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Abstract

Let G be a split semisimple algebraic group over a field k. Our main objects of interest
are twisted forms of projective homogeneous G-varieties. These varieties have been
important objects of research in algebraic geometry since the 1960’s.

The theory of Chow motives and their decompositions is a powerful tool for
studying twisted forms of projective homogeneous varieties. Motivic decompositions
were discussed in the works of Rost, Karpenko, Merkurjev, Chernousov, Calmes,
Petrov, Semenov, Zainoulline, Gille and other researchers. The main goal of the
present thesis is to connect motivic decompositions of twisted homogeneous varieties
to decompositions of certain modules over Hecke-type algebras that allow purely
combinatorial description. We work in a slightly more general situation than Chow
motives, namely we consider the category of h-motives for an oriented cohomology
theory h.

For a group G there is the notion of a versal torsor such that any G-torsor over
an infinite field can be obtained as a specialization of a versal torsor. We restrict our
attention to the case of twisted homogeneous spaces of the form E/P where P is a
special parabolic subgroup of G. The main result of this thesis states that there is a
one-to-one correspondence between h-motivic decompositions of the variety £/P and
direct sum decompositions of modules D%f » over the graded formal affine Demazure
algebra D% . This algebra was defined by Hoffnung, Malagén-Lépez, Savage and
Zainoulline combinatorially in terms of the character lattice, the Weyl group and the
formal group law of the cohomology theory h.

In the classical case h = CH the graded formal affine Demazure algebra D% coin-
cides with the nil Hecke ring, introduced by Kostant and Kumar in 1986. So the Chow
motivic decompositions of versal homogeneous spaces correspond to decompositions
of certain modules over the nil Hecke ring.

As an application, we give a purely combinatorial proof of the indecomposability
of the Chow motive of generic Severi-Brauer varieties and the versal twisted form of
HSping/P;.
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Chapter 1

Introduction

The theory of Chow motives is an important tool of study of algebraic varieties. Mo-
tivic decompositions of Pfister quadric played an essential role in the proof of the
Milnor conjecture by Voevodsky, and the motivic decompositions of norm varieties
were used to prove the Bloch-Kato conjecture by Rost, Suslin and Voevodsky. An-
other application to the theory of quadratic forms can be found in the works of Vishik,
Karpenko and Merkurjev. Let G be a semisimple algebraic group over a base field
k. Our primary objects of interest are projective homogeneous G-varieties. Motivic
decompositions of such varieties were intensively investigated in the last two decades.
The case of split varieties was established by Kock [26], who showed that in this case
the motive decomposes as a sum of Tate motives. The results of Chernousov-Gille-
Merkurjev [8] and Brosnan [3] give decompositions of motives of isotropic homoge-
neous varieties into direct sums of motives of smaller anisotropic varieties. Rost [40]
established the motivic decomposition of a Pfister quadric as a sum of twisted copies
of an indecomposable motive R called the Rost motive. The case of Severi-Brauer
varieties was studied by Karpenko in [24]. In [39] Petrov, Semenov and Zainoulline
provided the motivic decomposition of generically split projective varieties as a direct
sum of twists of an indecomposable motive.

In the present thesis we consider the case of a versal inner form of a projective
homogeneous variety, i.e. a variety of the form E/P where E is a versal (i.e. a
generic) torsor of a split semisimple group G' and P is a special parabolic subgroup.
Note that the groups G and P are uniquely determined by combinatorial data: the
root system of GG, the character lattice T™ of its split maximal torus 7', and the subset
subset of simple roots of G defining P.

The main aim of the present thesis is to describe the motivic decompositions of
E/P in terms of these combinatorial data. We work in a bit more general situation
than the theory of Chow motives. Namely we consider an oriented cohomology theory
h in the sense of Levine-Morel [32] and the theory of h-motives. In the case h = CH
it coincides with the classical category of Chow motives. The main result of this
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thesis (Theorem 6.4.10) establishes a 1 — 1 correspondence between the h-motivic
decompositions of F/P and decompositions of the graded module D‘%}Z over the
graded formal affine Demazure algebra DY introduced by Hoffnung, Malagon-Lopez,
Savage and Zainoulline in [22]. In the case h = CH the algebra DY coincides with
the nil-Hecke ring which was introduced by Kostant and Kumar in [28] and is an
important object in the geometric representation theory.

As an application, we give a combinatorial proof of indecomposability of the
modules D%f » over DY for h = CH in the following cases: G = PGL,, P = P; and
G = HSping, P = P;. In view of the Theorem 6.4.10 this impies the indecompos-
abilty of generic Severi-Brauer varieties, previously known due to Karpenko ([24])
and indecomposability of the 6-dimensional involution variety twisted by a generic
HSping-torsor.

1.1 Notation and conventions

e Let k£ denote a base field,

Let Sch;, denote the category of separated finite type schemes over k£ and Smy,
denote its full subcategory of smooth schemes.

Let G be a split semisimple algebraic group over k. Fix a split maximal torus
T and the corresponding Weyl group W.

Let h, be a graded oriented Borel-Moore homology theory on Schy.

e We assume that

— either the field k is arbitrary and h, = CH,

— or k has characteristic zero and h, is any oriented Borel-Moore homology
theory that is generically constant, satisfies the localization property, the
coefficient ring h, (k) is an integral domain and |[WW|-1 # 0 in h*(k) where
|W| is the number of elements of the Weyl group.

Let E be a versal torsor of the group G and P be a special parabolic subgroup
of GG. Restricting the Borel-Moore homology theory h, to the category of smooth
schemes one gets the oriented cohomology theory h*. One can associate to h* a graded
equivariant cohomology theory hf, using the strategy of [19]. In the case h* = CH"
this construction gives the equivariant Chow groups of Edidin-Graham [13]. Replac-
ing CH* by h* in the construction of the category of Chow motives we obtain the
category of h*-motives. Our main object of study is the h-motive of E/P and its
decompositions.
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Let d = dim E/P. To find a motivic decomposition of E/P is equivalent to find
a decomposition 1 = p; + ... + p, where p; are orthogonal idempotents in the ring
with convolution product (hq(E/P x E/P),*) which is the endomorphism ring of the
h-motive of E/P. We approximate the ring hy(E/P x E/P) by a more accessible
ring that has the same idempotent decompositions. More precisely, we construct a
surjective ring homomorphism (Theorem 6.2.4)

h(G/P x G/P) — hy(E/P x E/P)

that lifts decompositions and isomorphisms strictly. Then we use the cellular structure
on G/P to get a ring isomorphism

hi(G/P x G/P) = Endy,y (DR )

where DY is the graded formal affine Demazure algebra which is the graded version
of the formal affine Demazure algebra introduced in [22] and D% 5 is a certain cyclic
D% -module. Note that D% and D% can be defined in a purely combinatorial way
in terms of the root lattice 7™, Weyl group W, set of simple roots Sp defining the
parabolic subgroup P and formal group law F' of the cohomology theory h.

As a consequence, we deduce the main theorem 6.4.10, that states that there
is a surjective homomorphism of rings that lifts decompositions and isomorphisms
strictly:

Endyr (D§5) = End(My(E/P))

where My(E/P) denotes the h-motive of E/P. This implies that there is one-to-one
correspondence between motivic decompositions of £/P and direct sum decomposi-
tions of the DY -module D7 %.

1.2 Outline of the thesis

In Chapters 2,3,4,5 we give necessary definitions and state some auxiliary results
that will be used in the proof of the main theorem. The results of Chapters 6 and 7
are original to the author. The Appendix A contains a proof of a geometric lemma
concering the support of the intersection product for oriented cohomology theories.
The case of Chow groups was established in the paper [47]. We use the similar strategy
as in [47] to prove the statement in the general case.

In Chapter 2 we review the basic concepts of the theory of algebraic groups,
root systems, classification of split semisimple algebraic groups, the notion of torsor,
quotients of varieties by group actions and the construction of a versal torsor. In
Section 2.7 we give a definition and prove some basic properties of special parabolic
subgroups. In Chapter 3 we recall the definition of oriented Borel-Moore homology
theories and oriented cohomology theories. In Section 3.4 we discuss a construction of
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graded oriented Borel-Moore homology theory. Chapter 4 is devoted to construction
of the category of h,-motives associated to oriented Borel-Moore homology theory
h,. In Section 4.2 we construct the category of G-equivariant motives of smooth
projective varieties with G-action. In Section 4.4 we discuss the equivariant motivic
decomposition of relatively cellular spaces and the equivariant version of Kiinneth
isomorphism. In Section 4.5 we review the cellular structures on split homogeneous
varieties and their product that will be used in the proof of the main result. In
Chapter 5 we recall the definition of formal affine Demazure algebra Dy and give
a definition of graded formal affine Demazure algebra DY in Section 5.2. In Sec-
tion 5.4 we define the D% -modules D%, associated to a parabolic subgroup P. In
Section 5.5 we construct an isomorphism between the combinatorial module D%,
and graded equivariant cohomology h’.(G/P). Chapter 6 is devoted to the proof of
the main result. In Section 6.1 we consider the convolution algebra associated to a
smooth projective morphism and prove the Rost nilpotence theorem for morphisms
of such algebras. In Section 6.2 we relate the endomorphism ring of a versal ho-
mogeneous variety motive to the endomorphism ring of G-equivariant motive of the
split homogeneous variety. In Section 6.3 we construct an isomorphism between the
endomorphism ring of a G-equivariant motive of G/B and the graded formal affine
Demazure algebra D% . In Section 6.4 we give a proof of the main result for the
special parabolic subgroup P and the corresponding versal homogeneous space E/P.

In Chapter 7 we show some applications of the main result in the case h* = CH".
In Section 7.1 we consider the case G = PGL,;; and G/P = P". We check that
D%" the module over the nil Hecke ring is indecomposable. In view of the main
result this gives a purely combinatorial proof of indecomposability of Chow motives
of versal Severi-Brauer varieties. Section 7.2 considers the case G = HSping and the
parabolic subgroup P; which corresponds to the set of all simple roots except the first
one. Appendix A contains a proof of a geometric lemma needed for the proof of Rost
nilpotence in 6.1.



Chapter 2

Linear algebraic groups, parabolic
subgroups and homogeneous spaces

In this chapter we briefly recall the definitions of algebraic groups, torsors and homo-
geneous spaces. The main references are [2],[43], [20], [25], [48].

2.1 Linear algebraic groups

Definition 2.1.1. A linear algebraic group over k is an affine variety G with a
rational point 1 € G(k) and two reqular maps:

e Multiplication m: G x G — G, (z,y) — xy
e Inverse map i: G — G,x+ z7!

that satisfy the usual group properties: x(yz) = (zy)z (associativity), t-1=1-z =x
and zx~t =z 'z = 1.

For every k-algebra R, multiplication and inverse maps endow the set of R-points
G(R) with a group structure. Thus every linear algebraic group defines the functor
from the category of k-algebras to the category of groups given by

k — Alg — Groups, R — G(R)

called the functor of points. A linear algebraic group is uniquely defined by its functor
of points. For any S € Smy; we will denote by G(S) the group of maps S — G in
Smk.

Definition 2.1.2. A homomorphism f: G1 — Gy of linear algebraic groups is a
reqular map f that commutes with multiplication maps.
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If G| and G are linear algebraic groups then the product GGy X G5 has a structure
of a linear algebraic group.

Example 2.1.3. The simplest examples are
e Multiplicative group G,, such that G,,(R) = R* and m(z,y) = xy
e Additive group G, such that G,(R) = R and m(x,y) =z +y
e General linear group GL,, such that GL,(R) = {A € Mat,(R) | det(A) € R*}
e Special linear group SL,, such that SL,(R) = {A € Mat,(R) | det(A) = 1}

Definition 2.1.4. A linear algebraic group G is called a split k-torus of rank n if it
is isomorphic over k to the group (G,,)"

Definition 2.1.5. A linear algebraic group G is called a torus if over the algebraic
closure k the group G Xy k is a split k-torus.

Definition 2.1.6. We will call H a closed subgroup of G if H is a closed subvariety
of G and H is closed under the multiplication and the inverse map.

Lemma 2.1.7. [2, Proposition 1.10] Every linear algebraic group G is a closed sub-
group of a general linear group GL,, for some n.

Definition 2.1.8. A linear algebraic group G is called:
o Connected, if G is irreducible as a variety.

o Simple, if G is connected, nontrivial and G has no nontrivial connected normal
subgroups.

o Semisimple if G is connected, nontrivial and Gy has no nontrivial connected
solvable normal subgroups.

Let G be a linear algebraic group and 7' C G is a torus in G. We will T a
maximal torus if it is not contained in a larger torus inside G. Theorem 18.2 of [2]
implies that for a connected group G there is a maximal torus 7' C G such that 77 is
a maximal torus in Gy.

Definition 2.1.9. Linear algebraic group G is called split if it has a maximal torus
which is split over k.

Remark 2.1.10. If G is a split semisimple algebraic group, then all split maximal
tori are conjugate.
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2.2 Root systems

In this section we recall the combinatorial description of semisimple split groups.
Consider an R-vector space V' with a Euclidean scalar product (—, —).

Definition 2.2.1. For any o € V let s, denote the orthogonal reflection with respect
to a:

So(x) =2 — 2(1:,04)@
(o, @)
Thus s, (o) = —a and s, acts trivially on the hyperplane orthogonal to «.

Definition 2.2.2. A finite set ® C V' of nonzero vectors is called a root system if
e O spans V
o For any a € ®, s, leaves ® invariant
o For any o, B € O, f— s,(5) is an integer multiple of c..

Definition 2.2.3. A root system ® is called reduced if for every o € ® the vectors
and —a are the only multiples of o in P.

Further we will consider only reduced root systems.

Definition 2.2.4. The Weyl group W (®) of a root system ® is the group generated
by reflections s, in Aut(V) :

W(P) = (sq | @ € D)

Definition 2.2.5. A subset II of ® is called a base of a root system if Il is a linearly
independent set and for any 5 € ® there is a decomposition

ﬂ:Zmaa

such that my € Z and either my, > 0 for all a € 11 or my < 0 for all o € 11.
Lemma 2.2.6. [{1, V. Theorem 1] For any root system ® there is a base I1 C ®.

Definition 2.2.7. For a,p € ® define

By definition of a root system, n(f3,«) is an integer.
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By [41, V,§7], the angle between two nonproportional roots «, 5 can take value
in the set {n/2,7/3,27/3,7/4,3w/4,7/6,57/6}.
Fix a base II of .

Definition 2.2.8. The Dynkin diagram D(®) is a graph which set of vertices equals
to Il. Depending on the angle ¢ between o, € 11, it has the following number of
edges between o and [3

o 1, ifp=2m/3
« 2, ifé=3n/4
3, if¢=51/6

e (0, otherwise

If (o, ) # (B, B), then the edges between o and B are oriented towards « in the case
(o, ) < (B, ), and towards (B in the case (B, ) < («, ).

The diagram D(®) does not depend on the choice of IT and completely determines
® by [41, V,§15]

Lemma 2.2.9. [/1, V,§10, Remark 3] The Weyl group W (®) has the following pre-
sentation in terms of generators and relations:

W(®) = (sa |, 5o =1, (sasp)™* = 1)

where o, B € Il and my 3 = 2, 3,4, 6 if the angle between o and B is /2,27 /3, 3w /4, 57 /6
respectively.

Definition 2.2.10. A root system ® is called irreducible if it cannot be partitioned
into two proper orthogonal subsets.

Every root system is an orthogonal union of irreducible root systems, and the
Dynkin diagram of any irreducible root system belongs to the following list ([41,
V,§15)):

A, O+ O—0O0—0O0—0—0O n vertices,n > 1

B, O+O0—O0—0—0O==0 n vertices, n > 2
C, O+ O0—O0—0—0O=<%0 n vertices, n >3
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2.3 Classification of semisimple split groups

In this section we recall the classification of semisimple split algebraic groups in terms
of root systems and character lattices. The main reference for this section is [25, §25].
Let ® C V be a root system. For every a € ® consider the element o € V* defined
by

a’(v) = 2(a,a)

Lemma 2.3.1. [/1, V,Proposition 2] The set {a" | a € ®} forms a root system ®Y
i V* called the dual root system.

Definition 2.3.2. Define the root lattice A, C 'V as the Z-span of ®.

Definition 2.3.3. Define the weight lattice A, C V as the lattice dual to the root
lattice of ®V
Ay, ={veV |Vaeda(v)eZ}

Then A, C A,, and the quotient is a finite abelian group ([20, §0.6]).

2.3.1 Adjoint representation

Definition 2.3.4. Denote by L(G) the tangent space T1G of G at the point 1 € G(k).
It has a natural structure of a Lie algebra and is called the Lie algebra of G.

There is a representation Ad: G — GL(L(G)) called the adjoint representation
([2, 3.13]) such that for a field extension F'/k for any g € G(F) its image Ad(g) is the
differential of the inner automorphism

Inn(g): Gp — Gp,x — grg ™"
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2.3.2 Root system of a split semisimple group.

Let G be a split semisimple algebraic group, and T C G be a split maximal torus.
Denote by T™ the character group of 7"

T = Hom(T,G,,)

Since T' is a split torus, the group 7™ is a free abelian group of the same rank as 7.
Consider the restriction of the adjoint representation to 7. For any character
a € T* denote by L(G), the eigenspace corresponding to « :

L(G)o =A{v € L(G) | Ad(t)v = a(t)v for all t € T'}

Definition 2.3.5. Define the set of roots to be the characters of T whose eigenspaces
are non-trivial

O(G)={aeT |a0,L(G) %0},

Definition 2.3.6. The Weyl group of T in G, W = W(G,T), is defined as the
quotient of the normalizer of T in G by T':

W = Ng(T)/T
Then W is a constant finite group scheme [2, §11.19].

Remark 2.3.7. Note that Ng (7)) acts by conjugation on 7T'. Since T is abelian, this
action descends to an action of W on T. Therefore W acts naturally on the lattice
T*.

Consider the space V = T* ®; R. Take any scalar product (—, —)" on V. Then

one can define a W-invariant scalar product (—, —) on V' by the formula
(z,9) = D> _ (w(z), w(y))
weWw

Lemma 2.3.8. [25, Theorem 25.1, Proposition 25.2] For a semisimple split group G
and a split mazimal torus T C G, the set ®(G) is a root system in the Euclidean space
V =T ®z R with the scalar product (—,—), and the Weyl group W of G coincides
with the Weyl group of the root system: W = W(®(G)), and there are inclusions:

A CTTCA,
Consider a pair (®,A), where ® is a root system in V', and A is a lattice such

that A, C A C A,. We will say that two such pairs are isomorphic: (®,A) = (9', A)
if there is a linear isomorphism f: V — V' such that f(®) = @’ and f(A) = A’
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Theorem 2.3.9. (Classification of semisimple split groups)[25, Theorem 25.8, 25.5]
For any root system pair (®,A) such that A, C A C A, there is a semisimple split
algebraic group G such that (®(G),T*) = (P, ). Two semisimple split groups Gy, G
are isomorphic if and only if (®(G1),T}) = (P(Ge), T5).

Remark 2.3.10. Irreducible root systems correspond to split simple groups via the
identification above (|25, Proposition 25.8]).

Definition 2.3.11. We will call a semisimple split group G simply-connected if T* =
Ay, and adjoint if T = A,.

Definition 2.3.12. We call a surjective morphism of linear algebraic groups G1 — Go
an isogeny if the kernel of G1(F) — Gy(F) is finite for every field extension F/k.
Two groups G1,Gs are called isogeneous if there is a linear algebraic group H and
1sogenies H — Gy and H — G,.

The classification theorem implies that G; and G4 are isogeneous iff the root sys-
tems ®(G;) and ®(G,) are isomorphic. The classification of irreducible root systems
implies that isogeny classes of simple split groups are in 1 — 1 correspondence with
Dynkin diagrams of types A,, By, Cy, D, Go, Fy, Fg, E7, Eg.

2.4 Group actions and torsors

In this section we recall the definition and basic properties of torsors. The main
reference is [34].

Definition 2.4.1. For X € Schy, a right G-action on X s a regular map m: X X
G — X such that for every S € Smy, the map m induces a right G(S)-group action
on the set X(S). For z € X, g € G we will write xg or x - g instead of m(zx, g).

Further we will consider only right actions.

Definition 2.4.2. Suppose X,Y € Schy are schemes with G-actions. A morphism
f: X =Y is called G-equivariant if it respects the G-action on X and Y, i.e. the
following diagram commutes

XXGMYXG

-,

X Y

where mx defines the G-action on X and my defines the G-action on'Y .
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Definition 2.4.3. Denote by G — Schy, the category consisting of schemes X € Schy,
with G-action and equivariant morphisms. Denote by G — Smy, its full subcategory
consisting of smooth schemes over k.

Definition 2.4.4. Letp: Y — X be a morphism in G — Schy, such that p is faithfully
flat and the action of G on X is trivial. Y — X 1is called a G-torsor if the map

Y xG =Y xxY,(y,9) — (y,y9)

18 an isomorphism.

Example 2.4.5. Let A be a central simple algebra of degree n over k. Then the
functor

R — Iso(A®; R, Mat,(R))

which assigns to every k-algebra R the set of isomorphisms of algebras between A®y, R
and the matrix algebra Mat,(R) is represented by a scheme which has a natural
structure of a PGL,,-torsor over k.

Definition 2.4.6. For G-torsors Y1 — X1 and Yo — Xs, a morphism of torsors is a
commutative diagram

v, =Y,
X1*f>X2

where F' 1s G-equivariant.

Definition 2.4.7. A torsor Y — X is called trivial if it is isomorphic to the torsor
XxG—=X.

If Y - X is a G-torsor and f: X’ — X is a morphism, then the pullback
Y xx X' — X' is a G-torsor which we will denote by f*Y.

Remark 2.4.8. (a) A torsor p: Y — X is trivial if and only if there is a section
s: X =Y of p.

(b) If YY" — X are two G-torsors, and f: Y — Y’ is a morphism, then f is an
isomorphism.

(¢) Any morphism of torsors (F, f): (Y — X) — (Y’ — X’) establishes an isomor-
phism Y — f*Y’.

Proof: A section s: X — Y gives rise to a map of torsors a: X xG — Y, (z,9) —
s(x)g. The base change of a via Y X x Y gives the map Y x G — Y xx Y, which is an
isomorphism. Thus a is an isomorphism by faithfully flat descent. If f: Y — Y’ is a
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morphism of torsors over the same base X, then the torsor Y xx Y’ — Y has a sec-
tion, hence is trivial by (a). Thus the base change of f: Y — Y along Y xx Y’ — Y’
is an isomorphism G X Y — Y X x Y’ thus f is an isomorphism by the faithfully flat
descent. Any morphism of torsors (F, f): (Y — X) — (Y’ — X’) gives a morphism
of torsors Y — f*Y’, which is an isomorphism by (b). i

Definition 2.4.9. Let 7 be a Grothendieck topology. We will say that a torsorY — X
is T-locally trivial if there is a T-covering f: X' — X such that f*Y is trivial.

Lemma 2.4.10. /34, Proposition 1.3.26,111.4.2] Every G-torsor Y — X s locally
trivial in the étale topology.

Definition 2.4.11. Denote by H'(X, Q) the set of isomorphism classes of G-torsors
Y — X. For a Grothendieck topology T denote by H:(X,G) a subset of H'(X, Q)
consisting of G-torsors that are locally trivial for T.

We will consider H'(X, G) as a pointed set with distinguished point given by the
class of the trivial torsor.

Proposition 2.4.12. [3/, Proposition I11.4.5, Corollary II1.4.7]. Suppose that 1 —
Gy = Gy — G3 — 1 is a short exact sequence of algebraic groups over k, and
X € Smy. Then there is an exact sequence of pointed sets

1— Gi(X) = Ga(X) = G3(X) = HY(X,Gy) = HY(X,Gy) — H' (X, G3)

2.4.1 Free action and quotients

Definition 2.4.13. An action of an abstract group A on a set B is called free if the
stabilizer of any point in B is trivial.

Definition 2.4.14. [35] Suppose that G is an algebraic group, and X € G — Schy,.
A G-action on X is called free if the map

X XG—XxX (9,2) = (zg,2)
15 a closed embedding.

Note that if G acts on X freely, then for any U € Smy, the action of G(U) on
the set X(U) is free.

Definition 2.4.15. For a G-action on X € Schy define the quotient X/G as the
¢tale sheaf associated to the presheaf

U X(U)/G(U),U € Smy,
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We will say that the quotient X /G exists in the category Smy (Schy) if there is
Y € Smy, (Schy) with an isomorphism of étale sheaves:

X/G = Homschk(—,Y).

Lemma 2.4.16. Suppose that X € G — Smy, the G-action on X is free and the
quotient X/G ezists in Smy. Then X — X/G is a G-torsor.

Proof: Denote by Y € Sm;, the scheme representing X/G. Consider the reg-
ular map X x G — X Xy X. For a local strictly Henselian scheme W the map
XW)xGW) = X (W) xyw)X (W) is an isomorphism since Y (W) = X (W)/G(W)
and the action of the abstract group G(W) on the set X (W) is free. Then the map
of sheaves X x G — X Xy X is an isomorphism, hence X — Y is a G-torsor. i

Remark 2.4.17. In the case when G is a linear algebraic group and H is a closed
subgroup, the quotient G/H exists in Schy, by [48, p.121-122].

2.4.2 Versal torsor

In this section we recall the notion of a versal torsor. The main reference is [17].

Definition 2.4.18. Suppose there is a G-representation V and an open subset W C V
such that G acts on W freely and the quotient W/G exists in Smy. Consider the
generic fiber E of W — W/G :

E w
Spec kl(W/G) — Wl/G

Let K = k(W/G). We will call E — K a versal torsor.

Note that our definition depends on a choice of a G-representation V' and an
open subset W.

Lemma 2.4.19. [17, 1.5.3] Versal torsors exist and any versal torsor has the following
classifying property: for any infinite field L/k, Y € HY(L,G), and any open subset
U C W/G there is an L-point x: Spec L — U such that x*U is isomorphic to'Y as
a G-torsor. Thus any torsor over an infinite field can be obtained as a specialization
of a given versal torsor.
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2.5 Borel subgroups and Bruhat decomposition

Definition 2.5.1. If Hy, Hy are closed subgroups of G, then there is a closed sub-
group (Hy, Hy) € G (2, 2.5]) called the commutator subgroup such that the k-points

(Hy, Hy) (k) are generated by commutator elements xyx~ 'y~ x € Hy(k),y € Hy(k)

Definition 2.5.2. An algebraic group H is called solvable if its derived series D°(H) =
H,D'(H)= (D°(H),D"(H)),D*(H) = (D'(H), D'(H)), ... vanishes, i.e. there is n
such that D™(G) = 1.

Definition 2.5.3. A Borel subgroup of G is a maximal closed connected solvable
subgroup of G.

If G is a split semisimple algebraic group then all Borel subgroups are G(k)-
conjugate. For every split maximal torus 7' there is a Borel subgroup B such that
T C B C G (]2, §14,21]). If B is a Borel subgroup of G then G/B is a smooth
projective variety by [2, 11.18].

Proposition 2.5.4. (Bruhat decomposition, [2, §14,21]) If G is a split semisimple
algebraic group, T its split maximal torus, B a Borel subgroup, and W = Ng(T)/T
is the Weyl group, then the group G is a disjoint union of double-B cosets and G /B
is a disjoint union of B-orbits of points of W C G/B :

G = HBwB

weW
G/B= ][] BwB/B
weWw

Remark 2.5.5. Suppose that G is a split semisimple algebraic group, 7' is its split
maximal torus, and B is a Borel subgroup containing 7. Then B is a semi-direct
product of its unipotent radical U and T. Since U is isomorphic to an affine space
by [2, 15.13], we get that the quotient B/T is isomorphic to an affine space.

2.6 Parabolic subgroups and split homogeneous va-
rieties
Definition 2.6.1. A closed subgroup P C G is called parabolic if the quotient variety

G/ P is projective. Equivalently, a subgroup P is parabolic if and only if P contains
a Borel subgroup B([2, §11]).
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Fix a split maximal torus, Borel subgroup 7' C B C G and the corresponding
root system. Fix a set of simple roots Il and a subset S C II. Let Wg denote the
subgroup of W generated by simple reflections s,,a € S. Then there is a parabolic
subgroup Pg called standard parabolic subgroup such that P = BWgsB and any
parabolic subgroup is conjugate to Ps for some S (20, §29]). If P = Ps is a standard
parabolic we will use the notation Wp for the group Wg.

Given a set of simple roots II, for every w, a reduced word for w is a minimal
length expression of w as a product of simple reflections s,,a € II. The length I(w)
is defined as the length of a reduced word. There is a partial order on W called the
Bruhat order in which v < w if and only if for a reduced word w = s,, ... 54, there is
a sequence 1 < 11 < 1g... < i, < k such that v = Sai, -+ - Sai, is a reduced word for
v. Any class in W/Wp has a unique representative of minimal length in . Denote
the set of minimal length representatives by W7

2.7 Special parabolic subgroups

Definition 2.7.1. Following [17, II, §3] we will call a linear algebraic group G special
if HY(L, Q) is trivial for any field extension L/k.

Sometimes a special group is defined as a group whose torsors are Zariski-locally
trivial. We show that these notions coincide for a linear algebraic group G.

Lemma 2.7.2. Let G be a linear algebraic group. If G is special then any G-torsor
15 Zariski - locally trivial.

Proof: Fix an embedding G — GL,, for some m. By Hilbert 90 theorem ev-
ery torsor in H'(S, GL,,) is Zariski-locally trivial. Since G is special, the G-torsor
GL,, — GL,,/G is trivial over the generic point of GL,,/G hence over some open
subset of GL,,/G by [18, Corollary 8.8.2.5]. Then GL,, — GL,,/G is Zariski-locally
trivial since GL,, acts transitively on GL,,/G. Then for any local scheme S the map
GL,.(S) — GL,,/G(S) is surjective, so in the exact sequence

GL,,(S) — GL,./G(S) — H'(S,G) — H'(S,GL,,)

the rightmost arrow has trivial kernel, then H'(S,G) is trivial. i

Example 2.7.3. The groups GL,, and G, are special by [17, I1.3.1] and [42, X.1.1]

As a consequence, a Borel subgroup B of any semisimple split linear algebraic
group G is special.
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Lemma 2.7.4. Let G be a semisimple split group over k, and P, C Py be a standard
parabolic subgroups. Then for any field extension L/k the map Po(L) — Py/Py(L) is
surjective.

Proof: By the Bruhat decomposition we have P,/ P, = ]_[EGWP2 ywp, (w), where
C(w) = BwB/B is the B orbit of w. If w € W¥| then C(w) — C(w) is an iso-
morphism, where C(w) is the corresponding B-orbit in P,/B ([2, 21.29]). Then for
any field extension L/k the map P»/B(L) — P,/P(L) is surjective, and the map
Py(L) — P»/B(L) is surjective since B is special. i

Lemma 2.7.5. Let Py C P be two parabolic subgroups of a semisimple split algebraic
group G. If Py is special, then Py is special.

Proof: For every field extension L/k consider the cohomological exact sequence

of pointed sets
PQ(L) — P2/P1(L) — Hl(L,P1> — H1<L, Pg)

By Lemma 2.7.4 the leftmost arrow is surjective, hence the rightmost arrow has a
trivial kernel. Since H'(L, P,) is trivial, then H'(L, P,) is trivial, thus P; is special.
1



Chapter 3

Oriented cohomology theories

In this chapter we recall the definition and main properties of oriented cohomology
theories. Such theories were studied in particular by Panin and Smirnov ([37],[36]),
Levine and Morel ([31],[32]). We will use [32] as a reference.

3.1 Oriented Borel-Moore homology

Let Sch), denote the category consisting of schemes in Schy, and projective morphisms.
Let Ab, denote the category of graded Abelian groups.

Definition 3.1.1. /32, Definition 5.1.3] An oriented Borel-Moore homology theory
h, on Schy is given by

e an additive functor h,: Sch) — Ab,

e for each locally complete intersection morphism f: X — Y in Schy, ([15, B.7])
of relative dimension d a homomorphism f*: h,(Y) — hyyq(X)

e bilinear external product hy(X) @ h,(Y) — h.(X X Y) that is associative, com-
mutative and has a unit element 1 € h,(k)

The additive functor assigns to each projective morphism f: X — Y amap f.: h(X) —
h.(Y) called the push-forward map. These data satisfy axioms (BM1) — BM(3),
(PB), (EH), (CD) of [32, Definition 5.1.5]

The axiom (BM1) states that (f o g)* = g* o f* if f,g is a pair of composable
locally complete intersection morphisms. The axiom (BM2) states that if f: X — Z
and g: Y — Z are transverse morphisms, f is projective, and ¢ is a locally complete

18
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intersection morphism giving the transverse square

Xx, YLy
ool
y —L 7

then g*f. = fig”*. The axiom (E'H) implies that for a locally trivial map f: X —
Y, which fibers are isomorphic to affine spaces A", the pullback map f*: h.(Y) —
h,-(X) is an isomorphism.

Example 3.1.2. The Chow groups give an example of an oriented Borel-Moore ho-
mology X — CH,(X), X € Schy, by [32, Example. 5.1.5].

Example 3.1.3. For any X € Schy, consider the theory of coherent sheaves K{(X).
Consider a graded abelian group K} (X) ®z Z[5, 57'] where elements of K,(X) have
degree 0 and deg 3 = —1. Then the functor X — K{(X) ®z Z[S, 3] defines an
oriented Borel-Moore homology by [32, Example. 5.1.6].

Levine and Morel constructed in [32] the algebraic cobordism theory X +— €, (X)
on Schy. When the base field k£ admits resolution of singularitites, this theory is
universal ([32, Theorem 7.1.3]) in the following sence:

For any oriented Borel-Moore homology theory h, there is a unique homomor-
phism

0: Q(—) = h.(-)

of Borel-Moore theories, that is, for any X € Schy, there is a homomorphism O x : ,(X) —
h,(X). This homomorphism is compatible with external product and commutes with
push-forwards and pull-back maps:

e f,00Ox = 0Oy o f, for any projective morphism f: X — Y
® ¢ 0Oy = Oy o g* for any locally complete intersection g: X — Y

Definition 3.1.4. /32, Definition 4.4.6] An oriented Borel-Moore homology theory
h, has the localization property if for any closed embedding i: Z — X with j: U — X
its open complement the sequence

h.(Z) 5 0,(X) 5 n(U) = 0
15 exact.

Definition 3.1.5. For a finitely generated field extension F/k denote by h.(F/k)
the colimit of hy(X) where X runs over the category of models for F([32, §4.4.1]).
In particular, if F = k(X), then h(k(X)/k) = colimycxh.(U), where U are open
subsets of X.
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Definition 3.1.6. /32, Definition 4.4.1] An oriented Borel-Moore homology theory
h, is generically constant if for every finitely generated separable field extension F'/k
the induced homomorphism h,(k) — h,(F/k) is an isomorphism.

Example 3.1.7. Note that h, = CH,, K or €2, give examples of such theories ([32,
§4.4.1]).

3.1.1 Degree formula

We call W € Sch;, a locally complete intersection scheme if the structure morphism
p: W — Speck is a locally complete intersection morphism ([15, B.7]). For such a
scheme there is a notion of fundamental class [1y] € hgimwy) (W) given by p*(1).

Definition 3.1.8. Let W be locally complete intersection scheme and f: W — X
be a projective morphism in Schy. Following [32], we will denote by [W — X] the
element f.([lw]) € h.(X).

For X € Schy and a closed integral subscheme Z C X consider a resolution of
singularities f: Z — Z — X.

Proposition 3.1.9. (Generalized degree formula,[32, Theorem 4.4.7]) Suppose h, is a
generically constant oriented Borel-Moore homology that has the localization property,
and X € Schy is an irreducible scheme. Then the h,(k)-module h,(X) is generated
by elements of the form [Z — X, where Z are proper closed integral subschemes of
X, and Z are given desingularizations of Z.

3.2 Oriented cohomology theory

Let Ring® denote the category of graded rings. A functor F': Sm;” — Ring” is
called additive if F(X[]Y) = F(X) x F(Y) and F()) = 0.

Definition 3.2.1. /32, Definition 1.1.2] An oriented cohomology theory h* on Smy,
s given by

e an additive functor h*: Sm}¥ — Ring*. For any f: X — Y € Smy, we will
denote the corresponding ring homomorphism as f*: h*(Y) — h*(X) and call
it the pull-back homomorphism.

e [For any projective morphism f: X — Y of relative codimension d, a homomor-
phism of graded h*(X)-modules

fo: h*(Y) — h* (X))

that is called the push-forward map.
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These data satisfy the azioms (Al),(A2),(PB),(EH) of [32, Definition 1.1.2]. The
fact that f, is a h*(X) implies that f.(f*(x)y) = x f.(y) which is called the projection
formula.

Often we will denote the product in the ring h*(X) by ab = aNb. This is
motivated by the case h* = CH" where multiplication is given by the intersection
product in Chow groups.

Consider an oriented Borel-Moore homology theory h, on Schy and its restric-
tion to Smy. For any X € Smy introduce the cohomological grading h*(X) =
Naim(x)—«(X). For any X € Smy, the diagonal embedding A: X — X x X is an Lc.i
morphism, thus one can introduce the ring structure on h*(.X) via the composition

h*(X) ®b*(X) — h*(X x X) 2 h*(X)

Then X +— h*(X) defines an oriented cohomology theory on Smy ([32, Proposition
5.2.1]).

3.2.1 Formal group laws

In this section we recall basic facts about formal group laws. The main reference
is [32, p.4]. Let R be a commutative ring. A formal group law over R is a power
series F' € R[[u,v]]([32, p. 4]) such that

o F(u,0) = F(0,u) =u
o F(u,v) = F(v,u)
o F(u,F(v,w)) = F(F(u,v),w)

Often we will use the notation u + v for F(u,v). In the rest of the paper we will
use this notion when R = R* is a graded ring and F' is homogenous, i.e. in the
decomposition F'(u,v) = Z(i i) a; ju'v? the elements a;; are homogeneous of degree
1—1—7.

Example 3.2.2. The basic examples of formal group laws include the additive formal
group law F,(u,v) = u + v over the ring R = Z and multiplicative formal group law
Fou(u,v) = u+ v — fuv over the graded ring Z|[3, 3~!] where deg(3) = —1.

There is a graded ring L called Lazard ring and a formal group law Fy over
the Lazard ring that is universal: for any formal group law F' over R there is a
unique ring homomorphism ¢g: L. — R such that F(u,v) = g(Fy(u,v)) in R[[u,v]].
The ring L is constructed as Z[z;; | i,j > 0]/I, where the ideal I is generated
by the relations imposed on the coefficients by the properties F'(0,u) = F(u,0) =
0, F(u,v) = F(v,u), F(F(u,v,w)) = F(u, F(v,w)) of the power series F(u,v) =
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@ utvl. For any formal group law F = > a; juv’ over R the homomorphism
L* — R is given by z; ; + I — a; ;. The ring L is graded with deg(a;;) =1 —1i — j.
The Lazard theorem verifies that the ring IL* is isomorphic to the polynomial ring in
countably many variables Zl[t, t5, ...] with deg(t;) = —1.

3.2.2 Chern classes

For X € Schy and a line bundle L — X with the zero section z: X — L there is the
Chern class operator
¢1(L): hy(X) = heq(X)
given by ¢;(L)(z) = 2*(z«(2)).
In the case X € Smy, the Chern class operator ¢; (L) is given by the multiplication
with the Chern class element ¢;(L) = z*(2.([1x])) € h*(X) :

a(L)(z) = a(L)

The operators ¢, (L) are nilpotent by [32, Lemma 4.1.3], and for two line bundles
L, M the operators ¢ (L) and ¢ (M) commute. There is a formal group law F; on
the ring h*(k) such that for every X € Schy and line bundles L, M on X

a(L® M) = Fy(c(L), & (M)).

Remark 3.2.3. The formal group law F' over h*(k) gives rise to a homomorphism
L* — h*(k). By the construction of the algebraic cobordism theory, one has Q*(k) =
L* and the latter homomorphism coincides with the natural map Q*(k) — h*(k)
arising from the universal property of the algebraic cobordism Q*. Then for any
X € Schy, the homomorphism 2,(X) — h,(X) descends to the homomorphism

0. (X) @1~ b* (k) — h,(X)

which is surjective by the degree formula (Proposition 3.1.9).

3.3 Auxiliary results

In this section we establish some standard facts about oriented cohomology theories
that will be used later in the thesis.

Lemma 3.3.1. Suppose X € Schy. Then there is a number n(X) such that for any
vector bundle Y — X of rank r and open subscheme U CY such that codimY \ U >
n(X) the pullback homomorphism p*: h,(X) — h.y.(U) is an isomorphism.
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Proof:  Note that the [19, Proposition 15] establishes the result for h, = Q,. The
same arguments prove the statement for general h,: by the Jouanalou’s device [23]
there is an affine torsor X — X with affine X. Denote by Y the pullback of Y. Then
h,(X) — h,(X) and h,(Y) — h,(Y) are isomorphisms. Thus it sufficient to prove
the statement for affine X. In this case there is a surjection from a trivial vector
bundle AY x X — Y. For the trivial vector bundle there is a section s: X — U when
codimY \ U > dim X thus p* is an isomorphism. |

Lemma 3.3.2. Suppose that a morphism f: X — Y in Smy, factors as f: X = L 5
Y where p: L — X is a vector bundle, z: X — L s a zero section and j is an open
embedding.

Then for every projective map a:Y' — Y and X' = X xy Y’ the following
diagram of pull-back and push-forward maps commutes (we omit the grading):

B(X") "> h(X)

e

h(Y’) —2>n(Y).

Proof: Observe that the map f': X’ — Y’ factors as X’ AL Xy Y’ EN Y’ where
Z' is the zero section of the vector bundle p': L' = L xy Y’ — X', and j’ is an open
embedding. Let b denote the canonical map L' — L. Since j and j' are flat, we
have j*a, = b,j’*. Note that by the homotopy invariance property z* = (p*)~! and

1%

2 = (p™*)~!. Since p and p’ are flat, p*a/, = b,p’*. Then z*b, = a/,2™* and

3.4 Equivariant oriented cohomology theory

According to [19], for an algebraic group G and an oriented Borel-Moore homology
theory h, one can associate its G-equivariant version defined on schemes with G-
action. The construction of [19] is carried out for algebraic cobordism (2, but it can
be applied to any oriented Borel-Moore homology with localization property by [19,
§5]. In this section we recall the construction. Let G be a linear algebraic group.

Definition 3.4.1. [19, Definition 10] A good system of representations (V;,U;) con-
sists of a sequence of G-representations V;, open subschemes U; C 'V, such that
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G acts freely on U; and the quotient U;/G exists in the category Schy

for any i there is a representation W; such that Vi 1 = V; & W,

there are inclusions U; CU; @ W; C U;

lim; .o dimV; = oo

codim(V; \ U;) > codim(V; \ U;) fori > j

Such systems exist by [45, Remark 1.4]. For X € G — Schy, the quotient (X x
U;)/G exists in Schy, by [19, Lemma 9]. We will denote (X x U;)/G by X x% U,.

Remark 3.4.2. If (V;, U;) is a good system of representations, then for any G-variety
X the connecting maps X x¢ U; — X x% U, factor as in 3.3.2, i.e., we have
X XGUZ‘ — X x¢ (UZ@VVZ) — X XGUZ‘_H.

Definition 3.4.3. For a linear algebraic group G and X € G — Schy, define

hS(X) = lim h,y gimp,—dima(X x© Uy),
1— 00
and the graded oriented Borel-Moore homology theory

nY'(X) = P (X).

nel

Remark 3.4.4. The definition of h¥(X) does not depend on a choice of a good system
of representations (V;, U;)[19, Theorem 16,85]. There is also an ungraded version of
oriented Borel-Moore homology theory he(X) = limh, (X x¢ U;)[19, Definintion 12].
Being different, these theories share the list of formal properties [19, Remark 13].

When X € G—Sm;, we will use the cohomological grading h%%(X) = h§ . (X)
and call h{,(—) the graded equivariant cohomology theory.

Remark 3.4.5. In the case when h = CH the graded equivariant groups h% coincide
with the equivariant Chow groups CHY of Edidin-Graham [13].

3.4.1 Pull-back, push-forward maps and action restriction

Suppose that f: X — Y is a G-equivariant locally complete intersection morphism
of relative dimension d. For any ¢ it gives rise to a locally complete intersection
morphism f x%id: X x¢ U; =Y x% U;. The limit of induced pull-back maps gives
rise to a pull-back for equivariant theory f*: h%(Y) — h% ,(X)[19, §5]. The same
procedure establishes a push-forward map f,: h¢(X) — h%(Y) for any G-equivariant
projective morphism f: X — Y.
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If H C G is a subgroup of G, then any good system of G-representations (U;, V;)
is also a good system of H-representations ([19, 4.6.1]). Thus for any ¢ there is a
natural projection X x# U; — X x© U;. The pullback of this projection gives rise to
the forgetful map
nY(X) — n(Y).

Lemma 3.4.6. ([19, Theorem 26]) For any X € G — Schy, there is an isomorphism
h(X) = h8(X x G/H) and the forgetful map h%(X) — hH(X) coincides with the
pullback h%(X) — h%(X x G/H).

~Y

Proof:  The statement follows from the isomorphism of schemes (X xG/H)x“U; =
X x U; that fits into the commutative diagram

(X x G/H) xCU; —= X x" U,

_

XXGUZ'

with vertical arrows given by natural projections. i

Remark 3.4.7. By 2.5.5 for any X € G — Schy and any U; in a good system of
representations of B, the projection X xT U; — X xB U; is an affine fibration, then
by homotopy invariance property the natural homomorphism h?(X) — hI(X) is an
isomoprhism.

3.5 Weyl group action on 7T-equivariant cohomol-
ogy

Suppose G is a split semisimple algebraic group, T its split maximal torus and N =
N¢(T) its normalizer. Let W = N/T be the Weyl group and X € N — Sch;. Fix
a good system of N-representations (U;,V;). For any w = nT € W there is an
automorphism

my: X xT Uy = X xT Uy, (z,u) - T+ (zn,un) - T

These maps commute with inclusions X x7 U; — X xT U;,,. Thus the pull-back

maps of m,r induce an automorphism map h? (X) — h?(X), and we get a W-action
on h?(X).
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Lemma 3.5.1. Suppose A € T*. Let V\ be the corresponding 1-dimensional repre-
sentation of T. Then for any X € T — Schy, the quotient Ly = (Vy\ x X) xT U; is a
vector bundle over X xT U;. Consider w € W and the map my,: X xTU; = X xT U,.
Then the vector bundle m:,(Ly) is isomorphic to the vector bundle Li,(xy where w(\)
denotes the usual W-action on the character group T™.

Proof: Let w = nT,n € N(k). Note that V) has the same underlying vector
space as V). Consider a morphism

Juw: Lwoy = (Vo) x X) xTU; = (V\ x X) xTU; = Ly, (v,z,u) - T+ (v,zn,un) - T

This morphism is well defined since (v - A(n~'tn), ztn,utn) - T = (v, zn,un) - T. This
morphism fits into the commutative diagram:

XXTUZ'%X XTUi

Thus f,, induces a homomorphism of line bundles L, — m},(Ly). It is injective
since f,, is. Thus it is an isomorphism. i



Chapter 4

Motives associated to oriented
cohomology theories

The category of motives associated to a cohomology theory was considered in [33]. For
the classical construction of Chow motives we refer to [14, Ch. XII]. In this chapter
we recall the construction of the category of h-motives associated to an oriented
cohomology theory h and establish some necessary auxiliary results.

4.1 Motives over a smooth base scheme

Let S € Sm;, be a smooth irreducible base scheme. Denote by SmProjg the full
subcategory of Smg consisting of pairs (X, f) where f: X — S is a smooth projective
map. For any X,Y € SmProjg denote by

CO’I“Tm(X, Y) = hgim X—i—m(X Xg Y)

Consider the category Corry,(S) in which objects are pairs (X, 7), X € SmProjg,i €
Z. For XY € SmProjg let X;,... X, be irreducible components of X. Then the
morphism set is defined as

HomCOTTh((Xa Z)? (K ])) = @ CO’I“T'Z-_]'(Xh Y)
=1

Composition in the category Corry(S) is given by the convolution product defined as
follows. Suppose X, X5, X3 € SmProjg are irreducible. Let p;;: X; xg Xo Xg X3 —
X; xg X, denote the corresponding projections for 1 < i@ < j < 3. Let a be a
morphism from (X3,) to (Xs,42), and 5 be a morphism from (Xs,i5) to (X3,143), so
@ € Nim(x,/8)+i1—ia (X1 X X2), 8 € Ddim(xXy/8)4is—is (X2 X X3). Then the composition
v = [ o« is given by the element

v = p13«(Pio(@) N P55(6)) € haim(x,/9)+i1—is (X1 X5 X3).

27
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Note that in the category Corry(S) the object (X UY,4) is a direct sum of (X 4)
and (Y, 7). Consider the additive completion of Coorry (S) of the category Corry(S) so
the objects of Corry (S) are formal direct sums &(X;, n;) where X; € SmProjg are
irreducible and the homomorphism between direct sums &7, (X;, n;) and &7, (X!, n!)
are given by m x m’ matrices with entries in Corrni_n;_ (Xy, X7).

Define the category of h-motives My (S) as the idempotent completion of the cat-
egory Corry (S). The objects of My(S) will be the pairs (A, p) where A € Corry (S)
and p € End(A) is an idempotent p o p = p. The homomorphisms are given by

Hoth(s)((A,p), (‘87 q)) =4qo° Homc’orr;r(S) (A7 B) op

So the category My(S) is additive and has image and kernel for any idempotent.
In the case S = Speck, h, = CH, the category obtained is the classical category of
Chow motives [14, Ch. XII].

Definition 4.1.1. For XY € SmProjg consider an isomorphism t: X xgY —
Y xg X that flips the coordinates. For any o € hy(X xgY) define its trasnpose
af € hy(Y x5 X) as the image t.(a) € hy(Y xg X).

Definition 4.1.2. For any X € SmProjg denote by My(X)(i) € My(S) the image
of the object (X,i) € Corry(S).

Remark 4.1.3. There is a functor SmProjg — My(.S) which sends X to M (X) and
any morphism f: X — Y to 'z ([1x]) € haim(x/s)(XxgY) = Hom gy (M(X), M(Y'))
where I'y: X — X Xg Y is the graph morphism. We will write [I'f] instead of

L re([Lx])-

For any X € SmProjg by definition one has
Naim 5+ (X) = Homp,(s)(S(i), M (X))

h'(X) = Homp,s)(M(X), S(4))

The pull-back map f*h*(Y) — h'(X) and the push-forward map f,: h;(X) — h;(Y)
then can be realized as the pre-composition and composition with morphism I'; re-
spectively.

The natural transformation Q,(—) — CH,(—) gives rise to a functor F': Corrq(S) —
Corrcu(S) and as a consequence, the functor Mq(S) — Mcu(S). We will check ana-
logues of the properties of [46, §2].

Lemma 4.1.4. The functor F': Corrq(S) — Corrcu(S) has the following properties
(1) F is surjective on isomorphism class of objects

(2) F is surjective on homomorphisms



4. MOTIVES ASSOCIATED TO ORIENTED COHOMOLOGY THEORIES 29

(3) the kernel of Fx: Endcorq(s)(X) = Endcoren(s)(F(X)) consists of nilpotents
for any X € Corrg(S).

Proof: = We repeat the arguments of [46, §2] The properties (1), (2) are obvious. For
any (X, i) € Corrg(S) we have to check that Qgim x (X XsX) = CHgim x (X XsX) has
nilpotent kernel. By [32, Remark 4.5.6] the kernel coincides with Q51 (k)-Q.(X x g X).
So for every y in this kernel y¢ € Qgim(x/s)(X X5 X) N (Q2a (k)2 (X X g X)) which is
zero for d > dim(X x¢X) since Qo(X xgX) = 0. So the kernel of Ende,,, ) (X,i) —
Endg,,,: (g)(X, i) consists of nilpotents. i

Corollary 4.1.5. If f: My — M, is a morphism in Mq(S) such that its image is
an isomorphism in Mcu(S), then f is an isomorphism.

Proof:  This follows from 4.1.4 and [46, Lemma 2.1,Proposition 2.5]. i

4.2 Equivariant motives

Let G be a linear algebraic group. Consider the category G — SmProj, of smooth
projective k-varieties with G-action and G-equivariant maps. We repeat the con-
struction of the category My (k) in context of G-equivariant varieties and construct
the category of G-equivariant motives Mgy (k).

For X,Y € G — SmProj,, define

G — Corrpy(X,Y) =h§ yom(X X Y).

Consider the category G — Corry(k) in which objects are pairs (X,i), X € G —
SmProj,,» € Z. For X, Y € G —SmProjg let X;,...X,, be irreducible components
of X. Then the morphism set is defined as

Homg—corny (X, 1), (Y. ) = P G — Corri_j(X,,Y).
=1
The composition in the category G — Corry(k) is given by the convolution prod-
uct defined using equivariant pull-back and push-forward maps as follows. Suppose
X1, X2, X3 € G — SmProj, are irreducible. Let p;;: X; xg Xo xg X5 — X; x5 X;
denote the corresponding projections for 1 < ¢ < j < 3. Let a is a morphism
from (Xy,41) to (Xg,72) and [ is a morphism from (Xs,i3) to (X3,i3), so a €
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pdGin}(Xl/S)Hl_i? (X1xX3),B € hg’;m(XQ/S)HQ_Z.S (X5 x X3) then the composition v = Soa
is given by the element

¥ = P13c(Pra(@) NP35(8)) € Bim(x,/5)4ir—is (X1 X5 X3).

Consider the additive completion G — Corry (k) of the category G — Corry (k).
So the objects of G — Corry (k) are formal direct sums @®(X;,n;), where X; € G —
SmProj, are irreducible and the homomorphism between direct sums @&, (X;, n;)
and @7, (X!, n}) are given by m x m’ matrices with entries in G — Corrn,—n, (Xi, X5).

Define the category of G-equivariant h-motives Mgy (k) as the idempotent com-
pletion of the category G — Corry (k). The objects of Mgn(k) are the pairs (A, p)
where A € G — Corryf (k) and p € End(A) is an idempotent, i.e. pop = p. The
homomorphisms are given by

HomMG,h(k)<(A7p)7 (B7 q)) =qo HomCorr}T(S) (A7 B) op.
So the category Mg n(k) is additive and has image and kernel for any idempotent.

Definition 4.2.1. For any X € SmProjg denote by Mgn(X)(i) € Man(k) the
image of the object (X,i) € G — Corry(k).

Remark 4.2.2. There is a functor G — SmProj, — Mgn(k) which sends X to
Mgn(X), and any morphism f: X — Y to I'n([lx]) € thim(X/S)(X Xs Y) where
I'f: X = X x¢ Y is the graph morphism. We will write [I'f] instead of I'f.([1x]).

For any X € G — SmProj, by definition one has
hfi;im S-i—i(X) = HOmMG,h(k) (Mg<pt) <Z>7 MG'(X))a

ho(X) = Homag, e (Ma(X), Ma(pt) (7))

The pull-back map f*: hi,(Y) — hi,(X) and push-forward map f.: h¥(X) — h¥(Y)
then can be realized by the pre-composition and composition with the morphism I';.

4.3 Lifting of idempotents

Suppose that A*, B* are associative unital graded rings, and f: A* — B* is a graded
homomorphism. Two idempotents p,q € BY are called orthogonal if pg = gp = 0.
We will say that there exists an isomorphism of degree d between p and ¢ if there is
a € pBlq and b € ¢B~ %, such that ab = p and ba = q.

Definition 4.3.1. Following [39, §2], we will say that f lifts decompositions and
1somorphisms strictly if
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e for every decomposition 1 = q1 + ... + qn, where q; are pairwise orthogonal
idempotents in B°, there is a decomposition 1 = p; + ... + p, where p; are
pairwise orthogonal idempotents in A° and f(p;)) = q,i=1...n

o for any idempotents p1, py € A° and elements a € f(p1)BLf(p2),b € f(p2)B~2f (p1)
such that ab = f(p1) and ba = f(ps), there are a’ € p1 A%y and b € pa A=,
such that f(a') = a, f(V') = b,a’b = py,V'a’ = p,.

Lemma 4.3.2. [39, Proposition 2.6] Suppose that f: A* — B* is a surjective ho-
momorphism of associative unital graded rings and the kernel of f restricted to A°
consists of nilpotents. Then f lifts decompositions and isomorphisms strictly.

Lemma 4.3.3. Consider a commutative square of abelian groups

A—2= n

b

B> p

Suppose that f and f" are surjective and the induced map ker(f') — ker(f’) is surjec-
tive. Then the homomorphism A — B x g A’ is surjective.

Proof: Consider (b,a’) € B xpg A’. Then there is a; € A such that f(a;) = b.
Then a' — g(ay) € ker(f’) so there is ay € ker(f) such that g(as) = a’ — g(a;). Then
a = aj + as is a preimage of (b,a’) in A. |

Lemma 4.3.4. Consider two directed sequences of graded rings Aj,, — Aj and
Bi , — Bj,i € Ny, and a homomorphism of these systems f;: A — Bj. Suppose
that

(1) f; is surjective and ker(f;) consists of nilpotents for every i
(2) the map ker(fi11) — ker(f;) is surjective

Consider A™ = @ Al B" = lﬁn B! and A* = @,ezA™ and B* = @,z B". Then
the limit f: A* — B* is surjective and lifts decompositions and isomorphisms strictly.

Proof:  Lemma 4.3.3 implies that f is surjective. Let us check that it lifts decom-
positions and isomorphisms strictly. Suppose that 1 = ¢; +...4¢, is a decomposition
in BY. Each ¢, is given by a sequence (g; ;) € B? such that ¢; ; — ¢; j—1 under the ho-
momorphism B; — B;_;. By Lemma 4.3.2 there is a decomposition 1 = p; o+. . .+pn0
in Aj such that fo(pio) = ¢i0. We construct a sequence of decompositions (p; ;) € A?
by induction. For every ¢ consider a homomorphism A} — A7 ; x B;. There is
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decomposition 1 = (1,1) = (p1,j-1,¢1,;) + - -- + (Pnj—1,n,;). This decomposition lies
in the image of A} by Lemma 4.3.3, thus by Lemma 4.3.2 there is a decomposition
1 =pi;+ ...+ p,; that is a lift of decomposition ¢; ; and is mapped to p; ;-1 via
the homomorphism A7 — A% ;. Then the sequence (p; ;);jen, defines a decomposition
l=pi+...4+p, € A" that lifts 1 = ¢; + ...+ ¢,. The same reasoning shows that the
map A* — B* lifts isomorphisms strictly. i

4.4 Cellular spaces and equivariant Kiunneth iso-
morphism

Foe X,Y € Schg one can consider the K-homology group A(X x5 Y, K,) as corre-
spondences. In the case when X, 7 € Schg and Y € SmProjg there is a pairing for
K-homology groups [14, §62]

AY xs Z,K,) x A(X x5 Y, K,) > A(X x5 Z, K,)

playing the role of the composition of correspondences.

If f: X =Y in Schg is a flat morphism, 8 € A(Y xg Z, K,) there is a notion of
composition fo f € A(X xg Z, K.)

Such that for Z € SmProjg,Y,T € Schg and flat morphism f: X — Y then
for any a € A(Y x5 Z,K,),5 € A(Z xsT,K,) one has (Boa)o f=pFo(ao f).[14,
Proposition 62.8]

Definition 4.4.1. [14, §66/ A morphism f: X — Y in Schg is called an affine
fibration of rank d if f is flat and for every pointy € Y the fiber X, = X Xy y is
isomorphic to the affine space Ag(y).

Definition 4.4.2. [14, §66] A scheme X € Schg is called relatively cellular if there
s a filtration by closed subschemes

=X ,CXCXyC...CX, =X

and affine bundles p;: U; = X; \ X;—1 — Y; of rank d; in Smg for 0 < i < n. The
schemes Y; € Smg are called bases of cellular filtration.

Lemma 4.4.3. [14, Theorem 66.2] Let X € SmProjs and X is relatively cellular
(definition 4.4.2) with bases Y; € SmProjg. Let a; € CHaimx,(X; XgY;) be any
preimage of [I'y,] under the pullback map CHgaim x,(X; X5 Y;) = CHaim x, (Ui x5 Y;)
and a; = fiu((a;)') € CH(Y; x5 X) where f;: X; — X is a closed embedding. Then

Zaii Dy Mcu(Y;)(di) = Mceu(X)

is an isomorphism in Mcy(S).



4. MOTIVES ASSOCIATED TO ORIENTED COHOMOLOGY THEORIES 33

Proof: Let g;: U; — X; be the inclusion. For any = € A(Y; xg Z, K,) we have
(xoaw)ogi =xo0(a;0g) by [14, 62.8]. Thus the composition

AY; x5 Z,K.) 5 A(X xs Z,K,) 5 AU xs 2, K,)

equals to the isomorphism p}, hence ¢ is a split surjection. Then the connecting
homomorphism Ay, 1(U; xs Z, K_) — CHi(X;_1 Xg Z) is zero and there is a short
exact sequence

0 — CHp(X;-1 X Z) — CHi(X; x5 Z) - CHi(U; xs Z) — 0
which is a split surjection for any ¢, thus the map
> a;: @y CH(Y; x5 Z) — CH(X x5 2)
is an isomorphism, so by Yoneda lemma the map
S @l Men(Y)(ds) — Mox(X)

is an isomorphism in Mcp(S). i

Lemma 4.4.4. Assume that X € SmProjg and there is a cellular structure
=X ,1CX)CXy,C...CX, =X

pi: Uy = Y, and Y; € SmProjg. Suppose for any i there is M; € SmProjg and
an S-map fi: M; — X; Xg'Y; such that the fiber of f; over U; XsY; is isomorphic
to the graph morphism U; — U; XgY;. Denote by «; the image of (fix([1as]))" in
hdiqu;(Yi Xg X) Then

Z ;i Z M (Vi) (dy) — My(X)

is an isomorphism in My(S).

Proof: Consider the case h, = 2, and the functor Mq(k) — Mcu(S). Then
the image of Y " ; o in Hompaeys)(®Men(Y:)(di), Mcu(X)) is an isomorphism by
Lemma 4.4.3. Then ) ", o; is an isomorphism by 4.1.5. Then its specialization to
any theory h, is an isomoprhism. |
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Corollary 4.4.5. Consider a flat map p: X — Y in SmProjg. Assume that there
18 a cellular structure

=X ,1CXCX,C...CX,=X

sych that p: U; = X; \ X; = Y is_an affine fibration of rank d;. Assume there is
X; € SmPrng and an S—map~ fir Xi — X, such that f; is an isomorphism over U;.
Denote by [X;] the elements [X; — X] in haim x,(X). Then

(1) [X;] form a basis of h*(Y')-module h*(X)

(2) In the case Y = S the pairing h(X) x h(X) — h(S) given by (a,b) = p.(ab) is
perfect.

Proof: Applying Lemma 4.4.4 to the case Y; =Y we get an isomorphism of mo-
tives @, My (Y)(d;) — My(X) given by oy = [X; = Y x X]. Then h,(X) has h*(Y)
-basis given by [X; — X]. In the case Y = S the inverse isomorphism of motives
F: My(X) — @},5(d;) is given by elements a; € h*(X). Then the basis a; is dual

to the basis [X;] € hgim s+a,(X) with respect to the pairing (a, b) = p.(ab). i

Corollary 4.4.6. (Kinneth isomorphism) Under the hypothesis of 4.4.5(2) the map
f:h(X xg X) — Endyg)h(X) given by a — fq, fo(x) = p2.(pi(x) - @) is an isomor-
phism of h(S)-modules.

Proof:  The pairing (-, -) gives an isomorphism h(X) — Homyg)(h(X),h(S)) and,
hence, an isomorphism Endys) h(X) = h(X) ®n(s) h(X). Consider the composition

p: (X xg X) 5 Endys) h(X) 5 h(X) @ns) h(X)

and a map m: h(X) ® h(X) — h(X xg X) given by 7(a ® b) = pi(a) - p5(b).

By definition, we have fps(aps)(2) = pax(pi(@)pi(a)ps(b)) = (x,a)b. Hence,
p(m(a®b)) = a®b and the map p is surjective. Note that Corollary 4.4.5 applied to
X xg X — X implies that h(X xg X) is a free h(X)-module of rank (n+1). Then it
is a free h(S)-module of rank (n+1)%. Thus, p is a surjective homomorphism between
free modules of the same rank, hence, it is an isomorphism. |

We now provide the equivariant analogues of Lemma 4.4.4 and Corollaries 4.4.5
and 4.4.6.

Definition 4.4.7. For X,Y € G — Schy, we call f: X = Y an equivariant affine
fibration iof f is equivariant and f is an affine fibration.
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Definition 4.4.8. [14, §66] A scheme X € G—Schy, is called relatively G-equivariant
cellular if there is a filtration by closed subschemes

P=X,1CXoCX,C...CX, =X

and G-equivariant affine fibrations p;: U; = X; \ X;_1 — Y; of rank d; for 0 <i < n.
The schemes Y; € G — Smy, are called bases of cellular filtration.

Lemma 4.4.9. Suppose X € G —SmProj, and there is a sequence of G-equivariant
closed subschemes

l=X,CXoCX;C...CX,=X
with G-equivariant affine fibrations X; \ X;—1 = U; = Y; with Y; € G — SmProj,.
Suppose for any i there is M; € G—=SmProj, and G-equivariant map f;: M; — X;xY;
such that f;: f71(U;) — U; is isomorphic to the graph map Iy : U= U; xY;. Let

()

denote the image of (fi([1a]))" in b, x,(Y; X X). Then the homomorphism

Z a;: @i Man(Yi)(di) = Man(X)
is an isomorphism in Mg n(k)

Proof: By Yoneda lemma it is sufficient to check that for any Z € G — SmProj,
the induced map

D i @0 (Z xY;) = 0G(Z x X) (%)

is an isomoprhism for any m € Z. Note that for any U; in the good system of
representations of G we have (Z x Y;) x¢ U; = (Z x9 U;) xy, 6 (Y; x9 U;), thus the
arrow in question a limit of the maps

hoir—a,((Z XCUj) xu, 6 (Vi x9Uy)) — 0§

i (Z XEU;) %6 (X xECU)),  (#%)
where r = dim U; — dim G.

For any U; in the system of good representations (V},U;) the schemes X; x¢ U,
give cellular filtration with bases Y; x¢ U; and schemes M; x G U, satisty the con-
ditions of Lemma 4.4.4 over the base scheme S = U;/G. Thus by Lemma 4.4.4 the

homomorphism (#%) is an isomorphism thus (*) is an isomorphism. i

Corollary 4.4.10. Consider a flat map p: X — Y in G — SmProj, and a G-
equivariant cellular fibration

(Z):Xfngogan:X

such that p: U; = X; \ X;.1 — Y is a G-equivariant affine fibration of rank d.
Assume there are X; € G — SmProj, and equivariant maps ]iz X, — X, such that
1 (U;) = Ui is an isomorphism. Denote by [X;] the elements [X; — X] € b, « (X).
Then
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(1) [X;i] form a basis of hi(Y)-module hi,(X)

(2) In the case Y = Speck the pairing hi(X) x h,(X) — hi (k) given by (a,b) =
ps(ab) is perfect

Proof: = By Lemma 4.4.9 there is an isomorphism of motives &' ; Man(Y)(d;) —
Mgy(X) given by ; = [X; — Y x X]. Then h%(X) has hi(Y) -basis given
by [X; — X] = [X;]. In the case Y = k the inverse isomorphism of motives
F: Mgn(X) — @, Man(k)(d;) is given by elements a; € h%(X). Then the ba-

sis a; is dual to the basis [X;] € h§ (X) with respect to the pairing (a,b) = p.(ab). B

Corollary 4.4.11. (Equivariant Kiinneth isomorphism). In the hypothesis of 4.4.10(2)
the map - hE(X x X) — Budys gy (h5(X)) given by a v fu, fu(2) = poa(5i(x) - a) is
an isomorphism of hi,(k)-modules.

Proof:  The pairing (-, -) gives an isomorphism hS(X) — Homu, ) (b (X), b (k)
and, hence, an isomorphism Endy:, (k) (he (X)) = n(X) @z, (k) he;(X). Consider the
composition

p: BE(X % X) & Endys g h5(X) S 05(X) Qe h5(X)

and the map 7: h§;(X) ® hf(X) — hi (X x X) given by 7(a ® b) = pi(a) - p(b).

By definition, we have fp:aps@)(2) = pox(pi(@)pi(a)ps(b)) = (x,a)b. Hence,
p(m(a ® b)) = a ® b and the map p is surjective. Note that by 4.4.10 applied to
X x X — X, hi,(X x X) is a free h;(X)-module of rank (n + 1), hence, it is a free
hf (k)-module of rank (n + 1)?. Thus, p is a surjective homomorphism between free
modules of the same rank. Hence, it is an isomorphism. i

4.5 Cellular structure on projective homogeneous
varieties

In this section we give a list of equivariant cellular structures on projective homoge-
neous varieties and their products that will be used. G is a semisimple split algebraic
group, T its split maximal torus, W the corresponding Weyl group and 7" C B a
Borel subgroup and B C P a standard parabolic subgroup. Denote by < the Bruhat
order on .
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B-equivariant cellular structure on G/P

The Bruhat decomposition implies that B orbits on G/ B are indexed by the elements
of W. For w € W let C(w) = BwB/B be the corresponding B-orbit. Then C(w)
is isomorphic to the affine space A!™)([2, 14.12]) Denote by X,, the closure of C(w)
in G/B and call it a Schubert cell. Then X,, = [, ., C(v) and for the filtration X;
given by X; = Uj)<;Xw We have a B-equivariant filtration X; with

w|l(w)=1

Then we can subdivide this filtration by considering any linear order 1 <’ w; <’
... <" w, on W that extends the Bruhat order and take X, = U,<,X,. Then
X, \ X, | =C(w;) =A™ thus

pcXicX, c...cX, =X

is a B-equivariant cellular filtration (in the sense of Definition 4.4.8) whose bases
coincide with Spec k.

For any w € W let w = s1...s, be a reduced decomposition. Denote I, =
(s1,...,5,) the sequence of simple reflections. Then the Bott-Samelson variety X7,
(1217, §7)) given by

X;, =P, xPP,x? .. 5P, /B

is smooth and projective and provides B-equivariant maps X;, — X, that is an
isomorphism over C(w).

Note that B-orbits on G/P are given by the cosets w € W/Wp and have the
form C(w) = BwP/P. Denote by Xy the closure of C(w). If w € WF is a minimal
length representative of the coset w € W/Wp then the projection C(w) — C(w) is
an isomorphism, then X;,6 gives a resolution of singularities of Xz, thus applying
Lemma 4.4.9 and Corollaries 4.4.10 and 4.4.11 we get that

Mpn(G/P) = @ Mpa(pt)((w)),

wew?r
the elements [X7,], w € W7 give a basis of h}(G/P) over hi(k) and hj(G/P x
G/P) = Endhg(k) (h*B(G/P))
G-equivariant cellular structure on G/B x G/B

The G-orbits of the diagonal G-action on G/B x G/B are given by O,, = (B,wB) -G
for w € W. The projection O(w) — G/ B is an affine fibration of rank [(w). For w € W
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let X,, denote the closure of O(w). Let w = s1...s, be a reduced decomposition.
Then the variety
X]w = G/B Xg/pil X ... XG/Pin G/B

is smooth projective and the fiber of X;, — X, over O(w) is an isomorphism. Then
Xi = Uyw)<iXw forms a filtration on G/B x G/B with X; \ X, = Hl(w):iO(w).
Subdividing this filtration we get a G-equivariant filtration X, with X \ X = =

1

O, thus by Corollary 4.4.10 [X, | form a basis of hq(G/B x G/B) over h(G/B).

G-equivariant cellular structure on G/P x G/P’

Suppose that P and P’ are two standard parabolic subgroups. We recall the cellular
structure on G/P x G/P' constructed by Chernousov and Merkurjev in [9]. By |9,
Lemma 2.1] the assignment w +— (P,wP’) - G gives a bijection between Wp\W /W
and the set of G-orbits on G/P x G/P'. For a class D € Wp\W/W}, let Op denote
the corresponding orbit. For any class D € Wp\W/W}, there is a standard parabolic
subgroup Pp and a G-equivariant affine fibration Op — G/Pp of rank [(D) where
[(D) is the length of the minimal coset representative of D (]9, Proposition 4.1]).
By [9, Proposition 5.1] there is a G-equivariant filtration V; on G/P x G/ P’ such that
Vi\Vi_1 = Op,. In case when k has characteristic zero we can take any G-equivariant
desingularisation of V; by [27, 3.9.1], thus by 4.4.9 we get that

Men(G/PxG/P)Y = @  Mau(G/Pp)(I(D))

DeWp\W/W}



Chapter 5

Formal affine Demazure algebras

In this chapter we recall the theory of formal affine Demazure algebras developed by
Calmes, Hoffnung, Malagon-Lopez, Petrov, Savage, Zainoulline and Zhong in [22],
[5],[6],]7],[4]. We will follow the exposition of [22].

5.1 Graded formal group algebra

Let h be an oriented cohomology theory with the coefficient ring R and the formal
group law F'. We recall the notion of formal group algebra studied in [4] [22],[5].
For an abelian group A let R[z,] denote the polynomial ring with variables x)
indexed by the elements A € A and e: R[zs] — R be the augmentation map that
maps z to 0 for any A € A. Define R[[x]] to be the ker(e)-adic completion of R[z,].
Let Jp denote the closure of the ideal generated by elements x4, — (zx +r x,)
for all A\, u € A.

Definition 5.1.1. Denote the formal group algebra of A and formal group law (R, F')
as the quotient

R[[A]]lr = Rl[za]]/ Jr.

Proposition 5.1.2. [7, Theorem 3.3] In case A = T* the formal group algebra
R[[T*]|F coincides with the ungraded oriented cohomology of a point

R[[T*]]F = hr(Speck)

Following the notation of [6] and [7] we will denote R[[T*]|r by S. We will need
a similar description for the graded equivariant theory h’.

Let R[[T*]] be the power series in variables x, indexed by elements of A\ € T*.
Declare the grading of each x) to be 1. Together with grading on R this allows to
define a grading of any monomial using the formula

degrzxy, ...z, = degr +m.

39



5. FORMAL AFFINE DEMAZURE ALGEBRAS 40

Definition 5.1.3. For i € Z define R[[T*]]" to be the subgroup consisting of power
series f such that every monomial of f has degree i. Let R[[T*]]% denote the image

of the natural map R[[T*]]" — R[[T*]]r.

Definition 5.1.4. Define the graded formal group algebra S9" to be the graded ring

59" = D RIT -

i€z,
Note that choice of a basis Ay, ..., A, in T provides an isomorphism ([4, Corollary
2.12)):
RHT*HF = Hxla s wxn]]? Ty, 7 X
Definition 5.1.5. We will call a power series in R[[T*||r = R|[x1,...,x,]] homo-

geneous if all the monomials on the power series have the same degree. Note that
this property does not depend on the choice of a basis of T* since for any A\, u € T*
xx +r x, 15 a homogeneous power series of degree 1.

Remark 5.1.6. The graded formal group algebra 59" is a subring of the formal group
algebra S consisting of finite sums of homogeneous power series.

Proof:  Choose a basis of T* and identify R[[T*||r = R|[x1,...,2,]]. This isomor-
phism identifies R[[T}]]" with a subgroup of homogeneous power series of degree i.
Thus R[[T*]]% are pairwise disjoint, so S9" injects into R[[T*]]r = S and is a graded
ring and S? equals to the subgroup of homogeneous power series of degree 1. i

Proposition 5.1.7. There is an isomorphism of graded rings with W -action
SS9~ h;(k),l’)\ — C{(L)\)

Proof: Choose an isomorphism 7" = G7,. This gives a basis Ay,..., A, of T™.
Choose a sequence U; = (A" \ 0)" as a system of good representations. Then
U /)T = (PH™ and h((P™H") = Rlxy,...x,)/(al, ..., 2) where z; = ¢1(L()))).
Then for any m € Z b™(U;/T) = (Rlxy, ... z,]/ (2%, ..., 28))™ and lim; .o h™(U;/T)
coincides with the group R[[xy,...,x,]|™ of homogeneous power series of degree
m. Thus h%(k) coincides with S9 inside R[[T*|]r = R][x1,...,x,]]. Note that
w - c1(Ly) = ¢1(Lweyy) by Lemma 3.5.1, thus the map S9" — h% (k) is W-equivariant
on generators. Hence it is W-equivariant. |

Example 5.1.8. In the case when R = Z and F' = F, is the additive formal
group law, the graded formal group algebra S9" coincides with the polynomial ring
Zlxy, ..., x,) where Ay, ..., A, is a basis of T*.
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5.2 Graded formal affine Demazure algebra

In this section we recall the definition of the formal affine Demazure algebra Dpg
introduced in [22] and develop its graded analogue D%

Let G be a semisimple split algebraic group. Fix a maximal split torus 7" and the
root system X. Denote by A, the root lattice, by A,, the weight lattice, and by A = T*
the intermediate character lattice. The corresponding Weyl group W = Ng(T')/T acts
on T* = A. This action gives rise to a W-action on R[[A]]r given by the formula

w(Ty) = Ty for any w € W, A € A.

As in the previous section, consider the formal group algebra S and the graded
formal group algebra 59" C S. Recall that the elements of S9" are finite sums of
homogeneous power series. Since R is an integral domain, then S and S9" are integral
domains by [4, 2.13].

Definition 5.2.1. For any root o € ¥ and any element x € R[[A]|r the difference
x — So(x) is uniquely divisible by xo by [4, Cor. 3.4]. Then the formal Demazure
operator AL is defined by

T — So()

Al (z) = for any x € R[[A]]r.

Ta
Note that if x € S9" then AL(z) € S9".

In the case when F' is additive or multiplicative, the formal Demazure operators
coincide with classical ones defined in [11]. The formal Demazure operators are R-
linear.

Remark 5.2.2. The operators AL have degree —1 on S9" and for any u,v € S
AL (uwv) = AL (u)v + so(u) AL (v) in S

Remark 5.2.3. As operators on S the Demazure operators have the following com-
muting relation with the multiplication operators. For any z € S we will write x for
the multiplication by z operator on S. Then

APy = s, (2)AL + AL (2) in Endg(9).

Let Q = S[-= | o € X] (respectively Q9" = S9"[-- | a € X)) be the localization of
S (respectively S97) in the variables corresponding to the roots. Then the W-action
on S naturally descends to a W-action on ) and Q9"

Let R[W] be the group ring of the Weyl group W. Denote the basis elements by
Ow,w € W.
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Definition 5.2.4. (/22, Definition 6.1]) The twisted formal group algebra Qw (re-
spectively Q3 ) is defined as

Qw = Q ®r RW],(Q}, = Q7 ®@r RIW]) as an R-module
with multiplication qiven by
0w + ¢'0uwr = qu(q')duur-

Definition 5.2.5. For each root o € X define the corresponding formal Demazure
element as
Xo=—(1-=14s,).
Definition 5.2.6. (/22, Definition 6.3]) The formal affine Demazure algebra Dp
(resp. graded formal affine Demazure algebra DY) is the subalgebra of Qw (resp.
W) generated by S (S9") and formal Demazure elements X,,a € X.

For any w € W fix a reduced decomposition w = s;,s;, ...s;, as a product of
simple reflections. Denote the sequence iy, ...14; by [,. Define X; = X; X;,... X

i
Note that in general X;, does depend on the choice of the reduced decomposition.

5.3 Generators and relations of the formal affine
Demazure algebra

Definition 5.3.1. For a root o € 3 denote by

1 1
KE=—+ —
To T_g
This element lies in S according to [22, Definition 4.2]. For a = a; we will write k;
for Kq,.

Remark 5.3.2. It is convenient to introduce another set of generators (|7, Definition
5.2])
Yo = ko — Xa
called push-pull elements.
For any o, 8 € A the element
1 1 1

KO@B = - -
Ta+8Tp Ta+pT—q Talp

lies in S by [22, Lemma 6.7]. For linear combinations of simple roots a = nyo;+my
and = Na; + Mot Knyitmijmaitmsej JOT Ka,g. Note that since a formal group law s
a homogeneous power series, the elements ko and Ko 5 lie in S9".
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Remark 5.3.3. Choose a set of simple roots a,...,a,. Let us denote X, by X;.
Let s; € W be the simple reflections corresponding to the simple roots «; Then the
Weyl group has the following presentation in terms of generators and relations:

W= (s | 82 = 1, (sss,)"™ = 1)

where
m;; =2 if (o, ;) = 0,
mi; =3 if (o), a;) = (af , i) — 1,
m;; =4 if (o), ;) = —1, <04]V,ai> = -2,
m;; =6 if (o), o) = —1, <oz;-/,ozi> = —3.

There is a presentation of the formal affine Demazure algebra Dg in terms of
generators and relations.

Proposition 5.3.4. (/5, Theorem 7.9/,[22, Proposition 6.8]) The formal affine De-
mazure algebra is generated as R-algebra by S and elements X;, i = 1...,n modulo
the following relations:

o X;0=s5i(0)X;+ Ai(9) forp €5,

o X?=rk;X,,

o ifm;; =2 then X;; = Xji,

o if m;; =3 then X;;; — Xji = Xikij — XjKji,

o ifmi; =4 then Xjiji—Xijij = Xij(Kioj—i+5) = Xji(Rir i) X5 (Ai (Kt
Kij)) — Xi(Aj(Kivej—j + Kia)),

o ifmi; =6 then Xjijiji— Xijijij = Xijij(Kjit+ Kaitsj—i—2j+Ki-3jivej tKivaj—j) —
Xjiji(Kijtrgisjiveitr—i—ojiraitrivg ) +Xji (Di(Kijtrgisjivei+K_i—2jiait
Kitgg)) — Xigi(Aj(Kji + Koirsj—ioj + Koiosjive; + Kitzj—5)) + Xiji — Xjiji +
Xi(Ai(&i) — Xi(A;(&5)),

1 1 1 1

where &;; = + + — —
é” TiTi4jTi+25T2i+35 TiTjTi42;T—2i—3; TiTjT2i4+3jL—i—j TiTit jTi425T—i—35
1

TiTitjTit3jL—5  LidjTit3jL—jT—24—35  Li43jT2i43jL—jT—i—25  LitjTi42jL—i—3jL—2i—35  LiTjTi42jTi4+3j
and &; = . + - + - -
g TiTjx2i4+3jT—i—2j  LTiLjTi+2jT—i—35  LjTi+2jTi43j%2i+35  LTiLjLi+;jT2i435  TitjLi+2jT—iT—2i—3j
1 + 1 1 1
Ti43jT2i43jT—i—jT—i—2j TitjTi4-35T—iT—i—2j TjTi43jT2i435jT—i—j TjTitjTit35T—i

Proposition 5.3.5. The graded formal affine Demazure algebra D% is a free left
S9"-module with the basis { X1, bwew -
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Proof: Note that D% is a subalgebra of D and the elements of X, form a basis
of Dg over S by [5, proposition 7.7]. Then X, are linearly independent over S9" in
DY'. Since the elements k;, k;; and & ; lie in S9", we get that X, generate D% a
S9"-module. |

Proposition 5.3.6. The graded formal affine Demazure algebra is generated as R-
algebra by S9" and X; module the same list of relations as in Proposition 5.3.}

Proof: The same set of relations holds in DY, so there is a homomorphism from
the algebra A generated by S97, X; modulo the relations to D%. Note that A is a
free S9"-module with the basis X7, , thus the homomorphism A — DY sends basis to
basis, hence is an isomorphism. |

In the case when F is additive FGL or multiplicative FGL the graded formal
affine Demazure algebra DY becomes a classical object: nil Hecke ring introduce by
Kostant and Kumar ([28]) or the 0-Hecke ring respectively:

Proposition 5.3.7. (/22, Proposition 7.1])

In the case R =7 and F is the additive formal group law S9" = Zxy,, ... xy,]
where \; form a basis of A =T and

DY is generated as Z - algebra by S9" and elements X;, i = 1,...,n modulo the
relations:

Xif = si(f)Xi + Ai(f) forany f €S

X2=0

(XZXJ)m”/2 = (XJXZ>m”/2 Zf mm iS even

Thus it is isomorphic to the nil Hecke ring ([28, Definition 4.12]).

In the case R = 7Z and F is the multiplicative formal group law specialized
at =1, then S9" = Z[T*] is the group ring of T* and DY is generated as

Z-algebra by S and X;, i = 1,...,n modulo the usual braid relations:
Xif = si(f)Xi + Ai(f) forany f €S
X? = X;

(X, X))/ = (X;X;)™0/2 if my 5 is even

Remark 5.3.8. It follows that in both additive and multiplicative cases the elements
X, do not depend on the choice of the reduced decompositions I, of w.
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5.4 Modules corresponding to parabolic subgroups

Let P C G be a standard parabolic subgroup and Wp C W the corresponding
subgroup of the Weyl group. The main result of [7] establishes an isomorphism
hr(G/P) = D3} between the ungraded T-equivariant theory of the homogeneous
space G/P and a certain projective D p-module D%, defined in terms of Wp. In this
section we adapt this result for the graded case to get an isomorphism b’ (G/P) =
D%™ between the graded T-equivariant cohomology of G/ P and some projective DY -
module D%

Definition 5.4.1. Let D} (D%”) denote the S-dual of Dp (S9"-dual of DY)
D} = Homg(Dp, S),D%" = Homger (D%, S7),

where D (DY) is considered as a left S-module (S9"-module).

Analogously,

Qy = Homq(Qw, Q), QY = Homqer (Qy.Q7)

Then Q3 (Q%") is a free left Q-module (Q9"-module) with the dual basis f, defined
by the rule f,(0,) = 657, where 657 equals to 1 if w = v and 0 otherwise.

w,v? w,v

Remark 5.4.2. Note that Dp = D% ®go- S. Thus there is a map D% " — D% which
is injective, since it sends the S9"-basis of D% to S-basis of D3..

The natural inclusion Dr — Qw induces an isomorphism Dr ®g¢ @ = Qw.
Therefore any S-linear map F' = Dp — S gives rise to a ()-linear map Fg: Qw =
Dr®s@ — Q. The assignment F' +— Fg defines a homomorphism Dy — Q5 which is
injective by [6, Theorem 10.7]. Then the corresponding homomorphism D%™ — Q¥
is injective. Following [30] we introduce the following:

Definition 5.4.3. Define the ®-action of Qw on Q7 by the rule
46w © pfo = qu(p) fuwo
Lemma 5.4.4. The ® action endows @y, with the structure of a left Qw-module

Proof: Note that q15w1 © (qéw ®pfv) = Q1w (Q)wlw(p)funwv = (QI6w1q5w) ®pfv I

Note that ® descends to an action of Q¥ on Q%"

Proposition 5.4.5. The ®-action of Dr (D% ) on Q3 restricts to the action on D%,

Dy
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Proof: The statement about Dp is proved in [30, Theorem 2.5]. The statement
for DY follows since D% = D% N Qf” inside Q5. |

Definition 5.4.6. Define Sww, (resp. S%/WP) as a free S (resp. S9" )-module with
basis 6z, w € W/Wp. Define Qw w, = Sww, ®s Q and Q%/WP = S%/WP Rgor QIT.

Note that Qw/w, (resp. Q%/WP) has a natural structure of the left Qy (resp.
Qi )-module given by the formula

q6w - Q10w = qu(q1)Owwr,

and there is a canonical Qw (resp. Qf)-module epimorphism Qw — Qw/w, (resp.
Qf — Q%/WP) given by 0, + 0.

Definition 5.4.7. [6, §11] Define Dgp (resp. D% p) as the image of the composition
Dy — Qw — Qwyw,(resp. DY — QY — %/WP).

The canonical inclusion Sy — Dp (resp. Sj — D%) induces an inclusion
Swywp — Drp (resp. Sy, — D%p) and the dual map D p — Sy, y,, (vesp.
D%’: »— S%/WP).

The same reasoning as in Remark 5.4.2 shows that there is an inclusion D%’: »C
D*FP.

Lemma 5.4.8.
Di’;* =D.nN Sl%* in Sy

grs Tk grk . *
Dy p = Dgp NSy w, 0 Swyw,

Proof:  The lemma follows from the fact that Q9" is faithfully flat S9"-module and
the equalities hold after taking tensor product with Q9": DF9™* ®gor Q9" = QY and
D p ®sor Q7 = QY- "

Lemma 5.4.9. The dual homomorphism D}, p — Sy, (resp. Dip — Sy, ) is

mjective.

Proof: = The ungraded statement is given by [6, Lemma 11.5]. The graded homo-
grx

morphism D, — S5 W is injective since it is given as a restriction of the ungraded
homomorphism Dy, p — Sy yp,, to D p C Di: p. i
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5.5 Demazure algebra and cohomology

*

In this section we connect the modules D%f » of the previous section to the cohomology
of homogeneous spaces. Note that T-fixed points on G/P correspond to the right
cosets W/Wp. So there is an embedding

W/WP%G/P,

where W/Wp is considered as a disjoint union of rational points indexed by the set
W/Wp. There is a natural action of W on W/Wp, thus a Ng(T')-action on W/Wp,
and the embedding W/Wp — G/P is Ng(T)-equivariant. Thus there is a W-action
on h(W/Wp) defined in Section 3.5, and the pullback of embedding gives a W-
equivariant map of SY9"-modules

b (G/P) — B (W/Wp).
We will call this map restriction to the fixed point locus. Since W/Wp is a disjoint
union of rational points indexed by W/Wp, there is a natural identification
W (/W) = S5
which sends class of a point indexed by w € W/Wp to the basis element fz.
Lemma 5.5.1. The isomorphism
b (W) W) = S0,

is W -equivariant, where the W-action on (W /Wp) is constructed in Section 3.5
and the W-action on S%;‘WP is given by the restriction of ®-action (Definition 5.4.3)
of Siy on Sy,

Proof: Take ¢ € 59" = hj(k) and take the element ¢[pty|, where [pty] de-
notes the class of the point indexed by w € W/Wp. Then for any v € W we have
v - (q[ptw]) = (v qQ)[ptew] = v(¢)[ptzw). Thus the isomorphism sends the element
v - q[pt] in b (W/Wp) to 6, © ¢fw in Shyy,,. i

According to Section 4.5, the cells of G/P are given by the Schubert varieties
X[ = BwP/P and the classes of Bott-Samelson varieties [X] | form a basis of
h’.(G/P) over S9" and hr(G/P) over S.

Proposition 5.5.2. The restriction to fived points locus homomorphism is injective
and identifies W.(G/P) with DEp inside Sj ., -

hp(G/P) ——=hp(W/We)
Dy S
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Proof: By [7, Theorem 8.11], the statement is true for the ungraded theory:
hr(G/P) — bhr(W/Wp) = Siy, is injective and its image is D} p. Note that
h%(G/P) is a subgroup of hy(G/P) given by linear combinations of [X] ], w € WP
with coefficients in S9" C S, and the graded restriction map hi.(G/P) — hi(W/Wp)
is a restriction of corresponding ungraded map. Then the graded restriction map
is injective. Note that Dy p in Sy y, is a free S-module and its basis lies in
Dip = Siyw, N Dpp by Lemma 5.4.8, then the image of h7(G/P) coincides with
DY, i

Lemma 5.5.3. D% is a free left D% -module of rank one.

Proof:  Let [pt] denote the class of a point in D%™ = h%.(G/B). By [30, Theorem
3.4] the elements Y7, ® [pt] equal to the Bott-Samelson classes [Xy,]| in hy(G/B).
Then Y7, ® [pt] form a S9-basis of D%, then D%™ is a free D% -module with basis

[pt]. |

Lemma 5.5.4. D}, has a structure of the Dy -module and the projection D™ —
D% corresponding to the push-forward map Wi(G/B) — hi(G/P) is a Dy -module
homomorphism

Proof: By [30, Lemma 3.3], the Dp-action on D7 descends to Dg-action on D}, p.
Note that D acts on Q. thus D% acts on D%, by Lemma 5.4.8. Note that the
push-forward map b (G/B) — hi(G/P) is W-equivariant. Thus the corresponding
homomorphism D%™ — D%, is a Sjj-module homomorphism. Then it is a D%-
module homomorphism since the elements z, are regular in S9". |



Chapter 6

Motives of homogeneous spaces

Throughout this chapter we consider a split semisimple group G, a special parabolic
subgroup P, a versal G-torsor ' — Spec K (2.4.18) and the corresponding twisted
homogeneous space E/P. In this chapter we prove the main result (Theorem 6.4.10)
of this thesis. The results of this chapter are original to the author.

6.1 The convolution algebra of a smooth projec-
tive morphism
Let X € Smy. Consider a smooth projective map f: Y — X of relative dimension d.

Definition 6.1.1. Denote by Y the n-fold fiber product Y xx Y Xx ... xx Y (n
times). Then Yy will form a simplicial scheme with standard projections as face
maps.

Lemma 6.1.2. Let po, pa3, p13: Yy — Y2 be standard projections. Then the rule

T * Y = Pra«(P12(T) N P33 (y))

defines an associative product on h*(YZ) and the product of m elements is given by
the formula

Ty % Ty .. * Ty = PLmy1 (D] o(21) N p§73($2) N NPy (Tm))-

Proof:  For a,b,c € h*(Y2) we have that a * (b* c) = pi3.(pla(a) N pispiz«(pio(b) N
P33(¢))) = P13«(P12(@)MP124:D334 (P12(D)NP335())) = P13 (Pr2a«(PT2(a) P35 (D) P34 (c))) =
Prax(plo(a) N phs(b) N ps,(c)) = (a *x b) x c. The analogous formula for n elements is
obtained by induction. i

49
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Remark 6.1.3. Note that the convolution product acts on graded components in

the following way
(YY) @ " (Y3) — b T(YR).

Then h%(Y32) is an algebra with respect to the convolution product.

This construction is functorial with respect to base change:

Lemma 6.1.4. Let Y — X be smooth projective, A € Smy and f: A — X. Take
B = A xx Y. Then the pullback of the map B} — Y2 induces a homomorphism of
convolution algebras h*(YZ) — h*(B%)

Proof: Note that for every 1 <17 < j < 3 there is a Cartesian square

B} —=Y3}

lpij \Lm]’

 p—

The vertical arrows are flat, so the square is transverse. Thus the pushforwards
commute with pullbacks and the pullback h(Y#) — h(B%) is a homomorphism of
convolution algebras. i

Assume that X’ — X is an open inclusion and let Y’ be the fiber: Y/ =Y x x X'.

Proposition 6.1.5. The kernel of the convolution algebra homomorphism h*(Y3) —
h*(Y{Z) consists of nilpotents (with respect to the convolution product).

Proof:  Let Z be the closed complement of X' in X and W = Z X x Y be the fiber
over Z. Then for any n two squares on the diagram

Wo— YR~ Y (1)
Z X X'

are Cartesian. Then for any projection p;;: Y — Y3 the diagram

Wy —=Y¢ (2)

b

W2 —Y3}
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is Cartesian. Now if an element z lies in the kernel of h(Y2) — h(Y{?), then by the
localization sequence z lies in the image of h(W2). Take d = dim X + 1. Then the
d-fold convolution product of x equals to

2" = pra.(piy(x) N pis(z) N ... N Py ()

Where p;; are projections Yt — Y. Note that each p;;(w) lies in the image of
h(WE) — n(YE™). Since the left square in (1) is Cartesian, applying Corollary A.0.9
to the map Yo' — X implies that the product p*y(z) N pis(x) N ... N P () is
zero, thus d-fold convolution product z*? is zero.

6.2 Endomorphism ring of a versal homogeneous
space

The aim of this section is to prove the Theorem 6.2.4. We apply the general setting of
Section 6.1 to relate the endomorphism ring of motive My(E/P) to the convolution
algebra hi,(G/P x G/P). Let P be a parabolic subgroup of G. Fix a system of good
representations (V;,U;) of G. For any U; in the system consider a smooth projective
map.
U /P —U; /G

Then by Lemma 6.1.2 there is a convolution product on h*((Ui/P)?]i/G). For a versal
torsor £ — Spec K let V' denote its ambient G-representation (2.4.18). By definition

there is an open subset U of V' such that £ — U is a fiber over the generic point
Spec K — U/G. Then E — U is a limit of open embeddings

E= lim FEy
W-U/G

where W runs over all open subsets of U/G and Eyy is the fiber over the open subset:
EZ =U Xyu/G (W)
There is the following diagram consisting of Cartesian squares:

EXPUiHV XPUZHUZ/P

| L

EXGUZ‘*)V XGUZ*)UZ/G
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Proposition 6.2.1. Consider the induced map of convolution algebras

i h*((Ui/P)%Ui/G)) — (B x" Ui)?ExGUi))

Then f; is surjective, ker(f;) consists of nilpotents and the inclusion U; — Uiy in-
duces a surjective homomorphism ker(fi11) — ker(f;)

Proof:  Since (E x? U; )ixoy, = imw o, /a(Ew x P U;)? then

Ew xGU;»
h((E x Ui)%ExGUi)) = colimy v,/ h((Ew x Ui)?EWxGUi))'
For every open W in U/G the map of convolution algebras
h((V % U) vxGoy) = B((Ew X U)(EWXGU)>

is surjective and its kernel consists of nilpotents by Proposition 6.1.5. Note that
V x% U; — U; /@G is a vector bundle, therefore the pullback

h<<Ui/P>%Ui/G)) —h((V x” Ui)%VxGUi))

is an isomorphism. Then the homomorphism f;, is a colimit of surjective maps
with kernel consisting of nilpotents. Therefore it is surjective With kernel consist-
ing of nilpotents. The kernel of f; is covered by colimyh,((Z x? U, ) 7xGU) ) where
Z runs over closed subsets of V' that include V' \ U and closures of preimages of
closed subsets of U/G. For any Z the inclusion U; — U, induces a surjection
h.((Z X" Uit1){ycu,.,) = B((Z X7 Uity cp,)), hence the map ker(fi+1) — ker(f;)

is surjective. i

Lemma 6.2.2. There are isomorphisms of convolution algebras
0" ((Ui/ Py, jc)) =0 ((G/P x G/P) x“ U;)

where the action of G on G/PxG /P is given by (g1 P, g2 P)-g = (97 g1 P, g ' 92 P). and
the convolution product on the right hand side is given by three projections (G /P3) x¢
U; — (G/PQ) x & Us;.

Proof: There is a commutative diagram

G/P xC U, —=U;/P

| |

U,/G U,/G
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where the upper arrow is an isomorphism given by (¢gP,u) - G +— ugP. Then by
functoriality Lemma 6.1.4 there is an isomorphism of convolution algebras

h((Ui/ P, cy) = b((G/P x ¢ U)ivc))-

The isomorphism (G/P x¢ Ui)(v, ) = (G/P)" x @ U; respects the projections, there-
fore there is an isomorphism of convolution algebras h((G/P x“U )%Uz Ja)) = h((G/Px

By functoriality 6.1.4 the inclusion U; — U;;; induces a convolution algebra
homomorphism
h(E XP U’L'+1>(2E><GU1'+1) — h(‘E XP Ui)?EXGUi)

Lemma 6.2.3. There is an isomorphism of convolution algebras

lim b*((E %" U){go,)) = 0" (E/P x E/P)

1—00

Proof: Note that £ x“ U; is an open subscheme in the affine space E x¢ V; and
E xP Uy is on open subset of the vector bundle £ x* V; over E/P and the codimension
of its complement is equal to the codimension of the complement of U; in V;. Then
by Lemma 3.3.1 for sufficiently large ¢ there projection induces an isomorphism

h((E/P)") = b((E x” Ulgopy)in = 2,3,

This isomorphism respects pullbacks and pushforwards of projection, thus for n = 2 it
induces an isomorphism of convolution algebras h(E/Px E/P) — h((E XPUi)?EXGUi)>
for sufficiently large i.

Theorem 6.2.4. Let d = dim G/P There is a surjective homomorphism of graded
convolution algebras

hi.(G/P x G/P) - h"(E/P x E/P)
that lifts idempotents and isomorphisms strictly.

Proof: By Proposition 6.2.1 and Lemma 6.2.2 for any number ¢ there is a sur-
jective convolution algebra homomorphism with kernel consisting of nilpotents and
ker(fi+1) — ker(f;) is surjective where

fi: 0*((G/P x G/P) x“U;) = b*((E X" U;){gyau,))-
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Then the limit homomorphism f

f:hg(G/P x G/P) — lmb*((E <" Up)pycu,)

is surjective and lifts decompositions and isomorphisms strictly by Lemma 4.3.4. Now
the statement follows from Lemma 6.2.3. i

6.3 Relation to the formal affine Demazure alge-
bra.

Let X = G/B. Recall that 59" = hi.(k) = hiz(k) (5.1.7,3.4.7). Since the cellular struc-
ture on X given by the Bruhat decomposition is B-equivariant (4.5), Corollary 4.4.11
implies existence of the Kiinneth isomorphism h; (X x X)) ~ Endgs (b (X)) between
the respective convolution algebra and the ring of S9"-linear endomorphisms.

Theorem 6.3.1. The composition of ring maps
he (X x X) = hj(X x X) = Endger (hiy(X)) (6.3.1)

is injective and its image is the subalgebra in Endger (h(X)) generated by multipli-
cation by elements of hx(X) =hi(k) = S9 and the push-pull operators

pipi.: Wp(X) = hp(G/B) = hp(X),

where «; is a simple root, P; is the corresponding minimal parabolic subgroup and
pi: X — G/ P, is the corresponding projection.

Before proving Theorem 6.3.1 we need several lemmas. For any w € W let O,
denote the G-orbit (B,wB) -G in X x X. Let X,, be the closure of O,,. For the i-th
simple reflection s; we denote X, simply by X;.

Lemma 6.3.2. We have X; = X Xg/p, X and, in particular, X; is smooth.

Proof: We have (g1B,9:B) € X x¢g/p, X iff g1 P; = g2F;, so g2 = g1h for some
h € P;. Since P; = B U Bs;B, it means that either goB = g1 B or ¢oB = ¢1Bs; B, so
(1B,92B) € O;UAx = X;. i

For an element w € W consider its reduced decomposition w = s;, ...s; . Let

I, = (i1, ...,ix). Define by X;, the variety

e

X[w =X XG/pz.l X ><G/pi2 XG/Pl.k X.
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Then X, is a smooth projective variety with diagonal G-action. Note that X; =
Xi, Xx Xi, Xx ... Xx X;,. Consider the projection on the first and the last factor
prk+1: X7, — X X X. Then the fiber of p; 41 over O, is isomorphic to O, Xx
X...xXx Os, = Oy. Let [Xp,] denote the image pi 11.4(1) € hp(X x X).

Lemma 6.3.3. The image of [X;,] under the Kiinneth isomorphism h(X x X) —
Endgssr (hp(X)) is the composition of push-pull operators p; pi,s© ... pj Diyx-

Proof: By definition of the Kiinneth isomorphism, the image of [X,] is the
S9"-linear operator

(X0 24 w5 (X % X) 0 ne (X x X) P n(X).

It equals to the composition

Consider the diagram:

*

h*Bj/X) a i 11 Hh* (X(Zl %2)>*>"'*>hE(XIw>
Wy (G/P,) 1 iy (X,,)
wy(G/P,) by (X)

hj(X)

Each square in this diagram commutes, so we get that pyii. o p] equals to the com-
position pf, pi,« © ... 0 P} Dix- i

Lemma 6.3.4. For any w € W fiz some reduced decomposition I, of w. Then the
classes [X1,]a, w € W form an S9"-basis of hi(X x X).

Proof:  The closures X, form a relative cellular G-equivariant filtration on X x X
over the second X and Xj, satisfy the conditions of 4.4.10. Then the statement fol-
lows from Lemma 4.4.10. i
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Proof: (Proof of theorem 6.3.1)

The same reasoning as in Lemma 6.3.4 shows that the classes [ X, ]| form an hj;(X)-
basis of hi; (X x X'). Moreover, the first map in (6.3.1) maps [ X7, ]¢ to [X[,]s. There-
fore, to check the injectivity it is enough to verify that the map S9" = h{,(X) — hj(X)
is injective. The latter morphism coincides with the G-equivariant pullback h,(X) —
h%.(X x X) by Lemma 3.4.6 which is injective by 4.4.10. Then the statement follows
from Lemma 6.3.3. i

Theorem 6.3.5. The convolution algebra hiy(X x X) is isomorphic as R-algebra to
the graded formal affine Demazure algebra DY .

Proof: By Theorem 6.3.1 the ring h{, (X x X)) is isomorphic to the subalgebra of
Endger (h(X)) generated by S9 and push-pull operators pfp;.. Since the map B —
B/T is an affine fibration, the natural map hj;(X) — h%(X) is an isomorphism. Hence
we may identify S9" with hi.(k) and Endger (b (X)) with Endger(b5(X)). Observe
that these identifications preserve push-pull operators. The inclusion W — X gives
an embedding hr(X) — hp(W) = S, C Q5,. By [7, Corollary 8.7] there is the
following commutative diagram:

by (X) —> Siy—> Qiy (6.3.2)

pri*l \LA'L

hy (X) — Siy—— Qi

where the operator A; is given by A;(f)(z) = f(z-Y;) for x € Qw, f € Q. Note
that A; descends to an operator on @Y, and the push-pull operator pip;. descends
to an operator on hi.(X). Then the analogous commutative square exists for hi.(X)
and Qf".

Since Q7 is a finite free Q9"-module, the natural map i: QY — Endgs(Q3})
given by i(z)(f)(y) = f(yx) is an inclusion. Note that every A; lies in the image
of Q7. The base extension form S9" to Q9" gives an inclusion Endger(hi (X)) —
Endger (Qy) that maps push-pull operators pip;. to A;. Then the subalgebra of
Endger (b5(X)) generated by S9" and push-pull operators pfp;, is isomorphic to a
subalgebra of Q) generated by S9" and Y;, which is DY |
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6.4 Equivariant endomorphism ring for a special
parabolic subgroup

In this section we study the convolution ring hi,(G/P x G/P) when P is a special
parabolic subgroup of G.

Lemma 6.4.1. h*(P/B)"? = h*(k).

Proof:  Denote h*(k) by R. First let us check that Q(P/B)"r = Q(k). Here we
consider Q(k) as a submodule Q(k) - [P/B] in Q(P/B). By [19, Lemma 32] we have
Q(P/B)(S/P >~ Q(k)g. For any x € Q(P/B)"? there is n € Z such that nz = p*(y)
for some y € Q(k). Since P/B is cellular, Q(P/B) has a Q(k)-basis, including [P/ B].
Then Q(P/B)/k) is a free Q(k)-module, and na vanishes in this factor. Since the
factor is free over Q(k) = L, it has no torsion, therefore z € Q(k).

Note that
1 1
Q(P/BYY"? @, R[——] — h(P/BY"" @ R
is surjective. Therefore h(P/B)"" ®p R[] = h(k) ®r Rlgy]. Then for any

r € h(P/B)"? we have that |Wp|™x € h(k) for some m € N. So |[Wp|™Z = 0 in the
quotient h(P/B)/ x h(k). Then T = 0 since h(P/B)/ x h(k) is a free R-module and
|Wp| is a regular element of R. i

Lemma 6.4.2. The map b (k) — b (k)V? is an isomorphism.

Proof: We use the same arguments as [19, Remark 35]. Fix U; in the system of
good representations. Since P is special, U;/B — U,/ P is Zarisski locally-trivial with
cellular fiber P/B. Then same arguments as in [19, Proposition 7] show that h*(U;/B)
is a free h*(U;/ P)-module. We may choose a basis inductively, so in the limit this gives
a basis of hi;(k) over h},(k). Thus we get an isomorphism hi; (k) = hi, (k) ® g h*(P/B).
After inverting |Wp| we get that

wy (k)7 [1/|Wpl] = hp(k) @ 0" (P/B)" " [1/|Wp|] = hp(k)[1/[Wp|].

Then hj; (k)" /hp(k) @r R[1/|[Wp|] = 0, so hi (k)" /hp(k) is a |Wp|-torsion sub-
module of hi;(k)/hp(k). Since hi;(k) has a hi(k)-basis containing 1, we have that
hi(k)/hp (k) is a free b (k)-module therefore it has no |Wp| torsion, since hi (k) C
hi (k) = S9" and S9" is a free R-module. Then b’ (k)7 /n% (k) = 0. i
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Remark 6.4.3. Consider the W-action on Maps(W/Wp, S9") given by
(w- f)@) =w- f(w ), =€W/W, feMaps(W/W,,S).

Then the isomorphism S%}‘WP = Maps(W/Wp,S9) is W-equivariant. Then by
Lemma 5.5.1 the pullback map

hr(G/P) = hy(W/Wp) = Maps(W/Wp, hy(k)) is W-equivariant.

Lemma 6.4.4. Consider the restriction map hi(G/P) — hWi(G/P). It induces an
1somorphism

h(G/P) — ni(G/P)".

Proof: By Lemma 3.4.6 the composition of restriction homomorphism hf,(G/P) —
h’.(G/P) with the isomorphism h’.(G/P) ~ h§,(G/T x G/ P) is given by the pullback
of the second factor projection

hi.(G/P) — h,(G/T x G/P).

Then the image is contained in h%(G/T x G/P)". Recall that the T-fixed points of
G/ P are given by the natural embedding W/Wp — G/P. Here we consider W/Wp
as finite constant scheme with trivial T-action. For any U; in the good system of
representations of G one has a commutative diagram of schemes:

G/P XGUZ‘ G/P XTUi
UZ/P ! W/WP XT Uz

The leftmost arrow is a scheme isomorphism given by uP — (P, u)G, the upper arrow
is the projection, and the rightmost arrow arises from the fixed-point embedding
W/Wp — G/P. Then the bottom arrow f is given by

f: (wWp,u)T — uo - P where 0 € Ng(T') such that cTWp = wWp.

This diagram is compatible with the embedding U = U; — U,,; in the Borel con-
struction, hence it induces the commutative diagram of equivariant pullbacks:

h&(T/m h*T(T/P)
hy (k) Fe s (W),
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By lemma 6.4.3 the rightmost map is W-equivariant, so we have a diagram

h’é(Cj/P) h*T(GfP)W (%)
n} (k) R A U/A /DL

Recall that hi-(W/Wp) = Maps(W/Wp, h¥.(k)) and by definition of W-action on this
set we have

Maps(W/Wp, hy(k))" = Mapsy, (W/Wp, hy(k)) = (b3(k))"".

By the construction of f we see that the map f*: hi(k) — Maps(W/Wp, hi.(k)) is
given by z — f,, f.(w) = w - 7*(x) where 7*: h}(k) — hk(k) is the restriction map.
Thus, via the identification

f*:hp(k) = Maps(W/Wp,ni(k)W = nh(k)"r

the map f* is given by the usual restriction map h’ (k) — h%(k)"» which is an isomor-
phism by Lemma 6.4.2. The fixed-point pullback h’.(G/P) — hi.(W/Wp) is injective
by Proposition 5.5.2. Thus in the diagram (x) the rightmost arrow is injective and
the bottom arrow is an isomorphism, then the upper arrow is an isomorphism as well.

We will need the following generalization of the previous lemma for equivariant
motives.

Lemma 6.4.5. Suppose X is a smooth G-variety of dimension d such that h§,(X) —
hi (X)W is an isomorphism. Then for any idempotent p € h&(X x X) the map

he (X, p) = 0 (X, p)"Y is an isomorphism,
where p is the image of p in h4(X x X).

Proof:  Recall that h{, (X, p) = p-h$(X) and we have a direct sum decomposition
hi(X) = b (X, p) ®hs(X,id — p). Let p denote the image of p in h%(X x X). Then
the decomposition h’(X) = h%(X,p) @ bi(X,id — p) is W-equivariant. Thus the
surjection h¥ (X) — h% (X)W equals to the direct sum of its restrictions to hi (X, p)
and h¥, (X, id — p) :

he,(X, p) ©hg(X, id—p) — (bp(X, p)©hy(X,id—p))" = hp(X, p)" ©hp(X, id—p)".

Then each of the maps hi,(X, p) — (X, p)"V and hi (X, id — p) — bH(X,id — p)VV
is an isomorphism. |
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Let M, n denote the additive subcategory of the category of G-equivariant mo-
tives Mg, generated by the motives Mq(G/P)(i) where P is a special subgroup of
G,1€Z

Lemma 6.4.6. For any two special parabolic subgroups Py, Py the G-equivariant mo-
tive Ma(G/Py x G/Py) belongs to M, y.

Proof: By Section 4.5, the variety G/P; x G/ P, is relatively G-equivariant cel-
lular over varieties of the form G/P, where P, = R,P, - (P NwPw™') Since P,
is special, P, C P; is special by Lemma 2.7.5. Then by Section 4.5 the motive of
M (G/ Py x G/P,) is isomorphic to a sum of motives of varieties Mg (G/P,)(i,) for
some i, € Z and Mg(G/P,) (i) lies in Mg, y. i

Corollary 6.4.7. For a special subgroup P the homomorphism
hi,(G/P x G/P) — ni(G/P x G/P)V
18 an isomorphism.

Proof: By Lemmas 6.4.4 and 6.4.5 for every motive M in My, the map hi, (M) —
h% (M)W is an isomorphism and by Lemma 6.4.6 the motive M (G/P x G/P) belongs
to M. |

Lemma 6.4.8. The subgroup Wi(G/P x G/P)V is identified via the Kiinneth iso-
morphism Wi (G/P x G/P) = Endge (Wp(G/P)) with Endgsr (b7(G/P)).

Proof:  An element a € h.(G/P x G/P) let f, € Endgs (b%(G/P)) be its image
under the Kiinneth isomorphism. Then for any and w € W the endomorphism
faw € Endg(hr(G/P)) is given by

* w * w1 w
= pa(pi(z) Na”) = (pau(pi(z® ) Na))
Thus f,» equals to the composition

n:(G/P) "> wi(G/P) L ni(G/P) S wi(G/P).

Then h%(G/P x G/P)V consists of W-equivariant endomorphisms. Thus h%.(G/P x
G/P)" = Endgsr (03:(G/P)). i
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Proposition 6.4.9. There is a graded algebra isomorphism
Ends‘g/‘;(h*T(G/P)) = EndD%r(D%j;).

Proof:  Proposition 5.5.2 identifies h}.(G//P) with D% as Sfy-module, where Sfj -
action on D5 is given as a restriction of the ®-action D to Sfj; € D7. Note that
for every element a € D% there is b € 59 such that ba € Si;. Then since S9" is
integral and D%, is a free S9"-module, every Sjj-linear endomorphism is D% -linear. i

This is the last step in establishing the main result of the present thesis:

Theorem 6.4.10. Suppose that G is a semisimple split algebraic group over k, P is
a special parabolic subgroup and E is a versal G-torsor. Then there is a surjective
homomorphism that lifts idempotents and isomorphisms strictly between the ring of
degree-preserving endomorphisms of the D% -module D%T;; and the endomorphism ring
of the h-motive My(E/P) :

EndOD%T(D% ») — End(My(E/P)).

As a consequence, there is 1 — 1 correspondence between h-motivic decompositions
of the versal homogeneous space E/P and direct sum decompositions of the graded
projective D p-module Dp p.

Proof: Let d = dim G/P. By Theorem 6.2.4 there is a surjective algebra homo-
morphism h4(G/P x G/P) — h%(E/P x E/P) that lifts idempotents and isomor-
phisms strictly. By Corollary 6.4.7 the graded convolution algebra hi,(G/P x G/P) is
isomorphic to hi.(G/P x G/P)" which coincides with Endpsr (D% ) by Lemma 6.4.8
and Proposition 6.4.9. Restricting the latter equality to the degree d component we
get hWY(G/P x G/P) = EndOD%T(D%;). i



Chapter 7

Application to Chow motives

In this chapter we show some application of the main result for the case of Chow
motives. We set the coefficient ring R equal to Z and take the additive formal group
law F'.

In this case the algebraic objects D%, D™, D%, simplify in many aspects.

e The graded ring S9" becomes isomorphic to ring Z[ay, .. ., a,] of polynomials
in a basis of T™.

e The formal affine Demazure algebra D% becomes isomorphic to the the nil
Hecke ring D (5.3.7).

e The classes of Schubert cells [X,] € D =* D%" = CHz(G/P) do not depend
on the choice of reduced decomposition of the words w and [X,] = A, ® [pt]
where A,, € D are Demazure operators.

Let us denote in D%’:} by D% in this case.

Lemma 7.0.11. The kernel of the map D* — D% is generated as D-module by
elements A; ® [pt] where s; is a simple reflection in Wp.

Proof:  Consider the restriction of the projection 7: G/B — G/ P onto a Schubert
cell m: X, = m(X,). It is birational if w € WP and its fibers have positive dimen-
sion if w ¢ W¥. Then the pushforward map =,: CHy(G/B) — CHz(G/P) maps the
basis elements [X,,] € CHy(G/B) to basis elements [X,] € CHy(G/P) if w € W or
to 0 if w ¢ WP, Note that the class of the Schubert cell [Xy] in D* = CH7(G/B)
and in D% = CHy(G/P) is given by A, ® [pt]. Thus the S-basis of the kernel of the
pushforward map 7,: D* — D% consists of A, ® [pt] where w ¢ W¥. Note that
w ¢ WP if and only if there is a reduced decomposition of the form w = s;, ...s;,
where s;, € Wp. Then the kernel is contained in the D-submodule generated by
A; © [pt] where s; € Wp. Since every element m,(A; ® [pt]) = 0 for every s; € Whp,

62
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and m, is a D-module homomorphism, the kernel coincides with the D-submodule
generated by A; ® [pt] where s; € Wp. |

Remark 7.0.12. Note that D% is a cyclic D-module generated by [pt]. Then any
endomorphism F € End})(D}) is determined by the value F([pt]) = Y, cppr Guw[Xu]
where a,, € S, deg(a,) = l(w).

Remark 7.0.13. If w € W7, s, is a simple reflection and I(s;w) = [(w) — 1 then
s;w e WP

Proof: Assume the converse, then there is a reduced expression s;w = s;, ...s;,
with s;, € Wp and k = [(w) — 1. Then w = s;s;, ...s;, is an expression of the length
k+1=I(w), so it is reduced and s;, € Wp, then w ¢ W7, i

Now we give a criterion for which values F([pt]) can take.

Lemma 7.0.14. There exists an endomorphism F € Endd(D%) with F([pt]) =
Y vewr @y © [pt] if and only if for every simple reflection s; € Wp the following

holds:
A, (ay) = —0g 0 ifl(sjv? =Ilv)—1
0 otherwise
Proof: Since D% is a direct summand of D*, every D-module endomorphism

descends from an endomorphism of a free D-module D*. By Lemma 7.0.11 any F’ €
Endp(D*) descends to an endomorphism of D7 if and only if for any s; € Wp the
element F'(A; © [pt]) lies in the kernel of D* — D% If F'([pt]) = >, cw twlw © [pt]
then

F'(A;0[pt) = 8@ (awe © [pt]) = > (si(aw) A0, + Aj(aw)Ay) © [pt] =

weW weW
Z((SZIZSZU),l(v)—ISj(a’SjU) + Aj(ay))A, © [pt]
veW

The latter element is in the kernel of D* — D% iff for every v € WT the element
51[(2%)7[(”)713]-(&5].@) + Aj(a,) = 0in S. Since s;A; = A; in D we get the desired
condition on a, when v € W¥ |

For any F' € Endp(D3) write the corresponding matrix for the S-basis A, ®
[pt],v € WF .

F(A, O pt]) = ) aywl, © [pt]

veW?P
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By Remark 7.0.12 all entries of the matrix a,,, depend on the first column a, = a, ;.

Lemma 7.0.15. If s; € W is a simple reflection such that l(s;w) > l(w) and s;w €

WP then
_ Sj(as]-v,w) + Aj(av,w) ifl<5jv> =l(v) -1
A (@) if l(s;v) = l(v) +1

Proof:  If (A, ® [pt]) =D cwr Guwls © [pt] then

F(As]-w © [pt]) = Z (Ajav,wAv> © [pt] = Z (Sj (av,w)AjAv + Aj(av,w)Av) © [pt] =

veW P veW P
= Z (5f(<s7;v),l(v)—15j(a5jv,w) + Aj(avw))Ay © [pt].
veWP

When F' € Endp (D7) has degree 0, we have that deg(a,) = I(v) — [(w), thus
the matrix corresponding to F'is block-diagonal, where the blocks corresponds to the
lengths of elements in W7. Since the augmentation map Matyr((S) — Matyyr(Z)
lifts isomorphisms and idempotents strictly, we get

Lemma 7.0.16. There is an idempotent in End%(D};) if and only if there is an
endomorphism F € End)(D%) such that its diagonal blocks consist of idempotent
matrices with Z-entries.

Proof:  Consider the composition End}(D%) — Mat?wp|(5) — Matyr|(Z) and
apply the Lemma 4.3.4. |

7.1 Versal Severi-Brauer varieties

Consider G = PGL,,;; and P corresponding to last n — 1 simple roots, so G/P = P™.

So W = Spy1 = (s1,...8,) and Wp = (s9,...,s,) where s; is the transposition
(4,7 + 1). The set of minimal representatives is W = {1, 51, 5281,...,8p...5251}.
In this case S = Z[ay, ..., q,] is the polynomial ring in simple roots and D is

the corresponding nil Hecke ring generated by S and A; for i = 1,...,n modulo the
relations A, f = s;(f)A; + Ay(f), A? = 0 and usual braid relations between A; and
A

j.
Proposition 7.1.1. If n =p" — 1 for a prime number p and some r then the graded
D-module D} is indecomposable.
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Proof:  Suppose that F' € Endj,(D%) is an idempotent. Note that in W there is
only one element of each length. Thus the matrix a,,, of F' is diagonal. Let us check
that all entries on the diagonal of F' are simultaneously 0 or 1.

Denote by ¢; j = as,...sps1,5;...505, the (i, j)-entry of the matrix. So deg(c;;) =i —j.
By Lemma 7.0.14 we get that ¢;g = (—1)" A1 nCno for i > 1.

Now the recurrent formula of Lemma 7.0.15 allows to find all the matrix entries:
Cii = Si(cifl,z#l) + Ai(ci,ifl) and Cij = Aj (Ci,jfl) for ¢ > ] Then

.....

Thus the matrix is fully determined by cpo € Z and a homogeneous degree n
polynomial ¢, . Note that Lemma 7.0.14 implies the restriction on ¢, :

AQ(Cn’O) = Ag(Cmo) = ...= An—l<cn,0) = 0

goee

Then ¢;;—; lies in the invariant subring S*t-%i-1:%+15» = Since ¢; ;_; has degree
1 we can write
Cii—1 = blOél + b2a2 —+ ... bnOén.

The condition that sg(c;;—1) = ¢;;—1 for any k # i implies that
bg = 21)1, b3 = 3[)1, R bl = ibl, bl = (n +1-— Z)bn, Ce ,bn,Q = 3bn, bn,1 = 2bn

Then
Ai(ciic1) =2b; —bi—g — b1 = by + by,

Since ib; = (n+ 1 —1i)b, we get that i(b; +b,) = (n+ 1)b, is divisible by p". For any
i =1,...n we have v,(i) < r = vy(n + 1), then b; + b, is divisible by p. Thus any
A;(c;i-1) is divisible by p, hence any

i
Cii = Co0 T E Ap(cpr-1) = coo mod p
k=1

Then if F'is an idempotent each c;; is either 0 or 1. Then ¢;; = ¢oo. Thus there is
no non-trivial idempotent F € EndY (D%). i

Remark 7.1.2. By the main Theorem 6.4.10 this result gives a combinatorial proof
of the theorem of Karpenko about the indecomposability of the versal Severi-Brauer
variety.
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7.2 The case G = HSping and P = P,

In this case P = P, is the maximal parabolic subgroup generated by all roots except
the first one. The image of a versal HSping torsor E in the set of PGOgs-torsor
satisfies condition of [38, Theorem 3.3|, then E/P is generically split, then P is a
special parabolic subgroup. Note that W = (s1, s, 3, 84), Wp = (s2, 53, $4), and the
set of minimal coset representatives W is given by the Hasse diagram

s1- EDR s4-
1 S1 52851 5452851

s4-° sg- 51

$3898] — > 54835828] — > $2854538958] — > 5152854535251

By the recurrent formulas of Lemma 7.0.15 we obtain:

aig = ap + A12342(a24321),
2121 = G1,1 — A21342(6124321),
(321,321 = G21,21 + A32142(@24321) and (421,421 = Q21,21 T+ A42132(@24321),
(321,421 = A42142(@24321) and (421,321 = A?,2132(@24321)7
4321,4321 = (421,421 T A:')2142(6124321) - A34212(6124:'321)
= Q321,321 + A42132(@24321) - A43212(@24321),
(24321,24321 = (4321,4321 + (A24321 - A24352A12)(CL24321);

(124321,124321 = (24321,24321 T+ A12432(81(6124321) + A1(@124321))-

Let Af ; ~denote the image A; ; (S%(T*)) modulo 2. Recall that in case G =
HSping the lattice 7™ is generated by s, a3, o, wy.
We claim that A12342(a24321) = 0 modulo 2. Indeed, let f = A234Q(CL24321) €

SY(T*). Then
As(f) = A32342(6124:«;21) = A2:«;242(6124321) = A2342(A4(CL24321)) =0.

by Lemma 7.0.14. Now for f = asas + azas + asoy + bwy we get Aq(f) = as mod 2
but As(f) =ay mod 2 as well.
Similarly, A32142<CL24321) = 0. In this case denote f = A2142(a24321). Then

Al(f) = A12142(@24:«:21) = A21242(6124321) = A2142(A4(Cl24321)) =0.

And As(f) = Ai(f) =0.

By the same arguments, Aga132(a24321) = Agg210 = 0.

Consider now A21342<CL24321). Let g = A34Q(CL24321). We then have Agg(g) = 0.
Let g =3 i) Cij0uicyj + Do biwacri + dw?. Then

Ao (g) = oo + a3 + au) + oz + coa) + wa(bs + by).
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The fact that Agy(g) = 0 implies that cog + co3 + co4 = 0. But
A1(g) = ca20q + cazrg + Coag + bawy.

So that A9 (g) = (caa + 23 + c24) = 0. Combining we obtain that

ap = Q1,1 = A2121 = 321,321 = A421,321

and
421,421 = A321,421 = (A4321,4321 = (24321,24321 = (124321,124321 -

Then the D-module D% is either indecomposable or splits into two irreducible
direct summands with a generating function 1+ ¢ + ¢* + ¢> (over S) each.

Remark 7.2.1. The main result implies that the motive of the versal twisted form
of HSping/P; is either indecomposable, or splits as a direct sum of motives M =
N® N(3), where N is indecomposable with a generating function 1+¢+t*>+t3. Using
know result on motives of quadratic forms (e.g. that after splitting the algebra, the
motive of a Sping-generic quadratic form splits into 2-fold Rost motives) it follows
that the second decomposition is impossible, i.e., M has to be indecomposable.



Appendix A

Support of intersection products

In the remaining part of the appendix we give a proof of Corollary A.0.9.

Lemma A.0.2. Let X € Schy and E — X be a rank d vector bundle with zero
section z: X — E. Then the following diagram commutes:

Zalq” BRO(1)N—

QP(ES1)) Qo(P(Ee1))

| |

Q.(E) 2 Q. —a(X)

Proof: There is a global section of the sheaf ¢*F ® O(1) = Hom(O(—1),¢*E),
given by an element s € Hom(O(—1), ¢*E) given by the composition of the natural
embedding and projection

O(-1) = ¢(E@1) = ¢'E

One can see that the zero set Z(s) consists of those points of P(E®1), that corresponds
to additional lines 1 in F, ® 1, over every point of x € X. So X is the zero subscheme
of s with regular embedding 5: X — P(F & 1) given by

X3 (Ea1)\ (Z(B),0) » P(E®1).

By [32, Lemma 6.6.7], the operator ¢;(¢*E ® O(1)) N — on Q(P(E & 1)) is given by
5,5%. Then the right-down pass is given by ¢,5,5* = 5*

Note that s* equals to the down-right pass Q. (P(E @ 1)) — Q.(E) N Qe q(X).
i

Lemma A.0.3. (Splitting) Let X € Schy and E — X be a vector bundle of rank d.
Then for any point x € X there is an open subscheme U of X with x € U, and a
projective morphism p: X' — X such that

68



A. SUPPORT OF INTERSECTION PRODUCTS 69

e p*E has a filtration by subbundles with linear subsequent quotients.

e There is an open subset U' such that p: U — U is an isomorphism.

Proof:  Consider the standard splitting procedure p: FI(E) — X where FI(E) is
the variety of complete flags (eg C e; C ... C e4) of the vector bundle E. Then p*FE
has a filtration by tautological subbundles. Since the flag varieties are projective, the
map p is projective, and in some neighborhood U of any point x € X the bundle F
trivializes, so FI(E)|y & Fl x U, thus there is a section s: U — p~!(U). Taking X’
to be the closure of s(U) in FI(E), we get amap p: X' — X with desired properties. il

Lemma A.0.4. Let X, Y € Schy, and p: X — Y be a projective birational morphism.
Then py: Q. (X) — Qu(Y) is surjective.

Proof: First, consider the case when X and Y are smooth. Then for any a €
Q.(Y) we have p.(p*a) = a-p.(1x) and by the degree formula p,(1x) = 1y +a where
a € L-Q7%Y), hence a is nilpotent in the ring Q*(Y"), therefore p,(1x) is invertible.

Now consider the general case p: X — Y with X|Y € Schy. Take an element
B € Q,(Y). Since algebraic cobordism is detected by smooth schemes by Lemma [32,
2.4.15], there is a smooth scheme Y’ and projective morphism ¢: Y/ — Y and an
element 5" € Q. (Y’) such that ¢.(5') = 8. Let X’ = X Xy Y’. Then the morphism
P: X' — Y is projective birational. Take X" to be a resolution of singularities of X’:

X// F; X/ PBY’

o, b

X—Y

Then F: X” — X is projective birational. Thus X", Y’ € Sm;, and the map
P o F is projective birational. Then by the first case there is o/ € Q,(X") such that
P.F, = 8. Then 8 = ¢.p' = ¢.P.F.(d/) = p.Q.F, where Q: X' — X is the projec-
tion. i

Definition A.0.5. Let X € Schy and Z be a closed subset of X. We say that an
element o € Q,.(X) is supported on Z if « lies in the image Q.(Z) — Q.(X).

Lemma A.0.6. Let X, X' € Schy, f: X' — X a smooth morphism of schemes, F
is a vector bundle of rank d on X and E' = f*E and Z;, i = 1...m be irreducible
closed subsets of X and Z! = f~%(Z;). Then there are closed subsets Z; — Z; of
codimension d such that for any a € Q.(X') supported on Z! the element cq(E'") N«
is supported on f~H(Z;).
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Proof: First, consider the case when E is a line bundle. Then we have F =
E, ® Ey for some very ample line bundles Ey, Ey. Then by [32, Lemma 2.3.10] we
have ¢ (E) = ¢ (E1) —r ¢1(Ey). By Lemma [32, 6.6.7], the operator ¢;(F}) N —
is given by s,s* where s: f~}(D;) — X’ and D; in X is the divisor of the very
ample line bundle E;. Thus ¢;(E]) N« is supported on f~1(Z; N D). Similarly,
¢1(E%) Na is supported on f~1(Z; N D), where D, is a divisor of Fy. Since Ej, Esy
are very ample we may choose D; and D, to intersect each Z; by codimension 1, thus
& (E}) —r & (EL) N («) is supported on some f~1(Z;) of codimension 1 for each i.
Consider the general case. For each ¢ = 1...m there is a projective map
pi: Y; — X given by lemma A.0.3 such that an open subset of Y; is isomorphic
to some open neighborhood of the generic point of Z;. Let W; = (p; 1 (U N Z;)) be
the proper transform of Z;. Then W; — Z; is projective birational. Let p}: Y/ — X’
denote the pullback of p; along f and W/ = f~'(W;).Then by lemma A.0.4 for any
a € Q,(X') supported on Z! we may found a preimage o € €, (Y;) supported on W.
Now by Whitney formula [32, Definition 1.1.2] we have ¢y ((p))*E')N— = H?Zl a(Ej)
where E; are linear subsequent quotients of lemma A.0.3. Now, applying inductively
the case d = 1 for o we can find the subset W, of codimension d in W;, such that

ca((ph)*E)Na = (H;lzl ¢1(Ej)) Na' is supported on f‘l(/V[Z), then its pushforward

is equal to ¢ (E') N« and is supported on f~(Z;) = f‘l(p(/V[v/i)). |

This allows us to proceed using the strategy of [47, Lemma 6.3]:

Lemma A.0.7. Let V. — B <« T be closed embeddings with regular f and smooth
quasi-projective B. Let e: W — B be a smooth morphism. Consider two Cartesian
diagrams:

WV%W<QLWT and T —2>pB
P
v—lep<f_T T—g>v
Then there exists a closed embedding h: Z — V such that codimh > codimg and
im(fyy, 0 gws) C im(hw.) inside Q.(V)

Proof: Consider the Cartesian square

Wy =W
g
Wa -2 Wy
By [32, Proposition 6.6.3] f3i; 0 gw. = gw= o fiy where the refined pullback fj;, is given
by the composition [32, 6.6.2]
Q.(Wr) = Q(Cw) = Q(Nw) = Qa(W5)
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where Cy is the normal cone of fW and Ny, is the the normal bundle pullback
Gvy(Ny,,) and d is the codimension of f.

Let N be the pullback of the normal bundle §*(N;) and ¢: P(N & 1) — T be the
projection and F denote the vector bundle ¢* N®O(1). Consider the closed subscheme
P(C®1) inside P(N & 1) where C is the normal cone of the map f: T — T. Applying
the lemma A.0.6 to the vector bundle E and irreducible components of P(C & 1)
we get a closed subset Z” of codimension at least d in P(C' @ 1) such that for every
cobordism class x supported on P(Cy @ 1) the class x N ¢y(e*E) is supported on
e~ 1(Z"). Thus in view of lemma A.0.2 one has that the image of the composition

Q. (Cw) = Q(Nw) = Qug(Wi)
is supported on e (Z) where Z = ¢(Z'). Then h: Z — V is the desired embedding. il

Lemma A.0.8. Let m: Y — X be a smooth morphism and X be a smooth quasipro-
jective variety. Then for any closed embeddings i1: Z1 — X and iy: Zy — X there
exists a closed embedding i3: Z3 — X with codim Z3 > codim Z; + codim Zy and
im (7))« - im(i%) . € im(ih)« in Qu(Y) wherei’: Yz, — Y, 1 =1,2,3 is obtained from the
respective Cartesian square.

Proof: The diagonal embedding Y — Y x Y factors as YV Ly XxY Wy xy.
By lemma A.0.7 appliedto B=XxX,V =X, f: Ax,T=7Z1xZyand W =Y xY
we get a closed embedding h: Z — X such that

codim Z > codim Z; + codim Zy and im(f;, o (4] X i5).) C im(hy)..

Consider the Cartesian square

Y — 2V xx Y
Th’ Thw
YZ ;#;Z(Y X x Y)Z

According to [32, Proposition 6.6.3] we have ¢*ohy, = h.o¢}, Thus im(i}),-im(i), C
im A} o (1) x i.), C im(h.). i

Corollary A.0.9. The statement of lemma A.0.8 holds for the cohomology theory h

Proof:  The natural map ,(—) ®ph(k) — h(—) is surjective and compatible with
push-forwards and intersection product. |
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