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Abstract

In this thesis, we extend the construction of the formal (affine) Demazure algebra
due to Hoffnung, Malagén-Lépez, Savage and Zainoulline in two directions. First,
we introduce and study the notion of formal Demazure lattices of a Kac-Moody root
system and show that the definitions and properties of the formal (affine) Demazure
operators and algebras hold for such lattices. Second, we show that for the hyperbolic
formal group law the formal Demazure algebra is isomorphic (after extending the
coefficients) to the Hecke algebra.

i



Résumeé

Dans cette these, nous généralisons dans deux directions la construction de ’algebre
formelle (affine) de Demazure par Hoffnung, Malagén-Lépez, Savage et Zainoulline.
Premiérement, nous introduisons et étudions la notion de réseaux formels de De-
mazure d'un systeme de racines de Kac-Moody et montrons que les définitions et
les propriétés des opérateurs et algebres formels (affins) de Demazure sont valables
pour ces réseaux. Deuxiemement, nous montrons que pour la loi de groupe formel
hyperbolique, I'algebre formelle de Demazure est isomorphe (apreés l'extension des
coefficients) a ’algebre de Hecke.
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Chapter 1

Introduction

Let GG be a semisimple linear algebraic group defined over an algebraically closed field
and B a Borel subgroup of G. The cohomology of flag varieties G/B is a widely
studied subject in modern mathematics. In the early 1970s, Demazure [Deml] and
Bernstein-Gelfand-Gelfand [BGG| approached the subject by introducing operators
A, corresponding to the elements w of the Weyl group W of the finite root system ®
associated with G. Let A be a lattice lying between the root lattice A, and the weight
lattice A, of ® and let S(A) be the symmetric algebra of A. Demazure showed that
there exists a basis of h(G/B), where h is Chow groups or Grothendieck groups, for
which there is a correspondence between the Demazure operators A,, and the coeffi-
cients of the image of the characteristic map ¢ : S(A) — h(G/B) with respect to that
basis. Independently, Bernstein-Gelfand-Gelfand proved a correspondence between
A,, and the classes of Schubert cells of H(G/B) in the case of singular cohomology
theory.

Later, Kostant and Kumar [KK1], [KK2] generalized the work from [BGG| for
Kac-Moody groups G/ P and equivariant cohomology theories. Let @) be the quotient
field of the symmetric algebra of A,. They defined an algebra Qy, called the twisted
group algebra, which is the smash product of the group algebra Z[WW] and Q). Then
they introduced a subalgebra D of QQy, with generators satisfying the braid relations
of a Hecke algebra and an idempotence relation.

More recently, in a series of papers [HMSZ|, [CZZ1], [CZZ2], [CZZ3], Calmes,
Hoffnung, Malagén-Loépez, Savage, Zainoulline and Zhong generalized the Kostant
and Kumar approach to oriented cohomology theories in the sense of Levine-Morel
[LM]. Namely, they constructed an algebra R[A]r, called the formal group algebra,
which depends on a commutative ring R, a lattice A lying between the root lattice
and weight lattice of a finite root system @, and a formal group law F' (see for a
review of formal group laws). By specialization to the additive formal group law, the
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formal group algebra is isomorphic to the symmetric algebra S(A), which corresponds
to the setting of Demazure. Then they defined a generalized version of the operators
in [Deml] and [BGG| acting on R[A] g, the formal Demazure/push-pull operators.
Let W be the Weyl group of ® and let QF be the quotient field of R[A]r. Analo-
gous to the twisted group algebra Qw of [KK1], they introduced the so-called twisted
formal group algebra Qf,, which is the smash product of the group algebra R[W]
and QY. For the additive (resp. multiplicative) formal group law, they proved that
the subring Dy of QF, generated by the Demazure/push-pull elements is isomorphic
to the 0-Hecke algebra (resp. nil-Hecke algebra). Finally, the subring Dy of Qf
generated by elements of Dp and R[A]r is isomorphic to the affine 0-Hecke or affine
nil-Hecke algebra, for the additive or multiplicative formal group law respectively.
For related results in the topological context we refer to the papers [BE], [Col, [GRI,
[HHH] by Bressler, Cooper, Evans, Ganter, Harada, Henriques, Holm, and Ram.

In this thesis, we extend the construction of Calmes et al. to an arbitrary Kac-
Moody root system and the hyperbolic formal group law

Foy o (u,v) = %, f, o € R.

The hyperbolic formal group law is a natural choice since both the additive (corre-
sponding to usual cohomology) and the multiplicative (corresponding to K-theory)
formal group laws can be obtained from it by specialization. It has been actively
studied in the context of elliptic formal group laws by Buchstaber-Bunkova [BBIJ,
[BB2] and has a rich topological background as it corresponds to the celebrated 2-
parameter Todd genus introduced and studied by Hirzebruch in [Hirz]. Recently in
[LZ1] and [LZ2], it was used to generalize the root polynomial approach of Billey-
Graham-Willems to Schubert calculus.

The first step in our work is to define the analogue of the Demazure/BGG-
operators in our setting. Since these operators are divided-difference operators, we
need to determine which elements of R[A]p are regular, in other words, not zero
divisors. Observe that the elements of R[A]r are power series in variables x indexed
by the elements of the lattice A. The action of the Weyl group on R[A]r is given
by w(zx) = Zy). Then we need to carefully choose the lattice A in order to define
the formal Demazure operators. We want to have a lattice A lying between the root
lattice A, and the weight lattice A, of a Kac-Moody root system ® such that, for
a simple root «, the variable z, is regular. With this in mind, we define a formal
Demagzure lattice A as a finitely generated subgroup of h*, the dual of the Cartan
subalgebra of the Kac-Moody algebra associated with ®, such that every simple root
can be extended to a basis of A. These lattices have some interesting properties. For
example, they are stable under the action of the Weyl group and every real root can
be extended to a basis of A. Therefore, we get that for any real root o in @, the
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variable z, is regular in R[A]r (see Lemma |5.1.3). This lemma combined with the
fact that u — s, (u) is divisible by z, for any element u € R[A]r and any real root «
allows us to define the formal Demazure operator A, as
A () = L= %al®).
Ta
Similarly, we define the formal push-pull operator and prove that both types of op-
erators satisfy the same conditions as in the case of a finite root system.

Let " be the set of real roots of the Kac-Moody root system ®. Since the
elements z, are regular for any real root a, we take Q¥ to be the localization of
R[A]r at the multiplicative subset generated by these x,’s. Then we define the
twisted formal group algebra Q%, as the smash product of R[W] and Qf,. For any
w € W, we denote the elements of R[W] corresponding to w by d,,. For a € ¢ we
define the formal Demazure elements and formal push-pull element as

1 1 1 1
Xy=———0, and Y, = —+ —0,,

$a :Ca xfa «

respectively. We define the formal Demazure algebra Dy as the R-subalgebra of Qf,
generated by the formal Demazure elements X, for all a« € . The formal affine
Demazure algebra D is the R-subalgebra of Qf, generated by the elements of the
formal group algebra R[A]r and by Dr. We proceed by checking that the properties
of the formal elements and the formal (affine) Demazure algebra proven for finite
root systems also hold in our setting. Roughly, the properties hold because the Weyl
group of a Kac-Moody root system @ is a crystallographic Coxeter group. Therefore,
we get the following result (see Theorem .

Theorem. Let {«; | i € I} be the set of simple roots built into the construction of ®.
Let my; be the order of sa,84; fori,j € I,i # j. The formal affine Demazure algebra
Dy is generated as an R-algebra by R[A]r and the formal Demazure elements X,,,
and satisfies the following relations:

(1) VX0 = XaSa(V) + Au(¥) for alli € I and ¢ € R[A]r (affine relation);
(ii) X} = X;k; for alli € I;
(1ir) X;X; = X;X; for alli,j € I such that m;; = 2;
(iv) the braid relations of Proposition for all i,5 € I such that m;; = 3,4,6;

These relations form a complete set of relations for Dp.
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We point out that there are no relations between X; and X; for m;; = oo. In
fact, these relations also form a complete set of relations for D if we remove relation
(i), the affine relation. Note that the formal (affine) Demazure algebra can also be
generated by the formal push-pull elements and we obtain similar results for that set

of generators (see Theorem [6.3.4)).

Finally, for a ring R containing Z[t,t"!], the Hecke algebra H associated with
W is the R-algebra generated by elements 7§, satisfying a quadratic relation and
some braid relations. In the case where our formal group law is the hyperbolic formal
group law with p; = u(t +t7') and puy = —u?, for some u € R, we get the following

result (see Theorem [7.2.1]).

Theorem. The assignment X; — u(T; + t) defines a morphism of R-algebras from
the formal Demazure algebra Dp to the Hecke algebra H over R. If w € R*, this
morphism is an isomorphism.

We also get similar results for the formal affine Demazure algebra Dy (see Corol-
laries [7.3.1], and [7.3.4). However, we see that in that case the isomorphism
depends on the choice of formal Demazure lattice A because of the additional affine
relation.

The thesis is organized as follows. In Chapter 2| we present facts about formal
group laws and introduce our main example, the hyperbolic formal group law. Mor-
ever, we recall basic properties of Kac-Moody root systems and prove some results
about Coxeter groups necessary for the following chapters. In Chapter [3| we review
the construction of the formal Demazure algebra in detail. We define the formal De-
mazure lattice in Chapter[d] We study the properties of these lattices and give several
examples. Also, we compare the formal Demazure lattices to other similar lattices
that have been introduced in the literature (see [Ku] and [MP]). In Chapters |5| and
|§|, we show that the definitions and some properties of the formal (affine) Demazure
operators and algebras hold for the formal Demazure lattices, hence generalizing sev-
eral results (by Calmes et al.). In Chapter , we prove that, for the hyperbolic formal
group law and after extending the coefficients, the formal Demazure algebra is iso-
morphic to the Hecke algebra associated with the Weyl group of a Kac-Moody root
system. The results in the last chapter are either new results or have been published
recently in [LJ]. Finally, some of the computations in Chapter @ were computer-aided;
the Maple scripts can be found in the appendixes.



Chapter 2

Prerequesites

2.1 Formal group laws

Let R be a commutative unital ring. Let R[zy,...,x,] be the ring of formal power
series in the indeterminates x1, ..., z,,.

Definition 2.1.1. [Hazl p. 1] A one-dimensional commutative formal group law over
a ring R is a power series F'(u,v) € R]u,v] such that

F(u,0) = u,
F(u,v) = F(v,u),
F(F(u,0),w) = Flu, F(v, w)).
Remarks 2.1.2. (a) Let F(u,v) = 3, _aiu'v’ € R[u,v] be a formal group law.

Since u = F(u,0) = ago + arou + a270u2 + ..., we have app = 0 = a;o for 7 > 1.
Similarly, ag; = 0 for all j > 1. Therefore, any formal group law is of the form

Flu,v) =u+v+ Y azu'v’, (2.1.1)

4,521

(b) The expression F'(F(u,v),w) means that in F'(u,v) we replace u by F'(u,v)
and v by w, and then expand to get an element in Rfu, v, w]. By (a), the substitution
makes sense since there are no constant terms in F'(u,v).

(¢) In general, a commutative formal group law of dimension n consists of n
powers series in 2n variables satisfying the conditions above.

(d) We frequently use a different notation and write u +¢ v := F(u,v). Then we
can express the conditions above as follows:

(u+Fv)+Fw:u+F(v+Fw),

5
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U+rFpU=0+Fu,

u—+r0=u.

We will see in Corollary that u is invertible with respect to +pr. Hence this
justifies the terminology “formal group law”.

Our central example is the following (see [BBI, Example 63|, [BB2, Corol-
lary 3.8])

Example 2.1.3. Let uq, us € R. The hyperbolic 2-parameter formal group law is
defined as

Fpiy e (u,0) = % = (u+v — wpuv) (Z(—uguv)i).
i>0

Let R be a Q-algebra. The exponential of a formal group law F(u,v) over R is
a function f : Rfu,v] — R[u,v] such that f(u +v) = F(f(u), f(v)). We will see
in Remark that the exponential, if it exists, is unique. By [BBI, p. 35], the
exponential of the hyperbolic formal group law is

eau_eﬂu

eXme,#z (u) T et BePu

where p; = o+ 8, ps = —af3, hence the name hyperbolic formal group law.

Examples 2.1.4. Here are some examples of one-dimensional commutative formal
group laws:

(a) the additive formal group law Fy(u,v) =u+ v,
(b) the multiplicative (periodic) formal group law F,,(u,v) = u+v — puv, where
pE R”,

(¢c) the Lorentz formal group law, Fr(u,v) = lizzv, where © € R*.

We can easily see that the hyperbolic formal group law is a generalization of
the 3 previous examples. If uy = pus = 0, we get the additive formal group law. If
w2 = 0,1 = p, we get the multiplicative (periodic) formal group law and if py = 0
and po = pu, we get the Lorentz formal group law.

Definition 2.1.5. Let F(u,v) € R[u,v] be a formal group law. The inverse of F' is a
power series G(t) € R[t] such that u+rG(u) = 0. We will see below in Corollary
that the inverse exists and is unique. We will therefore put —pu := G(u).
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Proposition 2.1.6. (c.f. [Bo:Al IV, §4.7, Corollaire]) Let f(x) € R[z] be a formal
power series without constant term. If the constant term of the formal power series
f'(z) is invertible in R, then there exist a unique power series g(x) € R[z] such that
flg(x)) = & = g(f(x)). In other words, if f(x) = > 0, ax’, ag = 0 and a; € R*
then there exist such a g(x).

Corollary 2.1.7. [Haz, Lemma 1.1.4] A formal group law has a unique inverse.

Proof: First, let us proof the existence of the inverse. Let F'(u,v) € Rfu,v]
be a formal group law. Let H(u,v) = u — F(u,v). As a power series in the inde-

terminate v, the power series H has no constant term and (%)vzo = 1. Then

by Proposition there exist G(u,v) such that H(u,G(u,v)) = v. Therefore
F(u,G(u,v)) =u —wv and F(u,G(u,u)) = 0.

Now, we can prove uniqueness. Let G(u), G'(u) € R[u] such that u +r G(u) =
u~+p G'(u) = 0. Then,

Gu)=Gu)+r0=Gu) +ru+rp Gu) =0+p G'(u) = G'(u).

Example 2.1.8. Let F,, ,,(u,v) = “=EY% he the hyperbolic formal group law.

1+pouv
Then the inverse of F),, ,,(u,v) is the formal power series —pu = G(u) € R[u] such
that

u+ G(u) — puG(u)

E G = =0.
H1,M2(u= (u)) 1 +MQUG<U>
Therefore, we have
u n n,n
G(u) = 11—, ¢ Z(—Mlu) == Z(—Ml) uth
Hi n>0 n>0
Hence, we also have —pu = —3>7 - (—p1)"u"*" for the multiplicative (periodic)

formal group law. For the Lorentz formal group law and the additive formal group
law, we get —pu = —u since p; = 0.

Remark 2.1.9. Given an integer m > 0, by associativity of the formal group law F'
we can use the notation

m-px=2c+p- - +pzx (mfactors) and (—m) -px = —p(m - ).
Also, for any m,n € Z we have

(m+4+n)rpr=(m-pz)+r(n-rx).
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Definition 2.1.10. [Haz, p. 3] Let F(u,v), F'(u,v) € R[u,v] be two formal group
laws. A homomorphism of formal group laws f : F(u,v) — F'(u,v) is a power series
f € R[] without constant term such that

F(F(u,0) = F'(f(u), f(v))

or equivalently

flutrpv) = f(u) +p f(v).

A homomorphism f : F(u,v) — F'(u,v) is invertible if there exist g : F'(u,v) —
F(u,v) such that f(g(z)) =z = g(f(z)).

Claim: For f(x) = ayjz+ asx®+ - - with a; € R, we claim that such a ¢ exists if and
only if a; € R*. In this case it is an homomorphism of formal group laws.

Assume g exists, say g(x) = by + by + byx® + - - - for b; € R such that f(g(x)) =
z = g(f(z)). Since

9(f(2)) = glarz + aga® +--+)
= by + by(a1x + agx® + -+ ) + by + agz® + -+ )* + -
= by + bia1x + terms of degree > 2 = x,

we have by = 0 and by is invertible with inverse a;. Then the power series ¢ :
F'(u,v) = F(u,v) is a homomorphism of formal group laws since

F(F(g(uw),g(v)) = F'(f(g(u)), f(g(v))) = F'(u,v)

and by acting on both sides by g we get

F(g(u),g(v)) = (go f)(F(g(u), g(v))) = g(F'(u,v)).

Conversely by Proposition m, if a; € R* then f is invertible. |

An invertible homomorphism of formal group law f is an isomorphism. An
isomorphism of formal group law is called strict if a; = 1.

Remark 2.1.11. [BBIl p. 3] [Haz, p. 6] The exponential of a formal group law
F(u,v) € R]u,v] is the unique strict isomorphism exp : F,(u,v) — F(u,v) over the
ring R®z Q. In general, the exponential need not exist if R - R®zQ is not injective,
1.e., R has no additive torsions [Haz, p. 30].
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Example 2.1.12. [Haz, Example 1.4.2] Let R = Q. Let F, and F,, be the additive
and multiplicative formal group law of Example 2.1.4 Then exp(z) : F, — F,, and
log(1+ z) : F,,, = F, defined as

n

exp(x) = Z %, log(1 + ) = Z(_l)n+1x_"

! n!
n>0 n>0

are mutually inverse strict isomorphisms over Q. This example justifies the names
exponential and logarithm.

Theorem 2.1.13. [Haz, p. 6] Every one dimensional commutative formal group law
over a Q-algebra R is strictly isomorphic over R to the additive formal group law over

R.

2.2 Coxeter groups

In this section, we review and prove some results about Coxeter groups. Most of
these results can be found in [BjBi], [Deol], [Deo2], [Hu2], or [S].

Definition 2.2.1. [Hu2, p. 105] We define a Cozeter system to be a pair (W,S)
consisting of a group W and a set of generators S C W, subject only to relations of
the form

(SS/>m(s,s/) _ 17

where m(s,s) = 1,m(s,s’) = m(s’,s) > 2 for s # ¢ in S. In case no relation occurs
for a pair s,s’, we make the convention that m(s,s’) = co. Moreover, we may refer
to W itself as a Coxeter group, when S and the presentation are understood.

Definition 2.2.2. [Hu2, p. 107-108] Since every generator has order 2 in W, every
w € W can be written in the form w = s;s9---s, for some s; € Sand r € N (r =0
implies w = 1). If r is as small as possible, we call r the length of w, written [(w),
and call any expression of w as a product of r elements of S a reduced expression. By
convention, [(1) = 0.

Here are some elementary properties of the length function.
Lemma 2.2.3. [Hu2, p. 108] Let s € S and w € W. We have
L1) I(w) = l(w™?),

L2) l(w) =1 if and only if w € S,
(w) + ('),

) I
) U
L3) l(ww') <1
L4) l(ww') > l(w) — I(w'),
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(L5) l(w) — 1 <l(ws) <l(w) + 1.

Definition 2.2.4. [Hu2l p. 109] Let V' be a vector space over R, having a basis
{as|s € S} in one-to-one correspondence with S. We define a symmetric bilinear
form B on V by

B(ag, ag) = — cos (m) .

By convention, B(as,ay) = —1 if m(s,s’) = oco. We have B(as,a5) = 1 and
B(as,ay) < 0 for s # §'. For each s € § we define a reflection o5 : V. — V
by

os(A) = A = 2B(a, A as.

One easily checks that o, is a reflection in ay, i.e., (0,)* = id, o4(a,s) = —a, and
the fixed point set of o, has codimension 1.

Proposition 2.2.5. [Hu2, p. 110-113] There is a unique homomorphism o : W —
GL(V) sending s to os. The group o(W) preserves the form B on V. Moreover, for
each pair s,s' € S, the order of ss' in W is precisely m(s,s’). The representation

o: W — GL(V) is faithful.
To simplify the notation we will write w(as) instead of o(w)(as).

Definition 2.2.6. [Hu2, p. 111] We define the root system ® of W to be the collection
of vectors w(ay), where w € W and s € S. These are unit vectors because W preserves
the form B on V. Note that ® = —® since s(a;) = —a,. The elements of ¢ are
called roots. Let I1 = {a,|s € S} be the set of simple roots a,. If a is any root, we
can write it uniquely in the form

o= chas (cs € R).

ses

Call a root « positive (resp. negative) and write a > 0 (resp. a < 0) if all ¢5 > 0
(resp. all ¢s < 0). Write ®* and ®~ for the respective set of positive and negative
roots. It follows from the next theorem that ® = d+ U .

For a represented as above, we call ) _¢cs the height of o, abbreviated ht(a). By
definition, we have

Theorem 2.2.7. [Hu2, p. 111] Let w € W and s € S. If l(ws) > l(w), then
w(as) > 0. If l(ws) < l(w), then w(as) < 0.
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Proposition 2.2.8. [S| 1.7-1.8] (a) If s € S, then s sends as to its negative, but
permutes the remaining positive roots.

(b) For any w € W, l(w) equals the number of positive roots sent by w to negative
T001S.

Lemma 2.2.9. [S| Proof of 1.8] Let (W, S) be a Coxeter system. Given a reduced ex-
pression w = $1--- 5, (s; € 9), set oy = as, and B; == S,5,—1- - Siv1(ey), interpreting
B, to be an.. Then, the set of positive roots sent to negative roots by w consists of the
r positive roots B, ..., B.. In particular, the [3;’s are distinct.

By Lemma [2.2.9, we get the following corollary.

Corollary 2.2.10. The set of negative roots sent to positive roots by w consists of the
r distinct negative roots B; := $.8._1 -+ Si11(—;), where B, = —a, and w = s1--- 8,
18 a reduced expression.

Corollary 2.2.11. Let 8 = aq and let v = 54, -+ 8o, = S1°--5 = SgS2---5; be a
reduced expression, i.e. [(v) =1. Let v = sgv. Then l(v') =1(v) —1=1—1 and we
have

{BYUss(v(@7)NET) =v(@7) NPT

Proof: It is clear that [(v') = I(v) — 1 since v/ = sgsgsg- -+ = S+ -5, and this
is a reduced expression because s ---s; is a reduced expression.

By Corollary [2.2.10 the set of negative roots sent to positive roots by v consists
of the [ distinct negative roots 5; := s;5;1 - - - 8;+1(—qy), where 5, = —q;. Then

(@) NOt = {v(B)1 <i <}

= {sp - si(sis1-1 - sipa(—a))[1 < i < 1}

= {SﬂSQ s -si_l(ai)|1 S ) S l}

={BrU{sps2- - sim(w)]2 <i <1}

={BUss({s2---simi()|2 < i< 1}).
Similarly, we have

V(OT)NOT = {5y -8 1()|2 <i < 1}

Therefore, we have

V(@) Net ={B}Usz (v (@) NdT).
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Proposition 2.2.12. [S| 1.12] Let W be finite. Then the following are equivalent for
Wy € W

(1) wo has mazimal length,

(2) wo maps ®* to

(8) wo maps simple roots to negative simple roots.
Such an element exists, and it is unique.

Proof: = The equivalence between (1) and (2), existence of wp, and uniqueness is
proven in [S]. It remains to prove that (2) and (3) are equivalent. Assume that wy
sends positive roots to negative roots. Let a be a non-simple positive root. Then
=), e Cio; where ¢; > 0. We have ht(a) > 1, hence

ht (wo(r)) = ht (Z ciwo(oy)) = Z ¢; ht (wo(ev))
< - Zci since ht (wp(ay)) < —1
= —ht(a) < -1

Therefore, wy(«) is a negative non-simple root. Thus, wy sends simple roots to neg-
ative simple roots. The converse is clear. |

Lemma 2.2.13. Let (W, S) be a Coxeter system with |S| = 2, say S = {s;,s;}, and
let m;; < co. The longest element wy satisfies wo(oy,) = —oyy for p € {i,j} where

p =70 if m; even,

i/ = j,j/ =1 Zf mg; odd.

Proof: Consider V' = Ra; @ Raj. As seen in [Hu2, p. 109], the form B is
nondegenerate positive semidefinite, hence positive definite on V' when m;; < oo
since for any A = ao; + ba;(a,b € R),

B(A\A) = a® — 2abcos(m/my;) + b* = (a — beos(m/my;))* + b sin®(m/my;) > 0.

Then we can look at s;s; as an operator on V' of order m;;. We may view V' as an
Euclidian plane and s;, s; as orthogonal reflections.
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For m;; even, wy = (s;5;) 2 = (s;8;) 2 and we know that s;s; is a rotation by

2T hence wy is a rotation by 7, i.e. wy = —id.
ij

For m;; odd, m;; is a reflection sending simple roots to negative simple roots by
Proposition [2.2.12] Since I(wg) = m;; > 1 and s; is the only reflection sending «; to
—ay, wo must send «; to a;. Similarly, wy(a;) = —a. |

Let T" denote the set of all reflections s,, o € .

Theorem 2.2.14. [Hu2l p. 117] (Strong Ezchange Condition) Let w = sy - - $,(s; €
S), not necessarily a reduced expression. Suppose a reflection t € T satisfies [(wt) <
l(w). Then there is an index i for which wt = $y---8;---s, (omitting s;). If the
expression for w is reduced, then i is unique.

Definition 2.2.15. [Hu2, p. 118] Let w,w’ € W. Write v’ — w if w = w't for
some reflection ¢ € W with I(w) > [(w'). Then define w' < w if there is a sequence
w' = wy — wy — -+ — Wy = w where m > 0. We write w’ < w if w’ < w or w' = w.
The resulting relation w’ < w is a partial ordering of W with 1 as the unique minimal
element. We call it the Bruhat ordering.

Lemma 2.2.16. [BjBr, Corollary 2.2.5] Let v,w € W. Then w < v if and only if
w <ol

Proof: We include the proof of this lemma to recall a fact about root systems
for later (see proof of Proposition . Assume w < v so there exist a sequence
w = wy — Wy — -+ — Wy, = v where w;11 = w;t;1, for some reflection ¢, € W.
Then, v = wty -+ ty, 80 v =t,, -+ -tjw™ . Let t; = s, for some root 5; € ® and let
v = w(B;). For any 6 € ®, we have

wsgw ™ (6) = w(sg (w(0)))
= w(w 1(6) — QB(w ﬁz)ﬁz)
= (w 1(6) — 23(5,w ) )
=6 —2B(6, w(B))w(s;)
= Su(8)(0) = 55,(9).
Therefore we get sg,w™! = w™'s,, for all i and
vl = S T 35110_1 = w_lsﬂy1 C S

Thus, v~ > w™!. Similarly, we get the implication in the other direction by replacing
v and w by v™! and w1, |

We get the following corollary by replacing w by w™1.
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Corollary 2.2.17. Let v,w € W. Then w™! <wv if and only if w < vt

Lemma 2.2.18. (cf. [Deoll Thm 1.1, III, (ii)]) Let B = oy and let v = Sq, -+ - Sa, =
S1---8 = SgSg- -5 be a reduced expression. Let v' = sgv. Then w < v' implies
w < v and spgw < v.

Proof:  We have w < v and v/ < v so w < v by transitivity of the Bruhat ordering.
To prove that spw < v we have to look at two different cases as in the proof of [Hu2,
Prop. 5.9]. Either [(spw) = l(w) — 1 or l(spw) = l(w) + 1.

If (spw) = l(w) — 1, then spw < w < v' < w.

If I(spw) = I(w) + 1, we claim that sgw < sgv’ = v. Without loss of generality,
we can assume that v = tw for some reflection ¢ € W. Let t' = sgtsg. Then we
have t'(sgw) = spv’ so it is enough to show by the definition of Bruhat ordering
that I(sgw) < l(sgv') to prove szw < szv’. We will argue by contradiction. Suppose
[(sgv") < I(spw). For any reduced expression w = s;, ---$;,,, SgW = SS;, - - Si,, 18
also reduced since [(sgw) = [(w) + 1 > l(w) by assumption. Then by the strong ex-
change condition , sgv’ = t'(sgw) is obtained from sgw by removing one factor
in the reduced expression sgw = sgs;, - - - s;,,. This factor cannot be sg since sg # t.
Therefore, sgv’ = sps;, - - - it Sim, for some i;, or v’ = s;, - - - Si;**+ Si,, contradicting

[(v) > w. i

2.3 Kac-Moody root systems

In this section, we will follow [Kac], [Ku], [MP], and [R]. We assume the reader is
familiar with the basic concepts of Lie algebras. For an introduction to Lie algebras,
we refer to [Hul.

Definition 2.3.1. Let [ € N. A realization of a | x [ matrix A is a triple (b, I, ITV)
where b is a vector space over a base field k (char(k) = 0) of dimension 2] — rk(A),
II=A{ay,....,q} CbH*and IIV = {af,...,a¢} C b are linearly independent sets
satisfying

aj(ey) = ai;.
Two realizations (b, II,I1V) and (hy,11;,IIy) are called isomorphic if there exists a
vector space isomorphism ¢ : h — by such that ¢(I1V) = &} and ¢*(I1;) = II.

Proposition 2.3.2. [Kad, Prop. 1.1] There exists a unique up to isomorphism real-
ization for every n X n matriz A.
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Definition 2.3.3. Let | € N. A generalized Cartan matrix of size [ is an [ x [ square
matrix A = (ai]‘)lgiﬂ'gl with Q;j € 7, satistying

(a) Qi; = 2,
(b) aij§0f0ri7éj,
(¢) a;; =0 implies a;; = 0.

A matrix A is called decomposable if after reordering of the indices it decomposes
into a nontrivial direct sum, i.e., a block matrix with nontrivial submatrices on the
diagonal and zeros everywhere else. Otherwise, it is called indecomposable.

Remark 2.3.4. For A € h* and h € b, we will often denote A(h) by (A, h).

For any element x of a Lie algebra L, we denote ad x the endomorphism of L
sending y to [x,y] for all y € L.

Definition 2.3.5. Let A be a generalized Cartan matrix. The Kac-Moody algebra
g = g(A), in the sense of [Kul, [MP], and [R], is the Lie algebra over k, generated by
h € b and symbols e; and f; (1 <i <), with the defining relations for all 1 <4, j </
and h € b:

b, 5] =
[h, ei] = ai(h)eis [h, fi] = —au(h) fi,

)

2)

3) leis /] = dyay,
)
)

(1
(
(
(4) (ade;) i (e;) = 0,

(5) (ad fi)' = (f;) = 0 for i # j.

The relations (4) — (5) are called the Serre relations.

Remark 2.3.6. This definition of a Kac-Moody algebra is equivalent to the definition
of [Kac] if the generalized Cartan matrix is symmetrizable (see [Ku, Corollary 3.2.10]).

Let A, = @221 Za; € h* be the root lattice (the root lattice is denoted by @ in
[Ku], here we follow the notation of [Tits]). Set A} = @._, Z,a; C A,, where Z, is
the set of nonnegative integers.

Theorem 2.3.7. [Kad, Theorem 1.2] [Ku, Theorem 1.2.1] Let g be a Kac-Moody
algebra. We have a root space decomposition

9=hS ) 0.® Y 0a
aeAf aeAf

where g, = {x € g | [h,x] = a(h)x,Vh € h}.
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Definition 2.3.8. The set ® = {o € A, \ {0} | go # 0} is called the Kac-Moody root
system corresponding to g with simple roots o; and simple coroots o .

By Theorem we have that ® = ®TU®~ where ®* = ® N +A}. We call &

(resp. ®7) the set of positive (resp. negative) roots.

Remark 2.3.9. The definition of root system of [Hu2|, introduced in §2.2] differs
from the more commonly used definition in Lie theory. We will say that a root
system, as in Definition [2.2.6] is crystallographic if it also satisfies

a(BY) € Z for all a, B € .

In particular, a Kac-Moody root system is a crystallographic root system.

Definition 2.3.10. For any 1 < i <[, let s; € Aut(h*) be defined as s;(¢) = ¢
(o) )ay for ¢ € b*. Let W C Aut(h*) be the subgroup generated by {s; | 1 < i <[},
called the Weyl group of g.

Proposition 2.3.11. [Kac, Prop. 3.13] [Ku, Prop. 1.3.21] The pair (W, {s; }1<i<i) is
a Coxeter group where the order m;; of s;s; (1 <i# 5 <1)is given as follows:

Q5 Q5 0111238 24

Any Coxeter group with m; ; € {2, 3,4, 6,00} is called crystallographic. Thus the
Weyl group of a Kac-Moody algebra is a crystallographic Coxeter group. Conversely,
one can show that any crystallographic Coxeter group is the Weyl group of a (in
general not unique) Kac-Moody algebra.

By a fundamental result of E.B. Vinberg [Vin], Kac-Moody root systems can be
classified as follows. Namely, let A be an indecomposable generalized Cartan matrix.
For a real column vector u! = (uy, ug, ...) we write u > 0 if all u; > 0, and u > 0 if all
u; > 0. Then one and only one of the following three possibilities holds for A [Kac,
p. 48]:

(Fin) det(A) # 0; there exists u > 0 such that Au > 0; Av > 0 implies v > 0.
(Aff) corank(A) = 1; there exists u > 0 such that Au = 0; Av > 0 implies Av = 0.

(Ind) there exists u > 0 such that Au < 0; Av > 0,v > 0 imply v = 0.

We will say that a Kac-Moody root system is of finite, affine or indefinite type if the
corresponding generalized Cartan matrix satisfies (Fin), (Aff) or (Ind) respectively.
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Definition 2.3.12. Let A be a generalized Cartan matrix. We associate with A a
graph S(A), called the Dynkin diagram of A as follows. If a;;a;; < 4 and |a;;| > |ail,
the vertices ¢ and j are connected by |a;;| lines, and these lines are equipped with an
arrow pointing toward i is |a;;| > 1. If a;;a;; > 4, the vertices ¢ and j are connected
by a bold-faced line equipped with an ordered pair of integers |a;;|, |a;i|.

The Kac-Moody root systems of finite type correspond to the root systems of
finite-dimensional simple Lie algebras since these are the corresponding Kac-Moody
algebras. Here is the complete list of Dynkin diagrams corresponding to Kac-Moody
root systems of finite type.

A O—O0— - —0—0
a7 (8% a1
B, O—O0— :+++ — 0 = O
a7 (8% a1
C O—O0— +++ — 0 <=0
(%1 (eD) Q-1 O
)
| %
D; O— 0 — —0—0
a7 (8% Q2 Q-1
O
| %
E O—O0O—0O0—0—0
&3] (8% as Oy (67
O
| %
E- O—O0—0—0—0—0
g (8% (%] Oy (67 Qg
)
ag
Eq O—O0—0—0—0—0—0
(0%} (6] (0% Qy (071 Qg (0%4
yan O—O0O = O0—O0
a7 (8% (%] Oy
G, 0= 0
a7 (8%

There is a complete classification of Kac-Moody root systems of affine type in
terms of affine Dynkin diagrams [Kadl, p. 54-55].

AW 0+<=0
1 1
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@ 1 1 1 1
D\ (1> 2) SEo— om0
1 2 3 2 1
E((f) O—O0—0 < 0—0

&%) (651 (%) as Oy

1 2 1

wa) O— 0 & 0

Qg 01 Q2
For a Kac-Moody root system of affine type, it is traditional to start numbering
the simple roots at 0, i.e. the root basis is II = {o; | i € I} with I = {0,...,{}. In
this case, there exists a unique element 6 € A, called null root (which will play an
important role in our arguments) defined as § = Zézo a;o; where the a;’s are the
numerical labels of each node in the Dynkin diagram. Note that ag is not arbitrary
since ag = ag ' (6 —6) where 6 is the unique highest root of the underlying root system

of finite type. By definition, for i € I we have
(0,a)) = 0.

Moreover, there exists an element d* € h* (unique up to a summand proportional to
9) such that
(d*,ap) =1, and (d*,a)) =0 (2.3.1)

J
for0<i<[,1 <5< 1

Definition 2.3.13. A root o € ® is called real if there exists w € W such that
a = w(a;) for some simple root «;. We denote the set of real roots by ®".

For any a € "¢, we have a = w(q;) for some w € W, a; € II and we define
a” = w(ay). One can show that this is well-defined (see [Kac, p. 59]). Then for any
f € ® and a € O™ there exists s, € GL(h*) such that s,(8) = 5 — (8,a")a and
So € W since s, = wsq,w .

A root o which is not a real root is called an imaginary root. We denote the set
of imaginary roots ® and by definition we have,

P = PUP™.
Theorem 2.3.14. [Kad, p. 64] Let A be an indecomposable generalized Cartan matriz.
(a) If A is of finite type, then the set @™ is empty.
(b) If A is of affine type, then
"™ = {né|n € Z\ {0}},

where 6 1s the null root.
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(c) If A is of indefinite type, then there exists a positive imaginary root o =y . ki
such that k; > 0 and (a,af) <0 for alli=1,...,n.

Definition 2.3.15. We call {w; |i € I} C b* a set of fundamental weights if
(wi, Oé;/> = (5”

Since in general the o/ do not span b, a set of fundamental weights is not uniquely
determined by the data defining ®. For example, let ® be of affine type, let § be the
null root (as seen in Theorem [2.3.14)), and let {w; | i € I} be a set of fundamental
weights, then so is {w; +n;0 | i € I} for any n; in our base field k (char(k) = 0) since

<w,~ + nic‘i, O{Jv> = <wi, a]v> + ’I’LZ<(57 Oéjv> = 5ij +n,; - 0= 51]

2.4 Topological rings

In this section, we review some facts about topological rings. We will follow [Bo:CA]
and [Bo:GT].

We consider groups whose unit element will be denoted e. By an increasing
sequence of groups we mean a sequence of groups such that G,, C G, for all n € Z.

Definition 2.4.1. [Bo:CAl Chap. 3, §2, no. 1, Def. 1] An increasing (resp. decreasing)
sequence (G, )nez of subgroups of a group G is called an increasing (resp. decreasing)
filtration on G. A group with a filtration is called a filtered group.

If (Gn)nez is an increasing (resp. decreasing) filtration on a group G and we
write G, = G_,,, then clearly (G),)nez is a decreasing (resp. increasing) filtration on
G. Therefore, by convention, a filtration will always be a decreasing filtration.

Given a decreasing filtration (G,)nez on a group G, clearly (), ., Gn and J, 5, Gn
are subgroups of G. The filtration is called separated if (), ., G, = {e}, where e is

the identity element of G, and ezhaustive if | J,,., G = G.

Definition 2.4.2. [Bo:CAl Chap. 3, §2, no. 1, Def. 2] Given a ring A, a filtration
(Apn)nez of the additive group A is called compatible with the ring structure on A if

AnA, C Apyn, forallm,neZ.

The ring A with a compatible filtration is called a filtered ring.

Example 2.4.3. [Bo:CAl Chap. 3, §2, no. 1, Example (3)] Let A be a ring and m a
two-sided ideal of A. Let us write A, = m" for n > 0 and A,, = A for n < 0. The
filtration (A,,)nez is an exhaustive filtration on A called the m-adic filtration.
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Definition 2.4.4. Let G and G’ be two commutative groups and let (G),)nez and
(G!))nez be filtrations on G and G’ respectively. A homomorphism h : G — G’ is
called compatible with the filtration on G and G’ if h(G,,) C G, for all n € Z.

We now need to review some facts of topology before introducing the topology
defined by a filtration. We assume that the reader is familiar with some basic concepts
of topology.

Definition 2.4.5. [Bo:GT) Chap. 1, §1, no. 3, Def. 5] In a topological space X, a
fundamental system of neighbourhoods of a point x is any set & of neighbourhoods
of x such that for each neighbourhood V' of x there is a neighbourhood W € & such
that W C V.

Definition 2.4.6. [Bo:GT, Chap. 3, §6, no. 3, Def. 2] A topological ring is a set A
which carries a ring structure and a topology satisfying the following axioms:

(ATy) The addition map (z,y) — = +y of A x A into A is continuous.
(ATy;) The inverse mapping = — —x of A into A is continuous.
(ATy;) The multiplication map (z,y) — zy of A X A into A is continuous.

We can now come back to filtered groups to introduce the topology defined by a
filtration.

Let G be a group filtered by a family (G},)nez of normal subgroups of G. There
exists a unique topology on G which is compatible with the group structure and for
which the GG,,’s constitute a fundamental system of neighbourhoods of the identity ele-
ment e of G. It is called the topology on G defined by the filtration. When we mention
the topology on a filtered group, we mean the topology defined by its filtration.

Proposition 2.4.7. [Bo:CAl Chap. 3, §2, no. 5] For the topology on G to be Hauss-
dorff it is necessary and sufficient that the filtration (G, )nez be separated.

Let G’ be another filtered group and v : G — G’ a homomorphism compatible
with the filtrations, then u is continuous by definition of the topologies on G and G’.

Example 2.4.8. Let A be a ring and m a two-sided ideal of A. The topology defined
on A by the m-adic filtration (see Example is called the m-adic topology. Since
the m-adic filtration is exhaustive, A is a topological ring by [Bo:CAl Chap. 3, §2,
no. 6, Corollary to Prop. 3].

The last concept we introduce in this section is the completion of a group. We
refer to [AM].
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Definition 2.4.9. [AM] p. 103] Consider a sequence of subgroups of G
G=G2G;12---2G, 2

and homomorphisms
Oni1: Guir — G,

We call this an inverse system, and the group of all sequences (g,), such that g, € G,
and 0,119,411 = gn, is called the inverse limit of the system. We denote the inverse
limit @Gn, the homomorphisms #,, being understood.

The completion G of G is defined as
G =1limG/G,.

Remark 2.4.10. A filtration (G,)nen on G induces a filtration (G’ N G, )neny On a
given subgroup G’ and a filtration ((G' + G)/G’)nGN on the quotient group G/G".

By [AM], Corollary 10.3], we have that the completion preserves exact sequences.
Since

0—-G,—G—G/G,—0

is an exact sequence, we have the following exact sequence of completions
O—>é\n—>§—>G/Gn—>0.

Moreover, for m > n, the m-th term of the induced filtration of Remark on
G/G, is
(Gn+Gn)/Gn =G, /G, =0.

Therefore, we have
G/G, =G/G,.

Hence, we have the following result.

Lemma 2.4.11. [AM) Corollary 10.4] Let (Gy)nen be a filtration of a group G. The
completion G,, of Gy, is a subgroup of the completion G of G and

G/G, ~G/G,.

Definition 2.4.12. [AM] p. 105] A group G is complete if the map ¢ : G — G is an
isomorphism.

Remark 2.4.13. Note that by definition, a complete group is also Hausdorff since
the kernel of the map ¢ : G — G is [),,c Gn-
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By taking the inverse limit on each side of the isomorphism of Lemma [2.4.11] we
get the following result.
Proposition 2.4.14. [AM, Prop. 10.5] The map G — G is an isomorphism. In
particular, the completion G of G is complete.

Example 2.4.15. [AM] p. 105] Let A be aring and m a two-sided ideal of A. Consider
the m-adic topology on A as in Example . The completion A of A is again a
topological ring. The map ¢ : A — A is a continuous ring homomorphism, whose
kernel is [, oy m™.



Chapter 3

Formal group algebras

In this chapter, we will mostly follow the work of [CPZ], [CZZ1] and [HMSZ]. Through-
out, R is a commutative unital ring and let F'(u, v) be a one-dimensional commutative
formal group law. Let A be an abelian group. Let R[z] be the ring of polynomials
in the indeterminates x) for A € A.

Let R =mg D my D my--- be a sequence of ideals, i.e., a decreasing filtration.
Recall from Definition m that the completion R of R with respect to the ideals m;
is the inverse limit of the rings R/m;, which is by definition a subring of the direct
product:

R = lim R/m,
= {g = (gl,gg, ) & HR/m, | g; = g,(mod m,),Vj > Z}

i€EN

As in Example [2.4.3] a decreasing filtration of the form m; = m’ for some ideal m of
R is called a m-adic filtration of R. The completion of R with respect to m is defined
to be the completion with respect to the m-adic filtration. It is denoted R,.

The ring R has a filtration by ideals m; and by Lemma [2.4.11] we have ﬁ/tﬁl =

Example 3.1.1. [Eis, p. 183] If R = S[z1,...,x,] is the polynomial ring over the
ring S in n variables z;, and m = (xy,...,2,), then the completion with respect
to m is the formal power series ring ﬁm = S[x1,...,x,]. Indeed, from the maps
S[x1,...,x,] = R/m’ sending a formal power series f to f + m’ we get a map

Slz1, ...y xn] — Em,
[ (f+m f4+m? ).

24
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The inverse map is given by sending (f; + m, fo + m?, ...) € ﬁm, where the f; are
polynomials and f; = f; + monomials of total degree > min(i, j) to the power series
fi+ (fo—fi)+(fs — f2) +---. This is a well-defined power series because the degree
of fii1 — fi is at least i + 1 and it is independent of the choice of f; in f; + m’.

Remark 3.1.2. Note that for a monomial X = ra{'z5*---x%" € R[zy, ..., x,], where
ai,...,a, € N, the total degree of X is a1 + as + -+ + ay,.

Definition 3.1.3. [CPZ, Def. 2.4] Let A be an abelian group and let F(u,v) be
a one-dimensional formal group law. Let R[xa] be the ring of polynomials with
indeterminates z) for A € A. Let e¢: R[zpy] — R, x) — 0 be the augmentation map.
Let Rzl := ﬁker(e) be the completion of R[x,] with respect to the ideal ker(e). Asin
Example [2.4.15, the ker(e)-adic topology extends to R[z,]. Let Jr be the closure in
the ker(e)-adic topology of the ideal of R[x,] generated by zg and xy, 1 x, — (T, +r2x,)
for all A1, Ay € A. The quotient algebra

R[A]r = Rlza]/TF
is called the formal group algebra.

Remark 3.1.4. Note here that we take the completion of R[x,] since in general the
formal group law is a formal power series.

Examples 3.1.5. (a) Let A = Z. Let F,(u,v) = u+ v. Then, the ideal Jr is
generated by xy and the elements z;,; — (z; + x;) for i, j € Z and we have

R[[Z]]Fa = R[[...,lL'_l,l'o,ZL‘l, ]]/jF

Hence, in R[Z]F,, we have zy = 0 and x;4; = x; + z; for all i,j € Z. Therefore,
z, = nxy for all n € Z and
R[Z]F, = R[x1].

(b) [CPZ, Example 2.18] In general, for any A and F' = F,, we have

RIAL: = S() =[] s'0)

Ty = AE Sl<A)

(c) Let FF = F,, and A = Z. Let R[Z] = {3 ;r;¢’ | r; € R,j € Z}. Let tr: R[Z] —
R,e’ — 1 be the trace map and let R[Z]" be the completion of R[Z] with respect
to ker(tr). Since F,,(u,v) = u + v — puw, the ideal Jp is generated by zy and the
elements z;; — (x; + x; — px;x;) for 4, j € Z and we have

R[[Z]]Fm = R[[...,ZL‘_l,iL'Q,ZL‘l, ]]/jp
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Then, we have pyz,x; = x; + x; — x;1; in R[Z]f, and the map
¢ : R[Z]r, — R[Z]",x; — p (1 —¢€)

is a homomorphism. It is in fact an isomorphism with inverse defined by
¢~ ' R[Z]" = R[Z]F,,¢’ — 1 — uz;.

(d) [CPZ, Example 2.19] In general, for any A and F' = F},,, we have

R[Alp ~ R[N ={> rjeM |r;e R\ €A},
J

Ty = p N1 —eM).

Note that a polynomial P is in ker(e)’ if and only if its valuation is at least
1, i.e., the total degree of every monomial of P is at least 7. Therefore, we have
N, ker(e)* = {0} and the ker(e)-adic topology is Hausdorff by Proposition . As
in Example R[z4] is a complete Hausdorff ring with respect to the ker(e)-
adic topology. Since Jr is clearly contained in ker(e), we have an augmentation map
¢ : R[A]r — R. Let Zp = ker(€¢’). Then, R[A]Fr is a complete Hausdorff ring with
respect to the Zp-adic topology.

Let f : R — R’ be a morphism of rings sending 1 to 1z and respecting
the formal group laws, ie., for F(u,v) = u+ v+ 3, o ayu'v? € Rlu,v] and
F'(u,v) = u+v+ 37 o byun) € R'[u,v], we have f(a;;) = bij. Then, for ev-
ery abelian group A, f induces a ring homomorphism f, : R[A]r — R'[A]# sending
z) € R[A]F to x) € R'[A]p for every A € A. This morphism is continuous since it
sends Zr to Zp/, where Zp is the kernel of the augmentation map R'[A]m — R. If
f": R' — R" is another such homomorphism respecting the formal group laws F’ and

F" then (f'f)s = fi(f)s

Let f: A — A’ be a morphism of abelian groups. It induces a continuous ring
homomorphism f : R[A]p — R[A']r sending xx — x (). Moreover, if f is surjective,
f is also surjective. If f': A’ — A” is another such homomorphism, then f'f = f'f.

Let f : FF — F’ be a morphism of formal group laws. Then, f induces a
continuous ring homomorphism f* : R[A]m — R[A]F sending x, to f(z,). This is a
well-defined ring homomorphism since we have

[ @) = f(@ren)
= J(ex +r )
= f(z) +p f(x,) since f is a morphism of formal group laws
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The statements above prove the following lemma.

Lemma 3.1.6. [CPZ, Lemma 2.6] Via the above constructions (—)., (=) and (—)*,
the assignment taking (R, A, F') to the topological ring R[A]r is covariant with respect
to the ring morphisms R — R’ and morphisms of abelian groups A — A, and is
contravariant with respect to the morphisms of formal group laws F — F”.

Since R[A]F is an R-algebra, we may view a formal group law F'(u,v) € R[u,v]
as an element of R[A]r[u,v]. Let a,b € Zp. We can specialize F(a,b) € R[A]r[a,b]
and we get a pairing

H: IF X IF — IF

defined by a b = F(a,b) = a+pb. Using the inverse of F'(a,b), we can define a map
B:Zr — Ir
as Ha = —pa. Then for n € Z,; we can define another map
X:ZxIp —1Ip

asnMa=aB---HBa (n factors) and —nXa = (Ha) B --- B8 (Ba) (n factors). By
the continuity of the quotient map R[z,]] — R[A]r and the properties of the formal
group law F' we have that for any A\, u € A,

Tar, = vy Ha,
and
T_)\ = T_) H (ZL’,\ (& (EL’L’_)\)) = (LL'_)\ H ZL’,\) H (EL’L’_)\) =0H (ELL'A) = EL’L’)\.

Given a ring homomorphism f : R — R/, a formal group law F' on R induces a
formal group law on R’ by replacing the coefficients of the formal group law a;; € R
by f(a;;) € R. If A and A’ are abelian groups, by taking the morphism R — R[A]r,
we can view F as a formal group law on R[A]r and we can define R[A]p[A’]r by the
usual construction of the formal group algebra. In particular, R[A]r[A]F is a R[A] -
algebra. Moreover, we also have that R[A & A']r is a R[A]p-algebra since for the
natural map f: A — A @ A’ we get a ring homomorphism f : R[A]r — R[A & A']p.

Theorem 3.1.7. [CPZ, Thm 2.10] Let A and A’ be abelian groups. Then we have an
isomorphism of R[A]p-algebras
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Proof: We will follow the proof in [CPZ]. We include the proof to emphasize
that the isomorphism is not trivial (see Remark [3.1.11]). First, we need to define
maps ¢ : R[A & N r — R[A]r[A]F and ¢ : R[A]p[A]r — R[A & A']p. The map
R[zpgn] = R]za][ya] sending z(y ,) — xx +p y, extends, by the universal property
of completion, to a continuous map

[ Rlzaen] — Rlza]lya]-
Let

9 : Rlzallya] = RIAJr[yn]
be the map sending =) +5 x, to z) Bz, induced by the map R[z,] — R[A]F.

Finally, let
h: R[A]p[ya] = RIA]#[A]F

be the quotient map. Taking the composition ho g o f, we get a map
RHZEA@A/]] — R[[A]]FHA/]]F
For any A\, x € A and any v,0 € A, we have

hogo f(xou +rF Trs) =hog((xx+ryy) +r (Tu +F ys))

by definition and continuity of f
= hog((zx+rxu) +r (yy +r ys))

by associativity and commutativity of F
= h((xxBz,) +r (yy +r ys)) by definition of ¢
= (xyBz,) +r (v, Bys) by definition of h
= Tty +F Yy+s Dy definition of H
= W(@x+y +F Yy+s) by definition of h
= ho g(xary +F Yy+s) by definition of g
=hogo f(T(tpr+s))

by definition and continuity of f.

This shows that h o g o f factors through R[A & A']r as
hogof: Rlzaea] = RIA® N S RIA][N]r.
To define ¢, we extend the morphism R[A]r — R[A ® A']r to a morphism

R[A]rlya] — R[A ® N]r
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by sending y, to z(g,). It induces a morphism
R[AJr[ya] — R[A ® N']F

on completions which factors through the continuous morphism 1 : R[A]p[A]r —
R[A® N]p.

It remains to show that ¢ and v are inverses of each other. We have

Yod(xny)) =Y(xx+ryy) = UV(x\) +r1(y,) by definition and continuity of ¢
= 00 TF Y(0)

- x(Av’Y) :

We can check the other composition only on ¥, since we ¢ and 1 are morphism
of R[A] r-algebras and we have

¢o(yy) = ¢($(077)) =20 +tr Yy, =0+r Yy, =y,

Lemma 3.1.8. [CPZ, Lemma 2.11] Let A = Z. Then sending x,, to m -r x defines
a ring isomorphism

R[Z]Fr ~ R[z].
In particular, if A is a free abelian group of rank one, then R[A]F is isomorphic to
R[z].

Proof: The morphism ¢ : R[zz] — R[z] sending z, to n -r z extends to a
continuous morphism ¢ : R[zz] — R[z]. By continuity and uniqueness of completion,
we have ¢<33m +F xn) = (b(l;m) +F (b(xm) and ¢(_Fxm) = _F(b(xm> Therefore,

~

O(Tmin) = ¢(zm +5 x,) and ¢ factors through a morphism
¢ : R[Z]r — R[x].

By the universal property of completion there exist a unique map
Y : R[z] — R[Z]r

sending « to z;. By continuity, we only need to check that ¢ 0 = id and ¥ o ¢ = id
on generators. By definition, we have

God(e) = dler) =1 pr =2z
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and

Example 3.1.9. Let A = Z/nZ. Then by sending x,, to m-px we get an isomorphism
of ring
R[Z/nZ]r ~ R[z]/(n F ).

Since n-x = nx+z*p where p € R[[z], if n is invertible in R, we have that (n-rz) = ()
and
R[Z/nZ]r ~ R.

Corollary 3.1.10. [CPZ, Cor. 2.12] Let A be a free finitely generated abelian group
of rank n. Then we have
R[[A]]F ~ R[[l'l, ,l'n]]

Proof:  This follows by Theorem and Lemma and induction on n.

Remark 3.1.11. The right hand side of the isomorphism does not depend on the
formal group law F', but as seen in the proof Theorem and Lemma |3.1.8| the
isomorphism does depend on F'.

Example 3.1.12. Let A be a finitely generated abelian group. Then,
A~ Afree b Ator

where Agee is the free subgroup of A and A, is its torsion subgroup. Suppose A is
of rank n. Then by Corollary |3.1.10

R[Agee]F =~ R[z1, ..., z,].

Also, we have Ay, ~ Z/kiZ @ -+ @& L)k, Z where ky, ..., k,, are powers of primes.
Then if R is a Q-algebra, by Example |3.1.9| we have

R[[Ator]]F = R[[Z/klz]]F e [[Z/ka]]F ~ R
Therefore, by Theorem [3.1.

R[A]F =~ R[z1, ..., z,].



Chapter 4

Formal Demazure lattices

4.1 Definition

Let IT = {a; | i € I} be the set of simple roots of a root system ®. In the case of a
finite root system with root lattice A, and weight lattice

Ao={Aebh | (ALA)CZ}={Aeb" | (A o))y €Zforallie I},

the intermediate lattices A, A, C A C A, are the initial data in the construction of
the equivariant oriented cohomology ring of flag varieties of [HMSZ] and [CZZ1]. As
the main purpose of the thesis is to extend these results to the Kac-Moody case, a
natural question arises of what should be taken as an analogue of the intermediate
lattice A or, equivalently, to which lattices A D A, in the Kac-Moody case can one
extend the calculus of formal Demazure and BGG operators of [HMSZ] and |[CZZ1].

Let @ be a Kac-Moody root system and let IT = {a; | i € I} be a set of simple
roots. We use the notation introduced in §2.3] The following notion provides a
candidate for the intermediate lattice.

Definition 4.1.1. [L Def. 3.1] We call a finitely generated free subgroup A of (h*, +)
a formal Demazure lattice if it has the following properties:

(FDL1) every simple root can be extended to a basis of A, in particular A, C A,
(FDL2) (A,a}) C Z,Va, € I1, i.e., A C A,

Remarks 4.1.2. (a) A formal Demazure lattice A is not necessarily a lattice of h*
in the usual sense since a basis of A need not generate h*. This small abuse of
language is traditional.

(b) A vector (ky,...,k,) € Z" is called a unimodular vector (or unimodular row) if
there exist integers (ay, ..., a,) such that >  k;a; = 1. By [Bo:Al VII, §4.2,

31
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(e)

Lemme 1], cf. [CZZ1, Lemma 12.7], the condition (FDL1) is equivalent to any
one of the conditions (FDL1')-(FDL1"):

(FDL1’) The coordinates of every simple root with respect to some Z-basis of
A form a unimodular vector.

(FDL1") The coordinates of every simple root with respect to every Z-basis
of A form a unimodular vector.

(FDL1") For every «; € II, there exists a linear form f € A* = Homg(A,Z)
such that f(«a;) = 1.

In Chapter |5 we use [(FDL1)| to define the Demazure operators. Therefore, the
standard weight lattice A, may be too large for our purposes since in general,

for some Kac-Moody root systems, not all simple roots can be extended to a
basis of A,,.

Condition does not imply that every linear form f on A is integer-
valued. In particular, we need the condition in the definition of the
formal Demazure lattice so that (—, «;) is an integer-valued linear form on A
and, as we will see later in Chapter [5| have W act on R[A]p.

Obviously, the root lattice A, = @, Zay is a so-called trivial formal Demazure
lattice. We are interested in bigger formal Demazure lattices. Examples will be
given in 4.2.2{ and 4.4.2,

Definition 4.1.3. Let A and A’ be formal Demazure lattices. By definition, a mor-
phism of formal Demazure lattices is a Z-module homomorphism ¢: A — A’ satisfying

6(A,) C A,

Together with this notion of a morphism, formal Demazure lattices form a cat-
egory.

In particular, we have the notion of an isomorphism of formal Demazure

lattices.

Lemma 4.1.4. (c.f. [l Lemma 3.3]) A formal Demazure lattice A has the following
properties:

(i)
(i)
(i)

)

(iv

w(A) = A for all w € W and the action of W on AJA, is trivial,
(A, ) CZ for any real root o € P"°,
every real Toot can be extended to a basis of A,

the automorphism group of ® acts on the set of formal Demazure lattices.
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Proof: (i) Let A € A. Let s, € W be a simple reflection. Then s,(\) =
A — (A, a")a = X — ca for some ¢ € Z by [[FDL2)| Since by [[FDL1)] we have A, C A,
the root aw € A so ca € A and s,(A\) € A. Since W is generated by simple reflections
and s? = id, we have w(A) = A for any w € W. This also shows that the action on
A/A, is trivial.

(ii) Let A € A and let a € ®™°. Then there exist a; € I and w € W such that

w(ay) = a. Therefore, by [FDLZ]} (A, a*) = (A, w(a})) = (w~(X), a}) € Z by (0.

(iii) Let o € ®". As before, @ = w(a;) for some w € W and some simple root
a; € II. By |(FDL1)| the simple root a; can be completed to a basis B of A. Then
w(B) is a basis of A containing o and w(B) C A by (i).

(iv) The group of k-linear automorphisms of ®, Aut(®), stabilizes "¢ and ®™.
For any ¢ € Aut(®) and any formal Demazure lattice A, we need to check that
o(A) is also a formal Demazure lattice. For any simple root «;, the root o~ '(ay)
is a real root, hence it can be extended to a basis of A, say {o~ (), B1, ..., Bm},
by (iii). Therefore, the set {a;,0(51),...,0(0m)} is a basis of o(A). Also, we have
(o(A),a}) = (Ao~ () € Z by (ii). .

4.2 Formal Demazure lattices of rank 2 root sys-
tems

We want to describe formal Demazure lattices which are lattices (in the usual sense)
in @,.; Qa;. We will start by working with root systems of rank 2. In the next
sections we will extend the results to any root system of rank 3 and then for arbitrary
rank. Here we will use ap and «; as our simple roots since our example will be an
affine root system. Any lattice A of Qoo @ Qo has the form ZAg® ZA; for Q-linearly
independent \;. Hence there exists an invertible matrix

B (‘CL Z) € GLy(Q)

such that \g = aag + ca; and A\ = bag + day.

Lemma 4.2.1. For such a lattice A the condition a; € A, which is part of |(FDL1)|
holds if and only if B™' € Maty(Z), i.e.

!/ /

B = %B’, where B’ = (CCL, d’) € Mato(Z) and A" = det(B’). (4.2.1)
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Since the coordinates of o and oy with respect to the basis {\o, \1} of A are
(d — ) and (=b a') respectively, it follows that

(FDL1)] = (@' V') and (¢ d') are unimodular. (4.2.2)
Proof: The condition «; € A means that there exists integers m, n, p, ¢ such that

ag = mAg +nX; = (ma + nb)ag + (me +nd)ay  and
a1 = pAo + g\ = (pa + gb)ag + (pc + qd)a.

Equivalently

nj) 0/ A\-c a 0/ A\-c)’
p — B! 0 _i d —b 0 _i —b
q) 1] A\-c a 1] Al\la /)
Thus letting

1o oy

a Aa—q b—Ab— P
p_ 1 , 1
C—KC——TL d—Zd—m

we get B = AB’ for B’ as claimed and A = det(B) = A?det(B’) hence AA’ = 1.
That conversely any B satisfying the given condition leads to a lattice with a; € A
follows by retracing our steps above. The equivalence follows from the equiv-
alent condition |(FDL1")| for |(FDL1)| i

The condition [(FDL2)| depends on the generalized Cartan matrix corresponding
to the root system so we may now look at some specific root systems to find examples
of formal Demazure lattices.

Example 4.2.2. Let ® be the affine root system Agl), associated with the generalized

Cartan matrix A = (_22 _22) of affine type. We have, using the notation above,

(Mo, ) = alao, ) + c{ar, ag) = 2(a —¢) = H(d — ) = = (Ao, 1)
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and similarly, (A1, ) =2(b—d) = &' —d') = —(\, o). Thus
(FDL2)] <= d-de€ef5Z and d-Ve5Z (4.2.3)
For example, a matrix B’ with ¢’ = 0 satisfies the conditions (4.2.3)) and (4.2.2)
if and only if there exists m € Z such that

/ _a /
B — (¢ (1 —gm) , e==x1, and (d/, 1 — %m) is unimodular.
0 € 2

In particular, we need a’ or m to be even in order for 1 — %m to be an integer.
Then there are 3 different cases.

If  =2n,n € Z and m = 2r,r € Z, we have

B (Qn E(l—2n7‘)>

2ne \ €

and (2n, 1 —2nr) is unimodular since 2n(r)+ (1 —2nr)(1) = 1, hence we have a formal
Demazure lattice

A =Zag +Z ((5; =) a0 + gp1) = Zag + Ly (g + ar) = Zag + L6,

omn

If @’ is even and m is odd, then «’ must be divisible by 4 for (a/,1 — %/m) to be
unimodular. Then, we have @' = 4n,n € Z and m = 2r + 1,r € Z and

B_ .1 (4n e(1 — 4nr — 2n)>

4dne O €
so we have a formal Demazure lattice
A= Zag + 2 (5 —r = 1) oo+ on) = Za+ 2 (3 + 1) a0 + ).
Ifd =2n+1,n€Z and m = 2r,r € Z, then
o 1 (2n+1 6(1—2717“—7‘)).

(2n+1)e 0 €

We have that (2n+1,1 — 2nr —r) is unimodular so we get a formal Demazure lattice
of the form

1
AN=7 Y/ 0.
R
Therefore, if ¢ = 0, we either get
A =Zoy+ 715 (4.2.4)
or
An = ZCMQ +7Z ((ﬁ + %) Qg + ﬁ@l) (425)

for any n € Z as formal Demazure lattices.
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We will study these formal Demazure lattices in the following lemma and see
that we get many non-isomorphic formal Demazure lattices from this example.

Lemma 4.2.3. [L| Lemma 3.5] Let n,m € Z \ {0} and let A,, and A, be defined by
@275).

(a) Then Ap, € Ay, if and only if ™ is an odd integer. Hence we have an infinite
chain of formal Demazure lattices, e.g.

MGCAC A G-
(b) A, =2 A, if and only if n = m.
Proof:  (a) We have

(& +3)a0 + =01 € Ay & Ja, b € Z such that aog + b((55 + 5)oo + 1501))
(e + Do+
Sa+bi) =5 +3and b(5) = o
SrcZand2|(1-12)

which implies the result.

(b) Since (ﬁ + %)Ozo - ﬁal is of order 4n in A, /A,, we have A, /A, = Zy, for
any n € Z. Since isomorphisms of formal Demazure lattices preserve the root lattice,
we have A,, = A,, if and only if n = m. |

Remarks 4.2.4. (1) If A C kay®ka is a formal Demazure lattice, then so is Zd* @ A.
Indeed, since b* = kd* & kag @ kaq, this follows immediately from the definition and
@31).

(2) If we do not assume that ¢ = 0 in Example the computations to check
if a lattice is a formal Demazure lattice become more complicated, hence making the
task of finding a classification of all formal Demazure lattices difficult. As we will

see in Corollaries [7.3.1] [7.3.2] and different formal Demazure lattices give us
different algebras. Therefore, finding a classification of the formal Demazure lattices

would be an interesting problem for future research.

4.3 Formal Demazure lattices of rank 3 root sys-
tems

We can now mimic the proof of Lemma for a rank 3 root system.
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Lemma 4.3.1. Let ® be any root system of rank 3. Any lattice A of Qay® Qay B Qary
has the form Z\g ® Z 1 @B ZXs for Q-linearly independent \;’s. Hence there exists an

vertible 3 X 3 matrix
c

a b
g h 1
such that

Ao = aqg + dog + gas,
A1 = by + ey + hagy,
Ao = cag + faq + ias.

For such a lattice A, we have

(FDL1)| <— (detl(B) Ch, detl(B) Coj, det;(B)C&j) € Z? are unimodular for all 1 < j < 3,

where Cy; are the cofactors of B.

Proof: = We start by proving that a;, € A for 0 < k£ < 2 if and only if ﬁ(m@,j S/

for 1 <14,j < 3. The condition o, € A means that there exists integers m,n,p, q,r, s, t, u, v
such that

Qp = m)\() + 7’L/\1 + p/\g,
o = q)\o + 7”>\1 + S)\Q,
g = tAg + UM + vAs.

Equivalently
m 1 q 0 t 0
Bln]|=|(0]), Blr|=1(1], Blu]=10
q 0 S 0 v 1
or with A = det(B) and C; ; being the cofactors of B we have
m 1 1 Cii Cia Cis 1 1 Cia
n|=B"110]= A Co1 Con Ca 0] = A Coa |,
p 0 03,1 03,2 03,3 0 C'3,1
q 0 1 Ciqp Cip Cig 0 1 Cip
rl=B"111]= A Co1 Cyn Ca 1] = A Cop |,
S 0 Cs1 Cs5 Css 0 Cs2
t 0 1 Cii Cia2 Cis 0 1 Ci3
ul=B"110]= A Con1 Coo (a3 0] = A Ca3
C 1 C3,1 03,2 03,3 1 03,3
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Thus we have
equivalence

(FDL1)| <= (det 7CL5 det T C2as det @ Csi) € Z3 are unimodular for all 1 < j <3

mCM € Z. The converse follows by retracting our steps. The

follows from the equivalent condition [(FDL1")| for [((FDL1),

Example 4.3.2. Let ¢ = Aél) be an affine root system of rank 3. We can use
Lemma and condition |(FDL2)| to find formal Demazure lattices corresponding

to this root system. The generalized Cartan matrix of Ag) is
2 -1 -1
A=|-1 2 -1
-1 -1 2
We are looking for a lattice Z\g ® ZA1 @ \s as in Lemma [4.3.1, We may look at
lattices of the form Zagy @ Z(bay + 1) @ ZAs, i.e. we have the matrix of coefficients

1 b ¢
B=[0 1 f] eGLyQ).
00 1

Let A := det(B). Then since %Ci,j € Z for any cofactor C; j, we have —C’z 1=beZ.
Therefore, we may assume b = 0 because Zoy ® Z(bag+ 1) B ZAg = Zao YRV AT
for any b € Z. By Lemma we also need (f < f 1) to be unimodular, hence each
coordinate must be an integer Recall that for [(FDL2)| to hold, we need

(A2, ) = (cag + fou +iay, ) € Z,
for all 0 < j < 2. For some integers z,y, 2 we have the equation A(c f i)' = (z y 2)

and we can write ¢ and f in terms of ¢,y,z as long as x = _Tl(y +2) € Z, ie.
Yy + z € 47.. Then we need
(ffﬁ’%):( 1+24z+24z 1‘{'__&7%) (4.3.1)

to be unimodular.

For example, we may take ¢ = l and y + z = 4. Then we get
(= 1+24z+24z 1+__&72) (2,5,6)

which is unimodular for any z € Z. Therefore,

A =Zag + Zog + Z(Fap + 2o + tas)

are formal Demazure lattices for any z € Z.
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Remark 4.3.3. One could find more examples by taking different values of % S/
and y + z € 47 such that is unimodular. Also, this approach can also be
applied to any root system of rank 3 by using the appropriate generalized Cartan
matrix A.

4.4 More examples and facts about formal De-
mazure lattices

We can generalize Lemma to any root system of rank n.

Lemma 4.4.1. Let ® be any root system of rank n and let I = {1,...,n}. Any lattice
A of B,c; Qa; has the form @, ; ZA; for Q-linearly independent X;. Hence there
exists an invertible matriz B = (bij)ijer € GL,(Q) such that \i = 3, bjia;. For
such a lattice A, we have

(FDLI)| <= (355 Cinv: ﬁ(B)C"N" .+ 3a(py Cing) are unimodular Vj € I,
where C;; are the cofactors of B.

Proof: The proof is a straightforward generalization of the proof of Lemma 4.3.1
and will be omitted. i

Examples 4.4.2. (i) If A C 6, ka; is a formal Demazure lattice, then so is Zd* ®A.
Indeed, since h* = kd ® (@Ze / k:ai), this follows immediately from the definition and
©3.1).

(ii) We can now find non-trivial formal Demazure lattices for all affine root
systems ®. Recall the null root § = Zlizo a;c; where the a;’s are the numerical labels
of each node in the Dynkin diagrams of the affine root systems (see §2.3)). If

there exists a pair 7, j,i # j such that a; = a; = 1, (4.4.1)
then for any m € Z \ {0}
AN =Zd" 4+ Zog+ - - + Loy + L0 + Loy + - - - + Loy
is a formal Demazure lattice since
o =0-d"+ (—ag)ao + - - - + (—a))oy + m(L6)

and (0, —ay, . .., —a;,m) is a unimodular vector. This is a unimodular vector because
we have a vector (0,0, ...,0,—1,0,...,0), where —1 is in the j-th position, such that

0(0) + (=a0)(0) + - - + (=a;-1)(0) + (=a;)(=1) + (=a;11)(0) + - -- + m(0) = a; = L.
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The condition (£.4.1)) is fulfilled for ® of type A", BV, ¢V, pM, EM EW,
Aé?)_l, Dl(i)l, EéQ) and Df’). This covers all affine root systems except G(zl), F, 4(1), Eél),

Ag), and Ag) (see table in '«' These remaining cases will be treated now.

For case Ggl), A= Z%é + Zay 4 Za is a formal Demazure lattice for any m € Z
since § = ag + 204 + 3ay and (m, —2, —3) is unimodular because

m(0) + (=2)(1) + (=3)(-1) = -2+ 3 = 1.

Similarly, for case F4(1) and Eél), A= 2%5 + Zaoy + Zag + - -+ is a formal De-
mazure lattice since a; = 2,as = 3 and (m, —2, —3,...) is unimodular.

For the two remaining cases, A§2) and Ag), AN=Zoy+ -+ Z%é is a formal
Demazure lattice if m is an odd integer. Indeed, we have
o =200 — 204 — -+ — 20y_1 + m(L6)
since 6 = 2ap + 201 + -+ - 201 + oy and (=2, —2, ..., —2,m) is a unimodular vector if
m is an odd integer.

(iii) Let ® be an arbitrary Kac-Moody root system and let {wy,...,w;} be a set
of fundamental weights. Then A = Zﬁzl Zw; is a formal Demazure lattice unless
ai(ay) € 2Z for some j and for all i = 1,...,] which happens if and only if we have
a column of even integers in the generalized Cartan matrix corresponding to ®.

It is a formal Demazure lattice since o; = 22:1 a;(a))w; and (a;(ay), ..., ()
is a unimodular vector because ;(a)) = —(2k + 1) for some j # i,k € Z,. Then we
have a row of integers (b1, ...,b;), where b; = —k, b; = —1 and b, = 0 for all r # 1, j,
such that

> ai(e)) b = ai(0y) - by + ail)) - by = 2(—k) + (—(2k + 1))(-1)
: =2k+2k+1=1.

(iv) We can also have formal Demazure lattices for root systems of indefinite
type. For example, let A = (f4 ’24). Then A = Zoy + Z(%al + %ag) is a formal De-
mazure lattice since ap = —1(ay) +2(2ay + 1) and (—1,2) is a unimodular vector.

(v) If ® is a finite root system, i.e., the generalized Cartan matrix is a Cartan
matrix, any abelian group A satisfying A, C A C A, is free of finite rank and satisfies
[(FDL2)| It is shown in [CZZI, Lemma 2.1] that any such A satisfies and
hence is a formal Demazure lattice, except when A = A, and @ is of type C;, [ > 1.
This is explained by the fact that the only finite root systems with a column of even



4. FORMAL DEMAZURE LATTICES 41

integers in their Cartan matrix are those of type C;, [ > 1.

(vi) Let ® be a Kac-Moody root system whose associated generalized Cartan
matrix A is invertible. Then A, /A, is finite, namely |A,/A,| = |det(A)|. Indeed,
let f: A, — A, be the injection map. We have bases B, = {a; : i € I} of A,
and B, = {w; : i € I} of A, (the w;’s form a basis of A, since A is invertible and
dim(h) = 2n — rk(A) = 2n — n = n). The matrix of f with respect to these bases
is A since if f(o;) = a; = Zj mjiw; then my; = (a;, af) = aj. On the other side,
by [Bo:Al VII, §4.3, Th. 1], there exists a basis ey, ..., e, of A, and integers m; € Z
such that (m;e;) is a basis of A,. The matrix of f with respect to these bases is the
diagonal matrix (my,...,m,) whence has determinant [[, m; = det(A). Moreover,
Ay/N. = (Z)miZ)D - - - & (Z/m,Z) whence |A,/A.| = |my---m,| =|det(A)|. Hence
there are only finitely many formal Demazure lattices in this case.

We can compare our notion of formal Demazure lattices to similar subgroups of
h* appearing in the literature.

Remark 4.4.3. In this remark, let £ = C. Following [Kul, Section 6.1.6], we define an
integral Cartan subalgebra bz of g as a finitely generated Z-submodule of h satisfying
the following conditions:

(C1) bz is an integral form of b, i.e., the natural map hz®zC — b is an isomorphism,
(C2) all simple coroots ay € by,
(C3) b3, := Homy(bhz,Z) C h* contains all simple roots «;, and

(C4) bz/ > .c; Zay is torsion free.

However, for an integral Cartan subalgebra bz, b7 is not necessarily a formal De-
mazure lattice. For example, if & = Agl) and bz = Zd @© Zoy @ Zay, then since
a1 (d) = 0,a1(og) = —2, and ay () = 2 we have that oy € b, hence a; cannot be
extended to a basis of h}. This situation occurs only if the Cartan matrix of ® has a
column of even integers.

Example 4.4.4. Let & = Agl). We claim that the Z-submodule bz = Z(2d + o) +
Loy + Zay of b = Zd + Zoy + Zay is an integral Cartan subalgebra such that b is
a formal Demazure lattice.

Proof: Clearly bz satisfies (C1) and (C2). It also satisfies (C3) since (ayg,2d +
tay) =2-2(1/2) =1 € Z and (ay,2d + 30of) = 2(1/2) = 1 € Z. Moreover, we
have n(2d + 3a)) ¢ Zay + Zoy for any n € Z, hence (C4) holds and bz is an integral
Cartan subalgebra. It remains to show that by is a formal Demazure lattice. Let
xop + yoy + zd* € by. Then

1
(xa0+yoz1—|—zd*,2d—|—§aiv> =r+y €L,
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(xap +yoy + zd*, o) =2(x —y) + z € Z,

and
(xag +yoq + zd*, o) = =2(x — y) € Z.

Thus, 2z € Z, x+y € Z,and v —y € %Z. Let x+y = n forsomen € Z and x —y = %m
for some m € Z. Then

r—y=Mn-y)—y=n—2y=m/2

i 11 . 11
=-n—-m and z=-n+-m.
y=5" 7] 2" Ty

Therefore, b, = Zd* + Z%c; + Zi(oéo — a1). To show that it is a formal Demazure
lattice, we need to check that all simple roots can be extended to a basis of 7. We
have

= 0(d*) + 1(%5) + 2(%(% — 1))

and . .

= 0(d") + 1(59) + (~2) (5 (a0 — o).
Since (0,1,2) and (0, 1, —2) are unimodular rows, all simple roots can be extended to
a basis of h7, hence it is a formal Demazure lattice. |

For an intergal Cartan subalgebra bz, condition (C1) means that the rank of by
as a Z-module is equal to the rank of . Therefore, a formal Demazure lattice which
is of rank, as a Z-module, less than the rank of § is clearly not the dual of an integral
Cartan subalgebra. The following example shows that even if a formal Demazure
lattice is of full rank, it is not necessarily the dual of an integral Cartan subalgebra.

Example 4.4.5. Let ® = A", Let A = Zd* + A, = Zd* + Zay + 226 be a
formal Demazure lattice (see (4.2.4])). We claim that there exist a Z-submodule b’
of h = Zd + Zoay + Zay which is not an integral Cartan subalgebra but such that

(h)" = Hom(p', Z) = A.
Proof:  Let A, = {h € h|(\,h) € Z,Y\ € A} = {h € h|(\, h) € Z,\ = d*, a9, L6}
be the pre-dual of A. Let ad + bag + cay € A.. We have

(d*, ad + boy + cay)
(g, ad + bayg + cay)
(10, ad + bag + cay)

a(0) +b(1) +¢(0) =b €
a(l)+06(2) +¢(-2) =a
a(=) +b(0) +¢(0) =2 € Z.

3=
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Then a € nZ, b € Z, and b — ¢ € 2 which implies that ¢ = b — 7 for some m € Z.
Therefore,
Ay =Z(nd) + Z(og + o) + Zioy .

Now, let ad* + bag + caq € (As)*. We have
(ad* + bag + cay,nd) = a(0) + b(n) + ¢(0) = nb € Z,

a
(ad* + bag + cayg, o + o) = a(1) + b(0) + ¢(0) = a € Z,
(ad® + bag + cay, 3ay) = a(0) + b(—1) + ¢(1) = b+ c € Z.

Then a € Z, b = 7 for some m € Z, and ¢ = p + > for some p € Z. Therefore,
(A)* = Zd" + Zon + Z(ag + ov) = Zd* + Zay + ZL4.

Since kag = k- n(10) — kay € (A,)* for all k € Z, we have A C (A,)*. Also, we
have loy = 1-n(28) —lag € A for all | € Z. Hence (A,)* = A and A, =

Moreover, b’ = Z(nd) + Z(og + ay) + Ziay is not an integral Cartan subalgebra
since '/ >, Zay is not torsion free. i

Remark 4.4.6. Following [MPl Section 6.1], we can define a restricted weight lattice
as a subgroup A of h* satisfying the following properties:

(RWL1) A C A,
(RWL2) (A,a)) CZ,Viel,
(RWL3) there exists a minimal regular weight p € A, i.e. (p,a)) = 1,Vi € I,

(RWL4) A is a free Z-module with a basis B consisting of k-linearly independent
elements and such that B contains a set of fundamental weights.

Again, we have that a restricted weight lattice is not necessarily a formal Demazure
lattice. For example, if & = Agl), A =7Zd" + Z%al + Z0 is a restricted weight lattice
because {wy = d*,w; = d* + %al} is a set of fundamental weights. However, it is not
a formal Demazure lattice since %ozl cannot be extended to a basis of A. Also, any set
of fundamental weights is of the form {wy + md,w; + nd} for some m,n € Z. So we
have that A = Zd* + Zag + %5 is a formal Demazure lattice which is not a restricted
weight lattice since wy +nd ¢ A for any n € Z.



Chapter 5

Formal Demazure operators

5.1 Definition

Let ® be a Kac-Moody root system of any type with rank n, let II = {ay, ..., a,,} be
the set of simple roots, let W be the Weyl group of @, and let A a formal Demazure
lattice of . Let F' be a one-dimensional formal group law.

Definition 5.1.1. For a € ¢, we will say that an element z,, of R[A]r if reqular is
T, 1S not a zero divisor.

We want to know what are the conditions on o € ® for x, to be regular. First
we will need some facts about commutative rings.

Lemma 5.1.2. [CZZ1, Lemma 12.3] Let f € R[z1, ..., x,] such that f = ayxq +-- -+
anx, + terms of total degree > 2.

(a) If a; is reqular in R, i.e., not a zero divisor, for some i, then f is reqular in

Rlzy, ..., x,].

(b) If the vector of coefficients (ay, ..., a,) can be completed to a basis of R", then
[ is regular in Rfxq, ..., x,].

The following lemma is a genralization of [CZZ1) Lemma 2.2].
Lemma 5.1.3. [L| Lemma 4.2] For a € ®"°, x, is reqular in R[A]F.

Proof: Since A is a formal Demazure lattice and o € ®"¢ the real root a can
be completed to a basis of A by Lemma Also, by Corollary [3.1.10] we have
R[A]r = R[zy,...,2,] with z; = x,. Therefore, z,, is regular by Lemma [5.1.2, 1

44
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Remark 5.1.4. Let A = b}, where by, is any integral Cartan subalgebra of g. Suppose
the Cartan matrix of ® has no column of even integers. Then by an argument similar
to the proof of [CZZ1], Lemma 2.2], z, is regular in R[A]r for any real root o € ®"°.
If the Cartan matrix of ® has a column of even integers, x, is regular if 2 is regular
in R. The same situation occurs if A is a restricted weight lattice.

Definition 5.1.5. We define a continuous linear operator A, on R[A] as follows

Aq(u) = u — so(u),Vu € R[A].
Lemma 5.1.6. For any a,\, 1 € A, so(x) +5 x,) = So(Tr) +F Sa(T,)-

Proof: By definition of the action of s, on R[A], we have

SoTr +r Ty) = Sa(r + 1, + Z aijxixi)
4,7>1
= Sq(2) + sal(z,) + Z WijSa () Sa(,)’
i1

= 5q(x)) +r salz,).

Lemma 5.1.7. The linear operator Ava leaves the ideal Jr tnvariant, i.e. &;(jp) -
Jr, and the closure 1s preserved.

Proof: First, we have

Ao(z0) = 20 — Sa(T0) = 0 — T4, (0) = To — To = 0.

Then, we have to determine how the operator acts on the other generators of Jr. We
have

—

Aa(xAJru — (2x +F wu)) = Thpp — (wx +F xu) - Sa(mAJru — (oA +r :13“))
= Th+p — (zx +r T,) — (Sa(mk-i-u) — (8al®A) +F SalTy)))

= Taip — (@2 TF T0) — (s tsal) — Esar) TF Tsa(ny)) € Tr-

Therefore, ANa(jF) C Jr and the closure is preserved since the operator is continu-
ous. |
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In particular, we see in the proof of the lemma above that s,(Jr) C Jr for any
reflection s, € W. Therefore, w(Jr) C Jr for any w € W and we get that W acts
by R-linear automorphisms on R[A]r as follows:

E . ’i1 in E . ’il in
a/zI‘Al.-.xAn H azxw(kl).-.xw(kn)-

In particular, for any w € W and z, € R[A]r, we have
W(Ta) = Tu(a)-
The previous lemma also helps us define a linear operator on the quotient R[A]/Jr.

Definition 5.1.8. For all @ € A, we define a linear operator A, on R[A]r =
R[A]/Jr as follows

Ao(u+ Tr) = Dalu) + Tr.
In R[A]r, we have the following equality:
Sa(Tr) = Tsy(n) = Tr—(rav)a = Tr +F (—(A, ") -p 24), Vo, A € A

Lemma 5.1.9. [CPZ, Lemma 3.3] For any n € Z, the element x — x +p (n-py) is
divisible by y in Rx,y].

Proof:  Let G(v,y) € R[x,y] be any power series, G(v,y) = 3, ;5 ai;z'y’. Then,

G(z,0) — G(z,y) = Zaioxi - Z aijr'y’ = Z 'y’

>0 i,j>0 i>0,5>1
is divisible by y. Let G(x,y) = 2 +r (n-ry). Then,
G(z,0) = Glz,y) =2 +rp(n-p0) —z+p(n-rpy)=c—2+r (n-ry)

is divisible by . i

The next result is a generalization of [CPZ, Corollary 3.4].

Corollary 5.1.10. For any v € R[A]r and any o € @™, u — s,(u) is uniquely
divisible by x,.
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Proof: =~ We have that for any A € A, 2y — 54(2x) = Ty — Ts,(\) = Tx — Ta—aV(N)a =
xx — x) +r (—a’(N) -F x,) which, by Lemma [5.1.9] is divisible by x,. Since for any
A €A,

ATy — Sa(TaTy) = (TA — Sa(T2))7y + 2A(7) — Sa(T)))
— (@r — sal@) (@ — salz)) (L)

it follows by induction that for any monomial v, v — s,(v) is divisible z,. Since u
is the limit of a sum of monomials and z, is regular by Lemma [5.1.3] u — s,(u) is
uniquely divisible by z,. |

Definition 5.1.11. For any a € "¢, we define a R-linear operator on R[A]r as

A () = Ay (u) _u— So (1)

Lo Lo

for all u € R[A]. We call the A,’s the formal Demazure operators.

Remark 5.1.12. By Corollary [5.1.10, we have that for any u € R[A]r, As(u) =
u — So(u) is divisible by z, and it follows that A,(u) € R[A]r. We will sometimes
write AL to emphasize the formal group law F over R.

5.2 Properties of the formal Demazure operators

The following list of relations is a generalization of [CPZl, Corollary 3.4].

Proposition 5.2.1. For any u,v € R[A]r and any w € W, we have the following
formulas for A, o € O™°.

) Aa(1) =0, Ag(u)za=u—s,(u), Au(u)ze=A_o(w)a_q,
) Al(w)za = Aa(u) + Aa(u),

) Sala(u) = —Aa(u),  Aasa(u) = —Aa(u),

)

)



5. FORMAL DEMAZURE OPERATORS

Proof: ~ We follow the proof in [CPZ] and complete the missing parts.

(a) We have
1—s,(1) 1-1

and A, (u)r, = u — s, holds by multiplication by z,. Also, we have

Ap(u)ze =u—Sa(u) =u—s_o(u) = A_s(u)r_4.

(b) We have
A (Do) = A (U—I_@L)) _ xi (u—TM . (u —;§<u>>) Za
A () S (Sl(xa)( u) — Au(u) — Sa(;tia— u
= dalu 1 4 e
= Ao(u) + A4 (u)
(c) We have

and

Aa(sa(u)) _ Salu) —si(u)  sa(u) —u _ AL ().

Lo T

(d) It is easy to show by opening the brackets on the right hand side that

wv — so(uv) = (u — s4(w))v+ u(v — 54(0)) — (u — sa(u)) (v — sa(v)).
Then, we have

A, (uv) = uv — Sq(uv)

Lo

(u — Sq(u )(v - sa(v)))

- ) -
(S () () ()

((u—sa )v—l—u(v—sav

(w)v 4+ ula(v) = Ap(u)An (V)T = Aa(w)v + (1 — Ag(u)z4) Aa(v)
o(u)v + (u— (u—sa(u))) a(V) = An(w)v + so(u) Ay (v).
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(e) Recall from the proof of Lemma [2.2.16| that for any w € W and any v € &, we
have

wsaw_l (7) = Sw(a) (7) :

Therefore, we have

o) = v

wl(u) - saw—%u)) u— wsew (1)

Ta Tw(a)
_u— Suw(a) (1)
Lw(a)
= B (w),

Example 5.2.2. Let F' = F},, ,, be the hyperbolic formal group law with p, po € R
and let a € &, We have

o To+ 2T — H1T ol —

FM17M2 (xom Qf_a) = 1+ [oTaT o =0.
Hence, o + v_o — p1ror_o = 0 and we have
Teo 1
Tq N T — 1
Therefore,
Lo Soz(xa) i 1
Ay(z) = =1—-—=1-
To Ty 1T — 1
Let I denote a sequence (i1, ...,4;) of [ integers in [n| := {1,...,n} and let w; =

Siy ++* Sy, where s;; = sq, , be the corresponding product of simple reflections. The
decomposition [ is reduced if w; has length [. We define the linear operator A; as

Ar=D2g, 0 0A,,.

Theorem 5.2.3. [CPZ, Theorem 3.9, c.f. [Dem2, Theorem 2 p. 86|, c.f. [BE,
Theorem 3.7] Let F' be a formal group law of the form F(u,v) = u+v — puv for some
i€ R. Let I and I' be two reduced decompositions of w in simple reflections. Then

A[ = A[/.

Moreover, the independence of the decomposition holds only if F' is of this form.
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We introduce the following operators to determine the action of A; on uv for
any u,v € R[A]p.

Definition 5.2.4. (cf. [CZZI, Def. 4.7]) We define R-linear operators Bi(j) : R[A]r —
R[A] F, where j € {—1,0,1} and i € [n], as
BV = A, BZ-(O) = Sq,, and BZ-(I) := multiplication by (—x,,).

(2

** Is it ok if I put cf. when citing a reference for a definition instead of writing a sentence

saying that the following definition is a generalization of ... **

For m > 0, we have that
Bi(j)(L@) C I}”” for all j € {—1,0,1}.

Indeed, B (T1) C T+ since you multiply by —,, € Zp, BY(Tm) C I since
a reflection sg sends z, € Zr to 74,() € Zr, and Bffl)(I}?) - Ilff"l since you divide

by Ty, € Ir.

Let I = (iy, ..., 4;) be a sequence of length [, and let F be a subset of [I]. We denote
by I the subsequence of I consisting of all i;’s with j € E. Here is a generalization
of [CZZ1l, Lemma 4.8].

Lemma 5.2.5. Let I = (iy,...,1;). Then for any u,v € R[A]r we have

Ap(w) = Z ple‘l,EzAI\El (U)AI\EQ (v),

Eq,ExCJl]

where pp, p, = Bio--- 0 B(1) € I}EIIHEzl_l with the operator Bj : R[A]r — R[A]r
defined as

BYoBY,  ifjeEinE,,
=38, if j & EvrU Ey,

, otherwise.

Proof:  We follow the proof of [CZZ1] and add some details. We work by induction
on the length [ of I. If | = 1, I = (41) and the only possibilities for F; and F5 are both
empty, both equal to {1} or one empty and one equal to {1}. If E; = Ey = (), then
1¢ E\UEyso By =B =A;. If B, =0 and Ey = {1} or E; = {1} and E, = 0,

we have 1 € Fy U FEy and 1 ¢ Ey N Ey, s0 By = BZ-(?) = s;,. Finally, if £} = Fy = {1},

we have 1 € By N Ey and B; = BY — —x;,. Therefore, we have

11

Am (’LL?}) = Ail (U)U + UAh (U) — Ty Ail (U>A21 (U) by PI‘OpOSitiOD (d)
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= _Ail(l)uv + Sil(l)UAil (U) + Si1(1)Ai1 (U)U - xi1Ai1 (U)An (U>
= pé,@uv + pé,{l}UAil (U) + pfl},@A’h (U)U - pfl},{l}Ail (U)A“ (U)
= Z plEl,EQ AI\EI (U)AI\EQ (U)

E1,ExC[1]

since Ay =id, A;, (1) = 0 by Proposition m(a) and s;, (1) = 1.
Let I" = (ig,...,4;) for [ > 1. By induction, we get
Aruv) = 8y (Ap (o)) =8 | D phplr, (WAL, (0)
By, EaCl-1]

For fixed By, E» C [l — 1], by taking u = p}, 5 and v = AI(E (u)AI‘/E (v) in Proposi-
’ 1 2
tion [5.2.1(d) we have

A, (Pl Ay, (WAL, (1) = A (0F, 2,)Ar, (WA, (0)
+ 50 (P ) B (A, (WAL, (0).

Similarly, by taking u = A I, (u) and v = A 1, (v) in Proposition m(d) we have
1 2

A (A, @Ay, () = (A 0 Ap, ) (AL, )+ Ap, (@) (A0 A, ) @)
i (A 0 A, ) () (Bi 0 Ag, ) (v).
If we combine these two equations, we get
A, - (P Ar,, (AR, (0)) = A0k, £,)Ar, WAL, (0)
+ 5 Phm) - [ (80 0 Ar, ) (WAL, () +Ar, (W) (A 0 A, ) ()]
— xilsil(pIE/hEQ) . (Ail o AI"E1> (u) (Ail o AI(EQ) (v).
Recall that
B0 ) = D0k ). B 0k ) = 50l ), BYoBY =~y i, (05, 1),
Then we have
A, - (PhyeAry, (AR, (1)) = BS 0k, 5,) - Ar, (A7, ()

+ B (0l ) - [(A 0 Apy YAy, (0) + Ag, ()(Aiy 0 A, )(v)
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1 0 '
+ (B o BY) (0, ) - (i 0 Apy, )(w)(D, 0 A, )(0),
By using the notation £+ 1 = {e+ 1|e € E} for a set of integers £, we have
Ap = AI|E]~+1’ Ay o AI\{1}qu+1

|E;

for j € {1,2}. Therefore, we have

Ay, (pJIEll JORAVS +1(U)AI|E2+1(U)> = Bi(l )(pE/l ) AI|E1+1<U>AI\E2+1(U)
+ B( )(pE1 By) - [AI\{l}U(E1+1) (U)AI\E2+1 (v) + Alipy (U)AIHUU(EQW (U)]
+ <B( ) B(0)> ( E1 Ez) AI\{l}u(Elﬂ)(U)AIHHUUEQ“)(U)'

Since any subset of [{] is of the form F + 1 or {1} U (E + 1) with £ C [l — 1], the
claim follows. |

Definition 5.2.6. cf. [HMSZ, Def. 4.2] Consider the power series g (u,v) defined
by u+rv =u+v—uvg” (u,v). For a € ®"¢, we have

0= ToTFToqg =Ty +Toqg — Tal_ng (ajaa a)-

Then, we have

Ty +T_q 1 1
G (Bg,0_p) = 2" = — 4 — ¢ R[A] F.
Tal_go To  T_g
We denote ) .
kE = g (T, 7_0) = — + —

We will only write k, when the formal group law F' is understood.

Remark 5.2.7. The elements 1/x, and 1/z_, do not lie in R[A]r. However, the
power series g% (x4, 7_o) does. We write k., as a sum of fractions to simplify the
notation.

Examples 5.2.8. Let us compute k% for the additive, multiplicative, Lorentz, and
hyperbolic formal group law.

(i) For the additive formal group law F,, we have

Fa(xaa x—a) = To +T—q

F, Fa<

SO Kt = g'* (T, T—q) = 0.
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(ii) For the multiplicative formal group law F,,, we have
F(a, T o) = To+ T o — pxaT_q
so kEm = gfm(z,,2_4) = p.

(iii) For the Lorentz formal group law F, we have

Fi(Ta, 7 o) = TatToa —=0.
14+ prax_q
Hence z, + x_, = 0 and /sz =0.
(iv) For the hyperbolic formal group law F,, ,,, we have

o To+ 2T o — H1T T —

Foio(Ta,2-0) = =0.

1+ pozrar_q
Therefore,
To +T_g
- 00 = /~'L1
Tal_q
F,
and ko = .

5.3 Formal push-pull operators and their proper-
ties

In this section we introduce a second type of operators, called the formal push-pull
operators. In a geometric context, they correspond to the composition of push-forward
and pull-back defined by the map G/B — G/P;, where B is a Borel subgroup of G
and P; is the minimal parabolic subgroup corresponding to the simple root «a; (see
[BEL §5]).

Definition 5.3.1. (cf. [CPZ, Def. 3.11]) We define an R-linear operator CX on R[A]r
by

CE(u) := ux® — A,(u), where u € R[A]p.
We call the C,’s the formal push-pull operators. We will only write C, when the
formal group law F' is understood.

The next proposition is a generalization of [CPZ, Prop. 3.12].

Proposition 5.3.2. The following formulas hold for any u,v € R[A]r,\ € A and
weW.



5. FORMAL DEMAZURE OPERATORS 54
(1) Co(1) = ko, Colz_4) =2,
(2) Co(u)xar_o = Uy + So(W)xa, Culur_o) =u+ sq(u),
(3) Casalu) = C_n(u), saCa(u) = Colu),
(4) Co(uv) = Co(u)v + 54(u)Co(v) — so(w)vky = Co(u)v — sq(u) Ay (v),
(5) wCw™ (u) = Cyay(w),
(6) C,A, = A C,=AC_,, =0.
Proof: =~ We complete the proof of [CPZ, Prop. 3.12]|. By definition of C,,
Co(u) :uma—Aa(u)zijL u (u—%(u)) _v Sa(u)'
To T_g Tq T_q Tq
We will use this equation and Proposition to prove properties (1)-(6).
(1) We have
1 s.(1 11
Ca(1) = +S<): + — = Kq
T g T T q Ta
and
Calt_a) = =2 Salfa) _Toa oy g,
T_q Tq T_q Ta
(2) We have
C’a(u):cax,a = Hlola Sa(u)$a$—a = UTq + Sa( ):c,a
T_q To
and
Coluz_) = UT_o  So(uz_g) . So(U)Tq ot sa(u).
.CL“_a :Ua :Ua
(3) We have
So(1)  SalSa(u) So (U u u S_o(u
Ca(sa(u)) — ( ) ( ) — ( ) I ( ) — C_a(u)
T_qn T T_q T I,(,a) l’(,a)
and
5aCa(u) = Sq4 ( oy sa(u)) = Salv) + = Co(u)
T_q Lo Ty T
(4) We have
Co(uw) = uww  Sq(uv)
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.,,Cfoé -/,Ua xfa a,/.a xa xfa
U Sl v Sa (v 1 1
:(—+ ( ))U+sa(u) (— ( >)—sa(u)v< ~|——)
T_q T T_q T To T—g

since C,(v) — Ry = —A4(v) by definition of C,(v).
(5) Since we know wsaw ™! = $,(4), we have

(200 slon D) s

wCyw ™ (u) = w

T_q Lo T _w(a) Tw(a)
u sw(a)(u
= + = Luw(a) (U)
L —w(a) Lw(a)

(6) Note that k, = k_, and
( 1 1 ) 1 1
Sa(Ra) =8a | —+— | = — + — = Kq.
Then we have
Cotu(u) = C (M) _ (M) o — A2 (1)
T, To,
_ Ua _;o‘(u’ia) — A2 (u) = A, (una — Aa(u)) = A,Co(u).

Similarly, we have C, A, = A,C, = A,C_, since

UKo — Sa(UK_q)

AC_o(u) = Ag(uki—g — Ay (u)) = . — ALA_,(u)
U — Sq(u) .
=\ F—a + AuSala(u) by Proposition (c)
= (%O‘WU Ka — A2 (u) by Proposition [5.2.1](c).

By Proposition [5.2.1(b), we have

Ai(u) _ Ay (u) X A, (u) _ Ay (u) 1 Aq(u)

T T T T_q

Then
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Example 5.3.3. Let F' = F}, ,, be the hyperbolic formal group law and let o € ®".
By Example [5.2.2] we have

,a 1
Aa(xa)—l—x =] - —.
Ty T — 1
Therefore,
1
Coz a) = Radag — Aa a) = a 1 - -
(To) = RaT (o) = + pr—

since we know that k., = u; by Example [5.2.8|



Chapter 6

Formal affine Demazure algebras

6.1 Formal Demazure/push-pull elements

Let A be a formal Demazure lattice of a Kac-Moody root system of any type. Let Q¥
be the localization of R[A]r at the multiplicative subset generated by {z, | & € ®"}.
Since W preserves the set of real roots, the action of W on R[A]r extends to an ac-
tion on QF.

Most of the results in this chapter are generalizations of results in [CZZ1], |[CZZ2],
and [HMSZ].

Definition 6.1.1. (cf. [HMSZ, Def. 6.1]) We define the twisted formal group algebra
to be the R-module QF, := R[W] ®@r QF with multiplication defined as

(611)’2/}/)(61111/}) - 6w’ww_1(w,)wvvw7w, € Wvdja w/ S QF
where §,, is the element in R[W] corresponding to w € W and §; =1 € R[W].

Remarks 6.1.2. (1) By definition of the multiplication, we have 0,0, = Oy, for
all w,w € W.

(2) Note that Qf; is a free right Q*-module with basis {d, twew. Also, QF, is not
a QT -algebra since §,Q" = Q4. is not central in Q.

Definition 6.1.3. For each a € ™ we define the formal Demazure element as

1 11 14,
Xoi=—(1=6,) = — — —04, = — — = € Qly

To To Ta To T—g

and the formal push-pull element by
1 1
Yy i= kg — Xo = — + —0,, € Q5.

—Q «

57
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Remark 6.1.4. When we write quotients in Q¥ we mean multiplication by the left

by the numerator, e.g. S0 — § L

T Sa gy

The lemma below is a generalization of [CZZ2, §3] and [ZZ, Lemma 2.10].

Lemma 6.1.5. The formal Demazure and push-pull operators satisfy the following
relations:

(1) 0w Xady—1 = Xua) and 0,Yaby-1 = Yi(a),
(2) Xobs, = —Xa, 05, Xo = Xo + Kals, — Ka,
(3) Yobs, = —Yo + Kads, + Ka, s, Yo = Ya,
(4) X% =kaXo = Xakia, Y2 = kYo = Yoka,
(5) XoYo =Y, X, =0.
Proof: We provide a proof since the proofs are not complete in the references.

We will show the proofs of (1),(2),(4), and (5) for X,. The remaining proofs for Y,
are similar. For (1), since ws,w ™ = Sy(a), we have

S X ooyt = 0o (i - iasu) Gyt = ( Lo 5w58a) Gyt
)

o @ Tw(a) Tw(a

! OwOp-1 — ! 00s, Opp—1 = ! —Lé = Xu(a)-

() Tus(a) Tw@)  Tw@

For (2), we have

Ty T a a a Ta
and
1 1 1 1
68&Xo¢ == 68& (— — 53&) — _68& —
To To T_g T_g
1 1 1 1 1 1
= — - 5sa + 6sa + 5sa - — = Xa + /’ia(ssa Ra
Lo Lo ey —a Lo T_q

For (4), we have

1 1 1 1 1 1 1 1
2 _
da = (_ B _58a> (‘ ) _5%) T2 ma e @t

To Ta
1 1 1 1

B (_ + _) (_ B _(Ssa> B HaXO‘
To T—g To Lo
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For (5), we have

1 1 1 1 1 1 1 1 1 1
onYoz =\ — — 6sa — + 5sa = 5Sa 53& -
To T Teo To To T, 2 2 To T,
1 1 1 1 1 1 1 1
=0= —— 4+ 0s, + — 0gy — ———
TooTa Teola Lo o, To T
1 1 1 1
L) ()
xfa o xa «

Let X,, = X, and Y,, =: Y, for any simple root «;. For any sequence I =
(i1, ...,1;) we denote

51 = 6Si14..SiZ7XI = Xil T Xil and )/I = }/il e }/il'
The following result is a generalization of [CZZ1l, Lemma 5.4] and [CZZ1], Cor. 5.6].

Lemma 6.1.6. Given a reduced sequence I, of v € W of length | let

XIU = Z auw(sw = Z 5wa{u,w

weW weW
for some a, ., a, ., € QF. Then

(a) ay. =0 unless w < v with respect to the Bruhat order on W,

(b) Ay = (_]‘>l l_IocEU(CD,)FYILr x;1 = afu,lf“

(¢) ), =0 unless w < v~

Moreover, we have 61, = >, -, by, Xy for some bY,, € R[A]r. Furthermore, by, =

w<v “v,w
HaEU('I)_)ﬂ<1>+ (_1)11.0[ :

Proof: =~ We mimic the proof of [CZZ1]. We will prove the first part of the lemma
by induction on the length [ of v. The lemma holds for [ = 1 since if v = s; for
some i € {1,...,tk(®)}, v(®_)N P, = o; and X; = + — L4,.. Therefore, (a)-(c) hold

x; z;
_ -1 _ 1,.—1 N — 4
because a, 5, = —x; = (—1)'z; " and ay,, =0 = a,, for w > v.
Let I, = (i1,...,7;) be a reduced sequence of v and let § = «;,. Then I, =
(i2, ...,4;) is a reduced sequence for v' = sgv. Moreover, we have
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(1) w < implies w < v and sgw < v by Lemma [2.2.18;

(2) {BYUss(v'(P-) NPy) = v(P_) NP, by Corollary [2.2.11}
(3) w™! <wif and only if w < v~! by Lemma [2.2.16]

We have
Xp, =X, Xy =25 (1= 04,) ) a0
w<v’
= Z xglavgwéw — Z :cglsig(avgw)ésﬁw
w<v’ w<v’
- —JJ/EISB (av’,v’5U + Z aw,v5w> by (1)
w<v

Part (a) holds since ay,, = 0 for w > v. Also, ay, = =25 s5(ay ) = (—1)" [Toco@ e, x!

by induction hypothesis and (2). By multiplication in Qf, we have ¢d,, = d,w™(q)
and we get (c) from (3) and identifying a;, ,, = @y,

For the second part of the proof, observe that (@) w)ew? is a triangular ma-
trix, after fixing a proper ordering on the elements of W, with invertible coefficients
on the diagonal. The decomposition of §, follows from the fact that the inverse of a
triangular matrix is also a triangular matrix with inverse coefficients on the diagonal.
The rest follows from the fact that d,, =1 — 2, X,. |

Remark 6.1.7. Note that the coefficient a,, does not depend on the choice of a
reduced expression for v.

We get a similar result to Lemma for the push-pull elements, as in [CZZ2,
Lemma 3.3].

Lemma 6.1.8. Let I, be a reduced sequence for v =€ W. Then Y, = > _ a¥ du

wlv Tv,Ww

for some al , € QF. Moreover, we have 6, =Y, _, b)Y, for some b}, € R[A]p.

w<lv Cv,Ww

Proof: This follows by the same arguments as in the proof of Lemma[6.1.6, 1

Example 6.1.9. For the root system A; x A;, we have W = {id, Sa,, Sag, Say Sas } -
Then the matrix of coefficients for the decomposition of X, for v € W, in terms of
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O, for w < w, is

1 0 0 0

— — 0 0

(av,w)v,wEW = xi 01 x—_l 0
72 1 “f 1

l’aleQ $Q1xa2 $&11‘a2 $&11‘a2

Since Sq; Say = SasSa; and the last row of the matrix is symmetric in o7 and s, then
KXoy Xo, = X Xoy -

Similarly, the matrix of coefficients for Y,,, for v € W, is

1 0 0 0

Y m—la % 0 0
(av,w)’UﬂUEW = P 1 ' 01 % 0
1 1 72 1

Ty Tay TaiT—ag T—aq Tag Tag Tag

and Yy, Y, = Ya,Ya,.

As in [CZZ1l Cor. 5.6] and [CZZ2, Cor. 3.4], by Lemma and Lemma [6.1.8]
we obtain the following corollary.

Corollary 6.1.10. The elements (X1, )wew (resp. (Y1, )wew) form a basis of Q¥ as
a left Q-module.

6.2 Formal (affine) Demazure algebra

We now have all the tools necessary to define our main objects.

Definition 6.2.1. (cf. [HMSZ, Def. 6.3]) We define the formal Demazure algebra
Dr to be the R-subalgebra of Qf;, generated by the formal Demazure elements X,
for all « € ®. The formal affine Demazure algebra D is the R-subalgebra of Qf,
generated by the elements of the formal group algebra R[A]r and by Dp. In fact, by
[CZZ1, Lemma 5.8], Dp is generated by X,, for all simple roots a;, i = 1,...,rk(®)
together with the elements of R[A]p.

Remark 6.2.2. By definition, D is also generated by the formal push-pull elements
Y,, for all simple roots o, i = 1,...,rk(P).

Note that the action of the operators A, and C,, on R[A]r extends to an action
on QL. Hence, we get the following generalization of [HMSZ, Lemma 6.5].
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Lemma 6.2.3. For all ¢ € QF and o € ®, we have
VX, = Xasa(@z)) + Aa(¢) and Y, = Yasa(w) + A—a(¢)'

Proof: We have

¢Xa — ¢ (i — i(SSa) — i — E(SSQ — E _ idsasa(q/J)

Ty «a Oy Lo T Lo
o sa) | sa(d) 1
= E - o ‘|‘ Ta - E(Ssasa(d])
~ 11
:?_£EQ+(E—Ej%%MWIX@JW+AJM

and

WY, = ) (i + i(ssa) Y Y Y s s )

T_q Lo T_qn Ty T_q Ty
- dj Sa(¢) + Sa(w) + _(Ssasa(w)
T_q M T_q T
— o—a 1 1
=t (x X 53&) 5a() = Yasa(®) + A-a(®)

Lemma 6.2.4. [HMSZ, Lemma 6.7] For all \,n € A\ {0} with A+ p # 0,

1 1 1 1
o= (= ) - o e RlALR

Tx+p \Tp T_) TAL

For two simple roots o; and a;, we will denote Kaa;tva; caitda; 88 Kaitbjcitdi-

The lemma below is a generalization of [BE, p. 809].

Lemma 6.2.5. For \,u € A\ {0} with A+ # 0, ky, = 0 if and only if the formal
group law is of the form F(u,v) = u+ v — pyuv for some uy € R.

Proof:  We follow the proof of [BE]. By definition, we have

AT\ —T,) — TappTox

TAL AL T x+pu

Kxu =
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Therefore, k), = 0 if and only if z\z, = xy2_) — zx4,2z_x. By (2.1.1) we can write

Txip 8S To + 2y + 20 5y Amn Ty T, for some a,,, € R. We can also write x_) as
h >

> k>1 brzx. Then, we have

TAT, = <—xu - Z amnxTxZ> (Z bkxl§\> )

m,n>1 k>1

The left-hand side has no powers of z,, greater than 1, so neither does the right-hand
side. Since x_) is not a zero divisor, a@,,, = 0 for n > 1. By commutativity of the
formal group law, a,,,, = 0 for m > 1. Thus, F(z\,x,) = ) + 2, + a112)2,,. |

Examples 6.2.6. By Example [6.2.5] x;; = 0 for the additive and multiplicative
formal group law. We can also compute x;; for the Lorentz and hyperbolic formal
group law.

(i) For the Lorentz formal group law F, we have

B $i+xj
1+ pay

1 1 1 1 1 1 n 1 1
Kii = - — — _ | —
’J Lijtj Z; T_; Xyl Titj X €T; il

1+ pxixy (2 + x5 1 1 1
T; + T Tik; Tik; il T

and by Corollary 2.1.7, z_; = —x;

Litj

SO

(ii) For the hyperbolic formal group law F),, ,,, we have

. T; + Ty — M1y d . T; +T_; — 1T, 5
Tiyj = and Ty +p T—; =

= 0.
1+ HoZiZ 14 HoXi; X _;

Then,
i+ x_; — pre_; = 0. (6.2.1)

Using (6.2.1), we get

] T T - - -
Tit; \Tj T_; T2 T; + Tj — H1T;T5 T_iTj T

2
T4 — Tj+ MUoXiT X5 — H2X4i T T; + Tj — U1 Tx;

(l’i + l’j — ,Uql’ﬁ[‘j)ﬁ_il’j (IZ + ,I'j — /lei.l'j).fil’j
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2 2,.2
TiT i — TiT5 + UoXi T _T5 — U] T — Tl — T + 1T X

(QTZ‘ + XTj — ,ulximj)xix_imj
2 2,.2
2T T T — [T T — (@ + 2 — prx_;)

2
rir_r; + x TH Ty — ;)

2 2,.2
Moy X ;X5 — oy I]
= 2 2.2 M2

TIT Ty — T
The next proposition is a generalization of [HMSZ, Prop. 6.8].
Proposition 6.2.7. Suppose i,j € I and let m;; be the order of s;s; in W. Then
X; XX — XXX = > Xy (6.2.2)

weW,1<l(w)<m;; —2

m;; terms m;j terms
for some n, € QF. In paticular, we have the following:
(a) If <Oéi,04}-/> = 0, so that mi; = 2, then XzX] = X]XZ

(b) If (o, af) = (aj, ) = —1, so that m;; = 3 (Ag), then X; X;X; — X; X;X; =
Xi/{fi,j - Xj/f],z-

(c) If (o, o)) = =1 and (aj, ) = =2, so that m; = 4 (Bg) then X — Xijij =
Xij(Kitaj—j+H;i) —Xaz(/mm F5i5)F X5 (BiKir i+ i) = Xi(Aj(Kivaj—j+hja))-

(d) If (ci,af) = —1 and (o, ) = =3, so that m;; = 6 (G2), then Xjijiji —

Xigijis = Xijij(Kji+ Koivaj—i—oj +K—i-sjitej +Kivej—;) — Xjiji(Kij+K-2i-35i+2j +

Fimim2j,it3j i g )+ X i (D (Ri R onigjivajth—iz2jitsi+hit ;) —Xiji (D (Kt

K2i+3j,—i—2j T K—i—3j,i+2j + /ii+2j,fj)) +Xijfz‘j - ijfji +Xj<Ai<fji)) - Xi(Aj (51]))

1 1 1
where &;; =
TiTiq T4 220435 TiTjTi425T 2535 TiTjT2435T—i—j
_ 1 _ 1 1 1
TiTitjTit2;T—i—35 TiTitjTit35T—j TitjTit3jT—jT—2i—35 Ti+3jT2i4+35T—;jT—i—2;
1 1
TitjTit2jT—i—35T—2i—3; TiTjTi425Tit35
_ 1 1 1
and §jp = oo ——— f ——— ———— f
LiLjL2i+35L—5i—2j LiLjLi425L—i—3j LjLi425Li435L2i+35
_ 1 1 1 1
TiTj T4 T2i+35 TitjTit2jT—iT—2i—3j Ti43jT2i+3jT—i—jT—i—2j Tt jTit35T—iT——2;
1 1
TjTi435T2i+35T—i—j TjTi4jTit35T—5
. re - 1 I 1 R p—
Proof: For a € "¢, let x, = - and ., = - We denote Xqitp = Xac; +ba; and

/ )
Xaierj - Xaai+bozj' Let

(n, k) = (7,4) if my; is even,
Gy ) if myj is odd.
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Then since X; = = — L6, = x; + X}0,,, we have

T; T

XiXj- - X X = (X5 + Xj0s,) (X + Xi0s,) -+ (X + X0, ) (X0 + Xi0s,)- (6.2.3)

v
mi; terms

Since d,,,w € W form a basis of Q¥ as a right Q"-module, the expression above can
be written as a sum of right QF-multiples of §,,. Recall that

Q(Sw = 5ww71 (Q)

for any ¢ € QF. Therefore, the leading term of (6.2.3) with respect to the length of
w is
Ss g ... / oy Y
SjSi SpSk (X_fksn -e-s58i(ay) stk(an)xfak)

/

ij terms v
mig— 1 terms

Similarly, the leading term for X;X;--- X, X, is

Vv
mi; terms

s / ) )
SZS] Sksn(Xi SnSk " stj(alz X_Sn(ak)x_an)

mg g terms Vv
mij —1 terms

By Lemma [2.2.9] o, sp(0t), ..., SpSn - - - 858:(0t;) (resp. oy, Sp(Qi), ooy Sk -+ 8:85(qi)

are precisely the positive roots mapped to negative roots by s;s; - - - 5,5 (resp. $;5; - - Sk5p).
Since s;j8; -+ - 5,55 = 5;5; - SpSy, the sets of positive roots sent to negative roots co-
incide. Therefore, the highest order terms in the expression X; X, X;--- — X;X; X;
cancel.

We can now consider the terms of order m;; — 1. Let

B = X;(SSzX,/](SSj T X%‘SsnXZ(Sskj and B’ = X;ésj X;ész T X;cést;z(Ss,b-

~~ ~~
mij— 1 paiI‘S mij —1 pairs

Then the terms of order m;; — 1 in X; X, X, --- and X;X,X,--- are x;B + B'x; and
XiB' + By respectively. We claim that x;B = By, and x;B" = B'x;. We have

XB - XjX;(SSZ‘X;(SSj te X;ésnxggésk
/

/ /
= 537;3j"'3n5k (XSkSn"'SjSi(Oéj)Xij---snsk(ai) T stk(an)xfak)

and

BXn = X;551X3537 T X%ésnx;géstn
= (Ssisj"'snsk (X_Sj"'snsk(ai) T X’*Sk(an)xlfakxan>
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We need to show that sis, - - s55;(a;) = ay.
—————

m;;—1 terms

For m;; = 4,6, we have (n, k) = (j,i) and by Lemma [2.2.13

sj(sis; -+ 858:)(a;) = —ay.
~—

mi; terms

Therefore,
SkSn -+ 8;58i(0y) = 585+ 858i(q;) = aj = .
—_—— —_——

m;;—1 terms my;—1 terms

For m;; = 3, we have (n,k) = (4, j) and by Lemma [2.2.13

Si(SjSZ' s SjSZ')(Oéj) = — Q.
—_——

Therefore,
SkSn -+ 858i(0y) = 558+ - 858i(ay) = a; = ay,.
—_—— ~———
m;;—1 terms m;;—1 terms

Similarly, we can prove that x;B" = B’x;. Thus, the terms of order m;; — 1 in
)(])(l)(J te — XZX]XZ .-+ cancel.

From the definition of the formal Demazure elements, it is clear that X; X - - - X, X},
and X;X; - - - X3 X,, consists of nonzero multiple of ds,s;...5,.5, and dss,...5, 5, T€SPectively,
plus lower order terms. Therefore by the computations above, this proves , but
with the sum on the right hand side over w € W with l(w) < m;; — 2 instead of
1 < l(w) < my; — 2. It remains to show that the terms with I(w) = 0, i.e. the
constant terms or terms of degree zero, cancel. To do so, observe that there is a
natural action of Qf, on Q' given by left multiplication by the elements of Q" and
by action of they Weyl group for the elements of R[W]. Since the constant terms lie
in QF | under this action, for any constant term ¢ € QF, ¢(1) = q. However, if we act
on 1 € QF by any element X,,, p € I, we get

X0 = (7 200, ) (=1 = 51 = 4,0) =0

Tp Tp Tp Tp

Hence, the constant terms must be zero and the sum on the right hand side of Propo-
sition is over w € W with 1 <[l(w) < m;; — 2.

To complete the proof it remains to show that the relations (a)-(d) hold.
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Under the assumption of (a), we have s;(a;) = a; and recall from Example

that ) . . .
- _5si - _55j + _55i8j-

XTiZj T Xyl T4

X, X; =

Since s;s; = s;js; and the expression above is symmetric in 7 and j, we have X;X; =
X, X;.

Under the assumptions of (b), we have

111 111 11 1 1 11 11 1
T W P N N
LT T T T xy o xy Cmpry T T

1 11 1 1 1 1 1 1
_553_ 55j 6Sj_68i _651-_631- 55]-
Tj T T jom Ty oy T
o 1 55j 551 58]‘
v sixg)si(i)si(wy)  si(g)si(@a)zy  si(wy)zin;
5,0, 5., 5,5,
sjsi(xg)sisi(wi)si(x) — 85(ws)si(xi)si(xy) — sisi(xy)si(wi)z;
6.8,
s;jsi8j(5)s58i(xi)s;(;)
1 53]- 651- 5Sj 55i8j 1
- - - + +

2 . 2
TiT; Tt T2 5 Ty jT_;T; T_;T;T TiT_i—jT_j TigjT_jT;

53jsi 63j5¢5j

T—i—j T T—j—jT—T—j

1 1 1 Os,s Os. s,
:A]( + )—FAZ( )—|— r —+ I

Tyl LitjT—j Litjdj Lil—j—jT—j T—i—j T

5;5;8; 1

T—ij—jT—T—j Ty

Since m;; = 2, we have s;s;s; = 5;5;5; and

1 1 1
&m&—x&&:A( - = )

Tipjlj  Tipjloqi  Tilj

N 1
J Liyj T4 LijgjT—j N T2

= Ai(kij) — Aj(Kjq)-

The other computations are similar and will be left to the reader. A Maple script
to compute those relations can be found in Appendix . |
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Remark 6.2.8. The Maple script in Appendix [A] was used to initially find the re-
lations (c) and (d) of Proposition [6.2.7] However, the computations were also later
checked by hand.

Remark 6.2.9. In the cases (a), (b) and (c), we have n,, € R[A]p since ky , € R[A]r
for all \,p € &, A+ p # 0 by [HMSZ, Lemma 6.7]. For case (d), we can view
spang{a;, a;} as a finite subroot system of ® of rank 2 and we also have n,, € R[A]p
by [CZZ1], Lemma 7.1] and [CZZI Example 7.3].

Examples 6.2.10. For F(u,v) = F,(u,v) or F(u,v) = F,(u,v), since k;; =
i@ i — ) —Tit i 0 have that ki; = 0 hence the braid relations X; X, --- = X; X, ---

TiX —3 T 5T+ 5

hold. For F(u,v) = F),, 4, (u,v), we get by direct computation that

(1) Ki; = pe (see also [Co, Rem. 3.10 and Ex. 3.12.(3)]), so for m;; = 3 we have
Xjij — Xiji = p2(X; — X),
and for m;; = 4 we have
Xjiji — Xijij = 212(Xi5 — Xji).-

(ii) & = &j = 3u3 (see computer-aided computations in Appendix, so for m;; =
6 we have

Kjigigi — Xigigig = Mo(Xijog — Xiigi) + 35 (X5 — Xj0).
(iii) K; = 1, so X? = 1 X; for all i € 1.

Proposition 6.2.11. Suppose i,j € I and let m;; be the order of s;s; in W. Then

Y;Y;Y; - =YYV = Z Yo

m;; terms m;; terms weW,1<l(w)<m;;—2

for some n, € QF. In paticular, we have the following:
(a) If (i, af) =0, so that m;; = 2, then Y;Y; = Y;Y;.

(b) If {ai,af) = (aj,af) = —1, so that my; = 3 (Ag), then Y;ViY; — YiV}Y; =
Yikici—j = Yjh—j i

(c) If (ai,ozjv-> = —1 and (aj,a)) = —2, so that m;; = 4 (Bs), then Yj; —

Yijig = Yij(koicgjitrj i) = Yiilhoijj+ri ) + V(A i(hoijj+rij))—
Yi(A—j(hoivgjj + Fj—i))-
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(d) If <ai,a;> = —1 and (o, ) = —3, so that m;; = 6 (G2), then Y;jiji — Yijiji; =
Yijij(K_j—i + K oisjite; + Kitsj—i—2j + K—i—2jj) — Yjiji(k—i—j + Koiysj—i—2j +
Kitj—i—3j T K—imj—j) + Yjij (A i(k—i—j + Kaisj—i—2 + Fv'z+2g —im3j thij—j)) —
Yiji(Aj(hj—ithogiogjitojthita)—i—2jtri—2;;)) Y& =Y+ Y (A () —

Yi(A(&5))
? —J\51y
1 1 1 1
where £ . =
J T T jT——2jT—25—3j T iZ—jT—i—2j%2i+3; T i —jT_2i—3jTitj
_ 1 _ 1
T —j—jT—i—2jTi43j T —j—jT—i—3jT; T i—jT—i—3TjL24+3j
1 1 _ 1
T_i—3jT—2i—3TjTi+2;5 T jT—i—2jTi4+3jT2i+35 T iT—jT—i—2jT—i—3;j
1 1 1 1
and &, = + +
J TiT—jT_2i—3jTi+2j T iT—jT_i—2Ti+3j T jT—i—2jT—i—3jT—2i—3j
_ 1 1 1
T T T jT_2i—3j T jT——2;TiT2435 Ti—35C—2i—3jTitjTit2j
1 _ 1 _ 1
T j—jT—i—3TiTi+2j5 T jT—i—3jT—2i—3;Titj T jTjejT—i—35T4

Proof: The proof is the same as for Proposition and the Maple script for
the computations of the relations can be found in Appendix |

Examples 6.2.12. For F(u,v) = F,(u,v) or F(u,v) = F,(u,v), since K;; =
2il@iT)=Titi®oi wo have that kij = 0 hence the braid relations Y;Y;--- = VY, ---

LTiX —3 LTG5 J

hold. For F(u,v) = F),, 4, (u,v), we get by direct computation that
(1) Kij = po, so for m;; = 3 we have
Yjij = Yiji = pa(Y; = Y5),
and for m;; = 4 we have

Yiiji — Yijij = 2p2(Yi; — Yii),

(ii) & = &; = 3u3 (one can check this by computer aided computations similar to
those in Appendix , so for m;; = 6 we have
Yiijiji — Yigijiy = 42 (Yijeg — Yiaga) + 3u5(Yyy — Y).

(iii) K; = py, 80 Y2 = 1 Y; for all i € I.
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6.3 Structure of the formal (affine) Demazure al-
gebra

The next lemma leads to the main results of this chapter. It is a generalization of
[HMSZ), Lemma 6.13].

Lemma 6.3.1. The elements (X1, )wew (resp. (Yi,)wew) form a basis of Dp as a
R-module and a basis of D as a R[A]p-module.

Proof: = We follow the proof in [HMSZ] for the X, ’s, but the same proof also holds
for the Y7,’s. By Lemma [6.1.5(4) and Proposition we can write any product
of formal Demazure elements as RR-linear combination of the X; ’s. Combined with
Lemma [6.2.3| we can write any product of formal Demazure elements and elements of
R[A]r as a R[A]p-linear combination of the X, ’s. Therefore, the Xy, ’s span Dp as
a R-module and span Dy as R[A]r-module.

By Corollary [6.1.10}, the X[ s are linearly independent over Q¥ hence also lin-
early independent over R and R[A]r. i

The theorem below for the formal Demazure elements is a generalization of
[HMSZ, Thm 6.14].

Theorem 6.3.2. Given a formal group law F', the formal affine Demazure algebra Dp
is generated as an R-algebra by R[A]r and the formal Demazure elements X;,i € I,
and satisfies the following relations:

o VX, = XySa(¥) + An(¥) for all v € D" and ¢ € R[A]r;

o X? = X;k; foralliel;

o X;X; =X,X,; foralli,jeI such that m;; = 2;

e the braid relations of Proposition for all ©,j € I such that m;; = 3,4,6;
e no relations between X; and X; for m;; = oo.

These relations form a complete set of relations for Dp.

Proof: We follow the proof in [HMSZ]. Let D7 be the R-algebra generated by
the elements of R[A]r and the X’s subject to the relations given in the theorem.
Then we have a surjective ring homomorphism

p:]/:)\;—>Dp
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which is the identity on R[A]r and maps X/ to X; for all i € I. To show that p is an
isomorphism, it remains to show that the map is injective.

For w € W, fix a reduced sequence I, = (i1, ...,%) and define X} = X --- X].
The relations between the X/ ’s allow us to write any element of Dy as

Z X!y, ay € R[A]F.
weWw
Suppose such an element of the form above is in the kernel of p. Then
0= p(z X! ay,) = Z Xl

weWw weW

However, since by Lemma the X,,’s form a basis of Dy as a R[A]p-module, this
implies that a,, = 0 for all w € W. Therefore, p is injective. i

Remark 6.3.3. Note that without the relations ¥ X, = X,5.(¢) + A, (¢), we have
a complete set of relations for the formal Demazure algebra Dp.

Since the Y7, ’s also form a basis of the formal affine Demazure algebra as a
R[A] p-module, we have the following result.

Theorem 6.3.4. Given a formal group law F', the formal affine Demazure algebra
Dy is generated as an R-algebra by R[A]p and the formal push-pull elements Y;,i € I,
and satisfies the following relations:

o VY, =Y,s5.(0) + A_o(¢¥) for alli € I and ¢ € R[A]r;

o Y2 =Yx; foralliel;

o VY, =YY, foralli,j €I such that m;; = 2;

e the braid relations of Pmpositionfor all i,5 € I such that m;; = 3,4,6;
e no relations between Y; and Y; for m;; = oo.

These relations form a complete set of relations for Dp.

Proof: The proof is the same as for Theorem m i



Chapter 7

Hecke Algebras

7.1 Definition of a Hecke algebra

The purpose of the present section is to generalize [CZZ2, Prop. 9.2] to a Kac-Moody
root system of arbitrary type, see Theorem[7.2.1] In Corollaries[7.3.1} [7.3.2) and [7.3.4]
we obtain different algebras isomorphic to the affine Demazure algebra depending on
our choice of root system and formal Demazure lattice. Some of the results of this
chapter appeared in [L], a paper written as part of the research leading to this thesis.

Definition 7.1.1. (cf. [CMHL p. 72]) Let R be a (commutative unital) ring contain-
ing Z[t,t71]. In Lusztig’s notation, the Hecke algebra H associated with the Coxeter
group W is the associative R-algebra with 1 generated by elements T} := Ty, i € I,
and satisfying

(i) the quadratic relations (T; +¢)(T; —t ') = T2+ (t—t )T, —1=0for all i € I,
and

(i) the braid relations T;T;T;--- = T;T;T;--- (m;; factors on both sides of the
equation) for any ¢ # j in I with Sa;Sa; Of order my; in W. If m;; = oo, there
are no relations between T; and Tj.

7.2 Isomorphism between the formal Demazure al-
gebra and a Hecke algebra

Here is our main theorem.

Theorem 7.2.1. [L, Thm 5.2] Let R be a (commutative unital) ring containing
Zlt,t7'] and let w € R. Set puy = u(t + ¢t ') and pyy = —u?®. Then if F is the

72
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hyperbolic formal group law F,, ,,(u,v) = %, the assignment X; — u(T; + t)

defines a morphism of R-algebras fmm the formal Demazure algebra Dp to the Hecke
algebra H over R. If uw € R*, this morphism is an isomorphism.

Proof: Let A be the free associative unital algebra on generators X;,7 € I.
There exists a unique (well-defined) algebra homomorphism ¢ : A — H such that
P(X;) = u(T; +t). We check that ¢ annihilates the ideal generated by the relations
of defining Dr. We have

V(X7 = 1 Xi) = (X)) — (X))
= u?T? + 2utT; + u?t* — uuTy — pyut
= (' =T+ 1) + 2t — Pt + )T,
+ Ut — Pttt by-
= (™t — Pt + 2ut — vt — T+ 3 -t —u? =0

We can check that (X;X; — X;X;) = 0 since T;T; = T;T; by [7.1.1, We also have

O(Xij — Xiji + 12X — 12X) =0 wPHT2 — T2) + Ty — T,)
+ MQU(TJ +1t) — ppu(T; + 1)
=t )T+ 11—t = t)T, - 1)
+ w3 (Ty = T0) + pou(Ty — To) + pout — pout
= (Wt{t™ =)+t + pou)(T; — T))
= (U,3 _ U3t2 +u3t2 _ u3)(T] _ E) — 0

Similarly, we have

V(Xjiji — Xigig + 2p2( X5 — Xij)) =
LT — TTTT) + 20 (WPt — t) + ot — ) (T T — T,T;) = 0
and

(Xjigigi — Kijigis — 2 (Xijog — Xjigi) — 3p3(Xyj — X)) = (GLTLTT
—~ T TTTT) + dut (bt — 1) + ot — ) (LT — TTTT)
+ (20t — t)ult + 2u8? + 3t — )2l F6(¢7 — t)u’t® + 208t
—8ult(t™! —t) — ubt? + 3uO) (T, T; — T, T;)
= u%(2 — 2t* + 26> + 3 — 61> + 3t* + 6t> — 6t" + 3t — 8 4 8¢*
— 1?4 3)(T;T; — T,T;) = 0.

Since ¢ annihilates the relations defining Dp, it descends to a unital algebra
homomorphism ¢: Dr — H mapping X; € D onto ¢(X;) € H.
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Moreover, if u is invertible, ¢ is surjective since the image of v contains the

generators of H, ie. (u™'X; —t) = T; € im(z). Also, we can find a surjective
homomorphism in the other direction. Let B be the free associative unital algebra
on generators T;,7 € I. There exists a unique (well-defined) algebra homomorphism
¢: B — Dp such that ¢(T;) = u'X; —t. We check that ¢ annihilates the ideal
generated by the relations (i) and (ii) of defining H. We have

AT = (u ' X; —t) =u? X7 —2u "t X; +1°
=u t(t+ X — 2u X + 12 (by
=u X —u X T+
=t =t X, —t)+1
=t = t)o(Th) + 1.

Therefore, (¢(T;) + t)(d(T;) —t7) = ¢(T;)* + (t —t Hp(T;) — 1 = 0. We can also
check that ¢(T;T; — 1;T;) = 0 since X;X; = XX, by We also have

O(Tigi — Tjij) = u™> (Xiji — Xjig) — u2H(XF — X7) + 02 (X; — X;)
= u (X — Xi) —utm (X — Xj) +u” (X — X)) (by
= (—upy — u tuy +u ) (X, — X;)
= (—u?u® —uPtu(t +t71) +u ) (X, — X)
= (—u' —u_t* —u +uT ) (X — X;) = 0.

We also have

O Tyii — Tigig) = u™ (Xjigi — Xigiy) + (=207t +71) + 2u™) (X0 — Xiy)
= —2u_2(Xij — Xﬂ) + 2(—2U_2t(t + t_l) + 2u_2t2)(XjZ~ — XZ])
+ QU—ZtZ(in)
= 2(u_2 — U_Qt(t + t_l) + U_2t2)<XJ’Z’ — Xl]) = 0

and

S Tyigizi — Tijigig) = u™° Kjijagi — Xijigag) — 4™t + 7)) (Kjigs — Xigig)
+ u_4t2(4inji — 4Xijij + SXJZ — ?)XZ])
— 6U72t3(t + til)(Xﬂ — Xl) —+ 3U72t4(in — Xz)
= 4(U_4 — U_4t(t + t_l) + u_4t2)(inji — XUZJ)
+3(—u? FuH (D = 2uT A () Y-
(X — Xi) = 0.
Similarly, we get ¢(,I’]z]z - T;jij) =0 andigb(Tjijiji - ,I;jijij) = 0. Therefore,
¢ descends to a unital algebra homomorphism ¢: H — D, which is surjective and
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such that 1 o¢ = idy and ¢o1) = idp,., hence, the isomorphism between Dy and H. I

Remark 7.2.2. The isomorphism of was used in [LZ2] to tackle the problem of
defining Schubert classes, indepedently of the choice of reduced expression of the Weyl
group, in the case of singular elliptic cohomology, which is the cohomology theory
corresponding to the hyperbolic formal group law. By applying the isomorphism to
the Khazhdan-Lusztig basis, they obtain elements of the formal Demazure algebra
that do not depend on the choice of reduced expression, in the case of the rank 2 root
systems, because of the twisted braid relations of [6.2.7]

7.3 Examples of algebras isomorphic to formal affine
Demazure algebras

We obtain similar results to Theorem for formal affine Demazure algebras.

Corollary 7.3.1. [L, Cor. 5.3] Let R be a (commutative unital) ring containing
Z[t,t71], let A be a formal Demazure lattice, and let ® be a Kac-Moody root system.
Let uyy = t+t7 " and po = =1 and let F, ,,(u,v) = M# be the hyperbolic

formal group law. Let H be the R-algebra generated by the elements of R[A]r and by
T;, i € I, subject to the relations (i) and (ii) of[7.1.1 and for all v € R[A]r and i € I

fYTi - jﬂisai(’y) = (1 - twai)Aai (’7)

Then, the formal affine Demazure algebra Dr is isomorphic to H by a ring isomor-
phism preserving R[A]r, in particular as an R-algebra.

Proof: =~ We proceed in the same way as in with u = 1. We have a unital
algebra homomorphism 1 defined as the identity on R[A]r and mapping X; — T;+t.
To show that 1) annihilates the ideal generated by the relations defining Dp it
remains to show that

(v Xi = Xisa; (7) = Bai (7)) = 0
for all i € I and all v € R[A]r. We have

V(v X — Xisa, (7) = A, (7)) = (T + 1) — (T; + t)50,(7) — Au, ()
=Ti — Tisa; (7) + (7 = 50,(7) — A, (7)
=T — TiSa, (7) (1 - txaz)Aaz (7) =0

Therefore, we get a unital algebra homomorphism v¢: D — H and we can show it
is an isomorphism as in the proof of [7.2.1] i
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Recall that for a formal Demazure lattice A of rank n, by [3.1.10] we have
R[[A]]F = R[[xb L2y eny an]]

Therefore, we can replace the elements of R[A]r in H by elements of Rz, xa, ..., z,]
and still have an isomorphism between Dr and H. We will use this idea in the
following corollaries for some specific Kac-Moody root systems and formal Demazure
lattices.

Corollary 7.3.2. Let
o=AY A=Zao+2Z, and R=2Z[t, 17, (t+1t1)71).

Let yy =t +t7" and py = —1 and let F, ,,(u,v) = W be the hyperbolic

formal group law. Let H be the R-algebra generated by T;, i € I = {0,1}, subject to
the relations (i) and (ii) of|7.1.1 and by elements of R[cy,c1] such that fori,j e I

cic; = cjc;, ol —Tiep =0,

coTo — Tom = (1 —tcy)(1 — m),
coTt — T2 = —t(co—2) + 3
where
= (=17 —t* — t)coct + (4t* 4 41%) o — 6t3coc + iy
+ (15 + t4 + 124 1)t (=417 — 413 — A1) B + (6t + 61%) 3 — 4t3cy,
q = t((—=t® — t)coc] + 4t%coc — 4t cocy + (13 + t)co + (t* + 12 + 1)c]
+ (—4t3 — 4t)c + 617 — 1),
r = (2cocrt — (12 + 1)y — ted 4+ 1) ((—t* — t)coct + 4tPcoey + (—t2 —t)co
+ (P 1) 4 (=213 = 2t)ey + 2t7),
and

s = t((—t® — t)coc) + 4t?cocd — At?coer + (82 +t)co + (t* + 12 + 1)}
+ (—4t® — 4t)c} + 6t3c] — 7).

Then, the formal affine Demazure algebra D is isomorphic to H as R-algebra.

Proof: =~ We proceed in the same way as in with w = py /(t +¢71) = 1. We
have a unital algebra homomorphism ) mapping

Xi—=T,+t, x9— co, T1s > Cr
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We have ¢X, = X,84(q) + An(q) for all a € 7 and ¢ € Qf,. Since, (§,a)) =0
for i € I, we have Ai(x%(;) =0 and x1;,X; = X;x15 for j € I. We also have
V(15X = Xjwas) = a(Ti+1) = (T +t)er = 0

since ¢;T; — Tje; = 0 for all j € I. We can also look at the relation z,,X; =
Xi5i(Tag) T Ai(xq,) fori € 1. If i = 0, we have 50(Tay) = Tsy(a0) = T—a s

0 = (t Dray—1
and Ao(l'ao) =1- m Then we get that

Y (TapXo — X080(Tag) — Do(Tay)) =

— Lo 1
=1 (anoXo ~ Xogrrne,m — (1 W))

— c 1 —
= coTo — To B — (1 — tao)(1 = gn1) = 0.

The last relation x,, X1 = X151(24,) + A1(24,) requires more computation since we
have to write z,, in terms of z,, and T1s. We get that

2 2 2
t*r1; —txaoxéd —2tx%5+x%§

Lo, = T_ 15y =T_qy tTFT1l5+Fp Tis = .
a1 ap+2(59) ap 56 50 t2113a0 _ 2t$a0$15 + t‘r%d —t 4 Tg,
2 2

Then we have
t2c; — teged — 2tey + 2

- t2co — 2tcoey +tc2 —t +co

V(Ta,)

Moreover, we need to compute s,, (Z4,) by writing it in terms of x,, and z 15 We get

a
Sar (Tag) = Tag+2a1 = T_ggra(ls) = T—ag TF L5 +F T1s TP T15+F Tis = 2
where

a= (-t —13— zf)a:%x‘;S + (4t* + 4t2)ma0933%5 - 6t3xa0$2%5 + 220,

+ @+t 2+ 1)x§5 4 (—4t° — 47 — 475)9&;S + (6t* + 6t2)x2%5 — 4t
and

b=t((—t> - t)maoxéé - 4t2xa0x3%5 — 40ag 15+ (8 + )aa, + (' + 2+ 1)95‘;5
+ (4t — zht)acf;S + 6t2x2%5 — 7).

By combining the computations for s, (z.,) and z,, and after doing some sim-
plifications, we get
1 - San (37&0)

Ar(Tgy) = ————= =

c
Ty d
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where

c= (2xa0x%5t — (4 D)zg, — tai; +1)((—1 — )z + 4t2$aox%5
2 2
+ (=17 = )wag + (1 + D2, + (=267 = 2t)x15 + 2¢°)
2

and
d=t((—t* - t)xaox‘%é + 4t2xa0x?%5 — 4@ag s + (8 + w0 + (1 + 7 + 1)95‘%5
+ (—4t3 — 4t):c3%5 + 6t2x2%6 —t%).

Now we can check that ¢ annihilates the relation z,, X7 — X181(2a,) — A1(24,)-

Note that ¥ (a) = p,¥(b) = q,v¢(c) = r and ¥(d) = s. Then we have

V(Tay X1 — X151(Tap) — D1(Tag)) = V(Tao X1 — X151(Tay) — 5)
=c(Ti+t)— (i +)2 — %
:C()Tl —T1§+t(00—§) — I =0.

S

By we get a unital algebra homomorphism ¢: Dy — H and we can show it is
an isomorphism as in the proof of [7.2.1] |

Remark 7.3.3. All the fractions appearing in the corollary are power series since
they come from formal sums and formal inverses. We write them as fractions in order
to simplify the notation.

We can also have a similar result for a Kac-Moody root system of indefinite type
and the formal Demazure lattice being the weight lattice.

Corollary 7.3.4. Let ® be the root system corresponding to the generalized Cartan

matric A = (f3 }3) and A = Zwy + Zwy where {wy,ws} is a set of fundamental
weights. Let R = Z[t,t™', (t +t7")7'] and Fiyp-1y—1(u,v) = %ﬁ;l)w be the

hyperbolic formal group law. Let H be the R-algebra generated by T;, i € I = {1,2},
subject to the relations (i) and (ii) of|7.1.1 and by elements of R[c1, co] such that for
LjeliF]g
CiCj = CjCy, CiT’j - 7}61' =0
¢ty — Ti% = —t(c; — %) + %

where
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o pii = (—t3—t)c; + (t* + 12 + 1)c} + 3t%c2c; + (=3t — 3t)c? + 3t?c; — ¢y,
o g =t(—tcic; + (> + 1)c} — 3tc? + 3teic; + (=2 — 1)¢; + 1),

o 1y =1° ;’ — 2t5cic§? + t4c?c§? — 3t5c§ + 615401-032 + t4c§? — 3t3cfc§ — 2t3cic§? + tQC?C? +
3tc; + 3} — 6tPcic; — 3t°c5 + 6t°cicy + t2¢} — 2te;cd — 17 4 3tPc; — 3tc; + ¢,

o s = (12 +teicd + t2c; — Bteicj + 3t — ¢ —t 4 ¢)t7.
Then, the formal affine Demazure algebra D is isomorphic to H as R-algebra.

Proof:  Same proof as|7.3.2 |



Appendix A

Computations of relations for
Demazure elements

The following is a Maple script to compute the relations in Proposition To
run the script, one has to load the Coxeter package by John Stembridge. You can
dowload the package here:

http://www.math.Isa.umich.edu/ jrs/maple.html#coxeter

In the header of the script you must include:
read(” Coxeter2.4v.txt”); withcoxeter(); withweyl;
Here is the complete script with explanations of every piece of code.

Action of the n-th simple reflection on an expression P for a root system of type
Al X Al-

reflA1A1 := proc (n, P) if n = 2 then return subs({x[j| = x[-j|, x[-j] = x[j|}, P)
else return subs({x[i| = x[], x[-i] = x[i]}, P)

end if

end proc:

Action of the n-th simple reflection on an expression P for a root system of type A,.

reflA2 := proc (n, P)

if n = 2 then return subs({x[i] = x[j+i], x[j] = x[-j], x[-i] = x[-j-i], x[-j] = x[j], x[-j-]
= x[-], x[j+i] = x[i[}, P)

else return subs({x[i] = x[-i], x[j] = x[j+i], x[-] = x[i], x[j] = x[-j-i], x[-j-i] = x[-]],
x[j+i] = x[jl}, P)

80
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end if
end proc:

Action of the n-th simple reflection on an expression P for a root system of type Bs.

refiB2 := proc (n, P)

if n = 2 then return subs({x[i] = x
x[-2%j-i] = x[-i], x[2*j+i] = x[i]}, P)
else return subs({x[i] = x[i], x[j] = x[j+i], x[-]] = x[i], x[-j] = x[-j-i], x[-}-1] = x[-]],
<G5 = 0]} P

end proc:

2%+, x[j] = x|l xH] = x[-2%], x[] = x]jl,

Action of the n-th simple reflection on an expression P for a root system of type Gbs.

reflG2:=proc(n,P)

if n=2 then return subs({x[j]=x[-j],x[i|=x[3%)+1] ,x[-j]=x[j] ,x[-i]=x[-3%j-1],
X[JHi)=x([2%]+i] ,x[-j-1]| =x[-2%}-1] ,x [3%]+i] =x[i] , x[-3*}-1| =x[-1] )x [ 2*] +i] =x[j+i],
<b25ji)=xLi-]}.P)

else return subs({x[j]=x[j+i],x[i]=x[-i],x[-j|=x[-j-1],x[-]|=x[i] x [j+1]=x[j],x[-}-1]] =x[-]],
x[?:i*j;ri]:x[?)*jw*i],x[-3*j-i]:x[-3*j-2*i] X[3+ 2% =x[3%+1] x[-3%j-2*1] =x[-3%}-i] },P)
end proc:

Inverts an element of the Weyl group for a root system of type A; x Aj.

invA1Al := proc (w, P) local u, p: p :=P:
for u to nops(w) do

p = reflA1A1(w[u], p):

od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type
Al X Al-

multA1Alp:=proc(P,Q)
return [reduce([op(P[1]),op(Q[1])],A1*A1),invATA1(Q[1],P[2])*Q]2]]:

end proc:

Multiply a linear combination for a root system of type A; x A;.
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multA1Al:=proc(P,Q)

local r,i,j: r:=[]:

for i from 1 to nops(P) do

for j from 1 to nops(Q) do
r:=[op(r),mult A1A1p(P[i],Q[j])]:
od:

od:

return r:

end proc:

Inverts an element of the Weyl group for a root system of type A,.

invA2 := proc (w, P) local u, p: p := P:
for u to nops(w) do

p = reflA2(w[u], p):

od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type A,.

multA2p:=proc(P,Q)
fet(;lm [reduce([op(P[1]),0p(Q[1])],A2),invA2(Q[1],P[2])*Q[2]]:
end proc:

Multiply a linear combination for a root system of type As.

multA2:=proc(P,Q)
local r,i,j: r:=[]:

for i from 1 to nops(P)
for j from 1 to nops(Q)
r:=[op(r) multA2p(P[i],Q[j])]:
od:

od:

return r:

end proc:

do
do

Inverts an element of the Weyl group for a root system of type Bs.

invB2 := proc (w, P) local u, p: p := P:
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for u to nops(w) do
p = reflB2(w(u], p):
od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type Bs.

multB2p:=proc(P,Q)
ret(;lrn [reduce([op(P[1]),0p(Q[1])],B2),invB2(Q[1],P[2])*Q[2]]:
end proc:

Multiply a linear combination for a root system of type Bs.

multB2:=proc(P,Q)

local r,i,j: r:=[]:

for i from 1 to nops(P) d

for j from 1 to nops(Q)

= [op(x) mult B2p(P[. Q] :
od:

od:

return r:

end proc:

Inverts an element of the Weyl group for a root system of type G.

invG2:=proc(w,P) local u,p: p:=P:
for u from 1 to nops(w) do
p:=reflG2(w]u],p):

od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type Gs.
multG2p:=proc(P,Q)
veturn [reduce(fop(P[1]).0p(Q[1])],G2),invG2(Q[1],P[2])*Q[2]]:

end proc:

Multiply a linear combination for a root system of type Gs.
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multG2:=proc(P,Q)
local ri,j: r:=[]:

for i from 1 to nops(P)
for j from 1 to nops(Q)
r:=[op(r),multG2p(P[i],Q[j])):
od:

od:

return r:

end proc:

do
do

Translates the list-notation into the x[..]-notation.

myexpr := proc (P) local k, s:

s = 0O

for k to nops(P) do

if nops(P[k][1])> 0 then s := s+deltajop(subs({1 = i, 2 = j}, P[k][1]))]*P[k][2]
else s := s+P[k][2] end if:

od:

return s:

end proc:

Creates the r; ;’s.

mkappa:=proc(i,j)

return x[i+j]*x[j]-x[i+j]*x[-i]-x[i]
end proc:

print(‘kappaij =‘,;mkappa(i,j)):

*

X[

Creates the formal Demazure elements X; and X.

Xe={[[]x[]],[[1] - [-4]]
Y= ([[ 11121 -x[-1]]
Demazelt[i]:=myexpr(X);
Demazelt[j|:=myexpr(Y);

— —

Creates X;X; and X;X,.

Demazelt[j, i] := myexpr(multA1A1(Y, X));
Demazelt[i, j] := myexpr(multA1A1(X, Y));

Checks that Xsz = X’LX] for mi; = 2.
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Demazelt[j, i|-Demazelt]i, jl;
Creates X; X;X; and X, X;X; for m, ; = 3.

)

Demazelt[j, i, j| := myexpr(multA2(multA2(Y, X), Y));
X));

Demazeltli, j, i| := myexpr(multA2(multA2(X, Y),
Computes the difference X; X, X; — X, X; X;.

DIFF := Demazelt[j, i, j|-Demazeltli, j, i];
Coefficients for X; and X in the difference X;X;X; — X; X; X;.
Clj]:=simplify(coeff(DIFF delta[j]) /coeff(Demazelt[j],deltalj] ) );
Cli]:=simplify(coeff(DIFF,deltali]) /coeff(Demazelt[i] deltali]));
Checks that the coefficient for X; is —r;;.

Clj]+mkappa(j,i);
print(‘C[j] =',-kappalj,i]):

Checks that the coefficient for X; is «; ;.

Cli]-mkappa(i,j);
print(‘C[i] =*kappali,j]):

Creates X, X; and X;X; for m; ; = 4.

X));
Y));

Demazelt[j, i] := myexpr(multB2(Y,
Demazelt[i, j] := myexpr(multB2(X,
Creates X]XlX]XZ and XlX]XZX] for m;; = 4,

Demazelt[i,j,i,j]:=myexpr(multB2(multB2(multB2(X,Y),X),Y));
Demazelt[j,i,j,i]:=myexpr(multB2(mult B2(multB2(Y,X),Y),X));

Computes the difference X, X; X;X; — X; X, X; X;.
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DIFF := Demazelt[j, i, j, i|-Demazeltli, j, i, j]:

Coefficients for X;X; and X;X; in the difference X; X, X;X; — X, X; X, X;.
Clj,i]:=simplify (coeff(DIFF deltalj,i]) /coeff(Demazelt|j,i]  deltalj,i]) );
Cli,j]:=simplify (coeff( DIFF deltali,j]) /coeff(Demazelt|i,j] ,deltali,j]) );
Removes the terms of degree 2 in the difference X;X; X; X; — X; X; X, X;.
DIFF1:=expand(DIFF-Demazelt|j,i]*C]j,i]-Demazelt]i,j] *C[i,j]):
Coefficients for X; and X; in the difference X; X, X;X; — X; X; X, X;.
C[j]:=simplify(coeff(DIFF1,deltal[j]) /coeff(Demazelt[j],deltalj]));
Cli]:=simplify(coeff(DIFF1,deltali]) /coeff(Demazelt[i],deltali] ) );

print(” Checking that the presentation is correct: has to be 0 at the end”):
simplify (DIFF-CIi, jJ*Demazelt]i, j]-CJj, i|*Demazelt|j, i|-Cli]*Demazelt|[i]-C[j]*Demazelt[j]);

Checks that the coefficient for X;X; is —r;1j; — ki ;.

Clj.i]+mkappa(i+j,j)+mkappa(i,j);
print(‘C[j,i] =*,-kappa[j+1,j]-kappali,j]):

Checks that the coefficient for X; X is ki1 —; + Kj.

Cl[i,j]-mkappa(i+2*j,-j)-mkappa(j,i);
print(‘C[i,j] =" kappa[2*j+i,-j]+kappalj,i]):

Action of the formal Demazure operator A,, on P.

DemB2:=proc(n,P)

if n=1 then return expand(x[i]*(P-refiB2(1,P))) else return expand(x[j|*(P-refiB2(2,P)))
end if:

end proc:

Checks that the coefficient for X; is —Ag; (Kio5,—j + i)
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expand(C[i]+DemB2(2,C[i,j]));
print(‘Cli]= - Delta_j (Demazure operator) applied to C[i,j]‘):

Checks that the coefficient for X; is —Ay, (—Kivj; — Kij)-

expand(C[j]+DemB2(1,Cl[j.i]));
print(‘C[j|= - Delta_i (Demazure operator) applied to C[j,i]):

Creates X;X; and X;X; for m;; = 6.

Demazeltj, i] := myexpr(multG2(Y, X));
Demazelt[i, j| := myexpr(multG2(X, Y));

Creates X;X;X; and X; X, X; for m; ; = 6.

Demazelt|j,i,j]:=myexpr(multG2(multG2(Y,X),Y));
Demazelt|i,j,i]:=myexpr(multG2(multG2(X,Y),X));

Creates X;X;X;X; and X;X;X;X; for m;; = 6.

Demazelt|i,j,1,j]:=myexpr(multG2(mult G2(multG2(X,Y),X),Y));
Demazelt|j,i,j,i]:=myexpr(multG2(mult G2(multG2(Y,X),Y),X));

Creates X]XlX]XZXJXl and XZXJXlX]XZX] for m;; = 6.

Coefficients for )(])(Z_XVJAXVZ and XZXszXJ in the difference X]XZXJXlXJXZ—XZXJXZX]XZX]
Clj,i,j,i]:=simplify(coeff(DIFF deltalj,i,j,i]) /coeff(Demazelt|j,i,j,i] delta[j,i,j,i]));
Cl[i,j,1,j]:=simplify(coeff(DIFF deltali,j,i,j]) /coeff(Demazeltli,j,i,j],delta[i,j,i,j]));

Removes the terms of degree 4 in the difference X;X; X; X, X; X, — X; X; X, X; X, X;.
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DIFF1:=expand(DIFF-Demazelt[j,i,j,i]*C|[j i,j,i]-Demazelt]i,j,i,j]*Cl[i,j,i,j]):

Coefficients for X; X; X, and X; X, X; in the difference X; X; X, X; X, X, — X, X; X; X; X; X.
Clj,1,j]:=simplify(coeff(DIFF1,delta[j,i,j]) /coeff(Demazelt[j,i,j],delta[j,i,j]));
Cl[i,j,i]:=simplify(coeff(DIFF1,deltali,j,i]) /coeff(Demazelt|[i,j,i] ,deltali,j,i]));

Removes the terms of degree 3 in the difference X; X; X; X; X, X, — X, X; X; X; X, X
DIFF2:=expand(DIFF1-Demazelt[j,i,j]*C[j,i,j]-Demazelt|[i,j,i] *C[i,j,i]):

Coefficients for X;X; and X;X; in the difference X, X; X, X; X;X; — X; X; X; X; X, X;.
Clj,i]:=simplify (coeff(DIFF2,deltalj,i]) /coeff(Demazelt]j,i] ,deltalj,i] ) );

Cli,j]:=simplify (coeff( DIFF2,deltali,j]) /coeff(Demazelt|i,j]delta[i,j]));

Removes the terms of degree 2 in the difference X; X; X; X; X; X, — X, X; X; X; X, X
DIFF3:=expand (DIFF2-Demazelt|j,i]*C]j,i]-Demazelt|[i,j] *C[i,j]):

Coefficients for X; and X; in the difference X; X, X; X, X; X; — X, X; X, X; X; X;.
Clj]:=simplify(coeff(DIFF3,delta[j]) /coeff(Demazelt|j],deltalj]));

Cli]:=simplify(coeff( DIFF3,deltali]) /coeff(Demazelt[i],deltali] ) );

print(” Checking that the presentation is correct: has to be 0 at the end”):

simplify (DIFF-Demazelt|[i,j,i,j]*C[i,j,i,j]-Demazelt|j,i,j,i] *Clj,i,j,i]-Demazelt[i,j,i| *C[i,j,i]-
Demazelt|j,i,j]*C[j,i,j]-Demazelt[i,j|*C[i,j]-Demazelt[j,i] *Clj,i]-Demazelt[i] *C[i]-Demazelt[j] *C][j]);
Checks that the coefficients for X; X;X; X is k;; + Koit3j,—i—2j + K—i—3ji+2j + Kit2j,—j-
Cl[i,j,i,j]-mkappa(j,i)-mkappa(2*i+3*j,-i-2*j)-mkappa(-i-3*j,i4+-2*j)-mkappa(i+2*j -j);
J%gi.nt(‘(j[i,j,i,j] =‘ kappalj,i]+kappal2*i43*],-i-2*j|+kappal-i-3*j,i+2*j |+ kappa[i+2*j -

Checks that the coefficients for X; X; X, X; is —K;; — K_2i—3ji+2 — K—i—2ji+3j — Ki+j,j-
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Clj.i.j,i]+mkappa(i,j)+mkappa(-2*i-3*j,i+2*j) +mkappa(-i-2*j,i+3*j) +mkappa(i+j.j);
print(‘C[j,1,j.i] =',-kappal[i,j]-kappa[-2*i-3*],i+2*j]-kappa[-i-2¥],i+3*j]-kappa[i-+],j] ):

Action of the formal Demazure operator A,, on P.

Dem:=proc(n,P)

if n=1 then return expand (x[i]*(P-reflG2(1,P))) else return expand(x[j]*(P-reflG2(2,P)))
end if:

end proc:

Checks that the coefficients for X;X;X; is —Aaj(/fj’i + Koit3j—i—2j T K—i—3ji+2j +

Rit2j,—j)-

expand(C[ij,i]+Dem(2,C[L,j.1.i]));
print(‘C[i,j,i|= - Delta_j (Demazure operator) applied to Cli,j,i,j|*):

Checks that the coefficients for X]XZXJ is _Aai (’ii,j+/{—2i—3j,i+2j +/{—i—2j,i+3j+/{i+j,j)'

expand(C[j,i,j]—i-Dem(laC[j7i:jai]))5
print(‘Clj,i,j|= - Delta_i (Demazure operator) applied to Clj,i,j,i]‘):

Shows that the coefficient for X;X; is &; and checks that the coefficient for X; is
_AOéj (57,])

C[i,j;
expand(C[i]+Dem(2,C[i,j]));
print(‘C[i]= - Delta_j applied to C[i,j]‘):

Shows that the coefficient for X;X; is {;; and checks that the coefficient for X; is
=D, (&0)-

Clj,il;

expand(Clj]+Dem(1,C[j,i]));

print(‘Cl[j]= - Delta_i applied to C|[j,i]*):
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Computations of relations for
push-pull elements

The following is a Maple script to compute the relations in Proposition [6.2.11] See
Appendix [A] for details about the package you need to load in order to run the script.

Action of the n-th simple reflection on an expression P for a root system of type

Al X Al.

reflA1A1 := proc (n, P)

if n = 2 then return subs({x[j] = x[-j =
else return subs({x[i| = x[-], x[-i] = x[i]}, P)
end if

end proc:

ol
[
.
=

Action of the n-th simple reflection on an expression P for a root system of type As.

reflA2 := proc (n, P)

if n = 2 then return subs({x[i] = x[j+i], x[j] = x[-j], x[-i] = x[-j-i], x[-j] = x[j], x[-j-i]
= xpi), xf+] = x(il}, P)

else return subs({x[i] = x[-i], x[j] = x[j+i], x[-i] = x[i], x[-j] = x[-j-i], x[-j-i] = x[-]],
x[j+i] = x[j]}, P)

end if

end proc:

Action of the n-th simple reflection on an expression P for a root system of type Bs.
refiB2 := proc (n, P)

if n = 2 then return subs({x[i] = x[2*j+i], x[j] = x[j], x[-i] = x[-2*}-1], x[-j] = x][]],

90
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x[-2%j-1] = x[], x[2%j+] = x[i]}, P)

else return subs({x[i] = x[-i], x[j] = x[j+i], x[-]] = x[i], x[-j] = x[-j-i], x[-}-i] = x[-j],
x[j+i] = x[j]}, P)

end if

end proc:

Action of the n-th simple reflection on an expression P for a root system of type Gj.

reflG2:=proc(n,P)

if n=2 then return subs({x[j|=x[-j] ,x[i]=x[3%]+i] x[-j]=x[j] )x[-1] =x[-3*]-1] x [j+i] =x[2*]+i],
X[-j-]=x[-2%)-1] x[3% i =x[i] x[-3%j-1] =x[-i] x[2* 1] =x[j+i] x[-2%]-i] =x[-}-1] },P)

else return subs({x[j]=x[j+i] x[i]=x[-i].x[-j]=x[-j-i] x[-i]=x[i] x[j+i]=x[j] x[-}-]}=x[-j],
x[3*j;ri] —x[3%]4-2%] X [-3%j-i] =x [-3%j-241] x[3%] + 2%1] =x [34+1] x [-3%)-2*1] =x[-3%}-i] },P)
end i

end proc:

Inverts an element of the Weyl group for a root system of type A; x Aj.

invA1A1l := proc (w, P) local u, p: p := P:
for u to nops(w) do

p = reflA1A1(wlu], p):

od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type
Al X Al.

multA1Alp:=proc(P,Q)
return [reduce([op(P[1]),op(Q[1])],A1*A1),invA1A1(Q[1],P[2])*Q[2]]:
end proc:

Multiply a linear combination for a root system of type A; x Aj.

multA1Al:=proc(P,Q)
local ri,j: r:=[]:

for i from 1 to nops(P) do
for j from 1 to nops(Q) do
r:=[op(r),multA1A1p(P[i],Q[j])]:
od:

od:
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return r:
end proc:

Inverts an element of the Weyl group for a root system of type As.

invA2 := proc (w, P) local u, p: p := P:
for u to nops(w) do

p = reflA2(w[u], p):

od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type As.

multA2p:=proc(P,Q)
return [reduce([op(P[1]),op(Q[1])],A2),invA2(Q[1],P[2])*Q[2]]:

end proc:
Multiply a linear combination for a root system of type As.

multA2:=proc(P,Q)

local 1,i,j: r:=[]:

for i from 1 to nops(P) do
for j from 1 to nops(Q) do
v:={op(x),mmult A2p (P[] Qi)
od:

od:

return r:

end proc:

Inverts an element of the Weyl group for a root system of type Bs.

invB2 := proc (w, P) local u, p: p :=P:
for u to nops(w) do

p = reflB2(w(u], p):

od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type Bs.



B. COMPUTATIONS OF RELATIONS FOR PUSH-PULL ELEMENTS 93

multB2p:=proc(P,Q)

retélrn [reduce([op(P[1]),0p(Q[1])],B2),invB2(Q[1],P[2])*Q[2]]:
end proc:

Multiply a linear combination for a root system of type Bs.

multB2:=proc(P,Q)

local r,i,j: r:=[]:

for i from 1 to nops(P) do

for j from 1 to nops(Q) do
r:=[op(r),multB2p(P[i, H)]
od:

od:

return r:

end proc:

Inverts an element of the Weyl group for a root system of type Gs.

invG2:=proc(w,P) local u,p: p:=P:
for u from 1 to nops(w) do
p:=reflG2(w]u],p):

od:

return p:

end proc:

Multiply two basis elements of the twisted group algebra for a root system of type Gs.

multG2p:=proc(P,Q)
return [reduce([op(P[1]),op(Q[1])],G2),invG2(Q[1],P[2])*Q[2]]:

end proc:
Multiply a linear combination for a root system of type Gj.

multG2:=proc(P,Q)

local r,i,j: r:=[]:

for i from 1 to nops(P) do
for j from 1 to nops(Q) do
r:=[op(r), multG2p(P[i],Q[j])]:
od:

od:

return r:
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end proc:
Translates the list-notation into the x[..]-notation.

myexpr := proc (P) local k, s:

s = 0:

for k to nops(P) do

if nops(P[k][1])>0 then s := s+deltajop(subs({l =i, 2
:= s+P[k][2] end if:

od:

return s:

end proc:

Creates the &, ;s.

mkappa:=proc(i,j)
return x[i+j]*x[j]-x[i-j]*x[-i]-x[i]*x[j] end proc:
print(‘kappa_ij =‘,mkappa(i,j)):

Creates the formal Push-pull elements Y; and Y;.

=[x L[, x[H]
=[{lxE1L12]s <[]

JI:

JJ:
Pushpull[l] myexpr(X);
Pushpull[j]:=myexpr(Y);
Creates Y;Y; and Y;Y;.

));

Pushpull[j, i] := myexpr(multA1A1(Y, X
X, Y));

Pushpull[i, j] := myexpr(multA1A1(X,
Checks that Y;Y; = YY) for m;; = 2.
Pushpull[j, i]-Pushpull[i, jJ;

Creates Y;Y;Y; and Y;Y;Y; for m; ; = 3.

Pushpull[j, i, j] := myexpr(multA2(multA2(Y, X), Y));
Pushpull[i, j, i] := myexpr(multA2(multA2(X, Y), X

=i}, PIJ)*PK][2] else s
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Computes the difference Y;Y;Y; — V;Y}Y,.

DIFF := Pushpull]j, i, j]-Pushpull[i, j, iJ;

Coefficients for Y; and Yj in the difference Y;Y;Y; — Y;Y}Y,.
Clj]:=simplify(coeff(DIFF ,delta[j]) /coeff(Pushpull[j],deltalj]));
Cli]:=simplify(coeff(DIFF delta[i]) /coeff(Pushpull[i] deltali] ) );
Checks that the coefficient for Y; is —k_; ;.

Clj]+mkappa(-j,-i);
print(‘C[j] =",-kappa[-j-i]):

Checks that the coefficient for Y; is k_; _;.

Cli]-mkappa(-i,-j);
print(‘C[i] =" kappa[-i,-j]):

Creates Y}Y; and Y;Y; for m; ; = 4.

Pushpull[j, i] := myexpr(multB2(Y, X));
Pushpull[i, j] := myexpr(multB2(X, Y));

Creates Y;Y;Y;Y; and Y;Y;Y;Y; for m, ; = 4.

Pushpull[i,j,i,j]:=myexpr(multB2(multB2(multB2(X,Y),X),Y));
Pushpull[j,i,j,i]:=myexpr(mult B2(multB2(multB2(Y,X),Y),X));

Computes the difference Y;Y;Y;Y; — Y;Y;Y;Y).
DIFF := Pushpull]j, i, j, i]-Pushpull[i, j, i, j]:
Coefficients for Y;Y; and Y;Y; in the difference Y;Y;Y;Y; — YV;Y;VY;.
Clj,i]:=simplify (coeff(DIFF deltalj,i]) /coeff(Pushpull[j,i] deltalj,i]));

Cli,j]:=simplify (coeff( DIFF deltali,j]) /coeff(Pushpull[i,j],delta[i,j]));
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Removes the terms of degree 2 in the difference Y;Y;Y}Y; — YY;Y}Y].
DIFF1:=expand(DIFF-Pushpull[j,i]*C|[j,i]-Pushpull[i,j] *C[i,j]):
Coefficients for Y; and Y; in the difference Y;Y;Y}Y; — V;Y;Y;Y).
Clj]:=simplify(coeff(DIFF1,deltalj]) /coeff(Pushpull[j],deltalj]));
Cli]:=simplify(coeff(DIFF1,deltali]) /coeff(Pushpull[i],delta[i]));

print(” Checking that the presentation is correct: has to be 0 at the end”):
simplify (DIFF-Ci, j|*Pushpull[i, j]-C[j, i]*Pushpull[j, i]-C[i]*Pushpull[i]-C[j]*Pushpull[j]);

Checks that the coefficient for Y;Y; is —k_;_j _j — K_j ;.

Clj,i]+mkappa(-i-j,-j)+mkappa(-i,-j);
print(‘Cl[j,i] = ,-kappal-j-i,-j|-kappal-i,-j]):
Checks that the coefficient for Y;Y} is k_;_oj; + K_j ;.

Cl[i,j]-mkappal(-i-2*},j)-mkappa(-j-i);
print(‘C[i,j] = kappal[-2*j-i,j]+kappal-j,-i]):

Action of the formal Demazure operator A,, on P.

DemB2:=proc(n,P)

if n=1 then return expand (x[-i|*(P-refiB2(1,P))) else return expand(x[-j]*(P-refiB2(2,P)))
end if:

end proc:

Checks that the coefficient for Y; is —A_aj(/i_i_Qj,j + K_j—i).

expand(C[i]+DemB2(2,C[i,j]));
print(‘Cli]= - Delta_-j (Demazure operator) applied to C[i,j|):

Checks that the coefficient for Y; is —Ay, (—k_i—j—j — ki —j)-

expand(Clj]4+-DemB2(1,C[j,i]));
print(‘Clj]= - Delta_-i (Demazure operator) applied to C[j,i]‘):
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Creates X;X; and X;X; for m; ; = 6.

Pushpull[j, i] := myexpr(multG2(Y, X));
Pushpull[i, j] := myexpr(multG2(X, Y));

Creates Y;Y;Y; and Y;Y}Y; for m; ; = 6.

Pushpull[j,i,j:=myexpr(multG2(multG2(Y,X),Y));
Pushpull[i,j,i]:=myexpr(mult G2(multG2(X,Y),X));

Creates Y;Y;Y;Y; and Y;Y;Y;Y) for m, ; = 6.

Pushpull[i,j,i,j]:=myexpr(mult G2(multG2(multG2(X,Y),X),Y));
Pushpull[j,i,j,i]:=myexpr(mult G2(multG2(multG2(Y,X),Y),X));

Creates Y;Y;Y;Y;Y}Y; and V;Y;YY;ViY; for m; ; = 6.
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Coefficients for Y;Y;Y;Y; and Y;Y;Y;Y; in the difference Y;Y;Y;V;Y;Y; — VY, Y,V VY.
Clj,1,j,i]:=simplify(coeff(DIFF deltalj,i,j,i]) /coeff(Pushpull[j,i,j,i],deltalj,i,j,i]));
Cl[i,j,1,j]:=simplify(coeff(DIFF deltali,j,i,j]) /coeff(Pushpull[i,j,i,j],deltali,j,i,j]));
Removes the terms of degree 4 in the difference Y;Y;Y;V;Y}Y; — V;V;YVY;V;Y;.
DIFF1:=expand(DIFF-Pushpull[j,i,j,i]*Clj,i,j,i]-Pushpull[i,j,i,j]*C[i,j,i,j]):
Coefficients for Y;Y;Y; and Y;Y;Y; in the difference Y;Y;Y;V;Y}Y; — VYV Y;VY;.
Clj,i,j]:=simplify(coeff(DIFF1,delta[j,i,j]) /coeff(Pushpull[j,i,j],deltal[j,i,j]));

Cl[i,j,i]:=simplify(coeff(DIFF1,deltali,j,i]) /coeff(Pushpull[i,j,i] ,deltal[i,j,i]) );
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Removes the terms of degree 3 in the difference Y;Y;Y;Y;Y;Y; — VY,V Y, ViY;.
DIFF2:=expand(DIFF1-Pushpull[j,i,j]*C|[j,i,j]-Pushpull[i,j,i] *C[i,j,i] ):

Coefficients for Y;Y; and Y;Y; in the difference Y;Y;Y;Y;Y;Y, — VY, Y,V VY.
Clj,i]:=simplify (coeff( DIFF2,delta[j,i]) /coeff(Pushpull[j,i]delta[j,i]));

Cli,j]:=simplify (coeff(DIFF2,deltali,j]) /coeff(Pushpull[i,j],delta[i,j]));

Removes the terms of degree 2 in the difference Y;Y;Y;Y;Y;Y; — VY,V Y, YiY;.
DIFF3:=expand (DIFF2-Pushpull[j,i]*C[j,i]-Pushpull[i,j]*Cl[i,j]):

Coefficients for Y; and Y; in the difference Y;Y;Y;YY;Y; — V;Y;YY; YY)
Clj]:=simplify(coeff( DIFF3,deltal[j]) /coeff(Pushpull[j],delta[j]));

Cli]:=simplify(coeff( DIFF3,delta[i]) /coeff(Pushpull[i],deltali]));

print(” Checking that the presentation is correct: has to be 0 at the end”):

simplify (DIFF-Pushpull[i,j,i,j]*Cli,j,i,j]-Pushpull]j,i,j,i]*Clj,i,j,i]-Pushpull[i,j,i] *C[i,j,i]-
Pushpull[j,i,j]*C[j,i,j]-Pushpull[i,j]*C[i,j]-Pushpull[j,i] *C[j,i]-Pushpull[i] *C[i]-Pushpull [j]*C[j]);
Checks that the coefficients for Y;Y;Y;Y; is k_j i + K_0i—3ji19; + Kit3j,—i—2; + K—i—2j ;-

Cli,j,1,j]-mkappa(-j,-i)-mkappa(-2*i-3%j,i+2*j)-mkappa(i+3*j,-i-2*j)-mkappa(-i-2%j,j);
print(‘C[i,j,i,j] =* kappal-j,-i]+kappa[-2¥i-3*],i4+-2*j]+ kappa[i+3*],-i-2*j] + kappal[-i-2*] j] ):

Checks that the coefficients for Y;Y;Y;Y; is —k_; _j—Koiysj,—i—2j — Kit2j,—i—3j — K—i—j,—;j-
Clj,i,j,i]+mkappa(-i,-j)+mkappa(2*i+3*j,-i-2*j) +mkappa(i+2*j -i-3*j) + mkappa(-i-j,-
i));int(‘C[j,i,j,i] =‘-kappal-i,-j]-kappa[2*i+3*j,-i-2*j]-kappa[i+2*j,-i-3*j]-kappal[-i-j,-}]):
Action of the formal Demazure operator A, on P.

Dem:=proc(n,P)

if n=1 then return expand (x[-i|*(P-reflG2(1,P))) else return expand(x[-j|*(P-reflG2(2,P)))
end if:
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end proc:

Checks that the coefficients for Y;Y;Y; is —A_o, (K_j—i + K 2i-3ji12j + Kiy3j—i—2; +

Rii-2jj)-

expand(Cl[i,j,i]4+Dem(2,C[i,j,i,j]));
print(‘Clij/— - Delta-j (Demazure operator) applied to C[ij,iif):

Checks that the coefficients for Y;Y;Y; is —A_,, (k_;_j + Koitsj—i—2j + Kitaj—i—3j +

Rivjij)-

expand(Cl[j,i,j]+Dem(1,C[j,i,j,i]));
print(‘Clj,i,j]= - Delta_-i (Demazure operator) applied to Clj,i,j,i]‘):

Shows that the coefficient for Y;Y; is {j and checks that the coefficient for Y; is
_A—aj( 7{])

Cli.ik

expand(Cl[i]+Dem(2,C[i,j]));

print(‘C[i]= - Delta_-j applied to CIi,j]‘):

Shows that the coefficient for Y;Y; is &); and checks that the coefficient for Y; is
Aai (&)

CljiJ;

expand (C[j]+Dem(1,C[j,i}));

print(‘C[j]= - Delta_-i applied to CJj,i]‘):



Appendix C

Computations for the coefficients
i; and &;; for the hyperbolic formal
group law

The following is a Maple script to compute the value of the coefficients in Example
6.2.10} You do not need to load any package to run this script.

Let a := —p; and b := ps.

Procedure for the formal sum for the hyperbolic formal group law F}, ,,.
F := proc (u, v) = (utv+a*u*v)/(1+b*u*v) end proc;

We denote i := x 1= z; and j := y := z;.

i:=x;
J=

Creates x4 ;.
ij:=F(x,y)
Creates ;9.
ij2:=F(F(x, y),y);

Creates x;3;.
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i3 :=FFF(x,y), y), ¥);

Creates xg;43;.

i2.j3 := F(F(F(F(x, %), ¥), ¥), ¥);

We denote k :=z:=2_; and [ := w := 2_;.

Creates z_;_;.

k1:=F(z, w);

Creates x_;_;.

k12 := F(F(z, w), w);
Creates x_;_3;.

k13 := F(F(F(z, w), W), w);
Creates x_y;_3;.

k213 := F(F(F(F(z, z), w), W), w);

Equations for the formal inverses, i.e. F(x;,2_;) = F(x;,2_;) = 0.

equs := {F(i, k) = 0, F(j, 1) = 0};

Creates §;; and simplifies it with respect the equations.

Xji = 1/(i%%i2,3%k12)+1/(i*]%ij2%k 13)+1/(j*i_j2%1_j3*i2.j3)-1/ (I *1j*i2j3)+
+1/(%.j25k*k2.13)+1 /(1§32 3%k 1¥k 12)+1 / (i_j*i_j3*k*k 12)-1/ (j*ij3*i2_j3*k 1)-

-1/(5%15%1-3%k);
simplify(Xij, eqns)

Creates &;; and simplifies it with respect the equations.
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Xij = -1/(I49M52%2,53)-1 / (14%1j25k213)-1 / (1%7%12-3*k 1)+ 1/ (111 2*k 13)+
1/ (P85 1/ (115 3%17k2.13)-1/ (153%2.33* 1%k 12)-1 /(1% j2*k_13%k2.13) +
F1/(P5%52433)

simplify (Xij, eqns)



Bibliography

[BjBx]

[Bo:A]
[Bo:CA]

[Bo:GT]

[CMHL]

Atiyah, M. F., Macdonald, 1. G., Introduction to commutative algebra,
Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont.
(1969).

Bernstein, I. N.; Gelfand, 1. M.; Gelfand, S. 1. Schubert cells, and the co-
homology of the spaces G/P. (Russian) Uspehi Mat. Nauk 28 (1973), no.
3(171).

Bjorner, A., Brenti, F., Combinatorics of Coxeter groups, Graduate Texts in
Mathematics, 231. Springer, New York, (2005).

Bourbaki, N., Algebre, Ch. IV-VII, Paris, Masson (1981).

Bourbaki, N., Commutative Algebra, Chapters 17. Translated from the
French. Reprint of the 1989 English translation. Elements of Mathematics
(Berlin). Springer-Verlag, Berlin, (1998).

Bourbaki, N., General Topology, Chapters 14. Translated from the French.
Reprint of the 1989 English translation. Elements of Mathematics (Berlin).
Springer-Verlag, Berlin, (1998).

Bressler, P., Evens, S. Schubert calculus in complex cobordisms. Trans. Amer.
Math. Soc. 331 (1992), no.2, 799-813.

Buchstaber, V. M., Bunkova, E. YU., Elliptic Formal Groups Laws, Integral
Hirzebruch Genera and Krichever Genera, arXiv:1010.0944v1.

Buchstaber, V. M., Bunkova, E. YU., Krichever formal groups, (Russian)
Funktsional. Anal. i Prilozhen. 45, no. 2, 23-44 (2011); translation in Funct.
Anal. Appl. 45, no. 2, 99116 (2011).

Cherednik, 1., Markov, Y., Howe, R., Lusztig, G. Twahori-Hecke Algebras
and their Representation Theory, volume 1804 of Lecture Notes in Mathe-
matics, Springer, Berlin (2002). Lectures from the C.I.M.E. Summer School
held in Martina-Franca, June 28-July 6, 1999, Edited by M. Welleda Baldoni
and Dan Bardasch.

103



BIBLIOGRAPHY 104

[CPZ]

[CZZ1]

[CZ72]

[CZZ3]

[Deol]

[Deo2]

[Eis]

[GR]

[HHH]

[Haz]

[Hirz]

Calmes, B., Petrov, V., Zainoulline, K., Invariants, Torsion Indices and
Oriented Cohomology of Complete Flags, Ann. Sci. Ec. Norm. Supér. (4) 46,
(2013).

Calmes, B., Zainoulline, K., Zhong, C. A Coproduct Structure on the Formal
Affine Demazure Algebra, Math. Z. 282,no. 3-4, 11911218, (2016).

Calmes, B., Zainoulline, K., Zhong, C. Push-pull operators on the formal
affine Demazure algebra and its dual, arXiv:1312.0019.

Calmes, B., Zainoulline, K., Zhong, C. Equivariant oriented cohomology of
flag varieties, Doc. Math., Extra vol.: Alexander S. Merkurjev’s sixtieth
birthday, 113144, (2015).

Cooper, B. Deformations of nil Hecke algebras, arXiv:1208.5260v2.

Demazure, M., Invariants symétriques entiers des groupes de Weyl et tor-
sion, Invent. Math. 21, 287-301, (1973).

Demazure, M., Désingularisation des variétés de Schubert généralisées.,
(French) Collection of articles dedicated to Henri Cartan on the occasion
of his 70th birthday, I. Ann. Sci. cole Norm. Sup. (4) 7, 53-88. (1974).

Deodhar, V. V., Some characterizations of Bruhat ordering on a Cozeter

group and determination of the relative Mbius function, Invent. Math. 39,
no. 2, 187198, (1977).

Deodhar, V. V., On the root system of a Coxeter group, Comm. Algebra 10,
no. 6, 611630, (1982).

Eisenbud, D., Commutative algebra. With a view toward algebraic geometry,
Graduate Texts in Mathematics, 150. Springer-Verlag, New York, (1995).

Ganter, N., Ram, A., Generalized Schubert calculus. (English summary) J.
Ramanujan Math. Soc. 28A (2013).

M. Harada, A. Henriques, T. Holm, Computation of generalized equivariant
cohomologies of Kac-Moody flag varieties, Adv. Math. 197 (2005).

Hazewinkel, M., Formal Groups and Applications, Pure and Applied Math-
ematics, 78. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers],
New York-London, (1978).

Hirzebruch, F., Topological methods in algebraic geometry, Translated from
German, Classics in Mathematics, Springer-Verlag, Berlin, (1995).



BIBLIOGRAPHY 105

[HMSZ] Hoffnung, A., Malagén-Lépez, J., Savage, A., Zainoulline, K. Formal Hecke

[Hu]

[Hu2]

[Kac]

KK1]

[KK2]

[Ku]

[LM]

ILZ1]

LZ2]

[MP]

Algebras and algebraic Oriented Cohomology Theories, Selecta Math. 20
(2014), no.4, 1213-1245.

Humphreys, J, Introduction to Lie algebras and representation theory, Sec-
ond printing, revised, Graduate Texts in Mathematics, 9. Springer-Verlag,
New York-Berlin, (1978).

Humphreys, J., Reflection groups and Cozeter groups, Cambridge Studies in
Advanced Mathematics, 29. Cambridge University Press, Cambridge, (1990).

Kac, V., Infinite-dimensional Lie algebras, Third edition, Cambridge Uni-
versity Press, Cambridge, (1990).

Kostant, B., Kumar, S., The nil Hecke ring and cohomology of G/P for a
Kac-Moody group G, Adv. in Math. 62, no. 3, 187-237, (1986).

Kostant, B., Kumar, S., T-equivariant K-theory of generalized flag varieties,
J. Differential Geom. 32, no. 2, 549603, (1990).

Kumar, S., Kac-Moody groups, their Flag Varieties and Representation The-
ory, Progress in Mathematics, 204. Birkhduser Boston, Inc., Boston, MA,
(2002).

Leclerc, M.-A. The Hyperbolic Formal Affine Demazure Algebra, Algebr.
Represent. Theory, 10.1007/s10468-016-9610-y, (2016).

Levine, M., Morel, F. Algebraic cobordism, Springer Monographs in Mathe-
matics, Springer-Verlag, Berlin, (2007).

Lenart, C., Zainoulline, K. Towards generalized cohomology Schubert calculus
wvia formal root polynomials, arXiv:1408.5952.

Lenart, C., Zainoulline, K. A Schubert basis in equivariant elliptic cohomol-
ogy , arXiv:1508.03134.

Moody, R. V., Pianzola, A., Lie algebras with triangular decompositions,
Canadian Mathematical Society Series of Monographs and Advanced Texts,
A Wiley-Interscience Publication, John Wiley and Sons, Inc., New York,
(1995).

Rémy, B., Groupes de Kac-Moody déployés et presque déployés,
(French. English, French summary) [Split and almost split Kac-Moody
groups|,Astérisque No. 277, (2002).



BIBLIOGRAPHY 106

[S] Steinberg, R., Endomorphisms of linear algebraic groups, Memoirs of the
American Mathematical Society, No. 80 American Mathematical Society,
Providence, R.I. (1968).

[Tits]  Tits, J., Uniqueness and presentation of Kac-Moody groups over fields, J.
Algebra 105, no. 2, 542-573, (1987).

[Vin] Vinberg, E. B., Discrete linear groups that are generated by reflections, (Rus-
sian) Izv. Akad. Nauk SSSR Ser. Mat. 35 (1971), 10721112.

[Z7] Zhao, G., Zhong, C., Geometric Representations of the Formal Affine Hecke
Algebra, arXiv:1406.1283v2.



	Introduction
	Prerequesites
	Formal group laws
	Coxeter groups
	Kac-Moody root systems
	Topological rings

	Formal group algebras
	Formal Demazure lattices
	Definition
	Formal Demazure lattices of rank 2 root systems
	Formal Demazure lattices of rank 3 root systems
	More examples and facts about formal Demazure lattices

	Formal Demazure operators
	Definition
	Properties of the formal Demazure operators
	Formal push-pull operators and their properties

	Formal affine Demazure algebras
	Formal Demazure/push-pull elements
	Formal (affine) Demazure algebra
	Structure of the formal (affine) Demazure algebra

	Hecke Algebras
	Definition of a Hecke algebra
	Isomorphism between the formal Demazure algebra and a Hecke algebra
	Examples of algebras isomorphic to formal affine Demazure algebras

	Computations of relations for Demazure elements
	Computations of relations for push-pull elements
	Computations for the coefficients ij and ji for the hyperbolic formal group law

