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ABSTRACT

Proof Search Algorithms for Detecting Interactions in

Telecommunication Features

Zhiping Duan
University of Ottawa

April 2003

This thesis presents a theorem proving approach to automatically de-
tecting feature interactions in telecommunications systems. Feature re-
quirements are formalized as specifications using Linear Temporal Logic
(LTL) formulas and feature conflicts are specified by LTL formulas ex-
pressing logical inconsistency of specifications of two requirements of two
different features. These LTL formulas are translated into First-Order
Logic (FOL) formulas. We begin with an existing FOL theorem prover
and optimize and enrich this prover for our application. In particular, we
develop algorithms for integers and relational expressions which appear
in translated FOL formulas and integrate these algorithms into the exist-
ing proof search procedure. Implementation and experiments in AProlog
demonstrate that our theorem prover is efficient and powerful when ap-
plied to the task of feature interaction detection. We also develop a proof

checker to verify proofs obtained from our prover.



Acknowledgements

I am deeply indebted to my advisor, Dr. Amy Felty for her constant
instructional and financial support. Without her help, this thesis would
not be possible. Her ideas, suggestions and patience have been invaluable

to this thesis.

Special thanks go to my brother, Zhiyong Duan for his insightful

suggestions and assistance at every stage of my work.

Many thanks are sent to Yong Shi, my fiance, for taking care of me.

With his love, 1 have never felt alone.

I thank my eternal friends, Xiulin He, Yong Zhang and the group of
94402 to make my life colorful and full of fun.

Lastly but most important in my heart, I would like to thank my

parents for their endless support, love and encouragement.



Acknowledgements i

List of Figures vi
List of Tables viii
1 Introduction 1
1.1 Problem Statement and Motivation . . . . .. ... ... 1
1.2 OurApproach . . . .. ... ... .. 0. 2
1.2.1 OQur Approach in General . ... ... ... ... 2

1.2.2 Advantages . .. .. ... .. ... ... 3

1.2.3 Description of Our Approach . . . ... ... .. 3

1.3 Contribution of the Thesis . . .. .. . .. ... ... .. 5
1.4 Organization of the Thesis . . . . . .. .. .. ... . .. 6

2 Background 8
2.1 Sequent Proof System for First-Order Classical Logic . . 8
2.2 Linear Temporal Logic . . . .. ... .. ... ... ... 11
2.2.1 Linear Temporal Logic . . . . ... ... .. ... 11

2.2.2 Translation from LTL Formulas to FOL Formulas 13

i



23 AProlog .. ... 14

231 Overviewof AProlog . . .. .. ... ....... 14
232 Teyjus . . ... Lo 19
2.3.3 Syntaxof AProlog. . . . ... .. .. ... ..., 18
Theorem Proving and Proof Checking in AProlog 23
3.1 An Automated Prover for FOL Formulas . . . . ... .. 24

3.1.1 TImplementation of Inference Rules for First-Order

Classical Logic . .. .. ... .. .. ....... 24

3.1.2 Goal-directed Automated Prover . ... ... .. 31

3.2 A Proof Checker for FOL Formulas . . . . .. .. .. .. 34
Feature Interactions 431
4.1 Specifying Features by LTL Formulas . . . . . . ... .. 42

4.2 Specifications for Detecting Feature Conflicts by LTL For-

mulas ... L 48
4.3 Transforming Specifications From LTL to FOL . . . . . . 50
4.4 Decomposing the Proof into Simpler Cases . . . . . . .. 52
4.5 Implementations of Casesin AProlog . . . ... ... .. 56
Algorithms for Relational Expressions 60
5.1 Reducing Relational Operators Using =and <. . . . .. 61
5.2 Properties of Relational Operators =and < . . . . . .. 63
5.3 Algorithms and Implementations of Properties . . . . . . 64

5.3.1 Algorithm and Implementation for Symmetry of
Bquality . . . . ... .. ... ... 66

iii



5.3.2 Algorithm and Implementation for Transitivity of

Bquality . . .. ... ... ...
5.3.3 Implementation for Reflexivity of Equality . . . .

5.3.4 Algorithm and Implementation for Transitivity be-

tween Equality and “Less-than(<)” . . .. .. ..

5.3.5 Algorithm and Implementation for Transitivity of

“Less-than(<)” .. . ... . ... ..

5.4 Algorithm of An Automated Prover for FOL with Integers

and Relational Expressions . . . . . . . .. ... .....

5.5 A Proof Checker for FOL with Integers and Relational

Expressions . . . . . . . .00 oo

Summary of Experimental Results
6.1 Experimental Results . . . . . ... ... ... ... ...
6.2 Detecting Feature Conflicts Caused by Other Examples .

6.3 Comparison of Implementation in Teyjus and Terzo . . .

Conclusion
7.1 Summary of Contributions . . . . .. ... ... ... ..
79 Future Work . . . . . . ..o

7.2.1 Specifications of Features and Feature Conflicts in

Other Patterns . . . . . . v v v i v e e e

7.2.2 Comparison with Existing Formal Method Tools .

Appendix

A Riles and Proofs in Natural Deduction

iv

69

75

75

79

82

84

86
86
38

92

23
93

95

95

96

98

98



B Implementation of a Theorem Prover for FOL Formulas

with Relational Expressions 102

C Implementation of a Proof Checker for FOL Formulas

with Relational Expressions 112

Bibliography 115



2.1

2.2

2.3

2.4

2.5

3.1

3.2

3.3

3.4

3.5

3.6

3.7

4.1

4.2

4.3

4.4

4.5

ist of Figures

The Sequent Proof System for First-Order Classical Logic 9

An Example of a Proof Tree Built for a Sequent . . . . . 11
Semantics for Temporal Connectives . . . . . . . . . .. 12
Translation from LTL Formulas to FOL Formulas . . . . 14
Example Modules in Teyjus . . . . . . .. ... ... .. 16

Declarations for FOL Connectives and Quantifiers in AProlog 24

Declarations for Inference Rules for FOL in AProlog . . . 27
An Example of a Proof for a FOL Formula in AProlog . . 34
Implementation of Amplification for V-R and 3-L in AProlog 37

lccautoomod in AProlog . . . . . ... ..o 38
lcprovermod in AProlog . . . . ... oo oL 39
Implementation of A Proof Checker in AProlog . . . . .. 40
Atomic Formulas in Features ACR and CFBL . . . . .. 43
A General Form for the Features Specification . . . . . . - 44
A Simple Specification Form for one Kind of Features . . 45
Formulas for the Decomposed Cases . . . . . . . ... .. 56
Formulas for the Simpler Decomposed Cases . . . . . . . 56

1



4.6

4.7

4.8

5.1

5.2

5.3

5.4

5.6

5.7

5.8

6.1

Al

A2

B.1

B.2

B.3

B4

B.5

B.6

B.7

Declarations for Atomic Formulas in the Telephony Sys-

temin AProlog . . .. ... . oL 57

Declarations for Specifications of ACR and CFBL in AProlog 58

Implementation of Simpler Cases in AProlog . . . . . . . 59
Additional Rules about Relational Operators . . . . . . . 61
Declarations for Additional Rules of Transformations . . 62
Implementation of Additional Rules of Transformations . 63
Auxiliary Rules about Relational Expressions . . . . . . 65
Definite Clauses for Symmetry of Equality . . . . . . .. 87
Definite Clauses for Transitivity of Equality . . . . . .. 72

Definite Clauses for Transitivity between = and < Expres-

SIOMS + v v o e e e e e e e e e 78
Definite Clause for Transitivity of “Less-than(<)” . . .. 81
Examples of Proof Queries in AProlog . . . . . . .. . .. 87

Natural Deduction Rules for First-Order Classical Logic 99

A Proof for the Theoremin ND . . . . .. .. ... ... 101
basicmod . . .. ... 103
folmod . . . . . ... 104
Iprfmod . . . .. Lo 105
lcmathmod . . . . o oL o 108
lcautomod . . . . ... 109
ledter.mod . . . ... Lo oL 110

leprovermod . . . . ... ... 111



C.1 lc_checker.mod



4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

5.1

5.2

5.3

5.4

5.5

List of Tables

PathwithanInteger & . . . . . .. . ... ..o .. 52
Path with anIntegerd; . . . . .. . . . .. .. ... ... 53
Path with an Integer 4o . . . . . . . . . . ... ... ... 53
Path withanInteger 7 . . . . .. ... ... ... .. .. 53
Contradiction for Case 1 . . . . . . . ... ... .. ... 54
Contradiction for Case 2 . . . . . .. . .. .. ... ... 54
Contradiction for Case 5 . . . . . . . ... .. ... ... 54
General Proof Structure of Detecting Conflicts in this Case

Study . . . .. 55
Reducing Relational Operators using =and < . . . . .. 61
An Example of Symmetry of Equality . . . . . . ... .. 68
An Example of Transitivity of Equality . . . . . .. . .. 74

An Example of Transitivity between = and < Expressions 79

An Example of Transitivity of “Less-than{<)” . ... .. 82



hapter 1

Introduction

1.1 Problem Statement and Motivation

We address a problem in the domain of feature interactions (FIs) in
telecommunications systems. During the software development life-cycle
of telephony systems, features, such as Call Forwarding and Call Wait-
ing, are designed individually and developed independently to add new
functions to the system. When new features are added to meet partic-
ular requirements of a system, they may conflict with existing features
in some unexpected ways. For example, when a new feature, such as
Call Forwarding, which provides a service that a call will be forwarded
to another registered phone number if the callee’s line is busy, is added to
the system including Call Waiting, which gives the callee a signal when
he/she is already talking on the line, a conflict happens in the special
case when there is a user who subscribes to these two features simultane-
ously. The reason is that an incoming call cannot be responded to in two
different ways, such as both being forwarded and being given a signal,

when the callee is already on the line.

Such conflicts are best resolved as early as possible ideally before

1



2 CHAPTER 1. INTRODUCTION

such features are implemented. Our work is motivated by the desire to
detect feature conflicts at the specification stage. This may help prevent
time-consuming and high-cost investment in implementations based on
incorrect specifications. And this may also help us fix the requirements
of features. For example, a solution to solve the conflict above is to give

higher priority to Call Forwarding than to Call Waiting.

We describe the general approach and its advantages in section 1.2
and give our contributions in section 1.3. Section 1.4 contains an outline

of the rest of this thesis.

1.2 Owur Approach

1.2.1 Owur Approach in General

In our approach, feature requirements are specified in linear temporal
logic (LTL) {3, 11] according to their informal descriptions [1] and fea-
ture conflicts are expressed by LTL formulas as logical inconsistency of
two LTL formulas representing particular requirements of two different
features [8, 9]. Our objective is to develop & theorem prover to search for
proofs for LTL formulas. This prover has two important characteristics:

it is fully automated and specialized for this particular application.

The background and a general proposal for the approach we follow is
outlined by Felty [7]. In this thesis, we explain the overall approach and
show how to fulfil the complete design in practice. Our implementation
and experiments in AProlog illustrate how the potential of the theorem

proving approach is achieved.



1.2. OUR APPROACH 3

1.2.2 Advantages

Related to our approach are a variety of recent approaches to the prob-
lem. Temporal logic is sometimes used to specify features [3, 11]. Model
checking tools are often used to help in the automatic detection of fea-
ture conflicts [9, 4, 13, 19]. Actually, the logical background of cur ap-
proach originated from the approach in the first reference where conflicts
are considered logical inconsistency between two requirements of feature
specifications and we use the same feature specification language. The
difference between these two approaches is that model checking is applied

in that reference but theorem proving is chosen in our approach.

The main novel aspects of our approach in general are:

e A special prover for this application potentially improves on per-
formance. General-purpose provers, such as Otter [16], may come
with some additional performance costs because it is not specialized
to our particular task. The performance improvement will allow us
to consider conflicts possibly caused by features which are more

difficult to prove.

e To allow more general uses of quantification. Comparing with the
model checking approach which restricts us in some sense to con-
sider particular instantiations of specification formulas, theorem
proving can directly handle quantifications in the feature specifica-

tion language. This is included in our future work.

1.2.3 Description of OQur Approach

Following the outline of the theorem proving approach in reference [7],

we develop algorithms for handling problems we meet in practice. By
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integrating these algorithms into an existing theorem prover [5], we de-
fine a proof search algorithm for an automated prover which can detect

feature conflicts.

The steps of our approach allow us to reach a point where our specific
tool is efficient and complete for the special task we are addressing. They

are:

1. Specifying feature requirements formally in LTL from their informal
descriptions. There are informal descriptions for features in the
telephony system and these descriptions can be specified formally
by logical connectives and atomic formulas. For example, any call
always has a property that the call is eventually terminated by
either the callee’s response or the caller’s phone put back on hook.
By using atomic formulas to represent basic behaviors, such as
call(x,y) for a call from y to z and onhook(y) for representing the
fact that the caller y puts his/her phone on hook, we formalize
requirements in LTL which includes connectives, such as always
represented by the symbol [, literal or specified by V, etc., to

obtain their corresponding LTL formulas.

2. Specifying feature conflicts as logical inconsistency of LTL formu-
las. According to a general definition of detecting feature conflicts,
given by Felty and Namjoshi [9], we give an LTL formula to specify
the conflict caused by two feature requirements of a specific form.
Therefore, the problem of detecting feature conflicts in the telecom-
munications systems is transformed to a problem of searching for

a proof of the LTL formula by a theorem prover.

3. Translating LTL formulas into FOL formulas based on the seman-
tics of logical connectives. There are many choices in automating

temporal logic and we choose to translate LTL into FOL. This
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transiation function can be viewed as a formalization of the seman-
tics of LTL in FOL with integers. Because we are concentrating on
a particular application, our formulas have a specific form which
can be decomposed into simpler subformulas given as input to the

prover.

4. Specifying particular algorithms to handle the translated FOL for-
mulas. A proof tree for a FOL formula with integers is built by
applying inference rules in a sequent calculus. We present spe-
cial rules for integers and develop algorithms to apply them during
proof search. We integrate these algorithms into the main proof
search procedure to develop a complete automated theorem prover

for detecting feature conflicts.

We implement our approach in AProlog which is shown to be well-
suited to the implementation of theorem provers [6]. Our experiments in
this language illustrate that our theorem proving approach to detecting

feature conflicts is successful.

1.3 Contribution of the Thesis

Among the steps of our approach described in subsection 1.2.3, steps 1,
2 and 3 are previous work which we build on. The main contributions of

this thesis are in step 4. They are:

e Optimized the existing theorem prover by finding an order in which
to attempt inference rules during proof search which is best for our

application.

e Developed the specialized algorithms needed for integer arithmetic

and integrated them into the main proof search procedure.
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e Implemented our approach and illustrated its potential with exper-

iments in AProlog.

1.4

rganization of the Thesis

The thesis is organized as follows:

1. In Chapter 1, the introduction to the thesis is provided which also

includes our motivation and approach to the specific task.

2. Some background on FOL, a sequent proof system, LTL, and AProlog,

which are needed for the thesis, is presented in Chapter 2.

3. In Chapter 3, we present the implementation of inference rules for
FOL in the sequent proof system, and then we review an algorithm

for the existing automated theorem prover which we later build on.

4. In Chapter 4, we introduce the previous work on specifying fea-
ture requirements and feature conflicts as logical inconsistency in
linear temporal logic respectively. We show how to translate LTL
formulas into FOL formulas with integers and how to decompose
them into several simpler formulas used later by the prover. This
decomposition is important in the general form of proofs for our
application. Moreover, we present our representation of these for-

mulas in AProlog which will be used by our prover.

5. The main contributions of this thesis are presented in Chapter 5.
We discuss our algorithms for handling relational expressions in
the translated FOL formulas. By emploving these algorithms, we
obtain the new relational expressions which are needed for our proof

search procedure. Integrating these algorithms into the existing
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theorem prover results in a completely automated proof procedure

for owur specific task.

6. Results from our implementation and experiments are briefly dis-

cussed in Chapter 6.

7. We conclude in Chapter 7 by discussing further performance im-

provement and future work.



ackground

In this chapter, we provide background on a sequent proof system for

first-order classical logic, linear temporal logic and AProlog.

2.1 Sequent Proof System for First-Order

Classical Logic

A sequent is an expression I' — A where I' and A are finite sets of
formulas v, Vo, ** s Vim and 61, 8a, -+ -, &, respectively [12]. A sequent
I — A in classical logic holds if there is a proof where the conjunction
of ¥4, Var ***» Y implies the disjunction of 01, g, - -+, 8,. Particularly,
if T is empty, the sequent asserts that §; Véda V...V, is true. In contrast,
if A is empty, it asserts that v; Ay A ... A7, is false. Formulas on both

sides of a sequent are first-order logic formulas.

Definition 1. @ is a first-order logic (FOL) formula, defined in Backus
Naur Form (BNF) [14]:

pu= A (o) [ (ehe) [ (eVe) (oD )| (Vap) | Fze)  (21)

where A is an atomic formula, which is a formula p(1, ta, ..., t,) where p

8



2.1. SEQUENT PROOF SYSTEM 9

is a predicate of arity n with n terms ¢; (i = 1, .-+, n) as parameters;
x is a bound variable for quantifiers; connectives (-, A, V, and D) and

quantifiers (V and 3) have the following binding priorities [14]:

1. =, ¥z and dz bind most tightly;
2. then A, V;

3. then D.

A proof for a sequent I' — A follows inference rules [5| summarized

in Figure 2.1.

' — A A ' —BA R A BT -— A .

T -——AAB A A ANBT AT
r—ABA AT — A BT —A
I'—AVEB A" AV B, I'— A )
AT — B A R I'— AA BT — A .

T —SADBA A5B.T = A >
Al—4 o r'—Aaas -
F—-4A " AT —A 7

I — ly/z]AA [t/z]A, T — A

T Vsd A 0 VZAT A b

I — [t/z]A A IR ly/z]A, T — A a1

T — JzA4, A AT S A

AT 4 & mitial

The V-R and 3-L rules have the proviso that the variable y cannot appear
free in the lower sequent.

Figure 2.1: The Sequent Proof System for First-Order Classical Logic

There are one left rule and one right rule for each connective and
quantifier. A-L and V-R rules express the fact that on the left side of
a sequent there are intrinsic “and” relations among formulas while on

the right side there are intrinsic “or” relations. The rules for A-R, V-L,
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D-R, D-L, =R and —-L similarly express logical consequences that the
upper sequent or sequents imply the lower sequent. For example, the rule
for D-R, reading backward, says the lower sequent (I' — A D B,/ A} is
true if the upper sequent (A,I' — B, A) is true. In rules for V-L and
3-R, [t/x]A denotes substitution, which means each free occurrence of
is replaced by the term ¢ in A. An expression [y/z]A in rules V-R and
3L is also substitution where y replaces = in A with a restriction that
y must not be free in the lower sequent. The last rule is the initial rule
which says a sequent is true if there is a common formula on both sides
of the sequent. Among all these rules, the initial rule is the only rule

which needs to be applied at least once if the sequent is provable.

In proof search, we try to build a proof tree backward whose root
is the sequent to be proved. At each step, an inference rule is chosen,
and the upper sequent or sequents are computed from the lower sequent
according to the rule. The formula in the lower sequent to which the
rule is applied is removed from the list and the appropriate subformulas
are added to form the upper sequents. Removing formulas at each step
simplifies sequents and makes them ever easer to read. In this way,
the upper sequents are simpler in the sense that they contain one less
connective than the lower sequent and all leaves are instances of the initial
rule. Using a sequent calculus helps us understand proofs and encourages

us to study the application by tracing the proof search procedure.

Continuing to employ the above inference rules, the tree grows up-
wards, branches if needed, until it reaches its leaves, the initial sequents

which contain a common formula on both sides of a sequent.

We use one sequent
Fzp V Az — Jzlp V )

as an example to show how a proof tree is built in Figure 2.2.
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initial initial
[zo/x]¢ — [x0/ 2@, [mo/z]t) [0/ 2] — [zo/z]e. [mo/ =]
V-R V-R
[o/x] — [ma/zlp V [wo/z) o/ z]tp — [mo/alie V [wo/z]ef
3-R IR
[zo/2]e — Jz(p V Y) [zo/2lth — Jx(p V ¥)
3-L 3-L
Fzp — dz{p V Y) 3ztp — 3x(p V )
V-1

Jxe V Jxyp — Jz(p V )

Figure 2.2: An Example of a Proof Tree Built for a Sequent

In this figure, the root is labelled by the sequent to be proved, the
tree grows upwards, branches are increasing when inference rules are
applied. The left branch grows upward until reaches its ¢nitial sequent,
which contains a common formula [z4/z]p. Then the right one achieves

its initial sequent including [zo/z]y on both sides of the sequent.
In general, rule names are given beside the rule application in each

step. For example, V-L appears beside the sequent in the root when V-L

is applied.

2.2 Linear Temporal Logic

2.2.1 Linear Temporal Logic

Linear-time temporal logic (LTL) is a type of modal logic {14, 15] that, by
including special temporal connectives, can be applied to describe time

dependent properties such as features in the telephony system.

Definition 2. An LTL formula ¢ is defined as, in Backus Naur Form
[14],
pu= A [(~¢)[(eAe) ]| (eVe)l{vDy)

(2.2)
1 (Oe) [ (00) | (pUe) | (9 W @) | (Xe)
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where A is an atomic formula with no logical connectives; in addition to
FOL connectives, there are five special temporal connectives [, , U, W,
and X.

An LTL formula is validated on a path or set of paths in a model
[14, 15]. A model is defined as a finite set of states (.5), a set of transitions
(R) of pairs of states and a set of labels (L) consisting of atomic formulas.
Each state s; in S is labelled by atomic formulas from L. A path 7 is an
infinite sequence of states s; — §; —= §9 — -+, in which s¢ is the
start state and the token — indicates a transition in R. For example,

s; — §; is a transition from s; to s;.

For a given path, we proceed to explain the semantics for temporal

connectives in Figure 2.3 according to explanations in references [14, 15].

LTL formula | Description | Semantics Meaning

DQO always (© is satisfied at every state on the given path
O{p eventually | (0 is satisfied at some state on the given path
©4 U P until following a given path there exists a state at which 09

holds and before which (0 holds from the start state
ra .
L,Olw Pa weak until (Dg&l \Y ((PlU(pQ))

X @ next {0 is satisfied at the next state on the given path

Figure 2.3: Semantics for Temporal Connectives

Among these temporal connectives, new unary connectives have the
same priority as — and new binary connectives have the same priority as

A and V.

The notation 7 denotes a path 7 starting from the state s;. If a path
7 satisfies an LTL formula o, which means ¢ is true on this path =, the
satisfaction relation is denoted by = = ¢ which is an abbreviation of
70 = . In general, m* = ¢ is defined by induction on the structure of ¢
as follows [14]:
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1. For an atomic formula A, 7' = A iff* A is one of the labels assigned

to s;.
2. 7t = - iff 7 = ¢ does not hold.
3. 7 = (g Awy) if both ' = ) and 7' = .
47 (V) T prorm = o
5. 7t = (01 D ) if ¥ = ¢, whenever 7 = ;.
6. m k= Dpiffforall k > ¢, 7% = ¢.
7. 7 = O iff for some k 24, 7% = o.
8. m = (p; Uy,) iff there exists some & > 4 such that 7% =, and
7w = foreveryj =1, -, k—1
9. 7 = (s Wepp) iff 7 = 0oy or 7' f= (01 U py).
10. 7wt = Xpiff 7 = o

An LTL formula is true in a model if it is satisfied by all paths in the

model.

2.2.2 Translation from LTL Formulas to FOL For-

mulas

There are many approaches to validating LTTL formulas. The one we
adopt is to translate them into first-order logic formulas. There are also

several well-known translations and we choose a straightforward one.

The translation function (f) takes two parameters, an LTL formula

(¢) and a state number (z), which is added in FOL to describe the state

*If and only if.
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s;, at which ¢ holds. For example, an atomic LTL formula p(éy, 4, f,) is
translated into an atomic FOL formula p(f1,%g,...,%,, ¢} to describe the
fact that p(f1,¢s,...,1,) is true at the state s;. The translation begins
by computing f{y,0), which expresses the fact that the formula holds
at the start state. The translation function is defined inductively {7] in
Figure 2.4 following the definition of the satisfaction relation shown in

subsection 2.2.1.

f(p(tlyt%n-ytn)’i) = p(tlat%--':tm'i)
f(“'(P,Z') —'f((Pvi)
Fle1 Nega),2) Flpi ) A f(a,7)
f(tp} v 902)’2') f(%vi) \% f((p% Z)

I

I

f((tpl 3902)7@ = f(‘P}:i) 2 f(@QvZ'))
f(Op,d) = Yi(j2iD fle, 7))
f(Qp,i) = FF=iD flp4)

i

[l Upy), i) 3505 2 i A flpe,7)
AVE(E < k< jD flen5))

Jlos Wepy), 1) = f(WlUSOQ)vi)V f(Ekai)
fXep,d) = floi+1)

Figure 2.4: Translation from LTL Formulas to FOL Formulas

In our application, there are also V and 3 in the LTL formulas. How-
ever, we do not include translations for them because these quantifiers
are used in restricted forms. For example, the universal quantifiers ap-
pear in the following two formulas at the top: VaVyVz(le(z,y, z)) and
OVaVyVz{p(z,y, z)). We handle them as special cases. In this case the

latter formula is equivalent to the former one.

2.3 MProlog

2.3.1 Overview of AProlog

AProlog is a higher-order logic programming language whose formulas

are higher-order logic formulas that permit quantifiers over predicate
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and function symbols {17]. The logical foundation of this language is an
extension of Prolog which has more expressions to allow logical connec-
tives, such as implication and universal quantifiers, to appear in goals

and bodies of the program clauses.

Here are features of A\Prolog used by our later implementation [17]:

e Modular programming

Clauses in AProlog are organized into modules. Each module begins
with keyword module followed by the module name and is stored in the
file with the module name and the extension name mod. For example,

the file al.mod contains the module al.

There are constants, variables and clauses in a module which may
accumulate other modules by the keyword accumulate. Thus constants
and clauses defined in the accumulated modules can also be used in the
current module. We summarize the structure of a module of five parts:
a name, a list of accumulated modules (if any), kind declarations, type
declarations and definite clauses. For example, Figure 2.5 illustrates how

to organize a module.

In this figure, the module a2 accumulates the module al and memb_and._rest

declared in al is used in a2 with no necessary re-declaration.

e Strong typing and polymorphic typing:

MProlog is a strongly typed language which means that all constants
must be declared with their types. Variables in AProlog begin with an
upper-case letter and constants begin with a lower-case letter. The types
of variables in formulas are automatically inferred according to the con-
text and the type for each constant must be declared before it is first

used.



16 CHAPTER 2. BACKGROUND

%% module name

module al.

%% type declaration

type memb_and_rest A -> list & -> list A4 > o.

module a2.

%% accumulated module ai
accumuiate al.

%% kind declaratiom
kind seq type.

%% type declaration
type >- lprf -> seq -> o.

%% definite clauses

(and_1 A B ) >- (Gamma --> Delta) :-
memb_and_rest (A and B) Gamma Gammal,
Q > ((A::B::Gammal) --> Delta).

Figure 2.5: Example Modules in Teyjus
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AProlog is polymorphic, which allows variebles to appear in type
declarations, called fype variables. For example, the constant memb has

the following declaration:
type memb A -> list A -> o.

where memb is a predicate with two parameters of types A and list A.
A is a type variable which states that this parameter can be instantiated
by an instance of any type. Note that the detailed explanation of the

constant memb is presented later.

e Definite Clauses and Goal formulas

There are two different types of formulas in AProlog, definite clauses
(denoted by D) and goal formulas (denoted by 7). They can be defined

recursively as below:
G:=T|AIGiANGy |GV Gy |32G | DD G| VaG
D:=A|GDA|VzD
where A is an atomic formula.
As we know, AProlog is an extension of Prolog. The important dis-
tinction between them is that the connective D and the qualifier V can be
allowed to appear in both goal formulas and definite clauses in AProlog

which are forbidden in the goal formulas in Prolog.

Definite clauses and goal formulas have different purposes. On one
hand, definite clauses are grouped into modules which are regarded as
facts. On the other hand, goal formulas are queried in the command
line and the query is answered based on those facts stored in the loaded
modules. For example, we declare the following definite clauses for the
predicate memb which are used to decide whether X is an element of a

list L:
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memb X (X :: L).

memb X (¥ :: L) :- memb X L.

where the token :: i8 an operator to concatenate an element into a list; :-
is an operator which means “implied by” and used to write the top level

counective in the definite clause.

In this example, the first clause says that memb X (X::L) is true if
X is the first element of the list. The second clause states that memb
X (Y::L) is true if memb X L is true where L is a sublist of the given
list without the first element Y. Then any query memb X L is true if

either of these two clauses is satisfied.

Based on the facts above, a goal formula memb 2 (1::2::nil), where
nil denotes an empty list, is true because 2 is the first element of the
sub-list (2::nil). Note that the type variable A in the type declaration

of memb is automatically instantiated by type int.
e Simply-typed A-terms

The terms of AProlog are the simply-typed A-terms [17] and they are
more expressive than first-order terms. The application of A-terms in
AProlog uses (-conversion, a basic operation of A-calculus. Bound vari-
ables can begin with an initial letter in either upper-case or lower-case.
In order to represent AzA, the backslash \ is used as an infix operator
to represent it as £\ A or X\ A. ((AzA) T') denotes the application of the

term (AzA) to T' and S-conversion in AProlog will replace z in A by T'.
e Unification of A-terms

Unification of A-terms in AProlog is handled by higher-order unifi-
cation. It is used to instantiate logical variables. For example, if there

are one formula (X and y) on the left side and a formula (x and y)
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on the right side of a sequent, then variable X is instantiated with the
constant X by ﬁniﬁcation. This is implemented as a built-in operation
by the interpreter/compiler of AProlog. Since higher-order unification is
undecidable [10], implementation of any interpreter for AProlog is incom-
plete. But for the cases in first-order logic, there is no such problem. In
addition, implementation and experiments illustrate that this problem

does not occur in practice for most applications, including ours.

2.3.2 Teyjus

There are several implementation of AProlog. We choose Teyjus, a C-
based compiler because it is intended to be efficient and (eventually)
robust for AProlog [18] and is appropriate for complex applications. Com-
pared with some other implementations, Teyjus greatly improves on per-

formance of our application.

2.3.3 Syntax of AProlog

Because we use Teyjus to implement our application, the Teyjus syntax
of AProlog is provided in this subsection for understanding of our later

implementations.

Since we discuss one logic, first-order logic, within another logic,
higher-order logic of AProlog, in order to avoid confusion, we differen-
tiate the former logic, called the object-logic from the latter one, called

the meto-logic.

We begin the discussion on syntax with type declarations about con-

stants.

There are two different declarations: kind and type. The keyword

kind is used to introduce user-defined type constructors and then they
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can be used in type declarations to build user-defined terms. Types are
constructed by a binary infix constructor —. For example, a predi-
cate p with arity n can be declared with type: 74 — 72 — ...—
Ty — Tpa1- M 1, to, ..., t, are terms of type 71, T2,..., 7Ty respec-
tively, then p(t1,ts,...,%,) is of type T,41. The association of — is to
the right, which means 71 — Ty — ...— T, — Tpq41 is an abbrevi-
ation of 71 — (19 — (... — (T, — Tp+1)..)). An example of type
declarations shown in subsection 2.3.1 has already demonstrated how to

construct a type using —:
type memb A -> list A -> o.

where the constant memb is a term, which takes 2 parameters of type
A and list A respectively. The formula memb X Y is of type o; -> is

the token in Teyjus for the constructor —.

Note that there are two other constants in the above declaration,
list and o, which also need to be declared before they are used. The
declarations of these constants are called kind declarations, which are
used to declare types and type constructors. These two constants have

the following definitions:

kind list type —-> type.

kind o type.

where the constant list in AProlog is used to represent a list which builds
a new type by accepting one parameter. For example, list A is a type
which is built from list with one parameter A. The constant o is used

to represent a formula in AProlog.

Theoretically, these two constants need to be declared before memb’s
declaration. In practice, since they are built-in constants, we can employ

them anywhere anytime.
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A new binary infix constant :: is used to concatenate an element to &
list and a unary constant nil is used to indicate an empty list. They have
their own explicit declarations as follows although it is not necessary to

define them in the application since they are also built-in constants:

type :: A -> 1list A -> list A.
type nil list A.

infixr :: B.

The keyword infixr here means that this constant is represented in
an infix format and associates to the right. The number in the infix
declaration represents the binding priority of the constant. In this case
the number 5 is the number for ::. Particularly in Teyjus, the number
for the user’s self-defined constants should be > 200 and the larger the

number is, the tighter the constant’s binding priority is.

Therefore, we can construct lists by these constants. For example,
(1::2:: 3 nil) is a list in AProlog. (2 :: L) is another example of a list

whose first element is 2 and whose tail is L.

Besides these built-in constants, there are others we use in our ap-
plication. We merely express their functions without presenting their
explicit declarations. The first two, infix tokens , and ; represent con-
nectives A and V in AProlog respectively. The last two are universal and
existential quantifiers in the meta-logic, constants pi and sigma which
are represented in conjunction with a A-term. For example, the constant

pi is declared:
type pi (& -> o) -> o.

where pi takes a predicate of type A -> o as a parameter; the bound
variable in the predicate can be of any type, represented by A. For ex-

ample, we can have a meta-logic formula pi x\ F which represents Vz F'.
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Then user-defined terms may be built by built-in type constructors
and pre—dedared type constructors. All declarations for constants needed

for the application are grouped together into a signature!.

We declare definite clauses after type declarations and continue to use
the same example of definite clauses for the constant memb explained

in subsection 2.3.1:

memb X (X :: L).

memb X (Y :: L) :- memb X L.

We have explained these two clauses above.

There are variables in the definite clauses and goal formulas, such as
X, Y and L in the above example. The convention for these variables
is: variables in the definite clauses are assumed to be universally quan-
tified and variables in the goal formula are assumed to be existentially
quantified [17]. Therefore, the above definite clauses are equivalent to

the following clauses:

pi X\ pi L\ (memb X (X :: L)).

pi X\ pi Y\ pi L\ (memb X (Y :: L) :- memb X L).

which mean variables X, Y and L can be instantiated by any terms.

A goal formula memb X (1::2::nil), as an example, is equivalent
to sigma X\ (memb X (1::2:nil)), which means that the formula
is true as long as there is one instantiation of X. We prefer to use the
concise formats to simplify the presentations of definite clauses and goal

formulas.

TParticularly, in Teyjus, there is a signature file which has the extension name of
.sig
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Checking in AProlog

This chapter describes an approach to developing an automated theorem
prover and a proof checker for FOL formulas in the sequent proof system.
Since our proofs for FOL formulas use inference rules, we present our
approach by implementing them in AProlog and then provide strategies
to organize and control these implementations in order to achieve a prover
for automatically searching for proofs for FOL formulas. Moreover, an
example in FOL is demonstrated to explain how the prover works as a
successfully automated proof search tool. Finally, we discuss briefly a
complementary tool, a proof checker, which is used to verify the proofs
that we have obtained from the prover. Discussions on this topic are
illustrated by implementations in AProlog. They are based on an existing

prover and checker presented in reference [5].

23
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3.1 An Automated Prover for FOL Formu-

las

As we know, a given FOL formula A with no assumptions can be written
as a sequent: — A whose left side is null. The procedure to find a
proof for a sequent, called “proof search”, is based on fairly employing
inference rules presented in Figure 2.1. In order to achieve proof search,
basically, we implement sequents and inference rules in AProlog. More-
over, we figure out strategies which can lead to an automatic proof search
procedure. Finally, we present an example to illustrate how this prover

works.

3.1.1 Implementation of Inference Rules for First-

Order Classical Logic

In order to implement FOL formulas in AProlog, one primitive type form

is declared to construct object-logic formulas.
kind form type.

By using the binary infix arrow constructor ~>, all connectives and

quantifiers can be declared by using form in Figure 3.1.

type and form -> form -> form.
type or form -> form -> form.
type imp form -> form -> form.
type neg form -> form.

type forall (4 -> form) -> form.
type exists (A -> form) -> form.
infixl and 250.

infixl or 250.

infixr imp 240.

Figure 3.1: Declarations for FOL Connectives and Quantifiers in AProlog
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In the above declarations, constants and, or, imp, neg, forall and
exists are used to represent logical connectives A, V, D, — and quantifiers
V and 3 respectively. The constant and, for example, takes 2 parameters
of type form representing two formulas, and constructs the conjunction
of these two formulas. The notation of and is infix and associates to the
left. Thus, (X and Y and Z) represents ((X and Y) and Z). For the
other connectives, or, imp and neg, we have similar explanations for
them. For example, (X VY),(X DY) and (—X) are represented by (X
or Y), (X imp Y) and (neg X) respectively in AProlog. The slight
differences among them are that neg has the highest binding pricrity and
imp is right associative and has the lowest binding priority. Quantifiers
v and 3 have functional parameters. For example, the constant forall,
takes a )-term as a parameter of type (A -> form) inside which a
bound variable is of any type A. Therefore, VzA is represented in the
object-logic as forall X\ A or forall x\ A.

Besides these declarations for connectives and quantifiers, predicates
in FOL also need to be defined. For example, predicates p and q are

declared:

type p & —> form.

type q A -2 form.

which are two unary predicates accepting one parameter of any type.

We have declarations for FOL formulas below:

kind name type.
type formula name -> form -> o.
formula pre_l (forall X\ exists Y\
((p X) or (g Y)) imp
(exists Y\ forall X\ ((p X) or (q Y))))J.
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where the predicate formula has two parameters, a special formula name
of type name and the value for the formula of type form; pre 1l is a

name for the formula Vz3y(p(z) V ¢(y)) D IyVeip(z) V ¢ly)).
Now we are going to implement inference rules as follows.

Inference rules in the sequent proof system for first-order classical
logic are written using the tree structures. Each node represents a se-
quent. A new primitive type seq is introduced to represent the object-
logic sequent. Lists of elements of type form are used to represent for-
mulas in a sequent. The constant seq , by using the infix binary operator

-->, is constructed by two parameters of type list form as below:

kind seqg type.

type --> (list form) -> (list form) -> seq.

Thus a sequent (I' — A) is presented in AProlog as (Gamma -
- >Delta), where Gamma and Delta are lists of formulas of type list
form. Generally speaking, during the proof search procedure, it is better
to store the proof for a sequent to review and later check. So the primitive
type Iprf is used to build the sequent proof and another infix binary
operator >- is used to express the relation between a sequent and its

proofs.

kind lprf type.

type >- lprf -> seq -> o.

Therefore if we have @ as a proof for the sequent (I' — A), this can
be presented as Q >- (Gamma - -> Delta) in AProlog. Our objective
is to automatically search for Q by applying inference rules to the given

sequent.
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The inference rules are declarative expressing the logical relation that
the lower sequent is true if the upper one or ones are true. The determin-
istic logic programming compiler Teyjus provides us implementation of a

depth-first proof search by applying these rules in a backward direction.

The constant declarations for the AProlog data structures represent-

ing each rule are in Figure 3.2:

type and_1 form -> form -> 1prf -> lprf.

type and_r form -> form -> lprf -> lprf -> lprf.
type or_1 form —-> form -> lprf -> lprf -> lprf.
type or_r form -> form -> lprf -> lprf.

type imp_r form -> form -> lprf -> lprf.

type imp_l form -> form -> lprf -> lprf -> lprf.
type neg_r form -> lprf -> lprf.

type neg_l form -> lprf -> lprf.

type exists_r A -> lprf -> lprf.

type exists_1 (A -> lprf) -> lprf.

type forall_r (A -> lprf) -> lprf.

type forall 1 A -> lprf -> lprf.

Figure 3.2: Declarations for Inference Rules for FOL in AProlog

We explain the constant and.l as an example. It is used to store a
proof employing the A-L rule, which takes the first two parameters of
type form to store A and B, the subformulas of (A A B) and the third
parameter of type Iprf, which is used to record the proof of the upper
sequent. If Q is such a proof of this sequent, then (and.1 A B Q) is a

proof for the lower sequent.

We have the following definite clause for the rule and I

(and_1 & B @) >~ (Gamma --> Delta) :-
memb_and_rest (& and B) Gamma Gammai,

Q >~ ((A::B::Gammal) --> Delta).
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where a new AProlog predicate memb_and_rest is used to take out a
formula from a list if this formula is a member of this list. This element-
extracting operation is used to guarantee termination of the proof search
procedure because in each step after employing one rule, the upper se-
quent is simpler than the lower sequent since it contains one less connec-
tive or quantifier. Then there are appropriate subformulas added to the
upper sequent in accordance with the logical relation between the upper
and lower sequents. In this example, Gammal is a new list without
element (A A B) and (A::B::Gammal) is a list obtained by adding two

elements A and B to Gammal.

Operationally, this clause for the constant and_1says: if a sequent has
the form (AA B,I' — A) and Q is the proof for the upper sequent, then
(and.1 A B Q) is the proof for the lower sequent. Notice that the order
of elements in the sequent is not important at all during implementation
of all rules. For example, in this case, we do not care whether (A A B) is

the first element of the list or not as long as it is & member of this list.

Now, consider the rule A-R:

(and_r A B Q1 G2) >- (Gamma --> Delta) :-—
memb_and_rest (4 and B) Delta Deltal,
Q1 >- (Gamma --> (A::Deltai)),

Q2 >- (Gamma --> (B::Deltal)).

Since the rule A-R separates the lower sequent into two upper se-
quents, the predicate and_r takes 4 parameters: Two of them indicate
A and B which are subformulas of (A A B) in the lower sequent, and the
other two are proofs for each separate subgoal. The clause can be read
as: if Q1 is a proof of (I' — A,A) and Q2 is a proof of (I' — B,A),
then (and.r A B Q1 Q2) is a proof of (I' — A A B,A). Note that we

also remove (A A B) from A and add A and B separately to A in the
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upper sequents.

We have very similar explanations for v-L, V-R, D-L, D-R, =L and

--R rules.

Let us look at the implementation of quantifiers which are more com-

plex than the previous ones.

The rule 3-R, for example, is captured by the following definite clause:

(existg_r T Q) > {(Gamma ~-> Delta) :-
memb_and_rest (exists A) Delta Deltal,

Q >- (Gamma --> ((A T)::Deltal)).

Since bound variables for quantifiers in FOL are represented by bound
variables in simply-typed A-terms, term A is such a A-term in this ex-
ample. (A T) substitutes T for the bound variable in A. Substitution

is done automatically by AProlog .

We can read this clause as: If Q is a proof of I' — [T/z]4, 4,
then (exists_r T Q) is a proof of I' — JzA, A. In AProlog, T is a
logic variable and will be instantiated by higher-order unification later

by applying the initial rule.

Also, we have a similar explanation for the rule V-L.

(forall 1 T Q) >- (Gamma --> Delta) :-—
memb_and_rest (forall A) Gamma Gammal,

g >~ (((A T)::Gammal) --> Delta).

This clause says: if thereisVzA in T and Q isa proof of T, [T/z]A —
A, then (forall 1l T Q) is a proof of I',VzA — A.

Implementation of rules V-R and 3-L are complex because we need to
implement the proviso for these two rules. Here is the implementation of

the V-R rule:
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(forall_r Q) >- (Gamma -~-> Delta) :-
memb_and_rest (forall A) Delta Deltai,

pi T\ ((@ T) >- (Gamma -—> ((A& T)::Deltal)})).

Because the additional proviso for this rule says: ¥ is not free in the
lower sequent, we use the universal quantifier pi in AProlog to implement
the proviso that T is not free in A-term A, or in Gamma or Deltal.
(Q T) is a proof of the upper sequent where Q is the part of the proof
that does not contain T. We omit the details about how the A-term Q is
formed. The universal quantifier pi is used so that T is an arbitrary term
which can be treated as a fresh constant. Because ) does not contain
T, the proof (forall_.r Q) also does not contain it. For this case, the
clause can be read: if we have a proof function Q such that for any T,
(Q T) is a proof of I' — [T'/z]A, A, then (forall.r Q) is the proof for
' — VzA A

The last example is the initial rule.

(initial A) >- (Gamma --> Delta) :-
memb A Gamma,

memb A Delta.

The initial rule is applied when there is a common formula on both
sides of a sequent. In some cases, when the sequent contains logic vari-
ables, higher-order unification for instantiation of logic variables to make
both occurrences of A the same is applied here. This operation is built
into the implementation of Teyjus. The proof search procedure for a

sequent is terminated by the initial rule if this clause succeeds.

So far, we have already implemented all inference rules in AProlog.
In order to develop an automated prover, we need to impose strategies

on these rules’ applications.



3.1. AN AUTOMATED PROVER FOR FOL FORMULAS 31

3.1.2 Goal-directed Automated Prover

In the last subsection, we mentioned that once one inference rule is ap-
plied, there is one connective or quantifier less in the upper sequent or
sequents because we take it out after applying the corresponding rule.
This approach guarantees termination of proof search. But in some cases
when formulas include V on the left side or 3 on the right side of a se-
quent, our method for implementing a complete proof search procedure
must allow these formulas to be used more than once with different val-
ues for substitution term ¢. The strategy that we adopt is to amplify the
universally quantified formulas on the left and existentially quantified
formulas on the right of a sequent by duplicating them more than one
time [2].

Using amplification, we present the main idea of our approach to
develop an automated prover with a proof tree whose root is labelled
by I' — A as follows: at each step, an inference rule is chosen, and
then the upper sequent or sequents are computed from the lower sequent
according to the rule. Repeat to attempt to apply all possible rules
and exit whenever there is a proof. Otherwise, it may be necessary to
allow V-L and 3-R to be applied more than once to the same formula.
We restrict search so that all others are applied at most once. Keep on

searching until there is a common formula on both sides of a sequent.

In practice, the duplicated quantified formulas are instantiated possi-
bly by different values. This kind of amplification may cause an infinite
loop because it keeps adding formulas indefinitely even if the sequent is

not provable.

Experiments help us to figure out how to arrange the implementations
of these inference rules in an order which is best for the efficiency of the

prover for our specific task. The following proof search algorithm is
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designed for our automated prover:

Algorithm 1. Automated Proof Search for FOL Formulas

Input parameter: A sequent

Return: A Proof (if there is one, an infinite loop otherwise)

1. Attempt to apply rules in the following order: initial, A-L, D-R, 3-
L, V-R, v-L, A-R, D-L, =R, V-R and —-L. Exit if a proof is found.
Note that there are no rules 3-R or V-L in this list.

2. Continue search, attempting all the rules in the following order:
initial, A-L, D-R, 3-L, V-R, V-L, A-R, D-L, =-R, V-R, =L, 3-R,
V-L. Note that this list includes rules 3-R and V-L.

3. Amplification step: If a proof is not found, then using the sequent
that is obtained at the end of step 1, add a new copy of all uni-
versally quantified formulas on the left and existentially quantified

formulas on the right and go to step 2.

In order to completely implement this algorithm, two predicates,
amplify_forall and amplify_exists, are provided to implement am-
plification for universally and existentially quantified formulas respec-
tively. The main idea of amplification for the rule V-L as an example
is that if there is VoA on the left side of a sequent, and if there is not
a proof by applying V-L once, then copy this formula to replace it by
VoA AVzA. Attempt to apply all rules again and exit proof search if
there is a proof. Otherwise, possibly iterate to replace the formula Vz A
with V2 A AVzZA A ... AVz A which has one more conjunct than the pre-
vious step, until there is a successful termination of proof search. This

could lead to an infinite loop.
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We have a similar explanation for amplification for 3-R with the slight
difference that Jdz A is replaced with JzA vV 3z A... Vv 3zA vV dzA on the

right side of a sequent.

Clauses of amplification for rules V-L and 3-R in the module named
as lc_iter.mod are shown in Figure 3.4. A new predicate add_copies is
used to add an additional copy of the quantified formula to the appropri-
ate side of a sequent and N is used to store how many times amplification

is applied.

We explain amplify_forall as an example. There are 3 definite
clauses for this predicate. The first clause is satisfied if " is null which
means there is no more universally quantified formulas on the left side
of a sequent. The second says, if Vz A is the first element of I', then take
it out from I" and duplicate it in I' NV times . The last clause recursively
calls the clause itself using I" without its first element. This clause is
used when the second one fails because the first element in I' does not

have the form Vz A.

Since we need to implement the inference rules in two steps, con-
stants >-1 and >-2 are introduced to represent the relations between
proofs and the sequents for these two steps respectively. All rules imple-
mented by >-1 are put into a module, lc_auto.mod, in Figure 3.5 and
rules implemented by >-2 are placed into a module, lc_prover.mod, in
Figure 3.6. Moreover, implementation of amplification in lc_iter.mod in
Figure 3.4 is a link between lc_auto.mod and lc_prover.mod because
nprove defined in lc_iter.mod is called in lc_auto and >-2 defined in

lc_prover.mod is called in lc_iter.

The algorithm always terminates with a proof if there is one. If there

is none, the amplification step will cause an infinite loop [7].

We can run our prover on the concrete FOL sequent dxp V dz¢p —
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formula pre_1l ((exists x\ (p %)) or (exists x\ (q x))
imp (exists x\ ({p x) or (g x)))J.
formula pre_i F.

7- Q >- (nil --> F::nil).

Q = imp_r {exists (x3\ p x3) or exists (x3\ g x3))
(exists (x3\ p %3 or g x3))
(or_1 (exists (x3\ p x3)) (exists (x3\ g x3))
(exists_1 (Wi\ exists_r Wi
(or_r (p Wi) (q W1) (initial (p W1)))))
(exists_1 (Wi\ exists_r Wi
(or_r (p W1) (g W1) (initial (g W1))))))

Figure 3.3: An Example of a Proof for a FOL Formula in AProlog

Ax(p V), which is the root of a tree in Figure 2.2 and assigned to pre_1
in Figure 3.3. We query using Q >- (nil - -> F::nil) (The clause begins
with a 7—) where F is assigned by matching formula pre_1 F. It finds

the proof which is represented by Q of type Iprf in Figure 3.3.

In this figure, the formula pre.1 is the formula to be proved. Q is
the result we obtain from the prover. W1 is the fresh constant from
exists_1 also used by exists_r. Note that the bound variable x in the

goal formula gets renamed during proof search to x3.

This proof search algorithm will be modified to obtain an automated

prover for detecting feature interactions in Chapter 5.

3.2 A Proof Checker for FOL Formulas

In this section, based on the same inference rules, we discuss a proof

checker.

As we know, the top-level clause (@ >- (I' — A)) behaves as a

prover if Q is available and T" and A are given which means we search
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for proof Q for the sequent (I' — A). Also, we can give a similar
query where () already has a value to a “proof checker”, which is used
to check whether ¢} is a valid proof for the given sequent (I’ — A).
Furthermore, if the value for @ is coming from the prover that we have
developed above, we can use this checker to verify whether our prover

runs correctly or not.
Let us explain how to develop a proof checker.

Most implementations of the inference rules for the checker are similar
to but simpler than those used for the theorem prover. For the theorem
prover, we need strategies to make it automated, but for the checker,
we implement the rules directly without any strategy. For example, we
do not care about the order of the inference rules and we do not need

amplification in the checker.

We use the following example to illustrate how to implement the rule

A-R in the checker.

(and_r A B Q1 Q2) >- (Gamma --> Delta) :-
memb (A and B) Delta,
Q1 >- (Gamma --> (A4::Delta)),

2 >- (Gamma --> (B::Delta)).

A significant distinction between this example and the one we de-
scribed for the prover is to use the predicate memb instead of memb_and_rest,
which means after applying this rule, the formula (A A B) does not need
to be removed from A. The reason is that in the checker, the head of the
proof ) which is already assigned determines which rule will be applied.

Then the contents of this rule decide whether this rule is appropriately

applied or not.

Similarly, we use memb in the checker unlike memb_and rest in
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the prover for implementation of all other rules. The implementation for

the checker is presented in the module lc_checker.mod in Figure 3.7.

From now on, we can use the prover to automatically search for proofs.
Proof search is successfully terminated if the sequent is provable. Fur-
thermore, we can put this proof with the sequent to the checker to verify
the correctness of this proof. Otherwise, there is an infinite loop caused
by amplification. For this case, we do not know whether this sequent is

true or not.
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module lc_iter.
accumulate lc_prover.
type add_copies int -> form -> (list form)
~> (list form) -> o.
type amplify_forall int -> (list form)
-> (1ist form) -> o.
type amplify_exists int -> (list form)
~-> (list form) -> o.
type amplify int -> seq —> seq —> o.
type nprove int -> lprf -> seq -> o.
add_copies 1 A List (A::List).
add_copies N A List (A::Listl) :-
(N> 1), Mis (N - 1),
add_copies M A List Listl.
amplify_forall N nil nil.
amplify_forall N ((forall A)::Gamma) Gamma2 :-
amplify_forall N Gamma Gammal,
add_copies N (forall A) Gammal GammaZ.
amplify_forall N (A::Gamma) (A::Gammal) :-
amplify_forall N Gamma Gammal.
amplify_exists N nil nil.
amplify_exists N ((exists A)::Delta) Delta2 :-
amplify_exists N Delta Deltal,
add_copies N (exists A) Deltal DeltaZl.
amplify_exists N (A::Delta) (A::Deltal) :-
amplify_exists N Delta Deltal.
amplify 1 Seq Seq :- !.
amplify N (Gammal --> Deltal) (Gamma2 --> Delta2) :-
amplify_forall N Gammal Gamma2,
amplify_exists N Deltal DeltaZ.
nprove N { Seql :-
print "\nAttempting to prove the following
sequent at amplificatiomn ",
term_to_string N NS, print NS, print "\n",
term_to_string Seql NSeql, print NSeql, print "\n",
amplify N Seql BSeq2,
Q >-2 Seqg2.
nprove N § Seq :-
Mis (N + 1),
nprove M Q Seq.

Figure 3.4: Implementation of Amplification for V-R and 3-L in AProlog
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module lc_auto.

accumulate lc_iter.

type >~-1 1lprf -> seq -> o.

infixl >-1 200.

(initial A4) >-1 (Gamma --> Delta) :-
memb A Gamma, memb A Delta.

(and_1 A B @) >-1 (Gamma ~-> Delta) :-
memb_and_rest (A and B) Gamma Gammal,

Q >-1 ((A::B::Gammal) --> Delta).

(imp_.r A B @) >-1 (Gamma --> Delta) :-
memb_and_rest (A4 imp B) Delta Deltal,

Q@ >-1 ((A::Gamma) --> (B::Deltal)).

(exists_1 Q) >-1 (Gamma --> Delta) :-
memb_and_rest (exists A) Gamma Gammai,
pi T\ (@ T) >-1 (((A T)::Gammal) --> Delta)).

(forall_r §) >~1 (Gamma --> Delta) :-
memb_and_rest (forall A) Delta Deltal,
pi T \ ((Q T) >-1 (Gamma --> ((A& T)::Deltal))).

{or_1 A B Q1 Q2) >-1 (Gamma --> Delta) :-
memb_and_rest (A or B) Gamma Gammal,

Q1 >-1 ((A::Gammal) --> Delta),
Q2 >-1 ((B::Gammal) --> Delta).

(and_r A B @1 Q2) >-1 (Gamma --> Delta) :-
memb_and_rest (A and B) Delta Deltai,
Q1 >-1 (Gamma —-> (A::Deltal)),

Q2 >-1 (Gamma —-> (B::Deltal)).

(imp_1 A B Q1 §2) >-1 (Gamma --> Delta) :-
memb_and_rest (A imp B) Gamma Gammal,
Q1 >-1 {(Gammal --> (&::Delta)),

Q2 >-1 ((B::Gammal) --> Delta).

(neg_r A Q) >1 (Gamma --> Delta) :-
memb_and_rest (neg A) Delta Deltal,
g >-1 {((A::Gamma) --> Deltal).

(or_r A B @ >-1 (Gamma --> Delta) :-
memb_and_rest (& or B) Delta Deltal,

Q >-1 (Gamma --> (A::B::Deltal)).

(neg_1 A Q) >-1 (Gamma --> Delta) :-
memb_and_rest (neg A) Gamma Gammal,

Q >-1 (Gammal --> (A::Delta)).

g1 >-1 (Gamma --> Delta) :-

nprove 1 Q1 (Gamma --> Delta).

Figure 3.5: lc.auto.mod in AProlog
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module lc_prover.
kind seg type.
type --> (list form) -> (list form) -> seq.
infixl -—-> 210.
type >-2 Iprf -> seq -> o.
infixl >-2 200.
(initial A) >-2 (Gamma --> Delta) :-
memb A Gamma, memb A Delta.
(imp_1 & B Q1 Q2) >-2 (Gamma ~-> Delta) :-
memb_and_rest (A imp B) Gamma Gammal,
Q2 >-2 ((B::Gammal) --> Delta),
Q1 >-2 (Gammal --> (A::Delta)).
(and_1 A B @) >-2 (Gamma --> Delta) :-
memb_and_rest (A and B) Gamma Gammal,
Q >-2 ((A::B::Gammal) --> Delta).
(imp_r A B @) >-2 (Gamma --> Delta) :-
memb_and_rest (A imp B) Delta Deltal,
Q >-2 ((A::Gamma) --> (B::Deltal)).
(exists_1l §) >-2 (Gamma ~--> Delta) :-
memb_and_rest (exists A) Gamma Gammal,
pi T\ (@ T) >2 (((A T)::Gammal) --> Delta)).
(forall_r Q) >-2 (Gamma --> Delta) :-
memb_and_rest (forall A) Delta Deltal,
pi T\ ((@ T) >2 (Gamma --> ((4& T)::Deltal))).
{or_1 A B Q1 Q2) >-2 (Gamma --> Delta) :-
menb_and_rest (A or B) Gamma Gammal,
Q1 >-2 ((B::Gammal) --> Delta),
Q2 >-2 ({4::Gammal) --> Delta}.
(and_r & B Q1 Q2) >-2 (Gamma --> Delta) :-
memb_and_rest (A and B) Delta Deltal,
Q1 >-2 {(Gamma --> (A::Deltal)),
Q2 >-2 (Gamma --> (B::Deltal)).
(neg.r A Q ) >-2 (Gamma -—> Delta) :-
memb_and_rest (neg A) Delta Deltal,
g >-2 ((A::Gamma) ~-> Deltal).
(or_r A B Q) >2 (Gamma -~> Delta) :-
memb_and_rest (A or B) Delta Deltal,
Q >-2 (Gamma --> (A::B::Deltal)).
(neg_1l A Q) >-2 (Gamma --> Delta) :-
memb_and_rest (neg A) Gamma Gammal,
Q >-2 {(Gammal --> (A::Delta)).
(exists_r T Q) >-2 (Gamma --> Delta) :-—
memb_and_rest {(exists A) Delta Deltail,
qQ >-2 (Gamma --> ((A T)::Deltal)).
(forall_1 T Q) >-2 (Gamma --> Delta) :-
memb_and_rest {(forall A) Gamma Gammal,
Q >-2 (((A T)::Gammal) --> Delta).

Figure 3.6: lc_prover.mod in AProlog

39
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module lc_checker.
accumulate basic,lprf.
kind seq type.
type —-> {1list form) ~> (list foxm} -> seqg.
type > 1prf -> seq -> o.
infixl --> 210.
infixl >~ 200.
(initial A) >- (Gamma -—> Delta) :-
memb & Gamma, memb A Delta.
(and_r & B Q1 G2) >- (Gamma ~-> Delta) :-
memb (& and B) Delta,
Q1 >~ (Gamma --> (A::Delta)),
Q2 >~ (Gamma ~-~> (B::Delta)).
(or.r A B Q) >~ (Gamma --> Delta) :-
memb (A or B) Delta,
Q >- (Gamma --> (4::B::Delta)).
(imp.r A B Q) >~ (Gamma --> Delta) :-
memb (A imp B) Delta,
Q > ((A::Gamma) --> (B::Delta)).
(neg.r A Q) > (Gamma --> Delta) :-
memb (neg A) Delta,
Q >- ((A::Gamma) ~-> Delta).
(exists_r T Q) >- (Gamma --> Delta) :-
memb (exists A) Delta,
G >~ (Gamma —-> ({4 T)::Deltal).
(forall_r Q) >- (Gemma --> Delta) :-
memb {forall &) Delta,
pi Y\ ((Q ¥) >~ (Gamma --> ((A Y¥)::Delta))).
(and_1 & B @) > (Gamma --> Delta) :-
memb (A and B) Camma,
Q >- ((A::B::Gamma) ~-~> Delta).
(imp_l A B Q1 G2) >- (Gamma --> Delta) :-
memb {4 imp B) Gamma,
Qi >~ (Gamma --> (4::Delta)),
Q2 >~ ((B::Gamma) --> Delta).
(forall 1l T @) >- (Gamma -~> Delta) :~
memb (forall A) Gamma,
Q >~ (((& T)::Gamma) --> Delta).
(neg_1 & Q) >- (Gamma --> Delta) :-
memb (neg A) Gamma,
G >- (Gamma ~-> (A::Delta)).
(or.1 A B Qi Q2) >- (Camma --> Delta) :-
memb (& or B) Gamma,
Qi >- ((A::Gamma) -~> Delta),
g2 >~ ((B::Gamma) --> Delta).
(exists_1l Q) >- (Gamma --> Delta) :-
memb (exists A) Gamma,
pi Y\ ((Q V) >~ (({A ¥)::Gamma) --> Delta)}.

Figure 3.7: Implementation of A Proof Checker in AProlog



apter 4

Feature Interactions

Iu this chapter, we illustrate how to spécify the requirements of telephony
features, such as Call Waiting and Call Forwarding, in linear temporal
logic. And we also express an LTL formula, which if provable, means that
a feature conflict has been detected. This LTL formula representing the
conflict expresses logical inconsistency of LTL formulas for two feature
requirements. In this way, detecting feature conflicts in the telephony
system becomes searching for a proof for this LTL formula in theorem
proving.

More precisely, we consider two features as examples to present our
specification language: Anonymous Call Rejection (ACR) and Call For-
warding Busy Line (CFBL). First, we explain atomic formulas in the
requirements of these two features. And then, according to their infor-
mal descriptions and one general form used to represent features in our
specification language, we specify two LTL formulas to represent require-
ments of ACR and CFBL separately. Second, because these two features,
as well as many others (additional examples are discussed in Chapter 6),

fit a specific specification pattern we intend to focus on, we formalize

41
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their feature conflict as an LTL formula which expresses logical inconsis-
tency of the two LTL feature formulas. Third, based on the semantics
of LTL connectives, we translate this LTL formula into a FOL formula
whose proof can be decomposed into several cases. These simple cases
help us generate a general proof structure used for detecting conflicts
between requirements of two features that fit the specification pattern
described above. Finally, we explain how we implement these cases in

AProlog.

4.1 Specifying Features by LTL Formulas

The features we consider come from Telcordia (Bellcore) standards [1].
These features have many different properties and even for one feature,
there may be different properties specifying its different requirements
in most cases. For example, in our specification, the feature ACR has
6 different properties and the feature CFBL has 3 different properties.
These properties can be informally described according to a sequence
of conditions over time. For example, an informal expression of one
requirement of ACR states that if the entity z is an ACR user who
denies calls when the caller, for example, the entity y, does not allow
his/her phone number to be displayed on z’s device, and furthermore
if there is a call from y to z, then eventually y hears an ACR denial
announcement, unless y hangs up his/her phone to terminate the call
before it is completed. As another example, we present one requirement
of CFBL, whose informal description states: an entity x subscribes to
CFBL forwarding his/her calls to z when his/her line is busy. If there is
a call from y to z, meanwhile, z is not idle and no other calls to z are being
forwarded to z, then the call from y is eventually forwarded to z unless

y hangs up his/her phone before that happens. Such informal feature
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descriptions help us construct formal feature specifications in LTL. This
can be successfully done by the following two steps by using ACR and
CFBL as examples.

First, from their two informal descriptions, we define the following
atomic formulas in terms of entities z, ¥ and 2z, which are needed in

features ACR and CFBL in Figure 4.1:

Atomic formulas Explanations ACR | CFBL
acr(x) z is an ACR user v
dn_allowed(y) y allows to display his/her name v
call_req(z,y) there is a call from y to z v v
acr_anncly, x) y hears the denial announcement v
in response to a call to z

onhook(y) y puts his/her phone back onhook | v v
cfbl(x) z is a CFBL user v
idle(x) z’s line is idle v
forwarding(z, y, z) | « forwards y’s call to 2 v

Figure 4.1: Atomic Formulas in Features ACR and CFBL

Note that some atomic formulas, such as call_req(z, y) and onhook(y),
in ACR are the same as those in CFBL because they represent common

actions in the telephony system.

Second, we use boolean and temporal connectives to represent logical
relations, particularly the time-dependent properties, such as further-

more, eventually and unless in the feature requirements.

The general form for feature specifications in Figure 4.2 has been
successfully employed in model checking [8, 9]. This form is divided into
two parts, separated by a dash line. The “precondition” is above the
line and the “postcondition” is under the line. The postcondition should

hold after the precondition becomes true.

The precondition consists of series of events (eg, €1, ..., €,) and the
persisting conditions (po, P1, ..., Pn—1). These events and persisting

conditions consequently hold one by one, such as eg, po, €1, Piseees €n,
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property <Name>

{

event: eg persists: pg
event: €y persists: p;

event €y

persists: p until: r discharge: d

Figure 4.2: A General Form for the Features Specification

which means that initially, ey holds with a period of (pg A —e;) until e;
is true, then e; holds for a while with (p; A —eg) holding until ey; ..., etc,

until e, holds.

The postcondition contains one persisting condition (p), one resolu-
tion condition (r) and one discharge condition (d). The postcondition
means that after the persisting condition p stops holding, either the res-
olution r or the discharge d holds. This can be represented by an LTL
formula (p U (rVd)) where the resolution r is an expected response to the
persisting condition p and the discharge d is an exception to it. For some
features, keyword unless is used to represent a weaker condition for the
resolution r instead of until, and then the formula of the postcondition
is changed to (p W (r V d)) which expresses the fact that p could hold

forever, but if it does not, then it must be resolved by either r or d.

All conditions described above in the general form are FOL formulas.
Note that we could distinguish between atomic formulas that hold over
a period of time, such as acr(z) holding for the entire time, and external
events or triggers, such as call_reg(x,y) which becomes true as soon as a
call is initiated. In our case, cali_req(z,y) is also viewed as occurring over
a period of time starting from when a call is initiated until the next phase
of the call starts. Although an intuitive understanding of the difference

between events and conditions which persist over time is useful, we do not
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property <Name>

{
event: e

persists: p until: r discharge: d
Figure 4.3: A Simple Specification Form for one Kind of Features

need to distinguish these two kinds of atomic formulas when expressing
requirements in temporal logic. For example, call_reg(x,y) above the
line can be viewed as an event (at the point in time it starts to hold) and

below the line can be viewed as a persisting condition over time.

Although this form was originally designed for model checking [8, 9],
for the case we consider, this form can also be used in theorem proving

since we use the same logic.

Specifying the general form in Figure 4.2 in LTL is challenge. For
our implementation and experiments in theorem proving, we focus on a
special case of the general form with just one event condition (e) in the

precondition shown in Figure 4.3.

In linear temporal logic, this simple specification form, which repre-
sents a special feature specification pattern, can be represented by the

LTL formula below [7]:

Ole 2 (pU(rVvd)). (4.1)

This formula can be understood that it is always true that event e implies
that condition p persists until either resolution r or discharge d becomes

true.

Many examples of features, including ACR and CFBL described at
the beginning of this section, are fitting into this pattern, on which our

current case study focuses.
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Based on the atomic formulas defined in Figure 4.1, the ACR require-
ment discussed above can be represented using the special general form

below (8, 9J:

property ACR_Normal_Operation.3

persists:  callreg(z, y)
until: acr_annc(y, ©)

discharge:  onhook(y)

}

The precondition of this ACR requirement is (acr(z)A—dn_allowed(y)A
call_req(z, y)) which says that = is an ACR subscriber, y is an entity pre-
venting his/her name from being displayed on z’s device when there is a
call from y to 2. The postcondition here has a form (call_reg(z, y) U(acr_annc(y, z)V
onhook(y))), which tells us that if y calls z, then this call is resolved by
either y hearing a denial announcement or y putting his/her phone back

onhook.

By illustrating the precondition and postcondition in this example,
we have explained how the simple general form in Figure 4.3 can be used

to formally represent a requirement of a feature.

Similarly, we can also specify the CFBL requirement, our other ex-

ample, in this special pattern as follows:

property CFBL_Normal Operation_1

{

event: cfbl(z)A—idle(z)A—Ty forwarding(z,y, z)Acall req(z,y)
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persists:  call_reg(z,y)
until: forwarding(z,y, z)
discharge: onhook(y)
L.

This form is also a formalization of the informal requirement of the

CFBL feature.

Since both of these two examples fit the pattern in Figure 4.3 and
it can be expressed by an LTL formula (4.1), we use the following two
LTL formulas to abbreviate them. We use subscript 1 for ACR and 2 for

CFBL respectively:

Ciley D (pr U (71 V da))l, (4.2)

D[@g D (pz U (’f'g \Y dg)}] (43)

where ey, p1, 71, di, €2, Pa, T2 and dy are specialized below:

e 1= acr(x) A ~dn_allowed(y) A call_reg(z, y);

p1 = callreq(z,y);

r1 = acr_annc(y, ©);

dy = onhook(y);

ey = cfbl(z) A —idle(z) A =3y forwarding(z,y, 2) A call_req(x, y);
po 1= call_req(z,y);

ry 1= forwarding(z,y, 2);

dy = onhook(y).

By using ACR and CFBL as examples, we have shown how we specify
features in the special pattern (4.1) by LTL formulas over a set of atomic

formulas.
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4.2 Specifications for Detecting Feature Con-

flicts by LTL Formulas

Feature conflict considered in our approach means that it is not possible
to build a system which satisfies both feature specifications. This corre-
sponds to logical inconsistency of two feature specification formulas. In
other words, a conflict between two features means their requirements
cannot hold simultaneously on any computation path in a system. This

can be represented by an LTL formula:

~(OAATB) (4.4)

where we use (1A and (1B to present the two feature specifications re-
spectively.

Basically, if this formula is true, then there is a conflict between
features A and B. But in practice, it is insufficient to detect the conflicts
directly by our prover. Instead, we consider the following LTL formula

by adding “SA” and “Constraint”:

—(OA A OB AQ[SA] A O[Constraint]). (4.5)

Considering the conflict between ACR and CFBL described above,
these four conjuncts have the following meanings: the first two are the
two feature specifications for the ACR and CFBL requirements, repre-
sented as described earlier:

A:=le1 D (p1U(r1vd));

B :=lex D (pU(r2 V da))].

The third one is SA, “System Axioms”, which has the following par-

ticular value for this example [7]:
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SA = VavVyVz(—({acr.anne(y, z) A forwarding(z,y, z))
A-{acr.anncly, z) A call_reg(z, y))
A~ forwarding(x, y, 2) A calireg(z,y))
A=(onhook(y) A call_req(z,y))
A—{onhook(y) A\ forwarding(z,y, z)))).

Inside which, pairs of atomic formulas, such as dn.allowed(y, z) and
forwarding(z,y,z), never hold simultaneously in any reasonable im-
plementation of a telephony system because, using this pair of atomic
formulas as an example, a call cannot be resolved both by playing ACR

announcernent and being forwarded in the ACR and CFBL examples.

Actually, SA is a long formula with many pairs of atomic formulas
that cannot hold simultaneous as well as many other constraints. We
only present some pairs to simplify the example. When new features are

added, more formulas are inserted which we will illustrate in chapter 6.
The last one is the most complicated and specified by [7]:
Constraint := Ole; A ea A g]

where “Constraint” imposes our attention on the particular paths where
the conflict occurs only when both preconditions of features can hold
simultaneously. This is what the first 2 conjuncts mean. In addition, the

last conjunct can be specified by [7]:

g:= (p1 Ap2U(=p1 A ~pa A =di A —da)).
This formula g can be understood as: it eliminates the computation paths
where all calls are discharged before they are even completed.

© below by instantiating variables with the exact values from ACR
and CFBL, is an example to illustrate how to specify an LTL formula to

represent conflict between two features fitting the same special specifica-

tion pattern (4.1).
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@ =01 D (mU(r Vdi))| Al D (paU(r2 v d3))]

ADSA] A Oler Aea A g)) (4.6)

This formula is the one which we intend to prove by using our prover.

4.3 Transforming Specifications From LTL
to FOL

Among the approaches to proving LTL formulas, we choose to translate
them into FOL formulas. According to the translation functions in sub-

section 2.2.2, ¢ can be translated to its corresponding FOL formula by
computing f(,0).
F,0) = ~(f((Olex D (prU(r1 V da))]
AQez D (p2U(ra V da))] ATI[SA] A Oles Aez Agl),0))
= =(f(Ofer 2 (1 U(r1 v d1))], 0)
Af(Olea D (p2 U(ra V d2))],0)
Af(BSAL0)
N (Oler Nea A g)), 0))
We discuss the four conjuncts inside the negation of the above formula

separately.
f(@lex D (pr U(r1 vV d1))], 0),
f{Ole2 D (p2U(r2 v d2))], 0),
F(O[SA],0),
f(Olernea A g)),0)

They are translated to the following FOL formulas respectively.
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VE(k = 0D (flew k) D

(47)
HZJ(Z}_ 2 k A f((?nl vV d1>7il) /\VJ[(‘&” g ji < il > f(piajl)))))v

Vk(k > 0D (flea, k) D

(4.8)
Jiglia = k A F((r2 V da), i) AVG (k< J' <id2 D Fpa, 5D,

Vk(k = 0 D (f(=((acr-anncly, z, k) A forwarding(z,y, 2, k))
A =(acrannc(y, z, k) A call reg(z, y, k))
A =(forwarding(z,y, z, k) A call _reg(z,y, k)) (4.9)
A —(onhook(y, k) A call_req(x, y, k))
A =(onhook(y, k) A forwarding(z,y, z,k))))}),

(k> 0D (fler, k) A flex, k) A f(g, K)))- (4.10)

Formula (4.10) is further represented by the one below:

Hk(k > 0> (f(@], k‘) A f(eg, k)/\
355 =k A f(=py A—pe A —dy A —da, JIA (4.11)

Vi'(k<j <32 flpr Ap2, 7))

By employing the translation functions, we have obtained the trans-
lated FOL formulas which have not only FOL formulas with integers,
such as acr_annc(y, z, k) and forwarding(z,y, z, k), but also relational
expressions on integers. For example, there are k > 0 and j > k in the
above formula. These integers, such as k and j, represent the impor-
tant states along the computation paths where the feature conflicts may

OCCur.



52 CHAPTER 4. FEATURE INTERACTIONS

Jecomposing the Proof into Simpler

Cases

Proving the truth of the translated FOL formula means finding a contra-
diction among the four conjuncts. In order to obtain the general proof
structure, we instantiate the existential quantifiers with constants. For
example, in this case study, we instantiate 3¢;, Jig, 37 and Jk with con-
stants 4y, 42, j and k. This is an important step in the proof structure
for this particular application.

Following an analysis of these four conjuncts, we illustrate the impor-

tant states represented by constants 73, is, 7 and k£ on a given path by

tables below (0 is an integer indicating the start state in all tables):

¢ From Formula (4.10), we get an integer k. There is a k£ > 0, such

that (e; A ey A g) holds at s, shown in Table 4.1:

0 k
J !
7

(e1Aeg Ng)

Table 4.1: Path with an Integer &

e Since e; holds at the state s, from Formula (4.7), we have an
integer i; such that (¢; > k) and (r; V dy) holds at s;, and p; holds

between s, and s;,, shown in Table 4.2:

e Also, since e, holds at the state sy, from Formula (4.8), we have an
integer i, in Table 4.3 where there is an (i3 2 k), (r2 V dz) holds at

s;, and py holds between s; and s;,:
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fl 1 l
T T 7 T
(eanheshg) ;- p {(mVdy)

Table 4.2: Path with an Integer iy

0 k 29
! i 4
T T o 7 T

(61 ANeg A g) P2 - Do (‘7”2 A% dz)

Table 4.3: Path with an Integer i

e From Formula (4.10), g holds at the state s, and furthermore, from
Formula (4.11), there is a {j > k) and (—p; A—p2 A —dy A—dz) holds

at s; and (p1 A p2) holds between s, and s;, shown in Table 4.4:

0 k j
! ! !
7 T T T

(esAesng) (prAp) - (prAp2) (P A=pa A—di A —dy)

Table 4.4: Path with an Integer 7

So far, we have obtained integers iy, i3, j7 and k and know that they
are all > 0 and 4;, iy and j are > k. Among integers ¢y, iy and j, we
must consider the different relations and show all cases which lead to
contradiction. For example, we know that Table 4.2 and Table 4.4 are

satisfied at the same time. If we also assume (47 > j), we get Table 4.5.

From this table, we have the obvious contradiction at state s; where

p1 holds meanwhile —p; also holds.
Or if we assume (4; < j), then we get Table 4.6.

Table 4.6 says the formula (p; Ap2) holds at the state s;, where (r;Vdy)
holds as well. Then call_req(z,y) A (acr_annc(y, z) V onhook(y)) holds,

which means either (call.reg(z,y) A acr-annc(y,z)) or (call_req(z,y) A
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0 k i iy
! ! 1 1
i 1 T 7
{ \
{ei1 Nez A g) gl Pi (r:V dy)

(esheaNg) (prAp2) (mPp1A—p2 A—di A—dy)
Table 4.5: Contradiction for Case 1

0 k i j
! 4 4 4
T T 7 T

(61 Aes A g) 1 (I‘l vV dl)

(esheaAhg) (piAp2) (PrAP2) (—pit A—pe A—dy A —dy)
Table 4.6: Contradiction for Case 2

onhook(y)) holds. Formula (4.9) tells us SA holds everywhere and states
call_req(x,y) and acr_annc(y, z) never hold and also call_req(z,y) and
onhook(y) never hold at the same time. This is a contradiction between

these two statements.

Consequently, we reach the similar contradictions when (i3 > 7)

and (ip < j) are assumed.

The last case is when (i1 = i3 = j) is true, shown in Table 4.7

0 k ' i1, 19, J
! 1 !
T T T T
(e1heaNg) D1 (r1Vdy)
(61 Neg A g) P2 D2 (7‘2 \ dg)

(esNeaAg) (p1Ap2) (pr Ap2)  (—p1 A—pe A —dy A —dy)
Table 4.7: Contradiction for Case 5

From Table 4.2, we know that at the state s;,, (r; V d;) holds as well
as (ryVds) from Table 4.3. We also get the fact from Table 4.4 that at the
state sy, (—p1 A—pa A—di A—dz) holds. By logical reasoning, we conclude
(73 A7) holds here, which contradicts SA states that acr.annc(y, z) and

forwarding(z,y, z) cannot hold simultaneously.
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Since there is a contradiction in all 5 cases, this completes the proof.

We describe how our prover finds the proof in Chapter 6.

In fact, there are 13 different possible cases among 3 integers iy, 22
and j: there are 6 cases where all 3 integers are different; there are 6
other cases in which 2 of these integers are same and the other is differ-
ent; the last case is when all 3 integers are the same. But experiments
demonstrate that only 5 cases we discussed above by tables are enough to
cover all the other cases. For example, Table 4.5, which assumes (i; > j),
covers cases: (iy < § <14y), (11 =142 > 7), (i1 > ia > ), (41 > j > 42) and
(12 > J = i2).

We conclude by summarizing all these 5 cases in Table 4.8 to illustrate

the general proof structure used in searching for contradictions in this

case study whose two feature specifications fit the special pattern (4.1).

Case Conclusion from analysis | Contradiction SA

i1 > ] A v

g > 7 p2 A P2 v

1< j p A (r1Vdy) v If ~(p; Ary) and
—(py A dy)) are in SA

ig < j pa A\ (7'2 \% dz) v If ﬁ(pz A 7"2) and
=i(pa A dp)) are in SA

i}zizzj 1 Ao v If"l(‘i”lf\’)”g)iSinSA

Table 4.8: General Proof Structure of Detecting Conflicts in this Case
Study

Actually, the first 2 cases are even general enough to establish contra-
dictions between any two feature specifications fitting the specification
pattern (4.1). If the conditions written in the column SA in the table 4.8
are true for two other feature specifications, we can also draw the con-
tradictions in a similar way for the last 3 cases. Otherwise, we cannot.
For example, in the last case, if we have (r; = 73), then the condition

(—=(r1 A13)) is equivalent to (—ry) or (—r2), which are not in SA. So we
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do not have contradictions as we show in this table. Proof search will be

important in such cases to find a contradiction if there is one.

In order to represent these 5 cases, we use Fy, Fy, F3 and Fj to rep-
resent formulas (4.7), (4.8), (4.9) and (4.11) respectively and use cases,
casey, cases, casey and cases to represent each case. These are presented

in Figure 4.4.

casey = —(Fy Ny AN F3 A Fy A (i > 7))
cases = —(Fy AN Fy A Fs N Fy A (i < 7))
cases 1= —!(Fl ANFs AFs AFy A (iz > j))
casey = ~(Fy N Fy N F3s A Fy A (ig < 7))
casey (= "l(Fl A F2 A Fg A F4 A (21 = 7:2 = j))

Figure 4.4: Formulas for the Decomposed Cases

From the tables illustrating how we draw the contradictions, we notice
that not all these four formulas are always involved in finding the contra-
dictions. We further simplify each case and include only the important

facts which affect the conflicts in Figure 4.5.
casey = ~(F1 A Fy A (iy > 7))

casey = "‘1(F1 ANF3 N Fy A (21 < ]))

cases = "'(Fg A Fy A (12 > ]))

casey = ~(Fo NF3 A Fy A (32 < 7))

cases = —1(F1 A FQ A F3 A F4 A ('il = ig = j))

Figure 4.5: Formulas for the Simpler Decomposed Cases

4.5 Implementations of Cases in AProlog

In this section, we illustrate how to specify the five cases in AProlog.

Basic predicates for each case are defined in Figure 4.6.

In this figure, tm is a type to represent terms z,y and 2. nat is a
type to represent integers indicating the different states on a computation
path. The predicate acr, as an example, takes two parameters, an ACR

user of type tm, and the state integer of type nat. Then (acr x k), which
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kind nat typs.

kind tm type.

type acr tm -> nat -> form.

type acr_annc tm ~> tm -> nat -> form.

type call_req tm -> tm -> nat -> form.

type dn_allowed tm -> nat -> form.

type onhook tm -> nat —> form.

type cfbl tm -> nat -> form.

type idle tm -> nat -> form.

type forwarding tm -> tm -> tm -> pat —> form.

Figure 4.6: Declarations for Atomic Formulas in the Telephony System
in AProlog

represents the FOL formula acr(z, k), is an atomic formula in AProlog.

We have similar explanations for other predicates.

Based on these declarations of atomic formulas, we define predicates
alwaysSpecl for Formula (4.7), alwaysSpec2 for Formula (4.8), al-
waysSA for Formula (4.9) and eventuallyE1E2 for Formula (4.11) re-
spectively. A new predicate fact is designed to represent each of those
four formulas. From the tables shown to illustrate contradictions, we
know these formulas are true at some special states. For example, there
is an integer k and k > 0 by Formula (4.10). We instantiate V& in Formu-
las (4.7), (4.8) and (4.9) with this k. In Formulas (4.7), (4.8) and (4.11),
there are formulas including 3i;, 3is and Jj, which we name and treat as
constants 4y, io and j. We use A-binding I\ or J\, where variables I and
J serve as parameters which can be flexibly assigned to different actual
values. For example, I is instantiated sometimes by ¢; and sometimes by
io. Then we represent each formula in Figure 4.7 where all constants al-
waysSpecl, alwaysSpec2, eventuallyE1E2 and alwaysSA have one
parameter that always has one bound variable of type nat; x1, y1 and
z1 are three arbitrary telephony users who are involved in the features

ACR and CFBL.
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type =x=1 ,yi, zi tm.

type k nat.

type gt =mat -> nat -> form.

type 1t mat -> nat -> form.

type ge mnat -> nat -> form.

type le mpat -> nat -> form.

type eg nat -> nat -> form.

type fact form -> o.

type alwaysSpeci (nat -> form) -> form.
type alwaysSpec2 (mat -> form} -> form.
type eventuallyE1E2 (nat -> form) —-> form.
type alwaysSA (nat -> form) ~-> form.

fact (alwaysSpect I\ ((ge k zero) imp
((acr x1 k) and (call_req x1 yi1 k) and
(neg (dn_allowed yil k))) imp
((ge I k) and
((acr_annc yi x1 I) or (onhook yl I)) and
(forall IO\ (le k I0) imp (1t IO I)
imp (call_req x1 y1 I0)}))).
fact (alwaysSpec2 I\ ({ge k zero) imp
((cfbl x1 k) and (neg (idle x1 k)) and
(neg (exists Y\ (forwarding xi1 Y zi1 k))) and
(call_req x1 y1 k)) imp
((ge I k) and
((forwarding x1 yi zil I) or (onhook yi I)) and
(forall IO\ (le k I0) imp (1t IO I) imp
(call_reqg x1 y1 I0))))).
fact (alwaysSA I\ ((ge I zero) imp
((neg ((acr_annc y1 x1 I ) and (forwarding xi yl1 z1 I))) and
(neg ((acr_amnc yi x1 I) and (call_req x1 yi I))) and
(neg ((forwarding x1 y1 z1 I) and (call_req x1 y1 I))) and
(neg (omhook y1 I) and (call req x1 yi1 I)) and
(neg (omhook yi I) and (forwarding x1 yi zl I))))).
fact (eventuallyE1E2 J\ ((ge k zero) and
((acr x1 k ) and (call_req x1 y1 k ) and
(neg (dn_allowed y1 k ))) and
((cfbl x1 k ) and (neg (idle x1 k )) and
(neg (exists Y\ (forwarding x1 ¥ z1 k ))) and
{call_req x1 y1 k )) and
((ge J k ) and (neg (call_req x1 y1 J)) and
(neg (onhook yi J)) and
{forall JO\ (le k JO) imp (1t JO J) imp (call_req x1 y1 J0))))).

Figure 4.7: Declarations for Specifications of ACR, and CFBL in AProlog
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Since we decompose the complicated FOL formula into 5 simpler cases
as we assume (i3 > 7), ({1 < J), (i2 > 7), (ia < j) and (iy = i3 = j), we
assign casel, case2, case3, cased and caseb to describe each of them

in Figure 4.8 where formulas correspond to those we obtain in Figure 4.5.

type 11,i2,j nat.
type casel name.
type caseZ name.
type case3 nanme.
type case4 name.
type caseb name.
formula casel F :-
fact (alwaysSpecl F1),
fact (eventuallyE1E2 F4),
F = (neg ((F1 i1) and (F4 j) and (gt i1 j))).
formula case2 F :-
fact (alwaysSpect F1),
fact (alwaysSA F3),
fact (eventuallyE1E2 F4),
F = (neg ((F1 i1) and (F3 i1) and (F4 j) and (1t il j))).
formula cased3 F :-
fact (alwaysSpec2 F1),
fact (eventuallyElE2 F2),
F = (neg ((F1 i2) and (F2 j) and (gt i2 j))).
formula cased F :—
fact (alwaysSpec2 F1),
fact (eventuallyE1E2 F2),
fact (alwaysSA F3),
F = (neg ((F1 i2) and (F2 j) and (F3 i2) and (1t i2 j))).
formula caseb F :-
fact (alwaysSpecl F1),
fact (alwaysSpec2 F2),
fact (eventuallyElE2 F3),
fact (alwaysSA F4),
F = (meg ((F1 i1) and (F2 i1) and (F3 i1) and (F4 i1))).

Figure 4.8: Implementation of Simpler Cases in AProlog

Subsequently, we ask the prover to search for proofs for these cases.
Since there are relational expressions which cannot be handled by the

existing prover, we provide strategies to handle them in the next chapter.
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Algorithms for Relational

Expressions

Translating an LTL formula (4.6) into FOL gives a translated formula
consisting of not only FOL formulas with integers, such as (acr-annc(y, , k)),
but also relational expressions, such as {i; > k). The existing prover de-
scribed in chapter 3 cannot completely search for proof for these formulas
because there are no rules for the prover to handle the relational expres-
sions. For example, the prover fails when searching for a proof for a
sequent (@1 > z3) — (T2 < ;) because it cannot find the same for-
mula on both sides of this sequent. The reason for this failure is that the
prover does not know the equivalence between (1 > 22) and (z2 < 71).

New rules are needed to enhance the prover’s capability.

In this chapter, we present our algorithms to handle relational ex-
pressions. First, we reduce 5 relational operators to 2 operators. Second,
we show mathematical properties about these two operators and their
expressions and express the properties as additional rules in sequent for-

mat. Third, we present our algorithms to implement these rules, and

60
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then illustrate examples to explain them. Finally, we integrate the algo-
rithms into our prover to build a powerful automated prover to handle

these special FOL formulas.

5.1 Reducing Relational Operators Using

= and <

Although there are five relational operators on equalities and inequalities,
> >, =, < and < between two integers, two of themn, < and =, are enough

to represent all the others. Table 5.1 illustrates how to do so.

expression | represented by < and =
A>B & B< A

Az B & B<A}| VvV |A=B
A=B & A=FB
A< B & A< B

ALEB = A<B| V |A=B

Table 5.1: Reducing Relational Operators using = and <

After reducing relational operators, we can focus only on = and <
once >, > and < are transformed to either < or compound expressions
of = and <. We declare these transformations as additional rules for the

sequent proof system in Figure 5.1.

Fr—B<AA

TS ASBA a2

R AsBT SAT

r—B<AA=BA_ (B<A)V(A=B)T— A _

TS ASBA X AS BT A L
r—A<BA=BA__ (A<B)VA=B)T—A_
I'— A< BA = AL BT — A =~

Figure 5.1: Additional Rules about Relational Operators
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For operators >, 2 and <, a pair of rules are defined in terms of =

and < since each of them may appear on either side of a sequent.

New constants are introduced in AProlog for each additional rule to

keep track of the transformations in Figure 5.2.

type gt_r mat -> nat -> lprf -> lprf.
type gt_1 mnat -> nat —> lprf -> lprf.
type ge_r nat -> nat ~> lprf -> lprf.
type ge_1l mnat -> pat -> lprf -> lprf.
type le_r nat -> pat -> 1lprf -> lprf.
type le_1 mnat -> nat -> lprf -> lpri.

Figure 5.2: Declarations for Additional Rules of Transformations

Taking constant gt_r as an example, it is used to construct a proof
with three input parameters, two of type nat and one of type Iprf. (gt_r
A B Q) of type lprf is a proof of employing the rule >-R. Inside this
proof, A and B are two integers of type nat which come from (A > B) in
the lower sequent and Q of type lprf is a proof of the upper sequent where
a formula (A > B) on the right side of the lower sequent is transformed
to the formula (B < A) on the same side. Other constants are defined

similarly.

We have the definite clauses for each rule in Figure 5.3.

As we have explained for the imnplementations of the inference rules,
we have very similar explanations for these additional rules. For exaiple,
the rule >-R says that if Q is a proof of (I’ — B < A, A), then {gtr
ABQ)isaproofof (T — A> B, A).

After attempting all these rules, expressions on >, > and < are trans-
formed to either expressions on < solely or compound expressions on =

and <.



5.2. PROPERTIES OF RELATIONAL EXPRESSIONS 63

(gt_r A B Q) > (Gamma --> Delta) :-

memb_and_rest (gt A B) Delta Deltai,

§ >- {(Gamma --> ({3t B A)::Deltai)).
(gt_.1 A B Q) > (Gamma —-> Delta) :-

memb_and_rest (gt A B) Gamma Gammal,

g > ({(1% B A)::Gammal) --> Delta).
(ge_r A B Q) > (Gamma --> Delta) :-

memb_and_rest (ge A B) Delta Deltal,

Q > (Gamma -—> ({1t B A) ::( eq & B):: Deltal)).
(ge_1 & B Q) >- (Gamma --> Delta) :-

memb_and_rest (ge A B) Gamma Gammatl,

Q >- ({(({(1t B A) or (eq A B))::Gammal) --> Delta).
(le_r A B Q) > (Gamma --> Delta) :-

memb_and_rest (le A B) Delta Deltal,

Q >- (Gamma --> ((1t A B)::(eq A B)::Deltal)).
(le_1 A B Q) > (Gamma --> Delta) :-

memb_and_rest {le & B) Gamma Gammal,

Q > (({((1t A B) or (eq A B))::Gammal) --> Delta).

Figure 5.3: Implementation of Additional Rules of Transformations

5.2 Properties of Relational Operators of

= and <

By reducing five relational operators to only = and <, we have sim-
plified the relational expressions. In this section we concentrate on the

discussions of these two operators.

Now, our prover still has difficulties to complete proof search in some
cases. Here is an example. The prover cannot search for a proof of a
sequent (x1 = z2) — (%2 = %) because there is not an exact formula
on both sides of this sequent although these two formulas are equivalent.
More mathematical properties of = and < are needed to fulfil the proof
search procedure. For this example, this sequent is provable by adding
(ry = 1) to the left side of this sequent after applying symmetry of
equality.

As we know, expressions on = and < have the following properties:
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Axiom. Reflexivity of Equality
Vo (z = x) (5.1)
Axiom. Symmeiry of Fguality
Va vy ((z=y) D (y = 7)) (5.2)
Axiom. Transitivity of Equality
VeVyVz ((z=yAy=2) D(z=2)) {(5.3)
Axiom. Transitivity of “Fquality-Less-than”
VeVyVz ((z=yAy<z) D(x<2z2)) (5.4)
Axiom. Transitivity of “Less- than-Equality”
VeVyVz ((z<yAy=2) Dz <2z) (5.5)
Axiom. Transitivity of “Less-than(<)”

VeVyVz ((z <yAy<z)D(x<z) (5.6)

By applying these axioms on formulas which are on the left side
of a sequent, we obtain more consequences which are also regarded as
premises. We write down the following new rules, called auxiliary rules,

to represent the axioms in the sequent format in Figure 5.4.

Qur prover is enhanced by adding these rules so that if there is a

proof, the prover finds it.

5.3 Algorithms and Implementations of Prop-

erties

We present our algorithms for these rules and implement them straight-

forwardly in AProlog in this section.
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A:A,BzB,FMA_Rf A=B,B=AT — A |
A=B1 A A=B 1T —A ™

A=BB=CA=CT —A
A=B B=C T —A —H%

A<B B<CA<CT - A T
A<B B<CT A <o

A=B B<UCA<CT — A -
A=B B<CT —A ~— <o

A<B,B=C A<CJT — A T
A<B B=CT A =

Figure 5.4: Auxiliary Rules about Relational Expressions

All these rules are necessary to implement automatic proof search for

our application.

There are two types of expressions in the translated formulas: one,
called Class 1, are atomic formulas appearing in system axioms and fea-
ture specifications; the other called Class 2 are relational expressions of
= and <. The auxiliary rules do not change formulas of Class 1, but they
do influence the formulas of Class 2. Thus, for a given sequent [' — A,
we separate I' into sublists I'; and T'y respectively, where I'; contains
formulas of Class 2 without duplicated forms while I'y contains formulas

of Class 1.

We choose to apply rules on I'y according to the following orders: rules
of equality, rules of transitivity of “Less-than-Equality” and “Equality-
less-than”, and transitivity of “Less-than”. Actually, the order does not
matter as long as we apply all rules about equality before transitivity of
“Less-than-Equality” and transitivity of “Equality-Less-than” because
there are new equality expressions appended to I'; after applying the

former rules which may influence the applications of the latter two rules.
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In order to obtain all potential consequences on the left side of a
sequent, each auxiliary rule is applied on I'1 to acquire a new result sublist
I", which is then passed into the next rule. Finally, after employing all

e N . 7
auxiliary rules, we obtain a new sequent I'y,I's — A.

We present abstract descriptions of algorithms for the auxiliary rules
in pseudo-code first, and then show and explain how we implement these
algorithms in AProlog. After implementation of each rule, an example is
presented to give a clear understanding. The following conventions are
used in the descriptions of all algorithms in this chapter: InputList is
the input list T'y for each algorithm; IN is the length of InputList and
elements in a list are numbered from 0; MidList is used locally in each
algorithm during intermediate stages of the algorithm; OutputList is
the return value of T'}; InputList[k] means the kth element of Input-
List; variables with the suffix Rest are new lists obtained by removing a
single element from the given list; variables with the suffix Append are
new lists obtained by appending new elements to the end of the given list;
variables with the suffix ND are new lists with no duplicated elements

inside.

5.3.1 Algorithm and Implementation for Symmetry

of Equality

The algorithm for symmetry of equality VaVy((z = y) — (y = 2)) is
based on the fact that we can certainly add (y = z) to the left side of a

sequent if there is (z = y) there.

Algorithm 2. Pseudo-code Description of Algorithm for Symmetry of
Equality:

Input parament: InputList;
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type math_eq_sym (list form) -> (list form)
-> {list form) -> 1prf -> lprf -> o.
type eg_sym nat —-> nat -> lprf -> lprf.
math_eq_sym nil L2 L2 Q2 §2 :- I.
math_eqg._sym ((eq A B)::L1Rest)
L2 L3 (eg_sym A B Qi) Q2 :-
append L2 ((eq B A)::nil) L2Append,
math_eq_sym LlRest L2Append L3 (1 Q2.
math_eqg_sym (A::LiRest) L2 L3 Q1 Q2 :-
math_eqg_sym LiRest L2 L3 Q1 Q2.

Figure 5.5: Definite Clauses for Symmetry of Equality

Return: OutputList;

1. MidList is initialized to be the value of InputList;

2. while (InputList is not null)

(a) Extract the first element from InputList and the rest of In-
putList is InputListRest; if the first element has a form
(A = B) and if (B = A) is not already in MidList, then
append (B = A) to MidList;

(b) InputList = InputListRest;

3. QutputList =MidList;

A new predicate math_eq_sym is introduced to implement this al-
gorithm in AProlog and we have following type declarations and definite
clauses in Figure 5.5%. In this figure, lines 1, 2 and 3 are type declarations
for constants math_eq.sym and eqg.sym, which are used to represent
the rule name and the proof respectively. There are 5 parameters for
math_eqg_sym: 4 input parameters include InputList, MidList, Out-

putList and one proof for the upper sequent in this rule; the output is

*We simply use L1, L2 and L3 to represent lists InputList, MidList and
QutputList.
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the proof by applying this rule. The constant eg.sym is the head of a
proof and it has 3 input parameters which represent the two integers in
(A = B) and one proof for the upper sequent to construct the new proof

of type Iprf for the lower sequent.

The main definite clause from line 5 to line 8 in Figure 5.5 for math_eqg_sym
says: if the first element of InputList is of form (A = B) and Ql is a
proof of the sequent with the new symmetric equality appended to the
list, then Q2 is a proof which save final proof. More precisely, if Q1
is a proof of (I, A =B, B=A — A), then (eqsym A B Q1) is
a proof of (IA = B — A). InputList (first represented by ((eq A
B)::L1Rest)) is changed in the recursive call to L1Rest since we extract

the first element from it every time.

The algorithm stops when InputList is null which is shown by the
first definite clause for math_eq_sym. The last clause for math_eq_sym
is used when its first element does not have a form of (4 = B). For
example, it has a form of (A < B). It recursively invokes itself with a

new InputList by taking out the first element from it.

We illustrate with one example to see how this algorithm works for

symmetry of equality in Table 5.2.

FirstElement InputList MidList
(21 = To, To < T4, T2 = x3) | (@1 = T2, T2 < T4, T2 = T3)
T = T (z2 < T4, %2 = x3) (21 = 29,2y < T4, %3 = Ty, To = 21)
T < X4 (29 = z3) (21 = To2g < T4, Ty = Ty, Tg = T1)
T = I3 O (21 = Zo.%y < X4, To = T3, Tg = 271,
T3 = T9)

Note that: the final value for MidList is QutputList.

Table 5.2: An Example of Symmetry of Equality

This algorithm is simple and straightforward.
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5.3.2 Algorithm and Implementation for Transitiv-

ity of Equality

Comparing to the algorithm of symmetry of equality, the algorithm of
transitivity of equality is much more complicated.

Using Axiom (5.3) Vz Vy Vz ((z = yAy = 2z) D (z = z)) , if there are
two equality expressions (z = y) and (y = z) in the input list, by applying
this rule, then (z = 2) is appended to this list if it is not already in it.
The complications occur because this new expression (& = z) may also
be used with existing elements in the list to conclude new consequences
from the transitivity axiom. We present our main idea for this axiom as
follows: take out each element from InputList as KeyElement one by
one. Every time compare one KeyElement with TakenOutElement.
TakenOutElement comes from the list InputListRest obtained by
getting rid of KeyElement from InputList. Each element in this list
is considered one by one as TakenQutElement. If there is a transitive
relation between these two, a new equality expression is added to the
original InputList if it is not already in it. Continue to compare this
KeyElement with the other elements from InputListRest and add
new expressions if possible. Assign InputList with the extended list
with all new expressions and replace KeyElement with the next one
from the new InputList and repeat until we choose all elements from
InputList as KeyElement once. We achieve this algorithm in two
steps: the first step is used to choose KeyElement. The second one is
to compare it with TakenOutElements. Variables with the suffix Sub

in this step are used to contrast them with those in the first step.

Algorithm 3. Pseudo-code Description of Algorithm of Transitivity of
Equality:
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Input parameters: InputList, N;

Return: Outputlist;

1.1 =10;
2. while (s < N)

(a) if InputList(i] has a form (A = B) then
i. KeyElement = InputList[i]; InputListRest is assigned
to be InputList without KeyElement.

ii. Call Algorithm 4 with parameters KeyElement, Input-
ListRest, InputList. Assign OutputListSub to the

return result.
iii. InputList =OutputListSub; N is modified by the new
length of InputList.

(b) i=1i+1;

Algorithm 4. Pseudo-code Description of Sub-algorithm of Transitivity

of Equality:
Input parameters: KeyElement, InputListRest, InputList

Return: OQutputListSub;

1. KeyElementSub = KeyElement (note that it has the form (4 =
B));

InputListSub = InputListRest; MidListSub = InputList;

2. while (InputListSub is not null)

(a) Extract the first element from InputListSub as TakenOutEle-
ment, the rest of InputListSub is InputListRestSub;
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(b) if TakenOutElement has a form (B = C) and if (A = C)
is not already in MidListSub, then append (A = () to
MidListSub;

(¢) InputListSub=InputListRestSub;

3. QutputListSub = MidListSub;

There are several important points in implementation of transitivity

of equality:

1. There are a finite number of variables in the given InputList. Thus
there are a finite number of equalities that can possibly be added by

this algorithm. This fact guarantees termination of the algorithm.

2. We do not need to compare new elements chosen from MidList-
Sub as TakenOutElement with KeyElement because the tran-
sitivity rule is never applied in these cases. For example, a new
expression (z = z) is added by transitivity between (z = y) and
(y = z) and it is impossible to obtain new expressions either be-
tween (z = 2) and (z = y) or between (z = z) and (y = z) by
transitivity. But we do change InputList by adding new expres-

siouns if there are any after employing the sub algorithm.

3. Because we implement Algorithm 2 first, we have all consequences
of symmetry already in InputList. After applying these two algo-
rithms, all possible equality expressions including the expressions
of reflexivity of equality appear explicitly. We explain this in the

next subsection.

4. The order of elements in a list is so important that we can not

change it when extracting elements from or appending a sublist to
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type math_eq_tran int -> (list form) ~> (list form)
~-> (list form) -> lprf -> lprf -> o.
type math_eq_tranSub form ->(1ist form) ->(list form)
->(1list form) ->lprf ->lprf ->o.

type eq_tram nat -> nat ~> nat -> lprf -> lprz.
math_eq_tran N L1 L2 L3 {2 §2 -

menmCount L1 Ni,

N > Ni,

filter L2 L3, !.
math_eq_tran N L1 L2 L3 Q1 Q2 :-

memCount L1 Ni,

(N < Ni; N = Ni),

pickup N L1 Ei,

nth_and_rest N Ei L1 LiRest,

math_eg_tranSub El LiRest L1 LiSub Q1 @11,

Next i N + 1,

append LiSub L2 L2Append,

filter LZ2Append LZ2AppendND,

math_eqg_tran Next L2AppendND L2AppendND L3 Qii Q2.
math_eq_tranSub X nil L3 L3 {2 Q2 :~ |.
math_eq_tranSub (eq A B)
((eq B C)::L1Rest) L2 L3 (eq.tran A B C Q1) Q2 :~

append L2 ((eq A C)::nil) L2Append,

filter L2Append L2AppendND,

math_eq_tranSub (eq A B) LiRest L2AppendND L3 Q1 Q2.
math_eq_tranSub X1 (X2::LiRest) L2 L3 Q1 Q2 :-

math_eq_tranSub X1 LiRest L2 L3 Q1 Q2 .

Figure 5.6: Definite Clauses for Transitivity of Equality

the list because we choose elements as KeyElement and Take-

nOutElement one by one in order.

We implement these two algorithms in AProlog in Figure 5.61.

Two predicates math_eg.-tran and math_eq_tranSub are declared
to implement the first step and the second step of the algorithms respec-
tively. The constant eq.tran is used to store proofs in math_eq_tranSub
when there are new elements added to the sequent by transitivity of

equality.

TWe also simply employ L1, L2 and L3 to represent lists InputList, MidList and
QCutputlist.
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We explain the constants in Figure 5.6 as follows:

The predicate memCount is used to count the length of a list L1 as
N1 of type int. We use the predicate pickup to choose the Ntk element
from a list L1 as KeyElement (E1) of type form. nth_and rest is a
predicate to construct a new list L1Rest as the rest of L1 by extracting
out the IN£h element. The predicate filter helps us delete the redundant

elements in a list.

math_eq_tran has one more input parameter than math_eq_sym
which is a counter for KeyElement. Basically, we invoke math_eq_tran
by assigning this parameter with 1. There are 2 definite clauses for
math_eq_tran. One is to terminate the algorithm if no more elements
can be chosen as KeyElement from InputList if (N > N1) where
N is the index of the current number and N1 is the length of the list.
This clause is shown in Figure 5.6 from line 6 to line 9. The second
clause for math_eq.tran is used to implement step 2 in Algorithm 3
where KeyElement of the form (A = B) is taken out by the predicate
pickup to obtain L1Rest (InputListRest by extracting KeyElement
from L1 (InputList), and then call math_eq_tranSub to compare it
with other elements in L1Rest. An extended list with new elements is
returned back from the sub algorithm as the new list L1. Finally the
clause recursively invokes itself with the new KeyElement and the new

L.

In Figure 5.6, line 3 is the type declaration for math_eq. tranSub.
The first input parameter of type form represents KeyElement and we
have similar explanations for the rest parameters as we have explained for
math_eq_sym. The constant eqg.-tran takes three parameters of type
nat since the transitive property involves three variables in expressions

(A= B)and (B =C). (egtran A B C Q1) is a proof of (I', A =
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C— A)if Qlisaproofof (I, A=B, B=C — A).

We demonstrate on a list with only equality expressions to simplify

the presentation of the execution of transitivity of equality in Table 5.3.

KeyElement InputList
(r1 = %2, 42 = x3, T3 = 21,T3 = L3)
21 = 2 ({21 = @2}, "2 = 23", 02 =31, %3 = a2, 81 = 3)
T3 = a2 ey = @2}, 22 =23, “0p = a1”, T3 = 23,31 = 23,1 = T1%)
Ty =Ty {z1 = o}, @3 = @3, 22 = 21, “03 = 23", L1 = 23,1 = £1)
g = T3 (“r1 = wa”, {2y = w3}, £2 = 21, %3 = &3, %1 = 23,%1 = T1)
Tg = T3 (z1 = z3, {22 = 23}, “02 = x1",%3 = 22,T1 = 3,T1 = T1)
Ty = X3 (z1 = ®g, {xs = 23}, T2 = @3, “x3 = ¥2”, &1 = T3, %1 = T1, T2 = T*)
T3 = X3 (1 = mo, {22 = x3}, 02 = 21, %3 = 22, “23 = 23", T1 = X3,83 = T3)
T2 = I3 (r1 = @2, {®2 = 23}, 02 = X1, %3 = B2, &1 = L3 “T1 = X1, T2 = T3)
T =23 (“z1 =x2”, w0 =@y, {x2 = X1}, %3 = T2, 21 = &3,01 = £1,T2 = T3, [T2 = T3])
g =21 (21 =2, “ey = 23", {ma = 21}, 23 = X, 21] = X3 T1 = T1, T = Z2)
®g = 21 (21 = 22,2 = 23, {T2 =21}, “23 = 23", L1 = 3,81 = %1, T2 = L2)
T2 = X3 (z) = 2,22 = 3,4@2 = T1},23 = B3, F1 = T3, L1 = T1,F2 = T3, [T = L3])
To =) (@1 = 22,20 = 23, {2 = 21}, 83 = X3, %1 = 23, “T1 = X1, &2 = T3, T2 = 31])
T2 =21 (21 = z3,®3 = x3, {3 =21 },%3 = X2, %1 = L3,%1 = T, ‘T2 = T2 )
3 = &2 ("1 = x9”, xp = 23,82 = %1, {%3 = X2}, %1 = X3,%1 = 1,22 = T3)
3 = T2 (21 = a3, "0 = 23", w0 = 21, {#3 = Xo}, &1 = Z3,%) = L1,T2 = T2, L3 = I3%)
T3 = T3 (21 = 22,%2 = a3, “w2 = 2", {T3 = X2},%1 = &3,&1 = £1,T2 = T2,23 = T3, %3 = 1)
T3 = T2 (@1 = 23,83 = 3,02 = @1, (&3 = @}, “T1 =Ly, 1 = X1, T2 = X2,23 = £3,%3 = T3}
T3 = T2 (zy = @2,T3 = 23,83 = L1,{2%3 = B2}, &1 = T3, ‘T = L1, T3 = L2,T3 = T3, T3 = &1 )
3 = T3 (zy = z2,%2 = 23,®2 = @1, {¥3 = T2}, #1 = T3, &1 = L1, L2 = T2 , €3 = £3,23 = T1, (23 = T2])
21 = I3 (“z1 =22, %2 = X3, 83 = £1,%3 = L, {T1 = L3},L) = &1, %2 = T2,L3 = 3,23 = &1)
Ty =3 {x1 = x2, “wp = 237, g = &1, 23 = &2, {21 = £3},%1 = T1,T3 = T3,T3 = T3, T3 = 1)

Note that:

1. {} is used to represent the expression which is chosen as KeyEle-
ment

2. “ is used to represent TakenOutElement

3. [] is used to represent duplicated elements which are not appended
to InputlList

4. * is used to represent reflexive equalities.

Table 5.3: An Example of Transitivity of Equality

In this example, although we do not illustrate all comparisons, at

the point we stop in Table 5.3, we have already obtained all possible

equalities. Note that there are added reflexive equalities marked by *.
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5.3.3 Implementation for Reflexivity of Equality

By the following theorem, if an integer n appears in any equality relation,
the consequence of reflexivity {n = n) appears after Algorithm 2 and 3%,
So implementations of these two axioms are enough to implement all

these properties on equality.

Thecrem.

Yy Voo (11 = 29 D 29 = 21)
A Vay Ve Vas (27 =29 Axg =23 D 21 = T3)

S VeVy(z=yD(x=aAy=y))

QOur prover has automatically proved this theorem. Moreover, we

illustrate the proof in Natural Deduction [14] with rules in Appendix A.

From the example shown in the above subsection, we notice that

(21 = x1), (z2 = 22) and (x3 = z3) are already in the list.

5.3.4 Algorithm and Implementation for Transitiv-

ity between Equality and “Less-than(<)”

Implementations of the other transitivity axioms are very similar to the

one for transitivity of equality.

We begin with Axioms (5.4) and (5.5). In the following algorithms,
we represent equality expressions as KeyElement and compare it with
other “less-than” expressions as TakenQOutElement. The main idea of
the algorithms is similar to that of algorithms for transitivity of equality

in some sense. This algorithm is also achieved by two steps.

We have the following algorithm of transitivity between = and <

expressions.

*In our application, any integers that come from the translation from LTL to FOL
always appear in at least one equality expression.
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Algorithm 5. Pseudo-code Description of Algorithm of Transitivity be-

tween = and < Ezpressions:

Input parameters: InputList, N;

Return: OutputList;

1. i=10;
2. while (i < N)

(a) if InputList[i] has a form (A = B) then
i. KeyElement = InputList[i}; InputListRest is assigned
to be InputList without KeyElement.

ii. Call Algorithm 6 with parameters KeyElement, Input-
ListRest, InputList. Assign OutputListSub to the

return result,

iti. InputList =0OutputListSub; N is modified by the new

length of Inputlist.

(b)y i=d+1;

Algorithm 6. Pseudo-code Description of Sub-algorithm of Transitivity

between == and < Ezpressions

Input parameters: KeyElement, InputListRest, InputList

Return: OutputlistSub;

1. KeyElementSub = KeyElement (note that it has the form (A =
B));

InputListSub = InputListRest; MidListSub = InputList;

2. while (InputListSub is not null)
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{a) Extract the first element from InputListSub as TakenOutEle-

ment, the rest of InputListSub is InputListRestSub;

(b) if TakenOutElement has the form (B < C) and if (4 <
) is not already in MidListSub, then append (A < ) to
MidListSub;

(c) Or if TakenOutElement has the other form (C < A) and if
(C < B) is not already in MidListSub, then append (C' < B)
to MidListSub;

(d) InputListSub=InputListRestSub;

3. OutputListSub = MidListSub;

These two algorithms are implemented in Figure 5.7.

We also have similar explanations for the definite clauses in this figure

as we have explained for Figure 5.6. The difference is discussed below:

The big distinction exists in the sub algorithm math_eq_lt_tranSub
which is more complex than math_eq _tranSub because we combine
implementations of Axiom (5.4) and Axiom (5.5) together where we have
one more clause for math_eqg_lt_tranSub: when KeyElement has the
form (A = B), it can possibly be used in applying transitivity between
it and TakenOutElement of either the form (B < C) for Axiom (5.4)
or the form (C' < A) for Axiom (5.5).

An example for this algorithin is demonstrated in Table 5.4.

In this example, new expressions (77 < zg) and (zg < x3) as exam-
ples, are appended to InputList. The former one is appended due to
transitivity of “Equality-Less-than” and the latter one is appended due

to transitivity of “Less-than-Equality”.
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type math_eg_lt_tran int -> (list form) -> (list form)
-> {(1ist form) -> lprf -> lprf -> o.
type math_eq lt_tranSub form -> (list form) -> (list form)
-> (list form) -> 1prf -> 1lprf -> o.
type eq_lt_tran nat -> nat -> nat -> nat
-> lprf -> lprf.
math_eqg_lt_tran N L1 L2 L3 Q1 Q1 :-
memCount L1 Ni, N > Ni,
filter L2 L3,!.
math_eg_lt_tran N L1 L2 L3 @1 Q2 :-
memCount L1 N1, (N < Ni; N = Ni),
pickup N L1 E1,
nth_and_rest N E1 L1 LiRest,
math_eq_lt_tranSub E1 LiRest L1 LiSub Q1 Qii,
Next is N + 1,
append L1Sub L2 L2Append,
filter L2Append L2AppendND,
math_eq_lt_tran Next L2AppendND L2AppendND L3 Qi1 Q2.
math_eq_lt_tranSub X nil L3 L3 Q1 Q1 :~ !,
math_eqg_lt_tranSub (eq A B) ((1t B C)::LiRest) L2 L3
{eq_lt_tran A B B C Qi) Q2 :-
append L2 ((1t A C)::nil) L2Append,
filter L2Append L2AppendND,
math_eq_lt_tranSub (eq A B) LiRest L2AppendND L3 Qi Q2.
math_eq_lt_tranSub (eq A B) ((1t C A)::LiRest) L2 L3
(eg_lt_tran A B C A Q1) Q2 :-
append L2 ({1t C B)::nil) L2Append,
filter L2Append L2AppendND,
math_eq_lt_tranSub (eq A B) LiRest L2AppendND L3 {1 Q2.
math_eq_lt_tranSub X1 (X2::LiRest) L2 L3 Q1 Q2 :-
math_eg_lt_tranSub X1 LiRest L2 L3 Qi Q2.

Figure 5.7: Definite Clauses for Transitivity between = and < Expres-
sions
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KeyElement InputList
(1‘1 = Z9,L3 = Xyq,T5 < T3, Tg < T4,Tp < (,66)
1= Tg ({21 = 22}, “z3 = 24", 15 < 3, %6 < T4, T2 < Tg)
Ty = T2 ({21 = 20}, 23 = 24, “x5 < 23", L6 < Ty, Tz < Ts)
Ty = T ({21 = 22}, 13 = 24,25 < 3, “Ts < 24", Ty < Tg)
T, = T3 ({z1 = 22}, 23 = T4, 75 < T3, Te < s, “Ta < Tg, L1 < T¢)
Ty = T4 (“:El = 1132”, {56‘3 = $4},$5 < X3, T < Ty, Ty < Xg, L1 < 335)
XT3 = T4 (:zl = Tg, {373 = 1134}, Y1 < 333”;1‘6 < Ty, X9 < ZTg, T3 < Zg, Tp < Ig)
T3 = Ty (w7 = m9, {T3 = Tu}, T5 < T3, “Te < 24", T3 < Tg, T1 < Ts, Ts < T3, T < T3)
T3 = T4 (.Tl = Zg, {55'3 = 334},:115 < Z3,Tg < L4, “To < 25", 11 < Tg, Ty < Tz, Lg < ’13)
T3 = Ta (71 = @9, {T3 = T4}, T5 < T3, Lg < Ta, ¥y < Tg, ‘T1 < Tg , Ty < T3, Tg < T3)
Note that:
1. {} is used to represent the expression which is chosen as KeyEle-
ment
2. “7 is used to represent TakenOutElement

Table 5.4: An Example of Transitivity between = and < Expressions

5.3.5 Algorithm and Implementation for Transitiv-

ity of “Less-than(<)”

The last algorithm we present is for transitivity between “Less-than”
expressions only. This algorithm is also derived from the algorithm
of transitivity of equality. In order to adopt same conventions from
math_eq_tran, two new predicates for transitivity of “Less-than” are
math_lt_tran and math_lt_tranSub respectively. Changes for math_1t_tran
from math_eq_tran are related to two things. One is the format of
KeyElement that has a form (A < B) and the other is TakenOutEle-

ment that has a form (B < C).

Algorithm 7. Pseudo-code Description of Algorithm of Transitivity of

“Less-than”:

Input parameters: InputList, N;

Return: OutputList;
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1.i=90;
2. while (i < N)

(a) if InputList]i] has a form (A < B) then
i. KeyElement = InputList[:]; InputListRest is assigned
to be InputlList without KeyElement.

ii. Call Algorithm 8 with parameters KeyElement, Input-
ListRest, InputList. Assign OutputListSub to the

return result.

iii. InputList =0utputListSub; N is modified by the new

length of InputList.
(b) i=1i+1;

Algorithm 8. Pseudo-code Description of Sub-algorithm of Transitivity

of “Less-than”:

Input parameters: KeyElement, InputListRest, InputList

Return: QutputListSub;

1. KeyElementSub = KeyElement (note that it has the form (4 <
B));

InputListSub = InputListRest; MidListSub = InputList;

2. while (InputListSub is not null)

(a) Extract the first element from InputListSub as TakenOutEle-
ment, the rest of InputListSub is InputListRestSub;

(b) if TakenOutElement has a form (B < C) and if (A < C)
is not already in MidListSub, then append (A < C) to
MidListSub;
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type math_lt_tran int -> (list form) -> (list form)
-> (list form) -> lprf -> lprf -> o.
type math_lt_tranSub form -> (list form) -> (list form)
~-> (list form) -> lprf -> lprf -> o.

type lt_tran mnat -> nat -> nat -> lprf -> lprif.
math_1t_tran N L1 L2 L3 Q2 Q2 :-

memCount L1 Ni,

N > Ni,

filter L2 L3,!.
math_lt_tran N L1 L2 L3 Qt Q2 :-

memCount L1 Ni,

(N < Ni; N = N1),

pickup N LI Ei,

nth_and_rest N Ei Li LiRest,

math_lt_tranSub Ei LiRest L1 LiSub Q1 Qii,

Next is N + 1,

append LiSub L2 L2Append,

filter LZ2Append L2AppendND,

math_1t_tran Next L2AppendND L2AppendND L3 Q11 (2.
math_1t_tranSub X nil L3 L3 Q2 §2 :— 1.
math_lt_tranSub (1t A B) ((1t B C)::LiRest)

L2 L3 {(1t_tran A B C Q1) Q2 :-

append L2 ((1t A C)::nil) L2Append,

filter L2Append L2AppendND,

math_lt_tranSub (1t A B) LiRest L2AppendND L3 {1 Q2.
math_1t_tranSub X1 (X2::LiRest) L2 L3 Q1 Q2 :~

math_lt_tranSub X1 LiRest L2 L3 Q1 Q2.

Figure 5.8: Definite Clause for Transitivity of “Less-than(<)”

(¢) InputListSub=InputListRestSub;

3. QutputListSub = MidListSub;

Clauses are defined for this algorithm in Figure 5.8.

Implementations for these two algorithms are similar to those we
described for tramsitivity of equality except for the different forms of

KeyElement and TakenOutElement.

An example for transitivity of “Less-than” is demonstrated in Table

(@]
(@]
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KeyElernent | InputList
(£1 < @2, 29 < X3, %3 < Tg, Tz < &4}

z; < To ({z1 < 22}, “zo < 237,72 < 24, T3 < T4, 1 < T3)

I < Tg ({331 < J)z}, T < I3, “xg < ZL‘4”,IL‘3 < Ty, 21 < Xz, T3 < 3’34)

T < Ty ({1‘1 < iﬂg}, Ty < X3, Lo < Ty, ‘Xz < 24 2 < x3,71 < .'134)

Te < T3 Yoy < 332”, {2?2 < 333},.’])2 < X, T3 < Ty, Ty < T3, %3 < 334)

T9 < Tz (.’E} < Zg, {372 < 5133}, “To < 24", 23 < Xy, T3 < T3, L1 < 33'4)

Zy < T (z1 < 72, {Z2 < T3}, T2 < Ty, “T3 < 34,21 < T3, 01 < Ta, (X2 < T4))

ZTo < T3 (07 < 29, {T2 < T3}, 2 < T4, 23 < T4, “T1 < 23", %1 < Zy)

To < I3 (Zﬂl < X9, {.%2 < $3},$2 < Ty, %3 < X4,Ty < T3, Yy < 334.”}
Note that:

1. {} is used to represent the expression which is chosen as KeyEle-
ment

2. “ is used to represent TakenQutElement
3. [ ] is used to represent the duplicated elements and is not be ap-

pended to InputlList

Table 5.5: An Example of Transitivity of “Less-than(<)”

With the assistance of these auxiliary rules, all relational expressions
appear explicitly on the left side of a sequent which greatly help our
prover to complete the proof search procedure and increase the prover’s
capability. Our algorithms are straightforward and work in practice for

our application.

5.4 Algorithm for An Automated Prover
for FOL with Integers and Relational

Expressions

Based on the new added algorithms, the complete algorithm for searching

for proofs for FOL with integers and relational expressions is described
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below. Since we have 5 simpler subformulas in Figure 4.8, we start by
putting them into the prover and employ the following proof search al-

orithm.
g

Algorithm 9. Automated Proof Search for FOL with Integers and He-

lational Fxpressions:

Input parameter: A sequent representing one of the 5 simpler sub-

formulas

Return: A proof (if there is one, infinite loop otherwise)

1. Attempt to apply rules in the following order: initial, <-L, <-R,
>-L, >-R, >-L, >-R, A-L, D-R, 3-L, V-R, V-L, A-R, D-L, =R,
Vv-R, —-L, and exit if a proof is found. Note that there are no rules

3-R or V-L in this list.

2. Apply the following algorithms to the lists of formulas on the left

side of the sequent obtained from Step 1.

(a) Algorithm 2 for Axiom 5.2;
(b) Algorithm 3 for Axiom 5.3;
(c) Algorithm 5 for Axiom 5.4 and 5.5;

(d) Algorithm 7 for Axiom 5.6;
Repeat the following steps. Exit whenever a proof is found:

3. Continue search, attempting all the rules in the following order:
initial, <-L, <-R, >-L, >-R, >-L, >-R, A-L, D>-R, Z-L, V-R, V-L,
A-R, D-L, =R, V-R, =L, 3-R, ¥-L. Note that this list includes
rules 3-R and V-L.

4. Amplification step: If a proof is not found, then using the sequent

that is obtained at the end of Step 2, add a new copy of universally
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quantified formulas on the left and existentially quantified formulas

on the right and go to Step 3.

Note that although the order in which inference rules are attempted
is not important for completeness, it is certainly important for efficiency.
For example, it is better to put the initial rule as early as possible. Also,
our experiments have shown that for our application, it is better to put

the 3-R and V-L rules in the end of the list in Step 3.

Implementation for this algorithm is presented in Appendix B.

5.5 A Proof Checker for FOL with Integers

and Relational Expressions

Integrating these additional and auxiliary rules into the checker is much

easier than integrating them into the prover.

We still need to replace the predicate memb_and_rest by memb
when we implement these rule in the checker. For example, implementa-

tion of the rule >~R is presented below:

(gt_r A B Q) > (Gamma --> Delta) :-
memb (gt A B) Delta ,

Q >~ (Gamma --> ({1t B A)::Delta)).

where as long as there is (A > B) on the right side of the sequent, we

add (B > A).

We also take the transitivity of equality as an example of the imple-

mentation of the auxiliary rules.

(eq_tran A B C ) >- (Gamma ~--> Delta) :-
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memb (eq A B) Gamma,
memb (eq B C) Gamma,

Q > (((eq A C)::Gamma) --> Delta).

This definite clause says that if there are (A = B) and (B = C) on
the left side of the lower sequent, there is also (A = (') inside the upper

sequent.

Implementation of the checker is shown in Appendix C.



Results

In this chapter, we present the experiments of finding the conflict caused
by requirements of ACR and CFBL that we discussed in Chapter 4. We
also present and prove two other examples of conflicts caused by other
requirements of ACR and CFBL which also fit into the same pattern.

We summarize the experimental results at the end of this section.

6.1 Experimental Results

In previous chapters, according to the automated proof search algorithm,

we developed and implemented a successful prover in Teyjus.

In order to prove the FOL formulas for each case described in Chapter
4, we declare a new predicate prove as a top-level predicate used for

queries in Figure 6.1.

The predicate prove takes two parameters, a formula’s name of type
name and a proof of type lprf, to construct a goal formula in A\Prolog.

In Teyjus, after loading all necessary modules, we can query (prove

36
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type prove name -> lprf -> o,
type check name -> o.
type proof name -> lprf -> o.

prove Name { :-
formula Name Formula,
Q >-1 (nil --> (Formula::nil)).
check Name :-
formula Name Formula,
proof Name {,
g > (nil --> (Formula::nil)).

7- prove casel §.
?- prove case2 {.
7~ prove case3 {.
7- prove case4 (.
7- prove caseb (.

Figure 6.1: Examples of Proof Queries in AProlog

casel QQ), (prove case2 Q), {(prove case3 Q), (prove case4 Q) and
(prove caseb Q) respectively to ask for proofs for each case. The goal
formulas are illustrated in Figure 6.1 which follow the token ?- and they

can be invoked on the command line.

We query (prove casel Q) as an example. From the definite clause
for the predicate prove, this goal formula is changed to the query (Q >-
1 (nil —> (Formula::nil)}) where the variable Formula is assigned to
be an exact formula by matching (formula casel Formula) based on
facts in Figure 4.8. The proof search procedure begins with querying >~
1 clauses, which achieve a sequent with atomic formulas and universally
quantified formulas which are on the left side and existentially quantified
formulas which are on the right side. After running amplification, >-2
clauses are invoked to achieve a successful result for 3 from the prover

in one second.

The proofs obtained from the prover are complex and not easy to read.
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To help us justify the results, we define a new predicate check to verify
whether these results satisfy the proved formulas or not. The clause for
this predicate is also shown in Figure 6.1. The other new predicate proof
is used to store the concrete value of a formula’s proof coming from the
prover. For this example, we copy the proof resulting from the prover
for casel with the predicate proof and casel as a fact. Thus the query
check casel invokes the query Q >- (nil —> (Formula::nil)) which
runs the checker described in chapter 5 to decide whether Q is a correct
proof of casel. We get successful responses from the checker for these

cases.

Also, we notice that cost of proof search for the first four cases is
less than that of the last case by about one third. The reason for the
longer time cost for the last case is that all four specification formulas

are involved in this case as we described in Figure 4.5.

Now we conclude for this example: there is a proof for each of these
5 cases, which means there is a conflict between the two requirements,

both fitting the feature pattern we focus on.

6.2 Detecting Feature Conflicts Caused by

Other Examples

To further illustrate our theorem proving approach, we make an effort to
apply it to other pairs of feature specifications which also fit the specific

pattern described in Chapter 4.

We examined two other pairs of requirements of features ACR and

CFBL.

In addition to CFBL_Normal Operation.l described in Chapter 4
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which specifies the normal operation of CFBL, there are two other re-
quirements, which describe exceptions to its normal operation, repre-

sented by the general forms below:
property CFBL_Exception_Operation_1
{
event: cfbi(z)N—idle(x) Ay forwarding(z,y, z)Acall req(z, y)
persists:  call_reg(x,y)
until: busy_tone(y) A~ forwarding(z, y, z)
discharge: onhook(y)

}

This exception expresses that when y calls x who is not idle, if there is
already a call to z which is being forwarded to z at the same time, then
y hears a busy tone represented by busy_tone(y)and his/her call cannot

be forwarded.

The other exception captures a forwarding loop when the incoming
call from y has been already forwarded to z more than 5 times. (The

requirements [1] assume 5 is the maximum time that a call can be for-

warded. )
property CFBL_Exception.Operation.2
{
event: cfbl(z) A—idle{x) A=le_five_forwards(y) Acall reg(z, y)
persists:  call_reg(z,y)
until: busy.tone(y) A - forwarding(z,y, z)

discharge: onhook(y)
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}

The new atomic formula le_five_forward(y) expresses that y's call has

been forwarded no more than 5 consecutive times. If y’s call has been

forwarded to z more than 5 times, then his/her call cannot be forwarded

and he/she receives a busy tone.

These two properties also fit the pattern (4.6). We specify the fol-
lowing two LTL formulas by using subscript 3 for the first exception
requirement and subscript 4 for the second exception requirement re-

spectively:

D[63 D (pg ] (7’3 A dg))] (61)

where e, p3, s and ds are:
e3 := cfbl(z) A —idle(x) Ay forwarding(xz,y, z) A call req(z,y)
ps = call_reg(x,y)
rq 1= busy_tone(y) A —forwarding(z,y, z)
dy := onhook(y)

D[&; D (p4 U (T4 \Y d4))] (62)

where e4, Pa, T4 and dy are:
eq = cfbl{z) A —idle(z) A-le.five_forwards(y) A call req(z,y)
py = callreg(z,y)
ry = busy_tone(y) A - forwarding(x,y, z)
dy = onhook(y)

Both of these two exceptions conflict with ACR_Normal Operation_3
because both resolutions in the exception requirements request that y's
call should not be forwarded and y hears a busy tone but this ACR

property requires that y receives the ACR denial announcement.

As we said before, when adding new feature requirements, there are
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formulas that may be added to SA. It is obvious that busy.tone(y) and
acr_annc{y, r) cannot hold simultaneously in these two cases. By adding
—(busy_tone(y) Aacr_annc(y, z)) to SA, the following two LTL formulas
are used to detect conflicts between the two different kinds of CFBL

exception requirements and ACR_Normal Opertion.3.

=(Oer D (p1 U {ry Vdy)] ADles D (psU(rs V d3)]

AO[SA] A Oles Aes A gl) (6.3)

Particularly, for the case of requirements between CFBL_Exception_Operation.1

and ACR_Normal Opertion_3, SA and g are specified:
SA = —{(acr.annc(y, z) A forwarding(z,y, z))
A—(acr_annc(y, z) A call_req(x,y))
A—{(forwarding(z,y, z) A call_re¢(z,y))
N—(onhook(y) A call_reg(z,y))
A=(onhook(y) A forwarding(z,y, 2))
A—(busy tone(y) A acrannc(y, x))

g := (p1 Ap3) U (—p1 A—ps A—di A —d3)

“'I(D{(ﬁ D (p1 U (7"1 \V dl)] A D{&; > (p4 U(T‘4 \Y d4)]

ATSAIA Oler Aes A gl) (6.4)

We have the same SA in formula (6.4) for detecting conflicts be-
tween CFBL_Exception_Operation.2 and ACR_Normal_Opertion_3, but
we have a different value for g as follows:

g = (p1 /\])4) U (’ﬂpl A —pg A =i A\ ﬁd4)

We implemented these two LTL formulas in AProlog, followed the
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same steps we designed to handle the previous example in chapter 4,
constructed queries of the similar 5 simpler subformulas for each of these
two LTL formulas respectively and succeeded in searching for proofs using
our prover and verifying the proofs using our checker. All of these cases
cost approximately the same amount of time as spent for the previous

cases.

6.3 Comparison of Implementation in Teyjus

and Terzo

There are several existing interpreters and compilers for AProlog. Before
considering implementations of our application in Teyjus, we began with
them in Terzo [20]. But for our complicated application, the application
of detecting feature conflicts, implementation in Terzo is not tolerable
because of the slow speed of this interpreter written in Standard ML.
This is the reason that we then shifted all implementations to Teyjus
and modified code to fit syntax requirements of Teyjus and achieved a
powerful and efficient prover with one or two orders of magnitude im-

provement in proof search time.



‘hapter

Conclusion

7.1 Summary of Contributions

In this thesis we illustrated an application of detecting feature conflicts
in telecommunications systems by an approach in theorem proving. We
addressed this problem of finding an automated prover to search for con-
tradictions which reveal the fact that some independent feature require-
ments cannot hold simultaneously in a telephony system. Previous re-
search helped us specify feature requirements and feature conflicts by
LTL formulas. These specifications were translated into FOL formulas
with integers. New algorithms about relational expressions were devel-
oped and integrated into an existing prover. We expressed our strategies
on how to organize the inference rules, the additional and the auxiliary
rules, and then developed an automated prover for FOL formulas with
integers to complete and optimize the proof search procedure. This ap-
proach was fully demonstrated by the experimental results in AProlog.

Examples were also presented during our discussion.

The major contributions of this thesis are:

93



94

CHAPTER 7. CONCLUSION

e Algorithms for dealing with relational expressions. There are rela-
tional expressions in the translated FOL formulas and the existing
prover did not have the capability to handle them. We presented
specialized algorithms for properties of relational expressions con-
taining “Equality” and “Less-than”, implemented these algorithms
in AProlog, and then integrated them into the prover to develop a

specialized proof search procedure.

e Reorganization of the order of application of the inference rules.
The existing prover works well for general FOL formulas. From the
viewpoint of logic programming, the order of the inference rules is
not important for completeness of the proof search procedure. But
from experiments, we noticed that arranging the order of these
inference rules improves on efficiency and effectiveness of our prover

in proof search time.

e Complete implementation and full illustration of the possibility of
the theorem proving potential with experiments in detecting feature

conflicts.
The minor contributions of this thesis are:

e Implementation of the inference rules in the sequent proof system in
Teyjus. Since we begin with an existing prover, which handles gen-
eral FOL formulas [5], we migrated the whole implementation from

Terzo to Teyjus and improved upon performance of this prover.

e Implementation of a translation function from LTL formulas into
FOL formulas. We implemented a translation function to transform
LTL formulas into FOL formulas with integers in Teyjus. We pre-
sented the results of applying this function on examples in Chapter

4.
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uture

7.2.1 Specifications of Features and Feature Con-

flicts in Other Patterns

In Chapter 4, we presented a general form to represent feature require-
ments. The easiest way to specify the general form by an LTL formula
is to consider its negation: the property is false if and only if there is a
point where the precondition pattern holds, but is not followed by the
postcondition pattern [8, 9].

In the next step, we will try to implement specification formulas in
more complicated patterns. For example, a property of the following

general form:
property <Name>
{
event: ep persists: py
event: e
persists: p until: r discharge: d

}

can be specified by an LTL formula according to the general form as

below [7]:

=0 eo A X ({po A —eo) U (e1 A=(p U (7 Vd))))). (7.1)

Formula (7.1) expresses a property that must hold after two enabling
events eg and e; happen in sequence. In particular, the precondition on

the property is that eg is followed by e; with po persisting between them.
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The postcondition is (p U (rVd)), which states after this series of events,
a second persisting condition p holds until there is either a resolution r
or a discharge d.

We are also interested in a common form with unless in the postcon-
dition rather then until.

property <Name>

{
event: e

persists: p unless: r

}

We specify this property by Formula (7.2) [7].

Ofe D X (—p W )] (7.2)

This formula is often used to express a safety property: if there is
some enabling event e, in the next state, then some property p should
not hold between e and r. For example, if the callee z is idle, the caller

1 should not hear a busy tone between duration of the call.
By appropriately adjusting ¢ in Formula {4.6) and adding more sys-
tem axioms to SA, we believe our prover must certainly handle these

formulas similarly to the cases studied in this thesis.

7.2.2 Comparison with Existing Formal Method Tools

So far, we have not been able to do a detailed comparison between the
model checking approach [8, 9] and theorem proving approach [7] because
all examples we tried in theorem proving are the same as those in model

checking. We are able to conclude that our theorem prover is at least
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as efficient as our model checking approach by the experimental results.
But since we have not tried feature conflicts in other complex patterns,
we have not challenged our prover with formulas with more general use of
quantifiers. Our future work includes more thorough comparison to the
model checking approach and adopting examples with more sophisticated

use of quantification in formulas specifying feature requirements.



Deduction

Natural Deduction (ND) is another proof system for first-order classical
Logic. Proving a formula A from the assumptions I' in ND corresponds
to building a proof tree for I' — (A :: nil) in the sequent proof system.

We have inference rules in ND, shown in Figure A.1 [14].
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Figure A.1: Natural Deduction Rules for First-Order Classical Logic
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Figure A.2: A Proof for the Theorem in ND



Appendix B

Implementation of A
Theorem Prover for FOL
Formulas with Relational

Expressions

We present related modules for a theorem prover for FOL formulas with

integers and relational expressions.
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¥ This module provides basic declarations.
module basic.

type memb 4 -> list A -> 0.

type member A -> 1list A -> o.

type append list A -> list A -> list A -> o.

type append_item list 4 -> A -> list A -> o.

type join list A -> list A -> list A -> o.

type memb_and_rest A -> list A -> list A -> o.

type nth_item int -> A -> list A -> o.

type nth_and_rest int -> A -> list A -> list A -> o.

memb X (X :: LJ).

memb X (Y :: L) :- memb X L.

member X (X :: L) := 1.

member X (Y :: L) :- member X L.

append nil K K.

append (X :: L) K (X :: M) :- append L K M.

append_item K L M :- append K (L::nil) M.
join nil K K.
join (X :: L) KM :~ memb X X, !, jein L XK M.

join (X :: L) K (X :: M) :- join L K M.
memb_and_rest A (A :: Rest) Rest.
menb_and_rest A (B :: Tail) (B :: Rest) :- memb_and rest A Tail Rest.

nth_item O A List :- !, memb A List.

nth_item 1 A (B::Rest) :- !, A = B.

nth_item N A (B::Tail) :~ M is (N - 1), nth_item M A Tail.
nth_and_rest 0 A List Rest :- !, memb_and rest A List Rest.
nth_and_rest 1 A (B::Rest) Rest :- !, A = B.

nth_and_rest N A (B::Tail) (B::Rest) :-
M is (N - 1), nth_and _rest M A Tail Rest.

Figure B.1: basic.mod
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% This module provides declarations for connectives, quantifiers,
% temporal connectives and relational operators in first-order logic
module fol.

kind form type.

kind nat type.

type and form -> form -> form.
type or form -> form -> form.
type imp form -> form -> form.
type neg form -> form.

type forall (A —> form) -> form.
type exists (A -> form) -> form.
type box form -> form.

type diamond form -> form.

type until form -> form -> form.
type weak form -> form -> form.
type next form -> form.

type gt nat -> nat -> form.

type 1t mnat -> nat -> form.

type ge mnat -> nat -> form.

type le nat -> nat -> form.

type eq nat -> nat -> form.

infixl or 250.
infixl and 250.
infixr imp 240.

infixl until 240.
infixl weak 240.

Figure B.2: fol.mod



% This module is the "signature"” file for building sequent-style proofs.

module lprf.

accumulate fol.

kind 1prf type.

type initial form > lprf.

type and_1 A -> A -> lprf -> lprf.

type and_r A -> A -> lprf -> lprf -> lprf.
type or_1 A -> A -> lprf -> 1lprf -> lprf.
type or_r A -> A -> lprf -> lprf.

type imp_r 4 -> A -> 1prf -> lprf.

type imp_1 A -> A ~> 1prf -> lprf -> lprf.
type neg.r A -> 1prf -> lprf.

type neg.l A —> lprf -> lprf.

type exists_r A -> 1prf -> Iprf.
type exists_l (A -> lprf) -> lprf.
type forall r (A -> 1prf) -> lprf.
type forall l & -> 1prf -> lprf.

type eg_syn nat -> nat -> lprf -> 1prf.

type eg_tran nat -> nat -> nat -> lprf -> lprf.

type lt_tran nat => nat -> nat -> lprf —> lprf.

type eq_lt_tran nat -> nat -> nat -> nat -> lprf -> lprf.
type gt.r nat -> nat -> lprf -> lprf.

type gt_1 nat -> nat -> lprf -> lprf.

type ge_r nat -> nat -> iprf -> lprf.

type ge_l nat —-> pat -> lprf -> lprf.

type le_x nat -> nat -> lprf -> lprf.

type le_1 nat —> nat -> iprf -> lprf.

Figure B.3: Iprf.mod
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% This module provides implementation of auxiliary rules
module lc_math.

accumulate Ppasic, lprf.

type reaxrange (list form) ~> {list form) -> lprf -> lpri -> o.
type separate (list form) ~> (list form) -> (list form) -> o.
type separateSub (list form) —> (iist form) -> (list form)

-> {(list form) -> (list form) -> o.

type math_components {(list form) -> (list form) -> lprf -> lprf -> o.
type math_eq_sym {list form) =-> (list form)

~> (Qist form) -> lprf -> lprf -> o.
type math_seq_tran int ~> (list form) -> (list form)

~> (list form) -> lprf -> lprf -> o.
type math_ 1t _tran int ~> (list form) -> (list form)

~> {list form) ~> lprf -> lprf -> o.
type math_eq_lt_tran int ~> (list form) -> (list form)

-> (list form) -> lprf -> lprf -> o.
type math_eq_tranSub form ~> (list form) -> (list form)

-> {(list form) -> lprf -> lprf -> o.
type math. lt_tranSub form -> (list form) -> (list form)

~> (list form) -> lprf -> lprf -> o.
type math_eq_lt_tranSub form -> (list form) -> (list form)

-> (list form) -> lprf -> lprf -> o.
type pickup int -> (list form) -> form -> o.
type filterSub  (list &) -> (list &) -> (list 4) -> o.
type filter (Qist 4) ~> (list 4) -> o,
type memCount (list form) ~> imt ~> o.

Y% rearrange all components
rearrange L1 L2 Q1 Q2 :-
separate L1 Lmath Lnon,
nath_components Lmath LmathOutput Q1 Q2,
append Lnon LmathOutput L2.
% separate math components and non-math components
separate L1 Lmath Lmon :-
separateSub L1 nil nil Lmath Lnon.
separateSub nil Lmath Lnon Lmath Lnom :- !,
separateSub ((eq &4 B)::LiRest) LmathSub LnonSub Lmath Lonon :-
append LmathSub {(eg 4 B)::nil) LmathSubAppend,
separateSub LiRest LmathSubAppend LnonSub Lmath Lnonm,!.
separateSub ((1t A B)::L1Rest) LmathSub LnonSub Lmath Lnon :-
append LmathSub ((1t 4 B)::nil) LwathSubAppend,
separateSub L1Rest LmathSubAppend LnonSub Lmath Lnon,!.
separateSub (&: :LiRest) LmathMid LnonMid Lmath Lnpon :-
append LnonMid (A::nil) LanonMidAppend,
separateSub LiRest LmathMid LnonMidAppend Lmath Laon, !.
% eq.tram, lt_tran, eq_sym, eq.rel to gather all math components
math_components Lmath LmathOutput Q1 Q2 :-
math_eq syr Lmath Lmath LeqSym Qi QeqSym,
math_sq_tran 1 LegSym nil LeqTran (eqSym QeqTran,
math, eq_1lt.tran 1 LeqTran nil LeqliTran Qeqlran QeqltTran,
math_lt_tran i LegltTran nil LmathOutput (QegltTran {2.
% algorithm for math_eq_sym
math_eq_sym nil L2 12 92 Q2 :
math_eq.syn ({eq A B)::LiRest) 12 L3 (eq.sym 4 B o1 g2 -
append L2 ((eq B 4)::nil) L2Append,
math_eq_sym LiRest L2Append L3 {1 Q2.
math_eq_sym (A::LiRest) L2 L3 Q1 Q2 :-
math_eq_sym LiRest L2 L3 G1 Q2.



% algorithm for meth_sq tran
math_eq tran N LI L2 L3 02 Q2 :-
memCount L1 Ni,
N > Ni,
filter L2 L3, !.
math_eg tran N L1 L2 L3 Q1 Q2 :-
memCount L1 N1,
(N < Ni; N = N1,
pickup N L1 EIL,
nth_and_zest N E1 L1 LiRest,
math_sq_tranSub E1 LiRest Li LiSub Qi Qii,
Next is N + 1,
append L1Sub L2 L2Append,
filter L2Append L2AppendND,
math_eq_tran Next L2AppendND L2AppendND L3 Qii 2.
% algorithm for math_eq tranSub
math_eg_tranSub X nil 13 L3 2 Q2 :- !.
math_eq_tranSub (eq 4 B) ((eq B C)::LlRest) L2 L3
(eg_tran 4 B C Q1) Q2 :-
append L2 ({eq & C)::nil) L2Append,
filter L2Append L2AppendND,
math_eq_tranSub (eq A B) LiRest L2AppendND L3 Qi Q2.
math_eq_tranSub Xi (X2::LiRest) L2 L3 Q1 Q2 :-
math_sq_tranSub X1 LiRest L2 L3 Qi G2 .
% algorithm for math_lt_tran
math_lt_tran N L1 L2 L3 Q2 Q2 :-
memCount L1 Ni,
N> Ni,
filter L2 L3,1!.
math 1t _tran N L1 L2 13 Q1 Q2 :-
memCount L1 Ni,
(0 < Ni; N = N1},
pickup N L1 Ei,
nth_and_rest ¥ E1 L1 LilRest,
math_lt_tranSub Ei LiRest L1 LiSub Q1 Qii,
Next is N + 1,
append L1Sub L2 L24ppend,
filter L24Append L2AppendND,
math_1t_tran Next L2AppendND LZ2AppendND L3 Qil Q2.
% algorithm for math lt_tranSub
math_lt_tranSub X nil L3 L3 {2 Q2 :- f.
math_1lt_tranSub (1t A B) ((3t B C)::LiRest) L2 L3
{(1t_tran 4 B C Q1) Q2 :-
append L2 ((1t & C)::mil) L2Append,
filter L2Append L2AppendND,
math_lt_tranSub (1t A B) L1Rest L2AppendND L3 Q1 (2.
math_lt_tranSub X1 (¥2::LiRest) L2 L3 91 Q2 :-
math_lt_tranSub X1 LiRest L2 L3 G Q2.
% algorithm for math_eq.lt_tran
math_eq_lt_ tran N L1 L2 13 Q1 Q1 :-
memCount L1 Ni,
N > Ni,
filter L2 L3.
math_eq lt_tran N L1 L2 L3 Qi Q2 :-
memCount L1 Ni,
(N < Ni; N = 1),
pickup N L1 Ei,
nth_and_rest N E1 L1 LiRest,
math_eq_lt.tranSub E1 LiRest L1 LiSub Q1 Qii,
Hext is B + 1,
append LiSub L2 L2Append,
filter L24ppend L2AppendND,

math_eq_lt.tran Next L2AppendWND L24ppendND L3 {ii 2.
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% algorithm for math_eq li_tran
math_eq lt_tranSub X nil L3 L3 G1 Q1 :~ !.
math_eq_lt_tranSub (eq &4 B) ((It B C)::LlRest) L2 L3
(eg_lt_tran A B B C Q1) Q2 :-
append L2 ({1t A C)::mil) L2Append,
filter L2Append L24ppendND,
math_eq_lt_tranSub (eq A B) LiRest L2AppendND L3 Q1 Q2.
math_eg_lt_tranSub (eq 4 B) ((1t € 4)::LiRest) L2 L3
(eq.lt_tran A B C 4 Q1) Q2 :-
append L2 ({1t C B)::nil) L2Append,
filter L2Append L2AppendND,
math_sq_lt_tranSub (eq A B) LiRest L2AppendND L3 Qi Q2.
math_eq_lt_tranSub X1 (X2::LiRest) L2 L3 Q1 Q2 :-
math_eq 1t_tranSub X1 LiRest L2 L3 Q1 Q2.
% E is one element which is the N item in a list
pickup 1 (E::L) E.
pickup ¥ (E1::LRest) E :-
Next is N - &,
pickup Next LRest E.
% eliminate the duplicate slements in a list
filter L1 12 :- filterSub L1 nil L2.
% a help clause for filter
filterSub nil T L.
filterS8ub (A::L1) L2 L3 :-
memb_and_rest A L1 Lifirst,
append L2 (A::nil) L2first,
filterSub Lifirsy L2first L3,%.
filterSub {(A::L1) L2 L3 :~
append L2 (A::nil) L2first,
filterSub L1 L2first L3,1.
% Count the number of a list
memCount nil O.
memCount (A4::L) C1 :-
memCount L €2,
Ci is €2 + 1.

Figure B.4: lc.math.mod



% This module contains the >-1 program for performing the first step

Y% of an awtomatic theorem prover for
% a sequent system for first-order classical logic.
module lc_auto.
accumulate Lc_iter.
type >-1 1prf -> seq —> 0.
infixl »-1 200C.
(initial A} >—1 (Gamma --> Delta) :-
memb A Gamma, memb A Delta.
(le_l & B @) >-1 (Gamma --> Delta) :-
memb_and_rest (le A B) Gamma Gammal,
G >1 ({{(1t 4 B) or (eq A B))::Cammal) -—> Delta).
(le.x & B @) >-1 {(Gamma --> Delta) :-
memb_and_rest {le 4 B) Delta Deltatl,
G >-1 (Gamma --> ((it A B)::(eq A B)::Deltal)).
(ge_l A B @) >-1 (Gamma --> Delta) :-
memb_and_rest {ge A B) Gamma Gammal,
Q >-1 ({{(3it B &) or (eq 4 B))::Gammal) --> Delta).
(ge.r A B Q) >-1 (Gamma —-> Delta) :-
memb_and_rest (ge 4 B) Delta Deltal,
Q >-1 (Gamma --> ({1t B 4)::(eq & B)::Deltal)).
(gt.1 A B @) >~ (Gamma --> Delta) :-
memb_and_rest (gt A B) Camma Gammal,
Q >-1 (((1lt B A)::Gammal) --> Delta) .
(gt.r 4 B @) >1 (Camma —-> Delta) :-~
memb_and_rest (gt A B) Delta Deltal,
Q >-1 (Gamma --> ({1t B A)::Deltai)).
(and_1 A B @) >-1 {(Gamma —-> Delta) :~
memb_and_xest (4 and B) Gomma Gammal,
Q >-1 ((A::B::Gammal) --> Delta).
(imp_r A B @) >-1 (Gamma --> Delta) :-
memb_and_rest (4 imp B) Delta Deltal,
Q >-1 ((A::Gamma) -~> (B::Deltal)}.
(exists_1 @) >-1 (Gamma --> Delta) :-
memb_and_rest (exists A) Gamma Gammal,
pi T\ ((@ T >1 ({(A T)::Gammal) --> Delta)).
(forall_r Q) >-1 {(Gamma --> Delta) :-
memb_and_rest (forall A) Delta Deltal,
pi T\ ((§ T) >1 (Gamma ~-> ((A T)::Deltall)).
(or_1 4 B Qi 42) >-1 (Gamma --> Delta) :-
memb_and_rest (A or B) CGamma Gammai,
01 >-1 ({A::Gammal) --> Delta),
G2 >-1 ((B::Gammal) --> Delta).
(and_r A B §1 92) >-1 (Gamma --> Delta) :~
memb_and_rest (& and B) Delta Deltal,
g1 >~1 (Gamma --> {A::Deltal)),
Q2 >-1 (Gamma ~-> (B::Deltal)).
(imp_1 &4 B'Q1 @2) >-1 (Gamma --> Delta) :-
memb_and_rest (& imp B) Gamma Gammal,
Qi >-1 (Gammal --> (A::Delta)),
g2 >-1 ((B::Gammal) -—> Delta).
(neg_r & §) >-1 (Ganmma --> Delta) :-
memb_and_rest (neg 4) Delta Deltal,
Q >-1 ((A::Gamma) --> Deltal).
(or_r A B Q) >-1 (Gamma --> Delta) :-
memb_and_rest (A or B) Delta Deltal,
Q >-i (Gamma -—> (A::B::Deltal)).
(neg_1 & Q) >-1 (Gamma --> Delta) :-
memb_and_rest (neg A) Gamma Gammal,
0 >-1 (Gammal -—> (A::Deltal).
Qi >-1 (Gamma —~> Delta) :-
rearrange Gamma Gemmal (1 Q2,
nprove 1 G2 (Gammal --> Delta).

Figure B.5: lc.auto.mod
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% This module performs the iteration step for an automatic theorem prover for
% a sequent system for first-order classical logic.
module lc_iter.
accumulate lc_prover.
type add_copies int -> form
-> (list form) -> (list form) -> o.
type amplify_forall int -> (list form) ~> (Iist form) -> o.
type amplify_exists int -> (list form) -> (iist form) -> o.
type amplify int -> seq -> seq -> o.
type nprove int -> lprf -> seq -> o.
add_copies 1 A List (A::List).
add_copies N A List (A::Listl) :-
> 1), ¥is (N - 1),
add_copies M A List Listl.
amplify_forall N ail mil.
amplify_forall N ({forall A)::Camma) Gamma2 :-
amplify_forall N Gamma Gammai,
add_copies N (forall 4) Cammal Gamme2.
amplify_forall N (A::Gamma) (A::Gammal) :-
amplify_forall N Gamma Gammal.
amplify_exists N nil nil.
amplify_exists N ((exists 4)::Delta) Deltal :-
amplify_exists N Delta Deltal,
add_copies N (exists A) Deltal Deltal.
amplify_exists N (A::Delta) (A::Deltal) :-
amplify_exists N Delta Deltal.
amplify 1 Seq Seq :- !.
amplify N (Gammal --> Deltal) (Gamma2 --> Delta2) :-
amplify_forall N Gammal GammaZ2,
amplify_exists N Deltal Deltal.
nprove N @ Beql :-
print "\nAttempting to prove the following sequent at amplification *,
term_to_string N NS, print WS, print "\n",
verm_to_string Seql NSeql, print NSeql, primt "\n",
amplify N Seql Seq2,
Q >-2 Seq2,
trace_term "successfiul'.
nprove N § Seq :-
M is (¥ + 1), oprove M Q Seq.

Figure B.6: lc_iter.mod



% This module is the main prover for an automatic tTheorem prover for

% 2 sequent system for first-order classical logic.
module lc_prover.
accumulate lc_math.
kind seq type.
type ~~> (1ist form) ~> (list form) -> seq.
infixl --> 210,
typs >-2 iprf -> segq —> o.
infixl »>-2 200.
(initial &) >-2 (Gemma --> Delta) :-
memb A Gamma, memb & Delta.
(le_r 4 B Q) >-2 (Gamma --> Delta} :~
memb_and_rest (le A B) Delta Deltal,
Q »>-2 (Gamma --> ({1t 4 B)::(eq & B)::Deltai}).
(le_l1 4 B ) >-2 (Camma -~> Delta) :-
memb_and_rest (le A B) Gamma Gammal,
§ >-2 (({(3t &4 B) or (eq & B))::Gammal) ~--> Delta).
(ge_r A B @) >2 (Gamma --> Delta) :-
memb_and_rest {ge A B) Delta Deltal,
g >-2 (Gamma --> ({1t B A)::(eq 4 B)::Deltal)).
(ge_1 & B @ >-2 (Gamma --> Delta) :-
memb_and_rest (ge 4 B) Gamma Gammal,
Q >-2 ({{{it B 4) or {(eq A B))::Gammal) --> Delta).
(gt.l A B Q) >-2 (Gamma --> Delta) :-
memb_and_rest (gt 4 B) Gamma Gammal,
Q >-2 (({(it B A)::Gammai) --> Delta).
(gt_r A B Q) >-2 (Gamma --> Delta) :-
memb_and_rest (gt A4 B) Delta Deltal,
Q >-2 (Gamma --> ({1t B A)::Deltal)).
(imp_1 A B Qi Q2) >-2 (Gamma --> Delta) :-
memb_and_rest (A imp B) Gamma Gammal,
Q2 >-2 ((B::Gammal) --> Delta),
Q1 >-2 (Gammal --> {&::Delta)).
(and_1 A B Q) >-2 (Gamma --> Delta) :-
memb_and_rest (4 and B) Gamma Gammal,
Q >-2 ((A::B::Gammal) --> Delta).
(imp.r & B Q) >-2 (Gamma --> Delta) :-
memb_and_rest (A imp B) Delta Deltai,
G >-2 ((A::Gamma) --> (B::Deltai)).
(exists_ 1 Q) >-2 (Gamma ~~> Delta) :-
memb_and_rest (exists A) Gamma Gammal,
pi T\ (@ T) >2 (((& T)::Gammal) --> Delta)).
(forall_r B) >-2 {(Gamma --> Delta) :-
memb_and_rest (forall A) Delta Deltal,
pi T\ (@ T) >2 (Camma --> ({4 T)::Deltal))).
(or_1 A4 B Q1 Q2) >-2 (Gamma --> Delta) :-
memb_and_rest (A or B) Gamma Gammai,
Q1 >-2 ((B::Gammal) --> Delta),
Q2 >-2 ((A::Gammal) --> Delta).
(and_r & B §1 Q2) >-2 (Camma --> Delta) :-
memb_and_rest (A and B) Delta Deltat,
g1 >-2 (Gamma ~--> {&::Deltal)),
02 >-2 {(Gamma --> (B::Deltal)).
(neg.r 4 Q) >2 (Gamma --> Delta) :-
memb_and_rest (neg A) Delta Deltal,
§ >~2 ((&::Gamma) —-> Deltal).
(or_r A B Q) >2 (Gamma —-> Delta) :-
memb_and_rest (4 or B) Delta Deltai,
Q@ >-2 (Gamma --> (A::B::Deltail)).
(neg_1 4 §) >-2 (Gamma --> Delta) :-
memb_and_rest (neg A) Gamma Gammail,
Q >-2 (Gammal --> (4::Delta)).
(exists_y T Q) >-2 (Gamma —-> Delta) :-
memb_and_rest {(exists A) Delta Deltal,
Q >-2 (Gamma ~-> ({4 T)::Deltal)).
(forall_1 T §) >~2 (Gamma --> Delta) :-
memb_and_rest (forall A) Gamma Gammal,
g >-2 (({& T)::Gammal) --> Delta).

Figure B.7: lc_prover.mod
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Implementation of A Proof
Checker for FOL Formulas

with Relational Expressions

We present a module lc.checker.mod to implement rules for a proof

checker for FOL formulas with integers and relational expressions.
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% This module contains a specification for a theorem prover/proof
% checker for first-order classical logic.
module lo_checker.
accumulate basic.
accumulate 1lprf.
kind seq type-
type ——> {list form) -> (list form) -> seqg.
type >~ lprf -> segq -> o.
infixl --> 210.
infixl >-  200.
(initial A) >- (Gamma --> Delta) :-
memb A Gamma, memb A Delta.
(gt_r &4 B @) >- {(Gamma --> Deltal :-
memb (gt A B) Delta ,
§ >- {Gamma ~~> ({1t B A)::Delta)).
(gt 1l 4 B Q) >~ {(Gamma --> Delta) :-
memb (gt A B) Gamma,
g >~ (((1t B 4)::Gamma) --> Delta).
(le_r 4 B Q) >~ (Gamma --> Delta} :-
memb (le A B) Delta,
Q >~ (Gamma --> ((1t A B)::(eq A B)::Delta)).
(le_.l1 A B Q) > (Gamma --> Delta) :-
memb (le A B) Gamma,
Q > ({({1t 4 B) or (eq A B))::Gamma) --> Delta).
(ge.r A B Q) > (Camma --> Delta) :-
memb (ge A B) Delta,
Q >~ (Gamma --> ((1t B &)::{(eq A B)::Delta)).
(ge.l A B Q) > (Gamma -~> Delta) :-
memb (ge & B) Gamma ,
@ >- (({(1t B 4) or (eq & B))::Gamma) --> Delta).
(and_r & Q1 B Q2) >~ (Gamma -~> Delta) :-
memb (A and B) Delta,
Qi >- (Gamma -~> (4::Delta)),
Q2 >- (Gamma --> {(B::Delta)).
{or.r A B Q) > {(Gamma —-> Delta) :-
memb (A or B) Delta,
Q >- (Camma --> (4::B::Delta)).
(imp_r 4 B @ >- (Gamma --> Delta) :-
memb (4 imp B) Delta,
trace (@ >- ((A::Gamma) —-> (B::Deltaz))).
(neg.r A Q) >- (Gamma --> Delta) :~
memb (neg A) Delta,
Q >~ {({A::Gamma) --> Delta).
(exists_r T Q) >~ (Gamma --> Delta) :-
mewb (exists A) Delta,
Q >~ (Gamma --> ({A& T)::Delta)).
forall_r Q) >~ (Gamma --> Delta) :~
memb {forall A) Delta,
pi Y\ ((§ Y) >~ (Gamma --> ((& Y)::Delta)}).
(and_1 & B Q) >- (Gamma --> Delta) :-
memb (4 and B) Gamma,
Q >- ((A::B::Gamma) --> Delta).
(imp_l A Q1 B §2) >- (Gamma --> Delta) :-
memb (A imp B) Gamma,
Gl >~ (Gamma --> (A::Deltal),
02 >~ ((B::Gamma) ~-> Delta).
(forall 1l T Q) >- (Gamma --> Delta) :-
memb (forall A) CGamma,
0 > (({A T)::Gamma) ~~> Delta).
(aeg_l A @) >- (Gamma --> Delta) :-
memb (neg 4) Gamma,
Q@ >- (Gamma --> (A::Delta)).
(or_1 A Q1 B §2) >~ (Gamma —-> Delta) :-
memb (A or B) Gamma,
91 >~ ((A::Gamma) --> Delta),
Q2 >~ ((B::Gamma) ~--> Delta).
(exists_1 Q) >- (Gamma ~~> Delta) :-
memb (exists A) Gamma,
pi Y\ (@ ¥) > (((& Y)::Gamma) -—> Delta)).
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(eq_sym & B @ > (Gamma --> Delta) :-
memb {eq & B) Camma,
§ >~ ({{eq B A4)::Gamma) —~-> Delta).
(eg_tran 4 B C Q) >- (Camma --> Delta) :-
memb {eqg 4 B) Gamma,
memb (eq B C) Camma,
Q >- (({eg & C)::Gemma) --> Delta).
{1t_tran & B C Q) >- (Gamma --> Delta) :-
memb (1t A B) Camma,
memb (1t B C) Gamma,
G > {{{3% A C)::Gamma) ~~> Delta).
(egq_lt_tran & B B C Q) >- (Gamma --> Dslta) :-
memb (eq A B) Gamma,
memb (1t B C) Gamma,
Q > ({1t A C)::Gamma) --> Delta).
(eq lt_tran 4 B C A ) >- (Gamma ~-> Delta) :-
memb (eq A B) Gamma,
memb (1t C A) Gamma,
§ >~ (((1t C B)::Gamma) --> Delta).

Figure C.1: lc_checker.mod
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