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Abstract

This work aims to develop p-adic analogs of known results for classical periods, focusing
specifically on 1-motives. We establish an integration theory for 1-motives with good
reductions, which generalizes the Colmez-Fontaine-Messing p-adic integration for
abelian varieties with good reductions. We also compare the integration pairing with
other pairings such as those induced by crystalline theory. Additionally, we introduce a
formalism for periods and formulate p-adic period conjectures related to p-adic periods
arising from this integration pairing. Broadly, our p-adic period conjecture operates at
different depths, with each depth revealing distinct relations among the p-adic periods.
Notably, the classical period conjecture (Kontsevich-Zagier conjecture over Q) for
1-periods fits within our framework, and, according to the classical subgroup theorem
of Huber-Wüstholz for 1-motives, the conjecture for classical periods of 1-motives
holds true at depth 1. Finally, we identify three Q-structures arising from Q-rational
points of the formal p-divisible group associated with a 1-motive M with a good
reduction at p, and we prove p-adic period conjectures at depths 2 and 1, relative to
periods induced by the p-adic integration of M and these Q-structures. Our proof
involves a p-adic version of the subgroup theorem that we obtain for 1-motives with
good reductions.
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Résumé

Ce travail vise à développer des analogues p-adiques des résultats connus pour les
périodes classiques, en se concentrant spécifiquement sur les 1-motifs. Nous établissons
une théorie de l’intégration pour les 1-motifs avec bonne réduction, qui généralise
l’intégration p-adique de Colmez-Fontaine-Messing pour les variétés abéliennes avec
bonne réduction. Nous comparons également cette intégration avec d’autres intégra-
tions, telless que celles induites par la théorie cristalline. De plus, nous introduisons un
formalisme pour les périodes et formulons des conjectures sur les périodes p-adiques
liées aux périodes p-adiques provenant de ce couplement d’intégration. De manière
générale, notre conjecture sur les périodes p-adiques opère à différents niveaux de pro-
fondeur, chaque profondeur révélant des relations distinctes entre les périodes p-adiques.
Notamment, la conjecture des périodes classiques (conjecture de Kontsevich-Zagier
sur Q) pour les 1-périodes apparaît comme un cas particulier dans notre cadre, où il
est connu que la conjecture des périodes est vérifiée au niveau 1, comme le montre
le théorème classique de sous-groupe de Huber-Wüstholz pour les 1-motifs. Enfin,
nous identifions trois Q-structures provenant des points Q-rationnels du groupe formel
p-divisible associé à un 1-motif M avec bonne réduction en p, et nous prouvons les
conjectures sur les périodes p-adiques aux profondeurs 2 et 1, en relation avec les
périodes induites par l’intégration p-adique de M et ces Q-structures. Notre preuve
implique une version p-adique du théorème du sous-groupe que nous obtenons pour
les 1-motifs avec bonne réduction.
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Nor you nor I can read the etern decree,
To that enigma we can find no key;

You and I talk only this side of the veil;
But, if that veil be lifted, neither you nor I will remain.

—Khayyam, Omar. Rubaiyat of Omar Khayyam.
Translated by Edward FitzGerald, edited version
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Introduction

The integration pairing, by Stoke’s theorem, induces a pairing

Hsing
n (Xan,Q)× Hn

dR(X)→ C, (σ, ω) ↦→
∫︂
σ
ω

where X is a smooth variety over K ⊆ C and Xan is the analytification of X. The
above pairing is called a (classical2) period pairing. A classical period of X is a
complex number in the image of this pairing. The classical period pairing is perfect
(by the Grothendieck-Deligne’s theorem), i.e., after extending the scalars to C, we
have a functorial isomorphism

Hn
sing(X,Q)⊗Q C ∼= Hn

dR(X)⊗KC.

We have two types of obvious relations among these periods:

1. Bilinearity:∫︂
a1σ1+a2σ2

b1ω1 + b2ω2 = a1b1

∫︂
σ1
ω1 + a1b2

∫︂
σ1
ω2 + a2b1

∫︂
σ2
ω1 + a2b2

∫︂
σ2
ω2

for any σ1, σ2 ∈ Hn
sing(X,Q), ω1, ω2 ∈ Hn

dR(X), a1, a2 ∈ Q, and b1, b2 ∈ K.

2. Functoriality:
∫︂
f∗σ

ω =
∫︂
σ
f ∗ω for any morphism f : X → Y , where ω ∈ Hn

dR(Y)
and σ ∈ Hn

sing(X,Q).

The classical period conjecture states that there are no relations among periods except
those induced by bilinearity and functoriality.

The transcendence properties of periods make it natural to ask questions about
linear and algebraic relations among them. The study of linear relations of periods
was originally formulated in [KZ01] and [Kon99] which is a special case of algebraic
relations among these periods. Periods are given a cohomological interpretation and

2We use the term "classical" to distinguish these periods from p-adic periods, which are the main
focus of this research.
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INTRODUCTION ix

all relations among them should be induced by relations between motives. This idea
was initiated in [Gro66] to study period algebras. A neutral Tannakian category is
required to construct the period algebras. In this framework, the period conjecture
for a full abelian rigid tensor subcategory generated by a motive M is equivalent
to Grothendieck’s period conjecture which states that, the transcendental degree
of the period algebra of M is equal to the dimension of the motivic Galois group
G(M). Grothendieck did not publish his conjecture himself. For the history and
the formulation of the conjecture, see [And04] and [And17]. For further details on
equivalent constructions of classical periods and the conjecture in the context of
Nori motives, we refer the reader to [HMS17] or [Hub20]. In the general case, the
Grothendieck’s period conjecture is widely open, however, the linear space of periods
and the relations among them are now better known for certain cases specifically in
the category of 1-motives.

A Deligne 1-motive (Definition 2.1.1) over a field K is a two-term complex
M = [L→ G] of group schemes over K, where L is a lattice and G is a semi-abelian
group, i.e., an extension of an abelian scheme A by a torus T . A 1-motive M over a
subfield K ⊂ C is equipped with the singular realization functor Tsing(M) and the de
Rham realization functor TdR(M) yielding a comparison isomorphism

Tsing(M)⊗Z C ∼= TdR(M)⊗K C.

Let TQ
sing(M) := Tsing(M)⊗Z Q. One can write the pairing

TQ
sing(M)× TdR

∨(M)→ C (0.0.1)

induced by the above isomorphism which indeed arises from integration of 1-forms. A
classical period of M is a complex number which lies in the image of the above pairing.
Huber and Wüstholz in [HW22] showed that all relations among classical periods of
1-motives over Q are induced by bilinearity and functoriality. One of the main tools
in their proof was the use of the celebrated analytic subgroup theorem ([Wus89]).

What about p-adic analogues of this tale?

This research is mainly motivated by this question. The first step towards addressing
this question is to find a suitable perfect pairing in the p-adic setting, known as the
p-adic integration pairing. For a 1-motive M with a good reduction over a p-adic local
field K, we develop a p-adic integration theory which generalizes Colmez’s construction
of p-adic integration for abelian varieties with good reductions ([Col92]).
Theorem 0.1 (Theorem 3.3.4). There exists a pairing∫︂ ϖ

: Tp(M)× TdR
∨(M)→ B2

which is bilinear, perfect, and Galois-equivariant in the first argument. Moreover, it
respects the Hodge filtration.
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In the above, M = [L→ G] is a 1-motive with a good reduction over the p-adic
local field K, and Tp(M) is the Tate module of M . Moreover, B2 := B+

dR /t
2 B+

dR,
where B+

dR is the de Rham local ring with a uniformizer t and the residue field Cp.
The map Tp(M)→ TdR(M)⊗K B2 corresponding to the pairing above is denoted by
ϖM . As part of our work to develop a p-adic integration pairing for 1-motives with
good reductions, we also introduce the following pairing:∫︂ φ

: Tp(M)× coLie(G)→ Cp(1).

This pairing is induced by the map φM : Tp(M)→ Lie(G)⊗K Cp(1), which coincides
with Fontaine’s map ([Fon82a]) when M = [0 → A] is an abelian variety. We still
refer to the map φM as Fontaine’s map and the pairing

∫︂ φ

as Fontaine’s pairing for
the 1-motive M . Fontaine’s map φM : Tp(M)→ coLie(G)⊗ Cp(1) is surjective when
tensored with Cp, though the resulting map has a large kernel. Without tensoring
the Fontaine’s map φM and the integration map ϖM with Cp and B2, we propose
Theorems 3.3.2 and 3.3.3 to describe their kernels.

We call an element in B2 a Fontaine-Messing period of M if it lies in the image of∫︂ ϖ

: (Tp(M)⊗Zp B2)× (TdR
∨(M)⊗K B2)→ B2 .

Note that we have bilinearity and functoriality relations among the Fontaine-Messing
periods of M . Comparing to the archimedean setting where natural Q-structures exist
on both sides of the comparison isomorphism

TQ
sing(M)⊗Q C ∼= TdR(M)⊗K C,

it is natural to ask the following question:
Question. Are there non-trivial natural Q-structures F (M) ⊂ Tp(M) ⊗Zp B2

and G(M) ⊂ TdR
∨(M) ⊗K B2 such that all relations among the Fontaine-Messing

periods of M relative to (F,G) are induced by bilinearity and functoriality? If there
are any additional relations beyond bilinearity and functoriality, what are they?

Here, a Fontaine-Messing period of M relative to (F,G) is a Fontaine-Messing
period of M which is in the image of∫︂ ϖ

⃓⃓⃓⃓
F (M)×G(M)

: F (M)×G(M)→ B2 .

When M is a 1-motive over a number field K, a natural choice for G(M) is to take
elements from TdR

∨(MQ). The main challenge is to find a suitable choice for F (M)
such that the Fontaine-Messing periods of M relative to (F,G) capture some arithmetic
information of M .
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To address this problem, in Chapter 4, we first introduce a formalism of periods
for an abelian category, which allows us to define and formulate the concept of period
spaces and period conjectures in the p-adic setting. Roughly speaking, for a pairing
H, an H-period is a number arising from the pairing H. We define the formal space
of periods at depth i (Definition 4.1.7), along with a period conjecture at depth i
(Definition 4.1.10), inspired by [Hör21]. Each depth reveals a different level of relations
among H-periods, and the validity of the period conjecture at depth 1 implies that
all relations among H-periods are induced by bilinearity and functoriality. This
framework also recovers the classical periods. In the case of 1-motives over Q with H
defined by the integration pairing (0.0.1), it is known, according to [HW22], that all
relations among classical periods are induced by bilinearity and functoriality. Thus,
in our setting, this means that the period conjecture holds at depth 1 for the classical
periods of 1-motives over Q.

Now that we have a suitable formalism of periods and a p-adic integration pairing
for 1-motives, the main challenge is to find the Q-structure F (M). We identify three
Q-structures: hp(M), Hφ

p (M), and Hϖ
p (M). Broadly speaking, hp(M) arises from the

image of the logarithm map over Q-rational points of the formal p-divisible group
associated with M (Definition 3.6.3), and the other two Q-structures, Hφ

p (M) and
Hϖ

p (M), are induced by pull-backs of hp(M) via the diagrams induced by Fontaine’s
map φM and the p-adic integration map ϖM (Definition 4.2.1 and Definition 4.2.3).
Inspired by [BK07], we provide different descriptions of elements in hp(M) using the
notion of exp-map for Dieudonné modules in Section 3.4. In addition, we offer an
interpretation of these elements from the perspective of p-adic Galois representations
(Theorem 3.6.7).

Finally, we define three pairings
∫︂ hp

,
∫︂ Hφ

p
, and

∫︂ Hϖ
p

, obtained by restricting the
p-adic integration pairing to these Q-structures3 (Definition 4.2.10). We then prove
the period conjectures at depths 1, 2, and 2 for these pairings, respectively, for the
category of 1-motives over a number field K with good reductions at p (Theorem 4.3.8,
Theorem 4.3.9). We can summarize these results as follows:

Theorem 0.2 (Theorem 4.3.8 and Theorem 4.3.9). Let M = [L→ G] be a 1-motive
over a number field K with a good reduction at p and Ku denote the algebraic extension
of K obtained by taking the compositum of all finite extensions of K in which the
prime p does not ramify.

1. There exists a canonical Q-structure ˜︃Hϖ
p (M) ⊂ Tp(M)⊗Zp B2 and a Ku-linear

subspace ˜︂N(M) of TdR
∨(MK) such that if α =

∫︂ Hϖ
p

x
ω = 0 for x ∈ ˜︃Hϖ

p (M) and

3For
∫︁ hp and

∫︁Hφ
p , we set G(M) = Fil1 TdR

∨(MQ). However, for
∫︁Hϖ

p , we choose G(M) differently,
as explained in Definition 4.2.10.
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ω ∈ ˜︂N(M), then there exists an exact sequence

0→M1 →Mn →M2 → 0

of 1-motives over a finite extension of K with good reductions at p, where
n ∈ {1, 2}, x ∈ ˜︃Hϖ

p (M1), and ω ∈ ˜︂N(M2).

2. Consider the Q-structure Hφ
p (M) ⊂ Tp(M) ⊗Zp Cp (hp(M), resp.) and Q-

linear subspace coLie(GQ) of TdR
∨(MQ). If α =

∫︂ Hφ
p

x
ω = 0 for x ∈ ˜︃Hϖ

p (M)
(x ∈ hp(M), resp.) and ω ∈ coLie(GQ), then there exists an exact sequence

0→M1 →Mn →M2 → 0

of 1-motives over a finite extension of K with good reductions at p, where
n ∈ {1, 2} (n = 1, resp.), x ∈ ˜︃Hϖ

p (M1) (x ∈ hp(M1), resp.), and ω ∈
Fil1(TdR

∨(M2))Q = coLie(G2)Q.

These theorems provide a precise description of the vanishing behaviour of our
p-adic periods. Moreover, our results provide insights into the Q-linear (or Ku-linear)
independence of our p-adic periods; see, for example, Proposition 4.4.4. One of the
key components of the proofs is the Theorem 4.3.2, which we refer to as the p-adic
subgroup theorem for 1-motives. We derive this theorem using the p-adic analytic
subgroup theorem for commutative algebraic groups ([FP15]). Recall that, in the proof
of the period conjecture for the classical periods of 1-motives (in [HW22]), the main
ingredient was the (classical) analytic subgroup theorem ([Wus89]). While the classical
analytic subgroup theorem fostered a productive interplay between transcendence
theory and algebraic groups via the exponential map for Lie groups, the p-adic
subgroup theorem establishes a similar connection in the p-adic setting through the
logarithm map.

It is important to note that in the proof of these results, we do not rely on the
main results from [Hör21]. We only use Hormann’s work in Remark 4.3.12, where
we show that for Hϖ

p -periods (or Hφ
p -periods) of 1-motives with good reductions at

p, there are some relations among periods beyond bilinearity and functoriality. We
conclude this dissertation by some examples and computations in Section 4.4.

What remains unknown is whether the Q-structure hp(M) is a finite dimensional
Q-vector space. If so, then Theorem 0.2 implies that the dimension of the space of
Hϖ

p -periods (respectively Hφ
p -periods or hp-periods) of M is equal to the dimension of

its formal space at depth 2 (respectively 2 or 1). Unlike the case of classical periods of
1-motives, where we could relate the dimension of the formal space of classical periods
to the dimension of End(M) and End(Tsing(M)), this approach cannot be directly
applied here due to the increased complexity of these Q-structures, and we did not
pursue further investigation into this matter.
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Related work

Several research efforts aimed at discovering p-adic analogs of classical periods have
been carried out in [AF22], [Ayo20], [Bro17], and [Fur04]. For a smooth projective
variety X over Q with a good reduction at p, Berthelot’s comparison theorem [Ber74,
Theorem V.2.3.2] gives the isomorphism

Hn
dR(X/Q)⊗Qp

∼= Hn
crys(X,Qp). (0.0.2)

In [AF22], the authors construct their p-adic periods, which they refer to as André’s
p-adic periods, as the entries of the matrix clp(X) ↪→ HdR(X)⊗Qp via Berthelot’s
comparison isomorphism with respect to all choices of Q-bases, where clp(X) denotes
the algebraic classes modulo p in crystalline cohomology. It is still unknown whether
André’s p-adic periods arise from Coleman-Berkovich-Vologodsky p-adic integration
([Bes00], [Ber07], [Vol01]). However, using the motivic framework developed in [AF22],
they establish an upper bound for the transcendental degree of André’s p-adic period
algebra of a motive M with good reduction at p:

dimPp(⟨M⟩) ≤ dimGdR(M)− dimGcrys(M),

where GdR(M) and Gcrys(M) are de Rham and crystalline Galois groups (dual groups),
respectively. Similar to the classical Grothendieck period conjecture, the p-adic
Grothendieck period conjecture holds for M if the equality holds in the above inequality.
This conjecture is widely open. As noted in [AF22, Example 9.6], and based on [Yam10,
Examples 2 and 3], the only non-trivial case currently known where this conjecture
holds is for the Kummer motive M(α), where α is a rational number.

The approach of [AF22] does not provide insight into linear relations or vanishing
behaviour of p-adic periods, nor can it be applied to construct p-adic periods of curves,
as algebraic classes within crystalline cohomology cannot be identified in this case.
Furthermore, this interpretation has no meaningful application to the category of
1-motives. In contrast, our approach addresses these issues and describes all possible
relations among our p-adic periods. Additionally, their method assumes that the
standard conjecture, stating that numerical equivalence is the same as homological
equivalence ( ∼num=∼hom), holds true for the category of motives with good reduction,
while our results are obtained without assuming the validity of any conjecture.

In the setting of mixed Tate motives analogous constructions to André’s p-adic
periods already exist in [Fur04] and [Bro17]. These works considered the action of the
Frobenius on the crystalline realization and defined the p-adic periods of the motive
as the coefficients of this action with respect to all choices of bases induced by the
isomorphism (0.0.2). André’s p-adic periods for mixed Tate motives come indeed from
these coefficients ([AF22]).

The algebra of abstract p-adic periods constructed in [Ayo20] is related to the
algebra of Anré’s p-adic periods, as it is pointed out in [AF22]. Their construction
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of p-adic periods fits within the Formalism of periods we introduce in Chapter 4.
However the relation between our p-adic periods (hp-periods, Hφ

p -periods, and Hϖ
p -

periods) and André’s p-adic periods remains unclear. On the one hand, our p-adic
periods arise from p-adic integration (which we develop in Chapter 3), while it is
still unknown yet whether André’s p-adic period originates from a p-adic integration
theory. Furthermore, even for an abelian variety A, it is unclear whether elements
in our Q-structure hp(A), Hφ

p (A), or Hϖ
p (A) correspond to algebraic classes within

H2
crys(A). We have not explored their potential connections further, leaving them as a

topic for future research.

Why 1-motives?

In [Mur96], Murre associates to a smooth n-dimensional projective variety X over an
algebraic closed field K, a Chow cohomological Picard motive M1(X) along with the
Albanese motive M2n−1(X). The projector π1 ∈ CHn(X ×X)Q defining M1(X) is
obtained via the isogeny Pic0(X)→ Alb(X) between the Picard and Albanese variety,
given by the restriction to a smooth curve C on X since Alb(C) = Pic0(C). In the
case of curves, M1(X) is the Chow motive of X ([Sch94]) and we have

Hom(M1(X),M1(Y )) ∼= Hom(Pic0(X),Pic0(Y )) (0.0.3)

by [Wei71, Theorem 22]. Moreover, the semi-simple abelian category of abelian
varieties up to isogeny is equivalent to the pseudo-abelian envelope of the category of
Jacobians up to isogeny. As Grothendieck observed, the theory of pure motives for
smooth projective curves is, in fact, equivalent to the theory of abelian varieties up to
isogeny, since one-dimensional pure motives are precisely abelian varieties.

The identification (0.0.3) suggests that we may take objects represented by Picard
functors as models for larger categories of mixed motives of any varieties over arbitrary
base schemes S. Let X be a variety and X a closure of X with divisor at infinity
X∞, i.e., X = X −X∞. When X is smooth, we have that Pic(X) is the cokernel of
the canonical map Div∞(X)→ Pic(X) associating D ↦→ O(D), for divisors D on X
supported at infinity. Thus, we may set our models following [Ser59] and [Del74] as

[Div0
∞(X)→ Pic0(X)]

induced by mapping algebraically equivalent zero divisors at infinity to line bundles.
As discussed in the end of Chapter 4, this two-term complex is called the 1-motive
associated with X (or the homological Picard 1-motive of X). For further details on
this topic and related discussions, we refer the reader to [BV07]. The primary goal
of studying 1-motives is to recover the information about H1(X) for various known
Weil cohomology theories–such as de Rham cohomology, Betti cohomology, ℓ-adic
cohomology, and crystalline cohomology–by 1-motives and their realization functors.
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Specifically, the subcategory ofMMeff
Nori generated by H i(X, Y ) for i ≤ 1 is equivalent

to Deligne’s category of 1-motives ([ABV15]).
1-motives lie at the intersection of several key objects in algebraic geometry, such

as abelian varieties, tori, and finite groups. They generalize both these structures
and encode important geometric and arithmetic information. In practical terms,
1-motives provide a framework that allows for explicit computations, such as in the
study of extensions of algebraic groups, cohomology theories, and period integrals.
The structure of 1-motives facilitates the development of comparison isomorphism
theorems between their realization functors, providing deep insights into the arithmetic
of varieties and allowing for the exploration of both classical periods and p-adic periods
associated with them.

Reading guide
This dissertation is composed of 4 chapters.

Chapter 1

This chapter serves as preparation for the core elements of the thesis. It will gather
and summarize key results in the theory of p-divisible groups and p-adic Hodge
theory, which will be used throughout the rest of the dissertation and provide a deeper
understanding of the topics covered in this research. For further details, we direct
readers to the primary references listed at the beginning of the chapter. This chapter
is challenging to read due to the depth and complexity of the topics it covers. To
aid understanding, we briefly outline its main structure here. Chapter 1 is broadly
divided into three main parts:

• Theory of p-divisible groups (Barsotti-Tate groups): We begin by intro-
ducing the basic definitions and properties of p-divisible groups over a general
base scheme S. We bring the definition of the p-adic logarithm associated with
a p-divisible group over the valuation ring of a p-adic local field, and we state
the Hodge-Tate decomposition theorem for p-divisible groups (Theorem 1.4.7).

• Dieudonné theory: We review contravariant Dieudonné theory over a prefect
field k of characteristic p, which associates a σ-semilinear W(k)[F ]-module D(G)
of finite type to any p-divisible group G over k. Here, W(k) denotes the ring
of Witt vectors, and the action of F is induced by the relative Frobenius on
G. Inspired by Dieudonné-Manin classification (Theorem 1.5.22), we introduce
the concept of slope decomposition for isocrystals over K0 = W(k)[1/p]. To
generalize the Dieudonné functor over more general base schemes, we review
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Grothendieck-Messing theory, which allows us to define the covariant Dieudonné
functor as an F -crystal on the crystalline site of S. Using this theory, one can
obtain a canonical identification between the de Rham cohomology of an abelian
scheme over W(k) and the contravariant Dieudonné module associated with its
reduction modulo p.

• Period rings: The Grothendieck’s comparison isomorphism between the de
Rham cohomology of a smooth variety X over subfield K ↪→ C and the singular
cohomology of its analytification Xan/C holds when the coefficients of both
cohomology groups are extended to C. Now, let K be a p-adic local field. In
search of a ring B that provides a comparison isomorphism

Hn
ét(XK ,Qp)⊗Qp B

∼= Hn
dR(X)⊗K B (0.0.4)

which is Galois equivariant, Fontaine defined the de Rham period ring B+
dR

and BdR, where B+
dR is a complete local ring with residue field Cp, and BdR

is its field of fractions. For more on why B = Cp does not work, and further
details see [Niz21, §2, §3]. Faltings ([Fal89]) showed that for any proper smooth
variety X over a p-adic local field K, the choice B = BdR provides a canonical
comparison isomorphism 0.0.4, compatible with the Galois action and filtration.
In this section, in addition to introducing the de Rham period ring, we review
the crystalline period ring B+

cris and its field of fractions, Bcris. The ring B+
cris is

indeed a local subring of B+
dR that is sufficiently large to which the Frobenius

action naturally extends. As we will see at the end of this chapter, this period
ring gives rise to a comparison isomorphism between the Tate module of a
p-divisible group and its associated covariant Dieudonné module.

Chapter 2

In this chapter, we begin by introducing 1-motives over a general base scheme S and S-
motivic points. We also define the categoryMgr

1 (K) of 1-motives with good reduction
at p over a field K. For any M ∈Mgr

1 (K), we consider three realization functors: the
de Rham realization TdR(M), the Tate module Tp(M), and the crystalline realization
Tcrys(M) of the reduction M modulo p. We compute the Hodge-Tate weights of the
Tate module of M and review the crystalline-de Rham comparison isomorphism as
described in [ABV05].

Chapter 3

In this chapter, we construct the p-adic integration pairing for 1-motives with good
reductions. By interpreting integrals as Riemann sums, we are led to P. Colmez’s
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approach ([Col92]) to p-adic integration (in the sense of Fontaine-Messing) for abelian
varieties with good reduction over a p-adic local field K. The resulting periods from
this integration relate the Tate module to the first de Rham cohomology of the abelian
variety. These periods do not live in Cp, but in B2 := B+

dR
t2 B+

dR
, where t is a uniformizer of

the de Rham local ring B+
dR. We extend Colmez’s construction of p-adic integration for

abelian varieties with good reduction to 1-motives with good reduction. We introduce
Fontaine’s pairing for 1-motives and provide a detailed comparison with both the
p-adic integration pairing for 1-motives and the crystalline integration pairing for
1-motives. Furthermore, we show that our p-adic integration pairing for 1-motives
with good reduction is perfect and respects the Hodge filtration.

In the remainder of this chapter, we aim to recover the logarithm of semi-abelian
varieties through the logarithm of their associated p-divisible groups. Inspired by
[BK07], we obtain a local inverse for this logarithm and further explore its image
using Galois cohomology.

Chapter 4

In this chapter, we first develop a formalism of periods that enables us to define
the concept of periods and period conjectures relative to a pairing within an abelian
category equipped with fibre functors. Next, we leverage the results from Chapter 3, to
introduce our three Q-structures: hp(M), Hφ

p (M), and Hϖ
p (M). These structures are

associated with the pairings
∫︂ hp

,
∫︂ Hφ

p
, and

∫︂ Hϖ
p

, yielding specific Fontaine-Messing
p-adic periods of M , which we refer as hp-periods, Hφ

p -periods, and Hϖ
p -periods of M ,

respectively. Finally, we identify all possible relations among these periods by proving
the period conjectures relative to these pairings at depths 1, 2 and 2, respectively. We
conclude Chapter 4 with several illustrative examples.

Appendices

This dissertation also includes Appendix A and Appendix B, which provide essential
definitions and key properties from Algebraic Geometry and Number Theory that are
relevant to the thesis.

Conventions
• We fix a prime number p.

• Unless otherwise specified, K is typically a non-archimedean local field of mixed
characteristic (0, p) with perfect residue field k and valuation ring OK . The
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algebraic closure of K is denoted by K, and Cp is the completion of K. Let us
denote by ΓK the absolute Galois group of K.

• We denote the maximal unramified extension of K by Kur, with its residue field
denoted by Fp.

• K denotes a number field, and K = Q is its algebraic closure. We denote by ΓK
the absolute Galois group of K.

• The scheme S is always a locally Noetherian, integral, regular scheme.

• By S-group schemes, we always mean the commutative ones.

• If A is one of the category of abelian varieties, connected commutative groups, or
1-motives over K, we always consider it as the isogeny category A⊗Q, which has
the same objects as A, but morphisms are tensored with Q. For the categories
that we are interested in, the isogeny category is always an abelian category.



Chapter 1

Comparison theorems for
Barsotti-Tate groups

Barsotti-Tate groups, also known as p-divisible groups, are fundamental structures
in the intersection of algebraic geometry and number theory. They capture rich
arithmetic and geometric information, particularly in characteristic p, playing a crucial
role in understanding the properties of abelian varieties.

Comparison isomorphisms of p-divisible groups are pivotal in the theory of
p-divisible groups as they bridge different cohomological frameworks, connecting
Dieudonné theory, crystalline cohomology, and étale and de Rham cohomology. These
isomorphisms are essential for understanding the local behavior of p-divisible groups
and their deformation properties.

The study of Barsotti-Tate groups is central to advanced topics in arithmetic
geometry such as the Mordell-Weil theorem over function fields, the formulation of
Fontaine-Messing theory, deformation theory and the study of p-adic Hodge theory.

In this chapter, we review the theory of Barsotti-Tate groups, and Dieudonné
theory, and we conclude the chapter by outlining the fundamental concepts of p-adic
Hodge theory. We mainly use the following references:

• For the theory of Barsotti-Tate groups: [Dem72], [Tat67], [Gro74], [Sti09],
[Sha86], [Mes72]

• For the theory of Dieudonné modules: [Man63], [Mes72], [MM72], [Dem72],
[Fon82a], [Die58], [Fon77]

• For p-adic Hodge Theory: [Fon94], [BC09], [SZ17], [FO08], [BMS18].

Let S be a scheme and recall the notations of Sfppf, and Sétale for the (small)

1
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fppf site1 on S and the (small) étale site on S (see Definition A.2.3). By Yoneda’s
lemma, we have a fully faithful embedding G ↦→ G := HomS(., G) from the category
of commutative group schemes over S to the category of abelian representable sheaves
on the Sfppf, the fppf site of S. We always view G as an fppf representable sheaf
on Sfppf. The category of representable fppf sheaves is an abelian category with
enough injectives. Given any two S-group schemes G and H, we use the notation
ExtiS(G,H) to denote the i-th Yoneda extension group of G by H in the abelian
category of fppf representable sheaves over S. We write HomS(G,H) as the group of
S-homomorphisms in Sfppf. If S = Spec(K), and both G and H are algebraic varieties
over K2, we write the i-th Yoneda extension group of G by H as ExtK(G,H), and
the group of K-homomorphisms from G to H as HomK(G,H).

We have the following commutative diagram

CommGrp/S AbSh(Sfppf)

Cb(CommGrp/S) Cb(AbSh(Sfppf))

where Cb(A) is the category of bounded complexes for any abelian category A. The
fully faithful embedding A ↪→ Cb(A) associates to an object A in A the complex

· · · → 0→ A→ 0→ · · · .
Hence, we can, and will, identify a commutative group scheme G over S with the
element in the derived category of abelian fppf sheaves representing G[0].

The basic facts about commutative group schemes and finite flat group schemes
are summarized in Appendix B.

1.1 P-divisible groups (Barsotti-Tate groups)
Recall the Definition B.1.8 of finite flat group schemes.
Definition 1.1.1. Let p be a prime, h ≥ 0 an integer, and S a scheme.

1. A p-divisible group (or a Barsotti-Tate group) of height h over S is a direct
system G = {Gn}n∈N of finite flat commutative group schemes over S such that
each Gn is of order pnh and we have the exact sequence

0→ Gn
in−→ Gn+1

[pn]−−→ Gn+1

for each n. We often write Gn[pm] := Ker([pm]Gn).
1fppf stands for faithfully flat and locally of finite presentation. This site over S consists of fppf

schemes over S with fppf coverings.
2An algebraic variety over K is a reduced, separated scheme of finite type over K.



1. COMPARISON THEOREMS FOR BARSOTTI-TATE GROUPS 3

2. Let G and H be p-divisible groups over S. A homomorphism from G to H is a
system {fn : Gn → Hn} of group scheme homomorphisms that are compatible
with the transition maps.

3. Let f : G→ H be a homomorphism of p-divisible groups. We define the kernel
of f to be Ker f = lim−→Ker fn.

4. For a p-divisible group G = lim−→Gn over an affine scheme S = SpecR of height
h, we can define the Cartier dual of G to be G∨ := lim−→G∨

n with transition maps
[p]∨ : G∨

n → G∨
n+1. The group scheme G∨ is a p-divisible group of height h.

Remark 1.1.2. 1. Let R be a henselian local ring with residue field k. Recall the
connected-étale exact sequence for finite flat group schemes (Theorem B.2.7).
Assume that G = lim−→Gn is a p-divisible group over R, G0

n denotes the connected
component of Gn, and Gét

n = Gn/G
0
n its étale part. Then G0 := lim−→G0

n and
Gét := lim−→Gét

n are p-divisible groups over R so that we have an exact sequence

0→ G0 → G→ Gét → 0

This is true since the functors Gn ↦→ G0
n and Gn ↦→ Gét

n are exact. We say that
G is connected (resp. étale) if each Gn is connected (resp. étale).

2. Let G = lim−→Gn be a p-divisible group over scheme S in characteristic p of height
h. Recall the Frobenius twist G(p)

n (Definition B.3.1). The Frobenius twist of
G is G(p) := lim−→G(p)

n where the transition maps are induced by the transition
maps for G. The group scheme G(p) is a p-divisible group over S of height h.
We define the relative Frobenius of G by FG := (FGn) and the Verschiebung of
G by VG := (VGn).

Constant group schemes can be viewed as abstract groups. When M is an abstract
group, its associated constant group scheme is denoted by MS. See Example B.1.6(5),
for details.

Example 1.1.3. 1. The constant p-divisible group. The group scheme Qp/Zp =
lim−→Z/pnZ with the natural inclusions is an étale p-divisible group of height 1.

2. The p-power roots of unity. The group scheme µp∞ := lim−→µpn with nat-
ural inclusions is a connected p-divisible group of height 1. Indeed, µp∞ =
lim−→Gm[pn] := Gm[p∞].

3. Given an abelian scheme A over S, we can define its p-divisible group (or
Barsotti-Tate group) by A[p∞] = lim−→A[pn] with the natural inclusions. The
height of A[p∞] is 2g where g is the dimension of A.
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4. We have (Qp/Zp)∨ ∼= µp∞ , and, by the duality theorem for abelian schemes
(Theorem B.2.2), A[p∞]∨ ∼= A∨[p∞].

Proposition 1.1.4. Let G = lim−→Gn be a p-divisible group over S.

1. [p] : G→ G is an epimorphism (surjective as fppf sheaves) and Ker([pn]G) = Gn.

2. G∨ = lim−→Hom(Gn, µpn), where µpn is Gm[pn].

Example 1.1.5. Let E be an elliptic curve over Fp. The finite flat group scheme E[p]
admits a connected-étale exact sequence

0→ E[p]0 → E[p]→ E[p]ét → 0 (1.1.1)

which is split over Fp. The étale part E[p]ét is of order 1 or p, since E[p]ét(Fp) ∼=
E[p](Fp). Therefore, it is of order 1 when E is supersingular and it is of order p when
E is ordinary.

Assume that E is ordinary. We obtain

µp ∼= (Z/pZ)∨ ↪→ E[p]∨ ∼= E∨[p] ∼= E[p]

where,

• The embedding is obtained by taking duality from E[p] ↠ E[p]ét;

• The first isomorphism is obtained by the duality theorem for abelian schemes;

• The last isomorphism is due to the fact that E is self-dual.

We obtain an embedding µp ↪→ E[p]0 which must be an isomorphism because µp is
connected and its order is equal to E[p]. Hence, we have the following splitting exact
sequence

0→ µp → E[p]→ Z/pZ→ 0. (1.1.2)

As E[p∞] has height 2, we can say that both the connected and the étale parts of E[p∞]
have height 1, i.e., they are µp∞ and Qp/Zp respectively. Hence, the connected-étale
exact sequence of E[p∞] is

0→ µp∞ → E[p∞]→ Qp/Zp → 0. (1.1.3)

Definition 1.1.6. A quasi-isogeny of p-divisible groups G and H is a global section ρ
of the Zariski sheaf HomS(G,H)⊗Z Q such that locally there exists an integer n for
which pnρ is an isogeny.
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Theorem 1.1.7 (Rigidity theorem for p-divisible groups, [Dri76]). Let O be a complete
discrete valued ring of mixed characteristic (0, p), and let S be a scheme over O on
which p is locally nilpotent. Suppose S0 → S is a closed immersion whose ideal of
definition is locally nilpotent. Then every homomorphism φ : G×S S0 → H ×S S0 of
p-divisible groups admits a unique lifting φ : G → H, i.e., the special fibre functor
G ↦→ G×S S0 is fully faithful. Moreover, φ is a quasi-isogeny if and only if φ is.

Definition 1.1.8. Let G = lim−→Gn be a p-divisible group over field K. We define the
Tate module of G by

Tp(G) = lim←−Gn(K),

where the transition maps are induced by [p] : Gn+1 → Gn. We denote the Tate
module of µp∞ by Zp(1). The Tate comodule of G is

Φp(G) = lim−→Gn(K).

The Tate comodule is G(K), where G is considered as an fppf sheaf.

Proposition 1.1.9. [Sti09] Assume that G is a p-divisible group over a field K of
height h. We have the following:

1. Tp(G) is a free Zp-module of rank h.

2. Tp(G) ∼= HomZp(Qp/Zp, G(K)).

3. Φp(G) ∼= Tp(G)⊗Zp Qp/Zp.

4. Tp(G) ∼= HomZp(Tp(G∨),Zp(1)).

5. Φp(G) ∼= HomZp(Tp(G∨), µp∞(K))

1.2 Formal schemes and formal Lie groups
Let A be an admissible topological ring and Iλ a fundamental system of ideals of
definition for ring A (see [Sta23, Definition 07E8]). The affine formal scheme, denoted
X = Spf(A), is the subspace of SpecA consisting of all open prime ideals of A
endowed with the structure sheaf OX = lim←−OSpec(A/Iλ). Every morphism between two
affine formal schemes corresponds to a continuous homomorphism of topological rings.
If A is a ring with discrete topology, then Spf(A) is equal to Spec(A) (see [Sta23,
Section 0AHY] for more details).

Let X = Spf(A) be an affine formal scheme and hX be its functor of points.
Then hX = lim−→hSpec(A/I) where the colimit is over the collection of ideals of definition
of the admissible topological ring A. Indeed, hX is a (classical) affine formal algebraic

https://stacks.math.columbia.edu/tag/07E8
https://stacks.math.columbia.edu/tag/0AHY
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space. In fact, the category of affine formal schemes is equivalent to the category of
classical affine formal algebraic spaces ([Sta23, Section 0AI6]).

Let S be a scheme, X an affine scheme over S, and T a closed subset of X. The
functor

(Sch /S)fppf → Sets, U ↦→ {f : U → X | f(U) ⊆ T}

is a formal algebraic space and it is called the formal completion of X along T which
we denote by ˆ︂XT , and T = V(I) for some finitely generated ideal I ⊂ A. Thenˆ︂XT = Spf( ˆ︁A) where ˆ︁A is the I-adic completion of A ([Sta23, Section 0AIX]). In fact,
the category of smooth affine formal schemes over a noetherian complete local ring R
is equivalent to the category of complete noetherian local R-algebras.

Remark 1.2.1 (Formal completion of an abelian sheaf along its zero section). A
closed immersion T ↪→ U is called a nil-immersion of order ≤ k if the ideal I defining
it verifies I k+1 = 0.

Let F be an abelian fppf sheaf on S. For any positive integer k we denote by
InfkF the sheaf associated to the sub-presheaf of F

U ↦→ {s ∈ F(U) | there exists a nil–immersion T ↪→ U of order ≤ k with s |T= 0}.

We denote ˆ︁F := lim−→ InfkF and it is called the formal completion of F along its zero
section.

A formal group over S is a group object in the category of formal schemes over S.

Example 1.2.2. If G is a group scheme over S with augmentation ideal I , then
InfkG = Spec(OG/I k+1) and ˆ︁G = lim−→ Spec(OG/I k+1) is the completion of G along
its identity. If G is a formal group scheme, then ˆ︁G = G.

Let S be a scheme and X = lim−→ Spec(A/Iλ),Y = lim−→ Spec(B/Jµ) two affine
formal schemes over S corresponding to A and B respectively. The fibre product
X ×S Y is also an affine formal scheme corresponding to A ˆ︁⊗CB, where ˆ︁⊗ is the
completed tensor product ([Sta23, Lemma 0AN3]).

Assume that R is a complete noetherian local ring with residue field k of char-
acteristic p. A formal group (or formal group scheme) over R is a group object in
the category of formal schemes over R. A connected smooth formal group over R is
called a formal Lie group. For a formal Lie group G = Spf(A ) over R we have an
isomorphism A ∼= R[[t1, . . . , td]] of profinite R-algebras. The number d is called the
dimension of the formal Lie group A which is uniquely defined as the R-rank of the
tangent space I /I 2, where I = (t1, . . . , td) is the augmentation ideal of A .

The group structure on Spf(A ) is given by a continuous ring homomorphism

µ : A → A ˆ︁⊗A = R[[t1, . . . , td]] ˆ︁⊗R[[u1, . . . , ud]] = R[[t1, . . . , td, u1, . . . , ud]]

https://stacks.math.columbia.edu/tag/0AI6
https://stacks.math.columbia.edu/tag/0AIX
https://stacks.math.columbia.edu/tag/0AN3
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such that the power series Φi(T, U) := µ(ti) form a family Φ(T, U) := (Φi(T, U)) that
satisfies the following axioms:

1. associativity: Φ(T,Φ(U, V )) = Φ(Φ(T, U), V )

2. unit: Φ(T, 0) = T = Φ(0, T )

3. If the formal Lie group is commutative, then we also have Φ(T, U) = Φ(U, T ).

Let [p]∗ : A → A be the map induced by multiplication by p on the formal Lie
group G = Spf(A ). We say that G (or A ) is a p-divisible formal Lie group if G is
commutative and [p]∗ is finite flat.

Example 1.2.3. The formal Lie group ˆ︁Ga and ˆ︁Gm are given by R[[t1]] with comulti-
plications t1 ↦→ t1 + u1 and t1 + u1 + t1u1 respectively.

Proposition 1.2.4 (Serre-Tate). [Dem72] Let R be a complete noetherian local with
residue field k of characteristic p.

1. Let G = lim−→Gn be a connected p-divisible group over R with Gn = Spec(An) for
each n. We have a continuous isomorphism

lim←−(An ⊗R k) ∼= k[[t1, . . . , td]]

for some positive integer d. Also, this isomorphism can be lifted to the continuous
isomorphism R[[t1, . . . , td]] ∼= lim←−An.

2. Let G = Spf(A ) be a p-divisible formal Lie group over R with augmentation
ideal I . Define An := A /[pn]∗(I ) and Gn := Spec(An) for each n. Then, each
Gn is a finite flat group scheme and G [p∞] := lim−→Gn is a connected p-divisible
group scheme over R.

3. Let A be a p-divisible formal Lie group over R with the augmentation ideal I
and let An := A /[pn]∗(I ). Then we have a natural continuous isomorphism
A ∼= lim←−An.

4. There is an equivalence of categories{︃
p-divisible formal Lie groups over R

}︃
∼=−→
{︃

connected p-divisible groups over R
}︃

Proposition 1.2.5. Let G be a p-divisible group of height h over R. Let d and d∨

denote the dimensions of G and G∨ respectively. Then h = d+ d∨.

Proof: [Sti09, Theorem 72]
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Corollary 1.2.6. Let k be an algebraic closed field of characteristic p. Every p-divisible
group of height h = 1 over k is isomorphic to either Qp/Zp or µp∞.

Proof: As G is of height 1, G is either étale or connected. If G is étale, then
each Gn = Gn+1[pn] is finite étale. The group Gn(k) is the pn-torsion subgroup of
Gn+1(k) of order pn. By induction, we can show that Gn(k) = Z/pnZ which implies
that Gn

∼= Z/pnZ. Because the functor T ↦→ T (k) is an equivalence from the category
of finite étale groups to the category of finite Γk-modules.

Now assume that G is connected. As G has dimension 1, the above proposition
implies that G∨ has dimension 0, and therefore it is étale. As we showed in the
previous part, G∨ = Qp/Zp which implies that G ∼= µp∞ .

1.3 Formal points on p-divisible groups
For the rest of the section, we fix the base R = OK where K is a local field extension
of Qp with the prefect residue field k of characteristic p. We also let L be the p-adic
completion of an algebraic extension of K, and denote by mL and kL its maximal
ideal and its residue field respectively. The completion of the algebraic closure of K is
denoted by Cp := ˆ︂K. Let us denote by ΓK the absolute Galois group of K.

Definition 1.3.1. Let G = lim−→Gn be a p-divisible group over OK . We define the
group of OL-valued formal points on G by

G(OL) := lim←−
i

G(OL/mi
L) = lim←−

i

lim−→
n

Gn(OL/mi
L).

Example 1.3.2. By the definition, µp∞(OL) = lim←−i µp∞(OL/mi
L) = 1 + mL. Because

the group lim←−i µp∞(OL/mi
L) contains all elements x in O×

L such that ν(xpn − 1) can be
arbitrary large. Moreover, we have xpn − 1 = (x− 1)pn mod mL. Hence, x ∈ 1 + mL,
when x ∈ µp∞(OL).

On the other hand, the group of ordinary OL-points on µp∞ is given by

lim−→
n

µpn(OL) = {p-power torsion elements in O×
L}.

Proposition 1.3.3. Let G = lim−→Gn be a p-divisible group over OK with Gn =
Spec(An) for each n. Then

1. We have a continuous isomorphism G(OL) ∼= HomOK−cont(A ,OL), where G(OL)
is the group of OL-valued formal points equipped with its natural topology arising
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from that on OL, A = lim←−nAn, and the topology on the right side is the
m-adic topology. When G is connected, A is a p-divisible formal Lie group,
A = OK [[t1, . . . , td]], and the continuous R-algebra homomorphisms are exactly
the local R-algebra homomorphism.

2. Consider the natural Zp-module structure on G(OL) arising from that on G(OL/mi
L) =

lim−→n
Gn(OL/mi

L). The torsion part of G(OL) is given by

G(OL)tors ∼= lim−→
n

lim←−
i

Gn(OL/mi
L).

3. If G is étale, then G(OL) ∼= G(kL) where kL is the residue field of OL.

4. We have canonical isomorphisms Gn(K) ∼= Gn(Cp) ∼= Gn(OCp), and G(OCp)ΓK =
G(OK).

5. We have an exact sequence

0→ G0(OL)→ G(OL)→ Gét(OL)→ 0.

6. If L is algebraically closed, then G(OL) is p-divisible i.e. the multiplication by p
on G(OL) is surjective.

Proof:

1. We can make the following identifications by using the fact that OL is complete,
and thus An is complete for each n, since it is finite free over OK (see Tag 031B).

G(OL) = lim←−
i

lim−→
n

Gn(OL/mi
L) = lim←−

i

lim−→
n

HomOK
(An,OL/miOL)

= lim←−
i

lim−→
n

HomOK
(An/miAn,OL/miOL) = lim←−

i

HomOK
(lim←−
n

An/m
iAn,OL/miOL)

= HomOK−cont(lim←−
i,n

An/m
iAn, lim←−

i

OL/miOL)

= HomOK−cont(lim←−
n

An,OL) = HomOK−cont(A ,OL).

WhenG is connected, it follows from Proposition 1.2.4(1) that A ∼= OK [[t1, . . . , td]].

2. The group G(OL)tors contains only p-torsions asG(OL/miOL) = lim−→n
G(OL/miOL)

is a Zp-module. The exact sequence

0→ Gn(OL/miOL)→ G(OL/miOL) [pn]−−→ G(OL/miOL)→ 0

https://stacks.math.columbia.edu/tag/031B
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yields an exact sequence by taking limit

0→ lim←−
i

Gn(OL/miOL)→ G(OL) [pn]−−→ G(OL)→ 0.

Hence, the pn-torsion points in G(OL) is lim←−iGn(OL/miOL). Thus,

G(OL)tors = lim−→
n

lim←−
i

Gn(OL/miOL).

3. Each Gn is étale. Every étale group scheme is formally étale. By the infinitesimal
lifting criterion of étaleness, we have Gn = (OL/miOL) ∼= Gn(OL/mi+1OL).
Thus

G(OL) = lim←−
i

lim−→
n

Gn(OL/miOL) ∼= lim←−
i

lim−→
n

Gn(kL) ∼= G(kL).

4. By (1) we have G(OCp)ΓK = G(OK). The identification Gn(K) = Gn(Cp)
follows from the fact that the generic fibre of Gn is étale. The isomorphism
Gn(Cp) = Gn(OCp) is a consequence of the valuation criterion of properness.

5. [Tat67, Proposition 4].

6. [Tat67, Corollary 1].

Indeed, the identification G(OL) ∼= HomOK−cont(A ,OL) states that for a con-
nected p-divisible group G, the OL-formal points on G are exactly the OL-points on
the formal Lie group associated to G from the Serre-Tate equivalence.

1.4 Hodge-Tate decomposition
Let G be a p-divisible group over OK with the p-divisible formal Lie group A 0 =
OK [[t1, . . . , td]] associated to G0. Let I be the augmentation ideal of A 0.

Definition 1.4.1. For G as above:

1. Given an OK-module M , the tangent space of G with values in M is

tG(M) := Lie(G)(M) := HomOk
(I /I 2,M),

and the contangent space of G with values in M is

t∨G(M) := Lie∨(G)(M) := I /I 2 ⊗OK
M.
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2. The valuation filtration of G0(OL) is

FilλG0(OL) := {f ∈ G0(OL) : ν(f(x)) ≥ λ, ∀x ∈ I }

for any real number λ > 0, where we have the identification G0(OL) ∼=
HomOK−cont(A 0,OL).

Lemma 1.4.2. Let f ∈ G(OL) and x ∈ I . Then limn→∞
(pnf)(x)

pn exists in L, and it
is zero if x ∈ I 2.

Proof: [Sti09, 11.3.2].

The above lemma leads us to the following definition.

Definition 1.4.3. Let G be a p-divisible group over OK with the augmentation ideal
I . We define the logarithm of G to be the map

logG : G(OL)→ Lie(G)(L) = tG(L), logG(f)(x) = limn→∞
(pnf)(˜︁x)

pn

such that f ∈ G(OL) and x ∈ I /I 2 with ˜︁x is any lift of x to I .

Example 1.4.4. When G = µp∞ we have

µp∞(OL) = HomOK−cont(OL[[t]],OL) ∼= mL
∼= 1 + mL,

where the last isomorphism is given by x ↦→ x+ 1. Let I := (t) be the augmentation
ideal of the formal p-divisible group µp∞ , we get

tµp∞ (L) = HomOK
(I /I 2, L) ∼= L.

Thus, we have the commutative diagram

µp∞(OL) tµp∞ (L)

1 + mL L

logµp∞

∼= ∼=

where the left vertical arrow and right vertical arrow are given by f ↦→ 1 + f(t)
and g ↦→ g(t) respectively. Let x ∈ mL and f ∈ µp∞(OL). By considering the fact
that the group law on formal p-divisible group Spf(OK [[t]]) is induced by OK [[t]]→
OK [[t, t′]], t ↦→ (1 + t)(1 + t′)− 1, we can write

(pnf)(t) = f([pn]µp∞ (t)) = f((1 + t)pn − 1) = (1 + f(t))pn − 1
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and therefore

logµp∞ (1 + x) = lim−→
n→∞

(1 + x)pn − 1
pn

= lim−→
n→∞

pn∑︂
i=1

1
pn

(︄
pn

i

)︄
xi. (1.4.1)

For each n and i ≤ pn, we obtain

1
pn

(︄
pn

i

)︄
xi − (−1)i−1xi

i
= (pn − 1) · · · (pn − i+ 1)− (−1)i−1(i− 1)!

i! xi.

As the numerator of the right side is divisible by pn, we have

ν
(︃ 1
pn

(︄
pn

i

)︄
xi − (−1)i−1xi

i

)︃
≥ n+ iν(x)− ν(i!) ≥ n+ iν(x)− i

p− 1 .

This means that both series ∑︁∞
i=1

(−1)i−1

i
xi and the series in the right side of Eq. (1.4.1)

p-adically converge to the same number. Thus,

logµp∞ (1 + x) =
∞∑︂
i=1

(−1)i−1xi

i
,

which coincides with the usual p-adic logarithm logp : 1 + m→ L.

Proposition 1.4.5. Let G be a p-divisible group over OK with the augmentation ideal
I . Then

1. logG is a Zp-homomorphism.

2. logG induces an isomorphism

FilλG0(OL)
∼=−→ {τ ∈ tG(L) : ν(τ(x)) ≥ λ,∀x ∈ I /I 2}.

3. Ker(logG) = G(OL)tors and logG induces an isomorphism G(OL)⊗Zp Qp
∼= tG(L).

4. We have an exact sequence

0→ Φp(G)→ G(OCp) logG−−→ LieG(Cp)→ 0.

Proof:

1. [Sti09, 11.3.2].

2. [Sti09, Lemma 86].

3. [Sti09, Crollary 87].
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4. It is a direct consequence of (3).

Definition 1.4.6. Let G = lim−→Gn be a p-divisible group over OK . We define the Tate-
module and Tate-comodule of G to be Tp(G) := lim←−Gn(K) and Φp(G) := lim−→Gn(K).
We also denote Vp(G) := Tp(G)⊗Zp Qp.

Theorem 1.4.7 (Hodge-Tate decomposition for p-divisible groups). We have a
commutative diagram

0 Φp(G) G(OCp) LieG(Cp) 0

0 HomZp(Tp(G∨), µp∞(K)) HomZp(Tp(G∨), 1 + mCp) HomZp(Tp(G∨),Cp) 0

∼=

logG

α dα

where α and dα are ΓK-equivariant and injective. Their restrictions to ΓK-invariant
elements yields the isomorphisms

G(OK)→ HomZp[ΓK ](Tp(G∨), µp∞(OCp)),
tG(K)→ HomZp[ΓK ](Tp(G∨),Cp).

Moreover, there is a canonical Cp[ΓK ]-isomorphism

HomZp(Tp(G),Cp) ∼= LieG∨(Cp)⊕ coLieG(Cp)(−1)

which is called the Hodge-Tate decomposition for G.

Proof: A complete proof can be found in [Tat67, §4].

Let us construct the maps α and dα as we will use them later. We write

Tp(G∨) = lim←−G
∨
n(K) = lim←−G

∨
n(OCp) = lim←−Hom((Gn)OCp

, (µpn)OCp
)

= Hom(G×OK
OCp , (µp∞)OCp

). (1.4.2)
Let u ∈ Tp(G∨). Under the above identification of (1.4.2) and functoriality on points,
u corresponds to the map u(OCp) : G(OCp)→ µp∞(OCp) = 1 + mCp . We set

α(g)(u) := u(OCp)(g), for any g ∈ G(OCp) and u ∈ Tp(G∨).

We also define dα : tG(Cp)→ HomZp(Tp(G∨),Cp) by setting

dα(v)(u) := duCp(v), for any v ∈ tG(Cp) and u ∈ Tp(G∨),
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where duCp : tG(Cp)→ tµp∞ (Cp) ∼= Cp is the map corresponding to u by functoriality
on tangent spaces and under the identification 1.4.2.

The bottom row of Theorem 1.4.7 is obtained by applying HomZp(Tp(G∨), .) on
the exact sequence

0→ µp∞(K)→ µp∞(OCp)→ tµp∞ (Cp)→ 0.

1.4.1 Generic fibre functor

References: [Hai], [Tat67]
Again, in this section, we consider the category of p-divisible groups over OK , where
K is a local discrete-valued field with prefect residue field k.

Recall the definition of the discriminant ideal:

Definition 1.4.8. Let D be a Dedekind domain with field of fraction K. Let L/K
be a field extension and B the integral closure of D in L. The discriminant ideal is
the ideal in D generated by all discriminants of the form

∆(x1, . . . , xn) := det[Tr(xixj)],

where {x1, . . . , xn} is a basis of L over K.
The discriminant ideal is a principal ideal, as L/K is finite.

Proposition 1.4.9. Let f : G → H be a homomorphism of p-divisible groups over
OK . If the map f induces an isomorphism on the generic fibres G×Spec OK

SpecK →
H ×Spec OK

SpecK, then f is an isomorphism.

Proof: Let G = lim−→Gn and H = lim−→Hn. Assume that Gn = Spec(An)
and Hn = Spec(Bn) for each n. Let gn : Bn → An be the map induced by
f . We want to show that gn is an isomorphism. As Bn is flat over OK and
gn ⊗ 1K : Bn ⊗OK

K → An ⊗OK
K is an isomorphism, gn must be injective3. Both An

and Bn have the same discriminant ideal generated by pndpnh , where h is the height
and d is the dimension of G (see [Tat67, Proposition 2]). Thus, An ∼= Bn.

Proposition 1.4.10 ([Tat67]). Let G be a p-divisible group over OK, and let M be
a Zp-direct summand of Tp(G) that is stable under the action of ΓK. There exists
a p-divisible group H over OK with a homomorphism ι : H → G which induces an
isomorphism Tp(H) ∼= M .

3Here, we actually use the fact that Bn is faithfully flat. By [Sta23, Lemma 00HP], Bn is faithfully
flat since Bn/mKBn ̸= 0 due to Nakayama’s Lemma

https://stacks.math.columbia.edu/tag/00HP
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Theorem 1.4.11 ([Tat67]). The generic fibre functor G ↦→ G×Spec OK
SpecK is fully

faithful. That is, for any p-divisible groups G and H over OK, the natural map

Hom(G,H)→ Hom(G×Spec OK
SpecK,H ×Spec OK

SpecK)

is bijective.

Corollary 1.4.12. The functor G ↦→ Tp(G) is fully faithful, i.e. for any p-divisible
groups G and H over OK, the natural map

Hom(G,H)→ HomZp[ΓK ](Tp(G),Tp(H))

is bijective.

Proof: By the above theorem, we know that the generic fibre functor is fully
faithful from the category of p-divisible groups over OK to the category of p-divisible
groups over K. As K is a field of characteristic 0, every p-divisible group over K
is étale. Therefore, the assignment GK ↦→ Tp(G) is fully faithful. If M is a finite
free Zp[ΓK ]-module, Gn := M/pnM gives a finite flat group scheme. Hence, the
assignment GK ↦→ Tp(G) is also essentially surjective. Thus, we have an equivalence
of categories from the category of p-divisible groups over K to the category of finite
free Zp[ΓK ]-modules. Therefore, the functor GOK

↦→ GK ↦→ Tp(G) is fully faithful.

Proposition 1.4.13 ([CCO13] Proposition 1.4.4.3). The special fibre functor G ↦→ Gk

is faithful.

1.5 Dieudonné functor
The Corollary 1.4.12, along with its proof technique, signifies the true inception of the
p-adic Hodge theory. Tate’s proof of this result led to his discovery of the Hodge–Tate
decomposition for abelian varieties A over K with good reduction. This subsequently
prompted him to question whether a similar decomposition might apply universally
to the p-adic étale cohomology of all smooth proper K-schemes. This leads us to the
theory of Dieudonné modules.

1.5.1 Witt vectors

Witt vectors were first proposed by [Wit36]. For any associative, commutative ring
R with unity, the ring of Witt vectors over R is denoted by W(R). For any natural
number n, the ring Wn(R) represents the truncated Witt vectors of length n. The
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assignment R ↦→W(R) defines a covariant functor from the category of commutative
rings with unity into the category of rings. We can write any element of W(R) as a
sequence (a0, a1, . . . ), where ai ∈ R. The map [.] : R → W(R), a ↦→ (a, 0, 0, . . . ) is
called the Teichmüler lift. For the detailed construction we refer the readers to [Lan02,
Chapter VI, page 330], [Rab14], and [Dol].

One of the motivations behind the definition of Witt vectors was to provide
a systematic construction of the ring of p-adic integers. In particular, We have
W(Fp) = Zp, and Wn(Fp) represents the set of (ui)i≥0 ∈ Zp such that uk = 0 for all
k ≥ n, so Wn(Fp) ∼= Zp/pn.

Another motivation for the definition of Witt vectors was to develop a machinery
to describe the unramified extensions of p-adic fields. The theory of Witt vectors
enables the recovery of the maximal unramified subfield of K by providing a canonical
construction of local fields with residue fields. Let K be a p-adic local field with prefect
residue field k. There is a unique ring map W(k) → OK lifting the identification
W(k)/p = k = OK/m. The map W(k)→ OK is local and injective, since the image
of p is nonzero in m. Moreover, OK/p is a vector space over W(k)/p = k with basis
{πi | i = 0, 1 . . . , e − 1}, where π is the uniformizer and e is the ramification index.
This implies that {πi | i = 0, 1 . . . , e− 1} is a W(k)-basis for OK . In particular, OK is
a finite free module over W(k) of rank e. Thus, K is a finite extension of K0 = W(k)[ 1

p
]

of degree e. This shows that K0 is the maximal unramified subfield K and we haveˆ︃K0 = ˆ︂K = Cp.
Let k be the algebraic closure of k which is the residue field of OK . We cannot

embed W(k) into OK , as OK is not complete. However, there is a canonical embedding
W(k)→ Oˆ︁K = OCp = Oˆ︂K0

and W(k) is the valuation ring of the completion ˆ︃Kun
0 of

the maximal unramified extension of K0 with residue field k. In particular, W(Fp) is
the valuation ring of the completion of the maximal unramified extension of Qp.

Witt vectors were also motivated by the need to connect arithmetic in character-
istic p with characteristic 0, providing a powerful framework for studying p-divisible
groups, and their deformations in number theory and algebraic geometry. Moreover,
as discussed in this section, Witt vectors play a crucial role in Dieudonné theory, a
cohomology theory that generalizes the de Rham cohomology and offers a framework
for studying cohomological invariants in characteristic p.

The ring of Witt vectors over a prefect Fp-algebra satisfies the following universal
property:

Proposition 1.5.1. [Ked15, lemma 1.1.6] Let A be a prefect Fp-algebra and let R be a
p-adic complete ring. Let W(A) be the ring of Witt vectors over A and π : A/pA→ R

a multiplicative map such that A/pA π−→ R→ R/pR is a ring homomorphism. Then
π has a unique lift to a multiplicative map ˆ︁π : A → R and a ring homomorphism
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π : W(A)→ R such that

π(
∞∑︂
n=0

[an]pn) =
∞∑︂
n=0

ˆ︁π(an)pn, for any an ∈ A

where [.] denotes the Teichmüler lift of an in W(A).

Example 1.5.2. Let W(A) be the Witt vectors over a Fp-algebra A. Then by the
above lemma, the p-th power map on A uniquely lifts to a map

σW(A) : W(A)→W(A)

called the Frobenius automorphism of W(A), which satisfies

σW(A)(
∞∑︂
n=0

[an]pn) =
∞∑︂
n=0

[apn]pn, for any an ∈ A

for all an ∈W(A). The perfectness of A implies that σW(A) is indeed an automorphism.

Example 1.5.3. Let A = Fq, where q = pn. Then we have the identification
W(Fq) = Zp[ζq−1] where ζq−1 is a primitive (q − 1)-th root of unity. The Forbenius
automorphism σW(Fq) is a map defined by ζq−1 ↦→ ζpq−1 which is invariant on Zp. The
field of fractions of W(Fq) is the unramified extension of Qp with residue field k = Fq.

Let k be a perfect field of characteristic p > 0, W(k) the ring of its Witt vectors,
and σ the Forbenius automorphism over W(k).

Definition 1.5.4. The Dieudonné ring of k is the associative ring

Dk := W(k)[F ,V ]/(FV − p,V F − p, Fc− σ(c)F , cV − V σ(c), ∀σ ∈W(k)).

The Dieudonné ring Dk is a non-commutative ring when k ̸= Fp. For Fp, we have
Dk = Zp[X, Y ]/(XY − p).

Remark 1.5.5. A left Dk-module is the same as a W(k)-module D equipped with a σ-
semilinear endomorphism F : D → D and a σ−1-semilinear endomorphism V : D → D
such that FV = V F = [p]D.

Definition 1.5.6. A Dieudonné module over W(k) is a finite free W(k)-module
equipped with a Frobenius semilinear endomorphism F : D → D such that pD ⊆
F (D).

We have the following theorem that expresses the basic theory of Dieudonné
modules. The proof and more details can be found in [Fon77] and [Die58].
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Theorem 1.5.7. • There is an anti-equivalence D of categories from the category
of finite flat group schemes G of p-power order over k to the category of Dk-
modules of finite W (k)-length with the following properties:

1. The order of G is pℓ(D(G)).
2. The functor D is compatible with perfect extensions i.e. if k′/k is an

extension of prefect fields then we have a natural isomorphism W(k′)⊗W(k)
D(G) ∼= D(k′) as left Dk′-modules. In particular, if we take σ : k ∼= k, we
have the identification σ∗(D(G)) ∼= D(G(p)) as W(k)-modules, where G(p)

is the base change of G along σ.
3. The relative Frobenius FG : G→ G(p) induces the W(k)-linear map

σ∗(D(G)) ∼= D(G(p)) D(FG)−−−→ D(G)

which is the action of F on D(G). Moreover, G is connected (étale resp.)
if and only if F is nilpotent (isomorphism resp.)4.

4. The k-vector space D(G)/F D(G) is canonically isomorphic to the tangent
space t∨G.

• The functor G ↦→ D(G) := lim←−D(Gn) is an anti-equivalence of categories

D :
{︃

p-divisible groups over k
}︃

∼=−→
{︃

Dieudonné modules over W(k)
}︃

and we have

1. This equivalence is compatible with any extension k′/k of prefect fields.
2. We have a canonical isomorphism D(Gn) ∼= D(G)/pnD(G) for any p-

divisible group G = lim←−Gn over k.
3. The rank of D(G) is equal to the height of G.
4. There exists a canonical identification D(G∨)[1/p] ∼= D(G)[1/p]∨.

Recall that a map f : G→ H between two p-divisible groups is an isogeny, if it
is finite and faithfully flat (epimorphism as fppf sheaves) with finite and flat kernel.
Two p-divisible groups are called isogeneous if there exists such an f .

Proposition 1.5.8. Let f : G→ H be a homomorphism of p-divisible groups. The
following are equivalent:

1. f is an isogeny.
4Recall Proposition B.3.4 for relative Frobenius and Verschiebung
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2. D(f) : D(H)→ D(G) is injective.

3. The induced map D(G)⊗Qp → D(H)⊗Qp is an isomorphism.

Proof: Over connected or quasi-compact base scheme S, a morphism f : G→ H
is an isogeny if and only if there exists a morphism g : H → G such that g ◦ f = pn1G
and f ◦ g = pn1H for some integer n ≥ 0 (see [Far22, lemma 9]). Now, the statement
is straightforward from Theorem 1.5.7.

Example 1.5.9. 1. D(Qp/Zp) ∼= W(k) together with F = σ.

2. D(µp∞) ∼= W(k) together with F = pσ.

3. If k is algebraically closed, then Corollary 1.2.6 implies that the two previous
Dieudonné modules are the only Dieudonné modules of dimension 1 over W(k).

4. By Example 1.1.5, we can say that if E is an ordinary elliptic curve over k, then
we have D(E[p∞]) ∼= W(k)⊕W(k) together with F = σ ⊕ pσ.

For any such Dieudonné module D (in Definition 1.5.6), F is bijective on D[1/p] :=
D ⊗Zp Qp. Hence, D[1/p] is an example of the following sort of structure:

Definition 1.5.10. Let K0 be the field of fractions of W(k). An isocrystal over K0 is
a finite dimensional K0-vector space N equipped with a bijective Frobenius semilinear
endomorphism F : N → N .

Remark 1.5.11. Given an isocrystal N over K0, the dual space N∨ = HomK0(N,K0)
is naturally an isocrystal over K0 where the Frobenius FN∨ is give by

FN∨(f)(n) = σ(f(F−1(n))), for all f ∈ N∨ and n ∈ N.

Given two isocrystals N1 and N2 over K0, the K0-vector space N1 ⊗K0 N2 is an
isocrystal over K0 with the Frobenius automorphism FN1 ⊗ FN2 .

If M is a W(k)-lattice in an isocrystal N , then M is a Dieudonné module if and
only if M is stable under F and V := pF−1.

Definition 1.5.12. Let K0[F ] = Dk[1/p] be the polynomial ring satisfying F c =
σ(c)F for any c ∈ K0. Let r and d be two integers with r > 0. The quotient

Nr,d := K0[F ]/(K0[F ](F r − pd))

is an isocrystal, where the Frobenius structure on Nr,d is defined by left action by F .
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The isocrystalNr,d is isomorphic to the isocrystal⨁︁rK0 together with σ-semilinear
automorphism Fr,d given by

Fr,d(e1) = e2, · · · , Fr,d(er−1) = er, Fr,d(er) = pde1;

where e1, · · · , er are standard basis vectors.
Let λ = d/r, where gcd(r, d) = 1 and r > 0. We define the simple isocrystal of

slope λ to be Nλ := Nr,d.

Definition 1.5.13. A filtered module over a commutative ring R is an R-module
M endowed with a collection {Fili(M)}i∈Z of submodules that is decreasing i.e.
Fili+1(M) ⊆ Fili(M) for all i ∈ Z and satisfies the following properties:

(I) It is separated i.e. ⋂︁i Fili(M) = 0,

(II) It is exhaustive i.e. ⋃︁i Fili(M) = M .

For any filtered R-module M , the associated graded module is

gr(M) =
⨁︂
i

Fili(M)/Fili+1(M)

and we write gri(M) = Fili/Fili+1(M) for every i ∈ Z.
An R-linear map between two filtered modules M and N over R is called a

morphism of filtered modules if it maps each Fili(M) into Fili(N).
We denote by FilR the category of finitely generated filtered modules over R.

Definition 1.5.14. A filtered ring is a ring R equipped with an exhaustive and
separated filtration {Ri} as Z-modules such that 1 ∈ R0 and Ri.Rj ⊆ Ri+j for all
i, j ∈ Z. The associated graded ring is gr(R) = ⨁︁

iR
i/Ri+1.

The filtered R-algebra is an R-algebra A with a structure of filtered ring {Ai}
such that each Ai is an R-submodule of A. The associated graded R-algebra is
gr(A) = ⨁︁

iA
i/Ai+1.

Definition 1.5.15. [FL82] A filtered Dieudonné module over W(k) is an W(k)-module
D of finite type endowed with:

1. a decreasing filtration (Di) where the Di are direct factors of D;

2. a family of Frobenius linear maps Fi : Di → D such that

Di = D,Dj = 0; for i≪ 0, and j ≫ 0
Fi |Di+1= p.Fi+1, for any i;

D =
∑︂
i

Fi(Di).
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Proposition 1.5.16. [FL82] The category of filtered Dieudonné modules over W(k)
is an abelian category.

Definition 1.5.17. A filtered isocrystal (or a filtered φ-modules) over K is an
isocrystal N over K0 with a collection {Fili(NK)}i∈Z which yields a structure of a
decreasing, separated, and exhaustive filtered vector space over K on NK := N ⊗K0 K.

A morphism of filtered isocrystals is a morphism f : N1 → N2 of isocrystals such
that the induced K-linear map fK : N1 ⊗K0 K → N2 ⊗K0 K is a morphism of filtered
K-vector spaces.

We denote by MFφK the category of filtered isocrystals over K.

Remark 1.5.18. The category MFφK is an additive category. Moreover, the tensor
product N1⊗N2 is a filtered isocrystal with natural structure of isocrystal on N1⊗K0N2
and filtration

Fili(N1,K ⊗K N2,K) =
∑︂

n+m=i
FilnN1,K ⊗K FilmN2,K .

The dual object N∨ is a filtered isocrystal where its isocrystal structure is induced by
N∨ = HomK0(N,K0) and the filtration is given by

Fili(N∨)K = (Fil−i+1NK)∨.

Example 1.5.19. A unit filtered Dieudonné module is the filtered Dieudonné module
1FD := W(k) with F = σ and together with the filtration

Fili W(k) =

⎧⎨⎩W(k), i ≤ 0
0, i > 0,

and Fi on Fili W(k) for i ≤ 0 is p−i times the usual Frobenius.
Similarly, K0 can be viewed as a filtered isocrystal with F = σ and together with

the filtration

FiliK =

⎧⎨⎩K, i ≤ 0
0, i > 0.

A filtered isocrystal is not actually a filtered object in the category of isocrystals,
as the action of the Frobenius is not necessarily compatible with the filtration.

Example 1.5.20. Let A be an abelian variety over OK and let A be its special fibre
over a perfect field k. By the work of Berthelot-Breen-Messing [BBM82], we have a
comparison isomorphism between crystalline and de Rham cohomology

D(A[p∞])[1/p]⊗K0 K
∼= H1

cris(A/W(k))⊗W(k) K ∼= H1
dR(A/OK)⊗OK

K.

in which the first one is a filtered isocrystal over K, where the filtration of K-vector
space is induced by Hodge-filtration on the right side.
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In the view of Definition 1.5.12, where F looks as it acts with eigenvalues of
p-adic ordinal d/r, we shall write ∆α = Nr,d for each α = d/r in reduced form with
r > 0. One can bring the following definition:

We say that α1 ≤ · · · ≤ αn are slopes of an isocrystal N if we can have

N =
n⨁︂
i=1

∆αi

However, this is not well-defined. Fix a basis {ei} of N and consider the matrix
(aij) associated to the action FN , where we have FN(ej) = ∑︁

aijei. This matrix
transforms in a semilinear manner under a change of basis, and so its set of eigenvalues
{λi} depends on the choice of the basis. Moreover, the following example of Katz
shows that the set {ordp(λi)} is dependent on the choice of the basis as well.

Example 1.5.21 (Katz-[BC09]). Let K0 = W(Fp2)[1/p] = Qp(ζp2−1) with p ≡ 3
(mod 4). As p− 1 is even, K0 contains i =

√
−1. Let N = K0e1⊕K0e2 and we define

F by
F (e1) = (p− 1)e1 + (p+ 1)ie2, F (e2) = (p+ 1)ie1 − (p− 1)e2.

F corresponds to the matrix (︄
p− 1 (p+ 1)i

(p+ 1)i −(p− 1)

)︄
.

We can extend F uniquely by Frobenius-semi-linearity to form an isocrystal N . With
respect to the given basis, the above matrix has the characteristic polynomial λ2 − 4p,
so its roots are ±2√p which have p-adic ordinal 1/2.

Now we consider a new basis as follows

e′
1 = e1 + ie2, e

′
2 = ie1 + e2.

We have

F (e′
1) = F (e1)+σ(i)F (e2) = (p−1)e1+(p+1)ie2+(p+1)e1+(p−1)ie2 = 2p(e1+ie2) = 2pe′

1

and

F (e′
2) = σ(i)F (e1) + F (e2) = −i(p− 1)e1 + (p+ 1)e2 + (p+ 1)ie1 − (p− 1)e2 = 2e′

2.

Hence, with respect to the new basis the matrix(︄
2p 0
0 2

)︄

has the eigenvalues 2 and 2p with p-adic ordinal 0 and 1 respectively.
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The above example shows that we need to find another way to define the concept
of slope for an isocrystal N over K0.

Theorem 1.5.22. (Dieudonné-Manin, [Man63, II]) For an algebraic closed field k of
characteristic p > 0, the category of isocrystals over K0 = W(k)[1/p] is semisimple
(i.e. all objects are finite direct sums of copies of simple objects and all short exact
sequences split). Furthermore, the simple objects are given up to isomorphism by the
isocrystal Nr,d = ∆α, with α = d/r and gcd(r, d) = 1.

Let N be an isocrystal over K0. The Dieudonné-Manin classification gives a
unique decomposition of ˆ︂N := ˆ︃Kun

0 ⊗K0 N

ˆ︂N =
⨁︂
α∈Q

ˆ︁∆eα
α (1.5.1)

The integer µα = dimˆ︃Kun
0

ˆ︁∆ = reα is called the number (with multiplicity) of eigen-
values of FN with slope α, where α = r/d (with r > 0, gcd(r, d) = 1). We say that
α ∈ Q is a slope of N if ˆ︁∆α is non-trivial direct summand in decomposition 1.5.1.

Definition 1.5.23. We say that an isocrystal N is isoclinic with slope α if N ̸= 0
and ˆ︂N ∼= ˆ︁∆e

α for some e ≥ 1.

Example 1.5.24. Back to Example 1.5.21, we want to show that N has slopes 0 and
1. Considering the basis {e′

1, e
′
2} we saw that F acts via multiplication by 2p and 2

with respect to this basis. We want to show that ˆ︂N = ˆ︃Qun
p ⊗K0 N

∼= ˆ︁∆0 ⊕ ˆ︁∆1. As
the map W(Fp)× →W(Fp)×, a ↦→ σ(a)/a is surjective, we can find some b ∈W(Fp)×

such that σ(b)/b = 1/2. Now we change the basis to {be′
1, be

′
2}. We have

F (be′
1) = σ(b)F (e′

1) = (1/2)b(2pe′
1) = p(be′

1), F (be′
2) = σ(b)F (e′

2) = (1/2)b(2e′) = be′
2.

Thus, ˆ︃Qun
p e1 represents ∆1 and ˆ︃Qun

p e2 represents ∆0. Hence, ˆ︂N = ˆ︃Qun
p ⊗K0 N

∼=ˆ︁∆0 ⊕ ˆ︁∆1.

Remark 1.5.25. If N1 and N2 are isocrystals over K0 that are isoclinic with slopes α1
and α2 respectively, then N1⊗N2 is isoclinic with slope α1 +α2. Because ˆ︁∆α1⊗ ˆ︁∆α2 =ˆ︁∆α1+α2 .

The Dieudonné–Manin classification does not hold when the base field is not
algebraically closed; however, the slope decomposition into isoclinic parts still uniquely
descends.

Lemma 1.5.26. For any nonzero isocrystal N over K0 with slopes α1 < · · · < αn,
there is a unique decomposition N = ⨁︁

N(αi) into direct sum of nonzero subobjects
that are isoclinic with respective slopes α1 < · · · < αn.
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Proof: [BC09, Lemma 8.1.11].

Definition 1.5.27. Let N be a nonzero isocrystal over K0 with slopes {α1 < · · · < αn}
having multiplicities {µ1, · · · , µn}. The Newton polygon Newt(N) is the lower convex
hull with leftmost point (0, 0) and having µi consecutive segments of horizontal distance
1 and slope αi. In other words, it matches the points

(0, 0), (µ1, µ1α1), · · · , (µ1 + · · ·+ µn, µ1α1 + · · ·+ µnαn)

consecutively. As µiαi ∈ Z, all the second components are integers.
The Newton number is the y-coordinate of the rightmost endpoint which is

tN(N) =
∑︂
i

µiαi.

Example 1.5.28. Let E be an ordinary elliptic curve over k. Example 1.1.5 shows that
E[p∞] ∼= µp∞⊕Qp/Zp over k. Passing to isocrystals we have D(E[p∞])[1/p] ∼= ∆0⊕∆1.
Thus, the Newton polygon of D(E[p∞])[1/p] connects the points (0, 0), (1, 0), and
(2, 1).

Corollary 1.5.29. [Dem72, page 88] If N is an isocrystal over K0 arising form a
p-divisible group over k then we have the slope decomposition N = ⨁︁

N(αi), where
each N(αi) is an isoclinic with slope αi in [0, 1].

If N has the slope sequence α1 < · · · < αn, then the slope sequence for N∨ is
1− αn < · · · < 1− α1.

Remark 1.5.30. Since the p-divisible group of an abelian variety A[p∞] is in the
same isogeny set as A[p∞]∨, the isogeny classes of isocrystals coming from abelian
varieties correspond to Newton polygons with the following information:

• All slopes are between 0 and 1.

• The Newton polygon starts with (0, 0) and ends at (2g, g) where g is dimension
of abelian variety A
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• The Newton polygon is symmetric i.e. αi = 1− α2g−i+1 for all 1 ≤ i ≤ 2g.

We have two cases:

1. All slopes of A[p∞] are equal to 1/2 and A is called supersingular.

2. The Newton polygon connects (0, 0) to (2g, g) and A is called ordinary.

The category MFφK of filtered isocrystals over K is not an abelian category. But
there is a full subcategory of MFφK that is abelian, closed under extensions and dual
(see [Fon82a, §4]). It is called the category of weakly admissible filtered isocrystals.

Definition 1.5.31. A filtered isocrystal N over K is weakly admissible if

tN(N ′) ≥ tH(N ′) :=
∑︂
i∈Z

i. dimK gri(N ′
K), for all sub-filtered isocrystal N ′ ⊂ N

and equality holds when N ′ = N . TH(N ′) is referred to as the Hodge number of N ′,
and its corresponding polygon is called the Hodge polygon.

The full subcategory of MFφK consisting of weakly admissible filtered isocrystals
is denoted by MFφ,w.a.K .

Similarly, we can define the notions of Hodge and Newton numbers, as well as
weakly admissible isocrystals, for any isocrystals equipped with a filtration over K0,
such as those filtered isocrystals over K0 that arise from a filtered Dieudonné module
(Definition 1.5.15).

1.6 Crystalline nature of p-divisible groups
The problem of generalizing the Dieudonné theory to p-divisible groups over a more
general base scheme S over which p is locally nilpotent has been advertised and tackled
by Grothendieck [Gro74]. Grothendieck’s proposal was to define D(G) as an F -crystal
on the crystalline site of S (see Definition 1.6.8). This gives a direct application to
the theory of infinitesimal extension of p-divisible groups and clears the connection to
the classical Dieudonné theory.

We summarize the key results from [MM72], [Mes72], and [Gro71].

Definition 1.6.1 (Divided powers). Let R be a ring and I an ideal of R. We say
that I is equipped with divided powers if we are given a family of maps γn : I → I for
n ≥ 0 which satisfy the following conditions:

1. γ0(x) = 1, for all x ∈ I,
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2. γ1(x) = x, for all x ∈ I,

3. γn(x+ y) = ∑︁
0≤i≤n γi(x)γn−i(y), for all x, y ∈ I,

4. γi(ax) = aiγi(x), for all a ∈ R, x ∈ I, i ≥ 1,

5. γi(x)γj(x) = (i+j)!
i!j! γi+j(x), for all i, j ≥ 0, x ∈ I,

6. γi(γj(x)) = (ij)!
i!(j!)iγij(x), for all i, j ≥ 1, x ∈ I.

Remark 1.6.2. The basic idea for a divided power (DP) structure is that γi(x)
behaves like xi/i!. Although dividing by i! may not make sense in general, we can
read γi(x) as xi/i!.

If Q ⊆ R, we have a unique divided power structure on (R, I) that is γi(x) = xi/i!.

Definition 1.6.3. Given a DP structure (R, I, γ), we say that the divided powers are
nilpotent if there is an integer N such that the ideal generated by elements of the form

γi1(x1) · · · γik(xk), i1 + · · ·+ ik ≥ N

is zero. This means that IN = 0.

Assume that (R, I, γ) has a divided power (DP) structure. We can define an
exponential group homomorphism I → 1 + I by

exp(x) := 1 +
∑︂
n≥1

γn(x)

and a logarithmic map 1 + I → I by

log(1 + x) =
∑︂
n≥1

(n− 1)!(−1)n−1γn(x).

These homomorphisms are inverse to each other and yields an isomorphism (1+I) ∼= I.

Example 1.6.4. The map γn(p) = pn/n! uniquely extends a DP structure on
(W(k), pW(k)). For any integer n ≥ 1 we can write

n = a0 + a1p+ · · ·+ amp
m,

where 0 ≤ aj ≤ p− 1, j = 0, · · ·m. Let s = a0 + a1 + · · · am, then

ν(n!) = n− s
p− 1 ≤ n− 1

where ν is the p-adic valuation. This implies that γn(p) = pn/n! ∈ pW(k).
We can replace W(k) by any separated and complete Noetherian adic ring of

characteristic zero.
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Definition 1.6.5. Let (R, I, γ) and (R′, I ′, γ′) be two DP structures. A DP homomor-
phism is a ring homomorphism φ : R→ R′ which is compatible with DP structures
and φ(I) ⊆ I ′.
Definition 1.6.6. Let (R, I, γ) be a DP structure and let φ : R → R′ a ring
homomorphism. We say that γ extends to R′ if there exists a DP structure γ′ on IR′

such that the map (R, I, γ)→ (R′, IR′, γ′) is a DP homomorphism.
Proposition 1.6.7. [Gro74] Let (R, I, γ) be a DP structure and φ : R→ R′ be a ring
homomorphism. Then γ extends to R′ if one of the following conditions hold:

1. I is a principal ideal.

2. R→ R′ is flat.

Let S be a scheme and I a quasi-coherent ideal sheaf of OS. A DP structure on
(S, I) is given by assigning to each open subset U a DP structure on (Γ(U, S),Γ(U, I))
commuting with the restriction maps. A morphism of DP structures between (S, I, γ)
and (S ′, I ′, γ′) is a morphism f : S → S ′ such that f−1(I ′) maps into I under the
map f−1OS′ → OS and the DP structure induced on the image of f−1(I ′) coincide
with the one defined by γ′.
Definition 1.6.8 (Crystalline site). For a scheme X/S, we define the crystalline site
Crys(X/S) of X relative to S to be a category whose objects are TU := (U ↪→ T, γ)
where U is open subscheme of X, and U ↪→ T is a locally nilpotent immersion. There
exists a locally nilpotent DP structure γ = (γi) on the ideal I of U in T compatible
with DP structure on S.

The morphisms from (U ↪→ T, γ) to (U ′ ↪→ T ′, γ′) are morphisms (f, f)) making
the following diagram commutative

U T

U ′ T ′

f f

and f is a DP morphism.
A covering of an object (U ↪→ T, γ) is a collection of morphisms {(Ui ↪→ Ti, γi)→

(U ↪→ T, γ)} such that Ti is an open subscheme of T , Ui is an open subscheme of U
and ⋃︁Ui = U .

A crystalline sheaf on X is a sheaf on the crystalline site Crys(X) with respect
to covering mentioned above (see Definition A.2.4).
Example 1.6.9. The structural sheaf OX/S on Crys(X/S) is defined by

(OX/S)(U,T,γ) = OT
for every object (U ↪→ T, γ).
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Definition 1.6.10. A crystal of OX/S-modules is a sheaf F of OX/S-modules such
that for any morphism f : (U ↪→ T, γ) → (U ′ ↪→ T ′, γ′) in Crys(X/S), the induced
map

f ∗F(U ′↪→T ′,γ′) → F(U↪→T,γ)

is an isomorphism.

By the method of exponential, one can associate to certain p-divisible groups on
S0 a crystal in finite locally free OS/S0-modules. More precisely, for those p-divisible
groups that are locally liftable to infinitesimal neighborhoods. To such p-divisible
group G, Messing defined:

1. a crystal in fppf groups: E(G),

2. a crystal in formal Lie groups: ˆ︁E(G),

3. a crystal in finite locally free modules: D(G).

1.6.1 Construction of E(G) ([Mes72])

Recall that an extension of G by a vector group G is called a vector extension. It is
said to be universal if for any group M the natural map

HomS(V,M)→ Ext1
S(G,M)

obtained by pushout is a bijective.
If S is a scheme in characteristic p (i.e. pnOS = 0 for some integer N), then for a

p-divisible group G over S the universal vector extension E(G) of G by V (G) exists
([Mes72, Chapter IV 1.10]). Moreover, if u : G→ H is a homomorphism of p-divisible
groups over S, there is a unique homomorphism E(u) : E(G)→ E(H) such that we
can obtain a morphism of extensions:

0 V (G) E(G) G 0

0 V (H) E(H) H 0

V (u) E(u) u (1.6.1)

where V (u) is induced on invariant differentials by the Cartier dual of u.
Now assume that S = Spec(A) such that A is in characteristic p. Let S0 =

Spec(A/I), where I is an ideal of A with nilpotent DP structure. Let G and H be two
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p-divisible groups over S and assume that u0 : G0 → H0 is a homomorphism between
G0 := G×S S0 and H0 := H ×S S0. We have the diagram

0 V (G0) E(G0) G 0

0 V (H0) E(H0) H0 0.

V (u0) E(u0) u0

Then

1. There is a unique morphism v : E(G)→ E(H) lifting E(u0).

2. Assume that w : V (G)→ V (H) is a lifting of V (u0) such that d = i◦w−v |V (G):
V (G) → V (H) induces zero on S0, where i : V (H) → V (G) is inclusion. We
denote ES(u0) := v.

3. If u0 : G0 → H0 and u′
0 : H0 → K0 are homomorphisms of p-divisible groups

over S0, then
ES(u′

0 ◦ u0) = ES(u′
0) ◦ ES(u0).

4. ES(1G0) = 1E(G).

5. If u0 : G0 ∼= H0 is an isomorphism, then ES(u0) is an isomorphism.

We claim that the assignment G0 ↦→ E(GU), for a lifting GU of G0 |U0 to U ,
is a crystal. It suffices to give the value of the crystal on sufficiently small objects
(U0 ↪→ U) of the crystalline site of S0. Take an affine scheme U0, from the above
observation E(GU ) is independent of the choice of lifting up to canonical isomorphism.
If V0 ↪→ V is another object and there is a morphism

U0 U

V0 V

f f

then a lifting G |U of G0 |U0 to U and a lifting GV of G0 |V0 to V induce a canonical
isomorphism f ∗(E(GU)) ∼= E(GV ).

The formal completion ˆ︁E(G) := lim−→ InfkE(G) of E(G) along its zero section is a
formal Lie group ([Mes72, Chapter IV 1.19]).

Definition 1.6.11. [Mes72, Chapter IV, 2.5.4]. We define three crystals

E(G0)(U0↪→U) := E(GU),
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ˆ︂E(G0)U0↪→U := ˆ︂E(GU),

D(G0)(U0↪→U) := Lie(ˆ︂E(G0)U0↪→U).

We call D our covariant Dieudonné crystal. The contravariant Dieudonné crystal is

D∗(G0)(U0↪→U) := Lie(ˆ︂E(G∨
0 )U↪→U).

Theorem 1.6.12 ([Mes72]). Let Spec(A0) ↪→ Spec(A) be a locally nilpotent DP
extension. Suppose that G is a p-divisible group over A and G0 = G×SpecA Spec(A0).
Then there is a canonical exact sequence

0→ Lie(G∨)∨ → D(G0)Spec(A0)↪→Spec(A) → Lie(G)→ 0. (1.6.2)

Here G∨ is the Cartier dual of G, and Lie(G∨)∨ is the dual of the tangent space of G∨.
Suppose that A is an abelian scheme over A such that there exists an isomorphism

A[p∞]×Spec(A) Spec(A0) ∼= G0.

Then there exists a natural isomorphism

D(G0)Spec(A0)↪→Spec(A) ∼= HdR
1 (A),

such that it identifies the exact sequence 1.6.2 with the Hodge filtration

0→ Lie(A∨)∨ → HdR
1 (A)→ Lie(A)→ 0.

Remark 1.6.13. Let k be a perfect field of characteristic p and G a p-divisible group
over k. For p ≥ 3 we define Wn := W(k)/pn W(k), with a surjective homomorphism
Wn → W(k)/pW(k) = k giving a nilpotent immersion Spec k ↪→ SpecWn with
nilpotent DP structure on the ideal pW(k)/pn W(k). The Grothendieck-Messing
crystal recovers the classical Dieudonné theory by

D(G) = lim←−D(G∨)(Spec k↪→Spec Wn), (1.6.3)

where D(G) is Dieudonné module associated to G via the Dieudonné functor as
described in Theorem 1.5.7. If p = 2, we take Wn := W(k)/4n W(k).

1.7 Foundations of p-adic Hodge theory
P-adic Hodge theory is a powerful and intricate branch of arithmetic geometry that
seeks to understand the relationship between p-adic representations and the various
cohomological theories associated with algebraic varieties over p-adic fields. Originating
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from the pioneering work of John Tate, Jean-Marc Fontaine, Pierre Colmez, and others,
p-adic Hodge theory provides profound insights into the structure of p-adic Galois
representations by connecting them to more classical objects in Hodge theory and
algebraic geometry. One of the fundamental question that p-adic Hodge theory aims
to find an answer to is which p-adic representations come from geometry. At its
core, p-adic Hodge theory explores the ways in which p-adic analytic methods can be
employed to study the cohomology of algebraic varieties. A central theme in p-adic
Hodge theory is the comparison theorems, which establish deep connections between
different cohomology theories.

In this section, we will highlight the basic concepts that will be used throughout
the dissertation. In this section we set K to be a a discrete-valued and complete
extension of Qp with ring of integers OK and prefect residue field k. We denote
the Witt vectors of k by W(k), and its fraction field by K0. The completion of the
algebraic closure of K is denoted by Cp := ˆ︂K. The absolute Galois group of K is
denoted by ΓK . We denote by RepQp(ΓK) the category of finite dimensional p-adic
ΓK-representations over Qp.

Definition 1.7.1. Let M be a Zp[ΓK ]-module. We define n-th Tate twist of M to be
the Zp[ΓK ]-module

M(n) :=

⎧⎨⎩M ⊗Zp[Γk] Tp(µp∞)⊗n n ≥ 0
HomZp[Γk](Tp(µ⊗−n

p∞ ),M) n < 0.

The homomorphism χ : ΓK → Aut(Zp(1)) ∼= Z×
p which represents the action of ΓK on

Zp(1) is called the p-adic cyclotomic character of K.

Proposition 1.7.2. Let M be a Zp[ΓK ]-module.

1. We have canonical ΓK-equivariant isomorphisms

M(m)⊗Zp Zp(n) ∼= M(m+ n)

and
M(n)∨ ∼= M∨(−n)

for each m,n ∈ Z.

2. If ρ is the action of ΓK on M , then ρ⊗ χn represents the action of ΓK on M(n)
for each n.

Definition 1.7.3. Let B be a Qp-algebra with an action of ΓK , and F a p-adic field.
We say that B is F -regular if

(I) BΓK = CΓK , where C is the fraction field of B, endowed with a natural action
of ΓK which extends the action on B.
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(II) b ∈ B is unit if the set F.b = {c.b | c ∈ F} is stable under the action of ΓK .

Definition 1.7.4. Assume that B is a regular Qp-algebra. Let E := BΓK , and let
Vect(E) denote the category of finite-dimensional vector spaces over E, and RepF(ΓK)
the category of F -linear ΓK-representations of finite type.

1. We define the functor DB : RepF(ΓK)→ Vect(E) by

DB(V ) := (V ⊗F B)ΓK for every V ∈ RepF(ΓK)

2. We say V ∈ RepF(ΓK) is B-admissible if dimE DB(V ) = dimF V .

3. We denote the category of B-admissible p-adic representations by RepB
F(ΓK).

When B is regular, dimE DB(V ) ≤ dimF (V ) with equality if and only if the
induced map DB(V )⊗E B → V ⊗F B is an isomorphism.

Prefectoid fields and tilt

References: [BC09], [Sch12]

Definition 1.7.5. Let C be a complete nonarchimedean field with residue field
of characteristic p. We say that C is a perfectoid field if it satisfies the following
conditions:

(I) The valuation on C is nondiscrete.

(II) The p-th power map on OC/pOC is surjective.

Proposition 1.7.6. Let C be a complete nonarchimedean field of residue characteristic
p. Assume that the p-th power map is surjective on C, then, C is a perfectoid field.
In particular, a nonarchimedean field of characteristic p is perfectoid if and only if it
is complete and perfect.

Definition 1.7.7. We define the tilt of C by C♭ := lim←−x ↦→xp
C equipped with the

natural multiplication. For every c = (cn) ∈ C♭, we write c♯ := c0.

For every element ϖ ∈ C× with 0 < ν(ϖ) ≤ ν(p), we have a natural multiplicative
bijection

lim←−
x ↦→xp

OC ∼= lim←−
x ↦→xp

OC/ϖOC .

The ring structure on OC/ϖOC induces a ring structure on lim←−x ↦→xp
OC . We define

the tilt ring to be OC♭ := lim←−x ↦→xp
OC that does not depend on the choice of ϖ. This

becomes naturally a complete valuation ring with fraction field C♭ of characteristic
p and valuation ν♭ given by ν♭(c) := ν(c♯). Moreover, C♭ is a prefectoid field of
characteristic p.
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Example 1.7.8. Let ˆ︂Qp(p1/p∞) be the completion of ⋃︁n≥1 Qp(p1/pn). Then, ˆ︂Qp(p1/p∞)
is a perfectoid field and the argument below shows that its tilt is isomorphic to
ˆ︂Fp(u1/p∞) which is the u-adic completion of the perfection of the polynomial ring

Fp(u).

lim←−
x ↦→xp

ˆ︂Zp[1/p∞]/p ∼= lim←−
x ↦→xp

Zp[1/p∞]/p ∼= lim←−
x↦→xp

Fp[u1/p∞ ]/u ∼= ˆ︂Fp[u1/p∞ ].

Similar argument shows that the completion of Qp(µp∞) = ⋃︁
n≥1 Qp(ζpn) is also a

prefectoid field whose tilt is isomorphic to ˆ︂Fp(u1/p∞).

According to the above example, the tilting functor is not fully faithful on the
category of prefectoid fields over Qp. However, Peter Scholze showed that for every
perfectoid field C, the tilting functor induces an equivalence between the category of
prefectoid fields over C and the category of prefectoid fields over C♭ ([Sch12]).

Period rings

References: [BC09], [Car19], [SZ17], [FO08]

Let K be a local field with prefect residue field k of characteristic p. Let Cp be
the completion of the algebraic closure of K. We also fix the valuation ν on Cp with
ν(p) = 1 inducing the valuation v♭ on C♭

p given by ν♭(c) = ν(c♯) for any c ∈ C♭
p.

Definition 1.7.9. We define the infinitesimal period ring, denoted by Ainf , to be the
ring of Witt vectors over OC♭

p
, Ainf := W(OC♭

p
). For any c ∈ OC♭

p
, we write [c] for its

Teichmüller lift in Ainf .

There exists a surjective ring homomorphism θ : Ainf → OCp with

θ(
∞∑︂
n=0

[cn]pn) =
∞∑︂
n=0

c♯np
n

for all cn ∈ OC♭
p
. Let θ[1/p] : Ainf [1/p]→ Cp be the induced map on Ainf [1/p]. Choose

an element p♭ ∈ OC♭
p

such that (p♭)♯ = p, and set ξ := [p♭]− p ∈ Ainf .
We define the de Rham local ring by

B+
dR := lim←−

i

Ainf [1/p]/Ker(θ[1/p])i,

and denote by θ+
dR by the natural projection B+

dR→→Ainf [1/p]/Ker(θ[1/p]). We also
define the de Rham period ring BdR as the fraction field of B+

dR.
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We can observe that both Ker(θ) and Ker(θ[1/p]) are generated by ξ as ideals in
the ring Ainf and Ainf [1/p], respectively. Moreover, the natural map Ainf [1/p]→ B+

dR
is injective. Therefore, we can canonically identify Ainf [1/p] as a subring of B+

dR.
The ring B+

dR is a complete discrete valuation ring with maximal ideal Ker(θ+
dR)

and residue field Cp. In addition, ξ is a uniformizer of B+
dR. We have a filtered ring

structure {ξn B+
dR}n∈Z. This filtration does not depend on the choice of the uniformizer.

In fact, ξn B+
dR = Ker(θ+

dR)n for each n ∈ Z.
Let K0 be the fraction field of W(k). The field K is a finite totally ramified

extension of K0 and there is a natural commutative diagram

K0 K Cp

Ainf [1/p] B+
dR

There exists a continuous map log : Zp(1)→ B+
dR given by

log(ε) =
∞∑︂
n=1

(−1)n+1 ([ε]− 1)n
n

for every ε ∈ Zp(1) = Tp µp∞ = lim←−µpn(K) = {ε ∈ OC♭
p

: ε♯ = 1}. The power series∑︁∞
n=1(−1)n+1 ([ε]−1)n

n
converges with respect to discrete valuation topology on B+

dR. Fix
a Zp-basis ε ∈ Zp(1) and let t := log(ε). The element t ∈ B+

dR is a uniformizer.

Definition 1.7.10. We define BHT := ⨁︁
i∈ZCp(i). The ring BHT is regular. We say

that the p-adic Galois representation V is Hodge-Tate if V is BHT-admissible.
Assume that V is a Hodge-Tate representation. This implies that the natural

map DBHT(V ) ⊗K Cp → V ⊗Qp Cp is an isomorphism. As V is finite dimensional,
there are finitely many i such that (V ⊗Qp Cp(i))ΓK ̸= 0. The Hodge-Tate weights
of V are the i for which (V ⊗Qp Cp(i))ΓK ̸= 0 and the multiplicity of the weight i is
dimK((V ⊗Qp Cp(i))ΓK ).

Remark 1.7.11. The natural action of ΓK on BdR satisfies the following properties:

1. The log and θ+
dR are ΓK-equivariant.

2. For every γ ∈ ΓK we have γ(t) = χ(γ)t.

3. Each tn B+
dR is stable under the action of ΓK .

4. We have natural ΓK-equivariant isomorphisms

B+
dR /Ker(θ+

dR) ∼= B+
dR /tB+

dR
∼= Ainf [1/p]/Ker(θ[1/p]) ∼= Cp
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and
Ker(θ+

dR)n/Ker(θ+
dR)n+1 ∼= tn B+

dR /t
n+1 B+

dR
∼= Cp(n) for all n ∈ Z.

5. There exists a natural ΓK-equivariant isomorphism of graded K-algebras
gr(BdR) =

⨁︂
n∈Z

tn B+
dR /t

n+1 B+
dR
∼=
⨁︂
n∈Z

Cp(n) = BHT .

6. BΓK
dR = (B+

dR)ΓK ∼= K, and BdR is regular.
Definition 1.7.12. We define the rings

B2 := Ainf [1/p]
(Ker θ[1/p])2

∼=
B+

dR
t2 B+

dR
and A2 := Ainf

(Ker θ)2 .

The ring A2 embeds into B2, as Ainf has no p-power torsion, and we have B2 = A2[1/p].
Definition 1.7.13. We define the integral crystalline period ring by

Acris :=
{︂ ∞∑︂
n=0

an
ξn

n! ∈ B+
dR : an ∈ Ainf with limn→∞ an = 0

}︂
.

We write B+
cris := Acris[1/p].

Proposition 1.7.14. ([FO08, §7.1]) Let A0
cris be the divided power envelope of Ainf

with respect to Ker θ, that is, by adding all elements γn(a) := an

n! for all a ∈ Ker θ
and n ∈ N. Then the p-adic completion of A0

cris, lim←−A0
cris /p

n A0
cris, is canonically

isomorphic to Acris.

We have t ∈ Acris and tp−1 ∈ pAcris. Moreover, we have an identification
B+

cris[1/t] = Acris[1/t]. We define the crystalline period ring by
Bcris := B+

cris[1/t] = Acris[1/t].

By construction we have
Ainf [1/p] ⊆ Acris[1/p] = B+

cris ⊆ Bcris ⊆ BdR .

We have the following universal property for Acris: The map Acris → OCp is a universal
p-adically complete divided power thickening of OCp . This means that for any
separated, complete, p-adic valuation ring A, and for any continuous surjective ring
map α : A → OCp whose kernel has P.D structure compatible with the one on pA,
there exists a unique homomorphism λα : Acris → A such that the diagram

Acris A

OCp

θ

λα

α

commutes.
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Remark 1.7.15. Acris is not regular. However, Bcris is naturally a filtered subalgebra of
BdR over K0 with filtration Filn(Bcris) := Bcris ∩tn B+

dR which is table under the action
of ΓK . Moreover, we have canonical isomorphisms gr(Bcris⊗K0K) ∼= gr(BdR) ∼= BHT
and (Bcris)ΓK ∼= K0. Hence, Bcris is regular.

Let V ∈ RepQp(ΓK). Then DdR(V ) is naturally a filtered vector space over K
with the filtration

Filn(DdR(V )) := (V ⊗Qp Filn(BdR))ΓK . (1.7.1)

If V ∈ RepQp(ΓK), then Dcris(V ) is naturally a filtered isocrystal over K with the
Frobenius automorphism 1⊗φ and the filtration on Dcris(V )K = Dcris(V )⊗K0 K given
by

Filn(Dcris(V )K) := (V ⊗Qp Filn(Bcris⊗K0K))ΓK .

Proposition 1.7.16 ([Fon94],[Bri22]). The Frobenius automorphism of Ainf naturally
extends to a ΓK-equivariant endomorphism φcris on Bcris with φcris(t) = pt. The
Frobenius φcris of Bcris is injective.

Proposition 1.7.17. For any x ∈ 1 + mOC♭
p

, the sum

logcris([x]) =
∑︂
n≥1

(−1)n+1 ([x]− 1)n
n

converges in B+
cris, and we have ΓK-equivariant homomorphism

x ↦→ logcris([x])

such that φcris(logcris([x])) = logcris([xp]) = p logcris([x]).

Proof: [BC09, Lemma 9.2.2]

The exact sequence provided in the following theorem is called the fundamental
exact sequence of p-adic Hodge theory.

Theorem 1.7.18. [FO08],[BC09, Theorem 9.1.8]. There exists a natural exact
sequence

0→ Qp → (Bcris)φ=1 → BdR /B+
dR → 0.

Definition 1.7.19. We say that V ∈ RepQp(ΓK) is de Rham (crystalline, or Hodge-
Tate resp.) if it is BdR-admissible (Bcris-admissible, or BHT-admissible resp.). We write
DdR (Dcris, or DHT resp.) for the functor DBdR (DBcris , or DBHT resp.). We denote by
RepdR

Qp (ΓK) and Repcris
Qp (ΓK), the category of de Rham and crystalline representations

respectively.



1. COMPARISON THEOREMS FOR BARSOTTI-TATE GROUPS 37

Theorem 1.7.20. [CF00],[FFC18], or [Ber08].

1. Let V be a de Rham representation of ΓK . Then V is Hodge-Tate with a natural
K-isomorphism of graded vector spaces

gr(DdR(V )) ∼= DHT(V ).

2. The functor DdR with values in FilK is faithful and exact on RepdR
Qp (ΓK).

3. Let V be a crystalline representation of ΓK . Then V is de Rham with a natural
isomorphism of filtered vector spaces

Dcris(V )K = Dcris(V )⊗K0 K
∼= DdR(V ).

4. The functor Dcris with values in MFφK is faithful and exact on Repcris
Qp (ΓK).

5. The functor Dcris is an equivalence between the category Repcris
Qp (ΓK) and MFφ,w.a.K .

The inverse functor is given by
N ↦→ (N ⊗K0 Bcris)φ=1 ∩ Fil0(NK ⊗K BdR).

Remark 1.7.21. Let G be a p-divisible group over OK . The Hodge-Tate decomposi-
tion (Theorem 1.4.7) implies that Tp(G) ∼= coLie(G∨)Cp ⊕ Lie(G)Cp(1). Hence, Tp(G)
is Hodge-Tate with Hodge-Tate weights of 0 and 1 with multiplicity dim(G∨) and
dim(G) respectively.
Remark 1.7.22. In this remark, we summarize the results of [BC09, §12.2] and [Fal99,
§6]. Let G be a p-divisible group over OK . Recall that Tp(G) = Hom(Qp/Zp, GO

K
).

Let f : Qp/Zp → GO
K

, and we denote by f its base change to OCp . Recall the con-
travariant Dieudonné functor from Definition 1.6.11. Evaluating at the DP thickening
SpecOCp → Spec Acris provides a map

D∗(G)(OCp →Acris) → D∗(Qp/Zp)Acris
∼= Acris .

Therefore, we get a pairing
Tp(G)× D(G)→ Acris,

where here G := G ×Spec OK
Spec k, and D(G) is the classical Dieudonné module as

described in 1.6.3. If we tensor with B+
cris, we get an isomorphism

Tp(G)⊗Zp B+
cris
∼= D(G∨)⊗W(k) B+

cris .

This isomorphism is ΓK-equivariant and respects the filtration. The filtration on the
right side is induced by the filtered isocrystal D(G∨)⊗W(k) K and natural filtration
on B+

cris. The filtration on the left side is induced by the filtration on Bcris. It also
respects the action of the Frobenius. The action of the Frobenius on the right side is
induced by F ⊗ φcris and on the left side is induced by 1⊗ φcris. This identification
shows that Vp(G) is a crystalline representation i.e.

Dcris(Vp(G)) = D(G)⊗W(k) K0.



Chapter 2

1-motives and their realisation
functors

1-motives were originally defined in [Del74] over an algebraically closed field. Deligne’s
construction of 1-motives was motivated by the desire to study Hodge and étale
realizations in a broader context than that provided by pure motives. Pure motives,
associated with smooth projective varieties, have well-established Hodge structures,
but they do not capture the complexities of non-smooth or non-projective varieties.
By including algebraic tori and extending to mixed motives, 1-motives offer a more
inclusive theory that addresses these cases. Deligne also constructs several realization
functors carrying a filtration and provides comparison isomorphism relating them
which is compatible with the filtrations. For more detailed information on 1-motives,
refer to [BVK16].

2.1 Basic definitions
Definition 2.1.1. An integral Deligne 1-motive M over S is a two-term complex of
S-commutative group schemes M = [L u−→ G], where:

1. L is a lattice over S, i.e., it is an S-group scheme which, locally for the étale
topology on S, is isomorphic to a constant finitely generated free Z-module;

2. G is a semi-abelian S-scheme, i.e., it is an extension of an abelian S-scheme A
by an S-torus T ; and

3. u is a morphism of S-group schemes.

An effective torsion 1-motive over S is M = [L u−→ G], where G is a semi-abelian
S-scheme but L is finitely generated Z-module and étale locally constant. From this
point forward, we will refer to integral Deligne 1-motives simply as 1-motives.

38
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Morphisms of Deligne 1-motives (effective torsion 1-motives) are morphisms of
complexes L→ G. We denote the category of 1-motives over S byM1(S). There is a
canonical exact sequence

0→ [0→ G]→M → [L→ 0]→ 0 (2.1.1)

for any 1-motive M = [L→ G] over S.

Example 2.1.2. Assume that S = SpecK for some field K. If the M = [L u−→ G] is
a Deligne 1-motive (resp. torsion 1-motive), then L is a finite free Z-module (resp.
discrete K-group scheme) equipped with a continuous action of ΓK , and u : L→ G(K)
is a ΓK-equivariant group homomorphism.

Let S = Spec(R), where R is a henselian local ring with residue field k. If
M = [L u−→ G] is a (Deligne) 1-motive over R, then L is an isotrivial lattice (see
Proposition B.2.3(1)), and u induces a Γk-equivariant group homomorphism L →
G(Rs), where Rs is the universal covering of R at x : Spec(k) → Spec(k). If K is
the field of fractions of R, then the map u gives a group homomorphism L→ G(R′),
where R′ is the integral closure of R in some finite unramified extension K ′ of K. For
more details, we refer to [Mat14, §1.6].

Remark 2.1.3. Let K be any field, and S = Spec(K). The category tM1 of 1-
motives with torsion is the localization of effective torsion 1-motives with respect
to the multiplicative class of quasi-isomorphisms. This is an abelian category if
char(K) = 0 (see [BVK16, C.2,C.3,C.5]). By [BVK16, Prop. C.7.1], the canonical
embedding M1 → tM1 has a left adjoint given by

M = [L u−→ G] ↦→Mfr := [L/Ltor → G/u(Ltor)].

The category of 1-motives up to isogenyMQ
1 :=M1⊗Q is abelian andMQ

1
∼= tMQ

1 :=
tM1 ⊗Q.

From now on, by the category of 1-motives, we refer to the isogeny category of
1-motives, and we will use the same notation M1 to denote this isogeny category.

Definition 2.1.4. There is a standard filtration associated to a 1-motive M = [L→ G]
called weight filtration. It is defined as follows

Wi(M) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 i < −2
T i = −2
G i = −1
M i ≥ 0.
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The graded pieces are defined as follows:

gri(M) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 i ≤ −3 or i ≥ 1,
T i = −2,
A i = −1,
L i = 0.

By T,G,A, and L, we mean the complexes [0→ T ], [0→ G], [0→ A], and [L→ 0],
respectively.

In general, for any abelian category A, one can define a filtered object as a pair
(X,F ), where X ∈ A, and F = (F n(X))n∈Z is a sequence of objects in A such that
for any n ≤ m, it satisfies that F n(X) ⊆ Fm(X). To any such filtered object, one
can associate a graded object GrF (X). Although the category of 1-motives over S
is not abelian, it can be viewed as a subcategory of the category of complexes of
representable abelian sheaves on Sfppf. Thus, a 1-motive M = [L→ G] over S can be
identified with a complex, where L is in degree −1 and G is in degree 0. Under this
identification, the pair (M,W ) forms a filtered object. For more details on filtrations,
we refer to [Del71].
Definition 2.1.5. Let T : M1(S)→ Mod(R) be an additive exact covariant functor
from the category of 1-motives over S to the category of modules over R, where R is
a commutative ring with unity. We define the standard weight filtration on T to be

Wi T (M) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 i < −2
T (T ) i = −2
T (G) i = −1
T (M) i ≥ 0.

for any M = [L → G] ∈ M1. Here, 0 → T → G → A → 0 is an extension of the
abelian S-scheme A by an S-torus T . By T (T ) (T (G) and T (L) resp.), we mean
T ([0→ T ]) (T ([0→ G]) and T ([L→ 0]) resp.).
Proposition 2.1.6. The category M1 has all finite limits and colimits. In particular,
for any given two effective torsion 1-motives M = [L u−→ G], M ′ = [L′ u−→ G′], a
morphism φ = (f, g) : M → M ′ admits the kernel and cokernel as a morphism of
complexes.The kernel of φ is given by Kerφ = [Ker0 f

u−→ Ker0 g] and the cokernel of
φ is given by Cokerφ = [Coker f u′

−→ Coker g], where Ker0 g is the reduced connected
component of the kernel of g in the category of commutative group schemes, Ker0 f is
the pullback of Ker0 g along u : Ker f u−→ G, and u′ is the map induced by u′.

Proof: See [BVK16, Prop. C.1.3].



2. 1-MOTIVES AND THEIR REALISATION FUNCTORS 41

2.2 Cartier duality
Given a 1-motive M over S we can construct another 1-motive M∨ called the Cartier
dual of M . This defines in fact a contravariant functor on the category of 1-motives

(.)∨ :M1(S)→M1(S)

with the property that there exist a canonical isomorphisms (M∨)∨ ∼= M . This con-
struction generalizes the duality of abelian schemes, given by the functor Ext1

S(.,Gm),
and the Cartier duality of affine commutative group schemes taking tori to lattices
and vice versa, which is given by HomS(.,Gm) (see Appendix B.2).

Torsors.

We recall general facts about torsors which can be found in [Gir71, §III]. We fix a site
S and work in the topos Sh(S) of sheaves on S. Let H ∈ Sh(S) with H a sheaf of
abelian groups over S. By an H-torsor over S we will mean a sheaf P over S endowed
with an H-action m : H ×S P → P such that:

(1) the morphism
H ×S P → P ×S P, (h, e) ↦→ (m(h, e), e)

is an isomorphism, and

(2) the structural morphism P → S is an epimorphism.

A morphism of torsors is a morphism of corresponding sheaves which is compatible
with the actions. The trivial H-torsor is just H with action given by multiplication.

Condition (1) is equivalent to the following: For any T ∈ Sh(S), the action of
H(T ) = HomS(T,H) on P (T ) = Hom(T, P ) is simply transitive.

Condition (2) is equivalent to the following: There exists an epimorphic cover
{Si → S} such that P ×S Si is the trivial H ×S Si-torsor over Si.

Definition 2.2.1 ([Gro72]). Let H,A,B be sheaves of abelian groups on a site. A
biextension of (A,B) by H is an HA×B-torsor P over A×B which is endowed with a
structure of extension of BA by HA and a structure of extension of AB by HB, such
that both structures are compatible.

Example 2.2.2. A biextension of abelian groups is a biextension on the punctual
topos, i.e., the category of sheaves on the site with one object ∗ and one morphism
id∗ : ∗ → ∗. Thus for abelian groups H,A,B, a biextension of (A,B) by H is given by
a set P endowed with a simply transitive H-action and a surjective function P → A×B
such that the fibers Pa, for every a ∈ A, have the structure of the extension of B by
H, and the fibers Pb, for every b ∈ B have the structure of the extension of A by H.
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Example 2.2.3. Given three commutative group schemes G,H,N over a base field
K, a biextension of (G,H) by N is a morphism B → G ×K H plus two relative
homomorphisms. The first one, for E → H, makes E → H an extension of GH :=
G×K H by NH := N ×K H, while the second group law, for E → G, makes E → G
an extension of HG by NG.

Consider the fppf site Sfppf. Let A be an abelian scheme over S. The dual abelian
scheme of A is characterized by a pair (A∨, PA), where A∨ is isomorphic to Pic0

A/S

as fppf sheaves ([FC90]) and PA is a biextension of (A,A∨) by Gm, called a Poincaré
biextension. When composing with the isomorphism Pic0

A/S
∼= Ext1

S(A,Gm,S) we get
the Weil-Barsotti formula A∨ ∼= Ext1(A,Gm,S), which maps a section a∨ ∈ A∨ to
the fiber PAS ,a∨ of PAS

over a∨. Since Gm is affine over S, PA is representable and
it is locally trivial with respect to the étale topology on S, as Gm is smooth, i.e.,
PAS

is a Gm-torsor over AS ×S A∨
S on étale site Sétale. If S is SpecK, where K is a

complete discrete valuation field with ring of algebraic integers OK , then PAK
extends

canonically to a biextension PA of (A0, A
∨
0 ) by Gm,OK

, where A0 is the Néron model
of AK over OK , and A∨

0 is the Néron model of A∨
K (see [Gro72, Exposé VIII]).

In [Del74], Deligne generalized the notion of biextension to complexes of sheaves.
Definition 2.2.4. [Del74, §10.2.1] Let C1 = [A1 → B1] and C2 = [A2 → B2] be
two complexes of sheaves of abelian groups concentrated in degrees 0 and −1. A
biextension of (C1, C2) by a sheaf of abelian groups H consists of:

(1) a biextension P of (B1, B2) by H,

(2) a trivialization of the biextension of (B1, A2) by H obtained as the pullback of
P over B1 × A2, and

(3) a trivialization of the biextension of (A1, B2) by H obtained as the pullback of
P over A1 ×B2.

Moreover, the trivialization conditions in (2) and (3) must coincide on A1 × A2.
We now review the Poincaré biextension associated with a 1-motive M , as

described in [ABV05, §1.2]. We want to construct the Poincaré biextension P of
(M,M∨) by Gm. Every x∨ ∈ T∨ corresponds to the extension of MA by Gm obtained
by the pushout of the exact sequence

0→ T →M →MA → 0

along −x : T → Gm

0 T M MA 0

0 Gm P ′
u∨(x∨) MA 0

−x φ . (2.2.1)
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The map φ induces a trivialization of the pullback Pu∨(x∨) of P ′
u∨(x∨) along M

0 Gm Pu∨(x∨) M 0

0 Gm P ′
u∨(x∨) MA 0

φ . (2.2.2)

We can see that P is indeed a canonical trivialization over G× L∨, as the pullback
of P to G× x∨ is Pu∨(x∨) by construction. The biextension P is called the Poincaré
biextension of (M,M∨) by Gm.

Construction of the dual of M

Let F • and G• be objects in Db(Sfppf). We have an internal Hom denoted by
HomSfppf(F •, G•), and also we have

ExtiSfppf
(F •, G•) = H i(HomS(F •, G•)).

This ExtiSfppf
sheaf is indeed sheafification of the presheaf

(Sfppf)opp → Set

(T → S) ↦→ ExtiT (F • |T , G• |T )

with respect to the fppf site on S, where

ExtiS(F •, G•) := HomDb(Sfppf)(F
•, G•[i]) = HomDb(Sfppf)(F

•[−i], G•).

We now proceed to the construction of the Cartier dual of M = [L u−→ G]. Let
S be a locally notherian scheme. As before, G is a an extension of abelian scheme
A by a torus T . Denote MA := [L v−→ A], where v is a map that makes the following
diagram commute

L

0 T G A 0.

u v (2.2.3)

The dual of M is a 1-motive M = [T∨ u∨
−→ G∨], where G∨ is an extension of A∨ by L∨

and defined as follows:

1. The dual of the torus T is a lattice over S, i.e., T∨ is the group scheme which
represents the sheaf HomS(T,Gm) (see Appendix B.2).
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2. The dual of the lattice L is a torus over S, i.e., L∨ is the group scheme which
represents HomS(L,Gm).

3. The dual of abelian scheme A is A∨, which is an abelian scheme over S repre-
senting the sheaf Ext1

S(A,Gm), by the Weil-Barsotti formula A∨ ∼= Ext1
S(A,Gm)

(see [Oor66, Chapter III]).

4. We define G∨ to be the group scheme over S which represents the sheaf
Ext1

S(MA,Gm). More explicitly, applying the functor Ext•
S(.,Gm) to the di-

agram
0

0 A MA L 0

M

T

0

(2.2.4)

gives the diagram

...

HomS(M,Gm)

T∨

· · · HomS(A,Gm) L∨ Ext1
S(MA,Gm) Ext1

S(A,Gm) Ext1
S(L,Gm) · · ·

Ext1
S(M,Gm)

...

u∨

(2.2.5)
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The sheaf Ext1
S(MA,Gm) is representable and we denote by G∨ the group

scheme over S that represents it. As A is an abelian scheme (it is proper),
HomS(A,Gm) = 0, and by Theorem 2.2.6, Ext1

S(L,Gm) = 0.

Therefore, the dual of M is M∨ = [T∨ u∨
−→ G∨] and we have the commutative diagram

T∨

0 L∨ G∨ A∨ 0
u∨ v∨ (2.2.6)

A morphism φ : M1 →M2 induces a morphism of complexes in 2.2.4 and 2.2.5. As a
result, it gives a morphism φ∨ : M∨

2 →M∨
1 .

We can repeat the above construction to get a 1-motive (M∨)∨,

(L∨)∨

0 (T∨)∨ (G∨)∨ (A∨)∨ 0

(u∨)∨ (v∨)∨ (2.2.7)

There are natural isomorphisms (L∨)∨ ∼= L, (T∨)∨ ∼= T , and (A∨)∨ ∼= A. This implies
that (G∨)∨ ∼= G, and in particular (M∨)∨ ∼= M as 1-motives.

The Cartier duality on L, T , and A, can uniquely extend to a duality on M1(S).
If the functor (.)D :M1(S)→M1(S) induces the Cartier duality (.)∨ on L, T , and
A, then (.)D induces natural isomorphisms between the weight filtrations MD and
M∨, for any M ∈M1(S). Hence, (.)D = (.)∨.

Corollary 2.2.5. The Cartier dual (.)∨ :M1(S)→M1(S) is an exact contravariant
functor with the property that (.)∨ ∨ ∼= idM1.

Theorem 2.2.6. Let X be either a finite flat group scheme, a torus or a lattice over
S, and let A be an abelian scheme over S. Then

1. Ext1
S(X,Gm) = 0.

2. Ext2
S(A,Gm) = 0.

3. HomS(X,A) ∼= Ext1
S(A∨, X∨).

Proof:

1. If X is a finite flat group, the proof can be found in [Oor66, Th. III.16.1]. If X
is a constant group scheme or a torus, then it follows from [GD11, exp. XIII]
and [Gro67, exp. VIII].
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2. It is shown in [Bre69] that ExtiS(A,Gm) are torsion for all i > 1. Using the
statement (1), we can see that the multiplication by [m] on Ext2

S(A,Gm) is
injective so Ext2(A,Gm) = 0.

3. Let f : X → A be a morphism. It yields an exact sequence of complexes

0→ [0→ A]→ [X → A]→ [X → 0]→ 0

By (1), we know that Ext1(X,Gm) = HomS(A,Gm) = 0. Applying ExtiS(. ,Gm),
we obtain the exact sequence

0→ X∨ → Ext1(MA,Gm)→ A∨ → 0

Therefore, we have obtained a map HomS(X,A)→ Ext1
S(A∨, X∨), f ↦→ Ext1(MA,Gm).

For the inverse map, consider the exact sequence

0→ X∨ → G→ A∨ → 0

Taking ExtiS(. , (Gm)), we get

0→ HomS(G,Gm)→ X → A→ Ext1
S(G,Gm)→ 0

This gives us a map X → A.

2.3 Points on 1-motive
Let M be a 1-motive over S. The definition of S-points of M is inspired by [Del74,
§4.3] and also [AB11, §7.1].

Definition 2.3.1. The group of S points of M is

M(S) := Ext1
S(M∨

S ,Gm) ∼= Ext1
S(Z,MS) ∼= H0

fppf(S,M) ∼= HomS(Z,MS)

where the Hom and Ext1 are considered in the derived category of abelian fppf sheaves
on fppf site Sfppf.

For an abelian scheme A over S, the previous identifications reduce to the Weil-
Barsotti formula

M(S) = Ext1(A∨
S ,Gm,S) = HomS(Z, AS) = AS(S)
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Remark 2.3.2. Let M∨ = [T∨ → G∨] be the dual of the 1-motive M = [L → G]
over S and M∨

A = [T∨ v∨
−→ A∨] (see 2.2.6). We have

M∨
A(S) = Ext1(G,Gm) = G(S) (2.3.1)

The exact sequence
0→ L∨ →M∨ →M∨

A → 0
of complexes of fppf sheaves induces a long exact sequence

0→ HomS(M∨,Gm)→ L(S)→ G(S)→M(S)→ H1(Sfppf, L)→ · · · (2.3.2)

The group H1(Sfppf, L) is equal to H1(Sétale, L) as L is étale over S. By [Gro67,
Prop. VIII.5.1], if S ′ → S is a finite flat étale Galois extension with Galois group
G such that L ×S S ′ is constant, then we have H1(S ′

étale, L) = 0. Thus, the group
H1(Sétale, L) = H1(G,L). The group H1(G,L) is a finite Galois cohomology, so it is
torsion.

Hence, over a locally noetherian base scheme S, we have

M(S)⊗Z Q = (G(S)/ Im(L))⊗Z Q. (2.3.3)

Particularly, when S = Spec(K) and L is split over K, then H1(Sfppf, L) = 0 and we
have an exact sequence

L(K)→ G(K)→M(K)→ 0,

and M(K) = G(K)/ Im(uK).

Remark 2.3.3. We can give a more explicit description of an element in M(S)⊗Z Q.
Assume that M = [L u−→ G] is a 1-motive over S. Let x ∈ G(S) and Mx = [L⊕Z→ G]
be a 1-motive induced by the map (ℓ, 1) ↦→ u(ℓ) + x. The canonical exact sequence

0→M →Mx → Z→ 0

in Ext1
S(Z,M) depends only on the class of x in G(S)/ Im(u). Taking the Cartier

dual (.)∨ gives the element

0→ Gm →M∨
x →M∨ → 0

in M(S). Conversely, if y ∈M(S), the identification (M(S)⊗ZQ = G(S)/ Im(u))⊗ZQ
implies that there is a power of y which comes from a point x ∈ G(S). Moreover, y
corresponds to the pull-back of x along M∨ → G∨, i.e.,

0 Gm Ey M∨ 0

0 Gm Ex G∨ 0
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Taking (.)∨ gives

0 M E∨
y Z 0

0 G∨ E∨
x Z 0

As E∨
x corresponds to a map Z→ G, it gives us a 1-motive [Z u−→ G]. Therefore, Ey

is a 1-motive of the form [L ⊕ Z v−→ G]. As the above diagram is commutative, we
have v(ℓ, n) = u(ℓ) + nx.

We can summarize the above remark in the following

Corollary 2.3.4. Let M = [L u−→ G] be a 1-motive over S. We have

M(S)⊗ZQ =
{︃

0→M →Mx → Z→ 0 | x ∈ G(S), Mx = [L⊕Z (ℓ,n)↦→u(ℓ)+nx−−−−−−−−→ G]
}︃
⊗ZQ

(2.3.4)

2.4 The de Rham realization for 1-motive
In this section, we start by defining the universal vector extension for 1-motives. For
the construction of M ♮, the universal vector extension of a Deligne 1-motive M over a
field of characteristic zero, we refer to [Del74, 10.1.7]. For the more general case over
a base scheme S, see [BVB09, Prop. 2.2.1], and [ABV05, §2.3, 2.4].

Recall that a vector group scheme over S is an S-group scheme that is locally
isomorphic for the fpqc topology1 to a finite product of Ga’s. If V is a vector group
over S then the sheaf HomS(., V ) is a locally free OS-module of finite rank. Conversely,
every locally free OS-moduleM of finite rank induces a vector group V whose sections
over an S-scheme T are M(T ) = Γ(T,OT ⊗OS

M).
A commutative group schemeG over S is semi-abelian if and only if HomS(G, V ) =

0 for all vector group scheme V over S.

Definition 2.4.1. Let G be a semi-abelian group scheme. A vector extension of G
over S is an extension of G by a vector group scheme V over S.

The vector extension

0→ V (G)→ E(G)→ G→ 0

is called the universal vector extension of G if for any vector extension

0→ V → G′ → G→ 0,
1fpqc stands for fidèlement plate et quasi-compacte.
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there exists a unique homomorphism of S-vector group schemes φ : V (G)→ V such
that G′ is the push-out of E(G) by φ.

Remark 2.4.2. Indeed, the vector extension

0→ V (G)→ E(G)→ G→ 0

is universal if and only if the map

HomOS
(V (G), V )→ Ext1

S(G, V )

induced by push-out is an isomorphism for all vector groups V over S.
If the following conditions are satisfied:

I. HomS(G,Ga,S) = 0,

II. Ext1
S(G,Ga,S) is a locally free OS-module of finite rank,

then, V (G) := HomOS
(Ext1

S(G,Ga,S),OS) is a vector group scheme over S and the
universal vector extension of G exists. Moreover, we have

Ext1
S(G, V ) = Ext1

S(G,Ga,S)⊗OS
V = HomOS

(V (G),OS)⊗OS
V = HomOS

(V (G), V ).

Thus, E(G), by definition, is the extension corresponding to the identity morphism on
V (G).

Proposition 2.4.3. Let G be a semi-abelian group scheme over S. The universal
vector extension

0→ V (G)→ E(G)→ G→ 0 (2.4.1)

exists, where V (G) = HomOS
(Ext1

S(G,Ga,S),OS) and there is an isomorphism

E(G) ∼= E(A)×A G.

Proof: See [MM72, §1.7].

Definition 2.4.4. A vector extension of a 1-motive M = [L → G] over S is an
extension of M by a vector group scheme V over S. That is an exact sequence

0→ [0→ V ]→ [L→ G′]→ [L→ G]→ 0

as complexes of S-group schemes. We usually denote V by V := [0→ V ].
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Definition 2.4.5. The vector extension

0→ V (M)→M ♮ →M → 0

is called the universal vector extension of M if for any vector extension

0→ V →M ′ →M → 0,

there exists a unique homomorphism of S-vector group schemes φ : V (M)→ V such
that M ′ is the push-out of M ♮ by φ.

The vector extension

0→ V (M)→M ♮ →M → 0

is universal if and only if the map

HomOS
(V (M), V )→ Ext1

S(M,V ) (2.4.2)

induced by push-out is an isomorphism for all vector groups V over S.
If the following conditions are satisfied:

I. HomS(M,Ga,S) = 0,

II. Ext1
S(M,Ga,S) is a locally free OS-module of finite rank,

then, V (M) := HomOS
(Ext1

S(M,Ga,S),OS) is a vector group scheme over S and the
universal vector extension of M exists.

Proposition 2.4.6. Let M = [L u−→ G] be a 1-motive over S. The universal vector
extension

0→ V (M)→M ♮ →M → 0 (2.4.3)

exists, where V (M) = HomOS
(Ext1

S(M,Ga,S),OS) and M ♮ is given by M ♮ = [L u♮

−→ G♮].
Moreover, we have an extension of S-group schemes

0→ V (M)→ G♮ → G→ 0 (2.4.4)

such that G♮ is the push-out of the universal vector extension

0→ V (G)→ E(G)→ G→ 0

of semi-abelian scheme G along the inclusion

V (G) = HomOS
(Ext1

S(G,Ga,S),OS) ↪→ HomOS
(Ext1

S(M,Ga,S),OS) = V (M)

and consequently, there is a non-canonical isomorphism G♮ ∼= E(G)×S (L⊗Z Ga,S).
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Proof: We prove the conditions (I), and (II). Observe that HomS(G,Ga,S) = 0
implies that HomS(M,Ga,S) = 0. To prove (II), consider the exact sequence

0→ G→M → L→ 0

and apply Exti(. ,Ga,S) to get an exact sequence

0→ HomS(L,Ga,S)→ Ext1
S(M,Ga,S)→ Ext1

S(G,Ga,S)→ 0.

Notice that HomS(G,Ga,S) = Ext1
S(L,Ga) = 0. Then Ext1

S(M,Ga,S) will be a locally
free sheaf of OS-modules of finite rank if both HomS(L,Ga,S) and Ext1

S(G,Ga,S) have
finite rank. For HomS(L,Ga,S), we know that it is of finite rank. For Ext1(G,Ga,S),
notice that the exact sequence

0→ T → G→ A→ 0

yields an isomorphism Ext1
S(A,Ga,S) ∼= Ext1

S(G,Ga,S), since we know that HomS(T,Ga,S) ∼=
Ext1

S(T,Ga,S) = 0. Hence, Ext1
S(G,Ga,S) is of finite rank as well.

For the proof of the second part of the statement, see [BVB09, Prop. 2.2.1].

Example 2.4.7. Consider the 1-motive L = [L→ 0] over S. We have

V (L) = HomOS
(Ext1

S(L,Ga,S),OS) = HomOS
(HomS(L,Ga,S,OS),OS) = L⊗Ga,S.

Let ψ : L→ HomOS
(HomS(L,Ga,S,OS),OS) = L⊗Ga,S = L⊗Ga,S given by

x ↦→ (f ↦→ f(x))

for any f ∈ HomS(L,Ga,S). Then the isomorphism 2.4.2 sends the identity to

ψ ∈ Hom(L,L⊗Ga,S) = Ext1(L,L⊗Ga.S).

It follows that L♮ = [L f−→ L⊗Ga,S].
Remark 2.4.8. By [Ber09, Propposition 2.3], we know that

Ext1
S(M,Ga,S) = Ext1

S(MA,Ga,S) = Lie(G∨),

and therefore

V (M) = HomOS
(Ext1

S(M,Ga,S),OS) = HomOS
(LieG∨,OS) = coLie(G∨).

Hence, we have that

0 V (G) V (M) V (L) 0

0 coLie(A∨) coLie(G∨) coLie(T∨) 0.
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Definition 2.4.9. The de Rham realisation of the 1-motive M = [L→ G] over S is
defined as

TdR(M) := LieG♮(S) = Lie(G♮).

In addition to the standard weight filtration, the de Rham realisation carries the
Hodge filtration

Fili TdR(M) =

⎧⎪⎪⎨⎪⎪⎩
V (M) = Ker(Lie(G♮)→ Lie(G)), i = 0,
TdR(M), i = −1,
0 i ̸= 0,−1.

We have a canonical exact sequence

0→ V (M)→ Lie(G♮)→ Lie(G)→ 0.

Assume that M is a 1-motive defined over a field K. Let π : M ♮ →M in 2.4.3 be
the map π = (idL, πG), where πG : G♮ → G and Ker πG = V (M). Therefore, the kernel
of the induced map dπG : Lie(G♮) = TdR(M) → Lie(G) is again V (M) ⊆ TdR(M).
Thus, TdR(M) together with the K-subspace V (M) can be regarded as a filtered
K-vector space.

Proposition 2.4.10. [BVB09, Lemma 2.3.2]. The functor M ↦→M ♮ is exact.

Definition 2.4.11. If M = [L u−→ G] is a 1-motive defined over a subfield K of C.
The singular realisation of M , denoted by Tsing(M), is the fibre product of L and
Lie(Gan) over Gan under the structure map u : L → G and the exponential map
exp : Lie(Gan)→ Gan.

Proposition 2.4.12. Let M be a Deligne 1-motive (or 1-motive with torsion) defined
over the subfield K of C.

1. We have a natural isomorphism

TdR(MC)
∼=−→ TdR(MK)⊗K C

and
Tsing(MC)

∼=−→ Tsing(MK)⊗K C

where MC is the base change of MK to C.

2. The unique homomorphism

ϖ : Tsing(MC)→ TdR(M)⊗K C
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that yields dπG ◦ϖ = ˜︁uC and exp ◦ϖ = u♮C ◦ ˜︃exp induces an isomorphism

ϖC : Tsing(MC)⊗Z ⊗C→ TdR(M)⊗K C, (2.4.5)

where ˜︁uC is the pull-back of uC : LC → GC along exp and ˜︃exp : Tsing(MC)→ LC
is the structural map given by the definition of Tsing(MC). The isomorphism ϖ
is called the period isomorphism.

3. The period pairing map per : TdR
∨(M) × Tsing(M) → C given by per(ω, σ) =

ωC(ϖ(σ)) is indeed equal to
∫︁
γ ω where γ is a path from 0 to a point exp(σ) ∈

G(Q).

Proof: See [HW22, Chap. 9], or [ABVBK20, §2.2].

Definition 2.4.13. The isomorphism 2.4.5 is called Betti-de Rham comparison
isomorphism.

2.5 ℓ-adic realisations for 1-motive
Let M = [L u−→ G] be a 1-motive over S in which we shall place L in degree −1 and
G in degree 0. Let n be a positive integer. Consider the multiplication by n on M ,
n : M →M , consisting of multiplication-by-n maps on both L and G. Its associated
commutative diagram

L u →→

n
↓↓

G

n
↓↓

L
u →→ G

induces a morphism of S-group schemes L→ L×G G, x ↦→ (nx,−u(x)) and we define

M [n] := Coker(L→ L×G G).

In other words, M [n] is H−1(M/n) where M/n is the cone of multiplication by n on
M . The exact sequence (2.1.1) yields a short exact sequence of cohomology sheaves

0→ G[n]→M [n]→ L[n]→ 0. (2.5.1)

Indeed, we have
M [n] = {(x, g) ∈ L×G | u(x) = −ng}

{(nx,−u(x) | x ∈ L} (2.5.2)

as an fppf quotient. In particular, when S = SpecK, M [n] turns into a (Z/nZ)[ΓK ]-
module.
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Remark 2.5.1. Let n be a positive integer and let G be a semi-abelian scheme over
S. We have the commutative exact diagram

0 T G A 0

0 T G A 0.

[n] [n] [n] (2.5.3)

Hence, applying the Snake lemma yields the exact sequences

0→ T [n]→ G[n]→ A[n]→ 0

and
0→ G[n]→ G

[n]−→ G→ 0. (2.5.4)

We know that multiplication by [n] is finite and faithfully flat on both A and T , and
both T [n] and A[n] are finite flat group schemes over S, and they are étale if n is
coprime to the characteristics of all residue fields of S. As an extension of finite flat
group schemes is again a finite flat group scheme, we conclude that G[n] is a finite flat
group scheme over S. As the sequence 2.5.4 is exact and G[n] is finite flat, therefore
G

[n]−→ G is finite and faithfully flat, and it is étale if n is coprime to the characteristics
of all residue fields of S.

Remark 2.5.2. If M is a 1-motive over S, the exact sequence 2.5.1 implies that M [n]
is a finite flat group scheme over S, which is étale if S can be defined over Z[ 1

n
]. In

particular, for S = SpecK, M [n] is a finite flat étale group scheme if n is coprime to
the characteristic of K.

Definition 2.5.3. The p-divisible group (or Barsotti-Tate group) of M is

M [p∞] := lim−→
n→∞

M [pn]

where the direct limit is taken over maps M [pm] → M [pn], for m ≥ n, induced by
(x, g) ↦→ (pm−nx, g).

Definition 2.5.4. Let p be a fixed prime number and M a 1-motive over K. The
p-adic Tate module (or p-adic realization) of 1-motive M is

Tp(M) := lim←−
m

M [pm]

where the inverse limit is taken over maps M [pm](K)→M [pn](K), for m ≥ n, induced
by (x, g) ↦→ (x, pm−ng). We also denote Vp(M) := Tp(M)⊗Zp Qp.



2. 1-MOTIVES AND THEIR REALISATION FUNCTORS 55

The exact sequence (2.5.1) yields the exact sequence

0→ G[p∞]→M [p∞]→ L[p∞]→ 0 (2.5.5)

where L[p∞] = L ⊗ Qp/Zp. For M = [0 → A] an abelian scheme we recover the
Barsotti-Tate group of A.

Note that we also have the canonical exact sequence

0→ T [p∞]→ G[p∞]→ A[p∞]→ 0, (2.5.6)

and if we take Tate-modules, we obtain a canonical exact sequence

0→ Tp(G)→ Tp(M)→ Tp(L)→ 0 (2.5.7)

where, Tp(L) ∼= L⊗ Zp.

Proposition 2.5.5. There exists a finite flat extension S ′ of S such that the exact
sequence (2.5.5) is split over S ′.

Proof: Choose a finite flat extension S ′ → S and a compatible set of homomorphism

{un : 1
pn

(L×S S ′)→ G×S S ′}n∈N

such that u0 = u ×S S ′. For any n, we define L[pn] ×S S ′ → M [pn] by x ↦→
(x,−un(p−nx)). Hence, we a a splitting of (2.5.5) over S ′.

Example 2.5.6. The p-adic Tate module of [0 → A] is just a Tate-module of the
abelian scheme A, i.e., Tp(A) = lim←−mA[pm] which has rank 2 dim(A), if p is coprime
to the characteristic of all residue fields of S.

Proposition 2.5.7. Let M = [L→ G] be a 1-motive over arbitrary field K, where G
is an extension of abelian variety A by a torus T .

1. The Tate module Tp(M) is a free Zp-module. If p is coprime to the characteristic
of K, then

rank Tp(M) = rank(L) + dim(T ) + 2 dim(A).

2. The action of the absolute Galois group ΓK on Tp(M) is continuous.

3. The association M ↦→ Tp(M) is a covariant exact functor from M1(K) to the
category of finitely generated free Zp-modules with continuous Galois action.
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Proof: It is clear if one considers the exact sequences (2.5.5), (2.5.7), and (2.5.6).

Remark 2.5.8. The Tate-Faltings theorem on homomorphisms of abelian varieties
can be generalized to 1-motives. For 1-motives M and M ′ over finitely generated field
k one has isomorphism

Hom(M,M ′)⊗ Zℓ
∼=−→ HomGk

(Tℓ(M), Tℓ(M ′))

when ℓ is coprime to characteristic of k. See [Jan95].

2.6 Reduction types and deformation theory
Definition 2.6.1. Let G be a group scheme over a field K and let G be a p-divisible
group (abelian variety, torus, lattice, or semi-abelian variety resp.).

1. If K is a local field of mixed characteristic (0, p) with residue field k, we say that
G has a good reduction if G can be extended to OK i.e. there exists a group
scheme G0 over OK such that G0 is a p-divisible group (resp. abelian variety,
torus, lattice, or semi-abelian variety) and G0 ×Spec(OK) Spec(K) is isomorphic
to G. In this case, we call G := G0 ×OK

Spec(k) the reduction of G.

2. If K is a global field, we say that G a has good reduction at a prime p ⊂ OK if
G can be extended to (OK)p i.e. there exists a group scheme G0 over (OK)p such
that G0 is a p-divisible group (abelian variety, torus, lattice, or semi-abelian
variety resp.) and G0 ×(OK)p Spec(K) is isomorphic to G. In this case, we call
G := G0 ×(OK)p Spec(k) the reduction of G modulo p.

Assume the above notations. Let K be a global field. G has a good reduction at
a prime p in OK if and only if G×K Spec(Kp) has a good reduction.

Theorem 2.6.2 (Néron-Ogg-Shafarevich criterion, [Bos90], Theorem 7.4.5). Let A
be an abelian variety over a field K with perfect residue field of characteristic p. Let
ℓ ̸= p be a prime. Then A has good reduction at p if and only if the ℓ-adic Tate module
Tℓ(A) is unramified as a Galois representation of ΓK.

Theorem 2.6.3 ([dJ98], §2.5). Let R be a henselian discrete valuation ring with
fraction field K. Let p be any prime, and let A be an abelian variety over K. Then,
A has good reduction if and only if the p-divisible group associated to A, A[p∞], has
good reduction.
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Let S = Spec(R) be a base scheme on which p is nilpotent, I a nilpotent ideal of
R and S0 = Spec(R/I). Let Defp-div(S) be the category of triples (A,G, ε) consisting
of an abelian scheme A over S0, a p-divisible group G over S and an isomorphism
ε : A[p∞] ∼= G ×S S0. Regarding the deformation of abelian schemes, we have the
following theorem:

Theorem 2.6.4 (Serre-Tate deformation theorem, [Kat81]). The functor A ↦→
(A,A[p∞], ε) from the category of abelian schemes over R to the category Defp-div(S)
is an equivalence.

Remark 2.6.5. As a special case of Serre-Tate deformation theorem, if R = OK
and A is an abelian variety over the residue field k, then a deformation of A[p∞] to a
p-divisible group G over OK corresponds to a deformation of A to an abelian scheme
A over OK .

We can generalize the theorem of Serre-Tate and Grothendieck on the deformation
of abelian schemes to 1-motives. This is done in [BM19]. Let S be a base scheme
on which p is locally nilpotent. Let S0 → S be a nilpotent thickening of schemes i.e.
S0 → S is a closed immersion whose the ideal of definition I is locally nilpotent. If
M is an object over S, its base change to S0 is denoted by M . Let DefM1

p-div(S) be the
category of triples (M,G, ε) consisting of a 1-motive M over S0, a p-divisible group
G over S and an isomorphism ε : M [p∞] ∼= G×S S0.

Theorem 2.6.6 ([BM19]). The functor M ↦→ (M,M [p∞], ε) from the categoryM1(S)
to the category DefM1

p-div(S) is an equivalence.

Definition 2.6.7 (1-motive with good reduction). Let M be a 1-motive over field K.

1. If K is a local field of mixed characteristic (0, p) with ring of algebraic integers
(OK , p, k), we say that M has a good reduction if it can be extended to OK , i.e.,
there exists a 1-motive M0 inM1(OK) whose generic fibre M0×Spec(OK) Spec(K)
is isomorphic to M . In that case we call the 1-motive M := M0 ×Spec(R) Spec(k)
the reduction of M modulo p.

2. If K is a global field, we say that M has a good reduction at prime p ⊂ OK
if M can be extended to (OK)p i.e. there exists a 1-motive M0 in M1((OK)p)
whose generic fibre M0 ×Spec(OK)p Spec(K) is isomorphic to M . In that case we
call the 1-motive M := M0 ×Spec(OK)p Spec(k) the reduction of M modulo p.

Let p be a fixed prime in a field K. The category of 1-motives over K with good
reductions at p is denoted by Mgr

1 (K). A 1-motive M over a number field K has a
good reduction at p if and only if its lift M ⊗K Kp has good reduction, where Kp

denotes the completion of K at p.
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Proposition 2.6.8. Let M be a 1-motive over number field K. M has good reduction
at all but finitely many primes p.

Proof: See [Mat14, Corollary 4.2.7].

Theorem 2.6.9. Let M be a 1-motive over K, where K is either a number field or a
p-adic local field. Then M has a good reduction at p if and only if Tℓ(M) is unramified
at a prime ℓ which is different from p.

Proof: See [Mat14, Theorem 4.1.1 ,Theorem 4.2.8].

Proposition 2.6.10. Let R be a henselian discrete valuation ring with fraction field K
and the maximal ideal p. Let M be a 1-motive over K. Then M has a good reduction
if and only if the Barsotti-Tate group associated to M , M [p∞], has a good reduction.

Proof: When M = [0 → A] an abelian variety or M = [0 → Gm] a torus, the
result follows from [Gro72, Exposé IX] and [dJ98, §2.5]. Consequently, for lattices
[L→ 0], which are dual of tori, the statement holds. Therefore, the statement is valid
for any 1-motive M .

Proposition 2.6.11. The isogeny category of Mgr
1 (K) is an abelian category.

Proof: Without loss of generality we can assume that K is a complete local field.
We know that the isogeny category M1(K)⊗Q is an abelian category. To prove that
the isogeny category of Mgr

1 (K) is an abelian category, it suffices to show that for
each exact sequence

0→M1 →M →M2 → 0

in M1(K)⊗Q, M has a good reduction if and only if both M1 and M2 have good
reductions. Taking the Tate module, we obtain the exact sequence

0→ Tℓ(M1)→ Tℓ(M)→ Tℓ(M2)→ 0

of ΓK-equivariant Zp-modules, where ℓ is prime different from p. The Galois repre-
sentation Tℓ(M) is unramified if and only if both Tℓ(M1) and Tℓ(M2) are unramified.
By Theorem 2.6.9, the statement follows.
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Corollary 2.6.12. Let
0→M1 →M →M2 → 0

be an exact sequence of 1-motives over K. Then M has a good reduction at p if and
only if both M1 and M2 have good reductions at p.

Proof: The proof closely follows the same reasoning as the previous argument.

Proposition 2.6.13. Let K be a complete local field with perfect residue field and M
a 1-motive with good reduction over K. The Tate module Vp(M) = Tp(M)⊗Zp Qp is
a Hodge-Tate representation of weights 0 and 1 with multiplicity rank(L) + dim(A)
and dim(T ) + dim(A) respectively.

Proof: Without loss of generality, we can assume that M is a 1-motive over OK .
Consider the canonical exact sequence

0→ G[p∞]→M [p∞]→ L[p∞]→ 0.

As L[p∞] is étale, the connected component of M [p∞] is the same as the connected
component of G[p∞]. Thus, Lie(M [p∞]) = Lie(G[p∞]). Taking Cartier dual from the
above sequence, we get the exact sequence

0→ (L[p∞])∨ → (M [p∞])∨ → (G[p∞])∨ → 0

of p-divisible groups over OK . The dimension of p-divisible group (L[p∞])∨ is equal to
rank(L), since L[p∞] = L⊗Qp/Zp, and (L[p∞])∨ ∼= (µp∞)rank(L). We need to find the
dimension of (G[p∞])∨ as well. The exact sequence 2.5.6 gives us an exact sequence

0→ (A[p∞])∨ → (G[p∞])∨ → (T [p∞])∨ → 0

of p-divisible groups over OK . The dimension of p-divisible group (G[p∞])∨ is equal
to dim(A), since (A[p∞])∨ ∼= A∨[p∞] and (T [p∞])∨ is étale and of dimension 0. Thus,
dim(Lie(M [p∞]∨)) = rank(L) + dim(A).

Remark 1.7.21 implies that Vp(M) is Hodge-Tate of weights 0 and 1 with multi-
plicity dim(Lie(M [p∞]∨)) = rank(L) + dim(A) and dim(Lie(G)) = dim(T ) + dim(A)
respectively.

2.7 Crystalline realization for 1-motive
Recall our notations in Section 1.5. Let k be a prefect field of characteristic p, W(k)
the Witt vectors of k and M [p∞] the p-divisible group associated to M defined over k.
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If we take the contravariant Dieudonné functor, it gives us a module D(M [p∞]) over
the Dieudonné ring

Dk := W(k)[F ,V ]/(FV − p,V F − p, Fc− σ(c)F , cV − V σ(c), ∀σ ∈W(k)).

As pointed out in Section 1.6, this can be further extended to define a crystal on the
nilpotent crystalline site on Spec k. With the notations in Remark 1.6.13, we can
define the Barsotti-Tate crystal of the 1-motive M as follows.

Definition 2.7.1 ([ABV05]). Let k be a perfect field of characteristic p and let D
denote the contravariant Dieudonné crystal. The crystalline realization of 1-motive
M is the following W(k)-module

Tcrys(M) := lim←−
n

D(M [p∞]∨])(Spec k → Spec Wn(k)).

We also define

Tcrys
∨(M) := lim←−

n

D(M [p∞]])(Spec k → Spec Wn(k)).

We call Tcrys
∨(M) the Barsotti-Tate crystal of the 1-motive M .

The functor associating to a 1-motive its p-divisible group is exact and covariant.
The Dieudonné functor and Cartier dual are exact and contravariant. Therefore, the
functor M ↦→ Tcrys(M) is exact and covariant.

For 1-motive M = [L→ G], we define a weight filtration on Tcrys(M) as follows

Wi(Tcrys(M))

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Tcrys(M), i ≥ 0,
Tcrys(G), i = −1,
Tcrys(T ), i = −2,
0, i ≤ −3.

(2.7.1)

Where G is an extension of an abelian scheme A by a torus T .
We have a canonical isomorphism between crystalline realization of M and the

de Rham realization of its lift to W(k), as described in [ABV05, Theorem A’]. Hence,
the following theorem provides a crystalline-de Rham comparison isomorphism for
1-motives with good reduction.

Theorem 2.7.2 ([ABV05]). Let M be a 1-motive with good reduction over local p-adic
field K. We have a canonical isomorphism

Tcrys(M)⊗W(k) K ∼= TdR(MK).
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We can define a filtration on the isocrystal N = Tcrys(M)⊗W(k)K by transferring
the Hodge filtration on TdR(M) via the crystalline-de Rham comparison isomorphism
from Theorem 2.7.2. This turns N into a filtered isocrystal2. Moreover, we can view
D = Tcrys(M) as a filtered Dieudonné module3, where the filtration (Di) is the one
induced by the Hodge filtration on the de Rham realization of the (formal) lifting M
to W(k). Thus, we can state the following:

Corollary 2.7.3. Let M = [L→ G] be a 1-motive over p-adic local filed K with good
reduction. Let D = Tcrys(M). Then we have an exact sequence

0→ D0 → D → D/D0 → 0

with natural identification D/D0 ⊗W(k) K ∼= Lie(G).

2Recall Definition 1.5.17 for filtered isocrystal.
3Recall Definition 1.5.15 for filtered Dieudonné module.



Chapter 3

P-adic integration theory for
1-motives

P-adic integration theory plays a crucial role in modern number theory, arithmetic
geometry, and algebraic geometry. Developed and refined by several mathematicians,
including Fontaine, Messing, Colman, and Colmez, this theory extends classical
integration methods into the realm of p-adic analysis, offering a powerful framework
for understanding arithmetic properties of varieties over p-adic fields.

Jean-Marc Fontaine’s contributions laid the groundwork for understanding p-adic
Hodge theory, a field closely linked to p-adic integration. His work established a deep
connection between the arithmetic of p-adic representations and geometric structures,
particularly through the use of period rings. This connection has become fundamental
in modern p-adic integration.

William Messing furthered the development of p-adic integration theory by
studying the deformation theory of p-divisible groups and crystalline cohomology.
His work provided essential tools for understanding the deformation of varieties over
p-adic fields, a key aspect of p-adic integration.

Peter Coleman and Pierre Colmez made significant advancements by refining
and expanding the theory. Colman’s contributions include the development of the
theory of p-adic differential equations, which has profound implications for p-adic
integration. Colmez, on the other hand, is known for his work on p-adic periods and
his exploration of the p-adic analogs of classical integrals, particularly in the context
of p-adic L-functions and p-adic Hodge theory.

In the first part of this chapter, we seek to extend the p-adic integration theory
introduced in [Col92] to 1-motives with good reduction. We will show that this
p-adic integration pairing is perfect and respects Hodge filtration (Theorem 3.3.4).
Furthermore, we will explore our p-adic integration maps in greater detail through
Theorem 3.3.2 and Theorem 3.3.3. The p-adic integration theory in [Col92] focuses on

62



3. P-ADIC INTEGRATION THEORY FOR 1-MOTIVES 63

constructing p-adic periods for an abelian variety with good reduction defined over a
local field. The methods employed highlight the analogies between p-adic theory and
classical theory over the complex field, making these connections explicit. The paper
concludes with a detailed comparison of this calculation with the theory of Hodge-Tate
periods, initially established by Tate and further developed by Fontaine, Coleman,
and others. The periods arising from this pairing cannot generally be expressed in
terms of function-theoretically when the abelian variety varies in a family (i.e. this
integration is nit compatible with morphisms between abelian varieties). However,
there is another context in which abelian periods appear: when the integrand is viewed
as a solution to certain linear differential equations (Picard-Fuchs or Gauss-Manin).
For a more detailed comparison of these methods, see [AKT03].

In the second part of this chapter, we will study the p-adic logarithm through
Barsotti-Tate groups and identify its local inverse. The main goal is to gain a clearer
interpretation of the image of Q-rational points under the log map (e.g., Theorem 3.6.7),
using techniques from p-adic Hodge theory and Galois cohomology, inspired by [BK07].

For this chapter, we assume that K is a local discrete valued field with prefect
residue field k of characteristic p, and with ring of integers OK . Recall our notations
in Section 1.7 and the definition of period rings B+

dR and BdR. We define A2 =
Ainf /(Ker θ)2 and B2 := B+

dR /t
2 B+

dR; see Definition 1.7.12.

3.1 Geometric interpretation of period rings
Consider the natural inclusion B+

dR ↪→ BdR. Recall that there exists a canonical section
of θ : B+

dR → Cp above K ⊂ Cp, that is K ↪→ B+
dR whose image is dense in B+

dR. This
embedding induces a map K → B2 which is injective.

From Section 1.7, recall the surjective ring homomorphism θ : Ainf → OCp . We
let I := Ker θ, J := Ker(θ[1/p]), I = I/I2, and J = J/J2. Notice that A2 /I ∼= OCp

and J ∼= Cp(1). By construction we have the following commutative diagram with
exact rows of ΓK-equivariant maps

0 I A2 OCp 0

0 J B2 Cp 0

(3.1.1)

Let Ω = ΩSpec(O
K

)/ Spec(OK) be the sheaf of modules of differentials with the universal
derivation d : OK → Ω and let A := Ker d. The multiplication by pn induces a
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commutative diagram of OK-modules

0 A OK Ω 0

0 A OK Ω 0.

[pn] [pn] [pn] (3.1.2)

Notice that multiplication by pn is surjective on Ω, and it is injective on OK . The
snake lemma yields an exact sequence

0→ Ω[pn]→ A/pnA → OK/pnOK → 0.

The direct system {Ω[pn]}n≥1 with natural transition maps Ω[pn+1]→→Ω[pn] satisfies
the Mitag-Leffler condition ([Sta23, Section 0594]). Hence, taking projective limits
yields an exact sequence

0→ Tp Ω→ ˆ︁A → OCp → 0,

where ˆ︁A = lim←−A/p
nA. The ring B+

dR is the universal pro-infinitesimal thickening of
OCp . This universal property for A2 provides a unique map A2 → ˆ︁A which is an
isomorphism and induces a commutative diagram

0 I A2 OCp 0

0 Tp Ω ˆ︁A OCp 0

∼= ∼= (3.1.3)

where the maps are ΓK-equivariant. Inverting p we obtain isomorphisms J ∼=
(Tp Ω)[1/p] ∼= Cp(1), and B2 ∼= ˆ︁A[1/p].

For the rest of this chapter, assume that M = [L u−→ G] is a 1-motive over OK .
The Tate module of M is Tp(M) = lim←−M [pn](K) = lim←−M [pn](OCp). The first goal of
this chapter is to construct a bilinear pairing map

Tp(M)× TdR
∨(M)→ A2

whose generic fibre induces a bilinear, perfect pairing∫︂
: Tp(MK)× TdR

∨(MK)→ B2

which is ΓK-equivariant in the first argument and respects the Hodge filtration. This
pairing is called p-adic integration pairing for the 1-motive M . By

∫︂
x
ω, we mean

https://stacks.math.columbia.edu/tag/0594
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∫︂
(x, ω) for any x ∈ Tp(M) and ω ∈ TdR

∨(M). By perfect, we mean that
∫︂

is
non-degenerate:

• For each x ∈ Tp(M), if
∫︂
x
ω = 0 for all ω ∈ TdR

∨(MK), then x = 0.

• For each ω ∈ TdR
∨(MK), if

∫︂
x
ω = 0 for all x ∈ Tp(M), then ω = 0. (3.1.4)

This is equivalent to saying that the induced map Tp(M)⊗Zp B2 → TdR(MK)⊗K B2
is an isomorphism.
Definition 3.1.1. Let M = [L→ G] be a 1-motive. We define the Hodge filtration
on TdR

∨(M) as follows

Fili TdR
∨(M) =

⎧⎪⎪⎨⎪⎪⎩
TdR

∨(M), i ≤ 0,
coLie(G), i = 1,
0, i ≥ 2.

(3.1.5)

Definition 3.1.2. Recall that Fili BdR = ti B+
dR /t

i+1 B+
dR
∼= Cp(i), for i ∈ Z. We

define the following filtration for the ring B2:

Fili B2 =

⎧⎪⎪⎨⎪⎪⎩
B2, i ≤ 0
Cp(1), i = 1
0, i ≤ 2.

Saying that the pairing
∫︂

respects filtration means that
∫︂
x
ω ∈ Fili B2 if ω ∈

Fili TdR
∨(M).

3.2 Construction of
∫︂

for M = [0→ G]

Let G be a semi-abelian scheme over OK which is an extension of abelian scheme A
by a torus T .

Infinitesimal lifting criterion for formal smoothness of group schemes G implies
that the natural map G(A2) → G(OCp) = G(A2 /I) is surjective and its kernel is
Lie(G)⊗OK

I. We can write the following exact sequence

0 Lie(G)⊗OK
I G(A2) G(OCp) 0. (3.2.1)

Multiplication by pn gives a commutative diagram

0 Lie(G)⊗OK
I G(A2) G(OCp) 0

0 Lie(G)⊗OK
I G(A2) G(OCp) 0

[pn] [pn] [pn] (3.2.2)
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and the snake lemma gives a ΓK-equivariant map

φn : G[pn](OCp)→ Lie(G)⊗OK
I/pnI.

Recall that we have a natural isomorphism Tp Ω ∼= I, hence I/pnI ∼= Ω[pn]. This
yields a map

φn : G[pn](OCp)→ Lie(G)⊗OK
Ω[pn]

Taking inverse limit and inverting p, we obtain a map

φG : Tp(G)→ Lie(G)⊗K Cp(1).

Definition 3.2.1. We call the map φG, defined above, Fontaine’s map for semi-abelian
scheme G. The pairing Tp(G)× Lie∨(G)→ Cp(1) induced by Fontaine’s map φG is
called Fontaine’s pairing.

Theorem 3.2.2. The Fontaine’s map induces a surjective map

φG ⊗ Cp : Tp(M)⊗ Cp → Lie(G)⊗OK
Cp(1).

Proof: Let x : SpecO
K
→ G be an integer point. This induces the map

x∗ : ΩG/ Spec OK
→ ΩSpec O

K
/Spec OK

= Ω,

and the map ΩG(G)→ HomZ[ΓK ](G(OK),Ω) given by ω ↦→ (ηω : x ↦→ x∗(ω)) for any
ω ∈ ΩG(G) and x ∈ G(OK). Composing it with natural injective map

HomZ[ΓK ](G(K),Ω) ↪→ HomZ[ΓK ]((Tp G)[1/p], (Tp Ω)[1/p])

and the restriction map on Tp(G), we get a K-linear map

ρ : ΩG(G)→ HomZ[ΓK ](Tp(G),Cp(1)).

The Tate-Raynaud theorem, [Fon82a, Theorem 2], states that ρ is injective and
functorial on G. Notice that the dual of ρ is ρ∨ : Tp(G)⊗OK

Cp → Lie(G)⊗Cp(1). It
suffices to show that the map φG ⊗ Cp : Tp(M)⊗ Cp → Lie(G)⊗OK

Cp(1) coincides
with ρ∨. We outline the proof from [Col92], or [Iov, 3.7.1] for the case of an abelian
scheme, which extends in a similar manner to the semi-abelian scheme G.

Note that we have an exact sequence

0→ Tp Ω→ Vp Ω s−→ Ω→ 0

of ΓK-modules, where s is defined on elementary tensors as:

s((xn)n≥0 ⊗ (1/pm)) = xm.
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One can check that s is well-defined and surjective Zp[ΓK ]-homomorphism, such that
Ker s = Tp Ω. We can define a map α : OK → J/I, as x ↦→ x1 − x2, where x1 is
the image of x in B2, and x2 is a lift of x in A2. It can be shown that this map is
well-defined. Moreover, via the isomorphism

J/I ∼= Vp(Ω)/Tp(Ω) ∼= Ω

we can identify α with the differential d : OK → Ω.
Similarly, we extend this construction to G(OK) in the following way. Let

x ∈ G(OK), x1 the image of x in G(B2), and x2 be a lift of x in G(A2). Then x1 ≡ x2
(mod I), and

β : G(OK)→ Ker(G(B2)→ G(I)), β(x) = x1 − x2

is independent of the choices of x1 and x2. But,

Ker(G(B2)→ G(I)) = Lie(G)⊗OK
J/I ∼= Lie(G)⊗OK

Ω.

Therefore the map ηω : ω ↦→ x∗(ω) coincides with the map

δx : OX,x → Ω, ω ↦→ ω(x1)− ω(x2) (mod I).

Recall that the we had

φn : G[pn](OCp)→ Lie(G)⊗ (J/pnJ) ∼= Lie(G)⊗ (Ω[pn])

where φn(x) = pnx2 (mod pnJ), as pnx1 = pnx = 0. Moreover, we have β(x) = φn(x).
The result follows.

Next, we introduce the p-adic integration pairing∫︂ ϖ

: Tp(G)× coLie(E(G))→ B2,

where
0→ V → E(G)→ G→ 0

is the universal vector extension of G, and V = Ext1(G,Ga)∨. We construct the
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following diagram with exact rows and columns

0 0 0

0 Lie(V )⊗OK
I Lie(E(G))⊗OK

I Lie(G)⊗OK
I 0

0 V (A2) E(G)(A2) G(A2) 0

0 V (OCp) E(G)(OCp) G(OCp) 0

0 0 0
(3.2.3)

From the above diagram we can observe that the map E(G)(A2)→ G(OCp) is surjective
and its kernel is

K := (V ⊗OK
A2)⊕ (Lie(E(G))⊗OK

I)
Lie(V )⊗OK

I

where we view Lie(V )⊗OK
I as a submodule of

(V ⊗OK
A2)⊕ (Lie(E(G))⊗OK

I)

via diagonal embedding. Notice that we have an identification Lie(V ) ∼= V . Hence,
we have an exact sequence

0 K E(G)(A2) G(OCp) 0. (3.2.4)

Multiplication by pn gives a commutative diagram

0 K E(G)(A2) G(OCp) 0

0 K E(G)(A2) G(OCp) 0

[pn] [pn] [pn] , (3.2.5)

and the snake lemma yields a map G[pn](OCp) → K/pnK. By composing with the
natural map

K/pnK → Lie(E(G))⊗OK
A2 /p

n A2

we get a map
ϖn,G : G[pn](OCp)→ Lie(E(G))⊗OK

A2 /p
n A2
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Taking the inverse limits, we obtain the map

ϖG : Tp(G)→ TdR(G)⊗OK
A2

which is called p-adic integration map. We call the pairing∫︂ ϖ

: Tp(GK)× TdR
∨(GK)→ B2

induced by ϖG the p-adic integration pairing, where GK := G×Spec OK
SpecK is the

generic fibre of G. We arrive at the following theorem, which in the case of abelian
scheme G = A, was proven by P. Colmez ([Col92]).

Theorem 3.2.3. The p-adic integration pairing
∫︂ ϖ

is bilinear, perfect, and ΓK-
equivariant in the first argument. Moreover, It respects the Hodge filtration in the
following sense: for all ω ∈ Fil1 TdR

∨(GK) and all ν ∈ Tp(G),∫︂ ϖ

ν
ω ∈ Fil1 B2 .

Proof: The fact that the pairing is bilinear and ΓK-equivariant in the first argument
is by construction. For the case G = Gm, we have G♮ = Gm, and V (G) = 0 since
Ext1(Gm,Ga) = 0. Therefore, K = Lie(Gm) ⊗OK

I and the exact sequence 3.2.4
becomes

0→ Lie(Gm)⊗OK
I → Gm(A2)→ Gm(OCp)→ 0

The map K/pnK → Lie(Gm)⊗OK
A2 /p

n A2 coincides with the inclusion map

Lie(Gm)⊗OK
I/pnI → Lie(Gm)⊗OK

A2 /p
n A2 .

The map Gm[pn](OCp)→ Lie(Gm)⊗OK
I/pnI is induced by x ↦→ [pn]˜︁x, where ˜︁x is a

lift of x to Gm(A2). Therefore, after taking the limit and generic fibre, we get the
natural map

Zp(1)→ Lie(Gm)⊗K Cp(1)→ Lie(Gm)⊗K B2 . (3.2.6)
Thus, tensoring with B2 gives a ΓK-equivariant isomorphism

Zp(1)⊗Zp B2 → Lie(Gm)⊗OK
B2 .

The corresponding pairing Zp(1)× coLie(Gm)→ B2 respects the filtration, since, by
3.2.6, the image of Zp(1) lies in Lie(Gm)⊗OK

Cp(1).
For the case of abelian scheme G = A, the statement follows from [Col92, Theorem

5.2]. We now deal with the case of semi-abelian scheme G over OK with the exact
sequence

0→ T → G→ A→ 0.
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We have the commutative diagram

0 Tp(T ) Tp(G) Tp(A) 0

0 TdR(T )⊗ B2 TdR(G)⊗ B2 TdR(A)⊗ B2 0

with exact rows. Now, the integration pairing which is induced by the middle vertical
arrow is perfect because both integration pairings induced by left and right vertical
arrows are perfect. The fact that the pairing respects the filtration will be shown in a
more general case in Theorem 3.3.4.

3.3 Construction of
∫︂

for M = [L→ G]

The universal vector extension of M = [L u−→ M ] is given by M ♮ = [L u♮

−→ G♮] which
induces the exact sequence (see Proposition 2.4.6)

0→ V (M)→ G♮ → G→ 0. (3.3.1)

In the same way we obtained the diagram 3.2.3, we can come up with the following
commutative diagram with exact rows and columns

0 0 0

0 Lie(V (M))⊗OK
I Lie(G♮)⊗OK

I Lie(G)⊗OK
I 0

0 V (M)(A2) G♮(A2) G(A2) 0

0 V (M)(OCp) G♮(OCp) G(OCp) 0

0 0 0
(3.3.2)

According to this diagram, the map G♮(A2) → G(OCp) is clearly surjective and its
kernel is

K := (V (M)⊗OK
A2)⊕ (Lie(G♮)⊗OK

I)
Lie(V (M))⊗OK

I
.
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Hence, we have an exact sequence

0 K G♮(A2) G(OCp) 0. (3.3.3)

Define the maps

q : L×OK
G→ G, (x, g) ↦→ u(x) + png

q♮ : L×Ok
G♮ → G♮, (x, g) ↦→ u♮(x) + png,

We denote the kernel of q by Ker q := ˜︂M [pn]. Then, by Eq. (2.5.2) the group scheme
M [pn] is the quotient of ˜︂M [pn] by the image of L. These maps together with the exact
sequence (3.3.3) induces a commutative diagram with exact rows

0 K L×OK
G♮(A2) L×OK

G(OCp) 0

0 K G♮(A2) G(OCp) 0.

[pn] q♮ q (3.3.4)

Applying the snake lemma gives a map

˜︂M [pn]→ K/pnK.

By composing with the natural map

K/pnK → Lie(G♮)⊗OK
A2 /p

n A2

we get map ˜︂M [pn] → Lie(G♮)⊗OK
A2 /p

n A2. Notice that this map factors through
the quotient of ˜︂M [pn] by the image of L since the image of L in ˜︂M [pn] vanishes under
the map q♮. Hence, we can get a map

ϖn,M : M [pn]→ TdR(M)⊗OK
A2 /p

n A2 .

Taking the inverse limits, we get the map

ϖM : Tp(M)→ TdR(M)⊗OK
A2 (3.3.5)

which we call it the p-adic integration map for motive M . The pairing∫︂ ϖ

: Tp(MK)× TdR
∨(MK)→ B2 (3.3.6)

induced by ϖM will be called the p-adic integration pairing, where MK := M ×Spec OK

SpecK is the generic fibre of M .
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If we repeat the same argument as above but this time for the exact sequence
3.2.1, we get a diagram

0 Lie(G)⊗OK
I L×OK

G(A2) L×OK
G(OCp) 0

0 Lie(G)⊗OK
I G(A2) G(OCp) 0

[pn] q2 q1 (3.3.7)

where q1 : L×OK
G(OCp)→ G(OCp) and q2 : L×OK

G(A2)→ G(A2) are induced by
(x, g) ↦→ u(x) + png. This yields a map φn,M : M [pn](OCp)→ Lie(G)⊗OK

I/pnI. By
taking the limit, we have the analogue of the Fontaine’s map

φM : Tp(M)→ Lie(G)⊗OK
Cp(1)

for 1-motive M . We call the pairing∫︂ φ

: Tp(M)× coLie(GK)→ Cp(1) (3.3.8)

induced by the map φM Fontaine’s pairing for the motive M .
If we apply the same reasoning as above for the exact sequence 3.3.1, we get a

diagram

0 V (M) L×G♮(OCp) L×G(OCp) 0

0 V (M) L×G♮(OCp) L×G(OCp) 0

[pn] q2 q1 (3.3.9)

Using the same argument, we obtain the map ψM : Tp(M)→ V (M)⊗OK
OCp , which

we call it Coleman’s map for the motive M .
Next, we present three theorems. The Theorem 3.3.2 and Theorem 3.3.3 provide

information about the kernels of Fontaine’s map φM and the p-adic integration map
ϖM . Moreover, in the Theorem 3.3.4, we prove that the p-adic integration pairing∫︂ ϖ

: Tp(M)× TdR
∨(MK)→ B2

is perfect and respects the Hodge filtration.

Remark 3.3.1. Let M be a 1-motive over finite extension K of Qp. Let F := Kun be
the maximal unramified extension of K and N := ˆ︁F its completion. We want to show
that the kernel of Fontaine map φM : Tp(M)→ Lie(G)⊗OK

is Tp(M)ΓF . By Krasner’s
lemma, we know that F ∩ N = N . Therefore, we get a map f : ΓN → ΓF induced
by restriction. The map f is an isomorphism, since f equals to the composition
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ΓN
∼=−→ Autcont(Cp/N)

∼=−→ Autcont(Cp/F ). Moreover, Tp(MN) = Tp(M) as Zp[ΓN ]-
modules, where the action of ΓN is via f . We have a commutative diagram

Tp(MN) Lie(GN)⊗N CP (1)

Tp(M) Lie(G)⊗K Cp(1)

∼= ∼=

and x belongs to the kernel of the top map if and only if it belongs to the kernel of
the bottom one.

Next, we aim to study the kernel of Fontaine’s map φM . In the case of an
abelian variety A with good reduction, Yeuk Hay Joshua Lam and Alexander Petrov
independently proved that that the Ker(φA) = Tp(M)ΓF , where F = Kun (see [IMZ22,
Theorem A.4]). In the following theorem, we prove a similar result for the Fontaine
map φM that we developed for 1-motive M with good reduction, representing a more
general case.

Theorem 3.3.2. Let F := Kun be the maximal unramified extension of K. The
kernel of the Fontaine map φM : Tp(M)→ Lie(G)⊗OK

Cp(1) is Ker(φM ) = Tp(M)ΓF

and when tensored by Cp the resulting map Tp(M) ⊗Zp Cp → Lie(G) ⊗OK
Cp(1) is

surjective.

Proof: We first prove the surjectivity. Consider the restriction of q1 and q2 on
0×G(OCp) and 0×G(A2) respectively in diagram 3.3.7, then the snake lemma gives
the Fontaine map φG : Tp(G) → Lie(G) ⊗OK

Cp(1) of G which factors through the
Fontaine map φM : Tp(M) → Lie(G) ⊗OK

Cp(1) of M . We have a commutative
diagram

0 Tp G Tp M L⊗ Zp 0

0 Lie(G)⊗OK
Cp(1) Lie(G)⊗OK

Cp(1) L⊗ Cp(1) 0
(3.3.10)

of Zp[ΓK ]-modules. Tensoring with Cp, the right vertical map induces a surjective map
L⊗Cp → L⊗Cp(1) and the left vertical map induces a surjective map Tp(G)⊗Zp Cp →
Lie(G)⊗OK

Cp(1) by Theorem 3.2.2. Thus the induced map φM⊗Cp : Tp(M)⊗ZpCp →
Lie(G)⊗OK

Cp(1) is surjective.
We now determine Ker(φM). By Remark 3.3.1, we can assume that K is the

completion of the maximal unramified extension Qun
p of Qp. Therefore, we need to show

that Ker(φM) = Tp(M)ΓK . By Proposition 2.6.13, the Hodge-Tate weights of Vp(M)
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are 0 and 1 with multiplicity rank(L) + dim(A) and dim(T ) + dim(A) respectively.
Therefore,

Tp(M)⊗Zp Cp
∼= Crank(L)+dim(A)

p ⊕ Cp(1)dim(T )+dim(A),

and the kernel of φM ⊗ Cp : Tp(M) ⊗Zp Cp → Lie(G) ⊗OK
Cp is isomorphic to

Crank(L)+dim(A)
p .

Let S := Ker(φM⊗Qp : Vp(M)→ Lie(G)⊗KCp(1)). Notice that the composition
S ⊗Qp Cp ↪→ Vp(M)⊗Qp Cp

φM ⊗Cp−−−−→ Lie(G)⊗K Cp(1) is zero. Thus,

S ⊗Qp Cp ⊆ Ker(φM ⊗ Cp) = Crank(L)+dim(A)
p .

It follows that S is a Hodge-Tate Galois representation with all Hodge-Tate weights
0. By [Sen80, Corollary 1], this implies that the representation ρ : ΓK → EndQp(S)
is finite. There exists a finite totally ramified extension L/K such that ρ factors
trough Gal(L/K) → EndQp(S). As S is a crystalline ΓK-representation, by [FL82,
Proposition 6.10] we have (S ⊗Qp Bcris)ΓL = S ⊗Qp (Bcris)ΓL = S ⊗Qp L. Hence, we get

Dcris(S) = (S⊗QpBcris)ΓK = ((S⊗QpBcris)ΓL)Gal(L/K) = (S⊗QpL)Gal(L/K) = SGal(L/K)⊗QpK.

Thus, dimQp(SGal(L/K)) = dimQp(Dcris(S)) = dimQp(S). This means that S =
SGal(L/K). On the other hand, the action of ΓK on S factored through Gal(L/K),
thus S = SΓK . As ρM ⊗ Qp : Vp(M) → Lie(G) ⊗K Cp(1) is ΓK-equivariant
and H0(K,Lie(G) ⊗K Cp(1)) = 0 (by [Tat67, Theorem 2]), we can conclude that
Vp(M)ΓK ⊆ S. But S ⊂ Vp(M), hence S = SΓK ⊂ Vp(M)ΓK , and the result follows.

For the p-adic integration map ϖM : Tp(M)→ TdR(M)⊗OK
B2, we cannot make a

statement similar to Theorem 3.3.2. However, we have the following:

Theorem 3.3.3. Let M = [L → G] be a 1-motive over OK, and G 0 denote the
connected component of G[p∞]. If Tp(M)ΓK = 0 and Ker(ϖG) ∩ Tp(G 0) = 0, then
Ker(ϖM ) = 0. In other words, if Tp(M)ΓK = 0, the restriction ϖ|Tp(G 0) is injective if
and only if ϖM is injective.

Proof: The canonical exact sequence

0→ Tp(G)→ Tp(M)→ Tp(L)→ 0

gives the long exact sequence in Galois cohomology:

0→ Tp(G)ΓK → Tp(M)ΓK → Tp(L)ΓK → H1(K,Tp(G)).

We have Tp(G)ΓK = Tp(M)ΓK = 0, and Tp(L)ΓK = Tp(L), since L[p∞] is étale.
Assume that ϖM(x) = 0, for some x ∈ Tp(M). Then ϖM((σ − 1)x) = 0, for all



3. P-ADIC INTEGRATION THEORY FOR 1-MOTIVES 75

σ ∈ ΓK . But, (σ − 1)x lies in the Tate module Tp(G 0), where G 0 is the connected
component of G[p∞] which is the same as the connected component of M [p∞]. Hence,
(σ − 1)x ∈ Ker(ϖG) ∩ Tp(G 0) for all σ ∈ ΓK . Therefore, (σ − 1)x = 0 for all σ ∈ ΓK .
Let f : Tp(M)→ Tp(L) and δ : Tp(L)→ H1(K,Tp(G)) be the connecting map. As
σ(x) = x for all σ ∈ ΓK and f is ΓK-equivariant, we can conclude that δ(f(x)) = 0
in H1(K,Tp(G)). Since δ is injective, it follows that f(x) = 0, which implies that
x ∈ Tp(G) ∩Ker(ϖM) = Ker(ϖG). Consider the exact sequence

0→ Tp(G 0)→ Tp(G)→ Tp(G)/Tp(G 0)→ 0. (3.3.11)

The Zp-module Tp(G)/Tp(G 0) is the Tate-module of the étale part of G[p∞]. If we
repeat the same approach as above for the exact sequence 3.3.11, we obtain that
x ∈ Tp(G 0) ∩Ker(ϖG) = 0. This shows that ϖM is injective.

In the following theorem, we show that the integration pairing
∫︂ ϖ

: Tp(M) ×
TdR

∨(MK) → B2 is perfect and respects Hodge filtration. By perfect we mean the
condition 3.1.4.

Theorem 3.3.4. The p-adic integration pairing
∫︂ ϖ

for a 1-motive M is bilinear,
perfect, and ΓK-equivariant in the first argument. Moreover, it respects the Hodge
filtration in the following sense: for all ω ∈ Fil1 TdR

∨(MK) and x ∈ Tp(M),∫︂ ϖ

x
ω ∈ Fil1 B2 .

In particular,
∫︂ ϖ

x
ω =

∫︂ φ

x
ω if ω ∈ Fil1 TdR

∨(MK) = coLie(G)K.

Proof: The fact that the pairing is bilinear and ΓK-equivariant in the first argument
is by construction. We first show that the integration pairing is perfect. For the case
M = [L→ 0], we have

G♮ = L⊗Ga = V (L), and K = V (L)⊗OK
A2 /I = V (L)⊗OCp .

Thus, the diagram 3.3.7 vanishes, i.e., every therm becomes zero, and the diagrams
3.3.4 and 3.3.9 are the same. Therefore, the p-adic integration map ϖL coincides with
the Coleman’s map

ψL : Zp ⊗ L→ V (L)⊗OK
OCp ,

which is induced by (xn) ↦→ ([pn]xn), for xn ∈ L[pn]. Clearly, this pairing respects the
filtration, and the induced map

L⊗ B2 → V (L)⊗ B2
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is an isomorphism.
The p-adic integration pairing for the case M = [0 → G] is perfect by Theo-

rem 3.2.3. Finally for the case M = [L→ G], by the construction of p-adic integration
applied to the canonical exact sequence 2.1.1, we can obtain the following commutative
diagram with exact rows

0 Tp G Tp M L⊗ Zp 0

0 Lie(E(G))⊗OK
B2 Lie(G♮)⊗OK

B2 V (L)⊗ B2 0.

ϖG ϖM (3.3.12)

The pairing induced by the middle vertical arrow is perfect, because both pairings
induced by left and right vertical arrows are perfect.

We now want to show that the p-adic integration pairing for M = [L→ G] respects
the filtration. As V (M) is the kernel of π : G♮ → G, the map Lie(G♮) ⊗OK

I →
Lie(G) ⊗OK

I factors through its quotient by V (M) ⊗OK
I, and it gives a map

g : K → Lie(G)⊗OK
I. We can obtain the commutative diagram

0 K L×G♮(A2) L×G(OCp) 0

0 Lie(G)⊗OK
I L×G(A2) L×G(OCp) 0

g f (3.3.13)

with the property that q = q1, π ◦ q♮ = q2 ◦ f , and g ◦ [pn] = [pn] ◦ g, where q, q♮ are
the maps shown in diagram 3.3.4, and q1, q2 are the maps shown in diagram 3.3.7.
This shows that applying the snake lemma on diagrams 3.3.4 and 3.3.7 together with
the above property yield the commutative diagram

M [pn] K/pnK

M [pn] Lie(G)⊗ J/pnJ.

By pushing-out along K/pnK → Lie(G♮)⊗ B2 /p
n B2, we get

M [pn] K/pnK Lie(G♮)⊗ B2 /p
n B2

M [pn] Lie(G)⊗ J/pnJ Lie(G)⊗ B2 /p
n B2 .
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Hence, the p-adic integration map ϖM factors through the Fontaine’s map φM , i.e.,

Tp(M) Lie(G♮)⊗OK
B2

Lie(G)⊗OK
Cp(1) Lie(G)⊗OK

B2

ϖM

φM (3.3.14)

which completes the proof.

Crystalline integration

Remark 1.7.22 gives the map Tp(M) → Tcrys(M) ⊗W(k) Acris which is called the
crystalline integration map. This map induces the filtered isomorphism Tp(M)⊗Zp

Bcris ∼= Tcrys(M)⊗W(k) Bcris. The induced pairing∫︂ cris

: Tp(M)× Tcrys
∨(M)K → B+

cris (3.3.15)

is called crystalline integration pairing. The crystalline pairing factors through the
p-adic integration pairing via the crystalline-de Rham identification TdR

∨(M)K ∼=
Tcrys

∨(M)K ([Col93]).

Proposition 3.3.5. Let ˜︂Tp(M) := Tp(G 0), where G 0 is the connected component
of the p-divisible group associated with M , and let D := ˜︃Tcrys

∨
(M) the Dieudonné

submodule of Tcrys
∨(M) associated with G 0. We have∫︂ cris

x
F nω = φncris(

∫︂ cris

x
ω)

for any x ∈ ˜︂Tp(M), ω ∈ D, and n ≥ 0, where φcris is Frobenius on B+
cris.

Proof: The proof follows directly from [Col92, Proposition 3.1].

Lemma 3.3.6. Let V := Vp(M). We have

(V ⊗ B2)ΓK ∼= (V ⊗ B+
dR)ΓK and (V ∨ ⊗ B2)ΓK ∼= (V ∨ ⊗ B+

dR)ΓK ∼= DdR(V ∨).

Proof: Let us first show that the quotient map B+
dR→→B2 induces an isomorphism

(V ⊗Qp B+
dR)ΓK ∼= (V ⊗Qp B2)ΓK . Since tB+

dR /(t2 B+
dR) ∼= Cp(1), we have an exact

sequence
0→ Cp(1)→ B+

dR /t
2 B+

dR → B+
dR /tB+

dR → 0
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of K-Banach spaces. We tensor this exact sequence with V to obtain an exact sequence
of ΓK-modules

0→ V ⊗Qp Cp(1)→ V ⊗Qp B+
dR /t

2 B+
dR → V ⊗Qp B+

dR /tB+
dR → 0.

The Hodge-Tate weights of V are 0 and 1 (Proposition 2.6.13), hence V ⊗Qp Cp(1) ∼=
Cp(1)r ⊕ Cp(2)m for some positive integers r and m. As the Galois cohomology of
Cp(1)r ⊕ Cp(2)m vanishes in all degrees ([Tat67, Theorem 2]), the corresponding long
exact sequence of Galois cohomology yields an isomorphism

(V ⊗Qp B2)ΓK ∼= (V ⊗Qp (B+
dR /tB+

dR))ΓK .

One continues by induction to show that for all n ≥ 1, the natural map B+
dR /(tn B+

dR)→→B2
induces an isomorphism

(V ⊗Qp (B+
dR /t

n B+
dR))ΓK ∼= (V ⊗Qp B2)ΓK .

Taking the inverse limit gives

(V⊗QpB+
dR)ΓK ∼= (V⊗Qp lim←−(B+

dR /t
n B+

dR))ΓK ∼= lim←−(V⊗Qp(B+
dR /t

n B+
dR))ΓK ∼= (V⊗QpB2)ΓK .

(3.3.16)
Similarly, for every n ≥ 2, the exact sequence

0→ V ∨ ⊗ Cp(n)→ V ∨ ⊗ B+
dR /t

n+1 B+
dR → V ∨ ⊗ B+

dR /t
n B+

dR → 0

yields an isomorphism (V ∨ ⊗ B+
dR /t

n+1 B+
dR)ΓK ∼= (V ∨ ⊗ B+

dR /t
n B+

dR)ΓK , since Galois
cohomology of V ∨ ⊗ Cp(n) ∼= Cp(n)r ⊕ Cp(n− 1)m vanishes in all degrees. The latter
isomorphism follows from the fact that the Hodge-Tate weights of V ∨ are 0 and −1.
This implies that

(V ∨ ⊗ B2)ΓK ∼= (V ∨ ⊗ B+
dR)ΓK .

We now want to show that the induced map i : (V ⊗Qp B+
dR)ΓK → DdR(V ) is an

isomorphism. Since t−1 B+
dR /B+

dR
∼= Cp(−1), we have an exact sequence

0→ B+
dR → t−1 B+

dR → Cp(−1)→ 0

of K-Banach spaces. We then tensor this sequence with V ∨ to obtain the following
exact sequence of Z[ΓK ]-modules

0→ V ∨ ⊗Qp B+
dR → V ∨ ⊗Qp t

−1 B+
dR → V ∨ ⊗Qp Cp(−1)→ 0.

The Hodge-Tate weights of Vp(M) are 0 and 1, therefore the Hodge-Tate weights of
V ∨ are 0 and −1, and so

V ∨ ⊗Qp Cp(−1) ∼= Cp(−1)r ⊕ Cp(−2)m
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for some positive integers r and m. As the Galois cohomology of Cp(−1)r ⊕ Cp(−2)m
vanishes in all degrees, the exact sequence gives an isomorphism

(V ∨ ⊗Qp B+
dR)ΓK ∼= (V ∨ ⊗Qp t

−1 B+
dR)ΓK .

Similarly, we can show that for all n ≥ 2, the natural map t−n+1 B+
dR ↪→ t−n B+

dR
induces an isomorphism

(V ∨ ⊗Qp t
−n+1 B+

dR)ΓK ∼= (V ∨ ⊗Qp t
−n B+

dR)ΓK .

Thus, we have (V ∨ ⊗Qp B+
dR)ΓK ∼= (V ∨ ⊗Qp t

−n B+
dR)ΓK for all n ≥ 1. As BdR =

lim−→ t−n B+
dR, we conclude that

DdR(V ∨) ∼= (V ∨ ⊗Qp lim−→ t−n B+
dR)ΓK = lim−→(V ∨ ⊗Qp t

−n B+
dR)ΓK ∼= (V ∨ ⊗Qp B+

dR)ΓK .

(3.3.17)

Corollary 3.3.7. Let M be a 1-motive over K with good reduction. There is a
canonical isomorphism of filtered K-vector spaces

DdR(Tp M) ∼= TdR(M)

and the p-adic Galois representation Vp(M) is de Rham.

Proof: By the above lemma together with Theorem 3.3.4, we can write

TdR(M) ∼= (Vp(M)⊗Qp B2)ΓK ∼= (Vp(M)⊗Qp B+
dR)ΓK ↪→ DdR(Vp(M)).

Since dimK TdR(MK) = dimQp(Vp(M)) and dim(DdR(Vp(M))) ≤ dim(Vp(M)), the
above embedding must be an isomorphism. This completes the proof.

The following corollary will be a key ingredient in the next chapter.

Corollary 3.3.8. With the notations of 3.3.15, for all x ∈ Vp(M) and ω ∈ TdR
∨(M)K ,

we have
∫︂ cris

x
ω = 0 if and only if

∫︂ ϖ

x
ω = 0.

Proof: We have seen in chapter 1 that B+
cris ⊂ B+

dR and the filtration of B+
cris

is induced by the filtration of B+
dR. Let ω ∈ TdR

∨(M), and ω′ ∈ Tcrys
∨(M)K be

its corresponding element via the canonical identification TdR
∨(M)K ∼= Tcrys

∨(M)K .
Consider the maps

f : Vp(M)→ B2, x ↦→
∫︂ ϖ

x
ω,
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g : Vp(M)→ Bcris ↪→ B+
dR, x ↦→

∫︂ cris

x
ω′.

We have

f ∈ HomZp[ΓK ](Vp(M),B2) ∼= (Vp
∨(M)⊗Qp B2)ΓK ,

g ∈ HomZp[ΓK ](Vp(M),B+
dR) ∼= (Vp

∨(M)⊗Qp B+
dR)ΓK .

By Lemma 3.3.6, we know that

(Vp
∨(M)⊗Qp B2)ΓK ∼= (Vp

∨(M)⊗Qp B+
dR)ΓK .

Therefore, the map f identifies g through the canonical isomorphism TdR
∨(M)K ∼=

Tcrys
∨(M)K . Consequently, f(x) = 0 if and only if g(x) = 0.

3.4 P-adic logarithm through Barsotti-Tate groups
The p-adic logarithm plays a crucial role in the construction of our p-adic periods.
In this section, our main goal is to study the p-adic logarithm map of a semi-abelian
variety with good reduction through its associated p-divisible (Barsotti-Tate) group.
We will further investigate the image of this logarithm map using techniques from
p-adic Hodge theory and Galois cohomology. Let G be a commutative group defined
over a complete p-adic subfield K of Cp. Recall [Bou75, Chapter III, 7.6] and [Zar96]
the properties of the p-adic logarithm map

logG(K) : G(K)f → Lie(G(K))

where G(K)f is the smallest open subgroup of G(K) such that the quotient group
G(K)/G(K)f is torsion free. The map logG(K) is a K-analytic homomorphism whose
tangent map

d logG(K) : Lie(G)→ Lie(Lie(G)) = Lie(G)
is the identity map. Moreover, the p-adic logarithm map logG(K) can be extended to
a map

log(c)
G(K) : G(K)→ Lie(G)

if one fixes a branch c of K.
The logarithm map logG(K) is compatible with the base change and is functorial

on G. Moreover, the map logG(K) and the subgroup G(K)f are uniquely determined
by the above properties. Specifically, the subgroup G(K)f consists of all elements
x ∈ G(K) such that the identity element of G(K) is an accumulation point of the
set {xn |n > 0}, i.e., there exists an increasing sequence (ni) of positive integers such
that xni tends to 0 in G(K).
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Example 3.4.1. Consider the multiplicative group Gm over K. We have

Gm(K)f = {x ∈ K× | ν(x) = 0} = O×
K

and the logarithm map logGm(K) coincides with the usual p-adic logarithm on the
open subgroup of principle units {x ∈ K× | ν(1− x) > 0} = 1 + mK .

The group 1 +mK is indeed the OK-valued formal points on the p-divisible group
µp∞ associated to Gm. That is

µp∞(OK) = lim←−
i

µp∞(OK/mi
K) = 1 + mK

The elements on the left side are all x ∈ O×
K such that ν(xpi − 1) can get arbitrary

large. As the residue field of K has characteristic p, we also have the opposite inclusion
µp∞(OK) ⊆ 1 + mK . Therefore, the logarithm map of the p-divisible group µp∞(OK)
(see Example 1.4.4) factors through logGm(K) : Gm(K)f → K.

We can generalize the above example to any semi-abelian variety G over OK , i.e.,
the logarithm map logG(K) recovers the logarithm of the p-divisible group associated
to G. As the multiplication map [pn] is an isogeny on G, we can associate a p-divisible
group G := G[p∞] with G. The OK-valued formal points G (OK) is isomorphic to
HomOK−cont(A ,OK), where G = Spf(A ) and A equipped with m-adic topology. In
particular, when G is connected, G (OK) ∼= md

K as a set, where d is dimension of G
and the formal group law µ : A → A induces the structure of a p-adic analytic group
over K. Thus, we can view G (OK) as an analytic subgroup of G(K).

Proposition 3.4.2. The group G (OK) is a subgroup of G(K)f . Moreover, the
logarithm map logG : G(K)f → Lie(G) factors through the logarithm of G (OK) in
Definition 1.4.3.

Proof: Example 3.4.1 shows the proposition for G = Gm. For an arbitrary semi-
abelian scheme G, the Hodge-Tate decomposition gives us an injection G (OCp) →
Hom(Tp(G∨), µp∞(OCp)) which induces an isomorphism if we take Galois invariant
elements. We have

Tp(G ) = lim←−G[pn](K) = lim←−Hom(G[pn]∨(K), µpn(K))
= Hom(lim←−G[pn]∨(K), lim←−µpn(K)) = Hom(Tp(G ∨),Zp(1)) = Tp

∨(G ∨)⊗ Zp(1)
= Tp

∨(G ∨)(1).

Therefore, Tp(G ∨) = Tp
∨(G )(1) = Tp(G )(−1)∨ and we obtain

Hom(Tp(G ∨), µp∞(OCp)) = Tp
∨(G ∨)⊗ µp∞(OCp) = Tp(G )(−1)⊗ µp∞(OCp). (3.4.1)
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The topology of Tp(G)(−1)⊗ µp∞(OCp) is induced from the product topology of
the adic topologies on Tp(G) and µp∞(OCp). As elements in µp∞(OCp) are topologically
nilpotent, so is any element in Tp(G)(−1)⊗µp∞(OCp). The result follows from the fact
that G (OK) ⊂ G(K)f and that logG : G (OK)→ Lie(G)K is a homomorphism whose
tangent map is identity. Furthermore, logG(K)

⃓⃓⃓
G (OK)

: G (OK)→ Lie(G) is determined
uniquely by these properties.

Remark 3.4.3. There are some obstructions in studying the group G(K)f . For
instance, although (.)f is functorial on G, it is not exact. Moreover, the group
G(K)f is not easily computable, whereas p-divisible groups are better understood.
Furthermore, if G′ is a vector extension of a semi-abelian group G, then logarithms
logG and logG ′ associated with their p-divisible groups share the same image.

Let GK be a semi-abelian variety over a number field K ⊂ K with a good reduction
at p. Then G can be extended to a semi-abelian scheme over OK , which we also
denote by G. Let G := G[p∞] be the associated p-divisible group over OK .

Definition 3.4.4. With above notations, we define

G(Q)f := GK(Q) ∩G(Cp)f ; (3.4.2)
G (Q) := GK(Q) ∩ G (OCp). (3.4.3)

The intersections above are inside G(Cp), as G (OCp) ⊂ G(Cp)f and GK(Q) ⊂
G(Cp).

Lemma 3.4.5. Let G be a commutative group scheme over a field K. Assume that G
is a vector extension of H i.e. there is an exact sequence

0→ V → G→ H → 0

of commutative group schemes over K. Let f : Lie(H)→ Lie(G) be a splitting of

0→ Lie(V )→ Lie(G)→ Lie(H)→ 0,

then there exists a canonical homomorphism φ : H → G which is a splitting of

0→ V (K)→ G(K)→ H(K)→ 0

and we have Lieφ = f .
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Proof: As V is a vector group, Ext1(V, (.)) = 0 and we have an exact sequence

0→ V (K)→ G(K)→ H(K)→ 0.

Fix a branch of the logarithm map log(c). We can construct the following commutative
diagram

0 V (K) G(K) H(K) 0

0 LieV LieG LieH 0

log(c)
G(K)

log(c)
G(K) ◦f

log(c)
H(K)

φ

f f

(3.4.4)

where f is the retraction induced by splitting f and φ : H(K)→ G(K) is the section
induced by log(c)

G(K) ◦f . It is easy to check that Lieφ = f . The map φ is a splitting
since log(c)

G(K) ◦f : G(K)→ V (K) is a splitting.

3.5 exp: the local inverse of log
The goal of this section is to identify the local inverse of logG when G is a p-divisible
group over OK .

Let M = [L u−→ G] be a 1-motive over K. There is a finite extension F of K such
that LF is split. By Remark 2.3.2, we have M(F ) = G(F )/ Im(uF ). In particular,
M(K) = G(K)/ Im(u).

Recall the definition of M [pn](K) (see 2.5.2).

Definition 3.5.1. Let M be a 1-motive over K. We define

M(K)[pn] := Ker([pn] : M(K)→M(K))

and
M(K)[p∞] := lim−→M(K)[pn]

We have the following

Proposition 3.5.2. If u is injective, then M [pn](K) = M(K)[pn].
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Proof: We know that

M [pn] = {(x, g) ∈ L×G | u(x) = −png}
{(pnx,−u(x) | x ∈ L}

The map (x, g) ↦→ g defines a map φ : M [pn](K) → M(K)[pn] because if (x, g) ∈
M [pn], then png ∈ Im(L) and it is well-defined. Conversely, if g ∈ M(K)[pn], then
png = u(xg) for some xg ∈ L. Since u is injective, then g ↦→ xg defines a well-defined
map ψ : M(K)[pn] → M [pn](K). We have φ ◦ ψ = id and ψ ◦ φ = id. The result
follows.

Corollary 3.5.3. Let M be a 1-motive over OK. Then M(K)[p∞] = M [p∞](K) and
Tp(M) = lim←−M(K)[pn].

Let G be the p-divisible group associated to the 1-motive M = [L → G] and
D the Dieudonné module associated to M = [L → G] i.e. D := Tcrys(M). The
Dieudonné module D is equipped with a filtration which is induced from the Hodge
filtration on TdR(M). Then Corollary 2.7.3 implies that (D/D0)⊗Q identifies the
tangent space Lie(G)K = Lie(G )K . Our goal is to define a local inverse of logG . We
define

expD : (D/D0)⊗Q→ (D/(1−F )D0)⊗Q, induced by x ↦→ x−F (x) for all x ∈ D/D0

(3.5.1)
Clearly, expD is surjective. On the other hand, by Corollary 2.3.4, any point x ∈
M(OK) corresponds to an exact sequence

0→M →Mx → Z→ 0

where Mx = [Z⊕ L f−→ G], and f is given by (1, ℓ) ↦→ x+ u(ℓ). This gives the exact
sequence

0→ Tcrys(M)→ Tcrys(Mx)→ 1FD → 0

of filtered Dieudonné modules, where 1FD is the unit filtered Dieudonné module (recall
Example 1.5.19). Thus, we get a map

M(OK)→ Ext1(D, 1FD)

where Ext1(D, 1FD) is in the category of filtered Dieudonné modules over W(k). In
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this section, we want to show that the diagram

G (OK)

G(OK)

Lie(G)K M(OK)

(D/D0)⊗Q Ext1(D, 1FD)

logG

exp

(3.5.2)

commutes. By this, we actually find a local inverse of logG .
Consider the Kummer sequence [Tat67, §2.4]

0→ Tp(M)→ BG → G (OK)→ 0,

where
BG := lim←−(G (OK) [p]←− G (OK) [p]←− . . . ).

The Hodge-Tate decomposition (Theorem 1.4.7) yields the ΓK-equivariant commutative
diagram

0 Tp(M) BG G (OK) 0

0 Tp(M) lim←−(Hom(Tp(G ∨), µp∞(OK))) Hom(Tp(G ∨), µp∞(OK)) 0

0 Tp(M) lim←−(µp∞(OK)⊗ Tp(M)(−1)) µp∞(OK)⊗ Tp(M)(−1) 0.

∼= ∼=

(3.5.3)
Taking Galois cohomology leads to

G (OK) H1(K,Tp(M))

Lie(G )(K) H1(K,Vp(M)),

δ

log

exp

(3.5.4)

where δ is the connecting map. We define the dotted arrow to make the above diagram
commute.
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We use the terminologies defined in [BK07]. The fundamental exact diagram in
[BK07] is

0 Qp Bcris
φ=1⊕B+

dR BdR 0

0 Qp Bcris⊕B+
dR Bcris⊕BdR 0

β

γ

where,
β(x, y) := x− y, γ(x, y) = (x− φ(x), x− y)

and φ is the Frobenius on Bcris. Recall the natural filtration on DdR(V ) as described
in 1.7.1. We denote Fil0(DdR(V )) = DdR(V )0. Tensoring the above diagram with
V := Vp(M) and passing to cohomology gives

0 H0(K,V ) Dcris(V )φ=1 ⊕DdR(V )0 DdR(V )

H1(K,V ) H1(K,V ⊗ (Bcris
φ=1⊕B+

dR)) H1(K,V ⊗ BdR)

and

0 H0(K,V ) Dcris(V )⊕DdR(V ) Dcris(V )⊕DdR(V )

H1(K,V ) H1(K,V ⊗ (Bcris⊕B+
dR)) H1(K,V ⊗ (Bcris⊕BdR)),

where DdR(V )0 := Fil0 DdR(V ) = (V ⊗ B+
dR)ΓK . By [BK07, Lemma 3.8.1], we know

that H1(K,V ⊗ B+
dR)→ H1(K,V ⊗ BdR) is injective, so we get a diagram

Dcris(V )φ=1 ⊕DdR(V )0 DdR(V ) H1
e (K,V ) 0

Dcris(V )⊕DdR(V )0 Dcris(V )⊕DdR(V ) H1
f (K,V ) 0

where

H1
e (K,V ) := Ker(H1(K,V )→ H1(K,V ⊗ Bcris

φ=1)) (3.5.5)
H1
f (K,V ) := Ker(H1(K,V )→ H1(K,V ⊗ Bcris)). (3.5.6)

DdR(V )0 is in the kernel of DdR(V )→ H1
e (K,V ), so we can get a surjective map

exp : DdR(V )/DdR(V )0 → H1
e (K,V ) (3.5.7)
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with kernel Ker(exp) = Dcris(V )φ=1/H0(K,V ).
Since V is de Rham, DdR(V )/DdR(V )0 is indeed the tangent space i.e. DdR(V )/DdR(V )0 =

Lie(G ) = Lie(G)OK
([Fon82b, §6]). We want to show that the map exp makes the

diagram 3.5.4 commutative. We follow an argument similar to one in [BK07].
In the case of multiplicative group, we have the commutative diagram

0 Zp(1) Bµp∞ µp∞(OK) 0

0 Qp(1) Bcris
φ=p ∩B+

dR Cp 0

0 Qp(1) Bcris
φ=1⊗Zp(1) (BdR /B+

dR)(1) 0

logcris log

ψ

where ψ is given by ψ(x) = xt−1 ⊗ t, logcris is the map in Proposition 1.7.17, and the
bottom arrow can actually be obtained by tensoring the fundamental exact sequence
of Theorem 1.7.18 with Zp(1). Put T := Tp(M).

Tensoring with T (−1) = Tp(M)(−1) and passing to cohomology gives the com-
mutative diagram

H0(K,µp∞(OK)⊗ T (−1)) H1(K,T ) H1(K,V ) H1(K,V ⊗ Bcris
φ=1)

H0(K,Cp ⊗ T (−1)) DdR(V )/DdR(V )0

δ

exp

Notice that the top row is not exact, but gives a complex. The image of δ is
indeed H1

e (K,T ) which is the set of all classes in H1(K,T ) whose image under
H1(K,T ) → H1(K,V ) lie in H1

e (K,V ). Moreover, H0(K,µp∞(OK) ⊗ T (−1)) =
G (OK) and H0(K,Cp ⊗ T (−1)) = Lie(G ). Thus the left vertical map coincides with
the logarithm map logG : G (OK)→ Lie(G ), and we have the commutative diagram

G (OK)

DdR(V )/DdR(V )0 H1
e (K,V ).

δ
logG

expG

(3.5.8)

This means that logG is a local inverse of expG . This diagram is compatible with finite
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extensions K ′ of K. This means that we have the commutative diagram

G (OK) G (OK′)

DdR(V )/DdR(V )0 H1
e (K,V ) H1

e (K ′, V ) DdR(V )/DdR(V )0 ⊗K ′

logG log

expG exp

for any finite extension K ′ of K.

Proposition 3.5.4. If G is connected, then δ is injective and expG : DdR(V )/DdR(V )0 →
H1
e (K,V ) is a bijection.

Proof: The kernel of expG is Ker(expG ) = Dcris(V )φ=1/H0(K,V ). Let P (V, u) =
detK0(1− σ[K0:Qp]u : Dcris(V )) be the characteristic polynomial of the K0-linear action
of σ[K0:Qp] induced by the Frobenius σ of K0 (see [BK07, §4]). Since G is connected,
we have P (V, 1) ̸= 0. Therefore, expG is bijective. The injectivity of δ follows from
[BK07, §5].

Now, we want to show that the map expG coincides with the exponential map
introduced in 3.5.1.

Definition 3.5.5. Let D be a filtered Dieudonné module (see Definition 1.5.15). We
define

hi(D) =

⎧⎪⎪⎨⎪⎪⎩
Ker(1− F : D0 → D), i = 0
Coker(1− F : D0 → D), i = 1
0, i ≥ 2.

The category of filtered Dieudonné modules is an abelian category. Therefore, we
have the identification

hi(D) ∼= Exti(1FD, D) for all i ∈ Z

where 1FD is the unit filtered Dieudonné module (see Example 1.5.19). We define

T (D) := Ker(1− φ : Fil0(D ⊗W(k) Acris)→ D ⊗W(k) Acris).

By [FL82], it is known that the functor D ↦→ T (D) is an exact and fully faithful
functor from the category of filtered Dieudonné modules satisfying the condition

(∗) ∃ i, j ∈ Z, Di = D,Dj = 0, and j − i < p
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to the category of finite Zp-modules endowed with a continuous action of ΓK . Fur-
thermore, T (D) gives a crystalline representation and

Dcris(T (D)⊗Q) ∼= D ⊗W(k) K.

In [BK07, Lemma 4.5], it is shown that when condition (∗) holds, the canonical
map

hi(D) = Exti(1FD, D)→ ExtiZp[ΓK ](Zp, T (D)) (3.5.9)
is an isomorphism if i = 0, and it is injective when i = 1. Moreover, the image of
h1(D) → Ext1

Zp[ΓK ](Zp, T (D)) = H1(K,T (D)) is indeed H1
e (K,T (D)) if D has no

p-torsion. Recall that H1
e (K,T (D)) is the set of all classes in H1(K,T (D)) whose

image lie in H1
e (K,T (D)⊗Q).

Remark 3.5.6. If D is the filtered Dieudonné module associated to the 1-motive M ,
then D satisfies condition (∗). According to Theorem 1.7.20(4), we have

Vp(M) ∼= Fil0(D ⊗W(k) Bcris)φ=1 ∼= Fil0(D ⊗W(k) Acris)φ=1 ⊗Q = T (D)⊗Zp Q.

Thus,
h0(D) ∼= H0(K,Tp(M)), and h1(D) ∼= H1

e (K,Tp(M)) (3.5.10)
and the following canonical diagram commutes

(D/D0)⊗Q h1(D)⊗Q

DdR(Vp(M))/DdR(Vp(M))0 H1
e (K,Vp(M))

1−F

∼= ∼=

exp

(3.5.11)

where the top arrow map is 1− F : (D/D0)⊗Q→ (D/(1− F )D0)⊗Q = h1(D)⊗Q.
Both (D/D0)⊗Q and DdR(Vp(M))/DdR(Vp(M))0 identify the tangent space. Hence,
this diagram together with the commutative diagram 3.5.8 gives the commutative
diagram

G (OK)

(D/D0)⊗Q h1(D)⊗Q

logG

expD

(3.5.12)

Corollary 3.5.7. If G is connected, then
exp : (D/D0)⊗Q→ h1(D)⊗Q

is an isomorphism.

Proof: By construction, we know that exp is surjective and its kernel is (DF=1/h0)⊗
Q. Proposition 3.5.4 implies that expG is bijective. The result now follows from the
diagram 3.5.10.
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3.6 Crystalline algebraic points
We aim to provide a classification of the vectors within the image of the logarithm
map from the perspective of p-adic representations, as obtained in Theorem 3.6.7.
Additionally, we define a Q-structure denoted hp(M,K), which will play an important
role in the construction of our p-adic periods in the following chapter.

Let M be a 1-motive over a number field K with good reduction at p and K a
complete local field containing K (fix an embedding K ↪→ K). Let MK and MOK

denote the base change of M to K and extension of M to OK , respectively. We may
drop the index K, and OK when it is known from the context.

Definition 3.6.1. Let G be the p-divisible group associated to MOK
over OK and

G 0 its connected component. We define
˜︂Tp(M) := Tp(G 0) ⊂ Tp(M) and ˜︂Vp(M) = ˜︂Tp(M)⊗Zp Qp.

Consider the above notations. The Galois group ΓK acts continuously on Tp(M)
and the action of ΓK is via ΓK ↪→ ΓK. This gets a restriction map H1(K,Tp(M))→
H1(K,Tp(M)) which does not depend on the choice of embedding K ↪→ K. In fact, if
λ1, λ2 are two such embedding, then λ1 = λ2 ◦ σ for some σ ∈ ΓK, and since the ΓK
acts trivially on H1(K,Tp(M)), we conclude that both embeddings λ1 and λ2 induce
the same map on the cohomology groups.

Proposition 3.6.2. Let K ⊆ Q and K a complete local field with a fixed embedding
K ↪→ K. If H0(K,Tp(M)) = 0, then the map H1(K,Tp(M)) → H1(K,Tp(M)) is
injective.

Proof: From [Sil09, B.2], we can derive the exact sequence

0→ H1(ΓK/ΓK , H0(K,Tp(M)))→ H1(K,Tp(M))→ H1(K,Tp(M)).

We only need to show that H0(K,Tp(M)) = 0 which follows from

H0(K,Tp(M)) ↪→ H0(K,Tp(M)) = 0.

Notice that the exponential map DdR(˜︂Vp(M))/DdR(˜︂Vp(M))0 expG 0−−−→ H1
e (K, ˜︂Vp(M))

and the connecting map G 0(OK) → H1
e (K, ˜︂Vp(M)) for G 0 are both injective, since

G 0 is connected.

Definition 3.6.3. Define the map ˜︁expG as the composition

DdR(˜︂Vp(M))/DdR(˜︂Vp(M))0 expG 0−−−→ H1
e (K, ˜︂Vp(M))→ H1

e (K, ˜︂Vp(M))/G 0(OK),
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and set hp(M,K) := Ker(˜︁expG )⊗Z Q. We have the following commutative diagram
by construction:

hp(M,K) G 0(OK)⊗Q

Lie(G)K H1
e (K, ˜︂Vp(M)).exp

For the Q-structure hp(M,K), we have the following

Proposition 3.6.4. We have

hp(M,K) = Ker(˜︁expG )⊗Z Q = Im(logG (OK))⊗Z Q.

Proof: First one can establish the equality Ker(˜︁expG ) = Im(logG 0) from the
diagram 3.5.8 for G 0. Thus, it suffices to show that Im(logG )⊗Q = Im(logG 0)⊗Q.
Assume that x belong to G (OK). Then, there exists some positive integer n such that
pnx ∈ G 0(OK) and logG (x) = logG 0 (pnx)

pn , as indicated in Definition 1.4.3. Therefore,
logG (x) belongs to Im(logG 0)⊗Q. This completes the proof.

Notice that hp(M,K) is compatible with extensions K ′ of K. We have the following
definition.

Definition 3.6.5. We define hp(M,K ′) to be the extension of hp(M,K) to OK′

i.e. hp(M,K ′) = Im(logG (OK′ )) ⊗ Q. When M is a 1-motive over a number field K
contained in K, we define

hp(M,K) := Im(log|G (K) : G (OK)→ Lie(G)K)⊗Q,

where G (K) = G (OK) ∩G(K), following the notation in Definition 3.4.4. Finally, we
define

hp(M) = hp(M,K) := lim−→ hp(M,K′),

where the direct limit is taken over all finite extensions K′ of K.

Let ˜︁V := ˜︂Vp(M) = Vp(G 0). Let x ∈ H1(K, ˜︁V ) = Ext1(Qp, ˜︁V ). The point x
corresponds to an exact sequence

0→ ˜︁V → Ex → Qp → 0 (3.6.1)

of ΓK p-adic representations. Via the canonical isomorphismH1
e (K, ˜︁V ) ∼= Ext1(1FD, D)

induced by 3.5.9, where D is the covariant Dieudonné module associated with G 0, the
extension 3.6.1 corresponds to an extension of the unit Dieudonné module 1FD by D
in the category of filtered Dieudonné modules if and only if x lies in H1

e (K, ˜︁V ). In
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other words, for any x ∈ H1(K, ˜︁V ) the corresponding extension Ex is a crystalline
p-adic representation if and only if x ∈ H1

e (K, ˜︁V ).
By Theorem 3.3.2, we know that the map φM |˜︁V : ˜︁V → Lie(G)⊗Cp(1) is injective.

We obtain the diagram

0 ˜︁V Ex Qp 0

0 φM( ˜︁V ) Lie(G)⊗ Cp(1) Lie(G)⊗ Cp(1)
φM( ˜︁V )

0

∼= (3.6.2)

Passing to Galois cohomology, we get an exact sequence

H0 (K,Lie(G)⊗ Cp(1))→ H0
(︄
K,

Lie(G)⊗ Cp(1)
φM( ˜︁V )

)︄
→ H1(K,φM( ˜︁V ))

= H1(K, ˜︁V )→ H1(K,Lie(G)⊗ Cp(1)).

We have H i(K,Lie(G)⊗ Cp(1)) = 0 for all integers i, therefore

H0
(︄
K,

Lie(G)⊗ Cp(1)
φM( ˜︁V )

)︄
∼= H1

(︂
K, ˜︁V )︂ . (3.6.3)

We have a diagram similar to 3.6.2 and a canonical isomorphism similar to 3.6.3
for any finite extension K ′ of K. By Proposition 3.6.2, we know that the map
H1(K, ˜︁V )→ H1(K, ˜︁V ) is injective.

We now present the following definition, inspired by [IMZ22, Definition 3.7].

Definition 3.6.6. Let x ∈ Lie(G)⊗ Cp(1)
φM( ˜︁V )

.

1. We say that x is an algebraic point over K, if the orbit ΓK .x ⊂ Lie(G)⊗Cp(1)
φM (˜︁V )

is
finite. In other words, if there exists a finite extension K ′ of K such that

x ∈
(︄

Lie(G)⊗ Cp(1)
φM( ˜︁V )

)︄ΓK′

.

2. We say that x is an algebraic point over K, if there exists a finite extension K′

of K such that x belongs to the image of

H1(K′, ˜︁V )→ H1(K′
p,
˜︁V ) ∼=

(︄
Lie(G)⊗ Cp(1)

φM( ˜︁V )

)︄ΓK′
p

,

where K′
p is the p-adic completion of K′.
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3. We say that x is a crystalline point, if α−1(xQp) is a crystalline representation,
where

α : Lie(G)⊗ Cp(1)→ Lie(G)⊗ Cp(1)
φM( ˜︁V )

is the quotient map.

Theorem 3.6.7. Let ˜︁V := ˜︂Vp(M) and he( ˜︁V ) := lim−→H1
e (K, ˜︁V ), where the colimit runs

over all finite extensions of K.

1. There is a one-to-one correspondence between he( ˜︁V ) and crystalline points in
(Lie(G)⊗OK

Cp(1))/φ( ˜︁V ) that are algebraic over K.

2. Every point in hp(M) corresponds to a crystalline point in (Lie(G)⊗OK
Cp(1))/φ( ˜︁V )

which is algebraic over K.

Proof:

1. Let x ∈ he( ˜︁V ) = lim−→H1
e (K, ˜︁V ). There exists a finite extension K ′ of K such

that x ∈ H1
e (K ′, ˜︁V ). Via the isomorphism 3.6.3, x maps to an element y ∈

Lie(G)⊗ Cp(1)/φM( ˜︁V ), which is algebraic over K, as it lies in

(Lie(G)⊗ Cp(1)/φM( ˜︁V ))ΓK′ .

We consider the diagram 3.6.2 associated with x. Since x is in H1
e (K, ˜︁V ), we know

that Ex is crystalline. Moreover, α−1(yQp) = Ex by the definition. Therefore, y
is a crystalline point which is algebraic over K.
Conversely, assume that y ∈ (Lie(G)⊗OK

Cp(1))/φ(˜︂Vp(M)) is a crystalline point
that is algebraic over K. Thus, y lies in (Lie(G)⊗OK

Cp(1))/φ(˜︂Vp(M))ΓK′ for
some finite extension K ′ of K. Again, via the isomorphism 3.6.3, y maps to an
element x in H1(K ′, ˜︁V ). Since α−1(yQp) = Ex is crystalline, this implies that x
lies in H1

e (K ′, ˜︁V ).

2. Every point x ∈ hp(M,K) corresponds to a point in y ∈ G (K′) ⊂ H1(K′, ˜︁V ) ↪→
H1(K′

p,
˜︁V ) (see Definition 3.6.3), where K′ is a finite extension of K. However,

due to the diagram 3.5.8, y belongs to H1
e (K′

p,
˜︁V ). Thus the result follows from

part (1).

The Q-structure hp(M) := hp(M,K) is the main ingredient in the construction of
our p-adic periods in the next chapter.



Chapter 4

P-adic periods of 1-motives

The classical period numbers arise from the Grothendieck’s comparison isomorphism
between the de Rham cohomology of a smooth variety X over a subfield K ↪→ C with
the singular cohomology of the analytification Xan/C. The entries of this isomorphism
with respect to all choice of Q-bases are called periods of X which are indeed induced
by integrals of global algebraic differential forms ω on X over a differentiable relative
chains σ.

The period conjecture asserts that there are no relations among the classical
periods other than obvious relations (for more details, see [HMS17] and [Hub20]).
There are two primary approaches to studying these periods: investigating their
algebraic relations or exploring the linear relations among these periods. For studying
the algebraic relations, a neutral Tannakian category is required to construct the
period algebras. In this context, the classical period conjecture predicts that the
transcendental degree of the period algebra associated with a motive M is equal to
the dimension of the motivic Galois group G(M).

To study only the linear relations of periods, we do not need a rigid tensor category
in this setting. In [HW22], it was demonstrated that the period conjecture holds for the
isogeny category of Deligne 1-motives over Q, using the celebrated Wustholz analytic
subgroup theorem [Wus89]. In fact, their results show that the Kontsevich-Zagier
period conjecture holds for all smooth curves over Q.

The primary object of this chapter is to present and prove a p-adic version of the
period conjecture as well as a p-adic version of the subgroup theorem for 1-motives
with good reductions. We develop a formalism that enables the study of periods
arising from the integration pairings introduced in Chapter 3. This formalism will
encompass classical periods as well. It yields linear spaces of periods, and, as will
be demonstrated at the end of this chapter, it provides insights into their vanishing
behaviour and describes all the linear relations among them. Drawing inspiration from
[Hör21], we introduce period conjectures within this framework, considering different

94
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depths of formal relations among periods.
Finally, we will demonstrate that the p-adic integration pairing (Theorem 3.3.4)

that we introduced in Chapter 3 induces three distinct pairings. By applying a p-adic
version of the subgroup theorem for 1-motives, which we will establish in Theorem 4.3.2,
we can prove the period conjectures at depths 1 and 2 for these pairings, as outlined
in Theorem 4.3.8 and Theorem 4.3.9.

4.1 Formalism of periods
Definition 4.1.1 (Realization category). Let K and L be two fields containing Q,
and Q respectively. Let B be an algebra over both K and L. The realisation category
with coefficients in B, denoted ModBK,L, is a category with the following information:

(i) Objects are triples (HK , HL, ϖ) where HK and HL are finite-dimensional vector
spaces over L and K respectively, and ϖ : HK ⊗K B → HL ⊗L B is a B-linear
isomorphism.

(ii) Morphisms are pairs φ := (φK , φL) where φL : HL → H ′
L is a L-linear map, and

φK : HK → H ′
K is a K-linear map such that the diagram

HK ⊗K B HL ⊗L B

H ′
K ⊗K B H ′

L ⊗L B

ϖ

φK⊗1B φL⊗1B

ϖ′

commutes.

Remark 4.1.2. The realisation category ModBK,L is an abelian rigid tensor category.
We have tensor structure, dual, and identity object as follows:

• For H = (HK , HL, ϖ) and H ′ = (H ′
K , H

′
L, ϖ

′) we define

H ⊗H ′ := (HK ⊗K H ′
K , HL ⊗L H ′

L, ϖ ⊗ϖ′).

• We have duals H∨ = (H∨
K , H

∨
L , ϖ

∨), where H∨
L = Hom(HL, L) is the dual L-

vector space, H∨
K = Hom(HK , K) is the dual K-vector space, and ϖ∨ : H∨

L →
H∨
K ⊗B L is given by ϖ∨(f) = f ◦ϖ−1 under the identification (HK ⊗B L)∨ ∼=

H∨
K ⊗B L. Clearly (H∨)∨ = H.

• The identity object in ModBK,L is 1 = (K,L, 1).

The category ModBK,L admits an internal Hom structure. We have H∨ = Hom(H,1).
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Definition 4.1.3. Let C be an additive category, and

T : C → ModBK,L, X ↦→ (TK(X), TL(X), ϖX)

an additive functor. Let T∨
L : C → Vect(L) denote the functor X ↦→ TL(X)∨, and let

U be an algebraic extension of Q that makes B a U -algebra. The additive functor
H = (F,G) : C → Vect(Q)× Vect(U) is called a period pairing for T , if

1. F is an additive covariant exact functor and G is an additive contravariant exact
functor.

2. There exist natural embeddings F ↪→ TK ⊗K B, and G ↪→ T∨
L ⊗L B, i.e., for

every object X of C, F (X) and G(X) are Q-linear and U -linear subspaces of
TK(X)⊗K B and T∨

L (X)⊗L B, respectively. Moreover, the diagrams

F (X) TK(X)⊗K B G(X) T∨
L (X)⊗L B

F (X ′) TK(X ′)⊗K B G(X ′) T∨
L (X ′)⊗L B

F (f) TK(f)⊗B G(f) T∨
L (f)⊗B

commute for any morphism X
f−→ X ′ in C.

Definition 4.1.4. Let H = (F,G) be a period pairing for T : C → ModBK,L.

1. We define the H-periods of X in C as

PH(X) := Im(F (X)×G(X)→ B), (ν, γ) ↦→ γ(ϖX(ν)),

where we view ν and γ in TK(X) and T∨
L (X) respectively. The above pairing is

denoted by ⟨ν, γ⟩H := γ(ϖX(ν)).

2. The space of H-periods PH⟨X⟩ is the U -vector space generated by PH(X).

3. If D is a full additive subcategory of C, we define the H-periods of D to be

PH(D) :=
⋃︂
X∈D
PH(X).

Remark 4.1.5. 1. Assume that F (X), and G(X) are finite-dimensional. The
H-period space PH⟨X⟩ is indeed the U -vector space generated by the entries of
all matrix MS,S′(X) where S is a Q-basis for F (X), S ′ is a U -basis for G(X)∨

and the matrix MS,S′(X) is a vertical rectangular matrix whose entries are the
coordinates of S with respect to S ′ through the B-isomorphism ϖX .

2. The set PH(C) only depends on the objects in the image of F and G.
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3. We have two types of obvious relations between the H-periods of X in C:

• Bilinearity:

⟨a1ν1+a2ν2, b1γ1+b2γ2⟩ = a1b1⟨ν1, γ1⟩+a1b2⟨ν1, γ2⟩+a2b1⟨ν2, γ1⟩+a2b2⟨ν2, γ2⟩

where a1, a2 ∈ Q, b1, b2 ∈ U , ν1, ν2 ∈ F (X), and γ1, γ2 ∈ G(X).
• Functoriality:

⟨f∗ν, γ⟩ = ⟨ν, f ∗γ⟩

where f : X → Y is a morphism in C, ν ∈ F (X), and γ ∈ G(Y ).

This motivates the definition of the space of formal H-periods.

Definition 4.1.6. 1. Let H = (F,G) be a period pairing for T : C → ModBK,L.
The space of formal H-periods ˜︁PH(C) is

˜︁PH(C) := (
⨁︂
X∈C

F (X)⊗Q G(X))/functoriality

2. The H-period map is evalp : ˜︁PH(C) → PH(C) which is induced by (ν, γ) ↦→
γ(ϖ(ν)) where (ν, γ) ∈ F (X)×G(X).

3. We say that all relations among H-periods of C induced by bilinearlity and
functoriality if the evaluation map ˜︁PH(C)→ PH(C) is injective.

Note that PH(C) is a subspace of B, and the evaluation map ˜︁PH(C)→ PH(C) is
clearly surjective.

The following definition is inspired by [Hör21].

Definition 4.1.7. Let H = (F,G) be a period pairing for T : C → ModBK,L, and
X ∈ C. The space of formal H-periods of depth i of X, denoted ˜︁P iH(X), is the quotient
of the vector space F (X)⊗Q G(X) modulo the subspace generated by

m∑︂
j=1

νj ⊗ γj

for every exact sequence
0→ X ′ → Xm → X ′′ → 0

with νj ∈ F (X ′), and γj ∈ G(X ′′) such that m ≤ i.
We also define

˜︁P∞
H (X) := lim−→

˜︁P iH(X), and ˜︁P iH(C) := lim−→
X∈C

˜︁P iH(X).
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We denote the class of ∑︁m
j=1 νj ⊗ γj in ˜︁P iH(X) by

(
m∑︂
j=1

νj ⊗ γj)˜︁Pi
H(X).

Proposition 4.1.8. Let (C, T,H) be as above.

1. PH(C) is a U -vector space. In particular, PH⟨X⟩ = PH(⟨X⟩), where ⟨X⟩ is the
full additive subcategory of C generated by X.

2. If C is abelian, then ˜︁PH⟨X⟩ is generated by the elements of F (X) ⊗Q G(X)
as a U-vector space, where here ⟨X⟩ is the full abelian subcategory of C gen-
erated by X. We denote ˜︁PH(X) := ˜︁PH(⟨X⟩). In particular, dimU

˜︁PH(X) ≤
max(dimQ F (X), dimU G(X))2.

3. If C is abelian, then ˜︁P iH⟨X⟩ is generated by the elements of F (X)⊗Q G(X) as a
U-vector space.

4. If C is abelian, then PH⟨X⟩ = PH(⟨X⟩).

Proof: (1) It suffices to show that PH(C) is closed under the addition. If α1 is a
H-period of X1 and α2 is a H-period of X2 in C, then α1 +α2 is a H-period of X1⊕X2.

(2) We need to verify that all pure tensors in ˜︁PH(⟨X⟩) can be expressed in
terms of elements in F (X)⊗Q G(X). Every object in ⟨X⟩ is a subquotient of some
Xn. Note that F (Xn) ∼= F (X)n, G(Xn) ∼= G(X)n, and we can write an element
ν ⊗ γ ∈ F (Xn)⊗Q G(Xn) as

ν ⊗ γ =
n∑︂
k=1

(ik)∗νk ⊗ γ =
n∑︂
k=1

νk ⊗ (ik)∗γ ∈ F (X)⊗Q G(X),

where ν1, . . . , νn are components of ν. Now, if f : Xn → Y is a surjective morphism in
C, we want to show that all pure tensors in F (Y )⊗QG(Y ) can be identified with pure
tensors in F (Xn) ⊗Q G(Xn) (and as a result, in F (X) ⊗Q G(X))). This is because
every element in F (Y ) can be expressed as f∗ν for some ν in F (Xn). Hence,

f∗ν ⊗ γ = ν ⊗ f ∗γ ∈ F (Xn)⊗Q G(Xn).

If f : Y → Xn is an injective morphism in C, then all pure tensors in F (Y )⊗Q G(Y )
can be identified with certain pure tensors in F (Xn)⊗Q G(Xn). Since every element
in G(Y ) has the form f ∗γ for some γ ∈ G(Xn), it follows that

ν ⊗ f ∗γ = f∗ ⊗ γ ∈ F (Xn)⊗Q G(Xn).
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(3) The proof is similar to (2).

(4) If 0 → X1 → X → X2 → 0 is an exact sequence in C, a similar argument
as above, allows us to conclude that PH⟨X1⟩+ PH⟨X2⟩ ⊆ PH⟨X⟩. This implies that
for any subquotient Y of X, PH(Y ) ⊆ PH⟨X⟩. From (1), we have PH(Y n) ⊆ PH⟨Y ⟩.
Since all objects in ⟨X⟩ are subquotients of some Xn for some n, it follows that
PH(⟨X⟩) = PH⟨X⟩.

Remark 4.1.9. For a given short exact sequence

0→ X1
i−→ Xn p−→ X2 → 0

in C, let ∑︁n
i=1 νi ⊗ γi ∈ F (X)⊗Q G(X) with

(ν1, . . . , νn) ∈ i∗(F (X1)), (γ1, . . . , γn) ∈ p∗(G(X2)),

that is, νi = i∗ν
′
i, γi = p∗γ′

i, for some ν ′
i ∈ F (X1) and, γ′

i ∈ G(X2). Then, we have
n∑︂
i=1

νi ⊗ γi =
n∑︂
i=1

i∗ν
′
i ⊗ γi =

n∑︂
i=1

ν ′
i ⊗ i∗p∗γ′

i = 0.

Definition 4.1.10. Let (C, T,H) be as above. We say that the H-period conjecture
at depth i holds for C, if the evaluation map

˜︁P iH(C)→ PH(C)

is injective.

Lemma 4.1.11. Let H be a period pairing for T : C → ModBK,L. Let C be an abelian
category. For any object X in C, we denote by ⟨X⟩ the full abelian subcategory of C
generated X.

1. The evaluation map ˜︁PH(C) → PH(C) is bijective if and only if the evaluation
map ˜︁PH(X)→ PH⟨X⟩ is bijective for every object X of C.

2. The H-period conjecture holds at depth i for C, if and only if H-period conjecture
holds at depth i for ⟨X⟩ for every object X of C.

Proof: We prove (1); the proof of (2) is similar. The natural map ˜︁PH⟨X⟩ → ˜︁PH(C)
is injective. If ˜︁PH(C) → PH(C) is injective then so is the composition ˜︁PH⟨X⟩ →˜︁PH(C)→ PH(C) for every object X of C.
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Conversely, we have C = ⋃︁
X∈C⟨X⟩ because a morphism f : X → Y in C is a

morphism in the full abelian subcategory ⟨X ⊕ Y ⟩. As a result, we have

˜︁PH(C) = lim−→
X∈C

˜︁PH⟨X⟩.

On the other hand, the evaluation map ˜︁PH⟨X⟩ → PH⟨X⟩ is injective for every ⟨X⟩,
and thus it is injective on the colimit.

Corollary 4.1.12. For any object X in C, we have

PH⟨X⟩ ∼= ˜︁P1
H(X) = ˜︁P2

H(X) = · · · = ˜︁PnH(X) = · · · = ˜︁P∞
H (X).

if and only if ˜︁PH(X) → PH⟨X⟩ is injective. In particular, all relations among the
H-periods of X are induced by bilinearity and functoriality if and only if the period
conjecture holds at depth 1 for X.

Proof: By [Hör21, Theorem 1.3], we have that ˜︁P∞
H (X) = ˜︁PH(X). We have the

successive quotients

˜︁P1
H(X)→ ˜︁P2

H(X)→ · · · → ˜︁P∞
H (X) = ˜︁PH(X).

If the map ˜︁P1
H(X) → PH⟨X⟩ is injective, then clearly ˜︁PH(X) = ˜︁P∞

H (X) → PH⟨X⟩
must also be injective, due to the following diagram:

˜︁P1
H(X) ˜︁P∞

H (X)

PH⟨X⟩ PH⟨X⟩

It also follows that ˜︁P iH(X) ∼= PH⟨X⟩ for all i ≥ 1. Thus,

PH⟨X⟩ ∼= ˜︁P1
H(X) = ˜︁P2

H(X) = · · · = ˜︁PnH(X) = · · · = ˜︁P∞
H (X) = ˜︁PH(X).

Conversely, if the map ˜︁PH(X) = ˜︁P∞
H (X)→ PH⟨X⟩ is injective, then by [Hör21,

Lemma 3.2 and Crollary 4.2], we can show that the map ˜︁P1
H(X) → PH⟨X⟩ is also

injective.
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Definition 4.1.13. Let (C, T,H) be as above, with H = (F,G). For each object X
of C, we define

HX := Nat(F |⟨X⟩, G |⟨X⟩)),
where Nat is the space of natural transformations.

We have the following identifications for the dual space H∨
X

H∨
X = Nat(F |⟨X⟩, G |⟨X⟩)∨ ={︃

(fY ) ∈
∏︂

Y ∈⟨X⟩
HomQ(F (Y ), G∨(Y )) | ∀g : Y → Y ′, fY ′ ◦ T (g) = T (g) ◦ fY

}︃∨

=
⎛⎝ ⨁︂
Y ∈⟨X⟩

F (Y )⊗Q G(Y )
⎞⎠ /functoriality,

where we have used the identification HomQ(F (Y ), G∨(Y ))∨ ∼= F (Y ) ⊗Q G(Y ) and
where the naturality can be interpreted as functoriality relations generated by elements
of the form ν⊗ g∗γ− g∗ν⊗γ for all g : Y → Y ′ in ⟨X⟩ and ν ∈ F (Y ), γ ∈ G(Y ′). The
right hand side is indeed the space of formal H-periods ˜︁PH(X) and so, H∨

X = ˜︁PH(X).

Corollary 4.1.14. Assume that F (Y ) and G(Y ) are finite-dimensional for every
Y ∈ ⟨X⟩. Then the H-period conjecture holds at depth 1 if and only if dimU(H∨

X) =
dimU PH⟨X⟩.

Proof: Assume that F (Y ) and G(Y ) are finite-dimensional for every Y ∈ ⟨X⟩. By
Proposition 4.1.8, we know that dimU(H∨

X) = dimU( ˜︁PH(X)) is finite. Therefore, the
evaluation map ˜︁PH(X)→ PH⟨X⟩ is injective if and only if dimU (H∨

X) = dimU PH⟨X⟩.
By Corollary 4.1.12, this is equivalent to the H-period conjecture at depth 1.

Example 4.1.15. Let C =M1(Q) be the isogeny category of 1-motives over Q. Let
T :M1(Q)→ ModC

Q,Q be the Betti-de Rham realization functor define by

M ↦→ (Tsing(M)⊗Z Q,TdR(M), ω)

where ω : Tsing(M)⊗ZC ∼= TdR(M)⊗QC is the Betti-de Rham comparison isomorphism.
We define the period pairing H = (F,G) :M1(Q)→ Vect(Q,Q) as follows:

F (M) := Tsing(M)⊗Z Q, and G(M) := TdR
∨(M)Q.

This defines the classical periods for 1-motives. In [HW22, Theorem 9.7], Hubber and
Wüstholz showed that the ˜︁P1

H(M)→ PH⟨M⟩ is injective. It follows that ˜︁PH(M) ∼=
PH⟨M⟩, i.e, the Kontsevich-Zagier period conjecture for 1-motives over Q holds
([HW22, Theorem 9.10]).
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Recall thatMgr
1 (K) denotes the isogeny category of 1-motives with good reduction

over K and consider the functor T :Mgr
1 (K)→ ModB2

Qp,Q
which is given by

M ↦→ (Vp(M),TdR(M), ϖ ⊗ B2).

Here, ϖ ⊗ B2 : Tp(M)⊗Zp B2 → TdR(M)⊗K B2 is the isomorphism induced by the
integration map ϖ : Tp(M) → TdR(M) ⊗K B2 (see Theorem 3.3.4). In the next

section, we will define three distinct period pairings for T , namely
∫︂ hp

,
∫︂ Hφ

p
, and∫︂ Hϖ

p
, and demonstrate that the

∫︂ hp
-period conjecture holds at depth 1, while both∫︂ Hφ

p
-period conjecture and

∫︂ Hϖ
p

-period conjecture hold at depth 2.

4.2 Q-structures Hφ
p and Hϖ

p

In this section, we will define two Q-structures Hφ
p and Hϖ

p , within Tp(M) ⊗ Cp

and Tp(M)⊗ B2 by pulling-back the space hp(M) along the Fontaine’s map φM (see
3.3.8) and the p-adic integration map ϖM (3.3.5). We then obtain the corresponding
pairings relative to these structures. The p-adic numbers α ∈ B2 that arise from these
pairings are indeed Fontaine-Messing p-adic periods. Recall that α ∈ B2 is called a
Fontaine-Messing p-adic period of M if it lies in the image of the pairing

(Tp(M)⊗Zp B2)× (TdR
∨(M)⊗K B2)→ B2

induced by the integration map ϖM (3.3.5).
We always assume that M = [L u−→ G] is a 1-motive over a number field K

which has a good reduction at p. We fix an embedding K ↪→ K to a p-adic complete
discrete-valued local field K with residue field k. The base change of M to K is the
1-motive MK which has a good reduction and it can be extended to the 1-motive MOK

over OK . For simplicity, we often drop the indices K and OK .
Recall Definition 3.6.3, Definition 3.6.5, and Proposition 3.6.4.

Definition 4.2.1. We define Hφ
p (M) to be the fibre product of hp(M,K) and

Tp(M)⊗Zp Cp over Lie(G)⊗OK
Cp(1) along the map

φM ⊗ 1Cp : Tp(M)⊗Zp Cp → Lie(G)⊗OK
Cp(1)

where φM is the Fontaine’s map 3.3.8. We have

Hφ
p (M) hp(M,K)

Tp(M)⊗Zp Cp Lie(G)⊗OK
Cp(1)

ι

φM ⊗1Cp

(4.2.1)
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where ι is the Q-linear map

hp(M,K) ↪→ Lie(G)⊗OK
Cp → Lie(G)⊗OK

Cp(1), x ↦→ x⊗ 1.

Notice that Hφ
p (M) is just a Q-vector space inside Tp(M) ⊗Zp Cp, and by con-

struction, we have the following commutative diagram with exact rows

0 S Hφ
p (M) hp(M,K) 0

0 S Tp(M)⊗Zp Cp Lie(G)⊗OK
Cp(1) 0

(4.2.2)

By Proposition 2.6.13, the Hodge-Tate weights of Vp(M) are 0 and 1 with multiplicity
n = rank(L) + dim(A) and m = dim(T ) + dim(A) respectively. Thus, S ∼= Cn

p . The
bottom sequence is split, and the splitting is unique because

Ext1(Lie(G)⊗OK
Cp(1), S) = Ext1(Cp(1)m,Cn

p ) = H1(K,Cp(−1)mn) = 0

and,

Hom(Lie(G)⊗OK
Cp(1), S) = Hom(Cp(1)m,Cn

p ) = H0(K,Cp(−1))mn = 0.

Notice that the above Exti(., .) is in the category of ΓK-representations. Therefore, by
the Hodge-Tate decomposition, S = coLie(G ∨)⊗OK

Cp. By Remark 2.4.8, we know
that coLie(G ∨) = coLie(G∨) = V (M). Considering the exact sequence 2.1.1, we can
obtain the following diagram

0 0

0 V (L)⊗ Cp Hφ
p (L) 0

0 V (M)⊗ Cp Hφ
p (M) hp(M,K) 0

0 V (G)⊗ Cp Hφ
p (G) hp(G,K) 0

0 0 0

(4.2.3)

Notice that the rows are split.

Proposition 4.2.2. The functor Hφ
p :Mgr

1 (K)→ Vect(Q) is faithful and exact.
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Proof: For exactness, we only need to show that hp(.) exact, as the Lie algebras,
the Tate modules, and the pull-backs functors are exact. Assume that

0→M1 →M →M2 → 0 (4.2.4)

is an exact sequence of 1-motives with good reductions at p, where M1 = [L1 → G1]
and M2 = [L2 → G2]. To demonstrate the exactness of the sequence

0→ hp(M1)→ hp(M)→ hp(M2)→ 0,

we use our terminologies and results from Section 3.6. Note that we only need to
show that hp(M) → hp(M2) is surjective. The sequence 4.2.4 induces a natural
Galois-equivariant exact sequence

0→ Lie(G1)⊗Cp(1)/φM1(˜︂V1)→ Lie(G)⊗Cp(1)/φM( ˜︁V )→ Lie(G2)⊗Cp(1)/φM2(˜︂V2)→ 0,

where ˜︂Vi = Vp(G 0
i ) and G i is the connected component of the p-divisible group

associated to Mi. Let x ∈ Lie(G2)⊗ Cp(1)/φM2(˜︂V2) and y ∈ Lie(G2)⊗ Cp(1)/φM( ˜︁V )
belongs to the fibre of x. If x is crystalline, then so is y. Furthermore, The orbit
of y maps bijectively to the orbit of x via Lie(G) ⊗ Cp(1)/φM( ˜︁V ) → Lie(G2) ⊗
Cp(1)/φM2(˜︂V2). This means that if the orbit of x is finite, then so is the orbit of y. But,
by Theorem 3.6.7, any point in hp(M2) corresponds to an algebraic crystalline point x
in Lie(G2)⊗ Cp(1)/φM2(˜︂V2). Consequently, the point y ∈ Lie(G)⊗ Cp(1)/φM( ˜︁V ) in
the fibre of x is also an algebraic crystalline point. This concludes the result.

In order to verify faithfulness it suffices to show that Hφ
p (M) = 0 implies that

M = 0 in Mgr
1 (K). Consider some M in Mgr

1 (K) with Hφ
p (M) = 0. The diagram

4.2.3 implies that Hφ
p (L) = Hφ

p (G) = 0, so hp(G,K) = 0 and V (L) = 0. hp(G,K) = 0
implies that G = 0, and V (L) = L⊗Ga = 0 implies that L = 0.

Definition 4.2.3. We define Hϖ
p (M) as the pullback of Hφ

p (M) ↪→ Tp(M) ⊗Zp Cp

via the map Tp(M)⊗Zp B2 → Tp(M)⊗Zp Cp induced by the quotient map B2 → Cp.

We have the commutative diagram

0 Tp(M)⊗Zp Cp(1) Hϖ
p (M) Hφ

p (M) 0

0 Tp(M)⊗Zp Cp(1) Tp(M)⊗Zp B2 Tp(M)⊗Zp Cp 0
(4.2.5)

with exact rows, where the bottom row is obtained by tensoring Tp(M) with the
canonical exact sequence

0→ Cp(1)→ B2 → Cp → 0.
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Corollary 4.2.4. The functor M ↦→ Hϖ
p (M) is faithful and exact.

Proof: This is straightforward since both Tp and Hφ
p are faithful and exact.

Remark 4.2.5. Let ⟨, ⟩ denotes the pairing Lie(G♮)B2 × coLie(G♮)B2 → B2. The
splitting of the first row in 4.2.2 implies that Hφ

p (M) embeds naturally into Lie(G♮)Cp .
If x ∈ Hφ

p (M) and ω ∈ coLie(G), then diagram 4.2.2 implies that

⟨x, ω⟩ =
∫︂ φ

x
ω =

∫︂ ϖ

x
ω.

The latter equality follows from the fact that the p-adic integration pairing respects
filtration (Theorem 3.3.4). Moreover, we have the diagram

0 Tp(M)⊗Zp Cp(1) Hϖ
p (M) Hφ

p (M) 0

0 Tp(M)⊗Zp Cp(1) Tp(M)⊗Zp B2 Tp(M)⊗Zp Cp 0

Lie(G)⊗K Cp(1)

0 V (M)⊗K B2 Lie(G♮)⊗K B2 Lie(G)⊗K B2 0,

ϖM ⊗B2

φ⊗Cp

where the top squares are commutative, and the bottom square is also commutative
due to the diagram 3.3.14. Assume that x ∈ Hϖ

p (M). We can write x as x = u+ v,
where the image of u belongs to Hφ

p (M) and v ∈ Tp(M)⊗Zp Cp(1), and hence v is in
the kernel of Tp(M)⊗Zp B2 → Tp(M)⊗Zp Cp. Notice that this representation is not
necessarily unique. As the above diagram commutes, v belongs to V (M)⊗K B2, and
for ω ∈ coLie(G), we have∫︂ ϖ

x
ω =

∫︂ ϖ

u
ω +

∫︂ ϖ

v
ω =

∫︂ ϖ

u
ω + 0 =

∫︂ φ

u
ω.

We summarize theses results in the following corollary.

Corollary 4.2.6. Let ω ∈ coLie(G)K, and let π denote the surjective map Hϖ
p (M)→

Hφ
p (M). We have ∫︂ ϖ

x
ω =

∫︂ φ

π(x)
ω. (4.2.6)
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The Q-structure Hϖ
p (M) is very large. It contains Tp(M)⊗Zp Cp(1) which we do

not know anything about their image under the integration pairing
∫︂ ϖ

in general. This
is why we focus on some specific elements in Hϖ

p (M). Let B2,cris := B+
cris /t

2 B+
cris ⊆ B2.

As φcris is injective on B+
cris, and acts on t by multiplication by p, it follows that φcris

induces an injective endomorphism on B2,cris. Recall the Definition 3.6.1 for ˜︂Tp(M).

Definition 4.2.7. We define ˜︃Hϖ
p (M) to be the pull-back of Hϖ

p (M) ↪→ Tp(M)⊗Zp B2

via ˜︂Tp(M)⊗Zp φcris(B2,cris) ↪→ Tp(M)⊗Zp B2; i.e.

˜︃Hϖ
p (M) Hϖ

p (M)

˜︂Tp(M)⊗Zp

⋂︁∞
m=1 φ

m
cris(B2,cris) Tp(M)⊗Zp B2 .

(4.2.7)

We need one more step to introduce our period pairings relative to the Q-structures
Hφ

p , and Hϖ
p . The description of hp(M) in Proposition 3.6.4 indicates that these

elements are obtained from G 0 the connected component of G , whose associated
isocrystal has non-zero slopes. Consequently, it makes sense to pair them with forms
that also have non-zero slopes in the isocrystal associated to M . Actually, this
pairing seems to be necessary, as demonstrated in the proof of our main theorem
(Theorem 4.3.8); otherwise, we may encounter some vanishing periods, making it
difficult to trace the underlying relations.

Definition 4.2.8. Let N be an isocrystal over K0. By Lemma 1.5.26, there is a
unique decomposition

N =
⨁︂

N(αi)

into direct sum of nonzero sub-filtered isocrystals with slopes αi for i = 1, . . . , n. We
define ˜︂N to be sub-object of N containing all nonzero slopes, i.e.,

˜︂N :=
⨁︂
αi ̸=0

N(αi) ⊂ N.

Remark 4.2.9. Let K′ be a finite extension of K and k′ its residue field at the prime
above p. Then, by the crystalline-de Rham comparison isomorphism (Theorem 2.7.2),
we can obtain a canonical identification

TdR
∨(M)⊗K K

′ ∼= Tcrys
∨(M)⊗W(k′) K

′,

where K ′ is the p-adic completion of K′. Let K ′
0 be the field of fraction of W(k′),

and let N = Tcrys
∨(M)⊗W(k′) K

′
0 and ˜︂NK′

0
the subobject of N containing all nonzero



4. P-ADIC PERIODS OF 1-MOTIVES 107

slopes (see Definition 4.2.8). We define ˜︂N(K′) to be the pull-back of TdR
∨(M)K′ ↪→

Tcrys
∨(M)⊗W(k′) K

′ and ˜︂NK′
0
↪→ Tcrys

∨(M)⊗W(k′) K
′ i.e.

˜︂N(K′) ˜︂NK′
0

TdR
∨(M)K′ Tcrys

∨(M)⊗W(k′) K
′

(4.2.8)

where the bottom arrow is the composition

TdR
∨(M)K′ ↪→ TdR

∨(M)⊗K K
′ ∼= Tcrys

∨(M)⊗W(k′) K
′.

The action of the Frobenius is compatible with unramified extensions of local fields
and the above diagram is compatible with extensions of K. We define

˜︂N(M) = lim−→
˜︂N(K′), (4.2.9)

where direct limit is taken over all finite extensions of K. By construction, this is
the same as taking direct limit of lim−→

˜︂N(K′) over all finite extensions of K where
p is unramified, or equivalently, over all finite extensions K′ such that K ⊆ K′ ⊆
Kur ∩K := Ku. The field Ku is indeed the maximal unramified extension of K at p
which is the extension obtained by taking the compositum of all finite extensions of
K in which the prime p does not ramify. This extension is infinite and is a Galois
extension of K, where its decomposition group at p is isomorphic to the profinite
completion of the absolute Galois group of the residue field at p (see [Neu99, Chapter
II, §5], or [Ser79, Chapter III]).

For any ω ∈ Lie(G♮)K, there exists a finite extension K′ of K such that ω belongs
to Lie(G♮)K′ . We have

˜︂N(M) ↪→ TdR
∨(MK)⊗K ↪→ TdR

∨(MK)⊗K B2 = coLie(G♮)⊗K B2 .

In fact, ˜︂N(M) is a Ku-linear subspace of coLie(G♮)K.

Definition 4.2.10. The restriction of the paring (Tp(M)⊗ZpCp)×(coLie(G))→ Cp(1)
induced by Fontaine’s map φM , on Hφ

p (M), is denoted by
∫︂ Hφ

p
: Hφ

p (M)× coLie(G)K → Cp(1)

and the restriction of the paring (Tp(M)⊗ B2)× (TdR
∨(M)⊗ B2)→ B2 induced by

the integration map ϖM , on ˜︃Hϖ
p (M)× ˜︂N(M), is denoted by∫︂ Hϖ

p
: ˜︃Hϖ

p (M)× ˜︂N(M)→ B2 .
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The restriction of the pairing
∫︂ Hφ

p
on hp(M,K) is denoted by

∫︂ hp
.

We say that a p-adic number α ∈ B2 is an Hϖ
p -period, Hφ

p -period, or hp-period

of a 1-motive M ∈ Mgr
1 (K), if it is in the image of the pairing

∫︂ Hϖ
p

,
∫︂ Hφ

p
, or

∫︂ hp
,

respectively.

Remark 4.2.11. Let T :Mgr
1 → ModB2

Q,Q be defined by

M ↦→ (Vp(M),TdR(M)Q, ϖ ⊗ B2).

The pairing
∫︂ Hϖ

p
serves as a period pairing for T in the sense of Definition 4.1.3. In

the sense of Definition 4.1.3, one can put
∫︂ Hϖ

p
= (F,G), where we define

F :Mgr
1 → Vect(Q), M ↦→ ˜︃Hϖ

p (M), and G :Mgr
1 → Vect(Ku),M ↦→ ˜︂N(M).

For convenience,
∫︂ Hϖ

p
-period will simply be referred to as an Hϖ

p -period. The space
of these Hϖ

p -periods is denoted by PHϖ
p ⟨M⟩ (Definition 4.1.4), which is a Ku-vector

space. The space of formal Hϖ
p -periods and formal Hϖ

p -periods of depth i are denoted
by ˜︁PHϖ

p (M) and ˜︁P iHϖ
p

(M), respectively (Definition 4.1.6 and Definition 4.1.7).

We can also view
∫︂ Hφ

p
as a period pairing for T . One can put

∫︂ Hφ
p

= (F ′, G′),
where

F ′ :Mgr
1 → Vect(Q), M ↦→ Hφ

p (M), and G′ :Mgr
1 → Vect(Q),M ↦→ coLie(G)Q.

The space of Hφ
p -periods is denoted by PHφ

p ⟨M⟩, which is a Q-vector space. The
space of formal Hφ

p -periods and formal Hφ
p -periods of depth i are denoted by ˜︁PHφ

p (M)
and ˜︁P iHφ

p
(M), respectively. Analogously, The space of hp-periods, formal hp-periods,

and formal hp-periods of depth i are denoted by Php⟨M⟩, ˜︁Php(M), and ˜︁P ihp(M),
respectively.

Proposition 4.2.12. The assignment ˜︂N : Mgr
1 (K) → Vect(K), M ↦→ ˜︂N(M) is a

contravariant exact functor.

Proof: Taking the functor ˜︂(.) from an exact sequence of isocrystals over K0
(Definition 4.2.8) results in an exact sequence of isocrystals with non-zero slopes.
Additionally, we know that TdR and base change are exact. Therefore, the result
follows since pullback is also exact.
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4.3 P-adic subgroup theorem for 1-motives
In this section, we first establish a p-adic version of the subgroup theorem for 1-motives
(Theorem 4.3.2). Then using this theorem, we prove the Hϖ

p -period conjecture at
depth 2, the Hφ

p -period conjecture at depth 2, and the hp-period conjecture at depth
1 for all 1-motives with good reductions.

Definition 4.3.1. Let g be a vector space over a field F . Let ⟨, ⟩ be the duality
pairing g × g∨ → K. We define the left kernel and right kernel as follows: for any
a ⊆ g and b ⊆ g∨

Ann(a) := {f ∈ g∨ | ⟨a, f⟩ = 0}
Ann(b) := {u ∈ g | ⟨u, b⟩ = 0}.

Put Ann(u) := Ann({u}), for any u ∈ g.

By the definition and maximality of Ann(u), we have Ann Ann(Ann(u)) =
Ann(u).

Assume that x ∈ Hφ
p (M). We can view x in Lie(G♮)Cp , due to diagram 4.2.3.

Thus, by Ann(x), we mean Ann(x) within coLie(G♮)Cp .
We need to prove the following theorem to which we refer as the p-adic subgroup

theorem for 1-motives with good reduction:

Theorem 4.3.2 (P-adic subgroup theorem for 1-motives). Let M be a 1-motive over
number field K with good reduction at p and let x ∈ Hφ

p (M). There exists an exact
sequence

0→M1 →Mn →M2 → 0
of 1-motives over a finite extension of K with good reductions at p, with n ∈ {1, 2},
such that x ∈ Hφ

p (M1), and Ann(x) ⊆ TdR
∨(M2).

To prove this theorem, our main tool is the p-adic analytic subgroup theorem
which is stated in [Ber85] and proved in [FP15], and which is the p-adic version of the
celebrated Wustholz’s (classical) analytic subgroup theorem [Wus89].

Theorem 4.3.3 (P-adic analytic subgroup theorem). Let G be a commutative algebraic
group defined over Q and let V ⊆ Lie(G) be a non-trivial Q-linear subspace. For any
γ ∈ G(Q)f with 0 ̸= logG(Cp)(γ) ∈ V ⊗Q Cp, there exists an algebraic group H ⊆ G

defined over Q such that Lie(H) ⊆ V and γ ∈ H(Q).

Lemma 4.3.4. Assume that

0→ h→ g
π−→ g/h→ 0

is an exact sequence of Lie algebras. We have Ann(h) = π∗(g/h)∨.
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Proof: If f ∈ Ann(h), this means that the restriction f |h= 0. Thus, f belongs to
the kernel of g∨ → h∨ which implies that f ∈ π∗(g/h)∨. Conversely π(h) = 0 and so,

⟨h, π∗f⟩ = ⟨π(h), f⟩ = 0

for any f ∈ (g/h)∨. Thus, Ann(h) = π∗(g/h)∨.

We need the following reformulation of p-adic analytic subgroup theorem.

Proposition 4.3.5. Let G be a commutative connected algebraic group over a number
field K. Assume that u1, . . . , un ∈ logG(Cp)(G(Q)f) (or in logG (G (Q)) when G is a
semi-abelian variety). There exists an exact sequence

0→ H1 → G→ H2 → 0

of connected commutative algebraic groups over a finite extension of K such that
u1, . . . , un ∈ Lie(H1)Cp and Ann(u1, . . . , un) = coLie(H2)Cp. The sequence is uniquely
determined by these properties.

Proof: Assume that n = 1. Let u = log(γ) for some γ ∈ G(Q)f . If u = 0, then
the theorem holds with H1 = 0. Otherwise, put V = Ann(Ann(u)) ⊂ Lie(G)Cp . We
apply Theorem 4.3.3 to get a connected algebraic subgroup H1 of GK′ 1 defined over
a finite extension K′ /K with u ∈ Lie(H1)Cp ⊆ V . Taking the annihilator, we obtain
Ann(Ann(Ann(u))) ⊆ Ann(Lie(H1)) ⊆ Ann(u). Thus, Ann(u) = Ann Lie(H1). Now,
for H2 = G/H1, we get an exact sequence of Lie algebras

0→ Lie(H1)→ Lie(G)→ Lie(H2)→ 0

which corresponds to an exact sequence

0→ H1 → G→ H2 → 0 (4.3.1)

of algebraic groups over a finite extension of K. If G is a semi-abelian variety, then
so are H1 and H2 = G/H1. By Lemma 4.3.4, we obtain Ann(u) = Ann(Lie(H)) =
π∗(Lie(G)/Lie(H1))∨. As π∗ is injective, we can view (Lie(G)/Lie(H1))∨ as a subspace
of Lie(G).

For n > 1, we apply the above argument for u1, . . . , un and obtain subgroups
H1, . . . , Hn defined over a finite extension of K such that ui ∈ Lie(Hi)Cp and Ann(ui) =
coLie(G/Hi). Let H = H1 + · · ·+Hn. This is an algebraic subgroup of G with

u1, . . . , un ∈ Lie(H)Cp = Lie(H1)Cp + · · ·+ Lie(Hn)Cp

1We drop the index L if it is clear from the context.
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and

coLie(G/H)Cp = coLie(G/(H1 + · · ·+Hn))Cp
∼=
⋂︂

coLie(G/Hi)Cp

=
⋂︂

Ann(ui) = Ann(u1, . . . , un),

where the above intersection occurs inside coLie(G). Now, the exact sequence

0→ H → G→ G/H → 0

is the desired exact sequence.
Suppose that

0→ H ′ → G→ H ′′ → 0
is another exact sequence with the same properties. We have

Ann(u1, . . . , un) = coLie(G/H)Cp = coLie(H ′′)Cp = (Lie(G)/Lie(H ′))∨
Cp
.

This implies that H = H ′, as H1 and H ′ are connected.

Proof of Theorem 4.3.2. Without loss of generality, we can assume that
L→ G is injective. Indeed, we have the decomposition of

M = [L′ → 0]⊕ [L/L′ (mod torsion)→ G]

in the isogeny category of Mgr
1 (K), where L/L′ → G is injective. For the motive

[L′ → 0], we have TdR(L′)Cp = V (L′)Cp = Hφ
p (L′). We apply the p-adic analytic

subgroup theorem to the element x ∈ V (L′), yielding the desired exact sequence of
constant finitely generated free groups modulo torsion (1-motives), thereby completing
the proof. Thus, we only need to consider the case where L→ G is injective.

Let x ∈ Hφ
p (M). We can assume that x = u + v, where u ∈ hp(M,K) and

v ∈ V (M). By the construction of hp(M,K) and Proposition 3.6.4, there exists
some γ ∈ G (K) such that logG (γ) = u, up to scalar multiplication by a rational
number. As G♮ is a vector extension of G, we can view u in the image of logG♮ . Recall
that the logarithm map on the vector group V (M) is the identity map. We apply
Proposition 4.3.5 to u+ v to get the exact sequence

0→ H1 → G♮ → H2 → 0

over a finite extension of K with u+ v ∈ H1 and Ann(u+ v) = coLie(H2)Cp . By the
structure theory of commutative algebraic groups (Theorem B.2.5), there are canonical
exact sequences

0→ V1 → H1 → G1 → 0
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0→ V2 → H2 → G2 → 0

where Gi is semi-abelian, and Vi is a vector group for i = 1, 2. Note that v ∈ (V1)Cp .
We have the following diagram with exact rows and columns

0 0 0

0 V1 V (M) V2 0

0 H1 G♮ H2 0

0 G1 G G2 0

0 0 0

(4.3.2)

We define L1 := L∩H1 and L2 := L/L1 (mod torsion). By construction, L1 → L→ G
factors through G1 and L → G → G2 factors through L2 → G2. There is an exact
sequence

0→M1 →M →M2 → 0, (4.3.3)

where M1 = [L1 → G1] and M2 = [L2 → G2]. Notice that both M1 and M2 have good
reductions at p since M has a good reduction at p (see Corollary 2.6.12). Therefore,
the exact sequence 4.3.3 can be lifted to OK , where K is a finite extension of Qp

containing K. By the property of universal vector extensions, the exact sequence

0→ Vi → [Li → Hi]→ [Li → Gi]→ 0

is the push-out of G♮
i for i = 1, 2. The compositions G♮

1 → H1 → G♮ and G♮ → G♮
2 →

H2 are injective and surjective respectively. So, the maps G♮
1 → H1 and G♮

2 → H2
are injective and surjective respectively. It follows that V (M1)→ V1 is also injective.
Since H1 is a vector extension of G1, we deduce that u ∈ hp(G1,K).

Now, if v ∈ V (M1)Cp , then x = u + v ∈ Hφ
p (M1). Because of the short exact

sequence 4.3.3, we have TdR
∨(M2)Cp = coLie(G♮

2)Cp ⊆ Ann(x). However, G♮
2 ↠ H2 is

surjective, hence

Ann(u+ v) = coLie(H2)Cp ⊆ coLie(G♮
2)Cp ⊆ TdR

∨(M2)Cp , (4.3.4)

as desired.
We now assume that v /∈ V (M1). From Remark 2.4.8, we know that V (M1) =

coLie(G∨
1 ), and coLie(G∨

1 ) ↪→ coLie(G∨) = V (M). Choose a semi-abelian scheme N
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such that its Cartier dual N∨ is a subgroup of G, with a surjection N ↠ G∨
1 , and such

that v ∈ coLie(N) ⊂ coLie(G∨) (e.g. G∨ is a candidate that satisfies this condition2).
Taking the Cartier duality, we have G1 ↪→ N∨ ↪→ G. Thus, u ∈ hp(N∨) as well.
Therefore, we obtain the diagram

0 H1 G♮ H2 0

0 G1 G G2 0

0 N∨ G G/N∨ 0.

(4.3.5)

Furthermore, we define 1-motives M ′
1 = [L1 → N∨] and M ′

2 = [L2 → G/N∨] to get
the diagram

0 M1 M M2 0

0 M ′
1 M M ′

2 0.

(4.3.6)

Based on the condition we impose on N , we have v ∈ coLie(N) = V (M ′
1)Cp and

u ∈ hp(M ′
1). Consequently, x = u+ v ∈ Hφ

p (M ′
1), and diagram 4.3.6 implies that

TdR
∨(M ′

2)Cp ⊆ Ann(x) ⊆ TdR
∨(M2)Cp ,

where the latter inclusion is from 4.3.4. Moreover, if we consider the exact sequence
0→M ′ →M2 →M ′′ → 0,

where M ′ = M1⊕M ′
1 and M ′′ = M2⊕M ′

2, then x ∈ Hφ
p (M ′) and Ann(x) ⊂ TdR

∨(M ′′).
This completes the proof.

Along the way of the proof we get the following:
Corollary 4.3.6. Let x ∈ Hφ

p (M). We can write x uniquely as x = u + v, where
u ∈ hp(M,K) and v ∈ V (M)⊗ Cp. Moreover, there exists a commutative diagram

0 M1 M M2 0

0 M ′
1 M M ′

2 0

(4.3.7)

with the following properties:
2The Zorn’s lemma can be applied to identify the smallest N that satisfies these conditions;

however, this is not essential for the argument in our proof.
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1. u ∈ Hφ
p (M1).

2. x ∈ Hφ
p (M ′

1).

3. Ann(x) = TdR
∨(M2)Cp ⊇ TdR

∨(M ′
2).

4. If hp(M) = Hφ
p (M) (or x ∈ hp(M)), then the exact sequence provided in

Theorem 4.3.2 occurs with n = 1.

We are now ready to prove the p-adic period conjecture relative to the pairing∫︂ Hϖ
p

at depth 2.

Lemma 4.3.7. Let N be an admissible filtered isocrystal over K0 with non-zero slopes
and equipped with the filtration

Fili(N) =

⎧⎪⎪⎨⎪⎪⎩
N, i ≤ 0
X, i = 1
0, i ≥ 2.

Then ∑︁
n≥0 F

n(X) = N .

Proof: We first claim that Y := ∑︁
n≥0 F

n(X) is a weekly admissible filtered
sub-isocrystal. Recall the definition of Newton numbers (Definition 1.5.27) and the
definition of weakly admissible filtered isocrystals (Definition 1.5.31). The submodule
Y is clearly a filtered sub-isocrystal of N , therefore tN(Y ) ≥ tH(Y ), by admissibility
of N . Assume that dimK0(X) = r and dimK0(N) = s. According to the filtration of
N , we can observe that the Hodge polygon of D consists of slope a horizontal segment
of length s− r, and a segment of slope 1 with multiplicity r. As the filtration of Y is
given by

Fili(Y ) =

⎧⎪⎪⎨⎪⎪⎩
Y, i ≤ 0
X, i = 1
0, i ≥ 2.

The Hodge polygon of Y has a horizontal segment of length dimK0(Y ) − r, and a
segment of slope 1 with multiplicity r. As all slopes of N and Y are non-zero, we
have that tN(Y ) ≤ tN(N) = tH(N) = r. Therefore, Y is indeed a weakly admissible
sub-isocrystal of N . Then quotient N/Y is also weakly admissible in the category
of weakly admissible isocrystals over K0. However, N/Y has again positive slopes.
Assume that N/Y ̸= 0. Its filtration is given by

Fili(N/Y ) =

⎧⎨⎩N/Y, i ≤ 0
0, i ≥ 1.
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This means that the Hodge polygon of N/Y has only one horizontal segment, and
since all of its slopes are positive, it cannot be weakly admissible. Therefore, N/Y = 0,
and so N = Y .

Theorem 4.3.8. The Hϖ
p -period conjecture holds at depth 2.

Proof: We need to prove that the evaluation map
˜︁P2

Hϖ
p

(Mgr
1 (K))→ PHϖ

p (Mgr
1 (K))

is injective. Let αi =
∫︂ ϖ

xi

ωi be an Hϖ
p -period of the 1-motive Mi, where xi ∈ ˜︃Hϖ

p (Mi)

and ωi ∈ ˜︂N(Mi) for i = 1, . . . , n. Assume that

c1α1 + · · ·+ cnαn = 0

for some ci ∈ Ku. As it is shown in Proposition 4.1.8(1), a linear combination of
Hϖ

p -periods is again a Hϖ
p -period. More precisely, we can write

c1α1 + · · ·+ cnαn =
∑︂
i,j

cj

∫︂
xi

ωj =
∑︂
i

ci

∫︂ Hϖ
p

xi

ωi =
∫︂ Hϖ

p

x
ω, (4.3.8)

where x = x1 + · · · + xn ∈ ˜︃Hϖ
p (⨁︁Mi) and ω = c1ω1 + · · · + cnωn ∈ ˜︂N(⨁︁Mi). The

1-motive M = ⨁︁
Mi is defined over a finite extension K′ of K and has still a good

reduction at p (Section 2.6). The preceding equality 4.3.8 follows from the bilinearity
relation. Now, it suffices to show that for the period

∫︂ Hϖ
p

x
ω = 0 of M , the element

(x ⊗ ω)˜︁P2
Hϖ

p
(M) = 0. Recall the notations in Remark 4.2.9. Since ω ∈ ˜︂N(M), there

exists an isocrystal NK′
0

defined over a finite unramified extension K ′
0 such that

ω ∈ ˜︂NK′
0
∩ TdR

∨(M)K′ and ˜︂NK′
0
⊆ Tcrys

∨(M) ⊗W(k′) K
′, as shown in the diagram

4.2.8. But Tcrys
∨(M)⊗W(k′) K

′ ∼= TdR
∨(M)K′ is a filtered isomorphism as discussed

in Section 2.7, which induces the following filtration on ˜︂NK′
0

that is identical to the
filtration induced as a subobject of NK′

0
.

Fili(˜︂NK′
0
) =

⎧⎪⎪⎨⎪⎪⎩
TdR

∨(M)K′ ∩ ˜︂NK′
0
, i ≤ 0

coLie(G)K′ ∩ ˜︂NK′
0
, i = 1

0 i ≥ 2.

By Lemma 4.3.7, we have∑︂
n≥0

F n(coLie(G) ∩ ˜︂NK′
0
) = TdR

∨(M)K′ ∩ ˜︂NK′
0

= ˜︂NK′
0
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Therefore, there exist γ ∈ coLie(G) ∩ ˜︂NK′
0

and n ≥ 0 such that ω = F n(γ). As
x ∈ ˜︃Hϖ

p (M), we write it as x = b1 ⊗ x1 + · · · + bm ⊗ xm, where xi ∈ ˜︂Tp(M) and
bi ∈

⋂︁
m=1 φ

m
cris(B2,cris). There exists elements b′

i ∈ B2,cris such that φncris(b′
i) = bi. Since

φcris is injective, one can show that b′
i ∈

⋂︁
m=1 φ

m
cris(B2,cris). Corollary 3.3.8 implies

that 0 =
∫︂ ϖ

x
ω =

∫︂ cris

x
ω. Meanwhile, we have

∫︂ cris

x
ω =

∫︂ cris

b1⊗x1+···+bm⊗xm

F n(γ) =
∑︂
i

∫︂ cris

xi

bi⊗F n(γ) =
∑︂
i

∫︂ cris

xi

(φncris⊗F n)(b′
i⊗ γ).

On the other hand, the action of Frobenius F on ˜︂NK′
0

is σ-semilinear and φcris is a
lift of Frobenius σ over K0, then the endomorphism

F ⊗ φcris : N ⊗K0 B2,cris → N ⊗K0 φcris(B2,cris)

is bijective and σ-semilinear. Therefore, by Proposition 3.3.5 we obtain∫︂ cris

xi

(φncris ⊗ F n)(b′
i ⊗ γ) = φncris(b′

i)φncris
(︃∫︂ cris

xi

γ
)︃

= φncris

(︃
b′
i

∫︂ cris

xi

γ
)︃
.

Therefore,

0 =
∫︂ cris

x
ω =

∑︂
i

φncris

(︃
b′
i

∫︂ cris

xi

γ
)︃

= φncris

(︄∑︂
i

∫︂ cris

b′
i⊗xi

γ

)︄
= φncris

(︄∫︂ cris∑︁
b′

ixi

γ

)︄
.

Since φcris is injective on Bcris, we obtain

0 =
∫︂ cris∑︁

b′
ixi

γ =
∫︂ cris∑︁

φn(b′
i)xi

γ =
∫︂ cris

x
γ =

∫︂ ϖ

x
γ,

where the second equality follows from the Frobenius-equivariance of the crystalline
integration on the first argument (Remark 1.7.22), and the last equality follows from
Corollary 3.3.8. As γ ∈ coLie(G), we have

∫︂ ϖ

x
γ =

∫︂ φ

x
γ = 0 by Theorem 3.3.4.

Moreover, Corollary 4.2.6 implies that

0 =
∫︂ φ

x
γ =

∫︂ φ

π(x)
γ,

where π(x) ∈ Hφ
p (M). Now, we can apply the p-adic subgroup theorem for motives

(Theorem 4.3.2) to get an exact sequence

0→M1
ι−→Mn π−→M2 → 0 (4.3.9)

of 1-motives over a finite extension of K′ such that M1 and M2 have good reductions
at p, π(x) ∈ Hφ

p (M1), n ∈ {1, 2}, and Ann(π(x)) ⊂ TdR
∨(M2)Cp . Now, by definition,

we only need to show that ω ∈ ˜︂N(M2) and x ∈ ˜︃Hϖ
p (M1).
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Since Ann(π(x)) ⊂ TdR
∨(M2)Cp , we have γ ∈ TdR

∨(M2)Cp . As γ is in coLie(G)K′∩˜︂NK′
0
, it has non-zero slopes and the same holds for every power F n(γ). Thus, ω =

F n(γ) ∈ ˜︂N(M2).
We can obtain a commutative exact diagram

0 0 0

0 Tp(M2)⊗Zp Cp(1) Hϖ
p (M2) Hφ

p (M2) 0

0 Tp(Mn)⊗Zp Cp(1) Hϖ
p (Mn) Hφ

p (Mn) 0

0 Tp(M1)⊗Zp Cp(1) Hϖ
p (M1) Hφ

p (M1) 0

0 0 0

such that x ∈ Hϖ
p (Mn) and π(x) is in both Hφ

p (M1) and Hφ
p (Mn). The rows are

exact by the diagram 4.2.5, and the columns are exact because Hφ
p and Hϖ

p are exact
functors. By diagram chasing, it follows that x belongs to the kernel of the map
Hϖ

p (Mn) → Hϖ
p (M2), which implies that x ∈ Hϖ

p (M1). However, x was taken in˜︃Hϖ
p (M) ⊂ Hϖ

p (M), and so x ∈ ˜︃Hϖ
p (M1). Thus, we have shown that (x⊗ ω)˜︁P2

Hϖ
p

= 0

is zero in ˜︁P2
Hϖ

p
(M) and, as a result, the evaluation map

˜︁P2
Hϖ

p
(Mgr

1 (K))→ PHϖ
p (Mgr

1 (K))

is bijective, by Lemma 4.1.11(2).

Theorem 4.3.9. The Hφ
p -period conjecture holds at depth 2 and the hp-period conjec-

ture holds at depth 1.

Proof: Similar to the proof of Theorem 4.3.8, we can reduce a linear combination
of Hφ

p -periods to a single relation
∫︂ Hφ

p

x
ω = 0. We now assume that

∫︂ Hφ
p

x
ω = 0, where

x ∈ Hφ
p (M), and ω ∈ coLie(G)K. By using a similar approach to the one in the

above proof and applying the p-adic subgroup theorem for motives (Theorem 4.3.2)
to x ∈ Hφ

p (M), we obtain an exact sequence

0→M1 →Mn →M2 → 0 (4.3.10)
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of 1-motives over a finite extension of K with good reductions at p such that x ∈ Hφ
p (M1)

and Ann(x) ⊆ TdR
∨(M2)Cp = coLie(G♮

2)Cp . This means that ω ∈ coLie(G♮
2). The

exact sequence 4.3.10 yields the commutative diagram

0 coLie(G2) coLie(G)n coLie(G1) 0

0 coLie(G♮
2) coLie(G♮)n coLie(G♮

1) 0,

and, as ω ∈ coLie(G♮
2) ∩ coLie(G)nK, we can conclude that ω ∈ coLie(G2)K. Hence, in˜︁P2

Hϖ
p

(M) we have
(x⊗ ω)˜︁P2

Hϖ
p

(M) = 0.

This completes the proof of the Hφ
p -period conjecture at depth 2.

As for the proof of the hp-period conjecture, we proceed exactly in the same way
as above. In this case, since x ∈ hp(M), and Corollary 4.3.6 implies that in the exact
sequence 4.3.10, we must have n = 1. Therefore, the evaluation map

˜︁P1
hp(Mgr

1 )→ Php(Mgr
1 )

is bijective.

Corollary 4.3.10. All relations between the hp-periods of Mgr
1 are induced by bilin-

earilty and functoriality. More precisely, the evaluation map ˜︁Php(Mgr
1 )→ Php(Mgr

1 )
is bijective.

Proof: This follows directly from Theorem 4.3.9, together with Corollary 4.1.12.

Remark 4.3.11. Let α =
∫︂ Hϖ

p

x
ω = 0 be a vanishing Hϖ

p -period of M , where

x ∈ ˜︃Hϖ
p (M) and ω ∈ ˜︂N(M). Let π : ˜︃Hϖ

p (M) → Hφ
p (M). The above observations,

together with Corollary 4.3.6, show that if π(x) belongs to hp(M), then (x⊗ω)˜︁P1
Hϖ

p
(M)

is zero in ˜︁P1
Hϖ

p
(M), i.e., there exists an exact sequence

0→M1 →M →M2 → 0

such that x ∈ ˜︃Hϖ
p (M1) and ω ∈ ˜︂N(M2). In particular, if Hφ

p (M) = hp(M), then the
evaluation map ˜︁P1

Hϖ
p

(M)→ PHϖ
p ⟨M⟩.
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is injective, and as a result,
˜︁P1

Hϖ
p

(M) = ˜︁P2
Hϖ

p
(M) = PHϖ

p ⟨M⟩.

The same applies for Hφ
p -periods as well.

Remark 4.3.12. In general, ˜︁P2
Hϖ

p
(Mgr

1 ) ̸= ˜︁P1
Hϖ

p
(Mgr

1 ) (and also ˜︁P2
Hφ

p
(Mgr

1 ) ̸= ˜︁P1
Hφ

p
(Mgr

1 )),
see Example 4.4.3 in the following section. Therefore, by Corollary 4.1.12, the map˜︁PHϖ

p (Mgr
1 )→ PHϖ

p (Mgr
1 ) is not injective. In other words, there are relations among

the Hϖ
p -periods (or Hφ

p -periods) beyond those induced by bilinearity and functoriality.
In fact, as the Theorems 4.3.8 and 4.3.9 demonstrate, all relations among the Hϖ

p -
periods (Hφ

p -periods, respectively) are exactly those that are induced by the depth 2
formal space ˜︁P2

Hϖ
p

( ˜︁P2
Hφ

p
, respectively).

4.4 Examples
In the following examples, M is a 1-motive over a number field K with good reduction
at p.

Example 4.4.1 (Periods of 0-motives). Let M = [L→ 0] be a 1-motive with good
reduction at p. Let r = rank(L). We have:

• The Hodge filtration of L is

0→ V (L)→ V (L)→ 0→ 0.

• Tcrys
∨(M) = D(M [p∞]) = D((Qp/Zp)r) = (1FD)r, where 1FD is the unit

Dieudonné module. Then, all the slopes are zero.

• ˜︂N(M) = 0.

• hp(M) = 0.

• Hφ
p (M) = V (L)Cp .

• PHϖ
p (M) = PHφ

p (M) = Php(M) = 0.

Example 4.4.2 (Torus). Let M = [0→ Gm] be a 1-motive with good reduction. We
have:

• The Hodge filtration of M is given by

0→ 0→ Lie(Gm)→ Lie(Gm)→ 0,

since V (M) = Ext1(Gm,Ga)∨ = 0.
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• hp(M) = log(µp∞(Q))⊗Q = logµp∞ ((1 + mOCp
) ∩Q)⊗Z Q.

• As µp∞ is connected, Tp(M) = ˜︂Tp(M).

• Tcrys
∨(M) = D(M [p∞]) = D(µp∞) = ∆1. Then, all slopes are non-zero.

• Hφ
p (M) = hp(M), as V (M) = 0. By Remark 4.3.11, this implies that ˜︁P1

Hϖ
p
⟨M⟩ =˜︁P2

Hϖ
p
⟨M⟩ ∼= PHϖ

p ⟨M⟩, i.e., all relations among Hϖ
p -periods of a torus are induced

by bilinearity and functoriality. The same holds for the space of formal Hφ
p -

periods.

• As hp(M) = Hφ
p (M), we have also Php(M) = PHφ

p (M). Since all forms in
coLie(G) have non-zero slopes, we have

∫︂ Hϖ
p

x
ω =

∫︂ Hφ
p

π(x)
ω

for any ω ∈ ˜︂N(M) ⊆ coLie(Gm) and x ∈ ˜︃Hϖ
p (M). The above equality follows

from Corollary 4.2.6. This implies that PHϖ
p (M) ⊆ PHφ

p (M).

Example 4.4.3 (Kummer motive). The 1-motive M = [Z→ Gm], 1 ↦→ g is called a
Kummer motive. If g is a root of unity, the canonical exact sequence

0→ Gm →M → Z→ 0 (4.4.1)

splits. We have

• G♮ is the extension of Gm by Hom(Z,Ga) = Ga, and by the structure theory of
algebraic groups, we have G♮ = Ga ×Gm.

• By applying the functor Tcrys
∨(.) to the natural sequence of motives (4.4.1), we

get a splitting sequence

0→ 1FD → Tcrys
∨(M)→ ∆1 → 0.

Therefore, we have slopes 1 and 0 with multiplicity 1, and ˜︂N(M) is contained
in the filtered isocrystal associated with ∆1.

• If the sequence 4.4.1 splits, taking formal p-divisible groups yields a split exact
sequence. Therefore, we have

hp(M) = hp(Gm)⊕ hp(Z) = hp(Gm),

since hp(Z) = 0. In fact, this equality holds even if g is not a root of unity. This
is because Z[p∞] is étale, and consequently, hp(M) = hp(Gm).
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• V (M) = V (Z) = Ga, and Hφ
p (M) = hp(M)⊕ V (M)Cp = hp(Gm)⊕ V (Z)Cp .

• Php⟨M⟩ = Php⟨Gm⟩, PHφ
p ⟨Gm⟩ ⊂ PHφ

p ⟨M⟩.

Assume that
∫︂ Hϖ

p

x
ω is an Hϖ

p -period of M , where ω ∈ ˜︂N(M) ∩ coLie(Gm)K, and

x ∈ ˜︃Hϖ
p (M) such that the image of x in Hφ

p (M) lies in V (Z)Cp , i.e., π(x) ∈ V (M)Cp ,
where π : ˜︃Hϖ

p (M)→ Hφ
p (M). Suppose further that x, ω, π(x) ̸= 0. By Corollary 4.2.6,

we have ∫︂ Hϖ
p

x
ω =

∫︂ Hϖ
p

π(x)
ω =

∫︂ Hφ
p

π(x)
ω = 0.

The latter equality holds because Ann(π(x)) contains coLie(G), as π(x) ∈ V (M).
Now, by Theorem 4.3.8, x⊗ ω is zero in ˜︁P2

Hϖ
p

(M), i.e., there exists an exact sequence

0→M1 →Mn →M2 → 0

with n ≤ 2, such that x ∈ ˜︃Hϖ
p (M1) and ω ∈ ˜︂N(M2). We want to show that n = 2.

Assume that n = 1. When g is not a root of unity, there are only three possibilities
for M1:

0, [0→ Gm], and M.

The case M1 = 0 is impossible, because x ∈ ˜︃Hϖ
p (M1) and x ̸= 0. Now, if M1 = Gm,

then x ∈ ˜︃Hϖ
p (M1) = ˜︃Hϖ

p (Gm), and π(x) ∈ Hφ
p (Gm) = hp(Gm), but π(x) ∈ V (Z)Cp ⊂

Hφ
p (M), which is a contradiction as both hp(Gm) and V (Z)Cp are direct summand of
Hφ

p (M). Finally, we can also exclude the case M1 = M , as ω ̸= 0. We conclude that
n = 2. In other words, for the Kummer motive M = [Z→ Gm], we have

˜︁P1
Hϖ

p
(M) ̸= ˜︁P2

Hϖ
p

(M) ∼= PHϖ
p ⟨M⟩.

The latter identification is due to the fact that the Hϖ
p -period conjecture holds at

depth 2 for ⟨M⟩ (Theorem 4.3.8).

Note that we took ω ∈ coLie(G). The above argument still applies to
∫︂ Hφ

p

π(x)
ω = 0.

We have the same conclusion for the Hφ
p -periods of ⟨M⟩, namely

˜︁P1
Hφ

p
(M) ̸= ˜︁P2

Hφ
p
(M) ∼= PHφ

p ⟨M⟩.

By Corollary 4.1.12, we can conclude that there are relations among Hϖ
p -periods

and Hφ
p -periods of the Kummer motive M beyond those induced by bilinearlity and

functoriality.

Proposition 4.4.4. Assume that α1, . . . , αn are nonzero Hϖ
p -periods (Hφ

p -periods,
resp.) of M1, . . . ,Mn. Let Ci = ⟨Mi⟩ be the abelian subcategories generated by Mi. If
Hom(Ci, Cj) = Hom(Cj, Ci) = 0, for i ̸= j, then α1, . . . , αn are Ku-linearly (Q-linearly,
resp.) independent.
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Proof: We prove the case for n = 2. The result for arbitrary n then follows by
induction. Recall that ⟨M1⟩ and ⟨M2⟩ are full additive subcategories, generated by
M1 and M2, respectively, and closed under subquotients. By the assumption and the
definition of formal space of periods at depth i, we have

˜︁P iHϖ
p

(M1 ⊕M2) = ˜︁P iHϖ
p

(M1)⊕ ˜︁P iHϖ
p

(M2).

Assume that there exist some λ1, λ2 ∈ Ku such that

λ1α1 + λ2α2 = 0.

The period λ1α1 + λ2α2 is a Hϖ
p -period of M1 ⊕ M2. The validity of Hϖ

p -period
conjecture at depth 2 (Theorem 4.3.8) implies that (λ1α1 + λ2α2)˜︁P2

Hϖ
p

(M1⊕M2) is zero

in ˜︁P iHϖ
p

(M1 ⊕M2). But

˜︁P2
Hϖ

p
(M1 ⊕M2) = ˜︁P2

Hϖ
p

(M1)⊕ ˜︁P2
Hϖ

p
(M2) ∼= PHϖ

p ⟨M1⟩ ⊕ PHϖ
p ⟨M2⟩,

thus λ1α1 = 0 and λ2α2 = 0. As α1, α2 ̸= 0, this means that λ1 = λ2 = 0.
For the Hφ

p -periods the proof is similar.

Corollary 4.4.5. Let A be an abelian variety with good reduction over K. Assume that
α1 is a nonzero Hϖ

p -period (or Hφ
p -period, resp.) of A, and α2 is a nonzero Hϖ

p -period
(or Hφ

p -period, resp.) of Gm. Then α1, α2 are Ku-linearly independent (Q-linearly
independent, resp.).

Proof: The proof follows from the fact that there are no non-trivial morphisms
between Gm, and A, combined with the application of the above proposition.

1-motives associated with smooth varieties

Varieties provide another rich source of examples for our p-adic periods. Following
[BVS01], we begin by associating a 1-motive to any equidimensional variety X over a
field K of characteristic 0. Let S ⊂ X be the singular locus, f : ˜︂X → X a resolution
of singularities of X and ˜︁S denote the reduced inverse image of S. Consider a smooth
compactification X of X with boundary Y = X − ˜︂X and denote by S the Zariski
closure of ˜︁S in X. We can choose the resolution ˜︂X and the compactification X of X
such that X is a projective variety with a reduced normal crossing divisor S + Y . The
fpqc sheaf

T ↦→ Pic(X ×SpecK T, Y ×SpecK T )
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is representable by a K-group scheme which is locally of finite type over K whose
group of K-rational points is Pic(X,Y ) ([BVS01, Lemma 2.1]). Its identity component
is denoted by Pic0(X,Y ). Let Yi be the smooth irreducible components of Y . The
identity component of the kernel A(X,Y ) := Ker0(Pic0(X) → ⊕i Pic0(Yi)) is an
abelian variety and we have an exact sequence

0→ T (X,Y )→ Pic0(X,Y )→ A(X,Y )→ 0,

where T (X,Y ) is a torus (see [BVS01, Proposition 2.2]). Thus, Pic0(X,Y ) should
represent the semi-abelian part of the 1-motive associated with X (W−1(M) =
Pic0(X,Y )). We now identify its lattice part. Denote by Div0

S(X,Y ) the sub-
group of divisors D on X such that supp(D) ∩ Y = ∅, supp(D) ⊂ S, and [D] ∈
Pic0(X,Y )3. Consider the push-forward of Weil divisors f∗ : Div˜︁S(˜︂X) → DivS(X)
and let Div˜︁S/S(˜︂X,Y ) be its kernel and Div0

S/S(X,Y ) denote the intersection of
Div˜︁S/S(˜︂X,Y ) and Div0

S(X,Y ), i.e., the group of divisors on X which are linear
combinations of compact components in ˜︁S which have trivial push-forward under
f : ˜︂X → X and which are algebraically equivalent to zero relative to Y . We have the
following definition:

Definition 4.4.6. [BVS01, Definition 2.3] The homological Picard 1-motive of X (or
the 1-motive associated with X) is defined as

Pic−(X) = [Div0
S/S(X,Y ) u−→ Pic0(X,Y )],

where u(D) = [D]. The cohomological Albanese 1-motive Alb+(X) of X is defined as
the Cartier dual of Pic−(X).

Example 4.4.7. Let C be a curve. For the homological Picard 1-motive Pic−(C) of
C, W−1(Pic−(C)) is isomorphic to the generalized Jacobian J(C) of C (see [MI20,
§1.8]). Now, assume that C is a smooth curve and D ⊂ C a subvariety of dimension
0. To the pair (C,D), we can associate the 1-motive

[Div0(D)→ J(C)],

where Div0(D) is the subgroup of the degree-zero divisors supported on D. Let H be
a cohomology theory. Applying the long exact sequence for relative cohomology to
the inclusion C → J(C) yields

H0(J(C)) H0(D) H1(J(C), D) H1(J(C)) 0

H0(C) H0(D) H1(C,D) H1(C) 0.

f h g

3The divisor D has a section trivializing it on X − D, therefore (OX(D), 1) identifies a class
[D] ∈ Pic0(X, Y ).
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By the five lemma, if both f and g are isomorphisms, then so is h. According to [Ser88,
Chapter V], this condition holds for the de Rham, singular, and the étale cohomology.
For the crystalline cohomology over field of characteristic p ≥ 3, this follows from
[ABV05, Theorem B’]. Thus, one can transfer all arithmetic information obtained for
1-motives to the pair (C,D). In particular, we can identify our Q-structures within
the homology classes of (C,D) and define our notion of p-adic periods for (C,D) when
the 1-motive associated with (C,D) has a good reduction at p.

Definition 4.4.8. Let X be a variety defined over a number field K. Assume that
Pic−(X) is a 1-motive with a good reduction at p. An Hϖ

p -period (Hφ
p -period or

hp-period, resp.) of X is a p-adic number which is an Hϖ
p -period (Hφ

p -period or
hp-period, resp.) of Pic−(X). The space of Hϖ

p -periods (Hφ
p -periods or hp-periods,

resp.) of X is denoted by PHϖ
p (X) (PHφ

p (X) or Php(X), resp.) and its space of formal
periods at depth i is denoted by ˜︁P iHϖ

p
(X) ( ˜︁P iHφ

p
(X) or ˜︁P ihp(X), resp.).

When the 1-motive associated with X has a good reduction at p, these p-adic
periods of X arise from the p-adic integration pairing of the 1-motive Pic−(X).
Theorem 4.3.8 and Theorem 4.3.9 provide the following motivic classification of their
vanishing behaviour:

Theorem 4.4.9. Assume the homological Picard 1-motive M = Pic−(X) of the variety
X defined over a number field K has a good reduction at p. Let α be an Hϖ

p -period

(Hφ
p -period or hp-period, resp.) of X. If α =

∫︂ Hϖ
p

x
ω = 0 (α =

∫︂ Hφ
p

x
ω = 0 or

α =
∫︂ hp

x
ω = 0, resp.), then there exists an exact sequence

0→M1 →Mn →M2 → 0

of 1-motives over a finite extension of K with good reductions at p, where n ∈ {1, 2}
(n ∈ {1, 2} or n = 1, resp.), x ∈ ˜︃Hϖ

p (M1) (x ∈ Hφ
p (M1) or x ∈ hp(M1), resp.), and

ω ∈ ˜︂N(M2) (ω ∈ Fil1(TdR
∨(M2))K, resp.).



Appendix A

Schemes

A.1 On morphisms of schemes
Recall that a ring homomorphism R→ A is of finite presentation if A is isomorphic
to R[x1, . . . , xn]/(f1, . . . , fm) as an R-algebra. We say R→ A is of finite type if A is
isomorphic to a quotient of R[x1, . . . , xn] as an R-algebra.
The commutative ring R is regular if all the localization rings Rp are regular local
rings for every prime ideal p of R. For detailed information on smooth ring maps, see
[Sta23, Section 00T1].
For any morphism f : X → S of schemes, the residue fields at point x ∈ X and
s = f(x) ∈ S are denoted by k(x) and k(f(x)) respectively.
An R-module M is faithfully flat if any complex of R-modules N1 → N2 → N3 is
exact if and only if the sequence M ⊗RN1 →M ⊗RN2 →M ⊗RN3 is exact. The ring
homomorphism R→ A is called faithfully flat if A is faithfully flat as an R-module.
Let (X,OX) be a locally ringed space. Let F be a sheaf of OX-modules. We say that
F is finite locally free as OX-modules if there exists an open covering {Ui → X}i∈I
of X such that each restriction F |Ui

is a finite free OX/Ui
-module. We say that a

sheaf F of OX-modules is quasi-coherent (on Zariski topology of X) if F is locally an
OX-module which has a global presentation. See [Sta23, Section 01BD] for the details.

Definition A.1.1. Let f : X → S be a morhism of schemes.

1. We say that f is locally of finite presentation if for each x ∈ X there exists
an affine neighbourhood U = SpecA ⊆ X of x and affine V = SpecR ⊆ S with
f(U) ⊆ V such that the induced ring homomorphism f ∗ : R → A is of finite
presentation.

2. We say that f is of finite presentation if it is locally of finite presentation,
quasi-compact and quasi-separated.

125

https://stacks.math.columbia.edu/tag/00T1
https://stacks.math.columbia.edu/tag/01BD
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3. We say that f is locally of finite type if for each x ∈ X there exists an affine
open neighbourhood U = SpecA ⊆ X of x and an open affine V = SpecR ⊆ S
with f(U) ⊆ V such that the induced ring homomorphism R → A is of finite
type.

4. We say that f is of finite type if it is locally of finite type and quasi-compact.

5. We say that f is integral if for each x ∈ X there exists an affine open neighbor-
hood U = SpecA ⊆ X of x and an affine open V = SpecR ⊆ S with f(U) ⊆ V
such that the induced ring homomorphism R→ A is integral.

6. We say that f is unramified if f is locally of finite type and for each x ∈ X we
have mf(x)Ox,X = mx and the extension k(x)/k(f(x)) is finite separable.

7. We say that f is flat if for each x ∈ X the induced ring map on stalks OS,f(x) →
OX,x is flat.

8. We say that f is faithfully flat if for each x ∈ X the induced ring map on
stalks OS,f(x) → OX,x is faithfully flat.

9. We say that f is regular if for any x ∈ X, Xf(x) → Spec k(f(x)) is regular.

10. We say that f is smooth if f is locally of finite presentation and flat and for
any x ∈ X, Xf(x) → Spec(k(f(x)) is smooth.

11. We say that f is étale if f is smooth and unramified or equivalently, for every
s the fibre Xs is a disjoint union ∐︁m

i=1 Spec(li) where each li/k(s) is a finite
separable extension.

12. We say that f is proper if f is separated, finite type, and universally closed.

13. We say that f is affine (quasi-projective or projective resp.) if the inverse
image of every affine open of S is affine (quasi-projective or projective resp.).

14. We say that f is finite locally free if f is affine and f∗OX is finite locally free
as OS-modules.

15. We say that f is finite if f is affine and f∗OX is locally finitely generated as
OS-modules i.e. OS(U)→ OX(f−1(U)) is finite for any affine open U ⊆ S.

16. We say that f is of relative dimension d if all nonempty fibres Xs have the
same dimension d.

See [Sta23].

Proposition A.1.2. Let f : X → S be a morphism of schemes.
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1. The morphism f : X → S is faithfully flat if and only if it is flat and surjective.

2. (Infinitesimal lifting criterion) The morphism f : X → S is smooth if and only if
f is locally of finite presentation and for every affine scheme SpecA over S and
for every nilpotent ideal I ⊂ A, the natural map X(A)→ X(A/I) is surjective.

3. If one replaces “surjective” in (2) by “injective” or “bijective”, one gets equivalent
definitions for X → S unramified or étale morphisms, respectively.

4. One can get an equivalent condition in both (2) and (3) if one allows only ideals
I for which I2 = 0.

5. f is integral if and only if f is affine and universally closed.

6. If f is integral and locally of finite type, then f is finite.

7. f is finite if and only if f is affine and proper.

8. (Valuative criterion for properness) f is proper if and only if for every valuation
ring A (defined over S) with field of fraction K, the natural map X(A)→ X(K)
is surjective.

Proof: (1): [Sta23, Lemma 00HQ].
(2): [Sta23, Lemma 02H6], or [Gro67, §17.5.2].
(3): [Sta23, Lemma 02HE] , or [Gro67, §17.1.1, 17.3.1].
(5):[Sta23, Lemma 01WM]
(6): [Sta23, Lemma 01WJ]
(7): [Sta23, Lemma 01WN]
(8): [Sta23, Lemma 0BX5]

Definition A.1.3. [Sta23, Section 04EW] We say a scheme X ′ is a thickening of a
scheme X if X is a closed subscheme of X ′ and the underlying topological spaces are
equal.

Definition A.1.4. Let k be a field and X a scheme over k. We say that X is
geometrically reduced (irreducible, or connected, or integral, or normal resp.) over k
if for any field extension k′/k, Xk′ is reduced (irreducible, or connected, or integral, or
normal resp.).

Recall that a k-algebra A is called normal if the localisation Ap is integrally closed
in its field of fractions for each prime ideal p in A. Recall that a k-algebra A is called
connected if SpecA is a connected scheme. Moreover, SpecA is connected if and only
if there is no nontrivial idempotents in A ([Bra]).

https://stacks.math.columbia.edu/tag/00HQ
https://stacks.math.columbia.edu/tag/02H6
https://stacks.math.columbia.edu/tag/02HE
https://stacks.math.columbia.edu/tag/01WM
https://stacks.math.columbia.edu/tag/01WJ
https://stacks.math.columbia.edu/tag/01WN
https://stacks.math.columbia.edu/tag/0BX5
https://stacks.math.columbia.edu/tag/04EW
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Proposition A.1.5. Let k be a field and X a scheme over k.

1. If k is a prefect field, then the scheme X over k is smooth if and only if
X → Spec k is locally of finite type and regular.

2. X is irreducible (reduced or connected resp.) if and only if Xk is irreducible
(reduced or connected resp.), where k is the separable closure of k.

3. If X is geometrically integral over k if and only if X is geometrically reduced
and geometrically irreducible over k.

4. If k is a prefect field then X is geometrically reduced (normal resp.) if and only
if Xk is reduced (normal resp.).

5. Assume that X is a smooth scheme over field k. Then X is geometrically regular,
geometrically normal, and geometrically reduced over k.

6. If X is a proper geometrically normal k-scheme the following are equivalent:

• X is geometrically connected
• X is geometrically integral
• X is geometrically irreducible

Proof: (1): [Sta23, Section 0364] (2): [Sta23, Section 0366] (3): [Sta23, Section
038L] (4): [Sta23, Section 038L].

Definition A.1.6 ([KM85]). 1. Let k be a field. A variety over k is a reduced,
separated scheme of finite type over k.

2. A smooth curve C of genus g over a scheme S is a proper, smooth morphism
C → S of relative dimension 1 such that all the geometrically connected fibres
are curves of genus g.

3. A smooth curve E of genus 1 over a scheme S is called an elliptic curve over S.
Equivalently, an elliptic curve over S is a smooth, proper group scheme E over
S of relative dimension 1 with a section 0: S → E.

Remark A.1.7. For curve C over S = Spec k where k is perfect, the following are
equivalent:

• C → S is smooth.

• C → S is normal.

https://stacks.math.columbia.edu/tag/0364
https://stacks.math.columbia.edu/tag/0366
https://stacks.math.columbia.edu/tag/038L
https://stacks.math.columbia.edu/tag/038L
https://stacks.math.columbia.edu/tag/038L
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• OC,x is a discrete valuation ring for any x ∈ C.

• Each point x of C is an effective Cartier divisor.

Remark A.1.8. Recall that the local dimension of a scheme X at a point x ∈ X is
dimxX = infU dimU where inf runs through all open neighborhoods of x. We define
dimX := supx dimxX.
If X is a scheme that is locally of finite type over a field and x is closed, then
dimxX = dimOX,x where dimOX,x is the Krull dimension of a local ring. Assume
that f : X → S is locally of finite type, then dimxXf(x) = dimOXf(x),x+trdegk(f(x))k(x)
([Sta23, Lemma 00P1]).

A.2 Topologies on scheme
Definition A.2.1. Let X be a scheme.

1. An étale covering (of X) is a family of morphisms {fi : Ti → X}i∈I such that
each fi is étale and X = ⋃︁

i∈I fi(Ti).

2. An fppf1 covering (of X) is a family of morphisms {fi : Ti → X}i∈I such that
each fi is flat, locally of finite presentation, and such that X = ⋃︁

i∈I fi(Ti).

3. An fpqc2 covering (of X) is a family of morphisms {fi : Ti → X}i∈I such that
each fi is flat and for every affine open U ⊆ X there exist quasi-compact opens
Ui ⊆ Ti which are almost all empty except finitely many of them, such that
U = ⋃︁

i∈I fi(Ui).

Definition A.2.2. [Sta23, Definition 00VH] A site consists of a category C and a set
Cov(C) of families of morphisms U = {φi : Ui → U}i∈I called coverings, such that

1. (isomorphism) If φ : V → U is an isomorphism in C, then {φ : V → U} is a
covering in Cov(C).

2. (locality) If {φi : Ui → U}i∈I is a covering and for all i ∈ I we are given a
covering {ψij : Uij → Ui}j∈Ii

, then {φi ◦ ψij : Uij → U}i∈I,j∈Ii
∈ Cov(C).

3. (base change) If {Ui → U}i∈I is a covering and V → U is a morphism in C, then
for all i ∈ I the fibre product Ui ×U V exists in C, and {Ui ×U V → V }i∈I ∈
Cov(C).

Definition A.2.3. Let S be a scheme.
1It stands for fidèlement plate de présentation finie
2It stands for fidèlement plate et quasi-compacte

https://stacks.math.columbia.edu/tag/00P1
https://stacks.math.columbia.edu/tag/00VH
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1. The Zariski site of S, denoted by Szar, is the site that the underlying category
C is the category of open immersions U ↪→ S with open immersions over S as
morphisms. The covering Cov(C) is the set of all open coverings {Ui ↪→ S}i∈I .

2. The (big) fppf site of S, denoted by (Sch/S)fppf, is the site that underlying
category C is the category of schemes over S and the morphisms are flat and
locally of finite presentation. The coverings Cov(C) is the set of all fppf covering
of S.

3. The (big) étale site of S, denoted by (Sch/S)étale, is the site that underlying
category C is the category of schemes over S and the morphisms are étale
morphisms. The coverings Cov(C) is the set of all étale covering of S.

4. The small fppf (étale resp.) site of S, denoted by Sfppf (Sétale resp.), is the full
subcategory of the site (Sch/S)fppf ((Sch/S)étale resp.) with the same set of
coverings consisting of fppf (étale resp.) schemes over S.

Definition A.2.4. Let C be a site. A presheaf F of sets (resp. abelian groups, vector
spaces, etc.) on C is a contravariant functor from the underlying category C to the
category of sets (resp. abelian groups, vector spaces, etc.).
We say that the presheaf F on C is a sheaf if for all coverings {Ui → U}i∈I in Cov(C),
the sequence

0→ F(U)→
∏︂
i∈I
F(Ui) ⇒

∏︂
i,j∈I
F(Ui ×U Uj)

is exact.

Definition A.2.5. An fppf (étale resp.) sheaf on S is a sheaf on the small site Sfppf
(Sétale resp.).

Example A.2.6 ([Con16]). The coverings in the étale site (Spec k)étale are refined
form

(
∐︂
j∈Ji

kij → k)i∈I

where kij/k are finite separable extensions upto isomorphism.
The presheaf F on (Spec k)étale is sheaf if and only if

1. F(∐︁Ui) = ∏︁F(Ui), for any disjoint union Ui of étale schemes over k,

2. F(Spec k′)→ F(Spec k′′) is injective and

F(Spec k′) = F(Spec k′′)Gal(k′′/k′),

for all separable extensions k′′/k′/k such that k′′/k is Galois.
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We have an equivalence of categories

{abelian étale sheaves on Spec k}
∼=−→ {discrete Gk −modules}

Remark A.2.7. The fpqc is finer than the Zariski, étale, and fppf topologies. Hence
any presheaf satisfying the sheaf condition for the fpqc topology will be a sheaf on
the Zariski, étale, and fppf sites.

A.3 On local rings
References: [Gro67, §18], [Ray70], [Mil80, I.§4], [Sta23, Section 04GE], [Sta23,
Section 04GE].
Definition A.3.1. Let R be a local ring. We say that R is henselian if every finite
R-algebra decomposes into a finite product of local rings. It is called strictly henselian
if it is henselian and its residue field is separably closed.
Proposition A.3.2. Let R be a local ring.

1. R is henselian if and only if Hensel’s lemma holds for R[T ].

2. Any complete local ring is henselian.

3. Let R be a henselian local ring with residue field k. The functor S ↦→ S ×R k
induces an equivalence of categories

{finite étale schemes over R} → {finite étale schemes over k}

Proof: (1), (2): See [Mil80], or [Gro67].
(3): see [Mil80, Proposition I.4.4], or [Sta23, Lemma 0A48].

Theorem A.3.3 (Hensel’s lemma). Let R be a complete noetherian ring with maximal
ideal m and X a scheme over R.

1. If X is smooth over SpecR, then the natural map X(R)→ X(R/m) is surjective.

2. If X is étale over SpecR, then the natural map X(R)→ X(R/m) is bijective.

Proof: See [Poo17, Theorem 3.5.63]

Remark A.3.4. The above theorem implies the Hensel’s lemma in algebraic number
theory when R = Zp and X = Zp[t]/(f) where f is a monic polynomial over Zp such
that its reduction modulo p is separable.

https://stacks.math.columbia.edu/tag/04GE
https://stacks.math.columbia.edu/tag/04GE
https://stacks.math.columbia.edu/tag/0A48
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A.4 Tangent space and differentials
References: [Mat70, §26], [Sta23, Section 00RM], [Sta23, Section 08RL]

Let φ : R → A be a ring homomorphism and M an A-module. A derivation
or more precisely an R-derivation into M is a map D : A → M which is a group
homomorphism, annihilates elements of φ(R), and satisfies the Leibniz rule: D(ab) =
aD(b) + bD(a). We denote the A-module of all R-derivations into M by DerR(A,M).

There exists a universal object ΩA/R, the module of Kähler differentials, such that
HomA(ΩA/R,−)→ DerR(A,−) is an isomorphism of functors of A-modules. The map
d : A → ΩA/R corresponding to the identity map id ∈ HomA(ΩA/R,ΩA/R) is called
universal derivation.

Let X → S be a morphism of schemes andM be an OX-module. A derivation or
more precisely an S-derivation into M is a map of abelian sheaves D : OX →M on
X such that for each open subset U of X, DU : Γ(U,OX)→ Γ(U,M) is a Γ(U,OS)-
derivation of Γ(U,OX) into Γ(U,M). We denote the OX-module of all S-derivations
into M by DerS(OX ,M).

The functor M→ DerS(OX ,M) is representable. The module of differentials is
the object representing the above functor. It is denoted ΩX/S, and the universal deriva-
tion is denoted d : OX → ΩX/S. The elements in DerS(OX ,OX) = HomOX

(ΩX/S,OX)
are called vector fields on X.

For any ring R the ring of dual numbers over R is the R-algebra R[ε] = R[x]/(x2).
Let X → S be a morphism of schemes. Let x ∈ X with f(x) = s ∈ S. The set of all
dotted arrows making the diagram

Spec(k(x)[ε]) X

Spec(k(s)) S

commute is a k(x)-vector space. It is called the tangent space of X over S at x and it
is denoted TX/S,x.

Proposition A.4.1. 1. Let R→ A be a ring map. Let J = Ker(A⊗R A→ A) be
the kernel of multiplication. There is a canonical isomorphism of A-modules
ΩA/R → J/J2, adb ↦→ a⊗ b− ab⊗ 1.

2. Let X → S be a morphism of schemes. Let x ∈ X. There are canonical
isomorphisms T∨

X/S,x = ΩX/S,x ⊗OX,x
k(x) and TX/S,x = HomOX,x

(ΩX/S,x, k(x))
as k(x)-vector spaces.

3. Let X → S be a morphism of schemes. Let x ∈ X and s = f(x). If k(x)/k(s)

https://stacks.math.columbia.edu/tag/00RM
https://stacks.math.columbia.edu/tag/08RL
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is separable algebraic extension, then

mx/(m2
x + msOX,x) = ΩX/S,x ⊗OX,x

k(x) = T∨
X/S,x

4. Let f : X → S be locally of finite presentation. f is smooth (unramified resp.)
at x if and only if the k(x)-vector space

ΩXs/s,x ⊗Xs,x k(x) = ΩX/S,x ⊗Ox,x k(x) = T∨
X/S,x

is of dimension dimx(Xf(x)) (dimension 0 resp.).

(1): [Sta23, Lemma 00RW]
(2): [Sta23, Lemma 0B2D]
(3): [Sta23, Lemma 0B2E]
(4): [Sta23, Lemma 01V9] and [Sta23, Lemma 02GF].

A.4.1 Derived category and Yoneda extensions

The derived category is a fundamental tool in homological algebra, algebraic geometry,
and other areas of mathematics. It provides a framework to study objects like
complexes of modules or sheaves, and is particularly useful in dealing with homological
properties of these objects. We refer the reader to [Sta23, Chapter 05QI] for more
details.

Let A be an abelian category. The derived category D(A) is constructed from
the category of chain complexes in A by formally inverting quasi-isomorphisms. The
derived category contains objects that are complexes of objects in A, but its morphisms
are refined, as homotopic complexes are identified.

Derived categories allow us to define derived functors, such as derived Hom
and tensor product, without needing explicit resolutions. The derived Hom functor,
denoted RHom(A,B), is an object in the derived category, whose cohomology recovers
the classical Ext groups:

Hn(RHom(A,B)) = Extn(A,B).

For an abelian category A, the Ext groups Extn(A,B) of n-th Yoneda extensions
of A by B classify n-fold extensions of an object A by an object B. An element of
Extn(A,B) corresponds to an exact sequence of the form

0→ B → En → En−1 → · · · → E1 → A→ 0,

where Ei are objects in A, and the class of this sequence in the derived category
gives the corresponding Ext class. For the definition of equivalence classes of Yoneda
extensions, see [Sta23, Definition 06XT].

https://stacks.math.columbia.edu/tag/00RW
https://stacks.math.columbia.edu/tag/0B2D
https://stacks.math.columbia.edu/tag/0B2E
https://stacks.math.columbia.edu/tag/01V9
https://stacks.math.columbia.edu/tag/02GF
https://stacks.math.columbia.edu/tag/05QI
https://stacks.math.columbia.edu/tag/06XT
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The group Ext1(A,B) classifies short exact sequences 0 → B → E → A → 0.
This can be interpreted as equivalence classes of extensions of A by B, where two
extensions are equivalent if they differ by a split sequence.

Higher Ext groups Extn(A,B) for n > 1 classify longer exact sequences, or more
generally, n-fold extensions of A by B. In the derived category, morphisms between
objects represent all possible extensions, and the Ext groups can be computed directly
as the cohomology of the derived Hom complex:

Extn(A,B) = Hn(RHom(A,B)).

We can naturally associate a Yoneda i-extension

0→ Y → Ei−1 → · · · → Z0 → X → 0

of X by Y the element

Y [i]← [Y → Zi−1 → · · · → Z0]→ X

of HomD(A)(X, Y [i]). This is an isomorphism if A has enough injective or projective
objects. See [Ver96] for further details.

A.5 Galois cohomology
Let G be a group and A a Z[G]-module. We define AG = {a ∈ A | ga = a}. Obviously,
we have

AG = HomZ[G](Z, A)
We define the i-th group cohomology of G with coefficients in A to be

H i(G,A) := ExtiZ[G](Z, A)

Let G be a topological abelian group. Assume that A is a topological abelian group
endowed with a continuous G-action. Set Ci

cont(G,A) be the group of all continuous
maps Gi → A and di+1 : Ci+1

cont(G,A)→ Ci
cont(G,A) given by

di+1(f)(g1, . . . , gi+1) = g1(f(g2, . . . , gi+1))

+
i∑︂

j=1
(−1)jf(g1, . . . , gj, gj+1, . . . , gi+1) + (−1)i+1f(g1, . . . , gi)

and for i = 0, sends a ∈ A to the map g ↦→ g(a)− a. We define the i-th continuous
cohomology of G with coefficients in A to be

H i
cont(G,A) := H i(C•

cont(G,A))
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Definition A.5.1. When G is an absolute Galois group of a field K, we say that
H i
cont(G,A) is i-th Galois cohomology group of K with coefficients in A, and it is

often denoted by H i(K,A).

Remark A.5.2. For an abstract group G (group G with discrete topology) or profinite
group G, we have an isomorphism H i(G,A)

∼=−→ H i
cont(G,A).

Proposition A.5.3 ([Ser97]). Let A be a G-module and H a normal subgroup of G.
Then we have the exact sequence

0→ H1(G/H,AH)→ H1(G,A)→ H1(H,A)→ H2(G/H,AH)→ · · · .

Theorem A.5.4 ([Tat67], [Sen80]). Let K be a finite extension of Qp. Then

H i
cont(ΓK ,Cp(n)) ∼=

⎧⎪⎪⎨⎪⎪⎩
K, n = 0, i = 0, 1
0, n = 0, i ̸= 0, 1
0, n ̸= 0, i ∈ Z.

Let K be a nonarchimedean valued field with the norm |.| : K → R≥0. Let Let V
be a vector space over K. A seminorm on V is ∥.∥ : V → R≥0 satisfying:

• For a ∈ K and v ∈ V , ∥av∥ = |a|∥v∥,

• For v, w ∈ V , ∥v + w∥ ≤ max{∥v∥, ∥w∥}.

The function ∥.∥ is said to be a norm on V if moreover ∥v∥ = 0 implies that v = 0,
for any v ∈ V . If V has a norm, it is said to be a normed space. If V is a normed
space which is complete under its norm, we say V is a Banach space over K.

Any finite dimensional vector space over K is a Banach space, and any two norms
on a Banach space are equivalent. A Banach algebra over K is a Banach space over
K which is also a commutative K-algebra, and

• ∥1∥ = 1,

• for x, y ∈ A, ∥xy∥ ≤ ∥x∥y∥.



Appendix B

Groups

B.1 Commutative group schemes
References: [Mil17], [Wat12], [Mil13a], [Sta23, Section 022R], [eAG70], [Oor66],
[Tat97], [Mil08], [Mum70], [Poo17], [Sch], [HlK20]

Let S be a scheme. A group scheme G over S is a group object G → S in the
category of S-schemes i.e. there are given maps m : G ×S G → G, i : G → G, and
e : S → G satisfying the commutative diagrams that characterize the group law with
multiplication, inversion, and identity. We say that a group scheme is commutative
if the multiplication m satisfies the commutative diagram that characterize the com-
mutative multiplication law. Using Yoneda’s lemma, equivalently, we can say G is a
group scheme over S if for any S-scheme T , G(T ) := HomS(T,G) equipped with a
group structure which is functorial in T . We can regard group scheme over S as a
representable object in the category sheaves on site (Sch/S). But the category of all
representable sheaves on (Sch/S) is not abelian.

If G = SpecA is an affine group scheme over a ring R, then A is an Hopf-algebra
over R with the comultiplication µ : A → A ⊗R A, counit ε : A → R, and coinverse
ι : A→ A respectively induced by the multiplication, unit section, and inverse of G.

Definition B.1.1. A group scheme of finite type over a field K is said to be an
algebraic group over K.

Lemma B.1.2. [Sta23, Lemma 023Q] Every representable functor on (Sch/S) is an
fpqc (fppf, and étale) sheaf.

Proposition B.1.3. Let G be a group scheme over S.

1. If S is a noetherian integral regular scheme whose irreducible components all
have dimension 1 and G is quasi-compact and separated over S, then G is
quasi-projective.

136

https://stacks.math.columbia.edu/tag/022R
https://stacks.math.columbia.edu/tag/023Q
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2. If S = SpecK and G is locally of finite type over SpecK, then dimG = dimg G
for all g ∈ G.

3. The structure morphism G→ S is separated if and only if the identity morphism
e : S → G is a closed immersion.

4. If S = SpecK, then the multiplication map is open, G is separated. Moreover,
G is connected if and only if G is irreducible. In addition, if the characteristic
of K is 0 or G is reduced over K, then G is smooth over K.

Proof: (1): See [Ray70, Théorème VIII.2]
(2): See [Sta23, Lemma 045X]
(3): See [Sta23, Lemma 047G]
(4): See [Sta23, Section 047J].

Definition B.1.4. An abelian variety over a field K is a group scheme over K which
is also a proper, geometrically integral variety over K.

Proposition B.1.5 (Properties of abelian varieties-[Mum70]). Let A be an abelian
variety over a field k.

1. A is projective and commutative.

2. If n ∈ k× and k is algebraic closed, then A(k)[n] ∼= (Z/nZ)2 dimA.

3. If k is algebraic closed of characteristic p, then there exists and integer 0 ≤ f ≤
dimA such that A(k)[pm] ∼= (Z/pmZ)f for all m ≥ 1.

Example B.1.6. 1. Additive group: The additive group over Z is the affine group
scheme Ga,Z = SpecZ[t] with the natural additive group structure on Ga(R) = R
for each Z-algebra R that is associated with the Hopf-algebra structure given by

µ(t) = t⊗ 1 + 1⊗ t, ε(t) = 0, ι(t) = −t

The additive group over S is the group scheme Ga,S := Ga,Z ×SpecZ S.

2. Multiplicative group: The multiplicative group over Z is the affine group
scheme Gm,Z = SpecZ[t, t−1] with the natural multiplicative group structure
on Gm(R) = R× for each Z−algebra R that is associated to the Hopf-algebra
structure given by

µ(t) = t⊗ t, ε(t) = 1, ι(t) = t−1

The multiplicative group over S is the group scheme Gm,S := Gm,Z ×SpecZ S.

https://stacks.math.columbia.edu/tag/045X
https://stacks.math.columbia.edu/tag/047G
https://stacks.math.columbia.edu/tag/047J
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3. The n-th roots of unity: The group of n-th roots of unity over Z, denoted by
µn,Z, is the closed subgroup scheme Gm,Z associated to Z[t, t−1] ↠ Z[t]/(tn − 1)
that has the natural multiplicative group structure on µn(R) = {r ∈ R | rn = 1}
for each Z−algebra R.
The group n-th roots of unity over S is the group scheme µn,S := µn,Z ×SpecZ S.

4. The group αp: The group scheme αp over Fp is the closed subgroup scheme Ga,Fp

associated to Fp[t]→ Fp[t]/(tp) that has the natural additive group structure on
αp(R) = {r ∈ R | rp = 0} for each Fp-algebra R.
If S is a scheme in characteristic p. The group αp,S over S is the group scheme
αp,S := αp,Fp ×SpecFp S.

5. Abstract groups: A constant group scheme is an abstract group. Assume that M
is an abstract group. Let MS := M×S, where M×S denotes the disjoint union of
copies of S indexed by M . We define the group operation m : MS×SMS →MS

as follows: Note that MS ×S MS
∼= M ×MS. If (x1, x2) ∈ M ×M then m

sends s(x1,x2) to sx1x2 via the identity map. The morphisms i, and e are defined
analogously. One can see that MS is an S-group scheme.
The assignment M ↦→ MS is functorial and MS is commutative if M is a
commutative abstract group.

6. Kummer sequence: If n ∈ O∗
S then the sequence

0→ µn,S → Gm,S
(.)n

−−→ Gm,S → 0

is exact as sheaves on the site (Sch/S)fppf, the small site Sétale, and the big site
(Sch/S)étale. But it is not exact on the Zariski site Szar (see [Sta23, Section
03PK]).

Lemma B.1.7. Let G be a scheme over a locally noetherian base scheme S. Then,
G→ S is finite locally free if and only if G→ S is finite and flat.

Proof: See [Sta23, Lemma 00NX].

Definition B.1.8. Over a locally noetherian base scheme S, a group scheme over
S is called finite flat group scheme if G→ S is finite locally free. If G→ S is finite
locally free of rank n, we say that the group scheme G is of order n (or rank n). For
an affine group scheme G = SpecA over an affine base S = SpecR, G is a finite flat
group scheme of rank n if A is locally free of rank n as R-module.

Remark B.1.9. 1. The category of commutative group schemes of finite type over
field K (algebraic groups) is an abelian category.

https://stacks.math.columbia.edu/tag/03PK
https://stacks.math.columbia.edu/tag/03PK
https://stacks.math.columbia.edu/tag/00NX
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2. We always assume that the finite flat group scheme G is commutative.

3. The category of finite flat commutative group schemes over a field K is an
abelian category (see [Dem72, II.6]).

4. The category of finite flat group schemes over a general base scheme S is just a
pre-abelian category. However, we always regard the category of finite flat group
schemes over S, denoted (ffgrp/S), as representable sheaves on (big) fppf site
(Sch/S)fppf (see Lemma B.1.2); such category of sheaves is an abelian category
with enough injectives (see [Poo17]).
We can go back to the original category of finite flat group schemes over S
via fppf descent. Roughly speaking a sheaf is representable if and only if it is
representable locally on the fppf site. See [Sta23, Lemma 02W5] and also [Vis04]
for more details.

5. We define a complex of finite flat group schemes over a base scheme S to be exact
if it is exact as a complex of fppf sheaves on fppf site of S. Over a noetherian ring
R, a sequence 0→ G′ → G→ G′′ → 0 of finite flat R-group schemes is exact if
and only if G→ G′′ is faithfully flat and G′ → G is the kernel of G→ G′′. It is
equivalent to say that G′ → G is a closed immersion and the image is a normal
subgroup of G, and G→ G′′ is identified with the cokernel of G′ → G.

6. If F is a quasi-coherent sheaf of OS-modules, we denote by F the fppf sheaf
given by F(S ′) = Γ(S ′,F ⊗OS

OS′) for any S ′ ∈ (Sch/S)fppf.

Proposition B.1.10. Assume that 0→ G′ → G→ G′′ → 0 is an exact sequence of
commutative group schemes over S (as fppf sheaves).

1. If G′ is finite flat S-group scheme, then G→ G′′ is finite and faithfully flat.

2. If G′ and G′′ are finite flat group schemes over S, then so is G i.e. extensions
of finite flat group schemes (as fppf sheaves) are finite flat group schemes.

Proof: [DG70, Exp. IV] and [Poo17, Prop. 5.2.7]

Definition B.1.11. Let G be a commutative group scheme over S.

1. G is called a vector group scheme if G is locally isomorphic to Gr
a in the fpqc

topology i.e. for every point s ∈ S there exists a Zariski open neighbourhood U
of s and an fpqc morphism S ′ → U such that G×U S ′ is isomorphic to Gr

a,S′ for
some r ≥ 0.

https://stacks.math.columbia.edu/tag/02W5
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2. G is called a torus if it is locally isomorphic to Gr
m in fpqc topology. A torus is

called quasi-isotrivial if in the above definition one can choose the morphisms
S ′ → U to be étale i.e. G is locally isomorphic to Gr

m in étale topology. It is
called isotrivial, if there exists a surjective finite étale map S ′ → S such that
G′ = G×S S ′ is isomorphic to Gr

m,S′ as a group scheme over S ′.

3. G is called a (free) quasi-Galois S-module or a S-lattice if it is locally isomorphic
for étale topology to a finite free abelian constant group i.e. Zr for some r ≥ 0.
A (free) quasi-Galois S-module is called a (free) Galois S-module or isotrivial
lattice, if there exists a surjective finite étale map S ′ → S such that G′ = G×S S ′

is isomorphic to ZrS′ for some r ≥ 0.

4. G is called an abelian scheme if G → S is proper, smooth and all fibres are
geometrically connected.

5. G is called a semi-abelian scheme over S if G is an extension of an abelian
scheme by a torus over S.

Definition B.1.12. Let f : A→ B be a homomorphism of abelian schemes or fppf
group schemes over S. We say that f is an isogeny if f is finite and faithfully flat
(surjective as fppf sheaves) with finite flat kernel.
Proposition B.1.13. Abelian group scheme A over S is commutative. If S is normal,
then A is projective over S. The multiplication by n map, [n] : A→ A, is an isogeny
of degree n2g, where g is the relative dimension of A over S.

B.2 Cartier dual
Let V be an R-module. We define the dual module of V , denoted by V ∨, to be
V ∨ := HomR(V,R).
If G is either an S-torus, quasi-Galois S-module, or an affine commutative finite
flat group scheme over S, we define Cartier dual of G to be the S-group scheme
G∨ := Hom(G,Gm) as a representable sheaf on fppf site. For G = SpecA over
S = SpecR, by dualizing comultiplication, counit, and coinverse, A∨ = HomR(A,R)
becomes an R-Hopf algebra which is also finite flat over R if A is finite flat, and it
represents G∨.

For abelian scheme A over S, notice that Hom(A,Gm) = 0 since A is proper and
Gm is affine. We define the Cartier dual of A to be A∨ := Pic0

A/S.
Barsotti-Weil formula states that there is a natural isomorphism

Ext1
S(A,Gm)→ A∨(S)

which is compatible with base change, hence induces an isomorphism Ext1(A,Gm) ∼=
A∨ (see [Oor66, Chapter III]). This means that A∨ is representable.
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Theorem B.2.1. Let G be one of the previously mentioned group schemes. The
Cartier dual (−)∨ is an exact contravariant functor and (G∨)∨ ∼= G. Moreover, The
Cartier dual induces an antiequivalence between the category of S-tori and S-lattices
that restricts to an antiequivalence between the category of isotrivial S-tori and isotrivial
S-lattices.
Theorem B.2.2 (Duality theorem for abelian schemes). Let f : A→ B be an isogeny
of abelian schemes over S. Then the Ker(f∨) is naturally isomorphic to (Ker f)∨. So,
we obtain the exact sequence

0→ (Ker f)∨ → B∨ → A∨ → 0

Proof: See see [Oor66, Theorem 19.1]

Proposition B.2.3. [eAG70, Exp. X] Let R be a henselian local ring with residue
field k.

1. Every R-lattice (R-torus, resp.) is an isotrivial R-lattice (R-torus, resp.).

2. The special fibre functor G ↦→ G×SpecRSpec k induces an equivalence between the
category of Galois R-modules (R-tori reps.) and the category of Galois k-modules
(k-tori resp.).

3. The functor G ↦→ G(ksep) induces an equivalence between the category of Galois
R-modules (finite étale group schemes resp.) and the category of finitely-generated
free Z-modules (finite abelian groups resp.) with continuous Gk-action.

Proposition B.2.4. Let G be either an S-torus, an S-lattice, or an abelian S-scheme.

1. The multiplication by n map [n] : G→ G is finite and faithfully flat. Its kernel
G[n] is a finite flat group scheme over S.

2. If n is coprime to the characteristics of all residue fields of S, then A[n] is étale
over S.

Proof: [eAG70], [Mil86, Theorem 8.2]

Theorem B.2.5 (Structure theory). Let K be a prefect field and G an algebraic group
over K. There is an exact sequence of algebraic groups

0→ L→ G→ A→ 0,

where L is a smooth linear algebraic group and A an abelian variety. Assume that G
is commutative. Then L is commutative and L ∼= V × T with V a unipotent group
and T a torus. If characteristic of K is 0, then V is a vector group.
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Proof: See [Con02], or [Mil13b] for exactness of the sequence.
By [Ser88, Ch. III Proposition 12] we have L is the product of a unipotent group and
a torus. By [Ser88, Ch. VII §2.7], in characteristic 0 all unipotents are vector groups.

From now on, by a finite flat group scheme, we mean an affine commutative finite
flat group scheme over an affine base, unless we specify otherwise.

Proposition B.2.6. Assume that G is a finite flat group scheme over S = SpecR of
order n.

1. If the order of G is invertible in R, then G is étale. In particular, if R is a field
of characteristic 0, then every finite flat group scheme over R is étale.

2. (Deligne) The multiplication by n map [n] : G→ G factors through unit section
SpecR→ G i.e. [n] annihilates G.

Theorem B.2.7 (The connected-étale sequence). Let R be a henselian local ring with
residue field k and G a finite flat group scheme over R.

1. G is étale (connected resp.) if and only if its special fibre is étale (connected
resp.).

2. G is connected if and only if it is a spectrum of a henselian local finite R-algebra.

3. We denote by G0 the connected component of the unit section. It is closed normal
subgroup scheme of G.

4. The quotient Gét := G/G0 is finite étale R-group scheme and we have the exact
sequence

0→ G0 → G→ Gét → 0

called the connected-étale sequence for G.

5. Every group homomorphism G → H of étale finite R-group schemes factors
through G→ Gét.

6. Every group homomorphism H → G of connected finite flat R-group schemes
factors through G0 → G.

7. If R = k is a prefect field, then the connected-étale sequence splits canonically.

8. The functor (.)0 and (.)ét are exact.

9. G is connected (étale resp.) if and only if G(k) = 0 (G0 = 0 resp.).
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10. An extension of a connected (étale resp.) finite flat R-group scheme by a
connected (étale resp.) finite flat R-group scheme is connected (étale resp.).

See [Tat97] , [Pin04], or[Sti09].

B.2.1 Lie module

Let G be a group scheme over S. The Lie functor LieG or more precisely LieG/S is
the sheaf of OS-module of left invariant vector fields on G i.e. for any S ′, LieG(S ′)
is the elements in DerS(OG(S ′),OG(S ′)) = HomOG

(ΩG/S(S ′),OG(S ′)) which are left
invariant.

If S ′ = Spec(R) is an affine base scheme over S, we have the canonical identification

LieG(R) = Ker(G(R[ε])→ G(R)) = HomR(e∗ΩG/R(G), R)

where e is just the unit section e : S → G and R[ε] = R[x]/(x2) is the dual number
over R.

We denote LieG(S) by Lie(G) and it is called the Lie algebra of G. Lie(G) is
exactly the tangent space of G at e i.e. Lie(G) = TG,e. Over an affine base S = SpecR,
the co-Lie algebra of G is the dual R-algebra Lie∨(G) := HomR(Lie(G), R).

Assume that G = Spec(A) is an affine commutative group scheme over an
affine base S = Spec(R). We have ΩG/S = ΩA/R

∼= J/J2, where J is the kernel of
multiplication map A⊗R A→ A, a⊗ b ↦→ ab. We define the augmentation ideal of G
to be the kernel of the counit i.e. I := Ker(ε : A → R). We have A ∼= R ⊕ I as an
R-module. We can write the following isomorphisms

J ∼= A⊗R I, J/J2 ∼= A⊗R I/I2 ∼= ΩA/R

So, Lie(G) = HomR(ΩA/R, R) = HomR(A⊗R I/I2, R).

B.3 Relative Frobenius
Let S be a scheme in characteristic p. S is equipped with the absolute Frobenius
morphism, denoted by σS : S → S, which is identity map on the underlying topology
of X with OS → OS given by x ↦→ xp. The absolute Frobenius map is integral and
purely inseparable.

Definition B.3.1. Let S be a scheme in characteristic p and f : G→ S a morphism.
We define G(p) := G×S,σS

S viewed as a scheme over S. Looking at the below diagram,
there is a unique morphism FG/S : G→ G(p) over S making the diagram commute.



B. GROUPS 144

G

G(p) G

S S

σG

f

FG/S

f

σS

The morphism FG/S is called the relative Frobenius of G/S and when the base is
known, it is denoted by FG.

Assume that G = SpecA is affine scheme over affine base scheme S = SpecR.
Then the relative Frobenius FG : G → G(p) is given by (σG, f) which is induced by
A⊗FA,R R→ A, a⊗ r ↦→ apr.

The assignment X ↦→ X(p) is a base change functor for the absolute Frobenius map
σS : S → S. Inductively, we can define G(pn) := (G(pn−1))(p) and F n

G = FG(pn−1) ◦ F n−1
G

for any n ≥ 2. The scheme G(pn) is n-th Frobenius twist.

Proposition B.3.2. 1. The relative Frobenius FG : G→ G(p) is integral and purely
inseparable ([Sta23, Lemma 0CCB]).

2. ΩG/S = ΩG/G(p). ([Sta23, Lemma 0CCC]).

3. If G→ S is locally finite, then FG : G→ G(p) is finite ([Sta23, Lemma 0CCD]).

4. If G is a finite flat group scheme over S, then G(pn) is a finite flat group scheme
over S and the relative Frobenius map F n

G is a homomorphism.

Definition B.3.3. Let G be a finite flat group scheme over field k of characteristic p.
We define the Verschiebung of G/k to be the map VG : G(p) → G induces by the dual
of the relative Frobenius of G∨ via the natural identification ((G∨)(p))∨ ∼= G(p).

Proposition B.3.4. [Pin04, §14]
Assume that G is a finite flat group scheme over field k of characteristic p.

1. VG ◦ FG = [p]G and FG ◦ VG = [p]G(p).

2. G is connected if and only if FG is nilpotent.

3. G is étale if and only if FG is an isomorphism.

4. G is unipotent if and only if V is topologically nilpotent.

5. G is multiplicative if and only if V is an isomorphism.

6. G is bi-infinitesimal if and only if both FG and VG are nilpotent.

https://stacks.math.columbia.edu/tag/0CCB
https://stacks.math.columbia.edu/tag/0CCC
https://stacks.math.columbia.edu/tag/0CCD
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Example B.3.5. 1. Fµp = 0 and Vµp is an isomorphism.

2. Fαp = 0 and Vαp = 0.

3. FZ/pZ is an isomorphism and VZ/pZ = 0.

Theorem B.3.6. 1. Let k be perfect field of characteristic p > 0 and G = SpecA
is a connected finite group scheme over k. Then there is a k-isomorphism

A ∼= k[X1, . . . , Xn]/(Xpe1
1 , . . . , Xpen

n )

for some n ∈ N and ei ∈ N, which are invariant of G up to permutation of ei’s.

2. The order of an affine connected finite flat group scheme over a field of charac-
teristic p is a power of p.

3. A finite flat group scheme of order invertible in the base scheme S = SpecR is
étale.

4. Let (R,m) be a complete noetherian local ring with prefect residue field k. Then
for a finite flat connected group scheme G = SpecA over R there is a k-
isomorphism

A ∼= R[[X1, . . . , Xn]]/(f1, . . . , fn)

for each 1 ≤ i ≤ n, there exists eiN such that fi −X
p

ei
i
i ∈ mR[X1, . . . , Xn] is a

polynomial of degree less than pei.

5. Let R be a noetherian domain and p a prime ideal of R. Let ˆ︁R be the completion
of R with respect to the p-adic topology. The functor

G ↦→ (Gˆ︁R, GR[ 1
p

], idGˆ︁R[ 1
p ]

)

is an equivalence of categories from the category of finite flat group schemes
over R to the category of the triples (G,H, φ), where G and H are finite flat
group schemes over ˆ︁R and R[ 1

p
], respectively, and φ : G ×Spec ˆ︁R Spec ˆ︁R[ 1

p
] →

H ×SpecR[ 1
p

] Spec ˆ︁R[ 1
p
] is an isomorphism.

6. (Mayer-Vietoris exact sequence): Let G and H be p-power order finite flat group
schemes over noetherian ring R. Then, we have the following exact sequence

0→ HomR(G,H)→ Homˆ︁R(G,H)× HomR[ 1
p

](G,H)→ Homˆ︁R[ 1
p

](G,H)
δ−→ Ext1

R(G,H)→ Ext1ˆ︁R(G,H)× Ext1
R[ 1

p
](G,H)→ Ext1ˆ︁R[ 1

p
](G,H)
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where δ is defined by

δα = ((G×R H)ˆ︁R, (G×R H)R[ 1
p

], idH ◦ idG + α)

for any α ∈ Homˆ︁R[ 1
p

](G,H).

See [Pin04, §14], [Sti09], or [Sch]. See also [Sta23, Theorem 032A] for (4).

https://stacks.math.columbia.edu/tag/032A
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