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Abstract

The aim of this thesis is to develop an abstract categorical setup in order to show
that C-colored manifolds (i.e. compact closed manifolds with boundary where each
boundary component is colored with an object of a semisimple strongly ribbon cate-
gory) behaves basically in a similar manner as quantum circuits under the action of a
unitary modular functor. There, the set of gates is composed only of braid operations,

rotations and Dehn-twists.

We first introduce the basic mathematical structure of a quantum circuit. We then
provide a complete development of a 2-dimensional CW-complex over an extended
surface. Furthermore, we provide a complete development of the categorical frame-
work in order to construct a C-extended unitary modular functor (UMF) acting from
the category of C-colored surfaces and morphisms of C-colored surfaces to the cate-

gory of finite-dimensional vector spaces and linear isomorphisms.
We then conclude by giving a complete semantics for topological quantum computa-

tion including an abstract version of the inner product, basic data units, basic data

transformations, projectors and the notion of topological invariance of the algorithms.
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Chapter 1
Introduction

As we know, quantum computing faces many major challenges in terms of implemen-
tation, including the problem of decoherence of quantum data. Indeed, a quantum
computer containing more than a thousand qubits would be so unstable that it would
essentially be impossible to compute anything on it. In the last few years, new ideas
arose in order to rectify this major problem and topological quantum computing seems
to be a promising candidate to solve it. The basic idea is to encode the information
into global degrees of freedom of the system instead of local ones like the spin. In
this thesis, we generalize some ideas that have been presented by Freedman, Kitaev,
Larsen and Wang in [9] and [10]; we develop a general framework for topological

quantum computation using a unitary modular functor of genus 0.

This thesis is organized as follows. In chapter 2, we provide a general introduction to
quantum computing that is essentially mathematical. More specifically, we introduce
the notions of Hilbert spaces and adjoint operators acting on such spaces, we provide
a summary introduction to quantum computation with a few examples and finally,
we provide a definition of the quantum circuit together with a few theorems in order

to give a complete outline of the subject.

In chapter 3, we develop all the nomenclature essential to describing compact closed

manifolds with or without boundary of genus 0 (that we will call extended surfaces)
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and, we introduce the notion of marking on a surface as the analysis of the action
of the mapping class group on such manifolds can be reduced to an analysis on its
action on the marking. We then discuss how moves propagate in the sense of how a
sequence of moves acts on the manifold and we axiomatize this concept. Next, we
inspect the structure of a CW-complex on a given surface and define the notion of a
maximal CW-complex as a CW-complex on an extended surface decomposed into ele-
mentary pieces with one, two or three punctures. Finally, we show the connectedness
and the simple connectedness of the 2-dimensional CW-complex and the maximal

CW-complex for a given extended surface.

In chapter 4, we incrementally build a semisimple ribbon category and provide a
graphical language to interpret equivalence of morphisms in a ribbon category. That
is, starting from an abelian category and presenting its properties, we inspect the
notion of a semisimple abelian category. Next, we equip the latter with a monoidal
structure, then with a braided monoidal structure. We inspect the notion of duality
on objects and morphisms via the rigidity structure on a category; from there we
develop the notion of ribbon category and, finally, we conclude by defining semisim-

plicity on ribbon categories.

In chapter 5, we introduce the notion of a UMF acting on C-colored surfaces by
first defining the notion of C-extended modular functor. We define the Teichmdiiller
groupoid in genus 0 as a category that encompasses most data introduced in chapter
3 and that is such that it presents strong similitudes with the structure of a mod-
ular functor. We then introduce the Moore-Sieberg data (MS-data) for semisimple
abelian category. One can then build from any semisimple ribbon category a set of
MS-data and, in addition, build a structure that is quite similar to the one of the
Teichmiiller groupoid. We finally build a C-extended UMF in genus 0 using a given
set of MS-data and show that this yields a representation of the Teichmiiller groupoid.

In chapter 6, we introduce a categorical semantics for topological quantum com-

putation based on the work of S. Abramsky and B. Coecke in [1] that we generalize
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by adding a braided ribbon structure. In more details, we first show that some vector
spaces obtained by the action of u on C-colored surfaces are trivial and we impose
positivity on our UMF. We introduce an inner product on these vector spaces, ad-
joints of maps on this inner product and the notion of unitary maps. From there, we
show that all the generators of the mapping class group of an e-surface (as well as
their composition) are unitary, making the whole mapping class group unitary. We
introduce the notion of projectors and topological invariance of the algorithms. We

conclude with some remarks pertinent to the topological framework.

Finally, in chapter 7, we conclude and we give a set of open questions related to

the present work.



Chapter 2
Quantum computing

We start this chapter by providing a short but complete introduction to quantum
computing in two parts. First, we define Hilbert spaces as we will regard a qubit as
a vector in a Hilbert space, and the abstract model for topological quantum compu-
tation that we will provide in chapter 6 is closely related to this type of structure.
Then, we introduce a basic mathematical setup to quantum computing by means of
comparison with classical computation. We end this chapter by providing a complete
definition of the quantum circuit together with a few well-known theorems such as,
for instance, the Solovay-Kitaev theorem. We refer the reader to [19] (from which

this short introduction has been inspired) and [20] for more details on the subject.

2.1 Basic definitions and concepts

Here, we concentrate on the mathematical aspects of quantum computation. For a
complete introduction to quantum mechanics, the reader is encouraged to look at the
following texts: [6], [13] and [15].

2.1.1 Hilbert spaces

This introduction to Hilbert spaces closely follows the one given in section 3 of [2].

We have chosen to give that presentation as it is quite parallel to the one that we will
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develop in chapter 6. We know that a complex vector space is a set V together with

two extra structures
+:VxV -V 2 CxV -V

which are respectively the addition of vectors and the scalar multiplication with the

usual properties.

Now, an arrow f : V — V' is called a linear operator from vector space to vec-
tor space if it preserves the extra structures of the set V, i.e. given ¢,¢ € V and a

scalar ¢ € C we have

F+¢)=fY)+ f(9) fled) = cf(¥)

Definition 2.1.1 A Hilbert space H is a complex vector space together with an inner

product
(|Y:HxH—-C
satisfying for all ¢,v € H:

(@1 + ¢2) = (¥l¢1) + (Yl¢2)
(¥|z9) = z(¢|¢); z€C

(

(
(¥lg) = (¢lv) (3
(¥l9) 2 0 and (P|¢h) =0 iff ¢ =0 (

Finally, we require that H is complete with respect to the inner product given above.

Remark 2.1.2 In definition 2.1.1 we use the term complete in the sense that every
Cauchy sequence converges in H. Hence, we can also say that all Hilbert spaces are

Banach spaces (the converse is not true in general).

Furthermore, an arrow f : H — H' which preserves all the structures is called an

isometry, i.e.

(folf o) = (Yld)n
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In the case of Hilbert spaces, we can define the adjoint of an operator in the following

manner:

Definition 2.1.3 given an operator acting on Hilbert spaces, say f : H — H', the
operator ft : H' — H is said to be the adjoint of f. The operator f1 satisfies the

following equation:

(F9lo)u = (| f o)

Now, suppose that H coincides with H’ and that we are given a ¢ € H then, there is
a unique operator f, : C — H (such that fy(1) = ¢). In a similar manner, the action
of () on an operator defined in the same manner from a given 1) € H yields a unique
arrow (operator) fJ} : H — C. The composition of the two preceding operators is
really (¢|¢) = f;ﬂ o fs : C — C which is a linear operator from complex numbers to
themselves. In quantum mechanics this is the amplitude of probability for the whole
process to happen (in the sense that we see the preceeding set of equations as the
mathematical representation of a quantum system where a process occurs, such as
the collapse of a wave-function into one of it’s eigenstates). Note that the converse

is also true, if we are given an operator f, : C — H then, it gives rise to a vector

fo(l)=v €H.

Remark 2.1.4 Usually, we say that ¥ € H is the state vector and H is the state

space of the quantum system.

Now, if we want to remain in the quantum mechanical case, having two different
quantum states in their respective Hilbert spaces, H and H’. If we consider them to
lie in a single system, this is the same as considering the Hilbert space H @ H' (this

is usually called a compound system). This tensor product has C for identity.

Definition 2.1.5 A self-adjoint operator is an operator A : H — H acting on Hilbert
spaces that is such that A = At

In quantum mechanics, a measurement collapses the wavefunction into a particular
state; the output of such a measurement is a value in the spectrum of a self-adjoint

operator, i.e. one of it’s eigenvalues (we will assume that the spectrum of our operators
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are always non-degenerate). Thus, given a self-adjoint operator we write it’s spectral

decomposition as
A=) NP, (5)
i=1

where n = dim(H) and the \; are the eigenvalues of the operator A (i.e. the value of
its spectrum). Now, the change induced by measurement is represented by the action

of an operator which we now define:

Definition 2.1.6 A projector is an arrow P, : H — H arising in the spectral de-
composition of a self-adjoint operator. It is idempotent and self-adjoint with respect

to the composition, furthermore, the projectors are mutually orthogonal in the sense
that Po P; =0 if i # j.

Where the last definition and the following remark are stated along the lines of [1],

section 2.

Remark 2.1.7 Each P; projects to a one-dimensional subspace of H (as we assumed

that the spectrum of A was non-degenerate).

The probability that a measurement yields a particular eigenvalue X; (assuming (¥|1))
is given by

(Y| Piyp). (6)

The later is called the Born rule.

2.1.2 Quantum computing

As classical computers have for basic unit the bit, which can take two values {0,1},
a quantum computer have the gqubit as basic unit. After a measure, the qubit can
take two different values in the following set {|0),|1)} which is the computational
basis for our quantum computation. Usually, if we speak of qubit, the information is
considered to be encoded in a two-level quantum system where it is usually assumed
that the information to be encoded is the spin of an electron or the polarization of a

photon. The qubit is then represented by a state vector «|0) + §|1) for o, 5 € C, it is
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assumed that the state vector is normalized, that is |a|? 4-|8|2 = 1. The qubit is then
a vector lying in a 2-dimensional complex Hilbert space denoted, for our purpose, by
C2. Furthermore, this last expression for the qubit tells us that the qubit is in fact a
linear combination of |0) and |1). If we are computing with n qubits, the space where

this computation take place is then n times the tensor product of C? which will be
denoted as (C?)®".

More generally, the information can be encoded in a p-level system (where p is a
positive integer that is, for our purpose greater or equal to 2) and then, we speak of
qupits. In the latter case, the information is represented by a state vector ). o4|é)
lying in CP. If we are computing on a set of n qupits, the space where this computa-

tion take place is (C?)®".

Given n state vectors representing qubits say |¢g),...,|¥n-1), then the global state
vector |) = @7, [¢:) € (C?)®" is denoted by
on_1
) = aili) (7)
i=0

where the 4 in the ket (i.e. the vector denoted as | )) are typically written in binary
notation so that we have a superposition of all the states between 0 and 2" — 1 inclu-
sively. For instance, the ket |010) is the same as |0) ® |1) ® |0) and in this particular
case, we can have any ket from [000) to |111) which correspond to 0 and 7 = 2% — 1
respectively. This state vector is again submitted to the following usual normalization

condition: 327t |ay[? = 1.

If we compute with classical bits, we use a set of classical gates to act on data.
For example, the logical gates AND, OR and NOT can be used to perform calcu-
lations on bits. Again, as in the case of the basic unit of computation, we can define
quantum gates acting on qubits. These gates are usually elements of U(2) (acting on
one qubit) or elements of U(4) (acting on a pair of qubits), where U(n) = {U | U €
Mat,(C), Ut = U~} is considered to be the Lie group of n by n unitary transforma-

tion that leaves invariant the Hermitian form ( | ) as defined in the previous section.
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We will consider unitary gates to compute; we note that unitary gates have the fol-
lowing property: UUT = 1, where Ut = U~ is the adjoint of U, as in definition 2.1.3,
in other words, we have (¥|¢) = (U|Ud).

We give a short list of quantum gates in the following example:

Example 2.1.8 We list two quantum gates of U(2) and one of U(4):

1000

1 (1 1 0 1 0100
H=_—— N = CNot =

V21 -1 1 0 000 1

0010

Where H/N € U(2) are called the Hadamard and the Not gate respectively and
CNot € U(4) is the called the Controlled-Not gate. The names of N and CNot
are self-explanatory, the Hadamard gate takes a state of the form |0) or |1) and puts

it in an equal superposition of these two states:

1 1
E(I()) +11) H|1) = %(I(D - 1) (8)

Again, this can be generalized to qupits: instead of taking gates in U(2) or U(4), we
take gates in U(p) or U(p?).

H|0) =

After we have applied various gates to a qubit of our system, we can measure the
qubits and the result will yield |0) or |1). Indeed, suppose we apply successively the
gates Uy, Us, ..., U, € U(2) to the qubit ¢ = «|0) + B|1) then (U;oUso...0U,)(q) =
a’'|0) + #'|1). The probability to measure |0) is now |o/|> and the probability to mea-
sure |1) is |#'|%. In that sense, the complex numbers « and 3 can be viewed as complex
amplitudes of probability and these amplitudes are affected by the application of the
gates U; ; ¢ € {1,...,n} on the state vector.

2.2 The quantum circuit model

Before stating our model for the quantum circuits we give a few differences between

the classical case and the quantum case.
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First, it is important to note that since we are computing with unitary gates, any
composition of unitary matrices is unitary and hence reversible. This tells us that
quantum computation is always reversible and hence, gates like the classical OR gate
which takes two boolean inputs and gives a boolean output have no counterparts in
the quantum case as it is not reversible. Hence, there is no unitary matrix that could

represent such an operation.

Second, the FANOUT gate that duplicates boolean data has no counterparts ei-

ther in the quantum case, as the following result tells us:

Theorem 2.2.1 (No cloning) Given an unknown (pure) quantum state |v), it is

impossible to duplicate into two identical states, i.e. |) ® |4).

Proof: we refer to [19] p. 532 for a proof of this theorem.
O

Third, quantum circuits are acyclic in the sense that we cannot send feedback from
one part of the circuit to another part. Furthermore, all measurements are assumed

to be postponed to the end of the computation.

We now generalize the concept of applying a unitary gate to a single qubit to many

qubits in a formalism called the quantum circuit model.

Let |¢) and |¢) be quantum states. If we apply a unitary transformation U to ¢
only, we then apply the transformation U ® 1 to the tensor product of the two state

vectors in the following manner:

UelYee) 9)

Thus, given a set of quantum states {|¢;)}ico, n-1. If we consider that all these
states belong to the same quantum system then the state vector of the system is
[0} ® ... @ |[tho—1). Let U; be a (unary) quantum gate that acts on the sth state
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vector (i.e. a unitary transformation of the form (®;;h L)RU;® (Qp_: 41 J2) where
I is the 2 x 2 identity matrix) and U,;41 is a (binary) quantum gate that acts
on the ith and (i + 1)th state vector (i.e. a unitary transformation of the form
(®;;‘b LYRU, i+1® ( Z;l +2 I2)) then, we apply successively some of these gates on

a vector of the form: .
(X lvs)) (10)
1=0

Note that the U can be either non-trivial unitary transformations or the identity.

Now, with this generalization, we are ready to give our formulation of the quantum

circuit.

Definition 2.2.2 A quantum circuit is a unitary arrow U : (CP)®" — (CP)®", that
s an operator acting from the space of n qupits to itself together with two arrows
I:A— (CP)®" and O : (CP)®" — A corresponding respectively to the input (from
the set A) and the measure operation (or output to the set A). It is depicted by the
following graph:

A I ((CP)@m v, ((Cp)@m 9, A

The arrows I and O are there only to encompass the full process. During this thesis,

we will essentially consider the quantum circuit to be the arrow U itself.

It is important to note that it is possible to compute with a finite number of quantum
gates. Before stating the Solovay-Kitaev theorem that formalizes the previous asser-
tion we need to introduce some concepts. The following set of definitions together
with the statement of the theorem are taken from [19], appendix 3, pp. 617-624. we

give the notion of a dense set and an e-net:

Definition 2.2.3 A set A C B (where B is equipped with a norm) is said to be dense
in B if for any b € B and € > 0 there exists an a € A such that |b— a] < e.
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Definition 2.2.4 Let A,C C B, then A is said to be an e-net for C (with € > 0), if
for all ¢ € C there exists an a € A such that |c — a| < €.

Theorem 2.2.5 (Solovay-Kitaev) Let U be a finite set of elements of SU(2) closed
under taking the inverses, such that (U) (the set of all words' of finite length) is dense
in SU(2). Let also € > 0 be given. Then U, (the set of all finite words of length [) is
an e-net in SU(2) for 1 = O(log®(1/¢)), where ¢ = 4.

Proof: the proof is long and not very pertinent to the present exposition. We refer

the reader to [19] pp. 617-624 for a full exposition on the subject.

O

Example 2.2.6 We provide an exemple of a dense set as the following triple of

matrices together with their inverses:

1 1
gL st 0
\/E 1 —1 0 em/4

Note that we might be able to generalize this theorem to SU(p) as the previous
theorem is proven using essentially the Lie group structure of SU(2). Hence, there is
no problem in considering only a finite set of quantum gates as the topological closure
of U, (a finite set of elements in SU(p)) will always be SU(p) itself.

Lwhere a word is considered to be the composition Ujo...oU; with U; € U for alli € {1,...,1}



Chapter 3
Surfaces and markings

In this chapter we develop the nomenclature necessary to speak about e-surfaces
of genus 0 and their morphisms. We start by a discussion about general concepts
related to topology. We then formalize the notion of e-surfaces, parametrizations
as isotopy classes of maps going from a given e-surface into the complex projective
sphere with a finite number of holes matching the number of boundary components
of the e-surface. We then develop the concept of a marking as a graph on an e-surface
M which is a sufficient representation of the e-surface to analyse the action of the
mapping class group on M. We then give a set of moves one can apply on a marking
which encapsulates the action of the mapping class group and use this set of data to
develop a 2-dimensional CW-complex, M(M) for an e-surface and the concept of a
maximal CW-complex which is roughly a sub-complex of M[(M) but where the surface
is cut into elementary pieces with one, two or three holes, inducing a decomposition
of the marking to match these elementary pieces. Finally, we show that this complex
and the underlying maximal complex are connected and simply-connected. We closely
follow the development of 3] sections 2 to 6 from which most definitions, lemmas and
theorems are taken almost directly and furthermore, we add elements from [4] section
5.2.

13
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3.1 Basic definitions and concepts

In this section we will give basic definitions related to extended surfaces (or e-surfaces)

and their markings.

Before we begin with surfaces, we define a few concepts that will be used throughout
the development. Note that for this set of definition, we assume X and Y to be

topological spaces and all maps to be continuous maps.

Definition 3.1.1 A map f: X — Y is said to be an homeomorphism if it is bijective

and if f and f~! are both continuous maps.

Definition 3.1.2 Let f, f' : X — Y be continuous maps, we say that f is homotopic
to f' if there is a continuous map F : X x [0,1] — Y such that F(z,0) = f(z) and
F(z,1) = f'(z) for allz € X. Also we say that F is an homotopy of f and f’.

The last definition is taken from [18], p. 323.

Definition 3.1.3 A map f: X — Y is called an embedding if it an homeomorphism

onto 1ts image.

Definition 3.1.4 Two embeddings f,f' : X — Y are said to be isotopic if there
exists an homotopy F : X x [0,1] — Y such that F(z,t) is an embedding for all
telo,1].

In other words, we do not accept singularities in the transition from f to f’.

We will use the concepts of genus and punctures in a surface at length; we there-

fore close this section by defining more formally these concepts.

Definition 3.1.5 The connected sum of two manifolds, is the manifold obtained by
identifying the boundary points of two disks removed from the manifold through an

orientation reversal homeomorphism

Theorem 3.1.6 Any compact closed oriented connected surface without boundaries

1s either homeomorphic to a sphere or to a connected sum of tori.
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Proof: this theorem is well known, we refer the reader to [16] pp. 10-28 for the proof

and a full exposition of the subject.
O

In our context, we will consider that our compact closed manifolds are either home-
omorphic to the sphere or to the connected sum of tori. Now, the following set of

definitions in derived from [16], pp. 33, and 37-43 respectively.

Definition 3.1.7 A surface M is said to be of genus n if it is homeomorphic to the
connected sum of n tori. In the case M is homeomorphic to a sphere, it is said to be

of genus 0.

Definition 3.1.8 If a surface M is homeomorphic to a manifold with a finite number
of open disks removed, we say that M is a manifold with boundaries. The boundaries

will be called the punctures or holes of M.

Definition 3.1.9 A surface M with boundaries is said to be of genus n if M (the

surface obtained by gluing disks to each boundary components of M) is of genus n.

3.2 Genus 0 surfaces

We first develop a nomenclature to describe genus 0 surfaces. These definitions are

essential as they will become the atomic backbone of our study.

Definition 3.2.1 An e-surface is defined as a 2-dimensional oriented compact closed
manifold M with possible boundary components (OM);, with i € I where I is the
label set of boundary components. We also assume that each (OM); is marked by a

distinguished point on the boundary.
An example is provided below in figure 1.

Definition 3.2.2 A morphism of e-surfaces is an homeomorphism M —- M’ which
maps marked points to marked points and preserves the orientation of the surface. Ev-

ery such morphisms preserves the number of boundary components and then, induces
the bijection {(OM);}ier —— {(OM');}icr-
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Figure 1: Example of an e-surface.

It is now importent to define the set of all possible morphisms for a given e-surface
M but before, we diverge a bit from the main source and we refine the notion of

homotopy.

Definition 3.2.3 Let f, f' : X — Y be continuous maps, we say that f’ is boundary
preserving homotopic to f’ if there is a continuous map F : X x [0,1] = Y such that
F(z,0) = f(z) and F(z,1) = f'(z), and that F(p;,t) = f(p:) = f'(p;) for all t, where

p; 15 the distinguished point on the boundary component i.

This definition is introduced in order to avoid some pathological cases in the following

definition:

Definition 3.2.4 Given an e-surface M, the mapping class group of M is the group
of boundary preserving homotopy class of morphisms preserving the distinguished
points from M - M it is denoted I'(M). Now, the pure mapping class group,
PT(M) C T'(M), is the subgroup of morphisms whose action is trivial on O(M); for
alliel.

As we will later study surfaces of genus 0, the following definition will be usefull:

Definition 3.2.5 The standard sphere is the Riemann sphere PC (or the projective
representation of the complezr plane). We will work with PC where n open disks has

been removed. Such a sphere will be denoted So,. If this sphere has n open disks
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removed, then for z € C, we have |z — k| < 1/3 for the disks removed and the marked
points are set to be at k —i/3 for allk € {1,...,n}; where i = v/—1 and the number
1 to n are centers of disks. The mapping class group (resp. pure mapping class
group) of the standard sphere will be denoted by T, (resp. PI'o,). We also denote
the elements of {0(Son)i}ti=q1,...ny simply as {1,...,n}.

Figure 1 above, would be a representation of Sp 3.

Definition 3.2.6 Given a connected e-surface of genus 0, say M, we define a parametriza-
tion without cuts of M to be an isotopy equivalence class of morphisms of e-surfaces

of the following form: p: M — Sp,.

The later can be found as definition 2.4 in [3] p. 3. We now introduce the concept
of markings on a surface. These objects are viewed as graphs on the e-surface. The
reasons to consider those objects is that they provide an easier way to understand

and manipulate parametrizations of e-surfaces.

Let mgo be the following graph on Sp3:

"y, e
'y, !
iy, !
i e it

/

1
IHIIIlIIlHlIII!IIIINIH
|

3

Figure 2: Example of a marking without cuts on Sp 3.

We note that this graph has a distinguished edge connecting * with 1. In the above

example my is called standard marking without cuts of Sy 3. More generally, we have:
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Definition 3.2.7 On the standard sphere with n holes Sy, the standard marking
without cut of Sy, denoted my, is defined to be the graph connecting the vertez * (the
image of —i in CP) with the distinguished points of each components of {(OM);}ier
through the shortest path on Sy, with respect to the standard norm in C. This graph
has a distinguished edge that connects x with 1. If n = 0, then mg = 0.

We now link the previous definition to the one of parametrization without cut in the

following way:

Definition 3.2.8 Let M be a connected e-surface of genus 0, a marking without
cut of M is the inverse image of the standard marking without cut on Sy, under

p: M — Sy, in other words, the marking without cut m of M is defined as:
m = p~*(mo) (11)

We now make some comments. If there is an homeomorphism M —~ M isotopic to
the identity, then we consider the two marking graphs of M to be equivalent. There
is a link between the parametrization without cuts and the set of all marking without

cuts of a given e-surface M as the following proposition shows:

Proposition 3.2.9 Given a connected e-surface of genus 0, say M, there is a bi-
jection between the set of all parametrisation without cuts of M and the set of all

markings without cuts of M given by p v p~(my).

Note that the statement of this proposition is practically identical to the proposition
3.1 found in (3] p. 5.

Proof: We have to show that the assignment p — p~!(my) is injective and surjective.

o Injectivity: Assume p,q :—— Sy, are two parametrizations with p~'(mg) =
g 1(mg). Then, there exists a homeomorphism f : M -~ M isotopic to id
such that p = qo f. It follows that p = qo f ~ g oid = q. Hence, p is isotopic

to ¢ and thus they are equal as parameterizations.
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o Surjectivity: Let m be a marking without cut. By assumption (definition 3.2.7)

m = p~1(my) for some parameterization p.
Hence, the assignment is bijective as required.

O

Both sets of the previous proposition will be denoted by M?(M) indifferently later in

the development.

Definition 3.2.10 Let M be an e-surface of genus 0. A weak cut system, on M is
a finite set of simple closed smooth curves lying on M (by ‘lying on M’ we mean that
those curves can be seen as subsets of points of M ). Such a set will be denoted as C

in what follows.

Figure 3: Example of a weak cut system on Sps.

Definition 3.2.11 Given an e-surface M of genus 0 with a weak cut system C on
it, denote the set of connected components of of M\C by {M;}, to which we glue a
copy of p~1(S?) where St is the 1-sphere in place of the cut (we do that in order to
make each of the connected components compact and then, e-surfaces of genus 0);
this operation will be denoted W Then, we define a parametrisation P of M as
a set (C,{p;}) where C is a weak cut system on M and the p; are parametrizations
without cuts defined on each of the connected components M; of M, where j € J and

J s the indexing set of these connected components.
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Figure 4: Example of a marked surface with Sps.

Remark 3.2.12 In definition 3.2.11, we assume that if a cut ¢ € C has a distin-
guished point p. then, p. is the same for the two connected components adjacent to

C.

Definition 3.2.13 Let M be an e-surface. A marking of M is a pair (C,m) with C
as in definition 3.2.11 and m is a marking graph on M so that it can be seen as the
union of markings without cuts on each connected components of the set M\C. The

set of all markings on M taken up to isotopy will be denoted by M(M).

We can then generalize the proposition 3.2.9 in the following manner:

Proposition 3.2.14 Given an e-surface of genus 0, say M, there is a bijection be-

tween the set of parametrization and the set of markings of M.

Again, this is proposition 3.4 in [3] p.6.

Proof: The proof is immediate if we consider the bijection of submarkings m; and
the subparametrization p; of each connected components M, of M\C. Each sub-

component is without cuts and these local bijections induce a global bijection on
M.
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3.3 Operations on markings

3.3.1 Elementary moves

We know how I'(M) acts on M. Now, it will be useful to see how it acts on M(M).
Thus, given a morphism f € ['(M), it acts on an element (C,m) € (M) in the follow-
ing manner: f(C,m) = (f(C), f(m)). The following operations are similar to those
found in [3] p.6 except that here, we consider only surfaces of genus 0 for the gluing

and its output:
Disjoint union: U : M(Mp) x M(My) — M(M; U M,)

Gluing: Uap : M(M) U M(M') — M(M") for a € {(OM);}ier and b € {(OM])}jeu.
In the previous, the image of a, b glued is a cut on M’. If the distinguished point of

Figure 5: Example of gluing.

either a or b is the endpoint of an arrow of the marking before gluing, it is kept after
the gluing operation. These elementary operations satisfy the natural associativity

properties that will be listed under the propagation of moves below (i.e. section 3.3.2).

Before continuing, we need to define the notion of a CW-complex. The following
definition is taken directly from [16] p. 215; we refer the reader to the same book

pp- 211-218 for a full introduction to the subject. Furthermore, we use the concept
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of open n-cells which is defined in [8] p. 11.

Definition 3.3.1 A structure of CW-complex is defined on a Hausdorff space X by
the prescription of an ascending sequence X° C X' C X% C ... of closed subspaces

of X which satisfies the following conditions:
o X° is a discrete space.

e Forn >0, X™ is obtained from X" ! by the adjunction of a collection of open

n-cells.
o X = U;L.o::l X"
o The space X and each of the subspaces X™ are equipped with weak topology.

We now define a 2-dimensional CW complex (i.e. a CW-complex where the cells are
of at most dimension 2), denoted as M(M). There, set M(M) of all markings of M
will be regarded as is the set of vertices, the edges of the complex are directed and
will be called moves; they are presented below. As each arrow is invertible, the edges
of the complex forms a groupoid. We will adopt the following notation or the moves:

E : M ~ M'. Here is the set of all elementary genus 0 moves:

Z-move or rotation move: Given an e-surface M of genus 0, say M together with
(@, m) a marking without cut on it. The Z-move is defined as Z : (B, m) ~ (0, m’)
where m/ is another marking graph on M which differs from m only by having a differ-
ent distinguished edge (an example is provided in figure 6). As the surface is oriented,
we will assume that Z induces a counterclockwise rotation of the distinguished edge.
Under the parametrization p of the surface, this reduces to maps n +— 1 if M is home-

omorphic to Sp,. In particular, this is illustrated in figure 6 in the case M = Sp3.

F-move or fusion-move: Given an e-surface M of genus 0, together with ({c},m) €
M(M) a marking with one cut ¢ where we have the distinguished edge of one of the
component points to ¢ and it coincides with the last edge (i.e. the preimage of n under

the action of p: M = S, ,, provided that M is homeomorphic to Sp,) of the other
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", N > o
“ita, o ", o
m * ! 1y, * e

—-—-——~o f O\ e

Figure 6: Z move on Sy 3.

component which also ends on the cut ¢. Then F is defined as F, : ({c},m) ~ (8, m’)

where m’ is the marking graph obtained by contracting the distinguished and the last
edges those endpoints are at ¢. An example is provided below:

-

Figure 7: F move on two copies of Sy 3.

B-move or braid-move: Let Sp3 be the trinion (i.e., the sphere with three punc-
tures) with no cuts and with the standard marking mg on it as shown on the
left hand side of figure 8. The braiding B, is defined as the move depicted on
that figure. We can generalize that definition to an e-surface M in the follow-
ing manner: for a given M, an extended surface of genus 0 with three punctures,

let ¢ be the homomorphism such that ¢ : M — Sp3. Then, we define the move
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ap (8,671 (mo)) ~ (0,67 (Bap(mo))) in M(M).

I’I
2 4
i

G K

—————

Figure 8: B-move Sy 3.

We now define generalized moves as some particular composition of the elementary

moves above.

Generalized F-move: Let M = M; U. My be an e-surface with a fix order on
boundary and ({c},m) € M(M) defined in the same way as in the definition of
the F-move but where the distinguished edge is any edge of marking marking graph
of My and M, respectively. A generalized F-move is any composition of the form
Z™F,(Z™ Uid)(id U Z*) where m, n and k are integers. This generalized move is

introduced in order to ensure that each F-move is well defined.

Generalized B-move: Let M be an e-surface of genus 0 together with m, a marking
without cuts on M. Suppose also that the set of labels of M is divided into n non-
trivial subsets denoted {L; }i~1 ... ». Roughly, the generalized B-move is acting on m by
permuting two adjacent subset of punctures. More formally, it is given by the follow-
ing sequence of moves: By, 1, = Fo Fo,FoyBo, o, FLIFSVFLY i # 4, 4,5 € {1,...,n}.
The sequence of F-moves creates a cut system on M where one of the edge shares
a vertex with an edge having * as endpoint and the two other vertices are the cuts

¢1 and cg, lying at the basis of the markings ending on L; and L;. This produces a
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marking with three vertices on which we apply the B-move. We provide an example

below:

Figure 9: Example of a generalized B-move.

In what follows, we might use generalized moves without explicitly stating it.

Note that given an edge E : m; ~» mg;my,mg € M(M) and a morphism of e-
surfaces f: M — M’', we have f(FE) : f(my) ~ f(ma).

We conclude this section by a theorem on the generators of the mapping class group
of an e-surface:

Theorem 3.3.2 The mapping class group Iy, is generated by braidings b; and Dehn

twists t;.

Proof: We refer the reader to [17] to see how I'g,, is generated in such a manner.

It will be stated later how this theorem is connected with our definitions.
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3.3.2 Propagation of moves

Now, the edges of M(M) will be obtained from the simple moves B, Z, F' and their
inverses in addition to the edges obtained from applying the operations of gluing and
disjoint union defined below. This definition of the operations and relations of M(M)

is almost identical to the one given in (3], p. 9, section 4.2.

Operations:

e Disjoint Union: Suppose M = M; LI M, then, for every E : my ~» m} in M(M,)
and mg € M(Ms) we add an edge E Uid,,, : m; Umg ~ m]| Umgy in M(M).

o Gluing: Suppose M : U, M then, for every E : L,y M ~» Ly M in M(M), we
add an edge Lo pE : My ~» M| where M] = U, ;M.

Equivalence Relations:

e Functoriality: Let E, E’ be edges in M(M;) so that the composition EE’ is
defined, then (EUid, )(E' Uidy,) = (EE'Uid,,,). We also have: U,(E, E') =
(Uap ) (Uap E').

o Associativity 1: Let E be an edge in M(M;) and let my € M(M3), ms € M(Ms)
be markings for My and Ms. We have:(E U id,,,) Uidpm, = E Uidmyums-

o Associativity 2: Let a,b,c and d € {0(M)} be four differents boundary compo-
nents of M and let E: M ~» M’ be edge, then U, (e g ) = U g(UapE).

o Associativity 3: Let M be an e-surface so that M = M; U My, a,b € {(OM)}
be boundary components of M; and Ms respectively and E : M ~» M’ an edge
in M(M;), then L, ,(E Uid) = Uy p(E) U id.

If we wish to describe a path in M(M), we need to have an initial marking m and
then, if we are given a sequence of moves taken from B*!, F*! and Z*! thus defining
a sequence of edge. With this in hand, we can define each vertex in the complex
(seen as a marking) along that path by applying successively each move given in the

sequence starting from the initial marking m.
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Remark 3.3.3 Note that even if for all f € T'(M) there is a corresponding edge

E € M(M), the converse is certainly not true because of the F-move.

We now impose the following relations among the moves. Again, the statement of

the relations closely follows [3], p.11, section 4.7.

Genus 0 relations:

e Rotation axiom: Let M and m be like described in the definition of the Z-move,
then Z" = id where n = |{(OM)}|.

o Commutativity of disjoint union: Let M be an e-surface such that M = M;UM,
and let E;; ¢ € {1,2} be an edge in M(M;), then (E; U id)(id U Ep) = (id U
E5)(Ey Uid). They will both be denoted by E; U Es.

o Symmetry of F-move: let M and m be like described in the definition of the
F-move, then Z""'F, = F.(Z7' U Z), where n = |{(OM)}|.

o Associativity of cuts: Let M be a connected surface of genus 0 and (C,m) €
M(M) be a marking with two cuts say c¢; and ¢;. Then F_ F,,(M) = F,,F,,

where the [, are generelized F-moves.

o Cylinder aziom: Let Spo be a cylinder with boundary components a and b
together with the standard marking on it (@, mg), M be e-surface together with
(¢,m) € M(M) a marking on it and finally, let o’ € {(OM)} be a boundary
component of M. Then, for every move £ : M ~» M’ in M(M), we require that

the following square to commutes in M(M U, , So2):

El_lalyaid

m I—la’,a mo m/ ua’,a my
lFé lFA
E
m m/

e Braiding aziom: Let M be an e-surface isomorphic to Sp4 where {0(M)} =
{a,b,c,d} and m be a marking, then B, (M) = BaaBap(M) and By, (M) =

Bq By (M) where the B-moves are generalized.
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o Dehn twist aziom: Let M be an e-surface isomorphic to Sp2 where {(OM)} =
{a,b} and let (@, m) be a marking without cuts on it with the distinguished
vertex a. Then, ZB,,(M) = B,pZ(M) where the B-moves are generalized.
This particular composition of Z and B-moves is called a Dehn twist and will
be denoted T'. Note that this move can also be generalized as for the the F' and

B-moves by applying F! aside a boundary component.

z Z
= <,
RUIRIIRITITE 7 = “Illl b
Y, z
% =

Figure 10: Example of a Dehn twist on Sg.

Note that all the previous relations describe closed paths in M(M). This can be

verified explicitly by using graphical representation of the markings.

The above relations can again be generalized in the sense that they also apply to
the operations of gluing and disjoint union. From [3], p.12, section 4.7, this is for-

malized as:

Propagation rules: For every relation £ = E’ in M(M), we add the relations:
i) EUid = E'U4id in M(M, U M) and,

i) U p(E) = Uap(E") in M(Ugp(M)).

which completes our characterization of the CW-complex M(M).

At the end of this chapter, we will prove that the CW-complex as we just defined it

is connected and simply connected.
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3.4 The complex M™** (M)

The first thing to note here is that to any e-surface M, we can apply a cut system to
M in such a way that M is becomes a set of surfaces M; (where ¢ is the set of label
of the connected components of M) that are homeomorphic to a sphere with 0, 1, 2
or 3 puncures. We will qualify such a system of mazimal if we have cut the surface
in such a way that it is represented as a minimal number of components with 0,1,2 or
3 punctures. Starting from our complex M(M), we can define a 2-dimensional CW-
complex M™e* (M) with vertices: (C,m) € M(M) that are such that C is maximal.
Although the edges of this complex are almost the same as in M((M), the fact that C
must remain maximal induces a constraint on the F- and Z-moves but the B-move

remains the same. We now give the remaining edges of the complex and their 2-cells.
B-move: As an edge, it remains the same as the B-move previously defined.

Z-move: As an edge, it remains almost the same as the Z-move described above,

except that it is not defined on a sphere with more than three holes.

F-move: The edge F, is defined in the same way as above, but we must note that
it is not defined if the cut is placed where two trinions are glued or the result of
the operation will be a sphere with 4 punctures and that is not defined within the
complex M™**(M).

A-move: The A-move or associativity move is defined as following: Let M be a
e-surface with four punctures labeled a, b, d and e respectively and a cut ¢ that is
such that M = M; U, My where M; and M, are two trinions where the punctures a
and b appear on M; and the punctures d and e are on M,. Applying A on M will
map ¢ to ¢ in such a way that a and d will appear on the trinion M and the two
others, b and e on Mj. Since the cuts are defined as non-intersecting curves on M,
the two cuts cannot be present on m at the same time. We therefore suppose that the

system is as follow (c,m). The A-move is define as the move Ax. : (¢, m) ~ (¢, m).
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In other word, it is a combination of the following F-moves: Ay, = FchFC. The
A-move is shown in figure 11 for a marking on Sp 4. For notation purpose we assume
the upper-left submarking, i.e. the marking with vertices a, b and ¢, to be placed to
the left of the symbol U that is, if we apply a transformation G to it, we apply G Uid
to the (whole) marking.

N 4/ R
:4 A ":.

A o

(c""od —"Od

Figure 11: A-move on markings.

Again, we add all edges that are obtained from applying the disjoint union and the
gluing operation and the relations together with the propagation rules still apply.
We note that the complex M™% (M) is in fact a sub-complex of M(M) in the sense
that the edge of the complex are those of M[(M) which whose domain and targets are
into M™*(M) modulo the fact that we relabel some edges in order to get A. Before
getting to the equivalence relations, we note that we cannot have generalized B-move
in M™*(M) except for the Dehn twist where it is defined in the same manner as
above. We now give the set of equivalence relation of the complex M™**(M). This

set of relations is presented almost exactly the same way as it is in [3], section 5.

Genus 0 relations in M™** (M)

e Weak associativity of cuts: Let M be an e-surface of genus 0 and (C,m) €
M™a= (M) be a marking on it with two cuts, say ¢; and ¢; which is such that
M = M; U, MyU,, M3 and M, is a cylinder. We have: F,, = F,,.
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Symmetry of F-move: This relation is the same as in the genus 0 relations
except that since we are in a maximal complex, one of M; or M, has at most

three punctures while the other has at most two.

Rotation axiom: This relation is the same as in the genus 0 relations except

that, again, we restrict ourselves on an e-surface of at most three holes.

Commutativity of disjoint union: This one is exactly the same as in the

genus 0 relations.

Cylinder axiom: This one is exactly the same as in the genus 0 relations.

Self-duality of the A-move: Given M and ({c}, m) like in the definition of
the A-move, then A%2({c}, m) = id({c}, m).

Triangle axiom: The following diagram commutes.

Figure 12: The triangle axiom.

This axiom is represented with the convention for the A-move above.
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e Pentagon axiom: The diagram presented in figure 13 commutes, with arrows:

(1) = (idU Z)A (2)=(ZU2Z)A
(4) = (idU Z2)A(Z7! Uid) (3) = (idu 2)A
(5) = (id U Z)A(id U Z)

Figure 13: The pentagon axiom.

e Hexagon axioms: The diagram presented in figure 14 commutes, with arrows:
(1) =(idu2)A(idU Z)  (2) = Bape
(4) = Bap (3) =(idU Z2)A(id U Z)
(6) = (idu Z)A(idU Z)  (6) = Ba,.
and with arrows:

(1) = (idU 2)A(dU Z)  (2) = By},

(4) = B, (3) = (idu Z2)A(id U Z)
(5) = (sdU Z)A(idU Z)  (6) = B}

a,c
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Figure 14: The hexagon axioms.

Note that for the previous axioms, in order to lighten somewhat the notation, the
moves applied to the markings are restricted to the part of the marking that is af-

fected (i.e. we dont add any ¢d for the submarkings that remain fix).

Later, we will work in the context of a maximal complex. We would like to know if
this complex is connected and simply connected in order to see that, starting from
a given e-surface, we can apply any transformation we want on it in order to get to
another e-surface. As the maximal complex M™** (M) is nothing but a subcomplex
of M we will work with the latter to show conectedness property and the inclusion

above will yield the desired result.

3.5 Proof of the main theorem

The statement of the following theorem is found in [3] in subsection 4.9, p. 12. We
closely follow the proof presented in section 6, pp. 20-23 and we fill the gaps.
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Theorem 3.5.1 The complex M(M) for a genus 0 surface M is connected and simply

connected.

Proof: We first construct the CW-complex M(M) in the following manner: Starting
from M(M), we add the edges Ba p (generalized braidings) and T4 (Dehn twists) to
it as a composition of simple moves Z, B and F'. Also, let us add all edges induced by
the gluing and the disjoint union operations. As this involves only relabelling of the
arrow, if we show that M(M) is connected and simply connected, then this implies
that it is also the case for M(M).

Let us also define the forgetful map u : M(M) — C(M); (C,m) — C where C(M)

is the set of all weak cut system on M.

Let C(M) be a CW-complex where the set of vertices is the set C(M) and the edges
are F, : C — @, that is fusion moves acting on a weak cut system of only one cut.
Then, by disjoint union, we can extend this move to a set of cuts of arbitrary size.

By definitions of a weak cut system, we also have F.F.=F.F, provided that ¢ # ¢

Note that the map u can be canonically extended to a map of CW-complexes v’ :
M(M) — C(M) by defining u(F) = F, u(Z) = u(B) = id.

Lemma 3.5.2 The complex C(M) is connected and simply connected.

Proof: Given two F' moves, then either FCFC—,l = F;lfc or 707;1 = id. This im-
plies that every loop in this complex yields a composition of the form F, .. .F%F:
. ._F—C_l1 by deformation. Since we are working with M as a surface of genus 0, start-
ing from any weak cut system and applying a series of F' moves to each cuts yield

the empty cut. Therefore starting at the empty cut, each composition of the form

F,..F.F. .. .F.

c1

s homotopic to the identity, which yields the desired result.
U

We would now like to verify that for every C of C(M), the preimage of u, i.e. u=2(C),
is connected and simply connected in M(M). Let C be a vertex in C(M) and let
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{M;}; i € I be the set of connected components of M—\C where [ is the indexing set .
We have u™}(C') € M(M) and this can be identified canonically with the product of
MPZ(M;) over all i where M?(M) is the set of all markings without cut of the com-
ponent M;. Therefore, it is enough to verify that that every MQ(SOJL) is connected

and simply-connected.
We already know (by proposition 3.2.9) that the set M?(M) is in bijection with
Io,. Consider:

e t;, : which is the Dehn twist around the ith puncture,

e b; : which is the braiding of the ith and (i+1)th puncture and,

e z: a homeomorphism that acts on the set of boundary component by ¢ — ¢ +1

and sends n to 1
as elements of I .

Lemma 3.5.3 The group Ty, is generated by the elements b;, t; and z and are sub-

mitted to the following relations:

bib; = b;b; li—j|>1,
bibir1b; = by 1bibiy1,

bit; =t;b; li —j| > 1,
bt = t;bF!

tit; = t;ti,

2" =1,

bi...bp_1t, = 2,

2ty = t12.

Proof: This proof is given in [17] although it uses a massive amount of conformal field

theory. For that reason, we do not reiterate the proof here.
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We now link moves and homeomorphisms of M in the following manner. Let f :
M —=> Sy, be an homeomorphism that for a given set of labels {a1,...,a,} of the
boundary components induces an order a; < ... < a, on it. This homeomorphism

can be viewed as an element of M?(M). Thus, it induces the following edges in
MP(M):

i Bai,ai+1:fwbiof
o T, :f~tiof
o Z:f~zof

This implies that each homeomorphism of the form b; o f, t;o f and zo f is an edge in
M. Hence, they can be connected by a path in M° showing connectedness of that

CW-complex.

In order to prove simple connectedness, we recall from generalized braiding that every
path can be deformed to a path consisting of the composition of B, ; for neighboring
(ordained) boundary components. Thus, any path can be contracted as composition
of the moves b; o f, t; o f and z o f, which implies that we must show that any closed
loop of such a composition is now contractible. As these moves correspond to the
generators of the previous lemma, this reduces to check that each loop induced from

composition is contractible:

e B,B; = B;B;, |i—j| > 1: This one follows immediately from the commutativity

of the disjoint union.

[ bi,i+1bi+1,i+2bi,i+l = bi+l,i+2bi,i+1bi+1,i+2: USil’lg the commutativity of the disjoint
union and generalized braiding, we rewrite this expression as B; ;1 Bi(i+1),i+2 =

B(it1)i,i+2Bii+1, which holds by commutativity of the disjoint union.

o BT, = T;B;i41, |t — 7] < 1: In the case that |¢ — j| > 1, the relation
immediately holds by the commutativity of the disjoint union, in the case |¢ —
j| = 1 we use first the cylinder axiom and then the commutativity of the disjoint

union.
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. BfilHTi = TiHBfilH: Same as above except that we must also apply the cylinder
axiom before and after the expression B;;17; in order to preserve the Dehn

twist affecting the braid operation.
o T;T; = T;T;: Holds again by the commutativity of the disjoint union.

® Bis...By 1,1, = Z: We use generalized the braiding yielding By _n-1,1, = Z
by definition.

o 7T, = T1Z: We check the case n = 2, we then have ZTy, = 117, which is
trivially true by the Dehn twist axiom. This is generally true for all n as the

other boundary components are not affected by the moves.

Which shows that MQ(M ) is simply connected. Hence, we have that for u both the

base and the fiber are connected and simply connected.

Lemma 3.5.4 Given an edge in C(M) say e : C; ~ Cy so that it lifts to both
e1: my ~ mg and ey : My ~> mh belonging to M(M) then, we can choose two paths
e3 1 my ~» my and eq : My ~> miy in the same complex so that

€1
mq mo

! !
———
m) = me

commutes.

Proof: Results of the connectedness of Mz(M ) show that two markings with the same
cut system can be joined by a composition and products of simple moves Z and B
applied to each components of M—\C’ Therefore, we consider only the two following
elementary cases: let es be either Z or B.

Z: The statement is verified following the symmetry of the F-move.

B: Let M = Sp; U. So; and let a,b € {O(M)}, we need to show that there is a path
e4 such that

my ma
Ba,bl le4

! !

my Ty
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commutes. We have two subcases:
® a,b# c: this is trivial, using e4 = Bgp .
e b= c: choose ey = B, s where S = {9(S0,)}/C.

Which concludes the proof of the lemma.

Finally,

Lemma 3.5.5 given a two-cell in C(M), it’s end-points can be lifted to a contractible
loop in M(M)

Proof: obviously, the only two-cells of C(M) are given by associativity, then they can

be lifted to two-cells in M(M) who also satisfies associativity.
a

Thence, as all the previous lemmas holds, we consider surjective the restriction of v/,
u” : M(M)® — C(M)® which maps the one-skeleton of M(M) to the one skeleton
of (M), Lemma 3.5.1 and our extension of lemma 3.5.2 tells us that the base
and the fiber of ' are both connected and simply connected. Lemma 3.5.3 implies
that this generalizes to the whole one-skeleton, and finally, the last lemma 3.5.4, that
this generalizes to the 2-cells and then to u'. This yields the connectedness and the
simply-connectedness of M(M), and the same for M(M) by extension as required.

This completes the proof of the main theorem.
O

Now, we prove that the same holds for the complex M™** (M) with the next result

whose statement is taken from [3], p. 19.; we also follow closely the proof given there.

Corollary 3.5.6 The complex M™** (M) for a genus 0 surface is connected and sim-

ply connected.
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Proof: If we show that M™** (M) and M(M) are homotopically equivalent (i.e. that
each closed loop in M™**(M) can be extended to a closed loop in M(M) and the

converse), then the result follows from the last theorem.

Let m,m’ € M(M). We say that m’ is a subdivision of m if by applying a se-
quence of fusion moves one can obtain m from m/'; we will then write m C m’. We
also define Sub(m) = {m’ € M™**(M)|m C m'}.

Lemma 3.5.7 Let m’,m” € Sub(m); we can then connect them by a path consisting

of F, Z and A-moves lying in Sub(m)

Proof: We consider m = my, the standard marking without cut of Sp,. Apply a
maximal cut system on it and then consider the subdivision Sub(m) resulting from
such a decomposition. The pentagon and triangle axiom are holding for submarkings
containing the correct number of components. As these two axioms provide all the
possible configurations of the markings and use only the F, Z and A-moves one can
then join m’ and m” € Sub(m), and as the F-move in this context does not affect the

maximality of the complex, we remain in Sub(m) as required.

O

Lemma 3.5.8 Ewvery loop in Sub(M) consisting of the same moves as in lemma 8.5.7

18 contractible.

Proof: This again follows from the commutativity of the triangle and the pentagon

in the axioms of the same name.
O

Now, given an m € M, we choose an element «(m) € Sub(m) which is such that
M corresponding to m is cut in connected components of at most three holes in a
maximal manner in the sense that we do not have cylinders between two trinions. We
now extend ¢ : M(M) — M™**(M) to a map of CW complexes. Given an edge B

in M(M) which is a generalized braiding, we restrict it to a composition of B-moves
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(not generalized) on trinions in M[(M) which corresponds to the image of «(B). Given
an edge F, : My U My ~~ M, its image ((F,) becomes a path composed of Z, F' and
A-moves as in lemma 3.5.5. This path is unique up to homotopy by lemma 3.5.6. For

t(Z), it follows in the same manner. Hence, ¢ satisfies all relations in M.

Conversely, we have ¢/ : M™** (M) — M(M). The composition ¢’ o ¢ is an equiv-
alence of complexes which induces that every loop in M™* is homotopic to a loop
in M(M) where all loops are contractible, which in turn implies that each loop is

contractible in M™**(M) as required.

O

These two results will allow us to build any possible algorithm made from topological
maps when we will develop our semantics in chapter 6. Indeed, connectedness and
simple-connectedness of the CW-complex tells us that any sequence of topological

map is well defined.



Chapter 4
Ribbon categories

We now develop a categorical framework that is such that it finds some parallel with
the mapping class group of e-surfaces developed in the previous chapter. This is a
necessity in order to define a modular functor that will be as close as possible to that
structure. We start by explaining the notions of abelian category and semisimple
abelian cetegory. We then develop the notions of monoidal category, which we then
equip with a braid structure, a first similarity with the mapping class group of e-
surfaces. Next, we continue by giving to the latter a rigid structure by inspecting the
notion of duals that, as we shall see, parallels the notion of orientation of an e-surface
and we equip the category with ribbon structure which then implies that the category
is equipped with a twist which will find a counterpart to the Dehn-twist presented in
the last section. Finally, we endow the ribbon category with a semisimple structure
together with some constructions in that context and we conclude this chapter with
a graphical calculus of morphisms for ribbon categories that will be useful to prove
somme lemma and theorems in the next chapters. The exposition follows many
sources that will be cited in time, but the general orientation of it is taken from [4]
chapters 1 and 2 and most extensions are from [14]. From now on we assume that we

work with a field K of characteristic 0 if needed.

41
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4.1 Semisimple abelian categories

Before we begin to establish our categorical framework, we give a few definitions:

Definition 4.1.1 In a category C a zero object, denoted 0, is an object that is both

initial and terminal.

In particular, this implies that for any pair of objects A, B € |C| we can form the
unique composition 0 : A — 0 — B. This unique arrow 0 will be called the zero-

morphism.

Now, the following notions are taken from [14] section VIII, pp. 191-193.

Definition 4.1.2 Given an arrow f : A — B in Homc(A, B), we define the kernel
[ denoted ker(f) =k: S — A as an arrow that is such that if f o k = 0, where 0 is
the zero-morphism. Then, for every h : C — A such that ho f = 0, then h factors
uniquely through k as h = h' o k (with h' a unique arrow). This is depicted as the

D

h'1 A ! B

following diagram:

: h
! 0

C

Now, the notion of cokernel is exactly dual to the previous one, that is:

Definition 4.1.3 Given an arrow f : A — B in Home(A, B) we define the cokernel
f denoted coker(f) = wu: such that wo f =0 and if h: B — C is such that ho f =0

then h factors through u as h = wo h' (with h' a unique arrow). This is depicted as

I'1h!

the following diagram.:

A
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4.1.1 Category with biproducts

As we will consider only semisimple category for our semantics, it is essential that we
define the notion of category with biproducts as it is part of the semisimple definition.

We do so along the lines given in [1].

Definition 4.1.4 Let A;, Ay € |C|, then, the biproduct of A and B is an object
(A@® B) € |C|, for which we can choose the morphisms m; : Ay ® Ay — A; and
L Ay = A1 D Ay fori = 1,2, which are called projections and injections respectively.
They are such that the pair 7y, 7o forms a product cone and the pair t1,ts forms a
coproduct cone. Hence, it makes the biproduct operation which is both a product and
a coproduct. Furthermore, those morphisms are such that m; o v; = &;; where d;; s

Kronecker’s delta.

Definition 4.1.5 We say that (C, ®, 0) is said to be a category with finite biproducts
provided that the biproduct of any pair of objects exists.

We can extend the biproduct structure to the Hom-sets as an addition operation on

morphisms. Given f,g € Hom¢(A1, Ag), we can define f + g € Home(Ay, Ag) as
f—I—g———A1i>A169A1ﬂ>A2®A2i>B. (12)

Here, A = (id,id) and V = [id, id] are respectively the diagonal and the codiagonal
maps for the biproduct.

Remark 4.1.6 Provided that it exists, the biproduct Ay @ As is unique up to an
wsomorphism and it is functorial both in Ay and A,. Finally, it has the following
structural properties:

i) ™1 = [ida,, 04y 4],

i) my = [04,,45,%d4,),

i) t1 = (ida,,04,,4,),

i) 2 = (04y.4,,da,) and

U) L1 0 + Lo O Ty = idAI@A2.

This completes our introduction on categories with biproducts.
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4.1.2 Additive and abelian categories

Definition 4.1.7 We say that a category C with U,V € |C| is additive over K if:

i) All Home(U, V) are K-vector spaces and the compositions of morphisms are K-
bilinear for all U,V € |C|.

it) The category C has a zero object (denoted 0).

i) Every finite family of objects in C has a biproduct.

Furthermore, we say that an additive category is abelian if:

i) All f € Home(U,V) have a kernel Ker(f) and a cokernel Coker(f) which are
both morphisms of C. The kernel and the cokernel are subject to the following re-
lations: if Ker(f) = 0 (resp. Coker(f) = 0) then f = Ker(Coker(f)) (resp.
f = Coker(Ker(f)).

Following [14], section VIII | p. 197, we define:

Definition 4.1.8 If B and C are abelian categories, a functor F : B — C is additive
when every F' : Homg(B, B') — Hom¢(F B, FB'), with B, B’ € |B|, is a homomor-
phism of abelian groups i.e. F(f + f') = F(f) + F(f’) for any pair f and f'.

We will assume that functors that map additive category to additive category are
additive and K-linear on Hom-spaces. Unless stated otherwise, we assume C to be

abelian.

We give a last relevant definition that will be useful later, the one of tensor product

of abelian categories.

Definition 4.1.9 Given two abelian categories, say C; and Cy with A; € |Cy| and
B; € |Co| respectively. We define the tensor product of C; and Cs, denoted Cy K Cs, as
the category with:

-Objects:

@(Ai’Bi)

2
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which are always finite sums, and
-Morphisms:
Homclgc2 (@(Ai’ Bi)’ @(A;a B;)) = @(Homﬁ (Ai’ A;) ® Home, (Bi7 B:))

7 J 7
Given fi, f2 € @, Home, (A, A}) and g1, 92 € @; Home,(B;, B;) that are such that
they compose in their respective categories, then the composition is given by (fo ®
g2)o(fi®g1) = (feo f1) ®(g92091) and extends by bilineary to arbitrary morphisms.
As we required that all the terms of the sum be zero but a finite number of them, this

ensure the operators to be bounded. The identities are of the form (ida ®1idp) for any
A€ ‘Cll and B € |CQ|

The tensor product of an abelian category C n times with itself will be denoted C®"
and, in a similar manner, given a finite index set A that will be used to label the
objects {Cy}aca, we will denote the tensor product of those indexed objects as K, 4C,.
Finally, we define C° = C? = Vect/K, the category of finite dimensional vector spaces

over K.

4.1.3 Semisimple categories

Suppose C is an abelian category as described above and it is equipped with a biprod-

uct @ then we have the following definitions:

Definition 4.1.10 An object V' € |C| which is not isomorphic to 0 is said to be
simple if for all W € |C| and any injection f: W — V, f is either the 0 morphism

or an isomorphism.

Definition 4.1.11 An abelian category C is semisimple if any V € |C| is isomorphic
to a biproduct of simple ones. That is:
V=P Ny, (13)
iel
where the V; are simple objects of C, I is the set of isomorphism classes of simple
objects and the N; are positive integers such that only a finite number of them are

non-zero.
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Remark 4.1.12 Note that f W ~ @, ; N;V;, then we have Home(V, W) ~ @,.; Home(V, NiVi)

iel
During this exposition we will assume that the semisimple categories considered are

such that the set of endomorphism of simple objects is isomorphic to the base field
K.

4.2 Braided monoidal categories

4.2.1 Monoidal categories

We now need to consider monoidal structure on categories and check how associativ-

ity and commutativity behave under the monoidal structure.

A category C is said to be monoidal if it is equipped with a tensor product (denoted

®) together with an identity for that operation. More formally, we have:

Definition 4.2.1 A strict monoidal category (C,®, I) is a category C equipped with
a functor ® : C x C — C such that for A ,B and C € |C| we have AQ (B®C) =
(A® B) @ C. It is also equipped with an object I € |C| acting as a right and a left
indentity for @ so that for any A € |C| we have AQI =1Q A= A.

Note that the associativity of the tensor product or even the equations IQV = VQI =
V does not hold in all category (associativity does not even hold in the category
VectsK, the category of finite dimensional K-vector spaces). Thus we relax the

strictness of the structure in order to change the equalities in natural isomorphisms.

Definition 4.2.2 A monoidal category (C,®, I, a, A, p) is a category C equipped with
a functor ® : C x C — C , an object I € |C|, called the unit object, and a set of three
natural isomorphisms a,A and p. Explicitely, these natural isomorphisms are given

as:
agvw @ UV)@W -U® (VeoW), (14)

M : I®V =V and (15)

py  VI-=V (16)
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Where o is just the associativity of functors C x C x C — C. Note that all three
are natural in U, V,W € |C|. Also, we require that they make the follwing diagrams
commute for all U,V and V; € |C|:

i) Pentagon axiom:

(VieV) V) eV,

V1o (a®V)eV, VieWh) e (V)
al,23,4l lal,2,34
Vi@ (Va®Vs)® Vi) E— e (ke (Va0 V)

ii) Triangle axiom:

UeleV = U(I®V)

UV

This complete the definition of a monoidal category.

It is worth noting that every monoidal category is equivalent to a strict one (this
theorem is due to Maclane, the interested reader might refer to [14] section XI.3) but
as we study cases that are essentially not strict in essence, we will consider that all
isomorphisms which are constructed via a composition of o, A and p are considered
canonical. Therefore, each such isomorphism that has the same domain and the same
target will be considered as an equality between objects. Note also that, provided that
C is abelian, we require I to be a simple object and therefore we have End(I) = K

by definition (see section 4.1.2).

4.2.2 Braided monoidal categories

We now inspect the case of a monoidal category equipped with a set of commutativity
isomorphisms of the form oyy : U®V —> V ® U and the requirement for these

isomorphisms to be coherent with the natural isomorphims «, A and p listed in the
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previous section for monoidal categories. We chose to inspect this problem by means
of the braid group. The following definition is close to definition 1.2.1 given in [4], p.
15.

Definition 4.2.3 An n-stranded braid is the union of n non-intersecting smooth
curves (considered up to isotopy) in R going from (,0,0);7 € {1,...,n} to (i,0,1)

withi € {1,...,n} such that for all strands the third coordinate is strictly increasing.

Figure 15: A braid in three strands.

We can define multiplication of two braids as a stacking operation over two element
of the set of braids. Suppose we have the following two braid ¢ and b as described
in figure 16, then we can form the product of a and b (denoted ab) by scacking a
over b; this product is depicted in figure 17 and we also depicted the idententiy of the
3-stranded braid (Bs) in figure 18.

This gives us a group structure for fixed n (the number of strands). Indeed, denote
the set of braids in n strands B,, and its elements o; which twist the ith strand once
under the (i+1)th strand, the inverses are defined as o; ' which twists the ith strand
once over the (i+1)th strand. These two elements are inverses one to the other as
we are taking the graphs up to isotopy. Indeed, in Bs, we have o205 = 1 as shown
below:

Where = means that we have equality up to isotopy of the strands.
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Figure 16: Braid a (left) and b (right).

The following theorem is due to E. Artin and the group structure described above is

often named the Artin Braid group after him.

Theorem 4.2.4 The braid group B, is generated by {o;} fori € {1,...,n—1} and

s subject to the following relations:

00, = 050y, |’L—“]| >1 (17)

0i0i4+10; = 044100441 (18)

Proof: This theorem is well known, we refer the reader to [5] for a complete exposition

on the subject.
O

We now give the definition of a braided monoidal category in the same way as we did

for monoidal category.

Definition 4.2.5 A braided monoidal category (C,®, I, a, A, p, o) is a monoidal cat-
egory equipped with a natural tsomorphism o : U@V — V QU. We require that the
natural 1somorphisms satisfy:

i) Pentagon axiom: See definition of a monoidal category, i.e. definition 4.2.2.

i) Triangle axiom: Idem.
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e

\/ ]

Figure 17: Product of a and b.

ii) Hexagon axioms:

a) we require that the following diagrams commute for all U, V,W € |C|:

U VW

U@(VeW)—VeW)eU

y m

UV)W Ve(WeU)
(V®U)®WmV®(U®W)

b) For any U,V,W € |C| the following diagram commutes:

ool
Uo(VeW) =2 (VeoWw)eU

y ov,w,u

/

UeV)ew Ve W eU)
(VeU) oW sV e UeWw)

50
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Figure 18: Braid identity for Bs.

Remark 4.2.6 Following [{], pp. 16-17, we can also define a braided monoidal cat-
egory as follows: We assign to each functorial isomorphism in the braided monoidal
category an element of the braid group. To all natural isomorphisms inherent to the
monoidal structure (that is a, A and p), we assign the identity and to the natural
isomorphism ov, v,,, that swaps two objects or blocks of tensored objects we assign
the generator 0. Then, any composition of a, A, p, o and their inverses (call this
composition f) acting on a (bracketed) tensored product of object deprends only on
the image of f in the braid group B,. For instance suppose we have as an object
U (VW) and we apply the composition oygy © «, in the braid group, we assign
01 ®1d as we can disregard parenthesis because of the pentagon axiom of the monoidal

structure. This definition is coherent with definition 4.2.5.

Note that the naturality of o means that for any two morphisms in C say f: Vi — V,

and g : V3 — V; with V; € C for all ¢ we have the following relation:

ovo,vi(f ®9) = (9® flon,v, (19)

Before concluding this section we give a last definition that take in account the case

where ¢ is involutive:

Definition 4.2.7 A braided monoidal category is said to be symmetric if for all ob-

jects V and W, o satisfies oywowy = idvw.
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Il

Figure 19: Product of o and o5 Lin Bj.

4.3 Ribbon categories

4.3.1 Rigid monoidal categories

We now need to introduce the notion of duals in our monoidal category. Basically, the
dualizing operation ( )* can be seen as a contravariant endofunctor over the monoidal
category C. We now introduce the notions of right and left duals to an object V' € |C]
following [4], p. 30.

Definition 4.3.1 Let V € |C|, where C a monoidal category. A right dual to V is
an object, denoted V*, together with the following morphisms:
ey : V'@V —1 (20)
iv: I—-VeVv* (21)
that are such that the compositions (idy @ev)o (iy @idy) and (ey ®idy~) o (idy« Qiy)

are equal to idy and idy« respectively. These two equalities are called the rigidity

relations.

In a very similar manner,
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Definition 4.3.2 Let V € |C|, with C a monoidal category. A left dual to V is an
object (denoted *V') together with the following morphisms:
ey :V® VoI (22)
iy I— VeV (23)

that are such that the compositions (idy @e},) o (1, ®idy) and (&, Qid-v)o (id-v Qiy)

are equal to idy and id«y respectively.
Remark 4.3.3 The map ey s often called the evaluation map in the category Vecty.

We have:

Lemma 4.3.4 if V € |C| has a right dual V* then, it is unique up to an isomorphism

coherent with ey and ivy.

Proof: Suppose (V* ey,iy) and (V*, ey,ty) are two duals for V. Then we can
map V* to V* with the following composition: f := (ey ® id) o (id ® ty). Now,
g = (iy ®id) o (id ® €y) is an inverse for that map showing that fg = idy~ and
gf = idyx. Therefore f is an isomorphism. Finally, suppose that if we have two
identities for the tensor product I and I, then I ~ [ ® I’ ~ I’ and the rigidity

relations provide that the following two diagrams commute.

T8 yxgy VeV — % L yeyx
I I

And hence, the isomorphism f is coherent with ey and iy.

d
VeV f® ®f

The proof for a left dual is similar.

We also have the following well known result:
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Lemma 4.3.5 Let V € |C| with V* its dual and let UW € |C| then, there are

canonical isomorphisms:

Home(UQ®V,W) =~ Home(U,W ®V*) (24)
Home(U,VW) ~ Home(V*@U,W) (25)

Proof: Let f1 € Home(U @ V,W) and F be such that F(f) := (fi ®id) o (id ® iv)
which is in Home(U, W ® V*). Also, for an fy € Home(U,W ® V*), let G be such
that G(fs) :== (id ® ey) o (fo ® id) which is in Homc(U @ V,W). Foru®@v e U®V

and ¥ € V*, we have:

(GFfNueY) = (G((fi®id)o (id®iv)))(u®v)

(id®ey)o ((fi®id) o (id®iv)) ®id){u @ v)

= (id®ey)(((fi®id)(id ®@iv)(u)) ®v)

(id @ ev)(((fi ®id)(u®v® 7)) @)

(id@ev)(filu®v) ®TQv)
)

= filu®wv

(
(
(

And hence, GF' f; =id fi.

Conversely, let fo(u) = w ® 7, we have:

F(G(f))(w) = F(id®ey)o (f2@id))(u)
((id® ey) o (fo ®id)) ®id) o (id @ iv))(u)
((id ®ev)(fe ®id)) ®id)(u @ v D)
(id @ ev)(fa(u) ®v)) @ T
= ((id®ev)((w®D)Qv))®7T

(
-
(

= W

= folu)

where the penultimate equality holds by rigidity. This shows that FGfs = id fo.

Thus F' is an isomorphism. This isomorphism is natural as 7y and ey are canonical
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maps.

For the second identity, given an g; € Homc(U, VW), set F'(g1) = (1d®g1)o(ey Qid)
and for go € Home(V*Q U, W), set G'(g2) = (iy ®1id) o (id ® go). We can verify that
F' and G’ are inverses one to the other in a similar manner as above.

O

This result says that provided that the category C has duals, it commes equipped

with internal Homs. Indeed, the preceeding result yields:
Homc(U,V) =H0mc([,V®U*) (26)

This completes our study of the dualization on objects. For morphisms if the con-
travariant endofunctor ( )* act on a morphism f € Home (U, V') then, we will denote

(f)* as f* given by:

% % idv* ®1U idv* ®f®ldU* Ev®idu*

V*eUeU* V*QV QU* ————U*.
That is, if f € Home(U,V), then f* € Home(V*,U*).

We are now ready to give the definition relevent to this section. That definition
is derived from definition 2.1.2 in [4], p.30.

Definition 4.3.6 Let C be a braided monoidal category then C is said to be rigid if
every V € |C| has left and right duals.

Rigid braided monoidal categories have many properties induced by rigidity on the
braided monoidal strucure. They will be introduced in section 4.3.3 because they
are proved using the pictorial technique introduced there. For now, we note that
I~ ]~ I*and (VQW)* ~ W*®V*. Those properties are derived from the rigidity

relations and from the fact that if an object possesses a dual, it is unique.

4.3.2 Ribbon categories

We start by giving a definition of ribbon category! and after we derive a few properties.

1Ribbon categories are sometime called tortile categories or even balanced rigid braided monoidal
categories.
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Definition 4.3.7 let C be a rigid braided monoidal category, then it is said to be a

ribbon category if for all V' € |C| it comes equipped with a natural isomorphism

Sy V- V™, (27)
subject to the following relations:
5V®W = 0y Q@ ow (28)
dy» = (6{})"1 (29)
o = id (30)

Definition 4.3.8 In any rigid braided monoidal category define the morphism ~yy :

V* — V as the composition:

o —1
id®ay,. R id®ey *

(v @id VeV eV —8v, v

Note that, in general, (V @ W)** £ V** @ W** (strictly speaking) in a rigid braided
monoidal category because of the braid structure; of course, if C is symmetric, the

equality holds. Nonetheless, we do have the following results:

Lemma 4.3.9 Let U,V € |C| with C a ribbon category, then we have:

i) dugyv given by

Uev— .yeV
Il IUV,UO'V,U
vreve Twevw vev
it) Y+ as
(VA A V*
a;l Té(‘,
V* " V***
W
i) v = id

Proof: The second and the third relations are immediate if we unfold the definitions.
The proof of the first relation is postponed to the next section in order to give examples

of the pictorial technique.
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O

Definition 4.3.10 In any ribbon category C and for any V € |C|, we can define the

following natural isomorphism called twist:
0{/ = ")’V{SV V- V, (31)

Lemma 4.3.11 Let U,V € |C| with C is a ribbon category, then we have:

i) Bugy given by

fugv

UV UV

M/mv

UV

ii) Oy~ = (6y)*
iii) 0; = id

Proof: The second and the third relations are immediate if we unfold the definitions.
The proof of the first relation is posponed to the next section in order to give examples

of the pictorial technique.

O
Note that if o is involutive (yielding a rigid monoidal category which is symmetric)
then we let dy = 7;;'. This defines a ribbon structure on that category.

We now define the concepts of trace and dimension of an object.

Definition 4.3.12 Let U € |C| where C is a ribbon category let also be f : U — U.
The trace of f, denoted tr(f) € End(I) is defined as the composition:

I U B ueu S uro Ut 251 (32)

Example 4.3.13 Using the previous definition, and supposing that C is an abelian
category then, if f = idy, then tr(idy) = dim(V') € End(I) ~ K, this scalar is called

the dimension of V.
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4.3.3 Semisimple ribbon categories
We start by giving the central definition of this subsection:

Definition 4.3.14 A semisimple ribbon category is a semisimple category endowed
with a ribbon structure where I (the tensor unit) is simple, the tensor product is

bilinear and where the set of endomorphisms of simple objects is isomorphic to the
base field K.

Recall from section 4.1 that each V' € |C| is isomorphic to a biproduct of simple ones
(le. V ~ @, N;V; with I the set of isomorphism classes of simple objects V;).
Hence {V;}icr are the chosen representative of those classes. We give the following
lemma (taken from [1]) in order to illustrate the relation between the biproduct, the
tensor product induced by the monoidal structure and the operation ( )* induced by

the rigidity structure.

Lemma 4.3.15 Let C be semisimple ribbon categories. Then:
) (Uil @Us ~ (U @ Us) & (U ® Us),

it) (U1 ® L)* ~ Uy & Us and,

i) 0% ~ 0.

Here, U; € |C| for i = 1,2 and 3 and 0 is the zero object in C.
Proof: We refer the reader to [1], section 5.

O

Now, as our category is rigid, it comes equipped with a contravariant endofunctor
that dualizes the objects and the morphisms, denoted as ( )*. Hence, given V € |C|,
a simple object, we would like to know if V* is also simple. This result is given in the

following lemma:

Lemma 4.3.16 Let V be a simple object in a semisimple ribbon category C, then V*

1$ also simple.

Proof: First note from the previous lemma that (V @ W)* ~ V* @ W*. Now suppose
V is not simple, then V ~ U @ W for some non-trivial U,W € |C| and hence,
V* ~ U* @ W*. Therefore, V* is not simple.
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O

With that result in hand, define the involutive map * : I — I acting on the index set
of simple objects in such a way that V;« ~ V.*. In particular, we identify V; to I; as
I is assumed to be self-dual, this implies that 0* = 0. We now refine the multiplicity

coefficients (the N; above) in the following manner:

Definition 4.3.17 (fusion rule) Let V;,V; € |C|, two simple objects in C, a semisim-
ple ribbon category. Consider their tensor product V; ® V;. This tensor product is

isomorphic to a biproduct of simple objects in the following manner:

Vi®V; ~ (P NV (33)
k
Where the coefficients N} = dim(Hom(Vy, V; ® V;)) are called the fusion coefficients.

Remark 4.3.18 The later equality does not hold trivially, it comes from the fact
that semisimple ribbon category possess a natural Grothendieck ring structure ([4] p.
32) with basis (V;) which induces a structure of fusion algebra ([7] pp. 2-3). The

coefficients Ni’; are then the structure coefficients of that algebra.

Note that by definition, the following equalities hold:
N = N} = Nj. = NE,. (34)

Furthermore Njj = d;;+ where §;; is Kronecker’s delta. Of the previous set of equality
only the equality Nf = NE. is not totally obvious. Note first that * is an invo-
lution (up to a natural isomorphism) inducing an automorphism on objects then,
(V; @ Vi)* = V*® V} ~ Vi» ® V;» which implies Vi- ® Vj» ~ P, N{;-Vk* establishing
the equality.

As we are working in a category where the set of endomorphisms of a simple ob-
ject (say Vi) is equal to the base field K and since 8y, € End(V;), we can introduce
the following notation: Let d;, 6; € K be such that 8y, = 8;idy, and d; = dim(V;).
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Lemma 4.3.19 The scalars d; and 0; are subject to the following properties:

1) 90:1 2) ei*=0¢
3)do=1 4) dp = d;
5) didj = 3, Nil;'dk

Proof:

1) 6; = id; = lid; = Oyid; which shows that 1 = 6.

2) do = tr(idy) = id; = 1 following from the fact that End(l) ~ K.

3) We know that fiidy, = Oy» = (fy;)* taking the RHS and using definition of
the dual of a morphism, we factor the scalar 6; and only rigidity equation remains
reducing to identity. Hence, the RHS is equal to 6;idy- as required.

4) We know that d; = dim(V;) = dim(V}*) = dix.

5) Using the fact that dim(V W) = dim(V)dim(W') and the fusion rule, this follows

immediately.

O

Now equipped with these definition, we note that in a semisimple ribbon category,

any simple object is non-trivial. Indeed, we have:

Lemma 4.3.20 Let V; € |C| with C a semisimple ribbon category, then d; # 0 for all
1 € I, the index set of simple objects.

Proof: As N}

’l:*

= Ny =1, let A ~V, and B such that Hom¢(Vy, B) = 0 then, the
maps 4y, and ey, coincide with the maps V) — A and A — V} respectively. As both
of these map are not trivial, their composition is not. Hence, by definition of dim,

this implies that d; # 0 as required.
O

We now introduce some notions that will be usefull later in chapter 5. From [4], p.
45, we define:



CHAPTER 4. RIBBON CATEGORIES 61

Definition 4.3.21 Let C be a semisimple ribbon category. Denote C®2 the category
whose objects are infinite sums of the form Y _.(A;, B;), where A;, B; € |C| and (A;, B;)

is a formal pairing.

By infinite sum here we mean that we do not require that just a finite number of

them be non-zero.

In particular rigidity of the ribbon category give rise to a subset of objects in the

category defined above. These objects are of the form:

R =DV V) (35)

il
Of course, these objects R are independent of the choice of the representatives of the
isomorphisms classes of simple objects in the sense that if V; ~ W;, this induces an

isomorphism Ry, =~ Ryw,. More generally, we have, taken from [4], p. 45:

Definition 4.3.22 an object R € C® is symmetric if we have an isomorphism s :

R = R such that ss°° = id.

In order to get a lighter notation, we might drop the € in the notation and write R;

to the left and R, to the right of an expression that contains a symmetric object.

4.3.4 Graphical calculus for morphisms

The purpose of this section is to give a pictorial technique that will be used later
to prove some results that would have been much more difficult to prove axiomat-
ically. In fact, this graphical calculus is nothing more than a representation of the
morphisms in a ribbon category C. We give here the representation essential to any
ribbon categories C (altough, the associativity map o and the balancing map  cannot
be represented by this pictorial technique); thus we give a representation for each of

the functorial and natural transformation in these categories and a representation for
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morphisms. We consider U,V and W € |C|. The presentation here closely follows the
one given in [4], section 2.3, pp. 35-43 except that our formulation of theorem 4.3.27

is slightly different and the proof is not given in that text.

We first need to assign a direction to each ribbon strand (i.e. instead of considering
simple non-intersecting curves, we consider framed strands going in the direction of
the z-axis, i.e. from bottom to top) by an object of a ribbon category. Before we de-
velop the graphical calculus for morphisms, we give the formal definition of a ribbon

tangle similarly as it is presented in [4], definition 2.3.4, p. 39:

Definition 4.3.23 A n-ribbon tangle is the isotopy class of the union of n non-
itersecting ribbons (i.e. framed tangles) in R x 0 x [0,1] the sides of the ribbons are
distinguishable in the sense they have an upward face (white) and a downward face

(grey). The ribbons starts along R X 0 x 0 and ends at R x 0 x lwith faces upwards.

Definition 4.3.24 LetC be a ribbon category. Then, a C-coloration of a ribbon tangle

R, is given by assigning an object of C to each ribbon strand of R;.

We now give the set of maps induced by the ribbon structure.
Identity morphism of I: It is represented by the empty picture.

Identity morphism: The identity morphism id € Hom¢(U,U) is just represented

as an arrow labeled with U.
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Morphism: Given an f € Home(U, V') it is depicted by:

Composition: Given two morphism f € Homc(U,V) and g € Home(V, W), their

compostion g o f is represented by stacking one morphism above the other as in:

Aw

Tensor product of morphisms: Given two morphisms f € Home(Up, V1) and
g € Home (U, V), their tensor product f ® g € Home(Uy ® Uy, Vi @ V) is repre-
sented by putting the diagram of f aside the diagram for g as shown below:
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Morphism acting on tensor product of ob jects: Given a morphism f € Home(U;1®
QU V1 ®...®V,) we have:

Now, given an object V € |C|, its dual V* is represented by an arrow with the

opposite orientation. With this we describe ey and iy.

eyv: The map ey then just flip the (graphical) orientation of a given object V as

shown below:



CHAPTER 4. RIBBON CATEGORIES 65

iv: Similarily, 4y flips the (graphical) orientation of a given object V but the other

way around:

Braiding: The braid operation that flips objects oy and its inverse 05}, will be

alia

represented as:
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respectively.

From the graphical representations of iy, ey and those of the braidings, we can

represent the twist as the following strand:

We would like to develop our pictorial technique in such way that given two terms
representing morphisms in the language of a ribbon category we can show, by apply-
ing certain rules, wether or not these two morphisms are equal in ribbon categories.
One of these operations is equality of the two pictorial representations up to isotopy.
In general, the twist is not equal to the identity and this is the reason why we give

the pictorial representation below.

Twist: The twist 6y will be depicted as:

14

Remark 4.3.25 the origin of the term ribbon comes from this failure of representing
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ribbon categories with simple tangles. Indeed, if we take a framed strands, the first

representation of the twist yields:

which actually cancels the isotopy move that we dont want. That’s the reason why
those categories are called ribbon. In our notation, we prefer to use unframed strands

wn order to lighten the notation; we will use ribbons only if needed.

By the previous definition, we allow only complete twists of the ribbons in the sense
that all the twists lying in the ribbon tangle must be a rotation of 27 of the ribbon

in R3. Then, 7 ‘twists’ of the form

is not allowed but all twists like
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are (this is the inverse of the twist map given above). We finally give the pictorial

representation for ¢r(f) and dim(V') as follows:

And this completes the set of maps inherent to the structure of ribbon categories.

We give a few definitions before stating the main result of this section which are

needed to state theorem.

Definition 4.3.26 A state of a C-coloured ribbon tangle is a particular pictorial rep-

resentation of that ribbon tangle.

Now, we are ready to give our formulation Reshetikhin-Turaev theorem (see [4] p.
42) in order to formulate the relation = that represents (graphically) the equivalence

of morphisms in our ribbon category C.

Theorem 4.3.27 Given two C-coloured tangles Rl and R? that are such that they
are coloured in the same way at R x 0 x 0 and at R x 0 x 1. If, by applying any

finite set of elementary moves (isotopy of R?, boz sliding along a wire) on R} or on a
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subsequent state obtained from RL, we can transform R} to RZ, then we say that the
two ribbon are equivalent, it is denoted Ry = R2. This equivalence of ribbon induces
an equivalence on morphisms in any ribbon category C in the sense that if R} = R?
then F(R}) = F(R2) where F maps ribbon tangles to terms describing morphisms in
C.

Proof: We list the set of elementary moves we can apply to a piece of a ribbon derived
directly from the relations induced by the axiomatisation of the ribbon category. This
is done modulo the natural isomorphisms a, A, p, d and v which are either lost in the
formalism (which is the case for @, § and v but it does not matter as each ribbon
category is equivalent to a strict one) or do not need to be represented (that is for
A and p as the arrow I — I is represented by the empty picture). We build the
graphical representation of the terms via the graphical representation of the natural
isomorphism; we shall see that from the axiomatisation of C, isotopy of moves (ana-

logue to the Reidemeister moves) and box sliding appears naturally.

-Functoriality of ®: Given two morphisms f € Hom¢ (Ui, Uy) and g € Home(V1, Va),
functoriality of the tensor product (f®id)o (id®g) = (id®g) o (f ®1d) is represented
by:

U, V2
& ] )
]
U Vi

which says in other words that we can ’slide’ the box of the morphisms along the

ribbon tangle.
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-Braid cancellation: the braid structure on C gives us the following moves (which

correspond to Reidemeister move II):

which are respectively the cancellation of a;},av,y and its converse.
The braid relations given by Artin’s theorem are: oy, v,0v, v, = ov; v,00,,0,- This
holds in a similar manner as the functoriality of ® as they do not affect the same rib-

bon tangles. The second relation (usually listed as Reidemeister move I1I) 0;0;110; =

0:i+10:0;4+1 is represented by (taking in account that we use C-coloured ribbon tan-

gles):
W /‘v JU wh v )U
.\
/
U/ |4 w U V/ w

A similar relation holds for the aj‘l (listed as Reidemeister move IV).

Finally, the naturality of is ¢ represented by:
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N
Ry
o8 <<

\
N

e
&\
W~

which completes the set of braid relations.

-Rigidity relations: They are depicted by the following picture (which are usually

listed ‘move 0’ along Reidemeister moves):

-Balancing relations: Before we actually translate the balancing relation into the
graphical language, we would like to note that it is important here to work with
ribbons as unframed tangles cannot encapsulate correctly the topology of ribbon

tangles. The equation represented by

UeV fuev UV

m\/mv

UV
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then becomes:

The third balancing relation (fy« = (6y)*) should be represented but it’s essentially

the same as the dual for a morphism which is given in the example 4.3.28.

We have shown that applying simple moves to a piece of a ribbon tangle yields
equality of equations representing morphisms in all ribbon categories by checking all

relations of ribbon category. This completes the proof of the theorem.

We now give some exemples in order to illustrate the previous result.

Example 4.3.28 First, the fact that given a morphism f : U — V in a rigid cate-
gory C we have f*: V* — U* (see equation 26 and what follows) is represented by:

U*
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Example 4.3.29 We illustrate that (cyy)* = oys=y» in the following manner:

ut''v

Example 4.3.30 The relation eygy = (ev ® ev)(ov«yrgu & id) is depicted as:

A

Y 'y

U

A

A

| Ul

The same holds for o instead of o for this relation and in the next.

Example 4.3.31 The relation iygy = (ou~ vev+ ® id)(iv ® iy) is depicted as:

W R4

\J

U

-

\ Vi

U

) 4

U

73
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The proof of the first relation in lemma 4.3.9 ¢) is essentially the same as the graph-
ical representation of the first balancing relation in the proof of the theorem 4.3.27

provided we use unframed tangles.

Example 4.3.32 We finally show a pictorial proof of the well-known identity dim(U®
V) =dim(U)dim(V) as follows:

This completes our presentation of the graphical calculus of morphisms.



Chapter 5
Genus 0 modular functors

In this chapter we develop the notion of C-extended modular functor which is relevant
for our exposition. We first refine some notions from chapter 2 in order to make them
pertinent to this chapter. Then, we define a C-extended modular functor acting on
genus 0 surfaces. Next, we define the category of the Teichmiiller groupoid in genus
0 (Teicho) as a category that encapsulates all the data introduced in chapter 3 plus
some additional structures that make it closer as a structure to a genus 0 C-extended
modular functor. Next, we define the notion of Moore-Sieberg data (MS-data) on
a semisimple abelian category and show that one can build those starting from any
ribbon category. We conclude the chapter by showing that one can build a genus 0
C-extended UMF from a given set of MS-data which also yields a representation of
the category Teichg. For the exposition we closely follow [4], chapter 5, pp. 93-99
and pp. 108-119 .

5.1 Basic definition and concepts
Before actually speaking of modular functors (MF), we will redefine a few concepts
borrowed from chapter 3 in order to give proper definitions of our MF.

Definition 5.1.1 An extended surface (e-surface for short) is an oriented compact
surface M with boundaries {(OM )} (where {a} is the set of labels of boundary com-

ponents) together with a set of parametrizations po : (OM), — S* where each p, is

75
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an orientation-preserving homeomorphism.

Here, we consider S! to be the 1-sphere in the complex plane endowed with counter-
clockwise orientation. Of course, homeomorphisms of e-surface must preserve the set

of parametrizations {p,}.

Definition 5.1.2 We define an orientation reversal of an e-surface (M, {p,}) by the
operation (M, {pa}) — (M, {~Da}). In other words, it reverses the orientation of the
boundary component p.*(S!), the minus sign is there to reverse any possible tangent

vectors assigned to a point of the boundary component.

Definition 5.1.3 A C-coloured e-surface is an e-surface M together with an assign-
ment f : |C| — {O(M)}4 that is such that it labels each boundary component of M an
object of C.

Definition 5.1.4 A morphism of C-coloured e-surfaces is a morphism of e-surface

that preserves the coloration of e-surface.

We now define a UMF of genus 0, but it will act on surfaces with a number of
punctures that will be coloured by objects coming from a category C. In that sense,
this UMF will be qualified as C-extended. This definition parallels the one given in
definition 5.1.13 [4] p. 97.

Definition 5.1.5 Given an abelian category C over K with V,, € C and let R =
P, (Vi, Vi*) be a symmetric object in C®®2 then a C-extended modular functor in genus
0 is a rule p such that assign to a C-colored e-surface M of genus 0 in each connected
component a linear functor p(M) : C®} — Vect ¢ that depends only on the coloring.
Furthermore, to any morphism of C-colored e-surface f : M —— M’, u assign an
isomorphism pf @ u(M;{Va}) = u(M'; {V,}), which depends of the isotopy class of

f. It is also defined with the following natural isomorphisms:
w@)(V) =V pMUM)V W) = p(M) (V) @ u(M)(W)  (36)

and the following rule:
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-Gluing isomorphism: Let (OM), and (OM)g be some boundary components of some
different connected components of M and let p, and pg be their parametrizations re-
spectively. We define a new surface Usg(M) by identifying the points © € (OM)q
with pgl(—m) € (OM)g. Now, under the action of the functor, this becomes:

Gayp @M(M; {Vah, Vi, Vi) == (U pM;{Va}), (37)

for a given symmetric object R = @(V;, V;*). The preceding set of data is submitted

to the following axioms:

Functoriality: u(fg) = u(f)u(g)

Naturality: The natural isomorphisms (eq. 86) and the gluing isomorphism (eq. 37)
are natural in M.

Compatibility: The natural isomorphisms and the gluing isomorphism are coherent
one with one other.

Symmetry of gluing: Given the isomorphism R = @,(V;*,V;) ~ @,(Vi, V*) = R?,
this induces Go g = Ggq.

Normalization: pS? = K, where 52 is the 2-sphere.

Furthermore, we say that p is unitary provided that we also have the following nat-
ural isomorphisms pu(M) —= u(M)* and provided that these isomorphisms are also
coherent with the isomorphisms uf, the gluing and the set of natural isomorphisms
(eq. 36 and 37) that defines the modular functor. In particular, for the gluing this
means that given the isomorphism u(M) ~ u(M)*, we define the pairing ( , ) :
w(M) ® u(M) — K. Now let f € u(UasM) and g € p(UasM) =~ u(Us sM). Define
G 5(f) =X fi and G 5(9) = X, 9i where f; € p(M; Vi, Vi) and gi € u(M; V3, V).
Then,

(f, g)ua,BM = Zci(fiagi)M ; €K (38)
where the c; are constants depending on the choice of the symmetric object R.

Before introducing such a C-extended modular functor, we need to introduce some

constructions. This is done in the next few sections.
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5.2 The Teichmiiller groupoid

We now present a category whose structure encompasses the data presented in chapter
3. This type of category is known as a Teichmiiller groupoid. The following definition
is given along the lines of the one given in [4] pp.124-125.

Definition 5.2.1 Let Teichy be the category whose objects are extended surfaces of

genus 0, and morphisms are isotopy classes of morphisms of e-surfaces. Then
o Homreich, 1S a groupoid.

o The operation of the disjoint union of surface U : Teichg X Teichy — Teichg
together with O € |Teicho| equip Teichy with the structure of a symmetric

monoidal category.

o There is a functor S : Teichy — Sets acting as M — {O(M)} on object, i.e. it
maps a given M € |Teich| to the set of its boundary components and maps the
morphisms of Teichg to bijections in Sets. Note that S preserves the symmetric

monoidal structure.

Given M = M, U M, € |Teicho|, a € {0(M1)} and b € {3(Ms)} we have a
gluing operation Gop(My U Ms) = U,y M. This operation satisfies:

a) Compatibility with S: S(Ga, b(M; U M3))} = S(M)\{a,b}.
b) Compatiblity with the disjoint union: M;, M,, a and b be as in the def-
inition of the gluing and let Mz € |Teicho|, then Ggp(Mi U My U M) =

(Gap(M; U My)) U Ms.

¢) Associativity: let a € S(My), b € S(Ms), ¢ € S(M3) and d € S(My),
then Ga,ch,d(Ml U Mg u M3 U M4) = Gc,dGa,b(Ml | M2 U M3 LJ M4)

d) Naturality of G: let f = filU fo : My UMy, — M| U M} be a mor-
phism of Teichg, then this induces an isomorphism Gy : G,p(M; U My) —
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Gao (MU M) where o' = Sf(a) and b = Sf(b). This set of ismorphisms is
such that Gy = GoG) and Gig = id

We can see the strong similutde between the definition of the functor and the previous

definition. We will make that clearer later.

5.3 Moore-Sieberg data and semisimple ribbon cat-
egories

We now need to define some construction in order to show that the choice of a ribbon
category fixes a choice of modular functors as there are some parallels between the two
structures. The first construction that we introduced is called Moore-Sieberg data
(MS data for short) and it will help us to build the structure of a ribbon category
starting from an abelian category. This definition of the MS-data is similar to the
definition 5.3.2 given in [4], pp. 109-110.

Definition 5.3.1 Given a semisimple abelian category C with a set of simple objects
{Vi}ier, one representative for each isomorphism class of simple objects, the MS data

are defined as the following set of data:

-Conformal blocks: Given any n € N, there is a functor {,..., ) : C® — Vect;
such that given a set of objects {W;}jz1, n-1, (Vi,Wi,...,Wh_1) = 0 for all but a

finite number of i.

-Rotations: The set of natural isomorphisms of the form: Z : (Wy, ..., Wy_1,W,) ==
<Wn) Wl) R Wn—1>

-Symmetric object: R € C®2 not necessarily of the form R = D, Vi, Vi), but
R =@,(R;, R}) for some R.

-Gluing: For any j,k € N, we have the natural isomorphisms G : (D,((Uy, ..., U;, Ri))®
(R, Wh, ..., W) = (Uy,...,Uj, Wy,y...,Wi). And finally,
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-Commutativity: The natural isomorphisms o : (U1, Us, Us) == (U1, Us, Us).

These are submitted to the following list of axioms:

e Non-degeneracy: For all simple object V;, there exist an object U € |C| such that
(U, Vi) #0.

e Normalization: { ) : C*0 — Vect; is the identity functor.

e Associativity of gluing: Given two copies of R, say RV and R®, then GrayGre =
GroGry that is (Gra ®id) o (id ® Gre) = (id ® Gre) o (Gray ®id).

e Symmetry of gluing: For all j, k € N define o as the operation that rotates two
tensor factors and the isomorphism f . R°? — R. Then, the following diagram

18 commutative:

(Uy,...,U;, R) ® (Ro, Wy, ..., W) =S (Uy, ..., U;, W, ..., W)
(Z®Z'1)oal lzk

Go
(Wh, ..., Wi, Ra) ® (Ry,Us,...,U;) =2 (Wi, ..., Wi, U, ..., Uk)

e Rotation axiom: id = Z": (Uy,...,U,) = (Uy,...,Uy).

e Hexagon axioms: Define oy, y,u, acting on (U, Uy, Us, Us) as Z7*G(Z®id)oo®
idoG™! and oy, y, acting on the same 4-tuple as Z~'Goid®oc oG~ Z where the
inverses of the two maps (G and Z) are defined in the obvious manner. Then,

the following diagrams commute:

9Uq,U3Uy

<U17U2)U37U4> <U1)U3>U4aU2>

<U17 U37 U2a U4>

! Note the we defined C° = Vecty.
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-1
TUq,Usly

<Ula U27 U37 U4> <Ul) U37 U47 U2>

\ /
TUy,Us Tuy,Uy

<U1; U3) U2) U4>

e Dehn twist axiom: Define oy, v, as G(o ® id)G™! then Zoy, uy, = ovu, 1, 2.
This completes the definition.

In order to establish the parallel between MS-data and semisimple ribbon categories,

let C be a semisimple ribbon category, we give the following definition:

Definition 5.3.2 let U, V,W € |C| with C a semisimple ribbon category. Define the
following set of data:

e The operation (Uy,...,Uy,) := Homc(I[,U1 ® ... Q U,)

hd R = @ie[(v;*a ‘/1)
And the following set of natural isomorphisms:

o Z:Home(IL,LU; ®...QU,) — Home(I,U, QU ® ... ® U,_1) to be the action
of 6 on the last element of the n-tuple (Uy, ..., U,) followed by the action of the

rigidily isomorphisms.

¢ G: (D Home(L,LU,® ... 0 U, @ V*) @ Home(L,V, @ W1 ® ... @ Wy)) —
Home(I,U1 ®...QU, W1 ®... @ W,,) where V; is a simple object. Again we
use the action of 6 : V. —= V** on the last element of the n-tuple (U, ...,U,)
applied to the RHS of the tensor of Homs then, we use the rigidity isomorphisms

and lastly we use the fact that in a semisimple category we have Home(U, W) ~
D;cr Home(U, Vi) ® Home(Vi, W).

e 0: Home(I,URQV QW) — Home(I,UQ®W ®V) which is obtained by applying

twice the rigidity isomorphisms together with oyw as defined above.
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Now, we link the two previous definitions in the following theorem whose formulation

is taken from proposition 5.3.3 in [4], p. 110.

Proposition 5.3.3 Let C be a semisimple ribbon category, then the previous set of
data together with the natural isomorphisms defined in definition 5.3.2 define MS-
data.

Proof: We use the graphical calculus for morphism presented in section 4.3.4. First,

given a ® € Home(I,U; ® ... ® U,,), we represent it as:

Now, with respect to the previous definitions, the natural isomorphisms presented

there are depicted in the following manner:

e Given a ® as above, the natural isomorphism Z is represented by:

Vn VI Vn-]

e Given ®; and ¥; as above where 7 € I, the set of isomorphism classes of simple

objects, G is given by:
ul, i i GU, Ut LU

]

o] O




CHAPTER 5. GENUS 0 MODULAR FUNCTORS 83

e Finally, given a ® as above, the natural isomorphism ¢ is depicted as:

ULVA AW UWtV
| © | | @ |

These yield the MS-data’s axioms in the following manner:
e Non-degeneracy: As each object in C has a dual; this trivially holds.
e Normalization: This holds by definition.

e Remaining azioms: It is easy to see the remaining axioms hold using the picto-

rial representation of the natural isomorphisms given above.
O

This result will be crucial in our attempt to show that there is a parallel between
ribbon categories and C-extended unitary modular functors. The theorem that illus-

trates this assertion is given in the next section.

5.4 C(C-extended unitary modular functors in genus

0 from a semisimple ribbon category

Equipped with the previous results, it is now possible to define a unitary C-extended
functor from any ribbon category. This is shown by the following result where the
formulation of the theorem is given in theorem 5.4.1 in [3], p.116-117. We also closely
follow the proof given in pp. 117-118 and we fill the gaps.

Theorem 5.4.1 Given a semisimple ribbon category C, we can define a non-degenerate

C-extended genus 0 unitary modular functor p satisfying:
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Z) <U1, ey Un> = Homc(l, U1 ®...& Un) = /,L(So,n; Ul, ey Un)
i) R =, (V*, Vi) and an isomorphism

(2

F:R = R7 (D) = PV, V). (39)

i€l i€l
i) pz = Z and pb = o, where z, b € I'(Sy,) definied in lemma 3.5.3.

w) for every j,k,m and n € N, gluing is defined as the composition:

g : .LL(SO,j—i-l; Ul) sy Um7 Rl) 02y u(SO,k—}-l; R?) W17 s ,Wn)
<, p(Soj+1 Ujs1,1 Sok+1; Uty oo, U, Wh, .o, Why)
s (S0 ak; Uny e Uy Wh, .. W) (40)

v) let t; denotes the Dehn twist around the ith puncture of So, then,
pt; =0y, : Home(I, U1 ® ... Q@ U,) = Home([,U1 ® ... @ Uy) (41)
vi) rigidity of C induces unitarity of the MF with the pairing:
(s )Son : Home(I, U1 ® ... @ Uy,) @ Home(I, U, ® ... @ Ul) —» K (42)
Explicitly we have:
(6, D50, I IR - U1®...0U, QU ®...QU; — I (43)
with d; = dimV;. Note also that K = End(I).

Remark 5.4.2 The fact that u is unitary is induced by the fact that for So., there is
a canonical isomorphism S, ~ So, given by a reflection around the real azis which

reverses the order of the punctures.

Proof: We show that given MS-data induced by a semisimple ribbon category (as in
proposition 5.3.3), those MS-data defines a UTMF.

Given MS-data we construct a genus 0 unitary modular functor in the following

manner:
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1) For each pair of the form (M, m) with m = (C,{p.}) is a parametrization of
M we define a vector space u(M, m) as follows: Let J be the set labels of the con-
nected components of M where the latter are denoted M;; j € J. For each cut c € C
we take a copy of the symmetric object R;; 7 € J and following our notation, we
assign to each boundary component R.j where k € {1,2} on each side of the cut.
Note that since R is symmetric, the order in which we assign the R, ; does not matter
but this induces a positive (the side where V;, is assigned) and a negative side (the

side where we assign V;*) to each cut. We then have:

@ ® U(SO,nj) (44)

ic€l,ceC j

where [ is the set of equivalence classes of simple objects in C. Of course, this last
formula is not unique but as we have (V*,V;) = (Vix, Vi¥) to identify the various

equations.

2) Now, there are various ways to define a parametrization on a given e-surface M.
Thus, for a given surface (M, m) define a system of isomorphisms ¢y, s : (M, m) ==
p(M,m') that satisfies the compatibility relations @ m» © Gmm = Pmm for all m,
m’ and m”, this identifies all the vector spaces altogether and we define u(M) as the

canonical representative of all u(M,m).

The previous system of ismorphisms induces a representation of Teichy as if we are
given a 9 : M; = M,, an homeomorphism of e-surface and given a parametrization
mo of My then 1 gives rise to a parametrisation m; of M; in an obvious manner.
Moreover, ¢ identifies the cuts of M; and M, and their connected components in a
one-to-one correspondence. We therefore have:

pMimn) = D @ ul(Som,) = p(Ms,ms) (45)

ic€l,ceCy j

This last relation with the system of isomorphisms u(M) =~ u(M,m) gives rise to
an isomorphism pt : u(M;) == pu(Ms) which does not depend on the choice of mqy
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as each (M, m) is canonically represented under the action of u. Now, given two
isomorphisms 1)1, 1, defined as above, we start from a parametrization m” of M”
and 1, gives rise to a parametrization m’ of M’; in the same manner, 1; gives rise to
a parametrization m of M. We now look at the image of the e-surfaces under p and

we apply the system of isomorphisms pu(M) =~ u(M,m), this is depicted as:

a1
//_—\
(M, m) (L 2 (M, m")
I | I
u(M,m) p(M',m') p(M",m")
l: Hyn lz w2 lz
(M) (M) u(M")
\—/
p(waib1)

The fact that the u(1);) for i = 1,2 does not depend on the parametrizations but that
the 1; maps on the same surfaces implies that p(¥sot1) = u(yq)ou(thr). For the same
consideration we have u(id) = id if we take 1, = 97!, The way we defined the de-

composition of the e-surface M above clearly tells us that u satisfies the gluing axiom.

3) By the main theorem of chapter 2, we know that every two parametrizations
of M can be joined by a sequence of simple moves Z, B and F'. Identify the Z-move
with the Z map, the B-move with ¢ and the F-move with G in the construction for
semisimple ribbon categories given in the previous section, this yields an identifica-
tion of the axiom of Teichy together with the MS data.

4) The fact the p is unitary is induced via the defined pairing as by hypothesis
the MS-data are build from a ribbon category and together with the remark given

before the proof.

Therefore, each MS-data from a ribbon category C yield a genus 0 UMF.
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We have shown that if we choose a semisimple ribbon category C to color our e-

surfaces, then, this also induces the choice of a UMF .

This completes the introduction of the theoretical background necessary to develop

our semantics for topological quantum computing.



Chapter 6
A categorical semantics for TQC

This chapter seeks to unify all the theoretical framework presented in the previous
chapters in a coherent categorical semantics for topological quantum computation
(TQC). We first introduce an extra categorical structure that will be used later which
is the notion of strong ribbon categories. After, starting from the set data obtained
from the unitary modular functor x4 acting on a C-colored surface, we equip the vector
space with an inner product. With respect to that inner product, we define the notion
adjoints and unitary maps. We investigate the notion of topological qupit as the basic
data unit for topological quantum computation. Then, we prove that all the elements
of the mapping class group of a given e-surface are unitary with respect to the inner
product previously defined. We introduce the notion of projectors and we speak of the
notion of topological invariance of the algorithms. Finally, we give some comments

on the relation between this semantics and topological quantum computing.

6.1 Semisimple strongly ribbon categories

In this section, we generealize the work of B. Coecke and S. Abramsky in [1] in order
to define the notion of strong ribbon categories that will be needed for what follows.

In [1], only the symmetric case is studied.

Definition 6.1.1 A dagger ribbon category (C, ) is a ribbon category together with

a functor t : C — C? which acts trivially on objects and which coherently preserves

88
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the ribbon structure.

To every morphism f € Home(U,V) we associate a morphims f1 € Homeo(V,U),
called the adjoint of f, such that for all f € Home(Uy,Us), g € Home(Us, Us) and
h € Hom¢(Us, Us), we have:

idjy =idy, : Uy — U, (46)

(gof)f =fTog" + Us— Uy, (47)
(fert=7feh . LU — U eUs, (48)
ff=f : Ui— U, (49)

O‘IJI,UZ,Ug =ag vy 2 U1©(U2@Us) = (U1 @ Us) @ Us, (50)
py=rg + U@I-T, (51)
AN,=2pt 0 TQU -, (52)

v, = 00w, @ Ua®U1L— U1 © Uy, (53)
dh=05 - U—U 54

Here a, p, A are the structural maps from the monoidal structure, o is from the

braided monoidal structure and 0 is from the ribbon structure.

Remark 6.1.2 As z, the counterpart of the rotation map (Z-move) defined in chap-
ter 2, can be deduced from o and 0, we did not include it in the previous definition,

but the dagger of z is, again, its inverse as will be shown later in section 6.4.

Definition 6.1.3 A strongly ribbon category is a ribbon category endowed with a

dagger structure, which is such that the following diagram commutes for all U € |C|:

+

I v U U
liu lUU,U"‘
U* ® U idy* R0y U* ® U

Definition 6.1.4 A semisimple strongly ribbon category is a strongly ribbon category
endowed with a dagger and a semisimple biproduct structure, such that w}t = U; —
U@ U,, for all Uy, Uy € |Cl andi=1,2.
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From now on, we will only consider categories that are semisimple strongly ribbon.

6.2 Inner product

6.2.1 Existence of the inner product

We now assume that we work in categories where K is algebraically closed in addition
to be of characteristic 0. We also add to the axiomatization of our semisimple strongly

ribbon category that the following composition
14 v*r>o (55)
always holds. It makes sense as Ende(I) ~ K.

We start this section by showing that the vector spaces generated by the modular

functor p might be trivial, which is not very convenient for quantum computation.

Proposition 6.2.1 Let (Uy,...,U,) be a conformal block so that it yields the vector
space Home(I, Uy ® ... ®U,,) under the action of u. Then Home(I,U; ®...Q U,) =~
Home(I, @Dy, I), where I is the tensor unit.

Proof: First, C being a semisimple ribbon category by hypothesis, objects of the form
U, ®...®U, are isomorphic to a biproduct of simple objects. Denote this biproduct
by D,.; NiVi. Now, we have:

Home(I,U1®...®U,) ~ Home(I,@ N;Vi) (56)
el
= P Home(I, N:iVi) (57)
el
= P Home(I,Vy) (58)
iel jed

where J is an index set so that |J| = N; for a fixed ¢ € I.

The following is a version of Schur’s lemma:
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Lemma 6.2.2 An arrow of the form ¢ : I — V, where V € |C| is simple is either 0
or an isomorphism.
Proof: Let ¥ € Home(I,V) with V' a simple object and consider:

Ker(p) L1 Yoy (59)

Then as f is an injection and [ is a simple object, either f is the 0 arrow or it is an
isomorphism. Suppose first that it is the 0 arrow, then ¢ is also an injection and as
V is a simple object, this implies that v is either the 0 arrow or an isomorphism. If
f is an isomorphism then, 1 is automatically the 0 arrow. Thus, we have that all the

1 that do not have Vj ~ I for codomain are 0.

Hence, we have:

Home(I, Uy ®...®U,) ~ Home(I,ED NiVi) (60)

iel

= P Home(I,1) (61)
No
= Home(I,EPI) (62)
No

as required.

Corollary 6.2.3 If Ny = 0, then the vector space Home(I,U; @ ... ® U,,) obtained

under the same assumptions as above is the zero vector space.

Proof: The result is obvious by proposition 6.2.1
O

We would like to avoid such pathological cases. Thus, we will assume that y is always
positive i.e. the coloring chosen for the colored e-surface always yield a non-trivial

vector space.
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Definition 6.2.4 We define the operation ( ). on the elements of a vector space of

*

the form Home(I, Uy ® ... @ Uy,) as the covariant extension of the operation ( )*.
Hence, given av: I - U1 ® ... ® U, we obtain (V1) =¢,: [* > Ur®...® U;.

Remark 6.2.5 Note that given a colored e-surface M an its vector space u(M), the

vectors of the form 1), lie in the vector space u(M) = u(M)*, where M is the colored
e-surface obtained from M wvia a reflexion over the real azis inducing a change of
orientation of the e-surface. Note that for all u, we have an orientation reversal ap-
plication M — M inducing the isomorphism u(M) <= u(M)*, the later isomorphism

is not linear but skew-linear, thus inducing the skew-linearity of the form ( , )c.

From now on, as ® : C x C — C, we will denote objects of the form Vi ® ... ® V,
simply by V.

Definition 6.2.6 In our context, a (C-extended) ket 1 is given by a map:
Y: I -V (63)
It is denoted by |¢)c. While a (C-extended) bra corresponding to ¢ is given by a map:
YV =1 (64)
Which will be denoted by ¢{(v|.

Definition 6.2.7 With definition 2.1.3 and given ¢,% : I — V we define the inner

product as:
(¥, ¢)c =40 @ (65)

which is en endomorphism of I and therefore a scalar as Ende(I) ~ K.
Proposition 6.2.8 Given two kets, |)¢ and |¢)c, obtained from pu(V') then:
evo(¢p®@ys) =¢lod=(y,¢)c (66)

Where 1, is issued from the conformal block (V') with opposite orientation under the

action of .
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Proof: We give a pictorial proof.

O

We now extend Dirac’s notation to our setup in the same manner as in [1], section 7.2.

That isgiven ¢p: I -V, ¢: I - Wand f:V — W, we get:

(@lfl)e = ¢ o fodp (67)

Note also that we have:

(¢, foye=¢lofop=(flog)t o= (fTog,y)c (68)

6.2.2 Unitary and self-adjoint maps

With our definition of the inner product as defined in the previous subsection, we can

define unitary maps. We do this with the following definition:

Definition 6.2.9 A unitary map is @ map U : V. — W that is such that Ul = U~!
i.e. it is an isometry for the inner product { , )¢ so that for all ¢,v : I — V, we have
<U¢> U"/)>C = <¢a ¢>C fO’I’ all d)’ ¢ € HomC(Ia V)

We also have:
Definition 6.2.10 A self-adjoint map is a map f:V — V that is such that f = f.

We now adapt the notion of spectral decomposition given in [1], section 7.4, to our

context:
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Definition 6.2.11 The spectral decomposition of V' is a unitary isomorphism U

defined to be the map induced by the biproduct decomposition under the fusion rule.

U:V — @ N;V; (69)
iel
The spectrum is then the set J so that |J| = Ny as we have shown in the previous
subsection that N; = 0 for all i # 0.

6.3 Basic data units

Our theory lacks of fundamental data unit. We then introduce the notion of topo-
logical qupit but we need first to introduce some concepts. Following [16], p.9 we

have:

Definition 6.3.1 let M, and My be disjoint e-surfaces. The connected sum of M,
and My, denoted M1# M, is the surface obtained by identifying the boundary points of
two disks removed from the surface through an orientation reversal homeomorphism.

The surface thus obtained is also an e-surface.
Remark 6.3.2 S #S50, = So.m+n

From [1], section 8, we define:
Definition 6.3.3 A state space is represented by an object V € |C|.

In the previous definition, V' is just the coloring of an e-surface in our context, this
becomes the codomain for the kets ¥ € Home(I,V). We then adapt the notion of

basic variable given in [1], section 8 to our purpose as:

Definition 6.3.4 A topological qupit is a state space V' together with a unitary iso-
morphism: U : @,.; N;Vi — V where the V; are the simple objects of C.

Of course, in that context, the ‘p’ of qupit is equal to |J| or Ng.
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Lemma 6.3.5 Given a set of n C-colored surfaces {M;} that are all homeomorphic
to So,1 and with coloring {Vi} where i vary from 1 to n. Then under the action of
u the vector space obtained on the disjoint union of the M; coincide with the vector

space obtained in the same way on Mi# ... #M,.

Proof: we have:

p(MyU...UM,) = p(M)®...Q u(M,) (70)

= W)®...0h) (71)

= Home(I,V1)®...® Home(I,V;) (72)

= Homce(I,V1®...0V,) (73)

= (Vi,..., V) (74)

= w(My# ... #M,) (75)

Yielding the result.

g

Definition 6.3.6 A compound system is given by the tensor product of two objects
Vi and V; issued from the application of p on the conformal blocks (Vi) and (Va)

respectively.

We can also initialize a topological qupit, we characterize such a process in the fol-
lowing manner (which is almost identical to the notion of preparation given in [1]

section 8):

Definition 6.3.7 An initialization of a topological qupit in the state space V is a
morphism ¥ : I — V for which there is a unitary transformation U : I W — V

such that the following diagram commutes:

I e %

Iow
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6.4 Basic data transformation as unitary maps

We now need to give a notion of unitary maps in order to parallel regular quantum

computing.

Remark 6.4.1 Given ¢ : [ — V andyp : I — W, a unitary map U : W — V

provides that the scalar product is well defined as:

(@lUR)e = (¢, Ud)e = (U'¢, ¥)c (76)

Now, note that the braidings are only defined on conformal blocs of three objects.
If we wish to compute with conformal block with more than three objects, we need
to define generalized braiding so that we are able to braid objects with each other

without restriction.

Definition 6.4.2 Let Sy, be the standard sphere with n punctures, a strong cut
system on it is defined as a cut system C' which is such that if n is even each pair
of punctures is jointly bounded by a simple closed curve ¢ € C, if n is odd then each

pair of punctures except that one puncture is jointly bounded by a simple closed curve

ceC.

Thus, suppose we start with (Sp ., mo) where mg defines a strong cut system C on
So,» so that 4 is paired with ¢ + 1, then we can attain another strong cut system
applying a sequence of n — 1 A moves only so that the label ¢ + 1 is now paired with
i + 2 (of course, the additions i + j; j = {1,2} are taken mod n) . As the A move
is defined from successive application of F' moves, this can be represented in the case
of a modular functor using G. We will denote this sequence of A moves from C to C’
by .A. This sequence of moves gives us the possibility to define a generalized braiding
on M having a representation under the action of the UMF as in the representation
of the vector space we are allowed to braid only two adjacent objects provided that
we slice the vector space in sets of three objects via gluing. We provide an example

for Sy ¢ below:



o
m
B
<
j=}
[sS]
3
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joh
z
<
[
=
S
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=
&0
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Example 6.4.3 Given a conformal block of 5 objects, (V1,Va, Vs, V4, V) and suppose
that we have a strong cut system on it that jointly bounds V, and V4 by a simple closed

curve and the same for V3 and Vy and that Vs is left alone. The generalized braiding

Bv,vavy vy 15 given by:
By,vs v, = ABv, vs ABv;, v ABv, vs (77)

Remark 6.4.4 Note that given a morphism of C-colored surface f : M — M’
where M' = A(M"), then f provides a one-to-one correspondence with between their
cuts c. Denote their respective strong cut systems by C and C' and label the con-
nected components by the index set J, Then, f give rise to an identification u(M) =
D..crccc Qs 1(Son;) = n(M') where j vary through all possible values of J. We
then have that p is blind to all the possible cut decompositions. We therefore suppress

A from our notation.
We now ready to give the central result of this section.

Theorem 6.4.5 Given a colored e-surface M, any elements of the mapping class

group I'(M) is unitary under p with respect to the inner product.

Proof: We first show that each of the generator of mapping class group is unitary and

then, we show that composition of unitary operation is unitary.

Braids: Without loss of generality, we work on Sp 3, the complex projective sphere
with three holes. On the standard marking of Sy 3, the operation b; o is represented
by:

Now, on Sy 3, the complex projective sphere with three holes and opposite orientation,

the same operation on its marking yields:
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Translating that in the graphical calculus for morphisms yields:

Tm‘_l [ 97 ]

N

/

(
L9 | L ¢ |

showing that B is an isometry for the inner product.

Rotations: Still working on Sy 3, the operation 2 on the standard marking yields

(assuming that the distinguished arrow is initially on left leg of the marking):

~‘4

On the same sphere but with opposite orientation we get (where the distinguished

arrow is initially on the right leg of the marking):

>

Finally, in the graphical calculus for morphisms, we have:
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Hence, z is an isometry for the inner product.

Denh-twists: Applying ¢ on the standard marking, we have:

On the sphere with opposite orientation we obtain:

Pl

And in the graphical calculus of morphisms:

C_9r ] or

®

; =

L ¢ | L ¢ |

Showing that ¢ is unitary.

100
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Finally, it remains to show that composition of unitary operation is unitary. This
trivially holds as composition of maps is just stacking operation along the wires in our
graphical representation of the scalar product. As the mapping class group I'(M)for

a given surface M is closed under composition, this yields the desired result.

6.5 Projectors

This section is added only for completeness reasons. It is taken from [1] section 7.4

to which we refer the reader for a more complete exposition.

Lemma 6.5.1 As C is semisimple, it has biproduct. Then, we can choose a set of

projections {m;} and injections {v;} for each @,_, Vi so that

i 015 = 0y Z L 0 T = lg, v, (78)
k=1
where &;; is Kronecker’s delta.

Definition 6.5.2 We define the following maps:

iji=Uloy:V; =V (79)
pj= () =moU:V =V, (80)

Definition 6.5.3 A projector is the map:
Pji=ijop;: VoV (81)

which is self-ajoint, orthogonal and provides a resolution of the identity.

6.6 Topological equivalence of the algorithms

As the fundamental data transformation are of topological nature, the 2-cells of the
CW-complex defined in chapter 3 are inducing a topological equivalence between the

algorithm.
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Definition 6.6.1 Given an e-colored surface and algorithms:

2l=mjomj_1o...om1 (82)

B=mgomy_q0...0m (83)

where the m; are b, z or t moves and j, k € N. Then, we say that U is equivalent

to B if either m; = m for alli or by applying one or many of the following equalities:

bib; = b;b; i —Jj]>1,
bibi1b; = biy1bibit1,

bit, = 1, i-31>1,
bt = t;bF!

tit; = tjt;,

2" =1,

by...b, 1t, = 2,

2t, = t12,

we can transform the sequence of moves of /U to the sequence of moves of B.

6.7 Further comments

We conclude this chapter by a short comment on the nature of the generators of the

mapping class group when regarded under the action of u.

If we look at the maps z, ¢ and b under the action of u, these would correspond
to a swap map, phase shifts and universal R-matrices respectively. It is worth noting
that L. Kauffmann and S. J. Lomonaco Jr. showed in [12] that brading operators,
when seen as R-matrix were universal quantum gates and hence, this implies that the

generators of the mapping class group also form a universal set.

Note also that as we have in the axiomatization of the monoidal structure of C that

I®A ~ Afor all A € |C|, if ] appears in the coloring of M, it does not change
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the structure of the vector space under the action of u. As we are computing on the
element of the tensor product of objects of C and that no 'natural’ decomposition of
that tensor product is available in terms of the basis of the computational space (this
basis is induced by the skew-linear form that we defined in section 6.2), the system

is always entangled.



Chapter 7
Conclusions and future work

During the last chapter of this thesis, we have developped a categorical semantics for
topological quantum computation in showing that given a C-colored e-surface M and
considering the action of a unitary modular functor on it, one can define an inner
product on the vector space issued from the action of the modular functor thus en-
dowing it with a Hilbert space structure. We then defined the basic data unit and
shown that the whole mapping class group of an arbitrary M was unitary under the
action of p with respect to the inner product previously defined. Finally, we provided
a set of equivalences derived from the relations of the CW-complex M(M) that might
be applied to a given topological algorithm applied to see wether or not this algorithm

is equivalent to another given algorithm in terms of computation.

Our categorical semantics contrasts with the one provided by B. Coecke and S.
Abramsky in [1], in the sense that it applies to quantum systems that present topo-
logical properties. Furthermore, another important difference is that the topological

systems system are always totally entangled.

It also contrast with the work of Freedman and al. (see, for instance, [9] and [10]
and various other papers) in the sense that they developped their theory for physi-
cal systems that models anyons essentially, i.e. exotic particles that have fractionnal

statistics. Our theory is more general in the sense that, provided a quantum system

104
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that has topological properties, we can adapt it by adding constraints to our axioma-
tization. For instance, in the case of anyons, we need to have complete braiding (i.e.
of the form oy yoyyv) in order to induce a phase shift in the state vector. It would

also be an interesting question to see how well our semantics adapts to their system.

The first question that one may asks is how well we may develop some quantum

protocols with the set of gates proposed.

We may also wish to know if the set of gates that generates the mapping class group is

dense in the sense of the Solovay-Kitaev theorem (given in this work as theorem 2.2.5).

From our point of view, in this thesis, we only worked with genus 0 unitary modular
functors. Preliminary investigations seem to show that all the results presented in
chapter 6 generalize to modular functors that act on e-surfaces of arbitrary genuses.
In fact, the only problem lies in extra moves that need to be added to the CW-complex
of a given e-surface; as these moves are only compositions of the generators already
presented, they are more than likely to be unitary. We might also need to add more

topological invariance relations.

Finally, we might like to develop a functional language base on this categorical frame-
work and investigate the possible links with linear logic or other mathematical con-
structions. Concerning this subject, the interested reader might want to have a look
at [21].
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