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C e . ‘ ! . .
e -ABSTRACTL,

7’/i -Some results on connectedness can be extended by the.
/ . .
. concept of almost connectedness. After giving the defini-

. ‘ ~ _ , {
- tions of a frozen set, .0(L,A,”) and 0(1,4,7); we define®

§
v
in successiom first frozen spaces and second frozen\Spaces.‘

An 1mpqr£ant counterexample is constructed for a.frozen set
which is not closed: As for the conditions about'a frozen -

: - ~ set gginé closéé, the following stéteméﬁts.hold: Everthrozeﬁ

I o : set of a first countaﬁle or hiding c-connected space 1is closed.

A countable space“ils.flrst frézen. Complefely regular spaceé'

T RSN 6 L
o P "~
-

‘and'c—closed spaces are second frozen. On the other hand, there
are. some conseqhenc@s about the obefatbr 3 and ¢éontinuous func=-

s+ -tlons. An interesting result about the product of_almost‘cbnu

- nected‘éets'is induced by the concept of bging sedond frozénm.
' 1

. . : . o
In the- last section, there are  extensions of the concepts of ' -

connectedhess, local connectedness and pathwﬁse connectedness.
- +

- LY N ko ’ ' ¢ . , : )
4 oot Except for new results and definitions, the author has

- : . . 2 i
conformed to standard topological terminology. .The names of
Y . .. . T
s T the examples are according to the book: Co&hterexamples in To-
L ‘ . " pology by Lynn AJ\Sﬁeq? and J. Arthur Seeback. Jr., Holt, - T
nda y =

Rineharﬁ.and Winston, Ine. 1970: The notations and Eonventioﬁs

-come from General Topclogy byJohn L. Kelly, D. Van Nostrand Combany,

3 " Inc., 1955, or from Geneéral Topology by Stephen Willard, Adﬁik‘

ﬂ} . {y son-Wesléy Publishing Company, Inc > 1970. F
i \




.
{ . . .

‘; ~ “ . ‘//
'," ] - // .
> v a . - - !

: - * 'CHAPTER 1

] GENERAL PROPERTIES OF ALMOST CONNECTED 'SPACES

g Lo C o .

/

An orchid leaf 1s sometimes not connected in a pen drawing,
though 1t 1s connected in the eye of the artist We do not

plan to descfibe the geometrical view of artists. However, it

suggests another concept of connectedness which is less abstract

s

' than the above and which ig called “almost'connectedness",‘in
. : R, v
‘  topology.. < : e

o AT

s
N

This concept was suggested’ih;gart by analogles with the

it

“‘"almost everywhere" riotvion of measure theory, However, this 1s

only a sdperficial comparison because the twe concepts are
,‘ very different. Technically, the theory of almost connected
spaces should rather be considered as a generalization of the
concepts of cut points and degree of connectivity in graphs and
- fontinua., In addition it may be’ related to some.notions in )

lattice theory. , ;ﬁ

\Weﬁuuiion I  Let "X be a topological space and let Ac:k_. Ir

there.exists a coaﬁtable subset C of X, such that AvuC is

o connected, then- A “1s"said to be almost connected in X, (or

kY

‘A is ;_called an almost connected subset/subspace of X.)

For example, let R be the real line, let Q be the set

. " of rational nugbers and let P be the set of irrational numbers.

AP RN S A T DAt e

. - \
Then PuQ ={IR 'and P is almost’connected but not connected

I

wrt uheSe

N ) !
r A .



o S P ) . .. 4
in R, while Q 1s not almost connected in R kObviously,

.almost connectedness is an extension of connectedness, since

. a connected ;;;;Zt must be almost \onnected Many of its prop—'
erties are similar to the properties of‘connectedness. For—/ .
example, the image of an almost connected subset under a con—

| . )

tinuous function is al&nost connected that is, almost connec— .

#
B . tedness is_-invsriant under continuous mappings. Indeed, both
Y the' connectedness and countability of suosets are preserved. A
. ¥ - - : :

¢ S . . :
- under .2 continuous mapping Joining two topological spaces. g
Nevertheless, there are still interesting problems which arise
with this concept - We‘will discuss them in the Qext chap er.

-First we exhibit the f‘ollowing theorems which generalize well— T

\_ known theorems-Brjl connected spaces, 3
G ' '_ " THEOREM 1 Let {A;:7 1eI} be a countable family of almost
: ' connected subsets of a topological space X .- If- i’ A'J ‘are

&

v pairwise not separated, then_thersubset igI Ai is s_.lmost'

T-

& cdnnected in X .

proof . For every" ie I., s'ince'- Ai i's 'almost connected, '_then

“there exists a countable subset ¢,. in "X, ‘such that Ai uCy

- o - ir . L
is connected. Now, there are no two elements 1, JeI, such

that A;vC LiCJ are separated. Indeed, 1f there

i J
3 - exist -1, J eI, sSuch that A, uCy and Aj u CJ © are separated

and A

' . then A cA 'uC and AJ'cAJqu inply A1 and‘\Aj are se-

parated, contrary to assumption. Take 'C = 191 Ci; then C

is countable in X and [i I Ai]u ¢ = [iEI-Ai'] v [i‘e’I 'Ci] =

uey)) = ig.I(AiuCi) 1s connected. Hemce, yr Ay

181 (ver(Py

o !
N J . N
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~" 1s>-almost connected in X U R )
S . e L . ..
Conqg@gﬂ The union of a countable family of almost &onnected

subsets with a common poirft is almdst connected.
N .

THEOREM 2 Let i be ‘a topological sSpace and A& be -arv almost

‘connected subset in X. If AcBcA, then’ B 1s almost

q\\connected in ‘X .- °

\

Proof . Since A ‘is almost connected there é&féts a countable

gu%set of X, such that Au(C 1s connected. We have

' AUCcBuC<RuC<KuC = AUC .

- -

“

Hence, BuC 1s,cbnnectéd and then B 1s almost éonnected in

X.! . i e . PO
Corollary The closure of an almost connected sunset qf a topo-

Iogical space is almost connected.

But thg\;:nvérse 1s not true. For.example, consider the

set Q.of ratdonal numbers of the real line R . It is known

v

that the closure of a connected,éﬁbsét 1s cqnnected. ‘Theoremfj .
. ‘ ‘ . -
indlcates that the clesure of énafépost connected set 1s connected

-

under some conditions:

THECREM 3. Let X be a T3- space and A be a non-empty sub-
set'of X If there exists a finite subset C = {xp,Xy, +..» X}

of X , such that Y.= AuC is,donnectgd,.then Y=1.

Y

Proof It is enough to prove that AuCcA. First, we R{iﬁ?

~that C cA.. Suppose on the coﬁtrary that C ¢K; then one of.

the eletents of C, say x,, 1s such that x, e X-A . Since

s

0’
X is T, , there exist two disjoint...

’ .8
s i ’ ‘ {




i - !
C . I — -
open sets U0 s VO »» Such that Ac U.0 and Xy € VO « On the

’ other hand, since X is T2 s for every' Xy eC - {xo} » there ¢
~ “ ' ' : T
 exlsts two disjoint open- sets U",L >- V4 » such that Xy eUy N
N ‘ ' - ‘\ ‘n ' n . . 9 .
and xoevi: Let U=‘:ig0U1,-V=ig0Vi, then U,.V T
: - are open in X and we optain: =~ -

.
lv‘. L]

c\(,;) YcUuV, since AcUO, Xge W, xieUiCU for® i 1, ..., 1

-

g

(11) "UnN=gcX - ¥’} 1indeed, Af (UaV #'B, let xeUAV;

then .x¢ UJ_‘, for some Je {1, ..., n} and xe Vi- s ‘f‘oE

o everm, i=1;...%n’; thus UJnVJ £ 0. . b \j
. (111) UaY # g, since A ¥ g . <4 o

—

T TR 4N AR

L . i
(1v) V_nY#ﬂ, ~since. xoeVnY-.a

It follows ‘that Y is not connected in X . Thils contra-

- diction shows CcA TTus, Tck and hence AuC=8uT =1

AT TR :

. C > ’ .
Cono " Let X' be a T, - spage and A be a subset bf X, L
..3- .

If there exists a finite subset C° of X uch that AucC 15 .

YT LT

connected (A i sometime said to te finitely almost connected),
then f 1s eonenected \ e ' i
. S e component 2of a p&:int a in a topological space X

s

denoted Cmp(a) ; 1s the maximal connected subset of X éon~

-

' taiding a. We'can extend this definition to the component of

.

a non—empty almost connected ‘subset". -Fir;st, we\*“c'onsider ,Thecrem

y S ' - . L
. * o S . a
I - THEOREM 4 =~ Let X be a topological space and A be a non-

empty almost conAected subset of X,. "Then there exists a max-
. o= : '

-




A A AT e T,

e AT ST R een

Py T I TR

]
|

~—t ' '
’ ~ /
’ imaiz connected .St;béet ZA of X containling' A_‘,,'and' Z'A \ is
the component. -og'-, a, for every a..sA " .,
. . o, ‘ ¥
Proof -Sifacé‘ :‘& 1s almost con‘}lected, then there éxists a
countable subset C of X% such that Y =AuC :I:s connected -
. . . S 3
and then Ac¥. Let % = {ZcX:AcZ and Z is connected}. -
Since Y -exiéts, % uis ﬁsn—empty._ ‘The'n‘ _ZA = zgzz. 13 con- s

-

nected, since A # JZI', and we have Ac ZA“ if B 1s any con-

.nected subset of X .containing A, then B eg and‘henqe Be ZA .

¢

' That is, “Z, is the maximal connected subset of X containing

. s . . . .
AL _ . , C

P K O
-, . .

Q\band ZA 1s connected, then

. . . . s . . / . . .
ZAchp(a)-. On the other hand, for every aceéh, Ac.Cmp‘-La) s

Cmp{a) , E’OIP

Since for every LaeA > ael

since AcZ,, ‘and so Cmp(a) c Z'A . Therefoge ‘Z-A

A

_every. ael . 7 : . ' .

8

Definition 2 'Let X bé a™topologloal spa'ce' and A be a non-
et

.émpt'y‘a.lmost connected subset- of X . Then'the maximal connected

subset of X cOnta_ining A is called,-tﬁe .cononent of A and.
denoted by CmpA. _ T .

In a topological space X, silnce the component of ‘A
coincides wlth the component of an .arbitrary point a e A, then
the prbpertiebs of CrhpA are the same as the p;'opérties :)f‘_

Cmp(a), edr every aceAh. For example, CmpA 1s closed but not.
. . . \

necessarily open in X 'Also, the components of two non-empty
. N = '
almost connected subsets either,.coi*ncide or are disjoipt. ﬁe—

sides these, if .{Ai:'ie I} ‘'is any family of non-empty almost °
- ’ . £ a / 7

conne¢téd subsets in a topologlcal space X , and 4V 8y is

-,

.
RF



Cmp 197 Ayo= qu(ai)s for evsiy'
, : 2

N
Cmph, , for every 1eI .

As-a corollary, we know that if {Ai‘ le I} 1is a—quftable fa-

b mily of non- empty almost connected subsets of a topol 1ca1

e

: sﬁhqe X and. 1f Ai Aj are pairwlse not.separate s Fﬁen
? -jCﬁpi T i = Cmp Ay, for every 1eI . - ‘ /(‘
;“ ) ‘ a ‘We may also consider the properties of a p;gduéi ol almost
l; ‘ connected subsets.- Let {Xi le I?* be any famlly of topolo-
5 gical sﬁhces. Ir LI, i\\_s ‘almost cofinected in the product
space 1HI Xi, then every Ai% 1s -glmost cpnnepted in Xi’
% . - for, every projection pj 1 I i + Xj' is ?ontinuous. if
; 1EI Ai 1s non-empty and almost connected in iHI X; » then
Lf ‘ Ay = pi(igi A;) 1is almost connected in Xy, for every 1eI .
. Ir 1EI Ay # B, then Ay =4, for some’ 1eI .

)

. Conversely, we can ask the question from theropposite,

direction. First, we note that an almost connected subset A ,

of a topological space X is defined as a subset which is con-

. ' -.s_._.‘. N

tained in a connected subset Y of X, such that Y-A ii/)j

countable. Then we conslider the special case:

© THEOREM 5 Let (X, 1= l,...,n} .be a ﬂinite family of topo-

logical spaces and.let Ai be a eountable, almost connected
o - )

subset in 'Xi, for every 1e¢ {1, ..., n} ,-then the subset

n
A= 1?1,“1 is almoiF connected in' i = 1”1 X -

L




b

T
4

4

~N 7

¥

1

‘L Proof For every le {i, +«s, 0}, slnce Ai\ is almost con-

‘nected 1n Xi ’ Eﬁen there exlsts a countable subset Ci of

Xi » such that Aj7v C‘i_ is F:onnected.. Take C = 1251 (AiuCi),
then C 1s countable and connected in X + Thus AcC ang

C - A 1s courtable. These imply that A 4is almost connected .
in- X .

N l_' X + .
. . . . ) . o . .
Corollany - If A 1s an almos ected subset ‘in a -coun-
Lorotrany 1 na

table topological space X, , for everyffie {1, ..., n}, then

. n v . . n
the sgt 151 Ai is alm?st connected 1A§\§g1-xi.

/i] ﬂhat can we‘say‘about the progpct of almost cqnnected

%//,/' r_’,///gﬁbSEts which are nﬁf necessarily connected or cbuntable? To - .
- N S . P ‘
£ answef\th}s questlon™is not so simple, for thg available topo-

logical'tgpls are not sufficient. We require addltional con-

“/’ .. cepts whi%i-will be 1ntfoduced in the next chapter and which

wlll then

t

e used to make an inves%%gation (See theorem 22).

oy
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CHAPTER 2

- -
LY

FROZEN SETS,.FIRST FROZEN SPACES AND SECOND [FROZEN SPACES

~®

/

_A.' Some.Definitions ( N

Since we have the concept of Ah almost connecteq'subset,
we may think about a'special Idnd of sub'set which 18 deduced from
that subset in any topological spacé.‘ An almost connected but
not connected subset might be considered as the union of a,
famlly of connected subsets, each of which sits sultably close

. ¢
to some of the others.in the same family, although not suffi-

clently close to be almost Fonnected,

-Considgr the-phénomenoﬁ of freezing meat. If two pleces
are pﬁt close eﬁough fogether and frozen fhey willl form a single
block. The result of ( hysical) freezing depends on the con-
ditions, such as time, temperature, ... and so on, which will
not be.considered in our topological discuss;on. However, the
notlon of,freezing hay 8till be use ﬁl to Qescribe a concept
of topoldéicai freezing. Any'ﬁubset of. a ﬁSbological Space may'
be consldered as naturally frozen, withopt any condition. Two
nonempty connecﬁed‘subéets might also bé”frozen to become a
connected subset, a frozen se£, if they are sufficiently near

each other. In the above sentence, being suffigiently near

means being almost connected, - .
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Definition 3 | Let X be a topologlcal space and let A be

a subset of X . Let qu = {CcX:C is countable-and AuC
is connected}. Then the subset cdkA C 1s calied the frozen
set of A and denoted by 'AA (read "fro A") and $A = AA-A

is called the frosticky set of 'A. 'Because, $A can be re-

~garded as the frost covering the set A with stilckiness.

Clearly, xe1A Aiff thére 'exists a countable subset C
of X ; such that xeC and AlJC‘ is connécted:-'In particular
if A 1is almost connected in a non- empty topological space X',
there always exists a non-empty csuntable subset C of X,
such that AuC 1is connected. If QgA = {@#}, for every almost
connected subset A , then A = ﬁ. In fact, = @&, Indeed,
suppose A # g, then

(1) A 1s connectéd —> {a} <%§, , for every aeA ==>

G # 19}

I3

(11) A is not connected =—> Au @ 1is not connected =>

G, # 19}, .

Since every singleton {x} of X is.almost coannected, then

qg{x} # ﬂ _This contradict;on shows X 1s empty. We also

have that A 1s almost’connected iff G@A is non-empty. If
X =g, of course, Ip=8=X. It X#0, then for every

xeX, Bu{x} = {x} is ‘connected and ig = <y X = X

Hence, 3f 1is always glosed and $¢ =X. If X 1s connected,

then 31X = X, and 1f X 1s not connected, 11X = @ . In elthgr

case, 33X 1s closed. In the latter case,

b J
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10

n terms - n terms '
17 ... 1)p =13 ...3x = , %, 1fTm1s odd,
: X., if n 1s even.

When A 1s not almost connected then 314 = g and hence
JdA 1s closed and $A =@ - A = @g. But the converse is not
true. For example, if X =.Ei, then 1X =g , fut X 1s con-
nected. However, 1f X # §, the converse becp: es trie. In’
f‘act‘, suppose that A is almost conne\c‘ted, then A is/norﬁ—

~

empty.

(a). If A=f@, then 1A #X# g .

o
'

(b) If A # @, then let \aecA and arbitrarily take C ew%

Thus, "CO = Cu {a}e‘@A and g # CociA > 80 1A # @, Hence,
iIf X # @, then, A # £ iff X is ah -almost connected sub-

set of X .

An almost connected subset and a non- almost connected

A
subset sometimes have opposite properties, as :Ln the fellowing

 lemma: o

i

LEMMA Let X be a topological space.

-

(1) If A is'almost connected, then A< 3A and hence Ae1lA

(11) If A 1S not almost connected, then 34 < & . .

Proof

(1) If A 1is almost connected, take Coetgﬂ . Then, for

every xeAh, we have AUCOCAUC{)'U{X},CAUC Let

0"
¢.=Cou{x}; then xeC and AuC 4is connected. Hencel'
xelA ‘and. Kcih

P

(11) If A 1is not almost connegted, then 1A = gci

2T~ R
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If "D 1is dense in X, then 'iID = D = X whenever D 1is
- N

- almost connected. Otherwfse, i = §. Hence 3D 1is 'always.

4 Ijlosed. - ‘ _ - e

THEOREM 6 Let X be a topologlcal spaée and let AecX . If

X 1is coﬁpec‘ced or A# @, then I1A 1s cohnected and TR <334,

In addition, if A 13 non-empty and almost connected, then

- & : p

33A ¢ CmpA .

.

Proof . . ‘ &
S (1) If A is not almost connected, ‘then. 34 = @ 1is con-

q . nected. OCtherwlse, by the previous iemma A c3A .,

l(a) If - A# P, then 144 = (CequC) vl = o (Cud) 1s -
A A

still connected, since each CulA is connected and A#D.
‘ e
. .« (k) If X 1s connected and A=f, then 14 = 3f = X

18 connected. '
(11) Now, if 3IA 1is connected, then for every a ¢ J&,
YA ciav{alcTA, so Jau{a} is connected. Thus

{g} E.'gHA and hence ac quéqAC = 334 .

(111) If A 1is non-empty and almost co‘ﬁnected, then CmpA o

exists. Thus by the previous lemma and (11); we get

. A

i N T . A c3AcTAcIIA . But,. since’ 34 1is non-empty, 3I3A

1s a comnected subset of X containing A . Hence,

0 | . 34 < CmpA

Y

Sa Corollary  If A is non-empty and almost connected, then 3IA

is non-empty and connected (and hence non-empty and almost

connected). ' o ' >Q /
® “\ \/
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'_ frozen set which can be constructed as a lattice <0, n : v

Lt . -G_/ . - N
Definition ¢4 ~Let A be a subset of a topologlcal space X.
The family o0(a,3, ) conslsting of all Subsets of X geherf
ated by FA and- 1% under the operators 1 and ~ 1is called

a closure organization of the frozen set 1A . That " is,

—

-— — —_—

(x,3,7) = {IA, TA, IE, 3%, 1A, T9E, 7L, TR, 1%, 19%, 1%,

3
13K, 3134, TI7E, .....}.

]

. The proofs of the following theorem and corollaries ;e

- =%
quite easy. The corresponding results Are useful for obsgfving
the relations among the members of a closure 6r;ganization,of a

>

where 0 = 0(A,3,7) .

T Wt

THEOREM 7 . If A is nen-empty and B is almost connected in
a topological space X., then AcB =—> 1A c 1B, -

Proof If A 1s \not almost connected, then AA = § «3B,
Ctherwise, 'A 1s almost connected and since sC aiso is B,
then "GA s ‘@B/are non-empty. Arbitrarily take' C'e‘GB . Then,

for every. Ce$,, AuC and BuC' are connected.

Let C0 = C.u C'; then .C‘:J 1s countable and since AcB,
we have Bu CO = (AuB)u Cd = (AuC)u (.B.u C') . Since “‘A # ﬂ,
(AuC)n(BucC') # 8, and Bu-CO is connected, 1.e. C0 e‘@B . |
Hence, for every Ce‘ﬁA » there exists CO e'@B » such that Cc:CO .

Therefore). 314 = u Cp © & @ Cp-—= 1B .
X CAe‘gA A CBEYE’B B
In Theorem 7, the conditions "A is non-empty" and "B is

almost connected" are necessary. For example: let IR be the

real line and let A, B cR .

N
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(1) 1t A =g, B= {0}, then 14 = R ¢ {0} =
(11) 1Ir &= {0}, i - 10,13, then 3. {0} '8 = 1B .

Cam&f&‘é‘*l . JAsc A, for every subset A in a topological
space X . ‘ .

proof (1) If A= @, then- & = f. We have 34 =X =37 .

(11) If A is not almost connected, then A is not

L

almost connected.” Thus, 1A = @ = 1% . *
(111) If A # @ and A 1s almost connected, then
Ach==>3Acih .

We can say that if 3% is closed, then TAe IA
Conollany ¢ Let'I be any index set. If A, , for every ieI;
and j(ilejI Ai) are non-empty, then ,u; 1A c‘l(igI Ai)' Other-

wise, 34y a,

gp Ay) =Yg

Proof :{(i I Ay) #.Q means Ly; A, 1s almost conriectgd. For

1eI, Aici I Ai => iA c:IS:LgI Ai) . Thus 191 ’IAic'-I(igI Ai)

Otherwilse, Ay =.ﬂ , for some 1e¢I or ’lig‘l Ai = E“, and
’i(igI Ai) c_ieI =IA1.* .’E_s-trivial.

\

Cono 3 If 14, , for every 1 1in some index set I ,
| apd 181 A:L _are non-empty, then I(yp; Aj)<,0; I4,. Other-
-wissa, QA Cq(iI 1) . ) ‘

Proof -Similar to the above Corollary 2.

]

Frcg'p the resultsv of Corollarles 2 and 3, given a countable

set I, if 40 I 1 A ;ZJ and A, are almost connecteﬁ, for”

"(évery 1€, then.
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Cona&&h& 4 If the followinglfﬁq condltilons are satisfied:
‘ (1) A#8 and A, B are almost connécted, '
711) X 1is connected or B #‘ﬁ s
then A c B =—> 194 < 3B

Proof There are three steps.

(a) if A # P and B 1is almost connected then AcB => Ac iB.

™ if A #B and A 1s almost connected then Iy E B .

(¢) 1f X 4is connected or B # § then 3IB 1s connected.

Using (a), (b), (c) and Theorem 7, the result follows im-

E medliatedy.

no 5 If A 1s non-empty énd almost connected; then

I8 < 13A .
Proof A # B> A # 8 andir:A i1s connected. Since A 1is’
almost conneéégz; we have A&f4A. Thus 34 <33A .,
We now gilve two important ﬁefinitions.

Definition 5 ~ Let X Dbe a topologlcal space.

(1) 1If all members of 0(A,3, ) are equal, for each non-empty
almost'connected subset A of X, then X 1is said.to

K

be first frozen. ™

(11) If .all members in the family 0(A,1, ) = 0(A,31, ) u {A}
are equal, for each non-empty almost connected subset A -

of X, then X' is sald to be second frozen.
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By definition, if a topologlcal space 1s second frozen,

then 1t must be fifsé frozen. But the converse 1s not?true.
For example, let X = {a,b}, T= {X, {b}, #}. Then the to-

pological space (X,3J) 1s first frozen, but not second fro-

¥

zen, since A = {a} = & , but:3A = X#K . - ' . 4\/

Thé&following‘theorem allows one to determine whether a

glven topologlcal space 1s first or second frozqn.

THEOREM 8 A topoleogical space X 1s first frozen iff
ia ='11A, for each nonempty almost connéctéd subset A . X

is second frozen iffy 1A = X, for each nonempty almost con-

nected subset A

Proof
-{1) Assume that 13A = 11A, for each nonempty almost connected
subset A .in X . .
(a) H"ié nonempty =—> JA < 134 (by TheoréT 6) and A
'1s'nonempty and almost connected —> 1A = TA = 13a (by

assumption).

{b) A 1s nonempty and almost connected ==> %4 c 134 (by

Theorem 7, Cor. 5). Since 1A =(%I- 1s always true (by
r
k.=

Theorem 7, Cor. 1)}, then IA = 114 . o )
(¢) Since IR = TA 1s closed, 1K = 34 .
Hence, we have 1A = TE'= 1A = 1K = 1A. Now an element

=

of the family 0(A,31, ) employlng more than two symbols "3" can

be simplified in the following way. The last three terms 1in
\ .

»
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.Such an element must.be ohe of the fdllowing: 114, 17&, 374,

r

—_— . —_—

;;E{‘HHK, ;gi, 113 and 314 . Each of thése can be sYmpli-
fied to 1A by using the equalitles 7IA - TE=1F = 1% = 11A
Thus, every element of 0(A,1,” ) can be simplified to 17A
ih‘finitely many.sfeps. Hence, X ,is‘first frozen. Te‘

prove the converse 1s trivlal.

(11) Assume that 3JA = K, for each nonempty almost ;onnected
subéet A in X .

() A = A => 14 His closed .—=> 34 = TR

(b)“g 1s nonempty and almost connected =—> 4 . {s non-

empty and almost connected ==> TA = 114 (by asshmptién).

Hence, we get A = EHHA,:~hﬁd so X 1s first frozen.“
Now we can say that all members in'the family O0(A,3,7) are

equal. -That 1s, ' X 1s second frozen. To prove the converse

is trivial.

’

In general, if A 1s a non—emptyvélmost connected subset .

of a topological space X , then we may.conslder the family: "

Lo = 0(A,3, 7) 'vi{CmpA} of, Ly = 0(A,1,7) v {CmphA}. With the R

two canonical binary operations n aride U OR Lo or LE', one
obtains an infinité lattice whichwgas the least element 3A or

A and the greatest element CmpA . But, if X 1s a first frozen

hl

space or second frozen space, then'the_léﬁ%ice <Ib’ N, U> Or

<Lz,n,u > -is not very interesting.

\\“ '
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B. A Counter éexample: a frozen set which 1s not closeq.

Though covered with ice, a frozen article still gives
a.strong impfeésion of haviné a'bédndary in 1t./ in a firsE
frozen:or second frégeﬁwspace; it is obwvlous that every
frozen set is‘closed. One may ask whethe§3h'f£ozén set must
contaln Its boundary in ggneral. In other words, -1s a frozen
set always closed‘in a toﬁological space%. In addition, one

may ask whefhér there exists a non-empty almost connected’

subset A such that 1A 1s not equal tJb‘iﬁh , that is,

.~ which is almost connected ‘but not connected. W& have seen .

an example of a non-Hausdorff spaceiwhich is first frozen
but not second frozen (page 15). Is ere a topologlcal

space which 1s not first frozen? Each of the preceding ques-

. -tions is very hard to answer. The following 1mpbrtanﬁ coun-

. 6er—example will provide an answer'to some of these queétions.

" First, we consider a Countable connected Hausdor§; space
_ : —1 -,
(See Counterexamples in Topoloéy, by L. A. Steen and J9 A:

Seebach jr., Holt, Rinehart and Winston, Inc., 1970, page 93).

Let X = {(x,¥y):y 2 0, x, yeQ}, where.Q is the set
of ratiohal numbers. For every (x,y)« X and € >0, 3

basic nefghborhood NE((X,yS) of (x,y) 1s defined as .

N ((x,¥)) = ((x,3)} v B_(x + y//3) uB_(x-y//3),

_ ¢ o where B_(z) ={geQ:lqg~z] <e}.

e
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~ ) . The points (x,¥), (x +'/v3,0) "and (x-y/v3,0). are -

three vertices of a équilaﬁera triahgle with e?fh-side of -
length 2y/vV3 Qhenevé? y>0., If y =20, then Ne((x,x))
' Is Just an Interval contéining the rational numbers with . .

center (x,0) and lengﬁh 2e . " A simple calculatiorr shows '

that 1 (x),¥;) # (xp,¥,) 5 then (x) +yy//3,0) # (xp +

¥yy/¥v3, 0} and /Y3, 0) # (x ye//“ 0). . Thus, for

(xy 79
ny two distinet Hpoints 1n X, it 1s easy to find disjoint

/Efjic neighborhoods of these points. ,Hence, X_ 1s a Haus-

-

dorff space. ‘ . —

hm N_((x,y)) is a set of stralght lines .
£ R

lying in X, such that every interéec%ion of such a line and g
thé x ~axls belongs to the closure of elther Bg(x + Y/ 3)
: ﬁ/fﬁﬁ\*\~ or B (x-y/ 3) on the =x.-axis. Thus, the intersection of
the closures of ¢t Jhon-empty open sets 1n X is .non- empty
' This lmplies that any two n ﬂ#empty opén sets, whose u ion
is tpe whole space X, can t be disjJolnt. As a c¢ #quence,

X 1s a countable connectedq Haussdorf space.

In thﬁ:gbove examyle we may replace V3 by any other
; . /r—-i rational-number. THus, by a simllar argument, we can get

-

other countable connected Hausdorff spaces.

| We now construct a topologiéal space XS2 . Léf' Q be
.ﬁ‘ . the first uncountable ordinal numbep,‘and let X ©be é coup;
g ' 'table connectea Hausdorff space as above: Choosé Xq5 xie X, \
: ' Xo # Xy . Consider the cartésian product X x [0,R], where

[0,2] 1s the closed ordinal space.
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! ' *
o Let Xp be therquftient

tlop: (xy,a)” idegtifited ith (xy, a+1). The set Xo will
7 \ﬂ/beﬁtrﬁlééi‘zed ad follows: .. \ \

g b

(:7, X x [0,2] under the identifica-

‘(i,) If- x # X5 Oor Xy, then a basic neighborhood of (x,a)

is Ux{a}.where U 1s a neighborhood of x 1in X .
M, ; ) o

* “1 . - '
X = Xy then a basi_c_ nelghborhood of (J;l,a) =

o+ 1) 1is (Ux{a}) u (V x {atl}), where U is a

e

(111)

(A) 4if is not a limit ordinal, then let o' Dbe the
immeddate pPredecessor of a, (_1.e-. a =a' + 1). A baslc
neighborhood.of" (160, o) = (xl, a'+1) is (U x {.a'})'u

in X

(Vv x {a}), where U 1is a neighborhood of Xy

~

"and V a nelghborhood of X, 1in X .

——— |

(B) if o 1s a limit ordinal, then a basic nelghborhood

d . of (x4, @) 1s U&, u(V x {a}), where V 1s a neigh-

. bor borhood of x, in ‘X and Ua' = {(x,B) :a'<Bsaq,

. xeX} =vu {X x {B}: ¢« < B =g al.
o ‘ . . o
It is not difficult to check that 5(9 1s a topologlcal

| spa\ce. b

let 0 = (xo, 0} ¢

THEOREM 9 In the topologlcal space Xg,

) N ' X x {0} ,. then we _.obi:ain
(1) {0} = X,
(®1) 170} # 110}, .

' (1i1) there exists an almost c'onn?/d subset A, such

- 1is not closed. in XQ .

“that & 1s not connected.

-
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Proof

-

(1) 'Suppose that C 1is a countable subset of Xo5 such

that {0} .u € is connected. Then for each c¢eC - {Q} » there

exists ace‘[O,Q] »oBuch that ceX x {a }. Let o* =

sup{ac tceC -{€&}}. Since 2 is the first uncountable or-
dinal and a, 1is countable, for every ceC - {3, o’ 1s coun-

table so «*e¢ [0,2]. We have {0}uCcX, - {a*+1}, by the

Q
definition of o* and o +1 # @ . Consider 0, = {(x,a):

a < a¥+ 1}, “02 .='{(x,a) ta > a¥+1) » two disjoint open sets
in Xq, i.e. Xq - {a*+1} = 'Olu C, . Thus, we can say that '
QEC. Otherwise,\ ({0} u.C)n 0,~>{0} #8 and ({0}ucC)n 0,2

{2} # 8 imply {0}ucC 'is not connected. Since C 1s an ar-

then Q¢ 3{0}.
Bty ‘ b : -~

N :
~On the other hand, let (x,a)e Xg » for any arbitrary

. 4
o <t l.e. a 1s a countable ordinal. Tﬁ Xu'; {(x,B):ixeX,

B < a} = Bgu(x'x {B}) 1s still countable.-<We are golng to prove

that it ls connected by transfinlte induction on theyzmit or-

‘dinals smaller than or equal to o . Since X, is ¢ nected,

assume that XB is connected for all B < "{ e [0,2]. Consider

X, = {(,8): B < yFu (Xx{y}) = (g Xg) v (Xx{y}). Thus

(xo,y) ‘beiong;s to the connected subset gly XB and X3< {v}
i1s connected subset m- and Xx{y} 1s connected imply
that XY 1s connected. We can assert that 'Xa 1s connected
by transfinite inductilon. -Ivfollows that (x,a) e3{0}, for

every XxeX, o< Q. : . »

bitraty countable subset of Xo , such that {0} uC 1is connected,
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' Therefore, Xé - {Q} = Xx[0,02] « 3{0} . But we have
seen that @¢7{0}, so 1{0} = X -{a}. Since 2 is an
“accumulation point of XQ-J{Q},-then XQ-{Ql is nq?

closed. Hencé, 3I{0} iIs not closed.

. (11) Since™ X - {8} 1is connected, then X, = X_ = (AF is

étill connected. Thus, we obtain 33{0} = (X‘Q - {ah v i} =
P R o St .
‘ ‘ X, # 1{0} .

PN

1 (111) ‘Let 1 = (x5,1) and A = {0,1} < X,, then A 1is ob-

Q 3
T visu&ly almost connected. Sinece X and EO,@H are Hausdorff,
then so s X . It follows that A is closed, 1.e. A =14,

] "~ but A is not connected.

C. The conditions for a frozen set to be closed.

-

_ ) Now, we ask what condiﬁions cn a topological'space are

: . sufficient to make each frozen set to be closed. Furthermore,

;r under what conditions, 1s a topological space first frozen or

. >
second frozen? We %xpress our discussion in the following

theorems.

THEOREM 10 Let X Dbe a topological space. If for every sub-

set E of X and for every pel, there exists a sequence in

‘

E which converges to p, then every frozen set is closed in X.

L - Proof Take an arbitrary subset A in X . ’

(1) If A 1is empty, then JA = X 15 closed. _,Q/

- (1) If A 1s not almost connected, then 314 = g 4is closed.

D e S e s P s = i - - ————
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. \
. N (111) If A 4s non-empty and almost connected, then IA # 4.

'
~—

.Thus for each xeJA, there is a sequence €xﬁ> in 34 ,» s8such
that x_ - X . Since X« A, for each n = 1,2, ..., there

exists a countable set C, such that x eC, and AuC_  1s

‘connected.

v . Let C0 = Cn , then AucC is connected, since? A #.ﬂ

il
n=1 0
and Avu Cn 1s connected for each n . Moreover, X, > X, 80

that xe taicﬁo cAuCy . Let C=Cju {x}, then C 1is coun-

S  table. We have AuCycAuC = (AuCy)uix} cAuC Thus xeC

0"
and’ AuC is connected and hence “xeJA . It follows that

1A = A 1is closed.

Coro If X 1s first countable, then every frozen set

of a subset of X 1s closed.

F : The real line R 1s first countable and so in R every

- --. "frozen set 1is closed.

: THEOREM 11 If X is a completely regular topologlcal space

then X 1s second frozen. (l.e. 3A = A, for every non-empty

«

almost connected subset A of X.)

-

Proof Let A be a non-empty almost connected subset in | X .

It 1s enough to show that IAcA . Suppose on the contrary
1

T 1“-/1_-)\.

that there exists_ xeiA such that x¢ A . Since X 1s com-

raya

pletely regular, themw there &xists a Urysohn function f, such

ST

that f£(A) = {0}, f(x) = 1. Since xe¢3A, there exlsts a coun-

.

table subset C of X, such that xeC and AuC 1s con-

S
‘/ ”
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nected. Then 'f(AuC) 1is connected, since f 1s contlinuous.
A# g and f(A) cf(K). = {0} implies f(A) = {0}. Since ¢C
1s countable, f(AuC) = f(A)uf(C), contalning the point; 0
and 1, is a couufable subset of [0,1] and hence 1s not qonf*

nected. This contradiction shows JAcA

If we consider any disconnqgged subspace X of the real
line, then ﬁ =g #X=1948. On the other hand, for everyhnon-
almost connected subset A » then A # @ = 1A-. These indlcate
that. the property of being second frozen only guarantees 'HA.= A

for every non-emppy almost connected subset.

Fram the above theorem, we galn a lot of results about
being a second frozen spaca.' If X 1is a topologlcal space and
18 one of the following: 'I'll 3 loeally compact and Hausdorff;
regular and normal; regular and Lindeldf; zero dimensional uni—
formizable, ... ete, ‘, then X 1s completely regular and hence

second frozen. v

[

We already know that the image of an almest connected sub-
set under a continuous function is almost connected. Between
a uniform space and a completely uniform space, we have an ana-

logous but more interesting result.

—t

THEOREM 12 Let ‘X be a uniform space and Y ‘a complete uni-
form space. If A 1s an almost connectag,ﬁggii: of X and
the mapping f£:8 + Y 1s uniformly continuous, chen  f(A) is

almost connected in Y. f(Note: the demain of £ 1s A).
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. Proof Since X  1s-a uniform space, Y a complete uniform

WD e TE e
k]

space and f:A + Y 1s uniformly continuous, then there exists
an extension T:X + Y, such that ' T 4is uniformly continuous

f Tl and hence is continuous.

Since A 1s almost connected in X, éhen there exists a

: . lcountable sﬁbset c of' X, such that AuC 1is connectéd.

\ Then ca‘{%"ll apd CciA = A, since X 1s complefe{gﬁregular.
Thus we have T(C)c f(R). Hence T(AuC) = TCA) v £(C) < F(RA).
f is continudué, and so Ff(AuC) 1is connected in T(A)cY

That 1s, T(A) uF(C) is connected in Y. And since ?(C)- is
countable,. T(A) 1s almost connected in Y. F(A) = £(A) im-

blies that f(A) 1s almost connected in Y.

’ - Conollany Let X be a metric space.and Y a complete metric
5 ' space, If A 1s an almost connected subset of X and the
mapping f:A + Y is uniformly continuous, then f(A) is al-

i {' ‘ most connected in Y

l

Let us talk a Yittle about first frozen spaces. There 1s

a rather interesting sufficient condition to be a first frozen

space, namely that the spacé has a countabl® number of elements.

. 4
THEOREM 13 Let ‘X Dbe a topological space and A a non-empty

. 7
almost connected supset of X . If the frosticky set $A of

A is countable, then 314 = 334 .

Proof Since A 1s non-empty and almost éonnected, then X £ 8

and by Theorem 6, we have A < A < 334 . 1.e. 134 ; g .

KO D

e
e TR ST
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‘ For every xediA, there exisés a-co&ntable subset C0
of X, such that xe CO and éoxJRA ‘ié connected. Take
C=Cyu$A g then C. 1s countable, xeC 'and_ CuA = Col1$%:JA =
C0 UHA- is COnnectéd, since A ci3A and..$AtJA = 3A. Therefore

-~ xedA and 31Ac<cIA . Thé resul%mmediate.
- . '

L% .
£
Conollary . If X 1is a\hgz?table“space, then X 1s first frozen.

Proof . If X =@, then it 1s trivial.

If X# @, then every frosticky set i1s countable.
' ", ) T
We have seen an example of a space whlch 1s first frozen

but not second frozen. In that space we can find a non-empty
almosf connected subset A, such that A # A . It indicates
that fhe property of being countable can only guarantee 14 = 13A.
.A definition of a hlding o-connected space will be:given for

looking after spaces which are very different from the real

spaces which are diserete; indiscrete; countable; thtal

- r

‘o connected; of finlte fomplement; ... and so on. It will b Weonnn
‘that every frozen set in such a space 1is closed. However,
countable complement tépo}ogical space (1éﬁits undé;lying set 1s
uncountable) and the real‘line wlll not have this property, and

the proof‘of the latter willl be obvious.

Degfinition 6 -~ A space X 1s said to be hiding o-connected, if
for any non-empty subset AcX and any point xe¢ X, fhe follow-
ing condition is satisfied: If Avu {x} is connected, then thgre
exigts a nonémﬁty countable subset .C of A ; such that Cu {x}

.
{ (

is connected.

N
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* To test whether X 1is hiding o-connected it 1is sufficient

to observe whether an arbitrary uncountable subset A of X sa—
tisflies the cpndition of the definition. Indeed, 1f A 1s non-

empty and countable and {x}u 4 1is connected, for some xeX,

then we may take C = A . o

THEOREM 14 Every frozen set in a hiding o-connected topolo—
gical Space X' is closed.. e L
Proof Suppose on the contrary that there exists xe¢ TK, but

x¢d1A . Since A # £, 1A 1s cofinected and hence {x}ula- is

connected. Since X 1s hiding c-connected, there exists a

non-empty countable subset C

‘

connected.

1 _ih 1A, such that C, v{x} 1is

_ Take an arbitrary pgint CE~Cl’ then ce.HA,_ andﬁthere
exists a countabletsubset C, of X ,'such‘that ceC, and
C,uA 1s connected. iet' ¢ = CltJC2lJ{i}, then € 1s coun-
table, xeC. and AuC = (AlJCa)lJ(CIU {x}) 1is connected, since

C, 0 C, % g . Thus,\ xe3A. Henﬁe, A=TR .

THEQOREM 15 If X i1s'a totally disconnected space, then X

is hiding o-connected. The converse 1s not true.

Proof Let- x ex and’ A be any non-empty. subset of X such

that” {x}ua is connected. Then {x}uA 1is singleton,. since

[

X 1s totally disconnected. It follows that A = {x}, since A

is non-empty. Take ‘C = A ; then C 1is a non-empty countai}e
D

subset of A, such that Cu {x} is connected.

F—
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To see that the converse is not true, let X be an in-
Hiscrete topological space consisting of more than one point.

. . *
Then X 1s hiding o-connected, but not totally®disconnected.

Conollary ' Every frozen set in a totally disconnected space 1s
A * . eclosed. ", a
" "THEOREM 16 A finite complement topologlcal space X 1s hiding
: . . N . ‘
o-connected. ' '
=  Proof ; It 1s sufficlent to show the result when X' is an un-
fsountable space. First, we prove that every infinite subset -

Y of X 41s corinected. Suppose on the contrary that ¥ 1s not

connected, then there exists.a ci;sed and open proper subset

B of Y. .B 1s proper closéd\in Y implles that there exists a
osed set H of X with H # X, such that B = HnY { B ‘is"

proper open in 'flimplies that there exists an cpen set U of

X with U%.6, suchthat B=UnyY .

{19 Since H‘# X, 'H 1s finite and then B must be finite.’

(11) Y;B=YJ(UhY%=(YuU)n(Y—Y)='Y—U=_YnUcL Shm;—

U## and U° # X, then U®. is finite, so Y-B is
B A
finite. - \\

(1) and (11) dimply Y iE finite. Thils contradiction

shows Y 1s connected.
i ~

L ' Now, we are golng to prove that X 1is hiding c—conngpted.

Let A - be any uncountable subset of X such that Avu{x} is

—~

connedted, for some- xe¢ X. Take an arbltrary countable'infi;ite

]
’
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i

subset C in A. Then, Cu{x} 4s an infinite subset of X

. [+
and"ls congected. Hence, X .1s hiding o-connected. o

Corollarny Every frozen set in a finite complement topological \

‘spacg is closedt

It is not the case that a countable comblement topologilcal

v

- space 1s hiding g-connected.,’ Moféover, such a space'doeérnot

satisfy the conditidns_of.theoremé‘lo, 11 and 13. However, ome

‘can still obtain‘similar results for such a space.

THEOREM 17 A countable complement topologicallspace X 1is not
hiding o-connected. (We assume that the underlying set is un-

céuntable,,otherwise it 1s discrete).

Proof ' Let A be an uncountable subset of X and x¢A .

Then Au {x} is also uncountable and is connected. In fact,
we can prove that each uncountable subspt of X is_connected’
in the same way as in Theorem 16. On’thé other hand, every -

countable subset Y which contalns at least two distinet points

‘yl, Y, eof X 1s not connected. Indeed, there exist two open

sets .U,QV ;n X, whe?e1/}A§H‘= {yl} and X~V =Y - {yl},
such-that:
(1) YecUuV. in faet, for every ‘yeY , . ‘\
(8) .if y # yl', then y' e U . ) .
(B) 1f y # ¥y s -tﬁeh je Ycu{yl}= (Yn{yf'c)c = (Y-{yf C=v
(11) UnVeX-Y. . In facﬁ, X-(UaV) = (X-Wv (X=-V) =

{yl}u (Y - {yli)"= Y; since y,;e¢Y and so UnV =X-Y .
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(111) yQEU —=> Y n U # @F. In fact, Yl # Yo m>'y2..€U.
(1v) yleV>Y nV#EZ.

Thus, for any non-empty countgblg subset C of A, Cu {x}

ontalns at least two distinct points in X . Hence, Cu{x} is

connected. This shows that X is not hiding o—goeiected.

ion 7 I’t. X be a topologlcal space. If each coun-

table subset of X 1s closed, then X 1is sald to be o-closed.

We ;ee'immediately from this definition that X must be ¢

.. L
The converse ig'obviously not true, since the real

Nevertheless, the discreté'topological space and the céuntable
complement topological space supply us exampleé of that defini-
tlon. It is easily seen that being o-closed is,hereditéry.
.Thi; will be used in the following'ﬁheorem.

THEOREM 18 If X is a cfcloéed topological space, then X

is second frozen.

—-—

Proof Let A be a non-empty almost connected subset of X

and x e 1A. Then there e ists 2 countable subset ¢ of X,
such that xe¢C and AuC 1s connected. Then Y = AuC is

also connected. e

Suppose that x¢A and let D=Y -A. Then DnA =@
and D= (AuC) -A=C -4 is countable, so D 1s closed
in Y. Since xeD and A# g, D#@P and A # . Thus

-

“§¢ = TuD, that 1s, Y 1s a unlon of two non-empty disjoint

™
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A
¢losed subsets of Y ,'and"'so Y is not connected. Thils contra-

dfction .shows that .9A = A

D. The relations between the operator 31 and continuous functions

L

Let X, Y be two topological spaces, f:X + Y a continuous

mapping and AcX .  One may ask if\ f(34) = Af(A). OFf courée,
when A 1s 'not non-émp_ty and almost conr.lectedhin X, the answ.ei'

1s "no" . In fact, the equallty does not I}o’ld_, even when X

and Y are'-second\frt"é"n spaces and A 1s non-empty and almost

connected. Howeverh in general, we have that, f£(IA) <3f(A).

~—
S ‘ b : :
THEOREM 19 _ Let X, Y be two topological spaces and let f be

a continuous function from X to Y. Then we have f(3A) <

C Ir(A), for every subset A of X.
s . ‘
L

i Proof . : -

1

(1) If X =g or A is not almost connected, then A =g

-

We have f(@3A) = £(8) = #<c3if(Ar).

i

(ii') If A 1s almost conneéted, then 1A-# 8, since X'#'Q-.
For every ye f(1A), there exists x ¢ 1A, such that y = £(x).
Thus, there exists a countable supset C of AX,. such that xeC
and AuC 1is connected in Y. Since f£(A)uf(C) = £(AuC) is
co;mected in ¥ and .f(C) ig countable, f(C) e‘éf(“ . Hence
y & £(x) e £(C)c1£(A). 1l.e. yeIF(A). We have, f£(IA) cif(A).

’ ~ In the above theorem, the contiriuity of f 1s necessary.

Indeed, 1f we consfder f: R+R , defined by,




31

[ ] —.,\.'
. h . 4
(1, Af x 50 b d
f(x) = Con ‘
0, if x < 0

“
-

and take (A = [-1,1], a“on-empty almost connected subsgt of

R ,-then

£(IA) & {-1,1} ¢ & = 1£(4)

On the other hand, f(IA) need not equal 13f(A), evegb_

if f 1s continuous and A 1s non-empty and almost conne&@edu

For example, let 'f: R + R . be defined by f(x) = tan ix,

for every x¢ R . Take A = R , then

A
£(38) = FAR) = £(R) = (- 3, 3) . . _
’ _ . - T My - T T
a(f(A))_qf(m) —q(_'z',g')—[-é',zj
Thus, f£(14) # If(A) . : V/
Conollany If £f:X+ Y 1s continuous and Y 1is first frozen, '
then we have 3If(A)y = Af(JA), for each non-empty almost connected
subset A in X . - ™
Proof Since A 1s non-empty and almost connected, 1A 1is

non-empty and almost connected and f(3A) 1is non-empty and
almost connected. On the other hand, since A #'@ , f(A) ¥ @
and then 3Jf(A) 1s connected. By Theorem 7 and Theorem 19, we
have

£(IA) cAL(A) => If(AA) <33F£(A) = 3f(A), since Y 1is first
1

e

frozen, #

On the 6ther hand, ‘f(A) # ﬂ' and f{34) is almost con-

nected.

By Téiorem 7 again, we have 3If(A) ¢ Af(34).

~/
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». Imitating Theorem 19, can we say that 3f +(B)c £ +(3B),

for every B cY ? First, consider the example of the function
f: R+R, where |
0, 1if xe(—m-, 0)
f(x) = x , 1f xe[,1]

1, if xe (1, + =)

L

Then . £ is continuous, Take B = (0,1)u {2}, then f-l(B) =

{0,1) and hence ‘lf_l(B) ='[0,1].‘_ On the other hand, 3B = @,
and hence £ -(I1B) = #. Thus 1£71(B) = [0,11¢#8 = £73(IB).

However, Theorem 20 will answer this ques(ﬁion.

THEOREM 20 Let X,Y be two.topologlcal
a surjective and contlnuous fl_mctiéﬁ ‘from Then we

have "1f-_l(B) c f—l('-'lB) , for every subset

ticular, if f_l(B) is almost connect-ed in then .so

in Y .
§ .
Proof If X =g, the result 1s trlvial. We may assume that
X#£8.
Y .
(1) If f"l(B)' is not. almost connected, then "-lf'l(B) = @
£71@m). '

(11) Ir £~1(B) 1s -almost connected, then 1) # 4, since -

X#0. .

FQr every Xce Qf_l(B), there exlsts a countable subset C

of X, such that xeC and Cu £~1(B) " is connected. Since

f

is surject_:\tve, f(Cuf‘l(B)) = £(C) u'f(f_l(B)) = f(C) uB. Since

. f 1s continuous, f(C)‘uB ls connected. Also, B 1s almost
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connected and f(C)eﬁ@B s since f(c) 1is countable. Thus
£(C)<1iB .and XeC ==> f(xX)e £(C)<iB _—> X e f”l(ﬂB). Hence, -
Ity cr7t@aB). '

In the above theorem, the continﬁity of f 1s necessary.
! . t .
As a counter-example, conslider f.:[0,3] -+ [0,1], where [0,3]

and [0,1] are subspaces of R, and

. x, if xe[0,1]"
| f(x)=J0, 1f xell,2]

0
l, -1r - K€(2:3]

Then f 41s surjective but not continuous. Take B = {1}, then
f-l(B) = (2,3] and hence ?f-l(B)‘= [2,3]. On the other hand,
1B = {1} and hence £ L(iB) = (2,3]. Thus 3f 1(B) ¢ £ 1(3IB).

1t71(B) need not equal £ }(AB), even if f. is surjec-

- tive and contlnuous and B 1s non-empty and.almost connected.

For example, let X be the discrete topological space of all
real numbers and f: X +]ﬁ be the -1dentity function. Take

B = [0,1] «R, then 3IB = [0,1] = B and +71(B) = B . Then
1£71(B) = 3B'= 1[0;T] in X and so 3£7H(B) = #, since [0,1]
is not almdst connected in X . Thus f"l??Bi_;ng_l(B) = [0,1]
¢ 8 =3c7Hm) .

Nevertheless, 1f X and ¥ are second frozen and f: XY
'1s only continuous, then we also have 1r~1(B) « f_l(iB), for
each subset B "of Y where both ﬁ and f_l(B) are non-empty
aﬁ@ almost connected. In fact, we obtain Hf_l(B) = 7 1(B) <
f—l(ﬁ).= f_l(iB). In this remark, if f—l(B) is almost connected

in X, Eggn so also is B in Y, but the converse is clearly
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not true, even if f 1s continuous and surjective. For example,

L
I
i
ol
:
‘.i
%
.2
¥

consider the function f:X + Y, where X = [-1,1] and Y=1{0,1]

are sdbspacés of R, such that f(x) = |x}, for.-all xe[-1,1].

N i e WTAC A

Take B = {1}; then B 1is non-empty and almost connected in Y,

but- f_l(B) = {-1,1} 4s not almost connected in X .

Conoflary Let f:X + Y be surjective and continuous, and Y
be. first frozen. Then we have, 1B = if(?f’l(B)),' for each sub-
set B of Y, such that bofh B and £~1(B) are non4empﬁy

and almost connected.

proof  Since 3£ N(B) « £M(IB), for every subset B of Y, .

and £ 1is surjective we have f(Af L(B)) e r(f"1(iB)) = IB.

Since f_l(B). is non-empty and almost connected, so 1s ?f’l(B).
Also, since f 1s cohtinuous, f(ﬁf-lﬁB))'.is nonhempﬁy énd %
almost cbnnectéd. "B # ¢ implies that 3B 1is almost connected. ‘f
We have f(ﬂf‘l(B)) c 1B => 1£(Ar H(B)) & 13B - 3B , sinqel\Y

is first ffozeh. On the other hand, the!almoét‘connectedness

or £-1(B) implies that £ 1(B) e 1£7H(B), so that B = £(£77(B))

c f(if_l(B)). Thus, B 1s n9n-émpty and f(if—l(B)) is almost
connected. Hence the result iB = if(qf_l(B))f follows. Now we

can say that 9B = qf(ﬂf'l(Bj). i

E. Some results on second frozen spaces; products of almost
connected subsets.

The real line and many other topologlcal spaces are gecond
frozen. - Some ideal results hold in such spaces. Recall that

the closure of an almost connected subset 1s almost connected.
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Thls conclusion will be shown to be stronger here; namely, the
.closure of an,almost connected subset A 1s connected in a

- 5 -

second frozen space. Indeed, 1f A = f , the result is trivial;

.Af A =9 , then A =9A 1s connected.

The following result can be éasily obtalned from‘properties
of closure: In a 'seconcli frozen space X, let Ai :1=1,...,n

be a finite family of non;empty almost connected subsets of X.

n
A

n n
If 4y, Ay 1s almos:t connected, then 1,Y; Ay = U,

1A

An additionai re%ul‘t\follows. Let A Dbe a subset of a
,topolog;cal space X, én Y be a subspace of X containing
3A . Then the frozen set ‘lYA of A in‘ Y colncides with
1A, d.e., iyA =3A. -Also, if ,‘A is almost connected in X,
the.n «A 18 almost connected in Y . 1In fact, if A# 1s not

almost connected in -X , then A 1s not almost connec;t:ed in Y.

_Hence 3yA =g =1A.- If A 1is almost connected in X, then

for every xe¢31A, there exists a countable subset C 1in 3JA ¢ Y,

such that xeC and AuC 1s connected in Y, 20 xe¢ :lYA’ i.e.,
:I.A‘c "IYA . To prove ’i'YAY ¢ 34 1s trivial. Now, let A be a
subset of a second frozen space X, and Y be a clo‘sed almost
connected gubspace of X. If AnY # @8, then we have "'lY(A nY)
= ’i(_A@Y). » I'[n fact, A(AnY) e Y. Furthermore, if - A 1s also
‘almost connected, tﬁen A(AnY)ciAnY. - |

As- for the relation between the frozen set of a product of
non-empty subsets in a topologilcal space and the product of the

frozen sets of those s'l'.lbsets, we have the following theorem to
' ol

describe it. - /
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THEOREM 21 Let {Xi :1eI} be a family of topological "spaces,

-

and Ai be non-empty subsets.of X for every 1e¢I. Then

i,
1,1 A, ¢ HI 1Ai

1leI 4 le —
.3 4n I

Proof IT iIeII Ai is not almost connect?ed in 1eT Xi > tlTaen

)| = n ’ T

ter By TP © ger T84 \\fﬁ

| It
Ir I A(I 1s almost connected ™ in geT X, and
I . I

X e :IieI Ai ,- then there exlsts a countable subset C in 16T Xi s

such that xe¢C and - 1{:11 'Ai uC 1s connected, for every 1ie¢I,

%
-

we have,,

. ~ 1 .
xeC ==> x(1) ¢ pi(C), ‘where pi(C) #s the i-th projection.

| 1 - p (T ey =
Consider that pi(ieI AiuC) pi‘ieI Ai) upi(C) Aiupi(c).
Since Py is continuous, Aiupi(c) .1is connected. . C 1s coun-
table implies that pi(C) 1s also countable. Thus x(1) e’lAi ,

for eyery 1e¢I, 1.e. XE:LEI ’lAi .

Conollary Let {Xi : 1 eI} be a famlly of second frozen spaces,

.and Ai be a non-empty subsgt of Xi , for every 1e¢Ij; then

%

(11) _.if iEI A; 1s almost connected, then qigI Ay = 40 A, =

T &, =, 0. A&
B

(1) 1f there exlsts some Ay which is not almost connected,
0 e

eI, then 3 1_ A A, = 0 .

. oo
for some 1 1e1 M jeI i

0

~ 1eI "1 T 1eI 1 °

Proof
(1) It is trivial.

(11) Since iIeII A:L is non-empty and almost connected,

;
i
;
!
‘
:
‘
K

P

— e
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then Ai is non—empty and almost connected in Xi, for every

; 1¢I. Then, by Theorem 23, 1EI iAi = igI Ai = igI Aiczﬁigl Ai
il c :lAi . e .
2 T i .

In the above, we have said that if igi Ai is non-empty
. and almost connected in the product space igI X; with the

s hypothesis of that corollary, then we get the nice result that
.= It ‘ ; " .
qigl Ai 113 iAi » However, the problem arises to determine

) ' I
under what condltions 1eT ﬁi 13 almost connected in 1eT Xi?

This problem does not appear to be difficult, but in fact, it

e at bt St o i adhnse DS,

1s far from easy. In the previous chapter, we briefly talked
about the product of finf%gly many almost cconnected subsets.

With the concept of being second frozen, we seek further in-

—*

formation about this problem.

THEORHAZZI Leﬁ Al,A2 be two almost connected subsets with
all components bqing bpen in gecond frozen spaces Xl,X2 res-
pectively. (That 'is,‘-Al,Az are two open,‘ locally connected
and almost connected subsets of Xl,X2 respectively). Then

v

Al x A2 is almost connected in X. x X

1 2

Proof We mayﬁaésume‘that Al,A2 are non—émpty‘and that at

o

‘ least one of Al and A2 1s not connected. Let Cl,C2 be

i two non-empty countable subsets in xl,x2 respectively, such

that Al u Cl and A2 ] C2 are connected. Specify that if

Ai is connected, then we take ¢, < Ai . Of course, the other

1

C

TS

J -
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. .
We are golng to prove that Y = (Al x A2) u (Cl x CE) 1s
connected. Suppose on the contrary that Y i1s not connected.
Then there exist two non-empty disjoint closed subsets M, N

of ¥, such that Y = M u N.

Take arbitrary components Bl in Ai and 'B2 in A2

Then B, x B, ¢ M or B, x B, ¢ N. Otherwise,

1l 2 1 2
M n (Bl x B,) 1s non-empty'and closed in B, x B, .
N n (B x B ) 1s non-empty and closed in B1 x B, and '

(M n (B. 1 *Bp)) u.(Na (By xB,)) = (MuN)n(BIXBE) -Y'n_(leBZ) =

B

X Thus, ~.B1 X B2 1s not connected. This 1s ‘a contra=s .

1 By -

dietion which shc;ws that Bl x B2 must be entirely cohtained in

elther M or N )

.

Since®s X,,X, are second frozen and A,,A, are almost
connected in Xl,}{2

and p,eC, => p,c 4, = 32 . Hence, p = (I:Ji,pz)eclxc2

respectively, pqyeCy ==> p, edA; = El

===>'peA1><A2=A1XA2. l.e. Clxc2cAle2. Let

’ Mo = {B, xBycM: B, 1s a component in A
component 1in .A2},

1 @nd B," is a

-

\ AN - {BBXBHCN : By 1s a component in A and By is a

component in A2}.

Thendﬂ: and u'o are non-empty. Otherwlse, we may assume that

NeC thus A, xA,<M . Then we get NecC, xC,chA. x A

1% Cas 1% A2 1% Ca By xRy

¢ MnY =M, since Mis closed in Y. But this is impossible.
*

Let M™ = BlngedfaBl x B, e X; * X, and

*

. N ='Bngu€J’B3 xBu c Xl X X2, then
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g#M* cM and £ #N' cN. Onthe other hand, M*, N*cA, xA,.
It will be useful to show that X x&, = M*uN* . In fact,

(al,a2) € Al % A2 = (al,az) € Bal x Baz; for some component Bal ’ l

in Al and Ba2 in A2
—> (aj,a,) ¢ ‘M* u N*,

\Thus, A; x A\ M* u N* => 4

'_l

X
=
m .

(]
=
*

L=y
=
*

x

=]
I

-

Now, M¥cM —> MFnY c Mn¥ = M. Similarly, N¥nYcN. Since

M
MAaN#Z@ , M a N¥nY =g .

On the other hand, by assumptilon, A‘ and A2 are non-.

1
empty, so Ale2 = Alvx A2 = Al‘x A2 is »connect.ed. Therefore,

MFaN* # @, since M* and N* are non-empty closed subsets

T x A = MX Nx
in Ale2 M* u N¥*.

We are going to prove that: M¥ o N*nY # #. Since C1» C,
‘are non-empty, we claim that (C;%C,) n (M* n N*) # g . Let
Z = (Alu Cl) X (AE UC2), then Z c -‘fAlX':lAe = AJ.XAQ = ‘
M y N¥. ¥M* n 2 1is closed in % and sc is N¥nZ . Also,

=2

Z=(Mn2Z)u (N nZ). Since Z 1is connected, then there exlsts
some q = '(ql,qe) eM* nN*¥ n Z. But q¢ Ay xA,, as otherwise,

ge¥Y implies M*¥nN¥nY # ﬂ-,' which completes the proof. - Hence,
* * - A
qe (M¥ n N*n 2Z) (alez) _
=—>qgel ~ (A * Ap) = [(Alucl)x (Aaqca)] - (A1XA2)

> qlecl-Al and qeeAeucz, or qleAluC and

1
q2502-A2o . :




o
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A First, wef gssume that qq € Cl - Al c Cl and qy € A2 1] 02 . ]
If Qe C,, then q. = (ql,q2) eCyxCy, i.e., (le % C2)n(bq* aN*)# 49,
which completes the proof. If a5 ¢ 02, then there exists a com-

‘\ ponent 132 in ‘Az, gpch that q2eB2~cA2. We cl;aim that
" {qy} x By « ¥ oW | .

For every (qliE;) € {ql} x B, and any baslc open set U. xU

1Y
in X xX, which contains (q;,b), then U} 1s open in X

1

and contalns q; - Conslder the basic open set U XB2 which

1

contains . q = (ql,qe). Since qeM* n N*¥, then there exist

(ml’m2)€M* and (nl,nZ)'e N*, such that (ml,m2), (nl,p2) €
* - — .

Ul * B, . Thus, (ml,mz) e M* n (Ul x B2') >m e Bl n Ul‘c B:l 5, for

k some component B, in A, an‘d' my€B,. Also (n,n,) ¢ N* o

- (U xBy) ==> nleB:_,’nUl'cB3 , for some B3 izjl Ay, and n,eB,.

: (my,my) € M¥. —=> (m;,m,) -B;xBye .
(ni,ng)eN* = (nl,ne) B3xB2e .

Hence, {m}x B, cB, xB,, {nl}xB cB, x B

1x 2 © B3 2°
hand, (ml,b)eleU2 and (n15b)EU1xU2' Also, (ml,b)'e

On the other

By * B, e M and C'nl,b) €ByxBye N¥. Thus, there is a net in

3

M* which converges to (q;,b) and a net in N* which converges

to (q;,b). These imply that (q,,b) e M* n N¥ , that 1s,

c M* n N*

{ql}x B, . .

PALAst af Seraatches £y N

A =B3.

/ - If A, 1s connected, by specification, then C,c 5
Take an arbitrary ceC,; then (g .c¢) e'{ql} x B, cM¥ n N*¥ and

ALLINEL T

so (Cl x Cy) N (M nN*) # . The proof 1s complete again.

| i PRt
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'space i.ﬁl Xi .

If A, 1s not connected, we observe that B, n (A, v C,) #
_B2-. Otherwise, 52 1s a closed and open prope}- subset in
AyuC,, since Cot A, . .:[t i1s impossible. Take | o
bye [Byn (A, 02)3‘- By 5 then b,¢a,. Otherwise, By e B,
{bz} c§2 => B, v {b2} 18 connected ==> B, 1s not a component

u

% .
of A2 . Thus, b2 ¢A2 and b2 € A2_u 02 F==3 b2 € C2. Therefore,

B M* o §%
(a3505) € (€ xCy)n ({a,} % B,).  Since {a,} xB, c M W

5 » We have

{ql}xﬁzc{qlfxBeanﬁF. Thus, (Clxca)n(Wnﬁ?)#ﬂ.

Second, 1if dy € Al u Cl and q, € 02 - A2, then we can
simllarly prove the same result. In thls case, we need ali

components of Al to be open in X

1° _
Corollary Let {Xy:41=1,...,n} be a finite family of
second frozen spaces and let Ai be an .almost connected subset

of Xi with all components open in Xi s for 1 = 1, ...,n.

n .
‘Then the product set 10 Ay 1s almost connected 'in the product

’

Proof By induction.

4
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. CHAPTER III

AN EXTENSION OF CONNECTEDNESS

So' far we have :seen many results assoclated with the con-
cept of almost connectedness.’ Let us now copsider the relation
of thls concept wWith other notilons of connectedness. The fol-
lowing statements are not difficult to oﬁtain An.almost con-
nected subset need not be totally disconnected, tota dy path-
wlse disconnected locally ponnected or locally pathwise con-

nected and vice versa,_in each case. In additlon, a pathwise

b= .
.connected subset 1s connected and hence 1is almost connected

(see page 51).

To go from the concept of being almost connected to the

concept of being connected, is ‘necessary to conslder an ap-

propriaté countable .subset along with the almost connected sub-

set. In a similar way we can extend many other concepts in y
¢

mathematics. In the theory of topology itself, we can intro-

duce concepts such as almost normaf almost compact, ... etec.

‘We do not intend to 1nvestigate all such concepts here. How-

. ever, we will study those which are relative to connectedness.

Definition & Let X be a topological space and AcX. If éi
there exists a countable subset ¢ of X, such that AvuC’

is l6cally connected ¥ X . Then A 1is said tb 'pe almost
locaily conneéted in X (or A ks called an almost locally -

connected subset/subspace of X.)

—~
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Notioﬁs of almost pathwise connected and almost locally

paﬁhwise connected can he similarly.defined.

A topological spacé X 1s almost connected in itself {or
almest locally connected, almost pathwise connected, almost
locally pathwise\Eonnected).iff X 1s connected (or‘lqcally
connected, pathwise connected, locally pathwise connécted),
for the countable set € 1in such definitlons are In X . ‘

Accordingly, it 1s quite clear that the following statements
hold:

(1) A locally.connected‘suﬁset 1s almost locally connected.

{(i1) A pathwise conneeted subset 1s almost patﬁwise connected.

(111) A locally pathwlse connected subset is almost locally '_
pathwlse connected. *

(1v) The irfational subset P of R provides a éounter ex-
ample to show that the converses of (1), (11) and (ii1)
are not true. P 1is not.conneAtedg not locally‘connectéd
and not locally pathwise connected..

(v) An almost locally pathwise connected subset 1s almost
locally connected. The converse 1s not true, for the
-countable complement topologilcal spaée is a counter - ' ~
example. 4 -

(vi) An almost loecally péthwise conneétéd,subset hense also almost
loCally‘connected, need not be almost connected and so

need not be almost pathwise connected. A couqter example

is the subset” U = (0,1)wu (2,3) of. R,.



.

Ly
(vii) An almogt-pathwise connected subsgt and then an almost
k connected subset need not be almost loéélly connected

and then‘need not be almost locally pathwlse connected.
A well knowﬁ counter example, the closed infinite broom
can be used here. Let X = B be the subspace of the
metric space (JR2, d), where B is_-t‘he union of the
family of closed liné segments joining the point (0,0)
to the points (1f0) and (l,.l/n),,n';‘1,2,3,...

- Consider B .c X . | ‘ ) 4)

(viii) An almost pathwise connected subset is a&most connected,

but the converse is not true. As a counter example we

]

. oi;&’“ - '
may consider the topologisfé‘sine curve. Let X = E =

E1L1E2 be the'subspace of (]R2, d), where El =
‘ {(0,1): -1 sy £1} and E, = {QX,Y) :0 < xs51,

y = sin 1/x}. Then consider E;:xl .
We ﬁave defined the 1dea of being aimost locally connected.
Interestingly, we can also deflne the distinct concept of being
locally almost connected. ‘In order to avold confusidn, wé shall
refer to the latter as being La-connected. Moreover, we can
introduce the concepf ;f being almost La-cgonnected (i.e. almost
locally almost connected.) In fact, we can also have the con-
'cepts of being loca11y a1most locally connected, locally La-
éonnected, Locally almost La—connected_(or; briefly, (La)z—con-
nected), ..., (La)n—connected etec. However, we do not ilntend

to discuss these.

L~
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Definition 9 Let X be a topological space and x¢X. The

subset N of X 1s called an almost connected nelghborhood
oA '
of - x in X, 1f N 1s a neighborhood of x and is almost

connected 1n X.

In a topologicél space- X, let Y be a subspace of X \\"J,j
and BecY. If B is almost connected in Y’, then BJ is al-
most connected in X. The subset B = Pa (O,l) cY¥Y=P in R
shows that the converse is not true. Unfortunately, a neigh—.'
borhood of some point in Y 1is not necessarlily a neighborhood
of that point in X, although the converse is true, It follows
that there 1s no law relating an almost connected neighborhood

of some point in a topological space and in a subspace. That

is,

(1) 4ir N‘ is an almost connected neighborhood of y in Y,

| then N need not be an almost connected nelghborhood of
y in X. For example, Pet Y = N = [0,1] din R; then
N 1s an almost connected neighborhood of 0 in Y, but

N 1s not a neighborhood of 0 1in RR.

- (11) 1if M 1is an almost connected nelghborhood of x in X,

then M need not be an almost connected neighborhood of
x In Y. For example, let Y = M = (0,2)uP in R, then
M 1s an almost connected neighhorhood of 1 in R . More-
over, M 1s not almost conneoted in Y, since M =Y is

not connected.

AN
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Definition 10 " Let X be a toiaological space and xeX. If

each neighborhood of x contains an almost connected nelghborhood

of x, then X 1is said to be locally almost connected {(or La-con-

-

_nected). | | oo T
A :

A subset A of X 1is sald to be La—conn'ect,ed in X, if

for every aceA > ¢€ach nelghborhood of a in A contains a

neighborhood X of a 1In A and K 1s almost connected in X .

As 1in Definition 8, a subset A of X 1s sald to be

™ almost La-connected in X, if there exists a countable subset

Y R e T —

C of X, such that AuC 1s La-connected in X

T

From the definition, we know that a topological space X

3 1s almost La-connected in itself iff X 4is La-connected. More-

s

over, an La-connected subset in \ms almost La-connected in X,
.i ‘ ¢
We can also ask 1f the converse is true. For example, Pc R

o b

is ‘almost La-connected and also La-connected in R .

THEOREM 23 ~ Let X be a topological space and A« X A 1s

almost La-connected in X iff A 1s La-connected in X.
Proof One side of the proof is trivial.

; Assume that A 1s almost La-conneéted in X, then there

s

exlsts a countable subset ¢ of X, such that AuC 1s La-

0 0
connected in()-(\;- For every ae¢A -and for every neighborhood
N of a in A, there exists a neighborhood M of a 1in
Au CO’ such that . N = MnA. Since Avu CO is ,La—connected inn

X, there exists a neighborhood V of a in AUCO, such that

1]

-
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VeM and V is almost connected in X. i1.e. there exists

a countable subset C, of X, such that VuC; 1is connected.

Let U =VaA, then-U 1is a nelghborhood of a 1in A,

UcV and U=VnAcMaA =N, Observe-that VeUuC In

0"
==> x¢UuC

fact, xeV => xeM=> xechAuvC, —> xe (AnV)uC

0 0 0°

Let 02 = C1 u (Van CO); then 02 is a countable subset of

X . Consider UuC2 =Uvu (‘Clu (VnC-O))‘ =uC1U (Uu (VnCO))

Cq v ((UuV)n (UUCO))\i_Cl.U (Va (UUCd))

- ‘ =CluV.

Hence, TUu 02 1s connected. 1.e. U 1is a neighborhood of a

in A which 1Is contained in N and is almost connected in X.
‘ p )

According to the theorem, being La-connected in X and
being élmost L'a—conrlected have the same meaning. We prefer to
select the former as representing the latter. Define A to be
a iocally La-connected subseét of a topological space X 1f for
every ae A and for every néighborhodd of a in A there exists
a neighborhood V or~a in A, such that V 1is La-connectéd in
X, i.e. V 1s almost La-connected in X . ‘Then we find that a

locally La-connected subse;t of X 1is equal to an (La)i—\iﬂnﬂected

subset of X. ' o : .

t
¢

THEOREM 24 If A 1s almost locally connected in a topologlcal

space X , then A 1s La-connected in X ..

proof Silnce A 1s almost locally connected, then there exists

a countable subset C of X, such that Y = AyC is locally

connected. :



For every xe¢ A and every'neighborhood N of x 1in A,

there,exists a néighborhood M of a inm Y, such that
‘N =MnA, and then there exists a connected neighborhocd L of

a in Y, such that Le<M. Let K =LnA, then K 1is a neigh-

borhood of a_fn A and L=LaY=(Laa)u(LnC) = Ku(LaC).

-

" .
Since C 1s countable, LnC 1s a countable subset of Y.

- Also, since L 1is connected, K 1s almost connected in Y and
/'~ nhence 1s almost connected in X . In other words, for every
Xeh, . a]h nelghborhood of x in A contalns a neighborhood

I

K of x 1n A and K 1s almost connected in X.

Because every open subset 1n ]R2 must contain at least a
" dise (in fact, it contains infinitely many discs), the closed
infinite broom informs us that an almost pathwlse connected sub-
! set and so an almost connected subset need not be La-connected.

Conversely, by Theorem 24, an La-connected subset in X ng;q;/

not be almost connected, almost pathwise connected nor even al-
' most locally pathwlse connected. Furthermore, it need>not be

almost locally connected. Thus, the converse of theorem 24 1s

not true. P

;; For example, let X . be an ghcountable_discrete topo{ggi— "
N ' CAI space and 1é; P be the irrational sﬁbset of RR. -Then~
N XxP 1s La-connected in the product space X xIR . In fact,
for every peint (x,p)eX x P and every neighborhocd N of
(x,6) 1In X x P, N must confainéva basic open set {xé& U

N of \X x P, such that (x,p)e {x} U. Obviously, {x}xU is
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almost connected in X x R, though - Xx P 1s not- almost locally
connected in X . In fact, for every countable subset C of

Xx R, C can at most meet qountably many copies‘of P . Thus
there exists ye X, ,Quch that \Ty£5;} is s8ti1ll not locally
connected. Take an arbltrary point. (y,p)e {yl x P; then

{y}xP 1is # neighborhood of (y,p) in X xR, but it contalns
no connécted neighﬁorhood of Ly,p) in X x R. Hence,

(X xR)uC 15 not locally connected. - .

On the other hand, an almos% locally pathwlse connected

subset 1s almost locally connected and hence 1s La-connqpted.
After defining éwlocally almost locally connected subset/sub-
space A .of a topologlical space X as folléws: for every

ae A, eyery neighborhobd of- a in A contains a neighborhood
L of ain A, such that L, 1is almost locally connected 1n
X, we get that A 1s 1ocaily La-connected, since L 1s La—‘

connected in X .

- Similarly, we can successively define an almost locally:
. ‘ _—e S
Pa-connected subset, a locally ... locally La-connected subset,
and so on in a topologlcal space. It 1is, however, clear
that an almost almost something-subset 1s almost that thing

in the same topological space.

Since we have several concepts ‘generalizing connectedness,
it is desirable to make a list of thelr relationéhip with each

other. In the 1ist we will use the symbols:
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_ (.111) R : real line

P o

ey T Ty e
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(1) — » means "implies".’

(11) - - = A - - b means "need not be (with the@gunter
example A)" - ' ‘
(iv) Q : space of rational numbers <R
P

v)

: space of 1rrational nun}bei'-s <R

B

(«ri) (0,1) v (2,3) ¢ R

(vii) : countable complement iopological space

(1x)
(x)

U
A
(vili) X : uncountable discrete topologlcal space
B : closed infinite br00m- (see page U44)
E

topologlst's sine curve (see page 1414)

L.

P
it
)

-
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- A LIST OF RELATIONS ABOUT THE SYSTEM OF CONNECTEDNESS

Connected

‘/
Locally connected
N A
N
|
i
]
. P
I
: .
Totally -9 ‘
" ,disconnected -
. 2 N1
1 - N /
rd
[ B s N
A
i g -
5 - ,U /
e g B
f’ .
v A, P d

Almost locally connected

R' “Totally
Apathw:.se
disconnected

I
i
{
|
P.
|
!
I
|
|
i
{
|
{

\ > \\\\
- - Y S 4

y Almost pathwise connected
YA

A ~
: LY | 7\ <« p.A
Almost Almost locally Locally
La-connected —pLa-connected - - - — 2 — — »pathwise' connected —4 pathwise
. connected
,'_‘w

R : real line,
numbers, U: (0,1)vu (2,3),
countable discrete space,
sine curve.

Q : space of rational numbers, P:

B : closed infinite broom,

space of irrational
Z : countable complement space, X : un-

E : topologist's
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INDEX

- Almost connected . « . ¢ o o .

Almost connected nelghborhood

Almost Ladgonnected . . . . .
Almost locally connected . . .

Almost locally La-connected .

Almost locally pathwise connected.

Almost pathwise connected . .

Closure organizatlon of a frozen

Component of an almost connected

Finitely almost connected .

First frozen topological space
Frosticky set . . «. « « 4 + o
Frozen et . « « « « « « « o &

Hiding c-connected topologilcal

Locally almost connected (La—conhected)

Locally almost La-connected (La)a—connected-.

(La)™-connected . . . . . . .

Locally almost Locally connected

Locally La-connected . + « . .
Second frozen topological space

o-closed topologilcal space .

g
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