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ABSTRACT 

In this t h e s i s , we cons ider the opt imal p a r a m e t e r select ion 

p rob l em of a c l a s s of Ito differential equat ions . 

In Chapter 1, we cons ider the opt imal p a r a m e t e r se lect ion 

of a c l a s s of Ito differential sys t ems with Markov t e r m i n a l t i m e . 

These p rob lems a r e reduced to the optimal p a r a m e t e r select ion 

p rob l ems of a c l a s s of d is t r ibuted p a r a m e t e r s y s t e m s . In section 

1.3, the n e c e s s a r y condition for de terminat ion of opt imal p a r a m e t e r 

of this reduced p rob lem is given. The re su l t s a r e i l lus t ra ted by 

an example . 

In Chapter 2, ce r ta in special cases of h e r e d i t a r y s tochast ic 

s y s t e m s a r e reduced to ord inary s tochast ic Ito differential equat ions . 

The r e su l t s a r e i l lus t ra ted by an example . 

Chapter 3 p r e sen t s the numer i ca l methods for the de te rmina t ion 

of opt imal p a r a m e t e r s as i l lus t ra ted by solving two examples , one 

f rom chapter 1 and the other from chapter 2. 

Numer i ca l r esu l t s a r e p resen ted in chapter 4 . 
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- 1 -

1. 1. INTRODUCTION 

In this chapter , we consider a c lass of s tochas t ic sy s t ems 

desc r ibed by Ito differential equations in which the p a r a m e t e r s 

a r e to be chosen optimally with r e spec t to ce r ta in pe r fo rmance 

c r i t e r i a . In r e f e rence r l ] , Teo and Ahmed have shown 

that these opt imal p a r a m e t e r select ion p rob lems of s tochast ic 

differential sy s t ems can be reduced to the optimal p a r a m e t e r 

se lect ion p rob lems of a c l a s s of non-s t andard dis t r ibuted p a r a m e t e r 

s y s t e m s . The p a r a m e t e r in the reduced prob lem will appear in 

the parabol ic pa r t i a l differential opera tor r a t h e r than on the boundary 

of a fixed domain or d is t r ibuted in t ime and space . [ 2 , pp . 

1 - 143 ] , This is where they differ from the s tandard 

p rob lems of optimal control of d is t r ibuted p a r a m e t e r sy s t ems 

[ 3 , pp . 377 J . This r e su l t is quoted in sect ion 1.2. 

F u r t h e r , to this reduced problem, the n e c e s s a r y condition for 

de te rmina t ion of optimal p a r a m e t e r is given [ sect ion 1.3 1 . 

We consider the sys tem descr ibed by the following Ito differential 

equation , 

d§ = f(t, F(t), a )dt + g(t, S(t), a ) doj (t) , 

S l 

t <= R A r o , » ) 
O 5= 

p(o) = § » (P - ini t ial probabil i ty m e a s u r e suppor ted by B) 

(T € T, » ( ^ ~ p a r a m e t e r s set ), 

where ?(*) i s t^ie dynamic s ta te , and j a compact and convex subset of R . 

feu (t), t £ i} i s the m-d imens iona l Wiener p r o c e s s independent of § 

F u r t h e r f : R <* R n ® v —>• R n and g: R ® R <£ 2-~£M, where M 
o o 

i s the space of (n x ) m a t r i c e s . 
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1.2. BASIC ASSUMPTIONS AND PROBLEM STATEMENTS 

Let B be an open set in R (with compact c losure) suppor ­

ting the init ial probabil i ty m e a s u r e P and let 5 B denote the 

boundary of the set B, which is a s s u m e d to be locally r e p r e s e n t a -

ble by functions with Holder continuous second order par t i a l 

de r iva t ives . F u r t h e r , it is a s s u m e d that the coefficients f and g 

satisfy the following hypothesis : 

(i) f i s a bounded m e a s u r a b l e function in t ? I ^ [ 0 , T ] , T < 00 , 

for every (x,a) £ B x £; and continuous in x £ B for a lmos t 

al l t £ I and for any a f S • Fu r the r f (t, x, • ) f C (£) a. 

in Q , where Q £_ (0, T) x B and Q denotes i ts c losure ; 

(ii) g (• , • , <r ) is a continuous function in Q for each <j 6 E 

and g(t, x , • ) € C ( E ) in Q . 

Define 

T _A. inf [ t f [ - 0 , T l : 5 f f ( t ) f 3 B ) 

to be the f i r s t exit t ime f rom the set B. 

With these p repa ra t i ons the p rob lem P can be s ta ted as 
o 

given the sy s t em S , find a p a r a m e t e r vector a € S that 
m in imizes the following cost functional 

T . 

(1. 2. 1) J (0- ) = S { J L(t, ?(t), a ) dt } , 
o 

where L is a bounded r e a l valued function in t f I for every 
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(x, a ) £ B x S » and continuous in x f B for a lmos t al l t € I and 

for any a € E. F u r t h e r L (t, x, • ) f C (£ ) a. e. in Q . 

1.3 NECESSARY CONDITIONS FOR OPTIMAL CHOICE 
OF PARAMETERS OF A CLASS OF STOCHASTIC 
ITO DIFFERENTIAL EQUATIONS 

For convenience, let us denote by A the following differential 

opera to r : 

n n >^ 
ACT* A { E f . ( t , x , a ) f + E a ( t ,x , a ) • j-^j-• } , 

" i = l l o x i i,J = l XJ 9 x i d x j 

1 * 
where a € E ; a. . ( t ,x f 0- ) A 7 (g • g ) .. ( t , x , a ) , 

i j = 2 ij 

i , j = 1 , . . . , n ; and * denotes m a t r i x t r a n s p o s e . 

Suppose that the coefficients f and g satisfy hypotheses (i) 

and (ii) given in sect ion 1. 2 and that t h e r e exis ts a constant c > o 
2 n n 

so that c|X I s E a . - ( t ,x,cr) \. \. for al l \ £ R uniformly on 

' i . j = l 1J X J 

Q x E . Then, it follows 0:,pp.345] that for each a f j the sys t em 

S, has a unique solution ?(• ) which is a s t rong Markov p r o c e s s . 

Using Ito 's l e m m a [ 4 , pp. 345 -400 ] , it can be shown that the 

s tochas t ic optimal p a r a m e t e r select ion problem reduces to the 

opt imal p a r a m e t e r se lect ion problem of an equivalent d is t r ibuted 

p a r a m e t e r sy s t em, as s ta ted in the following l e m m a : 

L e m m a (1 . 3. 1) : The p rob lem P r educes to an equivalent 

p rob lem P which cons i s t s of the f i r s t boundary value p rob lem S 
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a n d t h e c o s t func t iona l m.in J ( ' o " )= m i n J aa ( 0 , x ) P . ( d x ) 
a £ S <x € E ° 

3 t 
ACT 0 C T ( t ,x) + L ( t , x , C T ) , ( t , x ) c [ 0 , T ) x B 

0CT(t , x ) | = 0 
SB 

0 a ( T , x ) 

a € E 

= 0 

t f ( 0 , T ] 

x g B 

P r o o f : T h e p r o o f is g iven in [ 1 ] 

F o r c o n v e n i e n c e of f u r t h e r r e f e r e n c e s , l e t 5^ d e n o t e 

t h e c l a s s of a l l r e a l v a l u e d func t ions 0 on the c y l i n d e r Q 

[ 5 , p p . 194 - 2 1 4 ] h a v i n g p r o p e r t i e s : 

(i) 0 and 0 , i = 1, . . . , n , a r e H o l d e r c o n t i n u o u s on 
x 

(ii) t h e p a r t i a l d e r i v a t i v e s 0 , 0 , i = 1 n , 

i J 
a r e s q u a r e i n t e g r a b l e on Q ; 

( i i i ) 0 ( t , x ) = 0 for a l l ( t , x ) g [ 0 , T ] x d B ( j { T x B ] 

D e n o t e the o p e r a t o r (-~— + A ) by E and c o n s i d e r the 
ot 

d i f f e r e n t i a l e q u a t i o n ad jo in t to the s y s t e m S ? g iven by 

- ^ - 1 + ( A ° j * q C T ^ ( E a ) * q C T = 0 , ( t , x ) € ( 0 , T ) x B 

qCT ( t , x ) | 

q (o,x) 

x 6 3B 

= q (x) 

, t | [ 0 , T ] 

x £ B , 
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where a € E ; and 

and for every m e a s u r a b l e subset D of B , P (D) = f q (x) dx . 

D ° 

For each a £ E > a function q is said to be a weak 

solution of S if, for every ty g & for which ECT ty is bounded, 

( 1 . 3 . 1) J (ECT * ) qCT dt dx = - J * (0,x) dP (x) . 
Q B ° 

The exis tence and uniqueness of the weak solution was repor ted in 

[ 5, pp. 194 - 214 ] . ] 

With these p r e p a r a t i o n s , we can now state the n e c e s s a r y 

condition for de te rmina t ion of optimal p a r a m e t e r vec to r . This 

r e su l t is der ived by Ahmed and Teo [ 6, to .appear ] 

and is quoted in the following t h e o r e m . 

T h e o r e m ( 1 . 3 . 1) : Consider the p rob lem P . Suppose that 
2 - 1 

a(- , • , a) 6 C (Q) for all CT € £", a ( t , x , • ) f C 
for al l ( t ,x) £ Q and that t he re exis ts a number c > o such that 
n 9 

E a. .(t,x,CT ) |3.B . ~ZL ,C J B | f or all B € R uniformly on Q x E 
i , j = l 1J l J 

F u r t h e r , let f and L be bounded m e a s u r a b l e in Q for al l a € E 

and of c l a s s C in CT for al l ( t ,x) g Q . Then, for CT g E 

to be an opt imal p a r a m e t e r with 0 g ^ the cor responding solution 

of the s y s t e m S 7 , it is n e c e s s a r y that 
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n d a . . ( t . x . a ) 3 0 n a M t , x , C T ^ 9 0 d L ( t , x , CT ) 
r r E — u • + E — — + 1 

J
Q j j ^ av ax/ ax i = 1 av sx. av 

( 1 . 3 . 2 ) o 

q ( t , x ) d t dx ^ 0, (for E c l o s e d ) ; 

n d a . . ( t , x , C T ) a 0 n a f . ( t , x , C T ) 9 0 d L ( t , x , CT ) 
T f E — u • + E — i — + 1 
Q i ' J = 1 * C T k S X i > S X j i = l 5 a k 3 X i BNJ 

( 1 . 3 . 3 ) 

q ( t , x ) dt dx = 0, k = 1, . . . , r , ( for v o p e n ) ; 

d a ( t , x > 0 - ) a ( t , x , Q- + f, V ) - a ( t , x , CT ) 
w h e r e s *—' _̂  l i m —1—' * u Y ' » — ' * ' , 

av ~ e-».o e 

o" + G v € E » 0 ^ G ^ i ; and v any v e c t o r d i r e c t e d i n w a r d 

in to E e m a n a t i n g f r o m Q '. and q i s t h e w e a k so lu t i on of t h e 

ad jo in t s y s t e m S c o r r e s p o n d i n g to t h e p a r a m e t e r v e c t o r o" 

C o r o l l a r y 1 . 3 . 1 i s a c o n s e q u e n c e of t h e o r e m 1 . 3 . 1 . ; 

C o r o l l a r y ( 1 . 3 . 1) : C o n s i d e r t h e s y s t e m S ? . S u p p o s e t h a t a l l t h e 

h y p o t h e s e s g iven in T h e o r e m 1 . 3 . 1 a r e s a t i s f i e d and t h a t t h e c o e f f i c i e n t s 

a. ., f. , ( i , j = 1 n ) , and L a r e l i n e a r in the p a r a m e t e r a . 

T h e n , i f t he p a r a m e t e r r e s t r a i n t s e t £ i s a c l o s e d and c o n v e x p o l y h e d r o n 
r o 

in R , t h e o p t i m a l p a r a m e t e r v e c t o r <j t a k e s i t s v a l u e a t one of t h e 

v e r t i c e s of £ 



- 7 -

In the linear case as considered in corollary 1.3. 1, the 
r 

optimal parameter in S can be found by solving 2 systems of 

type S , one for each of the vertices of the polyhedron £ » instead 

of solving a two point boundary value problem for S and S . 

1.4 AN EXAMPLE (1-4.1) 

For illustration, let us consider the following stochastic 

time optimal control problem. 

Example 1.4.1 : Consider the following Ito differential system S, 

•with its coefficients f and g redefined as f = " 1* 2 | and 

x + 2 0 

5/7 

r a - x r x 2 , 

L X i + x 2 J 
respectively. 

Further, the parameter restraint set £ and the supporting setJT -̂ are 

taken as [ - 1 , 1 ] and [ (x ,x ): -1 <. x < +1 and -1 <, x < + 1} 

respectively. 

Subject to this dynamic constraint, the problem is to find 

a scalar parameter CT € E .A [ ~ *» * 1 s o t h a t J(a ) - G [T a } 

is minimum, where the Markov time T is as defined in section 1.2. 

Call this problem P . As a direct consequence of Lemma 1.3. 1, 

we note that the problem P reduces to an equivalent problem of 

optimal control of the following first boundary value problem , 
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a < * ( g ) 
at 

7 ( x . + 2 ) 2 2—Alfl l + 25. S tf<g) 

ax. a x. 

a 0(a ) , / _L \ 30 (a ) + CT • x x —*±x-i- + x + x —f <-
1 2 a x 1 2 a x 2 

+ 1 

0(C T ) ( T , x ) = 0 

( t . x ) € [ 0 , T ) x£2 , 

for x £ Q , 

0 ( C T ) ( t , x ) = 0 for ( t , x ) € [ 0 , T ] x %Q , 

a € E A. [ - 1 - i ] > 

f2 A f (x , x ) : - 1 < x < + 1 and -1 < x < + 

m i n J(C T) = m i n J 0 (a ) ( o , x ) dx 

CT € E CT € E 

D e n o t e t h i s p r o b l e m by P , . 

4 

T h e p r o c e d u r e s for so lv ing t h i s p r o b l e m wi l l be g iven 

c h a p t e r 3 and n u m e r i c a l r e s u l t s w i l l b e p r e s e n t e d in c h a p t e r 
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2. 1 INTRODUCTION 

The theory of Markov p r o c e s s e s has been widely used 

[ 5, pp. 194 - 214 , 7 ] in the solution of s tochast ic 

control p r o b l e m s . However , if the sys t em involved is desc r ibed by 

a s tochas t ic h e r e d i t a r y differential equation [ 8, pp 13 - 30 ] , 

then in genera l it is not poss ib le to take advantage of the well known 

r e su l t s l ike the forward and backward Kolmogorov pa r t i a l differential 

equations a r i s ing in the study of Markovian control p r o b l e m s . The re 

a r e ce r t a in special ca ses of he red i t a ry s tochast ic sys t ems tha t , by 

augmenting the dimension of the s ta te space , can be reduced to 

Ito s tochas t ic < differential equat ions . The reduced p rob lem 

can then be solved using the theory of Markov p r o c e s s e s . 

2 .2 PROBLEM STATEMENT AND ITS SOLUTION 

The sy s t em to be opt imized is desc r ibed by the following 

s tochas t ic h e r e d i t a r y Ito differential equation : 

' d § ( t ) = f(t,§(t), v i (t) + fK(t, T )v(T, 5 (T))dT)dt+g(t,?(t)) 

S 
F (o) = F a random var iab le , t > 0 . 

The functions f , v and g a r e a s sumed to be given,co is a 1-dimen­

sional Wiener p r o c e s s for t ^ 0, and the s ta te £ is a r ea l -va lued 

s tochas t ic p r o c e s s . The sy s t em S a r i s e s P from the propor t iona l 

and (not n e c e s s a r i l y l inea r ) in tegra l control of the plant : 
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I d? (t) = f(t, ? ( t ) , u(t)) dt + g(t, § ( t ) ) d « ( t ) 

u(t) = V § (t) + J ^ K f t , T ) v ( T , ? (T) ) d T 

o 

where u is the control based on the p r e sen t and pas t h i s to ry 

of the p r o c e s s E, . 

Le t Q = { y g R : | y | < a ] be an open in terva l on the r e a l 
A 

l ine and I = [ 0 , T ] , T < » . Le t T = inf {t g I : ? (t) g 3^} be 

the first exit t ime from the set £2 and define the pe r fo rmance index as 

the expected value £ ( T ) of the random t ime T . a ^ = boundary of Q. 

Le t r be a closed bounded in terva l on the r ea l l ine from which the 

propor t ional i ty factor v (amplifier gain) can take its va lues , and let 

H be a c l a s s of functions where K can take i ts va lues . 

The optimizat ion prob lem is max J(v ,K) ; that is , 

( v . K ) f r x H 

choose the propor t ional i ty factor y and the k e r n e l K that max imizes 

the expected value of the per iod of stay of the t r a j ec to ry (§(t) , t f I ] in Q 

Obviously th is p rob lem is meaning less unless further specification is 

provided for the c lass H . For th i s , let £ be a compact (closed 

and bounded) subset of the Eucl idean space E and define H 

to be the c l a s s of functions K(* , • ) such that 

n-1 -EUt-O 

I E a . e for t ^ T 

i = l x 

0 for t < T 
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and CT A ( a
1» a

2»- " " , a
n - l ' Pl* P 2 ' " " ' Pn-i * € E ' 

For the simplicity of notations [ a . , 3. ] are assumed to be real. 

Note that the impulse response of a large class of linear systems 

can be approximated arbitrarily closely by appropriate choice of 

the number n and the parameters f a., p . ] . The optimization 

problem reduces to 

max J(v, CT ) • 
('Y. CT ) €Tx £ 

Under this situation the hereditary system S can be reduced to a 
a 

differential system. 

Define x 
1 

a n d x = T w. . 
m J m-1 

o 

-P <(t-T) 
m -1 

a . e v( T , ? (T )) dT , 

for m = 2,3, .. .n. The hereditary system S can then be reduced 
cL 

to an equivalent stochastic differential system in n - space, 

S1 

n 
d X i = f ( t ,x v x + £ x ) dt + g(t,x ) dw 

k=2 V 

dx2 = (a v(t,x1) B x ) dt + 0 
1 c 

1 dXn = ^ n - l ^ ^ l ) " Pn-lXn)dt + ° 

In vector form we have 

dx (t) = F(t,x(t)) dt + G(t,x (t)) dco 
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n Define D c E to be 

D = f x £ E : x ^ 12 , - oo < x. < o o , i = 2 , . . . , n | 

The pe r fo rmance index J(v, CT) is then given by 

J ( \ , CT ) = £ ( T D ) where T D inf {t g I: x(t) f 3 D 1} 

The s y s t e m S1 is a degenera te s tochast ic sy s t em, since the 
a 

diffusion m a t r i x is not posit ive ( i . e . G G 1 $ 0). However if 
2 

g ( t , x . ) > 0 for a l l x £ Q , then by adding smal l per turba t ion 

t e r m s the sy s t em S1 can be conver ted into a non-degenera te p rob lem. 

Cons ider 

W = (td = W, Q _ , . . . , CO ) 
l £ n 

to be an n -d imens iona l normal ized and coordinatewise independent 

Wiener p r o c e s s . For every g > 0 , let us cons t ruc t the sys t em 

n 
dx , = f(t ,x , v x + £ x ) dt + g dco 

"1 V " 1 k=2 1 

dx 2 = ( a ^ t . X j ) - 04 x 2 ) dt + e dw2 

dx = (a , v ( t , x . ) - B t
 x ) dt + e dto n n - 1 1 Kn-1 n ' n 

C lea r ly the I to-different ial equation 

dx = Fd t + Gfc dW 

is non-degenera te since (G G ) > 0 . 
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It is clear that S' is equivalent to S'. The 

performance index corresponding to the system S' can be written as 

J (\ • CT ) e ( T ] J ) 

where T € = inf f t ^ I : x ? ( t ) c 9 D l 

and x is the solution of the Ito differential equation S1 , and 
€ fe 

n 
consequently a Markov process on E . This problem P , can be 

reduced to a first boundary value problem of parabolic partial 

differential equations [ 1, to appear ] . The proof of 

the following lemma follows from minor modifications of the above 

result. 

Lemma 2.2.1 : The problem P is equivalent to the problem 

n 

< 

^ = f^+i 'vt^A-iv^ 
1 2 

+ T g (t,x.) 
2 * a 

^ 2 + J € E „ 
ax 4 k=2 3x k 

•*-„ + 1 

for (t,x) £ [0,T) x B . 

(p (T,x) = 0 for x £ B 

cp (t,x) = 0 for x £ fx £ B : x = + a J 

and t g [0,T) , 

max J- ("Yi CT ) = m a x J (p (OiXj .O, . . . ,0)dir (Xj); 
^ (\,CT)erx£ 6 ( \ ,cr)frx£ n 
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where ir is the probabil i ty dis t r ibut ion of the random var i ab le 

x (o) at t ime t = 0 with £2 being the supporting se t . 

In view of the above l e m m a our or iginal (optimal) control 

p rob lem reduces to the p rob lem of optimal select ion of p a r a m e t e r s 

(y, o" ) f rom the set p x £ for the parabol ic pa r t i a l differential 

s y s t e m . The n e c e s s a r y condition for optimal select ion of p a r a m e t e r s 

of a s y s t e m descr ibed by a genera l parabol ic pa r t i a l differential 

equation was given in chapter 1. (Thm 1.3. 1). 

In view of coro l l a ry 1.3. 1, the p rob lem of finding the opt imal 

p a r a m e t e r (y , CT ) reduces to the p rob lem of solving the first 

boundary value p rob lem P 1 for cp for each of the ve r t i c e s of the 

polyhedra and then choosing the one that yields the m a x i m u m for 

the in tegra l J 

e 
The question that now a r i s e s is what happens to the optimality 

as g ^ 0. The following resu l t deals with this quest ion. 

T h e o r e m 2 . 2 . 1 : For every fixed (y, a ) f p x £ , le t cp be the 

solution of the differential equation of the p rob lem P and cp the 

solution of the same prob lem with f = 0. Then cp^( t ,x) converges 

to a l imi t cp ( t ,x) as £ \f 0 uniformly on compact sets in D 

and that ep ° ( t ,x) = cp ( t ,x) for a lmost all ( t ,x) f D . 

P r o o f : 

Since for fixed {y , a ) £ T x £ the condition (b) of t h e o r e m 3 

(F leming , p . 74) is obviously sat isf ied. The proof is an immedia te 



- 15 -

consequence of Fleming ls result. 

In view of the above theorem, we solve the optimality 

problem P for a fixed g using theorem 1.3.1. In other words, 

for a fixed £ >0 the differential equation of the problem P' is 

solved for all the vertices (in case r x £ is a polyhedron) and 

the optimal parameter (y , a ) is found by comparing the integrals 

J (-y , <j ) • Then the parameter ( y , a ) is fixed and the 

differential equation of the problem P1 is solved for decreasing 

values of f > o, till J (y , <j ) as a function of g converges to a 

limit. This limit is the value of the performance integral J of the 

original problem. 

2-3 AN EXAMPLE (2.3.1) 

The results of the preceding sections are illustrated by 

s olving the following example, 

t 
d ? (t) = f ( t , 5 ( t ) , v ? ( t ) + j K ( t , T ) V ( T , 5 ( T ) ) d t 

+ g(t , 5 (t)) dco(t), t € [ 0 , 1 ] 

? ( o ) = ? 

a e , T <, t , 

w i t h f ( t , § , y ) = ? -y , v = 0, K( t , T ) = { 
0 , o t h e r w i s e , 

CT = ( a , B ) € E ^ { ( a , 6 ) : | a | < 2 , | B | ^ 2} , v ( t , 5 ) = § , 

g(t, F ) = § + 2, the set of confinment of the process 
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{?( t ) , t ^ I i is Q _A (-1.+1), i .e . a = 1, and the initial probability 

density of the random variable F is 
^ o 

1 , for xi e n , 
% ( x i > = C 2 

0 , elsewhere. 

The corresponding £ - problem is 
_UP Aa. + ( a x P ) Affi. + 

a t I 2 ax, I M 2' 3x 
1 2 

£<v*> 2 4 + i « 2 A ••• «» 
ax 3 x 2 

( t . x ) f l x B A. (0, i ] x f(x l fx2) : | x j < 1 , x2 £ R ] 

cp (1 , x) = 0 for x £ B 

cp (t, x) = 0 for x g dB and t g [ 0, 1] . 

max J (a, B ) = max ? cp (0,x . 0)q (x )dx . 
(a, Q)(: £ f ( a , B)€ E ' " i 

The procedures for solving this problem are similar to 

those given in chapter 3. The numerical results will be presented in 

chapter 4. 



CHAPTER 3 

NUMERICAL METHOD 
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3. 1 INTRODUCTION 

In o r d e r to compute the opt imal p a r a m e t e r for the problem 

cons idered in Example 1. 3. 1, we note f rom the s ta tement following 

Coro l la ry 1. 3. 1 that it would be requ i red to solve 2 par t ia l 

differential equations with f i r s t boundary condit ions. Using Crank-

Nicolson Method |"10, pp. 25-27 ] , we will show [~ section 3. 3 | 

that each of the two f i r s t boundary value p rob lems can be reduced to 

a m a t r i x equation. The solution of this ma t r i x equation is d i scussed 

below. 

N 
3. 2 SOLUTION OF MATRIX EQUATION £ A. X B. = C 

[ = 1 1 1 

Consider a c l a s s of ma t r i x equations given by 

N 
( 3 . 2 . 1) £ A X B . = C , 

1=1 *- * 

where A , B and C are m x m, n x n and m x n constant 

m a t r i c e s respec t ive ly ; and X is an m x n unknown ma t r ix . 

F o r the solution of the ma t r i x equation (3. 2. 1), we need the 

following l e m m a . 

L e m m a 3.2 . 1 : Consider the ma t r i x equation of the form 

( 3 . 2 . 2 ) A X B = C , 

where A A (a .) , B A (b..) and C A (c. .) a re m x m, n x n and m x n 
- i j - i j - i j 

constant m a t r i c e s respect ive ly ; and X A (x..) i s an m x n unknown 

m a t r i x . Then, 

A * -1 A 

( 3 . 2 . 3 ) X = [ B ' ® A ] C 

if and only if 
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( 3 . 2 . 4 ) | B * ® A | 4 0 

n 
E 

i = l 

m 
E 

j = l 
a 

Pi 
x . . • 

i j 
b . 

j q 

A A 

where X and C denote the t r an spose s of the row vec tors 

x.., . . . . , x , . . . . , x , . . . . , x "J and | c . . , . . . , c , . . . , c , 
11 l m nl mn 11 l m nl 

. . , c 1 r espec t ive ly ; B ® A A f a . . B } ; <g> is known as 

mn "* 7 ij 

Kronecker product ; ' * ' ' - 1 * and 1 • | denote ma t r i x t r anspose , 

m a t r i x invers ion and m a t r i x de terminant respect ive ly . 

Proof : Taking the p th column and qth row of both s ides of the 

m a t r i x equation (3. 2. 2), we have 

(3. 2. 4) £ £ a . • x.. • b. = c. 
pq 

Lett ing c ., (i=l, . . . , m ; j = 1, . . . , n), be the ijth e lement of the 
« A 

m a t r i x C and denoting by C the t ranspose of the mn row vector 
( c , . . . . , c J , . . . , c . . . . , c ), t h e above express ion can be 

11 nl l m mn 
r e a r r a n g e d a s 

n m A 
(3 .2 .5 ) £ E a . . b. • x.. = C . .. ^ 

i=l j=i pi jq ij (p-1) n+q 

Thus , the m a t r i x equation (3 .2 .2 ) reduced to the following equivalent 

re la t ion 

T , A A 

( 3 . 2 . 6 ) r B ® A ] X = C , 

where ® denotes the Kronecker product as defined in l e m m a 3. 2. 1; 
A 

X is the t r anspose of the row vector (x, , . . ., x . . ., x . . . , x ) ; 
r 11 nl In mn 

and x a r e the i j t h e lement of the unknown m a t r i x X. 
i j 
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F r o m the above re la t ion , it is c lear that the condition (3. 2. 4) is 

n e c e s s a r y and sufficient for the components of the solution of the 

m a t r i x equation (3. 2. 2) to be e x p r e s s e d by the equation (3. 2. 3). 

This comple tes the proof. 

Using the s imi la r p rocedure a s given in the proof of the 

above l e m m a , we have our main r e su l t of this chapter p resen ted in 

the following theo rem. 

T h e o r e m 3. 2.. 1 Consider the m a t r i x equation (3. 2. 1). Then 

A N * - 1 A 
( 3 . 2 . 7 ) X = [ F B ® A ] C 

if and on ly if 

N * 
(3 .2 .8 ) I s B ® A , | i 0 , 

*=1 * 

where A., „ , | • ] , ' * ' , ' - 1 ' and ® a re as defined in L e m m a 3. 2. 1. 

Proof : The proof i s s imi la r to that given for Lemma 3. 2. 1. 

3. 3 DERIVATION OF THE ITERATION SCHEME 

Consider the f i r s t boundary value problem given in example 

1. 4. 1. It follows from the s ta tement after Corol la ry 1 . 3. 1 that if 

CT i s the opt imal p a r a m e t e r , then it is n e c e s s a r y that <j take a 

value of 1 or - 1 . In this sect ion, Crank-Nicolson method will be used 

to conver t the f i r s t boundary value problem of this kind into a m a t r i x 

equation of the form (3. 2. 1) . 
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Par t i t i on the domain £2, where 

Q = £(x l f x2) : | x j < 1, | x 2 | s i } , 

into ten equals r o w s , each row having ten equal squa res . The grid 

points will consis t of all the c o r n e r s of the s q u a r e s , excluding the 

c o r n e r s on the boundary. 

Let A denote the time step and le t h denote the spatial 

s tep in e i ther of the d i rec t ions x or x . Using the Crank-Nicolson 

method, we have to e x p r e s s the f i r s t and second par t ia l de r iva t ives 

of 0 at t + — in t e r m s of 0 at t and t + A • Applying Taylor s e r i e s 

expansion, we obtain the following r e l a t i ons , 

0(t+ A,x , x ) 0 ( t , x , x ) 
(3 . 3. 1) 0 t ( t + - , x t . x2) = + O ( A ) ; 

0 (t + - , x , x ) = 
x, x . 2 1 2 

1 1 

1 0 ( t , x 1 + h , x 2 ) - 2 0 ( t . x ^ x ) + 0 ( t , x - h , x ) 

( 3 . 3 . 2 ) = 2 J l 

0(t+ A, x .+h ,x_) - 2 0(t + A,x . , x . )+ 0(t+ A,x -h ,x_) 
\ L l a 1 c i 

+ ? ' 
+ 0 ( h 2 ) + 0<AZ) ; 

' (»( t ,x 1 ,x 2+h) - 2 0{t ,x , x ) + 0 ( t , x , x -h) 
= j{ ? 

(3 . 3. 3) 0(t+ A, x 1 , x 2 +h) - 2 0(t+ A , Xj .x )+ 0(t+ A . x ^ x ^ h ) 

+ 5 
h 

+ 0 ( h 2 ) + 0 ( A 2 ) ; 
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A 1 0 ( t , x 1 + h , x 2 ) - 0 ( t , x 1 , x 2 ) 

>x < t + l ' X^Z] = 2 [ h 

( 3 . 3 . 4 ) 0 ( t + A , x + h , x ) - 0 ( t + A , x , x ) 
+ 1 1 i ± } 

+ O (h) + O (A2 ) ; and 

A 1 0 ( t , x 1 , x 2 + h ) - 0 ( t , x l 9 x 2 ) 
0 (t + - , x 1 § x 2 ) = - { 

( 3 . 3 . 5 ) 

0 (t+ A, X l , x 2 + h ) - 0 (t + A , X l > x 2 ) 

+ O (h) + O (A 2 ) 

U s i n g t h e s e a p p r o x i m a t i o n s and deno t ing by 0. the so lu t ion of P 

a t the i n t e r s e c t i o n of the i th row and j th c o l u m n of g r i d p o i n t s 

the f i r s t b o u n d a r y value p r o b l e m P r e d u c e s to , 

0 . . (t + A ) - 0 . . (t) 
(3.3.6) - - a a 

= ~ V ( x +2)2 f 0 ..At)-2$. .(t)+ 0 (t)+ 0. ., .(t+A) 
4 h 2 1 i , j + l i , j i . j - 1 i , j + l 

- 2 0 .(t+ A) + 0 . . . ( t+ A) ] 

+ - ^ T ^ . M -( t ) -2 0 . (t)+ 0 . , ( t ) + 0 . , 1 . ( t + A ) - 2 0 . ( t + A ) 
4h 

+ *, < - (t+ A) } 
1 _ L»J 
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X 1 X 2 
+ -$rf- ( 0 . . . . ( t ) - 0. .(t)+0 ( t + A) 0 . -(t+ A) } 

+ — - ( a x - px ) f 0 ( t ) - 0 .(t)+0 (t+ A)-0. .(.t+ A) 
2 h 1 2 1+1 , J i , J i + 1 i J i i j 

+ 1 + O (A ) + 0 (h). 

In o r d e r to convert the express ion (3. 3. 6) into a m a t r i x 

equation of the form (3. 2. 1) so that 0. .(t), i , j = 1, . . . , 9 , can t 

r e c u r s i v e l y , we define the following constant 9 x 9 m a t r i c e s , 

( 3 . 3 . 7 ) X 
1 

C x . . 1 ; 

with x. 
i j 

( 
(h-i) -1 if i = j , 

0 o the rwise , 

( 3 . 3 . 8 ) X 2 = -X 

( 3 . 3 . 9 ) P 1 i j 

with (p ) = < 
1 i j 

1 

•1 

0 

if i=j, 

if i - j = l . 

o the rwi se , 

(3 . 3. 1 0 ) P 2 = - P l f 

(3 . 3.11) Q = 

with 

U y } 

"u = ' 

t 

/ 
2 

-1 

0 

if i=j , 

if 1 i-j I = 

otherwise , 

1 , 
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(3. 3. 12) Z = { z.. } , 

whe re z . = 1. F u r t h e r , let I be the identify ma t r ix . With 
i j 

these p r e p a r a t i o n s , the equation (3. 3. 6) can be r e a r r a n g e d into 

the following m a t r i x equation, 

" T - t U n , - U . J =—7 [- U , , . Q - U , Q ] [ X 2 + 4 X +41 ] A -o+l £ . , 2 l + l I J 1 1 
4h 

2 t 
+ A , [-QU , , ,-QU J + r r X , [-U. , , P . - U . P . ]X. 

,, 2 -t + 1 -o 2h 2 £+1 1 - o i l 
4h 

+ i r [ p 2 u ^+i + p 2V x r2 i r x 2 [ p 2Vi + p 2 U^] 

+ Z , 

where U = { 0 _. i , i = 1 9 and j = 1, . . . , 9 . 
i j 

(3. 3. 13) can be reduced to 

( 3 ' 3 - 1 4 ) U , + i - U r ^ 2 ^ U * + l Q + U ^ Q ] C X l + 4 X l + 4 I ] 

A 2 A 
+ _Ad= B a u ^ + o u J +-£• x_ [ u , . . P . + U P . ] X. . , 2 £+1 £ 2h 2 £ + 1 1 I 1J 1 

4 n 

" T H P 2 U
t + i+ P2 U* > V ¥h X2 tP2 U

t + 1
+ P2 V 

+ A- Z . 
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Af te r s o m e m a n i p u l a t i o n s , ( 3 . 3. 14) b e c o m e s ( 3 . 3. 15), 

2 
( 3 . 3. 15) U - U , Q A - ^ - Q U - =— X U P X 

' l+l 4 + 1 4 h 2 4+1 2h 2 4+1 1 1 

+ AlSL p Tj X - Af ft X P U + A -7 
2h * 2 4 + 1 A l 2h X 2 2 U 4 + l + A Z 

= U + U Q A + - A ^ 4 - Q U . - -£% P , U X . 
4 4 4^ 2 4 2 h 2 4 1 

+ | - X_ U P X^ + | § X , P_ U , , 
2h 2 4 I I 2h 2 2 4 

w h e r e A = - A . X 2 + ^- X t + A7 I 
4 h 2 1 h 2 1 h 2 

In v iew of the r e l a t i o n ( 3 . 3. 15), if U . i s known , t hen 

the s u m on the le f t h a n d s ide i s known. Denote t h i s s u m by the 

5 
m a t r i x C. T h e n ( 3 . 3. 15) can be put in the f o r m £ A. X B = C 

• \ 1 x 

i = l 
a n d s o l v e d by t h e m e t h o d o u t l i n e d in s e c t i o n 3. 2. 



CHAPTER 4 

COMPUTATIONAL RESULTS 
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In this Chapter we consider two examples [Example 1.4. 1 

and example 2. 3. 1] . In example 1. 4. 1, the diffusion m a t r i x i s 

uniformly posit ive definite. In example 2. 3. 1, there is no such 

r e s t r i c t i o n on the diffusion ma t r ix . 

4. 1. Example 1. 4. 1 With Diffusion Matr ix Uniformly 

Pos i t ive Definite 

The prob lem i s duplicated h e r e for convenience. Consider 

the s tochas t ic opt imal control p roblem given in example 1.4. 1. 

As indicated in section 1.4, the s tochast ic opt imal control problem 

is reduced to the following problem of opt imal p a r a m e t e r selection 

of d i s t r ibu ted p a r a m e t e r s y s t e m s . 

^ ) - i ( x + 2 ) 2 a 2 g ( g ) , , , B2 cp (a ) 
at " 2 ( V ^ — + 25 

9 x o x 
1 i 

2 

T 
n 

+ a x x A M i L L + ( + , Sep ( CT) 

1 2 0 x 1 1 2 ' a x 2 

+ 1 (x , t ) € f i x ( o , T " l 

$(cr) (x ,o ) = 0 fo r x $ Q, 

qp(ff) ( x , t ) = 0 f o r (x , t ) f a n x T o . T l 

CT € Z ^ [ - 1 , 1 1 , 

where J2 A { (x^ x
2 ) : -1 <: x s + 1 and -1 <, x ^ + 1 } . 

The p rob lem i s to find the sca la r p a r a m e t e r CT f T. so that 

J (CT) = .f CP ( CT) (X, T) dx is min imum. 
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" 1.5270 

J ( a ) 

1.5250 
— | 1 1 1 1— 

- 1 . 0 - 0 . 5 0 .0 0 .5 1.0 

CT 

-1.0 

-0.5 

0.0 
0.5 

1.0 

J(CT)* 

1.52602 

1.52585 

1.52568 

1.52550 

1.52531 

J(a) the integration of zt a) over the area U at T . 

Figure 4 .1 
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The sys tem equation T is solved for each cr € £A |~ -If 1 1 
CT — 

using the Crank Nicolson Method [ Chapter 3 ] on IBM 360/65. 

The cost functional J( CT ) i s plotted as a function of <j as shown in 

figure 4. 1. It i s c lear f rom the figure that the p a r a m e t e r c o r r e s ­

ponding to the e x t r e m a l l i e s on the boundary of £ as expected 

f rom Coro l la ry 1. 3. 1. 

4. 2 Example 2. 3. 1 with Diffusion Matr ix Not 
N e c e s s a r i l y Pos i t ive . 

F o r convenience, example 2. 3. 1 i s duplicated a s follows; 

d *(t) =f( t , |*(t), ytyt) + J ^ K ( t , T ) v(T , ? ( T ) ) dT) dt 

+ g(t, | ( t ) ) dw (t) . 

k 5(o) = 5 , t e I = [ 0, 1 ] 

r a e f t ( t - T ) , T S t 
with f(t, ? ,y) = $. y, y = 0, K(t, T) = -

0 e l sewhere 

CT = (a, p) € E A C( a, 0) : | a | ^ 2, | 3 | <; 2 } , v(t, 5 ) = E, , 

g(t, ^ ) = ( ^ + 2 ) , the set of confinement of the p r o c e s s {^(t), t f I } 

i s fl A ( - 1 , 1), ( i . e . a = l ) and the initial probabil i ty density 
of the random variable i s 

q o ( x l ) = < 
2 

0 

for x £ fi , 

e l sewhere 



- 27 -

The p rob lem i s to find the vector ( a , 8 ) € £ that will maximize 

the confinement of x in Q . 

The cor responding £ - p roblem is 

Sep 
at 1 H 2 a x , 

X . X 
i 2 a X 

1 

+ i ( x 1 + 2 ) 2 ^ L + i €
2 ^ + i 

B X 1 9 x 2 

for ( t ,x) € I X B A (0 ,11 x {(x ,x 2 ) : 

Cp ( l , x ) = 0 

Cp ( t , x ) = 0 

x I < 1 , x 2 e R ] 

for x £ B 

for x f a B and t c [ 0 ,1 ] 

+ 1 
max J (a, 8 ) = max J 

(a, B)f£ ^ ( a , e ) e z - i 
,(0,x1 ,0)qo(x1) dxj 

The above boundary value problem is solved using the method outlined 

in Chapter 3 on IBM 360/65 for all the four ve r t i ce s (2 ,2 ) , ( 2 , - 2 ) , 

( -2 ,2) and ( -2 , -2) . 

The r e s u l t s a re shown in table 4.2 and figure 4. 2 . It is c lear 

f rom the table that the ve r tex (a , 8 ) = (+2, -2) i s opt imal and that 

i t m a x i m i z e s the confinement t ime of the p r o c e s s ^ in fi . The 

value of J (+2, -2) i s plotted as a function of £ in figure 4. 2 which 

shows that a s ^—^ 0, J (+2 ; -2) converges to a definite l imi t and 

consequently the pe r fo rmance in tegra l corresponding to the or iginal 

p rob lem J (2, -2) = 3.50613. 
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a 

+ 2 

+ 2 

- 2 

- 2 

P 

+ 2 

- 2 

- 2 

+ 2 

J . i ( 2 ' - 2 ) 

3.45371 

3 .53073* 

2.53278 

2.52668 

TABLE 4 . 2 



€ 

1/10 

1/100 

1/1000 

1/10000 

1/100000 

1/1000000 

J€(2, -2) 

3. 53073 

3. 50697 

3. 50591 " 

3.50618 

3.50613 

3.50613 

3.50613 3.50613 

—o o o o—•- o— 
3.50613 3.50613 3.50618 

1 , 1 1 x 

-8 - 7 _ 6 . 5 _ 4 
1 0 10 10 10 10 

F ig . 4 . 2 

3. 53073 

3. 50697 

- * • -t- -«-

J (2 , -2) 

• 3. 5400 

3. 5300 

3. 5200 -S 

" 3 .5100 

3.5000 

3.4900 
- 3 - 2 - 1 0 

10 10 10 10 
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CONCLUSIONS 

In chapter 1, the s tochast ic optimal p a r a m e t e r select ion 

p r o b l e m was reduced to an equivalent p rob lem of optimal p a r a m e t e r 

se lect ion of a c lass of f i rs t boundary value p r o b l e m s , in which the 

p a r a m e t e r s appear in the coefficients of the differential ope ra to r . 

N e c e s s a r y conditions for opt imal p a r a m e t e r of the reduced p rob lem 

were given. 

In chapter 2, the opt imal p a r a m e t e r select ion of s tochast ic 

h e r e d i t a r y sy s t ems was f i rs t reduced to an equivalent p rob lem of 

degenera te s tochast ic Ito differential s y s t e m s . By adding a p e r t u r ­

bation t e r m to the diffusion t e r m , the sys t em for the l a t t e r p rob lem 

was conver ted into a non-degenera te one. The cor responding 

p rob l em of opt imal p a r a m e t e r select ion is the one which approximates 

the p rob l em of opt imal p a r a m e t e r select ion of s tochast ic he red i t a ry 

s y s t e m s . This approximated p rob lem was further reduced to an 

equivalent opt imal p a r a m e t e r select ion p rob lem of a c lass of f i rs t 

boundary value p r o b l e m s . 

The n u m e r i c a l methods for the e x a m d e s , as given in chapter 3 , 
N 

r equ i r ed the solution of the m a t r i x equation £ A. X B. = C, which 
i = l i i 

2 2 

in t u rn r equ i red the invers ion of an N x N m a t r i x . The amount of 

m e m o r y needed for this m a t r i x inc reased rapidly with N. There fore 

it appea r s to the author that a method which could avoid to involve such 

an N x N m a t r i x would be ve ry useful . 

Chapter 4 included the computat ional r e su l t s of the 
e x a m p l e s . 
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