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H BRIEF SUMMARY

Two-dimensional, rotationally symmetric, Riemannian spaces (R-spaces)
are considered from the viewpoint of the geodesic-space (G-space axioms,
in particular from the viewpoint oI the axiom or local prolongation of the
geodesic lines.

Whereas a series of propositions show the existence of R-spaces
which are not G-spaces, the mmin theorem excludes all possibility of exis-
tense of B-spaces with finite curvature which would not be G-spaces.

Nevertheless in the light of the counter-examples the definition
of G-spaces given by Busemann seems to be tight.
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I, INTRODUCTION AND THE BASIC CONCEPLS.

The discipline of "geometry of geodesics" wields synthetic tools
as alternatives for the analytic ones. In fact, its axiomatic approach
never makes use of any hypothesis concerning differentiability.

However interesting this comprehension of the differential geo-
nmetry could be, the question arises that what kind of differentiability
is equivalent to the G-space axioms, in particular, whati Riemannian
spaces are G-spaces and what are not.

G-spaces or geodesic spaces areldefined by the
following axioms, according to Busemamm ( Geometry of Geodesics, p. 37 ) @

1. The space is metric

2. The space is finitely compact

3. Given two distinct points x, 2 thén a point y exists such .
that xy + yz = xz, where Xy stands for the distance between x and y.
In other words, the space is convex

4., To every point p of the space there corresponds a positive
numbez"PF such that for any two distinct points x, y in the}%;—neigh—
borhood of p a point 2z with xy + yz = xz exists. In other words the
local prolongation of the segment is possible in the space

5. If xy + J2) = %zq and xy + yz, = Xz, with y2y = ¥2, then
Zy = Zge In other words the prolongation of the segment is unigue

The length of curves is defined as in elementary spaces. 4 curve

is called s egment if the distanee between the endpoints is cqual

to the length. The first three axioms secure the existence of the segment,
so that its mention in the fourth and fifth may be justified.

A geodesic 1is a curve which extends indefinitely in
both directions and behaves locally like a segment.

We are concerned here only with the fourth axiom, the axiom of
prolongability of the segment. Counter-examples will be given to illus-
trate the strength of the assumptions included in the axioms. It will
turn out that in a sense the present system of axioms is too strong,

namely there are quite smooth Riemannian spaces which are not G-spaces

because of the axiom of prolongability.

Our examples are two-dimensional Riemannian spaces, mostly surfaces
of revolution. The intersection point of such a surface with the axis of
rotation is called ve r t e x . The intersection curve of the surface
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with any plane containing the axis is called me rid ian. All the
meridians are congruent. The halves of a meridian separated by the vertex
are geodesics. In the following examples the prolongation of the meridian
through the vertex is the primary subject of the investigatioms. A given
surface of revolution is a counter-example for the axiom of prolongabi-
1ity if a sequence of meridian-arcs cah be found such that every'arc con-
tains the vertex snd every segment joining the emndpoints of an arc offers
g shorter length than the arc, provided that the sequence of the distances
of the endpoints tends to O. In our examples usually these meridian arcs
are symmetric, i.e. the vertex is the miédpoint of the arcs. On the other
hand, a surface of revolution satisfies the axiom of prolongability of

the segment at the vertex if every sufficiently small meridian arc through
the vertex is a segment.

The surfaces of revolution will be described in the following
manner. The even function #(u) with £(0)=0 isthe generator-
function of the surface, if its graph is a meridian., Bvery
point (x,y,z) of the surface satisfies the equation

x(u,v) = u cos v
. o Y7
(1) {ylu,v) =usinv where 02 , 0w ZT
z(u,v) = £(u)

by some value of the parameters (u,v).

The geometric meaning of u and v is clear, they are the polar co-
ordinates in the plane perpendicular to the axis of rotation at the ver-
tex, called paregmeter-plane, namely u is the radius vec-
tor and v is the polar angle. The mapping of the surface-points onto the
parameter-plane indicated by the parametrization is an orthogonal pro-
jection.

As 2 matter of course the Present discussion does not apply to a
great number of surfaces. An essential requirement is, for instance, that
the length of the meridian arc ought to exist. Thus all those functions
£(u) which are not rectifiable should be excluded from the class or the
generator- functions. In tact, the vollowing definition excludes somewhay

more.

Let the generator-function f(u) be an even runction with £(0)=0, ¢

detined in a certain interval —K& 4 & K , and Let t(u) be further
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a) bounded

b) continuous

¢) differentiable almost everywhere, i.e. the set of points where
no derivative exists is at most countable

d) the derivative f'(u) has no discontinuity of the second kind,
i.e. the right and left-hond limits of £'(u) exist and are finite every-

vhere,
The parametrizgation in (1) infuces a metric on the surface:

(2) At o (14+47%) du* ¢ udo®

The differential equation of the geodesic lines with respect to
the arc length s of the geodesics can be written in the form ( c.t.

Struik, p. 134)
Ao 2 ode Ay
(3) dyl T Y T
The equation of geodesics, that is the general solution of (2)

found by quadratures has the form

where ¢ =0 and c* are the constants of integration. For the sake of
brevity VisPe(#=A (&) will be used hereafter. To avoid ambiguity a
definite integral AL

O = E e

replaces the indefinite one where the limits of integration have been
chosen conveniently and the corresponding value of c¢* has been denoted

+ﬁ L ¢>0, Oé/ézﬁ'

by ﬂ» The integral appearing in the former expression is improper
nevertheless exists by virtue of the assumptions concerning f£(u), since
A(#) 70 i bounded and c }

exists being equal to ) ~£7

f U% -c*

To moke the picture complete the meridians with equation
=-"E+ﬁ ) OA%AT
are added to the set of geodesics as the ones belonging %o ¢=0 o The

ecuation of the meridians trivially satisfies (3).
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The variation of either constant of integration while the other is
being fixed yields a'faﬁily of geodesics. First of all, fixed ¢ and vary-
ing {@ lead to a family of congruent geodesics on account of the rotati-
onal symmetry. As a consequence it is sufficient to study the case when

B=0:

| Cq({)d e >0
(4) e (4) = +]f o7

. . s
(4-3,) 0 = i—-z-)

Secondly, varying ¢ yields a family of geodesics each member of
which is symmetric ( and also perpendicular ) to the meridian v = 0,
that is to say if (u,v) satisfies (4) so does (u,-v).

The geometric meaning of ¢ is obvious, it is the minimal value
of u, it represents the shortest distance between the partieular geo-
desic and the axis of rotation.=Because of the inequality &= € £«
the existence of an o« with S d = ﬁ ) 02« & 1/_(
is guaranteed. A theorem of Clairaut says that « is the actual angle
between the geodesic belonging to ¢ and its intersecting meridian at
the parameter-value u.

Another form of this theorem is that if X is the angle made by
a fixed geodesic and a meridian on a surface of revolution, then the
product u sinX is constant alonkg the geodesic, where u is the radius
of the intersection point. ( C.f. Reference, Clairaut.)

In particular, if the intersecting meridian belongs to the family,

i.e. it has the equation v =_.,E_ , and the corresponding values of «

and u are denoted by &, and wu_,

(5) sin «, =c/uo , 0 < 0(43:

The length of the arc c<£t< 4 on the geodesic line belonging

to the parameter-value ¢ is implieitly defined in equations (2) and (3);

the explicit form can be obtained by quadratures:

t A(t) dt >
(6) Se(4) = fo/‘”“cl 70

(6 SO -
? o) = [0 M ,  fTe.
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The improper integx;‘al appearing in (6) exiéts for X “/ is bounded

d Y. .
= fv-f: =it

Likewise the integral in (62) exists because the properties prescribed
for f(u) meke Al4) integrable. Both §,(4) and 0'(4) are supposed to be
positive.

Let us mention one more formulation of Clairaut's theorem:
tor all the geodesic triangles one vertex of which coincides with that
of the surface of revolution, the "absolute sine theorem" holds, i.e.

(6) « (0 =it e

where ¢( UW) denotes the circumference of a circle of radius 0(¢) , in
the present case %{0'(0));2%“. (The theorem is absulute in the sense that
it holds in the hyperbolic and elliptic as well as in the euclidean
geometry. Clairaut's theorem extends it to certain more general spaces
with variable curvature.)

Special attention is tp be paid to the c-triangle s,
that is to say the doubly-right-angled triangles on the geodesic line c,
which arise in conmexion with (5), when v =X , The lengths of the
sides of the c~triangle are: §=J¢(4o) ~ , 0= 0(4) and G(c),
If J40 for any small c on a surface, then we obtained a counter-
example of the axiom of prolongability. For teking the supplementary
c-triangle which consists of congruent sides on the continuation of
the meridian Vv = —’_7:7 and the geodesic line belonging to c beyond the
plane of symmetry ( = the plane of meridian v =0 )y we get 25 <20,
In other words, the arcs-xkx on the meridian with the surface-vertex as
their midpoint are never segments however small their length 20 is.

The defini“bilon of u, in (5) according to (4) is

. Uo )
(7) E = ] M C >0,
WA J i [tz - o=
Another form of this expression can be obtained by using the integral
mean A(§) of the function 1(#) in the interval ¢ <=4l and weighed

by the fumction ;—V—__—:-__—; ; namely: u
' t=-C ‘o .
(0 d 4 ! C
n. /___9___—-”5'5 =1 (.C( ~arcdin =
2z Mf} e f/ 2 Uo
[

which, in turn, by means of (5) gives a formula for «, :
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(8) ¥ = 2)(;) T o =it

As far as the dlfference S~0 ig concerned, (6) and (6a) lead
to the answer §o = f ( )A({}dt‘~ C-f”(f/'—’)”“'

Taking the integral mean value )(f ") of the function )({) over the inter-
val (< t= U, weighed by the function S - I,
t#-c

%
/ (e )9 M T —(-0) , € 257 o,
another form of the difference §-0 is obtained:

5 - [N -1]e - (o VEEE)2(5) - Jfp-1)at

After dividing by c¢ >0 and considering (5):

9 S=0 - (Ap)-) -2 - a’] - 1)dt

IT. CONICAL SURFACES

The surface of revolution is said to be conical if its generator-
function f(u) is not differentiable at u = 0, nevertheless the right-
hand limit of the derivate f'(u) exists and positive there.

The simplest example in this category is that of the cone. The
meridian, or what is the same, the generator=line of the cone as geo-
desic is not prolongable through the vertex, as it can be very easily
seen. Rolling out the half-cone onto the plane geodesics will be mapped
on straight lines, because the mapping is an isometry, so that every
c~-triangle becomes a euclidean right-triangle. Since its hypotenuse
is always longer than any other side, the corresponding ¢  on the cone
is Longer than s.

! An alternative proof follows from (9). In the case of the cone
| Jw)=yll, where >0 o and d=VIvj%>| wunit.. Vith this sub-

stitution (9) becomes

$~—0 ; AL Y ) P /~foJ°(
T:\/’)"/) Siuol 1= (1-) Jue

that is a negative value if=e—is—smeld—enough. Let us observe that «,=«
is constant to0o, namely from (8)

T 1-1

A= —
2z )
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Furthermore, if ¢ fends to 0, uj tends 0 0 at the same rate since their
ratio is constent, c.£. (5). ~- Conical surfaces have similar properties:
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Proposition 1.

Conical surfaces of revolution are not G-spaces.
* % %

First of all, the axiom of prolongability is not satisfied at the
vertex. For according to (7) e, does not tend to 0, if c tends to 0.
Namely if ))71 is o fixed lower bound of the function j(é), then

Up
v,o [POZIE S (- 0)(F ).
o™= / i W 2 '
Here %'0(0 >0wmddoes not tend to 0, therefore =, has a positive lower
bound. Consequently c/u0 = sin&, has a positive lower bound that can
occur only if u, tends to O with ¢, Now, using the result (9) and

dividing by ﬂ'(§ ) - | obtained from (8), we have c
| = it L[ -1]4
[

_ W) -1 1 = *
f-10 :‘_—____/__7_1/ ),..._-n_——————-—-‘> ¢
N = f A05) — | :,f*

If ¢ tends to O, then L) f ’ f“ tend to 0, both j(f) — [ and j{f"?—l
tend to the ssme value 4 —| different from O, and their ratio tends to 1.
The second term on the right-hand side of the equation tends to — Z‘E) ,
whereas the third tends to 1 again so that

Alue —J——:Lv—- (S 2.

L0 L[z’l(f}-—l? 4
In other words J <G , mno matter how small o is, the axiom of pro-
longability does not hold at the vertex.
Purthermore, if the vertex of the surface has been deleted, this
axiom may be satisfied; nevertheless, the space is not finitely compact
any longer, in spite of the second axiom. This remark completes the

proof of Proposition 1.

III, ALEKSANDROV - SURFACES

In his booky Die immere Geometrie der konvexen FlAchen, Aleksan-

drov defines surfaces that are built of infinitely many truncated comes
| in 2 certain fashion. It has been conjectured that the Aleksandrov-

surfaces are never G-spaces because they ought to inherit this property
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of the cone. This conjecture need not always be true. Nevertheless it
will be proved’here that with new assumptions the Aleksandrov-surfaces
are really not G-spaces because their vertices are exceptional with re-
ference to the fourth axiom. The surprising fact is that althoukh the
sequence of the slopes of the ﬁruncated cones 93,3A;--v i&,"- tends
to 0, (that is, the surface is not conical, on the contrary, has a tan-
gent plane at the vertex), the prolongation of the meridian as geodesic
beyond the vertex is still not possible. However, as we shall see, if
3@ tends to 0 so rapidly that 9h*%%htends to 0 too, or less strongly,
ga“/gg tends to a sufficiently small positive number, the former state-
ment cannot be made, the Aleksandrov-surface may satisfy the axiom of
prolongability at its vertex.

In order to prepare-the definition of the Aleksandrov-surfaces
we have to introduce a couple of sequences and functions.

Let /c / be a sequence: Cpr+ @y Chyoen cm,... y 7 0
and let /c'/ denote the sequence of the ratios of two consecutlve num-
bers in/c /, icess €, —/ ¢’=¢,, &= ceile . , Cil=¢C M/le)
also let /c"/ denote the segquence of the ratios of two consecutive

. n » ”» ) » h) > 7) 7

numbers in /cﬁ/, i.eet C, =1, ¢y =c, Cg==Cz/c,) vy G =2 Ca /Cm 1y
By assumption sequence /cn/ has the following properties:

A) strictly monotonically decreasing, or what is the same,

04 Cel, m=. 1,2,

B) ¢ tends to O and so strongly that
o v

g) cnf tends to O .

On account of A) a sequence of numbers &), s, ..., X4 ,--with O< “m‘éz

cen be defined implicitly by ¢ ' = sin«, . By means of /%/ a

new sequence /A/ is introduced as follows:

') _{s.———————-j- s Mel 2. where qm>/~
L — o :
Finally, /2»/ defines the seouence /§,/ through A, = Vi+gr , 4,0,

Oy
bviously /LMM. o, = O , ,&_M (ﬂ l) 0  ond /Z‘,[,(.( i/’” = (0.

s 55 P Y 0@
The sequences /¢ /, /A,/ and /ff,/ meke it possible to introduce ﬁ
two functions:
G we0 0, w=o0
W=, y=
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Again, &m (1(s) - =0 oau.d ,&;u y(e) =0,

Lastly, uhere exists a continuous functlon f(u) in 02 u< Co such
ohat )= pla).

It is seen that f(u) is conmtinuously differentiable everywhere
save for the points €.y Gy Cor o o o Cpy v v s There is a choice for
£(0), we assume that £(0) = 0. In this way the function f(@) has been de-
fined uniquely, it is a monotonically increasing function, satisfies all
the properties of the gemerator functions specified on page 2,3. More-
over, since ébw ¥@=0, £(u) 1is differentiable at u=0 and £'(0) = O,
Let us observe that having been given the seguence /e / according to
A)y B) and C), there is one and only one function f(u)

The~ function f(u) generates a surface of revolution in the frame-
work of (1). This surface is being called Aleksandrov-surface. (5), (7) ,
(8) and (9) may be rewritten as follows: '

fhia ol y = Cm/cm.—/

(5%)
(7%) ﬁ/z. = Qm(%/l —"('n)
(8*) oA Tw—1 7T
Ay 2
| (9%) S I = Cos A i - | A
= T e (An=1) - o A mo/[l(f/ dt

The advantage of the Aleksandrov-surfaces is in the fact that a

| sequence of c~triangles can be given in such a way that each triangle
§ is entirely on one truncated cone. But on a cone the handling of the geo-

{ desic triangles becomes rather easy.

Nomely, in (9 +the last term is a convergent series:

b=+ [0 -de= 1 5 (3,-1) (e ¢)

Cﬂd Ve )
0

| and obviously

("— M)(q“‘*'_l)é A"/‘ )"'*’——I y m=1,2,

c

"

holds.
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Divided by }h-—l and passing to the limit, because of C), we have

¢ L {up

An#l_, B
im W —————— & Lows —0—
neeo An—| new X, -
Consequently, for y .
Ay L
2 -] 2 Xn
n
|~ Cod
and {= G’ fn
Lim «3 =L
hs oo J\L"ldu 2 )

An
the estimation

T : ,)nn_l <z _
{“1%)"“”2 ~1 n[fmc(q

n

holds.

;luﬂ'-‘
EVSTE

(c.f

1)

This result of ours makes it clear that the several assumptions
for the function f(u) still have not decided the local nature of the
geodesic lines of the surface at the vertex inasmuch as the fourth axiom

[/LIM lol

N w 0O

. (8%))

is concerned. We are free to prescribe the behaviour of the sequence

g Ausy =1
/-77*~*-/ or what is the same, of ,the sequence /c "'/, and by doing so,
as well, since these three have

the behaviour of the sequence / ””

the same values as limes superior and limes inferior respectively.

As the fourth assumption concerning /cn/ we add

fn - O-n

In this case ZWI(jZZJj tends to a negative number and the sur-
face is not a G-space. The sufficient condition included in D ) can

be expressed in terms of the slopes:

Proposition 2.

An Aleksandrov-surface does not satisfy the axiom of prolongability
af geodesics at the vertex if the sequence 9? ratios of glopes:..of

Ly
two: sonsecutive truncated cones has a limitAgreater than

%;«f 3’;14:/3’,“ >

Let us change now assumption Dl):

DQ) /e,''/ is convergent and tends %o O.

D) /c'!/ is convergent and lim ) > [~X
L ""n npe " 4

VTrg -

vi
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S = Tu
In this case the sequence'zfa~ D has a positive limit. Whether
C) n

all such sequences have, is an open question. A% any rate, the Aleksandrov
surfaces cannot be made "too smooth", otherwise they are not obvious
counter-examples if at all.

To realize what have been said let /Cn/ be a geometrical seguen-
ce of the second order with q = % i.e.

Co=1, ¢4, szﬁqg)‘ C’3=‘41’€;"') C'Ia:aﬁw#)"'

Conditions 4), B), C) and Dl) are fulfilled. The surface determinad by
this sequence furnishes Proposition 2. with a concrete example.

It /cn/ is a geometrical secuence of the third order with ¢=%, (.c.

nlus1)(n42)
~a' C. ~a &

w | 4 - .
L0=1,C-,=q/, Clz@;cz‘}) o B R 4 S o

i then conditions A), B), C) and DZ) are satisfied and the corresponding

4 surface is already too smooth.

Naturally /cn"/ need not be convergent at all. In order to

f illnstrate the variety of the possible structures of the Aleksandrov-

surfaces which are in a sense only the simplest of all surfaces of re-

1 volution, one more example is outlined here. The situation can be made

highly complicated by construeting a sequence /cn/ with divergent

) . ”
: /cn"/. One instance of this ist o' g , Cz”., =9, , 044/,4/-71/"/‘4%.41)

) , C ) ) '7 )
Co =1 , 2n-1 =9 Clu-.z ) 6-2» = 9 €201

)
t,=1, C,=Ch Chy mal, 2,

{ The present sequence ./cn/ defines an Aleksandrov-surface which does not

‘r.Zn "'61

| satisfy the'QXiéﬁhéf prolongability. Namely the sequence :Z;rfazrfzy/

ive limit. It is remarkable, however, that the other sequence
it 2w [ onds to a positive nmumber. This fact emphasizes the neves-

3 Czy,y (2124"_’) . 0~ . .
i sity of investigating every possible sequence Sp; — OUp; if the fulfil-

1 ment of the axiom of prolongability is to be proved, while on the other

.1 hand one negative sequence suffices to refute.

If 044¢44241~% , /cn"/ is divergent again, but all the convergent-

subsequences have limits léss than the critical value ﬁ—g% , therefore
Ju — 04 /cannot tend to a negative number.

{ the convergent subsequences Of/;_fﬁ—:TT

/
However, it cannot be decided by simple means whether the fourth axiom

holds or notg

ol
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IV, SMOOTH SURFACES WITHOUT CURVATURE

A1l the Aleksandrov-survaces we saw had a tangent plane at the
vertex, although they were not smooth because in each case the vertex
was an accumulation point of surface-points without tangent plane.
There are, however, surfaces with continuous tangent plane everywhere
in s neighborhood of the vertex, whereas they still do not satisfy
the axiom of prolongability. The surface of revolution discussed in the
present chapter possesses even a Gaussian curvature everywhere except

.f(a);fo1+zéd,é q u=o,

u) = (’u‘
as generator of a surface. Then {( “) f /
e d’-l-f’z(u}—l::\(a)—[, W

for the vertex.
Let us consider the function

and (7) has the form

_ ¢ coshim! Yo
(b) G(D = C 0 cC

On the basis of the identity
t c* £* -c2

- +
VEr-c>  t T%=c> +
and on account of (a)

[t [ = ¢ [+ [ d

| can be written. Carrying out the integrations on the right-hand side

and taking (6) into account on the left-hand side:
$— Juf-c“: c” (;oqu”.%i’ + 5{[(}0? Vur-c* - CzLOJh"I,g.E]

or, what is the same, ‘
£ = L CD'COJ[‘I-L(.}_P. + (// + 1 Lla) “(oz‘cz
2 C 2

Y ig obtained. On the other hand,

Up ’ Uo i
oo [ A dE= [(148)dt = (1424 s

) %
1 Subtracting the latter from the former:

: - . )
g0 = L codh ’%e _ (H:Q%)(ao )
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liaking use of (b) and dividing by ¢ !

— COSs
$ -0 L _L._.___.
_—Z—“’;é"(o"’("}'zuo) \p‘:‘ﬂdo
- Codd
Since JL———T——f- tends to %, if «, tends %o O,
*o fLud,
am J-a -5
;‘.90 cdg -
g0 that even finer approach is needed. Let us observe that if o is
small enough, then . | — cold,
=Ky, L
WA Jlud,

/ .
because the comparison of the series of 3}X0J2Mq% and series of /- coi«,

shows that although the first terms are identical, the second is less
in the series of ébc-nhaa . This means that

S~ 0

C Xy

-~ 0

put through the negative numbers, the surface of revolution generated

vy £(u) does not satisfy the axiom of prolongability.
The tangent plane of fhe surface is continuous because

f’(bt) = VL(L'*'-ZM.

! ig continuous. The Ggussian curvature of the surface exists and is con-

tinuous everywhere but at the vertex because
y/ (/(-f'/ ,
JI(M)g — ) 30

Vu?+2u
exists and continuous everywhere but at u = 0.
This example leads us 1o

Proposition 3.
There are surfaces of revolution having a c¢ontinuous tangent plane

everywhere, also a continuous Goussian curvature everywhere but ab
the vertex, which do not sotisfy the axiom of prolongability of

geodesics and therefore are not G-gspaces.

¥ * ¥

The smoothness of a surface of revolution cannot be improved

further, provided that the vertex remains a point of no prolongation.

e )
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In the next chapter it will become clear that a surface of revolution
with Gaussian curvature at the vertex is a G-space. As yet it is an open

question, however, whether there are surfaces of revolution other then
those with curvature at the vertex, which are G-spaces. The conjecture
is that there are; those surfaces generated by functions glu) where
glu) tends to O more rapidly than £(u) in the present éxample when

u tends to 0, are G-spaces.

V. SURFACES WITH CURVATURE. THE MAIN THEORENM

To prove a positive statement concerning the possibility of the
prolongation of geodesics under certain conditions involves more diffi-
culties. It is to be established that every small enough meridian arc
is the shortest arc on the surface between its endpoints. In order
to do this in the case of surfaces having a Ggussian curvature at the

vertex we mention a few lemmas in advance.

Lemma 1.
On o surface of revolution any segment one endpoint of which co-

incides with the vertex essentially lies on a meridian.
¥ ¥ *

This is a simple consequence of the facts that every meridian is
a geodesic, and: through the vertex in any direction there passes one
and only one meridian, one and only one geodesic line.

Lemma 2.
Prolongation of the meridian ot the vertex is possible if and only

3¢ 6 <S in the c-triangle for sufficiently small c.
¥ ¥ ¥
Clearly the condition is necessary. The outline of the proof of
the sufficiency is indicated here.
The geodesic arc belonging to 2 total polar angle T  has the
length S , its chord which is a meridian arc has the length = . On

the same geodesic line the c-triangle can be found with sides s and @ ,
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where the Greek letter stands for the length measured along the meridian
again. It is to be shown that whenever §~Z <0 , then also §-0< 0

on the same geodesic 11ne.

§-3= f(r—l-r)m)mf(g— )ct) dt - zfzzm-
2(5-7) + {j - 1)A(Ode - f(F, )1,

where (< C<W,<Up%Uz,

ot /c“"”““ -7
) J‘f LIz

b AdE
and !;7@?:;" Tz
s
But (= -nat)dt

uo
il ’6‘ 1
ﬁ;:t:;—ﬁ))(ékir

happens to be greater than

therefore ¥~ 0  must be negative if S~ 2 is negative.

Lemma 3.

On the sphere u, is constant and equal to the radius.
* % %

This trivial statement follows from the derinition of u, and

i from the fact that the geodesics of a sphere are circles of the same

radius.
The next lemma reveals a basic difference between surfaces with

and without curvature in connexion with the loval behaviour of the

geodesics

Lemma 4. /
On a surface of revolution uo(é)' has o positive lower bound if

the" generator runction f(u) possesses a second derivative ab
u = 0, furthermore uo(c) tends to 0 with ¢ if £''(0) does

not exist.

* ¥ *
Let us consider the family of geodesics all perpendicular to a
fixed meridian. A certsin meridian, the ome which is perpendicular to

the fixed one, belongs to the family. Now Lemma 4 asserts that the
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pembers of the family locally intersect the meridian which belongs tc
the family if and only if the Gaussian curvature of the surface exists
at the vertex.

We prove first that 0< T< 4(¢) with a fixed r when £''(Q)
ond thus the Gaussian curvature of the surface at the vertex exist. If
£11(0) exists, then the graph of f(u) possesses an osculating circle
ot u = 0. Consequently it is possible to attach a tangent sphere 8f
radius r to the surface in such a way that the sphere is entirely on the
inner side of the surface. It suffices to choose r less than the radius
of the osculating circle and also less than the radius of that neighbor-
nood of uw =0 where f£'(u) £ £*'(u) , if f*(u) is the generator-
function of the tangent sphere, i.e.

Frlu)= T~ [TE-0F

The equation of a surface-geodesic V = vc(u) represents a
curve in the parameter-plane. The equation of & shhere-geodesic v = v:(u)
represents an ellipse there. Let that surface-geodesic and that sphere-
geodesic correspond to one-another which belong %o the same value of c.
4 It will be shown that the curve Vv = vc(u) lies entirely outside the
§ ellipse Vv = vz(u).
Since

on sccount of (4)

v, (u) < ﬂ’f(a), c & U Mo

Both vc(u) and’ vt(u) are strictly monotonic so that the inverse

functions

s ol 5k s PR t i Dl BT s

- — 1y ¥
u = uc(v) and u = uc(v)

Ead

are single-valued and the reversed inequality

u, (v) = wXiv) 0 £ ar<T/2

i

4{holds. In particular,
n
’uo — ac(_;f) > u:"(—é—),

iBut according to Lemma3 ,aZFég}:r independently of ¢ therefore uo(c)>>7"

however small T may be, thus the first part of Lemme 4 has been proved.

N
1
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i . tends to 0. The same construction will not yield a gphere entirely

on the inmer side of the surface this time, because however small ¢ might

be, for a certain neighborhood of w =0 fH(u) 2 £*%(u).

0n this basis it cah be shown that there is a ¢ such that u, L)z ur(Z)=r
no matter how small r has besm chosem. Namely, let us suppose that

pi(g) > f*'(u) holds for 0< u=K, ket . Given &>9,

there corresponds a ¢ with 0;*(k)=§-5- If :

¢ < {~;ﬁ%§376ﬁzﬁr~ﬂﬁ7ﬁi9“%;
klz

then uy = u(F)ekeT alresdy vhere T is arbitrarily snall and
this completes the proof of Lemma 4.

Classical differential geometry teaches the elementary theorem
that if an arc of geodesic can be imbedded in a field of geodesics, then
it offers the shortest distance between any two of its points as compared
4o all other curves in the region for which the field is defined. ( C.f.
Struik, p. 143 )

This theorem combined with Lemma 1 ond 2 and also the first
stotement of Lemma 4 leads to the

MAIN THEOREINM
The meridian of a surface of revolution is locally prolongable
through the vertex as a geodesic line if the surface has a finite

Ggussian curvature there.
* ¥ *

Therefore all the surfaces of revolution generated by twice diffe-
rentiable functions may be considered as G-spaces in so far as the axiom

i e i Sl £ 5 el e e N N L i

of prolongability of geodesics is concerned, %
Of course, the rotational symmetry is a Very strong requirement

in addition to the existence of the second derivative. An interesting

exemple of H.G.Helfenstein shows that almost nothing cah be saved

3 from the present theorem for more general surfaces; This example con-

1 stitutes a surface possessing a finite Gaussian curvature at a point,
although a geodesic line can Dbe given through that point such that no

a0 O R ek s ekl & B

sub-arc of the geodesic containing that point is a segment.
These facts let us suspect that the G-space-axioms may be 100 strong,

it st

H;they exclude quite a few spaces which are worth while studying in the

4 framework of a general theorys





