NETWORK DESIGN

FOR

STOCHASTIC TRAFFIC

by

David W. McLimont

A theéis submitted to the Faculty of Science
in partial fulfilment of the requirements for the

degree of Master of Science

Department of Electrical Engineering
Faculty of Pure and Applied Science
The University of Ottawa

Ottawa, Canada

1966
» VANITR LIBRARY
4 UAIVERITY CF OTTAWA
l‘ OTIAWA; ONTARIO; CANADA;
© Devid W, Melimont, 149




ABSTRACT

Network design,in this thesis, is the assign-
ment of branch capacities for the case of stochastic
traffic, exemplified by a telephone communication
network. Blocking as defined by the Erlang loss
formula is chosen as a measure of performance, The
assignment is governed by doctrines which achieve
either near-equal blocking, as low as possible, on all
branches, or the lowest weighted average blocking in the
network, subject to fixed network capacity. The
assignment is also constrained by the requirement that
the branch capacities be integers.

A partitioning process is developed which
assigns branch capacities meeting thesé conditions,

Some examples illustrate the application of the doctrines
and partitioning to several species of network
configurations, This method gives control over the
performance of the network and avoids treating stochastic
traffic as a finite set of simultaneous flows sampled at

different instants in time.
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CHAPTER I
NETWORK PHILOSOPHY

1.1 Introduckion

A communication network is a system of points at which
messages are originated, relayed, or terminated, and of channels
ipterconnecting the points and over which the messages travel.
Many have been led to the study of communication networks by an
intuitive feeling for their behaviour; others have been obliged to
cope with them as a matter of expedience. As a result, some of
the problem areas of communication networks have become épparent,
and remarkable contributions towards the understanding of the
behaviour of communication networks have been made in a relatively
short period. Although the problems are yielding under the
pressure of attacks from both theoretical and practical quarters,
the behaviour is not yet completely understood; it is clear that
the computational operations involved are often staggering and that
the day of unification is not yet in sight.

The challenge of these problems has stimulated continuing
activity in the investigation of the behaviour of networks.
However, many of the steps towards the goal of understanding
network operation have used models which are not realistically
representative of communication networks. In the construction
of actual communication networks, the final design is seldom,
if ever, ideal because of the need to allow for safety factors,

economic considerations, political complications, and use of



mathematical approximations.

In the area of network design, one of the broad systems
engineering objectives is to provide satisfactary service at
lowest cost. The systems engineer is here concerned with the
deployment of equipment rather than with the manner in which it
operates, and he observes the functional performance of the
network in order to evaluate his designs,

Practical solutions are desirable for englineering
purposes; but one can f£ind so many practical constraints that the
general problem often loses its generality and becomes
specifics Tt is our intention to examine some aspects of the
behaviour of telephone communication networks with the objective
of finding certain solutions to thelproblem of network design‘
for networks carrying stochastic traffic, subject to fixed
network capacity. The method can be applied equalij to a network
with linear costs, gubject to fixed network cost. A solution
will give us an assignment of branch capacities which we will
call optimal under carefully defined conditions. In this
work we are seeking general cases which resemble reality and
which will enable comparisons of performance to be made
rapidly and simply. If we can build a model which is general
and which yields meaningful solutions, we will have made
further headvay into this complex subject,l’2

Network philosophy is discussed in Chapter 1,

and the subject of the work is placed in a practical setting.
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The design problem is discussed and defined in Chapter 2,
Chapter 3 describes the matrix representation which will be used.
The method for achieving optimal assignment of branch capacities
is developed in Chapter L, and the essential doctrines are laid
down, The method and the doctrines are extended to networks in
Chapter 5. Chapter 6 is devoted to some possible ways of
handling networks in which tandem traffic is carried, while
Chapter 7 illustrates some additional applications. Future
lines of investigation are suggested in Chapter 8,

The crux of the work is to be found in Chapter L, and
it opens up some exciting possiblities in solving some of the

problems of network synthesis,

1,2 The Setting

In the physical world, a communication network is an
arrangement of various forms of transmitting, receiving and
switching equipment, having mutual means of interconmection.

We will deal in particular with a telephone communication network,
and hence the equipment consists of telephones and telephone
offices, Some types of equipment other than telephones do use
the telephone network, of course. We will be concerned with those
which make use of the network in the same way as telephones do;
that is to say, which have characteristics that enable them to be
equated with telephones in their use of the network; but we will
refer to them collectively as "telephones" for simplicity., This

equipment is situated at the nodes of the network,
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The nodes are interconnected by branches consisting of
paths, A path is the entity which can carry a single message,
Messages are the network commodity. 4 path can carry only one
message at a time, It is occupied when it is being used to carry
a message, otherwise it is idle. The path, as we have defined it,
is the unit of branch capacity, The capacity of & branch is, then,
the number of paths that are in it, which is the same as the largest
nurber of messages which can be carried simultaneously in that
branch. Messages are commonly transnitted over a variety of wire
and wireless channels, which we shall call "paths" without
distinction as to type. In carrier and time division channels,
for example, the frequency band or time slot which carries a
single message counts as one path. .

A telephone message is known as a calle The informational
content of the call is of no immediate concern. A telephone call
is characterized by the instant in time when the system is engaged
to carry it, and by the duration of the call. It is also
characterized by its points of origin and termination.

Network theory gives the impression that a commodity
flows along the branches from node to node. We should be quite
clear at the outset that telephone calls do not flow. Thelcall
either exists or does not existj either the path is occupied or it
is not; but the call does not flow. It is convenient, nevertheless;
to take advantage of the sense of directionality which is inherent
in network theory, because every call has to be originated somewhere,

and requires connection with a point somewhere else. We can give
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a direction to an occupied path, from the point of origin to the
point of termination of the calle The important thing to note
is that a path for a call is secured at the point of origin, A
directed branch, therefore, signifies that paths in it can be
secured by calls arising only at the origin of the branch, and
novhere else,

A path, by implication so far, is a direct connection
between two nodes, When a call originates and terminates at two
nodes which are not directly_eonqutgd by a path, it has to be
relayed via one or more different nodes which can offer it a set

~ of contiguous paths which it can occupy simultaneously, Nodes used
to relay a call in this way are called tandem nodes, We will

distinguish between a direct call, which occupies one direct path

between the points of origin and termination, and a tandem call, Q

which occupies two or more consecutive paths for its duration,.

Tandem calls, like direct calls, do not flow. However,

the directed branches of the network are useful in indicating the
sequence in which the successive paths of the tandem call are
secured, starting from the origin, If we liken this concept of
securing paths to a form of control, then we could say that the
control flows through the network, although the calls do not.

This control embodies the very function of the telephone

communication network, which is to select and provide idle paths

for the transmission of telephone calls offered to the system.
The control elements of the telephone system are contained in

Hfﬁ everything from the telephone and the switching office to the




electronic data processor and the microwave carrier system. We
will think of control activity as residing in the nodes, where

paths are secured for the calls,

1.3 Network Function

Something of the control task, and of the network
problem we are going to tackle, can be appreciated if one
imagines for a moment a small telephone network in which no

relaying of calls is permitted, Figure 1(a)., Clearly the total

number of calls which can be handled simultaneously in the system
is equal to the total number of paths in the system., If, in a stated 3
interval of time, all the calls arising could just be packed

end to end in time, and exactly fully occupy each network path
for the time interval, then the system would be occupied to !
capacity, We observe that calls arising in excess of that number
simply cannot be accpeted.

Iet us create a tandem node in this imaginary network,

Figure 1(b). We will designate three of the interconnected nodes

A, B, and C, If we cut one, and only one, path between A and C,
and set up a new path between 4 and By we now have exactly the

same number of paths in the network as before. At By let us

join the new path between A and B with any one of the existing

paths between B and C, and let us send the same calls over the two

joined paths which had previously been sent over the path now cut.
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The result of this maneuver is that we have deprived the system
of its ability to carry the calls which were formerly carried on
the path which we have just expropriated between B and C. This

illustrates the fact that relaying calls reduces the capacity of

the system; or, alternatively, when the same number of calls as
before is offered in the given time interval, relaying causes

some of them not to be accepted.
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So far, in these two examples, we have assumed that all

the calls will pack perfectly. If, however, any one of the calls
in our examples should arrive a moment sooner, it would not find
a space, that is, an idle path, and it would not be accepted.

And if it should arrive a moment later, then its successor, upon
arrival, would find the path occupied, and so it would not be
accepted, In general, if the calls were to arrive at random in
the stated interval of time, although at the same rate of arrival,

it would be unlikely that they would adopt an arrangement whereby

they would pack perfectly, and so unaccepted calls are bound to

arise on this account,




Here we have the situation where a system whose sole
purpose in life is to provide paths for telephone calls apparently
cannot do so. Naturally we are bound to take steps to put this
situation right. A deliberate reduction in the call arrival rate.
would probably find fewer calls unaccepted; it follows that any
attempt to lowsr thé number this way effectively reduces the
capacity of the system., Conversely, by starting out with more
paths we might be able to handle the original calling rate with
fewer calls unaccepted, but it would be at the price of the
larger number of paths instead of the reduced capacity,

A communication network is, in fact, usually branch

capacity limited, It has the characteristic that when a message

is offered to it, it may or may not have an idle path to

provide at that instant., The statistics of offering messages to

a group of paths have long been known;3 the best that can be

done in order to handle a reasonable calling rate on an economical
number of paths is to suffer a small quantity of unaccepted calls.
To eliminate this quantity would be, in a commercial system,
intolerably expensive,

The telephone system, by nature, operates in real time.

If the message is a telephone call, either it is accepted, or it

finds no idle path available and is not accepted. Calls not

accepted when they are offered are called lost, If the lost call

is cleared from the system instantly, the call is said to be
blockedoh In this paper we deal with just such a lost calls

cleared system, because it is, by and large, fairly straightforuard.




Here we have the situation where a system whose sole
purpose in life is to provide paths for telephone calls apparently
cannot do so, Naturally we are bound to take steps to put this
situation right., A deliberate reduction in the call arrival rate.
would probably find fewer calls unaccepted; it follows that any
attempt to lower the number this way effectively reduces the
capacity of the system., Conversely, by starting out with more
paths we might be able to handle the original calling rate with
fewer calls unaccepted, but it would be at the price of the
larger number of paths instead of the reduced capacity.

A communication network is, in fact, usually branch

capacity limited, It has the characteristic that when a message

is offered to it, it may or may not have an idle path to
provide at that instant., The statistics of offering messages to )

3 the best that can be

a group of paths have long been known;
done in order to handle a reasonable calling rate on an economical
number of paths is to suffer a small quantity of unaccepted calls.
To eliminate this quantity would be, in a commercial system,

intolerably expensive.

The telephone system, by nature, operates in real time,

If the message is a telephone call, either it is accepted, or it
finds no idle path available and is not accepted, Calls not

accepted when they are offered are called lost, If the lost call

is cleared from the system instantly, the call is said to be

blockedah In this paper we deal with just such a lost calls

cleared system, because it is, by and large, fairly straightforward,



Lost calls may, alternatively, be held for a certain length of time,
or delayed until an idle path is obtained, but consideration can be
given to these at another time,

It is this essential characteristic of the network, whether
or not it can provide a required idle path, which furnishes us with a
measure of performances Blocked calls occur when more simultaneous
calls are offered to the network than there are paths available to
carry the calls, In our telephone network, the measure of performance
is defined as the probability that a call will be blocked, which is
to say, the probability of not finding a path for a call at the

instant that it is offered to the system, The probability of not

finding a path is termed blocking,
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The measure of performance enables us not only to

evaluate network design, but to go further and seek optimal

solutions to the problems of network design. When blocking is used

in this connection, minimum blocking is the tacit objective, subject

to whatever economic or physical constraints may be applied. As
we have implied earlier, blocking is undesirable because it is
inherently inconsistent with the functional objective of the

systemo

1.y Network Commedity

Let us turn our attention to calls, for a moment. It

is a characteristic of human beings that, over any short interval

of time, they appear collectively to generate calls at random,
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The qualification of the time interval is necessary because humans
are creatures of habit, and generate their calls also with marked
diurnal and other periodic and long-term variations in rate. In
practice we are chiefly concerned with the busiest time interval,
or busy period, which is when calls are offered at the highest rate,
because this period, (which recurs daily with rémarkably consistent
calling rates), produces the highest blocking experienced by the
system. At any other time, the blocking is less, During the busy
period, the arrivals of calls approach a condition of statistical

equilibrium; hence the random process is approximately stationary.

If we assume that it is stationary, then we can represent the
arrivals of the offered calls by the Poisson distribution, having §<
for its parameter the average rate at which calls are generated
in that period. Of course, when we know that we are dealing with k
a system in which the calls are not offered at random, then we must
use some other appropriate distribution; but otherwise, the i
assumption of randomness is realistic, if not true.

Now, while it is possible to imagine that independent
individuals would request service in an unrelated fashion, it is
rather more difficult to make an intuitive estimate of the durations
of the calls they make; One might guess that short calls are more
frequent than long calls, It happens that call durations, or call

holding times, as they are called, are approximated by a negative

exponential distribution, This distribution, which embodies our
guess, is convenient, because it requires only one parameter. The

simplest thing we can measure about calls is their length, and hence
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their average length, which gives us the required parameter.

The negative exponential distribution applies to ordinary
telephone call holding times. Other holding time distributions can
‘occur, as, for example, when time limits are applied, when a non-
human device controls the length of the call, or when some other
bias exists, If we know these distributions we can use them, but
for the general case of the telephone system, with its variety
of uses, the holding times of all calls, taken collectively, tend
to follow a negative exponential distribution,

We can now define the load on the telephone system, or on
any part of it. The holding time of a random call is not in any
obvious way related to the interval between it and any other call
offered to the system, and hence the distributions of call arrivals
and of holding times are assumed to be independent. The product
of the parameters of these two distributions, therefore, gives the
average amount of traffic offered to the system, or part of it,
and this we call the load. Since the call arrivals and holding
times are random quantities, telephone traffic is stochastice

(Average call holding time is such a relatively constant
quantity that variations in traffic quantities can usually be
construed as variations in average calling rates of the various
traffic sources, or nedes, In fact, the calling rate may almost
be regarded as the functional parameter of the network.)

We shall use traffic as defined above for the functional
parameter, for reasons of accuracy and convenience, in our lost

calls cleared system, The statistics of traffic in such a system
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have long been known, and are expressed in the well=known Erlang loss

formula.,3 5 as follows:

%

(o]

B(c,a) ®

[e
ol b ¥

o

)
where: a = traffic offered, in Erlangs,
¢ ® number of paths to which the traffic
a is offered,
B(c,a) @ B = blocking when a is offered to c;
or probability that when the traffic is g,

when one more call is offered it will find

all the ¢ paths occupied and so will not be (

accepted. : E

This Erlang loss formula is also called the Erlang B relationship.
A portion of a table of the Erlang loss formula is given in 2
)

Appendix I. i

1.5 Routing Doctrine

We have already referred to relaying calls via tandem
nodes; in real life this may be due to physical difficulty in
placing the paths, or due to unfavourable economics, and it is
customary to use paths via another node or nodes to provide
the required connection. When, like this, a network is not
fully connected, a routing doctrine is drawn up to specify the

sequence of nodes between which paths will be used for tandem calls,
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A routing doctrine is simply a set of rules whick defines the relaying
procedure,

The routing doctrine has another function. When calls between
a pair of nodes are permitted to travel over more than one route, the
routing doctrine specifies the tandem nodes for each route and also the
order in which the several routes are to be tried when a call is
offered.

When more than one route between a pair of nodes is

possible, the doctrine is called alternate routing; if only one route
is possible, it is called fixed routing., Fixed routing is the

special case of alternate routing when only one of the possible

[y
§
;

routes is allowed, Both fixed and alternate routing may include

PRI RS L )

routing direct calls over direct paths., Also, part of the alternate

routing doctrine may include fixed routing. B

e N <

106 Summarz

Now we are ready to review our telephone communication

network model and the assumptions used in it. The network is a
set of nodes inter-connected by branches consisting of paths which
permit calls to be made between node pairs. The function of the
network is to provide idle paths for calls. The path or paths
with which a call is provided are governed by a routing doctrine,

which specifies also the choices of routes if more than one is

possible. A call is characterized by the instant of its arrival
into the network, its holding time, and the nodes where it

originates and terminates. Branches in the network are directed
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to show which node has control over the paths to handle offered
calls,

The term network is used in the broadest sense, so as to
include any possible topological structure and nodal representation,
A communication network can range from fully connected, to a single
path structure; and nodes can range from a single telephone on
a single path, to a switching center which concentrates the network
for a large number of telephones, and to & switching center which
serves solely to relay calls and neither originates nor terminates
anye

The problem we have set out to solve deals with that
important duty of interconnecting the switching centres of a
nation (or the like)‘into a national telephone communication
network, Accordingly, we will assume that our nodes consist of
either switching centres which are points of origin and termination
for the telephones of the community which they serve, or tandem
nodes, or both,

Assumptions used in our model are:

(a) calls are handled in real time,
(b) network is branch capacity limited,
(¢) directed branches,.
(@) lost callscleared system,
(e) no switching delay,
(f) single destination for calls.
These aéghmptions give a reasonably realistic represent-

ation of a working telephone communication system. The first four
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have been thoroughly discussed, and enable us to relate the function
of the system with its characteristic in performing the function.

Although the establishment of a connection from origin to
termination is not achieved instantaneously, it must, in effect,
be established in an instant of time when the system displays a
certain state. And since that instant is random with respect to
the system state, the assumption of no switching delay is
acceptable, To be sure, the processing of a call to make the
desired connection does take perceptible time, and this time does
take up some of the capacity of the system, but it should ve, and is,
relatively small, and it is getting less as techniques for processing
calls become faster, Again, if the connection is a tandem one and
needs several steps to set it up, the assumption of randomness of
call arrivals means that we can regard the several successive
instants of decision on availability of idle paths as coincident,
from a stochastic point of view.

The lost calls cleared system simply means that an
offered call which is not accepted does not become a responsibility
of the system, and that the person whose call is lost must, if he
wishes, make a new attempt, In practice, the lost calls cleared
system is found to be a very good approximation for alternate
routing,

Three more assumptions describe the load on our netwerk
model, inasmuch as they relate to time:

(a). Poisson call arrivals, i.e., negative exponential

distribution of time intervals between call arrivals,

1
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have been thoraughly discussed, and enable us to relate the function

of the system with its characteristic in performing the function.
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from a stochastic point of view,

The lost calls cleared system simply means that an
offered call which is not accepted does not become a responsibility
of the system, and that the person whose call is lost must, if he
wishes, make a new attempt, In practice, the lost calls cleared

system is found to be a very good approximation for alternate

routing.

Three more assuﬁptions describe the load on our network
model, inasmuch as they relate to time:

(a). Poisson call arrivals, i.e., negative exponential

distribution of time intervals between call arrivals,
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(b) negative exponential distribution of call holding
times,

(c) stationarity,

The two assumed distributions conform reasonably well to
observation and experience, although some departure from reality
at the extremes is undeniable, For instance, if the near-infinite
time between arrivals ever did chance to occur, a node might
cease to be an originator of calls for years! Nevertheless, these
assumptions give us a way of creating a dynaﬁic and workable model,
The use of these assumptions, naturally, doss not preclude the use
of other distributions where they are applicable, and so does not
detract from the generality of this approach, except that the
mathematics would become much more complex.

~ The condition of stationarity is essential to the

application of these assumptions, and, as has been stated, this is
an acceptable condition for short periods of operation. When we are
concerned with the design of a system to carry a range of loads, we
normally design it to handle the maximum expected load and call this
its load capacity, Therefore, of all the possible values of traffic
which the telephone network mighf experience for short intervals,
we choose as the design parameter the highest average traffic with
which we are concerned, and associate it with the condition of

stationarity.




CHAPTER II

THE DESIGN PROBLEM

2,1 Considerations

The design element in the network, as we have described
it, is the branch, The branch capacity is a variable, and it is the
magnitude of this variable which it is the designer's task to
specify. The unit of branch capacity, the path, isvdiscrete, and
we know thai ve are faced with obtaining integral values for any
solutions which we get.

The network commodity is traffic. Traffic and branch
capacity are functionally related by blocking. Blocking is a measure
of performance, and it is a very significant measure of service, It
can be related in practice very closely to the telephone subscribers'
opinions of the grade of service the network is rendering them.

The subscribers offer traffic; the telephone companies
furnish the service of carrying the traffic; the service has to be
satisfactory, What is to prevent us from providing an unlimited
number of paths? Surely the problem is an economic ong, one of how
much we can afford to spend on paths weighed against the cost of
giving unsatisfactory service. Of course, the cost of complaints
is usually very difficult to assess, so the customary procedure is
to engineer the system to meet but not exceed some specified
standard "grade of service", or blocking, at minimum cost.

The whole subject of network costs is a complicated one,
since it is dependent on branch lengths, transmission methods, node

switching equipment, cost of laying cable, relay towers, and so on,

-17.
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and none of these are necessarily constant throughout an entire
system, We can make two assumptions which are helpful:

(i) the cost of switching equipment prorated at the
terminals of a path is proportional to the cost
of the path,

(i1) the cost of a branch is directly proportional
of the number of paths in the branch.

These enable us to formulate the cost function W, defined as:

w8, Yk %
X

where cj is the number of paths in the kth branch,
k®1, 2y,0e¢m in a network with m branches,
and ¥y is the cost of one path and associated
terminal switching equipment in the kth branch,

There is a further simplification that we can make in order to

demonstrate the methods of solution which follow: we can set the

yk's equal to unity, and hence

We) e, = C
1) E

where C is defined as the totel branch capacity, or
network capacity.
This simplication allows us to avoid setting up models for path cosis;

in effect, we continue to operate with the network parameters only,

without losing any of the features of the model. (When the network

capacity methods are worked out, we can apply weighted branch
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capacities, where the weights are the path costs, for solutions with
more economic realism.)

The assumption that all paths in the network cost the same
has some real counterpart in life. It is approached in certain cases
of microwave carrier equipment, where the bulk of the channel and
switching equipment is concentrated at the switching points, and the
cost of a path is largely independent of length and route, provided
that no relaying is required or that the cost of relay equipment is

small compared to the cost of the terminal equipment.

2.2 Problem Definition

The network design problem which we consider here is the
problem of assigning branch capacities so as to minimize blocking,
with given traffic, in a given topological structure, under control
of a routing doctrine, subject to a fixed network capacity. That is,

Minimize B  £(By), with respect to traffic,

branch capacity aésignment, topological structure,

and routing doctrine, subject to C WZEZ Cyo

where f(B,) is a function of blocking defined by
a particularbdoctrineo
We state the problem this way because if we were simply

to minimize total branch capacity we would have no network; and if

we were to minimize blocking we would only need to provide such a

large number of paths that one would be available for every pair

of telephones in the network, if all were simultaneously occupied

in every possible combination. We therefore relate blocking and total
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branch capacity for given traffic; and minimize one (blocking) while
holding the other (capécity) fixed, where we use the term minimize
to mean as low as possible, subject to the availability of a finite
number of paths. We call the resulting branch capacity assignment
the optimal solution,

Much of the work on the movement of commodities in networks
has dealt with steady flow. Static maximal flow problems and minimal
cost flow problems in capacity limited networks have been investigated

6,7,8

by Ford and Fulkerson, Dantzig, and others, Multiterminal

network flows have been described by Gomory, Hu, and others .9’ 10

The telephone communication network, however, falls into the class

lof multicommodity network flow problems. The term flow is a
mathemat;cal one, and occupancy would be a better term for telephone
communication networks. However, there are many features of network
theory which make it useful to retain the association with flow
networks while we are investizating telephone network behaviour.
wOrks.iﬁ the area of multicommodity network flow are not

11,12 and still fewer when it comes to stochastic

plentiful,
1

flowso3 One which appeared while this paper was being written was

the subject of a doctoral thesis and dealt with telegraph networks olh

The stochastic nature of telegraph messages and telephone calls

make steady flow treatment inapplicable. The telegraph system,
however, differs from the telephone system in that it is
characterized by the queuing of messages at the switching points,

The performance of the telephone system would be quite unsatisfactory

if’ blocking of calls occurredto an extent equivalent to the queuing




of the telegraph system, even if the blocked cells were put through

when paths became available after a delay, Wing and Kleinrock give

excellent assessments and bibliographies.l’lh

2,3 Routing Doctrine

The routing doctrine has not been clearly defined in
many single and multiterminal pair network solutions, Usually
the flow between terminal pairs has been assumed to use any nodes
as tandem nodes at the convenience of the solution. In the
telephone network, relaying can only be done by certain specified
nodes, and of'ten only according to a preference scheme, By
contriving a suitable model, we will be in a position to apply
and evaluate routing doctrines, The mechanics of fouting will be

discussed, as required, later.

2.4 Changes in Load

One of the usual assumptions made in network problems
is that the busy load is coincident; that is to say, all the
indicated loads at each node apply at the same time, and each
indicated load is the maximum one. A considerable increase in
complexity is involved if we imagine an over-riding time function
relating all the load levels at each node, such that some are
increasing, some decreasing, some are at maximom, and some at
ninimum. Nevertheless, non-coincidence of busiest traffic loads
in telephone networksis commonly experienced. It may happen in

small scale networks, where the busiest period for metropolitan
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type nodés is during the morning while the busiest time for nodes
in the residential suburbs is often during the evening.

The situation is of greater consequence in national
networks, on account of the time zone effect; as the earth rotates,
busy periods are created across the iength and breath of the network
which are anything but coincident. Now, we do not propose to solve
this problem, but we do want to show that the task of accommodating
the time zone effect is not as formidable as it might seem, if we
have a reasonable and easily workable model.

Herein lies one of the important reasons for using directed
branches in our model: the traffic into and out of a node might not
even have coincident busy periods.

From the engineering point of view, it is interesting to
qbserve the sensitivity of the system performance, that is, blocking,
Mto changes in load, and also to changes in branch capacity, so that
various network designs and rowting doctrines can be compared, .
Specifié cases can be, and have been, calculated with greater or lesser
degrees of accuracy, bub our objective is to be able to test out
broad design philosephy particularly, and specific cases only

incidentally.




CHAPTER III

OPERATION OF THE NETWORK

3.1 Matrix Representation

A convenient way of expressing the telephone network as a
mathematical entity is to organize its parameters in the form of
matrices.1 In this Chapter we will establish the notations that will
be used, We will thus be enabled to study the effect of various
operating doctrines on the behaviour of the network.

The node and branch structure of the network is given
by the topological matrix of its nodes and branches, This matrix,
like those which follow, is a square matrix, n x n, in which each
row corresponds to a node i, L = 1, 2,...,n, which originates calls,
and each column corresponds to a node j, J ® 1, 2y044,0, which
terminates calls. The entries tij in the topological matrix [T ]
are unity if there is a branch, (appropriately directed, as
described earlier), between node i and node j, and zero otherwise.
Since we are not concerned with traffic within a telephone office,
entries in the main diagonal of this and the other matrices below
are zero,

The branch capacities of the branches in [T] are given
by the entries Cij in the branch capacity matrix [C] , where €43
is the number of paths in the branch between node i and node j.

The traffic offered between nodes is given by the entries
3jj in the traffic matrix [A}, Traffic betweén nodes is called
the "community of interest". Even where no branch exists in|:T],

there may still be a community of interest in [A]; it follows from

- 23 -



previous deseriptions of the ne'g{work that calls between nodes not

directly connected must be relayed via tandem nodes.

Tandem nodes are specified in the routing doctrine. In
dealing with general cases where there is no guiding policy or
physical reason for selecting tandem nodes, the essential tandem
nodes can be obtained by manipulation of the topological matrix,

It is helpful to insert the letter H in the main diagonal of the
topolozical matrix to identify each of the tandem nodes. The
routing doctrine can be written in the cells of a routing matrix [R];
but it is often evident from the deacription of the network, and
then [R] is omitted,

* The measure of performance, or blocking, is given by the
blocking matrix [B] s in which each entry Bij is the blocking
experienced by the community of interest 8 je

We will be manipulating the [A:] and [B] matiices to
obtain solutions, and the significanée of the entries will be made
clear as we go along,

Finally, if we describe a cost matrix [Y], the entries
¥yij would represent the unit path costs between nodes i and j. We
fesl that the matrix [T] would give us more control over the
structure of the network than prohibitive or infinite costs in the
[Y] matrix. However, we could, if we wished, use a fully connected
network and let the costs determine the structure, Since we intend
to proceed with ¥i3 ©l, all i and all j, as stated in Section 2.1,

we will not involve [Y] in what follows.
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directly connected must be relayéd via tandem nodes.

Tandem nodes are specified in the routing doctrine. In
dealing with general cases where there is no guiding policy or
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nodes can be obtained by manipulation of the topological matrix.

It is helpful to insert the letter H in the main diagonal of the
topological matrix to identify each of the tandem nodes. The
routing doctrine can be written in the cells of a routing matrix [R] 5
but it is often evident from the description of the network, and
then [R] is omitted,

The measure of performance, or blocking, is given by the
blocking matrix [B] s in which each entry Bi;] is the blocking
experienced by the community of interest 3 4e

We will be manipulating the [A] and [B] matrices to
obtain solutions, and the significanée of the entries will be made
clear as we go along.

Finally, if we describe a cost matrix [Y], the entries
yij would represent the unit path costs between nodes i and j. We
feel that the matrix [T] would give us more control over the
structure of the network than prohibitive or infinite costs in the
[Y] matrix, However, we could, if we wished, use a fully connected
network and let the costs determine the structure., Since we intend
to proceed with Vi3 ® 1, all 1 and all j, as stated in Section 2.1,
we will not involve [Y] in what follows,
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A feasible design is always given by a consistent set of
[T], [CJ,‘:A], and[ B] matrices and routing doctrine, A solution to
the design problem is given by a consistent set in which, (with [T]
ana [A] given, the total branch capacity C given, and the routing
doctrine followed), the assignment of C into [C] has been made in such
a way as to minimize B as derived from[B} by a particular, defined,
method or doctrine.

The design problem is not really confined to a one-shot
effort to find the minimum B for a given C, but in addition it
involves the broad relationship between blocking and paths for a *@Qﬂ
wide range of branch capacities; really, the relationship between
service and cost of paﬁhs. Normally, the prerogative of putting a
value on service intangibles and deciding on capital expenditures
belongs to management. Placing the necessary information at the
disposal of management is a responsiblity of the systems engineer. It
is not enough to achieve minimum blocking if that minimum level is not
satisfactory; what we really want to achieve is a high expectation of
connection, with quality that the customers think is good, at the lowest
possible cost. Accordingly, we will solve the problem for minimum B
for each value of C in a range of network capacities representing a
range of interest,

Matrix representation, as above, gives us a medium for
"operating" the network with complete freedom, or for imposing
constraints or patterns on certain parameters. Also, with the usual
linear cost assumption, it enables us to weight the branches suitably,
and obtain a solution in terms of fixed network cost in a manner analogous

to thesolution we will arrive at for fixed network capacity,



CHAPTER IV
SINGLE NCDE DOCTRINES

L1 Single Node Operation

let us first consider the situation as viewed from a nede
which has to communicate with some surrounding nodes., We are really
concerned, of course, with securing a path over which to communicate,
since, once the connection between the nodes is established, the
intelligence of the communication may flow in either direction.
Having to communicate therefore means having to take the initiative
in securing & path., Iet us suppose that we have at our disposal
a finite number of paths to distribute between our node and the
surrounding nodes, and that these paths can only be secured from the
end at our node. Let us assume that the number of paths is in excess
of the number of surrounding nodes, so that wé ﬁave a choice in the
way we distribute the paths, However, the mumber is not as large as
the number of subscribers at our nods who can initiate calls, and
hence there is a likelihood of blocking occurring.

Our problem, therefors, iz tc distribute the given number
of paths in such a way as o minimize the blocking that our subscribers
will experience,

Knowing only that for a given amount of offered traffic,
blocking increases as the number of paths to which it is offered
decreases, we see that there are two reasonable node doctrines for
distributing the paths. We might adopt the doctrine that the blocking
to each one of the surrounding nodes is to be equal, so that each

subscriber in our node would experience the same blocking, irrespective

- 26 -
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of whether he directed his calls to all of the surrounding nodes, or
only to one of them; indeed, irrespective of how he distributed his
calls,

On the other hand, we might adopt the doctrine that we want
the weighted average blocking encountered to be a minimum, even
though the blocking to some of the nodes might be higher and to
others lower,

We might think that the second doctrine is less palatable
than the first, but actually it is not unrealistic, since it is
commonly observed that the grade of service to some places is poorer
than others, We might suspect that the two doctrines are equivalent
under certain corditions, In any event, we will apply both doctrines,

and examine the consequences,

4.2 General Representation of the Single Node

Iet us draw upon the matrix description of the network given
in the previous chapter, Section 3.1. A single nede i is represented
by the ith row in each of the matrices - topological, branch capacity,
traffic, blocking., ILet us stipulate thatwwe are’ not concerned with
intranode traffic; and that our cost function is in the form of the
total branch capacity.

The row vector [aij] represents the given traffic
originating from our node i to each of the n nodes. For the general

case we will assume that all the aij's are non-negative, By the

L)

stipulation made above, aj; ® O, We will define a4 © %ﬁii )

For the present, we will assume that all traffic is direct;
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that is, in the row vector [tij], tij e ] where 34 is positive.

The number of paths which we can secure to each node where
tij s 1 is represented by the row vector [cij]‘ However, the cij's
are not given; only the total number of paths ¢ '§°ij at our
disposal is given, and ¢4 is an interger.

The row wvector { ] represents the blocking experienced

Bioj
by node i in securing paths to the connecting nodes.,

_ Ouwr problem can bs expressed as that of distributing a
given number of paths ¢, into the row vector [cij]’ such that

oy ﬂzcij , in order to accommodate the given community of interest
[aij}’ according to the conditions of the Erlang B relationship
By (c34 aij)’ as previously discussed, such that the blocking B

in terms of a particular doctrine is minimized.

h.3 First Node Doctrine

The doctrine in which we aim to make the blocking %o each
gurrounding node equal will be called the first node doctrine. The
required solution is the assignement of e, paths to (n-1) branches,
such that all the Bijis are squal and as small as possible. Let
uS see whether both of these conditions can be satisfied simultaneously.

Consider a2 sinple case where the traffic to each node is
identiesle In order to have identical blocking on every branch, it
is obvious that svery branch should have the same number of paths.

However, unless ¢, ig » muttiple of (n-l), the assignment of ci
(n-T)

paths to each bfanch will result in fractional paths in each branch,

Since fractional paths are not permissible - we can only have a path
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or no path, but not part of one - the first problem that arises is
that of achieving integer values for the branch capacities.

If ¢ is not a multiple of (n-1), and we let S equal the
integer part of C€j , then the best that we can do to achieve
near-equal blockigglgn every path is to assign S paths to every
branch, and to distribute the remainder at one to each branch, so
that some of the branches will have (S+l) paths. Since our
problem is not in the form of a linear program, a method of
obtaining integer solutions in linear programming is not applicable.15

The second problem is how to designate the blocking result,
since we cannot now say that the blocking is equal on all branches;
it is higher on the S path branches than it is on the (S+1) path
branches. The situation is like that of the man who could not
swim, and was drowned while crossing a river whose average depth,
he was told, was three feet, The important measure to him would
have been the maximum depth, since there was a shipping channel
in the middle of the river where the depth was over his head, So,
if the telephone systems engineer is to reflect fairly the performance
of his system, he must quote the maximum blocking encountered in
the near-equal blocking design.

In general, when the traffic to each directly connected
node is not the same and when the total branch capacity, ¢;, can take
on any value in the range of interest,‘it is not likely that every
one of the branch capacities, ci 40 in a set will turn out to be an
interger and as well produce all blockingsBij equale Evidentlyfwhen
we require integer solutions, the first node doctrine needs some

modification.
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I it were possible to permit the paths to take on non-
integer values, then there would be no difficulty. We can, in fact,
use a continuous form of the Erlang B relationship, instead of the
discrete form, and obtain branch capacities which -are not restricted
to integers. By applying this to the problem of the first node
doctrine we can always obtain the unique solution for the assignment
of branch capacities, §°ij"°1; for equal blocking on all branches,
and, concomitantly, minimom blocking, by virkue.of the fact that,
for the continuous Erlang B function, B is a monotonically decreasing
function of ¢, for constant a.

The path vector [cij'] calculated this way is not, in
general, a practical solution,'because it contains non-integer
valuess Since we need integral branch eapacities, °ij"9 in g
practical solution, and yet we need them to be close to the exact
branch capacities, °ij's calculated by the continuous method, it
seems reasonable to inérease or decrease each °ij's (assumed to be
non-integral, in general), to the integer above or below it, such that
!cij" = °ij'l<19 and such thatg o5 “?cij' ® cio We will call
(°ij" - °ij') = 4445 and represent the set of 4 c;4's by[A °ij]°
The blocking vector [Bij"] which corresponds to [cij“] will no longer
have equal blocking on all branches.

We will define a path vector [cij"] as one that gives
near-gqual blocking if and only if there exists a[A °i.j]9 | cj_:]_‘|<19
over all j, such that [cij"] + [Acij]gives equal blocking on all
branches, for a given cy.

There will, in general, be a number of ways in which the
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shuffling of the paths can be accomplished , for a given ¢, and each
way will produce a [ci;]'] that gives near-equal blocking. Iet us
denote by Sij the largest integer ‘ci;j" Iet us call ‘Si -J!; Si;)' Then
the maximum number of different {cij"]'s giving near-equal blocking
is (c: : ;) . Now we need a criterion‘to determine which one of
of them isl’ohe best,

Let us consider two of these near-equal blocking path
vecft,ors [c(::lLQ and[ c(:ig], and their respective blocking vectors
[Bij] and[: Bij] . Iet us call the maﬁr;um blocking in a bl(gc):king
vector Bj ymax zl)We will define that[ °i;]] is better than[ °i;]] if

()
and only if Bjjpay< B{ jmax.

Hence we can say that the best of the possible [cij"]'s
giving neaf-equal blocking, for a given ¢y, is that one which has the
Teast maximum branch blocking Bij:xax in its blocking vector [Bij"]‘

If we want to test an arrangement [cij]’ which we claim has

near=equal blocking on all Branches , to see whether that blocking

is in fact minimum, we will take a path from any branch and try

to put it somewh;re else so that the blocking on the branch we take
it from does not rise as high as the maximum was on any branch
vefore the attempted rearrangement. If we cannot do this, then we
say that the blocking is minimum,

If we apply this same test to an arrangement [cij"] giving
near-equal blocking, and which we have determined is best by the
definition above, because its Bij:nax is the least of all near=-equal

blocking arrangements, we will find that we cannot take one path from

any branch which does not have the highest blocking, without the blocking
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on that branch rising to equal or exceed Bij'r'nax .

If this test is applied to any of the other [cijé]giving
near-equal blocking, we will find that rearrangement is possible,

We can say, therefore, that our criterion for the best
arrangement of [cij“]enables us to meet this test for minimum
blocking.

We are now in a position to modify the first node
doctrine, on account of the integer constraint on the solution,
as follows:

The first node dootrine is one in which we aim to distribute
a given number of paths so as to achieve near-equal blocking, such
that the maximum of the blockings on all branches has the least
possible value; and that value of blocking will be used to designate
the blocking of the path arrangement,

Although this criterion we have chosen for best path
assignment, subject to integer values, is not the only one possible,
it does have the virtue of giving subscribers using the branch with the
worst grade of service (highest blocking), the'least worst’ that it is
possible to arrange.

We could have chosen, as an alternative, that [cij"] which
gave the smallest range between maximom and minimum blockings, so
that the branches would seem to be more similar in blocking. However,
given a choice, the systems engineer is not likely to assign a given
number of paths in such a way as to give every branch a worse grade
of service than necessary, just so that they can be more similar. Such

a criterion would give no regard to the requirement.that the blocking
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function is to be made as low as possibles

Lo Method of Solution for the First Node Doctrine

The use of the continuous form of the Erlang B blocking
function13 may have certain advantages, for example in analytical
methods of solution and in finding approximations of the blocking to
be expected when ¢j is given for making comparisons. However, since

non~integral results have no practical meaning, if we use it, we are

faced with the subsequent problem of adjusting the results in order to
get whole numbers of paths,

We will therefore use a partitioning process which will give
the required path as;sﬁ.gnmént directly in integers.

Consider a set of monotonically decreasing functions
£, (n)s k % 1y 2,000,m, defined on the finite set of integers
ne {08 1s 25 6oeg Nk}a.

Consider & new set of functions £y (y), defined on the

I i
S L R

domaln i‘k (Nk)sys f) (0), and defined as follows:

(4 8 1 0sy<n O -1)
el i (4 - DSy<sy O - 2)
fk* (y) o =

1 if £ (l)5y<fk (0)
\u if fk 0oy

and where f)#(y) corresponds o f(n) for each value of the index ko

n
Iet us put F(y) * & fixy)

where y € ﬁ [fk(Nk), fk(O)] fﬂ[ u,v ] .
k=1l ‘
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Cleb F (y) be the inverse mapping of Fly)s In the inverse
mapping, to every point njE. {0, 1y 2y ooy kg.Nk } there will
correspond an interval of the form [uns- » vnj)ci;u, v], such that
Un, $y< Vn@’ and where un5 ® Mix (£y(n)), ﬁmnwfk*{y), k® 1,2, Jouy Me

Iet us designate yn@ ® “n% for By

How, if we cell fy(n) the blocking function B {c, a),

( ;" where n corresponds to the varisble ¢, and k is the index for the
o values of the parameber ag then we see that the blecking value which

- corregpends to fiy = ¢ is @n the maximum of the blocking velues of the

comp@memt braQ@h@s fop the @@wpon@n% ne g,

The p@?%x@l@ﬂi@g pr@@@SS implied by the foregoing corresponds

%o the @h@i@@ of %h@fb@@%‘@f ﬁh@ gseveral possible nearesqual blocking

solutions, and 1% dees, in feet, lead to the computational process

" for the opbimal selubion whish is easily handled by the electronic
i 5

campitber, Theb process is the tabulation of the m sets of values

sk, 18e s, followed by ovdering, in descending order of
B, the quantities B, ¢, and k, with the Lnitiel value of the
ordering iadex equsl to m. If we enter the ordered table where the
ordering index # C, we find the corresponding B, which represents
the blocking value by which we wish to designste the near-squal
blocking solution, In & more sophisbicated tabulation, the tabulated
values of ¢ and k would be used to obtain, for each ordering index,
the B and ¢ for each of the k branches, and the B, ¢ would be listed
in proper tabular columns.

The partitioning process can be demonsirated graphically

in the following way. Let us plot on one graph of B vs ¢ the (n-1)
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relationships for Bij(c,aij),o Sc s ¢;, for traffic originating
at node i, using theusual discrefe Erlang B equation. Iet us

erect verticals on gach point (e, B, .(c, aij))’ up to but not

ij
including the point (s, Bij(c“l’ aij)),for the same jo

Now let us sum the abscissae of the (n-l)‘resulting
diseontinuous functions in order {o produce another function which
will consist of a set of ordinates ab integer values of ¢, and whose

lowest point we will designate (ck, By )

The graph of the points {ck, By) now represents the

relationship between the node blocking as defined by the first node
doctrine for integer solutions, and the total number of paths
available, For a given number of paths, ¢;, the blocking B, at
the point (cy = & s Bk) i{s the minimized blocking for near-equal
vlocking to surrounding dirvectly-connecied nodes.

let us call the minimized blocking Bi. Then the correspording
path distribution can be obbained by reading off the values of ¢
whers the (n-1) discontinuous functions for the branches cub the line
B = §;, and putiing €gg ™ ¢ for the corresponding j. These cij@s
are the required branch capacities for the vector {Cij]@

This method is analogous to the graphical method which
would produce the required result if' the continuous Erlang B
relationship werevused for the first node doctrine, This ziwes us
some further justification for using the least maximum blocking

criteriona

The theroretical best result, i.e. lowest blocking and

equal blocking on all branches, is ecbtained by using the continuous
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Erlang B relationship, and so we have an absolute measure of the
departure from the theoretical best blocking which the branch with
our least worst blocking suffers because of the integer consiraint,
Bample

let us consider the row vector (of the representative
matrices) for one node, say node 1, of a S-node network. Thus:

1e], nws,

[T] rowl” [0’ 1, 1, 1, 1}
and let [A] rowl” [o, by 25 3, 5]

and ¢ = 2

The objective is to assign the 20 paths to the ki branches

indicated in the topological row vector, such that §1as defined by

the first node doctrine will be minimized. We will, then, produce

[B]row 1° [O, P25 By3s Blls BlS:I whence §1 ) M?C (Bié}

f ]
and [C]row 1" .0 %28 G35 Oqps OG5

First we will calculate the blocking relationships for
each of the four branches, as shown in the table below, and plot

them, as in Figure 2:

i3 ®B12 4813 X Bl o Bis
—_— For ag, ® & for a;q 2 2 for ajy), = 3 for ag 5 8
1 0,800 0,667 0,750 0,833
2 0,615 0,400 06529 0,676
3 0.l51 0,211 0.346 0530
L 0.311 0,095 0,206 0,398
5 0,199 0,037 0.110 0,285
6 0,117 0,012 0,052 0,192

7 0,063 0,022 0,121

8 0,030 0.008 0,070
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_ | = plot of sum of
g ,y”””’z””” abscissae
]

-

Pigure 2

Of a1l the possible combinations of the paths which add up
to 20, the one combination shown ig the optimal distribution of paths.
This distribution,

(o], 1 +[o,5.0 5, ¢
gives [BLW 1 ® [0, 0,199, 0,095, 0,110 o;!sz}
and §1 5 0,199

No other combination of paths totalling 20 will produce

& lower maximum blocking in the set [B] than 0,199,

(Incidentally, the weighted average blocking at the node 1
actuglly works out to be 0,163 with this path assignment,)

This example shows how easily the solution can be produced
by hand or by computer. ALl that it is necessary to do is to
produce the {n=l) * I, in this case, blocking relationships shown in

the table, and to merge them in descending order of blocking,

starting with 1 path assigned to each branch, and adding 1 path

4 for each successive blocking.
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T By © 0,192 <

VIR WTIR £ ¢« & WL
NN \WAVULE W e e © b

At B

o (312 for Cl o 20
8 cls

Y v

< Y
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22 0,121 5 1

213; 0017 ﬁ g

2 B}_ w 01110 = - o

25 51§,0,095< 3) >h-:1113‘

 Having deternined for 20 paths that By ® 0,199,we see that
| it occurs on the branch to node 2, with 5 patba in that branch,

Now we simply continue to search doun the table fpr the first
occurrence of each terminating node, other than this one just
determined. We see that the first occurrence of the branch to

node 5 has a blocking of 0.192with 6 paths; to nede b, a blocking

of 0,110 with 5 paths; and to node 3, 0,095 with L paths., Hence
[B} roy 1 &nd [C] rou 1 re &lso obtained by ordering.

Before leaving this example, let us examine the result of
taking one path from any one of the other three branches in order to
give it to the branch %o node 2 and reduce its blocking to 0.117¢

Thus, we want [B] e [0, 0.117, ooaoooco]

so if we take it

from the branch to

node 3, we get: [B] [:0, 0,117, 0,211, ..m.]

to node L: [B] [0, 0,11, 000y 0.206,."":'

and to node 5: [B] = [O, 06117 ssvcvesy 0.28%

Hence, we find that the alternative assignments all have
a brraneh with blocking higher than 0,199, so our previously determined

assignment meets the objectives
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1.5 Second Nede Doctrine

If the designer wants a feeling for the effect of system
performance on the majority of subscribers, it seems reasonable that |
he_yould weight the blocking on each branch in proportion to the
fraction of the totel nede traffie offered on each branch, in order
to arrive abt an aversge, The weighted average blocking defined this
vay 18, of voures, the lest fraction of the total traffic offered
at the nedes

e dootrlne in whieh we sesk to minimize the weighted
average ‘blécking will be ealled the second node doctrine. The
required solutien is the assignment of ¢g paths to {n=1) branches
such that ‘;}aﬁ Bﬁi; is rdnimme Wo shell esll B; the minimun weighted

average bmcmm which eorrespends to the solutlon,

In effect, we are seeking a solublon such that,. having

distributed the.given muber of paths, ¢y, there is no change which
we can woke In asy of the egs's which will reduce the weighted
average blogking ab the node

hgéin we have the obvious problem of obtaining an
integer solution, as in the first node doctrine. However, there
{s no problem in designating the minimum weighted average blocking,
because weighted average blocking is clearly defined above,

Iet us consider a single node, say node i, at which we
a

13 Biy
let B s for o1, 2, ooy nbut jstio We seek the
194 5 coey
solution B; by minimizing By, let us put Zaij © a5, Let us re~index
J
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j over m ® (n=1) branches, so we will say j = 1, 2, ecome We shall
take partial derivatives of By with respect 10 85y, Cios eey
ci(mpl)’ remembering that ¢ = By = G4y = G = "‘“ci(m-l)‘

Applying these operations, we obtalin

o
8 degge 8y dcim

for all ky, k ® 1, 2, ocoy Mo Since this is true for any k, we

have

847 dByy 8gp @ Byg

Ep_@o = B ——T ) RS
&i Ecil ai dcig

413 dByy

8; degg

®

[
@

85y SByp
im
lNow we have the second node doetrine problem in 2 form
which is similar to that of the first node doctrine, except that we
want the (nel) weighted derivatives of blocking, 34 dBijs to be
aij dcij
equal, instead of the actual blocking Bija We will call D? s

We understand in the above that, while B, © f(cij’ aij)’

we have arbitrarily fixed the value of aij’ so that Bij o f(cij) for
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a5 fixed. Hence we have expressed the derivative of blotking with

respect to paths as dBij instead of BBi 3
%3 54

L6 Method of Solution for the Second Node Doctrine

If we want the resulis in whole numbers of paths, the
partitioning process used is the same s described in Section bt okt
If we call fk(n) the weighted derivative of the blocking function
with respect to paths, then we can use the same method to identify
the set of n's,ﬁn » nj, which produce near-squal weighted derivatives.
Since n corresponds to ¢, nj =Cy, and a's are given, it is simple
natter to compute B (c,a), and By® § aij Biy. Appendix IT gives
examples of the first derivatives of igg Erlang B func‘bion;]‘é
this is taken from a much mare extensive table.17 In lieu of
exact values of éfb Appendix IIT gives approximate JB values over
a small range ofbgnterest, calculated from Appendixéi, using tangents
to a fitted curvee

To apply the graphical counterpart of this nethod, we
will have to evaluate the partial derivatives at integral values of

¢, and then proceed to the solution by the same method as the firsy

node doctrine, plotting instead 8y 3 dBiJ* or Djivs c for‘Q£csc13

ay dcij
for egach of the {n-l) branches, on a D vs ¢ grapk. In erecting
the verticals, we will direct them away from the c-axis, as before,

and after summing the ordinates to produce the total branch capacity
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function, we will designate the points on the wertical segments of it
nearest to the c-axis as (ck, Dk)o
By running a horizontal line I = Dk at the point (ck ® Gy,

Dk) across the ordinates for the {n~1) branches, we can read

off the various &4 at the interssctions, These °ij's are the
required branch capagities for thg vector [cij]°

To complete the solution, the several values of Bij to
gach of the surrounding nodes are found for corresponding pairs of
cij and aijs and are used in calbulating the weighted average

blocking as defined, This average is the minimized blocking

function required and is designated B;.
while solutions can be obtained using continuous functions
here too, the remarks made earlier about non-integer results also

apply. The immediate purpose of this paper is to explore behaviour

and indicate feasible solutions, rather than to elaborate on methods
of solution, Undoubtedly there is room in this field for seeking
and applying techniques for determining the minimum value of the
maximum of sets of minima of a set of functions subject to mutual
constraints,

Examgle

For the second node doctrine, we obtain the value of

ggii for integer valuss of ¢, Oscsci? for each aij' Fach set of

d“ij
dBij

dcij

values is weighted by the fraction of its traific to the

total traffice The weighted values are plotted and wverticals erected,
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as in Figure 3. The sum of the (j~1) functions is plotted, with
respect to the domein £(B). For a sum equal to ¢c; given, the values

of 4 for near-equal values of 3 5 dB-13 can be found, and these

8 doyy
values of ci 5 along witt} their corresponding aij’ give us Bi 3
directly.
¢
CiaCqav ¢i
01233&35678 9 10
T |
]
Lol
d oo Y
Py s gy
af dciJ ? x ! T I
[0} |
N f
X o

Functions shown by @ and by X are for two different
levels of traffic from node i to 2 other nodes;

* functions shown by ? and by T are constructed
as per method; function shown byT is sum of the
two functions. When we enter at integer value of ¢y
we find corresponding integer values of 3 for the
two component functions as shown, Example ¢; = 7,

values of @m“s are 3 and Lo

Figure 3
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Since the calculation of B from the Erlang B formula is
cumbersomg; of the traffic or the paths vhen B is an argument, even
worse; and of the partial derivative by differentiating a continuous
form of the Erlang B function, very formidable, it is customary
to use tables with appropriate arguments. For thet very resson,
network calculations using traffic and blocking relationships tend
to be approximations at best; a let depends en the fineness of the

tables,

L7  Comments on the Node Doctrines

Tt is evident from the procedure used in the second node
doctrine that the distridution of paths has besn mede in sueh a way
as to achieve the minimum possible weighted average biocking.
Assignment aceording to the first node doctrine will therefore resuli
in an equal or larger value of weighted average blesking, although
it will be minimom subject ot the constraint that bleeking te &ll
nodes will be equal {continueus) or near-equal {(imteger}), er that
no set of blockings can be found thab has a lower velue of the meximum
in the set, (The first necde doctrine will usually vesuls in a
larger value of weighted average blocking than the seeond nedep bub,
on account of the integer constraint, it sometimes heppans thab both
doctrines will give the same assignment)s It can be seen, when the
blocking is near-equal, and when the derivatives of blecking with
respect to paths, to each of the other nodes, are not equal, and when o

the assignment for near-equal blocking is not identical to the

assignment for minimum weighted average blocking, that it is possible
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to move a path from one branch to another in such a way as reduce
the blocked traffic more to one node more than it is increased
o the other node, and consequently, the weighted average blecking
can be reduced, Because the derivative of blocking with respect
10 tﬁaffic is nob indeperdent of tvaffic, apparently the only
condition under which minimum blocking by both doctrines will be
equal will be when the traffie to all nodes is sgual, i.ee gLl
ai;)' are equale

Tt is also evident that both of these dectrines have

distributed the paths as an imcreesing function of the amount of

traffic offered _to them, This is certainly a reasonable sort of

expectation, Iet us ask: What is the effect on the traffic offered
to the 4various nodes, assuming traffic not all equal, when we go

from the first node doctrine to the second in order to get smaller

average blocking with the same given total mumber of paths?

e tend to make the number of paths bo each ncde become lesns

nearly alike, because, starting from the condition when we have cy>ay and
near-squal blecking on the B vs ¢ functions for all branches, we

have to decrease the number of paths to nodes o which the traffie

is small and increase the number of paths to nedes e wiich the

traffic is large in order %o move along the several respective

B vs ¢ curves unbil we are at pointe on them where the slopes are sll e

inversely proportional to the fraction of the traffic offered. The

effect on the traffic is, therefore, to lncrease the blecking -

encountered to nodes where the traffic offered is small, and o

reduce blocking where traffic is heavy.
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Converssly, it stands to reason that, if we fashion &
third doctrine in which we distribute the paths uniformly to all
nodes, independently of the traffic to any node, then we produce
relatively high blocking where the traffic is heafy and relatively
little blocking where the traffic is light. It can be shown that

the average blocking for the uniform distribution is higher than

. 4% is for the firet node destrine, because when we arrange for
. neev-equal Wlecking to all nedes, it is also possible to move a
 path from ege branch to another in such a way as to lncrease the

~ Plocked traffie mere to one mede than it is decreased to the other.

This ceeurs when a path is taken frem a larger group than the group

" i%'is moved boj thus we tend to imeveass the weighted average

 blocking when we tend to make the distwibution of paths more equal.

T chould be peinted oub here that an advantage of using

. mateices and graphicel metheds for obtaining solutions is that
-7 ecopstraints cen be applied quite ospily to elements of the

‘f‘f' . blosking or palh vestors. Such wathods are also valoable in

db%aﬁ;nm@; vesults in cases which are too complicated for

analyticel zolubion. Analybical methods, in the regions for

whieh they exist, ave most useful for avoiding the more tedious
graphical operations for lavge problems, and for testing various
configurations and comparing various condivions. However, suitable
analytical methods are difficult to find. The method we have

described can be programmed for the electronic computer.
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L8 Electronic Computer

The electronic computer can be used to make optimal
assiganents, comparisons, etc., by this methods It may not be the
best wayy but if it is, it still may not be easy if calculations
for Erlang B and its derivatives are required, We will simply
indicate, in a block diagram, Figure l, the major steps which a
computer program might follow. The time spent in writing a program
would depend on how sophisticated one chose to make it, but it may de

worthwhile for a large volume of design work.
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LORPUTER FLOW DIAGRAM FOR NETWORK DESIGN FOR STOCHASTIC TRAFFIC
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CHAPTER V

NETWORK DOCTRINES

5,1 Network Composed of Several Nodes

when we come to consider a network composed of several
interconnscted nodes, eaéh like the single node just discussed,
ue have the same problem of distributing a given number of paths
so a5 to minimize the blocking which our subscribers will encounter,
The directed branches of our model, and their relationship to the
nodes, defined earlier, enable us to treat the network as though

eaeh node were independent,

5,2 Path Assigoment by Nodes

If we assume that each node has been assigoed a specific
’f'mumbar of paths on which it may'iniﬁiata‘caila, then no further

peoblen exists. The solotion is found by application of one of the

- praviously described node doctrines to each node in turn.

"his case should arise if' the nodes belonged to autonomous
:épérating companies, each providing service gecording to its ueans
and its partiaulér policy. Although we tannot disceunt this
pogsibilisy, it is not likely to arise bevause of the degree of
association among telephone companies, essential bo their well-being
and to the sati§?actory performance of the communication network.
Nevertneless, our medel permits us to accommodate this case, if ye

are dealing with a network in which we find regional differences,

- 50 -




-5l =

5.3 Path Assignment to the Whole Network

We shall consider in detail applying two reasonable network
dostrines. In one, we can take the view that an average subscriber
should experience the same blocking in any node in which he might be,
and we can distribute the available paths accordingly. No node, then,
is given prefersntial treatment.,

We might, on the other hand, wish to distribute the paths
so that the whole nstwork suffers as small a weighted average blocking
as possible, without any concern for whether an average subscriber
at one node gets more blocking than another at another nodee

The second network doctrine seems unfair, compared with the
first; and in fact it would give rise to unfavourable reaction in
in practice if the blocking at some nodes were noticeably worse than
at others. Again we will solve the problem first, then compare the

doctrines.

5,y General Representation of the Netwerk

The matrix representation of the network, as described in
the chapter on network operation, will be used in all that follows,
The routing doctrine, and suitable routing matrices, will be
developed as we procsed,

Qur problen is now the origlnslly stabed one of distributing

. . . o] = 5 5%, 2, [
C paths into the malrix [C] ; sueh that ¢ 33 & Gy3s Blven ta
L™, 13 L

r 7

| . SOV

commuanity of inﬁ@r@@ﬁ'tﬁl , and the topological structuwrs T

b4

conditional upon the frlang B relationship between paths and traffic,
in such a way as to minimize a function of blocking which we will

carefully definea
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5.5 First Network Doctrine

The doctrine with the objective of weking the blecking ab

all nodes in the network near-equal will be called the first network
doctrine,

The first network doctrine can be met in two ways, depending
upon whether we apply the first or second node doctrine. When we
stipulate that the blocking from one node to all other nodes must be
near=equal and that all nodes themselves must have near-gqual blocking,
it follows logically that we are confined to making the blocking

on all groups of paths in the network near-equal.

5.6 Method of Solution for First Network Doctrine with

First Node Doctrine

The solution for the whole network can be arrived at

graphicall& in the same way as for the first node doctrine,

ij)‘,for

Section Loy, by plotting the n(n~l) curves of B 5 (c, a
0sc< C, on one graph of B vs ¢, By striking a position with a
horizontal where the abscissae sum to C, we can read off the
required values of the cij's’ We can designate the value of the
blocking which applies to the network as the blocking on that
branch which has the highesﬁ'of the near-squal blockings. We can

then determine the blocking on each branch in the network. (If W

wish, we can designate the blocking at each node by the maximun
value of blocking on the branches originating at each node.
This will give the best near-equal blocking possible; on

account of the integer constraint on the paths.
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Consider a simple example of a directly connectes metwork

which is not necessarily fully connected., Suppese we are givens

that is, [T] L i o 1 1 @ |
1 0 1 ¢
1 1 0 1
0 0 1 ©

and [A] & I 0 8y a3 0 ) : 5
31 0 a3 0 1
oA 09y, ;
0o 0 a3 0

[B]OBBE

where B represents the
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near-equal values of B, and where the B .. of the set is the least

Buax in all possible sets of near-equal blocking; and such that the sum

of the elements of:
[C] = 0 ¢ ®13 0
(321 0 023 0

c31 c32 0 0313

will equal a given value

which we ehall denote by G, l.a.,

b
> c, =G
{x1§e2 4

In every case, of courss, 3= B "‘ici;j\" ;;aij} over all i, J, Also,

e

8oy, We will take the liberty of' vepresenting the relatione

ships in continuous form in the graph below, because it is a

satisfantory visual analogy, although we will actually proceed with

thgs partitioning form of solution deseribed earlier, and used in

~»~\.%%%N ] ,MS where 8 mpresen'ts ﬁ’a re&uit

B W""“"*mw T T ? T t

B R of the perlitiontng operstion,

Y \ h‘""‘“m.-,

R W e e T

'v AT

: L A ;

e si888 5 i
;go (o AN C
= Cys

7\2 c

&
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Obviously the blocking relationships for the zero traffic
elements can be ignored, since no paths are required on their
account, Proceeding as in Section L.k, we can obtain the B

corresponding to C; and [B] and [C:r as well,

5.7 Method of Solution for First Network Doctrine

with Second Node Doctrine

However, if we simply require that the nodes have the same
weighted average blocking, irrespective of the magnitude of the
blocking on any individual group of paths, then the problem is more
difficult to solve. We proceed in two steps. First we set up the
relationships at one node according to the second node doctrine,
Section L.6, and obtain values of Ei at every integral value of
¢js 0 s ¢; < C; and plot §l Vs ¢; on a new B vs ¢ graph for the
purposee Then we do likewise for every node in the network., This
gives us on one graph the whole picture of blocking as far as the
nodes are concerned, on the basis of minimum weighted average
blocking.

For the second step we strike a horizontal on this node
blocking graph, as though we were applying the first node
doctrine, in order to find the level at which the several ¢ { add
up to Co Thus we obtain the value of the blocking for the network, and
also the number of paths allocated to each node. The assignment of
paths at each node is read from the corresponding node graph at the

level vhich agrees with c¢;o The minimum weighted average blocking at

each node will be near-gqual, rather than equal, of course.
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Using the same example as in Section 5.6, this time we are

required to determine I:B] and

{B]*B -0 B12 1313 0 ]

Byy 0

0 0

_

By B3y 0 By

Byy O

Bh30

where <

_G] such that:

312 Bl? * 313 Bn B Bl
3p * oy

321 Byy * 893 By * 5
a7 *ay

a3) By *83p By *ay, By, * By
831 *83p * 8y,

aw BhB B Bh

&3

and where the minimum weighted average blockings 'ﬁi represent a set of

near~equal values of ﬁi; and where the largest §i is the least value

-

of B; in all possible near-equal sets of B;; and such that

>
1=13e1

Lok ¢;4 = C, a8 before,

Again, in every case Bij = B(c-j, ai:j} for all i, j.

3

{"he method will be demonstrated with sketches of continuous

functions. )

From the same blocking relationships:
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we derive the first derivative relationships, for each node. Starting

with node 1, for example, we get these relationships:

QEE %ﬁggéfﬁ’ &¥Zi*ﬂ node {

and weight them according to the traffic:

We allow ¢; to cover a suitable range of values, and .
raad off the ¢ 15 for each ¢ and caleculate the weighted average

blocking E for sach set of °ij' We get the following result:

"7 node 1
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This is repeated for each node:

C‘-‘Ci
Now, since we want near-equal blocking for these four

nodes with respect. to each other, we apply the method of
Section L.l for near-equal blocking of the node traffic as a

whole:

ﬁ'om prececl{ ng 3ra'ah

e

ol
A
|

This gives us the near-equal blockings for each node,
and the tofal path assignment to each node, Cso Going back to the
weighted derivative graphs for each node, and reading into them at
¢;, we find the Cij assigned paths on each branch from the node.
Then, the blocking on each branch, Bi,'s is found by reading into

the original blocking relationships at each Cijo

5.8 Second Network Doctrine

The second network doctrine will refer to the one that
requires that the weizhted average blocking in the whole network

be as small as possible, with no requirement that the blocking at
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the nodes be equal, nor that the blocking on groups of paths be

equale

59 Method of Solutien for the Second Network Doctrine

The solutien is found by @m@nﬁmw @&*@ me‘thod of the second node
doctrine, Section b.6, to the entire @»w@r%«;@ T;@cause &mre, toa, we

want o allecate the paths in such a way that tnef@ is 5o chan@e

which can be made in any of $he ¢;4's whick will pz?@du@@ 2 l@wer :

e ]

derivatives of this with, r@spg@ﬁ % @g@h @f ‘@h@ @i 3

weighted average blocking, ? X Eij , and we wi?l’l "@111@@ pamml

KF am@ @qua‘t@ to

Z8T 0

Procecding as we did f@f ﬁt&z@ second n@@ @@c‘w@rim y wé find
for our selution the requived minimom value of B, and the By; and ¢y
valuss for the blecking and path ma{‘@ﬁ@eso o

low, for the same exanple, the ob;;ect:we is to determine
[ﬂ and g:@‘] such thats

(=0 2 By 0 ]
By 0 By O

331 B32 0 BBh

0 0 By 0
where ZZaij Byj and where B is to be minimum; and such that
IZ3; ] !
1
| I L 5370 as before., Let LZa;; " £y ° A, (The method will
i=1j=1 ij i

again be shown by sketches of continuous functions o)
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From the same blocking relationships:

1N

we derive the first.derivative relationships for all nodes, all

a

and weight them according to traffic:

branches

Qo
& o

>l
Bigs

For the given C, we can read off the cij for each branch,
The blockihg on each branch is obtained from the original blocking

relationships:

F . E‘sj{%\ \

€y [d
1
and the weighted average blocking which actually applies is now easily

I calculated from:

5 . 2Ry B
Wiy
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5,10 Comments on the Network Doctrines

By employing the above methods, we have been able to
achieve the objective of minimizing the blocking of networks without
any condition on the amount of interconnection, (that is,
independently of the topological structure), for dirsct routes.

When the aijsare not all equal, the second network
doctrine, like the second node doctrine, produces higher blocking
on the branches carrying light traffic than on branches carrying
heavy traffic in the network, This is because the paths are less
uniformly distributed than they are by the first network doctrine
which produces equal blocking at all nodes, fvhen cyj>ay),

4 third network doctrine suggests itself, to round out

the picture: uniform distribution of the given number of paths
among all the groups. Obviously this will result in higher

blocking on the branches carrying high traffic than on those with

low traffic; and, by reasoning analogous to that for the single
node, the weighted average blocking will be higher than that for
either of the other two doctrines,

The three doctrines will, of course, result in equal

minimum values of blocking when the offered traffic is uniformly

distributed, i.e. when the traffic on every branch is equal.

5,11 Choice of Node and Network Doctrines

The node and network doctrine of fer a wide choice of
approaches to the problem. The first type doctrines have the

advantage of giving approximately the same blocking (near=equal)
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to all persons offering traffic at any and all nodes, regardless

of the distribution of his own ebmmunity of interest, It is
patently realistic to assume near-equal blocking in the absence of
any fﬁtionale for unequal blocking. We have arbitrarily chosen to
specify the resultant situation by the worst, or highest, of the
near-squal blockings. This might be regarded as a disadvantage,
and in order to get around this we could calculate and quote the
corresponding weighted average; but then we would have subordinated
the objective of achieving equality of blocking,

The second type doctrines, on the other hand, yield the
lowest weighted average blocking right away. (The weighted average
blocking of the near-equal solution is not necessarily the lowest,)
They are useful when we wish to favour the grade of service on
branches which are offered the largest amounts of traffic, They
do, however, present the possible disadvantage that individuals
offering traffic will, in general, experience widely differing levels
of blocking.

The first network second node doctrine is an example of
combining doctrines o suit a particular purpose.

The third type dectrines may also have their place,
but are not of immediate interest. In general, we do not want
unequal blocking at the nodes, so we propose the use of the first

iype doctrines preferentially, and the second type only where

advantageons, in telephone network applications.
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5.12 Structure of the Network

At this point we should discuss fully the relationship
between the topological structure of the network and the community of
interest., When we are dealing with dimct traffic @ml% ag we have
been until now, it gemerally makes ne @iﬁf@r@m@@ w&z@th@g tfm@ topolegy
is defined or not. The Erlang B f@mula s@@ws %ha‘&@ wim@m ae ©)@ then
for ¢ = O, we have O< B$1l, Thus when the %@p@l y is m@'ﬂ@ defined

ard when an element inm the community of inizeresiz is @e‘ﬁ@@ the

number of paths which will be allocated by the seluiion %o that o
element is @l@ gero, for any positive value of blocking which gives “‘
us & selutien. This result would be in agreement with, aﬁ@ indesd,

would be identical with, the fact that, if the topoclogy wers defingd, P
the corresponding elememb in the topological matrix would be zero, .. ’

because no traffic implies ne paths.

The enly cases so fav wheve it would be weful %o define
the topelogy would be for the mniforn, (third type), node and metwork
doctrines. The blocking solubion would be affected by whether the

network weve fully or ealy partially sonnected if there were some

zero elements in the commuaity of intervest. Although we weuld
probably mean that the given paths ars %o be distributed uwniformly |
only where there is traffic te be carried, nevertheless some
ambiguity could exist unless the structure were defined,

The practice of specifying the topological structure
always makes it clear just where paths are to be provided, and is

consistent with the methods for distributing paths under the

various doctrines. The topological matrix, is, in fact, the
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conventional means of representing the network for mathematical
operations, and from it conventional flow graphs can be constructed,
Tt is important for these, if for no other, reasons.,

The fopological matrix is essential, however, when it comes
to dealing with traffic which is not direct, and with various possible
routing doctrines, as well as with the problem of merging traffiec.

In these applications, the topological structure dictates the
assignment of paths and the caleulation of blocking, and there may
be positive traffic elements for which the corresponding topological

elements are zero.




CHAPTER VI

ROUTING DOCTRINES

6,1 Fixed Routing

The next step in developing the general communication network
for telephone traffic is to consider fixed routing. In many networks
we £ind that there is a community of interest between nodes which are
not connected with each other. A network need not be fully connected,
but it must, in gemeral, consist of nodes which are connecied diregtly

with at lesst one other node for originating traffic end likewise

f@r”%@mim@mg traffic; iscleted nodes are not part of the communication
networke
There are two waye of giving paths to tandem traffic. One
way is o assign paths slong esch indirect route, dedicated to the
exclusive use of the community of interest involved, Figure 5
The other way 15 for it to shave the paths between nedes along the
route with any other trafiic th%t happens also to need paths between
the same nedes, Figure 6, Although both of the modes

could be applied at once, not only within the network, but also

within & simle route, we will assume for elarity that the modes

are nob so mixed.

Tondem nede Tondem node

635

B*0n Ga*ai3

Dedicated Paths Chared Taths

Figure 5 Pigure 6

.65 -
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6,2 First Tandem Doctrine

If we dedicate paths for indirect traffic between two given
nodes, it is obvious that every group of paths between nodes on the
route should have the same number of paths, since, if the numbers
of paths varied, the traffic would be limited by the group having the
smallest number of paths. It is also clear that there is no
blocking problem at the intervening nodes, because the traffic does
not have to compete with other traffic at the intervening nodes to
secure the dedicated paths, In actual practice this does not mean
that switching is obviated, but the effect is the same as if it were,

Hence the dedicated paths can be derived by taking the group
of direct paths which, if ellowed, would be required between the given
pair of nodes, and stringing it vie the specified intervening node
or nodes.

The distribution of paths for this case and the calculation
of minimum blocking is therefore carried out as already described in
Section 5.6, with the exesption that for each indirect route the
curve for its community of interest is repeated once for every
intervening node, in order to sccount properly for the total number
of paths as defined., This is equivalent to weighting the paths
corresponding to the direct route by a factor of (nqd + 1) where
Mg is the number of imtervening nodes from node i %o node jeo
(Note: +this does not mean thatb the blocking Bij is based on (mij*+ 1)
c, . paths,) Iet us define a matrix [FJ as consisting of the elements

£

m-ia' fOI‘ 811 i, j’ (fOI‘ i L 1’ 2’ LSS ] n and j ‘;“‘1, 2’ ooo,n); and a].SO

a path weighting factor matrix [F} , Whose elements fy4 ® mys * 1,




- 67 -

(For a1l 1, J, for i ® 1, 2, ey nand §= 1, 2 wuy s

Examgle

Consider:

groups of paths
running bdhoeen

nodes 1 and 2

Given [T] =

e derive[ n] s

We want [B] =

0 1
1 0
0 1
0 0
0 0
0 0
1 0
2 1
-
0 By
By O
By B3
By By

n

grovps oF pathg runring kehween, bt
not necessarily joining directly,
nodes 2 and 3

- qrovps of paths running
befuween nodes 3 2nd 4

and [A] = _0 a, %3 amT
a1 0 %3 8y
a3 83, 0 a3}
@ 4 43 O

and C, where C is the total

number of paths to be assigned;

B I
and [F] s{1 1 2 3
1 1 1 2
2 1 1 1
3 2 1 0

such that B, ; ¢ F over all i,
ard B is near-equal blocking,

subject to C given.
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Now, in the partitioning or plotting process, we consider the
relationship By * B(cij, aij) vs fij Gy OVEr all i, j which
appear in|A |, and then treat the problem as in Section 5,6 for
nsar~-gqual blecking, B, let us call the path exis ¢'s Then the
partitioned values of ofy corresponding %o Bij (at the B solution)
are weighted according to their length. let us therefore produce
a matrix [U] wiose elements ugy °fj, over all i, in the example,
: T
Finelly, we sum the appropriate uij's to form the elements in [C]
which correspond to the given branches in [T} , and hence we

cbtain opbimel assignment of branch capacity.

6.3 Determination of Tandem Nodes

A% this polnt it is convenient to introduce a method of
determining the essential intervening nodes, or tanden nodes, if
they have not been specifieds In working with hypothetical network
examples, the tandem nedes will not usually be specified; The method
is to raise the topological matrix to sucessive powers until all the
of femain diagonal elements are non-zercs Nedes eorresponding to
the element or elements having the maximum value along the mein
diagonal are the essential tandem nodes; although essential, some
may be alternative, and can be eliminated by trial, This solution
is not necessarily the only one, but it is a definite one in the
absence of any other specified route; and it has the virtue of giving the

minimum number of nodes to do the job, since indirect traffic. uses
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paths which increase in quantity as a function of the number of
intervening nodes.

This method also tends to concentrate the indirect traffic;
the efzf@@ﬁ@f this on the individual and overall community of interest
will be discussed later,

Tet us consider, for example, the following network:

ET}-01J.lljand[!&]-OaaaaT
10111 2 0aaa
%11001 a a 0 aa
{11000 a aado0a
‘glllOOd Laaaao_

Since it is clear that certain branches to carry direct traffic are

migsing, we fill first of all square the topological matrix:

HEATERERE 2|

Sinee %y and by, are maximum in the diagonal, and no elements in

this matpix are zero, this tells us that either node 1 or node 2 can

serve as tondem nodes. WYence we can write:




~ _ )
[TJ s |H 1 1 1 1} or [T] o 1 1 1 1
1 0 1 1 1 1 B 1 1 1
1 1 0 0 1 1 1 0 0 1
1 1 0 0 0 1 1 0 0 0
1 1 1 0 0 1 1 1 0 0

L _ |

that is:

or

where the components of a branch are circied to show that they belonz
to one branch; and where each line represents paths in both directions,
for clarity, in these diagrams only.

Of course, this method can be varied to suit particular
cases: if aij s 0, then we do not need to eliminate the corresponding
zero element in [T]ns Other matrix operations with topological
matrices are discussed in the literature, and may be applicable in

future workole

6.4 Second Tandem Doctrine

We now approach the question of merging traffic, that is,
indirect traffic sharing paths with other traffic between nodes. The

simplest case is that of one tardem node in a network,




In a three-node network, the simplest one for which the
tandem possibility arises, Figure 7, all the traffic from node B to
node C has to compete with all the other traffic from node A to node C

on the paths from node 4 to node C:

 Naturally, all the traffie 8 and 2 originating at

node B has to use the same paths, Cops to get a node A regardless of

whether it is destined for node A or node C. We will define Bpy =
'ié(‘cBA,. apy *apg)e As a result of blocking at node B, only a
fraction (1 - Bgy) of the node B o node C calls reach node Aj;
when this traffic is offered to the paths from node A to node C

along with the direct traffic ayg, further blocking is encountered.

P We will define Byn = Bleags apg * (1"BBA)aBC)' Hence only (1"BAC)
| of the node B to node C traffic gets thropgh to node C.
Now we can write:

Blocking effect felt ab node B ® By =

Traffic_offered - Traffic carried
Trafiic offered

:E (aBg+aBC) - ((1'BBA) apgy * (143AC) (l’BBA)aBC>

B,BA + aBC

a

By * BBCg l'BBA)aBC

TR

LRy O i B A i e e e e




i
™~3
fa%)

13

and:

Blocking effect felt ab node 4 = B, = By,

Einder@h@ first network doctrine we wanb By = Bys hence by
substituting and rearranging the blecking effect felt ab node B we
ge‘té |

[ fgy *aps

. \,
Bp<Bpy | BA_CEC
SBA * Bpy 280 /}

I

Now By can be evaluated over all cpy, G S oy, = Cs

Since BA = B(@AG’“ 8 * (1“BBA>aBG)’ s Bp, and since we

have the correspbnding values of By and Bpy, then we can evalvate

the corresponding values of Spoe All this can be put in tabular

form, after this fashion, Figure 8:

By ® By * a = S from {% =
3ps * agg
cay | Blogegy®ana) | Ban \at Pan®ac)| o -Paa g | 7 B(CA(,, (05,70
0
i 2
\‘S;‘ - B b _ -
i .
\ Tigure 8
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In thiéw%éblégﬂ@%Smerely’signifies'the running total of paths
in the two branches; C* will equal G, the given number of paths to
be assigned, before Gy reaches a value as large as (. Where ¢ A does
not happen to be an integer, we may choose the next highest integer,
The solution at any C¥, is, of course, found from the corresponding
Sy and cmg the path assignment and the corresponding B

B
equals the minimum blocking B for this case. (It would be more

, which

precise o apply linear interpolation or a curvilinear fit to the
(Bygs @AC) points, and so obtain more C# values.)

By extending the foregoing approach to a star network, where
node & is the central tandem node of the star, it can be shown that
for node i, i F A,

T
a,
B, = B h| ij

14 =
(3£ 4)
and for node 4, J ¢ 4,
‘BAj B B(cAj’ 34 +2£. (1'B1A)aij)

(LF4)
How it is simply a matter of applying the first network first node
doetrine in order to relate the near-equal blocking to the given
total branch capacity or to a range of total branch capacities,
As before, we rate the performance of the system, B, according to
the maximom blocking in the set of blockings; but we can also give

all the blockings in the set.
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Unfortunately there 1s a drawback to this second tandem
doctrine. TFor while, as a134>0, B{ﬂ*BiA, which is reasonable,
we see that as a; 0, B;*1, which is very bad. It would seem then,
that this doctrine is most satisfactory when there is a preponderance
of traffic terminating at the node at the centre of the star. But
it is not likely to be at all suitable.if the central node is
serving chiefly as a tandem node., We will therefore devise another
doctrine which will satisfy our definition of minimum blocking when
there is no direct traffic between the polnts of the star network

and the tandem node.

6,5 Third Tandem Doctrine

Iet us suppose that we have a community of interest which
is subject to two switchings in order to reach its destination:

one at the origin and one at an intervening node. For three nodes,

we have the following situation, Figure 9:
D!
A——

én%

Iy — &7
/
+ B

AB BC

Figure 9
It is seen that:
a,q becomes ayc(1-B;p), becomes a5 (1-Byp) (1-Bgg)
as we progress from origin to termination, and hence,

aye = 3yg (1-Byp) (1=Bys)

BA’C ane
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24Bin * 3acBae - 8¢ Bap Bac

2\
Byp * Bpg = Byp Bac

BAB + BBC’ for BAB BBC+O

For reasonably small values of blocking, the approximation is
acceptable, In fact, since By + Bp>Byp + Bpy — Byp By the
gpproximation would result in conservative (safe) design. In tandem
cases which follow, we will look for solutions chiefly at low levels
of blocking, so that a(l~B) & a, aﬁd B.B‘ﬁ 0; at high levels, which
are not of common interest anyway, accuracy is affected, (For
accuracy at high levels of blocking, the model will need appropriate
modification, )

Consider, then, a étar network, in which all the traffic
is pooled at the téndem node and is re-offered to the patﬁs leading
to the proper destination. This gives two stages of switching and
two blockings, If we want the blocking (that is, resultant blocking)
at the star points to be equal, then we can reason as followss

Traffic originating at one point may leave the tandem node
for several other points; therefore the blocking from the tandem
node to all points must be equal. Also, traffic from several nodes
may join at the tandem node so as to terminate at a single point;
therefore the blocking from the points to the tandem node must be
equale

Using the first node doctrine, it is easy to distribute

paths to the several branches originating at the tandem node 50 that
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the blocking on all branches 1is equal, Likewise, using the first
network doctrine we can distribute paths amongst the star points,
each having only one branch, so that all blockings are equale
Now we are faced with selecting one combination from each of those
two sets of path assignments such that the sum of the corresponding
blocking is minimum. fHowever, this is familiar, because earlier,
Section li.7, we showed that, for equal traffic, equal blocking and
minimum blocking are the same., Since the traffic in the point
network approximately equals the traffic from the tandem node,
a1l we need to do s to choose the two path distribubions which
giﬁe equal blocking and at the same time add up to the given
number of paths to be assigneds The sum of the two sets of
blockings which are equal and minimum is also minimum. The near=
equal blocking conditions surrounding the integer constraint apply
here as usuale

The solution is found, therefore, by assigning paths such
that the blockings in every cell of the blocking matrix are
near-equal, after the traffic has been pooled in the proper
fashion. Then the blocking which applies to each community
of interest is the sum of the appropriate pair of blockings.

. More precisely, this is a first approximation, since the
traffic offered at the tandem node is less than the traffic offered
at the originating nodes by a fraction equal to the blocking,.

This solution will suffice for the small blocking values in the
region of interest. The allocation of paths can, if desired, be

adjusted by reducing the traffic offered at the tandem node by the
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blocking encountered at the originating nodes , and then applying

the method of the second network doctrine to the traffic to, and

and traffic from, the tandem node,

kamgle

Consider a star network:

b —

for which the community of interest is:
[A} = 0O 0 0 0 ©0 7

0 0 a. a

0

0 ah2 ahB 0 ahS
O agp agy ag 0

Since we can only have paths allowed by I-T:l , we must rearrange

[A:l as folloys:

. B B304 3. 3, s |
IS IR BT T P
dp a5 %) A
.

agi: 0 o 0 0

325

a

o 0 0 0

a35

ah2+

a5, O 0 0 0

25

a

ag%: 0 o 0 0

<5 _
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Now we know Low to obtain, from Section 5.6:

o] -

ot ey ey o
¢3; O 0 0 0
¢y O 0 0 0
oy 0 0 0 0
- ]
PN
such that T3 cij 8 C given,
given that in:
"' |
Bl To my myomy n
B21 0 0 0 0
B3y 0 0 0 0
Bhl 0 0 0 0
_351 0 0 0 0

the Bij's indicated should be near-equal,
Having assigned the Cgiven;accordingly, Wwe can now

rearrange [Bﬁ] to give the resultant Bij's for each community

of interest, as follows:

[B:l = [0 0 0 0 0
0 0 B3+ Bly+ B15+
Boy By By
O B+ O Buy Bysy
B31 B31 B3
0 Bio+ B3+ O B15+
Byl By By
0 Bos Bi34 By O
B51 B51 B51 -




™ 78 -

Now we know h:ow to obtain, from Section 5,6:

[C] - Jo ‘2 43 015_

PIDH ©
such that {3 cij C given,

given that in:

Bth 0 0 0

L.le 0 0 0 0
the Bij's indicated should be hear-equalo

Having assigned the Cgiven;accordingly, we can now
rearrange [B] to give the resultant B; i's for each community

J

of interest, as follows:
- ]
[B:] 0 0 0 0 0

Bpy Bpp Boy
0 Byos4 0 Blh-f. B15+
B31 B31 B3l

0  Bo+ B3+ O Byg+
B).Ll BM B).Ll

0 Bos Bygs B 0
le le le -
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We can designate = L%(Bljwﬂ), ifi,1f1, jF1

For the improved allocation, if required, we aim for:
[Bea(-] o _0 'pe(- b b bq‘J

b 0 0 0 0

b 0 0 0 0

where b# and b are, severally, near-equal blockings, and we

multiply the tandem row of [A%] by (1-b) in order to obtain
traffic offered at the tandem node,

From the continuous Erlang B relationships:

3 traffic from oriﬁina’civ\s node traflic from fandemnale
B
\ \\\ i
) ' ¢

we can proceed to differentiate the two sum functions:

c
Ceand Coria Caiven
I

Sa B
Ea,,;ﬂ*iaw de

"2 (wethod agpin shoun by sketch
2g3in shown Y S
< S of condinupus -l:unc{:'wn\)
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using Cgiven' This leads back into the near-equal blocking with
Ctand and Corig for the two classes of traffic; and the required
cij's can be found by integer methods, or from the appropriate
graphs of the originating node and tandem node B vs ¢ relationships,
by the method of Section 5.6.

6.6 Mixed Direct and Tandem Network

We are now in a position to take care of certain simple
kinds of networks having both direct and tandem routes, We are still
dealing with fixed routing, o that the traffic which can use a direct
route doss not have the option of using a tandem route, even if one
exists; it simply cannot be switched onto the tandem paths.

If we consider a network in which the tandem routes are
in star configurations, such that every community of interest which
is not direct can be satisfied by using only one tandem node, and if
we separate the network into a direct part and a tandem part, the
method of solution becomes apparent.

We can treat the tandem part by the third tandem doctrine,
and the direct part by the first network first node doctrine,
simultaneously, all the while keeping the blocking on the direct part
at twice the blocking on the tandem part, Thus, when the blocking on
the tandem part is added, it will be nearly equal to the blocking

on the direct part,
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Let us consider a mixed direct and tandem network as
follows:
Q. ) T efs 1 1 1 o_’m-—o 0 0 0 0
s@‘ 1 0 0 0 0 0 0 gy ay 0
o"a 1 0 0 0 0 0 a3 0 a0
1 0 0 0 1 0 82 83 0 3
0 0 0 1 O 0 0 0 oagO

From the previous example, we know that we can expect:

[A*]= 0 332+ 8.334. azh.‘. 0
2 43 )

a3+ 0 0 0 O
82)4
332+ 0 0 0 0
a3
13
_O 0o 0 a5h 0—

and that we want the form of !:B*} to be as follows:

]
8= |0 b b b O
b 0 0 0 O

y o O o0 O
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so that we will have a resultant: .

[B] =0 0o o 0 0]
0 0 2b 2
0 2b 0 2b 0

0 2 2 0 2

b b b
0 0 0 2 0

It is quite easy to operate with [A*] and [B*] to produce [C] in
the usual vay; however, let us introduce & quick graphical method of
handling this situations let us plot log B(c, aij) vs ¢ for each
ai;]' (Although the drawings below show the plot as a continuous
function, we will understand that it represents the particular kind
of step function we have described earlier)s

On one plot, we can have the relationships for which we

expect the blocking to be b, and on another, those for which the

blocking is to be 2b:

each one for \\ Qg5
1033 (3 +dg) approprizkely 1033 ‘\{/\gt/aﬂ
bk | NI~

c ¢
Since these two plots are logarithmic with respect to B,

we can superimpose them so as to maintain everywhere the required

1:2 relationship:

6% by for (3j+21)
= Zb, 'por 845@54

103 B
B

given
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Thus we achieve the distribubtion of paths for near-equal
blocking b, (b defined as above), and we can calculate the actual

values of entries for the [Bﬁ] and hence [B} matrices, as well as the

B

value for B o Max Byy in|

i

6,7 Fowrth Tandem Doctrine

Iet us now consider a network with two tandem nodes in
series., Although we can work out patterns for equal blocking for
each community of interest, we find that we encounter the sort of
defect described for star networks, and thet equality of blocking
is often obtained only if we have high levels of blocking., It seems
impractical to create bottlenecks in traffic just for the sake of
equality. Thus, unless we dedicate paths, the best that we can do
is to have the blocking additive,

One possible way of giving fair treatment to subseribers
at all nodes is to make the blocking equal between all nodes attached
to the same tandem node, and to have that blocking the same for both
tandem nodes. Also, we can aim to have the blocking equal for
traffic between any node on one tandem node and any node on the
other tandem node.

Having already taken care of the case for a single tandem
node, we know that the blocking on all branches between star points
and their tandem should be equal. liow, between points on two
different tandem nodes there is an extra branch; and it is clear
that the two branches between the tandem nodes (one each way) must

have equal blocking, but not necessarily the same as the blocking




between tandem and points. This gives us an opportunity to effect
an optimum distribution of paths, because we are not bound to
relate the blocking between the tandem nodes to any other blocking.

The solution lies, therefore, in producing two blocking
vs path functions, each on an equal blocking doctrine - one for all
the branches between star points and the tandem node to which they
are directly connected, and one for the branches between the two
tandem nodes.

Now, to these two functions we apply the sort of
reasoning we used for the second node doctrine, where we sought
the lowest weighted average blocking. We want to assign the paths

so that there is no change to the number of paths in the tandem

branches which we can make which will decrease the weighted average
blocking of the network, We will, accordingly, produce the two

corresponding weighted partial derivative functions, and add the

Vank v ndiasd LaZlflNY SN

abscissae to obtain the resultant relationship for total paths. i
For any given number of paths we can now work backwards and achieve
the required path assignment, The blocking between nodes on two
different tandem nodes is larger than the blocking between nodes
on the same tandem node by an amount equal to the blocking between
the two tandem nodes,

This principle can be extended to networks with many

tandem nodes,
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Example

Iet us consider two tandem nodes in series:

[T] =0 0 0 0 1 ©

o
O
()
o O
o
—

0O 1 0 1 1 =H

Loand —

and let us assume a full community of interest, and pure tandem

nodes,
a21 0 a23 a2h 0 0
83 83 0 35 0 0

Now, when it comes to rearranging EA] s there are two

situations to account for, and they correspond to whether the traffic
passes one or both intervening tandem nodes, For instance, for one
tandem ncde, such as aq traffic, it is clear that it has to use

paths from node 1 to node 5, and from node 5 to node 3:

L&ﬂ = B Cl——%-au-

A
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However, 3, traffic has to go via node 5 to get to node 6,
and finally to node 2:

[A*] =l O.----;-alzT

RS

W R
_ i |

and since t52 ® 0, we have to distribute sgain:

[] = [ O—s2e

L 8}

Following this procedure, we get:

[A%t] 0-0 0 0 0 Za 0.1

OzaOEaZaOk ’

where each £a represents the appropriately rearranged aij's s (;a's
not necessarily equal).
The path matrix is:
[C]c—o 0 0 0 ¢35 0 ]
0 0 0 0 0 e

0000c350
OOOOOché

cgy O ¢53 0 0 56

0 ¢ O 06)4 065 0
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W)
1551

If we look at the network, we see that the blocking will

and we want = C given.

be as follows:

®b5 b ®

® O
@bs be @ 1

so that as we trace a route from node 1 to node 3, for example, the
blocking By3 will be bs + b55 and from node 1 to node 2 the blocking
Big will be bg * by + bge In terms of the blocking matrix, then:
) «f0 0 o o b, o
0 0 0 0 0 b

by 0 by O 0 by

0 by 0 by th

As usual, for integer values of paths, we will expect near-equal

blocking,
We will begin with the continuous Erlang B relationships,

and obtain sum functions:

R ‘ S %rbs R \\\é\/b S -per be
(Qr 53) \x\\ ('F‘”' bt) \\
\ ~ .
. : -




By combining these two graphs, we get the functions which

ve will differentiate with respect to ¢, at each integer value of c¢:

« 88, -

Next we plot the weighted partial derivatives of blocking against ¢,

where the welghting is the fraction of the total traffic carried:

¢
c.t' ‘.!l C alven

ZE) dp
S_@a) +Z® de

the distribution of paths between the two tandem nodes, and between
the ordinary nodes and the tandem nodes to which they are connected,
¢y, and ¢g respectively. The ¢y and ¢g give us by and bg, respectively,
and the distribution of ¢ij is found, by going back into the original

B vs ¢ graphs using integer methods and partitioning on the basis

T - T

/.

For our given C, we can obtain by the method of Section 5.9,

S

of near-squal blocking, Section 5.6.

The blocking at each originating node is found by

reconstituting the [B] matrix from the [3%] matrix just determined:

4] -

0
by
+b.b

bs-@'
b,

bty
o,

0

LO

o, b beb O

%o b by

0 bbby O
by by

bib, 0 bb, O

+bt +b %

bt W 0 O

b tby

0 0 0 0

0 0 0 0

0

"2 (nethed again shown by skekch
of wn-}i?ous ﬁuncgjon)

-

]
;
i
1" ‘:,
e
L
d
iy
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where the bls and bt's are the appropriate near-equal values. As

usual, we designate B & M?g B; ., for all i,j in[ A] o

ij?
(For a closer approximation, traffic offered at the tandem

node can be reduced by the amount of blocking it suffered in getting

to the tandem node, and the procedure can be repeated.) i

6,8 Two Types of Tandem Nodes

We have said that tandem nodes could be of two types:
thgse which serve to tandem traffic as well as to originate and

terminate it; and those which only tandem it without originating

or terminating any. So far the third and fourth tandem doctrines
have assumed that the tandem nodes have served only the purely tandem
function,

In order to accommodate the tandem node which originates
and terminates traffic, we can simply split it into two parts, one

of which is purely tandem, and the other, like an ordinary node

with no tandem, connected to the purely tandem part by a pair of

branches. i
Now we obtain a solution for the assignment of a number

of paths larger than the given number by a quantity equal to the

number of paths on the said pair of branches. That is to say, we

ignore the paths between the split parts of the tandem node, and solve

for all the rest of the paths in the network to be equal to the given

number to be assigned. However, we will assume that the blocking

between the split parts applies in the usual way, due to switching

within the tandemvnodeo
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6,9 Alternate Routing

Mternate routing is a doctrine for routing traffic which
implies that calls from one point to another are offered to the routes
betwsen the two points such that if the first route to which the
call is offered is busy, it is offered to another, and so on, until
either a route is found, or a fixed number of unsuccessful tries
has been made, D

Usually the routes are tried in a strict order of preference;
all calls are offered to the first route; calls not accepted on the
first route are called overflow and are offered to the second route
etc, The number of alternate routes varies considerably. Usually
the first route is the direct one, or, if there is no direct ohe,
then the shortest available tandem route, (i.e. fewest intervening
nodes)e

The nature of overflow traffic appears to be quite
complicated; and to make matters more complicated, the second and
subsequent routes are usually carrying the overflow traffic of many
different first rou&esa |

A simple example will serve to {1lustrate the problem,
Suppose we offer a certain amount of traffic to a branch consisting
of tuleve paths, and that we observe the blocking to be 0,06,
regardless of whether we offer it to the paths at random or whether
we number the paths and always offer to the paths in order. If we
offer it at random, we would expect all the paths to be equally busy,
on the average; but if we offer it in order, we would expect the

traffic to be packed in such a way that the first paths would be most
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busy and the last paths would be least busy, on the average.

Suppose we consider only the first four paths. If we offer
the traffic in order, then by definition we are offering all the
traffic to the first four paths. We would therefore find that the
blocking on the first route consisting of the first four paths is
0,58, which means that 58% of the original offered traffic now hasvto
be disposed of via an ovefflow route,

If we have 58% of the original traffic to offer, such that
the blocking on it will be 0,103, (equivalent to 0,06 of the original
traffic), and if we assume that the same relationship applies, we find
that it will take only seven paths to carry it, But we know that
it really takes eight more paths to carry the traffic, not seven;
therefore the same relationship cannot apply., This means that we
cannot make the same assumptions about the distribution of the
overflow traffic that we make for the original traffic.

It is not the purpose of this paper to go into overflow
traffic, nor to continue the studies made on it. We simply wish
to adopt some reasonable hypothesis for dealing with traffic
which is to be dispatched over more than one route, and which will
be merging with other direct, tandem, and overflow traffic on some
of the routes, Of course, purely original traffic is additive,

S0 it would be convenient to divide the traffic and treat each part
independently so that the parts are additive,

Let us assume that our objective remains the same in the
alternate routing system as in the fixed routing system, and that we

do not expect, just because we invoke alternate routing, that blocking
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will be reduced to nil, Let us consider a simple case of alternate

routing between two nodes A and C, with node B serving as the

tandem node. We know that for a certain blocking B(cAC, 80

offered traffic 30 will require Cic paths to be made available at

), the

node A, If we give the traffic a direct route, exactly Sy paths
between A4 and C will do. If we give the traffic a fixed tandem %

route via node C, then ¢, paths in each of the two branches will be

needed, or 2¢,, paths altogether,
If we provide alternate routing, and allow both routes
to be used, and distribute the traffic evenly on all paths but send

a fraction k of it on the tandem route, then it is clear that we

will have (l=k) €0 paths on the direct route and 2kcAc paths on the
two brenches of the tandem route, or a total of (1+k) ¢, paths,

Since it is customary to pack the traffic on the direct route first,

the actual blocking on the direct route can always be calculated
later by offering the whole of the particular community of interest
to the paths in the direct route only, that is, By, ® B@l-k)cAC,aAC)o é
It is seen that alternate routing fits in between the two T
fixed routing cases, which are obtained when k is taken to its
extremes k= 0 and k = 1o
The above method will do for dedicated groups of paths
very nicely, Bub, for merging traffic, the method of dealing with

the traffic has to be carefully defined. Suppose we consider traffic

originating at one node which is to go directly to two distant nodes,
as well as via a common intervening node which provides an alternate

route, At the originating node we have to adopt a distribution of
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traffic and paths somewhere between the extremes of direct routing

and tandem routing,

Let us start as though we were offering all the traffic

to the tandem route:

aA + aB 77

Then let us divide the traffic so that only a fraction k

of it will go tandem, and the remainder will go direct:

kay, + kg %z u
3 +ag T
[Tk, * (1-k %a-k

Now we can revise the originating node as follows:

éqﬁﬂkc:r via tandem
kay kag

=3 TT-k)ay B
1-k Cp to% l-k to B

But the quantity‘ (1=k) Cp paths will be too large for each
offering (1-k)a, or (1»»k)aB of traffic alone, so we will reduce the
number of paths from (1-k)cT {o a quantity which will make each
community of interest feel as if it were being of fered to the same

paths as before:

77 ’Il /1 B
aA /,[/I = = /I ’I =TTk aB
(1-k)aA = Y = % (1 )aB
>
(1'k)°DA (l-k)cDB
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where:  Cp, is the number of direct paths corresponding

toa

A alone, and ¢

DB is the number corresponding

to ag,

Now we will put the appropriate parts together and arrive at

@;

8 , 7 5
(1'k)CDA via A; i (1-k) Ca via B

If we calculate the blocking on the direct paths as though

the desired configuration

\ e—

;f‘ch via tandem

A
N

all the traffic were offered to them first, we get By((l-k)epy, a))

HENT

<

and BB((l-k)cDB‘, aB), but still, on the overall system, both

communities of interest experience the same blocking B(cT, (ay + aB)). .
This method allows us to control the fraction of traffic

on the.direct (or first) routes so that it is uniform throughout

the system. To be more precise, we should say near-uniform, since

the integer constraint will have some effect on the actual traffic

distribution which finally results.
This is a safe and workable method which will suffice

for the sort of broad comparisons of networks or doctrines which

we wish to make, and it will lay the foundation for consideration

of the much more complicated ways of distribubing traffic

among paths and branches which are actually used.
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Next, we take this one more step, and consider merging
traffic on the route from the tandem to the terminating node, Here
we can adopt a method like that used for fixed routing in a netwark
of mixed direct and tandem routes, say via one tandem node. We wish
to achieve double the tandem blocking on the direct routes, so that
the blocking on the two parts of the tandem route will add up to
the same as thé blocking on the direct routes. So we simply
proceed to divide up the traffic as for alternate routing, and
solve with appropriate blocking objectives as drawn from the patterns
for fixed routing tandem doctrines.

Alternate routing always implies tandem traffic, because
it requires two or more possible routes for each community of interest,
not more than one of which can be direct.

et us consider a simple example of alternate routing:

Yode 1 is a g 1 1 1]

pure tandem

node 1 0 1 0
1 1 0 0
1 0 0 O

in which we will show the alternate routes with dotted lines:

[~ =
Eachbranch carries [R] o | H 0 0 0
alternate route :
traffic as well as 0 0 D } vial
fixed route traffic vial

0 D; O vial
I@\ @ Vial
VAIRY A 0 vial vial O
Fal 1\ - J

5%

Cias b owaiei 3 ged fi%
S Foiedri i GEdiSS
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where: via 1: means tandem route only i
D; vial: means direct route
first choice, tandem
route via node 1
second choice,

Given the following traffic matrix:
{:A] s |0 0 0 O

0 0 &y 2

0 23, 0 8y

L-0 ahz ah3 0

and given that, if evenly distributed, half of the alternate route
traffic should go direct, and half should go tandem, we can rearrange

the traffic matrix as follows:
' ™ -
[A%] s| 0 ap & 8y
T T
Y82 va)3 taq)

823 0 823 0
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Our objective for [_B%] must be of this sort:

(o = o v v

b 0 2v 0
b 2b 0 O

b 0 0 0

— o
i

so that we will achieve equal blocking for the communities of

interest:
8] «fo 0 o of
0 0 2v 2b I{
0 2v 0 2b
L_0 2b 2b 0_

Now we have to assume that all the alternate route

traffic is offered on all the alternate routes, and then allocate

only the required fraction of paths needed:

] -] 1

Lt 0 a32+ 23534 a3),+

, e A3 3

| 2k

ng: a32 0 0

|
ah2+ 0 0 O
Laua

We now apply the method of solution for mixed direct and

tandem netwarks, Section 6.6, but on account of the division of traffic

on the alternate routes we must make a correction to the path matrix
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go obtained, Iet us say that we can obtain an uncorrected path matrix
[C%%*J from [A%] o and that [B*] is the corresponding blocking matrix.
Let us organize the correction factors into a matrix [M:I

- aij*
in which mij 8

o The corrected path matrix [C] is obtained by
h 47 _
multiplying each element of [:C**] » &y jme, by the corresponding
element of [1‘\1] » My go We célculate Cs §§c13, and adjust b
upwards or downwards until C © C given. When C = C given, then C
represents the reqluired path assignment, and we arrange [B*] into B
to yleld the actusl blocking experienced by each community of interest.
We designate B = M?.i; Biju We also calculate, for the alternate route
traffic only, the blocking on the direct route when all the traffic
is offered to the direct route first:

By ® B (c30 333)

Byp ® B (e300 23p)

It is common practice in telephony to engineer for a high

value of blocking on the direct route, and low blocking on the final
route. This is predicated on experience, economics, and non=

coincident traffic., No more will be made of it here; it suffices

40 show that alternate routing can be dealt witho




CHAPTER VII
APPLICATIONS
This chapter will contain just a few examples vhich will
show some useful applications and some interesting espects of the method
developed herein for finding optimal solutions for the design of

communication networks for stochastic telephone traffic.

7.1 Eeconomic Sensitivity

Broadly speaking, economic sensitivity is derived from the
optimal blocking functions, B vs C, over all C in the range of
interest for a given amount of traffic. This relationship is generally
produced in the course of caleulating the optimal blocking; and if
it is not, it is obvious that it can be done without difficulty.
From this we can find what reduction in blocking is obtained for

(the cost of ) an additional path,

7.2 Traffic Sensitivivy

It is always bf interest to see how a network responds to
overload, We proceed by determining the optimal network for the
given number of paths to be assigned, according to a selected
doctrine, Then we can increase the traffic load, as represented by
the traffic matrix, either uniformly or only locally, by a series of
increments, such as 10%, 20%, 30¢, etc., and simply calculate the
blocking Boyerload U548 the original optimal path assignment,

Now we need some sort of reference against which to measure

the effect of the overload on the network blocking. We can obtain this

n99 =
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by determining the optimal path disiribution for each of the overloads,
on the basis of the same doctrine, and hence the minimum blocking B.
By plotting B, g aq 20 B vs total traffic, we can assess
the deterioration of the grade of service of the network due to
overload, By doing this for several doctrines, we can see which
doqtrine results in the least deterioration for the given traffic

requirement.

A similar technique can be used for severed branches,

disabled tandem nodes, and other “catastrophies".

7.3 Cost

Having shown that we can assign paths in an optimal
fashion, as though all paths were of equal cost, evidently we can
also make the assignment to meet a fixed cost, if we apply the

cost matrixe

7.l Grid vs Hierarchical Alternate Routing

The mefhods in this paper enable grid and hierarchical
methods of alternate routing to be compared, We are not immediately
interested in random walk routing, since there are technical
reasons for keeping the number of intervening nodes to a minimume

Also, Weshould tend to keep the alternate routing rules simple ard

general; if the decision-making at tandem nodes becomes too complicated,
the cases become rather specific, and although they can be solved,

some of the principles of network behaviour will become obscured.
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7;5 Time Zone Effect

The rotation of the earth is one of the most obvious
causes of load variation and of non-coincidence of busiest load
periods in a network of continental proportions. The following
illustration shows how the doctrines developed in Section 5,6 and
5.9 can be applied to the time zone problem,
Example

Let us consider an elementary transcontinental telephone

network, Figure 10:

«¢—}; hr.difference —>

Figure 10
Let us assume that the traffic follows some sort of a

business schedule like this:

West Coast Problem East Coast
Time Traific Period Corresponding Time Traffic
L am Not busy 8 am Not busy
6 Not busy 10 Medium

8 Not busy Early 12 noon Very busy
10 Medium Middle 2 pm Medium

12

noon Very busy Iate L Not busy
2 pm Medium 6 Not busy
L Not busy 8 Not busy

3 am Not busy 7 am Not busy
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The problem period is baxed in, above; if we can accommodate this
pericd, we can certainly accommodate the rest of the day,
Graphically, the traffic flows in the problem peried will

be something 1ike this, where the heavier lines indicate heavier

traffic:

West Coast Fast Coast
Early 8 am 12 noon
Middle 10 am 2 pm
Late 12 noon Ly pm

There is so much traffic between north and south nodes
at the very busy time thgt it seems reasonable to pass a fraction of
it via the tardem node,.since, at that same time, the east-west
traffic is extremely light, and the paths are well in excess of the
nuﬁber needed for the east-west traffic alone.

Now we can see a way of assigning the paths to this networke.
Let us try to do it in as few steps as possible first. Takigg it for
granted that we will use integer methods, mixed tandem and direct
routing, and alternate routing doctrines, and aim for the least worst
blocking possible {as well as near-equal blocking if possiple), we

can set up the following graphs:
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Tandem Direct

iter 4,5 +rafe
Early \oﬂ’.B b _2b &t"lﬁiﬁ#&
' ¢

fie 12,4, Hroffic No
Middle  logB "
T N alternate

¢

o inter 1,2 el routing
vy
e

We could adjust b, and 2b, up or down until the worst of the three

cases was ,satisfied by the given number of paths, C. However, we have
only achieved three separate solutions, not one, since there is not a

correspondence between the °ij's of each of the three solutions. In

order to tring about a correspondence, we will want to reduce the
direct route traffic at the very busy times, by using alternate
routing. This will increase the tandem traffic, naturally, and as a
result the early and 1até cases will approach the middle case. What
we are looking for is a correspondence such that the solution for
one of the cases will also be a solution for the other two, and such
that it is best solution of all possible solutions.

Let us assume first that alternate routing will not be

required f;)r the middle case, Hence we can get:

5 of dhe Hoddr\ﬂ wvolved in
the midle period
Middle Iy B
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Tandem Direct

er 45 +afe
Early \033 J& 2b (\t&b@ 1,2 draffle
[
whe 1,245 trofic No
Mddle  logB & b 5&
b~ — T alternate

¢

' inter 1,2 hafic routi
Late ‘093 b §§\§ 2 Q&@_ﬂ-ﬁﬁ& e
¢

We could adjust b, and 2b, up or down unbil the worst of the three

cases was satisfied by the given number of paths, C. However, we have
only achieved three separate solutions, not one, since there is not a
correspondence between the cij's of each of the three solutions. In
order to bring about a correspéndence, we will want to reduce the
direet route traffic at the very busy times, by using alternate
routing, This will increase the tandem traffic, naturally, and as a
result the early and laté cases will approach the middle case. What
we are looking for is a correspondence such that the solution for
one of the cases will also be a solution for the other two, and such
that it is best solution of all possible solutions.

let us assume first that alternate routing will not be

required f;)r the middle case. Hence we can geb:

3 of the Moda'nﬂ woolved tn
Hhe middle period
Middle |03:B
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For the alternate routing, we could first assume that the
same k factor would apply to both alternate route traffic loads in

the east, Thus we can get:

Early fojB @é‘m

for the early period, and similarly for the late peried. Assembling

these and operating on them, we have:

Early log® " QQ(W: wch
Middle |033 wl \\
Late log wl \'glyvk.w

ngen
where kg4 and kyggy are chosen such that, at Cgiyans

brogrly * Diddle # Dilates 208 the (cgj + oy)'s

correspond in the required sense,

(For a better solution, it may be necessary to use different
k factors for each of the four alternate roﬁtes; and some alternate
routing for the middle case, as well.)
| The cumbersoms part of this procledure is the preparation .

of a few intermediaté solutions for 0<k<1l, in order to locate the
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approximate magnitude of k east and k west. The graphical method of
solution is, however, quite appropriate for manual calculations;
with an electronic computer, the approximations and successive
solutions can easily be made to suit as close a it as one wishes
to test fors | |

Now, for each pair of nodes, we have determined that a
certain total number of paths is réquired in both branches together,
but in the various cases the number in each branch may differ,
We should therefore ihdicate, in some way, the number of‘paths which
may be required to carry traffic in either direction, depending on the
time of day; there are two-way paths. It is appropriate to introduce
a third branch between nodes, as required, which is non-oriented, and

which we shall call a two-way branch, consisting of the two-way paths.

(A two-way path can only be used by one call at a time;'but, when it is
idle, it can be secured from either one end or the other, for use by
a call,)

Let us say that we want to keep the capacity of the two-way
branch suéhvas to minimize the cost of required paths, since a two-way
path, while less expensive than two one-way paths, is more expensive

than a one-way path. For example, if we have

15 paths 6 paths
AL = G0
ly paths 11 paths

in two different cases, we can satisfy both cases if we allow:
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8 paths

Calculation: max, to right e max (15, 6) =
nax. to left = max (L, 11) ©
total %
max between nodes

) & MaX, (19, 17) bt
difference @ two-vay paths ®
paths to right &, 157 s
paths to left 8| 11a7 8

By applylng this method of calculating two-way path
requiremenis to the intermediate results, we can provide a

solution to the time zone problems




CHAPTER 8
CONCLUS ION

8,1 Summary

The optimal assignment of integer branch capacities to a
network of given topological structure, carrying stochastic traffic,
where no queuing is permitted, can be accomplished by means of the
partitioning process developed in this work. This method of
assignment makes another bridge between the area of nulticommodity
f1ow network theory, and its practical application in such fields
as telephone communication and operational researchs

The notion of blocking, or loss, enables us to set up a
criterion for judging optimality when we are dealing with syochastic,
rather than steady, flow. We say that the assignment is optimal
when the blocking is minimum, subject to the fixed network capacity
constraint., Two definitions of minimum blocking ave used: near-equal,
and weighted averages It is in the use of these blocking doctrines
that our approach to this problem area of network design differs from
other reported approaches o the same area, because we provide for the
loss which occurs with stochastic traffics and furthermore, we can
control the rejected traffic. Also, the careful choice of blocking
do;:trines makes linear programming methods of solution unnecéssary,
The partitioning process, and its graphical counterpart, produce
integer values of branch capacities immediately; this is @ necessary
attribute when non-integer capacities are not meaningful. The
method is adaptable to the electronic computer, and obviates the need

for simulation runse. The notion of matrix representation of the
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nepwork parameters is useful in organizing the network and studying
its behaviour, as well as in dealing with merging traffic.

A number of examples are given to show practical applications
of the general solution.

A simple, possibly'original, method of determining essential
tandem nodes in a netwark is included in this work; and likewise,
a method is included of reducing the total cost of two oppositely
oriented branches between a pair of nodes by supplying a third

non-oriented branch,

8,2 TFuture Investigations

The partitioning method and blocking doctrines described
in this work are useful notions in dealing with network problems,
and in future studies they can be refined and made more widely
applicable in metwork systhesis. Areas leading from this work
which suggest themselves for future investigation include:

Combining the partitioning method with other

~-£éqggiques to produce topological systhesis
as well}

Relating the method of solution by Lagrangian
nultipliers (which may not prodace integer
results)s

Solving for fixed costs in general, especially

non-linear costsj



- 109 -

Investigating and applying helpful matrix

operations to tandem networks and routing

doctrines;
Trylng to apply soms useful elements of the

nethod to switching networkss

Generalizing for other traffic distributions, and

other blocking doctrines;

Studying local congestion and survivability of

networks, and constraints on blocking or

branch capacitye
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APPENDIX I
TABLE OF THE ERLANG LOSS FORMULA
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1‘: From: C. Palm, Table of the Erlang Lose Formula, Royal Board of Swedish
Telecommunications, (2nd ed., 1934).
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APPENDIX II

THE DERIVATIVES OF ERLANG'S B FORMULA

Example of the first derivatives where Eis the loss, Tthe aumber of

circuits, and a the traffic in erlongs.

Ee=, 010
T ok, 0E, dT
T ¢ [ fa /E' OT/E' da
i . 010l $9, 0000 98, 01 00 5 0182 19, 5310
2 . 1526 13, 1067 12,1167 2, 8044 4 3208
3 , 4555 6, 5864 5 3964 2, 0454 2, 71364 i
4 o 8694 4§ 6008 36108 1, 6498 2, 1886
5 1, 3608 3,674 2, 6843 i, 4025 1, 9139
§ 1, 5090 3, 1430 2, 1530 1, 2312 1, 7687
7 2, 5009 2, 7989 1, 8089 1, 1044 i, 6380
8 3, 1276 2, 5579 1, 5679 §, 0081 1, 5584
9 3 7825 2, 379 1, 3894 « 9274 1, 4982
10 & 4612 2, 2416 1, 2516 o« 8626 1, 4509

i1 5 1599 2 1318 1, 1418 . 8082 1, 4128
12 5 8760 2 0422 1, 0522 . 1618 1, 3613

13§ 6072 1, 9676 "9776 o 7216 1, 3548
1y 17,3517 1, 9043 9143 6863 1, 3322
15 81080 1, 8500 18600 6552 1, 3126
16 88750 1, 8028 "g128 . 6274 1, 2954
17 86516 1, 2614 "TML 46025 1, 2803
18 10 4369 1, 7247 T7347 4 5799 1, 2668
19 14,2301 1, 6919 T7019 5594 1, 2548
20 12 0306 1, 6624 6724 o 5406 1, 2438
21 12,8378 1, 6358 L6458 . 5234 1, 2340
22 13,6513 1, 6116 "6216 o 5074 1, 2249
23 14 4705 1, 5894 Dsoon . k927 1, 2166
25 15,2950 1, 5691 "S791 L4790 1, 2090
25 161246 1, 5504 TSe0n o 4662 1, 2020
26 16,9588 1, 5331 D543 o bSW3 1, 1955
27 17,7974 1,517 "Semt , wudt 1, 1894
28 18 6402 1, 5021 Sttt , 4326 1, 1838
29 19, 4869 1 4882 thes2 . b227 1, 1785
30 20,3373 1, 4751 485t 4134 1, 1735
3 21,1912 i, 4629 L4729 o 4OuS 1, 1688
32 22,0483 1, 4514 Tuelh 3962 1, 1644
33 22 9087 1, 4405 ‘4505 . 3883 1, 1603
35 237720 1, 4303 " 403 3807 1, 1564
35 24 6381 1, 4206 S4306 3735 1, 1527
36 25 5070 1, 4114 g1y, 3667 1, 1492
37 26,3785 1, 4027 Tu127 L3601 1, 1458
38 27,2525 1, 3944 tuouk 43539 1, 1426
39 28,1288 1, 3865 3965 o 3479 1, 1396
50 29 0074 1, 3790 "3890 3422 1, 1367
51 29,8882 1, 3718 L3818 3367 1,1339
52 307712 L, 3649 Sy L3314 1, 1313
43 31,6561 1, 3583 ‘3683 43263 1, 1288
44 32 5430 1, 3521 tie2t G324 1, 1263
45 33,4317 1, 3460 3560 3167 1, 1240
46 34 3223 1, 3402 3502 3122 1, 1218
57 35 2146 1, 3347 S3y7 L3078 1, 1196
48 36,1086 1, 3293 3393, 3036 1, 1176
49 37,0042 1, 3242 "33z 2996 1, 1156
50 37,9014 1, 3192 Sj292 2956 1, 1136

: From: H. Akimaru ond T. Nishimura, **The Derivatives of Erlang’s B
Formula"', Review of the Eloctrical Communication Laboratory,

11, (1963), 428445
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APPENDIX II

THE DERIVATIVES OF ERLANG'S B FORMULA

Example of the first derivatives where ETis the loss, T the number of

circvits, and o the troffic in erlangs.

E.=, 010

T oE, 8E, - dr
T a P '6'5/5’ eT/E' ry
1 , 0101 99, 0000 98, 0100 5 0182 19, 5310 i
2 o 1526 13,1067 12, 1167 2, 8044 4 3206 ;
3 o U555 6, 5864 5, 5964 2, 0454 2, 1361
y . 86% & 6008 3, 6108 1, 6498 2, 1886
) 1, 3608 3, 6743 2 6843 1, 4025 1, 9139
[ 1, 5050 3, 1430 2, 1330 1,282 1, 7487
ki 2, 5009 2, 7989 i, 8089 1, 1054 1,6380
8 3, 1276 % 5579 1, 5679 1, 0051 1, 5584
9 3, 7825 2 379 1, 3894 . 9274 1, 4982

10 & 4612 % 2416 1, 2516 » 8626 1, 4309

i 5 1599 % 1318 1, 1418 . 8082 i, 4128
12 % 8760 2 0422 3, 0522 7618 1, 3813

L]
13 & 6072 1, 9676 . 9776 . 7216 1, 3548
14 7, 3517 1, 9043 o 9143 o 6863 1, 3322
15 8, 1080 1, 8500 . 8600 . 6552 1, 3126
16 g 8750 1, 8028 . 8128 , 6274 1, 2954
17 9, 6516 1, 7614 o114 . 6025 1, 2803
18 1Q 4369 1, 7247 . 1347 . 5799 1, 2668
19 1i, 230t 1, 6919 ., 7018 o 5594 1, 2548
20 12 0306 1, 6624 o 6724 o 5408 1, 2438
21 12,8378 1, 6358 . 6458 . 5234 1, 2340
22 13,6513 1, 6116 . 6216 25074 1, 2249
23 14 4705 1, 5894 o 5994 . 4927 1, 2166
25 152950 1, 5691 . 5791 L, 4790 1, 2090
25 161246 1, 5504 , 5604 , 4662 1, 2020
26 16,9988 1, 5331 , 5431 , 4543 1, 1955
27 17,7974 1, 5174 . 5271 , b3t 1, 1894
28 18, 6402 1, 5021 . 5121 , 4326 1, 1838
29 19, 4869 1, 4882 . 4982 ry 1, 1785
10 20,3373 1, 4751 , 4851 , U134 L, 1735
31 211912 1, 4629 . 4729 , 8046 1, 1688
32 22,0483 1, 4514 , 61l , 3962 1, 1644
33 22,9087 1, 4405 , 4505 , 3883 1, 1603
3y 237720 1, 4303 , 4403 , 3807 1, 1564
35 246381 1, 4206 , 4306 . 3735 1, 1527
36 255070 1, 4114 . 214 . 3667 1, 1492
37 26,3785 1, 4027 , 4127 . 3601 1, 1458
g 27,2525 1, 3944 , 4044 . 3539 1, 1426
39 281288 1, 3665 . 3965 . 3479 1, 1396
40 29,0074 1, 3790 . 3890 , 3422 1, 1367
w29 8882 1, 318 , 3818 , 3367 1,1339
42 3Q7712 1, 3649 , 3749 . 3314 1, 1313
: 43 33,6561 1, 3583 . 3683 , 3263 1, 1288
4 32 5430 1, 3521 . 3621 . 3214 1, 1263
: 45 334317 1, 3460 . 3560 . 3167 1, 1240
{ 46 343223 1, 3402 0 3502 . 3122 1,1218
; 47 352146 1, 3347 1T, . 3078 1, 1196
48 36 1086 1, 3293 o 3393 . 3036 1, 1176
49 37,0042 1, 3242 o 3342 o 2096 1, 1156
50 37,9014 1, 3192 . 3292 » 2956 1,1136

From H. Akimaru ond T, Nishimura, **The Derivatives of Erlang’s B
Formula”, Review of the Eloctrical Communication Laboratory,

11, (1963), 428~445
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APPENDIX III

TABLE OF THE FIRST DERIVATIVE OF THE ERLANG LOSS FORMULA WITH RESPECT TO PATHS

The table gives approximate values of -:%- where B is the
blocking according to the Erlang loss formulg, ¢ is the number
of paths (circuits), and a Is the traffic in erlange.

o 1 2 3 ] 5 6 7 [} 9 10 n 12 13 "
19 W29 | .02 | 057 |-00744 | 00150

20 28 1.5 | -0e72 |.ome | .0n6 | -.00562 | -.00162 | ..000411

30 op bt |eam |ore | -0481 | -0200 00960 -00366 | --00124 |..000378 | -.000104

49 15 baasa | a2 [-0070 ) .0se2 | -0438 0247 | -o1zs | --00569 | . ooz;s | 000867 | 000293 -.0000910
50 g loam |- .03 |08 | -0610 0418 | 0288 | -0M6 .,00748 | 00349 |-00148 }..000582
60 |- | ems |.02 | .osrs [-0715 0550 | .0395 021 {005 | .00889 |-00459 |..0026

1.0 g Lema | o0r | .ossp | -0880 | -0760 0635 | -9502 | .32 |-0288 |-0167 }..009%8 +,00554
8.0 a0 |03 | -ose0 {.o9zs | -08s5 | -0770 | 0675 | -0870 | 0459 .0%3 | -0253 |.om |-0108

Y
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