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Abstract

In this doctoral thesis, four questions related to computational geometry are considered. The �rst is an
extremal combinatorics question regarding triangles with vertices taken from a set of n points in convex position.
More precisely, two such triangles can exhibit eight distinct con�gurations ( , , , , , , , ) and, for each subset
of these con�gurations, we are interested in the asymptotics of how many triangles one can have while avoiding
con�gurations in the subset (as a function of n). For most of these subsets, we answer this question optimally up
to a logarithmic factor in the form of several Turán-type theorems [4]. The answers for the remaining few were in
turn tied to that of a long-standing open problem which appeared in the literature in the contexts of monotone
matrices [52], tripod packing [54] and 2-comparable sets [37, 26].

The second problem, called Line Segment Covering (LSC), is about covering the cells of an arrangement of
line segments with these line segments, where a segment covers the cells it is incident to. Recently, a PTAS, an
APX-hardness proof and a FPT algorithm for variants of this problem have been shown [14]. This paper and a
new slight generalization of one of its results is included as a chapter.

The third problem has been posed in the Sixth Annual Workshop on Geometry and Graphs and concerns the
design of road networks to minimize the maximum travel time between two point sets in the plane. Traveling
outside the roads costs more time per unit of distance than traveling on the roads and the total length of the
roads can not exceed a budget. When the point sets are the opposing sides of a unit square and the budget is
at most

√
2, we were able to come up with a few network designs that cover all possible cases and are provably

optimal. Furthermore, when both point sets are the boundary of a unit circle, we managed to disprove the natural
conjecture that a concentric circle is an optimal design.

Finally, we consider collision-avoiding schedules of unit-velocity axis-aligned trains departing and arriving from
points in the integer lattice. We prove a few surprising results on the existence of constant upper bounds on the
maximum delay that are independent of the train network. In particular, these upper bounds are shown to always
exist in two dimensions and to exist in three dimensions for unit-length trains. We also showed computationally
that, for several scenarios, these upper bounds are tight.
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Chapter 1

Introduction

This doctoral thesis consists of two published articles which I have coauthored [4, 14] as Chapters 2 and 3 and of
two other chapters based on articles yet to be published.

Two triangles whose vertices are in convex position can have eight distinct con�gurations ( , , , , , , , ).
For each of the 256 possible subsets X of these con�gurations and every natural number n, one can consider how
many triangles can one have whose vertices are in a set of n points in convex position without any two triangles
forming a con�guration in X. To this maximum number of triangles, we give the name ex(n,X). Chapter 2 is
a close to complete catalog of the asymptotics of ex(n,X) for each �xed X. We have determined, up to a factor
of log n, the asymptotic behavior of ex(n,X) for 248 choices of X and tied that behavior for the remaining 8 to
the tripod packing problem, an open combinatorial problem that appeared in the literature under many names
but still holds quite a gap between its best known lower and upper bounds. This work has been published in the
Electronic Journal of Combinatorics.

One staple of combinatorial optimization is the Set Cover problem, which is known to be both NP-hard and
hard to approximate. Its di�culty is the main reason why we study geometric set cover problems, in which both
the set to be covered and the covering sets are of geometric nature. One such problem, studied in Chapter 3, is
the Line Segment Cover (LSC) problem, which consists of covering the faces of an arrangement of line segments
by these line segments, where a line segment covers the faces it is incident to.

We recall some concepts regarding approximation algorithms from the perspective of minimization problems.
A polynomial time constant-factor approximation algorithm is an algorithm that, taking as input an instance
of the problem, produces a solution in polynomial time with cost bounded by a constant factor of an optimal
solution's cost. A stronger notion is that of a Polynomial Time Approximation Scheme (PTAS), which is an
algorithm that, besides an instance of the problem, takes as input a positive rational number ε and produces a
solution whose cost is at most 1+ε times the cost of an optimal solution. A PTAS is required to run in polynomial
time with regard to the input size for any �xed ε but has no run time restrictions with regard to ε. The class of
problems that have a polynomial time constant-factor approximation algorithm is named APX, while the class of
problems that have a PTAS is named PTAS.

If P 6= NP, then APX 6= PTAS [30, page 20]. Therefore, analogously to how we de�ne the class of NP-hard
problems, we would like to de�ne the class of APX-hard problems, which, intuitively, is the class of problems
for which a PTAS would provide a PTAS for each problem in APX. The way the APX-hard class is de�ned is
through the use of PTAS-reductions. A PTAS-reduction from a problem A to a problem B consists of three
polynomial-time computable functions f , g and α as follows:

• From an instance of A, the function f produces an instance of B;
• The function α : Q+ → Q+ converts between the error parameters between the two problems; and
• From an instance x of A, an error parameter ε and a solution to f(x) of cost at most 1 + α(ε) times that
of an optimal solution (to f(x)), the function g produces a solution to the instance x of cost at most 1 + ε
times the cost of an optimal solution (to x).

The class APX-hard is then de�ned as the class of problems to which every problem in APX has a PTAS-reduction.
Because PTAS-reductions can be composed into PTAS-reductions, to show that a problem is APX-hard, it is

1



(a) (b)

h

(c)

Figure 1.1: Optimal road network layouts when (a) α ≥
√

2− 1, when (b) α <
√

2− 1 and β ≤ 1− 2h and when
(c) α <

√
2− 1 and β > 1− 2h.

enough to reduce a problem already known to be APX-hard to the candidate problem. We do this in Chapter 3,
but we use a simpler type of PTAS reduction known as an L-reduction, which we cover in more detail in Section
3.2.

Approximation algorithms are one way to handle our inability to solve NP-hard problems in polynomial time.
Fixed Parameter Tractable (FPT) algorithms are another approach. In this setting, problem instances have an
associated parameter, which can be thought of as a natural number representing the di�culty of the instance. A
�xed parameter tractable algorithm will solve any instance of parameter at most k in polynomial time for any
value of k. For more details, see Section 3.2.

For the LSC problem, we achieve three results:

• We use the local search technique of Mustafa and Ray [41] to provide a PTAS for the variant of this problem
where we can only select segments from a given orientation;
• We complement the work of Korman et al. [33], using a similar kernelization technique to show that the
general LSC problem is �xed-parameter tractable;
• Finally, we show that a slight variation of the LSC problem, where we need to cover only the rectangular
faces, is APX-hard.

This work has been published at the 2018 Conference on Combinatorial Optimization and Applications and is
included as Chapter 3.

Chapter 4 is based on ongoing work about planar road network design. Suppose travelers would like to move
from points in a source set to points in a destination set and we have been allotted a budget β > 0 to build a
road network to improve these trips. More precisely, traveling outside the roads takes one unit of time per unit of
distance, while going along a road is faster, taking only α units of time per unit of distance (0 ≤ α < 1); the total
length of the roads should be at most the budget; and we would like to minimize the longest trip, i.e., to make
sure that the maximum time it takes to travel from any source point to any destination point (along a fastest
path) is as short as possible.

Our main focus is when the source and destination sets are opposing sides of a unit square. When the budget
is at most

√
2, we were able to show that the layouts in Figure 1.1, which is a copy of Figure 4.1, are optimal,

where, when α <
√

2− 1,

h =
1 + α

2
√

4− (1 + α)2
∈
[

1

2
√

3
,

1

2

)
is a value depending on α, but not on β, that regulates the shape of the layout.

We also consider the variation where the source and destination sets are both the boundary of a unit circle,
for which we disprove the natural conjecture that a concentric circle is an optimal network layout.

Finally, Chapter 5 is inspired by a scheduling problem posed by Joseph S. B. Mitchell and Esther M. Arkin.
However, unlike in most scheduling problems, we are not concerned with optimizing a particular instance but

2



with demonstrating the existence of universal upper bounds on the maximum delay of best schedules across all
instances. So, essentially, we have a set of train lines consisting of a train track, which is an axis-aligned line
segment in Rd, and a direction of movement (decreasing or increasing coordinate along the axis). We would like
to schedule the departure of trains of length ` moving at constant unit speed on each line while avoiding collisions.
The main results in this chapter regard the existence of these universal upper bounds for d = 2 and for d = 3 and
` = 1. We also show that several of the obtained upper bounds are tight through clique searches.

3



Chapter 2

More Turán-Type Theorems for Triangles
in Convex Point Sets

Boris Aronov1 Vida Dujmovi¢2

Pat Morin3 Aurélien Ooms4

Luís Fernando Schultz Xavier da Silveira5

Abstract

We study the following family of problems: Given a set of n points in convex position, what
is the maximum number triangles one can create having these points as vertices while avoiding
certain sets of forbidden con�gurations. As forbidden con�gurations we consider all 8 ways in
which a pair of triangles in such a point set can interact. This leads to 256 extremal Turán-type
questions. We give nearly tight (within a log n factor) bounds for 248 of these questions and
show that the remaining 8 questions are all asymptotically equivalent to Stein's longstanding
tripod packing problem.

2.1 Introduction

Let t1 and t2 be a pair of distinct triangles whose (4 to 6) vertices are in convex position. There are 8 combina-
torially distinct ways that these triangles can interact: 2 ways in which the triangles can share an edge ( and
), 3 ways in which the triangles can share a single vertex ( , , and ), and 3 ways in which the triangles can
have no vertices in common ( , , and ). Because it is di�cult to keep track of nameless entities, we assign a
mnemonic to each con�guration (though the reader is encouraged to choose their own):

taco mariposa bat nested crossing ears swords david

1Partially supported by NSF Grants CCF-11-17336, CCF-12-18791, and CCF-15-40656, and by BSF grant 2014/170. Department
of Computer Science and Engineering, Tandon School of Engineering, New York University, USA.

2Partially supported by NSERC and the Ontario Ministry of Research and Innovation. Department of Computer Science and
Electrical Engineering, University of Ottawa, Canada.

3Partially supported by NSERC. School of Computer Science, Carleton University, Canada.
4Supported by the Fund for Research Training in Industry and Agriculture (FRIA). Département d'Informatique, Université libre

de Bruxelles (ULB), Belgium.
5School of Computer Science, University Ottawa, Canada
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We consider the following class of problems: Given a set, X, of combinatorial con�gurations of pairs of
triangles, what is the size of a largest set, S, of triangles one can create whose vertices are n points in convex
position, and such that no pair of triangles in S forms a con�guration in X? We call the size of such a set
ex(n,X). For example,

ex(n, { , , , , }) = n− 2 . (2.1)

This is because the set X = { , , , , } forbids any form of crossings between the edges of triangles. Thus,
the maximum number of triangles we can have while avoiding X is the number of triangles in a triangulation of
a convex n-gon, i.e., n− 2.

2.1.1 Previous Work

Since there are eight possible forbidden con�gurations, there are 28 = 256 sets X for which we can study ex(n,X).
Some of these sets have been previously studied. Braÿ, Rote, and Swanepoel showed that ex(n, { , , , }) ≤ n
in order to solve an Erd®s problem on the maximum number of maximum area/perimeter triangles determined by
a point set. Braÿ [10] later began a systematic study in which he gave asymptotically tight bounds on ex(n,X)
for all singleton X and all pairs X of con�gurations in which two triangles share a single vertex.

Of course, upper and lower bounds are inherited through the subset relationship: ex(n,X) ≤ ex(n, Y ) for any
X ⊇ Y . Table 2.1 shows the complete set of results we obtain when we apply this exhaustively to the list of
previous results. Each entry in this table presents the asymptotic behaviour of ex(n,X) for the set X obtained as
the union of the row and column label. Asymptotically tight bounds are coloured green, and gaps between lower
and upper bounds are coloured red. Previous results imply 35 tight bounds for 256 of the possible choices of X.
The con�guration is omitted from the table since a simple argument (Lemma 2.1) shows that its inclusion in
X does not change ex(n,X) by more than a constant factor. Some of the results in Table 2.1 are marked with
an F if they are easy, or folklore. Some others are marked with H if they follow from a corresponding bound
for 3-regular hypergraphs. Speci�cally, if X includes { , , } then no pair of triangles can share a vertex, so
ex(n,X) ≤ n/3 and if X includes { , } then no pair of triangles can share an edge, so ex(n,X) ≤

(
n
2

)
.

2.1.2 New Results

In the current paper, we determine, up to a logarithmic factor, the asymptotics of ex(n,X) for 248 sets X. These
results are shown in Table 2.2. For the remaining 8 sets, we have determined that the asymptotics are all the same
and are equivalent to a problem that appears in various contexts and under di�erent names, including monotone
matrices, tripod packing, and 2-comparable triples. We discuss this problem and its rich history in Section 2.4.3.

The rest of this paper is organized as follows. In Section 2.2 we present a few easy results that we need for
completeness. In Section 2.3 we discuss di�erent ways of thinking about the problem. In particular, we present a
series of puzzles whose solutions determine the asymptotic growth of ex(n,X). In Section 2.4, which represents
the technical meat of the paper, we use these puzzles to derive new upper and lower bounds.

2.2 Easy Results

In this section we present an easy result that cuts our work in half by reducing the number of problems from 256
to 128. We then describe some easy lower bound constructions that are required for completeness.

2.2.1 Mariposas are Irrelevant

The following lemma shows that including the con�guration in the set X of forbidden con�gurations has no
e�ect on the asymptotics of ex(n,X).

Lemma 2.1. For any X, ex(n,X ∪ { }) ≥ ex(n,X)/8.

Proof. Let S be a set of triangles that achieves ex(n,X). For each pair of vertices u and w independently and
uniformly choose a direction −→uw or←−uw. We then obtain a set S′ ⊆ S by removing any triangle that has a directed
edge for which the triangle is to the left of the edge. Observe that the set S′ does not contain a con�guration.

5
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Table 2.1: Previous lower and upper bounds for ex(n,X). T2.3 denotes a (easy) lower bound of Ω(n) that appears
in Theorem 2.3. F denotes an obvious, or folklore result. H denotes a bound that follows from the corresponding
bound on 3-regular hypergraphs.
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1
F:F

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n∗

T2.3:T2.5
n∗

T2.3:T2.5
n∗

T2.3:T2.5
n∗

T2.3:T2.5
n∗

T2.3:T2.5
n∗

T2.3:T2.5
n∗

T2.3:T2.5
n∗

T2.3:T2.5

n
T2.3:[11]

n
T2.3:[11]

n∗

T2.3:T2.11
n∗

T2.3:T2.13
n∗

T2.3:T2.11
tripods n∗

T2.3:T2.11
tripods

n∗

T2.3:T2.8
n∗

T2.3:T2.13
n∗

T2.3:T2.8
n∗

T2.3:T2.13
n∗

T2.3:T2.8
tripods n∗

T2.3:T2.8
tripods

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
T2.3:H

n
H:H

n∗

T2.3:T2.6
n∗

T2.3:T2.6
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.6
n∗

T2.3:T2.6
n2

T2.20:[10]
n2

[10]:[10]

n
T2.3:[11]

n
[11]:[11]

n∗

T2.3:T2.11
n∗

T2.3:T2.14
n∗

T2.3:T2.11
n2

T2.21:[10]
n∗

T2.3:T2.11
n2

[10]:[10]

n∗

T2.3:T2.10
n∗

[11]:T2.14
n∗

T2.3:T2.14
n∗

T2.3:T2.14
n∗

T2.3:T2.10
n2

T2.21:[10]
n2

T2.20:[10]
n2

[10]:[10]

n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n2

T2.18:[10]
n2

T2.18:[10]
n2

T2.18:[10]
n2

T2.18:[10]

n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n2

T2.18:[10]
n2

T2.18:[10]
n2

T2.18:[10]
n2

T2.18:[10]

n∗

T2.3:T2.13
n∗

T2.3:T2.13
n∗

T2.3:T2.13
n∗

T2.3:T2.13
n2

T2.18:H
n2

T2.18:H
n2

T2.18:H
n2

T2.18:H

n∗

T2.3:T2.13
n∗

T2.3:T2.13
n∗

T2.3:T2.13
n∗

T2.3:T2.13
n2

T2.18:H
n2

T2.18:H
n2

T2.18:H
n2

H:H

n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n2

T2.18:[10]
n2

T2.18:[10]
n2

T2.18:[10]
n2

[10]:[10]

n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n∗

T2.3:T2.9
n2

T2.18:[10]
n2

T2.18:[10]
n2

T2.20:[10]
n2

[10]:[10]

n2

T2.19:[10]
n2

T2.19:[10]
n2

T2.19:[10]
n2

T2.19:[10]
n2

T2.18:[10]
n3

T2.2:F
n2

T2.18:[10]
n3

[10]:[10]

n2

H:H
n2

H:[10]
n2

H:[10]
n2

[10]:[10]
n2

H:[10]
n3

[10]:[10]
n2

[10]:[10]
n3

F:F

n∗ = n : n log n tripods = n1.546 : n2/eΩ(log∗ n)

Table 2.2: New and previous bounds for ex(n,X), up to a factor of log n. New near-optimal results are in dark(er)
green. TX denotes Theorem X in this paper and [X] denotes reference X in this paper. For example T16:[10]
denotes a lower bound that appears in Theorem 16 and an upper bound due to Braÿ [10].
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For any particular triangle t ∈ S, the probability that t ∈ S′ is exactly 1/8 since each of t's three edges must
be directed clockwise and edge directions are chosen independently. By linearity of expectation, E[|S′|] = |S|/8 =
ex(n,X)/8. We conclude therefore that there exists some subset S′′ ⊆ S of size least ex(n,X)/8 that does not
contain a con�guration. The set S′′ proves that ex(n,X ∪ { }) ≥ ex(n,X)/8.

2.2.2 Cubic-Sized Sets of Pairwise Crossing Triangles

Theorem 2.2. ex(n, { , , }) ∈ Ω(n3).

Proof. Partition the vertices of the convex n-gon into three contiguous sets, A, B, and C, each of size bn/3c or
dn/3e, as appropriate. Consider the set, S, of all triangles having one vertex in each of A, B, and C. It is easy
to check that any two triangles in S have a pair of edges that cross, thus they do not form any of , , or .
Furthermore, |S| ≥ bn/3c3 ∈ Ω(n3), so ex(n, { , , }) ∈ Ω(n3).

2.2.3 Linear-Sized Sets Using Only a Single Con�guration

Since it is not explicitly stated in previous work, and we need it to complete our table, we now observe that for any
con�guration x ∈ { , , , , , , }, one can create a linear-sized set of triangles that avoids all con�gurations
except x.

Theorem 2.3. For any X ( { , , , , , , }, ex(n,X) ∈ Ω(n).

Proof. Let x ∈ { , , , , , , } be a con�guration not in X. Label the vertices of our convex n-gon 1, . . . , n in
counterclockwise order. Depending on the value of x, we use one of the following constructions (see Figure 2.1):

1. For x = , we use the set of triangles {(1, 2, i) : i ∈ {3, . . . , n}}.
2. For x = , we use the set of triangles {(1, 2i, 2i+ 1) : i ∈ {1, . . . , bn/2c − 1}}.
3. For x = , we use the set of triangles {(1, i, n+ 2− i) : i ∈ {2, . . . , bn/2c}}.
4. For x = , we use the set of triangles {(1, i, bn/2c+ i) : i ∈ {2, . . . , bn/2c}}.
5. For x = , we use the set of triangles {(3i− 2, 3i− 1, 3i) : i ∈ {1, . . . , bn/3c}}.
6. For x = , we use the set of triangles {(i, bn/3c+ 2i− 1, bn/3c+ 2i) : i ∈ {1, . . . , bn/3c}}.
7. For x = , we use the set of triangles {(i, bn/3c+ i, b2n/3c+ i) : i ∈ {1, . . . , bn/3c}}.

In each case, the size of the set is Ω(n) and it is straightforward to verify that each pair of triangles in the set
forms the con�guration x and therefore avoids all con�gurations in X.

2.3 Points of View

In this section we describe di�erent, but equivalent (up to a logarithmic factor), views of the problem. One of
these (the dot puzzle view) will be our main line of attack for the most di�cult cases.

2.3.1 The Top/Bottom View

It will be helpful to gain a sense of orientation by considering a top/bottom variant of ex(n,X) that is de�ned
as follows (see Figure 2.2). Partition the vertices of a convex n-gon using a horizontal line into a top half of size
dn/2e and a bottom half of size bn/2c. We de�ne ex′(n,X) analogously to ex(n,X) except that we only count
triangles having one vertex in the bottom half and two vertices in the top half. When studying ex′, each triangle
we count has a naturally de�ned bottom vertex in the bottom half and a left vertex and right vertex, each in the
top half.

Clearly ex(n,X) ≥ ex′(n,X). The following lemma shows that, without losing much precision, we can also
upper bound ex(n,X) by ex′(n,X).

Lemma 2.4. If ex′(n,X) ∈ O(nc), then

ex(n,X) ∈

{
O(nc) if c > 1,

O(n log n) if c = 1.
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Figure 2.1: Constructions used in the proof of Theorem 2.3.
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t

bottom vertex of t

right vertex of t
left vertex of t

top half

bottom half

Figure 2.2: ex′ only counts triangles with two vertices in the top half and one vertex in the bottom half.

Proof. Let S be a set of triangles that avoids X. Every triangle in S is of one of the following types:

1. It has one vertex in the top half and two in the bottom half; there are O(nc) such triangles.
2. It has two vertices in the top half and one in the bottom half; there are O(nc) such triangles.
3. It has all three vertices in the top half; there are at most ex(dn/2e, X) such triangles.
4. It has all three vertices in the bottom half; there are at most ex(bn/2c, X) such triangles.

Thus, we obtain the recurrence inequality

ex(n,X) ≤ O(nc) + ex(dn/2e, X) + ex(bn/2c, X) ,

which solves to O(nc) for c > 1 and O(n log n) for c = 1 [19, Section 4.3].

2.3.2 The Dot Puzzle View

The top-bottom version of the problem gives us a sense of orientation, but it is still di�cult to visualize the sets
of triangles obtained this way. Next, we show that there is a corresponding puzzle that is easy to visualize. Refer
to Figure 2.3.

In this puzzle, we are given
(
n
2

)
points,

Q = {(x, y) : y ∈ {1, . . . , n− 1}, x ∈ {y + 1, . . . , n}} .

These points model the top/bottom view on a convex 2n-gon, where the point (x, y) represents a triangle whose
vertices are some point on the bottom and the xth and yth points on the top, where the top vertices are labelled
1, . . . , n from left to right.

The dot puzzle proceeds in n rounds and during the ith round, the player selects a set Qi ⊆ Q subject to
certain constraints that depend on the points selected in rounds 1, . . . , i − 1. In the top/bottom view, the ith
round determines which pairs of top vertices form a triangle with the ith bottom vertex, where the bottom vertices
are labelled 1, . . . , n from right to left.

Of course, the constraints on which points can be selected during round i depend on the set of forbidden
con�gurations and the set

⋃i−1
j=1Qj of points played during previous rounds. By proving bounds on

∑n
i=1 |Qi| we

obtain bounds on the maximum number of triangles obtained in the top-bottom view on a set of 2n points, i.e.,
bounds on ex′(2n,X).

Figure 2.4(a) shows restrictions on the locations of points placed during a single round. It is interpreted
as follows: If the central point, p = (x, y), is placed during round i, and we wish to avoid some particular
con�guration, c, then we should not place any points in the parts of the �gure that have label c. For instance,
if we wish to avoid the c = con�guration, then we should not place any points in the same row or column as
p; such a point creates a con�guration in which the shared edge joins a bottom vertex to a left (same row) or
right (same column) vertex.
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Figure 2.3: The dot puzzle view of the top/bottom view. In this example, four rounds of the Dot Puzzle have
been played.

Figure 2.4(b) shows the restrictions on the locations of points placed in subsequent rounds. Its interpretation
is similar Figure 2.4(a). For example, if we wish to avoid a con�guration and we place the central point, p,
during round i, then, in every round j > i, we should not place any point directly to the left or directly below
p. Any such point creates a con�guration in which the shared vertex is the left vertex (to the left of p) or the
right vertex (below p) of both triangles.

For any X ⊆ { , , , , , , , } and any S ⊆ Q, we de�ne κ(X,S) as the subset of Q that can no longer
be played in the dot puzzle game (for con�gurations in X) if the points in S have been played in previous rounds
(these are the points of Q κilled by S). We use the complementary notation κ(X,S) = Q \ κ(X,S) to be the
subset of points in Q that can still be played in the dot puzzle game if the points is S have been played in previous
rounds.

2.3.3 Some Warm-Up Exercises

For the remainder of the paper, we will study ex′ using the dot puzzle view. Thus, all of our results are bounds
on solutions to these dot puzzles.

We say that a point set is non-decreasing (respectively, non-increasing) if, when sorted lexicographically, the
y-coordinates of the points form a non-decreasing (respectively, non-increasing) sequence. A point set is increasing
(respectively, decreasing) if it is non-decreasing (respectively, non-increasing) and no two of its points points have
the same x-coordinate or the same y-coordinate.

From Figure 2.4, some previous upper bounds naturally fall out. Consider Braÿ's results [10] that ex(n, { }) ∈
O(n2). For the game de�ned by X = { }, we have the rules:

In particular, these rules imply that points selected during a single round of the dot puzzle must be non-decreasing,
and thus at most 2n−3 points can be selected take part in Qi. Thus

∑n
j=1 |Qi| ≤ 2n2−3n, so ex′(n, { }) ∈ O(n2)

and the bound ex(n, { }) ∈ O(n2) immediately follows from Lemma 2.4.
Similarly, we can almost recover the result ex(n, { , , , }) ≤ n of Braÿ, Rote and Swanepoel [11]. Here,

the rules are:

11



y

x

y

x

(a) (b)

Figure 2.4: The regions killed by forbidden con�gurations during (a) the current round and (b) subsequent rounds.
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The rule for ensures that the set of points taken during a single round form a non-decreasing point set. The
rules for points allowed in subsequent rounds ensure that, after round i any points chosen are not below or to the
left of the topmost-rightmost point in Qi. Taken together, these rules imply that

ex′(n, { , , , }) ≤
n∑
i=1

|Qi| ≤ 3n− 4 ,

since the union of Qi is a non-decreasing point set (whose size is therefore at most 2n − 3), and each Qi shares
at most one point with Qi+1. The bound ex(n, { , , , }) ∈ O(n log n) then follows from Lemma 2.4.

2.4 Results Based on Dot Puzzles

After this warm-up, and armed with the dot puzzle view, we are ready to prove some new results. We begin
by proving several linear upper bounds. From this point on, each proof of a theorem will begin with a picture,
similar to Figure 2.4, that shows the rules of the dot puzzle considered by the theorem. For a point q ∈ Q, we
use the notations x(q) and y(q) to denote the x- and y-coordinates of q.

2.4.1 Linear Upper Bounds

Theorem 2.5. ex′(n, { , , }) ∈ O(n).

Proof. Taking the union of the rules for , , and , we obtain the rule which ensures that during subsequent
rounds we can not take a point from any column or row used in a previous round. The rules for ensure that
the set of points taken in each Qi includes at most one point in each row (or column). Therefore each new point
played can be charged to a unique row, so the total number of points played is at most n.

Theorem 2.6. ex′(n, { , , }) ∈ O(n).

Proof. Observe that if Qi contains k > 1 points, p1, . . . , pk in a single column (or row), then each of the k rows
(or columns) containing one of these points is completely covered by κ({ , }, {p1, . . . , pk}), i.e., Qi+1, . . . , Qn
can not contain any points in these rows (or columns) (see Figure 2.5). Therefore, when summing

∑n
i=1 |Qi|, the
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contribution of points that are not alone in their row or column is at most 2n. We therefore assume that each
Qi contains at most one point from each row and column. Since the rules for imply that Qi is non-decreasing,
this implies that each Qi is an increasing set of points.

Figure 2.5: A step in the proof of Theorem 2.6.

Let S =
⋃n
i=1Qi and notice that S contains at most one point from each row: each Qi contains at most one

point in each row and the �rst time a point p appears in some row, κ({ , }, {p}) eliminates every other point
from that row. Therefore |S| ≤ n. All that remains is to account for multiplicity; a single point in S can appear
in more than one Qi.

Now, because of the rules for , the condition that Qi is increasing is quite restrictive. In particular, if we
consider the last (top rightmost) point, p, of Qi, then it must be placed so that κ({ }, {p}) contains all of Qi
except p and the second-to-last point in Qi (see Figure 2.6). That is, Qi contains |Qi| − 2 points that cannot
appear in Qi+1, . . . , Qn. We can think of Qi as eliminating |Qi| − 2 points from S, so

∑n
i=1(|Qi| − 2) ≤ |S| ≤ n,

so
∑n
i=1 |Qi| ≤ 3n.

p

Figure 2.6: Another step in the proof of Theorem 2.6.

Our next four upper bounds depend on a simple lemma about forbidden con�gurations of points. We say that
three points a = (x0, y0), b = (x0, y1), and c = (x1, y1) form a Γ-con�guration if y0 < y1 and x0 < x1.

Lemma 2.7. Let S be a subset of {1, . . . , n}2 with no three points a, b, and c that form a Γ-con�guration. Then
|S| ≤ 2n.

Proof. If we remove the rightmost point from each row of S, then each column in what remains of S contains at
most one point. Otherwise, we could take a to be the lowest point in a column, b to be the highest point in the
same column, and c to be the removed rightmost point in b's row.

Theorem 2.8. ex′(n, { , , }) ∈ O(n).
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Proof. Let S =
⋃n
i=1Qi be the set of points played in a solution to the resulting dot puzzle. Note that, by the

inclusion of , each element of S appears in exactly one Qi, so |S| =
∑n
i=1 |Qi| is the quantity we are interested

in bounding.
Next, we claim that S does not contain any three points a, b, and c forming a Γ-con�guration. Refer to

Figure 2.7. Suppose, for the sake of contradiction, that this were not the case and that a ∈ Qi, b ∈ Qj , and
c ∈ Qk. We have a ∈ κ({ }, {b}) so i ≤ j and the rules for implies i 6= j, so i < j. We also have b ∈ κ({ }, c)
so j ≤ k. Finally, we have c ∈ κ({ }, a), so k ≤ i. Taken together, this gives the contradiction i < j ≤ k ≤ i.
Therefore, S contains no Γ-con�guration and applying Lemma 2.7 then implies that |S| ≤ 2n.

a

b c

Figure 2.7: The proof of Theorem 2.8.

Theorem 2.9. ex′(n, { , }) ∈ O(n).

Proof. Let S =
⋃n
i=1Qi. We claim that S has no Γ-con�guration so, by Lemma 2.7, |S| ≤ 2n. To see this,

assume S contains a Γ-con�guration a, b, and c. Then the rules for imply that no set Qi contains both a and
c. However, the rules for and imply that, if a ∈ Qi, b ∈ Qj and c ∈ Qk then

i ≥ j ≥ k ≥ i .

(See Figure 2.8). But this is a contradiction, since it implies that i = j = k.
Now, for some Qi, consider a point p ∈ Qi with minimum x-coordinate and, in case more than one such point

exists, take the the one that minimizes y(p). Observe that κ({ , }, {p}) ⊇ Qi \ {p}. Indeed, every point directly
above and every point to the right of p is killed by p or cannot be included in Qi because of the rule for .
Therefore, Qi eliminates at least |Qi| − 1 points of S. It follows that

∑n
i=1 |Qi| ≤ |S|+ n ≤ 3n.

Theorem 2.10. ex′(n, { , , }) ∈ O(n).
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a

b c

Figure 2.8: The proof of Theorem 2.9.

Proof. Let S =
⋃n
i=1Qi. We will �rst show that, for each i ∈ {1, . . . , n}, there are at most two points of Qi that

appear in Qi+1, . . . , Qn. Refer to Figure 2.9. De�ne

Q∗i = {(x, y) ∈ Qi : x ≥ max{y(p) : p ∈ Qi}} ,

and let p and r be the top rightmost and bottom leftmost points in Q∗i , respectively. If there is more than
one point in Q∗i with x-coordinate equal to x(r) (as in Figure 2.9(a)) then we de�ne q to be the highest such
point (note that this includes the case where p = r). Otherwise (as in Figure 2.9(b)), we de�ne q to be the
rightmost point with y-coordinate y(r) (note that this includes the case where q = r). Now, observe that
κ({ , , }, {p, q, r}) ⊇ Qi \ {p, q}, so p and q are the only points of Qi that can appear again in Qi+1, . . . , Qn.
(Note that Figure 2.9 only illustrates the case in which y(p) = x(r); if y(p) < x(r), then even p is contained in
κ({ , , }, {p, q, r}.)

We can therefore think of Qi as eliminating |Qi| − 2 points from S, so
∑n
i=1(|Qi| − 2) ≤ |S|, which implies

that
∑n
i=1 |Qi| ≤ |S|+ 2n. All that remains now is to bound |S|.

For each i ∈ {1, . . . , n}, let Q′i be obtained from Qi by removing the leftmost point in each row. Let S′ =⋃n
i=1Q

′
i. We claim that S′ contains no Γ-con�guration so, by Lemma 2.7, |S′| ≤ 2n. To see why this is so,

suppose that S′ contains a Γ-con�guration a, b, and c. Then, as argued in the proof of Theorem 2.8, it must be
that a, b, c ∈ Q′i for some i. However, this contradicts the fact (due to ) that Qi is non-decreasing since the
leftmost point, b′, of Qi in the same row as b is to the left of a (see Figure 2.10).

Therefore, |S′| ≤ 2n. Now let S′′ = S \ S′. We claim that S′′ also satis�es the conditions of Lemma 2.7.
Indeed, by the same reasoning as above, if there were a, b, c ∈ S′′ forming a Γ-con�guration, then it must be that
a, b, c ∈ Qi \Q′i for some i. But this is a contradiction since b and c are in the same row, and Qi \Q′i contains at
most one point per row.

Wrapping up, we have |S| = |S′|+ |S′′| ≤ 4n so
∑n
i=1 |Qi| ≤ 6n.

Theorem 2.11. ex′(n, { , , }) ∈ O(n).

16



p

Q∗
i

q

r

p

Q∗
i

q
r

(a) (b)

Figure 2.9: A step in the proof of Theorem 2.10.

a

b cb′

Figure 2.10: Another step in the proof of Theorem 2.10.
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ti

pi

Figure 2.11: The proof of Theorem 2.11.

Proof. Consider the set Qi played during some round i. The rules for imply that Qi is non-decreasing. Consider
the following subsets of Qi:

1. the set Li of points in the leftmost column of Qi;
2. the set Ti of points in the topmost row of Qi;
3. the set Bi of points in the bottommost row of Qi; and
4. the set Ni = Qi \ (Li ∪ Ti ∪Bi).

Let pi denote the lowest leftmost point of Qi (the unique point in Bi ∩ Li). The rule for implies that every
point of Ni is contained in κ({ }, {pi}).

Refer to Figure 2.11. Observe that, for any point p ∈ Ni, the entire row containing p is killed in the sense
that it is contained in κ({ }, {pi}) ∪ κ({ }, {p}). Next, let ti be the topmost point in Li and observe that, for
any point p ∈ Li \ {ti, pi}, the entire row containing p is killed by κ({ }, {pi}) ∪ κ({ }, {ti, p}).

Consider the operation of removing the leftmost point from each row of Qi, for each i ∈ {1, . . . , n}. We claim
that this removes a total of at most 4n points from Q1, . . . , Qn. Indeed, by the preceding discussion, if we remove
a point p ∈ Ni or p ∈ Li \{ti, pi} then this point can be charged to a row that is never used again in Qi+1, . . . , Qn.
For each round i ∈ {1, . . . , n}, there are only three other choices for p: p = pi, p = ti, or p is the leftmost point in
Ti. Thus, we can charge each row for removing at most one point and each round for removing at most 3 points.

For each i ∈ {1, . . . , n}, let Q′i be the subset of Qi obtained by removing the leftmost point in each row and
observe that Q′i is an increasing set of points. By the preceding discussions

∑n
i=1 |Qi| ≤ 4n +

∑n
i=1 |Q′i|. Let

S =
⋃n
i=1Q

′
i. We claim that S contains no Γ-con�guration. To see why this is so, observe that, since each Q′i is

an increasing set, if two points a ∈ Q′i and b ∈ Q′j of S are in the same column then i 6= j. Assume b is above
a, then a ∈ κ({ }, {b}) so i < j. Now, if c ∈ Q′k is to the right of b, then b ∈ κ({ }, {c}), so j ≤ k. Therefore,
i < j ≤ k, but this is not possible since c ∈ κ({ }, {a}), so k ≤ i. Therefore, by Lemma 2.7, |S| ≤ 2n.

All that remains is to account for points in S that are played multiple times. In each Qi there are at most
two points that can be played in subsequent rounds: the rightmost point in Bi and the rightmost point in Ti.

18



a

b

c

c

c

Figure 2.12: The proof of Lemma 2.12.

We charge each occurrence of such repeated points to the rounds in which they are these extreme points. In this
way, each round is charged for at most two such points and the total contribution of these points to

∑n
i=1 |Qi| is

at most 2n.
In summary,

n∑
i=1

|Qi| ≤ 4n+

n∑
i=1

|Q′i| ≤ 4n+ 2n+ |S| ≤ 8n .

2.4.2 Forbidding Swords

Next we focus on the con�guration and give linear upper bounds bounds on ex′(n, { , }) and ex′(n, { , }).
We begin with another lemma about forbidden con�gurations of points that is similar to Lemma 2.7. We say
that a point (xi, yi) SE-dominates a point (xj , yj) if xi > xj and yi < yj . We say that three points a = (x0, y0),
b = (x0, y1), and c form an obtuse-L-con�guration if y1 < y0 and c SE-dominates b.

Lemma 2.12. Let S be a subset of {1, . . . , n}2 with no three points a, b, and c forming an obtuse-L-con�guration.
Then |S| ≤ 3n.

Proof. Refer to Figure 2.12. Consider the Pareto boundary P ⊆ S containing each point of S that is not SE-
dominated by any other point in S. The set P is non-decreasing, so it has size at most 2n. We claim that the
set S \ P has at most one point in each column, so |S| ≤ 3n. To see why this claim is true, observe that if some
column of P \ S contains two points a and b with a above b, then at least one point c in P SE-dominates b, so
that a, b, and c would form the obtuse-L-con�guration.

Theorem 2.13. ex′(n, { , }) ∈ O(n).

Proof. Let S =
⋃n
i=1Qi. Then the rules for imply that |S| =

∑n
i=1 |Qi|, so it su�ces to bound |S|. We claim

that S contains no obtuse-L-con�guration so, by Lemma 2.12, |S| ≤ 3n.
Suppose there were a ∈ Qi, b ∈ Qj , and c ∈ Qk forming an obtuse-L-con�guration. Now, a ∈ κ({ }, {c})

and c ∈ κ({ }, {a}), so it must be that i = k. The same argument, applied to b and c, implies that j = k, so
i = j = k. But this is a contradiction since the rules for imply that i 6= j.

Theorem 2.14. ex′(n, { , }) ∈ O(n).
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S G[A] G[B]

Figure 2.13: Four-colouring the graph G in the proof of Theorem 2.14.

Proof. Let S =
⋃n
i=1Qi. We claim that S is non-decreasing. Indeed, the rule for prevents two decreasing points

from being played in the same round, while the rule for prevents two decreasing points from being played in
di�erent rounds. This implies that |S| ≤ 2n. What remains is to account for points of S that are played in
multiple rounds.

Consider the graph G with vertex set S that contains an edge uw if and only if the x-coordinate of u is equal
to the y-coordinate of w. We claim that G is 4-colourable. To prove this, we partition S into two sets A and B
and show that each of the graphs G[A] and G[B] induced by A and B is 2-colourable (in fact, G[A] and G[B] are
each forests). Thus, if we colour A with colours {1, 2} and B with colours {3, 4}, then we obtain a 4-colouring of
G.

Refer to Figure 2.13. Remove the bottom-most point of S from each column and what remains is the set A.
Observe that, since S is non-decreasing, A contains at most one point per row. Imagine directing the edges of
G[A] from right to left (top to bottom). This directed graph is obviously acyclic and, since each row contains
at most one point of A, has maximum in-degree 1. Therefore G[A] is a forest and can be 2-coloured using the
colours {1, 2}. By a similar argument, using the fact that each column contains at most one point of B, the graph
G[B] = G[S \A] can be 2-coloured using the colours {3, 4}.

The resulting 4-colouring of G partitions S into 4 colour classes S1, . . . , S4. We now argue that each of these
colour classes contributes O(n) to

∑n
i=1 |Qi|. Consider a (new) directed graph Hj = (Sj , Ej) that contains the

edge −→uw if and only if u kills w, i.e., w ∈ κ({ , }, {u}). We claim that this graph is complete, i.e., for any
u,w ∈ Sj at least one of −→uw or −→wu is in Ej . To see why this is so, consider any two distinct points u,w ∈ Sj
with u = (x0, y0) and w = (x1, y1). Since S (and hence Sj) is non-decreasing, we may assume without loss of
generality that x0 ≤ x1 and y0 ≤ y1. There are �ve cases to consider:

1. y0 = y1, so x0 < x1. In this case, u ∈ κ({ }, w), so −→wu ∈ E.
2. x0 = x1, so y0 < y1. In this case, u ∈ κ({ }, w), so −→wu ∈ E.
3. x0 < x1, y0 < y1, and y1 > x0. In this case, w ∈ κ({ }, {u}), so −→uw ∈ E.
4. x0 < x1, y0 < y1, and y1 < x0. In this case, u ∈ κ({ }, {w}), so −→wu ∈ E.
5. x0 < x1, y0 < y1, and y1 = x0. This case cannot occur since, in this case, the graph G contains the edge
uw, so u and w are assigned di�erent colours and at most one of them is j.

Suppose now that Hj contains a directed cycle C = u0, . . . , u`−1. Since the points in this cycle all kill each
other, i.e., uk+1 mod ` ∈ κ({ , }, {uk})), it must be the case that all the vertices of C are played in the same
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round i′ ∈ {1, . . . , n} and never played again, i.e., V (C) ⊆ Qi′ and V (C) ∩Qj′ = ∅ for all j′ ∈ {1, . . . , n} \ {i′}.
Now, if we repeatedly �nd a cycle in Hj and remove its vertices, we will eventually be left with an acyclic

subgraph H ′j with vertex set S′j ⊆ Sj . From the preceding discussion, we know that each cycle vertex we remove
contributes only 1 to

∑n
i=1 |Qi|:

n∑
i=1

|(Sj \ S′j) ∩Qi| = |Sj \ S′j | .

Finally, we are left with the complete acyclic subgraph H ′j with vertex set S′j and whose topological sort order
we denote by ≺. Now, if Qi contains vertices v1 ≺ · · · ≺ vk of H ′j , then v1 kills all of v2, . . . , vk so that these
vertices can not appear in any Qi′ with i′ > i. This implies that

n∑
i=1

(|S′j ∩Qi| − 1) ≤ |S′j | ,

so
∑n
i=1 |S′j ∩Qi| ≤ |S′j |+ n. Putting everything together, we have

n∑
i=1

|Qi| =
4∑
j=1

(
n∑
i=1

|Qi ∩ Sj |

)

=

4∑
j=1

(
n∑
i=1

(|Qi ∩ (Sj \ S′j)|+ |Qi ∩ S′j |

)

≤
4∑
j=1

(
|Sj \ S′j |+ |S′j |+ n

)
= |S|+ 4n ≤ 6n .

2.4.3 Monotone Matrices, Tripod Packing, and 2-Comparable Sets

In this section, we discuss ex(n, { , }):

Determining the asymptotics of ex(n, { , }) was given explicitly as an open problem in the conclusion of Braÿ's
paper. We spent more than a year working on this problem and this work included computer searches for a
variant of the problem played on the square grid {1, . . . , n}2.1 Using the results of these computer searches in
the Online Encyclopedia of Integer Sequences [49], we discovered that this problem, when played on the square
grid, is equivalent to several other known problems. See Figure 2.14.

1. Monotone matrix problem: How many values from {1, . . . , n} can one write in an n×n matrix, so that each
row is increasing from left-to-right, each column is increasing from bottom-to-top, and for each i ∈ {1, . . . , n},
the positions of i in the matrix form an increasing sequence?

2. Tripod packing problem: A tripod with top p = (x, y, z) ∈ R3 is the union of three closed rays originating at
p and directed in the positive x-, y-, and z-directions, i.e.,

tripod(x, y, z) =
⋃

0≤t<∞

{(x+ t, y, z), (x, y + t, z), (x, y, z + t)} .

How many disjoint tripods can be packed with tops in {1, . . . , n}3?
1Playing on the square grid does not change the asymptotics of the problem. Any solution for {1, . . . , bn/2c − 1}2 can be used as

a solution for the triangular grid Q and any upper bound for {1, . . . , n}2 is also an upper bound for the triangular grid Q.
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Figure 2.14: The dot puzzle induced by excluding the taco and nested con�gurations has already been studied
under several equivalent formulations.
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3. 2-comparable sets of triples problem. Two triples of integers (a1, a2, a3) and (b1, b2, b3) are 2-comparable if
ai < bi for at least two values of i ∈ {1, 2, 3} or ai > bi for at least two values of i ∈ {1, 2, 3}. What is the
largest set, S, of pairwise 2-comparable triples one can make whose entries come from {1, . . . , n}?

Several simple and natural constructions give lower bounds of Ω(n3/2) for these problems. However, this
bound is not tight. A sequence of recursive constructions has steadily raised this lower bound [26, 50, 51, ?, 54].
The current record is held by Gowers and Long [26], who describe a construction of size Ω(n1.546).

Theorem 2.15 (Gowers and Long [26]). ex′(n, { , }) ∈ Ω(n1.546).

The only known upper bound for this problem comes from the fact that a solution to this problem gives a
solution to the Ruzsa-Szemerédi induced matching problem [47].

4. Induced-matching problem: What is the maximum number of edges in a bipartite graph G = (A,B,E) with
|A| = |B| = n such that E can be partitioned into n induced matchings M1, . . . ,Mn? That is, each Mi is a
matching, and for any two edges e, f ∈Mi there is no edge in E that joins an endpoint of e to an endpoint
of f .

It is simple to verify that if one takes a 2-comparable set of triples S = {(ai, bi, ci) : i ∈ {1, . . . ,m}} then the
bipartite graph G = (A,B,E) with A = B = {1, . . . , n} and

E = {(bj , cj) : j ∈ {1, . . . ,m}}

satis�es the conditions of the induced matching problem, with the partition into matchings given by

Mi = {(b, c) : (i, b, c) ∈ S} .

Thus, any upper bound for the induced-matching problem is also an upper bound on the size of a 2-comparable
set of triples.

Known upper bounds for the induced matching problem are barely subquadratic, with the current record being
held by Fox's improved version of the triangle removal lemma [24], which gives an upper bound of n2/eΩ(log∗ n).
See the discussion, for example, in Gowers and Long [26]. Lower bounds for the induced matching problem are
surprisingly high; a result of Behrend [8] can be used to construct n vertex graphs with n2/eO(

√
logn) edges that

can be decomposed into induced matchings.

Theorem 2.16 (Fox [24]). ex′(n, { , }) ∈ n2/eΩ(log∗ n).

While discovering these results, we noticed that the relationships between some of these problems have gone
unnoticed. Here we make a few bibliographic notes.

• Braÿ [10] seems to have been unaware that the question he posed was equivalent to tripod packing and
monotone matrices (or, like us, had never heard of these problems).
• Tiskin [54], apparently unaware of the relation between tripod packing and induced matchings, proved an
upper bound of o(n2) for tripod packing. His proof does not depend on any properties of tripod packing that
are not also true for induced matchings, and uses the same tools (namely Szemeredi's Regularity Lemma)
as the original upper bounds for the induced matching problem.
• Gowers and Long [26] seem to be unaware that the problem on 2-comparable sets of triples was studied
under other names.
• Gowers and Long [26] arrived at 2-comparable sets as a relaxation of a problem (the size of the largest
2-increasing sequence of triples) proposed by Loh [37]. In his discussion of this problem, Loh formulates
a restricted version of the induced matching problem, in which the matching must satisfy a certain Σ-free
property and expresses hope [37, remark on page 9] that this restricted version has an O(n3/2) upper bound.
However, solutions for tripod packing correspond to Σ-free induced matchings, so Σ-free induced matchings
of size ω(n3/2) are already known.
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In our context, the only new observation we have pertains to ex′(n, { , , , }):

We observe that ex′(n, { , }) ∈ O(ex′(n, { , , , }) so these two functions therefore have the same asymptotic
growth. This comes from the fact that a solution for the dot puzzle of size n resulting from X = { , } can
be used as a solution for the dot puzzle of size 2(n + 1) resulting from X = { , , , } by only playing in the
lower-right quadrant. When played this way, the extra restrictions caused by and do not a�ect the lower-right
quadrant.

Theorem 2.17. ex′(n, { , }) ∈ Θ(ex′(n, { , , , }).

2.4.4 Lower Bounds

Finally, we �nish up with some Ω(n2) lower bound constructions. In each case, a matching upper bound follows
from one of the results in Braÿ [10]. The following are essentially �proofs by �gure� in which a brief description of
the solution is illustrated alongside the rules of each dot puzzle. In order to avoid �oors and ceilings, we assume
n is even.

Theorem 2.18. ex(n, { , , , , }) ∈ Θ(n2).

Proof. For each i ∈ {1, . . . , n/2}, we take Qi to be all the points of Q′ = {n/2, . . . , n}2 on the line {(x, y) : y =
3n/2− x− i+ 1}.

Theorem 2.19. ex(n, { , , , }) ∈ Θ(n2).

Proof. We take Q1 = {(x, y) ∈ Q : x > n/2, y < n/2} and set Q2 = Q3 = · · · = Qn = ∅.

Theorem 2.20. ex(n, { , , }) ∈ Θ(n2).

24



Proof. We repeatedly take every second point on the diagonal y = x − 1, i.e., for each i ∈ {1, . . . , n}, Qi =
{(2j, 2j − 1) : j ∈ {1, . . . , n/2}}.

Theorem 2.21. ex(n, { , , }) ∈ Θ(n2).

Proof. We repeatedly take points on the diagonal of the lower-right quadrant, i.e., for each i ∈ {1, . . . , n}, we
take Qi = {(n/2 + i, i) : i ∈ {1, . . . , n/2}.

2.5 Conclusions

We have been able to document the asymptotic behavior of ex(n,X) up to a log n factor for 248 of the 256
possible choices of X ⊆ { , , , , , , , }. We have also tied, again up to a log n factor, the asymptotics of
ex(n,X) for the remaining 8 choices of X ⊆ { , , , , } containing { , } to that of the well-known tripod
packing problem. In doing so we made major progress towards a full catalog of these asymptotics, but solving
the tripod packing problem and devising a methodology to close the log n gap are two open problems.
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Chapter 3

Approximability of Covering Cells with
Line Segments

Paz Carmi1 Anil Maheshwari2 Saeed Mehrabi2

Luís Fernando Schultz Xavier da Silveira3

Abstract

Korman et al. (Line segment covering of cells of arrangements, IPL, 129:25�30, 2018) studied
the following geometric covering problem: given a set S of n line segments in the plane, �nd a
minimum number of line segments such that every cell in the arrangement of the line segments
is covered. Here, a line segment s covers a cell f if s is incident to f . The problem was shown
to be NP-hard, even if the line segments in S are axis-parallel, and it remains NP-hard when the
goal is to cover the �rectangular� cells (i.e., cells that are de�ned by exactly four axis-parallel
line segments).
In this paper, we consider the approximability of the problem. We �rst give a PTAS for the
problem when the line segments in S are in any orientation, but we can only select the covering
line segments from one orientation. Then, we show that when the goal is to cover the rectangular
cells using line segments from both horizontal and vertical line segments, then the problem is
APX-hard. We also consider the parameterized complexity of the problem and prove that the
problem is FPT when parameterized by the size of an optimal solution. Our FPT algorithm
works when the line segments in S have two orientations and the goal is to cover all cells,
complementing that of Korman et al. [33] in which the goal is to cover the �rectangular� cells.

3.1 Introduction

Set Cover is a well-studied problem in computer science. The input to the problem is a ground set G of n elements
and a set S of m subsets of G; that is, S = {S1, S2, . . . , Sm} such that Si ⊆ G for all 1 ≤ i ≤ m. The objective is to
�nd a minimum-cardinality subset of S whose union is G. Set Cover is known to be NP-hard [25] and even hard to
approximate [23]. Because of these inapproximability results, there has been a rich body of research to study the
set cover problem for geometric objects: the geometric set cover problem. For example, consider a set of n points
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2School of Computer Science, Carleton University, Ottawa, Canada
3School of Computer Science and Electrical Engineering, University of Ottawa, Ottawa, Canada
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in the plane as the ground set G and let each set Si ⊆ S be a disk in the plane (i.e., each disk de�nes a subset of
points). Then, the goal is to select a minimum number of disks to cover all the points. While the problem is still
NP-hard, it admits a PTAS [41]. Other variants of the geometric set cover includes covering line segments with
points [35, 12], multicoloured set cover [17], covering line segments with squares [1]. See [27, 18, 13, 55, 15, 46]
and the references therein for more results on the geometric set cover problem.

In this paper, we consider a geometric variant of the set cover problem that was �rst studied by Korman
et al. [33]. A set of line segments in the plane is said to be non-overlapping if any two line segments from the
set intersect in at most one point. Given a set S of n non-overlapping line segments in the plane, a cell in the
arrangement of S is a maximally connected region that is not intersected by any line segment in S [33]. In other
words, cells are �empty� (i.e., not intersected by any line segment) regions in the arrangement de�ned by S. Then,
the objective of the Line Segment Covering (LSC) problem is to select a minimum number of line segments such
that every cell in the arrangement of the line segments is covered. Here, a cell is covered by a line segment if it
is incident to the line segment (i.e., the line segment is in the set of line segments de�ning the boundary of the
cell). We assume that at most two line segments may share a �xed point in the plane.

Related work Korman et al. [33] proved that when the line segments are only horizontal and vertical, the LSC
problem is NP-hard and it remains NP-hard when the goal is to cover the �rectangular� cells. By a closer look
at their hardness proof, one can see that the problem is NP-hard even if we are only allowed to select the line
segments from one orientation (they only select vertical line segments when constructing a solution from a given
truth assignment for the corresponding 3SAT problem). Moreover, the authors gave an O(kO(k) ·n log n+C)-time
FPT algorithm for covering the rectangular cells when parameterized by k (the size of an optimal solution) by
computing a kernel of size O(k3) for the problem. However, the algorithm does not work when the goal is to
cover all cells of the arrangement. The authors left open studying the approximability of the problem. Recently,
Basu Roy et al. [46] studied the geometric set cover problem for non-piercing objects in the plane. Two connected
regions A,B in the plane are non-piercing if both A \ B and B \ A are connected. Given a set of non-piercing
objects and a set of points in the plane, the goal is to �nd a minimum-cardinality subset of the objects so as to
cover all the points. The authors gave a PTAS for this problem. However, the ground set in LSC problem consists
of line segments, which are not non-piercing. So, it is not clear if their algorithm could be applied to the LSC
problem.

The LSC problem is closely related to a guarding problem studied by Bose et al. [9]. Given a set of lines in the
plane, they studied the problems of guarding cells of the arrangement by selecting a minimum number of lines, or
guarding the lines by selecting a minimum number of cells. Here, �guarding� has the same meaning as �covering�
in the LSC problem. However, their results do not extend to the LSC problem, because (as also noted by Korman
et al. [33]) they use some properties of lines that are not true for the case of line segments.

Our results In this paper, we prove the following results.

• We �rst consider the variant of the LSC problem in which the line segments in S can have arbitrary
orientations, but we are allowed to select the covering line segments from only one orientation. We give a
PTAS for this variant, which along with the NP-hardness of Korman et al. [33], settles the complexity of
this variant of the problem.

• Then, we consider the next immediate variant: when the input line segments are axis-parallel and we
allow selecting the covering line segments from more than one direction. We show that the LSC problem is
APX-hard for this variant.

• We give an FPT algorithm for the LSC problem when the line segments in S have only two orientations and
the goal is to cover all cells of the arrangement. This complements the FPT algorithm of Korman et al. [33]
as we do not restrict the covering only to rectangular cells.

Organization In Section 3.2, we give some de�nitions and revisit some necessary background. We show our
PTAS in Section 3.3 and the APX-hardness result in Section 3.4. Finally, the FPT algorithm is given in Section 3.5
and we conclude the paper in Section 3.6.
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3.2 Preliminaries

In the following, we revisit some techniques and background that are used throughout this paper.

Local search Our PTAS for the LSC problem is based on the local search technique, which was introduced
to computational geometry independently by Mustafa and Ray [41], and Chan and Har-Peled [16]. Consider
an optimization problem in which the objective is to compute a feasible subset S′ of a ground set S whose
cardinality is minimum over all such feasible subsets of S. Moreover, it is assumed that computing some initial
feasible solution and determining whether a subset S′ ⊆ S is a feasible solution can be done in polynomial time.
The local search algorithm for a minimization problem is shown in Algorithm 1.

Algorithm 1 LocalSearch(S)

1: �x some parameter k;
2: let A be some initial feasible solution;
3: while ∃A′ ⊆ A, M ⊆ S \A: |A′| ≤ k, |M | < |A′| and (A \A′) ∪M is a feasible solution do
4: set A = (A \A′) ∪M ;

5: return A;

Clearly, the local search algorithm runs in polynomial time. Let B and R be the solutions returned by the
algorithm and an optimal solution, respectively. The following result establishes the connection between local
search technique and obtaining a PTAS.

Theorem 1 ([16, 41]). Consider the solutions B and R for a minimization problem, and suppose that there
exists a planar bipartite graph H = (B ∪ R, E) that satis�es the local exchange property: for any subset B′ ⊆ B,
(B \ B′) ∪NH(B′) is a feasible solution, where NH(B′) denotes the set of neighbours of B′ in H. Then, the local
search algorithm yields a PTAS for the problem.

The local search was used by Mustafa and Ray [41] to obtain a PTAS for the geometric hitting set problem
and by Chan and Har-Peled [16] to obtain a PTAS for the independent set problem on pseudodisks. Since then,
the technique has been used to get a PTAS for several other geometric problems, such as covering and packing [5],
geometric dominating set [7] and unique covering [6].

Fixed-parameter tractability The theory of parameterized complexity was developed by Downey and Fel-
lows [21]. Let Σ be a �nite alphabet. Then, a parameterized problem is a language L ⊆ Σ∗ × Σ∗ in which the
second component is called the parameter of the problem. A parameterized problem L is said to be �xed-parameter
tractable or FPT, if the question �(x1, x2) ∈ L?� can be decided in time f(|x2|) · |x1|O(1), where f is an arbitrary
function. We call an algorithm with such running time f(|x2|) · |x1|O(1), an FPT algorithm.

For the rest of this paper, we denote a set of n line segments in the plane by S (i.e., |S| = n) and the set of
cells (induced by the arrangement) by A(S).

3.3 PTAS

In this section, we show that the LSC problem admits a PTAS when the line segments in S have any orientations,
but we can select line segments from only one orientation to cover the cells. In fact, we give a PTAS for a more
general problem: given M ⊆ S and a subset D of cells in A(S), the goal is to cover the cells in D with the
minimum number of line segments in M that are from the �covering orientation�. Let us call this variant as the
LSC problem on (M,D). In the following, we assume that each cell in D is incident to at least one line segment
from the �covering orientation�; otherwise, we let D to denote the set of those cells that are incident to at least
one line segment from the covering orientation.

We run the local search algorithm with parameter k = c/ε2 for some ε > 0, where c is a constant. Let B
be the solution returned by the algorithm and let R be an optimal solution. We can assume that B ∩ R = ∅;
if B ∩ R 6= ∅, then let I = B ∩ R, B′ = B \ I, R′ = R \ I, M ′ = M \ I and let D′ be the set of cells that are
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Figure 3.1: (a) An example of graph H ′, where b1, b2, b3 ∈ B and r1, r2, r3 ∈ R. (b) Graph H after contracting
the edges of H ′ that correspond to the same line segment.

not covered by line segments in I. Now, B′ and R′ are disjoint. Moreover, R′ is an optimal solution for the LSC
problem on (M ′, D′). Therefore, if we show that |B′| ≤ (1 + ε)|R′|, then we can conclude that |B| ≤ (1 + ε)|R|.

We now construct a planar bipartite graph H = (B ∪ R, E) that satis�es the local exchange property, hence
proving that the problem admits a PTAS by Theorem 1. To this end, we �rst construct an auxiliary planar graph
H ′ and then show how to obtain H from H ′ by edge contraction. For each cell f ∈ A(S), let b ∈ B and r ∈ R
be two line segments that cover f ; we select a point p ∈ b ∩ f and q ∈ r ∩ f and connect them by a curve c that
lies in the interior of f (except its endpoints p and q). Notice that since both B and R are feasible solutions,
we know that B contains at least one line segment that covers f and R also contains at least one line segment
that covers f , for all f ∈ A(S). We add p and q to V (H ′) and c to E(H ′). We complete the de�nition of H ′ by
connecting every pair of consecutive points in s∩ V (H ′), for all s ∈ S, by an edge that is exactly the portion of s
that lies between the pair of points. See Figure 3.1(a) for an example. Clearly, H ′ is planar because the �rst set
of edges are drawn in the interior of cells and each cell contains at most one edge. Moreover, the second set of
edges are aligned with the line segments in B ∪R. Since the line segments in B ∪R are non-overlapping and all
have the same orientation, the second set of edges are also non-crossing. To obtain the graph H, for each segment
s ∈ B ∪R, we contract the edges of H ′ that are contained in s such that we get a single point v(s) corresponding
to s; see Figure 3.1(b). So, V (H) = {v(s)|s ∈ B ∪R}. Graph H is planar since H ′ remains planar after this edge
contraction. Moreover, H is a bipartite graph as the edges of H ′ with both endpoints belonging to a line segment
in B or both endpoints belonging to a line segment in R are collapsed into a single point (i.e., v(s)).

Lemma 2. Graph H is planar and bipartite.

We next show that H satis�es the exchange property.

Lemma 3. Graph H satis�es the local exchange property.

Proof. It is su�cient to show that for every cell f ∈ A(S), there are vertices b ∈ B and r ∈ R such that both
segments corresponding to these vertices cover f and (b, r) ∈ E(H). Take any cell f ∈ A(S) and let M ⊆ B ∪R
be the set of all line segments that cover f . Notice that M ∩ B 6= ∅ and M ∩R 6= ∅ because B and R are each a
feasible solution. Then, by de�nition, there must be a b ∈ M ∩ B and r ∈ M ∩ R for which (b, r) ∈ E(H). This
completes the proof of the lemma.

Putting everything together, we have the main result of this section.
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Theorem 4. Let S be a set of line segments of any orientation. Moreover, let M ⊆ S and D be a subset of
cells in A(S). Then, there exists a PTAS for the line segment covering (LSC) problem on (M,D) when the line
segments in S can have any orientation and we are allowed to select the covering line segments from only one
orientation.

3.4 APX-Hardness

In this section, we show that the LSC problem is APX-hard when the line segments in S have only two orientations
and the goal is to cover the rectangular cells. To this end, we give an L-reduction from the Minimum Vertex Cover
(MVC) problem on graphs with maximum-degree three, which is known to be APX-hard [3], to this variant of the
LSC problem. Our reduction is inspired by the construction of Mehrabi [40]. As a reminder, we �rst give a formal
de�nition of L-reduction [43], which is one of the gap-preserving reductions. Let Π and Π′ be two optimization
problems with the cost functions cΠ(.) and cΠ′(.), respectively. We say that Π L-reduces to Π′ if there are two
polynomial-time computable functions f and g such that the followings hold.

1. For any instance x of Π, f(x) is an instance of Π′.
2. If y is a solution to f(x), then g(y) is a solution to x.
3. There exists a constant α > 0 such that

OPTΠ′(f(x)) ≤ αOPTΠ(x),

where OPTY (x) denotes the cost of an optimal solution for problem Y on its instance x.
4. There exists a constant β > 0 such that for every solution y for f(x),

|OPTΠ(x)− cΠ(g(y))| ≤ β|OPTΠ′(f(x))− cΠ(y)|,

where |x| denotes the absolute value of x.

Lemma 5. The minimum vertex cover (MVC) problem on graphs with maximum-degree three is L-reducible to
the LSC problem, where S is a set of horizontal and vertical line segments and the goal is to cover the rectangular
cells of A(S).

Proof. Let I be an instance ofMVC on graphs of maximum-degree three; letG = (V,E) be the graph corresponding
to I and let k be the size of the smallest vertex cover in G. First, let u1, . . . , un be an arbitrary ordering of the
vertices of G, where n = |V |. In the following, we give a polynomial-time computable function f that takes I as
input and outputs an instance f(I) of the LSC problem.

We �rst describe the vertex gadgets. For each vertex ui, 1 ≤ i ≤ n, construct a horizontal line segment Hi and
a vertical line segment Vi, and connect them as shown in Figure 3.2. We call the (blue) horizontal line segment
used in the connection of Hi and Vi the horizontal connector Ci of i. Moreover, there are four line segments used
in the connection of Hi and Vi that we call the small connectors of i. Notice that these �ve �connectors� along
with Hi and Vi form exactly two rectangular cells. For each edge (ui, uj) ∈ E, where i < j, we add two small
line segments, one horizontal and one vertical, at the intersection point of Vi and Hj such that they intersect
each other as well as each intersects one of Vi and Hj , hence forming a rectangular cell; see the two (red) line
segments at the intersection of V1 and H2 in Figure 3.2 for an example. We call such a pair edge line segments
and denote them by Ei,j . Finally, for every rectangular cell whose four sides are all de�ned by the line segments
corresponding to a 4-subset of {Hi, Vi|1 ≤ i ≤ n} (i.e., the cell is not covered by a horizontal connector or edge line
segments), we insert a vertical line segment into the cell so as to make it non-rectangular; see the vertical (red)
line segment in Figure 3.2. This ensures that every rectangular cell is incident either to a horizontal connector
or to edge line segments Ei,j for some i and j. This gives the instance f(I) of the LSC problem. Notice that f is
a polynomial-time computable function. In the following, we denote an optimal solution for the instance X of a
problem by s∗(X). We now prove that all the four conditions of L-reduction hold.

First, let M be a vertex cover of G of size k. Denote by H[M ] = {Hi|ui ∈ M} the set of horizontal
line segments induced by M and de�ne V [M ] analogously. Moreover, let C[M ] = {Ci|ui /∈ M} be the set of
horizontal connectors whose corresponding vertex is not in M . We show that F = H[M ] ∪ V [M ] ∪ C[M ] is a

30



H1

H2

H3

H4

Hn

V1 V2 V3 V4 Vn

C1

C2

C3

C4

Cn

E1,2

Figure 3.2: An illustration in support of the construction in the proof of Lemma 5.

feasible solution for covering all the rectangular cells of f(I). Let f be a rectangular cell. Then, f must be
incident either to a horizontal connector or to edge line segments Ei,j for some i and j. First, if f is incident to
a horizontal connector Ci, then either Ci ∈ F or Hi ∈ F and Vi ∈ F by the construction of F and so f is covered
either way. Next, if f is incident to edge line segments Ei,j for some i and j, where w.l.o.g. i < j, then either
Vi ∈ F or Hj ∈ F because we know that ui ∈M or uj ∈M . So, f is again covered in this case. Therefore, F is
a feasible solution.

Second, let F be any feasible solution for f(I). Notice that we can construct a feasible solution F ′ for f(I)
such that |F ′| ≤ |F | and F ′ consists of only Hi or Vi for some i, or a Ci. More precisely, if F contains a small
connector, then we replace it by the corresponding horizontal connector. Moreover, if F contains exactly one of
the line segments in a pair of edge line segments (resp., contains both line segments in a pair of edge line segments
Ei,j), then we replace that line segment with the line segment it intersects (resp., we replace those line segments
with Vi and Hj). The new solution F ′ is feasible because (i) any rectangular cell covered by a small connector is
also covered by a horizontal connector, and (ii) any cell covered by a pair of edge line segments Ei,j (for some i
and j) is also covered by Vi and Hj . For (ii), if exactly one of the line segments in Ei,j is in F , then we replace
it with exactly one of Vi or Hj . Otherwise, if both line segments of Ei,j are in F , then we replace both of them
with Vi and Hj . So, |F ′| ≤ |F | and F ′ is a feasible solution for f(I). Now, let M = {ui|Hi ∈ F ′ or Vi ∈ F ′}.
To show that M is a vertex cover for G, consider any edge (ui, uj) ∈ E, where i < j. Then, we know that there
exists a rectangular cell at the intersection of Vi and Hj that must be covered by F ′. Since none of the two edge
line segments of Ei,j are in F ′, we conclude that at least one of Vi and Hj is in F ′, which means that ui ∈M or
uj ∈M . Hence, M is a vertex cover.

Third, let M be any vertex cover of G of size k. Then, observe that |H[M ]| = |V [M ]| = |M | = k and also
|C[M ]| = n− k. Given that G has degree three, k ≥ n/4 and so |s∗(f(I))| ≤ n− k + k + k ≤ 5k ≤ 5|s∗(I)|.

We now prove the last condition of L-reduction. First, de�ne Both[F ′] as follows: for each i, Both[F ′] contains
Hi and Vi if and only if both of them are contained in F ′. Also, de�ne One[F ′] to be the remaining line segments
corresponding to eitherHi or Vi for some i; i.e., those of ui, where only one of its line segments appears in F ′. Take
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any vertex i. To cover the two rectangular cells incident to the horizontal connector of i, we must have Ci ∈ F ′ or
Hi, Vi ∈ F ′; this is true for all i. Then, |C[F ′]|+ |Both[F ′]|/2 ≥ n. Moreover, |One[F ′]|+ |Both[F ′]|/2 ≥ k since
M is a vertex cover of G. Therefore, |F ′| ≥ |Both[F ′]|+ |One[F ′]|+ |C[F ′]| ≥ |One[F ′]|+ |Both[F ′]|/2 +n ≥ k+n.
By this and our earlier inequality |s∗(f(I))| ≤ n − k + k + k, we have |s∗(f(I))| = n + k. Now, suppose that
|F | = |s∗(f(I))|+ c for some c ≥ 0. Then,

|F | − |s∗(f(I))| = c

⇒ |F | − (n+ k) = c

⇒ |F ′| − (n+ k) ≤ c
⇒ |One[F ′]|+ |Both[F ′]|/2 + n− (n+ k) ≤ c
⇒ |One[F ′]|+ |Both[F ′]|/2− k ≤ c
⇒ |M | − |s∗(I)| ≤ c.

That is, |M |−|s∗(I)| ≤ |F |−|s∗(f(I))|. This concludes our L-reduction from MVC on graphs of maximum-degree
three to LSC with α = 5 and β = 1.

Theorem 6. The line segment covering (LSC) problem is APX-hard when the line segments in S are either
horizontal or vertical and the goal is to cover the rectangular cells of A(S).

3.5 FPT

In this section, we show that the LSC problem is �xed-parameter tractable (parametrized by the size of an optimal
solution) when the line segments in S are either horizontal or vertical, and the goal is to cover all the cells in
A(S). This complements the FPT result of Korman et al. [33], where the goal is to cover the rectangular cells.
Throughout this section, let k be the size of an optimal solution.

Our FPT follows the framework of Korman et al. [33]. That is, we formulate the LSC problem as a hitting
set problem and argue that we only need to hit an O(k3) number of sets; hence, obtaining a kernel of size O(k3)
for the problem. The FPT of Korman et al. [33] is based on the fact that any three axis-parallel line segments
can cover at most two �rectangular� cells (i.e., at most two rectangular cells can be incident to all the three line
segments). As an analogous result, we prove in Lemma 7 that the number of such cells can be at most six when
the goal is to cover all cells, including non-rectangular ones. We will then apply this result to obtain the desired
kernel.

Lemma 7. Let S be a set of n axis-parallel line segments in the plane. Then, for any three line segments
s1, s2, s3 ∈ S, there are at most six cells in A(S) that can be covered by all three line segments s1, s2 and s3.

Proof. Take any three line segments s1, s2 and s3 that are subsegments of line segments in S and let F be the set
of all cells in A(S) that are covered by all three of s1, s2 and s3. We �rst will show that, when s1, s2 and s3 are
pairwise disjoint, |F | ≤ 2. To this end, we construct a planar graph H corresponding to s1, s2, s3 and the cells
in F and will then argue that this graph must contain a subdivision of K3,3 if |F | > 2. We next give the details.
Let f be a cell in F . Consider a point p(f) in the interior of f as well as distinct points p(si, f) in si ∩ f for all
i = 1, 2, 3 (notice that p(si, f) is on the boundary of f). These points together form the set of vertices of H; that
is, V (H) = {p(f) : f ∈ F} ∪ {p(si, f) : i = 1, 2, 3, f ∈ F}. Now, for each i = 1, 2, 3, consider an ordering of the
points p(si, f) on si, f ∈ F , and connect every two consecutive points by an edge, which is exactly the portion
of si that lies between the two points. Moreover, for each cell f , we connect p(f) to p(si, f) by a curve that lies
strictly in the interior of f (except at its endpoints) for all i = 1, 2, 3. Then, the edge set E(H) of H consists
of the set of all edges connecting the consecutive points as well as the curves (p(f), p(si, f)) for all f ∈ F and
i = 1, 2, 3.

If |F | > 2, then take any three cells f1, f2, f3 ∈ F and consider the subgraph H ′ of H induced by {p(fi) :
i = 1, 2, 3} ∪ {p(si, fj) : i, j = 1, 2, 3}. Now, consider the graph G constructed from H ′ as follows. For each si,
i = 1, 2, 3, we place a new vertex v(si) close to si and connect it to the three vertices p(si, fj) for all j = 1, 2, 3 such
that the resulting graph remains planar. One can easily verify that this is doable since the three line segments
are disjoint and so there are a few cases for where to place v(si) depending on which side of si the three cells
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Figure 3.3: Placing a new vertex v(si) close to si and connecting it to the vertices corresponding to the incident
cells. The arrows indicate the side on which the cell lies.
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Figure 3.4: Three line segments s1, s2 and s3 cover six cells.

lie; see Figure 3.3. Observe that the resulting graph G is a planar drawing of a subdivision of K3,3, which is not
possible. So, |F | ≤ 2.

We now show that, in general, |F | ≤ 6. Indeed, note that, since the line segments are axis-parallel, we may
assume, without loss of generality, that s1 does not intersect s3, with s2 being split into at most three parts by
s1 and s3. If |F | were more than 6, there would be at least one such part of s2 covering at least three faces in
F . By shortening s2 to a segment s′2 that still covers these faces but that intersects neither s1 nor s3, we are left
with three subsegments s1, s′2 and s3 that are pairwise disjoint but that simultaneously cover three faces of A(S),
which contradicts what we just showed.

We note that the upper bound in Lemma 7 is tight as Figure 3.4 shows an example with three line segments
that cover six cells. We now apply Lemma 7 to obtain our FPT algorithm. We �rst formulate the LSC problem as
a hitting set problem as follows. The ground set is S and for each cell in A(S), there exists a set that contains the
line segments that cover the cell. Let C be the resulting set of subsets of S. Then, the LSC problem is equivalent
to selecting a minimum number of elements from S such that each set in C is hit by at least one selected element.

We �rst reduce the set C to a set C1 as follows. For every pair of line segments {si, sj} ∈ S, if they appear in
more than 6k sets in C, then we remove all such sets from C and add the set {si, sj} to C. Let C1 be the resulting
set.

Lemma 8. A set S′ ⊆ S with |S′| ≤ k is a minimum-size cover of C if and only if it is a minimum-size cover of
C1.
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Proof. We prove the lemma by an argument similar to the one by Korman et al. [33]. The lemma clearly follows
if C = C1. So, assume that X = C1 \ C and Y = C \ C1 are two non-empty sets. Let S′ with |S′| ≤ k be a
minimum-size cover for C1. First, S′ is also a cover for C because for every set M ∈ Y there exists a pair of line
segment si and sj such that both si and sj are in M and we have {si, sj} ∈ X. We now prove that S′ is also a
cover of minimum size for C.

Suppose for a contradiction that there exists a cover S′′ for C such that |S′′| < |S′|. Then, S′′ cannot be a
cover of C1 because S′ is a cover of minimum size for C1. Since S′′ covers C ∩ C1, there must exist {si, sj} ∈ X
such that neither si nor sj is in S′′. But, we introduced the set {si, sj} into C1 because there were more than 6k
sets containing both si and sj . If neither si nor sj is in S′′, then every other line segment can cover at most six
of such subsets by Lemma 7. Therefore, |S′′| > k � a contradiction. By a similar argument, we can show that a
minimum-size cover of C is also a minimum-size cover for C1. This completes the proof of the lemma.

Next, we construct a new set C2 from C1 as follows. For each line segment s ∈ S, we count how many sets
in C1 contain s. If s appears in more than 6k2, then we remove all those sets and add the set {s} to C1. Let C2
denote the resulting set.

Lemma 9. A set S′ ⊆ S with |S′| ≤ k is a minimum-size cover for C1 if and only if it is a minimum-size cover
for C2.

Proof. The lemma follows if C1 = C2. So, assume that X ′ = C2 \ C1 and Y ′ = C1 \ C2 are two non-empty sets. Let
S′ with |S′| ≤ k be a minimum-size cover for C2. For any set M ∈ Y ′, there exists a singleton set in X ′ whose
member is in M . This means that S′ is also a cover for C1. We next show that S′ is also a minimum-size cover
for C1.

Suppose for a contradiction that there exists a cover S′′ for C1 such that |S′′| < |S′|. Therefore, S′′ is not a
cover of C2. Since S′′ covers C1 ∩ C2, there must exist a set in X ′ that is not covered by S′′. Notice that this set
must be of size 1 from the construction of C2; let {s} be such a set, where s ∈ S. The reason we have the set {s}
in C2 is that because there were more than 6k2 sets in C1 containing s. If s is not in S′′, then all such sets of S1

must be covered by other line segments. But, from the construction of C1, every pair of line segments can appear
in at most 6k sets. So, |S′′| must be greater than k, which is a contradiction. A similar argument can be used
to show that a minimum-size cover for C1 is also is minimum-size cover for C2. This completes the proof of the
lemma.

Consider the set C2. By Lemma 9, no line segment of S appears in more than 6k2 sets in C2. Therefore, if
|C2| > 6k3, then the problem does not have a cover of size at most k. Since the construction of C2 can be done in
polynomial time, we have the following result.

Lemma 10. For the LSC problem on a set of axis-parallel line segments, in polynomial time, we can either obtain
a kernel of size O(k3) or conclude that the problem does not have a cover of size at most k, where k is the size of
an optimal cover.

Since having a kernel of size O(k3) implies that the problem is FPT [22], we have the main result of this
section.

Theorem 11. The line segment covering (LSC) problem on a set of axis-parallel line segments is FPT with respect
to the size of an optimal cover.

3.5.1 Generalization to Arbitrary Segments

The requirement that the segments in S be horizontal or vertical stems from our previous inability to generalize
Lemma 7 to arbitrary sets of non-overlapping segments. In this section, we lift that limitation by proving such a
generalization of the lemma in a surprisingly simpler way. Note, however, that since our bound on the number of
faces simultaneously covered by three segments increases from 6 to 8, the size of the kernel increases accordingly.

Lemma 3.1. Let S be a set of non-overlapping line segments in the plane. Then the number of faces in A(S)
covered simultaneously by three distinct segments in S is at most two plus twice the number of pairwise crossings
between these segments.
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Proof. Let F be the set of faces in A(S) simultaneously covered by distinct segments s1, s2, s3 ∈ S. For each face
f ∈ F , pick a point p(f) in the interior of f and, for each i ∈ {1, 2, 3}, pick a point p(si, f) on the intersection of
si and the boundary of f that does not belong to any other segment in S.

We shall construct a plane bipartite graph H as follows. For each face f ∈ F , �nd three paths inside f from
p(f) to p(si, f) for i ∈ {1, 2, 3} that are, save at p(f), pairwise disjoint. Split s1, s2 and s3 into 3 + k disjoint
chunks containing all points p(si, f) as in Figure 3.5, where k is the number of pairwise crossings among these
segments. For each chunk c, say from segment si, pick a point p(c) outside c but su�ciently close to it and �nd
paths from p(c) to the points p(si, f) for faces f ∈ F such that p(si, f) lies in c (Figure 3.6). Make sure the
paths for a chunk c are pairwise disjoint save at p(c), that the paths from di�erent chunks are pairwise disjoint
and that chunk paths are disjoint from face paths save at common endpoints p(si, f). The vertices of H are p(c)
for chunks c on one partition and p(f) for f ∈ F on another. To connect p(c) to p(f), �nd the segment si from
which c originates and join the paths from p(c) to p(si, f) and from p(f) to p(si, f) into an edge.

Since there are three outgoing paths from p(f) for f ∈ F , graph H has 3|F | edges. However, it has 3 +k+ |F |
vertices, so 3|F | ≤ 2(3 + k + |F |)− 4, or |F | ≤ 2 + 2k, as H is plane and bipartite.

3.6 Conclusion

In this paper, we considered the problem of covering the cells in the arrangement of a set of line segments in the
plane. We proved that the problem admits a PTAS when the covering line segments can be selected from only one
orientation. We then showed that if we allow selecting the covering line segments from more than one orientation,
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then the problem is APX-hard when we are interested in covering the rectangular cells. Finally, we gave an FPT
algorithm for the problem when the line segments have only two orientations, but the goal is to cover all the cells.

We conclude with several open problems. Our APX-hardness rules out the possibility of a PTAS for �covering
rectangular cells� variant of the problem, but is there a 2-approximation algorithm for the problem? For the
more general variant, where the line segments are in any orientation, covering line segments can be selected from
any orientation and the goal is to cover all the cells, can we obtain a c-approximation algorithm for some small
constant c?
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Abstract

We present optimal solutions to the problem of placing roads of bounded total length in the
plane so as to minimize the maximum travel time between two opposing sides of a square given
that traveling on and o� the roads is accomplished at di�erent speeds. We also consider an open
variant of this problem regarding circles instead of squares.

4.1 Introduction

We study a simple yet interesting problem. One has been assigned the task of laying down roads in the plane.
The goal is to facilitate trips from two given opposing sides of a unit square: trips o� the roads require one unit of
time per unit of distance, while trips on the roads are faster, requiring only α units of time per unit of distance,
where 0 ≤ α < 1. The metric by which we judge road networks is the maximum (shortest) travel time between
two points, one on each of the opposing sides. Furthermore, there is a budget constraint: the total length of the
roads may not exceed a parameter β > 0.

In this paper, we show road networks that make this maximum travel time the least possible (Figure 4.1).
This is for any choice of α, but limitations in our methodology demand the assumption that β ≤

√
2.

It is most natural for one to think of roads as recti�able curves and of road networks as �nite sets of such
curves whose total length does not exceed the budget. Unfortunately, such a natural de�nition would burden our
reasoning about travel times and fastest paths with real analysis technicalities. Therefore, we de�ne roads as line
segments and road networks as �nite sets of non-overlapping line segments. There should be little objection to
this de�nition because recti�able curves can be arbitrarily well approximated by line segments whose total length
is not greater.
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The remainder of this paper is organized as follows. In Section 4.2, we argue that road networks admit
polygonal fastest paths between any two points in the plane. We also argue that the objective value of road
networks, i.e., their maximum travel time, is well de�ned. In Section 4.3, we prove the optimality of our road
network designs. Finally, in Section 4.4, we consider a variant of this problem regarding circles which, as far as
we know, remains open.

The following notation is used throughout the paper. The Euclidean norm of a vector v ∈ R2 is denoted by
|v|. The length of a recti�able curve γ is denoted by |γ|. The length of a set S ⊆ R2 that is a �nite union of
line segments is denoted by |S|. The reverse of a curve γ : [0; 1] → R2 is the curve γ> : [0; 1] → R2 given by
γ>(t) = γ(1− t).

4.2 Road Networks and Fastest Paths

For a given �nite set R of non-overlapping line segments (the road network), the goals of this section are: to show
that there exists an injective polygonal fastest path (with respect to R) between any two points in the plane; to
de�ne a metric space (R2, δR) of fastest path (time) costs; and to prove that the maximum travel time between
two opposing sides of a square (with respect to R) is well de�ned. However, this is a rather technical section and
we recommend readers to whom these goals seem obvious skip to Section 4.3.

Let p, q ∈ R2 be two points in the plane and let γ be a path between them, i.e., γ : [0; 1] → R2 is a
recti�able curve with γ(0) = p and γ(1) = q. In some order, for each road s ∈ R, if s intersects Im(γ), let
ts = min{t : γ(t) ∈ s} and t′s = max{t : γ(t) ∈ s} (these exist since s is a closed set of R2) and replace the
restriction of γ to [ts; t

′
s] with a straight-line path contained in s. The resulting path is not slower than the

original one as each part that is replaced becomes a straight-line path fully sped up by a road. Furthermore, for
any t ∈ [0; 1] that has not been replaced, γ(t) can not be on any road. Indeed, if it were on a road s, then when
our procedure processed s, since t was never replaced, γ(t) ∈ s and so t ∈ [ts; t

′
s], which would get it replaced, a

contradiction. Therefore, the �nitely many parts of γ that were not replaced can also be replaced by line-segments
as the original parts were not sped up. This yields a polygonal path γ′ between p and q that is not slower than γ.

We also run a procedure to re�ne γ′: while there is some road s ∈ R that intersects Im(γ′) but is such that
the restriction of γ′ to {t : γ′(t) ∈ s} is not a straight-line path (for example if {t : γ′(t) ∈ s} is not a connected
set), we replace the restriction of γ′ to [min{t : γ′(t) ∈ s}; max{t : γ′(t) ∈ s}] by a straight-line path contained in
s. This procedure ends since each iteration must reduce the number of bends in the path. Since each replacement
is by a straight-line path fully sped up by a road, the resulting path γ′′ is not slower than γ′. Furthermore, since
the parts of γ′ outside the roads were all straight lines and since no parts outside the roads were introduced, γ′′

is in the set P of polygonal paths from p to q that do not re-enter roads and travel in straight lines between p,
q and entry and exit points of roads. Therefore, to accomplish the �rst goal of this section, we need only show
that there is a fastest path among the paths in P.

To that end, we introduce the notion of path encodings. Pick a subset S ⊆ R of size k, a permutation
π : {0, . . . , k − 1} → S and, for every i ∈ {0, . . . , k − 1}, two coe�cients λi, λ′i ∈ [0; 1]. Under some convention,
de�ne aS,π,i and bS,π,i as the endpoints of segment π(i) and pack all the coe�cients λi, λ′i into a vector Λ ∈ [0; 1]2k.
The encoded path γS,π,Λ is constructed as follows: start at p; for each i ∈ {0, . . . , k − 1} in increasing order, go
to pS,π,Λ,i = (1 − λi)aS,π,i + λibS,π,i in a straight line and then to qS,π,Λ,i = (1 − λ′i)aS,π,i + λ′ibS,π,i along the
segment π(i); go to q in a straight line. Note that all paths in P can be encoded in this manner: pick S as the
set of roads in R that overlap with the path, π as the permutation that sorts S by entry order and the Λ which
correctly encodes road entry and exit points. This is the canonical encoding of a path in P.

Unfortunately, the cost of γS,π,Λ may not be a continuous function of Λ due to unintended speed-ups. To
rectify this, we de�ne an intended path cost function

f(S, π,Λ) = |γS,π,Λ| − (1− α)

k−1∑
i=0

|qS,π,Λ,i − pS,π,Λ,i|.

This function is continuous on Λ and, because there are only �nitely many choices of S and π and because [0; 1]2k

is a compact set, we may apply Weierstrass' theorem (also known as the extreme value theorem) and conclude
that there are S∗, π∗ and Λ∗ minimizing f(S∗, π∗,Λ∗).
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(a) (b)

h

(c)

Figure 4.1: Optimal road network layouts when (a) α ≥
√

2− 1, when (b) α <
√

2− 1 and β ≤ 1− 2h and when
(c) α <

√
2− 1 and β > 1− 2h.

Observe now that the value through f of the canonical encoding of a path in P is that path's cost, which
implies that every path in P costs at least f(S∗, π∗,Λ∗). On the other hand, recall that there is a path γ′′ ∈P
whose cost is not greater than the cost of γS∗,π∗,Λ∗ , which is upper-bounded by f(S∗, π∗,Λ∗). It follows that this
polygonal path γ′′ costs no more than any path in P and is thus a fastest path. Furthermore, clipping any loops
in γ′′ does not make the path slower, leaving us with an injective polygonal fastest path.

Next we de�ne the metric space (R2, δR) of fastest path costs with respect to R by letting δR(p, q) be the time
a fastest path between p and q takes. That a metric space is properly formed easily follows from fastest path
properties, such as the triangle inequality.

As a matter of fact, δR satisfying the triangle inequality implies it is continuous. Therefore, so is the function

f : [0; 1]2 → R
(x, y) 7→ δR((1− x)A+ xB, (1− y)D + yC),

where A,B,C,D ∈ R2 are the corners of the unit square, as depicted in Figure 4.2. The maximum value attained
by f , which exists due to Weierstrass' theorem, is therefore the maximum travel time of the road network R.

4.3 Optimal Road Networks across a Square

In this section, for any �xed parameters α and β with 0 ≤ α < 1 and 0 < β ≤
√

2, we construct a (line segment)
road network and prove it has minimum maximum travel time between any point in the top side of the unit
square and any point in its bottom side. More precisely, if α ≥

√
2− 1, the layout is a centered cross with legs of

size β/4 (Figure 4.1a). Otherwise, let

h =
1 + α

2
√

4− (1 + α)2
∈
[

1

2
√

3
,

1

2

)
.

If β ≤ 1− 2h, then the layout is a centered vertical line segment of length β (Figure 4.1b). Finally, if α <
√

2− 1
and β > 1− 2h, then the layout is as in Figure 4.1c.

To arrive at these network designs and to show their optimality, our strategy is to �rst optimize crossings
rather than road networks. A crossing is a pair of paths between opposing corners of the unit square. More
precisely, if Γ(p, q) is the set of injective polygonal paths from point p ∈ R2 to point q ∈ R2, then the set of
crossings is Γ(A,C)× Γ(B,D), which we denote simply by Γ2, where A,B,C,D ∈ R2 are the corners of the unit
square, as in Figure 4.2. In order to de�ne the cost of a crossing, we start by de�ning its cost with respect to
a particular road network R. To that end, note that, for any injective polygonal path γ, it is straightforward
to de�ne cR(γ), the cost of γ with respect to R: we simply let cR(γ) = |γ| − (1 − α)|Im(γ) ∩ R|. The cost of a
crossing (γ0, γ1) ∈ Γ2 with respect to R is then de�ned as cR(γ0, γ1) = max{cR(γ0), cR(γ1)}.
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A B

CD
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Figure 4.2: A crossing (γ0, γ1) ∈ Γ2 with |γ0| > |γ1| and the crossing (T ◦ γ1, T ◦ γ0).

We would like to de�ne the cost c(γ0, γ1) of a crossing (γ0, γ1) ∈ Γ2 as the minimum of cR(γ0, γ1) over all road
networks R. While demonstrating that this minimum is indeed achievable, we will compute it explicitly in terms
of |γ0|, |γ1| and |Im(γ0) ∩ Im(γ1)|. We assume that |γ0| ≤ |γ1|, abbreviate |Im(γ0) ∩ Im(γ1)| as ` and consider
three cases. First, if β ≤ `, it is clear that the best we can do is place all the roads in Im(γ0) ∩ Im(γ1), where
we speed up both paths, yielding a cost of |γ1| − (1 − α)β. For larger budgets, the remainder can only speed
up γ0 or γ1 individually, so our �rst priority must be to bring down the cost of γ1 to that of γ0. Therefore, if
` < β ≤ `+ (|γ1| − |γ0|)/(1−α), we should �rst �ll Im(γ0)∩ Im(γ1) with roads and then put the remaining roads
on Im(γ1)\ Im(γ0), also yielding a cost of |γ1|− (1−α)β. Finally, if β > `+ (|γ1|− |γ0|)/(1−α), then, after �lling
Im(γ0) ∩ Im(γ1) and equating the costs of γ0 and γ1, we should evenly divide the remaining budget between the
unpaved parts of γ0 and γ1, resulting in a cost of

|γ0| − (1− α)`− 1− α
2

(
β − `− |γ1| − |γ0|

1− α

)
=
|γ0|+ |γ1|

2
− (1− α)

β + `

2
.

Note that there is no danger of oversaturating the paths with roads because β ≤
√

2 ≤ |γ0| ≤ |γ1|. Putting all
this together, we de�ne, for |γ0| ≤ |γ1|,

c(γ0, γ1) =


|γ1| − (1− α)β, β ≤ `+

|γ1| − |γ0|
1− α

|γ0|+ |γ1|
2

− (1− α)
β + `

2
, otherwise.

To de�ne c(γ0, γ1) when |γ0| > |γ1|, �rst consider the linear transformation T : R2 → R2 that orthogonally
re�ects a point around the bisector of A and B. A crossing (γ0, γ1) ∈ Γ2 with |γ0| > |γ1| then has a corresponding
crossing (T ◦ γ1, T ◦ γ0) ∈ Γ2 with |T ◦ γ1| = |γ1| < |γ0| = |T ◦ γ0| (Figure 4.2). Exploiting the symmetry of the
transformation, we de�ne c(γ0, γ1) = c(T ◦ γ1, T ◦ γ0).

Having de�ned a cost function c : Γ2 → R, we now turn our attention to �nding a crossing of minimum cost.
In that pursuit, the following lemma will prove itself very useful.

Lemma 4.1. Let (γ0, γ1), (γ′0, γ
′
1) ∈ Γ2 be two crossings satisfying:

• max{|γ′0|, |γ′1|} ≤ max{|γ0|, |γ1|}; and

• |Im(γ0) ∩ Im(γ1)| − |Im(γ′0) ∩ Im(γ′1)| ≤ |γ0|+ |γ1| − |γ′0| − |γ′1|
1− α

.

Then c(γ′0, γ
′
1) ≤ c(γ0, γ1).
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Proof. The key observation is that the de�nition of the cost of a crossing only depends on the length of its paths
and the length of the intersection of their images. Acting on this observation, for non-negative real numbers x, y
and z, we de�ne

c(x, y, z) =


y − (1− α)β, β ≤ z +

y − x
1− α

x+ y

2
− (1− α)

β + z

2
, otherwise.

This is a continuous function on x, y and z since, when β = z + (y − x)/(1− α),

y − (1− α)β = x− (1− α)z =
x+ y

2
− (1− α)

β + z

2
.

Note that c(γ0, γ1) = c(x, y, z) for x = min{|γ0|, |γ1|}, y = max{|γ0|, |γ1|} and z = |Im(γ0)∩Im(γ1)|. Similarly,
c(γ′0, γ

′
1) = c(x′, y′, z′) for x′ = min{|γ′0|, |γ′1|}, y′ = max{|γ′0|, |γ′1|} and z′ = |Im(γ′0) ∩ Im(γ′1)|. Therefore, we

need only show that c(x′, y′, z′) ≤ c(x, y, z) given that y′ ≤ y and z − z′ ≤ (x+ y − x′ − y′)/(1− α).
Consider the closed 3-dimensional half-space H = {(x, y, z) ∈ R3 : β ≤ z + (y − x)/(1 − α)} and the 3-

dimensional path
f : [0; 1] → R3

t 7→ (1− t)

x′y′
z′

+ t

xy
z

 .
If f(U) ⊆ H for some open set U of [0; 1], then we can compute the derivative (c ◦ f)′(t) = y − y′ ≥ 0 for t ∈ U .
Furthermore, since R3 \H is open, whenever f(t) ∈ R3 \H, we can also compute the derivative

(c ◦ f)′(t) =
x− x′ + y − y′

2
− (1− α)

z − z′

2
≥ 0.

Because Im(f) can either be contained in the boundary of H or intersect this boundary in at most one point, the
derivative of the continuous function c ◦ f exists and is non-negative in all points of [0; 1] except possibly for one.
Therefore we are allowed to conclude that (c ◦ f)(0) ≤ (c ◦ f)(1) or, equivalently, c(x′, y′, z′) ≤ c(x, y, z).

In our �rst application of Lemma 4.1, we show that we may disregard crossings that do not e�ectively
cross in our search for an optimal crossing. Indeed, if (γ0, γ1) ∈ Γ2 is such that Im(γ0) ∩ Im(γ1) = {}, then
consider the crossing (

−→
AC,
−−→
BD) ∈ Γ2. We have that |

−→
AC| =

√
2 ≤ |γ0|, that |

−−→
BD| =

√
2 ≤ |γ1| and that

|Im(
−→
AC) ∩ Im(

−−→
BD)| = 0 = |Im(γ0) ∩ Im(γ1)|, so the lemma allows us to conclude that c(

−→
AC,
−−→
BD) ≤ c(γ0, γ1).

Consider then a crossing (γ0, γ1) ∈ Γ2 with Im(γ0) ∩ Im(γ1) 6= {}. Since Im(γ1) is a closed set of R2, we can
de�ne the points

X = γ0(min{t : γ0(t) ∈ Im(γ1)}) and Y = γ0(max{t : γ0(t) ∈ Im(γ1)}).

Because γ0 is injective, the pointsX and Y determine a piece of γ0. Likewise, a piece of γ1 is determined, but while
γ0 reaches X before Y , γ1 may reach Y before X. However, if that is the case, we can use the linear transformation
T ′ : R2 → R2 that orthogonally re�ects points around the line

←→
AC to obtain a crossing (T ′ ◦ γ0, T

′ ◦ γ>1 ) ∈ Γ2, as
depicted in Figure 4.3. Since |T ′ ◦ γ0| = |γ0|, |T ′ ◦ γ>1 | = |γ1| and |Im(T ′ ◦ γ0)∩ Im(T ′ ◦ γ>1 )| = |Im(γ0)∩ Im(γ1)|,
we have c(γ0, γ1) = c(T ′ ◦ γ0, T

′ ◦ γ>1 ) by Lemma 4.1. Therefore, we may assume, without loss of generality, that
γ1, like γ0, moves from X to Y .

In order to successfully apply Lemma 4.1 again, we introduce a few de�nitions. The saturation of a point
p ∈ R2 to a (closed) half-plane H ⊆ R2 is p itself if p ∈ H and the orthogonal projection of p on the line at the
boundary of H if p 6∈ H. The saturation of a point p ∈ R2 to a convex polygon is the point in that polygon
obtained by iteratively saturating p to each of the �nitely many half-planes that contain the polygon and whose
boundaries contain one of its edges (under some order convention). Because saturating a point to a half-plane
does not increase its distance to points in that half-plane and because simultaneously orthogonally projecting two
points on a line does not increase their distance to each other, the points X ′ and Y ′ obtained by respectively
saturating X and Y to the square ABCD satisfy |X ′Y ′| ≤ |XY | and, for each corner Q ∈ {A,B,C,D} of the
square ABCD, both |QX ′| ≤ |QX| and |QY ′| ≤ |QY | hold.
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Figure 4.3: Example of crossings (γ0, γ1) and (T ′ ◦ γ0, T
′ ◦ γ>1 ).

A B

CD

X ′

Y ′X ′′

Figure 4.4: Rectifying the situation where X ′ is closer to
←→
DC than Y ′.

It is rather inconvenient that X ′ could be closer to the line
←→
DC than Y ′, so we de�ne the point X ′′ ∈ R2 as

X ′ if this is not the case and as the intersection of the line parallel to
←→
AD containing X ′ and the line parallel

to
←→
AB containing Y ′ otherwise (Figure 4.4). Since X ′ and Y ′ are in the square ABCD, it is straightforward to

verify that |AX ′′| ≤ |AX ′|, |BX ′′| ≤ |BX ′| and |X ′′Y ′| ≤ |X ′Y ′|.
Next, we apply Lemma 4.1 with (γ′0, γ

′
1) = (

−−−−−−→
AX ′′Y ′C,

−−−−−−→
BX ′′Y ′D). Since both γ0 and γ1 visit X then Y , we

have that

|γ0| ≥ |AX|+ |XY |+ |Y C|
≥ |AX ′|+ |X ′Y ′|+ |Y ′C|
≥ |AX ′′|+ |X ′′Y ′|+ |Y ′C|
= |γ′0|
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and

|γ1| ≥ |BX|+ |XY |+ |Y D|
≥ |BX ′|+ |X ′Y ′|+ |Y ′D|
≥ |BX ′′|+ |X ′′Y ′|+ |Y ′D|
= |γ′1|,

from where we have the �rst hypothesis of the lemma satis�ed. To verify the second one, observe that

|γ′0|+ |γ′1| = |AX ′′|+ |BX ′′|+ 2|X ′′Y ′|+ |Y ′C|+ |Y ′D|

while, since Im(γ0) ∩ Im(γ1) is contained in the piece of γ0 from X to Y ,

|γ0|+ |γ1| ≥ |AX|+ |Im(γ0) ∩ Im(γ1)|+ |Y C|+ |BX|+ |XY |+ |Y D|
≥ |AX ′|+ |Im(γ0) ∩ Im(γ1)|+ |Y ′C|+ |BX ′|+ |X ′Y ′|+ |Y ′D|
≥ |AX ′′|+ |Im(γ0) ∩ Im(γ1)|+ |Y ′C|+ |BX ′′|+ |X ′′Y ′|+ |Y ′D|,

so

|γ0|+ |γ1| − |γ′0| − |γ′1|
1− α

≥ |γ0|+ |γ1| − |γ′0| − |γ′1|

≥ |Im(γ0) ∩ Im(γ1)| − |X ′′Y ′|
= |Im(γ0) ∩ Im(γ1)| − |Im(γ′0) ∩ Im(γ′1)|.

This step was quite important as now we can restrict our attention to crossings of the form (
−−−−−→
AXY C,

−−−−−→
BXYD)

with (X,Y ) in the set XY of pairs of points in the square ABCD whose �rst point is not closer to the line
←→
DC than its second one (note that this condition implies that

−−−−−→
AXY C and

−−−−−→
BXYD are injective paths). Our

optimization problem over pairs of paths has become one over pairs of points, so, for convenience, let us de�ne
the cost c(X,Y ) of a pair of points (X,Y ) ∈ XY as c(

−−−−−→
AXY C,

−−−−−→
BXYD).

Before continuing, let us consider a brief lemma.

Lemma 4.2. Let ` and `′ be two parallel lines in R2 and let A and B be two points in `. Then a point C in `′

that minimizes |AC|+ |BC| is the one on the bisector of A and B.

Proof. If ` = `′ then clearly the optimal points are the ones on the segment AB. Otherwise, consider the ellipse
with foci A and B whose boundary contains C (the point on `′ that is on the bisector of A and B). The ellipse
is tangent to `′ so it contains no other points of `′ (Figure 4.5). However, it is the locus of points P ∈ R2 with
|AP |+ |BP | ≤ |AC|+ |BC|, which shows that, for every point C ′ ∈ `′ \ {C}, |AC ′|+ |BC ′| > |AC|+ |BC|.

We now proceed to show that we may assume that X and Y lie in the bisector line m of A and B. To
that end, for an arbitrary (X,Y ) ∈ XY, de�ne the pair (X ′, Y ′) ∈ XY by letting X ′ and Y ′ be the orthogonal
projections of X and Y onto m, respectively. We shall apply Lemma 4.1 to show that c(X ′, Y ′) ≤ c(X,Y ), i.e.,

c(γ′0, γ
′
1) ≤ c(γ0, γ1) where (γ′0, γ

′
1) = (

−−−−−−→
AX ′Y ′C,

−−−−−−→
BX ′Y ′D) and (γ0, γ1) = (

−−−−−→
AXY C,

−−−−−→
BXYD).

Applying Lemma 4.2 to
←→
AB and the line parallel to it that contains X gives us |AX ′|+ |BX ′| ≤ |AX|+ |BX|.

Likewise, applying the lemma to
←→
DC and the line parallel to it that contains Y yields |DY ′|+|CY ′| ≤ |DY |+|CY |.

Furthermore, orthogonally projecting points simultaneously on a line never increases their distance, so |X ′Y ′| ≤
|XY |.

To verify the hypotheses of the lemma, �rst note that since X ′, Y ′ ∈ m,

|γ′0| = |AX ′|+ |X ′Y ′|+ |Y ′C| = |BX ′|+ |X ′Y ′|+ |Y ′D| = |γ′1|,

43



`

`′

A B

C C ′

Figure 4.5

so

2 max{|γ′0|, |γ′1|} = 2 min{|γ′0|, |γ′1|}
≤ |γ′0|+ |γ′1|
= |AX ′|+ |BX ′|+ 2|X ′Y ′|+ |Y ′D|+ |Y ′C|
≤ |AX|+ |BX|+ 2|XY |+ |Y D|+ |Y C|
= |γ0|+ |γ1|
≤ 2 max{|γ0|, |γ1|}.

Furthermore,

|γ0|+ |γ1| − |γ′0| − |γ′1|
1− α

≥ |γ0|+ |γ1| − |γ′0| − |γ′1|

=
|AX|+ |BX|+ 2|XY |+ |Y D|+ |Y C|

−|AX ′| − |BX ′| − 2|X ′Y ′| − |Y ′D| − |Y ′C|
≥ 2|XY | − 2|X ′Y ′|
≥ |XY | − |X ′Y ′|
= |Im(γ0) ∩ Im(γ1)| − |Im(γ′0) ∩ Im(γ′1)|.

With its hypotheses veri�ed, the lemma allows us to conclude that c(X ′, Y ′) = c(γ′0, γ
′
1) ≤ c(γ0, γ1) = c(X,Y )

and so we may assume, without loss of generality, that X,Y ∈ m.
Given now a particular (X,Y ) ∈ XY with X,Y ∈ m, de�ne (X ′, Y ′) ∈ XY in such a way that X ′, Y ′ ∈

m, |X ′Y ′| = |XY | and the middle point of X ′Y ′ is the center of the square ABCD. We wish to show that
c(X ′, Y ′) ≤ c(X,Y ), so we can assume that |XY | < 1 as (X ′, Y ′) = (X,Y ) if |XY | = 1. Figure 4.6 shows two
triangles obtained from XY and X ′Y ′ which, by Lemma 4.2, show that |AX ′|+ |Y ′D| ≤ |AX|+ |Y D|. Because
m is the bisector of AB and hence also of DC and because |X ′Y ′| = |XY |, Lemma 4.1 can be easily applied to
obtain c(X ′, Y ′) ≤ c(X,Y ).

This is an important realization since (X ′, Y ′) has one less degree of freedom than (X,Y ): it is uniquely
determined by the value |X ′Y ′| or, equivalently, by the angle B̂AX ′. Our optimization problem can therefore be
reformulated as: �nd an angle θ ∈ [0;π/4] for which c(θ) = c(X(θ), Y (θ)) is minimized, where (X(θ), Y (θ)) is the

only pair in XY with X(θ), Y (θ) ∈ m and both angles ̂BAX(θ) and ̂CDY (θ) equal to θ (Figure 4.7).
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Figure 4.6: Extracting triangles from XY and X ′Y ′.
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Y (θ)

θ

Figure 4.7: A depiction of the crossing induced by a particular angle θ ∈ [0;π/4].
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Recall that c(X(θ), Y (θ)) is the minimum maximum cost of the paths
−−−−−−−−−→
AX(θ)Y (θ)C and

−−−−−−−−−→
BX(θ)Y (θ)D that

can be obtained by placing at most β units of road in the plane. Recall also that the best way to achieve this is
to place as much road as possible on the segment X(θ)Y (θ) and to distribute the remainder evenly between the
two paths. Therefore, since |X(θ)Y (θ)| = 1− tan θ and

|AX(θ)| = |BX(θ)| = |Y (θ)D| = |Y (θ)C| = 1

2 cos θ
,

we may express c(θ) explicitly as

c(θ) =


1

cos θ
+ 1− tan θ − (1− α)β, θ ≤ arctan(1− β)

1

cos θ
+ 1−

(
1 + α

2

)
tan θ −

(
1− α

2

)
(β + 1), θ ≥ arctan(1− β)

since the expression in the second case is a simpli�cation of

1

cos θ
+ 1− tan θ − (1− α)

(
1− tan θ +

β − (1− tan θ)

2

)
and it is easy to verify that both cases meet when β = 1− tan θ.

The derivative of the �rst case with respect to θ is (sin θ − 1)/ cos2 θ, which is always non-positive, implying
that c(θ) is non-increasing for θ ≤ arctan(1− β). The derivative of the second case is (sin θ − (1 + α)/2)/ cos2 θ,
so this second case is non-increasing for θ ≤ arcsin((1 + α)/2) and non-decreasing for θ ≥ arcsin((1 + α)/2).
Therefore, since arctan(1− β) < π/4, there are three mutually exclusive possibilities:

• arcsin((1 + α)/2) ≥ π/4, wherein both cases in the de�nition of c(θ) are non-increasing and therefore π/4
is optimal;
• arcsin((1+α)/2) ≤ arctan(1−β), wherein the �rst case is non-increasing and the second one non-decreasing,
which makes arctan(1− β) optimal (note that π/6 ≤ arcsin((1 + α)/2) ≤ arctan(1− β) < π/4); and
• arctan(1− β) < arcsin((1 +α)/2) < π/4, wherein the �rst case and the second case up to arcsin((1 +α)/2)
are non-increasing and the second case after arcsin((1 + α)/2) is non-decreasing, making arcsin((1 + α)/2)
optimal.

These three possibilities correspond to the ones in Figure 4.1. Indeed, since 0 ≤ α < 1, arcsin((1 +α)/2) ≥ π/4 is
equivalent to α ≥

√
2−1. Furthermore, arcsin((1 +α)/2) ≤ arctan(1−β) is equivalent to tan arcsin((1 +α)/2) ≤

1− β, which is equivalent to

(1 + α)/2√
1− ((1 + α)/2)2

≤ 1− β ⇐⇒ β ≤ 1− 1 + α√
4− (1 + α)2

= 1− 2h.

Likewise, arctan(1− β) < arcsin((1 + α)/2) < π/4 is equivalent to α <
√

2− 1 and β > 1− 2h.
So far, for every α ∈ [0; 1) and every β ∈ (0;

√
2], we have found a crossing (γ∗0 , γ

∗
1) ∈ Γ2 that minimizes

c(γ∗0 , γ
∗
1), which in turn is the minimum over all line-segment road networks R of max{cR(γ∗0 ), cR(γ∗1 )}. This is

quite an achievement as not only we have shown how to obtain a particular line-segment road network R∗ of
minimum max{cR∗(γ∗0 ), cR∗(γ

∗
1 )}, but also this road network can be made the same as the ones depicted in Figure

4.1.
Furthermore, for any line-segment road networkR, we have max{cR∗(γ∗0), cR∗(γ

∗
1)} ≤ max{δR(A,C), δR(B,D)}

as otherwise fastest paths with respect to R from A to C and from B to D would contradict the optimality of
(γ∗0 , γ

∗
1 ) andR∗. Therefore, if we de�ne the crossing time of a line-segment road networkR as max{δR(A,C), δR(B,D)},

then R∗ is a line-segment road network of minimum crossing time since δR∗(A,C) ≤ cR∗(γ
∗
0) and δR∗(B,D) ≤

cR∗(γ
∗
1 ).

Recall that our original problem is to �nd a line-segment road network of minimum maximum travel time.
Recall also that the maximum travel time of a line-segment road network R is the maximum value of δR(p, q)
for points p in AB and q in DC. It is thus clear that the crossing time of any line-segment road network is a
lower bound on its maximum travel time. Therefore, if we are able to show that the crossing time of R∗ equals
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A B

CD

m

1/4

θ

R∗

1− tan θ

Figure 4.8: An example of a path from a point in AB to a point in DC that is at least as fast as γ∗0 and γ∗1 .

its maximum travel time, we would have shown R∗ to be of minimum maximum travel time as well, establishing
the advertised optimality of the road networks in Figure 4.1.

It is enough to show that the points where γ∗0 and γ∗1 enter and leave the road network R∗ are at an orthogonal
distance of at most 1/4 from m (Figure 4.8). Indeed, then every point in AB can reach one of these entry points
at least as fast as γ∗0 and γ∗1 and every point in DC can be reached from one of these exit points at least as fast
as D and C can. Fastest paths between points in AB and DC can thus not take longer than γ∗0 and γ∗1 .

To conclude the proof, observe that R∗ is as in Figure 4.8 for a particular value of θ ∈ [π/6;π/4]. Each leg of
the road network has length (β− (1− tan θ))/4, so the orthogonal distance from the entry and exit points to m is

β − (1− tan θ)

4
cos θ =

(β − 1) cos θ + sin θ

4
≤ (
√

2− 1) cos θ + sin θ

4
.

As θ ≤ π/4, we have cos θ ≥
√

2/2 and sin θ ≤
√

2/2, so the derivative of this expression with respect to θ is

−(
√

2− 1) sin θ + cos θ ≥ −(
√

2− 1)

√
2

2
+

√
2

2
=
√

2− 1 > 0

and therefore the maximum orthogonal distance is achieved by θ = π/4 (and β =
√

2), which yields 1/4, as
desired.

4.4 Road Placement in a Circle

In this section we brie�y consider an open variant of this problem and show a counterexample to an intuitive
conjecture that might be made regarding it. This time we are given a unit circle and would like to place roads in
the plane in order to minimize the maximum travel time between any two points in the boundary of the circle.
The total length of the roads should not exceed a budget of 1 and there is no cost to traveling on the roads.

With these simplifying assumptions, one might wonder whether a concentric circle (Figure 4.9a) is an optimal
way to lay down these roads. Any point in the boundary of the unit circle requires 1− 1/2π time to reach the road
network, so antipodal points in the boundary of the circle require 2− 1/π time to reach each other (as not using
any road would take 2 units of time). However, since the road network is connected and free to traverse, every
pair of points in the boundary of the unit circle can reach each other through the road network in time 2− 1/π,
so this is the maximum travel time of this particular network.

Figure 4.9b shows a better approach. We let

r =
4
√
π2 + 2π + 4− 2π − 8

2π2
≈ 0.1861

47



(a) (b)

Figure 4.9: Two possible network layouts for the unit circle.

and construct a concentric semi-circle of radius r and two equally sized tangent segments using up the rest of the
budget.

Figure 4.10 illustrates how we go about proving that the maximum travel time for this network is at most
1.63 < 1.68 < 2− 1/π. Since the total length of the network is 1, the distance from the origin to B is (1− πr)/2,
so |BC| = (1 + πr)/2. As |AB| = r, applying the Pythagorean theorem on the triangle ABC yields |AC| =√
r2 + (1 + πr)2/4, which can easily be computationally veri�ed to be 1 − r, though a rather laborious manual

veri�cation is also feasible. It is evident that all points in the boundary of the circle and below line ` can reach
the network in time at most 1 − r. However, because |AC| = 1 − r > |AD|, all boundary points above ` and
to the left of the y-axis can reach the network at point A in at most 1 − r time. Due to the construction being
symmetric, the boundary points to the right of the y-axis and above ` can also reach the network in such time.
Therefore, with all the boundary points being able to reach the network, which is connected, in time at most
1− r, the maximum travel time of this network is at most 2− 2r < 1.63.

4.5 Conclusions

We studied a road placement problem in the unit square and in the unit circle. We were able to design road
network layouts that minimize the maximum travel time between opposing sides of the unit square for any road
velocity and budgets up to

√
2. On the circle version, however, we were much less fortunate, being unable to �nd

optimal layouts but disproving a natural conjecture.
Apart from the two obvious open problems of �nding optimal layouts for the circle and for the unit square

when β >
√

2, we pose the open problems of designing directed road networks. A directed road can be traversed
at a faster speed, but only in the direction it was built. Building a bidirectional road thus costs twice as much as a
directed road of same geometry. We conjecture that the concentric layouts in Figure 4.11 minimize the maximum
travel times between points in the boundary of a unit square and of a unit disk, respectively.
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Chapter 5

Constant Delay Lattice Train Schedules
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Abstract

Ajaykumar et al. (Problems on one way road networks, Proceedings of the CCCG 2016,
pages 303�308) considered the following vehicle scheduling problem: given continuous curves
f1, . . . , fn : R → R2, �nd non-negative delays t1, . . . , tn minimizing max{t1, . . . , tn} while such
that, for every distinct i and j and every time t, |fj(t − tj) − fi(t − ti)| > `, where ` is a given
safety distance.
We study a simpler variant of this problem where we consider trains of �xed length ` that move
at constant speed and sets of train lines, each of which consisting of an axis-aligned line-segment
track with endpoints in the integer lattice Zd and of a direction of movement (towards ∞ or
−∞). We are interested in upper bounds on the maximum delay we need to introduce on any
line to avoid collisions, but more speci�cally on universal upper bounds that apply no matter
the set of train lines.
We show small universal constant upper bounds for d = 2 and any given ` and also for d = 3 and
` = 1. Through clique searching, we were also able to show that several of these upper bounds
are tight.

5.1 Introduction

Ajaykumar et al. [2] considered the following problem: given a set S = {f1, . . . , fn} of curves, �nd a maximum
subset S′ ⊆ S such that, for any two distinct fi, fj ∈ S′, there is no time 0 ≤ t ≤ 1 such that fi(t) = fj(t). Though
there are some approximation algorithms, it is shown that most versions of these problems are NP-hard. This is
true even when the curves are same-sized L-shapes and trajectories have the same constant speed. During a talk
by Sasanka Roy on this problem at Stony Brook University, Joseph S. B. Mitchell and Esther M. Arkin posed the
following variation: given S = {f1, . . . , fn} where fi : R→ R2 is a continuous function, we wish to assign delays

1School of Computer Science and Electrical Engineering, University of Ottawa, Ottawa, Canada
2School of Computer Science, Carleton University, Ottawa, Canada
3School of Computer Science, Carleton University, Ottawa, Canada
4Indian Statistical Institute, Kolkata, India
5School of Computer Science and Electrical Engineering, University of Ottawa, Ottawa, Canada
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ti ≥ 0 so that, for any two distinct fi, fj ∈ S, there is no time t ∈ R such that |fj(t− tj)− fi(t− ti)| ≤ `; we also
wish that the maximum delay is minimized.

Automated guided vehicles (AGVs) and automated vehicle routing are currently some of the most proli�c �elds
in the domain of motor vehicle technology, enjoying a large body of research addressing a large number of related
algorithmic and optimization problems. The �eld of automated guided vehicles has a long and rich history and is
closely related to our work. For an elaborate review, the reader is referred to a survey by Vis [56], though [28] is a
more recent one. A central topic in this �eld is collision avoidance. Kim and Tanchoco [31] propose an algorithm
based on Dijkstra's that facilitate con�ict-free routing of AGVs. It runs in O(v4n2), where v is the number of
vehicles and n is the number of nodes, i.e., path intersections. Arora et al. [53] used techniques based on game
theory to design a methodology for AGV tra�c control. Yan et al. [57] studied collision-free routing of AGVs
on both unidirectional and bidirectional paths using digraphs. For more information on con�ict-free routing of
AGVs, the reader is referred to [32, 38, 34]. For an elaborate survey on routing and scheduling algorithms for
AGVs, see [36]. Other related work in this area includes the study of One Way Road Networks (OWRNs) by
Ajaykumar et al. [29], its motivation [45] and [39, 20, 48].

We study a simple vehicle scheduling problem in which many times we are guaranteed schedules with at most
a constant delay.

5.2 Preliminaries

De�nition 5.1. A (d-dimensional) train line consists of a track, which is a line segment in Rd with distinct
endpoints distinguished between a departure point and an arrival point, of a car length and of a velocity, which
are positive real numbers. A set of train lines with non-overlapping (but possibly crossing) tracks is called a train
network.

De�nition 5.2. For a set of real numbers X and a real number y, we denote {x+ y : x ∈ X} by X + y.

De�nition 5.3. A (collision-free) schedule for a train network is an assignment of a departure time, which is a
non-negative real number, to each of its lines with the property that every pair of cars (on lines whose tracks
cross) do not collide, i.e., the open intervals (0; `/v)+(t+δ/v) and (0; `′/v′)+(t′+δ′/v′) do not intersect, where t
and t′ are the respective departure times of the lines, δ and δ′ are the respective distances between the departure
points of the lines and the crossing point, ` and `′ are the respective car lengths of the lines and v and v′ their
respective velocities. The (departure) makespan of the schedule is the maximum departure time it assigns. An
integer schedule is one that only assigns integer departure times.

An alternative way to understand con�ict-free schedules is to imagine each line's car starts �underground�
with the front at the departure point and moves towards the arrival point at the line's velocity, where it moves
�underground� again (Figure 5.1). A departure time assignment is then a con�ict-free schedule if, and only if, the
line segments that correspond to the �above-ground� parts of these cars never cross. For an example, see Figure
5.2.

It is straightforward that every train network admits a schedule: simply wait for the previous train to �nish
its course before sending the next one.

De�nition 5.4. A train network is regular if all its lines' velocities are 1, all its car lengths are the same and
integer, all its tracks are axis-aligned and all its departure and arrival points are in Zd.

Theorem 5.5. All regular train networks admit an integer schedule of minimum makespan (among all schedules,
integer or otherwise).

Proof. It is enough to show that, for an arbitrary schedule for a regular train network, assigning to each line a
departure time equal to the �oor of the original time will not result in any collisions. Indeed, take two lines whose
tracks cross and de�ne t, t′, δ, δ′, v, v′, ` and `′ as in de�nition 5.3. We thus have δ, δ′ ∈ Z, v = v′ = 1 and
` = `′ ∈ N \ {0}.

The schedule being collision-free ensures that ((0; `) + (t + δ)) ∩ ((0; `) + (t′ + δ′)) = {}, which is equivalent
to (0; `) ∩ ((0; `) + (t′ − t + δ′ − δ)) = {}. Because t′ − t and bt′c − btc di�er by less than 1, bt′c − btc is either
bt′ − tc or dt′ − te. Therefore, since ` and δ′ − δ are integers, the open interval (0; `) + (bt′c − btc + δ′ − δ) can
not intersect (0; `), which implies our assignment is collision-free.
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Figure 5.1: An illustration of the journey of a train.

(a)

3

0

1

2

1 2 3 0
(b)

Figure 5.2: If unit velocity trains of length 2 depart simultaneously from the circles in (a), there will be collisions
at the marked intersections. However, if delays are introduced as in (b), no collisions will occur.
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De�nition 5.6. Consider a train line with an axis-aligned track that departs from p ∈ Rd and arrives at p+αei,
where ei is the i-th vector of the canonical basis of Rd (0 ≤ i < d) and α ∈ R \ {0}. The axis of the line is the
number i. Furthermore, we say this line is positive if α > 0 and negative if α < 0, with its sign being 1 or −1,
respectively.

De�nition 5.7. For any modulus k ∈ N \ {0}, we extend the modulo k function to real numbers as follows: if
x ∈ R, then x mod k = (bxc mod k) + (x− bxc). Furthermore, for a set X ⊆ R, we denote {x mod k : x ∈ X} by
X mod k.

5.3 Results

Theorem 5.8. Any regular (d-dimensional) train network with cars of length ` and only positive lines has a
schedule with makespan at most d`− 1.

Proof. Assign departure time
(
`a+

∑d−1
i=0 pi

)
mod (d`) to lines departing from p = (p0, . . . , pd−1) ∈ Rd with axis

a ∈ {0, . . . , d − 1}. Consider then a crossing between a line departing from p = (p0, . . . , pd−1) ∈ Rd with axis a
and another line departing from p′ = (p′0, . . . , p

′
d−1) ∈ Rd with axis a′ 6= a. In the notation of de�nition 5.3, we

have t =
(
`a+

∑d−1
i=0 pi

)
mod (d`), t′ =

(
`a′ +

∑d−1
i=0 p

′
i

)
mod (d`), δ = p′a − pa, δ′ = pa′ − p′a′ and v = v′ = 1.

Thus, modulo d`,

t′ − t+ δ′ − δ ≡ `(a′ − a) +

d−1∑
i=0

(p′i − pi)− (p′a′ − pa′)− (p′a − pa)

≡ `(a′ − a) +

d−1∑
i = 0

i 6∈ {a, a′}

(p′i − pi)

≡ `(a′ − a)

since, for axes i 6∈ {a, a′}, we have pi = p′i as the lines cross. However, ((0; `) + (t′ − t+ δ′ − δ)) mod (d`) can not
intersect (0; `) mod (d`) = (0; `) because a 6= a′. Therefore, (0; `) ∩ ((0; `) + (t′ − t+ δ′ − δ)) = {} and there is no
collision.

Theorem 5.9. Any regular 2-dimensional train network with car length ` has a schedule with makespan at most
M − 1, where

M =


2, ` = 1

8, ` = 2

6`, ` ≥ 3.

Proof. Assign departure time

σ
(
x+ y + (1− a)

(
−2(y mod `)− `+ 1

)
+ a
(
−2(x mod `) + 2`− 1

))
mod M

to lines departing from (x, y) with axis a and sign σ. Consider then a horizontal line departing from (x, y) with
sign σ that crosses a vertical line departing from (x′, y′) with sign σ′. In the notation of de�nition 5.3, we have
t = σ(x + y − 2(y mod `) − ` + 1), t′ = σ′(x′ + y′ − 2(x′ mod `) + 2` − 1), δ = σ(x′ − x), δ′ = −σ′(y′ − y) and
v = v′ = 1.

Note that M ≥ 2` and so it is enough to show that ((t′ − t) + (δ′ − δ)) mod M ∈ {`, . . . ,M − `}, as then
(0; `) mod M = (0; `) does not intersect ((0; `) + (t′ − t + δ′ − δ)) mod M = (0; `) + ((t′ − t + δ′ − δ) mod M),
which implies (0; `)∩ ((0; `) + (t′− t+ δ′− δ)) = {}, i.e., a lack of collisions. We prove this by cases starting when
σ = σ′ = 1, which gives us, modulo M ,

t′ − t+ δ′ − δ ≡ x′ + y′ − 2(x′ mod `) + 2`− 1− y′ + y
−x− y + 2(y mod `) + `− 1− x′ + x

≡ 2(y mod `)− 2(x′ mod `) + 3`− 2.
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Because (y mod `), (x′ mod `) ∈ {0, . . . , `− 1}, we have that 2(y mod `)− 2(x′ mod `) + 3`− 2 ∈ {`, . . . , 5`− 4} ⊆
{`, . . . ,M − `}.

When σ = −1 and σ′ = 1, we have, modulo M ,

t′ − t+ δ′ − δ ≡ x′ + y′ − 2(x′ mod `) + 2`− 1− y′ + y
+x+ y − 2(y mod `)− `+ 1 + x′ − x

≡ 2(x′ − (x′ mod `) + y − (y mod `)) + `.

Because x′ − (x′ mod `) and y − (y mod `) are multiples of `, 2(x′ − (x′ mod `) + y − (y mod `)) + ` is an odd
multiple of `. However, since M is an even multiple of `, we do have (t′ − t+ δ′ − δ) mod M ∈ {`, . . . ,M − `}.

To complete the remaining two cases, note that if σ and σ′ were simultaneously multiplied by −1, so would be
t, t′, δ and δ′, also multiplying t′ − t+ δ′ − δ by −1. However, {`, . . . ,M − `} multiplied by −1 is {`, . . . ,M − `}
modulo M .

Theorem 5.10. Any regular 3-dimensional train network with car length 1 has a schedule with makespan at most
5.

Proof. A line gets assigned as departure time the only integer in {0, . . . , 5} that is equivalent to σ(p0 +p1 +p2 +a)
modulo 3 and equivalent to p0 + p1 + p2 + (σ + 1)/2 modulo 2, where p = (p0, p1, p2) is its departure point,
a ∈ {0, 1, 2} is its axis and σ ∈ {−1, 1} is its sign (the existence and uniqueness of this integer is assured by the
Chinese Remainder Theorem). Consider then two crossing lines departing respectively from p = (p0, p1, p2) ∈ R3

and p′ = (p′0, p
′
1, p
′
2) ∈ R3, with respective signs σ, σ′ ∈ {−1, 1} and with respective axes a ∈ {0, 1, 2} and

a+1 ∈ {0, 1, 2} (axis arithmetic is done modulo 3). Thus, in the notation of de�nition 5.3, we have δ = σ(p′a−pa),
δ′ = −σ′(p′a+1 − pa+1) and v = v′ = ` = `′ = 1.

If σ 6= σ′, then, modulo 2, t ≡ p0 + p1 + p2 + (σ + 1)/2 and t′ ≡ p′0 + p′1 + p′2 + (σ′ + 1)/2, so, also modulo 2,

(t′ − t) + (δ′ − δ) ≡

2∑
i=0

(p′i − pi) + (σ′ + 1)/2− (σ + 1)/2

−σ′(p′a+1 − pa+1)− σ(p′a − pa)

≡
2∑
i=0

(p′i − pi)− (p′a+1 − pa+1)− (p′a − pa) + (σ′ − σ)/2

≡ (p′a+2 − pa+2) + (σ′ − σ)/2.

However, since the lines cross, pa+2 = p′a+2 and, since σ, σ′ ∈ {−1, 1} and σ 6= σ′, (σ′ − σ)/2 ≡ 1, so (t′ − t) +
(δ′ − δ) ≡ 1 modulo 2. The collision avoidance condition is (0; 1) ∩ ((0; 1) + (t′ − t+ δ′ − δ)) = {}, which is true
since (0; 1) mod 2 = (0; 1) but ((0; 1) + (t′ − t+ δ′ − δ)) mod 2 = (1; 2).

On the other hand, if σ = σ′, then, modulo 3, t ≡ σ(p0 + p1 + p2 + a) and t′ ≡ σ(p′0 + p′1 + p′2 + a + 1), so
modulo 3,

(t′ − t) + (δ′ − δ) ≡ σ

(
2∑
i=0

(p′i − pi) + a+ 1− a

)
−σ(p′a − pa)− σ(p′a+1 − pa+1)

≡ σ((p′a+2 − pa+2) + 1)

≡ σ

as, again, pa+2 = p′a+2. As before, (0; 1) mod 3 = (0; 1) but ((0; 1) + (t′ − t+ δ′ − δ)) mod 3 = (0; 1) + (σ mod 3),
which is either (1; 2) or (2; 3). No collisions are therefore possible.

5.4 Clique Searching and Lower Bounds

Whether a train network admits an integer schedule with makespan at most s ∈ N can be decided using clique
search: create a graph G containing a vertex vL,t for each line L and time t ∈ {0, . . . , s}, put edges vL,tvL,t′
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d ` σ Makespan Tight? Figure

2 1 to 10 + 2`− 1 Yes, Theorem 5.8 5.3a
2 1 ± 1 Yes, Theorem 5.9 5.3a
2 2 ± 7 Yes, Theorem 5.9 5.3b
3 1 + 2 Yes, Theorem 5.8 5.3c

Table 5.1: A report on some useful regular train networks containing: its dimension d, its car length `, whether
its lines are all positive or of unrestricted sign, its minimum makespan, our knowledge on whether this makespan
matches an upper bound for regular networks of the same type and a reference to a �gure describing it.

{
`

︸ ︷︷ ︸
`

(a) (b) (c)

Figure 5.3: Regular train networks (◦ denotes the departure point of a line).

in G for every line L and times t, t′ ∈ {0, . . . , s} with t 6= t′ and then put edges vL,tvL′,t′ in G for every two
crossing lines L and L′ and every integers t, t′ ∈ {0, . . . , s} satisfying the collision condition ((0; `/v)+(t+ δ/v))∩
((0; `′/v′) + (t′ + δ′/v′)) 6= {}, where δ and δ′ are the respective distances from the lines' departure points to
the crossing point, ` and `′ are their respective car lengths and v and v′ are their respective cars' velocities. An
integer schedule with makespan s exists if, and only if, the complement of G has a clique with as many vertices
as there are lines, since the edges we put prevent two vertices associated with the same line from being in a clique
and we encoded the collision conditions in edges between vertices from two crossing lines in such a way that such
a clique corresponds to a collision-free departure time assignment.

With Theorem 5.5, we can decide whether a regular train network has a schedule with makespan at most a
given number s ∈ R. We have implemented this algorithm with the cliquer clique solver [42] and recorded some
lower bounds for regular train networks in Table 5.1.

5.5 Conclusions

We were able to show that several types of regular train networks admit a constant upper bound on its minimum
schedule makespan (Theorems 5.8, 5.9 and 5.10). We were also able to prove many of these upper bounds are
tight through computational experiments.

The main problem that remains open is whether, for values of ` ≥ 2, every three-dimensional regular train
network with cars of length ` admits a schedule with makespan bounded by a constant. However, we are also
interested in extending the lower bounds in Table 5.1, in particular: �nding a three dimensional regular train
network with unit length cars that does not admit a schedule with makespan less than 5; and determining whether,
for every `, there exists a regular two-dimensional train network with only positive lines and cars of length ` that
can not be scheduled with makespan 2`− 2.
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Chapter 6

Conclusion

We close this thesis with a summary of our results and directions for future research. In Chapter 2, we have
answered, up to a logarithmic factor, 248 out of 256 questions regarding the asymptotics of ex(n,X) and tied
the answer of the remaining 8 to that of the tripod packing problem (Table 2.1). Progress in the tripod packing
problem and the elimination of these logarithmic gaps, preferably through a common framework, are the main
objects of future research regarding this chapter.

In Chapter 3, we provided a PTAS for the version of the line segment cover problem (LSC) in which segments
can only be chosen from one orientation (Theorem 4) and a FPT algorithm for the general LSC problem (Theorem
11 and Section 3.5.1). We have also shown that the variation of the LSC problem in which the goal is to cover
all rectangular faces is APX-hard (Theorem 6). The main question that remains is whether these two variants
of the LSC problem admit polynomial time constant-factor approximation algorithms.

In Chapter 4, we constructed provably optimal road network layouts to minimize the maximum travel time
between opposing sides of a unit square for budgets up to

√
2 (Section 4.3) and disproved the natural conjecture

that a concentric circle is an optimal layout for minimizing the maximum travel time between points in the
boundary of a circle (Section 4.4). Optimal road networks for the circle and for unit square when β >

√
2, as well

as optimal directed road networks for the square and circle (Section 4.5), are the next goals for research on this
topic.

Finally, in Chapter 5, we found universal constant upper bounds on the maximum delay required to schedule
regular train networks in two dimensions and, for unit length trains, in three dimensions (Theorems 5.8, 5.9 and
5.10). We also proved computationally that several of these upper bounds are tight (Section 5.4). There is plenty
of room for future improvement on this work. We would mainly like to determine whether universal constant
upper bounds on optimal schedule makespan exist in three dimensions for ` ≥ 2 and �nd (or refute the existence
of) a three dimensional regular train network with unit length cars that does not admit a schedule with makespan
below 5. We would also like to improve and expand Table 5.1, in particular determining whether, for every `,
there is a regular two-dimensional train network with only positive lines and cars of length ` that can not be
scheduled with makespan 2`− 2.
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Appendix A

Source code

In Chapter 5, we saw how to reduce regular train network scheduling to the maximum clique problem. Here
we share our implementation of this reduction as a Python 3 program. The input network should be provided
through the standard input and the output may be piped into �cliquer -u -�.

1 #!/usr/bin/env python3

2
3 import sys

4 import itertools

5
6 # Standard input: one train line per input line , each in the form

7 # <carlen > <axis ><dir > <x> <y> <z>

8 # where:

9 # * <carlen > is the line's car length , a positive integer;

10 # * <axis > is the axis the track is parallel to ("x", "y", or "z");

11 # * <dir > is the line's direction of movement ("-" or "+"); and

12 # * <x>, <y> and <z> are the line's departure point.

13 #

14 # Command line argument: a non -negative integer s.

15 # Output: a graph in a Cliquer -compatible format that has a clique of size

16 # equal to the number of train lines (or input lines) if, and only if, the

17 # lines form a network that has a schedule with makespan at most s.

18
19 class TrainLine:

20 # carlen: a positive integer , the line's car length

21 # start: a 3d point , the line's departure point

22 # axis: the number of the axis the track is parallel to (0, 1 or 2)

23 # dir: the line's direction of movement (-1 or 1)

24 def __init__(l, carlen , start , axis , dir):

25 l.carlen = carlen

26 l.start = start

27 l.axis = axis

28 l.dir = dir

29
30 # l[i] is the departure point's i-th coordinate (i is 0, 1 or 2)

31 def __getitem__(l, i):

32 return l.start[i]

33
34 # Whether two line's tracks overlap

35 def overlaps(l0, l1):
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36 if l0.axis != l1.axis:

37 return False

38 a = l0.axis

39 if l0[(a+1)%3] != l1[(a+1)%3] or l0[(a+2)%3] != l1[(a+2)%3]:

40 return False

41 return l0.dir == l1.dir or l0[a]*l0.dir < l1[a]*l0.dir

42
43 # Input: two train lines with non -overlapping tracks.

44 # Output: None if the line's tracks do not cross and a pair with the

45 # respective distances from the line's departure points to the

46 # crossing point otherwise.

47 def distances_to_crossing(l0, l1):

48 other_axis = 0

49 while other_axis == l0.axis or other_axis == l1.axis:

50 other_axis += 1

51 if l0[other_axis] != l1[other_axis ]:

52 return None

53 if l0[l1.axis]*l1.dir <= l1[l1.axis]*l1.dir:

54 return None

55 if l1[l0.axis]*l0.dir <= l0[l0.axis]*l0.dir:

56 return None

57 return (

58 (l1[l0.axis]-l0[l0.axis ])*l0.dir ,

59 (l0[l1.axis]-l1[l1.axis ])*l1.dir

60 )

61
62 # Reads a train line from a text line

63 @staticmethod

64 def read(text_line ):

65 tokens = text_line.split()

66 carlen = int(tokens [0])

67 axis = {"x": 0, "y": 1, "z": 2}[ tokens [1][0]]

68 dir = {"-": -1, "+": 1}[ tokens [1][1]]

69 start = tuple(map(int , tokens [2:5]))

70 return TrainLine(carlen , start , axis , dir)

71
72 # Whether two open intervals intersect

73 def intervals_overlap(I0, I1):

74 (a0, b0) = I0

75 (a1, b1) = I1

76 return a0 < b1 and a1 < b0

77
78 # Command line argument

79 s = int(sys.argv [1])

80
81 # Read standard input into a list of train lines

82 L = [TrainLine.read(input_line) for input_line in sys.stdin.readlines ()]

83
84 # Check input tracks are non -overlapping

85 for l0 , l1 in itertools.combinations(L, 2):

86 if l0.overlaps(l1):

87 raise Exception("Input contains overlapping tracks")

88
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89 # Assign vertices to lines

90 for i in range(len(L)):

91 L[i]. vertices = range ((s+1)*i, (s+1)*(i+1))

92
93 # Print the graph

94 print("p graph %d 0" % ((s+1)* len(L)))

95 for l0 , l1 in itertools.combinations(L, 2):

96 ds = l0.distances_to_crossing(l1)

97 if ds is not None:

98 d0, d1 = ds

99 for t0 , t1 in itertools.product(range(s+1), repeat =2):

100 if ds is None or not intervals_overlap(

101 (t0 + d0 , t0 + d0 + l0.carlen),

102 (t1 + d1 , t1 + d1 + l1.carlen)

103 ):

104 print("e %d %d" % (l0.vertices[t0]+1, l1.vertices[t1 ]+1))
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