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ABSTRACT

Given a topological space X we denote by?f(x) the
class of all closed subsets of X and by 3%(X) the class of
all nonempty closed subsets of X. We place a topology on
these sets.called the topology of closed convergence < .

In this thesis, we are mainly concerned with the
connectedness properties of the spaces "F(X) and QE(X). Our
work is divided into four chapters. In chapter I, we intro-
duced a notion of convergence for a net of subsets and we
proved some properties of the topological limits which are
used throughout the thesis. We also defined the topology
of closed convergence and proved that C?KX),TC) is compact
and if ¥ is locally compact then the topology of closed
convergence induces the topological convergence of nets of
sets, but if X is not locally compact, then there exists no
topology on "F(X) which induces the topological convergence
of nets of sets. In chapter II, we proved that‘g and gg
are functors from the category of compact Hausdorff spaces to itself
which preserve the homotopy relation, we show that @ is
not a functor if X is not compact; however g@(X) is a fun-
tor. In chapter III, we studied the connectedness proper-
ties of the,spaceS'é(X) and ?%(X), and we proved that 3;(0)
~ C if C is the Cantor space and g%(X) is contractible if

X is a finite connected simplicial complex. We also proved
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that if X is connected then 70<X) is connected and if X is
not compact, F(X) is connected. In Chapter IV, we studied
the inverse limit space ?:(X) and we proved that ’}O(lim Xk)l :
1im P?O(XA) for a net of compact Hausdorff spaces and ’70()()

is contract_:ible if X is contractible, we also proved the
continuity of the two maps ¢(X): X—>’.’3§)(X) and ‘.'(X):?i(x)-i?’o(x),

and finally we proved that ‘}O(?z(X));.'}:(X).
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INTRODUCTION

Given a topological space X we denote by ?(X) the
class of all closed subsets ofr X ‘and by 7%(X) the class
of all nonempty closed subsets of X. We place a topology
on these sets called the topology of closed convergence Teo

In this thesis, we are mainly concerned with the con-
nectedness properties of the spaces ?(X) and %(X). Our
work is divided into four chapters. In chapter I, we intro-
duced a notion of convergence for a net of subsets and we
proved some broperties of the topological limits which are
used throughout the thesis. We also defined the topology
of closed convergence and proved that (?(X),Tc) is compact
and if X is locally compact then the'topology of closed
convergence induces the topological convergence of nets of
sets, but if X is not locally compact, then there  exists no
topology on % (X) which induces the topological convergence
of nets of sets. 1In chapter II, we proved that ? and To are
functors from the category of compact Hausdorff spaces to
itself which preserve the homotopy relation, we show that?f
is not a functor if X is not compact; however ?‘g(X) is a func-
tor. In chapter III, we studied the connectedness properties
of the space F(X) and ?O(X), and we proved that 70(0) ~ C if
C is the Cantor space and ?;(x) is contractible if X 1s a

finite connected simplicial complex. We also proved that if
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X is connected then.?%(x) is connected and if X is not

compact, " (X) is connected. In Chapter IV, we studied

the inverse limit space';z(x) and we proved that ?;o

(1im X,) = 1gﬁ1?%(xx) for a net of compact Hausdorff

spaces and 7%(X) is contractible if X is contractible,

we also proved the continuity of the two maps ¢(X):X+1€(X)

and W(X): ?g(x)-» 7O(X), and finally we proved that
70(';0()()) =~ 70(){). In Chapter I the theorems were taken

from the literature (many are found as exerciscs in [61])

and they were proved independently.

- In Chapter II, III and IV the theorems were suggested by

the supervisor and proved by the author, except the proofs
of theorems '3.11 and 3.19 which were given by the super-
visor. |

When the proof was taken from the literature, an explicit

reference was given.
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CHAPTER I

THE TOPOLOGY OF CLOSED CONVERGENCE

On the convergence of nets of éets.

The topological convergence ofa netof subsets of a
topological space X may be defined in the same manner as
the topological convergence of sequences of sets.

Definition (1.1). If'{FA,AeA} is a net of subsets of a

topological space X, then the topological limit inferior

Li F 1is defined as the set of all xe¢X such that for every
AeA A '

neighborhood U of x there is an element XoeA such that

FAnU=¢ for all AZXO.

Definition (1.2). The topological limit superior Ls F is

Aeh A
defined as the set of all x€X such that for every neighbor-

hood U of x, FxnU#¢ for all X in a cofinal subset of A.
Definition (1.3). A net {Fx,keA} of subsets of a.topological
space X is said to be topologically convergent to F, if

LsPF =F=L1F . We then write Lim F = F.
Aeh X . A€l A Aeh A

Here we state and prove some properties of topological 1limit,
which will be of importamce throughout this work.

1. For every net {FA,AEA} the sets Li F and Ls F are

Aeh A Aeh A
closed and Li FeglLs F .
CAelh X AeA A

Proof: Since it is always true that LiFA c LiFX for any set

then it remains to show that LiFk c LiFA. For this let Xxe
Lin, and U an open neighborhood of x. Then (LiFA)nU¢¢.
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This implies that there exists an element xOcLiFAnU. "Then
xocLiFA and U is a neighborhood of xo; thus from the defi-
nition of LiF, there exists AOEA‘such that FynU=¢ for all
X2xo. But U was an arbitrary neighborhood of x. Then xeLin
and hence LiF, < LiF,. Thus LiF,=LiF, and hence LiF, is a
closed subset. Now let xefgﬁx, and U an open neighborhood
of x. ThaquFAnU¢¢, so that there exists xoeLstlU. Then
erLsFA and U is a neighborhood of xo; thus from the defini-
tion of LSFA, we have FKQU¢¢ for a cofinal subset of A. But
U was an arbitrary neighborhood of x, then xeLsFA and this
implies EEFACLSFA.TWMS EEFA=LSFX and hence LsF,is a closed
subset. It remains to prove that LiFACLsFA, to‘do so let
xeLiFA, then for every neighborhood U of x there is an
element loeA such that FAnU¢¢ for all AZXO. But the set
{xeh : A 2?5} is cofinal in A, so F,nU#¢ for a cofinal
subset in A and hence xeLst. Thus LiFACLsF .

A

2. If F is closed and chF for all AeA then LsFAcF.

Proof: Let xeLsFA; then for every neighborhocod U of x,

A
that FnUz2¢ for every neighborhood U of x. Thus xeF=F and

FAnU=¢ for a cofinal subset of A. But F,cF for all A so

hence LsFAcF.

3. xeLiF, 4if there is an element A _eh and a net (x,) with
A ° A el
XASFA’ AZAO such that 1im X\ = X.
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proof: Suppose there is an element AoeA and a net (xx) with
XACFA’AéAo such that 1im x,=x. Then for each neighborhood U

of x there exists AleA such that erU for all AzlL. Then there-

exists Azle,&fuChthdinM#¢for all Azkz and then XELiFA.

4, xeLst if and only if there is a subnet FA and for every
’ J

J J
Proof: Let X€LsF, . Then for every neighborhood U of x, UﬂFA¢¢

J an element Xy EFA such that 1im Xy = X.
j j J

for a cofinal subset of A. Now define M as follows:
M= {(U,X) : U is a neighborhood of x and Fy, nU=¢ for all
AtzA}. Order M as follows (U,A)s(V,u) if and only if V<U

and As<p . Then we have:

(i) (U,A)=(U,X) for each neighborhood U of x and each Ael.
(11) If (U,A)<(V,n) and (V,u)<(W,v). then (U,A)s<(W,v)
(iii)If (U,A) and (V,u) belongs to M, then (U,A)<(W,v) and
(V,u)<(W,v) where W= UnV and v2i, v2u,

Hence (M,<) is a directed set. Now define a map j:M>A by
j(U,X) = A, then we have:

(1) If (U,A)=(V,u) then j(U,A)<j(V,u).

(ii) Let XeA and U a nhood of x, then there is Mel such that
FA,nU=¢ and AsA',

hence A<j(U,A'). Then for each AeA we can find (U,A') in M
such that As<j (U,A'). This defines a subnet Fy of Fy

: (U,u)
and Fy 0U#¢ for all (U,u) in M. Let (V,v)2(U,u),
(T,H)
for each (U,it) there is an element Xy 'EFA nU, hence
(U,u) “(U,w)
Xy €U for all (V,v)2(U,u) and since U was an arbitrary
(V,v)
neigﬁborhood of x, then x, — Xx.

Mv,v)




Conversely let FA. be a subnet of FA and let X, € FA. for

J J J
A.+X' Let U be a neighborhood of x, then XA? U for.
all jzjo féiﬂsome jo‘ Thus FA'nU¢¢ for all jZJO,this implies tﬁat FxrnUz¢“
for a cofinal subset ofjfsinmaF was a subnet of F,. TﬁLs

Al A
J

all j, x

xeLsFA.

5. If a net (FA)AEA is topologically convergent to F and M
is a cofinal subset of A, then the net (FA)XeM is also topo-

logilcally convergent and l1lim FA= F.
: AeM
Proof: Let xe F. Then for every neighborhood U of x there is

AOeA such that FAnU¢¢ for all Azko and AelA. Since M is
cofinal then there is A1eM A;2A such that FAnU=¢ for all A2Ay

and AeM¢ hence xeLiF, . Thus FcLiF, . Now let x ¢F then
A A .
AeM AeM

there exists a nhood UO of x and AoeA such that F nU_=¢ for

A
all AZAO and AelA; and since M is cofinal subset of A then

'Thus

F,nU =¢ for all A2A_ and AeM, and hence x¢LsF

Ao ° AeM
LsF, < F. From FcLiF, and FecLs F, it follows that (F,)
reM reM AeM A AeM
is topologically convergent to F and 1lim FA = F

AeM

6. Ls(FAUGA) = LsFAmLsGX.

Proof: Let xe LS(FAUGA), then for every neighborhood U of
x,(FAuGX)nU=¢ for a cofinal subset of A and thus Fan=¢ or

GxnU=¢ for a cofinal subset of A. Hence either xeLsF, or

A

xeLsGy or both. Thus xeLsF,uLsG,, hence LS(FAUGA) < LsF,uLsG

Conversely let xeLsFAuLsGl, then xeLst or xeLsz or both,

A

hence for every neighborhood U of x, either FAnU¢¢ for a
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cofinal subset of A or GAnU¢¢ for a cofinal subset of A.

Thus (FAnU) u(GXnU)¢¢ for a cofinal subset of A. Hence
(F\uG,)nU=¢ for a cofinal subset‘of A, hence xeLs(quGA)

and then LsF,uLsG, < Ls(quGA) and we conclude that LS(FXUGR)=
LstJLsGA.

AuLiGA.

Proof: If F,<G, then LiF,cLiG,since: Let xeLiF,then for every

7. Li(FAUGA) > LiF

neighborhood U of x there exists AO such that FAnU¢¢ for all

AZAO. Thus Gxﬂ#¢ for all XZAO and hence xeLin. Since

FXCFAUGA then LiFXCLi(FAUGX) and since GXCFAUGX then LiGAcLi

(FyUG,). Thus LiF,uLiG,c Li(F,uG,).

Definition (1.4). A net (XA)AEA in X is an ultranet (uni-
versal net) if and only if for each subset E of X, (x)\))\EA

is either residually in E or residually in X-E.

Theorem (1.1). Every net has a subnet which is an, ultranet

Proof: see [ 7]

Theorem (1.2). If X is a topological space, any net (FA)XeA
of subsets of X contains a converging subnet.

Proof: By the above theorem, assume that(FQ ls an ultranet

in 2X, the set of all subsets of X. Then for every,Ec2X,

(F&Hs either residually in E or residually in éX—E. Suppose
that(FA)does not converge. Then LstzLiFk. So let XeLsFA-LiFA,
hence xeLsF; and x&LiFA- Then there is a neighborhood U of x
such that for each AoeA there exists Al,A2>AO such that

UnFA1=¢ since x&LiFl and UnFA2¢¢




since xeLsFl.

Now let E={YcX:YpU= q>}<:2X. Since there exists )\227\0 such

that F)\ n Uz¢ then(Fk) is not residually in E, also since
-2

there exists A,2A, such that F, nU=¢ then(F,) is not residu-
ally in ZXTE, hence (FA) is not an ultranet. This contradicts
the assumption that (FA) is an ultranet. Then LiF)\=LsF)\ and
(F),)Jmust converge.

The topology of closed convergence.

Let (X,T) be any topological space (no separation axiom being
assumed) and.let *J(X) be the family of all closed subsets of
X (including the empty set ¢). Consider subsets of F(X)
which are either of the form [K,g] or of the form [K,¢].
where [K,%]ﬁFe?(X):F K=¢ and FnG:ﬁgb,‘Geg}.
and where KX is a compact subset of X and g is a finite
family of nonempty open subsets of X and [XK,¢]={FeF(X):FaK=61.
Then [K,§InlK',g' 1={F:FnK=¢, FnK'=0, FnG=¢,Gegand FAGY%¢,G'€q' ]
={F:Fn(KuK')=¢ and FnG=¢ Ge¢ucj} '
=[KuK',¢au(’d']
also [K,q]n[K',¢]={F: FnK=¢, FnK'=¢ and FnGz¢ Geg}
={F: Fn(XuK')=¢ and FnGz¢ Geq}
=[KUK',QJ.
and [K,¢Ji[K',¢]={F:FnK=¢ and FnK'=¢}
={F:Fn(KuK')=¢}

=[KuK',¢].




Then the class of all these sets is a base for a topology

which 1is called the topology T, of closed convergence on

FxO.

Theorem (1.3). (f‘j(X),TC) is compact in the closed convergence

topology.

Proof: Let (FA)AeA be an ultranet of elements of’jCX) and

let LiF)\ = B= LSF)\
Ael Ael
Case 1. If Fz¢. Let [K,QJ] be a basic nhood of F. Then

PnGz¢ for every GeQ’and thus there exists xeFnG. Then there
exists A eA such that for all xzi  and all Geg, F,nG=¢

Suppose it were false that there exists Al,such that F,nK=¢

A
for Azkl. Then there is a cofinal subset M of A such that

Fan¢¢ for all AeM. Let xkeFAnK for all XeM. Since K is

compact then there exists a subnet (Xk ) of (XA) which
i AeM
converges to some yeK; then ysLsFX= LiFA = F.So FnKz¢ yields a
A€l A€l

contradiction since [K,q] was a basic nhood of F, and we

conclude that F,nK=¢ for all A2}j,and hence FAe[K,QJ for all

AzX,, where A,zA

22 1’10 and then FA+F in the closed convergence

topology.

Case 2. If F=¢. Then [K,4] will be a basic nhood of ¢ where
[K,¢]={F67(X): FnK=¢}. Suppose that there is no Ao such that
AZAO implies FAnK=¢: Then there is a cofinal subset M of A
such that FAnK¢¢ for all AeM. Then there éxists xxeFan

for all AeM. Since xxeK and X 1s compact then there is a

subnet (xki) of (XA)AEM such that(xAQ converges to a point

.
1
o
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yeK. Then yelsE which is equal to F. Hence F=¢,(F>\)+¢. Now
since every ultranet converges then C?(X),Tc) is compact.

Theorem (1.4). If (X,t) is locally compact space, then

(7(}{),1::) is a compact Hausdorff space.

Proof: By the above theorem (F(X)yT,) is compact then it
remains to.prove that it is Hausdorff. Let Fl,F2¢7(X),F2¢¢
F1==F2 and let xeFl—F2. By local compactness there is a
compact nhood K of x for which KnF,=¢ then er[K',{X}], also
Fle[ct);{Ko}] where K° is the interior of K. So we determined
two disjoint nhoods of F, and F2. Now set F2=¢. Then [X,¢]
and [(b,{KO}] are two disjoint nhoods of ’E‘2 and Fl and hence
(%¥(X),T ) is Hausdorff.

Theorem (1.5). Let (X,T) be a locally compact space, then

the net (FA) in F(X) converges to ,F for the topology T,

Ael
of closed convergence {f and only if LSF)\CFCLiF)\. . And local

compactness 1s necessary.
Proof: First let LstchLiFA, Fz¢ and let [K,4] be a basic
nhood of F in %(X). Suppose that FAnK¢¢ for every A belonging

to a cofinal subset M of A.

Then by property (1.5) 1lim F)\=F. So for every A€M there
AeM
exists x}\eF)\nK. But K is compact then there is a subnet
(X)‘j) of (xz\) such that Xy Xy and xosK hence erLsF)\=F. Then
FnK#¢ which contradicts the fact that [K,CJ] was a basic nhood

of F. Thus there exists >‘o such that for all }\zxo, FAnK=¢.
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Also suppose that F\nG=¢, Ge@f forrevery A belonging to
a cofinal subset M of A Then by property (1.5)

lim F,=F. Since FAnG=¢ for all AeM then FA¢X—G for all
;:ﬁ and the set X-G is closed for all Geq. By property
(1-2) Ls F,e X-G, hence FeX-G for all Geg. So that FnG=¢
for al%egeej yields a contradiction.Hénce there exists }‘l such
that FAnG¢¢ for all Azkl and Geg, S0 FAe[K,qi for all Azxz
where A22Al,lo and FA+F for the topology of closed conver-
gence. Conversely let (FA)AeA be a net of closed nonempty
subsets of X and let (FA)AeA converge to F=¢ iﬁ the topology
of closed convergence. Let x¢F. Then by local compactness
there exists a compact nhood X of x with FnK=¢: then
Fe[K,{X}] and [K,{X}] is a nhood of F. Since F,»F then
there exists AoeA such that er[K,{X}] for all AZAO. This
implies that FAnK=¢ for all Azko hence xéLsFA and thus
LsFlcF.

Now let xeFandUan arbitrary open nhood of x. Then Fe[¢,{U}] and
[¢,{U}] is a nhood of F. Again (F,) converges to F. Hence
there exists A el such that F,e[¢,{U}] for all A2), and
thus FAnU¢¢ for all Azko-fbnce xaLiFA and FtLiFXand we

conclude that LSFA cFCLiFA.
Second let LsFl=¢=Li’F;\ and let [K,¢] be a basic nhood of
F=¢. Suppose that FAnK=¢ for a cofinal subset M of A.. Then

there exists xleFAnK for every AeM. Since K is compact then
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there is a subnet (Xk ) of(xx)which converges to some x_eK
J

and hence xoeLsFA . Contradiction. Hence FAnK=¢ for all

AzA  and Fe[X,6] for all Az} . hence F, converges to F=¢ in
the closed convergence. Conversely let FA converge to F=¢
and let [K,¢] be a basic nhood of F=¢. Then there exists

AOeA such that er[K,¢] for all AZAO, hence F,nK=¢ for all

A

AZAO . Now assume that LSFA=¢ and let xeLsF, and K be a

A
compact nhood of x. Then there is a cofinal subset M of A
such that F,nK=¢ for all AeM, then FA¢[K,¢] for a cofinal set
of indices. This is impossible if FA converges to ¢. Thus
LSFX=¢=L1FX. For necessity, Watson [14] has shown that if
X is a separable metric space, then if X is not locally
compgcet, then FX') is not a topologiéal space, that means if‘fé'?(x)
then ?:é’, where@= {F : F = 1im F) where (FA) is a net inZ }. And Mrowka
[10] generalized this result and he has proved that if X is
not locally compact, then there exists no topology in F(X)
which induces the topological convergence of nets of sets.

To prove this result we need the following two lemmas.

Lemma (1.6.) For every two directed sets D, and D, there

1 2
exists a directed set D and functions ‘Pl and cp2 such that

‘Pi maps D onto Di and qg(n)sqg(n') in Di for every nsn' in

D.
Proof. Let D=D.xD_ with the order (nj,np)<(mj,mp) if and only if

ng smy i=1,2 1_ 2 and @4 (n)=n3 for ~ n=(nj,n,) e D.
Lemma (1.7). Let {yk, keDl} be a net of points of a T, topolo-

gical space X. If this net has no limit point andf is a function
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which maps a directed set D onto D1 in such a way that q?(n)s
Q(n') in D1 for every nsn' in D, thgn the net {xn,neD} where
X = y¢(n) also has no limit point.

Proof: See Mrowka [10].

Proof of the theorem. It is known that a convergence of nets
of elements of a set X induced by some topology in X satisfies
the following condition:

Let D be a directed set and suppose that for every neD a

directed set En is given, and let E= ] En' Suppose that to

neD
every pair (n,m), where neD, meEn, an element x_ X is assi-
m
gned. If, for every neD, the net {xn ,md%l} is convergent
m

to X and the net {xn, neD} is convergent to x, then the

net {y(n £ (n,f)eDXE} where Y(n f)= X is convergent
3 -

n

to x (see Kelley [7], p. 69). Now we shggg)show that if X
is not locally compact space, then the topological. conver-
gence of nets of closed subsets of X does not satisfy the
above condition. Let X, be a point of X which has no com-
pact nhood and let Dl be a basis of nhoods of X, Let us
agree that U<U' in Dy if U>U'. Then Dl is a directed set.
Let X1 be an arbitrary point of X which is different from
Xo and let {yk,keDl} be a net of elements of X which has no
limit point. By lemma 1, there exists a directed set D and

functions cpl andcp2 such that ‘Pi maps D onto Di and q’i(n).s

qg(n') in D, for every nsn' in D. Let us set Un=41(n) and
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v = ' s
X, yqé(n) for every neD. Then UnDUd’ for nsn' in D. By

lemma 2, the net’{xn, xneD} has nc limit point. Since Un
is not compact, then there exists a net {x(ﬁ),meEn} of
elements of Un which has no limit point. Let us set Fn =

(n) ' . n
{xl}u{xn}U{x m } for neD, meE_. The net {an, meEn} is
topologically convergent to Fn={xl}u{xn} for every neD and
the net {Fn,neD} is topologically convergent to F={xl}. Let
E= 1T E_ and let us consider the net {F ,(n,f)eDxE}, where

neD n (n,f)
F(n,f)= an(h) If U is an arbitrary nhood of X, and UnoCU
and fo is an arbitrary element of E, then F(n f.)nU==d> for
3

every (n,f)Z(no,fo) in DxE, hence Xoe(n,f)%beF(n,f) and
the net {F(n f.),(n,f)sDxE} is not topologically convergent

3 ) .
to F.

Definition (1.4). Hausdorff distance: For every two non-

empty subsets E and F of the bounded metric space (M,p) one
defines the Hausdorff distance d(E,F)"with respect to the
metric p on M" by: d(E,F)= inf {ee(o,m] : E<B_(F) and FCBE(E)}.
where BE(E)={XEM:dist (x,E)<e} denotes the e-nhood of E.

Now we shall state some well known theorems which will be

used in the proof of the next theorem.

Theorem (1.8). (Alexandroff) Any locally compact non compact
Hausdorff space X can be embedded in a compact space X¥ so that X¥-X
is a single point.

P roof. [2]
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Theorem (1.9). If (M,p) is separable and locally compact

metric space then the Alexandroff compactification M¥ of M
is metrizable.

Proof. [2 ]

Theorem (1.10). Let (M,p) be a separable metric space. For

every sequEnce(Fn)of subsets of M there exists a converging
subsequence with respect to the Hausdorff metric.

Proof. [6]

Theorem (1.11). Let (M,p) be a compact metric space, then

the set qé(M) of all nonempty closed subsets of M together

with the Hausdorff distance d is a compact metric
space.
Proof. [6]

Theorem (1.12). If (X,p) is locally compact, separable metric

then O?(X),TC) is metrizable "by the Hausdorff distance“.
Proof. Let X¥=Xu{pl denote the Alexandroff compactification
of (X,p), then by theorem (1.8 ) X* is compact and by theorem
(1.9 ) X* is metrizable . Let p*¥ denote a metric on ¥* and
apply theorem (1.11) then (Q%(X*),d) is a compact metric
space, where d is the Hausdorff distance. To every closed
subset F of X we associate the set F#*=Fu{pl} which is 'a closed
subset of X¥. In this way we establish a one-to-one corres-
pondence between the set of all closed subsets of X and the

set of all closed subsets of X% which contains {p}.
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Let € ={F*cF(X¥):PcF¥*}., 1If F}eF(X*) and P¢F¥ then F?ﬁée. Let
8=d(F%#,P)>0. Hence if FgeB(Fi,%) then P4F% thus F4¢€, this
implies that f (X*)| € is open henceis closed and thus % (X) is

closed subset of the compact metric.‘spvace ('%(X*),d). Therefo're.

for the induced topology Tg> the set F(X) of closed subsets of

X is a compact metric space with the Hausdorff distance. Now
given ¢>0, let B(F¥,e)<[K,44l*¥ Since K is compact then KnF¥=¢
in X¥ where F¥ is compact asa closed subset of a compact Hausdorff

space. Then there exists 60= 0 such that 8§ = inf d(x,F¥). Now
xeK

[K,%]'is a basic open set in ¥F(X) and Fe[K,?]f. For

_eachi let xieFr{Gi, Gieémd]etB(xi,cSi)cGibe aball of centre X and

radious &, in G, and take 6=min{60,61,. ..,6n} and consider the ball

B(F#¥ ,§-)n6~in'f(x*).WeWant:ﬁo showthat:if G¥eB(F¥ ,-a—)ne, then
Ge[K,§]. First GnK=¢: if not let xeGnK;then we have

d(G¥,F¥)> d(x,F¥) Zdowhich contradicts the fact that G*eB(F,*1§2 Y. Second GnGi==¢

for all i: if not let Gf}Gi=¢,so tha-td(xi,‘G)>6i. Since xisF for

all i,this implies that d(Ff)zs forall i contradicting the fact ‘dlatd(F*,G*)sg-
Hence Ge[K,Q] . Hence the topology T, of closed convergence in X is
weaker than the induced topology Tg" Therefore the identity map
i: (f(X),Td)-*('f(X),Tc) is continuous,so thafwe have a one to one
continuous function from a compact space (?(X),Td) to a Hausdorff

space ("7'(X),TC).'Tnen they are homeomorphic and hence T =T,. A
metric 4 on ¥(X) for the topology T, is given by the formula:
d(E,F)= p*¥((Eu{P}),(Fu{P})).

and hence (?(X),Tc) is metrizable by the Hausdorff distance.
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CHAPTER IT

THE FUNCTORS '} AND ‘70 AND SOME OF THEIR PROPERTIES.

Definition (2.1). Let B and C be categories. A functor F:
B+C 1s an assignment of an object F(X) ¢ B to each object

X ¢ B and a morphism F(f) : F(X)+F(Y) in C to each morphism
f:X+Y in B, subject to the following conditions:

(1) preservation of composition. If fog is defined in B,

then

F(fog) = F(f) o F(g).
(2) preservation of identities. For each X ¢ B we have F(lX)=
Ten

Theorem (2.1). Let f: X+Y be a continuous function from a com-

pact Hausdorff space X to a locally compact Hausdorff space Y, then Ft?(X)+
F(Y) is continuous, where F(C)= £(C). Thus F is a functor from the

category of compact Hausdorff topological spaces to itself.

Proof. Let(CH be a net of closed subsets of X and Cn+CO in
F(X). Let y e Ls F(Cn), and U a compact nhood of y, then

there is a subnet F(Cn ) and for every i an element V. €
i i
F(C, ) such that y_ =»y. Then there exists i_ such that y_ e U
ny ny ° ' ny
for all izi, hence F(Cn )nU = ¢ for every izi . Let x €
i i
Cn such that f(xn ) = Yp. o since X is compact there is
i N .
a subnet(xn') of(xn) such that X, *X, X € s Cn. = Co' Hence
i, i 14 i
f(xn )>f(x) by the continuity of f, then Y +f(x) and f(x)
i. i.

J:, J
€ f(GO)= F(CO).
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By the uniqueness of limit f(x)=y € F(Co) and thus
LS F(Cn)cF(CO). Now let y ¢ F(CO), then y = f(x) and x e.CO. .
Iet V ’pe a nhood of y=f(x). Then b‘y the continuity of f there
exists a nhood U of x such that f(U) ¢ V. Since C,>C, and
x e C_ then there is n_ such that C n Uz¢ for all nzn_ and,
f‘(Cnn'U) c f( Cn) n £(U) < f‘(Cn)n VvV = F(Cn) n V.
Hence F(Cn)nV = ¢ for all nzn_, and y ¢ Li F(Cn). Thus
F(CO) c LiF(Cn). Hence Lim F(Cn) = F(Co) and F is continuous
and this completes the proof.
In the above theorem let F = F(f) : F(x)+F(y), then
F(£)(c) = £(C) and H(fog)(C) = (foz)(C) = £(g(C) = £(Hg)(C))

=F(£) (F(e) (C)) = (Hf)oFe))(C) also F(1y)(C)= 1,(c) = C =
(c) :
1 5 |
(X)
Hence by definition (2.1) ¥ is a functor.
Since F(£): F(X)+F(Y) is continuous and F (X)'FX) then
Fo(£) = HONVE (0 :+ F(X)-F¥) and since F (V) < F(¥) hence
'40(1‘) : '?O(X)-*g'o(,Y‘) is also continuous and hence ’}’O is a

functor.

Theorem (2.2). The functors ¥ and 'jo preserve the homotopy

relation.
Proof. Let h : f=g where h is a homotopy between f and g,
and f,g are continuous functions from X to Y.then h: X x I

+Y is a continuous function such that h(x,o0)

f(x) and h(x,1)=
g(x) for all x ¢ X. Define H = :'{('X) X I—r‘}(Y) by H(C,t)

h(C,t) ={h(x,t):x ¢ C}. Let(Cn) be a net of closed subsets
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of X such that C -C in F(X), and let t >t in I. Then
(Cn,tn)+(c,t) in ¥(X) x I. We want to show that H(Cn,tn)+
H(C,t) or h(C_,t,)+n(C,t). Let y = h(x,t) ¢ h(C,t), x e C
and let U be a nhood of y. Then by the continuity of h we
have h(U x W) < U for some nhood V of x in X and a nhood W
of ¢t in T. Now there exists n such that Cnn V #¢ for all

n 2 np, and there exists n, such that tn e W for alln 2 n

5

Let x « Cn n V, then X, € V! hence h(Xn?tn) € U. But h(xn,tn)

€ h(Cn,tnL Then there exists n, = max (nl,ng) such that

h(Cn,tn) nU=¢ for alln2n,. Hence y ¢ Lih (Cn,tn) and

thus h(C,t) < Li h (Cn,tn). Let y € Ls h(Cn,tn) and let U

be a closed nhood of y.
Then there exists a subnet h(Cn N ) and for every i

A i
an element y =h (x_ ,t .) eh (C_ , t_ ) such that y_ ~»
ng n,> “ny ng ng ny
y; then there exists i such that h (xn st ) € U for all
i i ’
i 2 i . Since X is compact then there exists a subnet (x_ )
i.
J
of (x, )in(cn) such that x »x ¢ Ls C, = C. Also by the
i 1 nij 1
compactness of I there exists a subnet(tn ) of(tn) such that
i. i
J
ty -t in I. Then h (x , t ) > h (x,t) by the continuity
1 nij 0, :
of h. Since U was a closed nhood and h (xn . tn ) a net in
i. i,
. J J
U then h (x, t) € U, also h (x,t) ¢« h (C,t), x € C then
h (C, t) n U # ¢ for each nhood U of y and hence y € h (C, t)=

h (C, t). Thus Ls h (C tn) ch (C,t) and h (cn, tn)+

n’
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h (C, t), hence H (Cn, tn) +~ H (C, t) and H is continuous.

H(C, 0) =h (C,0) ={nh(x,0) :xecl=1r¢Ff (x),

xeCl=1r(C)=%() ()  H(C, 1) =n (C, 1) =
{h(x, D), xeclt={g(x),xec}t=g(c)=F () ©
and thus H: ‘;(X) x I~ ’}'(Y) is a homotopy between

i ¥ (f) and '} (g).

Theorem (2.3). If A c X is closed then the inclusion map J:

4 (8) » F (X) is an embedding.
' Proof. Define j such that j(F)=F ; FcF(A). Then F is closed

in X and J is oné to one.

Let(F,) be a net of closed subsets of A such that Fy > Fg
in # (A) and let X, € FO and U a nhood of X in X. Then

U n A is a nhood of Xq in A and hence there exists a )‘o
such that (U n A) n F)\ z ¢ for all A 2 Ao. Hence U n F)\ z 0
for all A 2 A_ and x_ ¢ Li F, in F (X). Hence F < LiF
in F (X).

Let x, ¢ Ls Fy in ¥ (X). Thenfor all nhoods U of X, there

A

2 exists a subnet (F)\ ) of (F)\) such that U n F, # ¢. Since
| 1 1

FA c A for all i, then U n A 2 ¢ and hence X e A= 4.
i

ThenUnAisanhoodof‘xoinAand (U n A) nF)\¢¢

1

for all i, hence x, ¢ Ls F, in ¥ (A) and then X, € F.
i

Hence Ls F, c F, in F (X) and we conclude that F, > F_ in

% (X) and J is continuous.

Now let(F}\) be a net of closed subsets in j (% (A) ) such




?_________,

-19-

that F) » F_ in ¢ (X). Let X, € F_ ¢ A and let U be a nhood
of x_ in A. Then U =V n A where V is a nhood of x, in X and

there exists KO such that V n sz ¢ for all A = AO. But

FA c A for all A so that FA = FA n A for all A. Hence

3

VanAn Fx # ¢ for all A 2 Ao or U n FX =z ¢ for all A = A
hence X, € Li FA and FO < Li Fy in ¥f (o). Now let X, € Ls FA
in ¥ (A) and let V be a nhood of X, in X, then V. n A = U
is a nhood of x_ in A, then there exists a subnet(FA) of(FA)
i
such that U n Fx #z ¢ for all i, hence V n A n FA z ¢ for
i i
all i and thus V n FA #z ¢ for all i, then X, € Is FA in
: i
4 (X), hence X E'Fo and thus Ls F, < F_ in #(A) and we
conclude that Ls F, = F_ = Li Fy, Hence F, » F, in F (1),
therefore J is an embedding.

Theorem (2.4). If U c X is. open then the intersection

map £: F (X) » F (U) such that £ (F) = F n U is con-
tinuous.
Proof. This map is well defined, since if F is closed
subset of X then F n U is closed subset of U with the relative
topology. Let(F))be a net of closed subsets of X such that
F, > F_ in 4 (X). Thenr (F,) = F, n U for all A and £ (F ) =
FOnU. Now let erLs(FxnU)CU since FXnUcU for every A. Then for every nhood
Vofx  there is a subnet (in n U) of (FX n U) such that

Vo (F, n U) % ¢ for all i, hence (V n U) n F
1

A
i
1, then V n FA z ¢ for all 1 and X,e Ls FA = FO. Hence
i

X, € Fo n U or Ls (FA n U) ¢ FO n U.Now let x eF nU then

2 ¢ for all




-20-

X, € FO = Li FA and X, € U, then for every nhood V of X,
there exists >‘o such that
(FKnV)nU¢¢forallkzko,’hericeVn(UnF)\)=¢ ‘
for ali A2 AO and X, € Li (FK n U). Then Un FO c Li (FA n U)
thus £ (F)) » £ (F)). If F n U =¢ and if(F, n U)does
not converge to ¢, then Ls(FA n U)z ¢. Then by above
Ls{F, n U)s F_ n U a contradiction. Also if Ls (F, n U) =
¢ = Li (F)\ n U) thenFA n U+ ¢. Thus if Fon U =2 ¢ then by
the first part of the proof FOnUCLi(E‘)\nU). Contradiction
S0 FonU=¢ and in this case also Lim(FAnU)=FOnU.

Hence f:’# (X) - ¥ (U) is a continuous function.

Theorem (2.5). For each open set U ¢ R" there is a conti-

nuous onto map f: ¥ (R™) - ¥ (U). Also if {U;};.ds a fami-

ly of disjoint open subsets of r" then there is ‘a continuous
onto map g: ';(Rn)->i1TIT(Ui).
€

Proof. Let myog=fy: ';(Rn):f(Ui)::'; £;(E)=E n Uj. 7 By theorem

(2 . 4) the intersection map f : "$(R") »
% (U) such that £ (E) = E n U is continuous for every open

subset. U of Rn. Since for every closed subset F of U there
is a closed subset E of R" such that E n U = F then f is an

onto map. The projection map 7, : I 35 (u) - ?(Ui) is
iel
always continuous. Hence g is continuous. Let Fie?(Ui) then

V.= Ui--Fi is open in 'Ui,' then V=u

1 Vi is open in R™ and F=RIvV

iel
<FR™) and (m;0g) (F)=F; since U, are disjoint,then g is an onto map.

Theorem (2.6). Any nonempty closed set Fofa topological space X

is the limit of a
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net of finite sets.

Proof. Let J = {j:j is a finite subset of F}. Define '
FJ. = j. and let x ¢ F, since {x} is finite then take Jo= {x}
and order J by inclusion, that is to say j 2 j: if j' <« 3.

Let U be a nhood of x then F, n U # ¢ for all j 2 'jo’ hence

J

x € Li FJ. and thus F < Li Fj' On the other hand Fj c F
for all j and F is closed, then by property (1.2) Ls Fj c F

and thus Ls Fj c F < Li Fj and hence Fj > .

Corollary (2.7). The family ";}'n (X) of all finite subsets

of a Tl’ space X is dense in g (X).

Proof. Let F e '}O(X) then by the above theorem there exists
a net(FA) of finite subsets of such that F, » F, hence ?n(X)

is dense in % (X).

Corollary (2.8). 1If ’?C(X) = {C:C compact subset X} then

"?c(X) is dense in %(X), where X is a Hausdorff space.

Proof. If F ¢ X is closed, then by the above theorem F =
1lim Fj whereFj is finite. But thenFj is compact, this im-

plies that Fy e ‘?C(X) and hence 7C(X) is dense in ¥(X).

Theorem (2.9). If A, B are closed subsets of X, then the

map £: F(A) x F(B) » FX) defined by fF,G) =F v G, FF(A),

Ge F(B) is continuous.

Proof. Let (Fx) be a net of closed subsets of A such that

Fx > FO in $(A) and let (G>\) be a net of ¢losed subsets of B
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such that G, > G in ¥(B). Then f (F,, G,) = F, u Gy
= G
and f (Fo, Go) Fo v G, We want to prove that FA u GA >
F uv G_.
0 o)

Let x ¢ Ls(FA u GA)’ then by property (1.6) we have

x € LsF, v LsG, = Fo U Go' Hence Ls(FA u GA) c FO U GO;

Let x € Fy v GO = LiFA v Li G, © Li(FA u Gk) by property
(1.7). Hence F v Go c Ll(FX u GA) and then FA v GA -> FO u GO )
thus £ is continuous.

This can be generalized to a finite number of closed

subsets Al,.r.,An c X.

Theorem (2.10). Let Al’ A2, e An be a finite number of
‘'n
closed subsets of X, then the map f: T ‘;(Ai) + F(X) defined
i=1
by f(Fl’ Fos eons Fn) = F, v F2 U «oeo U Fn is continuous.

Proof. The proof is by induction on n. By theorem (2.3) and
theorem (2.9) it is true for n=1l, 2. Now assume that it is

r
true for n=r, then £: T F(A,) » FX) is continuous and
i=1 ¢ r+l

r
. 3 . . .
f: g=l 1KAi/ X,?(Ar+l) > F(X) is continuous hence f: §=1 7(Ai)+

4(X) is continuous, hence it is true for all n, and thus

n
f: O ‘7(Ai) » ¥(X) is continuous.
i=1
Now we will generalize for a locally finite closed cove-

ring {Ai}ieI of X.

Theorem (2.11). Let {Ai}ieI be a locally finite closed

covering of X, then the map f: T F(A,) +~F(X) defined by
iel
f({F,}) = v F. is continuous.
i i
Tel
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Proof. Let {C,} be a netof closed subsets in T_<F(4,).
_ i iel
Define f({CA )= v C, - This map is well defined since
i iel i :
the union of locally finite collection of closed subsets is

closed, hence u C, e F(X). Let {C, } » {C_ }inT Fa,).
ieI i 1 1 iel

since f({C, }) = v C., =¢C,and f ({C_}) = uvu C_ =C_,
Ay ie M °3 ier %1 ©
we want to prove that CA > Co in ’f(X). Let xaLsC)\, U a nhocd of x

meeting only finitely many elements Ofl{Ai}iGI' Then CAnU=¢ for a cofinal

subset of A or ( u CA ) n U= ¢ for a cofinal subset of A.
iel i

Since {Ai}ieI is locally finite. SinceAi n U= ¢ except for

a finite number, hence U n ( T Ck ) # ¢, hence x ¢ LsU2=le
i=1 i i
= " LsC, = W ¢, thenxeuv C_ =C_. Thus
i=1 i i=1 %3 ieI i
LSCA c CO.

Let x ¢ CO = UieICoi’ then x ¢ Coi.for some 1 and x € LiCAi
Let U be a nhood of x, then there exists Ao such that U n CX

i
= ¢ for all A3z A,

u (UntC, )= ¢ for all ay= A
. A t o}
iel i
Un (v C, ) # ¢ for all Az AL
iel 71
Hence x ¢ Li(u CA ) = LiCA
iel "1
Then LsCA c CO c Licl and hence CA > CO and f is continuous.

Definition (2.2). Let X be a set, and Y= {Ai:ieI} be a fa-
mily of subsets of X, with each Ai having a topology. Assu-
me that for, each (i; j) € IxI, both

(1) The topologies of A; and Aj agree on A, n Aj.

(2) Either (a) each Ai”Aj is open in Ai and inAj, or

(b) each Ai n Aj is closed in Ai and in A

5




.
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The weak topology in X determined (or induced) by @L is

T@w = {U < X: for all i, U n A, is open in A }.

Theorem (2.12). If X is a spaece with the weak topology

induced by {Ai’ i e I}, then an f: X > Y is continuous if

and only if f|A; : A; » Y is continuous.

Proof. The only proof required is that the continuity of
each fi = fIAi implies the continuity of £f. Let U c Y be
open; then, f_l(U) n A, = f;l(U) is open in A, for each i,
and by definition of the weak topology, £71(U) is therefore

open in X and hence f:X»Y is continuous.

Theorem (2.13). Let ?C(X) be:the set of compaet subsets of a Haus-

dorff space X'with the relative topology (as.a subset of ?(X)) and
let gﬁ (X) be the set of compact subsets with the weak
topology induced by the family of subsetsﬂuF{?QC) :C ¢ X
and C is compact}. Then the identity map i:gﬁ(x) > ?E(X)
is a continuous bijection which is not a homeomorphism,

unless X is compact.

Proof. A map g: gﬁ(X) +~ Z is continuous if and only if
glF(C):F(C) » Z is continuous for any compact subset C of

X. But if C ¢ X is compact then C is closed since X is
Hausdorff. Therefore the inclusion map F(C) - F(X) is
continuous,'and since it takes its image in EE(X), we obtaln
that the identity map i:S@(X) - S%(X) is continuous and it

is clear that this map is surjective and injective, hence
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i is a continuous bijective map. Now assume that X is
locally compact but not compact, and let (XA)AEA be a net

in X without a limit point. Theh wé can assume that all the
-X;S are distinct (otherwise, take a subnet with this proper-
ty). Let Xy * Xy for all A ¢ A. Define FA = {xo, xx}, and
let @= {§ :heh}e qg(x). Then for all compact subsets C < X,
en 7(0) is a finite set. Indeed, if gn‘?(c) is infinite,
let {F}\i:l e I}=@n F(C). Then in c C for all i ¢ I and

this implies that there exists XA e C for all 1 ¢ I. Since
s il
C is compact, the net (XA) has a limit point if I
. i
is infinite ., But this net has no 1imit point by

assumption. This implies that I isa finite set. But then

Gn F(C) is closed for all C compact in X, hence @ is closed
W :

in ?C(X).

On the other hand, in fX), F, » {x } « gc(x): sinc‘ze X ¢ F

o A

for all A then x, e LiF . Also if x e LsF,, X 2 X, let U

be a compact nhood of x such that X ¢ U. Then there exists

a subnet(F,) such that F n U= ¢. This implies that x. ¢ U,
Ai Ai Aq
and hence the subnet(xx) has a limit point in U, which is
i
impossible by assumption. Thus there exist no x € LSFA

such that x = X hence LsF, = {xo} = LiF. and FA > {xo}.

A A
Since {x,} ¢@ then € is not closed in 'fc(X). Thus the

spaces ?%(X) and ﬁL(X) are not homeomorphic when X is not

compact.

Theorem  (2.14). Given a continuous function f:X » Y,

where X and Y are Hausdorff spaces,
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the induced map F:?C(X) > QL(Y) is not continuous in general,

but the map F:?Z(X) > qﬁ(y) is continuous.

Proof..

Now if f:X » Y is continuous and C < X is compact, then

flc : ¢ »f(C)is continuous and thls induces a continuous map

F:§(Cc) » F(£(C)). Since C ¢ X is compact then

f(C) ¢ Y is compact, then this induces a continuous map

Fe(c ))'*?‘g(Y) . Since the composition of continuous maps is continuous then
gﬁ(x) - qﬁ(y) is continuous.

Finally, let X = (0, 1), Y=[0,1] and let £: X » Y be the

inclusion map. Then the induced map F:?c(X) +'?C(Y) is not

continuous, since if Fn={%, %},then F +"{%}in'1c(x). But

(F(F,)) converges to {0, %} in ?é(Y). ‘Hence Lim F(F ) =

F(Lim Fn) and hence F is not continuous. Hence ?g is a

functor in general, but gc is not a functor when X is not

compact.
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CHAPTER ITI

CONNECTEDNESS OF 4+(X) AND 'fo(X)

Definition (3.1). A subset A of X is a deformation retract of X if

there is a retraction r: ¥+A and a homotopy H: XxI»X such that

H(x,0) = x ¥eX
H(x,1) = r(x) ,  xeX
H(a,t) = a , aeA , tel .

Definition (3.2). A space X is contractible if there exists a continuous

function H: XXX such that, H(x,0) =i(x)=x ; H(x,1) = {x)= X, That

is to say the identity function is homotopic to a constant map.

Definition (3.3). Two spaces X and Y are of the same homotopy type if

there exist continuous maps (called homotopy equivalences) f: XY and

g: ¥X such that gf=iX: X+ X and fg:'iY: Y.

Theorem (3.1). If X and Y are compact and have the same homotopy type,
then ‘}O(X) and '}’O(Y) have the same homotopy type. If X is not compact,

':} does not preserve the homotopy type in general .

Proof. Since X and Y have the same homotpy type then there exist
f: %Y and g: Y-X such that gf:ix and fgr.iy. But the functor 10
preserve the homotopy relation between compact spaces, hence "rg (gf )-'ﬂ.?o(ix)
(&) o F, (D= x) + FOF®
also ‘}’O(fg)':?o(i\,)
F D o F (@)= 1y ) FHD
Thus ?O(X) and ‘?o (Y).have the same homotopy type. If X is not compact,

then let X ={0,2} and Y=[0,1)u[2,3). Then Y can be contracted to X,
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hence X and Y are of the same homotopy type. But let
Z = [0,3] then Y is an open subset of Z, hence f:?o(Z )=F(Y)
is continuous onto, where f(F) = FnY ( Theorem 2.4).

But ?O(Z) is pathwise connected since Z 1is contractible
Thus F(Y) is pathwise connected . But 7(X)={¢,{O},{2},X}has
four components, sinceX is a discretespace and finite . F(X) and
J(Y) are not of the same homotopy type, otherwise they would

have the same number of components. Hence % does not pre-

serve the homotopy type in general.

Theorem (3.2). If X is compact, then’?ﬂ(X) is a deformation
retract of ?o(XXI).
Proof. Since X is always a deformation retract of XxI,then,
there is a retraction h: XxI+X and a homotopy H: (XxI)xI+XxI
such that H: hzi(XxI) . But the functor - ’% preserves the
homotopy relation, hence there is a homotopy ﬁ:%(h‘)ﬁﬁ,(i(xxl)
A %(Xxl): between ?O(h) and i?O(XXI) where i?’o(XXI) is the
identity i?O(XXI): ’_}'O(XxI) +’?O(X><I). And .'i"o(h) is a retraction-
F (0): # (XxI)»% (X) since h: XxI»X is retraction then h is
continuous and h(x,0) = x for all xeX =Xx {0}. Thus ?O(h)
is continuous and '}O(h)(C) = h(C,0) = {h(x,0) : xeC}
'}'-O(h)(C): {x: x€C} = C for all Cef_(X).
Thus H is a deformation retraction. Hence y—O(X) is a
deformation retract of ?O(XXI).

Theorem (3.3). If X is compact Hausdorff and contractible, then

'#O(X) is contractible.
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Proof. Since X 1is contractible then it is homotopically
equivalent to a one point space {x} . Hence they are of the
same homotopy type. But the functor:'. 710 preserves the homo- -
topy tjpe relation. Hence ';O(XV) is of the same homotopy

type as the space "fo({x}) = {x} . Thus ’.?O(X) is contractible.

Corollary (3.4). Let D" = {xeR™: Ilx Ils1 }, the n-dimension-

al disk, then ’?O(Dn) is contractible.

Proof. Since D" is compact contractible then by the above

theorem 'fo(Dn) is contractible.

Theorem (3.5). The space ?(Rn) is connected (pathwise

connected).

Proof. Since ‘S(O(Dn) is contractible, then it is connected
(pathwise cohne_cted). But R” is homéomorphic to the interior
of the disk Dn, hence R%D" is an open subset of D". Then the
intersection map f: '}O(Dn)—‘,'}(Rn) is continuous onto.

Hence ?(Rn) is connected (pathwise connected).

Theorem (3.6). If X is Tlaconnected space, ‘ZJ-O(X) is

connected, and if X is non compact, F(X) is also connected.
Proof': Let ch ?O(X) be the set of closed subsets contain-

ing at most n points. Then ch Xn and moreover,

+1

(o]
nd1 Xn is dense in ?O(X) by corollary (2.7) .

It remains tébe proved that Xn is connected for all n.

n
Let y: o Fx) - F(X) be defined by
n k=1 (e} [o]

n
v, (481 = U F
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This map is continuous by theorem (2.10. Moreover, the
map ®(X) : X+'&'O(X) given by @(X)(x) = {x} is continuous by
theorem (4.47). ’

n n
I, X 0, F(X) where

) n
= X
Thus F_ = I, &(X) 1

k k

Fn(xl,....,x ) = ({x e ix) ) is continuous
Then Y ¢F  : 1(Hl X—»'} (X) is such that U, ° F (kulX) =X,

also continuous. Since X 1s connected then k]=Il X is

connected as a finite product of connected spaces,therefore

Xn is connected,. as the image of aconnected set. Then nzl Xn

is also connected since X # ¢ . Hence its closure t’j(x)

k

(o)

is connected. However, u Xn is dense in ':7' (X) and moreover,
1

1t is dense in “¥(X) 1f X 1is not.compact (Tak’e an ultranet (x
in X which does not converge in X. Then ({x;\})'is a net in

% 'X_  converging to ¢ in ?(X).

x)

Theorem (3.7). Let A and B be closed subsets of X and

X = AuB. If ¥(A) and ¥(B) are pathwise connected, then so
is EX).

Proof. The function f: F(A)x F(B)>F(X) such that

£(F,G) = FuG is continuous, since X = AuB. Then f(A;B) =

and hence f is onto. '1‘(A) x °§(B) is pathwise connected since
F(4) and?(l:‘s') are pathwise connected. The continuous image
of’a pathwise connected space 1s pathwlse connected, thus

*¥(X) is pathwise connected

Theorem (3.8). Let A and B be closed.subsets of a Ti-—space

¥, X= AuB’
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and AnB # ¢. Then if ?B(A) and ?%(B) are pathwise
connected so is % (X).

Proof. Define the map f: ¥ (A)x F (B)>F (X) by £(C,D) =
CuD.Theﬁ f is continuous. Hence the image of f is pathwise
connected.

Now 1ef C be a nonempty closed subset of X then CnA is
closed subset of A and CnB is closed subset of B and hence
(CnA) u (CnB)e '¥o(x). If CnB #¢ then CnBe.¥ (B) and if
CnA # ¢ then CnAe’}b(A). But if both are not empty then
(CaB) u (CnA)e Imf . Thus :;O(x) = Imf“u?o(B)U‘?o(A), and
all the three are pathwise connected. Since AnB # ¢, then
there exists xeAnB. Hence {x} e Q’O(A) and {x}e F_(B) and
also{x } e Imf. Thus Imf n’?i)(A)n F,(B) # ¢. Hence E (X)
is pathwise connected. ’

Definition (3.4). A space X is totally disconnected if the

components in X are the points. Equivalently then, X is
totally disconnected if and only if the only nonempty
connected subsets of X are the one point sets.

Definition (3.5). A set A in a space X is perfect in X if

and only if A is closed and dense in itself; that is to say,
each point of A is an accumulation point of A.

Theorem (3.9). A compact Hausdorff space X is totally

disconnected'if and only if whenever x # y in X, there is

an open-closed set in X containing x and not y.

Proof. See [15]
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Corollary (3.10). The Cantor set is the only totally

disconnected, perfect compact metric space (Up to homeomor-
phism).

Proof. See [15] .

Theorem (3.11). If C is the Cantor space, then ?O(C) is homeomorphic to C.

Proof.

Claim 1. ?;(C) is totally disconnected. Let C, and C, be

1
two distinct nonempty closed sets in C. Let xe 02\ Cl and

ngl. Since C is totally disconnected then there exists an
open-closed set U§:C such that ery and y ¢Uy, hence ery =
C \Uy . Then Vy is also open-closed. Do this for all yeCl.
Since C1 is compact then there exists yl,y2,...,yn such that,

ClcV u V. u...uV. =V . Let U=U_nUn...nU , then
¥y Io Yn .Y Yo Yn
U is both open and closed,'since all U are open and closed,
i
hence U is compact. Also V is open and closed and hence is

1c V and

UnV =¢ . Then waU =¢ and'Can # ¢ hence Cle[U, {v} 1. Since

compact. Moreover xeU, since ery for all i, and C

xeC, and xeU then CnU # ¢, then Czé[U,{V}]'. It remains to

show that [U,{V}] is also closed. But

F N [0, VI = (FeF (C) = F¢[U,{VI])

{Fe'?o(c) : FnU #dor FaV = ¢}

[¢,{U}]v [v,{C} .

and both of these sets are open so that 75(0)\ [U,{V}] 1is

open. Hence [U,{V}] is closed in #O(C). Thus ?O(C)
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is totally disconnected.

Claim 2. ‘?6(0) is perfect. Let FcC be a closed nonempty
set and let erF. Since C is ﬁerfect, erETTE;T = C;
that is to say, there is a sequence xneCnB(xO,%Q such that X, > Xy
and x # X for all n. Let F = [F\B(xo,% )]'u{xn}.Since
X *X_, then F +F in 9%(0). Since F # F for all.n, then
¥,(C) is perfect. But  (C) is compact Hausdorff and
metrizable. Thus‘?o(c) is totally disconnected, peffect
compact metric space and hence ?g(c) i8§ homeomorphic to C.

Definition (3.6). A Peano space is a compact, connected,

locally connected metric space.

Theorem (3.12). (Ha4un and Mazurkiewicz) A Hausdorff space

X is a continuous image of the unit interval T if and
only if it is a Peano space.

Proof. See [15].

In May 1972 R. Schori and E. West proved the following :

Theorem (3.13). F (I) is homeomorphic to the Hilbert cube

Q, where I = [0,1].

Proof. See [13] .

And in September 1974 D.W. Curtis and R.M. Schori generalized

this result in the following

Theorem (3.14). ?"-O(X)SSQ, the Hilbert cube, if and only if
X is a nondegenerate Peano space (locally connected metric

continuum).

Proof. See [ 1 1.
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Corollary (3.15). If X is a Peano space, then E%(X) is a

Peano space.

Proof. This follows by the above theorem since Q is a Pz2ano
sﬁace;

Now we want to prove that‘?o(X) is contractible for a finite
connected éimplicial complex. To do so we need the following

preliminary. In the following four definitions X is a metric space

Definition (3.7). Let P be the partition 0 = to<tl<...<tn=l
of [0,1] and f: [0,1]+X. be a continuous map . Then

LP(f) = d(f(to),f(tl)) + d(f(tl)’f(t2»+"'+d(f(tn—1)’*(tn))'
and the length of the path L(f) = sup{LP(f): P is a partition
of [0,1]}.

Definition (3.8). X is finitely pathwise connected if and

only if for all x, yeX there exists a path of finite length

between x and y.

Definition (3.9). X is a space without detours if for all

xeX and for all >0 there exists &>o0 such that for all y

such that d(x,y)< 8 then x and y can be linked by a path of
length less than €.

Definition (3.10). The inner metric di on X is defined as
follows, di(x,y) = inf{L(f): £ is a path between x and y!

Theorem (3.16). diiis a metric equivalent to the metric d

if and only'if X is finitely pathwise connected without

detours.

Proof. See [12] pp. 119.
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Theorem (3.17).  The nhoods B_ (x) {y: di(x,y)<e} are
all finitely pathwise connected.
Proof. See [12]) pp. 1l21.

Theorem (3.18) If X is compact and x # y then there

exists a path f: [0,1]+X such that £(0) = x and (1) =y
and L(f) = di(x,y). This path is called the shortest path.
Proof See [12] pp. 141.

Definition (3.11). A simplicial complex K is a subspace of

some Euclidean space, consisting of a finite number of
Euclidean simplexes such that the intersection of any two

is a face of each.

Theorem (3.19). If X is a finite connected simplicial

complex, then '}O(X) is contractible.
Proof. Since X 1is a finite simﬁlicial complex then for
every two points x,y ¢ X there exists a path of finite
length between x and y. Hence X is finitely pathwise
connected. It is clear that X is a space without detours.
Thus by the above theorem the inner metric di is equivalent
to the metric d on X. Hence we can assume that X is endowed
with the inner metric. Define
H : ';o(x) X [o,M}»?o(x), where M = diameter of X.

by H(C,t) = Ct = {y : da(y,Clst}.
Let(Cn)be é sequence in ?g(x) such that C_»C and let(tn)be
a sequence in [0,M] such that tn+t. Then H(Cn,tn) = C .

Ny
n
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Let xels Cn » then there exists a subsequence xieCn

t i
n th,
i i
such that XX, This implies that d(xi, Cn )stn hence
’ i i
there exists yieCn such that d(xi,yi)stn . But y; is a

i i
sequence in a compact space, then there exists a subse-

quence(yi) of(yi)such that Yy .Y and yeLs Cn =C . Also

J J i.
J o
there exists corresponding subsequences (x; )and(t, of (x;)and(t )
. ‘| 1
J lJ
respectively such that X; *X and tn - t. Thus d(x,y)<t
J i,
and hence xeC,. Hence Ls C_ c C, . Y
t nt t

n

Now let Xect, then d(x,C)<t. Then there exists yeC such
that d(x,y)st. Take a path of minimal length from x to y,
call it f and take €>0. Since yeC = Li Cn’ then there

exists n_ such that Cnn%; (y) # ¢ for all nznO.AlSDtmﬂﬁ exists

n- such that for n2n,, \tn—t[sa/zl since t »t. Let z -= f(s) such
t%at d(f(s), x)=€/2 be on the’ shorteg% path
between x and y. This is possible by the intermediate

/
value theorem. Then d(zn,y)s d(x,y) -8’2 . And by the
triangle inequality, taking ynécnnBe/U(y) for nzn

Az 5y,) sdlz ,y) + dly,y )

<d(x,y) -E/Z + E/Ll

<t - 94
<tn if n 2 n1
Hence z_¢ C . By construction d(z ,x)=°/_<¢, then
n ng n 2

n
Z € Bs(x)for all nzmax {no,n1}=n2. Thus Cn“ nBE(x)z¢ for

tn
all nznz. .
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Hence xelLi C and thus C,< Li C . Hence H is a
nt t nt
n n
continuous function. And
H(C,0) = C_ = {y: i(y,c) = 0} = C
: H(C,M) = G, = {y: d(y,C)s M} = X

Thus 7O(X) is contractible and hence pathwise connected.




CHAPTER IV

_ THE SPACE “# (X)
Definition(4.7). o

Bet A be any directed set and suppose Xa is a topological
space for each aeA. For each o and B with os<B, let fBu:%fxa
be a continuous map. The collection of spaces Xa and maps
fBa will be called an inverse limit spectrum, denoted <Xa;
fBaz’ provided the following condition is satisfied: if

= o
0 <R <y, then fYa fBX'fYB'
The inverse limit space of an inverse 1limit spectrum <Xu;f6u>
is the set X_= %ig X%={xeﬂxal whenever osB;x = fBu(xB)} with
the subspace: topology.

Theorem (4.1).

If‘u={Ui}i€I is a base of open sets ofa local-
ly compact Hausdorff space X then'?(X)~1im?§(Ui).
-~

Proof. Define an order on I by izj if and only if UiDUj,
then the inverse 1limit space 1imu?(Ui) can be described_as
-

follows.

1im F(U, )={{Cc,} : C, is closed subset of U, and whenever
- i i i i

i>3j £..(C,)= C.,nU, = C,}.

= 15 (C3)= €400y = Cy

Define the mapq?(c):':f(X)+H1(Ui) as follow <Pi(C)={CnUi}={Ci}.

This map is well defined, since if izj then UjCUi, Ci=UinC

is a closed subset of U, and C,= U,nC =U,nUANC =UsnC,=f.. (C,).
i j 3 J i ) i i

Hence {Ci} e lim "f(Ui) and @ is well defined function from
$(X) into I'Lim'a"'(Ui).

@ is a one to one function: Since if C2D let xeC and x¢D.
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Take U; such that xeU, Then U;nC * U nD or @{C) = P(D).
Q is an onto function : Let CicUibe a closed subset of U; for every i
such that if U.,<U,, C,nU.,= C, and define C= u C.. Then C 1is
J o+ 13 J iel 1
closed in X: Let xeC and take k such that xeUy, . Then for

every nhood V of x and VeU, we have VnC#¢. But if Ve<U, then

k k
VnUknC=¢ implies Van=¢. Then xeCk in Uk' Hence xeCk since
C, is closed in U, and xeC = v C,;. Hence CcC and thus C is
iel

closed subset of X.
CnU, = Ci . If C= uC, , then CnU, = u C.nU,
1 . jeI o 1 jer
since CinUi = Ci then CnUi DCi
Now let xeC.nU, and i#j. Since C.cU, then U.nU.>U.nC, then
J 1 Jd J i J 1 J

erinCJ.CUint . But {U1}1€I is a base for the

topology of X so that there exists kel such that erkc Uj_”Uj°

Then xeCjnUinUk.= Cani = Ck’ since CkCUkCU:L
Thus XeCk. But Ck = CinUk. This implies that XEC:‘.L.
Hence C.nU,c C, for all j. Thus U C,nU.cC.

joi i i 7i

Jel

Hence CnU,c<C.,, and we conclude that CnU.,= C,.

i77i i i
Then cPis an onto function.
@ is continuous. Since f: F(X) -g(U,) is continuous for every i,
by theorem@.4)therg: F(x) +ir€[I"'r’(Ui) is continuous. Since ?(Ui)
is a compact Hausdorff space for every i, then lim 7(Ui) is

+

compact Hausdorff by theorem 29.11 [15]. Since "(X) is com-

pact and 11m 7(U ) is Hausdorff space as a subspace of the

Hausdorff space II °:,.’(U ). Then by theorem (17.14) [15] is a
ieTI
homeomorphism.
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Thus HX) » lim F(U,).

Th (4.2, Tr ...—n % :
eorem . N .o n+1 n PR 1 o 18 a seduence

of compact Hausdorff spaces aﬁd continuous‘maps, and if X=

lim A, then ?O(X) = Lim *}o(An).

<

proof. Let Y=lim‘?O(An)={{Cn} : Cneﬁ%(An) and ocn(Cn)=Cn_1

for all n}.

Let vy : 9;(X) +Y be the map Y(C)={Cn(C)}, where  :X»A is the

restriction of the projection map HAn+An.

Claim 1. Y is a surjection: Let {Cn}n=0,l,fY' Then C_cA_ is

a closed subset of A_ and o_(C)=C
n n''n n-1

o

: -
Consider the sequence coe™C —C .. 0 C

Let C=1im C_={{x }:x eC and o (x )=x
n n ""n-’n n' ' n

i n-1 for all n} and let

{xn}eC. Then xneCn and ocn(xn)=xn_1 for all n. But CncAnA

Then x_eA_ and o _(x_)=x for all ns then {x_}eX and hence
n n n 'n n-1 n

CcX. But C is compact Hausdorff and nonempty since each Cn is. Hence

C is closed in X and hence cé?%(x). Let xneCn and let Xn-l=

an(xn), xn_2=an_l(xn_l),... and choose x

~1 o
xn+2€an+2(xn+l)"" Then {Xk}eCcX and cn({xk})—xn and hence

-1
n+1€an+l(xn)’

the map Cn : C +Cn is surjective and thus Z;n(C)=Cn for all
n. Hence Y(C)={cn(C)}={Cn} and vy is a surjective map.

Claim 2. v is injective. To prove this we need the following:

Lemma (4.3). If CcX is closed then C=1lim cn(C).
“
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Proof. Let Cn=cn(C). Then an(Cn);an(cn(C))=;n_l(C)=Cn_l

Let xelim C CX. Then xé{a } wher= a, eC and o (a_)=a .
- n n-1

Then aneCn-cn(C) hence a =t (c ) for some c_eC. Since C is

compact and cnsC for all n, then there exists ceC, an accu-

mulation point of the sequence, and hence also a subsequence

tn ) of én)converging to c.
i
Fix n_, then ¢ (cr1 )=arl
o e} 0
Let 1 be such that ni>no. Then

i ) O... 00 ot (c_ )=a 0...0(a.)=a

+ - + 8n;

no+1 nq 2 ng 1 n;  ny n, 1 n;mi

Then z_ (c_ )= a_ for all n.>n_since z_ =o oa oa_ _,0C
n - ng ng io n, no+l no+2 ny 1 ny

Then 1im ¢z_ (c_ ) =a_ . Thus z_ (€) = a, for all n_, and
{3 g 0y n n, 5 o
hence C={a_}=x. Hence 1im C_cC.

n . n

On the other hand if x={an}eC, Then an=;n(x)ecn(C) for all

n, a_eC_ and hence xelim C_. Thus Cclim C_= 1lim ¢_(C).
n n < n - n “ n
And we conclude that C=1lim cn(C). To complete the proof of
<

the above theorem, Suppose that Y(Cl)=y(02). Then ;n(Cl)=

2
lim cn(CE). Then if cn(Cl)=;n(Cl) for all n, it is clear

;n(CZ) for all n. By the lemma Cl= 1im cn(Cl), and C.=

that Cl=C2 and hence vy is injective.

Claim ‘3. v.1is continuous. But Yy is continuous if and only

if the composition with the projections ?;(X)Y+YPH+3%(An)

is continuous for all n. But this composition P,°Y is just
the map ? (C ), which is already known to be contlnuous,
(ef theorem 2 l) Thus ¥ is a continuous’ leectlon Hence it
is a homeomorphlsm s1nce'f (X) is compact and Y is Hausdorff.
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Theorem“gﬂ;ﬂ). If X is Hausdorff then the map ¢(X):X#?O(X)
such that ¢(x)={x} is continuous.

Proof. Let (x,), ., be a net of elements of X such that xk+x"
in X. Let yeLS{xk} and U a nhood of y, there exists a
subnet'{xx_} of‘{xk} and for every i an element xk.E{Xk.}
such that ;Ai+y' By uniqueness of limit y=xe{x}. - "
Hence Ls{x, }e{x}.

Since X5 7X, then for every nhood U of x there exists Ao

such that x4eU.  for all AZAO; Hence {xl}nU=¢ for all AZAO
and thus xeLi{x,} or {x}e<Li{x,}. Hence LS{xx}é{x}CLi{xx}

and hence @(xx)+®(x), and &(x) is a continuous function.

Theorem (4.5). If X is locally compact and compact then

there is a continuous function W(X):gi(x)4§5(x) defined as
¥(X) (@)=u{C:CeB}.

Proof. LetGE'fg(X), then § is closed subset of F_(X), that
is to say(z is a family of closed subsets of X, siach that
if FyeGand F\>F_ then F_c§.

Define ¥(8)= ucC

066.
Claim 1. Y¥(X) is well defined. Let xe UC. Then there exists
Cef ‘
a net xxe UuC such that XA+X'
055
For every A choose "C>\€6 such that x)\ec)\. Then {CA} is a net

of.

in JO(X). Since H%(X) is compact then there exists a conver-

gent subnet (Cy Jsuch that C, »C. Then C_e €since & is closed
1 1

subset of ?é(x).
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Since x>\+ X then(xA) is eventually in every nhood of x.

i i
Hence any nhood of x meets CX thus xeLsCA . But CA +CO.
i i i
‘Then LsCA =Co,hencexecoeg. Thus xeuC . Hence
i i Ce
uC is a closedsubset of X and then uC e F(X) and ¥(X) is well
Ceb ) ce6 °

defined.

Claim 2. Y¥(X) is continuous. Let 6X be a net in ‘3—5(}() such
that €>\+€ inf‘;’g(x). We .Want to prove that ll’(X)(e}\)—r‘i'(X)(@),
Let xeucg xeC for some Cef. Let U be a nhood of x then
Cnqu:.CEHenc‘e [¢,{U}]={F:FnU=6} is a nhood of C. Since Cel
then CeLi€, because €,»€. Thus there exists A, such that |
[¢,{U}]nf1=¢ for all Az)X_,this implies that there exists

Cxegx such that C,€[¢,{U}] for all A=\, i.e. C,nU#¢ for all

A2A . So (uC )nUz¢ for all A=A _. Thus xeLi(uC
o c, g o c.le
Ae) ATA
hence vC < Li(ul Y. Let xeLs(uC, ) and let U be a com-
A VA
Ce& C.,€ \ Lkegk
pact nhood of x . This implies that there exists a subnet

) and

UCA such that UCA nUz¢ for all Ai. Then for each Xi
i i
c, €6 C,e€,
}\i )\i )\i 1

there exists CA eﬁa
i i

such that CA”U¢¢ . Hence there exists
i .

x. €C., nU. Then (x. ) is a net in U. But U is a com-
li Ai Ai

pact nhood. Then there exists a convergent subnet x eCA nU

i. i,

J J

such that x, »x in U.. Now (CA ) is a net in ?%(X) which
A i

J J

A

is compact.
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Then there exists a subnet(CA ) of(Cx ) such that CA > Co
S i.
e Yk
?%(X). Moreover C, €Gx , hence any nhood of C_ meets
' S R i,
Je Ik
.GA » then CoeLsﬁx But‘@x +ﬁz then C €6. Also X, T X
i, . i, i, © i
Jy J J J
and Xy eC which is convergent to Co’ so that xeLsCX =Co
i, i, i,
J J J

Then xecodﬁ.

Hence xeuC and thus LSJCA cUC and we conclude

Ce€ Xégl Cet
that LimuCy =uC_or ¥(X) (€y) >¥4X)(€) and thus w(x)‘?- (X)>%F (X)
Ce

Cacln

is a continuous funétion.

Theorem (4.6). If T:X%»Y is a continuous map between compaét

Hausdorff spaces, then the following diagram is commutative.

o (X)

X ?5(X)
fl J%(r)
Y (YY) ¥, (Y)

Proof: Take xeX, then

= ﬂg(f)({x}) =
and [®(Y)of] (x)
¥, (£)oe(X)

Thus

e(Y)(f(x)) =
®(Y)o f

(?%(f)o (X)) (x)=ﬁé(f)(¢(X)(X))
{f(x)}
{£(x)}

and the diagram is commutative.
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Theorem (4.7). For each compact Hausdorff space X,
¥(X) o o(#_ (X))k identify map 1i: ¥, (X)) »F (X).
Proof: . Take Ce¥, (X) then (¥(X) o¢(¥F (X)(C)= ¥(X) (6 (F, (XIXC))

=¥ (x)({C}) =vucC = C.
ce{c}

Thus ¥ (X) o® (7§ (X)= i.

Theorem (4.8). The following diagram is commutative for each

compact Hausdorff space X:

2
FoE) ¥ (£)
, 4 _ ~
¥ (¥) V() | F_(Y)

Proof: LetCe"}g(X) then

(F(£)o¥ (X)) () = F (£) (¥(X)(B)) = F (£)(uC )=ur(C)

Ce6 Cef
and (¥(Y)o yicf))CC) = ¥(Y) (;ﬁﬁXd)) = ¥(Y)(f(&))where £(&)=
{£(€),€<f} = uf(C)

Ce€

Thus ;ﬂo(f)oY(X) = y(Y)o Ty’i(f) and the diagram is commutative.
Theorem (4.9). The following diagram is commutative.
%(X) ‘1’(5"0()(‘)) %3;2)(}()
%, (o (x: )l o lm)
O —r——%
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Proof: Let Ceﬁg(x), then

"

(¥(X)o o (F (X))(C) = ¥(X) (e(F_ (X))(C)) = ¥(X) ({C})

= uC = C by theorem (4.7)
ce{C}
and (¥(X) o ?O(@(X)) (C) = ¥(X) (?O(Q(X))(C)) = ¥(X)({cl})
= uC = C
ce{C}

and the diagram is commutative.

Theorem (4.10). The following diagram is commutative .

gg(x) W(?O(X)) r?g(X)

£ (X)) l lwm
?CZ)(X) Y (X) . "?o(x)

Proof: Leti?e?i(x), then D is a closed subset of gﬁ(x) and
hence a collection of families of closed subsets of X.

Then,
(¥(X) o F (¥ D=¥(X) @ (¥ (X)) D))
=¥ (X) b €:£e D

€<
= U (QC
€ed Ce
and also .
(W(X)OW(S%(X)))(éﬂ = y(X) (W(?&(X))@O))

=y (V@)
= UC BFD
Ce";u"&
&<
= u(uC )

Thus the diagram is commutatgvece_'5 by assoclativity of the union.
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Now let X be a contractible compact Hausdorff space and

let h:XxI+X be a contraction, then h(x,0)=x for all x and
h(x,1)= x, for all x.
Let H'.: FO(X)xI-»‘}O(x) be defined by H.l(C,t)= h(C,t). Then
B is continuous by theorem (1.2) and Hl(C,0)=h(C,0)=C and
Hl(C,l)= h{C,l)é{xo}. Define by induction H': ?S(X)XIA?S(X)
as follows HY(€,t)={g'= B (£t),g" €}

Lemma (4.11). The following diagram is commutative.

n-1
¥ oo o THL) - F2(%)
‘ Hn+1 1 g
?n+l< Y xT N ?n(X)XI
o} ?n-l ) o
(X)x 171
o

where II is the identity map of I
Proof: We have to show that for ail1:e§§+l(x) and for all

tel
HN T 0 (€),8) = 3270 (1™ (e, 1)),
or Hﬁ(;f)"lw(x)(ﬂ)) = ?g"lw(x) H2+1(é). Where

Hy : Fo(X1F. (X) is the map HL(€) = H'(€,t)where hy(x)=h(x,t).

Now we have HZ(C) = HI(C,t)= h (C,t) = ¥ (h,)(C),

I

2 _ o2 . o (ul , :
He ?O(ht) = ?6(?6(§t) JO(H ) and by induction we have

i _ i-1- n
H. = ?g(Ht ). Thus H

|

+ +
Fo(n,) ana HIYL = g0y

& £

Thus oMY (0 HDTU = 727y () o 7 (n,)
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- - .y
=F U0 o F (1)

i

y’g"l(\y(x) 0 ?§<ht>) Since?g—l is a functor

='§'2-1(?0(ht)‘P(X)) by theorem (4.8)

Fo N (F, (n)o FTH(wx))

]

Folh) o F7H(wx))

= Hg o ?—2—1(4’(X)) and this is what we set to
prove. . '}2_1‘¥(X) %o Y (X) ¥Y(X)

Now .-»F0 (X)) —s ¥ . FoX) —F (D) 1s

a sequence of compact Hausdorff spaces and continuous maps.
. % . n . -
We define ’}'O(X) = lim '}'O(X) > the inverse limit .space of the
-~

above sequence. We have the following .

Theorem (4.12).If X is compact Hausdorff space and contractible,

then ‘}:(X) contractible

Proof: Consider the following commutative diagram
Ln-1

- F ¥(X) .

(X ?2*1(3) —— Fox)
+ H rgtl + H"
(X)) XT .. gt n

B o R B0

This induces a map Hco between the inverse limit spaces of

© . . i,
the two sequences, H is continuous since each H™ is. But
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the inverse limit of the bottom sequence is §¢ (X)xI Thus
we have H : Sz(X)XI+§6(X), also H: is the inverse limit map .
of the. maps Hg which are all identity maps, then Hzisthe
identity, and H; is the inverse 1limit map of the maps g

1

which are all constant , then H; is a constant map. Thus
0 (o]

H : ?g(X)XI+76(X) is a contraction map and hence ?ﬁ(x) is a

contractible space.

Corollary (4.13).If X is compact Hausdorff and contractibl_eg:(x)

is a pathwise connected space such that 9%(?2(X))q?§(X)-
Proof: By the above theorem ?i(X) is contractible and hence
pathwise connected. ©Now consider the following sequence of

compact Hausdorff spaces. ... ’5’ ‘P(X) '}'3(}() 9‘ ‘P(X) ? (X)‘P(X)? (x)

its inverse limit space iS'?g(X). Thus by theorem (4.2)
¥, & (X)) & lim Z (F(x))
« Fo(X).
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