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Abstract

In this thesis, we review the basic notions related to univariate regular variation
and study some fundamental properties of regularly varying random variables. We then

consider the notion of regular variation in the multivariate case. After collecting some

d
+

discuss its properties and examine several examples of multivariate regularly varying

results from multivariate regular variation for random vectors with values in R%, we
random vectors such as independent and identically distributed random vectors, fully
dependent random vectors and other models. We also present the elements of univariate
and multivariate extreme value theory and emphasize the connection with multivariate
regular variation. Some measures of extreme dependence such as the stable tail depen-
dence function and the Pickands dependence function are presented. We end the study
by conducting a data analysis using financial data. In the univariate case, graphical
tools such as quantile-quantile plots, mean excess plots and Hill plots are used in or-
der to determine the underlying distribution of the univariate data. In the multivariate
case, non-parametric estimators of the stable tail dependence function and the Pickands
dependence function are used to describe the dependence structure of the multivariate
data.
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Chapter 1
Introduction

Heavy-tail analysis has played an increasingly important role in insurance, finance and
risk management in the recent years and has been dealt with in various research papers
and books such as [1] and [10]. The distribution of a random variable X is said to have
heavy-tails if it has a large probability of getting very large values. The most common
example is the Pareto distribution. The right tail of the distribution is generally the
tail that is of interest. It is well known that financial returns are usually heavy-tailed
and therefore it is crucial for those in charge of the corresponding risk management
calculations to rely on heavy-tailed methods.

One of the most important classes of distributions in the heavy-tail analysis is the
regular variation class, which includes all the distributions with a regularly varying tail.

Recall that a function f is regularly varying with index « if

lim f(tz)

T——+00 f([L’)

=t% forall t > 0.

A classical estimator of the tail index « is the Hill estimator. To efficiently characterize
the multivariate heavy-tailed phenomena, de Haan and Ferreira ([4]) as well as Resnick
([10]) extended the regularly varying distributions to the multivariate case, leading to the
concept of multivariate regular variation. This concept has been widely used to analyse
multivariate extremes since there is a natural connection between the limit theory of the
component-wise maximum of independent and identically distributed random vectors
and the theory of multivariate regular variation.

The goal of this thesis was to review and study some already known results from
the literature on regular variation and extreme value theory and apply this theory to

financial data. When the data display dependence among extreme values, inferences



Introduction 2

based on multivariate tail probabilities are needed. In order to describe the dependence
structure of multivariate data, we will need extreme value theory. It is essential to
quantify the strength of the dependence in the tails since it can heavily influence the risk
assessment. Another way to investigate strength of dependence in the tails is through
copulas, a copula being a multivariate probability distribution for which the marginal
probability distribution of each variable is uniform. However, we will not address this
topic in this thesis.

Extreme value theory is a branch of statistics dealing with the likelihood of an ex-
tremely unlikely event. The probability that a data point that deviates significantly from
the mean will occur is of interest. Extreme value analysis is used in many disciplines,
such as finance, hydrology, engineering, climate and environment (see [12]). For example,
extreme value analysis might be used in the field of hydrology to estimate the probability
of an unusually large flooding event. The link between regular variation and extreme
value theory comes from the fact that a random vector with positive components is in
the max-domain of attraction of a multivariate extreme value distribution with Fréchet
marginals if and only if the vector has a distribution which is regularly varying. This fact
is clearly demonstrated in Chapter 4. Hence, regular variation of the tail of a multivari-
ate distribution function is an essential tool for describing the max-domain of attraction
of a multivariate extreme value distribution.

The mathematical framework of multivariate regular variation comes into play by
providing tools to compute tail probabilities and is used to give a semi-parametric class
of distribution functions, where we know for instance, how the extremes behave according
to the Fisher-Tippett-Gnedenko Theorem. The previously mentioned theorem stipulates
that the component-wise maximum of a sample of independent and identically distributed
random variables after proper normalization can only converge in distribution to one
of three possible distributions: the Gumbel distribution, the Fréchet distribution or the
Weibull distribution, which allows us to classify distributions into classes of max-domains
of attraction for one of the three types of extreme value distributions. In this thesis we
will only focus on the Fréchet max-domain of attraction. Once we know more about the
dependence structure of the multivariate data, it is easier to construct the univariate
marginals and to make assumptions about the underlying distribution of the univariate
data.

This thesis is structured as follows. In Chapter 2, we review the basic notions related
to univariate regular variation and summarize some fundamental properties of regularly

varying random variables. In Chapter 3, we consider the notion of regular variation in the
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multivariate case. In this chapter we study the concept of multivariate regular variation
for random vectors with values in ]Ri and we discuss its properties. We then examine
several examples of multivariate regularly varying random vectors such as independent
and identically distributed random vectors, fully dependent random vectors and other
models. In Chapter 4, we present the elements of univariate and multivariate extreme
value theory and highlight the connection with multivariate regular variation. We also
present some measures of extreme dependence such as the stable tail dependence function
and the Pickands dependence function. Finally, in Chapter 5, we conduct some data
analysis. In the univariate case, we use graphical tools such as quantile-quantile plots,
mean excess plots and Hill plots in order to determine the underlying distribution of
the univariate data. In the multivariate case, we used non-parametric estimators of
the stable tail dependence function and the Pickands dependence function to describe
the dependence structure of the multivariate data. Some additional measure-theoretic
probability results are offered in Appendix A. Appendix B contains the R codes used for

the simulations in Chapter 5.



Chapter 2

Univariate regular variation

In this chapter, we present the basic definitions related to regular variation and collect

some fundamental properties of regularly varying random variables.

2.1 Regular variation of real valued functions

In this section, we review some basic properties of regular varying functions.

2.1.1 Slowly varying functions

Definition 2.1.1. Let ¢:(0,00) — (0,00) be a real valued function. We say that ¢ is

slowly varying if
((tx)

T—+00 ﬁ(l’)

=1,Vt > 0.

In this case,we write £ € SV.

((tx) v In(tx) In(t) +1In(z) i In(t) y In(x)

e ((x) 2400 In(r) z—+o  In(x)  a—too In(7) e In(x)

Hence the function ¢(z) = In(z) € SV.

=0+1=1.

Property 2.1.3. 1. If{ € SV, then (* € SV for any a € R.
2. If by,0y € SV, then 14y € SV.

3. If by, 05 € SV and lim {(x), lim fly(x) exist and are finite, then {1 + o € SV,

r——00 T—>+00
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Proof. Here we will only prove properties 2 and 3. Property 1 has a trivial proof.

2. We have
i AU60) Gl B0
gotoo ly(x)la(x)  aotoo li(x) a—+too lo(x)
3. Denote lim ¢y(z) =c; and lim {y(z) = co. Then
r—r+00 T—>+00
{1 (tx lo(tx
lim (61 + £5)(tx) _ g O (tz) + lo(tx) o () 41((96)) + £y() 52((;5))
zotoo (01 4+ lo)(x)  a—too Li(x) + la(x)  w—too () 4 lo(x)
1

]

One of the several key results (that give the theory power and utility) is the Kara-
mata’s Representation Theorem (see, e.g., Corollary 2.1 in [10]).

Theorem 2.1.4 (Karamata’s Representation Theorem). For any ¢ € SV we can write

(@) = c(z) exp < / @dt) for allz > o,

t

where xl_l}f_{loo n(xz) =0 andxgriloo c(x) = co.

One of the several useful properties of regularly varyong functions is know as Potter’s
Bounds (see, e.g., Proposition 2.6 (ii) of [10] (with p = 0)).

Theorem 2.1.5 (Potter’s Bounds). Let ¢ € SV such that £ is locally bounded away from
zero (i.e {(x) > a > 0 for some a > 0 for allz € R). For all ¢ > 0 there exists a constant
to > 0 such that

(I1—¢g)z =<

< (1+¢e)x, forallxz > 1 andt > ty.

2.1.2 Regularly varying functions

Definition 2.1.6. Let f: (0,00) — (0,00) be a measurable function. We say that f is
regularly varying with index o € R if

lim f(tr)

r—+00 f(:L‘)

=t% forallt > 0.

In this case, we write f € RV,.
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Theorem 2.1.7 (Representation Theorem). Any function f € RV, with a € R can be
written as f(t) = t*4(t), where { is a slowly varying function. In the case of a slowly

varying function, o = 0.

Proof. By Definition 2.1.6, we know that lim fU2) - — 1 for any t > 0. Hence the

r——+00 t“f(:c)

function ¢ defined by ¢(t) = t~*f(t) is slowly varying since

() () o Cof()
T—r+00 e(gj‘) r——400 l‘_af(l') T—r+00 f(l‘) ’
Therefore, f(t) = t*((t). O

2.2 Regular variation of random variables

Definition 2.2.1. Let X be an arbitrary random variable and F(x) = P(X > ) be
its tail distribution function. We say that X is reqularly varying if the following two
conditions are satisfied:

e lim F(tz)/F(z) =t i.e F € RV_, for some a > 0;

T—r+00

o there exists p € [0,1] such that

P(X
lim (X > 2)

A PIX > 2) 21)

In this case,we write X € RV_,.

Based on the Representation Theorem, the tail distribution function of a positive
random variable X can be written as F(z) = x7%/(z), where £ is a slowly regularly

function.

Lemma 2.2.2. Let X € RV_, for some a > 0. For any € > 0, there exists ¢ > 0 such

that for any x,y > 0
P(yX > )

< 1\/ OL+€
P(X>x)_c( v

where V denotes the mazximum.

Proof. The proof we present here is taken from [7]. Let X € RV_,. Hence, P(X > z) =
x~%(x), for some ¢ € SV.
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o If y <1, then:

P(yX > x)

PlyX > ) < P(X > 2) and ey

<1< (Lvy)r™

e [f y > 1, then by Theorem 2.1.5, we have:

PEX >2) _Fx() G5 _ v
P(X>1) Fy(z) az)  ((z)

) z \°
< yacs (_> - Caya_a < Csya+s
yxr

]

Lemma 2.2.3 (Breiman’s lemma). Let X and Y be two independent positive random
variables such that X € RV_,. If there exist € > 0 such that E(Y*"¢) < oo, then

P(XY > z)

— E(Y” — 00.
PX > 1) (YY), as x = o0

Proof. The proof is borrowed from [7]. Define

PyX >z) L)
PX>z) 7ty

G.(y) =

where we used Representation theorem for the second equality. Since ¢ € SV, for any

y >0, lir+n G.:(y) = y* (i.e. G,(y) converges pointwise to y* when z — o). Note that
T—>+00

G.(y) = I;(EJ;((;S) < (1Vy)*te (see Lemma 2.2.2).

Now, we will show that 1ir+n E(G.(Y)) = E(Y®). We denote by Fy the distribution
T—r—+00
function of Y. Then

(z
Jim E(G,(Y)) = lim g Goly)Ey(dy) = lim s y"‘%Fy(dy)
= [t Etan) = [ R = 5o

The interchange of the limit with the integral is justified by the dominated convergence
theorem (see Theorem A.1.5) using the bound obtained above for G,(y) and the fact
that E[(l V Y)OH_E] = E(Ya+61{y>1}) + E(l{ygl}) < 00. ]

Lemma 2.2.4. Let X and Y be independent nonnegative random variables such that

o P(X >ux)=ua"*L(x), for some a > 0;
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. P(X+Y >2x)
lim
z—+00 P(X > 33)

= 1. (2.2)

Proof. We use the argument of [12]. Let ¢ € (0, 1) be arbitrary. Then

limsa PX+Y >z) lim su PX+Y>zY>ex)+ P(X+Y >zY <ex)
o T P(X > 1) e P(X > )
, P(Y >ex)+ P(X +ex > )
<1
= oy P(X > z)
, PlY >¢ex)+ P(X >z(l —¢))
=1
P P(X > 7)
< lmay PO >E) PX >22) | P(X > 2(1=2))
= P P(X > er) P(X > 1) | aie P(X > a)
— 0 e (1) =(1—e)

Taking ¢ — 0, we conclude that

lim lim sup PX+Y > 1)

<1 2.3

For the other inequality, we note that since Y is nonnegative, we have
P(X+Y >z)>P(X >x)

Hence

.. PX+Y>z) . . PX>2x)

1 f >1 f ————=1. 2.4

ioie  P(X >1) = aoiee P(X > a) (2.4)
Relation (2.2) follows from (2.3) and (2.4). O

2.3 Vague convergence

In this section, we review the concept of vague convergence, which is used for giving an

alternative definition of regular variation.

Definition 2.3.1. Let E be a LCCB space (i.e a locally compact space with a countable
basis), and € its Borel o-field. We say that a measure pn on (E,E) is Radon if u(A) < oo
for any compact set A C E. We denote by M, (FE) the set of Radon measures on E.
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Definition 2.3.2. Let E be a LCCB space and & its Borel o-field. Let {ji,}nen be a
sequence of Radon measures defined on (E,E). We say that { i, }neny converges vaguely

to w if for any continuous function f : E — [0,+00) with compact support
/f(a:)l/n(d:c) > / f(z)v(dx), as n — oc.
Q Q

In this case we write i, — f1.

Remark 2.3.3. We have y,, — p if and only if u1,,(B) = u(B) for any relatively compact
set in B such that u(0B) = 0 (see [6]). Here 0B = B N B°, where B is the closure of B
and B° is the interior of B.

The main result of this section is the following equivalence between the concept of

regular variation and vague convergence (cf. Theorem 3.6 of [10]).

Theorem 2.3.4. Suppose that X is a nonnegative random wvariable with distribution
function F(x). Set F(x) =1 — F(x). The following statements are equivalent:

(i) There exists o > 0 such that X € RV_,.
(ii) There exists « > 0 and a sequence {a,} with a,, — 0o such that

lim nF(a,r) =2"%z > 0. (2.5)

n—-+o00

(11i) There exists a« > 0 and a sequence {a,} with a,, — oo such that

) i= 1 (2 € ) 5 () in M((0,]),

Qn

where v, ((xz,00]) = 2= for all x > 0. Here M, ((0,00]) is the space of Radon

measures on (0,00].

In order to prove Theorem 2.3.4, we consider first the following lemma (cf. Proposition

2.3 of [10]):

Lemma 2.3.5. (i) A measurable function U : (0,00) — (0,00) is regularly varying
(with index o € R) if and only if there exists a function h : (0,00) — (0,00) such
that

xETOO 00 = h(z), for any x > 0. (2.6)

In this case, h(x) = x%, for all z > 0.
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(i) A monotone function U : (0,00) — (0,00) is reqularly varying if and only if there

exist two sequences {a,} and {\,} such that

n

a, — oo and — 1, as n — oo,

n+1

and for all x > 0,

lim A\, U(a,x) =: x(x) exists, is positive and definite. (2.7)

n—oo

Then U € RV, for some a € R and x(z) = x(1)z* for all x > 0.
Proof. We only need to prove that (2.6) implies that U € RV'.

(i) The function h is measurable since it is a limit of a family of measurable functions.
Then for x > 0 and y > 0,

. Ultey) Utzy) U(tz)\
tBHloo U(t) B tilinoo < U(tx) ' U(l’) > = h(@/)h(%)

Therefore, h(xy) = h(x)h(y) for all x,y > 0. By a well-known criterion, it follows
that h(z) = z* for some a € R.

(ii) We assume that U is non-decreasing. (The case when U is non-increasing is similar.)

Since a,, — 00, for each ¢ there exists a finite n(t) defined by:
n(t) = inf{n : a,41 > t}
so that, anu) <t < ap41. Therefore, by monotonicity of U, for any x > 0
An AU (i ) tx _ An An Ula, T
S ( A:(); 1) (/\n(t)(i)lU( (a:;i)-i-)l)> = th%% =0 (An(t()i) < (;3:;)(]( (aiz;l )) '

: Utz T .
Hence tlggo U(ft)) =1- % = h(z). By part (i),U € RV, for some a € R.

Proof of Theorem 2.3.4. We follow the lines of the proof of Theorem 3.6 of [10].

(1) = (i) We choose a sequence {a,} with a,, — oo such that nP(X > a,) — 1, e.g. a, =
F~1(1—1). Then

P(X > a,
lim nP(X > a,z) = lim (ﬁ

n—-4o0o n—+400

-nP(X > an)>

= lim (F(an:r) -nP(X > an)) =z “-1=a"
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(i) = (i) We use Lemma 2.3.5 (ii) with U(z) = F(z) and \,, = n. We know that lirf nF (a,z)
n—-+0oo
= 27 := (). It follows that F(z) € RV_,.

(17) = (i1i) Let f:(0,00] — [0,00) be a continuous function with compact support. We want
to show that

) = |1 ()] = [ s |3 e o] 5 i)

Since f has compact support, the support of f is contained in (d, oo] for some ¢ > 0.
By (2.5), we know that

67

o, ((x,00]) = 7% = y,(x, 00|, for all z > 0.

On the set (d, 0], we consider the probability measures:

Po() = #(go] and P() = YU

Then for y € (4, 00)

P ((y,0]) = P ((y,0]) = 5=

Therefore, P, ((9,y]) — P ((6,y]) for any y € (6, 00). By Theorem A.1.7 (Appendix
A), {P,} converges weakly to P. Since f is bounded and continuous on (4, oo, this
implies that P,(f) — P(f); that is,

pn (f) Va(f)

in((6,00]) oo

Since puin, ((0, 00]) — 0~%, this implies that u,(f) — va(f). We conclude that (i, )n>1

converges vaguely to v,.

(4ii) = (i) Since pi,, — V4, then by Remark 2.3.3, we have yu,((x, 00]) — va((z, 00]) = 27, for
all z > 0, since (z, o] is relatively compact set and v, (9(x, 00]) = v, ({z}) = 0. This
shows that (2.7) holds for A\, = n, U = F and x(z) = 2% since nF(a,z) =
nP (% € (z, oo])) = jin((z,00]). By Lemma 2.3.5 (ii), it follows that F' € RV_,,.

O



Chapter 3

Multivariate regular variation

In this chapter, we review the concept of multivariate regular variation for random vectors

with values in Ri and we discuss its properties.

3.1 Multivariate regular variation of real valued func-

tions

In this section, we introduce the concept of multivariate regular variation.

3.1.1 Multivariate regularly varying functions
Definition 3.1.1. Let h : RY — (0,00) be a measurable function. We say that h is
multivariate regularly varying with limit function \ # 0 if for any x € R¢

h(tx)

Ay

A ) =)
where 1 = (1,1,---,1) € R%,
The next result gives a criterion for checking that a function is multivariate regularly
varying.
Lemma 3.1.2. (i) If h is multivariate reqularly varying with limit function X\, then
there exists a function V € RV, such that

h(tx
tlg-noo % = \(x), for all x € R%. (3.1)

In this case, V(t) = h(t1) and A\(sx) = s?A(x) for any s > 0 and x € R?.

12



Multivariate regular variation 13

(it) If there exists a function V € RV, for some p € R such that (3.1) holds, then h is

multivariate reqularly varying with limit function X' = ¢\ where ¢ = ﬁ

Proof. We follow the argument on page 167 of [10].

(i) If h is multivariate regularly varying with limit function A, then (3.1) holds with
V(t) = h(t1). We need to prove that V € RV, for some p € R.
Fix x € R%. Define U : (0,00) by U(t) = h(tx). For any s > 0, we have
Ults) . h(tsx) . h(tsx) h(tl)  A(sx)

e U(t)  toise h(tx) i R(f1)  h(tx)  A(x) (3:2)

By Lemma 2.3.5 (i), it follows that U € RV, for some p(x) € R, and

A
)\((LX)) = s"®_ for all s > 0. (3.3)
x
We have,
h(tsy)/h(tsl) Aly)
SO — g PESY) o hesx/an)  R(ESX) X0 0 _ e
totoo h(ty) — t—too BUW/AEL) - p(px) A

h(tx) /h(t1)

X
\J

and hence p(x) = p(y). Relation (3.3) implies that

A(sx) = s”A(x) for any s > 0, x € R,

(ii) To prove the other implication, suppose that (3.1) holds for some function V' € RV,
with p € R. Then for any x € R?,
h(tx) h(tx) V(t)  Ax)

Jm e T AR Te ey o) o )

This shows that h is multivariate regularly varying with limit function \'.

3.1.2 The polar coordinate transformation

We recall that a norm on R? is a mapping ||| : R — [0, 00) which satisfies the following

properties:

1. ||x|| > 0 for all x € R and ||x|| = 0 if and only if x = 0;
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2. [|ex|| = |c|||x]| for all x € R? and ¢ € R;
3. For all x,y € R? we have ||x +y| < ||x|| + ||yl
Examples of norms on R? are:

i) The Euclidean norm:

ii) The L,-norm:
d
nﬂ=<§]mﬁ,mumpzo
i=1

iii) The maximum norm:

IIx|| = max{|z1],...,|zq|}
Given a chosen norm || - ||, the unit sphere on R? is defined by
N, ={xeR: x| =1}.

Definition 3.1.3. The polar coordinate transformation T : R4\ {0} — (0,00) x N,
is defined by:

760 = (Il 755 ) = ()

This has an inverse transformation 77! : (0,00) x X, — R?\ {0} given by

T Yr,a) = ra.

3.2 Multivariate regular variation of random vectors

Recall that the distribution function of a d-dimensional random vector X = (X1, -+, X)
is defined by F(x) = P(X < x) for any x € R%. Here we use the lexicographic order in
R% if x = (21, -+ ,2q) and y = (y1, -+ ,yq) then x <y if z; <y foralli=1,---  d.

Definition 3.2.1. Let X be a d-dimensional random vector that takes values in [0, 00)%.

Suppose that the distribution of X is F. We say that X is multivariate regularly
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varying if there exist a sequence {a,} with a, — oo and a Radon measure v on Ey, =
[0, 00]¢\ {0} such that

nF(a,) = nP (5 e ) ®y y in M, (Ey). (3.4)

Qn

Here M (E..) is the space of Radon measures on Eo,. In this case, we say that v is the

limit measure of X and {a,}, is the normalizing sequence.
Remark 3.2.2. Let GG be a distribution function on Ri defined by
—v([0,x]¢ d
G(x) = e (09 4 c RY.

In this case, we say that v is the exponent measure of G. The meaning of this construction
will be explained in Proposition 4.2.14.

We include below several technical results which we will need for the proofs.
Lemma 3.2.3 (Lemma 6.1 of [10]). Let p, € M (Ew) for alln > 0. Then
Hn i> Ko in M+(Eoo)

if and only iof
#in((0,%]%) = 0 ([0, x]%)
for all x € [0,00)%\ {0}, which are continuity points of the limit uy([0, -°).

Proposition 3.2.4 (Proposition 5.5 of [10]). Let Ey and Ey be LCCB spaces. Let K(E;)
be the class of compact subsets of E;, for i = 1,2. Suppose that T : E; — Es is a

continuous function such that
T HKy) € K(Ey) for all Ky € K(Ey).
If pn = 1o in My (1), then
T(ptn) = 0 T™ 5 pig 0 T71 = T (o)
in My (E,).
We recall that v, is the measure on (0, 00| (see Theorem 2.3.4) given by
Vo ((z,00]) = 27 for any = € (0,00) and v,({oo}) = 0.

The next theorem provides the equivalence between the multivariate regular variation
of F', the vague convergence and the polar transformation. In this result, || - || denotes

an arbitrary norm on RY.
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Theorem 3.2.5 (Theorem 6.1 of [10]). Suppose that X is a nonnegative d-dimensional

random vector with distribution function F. The following statements are equivalent:
(i) There exists a Radon measure v' on E with v'([0,1]¢) = 1 such that

L-F(x) . PFelox) o
T re T M e, (0

for all points x € E, which are continuity points of the function v([0,-]°).

(ii) There ezist a function a(-) with lim a(t) = oo and a Radon measure v on E,

t—+o0
such that in M, (E),

X v
tP|{——¢€-| =>v, ast = 0.
(@ =)

(i1i) There ezist a sequence {a,} with a, — oo and a Radon measure v on Ey, such that
in M+ (Eoo>7

X v
nP (— € ) — v, asn — oo. (3.5)
Qn

(iv) There exist a probability measure S(-) on R, (the unit sphere on R Jand a function
a(-) with tligrn a(t) = oo such that for (R, 0) = (||X]|, ﬁ), we have
—+00

tP K%,@) € } L ocvy x S

in M1 ((0,00] x R,) for some ¢ > 0.

v) There exist a probability measure S(-) on N, and a sequence {a,} with a, — 00
p Y + q

such that for (R, ) = (|| X]|, ”—§H), we have

nP KE,@) € } 5oy x S (3.6)

n

in M, ((0,00] x Xy) for some ¢ > 0.

Remark 3.2.6. Note that (7) is equivalent to saying that the function h(x) = 1—F(x) =
P(X € [0,x]°) is multivariate regularly varying with limit function \(x) = v/(]0, x]°).
The measure S given by (iv) is called the angular measure of X. We will show that the

measures v and S are related via the relationship:

voT ' =cy, x S on (0,00) X Ny. (3.7)
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When either one of the conditions (i) — (v) of Theorem 3.2.5 holds, X is multivariate

regularly varying.
Proof of Theorem 3.2.5. We follow the lines of the proof of Theorem 6.1 of [10].

(i) = (i4) We know from (i) that F(x) = 1 — F(x) is multivariate regularly varying with limit
function A(z) = v([0,x]¢). We denote U(t) = F(t1). Using the same argument as
in the proof of Lemma 3.1.2 (see (3.2) and (3.3) with x=1) we obtain:

. Ul(ts)
N0

—

This proves that U is RV with index a. We define a(t) such that

t——+00

F(a(t)1) ~ % as t — oo, ie. lim tP (% € [0, l]c) = 1.

From Lemma 3.2.3 we know, j; — pu in M, (Ey) if and only if 1,([0,x]¢) —

w1([0,x]¢). Let py(-) =tP (% € ) and pu(-) = v(-). For any x fixed,we have

pP(X c tP (2% € [0,x]°
lim ()t( € [0,x]') =v([0,x]°) and hence lim < v ) = v([0,x]).
t—+o0 P (7 € [0, 1]0) t=+oo 4 p (% € o, 1]0)

We know that 1tlim tP <% € [0, 1]C> = 1. Hence,

—+o00 )

lim tP (i € [O,X]C> =v(]0,x]°) ie lim pu(]0,x]°) = u([0,x]°).

t— 400 a(t) t——+o0

Therefore, we have p; — p. We conclude that
X v
tP[—E‘] — v, as t — oo.
a(t)

(74) = (i73) This proof is obvious. Replace t by n.

117) = (7) It can be shown that there exists a function a(t) € RV, such that a(n) = a,,. For
/
any a continuity point x of v([0, -|¢), we have by Lemma 3.2.3 that

nP (5 e [0,x]c> — ([0, x]°).

Qn
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Let V(t) = a%(t), where a!(t) is the generalized inverse of the function a defined
by
a~'(s) = inf{t > 0;a(t) > s}.

1

The function a™ is also regularly varying, and so is the function U. For any ¢,

there exists an integer n(t) such that
Qn(t) <t< An(t)+1,

and so

a1 (H)P (% e [O,X]C) < a(a(n(t) + 1)) P (

~ 0P (o € 0)

— v([0,x]°) as t — oo.

P(Xef0,x]°)

V(t) v([0,x]°). Similarly,

Hence lim sup
t—+o00

op(Feloxr) = o)

— v([0,x]°) as t — o0,

.. P(ZXepxpe c
and hence ll}g Jrlé’lof % > v([0,x]¢). Therefore,
. P(Eelox)) .
tlnﬁlo 70 = ([0, x]°) =: A(x).

Since V/(t) is regularly varying, by Lemma 3.1.2 we can say that F(x) = P (X e0,x]9)is

multivariate regularly varying with limit function X' = cg\, where ¢ = X0 =
1
PEGR Therefore,

F(tx) Y P [

X
t
im = = lim
t=+oo F(t1)  t—too P [% e [o, 1H

where v/([0,x]) = N (x) = coA(x) = ¢ov([0, x]°).
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(171) = (v) We assume that (3.5) holds in M (E). We will prove that (3.6) holds in M, ((0, co) x
N, ). For the extension to M (E) and M, ((0, c0] x X;) we refer to pages 176-178

of [10]. Let pu, =nPo (%) and u(-) = v(-). Then

pn(A) = n <p ° (%) _1> (A) = nP (f—n € A) .

We apply Proposition 3.2.4 with E; = (0,00)?\ {0}, E; = (0,00) x X, and T :
[E; — E5 the polar coordinate transformation. We conclude that

pno TP o T in By,
Note that, (p,oT 1)(A) = nP (T (%) € A). It remains to prove that (3.7) holds.
We have shown that (i7i) implies (7). This means that

P (X el0,x])

t
1m
t=+o0 P(% €[0,1]°)

= v'([0,x]).

Hence F(z) = P(X € [0,x]°) is multivariate regularly varying with limit func-
tion A\(x) = v/ (]0,x]°). We have seen that v ([0,x]°) = 12/ ([0, x]°), where ¢; =
v ([0,1]¢). By Lemma 3.1.2 we know

A(sx) = s~ *A\(x), ie.
v ([0, sx]%) = s v ([0,x]%) for any x € (0,00)% and s > 0.
More generally, it can be proved that, for any set A of the form [0, x]° we have
v(sA) = s *v(A) for any s > 0. (3.8)

For any set A C N, and ¢ > 0, we consider the following “pizza slice shaped”:

Aps = {x € (0,00)% ||x|| > ¢, ﬁ € A,
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We now verify the equality of measures given by (3.7) for sets of the form (¢, c0) x A:
(v oT7h) ((t,00) x A) = v{x; T(x) € (t,00) x A}

- vt (|l ﬁ) & (t,00) x A}

= v{x;||x|| > t, || H € A}
X x/t
=v{t-— H | > €A}
H I/t
= v{ty; uyu > 1, ﬁ € A}
=t"v{y; |yl > 1, H ” € A}, using (3.8)

=: (cvq x 5) ((t,00) X A),
where we define
S() = 2ty vl > L rlp € A)) and e =u({y:lyl > 1)) (39
The proof is complete since using the previous relation, it can be proved that
(voT 1) (A) = (cvy x S)(A) for any set A C (0,00) x V.
(v) = (i73) The proof is very similar to (iii) = (v).
(iv) = (v) The proof is similar to (i) = (¢i7). We omit the details.
O

In the proof of Theorem 3.2.5 we represented the angular measure S in terms of
the limiting measure v. Conversely, the limiting measure v in the definition of regular

variation has the following representation in terms of the angular measure S.

Proposition 3.2.7 (Proposition 6.4 of [10]). Let T be the polar coordinate transformation
and v be a Radon measure on E, such that (3.7) holds with v, = ((z,00]) = 2=, for

all z > 0, and S a probability measure on N,. Then for any x € [0,00)?\ {0}, we have:

d

0([0,x]°) = c/N+ \/1 (3)  S(da), (3.10)

d

where \/ y; = max y;.
i=1 ’l<d
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Proof. We follow the lines of the proof of Proposition 6.4 of [10]. We have

T([0,x]°) = T({y € [0,00)*\ {0};y; > x; for some i = 1,--- ,d})

={(r,a) € (0,00) x Xy ;ra; > x; for some i =1,--- ,d}
={(r,a) € (0,00) x Ry;r > i for some i = 1,---,d}
@i
a
= 0 Ny = 3.11
{(r,a) € (0,00) x +,r>i_/\1ai}, (3.11)
d
where A y; = lriliild y;. Since T is bijective, using (3.11), we have
i=1 <i<
v([0,x]%) = (v o T71)(T([0,]))
d
= (o T™){(r.a) € (0,00) x Rijr > A =}
i=1 %
a
= a ) ) Ny —
(cvo x S){(r,a) € (0,00) x N, r>i/:\1ai}
= c/ / . Val(dr)| S(da)
N | Jir> A g
d . -«
= c/ A J) S(da)
Ry \i_y @i
N
=c = S(da),
[V ) s
where we used (3.7) for the third equality above. O

In the next lemma we connect the conditional and the tail probabilities to the limiting

measure v.

Lemma 3.2.8. Let X = (X3, X3) be a bivariate regularly varying random variable on
R2 of index o and {a,}, a sequence with a,, — 0o such that nP(X; > a,) — 1. Then

@)

lim P(Xy > ap22| Xy > apa1) = 2{v((z1,00) X (22, 00)). (3.12)

n—-+o0o

b)

lim P({Xl > anzz:l} U {X2 > CLnLEQ})

ntoo P(X, > ayz) = 27v((0,x]%). (3.13)
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Proof.  a) We have:
P({X1 > anz1} N {Xs > a,1,})

Jdim (X2 > ap22| X1 > ay21) e P(X; > a,z)
nP (2.2 € (1,00) x (12,00)
= lim —
n——4oo nP <% > $1>

= afv((z1,00) X (22,00)).

b) Similarly to part a), w have:

P({Xl > Clnllfl} U {X2 > anl’g}) npP ({% > 1’1} U {f_j > ZL‘Q})

lim = lim

n— oo P(Xy > apz) n—+oo nP (& > x1>
np ((£,%) € [0,x)
= lim -
n——+oo nP (% > .T1>

= 27v([0,x]%).

3.3 Multivariate regular variation: Examples

In this section, we examine several examples of multivariate regularly varying random

vectors.

3.3.1 Independence

Proposition 3.3.1. Let X = (Xy,---,Xy) be a non-negative random vector where
(X;)j=1,..a are independent and identically distributed random variables. We choose (ay),,
such that lim nP(X; > a,) =1, e.q.
n——+00
. 1
a, = inf{x > 0; Fi(z) > 1— —},
n

where Fy(x) = P(X; < z). Then

(1) X is multivariate reqularly varying and (3.5) holds with the measure v given by

d
v(dry,- - drg) =Y Go(day) X -+ X va(day) X -+ X do(dg),
=1
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where &y denotes the Dirac measure at 0: §o(A) = 1 4(0).

d
(11) If we let R = ||X]| and © = ”))é—” then (3.6) holds with c = d and S =Y %6,,, with
—1

(2

e;=(0,---,1,---,0), where d., denotes the Dirac measure at e;: 0.,(A) = L a(e;).

Proof. (i) By Theorem 3.2.5 and Lemma 3.2.3 it suffices to show that for any x € E,

nP (5 e [O,X]C> = ([0, x]°).

Qn

d
Note that for the measure given by (i), v([0,x]) = >_ x;~°.

i=1
Using the inclusion-exclusion principle we have

a
n i=1

d
= ZnP(Xi > apx;) — Z nP(X; > a,x;, X; > a,x;)
i—1

i 1<i<j<d
+ Z nP(Xi > a,vi, Xj > anxj, Xip > apay) + -+
1<i<j<k<d

+ (—1)d+1nP(X1 > Ay, 5 Xg > Aplq)-

Except the first term, all the terms above converge to 0 as n — oo. To see this,
we examine the second term (the other terms are similar). Using the independence
between X; and X; we have

lim nP(X; > ayx;, X; > apz;) = lm nP(X; > ayz;)P(X; > a,z;)

n—-+o0o n—-+o0o

1
= lim nP(X; > ayx;)nP(X; > apx;) - —
n

n—-+0o

= ZL'Z'_a . [Ej_a . 0

=0.
For the first term we have
d d
lim n P(X; > apz;) = lim nP(X; > a,x;)
n—+oo - n—r—+0o

i=1 =1

d
= E xi_a.
i=1



Multivariate regular variation 24

Here we used the fact that X; € RV_, and nP(X; > a,) — 1 implies that
nP(X, > a,x) — x~°.

(ii) In the proof of Theorem 3.2.5 (the part (iii) = (v)), we showed that for any
A C N,

1 y
S(A) = —v(ly € Exi flyll > 1, Ty A}),

where ¢ = v({y € Ew; |ly|| > 1}). In our case, we have shown in part (i) that the

measure v concentrates on the axes Aq, Ao, -+, Ay of Eo, where

A; = {te;;t > 0} is the i-th axis.

Hence,
1
S(A) = - > vlfy € Ews llyll > 1. H}i_H e A} {te;;t > 0})
i=1
1 €;
= - v({te;;t>1, —— € A
. ; S e 1)
14
=- > v({teit > 1})1a(er).
i=1
Note that
v({te;t>1}) =v({(0,--- t,---,0);t > 1)})
=v({0} x---x(1,00) x --- x {0})
=1,((1,00)) =1"%=1.
d
Hence, S(A) = 13" 6.,(A). Finally, note that
i=1

c=v({y € Ex; [lyll > 1})
=v((l,00) x {0} x --- x{0})+---+v({0} x--- x (1,00))
= 1,((1,00)) 4+ -+« + v4((1,0))
14 +17%=4d.

d
Therefore, we proved that ¢ = d and S = Y 6., (A).
=1

)
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Figure 3.1: X and Y are independent Pareto with a = 2.

3.3.2 Full dependence

Proposition 3.3.2. Let X = (X1, -+, X1) be a non-negative random vector with X; €
RV_,. We choose (ay), such that liril nP(X1 > a,) = 1. Then,
n——+0oo

(i) X is multivariate reqularly varying and (3.5) holds for a measure v which concen-
trates on A = {t1;t > 0} = {(¢,--- ,t);t > 0} and is given by v({t1;t > x}) =

—Q

™ = vo((x,00]), for any x > 0.

(i1) If we let R = ||X]| and © = ﬁ then (8.6) holds with ¢ = (\/ig)_o‘ and S = 01/)1)-

-1
Proof. (i) Let f € Cx " (Ew) and pi,(-) = nPo (%) . It suffices to show that p,(f) —

v(f). To show this we note that
x\ !
Po | — d
o (%) ] (dx)

il f) = nFE [f (5)} =0 [ fla o)

7 /000 fla, - w)valde) = [ fly)v(dy) = v(f).

Eeo

(ii) By Theorem 3.2.5 we know that (3.6) holds with (.5, ¢) given by (3.9). By part (i),
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we know that and v concentrates on A = {t1;¢ > 0}. This means that

1
S(A) = —v({y € Exi llyll > 1, ﬁ e A} n{t1;t > 0})
1 11
=—v({tl;t > —, — € A})
c L[]

1 ! :
= —r({tLit > [N = (m)

= ()

where for the last equality above we used the fact that

1 1 1\ “
c=v({tl;t > m}) = ua((ﬁ,oo)) = (ﬁ) .

Therefore,we proved that ¢ = (\/%»J and S = Sy1(A).

3.3.3 Other models

To introduce other models, we proceed with the following Proposition.

Proposition 3.3.3. Let R be a non-negative random variable which is regqularly varying

with index oo > 0 and (an)n>1 a sequence of positive numbers such that
nP(R > a,x) — x~%, Yo > 0.

Let © be an arbitrary random variable on N, with distribution S such that © s inde-
pendent of R. Then the random vector X = RO is multivariate reqularly varying with

limit measure v given by (3.10) with ¢ = 1.

Proof. We apply Theorem 3.2.5. Due to the independence between R and O, we have
R R v .
nPl|{—,0)e-|=nP|{—€c-|POEc:)—=v,xS()in M (Ey).
n a’n

O

We consider now an example of a multivariate regularly varying random vector on
R?. (The definition of the multivariate regular variation on R? is similar to R?, except

that we no longer have property (i) in Theorem 3.2.5.)
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Example 3.3.4 (Example 6.1 of [10]). Let X = (X, X3) be a random vector on R? with

a bivariate Cauchy density

1 _
flwy) =3 (1+ 2% +y*) %2, (2,y) € R

27
We denote by R = | X|| = v/X;? + X,? the Euclidean norm of X and we let © = T
Transforming to the polar coordinates,

r? =2 +y% 0= arctany/x,

we see that the density function of (R, ©) is

0 —rsind
fro(r,0) = f(rcosd,rsme)| o O

sinff rcos@

= f(rcosf,rsinf)r

|
— (] 4 2) 32
r(1+7r%) o

Therefore, © has a uniform distribution on [0,27] and the density of R is fr(r) =
r(1+41r%)73/2, Hence

P(R>r)= / v(1+0%) 3 2dv = (1+ ) Y2 ~ 7L asr — oo,

It follows that R is regularly varying with index @« = —1. In addition, R and © are
independent.

Next, we verify that relation (3.6) holds with a, = n. For any measurable sets
A C (0,00) and B C [0, 27|, we have

nP{(%,@) eAxB} =nP (£ € A)P(© € B)

=nP (£ € A)- L{B) (3.14)

2T

with ¢ being the Lebesgue measure. Note that

nP (% > x) = n/m r(1+ 733 dr = W — 2t =1v((1,00)), as n — oo.
(3.15)

In general, it can be proved that

nP (% € A) — 11 (A)
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for any measurable set A € (0,00). Using (3.14) and (3.15), we infer that

where S is the uniform distribution on [0, 27] and 14 ((z, 00]) = 2~ '. Hence, according to

the analogue of Theorem 3.2.5 for R?, X is multivariate regularly varying with limiting

measure v.

Y1

10 20 30 40

=20 -10 0

nP {(5,@) € } S xS,
n

-100 -50 (o] 50

X1

Figure 3.2: Bivariate Cauchy simulation.




Chapter 4

Extreme value theory

In this chapter, we introduce the basic elements of extreme value theory in the multi-

variate case, and we discuss the connections with multivariate regular variation.

4.1 Univariate extreme value theory

In this section, we review some known results from the univariate extreme value theory.

Definition 4.1.1. Let G be a distribution on R. We say that G is a univariate extreme
value (EV) distribution if there exist a sequence (X;);>1 of independent and identically

distributed random variables in R (with distribution F') and sequences (a,), C Ry and
(by)n C R such that

Mn - bn
_— i) Y, (4.1)
an
where Y is a random variable with distribution G and M, = maXX In this case, we

say that F' is in the mazxz-domain of attraction of G and we wrzte F € MaxD(G).

The distribution of the maximum M, is given by:
PM,<z)=P(X;<z,.... X, <z)=PX;<z)...P(X,<z)=F"(x). (4.2
The following technical lemma will be needed below.

Lemma 4.1.2 (Proposition 2.2 of [2]). Assume that U : Ry — R is a monotone function

which satisfies the following condition:

xginoo %;)U(x) = h(u), for any u >0, (4.3)

29
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for some function a : R, — R. Then there exists some v € R such that
h(u) = hy(u) := / vV v, for any u > 0. (4.4)
1

That is h(u) = % if v # 0 and ho(u) = In(u).

In the next theorem, we will need the distribution G, defined as follows:

e For v >0,
exp{—(1 +~z)~/"}, ifx> -1
G () = p{—(1 +~z)7/7} 5 (45)
0, otherwise
e For v <0,
exp{—(1+~z) '/}, ifzx< -1
6.y — { P00 70) L o
1, otherwise
e For v =0,
Go(z) = exp(—exp(—x)), for any z € R. (4.7)

Remark 4.1.3. Instead of (4.5),(4.6) or (4.7) we will use the following notation conven-
tion:
G (z) = exp{—(1 +y2) "7} if 1 + 2 > 0.

Definition 4.1.4. A distribution G on R is called mazx-stable if for any positive integer
k, there exist oy € Ry and B € R such that

G*(x) = G(ogx + Bi), for all z € R. (4.8)
Lemma 4.1.5. For any v € R, G, is a maz-stable distribution.

Proof. We need to show that G, satisfies relation (4.8) for some o, € Ry and f; € R,
for any positive integer k. We consider only the case v > 0. (The case 7 < 0 is similar.)
We need to find oy, and ) such that

G¥(x) = Gy (o + By), for all z € R.

Consider the values z € R for which 1 + vz > 0 and 1 + v(agx + ) > 0. Using the

formula of G, the previous equation becomes

exp{—k(1 +vz2) Y7} = exp{—(1 + v(arz + B)) "},
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or equivalently
(1 +yz) = 1+ (e + Br), Le

v+ 1 =~yopkx + k(1 + vf6y).

Hence, by equalizing the coefficients we get :

- _
ar=k77 and 6k:k 1.

We now consider the case v = 0. In this case Gy(x) = exp(—exp(—x)). As in the

previous case, we have to find ay and Sy such that
GE(x) = Go(apr + B), for all z € R.

Using the formula of G this equation becomes

exp(—k exp(—r)) = exp(— exp(—arr — fi)),

or equivalently
kexp(—z) = exp(—agx — B), i.e.
x — log(k) = apx + Bk

Hence, by equalizing the coefficients we get :
ar =1 and B = —log(k).

Therefore, there exist a, € Ry and [ € R such that for any positive integer k relation
(4.8) holds. O

The following result will be proved in a more general form in Section 4.2 in the
multivariate case (see Theorem 4.2.10 and Definition 4.2.7 of the concept of max-stable

distributions). We omit the proof in the univariate case.

Theorem 4.1.6. The class of univariate extreme value distributions coincides with the

class of maz-stable distributions.
A crucial step in the proof of Theorem 4.1.6 is based on the following two lemmas:

Lemma 4.1.7 (Convergence of Types Lemma, Proposition 0.2 page 4 of [9]). Let U and

V' be two non-degenerate distributions on R.
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a) Suppose that for each n > 1, F, is a distribution on R, a, € Ry, b, € Ry, € Ry, 3, €
R such that
F.(anz +b,) = U(x) (4.9)

for any continuity point x of U and
Fo(apx + p,) = V(z) (4.10)
for any continuity point x of V. Then o, /a, — A >0, (5, —b,)/a, = B € R and
V(z) = U(Axz + B) for all z € R. (4.11)

An equivalent formulation can be given in terms of random wvariables, as follows: if

(Xn)n>1 1S a sequence of random variables such that

Xn_bn
4 X,

an
where X has distribution U and

Xn_ n
—5i>y’
Qp

where Y has distribution V', then ay,/a, — A > 0,(8, — by)/a, — B € R and
X—-B

A
b) If a/an, — A > 0,(B, —bn)/an — B € R and (4.9) holds for any continuity point x
of U, then (4.10) holds for any continuity point x of V', with V' given by (4.11).

y 4

Lemma 4.1.8. Let F' be a distribution on R, (a,), C Ry and (b,), C R such that
F"(apx + b,) — G(x)

for any continuity point x of G, where G is a non-degenerate distribution. Then for any
integer k > 0, there exist ay, € Ry and 8, € R such that

. ap . bn - ﬁn
lim — =ag, lim
n—-+o0o Ank n—-+o0o Ank

Proof. We use the argument on page 9 of [9]. We apply the Convergence of Types Lemma
with F,, = F". For any k > 0 fixed, we have:

F™(appx 4 bpy) — G(x) =: U(x)

and
F™ (a2 + by) = {F™(apz + b)Y — GF(z) =: V(2).

The conclusion follows from Lemma 4.1.7. O
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The next theorem is the main result of this section (see, e.g, Theorem 2.1 of [2]).

Theorem 4.1.9. G is a univariate EV distribution if and only if G = G, for some
v e R.

Proof. a) We first show that if G is an EV distribution then G = G, for some v. We
follow the lines of the proof given on p. 46-48 of [2]. Since G is an EV distribution, there
exist a sequence (X;);>; of independent and identically distributed random variables
(with distribution F') and some sequences (a,), € R; and (b,), € R such that (4.1)
holds, where M, = maxX,;. We assume for simplicity that F' has density function

i<n
f. In particular, F' is continuous. Let F, be the distribution function of M,,. Thus

F,(z) = F"(z) (see (4.2) ) and F!(x) = nF"*(z)f(z). We denote Y,, = (M,, — b,)/a,.
Let z : R — R be a continuous bounded function. By Theorem A.1.8 (Appendix A),
we have:

El2(Ya)] = E[2(Y)].

Note that

E[z(Y,)] = E {z (M”a—;b”)l - /Rz (x ;nb”) dF, (1) = /Rz (‘” ;nb”> F!(z)dw

~ /R : (m ;nb”> Fol(2) f(2)da

We use the substitution F(z) =1 — %, ie. x=F"1 (1 — l) =: U(y). The Jacobian of

Y

this transformation is

N 1 Lot 1,
TEPEFE -1y )R

Note that F*1(z) = [F(U(y))]" ' = (1 — 1/y)" ! since F(U(y)) = F(F~Y(1 - 1/y)) =
1 —1/y. We obtain:

R o U(y)—%)( _1)”‘1 L1
Bl = =n [ o (U2 (1-0) )
B ° (U(y) — b, \""1
N G [
We now use the substitution y = n/v. We obtain:

E[2(Y,)] = /Onz (W) (1- %)”_1 dv.

dx
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Assume that b, = U(n), a, = a(n) for certain functions a : R, — R and U : R, — R,
where U satisfies (4.3). By Lemma 4.1.2, there exists some v € R such that h(u) = h,(u)
for all w > 0. Then taking u = 1/v in relation (4.3) we have

Un/v) =bo _ (1

lim —) , for any v > 0.
v

n—-+o0o an,

Since hr}rq (1 —v/n)"~! =e~¥ by the Dominated Convergence Theorem, it follows that
n—-+0oo

E[(Y)] = lim_E[«(Y,)] = /OOO 2 (hv (%)) e dv =: I.

To evaluate the integral I, we consider separately three cases:

(i) If v > 0, we use the substitution s = (v=7 — 1)/v. The inverse transformation is
v = (147s)"'/7. In this case,

I = /Oooz(v_v_1>e”dv:/_oo +(s) exp{—(1 + v5)"Y7) [-%(uys)—i—w ds

v 1/

= [ (G

o0

where G, is given by (4.5).

(ii) If v < 0, we use the same substitution s = (v~ — 1)/, but in this case

L= /000 ¢ (U_7 - 1> e”"dv = /_W 2(s) exp{—(1 +7s)"} —%(1 +ys) 7!

g 00

= [ =66

[e.9]

where G is given by (4.6).

(iii) Ify =0, then ho(u) = In(u) and ho (1) =In (£) = — In(v). We use the substitution

s = —In(v). The inverse transformation is v = e~*. We obtain:

I= / z(—1In(v))e dv = / 2(s)e™¢ (—e %)ds = / 2(s)dGyo(s),
0 S N
where G is given by (4.7).
b) Suppose now that G = G, for some v € R. By Lemma 4.1.5 we know that G, is a
max-stable distribution. Hence, by Theorem 4.1.6 G, is an EV distribution. [

f)/

ds
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Lemma 4.1.10. The class of EV distributions is a location-scale family i.e. if Y has
EV distribution G then

Y =p+oY
has also an EV distribution, for any u € R and o > 0.

Proof. Since Y has an EV distribution, there exist a sequence (X;);>; of independent
and identically distributed random variables and some sequences (a,), C Ry, (b,), C R
such that (4.1) holds, where M,, = m<aXXi. By Slutsky Theorem, it follows that

+maxg(z )—o :H‘F%ﬁﬂﬁ‘gy:y-

This means that
max;<,(0X;) — (ob, — pay,) 4 v

an
So there exist a sequence {ijz = 0X;,i > 1} of independent and identically distributed

random variables and sequences a, = ay, b, = b, — ua, such that

maxign X,L — bn i) }"/’,
dvn .

This proves that Y has an EV distribution. O]

Remark 4.1.11. Lemma 4.1.10 can be restated in terms of distributions as follows. If
G is an EV distribution then

é(:g)za(

is also an EV distribution, for any © € R and ¢ > 0. In particular, by Theorem 4.1.9, it

u), for any x € R
o

follows that the class of EV distributions coincides with the following class:

{éw(x)—G,Y (%) ;’VER,MER,O>O}.

Remark 4.1.12. The class of EV distributions essentially involves three types of extreme
value distributions which depend on the shape parameter . The sub-families defined
by v = 0, v > 0 and v < 0 correspond, respectively, to the Gumbel, Fréchet and

Weibull-type families, whose cumulative distribution functions are defined below.

e Fréchet distribution (y =a™! > 0)

Glr) = eXp{— (%)—a}7 if x> p | (4.12)
0, otherwise
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e Weibull-type distribution (y = —a™! < 0)

Ole) = exp {— (—%)%Y} , ifx<p (4.13)

, otherwise

e Gumbel distribution

G(z) = exp {— exp (_x — ,u)] , for all x € R. (4.14)

o
Remark 4.1.13. The regularly varying distributions have a close relation with extreme
value theory. Indeed, regularly varying distributions belong to the max-domain of attrac-

tion of the Fréchet distribution in a general multivariate case (see Proposition 4.2.13).

4.2 Multivariate extreme value theory

In this section, we introduce the class of multivariate extreme valued distributions and we
discuss some of their properties. We begin by introducing some notation. If a, b, x € R?
then we denote

ax+b = (a1z1 + by, ..., aqxq + bg)

and we let

1 1 1
— = (—,...,—) ita;#0Oforall j=1,...,d.
a a agq
If Xy,...,X, are random vectors in R? with X; = (X, ;)1<j<4, we denote by M,, = m<aXXi

the random vector defined by M,, = (M, ;)1<j<q With M,, ; = m<aXXZ-7j, forall j = 1,1.7.n. .d.

If (a,), and (b,), are sequences in R? with a, = (a,)i1<j<d and b, = (b, ;)1<j<d, We

M, -b, (Mn,j — bn,j>
an An,j 1<5<d

If x,y € R? then we write x <y if x; <y; forall j=1,...,d.

denote

Definition 4.2.1. Let G be a distribution on R?. We say that G is a multivariate
extreme value (MEV) distribution if there exist a sequence (X;);>1 of independent
and identically distributed random wvectors in R (with distribution F) and sequences
(an)n C RY and (by), C R such that
M, — b,
4y (4.15)

ap
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where Y is a random vector with distribution G and M,, = maXX In this case, we say
that F' is in the max-domain of attraction of G and we wmte F e MaxD(G).

Remark 4.2.2. Note that (4.15) can also be written as:
F'(a,x +b,) = G(x), (4.16)

where % denotes the weak convergence. To see this, note that (4.15) is equivalent to

P(M"—_bngx)%P(Ygx):G(x)

ap

for all continuity points x of GG, and

P (M < x) — P(M, < a,x +by)

= P (ﬁ{Xl <a,x+ bn}>

i=1

= []PXi<axx+b,)
i=1

= {P(X; <a,x+Db,)}"
= F"(a,x+b,).

The multivariate convergence in (4.15) implies the marginal convergence to a univari-

ate EV distribution. To proe this, we need the following lemma:

Lemma 4.2.3. Let (Y,)n>1 and Y be vectors in RY such that Y, = (Y ;)1<j<a and
Y = (V) ijea I Yn S Y then Y, ; 5 Y;, forall j=1,....d.

Proof. Fix j =1,...,d. Let f : R — R be continuous and bounded function. Consider
the function i : R — R defined by h(z1,...,24) = f(x;). Clearly, h is continuous and

bounded. Hence,

Elf(Ya)l = E[R(Y,)] = E[R(Y)] = E[f(Y;)].

O
Corollary 4.2.4. If (/.15) holds then
M. . —b .
W—b’wiﬁj, forallj=1,...d (4.17)
Qp,j

where Y; has distribution G, G; being the j-th marginal of G. This shows that if G
is MEV and F € MaxzD(G) then the j-th marginal of G is a EV distribution and
F; € MaxD(Gj), forallj=1,...,d.
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Proof. This is an immediate consequence of Lemma 4.2.3. O]

Remark 4.2.5. Note that (4.17) can be written as
Fj™(an g + bng) = Gj(w;) (4.18)

for any z; which is a continuity point of G;. (This follows by the same argument as in
Remark 4.2.2).

Remark 4.2.6. Since G is an extreme value distribution, G; is continuous. Therefore,
G is continuous. (A distribution in R? which has all marginal distributions continuous
is continuous). Hence, if G is a MEV distribution, relation (4.16) holds for all z € R%.

Now, we extend the univariate equivalence between max-stability and EV distribu-
tions given by Theorem
refThm 4.1.6 to the multivariate case. First, we introduce the definition of max-stable

distributions.

Definition 4.2.7. A distribution G on R? is called maz-stable if for any positive integer
k, there exist oy, € R and By, € R? such that

G*(x) = G(ayx + B), for all x € R%. (4.19)

Remark 4.2.8. Note that (4.19) is equivalent to saying that

a Y — By
maxyY,; =
i<k o,

(4.20)

where (Y;);>; are independent and identically distributed random vectors in R¢ with

distribution GG. To see this, we note that

P(maxY; < x) =P <ﬁ{Yi < x}> = {P(Yy1 < x)}F = GF(x)

i<k g
=1

and

P <Y;kﬁk < x) = P(Y < apx + ) = Glagx + Bi).

Remark 4.2.9. Relation (4.19) has an equivalent formulation which we explain below.
In (4.19), we let y = ayx + Bx. Then x = % (recall that all these operations are done

component-wise, i.e z; = yjojkﬁ forall j =1,...,d). So (4.19) becomes
sJ

G* (y ;kﬁk) = G(y), for all y € R% (4.21)



Extreme value theory 39

We denote oy’ = aik and (), = ;—i’“ Hence, (4.21) is equivalent to
G*(o'y + B) = G(y) for all y € R%
This coincides with relation (8.2) of [2].
The following theorem is the main result of this section (see page 255 of [2]).

Theorem 4.2.10. The class of multivariate extreme value distributions coincides with

the class of max-stable distribution.

Proof. We follow the lines of the proof of Proposition 5.9 in [9] (see also page 255 of [2]).
The proof is divided into two parts.

a) Suppose that G is a max-stable distribution i.e. (4.19) holds for any k£ > 0.
We have to prove that there exist some independent and identically distributed random
vectors (X;);>1 in R? (with distribution function F) and some sequences (a,), C R
and (b,), C R? such that (4.15) holds. We take F' = G, X; = Y;, where (Y;);>1

are independent and identically distributed random vectors with law G, a, = i and

b, = -2 (4.20) with k = n,
M, —b, maxic, Y;+ 2=
= = = q,maxyY; + O, 2y
a, 1/ay, i<n
Mn - bn
for any n. This clearly implies that —— 4y,
an

b) Suppose that G is a MEV distribution i.e. there exist a sequence (X;);>; of
independent and identically distributed random vectors and there exist some sequences
(an), € R% and (b,), C R? such that (4.15) holds, where M,, = maxX We have to
prove that GG is a max-stable distribution, i.e. for any £ > 0 there ex1st ar € ]Rd and
Br € R such that (4.19) holds. By Remark 4.2.9, it suffices to prove that (4.21) holds.

Recall that (4.15) implies the convergence in distribution of the marginals, i.e. relation
(4.17) holds for any j = 1,...,d. This means that relation (4.18) holds for any j =
1,...,d. By Lemma 4.1.8, for any k > 0, there exist a;; € Ry and 3 ; € R such that

. Ay . by — bk
lim —% =q;, lim ——"2 =4, . (4.22)
n—+oo Qnk,j n——+00 QAnk,j

and G¥(z) = Gj(ay;x + Bi;) for any = € R.
Let Y, be a random vector in R? with distribution G*, for any k > 0 fixed and
Y = Y,. By (4.16),
M, — b,
P <k— < x> = P(M,; <a,x+b,) ={F"(a,x+b,)}* = G*(z).

an
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This means that

In particular,

My ; — by ,
Mi)YkJ forany 7 =1,....d.
n,j

Note that for any & > 0 fixed, by (4.15), if we focus on the subsequence {nk},>1,
M, — brg d

LY ~G. (4.24)
Apk

We write
Mnk - bnk (Mnkz,j - bnk,j; 1 S j S d)

Apk Ank.j

_ (Mnk’j “hng ng g =Bk 5o d) '

The term on the left-hand side of the previous relation converges in distribution to Y
by (4.24). The term on the right-hand side converges to (ay;Yi; + Brj;1 < j < d) =
ar Y+ O due to (4.22) and (4.23), by a multivariate version of Slutsky’s theorem. Since

the limit has to be the same, we infer that

which means that the two random vectors have the same distribution. We obtain that

for any x € R?

Gx)=P(Y <x) = PlapYi+ 0 <x)

:_PG@SX_m):ﬁ<£1&>
(%3 Q.

This proves (4.21). We conclude that G is a max-stable distribution. [

Recall that in the univariate case, we proved that any EV distribution has to be of
the form G, (%) for some v € R,u € R and ¢ > 0 (see Remark 4.1.11). Since the
marginals of a MEV distribution are EV distributions (see Corollary 4.2.4), we obtain

the following result:

Theorem 4.2.11. Let G be a MEV distribution, and G; be its j-th marginal for j =
1,...,d. If G is given by

J

Gj(z;) = G, (xj ; ﬂj) for all x; € RY,
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for some v; € R, u; € R and 0; € Ry, then :
G e V) = pj + h.,(z;) for all z; € Ry, (4.26)
where h., is given by (4.4).

Proof. We consider only the case v; > 0. (The case 7; < 0 is similar.) We solve for z;
in the following equation:
e VE = Gy(x)). (4.27)

Using the formula of G; and assuming that 1 + ;==L > 0, this equation becomes:
J

N\ Y
e 1/z :exp{— <1+%‘x] uj) },
0j
or equivalently

1 o\ Y o s
__:_(1+fijj0-./1“]) ’ ie. ZjWle_i_fij]O-‘/'LJ.
J J

—;
Z; 1

Vi

Hence, z; = p; + o . Therefore, applying Gj_l to both sides of equation (4.27) we

get:
Gyl (e ¥) = 25 = pj + a;hoy (2). (4.28)

J

We now consider the case v; = 0. In this case,

G;(x;) = Gy (%) = exp{—exp (—LJ“J)}

J
As in the previous case, we solve for z; in the equation (4.27) which becomes :

e~z — exp {— exp (——l‘j — Mj) } ,
gj

1 L
— = exp (_:Uj ILL])
Zj 0

Hence —*2F = In(1) = —1In(z;), i.e 2; = p; + 0;1n(z;). Therefore, applying G, to
both sides of equation (4.27), we obtain again (4.28). O

or equivalently
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We consider the transformation 7T : R‘i — R‘i defined by

1 1
Tg(l‘l, ce ,{L‘d) = (—m, .. .,—m) . (429)

Note that T depends only on the marginals Gy, ..., Gy of G.
The next result shows how a multivariate distribution GG can be transformed to a

“standard” version (see page 256 of [2]).

Theorem 4.2.12. Let Y = (Y;)1<j<q be a random vector with distribution function G
and G; be the j-th marginal of G for j =1,...,d. Let G, be the distribution function of

the random wvector

1 1
Y. =TalY) = (‘bgGl(Yl)"""mgcd(m) |

Then

(a) The marginals of G, are Fréchet distributions with parameter o = 1, i.e. for any
j=1,....d

1 e
P (e <) = s e R
(b) For anyz = (z1,...,24) € RL,

G.(z) = G (GT (e V/™),...,G ' (e V™)) (4.30)

(¢c) For any x = (z1,...,24) € R,

1 1
G(x) = G, (—m,...,_m). (4.31)

Proof.  (a) The result follows by Lemma A.2.3 (Appendix A).

(b) Using the same calculations as in the proof of Lemma A.2.3, we see that

1
* = Pl—m<z.9=1.... = PY; < -1 —1/z ) =1,...
G (Z) ( 10gG](3/]) — Z]a] ) 7d> ( J — Gj (6 )7J ) 7d)

= G(GT(e7™),... .G (7).

(c) This is proved similarly to (b). We omit the details.
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The next result deals with a special case of the limiting distribution G, that occurs

in case of multivariate regularly varying vectors.

Proposition 4.2.13. Let (X;);>1 be a sequence of independent and identically distributed

multivariate reqularly varying random vectors in Ri of index o > 0 with limit measure
v. Then

1 w
—maxX; - Y ~ G (4.32)
A, i<n
where
G(x) = e %) for all x € RY. (4.33)

In particular, G is a MEV distribution and the marginal distributions of G are Fréchet
with index ., i.e.

Gi(z;) = e %" for all z; > 0,
where ¢; = v(Ry x ... x (1,00) x ... x Ry).

Proof. Recall that, by the definition of multivariate regular variation, nP(X; > a,x) —
v([0,x]°) for all x € RY (see Definition 3.2.1). Using the fact that

Xn .
<1+—)—>e"1fxn—>x,
n

we obtain that for any x € R,

lim P(maxX; < a,x) = lim P(X; < a,x)"
n—-+o00 i<n n—-+o00
— lim (1 _nP(X > anx))"
n—-+4o0o n
_ i)

To simplify the writing, we assume that d = 2. (The case of arbitrary d > 1 is similar.)
We denote by vy the first marginal of v. Since (X;);>1 are independent and identically
distributed we have for all z; > 0

Gl (wl) = mgli{}/i-loo G(xl, x2) = lei}’iloo eiV([va}c)
= e @00 xRy) — o=n((@1,00)) = p=21"11((100)) — gmeray”

where ¢; = 11((1,00)). Here we used the following scaling property of the measure v;:
v1(sA) = s v (A)

which is inherited from the scaling property (3.8) of the measure v. Similarly it can be
proved that Go(z) = e72%2" for all 15 > 0, where ¢y = 15((1,00)) and v, is the second

marginal of v. O]
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Remark 4.2.14. Propostion 4.2.13 shows that in the case of a sequence {X;};>; of
multivariate regularly varying random vectors, the exponent measure (given by Remark
3.2.2) of the limiting distribution G of the normalized maximum M,, = maxX; coincides

i<n

with the limit measure of Xj.

Remark 4.2.15. Let G be a distribution function on R, given by
Gx)=e", forallz >0
for some a > 0 and ¢ > 0. Then for all z > 0 and s > 0,
G(sz) =™ """ = (e ") " = [Ga)]" "

and hence
log G(sz) = s™*log G(z). (4.34)

The next result shows that if the random vector X is multivariate regularly varying
and lies in the max-domain of attraction of the vector Y with distribution G, then the

transformed vector T¢(X) is in the max-domain of attraction of Y, = T(Y).

Proposition 4.2.16. Let (X;);>1 be independent and identically distributed random vec-
tors on Ri such that Xy is multivariate reqularly varying with index o > 0, limiting
measure v and normalizing sequence {ay}n, i.e. (3.4) holds. Let G be the distribution
function given by (4.33). We assume that G is continuous and strictly increasing. We
define (X;)x = Ta(X;). Then

L onax(Xo). 5 Y. = To(Y) (4.35)

(I% i<n

where Y is a random vector on Ri with distribution G and Y, has distribution function

G. given by (4.30).
Proof. We denote X; = (X;1,...,X;q). By (4.31) and (4.32), we have

1 1
P (—maxXi’l <xp,...,—maxX; 4 < xd> = G(z1,...,2q)

Ay <n Ay <N

_ ¢ (_; _;)
"\ logGu(m) logGalwa) )

We denote z; = —m forallj =1,...,d. Hencez; = Gj_l(e_l/zf) forallj=1,...,d,

and the previous relation becomes:

1 1
P (—maXXi’l <Gyl e ™), —maxX; g < Gdl(el/zd)) — Gu(21,...,24) (4.36)

an, i<n Ay, i<n
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forall z = (z1,...,2q4) € Ri. We examine separately the event
1
{—maXXi’j < Gjl(el/zf)}
an, i<n
for any j = 1,...,d fixed. Note that aLm<axX,~7j < Gj_l(efl/zj) means that % <

Gj_l(e_l/ #) for all i < n, which is equivalent to

Xij . . .
G; ( ’J) <e V% foralli< n, i.e.

Qn

X 1
long( Z’J) < —— foralli<n.

a, Z;
Using (4.34) with 2 = X, ; and s = a,,*, this last relationship is equivalent to
1
aplogG(X; ;) < —— foralli <n,
Zj

which can be written also as

! ! < for all ¢ <
— |\ "7 Z; Tor all 7 n.
CL% IOg Gj (Xi,j) - -

This means that . |
< z;

o isn (_1ong(Xi,j)) -
To summarize, we have proved that for any 7 =1,...,d fixed,
1 1 1
il < (T2 N S
{an naxXig < G (€ J>} {G% = < log G; (Xi,j)) - z]} '

Taking the intersection of these d events, we obtain

1 1
{_maXXi’l < Gl_l(e_l/zl)a o, —maxX; g < G;1<€_1/Zd)}

Ay 1<n Ay <N
1 1 < 1 1 <
= ¢—max | ————— 21y, —max [ —————— z
agizn \ logGi(Xi)) =7 Tag s\ logGa(Xia) ) T 7
1
- = ) <
{a% max Te(X;) < z} : (4.37)
where the second equality is due to the fact that
maxW, := (maxW, ,,..., maxW; )
i<n i<n i<n

with W; = T(X;). Finally, from (4.36) and (4.37), we infer that

P (imax Te(X,) < z) — G.(2)

a% i<n

for all z € R%. This concludes the proof. O
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Remark 4.2.17. Let G be a distribution function on R% and G, be given by (4.30). Let
v,v be the exponent measures of G, G, respectively. (Recall the definition of exponent

measure given in Remark 3.2.2.) The link between v and v, is given by
v((—00,x]°) = —log G(x) = — log G.(z) = 1.([0,2]°), for all z € R%

where z; = —m forall j =1,...,d. We set

Vi(z) := —log G.(z) = ([0, z]°). (4.38)

While v contains information about marginals and the dependence structure of G, v,
is a “standard” version that contains information about the dependence structure only.
Hence, we can have two distributions G and G with different marginals and different

measures v and v, but with the same v,.

4.2.1 Measures of extreme dependence

Definition 4.2.18. Let G be a distribution function on R, G, be given by (4.30) and V,
be given by (4.38). Let v, be the exponent measure of G.. The stable tail dependence
function of G is defined by

() =V, (l i) ([0, (vn, o 1J0a))), forallv € R, (4.39)

Y )
U1 Vd

Remark 4.2.19. Using the scaling property of the measure v, v.(sA) = s7'v,(A), it
can be proved that:
l(sv) = sl(v) for all s € R,.

Lemma 4.2.20 (Equation (8.13) and (8.14) in [2]). Let G be a distribution function on
R? and G, be given by (4.30).

(a) The function { defined by (4.39) can be written in terms of G as follows:

((v) = —log GGy (e™™), ..., G (™)), for allv € RY. (4.40)

(b) Conversely, we can reconstruct a distribution G' from its marginal distributions G

and its stable tail dependence function € as follows:

—log G(x) = {(—1og G (x1), ..., —log Gy(z4)), for all x € RY.
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Proof.  (a) Using (4.30) and (4.38) we have

1 1 1 1
—log G(Gy e ™),...,G  (e7")) = —log G, (—, e —) =V (—, e —) ={(v).
U1 Vd (%1 Va
(b) Letting z; = —m for j =1,...,d, we obtain:
1
—log G(x) = —log G.(z) = Vi(z) = ¢ (;) = {(—log Gi(x1), ..., —log Ga(ra))-

O
We now consider several examples of stable tail dependence functions /.

Example 4.2.21. Let Y = (Y,...,Yy) where Y7,...,Y; are independent. Let G be the
distribution function of Y. Then G(x) = G1(z1) ... Ga(x4) where G, is the i-th marginal
distribution of G and hence —log G(x) = Z;l:l —log Gj(x;). We write this relation for

z; = G;'(e%). Using (4.40), we obtain:

((V)=v1+...+ v,

.....

Let G be the distribution function of Y = (Y7,Y3) and G; be the j-th marginal of G.
Then G1 = G2 and

G(x) = P(Y; < 21,Y) < a2) = P(Y; < @1 Awg) = Gi(z1 A wa) = Gi(21) A Gy(22).
Using (4.40), we get

(vr,v9) = —logG(Gy'(e), Gy (e™*2))
= —logG(G' (e ™), Gyl (e™™))
= —log{Gi(G7" (™)) AG1(GT ' (e7))}

= —log(e™™ Ae ™) =v; V.

Definition 4.2.23. Let G be a distribution function on R% and ¢ be the stable tail

dependence function. The Pickands dependence function is defined by

A(t) =01 —t,t), forallte|0,1]. (4.41)
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Lemma 4.2.24. We have the following relation between the Pickands dependence func-

tion A and the stable tail dependence function £:

V2

l(vy,v9) = (V1 +v9)A < > , for all vy, vy € ]Ri. (4.42)

U1—|—U2

Proof. Using (4.41) and Remark 4.2.19, we have

(0 +v2)A( 2 ) = (v +v2)e( ke 2 ) = ((v1, vn).

)
U1 + U2 V1 + V2 U1+ V2

Example 4.2.25. Let Y = (Y7, Y5), where Y1,Y; are independent. Then A(t) = 1.

Example 4.2.26. Let Y = (Y3,Y3), where Y) = Y5. Then A(t) =tV (1 —1).



Chapter 5

Exploratory data analysis

5.1 Univariate data

In this section we will focus on exploratory data analysis techniques such as quantile-
quantile and mean excess plots which provide a fair amount of information about the
tail of a distribution. These graphical tools are used to help us decide on a reasonable

model.

Definition 5.1.1. Let {X;};>1 be a sequence of independent random variables with dis-
tribution function F'. Arranging the sample in ascending order generates a new family
of observations, written as X1, < Xo, < --- < X, ,, called order statistics associated
with the original sample. In particular, the random variable X, denotes the i-th order

statistic.

5.1.1 Quantile-quantile plot

The quantile-quantile plot is an exploratory graphical tool used when trying to answer the
goodness of fit question: does a particular model provide a plausible fit to the distribution
of the random variable at hand?

The basic idea is to compare the theoretical quantiles with sample quantiles. If the data
indeed follow the assumed distribution, then the points on the quantile-quantile plot will

fall approximately on a straight line.

Example 5.1.2 (Exponential distribution). Let X be an exponential random variable
with distribution function F(z) = 1 — e **, XA > 0. The quantile function has the form

49
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Qx(p) = ’Tl log(1 — p), for p € (0,1). Using the observations, we estimate the unknown

quantile function ) by the empirical approximation Q,, defined by

N 7 —

Qn(p> = Xi,m for

<p<

7
n
In this section we will use p = p; ,, := #1 In an orthogonal coordinate system, the points

with values
(—log(1 = p), Qn(p)) = (—log(1 = pin), Xin) (5.1)

are plotted. Note that the parameter A can be considered as a nuisance parameter here
since its value is not our main focus at this moment. When a straight line pattern is
obtained, we can say that the exponential model provides a plausible fit for the given

population and the slope of a fitted line can be used as an estimate of %

In order to discuss quantile-quantile plot for Pareto distribution, we state the following

Lemma.

Lemma 5.1.3. Let X be the standard Pareto random variable with index oo > 0. Then
Y =log(X) follows an exponential distribution.

Proof. We know that F(r) = P(X > z) = 27 Then
P(Y >y)=P(log(X) >y) =P(X >e¥) =e .
Hence Y ~ Exp(a). O

Example 5.1.4 (Pareto distribution). Using Lemma 5.1.3 and (5.1) we can conclude

that the quantile-quantile plot coordinates for the Pareto distribution are of the form

(—log(1l — pin),log(Xin)).

Theorem 5.1.5. Let X be a Log-normal random variable with mean p and variance o2

then Y = log(X) follows a normal distribution.

Proof. We know that F'(z) = P(X <z) = @(M)_

(e

o o

PY <) = Pllog(X) <) = POC o) — 0 (P21 g (120,

Hence Y ~ N(u,c?). O
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Example 5.1.6 (Log-normal distribution). Using Theorem 5.1.5 and the fact that
d~1(p) is the quantile function of a normal random variable, it follows that the quantile-

quantile plot coordinates for the log-normal distribution are of the form

(@ (pin),log(Xin))-

Example 5.1.7 (Weibull distribution). Let X be a Weibull random variable with dis-
tribution function F(z) =1 —e*, A > 0 and 7 > 0. The quantile function has the

form
1 1/7
Qx(p) = (T log(1 —p)) , for p € (0,1).

Taking the logarithm of the quantile function we have

log(Q(p)) = ~log ( log(1 —p) ) = “log ( 1+ ) +  log(~ log(1 ~ )

) = —log [ — log(1 — =—log| - —log(—log(1 — p)).

gl(p —0g{ o p —o8{ Y — 108 g p

Hence, the quantile-quantile plot coordinates for the Weibull distribution are of the form

(log(—1log(1 — p)),log(Xin)).

5.1.2 Excess plot

In this section, we will introduce the concept of mean excess plot which is a graphical

tool often used to understand the right tail behaviour of an underlying distribution.

Theoretical mean excess function

Definition 5.1.8. Let X be a nonnegative random variable. The mean excess func-
tion of X is defined by

e(t) = E(X —t|X >t), forany t >0
assuming that F(X) < oo.

Example 5.1.9 (Exponential distribution). Let X be an exponential random variable
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with distribution function F(z) =1 —¢e ™ A > 0. Then
El(X —-t)l{X >t
o~ Bl —1x > 1)
P(X >1t)

[ (@ —t) f(x)dx
F(t)

= M {/ e Mdx — tﬁ(t)]
t

\ N —e M+ 1] .
A2 .

1 1 1
= XeM(OJre*“jLAte*A)—t:X+t—z&:X.

Hence, the mean excess function of an exponential random variable is e(t) = %
Example 5.1.10 (Pareto distribution). Let X be a Pareto random variable with distri-
bution function F(z) =1—2~*. Then for a > 1,

B ftoo vf(z)dr —tF(t)
‘0= 0

= t¢ {/ ax®dr — t_aH}
t

,jlj_a_H oo
= ata - t
{_O‘ + J t

e (o t—otl ; at . t
—a—+1 a—1 a—1

Hence, the mean excess function of a Pareto random variable is e(t) =

_t
a—1"

Example 5.1.11 (Log-normal distribution). Let X be a log-normal random variable
with distribution function F'(x) = @(%). Then

o(t) = = xf(:c_)d:c —tF(t) _ ftio al:O];Edex _:
F(t) (=)

g

where ®(u) = 1 — ®(u).
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First of all, we need to compute [, f(z)dx in order to obtain e(t),

o 1 o0 _ (oga—p?
zf(z)dr = e 27 dx
¢ ¢

o\ 2T
1

o y2
= e~ T oe’Vidy
oV 21 Jlost=u
o

et o 2
— e 2 +Uydy

V21 Jiosi-n

2
+2- oo
_ 6“ 2 / 67%(y70)2dy
1

V2 Jlegt—u
= e 2 e 2dz
log tf;tfa2 A/ 271'
2
_ e“+§5(10gt w—o )

o
It follows that,

5 q)(logt—u—UQ )

_ utS o o
6(t> = el —6(1%;_”)
In addition, we know that when ¢t — oo,
E(t)rv@:t L %

[

where f(t) ~ h(t) means that lim 2% = 1. Therefore,

t—+o00 (t)
a(logt—p—zﬂ) ¢(1ogt—u—a2> ¢(logt—y>
ey 7 () T (i)
(logt—g—GQ >2
e E logt — u
- logt—p 2 ' - 2
2 logt —p—o
_ elogt—u—é logt — M )
logt — pu — o2
We can conclude that,
e(t) ~ ot lost-u=5 1081 =),
logt — p — o2
logt —
_ o, logt-p
logt — pu — o2
o2

logt — pu— o2’
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Empirical mean excess function

In practice, the mean excess function e(t) is estimated by the empirical mean excess
function é,(t) defined by

¢ (t) _ %Z?:l Xi]l{Xz‘>t} ¢
" 7% Z?:l 1{X1>t} ,

(5.2)

where

{X;>t} — .
0, otherwise

The empirical mean excess function é, is often plotted at the values ¢ = X,,_, for
k=1,--- ,n—1, the (k+ 1)-largest observation. Hence, (5.2) becomes:

i Xl (xox, )

1 n
n Ziil ]l{Xi>Xn—k,n}

én(t) = én<Xn7k,n> = ank,n

1 n—1
; Zi:o Xn*i’n]l{Xn—i,n>Xn—k,n} o

= k ank,n
1 n—1
= 7 Z Xo—in(x, in>Xp_in}
i=0
=
= E Z Xn—i,n - Xn—k:,n‘
=0
The estimates of the mean excesses are given by
=
ek = én(Xn—kn) = Z Xo—in — Xpn—km, where k=1,...,n— 1. (5.3)

Il
o

Remark 5.1.12. Plots of empirical mean excess values ey, as introduced in (5.3) can

be constructed in two alternative ways: ey, versus k, or ey, versus X, .

The appropriate underlying distribution can therefore be selected by comparing the

shapes of the empirical and theoretical mean excess functions.

5.1.3 Tail index estimation

In this section, we will focus on the case where the underlying distribution is Pareto-
type with index o > 0. Historically, one of the most important statistical issues related
to distributions with regularly varying tail is the estimation of the tail index. We will

outline a few parameter estimation methods.
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Maximum likelihood estimator for Pareto

The maximum likelihood estimation is a method of estimating population characteristics
from a sample by choosing the values of the parameters that will maximize the probability

of getting the particular sample actually obtained from the population.

Definition 5.1.13. Let X4,..., X, be a random sample from the Pareto distribution

with density function
am®

flz;m,a) = s

Then the likelihood function L, has the following form:

nam®
L(m,a) = H —1> for 0 <m < min{z;},a > 0.
<
i=1

We know that m can be no larger than min{x;}. Therefore, it is clear to see that the
value of m that maximizes L is:

m = min{xz;}.

In order to find the maximum likelihood estimate for «, we take the logarithm of L. We
do this because it is easier to differentiate log L than L itself. Logarithms are bijective

functions, so the value of o that maximizes L also maximizes log L. We have

log L(m, ) = Zlog(

Hence, we obtain

) = nlog(a) + anlog(m) — (o + 1) Z log(z;).

d

@L(m a) = — + nlog(m Zlog ;).

Setting the derivative equal to zero, we get

~ n n
o = =

Yo log (%) >or log(z;) — nmin{z;}

To confirm that we are indeed maximizing L, we need to look at the second derivative.

d? n
@L(m a) = — 5 < 0.

The second derivative is negative, hence it is the maximum.
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Hill estimator

Definition 5.1.14. Let X be a regularly varying random variable and Y = log(X) be
the log-transformed variable. The mean excess value of Y is known as the Hill estimator

defined as follows
k

1
Hk,n = E ; 108; ani+1,n - 108; ank,n-
The Hill estimator is one of the most popular methods for estimating the tail index c.

Property 5.1.15. 1. The Hill estimator Hy, converges in probability to &y = 1/«
when n,k — oo and k/n — 0.

2. Under an additional condition, it can also be shown that Vk(Hy, — 1/a) —
N(0,1/a?), i.e., Hy,, is asymptotically normally distributed.

3. The confidence interval for 1/« based on the normal approzimation is :

(o 38) (- 57)

where 2,5 is the (p/2)th quantile of the standard normal distribution.

Remark 5.1.16. For every choice of k, we obtain another estimator for . We usually
plot the estimates Hy,, against k. However, these plots typically are far from being con-
stant, which makes it difficult to use the estimator in practice without further guideline

on how to choose the value k.

5.1.4 Simulations

Example 5.1.17 (Exponential case). We generate n = 100 observations from an expo-
nential distribution with A = 3.

Clearly the histogram (Figure 5.1) does not look symmetric, therefore we can conclude
that the underlying distribution of the data is not normal. Looking at the histogram of
the log-transformed data (Figure 5.2), we reach the same conclusions.

We now have to consider a heavier distribution. We construct two empirical excess plots.
Based on the two plots (Figure 5.3 and Figure 5.4), we can see that the mean excess
plot is constant. Hence, we can assume that the underlying distribution of the data is

exponential. To confirm our claim we construct the exponential qg-plot of the data.
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Figure 5.1: Histogram of X. (Example 5.1.17)

Histogram of log(x)

Frequency

log(x)

Figure 5.2: Histogram of log(X). (Example 5.1.17)

A straight line pattern is obtained (Figure 5.5), we can say that the exponential model
provides a plausible fit for the given data and the slope of a fitted line can be used as an

estimate of %

Example 5.1.18 (Pareto case). We generate n = 100 observations from a Pareto dis-
tribution with a = 2.
Clearly the histogram (Figure 5.6) does not look symmetric, therefore we can conclude

that the underlying distribution of the data is not normal. Looking at the histogram of
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Figure 5.3: Mean excess plot(1). (Example 5.1.17)
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Figure 5.4: Mean excess plot(2). (Example 5.1.17)

sort(x)
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—log@ — p)

Figure 5.5: Exponential quantile-quantile plot. (Example 5.1.17)

the log-transformed data (Figure 5.7), we reach the same conclusion.
We now have to consider a heavier distribution. We construct the empirical excess plot:
Based on the excess plot (Figure 5.8), we can see that the mean excess plot has a straight

line pattern. Hence, we can assume that the underlying distribution of the data is Pareto.
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Figure 5.6: Histogram of X. (Example 5.1.18)
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Figure 5.7: Histogram of log(X). (Example 5.1.18)

10 15 20 25 30 35

Figure 5.8: Mean excess plot of X. (Example 5.1.18)

To confirm our assumption we construct the Pareto qqg-plot of the data.

A straight line pattern is obtained (Figure 5.9), we can say that the Pareto model provides

a plausible fit for the given data.
constructing the Hill plot.

We will now, try to estimate the tail index « by
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log(sort(x))

o 1 2 3 a s

—log(1 — p)

Figure 5.9: Pareto quantile-quantile plot. (Example 5.1.18)

hillinv

Figure 5.10: Hill plot of X. (Example 5.1.18)

The Hill plot (Figure 5.10) seems to stabilize around a = 2.5.

Example 5.1.19 (Sum of a Normal and Pareto random variable). We generate n = 100
observations from a Pareto distribution with @ = 0.3 and n = 100 observations from a
normal distribution with p = 3 and 0 = 1. We take the sum of the two random variables.
Clearly the histogram (Figure 5.11) does not look symmetric, therefore we can conclude
that the underlying distribution of the data is not normal. Looking at the histogram of
the log-transformed data (Figure 5.12), we reach the same conclusion.

We now have to consider a heavier distribution. We construct the empirical excess plot:
Based on the excess plot (Figure 5.13), we can see that the mean excess plot has a
straight line pattern. Hence, we can assume that the underlying distribution of the data
is Pareto. To confirm our assumption we will construct the Pareto qq-plot of the data.
A straight line pattern is obtained (Figure 5.14), we can say that the Pareto model
provides a plausible fit for the given data. We will now, try to estimate the tail index «

by constructing the Hill plot.
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Figure 5.11: Histogram of X. (Example 5.1.19)
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Figure 5.12: Histogram of log(X). (Example 5.1.19)
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Figure 5.13: Mean excess plot of X. (Example 5.1.19)

The Hill plot (Figure 5.15) seems to stabilize around a = 0.05.

61
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Figure 5.14: Pareto quantile-quantile plot. (Example 5.1.19)
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Figure 5.15: Hill plot of X. (Example 5.1.19)

5.2 Multivariate data

In this section, we will focus on the estimation of the stable tail dependence function and
the Pickands dependence function. These estimators provide a fair amount of information

about the dependence structure of the tails.

5.2.1 Non-parametric estimator of the stable tail dependence

function

In this section, we will present two non-parametric estimators of the stable tail depen-

dence function.
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Estimator based on the order statistics

Result 5.2.1 (Introduction of [8]). Let ¢ be the stable tail dependence function as defined
in Chapter 4. To simplify the writing, we assume that d = 2. (The case of arbitrary
d > 1 is similar.) The stable tail dependence function ( is estimated by the empirical

stable tail dependence function@ defined by

~

lp(vy,v9) = z Z Lo, X VenYei>Xun_n}s for all vi,vy € R+, (5.4)

where X, ,, denotes the i-th or’der statistic.

Heuristic. We know that

1 1
(in,02) = Vi (U—, v—) — ([0, (1tn, 1/0)]%), for all v € B2,
1 2
and
. P(X.>x- VY, > ) 0. (1o 1o
xirilm P(X* > 1‘) — V*([ 7( /vh /U2)] ),

where, X, = T¢(X) and Y, = T(Y). Taking = "big”, we estimate the the probability
on the left hand side, by

1 n
lﬁ _n Zz’:l ]1{01X*i>$Uv2Y*i>$}
n(vva) - 1 n 1 )
n Zi:1 {Xui>z}

(5.5)

where

{Xl* >IE} = N
0, otherwise

The empirical stable tail dependence function 0, is plotted at the values x = X,,, ,,_;, for
k=1,--- ,n—1, the (k+ 1)-largest observation. Hence, (5.5) becomes:

~

g ('Ul,'UQ E ]l{le*l\/UQYM>X wn—kn}*

Rank-based estimator

Result 5.2.2. (See Section 3 in [5].) Let RX and RY be the rank of X; among X1, ..., X,
and the rank of Y; among Yi,....Y, respectively, where i = 1,...,n. Let {, be a non-

parametric estimator of the stable tail dependence function ¢ defined by

On(,y) Z]I{Rx>n+ | ke OF RY Snik—kyys Jor allz,y € RZ. (5.6)
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5.2.2 Non-parametric estimator of the Pickands dependence

function

In this section, we will present two non-parametric estimators of the Pickands dependence

function.

Estimator based on the order statistics

Result 5.2.3. Let ¢ be the stable tail dependence function. The Pickands dependence
function A is defined by
A(t) =01 —t,t), forallte|0,1].

Taking v = 1 —t and vy = t, it follows from (5.4) that the Pickands dependence function
A by can be estimated by the empirical function A, defined by

~

1 n
A,(t) = T Z ]]-{(1—t)X*inY*i>Xn,n_k}7 for all t € [0, 1].
=1

Rank-based estimator

Result 5.2.4. Let R and RY be the rank of X; among X,,..., X, and the rank of Y;
among Y1, ...,Y, respectively, where i = 1,...,n. It follows from (5.6) that

N 1 <&
Ap(t) = I Z ]1{R§>n+%—k(l—t)uR}/>n+%—kt}a for all t €10,1].
i=1
where A, is a non-parametric estimator of the Pickands dependence function A.

5.2.3 Simulations
Estimation of the stable tail dependence function

Example 5.2.5 (Independence). We generate independently two random variables X
and Y of size n = 1000 from a Pareto distribution with index o = 4. We want to estimate
the stable tail dependence function for four different values of k£, £ = 50, 100, 200, 300
. We choose v; = t[i] and v, = t[j] such that ¢[i] = -, t[j] = &, where M = 100 and
1,7 = 1,...,n. We will first use the estimator based on the order statistics, we obtain
Figure 5.16.
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k=50 k=100 k=200

k=300 vi+v2

Figure 5.16: Stable tail dependence function using the order statistics (Example 5.2.5).

We know from Chapter 4 that theoretically if X and Y are independent then ¢(vy, v9) =
v + vy. The fith figure (pink) represents v; + vq, clearly, the plots for all the different
values of k match the theoretical plot.

We now want to estimate the stable tail dependence function for different values of
k using this time the rank-based estimator. We obtain Figure 5.17.

Again, the plots for the the different values of £ match the theoretical plot. Therefore,
X and Y are independent.

Example 5.2.6 (Complete dependence). We generate two random variables X and
Y of size n = 1000 from a Pareto distribution with index o = 4 such that X =Y.
We want to estimate the stable tail dependence function for four different values of k,
k = 50,100,200, 300. We choose v; = t[i] and v, = t[j] such that t[i] = & ¢[j] = L,
where M = 100 and 7,7 = 1,...,n. We will first use the estimator based on the order

statistics, we obtain Figure 5.18.
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k=50 k=100 k=200

k=300 vi+v2

Figure 5.17: Stable tail dependence function using the ranks (Example 5.2.5).

We know from Chapter 4 that theoretically if X =Y then ¢(vy,v9) = v; V. The fith
figure (pink) represents vy V vy, clearly, the plots for all the different values of k& match
the theoretical plot.

We now want to estimate the stable tail dependence function for different values of
k using this time the rank-based estimator. We obtain Figure 5.19.

Again, the plots for the the different values of k£ match the theoretical plot.

Estimation of the Pickands dependence function

Example 5.2.7 (Independence). We generate independently two random variables X
and Y of size n = 1000 from a Pareto distribution with index o = 4. We want to estimate
the Pickands dependence function for four different values of &k, k£ = 50, 100, 200, 300. We
choose ¢ = t[i] such that ¢[i] = -7, where M =100 and ¢ = 1,...,n. We will first use the

estimator based on the order-statistic, we obtain Figure 5.20.
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Figure 5.18: Stable tail dependence function using the order statistics (Example 5.2.6).

We know from Chapter 4 that theoretically if X and Y are independent then A(t) = 1.
We can clearly see that the plots for all the different values of k stabilize around 1.

We now want to estimate the stable tail dependence function for different values of
k using this time the rank-based estimator. We obtain Figure 5.21.

Again, the plots for the the different values of k stabilize around 1.

Example 5.2.8 (Complete dependence). We generate two random variables X and
Y of size n = 1000 from a Pareto distribution with index o = 4 such that X = Y.
We want to estimate the Pickands dependence function for four different values of k,
k = 50,100, 200, 300. We choose t such that t[i] = ﬁ, where M = 100. We will first use
the estimator based on the order statistics, we obtain Figure 5.22.

We know from Chapter 4 that theoretically if X =Y then A(t) = (1—1t)Vvt. We can
see that the plots for all the different values of k£ have the same shape as the theoretical
plot of (1 —1¢)V t.
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Figure 5.19: Stable tail dependence function using the ranks (Example 5.2.6).
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Figure 5.20: Pickands dependence function based on the order statistics (Example 5.2.7).
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Figure 5.21: Pickands dependence function based on the ranks (Example 5.2.7).
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Figure 5.22: Pickands dependence function based on order statistics (Example 5.2.8).

We now want to estimate the Pickands dependence function for different values of k
using this time the rank-based estimator. We obtain Figure 5.23.

Again, the plots for the the different values of k£ have the same shape as the theoretical
plot of (1 —1t) V.

Remark 5.2.9. Based on the simulations, the Pickand’s dependence function seems to
stabilize better when using the rank-based estimator, hence we can conclude that the

estimator based on ranks behaves better than the estimator based on the order-statisitcs.
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Figure 5.23: Pickands dependence function based on the ranks (Example 5.2.8).

5.3 Data analysis

In this section, we will conduct a data analysis using financial data.

Example 5.3.1. Our data analysis will be based on the NASDAQ stock prices and
SP500 stock prices from 1972 to 2015. Before starting our analysis we have to compute
the absolute value of the log-returns. We plot the Pickands dependence function using
the rank method.

)
070 075 080 08 090 09%5 100
|

Figure 5.24: Pickands dependence function (Example 5.3.1).
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We can see that the plot (Figure 5.24) has an almost ”V” shape. This suggests that

log-returns of the stock prices are dependent in the tails.

Example 5.3.2. For this example, our data analysis will be based on the MICROSOFT
stock prices and FACEBOOK stock prices from 2012 to 2015 . Again we compute the
absolute value of the log-returns before proceeding to the analysis and using the rank

method we plot the Pickands dependence function.
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Figure 5.25: Pickands dependence function (Example 5.3.2).

Based on the plot (Figure 5.25) we can see that the Pickands dependence function
stabilizes around 1 therefore we can say that the log-returns of the stock prices are

independent in the tails.

Since the log-returns of the stock prices are independent in the tails, we will now

study separately each stock prices to determine the respective underlying distributions.

Example 5.3.3 (MIROSOFT). We first plot the histogram of the absolute value of the
log-returns.

Clearly the histogram (Figure 5.26) does not look symmetric, hence we can say that
the underlying distribution of the data is not normal. We now consider a heavier distri-
bution. For that we will plot the mean excess plot.

The mean excess plot (Figure 5.27) seems to stabilize around 0.02 and looks like the
mean excess plot of an exponential distribution. To confirm our assumption, we will

construct an exponential qq-plot of the data.
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Figure 5.26: Histogram of the absolute value of the log-returns (Example 5.3.3).
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Figure 5.27: Mean excess plot of the absolute value of the log-returns (Example 5.3.3).

A straight line pattern is obtained (Figure 5.28). We conclude by saying that the
exponential model provides a plausible fit for the given data and the slope of the fitted
line can be used as an estimate of the inverse of the rate parameter. Using the maximum-
likelihood estimator we obtain % = 0.01888137.

Example 5.3.4 (FACEBOOK). We first plot the histogram of the absolute value of the

log-returns.
Clearly the histogram (Figure 5.31) does not look symmetric, hence we can say that
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Figure 5.28: Exponential quantile-quantile plot of the absolute value of the log-returns
(Example 5.3.3).
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Figure 5.29: Histogram of the absolute value of the log-returns (Example 5.3.4).

the underlying distribution of the data is not normal. We now consider a heavier distri-
bution. For that we will plot the mean excess plot.

The mean excess plot (Figure 5.30) seems to stabilize around 0.01 and looks like the
mean excess plot of an exponential distribution. To confirm our assumption, we will
construct an exponential qqg-plot of the data.

A straight line pattern is obtained (Figure 5.31). We conclude by saying that the
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Figure 5.30: Mean excess plot of the absolute value of the log-returns (Example 5.3.4).
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Figure 5.31: Exponential quantile-quantile plot of the absolute value of the log-returns
(Example 5.3.4).

exponential model provides a plausible fit for the given data and the slope of the fitted
line can be used as an estimate of the inverse of the rate parameter. Using the maximum-
likelihood estimator we obtain % = 0.01888137.



Appendix A

Measure-theoretic probability

results

A.1 Probability theory

In this section, we collect some results from measure-theoretic probability which are used

in the thesis. The main reference for these results is [3].

Definition A.1.1. Let Q) be an arbitrary set. We say that F is a o-algebra on ) if it
satisfies the following properties:

(i) 0 e F.
(i1) if A € F then A° € F.
(ii1) if (An)n € F, for alln > 1, then >, An € F.
In this case, we say that (Q, F) is a measurable space.

Definition A.1.2. Let (2, F) be a measurable space. A function u : F — [0,400] is

called a measure on (Q, F) if it satisfies the following properties:
(1) u(0) = 0;
(1t) p(UnAyn) =Y. 1(A,) for any disjoint sets (Ay), € F.

In this case, we say that (Q, F, ) is a measure space.
A probability measure is a measure P on (Q, F) such that P(2) = 1. In this case,we
say that the space (2, F, P) is a probability space.
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An important example is the case {2 = R and F = B where B is the class of the Borel
sets in R. (Recall that any interval in R is a Borel set.)

Definition A.1.3. Let (Q, F, P) be a probability space. A function X : Q — R is called
a random variable if {X € A} = {w € O; X(w) € A} € F for any Borel set A € B. In
this case we define the probability measure p on (R, B) by u(A) = P(X € A) for any
A € B. We say that p is the law (or distribution) of X.

Definition A.1.4. Let X,(X,)n>1 be random variables defined on a probability space
(Q,F,P). Let F' and F, be the distribution functions of X and X, respectively, n > 1,
i.e F(z) = P(X < x),x € R and F,(x) = P(X, < z),z € R. We say that (X,,)n>1
converges in distribution to X if

lim F,(z) = F(x)

T—r—+00
for any x € R which is a continuity point of F'. In this case we write X, NS¢

Theorem A.1.5 (Dominated convergence theorem, Theorem 16.4 of [3]). Let (Q, F, u)
be a measurable space and X,{ X, }n>1 be F-measurable functions defined on Q. Assume
that X, (w) — X(w) for any w € Q. If there exists an R-valued F-measurable function
Y : Q — Ry such that

/ Vidp < 0o and |X,(@)| < Y(w) Yo €9, ¥n>1
Q

then

lim /Xnd,u:/Xd,u.
n——+0o00 Q Q

Definition A.1.6. A sequence of measures { i, }nen defined on a measurable space (2, F)
converges weakly to a measure p defined on (2, F) if for any bounded continuous
function f:Q — R

/ f(@)p,(dzr) — / f(z)p(dr), asn — oco.
Q Q

In this case, we write i, — p. We denote pu(f) = [, f(x)u(dz).

Theorem A.1.7 ((Theorem 25.8 of [3])). Let X, (X,,)n>1 be random variables defined on
a probability space (2, F, P). We denote by u and p, the law of X and X,, respectively.
Then X, 4 x if and only if [, — 1.



Measure-theoretic probability results 7

Theorem A.1.8 (Helly-Bray Theorem, Theorem 25.12 of [3]). Let Y,, and Y be random
variables with respective distribution functions F, and F. Then Y, 4y if and only if

for any bounded continuous function z : R — R
E[z(Yn)] = E[z(Y)].

Theorem A.1.9 (Change of Variable Theorem, Theorem 6.1 of [[11]). /. Let (22, F, P)
be a probability space and X be a random wvariable on Q with distribution . Then for

any Borel-measurable function f: R — R, we have

/ F(X (@) P(d) = / " fu(de),
Q —00

i.e E[f(X)] = u(f), provided that either side is well-defined. In other words, the expected
value of the random variable f(X) with respect to the probability measure P on §Q is equal

to the expected value of the function f with respect to the measure p on R.

A.2 Transformations of random variables

In this section, we include some useful results about transformation of random variables.

Lemma A.2.1. If X is a random variable with distribution function F' then F(X) has

a uniform distribution on [0, 1].
Proof. The proof of this result is standard and we omit. O]

Lemma A.2.2. Let X be a random variable such that X > 1 and F' be its distribution

function. For any x > 1, we define

Ux) = F! (1 - i) |

Then U~Y(X) has Pareto distribution with parameter a = 1.
Proof. For any x > 1, we have:
PUYX)>x) = P(X>U(z))
= P(X>F*'(1-1/x))
= PF(X)>1-1/x)
= 1-(1-1/x)=2"",

where for the second last equation, we used the fact that F'(X) has a uniform distribution
on [0,1]. Hence, U7'(X) has a Pareto distribution with parameter o = 1. O
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Lemma A.2.3. Let Y be a random variable with distribution function G. Then

1
Y, = ——
log G(Y)

has a standard Fréchet distribution with d = 1.

Proof. We have:

1
logG(Y) < ——)

= P(GYY)<e 1/Z)
- P<Y§G Yet)
_ G(G 1( l/z)) _ e—l/z — e

-1

Therefore, Y, has a Frechét distribution with parameter oo = 1.

A.3 Notation

LCCB space = locally compact space with a countable basis.

f~! = the left-continuous inverse of a monotone function f defined by

[N x) =inf{y : f(y) > =}
Eo = [O,OO]d \ {0}.

M, (E) = the space of non-negative Radon measures on E.
Ve = a measure on (0,00 given by v(z,00] =27 a >0, x > 0.
K(S) = the compact subsets of a metric space S.

a(t) = the quantile function of a distribution function F'(x), defined by

1 1
a(t)=F " (1— ;)

N, = the unit sphere on R? with respect to a chosen norm || - .
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R codes

B.1 Simulations for the univariate data

In this section, we give the R codes used in the first section of Chapter 5.

Analysis of the simulated exponential distribution

n=100; lambda=3
x=rexp(n,lambda)
hist(x)

qqnorm(x)

hist(log(x))
qgnorm(log(x))
y=rev(sort(x))
e=cumsum(y[1: (n-1)]1)/(1: (n-1))-y[2:n]
plot(k,e)
plot(y[2:n],e)
p=ppoints(n)
plot(-log(1-p),sort(x))

mle=n/sum(x)

Analysis of the simulated Pareto distribution

n=100; a=2
u=runif (100)
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x=(1-u) " (-1/a)

hist(x)

qqnorm(x)

hist(log(x))

qqnorm(log(x))

y=rev(sort(x))

e=cumsum(y[1: (n-1)]1)/(1: (n-1))-y[2:n]
plot(y[2:n],e)

minimum=min (x)
alpha.est=length(x)/(sum(log(x)-log(minimum)))
p=ppoints(n)
plot(-log(1-p),log(sort(x)))
abline(0,1/alpha.est)

y=rev(sort(x))

k=1:(n-1)

1=1log(y)
hill=cumsum(1[1:n-1])/(1:(n-1))-1[2:n]
hill.inv=1/hill

plot(k,hill.inv)

B.2 Simulations for the multivariate data

In this section, we give the R codes used in the second section of Chapter 5.

Estimation of the stable tail dependence function using the order statistics

n=1000; M=100;al=4; a2=4;

p1=0.05;p2=0.1;p3=0.2;p4=0.3;

kl=floor(pl*n); k2=floor(p2+*n); k3=floor(p3*n); k4=floor(pd+n);
t=c(1:M)/M

Li=matrix(0,M,M); L2=matrix(O0,M,M); L3=matrix(0,M,M); L4=matrix(0,M,M);
V=rep(NA,n)

Ul=runif (n); U2=runif (n);

Ul=runif(n); U2=U1;

X1=(1-U1)"{-1/a1}; X2=(1-U2)"{-1/a2}
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Yi1=X1"{al}; Y2=X2"{a2}
Zl=rev(sort(Y1)); Z2=rev(sort(Y2))
for(i in (1:M))
{
for(j in (1:M)){
for(l in (1:n)){
V[1]=max ((t[1])*Y1[1],t[jI*Y2[1])
}
L1[i,j1=(1) ~{-1}*sum(V>Z1[k1+1]);
L2[1,j]1=(k2) "{-1}*sum(V>Z1[k2+1]);
L3[i,jl=(k3) "{-1}*sum(V>Z1[k3+1]);
L4[i,jl=(k4) "{-1}*sum(V>Z1[k4+1]);

}
LO=matrix(0,M,M);
for(i in (1:M))
{
for(j in (1:M)){
LO[i,jl=t[i]+t[j];
}
}
LO=matrix(0,M,M);
for(i in (1:M))
{
for(j in (1:M)){
LO[i,jl=max(t[i],t[j1)
}
}
par (mfrow=c(2,3))
hist3D(t,t,L1,type="1",main="k=50",col="black");
hist3D(t,t,L2,type="1",main="k=100",col="red");
hist3D(t,t,L3,type="1",main="k=200",col="blue");
hist3D(t,t,L4,type="1",main="k=300",col="green");
hist3D(t,t,L0,type="1",main="v1+v2",6col="pink")
hist3D(t,t,L0,type="1",main="max(v1l,v2)",col=pink")
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Rank-based estimation of the stable tail dependence function

n=1000; M=100;al=4; a2=4;
p1=0.05;p2=0.1;p3=0.2;p4=0.3;
ki1=floor(pl*n); k2=floor(p2+*n); k3=floor(p3+*n); k4=floor(p4d*n);
t=c(1:M) /M
Li=matrix(NA,M,M); L2=matrix(NA,M,M); L3=matrix(NA,M,M); L4=matrix(NA,M,M);
Vi=array (NA,dim=c(n,M,M)) ;V2=array (NA,dim=c(n,M,M)) ;V3=array (NA,dim=c(n,M,M));
V4=array (NA,dim=c(n,M,M));
Ul=runif (n); U2=runif (n);
Ul=runif(n); U2=U1;
X1=(1-U1)"{-1/a1}; X2=(1-U2)"{-1/a2}
Ri=rank(X1) ;R2=rank (X2)
for(i in (1:M))
{
for(j in (1:M)){
for(l in (1:n)){
V1[1,i,j1=R1[11>n+0.5-k1*t[i] |[R2[1]>n+0.5-k1*t[j];
V2[1,i,j1=R1[11>n+0.5-k2*t [i] |[R2[1]>n+0.5-k2*t[j];
V3[1,i,j]=R1[1]>n+0.5-k3*t [1] |[R2[1]>n+0.5-k3*t [j];
V4[1,1i,j1=R1[11>n+0.5-k4*t [i] [R2[1]>n+0.5-k4xt [j1}
}
}
for(i in (1:M))
{
for(j in (1:M)){
L1[i,jl=k1"{-1}*sum(V1i[,i,3]1);
L2[1,j1=k2"{-1}*sum(V2[,i,j1);
L3[i,j]1=k3"{-1}*sum(V3[,i,3]);
L4[i,j]=k4 " {-1}*sum(V4[,1,3j]);
}
}
LO=matrix(NA,M,M);
for(i in (1:M))
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{
for(j in (1:M)){
LO[i,jl=t[il+t[j];
}
}
LO=matrix(0,M,M);
for(i in (1:M))
{
for(j in (1:M)){
LO[i,jl=max(t[i],t[j])
}
}
par (mfrow=c(2,3))
hist3D(t,t,L1,type="1",main="k=50",col="black");
hist3D(t,t,L2,type="1",main="k=100",col="red");
hist3D(t,t,L3,type="1",main="k=200",col="blue");
hist3D(t,t,L4,type="1",main="k=300",col="green");
hist3D(t,t,L0,type="1",main="v1+v2",6col="pink")
hist3D(t,t,L0,type="1",main="max(v1l,v2)",col="pink")

Estimation of the Pickands dependence function using the order statistics

n=1000; M=100;al1=4; a2=4;
p1=0.05;p2=0.1;p3=0.2;p4=0.3;
ki1=floor(pl*n); k2=floor(p2+*n); k3=floor(p3+*n); ké4=floor(p4d*n);
t=c(1:M)/M
Al=rep(NA,M); A2=rep(NA,M); A3=rep(NA,M); Ad=rep(NA,M);
V=rep(NA,n)
Ul=runif (n); U2=runif (n);
Ul=runif (n); U2=U1;
X1=(1-U1)"{-1/a1}; X2=(1-U2)"{-1/a2}
Y1=X1"{all}; Y2=X2"{a2}
Zl=rev(sort(Y1)); Z2=rev(sort(Y2))
for(j in (1:M)){

for(l in (1:n)){

V[1]=max ((1-t[j1)*Y1[1],t [jI1*Y2[1])
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}

A1[j1=(k1) ~{-1}*sum(V>Z1 [k1+1]);

A2[j1=(k2) "{-1}*sum(V>Z1 [k2+1]);

A3[j1=(k3) "{-1}*sum(V>Z1[k3+1]);

A4[j1=(k4) "{-1}*sum(V>Z1[k4+1]);

}
maximum=max (Al,A2,A3,A4);
minimum=min(A1,A2,A3,A4);
plot(t,Al,type="1",x1lab="t",ylab="A(t)",ylim=c(minimum,maximum) ,col="black");
plot(t,Al,type="1",xlab="t",ylab="A(t)",ylim=c(0,2),col="black");
lines(t,A2,type="1",col="red");
lines(t,A3,type="1",col="blue");
lines(t,A4,type="1",col="green");

Rank-based estimation of the Pickands dependence function

n=1000; M=100;al=4; a2=4;

p1=0.05;p2=0.1;p3=0.2;p4=0.3;

ki1=floor(pl*n); k2=floor(p2+*n); k3=floor(p3+*n); k4=floor(pd*n);

t=c(1:M)/M

Al=rep(NA,M); A2=rep(NA,M); A3=rep(NA,M); Ad=rep(NA,M);

Vi=matrix(NA,n,M) ;V2=matrix(NA,n,M) ;V3=matrix(NA,n,M) ;V4=matrix(NA,n,M);

Ul=runif(n); U2=runif(n);

Ul=runif(n); U2=U1;

X1=(1-U1)"{-1/a1}; X2=(1-U2)"{-1/a2}

Ri=rank(X1) ;R2=rank (X2)

for(j in (1:M)){

for(1 in (1:n)){

V1[1,j]l=R1[1]1>n+0.5-k1*(1-t[j]1) IR2[1]>n+0.5-k1*t[j];
V2[1,3j1=R1[1]>n+0.5-k2*(1-t[j]) IR2[1]>n+0.5-k2*t [j];
V3[1,j]=R1[1]>n+0.5-k3*(1-t[j]1) IR2[1]>n+0.5-k3*t [j];
V4[1l,j]1=R1[1]1>n+0.5-k4*(1-t[j]) IR2[1]1>n+0.5-k4*t [j1}

}

for (j in (1:M)){

A1[j1=k1"{-1}*sum(V1[,j]);
A2[j1=k2"{-1}*sum(V2[,j]);
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A3[j1=k3"{-1}*sum(V3[,jl);

A4[j1=k4"{-1}*sum(V4[,3]);
}
maximum=max (A1,A2,A3,A4);
minimum=min(A1,A2,A3,A4);
plot(t,Al,type="1",xlab="t",ylab="A(t)",ylim=c(minimum,maximum) ,col="black");
plot(t,Al,type="1",xlab="t",ylab="A(t)",ylim=c(0,2),col="black");
lines(t,A2,type="1",col="red");
lines(t,A3,type="1",col="blue");
lines(t,A4,type="1",col="green");
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