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Abstract

In this thesis, Lanczos! Method of Minimized Iterations
is applied in a Hilbert space framework to.solve a non-
homogencous linear integral equation of the second kind.

The kernel‘of the integral equation is real, non-symmetric
and has a weak singularity of A type frequently occurring
in Potential Theory.

In Chapter 1, the given operator is symmetrized. Theorem 2
-shows that this symmetrization process does not affect the solution,
and Theorem 5 shows that fhe symmetrized operator is completely
continuous and self-adjoint. |

In Chapter 2, we use the concept of invariant (closed)‘
éugspace and Lanczos?! Method of Minimized Iterations to find
the approximate solution. Theorem 9 shows that this convérgés

to the required solution faster than any geometrical progression.
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Chapter 1

§ 1. Introduction

- Many'problems of mechanics, mathematical physics and
technology lead to the consideration of non-nomogeneous
linear integral equations of the second kiﬁd with weak
singularit;es with the solutidns as elements of the Hilbert
space, L2(Q ) the space of all equivalence classes of (Lebesgue)
square integrable real-valuedlfunctions in a bounded open
connected set @ of the n-dimensional Euclidean space [9; p.807].
Frednolm formulae are too complicated for numerical calculation.
In 1950, C. Lanczos [8] published his Method of Minimized
Iterations for numerical solutions. For a symmetric operator,
this method gives rise to a three term"recurrence formula in
the construction of orthogonal elements; this leads to a
formula of simple algebraic form (15). C. Lanczos did not prove
the three term recurrence formula; a proof is given here. .
W. Karush [6; p. 848] and Y.V. Vorobyev [16; p.77] showed that
for a completely éontinuous self-ad joint operator on a Hilbert
space, the approximate solution, which is the solution of the
corresponding finite-dimensional problem, tends to the original
solution of the given non-homogeneous linear integral equation
of the second kind faster than any geometrical progression.
This makes the method particularly useful for numerical solutions,
because the séiution of the corresponding problem in a space of

finite low dimension may differ from that of the original problem




2.

by a very small quantity.- These observations.motivaté the
idea of finding a technique of symmetrizing the given non-
symmetric operator with a weak singularity such that (i) the
symmetrization progess does not affect the original solution,
and (ii) ‘the résulting operator is completely continuous and
self-adjoint.

In this thesis, a special technique due to Erhard Schmidt
is hsed to symmetrize the given non-symmetric operator. It is
then shown that the requirements'(i) and (ii) are achieved.
References for proving the properties of the symmetrized
operator can be found in [3; p.123],[9; pp.82-85, p.114], but
in proving that the symmetrized operator is completely continuous
and self-adjoint, a shorter and entirely independent approach -
has been used. The concept of invariant (closed) subspace is
employed so that Lénczos' Method can be used to construct the
approximate solution. The method used here is genuinely '
constructive as we begin our construction by taking the
known element '

fzg -ul*g

as the starting vector (see §5). Y.V. Vorobyev's Method
[16; p.77] is then ﬁsed to prove that the rate of convergence
of the approximate solution to the original solution is

faster than any geometrical progression.




§ <&, Real Hilbert Space

A space in contemporary maﬂhematics is understood to be a
set of arbitrary objects between which therc exist rolations
analogous to some of the spatial relations in threc-dimensional
spacu. DtHilbért took the decisive step by investigating
infinite-dimensional spaée. It was, howcver, not before 1929
that J. von Neumann [15] gave the first axiomatic treatment of
the theory of Hilbert space. Later important contributions are

due to M.H. Stone {13].

Definition 1. A real linear space X is called an inner

product space if there ié defined on XxX a real-valued
function, < x,y > » called the inner product of x and y
with the following properties: '

(#) SX+y,2>=<Kx,2>+< y,z>

(b) < x,y> = <‘y,x }
{e) <eax,y>=a < x,y>

(d) < x,x> 0, and <x,x>40if x4 0.

Definition 2. An inner product space X which is

infinite-dimensional and complete in the metriec determined by
the norm .

1
[1x]] = < x,x 5&

~ is called a Hilbert s ace, H. .

§ 3. - Symmetri zation

We shall consider the Hilbert-épéée, Ly(@) . Let p and




¢ be two poinbs in 9 s and  y,m € L,(7) . Lot us congider

the equation
-\ p i Y '
(1) 7(p) - ufllp,a) y(4) da = g(p)
where  y ia the unknown and Woois a gpiven roal concbtant.

Definition 3. (1) is called a non-honogencous lincar

integral cauation of the sccond kind.

Let the distance between p and q bo denoted by r .

Definition 4. An integral operator of the fobm

rq He2a) yig) gq
r

where the function F(p,q) is bounded in Q@ , and a is a

constant such that o <& <<n, is called an integral operator

wiﬁh a2 weak singularity.

Let L(p,q) be a kernel of weak singularity, i.e. L{(p,q)

is of the form

F(p,q)
a L d
r

Theorem 1 [9; p.82]. If the function (p) is square

integrable in 9 , then the integral

¥(p)= Sy L(p,a) $(q) dq

exists for almost all p € Q » and represents a square integrable
function in Q .

Proof: Ve shall divide the proof in four parts:




(Sl

fa; "The integral

\
=
alg

is bounded for any pcsition of the poin 4 inside or on the
boundary of @ . Let du be an clement of surface area of tho
hypersphere S with unit radius. Now let us denote the diametor

Of Q by h . Thl;?n,

;9912 < f dp
el r<h &
= [ dus B opnrlee
S o
E R
n-aq
where
n
2 Tr‘e
w = .
n
e

(b) There exists the "double" integral

2
IQ(gzl 2 d
Tolq g dp dq = So. [$(q) |* aq fn;g

- n

3 L




aceording to the Fubini theorem and o partial converase Lo it
L2 pp s 1624303 ) » there exists a function of the point  op

almost cveryvwhere in Q0 and integrabls in Q@ piven by

a
;Lo
r

(¢) The function Lip,q) ¢(q) is inteprable for alnout all

P €Q . In fact, if !P(n,q)l< C , then

[L(p,qa) dla)] < ¢ M

By what has been proved in (a) and (b), the product L(p,q) ¢(q)
is integrable for almost all p €82 . Thus, we have proved that _.
v(p) exists for almost all p €EQ . |
(d) We observe that

V() |? < c? {f;,li‘f?i-%‘llL . 3 4
' r

Accord:mg to what has been proved in (b), the right hand side

of the above 1nequality, and so also the function H(p)l is




inteprable in , where

I\.l‘r—-’ :

Cuw R

(2) ol = {7g la (o) |7 s~;—:—-5—|!¢>ll

Thus, ¢ (p) represents a square intcprable function in @

Definition 5. Let X and Y be two linear spaces

- over the same field. Let A be a function with domain X

and range contained in Y . Then A is called a linear operator

on X into Y if the following two conditions are satisfied:

A(x+x) = AX + Ay
A(ax) = @Ax

where @ is an arbitrary scalar, aﬁd X,y are arbitrary vectors
from X .
In what‘follows, we shall assume that the kernel is rea.l..
and non-symmetric. We shall use the notation
Ly = sq L(p,q) y(a) dq
where L is the operator corresponding to the kernel L(p,q) .

(1) can be written intoc the form
(3) Y -uly =g .

As we are interested in finding the approximate solution for (3),
it is natural to assume that (3) has a unique solution, i.e.
by using Fredholm alternative, the corresponding equation
. N 1
Ly Ly

T



has no eigonvalue, Let

l.*(p,Q) = I:(Q:p> ’

and let 1% be the operator corresponding to L*(p,q). From (3),
we pet
(W) L*y - yLX¥Ly = L¥g .

On multiplying (4) by -, and adding to (3), we get

. _ .
Y = uly - ul*y + 7 L¥Ly = g - L¥g ,

(5) Yy = u(l + L* - yL¥L)y = g - yL*g .

The kernel of (5) is now symmetric. A symmetrizing procedure
of this kind has been used, for example, in [5; p.1381] and is

also described in [12; pp.L459-461].

Theorem 2. {3) and (5) have the same solution.

Proof: Since the unique solution of (3) satisfies (5), it

is sufficient to show that (5) has a unique solution. Let
Z=y-ylLy .

Then, (5) becomes

(6) C . (T -ul®z = (T

Thus, if 2z 4is'a unique solution of (6), it follows, from the

i A 2 i,



(&}

assumption that (3) has a unique solntion, that y is the
unique golution of {5), so it is sufficient to prave that (6)
has a unique solution. We shall prov: this by contradiction.

it is known that Fredholm theoremns hold for lincar
integral equations with weak singularities [G; p.86j. Assume
that (6) has more than one solution. Then by Fredholm

alternative, the homogencous equation,
2 -pul*z = Q

has a non-trivial solution. But this implies, by Fredholm

theorem that its transposej

Z ~uyLz =0,
which can be written as

Yy -ULy =0

as z 1is an unknown, has the same number of non-trivial
solutions. This contradicts the original assumption that (3)
has a uniQue solution (by Fredholm alternative). Therefore,

(3) and (5) have the same unique solution.

§ 4. Properties of the symmetrized operator

In many physical brbblems, we efben encounter kernels

~of the fbrm

:}IL%‘:'

qr




whoera n is bthe unit

Q

surface (7; p.R86 ), w

diffvrentiable: it is

differentiation increas ses the order ol &
tends to O .. Here

Theorem 3 [3: p.1

normal to the smaoth, fdnite and o
= O, at q, whor~ w i (at Traot) twice
therefore worthwhil. Lo ser whoebhor such

*

singularity as 1

and ¢ arec on the surface.
23 7. The difforeontiation alone the

normal to the surface

does not increasze the order of the

sincularity.

1

Proof: Let x~,

with reference to q.

expansion for w about q 1ig gl

wip) = w(q) + & x*

i

2 n s
X7y eeey X be a system of coordinates

r 1is assumed to be very small. The Taylor

03

ven by

(%) + 3 I x xJ (-———-3“’ )
axt i,j axtaxd

m]

where the second derivatives are evaluated at a suitable

intermediate point between p and q .

lie on the surface,

therefore,

Thus,

A7) Exl (A a
i ax

Since

P and q

w(p) = 0 = w(q)

i,j . ax axJ

ey




11,
Sinco .
axt - (cix i
ar ‘q ¢
i et
X = (3-;—)(] 3
Thug,
diw AW ‘ dxi
r{=) = r (T - =)
dr’g P dr “q
= Txt (m)
i axt 4
1 i j 2w
= -5 & x* xJ (a—'ﬁ) by (7)
i,j ax*axd
2 i J 2
=4 (9, (B, A
i,j 3x™3xJ
= O(ra) .
Hence,
(), = o) .




L

= Ol=g5T
r

10(r)

1
= 0(=2)
P“
Thus, the theorem is proved.
Let us consider the operator

(8) K = u(L + Lk « pL*p) .

-

Since it contains the term ua L*L , so we shall study the
following fundamental theorem in the theory of linear integral

equations with weak singularities:

Theorem 4 [{9: p.83]7. Let
o C
1 2
,lL(p:Q), S.—E' ’ 'M(P:Q)! < —g
r r
where C; and C, are constants and o £&<n,o0<Bg<n.-

Then the kernel of 1M,

N(p,Q) = IQ L(p,t) M(t’Q) dt

has the value , C for @ +8 <n

(9) IN(p,q)]| <]c |[log,r] + B for @ +8 =n
—_L for a + 8 > n
ra+5-n

‘where C and B are some constants.

’




Proof: Let ro and r{ be the distances between n,t
and g,t respectively. Then,
. dt
IN(F);Q)I .<_.Cl (";3 fQ O
root

1

dt
<G Cur = B
ro<h Qo "1

Let p be the origin of the coordinates and let us choose

xl-axis through q so that the direction from p to q is

positive. Then the points p and q have coordinates

. {(0,0,¢..,0) and (r,0,...,0) . Let (xl,xg,...,xn) be the

coordinates of t . Then
re = Z(xi)2 and r> = (x, - r)2 + T (xi)2 .
o s 1 1 L
i i=2
i i D52 |
Let x™ = 1% for i = 1,2,...,n, andp =[Z ()" . Then,
Ai=1
I T
T o< p%(p -2 1) '
Now, .
2 - -
(1) agtar®. i = o o
2 2
(ii) p -261+12_(p-1)




T,

and

4 2 2
(iii) (p -~ 1) > %‘p

for p > 2 as may be secn by obscrving that

X 2 2 1 ) )
(p = 1) -%o =~3;(50—8)(o-:3),

-which in term is positive for p > 2 . Hence,

Cc, C. n-l-a
1l 72 . -l-a-
IN(p,a) | ¢ = (s = 25—dpd + 28 phel=-Bg, g
r P<2 (%= 267+ 1) 2<p<—

r

L]

The first integral in the brackets on the right is a constant
quantity, which we shall denote by ayy.

If a+8<n, then

8, n-a-8
n-g~8 2% h
[¥(p,a)| < CiChu (ar f e
8
n-g-g 2
< CiCoh w (a + T o a) .

If a+8 =n, then
h
IN(p,a)| < CiCou (a + 2910@5;) .

Finally, if @ + 8 > n , then

€,C2v - d
——— 2 ——O
C, C,huw

1l ~2 B do
L&+8-n f2 p G+8+1-n

{
= I,a.-l-s-:n‘a' t ey 8 - n)

.




Thus, (9) is valid in all cases.

Coroliary 1 [9; p.85]. If the kernel has a weak

singularity, then all its iterated kerncls, beginnine at a

certain one, are bounded.

Proof:. Let the kernel having a weak singuiarity be
denoted by L(p,q) + Then, from Theorem L, its m-th iterated

kernel, Lm(p,q) satisfies the cstimate:

C
‘ m
o - -
'Lm(p,Q)l < ma-(m-1)n for m (m=1)n > ©
r
Ca for mx - (m-1l)n < 0O

. where Cm is some constant. Thus, Lm(p,q) is bounded if

n
m>n_a .

Definition 6. A linear operator A given on a certain

linear subspace D everywhere dense in the Hilbert space, is
said to be symmetric if for any x,y € D,

< AX,y > = < X,Ay > .

Definition 7{17; p.306]. A self-adjoint operator is a

bounded symmetric operator on H.

Definition 8 [1; p.172]. An operator is said to be

completely continuous if for any sequence of vectors {qn}
such that Ilqn[l is bounded, '{Aqn} has a convergent

subsequence.




16.

Theorem 5. The operator K defined by (8) is

completely continuous and self-adjoint.

Proof: Let L*L be denoted by N. Then, by Theorem 4,

2 27 on -
N, N5, N s sees No , ... are operators with weak singularities;

by Theorem 1, the operators are defined on L,( 2 ), and by (2),
they are bounded. By Corollary 1, N2 is a Fredholm operator
[10; p. 4607 for some n. A Fredholm operator is completely

continuous in L,o( @ ) [10; p.460]. Now,

-1 vn_l n-1 n-1
G A N R
and a bounded operator A is completely continuous if and onl
-1 .
if A¥A 1is completely continuous. Therefore, N is
completely continuous; in the same way, N s N > eaey

Ng, N and I, are completely continuous. By repeating the abo&e

argument for LL* .as N, we obtain L¥ is completely continuous,
The scalar multiple -of a completely continuous operator and the
sum of completely continuous operators are completely continuous
[1; p.173]. Thus, K is completely continuous.

Since K is completely confinuous, it is continuous
i.e. bounded. Obviously, K is symmetric. Thus, K 1is a
bounded symmetric operator on L2( Q ). Hence, K is

self-ad joint.




Chapter 2

§ 5. Invariant (closed) subsapace

(5) can be written in the form
(10) Yy - Ky = £

" where

Ui}

£ g - UL*é,

which is known since y , g, L* are known. Thus, by Theorem 2,
finding the solution of (3) is equivalent to finding the
solution of (10). We shall make use of the fact that K is
completely continuous and self-adjoint.
Assume that for (0 ) X, in L,(Q) » @ sequence of linearly
g

independent elements x_, Kx , K°x

o an be t ed.
o ? o o2 c be constructed

Let

n n-1 (o)




Let Hn denote the subspace spanned by {zo, eeey 4 3 lat

Nt
L, be the linear manifold generated by {zo, 2y eeey T, o,
Definition 9 {16: p.6]. Suppose a fundamental soquenac

has no limit in the inner product space; the element assigned to

.be the limit of the sequence is called an ideal element. If u

and v are two ideal clements defincd by the respective

sequences {un} and {vn} , then u ‘and v are assumcd equal if

lim|ju_ -~ v || = 0.
n-colln n

The scalar product of ideal elements is defined by

K U,v>=lim<u_,v. >
’ feco n’’n

and

[ ull

)

Lim] Ju || .

I~—co

Let Hz denote Lz and its ideal elements.

Definition 10. The (closed) subspace M is said to be

invariant for the self-adjoint operator A if Ax € M for any

x €EM.

Theorem 6. H, is invariant for K .

Proof: Let Q(A) be an arbitrary polynomial. Then, for
= o(K)z, din- L, ,

Kq = KQ(K)z € L_ .




19.

On the other hand, if q .is an ideal element of Lz, then

there exists a sequence qQ, = Qn(K)zo in L, such that

lla - q ]} = o.
In this case,
|IKa - Ka || < [IX|] |la - q,l| = o.
Since an € Lz’ this implieé that Kaq, being the limit element
of Lz, must belong to Hz . Thus Hz is invariant for K .
If the number k of linearly independent vectors is
finite, tnen Hz = H, , and the method of solution

for the non-homogeneous equation (10) terminates with an

eXxact solution at the kth step. As we are interested in the

approximation of solutions, we shall assume that Hz is -

infinite dimensional.

L

z > is

Theorem 7. The orthogonal complement of H,, H

invariant for K.

Proof: Let x ¢ Hz > and y be an arbitrary element

i
of Hz . Then,

<Ky,x >=<y, Kx >=0,
: ' ' ot L.
because Kerz . Consequently, Kye¢ 7 2 and hence, hz is

invariant for K.
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This theorem shows that the notion of an invariant subspace
has special interest for self-adjoint opcrators. Namely, if

Hz is an invariant subspace of K , then K ig decompcsed into

two independent parts: the operator 'KH on the space Hr', and
. . z *

the operator Ky. on the space H, . At the same time, the

'z

- equation

< Kx,y > = < x,Ky >

for arbitrary X, y in Lz(Q) s Characterizing self-adjoint
operators and being fulfllled for K on L,(Q) , is satisfied,

in particular, on H and H . »Consequently, the tpartst of

| the operator K considered on each of the subspaces H, and

'H: are also self—ad301nt.

z N
’ ‘Since H, is closed, it follows that H, can be regarded

as a Hilbert space. We can apply the above reasoning repeatedly.
In this way, the study of K can be reduced to its study on the

invariant subspaces.

§6. Lanczos! Method of Minimized Iterations [(8; p.265].

Let x (+ 0) be an arbitrarily chosen vector of Lo(R) .
The vector Xy 1is constructed by
Xy = Kxo - aoxo
satisfying
0 =< Xysx, >

< Kx, "gxo’xo>

=< Kxo’xo > f,ao< 02X > s




Lo,

X is constructed

satisfying

(a)

and

(b)

]

]

1

-

li

= le

< xz,xo >

< Kx

- -
1 l;l aoxo’xo >

o

{le,xo >
<,xo,xo >
< xl,Kxo >
1 X >

<x
o]

[o]

< Xy 9%y + a x, >

< xo,xb >

< x,x >

< x2,x1 >

< Kx

1

H




2:3.

= < Kxq,%; > - Gy < Xy,%x9 >,

i.e. :
< Kx,,x. >
ay = 10*1
< X% > :
In general, for Xl ito be orthogonal to x, and X, in
(1) kel = (K =@ DX -8y g%

where I is the identity operator, one must choose

< K,z >
< XX >

G.k=

‘and

< ka’xk-l >

< Xpl1o¥p g >

Bg-1 =

< xk,xk >

< Xpo10¥poy >

=

for k = 0,1,2, ..., and B_y = O . The above method of
constructing orthoéonal elements is called Lanczos?! Method of

Minimized Iterations.
Theorem 8. .xk+l constructed by Lanczost Method of

Minimized Iterations is orthogonal to Xo3 Xyseeey X o, Xp 10X




if x

.Kn-;x

Proof: 'In order to prowve this, the Principle of Mathematical
Induction will be used. In (11), for k =0, Xy is clearly

orthogonal to X, + Suppose Xk+1 1s orthogonal to Xos Xyseee, Xy

for k

Xg41 = (K - asI)xs = Bg_1%s-1
and Xg4l » DY construction, is orthogonal to x, and x

If o<tgs-2, then,

Hence,

orthogonal to X, Xy oney Xy 12 Xy -

From this theorem, it can be seen that the elements constructed
by using Lanczos! Method can be obtained by the Gram-Schmidt Process.

Thus, Lanczos! Method breaks down at constructing x, if and only

o?

o

break down, it furnishes a basis for H, .

L)
<3,

= O’ 1’ 2’ s e ey S - l . 'Thcn,

s-1 *

< XX Lq >‘ = < xt,(K - G.SI)xS - Bg1%Xs1 >

<~xt,Kxs > (by hypothesis)

o= <'th’xs >

=S Xpyl P OpXp 4 By Xpo10Xg >

=0.

X 41 1is, by the Principle of Mathematical Induction,

Kxo,‘

.‘.’ Knx

(o]

LR

are linearly dependent, and . S Kxo,

are linearly independent. When Lanczos? Method does not




;‘3-’& .

§7. Approximate solution

Definition 11. Two elements x, y in H are said to

be orthogonal if and only if
S X,y> =0 .-

If M is a subspace of La(n), then every element XGLZ(Q)
can be represented uniquely in the form.
X=u+v
where u€M and v is orthogonal to q for all qQEM .

Definition 12. ‘The element u in the above representation

'is called the projection of x on the subspace M .

We shall construct a linear operatér, K , defined on the

n
subspace H_ by

Zk = ank—l fOI’ k = l’ 2, LA n-l, :
(12)
Ba%n = XpZg 1o
where E z = is the projection of z, on H. (12) defines

‘Kh completely. In fact, let xEHn . Then,
" n-l
X=X c,z,
i=0 **
yhere Cqs Cps evey cn-l4 gre constants.

n-1

Kyx =L c;Kpzy
i=0




25,
We shall use Lanczos! Method of Minimized Iterations to
solve

(13) (T - K)y, =

by taking z, = f : - The exlstence of Yn is guaranteed by the
“unique solution: of (3) Then, we shall show that Yo converges
' to the solution of (10) faster than any geometrical progression.
By Theorem 2, Yn 'actually converges faster than any geometrical
progression to the solution of our or1g1na1 problem, given by
(3). Thus, ‘we complete our aim. |

The domain of deflnltlon of I - K 1s the 1ntersectlon of
the domain of deflnltlon of I and that of K . Thus, ynEHn .
‘Thérefbre,'lt can be wrlﬁﬁén in the form

: n-1 "

(14) Yp = kEO C1Xp s
where Xy xl,‘.--, X, l are constructed by Lanczos' Method

and Co» Cs-sees Cp ; are constants. By the construction of K_,

Knxk = X1t ox 4 ak;lxk;l for k=1,...,n-2,
gh;b = xl + aoxb
ap@ KnXn-1 = %n 1%, -1 ¥ BpoX, 2 -

On substituting (14) into (15),




R6.

n-l
(I - K ) kio cpX, = £ .
n-l_ ‘n-1 _
kEO CpXp - kzo ckxnxk = f ﬁ
n-1l .‘n-é
o KK T klck(xk+l+°‘kxk+eklkl)'c(x + & %)

= cn-l(an-lxn—l + Bn-2xn-2) =f.

By construction,

Hence, on equating coeff1c1ents of llke terms, .

by the system of equations:

(15) -
Co = °1°o - coao = 1

=0 .
cn

are determined

- Bkck+l= 0 for k = 1,2,...,1'1—1,

Theorem 9 [16: p.77]. ¥, tends to the solution y in

(10) faster than any geometrical progression.

Proof: By the construction,
z, = .
Singe Yo is in H_,
' | : Yn = O a(K)z
where Qh—l(l) is.a polynomial of (n—l)th‘degree.

On subé£ituting,'




this into (13), we get

Qn—l(Kn)zo‘" KnQn-l(Kn)zo - f

]
o

0 .

i.e. (o1 (Ky) - KnQpo1 (K) f 11z

Since the characteristic polynomial Pn(x) of K_  is uniquely

n
defined [16; p.17],

(16) 0, 1(0) =g, 1 () - 1=cp ()

where C 1is a constant to be determined. Let A\ =1 . Then,

(17) C= -P—%]-.T .
n .

Thus, from (16) and (17),
) ’ . P ’(Kv )
01 (Kg) = (T = K)7HT = gPeie)

Hence,

 Po(K)
= (1= K™h T - e

-1 Pn(K)
(I - K) [z - w]f

since the right hand side involves an (n-1)th degree polynomial

' . . s . 1 R
in Kn with a leading coefficient of ﬁzriy- . Since

, P (K)) P_(K)
(I = Kplyp = (T - Ky, = [T - —P;(-l-y]f - [1 - m]f
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and ’ ‘
P,(K)T - P (K )f B K" - KOF
P(1) . B (1)
hence, : (e Kgf
(18) Ky, :" KV = 'Pn(l) .

Since KJf 1is the projection of K°f on H, it follows that
n n oD -
(19) L HETE - kel < JIKTE - ) (K)E) |

holds  for any arbitrary polynomial Q,_1{(1). Now, Q,_1(2) is

So chosen such that

A () = - A= A (- ap) el (d - ag )

where lo’ . oo "Xn-l ére the eigenvalues of X arranged in

the order of decreasing numerical value:

'IXOI>I>‘1’>“'>I)‘ > i

al
If f 1is expanded in terms of the eigenvectors u of K, .

-that is,

[« -]

f = k£0 < f,u. >u , then
(19) becomes '

N, ° ,Na 2 s , 2 2
| |K*f - K £l %< k.—z.b [a™ - Q10017 < fous>

[«

o) 2 2 2
(20) . .= Z ()\.k - )\O) ---()\k - )‘n-l) <f:uk>

" K=n

S (ol+hal) s (g 1+, D® < rmp? o




- where lén), ooy li_%‘ are the .eigcnvalues of Kn_‘ c As naw
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Let n_  be given by

=

1
3
i
<
!
b‘d
1
g
+
~
5

=Ky, -y, + T by (10)

=Ky, - (Kyyg + £) + £ by (13)

=_—T’3Tr— . | by (18) .

rhas, K°f - Kf
; I

e L N
Mg = (I - K) k ——Pnj-ﬁ—

By Theorem 2, (10) has a unique solution. Thus, (I - K)-l'
is bounded [L4; p.903]. With the help of (o), '

Hy = a0l = IIn || —
' b <f,uk>

< Iz -‘x)‘llll (g l+rg ) oo (a1 ]a | e P

| Ixg 1+Ix | o l+Ia | /= '
=@ - el .. el oo hE <f,u>"
| SN AN S| 1 - Mgl Yk=n

NV
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Therefore, Yq tends to y faster than.any geometrical

progression.

§ 8. Conclusion

‘To recapltulatu,'ln °olv1ng (3), (1) 1t is transformcd to

w“(lO), (11) the tranuforncd operator is shown to be conpletcly

contlnuouu and SGlf-&dJOlnt and - (111) Lanczosf Method is used
- to flnd thc approxlmate solutlon and Vorobyﬂv's Method is used
to show that the approxlmate oolutlon convergeo to thc ~olutlon
of (10), and hence to the solutlon of (3), faster than any
geometrlcal progres31on. | - “vA o

If the glven Perncl 1s gymmetrlc,vthen no synmotrlzatlon is
neccosary.. Karush [6} descrlbed a ngthod equlva ent to Lanczos'
Method, and in our ca°e, in the constructlon of the orthogonal
elemunto, we have seen that Lancaos' Ipthod c01nc1des with the
Gram-Schmldt Proceog.‘ In tead of‘u51ng Vbrobyev'e Method to
prove the rate of conveAgonce, tbe method by Karush [6; p.8us)

may be used.
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