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Abstract

Dithering technique has been used to reduce the quantization error for more
than thirty years. This thesis reviews the theories of quantization and dithering,
which explain the effect of dithering from a theoretical point of view. Applying
dithering to digital Fuzzy Logic Controller (FLC) is the focus of this thesis. Two
applications, FLC for Inverted Pendulum and FLC for Truck Backer-Upper, have
been simulated and reported. The results of the simulation demonstrate the positive
effect of input signal dithering on the resolution of the digital FL.C output, especially

for the case of the coarse quantization of the input signal.
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Chapter 1 Introduction

Signals encountered in real life are often in continuous time, that is, they are
waveforms (or functions) on the real line. Their amplitude is usually continuous as
well, meaning that it can take any real value in a certain range. Signals continuous
In time and amplitude are called analog signals. The basic promise of analog
systems comprises functional simplicity, high speed and overall low cost, as well as
the ability to mimic natural phenomena with electrical variables and parameters.
Analog signal processing inevitably has some limitations and drawbacks, such as
accuracy limitations, limited repeatability, sensitivity to electrical noise, limited
dynamic range of voltages and currents, lack of flexibility to specification changes in
the processing functions, difficulty in implementing nonlinear and time-varying
operations, and high cost and accuracy limitations of storage and retrieval of analog
information.

Therefore in recent years, there has been a clear trend in the use of digital
techniques for performing varied signal processing functions. Now we can find
digital techniques almost in every area in our life, telecommunication, personal
computer, cellular phone, etc. This thesis will address the special scope of the digital
signal processing for fuzzy logic control.

Digital signals are both time and amplitude quantized. A digital signal may

always be represented by a sequence of numbers in which each number has a finite



number of digits. To convert the analog signals to digital at the specified sampling
intervals requires an analog-to-digital converter (ADC or A/D). It accepts an analog
signal at its input and provides an n-bit binary signal at its output. The important
characteristics of an ADC are the speed and accuracy with which it can perform a
conversion. The former will place a limit on the number of conversions that will
occur per second, limiting the upper value of analog signal frequency that can be
retrieved from the sampled data and, in turn, the upper-frequency component of the
analog signal being converted to digital. The latter (also the primary concern of an
ADC) will affect the overall fidelity of the process, introducing extraneous
components (or quantization error) into the output signal.

Since quantization error is inevitable, we need find some solutions to reduce
the effect of the quantization error. The most straightforward way is to use the high-
resolution quantizer, which means long conversion time (this is inappropriate for
strict real-time system.) and expensive cost in money. The other way is to use the
dithering technique. Dithering [35], [38] has been used in the past thirty years to
reduce the effects of quantization error. In this technique, a signal called a dither is
added to an input signal prior to quantization. In particular, suitably chosen random
dither signals can cause the quantization error to be signal independent, uniformly
distributed noise.

Chapter 2, “Quantization and Dithering” , presents a detailed discussion on

quantization and dithering theory.



Fuzzy sets were introduced in 1965 by Lotfi Zadeh [52], who is considered to
be the father of Fuzzy Logic, as a new way to represent vagueness in everyday life.
They are a generalization of conventional set theory, one of the basic structures
underlying computational mathematics and models. During the past few years, we
have witnessed a rapid growth in the number and variety of applications of FL,
ranging from consumer electronics and industrial process control to decision support
systems and financial trading.

The reason that the applications of FL have developed so rapidly, perhaps, is
for its convenience. FL specification can be expressed very simply using natural
language. The basis for FL is the basis for human communication and it is
conceptually easy to understand.

Chapter 3, “Fuzzy Logic Control” , presents a detailed introduction to the
theory and terminology of fuzzy disciplines, including fuzzy sets, fuzzy rules, fuzzy

reasoning, and fuzzy inference systems.

The specific contribution made in this thesis is in the area of digital FLC
application. Based on the theoretical studies on dithering technique and fuzzy logic
control, this thesis is among the first to study the effects of dithering on digital FLC
performance. Two applications using digital FLC with dithering technique are
thoroughly studied and the results are validated using the MATLAB/Simulink. One
application is the FLC for an inverted pendulum, and the other is the FLC for a
truck backer-upper. The simulation results presented in Chapter 4, “Dithering for

Fuzzy Logic Control --- Applications” have shown the improvement made by



adoption of dithering technique in digital FLC. Moreover, a virtual prototyping
environment for the second application, fuzzy truck backer-upper, has been

developed.



Chapter 2 Quantization and Dithering

Quantization occurs whenever physical quantities are represented
numerically. As a mathematical operator, a quantizer may be defined as processing
continuous signals to give a stepwise continuous output or as processing sampled
signals to give a stepwise sampled output [54]. Our attention will be focused on the
simple but important quantizer - uniform quantizer. It is apparent that the smaller
the quantization step, the larger will be the numbers required to represent the same
physical quantities and the greater will be the difficulty and expense in storing and
processing these numbers. Often, a tradeoff has to be struck between accuracy and
economy.

Dithering is a technique to reduce the effect of quantization error [38], [52]
and [53]. From a statistical point of view, a proper dither signal added to the input
signal before quantization can insure that the quantization theorems can be
satisfied to a good approximation. This will lead to a predictable quantization error
and a minimum loss of statistical data of the input signal.

In this chapter, we will review the theory of quantization, from which we can
show the reason and importance for dithering. Also, the theoretical property of

dither signals will be included. In addition, various dither forms will be introduced.



2.1 Theory of Quantization

Signals are represented in digital computers by sequences of finite bit-length
numbers. Mapping of a continuous-time, continuous-amplitude signal to a sequence
of computer numbers requires discretization both in time and amplitude: sampling
and quantization must be performed. Sampling theory is well understood. It is a
linear operation; therefore linear system theory can be applied to the analysis of it.
In this section, we will focus on the concepts and theories of quantization. In

addition, quantization error and how to reduce it are to be discussed.

2.1.1 Quantization and Quantizer

Sampling discretizes time, and quantization discretizes amplitude. They are
two corner stones of the modern digital systems. But quantization is generally less
well understood than sampling. The reason is that quantization is a nonlinear
operation; therefore most people believe that standard tools of linear system theory
cannot be applied to it. In fact, we will find out how linear system theory can be
precisely used to analyze the effect of quantization on moments and other statistical
properties of the signals.

The basic quantizer operation is depicted in the block diagram in Fig. 2.1.
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Figure 2.1 Quantizer symbol

In this thesis, only the uniform ideal quantizer with rounding quantization is
considered. However, any other uniform quantization scheme can be studied with
small changes in presented analysis [6]. A uniform quantizer maps an analog input
into one of a collection of equally spaced output levels. The difference between two
adjacent levels, A, is called quantization step, or quantization interval.

A:xmax — X nin =xmax — X i (2.1)
2" m

Xmaw Xmin denote the maximum and minimum value of the input signal, respectively.

n is the quantization resolution and m is the number of quantization output levels.
When the input is confined in the no-overload region

[-(m+1)A/2,(m—1)A/2], the analytical expression for quantizer input / output and

error characteristics are, respectively

et
x, =0(x)= A A 2.2)
and
A
A x+3
q(x)=Q(x)—X=5—A A (2.3)



where | x| denotes the greatest integer less than or equal to x, and (x)=x—|x] is

the fractional part of x. Apparently, when the input is in the no-overload region, the

A
maximum quantization error q(x) is —.
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Figure 2.2 Uniform quantizer (adapted from [6])

(a) quantization characteristics (b) quantization error



Fig. 2.2(a) shows the input/output characteristic of a typical uniform 8-level
quantizer and Fig. 2.2(b) shows the quantizer error characteristic e, corresponding to

(a). x, is the analog input and x, is the quantizer output. For simplicity, we will use

x to denote the analog input instead of x,, in the rest of this thesis.

Now let us look at a simple example. Assume that we have y=cos(x) as the
original input signal. We quantize this signal with different resolutions, 2 bit and

6bit.

aad \ :
D AV
NEAVI Y

odfdli i H el o\

) ) / \

0 1 2 3 4 & 6 7 9 10 0 1 2 3 4 5 6 7 3 10
(b) (c)

Figure 2.3 An example of quantization
(a) original input signal y=cos(x); (b) 2-bit quantization of the signal;

(c) 6-bit quantization of the signal



The results are shown in Fig. 2.3(b) and (c). Apparently, with higher
resolution, the waveform in (c) is much smoother and closer to the original signal in
(a). The reason is that the higher the resolution, the more quantization levels the
quantizer has and the finer the measurement resolution is.

Deceptively simple in its description and construction, the uniform quantizer
has proved to be surprisingly difficult to analyze precisely, because of its inherent
nonlinearity. A common analysis technique is to linearize the quantizer by assuming

that the quantization error ¢, the difference between the quantizer input and

output, consists of a sequence of uniformly distributed random variables that are
uncorrelated with each other and with the input signal (a discrete time stationary
random process). In this case, the quantizer is replaced by the simple system of Fig.
2.4, where X, is the input and g, is an independent and identically distributed

(i.i.d.) sequence of uniformly distributed random variables. 7 € Z, where Z is the set

of all integers. The quantizer output is the reproduction process X ., =0(X,).

9,

X. I
L/

Quantizer

L
2

Figure 2.4 Additive noise model of a quantizer

This approximation was shown by Bennett [3] to be reasonable when the
number of quantizer levels n is large, the spacing A between the levels is small, and

the input probability density function is f, smooth. It has long been known that this

10



approximation can be quite poor in certain cases, e.g., for sinusoidal inputs.
Furthermore, many modern oversampled analog-to-digital converters clearly violate
the Bennett conditions in that they have few levels, relatively large spacing A, and
non-smooth quantizer input density functions. One common means of attempting to
force the Bennett approximations to hold is to use a dither signal, which is the focus
of this thesis and will be discussed in detail in the second part of this chapter. But
before we go to it, let us go one step further to the theory of quantization. We will

investigate it and find out the reason for dither from a statistical point of view.

2.1.2 Statistical Theory of Quantization

Sampling discretizes time, and quantization discretizes amplitude. One
would expect that quantization has a similar effect on functions of the amplitude as
sampling has on functions of time. This recognition led Widrow [51]-[53] to the
development of a statistical theory of quantization.

The sampled signal can be obtained from the continuous-time signal by
multiplying it (modulation) with a certain impulse carrier. The spectrum of the
original signal is repeated along the frequency axis. When the repeated spectra do
not overlap, the original spectrum can be restored, and its inverse Fourier
Transform yields the original input signal. In other words, the sampled signal
contains the same information as the continuous-time signal, and it can be used for
the same purposes as the original signal. This statement in a precise mathematical

form is the sampling theorem [21], [28] and [40].

11



Now, let us study the probability density functions (PDF's) of the quantizer
input/output.
Figure 2.5 shows a typical PDF of the quantizer input and output. The input

PDF f_(x)is smooth, and the output PDF f(x)is discrete. The reason for this is

that each input value is rounded toward the nearest allowable discrete level. The
probability of each discrete output level equals the probability of the input signal
occurring within the associated quantum band. For example, the probability that the
output signal has the value A equals the probability that the input signal falls into
>, 2

27 27

fl® f.=

N

BT N= oy,
ELY 3a 4 o 2 3a RLLY X X
T2 T2 2 2 2 2

Figure 2.5 Formation of the PDF of the quantizer output Xq (adapted from [53])

Careful study of quantization reveals that the PDF's of the input and output
signals are related to each other through a special type of sampling. The output PDF
is a string of Dirac delta functions whose areas correspond to the areas under the
input PDF within the bounds of each quantum box. Cutting up the input PDF into
strips as in Fig. 2.5, the area of each strip is compressed into an impulse in the
center of the strip when forming the output PDF. This is like a sampling process,

and it is called area sampling.
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(adapted from [53])



Area sampling can be accomplished by first convoluting the input PDF

f.(x) with a uniform pulse
1 A A
Z: - '_2_ <x< —i‘
f.(x)= (2.4)
0 elsewhere,

then following this with conventional sampling. See Fig. 2.6.

The input PDF f (x) is shown in Fig. 2.6(a). The function f,(x) is shown in
Fig. 2.6(b). The convolution of f (x) and f,(x) is illustrated in Fig. 2.6(c). To do

conventional sampling, a uniform impulse train is represented in Fig. 2.6(d).

Multiplying this train by the convolution gives the impulse train of Fig. 2.6(e). This

final impulse train is the PDF of the quantizer output, f/(x) . Every step of the way

in going from f_ (x) to fJ7(x) involves linear operations.
The Fourier transform (FT) of the PDF is known In statistics as the

characteristic function (CF). The definition of FT is given in (2.5),
F@)= [ fx)e™ds (2.5)
so the input CF is
@, = [ f.()ePdc = E{e™} (2.6)

The CF is as useful in quantization theory as the Fourier transform of signals is in
sampling theory. Therefore, it makes sense to see the area sampling in the CF

domain.

14
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The input CF is shown in Fig. 2.7(a), corresponding to the input PDF of Fig.
2.6(a). The FT of the rectangular pulse is shown in Fig. 2.7(b). The product of the
FT's is shown in Fig. 2.7(c), corresponding to the convolution of Fig. 2.6(c). The
product is repeated in the transform domain with a "frequency" of y given by

v =2nr/A. The repetition is shown in Fig. 2.7(d), and the sum of the repetitions is
shown in Fig. 2.7(e). This is a sketch of the FT of the output PDF of Fig. 2.6(e).

A general expression for the CF of the quantizer output is

D (1) = icp,(u +iy) sinc{A'(—“i'”—)]

2

sin /¢

where sine(x) =

Equation (2.7) clearly shows the repetition at integer multiples of , the
quantization frequency. This is analogous to the sampling radian frequency,
Q=27/T, where T is the sampling period. The sampling period is analogous to the
quantization step A.

In terms of the bandlimitedness of the CF, a Quantizing Theorem can be
formulated, as follows.

Quantizing Theorem I (QT I): If the CF of x is band-limited, so that

Ty
O, (u)=0 A 2.8
() for > N (2.8)

then

ethe CF of x can be derived from the CF of x,, and

sthe PDF of x can be derived from the PDF of X,

16



The proof is straightforward from Equation (2.8). QT I provides the condition
for the output PDF of the quantized signal to contain all the information about the
input PDF. In other words, we established a one-to-one connection between the
statistical descriptions of the input and output signals of the quantizer.

The above considerations lead to another very important consequence. By
taking the central replica of the CF, or equivalently, by interpolating the output
PDF, we obtain not the input PDF, but its convolution with a uniform PDF.
Therefore, the central replica of the CF is the product of the CF of x and the CF of a
uniform distribution.

The analogy between sampling and quantization is even more profound.
When a signal is not band-limited, we usually apply an anti-aliasing filter to it
before sampling. The anti-aliasing filter multiplies the spectrum by the transfer
function of the filter, which is zero outside the desired passband. Similarly, in
quantization we can find a way to multiply the CF by a desired function. A product
of characteristic functions corresponds to convolution in the PDF domain, since CF's
and PDF's are Fourier transform pairs. Convolution of PDF's corresponds to
addition of independent random variables. Therefore, we can limit the band of CF by
adding an independent random variable with limited CF bandwidth to the input
signal. This auxiliary signal is called dither.

As we know, when two statistically independent signals are added together,
the sum has a PDF which is the convolution of the PDF's of the two signals.
Accordingly, the CF of the sum is the product of the CF's of the two signals. These
facts are very important in the development of the statistical theory of quantization.

It is useful to compare quantization with the addition of uniform independent noise.

17



Referring to Fig. 2.8(a), quantization of x yields x,, and addition of independent

noise n yields x+n. The PDF of the noise to be added is shown in Fig. 2.8(b). The

PDF of x, is discrete, and the PDF of (x+n) is smooth. The latter is equal to the
convolution of x, i.e., f.(x), and the PDF of n, ie, f,(x). By inspection of Fig.

2.6(e), one can deduce that the discrete PDF f?(x)of the quantizer output is equal
to the samples of the smooth PDF f_  (x) of the sum of x and n. This is true in

general, with or without satisfaction of the quantizing theorem.

x X f_(r)

- Q 31 174
L 1 1 1 >
x ~® x+n‘ -812 g An2 x
+\=/ i ®)
+
I,

(@)

Figure 2.8 Comparison of quantization with addition of independent noise:

(a) quantization and noise addition; (b) PDF of the noise.

It is well known that the moments of a random variable x, such as the mean,
mean square, mean cube, etc., can be determined by taking derivatives of the CF at

the origin. The Ath moment is

1 d'0, ()

E{xk} = jk duk u=0 (2-9)
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Referring again to Fig. 2.8(a), it is useful to compare the moments of x, with

those of x+n. In general, they do not correspond. But they do correspond when
certain quantzing theorems apply.

Refer now to Fig. 2.7. When QT I is satisfied, the replications of Fig. 2.7(d) do
not overlap. When summing the replications, the derivatives at the origin in Fig.

2.7(e), related to the moments of x,, will correspond exactly to the derivatives at the

origin in Fig. 2.7(c), related to the moments of x+n. Thus, when QT I is satisfied,
E{(x,)*} = E{(x+m)*} (2.10)

This relation will allow the moments of x to be calculated from the moments of x,.

In fact, equation (2.10) will apply even when the replicas of Fig. 2.7(d) overlap, as

long as the overlap doses not impact on the derivatives at the origin. This leads to a

second quantizing theorem that applies to the moments.

Quantizing Theorem II (QT II): If the CF of x is band-limited so that
27
O (w)y=0 for |u|>K-—a=w—a, (2.11)
with & positive and arbitrarily small, then the moments of x can be calculated from

the moments of X, -

Next, we will examine what the quantization error will be like when QT I or
QT II is satisfied.

Quantization error is defined as the difference between the input and output
of the quantizer. It may be regarded as the difference between an input variable and

the value of the center of the box which it falls into. Therefore, the quantization

A A
error is distributed in a certain random form between [—5,5] . A simple method to
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obtain the quantization CF was given by Widrow [52]. The distribution of

quantization error resulting from inputs within the zero-th box may be constructed
) A A . . )
by plotting f_(x) between [——2-,5] . The distribution of quantization error resulting

from inputs within the first box may be obtained by considering f, (x) for values

A 3A
[E’—2—] recentered to the origin. Events taking place in the various boxes are

exclusive of each other. The probability of a given error magnitude arising is,
therefore, the sum of the probabilities of that noise arising from each quantization

box. This summing process can be achieved in the following way. The f_(x) can be

added to itself, shifted a distance A to the right, shifted 2A to the right, etc., and
shifted A to the left, shifted 2A to the left, etc. This infinite sum could then be

multiplied by a "window function"” which has the value unity over the range

[—;,E] and zero elsewhere.

The sum of the PDF's is represented by equation (2.12):

S F.(x+kA) (2.12)
k=—o

The Fourier transform of this sum is

2w, (ky)S(u—ky) (2.13)
k=—x
Multiplication in the probability density domain by the window function corresponds

in the CF domain to convolution with:

sin(zu / )

2.14
(il ) @19



It follows, therefore, that the CF of the quantization error is:

} sinz(— — k)
@, W)= Y ¥, (ky)———— @.15)
— 7~k

An examination of equation (2.15) makes apparent the fact that when QT I is

sin(zzu / y)

. This means that
(mu ! y)

satisfied, the sum has only one nonzero term, which is

when QT I holds, the quantization error has a sinc CF and the corresponding PDF is

A
uniformly distributed between -*_:—7-, A closer examination of the equation (2.15)

shows that the quantization error will be precisely uniform distributed even when

only QT II is satisfied, i.e., when the input CF @ _(u) is zero for |u|> y, rather than
for [u|>w /2. It is interesting to note that satisfaction of QT I allows complete

recovery of an original probability density given the quantized probability density.
Satisfaction of QT II allows only moments to be recovered. At the same time, QT II

insures a statistically independent uniform distributed quantization error as well.

So far, we have investigated the fundamentals and the statistical theories of
quantization. High-resolution quantization gives relatively precise results, but
requires more complex and expensive equipment. Although low-resolution system
does not need complex equipment, it may not always reach the requirement on
accuracy. The popularity of the modern digital systems demands improvement of

quantization. Applying dithering technique to quantization is one of the effective
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ways to improve quantization performance, as we have already mentioned. This will

be the topic of next section.

2.2 Dithering

Dithering has been used in the past forty years to reduce the effects of
quantization noise on speech and visual signal [38]. It also has been effective in
improving the resolution of certain systems. Chang and Moore [8] used auxiliary
random noise to unbias the output of the multilevel digital correlator. Carley [7]
employed dithering techniques in a specific topology for an over-sampling
differential pulse code modulation (DPCM)-type A/D converter to improve the
linearity of ADC transfer function. White and Pickup [49] used dither to decrease
the effects of quantization and differential nonlinearity on systematic errors of
digital cross correlators.

Applying dithering technique to quantization, i.e., dithered quantization, is a
technique in which a dither signal is added to an input signal prior to quantization.
This purposeful distortion of an input signal is common, because it can result in a
more subjectively pleasing reproduction and because, under certain conditions, it
can cause the quantization error to behave in a statistically nice fashion. In
particular, suitably choosing random dither signals can cause the quantization error
to be signal independent, uniformly distributed noise. In other words, a suitable

dither choice allows the whitening of the quantization error spectrum. This means
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that a significant portion of the error power is located outside the signal band and
can be easily eliminated by low-pass filtering the quantized data.

Some of the arguments against the use of dither are that more equipment
and/or more computing is necessary to generate and apply dither, and that it causes
greater output noise in certain systems. The latter objection does not always apply.
Usually the reverse is true, particularly in cases where the quantizer is followed by
low-pass filter.

In this section, we will investigate the reason for dithering, the theoreticalh
properties of dithering, effects of different types of dither signals on quantization
errors. It should be noted that the quantization under our consideration is the
uniform quantization and it is in the no-overload region. These will not be repeated

in the rest of the thesis.

2.2.1 The Reason for Dithering

As we introduced in the previous section, quantization is a nonlinear
operation which takes an input signal x(f) of arbitrary amplitude distribution and
produces an output y(t) whose possible amplitude is, at most, a countably infinite
number of values. In general, y(¢) can be considered as a sum of two terms: the
information signal x(t) and an additive noise. Since the quantizer is a nonlinear
device, one would expect different distortion effects to be caused by the quantizing
operation for different signal inputs x(Z); that is to say, the additive noise term is

input-dependent. So it is denoted by n(t,x).
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But it has been shown by Widrow [52] that the minimum loss of statistical
data due to the quantization occurs when n(Z,x) can be made independent of the
signal x(2).

n(t,x) =n(t) (2.16)
And the usefulness in satisfying (2.16) is not limited to the recovery of the signal
statistics. The results of [38], in the field of TV imply that the satisfaction of (2.16)
leads to a minimum loss of the signal waveform accuracy.

As we mentioned in the previous section, Widrow has proved that the
. . . .. A A ..
quantization error PDF is uniformly distributed between [—-7,7], statistically

independent of the PDF of the input signal, as long as either QT I or QT II is

satisfied. That is
27
@, (u)=0 for all |u> X .17

where @ _(u) is the characteristic function of x(f), Ais the quantization interval.

This is the condition for the one-dimensional case. An analogous "band-limited"
result holds for the n-dimensional case.

Just as precisely band-limited signal waveforms occur infrequently in
physical situations, precisely band-limited CF's are rare also. Signals that satisfy
(2.17) have infinite amplitude ranges so that there are relatively few signals of
practical interest which have this property. From a practical standpoint, however,
many signals are essentially band-limited, and at the same time, many CF's are

almost band-limited, for example, Gaussian input signals with zero means will

24



approximately satisfy (2.17). Widrow [53] has described, in detail, the quantizer
output statistics when the input is a zero-mean Gaussian signal.

Of course, not all random signals can be described as zero-mean Gaussian
signals. Fortunately, the condition described by (2.17) can always be met if a proper
dither signal is used. Dither signal is a signal that is added to the input signal and
then removed after the quantization. Obviously, not all signals can be employed as
dither signals. Next, we will see what kind of property the dither signals should

possess.

2.2.2 Theoretical Property of Dithering

The principal theoretical property of dithering was developed by Schuchman
[38] in early 1960's. As we mentioned before, the reason of adding dither signal is to
satisfy the quantization theorems so that thé quantization error and the input signal
can be made independent. Therefore, the goal is to derive the conditions the
probability density function of the dither signal, p,(d), just meet so that the
quantization error and signal are independent. The sufficient and necessary
condition to satisfy this independence is that the conditional probability density

function of the quantization error given the signal (p(g|x)) is equal to the
unconditional probability density distribution of the quantization error p(q).

When the input signal is known, the quantization error becomes a function

only of the PDF of the dither signal. That is,
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plqlx=X) = flp,(d)] (2.18)
where p,(d)is the PDF of the dither signal. The quantization error e,is given by

(2.19)

q=kA—(x+d) (2.19)

where

A A
kA—§£x+d$kA+?

k is an integer and A is the quantization interval.
On the other hand, each value of d is uniquely specified by

d=kA-x—q (2.20)
Hence, we obtain

plglx = X) =;pd(kA—q—X) (2.21)

Since we only consider a finite-level, no-overload and uniform quantizer, the

following must be true

A
plglx=X)=0 for |q|>= (2.22)

We now find the FT of (2.21) and derive conditions on the characteristic

function of the dither signal so that
p(glx = X) = p(q) (2.23)

The FT can be written in the following manner

7 i
©,.)=[ ¥ p (ks —q-X)e dg
k

A .
= [ s+ 3) st~ T putka—g -0 dg (220
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where the unit step function is defined as

_ 1 for x20 59
s(x) = 0 for x<0 (2.25)

Using the convolution theorem, we obtain
A A .
i) = [ [s(q +2) ~s(g = -edg *

| (2.26)
E;pd(kA —g—X)e™dg

By evaluating the first integral and interchanging the order of summation

and integration, the expansion becomes

. Au i
D, (u) = A»smcz*; _[lpd(kA—q - X)e™™dgq

: Au jru(v+X -
=—A -smcz—”* ; _[: D, (v)e X gy 2.27)

Note that we changed the variable in the integration so that v=kA—-qg— X . So the

integration above becomes

. Au —fu - - juv
D, (u) =—A-smc§*;e Julka=1) J:Pd(v)e I dy

Au . 1 ko
=-A -smcﬁ*zzk:&u—z)e"m’d)d(u)

k.o _.. . A k
=;CD"(Z)€ Jekin smca(zz—Z) (2.28)
Therefore, if the transform is zero at the points
k
CDJ(Z) =0 for k=+11%2, .. (2.29)

then, the characteristic function @, (u) is independent of x and p(g|x) = p(g). The

q/x

result shows the sufficiency of (2.29) but not its necessity.



k
If (Dd(X)¢O for some value of k, then, from (2.28),® ,_(u#) must be a

qlx

periodic function of x. If ®_,_(u) is a periodic function of x, then its transform is a

qlx
function of x. Therefore, p(g|x)is not independent of x and p(g|x) # p(q). Thus,
(2.29) is the necessary and sufficient condition for p(q|x) = p(q) -

We now note the following:
¢)) All PDF's that satisfy (2.17) can also satisfy (2.29),
2 An infinite class of PDF's that are not "band-limited" and that satisfy (2.29)

are

1 kA kA
ps(v) = E[S(V + 7) —s(v— 7)] *fa™ (2.30)

where f,(v) can be any arbitrary density distribution, k& is any positive
integer (1,2,3...).
One of the most widely used dither signals, which satisfies (2.30) is the

uniform dither. Consider the simplest case that f,(v) =8(v) and k=1, then we

obtain

1 A A
ps(v)= Z[S(V + 5) ~s(v— 5)] (2.31)

The PDF of this uniform dither is depicted in Fig. 2.9.

2s(v)
1

A

A

2

e

Figure 2.9 Probability density function of uniform dither



There are different types of dither, which we will introduce and analyze in

the next section.

2.2.3 Different types of Dither

Dithering decorrelates signal-dependent noise, thus resulting in no harmonic
distortion at the expense of increasing signal-independent noise [47]. The practical
application of dither to Analog/Digital Converter (ADC) has been investigated before
(5], [11], and [45]. It tends to linearize the average observed ADC transfer
characteristics, thus effectively increasing the ADC resolution.

There are different types of dither signal. Due to the lack of quantitative
criteria for comparing the effects of dither types, how to choose a proper dither
signal remains a problem to be studied further. Carbone and Petri [6] analyzed the
effect of additive dither on the quantization error average of a slowly varying signal.
They obtained a lower bound on the resolution performances that can be achieved by
adopting dithering techniques. And they concluded that uniform dither and
Gaussian dither outperform discrete dither and sinusoidal dither. Wadgy et al., [46]-
[48] also tried to evaluate the effect of various dither forms on quantization errors
for ideal ADC using the concept of nonlinearity spectra that he developed in [46].

We will also adopt the concept of nonlinearity spectra and analyze three most

common dither types: uniform dither, triangle dither and Gaussian dither.
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Let us introduce the concept of nonlinearity spectra first. Although previous
simulation [44] showed that dithering reduces harmonic distortion, there was no
mathematical basis. To fill this gap, Wadgy [47] studied the spectra of the average
quantization errors.

The quantization error function for an ideal ADC is shown in Fig. 2.2(b), with
x being the quantizer input. The quantization error function is readily expanded as

Fourier series in x [49]:

= A 2
q(x) = Z ;sin(—Am—x) -(-D" (2.32)

n=1
When a dither signal d is added to the signal x at the quantizer input, then the

average observed error at the ADC output is
70) = [ q(x+v)- p,()av (2.33)
where p,(v)is the PDF of dither. Equation (2.33) can be recognized as a convolution
integral and transformed to the frequency domain as
0(0) = (@) P;(») (2.34)
where O(@), O(®@) and P (@) are the FT's of g(x), q(x) and p,(v), respectively.

Considering (2.32), we find that the positive frequency side of the dither-free

amplitude spectrum is given by

o) =3

n=1

—nA—é(w — na,) (2.35)

where @, =27/ A. Therefore, IQ(&))I, the amplitude spectrum of the average

observed quantization error, is given by the equation (2.36).
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o

0@ = X2, (n0y)- 00~ ,) 2.36)

n=1

We will now introduce three most common used dither forms.
(1) Uniform Dither
The expression of uniform dither PDF has been given in equation (2.31) and

Fig. 2.9. A more general expression of it is given below:

1
<
p,(v) =4 24, M= 4, (2.37)
0 otherwise

where 4, is the amplitude of the dither signal. The FT of (2.37) is given in (2.38).

sin(wA4,)
wA

u

D,(w)= (2.38)

Theoretically, uniform dithering can provide an infinite resolution, but its
performance may decrease quickly in the presence of dither amplitude uncertainties.
But if we have enough a prior experience of the quantized signal and make a good
control over the quantization so that the quantization is in the no-overload region,
uniform dither is often a good choice. This will be indicated in the applications
coming later.

(2) Triangle Dither
The PDF of triangle dither is sketched in Fig. 2.10. The general expression is

given in equation (2.39).
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Figure 2.10 Probability density function of triangle dither

(La-by e
A,( 4,7 MEA

Pa(v) =1 (2.39)
0, otherwise

.

where 4, is the amplitude of the dither signal. And the FT of (2.39) is given in

(2.40).

sin(wA, /2)) 2 2.40)

(D,,(a))=( wA 2

Stockham [14], when working on one of the first digital recordings of rock and
roll in 1980, found out that by using triangle dither signal, the perceived noise level
did stay constant, regardless of the signal. But using uniform dithering could not
achieve this effect. This was an example indicating that uniform dither is not always
the best dither signal to be employed.

It is worth noticing that a triangle dither can be obtained as follows. Add two
independent uniformly distributed random variables, then you will have a triangle

density random variable.



(3) Gaussian Dither
The PDF of Gaussian dither is sketched in Fig. 2.11. The general expression

is given in equation (2.41).

2.()

Figure 2.11 Probability density function of Gaussian dither

v 2

e 207 (2.41)

() =—
Pu o\27
where ¢ is the standard deviation of dither signal. The FT of (2.41) is given by:

2 2

ow”

O, ,(w)=e ? (2.42)
Usually, Gaussian dither has a random nature. It's is worth noticing that any
unintentional analog noise, e.g., due to the electronic circuits of the data acquisition

system or embedded in the input system, can often be seen as a Gaussian dither. For

this reason, this type of dither is sometimes called a "self-dither" signal.

To compare the effects of these, all the dither powers are chosen to be equal,

le.,
A2 AZ
L= e 4,=+24, (2.43)
6 3

and
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® o

, 4 4,
3

o= 3 i.e. 0=J— (2.44)

The amplitude spectra of average observed quantization error for different

forms are given below:

Uniform dither:

|O0(@)| = i%smc(Zn %) -8(@w — w,) (2.45)

n=l|

Triangle dither:

_ = A 4
|0(@)| = Z;sincz(n X’) -8(w —w,) (2.46)

n=|
Gaussian dither:

. = A —27%0n?
[0@) = 3. ~exp(—5—)-8(@-ay) (2.47)

n=|{

In order to compare the effects of the above three dither forms on the
smeared quantization error function §(x), a figure of merit based on |:Q_(a))l is

devised as follows:

O(w) = ‘Z A, -5(w -nw,) (2.48)

n=1

where 4, is the magnitude of the harmonic component at nw,. Now the deviation of

the smeared ADC characteristics from the 45° line is represented by a deviation

factor D given by

D= i 4? (2.49)

n=1
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The D factor corresponding to (2.45), (2.46) and (2.47) is plotted in Fig. 2.12. Let the

normalized value A4, /A be simply denoted as C. Note that (2.43) and (2.44) are

taken into consideration.

0.7

- Uniform Dither
— Triangte Dither
... Guassian Dither

Deviation

A 1l

0.5 0.6 0.7 0.8 0.9 1
Normalized dither amplitude, C

Figure 2.12 Deviation factor D of ADC smeared characteristics versus normalized

dither amplitude C for various analog PDF's (with equal noise power)
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It is obvious, from Fig. 2.12, that for C=0.5, uniform dither is the only type
that gives zero D, ie., perfectly linear ADC averaged characteristics, whereas
triangle dither is slightly better than Guassian dither. Uniform dither is sensitive to
alterations in the peak value C. However, for about £75% deviation from C=0.5,
the uniform dither still gives the least D. Thus uniform dither is the practical dither
for C=0.5, ie., 4, =A/2. When C>05, triangle dither and Guassian dither
outperform the uniform dither not only because of the smaller deviation, but also
because they are less sensitive to alterations in C than uniform dither.

There will be comparison of effect of different forms of dither on system

performance when we come up with the applications.

2.2.4 Nonsubtractive and Subtractive Dithered Quantizer

In a dithered quantizer, instead of quantizing an input signal X, directly,
one quantizes a signal
U,=X,+W, (2.50)

where W is a random process, independent of the signal X

n?

called a dither process.

The dither process is usually assumed to be i.i.d., and will be so assumed here.
The idea of dithering is that such randomization can cause the quantization
error

QII = Q(Xn + Wn) - (X" + Wn) (2'51)
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to have the properties assumed in Bennett approximation, i.e., the quantization
error is statistically independent of the input signal. Quantization error means the
error between the input and output of the quantizer. We will refer to the overall
difference between original input and final output
&=0(X,+W,)-X, =q,+W, (2.52)

as the quantization noise.

The difference between quantization error and quantization noise can be
highlighted by distinguishing between subtractive dither and nonsubtractive dither,

which are shown in Fig. 2.13 and Fig. 2.14, respectively.

/4 -W,

X ;/L S ¥ = -
n ,u Q ‘Yn Q(Xn +W;) W:l

Figure 2.13 Subtractive dithered quantizer

7,

X X, =0(X,+W,)

Figure 2.14 Nonsubtractive dithered quantizer
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In the subtractive dithered quantizer, which was suggested by Roberts[38],

the receiver knows the dither signal and subtracts it from the reconstructed
quantizer value to produce a final reproduction /?,, of the original input X, .

Although there is no guarantee that a dither signal added prior to the nonlinear
quantization can be removed by subtracting it from the resulting digital signal, a
startling thing happens if the overall quantizer noise in the subtractive dither
system is considered:

& =X, - X, =0, +W)-W,~X, =q,. (253
That is, in this system the overall quantization noise is equal to the quantizer error
in the original nonsubtractive dithered quantizer of Fig.2.14, which is indeed
uniform and independent of input if Schuchman's conditions are met.

In a communication system, the subtraction operation must take place in the
receiver and implies the use of a known dither waveform and the requirement of
synchronous information being transmitted to the receiver.

The subtractive dither result is nice mathematically because it promises a
well-behaved quantization noise as well as quantization error. It is impractical in
many applications, however, for two reasons. First, the receiver will usually not
have a perfect analog link to the transmitter (or else the original signal could be sent
in analog form), and hence a pseudo-random deterministic sequence must be used at
both transmitter and receiver as proposed in [38]. In this case, however, there will
be no mathematical guarantee that the quantization error and noise have the
properties that hold for genuinely random i.i.d. dither. Second, subtractive dither of
a signal that indeed resembles a sample function of a memory-less random process is

complicated to implement, requiring storage of the dither signal, high-precision
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arithmetic and perfect synchronization. As a result, it is of interest to study the
behavior of the quantization noise in a simple non-subtractive dithered quantizer,
that is the simplest dithered quantizer of Fig.2.14. One might correctly suspect that
nonsubtractive dither does not possess the nice properties of the quantization error
that are promised by subtractive dither, but it remains of interest to study this less
difficult type of dithered quantizer.

Nonsubtractive dither, from my point of view, is not real nonsubtractive.
Because there does exist an operation of subtraction in the nonsubtractive dither,
but in different forms.

For example, Jayant and Noll [20] presented results of applying the dithering
technique to image and speech processing. They compared subtractive and
nonsubtractive dither in both areas, and pointed out that an important factor in
image dithering is the low-pass filtering action of the eye. The low-pass function of
the eye gives a smooth appearance to the oscillatory outputs of dithered system
reconstruction. While the absence of such low-pass filtering in speech perception
makes dither subtraction more critical in speech work. And this is one reason why
implementations of dithering in video work have been more extensive than in speech
coding.

Another example is the research work on which this thesis is based. When
apply dithering technique to digital Fuzzy Logic Controller, we add a low-pass filter
to filter the output of the digital fuzzy logic controller. Results have shown that a
dithered quantizer followed by a low-pass filter improves the sensor resolution
significantly. Note that nonsubtractive dithered quantizer, followed by a low-pass

filter is adopted in the applications considered in this thesis.
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Using ordinary low-pass filter produces an effect on the characteristic
functions which is like low-pass filtering in the CF domain [53]. Often this
smoothing effect on CF's is adequate so that the input signal to the quantizer has
the same statistical characteristics as if the quantization error were independent.
Because nonsubtractive dithered quantizer and a low-pass filter can be implemented
with little difficulty, this type is more popular.

In practical applications, the quantizer is usually followed by a low-pass filter
whose output represents an estimation of the mean of the original input signal, e.g.,
the moving average filter whose output is the normalized sum of N successive
quantized data. It is understandable that bigger N results in better estimation of the
mean, but longer delay of output. In different systems, the extent that the delav will
affect the performance is different. Sometimes, the delay may cause the failure of
the system. We need to make a tradeoff between good approximation and short
delay.

To have an impression of the effects of dithering and low-pass filtering, let us
look at a simple example. We quantized a signal y=cos(x) with different quantization
resolutions previously. Now, we add a uniform dither whose PDF is shown in Fig.2.9
before quantization and apply a low-pass filter after the quantization.

Fig. 2.15(a) shows the 2-bit quantization result without dithering. This
quantization is too coarse to approximate the original input signal. Fig. 2.15(b)
depicts the result of the following operations: adding uniform dither to the original
signal, doing 2-bit quantization, and low-passed by a 5-unit moving average filter.
Although the curve displayed in Fig. 2.15(b) is not very smooth, but it is a better

approximation of the original input.
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Figure 2.15 Applying dithering to quantization
(a) quantization without dithering;

(b) quantization with dithering and low-pass filtering
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Chapter 3 Fuzzy Logic Control

The focus of this research work is to study the application of the dithering
technique to Fuzzy Logic Controllers. Therefore, this chapter is to give a brief
introduction to the Fuzzy Logic and Fuzzy Logic Controllers.

For the convenience of the reader, we shall briefly summarize some of the
basic concepts and terms used in Fuzzy Logic in the first section of this chapter. The
second section is dealing with the fundamentals of Fuzzy Logic Controller (FLC).

The last section shows a simple example of FL.C for car braking.

3.1 Fuzzy Logic

In the middle 1960’ s, Lotfi Zadeh recognized that the true-or-false nature of
Boolean logic did not account for the vagueness in real world. To account for the
infinite gradations between true and false, Zadeh [54] expanded the idea of a
classical set to what he termed a fuzzy setf, which is the corner stone of Fuzzy Logic
(FL).

Boolean logic is also referred to as conventional logic, or classical logic. A

variable in Boolean logic takes the value of either true or false, but not both.
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Unlike Boolean logic, FL is multi-valued. Instead of an element being 100%
this or that, or a proposition that is either entirely true or completely false, fuzzy
deals in degrees of membership and degrees of truth --- that is, something can be
partially true and partially false at the same time. It has been proven by Bart Kosko

that Boolean logic is a special case of fuzzy logic.

3.1.1 Fuzzy Sets and Related Concepts

The idea of Fuzzy Logic is easy to grasp. Let us introduce some basic concepts
and terms first.

Fuzzy set, which is characterized by membership function, is a set with fuzzy
boundaries. A membership function is a mathematical function that gives numerical
meaning to a fuzzy set. It maps crisp inputs from a specified domain to membership
grades ranging between O (zero membership) and 1 (total membership). The
membership grade is called degree of membership. An element in a fuzzy set
manifests itself by degree of membership. Each membership function has a
descriptive name, label, to identify itself.

Note that crisp inputs are distinct and sharply divided inputs, e.g., 255°.
Domain is the width of a membership function. There is another term, universe of
discourse, should be clarified. It denotes the range of all possible values applicable to

a system variable.
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Now, let us look at a problem in everyday life. A temperature of 28°c may be
warm to some people, but hot to others. To describe the temperature, we will see
that Boolean Logic and Fuzzy Logic can give us significantly different results.

Boolean Logic classifies this problem in a way that is shown in Fig. 3.1.

WARM

Temperature ()

Figure 3.1 Classical logic/Conventional sets

Examine Fig. 3.1, we can ﬁnd that the transition from set to set is
instantaneous. Using these conventional sets, 29.9°c would be classified as warm
and 30.1°c would be classified as hot. This means that small changes in the system
could cause significantly different reaction. It is natural to arrive at a conclusion
that Boolean Logic is not appropriate to solve this type of problem

If we apply Fuzzy Logic/Fuzzy Sets to this problem, we will have a different

result. In Fig. 3.2, the transition from a set to another could be gradual, ie., an
element can have partial membership in multiple sets. Here, 29.9°¢c and 30.1°c

belong to the same sets, warm and hot, at the same time and at approximately the

same degrees. It illustrates that small changes in system will result in more graceful



change in system performance, which is closer to the natural life. Of course, the

classification in Fig. 3.2 is not the only choice, but one of the simplest.

Degree of
Membership

Temperature (¢)

15¢ 25°c 35°c 40°c

[ Universe of Discourse —»]

Figure 3.2 Fuzzy Logic/Fuzzy sets

You may find that there are two kinds of membership function in Fig. 3.2,
triangular and trapezoidal membership functions. As a matter of fact, there are
many membership functions from which you can choose. For example, smooth and
symmetric shaped Gaussian membership function, and smooth but asymmetric
shaped sigmoid membership functions. For more details, refer to MATLAB/Fuzzy
Logic Toolbox. Because the triangular and trapezoidal membership functions are
straight-line membership functions, which have an advantage of simplicity, they will
be of our interest in designing FL.C. No further introduction about other membership

functions will be given.
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3.1.2 Basic Logic Operations

The most important thing to realize about fuzzy logical reasoning is the fact
that it is a superset of standard Boolean Logic. In other words, if we keep the fuzzy
values to the extremes of 1 (completely true) and O (completely false), standard
logical operations will hold.

Consider the three basic logical operations: AND, OR and NOT. If we resolve
the statement A AND B, where A and B are limited to range [0,1], by using the
function min(A,B), we can still preserve the truth table of standard AND, shown in

Fig. 3.3.

Figure 3.3 Truth table of standard AND
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Using the same reasoning, we can replace the OR operation with the max
function, so that A OR B becomes equivalent to the operation max(A,B), in the view
of truth table. Finally, the operation NOT A becomes equivalent to the operation 1-
A

Since there is a function behind the truth table rather than just the truth

table itself, we can now go on to consider values other than 1 and 0.

pee
F
Two-valued gg.g"“ =
. e
Logic %55
Multivalued
Logic

g
S

Figure 3.4 Two-valued and multi-valued logic
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The upper part of Fig. 3.4 displays three basic logical operations in two-
valued logic, while the lower part displays how the operation works over
continuously varying range of truth values A and B according to the fuzzy operations
defined above.

In more general terms, what we are defining are known as the fuzzy
intersection or conjunction (AND), fuzzy union or disjunction (OR), and fuzzy
complement (NOT). The correspondence between two-valued and multivalued
logical operations for these functions (AND, OR and NOT) is by no means unique.
AND=min, OR=max and NOT=additive complement, are called the -classical
operators for these functions. Typically, most fuzzy logic applications make use of
these operations and leave it at that. Therefore, we will stop here and go no further

about this topic.

3.1.3 Features of Fuzzy Logic

Some of the general observations about FL are given below[18].
*  FLis conceptually easy to understand.
The mathematical concepts behind fuzzy reasoning are very simple. What makes
fuzzy nice is the "naturalness" of its approach and not its far-reaching
complexity.
+  FLis flexible.
With any given system, it is easy to massage it or layer more functionality on top

of it without starting again from scratch.
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+ FLis tolerant of imprecise data.
Everything is imprecise if you look closely enough, but more than that, most
things are imprecise even on careful inspection. Fuzzy reasoning builds this
understanding into the process rather than técking it onto the end.
FL can model nonlinear functions of arbitrary complexity.
You can create a fuzzy system to match any set of input-output data. This
process is made particularly easy by adaptive techniques.

+ FL can be built on the experience of experts.
In direct contrast to neural networks, which take training data and generate
opaque, lmpenetrable models, fuzzy logic lets you stand on the shoulders of
people who already understand your system.

* FL can be blended with conventional control techniques.
Fuzzy systems do not necessarily replace conventional control methods. In many
cases fuzzy systems augment them and simplify their implementation.

+  FLis based on natural language.
The basis for fuzzy logic is the basis for human communication. This observation
underpins many of the other statements about fuzzy logic.

The last sentence may be the most important one. Natural language, which is
used by ordinary people on a daily basis, has been shaped by thousands of years of
human history to be convenient and efficient. Since fuzzy logic is built atop of the
structures of everyday language, it not only makes it easy for us to use it, but it also

takes advantage of the long history of natural language.
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It is worth noticing that the integration of fuzzy logic into process
engineering and information systems is producing applications such as control
systems, consumer appliances, and decision systems that are remarkably more
flexible robust, and sophisticated than their conventional counterparts. In this
regard, we can say that fuzzy logic leads to the development of a higher machine
intelligence quotient or MIQ. These are already appearing in such consumer goods
as washing machines, video and single-lens reflex cameras, air conditioners,

microwave ovens and many self-diagnosing systems.

3.2 Fuzzy Logic Controller

System modeling based on conventional mathematical tools (e.g., differential
equations) is not well suited for dealing with ill-defined and uncertain systems[17].
By contrast, a fuzzy inference system employing fuzzy if-then rules can model the
qualitative aspects of human knowledge and reasoning processes without employing
precise quantitative analyses. Fuzzy inference systems are also known as fuzzy
models, fuzzy associative memories (FAM), or fuzzy logic controllers when used as
controllers.

Fuzzy Logic Controller is based on fuzzy logic, which is much closer in spirit
to human thinking and natural language than the traditional logical systems.
Basically, fuzzy logic provides an effective means of capturing the approximate,
inexact nature of the real world. Viewed in this perspective, the essential part of the

fuzzy logic controller (FLC) is a set of linguistic control rules related by the dual
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concepts of fuzzy implication and the compositional rule of inference. In essence,
then, the FLC provides an algorithm, which can convert the linguistic control
strategy based on expert knowledge into an automatic control strategy. Experience
shows that the FLC yields results superior to those obtained by conventional control
algorithms. In particular, the methodology of the FLC appears very useful when the
processes are too complex for analysis by conventional quantitative techniques or
when the available sources of information are interpreted qualitatively, or
uncertainly. Thus fuzzy logic control may be viewed as a step toward a
rapprochement between conventional precise mathematical control and human-like

decision making.

3.2.1 Fundamentals of FL.C

Basically, a fuzzy logic controller is composed of five functional blocks (see
Fig. 3.5):

¢ A database, which defines the membership functions of the fuzzy sets used
in the fuzzy rules;

¢ A rule base containing a number of fuzzy if-then rules;

¢ A decision logic, which performs the inference operations on the rules;

o A fuzzifier, which transforms the crisp inputs into degrees of match with
linguistic values;

e A defuzzifier, which transforms the fuzzy results of the inference into a

crisp output.

51



Knowledge Base

Database Rule Base
A\ 4 A\ 4
Fuzzifier Defuzzifier —>
A
> Decision- Logic
Fuzzy Input & Fuzzy Output
Crisp Controlled < Crisp
System

Figure 3.5 Basic Architecture of FLC System

It should be explained here that fuzzy rules are usually if-then statements

that describe the action to be taken in response to various fuzzy inputs. Although
rules look like free from natural language, they are confined to a predefined set of
linguistic terms, and a strict syntax. The syntax is:

If antecedent 1 AND antecedent 2+ then consequent 1 AND consequent 2-*
where the antecedent is in the form of: input variable = label, and the consequent is

in the form of: output variable = label.
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Rules follow the common sense behavior of the system and are written in

terms of the membership function linguistic labels.

The three key steps of fuzzy logic processing are as follows:

(1) Fuzzification - the process of mapping the current system input values onto
input membership functions to determine the resultant truth
value for each label (the linguistic description or name
assigned to a membership function). The result is the fuzzy
input.

(2) Fuzzy inference - the process of calculating the relative applicability, or "truth
value", for each rule. In Min-Max inference, one of the most
often employed inference methods, this is equal to the
minimum of the antecedents (fuzzy inputs) for that rule.
Fuzzy outputs are then calculated by determining the
maximum rule strength for each output label.

(3) Defuzzification - the process of calculating the crisp output based on all fuzzy
outputs for a given output variable. There are many
defuzzification methods, but the most commonly used
defuzzification technique is called Center of Gravity (COG)

method or centroid method.

33



3.2.2 Fuzzy Inference

Basically, there are two types of fuzzy inference style, Mamdani-style
inference and Sugeno-style inference.

Mamdani-style inference was among the first control systems built using
fuzzy set theory. It was proposed in 1975 by Ebrahim Mamdani {27], as an attempt
to control a steam engine and broiler combination by synthesizing a set of linguistic
control rules obtained form experienced human operators. Mamdani inference
expects the output membership functions to be fuzzy sets. After the aggregation
process, there is a fuzzy set for each output variable that needs defuzzification. It is
possible, and in many cases much more efficient, to use a single spike as the output
membership function rather than a distributed fuzzy set. This is sometimes known
as a singleton output membership function, and it can be thought of as a pre-
defuzzified fuzzy set. It enhances the efficiency of the defuzzification process because
it greatly simplifies the computation required to find the centroid of a two-
dimensional shape. Rather than integrating across a continuously varying two-
dimensional shape to find the centroid, we can just find the weighted average of a
few data points. Sugeno-style inference supports this kind of behavior.

Sugeno-style inference was first introduced in 1985 by M. Sugeno [43]. It is
similar to the Mamdani method in many respects. For instance, applying the fuzzy
operator is exactly the same. There are zero-order, first-order and high-order Sugeno
fuzzy models, we will only introduce zero-order Sugeno fuzzy model here because it
is frequently the case that singleton output functions are completely sufficient for a

given problem's needs.
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A typical fuzzy rule in a zero-order Sugeno fuzzy model has the form
If xis A and y is B then z=k
where A and B are fuzzy sets in the antecedent, while % is a crisply defined constant
in the consequent.
The advantages of Sugeno inference are its computational efficiency and
guaranteed continuity of the output surface. We will employ it in our example late in

this chapter and the applications in next chapter.

3.3 An Example - Car Braking System

So far, we have introduced the fundamentals of FL.C. We will now adopt a car
braking system example to show how an FL.C works.

The car braking system under consideration is a two-input, one-output
system. It uses car speed and distance from object to determine the force to apply to
the brakes. We assume that this braking system is activated only when car speed is
not zero, so we choose [1, 160] km/hr as the universe of discourse for car speed v, just
for convenience. It is worth noticing that trapezoidal membership functions are used
for input membership functions while singleton membership function is used for

output membership functions (see Fig. 3.6).
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1.0 SLOW MEDIUM FAST
0.0
1 30 40 70 80 160
CarSpeed v (km'h)
1.0
NEAR MEDIUM FAR
0.0
0 10 20 40 50 60
Distance d (m)
1.0 | SLIGHT MEDIUM HARD
0.0

0.5 4 10
Force / (m/Sec2)

Figure 3.6 Membership functions for the car braking system

For a two-input, one-output system, the rules can be readily represented by

the matrix shown in Fig. 3.7.
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SLOW | M| 2ESE)

MEDIUM

FAST

Figure 3.7 Rule base for the car braking system

In this case, there are 9 rules in the rule base, which correspond to the 9 cells
in the shaded area. For example,
Rule #1:

If the speed is slow AND distance is near then force is medium.
Rule #8:

If the speed is fast AND distance ts medium then force is hard.

So far, the database and the rule base of FL.C have been created. We will
demonstrate how the FLC generates crisp outputs given the crisp inputs.

Assume that we have a pair of crisp inputs:
v=T72 (km/h)

d=11 (m)
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Let us follow the three key steps to obtain the crisp output.

@¢)) Fuzzification:

SLOW MEDIUM FAST
1.0
08 |"- """~ =T=- "~/ Tmmmms
1
1
1
1
02 |m- =" s C T 4
0.0 :
70 72 80
Car Speed v (kan/h)
1.0 NEAR MEDIUM FAR
09 [~~~ ~====-=- -
t
t
I
l
0.1 t==-==-=~=-=-=-- d
0 10 11 20 40 50 60
Distance Jd (m)

Figure 3.8 Comparison of crisp inputs and the database for car braking system

The results of the comparison are fuzzy inputs:

Crisp input Fuzzy input
v=72 (km/h) MEDIUM and FAST
d=11 (m) NEAR and MEDIUM

(2) Fuzzy Inference
In the fuzzification process, we saw how the crisp inputs, car speed and

distance, were transformed to fuzzy inputs in the fuzzy braking system. Now we will
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see how those inputs are employed in the fuzzy inference process. The fuzzy
inference method we will use is the Min-Max method.

The first thing we should do is to evaluate the relevance or degree of
membership of each rule's antecedent. To find the relevance of each antecedent,
extend a vertical reference line through the crisp input (x-value) and find the y-value
where it intersects the membership functions (also see Fig. 3.6). For example, the
input of 72km/h-car speed would be found at the intersection of 0.8 of fuzzy set
"MEDIUM" and 0.2 of fuzzy set "FAST".

Once the degree of each antecedent has been determined, the next step is to
find the degree of truth (rule strength) for each rule. Since Min-Max inference
method is used, the rule strength is the smallest strength value of the rule
antecedent(s) and the fuzzy output is determined by comparing the rule strengths of
all rules that specify the same consequent label.

Referring Fig. 3.7, you can see rule 1, 3 and 4 all dictate the action "HARD"
with different rule strengths. When this is the case, the fuzzy output is determined
by the maximum rule strength of all the rules involving the same output action. In
this example, the maximum of rule strengths for all 3 rules with this output action
as a consequent will become the fuzzy output for the output label "HARD".
Intuitively, if multiple rules apply for an output action, the one that "most" applies
is used. In simpler terms, if two or more rules try to affect the same output, the rule

that is most true will dominate.
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Forv=72 km/h

Ford=11m

Rule
Strengths
“If speed is MEDIUM (0.8) AND distance is 0.8
NEAR (0.9) then force is HARD.” ’
“If speed is MEDIUM (0.8) AND distance is 0.1
MEDIUM (0.1) then force is MEDIUM.”
“If speed is FAST(0.2) AND distance is 0.2
NEAR (0.9) then force is HARD.” -
“If speed is FAST (0.8) AND distance is 0.1

MEDIUM (0.1) then force is HARD.”

Fuzzy output
force is 0.8 HARD and 0.1 MEDIUM

Figure 3.9 Fuzzy Inference for the car braking system

3) Defuzzification

In defuzzification, all significant fuzzy outputs will be combined into a
specific, comprehensive result for that output variable. In this process, all of the
fuzzy output values effectively modify their respective output membership functions.
As you saw in rule evaluation, by storing the largest rule strength for each

consequent, the rules that are most true dominate.
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Using the COG defuzzification method, singleton values of outputs are
combined using a weighted average. COG formulation for singleton calculation
reduces to

Singleton position
2. (fuzzy_output,) x (

on X —axis;
Y=

2., (fuzzy_output,)

(3.1)

Also note that the singleton defuzzification calculation is significantly less
calculation-intensive than the method with non-singleton membership functions.
Let us complete this example by doing COG defuzzification.

01*4+08*10 5
f= 01508 =933 m/s

So f =933 m/s* should be applied to brakes.

The I/O characteristics of this simple example are shown in Fig. 3.10. A
smoother control surface can be achieved by employing more and fine-defined
membership functions.

In our example above, the inputs are analog. In the real world, a digital FLC
1s more popular and practical. This means that sampling and quantization are
applied to the FLC. It is apparent that the error caused by quantization may lead to
misreaction or even failure of the FLC. To avoid big quantization error, one method
is to use high-resolution sensor to collect information. But high-resolution sensors
are expensive. A method rather than using expensive equipment is to apply
dithering technique to the system. As we discussed in the previous chapter, applying
dither can improve the quantization resolution. The performance of dithered digital

FLC is of our interest and will be discussed further next.
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Figure 3.10 I/O characteristics of Analog FLC for car braking system
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Chapter 4 Dithering for Fuzzy Logic Control

—— Applications

In the previous chapters, we have discussed quantization, dithering
technique and FLC, separately.

The objective of this research work is to apply the dithering technique to
digital (quantized) FLC and demonstrate the improvement in system performance
made by dithering, through system simulation. Simulink /MATLAB provides us a
good simulation environment. A brief overview of Simulink is given in the Appendix.
Two applications presented in this thesis are (1) using digital FLC to control an
inverted pendulum system; (2) using digital FL.C to control a truck to back up to a
loading dock. In addition to the results in Simulink, the I/O characteristics of analog
FLC, digital FLC without dithering and digital FLC with dithering are also
displayed and discussed. In the last section of this chapter, a 3-D virtual prototyping

environment for fuzzy truck backer-upper has been developed

4.1  Dithered Digital FL.C

Digital FLC deals with quantized data. The block diagrams of analog FLC

and digital FLC are given in Fig. 4.1.
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Analog Analog

Inputs Outputs

»| Analog FLC |______,

(@)
Analog Digital
Inputs N Output
Inputs | > |_Outputs
Digital
> > FLC -
(b)

Figure 4.1 Block diagrams of analog and digital FLC's

(a) analog FLC; (b) digital FLC
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The A/D conversion of the FLC inputs inevitably causes quantization error.
Since we have already discussed the dithering technique to reduce the quantization
error, in this chapter, we will apply this technique to digital FLC to validate the
effects of dithering on reduction of quantization errors.

There are two solutions of dithered digital FLC, which are described in Fig.
4.2 and Fig. 4.3.

As we mentioned in Chapter 2, in order to achieve a good pexformance, a
dithered quantizer has to be followed by a low-pass filter. Therefore, different
position of the low-pass filter can lead to different solution of dithered digital FLC.
Solution 1 puts the low-pass filter right behind the dithered quantizer and before the
digital FLC, while solution 2 puts the low-pass filter in the end. Compare these two
solutions, solution 2 is offering a better performance because the low-pass filter in
the end can average and smooth the nonlinearity caused by not only the A/D

converter, but the FL.C (due to the Min-Max composition rules) as well.

4.2 Inverted Pendulum

4.2.1 Introduction

The inverted pendulum control, also known as the cart-pole problem, is a
classical control problem. The system (Fig. 4.4) under control consists of a rigid pole
hinged to a cart through a free joint with one degree of freedom. The cart can be

moved to its right or left depending on the force exerted on it. The objective is to
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balance the pole by moving the cart from side to side. It requires continuous control
for all states except for the perfect one that is hard to achieve. The perfect state that
does not require control is not maintainable under normal operating conditions, and
the slightest perturbation force to the state causes the pendulum to migrate into an

unstable region.

force f

Figure 4.4 Inverted Pendulum

The classical control techniques require a mathematical background that
many people may not have or be inclined to deal with. However, as a matter of fact,
many of us have had experience with this problem, such as trying to balance a stick
in the palm without knowing state space equations. The thing inside is common
sense. In the light of this, fuzzy controller was introduced to this problem. We will
see later, a few basic intuitive rules are used and tuned to perfect the balancing act.

Typically, the cart is pushed so that the falling rate is reversed and an angle
from the vertical that is close to zero is achieved. In terms of parametric values, the
desired angle and the desired angular rate are zero. If the initial angle and initial
rate are both zero, then the balanced position of the pole is maintained in the

absence of any other perturbation. However, if there is a slight perturbation, then
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the force of gravity increases the rate and forces the angle to one side or the other of
the vertical. If no control action is taken, the pole falls down, and the objective is not
achieved. If the starting position is not zero-angle and zero-rate, then control is

required immediately.

4.2.2 FLC for Inverted Pendulum

Fuzzy Logic Controller can be employed to control the pendulum system. To
do this, first, we should determine how the controller interacts with the system, i.e.,
what information is passed from system to controller for decision making and what
decision is given out by the controller to control the system. This is actually a
problem of defining input/output. Since the desired angle and rate both are zero, the
state is defined in terms of angle and rate. Thus, the inputs to the controller are two
measurements: angle 8 and angular rate ». Obviously, the controller's output should
be the force f given to the cart.

Now we need to find out the ranges for input/output of the system. The
maximum value of the angle is 90° at which the pole lies flat on the right hand side
and the minimum value of the angle is -90° when the pole lies flat on the left hand

side. Thus, the universe of discourse for the angle parameter 8 is [-90°, 90°]. The

angle rate is estimated from the time it takes this pole to fall. Assuming that the

pole is 1 meter long, let us say that the time is 1.5 second, which is reasonable. So

the average rate is 60°/s. We also know that the speed of the pole slowly increases as

it falls down, and its speed begins with zero. Therefore, the maximum rate is
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something greater than 60°/s. Let us make a choice of 90°/s, just for convenience. So
the universe of discourse for the angle rate wis [-90°/s, 90°/s].

Second, we should consider how to build a controller that can make
appropriate decision upon the inputs. In other words, database and rule base should
be created. Last, we should select a defuzzification scheme.

Before defining membership functions, the fuzzy labels are defined below:

NL: Negative Large
NS: Negative Small
ZE: Zero

PS: Positive Small
PL: Positive Large

Since our main interest is not how to build a fuzzy logic controller, the
procedures of defining membership functions, creating rule base and tuning up the
system are skipped, and a fine-tuned system will be given directly. The definitions of
membership functions for each input and output are given in Fig. 4.5. Note that we
employ only triangular and trapezoidal shaped membership functions for the reason
of simplicity. The rule base shown in Fig. 4.6 is based on our thinking relative to
what action we will take to balance the pole. All the rules make sense intuitively

and will also conform to the control actions and mathematics behind it.
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Figure 4.5 Membership functions for inverted pendulum
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Figure 4.6 Rule base for the inverted pendulum

Now, it is time to select a fuzzy inference scheme and a defuzzification
method. In fact, the fuzzy inference scheme must be Mamdani-style, which has
already been determined when we defined fuzzy membership functions, instead of
singleton membership functions, for the output. Min-Max is employed for the fuzzy
logic operations, and the centroid method as shown in equation (3.1) is adopted for
defuzzification.

So far, the FLC has been completed.

4.2.3 Simulink Simulation of the FLC for Inverted Pendulum

Simulations for analog system, digital system without dithering and digital

system with dithering have been done, respectively, in Simulink/MATLAB. To fully
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demonstrate the performances of all the systems, a simulation scenario is designed
as follows:
(1) The initial states of the whole system are all-zero states, ie., =0, =0,

f =0. Actually, this is also the perfect state that does not require control.

(2) At t =0, an external force with a very short duration of 0.1 second, is exerted on
the cart, which makes the pendulum out of balance.

(3) Right after the external force disappears, the fuzzy controller is triggered to
control the pendulum till the next external force is exerted on.

(4) The external force is exerted on the cart every 5 seconds and it lasts 0.1 second
each time. The absolute amplitude of the force is 14cm/ s*.

(6) The overall sampling rate of the digital FLC system is 1000 Hz, i.e., 1 ms per
sample.

(6) The simulation stops at ¢ = 30 second.

The exertion of the external force is to make the pendulum out of balance,
while the FLC should make use of the gap between two consecutive external forces
to balance the pendulum. The ultimate goal of a desirable FLC is to achieve the
perfect state, on which the rule base is based. Therefore, our standard to examine
the system performances becomes the examination of system states during the
runtime of the simulation. More specifically speaking, we need to examine the 8 vs ¢

curve during the 30 seconds, as well as @.

The block diagrams of analog system, digital system without dithering and

digital system with dithering are given in Fig. 4.7, Fig. 4.8 and Fig. 4.9, respectively.
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Figure 4.7 Analog FLC for inverted pendulum system
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It should be noted that the Cart & Pole Dynamics block is the kinematics
model of the pendulum. Given the current states of the pendulum, i.e., 8, @ and the
force f exerted on the cart, this model's outputs are a set of new states, 8’ and @’

A state equation is given in [23]. We can obtain the following equation by

ignoring the friction.

- —f —mia”
; gsiné@ +cos M om s
- | 4 mcos@’ )
3 M+m

where & denotes the second order derivative of . g is the gravity acceleration. m is
the mass of the pole and M is the mass of the cart. [ is the length of the pole. The

Cart & Pole Dynamics block is actually a model of this equation.

:f
| » M
| sin(u[1]) ] fw) _—’ ' +®
I—-> omg theta theta
—> cos(uf1] l >
o)

Figure 4.10 Structure of Cart & Pole Dynamics block
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You may find that there is no block like Sampler even in the digital systems
shown in Fig. 4.8 and Fig. 4.9. The reason is that Simulink provides a connection
named In, which is used as an input port and allows the user to configure the
sample time for it. Therefore, what we need to do is just to integrate this connection
and configure it as required, in the function model that we define. For instance, in
the Cart & Pole Dynamics block, we put such a connection and configure its sample
time to 0.01s. For more examples, see Fig. 4.11 and Fig. 4.12.

The Fuzzy Logic Controller blocks are the same in all three systems. They
have the same databases and rule bases. The differences of analog/digital,
with/without dithering can be told from the FLC's I/O ports. In Fig. 4.8, there are
two quantizers at the input side of the FLC; while in Fig. 4.9, there are two dithered
quantizers at the input side and one low-pass filter at the output side of the FLC.

The Quantizer blocks in Fig. 4.8 have the structure of Fig. 4.11. The

quantization step can be specified in the Quantizer.

O—> ">

In Out

Zero-Order Quantizer
Hold

Figure 4.11 Structure of a common quantizer

Note that the Dithered Quantizer blocks in Fig. 4.9 should have a dither
signal added to the original signal before quantization, a dithered quantizer is

modeled in Fig. 4.12. This is one of the most important blocks in our simulations.
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Figure 4.13 Structure of a moving average filter

Another important function block, in the case of adopting dithering
technique, is the Low-pass Filter block. We choose a moving average filter for a low
passing purpose and model it in Simulink. Fig. 4.11 shows a 5-unit moving average

filter as an example. If more units are needed, simple modification on this model wiil

be fine.
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The Force Generator block in the system model is also a user-defined block. It
is to generate required external force for the simulation. Different external forces
have been experimented and we adopted an external force with exertion period of 5
seconds, within which an analog FLC can just resume the balance of the pendulum.
Moreover, the amplitude and the duration of the exertion each time guarantee that
the pendulum will not fall down on the cart, in which case the pendulum cannot be
in balance again by just moving the cart. The structure of the Force Generator is

given in Fig. 4.14.

Pulse >+
Generator1 I
]] |] | | Sum1
o Puls? o -+
enerato >+ —p
Sum3 Out
Pulse |+
Generator3 >+
_”_”_ﬂ Sum2
Pulse
Generatord

Figure 4.14 Structure of Force Generator

The waveform of the external force is given in Fig. 4.15. As we mentioned
before, an analog FLC can just react to balance the pendulum within the gap of two
consecutive external disturbances. Fig. 4.16 is telling the same story. Now, we need

to examine the influence of quantization. Fig. 4.17 is the simulation result for an
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FLC system adopted a 4-bit quantization. We can tell that the pendulum can never
be balanced in this situation. Between every two consecutive external force pulses,
@ is kept at the level of +£0.025rad most of the time, instead of 0. This is apparently
caused by quantization.

The use of applying dithering technique can be found in Fig. 4.18 - Fig. 4.20.
Simulations of systems employing uniform dithering, Gaussian dithering and
Triangle dithering have been done, and the results are shown in those three figures.
Between the two consecutive external force pulses, the curves of 8 in Fig. 4.18 and
Fig. 4.19 are approaching 0, although they are not as smooth as the curve in Fig.
4.16. Fig. 4.20 shows a poorer balancing process, because 6 holds a level of
+0.0lrad most of the time, instead of approaching 0. However, the system with
triangle dithering outperforms the system without dithering since it has a lower
level of 4.

To compare the performances of these three systems to that of the analog
system, we introduce the absolute error. Choose the 8 curve of analog system as the
standard curve, the absolute error means the absolute difference between the
standard @ curve and that of other systems. Consider the quantized system without
dithering, quantized systems with uniform, Gaussian and triangle dithering. The

absolute errors of these four systems are given in Fig. 4.21.
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4-bit/4-bit Quantization without dithering
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Figure 4.17 8 of the FLC pendulum system with 4-bit/4-bit quantization



4-bit/4-bit Quantization with uniform dithering
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4-bit/4-bit Quantization with Guassian dithering
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4-bit/4-bit Quantization with Triangle dithering
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Figure 4.21 Comparison of four systems (a) quantized system without dithering;
(b) quantized system with uniform dithering; (¢) quantized system with Gaussian

dithering; (d) quantized system with triangle dithering.
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To demonstrate that a low-resolution digital FL.C with dithering can achieve
the performance of a high-resolution digital FLC system without dithering, we
simulate an 8-bit/8-bit digital FL.C for inverted pendulum. The result is shown in
Fig. 4.22. Between any two adjacent exertions of external force, the & curve reaches

a stable status at approximately & = 0.024rad , instead of @~0.

8-bit/8-bit Quantization without dithering
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Figure 4.22 6 of the FLC pendulum systemwith 8-bit quantization

without dithering
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The results shown above can lead us to the following conclusions. Applying
dithering technique does reduce the effect of quantization error and improve the
performance of a digital FLC. Applying different forms of dither signal would result

in different improvement. In our case, the uniform dither is the best one.

4.2.4 Analysis of the IO Characteristics

To have a big picture of the FLC, we need to obtain the I/O characteristic
surface. It is a three dimensional control surface showing the force outputs f that
correspond to all combination of the two input state variable 6 and @. A smooth
control surface reflects a fine controller. Since we have obtained simulation results
in Simulink, let us analyze them from the view of I/O characteristics.

The I/O characteristics of analog FLC for inverted pendulum system are
shown in Fig. 4.23. As to the digital FLC, different sensors are considered. As we
know, high-resolution sensor decreases the quantization error, but requires longer
conversion time and more money; while low-resolution sensor makes big
quantization error, but needs less time and money. Therefore, we will show the I/O
characteristics of 4-bit/6-bit digital systems, with or without dithering. They are
shown in Fig. 4.24/25 and Fig. 4.27/28 respectively. The differences between Fig.
4.23 and Fig. 4.24/25 are shown in Fig. 4.26. Note that we employ uniform dithering,

since it is the best in this specific application.
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Figure 4.24 I/O characteristics of the FLC for inverted pendulum

4-bit Quantization is applied to both inputs; without dithering
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Figure 4.25 I/O characteristics of the FLC for inverted pendulum

4-bit Quantization is applied to both inputs; with uniform dithering
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Figure 4.26 Differences in the FLC's output f
Upper: difference in the case of 4-bit/4-bit inputs relative to analog inputs

Lower: differences in the case of dithered 4-bit/4-bit relative to analog inputs
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Figure 4.27 I/O characteristics of the FLC for inverted pendulum

8-bit Quantization is applied to both inputs, without dithering
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Figure 4.29 Differences in the FLC's output f
Upper: difference in the case of 8-bit/8-bit inputs relative to analog inputs

Lower: differences in the case of dithered 8-bit/8-bit relative to analog inputs
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Apparently, the I/O characteristics of 4-bit/without dithering system have
sharp changes in many areas, which means that tiny difference in the inputs may
result in a jump of the output. This is not what we expect for an FLC. When
dithering is applied to quantization, the I/O characteristics we got in Fig. 4.25 are
much smoother than Fig. 4.24. It is even close to the I/O characteristics in Fig. 4.23.
This can be found through Fig. 4.26, the error surfaces. The maximum absolute
error is 11.9966 cm/ s* in the case of no dithering, 5.0315 c¢m/s” in the case of with
dithering. This shows the improvement made by dithering in a way. The results for
8-bit inputs shown in Fig. 4.27 and Fig. 4.28 illustrate the same point. However,
noticing the little difference between Fig. 4.27 and Fig. 4.28, we compare the error
surface of both in Fig. 4.29. The maximum absolute error is 0.8768 cm/s* in the

case of no dithering, and 0.7135 cm/s* in the case of with dithering. The errors
shown in Fig. 4.29 are much smaller than those shown in Fig. 4.26. However, the
improvement in this case is not so much as that in the case of low-resolution inputs
(e.g. 4-bit).

These results conform to the results obtained from simulations, and both
prove that dithering can improve performance of the digital FLC, especially for the
low-resolution inputs (e.g., 4-bit). For high-resolution inputs (e.g., 8-bit) the

dithering efficiency is not so obvious.
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4.3 Truck Backer-Upper

4.3.1 Introduction

It is well known that to back up a truck to the loading dock is a difficult
exercise for all but skilled truck drivers. This truck backer-upper problem has
become a standard problem in the fuzzy logic field. The problem is to design a
controller (driver) that can back up a truck into a loading dock from any initial
position that has enough clearance from the back wall. Only backing up is allowed,

1e., there is no going forward. Fig. 4.30 shows the simulated truck and loading dock.

@
<)
¢
(x,y) Front Wheel

A

Back Wheel

y
(0,0) ’
x

Loading Dock

Figure 4.30 Diagram of simulated truck and loading dock
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The three state variables ¢, x and y exactly determine the truck position. ¢
specifies the angle of the truck with the horizontal. The coordinate pair (x.y)

specifies the position of the rear center of the truck in the plane. @ is the steering
angle, which is the very variable controlled by human driver or a controller to
achieve the goal. Consider a general case that the truck is back-wheel driving.
Therefore, front wheels are for steering while the back wheels are only for driving.

The goal is to make the truck arrive at the loading dock at a right angle
(p= -g-) and to align the position (x,y) of the truck with the desired loading dock

(0,0).

An analog FLC has already been developed for this problem in
MATLAB/Fuzzy Logic Toolbox. And the FLC does perform very well in backing up a
truck. However, after careful investigation, we found that it is not an FLC based on
only common sense and experience. Because it employs two state-control equations
that are not known to everyone. The FLC is a Sugeno-style FLC with only one fuzzy
variable, distance between the rear center of the truck and the loading dock. There
are only two fuzzy rules in the rule base:

(1) If the distance is far then the output is the result of equation (1).

(2) If the distance is near then the output is the result of equation (2).
where equations are the state-control equations mentioned above. This makes the
FLC in MATLAB very much dependent on mathematical equations.

To avoid too much dependence on mathematics, we decide to develop a new
FLC based only on common sense, just like the FLC designed for the pendulum

application previously.
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4.3.2 FLC for Truck Backer-Upper

We will design an FLC for truck backer-upper in this section.
First, we should determine the input/output of the FLC. The input variables

are the truck angle ¢ and the x-position coordinate x. The output variable is the

steering angle €. We assume that enough clearance between the truck and the
loading dock so we could ignore the y-position coordinate. The variable ranges are as

follows:

~50<x<50
~90° < ¢ <270
—45° <9 <45°

Positive values of @ represent counter-clockwise rotations of the steering wheel, i.e.,
the front wheel.

Then we should determine the labels of fuzzy set for each variable. The

definition is given below:

Angle ¢ x-position x Steering angle g
RB: Right Below LE: Left NL: Negative Large
RU: Right Upper LC: Left Center NM: Negative Medium
RV: Right Vertical CE: Center NS: Negative Small
VE: Vertical RC: Right Center ZE: Zero
LV: Left Vertical RI:  Right PS: Positive Small
LU: Left Upper PM: Positive Medium
IB: LeftBelow PL: Positive Large
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As we mentioned previously, fuzzy membership functions can have different
shapes depending on the designer's preference or experience. In practice, fuzzy
engineers have found triangular and trapezoidal shapes help capture the modeler's
sense of fuzzy numbers and simplify computation. Fig. 4.31 shows the membership
functions that were determined after system tune-up. We choose both triangular and
trapezoidal shaped functions for the input membership functions, while we adopt

stngleton functions for the output 4.

LE LC CE RC RI

1.0

0.0

-50 20 -15 5 4 0 45 15 20

x-positton x (m)

RB RU RV VE LV LU LB

0.0

-90 -10 10 25 40 60 80 90 100 120 140 170 190
truck angle ® (deg)

N
-1
o

NL NM NS ZE PS PM PL

-45 -35 -25 0 25 3 45

steering angle ¢  (d8)

Figure 4.31 Membership functions for truck backer-upper system
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In Fig. 4.31, the fuzzy sets CE, VE and ZE are narrower than the other fuzzy
sets. These narrow fuzzy sets permit fine control near the loading dock. In contrast,
we use wider fuzzy sets to describe the endpoints of the range of the fuzzy variables,
because rough control is enough when far from the loading dock. These schemes are

trying to make the design closer to the natural life.

Next we should specify the fuzzy rule base. In this case, we define 35 rules in

the rule base, all of which are easy to understand.

LE LC CE RC RI

RL NS

RU PS

RV PM
®»

VE PM

Lv | NM | NS PS PM | PL

LU { NS PS PM | PL PL

31 32 33 34 35*
LL PS PM PM PL PL

Figure 4.32 Rule base for the truck backer-upper system

Examine the rule base shown in Fig. 4.32, those rules reflect the symmetry of
the controlled system. Rule #18 in the center indicates that if the truck is in near the
equilibrium position, then the controller should not produce a positive or negative

steering angle, but a zero angle.
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Unlike the FLC that we developed for the inverted pendulum, Sugeno-style
fuzzy inference is adopted in this application. In fact this is determined when we
decide to use singleton functions to define the membership functions of the output,
steering angle 8. Min-Max is still employed for fuzzy logical operations. Centroid
defuzzification scheme is also adopted in this application. As we mentioned in
Chapter 3 that employing singleton membership functions would simplify the
defuzzification, the defuzzification in this application will perform the simple

operation of equation (3.1).

Singleton position

Z (fuzzy _output;) x on X —axis;
> (fuzzy_output,)

Y= 3.1

4.3.3 Simulink Simulation of the FLC for Truck Backer-Upper

After the analysis of the I/O characteristics, we need to demonstrate the
improvement made by adopting dithering through simulation. Therefore, an
experiment scenario is designed as follows:

(1) The simulation area is a 100 x 50 rectangle. And the loading dock is at the
center bottom.
(2) The initial state of the truck can be chosen randomly, but under certain

condition: it has enough clearance from the back wall.
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(3) When the simulation starts, the FLC will generate steering angle & to control

the backing up. The truck will stop when it hits the loading dock.

(4) The sampling time of the system is 0.1s.

With this simulation, we can examine if applying dithering technique to
digital FLC could help the truck backing up to be accurate and smooth. The aspects
of our interest are whether the truck can back up to the loading dock, whether the
controller can output smooth steering angle and the time that the whole process
takes. A good controller that we expect should have the following features. It
controls the truck to back up to the desired dock; it performs a smooth control,
without outputting vibrating signal; and it achieves the goal in a short time.
Therefore, we will focus on these aspects in our simulation.

The block diagrams of analog system, digital system without dithering and
digital system with dithering are given in Fig. 4.33, Fig. 4.34 and Fig. 4.35,

respectively.
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Figure 4.33 Analog FLC for truck backer-upper
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The Truck Kinematics blocks in these three figures are built according to a

set of state equation (4.2).

X =—vcos(p)
y =—vsin(g) (4.2)
6= —%sin(&)

where X, y and ¢ are the first order derivative of x, y and ¢, respectively. v is the

backing up speed of the truck and [ is the length of the truck. Note that (4.2) is
different from the equations in [39]. This is because the v here is the overall backing
up speed, instead of the speed of the wheel. The structure of it is shown in Fig. 4.36.

The function of the blocks in dashed-line rectangle is to constrain ¢ between

[-90°,270°].

®_>Ein(u[1]) 1s | cosupi) H ‘1/s'r
in N phi X
sin v/l -
—| sin@u[1) [P K-
-U y '—>
> mud—>(1)
& T out
|2"pii -
Constant =N
—‘
Switch
N
+ Switch1
[oi—>1
Constantt Sum1

Figure 4.36 Structure of the truck kinematics
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The Quantizer and Dithered Quantizer blocks are similar to those in the first
application. However, the Dithered Quantizer in Fig. 4.35 actually has two separate

quantizers so that it can quantize both x and ¢ in one block. The Low-pass Filter is

similar to the one introduced previously as well. The sampling rate in two digital
systems is chosen as 0.1s, i.e., FLC updates the steering angle once every 0.1s. The
reason is that we have to choose a suitable updating frequency to make the control
effective and efficient.

To initialize the simulation, one can configure the following parameters: the
length and speed of the truck, initial position and truck angle. Without losing
generality, we assume that

[=4m

v=2mls
We quantize x to 4-bit and ¢ to 4-bit, so that the resolution of x is 6.25m and
that of @ is 22.5°. Therefore, 4-bit/4-bit quantization is very low in resolution for

this truck backer-upper system.
We have experimented on different initial states. A general case will be

presented. Assume the initial state is

x=-30
y=25
@ =-185°

Three systems start their simulations from this same initial state. The trails of the
truck are shown in Fig. 4.37. Trail (a) and (c) both end at the loading dock (0,0),
while the trail (b) does not reach the dock in the end. Among our repetitive

experiments, this tendency is overwhelmed. This fact illustrates that applying
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dithering technique to digital FLC results in a more accurate backing up into the

desired loading dock.

XY Plot
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40 |

30 L initial position
(-30,25)
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é 20
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10 L .
0L -\ .
-50 [dock] 50

Figure 4.37 Simulated truck trails of different systems
(a) analog FLC; (b) digital FL.C without dithering;

(c) digital FL.C with uniform dithering and 20-unit moving average filter
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After checking the performance on accuracy, we now come to examine the

stability of the controller output. Fig. 4.38 - Fig. 4.40 record the changes of the FL.C

output, steering angle @, for three systems under consideration.

Steering angle output by analog FLC
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Figure 4.38 Analog FLC output - time diagram
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Steering angle output by digital FLC without dithering
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Steering angle output by digital FLC with dithering and 20-unit moving average filter
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Compare Fig. 4.38, Fig. 4.39 and Fig. 4.40, we can easily find that Fig. 4.39
displays an output with high frequency. From {=22s to the end of the simulation, the
FLC is generating steering angle quickly jumping between negative and positive
values. This is impractical and definitely unacceptable for a controller. We have seen
that with dithering technique, the vibration in output is reduced significantly and
the tendency of the output curve is close to that of the analog system. This also
supports our point that applying dithering technique to digital FLC will significantly
improve its performance.

Note that we took 20-unit moving average filter as an example in Fig. 4.37.
The reason is given below. As we know, more units in the moving average filter
result in smoother approximation of the mean, but longer delay. This specific
application is not as time-sensitive as the inverted pendulum application. Therefore,
we can choose more units in moving average filter to smoothen the output, as long as
the delay does not fail the backing up.

Fig. 4.41 shows a performance comparison of dithered FLC with different
moving average filters. If we only consider the accuracy of the backing up, (c), the
system with 20-unit moving average filter is the best one. The others can not back
up the truck to the dock very accurately.

However, if we take time into consideration, we will find that the more units
are in the filter, the longer it takes to back up the truck to the dock. The records of
steering angle @ in simulations for different truck backer-upper system are shown

in Fig.4.42.
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Figure 4.41 Performance comparison of different dithered FLC
(a) with 5-unit moving average filter; (b) with 10-unit moving average filter;

(c) with 20-unit moving average filter; (d) with 30-unit moving average filter.
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Figure 4.42 Record of @ in the simulation process for different dithered FLC's
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Apparently, the digital FLC without dithering finishes the simulation in the
shortest time, but the waveform of @ consists of many high frequencies. In general,
digital FLC systems with dithering spend longer time backing up the truck to dock;
Moreover, the more units in the moving average filter, the longer it costs to back up.
The reason is that processing low passing data costs time, although they make
improvement in other aspects. However, we must acknowledge that the positive

effect of adopting dithering technique is more significant and important.

4.3.4 Analysis of I/O Characteristics

Following the first application, we examine the I/O characteristics in this
section. The control surface of the analog FLC is displayed in Fig. 4.43. The digital
FLC system simulated in previous section is also studied here. The I/O
characteristics of such a system without dithering is shown in Fig. 4.44. Then we
apply uniform dithering to this quantized system and its control surface is shown in
Fig. 4.45. Apparently the I/O characteristics of the system with dithering is much
smoother than that without dithering, which again conforms to the simulation

results.
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Figure 4.43 I/O characteristics of the analog FLC for truck backer-upper
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Figure 4.44 I/O characteristics of the digital FLC for truck backer-upper
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Figure 4.46 Differences in the FLC's output ¢

Upper: difference in the case of 4-bit/4-bit inputs relative to analog inputs

Lower: differences in the case of dithered 4-bit/4-bit relative to analog inputs

Fig. 4.46 illustrates comparatively the behavior of the FLC with 4-bit/4-bit

inputs and the FLC with 4-bit/4-bit dithered inputs relative to the analog FLC. The
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maximum absolute error in the former case is 0.692 rad, while the maximum
absolute error in the other case is just 0.521 rad. As expected, dithering leads to a

notable improvement in the FLC's output resolution.

4.4 Virtual Prototyping Environment for Fuzzy Truck Backer-Upper

We have simulated the truck backer-upper in MATLAB. In this section, we
simulate the truck backer-upper in a 3-Dimensional environment by using VRML
97.

VRML is an acronym for the Virtual Reality Modeling Language. There are
two versions of VRML: VRML 1.0 and VRML 97. VRML 97 is the second and most
recent revision of the VRML specification [565]. Using VRML, it is easy to build the
three-dimensional virtual world on the Internet. The most exciting feature of VRML
is that it enables you to create dynamic worlds and sensory-rich virtual
environments on the Internet, including the ability to:

e Animate objects in the virtual worlds, making them move.
¢ Play sounds and movies within the worlds.
e Allow users to interact with the worlds.
e Control and enhance worlds with scripts, small programs users create to act
in the VRML world.
In order to view the VRML document on the Internet, the Web browser (we
are using Netscape Communicator 4.05.) needs a VRML helper application or plug-

in called VRML browser. The list of available VRML browsers is growing rapidly.
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Some of the most common VRML browsers are Silicon Graphics's CosmoPlayer,
Sony's Community Place, Intervista's World View, VREAM's Wirl and Dimension
X’ s Liquid Reality. In our application, we use Silicon Graphics's CosmoPlayer,
which is integrated in Netscape Communicator.

However, we still need an interface between the virtual truck in VRML and
the work engine --- FLC. Though VRML provides a Script node, which enables user
to create a node in JavaScript or Java to perform complex actions, it is hard to use
the Script node to set up the interface between a VRML world and its external
environment. Silicon Graphics provides an interface called External Authoring
Interface (EAI) [56]. It defines a set of functions on the VRML browser that the
external environment can perform to affect the VRML world. Fig. 4.47 shows the
relationship between this interface and the rest of the VRML environment.

Java EAI allows Java applets (external program) embedded on an HTML
page to communicate with a VRML scene on that same page. The EAI allows 4 types
of access into the VRML scene:

1. Accessing the functionality of the Browser Script Interface.

2. Sending events to EventIns of nodes inside the scene.

3. Reading the last value sent from EventOuts of nodes inside the scene.

4. Getting notified when events are sent from EventOuts of nodes inside the

scene.

Therefore, we have an interface between a Java applet on an HTML page and
an embedded VRML world on that same page. Thus, we can develop other Java
classes, which can be called by the Java applet. And this is the basic idea through

our truck backer-upper simulation in VRML.
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Figure 4.47 Anatomy of a VRML Browser (adapted from [56])
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Before we start discussing how to implement the fuzzy truck backer-upper in
VRML, we will introduce some concepts about computer animation [16]. In computer
animation, the task of specifying the motion of an animated object to the computer is
surprisingly difficult and even animating a simple object like a bouncing ball can
present problems. This task is difficult because humans are very skilled at observing
motion and quickly detect motion that is unnatural or implausible.

A number of techniques have been developed for specifying motion, but all
the available tools require a tradeoff between automation and control. Keyframing
allows fine control but does little to automatically insure the naturalness of the
result. Procedural methods and motion capture generate motion in a fairly automatic
fashion but offer little control over fine details.

Borrowing its name from the traditional hand animation technique,
keyframing requires the animator to specify key positions for the objects being
animated. The computer then interpolates to determine the positions for the in-
between frames. The interpolation algorithm is an important factor in the
appearance of the final motion. The simplest form of interpolation, linear
interpolation, often results in motion that appears jerky because the velocities of the
moving objects are discontinuous. But due to its simplicity, linear interpolation is
still widely used in animation.

Current technology is not capable of generating motion automatically for
arbitrary objects; however, algorithms for specific types of motion can be built. These
techniques are called procedure methods because a computer procedurally follows
the steps in an algorithm to generate the motion. Procedure methods have two main

advantages over keyframing techniques: they make it easy to generate a family of
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similar motions, and they can be used for systems that would be too complex to
animate by hand, such as particle systems or flexible surfaces.

A third technique for generating motion, motion capture, employs special
sensors, called trackers, to record the motion of a human performer. The recorded
data is then used to generate the animation.

As we mentioned before, VRML can animate the objects in the VRML world.
Actually, it uses the keyframing techniques. VRML provides some useful nodes to
help users generate animation [1]. It provides the TimeSensor node, which will act
as a clock to control the playback of the animation. This node provides features for
starting and stopping the animation, and controlling how quickly the animation
plays. To describe the changes during an animation, you can use VRML’ s
PositionInterpolator and OrientationlInterpolator nodes. Users can specify a few key
frame values (position or rotation values) in their keyValue field and the key
fractional times for each key values in their key field. The VRML interpolator nodes
use these key fractional times and values as a rough sketch of the animation and fill
in the values between those specified by wusing linear interpolation. Using
keyframing techniques and linear interpolation, user can describe an animation
independent of the playback speed of the animation.

VRML also provides some useful sensors to sense viewer actions, make the
world interactive. The common sensor node is TouchSensor, which can be added to
any group. When in such a group, the TouchSensor node senses when the viewer
moves over, clicks, or drags on any shape built in that group.

So far, we have discussed the important VRML nodes we use in our VRML-

truck. Those nodes make the truck animate and interact with the viewer. Next, we
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will discuss how to implement EAI and FLC in Java. Their relationships are

described in Fig. 4.48.
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Figure 4.48 Relationship among VRML, applet and Java class

In Fig. 4.48, it shows that a VRML file and a Java applet are embedded in
the same HTML page, both can communicate with each other through EAI. A Java
applet communicates with a VRML world by obtaining an instance of the Browser
class [56]. This class is the Java encapsulation of the VRML world. It contains the
getNode() method, which returns a Node when given a DEF name string in VRML.
Only DEF names in the base file are accessible.

Once a Node instance is obtained from the get Node() method of the Browser
class, its EventIns and EventOuts can be accessed by using getEventIn() and
getEventOut() methods. Once an instance of the desired Eventln is obtained, an
event can be sent to it. Once an instance of a desired EventOut is obtained, 2

operations can be performed. The current value of the EventOut can be got and a
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callback can be set up to be invoked when the EventOut is generated. The advise()
method on EventOut is called to set the callback. To implement the callback()
method, the applet must subclass the EventOutObserver class. Then whenever an
event is generated for that EventOut the callback() method is executed and passed
the value and timestamp of the event. The advise() method is also passed a user
defined object. This value is passed to the callback() method and can be used by the
applet author to pass user defined data to the callback.

In our simulation, we built a wvirtual truck in VRML called
“truck_back.wrl” ; a Java applet called “TruckBack.java” ; an HTML page
including them called “truckback.html” ; one Java classes called “Fuzzy.java”
and another three classes called "GetTrace.java", "GetTrace_N.java" and
"GetTrace_D.java", respectively. Fig. 4.49 shows the structure of the truck backer-

upper simulation program.

truckback.htmi
VRML Java Applet

EAI

(=3
c
o
‘?T
a
)
[¢]
~
A
Y

TruckBack.java

Java Class Java Classes

GetTrace.java
Fuzzy.java | GetTrace_N.java
N | GetTrace_D.java

Figure 4.49 Structure of the simulation program
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The Java class Fuzzy performs as FLC, also it has the truck kinematics part.
Its main function is to determine the fuzzy outputs (steering angle), and use truck
kinematics to determine the next state, then send the state to the Java classes
GetTrace, GetTrace_N and GetTrace_D.

These three Java classes control the whole procedure of truck backer-upper
and record the truck trace from which VRML will get the key frame values of truck
position values, truck rotation values and the rotation values of the two front
wheels. And these key frame values will be used to animate the truck backer-upper.
The difference among them is that GetTrace deals with analog FLC, GetTrace N
deals with digital FL.C, while GetTrace_D deals with dithered digital FLC.

We also built a friendly graphic user interface (GUI) so that it is easy for
users to run the simulation. Users need input the initial position of the truck
including the truck position (x, y) and the truck orientation value (®). To the right of
these input boxes, there are three buttons, "AnalogFLC", "DigitalFLC" and
"DitheredDFLC". Click on any of them, VRML will display the backing up trace
corresponding to different FLC. We also set up two viewpoints to make viewer
observe the simulation easily and clearly. One viewpoint is fixed called “Docking
Point” . The other is not fixed called “Truck Point” , which allows the user to have
a closer look at the truck backer-upper.

The virtual environment is captured and shown in Fig. 4.50 - 4.53. Fig. 4.50
shows the truck at an initial position (-30, 25, 2.1) from the docking point of view.
Fig. 4.51 shows the virtual truck built in VRML. It is observed from the other
viewpoint, “Truck Point” . In this figure, you can see the detail of the truck. Fig.

4.52
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shows the three traces of the fuzzy truck backer-upper with the initial position (-30,
25, 2.1). The trace on the right is the backing up trace of analog FL.C truck; the one
on the left if the trace of digital FLC truck (4-bit quantization/without dithering);
and the one in-between is the trace of dithered digital FLC truck (4-bit
quantization/with uniform dithering). Fig. 4.53 shows a scenario with another initial
position (30, 30, 4). Similar to Fig. 4.52, the dithered digital FLC has a better

performance than the digital FLC without dithering.

4.5 Conclusion

Studying on the theories about quantization and dithering provides us
theoretical knowledge that dithering technique can reduce the quantization error
caused by quantization, one of the two steps in digitalization. This dithering
technique becomes more and more important when digital techniques becomes more
and more popular. In a sense, digital technique has penetrated in every area of
modern life. Thus, a good technique that can reduce the inevitable quantization
error due to the digitalization is of great interest.

Dithering technique has been applied to many digital processing areas, such
as speech and visual signal processing, modified digital correlator and modified A/D
converter, etc. Our research is to apply dithering technique to the fuzzy control area.
Fuzzy control has been adopted by more and more control devices because of its

simplicity compared to conventional control theory. No accurate mathematical
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description of the system to be controlled is needed when fuzzy logic controller is
employed. Like in many other fields, FLC also face the problem - how to reduce the
quantization error caused by digitalization. Using high-resolution sensor is one of
the clues; the other one is to employ dithering technique. We focus on two FLC
applications: FLC for inverted pendulum and FLC for truck backer-upper.
Implementation of these two applications in Simulink proves that applying
dithering technique to digital FLC can improve its performance significantly. Using
cheap, low-resolution sensor, you can achieve similar performance of the system
with high-resolution sensor, while the cost is just employing a little more simple
equipment for dithering and low-pass filtering. This has given our research practical
meaning.

Although dithering may cost longer processing time and require more
equipment, its advantages can overcome its drawbacks. Dithering technique is an

efficient and promising technique to reduce the quantization error in digital area.
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Appendix

Simulink - the Simulation Environment

As a toolbox in MATLAB, Simulink has something special compared with
other application toolboxes in MATLAB, which is that it is built atop MATLAB. As a
result, Simulink users have direct access to the wide range of MATLAB-based tools
for generating, analyzing, and optimizing systems implemented in Simulink. These
tools include MATLAB Application Toolboxes, specialized collections of M-files for
working on particular classes of problems.

Simulink is a software package for modeling, simulating and analyzing
dynamical systems. It supports linear and nonlinear systems, modeled in continuous
time, sampled time, or a hybrid of the two. Systems can be also multirate, i.e., have
different parts that are sampled or updated at different rates.

For modeling, Simulink provides a graphical user interface (GUI) for building
models as block diagrams, using click-and-drag mouse operations. With this
interface, you can draw the models just as you would with pencil and paper. This is
a big advantage over the previous simulation packages that require users to
formulate differential equations and difference equations in a language or program.
Simulink includes a comprehensive block library of sinks, sources, linear and
nonlinear components and connectors. Moreover, the users can also customize and

create their own blocks.
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Models are hierarchical, so the user can build models using both top-down
and bottom-up approaches. One can view the system at a high-level, then double-
click on the block to go down through the levels to see increasing levels of model
detail. This approach provides insight into how a model is organized and how its
parts interact.

After defining a model, one can simulate it, using a choice of integration
methods, either from the Simulink menus or by entering commands in MATLAB's
command window. The menus are particularly convenient for interactive work,
while the command-line approach is very useful for running a batch of simulations.
Using scopes and other display blocks, one can see the simulation results while the
simulation is running. In addition, one can change parameters and immediately see
what happens, for "what if" exploration. The simulation results can be put in the

MATLAB workspace or MAT file for post processing and visualization.
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