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Abstract

The growing flow of people and goods around the globe has allowed new, non-native

species to establish and spread in already fragile ecosystems. The introduction of

invasive species can have a detrimental impact on the already established species.

Thus, it is important that we understand the mechanisms that facilitate or prevent

invasion. Since reaction-diffusion invasion models produce travelling waves we can

study invasion by looking at the mechanisms that allow for wave propagation failure,

or wave-blocking. In this thesis we consider a perturbed reaction-diffusion model in

which the perturbation resides in either the reaction or diffusion term. In doing so we

exploit the underlying symmetry of our problem to define a region in the appropriate

parameter space that leads to wave blocking. As a demonstrative example we apply

our theory to the bistable equation and consider the effects of various perturbations.

ii



Acknowledgements

The completion of a thesis or dissertation is by no means a simple task. Throughout

the past two years I have received support and help from an incredible number of

people. In particular, I’d like to thank my supervisors, Dr. Victor LeBlanc and

Dr. Frithjof Lutscher, for their continued guidance and support. I can never thank

them enough for all the time they have invested in me and for teaching me so much

throughout my masters. I also want to express my gratitude to the University of

Ottawa for this incredible opportunity. Finally, last but not least, I’d like to thank

my family and friends who have been there every step of the way.

iii



Dedication

This work is dedicated to my parents. Despite the distance, they have always been

there supporting and encouraging me. I wouldn’t be where and who I am without

them. I’m proud to be their son.

iv



Contents

List of Figures vii

1 Introduction 1

1.1 Travelling Waves . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Habitat Fragmentation . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 The Gap Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 The Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Ecological Phenomena 9

2.1 Ecological Framework . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Homogenization . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 The O(l−2) Equation . . . . . . . . . . . . . . . . . . . . . . 12

2.2.2 The O(l−1) Equation . . . . . . . . . . . . . . . . . . . . . . 12

2.2.3 The O(l0) Equation . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Homogenization and Invasion Pinning . . . . . . . . . . . . . . . 14

3 Wave Blocking Phenomena 18

3.1 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Relative Equilibria and Wave Speed . . . . . . . . . . . . . . . . 21

3.3 The Linear Operator L . . . . . . . . . . . . . . . . . . . . . . . 22

3.4 The Centre Manifold . . . . . . . . . . . . . . . . . . . . . . . . 24

v



CONTENTS vi

3.5 Wave-Blocking in the Perturbed System . . . . . . . . . . . . . . 27

4 Numerical Results 33

4.1 Numerical Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 Example 1: Perturbation In The Reaction Term . . . . . . . . . 35

4.3 Example 2: Perturbation In The Diffusion Term . . . . . . . . . 36

4.4 Example 3: Ecological Diffusion . . . . . . . . . . . . . . . . . . 39

4.5 Example 4: Spatial Correlation . . . . . . . . . . . . . . . . . . . 41

5 Conclusion 46

A MATLAB Code 49

A.1 Numerical Calculation of r(a) . . . . . . . . . . . . . . . . . . . . 49

A.2 Wedge Plotting Program . . . . . . . . . . . . . . . . . . . . . . 51

Bibliography 56



List of Figures

1.1 Visual representations of the diffusion coefficient D(x) as considered

by Lewis & Keener, Shigesada et al ([18] Fig. 1. pp. 145) . and

Kinezaki et al. ([8] Fig. 1. pp. 264). . . . . . . . . . . . . . . . . . . 7

1.2 The cone of parameter values in (c, ε) parameter space that leads to

propagation failure [11, 16]. . . . . . . . . . . . . . . . . . . . . . . . 8

2.1 Plot of the homogenized speed capprox as a function of the parameter

B for fixed values of A = 1, 2, 3, 4 and α = 0.4646. . . . . . . . . . . 17

2.2 Evolution of a travelling wave solution of equation (2.2.1) with

(2.3.1), D(x) = 1 + B sin(x), α(x) = α and ρ(x) = 1. The ini-

tial wave profile is given by a solid line while the successive snap-

shots taken at regular time intervals, are given by the dashed lines.

Parameters are α = 0.4646, and B = 0.1 (left), B = 0.35 (right) . . . 17

3.1 The relative equilibria on the unperturbed manifold ([11] Figure 2

p. 25). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2 The perturbed equilibrium on the manifold Sε. The curve Θε cor-

responds to the set of blocking points and is given by at = 0. ([11]

Figure 3 p. 26). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.3 Wave-blocking occurs for values of (ε, c) inside the wedge. Here rmax

and rmin are the supremum and infimum of (3.5.8) respectively. . . . 32

vii



LIST OF FIGURES viii

4.1 A visualization of the scheme used to numerically obtain the initial

blocking values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.2 Plot of p(x) (solid blue line with circles) and P (x) (solid red line)

with n = 13. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.3 Plot of r(a) for G given by (4.2.1). . . . . . . . . . . . . . . . . . . . 37

4.4 Comparison between the blocking wedge (line) and the numerically

calculated values of wave-blocking (stars) for the perturbation cor-

responding to (4.2.1) . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.5 Comparison between the blocking wedge (line) and the numerically

calculated values of wave-blocking (stars) for (4.3.1). . . . . . . . . . 39

4.6 Comparison between the blocking wedge (line) and the numerically

calculated values of wave-blocking (stars) for the perturbation in

(4.4.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.7 Plot of sup{r(a)} as a function of θ for equation (4.5.1) (Top) and

(4.5.2) (Bottom). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.8 Plot of ρ(x) (dashed red line) and D(x) (solid blue line) for ε = 0.25

and θ = 0. The arrows indicate the direction of the movement bias. 45



Chapter 1

Introduction

1.1 Travelling Waves

An essential component in the study of linear and nonlinear partial differential equa-

tions is the phenomenon of wave propagation. Wave propagation is of fundamental

importance in the study of a diverse set of problems in fields ranging from physics

and chemistry to biology [21]. The mathematical theory of travelling waves extends

to integrodifference equations, integrodifferential equations, etc., but is most fully

developed in the context of partial differential equations.

Reaction-Diffusion equations (RDEs) are among the primary mathematical tools

used in studying biological invasions. Furthermore, RDEs are natural candidates

when it comes to studying travelling waves. Traditionally, RDEs take the form

∂u

∂t
= D∆u+ F(u) (1.1.1)

where u(t, x) is a vector whose components represent the concentration of some sub-

stance at time t ∈ R+ and at x ∈ RN . The term D∆u is often referred to as the

diffusion term as it represents the observed diffusive behaviours and the diffusion co-

efficient D measures the dispersal rate. The second term, F(u), is the reaction term.

1



1. Introduction 2

It accounts for all local reactions that are specific to the situation being studied. For

example, in ecology, the reaction term describes population growth dynamics.

Now that we have equation (1.1.1) we need to formally define what it means for

a solution of (1.1.1) to be a travelling wave. When N = 1 we define a travelling wave

to be a solution u(t, x) such that u(t, x) = w(x+ ct) where w is some function of the

variable η = x+ ct and c is a constant (speed of the wave). Thus, the function w(η)

must satisfy the differential equation

cw′ = Dw′′ + F(w). (1.1.2)

However, not all solutions of (1.1.2) are of interest. A wave front is characterized by

lim
η→±∞

w(η) = w±, lim
η→±∞

w′(η) = 0, (1.1.3)

assuming the limits exist and that w+ 6= w−. Rewriting equation (1.1.2) as a system

of ODE’s gives us w′ = v,

v′ = 1
D

[cv −F(w)] .
(1.1.4)

We know that a travelling wave solution has different limits as η → ±∞ which can be

represented by a heteroclinic orbit of (1.1.4). In order to find these orbits we need to

look at the equilibrium points. It can be seen that the equilibrium points of (1.1.4)

are of the form (0, w) where F(w) = 0. Thus, w± are equilibrium points of the non

spatial system [21]

du

dt
= F(u).

It is natural to ask if systems such as (1.1.1) possess travelling wave solutions. Fur-

thermore, do those solutions exist for every value of c? It turns out that the existence

of travelling waves depends on the stability of the stationary points w±. There are

three possibilities;

(i) Both stationary points are stable (Bistable).
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(ii) One of the points is stable and the other is unstable (Monostable).

(iii) Both points are unstable.

For the bistable case, we have the following theorem that guarantees the existence of

a travelling wave.

Theorem 1.1.1. ([21] Theorem 2.1 pp. 15.) Let F(u) vanish at a finite number

of points un, w+ ≤ un ≤ w− (n = 1,....,k). Let us assume that F ′(w±) < 0 and

that F ′(un) > 0 for at least one point where F vanishes. Then there exists a unique

monotone traveling wave, i.e., a constant c and a twice differentiable function w(x)

satisfying (1.1.2) and (1.1.3).

Consider the bistable equation

∂u

∂t
=
∂2u

∂x2
+ u(1− u)(u− α) (1.1.5)

where α ∈ (0, 1) is a real parameter. The cubic nonlinearity satisfies the conditions of

theorem 1.1.1, it is therefore expected that we can find a travelling wave solution. It

has been shown using phase plane analysis that (1.1.5) has a travelling wave solution

of the form [6]

u(t, x) =
1

2

(
1 + tanh

(
x+ ct+K

2
√

2

))
(1.1.6)

where K is any real constant. Furthermore, the unique wave speed is given by [6, 7, 12]

c =
1√
2

(1− 2α). (1.1.7)

1.2 Habitat Fragmentation

Diffusion models such as (1.1.1) often view space as a homogeneous continuum. In

an ecological setting this assumption is rarely, if ever, true [7]. Natural environments

are becoming more and more fragmented as a result of natural causes and human
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intervention. Spatial variation in habitats can imperil the persistence of native species

and it may provide more opportunities for alien species to invade and take over.

The study of reaction-diffusion equations in highly fragmented environments

dates back to the work of Shigesada et al [9, 18]. They considered a heterogeneous

environment that consisted of two patch types, a favourable patch of length l1 and an

unfavourable patch of length l2, which are arranged periodically in an infinitely long

habitat. The population dynamics are governed by the generalized Fisher equation,

∂u

∂t
=

∂

∂x

[
D(x)

∂u

∂x

]
+ (ρ(x)− µu)u, (1.2.1)

where ρ(x) is the intrinsic growth rate and µ > 0 is a coefficient that represents the

competition between members of the same species. The functions D(x) and ρ(x) are

taken to be periodic step functions (see Figure 1.1)

D(x) =

D1 in patch type 1,

D2 in patch type 2,
ρ(x) =

ρ1 in patch type 1,

ρ2 in patch type 2.

Furthermore, the authors of [18] imposed conditions at the boundaries of two patches

which guaranteed the continuity of the density and flux. Shigesada et al. [18] noticed

that there existed a minimal positive time t∗ for which u(t, x) = u(t+ t∗, x+ l) where

l = l1+l2 (i.e, the spatial period). An advancing wave front satisfying this condition is

called a travelling periodic wave (TPW). At the time of their publication, Shigesada

et al. did not prove the existence or stability of the TPW but instead derived an

implicit function for the speed of the propagating wave front c = l/t∗. Furthermore,

the speed of the propagating wave is approximated by 2
√
〈ρ(x)〉A〈D(x)〉H when the

patch widths are sufficiently small. Here 〈ρ(x)〉A is the arithmetic mean of ρ(x), and

〈D(x)〉H is the harmonic mean of D(x), respectively defined by

〈ρ(x)〉A =
1

2l

∫ l

−l
ρ(x) dx,

〈D(x)〉H =

[
1

2l

∫ l

−l

1

D(x)
dx

]−1

.
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On the basis of this work Kinezaki et al. [8] considered an environment in which

the coefficient functions vary sinusoidally in space. In contrast to the patch model

above they sought to show how the amplitude and wavelength of the oscillations

affected the rate of spread. As a case example (see Figure 1.1) the authors in [8]

considered (1.2.1) with

ρ(x) = 1, µ = 1, D(x) = A+B sin(x).

The authors found that the speed decreases with increases in the amplitude B. In

particular if A = B then the speed falls to zero while the species persists in a local

region surrounding the initial invasion point [8]. In this case the invasion front stalls,

neither advancing nor retreating.

1.3 The Gap Model

The spatial heterogeneities that can cause an invasion front to stall leads to a phe-

nomenom called invasion pinning or wave blocking. Early research in wave blocking

phenomena centred around the bistable equation with a passive gap region or, as it

is more commonly referred to, the gap model [5]. While the gap model is a simplistic

model, its applications are far reaching, ranging from problems in population genetics

to the study of wave propagation in cardiac tissue. The model is an RDE of the form

∂u

∂t
=

∂

∂x

[
D(x)

∂u

∂x

]
+H(u, x) (1.3.1)

where

D(x) =

D, 0,≤ x ≤ l

1 otherwise
(1.3.2)

and

H(u, x) =

g(u, x), 0 ≤ x ≤ l

f(u), otherwise.
(1.3.3)
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Here l denotes the length of the gap. Furthermore, the reaction terms f and g describe

the dynamics outside and inside the gap respectively.

Propagation failure, or wave blocking, for this type of local inhomogeneity was

studied by J. Keener and T. Lewis. In [5] g is taken to be zero while f is given by

f(u) = u(1− u)(u− α) (1.3.4)

where 0 ≤ α ≤ 1.

The authors in [5] observed that for particular parameter values there exist differ-

ent stationary solutions [5], denoted by U , which satisfy the boundary value problem

0 = ∂
∂x

[
D(x)∂U

∂x

]
+H(U, x),

U(−∞) = 0, U(∞) = 1.

(1.3.5)

By applying comparison principles, Lewis and Keener argued that finding conditions

for wave blocking is equivalent to finding conditions for the existence of steady state

solutions.

Using a geometric interpretation, Lewis and Keener showed that there exists a

critical value l∗ such that (1.3.5) has no solutions for l < l∗, one solution for l = l∗

and at least two solutions for l > l∗. Furthermore, solutions arise or disappear via a

limit point bifurcation [5].

1.4 The Problem

In recent years, there has been growing interest in the phenomena of propagation

failure and invasion pinning. Natural systems are constantly exposed to external

stimuli that impact the propagation of travelling waves. Some external stimuli, such

as habitat fragmentation, can be severe enough to cause propagation failure.

The study of spreading phenomena in such periodically fragmented landscapes

began with the work by Shigesada and co-authors [18]. Their work, which assumed
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Lewis &

Keener (2000)

1

D1
0 l

-

6

Shigesada et al

(1986) D1

D2

0 l1 l2
-

6

Kinezaki et al

(2006)
A

B
D(x) = A+B sin(x)

-

6
-

6

Figure 1.1: Visual representations of the diffusion coefficient D(x) as con-
sidered by Lewis & Keener, Shigesada et al ([18] Fig. 1. pp. 145) . and
Kinezaki et al. ([8] Fig. 1. pp. 264).

the absence of an Allee effect, has since been generalized substantially [8, 9, 18].

Recently, Maciel and Lutscher considered an RDE in a periodic habitat with an Allee

effect [13]. In chapter 2, inspired by the work of Maciel and Lutscher, we adopt a

homogenization approach in order to derive an approximation to the speed of invasion.

Following a classical homogenization approach, we successfully derive an expres-

sion that provides insight into the relationship between spatial perturbations and

successful propagation. However, we observe that this procedure does not provide a

complete picture.

In chapter 3, we alter our approach and consider the effects of symmetry-breaking

perturbations. Roy and LeBlanc considered the problem of blocking as a two param-

eter problem [11, 16]. In their paper, they showed that for the semi-linear equation

du

dt
= Au+ F(u, c) + εG(u, x; ε)

propagation failure lies inside a cone in the (c, ε) parameter space that emanates out

from the origin (see Figure 1.2). In chapter 3, we utilize the ideas of Roy and LeBlanc
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and extend their results to include reaction-diffusion equations of the form

∂u

∂t
=
∂2u

∂x2
+ F(u, c) + εG(ux, u, x; ε). (1.4.1)

In doing so, we show that wave-blocking for equations of the form (1.4.1) also occurs

in a cone in the (c, ε) parameter space emanating from the origin. In order to illustrate

our result, we compare it with multiple numerical simulations in chapter 4.

Figure 1.2: The cone of parameter values in (c, ε) parameter space that leads
to propagation failure [11, 16].



Chapter 2

Ecological Phenomena

2.1 Ecological Framework

The increased flow of goods and people across the planet has, in turn, increased the

rate at which alien species are being introduced to new habitats. Competition between

native and alien species can lead to a loss of biodiversity. Hence, it is important to

understand the mechanisms that prevent or facilitate the invasion of an alien species.

There is a rich body of literature that suggests many species have reduced re-

productive success at low densities [7, 12, 13, 19]. When there exists a positive

relationship between the overall individual fitness and population density then the

population is said to be subject to a demographic Allee effect [1]. A strong Allee

effect is a particular demographic Allee effect in which a population must overcome

a particular threshold, called the Allee threshold. There are several mechanisms that

may induce an Allee effect, for example pollination failure, reduced mate finding,

predation, etc. [1, 13].

A strong Allee effect can be added to the model (1.1.1) by taking the reaction

function to be

F(u) = ρu(1− u)(u− α), (2.1.1)

9
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where u is the population density, ρ is the intrinsic growth rate and α ∈ [0, 1] is

the corresponding Allee threshold. Equation (2.1.1) is analogous to the reaction

term in (1.1.5). Thus, in a homogeneous, continuous environment the solution of

(1.1.1) with (2.1.1) and a monotonic or localized initial distribution will approach

a propagating wave with constant speed [18]. Whether the wave speed is positive

(successful invasion) or negative (retreating) is determined by the Allee threshold. In

the case of (2.1.1) the wave speed is given by [7, 12]

c∗ =
√

2ρD

(
1

2
− α

)
. (2.1.2)

The species is able to successfully invade if α < 1/2 and retreats if α > 1/2. When

α = 1
2

the invasion front stalls, neither retreating nor advancing. This means that a

species introduced at a certain site will remain confined to that site, i.e., the invasion

has been pinned. This computation indicates that pinning only occurs for one specific

parameter value, which suggests that we would not expect to observe this phenomenon

in nature.

2.2 Homogenization

In order to gain a better understanding of how habitat heterogeneity impacts spread-

ing speeds we apply a homogenization procedure. Previous work in this direction

indicates that the results from applying homogenization techniques provide an ac-

curate approximation to the exact speed of spread [13, 18]. Here we consider the

invasion of a single species into spatially varying environments in one dimension. The

movement and population dynamics are governed by the reaction-diffusion equation

∂u

∂t
=

∂

∂x

(
D(x)

∂u

∂x

)
+ F(u, x). (2.2.1)

The functions D(x) and F(u, x) denote the spatially varying diffusion coefficient and

reaction term, respectively, with D(x) > 0.
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Hypothesis 2.2.1. We assume that F and D are periodic in x with period l >

0. Then there exist 1-periodic functions D̃ and F̃ such that D(x) = D̃(x/l) and

F(u, x) = F̃(u, x/l).

It becomes clear from hypothesis 2.2.1 that if l � 1 then D and F are rapidly

varying functions. Processes modelled by (2.2.1) that satisfy hypothesis 2.2.1 can be

quite difficult to study. Thus, it seems reasonable to try and replace equation (2.2.1)

with another problem that is independent of the parameter l while still being “close”

enough to the original problem. This new problem is the so called homogenized

problem.

As a consequence of hypothesis 2.2.1 we can see that the diffusion and reaction

terms depend on the variable y = x/l. For l � 1, we write the solution u with the

additional small scale variable y. That is u = u(t, x, y) which is 1-periodic in the last

argument. With the addition of this small scale variable, we now search for a solution

in the form of an asymptotic expansion, that is

u(t, x, y) = u0(t, x, y) + lu1(t, x, y) + l2u2(t, x, y) +H.O.T.

where ui are periodic in y with period 1 for i ≥ 0 and ui have zero mean for i ≥ 1

[15]. Applying the chain rule the differentiation operator becomes

∂

∂x
−→ ∂

∂x
+

1

l

∂

∂y
.

Substituting the asymptotic expansion into (2.2.1) gives us

∂

∂t
(u0 + lu1 + ...) =

[
∂

∂x
+

1

l

∂

∂y

](
D̃(y)

[
∂

∂x
+

1

l

∂

∂y

]
(u0 + lu1 + ...)

)
+ F̃(u0 + lu1 + ..., y).

Our goal now is to compare the coefficients of the powers of l and study the resulting

equations.
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2.2.1 The O(l−2) Equation

Substituting the asymptotic expansion into (2.2.1) and collecting powers of l we arrive

at the O(l−2) equation given by

D̃′(y)
∂u0

∂y
+ D̃(y)

∂2u0

∂y2
= 0.

This equation can easily be rewritten in the form

∂

∂y

[
D̃(y)

∂u0

∂y

]
= 0. (2.2.2)

Using the periodicity of u0 along with equation (2.2.2) and the periodicity of D̃ we

find that u0 is independent of y [15].

2.2.2 The O(l−1) Equation

Following the same procedure as before, we are able to derive the O(l−1) equation

∂

∂y

[
D̃(y)

∂u1

∂y

]
+ D̃′(y)

∂u0

∂x
= 0. (2.2.3)

Using the fact that u0 is independent of y and integrating with respect to y, we get

D̃(y)
∂u1

∂y
+ D̃(y)

∂u0

∂x
= K1(t, x)

where K1 is an arbitrary function of t and x. Solving for u1 we get

u1(t, x, y) =

[∫ y

0

1

D̃(s)
ds

]
K1(t, x)− y∂u0

∂x
+K2(t, x).

where K2 is also an arbitrary function of t and x [15]. Using the fact that u1 is

periodic in y with period 1, we find that

K1(t, x) =

[∫ 1

0

1

D̃(s)
ds

]−1
∂u0

∂x
.

Furthermore, imposing the condition that u1 have zero mean, we find that

K2(t, x) =

[
1

2
−
[∫ 1

0

1

D̃(s)
ds

]−1 [∫ 1

0

∫ y

0

1

D̃(s)
dsdy

]]
∂u0

∂x
.
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Thus u1 = H(y)∂u0
∂x

where

H(y) =
1

2
− y+

[∫ y

0

1

D̃(s)
ds

] [∫ 1

0

1

D̃(s)
ds

]−1

−
[∫ 1

0

1

D̃(s)
ds

]−1 [∫ 1

0

∫ y

0

1

D̃(s)
dsdy

]
.

2.2.3 The O(l0) Equation

As we have done for the previous equations, we compare the coefficients of l0 and set

them equal to each other. Doing so gives the equation

∂u0

∂t
= D̃(y)

∂2u0

∂x2
+ D̃′(y)

∂u1

∂x
+ 2D̃(y)

∂2u1

∂x∂y
+

∂

∂y

[
D̃(y)

∂u2

∂y

]
+ F̃(u0, y). (2.2.4)

Using the fact that u1 = H(y)∂u0
∂x

we can rewrite (2.2.4) to get

∂u0

∂t
= (D̃ + D̃′H + 2D̃H ′)

∂2u0

∂x2
+

∂

∂y

[
D̃(y)

∂u2

∂y

]
+ F̃(u0, y). (2.2.5)

Lemma 2.2.2. H(y) is such that∫ 1

0

(D̃ + D̃′H + 2D̃H ′)dy =

[∫ 1

0

1

D̃(s)
ds

]−1

Proof: For the sake of convenience we will define the constants Γ1 and Γ2 such

that

Γ1 =

[∫ 1

0

1

D̃(s)
ds

]−1

, Γ2 =

[∫ 1

0

1

D̃(s)
ds

]−1 [∫ 1

0

∫ y

0

1

D̃(s)
dsdy

]
.

Then

D̃ + D̃′H + 2D̃H ′ =
D̃′

2
− yD̃′ + Γ1D̃

′
[∫ y

0

1

D̃(s)
ds

]
− Γ2D̃

′ − D̃ + 2Γ1.

Since D̃ is assumed to be periodic in y with period 1 integrating over one period in

y gives∫ 1

0

(D̃ + D̃′H + 2D̃H ′)dy = 2Γ1 + Γ1

∫ 1

0

D̃′
[∫ y

0

1

D̃(s)
ds

]
dy −

∫ 1

0

yD̃′ + D̃dy
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= 2Γ1 + Γ1

∫ 1

0

D̃′
[∫ y

0

1

D̃(s)
ds

]
dy −

∫ 1

0

d

dy
(yD̃)dy

= 2Γ1 − D̃(1) + Γ1

∫ 1

0

D̃′
[∫ y

0

1

D̃(s)
ds

]
dy.

Integrating by parts we find∫ 1

0

D̃′
[∫ y

0

1

D̃(s)
ds

]
dy = D̃(y)

[∫ y

0

1

D̃(s)
ds

] ∣∣∣∣1
0

−
∫ 1

0

D̃(y)
1

D̃(y)
dy

=
D̃′(1)

Γ1

− 1.

Thus, integrating over one period of y gives∫ 1

0

(D̃ + D̃′H + 2D̃H ′)dy = 2Γ1 − D̃(1) + Γ1

(
D̃′(1)

Γ1

− 1

)
= Γ1.

as desired. �

Now we integrate equation (2.2.5) over one period in y. Using the periodicity of

D̃ and u2 as well as lemma 2.2.2 we find that the leading order term u0 satisfies

∂u0

∂t
= 〈D̃〉H

∂2u0

∂x2
+ 〈F̃〉A. (2.2.6)

Here 〈·〉H and 〈·〉A denote the harmonic and arithmetic means respectively. That is

〈D̃〉H =

[∫ 1

0

1

D̃(y)
dy

]−1

, 〈F̃〉A =

∫ 1

0

F̃(u0, y)dy.

2.3 Homogenization and Invasion Pinning

We consider the same situation as [13, 19]; the species experiences a strong Allee

effect that varies in space. Accordingly, we choose the growth function in (2.2.1) to

be

F(u, x) = ρ(x)u(1− u)(u− α(x)) (2.3.1)

where ρ(x) and α(x) denote the spatially varying intrinsic growth rate and Allee

threshold respectively. If we proceed by homogenization as outlined in the previous
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section then our goal is to write the homogenized growth function in the standard

cubic form. If hypothesis 2.2.1 is satisfied then equation (2.2.6) takes the form

∂u0

∂t
= 〈D̃〉H

∂2u0

∂x2
+

∫ 1

0

ρ̃(y)u0(1− u0)(u0 − α̃(y))dy. (2.3.2)

where ρ(x) = ρ̃(x/l) and α(x) = α̃(x/l). Our goal now is to use the fact that u0 is

independent of y to rewrite the growth function in the standard cubic form.∫ 1

0

ρ̃(y)u0(1− u0)(u0 − α̃(y))dy = u0

∫ 1

0

ρ̃(y)(u0 − u2
0 + α̃(y)u0 − α̃(y))dy

= u0

([∫ 1

0

ρ̃(y)dy

]
u0 −

[∫ 1

0

ρ̃(y)dy

]
u2

0

+

[∫ 1

0

ρ̃(y)α̃(y)dy

]
u0 −

[∫ 1

0

ρ̃(y)α̃(y)dy

])
.

Letting P1 =
∫ 1

0
ρ̃(y)dy and P2 =

∫ 1

0
ρ̃(y)α̃(y)dy we are able to write out a

simplified version of the reaction term that we can factor.

∫ 1

0

ρ̃(y)u0(1− u0)(u0 − α̃(y))dy = P1u0

(
−u2

0 +

(
1 +

P2

P1

)
u0 −

P2

P1

)
= P1u0(1− u0)

(
u0 −

P2

P1

)
Thus, the homogeneous equation (2.3.2) can be rewritten in the form

∂u0

∂t
= 〈D〉H

∂2u0

∂x2
+ P1u0(1− u0)

(
u0 −

P2

P1

)
(2.3.3)

which is analogous to the homogenized equation derived by Maciel and Lutscher [13].

In the presence of a strong Allee effect they showed, numerically, that in the limit

l→ 0 the spreading speed of the heterogeneous equation is approximately that of the

homogeneous equation [13]. Solutions to (2.3.3) with monotonic or localized initial

distributions converge to a travelling wave front with a constant velocity given by [7]

capprox =
√

2〈D〉HP1

(
1

2
− P2

P1

)
. (2.3.4)
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From this expression we expect the invasion to advance if P2/P1 < 1/2, to retreat

if P2/P1 > 1/2 and to stall when P2/P1 = 1/2. The latter phenomenon has been

termed “invasion pinning” and is particularly interesting when trying to manage an

invasive pest species.

Example. Consider the case where D(x) = A+B sin(x), α(x) = α and ρ(x) = 1

where α,A and B are parameters. Since D(x) is periodic with period 2π it follows

that l = 2π and D̃(y) = A+B sin(2πy). Thus, applying equation (2.3.4) we get

capprox =

√
2

[∫ 1

0

1

D̃(y)
dy

]−1(
1

2
− α

)
.

Figure 2.1 illustrates capprox as a function of B for A = 1, 2, 3, 4 and α = 0.4646. In

particular, Figure 2.1 shows us that invasion pinning only occurs for a small range of

parameter values, specifically A = B. However, the simulations in Figure 2.2 show

that when A = 1 and B is small the wave still propagates but invasion pinning occurs

for larger values of B < 1 with capprox 6= 0.

These results are not entirely surprising. Maciel and Lutscher noticed that when

l is not small, the approximation can be very poor and invasion pinning can occur

for a relatively large range of parameter values [13]. Also, Musgrave and co-authors

[14] studied invasion pinning in a discrete-time model and gave some estimates for

when pinning occurs when l is not small. As they pointed out, it is clear that stan-

dard homogenization techniques alone cannot work for large spatial periods. Keener

proposed an alternative homogenization approach to study invasion pinning, but his

technique depends on appropriate changes of variables and is highly case specific [4].

In the next chapter, we will present an alternative approach to studying invasion

pinning. This will be done by focusing on the relationship between the speed of the

travelling wave and the strength of the perturbation. The results presented in the

next section are derived by exploiting the translational symmetry of the underlying

system.
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Figure 2.1: Plot of the homogenized speed capprox as a function of the param-
eter B for fixed values of A = 1, 2, 3, 4 and α = 0.4646.
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Figure 2.2: Evolution of a travelling wave solution of equation (2.2.1) with
(2.3.1), D(x) = 1+B sin(x), α(x) = α and ρ(x) = 1. The initial wave profile
is given by a solid line while the successive snapshots taken at regular time
intervals, are given by the dashed lines. Parameters are α = 0.4646, and
B = 0.1 (left), B = 0.35 (right)



Chapter 3

Wave Blocking Phenomena

In this chapter, we study wave blocking phenomena by adopting a symmetry-breaking

perturbation approach developed by LeBlanc and Roy [11, 16]. The theory presented

here is built upon two key observations. The first is that a large class of PDEs on

Rn, for any n, can be expressed in the form of a dynamical system [3, 10] and the

second is that many of these equations share a common characteristic: they admit a

symmetry group [10].

When we think of symmetry in n-dimensional euclidean space we immediately

think of translational and rotational symmetry. Together translations and rotations

generate the special Euclidean group SE(n). The group Γ = SE(n) can act as a

symmetry on some space X. In particular, a group Γ acts on a space X if there is a

map

Γ×X → X; (g, x)→ g · x

such that

1. e · x = x where e ∈ Γ is the identity of Γ;

2. g · (h · x) = (gh) · x for g, h ∈ Γ.

18
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Our interest lies in group equivariant mappings. Suppose that Γ is a group acting on

a vector space X. Then the function F : X → Y is Γ-equivariant if F(g ·u) = g ·F(u)

for every g ∈ Γ, u ∈ X. It is well known that equation (1.1.1) is equivariant with

respect to the group action of the special euclidean group SE(n) [17]. Thus SE(n)

is a symmetry group of (1.1.1).

3.1 Setup

In order to understand the relationship between spatial heterogeneities and propa-

gation failure, we formulate (1.1.1) as dynamical system on an appropriate Banach

space. That is
du

dt
= Au+ F(u, α) + εG(ξu, u, x; ε), (3.1.1)

where ξ = ∂
∂x

, A = ∂2

∂x2
denotes the diffusion operator, α and ε are real parameters,

ε small, and G is a function representing the spatial inhomogeneity. Furthermore, we

make the following assumptions about the reaction term F(u, α).

Hypothesis 3.1.1. Function F is smooth with F(0, α) = F(α, α) = F(1, α) = 0.

Furthermore, F(u, α) < 0 for u ∈ (0, α) and F(u, α) > 0 for u ∈ (α, 1).

As a specific example we take F(u, α) to be the same as (1.3.4). One of the

advantages for doing this is that we can derive an explicit travelling wave solution

for the unperturbed system (ε = 0). In particular the profile of this wave is given by

[6, 16]

u∗(x) =
1

2

(
1 + tanh

(
x

2
√

2

))
. (3.1.2)

We note that, for this particular choice of F , the wave profile is independent of the

parameter α. However, all the ideas presented here can be applied to systems much

more general than the system where F is given by (1.3.4). We chose to restrict our

analysis to this particular case for computational ease.
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It is also a well known fact that reaction diffusion equations of the form

du

dt
= Au+ F(u, α) (3.1.3)

are well posed on the spaces C0
unif (R,R) and L2(R,R) [17]. Furthermore, equation

(3.1.3) generates a local semiflow on both C0
unif (R,R) and L2(R,R) [11, 16, 17].

However, travelling fronts exist in C0
unif (R,R) and not in L2(R,R). Thus, we work

in the Banach space of bounded uniformly continuous functions Y = C0
unif (R,R).

In order to help us visualize the symmetry of our problem, we consider the special

euclidean group Γ = SE(1) which we take to be the group of rigid translations on

the real line. Now let T : Γ→ GL(Y ) be an isometric representation of Γ. Thus, for

any a ∈ Γ and for any f ∈ Y we have Taf(x) = f(x+ a) where Ta denotes T (a).

The infinitesimal generator of the translation T : a 7→ Ta is given by the deriva-

tive

ξu = lim
h→0

Thu(x)− u(x)

h
=
∂u

∂x
. (3.1.4)

Operators A and ξ are defined on dense subspaces of Y, and we observe that they

commute with Ta and with each other, i.e Aξ = ξA, ATa = TaA and ξTa = Taξ on

appropriate dense spaces of Y .

Hypothesis 3.1.2. We make the following assumptions on the functions F and G:

(i) F is Γ-equivariant, that is F(Tau, α) = TaF(u, α).

(ii) The bounded function G is smooth and not Γ-equivariant. That is, there exists

a ∈ Γ such that

G(ξTau, Tau, x; ε) 6= TaG(ξu, u, x; ε). (3.1.5)

Since our goal is to study the relationship between spatial perturbations and

the speed of propagation, we suspend c, the wave speed parameter, and consider the

system

ut = Au+ F(u, α(c)) + εG(ξu, u, x; ε),

ct = 0.
(3.1.6)
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Accordingly we study this system on the space Y × R. We extend the group action

of T such that

Ta

u(x)

c

 =

Tau(x)

c

 ,

and we define the scalar product on Y × R to be〈u(x)

a

 ,

v(x)

b

〉 =

∫ ∞
−∞

u(x)v(x)dx+ ab (3.1.7)

for functions u and v such that the integral converges. We also define the norm on

Y × R to be ∥∥∥∥∥∥
u(x)

a

∥∥∥∥∥∥ = ‖u(x)‖+ |a|

= sup
x∈R
|u(x)|+ |a|.

3.2 Relative Equilibria and Wave Speed

We begin our analysis by letting ε = 0 in (3.1.6) and focusing on the unperturbed

system

ut = Au+ F(u, α),

ct = 0.
(3.2.1)

As a consequence of hypothesis 3.1.2, equation (3.1.3) is equivariant with respect to

the action of Γ. In the special case of the traveling wave solution, u∗, the time-orbit

of the RDE is contained in the Γ-orbit of the group action. Such a solution is called

a relative equilibrium [17].

For the system (3.2.1) the relative equilibrium is a solution of the form u(t)

c(t)

 =

 Ta(t)u
∗

c

 , (3.2.2)
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with a(t) = ct for (3.2.1). Substituting this parameterization of the relative equilib-

rium and applying hypothesis 3.1.2 we get

Tctcξu∗ = TctAu∗ + TctF(u∗, α).

Since Γ is a group, every element is invertible and so we can cancel out the translations.

Hypothesis 3.2.1. We assume that there is an interval I ⊂ R for the parameter α,

such that the traveling wave speed c = c(α) is a smooth function defined by

c(α)ξu∗ = Au∗ + F(u∗, α). (3.2.3)

Furthermore, we assume that there exists α0 ∈ I such that c(α0) = 0 and c′(α0) 6= 0.

By choosing F(u, α) = u(1− u)(u−α) we know that c and α are related via the

formula c(α) = 1−2α√
2

. By virtue of this hypothesis we can invert the relation between

c and α and use c as a parameter, writing F(u, c) instead. As a result equation (3.2.3)

can be rewritten as

cξu∗ = Au∗ + F(u∗, c). (3.2.4)

3.3 The Linear Operator L

When c = 0, applying ξ to (3.2.4) and using the commutativity of A and ξ we get

the identity

A(ξu∗) + Fu(u∗, 0)ξu∗ = 0.

Similarly, differentiating (3.2.4) with respect to c and evaluating at c = 0 gives

Au∗c + Fu(u∗, 0)u∗c + Fc(u∗, 0) = ξu∗. (3.3.1)

In the case where our wave profile is independent of α and hence independent of c, the

above equality reduces to Fc(u∗, 0) = ξu∗. Inspired by these identities, we consider
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the densely defined operator L : Y × R→ Y × R

L

φ
w

 =

Aφ+ Fu(u∗, 0)φ+ Fc(u∗, 0)w

0

 . (3.3.2)

Hypothesis 3.3.1. (Spectral Gap Condition ([11], Hypothesis 3.3a, p 13)) Assume

that the zero eigenvalue of L is such that the corresponding generalized eigenspace

is finite dimensional. Furthermore, we will assume that all other elements of the

spectrum of L are bounded away from the imaginary axis.

We observe that

L

ξu∗
0

 =

0

0

 and L

0

1

 =

ξu∗
0

 , (3.3.3)

i.e, L has a zero eigenvalue with (generalized) eigenvectors given by ψ1 = (ξu∗, 0)T and

ψ2 = (0, 1)T . It was shown in [11, 16] that the generalized eigenspace associated with

the 0 eigenvalue is E = span{ψ1, ψ2}. Thus the corresponding generalized eigenspace

is finite dimensional as required.

It remains to be shown that all other elements of the spectrum of L are bounded

away from the imaginary axis. We define the spectrum of L to be the set of complex

numbers λ such that the operator (L − λI) is not invertible. In order to study the

spectrum of L, denoted by σ(L), we must enlist the aide of the operators

L1φ = φ′′ +G(x)φ (3.3.4)

L2

φ
w

 =

L1φ+ Fc(u∗, 0)w

0

 . (3.3.5)

Suppose that G(x) → G± as x → ±∞ and assume without loss of generality that

G− < G+. Then it is shown in [3] that

max{Re(σ(L1))} = max{G−, G+} = G+.
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Thus if G+ < 0 then the spectrum of L1 is bounded away from the imaginary axis

in the left half plane. Furthermore, it was shown in [16] that when Fc(u∗, 0) = ξu∗

then σ(L2) ⊆ σ(L1). For the operator L1 with G(x) = Fu(u∗, 0) then L = L2 and so

applying these results tells us that the spectrum of L is also bounded away from the

imaginary axis, in the left half plane, with the exception of the zero eigenvalue.

Hypothesis 3.3.1 ensures the stability of our relative equilibrium and in turn

guarantees that solutions will persist after being lightly perturbed. It follows from

LeBlanc and Roy [11, 16] that the projection operator

P

v(x)

c

 =

〈
ψ1,

v(x)

c

〉
〈ψ1, ψ1〉

ψ1 +

〈
ψ2,

v(x)

c

〉
〈ψ2, ψ2, 〉

ψ2 (3.3.6)

defines an L-invariant splitting of the space Y × R = range(P ) ⊕ ker(P ) = E ⊕W

with the scalar product as defined by (3.1.7).

3.4 The Centre Manifold

Hypothesis 3.4.1. We will assume that

(i) The map a→ Tau∗ is Ck+2.

(ii) The map a→ Tav is Ck+2 whenever v ∈ E.

(iii) For all K > 0, ∃δ > 0 such that ‖Tau∗ − u‖ ≥ δ whenever |a| > K.

(iv) The projections TaPT−a are Ck+1 in a ∈ Γ in the operator norm.

For the scalar bistable reaction-diffusion equation, hypothesis 3.4.1 was verified

in [11, 16]. Combining this with the fact that the spectral condition of LeBlanc and

Roy is verified we can apply the following centre manifold theorem of Sandstede et

al. [17].
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Theorem 3.4.2. ([17], Theorem 1, p. 127) Assume that Hypotheses 3.4.1 and the

spectral gap condition are obeyed. Under these conditions, there exists a Γ-invariant

manifold S which is locally invariant under the flow Φt for any t ≥ 0. The manifold

S and the action of Γ on S are of class Ck+1. Furthermore, S is locally exponentially

attracting and contains all solutions that stay close to the group orbit of u∗ for all

backward times.

Applying theorem 3.4.2 we find that the set

S =


Tau∗

c

 ; a ∈ Γ, c ∈ R


describes the smooth invariant centre manifold for (3.2.1) (see figure 3.1). In partic-

ular, the line of equilibria given by c = 0 of (3.4.5) corresponds to the group orbit

Θ =


Tau∗

0

 ; a ∈ Γ


of the steady state (u∗, 0)T of (3.2.1).

Our goal now is describe the dynamics of (3.2.1) restricted to S. The authors in

[11, 16, 17] showed thatu
c

 = Ta

u∗
0

+ c

0

1

+

ζ
0

 (3.4.1)

gives us a representation of the centre manifold. Here ζ accounts for the shape of the

wave depending on the speed c. In the case where the wave profile is independent of

c we take ζ = 0. Now we substitute (3.4.1) into (3.2.1) to get

atTa

ξu∗
0

 = Ta

Au∗
0

+ Ta

F(u∗, c)

0

 .

We know that u∗ is a steady state solution of (3.2.1) and so0

0

 =

Au∗
0

+

F(u∗, 0)

0

 . (3.4.2)
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Figure 3.1: The relative equilibria on the unperturbed manifold ([11] Figure
2 p. 25).

Furthermore, applying the definition of L and utilizing equation (3.3.1) with the

assumption that the wave profile is independent of c we find that

L

0

c

 =

cFc(u∗, 0)

0

 = c

ξu∗
0

 . (3.4.3)

Applying T−a and utilizing both of these identities we get

at

ξu∗
0

 = L

0

c

+

F(u∗, c)

0

−
F(u∗, 0)

0

−
cFc(u∗, 0)

0

 ,

= c

ξu∗
0

+

H
0


where H = F(u∗, c)−F(u∗, 0)−Fc(u∗, 0)c. We observe that when F is the same as

the cubic nonlinearity in (1.1.5) and u∗ is the corresponding wave profile then H = 0.

Taking this into account we arrive at the compatibility condition

F(u∗, c)−F(u∗, 0)−Fc(u∗, 0)c = 0. (3.4.4)
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Given this information we now observe that the dynamics of (3.2.1) restricted to the

centre manifold are governed by the system of equations [11, 16]

at = c,

ct = 0.
(3.4.5)

We remark that (3.4.4) was derived when u∗ is independent of ζ. When ζ 6= 0 then

we get the same compatibility condition as LeBlanc and Roy [11, 16]. We also note

that these results are not surprising as for the unperturbed problem we anticipated

a(t) = ct.

3.5 Wave-Blocking in the Perturbed System

Building off the work of LeBlanc and Roy [11, 16] we now prove that wave-blocking for

equations of the form 1.4.1 occurs in a wedge in the (c, ε) parameter space emanating

from (0, 0). To do this we consider the perturbed system (3.1.6). If ε is small enough

then we expect that S will persist as an invariant manifold in the perturbed system.

We denote by Sε the invariant centre manifold for the perturbed system. Even though

Sε and S are diffeomorphic to each other, the dynamics on Sε may differ from those

on S.

Let (u, c)T be a solution of (3.1.6) on Sε close to the group orbit that corresponds

to the line of equilibria c = 0. We want to use a local decomposition similar to that

of (3.4.1) except now we add a term proportional to ε to account for the effects of

the perturbation. u
c

 = Ta

u∗
0

+ c

0

1

+ ε

w
0

 , (3.5.1)

It follows that since the perturbation, G, is smooth and bounded then w is a smooth

bounded function [11, 16]. Now recall that G depends on ξu. In order to extend the
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results of LeBlanc & Roy to include perturbations of this form we require that w be

bounded with respect to ξ.

Proposition 3.5.1. The dynamics on the perturbed centre manifold are governed

by the system of equations

at = c− εr(a) + εq(a, c, ε),

ct = 0,
(3.5.2)

where q(a, c, ε) is a smooth function such that q → 0 uniformly as (ε, c)→ (0, 0) and

r(a) = − 1

〈ψ1, ψ1〉

∫ ∞
−∞
T−aG(ξTau∗, Tau∗, x, 0) · ξu∗dx. (3.5.3)

Proof: To prove this proposition we substitute parameterization (3.5.1) into

system (3.1.6). We find:

ȧ(t)Ta(t)

ξu∗
0

+O(ε)

 = Ta(t)

Au∗
0

+

εAw
0


+ Ta(t)

F(u∗ + εw, c)

0


+ ε

G(Ta(ξu∗ + εξw), Ta(u∗ + εw), x, ε)

0

 .

Applying T−a(t) to both sides of the equation above gives

ȧ(t)

ξu∗
0

+O(ε)

 =

Au∗
0

+

εAw
0

+

F(u∗ + εw, c)

0


+ ε

T−a(t)G(Ta(ξu∗ + εξw), Ta(u∗ + εw), x, ε)

0

 .

Now we utilize (3.4.2), (3.4.3) as well as the fact that

L

εw
0

 =

εAw + εFu(u∗, 0)w

0

 ,
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to rewrite the previous expression as

ȧ(t)

ξu∗
0

+O(ε)

 = L

0

c

+ εL

w
0

+

F(u∗ + εw, c)

0


−

F(u∗, 0)

0

−
Fc(u∗, 0)c

0

− ε
Fu(u∗, 0)w

0


+ ε

T−a(t)G(Ta(t)(ξu
∗ + εξw), Ta(t)(u

∗ + εw), x, ε)

0

 .

Hypothesis 3.1.2, along with the fact that w is a uniformly continuous function

and bounded with respect to ξ, tells us that as (ε, c)→ (0, 0) the difference

T−aG(Ta(ξu∗ + εξw), Ta(u∗ + εw), x, ε)− T−aG(Ta(ξu∗), Tau∗, x, 0) (3.5.4)

tends to zero. Thus we introduce the function

q(a, c, ε) =
1

ε
(F(u∗ + εw, c)−F(u∗, c))−Fu(u∗, c)w + Fu(u∗, c)w −Fu(u∗, 0)w

+ T−aG(Ta(ξu∗ + εξw), Ta(u∗ + εw), x, ε)− T−aG(Ta(ξu∗), Tau∗, x, 0)

where q(a, c, ε) → 0 as (ε, c) → (0, 0). Adding and subtracting (εq, 0)T from the

equation gives us

ȧ(t)

ξu∗
0

+O(ε)

 = L

0

c

+ εL

w
0

+

H
0


+ ε

T−aG(Ta(ξu∗), Tau∗, x, 0)

0

+ ε

q
0

 .

Applying the projection P to the above equation and using (3.4.4) as well as the fact

that L(0, c)T = c(ξu∗, 0)T and P (ξu∗, 0) = (ξu∗, 0) = ψ1 gives us

ȧ(ψ1 +O(ε)) = cψ1 + εP

T−aG(ξTau∗, Tau∗, x, 0)

0

+ εP

q
0

 .
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Projecting onto ψ1 gives

ȧ(〈ψ1, ψ1〉(1 +O(ε))) = c〈ψ1, ψ1〉+ ε

〈T−a(t)G(ξTau∗, Tau∗, x, 0)

0

 , ψ1

〉

+ ε

〈q
0

 , ψ1

〉
.

Since ε and c are assumed to be small we can neglect the higher order terms that

appear as a result of dividing by 1 +O(ε). Letting

r(a) = −

〈T−aG(ξTau∗, Tau∗, x, 0)

0

 , ψ1

〉
〈ψ1, ψ1〉

, (3.5.5)

q̂ =

〈q
0

 , ψ1

〉
〈ψ1, ψ1〉

,

we get the system of differential equations

at = c− εr(a) + εq̂(a, c, ε),

ct = 0,

where q̂(a, c, ε)→ 0 uniformly as (ε, c)→ (0, 0). �

An application of the implicit function theorem tells us that for (ε, c) close enough

to (0, 0) there exists a curve of equilibria such that at = 0. This curve is the graph of

the function c = εr(a)+εσ(a, ε) where σ is some bounded function with the property

σ(a, 0) = 0 [11, 16]. Thus, it follows that if

inf
a∈R
{r(a) + σ(a, ε)} < c

ε
< sup

a∈R
{r(a) + σ(a, ε)} (3.5.6)
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Figure 3.2: The perturbed equilibrium on the manifold Sε. The curve Θε

corresponds to the set of blocking points and is given by at = 0. ([11] Figure
3 p. 26).

then at some point between a ∈ R we expect at = 0. This means that, at some

point in time, the travelling front will reach an equilibrium point at which the wave

is stationary. In other words the wave is blocked.

We remark that for (ε, c) close enough to (0, 0) the term σ(a, ε) becomes negligi-

ble. Hence, close to (0, 0), the parameter region where we expect propagation failure

is approximated by infa∈R{r(a)} and supa∈R{r(a)}.

Theorem 3.5.2. Consider the nonlinear differential equation on a Banach space X

ut = Au+ F(u, α) + εG(ξu, u, x; ε) (3.5.7)

which generates a local semi flow on the corresponding Banach space Y . Suppose that

A and ξ are linear operators whose domains are dense in Y and is such that there

is an Γ-invariant subspace on which all operators commute. Furthermore, suppose
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that hypotheses 3.1.2, 3.2.1, 3.3.1 and 3.4.1 are satisfied. Then, for all 0 ≤ ε � 1

the semiflow admits a smooth stable invariant manifold Sε. Solutions of (3.5.7) that

belong to Sε correspond to perturbed relative equilibria with non-constant speed. In

this case, wave blocking occurs in a cone in the (c, ε) parameter space characterized

by the inequality

inf
a∈R
{r(a)} < c

ε
< sup

a∈R
{r(a)}. (3.5.8)

where r(a) is the same as in proposition 3.5.1.

The wedge defined by inequality (3.5.8) is illustrated in Figure 3.3.

Wave-Blocking

No Blocking

No Blocking

ε

c
c = rmaxε

c = rminε

6

-

Figure 3.3: Wave-blocking occurs for values of (ε, c) inside the wedge. Here
rmax and rmin are the supremum and infimum of (3.5.8) respectively.



Chapter 4

Numerical Results

4.1 Numerical Setup

In this chapter, we show the implications of theorem 3.5.2 using specific examples of

perturbations. In doing so we return to the well-studied bistable equation

∂u

∂t
=
∂2u

∂x2
+ u(1− u)(u− α),

which admits a travelling wave solution that can be derived analytically. The resulting

wave profile is given by

u∗(x) =
1

2

(
1 + tanh

(
x

2
√

2

))
.

In order to effectively compare the results of our theory, we need to find the inf/sup

of the function r(a) given by (3.5.5). We start by computing 〈ψ1, ψ1〉.

〈ψ1, ψ1〉 =

∫
R
ξu∗ · ξu∗dx

=

∫
R

1

32
sech4

(
x

2
√

2

)
dx

=

√
2

12
.

33
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In order to proceed further we need to specify the form of the perturbation G. How-

ever, deriving an analytical expression for the numerator in (3.5.5) is not always

feasible. Thus, we need to choose an efficient numerical scheme that will allow us to

find r(a) and subsequently determine the associated inequality (3.5.8).

In order to find the supremum and infimum of r(a) we need only consider the

values of a in the interval [−A,A], A sufficiently large. We can do this because

all perturbations in the preceding section will be periodic with period l. Since G

and u∗ are bounded and ξu∗ is localized, we need only integrate over a sufficiently

large interval. Thus, for each fixed a we will use Simpsons rule on the interval x ∈

[−100, 100] to determine the corresponding value of r(a). This procedure will yield

a good approximation to the maximum/minimum provided we choose an sufficiently

small step size for our discretization.

c

ε

No Wave Blocking

Initial Wave Blocking
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0.5

0.6

0.7

0.8

0.9

1

Succesful

Propogation

Propogation

Failure

Figure 4.1: A visualization of the scheme used to numerically obtain the
initial blocking values.

The numerical scheme described above allows us to approximate the wave block-

ing wedge defined by theorem 3.5.2. In order to test our result we need to implement

a secondary numerical scheme to obtain the observed wave blocking values (See Fig-

ure 4.1). First, the (ε, c) parameter space is discretized into a set of points (ci, εj).

Next, for each point (ci, εj), we numerically solve equation (1.1.5) for t ∈ [0, tf ] with

an translation of u∗ as the initial condition. For each fixed εj the initial blocking

values are determined by searching for some value of c for which the wave failed to
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advance. This is done, with fixed decimal precision, by comparing the difference be-

tween u(0, x) and u(tf , x), tf sufficiently large. The curve of initial values determined

through this procedure are compared with the corresponding approximations for the

supremum and infimum of r(a).

4.2 Example 1: Perturbation In The Reaction Term

Here we consider a perturbation in the intrinsic growth parameter. We would like

to take ρ = ρ(x) to be a periodic step function similar to that shown in Figure 1.1.

However, doing so would not guarantee the smoothness of the perturbation G required

in hypothesis 3.1.2. Thus, to fix this problem we begin by considering the function

p(x) = cosn(x) where n is any odd integer. Then

P (x) =

∫
cosn(x) dx =

∫
1

2n−1

(n−1)/2∑
k=0

(
n

k

)
cos((n− 2k)x) dx

=
1

2n−1

(n−1)/2∑
k=0

(
n

k

)∫
cos((n− 2k)x) dx

=
1

2n−1

(n−1)/2∑
k=0

(
n

k

)
sin((n− 2k)x)

n− 2k
.

The function P (x) numerically behaves like a periodic step function and is sufficiently

smooth allowing us to apply our main result to (see Figure 4.2). Thus, we take ρ to

be ρ(x) = 1 + εP (x)
A

where A = max{P (x)}. For our purposes we take n = 3 to get

ρ(x) = 1 + ε

(
9

8
sin(x) +

1

8
sin(3x)

)
.

Thus, the RDE

∂u

∂t
=
∂2u

∂x2
+ ρ(x)u(1− u)(u− α)

can be written in the form (3.1.1) with

G(ux, u, x; ε) =

(
9

8
sin(x) +

1

8
sin(3x)

)
u(1− u)(u− α). (4.2.1)
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Figure 4.2: Plot of p(x) (solid blue line with circles) and P (x) (solid red line)
with n = 13.

Applying the numerical integration scheme previously described, we are able

to generate a graphical representation of r(a) (see Figure 4.3). We also find that

sup{r(a)} ≈ 0.1765 and inf{r(a)} ≈ −0.1765. Thus, our theoretical approach sug-

gests that wave-blocking occurs inside a wedge defined by −0.1765 < c
ε
< 0.1765.

A comparison between our theoretically obtained values and numerically obtained

values is given in Figure 4.4.

4.3 Example 2: Perturbation In The Diffusion Term

Studying the effects of non-constant diffusion on the speed of propagation was one

of the motivating factors for extending the work done by Roy and LeBlanc [11, 16].

Here we consider the reaction-diffusion equation

∂u

∂t
=

∂

∂x

[
D(x)

∂u

∂x

]
+ u(1− u)(u− α). (4.3.1)

In order to keep our problem analytically tractable, we consider D(x) = 1− ε sin(x)

and apply theorem 3.5.2. We introduce a change of variables x = y + εζ(y) to
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Figure 4.3: Plot of r(a) for G given by (4.2.1).

transform (4.3.1) into an equation of the form (3.1.1). Doing so gives

∂u

∂t
=

1− ε sin(y + εζ(y))

(1 + εζ ′(y))2

∂2u

∂y2
− ε cos(y + εζ(y))

1 + εζ ′(y)

∂u

∂y

− εζ ′′(y)(1− ε sin(y + εζ(y))

(1 + εζ ′(y))3

∂u

∂y
+ u(1− u)(u− α).

We choose the function ζ(y) such that it satisfies the differential equation

1− ε sin(y + εζ(y))

(1 + εζ ′(y))2
= 1 (4.3.2)

and is such that εζ(y)→ 0 as ε→ 0. This change of variables now gives us the RDE

ut = uyy + u(1− u)(u− α) + εg(uy, u, x, ε)

where

g(uy, u, x, ε) = −cos(y + εζ(y))

1 + εζ ′(y)

∂u

∂y
− ζ ′′(y)(1− ε sin(y + εζ(y))

(1 + εζ ′(y))3

∂u

∂y
.
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Figure 4.4: Comparison between the blocking wedge (line) and the numer-
ically calculated values of wave-blocking (stars) for the perturbation corre-
sponding to (4.2.1)

Using the identities

y + εζ(y)
∣∣
ε=0

= y,

1 + εζ ′(y)
∣∣
ε=0

= 1,

ζ ′′(y)
∣∣
ε=0

= −1

2
cos(y)

we get

r(a) = − 6√
2

∫ ∞
−∞

cos(y − a)u∗y · ξu∗dy.

Applying the same numerical approach as before, we find that sup{r(a)} ≈ 0.15679

and inf{r(a)} ≈ −0.15679. Thus, our theorem predicts that the wave will block if
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−0.15679ε ≤ c ≤ 0.15679ε. We compare our prediction with that of our numerical

simulation. The results are illustrated in Figure 4.5.
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Figure 4.5: Comparison between the blocking wedge (line) and the numeri-
cally calculated values of wave-blocking (stars) for (4.3.1).

4.4 Example 3: Ecological Diffusion

We modify equation (4.3.1) and consider

∂u

∂t
=

∂2

∂x2
[µ(x)u] + u(1− u)(u− α). (4.4.1)

This modification represents ecological diffusion and accomodates for spatial variabil-

ity in motility, predicting that individuals eventually accumulate in desirable habitats

and avoid undesirable areas (see section 4.5 for more details). Ecological diffusion is
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appropriate when organisms make local decisions regarding movement, rather than

nonlocal decisions as in the Fickian case [2, 20].

Here we take µ(x) = 1 − ε sin(x). As in the previous example we introduce a

change of variables x = y + εζ(y) so as to transform (4.4.1) into an equation of the

form (3.1.1). Substituting the change of variables into (4.4.1) gives

∂u

∂t
=

1− ε sin(y + εζ(y))

(1 + εζ ′(y))2

∂2u

∂y2

+

(
−2ε cos(y + εζ(y))

1 + εζ ′(y)
− εζ ′′(y)(1− ε sin(y + εζ(y)))

(1 + εζ ′(y))3

)
∂u

∂y

+ ε sin(y + εζ(y))u+ u(1− u)(u− α).

Setting the coefficient of ∂2u
∂y2

to 1 we find that ζ(y) must solve the differential equation

given by (4.3.2). When ε = 0 we find the arrive at the identities

y + εζ(y)
∣∣
ε=0

= y,

1 + εζ ′(y)
∣∣
ε=0

= 1,

ζ ′′(y)
∣∣
ε=0

= −1

2
cos(y)

which were the same as in the previous example. Thus, we get

r(a) = − 12√
2

∫ ∞
−∞

(sin(y − a)u∗ − 3

2
cos(y − a)u∗y) · ξu∗dy.

Integrating numerically, we find that max{r(a)} ≈ 0.47037 and min{r(a)} ≈ −0.47037.

So we expect wave-blocking to occur in a wedge defined by c = 0.47037ε and c =

−0.47037ε. We compare our prediction with that of our numerical simulation. The

results are illustrated in Figure 4.6. Unlike the previous two examples, when ε > 0.1

our numerical results begins to diverge from our theoretical prediction. This is be-

cause our theory provides a linear approximation to the wedge. Thus, for this model,

the nonlinear terms in (3.5.6) are no longer negligible for ε > 0.1.
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Figure 4.6: Comparison between the blocking wedge (line) and the numeri-
cally calculated values of wave-blocking (stars) for the perturbation in (4.4.1).

4.5 Example 4: Spatial Correlation

In the previous examples, we considered perturbations in either the reaction or the

diffusion term. However, ecologically spatial perturbations are more likely to impact

both terms. Let’s reconsider both the classical Fickian diffusion and ecological diffu-

sion models with the same perturbation in the reaction term. The Fickian diffusion

models will take the form

∂u

∂t
=

∂

∂x

[
D(x)

∂u

∂x

]
+ ρ(x)u(1− u)(u− α). (4.5.1)

and our second model is

∂u

∂t
=

∂2

∂x2
[µ(x)u] + ρ(x)u(1− u)(u− α). (4.5.2)



4. Numerical Results 42

were µ(x) = D(x) = 1−ε sin(x) and ρ(x) = 1+ε sin(x−θ). The parameter θ ∈ [0, 2π]

is the phase difference between µ,D and ρ. If θ 6= π then we say that the parameters

are out of phase.

As we did in examples 2 and 3, we need to define an appropriate change of vari-

ables such that equations (4.5.1) and (4.5.2) can be transformed into an equation of

the form (3.1.1). Utilizing the same transformation from the previous two examples

we do get an equation to which we can apply our main theorem. Numerically inte-

grating as we have done in the previous sections, we are able to plot the maximum of

r(a) as a function of θ. The results are illustrated in Figure 4.7. Figure 4.7 provides a

great deal of insight into how the parameter θ impacts the slope of the wave blocking

wedge for both models.
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Figure 4.7: Plot of sup{r(a)} as a function of θ for equation (4.5.1) (Top)
and (4.5.2) (Bottom).

For the classical model (4.5.1) the results are as we would expect; when individu-
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als slow down in an area where there is a decrease in the intrinsic growth rate then it

becomes harder to overcome the Allee threshold and so we expect to see propagation

failure or invasion pinning. In order for this to occur we need both ρ and D to be in

phase, i.e. we need θ = π. From our plot we can see that when θ = π the slope of

the wedge is at its maximum meaning that small perturbations have a higher likely

hood of causing wave blocking.

One major difference in the two plots in Figure 4.7 is the scale of the vertical

axis. For equation (4.5.1) we have rmax ∈ [0, 0.35] and for equation (4.5.2) we have

rmax ∈ [0.3, 0.65]. In order to understand the difference in the scale, we must step

away from our model and examine movement in a heterogeneous environment.

Let us assume that our organisms are moving on a lattice of spatial positions.

The organism may take a step of length ∆x to the right with probability R(t, x), to

the left with probability L(t, x) or make no movement at all with probability N(t, x).

Thus, an organism at any location x could only come from one of three possible

locations; x −∆x, x or x + ∆x. If p(t, x) is the probability of finding the organism

at the spatial location x for any time t then [20]

p(t, x) = N(t−∆t, x)p(t−∆t, x) +R(t−∆t, x−∆x)p(t−∆t, x−∆x)

+ L(t−∆t, x+ ∆x)p(t−∆t, x+ ∆x).

Using the appropriate Taylor series expansions and then gathering similar terms

Turchin [20] showed that

∂p

∂t
≈ ∂2

∂x2

[
(∆x)2(R + L)

2∆t
p

]
− ∂

∂x

[
∆x(R− L)

∆t
p

]
. (4.5.3)

We assume that R − L = O(∆x) and we choose the limit of ∆x,∆t → 0 in such a

way that (∆x)2/∆t converges to a finite number. Thus, taking the limit ∆x,∆t→ 0

in equation (4.5.3) leads to

∂p

∂t
=

∂2

∂x2
(µp)− ∂

∂x
(βp),



4. Numerical Results 44

where

µ = lim
(∆t,∆x)→(0,0)

(∆x)2(R + L)

2∆t
and β = lim

(∆t,∆x)→(0,0)

∆x(R− L)

∆t
.

Here µ defines the motility and β defines the movement bias. The movement bias is

proportional to the difference between the probability of moving to the right versus

moving to the left. Both β and µ appear inside the partial derivatives because, in

general, they are functions of space and time [20].

Returning to our model, we rewrite the diffusion term in (4.5.1) as

∂

∂x

[
D(x)

∂u

∂x

]
=

∂2

∂x2
[D(x)u]− ∂

∂x
[D′(x)u] .

We now observe that D defines motility, which is proportional to the probability of

moving, while D′ defines the movement bias. If D′ < 0 then the population has a

movement bias to the left and when D′ > 0 there is a bias to move to the right (see

Figure 4.8) [20].

When θ = 0 or 2π individuals experience a movement bias towards areas with

high motility but low growth. This is an ecologically advantageous strategy in the

presence of an strong Allee effect. In order for the population to successfully spread

it must first overcome the corresponding Allee threshold. This is an easier task when

individuals choose to work together instead of “going it alone”. Thus, it is easier for

the species to overcome the perturbation and spread.

In contrast, when θ = π, individuals experience a movement bias towards areas

with high motility and high growth. The problem this presents is that individuals

favour “going it alone” in areas of low growth. This makes it harder to overcome the

Allee threshold. Thus, small perturbations are more likely to cause wave blocking

than if we had chosen a different value of θ.

We note that equation (4.5.2) does not include a movement bias. Therefore,

individuals have equal probability of moving to the left and to the right. As a result,

overcoming the Allee threshold becomes a more difficult task. Thus, any spatial
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Figure 4.8: Plot of ρ(x) (dashed red line) and D(x) (solid blue line) for
ε = 0.25 and θ = 0. The arrows indicate the direction of the movement bias.

perturbation in motility and growth is more likely to cause wave blocking than in the

case of equation (4.5.1). In fact, Figure 4.7 implies that the species will favour a lag

between ρ(x) and D(x).



Chapter 5

Conclusion

In this thesis, we studied the phenomenon of wave blocking in the context of reaction

diffusion equations, focusing on the relationship between non-constant diffusion and

the speed of propagation. As such, we built upon the work of LeBlanc and Roy [11,

16], extending their work to perturbations which included the first partial derivative.

Their ideas allowed us to develop an approach that let us find a wedge in the (c, ε)

parameter space that defines when wave blocking will occur. The most simple model

that we tested was the bistable equation (1.1.5). This model allowed us to verify our

hypothesis and perform most computations explicitly.

The techniques presented here and by LeBlanc and Roy [11, 16] are derived by

utilizing the translational symmetry of the underlying, unperturbed problem. To that

extent, we formulated a hypothesis on the symmetry of the reaction term F and the

asymmetry of the function G. Furthermore, we asked that the unperturbed system be

parameterized by the wave speed in such a way that when (c, ε) = (0, 0) our system

admitted a stationary steady state.

The spectral gap condition of LeBlanc and Roy [11, 16] which ensured the per-

sistence of solutions under light perturbations. From there, we reduced the dynamics

of our system to a finite dimensional manifold and studied the line of equilibria corre-
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sponding to c = 0. When ε 6= 0 this line of equilibria persisted but was deformed on

the perturbed manifold. It is this perturbed line of equilibria that causes propagation

failure when (c, ε) lies in the cone emanating from (0, 0) in the (c, ε) parameter space.

Our main result is summarized in theorem 3.5.2.

We have shown the implications of theorem 3.5.2 using specific examples of per-

turbations. This was done by comparing the blocking wedge predicted by our theory

with values of blocking obtained through numerical simulations. We observed that,

for small values of ε, the theoretical and numerical approaches yield almost the exact

same result. In contrast, as ε gets larger we find that our theory begins to loose

precision. This is due to the fact that the nonlinear terms in the inequality (3.5.6)

begin to have a larger contribution in determining the blocking threshold. This is

readily seen in section 4.3 where we considered perturbed ecological diffusion (see

Figure 4.6).

Moving forward, there are two paths along which to proceed. The first is to

show that this theory can be extended to systems of RDEs. It is often the case that

multiple species live in the same habitat and that they interact with each other. The

relationships in which these species exist can be cooperative or competitive. Extend-

ing our theory to these systems of equations would provide us with greater insight

into the relationship between habitat fragmentation and interspecies cooperation/-

competition. However, in systems, it can be difficult to get an exact expression for

the unperturbed wave. As a consequence of this, deriving and verifying analogous

statements to those presented in this thesis could be an arduous task.

Another path stems from the observation that translational symmetry is inter-

twined with the phenomena of travelling waves. In higher spatial dimensions we can

observe other types of symmetries such as rotational symmetry. This work has only

addressed what we would expect in one spatial dimension. Given the diversity in

symmetries in higher dimensions, we are left wondering how wave blocking may be

affected in these higher dimensions. For example, the region in the parameter space
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that causes wave blocking may depend on the strength of the heterogeneity but also

on the spatial arrangement of the perturbation. Ecologically, we would want to ask

what spatial arrangement of habitats minimizes/maximizes the region in parameter

space that leads to invasion pinning.



Appendix A

MATLAB Code

Here we provide the MATLAB codes used in chapter 4. There are two sets of codes

included here. The first is based upon the numerical approach described in chapter

4 to numerically determine the function r(a). The second set of codes is numeri-

cal program designed to solve equation (3.5.7) and numerically determine the cone

of wave-blocking parameters. Running these programs for various different pertur-

bations we are able to compare our theoretical predictions against the numerically

obtained values.

A.1 Numerical Calculation of r(a)

%% Theo r e t i c a l Ca l cu l a t i on o f r ( a )

% t h i s f i l e p l o t s the func t i on r ( a ) whi l e c a l c u l a t i n g the

% maximum and minimum va lues .

c l o s e ; c l e a r ; c l c

format long g

%% Def ine the i n t e r v a l o f i n t e g r a t i o n

49
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x lo =−100; xhi =100; dx =0.05;

n=(xhi−x lo ) /dx ;

xx=xlo : dx : xhi ;

%% Def ine the i n t e r v a l f o r which r ( a ) i s de f i ned

a lo =−100; ah i =100; da = 0 . 0 5 ;

N=(ahi−a lo ) /da ;

%% Calcu late , numer ica l ly , r ( a )

f o r i =0:N

A( i +1)=a lo+da∗ i ;

L = 2∗ s q r t (2 ) ;

%Def ine the p r o f i l e o f the t r a v e l l i n g wave

u = @( x ) 0.5∗(1+ tanh ( x/L) ) ;

%Der iva t i ve o f the wave p r o f i l e

du = @( x ) ( s q r t (2 ) /8)∗(1−tanh ( x/L) .∗ tanh ( x/L) ) ;

%Def ine the Purturbat ion func t i on G

G = @( x ) [ ( 9 / 8 ) ∗ s i n (x−A( i +1) ) + (1/8) ∗ s i n (3∗ ( x−A( i +1) ) )

] . ∗ u( x ) .∗(1−u( x ) ) . ∗ ( u( x ) −0.5) ;

%Def ine the integrand

f = @( x ) G( x ) .∗ du( x ) ;

%Ca lcu la te the value o f r ( a ) us ing simpsons r u l e
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R( i +1)= dx/3∗( f ( xx (1 ) )+2∗sum( f ( xx ( 3 : 2 : end−2) ) )+4∗sum( f ( xx

( 2 : 2 : end ) ) )+f ( xx ( end ) ) ) ;

R( i +1) = −(12/ s q r t (2 ) )∗R( i +1) ;

end

f p r i n t f ( ’\n Maximum = %f \n ’ , max(R) )

f p r i n t f ( ’\n Minimum = %f \n ’ , min (R) )

f i g u r e (1 ) ; p l o t (A,R) ; x l a b e l ( ’ a ’ ) ; y l a b e l ( ’ r ( a ) ’ )

A.2 Wedge Plotting Program

%% Wave Blocking Wedge Plot s

% This f i l e numer i ca l ly determines the r eg i on in the

parameter space that

% l ead s to wave b lock ing . I t does t h i s by s o l v i n g the g iven

PDE and then

% track ing the evo lu t i on o f the s o l u t i o n in time . The program

s o l v e s the

% PDE cont inuous ly u n t i l i t f i n d s a parameter combination f o r

which

% u (0 , x ) − u( t f i n a l , x )< 0 .05

% where x i s f i x e d . This program uses MATLABs PDE s o l v e r

PDEPE. The

% r e l e v a n t func t i on f i l e s can be found at the end o f the

s c r i p t .

c l e a r ; c l o s e ; c l c

g l o b a l e p s i l alpha
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%% Def ine the s o l u t i o n mesh

t0 =0; t f i n a l =2000; x=l i n s p a c e (−75 ,75 ,500) ; t=t0 : t f i n a l ;

%% PDEPE Parameters

warning o f f MATLAB: f z e r o : UndeterminedSyntax

m=0; c s t ep =0.0002; rmax =0.1765;

f o r qq=0:19

e p s i l = 0.25∗(20−qq ) /20 ;

i f qq ==0

c =0.05;

e l s e i f qq>0

c = C( qq ) ;

end

BLOCK=0;

whi l e BLOCK==0

alpha = 0.5∗(1− s q r t (2 ) ∗c ) ;

%% Solv ing the PDE

u = pdepe (m, @mypde , @ i n i t i a l , @bc1 , x , t ) ;

i f u ( t f i n a l +1 ,251)<0.05

BLOCK=1;

C( qq+1)=c ;

TC( qq+1)=e p s i l ∗rmax ;

EE( qq+1)=e p s i l ;

e l s e c=c−c s t ep ;

end ;
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end

end

f i g u r e (1 ) ;

hold a l l

p l o t (EE,C, ’ ro ’ ,EE,TC, ’b− ’ ) ; x l a b e l ( ’ e p s i l o n ’ ) ; y l a b e l ( ’ c ’

) ;

%% Def ine the i n i t i a l c ond i t i on

func t i on i n i t i a l = i n i t i a l ( x )

g l o b a l e p s i l alpha

i n i t i a l = 0.5∗(1+ tanh ( ( x−10) /(2∗ s q r t (2 ) ) ) ) ;

%% Def ine the boundary Condit ions

func t i on [ pl , ql , pr , qr ] = bc1 ( xl , ul , xr , ur , t )

p l=ul ; q l =0; pr=ur−1; qr =0;

%% Def ine the PDE

func t i on [ c , b , s ] = mypde(x , t , u ,DuDx)

g l o b a l e p s i l alpha

c=1;

b = DuDx;

s = (1+ e p s i l ∗ [ (9/8) ∗ s i n ( x ) + (1/8) ∗ s i n (3∗x ) ] )∗u∗(1−u) ∗(

u−alpha ) ;
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