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Abstract

In this thesis, we study the representation theory of Lie colour algebras. Our strategy
follows the work of G. Benkart, C. L. Shader and A. Ram in 1998, which is to use the
Brauer algebras which appear as the commutant of the orthosymplectic Lie colour
algebra when they act on a k-fold tensor product of the standard representation. We
give a general combinatorial construction of highest weight vectors using tableaux,
and compute characters of the irreducible summands in some borderline cases. Along
the way, we prove the RSK-correspondence for tableaux and the PBW theorem for

Lie colour algebras.
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Chapter 1

Introduction

One of the remarkable results in representation theory, now referred to as Schur-Weyl
duality, connects the irreducible representations of the general linear group GL,(C)
to the irreducible representations of the symmetric group Sy. Precisely, let V be an
n-dimensional vector space. There is an action of GL,(C) on V®* that commutes
with the action of Sj, on V®*. Moreover, the action of GL,(C) generates the full
centralizer of the action of Si, and vice versa. Thus Schur-Weyl duality says that

there is a multiplicity free decomposition of V®* as an Sj, x G L, (C)-module, given by
Ve~ (B st e BN
A

Here the sum is over all partitions A of k with length at most n, and S* and E*
are the irreducible representations of Sy and G L, (C) respectively parametrized by A.
From Schur-Weyl duality, one can compute the characters of these GL, (C)-modules,
which turn out to be Schur polynomials. These polynomials are certain symmetric
polynomials, named after Issai Schur. Different variations of Schur polynomials appear

as characters of representations of similar algebraic structures. For example the hook
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Schur functions describe the characters of the irreducible representations of the Lie
superalgebra gl(m,n). See for example [BR8T].

The main objective of this thesis is a generalization of Schur-Weyl duality due to
G. Benkart, C. L. Shader and A. Ram to the setting of the orthosymplectic Lie colour
algebras, spo(V, 3).

The general linear group G L, (C) admits several important subgroups, such as
the orthogonal group O(n) and the symplectic group Sp(2n). In order to obtain a
Schur-Weyl duality-like theorem in terms of O(n), one has to find a larger algebra B
whose action generates the full centralizer of the action of O(n). Ideally, this algebra
B should contain Sy as a subalgebra. In 1937, Richard Brauer introduced an algebra
in [Bra3d7], now referred to as the Brauer algebra By(n), where n € C. The Brauer
algebra Byg(n) (respectively Bi(—2m)) plays the same role as C[Sk] in Schur-Weyl
duality when G L, (C) is replaced by O(n) (respectively Sp(2m)). The Brauer algebra
plays a principal role in the fundamental book, The Classical Groups, [Wey97] by
Hermann Weyl.

The outline of the thesis is as follows. In Chapter [2] we study the orthosympletic
Lie colour algebra, which is a family of Lie colour algebras which generalizes both the
orthogonal and symplectic Lie algebras. In Chapter (3|, we prove two versions of the
Poincaré-Birkhoff-Witt (PBW) theorem in the Lie colour algebra setting. In Chapter
, we discuss the commuting actions of the Brauer algebra and spo(V, §) on a tensor
space V¥ In Chapter , we construct highest weight vectors of spo(V, 3)-submodules
of V@ following [BSRO§|. In the last chapter, we calculate modules in a borderline
case that is a case does not satisfy the hypothesis of [BSRI8, Proposition 4.2]. We
explore extra examples not covered by [BSR98, Proposition 4.2] or Theorem m

which show how the conclusions can fail for a variety of reasons. Our main results are
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Theorem [6.3.2] and Corollary [6.5.9} In Appendix [A] we include a brief introduction to

Schur polynomials and the RSK correspondence.

(i)

Our main original contributions in this thesis are

We generalize the proof of the PBW theorem to the Lie colour algebra case. In
fact, the PBW theorem for Lie algebras and Lie superalgebras are also deduced

from our proof.

In [BSROS], Benkart et. al introduced a right action of the Brauer algebra
Byi(n —m) on V® which commutes with the left action of spo(V,3) on V&,

We elaborate these commuting actions with detailed examples.

We give a detailed example in Section to find the highest weight vectors of

V ® V, and then find the submodules generated by the highest weight vectors.

Using this example for intuition, we extend one of the theorems [BSR98, Propo-

sition 4.2] to a borderline case, which we do in Theorem

We compute the characters of the irreducible summands of V ® V' in this
borderline case, and use them to show that the submodules we obtained in

Theorem coincide with those predicted by spo(V, 8) x By duality.

In the future, it would be interesting to learn more about the combinatorial

description of the characters of the spo(V, #)-submodules, in terms of variants of

Young tableaux. Another unexplored avenue of research is the relation between the

spo(V, B)-submodules generated by the highest weight vectors from Theorem m

and the modules predicted by spo(V, 3) x By duality. It is also interesting to extend

[BSROS8, Proposition 4.2] to other borderline cases beyond the ones we investigated

here.



Chapter 2

Lie colour algebras and spo(V, 3)

The goal of this chapter is to explore the structure theory of the orthosymplectic
Lie colour algebra spo(V,3). In Section , we give the definition of Lie colour
algebras and analyze some of their basic properties. In Section [2.2] we define the
modules of Lie colour algebras and give some examples such as the trivial module,
the contragredient module and the tensor product of modules. Then we give the
definition of g-module morphisms, and provide an important example, called the
braiding morphism, in Proposition [2.2.10 which plays a vital role in the subsequent
chapters. In Section [2.3] we describe the main object in this thesis, the othosymplectic
Lie colour algebra spo(V, 3). In the last two sections, Section and Section , we
first give homogeneous bases of V', V* and spo(V, ) respectively, and then give an
explicit description of the roots and root vectors in spo(V, 3). Moreover, we provide a
basis of root vectors which will be used in the proof of one of the main theorems in
our thesis, Theorem [5.4.1]

The material in this chapter comes from [BSRI§| but the examples as well as the

proofs are ours.
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As of Section [2.4], in the rest of this thesis ' will be assumed algebraically closed

and char[F # 2.

2.1 Lie colour algebras

Definition 2.1.1. Let G be a finite abelian group with identity 1. A symmetric

bicharacter on G over a field F is a map B : G x G — F* such that
(i) B(ab,c) = B(a,c)B(b,c), for all a,b,c € G;
(i7) B(a,bc) = B(a,b)B(a,c), for all a,b,c € G; and

(11i) B(a,b)B(b,a) =1, for all a,b € G.

Notice that [ is called a bicharacter because holding one variable fixed gives a
character, which is a 1-dimensional representation in the other variable. In the rest
of the thesis, S plays a very important role. We will define new categories of vector

spaces, algebras and maps based on f3.

Lemma 2.1.2. Let 8 be a symmetric bicharacter on an abelian group G. Then we

have the following:
(i) B(lg,a) = B(a,1¢) = 1 for all a in G,
(ii) Bla~",a) = B(a,a™?) = B(a,a)~" for all a in G,
(iii) Bab,ab) = B(a,a)B(b,b) for all a,b in G,
(iv) Bla,a) € {—1,1} for all a in G.

Proof. Let a,b € G. By Definition [2.1.1}, we have
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(i) B(b,a) = B(1g,a)B(b,a) which implies that 5(1g,a) = 1 for all @ in G. Similarly
we have B(a,1g) =1 for all a in G.

(i) Consequently we have 1 = f(a,1¢) = B(a,aa™') = B(a,a)B(a,a™'). Hence

B(a,a™) = B(a,a)™! for all a in G.
(iii) For all a,b in G, we have B(ab, ab) = 5(a,a)B(a,b)B(b,a)B(b,b) = S(a,a)s(b,b).

(iv) Since f(a,b)B(b,a) =1, we have f(a,a)B(a,a) =1 for all @ in G. This implies
B(a,a) € {—1,1} for all a in G. O

Example 2.1.3. Let G be an abelian group. Then  : G x G — F* such that

B(a,b) =1 for all a,b in G is a symmetric bicharacter.

Example 2.1.4. Let G = Zy x Zy = {(0,0),(1,0),(0,1),(1,1)}. Let a = (a1, a2) and
b = (b1,b2) be in G. The group operation of G is a + b := (a; + by, as + by). Let us
verify that

Bla,b) = (—=1)*® where a - b = a1by + azby, a,b € G

is a symmetric bicharacter.

Take a = (ay,a3),b = (b1, b2) and ¢ = (¢4, ¢2) in G. Then we have

ﬁ(a + b’ C) — (_1)(a+b)~c — (_1)(a1+b1)c1+(02+b2)02

_ (_1)a101+11202 (_1)b101+b202

= B(a,c)B(b, )

which verifies the first condition of Definition 2.1.1l The second condition follows since
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a-b=">0-a. Now for the third condition, we have

B(a.b)B(b,a) = (~1)**(~1)"* = (~1)** = 1,

Therefore, the 5 we defined in Example is a symmetric bicharacter.

Definition 2.1.5. If an F-vector space V has a direct sum decomposition
v-@v.
aceG

where each V, is subspace of V indexed by a € G, then V s called a G-graded vector
space. Moreover, if v € V, for some a € G, then v s called homogeneous of degree a.

We say v has colour a.

Definition 2.1.6. Given a symmetric bicharacter 3 on a group G, a Lie colour algebra

g 1s a G-graded vector space

g= @ga
acG
together with an F-bilinear map [-,-] : g X g — ¢ such that
(Z) [gaagb] g Yab; fOT’ all a>b € G;
(ii) [x,y] = —B(b,a)ly, z], for x € g,y € O,
(iii) For all x € g, Yy € G, and z € g., the Jacobi identity for Lie colour algebras,

given by

Bla, )z, [y, 21] + Be, b) [z, [z, y]] + B(b, a)ly, [z, 2] = 0, (2.1.1)

15 satisfied.
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Lemma 2.1.7. The Lie colour algebra Jacobi identity is equivalent to

[z, [y, 2]] = [[z,y], 2] + B(b,a)[y, [z, z]], for allx € g4,y € gp and z € g.  (2.1.2)

Proof. First suppose that = € g,, v € @i, and 2z € g,, for some a,b,c € G. We swap z
with [z, y] in the second term of (2.1.1)) and swap z with x in the third term of (2.1.1)).

Then becomes
B(aa C) [.1', [ya Z” - 6(0? b)ﬂ(abv C)Hxv y]v Z] - B(b? a)ﬁ(% C) [yv [:U> ZH = O,

which can be simplified to

Bla, o)z, ly, 2] = B(a, ) [z, ], 2] = B(b, a) (e, Ay, [, 2]] = 0.

Dividing both sides of the above equation by f(a,c) and rearranging the equation
gives

[z, [y, 2]] = [lz, 9], 2] + B (b, @)y, [, 2]].

The resulting equation is independent of the choice of ¢. Since (2.1.2)) is linear in z,

we thus conclude it holds for all z € g. m
Example 2.1.8.

(i) Let G = {1} be the trivial group. Then the Lie colour algebra g is a Lie algebra

in the classical sense.

(i) Let G = Zy = {0,1}, and $(a,b) = (—1)? for all a,b € G. Then the Lie colour

algebra g is a Lie superalgebra.
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We can classify the elements a in G by the value of S(a,a). According to Lemma

2.1.2| we know that (a,a) = £1. Therefore we define
G ={aeG|p(a,a) =1} and G1y = {a € G| B(a,a) = —1}. (2.1.3)

We have G' = G () U G(1), and G is a subgroup of G. Moreover, given a Lie colour

algebra g, we define

g0) = @ g and gy = EB Ja-

aGG(O) aEG(l)

This gives a decomposition of Lie colour algebras as vector spaces:

9 =90 D9

Remark 2.1.9.

(i) g0 is a Lie colour subalgebra of g.

(ii) g(1) is not subalgebra of g unless [9(1),9(1)] =0.

The first part is clear since G(g) is a subgroup of G. Therefore g is closed. For
(ii): take x € g, and y € g, such that S(a,a) = B(b,b) = —1. So x,y € gn), and
[z,y] € gap. However, B(ab,ab) = (a,a)B(b,b) = 1. Therefore [z,y] is not in g

unless [z,y] = 0.

2.2 The category of modules of Lie colour algebras

In this section, as in classic Lie algebra textbooks, we discuss the concepts of Lie colour
algebra modules and module morphisms. Moreover we define the braid morphism

which will be a very important tool in later sections.
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Definition 2.2.1. Let g be a Lie colour algebra. A g-module is a G-graded F-vector

space V = @ e Va together with a g-action

gx V=V, (x,v) — v

which is a bilinear map satisfying the following properties:
(i) If x € g, and v €'V}, then xv € Vg,
(i1) [z,y]v = x(yv) — B(b,a)y(xv), for all x € gu, y € gy and for allv € V.
A g-module is also called a representation of g over F.

Example 2.2.2. Let V = g, with the action of g on itself given by (z,y) — [z,y] for
all x,y € g. Then together with this action, g is a g-module by Definition and
Lemma [2.1.7] This g-module is called the adjoint representation.

Example 2.2.3. The trivial module of g is the one-dimensional vector space V' with

grading V' = Vj,. The g-action is defined as x-v =0 forall z € gand v € V.

Definition 2.2.4. Let V be a g-module over the field F. The contragredient module

of V' is the vector space V* .= {f :V — T | f is a linear functional }, such that
(1) the G-grading is defined by (V*), ={f € V*| f(V4) =0 if a # b '},
(ii) the g-action is defined on homogeneous elements by

(zf)(v) = =B(ba) f(zv)

forallxz € g,, fe (V") andv e V.
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Let B = {vy,...,v,} be a homogeneous basis of a g-module V. We denote
B* = {v',...,v"} the dual basis of V* defined by v'(v;) = §;; for all 1 <4, < n.
Notice that since B is a homogeneous basis of V' = ®,c¢V,, it can be partitioned into
bases for each V,. Thus by the way we define v*, we conclude that B* is a homogeneous

basis of VV*. Then we compute the colour of v’ by the following lemma.

Lemma 2.2.5. Let v; € B have colour c. Then v has colour ¢ *.

Proof. Let v; have colour ¢. Since v* is homogeneous, v'(v;) = 1 # 0 and v'(v;) = 0

for any v; not in V, implies that v* has colour ¢! by Definition [2.2.4] O

Now that we have defined g-modules, we must define the morphisms between

them.

Definition 2.2.6. Let V and W be g-modules. A g-module morphism from V to W

is an F-linear map ¢ : V. — W satisfying
(1) ¢(zv) = z(pv) for all x € g and all v € V, and
(1) ¢(V,) C W, forall a € G.
The set of all g-module morphisms from V to W is denoted Homy(V, W).

Notice that If a g-module morphism has an inverse which is also a g-module
morphism, then we call it g-module isomorphism. Moreover, if V' = W in Definition
then an element ¢ € Homgy(V, V) is a graded operator on V' which commutes
with the action of g.

One frequently-used g-module example in this thesis is the tensor product given

by the following definition.
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Definition 2.2.7. Suppose V' and W are two g-modules. By definition V' and W are
G-graded vector spaces. Then V @ W is again a G-graded vector space with respect to

the G-grading

We define the g-module structure on V& W by defining the g-action

r(v@w)=zv®@w+ f(b,a)v @ zw

forallz € g,, veEV, andw e W.

It is straightforward to verify that Definition [2.2.7] satisfies the conditions of

Definition 2.2.1]
Example 2.2.8.

(i) Let V' be the trivial module, as defined in Example [2.2.3, Then (V @ W), =
F® W, =W, for all a € G. In particular, V ® W — W such that a ® w — aw

for all @ € F is a g-module isomorphism.

(i) However, let G = Z, = {0,1}. Let V = V5 & V; such that V5 = {0} and V; =F.
Let W = W5 @ Wi such that W5 = {0} and W; = W. Let g act trivially
on V. Then V ® W is isomorphic to W as vector spaces. However, the map
Vi ® Wi — Wi is not a g-module isomorphism since there does not exist a

grading compatible homomorphism.

Lemma 2.2.9. Let M, N,U,V be g-modules, and let f : M — U and g : N =V be

two g-module morphisms. Then

fRg:MON->URV
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m@n— f(m)®g(n)

1s again a g-module morphism.

Proof. We first verify the first condition of Definition [2.2.6| Take x € g,,m € M, and
n € N. Then by Definition [2.2.7, z(m ® n) is equal to

rm ®@n + B(b,a)m @ . (2.2.1)
Since f(xm) = 2(fm) and g(zn) = z(gn), applying f @ g to gives
flam) ® g(n) + B(b,a) f(m) ® g(zn) = z(fm) @ g(n) + B(b, a) f(m) @ z(gn),
which is equal to

z(f(m) ® g(n))

since f and g preserve colours.

Secondly, recall from Definition we have

Then take any arbitrary homogeneous simple tensor m, ® n, € M, ® N,. By
we have

(f @ g)(ma@my) = f(ma) @ g(my) €U, @V, C(URV),.
By linearity, (ii) holds. O

Next we give some examples of g-module morphisms which play a vital role in
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Chapter [4

Proposition 2.2.10. Let M, N be g-modules. Consider the linear map RM,N defined

on homogeneous elements m € M, and n € N, by

Ryn:M®@N - N®M

m®n +— ((b,a)n @ m.

Then RM,N 1s a g-module isomorphism called the braiding morphism.

Proof. First we verify that RM7 ~ is a g-module morphism. The second condition of
Definition 2.2.6] is satisfied since m ® n has the same colour as n ® m. For the first

condition, take x € g,,m € M, and n € N.. Then we have

Run(z(m®@n)) = Ry n(zm @n+ B(b,a)m @ xn)
= Ry n(zm @ n) + B(b,a) Ry n(m @ zn)
— B(c,ab)n @ zm + B(b, a)B(ac, b)zn @ m
— B(c,a)B(c,b)n @ xm + B(b, a)B(a, b)B(c, b)zn @ m
= B(c,a)B(c,byn @ zm + Blc,b)an & m
= B(c,b)(zn @ m + B(c, a)n @ zm)
= Ble,b)z(n @ m)

=Ry n(m®n).

Therefore by Definition m RM, ~ is a g-module morphism.
Moreover, since ((a,b)3(b,a) = 1 for all a,b € G, we have that R%LN = lyen-

Thus, RM7 ~ is an g-module isomorphism. O
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Let V be a g-module. The braid morphism Rvy is an isomorphism of V ® V
defined by swapping two factors, that is, sending v, ® v, to 5(b,a)v, ® v, for all
homogenous elements v,, v, € V with colour a and b respectively.

Then for all k € Zs, we define R; = R(; ;1) on VE* by
R; = id®“ YV @ (=Ryy) ®@id®*FY), (2.2.2)

Notice that since Rvy is a g-module isomorphism, —Rv,v is also a g-module
isomorphism. The reason we introduce this minus sign is that in Chapter {4, we will
define a right action of the Brauer algebra on V®*. Then the action of the generator

s; on V& on the right will be the same as R; acting on V®* on the left.

Lemma 2.2.11. The maps R; satisfy the same relations as the standard generators

of the symmetric group. Namely we have
(Z) RzQ =1,
(ii) RiR; = R;R; if i — j| > 2,

(ZZZ) RZRl—‘rle = Rl‘+1RiRi+1.

Proof. The proof is a straightforward calculation from the definition of R;’s and the

property of the symmetric bicharacter. m

Consequently, for any permutation m, if we choose an expression 7 = s;, -+ - s;, as

a product of adjacent transpositions, where s;; = (i;,; + 1), then we can define R, as

Ry = BBy R,

ip*

(2.2.3)

Lemma [2.2.11] implies that R is independent of the choice of expression.
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Lemma 2.2.12. Let V' be a g-module with homogeneous basis B = {vy,...,v,}. Let
V* be the contragredient module of V' with homogeneous basis B* = {v',... v"} dual

to B. Let Vi, be the trivial g-module. Then the following maps

(i) the map pry : Vi, = V @ V* such that 1 — > v; ® v*, and

(ii) the evaluation map evy : V*QV — Vi, such that v'®@u; — 6, ; for alll <i,5 <n
are g-module morphisms.
Remark 2.2.13. Note that the map pry is also called the coevaluation map.

Proof. Note that pry(zl) = pry(0) = 0 for all x € g. In order to prove that
pry satisfies the first condition of Definition [2.2.6| it suffices to show that for all
homogeneous elements x € g, apry(l) = x>, v; ® v*) = 0, that is to show
Q=>" v;®0v" is a g-invariant tensor.

Let B = {vy,...,v,} be a homogeneous basis of V' such that for all 1 <i < n,
v; has colour a; € G. By Lemma the dual basis vector v has colour a;l. Let
x € g be homogeneous with colour b € G. We then write zv; and zv explicitly. First

notice that
n

TU; = Zcikvk, (2.2.4)

k=1

for some ¢;; € F. Then for each 1 < j < n, we have

(20")(v;) = —Bla; ', b)v' (wv;)

= —B(a;",b) ) cjev' (ve)
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Thus we deduce that

v = Z —B(c;, a)ev . (2.2.5)

Therefore we have

x (i: v; ® vi> = zn:xvi R v+ zn:ﬁ(ai, b)v; ® v’
i=1 i=1 i=1
— Z Z CikUk ® Ui + Z Z —ﬂ(ai, b)ﬁ((li_l, b)CjiUi ® ’Uj

i=1 k=1 i=1 j=1

:ZZcikvkébvi—Zchm@vj =0.

i=1 k=1 i=1 j=1

Thus follows from the fact that both 1 and €2 have colour 1, pry is a g-module

morphism. The proof of evy being a g-module morphism is similar. O

Notice that the maps in Lemma [2.2.12| are independent of the choice of basis. See
for example [Kas95, Section I1.3].
Now let V' and W be two g-modules. We notice that pry gy can be obtained by

the following composition of the maps:
Vie S5 VeV 2 VeV, oV XN vy o w o W e V.

Similarly the map evy gy can be obtained by

id®evy ®id

W V*eVeW: W@V, eW=WweWw* 2% v,

Thus inductively, we have the following lemma.

Lemma 2.2.14. Let V' be a g-module. Let B = {vy,...,v,} be a homogeneous basis

of V.. Let {v',... ,v"} be the dual of B such that v'(v;) = 0, for all 1 <i,j <n. Let
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k > 1. Then both of the following maps are g-module morphisms

(i) pry, : Vig = V@ (V) such that

1— Z vi1®---®vik®vik®---®vi1, and

1<iy,..ig<n

(ii) évy : (V*)®* @ VO — V. such that
(0" @ @V @0y, ® - @) > Giy g Oy = | [ G

extended by linearity.
Now let us talk about the category of g-modules.

Definition 2.2.15. Let g be a finite dimensional Lie colour algebra over a field F.
We denote the category of g-modules by C. Then the morphisms are the g-module

morphisms.

In particular, for any two objects V and W in C, by Definition .2.7, V @ W is a
g-module. Therefore, V' ® W is in €. With this extra tensor structure, € becomes a
monoidal category.

We showed there was an identity object V;, such that V@V, =V, @V =V
for all V' € €. Also, Proposition [2.2.10| provides us an g-module isomorphism to swap
VoW toW ®V with some 8 factor generated. With this morphism, € becomes a
braided monoidal category.

Furthermore, for any object V' in €, the dual V* of V is still an g-module. With
the morphisms defined in Lemma [2.2.12 V;, — V ® V*, the category € becomes a

braided rigid monoidal category of g-modules.
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2.3 The orthosymplectic Lie colour algebra spo(V, )

In this section, we first construct the general linear Lie colour algebra, gl(V, ). Then
we provide a particular subalgebra of gl(V, 3), the orthosymplectic Lie colour algebra
spo(V, 3). The rest of this paper will mainly focus on this special case.

Let V be a graded vector space over a field F, and let G’ be an abelian group. Let
f be a symmetric bicharacter of G. Let End(V') be the vector space of all F-linear

maps from V to V. We let
gl(V,B)e = {z € End(V) |2V}, C V,, for all b € G}. (2.3.1)

Definition 2.3.1. The general linear Lie colour algebra is the vector space

ol(V, 8) = P ol(V; B)a

a€eG

equipped with the Lie colour algebra bracket defined by
[z,y] = zy — B(b, a)yx

for all x € gl(V, B)a, y € gl(V, B)s.
Remark 2.3.2. Notice that as a vector space, gl(V, 3) is isomorphic to End(V').

Lemma 2.3.3. Equipped with the Lie colour bracket defined above, gl(V, 3) is a Lie

colour algebra.
Proof. We need to show that gl(V, 3) satisfies Definition [2.1.6]

(i) Let = € gl(V, B)a, y € gl(V, B), and v € V, for some a,b and ¢ € G. Then we
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have

[z, ylv = xyv — B(b, a)yzv.

For the first term, we have

zyv € 2yVe © 2Vie € Vape

and similarly for the second term we have

ﬁ(ba a)y:m; € ych C y‘/ac C ‘/bac = Vabc

since G is abelian. So we have [z, y]V. C V. holds for all ¢ € G. So [x,y] € V.

Therefore we have shown that [ga, 8] C gap-

(ii) Take z € gl(V, ), and y € gl(V, B)p. Then we have

_6(177 a)[ya I] = _6(177 a)ym + 6(67 a’)@(a? b):)?y = [1’, y]

(iii) The Lie colour Jacobi identity can be proved by a straightforward calculation
by using the relations S(a,b)3(b,a) = 1 and B(ab,c) = B(a,c)B(b,c) for all
a,b,ce . n

Remark 2.3.4. We adopt the convention that if v € V, and u € V}, then we write

ﬁ(vau) = ﬂ(d, b)’ and g[(V, B)v = g[(Va B)a-

That is, we use a vector itself to denote its colour and by extension, we write v~! for

a L.
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We next construct a homogeneous basis for gl(V, 8) and discuss the colours of its
basis vectors.

Let B = {vy,...,v,} be a homogeneous basis of V. Recall that the elementary
matrix Ey,, in End(V') is defined by Ey.,vp = dj3v; for all 1 <4, 5,k < n, where d;;,

is the Kronecker delta.
Lemma 2.3.5. The set {E,,,, | 1 <1, <n} forms a homogeneous basis for gl(V, 3).

Proof. By Remark [2.3.2] gl(V, ) is isomorphic to End(V') as vector space. Thus the
set { By, | 1 <i,5 < n} forms a basis for gl(V, 3). Then since E,,,, sends v; to v;
for all 1 <4,7 <mn, by (2.3.1) it has colour vivj_l. Therefore £, € gl(V,),,,- and

thus it is homogeneous. O
Now we begin to construct the orthosymplectic Lie colour algebras.

Definition 2.3.6. Let V' be a G-graded vector space. An F-bilinear map
(,): VXV —=>TF

is called a (-skew-symmetric bilinear form if it satisfies:
(i) {-,-) is nondegenerate;
(ii) (Va, Vi) = 0 whenever b # a™'; and

(11i) (v,w) + B(b,a){w,v) =0, for allv € V,, w € V.

Remark 2.3.7. From part (ii) of Definition [2.3.6] it follows that part (iii) holds
trivially for b # a~!. If however, b = a™', we have 8(b,a) = B(a™',a) = B(a,a)™! =
+1. Therefore for all v € V, and w € W,-1, (v,w) + B(a!,a){w,v) = 0 implies

(v,w) = £(w,v).
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We explore this form further in Section

Definition 2.3.8. The orthosymplectic Lie colour algebra

spo(V, 8) = @ spo(V; B)a

aceG

is the subalgebra of the Lie colour algebra gl(V, 3), where for each a € G, the graded

component spo(V, 5), is defined as
spo(V, B)e = {x € gl(V, 5)a | (zw,v)+B(b,a){w,zv) =0, Vw € V},, v e V}. (2.3.2)

Lemma 2.3.9. Equipped with the Lie colour bracket defined above, spo(V, 3) is a Lie

colour algebra.

Proof. Since for all a € G, spo(V,5), C gl(V,3),. we have spo(V,5) C gl(V, ) as
G-graded vector spaces. Next we prove that spo(V, 3) is closed under the Lie colour
bracket.

It suffices to show that for homogeneous elements = and y in spo(V, 3), we have

[z,y] € spo(V, B),. Therefore it is enough to show that
(2, ylw, v) = =B(w, zy)(w, [z, y]v), for allv € V.

The method is to expand [z, y] = zy — B(y, z)yzx first, and use the linearity of (-, ).

Therefore

([, ylw, v) = (xyw, v) = By, ) (yrw, v). (2.3.3)
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The first term of (2.3.3)) can be written as

(ryw, v) = =Byw, z)(yw, zv)
= Blyw, z)B(w, y)(w, yrv)
= B(w, zy)B(y, ©){w, yzv)

= B(w, zy){w, By, v)yzv). (2.3.4)

Similarly, the second term of (2.3.3)) is —f5(y, z)5(zw, y)B(w, x){w, xyv) which

can be simplified to

— B(w, zy)(w, zyv). (2.3.5)

Thus by adding (2.3.4) and ({2.3.5)) it follows that (2.3.5) is equal to

which is —3(w, zy){(w, [z, y]v) as we claimed. O

2.4 Homogeneous bases for V, V* and spo(V, ()

In this section, starting with a G-graded vector space carrying a [-skew-symmetric
invariant bilinear form, we give homogeneous bases for a G-graded vector space V, its

contragredient V*, and spo(V, 3). Recall that from ([2.1.3)), we define

Vioy = @va and V) = @va.

aEG(O) aEG(l)

Lemma 2.4.1. Let (-,-) be as in Definition[2.3.6
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(i) The restricted form (-,-) : Vioyx Vioy = F is a (nondegenerate) symplectic bilinear

form.

(ii) The restricted form (-,-) : Viiy x Viiy — F is a nondegenerate and symmetric

bilinear form.

Proof. Let a,b € G. If ab # 1, then (V,, V;) = 0. So we may assume that b = a~'. Now
if a € G for i = 0,1, then by Lemma(2.1.2, S(a™',a™") = B(a,a™')™! = B(a,a) = £1

implies a~! € G(;). Thus for all v € V, and w € V-1, we have
<U7 w> = —6((1_1, CL><U), U> = :I:<w7 U>’

Thus (-, ) : Vio) X V(o) — F is skew-symmetric, and (-, -) : V(1) x V(1) — F is symmetric.
Next we prove non-degeneracy. By Definition 2.3.6] (-,-) : V' x V — F is a non-
degenerate form. Then for each nonzero v in V', there exists some w in V' such that
(v,w) # 0. Write w = ), - wp as a sum of homogeneous vectors. By Definition
(ii), (v,w) = (v,wp) where b = a~'. Without loss of generality, we can replace
w with w,. Now if v € V;) for i = 0,1, then £1 = B(v,v) = fw™H,w™) = f(w, w).
Therefore w is in Vj;y as well. Therefore (-,-) : V{;) x V};y — F is a non-degenerate form

for i =0,1. O]

Let us fix our notation. From now on, we fix
dim V(o) = m and dim V{3 = n.

Moreover since (-, -) : Vi) X V(o) = F is symplectic, we have m = 2r for some 7 € Zx.
But V(1) can have odd or even dimension. We define s € Z> by declaring n = 2s or

n=2s+ 1.
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We claim that there exists a homogeneous basis

By = {t1,67, ..., t., 15}

of Vo) which decomposes V(g into an orthogonal direct sum of hyperbolic planes
H; = Span{t;, t;}. Namely, let t € V() be homogeneous and nonzero. Then as in the
proof of Lemma , there exists a homogeneous ¢’ € V() such that (t,t') # 0. Also
since charF # 2, we can assume (t,t) = (t',t¢') = 0. Thus, replacing ¢’ by a scalar
multiple if necessary, this gives a hyperbolic pair {t,¢'}. Repeating this process on
the orthogonal complement of Span{t,¢'} completes the proof.

If F is algebraically closed, by a similar argument, there exists a homogeneous
basis

B(l) = {UhUT, s ,US,U:7 (us—l—l)}

of V1) where each {u;,u}} is a hyperbolic pair. The vector w4 is only included if
the dimension of V{;) is odd, and we put a bracket around such uy,,1 to indicate this.
In this case, we have v} ; = u,y1. When F is not algebraically closed, we add the
additional hypothesis that V{;) admits a basis B(;) of the above form. Moreover, we
make the convention that we extend the definition of * such that v** = v for all v € B.

Therefore we have the following homogeneous basis for V:
B = By U By = {t1, 8], .. ..t U un, ul, .. us, uy, (Uey) ) (2.4.1)

Remark 2.4.2. In what follows, we frequently need the basis vectors with no * signs.
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Therefore for future reference, we let

B'={ti,++ trur, U, (us)} = Bl U Bj

where Bj;) = {t1,---, &} and By = {ug, -+, us, (ust1) }-

Since (-, -) is a nondegenerate form, it induces an isomorphism F : V' — V* by
v = (v,-) for all v € V. Next we prove in fact F' is a g-module isomorphism between

V and its contragredient.

Lemma 2.4.3. The map

F: VsV

v (v, )

1 a g-module isomorphism.

Proof. 1t suffices to prove that for all homogeneous x € g and homogeneous v, w € V

we have F(xzv)(w) = (zF(v))(w). Since F(v) € V*, by Definition 2.4 we have
(@F(v)(w) = =B(F(v), ©)F(v)(zw) = =H(F(v), ©)(v, zw).
By (2.3.2)), we have the relation
(zv,w) + B(F(v), 2)(v, zw) = 0
which implies that

Flzv)(w) = (zv, w) = =B(F(v), 2)(v, 2w) = (2F(v))(w)
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for all w e V.

Note that F is bijective, and let F~! be the inverse linear map of . Let w € V*
and notice that F(z(F~'w)) = (zF)(F~'w) = zw, thus applying F'~! to both sides
we get (zF 1) (w) = F~(zw) for all z € g and w € V*. Therefore F~! is a g-module

morphism. Thus, F' is a g-module isomorphism. O
Lemma 2.4.4. With the above setting, if v; € B has colour ¢, then

(i) F(v;) has colour c,

(ii) F~1(v") has colour c™*.

Proof. The result is immediate by using the facts that both F' and F~! are g-module

morphisms and v’ has opposite colour as v;. O

We recall the following fact. Let B = {vy,...,v,} be an ordered basis of (V, (-, -)).
Then denote by {v',...,v"} the dual basis of V* defined by v'(v;) = d;; for all
1 <14,7 < n. With respect to these bases, the matrix Fz of the map F' : V' — V* such
that v — (v,-) is given by (Fg); = F;; = (v;,v;). We follow [BSR9| to use F} ' to
denote the (7, j) entry of the inverse matrix Fg'.

Now based on the homogeneous basis B in , we can find the explicit matrix
Fz. By the calculation above , fori=1,...,rand j=1,...,s,(s+1), we have

Froe=1 Fey=—1, Fy =1, Fu}uj =1, and F),,» = 0 otherwise. (2.4.2)

5oWj
The inverse of the matrix Fp is the matrix Fig ! with

Ft_1 =—1, Ftig =1, F ' =1, Fu_*fluj =1, and F,,, = 0 otherwise. (2.4.3)
]7

* — *
’i7ti B2 “j:u]'
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Lemma 2.4.5. For all v,w € B', we have Fy ,, = —B(w,v*)Fy =

Proof. Since all v,w € B are homogeneous, we have

Fopoy = (0", w0) = —f(w,v")(w,v") = —f(w,v")Fyp. O

Theorem 2.4.6. The following vectors form a basis for spo(V, 3), as v and w range
over B’ as indicated:
(1) Yor o = Epe iy + B(0,0) B(wv*, w) By ., where v # w if v,w € Bgl);
.. . £ . ’o.
(11) Your = By + B0, w)Ey +,  where v # w if v,w € By
(111) Yo = By — B(w, w)B(v,w)Eye e

Proof. First, it is straightforward that the vectors in Theorem [2.4.6] are linearly
independent. Next, we first show that those vectors are in spo(V, 3). Then we show
that they span spo(V, 3). It suffices to find all the homogeneous vectors x € gl(V, 5)
that satisfy . Now take a homogeneous = € gl(V,3). We have the relation

(xv,w) + (v, z){v,zw) = 0, which is equivalent to

v’z Fgw + B(v, x)v' Fgrw = 0.

First, letting v and w run over all pairs of vectors in the set B’, we can reduce the

above matrix equation into equations of the form:

(xt)v,w*Fw*,w + ﬁ(vu x)F’U,’U*:UU*,w = 0.
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After taking the transpose, we have

xw*,quw*,w + /B(Uv :E)Fv,v*xv*,w =0. (244)

By Lemma [2.4.5] we can replace F,»,, by —f(w,w*)F, ., and the equation becomes

_Iw*,vﬁ(wa W*)Fw,w* + 5(1)’ :L‘)Fv,v*xv*,w - O,

which is equivalent to

Fw,w*mw*,v = B(wa 'LU*)_15<U, x)Fv,v*xv*,w'

By using the fact that F, ,» =1 for all v € B/, and the fact that 8(w, w*)™" = f(w,w)
for all w € B’, we have

Tyrp = B(w, W) B (v, )Ty - (2.4.5)

If 2y« # 0, then since x is homogeneous in gl(V, 3), it must have the same colour as
E,» , which is v*w*. Therefore (2.4.5)) becomes z» , = f(w, w)B(v, v*W*) Ty 4, which
(by using the fact f(v,v*) = B(v,v) for all v € B" and the fact S(v*, w) = f(v,w*)) is

Loy* v = B(wvw)ﬁ(v7v)ﬁ<v*vw)xv*,wa (246)

which also holds if @ ,, = 0.

Similarly, for all v,w € B’, we have the relation

Ly = 6(0*7 w)wi*7 (247)
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and for all v,w € B’, we have

Typr e = — (W, w)B(V, W) Ty 4p- (2.4.8)

Note that when v = w in BEl),

" lmply Lywx = LTyxp = 0.
Thus z is a homogeneous element of spo(V, 3) if and only if its entries satisfy

(2.4.6), (2.4.7) and (2.4.8)). Comparing these conditions with the list of vectors in the

statement of the proposition yields:

B(v,v) = —1. Therefore in these cases ([2.4.7)) and

(1) Yorw = Epe o + B(v,0)B(wv*, w)Eys , € sp0(V, B)yprw+, where v # w if v,w €
B

(i) Your = By + B0, 0)Ey e € 5p0(V, B)pw,  where v #w if v,w € BEI);
(iii) Y;J,w = Ev,w - ﬁ(w, w)ﬁ(% w)Ew*,v* € BPO(V, B)vw*

which proves that the vectors in Theorem are all in spo(V, B).
Now in order to show that these vectors span spo(V, 3), we first give an order to

the basis B. Namely, we write
B={thi<ti<..<t,<tr<u <u <...<us<u;<(us1)}

Take arbitrary = € spo(V, 5). We let z,,,, be the (v,w)-entry for all v,w € B. Then

we write x = ) 5 Ty, which can be regrouped as

=) (TowBow + Turw Buro) Y (@ wBor o + T o B o)

v, weB’ v<w
v,weB’



2. LIE COLOUR ALGEBRAS AND spo(V, ) 31

+ Z (xv,w* v,w* +J7w,v*Ew,v*) + Z (xv*,va*,v +xv,v*Ev,v*>- (249)

v<w ’
v,weB’ UGB(())

Applying the relation (2.4.8) to the first term yields

Z Ty,w (Ev,w - ﬁ(w7 w),@’(v, w>Ew*,v*) - Z xv,wYu,w'

v,wEB’ v,wEB’

Similarly, applying relation (2.4.6)) and (2.4.7)) to the second and third terms of (2.4.9))

yields

g xv*,wY;J*,w and E xv,w* Yv,w*

v<w v<w
v,weB’ v,weB’

respectively. For the fourth term of (2.4.9)), notice that Y, ,« = 2F, ,» and Y,«, = 2E;» .
Thus the fourth term of (2.4.9) is

Z l(xv*,vY;)*,v + wi*y;ﬂ)*).

< 2
’UGB(O)

Therefore we can write any arbitrary = € spo(V, ) as

T = Z xv,wY;),w_‘_ Z zv*,w%*,w"’ Z xv,w*%,w*“’% Z (:Ev*,vyv*,v_l'xv,v*y;),v*)'

v,wGB’ v<<w v<w veEB!
v,weB’ v,weB’ ()

Thus, the vectors in Theorem span spo(V, 8), and in turn, they form a homoge-
neous basis of spo(V, 3). O

Remark 2.4.7. When v = w € B’, the vector Y, ,, simplifies to H, = E,, — Eyx .

Notice that these elements always have colour 1, regardless of the grading on V.
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2.5 Roots and root vectors in spo(V, 3)

In this section, let g = spo(V, ). We compute the weights of each basis vector in
of V under the standard action of g. Then we construct a root system of g
with respect to the homogeneous basis in Theorem [2.4.6, The first step is to find a
Cartan subalgebra of g and its dual.

Recall that we have a homogeneous basis
B = {tbf{a cee 7t?“7t:7u17 uiv te 7usau:a (uerl)}

of V', and the corresponding subset B’ = {t1,...,t,,u, ..., us, (usy1)} of V.

Definition 2.5.1. Let H, = E,, — Ey+ ,+ as in Remark[2.4.7]. We call
h = Spany{H, | v € B'}.

the standard Cartan subalgebra of g.
Lemma 2.5.2. The set b is an abelian subalgebra of g.

Proof. Take H, and H, in . We have [H,, H,| = H,H,, — $(H,, H,)H,H, which
is H,H, — H,H, since H, has colour 15. Also since H, is diagonal matrix for all
v € B', H, commutes with H,,. Therefore we have [H,, H,] = 0 for all v € B’. Thus

b is an abelian subalgebra. O]

Definition 2.5.3. An g-module W has a weight space decomposition with respect to
b* if

W= w.,

aeh*
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where W, = {w € W | Hw = o(H)w for all H € b}. We call o a weight if the
corresponding weight space W, is nonzero, and the nonzero elements of a given weight

space are called weight vectors.

Definition 2.5.4. The dual basis of b is the set
{ay € 5" | ap(Hy) = 0y for all v,w € B'}. (2.5.1)
Let us prove that the a,’s in (2.5.1]) are weights of the standard representation of

spo(V,3) on V.

Lemma 2.5.5. Fach basis vector w in B is a weight vector. For all w € B’, the
weight of w is cu, and the weight of w* is —a,. In particular, the weight of us,1 € B

15 0.

Proof. Let v,w € B" and take H, = E,, — E,«,~ in h. Then we have

Therefore the weight of w is a,,. On the other hand, we have

*

(Ev,v - Ev*,v*)w* - — U*m*w* = _6w*,v*w* = _5w,vw* = _aw(Hv)w .

Thus w* has weight —ay,,. O]

Lemma 2.5.6. Let v =11 ® - -- @ vy with each v; € B. Then the weight of v is given
by

k
oy = E Qy, -
i=1
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Proof. Each H € b acts on v; ® - - - ® vy, diagonally as per Definition 2.2.7 Since the

colour of H is 1, we have $(H,v;) =1 for all v; € B. Thus we have

k
H'(Ul®"'®vk):ZU1®"'®W—1®(H'W>®W+1®"'®Uk
(=1
k
/=1
k
=3, (H) (1 @ @ vy).
/=1

Therefore we have shown that the tensor v; ® - -+ ® vy is a weight vector with weight

k
Do O O

Next we provide a root system of g. First notice that the basis vectors defined in

Theorem [2.4.6] are all weight vectors under the adjoint representation.
Lemma 2.5.7. For vectors u,v,w in B’, we have the following:

(1) [Huy Your] = (0 + o) (Hu) Yo e,

(1) [Hu, Yor ] = (=0t = o) (Hu) Yor 0,
(111) [Huy, Youw] = (cy — ) (Hy) Yo 0

Proof. We only prove (i), and the rest can be calculated similarly. Since Y, ,+ =
Ey e + B(v*,w)Ey o+, notice that E, y«Ey, = 0 = Eys By, 4+ for all u,v,w € B'.
Thus we have [H,, Y, | = EuuYypw — Youws By u+. Therefore

[H1u K},w*] - Eu,u}/v,w* - Y;),w*Eu*,u*
- (Eu,uEv,w* + 6(U*7 w)Eu,uEw,v*> - (_Ev,w* Eu*,u* - ﬁ(v*7 w)Ew,v*Eu*,u*)

= 6quu,w* + 5u,wﬁ(v*a w)Eu,v* + 5quv,u* + 5uvﬁ<v*7 w)Ew,u*
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- 5uv(Eu,w* + ﬁ(U*, w)Ew,u*> + 5uw(Ev,u* + /B(U*, w)Eu,v*)

= (a + ) (Hu) (Yo,wr) ]

We now give definitions of roots and the root space decomposition of g.

Definition 2.5.8. Let h = gg be the Cartan subalgebra of g introduced in Definition

2.5.1. The root space decomposition of g relative to by is given by

s=bePoa

acd

where ® == {a € b*\ {0} | g4 # 0} where g, ={z €g|[H,z] =a(H)zx, VH € h}.

We call a a root if a € ® and call the associated g, a root space.

All the vectors H, lie in h = go. Moreover, by Lemma for all v,w € B’
the basis vectors Y, ,+, Y+, and Y, ,, are in the distinct nonzero root spaces ga,+a.,
I—0p—an, ANd ga,—a, respectively. Therefore we can conclude that the root spaces are

each one-dimensional.

Remark 2.5.9. From the subscripts of our notation, we can read both the colour of
a root vector, and the value of its corresponding root. For example, Y, ,~ has colour

1

vw and it lies in the space gq,+a.,- Yo*w has colour v~tw™!, and it is in the root space

0 ay—ay- Yuw has colour vw™!, and it is in the root space gu, o, -

In summary, as shorthand notation, we set &; = o, and 0; = a,; for 1 <7 <r

and 1 < j < s. The roots of spo(V, 3), are:
(i) When n = 2s + 1,

Oy = {d(e;te;), 226, £(6,£0), 10, | 1 <i#j<r1<k#1<s}

q)l:{:t(glil:CS]),:l:gZ'1§Z§T‘,1§j§8},
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(ii) When n = 2s

<I>0:{:I:(ei:tej),iQEi,i((Sk:l:(Sl) | ]_SZ;A]S’T‘,]_SIC%ZSS}

We denote the set of roots of spo(V, 5) by ® = &y U ®;. The root system we defined
is not like the usual root system of Lie algebras. For example, when n = 2s + 1, we
can have both *¢; and +2¢; as roots. However ®; and ®; are the set of even and odd

roots for the Lie superalgebra spo(2r|2s 4 1), see for example [FSS00, Table 6 and 9.
Lemma 2.5.10. The union of the following sets
(i) Whenn = 2s+ 1,

(I)(J)r:{61'ﬂ:€j,2€1,2€j,5kﬂ:51,(51,(5l ‘ 1<i<y3<n1 §k<l§8}

of ={e e |1<i<rl<j<s)
(11) When n = 2s,

@gz{aizl:gj,2&?1,2£j,5k:|:51|1§i<j§r,1§k<l§s}

Of ={e;+6;|1<i<r1<j<s}
are positive roots of spo(V, ), denoted by ®*.

Proof. We see directly that ® = &+ U —®™, and that if two roots in ®* are such that

their sum is a root, then the sum is in ®*. Hence ®7 is a positive root system. [

Definition 2.5.11. Given a set of positive roots, the corresponding set of simple roots
A is a basis of V' such that each o € @ is a nonnegative integral linear combination

of elements in A.
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Lemma 2.5.12. With respect to the positive root system above, if r =1, s =1 and

n = 2s, the set of simple roots A is given by

A= {81 + (51,81 — (51}

Otherwise, the set of simple roots A = {y1,...,Vrss} is given by

Vi =€ —Eip1, 1 < i <r—1, Yrgj =05 — 041, 1 <j<s—1
o if n=1, s if m=2s+1,
Vr = Vr+s =
€. — 01 otherwise, 0s1+ 05 if n=2s,

where we adopt the convention that €; = 0; = 0 if 1 < 0.
Proof. Tt can be checked that A satisfies Definition [2.5.11 [

Definition 2.5.13. The set of simple root vectors Ay is denoted {Y,|y € A}. If

r=1,s=1 and n = 2s, then Ay is the set

{Et1,u1 + B(tly ul)Eu*l‘,tiv EthuT + /B(fL ul)Eul,t*{ }

Otherwise, the Y., ’s are explicitly given by:

(i) Yoy = Eppiy — B(istiv1) By 4rs where 1 < <r—1,

Etr,u1 + 5(tr7u1)Eu1,t;f7 Zf n = 17

By + Bty ui) Eys v, otherwise,

(ii) Yy, =

(m) Y%-H = Euj,uj+1 + B(uﬁ uj-H)EU*

1

"t where 1 < j < s—1,

Eusfus + 5(“’87 Us ].)l?ug Uk Zf n = 28 —‘I— 17
('Z'U) Y%ﬂ+s — s+1 + s+1,Ug
Eus,u:71 + /B(U:, uS—l)Eu5,17u§7 Zf n = 28.
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Lemma 2.5.14. Let v be a weight vector with weight cc. Let 'Y be a simple root vector

in Ay with weight . Then the weight of Yv is o + A.

Proof. Notice that since 5(H,-) = 1, we have

H(Yv) = [H,Y]o+Y(Hv) = NH)Yv + Ya(H),

which is (A + o) (H)Yv. O

Example 2.5.15. Take r =1,5s =2, m = 2r, n = 2s. Then V has the basis

* * *
B = {t1,t], us, ui, us, us}.

An arbitrary H in b is of the form H = ayH;, + asH,, + a3H,,, which in matrix form

is given with respect to the basis B by the following diagonal matrix:

a1
—ay
a2
—as

a3

where the off-diagonal entries are all 0’s.

In the following matrix, we label each E,, by the unique root, such that the
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corresponding root space has a nonzero projection onto Span{ E,, }.

0 e1+e e1—0 & +6 e1—00 €1+
—£1— € 0 —£1—07, 01 —€ —€1—03 —&1+0
0 — € 01+ &1 0 0 01 — 0y 01 + 09
-0 —¢& € —0 0 0 —01 — 0y —01 + 09
dp—e1  Oat+er  da—01 O+ 0 0
—0g—e1 —0a+e1 —0a—00 —da+ 01 0 0

The set of simple roots in this case is {1 — 01,1 — d2, 1 + 2 }.
Finally we give the definition of highest weight vectors.

Definition 2.5.16. Let W be an spo(V, B)-module. Let g, be the span of the positive
root vectors. Then a vector w in W is a highest weight vector of weight A\ € h* if the

following holds:
(i) Xw =0, for all X € g,

(i) Hw = XN(H)w for all H € b.



Chapter 3

The Poincaré-Birkhoff-Witt

Theorem for Lie Colour Algebras

In this chapter, our goal is to state and prove the Poincaré-Birkhoff-Witt (PBW)
theorem for Lie colour algebras. The statement and proof of the PBW theorem for Lie
algebras in the usual sense can be obtained from our proof in this chapter by choosing
S to be the trivial bicharacter of the trivial group. Our proof is inspired by [HumT72,
Chapter 17] and [Car(05, Chapter 9.

In Section [3.1], we give the definition of tensor algebra and symmetric algebra for
any vector spaces, and briefly discuss their grading. In Section |3.2], we provide the
definition of the universal enveloping algebra l(g) of any arbitrary Lie colour algebra
g. Then in Section [3.3| we provide a spanning set of 4(g), which will be proved to
be a basis of £I(g) in Section [3.4] This existence of this basis is known as one of
the versions of the PBW theorem. Thereafter, assuming Proposition [3.4.2] we prove
another version of the PBW theorem which states that the associated graded algebra

of 4l(g) is isomorphic to the symmetric algebra. Moreover we give an application of

40
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the PBW theorem at the end of this section. We give the technical details of the proof

of Proposition in Section [3.5]

3.1 Tensor algebras and symmetric algebras

Unlike Chapter [2] in this chapter, g always denotes an arbitrary Lie colour algebra
over a field F. Nevertheless, all of the definitions in this section make sense if g is just

a G-graded vector space.

Definition 3.1.1. For any m € Z.., the m'" tensor product of g is defined to be the

vector space

T"(g) =g®g--- Qg

m times

that is, T™(g) consists of all linear combinations of m-tensors on g.
Note that by convention, 7°(g) = F.

Definition 3.1.2. The tensor algebra T (g) of g is an associative algebra with unity,

defined to be the direct sum of T™(g) for allm € Zx :
7 (9) ZéTi(g) =Foga(geg o -
i=0
The multiplication on homogeneous generators of T (g) is defined by the rule:
(V@ Qu) (W@ QUp) =V @ DU QW ® -+ @ wy € TH(g)

where k,m € Zy, vy,...,0, W1, ..., Wy € ¢. Note that with this multiplication rule,

T(g) is a graded algebra.
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Definition 3.1.3. We say a G-graded algebra A is colour-commutative if for all

homogeneous elements z,y in A, we have vy = B(y, x)yx .

The tensor algebra is not colour-commutative if dim(g) > 1. We construct a
new algebra called the g-symmetric algebra, in which the multiplication is colour-

commutative.

Definition 3.1.4. The (-symmetric algebra of g is defined to be the quotient algebra

S(g) = T(g)/z

where I is the two sided ideal generated by x @ y — By, x)y ® x for all homogeneous
T,y in g.

Let us discuss more about Z and S(g). We first show that Z is a homogeneous
ideal. Since Z is a two-sided ideal generated by = ® y — S(y, z)y ® x, Z is spanned
as a vector space by elements of the form v - (x ® y — S(y,x)y ® =) - w for some
homogeneous z,y in g and v,w € T (g). Moreover, since T (g) = ®;>0T"(g) is a direct
sum of homogeneous components, we can view Z as the span of elements of the form
v-(x®@y— By, x)y ®x) - w, for some v € T™(g) and w € T"(g) where m,n € Z,.

Therefore, in this case we have
v (z@y - Bly,x)y®@e) - weINT™ " (g).

Therefore, since Z is spanned by homogeneous elements, it is a homogeneous ideal

and it admits a grading of the form

T =PI where ' =ZNT(g).

320
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Therefore S(g) is also a graded algebra, with grading

=P sie)

120

where S'(g) = Ti(g)/ i = Ti(g)/Im Ti(g) for all 4 > 0.

Lemma 3.1.5. Let yi,...,y, € g be homogenous elements. Let m € S,,. Then there

is a scalar B(y1, ..., Yyn) € F* such that in S(g), we have

B @ @Yn+ L= Br(Yr s Yn)Yr (1) ® - @ Yy + I

Proof. By the discussion above, for homogeneous elements x,y € g, v € T™(g) and

w € T™(g), we have
1RrRYOWw =LY, )1y rQw (3.1.1)

in S(g). Therefore the result follows from the fact that the scalar 5, is obtained by
writing 7 as a product of adjacent transpositions, and inductively applying relation

B-1.1). O

Remark 3.1.6. Indeed the function (.(y1,...,y,) depends only on the colours of

Y1y -5 Yn-

Definition 3.1.7. Let

Tm:@Ti and S, EBSZ

be the m'™ filtration subspaces of T (g) and S(g) respectively.
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Now for any G-graded vector space V', we give a basis for S(g). We first need the

following lemma.
Lemma 3.1.8. Let V be a G-graded vector space with G-graded decomposition V =

UaW. Then S(U W) = SU) @ S(W).

Proof. Let us consider Diagram (3.1.2)).

V=UoW —— S{UaW)

\ l (3.1.2)

where p(u) =u® 1 and p(w) = 1 ®@ w for all u € U and w € W. Then p extends to
amap ¢ : S(USW) - S(U)® S(W). Here we use the universal property of the
symmetric algebra. See for example [DF04, Chapter 11, Theorem 34].

It is trivial that ¢ is surjective. Now let ¢ be the embedding map from S(U)®S (W)
into S(U@W) generated by the inclusions S(U) — S(U&W) and S(W) — S(UsW).
Then ¢ o |y = id which implies that ¢ is injective. [
Corollary 3.1.9. Let V be a G-graded vector space such that V = @, . Vo where

each V, is one-dimensional vector space. Then S(V) = @ ,c: S(Va).

Remark 3.1.10. By Corollary [3.1.9] we can think of an element of S(V') as a product

of elements of S(V,).

Proposition 3.1.11. Let V be a G-graded vector space. Let {x1,...,x} be a homo-

geneous basis of V. Then the set
{28 -2t ij € Zso if By, m5) = 1,45 € {0,1} if B(wj,x;) = —1} (3.1.3)

is a basis of S(V').
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Proof. By Corollary (3.1.9, we have S(V) = &, S(Va). Since each V, is one-

dimensional for all a € G, we have

S(V,) = T(%)/@ Rz — B(z,r)r ® )

for all x € V,. Therefore, if 3(z,z) = B(a,a) = 1, we have S(V,) = T(V,) and if
p(x,z) = —1, we have S(V,) = T(‘/CL)/@ ® ) Thus the result follows by Remark
5. 1. 101 [

3.2 Universal enveloping algebras

Now we have enough tools to introduce the universal enveloping algebra. Recall that

g denotes a Lie colour algebra over a field F.

Definition 3.2.1. The S-universal enveloping algebra of g is defined as

where J is the ideal generated by r @ y — By, x)y @ x — [z, y| for all homogeneous

T,y €.

Definition 3.2.2. Let o be the composite linear map
g T(e) — T =u(g)

such that o(x) =z + J for all x € g.
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Note that for all homogeneous z,y € g, we have

o(lz,y]) = [z,y] +J
=x@y-—ply,x)y@c+J (3.2.1)

=o(x)o(y) — By, x)o(y)o(x).

Since J is not a homogeneous ideal, ${(g) is not automatically graded in accordance
with 7 (g). But later in this chapter, we will consider a natural filtration of L(g)
and construct the associated graded algebra of 4U(g), gr(l(g)). Moreover the PBW
theorem (Theorem (3.4.6))) states gr((g)) = S(g).

We can also characterize the universal enveloping algebra by the following property,
which says that representations of the non-associative, but finite-dimensional, algebra
g are in bijective correspondence with representations of the associative, but infinite-

dimensional, algebra $U(g).

Proposition 3.2.3. [Universal property| Let A be an associative algebra with unity
over F, and let p : g — A be an F-linear map such that p([z,y]) = p(z)p(y) —
By, x)p(y)p(x). Then there exists a unique homomorphism of algebras ¢ : $(g) — A

(sending 1 to 1), such that the following diagram commutes:

g —— U(g)

\ . (3.2.2)

A

where o 1s the map in (3.2.1)).

Remark 3.2.4. We can turn any associative algebra A into a Lie colour algebra by

equipping A with the bracket [a,b] = ab — S(y, z)ba for all a,b € A. Then p becomes
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a Lie colour algebra homomorphism.

Proof of Proposition[3.2.5. We first define an algebra homomorphism ¢’ : T(g) — A
by

(1@ @) = pa1) - - - plag).

Since p is linear, the map ¢’ is well-defined, and it is straightforward to check ¢’ is a

homomorphism. In particular, for all homogeneous x,y in g, we have

Plrey— By 2)y@x—[r,y]) = plx)oly) — By, z)p(y)p(x) — p([z,9]),

which is 0 by the hypothesis of p. Thus ¢’ factors through to an algebra homomorphism
v : 4(g) — A such that the diagram (3.2.2)) commutes.

To prove uniqueness, let ¢’ : 4U(g) — A be another algebra homomorphism
satisfying our assumption. Then for any = € g, we have ¢'(c(x)) = p(x) = p(o(x)).

Thus ¢’ = ¢ on $(g) since o(g) generates 4(g). O

Proposition 3.2.5. Let (p, V') be an g-module. Let v be an element of V.. Then the

subspace U(g) - v is a g-submodule of V.

Proof. 1t is enough to show that for all z € g and w € H(g)-v we have p(z)w € L(g)-v.
We prove this proposition by using the universal property of (g).

In Proposition [3.2.3] let A = gl(V, 3), which is an associative algebra. Then
p:g— gl(V,p) is a map satisfying the hypotheses of Proposition [3.2.3, There is
an algebra homomorphism 5 from (g) to End(V, §) such that po o = p. For each

w € (g) - v, we have w = p(u)(v) for some u € (g). Thus for all x € g, we have
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= plo(z)u)(v) € Ug) - v,

which completes the proof. O

3.3 A spanning set of $l(g)

In order to understand more about the structure of the universal enveloping algebra,
we give a spanning set of £{(g) in this section. Then we state and prove the Poincaré-
Birkhoff-Witt (PBW) theorem in the next section. First, we need to fix some general
notation.

Let {zi,...,2,} be a homogeneous basis of g. We write o(z;) = X; in U(g) for
all i in {1,...,n}. Given a sequence J = (ji,--- ,j,), the length of J is defined by
0(J) = q. Moreover we say J is weakly increasing if j; < j, whenever 1 <i <k <gq.

Let X; = X, --- X € 4(g) for any sequence J.

Definition 3.3.1. Let $l,(g) be the subspace of U(g) spanned by the elements of the

form X ;, where J is a sequence with ((J) < p.

Remark 3.3.2. Notice that the subspaces il,(g) give a filtration of #(g). That is,

they give a chain of subspaces of {(g) such that C = ty(g) C U;(g) C LUs(g) C ---

and $(g) = U, 4(9)-

Next we will use the following lemma to show that in fact l,(g) in Definition

3.3.1|is spanned by elements of the form X; with J weakly increasing and ¢(.J) < p.

Lemma 3.3.3. Let yi,...,y, be homogeneous elements of g. Let m be a permutation

of {1,...,p}. Then

o(yr) - o(Wp) = Ba(yrs -, Up) o (Yrr)) - 0 (Yn(p)) € Up-1() (3.3.1)
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where [, is as defined in Lemma[3.1.5,

Proof. Suppose m = (i,i + 1) for some ¢ in {1,...,p — 1}. Let Y be the term

o(y) - oW)oWivs) - o(Wp) = BWir1, vi)o(yr) - o (Wir1)o(yi) - o (yp).-

which is

Y=o(yp) - U<yi—1)(a(yi)0(yi+l) — B(Yir1, yz‘)U(%+1)U(yi))U(yz‘+2) o (Yp)-

By the definition of Lie colour algebra bracket, it becomes

Y =o(y1) - oyim) (o) o(yis1)]) o (yis2) - - - o ()

which by the definition of (g) is

o(y) - o (Wi1)o([Yi, Yirr])o (Yir2) - - o (yp)- (3.3.2)

Since [y;,yi11] € @, there are p — 1 terms in (3.3.2)). Thus, (3.3.2) is an element
of 8, 1(g). Note that the scalar B(y;t+1,v;) coincides with Br(yi+1,y;) defined in
Lemma [3.1.5] Since we have proved that the statement of Lemma holds for any

adjacent transpositions (7,7 4 1), the statement also holds for any permutation 7 of

{1,...,p}. H

Proposition 3.3.4. Let €, = {X; | J weakly increasing ,¢(J) < p}. Then the

subspace $L,(g) is spanned by €,.

Proof. We prove this proposition by induction. The base case when p = 1 is trivial.

Suppose that the statement holds for p = n — 1. By Definition [3.3.1} 4L, (g) is spanned
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by X, = o(xj,)---o(xj,) over all possible sequences J = (ji,...,Jm) such that
m <n.

Now fix such an X; with ¢(J) < n. We prove that X is a linear combination
of X;’s in €,. Let m be a permutation such that 7(j;) < 7(j2) < -+ < w(Jm). Let
Jr = (m(j1), -+ ,7(jm)). Then by Lemma , there is a nonzero scalar 3, and an
element R of U,_1(g) such that

XJ - /BWXJW + Ra

where X;_ € €,. By induction, R can be written as a linear combination of elements

in €,,_1. Thus the result follows. O

Now we find a subset of &,, which also spans i,,(g). Let J be a weakly increasing

sequence satisfying

each index j such that §(x;,z;) = —1 occurs at most once in J. (3.3.3)

Proposition 3.3.5. Let

B, ={X, | J weakly increasing ,((J) < p and J satisfies condition (3.3.3))}.

Then B, is a spanning set of 4,(g).

Proof. We prove this proposition by induction. The base case when p = 1 is trivial.

Suppose that the statement holds for p = n — 1. First notice that if X; € €,, then
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since J is weakly increasing, we have

m
such that Z ig < n.

k=1

X;=X1o Xim

We now show that X is a linear combination of elements in 8,. Assume that

there exists an X, in X; such that 5(X,, X,) = (24, 2,) = —1 and the multiplicity
tq of X, satisfies i, > 2.

By the fact 3(X,, X,) = —1 we have X7 = 3[X,, X,]. Also notice that since

1
2
(24, 1,) € g, we have [z,,z,] = > ¢x; for some scalar ¢; € F. Thus [X,, X,] =
0([xq, xq)) = D1y cio(x;) = D14 ¢;X;. This implies that X7 = £ 37" | ¢;X;. Therefore

we deduce that if ¢, is even, then X;q = (% Z?:l ciXi)iq/Q. Thus we have

n

~ ia)?
1 Zq/Q i iq7 iq 1
XJ - (5) Xl o qull ( E CzXz> XquJrll T Xn;nv

=1

where the sum of powers is less than n. Thus by induction hypothesis, we deduce that
X is a linear combination of elements in 8,,.

Similarly, if i, is odd, then

ig—1
2

Xy Xt (Z Cin'> XX X,
i=1

ig—1
1 2
o= (3)

which by induction is also a linear combination of elements in B,,. O]

Corollary 3.3.6. Let ‘B = UpZO B,. Then B spans the universal enveloping algebra
£(g)-
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3.4 The PBW theorem

In this section, we will first show that the elements in B are linearly independent.
Therefore they form a basis for $(g). Then we state and prove the PBW theorem.

Let {z1,...,z,} be a homogeneous basis of g. For all 1 <i < n, let z; = z;+Z be
the image of x; under the canonical map g — S(g). Let J = (j1,...,7,) be a weakly
increasing sequence satisfying condition . We define z; == 2, - - zj, € S(g). Let
B, ={z; | J weakly increasing and ¢(.J) < m such that J satisfies condition (3.3.3)}.
Then by Proposition [3.1.11} B,, is a basis of Sy, and B = J,,5( Bx is a basis of S(g).
Thus if we can find a linear map that sends each X; = X, --- X in B to z; in B,
we will be able to conclude that the X ;’s are linearly independent.

So far, all we know about $(g) is that for any associative algebra A, the diagram

g —— U(g)

Nt

A

commutes (see Proposition . The most straightforward idea is to construct a
Lie colour algebra homomorphism p from g to A = S(g) first. However, if A = S(g),
p being a Lie colour algebra homomorphism implies that p([z,y]) = p(x)p(y) —
By, z)p(y)p(z) = 0 in S(g) since S(g) is colour-commutative. Hence the Lie colour
bracket [p(z), p(y)] will always vanish in A, which makes us not able to analyze any
structure of the Lie colour bracket.

Therefore instead of pursuing the above unsuccessful idea, we will use a variation
of it. That is we construct a representation from g to End(S(g)). Equivalently, we
define a g-module structure on S(g) with action p : g x S(g) — S(g).

In order to construct such an action, we inductively define a family of bilinear
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maps Pm : @ X Sy — Spa1 such that pm+1‘gxs = pm for all m. Then we can extend
all of the p,, to a p defined on g x S(g).

We give the following definition in order to introduce a natural action of g on

S(g)-

Definition 3.4.1. Given a weakly increasing sequence J = (j1,- -+ , jm) and i € Zsq,

we write 1 < J if i < j1 or J is the empty sequence.

Our idea is as follows. If there are some x; € g, z; € B,,, then the sequence (i, J)
is again weakly increasing and we get another basis element z;2; € B,, 1. Therefore
we shall define

pm(xi)zy = zizy, ifi < J and z; € B,,. (3.4.1)

Moreover, if @ € J, all we can expect is pp,(x;)z; € Spy1. Therefore we should declare
that

pm(Ti)zy — zizg € Sk, when ((J) = k < m. (3.4.2)

Also, p,, should satisfy the Jacobi identity for all m > 0. Therefore we want the

relation

Pm(T3) p ()2 = B(5, T3) pm (%) P (i) 2L + P[5 x5]) 20, L(L) <m —1 (3.4.3)

to hold.

In summary, if there is a g-module homomorphism from g to End(S(g)), then it

must satisfy (3.4.1), (3.4.2) and (3.4.3). In Section [3.5 we will prove the following,

even stronger, result.

Proposition 3.4.2. There exists a unique linear map p,, : ¢ — Hom(S,,, Spmi1) for

each m > 0 such that (3.4.1)), (3.4.2) and (3.4.3) hold.
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Assuming this proposition for now, let us deduce a few consequences. Let p be the
unique map extending the p,,’s. Let (p, S(g)) be a g-module. Therefore by the universal
enveloping property, there is a corresponding homomorphism p : $(g) — End(S(g))

such that poo = p.

Corollary 3.4.3. Let J be a weakly increasing sequence satisfying condition ([3.3.3]).

Then we have

ﬁ(XJ)]_:ZJ

Proof. Let J = (j1,...,J,) be a weakly increasing sequence. Then

which completes the proof. O

Now together with this g-module structure and Proposition [3.2.3] we can prove

the following Theorem.

Theorem 3.4.4 (PBW Theorem, first form). Let g be a Lie colour algebra with
ordered homogeneous basis {x1,...,x,}. Then a basis for the associated universal

enveloping algebra $4(g) is given by
B ={X" X | k€ Zso if B(Xi, X)) =1 and k; € {0,1} if B(X;, Xi) = —1}.

Proof. We first show that set B = U,>¢B,, is a basis of 4(g). Let p: g — gl(S(g))
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be the Lie colour algebra homomorphism guaranteed by Proposition [3.4.2] Let

J = (j1,-..,J,4) be a weakly increasing sequence satisfying (3.3.3)). By Corollary [3.4.3]

we have

ﬁ(XJ)lZZJ

Therefore the linear map
p:th(g) — S(g), Xy p(Xy)-1

maps B bijectively onto the set B which is a basis for S(g). Therefore 9B is a linearly
independent set. Since B spans (g) by Proposition [3.3.4] 9B is a basis of 4l(g). The

result follows by noticing that

B = {X, | J weakly increasing and z; satisfies condition (3.3.3)}

= {X7 - XEn | by € Zso if B(XG, X;) = 1 and k; € {0,1} if B(X;, X;) = —1}.0

From the preceding discussion, we observe that there are profound connections
between $(g) and S(g). However they are not isomorphic to each other since (g) is
not necessarily colour-commutative and ¢ is not an algebra isomorphism. Our next
goal is to construct the associated graded algebra of {(g), gr(t4(g)). Then we prove
that there is an isomorphism of algebras between gr((g)) and S(g).

By Remark we have filtration of Ll(g). Then we can construct the associated
graded algebra gr(4l(g)) of U(g) as

gr(¥(e)) =P e

m>0
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where G™ = um(g)/ﬂm_l(g) and G° = F. The multiplication is defined by
(Tm + U -1(0)) (0 + U1(9)) = T + Y pm-1(9)

for any z,, € t,,(g) and z,, € L,(g).

Lemma 3.4.5. With the multiplication defined above, gr(4(g)) is a colour-commutative

algebra.

Proof. Note that gr(84(g)) is generated as an algebra by G' = {(g) = g. Therefore it
suffices to show that any two elements in G* colour-commute in gr((g)).
Take x + o(g) and y + Up(g) in G! such that z and y are homogeneous. Then

we have

(z + to(9)(y + Uo(g)) = 2y + Lh(g) € G*. (3.4.4)

Whereas we have
By, )(y + tho(9)) (z + tho(9)) = B(y, 2)yz + th(g) € G*. (3.4.5)

Since xy — B(y, x)yx = [z,y] € t(g), the two classes (3.4.4) and (3.4.5)) are equal. [

Theorem 3.4.6 (PBW theorem, second form). Let g be a Lie colour algebra over a

field F. Then we have an isomorphism of algebras gr(i(g)) = S(g).

Proof. Let {x1,...,x,} be an ordered homogeneous basis of g. By Theorem the
elements X' ... X% such that > -1 kj < m form a basis for iL,,(g). Therefore the
elements X{" - -+ X*»+4(,,_,(g) such that iy kj = m form a basis for ELm<g)/ﬂm_1(g).
This gives us a linear isomorphism between the graded pieces o : G™ — S™ such

that
o XP o xR g (g) e 2 ke

n
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where ky + -+ - + k, = m. Now we have

(XF e Xl (@) (X X8, 1 (g)) = XP e X X Xl 1 (g).

Since gr(4(g)) is colour-commutative (Lemma [3.4.5)), we can gather the X;,..., X,

together. Thus the above element can be rearranged as

ﬁﬁXflJrrl U X§n+Tn + LLn—l—m—l(Q)v

where [, is as defined in Lemma [3.1.5] which is the same scalar generated as we identify
2N gkt with B2 T Rt in S(g). Tt follows that a(uv) = a(u)a(v)

for all u,v € gr((g)). Thus we have an algebra isomorphism gr((g)) = S(g). O

Now we give an application of the PBW theorem. Note that although the following
discussion works for any Lie colour algebra, we state it in the context of spo(V, ) in
order to avoid re-defining related concepts.

Let b be a Cartan subalgebra of spo(V, ). Let g, be the span of positive root
vectors. Let @~ be the set of negative root vectors. Then recall that from Definition
2.5.16| if W is an spo(V, §)-module, a vector w € W is called a highest weight vector
of weight A\ € b* if Hw = \(H)w for all H € h and Xw =0 for all X € g,.

Corollary 3.4.7. In the setting above, let w be a highest weight vector of W. The

submodule (g) - w is spanned by the vectors

1}/22..

1y Y, cw | k€N,ij € —®F for each 1 < j < k}.

Proof. Let g = spo(V,3). Notice that by the PBW theorem (Theorem [3.4.6)), by

giving an order to the basis of g, we obtain an ordered basis of 4l(g). Then without
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loss of generality, the basis vectors of $(g) have the form of a product of negative
roots vectors, H € b, and positive root vectors. Since w is a highest weight vector,
any positive root vector acts on w as 0, and H acts on it as scalar. Then the result
follows since all that remains is to only consider a product of negative root vectors

acting on w. O

3.5 Proof of Proposition [3.4.2

In the previous section, we proved the PBW theorem, modulo Proposition |3.4.2
which is about the existence of a certain g-module structure on S(g). A terse proof
Propositionfor Lie algebras in the classical sense can be found in [Hum?72, Section
17.4]. In this section, in the more general setting of Lie colour algebras, we elaborate
the proof of this proposition by induction. In order to apply induction, we relabel the

three conditions which p,, : g — Hom(S,,, S;,+1) should satisfy by the following:
(An) pm(zi)zy = zizy for all J with £(J) < m and all i < J,
(Bm) pm(wi)zg — zizg € Sy for all J with ¢(J) =k <m and all 1 <i < n,

(Cn) pm(@i)pm(xy)2r = B(x, 2i) pm (@) pm(@i) 21 + pn ([, 5]) 21, for all L with £(L) <

m—1andalll<1ij5<n.

Our goal is to define an action of g on S(g). It is enough to define the action on the
basis. Recall that from Section [3.4] B,, = {z; | J weakly increasing and ¢(.J) < m}
is a basis of S, and B = J,,5( B is a basis of S(g).

Lemma 3.5.1. Let m > 1. If there exists a linear map p,,—1 which satisfies (Ap—1),

(Bim-1) and (Cy,—1), then there exists at most one linear map p,, extending pm,_1
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which satisfies (An), (Bm) and (Cy,). Moreover for a weakly increasing sequence

J=(j1,---,Jm), the map p,, must be recursively defined by

ZiZJ, ifi < J
pm(Ti)zy = (3.5.1)
zizg + B(xj,, i) pm—1(T,)W + pm—1([xi, T, |)2,  otherwise
where J' = (Jo, ...y Jm) and w = pp_1(x;)zy — zizp € Sp_1.

Proof. When m = 0, then in order to satisfy condition (Ay), there is only one way to

define pg, which is

po(xi)l = z;

and conditions (By) and (Cp) are satisfied automatically. So py exists and is unique.

Now suppose that we have a uniquely determined p,,_; satisfying conditions
(Am-1), (Bm-1) and (Cp,—1). Then our goal is to construct p,, satisfying (A.,),
(By,) and (C,) and extending p,,—1. In particular, we need to define the action
of pm(z;) on z; for all x; running over our basis of g and J running over all weakly
increasing sequence of length ¢(J) < m.

If i« < J, then we have to define p,,(x;)z; = z;z; in order to satisfy condition
(Ay). If i £ J, then we have j; < i. Then we set J = (ji,J") and note that j; < J'.
Then

pn(@i)2y = pm(i)zj 20 = po(Ti) pm1(25,) 20

where the second equality uses the fact z; € B,,_1 and the induction hypothesis

(Apm—1). Also since p,,—1 = p. and in order to satisfy (C,), pm(2:)pm—1(xj, )20

m gXSmfl

must be equal to
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B2y, 26) pn (2 ;) prm—1(26) 250 + pr—1 (26, 25,]) 250 (3.5.2)

The first term of can be simplified. First notice that (B,,_;) implies
W= pp—1(Ti) 2y — 22y € Sp1.
Therefore by linearity we have

B(@jy, i) p(5y) P (i) 20
= B(j,, i) pm(@5) iz + W)
= B(@j, 2:)(pm(2ji)zi20 + pm—1(zj)w) by pmo1 = Pm|gxsm_1
= B(xj,, x:)(2,2i20 + pm—1(xj,)w) by j1 < i and (A,)

= B(xj,, x:)(B(xs, xj,) 225 + pm—1(zj,)w) by the colour-commutativity of S(g)

which is z;z; + (2, ;) pm—1(xj, )w. Therefore in this case, if p,, extends p,,—; and

satisfies (A,,), we must have

pm ()25 = zizg + B2, i) pm—1(25,)0 + pm_1 ([T, 25, ]) 257 O

Lemma [3.5.1| gives us a recursive formula for a function p,, extending p,,_1, and
by construction it satisfies (A,,). In the next two lemmas, we prove it satisfies (B,,)
and (C,).

From now on we write j instead of j; for simplicity. But otherwise retain the

notation of Lemma [3.5.11

Lemma 3.5.2. The map that is uniquely defined by (3.5.1)) satisfies (By,).
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Proof. Let z; be in the basis of g, z; € By, for some k < m, and i £ J. We need to

prove that p,,(x;)z; — ziz; € Sk. By the formula (3.5.1]), we have

pm(i)2g = 225 + B(), i) pm—1(25)W + pr—1([zi, 25]) 2

where w € Si_1 and thus, B(x;, z;)pm-1(z;)w € Si. Similarly, z; € S,_; implies
pm—1([zi,z;])zp in Sk. Therefore this proves pp,(x;)x; — 225 € Sk so that (B,,) is

satisfied. O]
Now we are going prove that p,, satisfies (C},) by case analysis.

Lemma 3.5.3. Let L be a weakly increasing sequence with ¢(L) = m — 1. If either of

the two conditions
(i) i>jand j <L, or
(i) 1 <jandi <L
hold, then p,, also satisfies (C,) for these values of i and j.

Proof. Suppose ¢ > j and j < L. Then by (A,,_1), we know that p,,(z;)z; =

pm—1(x)z, = zjzr. Therefore we apply the formula (3.5.1)) to p,,(x;)z;2L to obtain

pm(i) 22 = zizpzrn + B(@, 20) pm—1 ()W + p-i ([, 7)) 2L (3.5.3)

where w = py,_1(%;)2r — 2izp, € Sp—1 in this case. Since w € S,,_1, we can write

Pm—1(zj)w as pm(z;)w. Then we expand it as follows

pm(%‘)w = Pm(%)(ﬂm—l(%‘)zL — 2i2L)

= P () pm—1(xi)2L — pm(xj)2izr by linearity
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= pm(Tj) pm—-1(Ti) 2L — 252121 since j <iand 7 < L

= pn(25) pm—1(xi)2r — B(xi, 5) 22521

Since z; € S,,_1, we can replace p,,—1 by p,, in this last term. Therefore if we

substitute S(x;, z;) pm(x;)w by B(z;, %) pm(2;) pm(xi) 2 — 22521 in we conclude

pm(xi)pm(xj)ZL = 5(Ij7 xi>pm(xj)pm($i)ZL + Pm([l’i, xj])ZLv (354)

as required.
Now we assume that ¢ < j and ¢ < L. Then by a similar calculation in case (i),

we should conclude that

pm(T5) pm(i) 2L = B(2i, 25) pn (i) pn () 21 + P[5, ] 21 - (3.5.5)

After rearranging (3.5.5)), we get

B, 27) p(wi) pm (25) 2 = pin () pm(wi) 20 — pin ([, 2i]) 215

since [x;, x;] = —B(x;, xj)[xi, ;] and p,, is linear in each variable, this is equivalent to

B(@i, 25) pn (@) pm (25) 2 = pin(5) p(i) 21 + B(@iy 5) pr ([, 5] ) 21

Multiplying by 5(z;, z;) on both sides gives

P (i) P (5) 21 = B(5, ) pi (T5) P (i) 21 + i ([26, 75]) 2L

This proves that the condition (C,,) holds in case (7). O
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Now the only remaining case left to prove is when neither ¢ < L nor j < L, in

which case we must have that L = (¢, L) with ¢ <, j.

Lemma 3.5.4. Let L be a weakly increasing sequence with ¢(L) =m — 1. Let i,j be

such that neither i < L nor j < L. Then p,, satisfies (Cy,) for these values of i and j.

By looking at (C,,), our strategy to prove this lemma is using Lemma m
and the induction hypothesis to rewrite p,,(2;)pm(z;)2zr and B(x;, 2;) pm(2;) pm (i) 21
explicitly. Then we prove that the difference between these two terms is py, ([2;, x;]) 2L

To save some space, we write 3(i,j) = [B(x;,x;) for all z;,z; € g. Also since
[z, z;] has colour equal to the product of colours of z; and x;, we write ij for this

colour. Moreover, instead of p,,(z;)zr, we write x; - z7, in the proof.

Proof. First we consider the term py,(z;)pm(x;)2r = z; - ¢ - z1,. Since { < L = (¢, L"),

we have z; = xy - z;/. Therefore

Xj+2p =T5 Ty 2 (356)

where 7 > ¢ and ¢ < L’. Thus the right hand side of (3.5.6|) satisfies our assumption
of Lemma[3.5.3) (i). Therefore we have

w2z =B j)xg - xj -z + Xy, T0) - 21

Therefore by linearity we have

wi-xj-zp =P g xp - xy oz +x- [Ty, 3] - 2 (3.5.7)

Now we expand (3.5.7)) even further.
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For the first term, since L’ has length < m — 2, by (B,,), we can write z; - z; =

z;z1y + w for some w € Sy,_o. Therefore we can write (¢, j)x; - x¢ - x; - 21 as
B, j) (i - g+ 252 + T g - w). (3.5.8)

Now since ¢ < 4, j and ¢ < L', the first term of (3.5.8)) satisfies the condition of Lemma
3.5.3| (). Therefore we can expand it according to (C,,). Moreover, since w € S,,_a,
we can also expand the second term of (3.5.8)) by the induction hypothesis. Therefore

we can expand B(¢, j)x; - xp - x; - zr» by considering x; - 27, as one term. Thus we have:
) J J

B, )i - xy - Tz = 5(£7j)(5(€7i)37f “Tp Xy Zp T+ [, z¢] - Zj- ZL’)-

Now for the second term of (3.5.7). Since L' has length < m — 2, by the induction

hypothesis, we can expand it as

ﬁ(jf,i)[l’j,ﬂ?g] “Xi 2+ [xi? [xj’xﬁ]] CEL

Therefore, in summary, we can expand (3.5.7)) as

B, 0)BL, J)ae -z x5 - 2+ B, J) |25, 0] - 35 - 21

+ Bl i)y, xe] - i - 2 + (24, (x4, 20]] - 2 (3.5.9)

where we have underlined some terms for easy reference. Similarly as before, if we

swap the roles of ¢ and j, we conclude that p,,(x;)pm(z;)2r, becomes

5(&@5(&])@ "Xy T 2+ 5(57 i)[$j7$€] SIS V4
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+ ﬂ(ZE,j)[ZL'Z, l‘A "Xy 2y + [.ZU], [in,xg]] TR

Therefore 5(4,1)pm(x;)pm(z:)zL is

B, 1)B(L,)B, j)xe - ) w2+ B, 1) B 8) [, 2] - @i - 21

+ B4, 9) B, j) i, xe] - - 2z + B, 9) |25, [2i, xe]] - 2. (3.5.10)

Subtract (3.5.10)) from (3.5.9)); the underlined terms will be cancelled, and the difference

is:

B,3)B(L, 5)we - i x5 - 2 — B(J, 1) B(L, ) B, J)we - x5 - 2 - 21

+ [I’i, [l’j,l‘g]] VA 6(], i)[.fj, [I‘i,l‘g“ 2L (3511)
The first two terms of (3.5.11]) can be combined into one term as

BB, G e - (i - x5 - 21 — B(G, 1)) - i - 21).

Moreover since /(L) < m — 2, by induction hypothesis, the underlined term can be

simplified further as [x;, x;] - 2/ using (C,,). Therefore we have the reduced form

BB )xe - s, 2)] - 21 (3.5.12)

Using (C,,) again, (3.5.12) is equivalent to

B, 0B, 5)B(id, O)xi, x5] - e - 210 + B, 1) B, J) e, [24, 25]] - 210
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which (by the fact that 8(¢,i)5(¢,5)B(ij,¢) = 1) is

(@i, 2] - wo - 2z + B, 1) B, g) e, [T, 4] - 21 (3.5.13)

Thus by replacing the first two terms of (3.5.11)) by (3.5.13), (3.5.11)) becomes

[, @3] 2o 2o+ (@3, [, ] - 20+ B D) B, J) e, (i, 5] - 20 — B, )y, [23, 2] - 200
(3.5.14)
Now based on the Jacobi identity, we need to do some manipulations of 3 to show

that the sum of the last three terms in (3.5.14)) is 0. More precisely, we show that

(23, [, 2]] + B, 3) B, 3)[xe, (25, 25]) — B(F, ) [, [23, 2] (3.5.15)

is 0. By Lemma [2.1.7, we have a different version of the Jacobi identity, namely in

our case, we have

i, [x, 2] — [[i, 5], 2] — B, 1), [, )] = 0. (3.5.16)

Notice that the first and third term in and are identical. Then if
we swap [z;,2;] with 2, in —[[z;,2;], 2] (the second term of (3.5.16)), we obtain
B(¢, ij)[we, [xi, x;]] which is exactly the same as the second term of (3.5.15). Thus, we
conclude that = 0. Therefore becomes [z, x;] - x¢ - 21 = [, %5 - 2L
This implies that = [z, ;] - 2, which is the difference between z; - x; - 21, and
B(j,1)x; - x; - L. Thus we have

T 2p — B 4)x - x- 2 = (x4, 25] - 21
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which is equivalent to (Cy,). This completes the proof. [

In Lemma we constructed the map p,, : g = Hom(S,,, S;n41) and proved
it satisfies (A,,). By Lemma [3.5.2 we proved p,, satisfies (B,,). By Lemma [3.5.3]
and we proved that p,, satisfies (C,,). Thus by the lemmas in this section, we
proved Proposition [3.4.2, which guarantees the validities of the two versions of the

PBW theorem, Theorem and [3.4.6]



Chapter 4

The Brauer algebra action on &k

The Brauer algebra was introduced by Richard Brauer in [Bra37]. Brauer’s motivation
was to obtain the centralizer of the action of the orthogonal group on tensor powers
of its standard module. This idea has also been shown to work when the orthogonal
group is replaced by the symplectic group (for example, see [BR99]). In Section
we discuss the Brauer algebra and in Section [£.2] following [BSRI8], we define an
action of the Brauer algebra on tensor powers of the standard spo(V, 5)-module, which

commutes with the action of spo(V, 3).

4.1 The Brauer algebra

In this section, for any positive integer k, we first give the definition of k-diagrams.
These k-diagrams will span the Brauer algebra. In particular, we describe how to
compose k-diagrams, resulting in the algebra structure. Moreover, we discuss a special
subset of the k-diagrams so that we can define a subalgebra of the Brauer algebra

which is isomorphic to the group algebra of Sy.

68
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Definition 4.1.1. Let k € Z,. A k-diagram is a diagram with two parallel rows with
k wvertices in each row, and k edges such that each vertex is linked to precisely one
edge. We number the bottom vertices from left to right by 1,2,--- ,k and the top
vertices from right to left by k+ 1,k + 2,--- ,2k. Note that loops are not allowed in a

k-diagram.
The set of all k-diagrams is denoted by Dk.

Example 4.1.2. An example of a k-diagram is

é

€ Dy

,_.
)
w
S
ot
o
e

Remark 4.1.3. Let k € Z,. There are (2k—1)-(2k—3)---5-3-1= (22,53,' k-diagrams
since we have 2k — 1 possible ways to connect the first vertex with another vertex,

then we have 2k — 3 possibilities to join the next unconnected vertex and so on.

Next we give an operation on D, so that the vector space spanned by a basis
corresponding to Dy becomes an algebra. This algebra is called the Brauer algebra.
Let F be a field of characteristic 0 and let n € F. If dy, dy € Dy, then we compose d;
and do by putting d; on top of ds identifying ¢ and 2k — ¢+ 1 in d; and ds respectively
for all 1 <7 < k. Then after removing the middle line of vertices and any loops, we

have another k-diagram d and we define dids = n°d where c is the number of loops.

Example 4.1.4. Let d; be the k-diagram we defined in Example and

b= o A
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Then
.\:>¢./. ° o *
didy = 0000.1:772'\:>¢'/°"0
o « e ><o o— e o o ¢ e

Definition 4.1.5. The Brauer algebra By(n) is the F-span of the k-diagrams in Dy,

with multiplication induced by the composition of k-diagrams.

By Remark , the dimension of B(n) is (2212,'

Proposition 4.1.6. The Brauer algebra By(n) is generated by the k-diagrams e; and

si, for 1 < i <k —1, where

° ° o__o o .- o
€, =
[} ® « e ® '3
1 1+ 1
and
[ ) [ ] o, [ ] [ ] [ ]
= X
[ ] [ ] [ ] [ ] [ ]
1 1+ 1
9
modulo the following relations.
s?zl, e?:nei, e;si =86, =¢€;, 1<i<k-—1,
5i5; = 5;S;, sie; = €;S;, ee; = eje;, i —jl > 1,
SiSi+18; = Si+1SiSi+1, €i€it1€; = €, €ir1€i€ip1 = €iy1, 1 <1<k —2,
Si€i418; = Si+1€i, €i+1€iSi+1 = €i1+15i, 1<i<k-—-2.

Proof. A proof can be found in [Wen88| Section 2]. ]
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Now our next plan is to give another presentation of By (n) so that we can form a
permutation corresponding to each k-diagram. For each k-diagram d, we can represent
d as a sequence of pairs of linked vertices such that d = {(¢1,71), (¢2,72), ..., (Cg,7k)}

where ¢; < r; for all ¢;,r; € {1,...,2k}.

Example 4.1.7. Let d be given in Example |4.1.2l We have
d=1{(1,3),(2,5),(4,9),(6,10),(7,8), (11,13), (12, 14) }.

There is a way to construct a permutation of {1,...,2k} using d € Dy: let
d = {(l1,r1), (la,72),..., (lg,7k)} € Dy with £; < --- < f. We construct the

permutation m,; associated with d by letting

1 2 - k k+1 kE+2 --- 2k
ﬂ-d: ESQk-
b by oo A Tk e—1 -+ T

Example 4.1.8. For the diagram e; € Dy, we have e; = {(1,2),(3,4)}, and the
corresponding 7., is

123 4
- = (234) = (23)(34).

1 3 4 2
Example 4.1.9. For the diagram s; € Ds, we have s; = {(1,3),(2,4)}, and the

corresponding 7y, is

1 2 3 4
Ts, = = (34).

1
1 2 4 3

Let d € Dy, be any diagram such that each vertex in the lower row is connected
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to one in the upper row. Then d = {(1,r1),(2,72),...,(k,7t)}. Therefore the

corresponding permutation is

1 ook k41 - 2k
T4 = ;
1 PR k /r'k ) 7’11

which is a permutation of {k + 1,...,2k}. For example,
o = (2k —i,2k —i+1). (4.1.1)

Remark 4.1.10. Identifying {k + 1,...,2k} with {1,...,k} by the transformation
i — 2k — i+ 1, we see that s; goes to the transposition (i,7 + 1). In general, any
d € By(n) with only vertical edges can be written as s;, ---s; , for some n and
some i; € {1,...,k —1}. Therefore, we can identify such d with the permutation
o= (1,01 + 1) (in,in + 1) = 54 - - - 8, € S, where s;; now denotes also the simple
transpositions (i;,4; + 1). In this way, we identify the subalgebra of By(n) generated
by the s; with the group algebra F[Sk].

Note that this is the same identification as obtained by viewing the diagrams

with only vertical edges as permutations of {1,... &k} in the natural way.

4.2 The commuting action of the Brauer algebra
on the spo(V, 3)-module V®*

In this section, let g = spo(V, 8). Let B = {vy,...,v,} be the ordered basis given in
(2.4.1). Denote the dual basis by {v',...,v"}. For k € Z>(, we define an action of D,

on V& which is provided in [BSR98]. This action is designed to make the generator



4. THE BRAUER ALGEBRA ACTION ON V®k 73

s; act by permutations, and the image of e; on V®* isomorphic to V®*~2) In order
to define this action, we need the g-module morphisms R, in (2.2.3)), pr, and évy, in
Lemma [2.2.14] Also recall that from Section [2.3] we have the matrix form of our

g-module isomorphism F': V — V*. Then we have the following definition.

Definition 4.2.1. Let d be a k-diagram in Dy, we define a map

U : Dy, — Homgy (VEF VEF)

d— ¥
where Wy is the composition

i), @id®F
Uy : VR 2V @ Vek T pek g (s g ek

id@’“é@(F‘l)®’“®z’d®’“> V2% g 10k

Ry, ®id®"
—

YOk g 10k
id®k Rk ©;d®k "
AP QF 9 ®id V@k Q (V >®k ® V®k
id®FRev
BN ek g 1, 2 Yk,

Notice that ¥, is a g-module morphism for all d € D;, since the map ¥, is a
composite of g-module morphisms.

Next we illustrate Definition by evaluating ¥ on the generators of By(n).
We have the following proposition. Note that we write the action of Bg(n) on the

right, and we will justify this convention later.

Proposition 4.2.2. Let v;, ® v;, € V@V with v;,,v;, € B. Then
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(i) the action of e; on vy, ® vy, is given by

(Uu ® 1)12 l1 12 E , J1 ]QUJI & Vjy, and

Ji.J2

(i1) the action of s1 on v;, ® vy, is given by

(U’il & U’iQ)\Ilsl = _6(Ui27 U’i1)v7§2 0y Vi, -

Proof. Let d = e; € Dy. Then by Example , we have Rwd =R 23)R (34)- Notice
that when we apply R (23) R (34) On Ve we first apply R (34), and then apply R (23)- By
Lemma [2.4.4] F~'(v') and v; have opposite colour. Again by Remark [2.3.4] we use a
vector to represent its only colour and use the inverse v~—! to represent the opposite

colour. Then the sequence of maps ., does the following:

(Uil & Uig) —-1® Vi, & (U

n=1
i, Qid®? . .
Pri@d T, Zvjl ® v, ® V2 @V Q@ v, ® vy
Ji,j2
id®2@( F—1)®2g;d®2 , .
T TN vy @0, © FU(0) @ P (01) @ 0, ®
Ji:92
R(34)®1d®? . )
SN B v e @ v, © F (o) @ FNR) v, @, (%)
J1,J2
R( )®id®2 _ _ . _ .
23—> Z 5<Ujll7 ’Uj21)5(1}]1 ’UJQ),U.Yl ® F~ (Ujl) ® vj, ® F 1('0]2) ® vy @ Vi,
Ji,j2
i 2 2 i 2 _ - . .
PGP, Z ﬁ(vjll, Dy, @ F7H(0") @ F(v,) @ v @ vy, ® ;. (4.2.1)
jl?j?

Notice that 8(v}, 1. 1) =1 for any v;, € B, and we will rewrite (4.2.1]) using the matrix
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form of F' and F~! to complete the calculation. Therefore, we have

v, ® W ® Y Fiy ! @0 @ v, © vy,
LWL

Ji,J2

d®2®evk
32
E :Uh ® E jlp v Uh § 27qU fUlQ

Ji,J2
n

_ZUﬁ@Z J1:D (lelz Jo,q ng)

J1,52

- § : § :(Uﬁ ® § : J1 pvp J2,i1 J2722>

aj2

Consider the underlined part. Since ¢ , ;, is nonzero only for j, = ¢;, the sum over js

reduces to jo = 7;. Thus we have

E :Ujl ® E J1 pvp i1,02 T F’Z177«2 E J1 pvjl ® Up

Ji,p

=F;

01,92 J1 ]2
J1,J2

Ujl ® U]Q

Therefore we have (v;, @ v;,)Ve, = Fj, 4, Zjhjg Fﬂ}lﬁvh ® Vj, -
Now let d = s;. In Example we verified that m,(,,) = (34). The first steps
up until (%) of the evaluation of (v;, ® v, )Wy, is identical to that of (v, ® v;,)¥,,

Therefore we have

(vn, ® i) = Y —Bo; 05 vy ® vy, @ F (0 @ F (0?) @y @ vy, (%)

J1,J2

1d®2QF®2®id®? i j

- - - _ . . . . J1 J2 . .
E 5(”]1 ) 7}12)@]1 X Vj, @V @V Qv @ Uiy
J1,J2

1d®2@évy,
— E —B(vjy, 4, )V, ® V5,05 450550

Ji.J2
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- - B(U’Q) Uil)viz ® Uil‘

Thus (v, ® vy, Vs, = —B(viy, Vi, JVi, @ V. O

Corollary 4.2.3. For allk € Z~y and 1 <1 < k — 1, we have

\I]e- — id®(i—1) ® \I[el ® id@(k—i—l)’

and

U, =id® Y @ v, @id®¢*-iD,

Proof. Although the proof is a time consuming process, it is similar to the proof of

Proposition [4.2.2] O

By Remark [4.1.10] we identified the diagram s; with the permutation (i,7 + 1).

Notice that for a simple tensor v = v; ® - - - ® vy, we have

W, = =041, )01 @ - V1 V1 QU @ -+ DUy = Rv.

In fact, for each d € Dy with only vertical edges, by Remark [4.1.10] we view d
as a permutation in S;. Thus, if we write the permutation corresponding to d as
7T = 8; - - 8i, as a product of simple transpositions, then for all v = v, ®- - Qv € VEF,
we have

U, =R, -

v =¥y =0V si, R;v. (4.2.2)

Sil :

Moreover, we have

O = (V1 ® - @ UR)T = Brr(1) @+ @ Ur(r),



4. THE BRAUER ALGEBRA ACTION ON V®k 7

where [, is the scalar defined in Lemma [3.1.5]

We will discuss more about the maps ¥, in Section [5.2]

Recall n = dim(V(g)) and m = dim(V(y)), and set n = n —m. We have seen for
simple reflections that vy, 4, = vW4, Uy,. This justifies the reason we write the action
of the Brauer algebra as a right action. It also suggests, as in the following theorem,
that our action extends not to Bi(n —m) but to Bi(n — m)°P, where the algebra

operation satisfies d; - dy = dad;.

Theorem 4.2.4. The map V : Br(n — m)°® — Homy(V®*, V) is a homomorphism

of algebras.

Proof. First notice that since the k-diagrams span By(n —m) (and hence span By (n —
m)°P), Definition defines W, for any b € Bi(n —m)°P by linearity. Thus ¥, €
Hom, (V& VE*) for all b € Bj(n — m)°®. Next, in order to prove that it is an
algebra homomorphism, one needs to verify that WU preserves each of the relations
in Proposition Most of the symmetric relations are proved in [BSRO8]. We
will prove one extra relation W, W, W, = W, V. (corresponding to the relation
sjese; = Sgeq in Bi(n — m) for all k > 2) since this relation is neither symmetric
(and thus distinguishes between By(n —m) and By(n — m)°P) nor straightforward to
deduce.

For all k > 3, by Corollary {.2.3] since both ¥, W, U, and ¥,, ¥, only act on
the first three components of a tensor in V®* it suffices to only consider a simple

tensor v;, ® vy, @ vy, € VE with v;,, vy, v, € B. We prove that

(Uil & Vi, ® via)qjsl qJGQ\Ilel = (Uz'l & Vi, Q Uig)\IJSQ\I/el. (423)
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Recall that we use the vector itself to denote its colour. By Proposition [£.2.2] the

right hand side of (4.2.3)) is

(Uil ® Vi ® UiS)\IISZ‘I]el = _ﬁ(visv Ui2)(vil ® Vig ® Ui2)\1161

= — B(viy, 0iy) Finiy > Fi kv, ® v, @ vy, (4.2.4)

J1,J3

The left hand side of (4.2.3) is

(Uil ® Uiy ® Ui3)\1181 \Ij32\1/31 - ﬁ(viw Ui1)(vi2 ® Uiy ® Uis)lpez \I}el

- - B(in Uil) <E1,i3 Z Féz,lei,»vlé ® vy @ Ufs) Ve,

£1,l3

which is

— 5(%2, Ui1) (El,i3 Z F£:71£3E2741 Z Fh_:hgvhl & (U (%9 Ugg) . (425)
01,83 hi,h2

Now let us simplify (4.2.5). Consider the underlined term F£:71€3F7:27Zl' Since

Fg’l@ # 0 if and only if v, = vy, and Fj,,, # 0 if and only if vj, = v;,, we deduce

that this term is nonzero if and only if vy, = v;, = v;,. Therefore the underlined term

is Fe:,lz;FEI,Zl which is 1 for all v,, € B by the explicit matrix form of F' we found in

E43) and (43).
Thus (4.2.5) becomes

— /B(vi27vil>ﬂl7i3 Z Fh_:hgvhl & (U & Viy- (426)
hi,ha

*
137

Notice that Fj, ;, # 0 if and only if v;; = v}, therefore by using the fact that

1,23
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B<Ui27 U;;,) = 6(vi37 Uiz)a " becomes

-1
_B(Uizn Ui2)Fi17i3 E Fhl,hgvhl & Vny @ Vi, -
hi,ha

By re-indexing h; to j; for all i = 1,2, we conclude that the two sides of (4.2.3)) are

equal. O

Remark 4.2.5. Notice that if we wrote the action of the Brauer algebra on the left,
the relation Wy, W, W, (v, ® vy, @ vy,) = Vs, Ve, (v, ® v, ® v,) would not hold.

Theoremimplies that for allw € V® forall X € g, and for all b € By(n—m),
we have

(P(X)w) ¥y = p(X)(wy),

where p denotes the g-module structure on V®*. Thus the right action of By(n —m)

on V®* commutes with the left action of spo(V, 3) on V.

Remark 4.2.6. The Brauer action can be defined more systematically using the
machinery of Brauer categories, introduced for example in [LZ16]. The advantage of
the more elementary approach that we develop in this chapter, is that one obtains an
explicit method to combinatorially compute the action of any element of the Brauer

algebra.



Chapter 5

Highest weight vectors in y®k

In this chapter we construct highest weight vectors for tensor powers of the standard
representation of spo(V, 3). The idea is to construct certain highest weight vectors
for harmonic tensor spaces and to use the Brauer algebra. This technique was
originally used in the purely even cases corresponding to orthogonal and symplectic
Lie algebras; for a readable exposition, see [GW09]. This technique is generalized
to the orthosymplectic Lie colour algebra spo(V, 5) by [BSROS8]. In Section we
introduce (r, s)-hook tableaux and their associated simple tensors following [BSRIS].
In Section [5.2] and we introduce Young symmetrizers and contractions which are
realized by elements of the Brauer algebra. We illustrate these with detailed examples.
In Section [5.4] we will use these new concepts to construct highest weight vectors for
V& where V is the standard spo(V, 3)-module and k € Zsq. Furthermore, we analyze
and justify how this construction works. We conclude in Section with our own
explicit example in V ® V', and construct submodules generated by the highest weight

vectors we found.

80
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5.1 (r,s)-hook tableaux and simple tensors

As demonstrated in [GW09, Chapter 9], there is a way to construct simple tensors vy
in V® from Young tableaux T. For the definition of Young tableaux, patitions and
related concepts, please see Appendix . The work of [BSRIS8] generalized this idea
to form simple tensors from (r, s)-hook shape tableaus.

Let g = spo(V, B). We construct simple tensors from the subset

B/ = {t17 s 7t7“7u1a cey Us, (u5+1)}

of the basis B. The set of t; comes from the set BEO), and the set of u; comes from
the the set Bél). Therefore we will put all ¢;’s together to form a smaller tableau
Tioy within 7', and similarly, we will gather all u;’s from B’ to form another smaller
tableau 7,y within 7". In order to make this discussion more precise, we first give the

following definitions.

Definition 5.1.1. Let A = (\y,..., ;) be a partition of k € Z>o. We say X is a
(r, s)-hook partition if \,y1 < s. A standard tableau T' of shape X is called an (r, s)-hook

tableau.

Note that any tableaux which can be fitted in Figure is called an (r, s)-hook

tableau.

IT rows

Figure 5.1: (r, s)-hook shape tableau frame
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From now on, we let L = {1,...,k} for some k € Z>o. We denote the set of all

(r, s)-hook tableaux with entries from K by I'; 4(K).

Example 5.1.2. Let A = (17,2,2). Then A is a (1, 3)-hook partition since A\;;; =

2< 3.

Definition 5.1.3. Let A = (Ay,...,A\)) B k. Let Y(\) be the Young diagram of X.
Then the transpose of X, denoted N = (N1, ..., \n) is a partition of k whose parts are
the lengths of the columns of Y (X). In particular, Y (XN') has € columns and n = )\

rows, and \; = Card{i | \; —j > 0}, for all 1 < j <n.

Example 5.1.4. Let A = (5,2,2,1). Then X = (4,3,1,1,1). The corresponding

Young diagrams are given by

Y(A) = LY =

Definition 5.1.5. Given a tableau T of shape A, the transpose of T, denoted T' is
the tableau of shape X' in which the entries of the i row of T are the entries of the

t

it™ column of T".

Note that if T is a standard Young tableau of shape A, then T” is still a standard

Young tableau of shape \'.

Example 5.1.6. Let T = 6/8]9]. Then T" = 10] .

1
2
5

| (oo

10

‘@‘oo‘m wol—
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Now for each (r, s)-hook tableau T', we separate it into two different tableaux
Tioy and T{1): we take the first r rows to form a smaller tableau T{p). Then we take
the transpose of the rest of T' to form another smaller tableau 7,y which will have at
most s rows.

Formally, let A\ = (Ay,..., ) be an (r,s)-hook partition, and let T" be a
standard tableau of shape A. The subtableau Ty corresponds to the partition
Aoy = (A1, ..., Ar). We form a smaller partition (Ayy1,...,A¢) by removing Ay from
A. Then Mgy = (Ag1, .-, A) = (5\7"+17 . 75\7“4-5) gives a new partition. The trans-
pose of the subtableau of T" obtained by removing 7| is called T{;). Note that T{;)
has shape A(;). Note we start labelling the indices of A;) from r 4 1 because A

is constructed starting from the (r 4+ 1)™ row of T. By convention, if ¢ < r, then

5‘7‘—4—1:"'::\7“4-3:0-
Example 5.1.7. Let T = [1[3]6/8]9]. This is a (2, 3)-hook tableau and we have
214
5|7
10
Ty =11[3]618]9]and Tjy) = 510
204 7

The corresponding partitions are Ay = (5,2) and Aqy = (2, 1).

Now for each (r, s)-hook tableau, we construct a simple tensor with factors from
B
Definition 5.1.8. Let T' € I, ((K). Then let vy = v, ® - - - @ vy, be the simple tensor

in Vk where v; is defined by

t; if iisin the j* row of T\,
v =
w; if iis in the 3™ row of Tiyy.
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Example 5.1.9. In Example the corresponding vr is given by
Vr =11 QR Qe R U Rl DU X Q1 R uy.

Lemma 5.1.10. Let A = (Ay,...,\¢) be an (r, s)-hook partition. Let T be an (r,s)-
hook tableau of shape A in I, s(K). Let vy = v, ® - -+ @ vy be the simple tensor as in
Definition [5.1.8 with v; € B’ for all 1 <1i < k. Then the weight of vr is given by

Aer+ -+ Aep + 5\r+151 o Arpsls.

Proof. By Definition the number of ¢; in vr is A; for all 1 < ¢ <r. The number

of uj in vr is :\Tﬂ- for all 1 < 5 <'s. Therefore the result follows from Lemma[2.5.5 []

Example 5.1.11. Let T be a (2,3)-hook tableau of shape A = (5,2,2,1) as in
Example [5.1.7, We have A\ = (5,2) and Aqy = (2,1). Then the corresponding vr

has weight bey + 29 + 261 + 0s.

Lemma 5.1.12. Let v =v; ® - - - @ v; be a simple tensor in VEF with v; € B’ for all

1 <1< k. Let m be an element of Si. Then
(i) if there exists j € {1,...,r} such that for all i,7' € K, w(i) = ¢ and i # 7
implies v; = vy = t;, then Ryv = sgn(n)v, and
(ii) if there exists j € {1,...,s} such that for all i,i' € KC, w(i) = ¢ and i # 7’
implies v; = vy = u;, then R.v=v.
We will say that such a ™ permutes t; with t; or u; with u; respectively.

Proof. Since every permutation can be written as a product of transpositions, we prove
this lemma for transpositions (i, ) by induction on j —i. Note that for transpositions,

the conclusions of the lemma are R, v = —B(v;, v;)v in both cases.
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The base case is j — ¢ = 1. Suppose that 7 = (i,i + 1), and v; = v;41. Then by

([2.2.2) and Proposition [2.2.10, R;v = —f(vie1, vi)v = —B (v, v;)v.
Now suppose that the result holds when © = (7, j) with j —4 > 1. We prove the
result holds for 7 = (4,5 + 1).

Let m = (4,5 + 1) and suppose v; = vj11. We have 7 = (4,7 + 1)(4,7)(j,5 + 1).

Then by (2.2.3), we have

RWU = RjR(iVj)RjU.

For easy reference, we use boldface to indicate the factors in v that have been swapped

in each step. Therefore we have
Rj?) = —5<Uj+1, Uj)'l}l XX Vj—1 &® Vj+1 X Vj X Vj42 X R V. (511)

Using the inductive hypothesis, since the entries in the i*" and j* positions are now

equal, we have

RjR(i,j)U = B(v;, Ui)ﬁ(“j—i—h Uj)U1 Q- QU1 @Vjr1 @ Vg

R QU1 QU RV QU@ @ (5.1.2)

Applying Rj to (5.1.2)) will permute v; past v;. Thus we have

Ryv = —p(vi, v3)B(vjs1, ;) B(v;,0:)v1 @ -+ @ Vj—1 @ Vjy1 @ Uiy

R QU1 QU QV; ®Vj12 ® - Qug. (5.1.3)

Since v; = v;41, the simple tensor in (5.1.3)) is equal to v. We compute the
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coeflicient

—B(vi, vi) B(vjt1,v;)B(vj, vi) = = B(vi, v3) Bvi, v5) Bvs, vi) = —B(vi, vi).

This completes the proof of the lemma. O

5.2 Young symmetrizers

Let us first briefly recall the role of Young symmetrizers in the classical representation
theory.

Let S, be the permutation group on k letters. Then when we consider the
representation theory of the symmetric group Sj for some k € Zs(, an operator
called a Young symmetrizer is used to construct irreducible Sg-modules which can be

parametrized by partitions of k.

Definition 5.2.1. Let X be a partition of k. Let T be a standard Young tableau of
shape \. The row group Ry s the subgroup of Sy preserving the rows of T'. The

column group Cr is the subgroup of Sy preserving the columns of T

Example 5.2.2. Suppose that

T=1[1]|2]
3

Then Ry = {id, (12)} and Cr = {id, (13)}, where we use id to denote the identity

element in Sj,.

Definition 5.2.3. Let IF be a field. Let F[Sk] be the group algebra of Sk. Let T be a

standard Young tableau of shape A+ k. The normalized Young symmetrizer is defined
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to be

yr =h(A) D sen(v)yy € F[Sy]

YERT
yeCr

where h(\) € Q% is chosen so that yr is an idempotent.

Remark 5.2.4. In [GW09], Goodman and Wallach prove that h()\):d“‘}:!SA where
S* is the irreducible Si-module corresponding to the partition A. In particular the
dimension of S* is the number of standard Young tableaux of shape A\ with entries

from K.

Example 5.2.5. Let T be the tableau in Example There are only two standard
Young tableaux of shape (2,1). So by Remark 5.2.4] we have h()\) = 2 = 3. Therefore

3!

we have

yr = 5(id+ (13) - (12) ~ (12)(13)).

Recall that the group algebra F[Si] is a subalgebra of the Brauer algebra. Thus,
the Young symmetrizer will be acting on V®* on the right, so the following is with
respect to a right action.

We first prove a useful lemma.

Lemma 5.2.6. Let T be a standard tableau with entries from a subset L C IC. Suppose
o € Sk is such that o(i) < o(j) whenever i < j and i,j € L. Define T to be the
tableau obtained from T by applying o to each entry of T'. Then T is also a standard

Young tableau, with entries from o(L). Moreover, o0~ ypo = yro.

Proof. Tt is clear that T is a standard Young tableau. For ¢y € Ry we can write
Y =y, -+ -1y, where 1), is a permutation which only permutes entries in row j of T'.

Then we have

0o = (07 ,0) -+ (07 ny0).
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Therefore it suffices to prove that Uﬁlw,ﬂja is a permutation which only permutes the
entries of row j of 77 for all 1 < j < /.

Let S = {i1,...,in} be the set of entries of row j of 7. Then the entries of row
j of T7 are So = {o(i1),...,0(im)}. From the definition of the right action, we know
that J_lwrjo permutes the elements So the same way that ¢, permutes the entries of
the S. It follows that the map v — o190 is a bijection from R onto Ryo. Similarly,
the map 7 + 0 ~'y0 is a bijection from Cr to Cr».Therefore by Definition [5.2.3] we

have

o lyro = o 'h(N) Y sen(P)ro

YERT
ve€Cr

=h(X) D sgn(@)(o"Yo) (0 o)
YERT
veCr

=h(A) D sen(@)wy°
wUERTO'
’YGECTO'

= Yro. O

5.3 Contraction maps on V&

In classical representation theory, let W be a representation of a Lie algebra [. Then for
all 1 <i,j <k, contractions C*7 are linear maps from W®* to W®*=2) which contract
the i*" and j*® factors of the tensor into a scalar. For example, C'?(a @ b® c ® d) =
w(a,b)c ® d where w(a,b) is a scalar valued bilinear map depending on a and b. Thus,
if dim(W) = n, then dim(Ker(C%»))=nF —nk~2. Typically, when we have a contraction
map from V& to V®*=2) we tensor an invariant tensor to get a map from V* to

V@ Some of the facts concerning contraction maps are discussed in [BBL90] and
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[Brob3).

The vectors in W®* which are annihilated by any composition of contraction
maps C* were first called traceless tensors in [Wey97]. The set of all such tensors is
called the harmonic space of k-tensors in [GWQ9], which is an [-submodule of W&*.

In [BBLI0], Benkart et. al. described an algorithm to find highest weight vectors
for all classical Lie algebras, which is then generalized to the algorithm given in
[BSROS] for Lie colour algebras.

We begin by constructing contraction maps C; ; : V& — V&,

Definition 5.3.1. Let ¢; ; be the diagram

® --- 0 [ ) ® --- @ o ® --- @
Cijj = %<
’ ® ® L] ®:--- 0 ® [ ] [ ]
i J

in the Brauer algebra Bx(n —m). Then the contraction map C;; € End(V®*) is given
by Ci,j = \chi,j .

Since for all ¢ # j, ¢; ; = ¢;,; in the Brauer algebra, we have that C; ; = C;;. Thus,
we can restrict ourselves to contraction maps C;; such that 1 <1 < j <k.

Example 5.3.2. Since ¢; ;41 = ¢;, we have C; ;41 = U,,.

Lemma 5.3.3. Let ¢;; be the element of the Brauer algebra By(n) as defined in
Definition 5.5.1. Let o be a permutation in Sy. Then we have 07'¢; ;0 = Co(i) o))

Proof. Let us consider the product of 0 '¢; jo in Bg(n) which we visualize in Figure

[.2l Then the result follows. |

Lemma 5.3.4. Let C;; be a contraction map on Ve where 1 <i < j <k. Then

for any o € Sy, we have 07C; jo = Cyi) o(j)-
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AN L A
i J

= o =<
i J
i J

which is

Figure 5.2: The composition 0~'¢; jo as diagrams in the Brauer algebra, and

the resulting diagram c, ;) +(j). We suppress most of the vertical edges in both
o and o', We only keep the vertical edges linking 4, j with o(i),o(j) respec-
tively in o, and the vertical edges linking 4, j with 0=1(z), 0~!(j) respectively
in 0~!, and we label both top and bottom rows by 1, ...,k for simplicity.

Proof. By Theorem 4.2.4) ¥ is a homomorphism from By, (n—m)°P to Hom,(V &k V).
Thus, by Lemma [5.3.3] we have (as a right action)

-1 -1
Ca(i),a(j) = \cho'(i),o(j) = \Ilgfl \I]Ci,j \I/J =0 \I’ci’jO' =0 CZ‘JO'

as claimed. O

Lemma 5.3.5. Let V be an spo(V, 3)-module. The image of Cy 5 = V., in VEF is

isomorphic to VEFk=2),
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Proof. Tt is enough to prove that the image of C; 5 in V2 is isomorphic to the trivial
module of spo(V, 3).

Apply Corollary to our homogenous basis B, we have that for any u,v € B,

W@V, = Fy Y Fls®@t=0 (5.3.1)

s,teB

Recall that from Lemmal2.2.12 we have a g-module morphism pry such that in our case,
if we relabel the homogeneous basis B = {v1, ..., Vpim}, then pry (1) = 17" v; @ v
is a g-invariant tensor. Also recall from Lemma m, F~1:V* - V is a g-module

isomorphism. Then we have

m+n

(id® F Y opry(l Zv,@F

m—+n

= Z F;levi ®Uj = Q
=1

Thus 2 is a g invariant tensor since z(id @ F~1)(pry(1)) = (id @ F~1)(zpry(1)) =0
for all x € g. Therefore that the image of C; 2 on V ® V' is isomorphic to the trivial

module and in turn, we conclude that V¢C, , = V&k=2), O

Notice that the values of F,}! ¢ are given explicitly in , and we conclude that
(5.3.1) is

Q=) (et —tt)+> (4 ®u] +uj @ ;). (5.3.2)
=1

j=1
More generally, using the relation C; ; = 0~ 'C} 20 for some permutation o € S, we

find the following. Let w = w; ® -+ - ® w; with wy, € B, then for 1 <i < j <k, the
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vector wCj ; is a nonzero scalar multiple of

Fopnu, Z Flui® QW1 ®s@Win @ QWi @L@ W41 @+ @ wy. (5.3.3)
s,teB

In particular, this implies that V®*C;; = VO*=2) forall 1 <i < j < k.

As in the classical sense, we want to compose multiple contraction maps.
Definition 5.3.6. Let p = {p1,...,p;} and ¢ = {q,...,q;} be two ordered disjoint
subsets of IC such that p; < qp for all 1 < ¢ < j. Then we define

Ogg = Cprq1 " Cpjgs-

We also call Cp 4 a contraction map.

We pair each p, € p and g, € g together to define a set of pairs

(r,q) ={(pr,q1); -, (P q5) | pe < qefor 1 < £ <5} (5.3.4)

For each j =1,...,|k/2], we define the set of all such (p,q)’s by
P(j) = {(p.q) | the cardinality of p and ¢ are both j},

and the set of all possible indices of contraction maps on V®* is given by

[k/2]
P = P(j)- (5.3.5)
j=0

We give the following definitions of harmonic tensor spaces before we construct

highest weight vectors.
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Definition 5.3.7. The harmonic tensor space H(VE*, Cpq) of V* is the kernel of

the contraction map Cy 4 acting on Vek,

Lemma 5.3.8. The harmonic tensor space H(VE*, Cy ) is an spo(V, B)-submodule

of V&,

Proof. Let g = spo(V, 3). We have that v € H(V®*, C,,) if and only if vC,, , = 0. Since
the action of g = spo(V, 8) on V& commutes with the action of By(n—m), we have for

I3

Example 5.3.9. Suppose that r =1, s = 0 and B = {t;,t}}. Consider the spo(V, /3)-
module V% = Span{v ® w | v,w € B}. Using (5.3.1), u ®@ v € Ker(Cy ) if u # v*.

With a little more work, we can see that H(V®% (| 5) is the span of
{ti @ t1, 61 @] + 1] @ 11, 1] © 17}

Definition 5.3.10. Let s and t be disjoint subsets of KK — (pUq). Then the harmonic
tensor space ’H(V®kCM, Cst) is the kernel of the contraction map Cyy : V®’“CM —

VEEC, 4.

Notice that H(VE*C, 4, Csy) is also an spo(V, 3)-submodule.

5.4 Construction of highest weight vectors

In this section, we construct highest weight vectors of several submodules of the

spo(V, B)-module V®* following the algorithm presented by Benkart et. al. in [BSROS].

This result is stated in Theorem and proven in the course of several lemmas.
Let us first motivate the choice of w = wr,, appearing in the theorem. The idea

is to choose some special simple tensor w = w; ® - -+ ® wy, € V¥, and then transform
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it into a highest weight vector by applying contraction maps and normalized Young
symmetrizers on the right.

Let us first investigate the contraction maps. By Lemma and Lemma [5.3.5]
Ci; will contract two factors w; and w; of w into a g-invariant tensor, namely F, ., (2.
Since w;, w; € B, we have F,, ., # 0 if and only if w; = wy. Therefore, wC; ; is
nonzero if and only if w; = (O Thus, we can start with vectors w; = ¢, and w; = t]
in the position that we will apply contractions, which will be ¢ € p and j € g.

Now for i ¢ (pU ¢), we can construct an (7, s)-hook tableau with entries from

K — (pUgq). Then we choose each w; by using Definition foralli € K —(pUq).

Theorem 5.4.1. Let A be an (r, s)-hook partition of k — 23, for all 0 < j < [k/2].
Let (p,q) € P(j) and fir T € I, ,(K — (pU q)) of shape . Let Ty and Ty be the

corresponding subtableauzs of shape Ay = (A1,--+ , Ar) and Aqy = (Arg1, -, Args)

respectively. Let wrpq, = w1 ® -+ - @ wy, be the simple tensor defined by

t1 ZfZGB,
i1 if 1€gq,

te if ie K —(pUq) and i is in (™ row of T\,

ug if i€ K—(pUq) andi is in (™ row of Ty

Then v = wrypCpyr s a highest weight vector of Ve For any s,t C K— (pUq)
such that sNt = @, v is an element of H(VE*Cyq, Cop)yr -
Moreover, if n = 2s and if there are s rows in (1), then there is extra highest

weight vector v = Wryp ,Cp gyr, where Wy 4 is the simple tensor obtained from wr,y 4

by replacing each occurrence of ug with u}.

We will prove Theorem by means of a sequence of lemmas. For simplicity,
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we write w for wr,, 4, W for Wy, and wt(u) for the weight of a vector u. We begin

by determining the weights of v and w.

Lemma 5.4.2. Let w and Cy4 be defined as in Theorem m Then

(i) wCyp4 is annihilated by all Cs; such that s,t € K — (pUq),

(i1) the weight of v equals wt(w) which is

A+ -+ e+ 5\r+151 +ot S‘H‘S(SS’ and

(iii) the weight of T is

wt(w) — 2,4 505. (5.4.1)

Proof.

(i)

If s and ¢ are both in  — (p U ¢), then the corresponding w, and w; will be in
the set B = {t1,...,t;, u1, ..., us, (ust1)}. Therefore Cs; will contract w, and

wy into F,, 4,2 which is 0 since F,,, ., = 0 for all w,, w, € B'.

By the construction of w, the numbers of ¢;’s and ¢}’s coming from p and q
are equal in w, and we have wt(¢;) = —wt(¢}). Therefore the weight of w is
determined by its factors w; such that 7 € IC — (p U ¢). Therefore Lemma [5.1.10

implies that

Wt (w) = Mgt 4 - + Mer + Ag101 4 - + Apps0s. (5.4.2)

Moreover, C),, will contract pairs of ¢; and ¢ of w into a g-invariant tensor
which also has weight 0, we have wt(wC),,) = wt(w). Therefore the equation

wt(v) = wt(wCp gyr) = wt(w) holds since yr preserves weights.
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(iii) The result follows from (ii) and the fact that w is obtained from w by changing

us to us. [l

Now we verify that v # 0. This follows from Lemma [5.4.3| and Proposition [5.4.4
The same process is also valid for the vector v.

First, let £ be the subspace of V& spanned by the simple tensors of the form
W, Q- @ w, suchthatijBforalllgjgk, and w; # w; for some 1 < < k.
Clearly w € £. Then we identify a key property of the action of yr on wC), 4 by the

following lemma.

Lemma 5.4.3. Let v € Ry and 0 € Cr. Then wsgn(¢)o = cw for some scalar ¢

if and only if ¥ € Ry, and o € Rr,. In this case, ¢ = 1.

Proof. Take i € Rry,- Then 1 permutes elements within the ith row of Tl for
1 < i < r. By the definition of w, the elements in the i*" row of T(oy will be recorded
as t; in w. Therefore v will only permute ¢; with ¢; in w. By Lemma [5.1.12) we have
wy = sgn(yY)w.

Now take 0 € Cp. If 0 € Rr,,, then o will only permute u; with u; for all
1 < j <s. Again by Lemma , we have wo = w. Thus we have wsgn(¢)po = w
if ¢ € RT(O) and o € RT<1).

In order to prove the other direction is true, it is enough to prove the following

statement:
“If either o € R, or ¥ € Ry, then wipo € €. 7

If o ¢ Rry,,, without loss of generality, we may assume that o € Cr \ Rr,,- Then

1)
there exists i appearing in the j™ row of T(g) such that o(i;) # i;. We have w;, = t;.
If o(i1) appears in T{g), then o(7;) is in a different row than ;. So we(;,) # wi, = t;.

Otherwise, wy(;,) = u, for some £, and again w;, # w,(;,). Moreover, for any ¢ € R,



5. HIGHEST WEIGHT VECTORS IN V&* 97

the vector in the it" position of wi is still ¢;. This implies that the vector in the
it" position of wypo is not t;. So wipo € E. This argument can be visualized by the
following figure; notice in this case, i; and o(i;) are in the same column but different

TOWS.

i

o(i1)

Now let us consider that ¢ & R, Then without loss of generality, we assume
that ¢ € Ry \ RT(O). Then there exists ; # iy in the same row of 1" but not in T\
such that 1(i;) = 2. If 4y is in column j, of T for ¢ = 1,2, then w;, = uj, # uj, = w;,.
Therefore the vector in the #{" position of wi is wy,) = w;, = uj,. Now for any o € Cr,
o (iz) is still in column j, of T'. If o (i) appears in T{g), then wyy(i,) = Wy = t; for
some j. Otherwise, o(iz) appears in T(1). Then it will also be in row j, of T(y), so
Woy(iy) = Uj,- In either case, the vector in the 4" position of wyo is not uj, = wy,.
Thus if 0 € Cr but ¢ € R\ R, then wipo € €. This argument can be visualized
by the following figure; notice that in our case, we draw the transpose of T{y), and o

permutes entries in the same column of ,.
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]

Proposition 5.4.4. The vector wCy4 can be written as Sy w + R, where R € & and
Bpq # 0.

Proof. We prove this proposition by first writing wC; ; explicitly for some 1 <7 < j <
k. Take w = wy ® - - - ® wy which is constructed according to Theorem [5.4.1 Then
for each pair (7,7) € (p,q), we have w; = t; and w; = t].

Therefore by and the fact that Fj, ;~ = 1, we have (up to a nonzero scalar

multiple, indicated by ~)

UJCZ'J ~ Z F;;Lwl@---®wi,1®u®wi+1®---®wj,1®v®wj+1®---®wk. (543)
u,vEB

Note that if u = ; and v = #}, we have F, ) = —1. Thus, wC;; ~ w+ R; j, where

= Y Fw @ @u @ulwipm ® - @wi QU Wi ® - ® wy.

u,vEB
u;étl,v;ét{

Note that the vector in the i*" position in w is ¢; but the vector in the same position
in any simple summand in R;; cannot be ¢;. Thus R; ; € £.

If we apply a contractions Cs; with 1 < s < t < k and {s,t} # {i,5} on
R;j, the vectors in the i and j™ positions of R;; will remain unchanged. Thus
every simple tensor appearing in the expression for R; ;C;; is an element of £. Since

wCsy ~w+ Ry, it follows by induction that wCp 4 ~ w + R, where R € £. O

Corollary 5.4.5. If we write v = wCyyr as a linear combination of simple tensors

In

in the basis B, then the coefficient of w in v is given by Bgﬂh(}\))RTw) R |-

particular, v # 0.
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Proof. By Proposition [5.4.4, we have wCpq4 = Sy w + R, where R € €. Then we
consider the action of normalized Young symmetrizer yr on w and R separately. We
first show that Ryr isin &.

By the definition of yr and the way we construct w (Theorem , yr only
permutes the vectors in R at the positions which will not be contracted by C,, 4. For
each ¢ € p, w; = t;. By the proof of Proposition , for each simple tensor in R,
there exists ¢ € p such that the vector in its ith position is not ¢;. Therefore every
summand of Ryr is an element of £, which implies Ryr € €.

Moreover, we have

wyr =h(A) Y wsgn(¢)vo.

PYER,0€CT

By Lemmal5.4.3, wsgn(¢y)yo = w if and only if ¢ € Ry, and o € Ry, This implies
that if either ¢ ¢ Ry, or 0 € Ry, then wsgn(y)yo € €. Thus we can write wyr

as a linear combination of w and R” € £. Namely, we have

wyr = h(X\) Z w+ R
VER T,
O'ERT<1>

Therefore

wCpgyr = Bpgh(A) Z w+ R"+ Ryr,

TZ)GRT«))
G’ERT(I)

where R”, Ryr € £. Thus, the coefficient of w in v is given by Bgﬂh()\)‘RT(o)

‘RTm

which is not 0. Therefore v is not a zero vector. O



5. HIGHEST WEIGHT VECTORS IN V&* 100

Our ultimate goal is to prove that v and v are highest weight vectors. By the
previous discussion we have proved that they are nonzero weight vector with weight
as given in and respectively. Therefore it remains to check whether
the simple root vectors Y defined in Definition [2.5.13] acting on v and v will give 0.
To do so, we use the following lemmas which helps us to view v = wr ,Cp yr more

concretely. The same process also works for v as we outline at the end of this section.
Definition 5.4.6. For all 1 < j < |k/2|, we let Cpe = C12C54 - Caj_12;j.
Lemma 5.4.7. Let 0 € Sy, be the permutation such that

(i) o(p;) =2t —1 and o(q) = 2t for all1 <t < j, and

(i4) o(ir) > o(iz) for all iy > iy and iy,is € K — (pUq).
Then, for any contraction maps Cpq = Cy, 4, .. Cp, 4, we have 0Cy 0" = Cp .
Proof. The result follows from the fact Cy o = C19C34 - - - Cyj_12; and Lemmal[5.3.4 [
Lemma 5.4.8. Let o € Sy be the permutation defined in Lemmal[5.4. 7 Let T° be the

standard tableaw defined in Lemma with entries in K — (pUq). We have

Wrp g0 = Bo(Wr, ..., W) Wro o,

where By (w1, ..., wy) is the same scalar defined in Lemma [3.1.5

Proof. By the way we defined o, we have

Wrpe0 = (W1 & -+ @wy)o

= Bo(wi, ..., W) Wo(1) ® * - @ Wo(r)-
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Let v; = wy(; for all 1 <7 < k. In particular, we have

tl if

Q

]

I’B

._h
Q

*
7 1

=

te if o(i) is in the (™ row of T\p

(i)
(i) €
(4)
(7)

ue if o(i) is in the (™th row of Tjy)

Recalling the definition of T from Lemma |5.2.6, we deduce that this is equivalent to

t1 if 7€ o,
7 if i€e,
v =
t, if 4 isin the " row of T
| w if ¢ is in the /** row of T4
Since this defines wre o, We have wr, .0 = B, (w1, . .., Wi)Wro g .
For simplicity, we write 3, for f,(ws, ..., wy).

Corollary 5.4.9. Retain the notation in Lemma[5.4.7 and[5.4.8

-1
wT,B,gCB,gyT = Bowre 0,eCo,eYyre0

Proof. First notice that wrp,Cpqyr 1s equal to

(Wrpqg0) (0_1CB£U) (o Yyro)o™t.

Then by Lemma [5.4.8, [5.4.7| and [5.2.6], (5.4.4]) becomes

—1
Bowre 0eCoeYyrao,

We have

(5.4.4)
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which completes the proof. O

Corollary 5.4.10. The vector wrpCp gyt is equal to
Bo(Q@ - @ QR34 @+ Qug)ypeo (5.4.5)

where € is the invariant tensor defined in (5.3.2), and vy = wy(y).

Proof. Notice that
Wrope =11 @] Q- Dl D] @ Ugjq1 ® -+ @ vy, (5.4.6)

where the first 2j terms of (5.4.6) are j pairs of t; ® tj. Therefore by Lemma [5.3.5]
C,.c acting on ([5.4.6]) will contract the first 25 terms into j times of 2. Thus the result
follows from Corollary O

Now in order to prove that v = wr, ,Cp ,yr is a highest weight vector, it suffices
to prove that the simple root vectors Y act on ([5.4.5) as 0.

Since €2 is a g-invariant tensor, Y acts on each factor €2 as 0. Therefore let
nyi =0 KR Q X V2j+1 XX (Y/UQJ'JFZ') X R V- (547)

We have
k—2j

Y-(Q®---®Q®02j+1®---®vk):ZCY,iQY,i

i=1

for some scalars cy;.
Recall that the v;’s are all in B’. Each simple root vector (Definition acts
by zero on all but one vector in B’. We record how the simple root vectors act on

b € B’ in Table (.1l
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YeAy beB Yb Conditions

Y%. ti+1 tz 1§Z§T—1
Y’Yr Uy tr
Y7i+j Uj+1 Uy 1 S j S s—1
Y, .. Usi1  Usg n=2s+1

Y v 0 for all other cases

Table 5.1: The action of simple root vectors from Definition [2.5.13|on v € B’

Therefore, for all pairs (Y, vq;4;) in the fifth row of Table , we have fy,; = 0.
Now we claim that 0y ;yr- = 0 for all Y € Ay and for all 1 <7 <2k — j. From Table
0.1} we observe that Y acting on v, will either lower the subscript by one, or change

uy into t,.. Let us first consider an example.

Example 5.4.11. Let Y = Ei, ;, — B(t2,t3) By 5. Then Y acting on Q @3 @t @13
gives

Q@ by @t @ty + Bltsty, 1ot Q@ b3 @t @ty
Then 9y}1 = ®t2 ®t1 ®t3, ‘9Y,2 =0 and 6y»3 =0 ®t3 ®t1 ®t2

Lemma 5.4.12. Let 0 = 0y, # 0 for some Y =Y,, € Ay and such that vyj; = tes1.

Then for all ¢v € Ryo there exists some permutation m in Cro such that 0ym = —601).

Proof. By the construction of w, = wrepe =t @] ®@ -+ - @11 D] @ V241 @ -+ - @ Vg,
we know that for all i € {1,... &k —2j}, if vy;4; = tp4q for some 1 < ¢ <r —1, then

2j + i is in the (£ + 1) row of T In particular, the tensor w, looks like

@t ® (5.4.8)
~~~
(25+4)t" position

and so the (¢ + 1) row of the tableau 7 looks like
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row { +1 — 2j+i

By hypothesis 6 has the form

Rty R
~—
(2j+i)*h position

First suppose that ¢ € Rypo is such that (25 + i) = 2j + 4. Let ¢; be the value in the

box directly above 2j 414 in 77, as in:

row { — 1

row {+1 — 241

Therefore we have v;, = t,. Hence the permutation (iy,2j + i) € Cyo will permute ¢;
with ¢; in 6¢. Thus we have 01(i1,2j + i) = —6¢ by Lemma .

Next, suppose instead that ¢ € Ryo such that ¢(2j + i) = iy for some iy # 2j + i
in the (¢ + 1) row of 7°. Then 0 is the tensor

e ® oty R Rt D

ih position  (2j+i)™ position

Let i3 be the entry of the tableau T in row ¢ directly above iy, as in the diagram:

row { — i3

row { +1 — 19
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In this case, we have v;, = t,. Hence the permutation (is,i3) € Cp will permute the
corresponding ¢, and t, in 6. Therefore, we have 01 (iy,i3) = —61. Thus (is,i3) is
the desired permutation.

We have proved that if Y acting on vy;4; = tr41 for some ¢ lowers the index
¢+ 1 to £, then for all ¢ € Rro, there exists some permutation m € Cpo such that

O1ym = —01. Note that the case when Y changes u; into ¢, can be proved similarly. [J
Lemma 5.4.13. Retain the set up in Lemma[5.4.13, we have Oyre = 0.

Proof. By Lemma [5.4.12 for all ¢y € Ry-, there exists some m € Cre. such that

Oy = —6v. Thus suppose 1) € Ry, there exists a choice of m € Cro such that

> sen(w)(0d)y = > sen(¥)(0d)my = — Y sen()(0¥)y,

yECro YECTOo YEC o

which implies that ) sgn (1) (01)y = 0 for each ¥ € Ryo and therefore Oyro =

’YGCTU

0. O
Now let us consider the case when Y changes w1 into uy for all 1 < ¢ < s —1.

Lemma 5.4.14. Let 0 = 0y; # 0 for someY =Y, , € Ay and such that vyj; = upy1.

Then there ezists some permutation ™ € Ryo such that O = 0 and sgn(mw) = —1.

Proof. The proof is similar to the proof of Lemma [5.4.13] Noticing that if vy;.; = weyy
for some 1 < ¢ < s—1, then 2j 4+ 1 is in the ({4 1)™ column of (T3))" (or equivalently,
the (¢4 1)™ row of T¢})). Therefore there exists a permutation m € Ry- such that
m permutes 27 + ¢ and the entry in the box directly to the left of the box of 25 + 4,
say i;. Note that v;, = uy since i; is in the ** column of (T(Ul))’ . Moreover, since

Y, ., Vaj4i = ug, the (25 4 )™ position of 6 is also u,. In this way, we simply choose
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7w = (i1,25 + 1), and thus, sgn(n) = —1. Then 7 permutes u, with u, in 6, which

implies 67 = 6. O
Lemma 5.4.15. Retain the set-up in Lemmald.4.14), we have Oyro = 0.

Proof. By Lemma there exists some permutation 7 € Ry- such that 67 = 6

and sgn(m) = —1. Therefore we have

D sen(@)fy = > sgn(v)sgn(m)(Bm) = — Y sgn(e)(6v)

YER o PYER o YERTO
which implies that . sgn(¢)0i = 0 and therefore Oyr- = 0. O

Proposition 5.4.16. The vector wrp ,Cpqyr we defined in Theorem is a highest

weight vector.

Proof. By Lemma and [5.4.19| every nonzero f0y; will be transformed into 0
by yre. Thus YwreyCoeyre =0, and in turn, Ywr, ,Cpyr = 0 which implies that

wrp,eCpeyr 1s a highest weight vector. O

Notice that the whole process (from Definition to Proposition of
proving v is a highest weight vector is also valid for proving v is a highest weight
vector. The only change we need to make is to notice that we have one extra case
in Table , that is, if n = 2s, T(1) has s rows, and b = uj, then Y, uj = u,_;.
Therefore we have one extra case to analyze, that is, the simple root vector acting on
v9;+i changes u} to us_;. However, the proof of this case is the same as the one we
provided in the proof of Lemma by changing u,y; into v} and changing u, into
us_1 in Lemma

Thus, we conclude that the vectors produced by Theorem [5.4.1] are highest weight

vectors.
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5.5 An illustration of Theorem [5.4.1]

We have proved that the vectors in Theorem [5.4.1] are highest weight vectors. Next,
we illustrate how to find these vectors in Section by expanding Example [2.5.15
Then we verify these vectors are highest weight vectors in Section [5.5.2] In Section
[5.5.3, we find spo(V, 8)-submodules generated by these highest weight vectors. Then
we deduce that that V' ® V can be written as a direct sum of these submodules.

Moreover, we will extend the result in this section to a more generalized version in

Section

5.5.1 The highest weight vectors

Retain the setup in Example [2.5.150 Let V' = V(o) @ V(1) be the standard spo(V, §)-
module such that dim(V(p)) = 2r = 2 and dim(V{1)) = 25 = 4. Thus V has a
homogeneous basis B = {t1, ], u1, uj, uz, us}. Elements of the Cartan subalgebra of g
are given by H = diag(a1, —ay, as, —as, as, —as). Furthermore, we consider V& = V©2,

In order to find the vectors v = wr ,Cp gyr, We first find all possible (p, q) € P(j).
Since k = 2, we have 0 < j < 1 = [k/2]. Therefore, by (5.3.5), the set of all indices

of all possible contractions are
P = U P@) =PO)UPA) = {(x, )} U{(1,2)} = {(a,=),(1,2)},

where we use = to denote the empty sequence in order to distinguish from the empty
tableau &.

Let us first consider (p,q) = (1,2). We have C,, = C13. The only possible
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(1,2)-hook tableau 7" in I'; o(®) is the empty tableau @. In this case we have
T =@ with T(o) =@ and T(l) = .

Since 1 € p and 2 € ¢, we have wg ;9 = t; ® 7. Additionally, we have yr = id since

T = &. Therefore the highest weight vector in this case is
v = (t, ® t7)C1 21d. (5.5.1)
In Proposition 4.2.2 we already computed that
v =—h @+ @t +u @ui +ul @ui +us @us+uy us =0 (1)

Next we consider the case when (p,q) = (®,%). We have C},;, = Og g = Vig. In

addition, there are two possible (1,2)-hook tableaux in I'y (C). In particular, we have

T =[1] with Tip) =[1] and T(;) =[2], or (5.5.2)
T = with T{p) = and T = . (5.5.3)

Let T be given as in (5.5.2). We have yr = $(id + (12)). In addition, since 1 is in
the 1% row of T(g), and 2 is in the 1** row of T{y), we have wr g o = t1 ® uy. Thus the

highest weight vector in this case is
1 .
Vg = 5(751 & Ul)\Ifid(ld + (12))

Then we write vy explicitly. By Remark [4.1.10] the action of id + (12) on V ® V' is
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given by the map W;q + V. Therefore we have

1 1
Vg = §(t1 ® uy)Vig + §(t1 ® up) Vs,

which (by Proposition [4.2.2) is
1 1
Vg = 5(751 ®uy) — 55(“1,&)(%1 ® t1). (v2)

Finally, let 7' be defined as in ([5.5.3). We have yr = (id — (12)). Moreover, since
both 1 and 2 are in the 1% row of Tl), we obtain wr g s = t; ® t;. Therefore in this

case, the highest weight vector is

vy = %(h ®t1)Wia(id — (12))

_ %(tl @t — (=Bt 1) @)

- tl ®t1 (U3>

5.5.2 Verification that [v|], [vo] and v are highest weight vectors

Recall that in order to check if [y} [vo and [us] are highest weight vectors, it suffices
to check that H acts on these three vectors by scalars, and then verify that for all
positive root vectors X of spo(V, 8), X acts on these three vectors as 0.

The vector [v1]is a highest weight vector with weight 0 since we already proved
that it is an spo(V, §)-invariant vector in Lemma [5.3.5|

Notice that the possible weights of vectors in V ® V' are in the set

b = {:l:2€1, :i:&'l + (51, :l:e’fl + 52, :i:2(51, :EQ(SQ}
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Therefore by Lemma [2.5.14] in order to prove that [vo| is a highest weight vector,
it suffices to only consider the simple root vectors Y € Ay such that wt(Yv,) € ®.

Since wt = &1 + 01, the only Y that satisfies this condition is

Y = By, + Bt ur) Eyr e

First notice that £y, ., acting on t; gives 0, and F: ;» acting on either ¢; or u; gives

0. Thus we have

YUQ - B(th tlUi)tl X Et17u1u1 - 6(““17 tl)Et17u1u1 X tl
= B(t1,t1)B(t1, ul)t @ty — Blur, 1)t @ 4

= B(t1,ul)t1 @ty — B(ur, t1)t1 @t

which is 0 by the fact that 8(¢;,u}) = 6(u1,t1). Therefore vy is a highest weight vector.

By a similar but easier argument, [vs|is also a highest weight vector.

5.5.3 spo(V, 5)-submodules generated by the highest weight

vectors

We apply Corollary to find the corresponding spo(V, 5)-submodules generated
by the highest weight vectors we found. We first summarize the possible negative root
vectors in spo(V, 3) with the corresponding weights in Table [6.1]
Using Corollary [3.4.7, we apply the negative root vectors in Table[6.1] to [u], fvg] and
respectively to find a for the submodules generated by [v] [vg] and [vg] respectively.
First of all, we know that |v;| generates the trivial module, denoted as W,. Then

let us consider the case which the highest weight vector is [l We use Table [5.3] to
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notation negative root vector
Y—251 Et’f 1
Y;ﬁfsl Eul,tl - B(ula tl)Et’l‘,u’l‘
Y,(;I,EI Eu’l‘,tl - ﬁ(u){, t1>Et’1‘,u1
Y5,—c, By, — Blug, t1) By s
Y 5, Eug,tl 5(“5, tl)Et;,uz
Y—51+52 EU27U1 5(“27 ul)EUIME
Y—51—52 Eul,uz 5(“? ul)Euz,m

Table 5.2: Negative root vectors of spo(V, 5) with m = 2 and n = 4.

record a basis of Ll(g) WH’ and the weights of these basis vectors.

weights actions vectors
€1+ 61 t1 @ui — B(ur, t1)ur ® t1
€1 — 01 Yosy485 - (Yoo, -5, - v2) t1 ®@uj — B(uf, t1)uf @t
€1+ 62 Y_ 5,48, - V2 t1 @ ua — B(uz, t1)uz ® t1
€1 — 09 Y,51,52 B t1 ®u§ —ﬂ(u;,tﬂu;@tl
—€1+ 61 Y_2e, -2 1] ®@u1 — Blu, t])ur @t}
—e1—01 Y g5 5, (Yos,-e; - (You—e, - v2)) t} @ uf — Bui, t])u] @t}
—e1+ 02 Yo5,—c1 - (Yop—c, - v2) 7 ®@uz — B(uz, t])uz @ t7
—e1 — 02 Y*51*€1 . (Y,52,51 - v2) tT ®@us — 5(u§,t’1‘)u§ Rty
01 + 2 Ysg—ep - V2 u1 @ uz — Buz, ur)uz ® u1
01 — 02 Y,(;Q,sl -V ul ®u’2‘ fﬁ(ug,ul)ug(@ul
—61 + 82 Y_ 5,465 - (Y_5,—¢; - 02) uf @ uz — Buz, ui)uz ® uj
b1 — & Yooy (Voy—cr - v2) uf ® uf — Bluz uhuj @ u}
201 Y5, ey 02 up ® uy
—26, Yos1-65 - (Yos 485 - (Yos,-61 - 02)) ui @ uj
262 Y_ 5,465 - (Yog—ey - v2) uz @ uz
—262 Yos,—55  (Yosy—e, - 02) uj ®uj
0 Y 5,-65  (Ysp—c, -02) ul ®ur +ul @ ui —u2 @u —ub ®uz
0 Yo 65— -2 —t1®t+tT @t +ul Qui +u1 @uj

Table 5.3: A basis of spo(V, 8)-submodule generated by the highest weight vector The

third column records all possible vectors obtained by acting negative root vectors on

The first column records the corresponding weights of the vectors in the third column, and

the second column records how the negative root vectors act on [vs|in order to produce the

corresponding vectors in the third column.

It is routine to verify that the vectors we found in Table [5.3| are linearly indepen-
dent. We have also verified that for each w € WH’ there exists X € #(g) such that
Xw is the highest weight vector, whence WH is irreducible. Moreover, by counting
the number of vectors in Table H we have dim(WWg) = 17.

We then draw Figure [5.3] which represents a three-dimensional space with e1-axis,

01-axis and d.-axis so that we can see the symmetry of the weights. In particular,
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we use two circles around the origin (0,0,0) to indicate that there are 2 linearly

independent zero weight vectors.

51—61
g1 — 0o

—251/ -7

Figure 5.3: Weights in the submodule generated by , where different colours
represent different hyperplanes.

Finally let us consider the case of v} Again Table records a basis for
Ll(g) W, the weights of these basis vectors, and the actions of negative root
vectors on [vs| in order to produce the resulting basis vectors. Figure [5.4] shows the

weights of the basis vectors of the spo(V, 5)-module Wir.
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weights actions vectors

2e1 v3 t1 ®t1

—2¢e1 Y7251 . Y7251 - U3 t’f ® tf
€1+ 61 Y5, ¢, V3 t1 @ui + B(ut, t1)ur ® t1
€1 — 481 _51—e1 " U3 t1 @ui + B(uf, t1)uf @1
€1+ 42 Ysp—eq * U3 t1 ® u2 + B(uz,t1)us ® t1
g1 — 02 Y 5,¢; 03 t1 @ud + B(ud, t1)ul @1
—e1+ 01 Y5, —e; - (Yo2eq - 03) tT @uy + Blur, t])ur @ t]
—e1 — 01 Y 5,—¢; - (Y_le - v3) 7 ® UT + ﬁ(u’{,t’{)u{ ®t7
—e1 + 02 Y5,—e; - (Y—2¢; - v3) tT @ uz + Bluz, t])us ® t]
—e1 — 02 Y 55—e; - (Y_le - v3) T ® ’LL; + ﬁ(u;,t*{)u; ® t*{
01 + 02 Y5o—eq - (Y5,—c; - v3) u1 ®@ ug + B(uz, ur)uz ® uy
61— d2 Yos5—c1 - (Yos,—¢; - 03) w1 ®@ uj + B(uj,ur)uy @ ur

ul ® uz + B(uz, uj)uz ® uj
ul ®uj + Bus, ui)u; @ uj

—01+02  Yos4s, (Yos,—e; - (Ys,—¢; - v3))
_61 - 62 Y—§1—52 . (Y—51—51 : (Y51—51 : U3)

0 Y _ 9, - v3 Rt +t1 @t
0 Y_ 5, - (Ys,—c; - 03) uf @ui —ur ®@ui —t1 @t —t] @ty
0 Y 50—, - (Ys,—c, - 03) ul @ua —u2 @us —t1 Q] — 17 @t

Table 5.4: the spo(V, 8)-submodule generated by the highest weight vector

5.5.4 Summary: a decomposition of V@V as spo(V, 8)-modules
whenn=2m=4 and k=2

From the calculations, we see that W is the trivial modules. Moreoever, WH is

spanned by the vectors which are linear combination of vectors of the form

TRy —Py,x)y @
for all z,y € B, and Wi is spanned by the vectors of the form
TRy + By, vy

for all x,y € B. Thus Wy, WH and W have pairwise trivial intersection. The
dimension of Wy, WB and W are 1, 18 and 17 respectively. Therefore we have V @V

decomposes into a direct sum of irreducible spo(V, 5)-modules

VeV =W, Wge W,
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€1

21 ¢

Figure 5.4: Weights of the basis vectors of the submodule generated by .

We will extend the discussion in this section further to a more general case when
In —m| = k = 2. We will analyze this decomposition further with respect to the

Brauer algebra action in Section [6.1]



Chapter 6

Formulas for the characters of
spo(V, f)-modules in some

borderline cases

In this chapter, we first state the spo(V, §) x By decomposition provided in [BSRIS].
Then we examine reducibility properties of some borderline cases thoroughly. We then
compute the characters of the irreducible summands. Besides the results stated in
Section [6.1], Definition [6.5.3] and Definition [6.5.5] the results in this chapter are our

owI.

6.1 Schur-Weyl duality-like decomposition of V&

By |AB95, Section 13, Theorem 18], a finite dimensional algebra A over C is semisimple
if it is isomorphic to a direct sum of matrix algebras over C. In [BSR98|, Section 4],

Benkart et. al. stated that the Brauer algebra By(n —m) is semisimple if [n — m| > k.

115
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When the Brauer algebra Bi(n —m) is semisimple, by the work of [Wen8§], it can be
decomposed into a direct sum of matrix algebras such that the simple summands are

indexed by partitions. In particular, there exists an isomorphism of algebras

© : Bi(n —m) = @ Ma, (F), (6.1.1)
AePy
where
Pe={\rk—2h|h=0,1,...,|k/2]}, (6.1.2)

and My, (F) is the set of d) x d) matrix with entries in [F for some nonnegative integers
dy depending on \ € Fy.

For each A € P, and 1 < 4,5 < dy, let E,;; be the matrix in the A block of
@D.cp, Ma, (F) with 1 at the (4, j) entry and 0 elsewhere. We denote ey;; = O~ (Ey ;).
Then ey, ; is an element in Bi(n —m). We construct a spo(V, 5)-module by the

following lemma.

Lemma 6.1.1 ([BSRI8, Equation (4.1)]). Let V* be the tensor product of standard

spo(V, B)-modules. Let X € Py, and let X' be the transpose of X. Then
UY ) = y®he,

is an spo(V, B)-module.

Proof. Take x € spo(V, 3). Since the action of the Brauer algebra Bj(n—m) commutes

with the action of spo(V, 3) on V¥ we have

SL’UY(X) _ x(v®k€)\,i,j) — (Iv®k>€)\7i7j g V®k€)\,i,j — UY(X)‘
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Therefore UY ) is an spo(V, 3)-module. O

Note that UY M) can be the trivial vector space. We will give an example such

that UY ) = {0} in Example [6.4.1]

Theorem 6.1.2 ([BSR98|, Proposition 4.2]). Let |n — m| > k. Then we have
(i) The spo(V, B)-module UY™) is independent of the choice of i, j.

(i) As an spo(V, ) x Bg(n —m) module, we have

Ve @B,

AEPy
where By is the irreducible By(n —m)-module labelled by the partition A € P.

However, Benkart et. al. did not claim or show anything about the irreducibility
of UYX), In fact in [BSRI8, Section 0.2(d)], they mention that UY ) is in general
not necessarily irreducible.

Moreover, the relation between UY ") and the highest weight vectors produced
in Theorem is not clear from [BSR9§|. They did not indicate whether or not
the highest weight vectors wr, Gy yr, with T' of shape X' lie in the appropriate
submodules UY M),

In the next section, we extend the discussion in Section to a more general
case where [n —m| = k = 2 for all possible n,m > 1. Then we verify that in this
special case, Theorem still holds, and relate the highest weight modules from
Theorem [5.4.1] to these UY M’
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6.2 The Brauer algebra By(n)

In this section, we first show that By(n) is semisimple whenever n # 0 by showing
that Bs(n) is abelian and there are exactly three irreducible 1-dimensional modules.
We then explicitly show that By(0) is not semisimple by giving an indecomposable
but not irreducible module. We give a matrix realization of By(n) for all 7.

Recall from Definition that for all n € F, By(n) has dimension 3. Let ¢ be

the identity element in By(n). Then we have
Bsy(n) = span{t, eq, s1}.
Also recall from Proposition the relations determining By(n) are given by
€181 = s1€1 = ey, 5181 = L, ele; = ney.

We deduce that By(n) is an abelian algebra. Therefore By(n) is semisimple if and only
if it has exactly three (irreducible) 1-dimensional modules.

Now suppose that 7 # 0. We find all three 1-dimensional By(n)-modules. Let
(¢, V) be an irreducible By(n)-module. Then since By(n) is abelian, we can check
that both the image and kernel of ¢(e;) are invariant under Bs(n). Thus, since ¢ is

irreducible, we deduce that either ¢(e;) is surjective or ¢(e;p) is the zero map.

(i) If ¢(e1) is surjective, then every element of V' can be written as ve; for some
v € V. Thus, the relation e;s; = e; implies that s; acts by 1. The relation

e? = ne; implies that e; acts by . Moreover, since ¢ is the identity diagram, ¢
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acts by 1. Thus as an irreducible By(n)-module, we have

VL=, V8] = 0, vey = ney. (6.2.1)

(ii) Now if ¢(eq) is the zero map, the only case we need to consider is how s; acts.
By the relation s? = ¢, we deduce that s; acts by either 1 or —1. Thus we have

the following irreducible Bs(n)-modules.

vl =, Vs =, ve; = 0. (6.2.2)

VL=, Vs = —v, vey = 0. (6.2.3)

Notice that the modules in (6.2.2) and (6.2.3)) are the same as the trivial module
(sometimes denoted as Sr) and the sign module (sometimes denoted as SH> of Sy

respectively.

We denote the modules we defined in (6.2.1]), (6.2.2) and (6.2.3)) as

B@, Bm and BH (6.2.4)

respectively.
Since By(n) is semisimple for all n # 0, it can be decomposed into a direct sum

of these three 1-dimensional subalgebras. Let M be the set of 3 x 3 diagonal matrices.
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Using the modules we found above, the map © : By(n) — M such that

is an algebra isomorphism.

In particular, using this matrix realization, we determine that ez;11 = ey,
e@) 11 = —%61 + 3(s1 4+ id) and e 1y,1,1 = 3(id — 51).

Now we consider the Brauer algebra By(0) which is a 3-dimensional but not
semisimple algebra. In this case, still gives an irreducible 1-dimensional module,
Bg. However, and are the same. In fact, we have a 2-dimensional

indecomposable By(0)-module, which we will denote By with basis {v, w} such that

VL=, vS§1 =0, vep = w.

wL = w, ws) = w, wey = 0. (6.2.5)

Note that By contains By = B as a submodule. The corresponding isomorphism

© : By(0) — M is given by
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6.3 The decomposition of V @V

We are now ready to extend the discussion in Section [5.5] Let g = spo(V, 3) and
V = Vo) ® Vu). Let dim(V(g)) = m and dim(V(y)) = n such that |n —m| =2 = k.
Note that this is a case which is not covered by the hypothesis of Theorem We
modify our calculation in Section to find the highest weight vectors in V ® V' and
the submodules generated by them. We prove that we can decompose V ® V' into a
direct sum of three irreducible spo(V, 5) x By(n — m)-submodules when |n — m| = 2

and n,m > 1.

Theorem 6.3.1. Let r,s > 1. Let m = 2r and n = 2s be such that |n —m| = 2.

Then there are three linearly independent highest weight vectors in V & V.

Proof. First notice that if r = 1, then s = 2. We have already discussed this case in
Section £.5} Therefore we can restrict ourselves to consider the case when r > 1.

Since k = 2, the set of all possible indices (p, q) of contraction maps is given by
P = {(\&7 Q)? (17 2)}

By a similar argument as in Section , when (p, ¢) = (1,2), the highest weight vector

is given by

u1 :Z(t:®tz’—ti®t:)+2(uj®uj+u;®uj) — Q. (6.3.1)

i=1 j=1

Let us now consider (p,q) = (=, w). We have C,, = W;4. Moreover, the set of
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possible T’s in I', ({1, 2}) is

T = with Tig) = and Ty = @, or (6.3.2)

T = with T{g) = and Ty = @. (6.3.3)

Let T be defined in (6.3.2)). In this case, since 1 is in the first row of T|), and 2 is in
the second row of T{g), we have wr g = t1 ® ta. Therefore the highest weight vector
is (tl X tQ)qjid(\Ijid + \Ifsl) which is

t @ty — B(ta, 1)ty @ 1.

Similarly, for 7" defined in (6.3.3)), the highest weight vector is t; ® ;.
In summary, if » = 1, we have three linearly independent highest weight vectors as
we discussed in Section If r > 1, the linearly independent highest weight vectors

are given by

U1 = Qa (Ul)
vy =t @ty — B2, 11)ta ® 1, (v2)
v3 =11 Q1. (US)
Thus in either case, we have three independent highest weight vectors in total. O

Similarly as in Section [5.5, we generate bases for the corresponding modules via
an application of the PBW theorem (Corollary [3.4.7). Let us define W? = U(g)vy,
WH = 4(g)vs and W™ = 8(g)vs.

We first summarize the list of all of the negative root vectors in Table [6.1} Then
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we use extra tables to record the actions of the negative root vectors on each of the
highest weight vectors, and the weights of the resulting vectors.

notation negative root vector conditions
Y_ge,; Et Jti 1<i<r
st,;+5j By, (tjvtl)EtZ,t; 1<i<j<r

gt

Y_ei—; Et;,tj + B(t5, Z)Et;.‘,ti 1<i<j<r
Y_EH_(;]. Euj,ti+ﬁ(UJ, )E u 1<i<n1<53<s
Yfeiftsj ( )E Toug 1<i<r1<j<s
Y—5k+5£ Eul:uk —+ ﬁ(ug,uk) ulud 1<k<t<s
Y_5,.-6, Euz7u£+ﬁ(uk,ug) wlug 1<k<t<s

Table 6.1: The negative root vectors when m = 2r > 2 and n = 2s > 2. Notice that if
s =1, then we do not have the last two rows of this table.

First, since Q is spo(V, B)-invariant, [v1| generates the trivial module, W?, and we
have

dim(W?) = 1. (6.3.4)

Let us now consider the case when the highest weight vector is vl We group different
weights vectors by different tables (Table [6.2] to [6.6]).

weights actions vectors conditions
€1+ €2 t1 @ty — Bz, t1)t2 ® 11

] Y—51+5i -Y_52+5j D) tj®ti7,3(t¢,tj)ti®tj 1<j<r
e1+¢€j Yocote; 02 t; ®t1 — B(t1,t5)t1 @ty 1<j<r
€1 —¢&j Y7527€j - U2 t;@tl B(tht*)tl ®t* 1<j<r
€ —E&j Y—51+5,; 'Y—Eg—é‘j t U2 t;®t ﬁ(tu J)t ®t* 1<i<yg<r
—€1+¢; Y_9¢; - Yoeotpe, - 02 t; @5 — B(t],t5)t5 ®t 1<j<r
—eitej  Yoeqe, Yooo - Yoepte; 02 tj Qtr —ptftjtr®t; 1<i<j<r
—€1 —¢&j Y _9¢; - Y_Ez_gj B t; ® t* (t{,t;)t* ® t* 1<j<r
—€i —€j Yoei—e; Yoep—c; 02 @t = Bt ® t* 1<i<j<r

Table 6.2: The vectors of weights +¢; £ ¢; for all 1 <4 < j < in U(g)vs

weights actions vectors  conditions
24y Y cois;  Yoei46, - v2 U Qug 1<¢<s
—20y Y*52*5l . Y,Elf(;l D) uz ® UE 1<£<s

Table 6.3: The vectors of weights +26, for all 1 < ¢ < r in (g)ve
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weights actions vectors conditions

€1+ ¢ Y*52+5l - V2 t1 @ ug — Bug, t1)ug @ t1 1<i<nr1<£<s
€ + 6 Y ci4e; - Yoeqts, - V2 ti Qug — Blug,t)ue®t; 1<i<r,1<€<s
€1 —dp Y_52_§l~1}2 t1®u’£ (ul,tl u£®t1 1<i<nr1<£<s
€; +d¢ Yo cyqe; Yooy, - 02 ti @uy — Blu,ti)u; ®t; 1<i<r1<L<s

)
—€i+0  Y_o_5 Yoeoqs, Yociqs, -v2 U @ug— B(ug, t])ug @t} 1<i<r1<£<s
—€i—=00 Y g5 Yoey 5 Yoo 5 v2 trQup—PuytHu; @t 1<i<nr1<L<s

Table 6.4: The vectors of weights +e; £y for all 1 < < 7,1 </¢ < s in U(g)vy

weights actions vectors conditions

O+ Y_cis,  Yoerte;  Yoeots, "v2 Uk @up— Blug,up)uy @up  1<k<€<s
—dk — d¢ Y cy6p, Yoey—6, " V2 up @uy — Bluy,up)u; @up 1<k<Ll<s
O+ Yoo, 5, Yoeite;  Yoeots, V2 up Qup—Bug,uf)up®@uy, 1<k#L<s
I —d¢ Y o465, " Yocy5, -2 up @uy — Buj,up)u; @up 1< k#L<s

Table 6.5: The vectors of weights +d; £ d, for all 1 < k < £ < r in $(g)vs

weights actions vectors conditions
I1<e<r,
0 Y e, 6, Yoerte; - Yoeots, - V2 u; Qup +up @uy —t; @t +t7 @ 1<¢<s

0 Yo s, -6, Yociq6, Yoerde; " Yoeoqs, V2 U QuetupQuj —uy Qupg —up Quy  1<k<f<s

Table 6.6: The vectors of weight 0 in L(g)ve

If we apply negative root vectors to the vectors in Table to [6.6], we will get
another vectors in these tables or 0. Thus we deduce that Ll(g)vy is spanned by the
vactors in Table to[6.6] Moreover we deduce that each nonzero weight space has
dimension 1. The vectors of weight 0 in Table are linearly dependent, but we find
a linearly independent subset and conclude that the 0 weight space is spanned by the

vectors

Uy @ up 4 up @upy —ul @ up — up @ uj, (6.3.5)

for 1 < ¢ < s and the vectors

— 6L+t +ul up + Uy @ uj (6.3.6)

for 1 < i < r. Therefore the 0 weight space has dimension r + s — 1. By summarizing

the weights appearing in Tables [6.2] to [6.6] we find that the nonzero weights are
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{£2; |1 <i<r}U{ze; e |1<i<j<r}

U{t6p 0, | 1<k l<s}U{de;£6[1<i<r1<(<s}. (6.3.7)

Thus by counting, we have

dim(WH) = m? + mn + n? + % 1. (6.3.8)
Finally, let us consider the highest weight vector In summary, we put the

necessary information in Tables [6.7] to [6.11]

weights actions vectors  conditions
2e1 v1 t1 @t
—2e1 Y_oe; - Yooe, -0 tT @]
2g; Y—€1+6i : Y—61+s¢ t U1 ti ®t; 1<i<r

—2¢; Y7€1+Ei . Yfalfsi * U1 t,); ®t: 1<:<r

Table 6.7: The vectors of weights +2¢; for all 1 <4 < r in 4U(g)vs.

weights actions vectors conditions

€;+¢€j Yo cite;  Yoeqgte;  Yoerte; -01 6@t + B(t), L)t @1 1<i<y<r
g —&j Yfgifgj Y eiqe; Yoeqgte; t V1 ti®t;+ﬁ(t;,ti)t;®ti 1<i<ji<r
—€; +¢€j Y—5i+5j Y oe, Yo 4e, rv1 tf@tj+ﬁ(tj,t:)tj ®t: 1<i<j<r
(

—ei—g;  Yoe o Yoo Yoo ow  EHE+BELIRL 1<i<j<r

Table 6.8: The vectors of weights +¢; £ ¢; for all 1 <¢ < j < r in $(g)vs.

weights actions vectors conditions

€i+00  Yoci46,  Yoerte;  Yoeqte; 01 i @up+ Blug, tiup®@t;  1<i<r1<£€<s
g; — 0p Y o6, Yoei4e; Yoy 4e; - 01 ti @uy + Bluj, ti)u; @t; 1<i<nr1<{<s
—ei + d¢ Y—E'H'(Sl Y oe, Yoei4e, rv1 tf@ug-&-ﬁ(uz,t:)uz ®t; 1<i<r1<¢<s
—&; — Oy Y o5 Yoo, - Yoei4e, - 11 trQup +Bup,tHuy @ty 1<i<rl1<e<s

Table 6.9: The vectors of weights ¢; £, for all 1 <i <r,1 < /¢ < s in H(g)vs.

weights actions vectors conditions

Ok + d¢ Y c,46, " Yoe, 48, " Yoer4e; - Yoeg4e; " V1 up @ ug + Bug, up)ug Qup  1<k<lI<s
01 — ¢ Y ciqo, Yoe,—5,  Yoeide; - Yoerte; - 01 ug @ up + Buj,up)uy @up  1<k<I<s
O +00 Yo 5,45 Y 45, Yoe,—5,  Yoe14e; - Yoer4e;, 01 Ul @up+ Blug,uf)ug@uy 1<k<I<s
0k =00 Y5, 5 Y s Yoo, 5 Yoeiqe;, Yoeite;, 01 up Q@up + Buj,up)uy Q@uy  1<k<I<s

Table 6.10: The vectors of weights +6; 4= dp for all 1 <i < j <r in U(g)vs.
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weights actions vectors conditions
0 Yoo,  Yoeiqe;, - Yoei4e, 01 Lt +t7 Qt; 1<i<r
0 stﬁ»él 'stifél 'Y761+5i 'Y751+ei t U1 UZ ®“Z_UZ®UZ _ti®t;F —tf®ti 1<4{4<s

Table 6.11: The vectors of weight 0 in 4(g)vs.

From the above calculation, each non-zero weight space is spanned by one vector,

and the zero weight space is spanned by

{tti +t; 05, uy Que—u@uy | 1<i<r1<I1<s}. (6.3.9)

Therefore the dimension of the zero weight space is  + s. The set of nonzero weights

is

(£20, |1 <0< s}U{teite, |1<i<j<r)

U{t6e+0, | 1<k < syU{de;£6,|1<i<r1<(<s} (6.3.10)

Thus we have
n—m

dim(W) = m? + mn +n® — 5

(6.3.11)

Notice that W¥2, WH and W™ have pairwise trivial intersection, and the sum of

their dimensions (6.3.4)+(6.3.8)+(6.3.11)) is (m +n)? which is dim(V ® V). Therefore

Vev=w?ewlew™.

Again as in Section [5.5] in each of the cases, we have checked that for each
w € WYW with A € {@,(1,1),(2)}, there exists X € U(g) such that Xw is the
highest weight vector, whence these modules are irreducible. Since this gives a
decomposition of V ® V' into a direct sum of inequivalent spo(V, §)-submodules, each
of the summands must be By(n — m) invariant.

Next we determine the action of the Brauer algebra Bs(n — m) on each of these
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summands by applying the generators to the basis vectors of W*? ,WH and W
respectively.

First notice that the basis vectors of W= are linear combinations of vectors of
the form

Wey =T @Y+ By, x)y @ for all z,y € B.

Since ¢ always acts by 1, it suffices to check how e; and s; act on the spanning vectors.

First consider wy 451 = wy, ¥, . We have

WgyS1 = _6(1/ ® x)?/ T — ﬁ(ya I’)ﬂ(l’, y)l. Ky = —Way-

Then notice that each of the nonzero weight spaces has basis w,, for a particular
choice of z,y € B and x # y*, and in this case we have w, ,e; = 0. Now for the basis
vectors in the zero weight space, a basis is given in . In this case, we can also
check that

(ot +ti@t)er = Fy 43Q+ Fiy , Q2 =0,

and similarly

(U @uj —uy @ui)eg =0 —Q=0.

Thus, in this case, the Brauer algebra By(n — m) acts on W as a direct sum of
modules B,
Similarly, the action of By(n —m) on W¥? is by Bg, and on WH is by Bro. Thus,

we have the following theorem.

Theorem 6.3.2. Let r,s > 1 and |n —m| =k = 2. As an spo(V, ) x By(n —m)-
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module, we can decompose V Q@ V as

VoV = W™ eByy.
AEP;
Proof. We proved that V@V = W2 @ W8 & W as spo(V, f)-modules. By the

discussion above, as an spo(V, 3) x By(n — m)-module, this is exactly
VeV =(W?gB,)® (W Bxo)e (W @ By).

This is consistent with the Schur-Weyl duality-like decomposition. Note also that
the parametrizing set of By(n — m)-modules is P, = {A\ F2—-2h | h = 0,1} =

{2,(1,1),(2)}. 0

We have shown that when |m —n| = k = 2 and r,s > 1, we can decompose
V ® V into a direct sum of three irreducible spo(V, §) x By(n — m)-submodules, and
that the highest weight vectors are those given by Benkart et. al.’s formula (Theorem

5.4.1). This extends [BSRI8, Proposition 4.2].

6.4 More examples on borderline cases

In this section, we give examples to analyze Theorem more by considering
some additional borderline cases. In particular, in Example [6.4.1], we show that if
m=2r=2,n=2s=0and k =2, we can decompose V ® V into a direct sum of
only two irreducible spo(V, 5) x Ba(n — m)-modules. In Example [6.4.2) under the
assumption m = 2r = 0, n = 2s = 2 and k = 2, we show that Theorem does

not always give the full list of highest weight vectors. In Example [6.4.3] we show
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that when m = n = 2 and £ = 2, we cannot decompose V ® V into a direct sum
of spo(V, f)-modules. We omit most of the calculations and only give the necessary

information.

Example 6.4.1. Assume that m = 2r =2, n = 2s = 0 and k = 2. In this case the
only (1,0)-hook tableaux are T = @ and T =] | |. Notice that, for T =] | | we

have

T(O) = l:\j and T(l) = .

Thus by Theorem [5.4.1] we have two highest weight vectors
(%1 == —t1®t>{—|—ti®t1 and V2 :t1®t1.

Then v, generates the trivial module W2, and the submodule W™ = 4(g)v, (which

is irreducible) of V' ® V has a basis
{th @by, @+ 15 @by, T @11},

Notice that in this case, W™ coincides with H(V®2,C),) in Example m
We calculate the By(—2) action on these modules to deduce that V®V decomposes

into irreducible spo(V, §) X By(—2) modules as

VeV =W B, e (W e By),

where By and B are given by (6.2.1) and (6.2.3)) respectively.

Notice that in Example [6.4.1] we only have two summands. By Theorem [6.1.1

the third summand would be UH = V®2e(2) corresponding to the Brauer module

’Z7] ?
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B, but we can calculate that U H is the trivial vector space.

Example 6.4.2. Assume that m = 2r =0, n = 2s = 2 and k = 2. In this case the

only (0, 1)-hook tableaux are T'= & and T = H Notice that, for T' = H, we have

T(o) = & and T(l) = l:\:‘

Since in this case n = 2s and there is s = 1 row of (), by Theorem we have

three highest weight vectors

v =Q =u; @uj +uj uy,
Vo = U1 @ uy, and

Uy = u] @ uj.

Each of the above highest weight vectors generates a 1-dimensional submodule. Let
W2 = U(g)v, VVIH = i(g)v, and VV2H = 3(g)vs. Therefore, the highest weight vectors
produced in Theorem [5.4.1] only generate a 3-dimensional submodule of V ® V.

Now let us decompose V' ® V under the action of By(2). We calculate that

(V®V)eg11 = Span{Q} = W7, (6.4.1)
(V@ Ve = Span{u; @ ur,uj @ uj} = ng @ WQH, (6.4.2)
(V & V)e(l,l),m = Span{m ® UT — UT &® ul}. (643)

Thus let v3 = w3 @ uf — v} ® uy. In fact, spo(V, B) is just the orthogonal Lie colour
algebra of rank 1, which is a colour-commutative algebra. Thus every weight vector,

in particular vs, is a highest weight vector. Let W™ = U(g)vs.
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We have shown that V ® V' decomposes into spo(V, 5) x Ba(n —m) modules as
VeV (W?eBy) e (WEe W) e Bn) e (W By).

Example shows that the highest weight vectors found in Theorem [5.4.1] are
not always all of the highest weight vectors. Moreover, in this example, U H= WE@WZH

is not irreducible.

Example 6.4.3. Consider m = 2r = 2,n = 2s = 2 and k = 2. This is a case not
covered by the hypothesis of Theorem [6.1.2] (since By (0) is not semisimple). Therefore
the conclusion is not expected to hold.

In this case, the (1,1)-hook tableaux are T} = @, Ty =| | |and T3 = H

For T} = &, the highest weight vector is
D=t +] Rt +u @uj +uj @uy,

and it generates the trivial submodule W¥2.
For T, = [ [ ], the highest weight vector is t; ® t;. The submodule W™ =
U(g)(t1 ®t1) is 8 dimensional, and its basis is recorded in Table |6.12]

basis vectors weights
tl ® tl 261
t’f ® f{ —281

U1 Rty +ﬂ(t1,u1)t1 X uy €1+ 01
u] 1t +ﬁ(t1,uT)t1 ®UT €1 — 01
w1 @t + BT, w)t ®ur —e1+ 61
ui @t + B, u)t @ui  —e1— 6y
Ul @ up —up @uj 0
TRt +t @1 0

Table 6.12: A basis for 4U(g)(t; ® t;).
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For T3 = H, we have two different highest weight vectors

V1 = tl X uyp — 5(’&1, tl)ul X tl (644)

U1 =t @uy — Bul, t)u] 1. (6.4.5)
The submodule ng generated by is 4 dimensional, and it has basis
{ti@u — Blur, t)us @ty uy @87 — B, ui)t] @ ur, vy @ ug, Q.
The submodule VV2H generated by is also 4 dimensional, and it has basis
{ti @ uy — Buy, tr)uy ® by, uy @ £y — B8], up)ty @ uy, uj ® ug, Q.

Notice that spo(V, §)-modules VVIH and VV2H are both 4-dimensional, but have different
weights, so they are not isomorphic.

Notice also that since §2 appears in three different submodules (W2, ng and
W2H), we do not have a decomposition of V ® V' into a direct sum of irreducible highest
weight modules. The sum of the modules we found is 15-dimensional, and there is no
1-dimensional invariant complement.

Now let us consider the Brauer action. We calculate that By(0) acts on W™ as
a direct sum of modules BH' On the subspace spanned by ng and WZH, the Brauer
algebra acts by By = Br. However if we set v = %(ul ®ul +uf ®uy) and w = €,
then Span{v,w} is a By(0)-submodule isomorphic to Bgr. Therefore V ® V' is a sum

of By(0)-submodules, but the summands are not necessarily spo(V, §)-invariant.
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6.5 The characters of WYY and UYW

In this section, let 7 > 0, s > 1 and |n — m| = k = 2. We compute the characters of
we, WH and W™, Then we compare our results with the character formula for Y
given in [BSRO8, Theorem 4.24(e)].

Let B = {t1,t], ..., t,, t5,ug,uf, ... us,ul, (usy1)} be a homogeneous basis of V/

as in (2.4.1). We define a corresponding ordered set of commuting variables
Z={o, <zp <<z <z <2y <2 <o < zy, < Zur < (Zu,,)} (6.5.1)

such that zpz,- = 1 for all b € B.

Definition 6.5.1. Let W be an irreducible spo(V, §)-submodule of VE*. The character

of W, x(W), is a polynomial in Z with the property that the coefficient of zz sz+n

m—+n

is the dimension of the th" i;wt(b;)-weight space, where Z i, =k and b; € B.

Lemma 6.5.2. Let v > 0, s > 0 and [n —m| = k = 2. The characters of W2, WH

and W from Them“em are given explicitly by
(i) x(W?) =1

(i) x(W) = Z 2+ Z 22y + (1 + 5).

bEB(O) b,b'eB
2y <zt

22y £1

(iii) x(WB) = Z 22+ Z 22y + (r+s—1).

bEB(l) bb eB
2y <2yt
2z #1

Proof. Since W¥9 is the trivial module, the first case follows. We prove the second

case.



6. CHARACTERS OF SOME spo(V, 5)-MODULES 134

Let W = W™, Then by (6.3.9), the nonzero weight spaces all have dimension 1,
and the zero weight space has dimension r + s. Moreover, the nonzero weights in W

are given by the following set

{£2e; |1 <i<r}U{deite; [1<i<j<r}

Thus, the character x (W) is

Z Zg—f- Z Zp2y + Z 2p2y + Z 2p2y + T+ S (653)

b€B<0) b,bIEB(O) b,b/GB(l) bEB(O)
2p<zpt z2p<zyt UGB(U
2z #1 2z #1

which is Z 22+ Z 22y + (r+ s) as we claimed.

bGB(O) b,b'eB
2y <z
2z #1

The last case can be proved similarly by changing the first term of (6.5.3)) into

ZbeB(l) z¢, and by changing r + s into r + s — 1. n

We now cite [BSR98, Theorem 4.24(e)| to give a combinatorial description of the
character of spo(V, #)-submodules by using the hook Schur functions. First we need

to define bi-tableauz.

Definition 6.5.3. Let A be a partition. Let Z be defined in (6.5.1). A bi-tableau T

of shape \ with entries from Z is a tableau T such that
(i) the part of T filled with z;’s and zp’s is a semi-standard Young tableau of shape

uC A

(ii) The z,’s and z,+’s are weakly increasing along columns and strictly increasing

along rows.
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The set of all bi-tableauz of shape A with entries from Z is denoted as T (Z, ).

Example 6.5.4. | z;, | 2, | 2 | is a bi-tableau of shape A = (3,2,1).

1

Zuq | Rug

Zuy

Definition 6.5.5. Let T be a bi-tableau of shape . Let zT be the product of all
entries of T, which is a monomial in Z. The hook Schur function shy(Z) of shape X
1s defined as

shy(2) = Z 2t (6.5.4)

TeT(Z,N)
By convention, if A is a partition of 0, we define shy(Z) = 1. By convention, we
define sh(_,)(Z) = 0 for all n > 0.
Notice that in Definition [6.5.5] if B = {t1,¢},...,t,,t;} and we do not assume
zpzpe = 1 for any b € B’, then shy(Z) is a Schur polynomial as defined in Definition

A.D.0l

Example 6.5.6. Let A = (1). Then

sha(Z) =) 2.

beB

Theorem 6.5.7 ([BSR98] Theorem 4.24(e)). Let UY™ be the spo(V, B)-submodule
defined in Lemma The character of UY ™ s given by

1
X(UW) = gdet (Sh(xiijw)(z) + Sh(Amﬂ)(Z)-) (6.5.5)

Now we compare the character we found in Lemma [6.5.2] with the character

computed based on Theorem [6.5.7}
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Proposition 6.5.8. Letr > 0 and s > 0. Let |n —m| =2 = k. Let A be an (r, s)-hook

tableau in the set {@,H,Dj}. The character of UY™ coincides with the character

of WY,

Proof. Let us first consider A = (1,1). We have Y (\) = H . Therefore we have

X(UYW) = %det sh(2) + shw(2) - sh)(2) + she)(Z)
Sh(o)(Z) + Sh(m(Z) Sh(_1)<Z) + Sh(l)(Z)

which is (by the fact that sho(Z) =1 and sh_1(Z) = 0) equal to

1 2Sh(1)(2) 1+ Sh(g)(Z)
§det
2 Sh(l)(Z)

which is also equal to

shiyy(Z) — sh)(Z) — 1. (6.5.6)

Now the first term of (6.5.6)) is (3,5 25)* which can be rewritten as

sh%l)(Z) = Z 2+ Z 222y - (6.5.7)
beB bb'eB
2y <2y

The second term of (6.5.6) is

sh(2)= > 2+ > aw. (6.5.8)

bGB(O) bb'eB
2y <zps
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Therefore [6.5.6] becomes

ZZZ—}- Z QZbe/—(Z Zg—f— Z szb/)—l

beB bb'eB bEB(O) bbb eB
2y <2y 2y <2y

which is

a4+ D) mw -1 (6.5.9)

beEB (1) bb'eB
2y <z

For second term of (6.5.9)), if b* = b, we have 2,z = 1. In addition, we have r + s
pairs of such b and ¥'. Therefore (6.5.9) becomes

sz—i— Zzbzb/+(r+s—1)

beB( bb'eB
@ 2p<zp
2p 2y #1

which is (W) in Lemma m
Now let us consider A = (2). We have Y'(A) =[ [ ]. Therefore we have

(W) = Ly | B (@) a2t ()
sh-1)(2) + sh(-1)(2)  sh-2)(2) + sh()(2)

which is

1 2sho(Z) shy(Z

L [ #he(@) sha(2) ~ ho(2),
2 0 1

By a similar argument, we have

Sh(g)(Z) = Z sz + Z Zp2y + (T + 3) = X(WD:‘)

B e
b

2y #1
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as we claimed. O

Although [BSR9§| did not provide any evidence that the submodules generated
by highest weight vectors are the same as UYY), we proved this is true in the case

|In —m| =k =2 and r > 0. Thus we have the following corollary.

Corollary 6.5.9. Let m = 2r and n = 2s with r > 0, s > 0 and |[n —m| =2 = k.

Then
(i) there are exactly three highest weight vectors (two if s =0),

(ii)) VoV =(W?®Bg)® (W ® Bo) @ (WH® Brm) is a direct sum, of irreducible
spo(V, B) x By(2)-submodules (set WB = {0} if s =0), and

(iii) for all (r,s)-hook partition, A € {@,(2),(1,1)} we have x(WYN) = x(UYW),

and in particular, we have WYX = 7Y
In fact we have a similar result for r = 0 and n = 2s = 2.
Corollary 6.5.10. Let m =0, n =2 and k = 2. Then
(i) every nonzero vector in V&V is a highest weight vector;
i) there is a decomposition V@V = (W? ® By) & (W ® By) & WB® Bm) into
H
a direct sum of spo(V, 5) x By(2)-submodules, where

wh=wlaewl

and

(i4) for all (r,s)-hook partition, X € {@,(2),(1,1)} we have x(WYWN) = x(UYN),

and in particular, we have WYX = Y
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We have extended Theorem [6.1.2)to a borderline case when |n — m| = k = 2. Also,
we have proved that in this case the spo(V, 5)-submodule U YN coincides with the
spo(V, B)-submodule WYX generated by highest weight vector wr p,gCpqyr. However,
the relation between UY™ and WY® in general case remains unclear.

Moreover, in the future, we hope to study another combinatorial description
of the character of UY™, which can be derived from the formula given in [BSR9S,

Theorem 5.1]:

XYWy =3 "2, (6.5.10)

where T' runs over all spo(m,n)-tableaux of shape A, and the spo(m,n)-tableau is a

restricted version of Definition [6.5.3]



Appendix A

Schur polynomials and the

RSK-Correspondence

Schur polynomials and Young tableaux play vital roles in the representation theory of
the general linear groups and the symmetric groups, and they are the fundamental
tools we used in our thesis. Since they are also interesting in their own right, we
provide this appendix to give a closer look at these concepts.

In this appendix, we first give a definition of Schur polynomials derived from
a quotient of determinants (Definition [A.1.3). We then define Young tableaux and
describe the RSK-correspondence in the following sections. Using this, we give a
combinatorial definition of Schur polynomials (see Definition [A.5.5)), and we prove
that the two definitions of Schur polynomials are equivalent. Then we use this new

definition to give a different proof of the fact that Schur polynomials are symmetric.

140
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A.1 Symmetric functions and Schur polynomials

In this section, we briefly discuss the definition of symmetric polynomials and in
turn, we give an important example of symmetric polynomials, Schur polynomials. In
representation theory, Schur polynomials describe the characters of finite-dimensional
irreducible representations of the general linear groups. See for example [Sag01].
Further identities and combinatorial properties about Schur polynomials can be found
in [Macl5].

Let C[zy,...z,] be the ring of complex n-variable polynomials. Then consider
the action of the symmetric group S, on Clzy,...z,] given by permuting variables.
We say a polynomial is symmetric if it is invariant under this action.

In order to define Schur polynomials, we need the Vandermonde matriz, V,,, with

entries V; ; = mf “!for all 1 < i,j < n. The determinant of V,, is given by

A= ] @i-a)

1<i<j<n

Definition A.1.1. By a partition of n, we mean a weakly decreasing sequence of
non-negative integers X = (A, ..., \g) satisfying |\| = Zf N =n. We write A\ n if
|A| = n. Moreover, we define the length of X, £(\) to be the index of the last nonzero

entry of \.

Example A.1.2. A = (A, Ao, A3, A\, A5) = (4,3,2,0,0) is a partition of 9 with
(N = 3.

Definition A.1.3. Let X be a partition of length < n. We define the Schur polynomial



A. SCHUR POLYNOMIALS AND THE RSK-CORRESPONDENCE 142

in Clzy,...x,] by

det (:E;-\ﬁ"*i)lgi,ﬁn

A

S\ = S)\(mlv'“ 7xn) =

Example A.1.4. Let A = (2) and consider s\ = s(9)(21, 22, 23). Then we have

4 .4 4
Ty Ty I3

sx=det [z, zp 23 /($1—$2)(I1—$3)($2—$3) = @]+ a5+ a5+ e+ T T3+ 2075

1 1 1
Proposition A.1.5. The Schur polynomial s)(xy,--- ,x,) is symmetric.
Ai+n—1i
Proof. Let A = H (; — ;) and q(z1,...,2,) = det(xj * )lgi,jgn' Then
1<i<j<n
q(x1,...,x,) is an alternating polynomial since it is a determinant. That is, we
have
Q@1 Ty Ty Ty) = —q(T1, T Ty X))
which implies g(21, -+, Zn)|z,—e; = 0. Therefore we have (x; — z;) divides q.

By the above argument the product of the factors (x; — x;) divides ¢. It follows
that A divides ¢, so that ¢/A is a polynomial.
Moreover, since A is also an alternating polynomial, ¢/A is a symmetric polyno-

mial. O

A.2 Young tableaux

In this section, we first give the definition of Young tableaux. Then we provide an

algorithm to insert a letter into a tableau (Algorithm (1)) with its reverse algorithm
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(Algorithm . With these algorithms, we define an operation on Young tableaux,
called a product. Then we give the definition of words in some alphabet, and give
an algorithm to transform a word into a Young tableau. At the end this section,
we deduce that the tableau product corresponds to the concatenation of words. We

synthesized this material from [Ful97].

Definition A.2.1. Given a partition X\ = (A1, -+, \), the Young diagram of shape
A, denoted Y (), is a top-left-aligned diagram with at most k rows of bozes, and \;

bozes in row number 1.

Example A.2.2. The Young diagram for A = (4,3,2,0,0) - 9 is

An alphabet A is a well ordered set. From now on, unless stated otherwise, we

use the set of positive integers Z-, as an alphabet.

Definition A.2.3. Let A be a partition of n. A semi-standard Young tableau is a

Young diagram of shape \ with entries from A in each box such that the entries are:
(i) weakly increasing along each row from left to right;
(i1) strictly increasing along each column from top to bottom.

We call a Young tableau a standard Young tableau if it is a semi-standard Young

tableau with strictly increasing entries in each row.

We use @ to denote the diagram or tableau associated to the empty partition,

A = (0).
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Example A.2.4. Let A = (4,3,2). Then

(i) [1]1
2
34

[\]

2| is a semi-standard Young tableau of shape \.

[\]
w

(i) [1]2
56
9]10

4|is a standard Young tableau of shape .

3|0

Given a tableau T" with n boxes, and a new entry z in A, in order to construct a
new tableau from 7" and x, we introduce the Row-Insertion Algorithm (See Algorithm
. The resulting new tableau is denoted T" <— x and consists of n + 1 boxes, and the

entries of T <— x are x together with all of the entries of T'.

Algorithm 1 Row-insertion Algorithm

1: Given a tableau 7" and an entry x. Set Entry := z, Row_Number =1
2: while Entry #+ @, do
: if Entry is greater than or equal to all the entries in the Row_Number row of
T, then put a new box at the end of the Row_Number row with Entry in it.

4: Entry =9

5: else Find the left-most entry, y, in the Row_Number row that is strictly larger
than Entry, and replace y by Entry.

6: Entry =y

7: end if

8: Row_Number = Row_Number + 1

9: end while

Example A.2.5. Let z = 1 and row insert x into the tableau

Using Algorithm [I} 1 will replace the first 2 in the first row, and 2 then replaces 3 in

the second row, which replaces 4 in the third row. Then 4 will generate a new row at
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the bottom of the diagram. We illustrate this process as the following sequence of

tableau insertions.

=~ W | N~

Lemma A.2.6. If T is a semi-standard Young tableau and x is an element in A,

then T < x is again a semi-standard Young tableau.

Proof. T < z is clearly weakly increasing along rows by the way we insert x. We
then prove that T' <— x is strictly increasing along columns. Now suppose that some
element y is replaced by x. We have y > x. Then we denote the entry immediately
below y (if it exists) by z. Then we have z > y > x. We claim that y will not replace
entries which are in a position on the right side of z. This is because if y replaces
some entry on the right of z, we should have z <y, which is a contradiction.

From the argument above, y replaces an entry below and to the left of the position
of x, say u. Then u < x < y. Thus the resulting tableau is still column strict. Hence

T < x is semi-standard by induction. O]

Definition A.2.7. Given two tableauz T" and U, the product tableau T'® U s obtained

by row-inserting the entries of U into T' from bottom to top and from left to right.
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Example A.2.8. Let T be a tableau. Then T o |z|2]| =T + y + x + 2.
LY

For future reference, we note that Algorithm [1|is reversible if we know the resulting

tableau and the position of the added box.

Theorem A.2.9. Suppose that U is a tableau such that U =T < x for some tableau
T and positive integer x. Then T and x are uniquely determined from U and the
position of the added box to T' in U. Furthermore, there is an algorithm for computing

T from U and the position of the added box.

Algorithm [2] is the algorithm promised in Theorem [A.2.9] Since it precisely

reverses Algorithm [I} the theorem follows.

Algorithm 2 Backwards Row-Insertion Algorithm

1: Given the entry in the added box, Entry = y, and the row number of y,
Row_Number = 1.

2: while Row_Number > 0 do Find the right-most entry in row Row_Number
which is strictly less than Entry, say z, replace z by Entry.

3: Entry =z

4: Row_Number = Row_Number — 1
5: end while

6: Output: = = Entry.

Next we are going to give the definition of words, and then relate words to

tableaux.

Definition A.2.10. A word is a finite sequence of elements of A. We usually express

words using concatenation.
Example A.2.11. w = bac is a word in the alphabet {a,b,c,...}.

Definition A.2.12. Let A be an alphabet. Given a word w = x1x9---x, in A, the
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tableau of w is the tableau obtained by row inserting the letters of w from xq to x, :

T(w):<<x1 <—x2)><—x3)><—<—xn)

Lemma A.2.13. Given two arbitrary words w and w' = x1...x,, then

/

T(ww') =T(w) < w' = (T(w) < 11) + -+ + .

This lemma follows directly from the definition.

Definition A.2.14. Given a semi-standard Young tableau T, we can construct the
corresponding word of T, denoted as W(T), by reading the entries of T' from bottom

to top and from left to right.
Example A.2.15. The word of the tableau T in Example is 342231122.

A tableau T can also be recovered from its word W(T'): simply break the word
wherever one entry is strictly greater than the next, and the pieces are the rows of

TOW(T)), read from bottom to top, left to right.

Example A.2.16. In alphabet Z-, the word 4332221122 breaks into 4 | 33 | 222 |
1122 and the corresponding tableau is the one we obtained in Example [A.2.5]

Definition A.2.17. We call a word w a tableau word if w = W(T') for some tableau
T.

Lemma A.2.18. Let T and U be two tableauz. The product of two tableaur T o U is

equivalent to row-inserting W(U) into T' from left to right.

Proof. The result follows from the definition of 7"e U and the definition of W(U). O
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A.3 Knuth Equivalence

In this section, an equivalence relation between words called Knuth equivalence will
be introduced and in turn, we show that two words are Knuth equivalent if and only
if they have the same tableaux. Moreover, we prove that the product of tableaux

(Definition [A.2.7)) is associative. The materials are mainly from [Ful97], but the

important proofs of Proposition [A.3.6] [A.3.9 and [A.3.10] are our own.

Definition A.3.1. There are two rules of words in an ordered alphabet, named

elementary Knuth transformations, which are:

Yzr—yxz if  rx<y<z (K")

TzYy—~>zxyY if  x<y<z (K")

Note that [Kl and [K" are not inverse to each other.

Definition A.3.2. We say two words are Knuth equivalent if they can be transformed
into each other by a sequence of elementary Knuth transformations and their inverses.

k
If words w and w' are Knuth equivalent, then we write w = w'.

Example A.3.3. 12124 is Knuth equivalent to 21124 by using [K'| on the first three

letters of 12124.

Proposition A.3.4. Consider the tableau T < x. We have
W(T « ) = W(T)a.

Proof. Notice that an elementary Knuth transformation is always going to interchange

the largest and smallest in three successive letters when the largest letter is in the
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middle position. The row-insertion of an element x into a tableau T' is equivalent to
the following process:

We first try to test x against the last entry of the first row of T', say z,. If z > z,,
then we put a new box at the end of the first row with z in it. If z < z; and if the
entry z,_; immediate before z, is also strictly larger than x, then we swap x and z,.
Notice that in this case, we have x < z,_1 < 2, which is the condition of . We
repeat the process by testing the relation among x, z,—; and z,_» until we reach some
y, and 2’ in the first row such that y, is the entry immediate before 2" and the relation
x < y, no longer holds, which means we have y, < x < 2’. Moreover, this process can

be viewed as:

/ /
Ypl' 21+ Zg124T > Yp' 21 -+ Zg_12, (r < zg—1 < 24)
' <
= YpT 21 Zgm2XZg—12 (r < zg—2 < 24-1)
/
= Y T2 2 (x < z1 < 29)
/ /
= Yp T2 2 (x <2’ < z).

Each of the above transformation is [K’} Now we have y, < z < ' which is the
condition of . Then we can swap 2’ with y,, and continue the process with z’

replaced by x. Thus by repeated application of we have:

Y Yp' T2 Y1 Y1 X YpT (yp <ax < a')

=Yy yp—2x/yp—1yp$21 (yp_l S Yp < :L“/)

/ - < /
p =~
= Y1TY2ys - YpT2y (y2 <ys <)
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= T Y1Yays  YpT (1 <yo < ).

Each of the transformations is and this process indicates that 2’ is now effectively
in the second row of the tableau. We can now continue by testing x’ with the entries
in the second row of 7', and finish the row-insertion process once a box has to be
added.

Therefore, the row-insertion process is about swapping consecutive three letters

by using the rules |K’| and accordingly. Thus we have W(T < x) 2 W)z, O

L]

Corollary A.3.5. For all words w, W(T(w)) = w.

Proof. Let w = wy -+ - w,, where wy,...,w, are in the alphabet A. Then we have

T(w) = & < wy < -+ < w,. Therefore by using Lemma [A.3.4] we have

Ll ko k

W(T(w)) =W(D < wy <«  Wp—1)W, wy w0

Proposition A.3.6. For any two words wy and we, we have if T'(wy) = T'(wy), then

k
w1 = Ws.

Proof. By Corollary |A.3.5, we know w £ W(T'(w)). Therefore, if T'(w;) = T(ws),

then

wy L W(T (w1)) = W(T(w2)) £ w.

k

Hence we have w; = ws. L]

Corollary A.3.7. For any two words w and w', we have

T(ww') =T(w) e T'(w').
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Proof. The result follows from Corollary and Proposition [A.3.6] O

Next we will prove that if two words are Knuth equivalent, then they have the

same tableau. Let us first consider two straightforward examples.
Lemma A.3.8. Let x,y, z be characters in an alphabet A. Then

(i) if w1 = xzy and we = zxy, with r <y < z, we have

T(wi) = T(ws) = 2|y, and

(i1) if wy = yzx and wy = yxz, with v < y < z, we have

T(wy) = T(ws) = [2]2].
LY

Proof. The result follows by using the row-insertion algorithm on w; and ws. O

Notice that in the first and second case, w; and wy are Knuth equivalent by

and respectively.

Proposition A.3.9. For two words wy, and ws, if w; L wy, then T'(wy) = T'(ws).

Proof. Without loss of generality, we assume that there is only a single Knuth trans-

k
formation, for example wzaxyw’ = wrzyw'. Then by Lemma |A.2.13] it suffices to show

T(wzzy) = T(wzxy). Therefore we assume that the Knuth transformation happens
at the end of a word. Then we proceed by induction on the number of rows of T'(w).
That is we show that for all zzy £ zay with z <y < z, we have T(wzzy) = T(wzzy),
and for all yzx L yrz with z < y < z, we have T'(wyzz) = T(wyxz). The base case

(when T'(w) = @) was proven in Lemma Suppose that if T'(w) has n — 1 rows,
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the two implications still hold. Now we prove that if T'(w) has n rows, the equality
still holds.

Our strategy is the following: we insert x,y, z in the given order into the first
row of T'(w) and keep track of what is replaced. Then we show that the first row of
T(wzzy) is the same as the first row of T'(wzzy) (similar for T'(wyzx) and T'(wyxz)).
The letters which have been displaced from the first row of T'(w), are therefore inserted
into the second row of T'(w), or equivalently, are inserted into the tableau formed from
removing the first row of T'(w), denoted as 7", which has n — 1 rows. Thus once we
show that sequences of letters replaced are Knuth equivalent, the result follows by
induction hypothesis.

Let the first row of T'(w) be

Ty | Ty | e Tq

for some d € N. For the purpose of the following argument, we make the convention
that if » > d, then z, does not exist, and should be ignored. If z replaces such an z,,
this means z is appended to the end of the row.

Let us first consider that xzy and zxy are Knuth equivalent by That is, we
have z <y < z. Then in this case, we have the following two scenarios .

Scenario 1: There exists some r with 2 < r < d + 1 such that

Tr1 ST <2< X < XTpyq. (A.3.1)

Then inserting zzy gives the following: z replaces z,., then x replaces z, and then y
replaces x,.1. Therefore the box of x, is now contains z, and the box of x,; contains

y. The replaced letters (in order) are x,zz, 1.
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On the other hand, inserting xzy gives the following: x replaces z,, then z replaces
Zr11, and then y replaces z. The box of x, contains x, and the box of x,,; contains y.
The replaced letters (in order) are x,z,. 2.

From the above discussion, the first row of T'(wzzy) is the same as the first
row of T'(wzzy). Moreover, by , we have z < x, < x,.; which implies
T, 2Tr11 = TpTryp12. Thus, since we are now inserting z,zx,,1 and z,2,.1z into 1"

separately, we conclude that T'(wzzy) = T'(wxzy) by induction hypothesis.

Scenario 2: There exists r, s with 1 < r < s < d such that
T <z <z <z<uw,. (A.3.2)

Then inserting zzy gives the following: x replaces x,, then z replaces x,, then y will
replaces some 3’ where 3’ belongs to a box to right of the position of x,. Therefore
the replaced letters are x,xsy and z,.1 <y’ < z < x,.

Inserting zxy gives the following: z replaces x, then x replaces x,, then y will
replace the same 1/ as we discussed above. Therefore the replaced letters are x x,y’

In this case, it is straightforward that the first row of T'(wzzy) is the same as the
first row of T'(wzzy). By (A.3.2), z, <y < x, implies that z,x.y’ = 52,1y’ Thus
the result follows by induction hypothesis.

The case when zzy and zzy are Knuth equivalent by can be proved similarly.
We proved this proposition when w; and ws can be changed by applying a sequence
which consists of or only, and this implies that it is also true for a sequence
of and and their inverses. Thus we conclude that for any Knuth equivalent

words, they have the same tableaux. O]

Proposition A.3.10. The tableau product of Definition[A.2.7 is associative.
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Proof. Let U and V' be two tableaux. Then by Lemma [A.2.1§]
UeV =U < W(V) =3 « WU) « W(V) = TWU)WV)).
Therefore by Corollary and Proposition [A.3.6] we have
W(U o V) = W(TW(U)WV(V))) = WU)W(V).
Let W be another tableau. Then we have

W((UeV)eW)

Then by Proposition [A.3.9, we have U e (Ve W) = (UeV)e V.

A.4 The RSK-Correspondence

In this section, following [Ful97, Chapter 4], we construct a matrix with nonnegative
integer entries from an ordered two-rowed array, and thereafter we obtain a one-to-one
correspondence between a matrix and a pair of tableaux (P, @), which is known as
the Robinson-Schensted-Knuth correspondence, also referred to as the RSK-Corres-

pondence.
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Definition A.4.1. An ordered two-rowed array is a 2 X n matrizc

Uy Uz ... Up

Vi Vg ... Up

such that

u; <wuy, V1 <i<g<r andu; = u; implies v; <wvj;, V1 <1 <j<n.

Definition A.4.2. We associate an m x n matrix M to an ordered two-rowed array
1

such that the (i,7) entry of M is the number of times of occurs in the array.
J

1112233 3 3
Example A.4.3. For the two-rowed array , the corre-

122121112

sponding matrix is

1 2
M=111
3 1
Uy U2 ... Up
Next given an arbitrary two-rowed array, , we construct a

V1 Vg ... Uy

pair of tableaux (7', Q) of the same shape by using the row-insertion algorithm:

Start with 77 =| vy |, and 1 = |uy |- In order to construct (73, Q2) from (77, Q1),

row-insert vy in 77, getting T5. Then add a box to )1 in the position of the new box
in Ty, and place uy in it. Repeat the process of inserting (uy,vy) for all 2 < k <r
until there are no more unused entries in the two-rowed array.

We call @ the recording tableau because we use it to record the process of
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row-insertion.

Example A.4.4. Using the two-rowed array in Example [A.4.3] we obtain a pair of

tableaux as:

(T,Q)=||1][1]1]1|1]21/1]1]2]3]3

For any matrix M with nonnegative integer entries, we have an associated two-
rowed array A. We write the corresponding pair of tableaux of M as (T (M), Q(M)).

Viewing the second row of A as a word w, we deduce that T'(M) = T'(w).

Corollary A.4.5. Let M be an n x m matriz with nonnegative integer entries. Write

M
M = | where My consists of the first k rows of M for all 1 < k <mn, and M,

M;
consists of the rest rows. Then T(M) =T (M) @ T(My).

Proof. The result follows by the construction of a two-rowed array from M, My, M,
and Corollary [A.3.7, we have O

Remark A.4.6. Let A be an two-rowed array with first row A; and second row As,.
Let M be the associated m x n matrix of A, with entries M, ; for 1 <7 < m and

1 <j <mn. Then

(i) the row sum of the i*" row of M is the same as the number of occurrences of i

in Ay, and thus is the same as the number of occurrences of 7 in Q.

(ii) The sum of the entries in column j of M is the same as the number of occurrences

of j in Ay, which is the same as the number of occurrence of j in T
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Similar to the preceding algorithms, this transformation from an ordered two-
rowed array to a pair of tableaux is also reversible. Given a pair of tableaux (P, @),

in order to construct (Py_1, Qr_1) from (P, Qx), we do the following:

(i) First look for the largest number in @ and find the right-most, top-most box

with this largest number in it.

(ii) Then find the corresponding box in P, and apply the backwards row-insert
algorithm (Algorithm [2|) to Py with that box. The resulting tableau is P;_1, and
the element is removed from the top row of P is the k" element of the second

row of the two-rowed array.

(iii) Remove the box we found in Q) to form Qy_1, and the box removed contains

the k™ element of the first row of the two-rowed array.

By repeating the process until there are no boxes left in the tableaux, we get a
two-rowed array.

By the preceding discussion in this section, we have the following theorem:

Theorem A.4.7 (the RSK-correspondence). With the above setting, there is a one-
to-one correspondence between matrices with nonnegative integer entries and pairs of

tableauz.

A.5 An application of the RSK-Correspondence

In this section, we give an application of the RSK-correspondence, which implies
that a certain n-variable polynomial Schy (1,2, -+ ,2,) (see Definition |A.5.5) is

symmetric. Then at the end of this section, we generalize the proof provided in [Pro89]
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to show that for each A this polynomial is equal to the Schur polynomial we defined
in Definition [A.1.3

For a tableau 7" with entries from alphabet {1,...,n}, let m; be the number of
occurrences of 7 in T. Let m(T') = (my,...,my). We call m(T) the type of T'. Note

that m, can be 0 for some ¢ € {1,...,n}.

Example A.5.1. Let T=| 1 | 1 | 2 | 2 | Then the type of T is m(T') = (2,4,2,0, 1).

Proposition A.5.2. Given a tableau Ty of shape X\, then the number of tableauz T
of shape A having m(T) = m(Ty) is the same as the number of tableaux T of shape X

with m(T) = (Mo(1, - - -, Mo(m)), where o is a permutation of {1,...,n}.

Remark A.5.3. Fix any tableau Tj of shape A. Then by Theorem [A.4.7] for any
tableaux @) of shape A, there is a one-to-one correspondence between the pairs of

tableaux (7p, Q) and matrices M such that T(M) = T . From Remark it

follows that Proposition is equivalent to showing that the two sets

Ey={M : T(M) =T, and M has row sums my, mag,--- ,my,}

and

Ey ={M : T(M) =Ty and M has row sums m,(1), My2), ", Mo(n) }

have the same cardinality.

Before we prove Proposition we need the following lemma.
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Lemma A.5.4. Let C' be a matriz with only two rows with integer entries and
corresponding pair of tableaux (T(C’), Q(C)). Then there is a unique two-rowed matriz
C with corresponding pair of tableauz (T(C’),Q(é)) such that C' has swapped row

sums and T(C) = T(C).

Proof. By Remark , since C' has only two rows, the row sum of the i*! row is
the number of occurrences of ¢ in Q(C) for i = 1,2. Thus Q(C) only has 1 and 2 as
entries. Then by Remark , it suffices to prove that with a particular Q(C') and
T(C) = T(C), there is only one corresponding possibility for Q(C').

Now suppose that Q(C) is given by:

1 | -] 1 | 2 | ... ] 2
2 | ... | 2
s t
>
r

which means the row sum for C'is r + s and r +¢. Therefore let C' have row sum r + ¢

and r 4+ s. Thus Q(C) must be

1 | -] 1 | 2 | ... ] 2
2 | ... | 2 : .
>

r

Since there are (r +t) 1’'s and (r + s) 2’s in Q(é), this is the only way to get such a

semi-standard Young tableau. Thus Q(C’ ) is uniquely determined. [

Proof of Proposition[A.5.2 In order to prove Proposition holds for all permuta-

tions, it suffices to prove it when o is the adjacent transposition of (k,k + 1). Given
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Ain E;, we can write A as a block matrix

where B consists of the first £ — 1 rows, C' consists of next two rows and D consists of

the rest.

By Corollary we have

Then by Lemma [A.5.4] if the matrix C' has row sums my, and my_1, then there is

a unique corresponding C' with row sums my_; and my, such that T(C)=T(C).

B
Therefore, for each A in Ej, there is a unique corresponding matrix A = || in

D
E5. Thus the sets £y and Es are in bijection, which proves the proposition by Remark
[A.4.6] O

Now we introduce a new polynomial defined in terms of semi-standard Young

tableaux and in turn, prove it is a symmetric polynomial by Proposition [A.5.2]

Definition A.5.5. Let \ be a partition of any nonnegative integer. We define an

n-variable polynomial Schy associated to \ by

m(T m Mn
SCh)\(.fL'l,:CZ,'-"Z’n):§ x ™ = E $11"‘$n .
T T



A. SCHUR POLYNOMIALS AND THE RSK-CORRESPONDENCE 161

where the summation is over all semi-standard Young tableaux T of shape \ with

entries from the alphabet {1,... ,n}, and (mq,...,m,) =m(T).

Example A.5.6. Let n =3, A = (2). Then the possible tableaux are

and

Schy(x1, 22, 3) = T2+ 25 + T2 + 2129 + T173 + ToTs.

Remark A.5.7. By Definition [A.5.5, the coefficients of Schy(zy, 2, -+ ,x,) are

always integers.
Proposition A.5.8. The polynomial Schy defined in Definition [A.5.9 is symmetric.

Proof. By Proposition[A.5.2] the coefficient of 1" - - - 27 is the same as the coefficient

of 7" 2, 7™ for all permutation o of {1,...,n}. Thus the result follows. ]

Recall the Schur polynomial sy(z1,...,z,) in Definition [A.1.3] It is clear that

the polynomials in Example [A.1.4] and |A.5.6| are identical. Thus, in this case, we have

5(2) (1, T, x3) = Schig) (w1, 22, 13).

Next we prove that for any arbitrary partition A\, and n € Zx,, we have

Sx (@1, ..., xp) = Schy(xy, -+, ).

We first need the following lemma.
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Lemma A.5.9. We have

sx(x1,...x,) = Z (1, Ty )z NIH
I
where |\| =Y. \; and the sum is over all partitions p such that
M 21> Ao > g > v > 1 2> A,

Proof. Using Definition of sx(x1,...,x,), we see that

xi\1+’nfl Q;,5\14»71,7]. .. Q?ifinil 1
2 9 )
xi\2+n $§\2+n . $22_—|1n 1
Anfl_l )\nfl_l )\nfl_l
Ty 2 Lp—1 1
A A
" 5" " 1
sx(@1, .., Tpo, 1) =
:c’f’l xS’l xﬁj 1
x’f‘Q xg_Q ZBZ:% 1
T T Tpo1 1
1 1 1 1

Then if we subtract the last column from each of the other columns and keep the last
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column unchanged, the determinant does not change, and we have:

A1+n—1 A1+n—1 A1+n—1
Ao+n—2 Ao+n—2 Ao+n—2
x] —1 x5 —1 2 —=1 1
>\n—1 1 )\n—l 1 >\n—1_1
rym —1 | -1 1
S,\($1, <oy Tp—1, 1) =
n—1 n—1 n—1
n—2 n—2 n—2
=1 x5y 7 —1 x,_1—1 1
.171—]_ 172—]_ ZEn_l—l 1
0 0 0 1

For all 1 < i < n — 1, we factor out z; — 1 from the ** column of each of the
determinants in the numerator and denominator to get the following expression for

the right hand side of the above.
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A T R L IR RRTN i Lo I L SUEPPPIE RS I |
xi\2+n73+xi\2+n74+.__+x1+1 Ii\fj{ni‘g‘f—l’?f,ﬁn#l‘f‘"'+17n—1+1 1
xi\n—1*2+xi\n—1*3+,,,+xl+1 -’”271_1172+-’Ez71_1173+"‘+xn—1+1 1
xi\n_1+x1n_2+...+x1—|—1 xzﬁ;l‘i‘l’i\LZIQ‘i“i_ajn—l_{—l 1
I CR R S o B e o G (SRR SE o B
AR R R N (o I 7 RPPP VRPN B |
1 1 1
0 0 1

Recursively from i = 1 to n — 1, subtracting the (i + 1)*® row from the i** and keeping
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the last row unchanged, the above expression becomes equal to:

A1+n—2 Ag+n—2 A1+n—2 Ag+n—2
xlln _’_...+x12n . xnl_ln _’_...+xn2_1n 0
A -3 A -3 A -3 A -3
x12+n +...+x13+n xnzﬁn ++xn3;iin 0
xi\i-i-n—(i-i-l) bt xi\i+1+nf(i+1) o xzij-ln—(i-i-l) NI xy);ij.f+nf(i+l) 0
Ay 1—2 An An—1—2 An
xlnl +"'+$1 . xnill +...+xn_1 0
An—1 An—1
A R il o a1 1
22 :EZI% 0
n—3 n—3
Ty Tp_1 0
1 1 0
0 0 1

Then we use cofactor expansion for the numerator and denominator along the last
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column to get

Notice that the (4, 7) entry of the matrix in the numerator is of the form

Ait1

Zx

Hi=N;

pit+(n—1)—i
J

I

A1+n—2 Ao+n—2 A +n—2 Ao+n—2
Ty to 1 Ty Tt
Ao+n—3 Az+n—3 Ao+n—3 A3+n—3
:El +"'+x1 xnil +"’+ﬂ?n71
$ii+n—(i+1) 4ot xii+1+n—(z’+1) $21+1n—(i+1) bt xzijlﬁn—(iﬂ)
An—1—2 An—1—2 A
" +o " S A
n—2 n—2
Ly Tp_1
n—3 n—3
T Tp—1
0 0
Ty L1
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where 1 < 7 < n — 1. Thus preceding quotient is

)\2 )\2
§ : p1+n—2 § : pu1+n—2
l’l . e '-'I;n_l
y,1=)\1 //«1:)\1
Ait1 Ait1
pi+(n—1)—i pit(n—1)—i
E Iy T Tn—1
Hi=N; Hi=A;
An An
Hn—1 Hn—1
E Ly E Tp—1
.u'nflz)\nfl #nflz/\nfl
n—2 n—2
1 Lp—1
n—3 n—3
Ty Lp—1
0 0
L1 Tp—1

Thus by using the fact that the determinant is linear in each row, we conclude
that the preceding quotient of determinants is o Su(Tn, e ,Tn_1), for all partition

posuch that Ay > g > Ag > pg 2 -+ > i1 = Ay

In order to homogenize the sum s, (21, ..., 2,-1) to recover sy(z1, ..., 2,), we
should multiply each of the above terms by 271 Therefore we have
S)\<I1, P xn) — Z SH<I1, PP 7xn_1)x|rf‘|_‘:“"
m

where |A\| = Ay + - -+ + A, and the sum is over all partitions p such that

M2 > A > g > 2> iy > A O
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Proposition A.5.10. Definition is equivalent to Definition[A.5.5. In other
words,

sx(x1, -+ xy) = Schy(xy, - xy).

Proof. 1t suffices to prove that we can express sy(z1,...,x,) as a sum of monomials,
and each monomial corresponds to a semi-standard Young tableau of shape .

Also notice that by Definition m, the power of z,, in a monomial z" - -zt
corresponds to the number of n’s in the corresponding semi-standard Young tableau.
By removing the n’s, we get a new monomial associated to some partition . Therefore
we will construct a collection of tableaux by repeatly using Lemma [A.5.9]

Start with a shape \° = )\ and apply Lemma once. For each resulting
A = p, we construct a tableau by placing an n in each box where the boxes are in
A% but not in A'. Then for each A\! = ;1 we obtained, apply Lemma again. We
therefore place n — 1 in each box which is outside of the resulting shape A? but inside
Al. Now we have constructed some tableaux with empty boxes and boxes with n and
n— 1.

Repeat this procedure n — 2 more times with n — 2’s;, n — 3’s, --- and 1s. After
n steps we are left with A\ = &, so we can no longer apply Lemma again. We
finish the procedure by noticing that sy (xq,...,x,) = 1.

Therefore, we have expressed sy(z1, - 2,,) as a sum of monomials which are
indexed by a set of tableaux.

Moreover these tableaux we constructed are semi-standard. Because first of all
the entries obviously weakly increase across the rows and down the columns. Also
AL > AE and AE_, = 0 imply that two n — k’s will not be placed in the same
column at step £ =0,1,--- ,n— 1. This implies that the entries are strictly increasing

along columns.
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Thus we have assigned a semi-standard Young tableau of shape A to each sum-
mands appearing in sy(xy,...,2,). Also on the other hand, by the way we construct
induction, we are able to assign a summand in s(xy,...,x,) to each semi-standard
Young tableaux of shape A\ appearing in Schy(x1,...,z,). Thus there is a bijection

between sy(z1,...,x,) and Schy(z,...,x,), which completes the proof. ]
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