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Abstract

The application of GPUs has extended beyond traditional graphics rendering because their paral-

lel processing capabilities can accelerate many general-purpose tasks, such as machine learning

and scientific computing. This thesis presents the implementation of two numerical solvers for

the solution of non-equilibrium gas flows. It also demonstrates the computational performance

of the two solvers when developed to target GPU-based supercomputers using the SYCL pro-

gramming model.

The first solver incorporates a novel ray-tracing technique and accurate mathematical relations to

efficiently compute any observable property of free-molecular flow past convex shapes (FMFC).

It computes integrals of the Maxwell-Boltzmann distribution function to create an algorithm that

quickly evaluates any moment of the local particle-velocity distribution. This highly efficient

technique is extended for GPUs to accelerate the computation of accurate results. Results pro-

duced with the solver serve as robust benchmarks in the validation of other scientific models that

describe fluid motion in non-equilibrium regimes.

The second solver extends a CPU-based implementation of the discontinuous Galerkin Hancock

(DGH) method into an efficient GPU code. The DGH scheme is a high-order numerical method

that solves hyperbolic partial differential equations (PDEs) with stiff source terms. This class of

equations is common in many models that are used to describe non-equilibrium gas flows. The

GPU implementation of the DGH solver that is presented in this work provides a computationally

efficient and numerically accurate method to compute the solution for these models.

Results produced by the FMFC and DGH solvers showcase their accuracy and parallel scalability

as efficient GPU algorithms. Furthermore, the effectiveness of the FMFC solver as a validation

tool is demonstrated by producing benchmarks to confirm the accuracy of scientific models that

are solved with numerical schemes such as DGH.
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Chapter 1

Introduction

1.1 Background

1.1.1 Computational Fluid Dynamics

The field of computational fluid dynamics (CFD) is the study of fluid flow with the use of nu-

merical algorithms. Simulating different aspects of fluid motion, such as turbulence, can be very

demanding on computational resources and largely requires CFD code to be designed to target

modern high-performance supercomputers. Many popular algorithms and legacy software in the

field of CFD have been heavily optimized for CPU-based platforms. This presents a major issue

because there is an ever increasing demand to make a complete move towards GPU-based sys-

tems for supercomputing tasks [1]. Migrating towards the use of GPU architectures requires a

large investment into the development, implementation, and optimization of new and existing

algorithms.

1.1.2 General Purpose GPU Programming

The application of GPUs has extended beyond traditional image rendering, becoming essential in

many general purpose tasks, such as machine learning and high-performance scientific comput-

ing. GPUs scale very well to massively parallel processing workloads, making them well-suited

for solving large numerical problems that require a high degree of parallel computations.

Originally, GPUs were designed to render high fidelity graphics for video game applications.

Advancements to the design of GPUs in the early 2000s was heavily focused on performance op-

timizations for rendering 3D graphics. This mainly required improvements to the GPUs ability to

compute floating-point operations very quickly and with a high degree of parallelizability. Such

capabilities were immediately sought after by the scientific community [2] because CPUs are

designed to handle few complex operations in sequence; whereas, GPUs are designed to handle

many simple operations in parallel. This fundamental difference in paradigms pushed scientific

researchers to exploit and re-purpose GPUs to accelerate the highly parallel numerical computa-

tions that are present in many different scientific applications.

In response to this interest, software developers and hardware manufacturers that specialize

1



CHAPTER 1. INTRODUCTION 2

in GPUs, such as Nvidia, created frameworks for general purpose GPU programming (GPGPU).

In 2006, Nvidia released CUDA, a proprietary language model for GPU targeted programming.

This enabled developers in the scientific community to write highly parallel code in CUDA that

can target Nvidia GPUs for general-purpose tasks such as molecular dynamics, astrophysical sim-

ulations, and CFD [2, 3]. Currently, Nvidia is the leading supplier of GPUs in the rapidly growing

Artificial Intelligence (AI) and High Performance Computing (HPC) markets. This industry dom-

inance is pushing other hardware manufacturers, such as AMD and Intel, to focus their efforts on

developing GPUs that can compete with this growing demand. Since CUDA is a proprietary lan-

guage, exclusive to Nvidia GPUs, software developers are working on open-source alternatives

to CUDA, such as OpenCL and, more recently, SYCL. The SYCL open-standard is actively being

developed to offer a unified programming model for heterogeneous systems. Furthermore, SYCL

is a framework that can be imported directly into a C++ environment and enables developers to

write code that can target GPUs from any vendor [4]. The present work makes use of SYCL to

implement GPU-based numerical solvers for the solution of non-equilibrium gas flows.

1.1.3 Non-Equilibrium Gas Dynamics

In fluid dynamics, when studying the behaviour of gas particles, in general there are three regimes

to consider [5]. There is the continuum regime, where gas particle collisions with one another

frequently occur. In this regime, local thermodynamic equilibrium is assumed and traditional

models such as the Navier-Stokes equations are used to describe the behavior of the gas flow.

There is also the transition regime, where particle collisions in the domain of interest occur less

frequently. In this regime, assumptions for local thermodynamic equilibrium start to breakdown,

the Navier-Stokes equations can no longer properly describe the gas flow, and specialized mod-

els, such as moment closures, are required to describe the properties of the flow. Finally, there

is the free-molecular regime, where inter-particle collisions can often be entirely neglected. In

this regime, local thermodynamic equilibrium is no longer valid and particle-based methods are

required to describe the gas flow. An important non-dimensional number to consider when dis-

tinguishing between these regimes is the Knudsen number,

Kn =
𝜆

𝑙
. (1.1)

In this expression, 𝜆 is the mean free path of the gas and 𝑙 is the relevant length scale. If the

length scale of a given situation is much greater than the mean free path, then particle collisions

frequently occur and the gas is considered to be in the continuum regime. If the mean free path

of a given situation is much greater than the length scale, then particle collisions rarely occur

and the gas flow is considered to be in the free-molecular regime. It is common to assume that

if Kn < 0.01, the gas flow is in the continuum regime, if 0.01 < Kn < 10, the gas flow is in the

transition regime, and if 10 < Kn, the gas flow is in the free-molecular regime. This thesis focuses

on non-equilibrium gas flows that are in the transition and free-molecular regimes.
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1.2 Motivation

The study of non-equilibrium gas flows is critical in many scientific and engineering applications,

which include orbital satellites, particle accelerators, micro-electromechanical systems, and the

manufacturing of semi-conductor devices. The work presented in this thesis discusses the imple-

mentation of two highly efficient and highly parallel numerical solvers that are used to describe

non-equilibrium gas flows. Each of the two solvers have been implemented with SYCL to target

GPU-accelerated platforms.

It is desirable to develop GPU versions of the two solvers for a number of reasons. One reason

for this approach is because GPU implementations of numerical solvers often show substantial

speedups when compared to their CPU counterparts. This is because CPUs typically have few

powerful cores that are optimized for complex operations; while, GPUs have many cores that

are optimized for simple operations. Studies show substantial performance speedups when us-

ing GPUs for workloads that involve a high degree of parallelizability, such as the numerics in

CFD applications [6]. Another reason to use GPUs is that new supercomputers are largely being

developed with many GPUs. This includes Narval, a supercomputer in Montreal that houses 636

Nvidia A100 GPUs [7], and Aurora, a new exascale supercomputer in Chicago that is equipped

with 60,000 Intel Ponte Vecchio GPUs. Additionally, the Aurora exascale platform only supports

GPU programs developed with the SYCL programming model [8]. This further incentivizes the

development of GPU code with SYCL. Unlike CUDA, which is limited to Nvidia GPUs, SYCL can

be used to target upcoming platforms like Aurora, which is Intel-based, as well as platforms like

Narval, which has Nvidia-based GPUs, providing the freedom to target any computing facility

with GPUs from any vendor.

The work presented in this thesis serves the long-term goal of developing new fluid mod-

els that remain valid in thermal non-equilibrium. Currently, computational methods exist that

successfully simulate non-equilibrium gas flows; however, all existing methods suffer from cer-

tain limitations. The most successful method in these regimes is Direct Simulation Monte Carlo

(DSMC) [9]. This probabilistic particle method is fairly efficient for very high-speed flows but

becomes expensive and inaccurate at lower speeds. There also exist discrete-velocity models for

numerical simulations, such as the one developed by Mieussens [10]. This approach is relatively

accurate at lower speed flows, but requires the solution of the Boltzmann equation in six spatial

dimensions and one time dimension, which is exceedingly and prohibitively expensive.

1.3 Objective

The objective of the present work is to develop and implement two efficient and accurate numeri-

cal solvers to study non-equilibrium gas flows. Another important aspect of this work is to reduce

computational runtimes by implementing the two solvers to target large-scale GPU-accelerated

systems with SYCL. The first of the two solvers is used as a validation tool that quickly produces a

wide range of robust benchmarks for free-molecular flow near convex shapes. The second solver

is a discontinuous Galerkin (DG) scheme that is mainly used to compute the solution of models
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that describe non-equilibrium gas flows. The two solvers are meant to be used in conjunction

with one another such that the free-molecular solver produces accurate benchmarks to validate

models that are solved with the DG implementation.

1.3.1 Free-Molecular Flow Near Convex Shapes (FMFC) Solver

The first solver presented in this research project incorporates a novel ray-tracing technique and

efficient mathematical relations to compute any observable property for free-molecular flow near

convex shapes (FMFC). The objective of the work pertaining to this solver is to conduct highly

accurate integrations of sections of the traditional Maxwell-Boltzmann distribution function that

describe an ideal gas in local thermodynamic equilibrium, to create an efficient method for evalu-

ating any moment of the distribution. Furthermore, by accelerating this highly efficient solver to

target GPUs with SYCL, it can be leveraged as a tool that very quickly produces accurate results.

These results can serve as robust benchmarks to validate new and existing models that aim to

describe non-equilibrium gas flows.

1.3.2 Discontinuous Galerkin Hancock (DGH) Method

The second goal is to extend an existing CPU-based implementation of the discontinuous Galerkin

Hancock (DGH) method [11] into an efficient GPU code. The DGH scheme, originally developed

by Suzuki and van Leer [12], is a higher-order numerical technique used to solve systems of

hyperbolic-relaxation partial differential equations (PDEs). Equations of this type take the form

𝜕U
𝜕𝑡

+ 𝜕F𝑖
𝜕𝑥𝑖

= S, (1.2)

whereU is the solution vector, F is the flux diad, and S is the source term. These types of equations

are commonly used to study various important scientific problems, such as the models that are

used to describe non-equilibrium gas flows [13]. Generally, the relaxation time in the source term

of these PDEs are very stiff. That is to say, the source term of these problems can occur on time

scales that are very fast compared to other aspects of the situation. Local processes such as drag

and ionisation can severely restrict timestep sizes to maintain stable and accurate solutions, when

using explicit time marching. The DGH scheme addresses these issues by treating the local time

step implicitly, without sacrificing accuracy. This efficient technique extends upon Huynh’s one-

step, fully discrete, “upwind moment scheme” for application to hyperbolic-relaxation equations

[14]. The DGH scheme achieves third-order accuracy in both space and time, enabling the ability

to accurately study a wide range of scientific problems. The objective of the work pertaining to

this solver is to use SYCL for the development of an efficient GPU-based implementation of the

DGH method. DGH presents an inherently parallelizable problem that requires a large amount

of local work to be computed. As such, it scales very well to GPUs and reduces the overall

computational runtime of the scheme.
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1.3.3 Original Contributions

The work presented in this thesis involves many original contributions that include:

• Derivation of exact solutions for the drag and lift coefficients of a rotating cylinder in free-

molecular flow.

• Development and implementation of FMFC, a solver that incorporates a novel ray-tracing

technique and efficient mathematical relations to compute any observable property of free-

molecular flow near convex shapes.

• Extension of the FMFC solver to target GPU platforms using SYCL, further enabling the

tools ability to rapidly produce a wide range of benchmarks for model validation.

• Demonstration of substantial speedups for the GPU-based implementation of FMFC, rela-

tive to the CPU version.

• Extending the existing CPU-based implementation of the DGH scheme into an efficient

GPU code for large-scale heterogeneous computing facilities with SYCL.

• Presentation of strong scaling studies for the GPU implementation of DGH, by distributing

the workload across multiple GPUs on heterogeneous computing facilities.

• Demonstration of significant speedups for the GPU version of DGH, relative to its existing

CPU counterpart.

1.4 Research Outline

The thesis first introduces, in Chapter 2, a brief explanation of the kinetic theory of gases, the

importance of the Maxwell-Boltzmann distribution, a brief discussion on moment-closures, and

relevant models that are derived with moment methods. It then proceeds to describe, in Chapter

3, the derivation of analytical solutions for drag and lift, important boundary conditions, relevant

geometric relations, and development of the FMFC solver. The accuracy of the solver is confirmed

against the analytical solutions for drag and lift. The FMFC solver is then used to produce studies

in the free-molecular regime with performance comparisons for the CPU and GPU implementa-

tions. Chapter 4 provides an overview of the DGH scheme that highlights the weak formulation

of the solution and the derivation of discrete update formulas. It also describes the GPU-based

implementation of the scheme and presents scaling studies, performance comparisons against

the existing CPU version, and interesting scientific results produced with the implementation. In

Chapter 5, benchmark results produced with FMFC are used to investigate the accuracy of mo-

ment closure models that are solved with DG schemes. Specifically, the ten-moment equations

are used to describe free-molecular flow near a circular cylinder. These equations are solved us-

ing DG schemes and compared against benchmarks produced by FMFC. This approach highlights

the significance of FMFC as a robust validation tool that can confirm a models level of accuracy

in the free-molecular regime.



Chapter 2

Kinetic Theory of Gases and Moment
Closures

2.1 Kinetic Theory

When analysing the flow of gas particles, it is particularly interesting to calculate their properties

at various times and positions in space. In theory, this can be done with Newton’s laws to evaluate

the physical motions and dynamics of each individual particle in the gas flow. However, this is

not a realistic or reasonable approach because there are too many individual particles that would

need to be considered and, in general, it is only the macroscopic observable properties of the

gas flow that are actually of interest. The kinetic theory of gases provides the tools necessary to

quantitatively calculate the behaviour of a gas flow as a collection of particles [5]. There are a few

assumptions that have to be made in order to to use the various methods highlighted in the kinetic

theory of gases. From the molecular hypothesis, all matter is composed of discrete particles and all

particles of the same species are identical. For ideal monatomic gases, particles are considered as

points with no internal structure, they only exert forces over very small distances, and collisions

between particles are at most binary. These assumptions also state that all gaseous particles

are moving in statistically uncorrelated directions and the collection of gaseous particles are not

dense. Any collisions between two particles are also assumed to be completely elastic and so no

energy or momentum is lost.

2.1.1 Velocity Distribution Function

Having made assumptions pertaining to the kinetic theory of gases, it is essential to define a

velocity distribution function F (®𝑥, ®𝑣, 𝑡) that describes the statistical behavior of the gas flow as a

collection of individual particles. This function provides the probability density of particles with

velocity ®𝑣 for a time 𝑡 and position ®𝑥. A great way to accurately represent the velocity distribution

of particles is the Maxwell-Boltzmann distribution function. The velocity distribution function

6
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for a monatomic gas that is in local thermodynamic equilibrium takes the form

F (®𝑥, ®𝑣, 𝑡) = 𝜌(®𝑥, 𝑡)
𝑚

(
𝜌(®𝑥, 𝑡)

2𝜋𝑃(®𝑥, 𝑡)

)
3/2
𝑒
− 𝜌( ®𝑥,𝑡 )

2𝑃 ( ®𝑥,𝑡 ) (®𝑣−®𝑢(®𝑥,𝑡))
2

. (2.1)

Here, 𝑚 is the particle mass, 𝜌 is the density, 𝑃 is the pressure, and ®𝑢 is the local average velocity.

Inter-particle collisions drive the gas to reach this state of local thermodynamic equilibrium. Once

this state is reached, the distribution function is no longer affected by inter-particle collisions. In

other words, the second law of thermodynamics causes all distribution functions to approach the

Maxwell Boltzmann distribution function, as shown in Equation (2.1). In Cartesian coordinates,

the distribution takes the form

F (®𝑥, ®𝑣, 𝑡) = 𝜌(®𝑥, 𝑡)
𝑚

(
𝜌(®𝑥, 𝑡)

2𝜋𝑃(®𝑥, 𝑡)

)
3/2
𝑒
− 𝜌( ®𝑥,𝑡 )

2𝑃 ( ®𝑥,𝑡 ) ((𝑣𝑥−𝑢𝑥 (®𝑥,𝑡))
2+(𝑣𝑦−𝑢𝑦 (®𝑥,𝑡))2+(𝑣𝑧−𝑢𝑧 (®𝑥,𝑡))2) , (2.2)

where 𝑣𝑥 , 𝑣𝑦 , and 𝑣𝑧 represent the 𝑥-, 𝑦-, and 𝑧-direction velocities, respectively. Additionally, 𝑢𝑥 ,

𝑢𝑦 , and 𝑢𝑧 represent the bulk velocities in each of their respective Cartesian directions. Further-

more, in tensor notation, the distribution is written out to be

F (𝑥𝑖, 𝑣𝑖, 𝑡) =
𝜌(𝑥𝑖, 𝑡)
𝑚

(
𝜌(𝑥𝑖, 𝑡)

2𝜋𝑃(𝑥𝑖, 𝑡)

)
3/2
𝑒
− 𝜌(𝑥𝑖 ,𝑡 )

2𝑃 (𝑥𝑖 ,𝑡 )
((𝑣𝑖−𝑢𝑖) (𝑣𝑖−𝑢𝑖)) . (2.3)

2.1.2 Moments of the Distribution

Any observable property of the gas flow can be calculated by computing velocity moments of the

velocity distribution function. These moments are evaluated by first raising the velocities in each

direction, 𝑣𝑥 , 𝑣𝑦 , and 𝑣𝑧, to the powers 𝑛𝑥 , 𝑛𝑦 , and 𝑛𝑧, respectively. The moment is then calculated

by integrating the product of the velocities with the distribution function through all velocity

space. In this study, these moments are expressed with notation

〈
𝑚𝑣𝑥

𝑛𝑥𝑣𝑦
𝑛𝑦𝑣𝑧

𝑛𝑧F
〉
=

∞∫
−∞

∞∫
−∞

∞∫
−∞

𝑚𝑣𝑥
𝑛𝑥𝑣𝑦

𝑛𝑦𝑣𝑧
𝑛𝑧F d𝑣𝑥 d𝑣𝑦 d𝑣𝑧 (2.4)

and the applied velocity weights are represented by 𝑀 , where

𝑀 = 𝑣𝑥
𝑛𝑥𝑣𝑦

𝑛𝑦𝑣𝑧
𝑛𝑧 . (2.5)

This simplifies Equation (2.4) to

⟨𝑚𝑀F ⟩ =
∞∫

−∞

∞∫
−∞

∞∫
−∞

𝑚𝑀F d𝑣𝑥 d𝑣𝑦 d𝑣𝑧 . (2.6)
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Computing these moments enables the study of any observable property of the gas flow that may

be of interest. For example, using these moments, the local mass density, 𝜌, of particles is

𝜌 = ⟨𝑚F ⟩ (2.7)

and the momentum density is

𝜌𝑢𝑖 = ⟨𝑚𝑣𝑖F ⟩ , (2.8)

which leads to the bulk velocity

𝑢𝑖 =
𝜌𝑢𝑖

𝜌
=

⟨𝑚𝑣𝑖F ⟩
⟨𝑚F ⟩ . (2.9)

It is also interesting to compute high-order velocity moments. Second-order velocity moments

are used to construct the energy tensor

𝐸𝑖 𝑗 =
〈
𝑚𝑣𝑖𝑣 𝑗F

〉
= 𝜌𝑢𝑖𝑢 𝑗 + 𝑃𝑖 𝑗 . (2.10)

Here 𝑃𝑖 𝑗 is the pressure tensor and it is related to the hydrostatic pressure

𝑃 =
𝑃𝑥𝑥 + 𝑃𝑦𝑦 + 𝑃𝑧𝑧

3

. (2.11)

Using the computed pressure values in Equation (2.10) and Equation (2.11), the deviatoric stress

tensor is

®𝜏 =

𝜏𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑥𝑦 𝜏𝑦𝑦 𝜏𝑦𝑧

𝜏𝑥𝑧 𝜏𝑦𝑧 𝜏𝑧𝑧

 =


𝑃 0 0

0 𝑃 0

0 0 𝑃

 −

𝑃𝑥𝑥 𝑃𝑥𝑦 𝑃𝑥𝑧

𝑃𝑥𝑦 𝑃𝑦𝑦 𝑃𝑦𝑧

𝑃𝑥𝑧 𝑃𝑦𝑧 𝑃𝑧𝑧

 (2.12)

and the scalar temperature of the gas is defined as

𝑇 =
𝑚𝑃

𝜌𝑘
, (2.13)

where 𝑘 = 1.38054×10−23 J/K is the Boltzmann constant. Another interesting high-order velocity

moment is the third-order moment〈
𝑚𝑣𝑖𝑣 𝑗𝑣𝑘F

〉
= 𝜌𝑢𝑖𝑢 𝑗𝑢𝑘 + 𝑢𝑖𝑃𝑖𝑘 + 𝑢 𝑗𝑃 𝑗 𝑘 + 𝑢𝑘𝑃𝑖 𝑗 +𝑄𝑖 𝑗 𝑘 , (2.14)

where𝑄𝑖 𝑗 𝑘 is the generalized heat-flux tensor. By isolating for heat-flux terms in Equation (2.14),

the directional heat-flux vector is computed as

𝑞𝑖 =
𝑄𝑖 𝑗 𝑗

2

. (2.15)

Here, 𝑄𝑖 𝑗 𝑗 is the trace of the generalized heat-flux tensor. The heat-flux vector in each 𝑥-, 𝑦-, and

𝑧-direction is

𝑞𝑥 =
𝑄𝑥𝑥𝑥 +𝑄𝑥𝑦𝑦 +𝑄𝑥𝑧𝑧

2

, (2.16)
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𝑞𝑦 =
𝑄𝑦𝑥𝑥 +𝑄𝑦𝑦𝑦 +𝑄𝑦𝑧𝑧

2

, (2.17)

and

𝑞𝑧 =
𝑄𝑧𝑥𝑥 +𝑄𝑧𝑦𝑦 +𝑄𝑧𝑧𝑧

2

. (2.18)

The entropy density can also be obtained by applying the velocity weight

𝑀𝑆 = − 𝑘
𝑚

ln

F
𝑦
, (2.19)

where 𝑦 is a constant value used to non-dimensionalize the distribution function. The entropy

density, which was proved by Boltzmann, is

𝑆 = ⟨𝑀𝑆F ⟩ . (2.20)

Entropy is maximized for 𝑦 = 𝑒𝑧, yielding

𝑀max = − 𝑘
𝑚

(
ln

F
𝑧
− 1

)
. (2.21)

This velocity weight is used to obtain a form of the distribution function that maximizes the

entropy. The moments of the distribution function described in this section of the chapter are the

macroscopic observable properties of the gas flow that are particularly interesting to study. It is

also important to know how these properties change with time.

2.1.3 The Boltzmann Equation

The Boltzmann equation is used to determine the evolution of the distribution function over time,

such that

𝜕F
𝜕𝑡

+ 𝑣𝑖
𝜕F
𝜕𝑥𝑖

+ 𝑎𝑖
𝜕F
𝜕𝑣𝑖

=
𝛿F
𝛿𝑡
, (2.22)

where 𝑎𝑖 is the acceleration of particles that result from external forces. If the acceleration term

is neglected, 𝑎𝑖 is taken to be zero and Equation (2.22) is simplified to

𝜕F
𝜕𝑡

+ 𝑣𝑖
𝜕F
𝜕𝑥𝑖

=
𝛿F
𝛿𝑡
. (2.23)

Additionally,
𝛿F
𝛿𝑡

represents the collision operator for collisions between particles. Traditionally,

this term follows the assumptions that the only collisions that take place on scales much smaller

than the mean free path are binary, the distribution function is constant across this range, in-

dividual collisions do not significantly change the distribution function, and particle velocities

are uncorrelated. It is largely impractical to directly solve the Boltzmann equation. This is be-

cause numerically solving the equation requires a huge amount of information to be computed

with high resolution discretizations of the physical space and the velocity space. Quickly, this

becomes prohibitively expensive for modern systems to compute. In general, only the solutions
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for specific macroscopic moments of the gas flow need to be computed. This can be done using

moment methods, which were originally presented by Grad [15].

2.1.4 The Collision Operator

The collision operator is used to describe two colliding particles and given by the integral expres-

sion

𝛿F
𝛿𝑡

=

〈∫
2𝜋

0

∫ 𝜋

0

(
F ′F 1 − FF 1

′
)
𝑔𝜎 sin 𝜒 d𝜒 d𝜖

〉
𝑣′
𝑖

. (2.24)

In this equation, the velocities for each of the two colliding particles are 𝑣𝑖 and 𝑣1
𝑖
. The distribution

functions F and F 1
are evaluated at the respective velocities 𝑣𝑖 and 𝑣1

𝑖
of the colliding particles.

Variables marked with
′

represent post-collision states. The term, 𝑔, is the relative speed of the

two particles before the collision and is given by

𝑔 =
��𝑣𝑖 − 𝑣1𝑖 �� . (2.25)

Furthermore, 𝜎 is the differential collision cross section, 𝜒 is the deflection angle, and 𝜖 is the

relevant angle for the particle collision. The collision operator is very complex and difficult to

compute. To address this issue, simpler models, such as the BGK operator [16], are generally

used. This simplified model is represented by

𝛿F
𝛿𝑡

= −F (𝑥𝑖, 𝑣𝑖, 𝑡)
𝜏F (𝑥𝑖, 𝑡)

+ M(𝑥𝑖, 𝑣𝑖, 𝑡)
𝜏M (𝑥𝑖, 𝑡)

. (2.26)

The BGK model represents particles that are being removed from non-equilibrium with a char-

acteristic time 𝜏F and particles that are being added to equilibrium with a characteristic time 𝜏M .

The rate at which particles are being removed from non-equilibrium and added to equilibrium is

assumed to occur over the same characteristic time 𝜏. This means that

𝜏 = 𝜏F = 𝜏M . (2.27)

This assumption simplifies Equation (2.26) to

𝛿F
𝛿𝑡

=
−F (𝑥𝑖, 𝑣𝑖, 𝑡) +M(𝑥𝑖, 𝑣𝑖, 𝑡)

𝜏
. (2.28)

From this simplified model, it is evident that when the distribution of all particles approach equi-

librium, the collision operator approaches zero. So when all particles reach thermodynamic equi-

librium,
𝛿F
𝛿𝑡

= 0 as expected.

2.1.5 Maxwell’s Equation of Change

Maxwell’s equation of change provides a way to understand how observable quantities of the

gas flow develop. This is achieved by taking moments of the Boltzmann equation that appear in
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Equation (2.23), such that

𝜕

𝜕𝑡
⟨𝑚𝑀F ⟩ + 𝜕

𝜕𝑥𝑖
⟨𝑚𝑣𝑖𝑀F ⟩ =

〈
𝑚𝑀

𝛿F
𝛿𝑡

〉
. (2.29)

The collision operator is also simplified with notation

Δ [𝑀F ] =
〈
𝑚𝑀

𝛿F
𝛿𝑡

〉
, (2.30)

which further leads Equation (2.29) to be expressed as

𝜕

𝜕𝑡
⟨𝑚𝑀F ⟩ + 𝜕

𝜕𝑥𝑖
⟨𝑚𝑣𝑖𝑀F ⟩ = Δ [𝑀F ] . (2.31)

This equation is represented in the general balance law form of the hyperbolic PDE that was

introduced in Equation (1.2).

2.2 Moment Methods

As previously discussed, it is computationally inefficient and unrealistic to directly solve the

Boltzmann equation. Moment methods are used to derive models in the form of hyperbolic PDEs

that can be solved numerically and with a much higher degree of computational efficiency.

2.2.1 Moment Closures

Equation (2.31) can be extended for a vector of weights

M = [M0,M1,M2, ...,MN] (2.32)

and expressed as

𝜕

𝜕𝑡
⟨𝑚MF ⟩ + 𝜕

𝜕𝑥𝑖
⟨𝑚𝑣𝑖MF ⟩ = Δ [MF ] . (2.33)

From the balance law in Equation (2.33), it is immediately noticeable that the system is not closed.

This is because the flux term,

F = ⟨𝑚𝑣𝑖MF ⟩ , (2.34)

always has an entry that is one order higher than any term in the solution vector,

U = ⟨𝑚MF ⟩ . (2.35)

This presents an issue because the observable properties of the gas flow, represented by the so-

lution vector U, develop over time as described by the flux term F. Moment methods are used

to address this issue and close the system. Some methods that are used to close the system were

originally developed and presented by Grad [15]. Grad’s method closes the system by assuming a
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polynomial expansion of the distribution function around the equilibrium Maxwellian, M, such

that

F = M(a𝑇M), (2.36)

where a is a vector of free parameters with the same length as U . Unfortunately, closures of

this form can introduce physical impossibilities, such as negative mass and pressure, because the

free parameters that are applied to the distribution are not strictly positive. This issue led to the

development of other moment methods, one of which is the maximum-entropy hierarchy.

Maximum-entropy moment closures are a class of moment methods that have been developed

with multiple contributions [17, 18, 19]. This method works by selecting a distribution function

that maximizes the entropy of the system, while remaining consistent with the known moments.

From Equation (2.20) and Equation (2.21), the described approach for maximizing entropy is

max

F
⟨− (F lnF − F )⟩ (2.37)

subject to

U = ⟨𝑚MF ⟩ . (2.38)

In order to find a maximization to the entropy that adheres to Equation (2.38), Lagrange multi-

pliers are used to locate the maxima. In this augmented problem, the function J is defined as

𝐽 = ⟨F lnF − F ⟩ + 𝜆𝑇 (⟨𝑚MF ⟩ − U) , (2.39)

where 𝜆 represents a vector of Lagrange multipliers and the extrema of the problem is found by

taking
𝜕𝐽
𝜕F = 0, leading to 〈

lnF + 𝜆𝑇𝑚M
〉
= 0. (2.40)

It becomes clear that the distribution function that maximizes the entropy of the system equates

to

F = 𝑒−𝜆
𝑇𝑚M. (2.41)

Some models developed from the maximum-entropy moment method, such as the ten-moment

equations, have proven to be very successful. The ten-moment model is globally hyperbolic and

accurately models viscous gas flows in the continuum and transition regimes, without consider-

ation for the heat-flux. However, there are drawbacks and restrictions with maximum-entropy

moment methods. One main issue arises when trying to model higher-order moments which

leads to moments of the distribution function that cannot be evaluated in closed form. This road-

block has pushed research into the development of new moment methods. One of these meth-

ods is the 𝜑-divergence closure, a method that is based on the approximation of an exponential

function and inspired from the maximum-entropy moment closure [20]. Another set of moment

closures are quadrature-based moment methods which were first introduced by McGraw [21] and

have been further developed and advanced by Fox [22]. Though these other methods can have

advantages, this research work focuses exclusively on maximum-entropy moment closures. It
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should be noted that all mentioned moment-closure methods lead to PDEs in balance-law form

and are thus amenable to numerical solutions with the DGH method.

2.3 Models Derived from Maximum-Entropy Moment Methods

Two important models that are derived from the maximum-entropy moment closure and used in

the present work are the Euler equations and the ten-moment equations.

2.3.1 Euler Equations

The compressible Euler equations can be derived from the maximum-entropy moment method

to study the behaviour of gas flows in the continuum regime. A monatomic gas in local thermo-

dynamic equilibrium has a Maxwellian velocity distribution function

F (𝑥𝑖, 𝑣𝑖, 𝑡) =
𝜌(𝑥𝑖, 𝑡)
𝑚

(
𝜌(𝑥𝑖, 𝑡)

2𝜋𝑃(𝑥𝑖, 𝑡)

)
3/2
𝑒
− 𝜌(𝑥𝑖 ,𝑡 )

2𝑃 (𝑥𝑖 ,𝑡 )
((𝑣𝑖−𝑢𝑖) (𝑣𝑖−𝑢𝑖)) . (2.42)

This distribution function is used to obtain the Euler equations from the maximum-entropy mo-

ment closure. The Euler equations are used to describe the density 𝜌, pressure 𝑃, and bulk velocity

𝑢𝑖 of the gas. The evolution of these macroscopic properties are described by

𝜕

𝜕𝑡
(𝜌) + 𝜕

𝜕𝑥𝑖
(𝜌𝑢𝑖) = 0, (2.43)

𝜕

𝜕𝑡
(𝜌𝑢𝑖) +

𝜕

𝜕𝑥 𝑗

(
𝜌𝑢𝑖𝑢 𝑗 + 𝑃𝛿𝑖 𝑗 )

)
= 0, (2.44)

and

𝜕

𝜕𝑡
(3𝑃 + 𝜌𝑢𝑖𝑢𝑖) +

𝜕

𝜕𝑥 𝑗

(
𝑢 𝑗 (5𝑃 + 𝜌𝑢𝑖𝑢𝑖)

)
= 0. (2.45)

In these equations, 𝛿𝑖 𝑗 is the Kronecker delta, where

𝛿𝑖 𝑗 =


1, if 𝑖 = 𝑗 ,

0, otherwise

. (2.46)

In two-dimensional space, the equations follow that the solution vector U is

U =


𝜌

𝜌𝑢𝑥

𝜌𝑢𝑦

3𝑃 + 𝜌(𝑢2𝑥 + 𝑢2𝑦)


, (2.47)
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the 𝑥-direction flux term F𝑥 is

F𝑥 =


𝜌𝑢𝑥

𝜌𝑢2𝑥 + 𝑃
𝜌𝑢𝑥𝑢𝑦

𝑢𝑥

(
5𝑃 + 𝜌(𝑢2𝑥 + 𝑢2𝑦)

)

, (2.48)

the 𝑦-direction flux term F𝑦 is

F𝑦 =


𝜌𝑢𝑦

𝜌𝑢𝑥𝑢𝑦

𝜌𝑢2𝑦 + 𝑃
𝑢𝑦

(
5𝑃 + 𝜌(𝑢2𝑥 + 𝑢2𝑦)

)

, (2.49)

and the source term S is

S = 0, (2.50)

such that the conservation form of the system follows

𝜕U

𝜕𝑡
+ 𝜕F𝑥
𝜕𝑥

+
𝜕F𝑦

𝜕𝑦
= 0. (2.51)

This work uses the two-dimensional compressible Euler equations to produce scientific results

that describe gas flows in the continuum regime. The three-dimensional form for these equations

are obtained similar to the two-dimensional set of equations.

2.3.2 Ten-Moment Equations

The ten-moment equations are also derived from the maximum-entropy moment closure. This

closure is obtained with a Gaussian velocity distribution function

F (𝑥𝑖, 𝑣𝑖, 𝑡) =
𝜌(𝑥𝑖, 𝑡)

𝑚(2𝜋)3/2(detΘ𝑖 𝑗 )1/2
𝑒
− 1

2
Θ−1
𝑖 𝑗
((𝑣𝑖−𝑢𝑖) (𝑣 𝑗−𝑢 𝑗 )) , (2.52)

where Θ𝑖 𝑗 is the anisotropic temperature that is given by

Θ𝑖 𝑗 =
𝜌(𝑥𝑖, 𝑡)
𝑃𝑖 𝑗

. (2.53)

In two spacial dimensions, the ten-moment equations are a set of seven PDEs and in three spatial

dimensions, they are a set of ten PDEs. The observable properties that are described in this

moment-closure is the density 𝜌, bulk velocity 𝑢𝑖 , and pressure tensor 𝑃𝑖 𝑗 . When BGK is used,

the evolution of these macroscopic properties follow that

𝜕

𝜕𝑡
(𝜌) + 𝜕

𝜕𝑥𝑖
(𝜌𝑢𝑖) = 0, (2.54)
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𝜕

𝜕𝑡
(𝜌𝑢𝑖) +

𝜕

𝜕𝑥 𝑗
(𝜌𝑢𝑖𝑢 𝑗 + 𝑃𝑖 𝑗 ) = 0, (2.55)

and

𝜕

𝜕𝑡

(
𝜌𝑢𝑖𝑢 𝑗𝑃𝑖 𝑗

)
+ 𝜕

𝜕𝑥𝑘

(
𝜌𝑢𝑖𝑢 𝑗𝑢𝑘 + 𝑢𝑘𝑃𝑖 𝑗 + 𝑢 𝑗𝑃𝑖𝑘 + 𝑢𝑖𝑃 𝑗 𝑘

)
= −1

𝜏

(
𝑃𝑖 𝑗 −

1

3

𝑃𝑘𝑘𝛿𝑖 𝑗

)
. (2.56)

This closure does not capture the heat-flux of the system; however, it has still shown to be very

successful at accurately describing the evolution of gas flows in the continuum and transition

regimes. These equations can be used as alternatives to the Navier-Stokes equations, especially

in the transition regime where the Navier-Stokes equations fail and the ten-moment equations

can remain accurate. In two spatial dimensions, the solution vector U is

U =



𝜌

𝜌𝑢𝑥

𝜌𝑢𝑦

𝜌𝑢2𝑥 + 𝑃𝑥𝑥
𝜌𝑢𝑥𝑢𝑦 + 𝑃𝑥𝑦
𝜌𝑢2𝑦 + 𝑃𝑦𝑦
𝑃𝑧𝑧


, (2.57)

the 𝑥-direction flux diad F𝑥 is

F𝑥 =



𝜌𝑢𝑥

𝜌𝑢2𝑥 + 𝑃𝑥𝑥
𝜌𝑢𝑥𝑢𝑦 + 𝑃𝑥𝑦
𝜌𝑢3𝑥 + 3𝑢𝑥𝑃𝑥𝑥

𝜌𝑢2𝑥𝑢𝑦 + 2𝑢𝑥𝑃𝑥𝑦 + 𝑢𝑦𝑃𝑥𝑥
𝜌𝑢𝑥𝑢

2

𝑦 + 𝑢𝑥𝑃𝑦𝑦 + 2𝑢𝑦𝑃𝑥𝑦

𝑢𝑥𝑃𝑧𝑧


, (2.58)

the 𝑦-direction flux diad F𝑦 is

F𝑦 =



𝜌𝑢𝑦

𝜌𝑢𝑥𝑢𝑦 + 𝑃𝑥𝑦
𝜌𝑢2𝑦 + 𝑃𝑦𝑦

𝜌𝑢2𝑥𝑢𝑦 + 2𝑢𝑥𝑃𝑥𝑦 + 𝑢𝑦𝑃𝑥𝑥
𝜌𝑢𝑥𝑢

2

𝑦 + 𝑢𝑥𝑃𝑦𝑦 + 2𝑢𝑦𝑃𝑥𝑦

𝜌𝑢3𝑦 + 3𝑢𝑦𝑃𝑦𝑦

𝑢𝑦𝑃𝑧𝑧


, (2.59)
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and the source term S is

S = −1

𝜏



0

0

0

2𝑃𝑥𝑥−𝑃𝑦𝑦−𝑃𝑧𝑧

3

𝑃𝑥𝑦
2𝑃𝑦𝑦−𝑃𝑥𝑥−𝑃𝑧𝑧

3

2𝑃𝑧𝑧−𝑃𝑥𝑥−𝑃𝑦𝑦

3


, (2.60)

where 𝜏 is the relaxation time and evaluated to be the ratio between the viscosity, 𝜇, and the

hydrostatic pressure, 𝑃, such that

𝜏 =
𝜇

𝑃
. (2.61)

In balance-law form, the system follows

𝜕U

𝜕𝑡
+ 𝜕F𝑥
𝜕𝑥

+
𝜕F𝑦

𝜕𝑦
= S. (2.62)

The two-dimensional ten-moment equations are used in this thesis to study gas flows in the

transition and free-molecular regimes. The three-dimensional set of equations can be obtained

in a similar way.

The following chapters present the development and implementation of two highly efficient

solvers to study the observable properties of non-equilibrium gas flows. The FMFC solver serves

as an important validation tool that quickly produces robust benchmarks to confirm the accuracy

of scientific models for gas flows in the free-molecular regime. The second solver implements

the DGH method, a highly efficient DG scheme that is used to compute the solution of first-order

hyperbolic PDEs with stiff source terms. Scientific models derived with moment closures, such as

the ten-moment equations, take the form of these hyperbolic PDEs. In this work, DGH is used as

the numerical scheme that solves these models. Together, FMFC and DGH form a comprehensive

approach to studying non-equilibrium gas flows. Benchmarks generated with FMFC are used to

validate models that are solved numerically with DG schemes. Additionally, by implementing

the two solvers to target GPUs, highly accurate benchmarks and efficient large-scale simulations

can be produced very quickly. This provides robust tools for the accurate and validated study of

non-equilibrium gas flows.



Chapter 3

A Novel Ray-Tracing Technique for
Free-Molecular Flow near Convex Shapes

This chapter presents the implementation of a numerical solver to study free-molecular flow

near convex shapes. The solver incorporates a novel ray-tracing technique and highly accurate

mathematical relations to compute any observable property of the gas flow at any location. The

objective of the work in this chapter is to develop a numerical technique that computes accurate

integrations of sections of the traditional Maxwell-Boltzmann distribution functions, which de-

scribe an ideal gas in local thermodynamic equilibrium, and integrate them in a computationally

efficient way. The idea is to create a reliable and accurate method for evaluating any moment of

the distribution at any point near the convex shape. This solver is developed with SYCL to target

GPUs, providing a tool that can very quickly and efficiently produce accurate results for use as

benchmarks. The FMFC solver is a tool that is used to validate the accuracy of scientific models

in their ability to describe gas flows in the free-molecular regime.

The current chapter highlights explanations for the boundary conditions that are used, ana-

lytical derivations for drag and lift, development of the ray-tracing technique, relevant geometric

relations, and the construction of highly efficient relations used to create the FMFC solver. An

overview of the implementation is also presented with computational results for scientific prob-

lems and scaling comparisons between the CPU and GPU versions of the code.

3.1 Overview for the Functionality of the FMFC Solver

In free-molecular flow near convex shapes, the dominant interaction is particle collisions with

surfaces. Furthermore, when the flow is passing near the convex shape, it can be said with cer-

tainty that any particle impacting the surface of the shape is coming from the free-stream flow.

This means that, when evaluating moments of the distribution function that are describing the

flow at any point near the convex shape, the distribution is a combination of particles that are

from the free-stream, 𝐹𝑆, and particles that have undergone a single reflection from the wall,𝑊 .

The presented technique works with any convex shape; however, for simplicity, the geometric

relations presented in this thesis only consider circular cylinders. Figure 3.1 highlights a point

17
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Figure 3.1: Distribution of free-stream and reflected particles around a convex shape in free-molecular flow

in space that is situated near a circular cylinder. The figure depicts the directions from which

particles passing through the point are described by either the velocity distribution of particles

from the free-stream or the velocity distribution of particles that have been reflected from the

cylinder surface. The distribution of particles from the free-stream M𝐹𝑆 is assumed to be

M𝐹𝑆 =
𝜌FS

𝑚

(
𝜌FS

2𝜋𝑃FS

)
3/2
𝑒
− 𝜌

FS

2𝑃
FS

((𝑣𝑥−𝑢𝑥)2+(𝑣𝑦−𝑢𝑦)2+(𝑣𝑧−𝑢𝑧)2)
(3.1)

and the distribution of particles that are reflected and fully accommodated by the cylinder wall

M𝑊 is

M𝑊 =
𝜌W

𝑚

(
𝜌W

2𝜋𝑃W

)
3/2
𝑒
− 𝜌

W

2𝑃
W

((𝑣𝑥−𝑢𝑥)2+(𝑣𝑦−𝑢𝑦)2+(𝑣𝑧−𝑢𝑧)2) . (3.2)

Since the solver deals with angular integrations, it is convenient and advantageous to transition to

a cylindrical coordinate system. The cylindrical coordinate system introduces the radial velocity

term, 𝑣𝑟 , and the angular term, 𝜃. The velocity terms, 𝑣𝑥 and 𝑣𝑦 , can be expressed in terms of the

radial velocity, where

𝑣𝑥 = 𝑣𝑟 cos 𝜃 (3.3)

and

𝑣𝑦 = 𝑣𝑟 sin 𝜃. (3.4)
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Additionally, the differential element for spatial integrations becomes

d𝑣𝑥 d𝑣𝑦 d𝑣𝑧 = 𝑣𝑟 d𝜃 d𝑣𝑟 d𝑣𝑧, (3.5)

where

0 ≤ 𝜃 ≤ 2𝜋, (3.6)

0 ≤ 𝑣𝑟 < ∞, (3.7)

and

−∞ < 𝑣𝑧 < ∞. (3.8)

In cylindrical coordinates, the distribution of particle velocities from the free-stream is expressed

as

M𝐹𝑆 =
𝜌FS

𝑚

(
𝜌FS

2𝜋𝑃FS

)
3/2
𝑒
− 𝜌

FS

2𝑃
FS

((𝑣𝑟 cos 𝜃−𝑢𝑥)2+(𝑣𝑟 sin 𝜃−𝑢𝑦)2+(𝑣𝑧−𝑢𝑧)2)
(3.9)

and the distribution of particle velocities that are reflected and fully accommodated by the cylin-

der wall is

M𝑊 =
𝜌W

𝑚

(
𝜌W

2𝜋𝑃W

)
3/2
𝑒
− 𝜌

W

2𝑃
W

((𝑣𝑟 cos 𝜃−𝑢𝑥)2+(𝑣𝑟 sin 𝜃−𝑢𝑦)2+(𝑣𝑧−𝑢𝑧)2) . (3.10)

Equation (2.6) represents moments of a distribution function that are computed with the Cartesian

coordinate system. Applying cylindrical coordinates to these moments yields

〈
𝑚𝑀F𝑝

〉
=

∞∫
−∞

∞∫
0

2𝜋∫
0

𝑚𝑀cylF𝑝𝑣𝑟 d𝜃 d𝑣𝑟 d𝑧, (3.11)

where

𝑀cyl = (𝑣𝑟 cos 𝜃)𝑛𝑥 (𝑣𝑟 sin 𝜃)𝑛𝑦 (𝑣𝑧)𝑛𝑧 (3.12)

and F𝑝 is the distribution function at a selected point near the circular cylinder.

3.1.1 Accommodating Boundary Conditions from the Cylinder Wall

At any point near the cylinder, the velocity distribution of particles passing through that point will

be a combination of free-stream particles and reflected particles. Particles that are being reflected

from the wall can experience a combination of specular and diffuse reflections [5]. In completely

specular reflections, the reflected particles leave the surface with the same speed and an angle

equal to the angle of impact. The distribution of incoming particles is simply reflected by flipping

the unit normal to the wall. Figure 3.2 provides an example for the velocity distribution at a wall

with a unit normal in the negative 𝑥 direction for a specular reflection. In diffuse reflections, the

reflected particles are fully accommodated by the cylinder. The particles come to thermal and

momentum equilibrium with the cylinder wall and are re-emitted following Maxwell-Boltzmann

statistics at the wall temperature and velocity. Figure 3.3 provides an example for the velocity

profile of a diffuse reflection. Unlike the velocity profiles presented in the figures, the FMFC solver
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Figure 3.2: Velocity profile of specular reflections

Figure 3.3: Velocity profile of diffuse reflections
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Figure 3.4: Free-molecular flow near a rotating cylinder

assumes an entirely 𝑥-direction incoming flow. The distribution function at any point near the

cylinder is a combination of the free-stream and reflected particles. At a point on the cylinder

wall normal to the incoming flow, the distribution function is

F𝑃 =


MFS(𝑣𝑥 , 𝑣𝑦, 𝑣𝑧) 𝑣𝑥 > 0

𝛼MW(𝑣𝑥 , 𝑣𝑦, 𝑣𝑧) + (1 − 𝛼)M𝐹𝑆 (−𝑣𝑥, 𝑣𝑦, 𝑣𝑧) 𝑣𝑥 < 0

, (3.13)

where𝛼 is the accommodation coefficient, such that𝛼 = 0 for reflections that are entirely specular

and 𝛼 = 1 for reflections that are entirely diffuse.

3.1.2 Analytical Expressions for Lift and Drag

Deriving analytical solutions for the drag and lift produced by free-molecular flow near circular

cylinders is important to confirm the accuracy of the FMFC solver that is presented in later sec-

tions of this chapter. Such solutions have been known for some time and derived by Patterson

[23]. The present work extends these derivations to include rotating cylinders. Figure 3.4 presents

the problem where there is a strictly 𝑥-direction free-stream flow with average velocity, 𝑢𝑥 , that

is impacting a cylinder of radius, 𝑅. Additionally, the cylinder is possibly rotating about its own

axis with an angular velocity, 𝜔. In order to calculate the drag and lift produced by the flow, the

normal stress, 𝜎𝑁 , and tangential stress, 𝜎𝑇 , at any point on the cylinder surface must first be cal-

culated. Figure 3.5 depicts a discretized element at some point on the cylinder surface. The figure

also introduces a rotated coordinate system, adjusted for angle 𝜓, which is used to facilitate calcu-

lations. The angle 𝜓 defines the direction normal to the point on the cylinder surface. Geometric

definitions for this angle are presented in later sections of this chapter. Additionally, there are

a few assumptions that must be made. There is no bulk velocity in the 𝑧-direction and particles
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Figure 3.5: Discretized point on the cylinder surface with a rotated coordinated system
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that are fully accommodated by the cylinder wall have an assumed 𝑥′-direction bulk velocity of

zero and a 𝑦′-direction bulk velocity that is always equal to 𝜔𝑅. Reflected particles that are not

accommodated by the wall are reflected by flipping the unit normal to the wall. Some parameters

must also be defined to help simplify the equations. The number density for the free-stream, 𝑛FS,

and for the wall, 𝑛W, are equal to

𝑛FS =
𝜌FS

𝑚
(3.14)

and

𝑛W =
𝜌W

𝑚
. (3.15)

Necessary variables for free-stream particles, 𝛽FS, and reflected particles, 𝛽W, are equal to

𝛽FS =
𝜌FS

2𝑃FS
(3.16)

and

𝛽W =
𝜌W

2𝑃W
. (3.17)

Here, the pressure of particles accommodated by the wall, 𝑃W, is

𝑃W =
𝜌W𝑘𝑇W

𝑚
, (3.18)

where 𝑇W is the temperature of the cylinder surface. Another helpful equation to define is the

speed ratio, 𝑆, which is given by

𝑆 = 𝑢𝑥
√︁
𝛽FS. (3.19)

The speed ratio relates the bulk velocity of the free-stream to the statistically most probable

random speed of a particle. It is also important to consider the new bulk velocities, 𝑢′𝑥 and 𝑢′𝑦 , of

the free-stream that are adjusted for the rotated coordinate system. They are

𝑢′𝑥 = −𝑢𝑥 cos𝜓 (3.20)

and

𝑢′𝑦 = 𝑢𝑥 sin𝜓. (3.21)

The distribution of free-stream particles, M𝐹𝑆 , in Equation (3.1) and the distribution of reflected

particles that are fully accommodated by the wall, M𝑊 , in Equation (3.2) can now be described

as

M𝐹𝑆 = 𝑛FS

(
𝛽FS

𝜋

)
3/2
𝑒−𝛽FS ((𝑣

′
𝑥+𝑢𝑥 cos𝜓)2+(𝑣′𝑦−𝑢𝑦 sin𝜓)2+𝑣2𝑧)

(3.22)

and

MW = 𝑛W

(
𝛽W

𝜋

)
3/2
𝑒−𝛽W ((𝑣′𝑥)2+(𝑣′𝑦−𝜔𝑅)2+𝑣2𝑧) . (3.23)

The only remaining unknown in these expressions is the number density at the wall, 𝑛W. For the

gas not to penetrate the solid wall, the 𝑥′-direction flux through the cylinder wall is zero, such
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that
∞∫

−∞

∞∫
−∞

∞∫
−∞

𝑣′𝑥F𝑝d𝑣′𝑥d𝑣′𝑦d𝑣𝑧 = 0. (3.24)

Expanding Equation (3.24) and solving for the number density at the wall, 𝑛W, yields

𝑛W =

√︄
𝛽W

𝛽FS
𝑛FS(𝑒−𝑆

2
cos

2 𝜓 +
√
𝜋(erf (𝑆 cos𝜓) − 1)𝑆 cos𝜓). (3.25)

The normal stress 𝜎N on the cylinder surface is the second-order 𝑥′-direction velocity moment,

𝜎N =

∞∫
−∞

∞∫
−∞

∞∫
−∞

𝑣′2𝑥 F𝑝 d𝑣′𝑥 d𝑣′𝑦 d𝑣𝑧 . (3.26)

Expanding Equation (3.26) for the normal stress, 𝜎N, at the wall yields

𝜎N =
𝑚𝛼𝑛W

4𝛽W
+
𝑛FS𝑚(𝛼 − 2) (cos𝜓(𝑆𝑒−𝑆2 cos2 𝜓) + (𝑆2 cos2 𝜓 + 1

2
)
√
𝜋(erf (𝑆 cos𝜓) − 1))

2

√
𝜋𝛽FS

. (3.27)

It is important to note that the derivation for the normal stress, 𝜎N, presented in this work differs

from Patterson’s original solution [23]. The term from Equation (3.27),

𝑊𝐸 = (𝑆2 cos2 𝜓 + 1

2

), (3.28)

is different from Patterson’s derivation, which has the term,

𝑊𝑃 =
1

2

(𝑆2 cos2 𝜓 + 1). (3.29)

This misplaced factor of 2 in Patterson’s expression introduces slight discrepancies in the final

solution for the drag coefficient. Patterson’s book is a classic in the field of kinetic theory. The

derivation presented in the current work is correct and only aims to address this minor error.

The final parameter to calculate, before evaluating drag and lift on the cylinder, is the tangential

stress on the cylinder surface. The tangential stress, 𝜎T, on the cylinder surface is the second-

order velocity moment, with 𝑥′-direction and 𝑦′-direction velocities applied to the distribution,

such that

𝜎T =

∞∫
−∞

∞∫
−∞

∞∫
−∞

𝑣′𝑥𝑣
′
𝑦F𝑝 d𝑣′𝑥 d𝑣′𝑦 d𝑣𝑧 . (3.30)
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Expanding Equation (3.30) for the tangential stress, 𝜎T, at the wall yields

𝜎T =
sin𝜓(𝑒−𝑆2 cos2 𝜓

√
𝜋 + 𝜋𝑆 cos𝜓(erf (𝑆 cos𝜓) − 1))𝛼𝑢𝑥𝑚𝑛FS

2

√
𝛽FS𝜋

+ 𝑅𝛼𝑢𝑥𝑚𝑛FS𝜔(𝑒
−𝑆2 cos2 𝜓 +

√
𝜋𝑆 cos𝜓(erf (𝑆 cos𝜓) − 1))

2

√
𝛽FS

√
𝜋

.

(3.31)

The drag and lift per unit area are defined to be

𝐷 = −𝜎N cos𝜓 + 𝜎T sin𝜓 (3.32)

and

𝐿 = −𝜎N sin𝜓 − 𝜎T cos𝜓, (3.33)

respectively. The total drag force can then be computed as

𝐹𝐷 =

𝑙∫
0

2𝜋∫
0

𝐷𝑅 d𝜓 d𝑧, (3.34)

where 𝑙 is the length of the cylinder. The drag force is also known to be

𝐹𝐷 = 𝜌𝑣2𝐶𝐷𝑅𝑙, (3.35)

where 𝐶𝐷 is the drag coefficient. By equating Equation (3.34) and Equation (3.35), the drag coef-

ficient can be found as

𝐶𝐷 =
1

𝜌𝑣2

2𝜋∫
0

𝐷 d𝜓, (3.36)

which comes out to be

𝐶𝐷 =
1

𝜌FS𝑢
2

𝑥

[
𝑛FS𝑚𝑢𝑥

√︂
𝜋

𝛽FS

(
1 − 𝛼

2

) (
𝐼0

(
−𝑆

2

2

)
+ 𝐼1

(
−𝑆

2

2

))
+ 𝑛FS𝑚𝑢2𝑥

(
1 − 𝛼

2

) 𝑆√𝜋𝑒− 𝑆2

2

6

(
9𝐼0

(
−𝑆

2

2

)
− 8𝐼1

(
−𝑆

2

2

)
− 𝐼2

(
−𝑆

2

2

))
+

(𝑛FS𝑚𝛼𝑢𝑥
4

) √︂
𝜋

𝛽FS
𝜋

+ 𝑛FS𝑚
2𝛽FS

(
1 − 𝛼

2

)
2𝑆

√
𝜋𝑒−

𝑆2

2

(
𝐼0

(
−𝑆

2

2

)
− 𝐼1

(
−𝑆

2

2

))
+

(𝑛FS𝑚𝛼𝑢𝑥
2

) √︂
𝜋

𝛽FS
𝑒−

𝑆2

2

(
𝐼0

(
−𝑆

2

2

)
− 𝐼1

(
−𝑆

2

2

))
+

(
𝑛FS𝑚𝛼𝑢

2

𝑥

2

𝑆

6

√
𝜋𝑒−

𝑆2

2

) (
3𝐼0

(
−𝑆

2

2

)
− 4𝐼1

(
−𝑆

2

2

)
+ 𝐼2

(
−𝑆

2

2

)) ]
.

(3.37)
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Here, 𝐼0, 𝐼1, and 𝐼2 are modified Bessel functions of the first kind of orders zero, one, and two,

respectively. The details of these integrations are available in Appendix A. Similar to the drag

force, the lift force can be computed as

𝐹𝐿 =

𝑙∫
0

2𝜋∫
0

𝐿𝑅 d𝜓 d𝑧. (3.38)

The lift force is also known to be

𝐹𝐿 = 𝜌𝑣2𝐶𝐿𝑅𝑙, (3.39)

where𝐶𝐿 is the lift coefficient. By equating Equation (3.38) and Equation (3.39), the lift coefficient

𝐶𝐿 is

𝐶𝐿 =
1

𝜌𝑣2

2𝜋∫
0

𝐿 d𝜓. (3.40)

From the above equation, 𝐶𝐿 equates to

𝐶𝐿 = 𝛼

(
𝑅𝜔𝜋

2𝑢𝑥

)
. (3.41)

If reflected particles are fully accommodated by the cylinder wall (𝛼 = 1), the computed lift

coefficient is

𝐶𝐿
Diffuse

=
1

2

(
𝑅𝜔𝜋

𝑢𝑥

)
(3.42)

and if reflected particles undergo completely specular reflections,

𝐶𝐿
Specular

= 0. (3.43)

3.1.3 Steps Required to Construct the FMFC Solver

Chapter 1 discusses the importance of developing an accurate and efficient simulation method

that computes the observable properties of free-molecular gas flows near convex shapes. Chapter

2 highlights important assumptions that are made in the kinetic theory of gases and how moments

of the gas flow are evaluated. This chapter has presented an overview for the functionality of the

FMFC solver, boundary conditions at the cylinder wall, and analytical expressions for the drag

and lift coefficients that are used to verify the accuracy of the constructed FMFC solver. The

following sections of the chapter present steps that lead to the construction of the FMFC solver.

This includes development of the ray-tracing technique, important geometric relations for the

solver, and derivations of highly efficient recursive relations that reduce computational runtimes

by orders of magnitude. At any point near the cylinder, the solver must be able to accurately

compute integrations of any moment of the distribution function using cylindrical coordinates.

This includes integrations in the 𝜃, 𝑣𝑟 , and 𝑣𝑧 directions. Development of this solver requires a

set of important steps,
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• A ray-tracing technique must be incorporated to define at any point near the cylinder, which

particles passing through that point are from the free-stream or reflected from the cylinder

wall.

• Geometric relations are derived to determine the point on the cylinder wall from which

particles have been reflected. This is used to compute the unit normal at points tangent to

the cylinder surface, the direction of velocities for reflected particles, and rotated coordinate

systems that facilitate calculations.

• Recursion relations are developed to compute analytical solutions for integration steps in

the 𝑣𝑟 and 𝑣𝑧 directions.

• A 5-point quadrature rule is used to compute numerical solutions for integration steps in

the 𝜃 direction.

The following sections of this chapter highlight detailed explanations for each of these steps and

how they are all used in conjunction with one another to construct the FMFC solver.

3.2 Ray-Tracing Technique

The restriction to convex shapes in the solver is to ensure that, when calculating moments at any

point near the shape, there is strictly a combined distribution of particles from either the free-

stream or free-stream particles that have undergone a single reflection from the wall. This means

that at any point 𝑝(𝑥𝑝, 𝑦𝑝), when integrating the distribution function in 𝜃 from 0 ≤ 𝜃 ≤ 2𝜋,

a method is required that can distinguish between free-stream particles and reflected particles.

This can be done by incorporating a ray-tracing technique. With this technique, the solver can

always differentiate between free-stream and reflected particles. The relations in this work focus

only on circular cylinders. Future work should extend the FMFC solver to use relations for any

convex shape. Figure 3.6 demonstrates that, at point 𝑝(𝑥𝑝, 𝑦𝑝), all particles travelling in directions

between the angles 𝜃1 and 𝜃2 have been reflected by the cylinder wall. Given that any particles

between these two angles has been reflected from the cylinder wall, it is important to properly

define the geometry involved when calculating these angular boundaries. The distance between

the cylinder center and some point in space 𝑅2 is

𝑅2 =

√︃
𝑥2𝑝 + 𝑦2𝑝, (3.44)

where 𝑥𝑝 and 𝑦𝑝 are the respective 𝑥 and 𝑦 positions of the point in reference to the cylinder

center. The angular position of the point 𝜙 is also important and calculated as

𝜙 = tan
−1

(
𝑦𝑝

𝑥𝑝

)
. (3.45)
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Figure 3.6: Distinguishing between free-stream particles and reflected particles.
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Another relevant angle to analyze is the angular distance between the angular position of the

point 𝜙 and the boundaries described by 𝜃1 and 𝜃2. This angle 𝜁 is evaluated to be

𝜁 = sin
−1

(
𝑅

𝑅2

)
. (3.46)

The information is used to compute both 𝜃1 and 𝜃2, which define the angular bounds between

free-stream and reflected particles. As such, these angles are computed as,

𝜃1 = 𝜙 − 𝜁 (3.47)

and

𝜃2 = 𝜙 + 𝜁 . (3.48)

During the angular integration step, when evaluating moments of the distribution function, any

angle 𝜃 such that 𝜃1 < 𝜃 < 𝜃2 represents particles that have been reflected from the wall. The

ray-tracing technique presented in this section is extremely important to correctly define the

distribution function, F𝑃, during the angular integration step. It is critical to correctly define

free-stream and reflected particles to accurately compute moments of the distribution function.

3.3 Important Geometric Relations

When 𝜃 is bound between the two angles 𝜃1 and 𝜃2, there must exist some line, 𝐿𝜃 , that is de-

fined by this angle and that intersects with the cylinder at the location from which particles are

reflected. This angle and the corresponding intersecting line are depicted in Figure 3.7. The

intersecting line 𝐿𝜃 is given by the linear function

𝐿𝜃 = 𝑚(𝑥 − 𝑥𝑝) + 𝑦𝑝, (3.49)

where the slope, 𝑚, is equal to

𝑚 = tan (𝜃) . (3.50)

The boundaries of the cylinder surface, 𝐿cyl, is defined with the function

𝐿cyl =
√
𝑅2 − 𝑥2. (3.51)

The two 𝑥-direction coordinates, 𝑥1 and 𝑥2, of the two intersecting points can be computed by

equating Equation (3.49) and Equation (3.51), resulting in

𝑥1,2 =
−2𝑚(−𝑚𝑥𝑝 + 𝑦𝑝) ± 2

√︃
𝑚2𝑟2 − 𝑚2𝑥2𝑝 + 2𝑚𝑥𝑝𝑦𝑝 + 𝑟2 − 𝑦2𝑝
2𝑚2 + 2

. (3.52)
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Figure 3.7: Geometric relations that trace reflected particles
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Subsequently, the two 𝑦-direction coordinates, 𝑦1 and 𝑦2, of the two intersecting points can be

computed by substituting Equation (3.52) into Equation (3.51), producing

𝑦1 = 𝑚(𝑥1 − 𝑥𝑝) + 𝑦𝑝 (3.53)

and

𝑦2 = 𝑚(𝑥2 − 𝑥𝑝) + 𝑦𝑝 . (3.54)

The angles, 𝜓1 and 𝜓2, for the two points of intersection are given by

𝜓1 = tan
−1

(
𝑦1

𝑥1

)
(3.55)

and

𝜓2 = tan
−1

(
𝑦2

𝑥2

)
. (3.56)

As previously stated, the angle 𝜓 is used to convert to the rotated coordinate system. Both 𝜓1 and

𝜓2 are angles that reference points of intersection with the cylinder. However, only one of these

points is the location on the cylinder surface from which particles have been reflected towards

the point of interest. The correct angle, 𝜓, is selected such that

𝜓 =


𝜓1

√︁
(𝑥𝑝 − 𝑥1)2 + (𝑦𝑝 − 𝑦1)2 ≤

√︁
(𝑥𝑝 − 𝑥2)2 + (𝑦𝑝 − 𝑦2)2

𝜓2 otherwise

. (3.57)

Figure 3.8 presents the point of reflection on the cylinder wall, the reference angle 𝜓, and a rep-

resentation of the rotated coordinate system. The angle 𝜓 is used to define the rotated coordinate

system and the direction of the unit normal, which is perpendicular to the tangent of the cylinder

surface.

3.4 Recursion Relations

In this solver, the ray-tracing technique is used to distinguish between free-stream and reflected

particles at points near the cylinder. Additional geometric relations are also developed to work in

a rotated coordinate system for reflected particles, further simplifying calculations. Moments of

the distribution function, F𝑝 , are computed for any point near the circular cylinder to determine

specific observable properties of the gas flow. In Cartesian coordinates, the general form of the

distribution M, where 𝑢𝑧 = 0, is

M = 𝑛

(
𝛽

𝜋

)
3/2
𝑒−𝛽((𝑣𝑥−𝑢𝑥)

2+(𝑣𝑧−𝑢𝑧)2+𝑣2𝑧)
(3.58)
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Figure 3.8: Analysis of the parameters in a rotated coordinate system
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and the velocity moment of this distribution, for any velocity moment, takes the form

⟨𝑚𝑣𝑛𝑥𝑥 𝑣
𝑛𝑦
𝑦 𝑣

𝑛𝑧
𝑧 M⟩ =

∞∫
−∞

∞∫
−∞

∞∫
−∞

𝑣𝑛𝑥𝑥 𝑣
𝑛𝑦
𝑦 𝑣

𝑛𝑧
𝑧 𝜌

(
𝛽

𝜋

)
3/2
𝑒−𝛽((𝑣𝑥−𝑢𝑥)

2+(𝑣𝑦−𝑢𝑦)2+(𝑣𝑧)2)
d𝑣𝑥 d𝑣𝑦 d𝑣𝑧 .

(3.59)

In cylindrical coordinates, with reference to Equation (3.11) and Equation (3.12), the moments of

the distribution function can be expressed as

⟨𝑚𝑣𝑛𝑥𝑥 𝑣
𝑛𝑦
𝑦 𝑣

𝑛𝑧
𝑧 M⟩ =

∞∫
−∞

∞∫
0

2𝜋∫
0

𝑀cyl𝜌

(
𝛽

𝜋

)
3/2
𝑒−𝛽( (𝑣𝑟 cos 𝜃−𝑢𝑥)2+(𝑣𝑟 sin 𝜃−𝑢𝑦)2+𝑣2𝑧)𝑣𝑟 d𝜃 d𝑣𝑟 d𝑣𝑧 .

(3.60)

Various terms in this equation can also be isolated and reorganized in order to simplify the inte-

gration steps. Constant terms in the equation are represented by 𝑓c, where

𝑓c = 𝜌

(
𝛽

𝜋

)
3/2
𝑒−𝛽(𝑢

2

𝑥+𝑢2𝑦) , (3.61)

velocity terms in the 𝑧-direction are represented by 𝑓z, where

𝑓z =

∞∫
−∞

𝑣
𝑛𝑧
𝑧 𝑒

−𝛽𝑣2𝑧
d𝑣𝑧, (3.62)

velocity terms in the radial direction are represented by 𝑓r, where

𝑓r = 𝑒
−𝛽(𝑢𝑥 sin 𝜃+𝑢𝑦 sin 𝜃)

∞∫
0

𝑣
𝑛𝑥+𝑛𝑦+1
𝑟 𝑒−𝛽(𝑣𝑟−(𝑢𝑥 sin 𝜃+𝑢𝑦 sin 𝜃))

2

d𝑣𝑟 , (3.63)

and angular terms defined by 𝜃 are represented by 𝑓𝜃 , where

𝑓𝜃 =

2𝜋∫
0

𝑣𝑟 (cos 𝜃)𝑛𝑥 (sin 𝜃)𝑛𝑦 𝑓r d𝜃, (3.64)

such that 𝑓𝜃 depends on 𝑓r. The velocity moments of the distribution in Equation (3.60) can now

be expressed as a simplified combination of 𝑓c, 𝑓z, and 𝑓𝜃 , where

⟨𝑚𝑣𝑛𝑥𝑥 𝑣
𝑛𝑦
𝑦 𝑣

𝑛𝑧
𝑧 𝑀⟩ = 𝑓c 𝑓z 𝑓𝜃 . (3.65)

The mathematically efficient approach to this free-molecular solver comes from the way that

integration is handled for integration steps that involve the 𝑣𝑧 and 𝑣𝑟 terms. The moments of the

distribution function have been generalized for any moment that is selected for any point near



CHAPTER 3. A NOVEL RAY-TRACING TECHNIQUE FOR FREE-MOLECULAR FLOW NEAR CONVEX SHAPES 34

the circular cylinder. Recursion relations are developed to analytically compute integrations in

the 𝑣𝑧 and 𝑣𝑟 directions. By eliminating the need for numerical integrations in these directions,

computing any moment of the distribution function becomes a highly efficient computational

task.

3.4.1 Centered Maxwell-Boltzmann Recursion Relation

The centered Maxwell-Boltzmann recursion relation is used to analytically solve 𝑓z. This drasti-

cally reduces computational runtimes because it eliminates numerical integration for the 𝑣𝑧 term.

From the fundamental theorem of calculus,

∞∫
−∞

d

d𝑣
[𝑔(𝑣)]d𝑣 = 𝑔(∞) − 𝑔(−∞). (3.66)

Here, the function 𝑔 is

𝑔(𝑣) = 𝑣𝑛 · 𝐹 (𝑣), (3.67)

where 𝐹 is a function of 𝑣. By setting 𝑣 to be

𝑣 = 𝑣𝑧, (3.68)

𝐹 to be

𝐹 (𝑣𝑧) = 𝑒−𝛽𝑣
2

𝑧 , (3.69)

and 𝑛 to be

𝑛 = 𝑛𝑧, (3.70)

Equation (3.66) converges to zero because the selected function, 𝐹 (𝑣), follows the same statistical

probabilities as the distribution 𝑓z. The probability of velocities in the distribution that approach

−∞ and +∞ is zero, giving

∞∫
−∞

d

d𝑣𝑧
[𝑣𝑛𝑧𝑧 𝑒−𝛽𝑣

2

𝑧 ] d𝑣𝑧 = 0. (3.71)

From the product rule for a derivative, the above equation becomes

∞∫
−∞

[
𝑛𝑧𝑣

𝑛𝑧−1
𝑧 𝑒−𝛽𝑣

2

𝑧 − 2𝛽𝑣
𝑛𝑧+1
𝑧 𝑒−𝛽𝑣

2

𝑧

]
d𝑣𝑧 = 0. (3.72)

Solving this equation for a recursion relation results in

𝑓nz =
(𝑛𝑧 − 1) 𝑓𝑛𝑧−2

2𝛽
, (3.73)
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where

𝑓nz =

∞∫
−∞

𝑣
𝑛𝑧
𝑧 𝑒

−𝛽𝑣2𝑧
d𝑣𝑧 . (3.74)

In the relation, 𝑓nz represents a selected velocity moment of 𝑣𝑧 that is raised to a power of 𝑛𝑧. The

recursion relation depends on the previous two moments to be constructed with the base case

being

𝑓0 =

∞∫
−∞

𝐹d𝑣 =

√︂
𝜋

𝛽
(3.75)

and

𝑓1 =

∞∫
−∞

𝑣𝐹d𝑣 = 0. (3.76)

This completes the recursion relation for the solution of Equation (3.62). The relation can be

used to continually find higher-order moments of the distribution function. For example, the

second-order moment, 𝑓2, is

𝑓2 =
𝑓0

2𝛽
=

√
𝜋

2𝛽3/2
(3.77)

and the third-order moment, 𝑓3, is

𝑓3 =
2 𝑓1

2𝛽
= 0. (3.78)

The relation can continue to be used recursively to solve the exact analytical solution for any

moment of a centered Maxwell-Boltzmann integral.

3.4.2 Shifted Maxwell-Boltzmann Recursion Relation

The shifted Maxwell-Boltzmann recursion relation is used to analytically solve 𝑓r. Just like the

moment-centered Maxwell Boltzmann recursion relation, this relation is used for computational

efficiency and accuracy. Again, from the fundamental theorem of calculus,

∞∫
0

d

d𝑣
[𝑔(𝑣)]d𝑣 = 𝑔(∞) − 𝑔(0). (3.79)

Here, the function 𝑔 is

𝑔(𝑣) = 𝑣𝑛 · 𝐹 (𝑣), (3.80)

where 𝐹 is a function of 𝑣. The term 𝑣 is set to be

𝑣 = 𝑣𝑟 (3.81)

and the variable 𝐴 is considered to be a constant term relative to 𝑣r, where

𝐴 = 𝑢𝑥 cos 𝜃 + 𝑢𝑦 sin 𝜃. (3.82)
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By setting 𝐹 to be

𝐹 = 𝑒−𝛽(𝑣𝑟−𝐴)
2

(3.83)

and 𝑛 to be

𝑛 = 𝑛𝑥 + 𝑛𝑦 + 1 = 𝑛𝑟 , (3.84)

Equation (3.79) takes a form that resembles that of 𝑓r in Equation (3.63). Since the selected func-

tion, 𝐹, shares the same statistical probabilities as the distribution 𝑓r, the probability of velocities

in the distribution that approach +∞ is zero, giving

∞∫
0

d

d𝑣
[𝑣𝑛𝑟𝑟 𝑒−𝛽(𝑣𝑟−𝐴)

2]𝑑𝑣 = 0. (3.85)

From the product rule for a derivative, the above equation becomes

∞∫
0

[
𝑛𝑟𝑣

𝑛𝑟−1
𝑟 𝑒−𝛽(𝑣𝑟−𝐴)

2 − 2𝛽(𝑣𝑟 − 𝐴)𝑣𝑛𝑟𝑟 𝑒−𝛽(𝑣𝑟−𝐴)
2

]
𝑑𝑣𝑟 = 0. (3.86)

Solving this equation for a recursion relation results in

𝑓nr =
2𝐴𝛽 𝑓nr−1 + (nr − 1) 𝑓nr−2

2𝛽
, (3.87)

where

𝑓nr =

∞∫
0

𝑣𝑛𝑟𝑟 𝑒
−𝛽(𝑣𝑟−𝐴)2

d𝑣𝑧 . (3.88)

In the relation, 𝑓nr represents a selected velocity moment of 𝑣𝑟 that is raised to a power of 𝑛𝑟 . The

recursion relation depends on the previous two moments to be constructed with the base case

being

𝑓0 =

∞∫
0

𝐹d𝑣 =

√
𝜋(erf (

√
𝛽𝐴) + 1)

2

√
𝛽

(3.89)

and

𝑓1 =

∞∫
0

𝑣𝐹d𝑣 =
𝑒−𝛽𝐴

2√
𝛽 + 𝐴𝛽

√
𝜋(erf (

√
𝛽𝐴) + 1)

2𝛽
3

2

. (3.90)

This completes the recursion relation for the solution of Equation (3.63). This efficient relation is

used to find higher-order moments of the distribution function. For example, the second-order

moment, 𝑓2, is

𝑓2 =
2𝐴𝛽 𝑓1 + (1) 𝑓0

2𝛽
=
𝐴𝑒−𝛽𝐴

2√
𝛽 +

(
𝛽𝐴2 + 1

2

) √
𝜋

(
erf (

√
𝛽𝐴) + 1

)
2𝛽3/2

(3.91)
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and the third-order moment, 𝑓3, is

𝑓3 =
2𝐴𝛽 𝑓2 + (2) 𝑓1

2𝛽
=

(
𝛽3/2𝐴2 +

√
𝛽

)
𝑒−𝛽𝐴

2 +
(
erf (

√
𝛽𝐴) + 1

)
𝛽𝐴

√
𝜋

(
𝛽𝐴2 + 3

2

)
2𝛽5/2

. (3.92)

Continuing to apply this recursion relation enables any higher-order moment of a shifted Maxwell-

Boltzmann integral to be solved. It is worth noting that the remaining integral for 𝜃 is computed

numerically as there is no obvious analytical solution for the 𝑓𝜃 term.

3.5 Implementing the FMFC Solver

The FMFC solver is implemented in a C++ programming environment with a standard CPU ver-

sion of the code and a version of the code that has been developed to target GPUs with SYCL. The

solver takes as input positional variables 𝑥𝑝 and 𝑦𝑝 to define the point 𝑝(𝑥𝑝, 𝑦𝑝). It also requires

information about the cylinder, such as the radius, 𝑅, wall temperature, 𝑇𝑤 , angular velocity, 𝜔,

and accommodation coefficient, 𝛼. Information about the free-stream is provided as well. This

includes the gas density, 𝜌FS, pressure, 𝑃FS, bulk velocity, 𝑢𝑥 , and particle mass, 𝑚. Inputs for the

defined moments 𝑛𝑥 , 𝑛𝑦 , and 𝑛𝑧 are also required to determine which moments of the flow will

be evaluated. Geometric inputs are used to compute the angular bounds 𝜃1 and 𝜃2 to distinguish

between free-stream and reflected particles. Integration steps are completed with the centered

and shifted Maxwell-Boltzmann recursion relations for the 𝑣𝑧 and 𝑣𝑟 directions. The integral in

the 𝜃 direction is computed numerically with a 5-point Gaussian quadrature rule. As such, the

solver also takes an argument for the number of discretized segments in the angular direction,

𝜃. Figure 3.9 illustrates the required inputs to the FMFC solver. All computational results in this

section of the thesis are produced for completely diffuse reflections, such that 𝛼 = 1.

3.5.1 Verifying the Solver

In order to verify the accuracy of the solver, comparisons against analytical solutions for the drag

and lift coefficients are conducted. This is done by using the solver to compute the solution on a

series of points that form a control volume around the rotating cylinder. The described approach

is depicted in Figure 3.10. In the figure, 𝐺 left, 𝐺right, 𝐺top, and 𝐺bottom are relevant momentum

fluxes that are integrated along the boundaries of the control volume. From the Eulerian form of

Newton’s second law, the total force

∑−→
𝐹 acting on the control volume is given by∑︁−→

𝐹 =
d

d𝑡

∭
𝑉

𝜌−→𝑣 d𝑉 +
∮
𝑆

𝜌−→𝑣 −→𝑣 · 𝑛̂ d𝑆. (3.93)

For steady-state flow, the rate of change of momentum within the control volume is zero, such

that

𝑑

𝑑𝑡

∭
𝑉

𝜌−→𝑣 d𝑉 = 0, (3.94)
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Figure 3.9: Relevant input variables for the FMFC solver

and, in this situation, ∑︁−→
𝐹 =

∮
𝑆

𝜌−→𝑣 −→𝑣 · 𝑛̂ d𝑆. (3.95)

From the equation for the coefficient of drag,

𝐶𝐷 =

∑−→
𝐹

𝜌𝑢2𝑥𝑅
(3.96)

and based on the directions of the forces acting on the control volume,∑︁−→
𝐹 = 𝐺 left − 𝐺right + 𝐺bottom − 𝐺top, (3.97)

it is possible to use the solver to calculate drag coefficients. The lift coefficient is similarly com-

puted as

𝐶𝐿 =

∑−→
𝐹

𝜌𝑢2𝑥𝑅
=

〈
𝑣𝑥𝑣𝑦𝑚F

〉
−

〈
𝑣𝑥𝑣𝑦𝑚F

〉
+

〈
𝑣2𝑦𝑚F

〉
−

〈
𝑣2𝑦𝑚F

〉
𝜌𝑢2𝑥𝑅

. (3.98)
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Figure 3.10: Fluxes in the x-direction that are coming into and out of a control volume
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Table 3.1: Drag and lift coefficients calculated with the FMFC solver and compared against analytical

solutions

𝜃 Segments 𝐶𝐷 Solver 𝐶𝐷 Difference 𝐶𝐿 Solver 𝐶𝐿 Difference

10 5.1079093488 8.9441 · 10−5 0.2617993878 0

50 5.1078278542 7.9514 · 10−6 0.2617993878 0

100 5.1078226432 2.7404 · 10−6 0.2617993878 0

200 5.1078207988 8.96 · 10−7 0.2617993878 0

400 5.1078201464 2.436 · 10−7 0.2617993878 0

800 5.1078199157 1.29 · 10−8 0.2617993878 0

Table 3.2: Drag and lift coefficients calculated with the FMFC solver and compared against analytical

solutions

𝜃 Segments 𝐶𝐷 Solver 𝐶𝐷 Difference 𝐶𝐿 Solver 𝐶𝐿 Difference

10 5.1079093488 8.9441 · 10−5 0.2617993878 0

200 5.1078207988 8.96 · 10−7 0.2617993878 0

800 5.1078199157 1.29 · 10−8 0.2617993878 0

The verification test problem is conducted for the input conditions,

W1 =



𝜌

𝑃

𝑢𝑥

𝑚

𝑅

𝑇𝑤

𝜔


=



1.7838 kg/m
3

101325 Pa

300.0m/s

6.63 × 10
−26

kg

1.0m

273.15 k

50 rad/s


. (3.99)

A 5-point Gaussian quadrature rule is used with 1000 discretized segments on each spatial bound-

ary of the control volume. The angular integral is computed using a 5-point Gaussian quadrature

rule and a varying number of discretized 𝜃 segments. The analytical result for the drag coefficient

in the defined problem is

𝐶𝐷 = 5.1078199028 (3.100)

and the lift coefficient is

𝐶𝐿 = 0.2617993878. (3.101)

Table 3.2 shows results computed with the solver in comparison to analytical values.

From the table, it is evident that the drag coefficient, 𝐶𝐷 , computed with the solver converges

relatively quickly towards the analytical solution. Additionally, the lift coefficient converges inde-

pendently of the 𝜃 resolution because the lift coefficient,𝐶𝐿 , does not depend on the 𝜃 component.

It is also clear that accurate results are achievable with a small number of 𝜃 segments. However,

higher accuracies are achieved with an increasing resolution in the 𝜃 direction. Interestingly

enough, upon further investigation, eliminating cylinder rotation does not affect the resultant
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Figure 3.11: Development of the total drag on a rotating cylinder

drag coefficient. Repeating the same problem and removing angular rotation, the resulting drag

coefficient is

𝐶𝐷 = 5.1078199078 (3.102)

and the resulting lift coefficient is

𝐶𝐿 = 0.0. (3.103)

Rotation produces lift because the higher density of particles that impact the front of the cylinder

are reflected in the positive-𝑦 and negative-𝑦 directions. However, rotation does not affect drag

because particles impacting the front of the cylinder are equally being reflected in the positive-𝑥

and negative-𝑥 directions. As a result, rotation creates flux in the 𝑦 direction but has a net zero

effect in the 𝑥 direction. The described effect is presented in Figure 3.11.

3.5.2 Field Implementation

While it can be useful to use the FMFC solver to individually calculate moments of the distri-

bution at any point near the cylinder, it is highly desirable to extend the solver to compute an

entire field of moments around the circular cylinder. The functionality for entire field calcula-

tions was implemented for both a CPU and GPU version of the code. The field calculation sets

up a complete circular mesh around the rotating cylinder, with discretizations in the angular and

radial directions. In each cell of the discretized mesh, the solver computes all desired observable

properties at the cell centroid. Figure 3.12 provides a representation of a circular mesh around a

cylinder with radial discretizations, angular discretizations, and highlighted cell centroids. Com-

puting moments of the distribution at each individual cell centroid is completely independent of

all other centroids. This means that resolving the entire field is an embarrassingly parallel prob-
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Figure 3.12: Output field for the FMFC solver

lem and should scale very well to parallel platforms. The CPU version of the code makes use

of OpenMP, an open-source multi-core processing interface that can be used directly within the

C++ programming environment to seamlessly write parallel programming directives for multi-

core processors [24]. By leveraging OpenMP functions, the CPU implementation of the FMFC

solver can distribute the embarrassingly parallel workload across all available cores. The GPU

version of the code is developed in a C++ programming environment with the SYCL open stan-

dard to target hardware accelerators. The SYCL framework is used to write GPU kernels that

distribute the global problem across all available GPU threads.

3.6 Computational Results from the FMFC Solver

This section of the chapter highlights various computational results produced with the FMFC

solver. This is followed with discussions of interesting scientific results and performance com-

parisons between server-grade CPUs and GPUs. A few distinct scientific cases are produced with

the FMFC solver and visualized on a two-dimensional grid with a resolution of 300 cells in the

radial direction and 300 cells in the angular direction. This solver is designed for the application

of monatomic gasses and all test cases assume this condition.
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(a) cylinder with no rotation (b) cylinder with rotation

Figure 3.13: Density comparison: cylinder with no rotation vs. cylinder with rotation

3.6.1 High-Speed Flow

Two test cases are studied with the input parameters

W1 =



𝜌

𝑃

𝑢𝑥

𝑚

𝑅

𝑇𝑤

𝜔


=



1.7838 kg/m
3

101325 Pa

320m/s

6.63 × 10
−26

kg

1m

293.15 k

0 rad/s


and W2 =



𝜌

𝑃

𝑢𝑥

𝑚

𝑅

𝑇𝑤

𝜔


=



1.7838 kg/m
3

101325 Pa

308m/s

6.63 × 10
−26

kg

1m

293.15 k

320 rad/s


. (3.104)

Figure 3.13 shows that in both cases, as expected, there are larger particle densities near the point

of impact where the flow meets the cylinder wall. It is also interesting to see that, in Figure 3.13b,

the distribution of particle densities is not greatly affected by the rotation of the cylinder. The

representation of bulk velocities are shown in Figure 3.14. In Figure 3.14a, there is the formation

of stagnation points at both the front and back of the cylinder. This effect is expected. In Figure

3.14a, there is also the formation of stagnation points; however, the bulk velocity is no longer

symmetric and has been distorted with the cylinder rotation. Another interesting observation

to note is that the no-slip condition is no longer valid in free-molecular flow. This is evident

because the velocity of the flow does not reach zero at either the top or bottom of the cylinder

wall. In free-molecular flow, particles do not closely adhere to the surface and so the no-slip

condition loses validity. When analyzing the velocity profiles of the flow, it is also clear that the

bulk velocity is significantly affected by cylinder rotation. The heat-flux in each of the two cases
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(a) cylinder with no rotation (b) cylinder with rotation

Figure 3.14: Bulk velocity comparison: cylinder with no rotation vs. cylinder with rotation

was also studied. Figure 3.15 visualizes the heat-flux as an overlay to the scalar temperature field,

as defined in Equation (2.13). Without rotation, the heat-flux is extremely concentrated at the

point of impact with the cylinder wall, as shown in Figure 3.15a. In Figure 3.15b, there is some

strong concentration at the point of impact with the cylinder. However, when rotation is a factor,

there is a broad plume-like structure that follows the direction of rotation.

3.6.2 Counter-Gradient Heat-Flux

Another interesting deviation from continuum fluid dynamics is presented when further inves-

tigating the direction of the heat-flux vector as an overlay to the scalar temperature field of the

gas flow. The two test cases, W1 and W2, follow that

W1 =



𝜌

𝑃

𝑢𝑥

𝑚

𝑅

𝑇𝑤

𝜔


=



1.7838 kg/m
3

101325 Pa

320m/s

6.63 × 10
−26

kg

1m

293.15 k

0 rad/s


and W2 =



𝜌

𝑃

𝑢𝑥

𝑚

𝑅

𝑇𝑤

𝜔


=



1.7838 kg/m
3

101325 Pa

3.20m/s

6.63 × 10
−26

kg

1m

273.15 k

0 rad/s


. (3.105)

Figure 3.16 presents the direction of heat-flux as an overlay to the temperature field. The heat-

flux direction in Figure 3.16a clearly follows the temperature gradient, moving from hot to cold,

which agrees with the natural intuition of most people. However, the heat-flux direction in Figure

3.16b flows against the temperature gradient, moving from cold to hot, which is counter-intuitive
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(a) cylinder with no rotation (b) cylinder with rotation

Figure 3.15: Heat-flux comparison: cylinder with no rotation vs. cylinder with rotation

(a) With gradient heat-flux (b) Counter gradient heat-flux

Figure 3.16: Direction of heat-flux overlaid on top of the temperature gradient
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Figure 3.17: Computational runtime benchmarking for CPUs and GPUs using the FMFC solver

to the behaviour that most people would expect. This is an interesting observation because in the

free-molecular regime, gas flows do not come to local thermodynamic equilibrium. As a result,

behaviours such as a counter-gradient heat-flux are something that can occur. This demonstrates

that violations of equilibrium models, such as Fourier’s law, are expected in these extreme flows

[25].

3.6.3 Performance Benchmarking

At any point near a possibly rotating cylinder, this highly efficient FMFC solver is capable of com-

puting any observable property of the free-molecular gas flow. The purpose of developing this

technique is to drastically improve upon the computational time required to produce accurate

and high-resolution results. Additionally, to further improve upon these time requirements, the

solver has been developed with the SYCL framework to enable the targeting of hardware acceler-

ators such as GPUs. This further improves upon the computational time efficiency by exploiting

the highly parallel nature of GPUs for this embarrassingly parallel problem. Table 3.3 presents

four angular resolution studies, completed with varying spatial resolutions. Performance bench-

marks in the table are provided for the AMD Rome 7532, a server-grade CPU, and the Nvidia

Tesla A100, a server grade GPU. These studies were performed for the rotating cylinder param-

eters from Equation (3.104). The performance benchmarks presented in the table indicate that

both the CPU and GPU are capable of quickly producing relatively accurate results with low 𝜃

segments. However, by increasing the number of 𝜃 segments to achieve greater accuracy, the

CPU begins to require significantly longer computational runtimes relative to the GPU. Perfor-

mance comparisons for a 500×500 grid are presented in Figure 3.17. The GPU implementation

demonstrates speedups with a factor of 10-15 times the speed of the CPU version of the code,
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Table 3.3: Comparison of computational runtimes using the FMFC solver for different CPUs and GPUs

with a varying number of segments in the angular direction

(a) 10 segments in the 𝜃 direction

Resolution AMD Rome 7532 NVIDIA Tesla A100

100x100 2s 1s

200x200 11s 1s

500x500 46s 3s

(b) 50 segments in the 𝜃 direction

Resolution AMD Rome 7532 NVIDIA Tesla A100

100x100 12s 1s

200x200 36s 3s

500x500 280s 13s

(c) 200 segments in the 𝜃 direction

Resolution AMD Rome 7532 NVIDIA Tesla A100

100x100 43s 5s

200x200 166s 10s

500x500 876s 52s

(d) 800 segments in the 𝜃 direction

Resolution AMD Rome 7532 NVIDIA Tesla A100

100x100 180s 19s

200x200 626s 47s

500x500 3384s 249s
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Figure 3.18: Energy consumption benchmarking for CPUs and GPUs using the FMFC solver

showing that the GPU version can be extremely advantageous for reduced computational run-

times. A somewhat crude estimate for the power consumption required from the CPU and GPU

can be assessed by using their rated thermal design power (TDP). The AMD Rome 7532 has a

rated TDP of 200W and the Nvidia Tesla A100 has a rated TDP of 250W. Energy consumption,

𝐸 , is computed as

𝐸 = TDP × runtime. (3.106)

The comparison of energy consumption is highlighted in Figure 3.18. Reducing energy consump-

tion and energy expenditures is of major concern in the field of computational sciences. Figure

3.18 demonstrates that, in addition to reduced computational runtimes, the GPU is also able to

achieve reduced energy consumption for the same scientific computation as the CPU. Energy

consumption for large calculations can be costly. These initial results are promising because they

show both a reduced computational runtime and reduced energy expenditures by a factor of over

10.

The FMFC solver is able to quickly produce relatively accurate results on both CPUs and

GPUs. Producing accurate results with this solver is possible for anyone with either consumer-

grade or server-grade hardware. This can be highly advantageous for scientists and engineers

that want to produce reliable benchmarks or interesting academic problems to study.



Chapter 4

The Discontinuous Galerkin Hancock
Method

The Discontinuous Galerkin Hancock (DGH) method is a numerical scheme that was originally

developed by Suzuki and van Leer [12]. This high-order numerical technique was designed to

solve systems of hyperbolic relaxation PDEs with stiff relaxation source terms. This class of

equations is commonly used to model various important scientific problems, such as multi-phase

flows [26, 22], radiation-transport prediction [27], ionized plasma flows [28], and non-equilibrium

gas flows [13]. Often, the relaxation time in the source term of these PDEs are very stiff. That is to

say, it can describe processes that occur on time scales that are very fast compared to other aspects

of the situation. Local processes, such as drag and ionization, can severely restrict timestep sizes

to maintain stable and accurate computations if purely explicit time marching is used. The DGH

scheme addresses these issues by treating the time-step for the source term implicitly, without

sacrificing accuracy. This efficient technique extends upon Huynh’s one-step, fully discrete, “up-

wind moment scheme” for application to hyperbolic-relaxation equations [14]. The DGH scheme

achieves third-order accuracy for both space and time, which is advantageous because of the

wide range of scientific problems that it can solve both accurately and efficiently. This numerical

method has been implemented for large-scale CPU-based systems in one, two, and three dimen-

sions [11]. The present work extends upon this existing contribution in order to produce a DGH

implementation that can target GPU-accelerated platforms using the SYCL open-standard. This

chapter presents an overview for the numerical structure of DGH, a high-level demonstration

discussing how problems are distributed across multiple GPUs on large heterogeneous systems,

parallel scaling studies for the GPU implementation, and performance benchmarking between

the CPU and GPU versions of the code.

4.1 First-Order DG Method

In addition to the high-order DGH scheme that is highlighted in this chapter, the present work

has also implemented a first-order DG scheme. It is advantageous to have a first-order scheme

because they are relatively robust and can produce smooth solutions in areas that can be difficult

49
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for high-order schemes to resolve, such as regions of shocks. The DG scheme is used to solve

hyperbolic PDEs that take the form

𝜕U

𝜕𝑡
+ 𝜕F𝑖
𝜕𝑥𝑖

= S. (4.1)

In this scheme, the spatial domain is discretized into multiple cells and the global solution is

approximated in each cell using constant discontinuous functions. The approximate solution in

each cell,𝑈ℎ, is the product of the solution average value in each cell, 𝛼0, and the basis function,

𝜙0 = 1, which results in

Uℎ = 𝛼0𝜙0 = 𝛼0. (4.2)

The weak formulation is obtained by projecting the basis function onto the PDE. This projection

yields ∬
𝜙0
𝜕

𝜕𝑡
Uℎ d𝑥𝑖 d𝑡 +

∬
𝜙0

𝜕

𝜕𝑥𝑖
F𝑖 d𝑥𝑖 d𝑡 =

∬
𝜙0S d𝑥𝑖 d𝑡 (4.3)

and simplifies to ∬
𝜕

𝜕𝑡
𝛼0 d𝑥𝑖 d𝑡 +

∬
𝜕

𝜕𝑥𝑖
F𝑖 d𝑥𝑖 d𝑡 =

∬
S d𝑥𝑖 d𝑡. (4.4)

By treating the integrals of the solution average term with an integration by parts and applying

the divergence theorem to the flux term, an update formula is obtained for the solution average

value in each cell that takes the form

𝛼𝑛+1
0

= 𝛼0 +
1

𝑉

(
−

∫ ∮
𝐹𝑖 · 𝑛𝑖 dℓ d𝑡 +

∬
S d𝑥𝑖 d𝑡

)
, (4.5)

where 𝑉 is the cell volume. The flux terms are evaluated at the current timestep, 𝑡𝑛. The surface

integral for the flux term is computed with quadrature rules on each cell face. The time integral

and surface integral for the flux term become∫ ∮
𝐹𝑖 · 𝑛𝑖 dℓ d𝑡 = Δ𝑡

∑︁
𝜉

𝑤𝜉F𝜉 , (4.6)

where 𝜉 represents the quadrature points on each cell face and 𝑤𝜉 is each contributing weight.

These flux terms are computed as the result to a Riemann problem with neighbouring cells. The

source term is evaluated with implicit-Euler time marching at the cell centroids for the next time

step, 𝑡𝑛+1. The time integral and spatial integral for the source term become∬
S d𝑥𝑖 d𝑡 = Δ𝑡𝑉S (𝛼𝑛+1

0
) . (4.7)

The discrete update formula for the solution average value in each cell of this first-order scheme

takes the form

𝛼𝑛+1
0

= 𝛼0 + Δ𝑡

(
− 1

𝑉

∑︁
𝜉

𝑤𝜉F𝜉 + S (𝛼𝑛+1
0

)
)
. (4.8)
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Figure 4.1: Discretization of cells for an initial value problem

This section of the chapter only briefly introduces the first-order DG scheme. The following

sections of the chapter provide an in-depth overview of the high-order DGH scheme, highlighting

the weak formulation of DGH, update formulas for the weak solution, and the discrete quadrature

rules that are used in this numerical method. Explanations for the development of DGH provide

the reader with enough context to thoroughly understand the required steps to implement the

scheme.

4.2 The Weak Formulation

As previously stated, the DGH scheme is used to numerically approximate the solution for hy-

perbolic PDEs with stiff local source terms. These equations take the form

𝜕U

𝜕𝑡
+ 𝜕F𝑖
𝜕𝑥𝑖

= S. (4.9)

Application of the DGH method requires discretizations in both space and time. Figure 4.1

presents a two-dimensional initial-value problem with a spatial discretization of cells. To con-

textualize the problem presented in the figure, it is important to note that the cells highlighted

in blue depict a low-density and low-pressure gas, while the cells highlighted in red represent

a high-density and high-pressure gas. Each individual cell in the discretized spatial domain is

assigned its own unique set of basis functions 𝜙𝜐 and test functions 𝜙𝜂. In this scheme, the ba-

sis functions and test functions are equal to one another, so the linear set of functions 𝜙 can be

expressed as

𝜙 = 𝜙𝜐 = 𝜙𝜂 (4.10)

such that

𝜙 = [1, 𝑥 − 𝑥𝑐, 𝑦 − 𝑦𝑐, 𝑧 − 𝑧𝑐] . (4.11)
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The basis functions represent a set of 4 polynomial functions that are denoted with Greek char-

acters. The variables 𝑥𝑐, 𝑦𝑐, and 𝑧𝑐 are the respective 𝑥, 𝑦, and 𝑧 direction centroids in each cell.

These centroids are given by

𝑥𝑐 =

∭
Ω

𝑥 d𝑥 d𝑦 d𝑧∭
Ω

d𝑥 d𝑦 d𝑧
, (4.12)

𝑦𝑐 =

∭
Ω

𝑦 d𝑥 d𝑦 d𝑧∭
Ω

d𝑥 d𝑦 d𝑧
, (4.13)

and

𝑧𝑐 =

∭
Ω

𝑧 d𝑥 d𝑦 d𝑧∭
Ω

d𝑥 d𝑦 d𝑧
, (4.14)

where Ω represents the spatial boundaries of integration for each individual cell. Cell averages,

𝛼𝜐, are also uniquely attributed to each cell, such that

𝛼𝜐 =

(
𝑢,

d𝑢

d𝑥
,
d𝑢

d𝑦
,
d𝑢

d𝑧

)
. (4.15)

The first component, 𝑢, is the solution average state in each cell. The next three components rep-

resent the cell-specific slope average values in the 𝑥, 𝑦, and 𝑧 direction. The approximate solution

in each cell is defined as the weighted sum of the cell averages, 𝛼𝜐, and the basis functions, 𝜙𝜐.

This approximation is referred to as the trial solution,𝑈ℎ, and given by

Uℎ =

3∑︁
𝜂=0

𝛼𝜂𝜙𝜂, (4.16)

which expands out to

Uℎ = 𝑢 +
d𝑢

d𝑥
(𝑥 − 𝑥𝑐) +

d𝑢

d𝑦
(𝑦 − 𝑦𝑐) +

d𝑢

d𝑧
(𝑧 − 𝑧𝑐). (4.17)

In each cell, the basis functions only depend on space and the cell averages only depend on time.

The scheme follows a coupled space-time approach, which means it also requires discretizations

in time. Figure 4.2 demonstrates a single cell in two-dimensional space that is being stepped

forward in time. In Figure 4.2, 𝑡𝑛 is the current timestep and 𝑡𝑛+1 is the next timestep. These

boundaries define the discretized time domain, 𝑇 , where,

𝑇 = [𝑡𝑛, 𝑡𝑛+1] . (4.18)
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Figure 4.2: Representation of a two dimensional space-time cell

Analysis in the DGH scheme, as depicted in Figure 4.2, largely treats each cell individually for

integrations in space and time. This approach to the analysis is because basis functions uniquely

exist in each cell and are zero everywhere else. The weak formulation is obtained by projecting

the test function, 𝜙𝜂, onto the PDE from Equation (4.9). By taking the product of the PDE with the

test function and integrating it across the space and time domains, the weak formulation takes

the form ∬
𝑇×Ω

𝜙𝜂
𝜕

𝜕𝑡
Uℎ d𝑥𝑖 d𝑡 +

∬
𝑇×Ω

𝜙𝜂
𝜕

𝜕𝑥𝑖
F𝑖 d𝑥𝑖 d𝑡 =

∬
𝑇×Ω

𝜙𝜂S d𝑥𝑖 d𝑡. (4.19)

Projecting the test function onto the PDE ensures that the error between the approximate solution

and the exact solution is orthogonal to the trial solution in the selected function space. This forces

the residual to be orthogonal to the selected function space of the approximate solution. The weak

formulation is used to develop update formulas that describe how the solution evolves. First, the

trial solution from Equation (4.16) is substituted into the weak formulation to get∬
𝑇×Ω

𝜙𝜂
𝜕

𝜕𝑡

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖 d𝑡 +

∬
𝑇×Ω

𝜙𝜂
𝜕

𝜕𝑥𝑖
(F𝑖) d𝑥𝑖 d𝑡 =

∬
𝑇×Ω

𝜙𝜂S d𝑥𝑖 d𝑡. (4.20)

4.3 Update Formulas

The update formulas are required to describe the evolution of the solution and slope averages in

each cell for every timestep. These update formulas are obtained by applying an integration by

parts to the time-evolution term and the flux term.
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4.3.1 Integration by Parts for the Time Evolution Term

The time integral of the time-evolution term in the weak formulation is handled with an integra-

tion by parts, where

∬
𝑇×Ω

𝜙𝜂
𝜕

𝜕𝑡

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖 d𝑡 =


∫
Ω

𝜙𝜂

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖


𝑡𝑛+1

𝑡𝑛

−
∬
𝑇×Ω

3∑︁
𝜐=0

𝛼𝜐𝜙𝜐
𝜕𝜙𝜂

𝜕𝑡
d𝑥𝑖 d𝑡. (4.21)

Since the test functions 𝜙𝜂 are constant with respect to time,

𝜕𝜙𝜂

𝜕𝑡
= 0 (4.22)

and the first term becomes

∬
𝑇×Ω

𝜙𝜂
𝜕

𝜕𝑡

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖 d𝑡 =


∫
Ω

𝜙𝜂

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖


𝑡𝑛+1

−

∫
Ω

𝜙𝜂

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖


𝑡𝑛

, (4.23)

which updates the weak form of the PDE to be


∫
Ω

𝜙𝜂

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖


𝑡𝑛+1

−

∫
Ω

𝜙𝜂

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖


𝑡𝑛

= −
∬
𝑇×Ω

𝜙𝜂
𝜕

𝜕𝑥𝑖
F𝑖 d𝑥𝑖 d𝑡 +

∬
𝑇×Ω

𝜙𝜂S d𝑥𝑖 d𝑡.

(4.24)

4.3.2 Integration by Parts for the Flux Term

The product rule states that

𝜕

𝜕𝑥𝑖

(
F𝑖𝜙𝜂

)
= 𝜙𝜂

𝜕

𝜕𝑥𝑖
F𝑖 + F𝑖

𝜕

𝜕𝑥𝑖
𝜙𝜂 (4.25)

and applying the product rule to the flux term in the weak form of the PDE results in∫
Ω

𝜙𝜂
𝜕

𝜕𝑥𝑖
F𝑖 d𝑥𝑖 =

∫
Ω

𝜕

𝜕𝑥𝑖

(
F𝑖𝜙𝜂

)
d𝑥𝑖 −

∫
Ω

F𝑖
𝜕

𝜕𝑥𝑖
𝜙𝜂 d𝑥𝑖 . (4.26)

From the divergence theorem,∫
Ω

𝜕

𝜕𝑥𝑖

(
F𝑖𝜙𝜂

)
d𝑥𝑖 =

∮
𝜕Ω

F𝑖𝜙𝜂 · n̂ dℓ, (4.27)

which highlights that the volume integral for the divergence of a vector field is equal to the surface

integral of a vector-field through the boundaries of the volume 𝜕Ω. By applying Equation (4.27)
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and Equation (4.26) to the flux term in the weak form of the PDE, Equation (4.24) becomes


∫
Ω

𝜙𝜂

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
d𝑥𝑖


𝑡𝑛+1

=


∫
Ω

(
3∑︁
𝜐=0

𝛼𝜐𝜙𝜐

)
𝜙𝜂 d𝑥𝑖


𝑡𝑛

−
∯
𝑇×𝜕Ω

F𝑖𝜙𝜂 · n̂dℓ d𝑡 +
∬
𝑇×Ω

F𝑖
𝜕

𝜕𝑥𝑖
𝜙𝜂 d𝑥𝑖 d𝑡 +

∬
𝑇×Ω

S𝜙𝜂 d𝑥𝑖 d𝑡.

(4.28)

Expanding out the basis functions and conducting some integration steps produces the solution

average update in each cell,

𝛼𝑛+1
0

= 𝛼𝑛
0
− 1

𝑉

∬
𝑇×𝜕Ω

[𝐹𝑖 · 𝑛𝑖] dℓ d𝑡 +
∬
𝑇×Ω

[𝑆] d𝑥𝑖 d𝑡, (4.29)

where the volume 𝑉 in each cell is

𝑉 =

∭
Ω

d𝑥 d𝑦 d𝑧. (4.30)

The slope average updates in each cell come to be
𝛼𝑛+1
1

𝛼𝑛+1
2

𝛼𝑛+1
3

 =


𝛼𝑛
1

𝛼𝑛
2

𝛼𝑛
3

 + [𝐾]
©­­«
∬
𝑇×Ω


𝐹1

𝐹2

𝐹3

 d𝑥𝑖 d𝑡 −
∬
𝑇×𝜕Ω


𝜙1

𝜙2

𝜙3

 𝐹𝑖 · 𝑛𝑖 d𝑙 d𝑡 +
∬
𝑇×Ω


𝜙1

𝜙2

𝜙3

 𝑆 d𝑥𝑖 d𝑡
ª®®¬ , (4.31)

where 𝐾 is the inverse, cell-specific, moment of inertia matrix, such that

K =


𝐼𝑥𝑥 𝐼𝑥𝑦 𝐼𝑥𝑧

𝐼𝑦𝑥 𝐼𝑦𝑦 𝐼𝑦𝑧

𝐼𝑧𝑥 𝐼𝑧𝑦 𝐼𝑧𝑧


−1

(4.32)

and the elements of the matrix 𝐾 are the moments of inertia at each cell face, which are

𝐼𝑥𝑥 =

∭
Ω

(𝑥 − 𝑥𝑐)2 d𝑥𝑖, (4.33)

𝐼𝑥𝑦 = 𝐼𝑦𝑥 =

∭
Ω

(𝑥 − 𝑥𝑐) (𝑦 − 𝑦𝑐) d𝑥𝑖, (4.34)

𝐼𝑥𝑧 = 𝐼𝑧𝑥 =

∭
Ω

(𝑥 − 𝑥𝑐) (𝑧 − 𝑧𝑐) d𝑥𝑖, (4.35)

𝐼𝑦𝑦 =

∭
Ω

(𝑦 − 𝑦𝑐)2 d𝑥𝑖, (4.36)
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𝐼𝑦𝑧 = 𝐼𝑧𝑦 =

∭
Ω

(𝑦 − 𝑦𝑐) (𝑧 − 𝑧𝑐) d𝑥𝑖, (4.37)

and

𝐼𝑧𝑧 =

∭
Ω

(𝑧 − 𝑧𝑐)2 d𝑥𝑖 . (4.38)

The remaining integrals in the update formulas need to be evaluated using numerical approxi-

mations to produce discrete update formulas that can be computed at each timestep.

4.4 Discrete Update Formulas Using Quadrature Rules

The solution average update formula in Equation (4.29) and the slope average update formula in

Equation (4.31) both require numerical approximations for the space and time integrals in their

solutions. These integrals are computed with a set of quadrature rules and numerical techniques

for the source and flux terms.

4.4.1 Time Integral and Volume Integral for the Source Term

The source term in both update formulas can be very stiff relative to the flux term. This presents

an issue because local processes, such as chemical reactions in reactive flows, develop quickly

when compared to other aspects of the system that are dictated by the flux terms. To avoid

severely restricted timestep sizes, the source term is stepped in time implicitly. The time integral

and the volume integral for the source term need to be computed discretely and the method used

to treat the time integral is Radau IIA. This is the selected approach because Radau IIA is an im-

plicit Runge-Kutta timestepping method that maintains third-order accuracy and unconditional

stability. This method can be used for some function 𝑓 at timestep 𝑡𝑛 that needs to be stepped

forward to the timestep 𝑡𝑛+1. Radau IIA does this implicitly with a two step approach, given by

the system

𝑓 𝑛+
1

3 = 𝑓 𝑛 + Δ𝑡

(
5

12

(
d 𝑓

d𝑡

)𝑛+ 1

3

− 1

12

(
d 𝑓

d𝑡

)𝑛+1)
𝑓 𝑛+1 = 𝑓 𝑛 + Δ𝑡

(
3

4

(
d 𝑓

d𝑡

)𝑛+ 1

3

+ 1

4

(
d 𝑓

d𝑡

)𝑛+1)
,

(4.39)

where Δ𝑡 is the size of the timestep,

Δ𝑡 = 𝑡𝑛+1 − 𝑡𝑛. (4.40)

The space integral for the source term is computed using Gaussian quadrature points at the centre

of each cell. Figure 4.3 provides an example of quadrature points for the source term in a two-

dimensional element at the 𝑡𝑛+
1

3 and 𝑡𝑛+1 positions in time. In the update formulas, the source

term is coupled to the solution and slope average values at the updated timesteps. A linear ap-

proximation is used to resolve this issue and simplify the source term. The linear treatment of
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Figure 4.3: Quadrature points used to evaluate source term integrals on a two-dimensional space-time plot

the source term 𝑆𝐿 takes the form

S𝐿 ≈ S (𝛼𝑛
0
) +

(
𝜕S

𝜕U

)𝑛 
𝛼𝑛
1
𝜙𝑛
1

𝛼𝑛
2
𝜙𝑛
2

𝛼𝑛
3
𝜙𝑛
3

 . (4.41)

The space integral of the source term in the solution average update formula then equates to∬
𝑇×Ω

S𝐿𝜙0d𝑥𝑖dt ≈
∫
𝑇

𝑉S (𝛼0)d𝑡 (4.42)

and the space integral of the source term in the slope average updates then come to be∬
𝑇×Ω

S𝐿𝜙1d𝑥𝑖d𝑡 ≈
∫
𝑇

𝜕S

𝜕U
(𝐼𝑥𝑥𝛼1 + 𝐼𝑥𝑦𝛼2 + 𝐼𝑥𝑧𝛼3)d𝑡, (4.43)

∬
𝑇×Ω

S𝐿𝜙2d𝑥𝑖d𝑡 ≈
∫
𝑇

𝜕S

𝜕U
(𝐼𝑦𝑥𝛼1 + 𝐼𝑦𝑦𝛼2 + 𝐼𝑦𝑧𝛼3)d𝑡, (4.44)

and ∬
𝑇×Ω

S𝜙3d𝑥𝑖d𝑡 ≈
∫
𝑇

𝜕S

𝜕U
(𝐼𝑧𝑥𝛼1 + 𝐼𝑧𝑦𝛼2 + 𝐼𝑧𝑧𝛼3)d𝑡. (4.45)

The time integral in each of the update formulas is evaluated with the Radau IIA implicit timestep-

ping method. Applying this method to the solution average update and the slope average updates
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result in [
𝛼
𝑛+ 1

3

0

𝛼𝑛+1
0

]
=

[
𝛼𝑛
0

𝛼𝑛
0

]
− 1

𝑉


∬

𝑇
1/3×𝜕Ω

F𝑖 · 𝑛𝑖 dℓ d𝑡∬
𝑇×𝜕Ω

F𝑖 · 𝑛𝑖 dℓ d𝑡

 + Δ𝑡

[
5

12
− 1

12

3

4
+1

4

] [
S (𝛼𝑛+

1

3

0
)

S (𝛼𝑛+1
0

)

]
(4.46)

and



𝛼
𝑛+ 1

3

1

𝛼
𝑛+ 1

3

2

𝛼
𝑛+ 1

3

3

𝛼𝑛+1
1

𝛼𝑛+1
2

𝛼𝑛+1
3


=



𝛼𝑛
1

𝛼𝑛
2

𝛼𝑛
3

𝛼𝑛
1

𝛼𝑛
2

𝛼𝑛
3


+ [𝐾]



∬
𝑇
1/3×Ω

𝐹𝑖 d𝑥𝑖 d𝑡 −
∬

𝑇
1/3×𝜕Ω

𝜙𝜂F𝑖 · 𝑛𝑖 dℓ d𝑡∬
𝑇
1/3×Ω

𝐹𝑖 d𝑥𝑖 d𝑡 −
∬

𝑇
1/3×𝜕Ω

𝜙𝜂F𝑖 · 𝑛𝑖 dℓ d𝑡∬
𝑇
1/3×Ω

𝐹𝑖 d𝑥𝑖 d𝑡 −
∬

𝑇
1/3×𝜕Ω

𝜙𝜂F𝑖 · 𝑛𝑖 dℓ d𝑡∬
𝑇×Ω

𝐹𝑖 d𝑥𝑖 d𝑡 −
∬

𝑇×𝜕Ω
𝜙𝜂F𝑖 · 𝑛𝑖 dℓ d𝑡∬

𝑇×Ω
𝐹𝑖 d𝑥𝑖 d𝑡 −

∬
𝑇×𝜕Ω

𝜙𝜂F𝑖 · 𝑛𝑖 dℓ d𝑡∬
𝑇×Ω

𝐹𝑖 d𝑥𝑖 d𝑡 −
∬

𝑇×𝜕Ω
𝜙𝜂F𝑖 · 𝑛𝑖 dℓ d𝑡



+Δ𝑡
[
5

12
𝐼 − 1

12
𝐼

3

4
𝐼 +1

4
𝐼

]


(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

1(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

2(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

3(
𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
1(

𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
2(

𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
3



,

(4.47)

respectively. Here, 𝑇1/3 represents the timestep

𝑇1/3 = [𝑡𝑛, 𝑡𝑛+ 1

3 ] . (4.48)

4.4.2 Time Integral and Surface Integral for the Interface Flux Term

The approximate solution,𝑈ℎ, is unique to each individual cell in the DGH method, which means

that the global solution is discontinuous at every cell interface. Computing the flux through each

interface requires a Riemann problem to be solved because of the discontinuity present at the

shared boundaries of adjacent cells. In order to achieve third-order accuracy when evaluating the

surface integral of the flux term, Gaussian quadrature rules are used. The approximate solution

is composed of polynomials of degree 𝑘 = 1. According to Cockburn and Shu, the quadrature

rules over the edge must satisfy a polynomial of degree 2𝑘 + 1 [29]. This means that the number

of quadrature points 𝑛 must satisfy

2𝑛 − 1 ≥ 2𝑘 + 1, (4.49)
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Figure 4.4: Quadrature points used to evaluate flux term integrals, highlighted on a two-dimensional space-

time plot

which results in 𝑛 = 2 quadrature points that are used to numerically approximate the surface

integral for the interface flux term. This approximation from the solution update formula takes

the form ∬
𝑇×𝜕Ω

𝐹𝑖 · 𝑛𝑖 d𝑙 d𝑡 =
∫
𝑇

∑︁
𝜉

𝑤𝜉F𝜉 d𝑡, (4.50)

where 𝜉 represents the selected quadrature points and 𝑤𝜉 is the weighted contribution of each

quadrature point. The slope update formula becomes

∬
𝑇×𝜕Ω

𝜙𝑘𝐹𝑖 · 𝑛𝑖 dℓ d𝑡 =
∫
𝑇



∑
𝜉

𝑤𝜉 (𝑥𝜉 − 𝑥𝑐)∑
𝜉

𝑤𝜉 (𝑦𝜉 − 𝑦𝑐)∑
𝜉

𝑤𝜉 (𝑧𝜉 − 𝑦𝑐)


F𝜉 d𝑡. (4.51)

Here, the 𝑥𝜉 , 𝑦𝜉 , and 𝑧𝜉 terms represent the 𝑥-, 𝑦-, and 𝑧-direction positions of the quadrature

points. The time integral is approximated with the midpoint rule. Since Radau IIA for the source

term requires solutions at the 𝑡𝑛+
1

3 and 𝑡𝑛+1 positions in time, midpoint requires the interface flux

calculations at the 𝑡𝑛+
1

6 and 𝑡𝑛+
1

2 intermediate positions in time, respectively. Figure 4.4 provides

an example of quadrature points, for the interface flux term, in a two-dimensional element at the

𝑡𝑛+
1

6 and 𝑡𝑛+
1

2 positions in time. With this treatment for the time and space integral of the interface
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flux applied to both updates, the solution update formula becomes

[
𝛼
𝑛+ 1

3

0

𝛼𝑛+1
0

]
=

[
𝛼𝑛
0

𝛼𝑛
0

]
− Δ𝑡

𝑉


1

3

∑
𝜉

𝑤𝜉F
𝑛+ 1

6

𝜉∑
𝜉

𝑤𝜉F
𝑛+ 1

2

𝜉

 + Δ𝑡

[
5

12
− 1

12

3

4

1

4

] [
S (𝛼𝑛+

1

3

0
)

S (𝛼𝑛+1
0

)

]
(4.52)

and the slope update formula becomes



𝛼
𝑛+ 1

3

1

𝛼
𝑛+ 1

3

2

𝛼
𝑛+ 1

3

3

𝛼𝑛+1
1

𝛼𝑛+1
2

𝛼𝑛+1
3


=



𝛼𝑛
1

𝛼𝑛
2

𝛼𝑛
3

𝛼𝑛
1

𝛼𝑛
2

𝛼𝑛
3


+ [𝐾]



∬
𝑇
1/3×Ω

𝐹𝑖 d𝑥𝑖 d𝑡∬
𝑇
1/3×Ω

𝐹𝑖 d𝑥𝑖 d𝑡∬
𝑇
1/3×Ω

𝐹𝑖 d𝑥𝑖 d𝑡∬
𝑇×Ω

𝐹𝑖 d𝑥𝑖 d𝑡∬
𝑇×Ω

𝐹𝑖 d𝑥𝑖 d𝑡∬
𝑇×Ω

𝐹𝑖 d𝑥𝑖 d𝑡



− Δ𝑡


𝐾 0 0

0 𝐾 0

0 0 𝐾





1

3

∑
𝜉

𝑤𝜉 (𝑥𝜉 − 𝑥𝑐)F
𝑛+ 1

6

𝜉

1

3

∑
𝜉

𝑤𝜉 (𝑦𝜉 − 𝑦𝑐)F
𝑛+ 1

6

𝜉

1

3

∑
𝜉

𝑤𝜉 (𝑧𝜉 − 𝑧𝑐)F
𝑛+ 1

6

𝜉∑
𝜉

𝑤𝜉 (𝑥𝜉 − 𝑥𝑐)F
𝑛+ 1

2

𝜉∑
𝜉

𝑤𝜉 (𝑦𝜉 − 𝑦𝑐)F
𝑛+ 1

2

𝜉∑
𝜉

𝑤𝜉 (𝑧𝜉 − 𝑧𝑐)F
𝑛+ 1

2

𝜉



+Δ𝑡
[
5

12
𝐼 − 1

12
𝐼

3

4
𝐼 1

4
𝐼

]


(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

1(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

2(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

3(
𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
1(

𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
2(

𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
3



.

(4.53)

The flux terms calculated at each of the boundary quadrature points is the computed result of a

Riemann solver at cell interfaces. The quadrature points on each interface are located ±𝑙/(2
√
3)

from the midpoint, where 𝑙 is the length of the interface. In DGH, the inputs to the Riemann

solver from each cell is determined with the Hancock predictor step.

4.4.3 Hancock Predictor Step

The Hancock predictor step is used to predict the approximate solution,𝑈ℎ, at the face quadrature

points for the fractional timesteps, 𝑡𝑛+
1

6 and 𝑡𝑛+
1

2 . Values calculated at these intermediate timesteps

are used as inputs to the Riemann solver. Time integrations in this step are computed over the

bounds

𝑇𝐻 = [𝑡𝑛, 𝑡𝑛+𝐻] (4.54)
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where 𝐻 = 1

6
or 𝐻 = 1

2
. Predictions for the solution average values 𝛼

𝑛+ 1

6

0
and 𝛼

𝑛+ 1

2

0
are evaluated

using the solution average update in each cell as

𝛼𝑛+𝐻
0

= 𝛼𝑛
0
− 1

𝑉

∬
𝑇𝐻×𝜕Ω

[𝐹̂𝑖 · 𝑛𝑖] dℓ d𝑡 +
∬

𝑇𝐻×Ω

[𝑆] d𝑥𝑖 d𝑡. (4.55)

The time integral for the flux term 𝐹̂𝑖 is computed at the boundary quadrature points, only using

local information and the internal solution of each cell. This process is performed independently

of neighbouring cells. Additionally, time integration for the source term is treated with implicit

Euler and spatial integration for the source term is treated with a one point Gaussian quadrature

rule at the cell centroid. This results in

𝛼𝑛+𝐻
0

= 𝛼𝑛
0
+ Δ𝑡

𝑉

(
−

∑︁
𝜉

𝑤𝜉F
𝑛
𝜉 +𝑉𝑆(𝑈ℎ (𝑥𝑖, 𝑡𝑛+𝐻)

)
. (4.56)

After calculating the solution average values, 𝛼
𝑛+ 1

6

0
and 𝛼

𝑛+ 1

2

0
, the solution at the quadrature points

on each cell interface can be computed using the basis functions and weights, such that

𝑈𝑛+𝐻
ℎ = 𝛼𝑛+𝐻

0
+Φ


𝛼𝑛
1
(𝑥 − 𝑥𝑐)

𝛼𝑛
2
(𝑦 − 𝑦𝑐)

𝛼𝑛
3
(𝑧 − 𝑧𝑐)

 (4.57)

where Φ is a vector of slope limiting values. The effective process of this predictor step can

be visualized in Figure 4.5 for the Riemann input on a boundary quadrature point at the 𝑡𝑛+
1

6

timestep. Substituting Equation (4.56) into Equation (4.58) produces the complete formulation of

the Hancock predictor step and takes the form,

𝑈𝑛+𝐻
ℎ = 𝛼𝑛

0
+ Δ𝑡

𝑉

(
−

∑︁
𝜉

𝑤𝜉F
𝑛
𝜉 +𝑉𝑆(𝑈ℎ (𝑥𝑖, 𝑡𝑛+𝐻)

)
+Φ


𝛼𝑛
1
(𝑥 − 𝑥𝑐)

𝛼𝑛
2
(𝑦 − 𝑦𝑐)

𝛼𝑛
3
(𝑧 − 𝑧𝑐)

 (4.58)

4.4.4 Time Integral and Volume Integral for the Flux Term

The final integral to evaluate is the time and volume integrals for the flux term. The volume

integral for the flux term is computed with a 2
𝐷

Gaussian quadrature rule. This means that

in two-dimensional space, 2
2 = 4 quadrature points are required per cell volume and in three-

dimensional space, 2
3 = 8 quadrature points are required. Figure 4.6 shows the location of the

volume quadrature points for a cell in two spatial dimensions. In three dimensions, the spatial

positions of these quadrature points, for a cubic element with lengths

(𝑥, 𝑦, 𝑧) ∈ R3 | −1 ≤ 𝑥 ≤ 1, −1 ≤ 𝑦 ≤ 1, −1 ≤ 𝑧 ≤ 1, (4.59)
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Figure 4.5: Visual representation of the Hancock predictor step

Figure 4.6: Quadrature points used to evaluate the volume integral of the flux term, highlighted on a two-

dimensional space-time plot
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. (4.60)

Cells can be any arbitrary polygon and so the positional definitions of these quadrature points

require a trilinear mapping. The mapping for this transformation is defined as

x(𝜁, 𝜂, 𝜇) = 1 − 𝜁
2

1 − 𝜂
2

1 + 𝜇
2

x0 +
1 + 𝜁
2

1 − 𝜂
2

1 + 𝜇
2

x1

+ 1 + 𝜁
2

1 + 𝜂
2

1 + 𝜇
2

x2 +
1 − 𝜁
2

1 + 𝜂
2

1 + 𝜇
2

x3

+ 1 − 𝜁
2

1 + 𝜂
2

1 − 𝜇
2

x4 +
1 − 𝜁
2

1 − 𝜂
2

1 − 𝜇
2

x5

+ 1 + 𝜁
2

1 − 𝜂
2

1 − 𝜇
2

x6 +
1 + 𝜁
2

1 + 𝜂
2

1 − 𝜇
2

x7.

(4.61)

This transformation represents a mapping from the physical [𝑥, 𝑦, 𝑧] coordinate system into com-

putational [𝜁, 𝜂, 𝜇] coordinates with 𝑥0−7 representing the nodes that make up the cell. The ma-

trix used for this transformation is the Jacobian matrix J such that

J =
𝜕𝑥𝑖

𝜕𝜉 𝑗
, (4.62)

where

J (𝜁 𝑗 ) =
𝜕𝑥

𝜕𝜁

𝜕𝑦

𝜕𝜂

𝜕𝑧

𝜕𝜇
+ 𝜕𝑥
𝜕𝜂

𝜕𝑦

𝜕𝜇

𝜕𝑧

𝜕𝜁
+ 𝜕𝑥

𝜕𝜇

𝜕𝑦

𝜕𝜁

𝜕𝑧

𝜕𝜂
− 𝜕𝑥

𝜕𝜇

𝜕𝑦

𝜕𝜂

𝜕𝑧

𝜕𝜁
− 𝜕𝑥

𝜕𝜁

𝜕𝑦

𝜕𝜇

𝜕𝑧

𝜕𝜂
− 𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜁

𝜕𝑧

𝜕𝜇
. (4.63)

The volume integral for the flux term is evaluated based on the points defined by the trilinear

mapping. The integral for the volume flux term from Equation (4.53), based on the trilinear

mapping, is evaluated as∬
𝑇×Ω

𝐹𝑖
(
U (𝑥 𝑗 , 𝑡)

)
d𝑥 𝑗d𝑡 =

∬
𝑇×Ω

𝐹𝑖
(
U (𝜁 𝑗 , 𝑡)

)
det (𝐽 (𝜁 𝑗 )) d𝜁 𝑗d𝑡

≈
∫
𝑇

7∑︁
𝜒=0

𝑤𝜒 det (𝐽 (𝜁 𝑗 ))𝐹𝑖
(
U (𝜁 𝑗 , 𝑡)

)
d𝑡,

(4.64)

such that 𝜒 represents each of the volumetric quadrature points, 𝑤𝜒 are the respective contribut-

ing weights of the quadrature points, and det (𝐽) is the determinant of the Jacobian. The time

integral for the flux term is computed using Radau IIA and the trapezoidal rule. Radau IIA is used
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to compute the integral for time 𝑇 , which goes from [𝑡𝑛, 𝑡𝑛+1],∫
𝑇

∑︁
𝜒

𝑤𝜒 det (𝐽)𝐹𝑖d𝑡 ≈
∑︁
𝜒

𝑤𝜒 det (𝐽) ·
(
3

4

(𝐹𝑖)𝑛𝜒 +
1

4

(𝐹𝑖)
𝑛+ 1

3

𝜒

)
(4.65)

and the trapezoidal rule is used to compute the integral for time 𝑇1/3, which goes from [𝑡𝑛, 𝑡𝑛+ 1

3 ],∫
𝑇
1/3

∑︁
𝜒

𝑤𝜒 det (𝐽)𝐹𝑖d𝑡 ≈
1

3

∑︁
𝜒

𝑤𝜒 det (𝐽) ·
(
1

2

(𝐹𝑖)
𝑛+ 1

3

𝜒 + 1

2

(𝐹𝑖)𝑛+1𝜒

)
. (4.66)

4.4.5 Discrete Update Formulas

The treatment of both space and time integration steps for the two derived update formulas have

been highlighted. The discrete update formula for the solution average update in each cell is

[
𝛼
𝑛+ 1

3

0

𝛼𝑛+1
0

]
=

[
𝛼𝑛
0

𝛼𝑛
0

]
− Δ𝑡

𝑉


1

3

∑
𝜉

𝑤𝜉F
𝑛+ 1

6

𝜉∑
𝜉

𝑤𝜉F
𝑛+ 1

2

𝜉

 + Δ𝑡

[
5

12
− 1

12

3

4

1

4

] [
S (𝛼𝑛+

1

3

0
)

S (𝛼𝑛+1
0

)

]
, (4.67)



CHAPTER 4. THE DISCONTINUOUS GALERKIN HANCOCK METHOD 65

and the discrete update formula for the slope average updates in each cell becomes



𝛼
𝑛+ 1

3

1

𝛼
𝑛+ 1

3

2

𝛼
𝑛+ 1

3

3

𝛼𝑛+1
1

𝛼𝑛+1
2

𝛼𝑛+1
3


=



𝛼𝑛
1

𝛼𝑛
2

𝛼𝑛
3

𝛼𝑛
1

𝛼𝑛
2

𝛼𝑛
3


+ Δ𝑡


𝐾 0 0

0 𝐾 0

0 0 𝐾





1

3

∑
𝜒
𝑤𝜒 det (𝐽) ·

(
1

2
(𝐹1)𝑛𝜒 + 1

2
(𝐹1)

𝑛+ 1

3

𝜒

)
1

3

∑
𝜒
𝑤𝜒 det (𝐽) ·

(
1

2
(𝐹2)𝑛𝜒 + 1

2
(𝐹2)

𝑛+ 1

3

𝜒

)
1

3

∑
𝜒
𝑤𝜒 det (𝐽) ·

(
1

2
(𝐹3)𝑛𝜒 + 1

2
(𝐹3)

𝑛+ 1

3

𝜒

)
∑
𝜒
𝑤𝜒 det (𝐽) ·

(
3

4
(𝐹1)

𝑛+ 1

3

𝜒 + 1

4
(𝐹1)𝑛+1𝜒

)
∑
𝜒
𝑤𝜒 det (𝐽) ·

(
3

4
(𝐹2)

𝑛+ 1

3

𝜒 + 1

4
(𝐹2)𝑛+1𝜒

)
∑
𝜒
𝑤𝜒 det (𝐽) ·

(
3

4
(𝐹3)

𝑛+ 1

3

𝜒 + 1

4
(𝐹3)𝑛+1𝜒

)



−Δ𝑡

𝐾 0 0

0 𝐾 0

0 0 𝐾





1

3

∑
𝜉

𝑤𝜉 (𝑥𝜉 − 𝑥𝑐)F
𝑛+ 1

6

𝜉

1

3

∑
𝜉

𝑤𝜉 (𝑦𝜉 − 𝑦𝑐)F
𝑛+ 1

6

𝜉

1

3

∑
𝜉

𝑤𝜉 (𝑧𝜉 − 𝑧𝑐)F
𝑛+ 1

6

𝜉∑
𝜉

𝑤𝜉 (𝑥𝜉 − 𝑥𝑐)F
𝑛+ 1

2

𝜉∑
𝜉

𝑤𝜉 (𝑦𝜉 − 𝑦𝑐)F
𝑛+ 1

2

𝜉∑
𝜉

𝑤𝜉 (𝑧𝜉 − 𝑧𝑐)F
𝑛+ 1

2

𝜉



+Δ𝑡
[
5

12
𝐼 − 1

12
𝐼

3

4
𝐼 1

4
𝐼

]


(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

1(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

2(
𝜕S
𝜕U

)𝑛+ 1

3

𝛼
𝑛+ 1

3

3(
𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
1(

𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
2(

𝜕S
𝜕U

)𝑛+1
𝛼𝑛+1
3



.

(4.68)

4.5 Implementation Overview for the GPU-Based DGH Solver

The GPU-based implementation of DGH is developed within a C++ programming environment

to target hardware accelerators with the SYCL programming model.

4.5.1 Load Balancing

In order to design the code to target multiple GPUs on large heterogeneous computing facilities,

the implementation follows a block-based approach that distributes the global problem. The

discretized initial-value problem presented in Figure 4.1 can be segmented into multiple blocks
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Figure 4.7: Block-based distribution of the global problem

and distributed across different devices. Figure 4.7 provides an example of segmented blocks

that are distributed to different GPUs. Currently, the GPU-based implementation is only being

used on structured meshes that are evenly divided into blocks with the same number of cells.

Load-balancing simply performs an even distribution of blocks across all available GPUs.

4.5.2 Communication with the Message Passing Interface

The message passing interface (MPI) is a library that can be used in the development of C++

programs to provide efficient communication directives [30]. MPI facilitates communication be-

tween distinct processes that are working in a parallel computing environment and scales very

well to modern supercomputers. In general, large GPU-based computing facilities have many

compute nodes that each have a set number of GPUs. Functionalities in the MPI library can be

used to transfer data between the GPUs on each of these nodes. This capability is essential to

facilitate the exchange of data with an optimized message passing system. In the GPU implemen-

tation of DGH, the GPUs that exist on each node have shared data buffers with the CPU process.

By using MPI, each CPU process on each node can efficiently communicate data between local

GPUs on its own node and global GPUs with other nodes. This enables each GPU to send and

receive the solution states at boundary quadrature points that are shared with their neighbours.

An example of the solution information that needs to be communicated between the quadrature

points at boundary cells is provided in Figure 4.8. Communication must occur between different

GPUs that contain neighbouring blocks. Send and receive buffers are established between the

GPUs to communicate solution information at the shared boundary quadrature points, as shown

in Figure 4.9. Each GPU is designated a “Compute Instance” object that identifies it based on the

MPI rank of its host CPU and its local index. Each MPI send and receive message must have it’s

own unique tag and each tag is generated based on the Compute Instance of the sending and

receiving devices.
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Figure 4.8: Example of boundary communication through quadrature points

Figure 4.9: Communication on GPU-based platforms
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4.5.3 Time-Marching the DGH Implementation

Equation (4.67) and Equation (4.68) are the discrete update formulas that must be computed for

each cell. Updates are computed at every timestep when stepping forward in time. Since up-

dates at quadrature points are largely independent of one another, updates at each quadrature

point are computed in parallel with GPU kernels using only local information. The updates are

stored and then a second GPU kernel performs the updates for each cell in order to avoid race

conditions. Information from neighbouring cells is only required when computing the solution

to Riemann problems at boundary quadrature points. Since the majority of computations only

require local work, DGH is an inherently parallel problem that scales very well on GPU-based

platforms. A brief overview of time-marching steps involved in the GPU-based implementation

of DGH include:

• Solution states that inputs to Riemann problems are computed with the Hancock predictor

step at each of the boundary quadrature points and sent to neighbouring GPUs with non-

blocking messages.

• Interface fluxes are computed at the internal quadrature points of each cell and the cells of

each block are updated.

• All GPUs wait to receive information from the computed Hancock predictor step. Interface

fluxes at the boundary quadrature points are computed and then all boundary cells are

updated.

• The solution average value is updated based on the computed interface flux terms and the

source term.

• The volume integral for the flux term is computed at each volume quadrature point and

added to the slope update in each cell.

• The slope average value is updated based on the computed interface flux terms, the volume

integrals for the flux terms, and the source term.

4.6 Numerical Results from DGH

This section of the chapter highlights a selection of numerical results that have been produced

with the GPU-based implementation of DGH.

4.6.1 Confirming the Order of Accuracy

One of the main advantages that come with using the DGH scheme is the order of accuracy that

can be achieved. It is really important to confirm that third-order accuracy is still maintained

with the GPU-based implementation of this numerical method because it helps to confirm that
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the implementation is correct. A convergence study is conducted with the linear convection

relaxation equation. This PDE takes the form

𝜕𝜌

𝜕𝑡
+ 𝑢𝑖

𝜕𝜌

𝜕𝑥𝑖
= −𝜌

𝜏
. (4.69)

In this equation, the bulk velocity is constant and the PDE has an exact solution that is known to

be

𝜌(𝑥𝑖, 𝑡) = 𝜌0(𝑥𝑖 − 𝑢𝑖𝑡) exp
(
− 𝑡
𝜏

)
. (4.70)

A convergence study is conducted for the linear convection equations in both two and three

spatial dimensions. In two-dimensional space, the balance law form follows

𝜕U

𝜕𝑡
+ 𝜕F𝑥
𝜕𝑥

+
𝜕F𝑦

𝜕𝑦
= S, (4.71)

where the solution term U = 𝜌, the 𝑥-direction flux vector F𝑥 = 𝜌𝑢𝑥 , the 𝑦-direction flux vector

F𝑦 = 𝜌𝑢𝑦 , and the source term S = − 𝜌

𝜏
. The initial value problem is computed on the domain

(𝑥, 𝑦) ∈ R2 | −10 ≤ 𝑥 ≤ 10, −10 ≤ 𝑦 ≤ 10 (4.72)

with the initial conditions

𝜌0(𝑥, 𝑦) = 𝑒−0.5(𝑥
2+𝑦2) , (4.73)

such that the exact solution to the problem is

𝜌𝐹 (𝑥, 𝑦) = 𝑒−0.5((𝑥−6)
2+(𝑦−6)2)−3, (4.74)

for constant velocity components 𝑢𝑥 = 𝑢𝑦 = −2, a relaxation time 𝜏 = 1, and a final time 𝑡 = 3.

Figure 4.10 provides a visualization for the initial conditions at 𝑡 = 0 and the final solution at 𝑡 = 3.

The visualized results demonstrate expected behaviours for the flow. The velocities, 𝑢𝑥 and 𝑢𝑦 ,

move the flow towards the negative 𝑥 and 𝑦 directions, respectively. The results also demonstrate

the dissipating effects from the relaxation term. Determining the convergence depends on the

ℓ2 Error, given by

ℓ2 Error =

√√√√ 𝑁∑︁
𝑖=0

(
1

𝑉𝑖

∑︁
𝜒

𝑤𝜒𝜌𝐹(𝜒)𝑖 − 𝜌DGH𝑖

)
2

×𝑉𝑖, (4.75)

where 𝑁 is the number of cells in the discretized domain and 𝑉𝑖 is the volume of each cell. The

variable UDGH𝑖
is the solution average in each cell and U𝐹(𝜒)𝑖 is the exact solution computed at

the volume quadrature points in each cell. It is important to note that the exact average solution

is computed as an integrated quantity at the volume quadrature points in each cell. The order of
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(a) Initial condition (b) Final solution

Figure 4.10: Linear convection 2D relaxation initial conditions and solution.

Table 4.1: Linear convection 2D convergence results

# Elements ℓ2 Error Order

300 × 300 1.43374 × 10
−5

—

400 × 400 6.06895 × 10
−6

2.99

500 × 500 3.11309 × 10
−6

2.99

600 × 600 1.80296 × 10
−6

3.00

convergence is computed as

Order of Convergence =

ln

(
Error1

Error2

)
ln

(
𝑁1

𝑁2

) , (4.76)

where Error1 and Error2 are the computed ℓ2 Errors for lower and higher resolutions, respectively.

𝑁1 and 𝑁2 are the number of elements along a single dimension on the grid. Convergence results

for the two-dimensional linear convection relaxation equations are presented in Table 4.1. Results

in the table demonstrate that third-order accuracy is recovered in the GPU-based implementation

of the DGH scheme. Similarly, in three-dimensional space, the balance law form follows

𝜕U

𝜕𝑡
+ 𝜕F𝑥
𝜕𝑥

+
𝜕F𝑦

𝜕𝑦
+ 𝜕F𝑧
𝜕𝑧

= S. (4.77)

where the 𝑧-direction flux vector F𝑧 = 𝜌𝑢𝑧. The initial value problem is computed on the domain

(𝑥, 𝑦, 𝑧) ∈ R3 | −10 ≤ 𝑥 ≤ 10, −10 ≤ 𝑦 ≤ 10, −10 ≤ 𝑧 ≤ 10. (4.78)
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(a) Initial condition (b) Final solution

Figure 4.11: Linear convection 3D relaxation initial conditions and solution.

Table 4.2: Linear convection 3D convergence results

# Elements ℓ2 Error Order

40 × 40 × 40 9.973186 × 10
−3

—

80 × 80 × 80 1.780187 × 10
−3

2.5

120 × 120 × 120 5.674075 × 10
−4

2.82

160 × 160 × 160 2.454975 × 10
−4

2.91

200 × 200 × 200 1.271323 × 10
−4

2.95

The initial conditions for the solution term is

𝜌0(𝑥, 𝑦, 𝑧) = 𝑒−0.5(𝑥
2+𝑦2+𝑧2) , (4.79)

such that the exact solution to the problem is

𝜌𝐹 (𝑥, 𝑦, 𝑧) = 𝑒−0.5((𝑥−6)
2+(𝑦−6)2+(𝑧−6)2)−3, (4.80)

given an added 𝑧-direction velocity component of 𝑢𝑧 = −2. Figure 4.11 provides a visualization

for the initial conditions at 𝑡 = 0 and the final solution at 𝑡 = 3. Again, as expected from the figure,

the flow moves towards the negative 𝑥, 𝑦, and 𝑧 directions with dissipating effects. Convergence

results for the three-dimensional linear convection relaxation equations are presented in Table

4.2. The table confirms third-order accuracy based on the presented orders of convergence. These

results demonstrate that third-order accuracy is recovered in the GPU-based implementation of

the DGH scheme in both two and three spatial dimensions.
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4.6.2 Strong Scaling Study

Parallel scaling studies are also performed for the GPU-based implementation of DGH in order

to analyze the performance of the code when distributed across massively parallel computing

platforms. These scaling studies are performed for a two-dimensional shockbox test case, using

the ten-moment equations presented in Chapter 2. The shockbox test case in this section follows

the previously introduced initial condition of a low density and low pressure gas, Wlow, that is

interfaced with a high density and high pressure gas, Whigh. The initial conditions for the two

states are

Wlow =


𝜌

𝑢𝑥

𝑢𝑦

𝑃


=


0.30625 kg/m

3

0m/s

0m/s

25 331.25 Pa


(4.81)

and

Whigh =


𝜌

𝑢𝑥

𝑢𝑦

𝑃


=


1.225 kg/m

3

0m/s

0m/s

101 325 Pa


. (4.82)

Initial conditions for the problem are set up on the domain

(𝑥, 𝑦) ∈ R2 | −0.5 ≤ 𝑥 ≤ 0.5, −0.5 ≤ 𝑦 ≤ 0.5, (4.83)

such that

W0(x, y) =

Wlow for 𝑥 < 0 and 𝑦 < 0,

Whigh otherwise.
(4.84)

The solution for this initial value problem is computed with 𝜏 = 1.0 × 10
−3

and the test case

was time-marched to a final time of 𝑡 = 0.75 × 10
−3
s. The CFL number is 0.3, the slope limiter

is Venkatakrishnan [31], and the Riemann solver is HLLE [32]. A visual representation of the

initial condition and the final solution is provided in Figure 4.12. The figure demonstrates the

development of shock waves at the interface of the two initial states. Two strong scaling studies

were conducted for this initial-value problem. The first strong scaling study was conducted for a

fixed problem size of 4 million elements and the second was conducted for a fixed problem size

of 16 million elements. The parallel speedup 𝑆𝑛 is measured as the time required for a single

process to complete the computation 𝑡1 relative to the the time required for multiple processes to

complete the computation 𝑡𝑛. The speed-up is given by

𝑆𝑛 =
𝑡1

𝑡𝑛
. (4.85)
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(a) Initial condition (b) Final solution

Figure 4.12: Shockbox initial conditions and final solution for the Ten Moment 2D equations

Table 4.3: Performance metrics using DGH for multiple GPUs (4 million elements)

# GPUs Time (s) Speedup Efficiency

2 660.014 2.00 1.00

4 334.25 3.95 0.99

8 170.52 7.75 0.97

16 88.12 15.00 0.94

The parallel efficiency 𝐸𝑛 is the ratio of the speed-up 𝑆𝑛 against the number of processes 𝑛, where

𝐸𝑛 =
𝑆𝑛

𝑛
. (4.86)

These values are used to help determine how well the implementation scales to large heteroge-

neous computing facilities for GPU targeted simulations. An ideal parallel efficiency is 𝐸𝑛 = 1.

Table 4.3 shows the parallel scaling across a different number of GPUs for the 4 million element

problem size. Figure 4.13 visualizes the results. This first study demonstrates near perfect par-

allel scaling across the GPUs with a relatively linear increase in the parallel speed-up and ideal

parallel efficiency. The parallel efficiency when distributed up to 16 GPUs is 0.94, which demon-

strates desirable results. Scaling the problem size up to 16 million elements can help expose any

potential bottlenecks that might arise from sending and receiving larger data buffers during the

communication step. Table 4.4 presents the tabulated results for the 16 million element problem

size. The visualized results are shown in Figure 4.14. When performed on the larger problem

size, the scaling study continues to demonstrate near perfect parallel efficiency with almost ideal

parallel speed-ups. This shows that the implementation is not affected by larger communication



CHAPTER 4. THE DISCONTINUOUS GALERKIN HANCOCK METHOD 74

Figure 4.13: Parallel scaling study on multiple GPUs for a problem-size of 4 million elements

Table 4.4: Performance metrics using DGH for multiple GPUs (16 million elements)

# GPUs Time (s) Speedup Efficiency

4 2723.11 4.00 1.00

8 1388.59 7.84 0.98

16 718.3 15.17 0.95
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Figure 4.14: Parallel scaling study on multiple GPUs for a problem-size of 16 million elements

Table 4.5: Computational runtimes using DGH for multiple CPUs (16 million elements)

# CPU Cores Time (s)

256 4893.99

512 2915.71

1024 1648.94

buffers and continues to present great scalability with larger problem sizes.

4.6.3 Performance Comparisons

The computational performance between the CPU and GPU versions of DGH were compared

using the 16 million element ten-moment shockbox test case. Performance results for the CPU

version of the code, with the AMD Rome 7532, are presented in Table 4.5. It is also worth noting

that every 32 CPU cores represents a single AMD Rome 7532 processor. Performance comparisons

across multiple CPUs and GPUs are presented in Figure 4.15. Additionally, the estimated energy

expenditures for the CPU and GPU implementations are presented in Figure 4.16. The GPU

implementation of the code presents significant parallel speedups and very desirable values for

energy expenditures. Demonstrating both speedups in computational runtimes and a decrease in

energy consumption, the GPU-based implementation for DGH can be leveraged as a very time

and energy efficient numerical algorithm for solving a wide range of scientific problems.
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Figure 4.15: Computational runtime comparison between CPUs and GPUs using DGH for a 16 million

element study

Figure 4.16: Energy expenditure comparison between CPUs and GPUs using DGH for a 16 million element

study
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4.6.4 Kelvin-Helmholtz Instability

A Kelvin-Helmholtz instability occurs when two fluids that each have a different uniform den-

sity are interfaced with one another. The two fluids also have different velocities and sinusoidal

perturbations at their shared interface. The dense gas Wmiddle has an initial state

Wmiddle =


𝜌

𝑢𝑥

𝑢𝑦

𝑃


=


2.0 kg/m

3

0.5m/s

0m/s

2.5 Pa


, (4.87)

and the less dense gas Wouter has initial conditions,

Wouter =


𝜌

𝑢𝑥

𝑢𝑦

𝑃


=


1.0 kg/m

3

−0.5m/s

0m/s

2.5 Pa


. (4.88)

The lower interface 𝑦lower and the upper interface 𝑦upper are defined to be

𝑦lower = 0.25 · 𝑦max + 0.015 · cos
(
4𝜋

3

· 𝑥
)

(4.89)

and

𝑦upper = 0.75 · 𝑦max + 0.015 · cos
(
4𝜋

3

· 𝑥
)
. (4.90)

where 𝑦max is the maximum 𝑦 value in the range. The initial condition W0 is such that

W0(x, y) =

Wmiddle, if 𝑦lower < 𝑦 < 𝑦upper

Wouter, otherwise

(4.91)

on the domain

(𝑥, 𝑦) ∈ R2 | 0.0 ≤ 𝑥 ≤ 3.0, 0.0 ≤ 𝑦 ≤ 1.5. (4.92)

The test case was run with periodic boundary conditions at the 𝑥-direction limits, a final time

of 𝑡 = 2 s, and a resolution of 128 million elements. There are 16000 cells in the 𝑥-direction and

8000 cells in the 𝑦-direction. The initial conditions are presented in Figure 4.17 for reference.

The final results for the density of the gas flow are shown in Figure 4.18. The final results show

that the amplitude of the perturbations has increased with the development of detailed structure.

These results were produced with a computational runtime of 75 minutes when scaled to target

64 Nvidia A100 GPUs. This test case serves to further demonstrate the ability of the GPU im-

plementation of DGH to quickly produce high resolution results when distributed across large

GPU-based supercomputers.
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Figure 4.17: Initial conditions for a Kelvin-Helmholtz instability case

Figure 4.18: Structure development in a Kelvin-Helmholtz instability case



Chapter 5

Model Validation Demonstration

As previously mentioned in the introduction of this thesis, one of the main objectives is to lever-

age the FMFC solver as a validation tool to benchmark the accuracy of models derived from

moment closure methods. This section of the report presents a validation study, in the free-

molecular regime, for the two-dimensional ten-moment equations. The ten-moment equations

are known to be inaccurate in the free-molecular regime. The purpose of this study is simply

to show the effectiveness of the FMFC solver as a validation tool that can eventually be used to

benchmark the accuracy of moment methods that are currently being developed when solved

with numerical schemes such as DG and DGH.

5.1 Benchmarking the Ten-Moment Equations in the Free-Molecular
Regime

In this section of the chapter, benchmarks are produced using the FMFC solver and compared

against the ten-moment equations that are solved with the first-order DG scheme that was briefly

introduced in Chapter 5. The first-order DG scheme is used in place of DGH for this study because

regions of low density can be challenging to accurately resolve with DGH for the ten-moment

equations. It is also worth noting that results from the FMFC solver and the ten-moment equations

are mostly visualized with colour maps of different scales because of the significant discrepancies

between the two solutions. This chapter does not present a true scientific validation study but

simply a demonstration for the intended use of the FMFC solver. In this demonstration, initial

conditions for the free-stream flow are

W =



𝜌

𝑃

𝑢𝑥

𝑚

𝑅

𝜔


=



1.7838 kg/m
3

101325 Pa

9.1m/s

6.63 × 10
−26

kg

1m

0 rad/s


. (5.1)
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(a) benchmark result from the FMFC solver (b) ten-moment equations solved with a DG scheme

Figure 5.1: Average velocity comparison: FMFC solver and the ten-moment equations.

The relaxation time for the ten-moment equations is set to

𝜏 → ∞ (5.2)

such that the ten-moment equations are modelling free-molecular flow. The radial domain around

the cylinder is 𝑟 ∈ [1, 100]m with a grid size 250000 elements. Boundary conditions with the

cylinder are completely specular so the accommodation coefficient for the FMFC solver is

𝛼 = 0 (5.3)

and the ten-moment equations are solved with reflection boundary conditions at the cylinder

surface. Furthermore, the ten-moment equations are run to a final time of 𝑡 = 25 s where the

result has converged towards a steady-state solution.

5.1.1 Comparing the Velocity Field

A comparison for the average velocities of the FMFC solver and the ten-moment equations is

shown in Figure 5.1. Both the benchmark results from the FMFC solver and the solution from

the ten-moment equations present average velocities of similar magnitude. The two gas flows

show stagnation points at the front and back of the cylinder. The two results also show a similar

behavior at the top and bottom of the cylinder where the average velocity is the free-stream

velocity of the gas flow. Despite the similar magnitudes and behaviors of the average velocities

in the two solutions, the profiles do not exactly match. This demonstrates the limits of the ten-

moment equations when attempting to accurately capture gas flows in the free-molecular regime.



CHAPTER 5. MODEL VALIDATION DEMONSTRATION 81

(a) benchmark result from the FMFC solver (b) ten-moment equations solved with a DG scheme

Figure 5.2: Density comparison: FMFC solver and the ten-moment equations.

5.1.2 Comparing the Density Field

The density field for the two gas flows have also been studied. Figure 5.2 presents the comparison

for the density of the benchmark result produced with the FMFC solver and the ten-moment

equations that are solved with the DG scheme. The visual output shows that the ten-moment

equations have areas of low density at the front of the cylinder and areas of much lower density

behind the cylinder. The FMFC solver demonstrates an expected behaviour of high density at

the front of the cylinder and low density behind the cylinder. It is clear that the ten-moment

equations do not accurately capture the density field, demonstrating that these equations fail in

the free-molecular regime.

5.1.3 Comparing the Pressure Fields

Another set of comparisons that can be made is in the computed pressure tensor from the two

solvers. Figure 5.3 compares the normal stress along the 𝑥-axis, 𝑃𝑥𝑥 . Results from both the FMFC

solver and the ten-moment equations show regions of high pressure at the front of the cylinder

and regions low pressure behind the cylinder. This behaviour is expected because 𝑃𝑥𝑥 should be

highest at the point of impact with the cylinder. The main difference between the two results

is in the magnitude of the two quantities. Another comparison is provided in Figure 5.4 for the

normal stress along the 𝑦-axis, 𝑃𝑦𝑦 . The two results show that the pressure term 𝑃𝑦𝑦 is greater

in similar regions of the gas flow. While the two results show slightly similar behaviours, the

ten-moment equations are failing to accurately capture the properties of the flow. Figure 5.5

compares the shear stress for the two solvers. The ten-moment equations show a visually similar

trend to the benchmark produced in the FMFC solver. In both cases, the magnitude of the shear
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(a) benchmark result from the FMFC solver (b) ten-moment equations solved with a DG scheme

Figure 5.3: Pressure tensor 𝑃𝑥𝑥 : FMFC solver and the ten-moment equations.

(a) benchmark result from the FMFC solver (b) ten-moment equations solved with a DG scheme

Figure 5.4: Pressure tensor 𝑃𝑦𝑦 : FMFC solver and the ten-moment equations.
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(a) benchmark result from the FMFC solver (b) ten-moment equations solved with a DG scheme

Figure 5.5: Pressure tensor 𝑃𝑥𝑦 : FMFC solver and the ten-moment equations.

stress component increases in the same regions of the flow. However, the ten-moment equations

fail to properly capture the properties of the flow.

5.1.4 Comparing the Heat-Flux

Figure 5.6 highlights the magnitude of the heat-flux from the FMFC solver and the ten-moment

equations. The ten-moment equations do not consider the heat-flux of the gas flow and so it is

clear that the output for this quantity is zero throughout the entire field. This simply demonstrates

that the FMFC solver is capable of computing higher-order moments, such as heat-flux, which

can make its applicability as a validation tool for newer models very desirable.

The ten-moment equations are known to be inaccurate in the free-molecular regime. The

purpose of this section is not to highlight the inaccuracies of the ten-moment equations but rather

to demonstrate how the FMFC solver is a tool that can be used to confirm the accuracy of new

models in the free-molecular regime.



(a) benchmark result from the FMFC solver (b) ten-moment equations solved with a DG scheme

Figure 5.6: Magnitude of the heat-flux: FMFC solver and the ten-moment equations.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

The work presented in this thesis successfully demonstrates the implementation of two numerical

solvers for the study of non-equilibrium gas flows on GPU-based platforms using SYCL. Numeri-

cal results highlight the computational efficiency and accuracy of the two solvers when simulating

gas flows in non-equilibrium regimes.

The FMFC solver incorporates a novel ray-tracing technique, geometric relations, and accu-

rate recursion relations that work together to compute the solution for gas flows near convex

shapes in the free-molecular regime. Analytical solutions for the drag and lift produced for free-

molecular gas flows near a possibly rotating circular cylinder have also been derived and used to

confirm the accuracy of FMFC. The solver was also extended to target GPUs with SYCL to further

accelerate the computational runtime by at least an order of magnitude. FMFC can be used to

compute any observable property of the gas flow at any location, such as the density, bulk veloc-

ity, and heat-flux. This capability enables academic studies for high-speed flows, counter-gradient

heat-flux, and other interesting phenomena in the free-molecular regime.

The existing CPU-based implementation of the DGH scheme has been extended into an effi-

cient GPU code using SYCL. The GPU-based implementation was also extended to target multiple

GPUs on multiple compute nodes across large-scale supercomputers. A strong scaling study for

the GPU version of the code demonstrates near perfect parallel scalability and massive compu-

tational speedups for large problem sizes. Third-order accuracy is recovered which enables the

code to be used to solve models for the study of non-equilibrium gas flows with a high-degree of

numerical accuracy.

One of the objectives in this research project is to use the FMFC solver as a tool that can pro-

duce a wide range of accurate benchmarks to validate models for gas flows in the free-molecular

regime. The FMFC solver was used to generate benchmarks for gas flows in the free-molecular

regime and compared against solutions for the ten-moment equations. The ten-moment equa-

tions are already known to be inaccurate in the free-molecular regime. However, this study served

as a demonstration for the effectiveness of the FMFC solver as a validation tool that can confirm

the accuracy of new models in the free-molecular regime.
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6.2 Future Work

Currently, the FMFC solver is only capable of computing the solution for free-molecular gas flows

near circular cylinders because the geometric relations that have been developed are restricted

to these shapes. However, the recursion relations in the solver work for any convex shape. Fu-

ture work should extend the capability of the FMFC solver to work with any convex geometry

because it would allow for a broad range of benchmarks to be produced and academic studies to

be performed.

The GPU implementation of DGH has been developed with rudimentary optimizations. Fu-

ture work should include an in-depth profiling of the code and targeted optimizations. This can

include both general optimizations in the GPU kernels and hardware-specific optimizations for

different computing platforms. Currently, the GPU-based version of DGH does not have adaptive

mesh refinement (AMR), which could be used to resolve solutions with a much higher level of

accuracy and efficiency.
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Appendix A

Integrating the Drag term using Bessel
Functions

This section of the appendix highlights important integrations that are used to compute the drag

produced by a rotating cylinder. The drag per unit area is

𝐷 = −𝜎N cos𝜓 + 𝜎T sin𝜓, (A.1)

where 𝜎N and 𝜎T are the normal force and tangential force on the cylinder surface, respectively.

The normal stress 𝜎N is the second-order 𝑥′-directional velocity moment

𝜎N =

∞∫
−∞

∞∫
−∞

∞∫
−∞

𝑣′2𝑥 F𝑝 d𝑣′𝑥 d𝑣′𝑦 d𝑣𝑧, (A.2)

which equates to

𝜎N =
𝑚𝛼𝑛W

4𝛽W
+
𝑛FS𝑚(𝛼 − 2) (cos𝜓(𝑆𝑒−𝑆2 cos2 𝜓) + (𝑆2 cos2 𝜓 + 1

2
)
√
𝜋(erf (𝑆 cos𝜓) − 1))

2

√
𝜋𝛽FS

. (A.3)

The tangential stress 𝜎T is the second-order velocity moment of an 𝑥′-direction and 𝑦′-direction

velocity moment, such that

𝜎T =

∞∫
−∞

∞∫
−∞

∞∫
−∞

𝑣′𝑥𝑣
′
𝑦F𝑝 d𝑣′𝑥 d𝑣′𝑦 d𝑣𝑧, (A.4)

which equates to

𝜎T =
sin𝜓(𝑒−𝑆2 cos2 𝜓

√
𝜋 + 𝜋𝑆 cos𝜓(erf (𝑆 cos𝜓) − 1))𝛼𝑢𝑥𝑚𝑛FS

2

√
𝛽FS𝜋

+ 𝑅𝛼𝑢𝑥𝑚𝑛𝜔(𝑒
−𝑆2 cos2 𝜓 +

√
𝜋𝑆 cos𝜓(erf (𝑆 cos𝜓) − 1))

2

√
𝛽FS

√
𝜋

.

(A.5)
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The coefficient of drag 𝐶𝐷 is

𝐶𝐷 =
1

𝜌𝑣2

2𝜋∫
0

𝐷 d𝜓 (A.6)

and so the integral that needs to be evaluated is

2𝜋∫
0

𝐷 d𝜓, (A.7)

which is equal to

2𝜋∫
0

−𝜎N cos𝜓 + 𝜎T sin𝜓 d𝜓. (A.8)

The integral for the drag term expands to be,

𝐷 =

∫
2𝜋

0

[
𝑛𝑚𝑢𝑥

(𝐵FS𝜋)
1

2

(
1 − 𝛼

2

)
cos

2 𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

−
(

𝑛𝑚𝛼

4(𝐵FS𝐵W) 1

2

)
cos𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

+ 𝑛𝑚𝑢2𝑥
(
1 − 𝛼

2

)
cos

3 𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓)

− 𝑛𝑚𝑢2𝑥
(
1 − 𝛼

2

)
cos

3 𝜓 −
(𝑛𝑚𝛼𝑢𝑥

4

) (
𝜋

𝐵W

) 1

2

cos
2 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓)

+
(𝑛𝑚𝛼𝑢𝑥

4

) (
𝜋

𝐵W

) 1

2

cos
2 𝜓 + 𝑛𝑚

2𝐵FS

(
1 − 𝛼

2

)
cos𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓)

− 𝑛𝑚

2𝐵FS

(
1 − 𝛼

2

)
cos𝜓 +

(
𝑛𝑚𝛼𝑢𝑥

2(𝐵FS𝜋)
1

2

)
sin

2 𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

+
(
𝑛𝑚𝛼𝑢2𝑥

2

)
sin

2 𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓) cos𝜓 −

(
𝑛𝑚𝛼𝑢2𝑥

2

)
sin

2 𝜓 cos𝜓

−
(
𝑛𝑚𝛼𝑅𝑤

2(𝐵FS𝜋)
1

2

)
sin𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

−
(
𝑛𝑚𝛼𝑢𝑥𝑅𝑤

2

)
sin𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) cos𝜓

+
(
𝑛𝑚𝛼𝑢𝑥𝑅𝑤

2

)
sin𝜓 cos𝜓

]
d𝜓.

(A.9)

There are 14 individual terms in the integral that need to be evaluated. Table A.1 highlights these

terms and excludes constant variables. The following sections in this chapter of the appendix

show how results are obtained for each of the integral terms in Table A.1. Many of the integrals

that are solved in the following sections make use of modified Bessel functions of the first kind.

The zeroth modified Bessel function of the first kind is

𝐼0(𝑥) =
1

𝜋

∫ 𝜋

0

𝑒𝑥 cos(𝑢) d𝑢 (A.10)
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No. Term No. Term

1
cos

2 𝜓

𝑒𝑢
2

𝑥𝐵
FS

cos
2 𝜓

8 cos𝜓

2
cos 𝜓

𝑒𝑢
2

𝑥𝐵
FS

cos
2 𝜓

9
sin

2 𝜓

𝑒𝑢
2

𝑥𝐵
FS

cos
2 𝜓

3 cos
3 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) 10 sin

2 𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓) cos𝜓

4 cos
3 𝜓 11 sin

2 𝜓 cos𝜓

5 cos
2 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) 12

sin 𝜓

𝑒𝑢
2

𝑥𝐵
FS

cos
2 𝜓

6 cos
2 𝜓 13 sin𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) cos𝜓

7 cos𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓) 14 sin𝜓 cos𝜓

Table A.1: Terms in the integral for drag

and the 𝑛th modified Bessel function of the first kind is

𝐼𝑛 (𝑥) =
1

𝜋

∫ 𝜋

0

cos(𝑛𝑢) 𝑒𝑥 cos(𝑢) d𝑢. (A.11)

The speed ratio 𝑆 is also used to simplify each of the terms, where

𝑆 = 𝑢𝑥
√︁
𝛽FS. (A.12)

A.1 Integral 1

The first integral to be evaluated is ∫
2𝜋

0

cos
2 𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓. (A.13)

Using the trigonometric identity

cos
2 𝜓 =

1 + cos(2𝜓)
2

, (A.14)

the integral equation becomes

1

2

𝑒−
𝑆2

2

∫
2𝜋

0

(1 + cos(2𝜓)) 𝑒− 𝑆2

2
cos(2𝜓)

d𝜓. (A.15)

Substituting 𝜅 = 2𝜓 into the integral equation results in

𝑒−
𝑆2

2

(∫ 𝜋

0

𝑒−
𝑆2

2
cos 𝜅𝑑𝜅 +

∫ 𝜋

0

(cos 𝜅)𝑒− 𝑆2

2
cos 𝜅𝑑𝜅

)
. (A.16)

By using the modified Bessel functions of the first kind,∫
2𝜋

0

cos
2 𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓 = 𝑒−
𝑆2

2

(
𝜋𝐼0

(
𝑆2

2

)
+ 𝜋𝐼1

(
𝑆2

2

))
. (A.17)
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A.2 Integral 2

The second integral to be evaluated is∫
2𝜋

0

cos𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓 (A.18)

and always converges to zero such that∫
2𝜋

0

cos𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓 = 0. (A.19)

A.3 Integral 3

The third integral to be evaluated is∫
2𝜋

0

cos
3 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) d𝜓. (A.20)

By applying an integration by parts, the integral term becomes

2𝑆

𝜋
1

2

∫
2𝜋

0

(
sin

2 𝜓 − sin
4 𝜓

3

)
𝑒−𝑆

2
cos

2 𝜓
d𝜓. (A.21)

Using the trigonometric identity

sin
2 𝜓 =

1 − cos(2𝜓)
2

, (A.22)

the integral equation becomes

𝑆

12𝜋
1

2

𝑒−
𝑆2

2

∫
2𝜋

0

(9 − 8 cos(2𝜓) − cos(4𝜓)) 𝑒− 𝑆2

2
cos(2𝜓)

d𝜓. (A.23)

Substituting 𝜅 = 2𝜓 into the integral equation results in

𝑆

6𝜋
1

2

𝑒−
𝑆2

2

∫ 𝜋

0

(9 − 8 cos 𝜅 − cos(2𝜅)) 𝑒− 𝑆2

2
cos 𝜅

d𝜅. (A.24)

By using the modified Bessel functions of the first kind,∫
2𝜋

0

cos
3 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) d𝜓 =

𝑆

6𝜋
1

2

𝑒−
𝑆2

2

(
9𝜋𝐼0

(
𝑆2

2

)
− 8𝜋𝐼1

(
𝑆2

2

)
− 𝜋𝐼2

(
𝑆2

2

))
. (A.25)
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A.4 Integral 4

The fourth integral to be evaluated is ∫
2𝜋

0

cos
3 𝜓 d𝜓 (A.26)

and always converges to zero such that∫
2𝜋

0

cos
3 𝜓 d𝜓 = 0. (A.27)

A.5 Integral 5

The fifth integral to be evaluated is∫
2𝜋

0

cos
2 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) d𝜓 (A.28)

and always converges to zero such that∫
2𝜋

0

cos
2 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) d𝜓 = 0 (A.29)

A.6 Integral 6

The sixth integral to be evaluated is ∫
2𝜋

0

cos
2 𝜓 d𝜓 (A.30)

and always converges to 𝜋 such that ∫
2𝜋

0

cos
2 𝜓 d𝜓 = 𝜋 (A.31)

A.7 Integral 7

The seventh integral to be evaluated is∫
2𝜋

0

cos𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓)d𝜓. (A.32)

By applying an integration by parts, the integral term becomes

2𝑆

𝜋
1

2

∫
2𝜋

0

sin
2(𝜓)

(
𝑒−𝑆

2
cos

2 (𝜓)
)
d𝜓. (A.33)
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Using the trigonometric identities from Equation (A.14) and Equation (A.22), the integral equation

becomes

𝑆

𝜋
1

2

𝑒−
𝑆2

2

∫
2𝜋

0

(1 − cos(2𝜓)) 𝑒− 𝑆2

2
cos(2𝜓)

d𝜓. (A.34)

Substituting 𝜅 = 2𝜓 into the integral equation results in

2𝑆

𝜋
1

2

𝑒−
𝑆2

2

(∫ 𝜋

0

𝑒−
𝑆2

2
cos 𝜅𝑑𝜅 −

∫ 𝜋

0

(cos 𝜅)𝑒− 𝑆2

2
cos 𝜅𝑑𝜅

)
. (A.35)

By using the modified Bessel functions of the first kind,∫
2𝜋

0

cos𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓)d𝜓 = 2𝑆𝜋

1

2 𝑒−
𝑆2

2

(
𝐼0

(
𝑆2

2

)
− 𝐼1

(
𝑆2

2

))
. (A.36)

A.8 Integral 8

The eighth integral to be evaluated is ∫
2𝜋

0

cos𝜓 d𝜓 (A.37)

and always converges to zero such that∫
2𝜋

0

cos𝜓 d𝜓 = 0 (A.38)

A.9 Integral 9

The ninth integral to be evaluated is ∫
2𝜋

0

sin
2 𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓. (A.39)

Using the trigonometric identity from Equation (A.22), the integral equation becomes

1

2

𝑒−
𝑆2

2

∫
2𝜋

0

(1 − cos(2𝜓)) 𝑒− 𝑆2

2
cos(2𝜓)

d𝜓. (A.40)

Substituting 𝜅 = 2𝜓 into the integral equation results in

𝑒−
𝑆2

2

(∫ 𝜋

0

𝑒−
𝑆2

2
cos 𝜅𝑑𝜅 −

∫ 𝜋

0

(cos 𝜅)𝑒− 𝑆2

2
cos 𝜅𝑑𝜅

)
. (A.41)

By using the modified Bessel functions of the first kind,∫
2𝜋

0

sin
2 𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓 = 𝑒−
𝑆2

2

(
𝜋𝐼0

(
𝑆2

2

)
− 𝜋𝐼1

(
𝑆2

2

))
. (A.42)



APPENDIX A. INTEGRATING THE DRAG TERM USING BESSEL FUNCTIONS 96

A.10 Integral 10

The tenth integral to be evaluated is∫
2𝜋

0

sin
2 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) cos𝜓d𝜓. (A.43)

By applying an integration by parts, the integral term becomes

2𝑆

3𝜋
1

2

∫
2𝜋

0

(
sin

4 𝜓
)
𝑒−𝑆

2
cos

2 𝜓
d𝜓. (A.44)

Using the trigonometric identities from Equation (A.14) and Equation (A.22), the integral equation

becomes

𝑆

6𝜋
1

2

𝑒−
𝑆2

2

∫
2𝜋

0

(
1 − 2 cos(2𝜓) + cos

2(2𝜓)
)
𝑒−

𝑆2

2
cos(2𝜓)

d𝜓. (A.45)

Substituting 𝜅 = 2𝜓 into the integral equation results in

𝑆

6𝜋
1

2

𝑒−
𝑆2

2

(∫
2𝜋

0

𝑒−
𝑆2

2
cos 𝜅𝑑𝜅 − 2

∫
2𝜋

0

cos 𝜅 · 𝑒− 𝑆2

2
cos 𝜅𝑑𝜅 +

∫
2𝜋

0

cos
2 𝜅 · 𝑒− 𝑆2

2
cos 𝜅𝑑𝜅

)
. (A.46)

By using the modified Bessel functions of the first kind,∫
2𝜋

0

sin
2 𝜓 · erf(𝐵

1

2

FS
𝑢𝑥 cos𝜓) cos𝜓d𝜓 =

𝑆𝜋
1

2

6

𝑒−
𝑆2

2

(
𝐼0

(
𝑆2

2

)
− 2𝐼1

(
𝑆2

2

)
+ 𝑒 𝑆2

2

(
𝐼0

(
𝑆2

2

)
+ 𝐼1

(
𝑆2

2

)))
.

(A.47)

A.11 Integral 11

The eleventh integral to be evaluated is∫
2𝜋

0

sin
2 𝜓 cos𝜓 d𝜓 (A.48)

and always converges to zero such that∫
2𝜋

0

sin
2 𝜓 cos𝜓 d𝜓 = 0. (A.49)

A.12 Integral 12

The twelfth integral to be evaluated is∫
2𝜋

0

sin𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓 (A.50)
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and always converges to zero such that∫
2𝜋

0

sin𝜓

𝑒𝑢
2

𝑥𝐵FS cos
2 𝜓

d𝜓 = 0. (A.51)

A.13 Integral 13

The thirteenth integral to be evaluated is∫
2𝜋

0

sin𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓) cos𝜓 d𝜓 (A.52)

and always converges to zero such that∫
2𝜋

0

sin𝜓 · erf(𝐵
1

2

FS
𝑢𝑥 cos𝜓) cos𝜓 d𝜓 = 0. (A.53)

A.14 Integral 14

The fourteenth integral to be evaluated is∫
2𝜋

0

sin𝜓 cos𝜓 d𝜓 (A.54)

and always converges to zero such that∫
2𝜋

0

sin𝜓 cos𝜓 d𝜓 = 0. (A.55)



APPENDIX A. INTEGRATING THE DRAG TERM USING BESSEL FUNCTIONS 98

A.15 Final Integral of the Drag Term

Using the computed integral terms in each of the previous sections of this Appendix chapter, the

integral of the drag term is

2𝜋∫
0

𝐷 d𝜓 =

[
𝑛FS𝑚𝑢𝑥

√︂
𝜋

𝛽FS

(
1 − 𝛼

2

) (
𝐼0

(
−𝑆

2

2

)
+ 𝐼1

(
−𝑆

2

2

))
+ 𝑛FS𝑚𝑢2𝑥

(
1 − 𝛼

2

) 𝑆√𝜋𝑒− 𝑆2

2

6

(
9𝐼0

(
−𝑆

2

2

)
− 8𝐼1

(
−𝑆

2

2

)
− 𝐼2

(
−𝑆

2

2

))
+

(𝑛𝑚𝛼𝑢𝑥
4

) √︂
𝜋

𝛽FS
𝜋

+ 𝑛FS𝑚
2𝛽FS

(
1 − 𝛼

2

)
2𝑆

√
𝜋𝑒−

𝑆2

2

(
𝐼0

(
−𝑆

2

2

)
− 𝐼1

(
−𝑆

2

2

))
+

(𝑛𝑚𝛼𝑢𝑥
2

) √︂
𝜋

𝛽FS
𝑒−

𝑆2

2

(
𝐼0

(
−𝑆

2

2

)
− 𝐼1

(
−𝑆

2

2

))
+

(
𝑛𝑚𝛼𝑢2𝑥

2

𝑆

6

√
𝜋𝑒−

𝑆2

2

) (
3𝐼0

(
−𝑆

2

2

)
− 4𝐼1

(
−𝑆

2

2

)
+ 𝐼2

(
−𝑆

2

2

)) ]
.

(A.56)
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