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Abstract

Fault feature analysis of gear tooth spall plays a vital role in gear fault diagnosis. Knowing the
characteristic of fault features and their evolution as a gear tooth fault progresses is key to fault
severity assessment. This thesis provides a comprehensive (both theoretical and experimental)
analysis of the fault vibration features of a gear transmission with progressive localized gear tooth
pitting and spalling. A dynamic model of a one-stage spur gear transmission is proposed to analyze
the vibration behavior of a gear transmission with tooth fault. The proposed dynamic model
considers the effects of Time Varying Mesh Stiffness (TVMS), tooth surface roughness changes
and geometric deviations due to pitting and spalling, and also incorporates a time-varying load
sharing ratio, as well as dynamic tooth contact friction forces, friction moments and dynamic mesh
damping ratios. The gear dynamical model is validated by comparison with responses obtained
from an experimental test rig under different load and fault conditions. In addition, several methods
are proposed for the evaluation of the TVMS of a gear pair with tooth spall(s) with curved bottom
and irregular shapes, which fills the current research gap on modelling tooth spalls with irregular
shapes and randomly distribution conditions. Experiments are conducted and the fault vibration
features and their evolution as the tooth fault progresses are analyzed. Based on feature analysis,

a new health indicator is proposed to detect progressive localized tooth spall.



Table of Contents

ADSTIACT. . ... et n bbb I
LISE OF FIQUIES ... bbbttt bbb vii
LISt OF TADIES ..ottt Xiii
ACTONYIMIS . ..t b bbbt bt a et E e e bt et n R e e bt et b e Xiv
ACKNOWIEAGEMENTS ...ttt esre e e eneenrees XVi
Chapter 1 INTrOTUCTION ......oueieiieice et 1
1.1 OVBIVIBWW ...ttt bbbt bbbt bbbt e et bbb eneas 1
1.2 IMIOTIVAETON ..ottt 3
1.3 Deficiencies and improvements of existing methods..........c.ccocveeienencicnenee 6
1.4 PrOPOSEA STUAY ..ottt 9
1.5 Organization Of the theSIS..........coiiiiii e 10
Chapter 2 LIterature REVIEW .........coiiiiiiieieieie sttt 12
2.1 Review of gear TVMS eValUAtIoN...........ccoveiiiieiiieiesceseee s 12
2.1.1 Review of general TVMS Methods...........cooiiiiiiiiiiieeeeee e 12
2.1.2 Review of gear TVMS evaluation for tooth pitting and spalling..............c.c....... 14

2.2 Review of gear dynamiC MOGEIS ..........ccoouiiiiiiiiie s 16
2.2.1 Early gear dynamiC MOGElS .........ccoiiiiiiiiiiiieeee e 16
2.2.2 Gear dynamic model With TaUltS ...........cccooiiiiiiiii e 19
2.2.3 Dynamic modelling for gear tooth pitting and spalling ...........ccccceveniiininnnnnne 24

2.3 Review of fault feature analysis DY HCIS........ccooooiiiiiiiiiiee e 26
Chapter 3 Gear mesh Kinematic MOdel ............ccooiiiiiiiiiii s 28
3.1 ADSTFACT ... 29
3.2 INEFOAUCTION ..ot 29
3.3 The proposed gear mesh kinematic model ..o 30
3.3.1  LIMItS OF CONTACT. .....ccuiiiieiieieie et 30



3.3.2 Single and double tooth pair mesh durations ............ccccoveviiieieiene i 34

3.3.3  Geometric model of the spur gear profile ... 35
3.4 Potential energy method in TVMS calculation ............cccccceeviiiiiiic e 38
3.5 Evaluation of gear TVMS with the proposed kinematic model.............cc.ccccoeueee. 40

3.5.1 TVMS evaluation with constant gear center distance error ...........cc.cceeevevvereenne. 40

3.5.2  TVMS With €CCENTIIC BITON ..evviiiieiieie sttt 42
3.6 (O70] 0 od (1] [0 o HO SRR 45

Chapter 4 Evaluation of the time-varying mesh stiffness for gears with tooth spalls with

CUNVEd-DOTEOM TRALUIES.......cuviiieiiee e 47

4.1 ADSTFACT ... 48
4.2 INEFOAUCTION ...t 48
4.3 The proposed ellipsoid shape-based method on modelling gear tooth spalls ....... 49
4.3.1 The geometric model of ellipsoid tooth spall..........c.ccocoiiiiiiiiiie 49
4.3.2 Evaluation of the TVMS of a spur gear pair with ellipsoid tooth spall .............. 54
4.4 Validation and ANATYSIS ......c.veieiiieieei e 57
4.4.1 Validation of the proposed Method ...........ccooveieiiiiniiii e 57
4.5 CONCIUSIONS ...ttt 63

Chapter 5 A shape-independent approach to modelling gear tooth spalls for time varying mesh

stiffness evaluation Of & SPUr gEAr PAIT..........coeiiriiiriiireee e 64

5.1 ADSTFACT ... 65
5.2 INEFOAUCTION ...t 65
53 Introduction of the proposed shape-independent method ...........cccccooeiiiiiinninne 66
5.3.1 The shape-independent method on modelling gear tooth spalls..............cc......... 66
5.3.2 The shape-independent method for gear TVMS with spall ...........cccccoooiiiieene. 72
54 The shape-independent method for modelling localized tooth spalls................... 76
5.4.1 Modelling a localized rectangular tooth spall .............cccocioiiiiiinine, 76



5.4.2 Modelling localized tooth spalls in round/elliptical shape............ccccccooiiininnnn. 80

5.4.3 Modelling localized tooth spalls with irregular shapes............ccccoeveiiiiniinnnen 82
55 The shape-independent method for modelling distributed tooth spalls ................ 87
5.5.1 Modelling multi-tooth spalls with a Gaussian distribution.............c.cceecvvvernenne. 88
5.5.2 Modelling randomly distributed tooth Spalls ... 92
5.6 CONCIUSIONS ... bbb 95
5.6.1 Summary of the proposed Method ............coviiiieiiiii e 95
5.6.2 Advantages of the proposed Method ............cooeeiiiiiini e 96

Chapter 6 Dynamical modeling and experimental validation for tooth pitting and spalling in

SIPUT BAIS. ..t eettee et ee ettt ettt e et e st e ettt e ekt e ettt e e kbt e e be e e s sbe e e enbe e e anb e e e nnbe e e nnbeeennreeens 97

6.1 ADSTFACT ... 98
6.2 INEFOAUCTION ...t 98
6.3 Gear contact model with tooth pitting and spalling ..........cc.ccoovviieiininiiieen 99
6.4 Modelling and evaluation of the TVMS of gear pair with tooth spalling............ 112
6.5 Gear mesh dynamiC MOGEL .........ccuiiiiiiiiiiie s 117
6.6 Evaluation of the system physical and mechanical parameters ............c.ccccovene.. 121
6.7 Evaluation of the bearing stiffness and damping coefficient ............c.ccoccoevninnne 122
6.8 Evaluation of the stiffness and damping coefficient of bolts..............cccccocviines 126
6.9 Measuring the gear tooth surface roughness..........ccccveveienieie e 129
6.10  Dynamic simulation and model validation...............c.ccooeriiiiiiinniin e 130
6.10.1  Description of the experimental SEtUP ..........ccceriririiiiiice 130
6.10.2  Dynamic simulation and model validation............c.ccooevviiiiiiiiii, 130
6.10.3  Experiment 1- Healthy conditions low Speed............cccoovviieiineiininininns 131
6.10.4  Experiment 2- Healthy conditions high speed..........cccooviiiiiininiiinininn, 132
6.10.5 Experiment 3- Comparisons under initial faulty conditions.............c.c.......... 133
6.10.6  Experiment 4 - Comparison under severe tooth spalling conditions............. 137



6.11  The effects of friction forces in gear dynamic models..........c.cccooevviinnienennnnne 140
TN 2 o (o] (11 o o PSPPSR 142

Chapter 7 Fault feature analysis and detection of progressive localized gear tooth pitting and

SPAITING e 144

7.1 N 0L = Uod USSR 145
7.2 INEFOTUCTION ...ttt sr e e 145
7.3 Experimental deSCription...........ocoiiiiiiiiiieieeee e 147
7.4 Vibration feature analysis of gear transmission in healthy conditions................ 149
7.5 Fault feature analysis of gear system with progressive spalls............cc.ccoovninnne 152
7.5.1 Fault feature analysis of spalls in lower speed condition..............cccccevvverirnnnnne. 152
7.5.2 Fault feature analysis of spalls in higher speed condition..............cc.ccoccevninnnne 156

7.6 Fault detection of progressive tooth spall ... 160
7.7 LO70] 104 113 [0 o PSPPI 162
Chapter 8 Contributions, conclusions and future WOrk ...........ccccoocevveviieienieniesie e 164
8.1 Thesis CONEIIDULIONS ......c.oiiiiiiii s 164
8.2 L0 0] 000 113 [0 LSS 165
8.3 FULUIE WOTK ...ttt ne s 167
T 1=] 1] 0 0TSSR 168
N o] 1= 1o | G USSP PP PSPPI 187
APPENTIX 2. .. ittt bbb bbbttt b bbb 188

Vi



List of Figures

Figure 2-1 TVMS of spur gear pair with spalling defect modeled in rectangular shape.. 15

Figure 2-2 The early gear contact MOdel ...........ccoeieiiiiiiii e 17
Figure 2-3 The early gear vibration model ............cccoeiiiiii 17
Figure 2-4 The 1-DOF dynamic model of @ gear Pair ...........ccocvvvieiiieieienene e 18
Figure 2-5 The 3-DOF gear dynamic MOdel............coeiiiiiiiininiieeeeee s 19
Figure 2-6 The 6-DOF gear dynamic MOdel............coeiiiiiiiininiiceeeee s 20
Figure 2-7 The 8-DOF gear dynamic MOTEl..........c.coeriiineiiiininieeeee s 21
Figure 2-8 The one stage 16-DOF gear dynamic model..............ccoovvvviiiinincncnininen, 22
Figure 2-9 The 6-DOF model consider friction effect...........cc.covviviiiiiiencne 23
Figure 2-10 9-DOF gear dynamic MOodel............ccooeiiiiiiiiiiiiieeeeee s 23
Figure 2-11 A planetary gear dynamic model ..o 24
Fig. 3-1 Meshing process of a spur gear pair (initial poSition)...........ccccoovevencienieninnnn. 31
Fig. 3-2 Mating process of a spur gear pair (Separation position) ...........cccecererererenenn. 33
Fig. 3-3 Geometric model of the spur gear profile ...........cccoeriiiiiiiii 36
Fig. 3-4 Mating process of a spur gear pair (arbitrary contact point) ...........c.ccocevvrvrinnne. 37
Fig. 3-5 The effect of constant center distance deviation on gear mesh process.............. 40

Fig. 3-6 Simulated comparison of TVMS of perfectly mounted gear pair and gear pairs

subjected to constant center diStance Variations ............ccccevvereereeneeneere e seeesee e seeeeens 41
Fig. 3-7 Gear position changes due tO MUN OUL.........ccceverieiereriniiseeee s 42
Fig. 3-8 Gear mating process With rUN-0UL BITON ...........cceieiereniniiieiee s 43
Fig. 3-9 TVMS of spur gear pair for each tooth pair...........c.ccocvvviiiiiiniiie e 44

Fig. 3-10 Comparison of TVMS of the perfectly mounted spur gear pair and a spur gear
PAIF WIth gEAN @ FUN-OUL BITOT ......viiiieiieiieiteste ittt 44

Fig. 4-1 Gear tooth spall modeled by rectangular shape .........ccccoovviiiiiiniiie, 48

vii



Fig. 4-2 Gear tooth spalling in PractiCe ...........cooveieieiiiiic s 49

Fig. 4-3 Ellipsoid tooth spalling and a cross-section view passing through the center of the

BIIIPSON. ...t 50
Fig. 4-4 Cross-section model of the proposed tooth spall ..o 50
Fig. 4-5 Geometric model of the spur gear profile ...........ccoooiiiiicii 54

Fig. 4-6 Gear tooth spall modeled by the proposed method under different conditions .. 58
Fig. 4-7 The variation of cross-section area and area moment of inertia under different
SPAIIING CONTITIONS ...ttt e st e e e ereenneenee s 59

Fig. 4-8 Zoomed cross-section area and area moment of inertia under different spalling

CONTITIONS ...ttt bbbttt b bbbt e et e b et et nbe b 59
Fig. 4-9 Finite element model of a mating gear pair for case (a) as an example. ............. 60
Fig. 4-10 TVMS of spur gear pair with multiple spalls............ccoooiiiiin 62
Fig. 4-11 Zoomed TVMS of case (a) and €ase (D) .....ccooceviririniniiee 62
Fig. 5-1 Simplified model of gear tooth Spalling..........ccooceviiiiiniiiie 67

Fig. 5-2 Illustration of the shape-independent method for modelling gear tooth spalling 69

Fig. 5-3 Gear tooth spalling modeled by a rectangular shape............cccccoveieiinciininnne. 69
Fig. 5-4 Cross-section model of the tooth spall ............cccocooiiiiis 70
Fig. 5-5 Gear tooth modeled as a cantilever beam............c.cooviiiiiiiiini 72
Fig. 5-6 Finite element model of gear tooth spall in rectangular shape.............cc.ccoceeen. 78

Fig. 5-7 Comparison of the TVMS with rectangular spall evaluated by different methods

Fig.5-8 Gear tooth spall in elliptical/round Shape............cccooriiiniiiiiiiii e 80

Fig.5-9 Gear tooth spalling modeled in round/elliptical shape by geometric based method

........................................................................................................................................... 81
Fig.5-10 Comparison of the TVMS evaluated by different methods .............ccoccvvririenne. 82
Fig.5-11 Gear tooth spalls of irregular SNAPES .........covviiiiiiiiii 83

viii



Fig.5-12 Tooth spall modelled in irregular Shape. ... 84
Fig.5-13 Gear tooth spall in complicated Shape..........ccoeiiiiiiiiiiiee 84

Fig.5-14 Area and area moment of inertia of a gear tooth with irregular tooth spall ....... 85

Fig.5-15 The TVMS of a gear tooth pair with irregular tooth spall ................cccoii. 85
Fig.5-16 Tooth spall with irregular shape and varying depth...........ccooeieniiininiinnn. 86
Fig.5-17 Gear tooth spall in complicated shape and varying depth.............ccccoeiininnnn. 86
Fig.5-18 TVMS of the gear pair with irregular spall ............coooiiiiii, 87
Fig.5-19 Gear tooth spalls with a Gaussian distribution..............ccoeeviviieinincnciiens 88
Fig.5-20 Geometric model of distributed gear tooth spalls ............cccceveiiiiiiiiiiiiin 88
Fig.5-21 Model of tooth spall in Gaussian diStribution ............cc.ccoveiinineininciciees 91

Fig.5-22 Area and area moment of inertia of a gear tooth with Gaussian distributed tooth

SPAILS . 91
Fig.5-23 TVMS of gear tooth pair with Gaussian distributed tooth spalls...................... 92
Fig.5-24 Tooth spalls in randomly distributed conditions..............ccoceveienencicninine, 93
Fig.5-25 The features of tooth spalls and corresponding TVMS.........cccooviiiiiiiininnnn. 94
Fig. 6-1 Gear tooth pitting and SPalling .........c.ccooriiiiiii e 100
Fig. 6-2 The contact model of a spur gear pair with tooth pitting and spalling.............. 101
Fig. 6-3 Mating process of a spur gear pair with friction forces...........cccccvevviiiniiinnnnns 102

Fig. 6-4 The effects of gear tooth pitting and spalling on EHL film and pressure (under the
conditions of w=7>10* N/m, R=0.0071 m, T=25°C, @, =1500 rpm, p, =864.80 kg/m?, 7,
=0.0479 Pas; and L.=0.016 m & Rc=0.001 for (b), Le=0.016 m & Rc=0.05 for (c),
Le=0.014 m & Rc=0.1 for (d), where Rc is surface roughness coefficient) .................... 105
Fig. 6-5 Comparison of the gear tooth mating properties and EHL features under healthy
and faulty conditions along the line of action for one mating gear tooth pair (roughness is
assumed as isotropic y=1; for healthy condition L.=0.016 m; for pitting Le=0.016 m; for
SPAIING Le=0.014 M) ..ottt bbb 109



Fig. 6-6 Damping coefficient of the EHL film under different fault conditions ............ 109

Fig. 6-7 EHL film thickness variation and film stiffness (F4 =1000 N, AF=50 N)....... 113
Fig. 6-8 Geometric model of the spur gear profile ..........c.cooiiiiiiiicie 115
Fig. 6-9 Dynamic model of a one stage spur gear tranSmiSSION ...........ccccevererenerennnns 120

Fig.6-10 Structure and internal sub-model data exchange of the proposed gear dynamic

Fig. 6-11 Experimental devices and dynamic model of a simple rotor bearing system . 123
Fig. 6-12 The impulse response of the bearing teSt rig..........ccocvvvvriiiiieiiien s 126

Fig. 6-13 Evaluation of the bolts’ stiffness and damping coefficient based on the

Logarithmic decrement MethOod ..........c.ooueiiiiiiiiiieee e 128
Fig. 6-14 The impulse response of the DOIt JOINT ... 129
Fig. 6-15 Measuring tooth surface roUghNESS. .........ccccoeieriiiienieieeeee e 129
Fig. 6-16 Gear fault SIMUIALOT.........ccoiiiiiiieceee e 130

Fig. 6-17 Comparison between the experimental and simulated signals in vertical direction

Fig. 6-18 Comparison between the experimental and simulated signals in horizontal

AITCTION <. 131

Fig. 6-20 Comparison between the experimental and simulated signals in horizontal

(0[] £=To1 1 o] IO USSP TP PR 132
Fig. 6-21 Tools utilized for making progressive tooth pitting and spalling.................... 134
Fig. 6-22 Gear tooth pitting and spalling and corresponding TVMS ... 134

Fig. 6-23 Surface roughness and effective tooth contact length of gear pair with and without



Fig. 6-24 Comparison between the experimental and simulated signals with gear tooth
SPAIING (8.1 HZ) ... 135
Fig. 6-25 Comparison between the experimental and simulated signals with gear tooth
SpaAlling (ZOOMEM, 8.1 HZ) ..c.eveeiiiieeee et 136
Fig. 6-26 Comparison between the experimental and simulated signals with gear tooth
SPAIING (25.2 HZ) ..o 136
Fig. 6-27 Gear tooth pitting and spalling and corresponding TVMS ... 138

Fig. 6-28 Modeling of tooth surface changes under severe pitting and spalling conditions

Fig. 6-29 Comparison between the experimental and simulated signals with severe tooth
SPAIIING (8.1 HZ) ... 139
Fig. 6-30 Frequency comparison between the experimental and simulated signals with
severe to0th SPaliNg (8.1 HZ) .....cvoiiiiiii e 139
Fig. 6-31 Frequency comparison between the experimental and simulated signals with
severe to0th SPaliNg (25.2 HZ) ...c.eoieiiiii e 140
Fig. 6-32 Simulation of the dynamic model considered only the modification of TVMS due
0 TOOTH PITEING ...t 140

Fig. 6-33 The dynamic forces of the gear system with consideration of surface roughness

changes under tooth pitting and spalling conditions (test rig 1, 8.1 Hz) ..........cccceouenee. 142
Fig.7-1 Examples of localized tooth spall.............ccooeiiiiniiiis 145
Fig. 7-2 Progressive tooth spalls on the same pinion to0th ... 148

Fig. 7-3 Comparison of the vibration behavior of the gear system under different speed
(070 1o 11 0] SRS 151
Fig. 7-4 Comparison of the vibration features of progressive tooth spall under lower speed
(070 1o 11 0] SRS 153

Fig. 7-5 The time domain impulsive vibration features of 8 Hz speed cases.................. 154

Xi



Fig. 7-6 Frequency comparison of progressive tooth spall with constant speed 8 Hz... 154
Fig. 7-7 Sideband property of progressive tooth spall under lower speed conditions... 156
Fig. 7-8 Comparison of the vibration features of progressive tooth spall under higher speed
(070 Lo 1 0] 1 < TP 157
Fig. 7-9 The time domain impulsive vibration features of 25 Hz speed cases............... 158
Fig. 7-10 Frequency comparison of progressive tooth spall with constant speed 25 Hz 158
Fig. 7-11 Sideband property around the 2" GMF of progressive tooth spall under higher
SPEEA CONUITIONS ...ttt bbbttt ne b b be e 159
Fig. 7-12 The 3", 4" and 6™ order peaks of the vibration signals of sever at 25 Hz speed
CONTITIONS ...ttt bbbttt e bbb bt e et e e e bbb 161

Fig. 7-13 MPn of signals with progressive localized tooth spall-8 Hz speed conditions

xii



List of Tables

Table 3-1 Reference equations for calculating the angles in EQ. (3.3) ....ccccovevvvvviininennnne 32
Table 3-2 Reference equations for calculating the angles in EQ.(3.4) ......cccoocvvvviininnnnnne 33
Table 4-1 Parameters of the gear-pinion set of chapter 4 ..o 58
Table 5-1 Parameters of the gear-pinion set of chapter 5. 78

Xiii



Acronyms
AM
CBM
CF
DOF
DSFM
EHL
EOP
ER
FE
FGP
FGP1
FMO
FM4
GDS
GMF

HCI

IVHMS
M6A
M8A

MLS

Analytical Method

Condition-Based Maintenance system
Crest Factor

Degree-of-Freedom

Discrete Sampling and Fit Method
Elastohydrodynamic lubrication
Energy Operator

Energy Ratio

Finite Element method

Fault-growth parameter

The improved gear fault-growth parameter
Zero Order Figure of Merit

Fourth Normalized Statistical Moment
Gearbox Dynamics Simulator

Gear Mesh Frequency

Healthy Condition Indicators

Instantaneous frequency

Integrated Vehicle Health Management System

Sixth normalized statistical moment
Eighth normalized statistical moment

Multiscale Local Statistics

Xiv



MSPU

NA4

NB4

NLLS

OLOA

PE

PHM

PP

RMS

RUL

Sl

SK

SLF

STFT

TVMS

WT

WVD

Modern Signal Processing Unit
Quasi-normalized statistical moments
Quasi-normalized statistical moments of band passed signal
Non-Linear Least Squares

Off Line of Action

Potential Energy method

Prognostics and Health Management system
Peak to Peak

Root Mean Square

Remaining Useful Life

Sideband Index

Spectral Kurtosis

Sideband level factor

Short Time Fourier Transform

Time Varying Mesh Stiffness

Wavelet Transform

Wigner-Ville Distribution

XV



Acknowledgements

I would like to express my deepest gratitude to my tremendous mentors Professor
Natalie Baddour and Professor Ming Liang. | would like to thank you for your continuous
support, patience, motivation, and guidance on my Ph.D. research. Your immense

knowledge and professional experience have enlightened me all the time of research.

I would like to thank the rest of my thesis committee: Professor Chris Mechefske
(Queen's University, Canada), Professor Jie Liu, Professor Dan-Sorin Necsulescu and
Professor Balbir Dhillon for serving as my committee and their valuable time spent on this
thesis.

My sincere thanks to my parents and my elder sister for supporting me spiritually
throughout my life in general. Special thanks to my beloved Mengyuan Huan for years of

unimpeded companionship, encouragement and support.

I thank my research fellows Shuai Yang, Yunpeng Guan, Zhuwen Sun, Xueyang Yao,

Juanjuan Shi, and Huan Huang for their help and suggestions.

XVi



Chapter 1: Introduction

Chapter 1 Introduction

1.1 Overview

A gear transmission is one of the most important devices found in machines such as
automobiles, wind turbines, airplanes, spacecraft, robots, mining equipment, etc. [1]. Due
to complex structures, severe working conditions or inappropriate operation, gear
transmissions are susceptible to damage and failure [2, 3]. The degradation of the
transmission system will directly affect equipment safety and reliability. Severe faults may
result in catastrophic failures, leading to productivity losses, maintenance costs or danger
to human life. Condition monitoring and online diagnosis of this critical component are

thus crucial to prevent system failures and reduce financial costs [1].

A strong desire and need for an intelligent condition monitoring system have existed
for a long time [4]. Over the past few decades, numerous investigations have been carried
out to construct reliable Condition-Based Maintenance (CBM) systems, as well as more
advanced Prognostics and Health Management (PHM) systems. The goal of a CBM system
is to replace the traditional prescheduled and labor-intensive planned maintenance methods
so that maintenance work is performed only when a fault is detected [5]. The CBM system
can largely reduce maintenance costs, minimize system downtime and increase machine
life. Meanwhile, the PHM system is more ambitious; the primary emphasis is on providing
an early indication of incipient faults, identifying the corresponding fault types and
predicting the remaining useful life of the part or system. It not only provides valuable
information for maintenance decisions but also increases system reliability and insures
operational safety [4, 6]. Despite many investigations devoted to this area, the current CBM
and PHM systems are still far from mature, with many reporting a significant number of

false alarms or failure to detect the occurrence of faults. The incorrect responses of a CBM
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or PHM system, such as the reporting of false alarms, may actually increase the
maintenance work and costs due to unnecessary shut downs and subsequent required

inspections [5].

Fault diagnosis is part of constructing a reliable PHM system for machinery, yet it is
also the most challenging and difficult part. There is a tremendous body of work on fault
detection and diagnosis based on vibration signals. Methods such as time-domain analysis,
frequency domain analysis and time-frequency analysis, etc. have been extensively studied.
Health Condition Indicators (HCIs) such as Root Mean Square (RMS), Kaurtosis, Fourth
Normalized Statistical Moment (FM4) [7], Quasi-normalized statistical moments (NA4)
[8], Quasi-normalized statistical moments of band passed signal (NB4) [9], Energy
Operator (EOP) [10], etc. are typical time-domain techniques. The values obtained via
these statistical means can often quickly indicate the presence of a fault [11], but cannot
provide a precise fault diagnosis [12]. Frequency and time-frequency techniques can
provide more information about the system vibrations, and thus have the potential to

precisely localize the failure through visually observing some 2D or 3D graphics [13].

To date, many detection/diagnosis methods based on the frequency components of
vibration signals have been proposed, such as the well-known Short Time Fourier
Transform (STFT), Wavelet Transform (WT), Wigner-Ville Distribution (WVD), Q-
factors [14, 15], Envelope analysis [16], Cepstrum analysis [17], and numerous advanced
methods derived from these methods. The diagnosis of gear damage mainly depends on
the detection or extraction of some distinct vibration characteristics excited by the fault,
regardless of the kind of method utilized. The key issue is “what kinds of fault symptoms
are sought?” A clear answer to this question is the most essential and important issue for

the success of fault diagnosis.
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In practice, it is expected that a gear tooth fault (e.g. tooth spall and crack) can become
more severe due to long duration continuous loading of the gear, which leads to another
important research topic on the evaluation of the severity of a fault. It is often assumed that
it is unnecessary to assess severity because the faulty component, once detected, should be
replaced. However, this assumption is often incorrect because a faulty component (e.g. a
gear with initial tooth spall or wear) may often be kept in service for a long time without

jeopardizing the operation, and it is expensive and inconvenient to frequently change parts.

In fact, fault severity assessment has been attracting considerably increasing attention,
due to its importance in making maintenance decisions as well as the evaluation of the fault
severity of the failing component. The assessment of the fault severity based on vibration
signal requires thorough understanding of the fault evolution characteristics as the fault
becomes more severe. However, little work has provided a systematic analysis of the
evolution of fault features of progressive gear tooth faults, especially for gear tooth pitting

and spalling [18, 19].

1.2 Motivation

The diagnosis of gear tooth damage mainly depends on the detection of some vibration
characteristics excited by the fault. For example, the diagnosis of a gear tooth crack is
generally based on detecting a specific periodic impulse in the vibration signal [20, 21],
and the identification of gear runout or unbalance relies on the examination of the
sidebands around the gear mesh frequency and its harmonics [21, 22]. However, unlike the
above defects, the fault symptoms of tooth pitting and spalling and the corresponding fault
mechanisms remain unclear due to the complicated interactions of the mating gear tooth
pairs. The diagnosis of a spalling defect is widely based on the assumption that the fault

characteristics of tooth spalling are the same as those of a tooth crack, such as found in [23-

3
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28]. This assumption needs to be further validated or corrected since there are fundamental
differences between the failure mechanisms of tooth crack and tooth spalling. For example,
the occurrences of a gear tooth crack mainly results in tooth bending and affects the contact
stiffness of mating teeth [29]. However, tooth pitting and spalling mainly modifies the
surface contact properties, which not only reduces contact stiffness but also increases
surface roughness and changes the contact lubrication conditions and friction forces [18,
30, 31]. Therefore, an improved understanding of the distinct vibration characteristics

excited by tooth pitting and spalling is needed for gear fault detection and diagnosis.

The development of an advanced CBM or PHM system not only requires the successful
detection of the existence of fault(s), but also requires the corresponding fault severity of
the faulty components. Knowing the evolution characteristics of fault vibration features as
the fault becomes more severe plays a vital role in fault severity assessment. However,
little work has provided analysis of the evolution of fault features of progressive gear tooth
faults, especially for tooth spalling. The assessment of fault severity levels is widely based
on the hypothesis that ‘the more severe the fault, the stronger the fault symptom’, which
appears to be a reasonable assumption but still requires experimental validation. For
example, the existence of periodic impulses and sidebands around a meshing frequency is
often used to detect and diagnose localized gear tooth faults. However, can we say that a
gear fault with higher-sideband-amplitude is more severe than one with lower-sideband-
amplitude? Does this imply that the more sidebands, the more severe the fault? What does
it mean if the sidebands appear in a certain meshing frequency harmonic? Would the fault
severity be different if the sidebands appeared around a certain harmonic, e.g., the 3rd
harmonic of the meshing frequency instead of other harmonics? Does the distribution of
the sidebands change when fault becomes more severe? Is it true that the more severe a

localized gear tooth fault, the higher the amplitude of the fault vibration impulses? A clear

4
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understanding of the evolution of fault features of a progressive tooth fault via experiments
remains an important research topic for gear fault detection and severity assessment.
Knowing the fault features of a gear system under different fault severity conditions is

critical for gear fault severity assessment and maintenance decision making.

The assessment of fault severity is generally based on the change of amplitude of some
condition indicator(s) as the fault progresses and the severity of the fault is judged by
comparing the measured values with pre-set thresholds [1]. Most of the proposed condition
indicators were designed for detecting a specific type of gear fault. For example, the
Multiscale Local Statistics (MLS), NB4, Sideband Level Factor (SLF), Sideband Index
(S1), Crest Factor (CF) etc. targeted the detection of localized gear tooth faults, such as
tooth root crack or initial pitting (pitting only on a few teeth). The EOP, the Sixth
Normalized Statistical Moment (M6A), the Eighth Normalized Statistical Moment (M8A)
and the Energy Ratio (ER) have primarily been used for detecting distributed faults such
as heavy tooth wear, severe pitting or scuffing. Kurtosis, the Zero Order Figure of Merit
(FMO), the Fourth Normalized Statistical Moment (FM4), RMS as well as delta-RMS have
generally been used in detecting both gear tooth crack and wear. Based on Zakrajsek’s [8]
description, only the NA4 has the ability to detect progressive damage where the fault
transformed from localized to distributed. Therefore, new condition indicators that can

robustly detect a fault and evaluate the corresponding fault severity are still required.

As such, the motivations of this thesis work are to:

1. Analyze the fault features of a gear transmission with tooth pitting and spalling
comprehensively (theoretically and experimentally). Determine the fault vibration
characteristics of a gear transmission with tooth pitting and spalling. Determine if these

fault characteristics can be found in the time domain or frequency domain.
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2. Investigate the evolution of characteristics of fault vibration features as the fault
progresses from healthy state to severe condition. Determine if and how the vibration
signal changes when a fault become more severe. Determine if a gear fault with higher-
sideband-amplitudes is more severe than one with lower-sideband-amplitudes.
Determine if number, location and distribution of sidebands imply an increase in the
severity of the fault.

3. Propose a novel condition indicator to detect progressive tooth spalling.

1.3 Deficiencies and improvements of existing methods

Dynamic models simulating gear tooth pitting and spalling are generally the same
models used to analyze the effects of a gear tooth crack, such as in [32, 33]. In modelling
a gear tooth crack, the changes on the magnitude of the Time Varying Mesh Stiffness
(TVMS) due to the crack is significant and can be assumed as the dominant factor. The
tooth surface roughness as well as the mesh friction conditions, can be assumed to remain
unchanged if no pitting exists. However, unlike modelling a tooth crack, the changes to the
TVMS due to tooth pitting and spalling are small, especially in the case of initial tooth
pitting and pitting with limited depths, such as for the results in [34-37]. The small changes
in TVMS result in limited effects on the dynamical vibration behavior of the system and
thus modelling small levels of pitting and spalling as changes in TVMS will fail to explain
any observed vibration features. The modelling of gear tooth pitting and spalling is much
more complicated compared to modelling a tooth crack, as other factors, such as surface
roughness changes and geometric deviations due to tooth pitting and spalling, can have
significant effects on the vibration response of the system and thus need to be taken into

consideration.
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The validation of the dynamic model requires comparison of the predictions of the
model with signals that can be experimentally obtained. Due to experimental limitations,
most vibration signals are obtained from the outside of the gearbox casing, instead of from
the rotating gear pairs. Therefore, dynamic modelling of a gear system should also consider
the effect of the gearbox casing in order to generate signals comparable to those obtained
in practice. It is also worth mentioning that the gearbox casing itself is one of the most
important components of the gear system, and so plays an important role in vibration and
acoustic signal propagation, as studied in [38-42]. Therefore, its effects cannot be neglected
and should be taken into consideration when modelling a gear transmission. Moreover, the
validation of the dynamic vibration behavior of a real gear transmission also requires the
actual values of the physical properties of some important components, such as stiffness
and damping ratios of bearings, shaft couplings and gearbox-fixing bolts. However, these
physical properties are mostly unknown and are affected by working and mounting
conditions. Therefore, theoretical or experimental evaluation of these critical parameters is

often necessary.

The analysis of the vibration behavior of a gear transmission by dynamic simulation
requires accurate values of the gear Time Varying Mesh Stiffness (TVMS) and its
corresponding changes when a tooth fault occurs. The occurrence of gear tooth spalls
reduces the amount of effective tooth material supporting the dynamic loads of the
transmission, which results in a decreased gear TVMS. The decreased gear tooth stiffness
is one of the main sources of impulse vibrations and increases the noise in a gear system.
The purpose of gear TVMS evaluation is to accurately calculate the stiffness and capture
its changes when a fault occurs. Common approaches assume that the tooth spall has a flat
bottom with a constant tooth spall depth. This assumption implies an abrupt change in

depth and cliff-like material loss. However, in practice, the flake of the surface material
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usually results in a gradually changing depth with a curve-shaped bottom. Thus, the

modelling of tooth spalls with a flat bottom may result in mesh stiffness differences.

Existing work on modelling gear tooth spalls has also focused on using a specific
geometry (e.g. rectangular, round, elliptical, pixel, etc.) to approximate the features of the
tooth spall. The accuracy of the geometry-based methods on modeling gear tooth spall
depends on how close the utilized geometry is to the actual shape of the spall. However, in
practice, tooth spall(s) are usually irregular in shape and hence it is often difficult to find a
suitable geometry to match the shape of the defect. The issue of how to analytically
evaluate the TVMS of the gear pair with irregular tooth spalls as observed in practice
remains unsolved. Moreover, many existing methods are suitable for application to only a
specific type of tooth spall with a specific geometry or distribution. Changing the type or
shape of the tooth spall requires a corresponding change in the evaluation equations and
algorithms. However, the equations used by the different methods for modelling different
types of spalls can vary significantly, such as the ones presented in [35, 36, 43, 44], which
significantly hinders the practical applications of these methods. Hence, a general method
that covers various situations and is unconstrained by the geometry and distribution of the
tooth spalls is highly desirable in order to simplify the evaluation process when modelling

spalls of different types or shapes.

Analyzing the evolution of the vibration features of a gear system with a progressive
tooth fault requires that the obtained signals are comparable after each test. Data
consistency not only requires the signals to be obtained under the same working conditions
(e.g. the same speed and load conditions) but also requires the status of the other healthy
components to remain the same, e.g. changes that might be introduced by disassembling

the gears, shafts, bearings and couplings, or loosening the bolts of the gearbox and motors
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must be avoided. Since any change in these components may change the vibration features
of the system, this may result in inaccurate fault feature comparison conclusions. Moreover,
the disassembly and reassembly of a gear system also has the potential to introduce
additional assembly errors or to change existing mounting errors. The introduction or
modification in assembly errors can directly affect the system vibration behavior, which in
turn results in difficulties in determining which source has caused the change in the fault
feature symptom. To avoid modifying the mounting conditions of the transmission and to
ensure that the obtained signals are accurate and comparable under different faulty severity
conditions, tooth pitting and spalling should be introduced directly on the gear tooth

without disassembly of the gearbox during experiments.

1.4 Proposed Study

Understanding of fault vibration features and the evolution of these features as the fault
progresses requires both improved theoretical methods and advanced experimental
techniques. In light of the summary presented in section 1.3, the objectives of this thesis

are to:

1. Propose a gear mesh kinematic model which can be used to evaluate the actual
contact positions of tooth engagement with respect to gear rotational angle.

2. Propose a curved-bottom shaped tooth spall model to best fit the shape of the
spalling geometric features as observed in practice.

3. Propose an advanced method to model tooth spall(s) with irregular shapes and
randomly distributed features.

4. Propose a novel spur gear dynamical model that can be used to understand the

dynamic behavior of a gear system under faulty conditions. Validate the proposed
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gear dynamical model by comparison with responses obtained from an
experimental test rig under different conditions.

5. Analyze the fault features of a gear transmission with tooth pitting and spalling
through the proposed dynamic model and compare with features obtained by
experiments.

6. Investigate the evolution characteristics of fault vibration features as the fault
progresses from healthy to severe faulty condition.

7. Propose a novel condition indicator to detect progressive tooth spalling.

1.5 Organization of the thesis

The thesis is organized as follows. A literature review that encompasses gear TVMS
evaluation with and without tooth fault, dynamic modelling of gear transmission and HCls
on extracting fault features is given in Chapter 2. Chapter 3 addresses objective 1, which
IS to propose a gear mesh kinematic model to evaluate the actual contact position of tooth
engagement. The proposed model can be used to evaluate the actual tooth mesh contact
positions with either constant or time varying gear center distance. Additional analysis on
the effect of center distance variation on the TVMS of a spur gear pair is also provided.
Chapter 4 proposes a curved-bottom shaped tooth spall to best fit the shape of the spalling
geometric features as observed in practice. This addresses objective 2. Chapter 5 addresses
objective 3, which is to propose an advanced method to model tooth spall(s) with irregular
shapes and randomly distributed features. The performance of the proposed method on
modeling localized tooth spall with different regular shapes (e.g. rectangular, round,
elliptical, etc.), irregular shapes, and spalls under normal or randomly distributed
conditions are then evaluated. Chapter 6 proposed an advanced spur gear dynamical model,

validated by various experimental tests, to analytically investigate the effects of tooth
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pitting and spalling on the vibration responses of a gear transmission to address objectives
4 and 5. Chapter 7 addresses objectives 6 and 7, the evolution characteristics of fault
vibration features as the gear tooth spall progresses from initial to severe. A novel condition
indicator is designed to detect progressive gear tooth spalling. Conclusions and future work

are presented in Chapter 8.
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Chapter 2 Literature Review

This chapter presents a literature review of prior work that on gear time varying mesh
stiffness evaluation, gear transmission dynamic modelling, and gear healthy condition

indicators.

2.1 Review of gear TVMS evaluation

2.1.1 Review of general TVMS methods

Gear TVMS plays a vital role in the dynamic simulation of a gear system. It has been
shown that many gear faults, such as gear tooth crack, tooth pitting and spalling, can
significant change the value of the TVMS. Therefore, many types of gear faults have been

modeled as a change of the TVMS, as was explained in the previous sections.

Much research has been carried out to investigate TVMS with or without gear faults.
Methods such as the Finite Element method (FE), Analytical Method (AM), AM-FE hybrid
method, and experimental methods have been developed and/or validated [45]. The FE
method has been widely used to calculate the TVMS of both healthy and cracked gear tooth
cases, because of its high accuracy and the ability to simulate complex gear tooth geometry
[45, 46]. Sirichali, et al. evaluated the torsional mesh stiffness of a spur gear pair by a two-
dimensional FE method [47]. Ma et al. applied the FE method to simulate the TVMS of
spur gears with tooth spalling defects [34]. Zouari et al. predicted the effects of crack size,
position, and direction on the behavior of the gear meshing using a three-dimensional FE
model [48]. The analysis of successive discrete TVMS values needs to redefine loads and
boundary conditions for each contact point. This is not an onerous work if the gears are
perfectly mounted, where the gear center distance always equals its theoretical value.

However, if the actual center distance differs from the theoretical value because of gear

12
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assembly errors, run-out errors, shaft bending, or simply bearing deformation caused by
heavy loads, then the actual tooth contact points will be modified. Under this condition,
the corresponding evaluation process will need a different finite element model for every
modified contact point, which could be difficult and very time consuming to perform [46,

49].

Analytical methods (AMs) have been considered to be the most promising approach
to evaluating TVMS, and some studies, e.g., those reported in [34, 50, 51], show that very
accurate TVMS values can be obtained using AMs with reduced computation time
compared with FE methods. Yang and Lin modeled the gear tooth as a cantilever of
variable cross-section starting from the base circle, and then utilized the Potential Energy
method (PE), with consideration of Hertzian contact stiffness, bending stiffness and axial
compressive stiffness, to calculate the TVMS of spur gear pairs [52]. This work was further
improved by Tian et al. [53] and Wu et al. [50] through considering shear stiffness. Later,
Zhou et al. [54] and Wan et al. [55] pointed out that the deformation of the gear body should
also be taken into consideration. Soon after, Ma et al.[56] and Liang et al. [57] indicated
that ignoring the misalignment between the base circle and root circle led to significant
deviation from the actual TVMS. This observation prompted them to propose a more
advanced PE method based on the gear root circle instead of the base circle. Recently, Ma
et al. [45] revised the calculation error of the fillet foundation stiffness during double-tooth
engagement, and investigated the effect of extended tooth contact on TVMS [58]. Saxena
et al.[59] modified the PE model and studied the effect of angular shaft misalignment and
friction on TVMS of spur gear pair. The continuous improvement of the PE method has
made it a more accurate analytical tool for evaluating TVMS of spur gear pairs compared

with the FE method.
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In addition to these methods, Rincon et al. considered the advantages of both AM and
FE methods and proposed a hybrid AM-FE method to evaluate TVMS of spur gear pairs
[46, 49, 60]. In this method, the deformations of the mating teeth were resolved into global
and local terms and evaluated using the FE method and Hertzian contact theory,
respectively. Eritenel and Parker proposed a lumped-parameter model to evaluate the
TVMS, which captures partial contact-loss and nonlinear load distribution caused by tooth
surface modifications, misalignments, and elastic deflections [61]. Yu and Mechefske [62]
proposed an analytical method to study the effects of corner contact (contact outside the
normal path of contact) on gear mesh stiffness. Moreover, some experimental methods
such as the photo-elasticity technique [63, 64] and strain gauge technique [65] were used

to measure the actual TVMS in real applications.

2.1.2 Review of gear TVMS evaluation for tooth pitting and spalling

The occurrence of tooth pitting and spalling not only has effects on the tooth surface
roughness and effective length of the contact line, but also has a significant influence on
the TVMS of mating tooth pairs. Some work has been carried out in modeling and
evaluating the TVMS of a tooth pair with tooth spalling by either finite element analysis
or the analytic method. The modelling of the spalling defect was generally assumed to be
a rectangular shape, e.g. papers [34, 37, 43, 66], and the severity of the fault was controlled

by the lengthl,, widthw,, and depth h,of the rectangular, Figure 2-1(a). The use of a

rectangular shape leads to a sharp tooth stiffness reduction, as is shown in Figure 2-1(b),
which does not reflect the actual effect of tooth spalling on the TVMS in practice, where

the actual TVMS should have a gradually decreasing property.
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Figure 2-1 TVMS of spur gear pair with spalling defect modeled in rectangular shape

Recently, Rincon [36] considered the shape of spalling as elliptic, Liang et al. [35]
modeled the tooth spalling in a round shape, Ankur Saxena [37] et al. proposed a V-shaped
spall and compared the effect of shape difference on the TVMS of spur gear pair. These
newly proposed spall shapes avoided the sharp decrease of the TVMS of the faulty gear
pairs and got a closer tooth stiffness evaluation to the real spalling features, but largely
increased the complexity of the calculation formulas and still didn’t cover all of the actual
spalling shapes. Moreover, the effect of tooth spalling on the mesh stiffness after the defect
area has been always ignored. Due to the micro surface cracks and the decreased tooth
surface thickness within the spalling area, the reduction of the bending stiffness of the
following rest of the tooth surface could be a significant value, especially in severe spalling

conditions where large and deep dents occur.

Existing methods utilized to estimate the TVMS of a gear pair with tooth spalling are
widely targeted on one tooth spall. In practice, it is normal that multiple spalls appear on
the same tooth. Liang et al. [35] evaluated the TVMS with multiple tooth spalls. In that
work, all of the tooth spalls were arranged in a straight line, assumed to be in round shapes
with no overlap. In practice, the occurrence of multiple spalls on one tooth may display

various sizes and shapes, and the shapes are usually very irregular. Moreover, the multiple
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spalls on one tooth are also usually randomly distributed in an area, and do not usually stay
in lines. The occurrence of multiple spalls with irregular shapes results in difficulties if
attempting to model with only one specific geometric shape. Also, the random distribution
of features over a tooth spall area will increase the complexity of the evaluation process.
Therefore, a new method that can consider the randomness of the features of tooth spalls

and does not depend on a specific tooth spall geometric shape is highly desired.

2.2 Review of gear dynamic models

2.2.1 Early gear dynamic models

The study of gear dynamic models dates back to the early 1920s [67]. The targets of
the early models were mainly focused on noise control, contact stress evaluation, natural
frequency analysis, noise radiation, dynamic stabilities, system unbalance responses etc.
[68]. Buckingham [69] first presented a dynamic load equation and studied the dynamic
loads of a gear pair by experiments. Later, Tuplin [70], Reswick [71], Harris [72], Tobe
[73], etc. developed several gear vibratory models, in which the contact of the mating teeth
was simplified to massless springs, see Figure 2-2. These early vibratory models were too
simple - limited to analyzing the dynamic loads of the gear system. Soon after, Gregory, et
al. [74], Aida [75], Nakamura [76] extended the early models and considered the gear mesh
stiffness to be time-varying. In their studies, the non-linear effects, stability regions, steady
state responses and effects of transmission errors of the gear system were analyzed. A
typical vibration model for a mating gear pair utilized at that time (around 1967) is shown

in Figure 2-3, in which M, M andK_,, K, are the effective mass and tooth stiffness of

the pinion and gear, respectively, and e(t) is the gear transmission error between the contact

of the pinon and gear. However, these models were too simple and could not fully reflect

the vibration behavior of the gear system.
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Figure 2-2 The early gear contact model [73]
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Figure 2-3 The early gear vibration model [76]

In 1974, Ichimaru and Hirano [77] improved the early gear vibration model and studied
the interaction between the tooth deformation and dynamic load behavior of heavy-loaded
spur gears with the consideration of the effect of teeth manufacturing errors. Later, Kubo
[78] proposed a calculation method for evaluating the load sharing and load distribution of
helical gear tooth pairs with manufacturing and alignment error. Remmers [79] described
an analytical method to analyze the influence of spacing errors, load, design contact ratio
and profile modifications on gear vibration, noise and tooth dynamic loads. The same year,
Benton and Seireg [80] introduced a computer simulation procedure for predicting the gear
system resonances and instabilities under sinusoidal excitation conditions. At that time, the
investigation of the gear dynamics was extended to include the effects of tooth surface
roughness, tooth contact lubrication problems and dynamic model solving methods
(numerical or analytical). Ishida and Matsuda [81] studied the effect of tooth surface
roughness on gear noise and the gear noise transmission path. Wang and Cheng [82]

developed a numerical method to predict the lubrication film thickness and contact surface
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temperature based on a single degree of freedom lumped model. Yang and Lin [52] studied

the effect of Hertzian damping, tooth friction and bending elasticity in gear dynamics.

In 1988, Ozguven and Houser [67] discussed two calculation methods for evaluating
the dynamic mesh forces and dynamic factors. The dynamic model utilized in their study
is a one degree of freedom (DOF) torsional model, in which the gears are represented as
rigid disks and the contact of the gear pair is simplified as a spring and a damper with a

constant damping ratio, as shown in Figure 2-4, where o,, w, are the rotational speed, r,,,
r,and I, 1,are base radii and moment of inertias of the pinion and gear, respectively. k_ ,

c, ande(t) are respectively the mesh stiffness, damping ratio, and transmission error.

Pinion Gear

Figure 2-4 The 1-DOF dynamic model of a gear pair [67]

Later, Kahraman and Singh [83] extended the 1-DOF model and developed a 3-DOF
non-linear dynamic model which was utilized to examine the nonlinear frequency response
characteristics of the gear system. This model considered the effect of the supporting

bearings and shafts, which were modeled as with an equivalent bearing stiffness k, and

damping coefficientc, , see Figure 2-5.

18



Chapter 2: Literature Review

(&3]

Pinion

Figure 2-5 The 3-DOF gear dynamic model

The dynamic models summarized above are the typical early models which were
mainly targeted on noise control, contact stress evaluation, natural frequency analysis,

noise radiation, dynamic stabilities, and system unbalance responses.

2.2.2 Gear dynamic model with faults

Dynamic modelling of gear tooth faults started at the end of 20th century. In 1992,
Kahraman [84] et al. analyzed the effects of gear eccentricities and unbalances on the
system natural frequencies and mode shapes. The dynamic model with 6-DOF utilized in
their study is shown in Figure 2-6, the gear eccentricities were modeled as periodic
excitations (sinusoidal functions) of the gear mesh forces which can be assumed as periodic
transmission errors. Their conclusion indicated that there was no feature difference
between the gear geometric eccentricities and mass unbalances. Later, Velex and Maatar
[85] introduced a mathematical model for analyzing the effects of gear shape deviations

and mounting errors (misalignments and eccentricities) on the dynamic tooth loads and
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transmission errors of the gear system. The eccentricity error was expressed as sinusoidal
functions with the magnitude determined by the distance between the gear rotation centre

and the centre of inertia.

(2]

—x

Pinion

Vp

Xg

Figure 2-6 The 6-DOF gear dynamic model

In 2001, Bartelmus [86] extended the 6-DOF model (see Figure 2-6) to an 8-DOF model,
as shown in Figure 2-7. These models incorporated the inertia of the input motor and output
load, considered the lateral and rotational vibrations of the system, took the mesh stiffness
and damping ratio as time varying variables, and ignored the effect of friction. The tooth
errors (e.g. manufacture errors, tooth shape deviations) were modeled as periodic inter-
tooth force excitations. At the same time, Howard [87] proposed a one stage 16 DOF gear
dynamic model (Figure 2-8) to analyze the effect of friction and tooth crack on the vibration
response of the gear system. FEM modelling was utilized to evaluate the TVMS with and
without tooth crack. The occurrence of a tooth crack directly results in a decreased TVMS,
therefore excites impulse vibrations of the dynamic system. Choi and Mau [88] analyzed

the steady-state responses of a gear pair due to geometric eccentricity, unbalance, and
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transmission errors through dynamic simulation. The eccentricity fault was modeled as
one part of the transmission errors expressed by a sinusoidal function and coupled in the

dynamic force function.

Later, Jia et al. [33] extended this model to a two stage gear system with 26-DOF for
comparison of the vibration behavior of localized tooth crack and spall. In their study, both
of the tooth crack and tooth spalling defects were modeled as the reduction of TVMS.
Driot and Liaudet [89] utilized a 1-DOF dynamic model to simulate the variations of
natural frequencies and gear mesh dynamic forces due to manufacturing errors and shaft
misalignments. Wu et al. [50] utilized the 8-DOF model and simulated the vibration
features of the gear system with tooth crack. In that work, the tooth crack was modeled as
a reduction of TVMS, which is the main excitation of the gear system. Endo et al. [20]
utilized a one stage gear dynamic model to examine the difference between the fault
features of a tooth crack and tooth pitting with simulations. In that work, the effect of the
tooth crack was modeled as a change of TVMS and localized tooth spall was represented

by transmission errors.

Figure 2-7 The 8-DOF gear dynamic model
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Figure 2-8 The one stage 16-DOF gear dynamic model

Zhang et al. [90] introduced a dynamic model for helical gear pairs to study the
effects of geometric eccentricity on the dynamic mesh forces and vibration modes of the
gear transmission. In that work, the gear mesh stiffness is modeled as a linear spring with
constant stiffness and the eccentric error was directly incorporated into the dynamic
function. Chen and Shao [91], Mohammed et al. [92] modified the 6-DOF model with the
consideration of the effects of friction (the friction coefficient was assumed constant, see
Figure 2-9) and simulated the vibration responses of the gear system under different tooth

crack progression situations.

Considering the effect of the transmission path between the gear shaft and the
accelerometer, Omar et al. [93] developed a 9-DOF gear dynamic model, as shown in
Figure 2-10. The gear transmission error was modeled as a displacement excitation, and

the effect of tooth crack was modeled as a reduction of TVMS.
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Figure 2-9 The 6-DOF model consider friction effect
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Figure 2-10 9-DOF gear dynamic model [94]

Chaari et al. [95, 96] considered the elasticity of the input and output shafts and
proposed a two stage 12-DOF gear dynamic model to study the influence of time varying
load on the dynamic behavior of a gearbox. Liang et al. [42, 97], Chen et al. [98] and Shao

and Chen [99] dynamically simulated the vibration responses of a planetary gear system

23



Chapter 2: Literature Review

under healthy and cracked conditions. The typical planetary gear dynamic model is shown

in Figure 2-11, and the effect of a gear tooth crack was modeled as a reduction of TVMS.

o
Xy Xoo Xp

Sun gear

Figure 2-11 A planetary gear dynamic model [97]

2.2.3 Dynamic modelling for gear tooth pitting and spalling

Gear tooth pitting and spalling are typical tooth surface fatigue damages in a gear
transmission. The appearance of tooth pitting is mainly due to prolonged, repeated heavy
contact loads, whereby excessive local Hertzian contact fatigue stress flakes the asperity
particles out of the contact surface [100-102]. The occurrence of pitting and spalling
directly changes the tooth contact conditions by increasing the roughness of the tooth
surfaces, modifying the tooth geometric profiles, reducing the effective tooth contact length

and impeding the formation of lubrication films.
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To date, the research on modeling gear tooth pitting and spalling and the corresponding
fault features is very limited [35]. Choy et al. [103] proposed an analytical model to
simulate the effect of tooth surface pitting and wear on the vibration response of a gear
transmission. In their analysis, tooth pitting and wear were modeled as phase and
magnitude changes of the gear mesh stiffness. Ma et al. [104] used a one Degree-of-
Freedom (DOF) gear dynamic model of torsional vibrations to simulate the vibration
response excited by local tooth spall. In their analysis, tooth spall was modeled as a
reduction of TVMS and was the only defect-excitation of the dynamic system. Abouel-
seoud et al. [32] simulated the vibration response of tooth crack, pitting and wear through
a dynamic model which only considered motions in the torsional and lateral y direction;
vibrations in the x direction and friction forces were ignored. In practice, the appearance of
pitting and spalling will directly result in a change in surface contact conditions [31, 105].
The friction coefficient and forces vary significantly when gear teeth contact in a pitting or
spalling area, thus friction effects cannot be neglected if an understanding of the effects of
tooth pitting or spalling is desired. Jiang et al. [66] simulated the vibration response of a
gear system with a tooth spalling defect. The dynamic model used in their analysis assumed
a constant friction coefficient between the mating teeth and ignored the gear tooth sharing
ratio. The assumption of a constant friction coefficient failed to reflect the changes in tooth
surface contact conditions within the fault area. More specifically, the contact of the tooth
surfaces will transform the lubrication condition from elastohydrodynamic lubrication
(where two surfaces in contact are fully separated by a lubrication film as in the healthy
case) to mixed-elastohydrodynamic lubrication (where contact load is shared by both the
lubrication film and the asperities under fault conditions) [106]. This observation implies
that friction coefficients would not be expected to remain constant as tooth contact surfaces

change and should be estimated dynamically [106]. Jia and Howard [33] compared the
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differences between the vibration responses of tooth pitting and cracking through dynamic
simulation. However, their dynamic model does not show how to model tooth contact

changes within the pitting and spalling area.

2.3 Review of fault feature analysis by HCIs

Gear health condition indicators is a statistical method to measure the vibration
features of a dynamic system. The investigation of HCIs for gear transmissions dates back
to the early 1970s. Stewart [107] first proposed a zero-order figure of merit (FMO) used to
detect peak-to-peak variations of a vibration signal, and introduced the fourth normalized
statistical moment (FM4) to measure the vibration feature changes in the difference signal.
Subsequently, Swansson [108] introduced the Crest Factor (CF) defined as the ratio of the
maximum positive peak value and the RMS of the signal, and proposed the energy ratio
(ER) expressed as the RMS of the difference signal divided by the RMS of the signal
containing only the gear mesh frequency and its harmonics. Later, Martin [109] developed
the sixth and eighth normalized statistical moments (M6A and M8A) of a vibration signal
to detect gear surface damage, which is more sensitive than the Kurtosis (the fourth order
normalized moment of the vibration signal) in measuring the peakedness of the signal.
Around the same time, Szczepanik [110] introduced the Sideband Level Factor (SLF) to

measure the amplitude and frequency modulations caused by gear mesh misalignment.

Soon after, Lyon [111] created the Instantaneous Frequency (IF) metric to measure
the instantaneous phase change of a vibration signal caused by gear tooth surface defects
or cracks. Zakrajsek et al. [8, 9] proposed the use of quasi-normalized statistical moments
(NA4) of the residual signal and quasi-normalized statistical moments (NB4) of the
envelope signal to detect the onset of damage. Soon after, NA4* was developed to improve

the performance of NA4 by [112]. Then, Ma [10] proposed the Energy Operator (EOP) to
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estimate the impulsive energy caused by a damaged gear tooth. Loughlin et al. [113]
applied low-order spectral moments which considered the mean and standard deviation of
the time series and the median and mode frequency to detect the changes of the vibration
signal. Capdessus et al. [114] proposed a spectral correlation (coherence) density function
to study the evolution of the frequency energy change due to a local tooth spall. Polyshchuk
et al. [115] introduced the fourth order normalized power (NP4) to measure the change of
instantaneous power distribution due to gear faults. Zhang et al. [116] and Loutridis [117]
utilized a local energy density indicator to identify the impulse component exited by gear
tooth crack. Decker and Lewicki [118] reported that ARMS, which is defined as the
difference between two successive measured RMS, can be used to measure the energy

change of the vibration signal under different faulty conditions.

Later, Lin et al.[119] proposed the fault-growth parameter (FGP) and the improved
gear fault-growth parameter (FGP1). Zhan et al. [13] proposed an autoregressive model-
based gear status indicator to estimate the fault-induced non-stationary features (the
percentage of outliers) of a vibration signal under varying load conditions. Loutridis [120]
proposed a Multiscale Local Statistics (MLS) approach used to estimate the severity of a
gear tooth crack. McDonald et al. [121] introduced a maximum correlated kurtosis to
monitor the periodic impulse-like vibration behaviour of a local gear tooth fault. Recently,
Sharma and Parey [122] proposed the PS-I and PS-II based on the residual signal to

evaluate the impulses and sidebands excited by a gear tooth crack.
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Chapter 3 Gear mesh kinematic model

This chapter addresses objective 1, which is to propose a gear mesh kinematic model
to evaluate the actual contact position of tooth engagement. Further discussions are
included on the effect of center distance variation on the time varying mesh stiffness of a

spur gear pair based on the proposed gear mesh kinematic model.

The contents of this chapter have been published in the journal Engineering Failure

Analysis:

Y. Luo, N. Baddour, and M. Liang, "Effects of gear center distance variation on time
varying mesh stiffness of a spur gear pair," Engineering Failure Analysis, vol. 75, pp. 37-

53, 2017.
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3.1 Abstract

Gear mesh kinematic models are generally utilized to evaluate the contact positions of tooth
engagement with respect to gear rotational angle. The existing gear mesh kinematic models used
to evaluate TVMS are generally based on the assumption that the gear pair is perfectly mounted
and that all mesh points are at their theoretical positions. This assumption prevents these methods
from modeling deviations in gear center distance. Therefore, this chapter proposes a new gear
mesh kinematic model that can evaluate the actual contact positions and the time varying
equivalent contact radii of tooth engagement. The proposed model enables the evaluation of the
actual TVMS under conditions of perfect mounting, constant gear center distance deviation, and

also time-varying gear center distance.

3.2 Introduction

Gear mesh kinematic models play an important role in analyzing the gear mesh contact
positions of the mating process of a spur gear pair. With the gear mesh kinematic model, the actual
gear tooth contact limits (the starting and separation point of contact), the double and single tooth
pair duration and the equivalent contact radii, as well as relative sliding contact speed of the
contacting surfaces can be obtained. These are important parameters for the dynamic simulation
of the gear system. Existing gear mesh kinematic models mainly focus on evaluating the involute
curves of the gear tooth and ignore the actual achievable contact regions due to tooth chamfer. The
tooth chamfer directly affects the starting and separation point of tooth contact, which results in
different effective contact durations (double or single tooth contact regions). Moreover, the
common methods used to evaluate TVMS are generally based on the assumption that the gear pair
is perfectly mounted and that all mesh points are at their theoretical positions. This assumption

prevents these methods from modeling deviations in gear center distance.
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This chapter proposes a new gear mesh kinematic model that can accurately calculate the
contact positions of tooth engagement with respect to gear rotational angle under the condition of
time varying gear center distance. The proposed kinematic model is validated by comparing with
the results presented in [123]. With the proposed kinematic model, the actual TVMS of healthy
gear teeth are computed under conditions of perfect mounting, constant center distance deviation,
and time-varying center distance. The calculated results demonstrate that the proposed gear mesh
kinematic model can be used to examine the effects of assembly errors, gear run-out errors, and
shaft bending on the TVMS of spur gear pairs. These effects are important for the analysis of the

vibration behavior of a gear transmission system with such flaws.

3.3 The proposed gear mesh kinematic model

3.3.1 Limits of Contact

The mating process of a spur gear pair, as shown in Fig. 3-1, keeps continuous power

transmission from one gear to another. The tooth of the driving gear (pinion) contacts the mating
tooth of the driven gear along the action line ﬁ which is tangent to both pinion and gear base
circles at points B,and B, , respectively. Based on the involute gear mesh properties, the limit
contact positions of two mating teeth are governed by the radius of the outermost point (or the
break radius) of teeth involute profiles (R, and R, )[124], and create the actual effective action
line @ point P, corresponds to the starting point of contact, and P, corresponds to the separation

point of the pair of mating teeth.

30



Chapter 3: Gear mesh kinematic model

Fig. 3-1 Meshing process of a spur gear pair (initial position)

In Fig. 3-1, the target teeth (with A; and Az at the middle of each tooth tip) are just starting to

engage at point P1. Rop and Rp, R, and R, are the radii of the base circle and pitch circle of the
pinion and gear, respectively. Point P is the pitch point, O, and O, represent the geometric centers,

K1 and K are the starting points of the tooth involute curves on the base circles of the pinion and

gear, respectively. », and o, are the rotational speeds of the pinion and gear. «, is the actual
pressure angle. When the gear pair is perfectly mounted, ¢, equals to the theoretical pressure angle

a,.

The actual center distance of a gear pair can be expressed as:

— 1
0,0, =5 (N, +N;)m+ A5 (3.1)
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in which m is tooth module, N,, N, are the numbers of teeth for the pinion and gear, respectively.
(N, +N,)m/ 2 is the theoretical center distance of a perfectly mounted gear pair, and Ad is the

variation of the center distance. Hence when A6 =0, the gear pair is perfectly mounted.

The actual pressure angle ¢, can be expressed as:

a, = arccos(%(Nl(;LMcos(%)} (3.2)

p=g

Setting O,B, and O, B, as the reference lines, the angle of the center line of the target teeth

(B, and B,,) at the starting contact point P, can be expressed as:

B.,=2BOP -y, +/PO K
{ po 1~p'1 P 1~p'M (33)

ﬂgo = 4P109 BZ _ZAZngl

where the angles are determined by the equations in Table 3-1.

Table 3-1 Reference equations for calculating the angles in Eqg. (3.3)

B,P=R,, tan(c;) B,P=R,, tan(a,)

@:V R(;zp_Rk;zp ﬁ: Rozg_szg

£0,0,R, =arccos(R,, /Ry )= | 5 p - \/ R% +0,0, —2R,,-0,0, cos(£0,0,P,)

P 1

o

7, = £ZKO,A = 7/2N, +inv(e,) inv(a,)=tan(e,) —

Z/BO,R, = arccos(Rbp/ﬁ) ZRO,K, =tan(£BO,R)—-~BO,F,
£P0, B, =arctan (@/Rbg) Ve = LK,0,A, = /2N, +inv(ey )
ZK,0,P, =tan(£PO,B,) - /PO,B, | ZA0,P, =7, - /K,0,P,

The mating process at the separation position of the target teeth is explained in Fig. 3-2, where
A, A, K, K,are A, A,, K, K,when they rotate to the separation position.
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Fig. 3-2 Mating process of a spur gear pair (separation position)

Referringto O,B, and OB, (in Fig. 3-2), the angle of the center line of the target teeth ( 5

p_end

and g, ) atthe separate point P, can be expressed as:

B, s = £P,0 B — 2P0 A
{pd 2~p*-1 ZpAl (34)

ﬁg_end = APZOQ B, - LAéOg P,

The equations used to calculate the angles in Eq.(3.4) are listed in Table 3-2.

Table 3-2 Reference equations for calculating the angles in Eq.(3.4)

£P,0,B, =arccos(R,, /R, ) £P0,A =y, —inv(£P0,B,)

£P,0,0, = arccos(Ry, /Ry, ) -, PO, = \/ R +0,0, —2R,,-0,0, cos(£P,0,0,)
ZP0O,B, = arccos(RIOg / ong) ZA0,P, =7, —tan(£P,0,B, )+ £P,0,B,
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3.3.2 Single and double tooth pair mesh durations

Based on the involute gear mating properties, the number of meshing tooth pairs is a function
of gear/pinion rotation angle. As can be seen in Fig. 3-1 and Fig. 3-2, for a gear pair with contact

ratio 1< &£ < 2, each mating tooth pair experiences the process of load pickup at its starting contact
point P, from its preceding tooth pair, and load transfer to its succeeding tooth pair when it rotates
an angle of w =2z /N, (taking the driving pinion as an example). Setting the pinion rotation
angle ¢, =0 when the target tooth pair starts contacting at point B, , the total angular displacement

of the pinion target tooth in mesh can be calculated as:

ap,tOtal = prfend - :Bpo | (3.5)

The double and single tooth pair mesh durations within the total mesh angle of one tooth pair

can be expressed as:

gp_double € |:O ! ep_total —V/p}u[l//p ' ep—tOtaIJ

(3.6)
ap_single € [ep_total _l//p ! WP}

where 6 is the double tooth pair mesh duration, and & is the single tooth pair mesh

p_double p_single

duration.

Based on Egs.(3.1) to (3.5), the values of 4 and 6 are functions of the actual center

p_double p_single

distance O, O, and the radii of the outermost points of the involute profiles R, and R, . The center
distance can be modified by assembly errors (installation problems), manufacturing errors (the
gears are perfect but there often exist manufacturing errors of the distance of bearing housings),

gear run-out errors (eccentricity error), shaft bending or simply inadequate bearing stiffness.

Different types of faults exhibit different fault characteristics. For example, the assembly and
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manufacturing errors normally lead to a constant center distance error, while eccentricity error
causes time-varying center distance deviations. Moreover, the center distance variations caused by
shaft bending or inadequate bearing stiffness are load-related faults, which mainly occur when the

R

system is heavily loaded or a flaw appears on shaft or bearings. Obviously, the values of R, R,
directly affect the teeth mesh starting and ending positions. In some previous studies such as those
reported in [125] and [56], the radius of the addendum circle (outer most tooth tip) was used to
model the healthy and/or cracked tooth. However, for most of the gears, especially those designed
for heavy load transmission, their tooth tips incorporate chamfers or rounded edge breaks [124] as
shown in Fig. 3-3, which reduces the length of the actual contact line, and therefore changes the

values of @ and @

p_double p_single *

3.3.3 Geometric model of the spur gear profile

The tooth profile of the spur gear can be divided into transition curve AB, involute curve BC
(non-working area), involute curve CD (working area), and tip chamfer DE. As shown in Fig. 3-3,
xoy is the coordinate system of the spur gear tooth, O is the geometric center of the gear, x is the

axis along the horizontal direction, y is the axis perpendicular to X. Positions X, , Xz, Xz , Xpp
correspond to the abscissas of points A, B, C, and current tooth meshing point P, , respectively.
Variables x and y are used to define the position of an arbitrary point on tooth profile. z is the

pressure angle of an arbitrary point, «,, is the operating pressure angle, and @ is the current

angular displacement of the tooth with respect to its initial position /3, .
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yi

Root circle —» /-
Base circle ——»

Effective involute _w»-
profile break circle

Fig. 3-3 Geometric model of the spur gear profile [56]

The transition curve AB is formed by the trajectory of the cutter tip during manufacturing, and
depends on the shape of the cutting tool [57, 126]. Ma et al. [56] used the following equations to

depict the transition curve when the cutter tip is ordinary fillet:

. =R, cos(¢)—| = +R, [sin(y—¢
) () [Sln(y) RIJ (7/ ),(aoﬁyﬁﬂIZ), (3.7)

Vi =R, sin(¢)—[sin’?y) + RnJcosw—qs)

where x,. and y,. , which are functions of », define the position of an arbitrary point on the
transition curve (see Fig. 3-3), R, is the radius of pitch circle, R,zc*m/(l—sin(ao)),

A=(h"+c")xm=R,, ¢=(Altan(y)+B)/R,, in which B=7zm/4+hmtan(a,)+R, cos(c,) .

p )

For standard spur gears h* =1,c¢" =0.25, and «, = 20°.
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position of the current mesh point P, described respectively in the pinion and gear coordinate

Fig. 3-4 Mating process of a spur gear pair (arbitrary contact point)

Fig. 3-4 describes the mating process of a spur gear pair in an arbitrary contact point. The

systems can be expressed as:

and

= C B.C,
- (ﬂp0+9 )+ Rbp(ﬂp0+9 +;/p)sm(ﬁp0+6’ ) 8
Yo :PmCZ_Blcl |
=Ry (Boo + 05 +7,)08( By + 05 ) — Ry Sin By + 65 )
x, =0,D, +B,D,
:Rbg Cos(ﬁgo_eg)Jerg ('890_99+7g)5in<ﬂ90_9g) (3.9)

Yy = Psz - Ble
=Ry, (ﬂgo -0, +yg)cos(ﬂg0 —eg)— Reg SiN(B,0 - 6,)
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where x andy , x,andy, are the coordinates of contact point P, relative to pinion and gear,
respectively. 8,and 6, are the angular displacement of pinion and gear relative to their initial

positions, respectively.
3.4 Potential energy method in TVMS calculation

Based on beam theory, the total energy, U, , Stored in a meshing gear pair is the sum of axial
compressive energy U, bending energy U, , shear energyU,, fillet foundation energyU, , and

Hertzian energy U, , which can be expressed as[56]:

U =Y, +U,+U_+U, +U,

:F_Z[l 1 1.1 1} (3.10)

total

==+

2|k Kk Kk Kk k
where
2 2 2
Ua:F_:J‘B Fx dX1+J‘Pm Fx dX2
Zka Xa ZEA<1 X ZEA<2
2 X6 2 Xor 2
Uy == [ g [ Mz
2k, Jx 2El, % 2El,
3.11)
F2  ox 1.2F2 xon 1.2F2 (
US=—:j Ldx, + L dx,
2k, % 2GA, % 2GA,,
2 2
u-F oy F
2K, 2k,

Here, F is the teeth contact force, F, = Fsin(a,, ), F, = Fcos(ap, ), % =X, X, = X, for the
pinion and x, = x, for the gear (see Egs. (3.7), (3.8) and (3.9)). M, =F, (Xo,, =X ) — F, Ypn »
M, =F, (Xor, = %,) = F,Yp - Aqand A, 1,,and | , are the cross-sectional areas and area moments

of inertia, respectively. Stiffnessesk,, k,, k,, k;, and k, are respectively tooth axial compressive
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stiffness, shear stiffness, bending stiffness, fillet foundation stiffness, and Hertzian contact

stiffness, and can be determined using the following equations [56]:

i_on sin® ap,, dx1 +Iapm sin® a,,, dx,

X —2dr (3.12)
k, 73 EA, dy w EA, dr

i _ J‘“o (CosaPm(XPm _Xl)_ Yem sin? o, )2 d—X1d}/

kb 2 Elxl dj/
» ) (3.13)
%pm (COS aPm(XPm - XZ) ~ Y SIN apm) dxz
+J. dr
g E|X2 dZ‘
i:J.:ol.Zcos Ao d_x1CI J-apml 2cos ppy OX, 247 (3.14)
k., 77 GA, dr
1 cos? u, Y u
ap * f * f * * 2
— = miL| —| +M"| — |+P"(1+Q" tan 3.15
K, EW { (Sf] {Sf} ( ° apm)} ( )
wEL
k = 3.16
" 4(1-v*) (319

where 7 =@, in the pinion tooth, 7 =6,

in the gear tooth. G, E, W and v represent shear modulus,
Young’s modulus, tooth width and Poisson’s ratio, respectively.u,, S,, L', M*, P* and Q" are

parameters utilized to calculate the fillet foundation stiffness, details are given in [127]. s the

pressure angle at the start point of involute curve which can be expressed as:

R

bp

\/( R,, tan (&, )—h;m/sin (0{0))2 +R2

Qg = arccos (3.17)

The total energy stored in a gear pair can therefore be expressed as[56]:
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—=U, +U,+U +U_ +U, +U,+U,+U_,+U,,

2 (3.18)
= (1 1 1 1 1 1 1 1 1 J
=ttt —+—

kh kbl ksl kal kf 1 kb2 ksz kaz kf 2

Accordingly, the total mesh stiffness of a gear pair can be expressed as:

1
K=T—7T 7T 1 1 1 1 1T 1 (3.19)

-+ —+—+—+
kh kbl ksl kal k f1l kb2 ksZ ka2 kf 2
where the subscript 1, 2 correspond to the pinion and gear respectively.

3.5 Evaluation of gear TVMS with the proposed kinematic model
3.5.1 TVMS evaluation with constant gear center distance error
Constant center distance errors of a gear system can be caused by manufacturing errors of

bearing housings, assembly errors, shaft bending, and bearing deformation etc., which lead to

center deviations from the theoretical value.

Pinion

Base circle

Fig. 3-5 The effect of constant center distance deviation on gear mesh process
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The constant center distance variation has an effect on the gear contact ratio and pressure angle.
However, the gear ratio will remain unchanged. The extended center distance reduces the actual
line of action during gear meshing, which causes earlier separation and delayed engagement of the
gear pair compared with their theoretical timings. Another effect of center distance deviation is the
change of the actual tooth working area. For example, if the center distance is increased, the
meshing teeth will lose some working areas near the tooth root. Accordingly, the contact points
and hence the force will move up towards the tooth tip, and the bending stiffness will be reduced.
The following simulation examines four constant center distance deviation cases, ¢ =-0.2, 0, 0.2,

0.4 (mm), where a negative value, 5§ =-0.2 (mm), indicates a reduction in center distance.

45 X 108 TVMS of spur gear pair with constant center distance deviations
---------- - 0.364% (- 0.2 mm) constant center distance deviation
Perfectly Mounted
————— 0.364% (0.2 mm) constant center distance deviation
4 - — — — D.727% (0.4 mm) constant center distance deviation
T35
2 -
I
I
g 3
E L
w
=
]
[k}
=251
2 —
‘15 | 1 | 1 | 1 |
0 10 20 30 40 50 60 70

Angular displacement of pinion (deg.)

Fig. 3-6 Simulated comparison of TVMS of perfectly mounted gear pair and gear pairs

subjected to constant center distance variations
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In Fig. 3-6, the center distance deviations are transformed to a percentage through
(A6 I theoretical center distance) x100% . It can be observed that with the increase in center
distance, the TVMS performs a mesh stiffness and contact ratio (or effective working area)
decrease compared to shorter center distances. It should be noted that the constant center distance
variation leads to both phase modulation and amplitude modulation effects on the mesh stiffness.
The phase modulation is reflected by the contact position deviations from its corresponding healthy
case, and the amplitude modulation is revealed by the mesh stiffness value changes from its

corresponding healthy case.
3.5.2 TVMS with eccentric error

Gear eccentric errors are mainly due to inaccurate gear manufacturing processes that cause
inconsistency between the geometric center and gear rotation center. As shown in Fig. 3-7, the

gear run-out has a constant value of Ag, and the pinion is assumed to be perfect. Points O, and
O, are, respectively, the rotational centers of the pinion and gear, O, is the actual gear geometrical
center, O'glis the projection of O, onto x-axis. A, =Adcos(d)and Ao, = Assin(@), in which

6 is the angular displacement of the gear.

Gear

Pinion

Vo ’ ;;‘ Al

. ‘ I“: i Og1 O o
R AN N o AC)‘] Y 957, .

/Basc circle 2
1

Base circle

v

Fig. 3-7 Gear position changes due to run out
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The run out error AS leads to a time varying gear mesh center distance OpOgl while

operating, which can be expressed as:

0,0, = \/(opog ~AScos(6)) +(Assin(g))’ (3.20)

The mating process of a spur gear pair with run-out error on the driven gear is shown in Fig.

3-8. Here, o, and «,, B, and S, are the pressure angles and initial angles of starting contact

points (see Eq.(3.3)) respectively correspond to the gear geometric center positionsO,, and O,

Gear

Pinion

Fig. 3-8 Gear mating process with run-out error

As can be seen in Fig. 3-8, assuming that the gear pair 1-1° is just starting to engage

corresponds to initial angle g, . If there were no gear run-out errors, the following gear pair 2-2’
would start engaging when gear pair 1-1° rotates an angle of w, =2z /N, corresponding to the

same initial angle 5. However, because of gear run-out error, the initial contact angle of gear pair
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2-2’ is actually p,, therefore, the actual phase difference between two successive gear pair

meshing will be:

Osir =271 N, +(B, - B) (3.21)

where g, and g, are two status of £, given in Eq. (3.3).

An example TVMS of a spur gear with Ao=0.2mm (=0.71% calculated by

a% = Ao /R, x100% ) run-out error on the driven gear for one cycle is shown in Fig. 3-9 and Fig.

g X 108 TVMS of spur gear pair for each tooth pair
: T T T
Z
%3
® 1.8 \ _
£
5 | \ \
< 16 —
[}
[]
: |
1.4 —
I I I | | 1 |
0 50 100 150 200 250 300 350
Angular displacement of gear (deg.)
Fig. 3-9 TVMS of spur gear pair for each tooth pair
«108 TVMS of spur gear pair with gear run-out error
T T T T T T T
Healthy gear tooth and perfectly mounted
S e with 0.71% (0.2 mm) run-out error -
—_ . - /«\' ,’\.I
E aArara
> 3.5 | /\ M
b AR
a i
£ ° I
3 !
I
G 25 o
o) .
= i
|
2 1
15 I | | | | | ]
0 50 100 150 200 250 300 350

Angular displacement of gear (deg.)

Fig. 3-10 Comparison of TVMS of the perfectly mounted spur gear pair and a spur gear pair with

gear a run-out error
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In this simulation, it is assumed that the gear meshing process starts at the smallest gear center

distance point (point O,, in Fig. 3-8). The 0.2mm run-out error causes a time-varying change in

gear center distance that ranges between -0.2 and 0.2 mm (-0.36% and 0.36%) for each cycle. The
mesh stiffness then varies from the higher values to the lower values and finally back to the higher

values during one cycle, as observed in Fig. 3-10.

From Fig. 3-10, it can be seen that the run-out error leads to both time-varying frequency
modulation and amplitude modulation effects on the mesh stiffness. The time varying frequency
modulation is caused by the time varying single and double tooth mesh duration changes over one
cycle, e.g. shorter center distance corresponds to longer double tooth pair mesh duration and
shorter single tooth pair mesh duration, and vice versa. For the time-varying amplitude modulation,

the peak values of TVMS due to the runout error vary over one gear revolution.
3.6 Conclusion

In this chapter, a new gear mesh kinematic model was proposed to evaluate the contact
positions of tooth engagement with time-varying gear mesh center distance. This model considered
the actual gear center distance, pressure angle and the actual working areas of teeth involute
profiles of a mating spur gear pair. The advantages of the proposed model are: a) it can evaluate
the actual teeth mesh contact positions with either constant or time varying gear center distance;
b) with the precise teeth meshing position obtained, the actual TVMS of a mating spur gear pairs
can be calculated; c) this permits the modelling and evaluation of the effects of assembly errors,

gear run-out errors, shaft bending, or bearing deformation (alone or combined) on TVMS.

The TVMS simulation results for constant center distance variation indicate a stable and
significant mesh stiffness and contact ratio changes, while the time-varying center distance

variation shows both time varying phase and amplitude modulation effects on the mesh stiffness.
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The evaluated actual TVMS in this chapter can be further used in gear system dynamic simulations,
through which the dynamic behavior and vibration signal of a gear system (with single or multiple
faults) can be obtained. This ability to model these effects, as enabled by the proposed model in

this chapter, is important in gear fault detection and diagnosis.
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Chapter 4 Evaluation of the time-varying mesh stiffness for gears

with tooth spalls with curved-bottom features

This chapter addresses the objective 2, which is to propose a curved-bottom shaped tooth spall

to best fit the shape of the spalling geometric features as observed in practice.
The contents of this chapter have been published in the journal Engineering Failure Analysis.

Y. Luo, N. Baddour, G. Han, F. Jiang, and M. Liang, "Evaluation of the time-varying mesh
stiffness for gears with tooth spalls with curved-bottom features,” Engineering Failure Analysis,
vol. 92, pp. 430-442, 2018. Special thanks to the co-authors (Guosheng Han and Fei Jiang) for

providing suggestions and assistance on the finite element analysis of this paper.

Another proposed method (not included in this thesis) which models gear tooth spalls in
spherical shapes to address the objective 2 has also been published in the 2018 Prognostics and

System Health Management International Conference, Chongging, China.

Y. Luo, N. Baddour and M. Liang, "Evaluation of Time-Varying Mesh Stiffness of Gears with
Tooth Spalls Modeled as Spherical Shapes," 2018 Prognostics and System Health Management
Conference (PHM-Chongging), Chongging, pp. 94-99, 2018.
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4.1 Abstract

This chapter proposes a curved-bottom shaped tooth spall to model the tooth spalling
geometric features as observed in practice. The proposed method is constructed based on an
ellipsoid geometry which is capable of varying radii in three dimensions to best fit the shape of
the tooth spall. The foundation stiffness within the double tooth contact area in the proposed
method is corrected and the non-linearity of Hertzian contact stiffness is considered. The
effectiveness of the proposed method on modelling single and multiple tooth spalls with different

shapes and severity conditions is then validated.
4.2 Introduction

The existing geometric-shape based methods assume that the tooth spall has a flat bottom, and

the severity of the fault is generally controlled by the length |, , width W, , depth h, and/or radius

of the indentation, see Fig. 4-1.

Cross section view

B v . cC

ls

(b)
Fig. 4-1 Gear tooth spall modeled by rectangular shape
As shown in Fig. 4-2, in practice, the flake of the surface material usually possesses a curve-
shaped bottom with a gradually changed depth instead of a suddenly decreased tooth thickness.

Thus, the modelling of tooth spalls with a flat bottom rather than a curved bottom may result in

mesh stiffness differences, especially for some sub-stiffness components (e.g. bending stiffness,
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shear stiffness, etc.) which are sensitive to the variation of the gear tooth cross-sectional area and

area moment of inertia.

Fig. 4-2 Gear tooth spalling in practice [128-134]

In view of the above, this chapter proposes a curved bottom shaped method to model gear
tooth spalling that better represents the spall geometries observed in practice. The curve bottom
shaped method is constructed by removing the intersection between the ellipsoid and gear tooth.
The new proposed spalling geometry generates a gradually changing depth and is capable of
stretching and shrinking in size in different dimensions, thus better approximating the geometric
features of tooth spall observed in practice. The effectiveness of the proposed method on modelling

practical gear tooth spalls under different shapes and severities is then validated.

4.3 The proposed ellipsoid shape-based method on modelling gear tooth spalls

4.3.1 The geometric model of ellipsoid tooth spall

Practical gear tooth spalls in many cases have gradually changing depths and curved bottom

surfaces. This characteristic can be approximated by part of an ellipsoid. A simplified model of a
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gear tooth spall with an ellipsoid shape is shown in Fig. 4-3 and Fig. 4-4. The construction of the
ellipsoid tooth spall was formed by removing the intersection between the gear and ellipsoid. Fig.
4-3 (b) is the x-y cross-section view passing through the geometrical center of the ellipsoid. The
geometry information of the k-th ellipsoid spalling can be defined by its maximum width Wsk max,
maximum length lsk max, maximum center depth hsk max, and its starting position Xsk start and the
incline angle &s« which is the angle of the tangent line of the tooth spall to the involute curve with

respect to the x axis, see Fig. 4-3.

@) B (")

Fig. 4-3 Ellipsoid tooth spalling and a cross-section view passing through the center of the

ellipsoid

Ys
Ixsk | Cxk
bxk e
i Axsk \
3 A ZS
hxsk ::70;5‘2 :—7{7 7;:: ‘ A
T Yl |h
Sesk| hoxsk ‘ Oxk ‘ g
N I R S R B
Ay A
A Axs

@ (b)

Fig. 4-4 Cross-section model of the proposed tooth spall
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The parametric function of an ellipsoid is given by

X2 2 Z2
_2+§+_2:1 (4.1)

QD
(]

where a, b, ¢, are the radii of the ellipsoid in the x, y, z directions. If any two of the radii are equal,
the cross-section of the ellipsoid (in the plane of those two radii) forms a circle. Fig. 4-3 shows the
proposed ellipsoid spalling model with radii a=b. For an ellipsoid tooth spall in practice, the
position (Xsk_start and Osk) and the severity (Wsk_max, Isk max and hsk_max) can be directly measured or
estimated. With knowledge of these position and geometrical parameters, the radii of the ellipsoid

in the x and y axis can be defined as

(0.5W

a=b=r sk _max

2
) +h?2
sk _max = 2h

sk _max

(4.2)

sk _max

The coordinates of the center of the ellipsoid in the x-y plane can be evaluated from

/4 . O'5Wsk max
XOsk = Xsk_start + rsk_max COs |:§ - esk —arcsin ( -

r-sk

r

sk_max

h

sk _max (h )
, <T.

COS Hsk sk _max sk _max

Yosk =~ tan(gsk ) (XOsk - Xsk_start ) +Yy ( Xsk_start ) +
(4.3)
where y(Xsk_start) IS the height of the point on the tooth involute curve corresponding to the abscissa

Xsk_start. T he radius of the ellipsoid in the z axis can be expressed as

21\ 2r, h —h2

sk_max" 'sk_max sk _max

2 2
C :1\/ r-sk_maxlsk_max . (4.4)
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The cross-section area of the k" tooth spall at displacement x (when x is within the spalling
area) is constructed by a rectangular cut by an ellipse, as is shown in Fig. 4-4 (b), the function of

the ellipse can be written as

2 2
Z

B2

xk xk

2 2
with b, :\/b2 [1@] and ¢, = \/cz [1MJ , Where a, b and c are radii of the
a a

=1, (4.5)

ellipsoid evaluated by Eq. (4.2) and Eq.(4.4). The length Ixs can be evaluated by

|y :\/Cik( (Yox — /b j ’ (4.6)

where hy is the half height of the gear tooth cross-section at displacement x, see Fig. 4-5. The

effective gear tooth contact length can be expressed as

L, = L—izlxsk , (4.7)
k=1

where L is the width of the gear tooth. The maximum depth of the tooth spall at displacement x of

the kth tooth spall can be estimated by

hxsk = bxk _( Yosk ~ hX) . (4.8)

The corresponding area of the ellipse segment can be written as
~(You 1) yZ
Asc=2] 1-25 |c2 dy, . 9)
_bxk ka
or approximated by
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b, —h b, —h 2h h?
— bx Cx arccos xk xsk || xk xsk xsk xsk | (4.10)
A&sk k ~xk [ ka J ( bx ] b bfk

k xk

The actual value of the cross-section area Axs with multiple tooth spalls at displacement x can

be expressed as

K
=2hL-> Ay (4.11)
k=1

The modulation of Ayxs will result in a change of the center line (neutral axis) of the cross-
section, e.g. moving from AA to AA". The corresponding displacement S, between these two

center lines can be evaluated by

kzi: A<sk hOxsk

O =
A

(4.12)

with

2 - X y2 2
bs| — 1-25|c. d 4.1
Nowsk = Yok — DS A '[_bxk Ys [ bfijXk Ys | (4.13)

where ys is the distance along the vertical axis. The abs() is the absolute operation. The area
moment of inertia of the ellipse segment (the removed area) of the k™" spall, see Fig. 4-4 (b), can

be expressed as

~(You—1) 2 2
= J_kaok 2y? [1 tZXchxkdyS As(Yorsk —Noxsc )+ (M <You ). (4.14)

The area moment of inertia of the gear tooth cross-section with respect to the neutral axis A A

under tooth spalling condition can be evaluated from
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2Lh3 , & 2
|zs = 3 + 2|_hx5xsk _Z( I sk T A(Sk (hOxsk +5xsk) ] . (4.15)

k=1

4.3.2 Evaluation of the TVMS of a spur gear pair with ellipsoid tooth spall

Fig. 4-5 shows the geometric model of the spur gear tooth profile, where O is the gear

geometrical center, x is the axis consistent with the middle line of the gear tooth, and the y axis is

perpendicular to the x axis. AB and BC denote the gear transition curve and involute curve,

respectively. P, is the current tooth meshing point corresponding to a contact pressure angle «,,, .
The variables x,, Xz, and x,,, are respectively the abscissas of points A, B, and P, . The gear mesh

force F is resolved into Fx and Fy along the x and y directions, respectively. Variables x and hy
represent the coordinates of an arbitrary point and 7 is the corresponding pressure angle. @ is the

angular displacement of the tooth.

yi

Root circle —»
Base circle ——»

Effective involute /r
profile break circle

Fig. 4-5 Geometric model of the spur gear profile[56]

Based on the potential energy method, the total energy in a meshing gear pair includes both of

the energy stored in the pinion and gear, which can be expressed as
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FZ
Utota|:—2kt :Z(Uai+ubi+usi+ufi)+uh
otal (416)
F?2 1 1 1 1 1
=— )|
2 Z kai kbi ksi kfi kh

where the subscript i=p, g represents pinion and gear, respectively. Uai, Upi, Usi, Ui and Un are
respectively axial compressive energy, bending energy, shear energy, fillet foundation energy, and
Hertzian energy. Variables Kai, Ksi, koi, ki, and kn are the tooth axial compressive stiffness, shear
stiffness, bending stiffness, fillet foundation stiffness, and Hertzian contact stiffness, respectively.
Based on the gear tooth contact model (Fig. 3-1) and the gear tooth geometric model (Fig. 4-5),

each of the stiffnesses can be evaluated by [29, 135]

% sin® a, xon SIN" a1,
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o EA, EA B
1 % Sin’ a %, SIN" %o SIN"
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1 COSzaP * uf 2 * uf * * 2
— M = 4P (14Q tan g, ) ¢ (4.20)
k, EWC’ S S

f f

-1
ELC (. (2h,h 8F (1-v*) o lypm
=T (In[ M J- Y J with b,,m_\/ G L (4.21)

"a(1-v?) b 2(1-v) ZLE (Lo + Top )

Pm

where f, =(c0S o (Xom — %) —hon SNt ), f, = (€S oy, (Xpp — X) — hy SiN €ty )", in which
hep is the half tooth thickness at the mesh point Pm, &, is the corresponding pressure angle. X,

represents the coordinate during the transition curve AB evaluated by Eq.(3.7). x is the coordinate
of the point on the involute curve BC. Ay, |zt represent the cross-sectional areas and corresponding
area moments of inertia within the transition curve. Ay, I; and Ays, s are cross-sectional areas and

corresponding area moments of inertia within the involute curve for healthy and spalling
conditions, respectively. For a healthy involute gear tooth part, A, =2h,L, 1, =(1/12)(2h, )3 L.
For the spalling portion, Axs, lzs are evaluated by Eq.(4.11) and (4.15), respectively. E, G, L, and

v are Young’s modulus, shear modulus, effective tooth contact width and Poisson’s ratio. U; , S,

L', M", P" and Q" are constant parameters given in [127]. F is gear mesh force, c} is a

coefficient which corrects the foundation stiffness within the double-tooth contact zone, similar to

the correction approach proposed in [34]. In the double tooth pair contact area c; =0.8, and within
the single tooth pair mesh zone c; =1, r,, and r,,, are the radii of the tooth curvatures,
determined by ., = P,B, = Ry, ( B, + 6, + ZK,0,A ) and 1, =P, B, =Ry, (8,0~ 0, + ZK,0,A,)

[29]. Furthermore, bpm is the half Hertzian contact width, hipm and hopm are the sear lengths of

teeth 1 and 2 at the mesh point [135], where sear length is defined as the length of a line normal to

the gear profile, from the mesh point to the centerline of the gear. C; =0.5C, L, /L is a coefficient
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to correct the nonlinear Hertzian stiffness, in which C, = max(ln(zﬂlhlpmthm /bpm)—v/Z(l—v)). Le

is evaluated by Eq.(4.7), where L is the width of the gear.

4.4 Validation and analysis

4.4.1 Validation of the proposed method

The effectiveness of the proposed method is validated by modelling four types of gear tooth
spalls with different shapes that might be observed in practice. The single ellipsoid tooth spall
shown in Fig. 4-6 (a) is a simplified model of the practical gear tooth spall in Fig. 4-2 (a), the

corresponding parameters for the tooth spall are X ., =37 (mm), w, . =2.08 (mm),

I max =5.5 (Mm), hy . =0.8 (mm) and 6, =16.29". The ellipsoid tooth spall with longer

spalling length shown in Fig. 4-6 (b) models the common local tooth spalls shown in Fig. 4-2(b),

(c), and (d). The corresponding parameters for this tooth spall are x =37 (mm),

s1_ start

W,

1 max = 2:08 (mm), | =15.5 (mm), h =0.8 (mm) and 6, =16.29". The tooth spall

s1_max s1_max

shown in Fig. 4-6 (c) is in a spherical shape which is a special case of an ellipsoid utilized to model
the practical tooth spalls shown in Fig. 4-2 (e) and (h). The spherical shape can be easily described
with an ellipsoid by setting a=b=c in Eq.(4.1). The corresponding parameters for the spherical

shaped tooth spall are X, ., =37.3 (mm), | =W, e =34 (Mm), h =0.7 (mm) and

s1_max s1_max

6, =19.84". The last case shown in Fig. 4-6 (d) is a simplified model of the multiple tooth spalls

shown in Fig. 4-2 (f) and (g), where the five in-line spalls are identical and their parameters are
the same as those of the single spall in Fig. 4-6 (a). The parameters for the four identical smaller

tooth spalls are x,, ., =39.35(mm), w,, .. =1.48(mm), I, . =4.0(mm)h;,  =0.38(mm)

and 6,, = 24.16". The parameters for the spur gear pair are shown in Table 4-1.
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Table 4-1 Parameters of the gear-pinion set of chapter 4

Parameters Value Parameters Value
Number of pinon teeth | 24 Diametral Pitch (inch™) 8
Number of gear teeth 24 Module (mm) 3.175
Teeth width (mm) 38.1 Theoretical contact ratio 1.6019
Pressure angle (deg.) 20 Young’s modulus (N/mm?) | 2X10°
Bore diameter (mm) 25.4 Poisson’s ratio 0.3

() (b) () (d)
Fig. 4-6 Gear tooth spall modeled by the proposed method under different conditions

The removal of surface material due to tooth spalling changes the magnitudes of the cross-
sectional area, area moment of inertia, and the effective surface contact length. The variation of
the cross-section area and the corresponding area moment of inertia of the four spalling conditions
are shown in Fig. 4-7 and Fig. 4-8, where case (a), case (b), case (c) and case (d) correspond to the
spalling conditions shown in Fig. 4-6. It can be observed that the occurrence of the tooth spall
decreases the magnitude of the crossing-area and its area moment of inertia. The reduction of these

parameters ( A, | ) and the effective tooth surface contact length (not shown) reduce the strength

of the gear tooth.
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Cross-section area Moment inertia of cross-section area
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Fig. 4-7 The variation of cross-section area and area moment of inertia under different spalling

conditions
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Fig. 4-8 Zoomed cross-section area and area moment of inertia under different spalling

conditions

The TVMS of the healthy and spalling conditions evaluated with the proposed method were
validated by comparing with the results obtained using commercial software ANSYS. The finite
element model of case (a) is shown in Fig. 4-10 as an example. The FEM methods proposed in
[136] were adopted to evaluate the TVMS of the spur gear pair. Specifically, the experimental
procedure of the ‘proposed model 2’ in [136] is applied. An ANSY'S Parametric Design Language
(APDL) script code was written to control the contact points as well as to measure the rotational
angle of the nodes on the gear bore. A torque with T=80Nm was applied to the gear bore surface

(the gear in green color shown in Fig. 4-9). The contact force (approximated by F=T/Rpp) is
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F=2235N. The contact point at the handover regions (from two to one tooth pair contact or one to
two tooth pair contact) is neglected in order to avoid convergence issues of the FEM method. To

obtain the FEM results at the handover regions, see [137].

Fig. 4-9 Finite element model of a mating gear pair for case (a) as an example.

The corresponding TVMS of the gear tooth under different spalling conditions evaluated by
the proposed analytical method and the FEM method are shown in Fig. 4-10. In this work, the
rotation of the pinion is set to be counter-clockwise. In this way, the contact of the pinion tooth
starts at point Py near the tooth base circle and processes to the separation point P2, see Fig. 3-1.
Thus, the mesh points are in a healthy status until the defect zone comes into the mesh. It can be
observed that the gear mesh stiffness obtained by ANSY'S software predicts results consistent to
those evaluated by the proposed analytical method. The perfect match between the proposed
analytical method and the FEM method is mainly due to the correction of the foundation stiffness
within the double tooth contact zone, as well as consideration of the non-linearity of the Hertzian
contact stiffness, Eqg.(4.21). The reduction of the TVMS of the gear pair depends on the shape and
severity of the tooth spall. As the fault becomes more severe, e.g. changing from case (a) to (b),
the greater the stiffness reduction can be observed within the spalling area. Moreover, noticeable
stiffness reductions can also be observed after the defect area. This is due to the fact that the

reduction of structural materials affects the stiffness of the rest of the gear tooth.
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For case (a), the spall starts at 7.036° and ends at 16.63° of pinion rotation angle. The spalling

area of case (b) is the same as case (a) due to the same starting position and width of tooth spall.
However, in case (b) the length of the elliptical tooth spall is much longer than in case (a), therefore
larger TVMS reductions can be observed in the same area (Fig. 4-10), as well as larger TVMS
reductions after the defect area, Fig. 4-11. In Fig. 4-11, there are subtle differences between the
analytical and FEM results after the defect area, where the TVMS evaluated by FEM methods is
slightly smaller than that of the analytical results. This is normal because the FEM method itself
has limited resolution and the algorithm of the FEM is more complicated than that of the analytical
method, which may explain the difference. The difference between the FEM and the analytical
results is less than 1% (evaluated by (Ranaytica-Rrem)/ Rrem), which is acceptable for most

engineering applications.

For case (c), the spalling area is from 8.46° to 21.56°0f pinion rotation angle. Both the length

and depth of the spherical spall are smaller than the spalls in cases (a) and (b), therefore smaller
TVMS reductions are observed compared to the previous cases. For case (d), there are two

stiffness reduction areas due to the two sets of gear tooth spalls, namely, [7.036°, 16.63°] for the
first set and [18° to 22.74°] for the second set, where the first set is greater in spall length and

depth. Therefore, the reduction of the TVMS within the first spalling area is much larger than the

reduction in the second area.
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Fig. 4-11 Zoomed TVMS of case (a) and case (b)
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4.5 Conclusions

This chapter proposed a curved bottom shape method to model the geometric features of gear
tooth spalls that typically occur in practice. The proposed tooth spall is constructed by removing
the intersection between an ellipsoid and the gear tooth surface. The radii of the ellipsoid can be
varied in three dimensions, which makes it possible to closely model the geometric features of
tooth spall. The proposed method corrects the foundation stiffness within the double tooth contact
area and considers the non-linearity of Hertzian contact stiffness. The effectiveness of the proposed
method for modelling single and multiple tooth spalls with different shapes and severity conditions
was validated by finite element analysis. Results indicate that the proposed method can predict
gear TVMS with the results consistent with those of FEM under healthy and various tooth spalling

conditions.
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Chapter 5 A shape-independent approach to modelling gear tooth

spalls for time varying mesh stiffness evaluation of a spur gear pair

This chapter addresses objective 3, which is to propose an advanced method to model tooth

spall(s) with irregular shapes and randomly distributed features.

This chapter has been published as a journal paper in the journal of Mechanical Systems and

Signal Processing.

Y. Luo, N. Baddour, and M. Liang, "A shape-independent approach to modelling gear tooth
spalls for time varying mesh stiffness evaluation of a spur gear pair,” Mechanical Systems and

Signal Processing, vol. 120, pp. 836-852, 2019.
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5.1 Abstract

This chapter proposes a shape-independent method to model tooth spall(s) based on defect
ratios instead of a specific geometry. The proposed method is applicable to tooth spalls of various
sizes, shapes, numbers and distribution conditions, and thus is capable of modeling any kind of
tooth spall. A powerful advantage of the proposed method is that to change the type of spall being
modelled, only the functions of the defect ratios need to be modified rather than the entire
algorithm. Therefore, the proposed method is general in nature and much easier to implement in
practice. The effectiveness of the proposed shape-independent approach to modelling different

kinds of tooth spalls is validated by finite element results.

5.2 Introduction

Gear tooth spall is one of the most common gear surface defects. The causes of tooth spall
range from surface fatigue, excessive load, mounting errors, lubrication problems, outside foreign
particles or inside debris, etc.[138] The occurrence of tooth spall increases system noise and
vibration, affects transmission accuracy and reduces gear service life. Fault diagnosis of a gear
transmission based on vibration signals requires the knowledge of the fault symptoms and the
difference between damaged and undamaged vibration responses [1]. Dynamic simulation of gear
transmissions with faults has played an important role in analyzing system vibration behavior with
and without gear fault(s) [29, 139, 140]. The analysis of the vibration behavior of a gear
transmission by dynamic simulation requires accurate values of the gear Time Varying Mesh

Stiffness (TVMS) and its corresponding changes when tooth fault occurs.

Existing work on modelling gear tooth spalls has focused on using a specific geometry (e.g.
rectangular, round, elliptical, pixel, etc.) to approximate the features of the tooth spall. In practice,

tooth spall(s) are usually irregular in shape and hence it is often difficult to find a suitable geometry
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to match the shape of the defect. The issue of how to analytically evaluate the TVMS of the gear
pair with irregular tooth spalls as observed in practice remains unsolved. In light of this, a shape-
independent approach to modeling gear tooth spalls as observed in practice is proposed in this
chapter. The proposed method models tooth spalls from a different perspective, in which two
defect ratios, namely the defect length ratio Crsx and the defect depth ratio Chsx, are utilized to
directly model the features and severity of the gear tooth spall(s) instead of using a specific

geometry to represent the characteristics of the spall(s).

As the shape-independent method is not restricted by the pre-specified geometry and
distribution of tooth spalls, it can be applied practically to modeling any kind of spall, such as a
localized spall with simple/complicated shape and/or multiple spalls with Gaussian or randomly
distributions. The effectiveness of the proposed shape-independent approach to modelling
different kinds of tooth spall is then examined and validated by the Finite Element Method (FEM).
Based on the proposed shape-independent method, an advanced energy method for evaluating the
TVMS of distributed spall is also proposed. The advanced energy method simplifies the existing

energy method on modelling tooth spalls.

5.3 Introduction of the proposed shape-independent method

5.3.1 The shape-independent method on modelling gear tooth spalls

Fig. 5-1 shows a simplified model of a localized gear tooth spall of irregular shape. The
removal of surface material due to tooth spalling reduces the amount of material available to
support the contact loads, which results in a reduction of gear TVMS. The effect of the tooth
stiffness reduction due to spalling is generally modeled by: a) reducing the effective surface contact

length L, ; and b) changing the gear tooth cross-sectional properties, namely, the cross-section area

A, and the area moment of inertia | .
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Fig. 5-1 Simplified model of gear tooth spalling

The goal of modelling the effects of tooth spall on gear TVMS is to capture the change in the
cross-sectional properties and the change in the effective surface contact length within the spalling
area. Geometry-based methods focus on using simple geometries (rectangular, round, elliptical,
etc.) to approximate the shape of the tooth spall. With the approximated geometry of the defect,
the time varying contact length and cross-sectional properties can be evaluated, and thus the gear
mesh stiffness with tooth spall can be calculated. The accuracy of the geometric based methods of
modelling tooth spalling depends on how close the utilized geometry is to the actual shape of the
spall. However, in practice, tooth spalls are usually irregular and complex in shape, which may

result in large calculation errors when being approximated using simple geometries.

The variations of the effective contact length and tooth cross-sectional properties due to
spalling can be directly modelled with some simple functions instead of using a specific geometric
shape, e.g. by L, (x) = f (x), A, = f.(X)and I, = f,(X), where f_(x)isthe function of effective
contact length, f,(x) and f,(x) are respectively the functions of cross-sectional area and area

moment of inertia of a gear tooth, x is the displacement as shown in Fig. 5-2. The magnitudes of

fL(x), fo(x)and f,(x) depend on the severity of the tooth spall and reflect the health status of the
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gear tooth. However, directly expressing f, (x), f,(x)and f,(x) to model the features of gear tooth

spall(s) could be difficult. The shape-independent method provides an alternative way to more

easily and accurately evaluate the values of these functions with tooth spalls.

Due to the physical properties of the gear tooth, the magnitudes of f, (x), f,(x)and f, (x) are

correlated with each other. For example, an increase in the diameter of a tooth spall will lead to

reduction of magnitude of L,(x)as well as a decrease in the values of f,(x)and f,(x). Therefore,
it is unnecessary to evaluate the values of L, (x), f,(x)and f,(x) independently. Knowing the

relationships between these functions can simplify the evaluation process and reduce the number

of functions needed to model the tooth spall.

In order to clearly explain the effects of tooth spall on the cross-sectional properties of the gear

tooth, two rectangles B'C'DE and B"C"DE satisfied by the conditions of
fa(X) =Sgcpe =Lh.(X) and f,(X) = lg.c.oe = (/22 )h2 (X)L are introduced, where S;...o¢ is the
area of B'C'DE which is equal to the actual area of the irregular shape under spalling conditions
and h_ (x) is the corresponding height of the rectangle and is defined as the equivalent tooth
thickness for the axial compressive and shear strength of the gear tooth. 1;.... is the area moment

of inertiaof B"C " DE which is equal to the actual area moment of inertia of the tooth cross-section

with spall, h,(x) is the height of rectangle B"C"DE and is defined as the equivalent tooth

thickness for the bending stiffness of the gear tooth. Fig. 5-2 shows an example of equivalent tooth

thickness curves under spalling conditions.
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Fig. 5-2 Illustration of the shape-independent method for modelling gear tooth spalling

For a simple gear tooth spall with rectangular shape, as shown in Fig. 5-3 and Fig. 5-4, the

cross-sectional area at displacement x within the spalling area can be written as

A<s = 2th -L hs’ Xe I:Xs_st’ Xs_end] (51)

S

where L. is the length of the tooth spall, h,is the depth. The reduction of the cross-sectional area

results in a change of the neutral axis of the area moment of inertia which is given by

i =(hx _l/'ixhs)l‘shs . (52)
Yi
- )
o X

(@)

Fig. 5-3 Gear tooth spalling modeled by a rectangular shape
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Fig. 5-4 Cross-section model of the tooth spall

The area moment of inertia with respect to the neutral axis A A can be evaluated by

3 3
|Zs:2|éhx+2|_hX5X25_(I‘ls_g’S+Lshs(hx—0.5h5+5xs)2} X €[ X, g1 X ong | (5.3)

s_st? “s_end

The values of h, (x)and h (x) can be determined from

{hc(x) =A,/L
(5.4)

h (0 =(121,,/L)s

To obtain the relationships between L, (x) and h,(x), h.(x), two defect ratios are defined

{CLsx = LS/L (55)

Chsx = hs/(th)

where C, and C,,, are the defect length ratio and defect depth ratio of the tooth spall at

displacement x, respectively. Substituting Eqg. (5.5) into Eq.(5.1), the effective cross-sectional area

can be expressed as A, =2Lh (1-CC,.) . Based on Eq.(5.4), the magnitude of the equivalent

tooth thickness h.(x) can be written as

hc (X) = 2(1_C Chsx)hx ! (56)

Lsx
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A similar process can be performed to obtain h,(x). After substituting Eq. (5.5) into Eq.(5.3)

and Eq.(5.4) , one can obtain

1

hb (X) = 2hx (Kco )§ (57)

with

1-C3,Cl, +(4CE, —6C, +5Cy, )CA, — (5C,,, +4CE, —6C2,)C

Kco hsx hsx hsx . hsx hsx hsx Lsx . (58)
(1_ ChstLsx )
The relationship between h_(x)andh,(x) can be expressed as
1
() = K, h, (), with K, =(K,,)? /(1-CLuCpa. ). (59)

It can be observed that with the knowledge of the tooth fault severity (C, andC,,, ), the

Lsx hsx

equivalent tooth thickness curves h (x)and h, (x)can be simply evaluated by Egs. (5.6) and (5.9).

With these two parameters, the effective contact length, cross-sectional area and area moment of

inertia can then be written as

L (x)=L(1-C.,)
A, =Lh(X)=2L(1-C_C,,)h, , (5.10)

Lsx — hsx

IZS = (17/12 )hS(X)L: (1/12 )(th )3 KcoL
Eq.(5.10) can be applied under both tooth healthy and damaged conditions. In practice, the

value of C,__ is determined by the shape of the tooth spall. For a healthy condition, Crsx =0, and

Lsx

therefore, Keo =1, and Eq.(5.10) is the same as Eq.(5.18). For a rectangular tooth spall, C , is a

constant due to a constant L, . For tooth spall with a complicated shape, C,, is a function of

Lsx

displacement x. The value of C,, is determined from the depth of tooth spall h,, Fig. 5-4.

hsx
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5.3.2 The shape-independent method for gear TVMS with spall

A gear tooth can be simplified as a cantilever beam with variable cross-sectional area, as

shown in Fig. 5-5. In the figure, the coordinate system xoy is located at the geometrical center of

the gear and the x axis is consistent with the center line of the tooth. AB and BC are the tooth

transition curve and involute curve, respectively. x, and x; denote the positions of the transaction
curve starting point and ending point. x,and h,, are the position and half tooth thickness of an

arbitrary point on curve AB. P, denotes the mesh point and x,,, denotes the position of P, , F is

the corresponding contact force which is tangent to the gear base circle and is decomposed into

F, and F ,a,, is the corresponding operation angle. x and h, correspond to the position and half
tooth thickness of a point on the involute curve. x; i andx, ., are the starting and ending positions

of the tooth spall, h, is the equivalent positive half tooth thickness under tooth spalling conditions.

yA

- Xy

N (S
Root circle — ", 7/

. I /
Base C|rcle/’b/7/

Fig. 5-5 Gear tooth modeled as a cantilever beam
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The involute function can be expressed as the function of the dynamic gear mesh pressure angle [56],

.
X=—2 cos(i—(tanai—ai—tana0+ao)j
cos ¢, 2N

. (e, <o <a,) (5.11)

h (7
= sin| ——(tana, —a, —tana, + ¢,
y cos«, (ZN ( b 0 O)j

where r, is the radius of gear base circle, ¢, is the pressure angle at the pitch circle, ¢;is the

pressure angle of an arbitrate point on the involute curve.

a, = arccos(rb/\/( I, tan, —h.m/sin )2 +r? j is the pressure angle of the involute starting point,

and o, =arccos(r, /r,) is the pressure angle of the point on the addendum circle [56]. The function

of the transition curve depends on the trajectory of the cutter tip during manufacturing process [57,
126]. Based on the work of Ma et al. [56], the transition curve is expressed as a function of an

angle parameter y as explained in Eq. (3.7) in chapter 3.

Based on the potential energy method, the total contact energy of a mating gear tooth pair can

be expressed as[29, 56]

2 n
U otar = i = (Ual+Ubi+Usi+Ufi)+Uh
2ktotal i=1
: (5.12)
Pf(ra, i n)
2 T\ ke ke kg Ky Ky

where n denotes the number of tooth pairs in meshing at the same time, the subscript i=p, g

represents pinion and gear, respectively. U, , U, , U, , U, and U, are respectively axial

compressive energy, bending energy, shear energy, fillet foundation energy, and Hertzian energy.

K, Ky K, Ky, and k, are the corresponding axial compressive stiffness, bending stiffness,

shear stiffness, fillet foundation stiffness and Hertzian contact stiffness. The fundamental idea of
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the shape-independent method is to use the defect ratios, namely C , andC,  , to model the

Lsx hsx ?

features of gear tooth spall instead of using a specific geometric shape. For a gear tooth with

spalling defect, see Fig. 5-5, each of the sub-stiffness can be expressed as [141]

x, sin’ & v, sin’
I P2 dx, +I X, (X, <X<X )
“EA, “  EA -
1 % sin’ a, x, sin" a sin’
i I - m dxt+L’ TpdeJrL 2EL(1-C_C)h dx, (X, <X<X ) (5.13)
ai § Xt ’ X - T Mix hsx
-2 -2 -2
J.XB sina,, % +J- sin“a,, dx+J‘x”"“ sin’ X+J-xpm SN’ oy x . <x)
o EA, v EA .« 2EL(1-C_C, )h L EA -
jxsé—IXtdxl+Ix Efl dx, (X, <X<X )
1 - oo £ f,
— =4 —dx + dx + dx, (x, ,<x<x ) 5.14
P T A vy TP TR I SR 14
x, f v, f x f f,
[ 2+ [ Zdi [ X3 dx+ 7 ==dx, (X, <X)
s El, v El “e (122)(2h) K_LE =

2 2
v, 1.2C08" o x.. 1.2€0s" o

I ————PMx, +j M, (X, <X<X )
“  GA “  GA

xt

_[ 1.2cos” apm +I . 1.2cos” App dx+-‘-xpm 1.2cos’ pn

X’ (Xsist <X< Xsiend)

ol

“ ° GAx b 2C;I_(]'_(:Lsx hsx)h
« 1.2 cos? « . 1.2cos’ X 1.2 cos® %, 1.2 cos®
j P TR Pem dx, +I PR Pem dx+_[ il j - 2202 ey , (XL, <X)
” GAxt o GAx b 2GL(1_CLsx hsx)h * GAX -
(5.15)

i—m—aj{t(u—‘] +M‘[u—'j+P‘ (1+Q tanzapm)} (5.16)
k  EWC] s, s,

. : 8F (1- r

b 2(L-v) 7L E (Npn 2Pm)

Pm
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where ., =(C0S oy, (Xpp = %) = Yo SIN Xy, )2 , f =(c0s o, (Xpp — X) = Yo SIN Xy, )2 , inwhichx,_
is the position of the contact point on the x axis and y,,, is the half tooth thickness at the mesh point

P,. x and x, are defined in Eqgs.(5.11) and (3.7), respectively. E, G, L,and v are Young’s

m

*

modulus, shear modulus, effective tooth contact width and Poisson’s ratio.u, , S, L', M", P
and Q" are constant parameters given in [127]. c} is a coefficient utilized to correct the

foundation stiffness within the double-tooth pair mesh region[141]. The theoretical value of c} in
the double tooth pair contact zone can be determined based on the model proposed in [34, 142]
from1/c; =k, /K , Where ka and krs are the foundation stiffness of double and single tooth pairs

at the transaction zone, see [142]. In this work, c; = 0.8 in the double tooth pair contact area and

c; =1 in the single tooth pair mesh zone. F is the contact force, ripm and rzpm are the radius of
tooth curvature, bpn is the half Hertzian contact width, hipm and hopm are the sear length of tooth
1 and 2 at the mesh point [135]. c, is a coefficient to correct the nonlinear Hertzian stiffness, which
is constructed by comparing the analytical Hertzian stiffness with the stiffness evaluated with FEM
results. In this work, c; =0.5C,(1-C,, ) in which C, = max(ln(ZM/bpm)—v/Z(l—v)). Axt,

Ax and Iz, 1, are, respectively, the cross-sectional area and area moment of inertia within the

transition curve and involute curve under healthy conditions, and are given by

{A« =2h,L, Iy :(]7/12)(2hxt) L’ (5.18)

A=2hL, 1, =(y12)(2h ) L
where hy: is the half tooth thickness of the transaction part evaluated by Eq.(3.7). hy is the half tooth
thickness of an arbitrary point on the involute curve given by Eq.(5.11). The detailed evaluation

process of the TVMS equations is similar to the procedure provided in [34]. The following sections
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introduce the application of the proposed shape-independent method on modelling tooth spalls

under various defect conditions.

5.4 The shape-independent method for modelling localized tooth spalls

The factors that lead to gear tooth surface damage vary from lubrication problems to surface
fatigue, manufacturing errors, mounting errors, etc. Different causes result in different shapes and
types of tooth spalls. A localized tooth spall usually results from surface overload where excessive
stress is concentrated [143]. The corresponding shape of the tooth spall is usually irregular and
varies from one to another. The following subsections validate the effectiveness of the proposed

shape-independent approach to modelling localized tooth spalls with different shapes.

5.4.1 Modelling a localized rectangular tooth spall

In practice, a tooth spall with a rectangular shape is rare, however it is a good simplifying
assumption for the purpose of analyzing the effects of tooth spall on the gear TVMS. The
effectiveness of the shape-independent method for modelling a simple rectangular tooth spall is
validated by comparing it with both existing geometry-based method and FEM results. For the
geometric based method and the finite element method, the severity of the spall is controlled by
the dimensions of the defect geometry. Fig. 5-6 shows the finite element model of a mating gear
pair with rectangular-shaped tooth spall. The parameters for the rectangular tooth spall, are Ls =6
mm, Ws =2 mm, hs =0.9 mm, xs st =37.2 mm. The parameters for the gear pair are shown in Table
4-1. For the geometry-based method, the required cross-sectional properties (Axs and I ) for
evaluating the TVMS under spalling condition are evaluated by Egs.(5.1) and (5.3), the detailed

TVMS evaluation process for the geometric based method can be found in [34].

For a spur gear pair, the mesh stiffness is defined as the stiffness along the action line (hamely

the rectilinear mesh stiffness). In finite element analysis, the rectilinear mesh stiffness of a pair of
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gears can be directly evaluated from k= F/3, where F is the contact force and 6 is the displacement
produced by the force along the action line [136]. However, directly measuring the displacement
d is complicated, since all the sub-deformations of each gear tooth for every mesh point must be

calculated [136]. Howard et al.[87] and Liang et al.[136] proposed to transform the rectilinear

deformation into a torsional displacement, and evaluated the gear mesh stiffness from k =T/ér?

where ry is gear base circle radius, and @ is the angular displacement of the gear body. This method
works for both healthy and defective gear teeth. In this work, the evaluation process of mesh
stiffness by FEM is based on method 2 proposed in [136]. The element is a hexahedral shape and
elements around the defect area are refined, multiple refined element layers created to obtain better
stress penetration on the tooth surface. Within the spalling area, the load is assumed to be carried
by the remaining healthy surfaces and the bottom of the tooth spall is not defined as a potential
contacting surface. In the analysis, the gear bore is set to be fixed and the load acting on the pinion
bore surface is 80 Nm. The pinion rotates counter-clockwise with a rotational angle step of 1
degree. In this way, the contact point starts near the pinion base circle and proceeds to the
addendum circle. The contact points are healthy until the defect zone is included in the mesh. To
avoid convergence issues with the FEM approach, the contact point at the handover regions (from
two to one tooth pair contact or one to two tooth pair contact) is neglected. An ANASYS
Parametric Design Language (APDL) script code was written to measure the angular displacement
of the nodes on the pinion flange for each mesh point. The surface contact friction force in the
finite element analysis is not defined, consistent with the proposed analytical method where

friction effects are neglected.
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Fig. 5-6 Finite element model of gear tooth spall in rectangular shape

Table 5-1 Parameters of the gear-pinion set of chapter 5

Parameters Value Parameters Value
Number of pinon teeth | 24 Diametral Pitch (inch™) 8
Number of gear teeth 24 Module (mm) 3.175
Teeth width L (mm) 195 Theoretical contact ratio 1.6019
Pressure angle (deg.) 20 Young’s modulus (N/'mm?) | 2x10°
Bore diameter (mm) 25.4 Poisson’s ratio 0.3

For the shape-independent method, the severity of the tooth spall is controlled by the defect

ratios. For modelling the rectangular spall shown in Fig. 5-6, C,, =h,/(2h,)=0.9/(2h,) ,

C. = L, (x)/L=6/19.5. The required cross-sectional properties (Axs and I.s) for calculating the

Lsx
TVMS under spalling condition in the shape-independent method are evaluated using Eq.(5.10).
The corresponding TVMS evaluated by the proposed shape-independent method, the widely-used

geometry-based method and the finite element method are shown in Fig. 5-7.
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Fig. 5-7 Comparison of the TVMS with rectangular spall evaluated by different methods

As can be observed in Fig. 5-7, the results evaluated by the shape-independent and FEM
methods under both healthy and spalling conditions are close. This is mainly because the proposed
shape-independent method corrects the foundation stiffness within the double tooth contact zone
in a similar way to that proposed in [34], and also considers the non-linearity of the Hertzian
contact stiffness. The maximum difference between the FEM and the analytical results is less than
1% (evaluated by |Ranantica-Rreml/Rrem), Which satisfies most engineering applications. The
difference between the FEM and analytical method are probably due to: a) the calculations for the
FEM are more complicated and different from the analytical method proposed. The FEM is greatly
affected by many parameters such as element type, element size, etc. b) the analytical method
assumes that the load is uniformly allocated on the contact line which is different from the finite
element method [44]. In order to show the performance of the general geometry-based method for
modelling gear tooth spall, the evaluation of the gear TVMS with the geometry-based method is
based on the same stiffness equations provided in section 5.3.2, the only difference is that the

geometry-based method utilizes different equations, Egs.(5.1) and (5.3), to evaluate the cross-
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sectional area and the corresponding area moment of inertia. It can be seen that the result of the

geometry-based method is identical to the result of the shape-independent method.

5.4.2 Modelling localized tooth spalls in round/elliptical shape

Elliptical and round shapes are good geometries to approximate some of the gear tooth spalls
that occur in practice, e.g. the spall-2 and spall-3 shown in Fig.5-8(a). The corresponding finite
element model and geometric model are shown in Fig.5-8(b) and Fig.5-9, respectively. The
severity of the tooth spall in the finite element method and geometric based method is controlled

the width w

max !

by the length | and the depth h,, as shown in Fig.5-9. In this case, | =4

max !

(mm), w,,,, =3(mm), h, =1(mm). The position of the spall is controlled by the center position

Xcenter OF the spall and the incline angle 6s, see Fig.5-9 (b). In this case, X, = 38.55 (mm) and

center

6, =18.40 .

(a) Gear tooth spalling in practice[144] (b) Finite element model of gear with elliptical spall
Fig.5-8 Gear tooth spall in elliptical/round shape
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Fig.5-9 Gear tooth spalling modeled in round/elliptical shape by geometric based method

For the geometry-based method, the length of the spall can be expressed as a function of

displacement x by

wZ, cos® 6,

Ls (X) = \/Inzqax (1M\J’ Xe I:Xs_st’ Xs_end } ' (519)

Where X, o = Xener — Wox €056, /2 IS the  starting position of the tooth spall,

s_st — “center

X, g = Xearmer + Wi COS 6, /2 is the end position of the spall. When lma=Wmax, the tooth spall has a

s_end center

round shape. The cross-sectional properties (Axs and Iz) required for evaluating the TVMS with

elliptical spall by the existing geometry-based method can be expressed as [35]

A, =2hL-AA, L (x)=L-L(x), AA =hL(x)
~h, /2)’ : o X o |- 5.20
| zghjL_iLs(X)h:_ZhXLA&(hx h, /2) Xe[ X g X o | (5.20)
12 2h L—AA

XS 3
For the shape-independent approach to modelling the elliptical tooth spall shown in Fig.5-8
(b), the defect ratios can be expressed asC,, =h, /(2h,)=1/(2h,),C,,, = L,(x)/L. Eq.(5.10) was

utilized to evaluate the effective contact length and cross-sectional properties in the TVMS
calculation. The TVMS results evaluated by the proposed method, the geometry-based method

and the finite element method are shown in Fig.5-10.
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Fig.5-10 Comparison of the TVMS evaluated by different methods

As it can be observed in Fig.5-10, the TVMS evaluated by the shape-independent method and
geometry-based method are consistent. Due to the computational cost of the finite element method,
the distances between two successive discrete points in FEM results are much larger than the
distances in the analytical methods. However, one can still observe that the FEM results are similar

to those of the analytical methods.

5.4.3 Modelling localized tooth spalls with irregular shapes

As mentioned above, the actual shape of a localized tooth spall can be irregular, as shown in
Fig.5-11. Due to shape irregularities, it is difficult to apply existing geometry-based methods to
accurately evaluate the corresponding gear TVMS. Knowing the accurate TVMS of gear tooth
with such spalls helps to present the actual dynamic responses of a gear system, as well as to
provide better explanations of vibration behavior of a gear transmission with faults. The following
two examples demonstrate the application of the proposed shape-independent method in modelling

localized gear tooth spalls with irregular shapes.
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5.4.3.1 Irregular tooth spall with constant depth.

Fig.5-11 shows some localized tooth spalls with irregular shapes that occur in practice. A
similar-shaped irregular tooth spall with a constant depth feature is created, as shown in Fig.5-12.

The parameters for the spall are xs_ st =36.1 (mm), Xs_end =39.5 (Mm), hs=1.2 (mm).

Fig.5-11 Gear tooth spalls of irregular shapes[145-147]

The key point of applying the shape-independent method to modelling tooth spall with

irregular shapes is to define the two defect ratios C,_ and C,_ , as mentioned earlier. In this case,

Lsx hsx 1

the depth of the tooth spall hs can be assumed to be constant. Therefore, the depth ratio can be

simply expressed as C,, = h, /(2hx) . Due to the shape irregularity, the length of the spall cannot

be expressed by a simple function. A Discrete Sampling and Fit Method (DSFM) is utilized to get
the information of the length of the tooth spall, see Fig.5-12(b), where I3, I2, I3, ..., I are the discrete
lengths of the tooth spall at different positions. With the obtained discrete lengths of the spall, the

continuous length function Ls(x) can be approximated by a polynomial function expressed as

L(X)=ax"+a, X" +---+a,x*+aXx+a, Xe [Xs_st’ Xs_end ] ’ (5.21)

where ap ~ an are constants of the fitted function, which can be obtained in MATLAB using the
‘polyfit’ function. An example of the fitted curve is shown in Fig.5-13 (a). With knowledge of

Ls(x), the defect length ratio can be written as C,, =L/(x)/L . Fig.5-13 (b) shows the

Lsx

corresponding equivalent tooth thickness curves h¢(x) and hyp(x) evaluated from Egs.(5.6) and (5.7)
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with the defined defect ratios (C, and C,, ). Substituting hc(x) and hn(x) into Eq.(5.10), the

corresponding cross-sectional properties of the gear tooth can be obtained, see Fig.5-14, and thus,

the final TVMS can be obtained by the equations in section 5.3.2.

(@) Finite element model of an irregular spall (b) Geometric model of an irregular spall

Fig.5-12 Tooth spall modelled in irregular shape

The length of tooth spall Ls(x)
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(a) Length of tooth spall (b) Equivalent tooth thickness with spall

Fig.5-13 Gear tooth spall in complicated shape
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Fig.5-14 Area and area moment of inertia of a gear tooth with irregular tooth spall

Fig.5-14 presents the evaluated area and area moment of inertia of a gear tooth with irregular
spall. It can be observed that with the increase of the length of the tooth spall, the effective area
and area moment of inertia decrease. The reductions in the cross-sectional properties and effective
contact length result in a decrease in the effective stiffness of the gear tooth. The TVMS results of

the shape-independent method and the FEM results are plotted in Fig.5-15.
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Fig.5-15 The TVMS of a gear tooth pair with irregular tooth spall

It can be observed that the results evaluated by the proposed method and the FEM are close.
Due to the shape irregularity, the general geometry-based method cannot be applied in this case,

therefore, the result of geometry-based method is not provided.
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5.4.3.2 Tooth spall with complicated shape and varying depth

In practice, a localized tooth spall can have both irregular shape and varying depth, as shown

in Fig.5-16 (a) and (b). A similar-shaped tooth spall is created and is shown in Fig.5-16 (c). The

effective contact length of the tooth spall, evaluated by the DSFM, is shown in Fig.5-17 (a).

(a) Practical tooth spall (b) Practical tooth spall [148] (c) Finite element model of spall

Fig.5-16 Tooth spall with irregular shape and varying depth
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Fig.5-17 Gear tooth spall in complicated shape and varying depth

In this case, the depth of the tooth spall hs varies at different mesh positions within the defect
area. The DSFM can be utilized to obtain the varying depth and express the hs as a function of the
distance x. The corresponding sampling points and fitted curve are shown in Fig.5-17 (b). The

TVMS of the gear pair with this irregular-shaped tooth spall is shown in Fig.5-18.
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Fig.5-18 TVMS of the gear pair with irregular spall

5.5 The shape-independent method for modelling distributed tooth spalls

Distributed tooth spalls are one of the most common tooth surface defects observed in practice.
The occurrence of distributed tooth spalls is mainly due to surface wear and fatigue. Lei et al. [44]
proposed a probability method to model the distribution and number of such tooth spalls. The
probability method is based on the hypothesis that the tooth spalls have a round shape, are
uniformly distributed in the direction of tooth width and are normally distributed in the direction
of tooth height. The fundamental idea of the probability method is to provide a way to approximate
how many tooth spalls that occur on one tooth under a specific severity level. The shape-
independent method proposed in this work models tooth spalls from a different perspective; it does
not depend on the number, shape, size and distribution of the tooth spalls as required by the
probability method. It directly models the reduction of tooth contact length (by Cis) and tooth
spall depth (by Chsx). Therefore, it is applicable to practically model all kinds of tooth spalls. The
following subsections demonstrate the effectiveness of the shape-independent method in

modelling multi-tooth spalls under different distribution conditions.
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5.5.1 Modelling multi-tooth spalls with a Gaussian distribution

Fig.5-19 shows some typical distributed tooth spalls that occur in practice. One of the common
features of these spalls is that they are distributed around a center line and then decrease, the further
from the axis, the sparser the spalls. This distribution feature is a typical Gaussian distribution, see
Fig.5-20 (a). In some cases, the bottom of the tooth spalls may not be flat. It is possible that the
tooth spalls are deeper around the center line and then become shallow further away from the
center line, as is the case shown in Fig.5-19 (a). This feature can also be approximated by a

Gaussian function, see Fig.5-20 (b).

(a) [143] (b) [149] (c) [150]

Fig.5-19 Gear tooth spalls with a Gaussian distribution
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Fig.5-20 Geometric model of distributed gear tooth spalls

For the Gaussian distributed tooth spalls, the defect length ratio can be expressed as
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(5.22)

where L (x) is the reduction of the total contact length, w; is the Gaussian width which controls

the width of the tooth spall, L and x

'S_max S_center

represent the maximum total length reduction and

the position of the center line of the spalls, respectively.

When the bottoms of the spalls are flat and equal in depth, hs can be assumed to be a constant,
as is the case for Fig.5-19 (c). Under a constant depth condition, the defect depth ratio can be

simply defined as C,, =h,/(2h,) . When the spalls vary in depth, the defect depth ratio

approximated by a Gaussian function can be written as

2
h hs max (X ~ X5 _center )
C =5 —_>= ex -_ |, 5.23
= hx hx P ZWSZ ( )

where hs_max is the averaged maximum depth of the tooth spalls at the center line.

The equations of the energy method for gear TVMS evaluation provided section 5.3.2, as well
as the equations proposed in other literatures, e.g. [34], are separated into several sections by

Xy XXy X, <X X
st S_

s_st! s_

., and x__, <x.Thisisdue to the fact that the occurrence of tooth spall(s)

en end

leads to discontinuities of the functions of cross-sectional area and area moment of inertia.
However, for the spalls modelled by Gaussian functions, it is unnecessary to segment the TVMS
equations. This is due to the special property of the Gaussian function where the magnitude
gradually decreases to zero at both sides of the function. Therefore, the equivalent tooth thickness
functions and the cross-sectional properties still maintain their continuities. Thus, the equations
for evaluating the TVMS with distributed tooth spalls modeled by Gaussian functions can be

simply expressed as
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In the above equations, C,_ is expressed by Gaussian function(s) while the C

Lsx

can be any

function. It is obvious that Eq.(5.24) is much simpler than the TVMS equations provided in section

5.3.2 and the equations of the probability method provided in [44]. It is worth mentioning that

Eq.(5.24) is a simplified version of the equations in section 5.3.2, and the equations in section 5.3.2

are still valid for evaluating the TVMS with tooth spalls with Gaussian distribution conditions.

A finite element model of a distributed spall case is shown Fig.5-21(a). It should be noted that

it is very difficult and time consuming to create a refined FEM model of distributed spalls with

varying depth. Therefore, the depth of the spalls in this case are assumed equal to a constant value

hs= 0.7 mm. The parameters of the spalls modeled by the Gaussian functions are Ls_max =8 mm,

Ws =0.8 mm, Xs center = 38.5 mm. Fig.5-21(b) shows the corresponding curve of the reduction of

contact length due to spalls.
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(a) Finite element model of distributed tooth spalls (b) The reduction of contact length

Fig.5-21 Model of tooth spall in Gaussian distribution

The corresponding area Ax and area moment of inertia I, of the gear tooth with distributed tooth
spalls are shown in Fig.5-22. It can be observed that, within the spalling area, the magnitudes of
Ax and I; are reduced. The decreases of the effective contact length and cross-sectional properties

result in gear TVMS reductions.

(a) Area of gear tooth cross-section (b) Area moment of inertia
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Fig.5-22 Area and area moment of inertia of a gear tooth with Gaussian distributed tooth spalls

The total TVMS with and without defects are shown in Fig.5-23. In this case, the results of

the shape-independent method are smoother than the TVMS results evaluated by the FEM method.

However, both results of the two methods provide similar trends, which implies that utilizing the

Gaussian function to approximate the features of the distributed spall is effective.
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Fig.5-23 TVMS of gear tooth pair with Gaussian distributed tooth spalls
5.5.2 Modelling randomly distributed tooth spalls

In practice, gear tooth spalls may also be randomly distributed, such as the one shown in
Fig.5-24 (a). A geometric model of tooth spalls with a similar random distribution feature is shown
in Fig.5-24 (b). The shape-independent method directly considers the reduction of the effective
contact length and models the length changes by a function. Theoretically, any continuous function
can be utilized to model the features of the spall. However, simple functions are always the first
choice in solving any engineering problem. For the spalls shown in Fig.5-24 (b), the spalls are

divided into two groups, and each group can be modeled by an independent Gaussian function.
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(a) Tooth spalls in practice [134, 151] (b) Geometric model of randomly distributed spalls
Fig.5-24 Tooth spalls in randomly distributed conditions

For the randomly distributed multi-tooth spalls, the spalls can be separated into multi-groups,
the features of each group can be described by Gaussian functions. The finial defect length ratio

can be expressed as the sum of the independent sub-functions by

C — le(x)_i_LsZ(X)_'_‘“_'_Lsn(X)
Lsx L L L
2 2 2
L - L - L -
_ s1_max exp [ (X Xsl_zcenter ) J + 's2_max eXp [ (X st_zcenter ) J et SN _max exp[ (X Xsn_zcenter ) J
L A L 2w, L 2w,
(5.25)

where L, (x) is the reduction of the total contact length of the n™ group Gaussian distributed

L and x define the width, maximum total length reduction and the position

n? sn_max sn_center

spalls. w,

of the center line of the n'" group spalls.

Under varying depth condition, the defect depth ratio of randomly distributed spalls expressed

by Gaussian functions can be written as
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where hn max is the averaged maximum depth of the n™ group of Gaussian distributed tooth spalls

at the center line.

For the case shown in Fig.5-24 (b), the tooth spalls are divided into two groups. The
corresponding parameters for group 1 are Lsi_max =3 mm, hs1_max= 0.3 mm, Ws1 =0.3 mm, Xs1_center
= 37 mm, and the parameters for group 2 are Lsz max = 8 mm, hs2 max = 0.5 mm, ws2 =0.6 mm,
Xs2_center = 39.5 mm. The equivalent length and depth of the spalls and the corresponding TVMS of

the gear pair are shown in Fig.5-25.
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(a) Properties of the tooth spalls (b)TVMS evaluated by the proposed method

Fig.5-25 The features of tooth spalls and corresponding TVMS

In this case, both of the equivalent length and depth of the spalls are modeled by Gaussian
functions. The TVMS of the gear pair is evaluated by Eq.(5.24). As can be observed in Fig.5-25(b),

the TVMS of the gear tooth decreases within the spalling area. The tooth spalls of group 1 result
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in much less TVMS reductions compared to group 2. This is due to the fact that both of the

equivalent length and depth of the spalls of group 1 are much less than the values of the group 2.

5.6 Conclusions

5.6.1 Summary of the proposed method

In this chapter, a shape-independent method was proposed to model tooth spalls from a
different perspective. The fundamental idea of this method is to use two defect ratios, namely the
defect length ratio C

and the defect depth ratio C,_, to directly model the features and severity

Lsx hsx 1

of the gear tooth spalls instead of using a pre-specific geometry to represent the properties of the
spalls. In the shape-independent method, the relationship between the effective contact length Le(x)
and the tooth cross-sectional properties (Ax and I;) under spalling conditions is identified, which
makes it possible to directly express these parameters (Le(X), Ax and I;) as functions of the defect
ratios (Crsx and Chsx). Therefore, with the knowledge of these two defect ratios, the values of Le(X),
Ax and I, can be evaluated, and thus the corresponding TVMS of the tooth pair with spall can be
calculated. The defect ratios can be expressed by a function which is determined by the type and
feature of the tooth spall. The shape-independent method is capable of modeling most kinds of
spalls, such as a localized tooth spall with simple shapes (rectangular, round, elliptical, etc.) or
irregular shapes, and spalls under normal or randomly distributed conditions. The effectiveness of
the proposed shape-independent method in modelling different kinds of tooth spall(s) has been

examined and validated by FEM analysis.

The proposed shape independent method provides an alternative way to model tooth spalls of
a spur gear pair operating under normal tooth contact conditions. In practice, mating gear tooth
pairs may also be subject to tooth profile modification [152], eccentric errors [29], gear

manufacturing errors, and misalignment. These effects are not considered in this chapter. The
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proposed method can be modified to consider these effects by including the corresponding fault
effects into the calculation of gear TVMS with multiple types of faults. In addition, further
extensions and applications are possible with the proposed method, for example modelling the
effect of a localized spall on a bearing race e.g. [153-156] and the effect of extended tooth contact

[58, 62, 142, 157] under heavy load conditions.

5.6.2 Advantages of the proposed method

Existing methods use either geometry-based methods or probability methods and mainly focus
on modeling a specific type of spall with a specific shape. Changing the type or shape of the spall
implies changing the TVMS evaluation method. Since the methods for evaluating different types
of spalls vary significantly, coding different methods is time consuming and inconvenient. The use
of the defect ratio functions to model the features of tooth spalls in the proposed shape-independent
method makes the method “adaptive” to the spalls of various sizes and shapes at different locations
and with different distribution conditions. The only change to the algorithm of the shape-
independent method when modelling a different type of spall is in the functions of the defect ratios
(CLsx and Chsx). Therefore, the proposed method is general in nature and is much easier to

implement compared with existing methods.
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Chapter 6 Dynamical modeling and experimental validation for tooth

pitting and spalling in spur gears

This chapter addresses objectives 4 and 5 which are to: a) propose a novel spur gear dynamical
model to better understand the dynamic behavior of a gear system with tooth pitting and spalling.
b) analyze the fault features of a gear transmission with tooth pitting and spalling through the

proposed dynamic model and compare with features obtained by experiments.

The contents of this chapter have been published in the Journal of Mechanical Systems and

Signal Processing.

Y. Luo, N. Baddour, and M. Liang, “Dynamical modeling and experimental validation for
tooth pitting and spalling in spur gears,” Mechanical Systems and Signal Processing, vol. 119, pp.

155-181, 2019.

Part of the contents have also been published in the Proceedings of the ASME International
Design Engineering Technical Conferences and Computers and Information in Engineering

Conference, 2018.

Y. Luo, N. Baddour, and M. Liang, Dynamical Modeling of Gear Transmission Considering
Gearbox Casing. ASME. International Design Engineering Technical Conferences and Computers
and Information in Engineering Conference, Volume 8: 30th Conference on Mechanical Vibration

and Noise: VO08T10A024, 2018. doi:10.1115/DETC2018-85656.
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6.1 Abstract

This chapter proposes a novel spur gear dynamical model, validated by various experimental
tests, to analytically investigate the effects of tooth pitting and spalling on the vibration responses
of a gear transmission. The proposed dynamical model considers the effects of tooth surface
roughness changes and geometric deviations due to pitting and spalling, and also incorporates
Time Varying Mesh Stiffness (TVMS), a time-varying load sharing ratio, as well as dynamic tooth
contact friction forces, friction moments and dynamic mesh damping ratios. The proposed gear
dynamical model is validated by comparison with responses obtained from an experimental test
rig under different conditions. Comparisons indicate that the responses of the proposed dynamical
model are consistent with experimental results, in both time and frequency domains under different

rotation speeds and fault severity conditions.

6.2 Introduction

Gear tooth pitting and spalling are typical tooth surface fatigue damages in a gear transmission.
The appearance of tooth pitting is mainly due to prolonged, repeated heavy contact loads, whereby
excessive local Hertzian contact fatigue stress flakes the asperity particles out of the contact surface
[100-102]. The occurrence of pitting and spalling directly changes the tooth contact conditions by
increasing the roughness of the tooth surfaces, modifying the tooth geometric profiles and reducing
the effective tooth contact length. Due to the complicated structures and intricate interactions
between the components of the gear system, fault vibration features and corresponding vibration

mechanisms due to tooth spalling remain mostly unknown.

Dynamical modeling of gear transmissions with faults has been an important research topic
for understanding gear fault vibration characteristics [139]. Dynamic models simulating gear tooth

pitting and spalling are generally the same models used to analyze the effect of a gear tooth crack,
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which ignored the effects of tooth geometric profile errors and surface contact condition changes
(e.g. increase of surface roughness, change of dynamic friction forces and damping of lubrication
film etc.), and thus inadequate to fully understand the complicated internal interactions between

the mating gear pairs, as well as to explain the gear fault vibration mechanisms.

In light of this, the goal of this chapter is to propose a new dynamic model to simulate the
vibration behavior of a spur gear transmission with pitting and spalling defects. A gear contact
model is proposed to account for the effects of tooth surface roughness changes and geometric
deviations due to pitting and spalling with lubrication effects. The proposed model considers the
effect of gearbox casing, incorporates TVMS, time-varying load sharing ratio, dynamical tooth
contact damping ratios, friction forces and friction moments. Experimental tests are performed to
validate the proposed dynamic model under healthy cases as well as different fault conditions. The
system physical properties (e.g. mass, mass moment of inertia) and mechanical parameters (e.g.
stiffness and damping coefficients of bearings and bolts) used in the simulations were obtained by
direct measurement or were calculated based on experimental tests combined with dynamic
theories. The results were examined in both time and frequency domains, under different rotation
speeds and fault severity conditions. Spectrum comparisons are provided to identify the difference

between damaged and healthy cases.

6.3 Gear contact model with tooth pitting and spalling

In practice, tooth pitting and spalling are normally first initiated on the smaller gear (which
undergoes more revolutions and therefore more stress cycles) and close to the tooth pitch line [100],
see Fig. 6-1. The size of what delineates pitting and spalling has not been uniformly defined and
both terms are often used interchangeably. Based on [158, 159], the size of pitting can range from
0.01 mm (micro-pitting) to 0.8 mm (macro-pitting) in diameter, and the size of tooth spall is

considerably larger than tooth pitting.
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(a) Pitting and spalling in practice [160] (b) Simplified pitting and spalling
Fig. 6-1 Gear tooth pitting and spalling

The contact model of a spur gear pair with lubrication under tooth pitting and spalling is shown
in Fig. 6-2, where the contact line just crosses the defect area near the dedendum of tooth 1. In
practice, a gear transmission is always lubricated in order to reduce contact friction and wear [31,
105]. As defined in [105, 158], micro-pitting is usually in small size, therefore, its effect can be
modeled as the increase of the tooth surface roughness. The tooth spalling (or macro-pitting) is
often in large size which is capable of blocking the formation of a lubricant film and reducing the
effective tooth contact length, see Fig. 6-2. The reduced tooth contact length directly decreases the
strength of the contacting teeth on supporting the dynamic loads, which is generally modeled by

decreased gear TVMS within the spalling area [141].
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Fig. 6-2 The contact model of a spur gear pair with tooth pitting and spalling
The mating process of a spur gear pair with tooth contact friction forces is shown in Fig. 6-3.

The line of action BB, is tangent to the base circles of the pinion and gear at points B;and B, . Line
segment PP, is the actual effective contact locus, where point P, is the starting contact point
(approach point), and P, corresponds to the separation point. ¢, is the pressure angle, o, and @,
are rotational speeds. F is the total dynamic mesh force of the mating process (along the action
line BB,). F,,and F, F,andF,, represent the tooth contact friction forces of each mating tooth

pair. The mating tooth can be simplified as equivalent cylinders in contact with time-varying radii

of the tooth curvaturesr,andr, (Fig. 6-2) or r,,r,,,r,,r,, (Fig. 6-3) and forming a lubrication
film with width of 2b.u , =@, -1, ,u,, = @, -1, are the moving speeds of the contact point of each

surface along the off-line of action [30]. For ordinary spur gear pairs with contact ratio less than

2, the length of the time-varying radii (r,;, r;;) can be determined from

{rpi =1, (6, +tan(LBlopP1)), i=12 (6.1)

Iy = (rpp + rpg)sm a4~ Ty
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in which i denotes the ith gear tooth, ¢, is the contact angle of the ith tooth pair. For a spur gear

pair, the contact angle of the followed second gear tooth lags with respect to the first gear tooth

pair by 6, —2z/N where N is the number of gear teeth. If 6., =6, —27/N <0, this implies that

the second gear pair has not started to mesh and there is only one gear tooth pair in contact. The

/BO P, =arccos(R, /O,R)  with ~ OP = \/ R} +0,0, —2R,-0,0,cos(£0,0,R)  and

pTg 1

£0,0,R =arccos(R,, /R, ) -, [29], r,andr,,, randr

o hpandr,, are the radii of the base

circle, pitch circle, and addendum circle of pinion and gear, respectively (see Fig. 6-3).

Pinion

Fig. 6-3 Mating process of a spur gear pair with friction forces

The evaluation of the dynamical friction forces and damping ratios of the contacting tooth
surfaces with lubrication effects involves the analysis of the lubrication film thickness, contact
pressure, oil viscosity, surface roughness, moving velocity, effective contact area, and film shear
stress. The mixed elastohydrodynamic lubrication (mixed-EHL) theories are widely applied to
analyze the contact properties of a mating gear tooth pair with gear tooth pitting and spalling. The

gear tooth in the healthy surface area is assumed smooth, in which the asperity has limited effects
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on film thickness and pressure distribution. Therefore, the two surfaces in contact are assumed
supported by a lubrication film [161]. For an arbitary gear mesh point, the line contact mixed-EHL

equations under isothermal conditions can be expressed as [162]

3
d(ph”dp =12us_d(ph)
dx\ 7 dx dx

X2
h=hc+ﬁ+u(x)+r(x) 6.2)

v(X) = _ﬂiEJ.: p(s)In(s —x)*ds +c,

W—LXe p(x)dx =0

where x corresponds to the x-axis of the coodinate system, as shown in the zoomed area of Fig.
6-3. xo and xe are the coordinates of inlet and outlet positions, respectively. R is the equivalent
raduis, Us is the equivalent speed, p is the contact pressure, h is the central film thickness, h is the
film thickness, o(x) is the surface elastic deformation, s is the integration variable on the x axis,
r(x) is surface roughness function, cx is a constant, w is the load per unit contact length. p is the oil
density which is a function of contact pressure and can be approximated as p= po (1+0.6p/(1+1.7p))
in which po is the lubricant density at ambient pressure [162]. # is the oil viscosity as a function of

the contact pressure, based on [161, 163], it can be expressed as

o exp(alp)’ P <P,
n=17,exp(C, +C,p+C,p° +¢;p°), P, <pP<p, , (6.3)
noexp(alpt+a2(p_pt))1 P>p

where a1 2 are pressure exponential parameters, co to ¢z are third-order fitting coefficients in order
to smoothly connect the first and third section, specifically, the values of cg to c3 are dominated by
the end and start values as well as the trends of the viscosity curve of the first and third section.

Based on [161], one set of basic parameters under 25°C working condition is given as:
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70=0.0479[Pas], o, =18.7[GPa™|, @, =2.9[GPa™], p, =0.406[GPa] , p, =0.812[GPa] ,

p, =0.580[GPa].

The contact energy of a mating gear pair can be dissipated by both lubricant film and solid
structures [164]. Therefore, the total damping coefficient of a contacting gear tooth pair generally

includes both of the damping of the lubricant film c,, and the mating gear teeth c, . The total

film
damping of a meshing gear tooth pair can be evaluated by c, =cy,, +C,, . The dynamic viscous

damping coefficient of the lubrication film along the Off Line of Action (OLOA) direction is the

function of oil viscosity, film thickness and contact area which can be expressed as [161]

Ciim = A{;(%M , (6.4)

where A is the uniform area of the tooth surface grid element, j is the j-th grid element, 7 is the

dynamic oil viscosity evaluated by Eq.(6.3), and h is the dynamic lubrication film thickness
solved from Eq.(6.2). The existance of gear tooth pitting and spalling increases the gear tooth
surface roughness and may decrease the effective tooth contact length, which results in lubricant
condition variation. Fig. 6-4 shows the change in the distribution of instantaneous EHL film and

pressure of a mesh point as a result of gear tooth pitting and spalling.

Fig. 6-4 (a) is the dimensionless tooth surface roughness (with amplitudes between 0 to 1) due
to tooth pitting and spalling. The actual surface roughness during the simulation is controlled by
the roughness coefficient (Rc) times the amplitudes of the dimensionless roughness. For healthy
condition, the gear tooth surface is assumed as smooth and, therefore, Rc is low. With the
appearance of tooth pitting, surface roughness increases. Comparing with Fig. 6-4 (b) and (c), there
are some local pressure fluctuations due to the occourence of the tooth dent, and the lubricant film
thickness of the pitting case is slightly higher than that of the healthy conditions (hc=0.62 pm in
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the healthy case, hc=0.66 |m and h.=0.64pm for case b and c, respectively). As tooth pitting
progresses to a diameter larger than the width of the EHL film (about 0.4 mm, see the x-axis of

Fig. 6-4 (b)), tooth spall forms and the effective tooth contact line L, decreases. Under this

condition the tooth pitting and spalling co-exist, therefore one can observe strong lubricant

pressure fluctuation.

(a) Dimensionless tooth surface roughness (b) 3 10% EHL under tooth healthy condition
1+t § EHL film pressure %
| | I In P EHL film thickness =~
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g Il, | \ g 2
EL 0.5 " 1 5 4 :'_3
< ‘ | ' £ E
| | f =
0 0 5
\ . . \ A . \ [ — . \ . " C
-0.3 -025 -02 -015 -01 -0.05 O 0.05 -0.3 -0.2 -0.1 0 0.1
X (mm) x (mm)

)
=

108 EHL with tooth surface pitting 10% EHL with surface pitting and spalling
EHL film pressure

EHL film pressure :
EHL film thickness

EHL film thickness

EHL film pressure (Pa)
B
EHL film thickness (um)

EHL film pressure (Pa)
i
w

EHL film thickness (um)

-0.3 -0.2 -0.1 0 0.1 -0.3 -0.2 -0.1 0 0.1
x (mm) x (mm)

Fig. 6-4 The effects of gear tooth pitting and spalling on EHL film and pressure (under the
conditions of w=7x10* N/m, R=0.0071 m, T=25°C, @, =1500 rpm, p,=864.80 kg/m?, 7,
=0.0479 Pa-s; and L.=0.016 m & Rc=0.001 for (b), Le=0.016 m & Rc=0.05 for (c), Le=0.014 m

& Rc=0.1 for (d), where Rc is surface roughness coefficient)

Given the film thickness and pressure distribution, as presented in Fig. 6-4, the damping
coefficient of the lubricant film crim along the OLOA direction can be obtained when combined
with Eq.(6.3). However, the evaluation process can be computationally expensive, especially when
coupling with a gear dynamic model. Recently, Masjedi and Khonsari [165] proposed curve-fit

formulas to estimate the dynamic lubrication film thickness and asperity load sharing ratio under
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different surface asperity orientation conditions (e.g. isotropic, longitudinal and transverse). The
formulas proposed in their work were fitted based on 2000 simulations, and the average evaluation
errors were less than 3% compared with the results obtained directly from the mixed-EHL model.

The dynamical central film thickness of a mating gear tooth pair are given by [165, 166]

h, = 2.691K, W U *"*G***R (1+ 0.2522V 02\ 0229y 078G 4"8“2) , (6.5)
where W is the dimensionless load given by W =w/E 'R, in which w is load per unit contact length,
R is the equivalent contact radius given by R=(Y/r, +1/r,) ", E'= 2[(1—1/12 )/E+(1-v )/Ez]_1
is the effective Young’s modulus, where v,,v,and E,, E, are Poisson's ratio and Young's modulus
of tooth one and two, respectively. U is dimensionless speed expressed as U = y,u/E"'Rwhere g,
is lubricant viscosity at zero pressure, u=(u,, +u,)/2is the equivalent rolling speed, G is a
dimensionless material coefficient given asG = E'a,where ¢, is pressure-viscosity coefficient. V
is dimensionless hardness, & = o/R is dimensionless surface roughness, where o is the standard
deviation of the surface roughness [165]. K, is coefficient utilized to model the orientation

effects of the surface asperities. When the surface asperities are isotropic, K,.= 1. When surface

asperities have longitudinal or transverse properties, K,,.is given by [165]

1+0.354A 7 (1—9)** v <1

He ™ 1430 0.329 ' (6.6)
1-0.135A"" (y =D y>1

where Ais the film parameter defined in [165], y is a surface pattern parameter, y <1for surface
with transverse asperity properties, y =1for isotropic, and y >1for longitudinal [165]. With the

ledge of he, the evaluation of the damping coefficient of the lubricant film can be approximated by
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c =ﬂ’ (6.7)

film hc
where 7" is the oil viscosity of the film center given by Eq.(6.3) with the dynamic lubricant

pressure approximated by the Hertz pressure p = 2w/zb . A’is the total area of the lubrication film

approximated as A" =2bL, in which b is the half width of the lubricant film given by
b =./8wWR/(zE") [162]. It should be noted that, Eq.(6.5) works best for dimensionless load

W [2,50]x10°°, for a load higher or lower than this range, Eq.(6.2) and Eq.(6.4) should be utilized

to validate the results.

Fig. 6-5 shows the effects of tooth pitting and spalling on the tooth contact load sharing ratio
(LSR), EHL central pressure and film thickness evaluated by EQq.(6.5) under constant load
(Fpg=1000 N) and speed conditions ( @=1500 rpm). The number of teeth of pinion and gear are
N:=16 and N»=48 respectively. The horizontal-axis in Fig. 6-5 is the distance of the mesh point
relative to the pitch point (point P in Fig. 6-3) along the line of action, where a negative distance
value indicates the mesh point is on the left side of point P (within line segment P1P), and vice
versa for positive distance values. Due to the considerable high gear ratio (3:1) and small base
radius of the driving pinion, the contact equivalent radius and speed are in small values at the
approach point (P1 in Fig. 6-3). As the mating process progresses from P to P2, the equivalent
contact radius and speed increase, see Fig. 6-5 (a), and the lubricant condition improves as a result
of increased lubricant film thickness and decreased central pressure, Fig. 6-5 (b). The high central
pressure at the starting contact point is mainly due to the low equivalent radius at the beginning.

Lower equivalent radius R indicates higher dimensionless load (W =w/(E'R) ) and smaller

Hertzian contact width (b =./8wR/(zE") ), both increasing the contact pressure, as explained in

[167]. It also can be observed that within the area where LSR=1, the central pressure is
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significantly increased due to the total load shared by only one tooth pair. These results are

consistent with the conclusions made in [165, 167, 168].

Gear tooth pitting is modelled as an increase of surface roughness, therefore, it has no effect
on the magnitudes of central pressure. However, within the pitting area ( x € [-5,—-3]), the lubricant
film thickness ripples when the surface roughness standard deviation gradually increases from
healthy (6=0.35 um) to the maximum value of 6=0.7 um and then back to the normal governed by
a Gaussian function. The result of increasing film thickness due to increasing surface roughness is
consistent with the conclusions made in [165, 166], and this phenomenon is explained by [106]
that “small asperities play a useful role as a reservoir for the lubricant by entrapment between

asperities”.

Under gear tooth spalling conditions (within x €[-5,-3]), the effective tooth contact length
L, gradually decreases from 0.016 m to 0.014 m and then increases back to 0.016 m, which
increases the load per unit length w=F_ /L., and hence, results in an increased central pressure

within the spalling area, Fig. 6-5 (b). The change of the increased contact pressure should result in
decreased film thickness. However, it may not be the case when the surface roughness also
increases. As can be observed in Fig. 6-5 (b), the film thickness increases as the roughness

gradually changes from 6=0.35 um to a maximum value of 6=1.2 um and then returns to 0.35 zm

within the defect area.
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Fig. 6-5 Comparison of the gear tooth mating properties and EHL features under healthy and
faulty conditions along the line of action for one mating gear tooth pair (roughness is assumed as

isotropic; for healthy condition Le=0.016 m; for pitting Le=0.016 m; for spalling Le=0.014 m)

The corresponding damping coefficient of the EHL film crim along the OLOA direction for
one tooth pair over one mesh cycle evaluated by Eq.(6.7) is shown in Fig. 6-6. Within the single

tooth contact area (x €[-2.35,1.2]), cy,, IS much higher than the magnitude in the double tooth

contact zone (x e[-8.19,-2.35) U (1.2,7.01]) which is similar to the conclusion made in [161].

The increased damping ratio within the single tooth pair contact area is mainly due to the increased
lubricant viscosity, which has an exponential dependence on the hydrodynamic pressure as
presented in Eq.(6.3). It also can be observed that both gear tooth pitting and spalling result in a

decreased damping coefficient within the faulty area, see Fig. 6-6 (b). The decrease of c,,, within

the faulty area is mainly due to the increase of lubricant film thickness.
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Fig. 6-6 Damping coefficient of the EHL film under different fault conditions
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The structural damping coefficient c, is different from the lubricant film damping c,,. ¢

str
is relative to the material properties (e.g. stiffness) of the gear tooth and it exists even if there is no

lubrication. Based on [169-171], c, is proportional to the time varying mesh stiffness of the gear

r

pairs. A typical damping equation given by [171] is

_ 6(1—6) Kstr (6.8)
(26—1)24-3 Vi

str

where V. is the initial relative impact velocity between the teeth, e=1-0.022v,**, K__is the

stiffness of the mating gear pair without lubricant. It can be seen that csr is the damping coefficient
of the gear tooth structure determined by the mechanical material properties of the mating gear
teeth which is a function of the gear mesh stiffness, and can be expressed as Csi=Co Kstr, Where Co

is a coefficient.

The dynamic contact friction coefficient under mixed-EHL conditions can be calculated using
a friction model proposed by Xu et al. [172], as given in Eq.(6.9) and (6.10). This model is based
on regression of experimental tests under various working conditions and has been validated by
both simulated and experimental data in [172]. The dynamic friction coefficient as per Xu et al.

[172] is given by

u(t) =+e R[S, [*VEuETR® (6.9)

where
f =b +b,|S,|R, l0g,,(v,) + pye 5100 s) | p 68

Sr =2(upi_ugi)/(upi+ugi) ’ (610)
V., =0.5(u,; +uy)
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and where u;andu are the moving speed of the contact surfaces of the ith gear pair. When
Uy >Ug, u(t)is negative, whenu ; =u, x(t)=0, and when u; <ug, u(t) is positive. v, is the

inlet oil viscosity (a function of the inlet oil temperature), S is the RMS composite surface

roughness, S, is slide to roll ratio, V, is entrainment velocity, P,is Hertzian pressure, and b, to b,
are regression coefficients, with b,_, =-8.92, 1.03, 1.04, -0.35, 2.81, -0.10, 0.75, -0.39, 0.62 [172].

The total friction force of the gear pair can be written as

Zlul ri’ pg? i=1 2, (611)

where y;is the dynamic friction coefficient of the ith gear tooth pair evaluated by Eq.(6.9), F, is

the total gear mesh contact force, and s is the load sharing ratio between the mating tooth pairs.

The equation of the load sharing ratio can be expressed as

= Fpgi _ ki(t)S _ ki (t) i=12, (6.12)

" Fo k®-E+k®)-¢ kO+k ()

where F_; is the contact load shared by the ith gear tooth pair, & is the contact strain, and k(t),

k, (t) are the mesh stiffness of each gear pair at time t. The value of k, (t) andk, (t) can be evaluated

based on the potential energy method explained in Section 3.

The total moment of friction forces (M , M, ) acting on the pinion and gear can be written as

M erlll'll i Pg

M z null pg

: (6.13)

wherer;and r;are the length of the time-varying radii of the ith tooth curvatures and can be

evaluated by Eq.(6.1).
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In this study, the effect of gear tooth pitting is modeled as an increased roughness of the contact

surfaces, which is captured by the change in the value of S in Eq. (6.10). The occurrence of tooth
spall is modeled as a result of decreasing the effective tooth contact length L, . However, under
severe tooth spalling conditions, the geometric shape of the defect tooth may also change
significantly; therefore, another parameter ¢ is utilized to represent the periodic tooth deviations
under severe fault conditions. The occurrence of tooth geometric deviations is modeled as an effect

of increasing the gear transmission errors, which is directly incorporated in the tooth contact force

equation, Eq. (6.30) in section 4.

The decrease in the effective tooth contact length due to tooth spall leads to an increased load
per unit length (w) and results in an increased hydrodynamic pressure in Eq. (6.3), as well as

increased Hertzian pressure P, in Eq.(6.10). The change of the tooth surface roughness S and
Hertzian pressure P, due to tooth pitting and spalling directly modifies the value of the dynamic

friction coefficient in Eq.(6.9), which finally results in different contact friction forces and friction

moments.

6.4 Modelling and evaluation of the TVMS of gear pair with tooth spalling

The occurrence of tooth spalling affects the amplitude of the time-varying mesh stiffness
(TVMS) of a mating tooth pair. Under lubrication conditions, the deformation of a mating gear
tooth pair includes both the gear tooth structure and the lubricant film. Based on [173], the total

tooth contact stiffness can be expressed as

(6.14)
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where K is the total gear mesh stiffness, K is the tooth structure stiffness (stiffness without

lubrication). Krim is the stiffness of the lubrication film defined as K, = 6F, /oh, in which F, is

film
the hydrodynamic force and h, is the corresponding central film thickness evaluated by Eq.(6.5).

The exact value of Ksim needs to be found from Reynolds equations, e.g. Eq.(6.2). A simpler way

to get a reasonable value of Kiim is to use Eq.(6.5) by redefining the stiffness equation as

_OF, _AF _ AF
"moh,  Ah, h(F,)—h.(F, +AF)

C c

K

(6.15)

where F is the contact load of the gear tooth pair, AF is the increment of the contact load, and h¢
(Fn) is the center film thickness under the load condition of Fn. The stiffness of the lubricant film
of one tooth pair along the line of action, under the same load conditions of Fig. 6-5 and Fig. 6-6,

is shown in Fig. 6-7.
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Fig. 6-7 EHL film thickness variation and film stiffness (F4 =1000 N, AF=50 N)

As can be observed in Fig. 6-7, the effect of tooth pitting and spalling result in decreased

lubricant film stiffness due to increased Ah, within that area. This is due to the fact that as the load

increases, the film thickness decreases within the faulty area, and the thickness of the oil film

decreases much more than that in the heathy condition. This results in a larger Ah, in the defect

area. The film thickness within the defect area is larger than that under healthy conditions due to
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the increase in surface roughness (see Fig. 6-5 (b)) which results in lower film stiffness as shown
in Fig. 6-7 (b). Based on [174], under heavy operating conditions, the lubricant film stiffness Kfim
can be several orders larger than Ksr, therefore, the effect of Ksim on the total mesh stiffness is

limited.

The gear tooth structure stiffness Ksr can be either obtained by the Potential Energy (PE)
method or finite element techniques, where the PE method is the most widely used analytical
method in modeling the structural TVMS of a gear-tooth pair [34-37]. The loss of tooth surface
material due to gear tooth spalling reduces the strength (or stiffness) of the gear tooth. The
modelling of the spalling defect is generally represented by a specific geometric shape, such as
rectangular, round, V-shaped or ellipsoid spalls. The severity of the fault is generally controlled

by shape parameters such as length, width, radius and depth.

The geometric model of a typical gear tooth profile with spalling defect, as reported in [35], is
shown in Fig. 4-5, where the tooth spalls are assumed as identical in-line round shapes. Here, r and

o are the radius and depth of the tooth spalling, AL is the magnitude of the reduced contact length

at the mesh point. AB and BC are the tooth transition curve and involute curve, P, is an arbitrary
contact point, «,, is the corresponding pressure angle. x,, X5, and x,,, are distances of points A,
B, and P, from the gear geometrical center O. F is the tooth contact force and is resolved into Fx
and Fy. Here, h represents the half-tooth thickness at an arbitrary pointand z is the corresponding

pressure angle.
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Fig. 6-8 Geometric model of the spur gear profile

Based on the potential energy method, the total energy in a mating gear pair includes Hertzian
contact energy, axial compressive energy, bending energy, shear energy, and fillet foundation

energy stored in both the pinion and gear, and can be expressed as

FZ
Ustr_tota|zyslr:z<uai+ubi+Usi+Uﬁ)+Uh
: (6.16)
F? 1 1 1 1 1
=— || ==+ [+
2 Ki Ki K Ky K

where kg, is the total structural stiffness of the mating gear pair, the subscripts i = p, g represent

pinion and gear, respectively. U, , U,., U, U, and U, are, respectively, axial compressive

energy, bending energy, shear energy, fillet foundation energy, and Hertzian energy. k., K, K,

ai? si?

k; , and k, are tooth axial compressive stiffness, shear stiffness, bending stiffness, fillet

foundation stiffness, and Hertzian contact stiffness, respectively. Due to the loss of surface

materials, the occurrence of tooth spalling results in a direct influence on the bending strength,
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axial compressive strength, shear strength, and Hertzian contact strength of the gear pair. Based

on the geometric model (see Fig. 4-5), these stiffnesses can be calculated as [135]

u XA EA« X8
1 J’Bde j f, dx,
k, Jw El, x El,
2 2
L oL 2008 oy gy, [ L2COS oy gy (6.17)
ksi *a GA(I e GA(
2
2 . u U
i:cos a, T I YV R B +p*(1+Q*tan2aPm) ,
K EW S; S

where f =(c0sap, (Xpn — %) — oy, SIN )2 , f, =(CoS gy (Xpp — X) = hpy SiN 2y, )2 , in which
o, IS the pressure angle of the contact point P, h, is the corresponding half tooth thickness,
see [29] for further details. E, G, and v are respectively Young’s modulus, shear modulus and
Poisson’s ratio. u,, S,, L', M*, P" and Q" are parameters for calculating the fillet foundation
stiffness, further details can be found in [127]. A, A andl,, |,are cross-sectional areas and area
moments of inertia within the transition curve and involute curve, respectively. L, is the effective
tooth contact length. The detailed evaluation process of Eq.(4.17) can be found in [34]. For a
healthy involute gear tooth pair, A, =2hL, 1, =(1/12)(2h,)’L and L, = L. For the spalling portion

[35],

A =2hL-AA, Le(x): L-AL,

_h./2)? 6.18
] =3hjL—iALxh§ _2h LAA (h —h,/2) (6.18)
3 12 2h L—AA,
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where AL, = z:ﬂz\/ 62 = (X Xegnir )2 , AA =h.AL_, in which the subscript k represents the k-th

tooth spall. The total structural stiffness of a tooth pair with tooth spalling can then be expressed

as [29]

1

Kar = 11 1 1 1 1 1 1 1 (6.19)
e e

k, k, k, k, Kk

p sp ap p

e e
Koy Ko Ko Kg

6.5 Gear mesh dynamic model

Fig. 6-9 shows the proposed one-stage gear mesh dynamic model with the consideration of the
effects of the gearbox casing. The proposed dynamic model is based on the geometric structure of
the gear transmission, as shown in Fig. 6-16 where the shaft of the pinion and gear are parallel on
the horizontal plane. The proposed model considers the tooth surface roughness changes and tooth
geometric deviations due to pitting and spalling based on mixed Elastohydrodynamic Lubrication
(EHL) models, and incorporates TVMS, a time-varying load sharing ratio, and dynamic damping
coefficients, tooth contact friction forces and friction moment. The equations of motion of the

dynamic model are given by

LGy +.(0, —0,)+k (6, —0)) =T, (6.20)

1,6, +¢,(0, —6,)+k (8, -6,)+1,,F,, —M_ =0, (6.21)

1,0, +¢.(0,-6,)+k, (0, -0 —1,,Fpy +M =0, (6.22)

1,6, +c.(0,-0,)+k, (6, -6,) =T, (6.23)

m, X, +C, (X, —X; ) +k, (X, =X )+ F, cosep, +F sing, =0, (6.24)
My X, +C, (X, — X ) +ky (X, = %) —F, cosp,, —Fysing,, =0, (6.25)
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m, ¥, +¢ (Y, = ¥¢) +K, (Y, —Yi) + FySing,, +F, cosp, =0, (6.26)
mg yg +Cb(yg - Yf)+kb(yg - yf)_ Fpg sin Doy — Ffp COSgopg =0, (6.27)
m; X; +Cy, X, +cb(>'<f —)'(p)+cb(>'(f —)'<g)+kxfxf +kb(xf —xp)+kb(xf —xg):O, (6.28)

m, ¥, +C, ¥ Jrcb(yf —yp)+cb(yf —yg)+kyfyf +kb(yf —yp)Jrkb(yf —yg)=0, (6.29)

Where 6, 6y, Om, 6L are rotational displacements of pinion, gear, motor and load, respectively. The
sign of the friction force Fypis controlled by Eq.(9) and is initialized to be negative at the beginning.
Xp, Yp, Xg» Vg, Xf and yr are the vibration displacements of pinion, gear and gearbox casing,

respectively. rop and rug are the radii of the base circle pinion and gear. ¢, is the inclination angle
of the line-of-action with respect to the x axis. Ip, Ig, Im, IL are mass moments of inertia of pinion,
gear, motor and load, respectively. Tw is the motor input torque, T, is the torque of the load. msis
the mass of the gearbox casing, mp, mg are the equivalent lumped masses of the pinion and gear

together with the corresponding mass of the shaft. k andk_, c,and c, are the stiffness and damping

coefficients of the supporting bearings and shaft couplings, respectively. F, ,M_ and M are

fp ?

explained in Eq.(6.11) and (6.13). F, is the total mesh force which can be expressed as

Fog = Cn [rbpép ~ 10y _(Xp _XG)COS(ppg _(yp h yg)Sin%g _é_é]

, (6.30)
+k_ [rbpep — 1,50, = (X, =X, )05 @ = (Y, = ¥, )sin g, —g—g]

where £is the transmission errors. ¢ is the tooth geometric deviation due to tooth spalling which

has non-zero values when the gear tooth is under severe fault condition, when the tooth involute

curve is modified considerably. Under healthy and initial tooth pitting conditions ¢ =0. c_and

k., are the damping coefficient and time varying mesh stiffness, respectively.
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The ki, Kk, ,c, ¢ in EQ.(6.28) and (6.29) are the total stiffness and damping coefficients of

xf o Tryf o1 VXt

the bolts in the x and y directions which can be expressed as

n n n n
kxf = kxfk’kyf = kyfk 1C = 2. Cuir Oyt :chfkv (6.31)
k=1 k=1 k=1 k=1

where k is the kth bolt, n is the total number of bolts fixing the gearbox casing, K , K, Cyq Cye

are the stiffness and damping coefficient of the kth bolt in the x and y directions, respectively.

(a) Dynamic model of gear mesh

The dynamic vibrations of the gear transmission with time-varying mesh stiffness, friction
coefficient, load sharing ratio, and damping ratios essentially represent a parametric vibration
problem [175]. The relationships between the main dynamic model and the sub-models are shown

in Fig.6-10.
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Fig. 6-9 Dynamic model of a one stage spur gear transmission
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A gear transmission is a highly dynamic system. The values of the mesh stiffness, load sharing
ratio, friction coefficient, damping ratios, mesh forces, and friction forces vary at each mesh point.
As is shown in Fig.6-10, the dynamic model of the gear system consists of the main functions and
some sub-functions. The arrows in Fig.6-10 indicate the internal data exchange directions between
the functions for each solution step. The solving process of the dynamic model is similar to the
process provided in [30]. In practice, the values of gear tooth structure stiffness, time-varying load
sharing ratio and time-varying length of moment arms are dominated by the gear geometric
parameters and material properties, which can be assumed to be independent of the meshing
process. Therefore, with knowledge of the gear geometric information and state of the tooth fault
(or tooth surface healthy status), the values of these time-varying parameters can be pre-evaluated
as functions of gear rotational angle, and then time-synchronized in the dynamic model in order to
accelerate the solution process. The other parameters such as the tooth contact friction coefficient,
mesh damping ratio, mesh forces, friction forces, and friction moments are highly dependent on
tooth contact conditions, such as load, speed, pressure and surface roughness which must be

evaluated dynamically.

6.6 Evaluation of the system physical and mechanical parameters

The vibration behavior of a gear system is governed by many physical and mechanical
parameters. Besides the dynamic values (e.g. gear mesh stiffness, friction forces and friction
moments, etc.) explained in the previous sections, some other parameters such as bearing stiffness,
bearing damping coefficients, bolts’ stiffness and damping rotios of the gearbox as well as the
system physical properties (mass, mass moment of inertia, inclination angle of the line of action,
etc.) are also important in the determination of the system vibration characteristics [176, 177]. For
example, the stiffness and damping coefficients of the supporting bearing or fixing bolts have

dominant effects on the system dynamic response: lower values of stiffness generally decrease
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system natural frequencies, while high damping typically suppresses both nonlinear behaviour and
parametric sub-harmonic resonance [161]. Therefore, accurately evaluating these parameters is
crucial to obtaining correct gear vibration characteristics. However, most of the prior gear dynamic
models adopt some user-defined constant values for the dynamic system based on experience

without validation, which may lead to significant inaccuracies.

The physical properties (such as mass and mass moment of inertia) of each component can be
directly measured or calculated based on the geometric shape of the corresponding part. However,
the evaluation of the stiffness and damping coefficients of the bearings and bolts is much more
complicated. There are some mathematical models and finite element methods that can be used to
evaluate the stiffness of these components, however the damping coefficients are usually difficult
to calculate theoretically, and therefore are usually determined by experimental tests. In this
chapter, both stiffness and damping coefficients were determined through experimental tests

combined with some necessary mathematical models.

6.7 Evaluation of the bearing stiffness and damping coefficient

The measuring method proposed in [177, 178] was adopted and a similar test rig was built, as
shown in Fig. 6-11 (a), where the rotor is supported by two bearings and the corresponding bearing
housings. The shaft is short and thick, and the stiffness of the rotor itself is significantly higher
than that of the bearings, therefore, the bending effect of the shaft and rotor can be ignored in this
experiment. A standard impact hammer (equipped with a built-in force sensor) was used to provide
an impulse excitation, and the vibration responses were then obtained by accelerometers (PCB
Piezotronics, Inc. Model-623C01, one axis, frequency range: 0.8 to 15000 Hz) mounted on the
rotor to measure the vibration accelerations in the vertical and horizontal directions. The
accelerometers were connected to a Sensor Signal Conditioner (PCB Piezotronics, Inc. Model

482C). The obtained analog signals are then transferred to a Digital-signal Acquisition Board
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(National Instruments, Inc. Model-NI USB-6212). The final digital signals were collected by
MATLAB installed in a computer with sampling rate 40 kHz. In this study, three types of ball
bearings, namely SER205-16, ER-16K and ER 10K, were tested, and the green impulse hammer

tip was utilized.

4 Sensor 1 [ Bearings DAQ board gd Signal conditioner

Rotor  Sensor 2 Bearing housing

(a) Experimental setup (b) Dynamic model of the bearing system
Fig. 6-11 Experimental devices and dynamic model of a simple rotor bearing system

For a rotor system, the applied force in one direction excites a strong vibration corresponding
to that direction and a weaker response perpendicular to the applied force direction. Therefore, the
stiffness and damping coefficients of a bearing are generally defined as kj; and cjj (with i=x,y, j=X,
y), which indicate the stiffness and damping coefficient in the i direction when the force is applied

in the j direction. The dynamic model of the simple rotor system can be expressed as [177]

M X +2(CoX+C, ¥ +KoX+K y) = f,(1)
(6.32)

m,y+2(cyx>'<+cyyy+kyxx+kyyy) =f,() 1

where m, is the lumped mass of the load and shaft, k,, .k k,.k, c,.c,.c,,c, are the bearing

stiffness and damping coefficients, f,(t), f,(t)are excitation forces applied in the x and y

direction, respectively.
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The input force and output responses of the bearing system can be considered as sinusoidal

with different frequencies

f =Fe! f =Fe"
o (6.33)

%= Xej(ot y — Yej(ut

with X =—jXe /o, x=—Xe!' /o? ,y =—jYe!' /w,y = -Ye!" /w® , where wis the frequency of
the input force, F and F, are the corresponding force amplitudes, and X ,Y are the amplitudes of

the acceleration responses. For an arbitrary force with frequency @, the acceleration response of
the rotor system can be expressed as
2jc,, 2k 2k . 2jc,

vy Xy

m J— —
X I 2 2 F
Y H 2k, 2jc, 2jc, 2k, || Fy

|
@* ) ) ®*

where

[0 (0 () () [0 () (0

i 2jc, 2k 2k . 2jc 2k 2jc
Hz(ml_ZJCxx_&zx)(ml_ Jyy_ Zy}_( ;y+ nyj{ ;’X_l_ Ja)yxj. (6.35)

During the measuring process, the excitation force is applied in the x and y directions

separately. For an input force with frequency @ in the x direction (F, = 0), the corresponding input
and output response relationship can be defined as

m,a)2 —2joocyy —2kyy X

XX ’H F
@ X (6.36)
2k, +2]jac,, _Y
yx o’H F

For the excitation force applied in the y direction (F, = 0), one can obtain

_ 2k,, +2jac,, _X

Y o’H F,
. (6.37)
mo” -2jac,, —2K, Y
Ryy - 2 e
o'H F

y
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Egs.(6.36) and (6.37) contain all of the unknown bearing stiffness and damping coefficients.
The actual acceleration responses and input impulse forces at the right-hand side of the equations
can be directly measured by the accelerometers and impulse hammer. In practice, directly
evaluating the ratio of the amplitude of the acceleration and input force can be difficult because
time domain signals may contain many other frequency components. Exploiting the linearity of
the Fourier transform on the amplitude of a signal, the input and output relationship can be easily
obtained in the frequency domain [176]. Consider R,, as an example,

X FT(Q) | %(®edt

Ru@) = F FT(f) [fme™dt’ (6.38)

where FT() is the Fourier transform.

The main concept of the measurement method is to fit the theoretical frequency response of
the rotor dynamic model to be consistent with the measured response of the real system by altering
the model coefficients. The consistent vibration behavior between the dynamical and real systems
indicates that the coefficients (stiffness and damping) of the two systems are also consistent. In
practice, the actual excitation force consists of a wide frequency band which excites multiple
frequency responses of the rotor system, as shown in Fig. 6-12. An accurate estimate of the bearing

coefficients should obtain a minimal deviation error for all considered frequencies, that is

&= min Z Z Z(‘ Rij (a))theoretical - |:aij (w)experimental ) (639)

i=X,y =X,y @

The minimum value of Eq.(6.39) can be achieved via the Non-Linear Least Squares (NLLS)
method or some intelligent methods such as the one presented in [179]. During the optimization

process, the optimization method changes the value of the bearing stiffness and damping
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coefficients iteratively. The best combination of the bearing coefficients, which results in the

lowest deviation error ¢, is the final solution.
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Fig. 6-12 The impulse response of the bearing test rig

6.8 Evaluation of the stiffness and damping coefficient of bolts

In this study, a test rig was set to evaluate the stiffness and damping properties of the bolt. As
is shown in Fig. 6-13 (a), where a cylindrical steel mass block (with diameter 76.2 mm and height
38.2 mm, weight 1.36kg) was mounted on the base by a hexagon socket bolt with a rubber mat
(thickness of 1 mm) between the two contact surfaces. The base is a large solid aluminum block
(1200mm >=600mm >50mm) with mass properties of about 100kg. A torque wrench was used to
measure the preload of the bolt and a torque angle gauge was used to lock the bolt precisely.
Sensors 1 and 2 mounted on the mass block were used to measure the impulse vibration of the
mass along the vertical and horizontal directions, respectively. Sensors 3 and 4 mounted on the
base were utilized to measure the natural frequency of the base under the impulse excitations which
were further utilized to check whether the whole system is in resonance or interacting with each

other. The impact hammer was used to generate impulse forces to excite the system. In the test,
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the applied load of torque wrench was set to 15 ft-Ib and the rotation angle of the torque angle
gauge utilized to lock the bolt was set to 60 degrees, which are the same mounting conditions as

that of the gearbox casing fixed on the work bench.

Due the large mass of the base compared to the mass of the cylindrical block including the
mass of the two sensors mounted on it, the base can be assumed as a sturdy ground, and the
vibration of the cylindrical mass can be simplified as one degree-of-freedom (DOF) spring-mass-

damper systems with stiffness and damping coefficients k, ,c andk,,c, along the vertical and

horizontal directions, respectively, see Fig. 6-13 (b). The dynamic model of a one DOF system

can be expressed as:

mX +cX+ kx = F cos(Qt) (6.40)

Dividing by the mass m on both side of Eq.(6.40), one obtains
X+ 2ém, X+ @ x = F cos(Qt)/m (6.41)
where @, =+/k/mis the natural frequency of the system, &£ = ¢/2ma, =c/2/mk is the damping

ratio, and Q is the frequency of the impulse force.

Based on the Logarithmic decrement method, the damping ratio of the vibration can be

evaluated by

(6.42)

where ¢ is the damping ratio, A, is the amplitude of the reference point, A, is the amplitude of
the positive peak n periods away, and n is an integer, see Fig. 6-14(a). With the calculated ¢ and

the measured damped natural frequency (e.g. @, =8800 Hz for the vibration in the vertical

127



Chapter 6: Dynamical modeling and experimental validation for tooth pitting and spalling

direction), the actual natural frequency @, of the mass block can be evaluated by

o, =, / \J1-¢? . The evaluated natural frequencies can be further used to determine the total

stiffness of the bolts via k = ma?, in which m is the total mass of the block and the sensors

mounted on it. With the known mass of the block and the evaluated £ and k , the damping

coefficient of the bolts can be evaluated by
¢ =24~mk (6.43)

The impact hammer with a steel tip, see Fig. 6-13 (a), can excite a wide range in the frequency
band. In this test, the frequency with the highest amplitude was considered as the main damped

natural frequency and utilized to calculate the bolt stiffness and damping coefficient.

ofl Torque angle g%uge

7\ To rque ;

wrench

Bolt | V. —— k (f)

Washer |+ \/ / \ F\ 0
Sensor 4 }j_{

Mass Block
C(n)

Rubber mat .

Base

(11)

(@) The test rig for bolt stiffness (b) The dynamic model of the mass-bolt system
Fig. 6-13 Evaluation of the bolts’ stiffness and damping coefficient based on the Logarithmic

decrement method
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Fig. 6-14 The impulse response of the bolt joint

6.9 Measuring the gear tooth surface roughness

In this study, the roughness of the gear tooth surface was directly measured by the Surface
Roughness Tester (SRT, phase 11 SRG-4000), as shown in Fig. 6-15. The SRT has a high level of
accuracy and offers many different surface roughness profilometer parameters, such as the
Roughness Average (Ra), Root Mean Square (RMS) Roughness, and Maximum Height of the
Profile. The Ra and RMS values of the gear tooth surfaces were measured and utilized in the

dynamical analysis. The changes of the tooth surface during the pitting process were directly

measured inside of the gearbox without removing the target gear see Fig. 6-15 (b).

Holding device

Surface Roughness Tester

(@)

(b)

Fig. 6-15 Measuring tooth surface roughness
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6.10 Dynamic simulation and model validation

The validation of the proposed dynamic model is based on the comparison of the simulated
vibration signals with the experimentally measured signals both in time and frequency domain

under different rotation speed and faulty conditions.
6.10.1 Description of the experimental setup

The test rig shown in Fig. 6-16 is a standard Gearbox Dynamics Simulator (GDS) by Spectra
Quest, Inc. This GDS consists of a controller, a three-phase motor, a 2-stage parallel shaft gearbox
(can be changed to a 1 stage transmission, and the material of the gearbox casing is aluminum)
with shafts of 1 inch in diameter, and a load applied by a brake. Sensors 1 and 2 were mounted on
the gearbox casing to measure the vibrations in the vertical and horizontal directions, respectively.
The same data acquisition equipment shown in Fig. 6-11 was utilized.

i

Load

Fig. 6-16 Gear fault simulator

6.10.2 Dynamic simulation and model validation

The validation of the proposed dynamic model was based on a comparison between the

simulated signal and experimental data.
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6.10.3 Experiment 1- Healthy conditions low speed
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Fig. 6-18 Comparison between the experimental and simulated signals in horizontal direction

As can be observed from Fig. 6-17 to Fig. 6-18, the simulated vibration signals in both vertical

and horizontal directions with 8.1 Hz pinion shaft rotational speed are close to the experimental
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signals in both the time and frequency domains.

6.10.4 Experiment 2- Healthy conditions high speed
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Fig. 6-20 Comparison between the experimental and simulated signals in horizontal direction
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As can be observed from Fig. 6-19, the vibration behavior of a gear transmission in time
domain varies with the increase of the shaft rotation speed. There are no obvious free vibration
features (impulse vibration behavior with exponentially decreased amplitudes) compared with the
signal at lower speed conditions (8.1 Hz) as displayed in Fig. 6-17. This is mainly due to the fact
that the time duration between two consecutive gear meshing is reduced and there is not enough
time for the impulse vibration to exhibit the free vibration feature. Both of the simulated and
experimental results (Fig. 6-20) show that the trends of the frequency components also change
significantly with the increase of rotational speed. The gear mesh frequency (GMF) which has
negligible amplitude under the low speed conditions (see Fig. 6-18) turns out to be one of the

dominant components in the higher speed conditions.

6.10.5 Experiment 3- Comparisons under initial faulty conditions

In this experiment, a gear tooth with local tooth pitting and spalling defects was tested. In order
to avoid system assembly errors and ensure that the obtained signal is comparable under different
gear tooth faulty conditions, the gear tooth pitting and spalling defects were engraved using an
electric engraver progressively on the pinion. Tungsten carbide metric drill bits with diameters
ranging from 0.2 mm ~ 0.6 mm were utilized to create tooth pitting, and the carburizing
strengthened drill bits with diameters ranging from 0.8 mm ~3 mm were used to create tooth spall,
see Fig. 6-21. The main advantage of using the electric engraver is that it can be used to create the
tooth fault directly on the gear tooth without dissembling the system. Because disassembly and

reassembly are avoided, this eliminates the potential for introducing assembly error into the system.
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Fig. 6-21 Tools utilized for making progressive tooth pitting and spalling
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Fig. 6-22 Gear tooth pitting and spalling and corresponding TVMS

As shown in Fig. 6-22 (a), the tooth pitting and spalling close to the pitch line is significant.
There is one larger tooth spalling on pinion tooth, as labeled in the figure, which is 1.2 mm in

diameter and 0.5 mm in depth. The corresponding TVMS, surface roughness, and effective tooth
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contact length are shown in Fig. 6-22(b) and Fig. 6-23, respectively. In this case, the tooth pitting

and spalling defects are small in both diameter and depth, which results in only roughness, contact

length and TVMS changes. Therefore, tooth geometric deviation due to tooth spalling was set to

zero and was not plotted.

spalling are shown in Fig. 6-24 to Fig. 6-26.
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(25.2 Hz)

The comparison between the experimental and simulated signals with gear tooth pitting and

spalling from Fig. 6-24 to Fig. 6-26 shows very good agreement. As concluded in [180-182],

localized faults (e.g. tooth crack and localized spall) can excite periodic impulse vibrations, and

sidebands can be observed spaced at the rotational frequency of the faulty gear in the frequency

domain. As stated in [181], “because of the short-period nature of the impact, the corresponding

modulation sidebands will spread over a wide frequency range, which can produce high-order
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sidebands with low amplitudes.” These characteristics were successfully captured by the proposed
dynamic model. Both Fig. 6-24, Fig. 6-25 and Fig. 6-26 show periodical short-period impulse
excitations at the shaft rotational frequency. In the frequency domain, see Fig. 6-25 and Fig. 6-26
(b, d), one can clearly observe sidebands (marked with red dots in the figures) with significant
amplitudes starting in the resonance region (450 Hz) and expanded to higher frequencies. The
sidebands are spaced with the distance of shaft rotation speed of 8.1 Hz and 25.2 Hz for lower and
higher speed cases, respectively. The amplitudes of the high-order sidebands decrease gradually

to zero. These impulse and sideband features are consistent with the conclusion made in [180-182].

The results shown in Fig. 6-24 to Fig. 6-26 are vibration results in the vertical direction. The
vibration features of both experimental and simulated signals in the horizontal direction are very
similar to the vibration behavior shown in the vertical direction, therefore the results in the

horizontal direction are not shown.

6.10.6 Experiment 4 - Comparison under severe tooth spalling conditions

As shown in Fig. 6-27(a), there are three large tooth spalls and a significant number of tooth
pits on the pinion tooth. In this case, both of the tooth pitting and spalling defects are in large size
and depth, and more importantly, the defect area has been worn significantly. Therefore, the tooth

shape geometric deviation (¢ ) cannot be ignored. The corresponding TVMS, surface roughness,

effective tooth contact length, tooth geometric errors and corresponding velocity of the geometric

errors (¢ ) under the pinion rotation speed of 8.1 Hz, are shown in Fig. 6-27 (b) and Fig. 6-28.
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Fig. 6-28 Modeling of tooth surface changes under severe pitting and spalling conditions

The comparison between the experimental and simulated signals are shown in Fig. 6-29 to Fig.

6-31. Both time and frequency comparisons show very good agreement. It can be observed that
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with the increase in severity of the tooth pitting and spalling, the magnitudes of the periodic

impulse vibrations in the time domain and the amplitudes of the sidebands in the frequency domain

increase significantly.
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Fig. 6-29 Comparison between the experimental and simulated signals with severe tooth spalling
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Fig. 6-30 Frequency comparison between the experimental and simulated signals with severe
tooth spalling (8.1 Hz)
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Fig. 6-31 Frequency comparison between the experimental and simulated signals with severe
tooth spalling (25.2 Hz)

6.11 The effects of friction forces in gear dynamic models

The effects of friction forces and friction moments have widely been ignored in most existing
gear dynamic models. The effect of friction on the gear dynamical system is difficult to quantify
without a validated gear dynamic model. The following analysis compares the differences
between the dynamic responses with and without friction effects under the same working

conditions of the simulation shown in Fig. 6-24 and Fig. 6-25.
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Fig. 6-32 Simulation of the dynamic model considered only the modification of TVMS due to

tooth pitting
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As shown in Fig. 6-32, the vibration signal under frictionless conditions changes significantly
in both time and frequency domains. The vibration features are not consistent with the signal with
dynamic friction and the actual experimental signal (see Fig. 6-24 a, ¢). The trend of the frequency
components in the simulated signal under frictionless conditions is significantly different from the
phenomenon shown in Fig. 6-24 (b). Therefore, a dynamic model which neglects friction effects
may not capable of capturing the vibration behavior of an actual gear transmission. More
importantly, the model that considers only the reduction of TVMS due to tooth pitting fails to
capture the fault vibration responses of the system in this simulation, as there is hardly any change
in the time domain compared to the simulation shown in Fig. 6-24. Also, there are no obvious
sidebands or other fault symptoms shown in the frequency domain. The comparisons between the
amplitudes of the signals in the time and frequency domains between Fig. 6-32 and Fig. 6-24
indicate that the accelerations under frictionless conditions are much lower than that with friction
effects. This phenomenon indicates that the friction forces not only modify the vibration features

(shapes) of the signal, but also affect vibration amplitude.

The dynamic forces of the gear system with tooth pitting and spalling associated with the
simulation shown in Fig. 6-24 are shown in Fig. 6-33. Based on [183], the increase of surface
roughness results in an increase of the EHL traction coefficient (friction coefficient), thus increases
the traction forces within the rough surface area. This phenomenon is captured by the proposed
dynamic model, as one can observe the significant periodical dynamical friction force impulses
(with a peak at about -24N) and friction moment impulses (-0.38 Nm for pinion, -0.45 Nm for
gear). The variation friction forces and moments in turn affect the dynamic contact forces (see the

changes in the ellipse of Fig. 6-33 (2)).

The gear mesh dynamic forces presented in Fig. 6-33 shows the ability of the proposed

dynamic model in analyzing the internal interactions between the components of the gear system
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under faulty conditions. It has also demonstrated that gear tooth pitting can be modeled as surface

roughness change, which has been widely neglected previously.
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Fig. 6-33 The dynamic forces of the gear system with consideration of surface roughness

changes under tooth pitting and spalling conditions (test rig 1, 8.1 Hz)

6.12 Conclusion

This chapter proposes a new gear dynamical model which considers the effects of the tooth
surface roughness changes and geometric deviations due to pitting and spalling, in order to
analytically investigate the fault features of tooth pitting and spalling. The proposed dynamic
model considers the effect of gearbox casing, and incorporates TVMS, time-varying load sharing

ratio, and dynamic tooth contact friction forces, friction moments and mesh damping ratios.

The effectiveness of the proposed gear dynamic model in simulating gear tooth pitting and
spalling was validated by comparison with responses obtained from experimental test rigs under
different rotation speeds and faulty conditions. Comparisons between the experimental and

simulated signals have shown very good agreements in both time and frequency domains. The
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vibration features, e.g. the periodic impulse response in the time domain and the amplitude trends
in the frequency, of a gear system vary with rotation speed. It has been demonstrated that the
proposed dynamic model effectively keeps track of the changes of these features and captures the

time-varying features for reliable fault analysis.

Both of the experimental tests and dynamic simulation results have shown that the tooth
surface roughness changes and contact length variations will generate impulse vibrations and
friction force changes with considerable amplitudes. In the frequency domain, one can clearly
observe the corresponding sidebands with significant amplitudes starting in the resonance region
and expanded to higher frequencies. Thus, the approach proposed in this study to model gear tooth

pitting and spalling as tooth surface contact variations is effective.
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Chapter 7 Fault feature analysis and detection of progressive

localized gear tooth pitting and spalling

This chapter addresses objectives 6 and 7, which are to:

a) Investigate the evolution characteristics of fault vibration features as the fault progresses

from healthy to severe condition.
b) Propose a novel condition indicator to detect progressive tooth spalling.

A conference paper (not shown in this thesis) focusing on the fault feature evolution and
performance of condition indicators with a progressing gear tooth crack has been published in the
Proceedings of the ASME International Design Engineering Technical Conferences and

Computers and Information in Engineering Conference, 2017.

Y. Luo, N. Baddour, and M. Liang, Performance Assessment of Gear Condition Indicators in
Detecting Progressive Gear Tooth Crack. ASME. International Design Engineering Technical
Conferences and Computers and Information in Engineering Conference, Volume 8: 29th
Conference on Mechanical Vibration and Noise ():VV008T12A010, 2017. doi:10.1115/DETC2017-
67460.
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7.1 Abstract

This chapter provides a comprehensive experimental analysis of the evolution of fault
vibration features of a gear transmission with progressive localized gear tooth spalling. The effects
of rotational speed on the vibration features of the gear transmission are analyzed. The change in
fault features (e.g. periodic impulses and sidebands phenomenon) under different fault severity
levels and speed conditions are compared. Results indicate that the number, amplitude and
distribution of sidebands increase non-linearly as the fault progresses. Based on feature analysis,
a new health indicator of the mean of the n order peaks is proposed to detect progressive localized
tooth spall. Results indicate that the proposed indicator shows very good performance for tracking

the severity of the progressive tooth spall under different speed conditions.
7.2 Introduction

The localized gear tooth spall (where spall exists mainly located on a few teeth) is tooth surface
damage that usually occurs when contacting surfaces are over stressed [159]. Fig.7-1 shows some
practical, localized gear tooth spalls, in which the spall shown in Fig.7-1(c) occurred during an

endurance test in [184].

(a) [185] (b) [186] (c)[184, 187]
Fig.7-1 Examples of localized tooth spall
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The construction of a reliable healthy monitoring system, e.g. a Prognostics and Health
Management (PHM) system, requires the reliable detection and diagnosis of gear faults as well as
the evaluation of the corresponding fault severity. The assessment of fault severity directly relates
to the evaluation of the Remaining Useful Life (RUL) of the failing component, which is important
for maintenance decisions. Much work has been carried out to investigate fault detection and
diagnosis of a gear system. Countless detection/diagnosis methods have been proposed, such as
healthy indicators (Kurtosis, NA4, FM4, etc.) analyzed in [1], the Short Time Fourier Transform
(STFT), Wavelet Transform (WT), Wigner-Ville Distribution (WVD), Q-factors [14, 15],
Envelope analysis [16], Cepstrum analysis, and numerous advanced methods derived from these

methods. However, work on severity assessment of a faulty component is limited.

Irrespective of the method utilized for detecting a gear fault, knowing the evolution
characteristics of fault vibration features as the fault progresses is vital for fault severity assessment.
However, limited work has provided analysis of fault feature evolution of progressive localized
gear tooth spall. The assessment of fault severity levels is widely based on the hypothesis that ‘the
more severe the fault, the stronger the fault symptom’, which appears to be a reasonable
assumption but requires experimental validation. Knowing the fault features of a gear system under
different faulty severity conditions is critical for gear fault severity assessment, RUL evaluation

and maintenance decision making.

In the light of this, the goals of this chapter are to provide a comprehensive analysis of the
evolution of fault features of localized progressive gear tooth spall by experiment, and to propose
a new method to detect progressive tooth spall. In this chapter, the effects of the rotational speed
on the vibration behavior of the gear transmission under healthy conditions are analyzed first in
order to identify the possible fault feature differences due to speed. The tooth spalls are directly

seeded on the pinion tooth progressively without disassembly of the gearbox in order to avoid
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introducing assembly errors. Vibration signals with different fault severity are obtained under the
same load and speed conditions, to ensure that the signals are comparable under different severity
conditions. The evolution of the fault vibration behavior (e.g. periodic impulses, and the number,
amplitude, strength, and distribution of sidebands) of the progressive localized gear tooth spall
under different speed conditions are analyzed. A new fault severity assessment method which is
constructed by the mean of the n' order peak values is proposed to assess the fault severity of the
progressive localized tooth spall. Results indicate that the proposed indicator shows very good
performance for tracking the severity of progressive tooth spall under different speed conditions

with constant load.
7.3 Experimental description

The vibration features with localized tooth spall under different fault severity conditions were
obtained from a standard Gearbox Dynamics Simulator (GDS) by Spectra Quest, Inc. as shown in
Fig. 6-16 in chapter 6. Analyzing the evolution of the vibration features of a gear system with a
progressive tooth fault requires that the obtained signals are comparable after each test. Data
consistency not only requires the signals to be obtained under the same working conditions (e.g.
the same speed and load conditions) but also requires the status of the other healthy components
to remain the same, e.g. changes that might be introduced by disassembling the gears, shafts,
bearings and couplings, or loosening the bolts of the gearbox and motors must be avoided. To
avoid modifying the mounting conditions of the transmission and to ensure that the obtained
signals are accurate and comparable under different faulty severity conditions, the tooth pitting
and spalling were introduced directly on the pinion tooth without disassembly by a handheld

electric engraver with different cutting tools, as shown in Fig. 6-21 in chapter 6.

The test started with a tooth healthy condition running under constant load and speed

conditions. After collecting data under healthy conditions, several tooth pits were seeded on one
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of the pinion teeth by a 0.3 mm drill bit (see the initial fault in Fig. 7-2), and the vibration signals
were collected under the same pinion shaft rotational speeds (8 Hz and 25 Hz) and load conditions
as the healthy cases. Subsequently, additional tooth pits were added to the same tooth and the
process was repeated. In some cases, the polishing bits were utilized to change the surface
roughness as well as to create surface wear. The large tooth spalls shown in the moderate spall
condition were created by the 2 mm drill bit. In each test, tooth spalling severity was increased by
either introducing new tooth pits/spalls or by increasing the size of the existing spalls. The
experiment ended when the tooth surface was severely damaged, see Fig. 7-2. It is proposed to
describe the severity of tooth pitting and spalling by Se =(Cp*Apit+Aspai)/As, in which Se is the fault
severity in percent, Asis the total area of the tooth surface, Apitand Aspan are the area of tooth pitting
and spalling on the gear tooth surface, respectively. In this formula, the pitting area is corrected by
a coefficient Cp due to some small isolated healthy areas distributed within the pitting area which
share the load during the meshing process. The value of C, is determined by the intensity of the
tooth pitting within the pitting area. Based on this definition, the healthy case (see Fig. 7-2)
corresponds to 0% damage, the initial fault indicates about 5% severity, the moderate fault counts

as about 50% fault severity and the last severe fault implies 100% tooth surface damage.

g

PR A T E
Severe fault

= e \. — X ;\., “
Healthy Initial fault Moderate fault

Fig. 7-2 Progressive tooth spalls on the same pinion tooth
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7.4 Vibration feature analysis of gear transmission in healthy conditions

The rotation of a spur gear system maintains continuous power transmission from one gear to
another [29]. Due to the abrupt change in the number of mating teeth, the mesh stiffness of a spur
gear pair fluctuates periodically, which excites periodical vibration of the system. Hohn [188],
Agemi [189] and Ognjanovic [190] classified the dynamic vibration behavior of a gear
transmission into three resonance ranges, namely, the subcritical resonance range (when f»<0.85f,
where fr is gear tooth mesh frequency, fn is the system dominant natural frequency), the resonance

range (when 0.85f, < fn <1.15f,) and the supercritical resonance range (when 1.15f, < f). Most

industrial gear systems operate in the subcritical resonance range, some specific high-speed gear
transmissions can operate in the supercritical resonance range. As concluded in [190], the vibration
features of a gear transmission may vary significantly when the system operates under different
resonance ranges or speed conditions. The change in the vibration behavior of a system due to
speed changes can result in a corresponding change in fault vibration features. Analyzing the fault

features under different vibration response conditions is critical for gear fault diagnosis.

In this experimental test, the test rig was first operated under healthy conditions with different
rotational speeds to examine whether there are significant vibration differences due to speed
changes. Fig. 7-3 shows the vibration features of the test rig with different speeds (8 Hz, 25Hz,
and 35Hz) under health tooth conditions. The first and second natural frequencies of the test rig
are approximately 550 Hz and 1700 Hz, respectively. As shown in Fig. 7-3, the vibration behavior
of the gear transmission in the time and frequency domains changes significantly as the speed
increases from 8 Hz to 35Hz. In the low speed condition (8 Hz), the system works within the
subcritical resonance range and the impulse vibration behavior with exponentially decreased
amplitudes of each mesh tooth pair are obvious, see Fig. 7-3 (a). The periodic impulse vibrations

appearing in the low frequency condition are mainly caused by the mesh stiffness fluctuation and
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teeth impacting. With an increase in the pinion rotational speed, the time between two consecutive
tooth meshing is reduced, the impulse vibrations are compressed and thus no obvious impulse
vibrations can be observed. The waveform of the vibration under higher speeds conditions
becomes more like sinusoid waves combined with noise, see Fig. 7-3 (c) and (e). By comparison,
the 35Hz speed case (with GMF=560 Hz) indicates that the system operates within the 1%

resonance range (0.85f, < fn <1.15fy). It was found that by operating in this frequency range, the

vibration of the system is much stronger than that of the lower speed conditions, e.g. the vibration

amplitudes of the 35 Hz speed case are about 4 times those of the 8 Hz case, see Fig. 7-3 (e).

The frequency components also change significantly with an increase in the shaft rotational
speed. The Gear Mesh Frequency (GMF) (which is also known as gear tooth mesh frequency) has
negligible amplitude in the low speed condition turns out to be the dominant component with the
highest amplitude in the higher speed conditions, see Fig. 7-3 (b), (d) and (f). It can be seen that
the amplitudes of the GMF and its harmonics do not decrease with order for all cases. The feature
that the frequency amplitudes do not decrease successively is one of the most natural phenomena
observed in practice. Li [191] explained that the amplitude irregularity of the frequency
components is mainly due to the convolution of nonlinear periodic exciting force and nonlinear
feedback of the system. This explanation gave a possible reason for the frequency irregularity
phenomenon; however, it is insufficient to explain why the frequency amplitudes are always higher

(or lower) in a specific area.

As can be observed in Fig. 7-3 (b), (d) and (f), a common feature of the dominant frequencies
with higher amplitudes (e.g. the 4" GMF harmonic in the 8 Hz case, the GMF and its 2" and 4™
harmonics in the 25 Hz case, and the GMF and its 3™ harmonic in the 35 Hz case) is that they are
located either close to the 1% natural frequency area or close to the 2" natural frequency area. The

frequency components which are far from the natural frequency area, such as the GMF in the 8 Hz
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case, the 3" order GMF in the 25 Hz case, and the 2" order GMF in the 35 Hz case, have lower
amplitudes compared to the frequency components located within the natural frequency area. This
phenomenon allows us to conclude that the amplitudes of the frequency components near the
natural frequency area tend to be higher than the amplitudes of the frequency components that are
far away from the natural frequency area. This discovery confirms the explanation of why the
GMF and its harmonics do not decrease successively and why the frequency amplitudes tend to be
higher (or lower) in a specific area. This conclusion can be helpful for gear fault diagnosis since
many detection/diagnosis methods focus on filtering the vibration signal in a specific frequency
range to examining the fault symptoms (e.g. sidebands). Based on this discovery, the filter design
can be narrowed to the 1% and/or 2" natural frequency areas where the gear tooth mesh frequencies

and corresponding fault symptoms tend to be more obvious.
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Fig. 7-3 Comparison of the vibration behavior of the gear system under different speed

conditions
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7.5 Fault feature analysis of gear system with progressive spalls

The significant differences of the vibration responses and frequency features of the gear
system due to speed differences under healthy conditions may correspondingly result in different
fault vibration features under different speed conditions. Analyzing fault features under different
vibration response conditions is important for gear fault diagnosis and it helps to answer the

question whether the same gear fault is more easily diagnosed under some conditions.

The transmission running at 35Hz speed condition is operating within the system natural
frequency region, which is not typically permitted in real applications. Operating the system with
tooth faults under this resonant condition is dangerous and may lead to failures of other
components. In addition, the 8 Hz and 25 Hz speed operating conditions already covered the two
typical vibration behavior (with and without gear mesh impulse vibrations) of the system, thus,
only these two speed conditions are considered in this test to analyze the fault features of

progressive tooth spall.

7.5.1 Fault feature analysis of spalls in lower speed condition

The evolution of fault vibration features of the gear transmission with progressive tooth spall
at constant speed 8 Hz condition of pinion shaft is shown in Fig. 7-4, in which all of the plots are
set in the same ranges in order to easily compare the amplitude changes between each test. Due to
the large number of tests, only a selection of the signals, namely the initial fault, moderate fault,

and server fault cases (see Fig. 7-2) are selected to show their vibration features in this comparison.
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Fig. 7-4 Comparison of the vibration features of progressive tooth spall under lower speed

conditions

As can be seen in Fig. 7-4 (c and e), there are obvious periodic impulse vibrations (once per
revolution) in the time domain. The occurrence of the vibration impulses is mainly due to the
sudden change of gear tooth stiffness, surface roughness, load distribution and increased
transmission error due to the localized tooth spall. Fig. 7-5 shows detailed statistical properties of
the impulse features under different severity conditions (from the healthy condition of the 1 point
to the case of 100% surface damage condition). The Peak to Peak (PP) value shown in Fig. 7-5 (a)
is evaluated by P=max(x)-min(x) where x is the vibration signal. Though the amplitude of the PP
fluctuates from case to case, there is a general trend that the amplitude of the fault vibration impulse

increases with an increase in the fault severity. The Impulse Factor (IF), defined as

IF =max(|x|)/mean(|x|) which is a healthy indicator utilized to evaluate the impulse feature of a
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vibration signal [192], shows similar feature as the PP indicator, see Fig. 7-5 (b). The “peakedness”
of vibration signals is measured by the kurtosis indicator [50] and is shown in Fig. 7-5 (c). It can

be observed that the value of the kurtosis has a general increasing trend with respect to fault

severity.
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Fig. 7-5 The time domain impulsive vibration features of 8 Hz speed cases

The frequency components and amplitudes also change significantly with progressing
tooth spall, as shown in Fig. 7-4 (b, d, f). The most obvious change of the frequency components
is near the resonant frequencies area. It can be observed that the sidebands mainly appear in the 1%
natural frequency area and became more and more prominent as the fault progresses. Fig. 7-6
shows detailed frequency comparison within the frequency area 350 Hz ~ 820 Hz of the

corresponding cases.
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Fig. 7-6 Frequency comparison of progressive tooth spall with constant speed 8 Hz

As shown in Fig. 7-6, under initial tooth spall conditions, the frequency components mainly

consist of GMF and its higher order harmonics. For the moderate and sever spalling cases,
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sidebands (with frequencies marked with red dots) spaced at the rotational frequency of the faulty
gear around the harmonics of the GMF can be clearly observed. The appearance of the sideband
phenomenon is mainly due to the periodic short-period impulse vibration due to localized gear
tooth fault, as explained in [180-182, 191]. It can be seen that the sidebands are distributed
unsymmetrically to each main frequency. The asymmetric sidebands phenomenon is mainly due

to the natural frequency modulation and system damping effect, as explained in [191].

Comparing the sideband features under different severity conditions shown in Fig. 7-6, there
exists a general trend that the number and amplitudes of the sidebands increase with increasing
severity of the tooth spall. Moreover, with the increase in fault severity, the distribution of the
sidebands also changes. For example, the sidebands which were mainly distributed on the left side
of the 4™ and 5" GMF in the case of moderate fault case gradually extend to the right side of the
4™ and 5" GMF as the fault severity increases. In addition, the amplitudes of the early sidebands
(e.g. the sidebands shown in the moderate fault case) increase significantly as the tooth spall

progresses.

The typical indicators utilized to describe the strength of the sidebands are the sideband index

(SI) [107] and sideband level factor (SLF) [110], expressed as

1 K
Sl==>'s, (7.1)
K2
and
SLF=)_S, /Std (7.2)
k=1

where S is the amplitude of the k™ sideband around the 1 GMF, Std is the standard deviation of
the vibration signal. These two indicators were designed to mainly consider the sidebands around
the 1% GMF area. However, for the 8 Hz speed cases, the 1%t GMF has negligible amplitude and

few sidebands can be found around this area. Therefore, these two indicators were modified to
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consider the sidebands (with amplitude = 2x102 in this work) around the 4" and 5" GMF

frequency area. Fig. 7-7 shows the sideband features measured by the SI, SLF, and sideband

number.
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Fig. 7-7 Sideband property of progressive tooth spall under lower speed conditions

As can be observed in Fig. 7-7(a), the Sl varies irregularly and loses sensitivity to track the
severity of the tooth spall. The reason for the ineffectiveness of Sl to track the severity is because
both of the amplitudes and numbers of sidebands increase as the severity of the tooth spall
increases, as shown in Fig. 7-6 and Fig. 7-7(c). Therefore, the mean value of the sidebands may
not increase with the increase of the fault severity. The SLF shows better performance than the SI
indicator; it has a general increasing trend with increasing fault severity, see Fig. 7-7(b). The
evolution of the sideband feature of progressive tooth spall has demonstrated that the change of

number, amplitude and distribution of sidebands indicate a change of fault severity.

7.5.2 Fault feature analysis of spalls in higher speed condition

As discussed in section 7.4, the significant difference between the vibration responses of the
lower and higher speed conditions may result in corresponding fault feature differences. This
section examines the fault features of progressive tooth spall under higher speed conditions and

compares the fault feature differences with the lower speed cases.
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The vibration signals and the corresponding frequency features of the initial fault, moderate
fault, and server fault cases at the 25 Hz speed case are shown in Fig. 7-8. It can be seen that the
impulse vibration due to tooth spall is less obvious compared to the impulse features shown in the
lower speed conditions (see Fig. 7-4), which indicates that the gear fault is harder to identify under
higher speed conditions in this test. The weakened impulse feature is mainly due to the increase of
the amplitude of the whole vibration signal as a result of the speed increase. For example, the
average peak amplitude of the vibration signal was about 0.15v for the 8 Hz speed case under
initial fault condition, while the average peak amplitude is increased to 0.3v for the 25 Hz initial

fault case, which is large enough to submerge most of the impulse vibrations caused by the tooth

spalls.
Initial Tooth Fault Frequency - Initial Fault
(@ 05, . . (b) 0.04 auency - ,
[ o 0.03 -
=) ©
2 2
a E.O 02
£ S
{ < 0.01 |8 4
0.5 0 M_ﬂﬂm il
0 0.2 0.4 0.6 0.8 1 0 500 1000 1500 2000 2500 3000
time sec. Frequency [Hz]
(c) Moderate Tooth Fault (d Frequency -Moderate Fault
0.5 T ; 0.04 ! : |
Q [} 0.03 ¢
© e
=2 2
= 0 =002+ 1
E £
< < 0.01" 1
-0.5 ! ! ! L 0 boeebs
0 0.2 0.4 0.6 0.8 1 0 500 1000 1500 2000 2500 3000
time sec. Frequency [Hz]

(e)
Severe Tooth Fault M

Frequency - Severe Fault

0.5

o © 0.03}
o =]
= =
=) Z002-
E E
< <001/
0.5 ——~—— . — : Q b
0 0.2 0.4 0.6 0.8 1 0 500 1000 1500 2000 2500 3000
time sec. Frequency [Hz]

Fig. 7-8 Comparison of the vibration features of progressive tooth spall under higher speed

conditions
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The impulsive vibration features of the 25 Hz speed case are shown in Fig. 7-9. The PP value
varies more irregularly compared to the 8 Hz case shown in Fig. 7-5(a), but still indicates that the
maximum vibration peak of the signal has an increasing trend for increasing fault severity. The
impulse feature and the peakedness of the vibration signals, measured by the impulse factor and
kurtosis, are very unstable in this case, see Fig. 7-9 (b) and (c), which indicate that the impulsive
features of the signals due to tooth spall under higher speed conditions are more difficult to be

captured or described.
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Fig. 7-9 The time domain impulsive vibration features of 25 Hz speed cases

As can be observed in Fig. 7-8 (b, d, f), the evolution of the sidebands is obvious in the 25 Hz
speed conditions. Fig. 7-10 shows the zoomed frequency features within 300Hz~1000Hz. It can
be seen that there is a general trend that the number and amplitudes of the sidebands increases with

increasing severity of the tooth spall, similar to the trend of the lower speed (8Hz) cases.
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Fig. 7-10 Frequency comparison of progressive tooth spall with constant speed 25 Hz
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The sideband property around the 1% natural frequency area of the progressive tooth spall at
the 25Hz speed condition is shown in Fig. 7-11. It can be seen that the mean amplitude of the
sidebands measured by the Sl indicator varies irregularly. The SLF, Fig. 7-11 (b), fluctuates from
case to case but still has a general increasing trend with increasing fault severity. The number of
the sidebands slightly increases with increasing tooth spall. It can be seen that the amplitudes of
the sidebands close to the 1% natural frequency area are slightly higher than those further away
from the natural frequency area. This phenomenon is consistent with the conclusion made in [191]
which it states “the amplitudes of those modulation sidebands around the mesh frequency
harmonics are asymmetric, and the side close to the natural frequency would be higher than the

other side.”
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Fig. 7-11 Sideband property around the 2" GMF of progressive tooth spall under higher speed

conditions

The fault feature analysis of the progressive tooth spall at 8 Hz and 25 Hz speed conditions
indicates that the rotational speed can result in significant difference in fault features, as well as
affect the diagnosability of the gear tooth fault. First, the time domain impulse features of the
signals under the lower speed condition (8 Hz) is more obvious than that in the higher speed
condition under the same fault severity level. The condition indicators (peak to peak, impulse
factor, and kurtosis) have general increasing trends with increasing fault severity at the 8 Hz speed

conditions, while the values of these same indicators become unstable and fluctuate irregularly
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when the rotational speed of the input shaft is increased to 25 Hz. Second, the sideband features in
the frequency domain of the lower speed cases are also more obvious than the features of the higher
speed cases. The sidebands phenomenon is much clearer in the case of moderate fault for the 8 Hz
speed condition than the 25 Hz speed condition. The fault feature difference between the lower
and higher speed conditions in this comparison indicates that the localized tooth spall may easier

to be diagnosed in the lower speed conditions.
7.6 Fault detection of progressive tooth spall

Based on the fault feature analysis of the progressive tooth spall in section 7.5, there is
evidence that the general vibration level and strength of the periodic impules increase with
increasing fault severity. In this section, a new health indicator which is based on the mean of the

n'" order peaks (MPn) is proposed to track and assess fault severity of localized gear tooth spall.

The main reason that the existing indicators (PP and IF) failed to follow the severity of the
progressive tooth spall is due to the impulse outliers (with extreme high or low amplitudes) in the
vibration signal. Therefore, taking the maximum value of a vibration signal may not reflect the
overall vibration features of the periodic impulses. A better way to capture the impulse energy due
to spall is to consider all of the periodic impulses of the signal instead of considering only the
maximum and/or minimum value. A new indicator which takes the mean of the n'" order peaks

(MPn) is proposed as

K
MPn=13"y. | (7.3)
K

where yn = peak "(x), denotes the n™ (n=0) order peaks of the time domain vibration signal x. The

0" order peak is the vibration signal itself, y1 = peak 1(x) denotes the peak values of the original

vibration signal, y» = peak 2(x), are the 2" order peaks of the original vibration signal, which are
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the peak values of the 1 order peaks. Using Fig. 7-12 as an example, the 4™ order peaks (red line)
are the peaks of the 3" order peaks (blue line) of the vibration signal. The peak value is defined as
a local maximum point of a signal, which is a point with amplitude larger than its two neighboring
points. If the amplitude of a point is equal to both of its neighboring points, the first point is
recognized as a local peak. The n'" order peaks of a signal are defined as the peaks of the (n-1)"

order peaks of the signal.

The property of the n™ order peaks is that with the increase of peak order, fewer peaks with
higher amplitudes are selected. As can be seen in Fig. 7-12, the 3™ order peaks contain details of
the original signal, and the 4™ order peak values, which are the peak values of the 3™ order peak
curve, mainly select the higher peaks of the 3 order peaks, and the 6" order peaks mainly contain

the periodic impulses.
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Fig. 7-12 The 3, 4™ and 6™ order peaks of the vibration signals of sever at 25 Hz speed
conditions

The mean of the 3™, 4™ and 6" order peaks of the vibration signals with progressive tooth spall

under lower and higher speeds conditions are shown in Fig. 7-13 and Fig. 7-14, respectively.
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Fig. 7-13 MPn of signals with progressive localized tooth spall-8 Hz speed conditions
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Fig. 7-14 MPn of signals with progressive localized tooth spall-25 Hz speed conditions

As can be observed in Fig. 7-13 and Fig. 7-14, the MPn reacts robustly to progressing localized
tooth spall under both lower and higher speed conditions. It has a good monotonic feature and
continuously reacts to the progressive tooth spall from the healthy state to the severely damaged
level. The proposed MPV4 out-performs all of the other three indicators shown in Fig. 7-5 and Fig.
7-9. The reason behind the success of the proposed method is that gear tooth faults can excite extra

impulses, which increase the system vibration amplitudes.
7.7 Conclusion

Fault feature analysis plays a vital role in gear fault diagnosis. Understanding the fault
characteristics and corresponding fault feature evolution is the key to success of fault diagnosis
and severity assessment. The experimental analysis of fault features of progressive tooth spall in

this work indicates that:
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1)

2)

3)

4)

5)

6)

7)

The change of the rotational speed can result in a corresponding change of the vibration
behavior of a system and corresponding fault features. It is found that the amplitudes of the
frequency components near the natural frequency area tend to be higher than the amplitudes
of the frequency components that are far away from the natural frequency area. The
phenomenon that the amplitudes of the GMF and its harmonics do not decrease with order
is mainly due to the modulation of the system natural frequencies.

The existence of localized tooth spall can result in periodic impulse vibrations once per
revolution in the time domain. The occurrence of the vibration impulses is mainly due to
the sudden change of gear tooth stiffness, surface roughness, load distribution and the
increased transmission error due to the seeded tooth spall.

Vibration impulse features (Peak to Peak, Impulse Factor and Kurtosis) fluctuate from case
to case and have non-linear increasing trends with progress of the tooth spall.

In the frequency domain, the sidebands appear due to periodic vibration impulses of the
tooth spall. The sidebands are unsymmetrically located around the dominant gear mesh
frequencies due to natural frequency modulation and system damping effects.

The changes of the number, amplitude and distribution of sidebands indicate a possible
change of in fault severity and these features have general increasing trends as the fault
becomes more severe.

The fault feature comparison between the lower and higher speed conditions indicates that
rotational speed can result in a significant difference on the fault features, as well as affect
the gear tooth fault diagnosability. Both the vibration impulse features and the sidebands
phenomenon of the lower speed cases (8 Hz) are more obvious than that at the higher (25
Hz) speed conditions.

The proposed mean of the ' order peaks (MPn, especially MP3 and MP;) has a very good
monotonic feature and is able to continuously react to progressive tooth spall, which out

performs other traditional indicators analyzed in this work.
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Chapter 8 Contributions, conclusions and future work

8.1 Thesis Contributions

The contributions of the thesis include the following:

1)

2)

3)

4)

A novel gear mesh kinematic model was proposed. This model is capable of valuating the
actual contact positions of tooth engagement even under the condition of changes in gear
center distance. This not only enables the TVMS of a mating spur gear pair to be obtained
under normal assembly conditions but also permits the modelling and evaluation of the
effects of assembly errors, gear run-out errors, shaft bending, bearing deformation etc.
(alone or combination) on the TVMS.

A curved-bottom shaped tooth spall model was developed based on an ellipsoid geometry.
This model allows for changes in radii in three dimensions to best fit the shape of a tooth
spall. Hence, this model enables the simulation of precise gear TVMS with tooth spalls
with curved bottom features.

A shape-independent method was proposed that is capable of modeling almost any kind
of spall, such as a localized tooth spall with simple shapes (rectangular, round, elliptical,
etc.) or irregular shapes, and additionally spalls under normal or randomly distributed
conditions. In other words, more realistic spall models can be developed, which is of great
practical significance.

A gear dynamical model was proposed that considers the effects of tooth surface roughness
changes and geometric deviations due to pitting and spalling. This model also incorporates
Time Varying Mesh Stiffness (TVMS), a time-varying load-sharing ratio, as well as
dynamic tooth-contact friction forces, friction moments and dynamic mesh damping ratios.

This model that allows for a wider range of the gear mating properties to be simulated
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compared with existing gear dynamic models. Comparison between simulated vibrations
and experimental results indicate that the proposed gear dynamical model is effective for
modeling gear transmission vibrations under both healthy and faulty conditions.

5) The thesis contributed a comprehensive experimental analysis of the evolution of fault
vibration features of a gear transmission with progressive localized gear tooth spalling.
The effects of rotational speed on the vibration features of the gear transmission were
analyzed. The change in fault features (e.g. periodic impulses and sidebands phenomenon)
under different fault severity levels and speed conditions were also compared.

6) A new health indicator that uses the mean of the nth order peaks was proposed for detecting
progressive localized tooth spall. Experiments showed that it had a very good monotonic
feature and was able of continuously reacting to progressive tooth spall under constant

load and speed conditions.

8.2 Conclusions

The gear mesh kinematic model proposed in chapter 3 considers the actual gear center distance,
pressure angle and the working areas of teeth involute profiles of a mating spur gear pair. The
inclusion of these factors enables the evaluation of the teeth mesh contact positions with either
constant or time varying gear center distances. The proposed kinematic model was applied to
evaluate the TVMS of a spur gear pair with eccentric error; results indicate that the time-varying
center distance variation shows both time varying frequency and amplitude modulation effects on

the mesh stiffness.

The ellipsoid shape-based method proposed in chapter 4 utilized to model the gear tooth spalls
with curved bottom geometric features corrects the foundation stiffness within the double tooth
contact area and considers the non-linearity of Hertzian contact stiffness. The effectiveness of the

method for modelling tooth spalls with different shapes and severity conditions was validated by
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finite element analysis. Results indicate that the proposed method can provide precise TVMS of

practical tooth spalls.

The shape-independent method proposed in chapter 5 is capable of modeling most kinds of
spalls, such as a localized tooth spall with simple shapes (rectangular, round, elliptical, etc.) or
irregular shapes, and spalls under normal or randomly distributed conditions. The method uses the
defect length ratio and the defect depth ratio to model the features and severity of the gear tooth
spalls. The effectiveness of the proposed shape-independent method in modelling different kinds

of tooth spalls was analyzed and validated by FEM analysis.

The dynamical model proposed in chapter 6 is an advanced model which considers the effects
of the gearbox casing, tooth surface roughness changes and geometric deviations due to pitting
and spalling, incorporates TVMS, time-varying load sharing ratio, and dynamic tooth contact
friction forces, friction moments and mesh damping ratios. The proposed gear dynamic model was
validated by comparison with experimental results under different rotation speeds and fault
conditions. Results indicate that the proposed model can effectively reflect the actual vibration
behavior of the real transmission and successfully capture the fault features when the transmission

is operating under faulty conditions.

The experimental study on the features of gear tooth pitting and spalling in chapter 7 shows
that rotational speed can result in a corresponding change on the vibration behavior of a system
and corresponding fault features. Localized tooth spall can result in periodic impulse vibrations
once per revolution in the time domain. In the frequency domain, sidebands appear which are
unsymmetrically located around the natural frequency area. It is found that the number, amplitude
and distribution of sidebands have a general tendency to increase as the fault becomes more severe.

Experimental results shown that the proposed indicator MPn (mean of the nth order peaks) has a
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very good monotonic feature and is capable of continuously reacting to progressive tooth spall

under constant load and speed conditions.

8.3 Future work

The main work of this thesis focused on localized gear tooth pitting and spalling. One possible
avenue for future work the dynamical modeling of distributed gear tooth pitting and spalling as

well the analysis their corresponding fault features.

The obtained fault evolution features of progressive localized gear tooth spall in this thesis are
important for designing advanced methods to evaluate the remaining useful life (RUL) of a failing
component. The design of RUL methods based on obtained results is an area of potential future

research.

The dynamic model proposed in this thesis develops the model of gear tooth pitting and
spalling in a one-stage spur gear transmission. This model can be can be further upgraded to a
multiple stage gear dynamic model to analyze the corresponding vibration behavior of a multi-
stage system. Moreover, future work may also apply the proposed gear dynamic model to analyze

the fault vibration behavior of bearings in a gear transmission.

The effectiveness of the proposed MPn on detecting fault severity under varying load and

speed conditions needs to be further examined and explored.
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Appendix 2

Parameters for the dynamic simulation of the spur gear transmission utilized in chapter 6

Number of pinion teeth
Number of gear teeth

Teeth module
Teeth width

Pressure angle
Young’s modulus

Poisson’s ratio
Radius of pinion base circle

Radius of gear base circle

Mass of pinion

Mass of gear

Mass of gearbox casing

Mass moment inertia of pinion

Mass moment inertia of gear

Mass moment inertia of motor

Mass moment inertia of load

Inclination angle of the line-of-action (clockwise)
Torque of motor

Torque of load

Damping coefficient of bearing

Stiffness of bearing

Damping coefficient of gear box casing screw in x axis
Stiffness of gear box casing screw in x axis

Damping coefficient of gear box casing screw in y axis
Stiffness of gear box casing screw in y axis

Damping of coupling

Coupling stiffness

188

N, =16

N, =48
mod=3.175 mm
L=16 mm

a, =20

E =2x10° N /mm?
v=0.3

r,, =0.023868m

I, =0.0716045m

m,, =1.272kg

m,, =3.5367 kg

m, =18.509 kg

I, =0.0001751 Kg - m?
l,, =0.006828 Kg-m’
I, =0.016107 Kg-m?

|, =0.005153 Kg - m?

=10
T, =21N-m
T, =7N-m

¢, =2.134x10° N -s/m
k, =8.5364x10" N/m
c, =1995.56 N -s/m
k, =1.9912x10° N/m
C,; =2005.80N -s/m
k, =2.036x10° N/m
c. =23.1N-m-rad/s
k., =330N -m/rad



