3)} corresponding to the options “b & w display, text email
viewer, and no camera.” We would like to test this 3-way interaction since those three

values are a likely grouping for a basic phone model.



8.1. THE GENERAL FOR MODEL 183

FOR(4, X)

W = N ==
N W N |
W = =
DO — DN -~
N DN DN o

Figure 8.1: A FOR system X € X(33422) and a FOR(4, X)

We want to run tests to see how the 4 MP camera interacts with the other mobile
phone product line options, but we do not want our previous tests to go to waste.
We can accomplish this using a FOR array.

In Figure 8.1, we give a FOR system X € X{33499) that encodes the resulting re-
quired and forbidden interactions. The green edges depict the required edges from
the new factor-value pair (3,4) to the other factors of the system. The green blob
depicts the required 3-way interaction {(1,3), (2,2), (3,3)} which was not covered by
the CAFE. The red edges are the forbidden interactions based on the constraints of
the mobile phone product line and the avoidance closure of the corresponding for-
bidden edges graph. We also include the new forbidden edge {(1,3),(3,4)} and the
discovered forbidden 3-way interaction {(2,3),(4,1),(5,1)}. The remaining interac-
tions are optional—they have either been tested already, or go beyond the scope of
our testing. In Figure 8.1, we also include an optimal FOR(4, X).

8.1.2 How FOR arrays generalize covering arrays and allies

To see that a covering array CA(n;t, k, (v1,...,v;)) is a particular FOR array, define

a FOR system X € X, ., as follows. For each t-subset {ji,...,j:} C [k], let

.....
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I = {(jl,al), e (jt,at)} S R(X) for all t—tuples (al, B ,Gt) S [’Ujl] X X [th]. Let
F(X) = 0. Clearly, the required edges of X encode required coverage so that a
FOR(n, X) is a CA(n;t, k, (v1,...,v;)).

To see that CAFEs are special cases of FOR arrays, take a forbidden edges graph G €
G(vr,...op) and define a FOR system X € A{y, . .,) as follows. Let I = {(,a), (j,b)},
where 4,5 € [k], i # j, a € [v;], and b € [v;]. If [ € E(G) is a forbidden edge, then
we let [ € F(X). Otherwise, we let I € R(X). It is easy to see that a FOR(n, X) is
simply a CAFE(n, G).

To see that covering arrays on graphs are special cases of FOR arrays, take a simple
graph G with V(G) = [k] and an integer v > 2. Define a FOR system X € X,
as follows. For each i, j € [k] such that ij € E(G), let {(i,a), (j,b)} € R(X) for all
(a,b) € [v]?. Let F(X) = @. In this case, a FOR(n, X) is a CA(n;2,G,v).

To see that covering arrays on column graphs with alphabet graphs are a special
subfamily of FOR arrays, let G be a column graph with V(G) = [k] and let H be an
alphabet graph with V(H) = [v]. Define a FOR system X € &, with F/(X) = @ and
where R(X) is given by the edges of the underlying graph of the categorical product
G x H; all other interactions are optional. It is easy to see that a FOR(n, X) is a
CA(n;2,G, H).

To see that variable strength covering arrays are special cases of FOR arrays, let A
be a collection of nonempty subsets of [k]. For each i € [k], let v; denote the number
of values of factor i. Define a FOR system X € X, . ,,) as follows. For each set
{71, gt € Alet{(j1,a1),...,(Jt,ar)} € R(X) for all (a1, ...,a:) € [vj,]x---Xx[v;].
Let F(X) = O. Clearly, a FOR(n, X) is a VCA(n; A, (v, ..., vk)).

8.2 Existence of FOR arrays

As with CAFEs, knowing whether a FOR array exists, for a given FOR system, is a

nontrivial question which we explore in this section.

Let X € Xy,,..v,) be a FOR system. A required interaction I € R(X) is consistent
with X if there exists a k-tuple avoiding F'(X) that covers I. If there is no k-tuple
avoiding F'(X) that covers I, then I is inconsistent with X. If all edges I € R(X)
are consistent with X, then X is a consistent FOR system.
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-----

set of nonempty interactions
RY(X)={I CV(X):1ICJforsomeJec R(X)}.
The upset of F(X), denoted F;(X), is the set of interactions
Fi(X)={ICV(X):JCI for some J € R(X)}.

The downset-facets of the downset R*(X) are the maximal (with respect to set
inclusion) required edges in R*(X). Similarly, the upset-facets of the upset F;(X)
are the minimal (with respect to set inclusion) forbidden edges in F;(X).

The following is an obvious necessary condition for a FOR array to exist.

Lemma 8.2.1 Let X € A,
then RY(X)N F(X) = 0.

o) be a FOR system. If a FOR array of X exists,

.....

[proof] If we had an interaction I € R*(X)N Fy(X), then I C J for some J € R(X)
and I D J' for some J' € F(X). Consequently, J C J. In this case, a k-tuple that

covers J cannot avoid .J', so J is inconsistent. |

Given a FOR system X € X{,,  .,), consider the FOR system X' € Xy, . ,,) with
R(X') = R*(X) and F(X') = F;(X). It is clear that an array is a FOR array of X
if and only if it is a FOR array of X'.

.....

Two FOR systems X; and X, from the same family X, . ., are equivalent if
RY(X)) = RY(Xy) and F;(X;) = F;(X3). Among a set of equivalent FOR systems, we
have two extreme systems: the full system X such that R(X) = RY(X) and F(X) =
Fy(X), and the compact system X' such that R(X’) and F(X’) are the downset-
facets of R*(X) and upset-facets of F3(X), respectively. In the compact system
X', no required (or forbidden) interaction is a proper subset of another required (or
forbidden) interaction.

Remark 8.2.2 From now on, we assume that FOR systems are compact unless

-----

Let X € X(vl
into a consistent FOR system, denoted X , called the avoidance closure of X, as

o) be a FOR system. If X is not consistent, then we can transform X

77777

follows. Let Iy, ..., I, be the list of inconsistent interactions from the downset R*(X).
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A~

The avoidance closure X has V(X) = V(X). The required edge set R(X) consists of

the downset-facets of R¥(X) — {I,...,I,}. The forbidden edge set F'(X) consists of
the upset-facets of F(X)U{I\,..., s}

The avoidance closure X is a consistent FOR system and is uniquely determined by
X. In the most extreme case, every required interaction of R¥+(X) is inconsistent and
X has R(X) = Q.

A

To build a consistent system from X, it suffices to let R(X) be the downset-facets
of RYX) — {I,..., 1.} and let O(X) = O(X) U {I4,...,I}. If we had chosen to
let the inconsistent I;’s be optional rather than forbidden, we still would not have
any consistent k-tuples covering any of the I;; it is therefore superfluous to label
inconsistent interactions as optional, which justifies the definition of avoidance closure

given above.

Danziger, Mendelsohn, Moura, and Stevens [19] gave the following characterization
of consistent binary forbidden edges graphs, which applies to binary FOR systems of
strength 2, as follows.

Proposition 8.2.3 (Danziger, Mendelsohn, Moura & Stevens [19]) A binary forbid-
den edges graph G € Gy 5 is consistent if and only if

1. {(i,a),(j,b)} € E(G) whenever there exist vertices in the same part (/,0) and
(1,1) such that {(4,a),(1,0)} € E(G) and {(j,b), (I,1)} € E(G);

2. for all j € [k], for all b € {0,1}, we have {(i,a),(j,b)} € E(G) whenever there
exists a factor | € [k] such that {(,a),(l,0)} € E(G) and {(i,a),(l,1)} €
E(G).

Corollary 8.2.4 A binary FOR system X € A&}, of strength 2 is consistent if and
only if

1. {(i,a),(5,b)} € O(X)U F(X) whenever there exist vertices in the same part
(1,0) and (I, 1) such that {(i,a), (1,0)} € F(X) and {(j,0), ({,1)} € F(X);

2. for all j € [k], for all b € {0,1}, we have {(i,a), (j,b)} € O(X)UF(X) whenever
there exists a factor [ € [k] such that {(¢,a), ([,0)} € F(X) and {(i,a), (l,1)} €
F(X).

For larger alphabets, we do not have such a characterization for consistent FOR
systems, but we can say something about “forced factors” of binary FOR systems
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regardless of the strength of the required interactions. We also show that the situation
is more complicated for non-binary alphabets. To this end, we need some definitions

and notation.

Let X € Xy, 4, be a FOR system and let U = {(j1,a1),..., (ji,a:)} be an inter-
action. The row set of U, denoted rs(U), is the set of k-tuples R = (ry,...,7%) €
[v1] X+ -+ % [vg] that cover U and avoid F(X). Clearly, U is consistent with X if and
only if rs(U) # . Assuming rs(U) # O, a factor i € [k] is forced by U, if, for all
k-tuples (ry,...,7) € rs(U), the ith entry r; is a constant. The forced factor set
of U, denoted f(U), is the set of factors forced by U. In particular, all factors in U
are forced by U. For each i € f(U), we denote by fy(i) the value of i forced by U.
For example, for all (j;,a;) € U, we have fy(j;) = a;. If i € f(U) and fy (i) = a, then
sometimes we write (i,a) € f(U). We also write f(i,a) to abbreviate f({(i,a)}), and
similarly, we write rs(7,a) to abbreviate rs({(i,a)}).

A maximal (with respect to set inclusion) interaction has the smallest row set and

largest forced factor set among those interactions contained in it, as follows.

Lemma 8.2.5 Let X € A{y, . ,,)andlet V = {(ji,a1),..., (Ji,ar)} be aset of factor-
value pairs, where the factors j; are all distinct. If U C V| then rs(V) C rs(U) and
f(U) C f(V). Moreover, for all j € f(U) we have fy(j) = fv(j).

[proof] Let U C V and let R € rs(V). In particular, R is a k-tuple that covers U
and avoids F'(X), thus R € rs(U). Therefore, rs(V) C rs(U). If j € f(U), then the
jth entry of each k-tuple R € rs(U) is fixed to the value fy (). As rs(V) C rs(U),
the jth entry of every k-tuple in rs(V) is equal to fy(j). Thus j € f(V) and clearly
fv(G) = fu ().

Forced factors have a “transitive property”, as follows.

Lemma 8.2.6 Let X € X{,, . ,,). Suppose ji,J2,J3 € [k] and a; € [v;] for i =1,2,3.
Suppose rs(j1,a1) # O. If (jo,a2) € f(j1,a1) and (js,a3) € f(j2,az2), then (j3,a3) €
f(jhal)'

[proof] For any k-tuple R = (r1,...,r;) € rs(j1,a1), we must have r; = a;.
Since (j2,a2) € f(j1,a1), it follows that r;, = as. Hence R € rs(ja,a2). Since
(jg, ag) S f(jQ, CLQ), it follows that Tjs = as.
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The following lemma gives one structure that results in a “globally forced factor.” Let
X € Xy,
(4,a;) such that rs(j,a;) # O, we have (i,a) € f(j,a;), then i is called a globally
forced factor.

and let (i,a) be a fixed factor-value pair. If, for each factor-value pair

Lemma 8.2.7 Let X € Xy, ). If (i,a) € f(j,b) for all b € [v;], then (i,a) €
f(l,¢) for all (I, ¢;) such that | € [k], ¢; € [v], and rs(l, ¢) # O.

[proof] Let R = (ry,...,rx) be a consistent k-tuple. Since (i,a) € f(j,b) for all
b € [v)], it follows that (i,a) € f(j,r;). Consequently, 7, = a. Therefore, every
consistent k-tuple has r; = a. |

When we have a binary FOR system with forbidden strength 2, the following propo-
sition says that the forced factors of an interaction are determined by the forced
factors of the individual factor-value pairs within the interaction. For a € {0, 1}, let
a=1-—a.

Proposition 8.2.8 Let X € &}, be a binary FOR system with forbidden strength

2, and let U = {(j1,a1), ..., (js, ar)} be a set of factor-value pairs, where the factors

ji are all distinct. If rs(U) # O, then f(U) = U, oy [ Ui ai)-

[proof] Let A =, ev f(d;a;), let B = f(U)\ A, and let C' = [k] \ f(U). By
Lemma 8.2.5, we have f(j,a;) € f(U) for all (j,a;) € U. Therefore, A C f(U )
Clearly, AU B = f(U). We now prove that it is impossible to have A S fU)D
showing that B = 0.

If B # O, then there exists (i,a) € B with fy(i) = a. By definition of B, we must
have (i,a) & f(j,a;) for all (j,a;) € U. In particular, this means that (i,a) ¢ U, and
there can be no forbidden interactions of the form {(j,a;), (¢,a)} where (j,q;) € A.
Moreover, (i,a) cannot be a globally forced factor-value pair.

Since (i,a) is not globally forced, there must exist at least one consistent k-tuple
T = (t1,...,t;) such that ¢; = a. Similarly, since rs(U) # O, there is a consistent
k-tuple R = (r1,...,7%) that covers all factor-value pairs in U and, consequently, in
f(U). Define a new k-tuple, S = (s1,...,Sk), as follows. Let

o )T if j € A;
7 t, ifjeBuUC.



8.2. EXISTENCE OF FOR ARRAYS 189

Clearly, S covers all factor-value pairs in A but does not cover (i,a) € B C f(U). We

claim that S is a consistent k-tuple (a contradiction).

For z,y € A, the interaction {(z,s,), (y,s,)} is not forbidden as R avoids F(X).
Similarly, for x,y € B U C, the interaction {(z,s,), (vy,s,)} is not forbidden as T
avoids F'(X). If there is no forbidden interaction of the form {(z,s,), (v, s,)}, where
x € Aand y € BUC, then we will have shown that S is a k-tuple that covers U and
avoids F'(X). Therefore, suppose {(z,s,), (v, s,)} is forbidden for some x,y where
reAandye BUC.

Consequently, we have (y, s,) € f(z, s,) where (z,s,) € f(j,a;) for some (j,a;) € U.
By Lemma 8.2.6, this means that (y, s,) € f(j, a;) for some (j,a;) € U, hence y € A.
This contradicts the fact that R is a consistent k-tuple.

Therefore, the interaction {(z, s,), (y,s,)} cannot be forbidden. It now follows that
S is a k-tuple that avoids F'(X) and covers U, but also covers (i,a), contradicting
the fact that (i,a) € B C f(U). Therefore, the set B must be empty, as claimed. N

° e e
Q@ O O @ O ©

X, € X373 Xy € X3,2

Figure 8.2: Systems that do not meet the criteria of Proposition 8.2.8

Proposition 8.2.8 does not hold for non-binary FOR systems, nor does it hold for
binary FOR systems having forbidden interactions of strength ¢ > 3. To see these
claims are true, consider the two FOR systems given in Figure 8.2.

The system X; € X33 has two forbidden pairwise interactions, {(1,1),(3,1)} and
{(2,1),(3,2)} (represented by red edges), and one required pairwise interaction,
{(1,1),(2,1)} (represented by the green edge). Take U = {(1,1),(2,1)}. The forced
factor set of U is f(U) = {1,2,3}. On the other hand, the union of the forced factor
sets of the individual factor-value pairs in U is f(1,1) U f(2,1) = {1, 2}.
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The system X, € X3o has one forbidden 3-way interaction {(1,1),(2,1),(3,1)} €
F(X5) (represented by the red blob), and one required pairwise interaction, namely
{(1,1),(2,1)} € R(Xs) (represented by the green edge). Take U = {(1,1),(2,1)}.
The forced factor set of U is f(U) = {1,2,3}, while f(1,1)U f(2,1) = {1,2}.

Our next result says that for binary systems with forbidden strength 2, we can build
a consistent k-tuple one factor-value pair at a time, given that the additional factor-

value pair is compatible with each of the previously assigned factor-value pairs.

Corollary 8.2.9 Let X € A}, be a binary FOR system with forbidden strength 2,
let U = {(j1,a1), .-+, (Jm,am)} be consistent with X, and let (jii1,amy1) € [k] X
[2] be a factor-value pair such that j,.1 & {j1,...,Jm}. If, for each i € [m], the
pairwise interaction {(ji, a;), (Jm+1,@m+1)} is consistent, then U U {(jms1, Gmi1)} 18
also consistent.

[proof] Let R = (ry,...,r) be a consistent k-tuple that covers U, and let T' =

(t1,...,tx) be a consistent k-tuple that covers (jni1,am+1). Clearly, T also covers
the forced factor set f(Jmi1,@ma1). Define a new k-tuple S = (sq,. .., sx) as follows:
Let

r;, otherwise.

. — { tiy i€ f(jms1s ami1)

We claim that the k-tuple S is well-defined since any factor in f(U) N f(Jms1s @Gms1)
must have the same forced value. By Proposition 8.2.8, we know that f(U) =
Ui awrer fUssaz). Thus, if @ € f(U) O f(jmt1, @my1), then i@ € f(j,b) for some
(7,0) € U. By assumption, {(4,0), (jm+1,@m+1)} is consistent, so we must have
Fitgmivamen () = frgap () = fu(i), as claimed.

Furthermore, we claim that S is consistent. Since R is consistent with X, for all z,y €
&)\ f(Jm+1, @m+1), there are no forbidden interactions of the form {(z, s.), (v, sy)}
Similarly, since 7' is consistent with X, there are no forbidden interactions of the form
{(x,82), (y, )} where 2,y € f(jms1, @my1) I 2 € f(jmi1, ami1) and y € f(U), then
{(x,s.), (y,s,)} cannot be forbidden. If it were, then we would have (z, 5;) € f(y,s,)
and (v, s,) € f(jp,a,) for some (j,,a,) € U, and consequently, (z,s,) € f(U). This
would mean that f(;,.,, an.)(®) = sz, but fu(z) = s;, contradicting the fact that S is
well defined. Lastly, for all x € f(jm+1, am+1) and all y € [K]\ (f(U)U f(Jm+1, Gmr1)),
the interaction {(z,s,), (y, s,)} is not forbidden, for if it were, this would contradict
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the fact that y & (f(U) U f(jm+1, @m+1)). Therefore, S is indeed a consistent k-tuple
and S covers U U (Jm+1, Gmi1)- N

We give one sufficient condition that guarantees the consistency of a FOR system.
Let X € Xy, +,) be a FOR system, and let 7 € [k]. If there exists a value a; € [v;
such that the factor-value pair (i, a;) is not contained in any forbidden edge of X,

then a; is a safe value for factor 1.

Lemma 8.2.10 Let X € X, . ,,). If no forbidden edge of X is contained in a
required edge of X, and if every factor i € [k] has a safe value, then X is consistent.

[proof] Let I € R(X), where I = {(j1,b1),...,(js,b:)}. For each factor i € [k]\
{j1,-.-,Jit}, let a; be a safe value for i. Define a k-tuple T' = (ty,...,tx) where,
for each i € [k], we have t; = b, if i = j; for some [ € [t]; otherwise, t; = qa; if
i€kl \{j1,.-.,5:} We claim that T is consistent with X. If T" were not consistent
with X, then T" would necessarily cover a forbidden edge of X, say J € F(X). We
know that J is not contained in I, so some factors of J must belong to [k]\{Jji, ..., Jt}-

This is not possible given that we used safe values for these factors. |

8.3 Trivial bounds on the FOR array number

Let X € X{u,,. v,) be a FOR system. Let A C [k], where A = {iy,...,4,}. For each
s-tuple of values @ = (ay,...,as) € [v;,] X -+ x[v;,], define p4(a@) to be 1 if there exists
a required edge I € R(X) such that {(i1,a1),..., (is,as)} € I, and 0 otherwise. Let
S4 denote the sum Z pald).

Ee[’vil]Xn'X[”L}is]

.....

Proposition 8.3.1 Let X € &,
then

) be a compact FOR system. If X is consistent,

.....

max Sy < FORN(X) < |R(X)].

AC[K]
[proof] If X is consistent, consider an optimal FOR(n, X). Let A = {iy,...,is} be
an s-subset of [k] and consider the columns iy, ...,is of the FOR(n, X). For every
s-tuple of values @ = (ay,...,as) € [v;,] X -+ X [v;,] such that pa(@) = 1, there must

be a row that covers @ in columns i1, ..., i moreover, in that row, it is not possible
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for these columns to cover another s-tuple of values distinct from a@. Consequently,
for all subsets A C [k], we have the lower bound S4 < FORN(X).

The maximum number of rows needed in an optimal FOR array of X is |R(X)], since
one row per required edge is sufficient to cover all required edges.

The bounds of Proposition 8.3.1 are attained by consistent FOR systems X € X(y, 1,)
with £ = 2 factors and with required strength 2, since, in this case, the lower bound
equals the upper bound: Sy 2y = R(X).

When k& > 3, the upper bound is attained by any consistent FOR system X €
Xv,,....wp) With required strength k. In this case, no two required interactions (being

of strength k) can be covered simultaneously in one row.

8.4 Complexity results

As CAFEs are special cases of FOR systems, we get the following computational
complexity results:

Proposition 8.4.1 Let X € Xy, .,

1. Determining whether there exists a k-tuple 7' € [v1] x .-+ x [v;] that avoids
F(X) is NP-hard.

2. Determining whether X is a consistent FOR system is NP-hard.

3. For a given N, determining whether FORN(X) < N is NP-hard.

[proof] Let G € Gy, be a forbidden edges graph. Danziger, Mendelsohn, Moura,
and Stevens [19] showed that determining whether there exists a k-tuple avoiding
G € Gy, is NP-complete for v > 3, and determining whether G is consistent is NP-
complete for v > 5. Given N, we showed that determining whether CAFEN(G) < N
is NP-complete for v > 2 [39, 41]. Since G corresponds to a v-ary FOR system of
strength 2, if we could solve these decision problems in polynomial time for FOR
systems in general, then we could use these algorithms to solve the corresponding
NP-complete CAFE problems in polynomial time. |
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8.5 Compatibility hypergraphs

In this section, we define compatibility hypergraphs to encode, for a given FOR system
X, which sets of required interactions are consistent with X.

Let X € Xy, ) be a FOR system. Let u,v € R(X) be required interactions of
X. If there exists a consistent k-tuple that covers both u and v, then interactions u
and v are compatible (with respect to X). Similarly, for any subset W C R(X), if
there exists a k-tuple T = (ty,...,tx) € [v1] X -+ X [vg] such that T is consistent with
X and such that T covers w for all interactions w € W, then W is a compatible
set of interactions. Using the terminology of Section 8.2, W is a compatible set of
interactions if and only if the row set, rs(WW), is nonempty.

From a FOR system X, we now define a hypergraph which encodes the compatibilities
of required edges of X. The compatibility hypergraph of X, denoted Hy, is a
hypergraph with vertex set V(Hyx) = R(X) and edge set E(Hx) = {W C V(Hx) :
rs(W) # @}. In other words, a set of vertices form an edge of Hy if and only if the
corresponding interaction set is compatible with respect to X.

It is clear from the definition of Hx that the FOR system X is consistent if and
only if every vertex of its compatibility hypergraph Hx is contained in an edge (and
therefore in an edge of rank 1). It is also straightforward to see that FORN(X) is equal
to the minimum number of edges needed to cover the vertices of the compatibility
hypergraph Hy, as follows.

Proposition 8.5.1 Let X € &{y,,..,). If Hx is the compatibility hypergraph of
X, then FORN(X) is equal to the minimum number of edges required to cover the
vertices of Hy.

[proof] Let & be a collection of edges of Hx such that |J6 = V(Hx). Suppose
there is no collection & with |&'| < |&|. For each edge e € &, there exists a consistent
k-tuple that covers e. As |J6 = V(Hx) = R(X), the rows corresponding to the
collection & cover all required interactions of X. Thus, FORN(X) < |&].

On the other hand, given an optimal FOR(n, X), each row corresponds to a consistent
k-tuple that covers a compatible subset of required interactions of X, hence an edge
of Hx. Let & be the collection of edges corresponding to the rows of the array, and
let & be an optimal collection of edges of Hx that cover all vertices of Hy. Since
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the array FOR(n, X) covers all required interactions, the union of the corresponding
edges of Hy must cover all the vertices of Hy. Thus |6*| < |€] = FORN(X). N

For a compatibility hypergraph Hy, if we consider an edge W € E(Hy), then every
subset U C W must also be an edge of Hx. Since W € FE(Hy), there exists a
k-tuple avoiding F'(X) that covers W; clearly, such a k-tuple covers U for all U C
W. Consequently, U € E(Hy). This means that the edge set of a compatibility
hypergraph Hy forms a downset (or abstract simplicial complex) on the vertex set
V(Hx).

Since the edge set of a compatibility hypergraph corresponds to a downset, we know
that each edge of Hx implies a clique in the sense of simple graphs. More precisely,
if X € Xy,,..0,) 15 @ FOR system with compatibility hypergraph Hx, then, for every
e € FE(Hy), the edge e corresponds to a compatible set of required interactions of
X, say e = {Uy,..., Uy}, for which there exists a consistent k-tuple that covers
e. Consequently, every pair of interactions U;, U; € e are pairwise compatible, thus
correspond to a two-vertex edge of Hx. Since this is true for all such pairs in e, the

edge e induces a clique of two-vertex edges in Hy.

Given a binary FOR system X € A} of forbidden strength 2, we now show that
determining FORN(X) is equivalent to determining the clique cover number of its
compatibility hypergraph, where, for hypergraphs, we use the term “clique cover” as

follows.

Given a hypergraph G, a clique of G is a subset of vertices C' C V(G), such that for
all distinct pairs of vertices u # v € C, the edge set of GG contains the two-vertex edge
uv, and, for all u € C, the edge set of G contains the one-vertex edge u. A collection
of cliques € = {C,...,C,} is called a clique cover of G, if | J€ =V (G). If ‘€* is
a clique cover of G and if |6*| < €] for all clique covers 6 of G, then we say that
6* is an optimal clique cover of G. The cardinality of an optimal clique cover of
G is called the clique cover number of G, and we denote it by 6(G).

Proposition 8.5.2 Let Hx be the compatibility hypergraph of a binary FOR system
X € X} of forbidden strength 2. If C'is a clique of Hx, then C is an edge of Hx.

[proof] Let C' = {ej,...,e,} be an m-clique of Hx. We prove that C' forms an
edge of Hx by induction on m. If m € {1,2}, then C is already an edge of Hy.
For some m > 2, assume that C' forms an edge of Hyx whenever C' is an m-clique of
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Hy. Consider an (m + 1)-clique of Hx, C' ={ey,...,emns1}. Since {e1,...,e,} is an
m-clique of Hy, by our induction hypothesis, {ey,...,e,} is an edge of Hx.

Let U = Uiy €
{e1,...,en}. Forany (i,a) € U and any (j,b) € €,,41, it is clear that {(i,a), (j,b)} is
consistent with X. By Corollary 8.2.9, U U {(j,b)} is also consistent with X. Write
ems1 = {(J1,01), ..., (Ji, b)) }. Tteratively applying Corollary 8.2.9 for i = 1,...,1, we

be the set of factor-value pairs corresponding to the m-clique

find that U U e, 41 is consistent with X. Consequently, {ej, ..., en11} is compatible,
hence an edge of Hy.

Corollary 8.5.3 Let X € Xj 2 be a consistent binary FOR system of forbidden
strength 2. If Hx is the compatibility hypergraph of X, then FORN(X) = 0(Hx).

[proof] Let 6 = {C4,...,C,} be an optimal clique cover of Hx. By Proposi-
tion 8.5.2, each C; € “6 represents a compatible set of required interactions of X
thus, for each C; € 6, there exists a consistent k-tuple that covers all interactions in
C;. Let these k-tuples be the rows of an n x k array. Since every required interaction
of X is a vertex of Hy, it is covered by some clique C; € “6, hence covered by the
corresponding row. Thus, FORN(X) <n = 0(Hy).

Consider an optimal FOR(n; X). For each i € [n], the ith row is a consistent k-
tuple that covers a set of required interactions of X; let C; denote the set of required
interactions covered by the ¢th row, that is, C; is the set of vertices of Hx covered
by row i. Clearly, C; is an edge of Hx, and any two vertices in C; are pairwise
compatible. Thus, C; is a clique of Hyx. Clearly, the collection ‘6 = {C,...,C,} is
a clique cover of Hy, thus, (Hy) <n = FORN(X).

Proposition 8.5.2 and Corollary 8.5.3 fail for non-binary FOR systems with forbidden
strength 2. In Figure 8.3, we give an example of a FOR system X € A7 3 with three
required edges (e1, ez, and e3 in green) and three forbidden edges (in red). Any two
required edges of X are compatible, but the three required edges together are not
compatible because the forbidden edges make it impossible to select a value for factor
7. The compatibility hypergraph Hyx is also given in Figure 8.3. We only illustrate
the facets of E(Hx). In this case, FORN(X) = 2 while §(Hx) = 1.

Proposition 8.5.2 and Corollary 8.5.3 also fail for binary FOR systems with forbid-
den edges of higher strength. Suppose X € Aso with R(X) = {ey, e, e3}, where
er = {(1,0),(2,0)}, e2 = {(3,0),(4,0)}, and e3 = {(5,0),(6,0)}, and F(X) has one
forbidden edge f; = {(1,0),(3,0),(5,0)}. It is clear that any two required edges are
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compatible, but the forbidden 3-way edge f; prevents the set {ej, ez, e3} from being

compatible.

QO 8 & 6 & @ OV

X € Xy Hx

Figure 8.3: A pairwise compatible clique that is not altogether compatible

If X € X,
triangle-free, then FORN(X) = #(Hx). Since no three vertices form a triangle and

) 18 a consistent FOR system whose compatibility hypergraph Hy is

,,,,,

since F(Hx) is a downset, it is impossible for Hy to have edges of rank greater than
2.

Lemma 8.5.4 Let X € &{,, .., be a consistent FOR system. If the compatibility
hypergraph Hx of X is triangle-free, then FORN(X) = 0(Hx). |

In particular, for triangle-free graphs, we have the following result relating the clique
cover number to the matching number. Recall that ;(G) denotes the number of edges
in a maximum matching of a graph GG, and def(G) denotes the deficiency of G, that

is, the number of vertices left uncovered by a maximum matching.

Proposition 8.5.5 Let G be a triangle-free graph. Then, 0(G) = p(G) + def(G). |

Combining Lemma 8.5.4 with Proposition 8.5.5, we get the following corollary.

Corollary 8.5.6 Let X € &{,,,..,) be a consistent FOR system. If the compatibility
hypergraph Hx of X is triangle-free, then FORN(X) = u(Hx) + def(Hx). N

Let X € &{y,,..4) be a FOR system with compatibility hypergraph Hx. The com-
patibility graph of X, denoted Gy, is the simple graph with V(Gx) = V(Hy) =
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R(X) and E(Gx) = {e € E(Hx) : |e| = 2}, that is, Gx is the underlying graph of
Hy.

For each consistent binary FOR system X € A} o with forbidden strength 2, there is
a graph, namely the compatibility graph of X, whose clique cover number is equal to
the FOR array number of X. Conversely, every simple graph G is isomorphic to the

compatibility graph of a consistent binary FOR system, as we now show.

Proposition 8.5.7 If GG is a simple graph on n vertices, then there exists a consistent
binary FOR system X € &3, o such that G is isomorphic to the compatibility graph
Gx of X and such that FORN(X) = 0(G).

[proof] Label the vertices of G as 1,...,n. Define a system X € Xy, as follows.
For each i € [n], let ¢, = {(4,0),(n + 4,0)} be a required interaction of X. Let
{(4,0),(4,0)} € F(X) if and only if ij ¢ E(G). All other interactions are optional.

Clearly, X is consistent because, for each factor, the value 1 is a safe value; for every
e; € R(X), the (2n)-tuple given by (z1,...,22,), where z, = 0, if » € {i,n + i} and
x, = 1 otherwise, is a consistent (2n)-tuple that covers e;.

By Corollary 8.5.3, we have FORN(X) = 6(Hx) and, by restricting the compatibility
hypergraph Hx to its edges of rank 2, we get G x, the compatibility graph of X.

We claim that the map f: V(G) — V(Gx) given by f(i) = e; is an isomorphism. If
ij € E(G), then the (2n)-tuple (x1,...,22,) given by z, =0if r € {i,j,n+i,n+j}
and =, = 1 otherwise, is a consistent (2n)-tuple that covers e; and e;. Thus, e; and e;
are compatible, hence e;e; € E(Gx). If ij € E(G), then {(¢,0), (4,0)} is forbidden;
it then follows that e; and e; are not compatible, hence e;e; € E(Gx).

Since G and Gx are isomorphic, we see that 0(G) = 0(Gx) = FORN(X). N

OO0 00 0 00 @'@
@ﬁj@@@@@ @)

G X Gx

Figure 8.4: Every graph is the compatibility graph of a FOR system
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Example 8.5.8 Figure 8.4 shows an example of a graph G, the FOR system X given
by Proposition 8.5.7, and the compatibility graph Gx. In X, green edges represent
required edges while red edges represent forbidden edges.

8.6 Critical systems

Here we explore the notion of “critical” FOR systems.

Let X € Xy, ) and let I € R(X) be a required interaction. Denote by X — I the
FOR system obtained from X by removing I from R(X) and letting I be optional
in X — /. Similarly, for a forbidden interaction U € F(X), let X — U denote the
FOR system obtained from X by removing U from F(X) and letting U be optional
in X —-U.

77777

Definition 8.6.1 Let n > 1 and let X € &{,, . ,,) be a consistent FOR system with
FORN(X) = n (thus R(X) # 0). If I € R(X) U F(X) and FORN(X — I) < n,
then I is a critical element of X. If, for all I € R(X), the required edge I is a
critical element, then X is n-required-critical. If F(X) # @ and every forbidden
edge I € F(X) is a critical element, then X is n-forbidden-critical. If every
I € R(X)U F(X) is a critical element, then X is n-eritical, or simply, a critical
system.

Example 8.6.2 In Figure 8.5, the system X; € &5 has two required interactions of
strength 2 (green edges) and no forbidden interactions. Clearly, FORN(X;) = 2 and
X is 2-required-critical. Since R(X;) U F(X;) = R(Xy), the system X is 2-critical.

Example 8.6.3 In Figure 8.5, the system X, € X4 is 4-critical. Any 4-tuple con-
sistent with X can cover at most one of the four required edges; thus, each edge is
covered alone in a row using the value 1 as safe values to complete the row. Removing
any required edge reduces the number of rows by one. Removing a forbidden edge
allows two required edges to be covered by a single row, for a total of three rows.

Critical FOR systems similar to X5, consisting of two forbidden cliques completely

joined by required edges, can be generated as follows.

Lemma 8.6.4 Let k and [ be integers. If £ > 3 and 2 <[ < k — 1, then there exists
a (kl — [*)-critical FOR system X € X} ».
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o © O o o

Figure 8.5: Examples of critical FOR systems

[proof] For all 7,5 such that 1 < i < j </, let {(i,1),(j,1)} € F(X). For all 4,
such that [ +1 <i < j <k, let {(:,1),(j,1)} € F(X). For all 4, j such that 1 <i <]
and [ +1 < j <k, let {(3,1),(j,1)} € R(X). There are no forbidden or required
interactions involving the value 0 which provides safe values, thus X is consistent.
The forbidden edges prevent any two required edges from being compatible, thus
FORN(X) = |R(X)| =1 x (k — 1), and clearly, X is required-critical. If we remove
a forbidden edge {(7,1),(j,1)} € F(X), where 1 < i < j < [, then, for all m
with [ +1 < m < k, the required edges {(m,1),(i,1)} and {(m,1),(j,1)} become
compatible. Similarly, if we remove a forbidden edge {(i,1),(4,1)} € F(X), where
I+ 1<1i<j <k, then, for all m with 1 < m <, the required edges {(m,1), (i,1)}
and {(m, 1), (j,1)} become compatible. Thus, X is forbidden-critical. N

In Figure 8.5, the systems X3 € A5, and Xy € A7, are binary FOR systems of
strength 2. Required edges are green and forbidden edges are red. These systems are
constructed so that the value 0 provides safe values. Since no required or forbidden

edges involve the value 0, we omit the isolated vertices corresponding to the value 0.

A FOR array of X3, shown in Figure 8.5, requires one row per required edge. The
required edges form a 5-cycle on the vertices of value 1. If we remove a forbidden

edge, then two required edges that are consecutive in the cycle become compatible.
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So far, all examples of critical systems given need one row per required edge; however,
there are examples of systems which optimally cover more than one required edge per
row. For example, a FOR array of X,, shown in Figure 8.5, optimally covers two
consecutive (in the cycle) required edges per row for three rows and a fourth row is
needed to cover the remaining required interaction. Since each pair of consecutive (in
the cycle) required edges can be covered by a single row, when we remove a required
edge, we can cover the remaining six required edges with three rows. When we remove
a forbidden edge, we can cover three consecutive required edges in a single row and

the remaining four edges with two more rows.

In Lemma 8.6.5, we construct required-critical FOR systems having a similar structure
to X3 and X4. We build a cycle of required edges on one value and control the number
of compatible required edges using forbidden chords.

Lemma 8.6.5 If x, a and k are positive integers such that £k = ax + 1 and a > 3,
then there exists an (a + 1)-required-critical system X € Xy o such that X has k

required interactions.

[proof] We build X € A&} o with required edges {(i,1),(i +1,1)} € R(X), for all 4
such that 1 < ¢ < k—1, and {(k,1),(1,1)} € R(X). These k required edges form
a k-cycle on the vertices of value 1. The vertices of value 0 provide safe values. For
all 4, j € [k] such that the distance on the k-cycle between vertices (i,1) and (j, 1) is
greater than or equal to x 4+ 1, we add a forbidden edge {(7,1), (7,1)} € F(X).

Every x required edges that are consecutive on the cycle are compatible. The forbid-
den interactions prevent any two required edges that have ends of distance x 4+ 1 or
greater from being compatible. Thus, covering x consecutive required edges together
in one row is optimal. We can cover ax required edges using a rows. Since k = ax+1,
we need one more row to cover the kth required edge. Removing any required edge
eliminates the need for this last row. N

At this point we have provided very simple examples of critical systems, usually with
safe values and a binary alphabet. The next results give properties of critical systems
that hold more generally.

Lemma 8.6.6 If X € A&{,, . ., is an n-required-critical system, then for every re-
quired interaction I € R(X), the set of factor-value pairs forced by I cannot contain
all the factor-value pairs of any other required interaction I’ # I.
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[proof]| If I and I’ are two distinct required interactions of X, then a FOR array of
X — I’ requires only n — 1 rows, and must cover I. If I’ were forced by I, then the

smaller array would necessarily cover I’ and be a FOR(n — 1, X). |

Corollary 8.6.7 Let X € &{,,, . .,) be an n-required-critical system. For every re-
quired interaction I € R(X), there exists an optimal FOR(n, X) such that there is
exactly one row that covers I and every other required edge I' € R(X) — {[} is

covered only within the other n — 1 rows.

[proof] If I € R(X), then a FOR(n — 1, X — I) covers all required interactions of
X except I. Since X is consistent, there exists a consistent row that covers I. If we
append this row to the FOR(n—1, X —I), then we get a FOR(n, X)) with the desired
property. |

Lemma 8.6.8 Let X € &,
FORN(X —I)=n—1.

) be an n-required-critical system. If I € R(X), then

,,,,,

[proof] If FORN(X —I) <n — 1, then we could build a FOR(n — 1, X') by adding
a row that covers I to an optimal FOR array of X — I. |

While removing a required edge from a consistent FOR system can decrease the FOR
array number by at most one, the effects of removing a forbidden edge from a FOR
system can decrease the number of rows by a factor of ¢, where t is the rank of the

removed forbidden edge.

Lemma 8.6.9 Let X € &,
If J € F(X), then

o) be a FOR system with safe values for each factor.

.....

FORN(X) <ny+ (t — 1)iy,

where n; = FORN(X — J), t is the rank of J, and i, is the number of rows that cover
J in an (optimal) FOR(n;, X — J).

[proof] For each j € [k]|, let s; € [v;] denote a safe value for factor j. By
relabelling factors if needed, we may assume that J = {(1,a1),...,(¢t,a;)}. Let
R = (ay,as,...,a, 4441, ..,a;) be arow of a FOR(ns, X —J) that covers J. From R,
we produce t new k-tuples that are consistent with X and that cover all the required
interactions covered by R: for each j € [t] let R; equal R except at position j where
we replace a; with the safe value s;. Making t new rows for each of the i; rows that



8.6. CRITICAL SYSTEMS 202

cover J in a FOR(n;, X — J), we can build a FOR(n; + (¢t — 1)i;, X). We use the
ny—iy rows of the FOR(n;, X —J) that do not cover J, and we add to these rows the
tiy rows obtained by replacing each of the i; rows that do cover J with ¢ consistent
rows using safe values. This yields a FOR(n; + (t — 1)is, X). N

Corollary 8.6.10 Let X € &,
factor. If J € F(X), then

w) be a FOR system with safe values for each

,,,,,

1
FORN(X — J) > ZFORN(X),
where ¢ is the rank of J.

[proof] Let n; = FORN(X — J), let iy be the number of rows that cover J in a
FOR(ns,X — J), and let t = |J|. In an optimal FOR(n;, X — J), the edge J can
be covered by at most n; rows. By Lemma 8.6.9, FORN(X) < n; + (t — 1)i; <
ny + (t — )ny. Therefore, FORN(X) < tFORN(X — J). N

With forbidden strength 2 and binary alphabet, we can construct FOR systems that
attain the bound of Corollary 8.6.10 as follows. Let X € A&} o, where £ > 3. For all
i >3, let {(1,1),(z,1)} € R(X) and let {(2,1),(i,1)} € R(X). For all 7, € [k] such
that 3 <i < j <k, let {(3,1),(4,1)} € F(X). Finally, let {(1,1),(2,1)} € F(X).
The system X has 2(k — 2) required edges, no pair of which are compatible. The
vertices of value 0 provide safe values, so X is (2k — 4)-required-critical. Removing a
forbidden edge of the form J = {(4,1), (j,1)} where 3 < i < j < k makes the required
interactions {(7,1), (1,1)} and {(j,1),(1,1)} compatible. If we remove the particular
forbidden edge J = {(1,1),(2,1)}, then, for all i € {3,...,k}, the pairs of required
edges {(i,1),(1,1)} and {(¢,1),(2,1)} become compatible. Thus, the forbidden edge
J meets the bound of Corollary 8.6.10.

In Figure 8.6, the system X; illustrates the above construction for £ = 5. As usual,
we omit the vertices of value 0 since these correspond to safe values. Required edges
are green and forbidden edges are red.

For forbidden strength ¢t > 3, we can also find critical FOR systems that meet the
bound given by Corollary 8.6.10. For ¢t > 3, let £ = ¢. Build a system X € &} o with
one forbidden t-way edge J = {(1,1),(2,1),...,(t,1)} € F(X). For every r € [t] let
I, = J—{(r,1)} be a required edge. No two required edges I, and I are compatible
since their union is the forbidden edge J. Thus, X is k-required-critical. When we
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Figure 8.6: FOR systems meeting the bound of Corollary 8.6.10

remove J from X, all required interactions can be covered simultaneously by a single

row, that is, FORN(X — J) = 1 = k/t = FORN(X).

In Figure 8.6, the system X, illustrates the above construction for ¢ = 3. Vertices
corresponding to safe values are omitted, required edges of rank 2 are shown in green,
and the forbidden edge J of rank 3 corresponds to the red blob.

The following result allows us to build a larger critical system from two smaller critical
systems, provided the systems have “dummy” values. Let X € &X(,, . ., be a FOR
system and let ¢ € [k] be a factor. If, for factor i, there is a value a; € [v;] such that
(1,a;) is not contained in any required or forbidden edge of X, then a; is a dummy
value of factor i. If all factors ¢ € [k] have dummy values, then the system X has
dummy values.

Notice that dummy values are a particular instances of safe values, but with the
stronger requirement that they are not contained in any required interactions.

Proposition 8.6.11 Let X; € X(vh---,vkl) be an nj-critical system and let X, €
X, ] be an no-critical system. If both X; and X5 have dummy values, then
there exists an (n; + ny)-critical system X € X(Uh”wh W)ty such that X contains
X1 and X5 as induced subsystems.

[proof] Let X be the disjoint union of X; and X,. Let C} be a minimal vertex cover
of R(X;) and let Cy be a minimal vertex cover of R(X3). Add to F(X) all edges of
the form {uy,us}, where uy € Cy and uy € Cy. We claim that X is (ny + ng)-critical.

Since every required edge of X is incident with some u; € C} and every required edge
of X3 is incident with some uy € Cy, and since {uy,us} € F(X) for all such u; and

ug, no two required edges I; € R(X;) and I, € R(X3,) are compatible. Consequently,
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Figure 8.7: FOR arrays of X and X — {uy,us}

Since X; and X, have dummy values, every ki-tuple that is consistent with X; can be
extended into a (k; + ko)-tuple that is consistent with X by using the dummy values
of X5 to complete the tuple. Similarly, every ko-tuple that is consistent with X5 can
be extended using the dummy values of X; into a (k; + ko)-tuple that is consistent
with X. We can thus build an optimal FOR(n; 4+ ns, X) as follows. Below the rows of
a FOR(ny, X1), we put an ny X kp array of dummy values of X;. Above the rows of a
FOR(ng, X3), we put an ny X ko array of dummy values of X5. The columns of these
two arrays form the columns of a FOR(ny 4+ nq, X). This construction is depicted in
Figure 8.7.A.

By the criticality of X; and X, it is clear that X is (n; + ns)-required-critical. The
forbidden edges of X are either completely contained in X7, completely contained in
Xy, or they are of the form (uy,us) where u; € C; C V(X;) and uy € Cy C V(Xy).
It is clear that those forbidden edges completely contained in one of X; or X, are
critical elements of X. It remains to show that the forbidden edges bridged between

the two systems are critical.

Let {uj,us} € F(X) with uy € C; and uy € Cy. By minimality of the vertex cover
(1, there exists a required edge I; € R(X;) such that C; — u; does not cover I.
Similarly, there is a required edge I, € R(X3) such that Cy — uy does not cover Is.
By Corollary 8.6.7, there exist optimal FOR arrays of X; and X, such that I; and
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15 are each covered by exactly one row; moreover, using the dummy values, we can
be certain that the row covering I; is compatible with the row that covers I;. The
remaining required interactions of X can be covered in (n; + ng — 2) rows producing
a FOR(ny 4+ ny — 1, X — {uq,us}) as shown in Figure 8.7.B. N

Figure 8.8: A larger critical system built from two smaller critical systems

Figure 8.8 depicts an example of the construction from Proposition 8.6.11 using the
critical systems X3 and X, given in Figure 8.5. In X3, the set of vertices C; =
{(2,1),(3,1),(5,1)} is a minimal vertex cover of R(X3), and in X4, the set of vertices
Cy={(2,1),(4,1),(6,1),(7,1)} is a minimal vertex cover of R(X,). We add forbidden
edges joining vertices in (7 and Cy to obtain the new critical system X, shown in
Figure 8.8. Since the vertices of value 2 provide dummy values and are thus isolated

from all required and forbidden edges, we omit these vertices from Figure 8.8.

We now prove that the construction of Proposition 8.6.11 is the only way to build an
(ny + mng)-critical system from an ni-critical system and an no-critical system, given
that these systems have dummy values, and given that we only add forbidden edges

bridged between the two systems as “repellent.”

Proposition 8.6.12 Let X; € X(vl,-..,vkl) be an ni-critical system with dummy val-

ues, let Xy € X(v’l,m,v; ) be an ny-critical system with dummy values, and let X €
2

.....
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new forbidden edges of the form {uy, us}, where uy € V(X;) and uy € V(Xs). If X is
(ny + ng)-critical, then for every pair of edges I, € R(X;) and I, € R(X3), one of the
forbidden edges {uq,us} that we added to F'(X) must satisfy u; € I and uy € Is.

[proof] Since FORN(X) = n; +ns, an optimal FOR array of X is given by optimal
FOR arrays of X; and X, pasted together as in Figure 8.7.A. Let I; € R(X;) and
let I, € R(X3). By Corollary 8.6.7, there exists a FOR(ny, X7) that covers I; alone
in a row, and similarly, there is a FOR(n2, X5) that covers I alone in a row. Using
these arrays as in Figure 8.7.A yields an optimal FOR(n; + ng, X). If I; and I, were
compatible, then we could build a FOR array of X with only n; +ny — 1 rows. Since
the rows covering I; and I5 cover only these required interactions and dummy values,
it follows that there must be a forbidden edge adjacent to both I; and Iy in X. |

For the next result on critical systems, we make use of the following lemma; for a
proof of Lemma 8.6.13, see Lemma 5.5 in [16].

Lemma 8.6.13 Let G be a graph and let vw € E(G). If v and w are both inessential,
then G contains an odd cycle in which vw is an edge. |

_____ Oy ) be a critical system obtained
from X; and X, by adding some forbidden edges of the form {(,a;), (j,b;)}, where
(i,a;) € I for some I € R(X;) and (j,b;) € J for some J € R(X5). If every two dis-
tinct required edges in X; are incompatible and if every two distinct required edges

in X, are incompatible, then FORN(X) = FORN(X;) + FORN(X3).

[proof] Let Hy be the compatibility hypergraph of X. The required edge set of X
is R(X) = R(X;1) U R(X3), thus the vertices of Hx can be partitioned into two parts
R(X;) and R(X3). Since no two required edges in R(X;) are compatible, the vertex
set R(X;) C V(Hx) is an independent set. Similarly, the vertex set R(Xs) C V(Hx)
is an independent set. Consequently, Hx is bipartite.

It now follows that FORN(X) = |R(X1)| + |R(X2)| — u(Hx) since an optimal FOR
array of X covers as many compatible pairs of required edges as possible and such

pairs correspond to a maximum matching of Hx.

By Corollary 8.6.7, for every required edge I of X, there exists an optimal FOR array

in which [ is covered by exactly one row; using dummy values, we can ensure that the



8.7. INCOMPATIBILITY GRAPHS AND CHROMATIC NUMBERS 207

row covering I does not cover any required edges of X other than [ itself. In terms
of the compatibility hypergraph, this says that there exists a maximum matching M
of Hy in which the vertex corresponding to I is M-exposed. This means that every

vertex of Hx is inessential.

If , € R(X1) and I, € R(X3) are compatible required edges of X, then {I, 5} €
E(Hx). Since both I; and I, are inessential vertices of Hx, by Lemma 8.6.13, it fol-
lows that the edge {11, Is} € E(Hx) must belong to an odd cycle of Hx, contradicting
the fact that Hx is bipartite.

Therefore, no two required edges of X are compatible, u(Hy) = 0, and FORN(X) =
FORN(X;) + FORN(X3) as required. N

Lemma 8.6.15 Let X € &,
compatibility hypergraph. If Hy is triangle-free, then every vertex of Hx is inessential

o) be an n-critical FOR system and let Hx be its

and every edge of Hx belongs to an odd cycle of length at least 5.

[proof] Since Hy is triangle-free, it follows from Lemma 8.5.4 and Corollary 8.5.6
that FORN(X) = 0(Hx) = u(Hx)+def(Hy). By Corollary 8.6.7, for each I € R(X)
there exists an optimal FOR(n, X) in which I is covered by exactly one row, and
all other required interactions are covered by the n — 1 remaining rows. In terms of
Hy, this says that there is a maximum matching M of Hy for which the vertex I is

M-exposed. Thus, I is an inessential vertex of Hy.

Since every vertex of Hy is inessential, it follows from Lemma 8.6.13 that any two
adjacent vertices of Hx must belong to an odd cycle. Since Hx is triangle-free, such
an odd cycle must have length at least 5. H

8.7 Incompatibility graphs and chromatic numbers

For a simple graph G, it is easy to see that (G) = x(G), where G is the complement of
G'. In this section, we use this connection between clique cover numbers and chromatic
numbers to establish a connection between critical FOR systems and colour-critical
graphs.

Let X € &,
underlying graph of Hx is the compatibility graph of X and it is denoted Gx.

w) and let Hy be its compatibility hypergraph. Recall that the

-----
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Corollary 8.7.1 It X € A} is a consistent binary FOR system with forbidden
strength 2, then FORN(X) = 0(Gx) = x(Gx). N

If Gx is the compatibility graph of a FOR system X, then its complement, denoted
Gy, is called the incompatibility graph of X. We now discuss the relationship
between colour-critical incompatibility graphs and critical FOR systems.

Recall that a simple graph G is k-critical if x(G) =k and x(H) < x(G) for every
proper subgraph H C G. If x(G) = k and x(G—v) < x(G) for every vertex v € V(G),
then G is k-vertex-critical. If x(G —v) < x(G) for some vertex v € V(G), then v
is a critical element of G. Similarly, if x(G — ¢e) < x(G) for some edge e € E(G),
then e is a critical element of G.

Proposition 8.7.2 If X € A}, is an n-required-critical binary FOR system with
forbidden strength 2, then its incompatibility graph Gx is n-vertex-critical.

[proof] Let I € R(X). It is easy to see that Gx —I = Gx_;. Since FORN(X — 1) =
n—1=x(Gx_;) = x(Gx — I), we see that I is a critical vertex of Gx. N

Next we give some necessary conditions for a binary FOR system X € X}, with

forbidden strength 2 to be required-critical.

Corollary 8.7.3 If X € X} is an n-required-critical binary FOR system with for-
bidden strength 2, then the minimum degree of its incompatibility graph Gy satisfies

5(C_¥X) > n — 1. Moreover, Gx is connected.

[proof] By Proposition 8.7.2, Gx is an n-vertex-critical graph. It is easy to see that
an n-vertex-critical graph must have minimum degree at least n — 1. It must also be

connected. For proofs of these facts, see Theorems 8.1 and 8.2 in [6]. N

8.8 Strength-2 FOR model and homomorphisms

In this section, we concentrate on v-ary FOR systems of strength 2; for these systems,
we give an alternative model for the problem using a binary relational system. We
also translate the problem of finding the FOR number into a homomorphism problem.

A FOR BRS (of strength 2) is a binary relational system S on the set [k] of vertices,
equipped with an “alphabet” parameter v, and 2 ((g) + v) binary relations on [k].
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The relations of the system S, denoted R (S) and Fy(S), where 1 < a < b < v,
encode (strength-2) required and forbidden interactions as follows: ij € Ry (S) if
and only if {(i,a), (j,0)} is a required interaction; similarly, ij € Fy,(S) if and only
if {(i,a),(j,b)} is a forbidden interaction. The family of FOR BRS having k
vertices and alphabet v is denoted Sy ,,.

For any S € Sj,, there is a system X € A}, that encodes the same set of re-
quired, forbidden, and optional interactions. Given a,b € [v] with a < b, we let
{(i,a),(4,b)} € R(X) if and only if ij € Ry(S), and we let {(i,a), (j,0)} € F(X) if
and only if ij € F,(S). The remaining interactions are optional.

We introduce this notation because, for v-ary FOR systems of strength 2, the binary
relational systems S € S, fit more naturally into the framework of homomorphisms.
Using our new setup, we restate the definition of FOR arrays.

Definition 8.8.1 Let S € S;,. A FOR array of S, denoted FOR(n, S), is an n x k
array A = A;; with symbols from the alphabet [v] such that

1. if ij € Ru(S), then there exists a row index r € [n] such that A,; = a and
Arj = ba
2. if ij € Fy(S), then, for all row indices r € [n], we have A,; # a or A,; # b.

The FOR array number of S, denoted FORN(S), is the smallest n for which a
FOR(n, S) exists, if a FOR array of S exists; if a FOR array of S does not exist, then
FORN(S) = +o0.

We now define a target BRS such that finding a FOR array of S € S;, is equivalent
to finding a homomorphism of S to the appropriate target. In the context of FOR
arrays, these targets are analogues of H-dependence graphs.

Definition 8.8.2 Let n and v be positive integers. The FOR target system,

denoted T(n,v), is the binary relational system with vertex set [v]"

, containing all
v-ary n-tuples, and equipped with v? +v binary relations Ry, and Fy, where 1 < a <
b < v, such that the following property holds: for any two vertices ¥ = (z1,...,x,)

and ¥ = (y1,...,y,) we have
1. Z§ € Rap(T(n,v)) if and only if there exists an index ¢ € [n] such that x; = a
and y; = b;
2. 7y € Fyp(T(n,v)) if and only if, for all indices i € [n], we have z; # a or y; # b.
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The vertices of the FOR target system T(n,v) correspond to potential columns of a
v-ary FOR array with n rows. The relations of T(n,v) encode which pairs of symbols
are covered or avoided by any two columns. Using FOR target systems, FOR array

optimization is now a generalized colouring problem, as follows.

Theorem 8.8.3 Let S € Si,. There exists a FOR(n, S) if and only if S — T(n,v),
and FORN(S) = min{n : S — T(n,v)}. N

T(1,2) T(2,2)

Figure 8.9: The FOR target systems T(1,2) and T(2,2)

In Figure 8.9, we illustrate the two smallest binary FOR target systems, T(1,2) and
T(2,2). These systems have three required relations and three forbidden relations.
We use solid green arcs for the relation Rgy. We use solid blue arcs for the relation
Ry;. We use solid red arcs for the relation R;;. We use dashed green arcs for the
relation Fyy. We use dashed blue arcs for the relation Fy;. We use dashed red arcs
for the relation Fj;. The relations F),;, are the complements of the relations Ry, for
0 <a<b<1,so we omit the dashed arcs in the picture of T(2,2).
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8.8.1 The core of T(n,v)

Here, we show that FOR target systems are cores.

Proposition 8.8.4 For all n > 1, and for all v > 1, the binary relational system
T(n,v) is a core.

[proof] If v =1, then T(n, 1) is simply a vertex with a loop, which is indeed a core.
Assume v > 2. Let & = (z1,...,2,) and ¥ = (y1,...,y,) be two distinct vertices of
T(n,v). There exists (at least) one index i € [n] such that z; # y;. Without loss
of generality, suppose z; < y;. It follows that (Z,y) € R,y (T(n,v)). Consequently,
no homomorphism of T(n,v) — T(n,v) can identify © and ¢ because none of the
relations Ry,(T(n,v)) such that a < b have loops. Thus, T(n,v) is not homomorphic
to any proper subsystem of itself, and is therefore a core. |

Let Z = (z1,...,2,) be a v-ary n-tuple. For each a € [v], let
Z(a) =|{i € [n] : x; = a}|.
The type of ¥ is the v-tuple (Z(1),...,Z(v)).

Lemma 8.8.5 Let f: V(T(n,v)) — V(T(n,v)) be an automorphism of T(n,v). If
Z € V(T (n,v)), then the type of f(Z) must be equal to the type of 7.

[proof] The case when v = 1 is trivial. Assume v > 2. Let ¥ = (x1,...,2,) be
a vertex of T(n,v). Choose a symbol a € [v] that occurs as an entry of Z. For any
b € [v] such that b > a, consider the relation R,,(T(n,v)). Notice that the number of
vertices ¢ € V(T (n,v)) such that 7y € Ra(T(n,v)) depends only on Z(a). There are

Z(a)

Z (l’(a’)),uni'(a) (U . 1)5:’((1)71' — " — Unfi’(a) (U . l)f(a)

, 7
=1
such vertices ¢. In other words, the outdegree of ¥, with respect to the relation R,

is equal to v™ — v~ (y — 1)7(@),

Similarly, for any ¢ € [v] such that ¢ < a, the indegree of #, with respect to the
relation R, is equal to v" — v ¥@(y — 1)%@ . Given integers r and s, we have

vt =" (v —=1)" =v" —v" (v — 1)* if and only if r = s.
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Since automorphisms preserve adjacency for all relations, they must, in particular,
preserve the indegree and outdegree of each vertex, with respect to each of the rela-

tions Rg,. For T(n,v), this can happen only if automorphisms preserve types. |

Proposition 8.8.6 There are n! automorphisms of T(n,v). They are given by the

permutations of [n].

[proof] For each permutation 7 of [n], let f; : V(T(n,v)) — V(T(n,v)) be a
map defined by fr(21,...,2,) = (Tr1), . -, Tr(n)) for each (z1,...,2,) € V(T (n,v)).
Clearly, f, defines an automorphism of T'(n,v).

Suppose [ : V(T(n,v)) — V(T(n,v)) is an automorphism. Consider the vertices of
type (1,n—1,0,...,0) having one occurrence of the symbol 1 and (n—1) occurrences
of the symbol 2. By Lemma 8.8.5, the automorphism f must map the vertices of type
(1,n—1,0,...,0) back onto vertices of the same type. There are n vertices of this type,
one vertex for each position i € [n] where the symbol 1 is located. For convenience,
denote the vertices as €7, ..., €,, where €; is the vertex of type (1,n—1,0,...,0) with
the symbol 1 in position 1.

Define a permutation o so that, for i € [n], we have o(i) = j if f(€;) = €;. We claim
that f = f,-1. If f # f,-1, then there exists a vertex ¥ = (z1,...,2,) € V(T (n,v))
and an index r € [n] such that f(Z) = (y1,...,¥n) and y, # 2,-14). Let s € [n]

be the index such that o(s) = r and consider é;. We have €;7 € Ry, (T(n,v))
and there is only one index, namely s, where the pair of symbols (1, ;) is covered,;
however, f(e;)f(Z) € Ry, (T(n,v)) since the symbol 1 occurs only once in f(é3) = €,
at position r, and in f(Z) = (y1,...,¥yn), Wwe have y, # x,-1(,) = x,. This contradicts
the fact that f is an automorphism, hence f must equal f,-1 as claimed. |

Recall that in Question 3.2.5 we asked: for a given alphabet graph H, what is the
core of the H-dependence graph QI(n, H)? Having proved, in Proposition 8.8.4, that
the FOR target system T(n,v) is a core, we now observe that this result does not
answer Question 3.2.5.

Let G be a column graph with V(G) = [k] and let H be an alphabet graph with
V(H) = [v]. Define a FOR BRS S € S;,, to encode the required interactions of G x H
as follows. Let Fy,(S) = O, for all forbidden relations F,(S). Pairs of columns in a
CA(n;2,G, H) must be H-dependent whenever ij € E(G); so, for all ij € E(G), let
(i,7) € Rap(S) for all ab € E(H). Finding a CA(n;2,G, H) is equivalent to finding
a FOR(n,S). Finding a FOR array of S is equivalent to finding a homomorphism
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of S to T(n,v) for some n; however, the pattern of required edges encoded by S
is uniform among all pairs (i, ) corresponding to an edge of G. We only need to
consider pairs 7y of vertices of T(v,n) in which #y € Ry, (T(n,v)) for all ab € E(H),
in other words, pairs which are H-dependent. In fact, every homomorphism of S
to T(n,v) can be assumed to map to a subsystem of T(n,v) corresponding to the
H-dependence graph, and the forbidden relations F,;(T(n,v)) do not come into play.
The core of this subsystem (in which we do not use forbidden relations) is the subject
of Question 3.2.5 and is certainly not equal to T(n,v).

8.8.2 Higher strength GRS model

It is also possible to model FOR systems of any mixed strength using general relational
systems. For all ¢ € [k], and for all t-tuples (ay,...,a;) € [v]', we can encode the
required interactions of strength ¢ using t-ary relations R, 4,), and we can encode
the forbidden interactions of strength ¢ using t-ary relations Fig,, . 4,). Similarly, we
can also define a general relational target system to convert the problem of finding
FOR arrays into a homomorphism problem.

Although it is worthwhile to note these potential avenues of generalization, we do not

endeavour to go beyond strength 2 here.



Chapter 9

Conclusion

To conclude, we highlight our main contributions, and we pose some of the many
interesting open problems which have arisen as a result of this thesis.

LYM inequalities for alphabet graphs

By defining F-following collections, we were able to apply a permutation-counting
technique to obtain infinitely many classes of LYM inequalities, each class correspond-
ing to one follow digraph. We gave the simplified version of these LYM inequalities
in Theorem 6.2.9.

We characterized the relationship between F-following collections and H-intersecting
collections via alignment decompositions. In Corollary 6.3.2, we proved that the LYM
inequality for F'-following collections is applicable to H-intersecting collections for any
follow digraph F' such that H ~s> F'.

Using the alignment decomposition, we proved that strong graphs are the join of a
complete graph with loops and a complete bipartite graph. We proved, in Corol-
lary 6.4.6, that the maximal follow digraph F'¥! is the unique optimal follow digraph
to use to get a direct bound for H-intersecting collections whenever H is a strong
graph. In Theorem 6.4.8, we showed that if H is not a strong graph, then the best
indirect bounds for H-intersecting collections are given by the maximal follow digraph
of some strong subgraph of H.
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We transformed the LYM inequality for the star S3 into an upper bound on m(n, Ss):

1 a+b 1/a+b
< — ~ —
m(n,Sg)_z_(s( a ) 2( a )

where a + 2b = n, § = (2b),/(a + 2b),, a is in an interval of at most three integers
with a =n (mod 2), and lim a/b= ¢.
n—oo

In Corollary 7.2.2, we improved a known construction for Ss-intersecting collections,
given in [35]. In Lemma 7.2.3, we showed that this construction is optimized when
we have the golden ratio between the class cardinalities of the central vertex and the
leaves.

We transformed the LYM inequality for K3°" into an upper bound on CAK(n;?2,3)
using balancing lemmas. Our upper bound, given in Theorem 7.3.20, improves a
known bound given in [48] for v = 3. For v > 3, we applied Theorem 7.3.20 to the
three smallest classes of each v-packing in a qualitatively independent collection; this

resulted in an improved bound on m(n,v), for large enough v and n, which we give
in Corollary 7.4.1.

In Theorem 7.5.6, we proved that the sum of the single-arc terms of 3 is asymptotically
equal to (4, if Premise 7.5.2 holds, that is, if there is an infinite sequence of F-following

collections whose class cardinalities converge uniformly to some limiting distribution.

Using the single-arc terms of the LYM inequality for K)°°?, we obtained the bound

;(QWUJ +2

Kloop <
m(n, K™) < v2—ov\ |[n/v]+1

)+ o)

which, if Premise 7.5.2 holds, improves the bound we gave using K3°F.

Questions related to LY M inequalities

Q.9.1 (Stars)

Even though our upper bounds on m(n, H) do not give us constructions, they do
give us proportions of symbols (types) to consider. For example, our upper bound on
m(n, S3) has the golden ratio between a and b (central vertex class cardinality and

leaf class cardinality), and, for every n, a lies in a range of at most three integers.
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Does there exist an infinite sequence of covering arrays, {CA(n;; 2, k;, S3)}52,, such
that k; = CAK(n;;2,53), the ith array has a; ones, b; twos, and ¢; threes in every

column, and lim a;/b; = lim a;/c; = ¢?
1—00 71— 00

For every n, does there exist a CA(n; 2, k,, Ss), where k, = CAK(n;2, S3), whose jth
column has a; ones and a; is in the range given by Theorem 7.1.14, for all j € [k,]?

For S5, we also have a construction, given by Koérner and Simonyi [35], that is asymp-
totically optimal with respect to its Sperner capacity. In this construction, given in

Lemma 7.2.1, the symbols 2 and 3 always occur consecutively.

Question 1 For all n, does there exist a {CA(n;2, CAK(n;2,S53),S53)} in which the
symbols 2 and 3 always occur consecutively in every column?

Our upper bound on m(n, Ss) is not tight (see Table 7.1 beginning with n = 7), and
columns in optimal CA(n; 2, k, S3) do not necessarily have a common index-weight, as
in the construction given in Lemma 7.2.1; nevertheless, the lower and upper bounds
on m(n, S3) are relatively close and share the same golden proportions.

Problem 1 For all n, determine CAK(n; 2, S3).

Stars, in general, seem like good candidates for further work. The LYM inequality
for star-intersecting collections (see Theorem 7.1.1) is relatively simple for all v > 2.

From the LYM inequality for Sy, what is the corresponding upper bound on m(n, Sy)?
Better yet, what is this upper bound on m(n, S,) for all v > 47

Q.9.2 (Complete graphs with loops)
From our LYM inequality for K ***-intersecting collections (see Appendix A), what is
the corresponding upper bound on m(n, K;")?

Is there a better approach for transforming the LYM inequality for K3 °"-intersecting
collections into an upper bound on m(n, K*°*)? What is the best approach to trans-
form the LYM inequality for K" into an upper bound on m(n, K}*°?) for all v > 37

For Ky and K3*°, the upper bounds on m(n, K***) involve balanced class cardinal-
ities in their formulas.

Conjecture 1 For all v > 2, the upper bound on m(n, K°°?), corresponding to the
LYM inequality for K)*°P-intersecting collections, is balanced.
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Q.9.3 (Single-arc terms)

Assuming Premise 7.5.2 holds, we justified using the sum of the single-arc terms in
B(PP, FH n) as an estimate for 3(%, 2 n). Compare the actual upper bounds on
m(n, H) to the upper bound obtained from the single-arc estimate, where H is one of
the alphabet graphs Ky, Ky, K", or S3; in these cases, both bounds exhibit the

same type of balance.

Question 2 Does Premise 7.5.2 hold for complete graphs with loops? Does it hold
for stars or complete bipartite graphs? Does it hold for strong graphs?

Q.9.4 (Sperner capacities)

There seems to be a parallel between Sperner capacities of alphabet graphs and the
way we obtain our upper bounds from our LYM inequalities for H-intersecting col-
lections: we balance occurrences of symbols to minimize [ (this seems analogous to
finding the maximizing probability distribution on V(H)) and we reciprocate and
isolate a binomial coefficient corresponding to some single-arc term (this seems anal-
ogous to looking at the entropy of a single edge). It is also remarkable, that the upper
bound we obtained on m(n, S3) has the golden proportion between a and b, while the
maximizing distribution on V' (S3), with respect to Sperner capacities, also has the
golden ratio between the probability on the central vertex and the probability on the
leaf vertices (see Table 5.1).

Given an alphabet graph H, how is our method for obtaining upper bounds on
m(n, H) using LYM inequalities connected to the Sperner capacity of H?

Q.9.5 (Alphabet graphs that are not strong graphs)

If H is not a strong alphabet graph, then we get a finite list of LYM inequalities for
H-intersecting collections—one inequality for each strong subgraph of H, given by
the maximal follow digraph of the respective strong subgraph (recall that when H is
a strong graph, there is only one LYM inequality for H worth considering: the LYM
inequality of the maximal follow digraph Ff1). The strong subgraph K, C H always
gives a LYM inequality for H-intersecting collections, but, intuitively, we prefer to
use larger strong subgraphs, if possible, in order to capture more of the intersection
properties encoded by H.

Among the list of LYM inequalities for a non-strong alphabet graph H, is there one
that best captures H-intersecting collections? If, for each strong subgraph of H, we
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transform the corresponding LYM inequality into an upper bound on m(n, H), is
there a particular strong subgraph that gives the tightest upper bound?

Covering arrays on column and alphabet graphs

We defined H-dependence graphs and showed that determining CAN(2,G, H) is
equivalent to finding the minimum n such that G is homomorphic to the H-dependence
graph Ql(n, H).

We compared covering arrays on directed column graphs with the directed alphabet
graph T5 to undirected binary covering arrays. For any column graph G and any
orientation G’ of GG, we established the bounds

%CAN(Z G,2)— 1< CAN(2, @, Ty) < CAN(2, G, 2) — 1

in Proposition 4.1.1, and we provided classes of column graphs achieving each of these
bounds.

For a k-tournament column graph O, we gave the bounds

Mog, k] < CAN(2,0,T5) < min {n k< 2(L(n”__1)1/2j> } .

The lower bound followed from the fact that homomorphisms of tournaments into the
T, dependence graph must be vertex-injective (see Lemma 4.4.2). The upper bound
followed from a construction using the subsets of largest rank in the poset of subsets
of [n — 1] (see Proposition 4.4.9). Both these bounds are asymptotically equal to
log, k.

In Theorem 4.4.3, we proved that CAN(2, T}, T5) = [log, k] for all k.

In Proposition 4.4.4, we gave a new construction for building binary covering arrays
of strength 2 using covering arrays on transitive tournaments with alphabet graph T5
as building blocks. Although this construction is not optimal, it demonstrates how
covering arrays on directed column graphs might be useful as ingredients for building

classical covering arrays.

Circular tournaments are an interesting family of column graphs that we considered.
For small values of k, they have the largest covering array number among all k-
tournament column graphs with alphabet graph T5.
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In Proposition 4.5.6, we gave a construction for covering arrays on €2, with alphabet

graph T that makes use of the Kruskal-Katona Theorem. This construction implies

oAty min{neks (0 )+ (0 )

In Proposition 4.5.11, we gave a recursive construction that implies
CAN(2,Q, T) = [log, k]
for infinitely many values of k.

For a directed alphabet graph H, we defined the Sperner capacity of H with respect
to transitive tournaments, and in Corollary 5.3.6, we showed that

P
S(HATLY) = in (P, +F) h(—5—"
(HATL}) = max min (Fo+ Fy) (Pa+Pb)

where the maximum is taken over all probability distributions P on V (H).

Questions related to CA(n;2,G, H)

Q.9.6 (Tournament column graphs)
For circular tournament column graphs, determining CAN(2, Q, T5) would make a

nice counterpart to Sperner’s Theorem.

Problem 2 For all k, determine CAN(2, Qy, T5).

We conjectured that circular tournaments are the worst tournament column graphs
in terms of having the largest covering array numbers among all tournament column

graphs with alphabet graph T5 (see Conjecture 4.5.1).
Is CAN(2,0,T;) < CAN(2, 4, T3) for all k-tournaments O7

Similar questions arise for covering arrays on tournament column graphs with directed

alphabet graphs other than T5.

Given a directed alphabet graph H (other than T3), and a k-tournament column
graph O, is it true that CAN(2, Ty, H) < CAN(2,0, H)? If we sort all k-tournaments
O according to CAN(2, O, H), does this ordering change when we change the alphabet
graph?
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Q.9.7 (H-dependence graphs)

Given an alphabet graph H, what is the core of the H-dependence graph QI(n, H)?
Do the vertices of the core of QI(n, H) exhibit a specific proportion of symbols related
to the structure of H? What is the clique number w(QI(n, H))?

FOR arrays

In Proposition 8.5.1, we proved that determining FORN(X) is equivalent to find-
ing the minimum number of edges needed to cover the vertices of the compatibility
hypergraph Hx.

When FOR systems are binary and have forbidden strength 2, we proved, in Propo-
sition 8.5.1, that cliques in the compatibility hypergraph are edges; in other words,
for the elements of a set of required interactions, being pairwise compatible implies
being set-wise compatible. In this case (binary, forbidden strength 2), determining
FORN(X) is equivalent to determining the clique cover number 0(Hx). We proved
that this is not the case if either the alphabet size is non-binary or if the forbidden
strength goes beyond 2.

We determined the effects of removing (relabelling as optional) a required or forbidden
interaction from a FOR system. Removing a required interaction can reduce FORN
by at most one (see Lemma 8.6.8). Removing a forbidden interaction of strength ¢
can reduce FORN by a factor of ¢ (see Corollary 8.6.10).

We defined critical FOR systems, giving examples, direct constructions and recursive
constructions. In Proposition 8.7.2, we showed that binary required-critical FOR

systems of forbidden strength 2 have vertex-critical incompatibility graphs.

For testing problems of strength 2, we defined an alternative way to model FOR
arrays using binary relational systems called FOR BRS. The vertices of a FOR BRS
correspond to the factors of some testing problem and it has relations to encode
every possible pair of symbols that could be required or forbidden. We defined FOR
target systems; the vertices of T(n,v) correspond to all possible columns of a FOR
array with alphabet size v and n rows (all v-ary n-tuples), and the arc relations of
T(n,v) encode which pairs of columns cover or avoid a given pair of symbols. In
Theorem 8.8.3, we proved that given a FOR BRS S € Sy, there exists FOR(n, ) if
and only if there is a homomorphism of S to the target FOR system T(n,v).
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In Proposition 8.8.4, we proved that the target FOR system T(n,v) is a core. Con-

sequently, there is no smaller target system to consider that would suffice for every

possible FOR BRS.

Questions related to FOR arrays

Q.9.8 (Compatibility hypergraphs)

In Proposition 8.5.2, we showed that a set of pairwise compatible required edges is
compatible as a whole (that is, a clique of the compatibility graph is an edge) if the
given FOR system X is binary and of forbidden strength 2. Let X € &}, be a v-ary
FOR system. If every v required interactions in a set S C R(X) is compatible, then
let us say that S is v-wise compatible.

Let v > 3. If X € X}, has forbidden strength at most v — 1, does a set S C R(X)
being v-wise compatible guarantee that the entire set S is compatible?

Q.9.9 (Critical systems)

In Section 8.6, we explored the notion of critical FOR systems and gave a few simple

constructions for binary systems of strength 2 with safe values or dummy values.

Problem 3 Find examples of critical FOR systems that do not have safe values.
Find examples of critical systems with interactions of higher strength.



Appendix A

Inventory of LYM inequalities
for H-intersecting collections

This appendix contains an inventory of LYM inequalities for H-intersecting collec-
tions. Each graph H is given with its maximal follow digraph F'¥!. The vertices of H
are labelled with letters from {a, b, c,d}. We give the corresponding LYM inequality
for an H-intersecting collection % = {P,..., P,}. To make the LYM inequalities
more readable, for each P; € % and for each o € V(H), the class cardinality |P?| is
denoted «y, for the appropriate « € {a,b, ¢, d}.

H FH
@—® @—0®
LYM inequality
> oy <!

: a; + b;
=1
( a; )

Remarks

This is a well-known LYM-like inequality (see Theorem 2.1.3) and the LYM Inequality
follows as a special case (see Theorem 2.1.2). Our proof using the given follow digraph
corresponds to the proof techniques of Lubell [38], Katona [33], and Tarjan [59].
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LYM inequality

m

2
ZW“
a;

Remarks

This is a known LYM-like inequality (see Theorem 6.1.5). In their proof of Theo-
rem 2.3.4, Poljak and Tuza [48] applied the inequality of Theorem 2.1.3 to twice as
many sets in the collection, which essentially yielded the above inequality. Stevens [55]
proved this LYM inequality by counting permutations (our proof using the follow di-
graph F is essentially the same). The result also appeared in the paper by Stevens,
Moura and Mendelsohn [57].

H FH

: 4

LYM inequality

m

1 1 1
> T - <1
Py a; + bl a; + ¢ a; + bl + ¢
a; a; a;

This is a known LYM-like inequality. It was given without proof by Koérner and

Remarks

Simonyi [35]. Ahlswede and Cai [1] determined the properties of those collections
for which equality is achieved. In Theorem 7.1.14, we give the corresponding upper

bound.




=S| o]

LYM inequality

Z 1 . 1 n 1 B 1 B 1 <1
i1 al+bl bz—l—cz aﬁ—ci az+bz+cl aﬁ—bz—l—cz -

a; b; G b; Ci
H FH

T

LYM inequality

- 1 1 2 1 1 1
> - + — — — <1
prt a; + b; a; + ¢; b; + ¢; a; +b; +¢ a; +b; +¢ a; +b; + ¢
bi C; bi a; bi C;
H FH

A

LYM inequality

m

2 2 _ 2 B 2 B 2 <1

2
; ai—i—bi + bi—i—ci + ai-i-ci a,-—i—bi—l—ci ai—i—bi—i—ci ai+bi+ci -
a; bi C; a; bi C;




®O©d OO
@)

LYM inequality

m

1 1 1 1

; a; + b; * a; + ¢; * a; +d;\  [a; +b; +c;
Qj a; a; a;

1 1 1

B a; +b; +d; - a; +c¢; +d; + a; +b;+c¢;+d;
a; a; a;

<1

il

LYM inequality

“ 1 1 1 1
; ai + ¢ aﬁ—d b+Cz T (mtatd) [amtbito
a; b; a; C;
1 1

B <az+d)<b +Cz> <az+b —l—d) B <bz‘+Cz’+di> B <Gi+6i><bi+dz’>
b; a; b;

di .
~(ci—1+7\(ai+bi+di—j
+<az+b +Cz+d> JZ( ci—1 >< bi )
1

0
ai, bi, ¢, d;

. d; . .
di =147\ (ai+bi+ci—j ~(ci—1+j\(ai+bi+di—j
+]Z:;J< d 1 )< bi >+‘U< Ci—l a;

J]=

o di—14+j5\[(a;+b;+c—j 1
— <1
+j;0( di_l )( a; > (ai—l—bi-l—ci—f-di)_

a; +b;
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LYM inequality

2 2

) 69 (“’”)+(b’2“)+(b’id) g%

(al —|—b —|—cz>

az—i—b + ¢

)
(az—f—b +cz> (aﬂrb +d) <a2+b +d) (a,+b +d)

(az—l—cq—kd) <aL—|—cz+d> (b —|—c,+d> (b —|—cz—|—d>

bl—l—cz—i—d

)
az+cl+d)
o)

al—&—b cz—i—d a; +¢\ (b +d; a; +d;\ (bi + ¢
a; b; a; b;

2 2

m+b+q+m

< +b4ﬂ%+d)_+(%+Wr+%+dv_+(%+ﬁr+@+do
Ci d;

+ + [ \
PR — ] ]

a; +b; +cl+d
] 7=0
a%b’uczaz
1 7 b dz_’ - dz_l 7 b 0
+Z C; +7\ (a; +b; + J n +i\[(ai+tbi+ci—]
-1 b; ; d; — 1

7=0 7=0

U fd =15 (@bt — 5\ o (bi— 1+ y az+cz+d —j
+ d —1 ) + )

=0 1 (& =0 2

S b= 149\ (aiteitdi— 5\ < (di— 1+ y az+b+cz j
+ b —1 ) + d —

jZO (2 C’l JZO 7

bi ci—1+79\[a;+b;+d; —j (b — 147 al—i—cl—ﬁ—d -
i 1 d; * bi— 1

j:O Cl (2 JIO (3

L= 145 (@it it di— ) < (i 1+ al+b i
+ +

- bi—l dl - Ci—l

j=0 7=0

(continues overleaf)

CI di—1+7j\(ait+bi+ci—J +§: =147\ [(ai+b+di—]
> d—]. bl . Ci_]- a;
—1 .

)
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