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The purpose of thas research work dascribed in this
dissertation was to explore avaiiable methods for the synthesis of
networks from non-ideal elements and to find a new theory upon
which a practically tractable synthesis procedure can be founded
for circuits with arbitrarily distributed losses,

Since the theory prcviding the basis for this novel design

method turned out to be closely related to the insertion loss

synthesis technique, a detailed explanation of the latter was required.

I+ has been provided in Chapter I. Apart from some new derivations
involving the relation between' the form of the characteristic function
and the circuit configuration, and the aﬁproximating synthesis procedure
for filter-combinations, the fundamental theory described in the first
chapter is available in the literature.

The cnustruction of realizable transfer functions for some
practical requirements is treated in Chapter II, There the proof
of the non-realizability of a quasielliptic response, some
realizability-considerations involving elliptic filters, the Section
on harmonic supnression filter-sets and the step-by-step design method
for Chebyshev pass-band filters are original; the rest of Chapter II
recapitulates existing theory.

Chapter III provides a summary of miscellaneous analysis

and synthesis methods which tiike into account the effects of
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non-ideal elements. The improved température-compensation
procedure is new; the other results have been previously published.
The derivations contained in Para. III.2.c. have been worked out by
the writer, at least one of them, however, probably duplicates
Darlington's original (uppublished) calculations,

o The new synthesis.method and its supporting theorems are
described in Chapter IV, First, a large variety of formulae are
obtained for the derivatjves of various network parameters, These
formulae are utilized in the detivation of the main theory; they
.are also directly applic*ble to circuit anélysis. The formulae
can be deduced from the determinant forms of the driving-point and
transfer immittances.

The effects of logses on the transfer characteristi&g are
then studied indirectly by examining the changes in various para;
meters of the transfer function (natural frequqncies, attenuation
poles, proportionality factor) due to the added dissipation. Using
series expansioﬁs, from the variation of these parameters the
;pcrement of the transfep function itself;ggql@,be-fqund to a first-
order approximation. These results were used to find expressions,
in which contributions of individual lossy elements to the
distortibn‘of~thé~ideal*characieristics*were"displayed. Even more
importané, they led to a relatively simple synthesis procedure

allowing prqcorrection {often called predistortion) for the




- IIT -

detrimental effects of individual losses,

Since the calculations giving rise to the final formulae
involve series expansions and terms coantaining powers of loss
factors greater than unity are omitted sthe accuracy decreases with
_increasing losses. Even for quality-factors in the order of 10,
however, examples proved the results to be sufficiently exact for
any practical purposes,

Using some special properties of the lossy ladder-networks
found in the course of this investigation the general expressions
were simplified for this important configuration, For the import-
art case of semi-homogeneous loss distribution (all coils have identical
quality-factors, and so do all capacitors, but the quality-factors
of the two groups differ), topological consideration: were
applied to achieve extremely compact formulae,

Procedures to improve the accuracy for extreme cases (large
losses, sharply changing response) have been developed; however
these are seldom needed. Some alternative procedures applicable
in special cases have also been derived.

Finally, the theory was tested with excellent results
by applying it to a large number of design problems, a represent-
ative cross-section of which has been included in Chapter IV to

illustrate the simplicity and usefulness of the method.
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-INTRGDUCTTON ° ' ' 2 2%%%%%) A

The title of this work imflies a logical division of the subject
into two main themes, insertion loss network synthesis and the design
of circuits from lossy elements. In fact, the two topics are closely
related; it was Darlington's historical work on the insertion loss
synthesis of network319 that first provided a comprehensive theory for
the observation of losses in circuit design, based on his synthesis
method for lossle ss networks.

The present thesis will be divided into four Chapters. The first
is devoted to the insertion loss synthesis and its German counterpart,
the operating l&ss design. One reason for the rather complete and
logical treatment of these theories was to achieve a self-contained
analysis., A second, much more important argument was the scarcity of
publications on the subject. Darlington's original work was famous for
its compactness as well as for its originality; it provides the results
but not much of the derivations or reasoning behind them. While German
authors (mainly Cauer and Piloty) gave the details of their wé?ﬁ?-ﬁzrgely
paralleling Darlington's, the use of different symbols and concepts made
the interpretation awkward., In addition, certain parts of Darlington®s
work, among them the treatment of lossy networks, were not fully explored.
The result is a situation, in which prestigeous periodicals (Proc. IRE,
IRE Transactions on Circuit Theory, IEE Transaction etc.,) publish

12,25 4
articles by eminent authors like Grossman, Desoer and Zdunek interpreting




parts or even single equations of Darlington's paper. Under these cir-

cumstances it seemed desirable to give a conéise analysis of the method.
Some of the derivations of this Chapter as well as those of Chapters II

and III have never been published; many results are alsoc new. They are,
however embedded in the general theory in order to give a unified treat-
ment ©f the subjects

Chapter IT deals with selected problems of the approximation theory,
mainly items relevant to filter design. The treatment is again brief,
but logically complete.

Chapter III describes, with certain extensions, mainly already
existing methods for the analysis and compensation of the effects of
non-ideal element behaviour., It contains a detailed description of
Darlington's predistortion theoryband gives the derivation (indeed, two
different derivations) of his celebrated Egs. (77) = (81) for the first
time,

Finally, Chapter IV demonstrates a new comprehensive theory for the
general treatment of lassy networks. Darlington's analysis has been
restricted to special loss=distribution and the only attempt to solve
the general problem - Desoer's perturbation theoryal is rather difficult
to apply in most cases and not too well explored.

The theory presented in this Chapter is applicable in all cases;




special attention has, however, heen given to certain important specific
configurations and loss-distrubitions. For these, the formulae becomes
surpr isingly simple,

In the course of the calculations, some general network theorems -
believed to be new - are stated and proven.

Finally, to illustrate the practical value of this synthesis pro-
cedure, a number of design examples has been worked out, and some
demonstaated at the end of the Chapter. The accuracy obtained in these
instances is much higher than any practical requirement would demand,

While the emphasis in the present text is on the treatment of losses,
the principles and many of the results are equally useful in dealing with
stray capacitances, element and quality-factor tolerances, etc.

It is the writer's pleasure to express his gratitude for encourage-
ment and fruitful discussions to Professors G.S. Glinski and G.J. van
der Maas of the University of Ottawa, and to acknowledge the constructive
criticism provided by Drs. A.J. Grossman and G. Szentirmai of the Bell
Telephone Laboratorieg, Also, he is deeply indebted to the Northern
Electric Co. Ltd. for sponsoring the research and providing stimulaiing

atmosphere.
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I, INSERTION LOSS SYNTHESIS

The synthesis of communication networks on the insertion
loss (or operating loss) basis is performed in the following steps:

1. From the specifications (usually giveri in a graphical form), a
suitable maﬁhematical expression is derived, which approximates
the requirements in an acceptable manner and which is at the
same time appropriate for the realization procedure of steps 2,
and 35

2, From the algebraic expression cbtained in step 1; the immittance-
parameters of the netwrk are deduced,

3, The configuration and slement valués of the network can be derived
from the immittance parameters,

This chapter will describe the most important procedures for
carrying out steps 2, ard 3. From these, the necessary realizability

5

conditions for the algebraic form of the specifications can be -
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Ioie 0% . .4l.0N OF FOUR-POLE PARAMETERS

to nztworks discussed in this thesis are reactive four-
poles (two-r o mirmlepair circuits), fed by a generator with resistive
interral l» iacce and terminated by a load resistor (Fig. 1). The
only vesisii . clements within the four-pole are the loss resistors
associated +1th the parasitic dissipation of the reactances, All
elements o “ne terminated network will be considered passive, linear,
Jumped, bilateral and time-invariant,

# following section will define the quantities and

paramsters .« 2o will be found useful in the treatment of these circuits.

21 Driving-point and transfer immittances

the circuits described above, repeated applications of
Fivetieto'o 2w dead to two alternative systems of equations:
oy vz I, = E,

LI Zanh = E2

1. * znf_Il" v % ZnnIn = En
(mash - o o0s) and dually

{ ) g . - = T
N ‘jrat_z'# [P ljlnEn 'LI

; oor ‘j?‘zﬁaﬁ’ PPN - L.‘ E =

L.

g
J
[
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(nodzi - 2 i-vions), In the following th will denote either ch or

4s;. «i, will be called self-immittance ((=j) or mutual immittance
(i-f j) in Eg. (1) (Eq. (2)) E; <I¢>_ are the source voltages (currents),
Ij (EJ) the = ::-s'al‘éing mesh-currents {nodal voltages).
Also

Xpom X (3)

Itw ratio of the source voltage E; (source current I, )
to the coriet TJ,- (voltage E;) will be called driving point (i=j) or
transfer | = \ impedance (ad’mittance). , ZD; ( YD;> will denote
a driving point, Z Ty <YTU) a transfer impedance (admittance),
xm or A , the driving point or transfer immittance, might mean

"J

either Z o7 Y.  Solving Eq. (1) or (2), we get

Jay
- — b
and
A
X = -2
Tij A ¢ j (5 )
where (., - the determinant of Eq. (1) or (2) and A'uj is its minor
obtainzd oy niiiing the i-th row and the j-th column.
When there will be no danger of confusion with the immittance-
parameter: .. below), the simpler  Xj; (driving-point immittance) or

X;j {transfer immittance) symbolism will also be used,




b) Impedance - parameters

If in Eq. (1), all E -0, 1#] and
222 2 222

(Fig. 1), the output voltage is
RZ El R2 A 12 (6)

Zle A%+ ZzzAzz

= £,

Here

A=A : 7

Z,,=0
If now R~oe, we get
\, - E, 2
2 LA ’
22
Since further, for R, == o©
E| AII E Anzz
btz TR a T T,
Di 20
(where Axmzis found by deleting the first and second rows, and columns
of A ),
VZ - —_ Alz (8)
I Ze A
| 122
’Rg*no
E 7 = La (%)
I [ A
1 h22
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and gimilarly
V A
22
Rlew
andv
fl_‘ - 7 - D
L, « Aizz

By superposition now

Z.In + 2,1, = E,

th.l.n"' Zonl. = E,.

(10)

(11)

(12)

The Z; are the impedance-parameters of the four-pole.

¢) Admittance - parameters

Starting out from Eq. (2) a procedure exactly dual to the

one just performed leads to the admittance- parameters Yh( of the four-pole,

We get

El Rzﬂo k AIIZZ
Ll _ v o_ _be
El le A"22 Y2|

(13)

(1)
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AR

and
Ll _
0 I
-7 {R,.0

whare the A-s5 now refer to Eq. (2).
Also
Yi E, + leEz - I

\(ngﬁp + YzzEz =-L.

d) Cascade parameters

The cascade paramsters are defined by the following equations:

E,

T eese—

Va

D = -
‘Ia

Comparison with Eqs: (8) - (16) gives

L

Ry »

Rz=» 0

Eq_'D -]

RyﬁO

(13)

(16)

(17

(18)

(19)

(20)

(21)

(22)°
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.o Iy ,
G Z | A (23)
- Z - — Yn
b= Y (2)
where [X] = X, X - X5 s
and AD-RC =1 . (25)

e) Image parameters

The image impedances are defined by an impedance-matching

condi tion between the terminations and the driving-point impedances of

the four-pole (Fig. 2).

u = 2oy (2)
| . | Z{z - Zbga
Using Eqs. (8) = (29), we get
AB ,
Zi - <5 - & (@)

: . B _  _Z
T~ G

The image propagation function © is given by the power

transfer of the image-matched network

2 f] 2 VY, Z +1
e vl Tl RSN AD +- m- — I I o
i TR et @

From EQSO (26) @ (28)9

cosh @ - VAD - —\LZZT%“—

(29)

sinh O=VBC = j—%}-—

(30)

are obtained.




FIGURE 2.
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£) Lattice impedances

‘ A symmetrical four-pole is a edrcuit on which an inﬁérchange
’

" of input and output terminals could not be detected electrically,

This means

an 222) A‘D)

Zi.u - Z(a) | Yh“ YZZ (31)

‘ A symmeirical network can be characterized by two, rather than
" three parameters, These may be chosen as the impedance - values of its

equivalent lattice = clrcuit (Fig. 3)o From Egs. (8) - (11), it is

)

fourd that

2y~ 2,- 2
. v (32)
ZB - Z“ + le .
Somewhat apalogous W -the symmetrical netwsrks até the anti-

metric or inverse impedance four-poles. Here

Zy Lz
Y. - Y - Z.L' 2, = R? = const. | (33)

From Bqs. (21) am'(za),

[2]- —&- - RZ. (33/a)

Congequently, for a symmetrical network (cf Eqas. (29) and

(30))

cosh@ = —& | (29/3)
Ze




FIGURE 3.
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and for an antime®ric netwark

N R,
Sih © - Zo  (30/a)

g€) Operating variables’

The voltage and current transfer ratios of a terminated four-
pole are (Fig, L)

N = = (3b)
E,
and - L, .
M= (35)
2
The operating factor S ig defined by
St e Poe (36)
whore | "B I,
E® '

is the maximum power obtainable from the generator,

The operating transmission constant M is closely related

o

Rer .
[ = log S -3 ’09 TE;LI_: = A, +|B, (38)
A, is the operating lqsa s B, the operating phase,

Obviously, for real frmmies v

A, = = log %’“‘ >0

(39)
2




FIGURE 4.
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It is customary to extend the concept of reflecticn loss
and coefficient from transmission lines to lumped-element circuits, If
the effect of impedance - mismatch between terminations and driving-point
impedances is représented by an additional generator counteracting the

(matched) source (Fig. 5), it is easy to obtain

_Erg__Rl_—__Z_El_.E _gIE

Rl + ZD

amd
- R\ - ZD|
gl R| + Z.Dl (hO)
g - .RZ = ZD; y
2 Re + 2o,
the reflection factors.
3§
ince '9|2_ Er 2 P,-
E Fyen

where Pr is the reflected power, for a loss-free four-pole

194 = |9./? (l1)
R, P
and -Pg‘n -+ -Pqen — l) (42)
or 'SI—Z + Ig ]Z = |, (L2/a)

The real part of lg§-— is usually called the reflection loss

Ar == lglgl.




FIGURE 5.




h) Insertion quantities

An alternative way of specifying the transmission properties
o the terminated network is through the insertion quantities,
The irsertion voltage ratio A 1is defined by

A - Ea | (h3)
E,
where : R )
- - —l
. EZO . E R| + R

.is the voltage across the load resistor if it is connected directly to
the genérator., The'linsertion power ratio, the insert ion loss Aq

and phase By are glven by g

1%&@' :p
P. - Ai. + 'Bl\. - lo L5 S y(}() _r:._?_-?.
" j-r;g o é"’, , (1)
[ L]
A log = log , &

Comparison with Eqs. (36) and (39) gives -

A= 2[RR g -1 s (46)

-R| + R;_
and
A= A, + log 7, (L7)
wher ‘ ‘
° b P (148)

U™ N =Y P
(V ® T VR.) 9en
is the generator efficiency. i |
From Eqs. (39) ard (47), for real frequencies |
A = lg g (49)
or AR 7% - .(50)




I,2, RELATIONS BETWEEN THE IMMITTANCE PARAMETERS AND THE
OPERATING AND INSERTION QUANTITIES 24, -

Since most communication networks are realized in the

pr#ctically adventageous laddernconfiguration, which can best be

gynthesized from the immittance parameters (Z;.. VY. ) and since .
CEERE

on the other hand the specification of these networks is nomaily
given in terms of the gperating or insertion quantities, it is most
important to establish relations between these variables., This will

be done in this section,

a) Connectlon between the omratirivmables and the

L
impedance parameters,

From the definition of the driving-point impedance and

Eqs, (12) of Seco Iolos it follows that

yo B ozt _IzZ)vamr, k

| b ' Zpn+ R, Z,, +R, (1)
Also from Eq. (12) . |

"I - EZuz - Ele (2)

2 <R|+ Zw) (Rz + Zzz) (R + Z,,) (]22 +Zzz> ‘Z,Zz
results. _

From Eqs, (1) and (2)

- E Zap + Ry ,
@R (L) Ze (3)

. NZy  _[ZI+2 R, - M (b)
-I,R, Z, R, \( b




and

S - ( hE;‘ X i IPZ )/f- (R""Zn)(Ra*’Zaz)

-Zi  (5)
2 (RR, 2,

could be caloulated,

The operating loss can be expressed as

A= lg S| = 19 | '('{2.1»2,,)(122,223)_ ng_._‘

(6)
2 V R|R£ le
and the reflection factor as
g - Ri- Zb, — (R\‘zn)(\pa + ZZZ) + Z'z- . (7
' Ri+ Zy . (Rm- Zu) <Ra + Zzz) - 2'22.

Since the insertion and operating variables are connected
through Eqs. (U6) = (UB) of Se:e T.io, -

N o g - RirZ)(RarZp)-2F
A ‘ E?_ m (RH" Rz)zlzr' )

and

2
AL“‘ A, + log M = l09 l CR' + Zlugékj ;Zz)zz;‘ Ze .(9)
: 2

¢) The calculation of the immittance parameters from a

prescribed current and/or voltage ratio.”

Ag Egs. (8) - (16) of Sec. I.1, show, all immittance

parameters can be expressed as

. 10
XbJ An 22 ( )

b

b) Relations between the insertion and impedance parameters. "
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Here the determinant - elements are

X = 9P * byp (11)

since the (unterminated) network is loss-less,

2
X, = RG]
| P
are odd functions of the complex frequency p,

Xi(-p) = = Xy (p)- (13)

This property will be utilized repeatedly in the derivations that follew,
2

If follows, that all
(12)

For a prescribed M, using Eq. (13).

M(p) . _Zxn Z*"ZPQ
M(—p) — ~Zo + R,
..le
so that
> 2R, _ R> ,
4
MP)-Mep M (1)

where M, is the odd part of M(p). Also

Ze
Z_zz T T2 [M(P)* M(‘P)]"Ra ,\,\;:e (15)

where M, is the even part of M(p)‘

A dual derivation gives for a prescribed N

- '
Vi = - R (16)
angd .
. N Ne, .
w = R (17)
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M and N may be prescribed simultaneously. In that case, Egqs, (1) -
(17) of this section and Egs. (21) - (25) of Section I.1. can be user

to determine the immittance - parameter matrices,

| R Ne |
"Z!I = M: < | Me) (18)
- G Me -l
IVl - &% (\_, Ne) (19)
Here Ga = RL;_ . (20)

The driving-point impedance

Z__ E| - El X (-IZ Ra)'_ N Rg

Dy Il Ea II M (21)

can also be calculated.

d) Calculation from a prescribed operating factor and

characteristic function,

At this point it is convenient to define the operating

characteristic function

4= (22)
From Eqs. (42) and (42/a) of Sec. I.l.
[ . (23)
2
and
2= 2 ’
1S = 1+ 1) (o)

on the |w-axis ., If nowan S and ‘P pair satisfying Eq. (2l) is

given, the immittance - parameters can be obtained,




From Egs. (22), (5) and (7)

(_e - (R, 'Zu> (Rz‘F Zzz) + Zl: (25)
e rRlQZ Zlg
and by Eq. (12)
- RZ Zn +RIZZZ (26)
> 2|RR, Z,'
5 —_ . RIRZ + [Z:‘
a1 ° 2IRR, Z,
so
(P= "RzZu"‘QIZZ?.
¢ ZURARZ ZIZ
p= —RRe -[2] (21)
¢ 2 URIPZ ZIZ
Using Eq. (13) a derivation similar to that of Para, I.2.c. gives
. Sc - Y
Z= R, == 7y
Z— —IRiRy (28)
2 Se + Yo
- Se + Yo
227- Ez So + Lpo
and an exactly dual procedure
Yu= Gn __Q__(ﬂc._ss t @
” So - LPo )
Se‘ we,
% 6, S. - . ’

where

GL - R:I (30)



GZ?Q

e) Calculation from prescribed insertion voltage ratio and

l [
charaeteristic function, ‘

If the imsertion characteristic function ¢ is gefined

by the equation

¢ - W”kp (31)

we get |
."‘®IZ=7G'LP'Z-_%:-—P€— (32)
and from Bas, (8), () and (A1) | Af= m, + |02 O (39)

is obtained. Any prescribed A, pair must satisfy Eq. (33). A multi-
plcity of acceptable (I) functions is possible for a given A

The Z and Y parameters can be found as in Para, I.2.d,

: ' A-o + @.
2 R+ R ./\., + @o

=<
0

@
s
e

=<
i
nND
»
o)

3
G| +G2 ~/\.° - @o (35)
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I.3, REALIZABILITY CONDITIONS

The physical specifications of the networks discussed in
the present work include the passivity of all elements and the
purely reactive character of the four;pole components. From these
requirements a number of conditions can be set against the parameters
deseribing the circuit., As elsewhere in this thesis; the physical
meaning behind ihe conditions - rather than their mathematical derivation—
will be emphasized, The conditions given will not be mathematically indepen-
~dent, some will be derivable from others, Nevertheless s they will all
hdva important roles in later apalysis,

2,%,9
a) Immittance Parameters :

It is convenlent to treat the driving point (%34) and transfer
(Xy,) immittances separately, For Xi; the following qualifications can
be made:
l. They must be odd rational functions of Ps with real
coefficients; the degrees of numerator and denominator
must differ by 1. (Cf Eqs. (B) - (16) of Sec. I.l,
and Eq. (12) of Sec, I.2.)
2o All zeros and poles must be located (interlaced) on th;a
jo - axis, They must be simple and the residues
must be positive real,
This condition expresses the physical facty; that the networks
obtained by oi::en = or short-circuiting the four-pole terminals are passive
and loss-less, so that the only possible transient is a un-damped

sine-wave, Using Eqs. (8) = (16) of Sec. I,l., the above conclusions are

easlly derived.
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For Xl2 one obtains

3. It must be an odd rational function of p with real

coefficients,

4o The denominator must have simple roots on the jo - axis,

S. The degree of the numerator cannot be more than one |

degree higher than that of the denominator,

The difference in conditions, in particular the more lenient
requirements against le can be traced back to the fact, that its numerator
is derived from A2|’ which (unlike 4, )A&or Am), is not the circuit -
determinant of any physical cix:cuit and hence transient - considerations
do not apply to it,

Two more conditions link all Xi j parameters together,

6. At any pole of any xij, the residues(hm) must satisfy the

h, > 0
(1)
gy > 0
e rhey = by > 0

This condition can be derived e.g, for Z-parameters by

considering the (pure reactive) driving=point impedance of the cireuit

of Figo 6. From Eqs, (12) of Sec. I.l.p, this turns out to be
E (22,4 22, + 2 (2)
Z"“f"‘na(* i b exLyy +¢.12> .

where X = n.
na
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At any (jw - axis) pole of Z, its residue must be positive for amy x,

so that the discriminant

b (\l«\; - hu hzz) =0
and Eq. (1) follows, '

7o From Egs. (21) = (25) of Sec. I.1 it is easy to

derive
Zi Z y4
Z = PEs 22 = - ° (3)
L e o
b) Realizabﬂmdnditions'on cascade parameters *
A

1 Blo) £, Eq. (25) of Sec. L.1.)

C

2, Since (Egs. (21) = (25) of Sec. I.1,)

Y"~'= B (}J)

all four ratios should satisfy Conditions 1, and
2, of Para, I, 3.a.
3, A and D must be even, B and C odd rational functions,
with real ecefficients. This follows directly
from Eqe. (21) = (25) of Sec. I.1, and Eq. (12)
of Sec. 1.2,



¢) Tss*raints on voltize and current ratios

vinee the vnltage and current ratios N and M are dual

quaniitizs (see e.g. the equations of Para, I.2.¢c.), it is sufficient

to treat ons of them,; e.g. M,
The following conditions hold for M:

l. It is a real rational functicn of P

M= _9m

m

2, fy 1s an even or odd polynomial

3. &gmis a (strictly) Burwitz polynomial, i.e.
all its roots have negative real parts

L. The order of Em is equal to or higher than the
order of f .

The first 3 conditions follow from Eq. (3) of Sec. I.2. Defining

polynomials F’ij and q"j by

Z: - —Pu_
wa gat v Qazt [223“_ . qlij.

unm./C},q_
Now since [Py, + quzz is the numerator of a

plivsical impedance (Z 22 + RZ) s it is proportional toc a physical

wirenit determinant, hence Condition 3, follows. By Egs. (1),

G ,, coutains all zeros of anz s SO _Qfgzc_vﬁ& is 2 polynomial
20 2

(£,,) and according to Condition 1, in Para. I.3.a., it is even or

add,

(s)

Finally, since everywhere on the jw- axis (including w-uo)

I

| 70
L,

M| - |

Oondition Ly, is immediate,
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By a dual derivation, identical rules hold for the
vltage ratior '

If M and N sre Presoribed simultaneously, two more
raatrcints applys

5., _The equation
M ANE+MENE-p)] =1 . (6

holds for all real frequencies,
6. The ®oots and-poles of # mast 116 4n the left
half of the complex frequency plane,
| Condition 5, can be derived fron the fact, that for -

a loss-less four-pole » the power entering the circuit must be

difaipated in the load. Therefore _
Re (EI) = Re(E.I,) (6/a)
and using Eq. (21) of Sec. I.2., Condition 5, follows,
Condition 6, can be seen by considering Zq, (21) of
Sec. I..2.., and realising that the roots and poles of-%- are "
matural frequsncies of the four-pole terminated in By on the
secondary side and left open or short-circuited on thev primary -

terminals,
' z 36,25

d) The realisability of operatin ng parame
From Eqs. (3) =« (5) of Sec, 1.2,

s-+[\B m 'N]—F[RM-.-R,N] (@)

and from Eqe. (7) and (21) of Sec. I 2,

9 - RM - ReN (8)
! Q|M + RQ.N .

also
' w_g's - R|M"‘R¢N

2 ‘RIRI. (9)
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Evidently we may define polynomials f, g and h by #

S = 9
4 7—
h (10)
o= ——
- _h
Q= -- g *

From these equations and the realizability conditions on M and N,
the following restraints follow on S

1. £ 1s even or odd (4t is the product of £, and fnle

'3 n
2, |91t _g,e_

2
order of g must be at least equal to the order of f.

z | for p = jw, Therefore, the

3, Since 8§ =0 represents the natural frequencies of
the terminated fBur-pole, g must have strict

Hurwitz character (c f Condition 2. ),

For g| .
l. On the jw-axis
2
' | + |2 ,
so h mast have at most the order of g.
2, g mst be strictly Hurwitz (see above),
For (:
M 1, f is even or odd (see above),
fs g amh are connected through Eq. (2)) of See, I,2,:
t
' z - 2
191 = f1* + |RI? (1)
for ‘
p = Jw.
e) Realizasbility conditions on insertion parameters b
By Eqs. (8) and (31) of Sec. I.2., the realizability~
Cohmus e oot e coniuEzd Wl och flij LS LML LT AT Lere T i Les




conda . on Ju ard 9 are identical to those gemanded for S
. . . - A 2
ant . 4 -.rept that the lowest permicsible valus of | l on the

Jwmaris iz ogiven by

z LR R
Ao 58
for

B = Jw.

From the Conditions of Para., I.3,d., and ‘tis

Paragmaph; it is obvious, that of the Polynomials contained in S and

@ Q F. ana q§> g (or the numerator of /A ) is of the highest
depree,  Iiis degree n is usually called the order of the network,

It narivy plays a very important role in the synthesis procedure, '

.

as t.p, Fara, I,L.e. will show,




é
H
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I.h. THE DERIVATION OF RELIZABLE IMMITTANCE PARAMETERS FOR
UNTERMINATED, SINGLE-AND DOUBLE-TERMINATED FOUR-POLES 364!

The relations derived in Section I.2. and the necessary
reélizabiliw conditions stated in Section I.3. can now be used to
deduce the immittance-parameters of circuits satisfying a wide
assortment of termination and attenuation Specifications. In the
following Section this derivation will be performed for networks in fthe
order of incfeasing complexity, Throughout this Section it will be
assumed that the prescribed parameters satisfy the conditions of
Sec, I.3,

a) Unloaded four pole -

The source 1s a pure voltage - or current generator;
the load side is open = or short-circuited,

The four posqibl-e cases can be handled in two groups,
If the generator and load impedances are equal (both zero or
infinite), the specified trarsfer function can be X5, the
transfer immittance parameter. |

One possible way to find the other immittance
parameters X;; is to break X5 into partial fractions and then
attach X;; satisfying the residue-condition of Para. I.3.a,

If the relation ifvolving all 3 residues is satisfied

with equal sign at all*poles; Eq. (1) of Sec. I,2, shows that the

. . 2
~driving-pointfumif tance remains finite on the whole juwmaxis. This

may be a very important requirement (e.g. for filter-combinations s

see Sec. 1,6, ).

Another simple”method is to find a lattice equivalent,




PO
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" by using Eq, (32) of See. I.1. to derive

Zy - _'_(z ~ ) (1)
Assigning the partial fractions w:lth positive
residue to ~25- and the omes with negative residue to _Z“

will furnish thé' miésing parameters,
If the (extreme) geﬁeratof-impedance and the
load are different, the specified transfer functions are

N(R, = 00 ) orM( R, = 0°). From Egs. (3) and ())
Xeoz

of Sec. I.2,, thése have the common form of t ’

If the nulieratbr"and denominator of the zgiven
transfer function aye divtdéd“by' a proper polynomial
satlsfying Conditions 1 - 5:.of Para, 1e3.3.,X, and X,,
can be separated, If necesagry, X. can be added using
the residue~condition,

b) Single-loaded four-pole *

The source contains a resistor and the load
is extreme ( 0 or 00) 9r the source is a voltage~
(currett-) generator and the load is ‘resistive,

- Again, it is sufficient to investigate two
basic possibilities. If the loads are resigtive and




the generatiors <xtreme, the specified transfer functions are
Mor N and Egs. {1L) - (17) of Sec. I.2. give Xlz and X,, .
Since Condition 2, of Para, I.3.c. applies,

there are two nossibilities:

%, fL aven (L is mor ny L is Mor N, P is R or G)
Le - 9[::
]
| - Ao
50 ° fi
- fu (3)
toerm g
-P e
5, 1, o Xee= Ty A,
L - 9
¢ L
L. = —Yte
S0 .ﬁ'
X,- *P —fL
2 2 gle
(L)
Xy = B Jta.
gle

A proper X, can be found, as shown in Para. I.).a,
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If the generator is resistive, and the load extreme, the use of
Thevenin's and Norton's £heorems and the reciprocity-theorem will
always reduce the problem to the one Jjust treated.

For a Thevenin~-type generator and open-circuited output, the
specified quantity may be the insertion voltage ratio

A=ife o _E
E, E,

Switching to Norton-equivalent generator and using reciprocity

(Fig. 7), we find, that the circuit is equivalent to one realizing

& prescribed current ratio between,a current generator feeding the

secondary terminals and a resistor connected to the primary side,
Thus, Egs. (1L) - (15) of Sec. I.2. and Egs. (3) - (4) of this

Section apply, if /A is substituted for M and the suffixes 1 and 2 are

interchanged.

|
Since the insertion voltage ratio is normally written’as

A + pB (5)

A==

where A, B and P are even polynomials and the numerator is a Hurwitze-

polynomial (cf. Para, I.3.e.), the results are

- R

2= R %5 (6)
= -i .

Z= R =3

In the dual situation (Norton-type generator, short circuited




FIGURE 7

SN
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output), an insertion current ratio W (equal to the insertion
voltage ratio, when both exist) may be defined and specified,

Then an exactly dual procedure leads to

-,_. Lo _ C+pD (7)
I, R
and
\{IZ = G| % (8)
C
YIl - G| W .

In certain cases the quantity specified for a single~loaded
network is not M or N, but rather M [> or N ’a » Then, according
to Para. I.3.c., the denominator must be the square of an even or odd
polynomial fp, (fn). If this is not the case, the numerator and demonm-
inator must be multiplied by idehtical factors, to achieve the neces-
sary condition. The square-root of the new denominator (with either
sign) will be chosen as fm (£5).

Since, also by Para. I.3.c., the numerator of M or N must be a
Hurwitz-polynomial, the (enlarged) numerator of ,MF (]NF) must be split
into a Hurwitz and a non-Hurwitz part. This can be performe; )by
factorizing the enlarged numerator and assigning the factors correspond=
ing to left half-plane roots to gm (p) (or g€n (p)), the factors corres-
ponding to right half-plane roots to gn (=p) or g (-p). Since on the

Jje - axis

9,(F)3,CP - |9, (B 5

and
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2
fm () Ty (=) = + [ ()] (10)
(upper sign for even, lower sign for odd fy), the ratio of g, and
fm will satisfy all realizability requirements as well as the

specifications,
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X 1,2,%0,36, ki
¢, Double-terminated four-pole

For a double-terminated network (fed by a generator with resistive
internal impedance and terminated by a resistive load) both M and N are
finite and they can be specified simultaneously, if Eg. (6) of Sec. I.3.
is satisfied. Througﬁ Egs. (7) - (9)4 of Sec. I.3., then, all operating
parameters will be prescribed, so that either Egs. (18) - (20) or Egs.
(28) - (30), all of Sec. I.2., can be used to derive the immittance -

parameters.

If the operating factor S is prescribed, Eq.. (2L) of Sec. I.2.,

SESER - 1 PR $ () (11)

rewritten as

or,using Eq. (10) of this Section and condition 1, of Para I.3.d.,

3 IR = £+ hip) h (-p) "
can be used to find h(p). At this point it is necessary to emphasize
again, that Egs. (11) - (12) are only equivalent to Eg. (2h) of Sec. I.2.
for p = jw, which, however, is our range of physical intersst.

The distribution of the root-factors between h(p) and h(~-p) is not
inherently restricted. Certain conditions have to be satisfied, however,
if the configuration and/or the value of the terminating resistors is
prescribed. Some preferences also exist from the point of view of
inherent computational inaccuracies. Because of its importance, this

question will be treated in some
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detail in Fara. I.h.e.
4fter 2 appropriate h has been found, Egg. (28) - (30) of

Sec. 1,2, can be used to derive the immittance - parameters. For

even f: ,
.._l,.' R,
“Z“ _ ‘O |+ — <_R'<gc c> VR—R ]C (13,).
3o me R, <c3¢+he_)
and
+ hg N
| - — (G' .+ (86
q, - h '\J_G,—G—,_ f Gg_ <<3C" Hc)
For odd f:
| | Ri(3.~ h.) RR2f | ()
IZ" T 9.+h Rz, + D
e AN ALY ?_(90+h°>
| - — G (3+) lec. t > . (16)
etk \ (GG, f G2 (90~ he)

If the insertion voltage ratio N is specifi=d, the
Lnsertion characteristie function ¢ should be csleculated from Eg.

{33) of Sec. 1.2, Uaing Eq, (5) of this Section and writing

A+ pR’
(I) = "WTD—E“” - (17)



A‘;P‘Bz - 76}:‘, + A)’ - an (18)

from which A' + pB' can be calculated (see the Femarks made above
on the calculation of B). .'
The immittance matrices obtained af terwards are: 1dentic§1 to
those of Eqss (13) and (1L) 01‘.' this section, if the
q=A+pB
h=A+ pB’ ‘ 9)
fe (e ®
identifications are made.
If not S or/\, but P:;:" or - 2‘: 1.6, |5]t or | l./\.lI 18

specified, the procedure described in the previous paragraph can be

used derive S or .A'. )
;  Often the specifications. are not given in am mpyﬁ.e form,
but rather in the form of a graph, ahévi’ng..ré (w)., In that case

it is hormally adventageous%io derive a tolar'tﬂépf‘- scheme for

\‘fl using : o :
19t - o | (20)
_ R .
and to try to find a realisable (\0 satisfying the requirements.
One advantage of soiﬁng the approximetion. problem for (f
rather than S is that the realisability comditions on ¢ are

very lenient (cf. Para, I.3.d.) and do not repressnt a serious



restriction on the choice of P, In addition, it is economical
to place the zeroa: of 0 on the jw-axis (in the pass-bands, to
restrict the attenuation), simlarly for the poles (to boost
the attenuation in the st.ob—banda ). As will be shown in Seg. I.5.,
the latter restriction 1s also necessary to ensure the possibility
of a ladder realization without mutual inductance., These
constraints make  an sasily manageable function,

Finally, in the pass-bande, § approaches serc, which
repreaents an essier approximation problem, than |S|&,

Identical remarks apply; of course,to J\ amd Q.

1,2, 0,20,

d, Specisl casess symmatric and antimetric-networks.

The equally terrﬁnated symmetric srcéantimetric networks -
are of high importance and could be treated simply.
Comparison of Eq, (31) of Sesc. L1, and Eqs. (13) - (16) of this
Section show that for symmetrig. ciréuits, if 'f f. even (odd),
h must be odd (even) and Eq, (12) of this Soctiol"n simplifies to
9(P) 9p)= 2 ($+h)(t-h) (21)
(upper sign for even £, lower for odd f).
If we set
{'*h 'Sot(P)Qp»(_P) ‘ (22)
where g,(p) and ) (p) are Murwits, use Egs. (21) and (13) - (16)
of this Section and utilize ths opposite parity of f and h, we

pets




For £ evens

- qﬂo
ZA R 39@. (23)

Ju
- —_— .
Z,- R 3.

For f odds

ZA= 1% — S
Qo (k)

L= R —e )
o
where
All remarks and results (Eq. (23)) apply to insertion loss
quantities equally well.
For antimetric networks, Eqs. (33) of Sec. I.l, and (13)=(16)
of this Sectjon show, that both h and f must be even, Therefore,
2 2
g(P)gCP) = +h (25)
and the immittance - mairicee are obtaimed by setting h, equal to
zero in Egs, (13) and (14) of this Section,

e, The choice of characteristic function for prescribed

Ly

configuration and terminations,

As shown by Egs. (24) and (33) of Sec. I.2, and by Eqba (11) of
this Section, the attenvation response will not be affected by any
change in ¢ (or ) that'leavea , "

GF) ¢ (p) = 9o ~9F  (26)
(p=i=)

unchanged. Since, as mentioned in Para. Ilisc; the zeros of £ (p)




are normally onothe J - axils and sione tle g
must be on the real axis or cocur irn BAAILLETL wonple
the coefficients real), these'permissiblz" “henges aan
| as f ollows s
1, A change in the sign of Y { I’)

The effect of these changes on 1o -7

will now be anslyzed for the importscy opocs:

L

1
},

circuit, n, is odd) or no real rony {5 5 cow.
be chosen even.
will then be cbvious.

From Egs. (1), (7), (24), and (28) .:

- h A &y
ZD. = R‘ ___9 T — AT
9. + hc +g,- h, -
gc - hc t+ 90 +h, )
R, - 2y,
'Rl * Zm
W. 7
9‘) L S 0

Ry« Zry

Ab cxtroeme frequercizs (0 o s L s

2y,

»
B
s
¢
i
5
Be

SO

9\ =

h_ L F
9 ARy e ‘, rJ

driving-pcint impedsnces degenvrzta 1ot

extreme frequsicies in the pacs.Lamd oo = o v o,

2, A change in the sign of e vuzl »oeris
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the values 19 s where
°©

8‘,=. R'l:_—Rz ) (29)

R, + R,
~if there is no mutual coupling.

Thus, depending on the configuration and terminations, the reflection
factors will have the extreme-freguency values %1 in the stop-band and

* Qo in the pass-band. ' The attenuation will be the same for any sign-

combination.
Now for an odd order n and one fﬁl root,

g- A+pB= (p+ o(o)(l_ol [pa*r 2pd. + IPLIZ} (30)
where all

=~ Re(p)>0 (i=0,h2,... 7 =) (32)
also .

h=A+pB=t(prd)l [p2+2p&;+,p;,2} (32)
where again W

°‘f _ Re(Pj) ) Q =0,,2 ... B -1) (33)
but 450 .

It is expedient to write

h=-A+pR = (xp+y (d:D—H‘ [ P+ ZpeLj)+ | Pj) ]ZJ (32/a)
) ‘

with X)H -t ,
then d)[_ lez

[9'},9_0“ i [92},,,03 J 7 et o
and ®

[g'] - [92]?: X (35)
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It has been tacitly assumed here, that no degeneracy is present

i.e,

A A% 0.

Under these circumstances the following formulae will sum up the

situation: ‘ .

\.

(8] - [8)y.=0 -

E.g, for a low-pass filter

y=41
[8],.7 87
R, > R,

y==1

8. <0
R|<p2'

b

(36)

(37)

(38)

(39)

(ko)

(L1)
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For a desired configuration and for prescribed terminations
(42)

evidently one has to choose a proper combipation of x and y,

Ax pB’- z(ﬂl) [ Rt + 2P°‘J‘)+ [p]}z]

For an even n,

where
rALLA)
>Q

angd

tied together,
Now some special situastions can be treated. If

AV =« 0

with
ki

d,=0,

from Eq, (34) of this Sestiom

{u3)

(Lk)

(L5)

This is a less flaxible case, configuration and terminations being

(L6)
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(u7)
Re~ [Zne] b0 " |
Eq. (35) of this Section remains valid.
If on the other hénd
B! = O, (48)
Egs. (28) and (43) show, that Eq. (47) will not hold, unless
"= =0 (49)
i.e. unless [A ]P=o (']l) PJ )
A - A (50)

where A! is an even polynomial,
It may be noted here, that a positive sign for
g=A+DpB
has been tacitly assumed throughout this paragraph. If, however,
either of the extreme frequencies is in a pass-band, the network
configuration will specify the sign of A or S at that frequency.

E.z. for & low=pass ladder network.

A)- AL 50 (51)

must hold, P <O)
A possible argument in the choice of signs is to make the
coefficients in X, the immittance parameter used in the ladder
development of the cimcuit (see Sec. I.5.) as large as possible

to improve the accuracy of the realization. E.g. for even f

and Z,,s choosing all roots of h on the left half-plane and using
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the positive sign of g and h will -give the best result,

An example illustrating the usefulness of the analysis given
in this paragraph will be provided in connection with the mid-series
and mid-shunt low-pass filters in Para. I.5.d. At the same time, a
simple method will be presented, that leads to the proper sign-come

bination in special cases,




5,6, 13,23,
I, 5. THE REALIZATION OF FOUR-POLES FROM GIVEN IMMITTANCE-PARAMETERS 2 ™

Section L.k, described methods, ¢f obtaining the imm:itance parameiers
of the four=pole Ircnm the attenuwatizo-requirements,

In the present Section; the next logical step; the synthesis of the
network proper from these immittance-parameters, will be explored.
The realization of cirouits in the practically most important
ladder_econfiguration will be given strong preference and a few
remarks will be made on the lattice synthesis technique, Some
realizability criteria of ladder networks without mutual coupling
will be briefly treated.

Throughout this Section, the realization from prescribed
impedance-parameters will be analyzed explicitly. Since the
synthesis from the admittance-matrix follows exactly dual linss,
this does not represent any restriction of generality, Similarly,
nom‘ally only the development of the primary immittance will be
described, Obviously, a similar treatment of x22 is tacitly im-
plied,

2, 2

ay, Healization from prescribed X3 and Ilé o

FromEqs, (8) and (9) of Sec, I.l,, it is evident, that
barring degenerate cases, the poles of Xj» and Xjy are identical,
Exception to this rule occurs, when X1] possesses poles not
contained in Xj2 = so-called private poles. (The inverse
situation is prevented by Eq, (1) of Sec. I.3.). When no private
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pole is present, any realization of Xj; will automatically provide
the required poles of Xj2. The problem is to create a network,
that also exhibits the proper zeros of Ilao The constant
multiplier of X124 representing a frequency-independent loss, is
usually unimportant.

If the practically preferred ladder-configuration is chosen, the
seros of X]2 can aonly be created through the resonances of shunt
arms or through the anti-resonances of seriea arms. At these
frequencies; then,both the attenuation and the open-circuit
immittance of the dadder-porition which includes the rescnant
{er antiresopanti .aym.must. .have a; pole,
| The purpose is therefore to shift one by one the critical
frequencies of Xjj to coincide with the zeros of Xig. The creation
of proper ladder-arms will then simultaneously realize both sets of
gritical frequencies, The design of the residual network preceding
the ladder-arm is considerably facilitated by the isolation of this
network f'rom the rest of the four-pole by the ladder-arm at its
critical frequency.

~ The procedure to be followed is now clear. The arbitrary order
of the zeros of Xp_ is established, then the value of 111 at the
first geroefrequency is found. This value represants the driving-
point impedance of the first residual network-fragment., From the
sign and value of this impedance the fragment can be designed.
Care must be taken, however,at this pojmi, since the creation of
this ladder-fragment represents an at least partial removal of




8 tam from the Laurent S‘eriesv'eip‘apsion of X]_]'_,.:-_ﬂ'héraf&‘e,:;i,.t o
_ must rébruen't‘a pble acf.u'al]y j::-éaent in X31 and the re‘a'fdde .
ramovad wust be ualler than the origiml valno, so that E;. (1)
of Sea, 1.3. remaine satiufied. After that the new X1 mst have
- :oro and theretore (x,, ) & pole at X12%8 uro-rroquoncy and both
‘can bo realiaed t«hrough & ladder-arm having this as its critical
troqueuy. _The procodurc can now be repeat.ed etc,

At thu point it 1s 1Iportant to notice, that the partial
removal of’ & pols X11 through a ladder-am does mt create a
transmission sero. This ie 1llnstraf.ed in rig. 8, where Z,,

& series hpedance, repruents a EEE pola-roloul from Z33.
Therefore, zk, Z,, and 1n geueral Z will all have single polea at
the anti-resonsnce fraquency of Zk and ' o |

| E, - Ze 40, | (1)

& 2, +Z,+ Z4
If on the other hamd Z, corroapouds h a colplete pole-reloval

from Z,, Z uﬂ ‘therefore Z‘ cannot have that pole amywore, consequently at that
pole .fr’bquengy‘.}he;, c,ircuitmilh_:-pave:a:; ftwmsﬁ.esion Zero,
e procedure Quu 8150 be viewed as an alﬁén;mn of partial
and complete polo-ro-ovala fm xu. Auy polo-rmvnl leaves the
other pplel intact, but shifts the leroa towards the pole with the
diminished ruidu. '
) mu offect 1s used to bring the poles of X); in coincidence of
t.ho seros of 112.

It is also evidont now, how to handle the pvrivau poloa of Iy,
The terws comsponding to these polu in the mtm-rraotion



FIGURE 8.
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expansion of X33 are lumped together into an immittance Xpe The
development of the ladder should now begin with the series (parallel)

removal of Zp (_v_'p) and thereafter continued as described above,

The constant multiplier of Xyo is not controlled by the
procedure, It can be found from the comparison of the required
extreme frequency (0 or ©0) behaviour of Xlé with that shown by the
realized circuit, If necessary, the cascade-connection of an (ideal)
transformer will give the specified value,

It may be mentioned, that an equivalent lattice can be found
by multiplying Xjo with a sufficiently small cénafant, so that at

all poles b ,H ]
Nz 214

()
Then it is permisaible to select
Kap = X
(efs Eqo (1) of Sec. I.3,) and through Eq. (32) of Sec. I.l. the lattice
impedances can be sal>ulated,

b, The ladder-expansion of the driving-point immittancel"""

From the complete xij - matrix ar from the operating parameters
directly (see e.g, Eq. (27) of Sec. I.l.) the driving point
immittances can be obtained, Since at the transmission zero
frequencies X, is pure imaginary or has extreme values; as can be
een from ‘

P = LR =L Re (Z5) = 0 (3)
the ladder expansion described in Para, I.5.a. can be performed

without any change,
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¢y _Realization of the complete immittance-matrix through the ladder~

G, 0,36,

development of X34,

It has been shown in Para. I1.5.2., that by observing certain
rules, it is possible to obtain a ladder-development of Xy3 thaf.
gimltansously realizes (except for a constant multiplier) the
prescribed X12. Now the still more ambitious problem of realizing
the whole imittance-matrix through the development of Xy will be
investigated,

Suppose first, that Xj] has been developed into a2 ladder also
incorporating the required Xyp (thris may necessitate a cascaded
transformer, as mentioned in Para I.5.a.). Let Xp .3 e ths Most compac .
expression of X22 (containing no private poles) that sa;;iafies
the third relation of Eqa. (1) of Sec., I.3, with the equal sign at
all poles,. Them

Xog ™ Ky * X (1)

X,; « Xegpr + x
where X;_z is the secondary immittance realized by the ladder-
development already performed, x and x) are the "auperfiuous“ parts
of X,, and X;_z s respectively. By keaping the ladder~development
as simple as possible, X, X) and

x-x = X xz,z

(5)

will all be realizable reactance-functions,

| }
If the variables of the netscrk realizing X,, amd X, .
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are distinguished by a prime or the suffix " min' s respectively, the
secondary driving-point immittances of the three networks (with the

primary sides terminated in unit resistance) are connected by

Ko = Xp, it % (6)

1
Xoo = Xigwin T X .
~ Using Eq. (1) of Sec. I.3., it can be seen that [X]M;nhas only
simple poles, consequently (cf..Eqe (1) of Sec., I. 2.) -
can have no imaginary pole at all, Since on the other hand, x anc'lh "
x) can have only jw = axis poles, these can be identified easily
from Xy, and X:M o After x-X ) has been found, cascading it with
the ladder-network already developed will result in the required
circuit.
| However, considerable effort is saved, if this cascading is
unnecessary, i.e.

X-Xx =0 - (7)

)
Since x -x mst be a realizable reactance,
| X =0 (8)
will guarantee this. Eq. (8) be satisfied, if

2 [IX] s X 1T (9)
XD‘[ I+ X, }’LO

2

for
p = ij p

It can be seen, that Eq. (9) is equivalent to the condition

that _oi‘ the immittance parameters only Xjj is allowed to possess

private poles., Then no cascading of additional elements is necessary,
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By considering e.ge impeda.nce-par;':uneters and realizing, that a
private pole is represented by an additional series branch at the
termination; the necessity of this condition is easily visualized.

It is also useful to find conditions, under which Eq. (7)
could not be satisfied, If

x'$0 (10)
x*0 (11)
and in general, Eq. (7) does not hold.

Eq. (10) means that XL,_ has jw - axis pole, which can only happen
at those critical frequencies of some branch-reactances s which are trans-
mission zeros. '

Let Jw;be a pole of X) o Let us suppose that this attenuation
pole has been created by a number of pole-removals from Zy, , the
last of which was performed through the creation of a seﬂes impedance
ZL (Fig. 9). Z, does not necessarily represenf a complete pole-
removal of jqq_', it may be that this pole has been later shifted before
final removal. |
Now if

a, Z, was obtained 'through a full pole-removal, Z“Aand thus Zu A

does not have a pole at juw. Also,
)
Zp (J0) = Zygy () (12)

and since a private pole of Zzzft jaoiwould create a private pole of ZR,
which in turn would cause the condition described by Eq. (10) anyway,

)
we find that Z, , and consequently Zp, remains finite at Jeo




ZIIA

Zy
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FIGURE 9.
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b, If Z, originated from a partial pole-remcval, Zu ) Z ZzzAand

124 )
50 Z}))a may all have poles at j&; . Generalizing this result, if

the cascading of x-x is to be avoided, partial pole-removals

should only be carried out with poles, that can later fully be
removed and that are certainly not shifted by other manipulaticns.,
This limits the choice to poles at extreme frequencies (w-O or oo)-

An alternative view point is to consider Egs. (13)~{16) of
Sec. I.L. If Xi; is a2 usable immittance, it mst have the order of
the circuit (the orderof g),The analysis of Para I.L.e or the
observation of the required network configuration will show, which
immittance will be useful. As the equations show, at least one
immittance will always be suitable (the cancellation of the
highest terms cannot occur simltaneously in ge-_;he 1 g, & L\o ).

It is also possible to observe, that the development of both
X, and Xy or YLL and ZL1 is bound to supply the complete circuit
and also some numerical check.

In the rare cases, when the transmission zeros are not given,
they can be cbtained as the zeros of le and the private poles of ’ZLL)
28 Fg. (5) of Sec. I.2. shows.

Another realization technique, which is, however, only of
theoretical interest, is Cauer's partial fractioning method,
Essentially, it consists of the following steps:

1, A11 X

|
2y All residues of X g are split up into 2 partss

are expanded into partial fractions.
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parts satisfying Eq. (1) of Sec. I.3. with the equal sign (h;)
and remainders <h:,).
3, Since the addition of )qj parameters corresponds to
series (or parallel) connection of the component four-poles,
the canonical’ realization of the network is finally built
from the series (or parallel) connection of elementary four-
poles. The elements are simple circuits realizing the sets of
residues (h),, , h,,_) hzz> and (H,?) 0, O) ) respectively. The number of
the component circuits therefo:f'e is in general. twice the number
of the poles,

Since the four poles realizing <h,,,) h,, , hay )
contain ideal transformers, this synthesis procedure is not
used in communication circuits.,

a4
dy The m-derived low-pass configurations.

An important class of ladder-circuits is knownfor historiecal
reasons as m-derived low pass networks ( they have the same con-
figuration, but normally different element values of the m-
derived filters of the image-parameter theory ). The general dia-
grams of these circuits are shown on Fig, 10, Fig. 10,a. shows
the so-called mid-series low-pass circuit, Fig. 10.b. the mid~
shunt configuration.

A common property of these networks is the low-pass character
of their response, i.e. the attemuation is low at the near 2ero

requency, high elsewhere, Since this precludes an attenuation
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pole at w-0 , f must be even. The degree of g and h (n) is,
on the other hand, odd for both circuits shown on Fig. 10.
h is of the form described by Eq. (32/a) of Sec, I.L., Since
by Eq. (28) of Sec. I.h., for the mid-series circuit [9'],;:3(1 [92]’”»0
equal -1, while for the mid-shunt configuration they equal +1, we
get (using the symbols of Para., I.l.e.):
X=+l - mideshunt configuration
x==| —= mid-series configuration (12)
It is instructive to notice that by Egs. (13) and (1) of
I.h.y, x=+) means that the order of the Z -matrix will be equal
to n, that of the Y-matrix being n-l. For x=-1 the reverse
situation exists. This corresponds to the fact-easily verified from
Tig. (10) - that the mid-shunt (mid-series) configuration is
completely characterized by its open-circuit (shortecircuit)

parameters.,

Furthermore, since

2], R Lis e 1)
y=+1 — R, >R, i
\j:—] — 'R‘<'R2 (]JJ)

If R,/R, is specified, but the configuration is indifferent,
it is possible to make h originally Hurwitz and then change the sign
of he(h) for R,>R, (R?_<R,). This willresult in a [ I) —I]
K[‘“ ‘]) value~pair for [X) \j] i.e. it gives the desired

termination-condition and a2 mid-shunt (mid-series) configuration.




A= h -0, (15)
b.Y Eqso (32) and (Bb) of See, Iahog
)

[9] =m0 (16)

p=0
and

R -Reg. (17)

This is the case of the symmetrical, equally terminated circuit,

If the last two coils of the mid-series circuit have zero
inductance or the lagt two capacitors of the mid-shunt network have
zero capacitance, the circuits will have a double fttenuation pole
at infinite frequency. Such circuits eam therefore correspond to

PB\ =h, «0 , (i8)
and if Eq, (50) of Para, I.hoe, is gatisfied; the network will be an
equally terminated antimetric four-pole,

Finally; it is easy to see, that 4R odd-order mid-series ladder
can be developed by the process of a partial pole removal from the
infinite-frequency pole of \(-‘ followed by a complete removal
from the reciprocated remsinder, repeatspd @8 many times as
necessary. A dual procedure will swpply the odd-order ﬁid-shunt
ladder,

An alternative procedure has been develaped by Darlington
especlally for the design of these rilters. This is s however,

described in detail im Cauer®s book and thus it ia not necessary to
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present it here.

e, The realizability of ladder networks without mutual coupling %% %8

The transmission zeros of a ladder network containing no mutual
coupling between its elements are necessarily identical to some
critical frequencies of its branch-immittances. Therefore, they can
only be located on the left half of the complex frequency plane, or,
for lossless biranches, on the jw - axis itself. This is then a neces=-
sary (but not sufficient) condition for the ladder-realizability of a
transmission function,.

No general realizability theory has been developed yet for ladder
networks, However, for the imporri:;nt configurations described in the
previous paragraph, an adequate analysis exists. It will be briefly
presented for the mid-series network only.

The following are necessary and sufficient restraints for the
realization of this circuit:

1, Zp has a critical frequency at SR

- R
2 [Zn.]P_O 2 (29)
3, If
m' + Ny
Lo~ R, (20)

where m,)ma are even, n.,"z odd polynomials,
then
2 2 \2
mm,— nn, k” (p + co;) (21)
M
where the (‘)L are the finite transmission zeros of the circuit,

L, If the transmission zeros are distributed




-6l =.

O<w =0, =... W oWy (22)
then 1 has i non-zero roots not larger than W; on the positive
jo-axis for any L (I = (< n).

The sufficiency and necessity of these conditions can be proved
by a procedure analog to the complete induction in mathematicss they
can be shown to be sufficient and necessary for the elements of a
mid-series circuit (series L, shunt resonant circuit or shunt C) and

it can be demonstrated, that cascading another elementary four-pole

does not change their validity.

However, the necessity of these conditions can also be documented

in a more straightforward manner. Conditions 1, and 2, are self-

evident.
Condition 3, will be immediate by using Egs. (27) and (12) of Sec.

I.he to find

mlmz‘nlnaz.(g: h¢>(qe+ ‘F‘e) - (9;' L'o)<cj'+H0> = fz (23)

with f even,

Finally, for an odd n, the circuit is developed from
go - hO

g Zemhe o oon
VR S R (2k)

The zeros of this expression (i,e. the zeroe of n, ) mst be
shifted by partial removals from its pole at infinity to coincide
with the finite transmission zeros. But all partial removals shift

-
the zeros of Y" up; consequently, Condition |, must hold for their

initial position,

Analog derivations can now easily be found for even n, for mid-
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shunt configuration, for similar high-pass circuits and, finally,

for band-pass filters created by the cascading of a series capacitor

to a midseries network.
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Jy 1 2'3 a5
I, 6 FILTER COMBINATIONS %'2¢ %%

The separation of a continuous frequency range into separate
bands directed to differentvreceivers, or vice versay; the combination
of several non-overlapping frequency-bands into a single gvoup with-
out interference,is a frequently arising communication problem,

This Section will briefly describe the insertion lssz methods for
the synthesis of such combining or splitting filterw-combinaticns,

28,289,132
i, The general theory of filter cowbinations.

Two basic configurations will be treated. In the first (second),
all component networks are paralleled (series-connected) on the
primary side and individually terminated. These circuits are cailed
fronte paralled and front-series combinations. Their treatment can be
carrisd out in exactly dual terms. The analysis will here be
restricted to the front-series configuration.

Throughout the Section it will be assumed, that the resultant
driving-point impedance of the combination has (exactly or approximat-
ely) a finite, real constant value on the whole jW=axis., Since the
residues and real parts of an ‘mpedance cannot be negative on the
imaginary axis; no individual driving-point impedance will be
allowed to have on the jw-axis 2 pole or a real part value higher
than the required resultant.

1f these conditions are satisfied, then it is adequate to make

the real part of the driving-point impedance constant. The imaginary




part will be autometically zerc, Since by Eq. (6/a) of Sec., I,3,
2
LI Re (2,) =IT,I° R, (1)

for the combination

R
Re Z,) =
( ) lMlI? (2)
where the R, and M; are the secondary terminations and current
ratios of the comporient networks. If Eq, (2) is exactly satisfied,,

all networks are fed by & constant input current;

: P +R, (3)
Whars- it L3 ihe gensraver impeasmew, ARG Lo IDEriling s Duivs are given oy
e .
Qi (R +R e (k)
- L RORL ML )
Ir
| R=R.-R (5)
as usually is the case, ‘
S M. (/=)

Hence, characteristic functions can be defined for each network,
|
with ' :
2 :
’Ml] = 1+ ' ‘ﬂ!z- (6)

By Eqs, (2) and (5) . '

b, The exact design of filtermcombinations 4

Two important cases will be treatsds The two filter (e.g, low-
pass/high-pass) combination and the three filter (e.g. low-pays/band-pass/

high=pass ) combination,
For the former, from Eq, (7)




'LP‘IZ]%}Z - ' (8)

and » .
¥/ Rt "i_ Mu S, P
| ‘\Pll = ILPl, N‘z‘a , 52 and ——T—)'L—. (9)
Then it is possible to choose
¢ = —-?—— -4, (10)
.Mu" "%‘ | . | (11)
and since : |
9" = Tl = [hI*+ |12, (12)

it is convenient to select
979ty 13)

Yow by Eqéo (3) = (k) of Seco Ioh,, the impedance-parameters
Zaand Zz2 can be calculated for both networks, If a ladder-realiga-
tion is desired;, the .«*:-most elements must be s'hunt (to avoid a
Jo-axis pole in ZDL) and an expansion of the Z,,-5 will suffice,

A dual analysis supplies Y;5 and Ypp of front-parallel
connected four-poles. Since now the ladder networks start with a
ser;es a.frgp these suffice for the synthesis,

For a 3<filter combination, Eq, (7} gives
2 *
M= 1+]¢]

(A ¢
\ 2\ ,“p2| . (134)
IMA)Q-.- | + 2 = 'LPL(‘&I
Mli‘_'%jl*_‘%%}z
The procedure outlined at the end of Para, I.h.b, can be used to

derive M, M and Mi, The immittance parameters and the circuit are
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then found as before,

¢y The approximating design of filter-combinations

The synthesis method demonstrated in Para. I.6.b. has two import-
ant shortcomings. First, the reflection loss of the conducting -
filter must equal the operating loss of the other filters (see Egs,
(L/a) and (7) ) This is because the generator is perfectly matched
along the whole jw-axis (Eq, (2) ) and any power rejected by the cut-
off filters must be absorbed by the condgcting network. As a con-
sequence, the pass~band reduirements beébme absurdly tight. (E.g.
for a filter-pair a modest LO dbs stop-band attemuation of one filter
allows about 0,00043L db pass~band ripple for ihe other),

A second draw-back is that for the same reason the cross-over
point between adjacent pass-bands must be at 3 dy'., Various
methods are available to correct this situation, when it could not be
tolerated. Some are: the use of band-pass filter to absorb power
in any region, where all the other filters have to cut off, the
cascading of additional constant-resistance groups having slightly
different cut-off frequencies or simply the cascading of conventional
Tilters with the element networks of the filter combination. In this
last method care must be exercised to avoid ndatural frequencies of
the cascades in the vicinity of the stop-bands.

"Ret,urning to the first difficulty, a method of overcoming it will
b fl;zscribed in this Paragraph. It will be treated for front+ .

paralleled networks and it rests upon the following assumptions:
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1, The input conductance of a cut-off filter is negligible,

Since by taking the dual of Eq. (1)
G,

G,=Re (%) = INE (15)

this supposition will hold even for moderate stop-band attenuations.,

2, If the input conductance G of the combination is kept
approximately constant and none of the susceptances have jegy - axis
poles; then the driving-point susceptance BD of the combination is
negligible compared to the driving-point conductance. This assumption
can be made on the basis of the equations linking the real and imaginary

9
parts of minimumi~phase network functions . E.g.
. o

(6,69 - 66 do = [[B, )] e

¢}

[Bb(w)}d (log ) = %T [GD (=) = G, (o)]

(16)

;
|

etc.

3, The pass-band attenuation (AP) as well as the pass-band voltage

transfer loss (A hp = 20 |9 lN‘p ) are small,
a5
Under these assumptions the following results ensue for the circuit

of Fig, 11. (in which filter "A" represents the only component network

passing energy):

I. /46 I /46
A= 10 lg | <2 =~ 0 Ig G,,;/Ef (17)
AA— 10 lg <G + Gou * Gpp JGG>2+ (B&*'Bos*"‘)j (18)
DA
2
Ax 0lg (G +6Gu)®
A 9 LGG,, (19)
Also
G
AnA= 20 ]glNlA - |Ol9 "@i . ?20)\




A Gzn % Ezn
T o
, B G,a Es

FIGURE Il

'll—-—\/\/\'—
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I again
G=Go=gaA=ng="' ;GDA*AGDB*"' (21)
—_Gii- - ——gnT - 0" (22)

Substituting inte Eq. (19) and using series expansiocn

2 2

Aoz A [| _ ﬁ&] (23)
A 17 LS|

or, for a specified pass-band ripple Ap,the maximum voltage transfer

1css is

A= k175 T4, (2l)

For a2 filter in the s top~band

2 2
AB:'O@M = |o|9 [@"’GDA) X G X G ] (25)

b GGy -.bGe,, G Gw

or for a prescribed stop-band attenuation Ag

Ans = A$+ Aﬁ? . (26)

Eas. (24 ) and (26) give the allowed extreme values of IN|®

for the component networks. In addition, care must be taken to ensure

the constancy of G, along the whole jw -axis, According to the
assumptions, this is satisfied in the pass and stop-bands., If a
linear, squi-slope behaviour of the GD,-S is assumed in the transition

bands, then it is sufficient to specify:

- Uhp
G+ G, > G, =G« ° (27)
at every cross-over point. Using Eq. (22) and the dual of Egs., (6)
end (2) - A
6 -c - G G G 10 (28)

DL DM |+ lx{)L‘? - ‘.,.,(_PHIZ- 2
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sy that at cross-over A
2 2 Chl
@12 = |9yl*= 2x107 —| (29)
and from Egs. (18), (20), and (23).
AL - AM = Ap'*' 3db (30)

i,e, this method results approximately in the same low cross-over
point loss as the exact procedure. The measures mentioned at the
beginning of this paragraph can be applied to overcome this
problem, if necessary.

Several networks have, been designed by this method with very
good results, Figs. 12 and 13 demonstrate the circuits and re=

sponses of a 2- and a 3-filter combination, respecti;rely.
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IT. APPROXIMATION THEORY

As the results of Chapter I. show, a network can always be
synthes ized for.given requirements, provided these requirements
satisfy certain restrictions, the realizability conditioms
(cf. Sec. I.3. and Para. I.5.e). Since, hawever, the specifica-
tions are normally given in a non-mathematical (verbal or graphical)
formy it is necessary to translate these into proper algebraic
expressions, satisfying the requirements ard the realizability
conditions simultaneously. Some ways of doing this for the
most common types of specifications will be demonstrated in

this Chapter,
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20,214,214, 38

II, I. THE APPROXIMATION OF THE IDEAL IOW-PASS RESPONSE

A large percentage of the approximation problems is
equivalent to (or can be simplified to) the simulation of the ideal
low-pass response, i.e. of a response, that has zero attenuation
below a specified frequency and infinite attenuation above it.
Since this ideal response cannot be satisfied with a finite
network, a similar requiremént postulating the maximum allowed
attemuation (the pass-band Iripple ") below a specified frequency
(the pass-band limit) and the minimum tolerable atienuation (s top-
band loss) above a second prescribed frequency (the stop-band
limit) will instead be demanded.

The use of _ﬁhe well-known frequency-transformations allows
the results derived in this Section to be utilized in the design
of high-pass, frequency-symmetrical band-pass, band-stop and
malti-band filters,

&, Butterworth-approximation

The simplest characteristic function that leads to a simula-
tion of the ideal low-pass behavior is a monotonic power function

with the largest possible nunmber of derivatives zero at the origin.

This is

¢-p. 1)




- e

From Eq. (2k) of Sez, 1.2,
IS1% = T+ B (-p) = 1+ T (2)
The n transmission zeros will all be at infinite frequency
and the natural frequencies of the terminated network can be

found from
SI*=0
S (3)
to be the left half-plane valuoa satisfying
T
P =6 , k=0, £1,22, ...
a total of n. They lie on the unit circle drawn around the

L

origin.

Since all transmission zeros are locatsd at infinite

frequency, a ladder-realization built from series coils and shunt

capacitors (n components altogether) is possible,
Sinee by Eqw, (38) and (39) of Sec. I, 3, for the specified
atlenuation extremes ..
(db) &
A(P)" 10109[! bW
db
A - 30405[|+w§”]
one obtains for the necessary order
|
z 109 ki . (s)
ogq k
Here K, is ths discrimination parameter

07 . | J"k

()

)

h

k"“ ; IQ‘WD - <= | 6)

and k the selectivity pasramster

)
P <',
k W

s
Evidently; in all the above @quations, & represents



i
3
i

a normelized ;....: .y, ’l}w gnit frequency is the 3-db

(cut=off) point,

:,.}‘_I_L}'-

b, Chebyshsy = apprqxination in the pass<band or_.!.n the 8tiop-band

If we choose i
[¢] = € cos nu | (7)
with |
W = coss, | (8)
this choice will lead to a polynomial ( (p), as can ks seen from
the trigonometric relations g’iiring the cosine of mltiple angles,
Also, for
| “le w =, (9)
ol can be real and
0= lyl's € (10)
i.e the attenuation oscillates (exhibits a Chebyshev-behavior)

between zero and

(de)

A =lolg (1+€4). (11)

For .
W >1, | (12)
using jnd - jne
8 +

Co0S nol - 5 (13)
and .

™" . B

€= Cosotjsingm @+ fw | (1)
we get n

1 m,]n; [ij;) -

¢ = € cosna = € -



and
n-}
] =€2 o (16)

(1.e, exhibits a Butterworth atopabhm behavior) for
w > |, (17)
Thus again &ll (n) transmission zercs are located at - oo
and the series-coil=gshunt-capacitor configuration (the so-called

constant-k circuit) is possible,
The natural frequencles can again be found from Eq. (3)g now

|+ e*cosf no =0. (18)
Using | |
= & jolg (19)
cos (+jf)=cosu cashp - jsinw sinh B, (20)
and
P ° %o (21)
singkotl * co:;l:xz = (22)

obtains; that is, the natural frequencies lie on a central ellipse,
with semiaxes sinh %, and cosh of,.

From Ms, (7) = (1h), the necagsary degree is obtained
Cosh' ki s sy
v cosh’ k' TN

Again,; 0 represents a normalized frequency. The unit here

n2

18 the pass-band limit, as Egs. (9) and (10) show,
As the comparison of Egs. (2) and (16) ahmm’,f for identical
pass-band requirements (€-1 ) the Chebyshev pase<band filter has

an advantage of 6.(n-1) db in stop-band over the Butterworth
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network,

It 1s evident that the two-stage transformation
}

and
!
@ (25)

results in a response; that is monotonically increasing in the
pass-band and oscillates hetween As andirrfinity' in the stop.ba;gap
i.e, that has a flat pass-band, Chebyshev stop=band behaviour.,
The circuit exhidbiting this behaviour must be of the 'm-derived’

configuration, to be able to possess finite tranamission zeros,

¢, Chebyshev pass-~band and stop-band approximation
Ly2,20,25,24

(elliptic approximation)

In Para. Hohobo 1t has been demonstrated, that the
change from flat to Chebyshev pass-band response improw;ed the
stop-band behaviour. *his is because the Chebyshev-type behaviour
utilizes the pemitted..m:tmua'ﬁbiom range more fully. It is to be
" expected, that & Chebyshev response in both bands will result in
still more efficient networks,
With the analysiavinitially being restricted to odd ¢
(1,6, symmetrical; equally terminated networks), the characteristic

function will be chosen
A
1912 = (107721 F (w) (26)
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where 5
o fo W)
T (wz- @) (W~ @) ... (27)
Fig. 1k compares the frequency-diagrams of (5% ,F%amg

two derived functions, |-Fiand |- KF®  (see Eq. (6) for
the definition of Kk, ). It is evident from the diagrams, that they

1 N
and 3—;-2'—{: %%311&\73 the properties listed in the Table below :

double zeros.simple zeros double poles simple polds
- F? Wy wgyeee | V—E Way Wy oo
tpa L
l_k|F wul) wg)... V_k— GJG)CJB)"' 80
_(j_F_ . wt) CUI)... % (J 00
dw Wy, Wpy e > Ty o

Since all three quantities are rational functions of w,

by considering the zeros and poles, the equality

dF / de t Mo

. - = (28)
VC-Fe)(Ci-k2r?) V-2 (1= k)
results. Integrating and substituting .
F= &in (b, (29)
W= \J—k- sih @ y
this 1is SBremsform»sd to
: d@( + d@
N - = - Mo I( '(30)
0 V"'k.ZSl'hzeu rov | ~ k%sin?0Q
Eq. (30) has the parametric solution
W = ﬂ? Sn (z)l&
(31)

F=on(tMlk 2, k)
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where ‘I>
do
2 —| )
J V |~ L("Sihze (
and 0
on(z,k) = sin § (33)

is the Jacobian elliptic sine function.

Since the real period of %n(Z,k) is LK  (shere
K - S" 4o
V1-kzein?0
is the complete elliptic integral of the first kind) the pass-

pand 0< W< [k will,correspond to 0= z < K.
F has to complete 2m +1 quarter-periods of oscillation in
this same range (Fig. 1k) where m is the number of finite

attenuation zeros (poles) in the pass-(stop-)band. Therefore

Mk K= (2m +1) K, , (31)
and
F = sn ((2m+|> "“l%‘ Z, k|> ’ (35)

Hence, the frequencies of zero attenuation are

w.L—fW; sh <2m+l > (36)

In the stop=band, V‘f =W =< 00, correspording
w Z =U+ J K™
K=>u >o0. (37)
Here K] " is the complementary complete elliptic integral,
Using
Sn(uw‘K} k> - l (38)

k Sn(u, k)
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the stop-band is characterized by Fgs. (35) and (37) and

W = ' . (392

Vk =n (u,k)

Since
o
z =K (1,0)
)
corresponds to infinite w , where F has a pole, sn \J (2m+1) ‘KL!—(—) L(,)

should be infinite, This will be the case, if

)
V= @me) SR (u1)
as Eq, (38) shows. Then, also by Eq. (38)
Fo= ' (12)

kyon ( LemeKy
and the attenuation poles are given by the reciprocdls of the w;

given by Eq. (36), as a comparison of Egs. (31), (35), (39) and

(42 ) shows.,

Finally, in the transition band, Wg = Q) = lW

transforms into
z- K+ 1%
De v < K. (43)

)
The unit frequency is transformed into K + J %—

whence n

LA . |
PO =F I (er) - ™ (L)
and F, can be calculated,

Now all comstants ( F, ) w, , w, «+. & ‘*’b,"’)Of Eq.

Q)
(27) are known.
To calculate the order (N=2m+1) of F, Eq. (41) will be

raarittens
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n

9, 9 (L1/2)
where -~ ‘El
| q -€ (h2)
and 1 .
. _T}KS‘L ‘

q, "¢ - (63)
are the modular constants, For small k, (which is practically al-
ways the case) ' |

x 8o (i)
v 1876 TR, "9 Rl
thus '

) al kn - |'2 ' ’
S v (5)

and, neglecting -1 in the denominator of k' A
h2 la (10 -I)—"'mi—l'z
- (kS/a)

9 q
Because of its great importance, nomograne and diagrams

* have been prepared to demonstrate Eq. (45/a) and its various

terms. These are shown en Fig. 15.0

Since q is & unique function of ky; n 12 thereby given as a
function Ag, A and kd: Also, tables containing fic sn (‘:—L' K, k>
snd F, are av&ilablqozo

The matural frequancies of the tetminated network can be
calculatad from Eq. (3) or from an approximation procedure
described in the 1iteraturs.

The same anulysis cam be performed for even ¢ (h =2m,

[T

antimetric netwrks), Starting out again from Byo (26) but with
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Floy=F, {&- @) (0™ @) .- (16
° (0 wd) (W= b)) - !

and carrying out exactly similar calculations, the attennuation

)
zeros ( @; ) and poles ( W; ) are obtained
o = = - |k sn<—2£;—‘+<,k> .
Eqs. (bh) = (L5/2) will still hold.

However, as Egs. (26) and O.;é) show, now
[k?]‘l:?l:o 0 Gy
[¢]~ = - g

p>w
Inequality (h&a) rules out equal terminations, while the second

(L8)

and

inequality makes the use of smtual inductance necessary.

Bilinear frequency transformations can be used on w? to
chift the lowest finite zero to the frequency-origin and/or to
shift the highest finite pole to infinite frequency. It is easy
to s‘ee, that both measures decrease the selectivity slightly,

| Since all elliptic networks possess finite attenvation poles,
the l‘m—«:ler:i.ved' configuration is necessary for the realized net-
woTks, ‘ 23, 38
d, Realizability of elliptic ladder-networks.

The equations and derivations of Para I.5.e. can be used to )
establish explicit realizability criteria for an elliptic low-pass
ladder network without mutual coupling. The results of the

caleulations are p'resented on Fig, 16,
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The realizability condition can be expressed as
© < O,

where O and @,,, are the solutions of A
Snz[@Ki ) k’,] =

sé[(l-@mjk’) €]= n (-

respectively, Here

and

$n<n—r:3— K, k))

sc(u)k) - %

Fig, 16.a. illustrates the relation between O, ks, and Ap. If the

discrimination is very strong, i.e. if k <<I the approximation

H

@ ~ ,oq coth _Q'L
2 log -
|

can be used,
The equation connecting 9,“, k and 1 is plotted on Fig, 16.b,
for odd n-s (symmetrical networks). Again, for very sharp

rilters ( k=i -)) an approximation

- Y ~/n 3 -3
0.% 5 + —r’i—[x/ + X + X +x/"J

m i\

can be used, where

-k
X —_—_,
8k
In extreme cases
O = L.
m 2

No realizability conditions restrict the design of the one=
section filter (@m-l).or the polynomial networks, where all atten-
uvation poles are at infinity,

For flat pass-band, Chebyshev stop-band filters (AP-sO) k=>0)

the restric ion

AS 20'03 ) [(D'*‘U +D> I+Dz’>
resilts, with D =)W (h-3)T
Zn

= Sin 5
If n is large, this reduces to ...

A@"*) > 7656n — 60l .

Sin
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"ej A nonerealizable low=pass function

The loss functions analyzed in this Chapter have loss minima
with the value of sero and loss maxima that sre infinite, Neither

of these featiires is possible for a ladder netwgrk containing

"lossy slements. It 18 of intereat therefore to derive a lose-

function with finite mirima and:maxima and a Chebyshev response
in bo'th binds. It will-be shown, that'the only t¥pe.of these
functions ‘that can be handled mathematically.is mot -realizable
with fifilte natworks..

Tne accéptable attenuatiou résponse :ie ahqu, on Figq 17,

: Pfathamtioally,, for aldissipative four-pole

R G

Carrying out an analyisis similar to. that yielding Eq,, (28),

CdF | |
_ETET ' M, ‘ ‘ (50

Yo (G} (&:r* ‘\F(l-‘ff 92 () k)

Foo o

U resulta. Here F, ‘and F;

! aré the Fevalues darresponding to A_

~Ma.fid Asi , respectively. 'An_ep

2 10 g -
- ! 1
e % ~ | K )
and Ag - Ar
F? et lo ° = l‘.v . . )
o 0% - | (52)

Eq. (507 leads to & hyperelliptic integral, It.is .only solvanlag
if
Agm Ag = v v Ay -: (53)
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F X

Then S dF _ _I-f dx )
PVO-FIE-r)E-7) 2 ) (x(E -0 (re)
= C u(9,k) + C, (5h)
with
2 _QSiH@+b
and 9
u ke =J dy .
'<LP) ) ) I~ & o (56)
In the pass-and step-band ( O <F*< | ang [-;'léF"'s F2)
k- :_fs: ~ (57)
and @ 0‘;_ D
“- [ 2 (R2-1) ' (58)
Also, in the pass-band
a=- F?
b=0
c~ | (59)
d=F&-1.

New Eq. (50) will be rfwrif,ten (in the pass~band)
w= [k en (uy k)
E . Fo siho _ __Fs snu
| R? - cos? ¢ VFE — cn2y,
C]u|<k€)k°>+cz—i MO ku -

F (@), as given by Egs.. (60) is not a rational expression,

(60)

therefore it does not represent a realizable network functicn

unless coszkf) = Ch U, is neglected. Then it reduces to the

sclution of Para, IT.l.c.
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II, 2, OPTIMAL SELECTIVITY OF HARMONIC SUPPRESSING FILTER SETS

An important test facility required in any telecommunication
laboratory is a set of test filters. The outputs of most
commercial oscillators have a harmonic content in the order of
1%, This is not suitable for many operations and must be improved
by additional filtering, Measurement of harmonic distortion and
intermodulation calls for separation of fundamental and higher
order products and test filters may be used for this purpose,

The filter set may consist of | low and high pass filters
which could be used together to provide bandpass operation if
required.

The purpose of this Section is to find the optimal
selectivity for a set of low-pass (or 'highspass) filters sc that
the number of components be kept to & minimum. The calculations
involve all three types of approximations and the results
emphasize the savings in componemts using alliptic filters when
phase is not a prime parameter,

a, Freguency range and selestivity

The usual requirements ¥ .« (&% e are che
following:
A. It should make possible the separation of signals and
harmonic contents for any signal frequency in the range of

intereéto
B. It should provide a fairly high stop-band attenuation,




bl
€3]
(X}
]

C. It should have a liow passband ripple.

In the following discussiom a test -set consisting of low-
pass filters only will be assumed, The same results apply for
high-pass filters,

The l§w=pass filter can pass signals wit_h frequencies below
W, and stop signals with frequencieé over ¢j; s It will pass a
signal of frequency @ and stop its harmonics, if
W< Wp amd 2w > Ws
giving a useful frequency rsange

% < W< Wpo (1)
If the frequency rangs toc be covered by the filter set is
wW,, o Dy the filter having the lowest cut-off frequency in

the set must have ()
e g w
2 low (2)

+: an equationy the frequency range covered by

. . [
(SRR S

this filter will be

0 wlou< W< G.)IW 2k (3)
R
where k= L is the se&lectivity parameter of this filter,

" |
If all members of the set are derived from the same normalized
low=pags filter (which 1s almoat exclusively the case), the
selectivity parameter wiil bs the same for all filters,

The useful frequency range of tHe second lowest filter is then

{ 2
going to be a),rw(Z k)‘ w < &J,W (2 k) and generally for the

i=-th filter

. (2 R)H <w<e W (2 k)i ] (1)




It the mmber of filters in the set is F, the requirement
againet the F-th is ), (2 k) = ‘305.13 . giving |
(5)

lg [/ ]7)
The useful range is O5<k< | , For low k values the number

lg (2%k)

of filters required will be high (F» w0 for ke 0% ) decreasing witk
increasiné selectivity toward 1lg (-g—:‘%) IS 2 o On the other
hand, the number of circuit elemqnts'p;r filter; n, increases rapidly
with increasing k and n-e a0 fér k=lo Thus the total number of circuit
elements in the filter set; NeF.n, tends to infinity as k approaches
either end of its range. Obviously, there is an optimum value of ky
satisfying requirements A, B, and.  0, and at the same time requiring
& minimum number of elements to be used in the set. To find this
optimum value, another equation is needed; linking k to n and the
attenuation and ripple specifications (A; and AP")- This is supplied by
the design equation 01 the filter-type uasd in the set,

bg. Optimum selectivitx of a I',:L}_gr set consisting of Butterwort.h
I filge}’.

 The design equation for Butterworth filter is Eq, (5) of
Para, IIol..a.o

n» Jak |
lg k (6)
where k, is the discrimation pa;rameter given by the equation
ClAp
k,a [ lo - l 4

It is useful to define the d? crimtion constant
G=-lgk¥ 0054, - 05 Ig(0234,) (7)




Ag and Ag mist be expresssd i

Serkbele for o2ubslliliiag inve B
(7).
Using (5) and (6) Q.
> Glg ( w
N=Fn & low . (8)
» (-lgk) (Ig 2k)
Tha optimal value of ky, leading to the minimum of N; can mow be
calculated
Kot ™ g?: = 0707] (9)
giving

2 Vo ( Oy ); . Wiy
N o) 613 werg @( o)
The value of th8 other set paramsters

F¢= |§2 lg(——%—"%>=6'6q l?<_(‘_)_b_fah_> >

Wiey ;
s = 2 G % 664G . 1)

(10)

Naturally, sll parameters must be rounded up to the nearsst
integer,

¢y Optimmme selectivity of a set of Chehyshev filters

The design equation is
cosh' k'
cosh™ k'
To a very good approximation:
o cosh Kk, ¥ In 2 k['= 0633 + 2'303¢
‘ »—% ) 0'693 + [
N w Fn = q ‘( oy ) ( ..,2 303 G) (UJ)
9 2K) cash (V)

. L‘op‘t = 0.78‘4‘6.

n >

The cptimum value of k

The other parameters

W, ,
Nof 19 (“"Eh,i“) X (u 883 + 1623 G)

a5)




W
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Fou = 5 lg | —hen
IPL 9 ( Wiy > (16)
he = 0956 +3176 G | (a7)

d, Optimum selectivity of a set of elliptic filters

The design formula of elliptic filters is

lqh + G |

d ~ - (18)
-lgq e

Fere g, (k) is the modular constant or nome of modulus k and m is

=

the number of filter-sections per filter., The number of elements

per filter ’
lah +G |
n=3melF3 TNy T 2 (19)
So the total number of circuit elements in the filter set
lgLk + G !
W, Y = - -
N-Fn= lg(h 2"Tgq —_~Z |
3 Cjow lg 2k (20)

For all practical test filters, the second term in the
1
numerator is much smaller than the first, so it is sufficient

5 find the minimum of

139)(l9 2k)
The minimum will occur for
kgpk = 08746 (21).
piving
- 034 + 11786 ) x lg{——bigh
Nt = (5034 +11786) = g o)) (22)
Fof,f bl L" ”b l9< CJIO\J> (23)

Ny = 1223 +2:863 G, (2)




Naturally, because cf Eq. (19), n must be rounded up to the
nearest integer having the form
' -3 + 1
Pyet ‘ M map*- l)zjs)... (25)
where m, is the optimal number of filter sections per filter,

The results for the three filter groups are summarized

in the Table,
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IT. 3, THE APPROXIMATION OF CHEBYSHEV PASS-BAND ARBITRARY STOP=-
7,15,16,34,26, 28,

BAND (OR CONVERSE) BEHAVIOUR

An important cl,ass of appfoximat.ion“problems involves the
design of networks extbiting nearly uniform low loss (Chebyshev
approximation) in a pass-band and a stop~band attemation that
exceeds consistently a frequency dependent minimum. Alternatively,
the specified maximum loss may vary across the pass-band and the
stop-band minimum be constant., The design of such filters
involves the combination of mathematical and graphical procedures.
These will be described in this Section for the most significant
cases,

It will be adequate to treat the first situation (Chebyshev
pass~band, arbitrary stop-band). The alternative respouse can
then bé obtained from it through the steps discussed in Para, II,
L,b, Al_so, it will initially be assumed, that the suitable
location of the attenuation poles is given; Para, II, 3.e.
will demonstrate a method for the derivation of the poie-
frequencies.

4, The reference~filter method

Chebyshev pass-band response will be exhibited by a network,

P e@ . e—@
¢ = \/IO% - — (1)
with O(p) obeying the following restrictions:

¢] -0
i, er € is a rational function.




2, © 4s imaginary in the pass-band,
3, O is of the foz';m at+ jnt'r in the stop-band, where 'a"
1s real amd has the (supposediy known) attenuation
poles,

Evidently, by Para. I.3.d. the first restriction is a
sufficient and necessary realizability.cemdition of (p o
The second condition assures O= ,kﬂz - ib%-l )
i,#, Chebyshev-responss with the prescribed ripple in the pass-
band, Finally, the last restraint provides ‘the necissm
attermation poles, . |

Observing now Egs, (29) and (29/a) of Sec, I,1l., it is easy
0 see;;that choosing the positive sign in Eg. (1) and selecting
as @(p) the image propagation function of a (hypothetical)
symmetric image parameter fiiter satisfies the first restriction,
If this so-called reference filter has the specified pass~band
and its image propagation zeros are at the postulated pole~
frequencies, all conditions are met, Tha (real) filter to bs
obtained has then an even (¥ and is thus antimetric,

Alternatively, the choice of ths negative sign iﬁ_iﬁ? ‘;(‘1} and
an antimetric reference filter will leed (by Eqs. (30) and (30/a)
of Sec, I,1,) to a symmetric filter satisfying ali necessary
conditions, No other choice of reference filter will result in a
rational expression for (f 3 hence only symmetric and antimetric

filters can be synthesized by this procedure.
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It is important to notice, that the image propagation function

of the reference filter must contain all attenuation.poles, hence

its operating loss will contain the poles coinciding with the reflection
peaks (the zeros and poles of the image impedances) in duplicate, There-
fore, its (hypothetical) circuit-diagrgm is normally somewhat more comp-

licated than that of the real networke.

b, The design of general parameter low~-pass filters"z"e

In the following synthesis of Chebyshev pass-band, arbitrary stop-
band (alternatively called general parameter) low-pass networks will
be discussed. The analysis will be restricted to antimetric circuits;

the design of symmetric networks follows substantially similar lines.

As shown in Para. II.3.a., the characteristic function of such

filter is given by
Ap_ Ap_ Z (2)
@ - VIO—"’ ~1 cosh O= {i0% —| Z;I )

where O is the image propagation function and the ./ iz
are the impedance parameters of a symmetric image parameter filter.

Since the sections of the reference-filter are matched,

5 - Z GL (3)
©

where the 9&. are exhibited by the individual sections. If one attenuation

pole is associated with each (symmetric) section,




one has from Egs. (2972} and (32) of Sec, Iol.

2
0, = Cosl{( ?”‘Z '>_ COSH-‘(.&;_i__‘_) (L)
| B~

and o Al i~
N TR
€ = 9;-1 ()
with
- VAY ,
%= Z . (6}

The attenuation pcles -ana therefore. must coincide with the
one'mpoi’ntsr" of the G, {frequencies, where Oﬁ=? Yo

From Bq, (3}, for the cascade of & symmetrical reference-

fiiter sections g
& g~ I Lt
€ - q.., - ” qlt ’ (7)
L= g -1
If the g, are chosen asg
- mi (8)
with
-2
2 .
m o= — {1, (9)

the following observations can be mades
1, The one-points will be correctly located at (2., .
2p The second and third restrictions of Para, II.3.a, will be
satisfied for w,~1 - |

It 15 also easy to see that © o' Bg, (7) corresponds
to a symmetrical refersnce-filter,
However,

lirm © 0O
p-b oo

therefore, the real filter would haves finite attemnation at




]

el
)
]

lufinite frequencies, requiring mutual coupling,

This objection can be removed by making

- P (10)
: qlﬁ/ Vo S '
corresponding to ¥
e (o @] »
Q.. (11)

Using Egs. (2) - (5),

| _I_.. ﬂi-_L [ 'A'
Y- l(ﬁ&—l 5 <q,-| +q,u> \lto" ’@i*_—' Tq“ (12)

t=|

From Eq. (8), after some straightforward calculations.

) % U”P*W)—-”(’”P W) (1)
alf_.»m—é— V¥ -, J_ ZT_(H?%TT) 3

rasults, Here

(4]

W pi (1)
bat the (0 of Eq. (13) is nevertheless rational, since all odd
rowers of w {and p) cancel iw 1t,

[t is important to notice, that for the limiting process of
. {11), (p  (and thus the attenuation) will have a double pole

anfinity,

For a symmetric filter, an analog derivation results in a
similar kp s but the first ierm in the mumerator will be
riitiplied by {p # w), the second by (p = w). This is due to
tie matched half-section necessarily used in the (antimetric)

“tference filtar,




Cy tep-by-step design of symmetrical Chebyshev pass<band low

and high=pess filters

For the speicia‘i case of gymmetry, the theory outlined
in Para I.h.do (Egqse (23} = (24} ) can be used to derive the
lattice-impedances. If an mederived configuraticn is used,
expiicit re.‘imiené may be deduzted between the coefficients of
Z, o and Zy 9 and the ladder element values. By this method the
folilowing step-by=siep Jdesign procedure is obtained for i, 2,
35 and 4 section filters (low=pass or high-pass):

A, 1 pole {1 .actiom) écneral ' arameter “1lters

1. Givene {‘p pass band limii frequency in ¢/s

ﬁ-w pole 1requen:y L o /F
qen” R,Do 5 terminating impedances in ohms
AP pass band ripple in dbes
2, .F
Ay = —-——{_f—— fqr low pass
P
0N - i for high pass
® fe
30 m — 4 an - ‘ .
{1
|
4 Z = —
2
S i:)q = ‘ + 2 Fr
bz = ( H'm\.\/’z
[ 7;15;—”;—

6o H = V‘O




§o2

) 3 z 2 b I
Pk % g 5 _
P R AP o © T A ~ 0O

The solution of the equation gives a negative real root (- ) and
a pair of conjugate ccuplex rcots with positive real parts

(Rt)iy

Here ry L, > 0.

8. - g =
=6, &
Q - —pthz
2 K+ U

4 C, = —=

v 0 ———é?" TP R(aen

2

LU h Rqﬁ?\ CO

0. a. For low pass, mid-series network (Fig, 18a)

. 2
2 Qy L €
Co 0:Ca

b. lLow pass, mid shunt network (Fig. 18b)
C = (:3 o Ol(:q

C, = &G
2P '\]2 @
L.Z - U,) Lo
c. High pass, mid-series (Fig. 18¢)
™ {.‘JO
Cp = by = 5§~
w D2~
c, - %,




Lv L‘Z -1 LA26‘-| Logs
/U\ m . m
LI L Lo
CZ = CZ,u = CZ€ ==
La L, Lo
. — L
B —|J u
C CZ/~ 26
C, = sz‘"== Czs*-. = C;_J‘H::
C' C -1 C -1 C, G !
| o o <
CZ = C2/~ === C26"=
N cg 1_2/;3 Le %
|
L, L, Lo¢
I ol s I
CZ CZIk. C;_s'
L| % Lé/«-l % LZE’-I % LZG’*—\%

FIGURE 18.




| et

d, High pass, mid-shunt (Fig, 18d4) | = Ls - !c;"
L~ L.
B, 2 pole (2 :ection) :iiters Cz- Ce
I, Input data: Q.
Pass band limit, fp
Pass band ripple, A,
; Pole frequenciss, o,
fece
Terminations chﬁ - Rioq
20
0, = -% ' ; for low-pass
F
.. = “%— for high-pass
\{Q’Z -
| 3. s noeen
] mt Qoo\'.
| l ‘
20 T OTTE,
5, C{; - m‘ + Mo
Jz - m‘ml
| 0l A
6, H = Vi~
be = 1+24d
7o 1 er
bz - bo + Dy ~ .
2
bn* - <| t d\l + J?,)
s 2,2, & by B3, Zi+Z be |
8, + + o 4 = + + -
PO H P T TR P T TR by, P A O




1.,
LS

= 10 =

solution of this equation gives a negative real root (- )

and two pairs of conjugate complex roots, one pair with negsztive

real parts (T ¢ jl ) and one pair with positive real parts

(r‘,;i‘ji“ ). Here

9.

Cvy My Mey Ly, >0
|
2 .2

r'(ra“‘Lz)

= XI (2r'r2 + r:+ ~-L22)
!
2r.

(e
4 (r. +2nr)
v Xs - X,‘ Z,
Qy - 2 “'@Ja:;{“

Qy = Xh(?_[l,-z.—zz>
a - 2 Pi-z

O,

Qg - Xa— X:,Zz

o<
if

ES &<
I

o ™ .°%
!

. X7 C
L= R.C

Low-pass, mid-series filter

L= al,

L, ~ & L, C, = a,C,

Ly~ a4l

Ll,“ __CZ.{?: Lg C“ et G..,C.,
= 0.0

S 5 e




b, For low=pass, mid-shunt filter

Cl = Q!Co
C,=%-C L, = a,l
2 Q2 o -2 = Qglo
C5 - Oscv
- L3 L -
Sl a, s " Oyl
~
k./s hand 05 Co 4
€, For high-pass, mid-series filter
Ca
Cr= =5
Oy - by
Cg - % Cc ) Lz Q.
<
¢y~ &
- Oy L.
y
Com S
s
de for high pass; mid-shunt filter
Lo
I“ Q,
Q, C
L —— L -
2 IZ’ ’ C, A
. c
P | A = o
I"LI Zz Lv C" ’ O“
Le = —ba
Qs

C. 3 pole (3 23tion) [ ilters

Lo Juput datan
fP pass-band limit frequancy

A

g pass band rippie



- 1% =

peiz frequencies

terminations

Qw'—“ ‘jm— =, 2,3

for low pass

o e for high pass

. == i
'Qooi
, | ‘
L = ey
Qo

d’; = Im t h‘)z + m

3
4 . : :
(,‘2 = h’\,mz M img My my
|_,2) Ty l’ 2 T'.é

}“) = | ¢ 2 C‘r;

. B o ) 2
B,o== Ab, + r.f(d' Jy s J + J:) > + dl\
b= byt b b -

Do 4ZaZyopsog baopS oy
F LJ‘ :’% }\’G
Gy 3 Zovrds v Z 2
' 4 ! 2 3 }
! bG F E[;;, {__,‘ P

2,2,%2,23+2,2Z4 P"

be H
bo

BT

!

bgH

=0




The rocts with negative real partss
- - + 0
rl) 2 * JL?_ -
The roots with poszitive resl parts

o
r3~J1

3y Tw tju 5

where again all

19, Y= (rp )

ﬁr*Pz
8 r
v L)I — _,__.._X.,.L:__,_.,a;__;.‘ - O —
{3 - 2
-z,
T Tl b2
Q. = B LRI -
3 T‘_\ Qh
G- T Te(Bimz) .
I3 -i,_ { . L =
§
(] == —— )(;_:., Vz f? 3
! Bz,

2 (.{51' le ‘BZ _21\
N —Ti\"ﬁ, 7
2“-5\"2215([&2‘22\ -Ez
(B -po) T
2 ( (51‘ Zs)(\fh - Zs)
Ts Ty




To

d.

I
Cm e
2' T ]Lf' Rgan
2
L° = ‘Rgcn C°

AW pa3d mid-series

L = a, L,

2ty 2t
- _Zn
C2p - 02/\4 Co
Low pass mid-shunt

= qa G,

Zlntl 2}4:l '
Cz)u =
LZF = aq, L,

High pass; mid-zeries

- 0
(‘Z,A ti Oz,ur.l

Czlh = '%;7&' Ca

L.
L'2,A Qg}‘
High pesg, mid-shunt
L,
LZ,A:\ 02/421
— Q
I‘TZ/‘v _~—er" L.a
e 3 ——QC-O———-
Cyp = =

D, 4 pole ik setion) iiters

Yo Input data

TP) To.o') 'i'oag ' foa;) fﬂch
-Egcn"z plom.l.) AP

,u ly 2,3

*‘,)2,3

fey2,8

/A,: |)2'3




Q = Tsai
oo}, r for low pass
Qw. = '—,]';L— for high pass
L o
- |
<= K./_,,;

d = m+ My + M+ My

== e
Crz M my m‘m3+m]mu+m
+

- .
d; 'mf_ms+ mlmz m

?_ma + Y'Yﬂz m‘_'+ msm,_'

Fmmm
d; M m, My M,

b= |+ 2d,
by = Lbt 2(ddy +d, + dy) + J°

by = Ob, ~b, +d"+ z[cg (C;J,C;;){_dl(mrﬂ
by = b,+ by v b, b, ~dF .

ba= <|+cf,‘+__crz_:k: cﬁﬁ-cﬁ;)z

01 ATGB)
H - \} o "= .
6‘ =Z,+2,*2,+2, 62 =2Z,Z,+ les+zf"-u"~3225 *Zsz+23,Zq
9 Ev 8 4 be 7 Es 6 n b S L
P r TEH P s Pt R P 5o P

3

_L-‘.‘_C'L"'_il.,fi".;_fﬂ_z.{__bs_ _l.__._
TR D TR P T R P TR P T




]

R

Roots with negative real parts:
", T Eil,, —ry i,
Roots with positive real parte:

2 z P2
Fk Y'k + l‘t

Y- (2rpipl)

Y. - M[‘o:<r,+2r3)+ P; (f‘.+ 2r‘,_)+ Ln'.rzr‘s]
-2V (r‘m 2r, + 2r‘3)

Y. = [2 <'—u Pi*Fstj]‘l

Y= X (PE+ pE+ b))

Yo = ¥ pi ps

P = 24X (r +re)

fe fo+ hﬁa _473—;

~

olj =P - 25 L= 12,34

T, "dnsdm*< { (5 (3)
Ty = didas (Bu=p) (P )
Ty = didyy cly, + 9y dy oy,
Iy =d,d,,dy + dg dpy da,

Is = dy Ty + (,Z"“ 2) T,
komd v (z-2) T,
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T-2d,dydy T+ (2,-2) T
Te= 24, Ay, Ay T, + (2, -2,) Tg
T,= LT + (zrzl)(zs-zzyﬂ""z
T - 2<@z-f3.)((3.—{33)

-&/c.\
q = K—%Zi+&zlz

‘e |
(1
¢ o= Cjn d£| dSl T-lo
2 T
9
Iz Tpo
2
Og . _.A_‘?; g&..dz&d_a&.—ri~
L& T T
05 - ng T‘..‘: TS
s Te
-2
Q = —adn das dsy T
G roe
o ]8 !9
a, -« - LETe
! ]G ito
a = e du du T
8 Tﬁ
by B 2
Q. = - {‘* T d/5 Zy 'f}éz—w
e
§ d,
i. &, Low ass mid-series
i ;
=S ¢ -
L'Z}m ":}. o e » h2,3, 4
L‘ . s éf'... Ly
£ 2

(12,4 == OZ;\’CD




b, Low pass mid-shunt

CZ,AII - OZ/A:| G /A ~h7,3,4
- _Z
| Cyp ?2/;— Co
LQ}A = OZ,LL"
c, High pass, mid~series
G
Calutl = QZ/.LI ,A‘ l)Z)S,L{
Oz
Cp = -2-C,
Ly = —=
2p 02"
d, High pass; mid-shunt
L. !
Lz,m= Qg ,'*" h 2,34
Lz" —-Z-‘;f—' l_o
C p— CO
h Q "

By using frequency transformation, the results given above
ran of course be directly applied to the design of band-pass and
band-stop filtérs with frequency-symmetrical attemmation
rharacteristics.

If the poles fed into the procedure have been calculated
~wing Para, IL1.,c. or selected from special tables (observing
tne different normalizations) an elliptic response is obtained

{or the filter,

g Frequency-asymmetrical band-pass filters

Eq, (5) shows, that a properly selected q, must be imaginary

P2 the pass-bands, real in the stop-bands and it must have the




value 1 at astermailon psies, For frequency-asymmetrical band-

pass filters {nmot derivable by a reactance-transformation from a

16

low-pass network) a suitable form of the q «function is thereforer:
i

2 2
Pz+ @
CL- = m 2 Pz (15)
L P+ Q)_P
with
2 2
2 _—QOOL + OJ_P
. == % T (16)

Here w_P and C)P are the lower &fad upper pass=band limits,

This ¢hoice of q, leads to a proper characteristic function
through the steps described in Para, II,3,b, The network itself
can then bs obtained by convenitisnal technigue,

It should be mentioned heras, that identical results and

formulae can slso be obtained for general parameter networks

P
443

using potential analog rather than reference filter technique,
The latter; however, provides somewhat more insight into the

physical background of the process,

PEIRE

#, A graphizal method of obiaining the pcle=frequencies,

2.

Hithertc 1t has been assumed; that the pole-frequencies are
prescribed or known, In some zases thig happens (e.go for filters
zuppressing specific freguenciss, elliptic i“ilwra)g often
howewer a grapnizal specifizatien 5T frequency-dependent require

ments are toc be met with the =stabiisntment of a suitable number of




poles at vroper places. The situation is alleviated by the close
connection betwe=en the operating loss of the real filter and the
image progation function of the reference networkt By Eq. (1),
with preper approximations valid in the stop-band

Ao(p)g 20 Re 5 19 ag}: A+ 10 |9 [|oj'?°&— 1-1 —6 . 7)

Here A, is the operating loss in the stopsb;and,, A.L' =Re (O)
is the imzge atvermation of the reference filter and '4P the
pass~band rippie, a1l Ir o uo sy,

Using Eg. (17) and the curve of Fig, 19, the problem
simplifies to the establishment of poles for the reference-filter,
A graphical process using special templates is available for
rarrying out that task,

For the use of a single template;, it is necessary, that the
sttemuation~contributions of the individual sections of the
reference-filter (corresponding to different (), =S )
be plotted by identical (though shifted) curves on & distorted
. frequency-scale,

~ Since in general

9. = )((Qm) F (@)

qL<Q¢0L>n {l- QQN') F- (Qoo\> =

| F(u)
AT o)
Also, by Egq, (5)

and

,A\‘Lv“ i ‘ ﬂij_l__ (19)
Qi - |
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.y -

50 N

) - \"‘
{ & 4n o 1T ot 4 aend . are defin=sd by
TRl J & 3V ooy 3

™~ pa—
‘ V-

Az requir=d, A iz orily dependent on

ISR

H

A, :pdt Z4 describe the contour of the templates,
ara nlothed on Fig, 20,

N~w for a low-pass filter, by Eq. (8)
K“nnikakam) - n

pives the suitable fregquency-~liransformation. This can be

25 the loss-contribution of ithe section asgscceiated with .fl

(21)

oo, °

e reference filter is utilized, s loss
hate to be associzted with the half-section.

They

(22)

nlothed permanently on the absclssa-axis of the graph-paper

Fer the asymmetrical hande-pass filter Fi. (15) is the

L3 - Ry EA.
aedg oot the 1y

nowever, on the GLP/Z% 1% ¢an be built up from a

cemaiant Peoes¥earmation o7 th: forw

_,Q_ = - CO'tH X

crpency-trans formation, which will depend now,

ced 2 simpler relatinn batieen @ and fl, which needs 1o be

38

filter specification.
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Figs. (21) = {22} shcw examples of low-pass and asymmetrical
wandepase filters with general parameters designed using the

wa2thods described in this Secticne
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IIT, TINSERTION LOSS DESIGN OBSERVING PARASITIC EFFECTS

In the derivations of Chapters I, and II. the ideal behave
ior of the components was tacitly assumed., Contrary to this
supposition, parasitic phenomena due to the stray capacitances,
industances and element losses, temperature effgcts, aging,
tolerances etce have often detrimental effects on the response.
This Chapter will provide - with certain additiems - a summary
of existing methods for dealing with this situation. Obviously,
ths problem is twofolds it is necessary to estimate and if
required, to correct for the parasitic effects. With one
exception, the existing procedures can only be used to analyse
some specially distributed stray phenomena.

After that, in Chapter IV, a comprehensive new theory is
presented for the e¢stimation and precorrection of parasitic
effects on the response. It has special computational agdvantages,
provides valuable insight into the physical back-ground, and
imposes fow restrictions on the distribution of the disturbing

element s,
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IIi, 1, NON-IDEAL CONSIDERATIONS IN COMMUNICATION

NETWORKS % %101 2%: %7

This Section will present some simple statements and methods
for dealing with parasitic effects without using special math-
ematical techniques. The estimation of the effects of non-ideal
=zlement characteristics on the behaviour will also be discussed

for some specific situations.

a, Temperzture effects

It will be assumed that the temperature-dependence of all

zlements can be described by

= + -
Xom X [1+6 (T- 7)) @
shere (f;( ic the temperature coefficient of element X, Let now

11l capacitors have coefficient cfcs s that is under the designer's
tontrol and the terminations have 0‘;, also freely chosen by the

feaigeer, while the common temperature-coefficient d;_ of the

c2ils is prescribed. Then the changes in element values

alby
L'LL - d:. AT

-%_CJ. - C{ AT (2)
i
_%i_k_ - oj; AT
=1 be interpreted as the results of a change in the denormalizing
Trequency and impedance-units.

o

Since {. R
L ]
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c
- —
G R, (3)
R; rR.,
no arnite are changed according to
C{)Z — Q".' Cl '.'L C;
L G

LG+ LaT)(1+ & aT) )

o b (P>z.,, S L AT RI(1+dpaT)%,
oG Fe LG 1+daT h2

can be seen, that the response will remain undisturbed,

TS
Lt

the frequency-unit does not change, i.e, if

(1+ L AT)(1+d. aT) =

(6)
~toai ths terminaticns are re-normalized with the new impedance~
H %"’,'? 1.
l+ di. AT ( 2
= - (l+d AT
AT L AT (")
Neplecting higher-order terms of dAT »

d - —d (®)
N
O, = d, (9)

sbinined,  Choosing c§; and d; this way, an approximats

<ntign is achieved in a wide temperature range., It is

iyt seey that this implies
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e oF Z oF
o 2 v L (x0)
Ly ; CJ G Q“ ng 0

(k)
for any transmission ratio of like quantities ( Fa X Je
2
In a practical application, this compensation technique

gave sun accuracy of i

«001 db in an extremely wide temperature-

THNGE o

b, High-fraquency considerations

’

2l special precautions must be made for filters intend-

[ .
A BT

»1 for very high frequency (5-200 Mc) operation, Most of these

nezded because the element-values tend to be very low at these

SETRQUATIELES

and thus the effect on stray elements will be

OV D

drnedd. Apart from wechanical construction, material,
mlelding. tuning, ete, problems, which are beyond the scope

of the present analysis, the following synthesis considerations

1s All e¢lements must have a parallel capacitor absorbing
yocapdcltances,

Zs All podes must be capacitively loaded to ground, for the

B s LA

iy o element value must be comparable with the value of any
o7 vepenent disturbing it,

iitas }and 2, are satisfied €.g8. for the symmetrical

Inw pass configuration, but not for the frequency-
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symmetrical band-pass network, that could be derived from it
using reactance transformation.

Several exact and approximate network equivalesnces are
available for obtaining a network satisfying these conditions.

36,
Fige 23 shows a low-pass to band-pass frequency-transformation

[

of & mid-shunt circuit to a proper band-pass circuit meeting
Conditions 1, and 2,.

Fig. 2l shows an approximating proceduréﬂfor the trans-
formation of constant -k type networks into narrow-band

b

band-pass filters,

Finally, Fig. 25 shows a series of network identitie:d
useful for the fulfillment of Conditions 2, and 3, (the simple
detta~star transformation is also frequently required),

The eaquivalences ¢f Fige. 23 = 25 can be checkad e.g.

Wy comparing the immittance parameters of the circuits,

Figs. 26 - 27 show the circuit and the (measured)

claractoristics of 2 65 Mc filter-pair designed by these

schniquesa

nimation of dissipation effects on the response of

2)‘0
networksa.

Toe simplest treatment of dissipation effects is possible,

JE it iu supposed that the dissipation constants
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R
G
dc - Cc (12 )
aye the same for each coil and capacitor and that also
d- d. =d. (13)

n that case the effect can be described by

pL—>pL+RL—(p+d)L ()
pC—=pC + G = (p+d)C
lote .
p—=p+d - (15)
this change can be interpreted as a shift of the jw -axis
. the right or the shift of all extreme frequencies to the
137t by d.  Thus evaluating the response along the d+J'6.) line
/i1l give the lossy behaviour. More explicitly, if the (complex)

pmanmnission is

F (jcu) - A(w) 1—J'B<w) ) (16)
Floaen) s As _9A ; 9B
‘ (\'i Jw> A JB * d[ 9(jw> J g<jw) (17)

a-ul. U3, using the Cauchy-Riemann equations, Thus
9B(w
/—\(ﬁ)) - A(w)+d ——QEJ—)

(18)
B ) — B(s)-a 4L

i L]
o ihe approximate effect of this homogeneous

PR VRRW) ¢ P8




it ie isportant to notice, that pure real or imaginary
quantitics do not change B (w ) and thus do not contribute
{in first approximation) to the change in A. E.g.in

vhe wolitazs ratio,

A+ pB
/\"—%P— - (19)

P is even and thus real for p=jw . Consequently the change in’
[_/\] ¢c2i1 b2 analyzed by replacing p by(p + d) in the numerator

only, Obviously, this does not hold in the neighborhood of any

J6) =uxle pole, where higher-order terms of Eq, (17) are no
)
longer neglipible,
A were practical assumption is to make all d -s
equal among each other and similarly for the d,-s , but to take

d. # oo - (20)

Now the general circuit-determinant element of the four-
4L,2,12
pole (%, Ege (11) of Sec. I.2.) will change according to

PGyt (pra)(prd)LyCy ¢ (21)
gy Fcij <p+d°)clj

11 ihis Gege the impedance-parameters (Eq. (12) of Sec. I.2.)

— _ H(p+d,_)<p+do)] (22)

L5 T b+ o

o . flr
Zylp)y —= L« [[f:] - A Zy (p), (23)

([,M: i\P+(jL><P+dc)]/z=‘ P+ i‘%g_". - P+da (21‘)
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1nd _ J % J
= __E___L_ = _‘-__& =
A { P"'dc] l+ =5 l+d (25)
It is important to see, how much error arises, if
A=) (26)

is used, i.e. if the actual loss-distribution is approximated

with a homogeneous dissipation characterized by d,. The error

could be measured by the change in attenuation caused by it.
Normalizing each Zij to ('R-L Rj>V2 , Eq. (6)

of Sec. 1.2, gives

. " Zy+Z,t2[2]
AA loa’A’ I+ d Sz z (21 (27)

where all Zg = Z;j(Fu>- .

Two special cases are of interest. For symmetrical net-
works, using Eq. (32) of Sec. I.l., after some calculation.
2d 3 -
|0Al< - - 2(Q'- Q) (28)
is obtained.

Similarly, for antimetric circuits, Eq. (33/a) of

“oce lele leads to

JaA| = 5 (_3_‘_)2 (29)

In certain cases it is possible to predict the accuracy
nf this approximation even without resorting to Egs. (28) - (29).
“rom the mesh-equations (1) of Sec. I.l. it can be shown, that

-z driving-point admittance at any points can be written as
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YD=A[F +jo<V- T)] - (30)

where F, V and T are the average loss, the electrical and the
: 3,9
magnetic energy for unit generator voltage, respectively,

If Y, is pure susceptive
BB = e (V-T) (31)

and

XB = _—.BD (32)

is the driving-point reactance,

dXD _ XD T+V ‘ lxbl

results.,
Obviously the total incidental dissipation can be written as
2(dT+ok V) =2(T+V)d. +2(T-V)d (3L)
Here the first term corresponds to the homogenecus
approximation, the second to its error. According to Egs. (30)
~ (33), the error can be neglected, if Y, is purely conductive,
or if it is a sharpl)f frequency~variant susceptance. Since it
is easy to show that for a large variety of circuits (all-pass,
symmetric, antimetric networks) the total electromagnetic
__Egsﬁ_ dB sfor networks exhibiting large

2 deo
delays the first term will be large and the approximation

energy is

icourate,

In any case, the accuracy of the approximation may

“eteriorate for very low frequencies and large losses, as




Egs. (28) - x49)-and later Example ¢, will show,
For netwarks dsrived by frequencyatransi“ormtion; it is
possible to calculate the hypothetical loss to be associzted

with the (Low-pass) protusyps, I

P f(® (35)

gives the frequsncy-variable of the prototype, the lossy resuonse -ar

e rung By ” LT

1 T\F’ F‘)q =P f(P»)d (36)
where D is 2 properly chosem frequency. E,g, for low=pass
{0 band-pags transformation. |

Pt + w, w.,

‘{ (- Wp) (e - ©)

P = (37)

and choosing

2 d. o
\/(‘*)p‘ ©p) (“a= W)

results, bspecially for narrow relative bandwidth, this will be

(39)

P,=P+D = P+

# good spproximation. Now e.g, Eq. (18) can be used to
derive the lossy low-pass response and then, from Eg. (37) the
Final result, |

Por sharp ne_two:ks s the largest par’i:, of the distortion will
be cauéad at the pass<band limit(s) by the shift of the complex

zero(s) closest to the cut-off point, This effect can be
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calculated from the ratio of the originél'and changed foot-faqfors

DA« fln Py | Rerde=(ivja) |
. . 2d Pe = (Coti+ jar)
(Pig. 28.) and aince: the cut-off frequency |

R= vy | SRS
the distortion is approximateiy '
A 5 8686% (h2)
S, { ’

in degibels. !
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: th 19, 25,27,
~ITI, 2, METHODS FOR THE COMPENSATION OF PARASITIC LOSS~EFFECTS

FPara, III,l.c., gave methods for the estimation of loss-effects on

somunication networks for some special distribution of the losses,

viz, for homogeneous loss (all elements equally lossy) and semi-

~owcgeneous dissipation (alli elements of the same type equally lossy).
"% some techniques will be presented which seek to prevent these
o 'fects,  Some of these methods can be incorporated in the original

wwslgn procedure, others can only correct the already synthesized

na BTk,

2.  Yredistortion for homogeneous dissipation.

't was demonstrated in Para, IIT.l.c., that the effect of
~wogeneously distributed loss can be represented by the p - p+d
I equency~transformation. It is rather obvious, that the re-
casement of p by p - d in the original transmission function acts

an anticipation of this effect. If homogeneous loss is added

i vetuorl designed from the modified - "predistorted ' - function,

FLiL o wend Lo restore the desired response,
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1,25

pecial care must be exercised in the course of this procedure

to avoid the violation of the realizability conditions of Sec.I.3.,

ecpecially the conditions of Para., I.3.d. or I.3.e,
Various casves will now be treated in some detail.,ZS)
If all attemation poles are imaginary, the replacement
p~—~p-d (1)
will destroy the even or odd character of the denominator(f or P).

However, by making the

30 oy _9(P-d)f (prd)
S(p) £ o (P) = f(p-d)f (p+d) !

iransition, this is prevented. Also, since f (p + d) is Hurwitz,
if the condition

d < |u | (3)
{wrhimre ¥ is the real part of the natural frequency closest
t7 the imaginary axis) is satisfied, the new numerator will be
turwitz, The factor

k > | )
i normally necessary for satisfying

S ()] =1 (5)

¥or the predistorted insertion voltage ratio

2
Aoo) 7y - R @

wionifies the new termination ratio, (See also Para. I.3.e. )
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bi

I =zie attenuation poles are complex and
d < Re(]oj) (7)

for some pole Py, Eqe (2) does not give a Hurwitz numerator.

“wever, by splitting {’(P) = fH(P) f_NH (P)
into Bwwitz and non-Hurwitz factors and making
coo 9<P‘d> fH (P+d> Tnn <‘P—d) (8)

S K fo(prd) fulprd)fi (p~d) fws (=P -d) )
tiie numerator has only left half-plane roots, the denominator has
propsr parity (even)  and, ISPr\ remains unchanged,
Assocliating common factors with the numerator and the denom-
wator of 5 {efe Egs. (2) and (8) ) increases the order of the
Fertunately, as expounded in Para, III,l.c., the
Loroseney=shirft in the denominator has only minor effect on the

soupcnsey consequently it may be omitted, As the derivations of

vara, L.7.ue show, this may be necessary anyway, if a ladder

veazdization 1s required.

a4 large amount of loss, the stop-band attenuation near

For
. passehand(s) may fall intolerably. In that case s @ compromise

by pradisvorting exactly the pole-factors corresponding

Pen by
N
x

nearest poles, and leaving intact the others, If

Fe) = (e f2(p) (9)
i §,{u) contains the critical pole-factors mentioned
o g(p-9) i (p+d) (10)
i fi(pro) fi(P=d) fa(p)

L
Lrd
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will have all the required properties.
According to the analysis presented in Para. III.l.c., the applica-

tion of this procedure to networks obtained by reactance transformationz’

is straightforward. A predistortion of the prototype network by
) (12)
P - P -f (PL) do

followed by the reactance-transformation will provide the final predisq-,-‘

torted circuit,
For networks with sharp cut-off, Egs. (41)= (42) of Sec. III.l. can

be used t6 find the proper terminations satisfying Eq. (6). Some very

useful diagrams summing up the calculations are shown on Fig. 29,

b, Precorrection of single-loaded circuits with semi-homogeneous

dissipation 27,

For a single-terminated network the immittance-parameters can be
obtained from Egs. (3) - (8) of Sec. I.h, E.g. for Ra- 0

using insertion loss parameters:

2= R~ 4

P
Z,2= R. PB ¢
As Egs. (22) - (25) of Sec. III. 1. show, the effect of a semi-

homogeneous loss can be described by
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Al o, fGerd ) g7
ZL_] P ZLjd P+d°—J (13)

e g
chd: {LPP:_Jj ) (1)

Accordingly, the proper predistortion procedure for the Zj--s
can be performed in two steps. First
P™FPa~ p-de (15)
is substituted, i.e. a homogeneous predistortion performed on the
! j=s - Next, the replacement
Py PL 9 (16)
in £ (p - d) and the substitution
p,~9 — Px (17)
~# the linear divisor factor are carried out. The expressions
+hus obtained must have the form
Z P ‘ig—ie:)- (18)
d Pr
*- he realizable by the final predistorted reactance network.
The following symbols will be used for the voltage ratios
sHtained by the individual steps.

For the original network (N) with dissipation factors d,

end d,:
A = A+ pB ]
= P (19)
e (hypothetical) network ( N§) obtained by homogeneous
arodistortion, possessing dissipation factors I d ) has
A ___A_‘_‘_;_*—PBJ. (20)

§ P
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" or by Egs. (94) and (Q3)
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Final predistorted reactance natwork ( Ny ):

' - A‘R + PBR . e .
A B (21

Obviously, as before, with a good approximation
As(P)rpBs () =A(p-d) + (pd)B(p-d)
TE)- PC) . 22
Alﬂo, by FQo (:u-l)

“ - R'—-AL‘%‘:.E;_%'
v Fé&; " 4s (-d’Bn(P~‘) (23) .

Zox= R FE:% aa Zn.J"' R,

Using Eq. (B) of Para, L.2.b, with R = o ("‘ S)Ba (3

A _ A(P ”do)+ "dl)-B(P—do - -RLZ" (24)
g -P(P> , V Zad _ ‘

A= A+ b8 _ AEd)e(pd (-4 (as)
o P RCp-dy
from which the predistorted polynomials Ag , By, R , and the

impedance-parameters could easily be found. Clearly it is possible
to write

AP - Ba (680 = Ay (p)
~Br (p'-d") = By (P")
w st Tx (F-d1) = P () >
Au(P) = As(pH+dt) + d By (p'+d?)
Ba(P) - By (prdY) (27)
P (p‘) -. P (‘PL"‘J!) -

Eqs. (27), (22) and (23) constitute the solution of the

(225)

problem,



; Tt is worth mentioning, that for the special case of constant-

i low-pass networks, explicit formulae can be found connecting

tha coefficients of A + pB to Al+ PBz (P.—-.PKE') 3
The predistortion procedure just described evidently applies

to the precorrection of filter-combinations equally well

‘::":f. sSec, 1460 )o [

The predistortion of double-terminated networks with equally

lossy coils and equally lossy capacitors.

The physical argument of the previous Paragraph is equally
**i4d for the double~terminated case. The same mathematical
- rivalion, however, does not prove to be useful, A completely

~ilogous process using Eqs. (13) and (19) of Sec. I.2,b. results

A (- d7) - I By (p-d?) = Ay

/2 -
-BR (\P dz) BJ (28)
Pa (PL'O”) = Py

Alp o) = [ By (¢ - 9T (P90
- Ap(ptedt) - [P @)
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)

a system of L equations with § unknowns ( A, , By , Py , Ag B; Yo
12,25

It is necessary therefore to use a different approach. ’ To make the

equations somewhat simpler, operating parameters will be used,

By Eq. (12) of Para. I.2.c. and Eq. (1L) 41t is: advisabiel to write:.

LR P)
LJR v R, R __fi__L ~ (30)
‘/"_ ftin (p*~ Jz),_ fi (e
ZijJ = Ri R_) ) p—cf B RLRJ _PJ:(CE;)

and thus from Eq. (5) of Sec. I.2., with an even f

9 _ 9%+95 _ 1 _ﬁ:jg +(p- J)Zk)
7 f. 2 [ *'(M) 1

[ﬂ B fu fzz B fnaz . (32)

Equating even and odd parts and s:.mphfymg results in

where

fn + fzz - g [f] d
+ N T = 2 & (33)
I R T 2
and [ ]
fl . p 94,
P 2 + = 2 < . (3&)
fnf (P - 52) . flz fc;e.
These expressions contain the linear combinations of _F“ 1';
[}
and PRV « It is rather obvious, that the symbolism deil‘zlm.ng
he ff&Pb‘C{) P N (35)
o 4an e DY P + 5 62 T — e 3
27 P T
S o _he o

f'z fJe,

is expedient. At this point, however, there are still only 5 equations,
Egs. (32) - (36),at our disposal, while ‘the number of unknowns is 6 (f

[{']) I'\c) In) ). The rational
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character of all functions involved can be uaed to overcoms

~ this difficulty, From ¥as. (34) - (38)

- _Pfe

R f‘l,
and 96

| [f] f _9£.___ -(p- C;g)_%:j,% ..

From Eqs.. (33) and (36), after some calculation

| f - P(SLH‘) dhe
snd : 9 - e |
. E E fﬂ,{. he.) Jhe_
. 9. -
follows, '

Subatitating Eqs. (37) - (4O) into Eq, (32) gives

Er(n) - (g SR~k

.angd &fter bringing into a wore convenient form

""_‘)(9&‘ .> t!, [hz _(35,,,: “‘")]

] Mervirgthnt%, fJ and h, are even, wh:lloa and h,

are odd (see Bqe. (35) - (36) ), for
I
I(' i)%

h—h+H H (3&p‘H..

< [hp

wﬂh

(37)
- (38)

- (39)

(40)

(k2)

(43)
(bk)

(45)

Eq. (hb) is completo]y analogous to characteristic equation

Sec, I.lssJo It can be solved, although not uniquely, for h.
After that,the even part and odd part of h supplies h,

" of the 10951935 1usertion-loa_s design process (cf. Eq, (12) of

wy. .



" =nd Egs. (37) - (LO) give fb_] o Eq. (30) can then be used
“ind ng and Z-R. Ve get

7 - R (p-9%) 94, +P'he +pho
by~ poa P3a, = don + pho

Re (p*-d4) 9¢ ~ pth.+ ph,

7 ==

“ad  p-d P34, - d‘g&_ + phe (Le)
= \]sz p f

-~ QJ P-d‘ Pg ‘? }.,
#inally the ZLJR are obtal ed by substituting the p - d

‘iser for p and changing p into p trdt in anl (even) polynomials,

Eq. (bh) suggests, that simpler mathematical procedure may be

“nlam, dAf 5; is written as

S8 _ _ (-5 q(r)
% % g wn

iris assumption will be proved by the following derivation.

:5 before, h is defined by

gt = 2+ [R] | 18)

¢ vrocedure very 51m11ar to the one just performed, gives

(frfu)(p-8)+ [H] + (p-d)F Fe+9e | (19)
2 (p-d)fa p-d  fe

nmparating even and odd parts
Q

@ _[l-dlthefa)ped®  pfi-d)tu-d)- £ )
T 2l°f"7- ZP]""

9% hitfa-2d _ G.-J)f(‘['er)
f. 2fs - Z4a &1

iom Bg. (U8 ), on the j@ -axis
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2 2 2
he =he ﬁg‘*ﬁz_ —
fe {e (52)

. Substituting from Egs. (50) - (51),

. ".:-fi.‘: : 1 | . N

te ~he P [(h-cy)*(fzg—cf)] - [Pl*' (fn'J)(fu‘J)"f:g "pr"‘f::‘
S e 53

results, Carrying out the operations, the right side of the

equation turns out to be

([ (=)= (h-)]|- [p[B-(hed)pud)ett])
(2641 )"

Henca the identifications :

he  (a-d) = (1=9)
T 5T (55)

e P (hed)(fud) e fd g

(54)

fe_ ZP‘f'IZ ‘

=27 he made s

osm Egs. (50) and (56) ¢
| | flz =P 90': h, (57)
f v . Bgs. (51) and (55)
- dfe B o g e p Gezte (58)
i e o+ h.
{22 J"’ P 9 + h. (59)
. ;. - _ p, J(Qo""‘h) + P (9¢ = He)
; retore Z!d' P__d' 9 oF he
| o Ry J(g.th)+ p(g. + he)
¢ 422,5“ p-d Qo + he (60)

7, f \VRR pfe

p-d Gt ho : \
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Again, by the simple steps described following BEq. (L6),
the ngcan be obtained,

It has been tacitly assumed, that S; contains a constant
factor to assure realizability condition 2, of Para. l.3.d. for
Ny . Practically, if this condition is satisfied for S; with
a small safety margin, Sﬁ will also be realizable.

Very careful considerations must be given to the exact
algebraic form of S and h. An analysis similar to that of
Para. l.4.e. should clarify the connection between the necessary
form of these variables and the desired configuration and term-
inations. The derivations can be based upon the reflection
coefficients of Ng , obtained from Egs. (60), (L8) and Eq. (1)
of Sec, 1.2.

_ h(p) d (61)
T 0L 9y P

T
“ 0-%5) 9(e) I

d, The perturbation methodl3

Throughout this Chapter special loss-distributions have been
asssumed. A more general method will now be described for the
correction of network responses for arbitrary Q-s.

Let the transfer function of a network containing ideal
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elements be

T=T(m Pz, 0) (62)
where p; and ZJ are the zeros and poles, respectively, and the
O symbolizes the absence of dissipation. The transfer function
of the same circuit with a small amount of loss will be

E - Td (P) Pit4p, Ztaz;, rk) (63)
since the critical frequencies have been shifted slightly by the

dissipation. By definition

la(zurazy, povap, z+az; r)-0 (&)
or, using
9T
TQQT‘f(%-‘@TkQ, (65)
)

T‘;P-Zu ( +<% ngrk )AZL—O - (66)

Observing, that Y, and Az are both small,
~ Td '
Az, = - <-'§T . s - (67)
L
A similar analysis involving }/: and p, rather than T and zZy

ohviously gives

[P | ’ (68)

— e

"9 T Jpep
Now if the transmission function T is precorrected to exhibit
p-ap; and ZL'AZLaS its critical frequencies, evidently a first

grier correction has been achieved.
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Unfortunately; this method is extremely laborious, since it

4involves the computation of Tj , %{: s 3130 the factorization and

reassembling of T, Also, it doss not simplify for degenerate
loss-distributions, (Semi-homogenspus dissipation, lossless capacitors

or a single lossy element),

e, Special Fechniques

Nomerous design procedures have been developed to
compensate for ;lissii)ation effects in special situations., Many
of these are onljspplicable to circuits designed on fhe image-
parameter basis and are thus beyond the scope _of this thesis, A
few others will be briefly demonstréted in this Parﬁgrapho

For the case of a marrow-band band-pass filter that consists
of series-connected resonant and shﬁntéconnected antiresonant tank-
sirenits, Butterworth or. Chebyshey response can be achieved evan
with lossy e}enenta!f If all circuits are tuned to &,, the
mid«band frequency, end the cirguit is fed from a current-source,
the los‘sy transmission regponse can be written as a polyﬂomial in

P - J<-£—- - -%— - (69)

Comparing this with the reqpired Butterworth or Chebyshev
behaviour and equating the like coefficients; the element and Q-
valuss can be established,

4]
A simple method is availsble for achieving infinfite
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attenuation of the pole-frequencies of a lossy network, even for
poles located very close to the pass-band. It is illustrated
for a symmetrical mid-shunt low-pass filter section (Fig. 30.a.).

By selecting the component values in the lossy network of
Fig, 30.b. properly, after a delta-star transformation of L, -2R-L,
the equivalent network of Fig. 30.c. will have the same series and
shunt inductive reactance (at the attenuation pole-frequency) as the
ideal network of Fig. 30.a. In addition, the total complex shunt
impedance can have a resonance at this frequency. These conditions
provide the required equations for L,, L,,R and C,.

The dual procedure is illustrated on Fig., 30.d, Here star-
delta transforma£ion may be utilized,

Unfortunately, since the practical application of the procedure
requires the extremely accurate tuning of several elements simultan-
eously, it has very limited use in communication networks.

An important special case is represented by the lattice networks.
For these, a large number of network equivalances (Fig. 31) ex:i.s'c.,aj9
which can be applied to transform resistances into the internal

branches of the network., These resistors can then be used to

absorb the element losses,
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IV A COMPREHENSIVE THEORY FOR THE ESTIMATION AND PRECORRECTION

OF THE EFFECTS OF LOSSES IN COMMUNICATION NETWORKS.

In this Chapter a new theory is presented for the estimation
and precompensation of element losses in resistance-terminated LC-circuits,
It is based on some fundamental network properties. A number of new
general theorems for the special cases of ladders » insertion loss-designed
networks etc. are also proven.,

The design method built upon these theoretical considerations is
described and demonstrated through several numerical examples. The pro-
cess is valid for all commonly occuring loss distributions. The procedure
uses .quantities that are available from the loss less design and suppliess
a8, ‘the displacement of transmission poles and zeros due to dissipation,
b, the individual effects of the different elements in the resulting
distortion,
¢, explicit expressions for the predistorted transmission function,

d, the effects of Q-~tolerances.

The method is not restricted to dissipation effects, It could

equally well be used for other parasitic phenomena, e.g. stray capacitances,

element tolerances, etc,
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The formulae are specially simple and useful for the
important ladder-configuration and/or for the case of equal loss-
factors in the like elements. In the latter situation, it offers
an attractive alternative to Darlington's procedure (Paré,III.Z.c, de
Examples are given to show the relative Simplicity and the

extreme accuracy of the method in practical network synthesis.
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IV, 1, THE SENSITIVITY OF DRIVING-POINT AND TRANSFER PARAMETERS @ 7 =

A mmbér of simple relations can be d&ived between the
dx;ivingépoint and transfer quantities defined in Section I,1, and
their dorivaﬁies with respeét to an arbitrary circuit immittance.
These rolatioﬁs will prove very useful in the analysis of. and compens-
. ation f;dr the effects of non-ideal element behavior (element

| variations, tolerances, dissipation etc.) on commmication networks,

A few direct applications are also stated in this Section,

4

8, Sensitivity of a parameter &

The sensitivity of & parameter P to. the variations of element x is

defined a8

P 3 lh x P Sx (1)
Since P and x are normally known, the determination of S: only

requires the finding of %}; °

- If P is a driving-point or transfer impedance(Zh)and X a
Ilateral impedance in thej-:h mesh (z), Egs, (4) and (5) of

Section I.l. give

E,_ A 4+ z Ay .
‘LT AT Az Ay (2)
where A 18 the circuit-determinant and A'- A| !

z=0

b, The seneitivity of driving-point impedances

Différe;tiating Eq, (2) and using Eq. (1), and
Admd - Aab Aw — Aad Acb) (3)
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t‘le following relations are obtained for a driving-point impedance

(l=m =1):
2, _ Ly _Ayjd o Z2P-3 ()
9z 4 h, VAR
7 Z 4 " ’
i L !
T S 2
7, Zy [l _ __‘Zn._] . (6)
‘0z ZJ Znoc
If"‘) and ZJ(;C)are illustrated in Fig. 32¥ It is interesting to note,
that (o)
Ze o A Ay 4 4 Z
ij(oc) 4, JJ gAY 4, 4 ZJJ
Als
° 92 _ < Z )2_ L \?
(az Z, - I, (7)
and similarly
37 » 97, E:\2
%y 7% T T T (\—TJ,_> o
— -2 -2 T. \2
el --d- () o
@{Zn}-la z ¥ 97, <_E.L>2 (20
3y ( Z, ) 9z \ E/° o

W, ko
Egs. (7) = (10) include the familiar Cohn-Vratsanos theorem.’

¢, The sensitivity of transfer impedances

For transfer impedance ( L =1, m = 2)

@Z. — __A__h_ _ A|2"A - ZI Z
o 4q i Ry B

# Ziand ¥,y =~ also illustrated - are sometimes called "plier-tg’pe“
impedancieJ and "soldering-iron type" admittance, respectively.”
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FIGURE 32.



92, _ Z Zy
9\3 Yz [[ — .Z'§59] (12)
—((;—) <  Z, ->_I (13)
4
QZ@ - ___Z_lz_ . .
o Z; 2 (1)

ij is illustrated on Fig, 32, Z( <Z ) is the value of
7

a2

case for the configurations of Fig. 33 (which include the

for z =0 (o0 ), If Z,Sx)or Zl(f) is zero, as it is normally the

practically important ladder networks), Egs. (11) and (12) simplify

to

9Z Z
ek L ]
Dz ZiJ' (11/a)
and _
4 Z
et vank (12/2)
@lj YU
Taus for these cases
F.Z _z (15)
SZ:z ZJ-J- Z+ ij

¢ Y4 _ .y (16)
N R

saopsctively (Fig. 33).

¢, Applications

The main application of the formulae derived above will be
rhown in the next Section. However, they can also be used in
wlysing the effects of element tolerances and parasitie

Coeaomena on the insertion loss or reflection factor of passive
f
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" a double-igaded network (Fig.3h)

[
£-}

Ra
. Z/ =
- ~ E-Z;z R,Q_ 9 -Rl+pz

sranefor Jmesdance of the whole network, Now if

tie

eiement (Fig, 33,a,) changes %o Zady s and if

-~ B 3 3
o B "geries

e orearissd Lo spers and radians, we get

[ S R |

\j 5’”: ) !;é e , = .._.,g:;igmn (18)
- 3 C.ilz'

¥y g : Fop X
[} g.“g i';ﬂ o e o

. (19)

Glmtlaoriy,

{ (20)

A
{.

T
Ons Interasting conciusion thit could be drawn from Eqs. (19)
ard (20}, refara to reiworis cperating in their pass-band, Since
inm this case Z“. syl \J/ are approximately resl, the effect of
’ : J

disaination, resulting in reaidz-s and d‘j -Sy changes, in first

approxtmatlion, oty the loss and n:Y the phase for any distribution

Dwith cavinin restrinilonsy » this has been shown by

Parsaft:o capiotcances on the “angai? branches, on the

At Iresnens

hoh

Petlepustlon polee o Boa J10 0 and TZ00) e longar neld. Instead a
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for "series" element = Y

z & A & o)
2 72 d_(j (g.c) ZJJ o‘j
M= in <o, . (22)
i (Ri+Ry) Z.!
Similarly, for "shunt" element j
~ A s VA%,
Z = L <
| ¢ Apj  dz Y oz (23)
(Fig. 33,b,) and
. (OC)
[ = In : (21)
L R+ P,_) \/ d=
For the reflection factor
[ R~ (Z,-R) - 2R, |
' R+(Z,-R) "z (25)
and, using Eq. (7)
-?g—‘— == ra?‘ QZ" p— Q-RI .
9Oz 02z, Dz - Zz - (26)

Equations (15), (16) and a different form of (22) can also be
proved using continuants for ladder networks.
. If the circuit has to satisfy stiff reflection loss
requirements,

Ly =R, (27)
throughout the pass-band. Then the distortion (in Nepers) caused
by the loss in impedance is approximately

R P TAR  R g W)

92 9P, 2 > _ P,
where the dlssipated power is

o~ AT .
Bl - AL ry . (29)
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negligible, since

—%— -o0. (0)
(e =Q'
Using Egs. (1l.a.) and (29), >
v E'r r
N~ & S I R (31)
£ | Z,1* JI 2 Z; )
and
Ax S| D oge g | L
The new load current
r
- —_
[, -E ( Z 2,7, > (33)
can also be obtained. ‘
For that special case, also
7 | Z 12 (3h)
il 2R,

e.

Second derivates

The second derivates of Z, , Z, can be calculated similarlys

g{;(z,, )_5 A%\,, _ Z'fzzﬁ o % ‘agaZZ,J (36)
%%@.__2 _{_3@24%._44_ “ZZ“-ZZ'Z,,_@‘ %ifz (37)
R I

An important application

of these equations is the network

sortaining one element, the impedance of which varies as an

am,roximately exponential function of a parameter T

Eagoy
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the element may be a thermistor and T the temperature, or the

element a varistor and T the value of the DC control current,
It is normally desirable to operate such networks at the

inflexion point of the(Zu)T> or<%)'?’) curve, where the response

is linear and most sensitive, Now) if

T
z=2z€, (39)
922,, _s(aZ 2 ] raz gzn\ }CZZ gZ" (OC) 2Z ﬁ" O)
TR Bz \ o Bz ) oz Tz o M
JJ
{or.
(oo) )9
z=Z = ZJ-(;) (1)
{Fig. 35,a,) the required 1n.f.‘lex1on is obtained, since normaily
3 sz oz -
sr - - A v @)
Similarly,
ot/ E 97, Sz .
o2 (““E”f‘) 4 T;(# ~ 2,z g;) < Z%Z (43)
gives the inflexion for Y
’ .
T ZJJ ~Z=ZJJ' | (L)
{rig. 35,b), since normally
(93 E,- 4 ?CS zZ" 9(21 )
o (E:L) -7, 7 i £ 0. (L5)



T

FIGURE 35
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Iv. 2, THE ESTIMATION AND PRECORRECTION OF THE EFFECTS OF

ARBITRARILY DISTRIBUTED PARASITIC ELEMENTS

A general theory for the analysis and synthesis of terminated
lossy LC-networks will be presented in this Section. The
practical application to specific cases will be treated later
(in Sec. IV.3.).

As usual, it will be assumed, that
a, the losses can be represented by a frequency-independent series
resistance (parallel conductance) for every coil (capacitor),
b, the dissipation is small, i.e. terms containing Q-Lh, (h22)
are normally negligible compared to terms of the order (in

No other restriction will be postulated on the distribution

etc., of losses,

a, The effect of losses on the transmission function

Let the transmission function be represented by 2:2 s the
transfer impedance (Para, I.l.a.) of the double-terminated net-

work, Since

4 Eqen
P AQ - IZ - (Q."l-pl)/\. -2 H -R'RL S) (1)

this does not represent any restriction,

The results of Sec, IV,1, can then be applied directly.

I -

I P-p:
Z,~ C & (P-p) (2)

I - b
0 (P-¢)
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(cf. Eq. (1) and Para, I.3.d.), the change due to dissipation will
not effect C. This is because C is specified by the behaviour
for p =00, which will remain unaltered under condition a, given -
in the introduction of this Section.

The explicit formula for the change in Z, can be found from

Egs. (11) - (12) of Sec. IV.1.

AZ. - 92, ro+ QZZ (3)
© o, 9% By 9"
Az,;z,,_iz —ﬁ} 2; (s ]|
(K I '
vhere
Z8 2 i 2, (5)
Zkeoo
and
ZE0 < lim Z,. (6)
>0

While Eq. (L) could be used as a basis for further analysis,
it will be more useful to derive an alternative form of AZIZ .
The development leading to this equivalent form will also provide

some important intermediate results.

b, An alternative derivation of the perturbed response

It is obvious from Eq. (2) of Sec. IV.l,, that at a

\
patural frequency of the terminated network amy ‘plier-type "

impedance Zkk is zero31 (Fig. 36.):
Zik (Pi) = O (7)
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- 152 -

If z, is changed due to the losses by

Az =r = const. (8)
P; will be shifted by Ap and from

Zy P+ Bp )+ 1 =0 (9)
neglecting higher-order terms

dp, =~ 2 ————p_w o

PP
[Q‘P‘ (z + AZk)J L
Pi
follows, From Eq. (10)
AF’-L: - "’au Fe » (11)
. . -
where Hmls the residue of Zkk at pt .

Eq. (10) could also be transformed into

-0 (0,k)
s _ [ Zy (10/a)
Apik ( Zy Zn ) Ar . /

k
Since the property expressed by Eq. (7) is equally true for any

"soldering-iron"® type admittance Yu_, the dual equation$

Ap,=- k¢ 9, (12)
is also valid, Here 9 is the (constant) increase mﬂ and k. iL is the
residue of YLL at p; .

For several lossy elements the resultant displacement is

Ap, ‘_th" - %; SUCTE (13)

At a (finite) attenuation pole (cf. Eq. (2) of Sec. IV.1l )

A (P/ <A + Z, AIZH( -0 (14)
and a derivation similar to that yielding Eq. (ll)
3 ~nt
gives A Pik = ~ ij roy (15)

where tjk is the residue of



e
ay
]

__4& - le

2 16
A|2 Zzo,k) Zkk ( )
at Pj'
By duality, for
Yo=Yt 9, (17)
APJ‘L_ - M 3(, (18)
results, where m;  1is the residue of _CS—D_\{l\?Z % and
Yés'l) - lim le . (19)

Y >
Finally, for the general case, the displacement of the

attenuation pole is given by

APJ- & _ LJ'u re ~ ™ 9y (20)

A straightfo Qrd way of calcu&;ting the losses is to use

Egse (13) and (20) and the invariancy of the constant multiplier
in Z'Z to derive the lossy response, Similarly, a precompensation
could be achieved by synthesizing the circuit to exhibit P.—4p;
and PJ. - APJ. - ca].gulated from Eq;', (13) and (20) — as ."LtS
crit.ical frequencies, This approach would be analog to the one

demonstrated in Para, ITL.2.d, It is, however, very much

preferable to pursue the following derivation

e 7
FRIRE A Vi
<\\ ) :‘

e Age |h§Tl GRET) I —L2R_fen
A A = oy



and

%g%i%_&) Zlh(; _ _4~> (22)

P-pi
O
Using Egs. (13) and (20)

A’Z,;-ZIZP_(P P)L%h zrktﬂ'l (P‘%B‘L);Ojk'l*%ﬁi 9&” - (23)

By the definition of hik) kil) QJ‘k and mﬂ.

hu _ |
© P"G')i Zik
Y kit '

= (24)
) P-P: YlL

Lix y

2
and @) P PJ Zl(gk) Zkk

ij Ve
“huse after inverting the order of summatlonu in Eq, (23)

2T 5 (1 - 25T % (1 - G\ e

is obtained. Eq: (25) is equivalent to Eq, (}), since

Z\zl) _ RR, Y, _ Yuz ) (26)
@ TR, Yo T TURT
Zy R, Ry Y,{SU YL(S‘L)
Now since the effect of dissipation is to change Z,Linto
o~
a first-order precompensation will be achieved by choosing
éw_ Pr‘col‘ Zw_ - A.Z]Z . . (28)



The validity of Eq. (28) can also be seen from

AZ:z<— APL)_APJ>=_AZ|2_<APL) APJ)’ (29)

Cy The influence of individual element-losses on the attenuation

To calculate the distortion caused by the element losses

(rh-s and 9, ~$ ), one can write by Eq. (17) of Sec. Iv.1,

© A ERe(-20 47,) —Re %z> (30)
12 ' .
and by Eq. (25)
et ‘ N n Z Y
da = 8686 Re)) & (| - z> Z — ) (. (31)
(k) (s\)
© Z"" ® Y

It is easy to se®, that Eq. (31) gives the distortion for all

jrd -iralues, including JW ~axis atten’ﬁuation poles, where also

3

log ¥~ Zzé,__ - Z Z g
2
o,k) (S L)
{bviously, Zkk (L Y
(01“) 74 O
{(5.() D) (33)
for » P =jo.

One important aspect of Eq. (31) is that it yields the individual
contributions of various lossy elements to the overall effect of
“he dissipation. It may be used to establish the necessary quality

Tzxtors of the components and also the tolerances on the quality




3

ractors for nstworks des'igned using a pre=corrected synthesis
procedure. The application of crystal, mechanical etc, elements
may be decided through similar analysis,

d, The predistortion of the transmission function

Eqs. (25) and (28) demonstrated the i’undamental principle of
the precorrection proce'duré to be followed in the general case, It
can be seen, that 2, pred 28 glven Ry this equation is of higher
order and is thus rqprégéntqd by more complicated network than
Zy . This 1is always the situation, when the sttemuation polee
as well as the zeros are pﬂ~shﬂuéJ2€cf. Eq, (8) of Sec. III‘.,2o Do
It will be shewn in Sec. IV.3., that for tha most important site
uationsdrastic simplifications occur and no increase in the order
of ‘Z,,_ is nécessary, -

No oconsideration has yet been given to the realigability of
le pred  * From Eq, (1), obviously

i = 2{RRe . (34)

| Zy

If the passe~band of the network includes any extreme
frequencies (=0 or 0 ); for & hypothetical symmetrically
loaded filter

Ll Ap) = S(R)- 1.

(35)
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A constant factor assuring Eq. (35) must be associated with
the predistorted Z\z) A or S before the realizability criteria
of Sec. I.3. are applied to establish P‘,,_Pred . E.g. for a low-

pass filter this procedure leads to

_l_( R, \’ —Rz r‘eo(> (5 J:D)p-o (36)
2 l Ry prea | S =45 | ju

from which 'Q“,,.ed could be obtained.

Normally S l,,“-h) I is known to be at @), . Then the

location of i S - A4S l;;,-,,) @ )
Opimypret = Do + 40, (37)

can be found from

EINY > 0|S- ASI R
( (a(«) i ( I >m.n)pr—:O ()8)

@th!5\> R ln | S=4s) > = 0. (39)
G\)Mln C\JMH\)

(2N

° QW

A number of equlvalent expressions can be found. E.g.

s |
@5.9_5"4
Ornin pred = Ppminy ™ —? Als) (L0)
P ra Si wmin
. <®‘Q)Ml'h> ¥
wminprcd - CJ*“"\ —{ ' lC?( Qa) Pe SJ (hl)
~ (@ W)t O [ReSRedS+ImSTmdS)|
&)MinPreo{ - w»\;h—- ]3] - Q0w [S) o (L42)

Using similar technigues, approximate expressions could also

he found for |S- Ab}m\ . Practically, however, it is
)



eimgrler end wors accarvatys o find vhe location and value of
l & -—/,‘.5, in a purely mmerical way,
niny ju0
The syathesis procedure sigarts then with the vealization of
a logst:»e aatwork from Z, . Preper Q - 5 must be chosen and
AZy calowlatsd, From 2, — 47, a realizable termination

ratio and & wmew, topologically unchanged network should be realized,

Ths

s

1w & or praferably the losseresistances and couductances of the

oripinal aebtwork can be retained,

8o Aecuracy and higheveordsr efTects

&

The accurssy of lhe zero and pole<displacemsnt forwmulae can be
Laprowved through an iterative procedure, E,g, By, {10) can be

Iterated wsing
() - (PP
spy = -, (”z‘P" . (13)

Gimddar equationy hold for APiL s 4 PJ‘U and AF:,‘L 0

The predistortion procedure desuribed in Para, IV, 2.b, and d,
presupposes the approximate identity of the original loss-less nete
work and the predistortad loss=less circuit, For a large amount of
logs this #r crpider will be dnsveurate, However, by itarating the‘
whole procsdurey good rosulis can be obtained, The iteration can be
sarried out Uy wsiag Z’& g Z e P \r'u) rox of the oues predistorted
astiork to duvive & bighspreorder spproxios tion of AZmu) for
obeaintuy 2 seeond pradistorted elrenit,

alsey sles & large part of the cheawe in elessntevalues is
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due to the modification of Qz s 2 proper amount of flat loss may be
built into the original network. This preamble will make the
alteration of the load unnecessary and it will also decrease the

necessary changes in the reactive element values,
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AZ, Wl ok T - oy, L (1)
is real, since all 9Zn and PZ, are real,
Pz Py
Since
Ay, x— _Alw (2)

Z..

the assertion is equally true for composite branch-susceptances.

Next it will be demonstrated, that for a reactive ladder the
displacement of any attenuation pole caused by the losses is real,
In a ladder an attenuation pole can only be due to
or

Yo (P =0 - ()

If the dissipation in its elements changes the branch-

immittance, the pole-shift APJ. can be expressed. For a shunt

branch from

~ 9Zn ~
2.(e)% Zi(p)+ (B2) 45+ AZ.(p)) 0 )
or !
Ap. S — 4z jw-w) a2z > (6)
! La%n‘; P\) Zh (Jw) , W=¢y,

which is real according to what has been proven about the real
character of AZ, . A dual proof holds for the pole-displacement

caused by losses in a series branch.



b

B

If for instance the pole was produced by a series-connected
antiresonant (shunt-~connected resonant) circuit and the coil has a
quality-factor Qg

@
Ap & — ———)
PJ 2Q (7)

as can readily be obtained.

The main theorem can now be demonstrated from

AA ‘lAP[‘%]ZM(J’w)I] = Re g_APZZIz § (8)

where AP indicates a change due to pole-shifts only, Using
Eq. (22) of Sec. IV.2,
A, A =Re 52 (w } 0 (9)
since all 4 PJ are real, as shown aboveo

As a consequence of Eq, (9), in the case of ladder networks
the terms corresponding to the effect of pole-displacements could be-

deleted from Eqs. (25) and (31) of Seec, IV.2, These equations

gimplify then to
9L
and
i) Mk
A~ 8686 R = + 2
A ) 8 © © {(k\ kk \(!.L % (11)

Even these simple expressions are cut to half in the usual
case of quasi-ideal capacitors,
The most important feature of Eq. (10) is that in contrast to

the general formula, the new

r 9 ‘ i
Zl'Z.Pred g ‘ l_ (% kle Z YU.J (12)
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preserves the original J@ -axis location of the poles and usually
also the order and structare of Z35. To show this, Eq. (2) of
Se¢, IV,1, can be used to derive

o |
~ =Y, +
A [91 Zy -

[}
AL = (A)Z‘QO
and all A-s refer to the mesh ( 2, ) equations,

Then ' '
A k
Zﬁpmé'z; | —% A"."r ; AL_I-_S.L_]
or ' ' ' . ‘
Here R () o \

and normally
i Al, __.n..hL_

where P, R, and J are polynomiala of tho order shown by the

L ch
Henoe Zigoeq retains the order and structure of the original

suffixes aml |

Zy , if any one of the following conditions is satisfied:
1, %=Q  (tie usual case)

ohe T8 e




i e AT ST S e e ey DR A b e b powy
SRS AR LI MEELPE L R e D LI I A NS 1 < ETEARMN RS
N

R P

. . |
. |
- “,.“ kD P

2, For special confimuom Lovgs i the. ﬂ:mﬁ ‘oonmonly :

one cl.pac.ttor) the dououutor of Al may have- lour digru,
than ﬂo

P

]3 It will be shown iuPua.HM.thst eircuitd with uni-hologen-
eous loss distribution also yiold propor prodiltorted trmrer
funetions,

Under any of theu circumuncea, if the thd.ts cblraqtor o!'
the nuura.tor is notMtectnd by the. oorrbetion terna, ise. ror
autﬁciently low lossea, Zu prod  £AN alnya be ruli.nd with a

hddor-network that possesses the same conﬁguntion s 'cho .
original lou-lou circnit. v

o

T \ : . ﬁ:
It w be observed, that Eqs,(9) = (11) u-é not restricted ' ‘

to ladder networks. If for all lossy coils (L) Z(o'k) lnd

for all lossy capacitors (C, ) Yl( e o, , Eqs. (9) - (13) hold.

This has already besn stated in connection with Eqs. (11/a) and Ii
(12/‘) of 8000 Iv.l,. ' . '

. and

Some simplification will also oceur, 4if ‘11 4 (M)
Y“(_ ) are £qual to sero (this can only .hlppﬂ,l for special

configurations and terminations), Thefr - )

G (4 (1)
Z,&' Y | 4, k ‘



and

YL

can be substituted into Eqe. (25) and (31) of Se“c. Iv.2,
Finally, for very iog quality-factors and sharp transition _
regions; it may be important to estimate and (partially) commgﬁe; .
for the effect of the pole-displacements, at least for the shift
of the pole located nex{; to the pass-band,
By Eq. (22) of See, IV.2, and Eq. (8)

4p; 1 _4p )
AA = = Re {p—-;— < ) } ( — ) (7)
and using Eqs,(6) and (1), for a shunt Z,,

’ QZn ; ’azh
AoA = 2'_ \ (ca co) (17/a)

results (4n nepers), For & series Y a dual expression can be

found,
If e.go the attsmation poles were realized by simple tuned
circuita = elther series-connected antl-resonant or shunt-connected
resonant networks = substitution into Eq{17/a) gives the distortion
at pass-band limit as |
(@) " tosg
% | Q,(-1)]

where O is the quality factor of the coil in a pole-producing

(17/b)

tank circuit, measured at the pass-band limit (QJP> and Q

is the corresponding pole frequency, normalized to wP o

ﬁLY - o
AT S (18) :



- 166 -

[

Two comments qhoﬁld be made aboiit. By (17/b% Ficaty.ea predicted,
it deseribes an effact of secgpd' oiide‘r in yQ o Also, its
applicability is :‘ quite wide,"tiiﬁce tﬁe:brafxch-:eactahcea of the
ladder network can alwéje be représented by their Foster-equival-
ents. This results in the épec_ial aituatioﬁ to which Eq, {I7/b)
applies, , - . -

For very sharp"fﬂtérs, 1.6, ‘l whén some -D.J' & , 1t

may b; necessary to compensate for the shift of the pole Py 'neareat‘

to GWp , If the ladder configuration is to be preserved, this
must be done by reshifting the natﬁral n°equexncy f. nearest to
ij o A (CUP)' will not 1;9 erfected by 4p; if .

| jwp - (Pirdp) - jwp -y
j“p = (RgraR) - Jwp - Py

b/

or the compensating zero-displacement chosen
A , P )
C()P - T
ap - 4 (18)
' ZQJ' (D.J' - l) _. v

where Eq, (7) has been utilized. .

b, A generalized network-theorem .

o The generaliszed predistortion theory described in Sec. Iv,2,
l_lr'_xdb:lta sirplified version derived in Para, IV, 3.‘3.‘ givéa '
particularly u;eful results for‘semi~-homogsneous losa;diatribution.

This application requirss the generalization of the following useful
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thﬂeorem stated by Foster,w.

For a connected network of lumped eiemente s the relation

n

Z B TR Y (19)

$

—

)=
holds, In Eq. (19), the LjJ.-s are the branch admittances, the
Yj,' are the soldering-iron type admittances msasured across
tjj and V' is the number of nod.esl'in the network, Th; summa tion
is extended over all branches,

The formula could be converted into a more general and - |

for the present analysie - more useful form. If for some branches o

Z,  the branch impedance and Z s the plier»type impedance for
2; rather then Ut and Y are given, from Fig. 36" B

Yo o z. . Z '
& e l — —L— . . (20)
Y &+ (Zi~z) Ly
Substituting into Eq. (19),
& 0.
- %
— == - + -n —|
Z Y. : Zi v 4 - (21)
,J-I ] L ey

where k and n - k are the numbers of branches treated on an admittance
or impedance-basis, respectively,
Let branch i contain two series-connected elements Z,

and Z;, . Then

«  Depending on whether the two elements are handled on a

( Zi,y Zy ) (Zi,, Y )or ( Yi,» Yi. ) basis, the following

P Y SR,



equivalent expressions are obtained in addition to Eg, (22):

BC | Yo, Z;
Sy LA, — S 2
Y Yii, Zg 3)
and
._HE.__ — ‘jh HC?_ _ 2h
et D o
where

\(“J' = Yy + <Z¢— ch> | (25)
is the soldering-iron type admittance measured across the terminals
of the single impedance Z‘J °

Using Eqs, (21) = (25), the generalized expression is found to

be

L .
? _‘Ei'_ - 2 V t-u |
. Y — Zy b 2 (26)
3 (=)

where @ and § are the numbers of single - element branches, treated
on the impedance cr admittance basis, respectively. ¢ and u are

the corresponding element mumbers in two-element branches, Obviously

Q,“ S+ U, .
(27)
m=q, +1.
The summation here extends to all elements of the circuit,

In Y%q. (26) \Gj and Z; are referring to the soldering=-iron and

plier-type immittances adjunct te the individual elements,

c, The pre-correction of dissipation effects for semi-homogeneous

toss disvribution,

If the distribution of losses is semi~homogeneous, i.e., if
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all coils have the same quality-factor and the same is true for the -
capacitors, but QL# Oc » 2 two-step procedure can be applied

for the deduction of the predistorted transmission function. The
derivation of this process will now be carried out in terms of
insertion loss parameters; using Eq, (1) of Sec. IV.2, the transition
to other transfer variables is straightforward,

Suppose that a homogeneous dissipation with loss-factor

d— E;;_de__ 9 (‘éi - Cl,),_) (28)

is removed from the prescribed loss-less response, As in Para, III,

2.c»,, the new response will correspond to a network N ' built from

|,12
lossy coils and negatively lossy capacitors’, with loss-factors:

dy= -de -~ (29)

where .
- L —
7 (e (30)
The predistortion of _/\L g » the insertion voltage ratio of
NS can be executed using Eq. (12)z

A ()= A HZﬁL c el

0] .': (i)

or, substituting

(32)

A=A §|+—§-[Zj\i‘ - %]3 B )

€)) i &)
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Here the first summation is extended to all capacitors and
the second includes all coils and the terminations.

The use of Eq. (26) of the previous Paragraph now leads to

A= Nt & REL=T(E) ] (34)
- Znd Znad
M RS RRes @

and 4, Ji) 4, jore the driving-point impedances of the terminated four=-
pole. Njy. Also
D- V-m-2, (36)

where m is the number of branches comprising single coils diminished
by the number of capacitors in series with R, or R,. V

Since both the numera‘oo:" of ./\.J and the denominator of TP
exhibit the natural frequencies of Ny as roots, simplifi_;:ations
occur and - as it was pointed out in connection with Eq. (12), -
for sufficiently low losses the ladder-realization of WNg
corresponding to ./\.Rg.s ustally possible, if the original
/_\. was ladder-realizable., This statement implies the use of the
approximate method (Para, III.2.a.) in the execution of the

homogeneous predistortion,

d, The application of the method to networks synthesized on the

insertion loss basis,

Eq. (34) can be rewritten by using the insertion loss poly-
“
nomials'd, pB , A  and pB’, From Eq. (27) of Sec. L.l., the driving-

point impedances of NJ can be expressed as
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Ags - AJ + p (BJ‘ BJ)

Zy o= ,
d g™ Rig AJ*AJ+p(BJ+BJ) (37)
an
-R AS+AJ+ p (BJ - BJ) .
s Ras 25 Ay P(Bs + B)) (38)
Substituting into Eqs. (35) and (3k)
)
|- . - PBJ
and T‘Y (P) AT+ PB’: ) o)
A‘Z-AJ [l + —(D + KJE:B?J

are obtained. Thus, the predistortion can be described simply by

A= Ai+pBs — A~ ArrpBy +§[ (A;+pB;)+B;1 (40)
) i
J'
- For a wide variety of networks (mid-series and mid-shunt
m-derived low-pass filters, constant -k configuration low-pass circuits, or
ary eirouit passing energy at zero freqmency) D 13 zero and Eq, (4O) is reduced to

A= As+pBy + J By
- . . (W)
The change in attenuation due to the opposite disaipations

+ J in the L-s and C-s can be calculated from Eqs. (11), (26) and

(39)z

. o TV-D-I
AA -8686Ee{cf L'f;'—‘"'B'GBGPngD*'T{%} '(h?)

evaluated for p = d, + [w.

M

Cﬁobsing arbitrarily D =0 introduéesv an error\w'owf: |
LA 86884%?;— 2172 Tl - Q) 13)

with the Q-s measured at the lowest pass-band limit.

An important_. aspect of Eqs, (h2) - (43) is that they damonstra’te




the indifference of .t_hs D-value employed, Thus the simpler Eq. (41)

rather than Eq. (40) can be used in all cases,

e, General commgnts on the precorrection procedure

Several pr;ecautions and femarks can be made in connection with
the analysis and synthesis processes demonstrated in Sections IV.2,

The generﬁl procedure (for arbitrary :loss-distributiﬁn) will
be greatly alleviated, if ‘the Zi é.nd YLL of the loss-~less net-
work are made available at the outset, This will be the case e.g,
if the circuit has been developed simult?aneously from both the
primary and secondary driving-point immittances. Even for one-sided
realization; the calculations can be simplified using a network
theorem demonstrated on Figo 37. The computation effort is cut to
half for structurally thrical éircﬁ.its. ‘

If the special procedure of Para, IV.3.d. is used, special
care must be exercised to éstab‘,l.ish the sign of B:r correctly for
the configuration , . o |

~ It has been shown in Para, I.Li.e. how to utilise the
expressions for the reflection coefficients to arrive at a proper
characteristic functior:'i) If one of the terminations is extrems,
the formulae for the open and short-circuit immittances (Eqs. (3}) =
(35) of Sec, I.2,) can also be used td find such signs for Al |
and pB) that will prevent all immittances from becoming identically
zero or infinite, '

The use of the precorrected synthesis procedure outlined in




)

1z,

THEN

FIGURE 37
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/
Secs, IV.2 2. normally involves the solution of two polynomial equations,
the first one to find A&+-pB<-}. , the second to find Ap+ PBe. .
The latter may be omitted, if the method of undetermined coefficients
is used in con;]uctibn with the equations
Af =PBf - A — BB —m P (kh)

and ‘ '
At By« (A +AAp)~ Pt(B;+AB;)‘-(A,+ 245)- P(B; +ABJ)2- Wk (05)

For single-terminated network usually one polynomial equation
needs to be solved. |

Several interesting observations can be made about Egs. (LO)=-
(41). Their common form is identical to vthat’ of f\.; wiﬁh an added
correction factor (proportional to 5 ) in the numerator. Without
the correction f;he j:rocédure woﬁld be equivalent to a homdgeneous
frequency-shif't by | —d‘-% , a method often applied Iin network
ayntheqis_?’ The correction represénjbg_ @ very significant improvement,

as some examples of Section IV, L, will show, The accuracy is

particui‘arly enhanced around the origin, where the homogeneous method

becomes very crude, as Egs, (28) and (29) of Sec. III.l. éuggeat.
For_cg\-ao s Eq#o (40) ~ (k1) predictably degenerate into a

homogeneous predistortion, "

. It is also of some interest that in the c¢ase of the

'important‘ class of networks for which D is zero, the pﬁedistortidn of

the o6ppositely diss:l:pative network only effects the even part of the

numerator,




S
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Because of the relative simplicity of the procedure outlined
in Para., IV.3.d., if the spread of the QLi =S is not very large

and the same is true for the ch -$ , it is normally acceptable to

use QL - o

n

and apply the method of Para, IV,3.d.

(11) can be used to establish the distortion introduced‘
by this approximation.
Finally, it should be emphasized, that the general principles
of Chapter IV are equally applicable for the estimation and
correction of any parasitic effect (stray capacitances and

inductances, element value tolerances, etc, )

£, Alternative methods for obtaining the predistorted network

Usmg the fundamental philosophy of the predistortion procedure

developed above, numerous basically similar synthesis processes could ' o

be constructed. Some will be briefly treated in this paraéraph.

The derivation performed to obtain Eq. (25) of Sec, IV.2,
could be duplicated for the frequency-displacement formilae ‘3'
Eqs. (67) and (€B) of Para. III.2,d, Observing from these

equations, that the shift of any zero of T(e) 1is the negative

residue of :E at that root and that any pole-shift is the.

X at the pole, the steps expressed by

T

negative residue of
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Egs. (21)- (25) of Sec. IV.2, lead to

AT(p)= Ta(p) — [TD((?)]H \ (W)

T is a transmission quantity (é“-) » For an attemuation

quantity -;gz_ (e.g. -/\-» S, 2, ete.)

AU - A(L)=—uraT | (18)
or ‘ 2
U ~u _ U (P)] .
A= Uale)— Sy 19)

From the derivation leading to Eq. (L7) - (49) 1% s easy to
see, that the first term on the right side of Eq. (49) represents
the effect of the natural frequency displacﬁments s While the second

term corresponds to the pole-shifts. Therefore, for ladder-

networks A ‘
Uppaa = U= AU 2U-U,, (50)
To avoid a change in the configuration, if
| E
U -
P (51)
- _E
1T R
the approximation
~r 2E - Ed .

may be used,
The simplest way to find E, , the polynomial proportional
to. the circuit determinant of the dissipative network, is to

observe, that it is contained in the numerator of

Zod - -Rb"' Zb‘.d . (53)
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, '.It is also possible to equate the ¢ircuit determinants of the
predistorted lossy and the original loss-less circuit (includ:lng a
proportionality factor). If in addition the attemuation poles of
the loss-less predistorted network are chosen to agree 'with those
of the original circuit, neglecting high-order terms of small
quantities a linear system of equations results for the 4L; and
AC; , the changes' in element values. A proper value of "R",d,
mst b selected in advance,

An interesting extension of the basic idea uﬁe'd in Para, III.
l.a, for the temperature-compensation of networks can also be
applied for loss-effect correction. If semi-homogeneous loss-
distribution is supposed and, as in Para, IV.3.c., a homo gensous
predistortion by do is performed, the usual oppositely dissipative
network exhibiting loss-factors *d resulta, '

This consists of immittances

plig + Rug=pl (I+ r_‘é}) ;
dy.
F’CJ-J‘ + GCJ'J - PCJJ(,"" _P')’

An .analysia similar to that leading Eq.(3 ) of Sec. ITI.1, .

(54)

..

shows that a change of the terminations”.

it J ‘
pkd‘ de‘(' ¥ —P—) - R +- Cbl,y B (5%)

would serve to compensate the effect of opposite dissipations,

Obviously, the power seriesthat are truncated in the derivation of

Eq. (55) do not converge for pP~0 . Hence this process is not



accurate for low frequencies,

Eq. (55) suggests the cascading a capacitor C.J with each
termination of the d-network, When the dissipation corresponding
to d_and d, is associated with the elements of the corrected d-
network the usﬁal way,

PC ™ PCy + Gir (56)
so that the final network will consist of the homogenously pre-
distorted reactive elements and a pair of compensating impedances
cascaded with the terminations. The compensating impedance in

series with Rk will be according to its derivations

' IR, (57)

PCkJ +.ch[' - Pﬁ-d;,

a parallel RC combination,

It is unfortunate that this method breaks down exactly where
it is most needed, at the vicinity of the frequency-origin
(cf. Eqs. (28 ) and (29 ) of Sec, III.I.).

While it is beyond the scope of this work, it is interesting
to notice, that by an .rgument paralleling the one advanced in
Para, IV,2.b., a predistortion formula can also be developed for
the synthesis of an LCR - impedance from lossy reactive elements,
From Egs, (5 ) and ( & ) of Sec. IV, 1.,

< _ S L1
Z‘»!r—*ﬂ:d Zn AZ" Zn l Z <Zkk (o')> \/Lz (ZIL ZL%.|)>J(58)

(&)

(0,1) (o1
where Z,, a Z )are measured with open circuited, Z,, and

ZLL with short-circuited input terminals,



IV. L THE PRECORRECTED SYNTHESIS OF COMMUNICATION NETWORKS
NUMERICAL EXAMPIES %%

A variety of numerical examples will be given to illustrate

the efficiency and accuracy of the new precorrection method. All

calculations, checking and response-plotting have' beer RliaRplEEE:
on a digital computer to avoid any numerieal or experimental errors.
An attempt was made to recalculate some problems already worked out
by previous authors to obtain a comparative measure of simplicity
and accuracy. In all examples shown - and in several others not
described here - the computations were relatively straightforward

and the precision far surpassed any practical requirements.

a, A single-loaded Chebyshev pass-band filter

To test the accuracy of Egs. (10) - (20) of Para. Iv.2,b., .
the example used in an article by Desoerlsiras recalculated. This
example describes the predistortion of a fifth-order Chebyshev-
passband low-pass filter, driven by a current source and
terminated in a 1 Q) resistor. For a passpand o< wel s the
network could be realized in the form shown on Fig, 38. If the
coils are assigned a Q of 4O (following Desoer)lf' Eq. (10) of
Sec. IV.2, can be used to obtain first-order approxima tions
of the natural frequency displacements.

The results are shown in the Table.
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Evidently the results are comparable to Desoer's., The resulting
pass-band response is shown in Fig., 39. The maximum deviation from
the ideal Chebyshev-response is 0, 03 db, negligible in most pract-
ical applications, even with this unrealistically low Q,

While this is larger than the value obtained by using Desoer's
equation (5), in this example the second-order errors caused by the
error in 4p; on one hand and by the change in the value of —?;?Jl
(or 73—) when p ~p-4p;on the other hand tends to compensate, Thus,
the frequency-response computed from Eq. (10) is much closer to the
response obtained using exact Api, than the curve given by Desoer's
By, (5). ™

The effect of uncompensated dissipation is indicated on Fig,

LO. The continuous curve has been computed exactly, the separate
points from Eq. (31)of Sec, IV, 2.
Fig. L1 shows the compensation obtained using Eq, (12) of Sec. IV.3. This
method requires much less computation work than the procédure based
on Eq. (10) and the results are slightly better (the maximum
deviation from ideal is about 0,02 db )e

b, The predistortion of a double-loaded elliptic low-pass filter

using the general method

A 3 - section low-pass filter using lossy coils (Q = 300) and
(practically) loss-less capacitors should satisfy the ‘following

specifications,

Ap = 0 db
As = L0 db
Qp ~ _i%: - 0952
R =R, =
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The characteristic function of a symmetric circuit satisfying
these requirements is
Y h

p +1,91511638p°  + 1,1341150215 + 0,197196423351p
0,05088855L42p% + 0,292669982919p%  + 0,L9L215372808p2 + 0,25806022913

=

By separating the Hurwitz-part of

‘9‘2___ f?._h'l
the operating factor
S - - |

p’ + 105797)4755088})6 + 3.,16162272252135 + 3.1967976697p + 3,00526102995 +
_+ 1,87144,975298p" + 0,865855223020p + 0,258060229130
~ 0,05088855L2p° + 0.292669982919p* + 0.L9L215372808p2 + 0,25808022913

is obtained.

The driving=point impedances
3 -h _
= lo s g T |
0.7898737750L" * 0,6235316926p° + 1.59839883L85p + 0,935572998)1% +
+ 0,93572L876L49p* + 0,334329400289p + 0,129030114565

p’ + 0.7898737750kp" + 2,53836955326p° + 1,59639863L85p" +
+ 2,0698802255p% + 0,9357287649p% + 0,5315258236Lp + 0,129030114565

can now be calculated, Expanding from both ends, one obtains the element

values (Fig, 42) and simultaneously the partial results

Z, =

- 0, 0254412770829
0,01580901587252p + 0,025LLL2771687




numerator of ijl

0.509236325708p 5t 0.40263L4667906 g + 1,5452538048015° + 1,017109kL48121p' +
+ 1,48830427105p" + 0,7279962961p™ + 0.4513569k7119p + 0,129030114565

ﬂb-

mumerator of Ze

0,0158090158752p> + 0,025LLL2771528p" + O, c220375672862p + 0.035u689991603
ig =

0,276950156915p" + 0,217703093617p" + 0. 3709001213o3p +0 17295511,)45921, +
+ 0,0925619012616

0,109236325708p> + 0.4,0263L,668375p" + 0,83538b8360h1p° + 0.455841835904p T +
+ 032378842205p + 0,0925619012861 : , v

Z =
. . ,
_ 0,04136776332L6P" + 0.0256285149888p + 0,0354689991563
W%Fm‘w—ra—wm T91,5085280Lp3 + 0, 087848990L728p2 + O, T3049969p + 0. 0354889991603
Zc bd . |

mmerator of Zp

0,0530502561070p° + 0,0410390289163p" + 0.22LL46496123p> + 0, 1709541155652+
+ 0.17132251,009p + 0,0925619012861 . 4

Zd -

numerator of Ze

0. 0839h9065260hp‘ + 0,06765899063Lp" + o.3517385h5hhsp + 0.2541056709835" +
+ 0,260006716096 p + 0,1146163114L41

ZD -

0.029335201199791) + 0, 0121h§5317068p + O.&86hls0730h67
0,0530502841.07p° 4 0,04L403902940515" + O, 053017227337p + O, oeeéhh073062 -

z'-

0,L33201586209F' + 0, 31;11;305287091: + 0.5LLi704386789p"+ O, 2u837o755153p +

+ 11)46163111,28 [

= 0,7L70191,81083p> + O, u90258h5tﬁ26p'* + 1,185),72),8028p% + 0.631;266235160;;z +
~<# 0,}435440420397p 4 0,114616311441
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numerator of ZD

" 0.00811,928527325p° + O,025LELZ77199LpE + 0.009174114,99053p +
0. 028641073062 oo

Zf -
mmerator of ZDl

~ 0.7L7019481083p” + 0.59C258L502 1", + 2, 2653LBBT93p° + L.29B75 36157 +
+ 1,76995L35971p® + 0.8286L5963571p" + 0,490200099999p + 0.129030114565

T = 0, 0251112770139
0,009114928527325p + 0,025L4L42771756

Now it is easy to calculate the necessary plier-type impedances

| (ZG+ZB> -

ZZJ. = FLZ + PCZ
0,0182528758996p + 0,0288349359756p° + 0,0677087072105p" +
-+ 0,583507511538p" + 0. 05L95L656L98p* + 0,0341593501061p
_ * 0,01580L3479539p+0, 0071034133461
~ 0,0252613650307p° + 0.039906577927p5 + 0.055875211699pY +
+ 0,052061398299p" + 0,030718555L745p* + 0.01437835)6701p +
+ 0,00235517067158

|
PCy

(ZC +Zp) =

Zuq = PLH +

0.007873919513070" + 0.0124388524631F° + 0.02L,894L576981F° +
+ 0,0251711,23L559p + 0,02366327353675° + 0,01},73500085065% +
_ #0,00681770030336p + 0,0020319532061
~ 0.00545130622185p° + 0.008611690815Lp° + 0,011,01067L8966p" +
+ 0,0131439955012p® + 0, 00891213994Li37p2+ 0,00h6205}3228L8p +
+ 0,00101597660338




1

= e et oA < —

= 18 =

I
Zee = pPle * 5C

[(2.+2)-

0,0226019273022p”  + 0,035705339170Lp", + 0,071L587662783p>
+ 0,0722537876L418p" + 0,067921,6899328p> + 0, ou2298370391,up +

_*0, 0195699963336p + 0,005832658375LL .

0,0532913171301p° + O, 08b186827h118p5 + 0,11534720802Lp" +
+ 0,1024,00427042p° + 0,058084L576L5p% + 0,024229616056p +
+ 0,0029163291971)

Using Eq. (12)of Sec. IV.3., one gets

@ >
prcd 5( -

(J) J
p’ + 1,56974755009p° + 3. M58252b703p + 3.1736L26743Lp +
+ 2,9839)4,0903656p* + 1,85831363961p" + 0,859617058108p +
0. 2569h5797801

T 0,0608885542p° + 0,292669982919p" + 0,L494215372808p> +

+ 0,25806022913
© :
‘ Spw, ‘ has a jw =-axis minimum value very slightly greater than

009)49360 at @ = 0,94822, Thus it is possible to use

(o) (o)
S
Spred = Z:;ed - O’SPNO‘
I pred ‘mln 12360

in computing the predistorted network.

Now

\'\Pred =

—p’ + 0,80719163L505F° + 2.2L071773226p° + 1.L1706514939p" +

+ 1,59709794891p" + 0,707712692852p° + 003511130267761@ + 0,0774598862193

|l

is obtained by choosing the Hurwitz-part of '9
pred

Finally, the open~circuit driving-point impedances

Ziy = By (9pred +hpred) =
11
Odd(ﬂ pred +hpred)

2.3769391855 + ,590707623p" + 2,566026332F + 0,33LL0568
2p7 + 5,3865L2979p5 + 4.5810L6985p° + 1,2110573258p
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Zpp = Even (9 pred - hpred) - |
Odd 13 pred -hpred)
_ 0.7625559165°_+ 1.7565775255 _+ 11506009465 + 01794859116
2p’ * 5.386542979p° + L.581046985p° + 1.2110573256p

and the termination-ratio

Ry 9 pred -h red =

can bes calculated.

By ladder-expansion, the circuit of Fig, l3 results. Figs.

Ll - b5 show the ideal responsé, the effects of uncompensated losses,

the response of the predistorted network without losses and,
‘finally, the compensated lossy response, Dues to second-order
effects, the ripple is 0,1087 db instead of the specified 0,1 db,
The comparison of the uncompensated lossy‘i-response with the
loss-less behaviour (Fig. Llj) shows that even a alight dissipation
has-detrimental effects on the performance of a network designed
to meet difficult requirements. This emphasizes the importance of

loss compensation in high-quaiiw ‘circuits.

¢; The lossy deaig!i of a two4-section mid-series low-pass filter

As a next example, the two-esec*_t‘.ion low-l;ass prototyps filter
used in Darlington's example1 has been predistorted. This .
choice made it poséible to obtain a numerical check on the early
stages of the computations. The filter has to satisfy the

following requirementss:

O SRR R T BT




C
7
Ce

= 1.33022292737
= 1,54306180371
= 0.647051074137

L6 - 00575667 917763

Fig. 43

Predistorted lossy network

L,
R,= ’U\ —”‘0’\— — 6 e
— A
- 5 -
A c, | CG G
N’ X

Z, | 21l z, Z zI zZ. 7 | - ]

b, Q A b 2 ] c C d ZD ZE Zf Zr ZD2
Cy = 0.62131911 -
C2 = 0.99281122 L, = 0,72256098 ~2, = 1.180672392
Cy = 1.6L717751
cj, = o.émglmgz L, = 1.LLLI1466 {2), = 1.79762351,168
Cc = 1,5306172
C2 = 2.094k32 Ig = 0.L241202 Qg = 1.0610169635)
C, = 0.320279695 =

. Fig. %2.
Loss=less ladder network
L, Ly
| — 0 — 0 — 0 086308657
AN |
u I —
Ca 4
=== =
C,%= C;:F CS' Cy R; =}

C; = 0.164787488731
Cy = 1.14618198855 L, = 0.625711225725 12, = 1.180672392
Cy = 1.L79L2996085
Cj, = 0.18985569393 L, = 1.62996725788 Q‘ L " 1.797623514168

_(2‘6 = 1.0610169635)
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Q p. - q 0062 = 0, 787)-100787&
Qs = 0 = 1.27000227
0.3 db

52,4 db.

& oF
| ] a

The average dissipation constant
d, = 0,04263

is supposed to originate from the losses in. the coils only, so

that
?L - 2 do = 2C§
_ dc - 0 ..
Since for this network (Fig. L6)
Da3-1-2=0

Eq. (41) of Sec, IV.3., applies.

’

%ZL_ _ A@+pB(p) _
A P
P> + 1,0511860000% + 1,37121;382992p3 + 0,82146108L82p2 +
+ 0,4,01855813603p + 0,09LL74855409
0,01347623692kpb + 0,07764321517p2 + 0.09L17LB5SL09

Voo _ A (p-ck) +(p-d)B(p) A, 4 pB
<er P - '4%57"

# 0,83803600p4 + 1,2131675422p3 # 0,6595428 *,
250033873189;‘9391: b AaaeTelaced + o0.65951287307 5

0,011231618509p! + 0,061710866807p2 + O, 078739008610
and using Eq, (4l)

Aspuming Chebyshev pass and stdp-and response, one obtains -

S "
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( Voo >

Ve /R N

P> + 0,795L0600p% +°1,2131675022p3 + 0,6126571,38p2 +
+ 0,3387318949p + 0,06620625193

"~ 0,0094153900526plt + 0. 05LLI0LE079p2 + 0, 06620625193

V.
(obviously all 20
Yo

- 1l for p = 0),

By finding the minimum value of <¥/?)Q 6n the JjW -axis aqd using
Eq{(36) of Seay TV, 2., 1t 48 established that.a termimatien  ratio of
0,12955L696 is sufficient to ensure the realizability,

The (conventional) realization of (%)R gives now the
element values of Fig, 46, Adding the losses s the pass-band
response shown on Fig, L7. :fs obtained, While the ripple is
slightly less than 0.lj db rather than 0,30 db, considering the
high amount of losses (the QL is about 9 at QP!), this performance
is quite creditable, As a comparison, Figs. L8. and 49. show the
response obtained by Bode's methodg'of homogenseous predistortion by
d, (the ripple is 1,1525 db) and the uncorrected effect of losses,

The deviation from the specified ripple is about nine times
higher for the Bode-compensated circuit.,9 ' The uncorrected response
is distorted beyond recognition,

As the next exaple will show, the affects Qf second~-order

errors on the final response disappear almost completely, when

more realistic quality-factors are selected,

d; The precorrected design of a double-loaded elliptic mid-shunt’

filter using the simplified method,
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The three-section low pass filter with lossy coils (% = 300)
and loss-less capacitors used as Example b) will now be recalculated
using the method developed in Para, IV,3.d,

The specifications are the following

=1

Qp = Qs = 0,952

Ap = 0.1 db
As = 1'40 db,
The suitable voltage ratio is
Voo _
Ve

o7 + 1,57974755009p8 + 39161622722§2p5 + 3,19679766570pl +
+ 3,00626102099p3 + 1.871LL975298p° + 0,865855223925p +

+ 0,258060229130

0,0608855L200p6 + 0,292669962915plt +
0,494215372808p° + 0,25806022913

and exactly as before (D is again zero)

(_YHJ_

- V)

p? + 1,568088342p6 + 3,14588358036p5 + 3,170516L7LL7pY +
+2,98L03671338p> + 1,85647658165p° + 0,859612012852p
f10025662232167h

0,05060500399p6 + 0,291039230438p6 +

+ 0,L9146161265p° + 0,25662232167k

(fl&) -
W e
p! + 1.56974755008p° + 3,11,588358036p5 +

+ 3.17h25746L16pk + 2,98,03672336p3 + 1.8591L317162p°
+ 0,85962042852p + 0,25720837672L

0,050720571947p® + o.,zgzwoza%zépll +
+ 0,L49258397625p% +0,25720837667




T i T,

can be calculated,
The circuit of Fig. 50 results. The lossy response of

this network is shown on Fig, 51, The ripple is now 0,1002
db, i,e, within 0,000 db (20 Q"b) of the specified value,
The response given by a network synthesized with Bode's

2,
method is shown on Fig, 52, The ripple is 0,113k db.

e, The precorrection of an elliptic filter for different

coil quality factors.

The double-terminated elliptic filter used in Examples b,
and d, will be precorrected for the more general case, when
Q, = Q=250
Q, = 4,00,
To make the procedure more accurate, the loss-less circuit

is designed to possess the anticipated %2: = 2 1in advance
]

(cf, Para, IV.2.e.), [Ihe lossless voiiage ratio of Fxample d,
8

in conjunction with an _’?G of 3 leads then to the element

values of the lossless network {in brackets on Fig. 53),

Eq, (12) of Sec¢, IV.3, gives now the predistorted

voltage ratio

7 + 1,5692Li755006p5 + 3.14503537333p° + 3.17338738793p" +
s 2,9826750900p3 + 1,858706012L8p? +0,859078325901p +

)-4. + 0.2571830163L9
/i 0,0507155709771p° + 0,291675122725p4 + 0.14925351308239p°
*+ 0,2571830163L9
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FIGURE 52,
LOSSY RESPONSE OF THE NETWORK SYNTHESIZED BY BRODES METHODE.
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p10 & 0,855194950139p7 + 3.31092L4886p8 + 2, LUSE635TLpT +
+ 1,,07658027698p + 2.L14096375785p5 + 2.2),22),562599p

+ 1,005545146559p3 + 0,50089473L185p2 + 0,1L47888L7LE6p +

+ 0,0241437993101
0.
+

00570981h7u762p8 + 0,0352630690561p6 + 0,07711L6615050pk
0,0719763229228p° + 0,02LL37993101

N(HP\ _ A0 (*_;_A_L-\B‘> _
P e

= pi0 + 5, z2h7h372866p9 + 20, h965573727p + )1, 9613607380p7
+ 91,752L1137285p% + 99,883966322Lp3 + 166,813215L85p

+ 5.5 753273 + 135,183L00757p2 + 3L, 9914{3.81%38§p

+ 1,0,9198904291

pl + 2,952632L7L9p8 + 3, 15552349926p6 + 1.L4296092197pl +
+ 0,2336LL9938L3p?

Here Eq, (18) of Sec. I.L. leads (with r?;o) to
At =+ A
B! = +B.
The proper signs make all immittances of Egs, (3L) - (35) of
Sec, I.2, finite; or
Al = =A
B! = -B .
For an anticipated Q of 130, using Eq. (L1) of Sec. IV.,3, for
both networks (even though D(Hm £ 0 , cf. Para, IV,3.d.),
the predistorted voltage ratios and -through the methods of

Para.I.li.b. = the predistorted networks can be obtained (Figo 5[10)0
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The lossy transfer voltage ratios of these networks exhibit a ripple
of 2.087 db, (low-pass) and 2,101 db (high-pass), corresponding

to actual pass-band ripples of 0.24988 db and 0.2532) db, respectively
from Eq. (2lj) of Para, I. 6. c. Thus the sﬁecif‘ications are

tolerably satisfied.

The predistortion‘of the voltage ratios usually upsets the

impedance - matching, however, and impedance - equalization way be needed

at the branching point.
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