
Motivic decompositions and Hecke-type algebras

Alexander Neshitov

Thesis submitted to the Faculty of Graduate and Postdoctoral Studies in partial
fulfillment of the requirements for the degree of

Doctor of Philosophy in Mathematics
1

Department of Mathematics and Statistics
Faculty of Science

University of Ottawa

c© Alexander Neshitov, Ottawa, Canada, 2016

1The Ph.D. program is a joint program with Carleton University, administered by the Ottawa-
Carleton Institute of Mathematics and Statistics



Abstract

Let G be a split semisimple algebraic group over a field k. Our main objects of interest
are twisted forms of projective homogeneous G-varieties. These varieties have been
important objects of research in algebraic geometry since the 1960’s.

The theory of Chow motives and their decompositions is a powerful tool for
studying twisted forms of projective homogeneous varieties. Motivic decompositions
were discussed in the works of Rost, Karpenko, Merkurjev, Chernousov, Calmes,
Petrov, Semenov, Zainoulline, Gille and other researchers. The main goal of the
present thesis is to connect motivic decompositions of twisted homogeneous varieties
to decompositions of certain modules over Hecke-type algebras that allow purely
combinatorial description. We work in a slightly more general situation than Chow
motives, namely we consider the category of h-motives for an oriented cohomology
theory h.

For a group G there is the notion of a versal torsor such that any G-torsor over
an infinite field can be obtained as a specialization of a versal torsor. We restrict our
attention to the case of twisted homogeneous spaces of the form E/P where P is a
special parabolic subgroup of G. The main result of this thesis states that there is a
one-to-one correspondence between h-motivic decompositions of the variety E/P and
direct sum decompositions of modules Dgr∗

F,P over the graded formal affine Demazure
algebra Dgr

F . This algebra was defined by Hoffnung, Malagón-López, Savage and
Zainoulline combinatorially in terms of the character lattice, the Weyl group and the
formal group law of the cohomology theory h.

In the classical case h = CH the graded formal affine Demazure algebra Dgr
F coin-

cides with the nil Hecke ring, introduced by Kostant and Kumar in 1986. So the Chow
motivic decompositions of versal homogeneous spaces correspond to decompositions
of certain modules over the nil Hecke ring.

As an application, we give a purely combinatorial proof of the indecomposability
of the Chow motive of generic Severi-Brauer varieties and the versal twisted form of
HSpin8/P1.
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Chapter 1

Introduction

The theory of Chow motives is an important tool of study of algebraic varieties. Mo-
tivic decompositions of Pfister quadric played an essential role in the proof of the
Milnor conjecture by Voevodsky, and the motivic decompositions of norm varieties
were used to prove the Bloch-Kato conjecture by Rost, Suslin and Voevodsky. An-
other application to the theory of quadratic forms can be found in the works of Vishik,
Karpenko and Merkurjev. Let G be a semisimple algebraic group over a base field
k. Our primary objects of interest are projective homogeneous G-varieties. Motivic
decompositions of such varieties were intensively investigated in the last two decades.
The case of split varieties was established by Köck [26], who showed that in this case
the motive decomposes as a sum of Tate motives. The results of Chernousov-Gille-
Merkurjev [8] and Brosnan [3] give decompositions of motives of isotropic homoge-
neous varieties into direct sums of motives of smaller anisotropic varieties. Rost [40]
established the motivic decomposition of a Pfister quadric as a sum of twisted copies
of an indecomposable motive R called the Rost motive. The case of Severi-Brauer
varieties was studied by Karpenko in [24]. In [39] Petrov, Semenov and Zainoulline
provided the motivic decomposition of generically split projective varieties as a direct
sum of twists of an indecomposable motive.

In the present thesis we consider the case of a versal inner form of a projective
homogeneous variety, i.e. a variety of the form E/P where E is a versal (i.e. a
generic) torsor of a split semisimple group G and P is a special parabolic subgroup.
Note that the groups G and P are uniquely determined by combinatorial data: the
root system of G, the character lattice T ∗ of its split maximal torus T , and the subset
subset of simple roots of G defining P .

The main aim of the present thesis is to describe the motivic decompositions of
E/P in terms of these combinatorial data. We work in a bit more general situation
than the theory of Chow motives. Namely we consider an oriented cohomology theory
h in the sense of Levine-Morel [32] and the theory of h-motives. In the case h = CH
it coincides with the classical category of Chow motives. The main result of this
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1. INTRODUCTION 2

thesis (Theorem 6.4.10) establishes a 1 − 1 correspondence between the h-motivic
decompositions of E/P and decompositions of the graded module Dgr∗

F,P over the
graded formal affine Demazure algebra Dgr

F introduced by Hoffnung, Malagon-Lopez,
Savage and Zainoulline in [22]. In the case h = CH the algebra Dgr

F coincides with
the nil-Hecke ring which was introduced by Kostant and Kumar in [28] and is an
important object in the geometric representation theory.

As an application, we give a combinatorial proof of indecomposability of the
modules Dgr∗

F,P over Dgr
F for h = CH in the following cases: G = PGLpr , P = P1 and

G = HSpin8, P = P1. In view of the Theorem 6.4.10 this impies the indecompos-
abilty of generic Severi-Brauer varieties, previously known due to Karpenko ([24])
and indecomposability of the 6-dimensional involution variety twisted by a generic
HSpin8-torsor.

1.1 Notation and conventions

• Let k denote a base field,

• Let Schk denote the category of separated finite type schemes over k and Smk

denote its full subcategory of smooth schemes.

• Let G be a split semisimple algebraic group over k. Fix a split maximal torus
T and the corresponding Weyl group W .

• Let h∗ be a graded oriented Borel-Moore homology theory on Schk.

• We assume that

– either the field k is arbitrary and h∗ = CH∗

– or k has characteristic zero and h∗ is any oriented Borel-Moore homology
theory that is generically constant, satisfies the localization property, the
coefficient ring h∗(k) is an integral domain and |W | · 1 6= 0 in h∗(k) where
|W | is the number of elements of the Weyl group.

Let E be a versal torsor of the group G and P be a special parabolic subgroup
of G. Restricting the Borel-Moore homology theory h∗ to the category of smooth
schemes one gets the oriented cohomology theory h∗. One can associate to h∗ a graded
equivariant cohomology theory h∗G using the strategy of [19]. In the case h∗ = CH∗

this construction gives the equivariant Chow groups of Edidin-Graham [13]. Replac-
ing CH∗ by h∗ in the construction of the category of Chow motives we obtain the
category of h∗-motives. Our main object of study is the h-motive of E/P and its
decompositions.
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Let d = dimE/P . To find a motivic decomposition of E/P is equivalent to find
a decomposition 1 = p1 + . . . + pn where pi are orthogonal idempotents in the ring
with convolution product (hd(E/P ×E/P ), ∗) which is the endomorphism ring of the
h-motive of E/P . We approximate the ring hd(E/P × E/P ) by a more accessible
ring that has the same idempotent decompositions. More precisely, we construct a
surjective ring homomorphism (Theorem 6.2.4)

hGd (G/P ×G/P )→ hd(E/P × E/P )

that lifts decompositions and isomorphisms strictly. Then we use the cellular structure
on G/P to get a ring isomorphism

hGd (G/P ×G/P ) ∼= End0
Dgr
F

(Dgr∗
F,P )

where Dgr
F is the graded formal affine Demazure algebra which is the graded version

of the formal affine Demazure algebra introduced in [22] and Dgr∗
F,P is a certain cyclic

Dgr
F -module. Note that Dgr

F and Dgr∗
F,P can be defined in a purely combinatorial way

in terms of the root lattice T ∗, Weyl group W , set of simple roots SP defining the
parabolic subgroup P and formal group law F of the cohomology theory h.

As a consequence, we deduce the main theorem 6.4.10, that states that there
is a surjective homomorphism of rings that lifts decompositions and isomorphisms
strictly:

End0
Dgr
F

(Dgr∗
F,P )→ End(Mh(E/P ))

where Mh(E/P ) denotes the h-motive of E/P. This implies that there is one-to-one
correspondence between motivic decompositions of E/P and direct sum decomposi-
tions of the Dgr

F -module Dgr∗
F,P .

1.2 Outline of the thesis

In Chapters 2, 3, 4, 5 we give necessary definitions and state some auxiliary results
that will be used in the proof of the main theorem. The results of Chapters 6 and 7
are original to the author. The Appendix A contains a proof of a geometric lemma
concering the support of the intersection product for oriented cohomology theories.
The case of Chow groups was established in the paper [47]. We use the similar strategy
as in [47] to prove the statement in the general case.

In Chapter 2 we review the basic concepts of the theory of algebraic groups,
root systems, classification of split semisimple algebraic groups, the notion of torsor,
quotients of varieties by group actions and the construction of a versal torsor. In
Section 2.7 we give a definition and prove some basic properties of special parabolic
subgroups. In Chapter 3 we recall the definition of oriented Borel-Moore homology
theories and oriented cohomology theories. In Section 3.4 we discuss a construction of
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graded oriented Borel-Moore homology theory. Chapter 4 is devoted to construction
of the category of h∗-motives associated to oriented Borel-Moore homology theory
h∗. In Section 4.2 we construct the category of G-equivariant motives of smooth
projective varieties with G-action. In Section 4.4 we discuss the equivariant motivic
decomposition of relatively cellular spaces and the equivariant version of Künneth
isomorphism. In Section 4.5 we review the cellular structures on split homogeneous
varieties and their product that will be used in the proof of the main result. In
Chapter 5 we recall the definition of formal affine Demazure algebra DF and give
a definition of graded formal affine Demazure algebra Dgr

F in Section 5.2. In Sec-
tion 5.4 we define the Dgr

F -modules Dgr∗
F,P associated to a parabolic subgroup P . In

Section 5.5 we construct an isomorphism between the combinatorial module Dgr∗
F,P

and graded equivariant cohomology h∗T (G/P ). Chapter 6 is devoted to the proof of
the main result. In Section 6.1 we consider the convolution algebra associated to a
smooth projective morphism and prove the Rost nilpotence theorem for morphisms
of such algebras. In Section 6.2 we relate the endomorphism ring of a versal ho-
mogeneous variety motive to the endomorphism ring of G-equivariant motive of the
split homogeneous variety. In Section 6.3 we construct an isomorphism between the
endomorphism ring of a G-equivariant motive of G/B and the graded formal affine
Demazure algebra Dgr

F . In Section 6.4 we give a proof of the main result for the
special parabolic subgroup P and the corresponding versal homogeneous space E/P.

In Chapter 7 we show some applications of the main result in the case h∗ = CH∗.
In Section 7.1 we consider the case G = PGLn+1 and G/P = Pn. We check that
Dgr∗
P the module over the nil Hecke ring is indecomposable. In view of the main

result this gives a purely combinatorial proof of indecomposability of Chow motives
of versal Severi-Brauer varieties. Section 7.2 considers the case G = HSpin8 and the
parabolic subgroup P1 which corresponds to the set of all simple roots except the first
one. Appendix A contains a proof of a geometric lemma needed for the proof of Rost
nilpotence in 6.1.



Chapter 2

Linear algebraic groups, parabolic
subgroups and homogeneous spaces

In this chapter we briefly recall the definitions of algebraic groups, torsors and homo-
geneous spaces. The main references are [2],[43], [20], [25], [48].

2.1 Linear algebraic groups

Definition 2.1.1. A linear algebraic group over k is an affine variety G with a
rational point 1 ∈ G(k) and two regular maps:

• Multiplication m : G×G→ G, (x, y) 7→ xy

• Inverse map i : G→ G, x 7→ x−1

that satisfy the usual group properties: x(yz) = (xy)z (associativity), x · 1 = 1 · x = x
and xx−1 = x−1x = 1.

For every k-algebra R, multiplication and inverse maps endow the set of R-points
G(R) with a group structure. Thus every linear algebraic group defines the functor
from the category of k-algebras to the category of groups given by

k −Alg→ Groups, R 7→ G(R)

called the functor of points. A linear algebraic group is uniquely defined by its functor
of points. For any S ∈ Smk we will denote by G(S) the group of maps S → G in
Smk.

Definition 2.1.2. A homomorphism f : G1 → G2 of linear algebraic groups is a
regular map f that commutes with multiplication maps.

5
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If G1 and G2 are linear algebraic groups then the product G1×G2 has a structure
of a linear algebraic group.

Example 2.1.3. The simplest examples are

• Multiplicative group Gm such that Gm(R) = R× and m(x, y) = xy

• Additive group Ga such that Ga(R) = R and m(x, y) = x+ y

• General linear group GLn such that GLn(R) = {A ∈Matn(R) | det(A) ∈ R×}

• Special linear group SLn such that SLn(R) = {A ∈Matn(R) | det(A) = 1}

Definition 2.1.4. A linear algebraic group G is called a split k-torus of rank n if it
is isomorphic over k to the group (Gm)n

Definition 2.1.5. A linear algebraic group G is called a torus if over the algebraic
closure k the group G×k k is a split k-torus.

Definition 2.1.6. We will call H a closed subgroup of G if H is a closed subvariety
of G and H is closed under the multiplication and the inverse map.

Lemma 2.1.7. [2, Proposition 1.10] Every linear algebraic group G is a closed sub-
group of a general linear group GLn for some n.

Definition 2.1.8. A linear algebraic group G is called:

• Connected, if G is irreducible as a variety.

• Simple, if G is connected, nontrivial and Gk has no nontrivial connected normal
subgroups.

• Semisimple if G is connected, nontrivial and Gk has no nontrivial connected
solvable normal subgroups.

Let G be a linear algebraic group and T ⊆ G is a torus in G. We will T a
maximal torus if it is not contained in a larger torus inside G. Theorem 18.2 of [2]
implies that for a connected group G there is a maximal torus T ⊆ G such that Tk is
a maximal torus in Gk.

Definition 2.1.9. Linear algebraic group G is called split if it has a maximal torus
which is split over k.

Remark 2.1.10. If G is a split semisimple algebraic group, then all split maximal
tori are conjugate.
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2.2 Root systems

In this section we recall the combinatorial description of semisimple split groups.
Consider an R-vector space V with a Euclidean scalar product (−,−).

Definition 2.2.1. For any α ∈ V let sα denote the orthogonal reflection with respect
to α :

sα(x) = x− 2
(x, α)

(α, α)
α

Thus sα(α) = −α and sα acts trivially on the hyperplane orthogonal to α.

Definition 2.2.2. A finite set Φ ⊆ V of nonzero vectors is called a root system if

• Φ spans V

• For any α ∈ Φ, sα leaves Φ invariant

• For any α, β ∈ Φ, β − sα(β) is an integer multiple of α..

Definition 2.2.3. A root system Φ is called reduced if for every α ∈ Φ the vectors α
and −α are the only multiples of α in Φ.

Further we will consider only reduced root systems.

Definition 2.2.4. The Weyl group W (Φ) of a root system Φ is the group generated
by reflections sα in Aut(V ) :

W (Φ) = 〈sα | α ∈ Φ〉

Definition 2.2.5. A subset Π of Φ is called a base of a root system if Π is a linearly
independent set and for any β ∈ Φ there is a decomposition

β =
∑
α∈Π

mαα

such that mα ∈ Z and either mα > 0 for all α ∈ Π or mα 6 0 for all α ∈ Π.

Lemma 2.2.6. [41, V. Theorem 1] For any root system Φ there is a base Π ⊆ Φ.

Definition 2.2.7. For α, β ∈ Φ define

n(β, α) = 2
(β, α)

(α, α)

By definition of a root system, n(β, α) is an integer.
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By [41, V,§7], the angle between two nonproportional roots α, β can take value
in the set {π/2, π/3, 2π/3, π/4, 3π/4, π/6, 5π/6}.

Fix a base Π of Φ.

Definition 2.2.8. The Dynkin diagram D(Φ) is a graph which set of vertices equals
to Π. Depending on the angle φ between α, β ∈ Π, it has the following number of
edges between α and β

• 1, if φ = 2π/3

• 2, if φ = 3π/4

• 3, if φ = 5π/6

• 0, otherwise

If (α, α) 6= (β, β), then the edges between α and β are oriented towards α in the case
(α, α) < (β, β), and towards β in the case (β, β) < (α, α).

The diagram D(Φ) does not depend on the choice of Π and completely determines
Φ by [41, V,§15]

Lemma 2.2.9. [41, V,§10, Remark 3] The Weyl group W (Φ) has the following pre-
sentation in terms of generators and relations:

W (Φ) = 〈sα |, s2
α = 1, (sαsβ)mα,β = 1〉

where α, β ∈ Π and mα,β = 2, 3, 4, 6 if the angle between α and β is π/2, 2π/3, 3π/4, 5π/6
respectively.

Definition 2.2.10. A root system Φ is called irreducible if it cannot be partitioned
into two proper orthogonal subsets.

Every root system is an orthogonal union of irreducible root systems, and the
Dynkin diagram of any irreducible root system belongs to the following list ([41,
V,§15]):

An n vertices, n > 1

Bn n vertices, n > 2

Cn n vertices, n > 3

Dn n vertices, n > 4
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G2

F4

E6

E7

E8

2.3 Classification of semisimple split groups

In this section we recall the classification of semisimple split algebraic groups in terms
of root systems and character lattices. The main reference for this section is [25, §25].
Let Φ ⊆ V be a root system. For every α ∈ Φ consider the element α∨ ∈ V ∗ defined
by

α∨(v) = 2
(v, α)

(α, α)

Lemma 2.3.1. [41, V,Proposition 2] The set {α∨ | α ∈ Φ} forms a root system Φ∨

in V ∗ called the dual root system.

Definition 2.3.2. Define the root lattice Λr ⊆ V as the Z-span of Φ.

Definition 2.3.3. Define the weight lattice Λw ⊆ V as the lattice dual to the root
lattice of Φ∨

Λw = {v ∈ V | ∀α ∈ Φ, α∨(v) ∈ Z}

Then Λr ⊆ Λw and the quotient is a finite abelian group ([20, §0.6]).

2.3.1 Adjoint representation

Definition 2.3.4. Denote by L(G) the tangent space T1G of G at the point 1 ∈ G(k).
It has a natural structure of a Lie algebra and is called the Lie algebra of G.

There is a representation Ad : G → GL(L(G)) called the adjoint representation
([2, 3.13]) such that for a field extension F/k for any g ∈ G(F ) its image Ad(g) is the
differential of the inner automorphism

Inn(g) : GF → GF , x 7→ gxg−1
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2.3.2 Root system of a split semisimple group.

Let G be a split semisimple algebraic group, and T ⊆ G be a split maximal torus.
Denote by T ∗ the character group of T :

T ∗ = Hom(T,Gm)

Since T is a split torus, the group T ∗ is a free abelian group of the same rank as T .
Consider the restriction of the adjoint representation to T . For any character

α ∈ T ∗ denote by L(G)α the eigenspace corresponding to α :

L(G)α = {v ∈ L(G) | Ad(t)v = α(t)v for all t ∈ T}

Definition 2.3.5. Define the set of roots to be the characters of T whose eigenspaces
are non-trivial

Φ(G) = {α ∈ T ∗ | α 6= 0, L(G)α 6= 0}.

Definition 2.3.6. The Weyl group of T in G, W = W (G, T ), is defined as the
quotient of the normalizer of T in G by T :

W = NG(T )/T

Then W is a constant finite group scheme [2, §11.19].

Remark 2.3.7. Note that NG(T ) acts by conjugation on T . Since T is abelian, this
action descends to an action of W on T . Therefore W acts naturally on the lattice
T ∗.

Consider the space V = T ∗ ⊗Z R. Take any scalar product (−,−)′ on V . Then
one can define a W -invariant scalar product (−,−) on V by the formula

(x, y) =
∑
w∈W

(w(x), w(y))′

Lemma 2.3.8. [25, Theorem 25.1, Proposition 25.2] For a semisimple split group G
and a split maximal torus T ⊆ G, the set Φ(G) is a root system in the Euclidean space
V = T ∗ ⊗Z R with the scalar product (−,−), and the Weyl group W of G coincides
with the Weyl group of the root system: W = W (Φ(G)), and there are inclusions:

Λr ⊆ T ∗ ⊆ Λw

Consider a pair (Φ,Λ), where Φ is a root system in V , and Λ is a lattice such
that Λr ⊆ Λ ⊆ Λw. We will say that two such pairs are isomorphic: (Φ,Λ) ∼= (Φ′,Λ′)
if there is a linear isomorphism f : V → V ′ such that f(Φ) = Φ′ and f(Λ) = Λ′.
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Theorem 2.3.9. (Classification of semisimple split groups)[25, Theorem 25.3, 25.5]
For any root system pair (Φ,Λ) such that Λr ⊆ Λ ⊆ Λw, there is a semisimple split
algebraic group G such that (Φ(G), T ∗) ∼= (Φ,Λ). Two semisimple split groups G1, G2

are isomorphic if and only if (Φ(G1), T ∗1 ) ∼= (Φ(G2), T ∗2 ).

Remark 2.3.10. Irreducible root systems correspond to split simple groups via the
identification above ([25, Proposition 25.8]).

Definition 2.3.11. We will call a semisimple split group G simply-connected if T ∗ =
Λw, and adjoint if T ∗ = Λr.

Definition 2.3.12. We call a surjective morphism of linear algebraic groups G1 → G2

an isogeny if the kernel of G1(F ) → G2(F ) is finite for every field extension F/k.
Two groups G1, G2 are called isogeneous if there is a linear algebraic group H and
isogenies H → G1 and H → G2.

The classification theorem implies that G1 and G2 are isogeneous iff the root sys-
tems Φ(G1) and Φ(G2) are isomorphic. The classification of irreducible root systems
implies that isogeny classes of simple split groups are in 1 − 1 correspondence with
Dynkin diagrams of types An, Bn, Cn, Dn, G2, F4, E6, E7, E8.

2.4 Group actions and torsors

In this section we recall the definition and basic properties of torsors. The main
reference is [34].

Definition 2.4.1. For X ∈ Schk, a right G-action on X is a regular map m : X ×
G → X such that for every S ∈ Smk the map m induces a right G(S)-group action
on the set X(S). For x ∈ X, g ∈ G we will write xg or x · g instead of m(x, g).

Further we will consider only right actions.

Definition 2.4.2. Suppose X, Y ∈ Schk are schemes with G-actions. A morphism
f : X → Y is called G-equivariant if it respects the G-action on X and Y , i.e. the
following diagram commutes

X ×G
mX

��

idG×f // Y ×G
mY

��
X

f // Y

where mX defines the G-action on X and mY defines the G-action on Y .
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Definition 2.4.3. Denote by G−Schk the category consisting of schemes X ∈ Schk
with G-action and equivariant morphisms. Denote by G − Smk its full subcategory
consisting of smooth schemes over k.

Definition 2.4.4. Let p : Y → X be a morphism in G−Schk such that p is faithfully
flat and the action of G on X is trivial. Y → X is called a G-torsor if the map

Y ×G→ Y ×X Y, (y, g) 7→ (y, yg)

is an isomorphism.

Example 2.4.5. Let A be a central simple algebra of degree n over k. Then the
functor

R 7→ Iso(A⊗k R,Matn(R))

which assigns to every k-algebra R the set of isomorphisms of algebras between A⊗kR
and the matrix algebra Matn(R) is represented by a scheme which has a natural
structure of a PGLn-torsor over k.

Definition 2.4.6. For G-torsors Y1 → X1 and Y2 → X2, a morphism of torsors is a
commutative diagram

Y1
F //

��

Y2

��
X1

f // X2

where F is G-equivariant.

Definition 2.4.7. A torsor Y → X is called trivial if it is isomorphic to the torsor
X ×G→ X.

If Y → X is a G-torsor and f : X ′ → X is a morphism, then the pullback
Y ×X X ′ → X ′ is a G-torsor which we will denote by f ∗Y.

Remark 2.4.8. (a) A torsor p : Y → X is trivial if and only if there is a section
s : X → Y of p.

(b) If Y, Y ′ → X are two G-torsors, and f : Y → Y ′ is a morphism, then f is an
isomorphism.

(c) Any morphism of torsors (F, f) : (Y → X)→ (Y ′ → X ′) establishes an isomor-
phism Y → f ∗Y ′.

Proof: A section s : X → Y gives rise to a map of torsors a : X×G→ Y, (x, g) 7→
s(x)g. The base change of a via Y ×X Y gives the map Y ×G→ Y ×X Y , which is an
isomorphism. Thus a is an isomorphism by faithfully flat descent. If f : Y → Y ′ is a
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morphism of torsors over the same base X, then the torsor Y ×X Y ′ → Y has a sec-
tion, hence is trivial by (a). Thus the base change of f : Y → Y ′ along Y ×X Y ′ → Y ′

is an isomorphism G× Y → Y ×X Y ′ thus f is an isomorphism by the faithfully flat
descent. Any morphism of torsors (F, f) : (Y → X) → (Y ′ → X ′) gives a morphism
of torsors Y → f ∗Y ′, which is an isomorphism by (b).

Definition 2.4.9. Let τ be a Grothendieck topology. We will say that a torsor Y → X
is τ -locally trivial if there is a τ -covering f : X ′ → X such that f ∗Y is trivial.

Lemma 2.4.10. [34, Proposition I.3.26,III.4.2] Every G-torsor Y → X is locally
trivial in the étale topology.

Definition 2.4.11. Denote by H1(X,G) the set of isomorphism classes of G-torsors
Y → X. For a Grothendieck topology τ denote by H1

τ (X,G) a subset of H1(X,G)
consisting of G-torsors that are locally trivial for τ.

We will consider H1(X,G) as a pointed set with distinguished point given by the
class of the trivial torsor.

Proposition 2.4.12. [34, Proposition III.4.5, Corollary III.4.7]. Suppose that 1 →
G1 → G2 → G3 → 1 is a short exact sequence of algebraic groups over k, and
X ∈ Smk. Then there is an exact sequence of pointed sets

1→ G1(X)→ G2(X)→ G3(X)→ H1(X,G1)→ H1(X,G2)→ H1(X,G3)

2.4.1 Free action and quotients

Definition 2.4.13. An action of an abstract group A on a set B is called free if the
stabilizer of any point in B is trivial.

Definition 2.4.14. [35] Suppose that G is an algebraic group, and X ∈ G − Schk.
A G-action on X is called free if the map

X ×G→ X ×X, (g, x) 7→ (xg, x)

is a closed embedding.

Note that if G acts on X freely, then for any U ∈ Smk the action of G(U) on
the set X(U) is free.

Definition 2.4.15. For a G-action on X ∈ Schk define the quotient X/G as the
étale sheaf associated to the presheaf

U 7→ X(U)/G(U), U ∈ Smk
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We will say that the quotient X/G exists in the category Smk (Schk) if there is
Y ∈ Smk (Schk) with an isomorphism of étale sheaves:

X/G ∼= HomSchk(−, Y ).

Lemma 2.4.16. Suppose that X ∈ G − Smk, the G-action on X is free and the
quotient X/G exists in Smk. Then X → X/G is a G-torsor.

Proof: Denote by Y ∈ Smk the scheme representing X/G. Consider the reg-
ular map X × G → X ×Y X. For a local strictly Henselian scheme W the map
X(W )×G(W )→ X(W )×Y (W )X(W ) is an isomorphism since Y (W ) = X(W )/G(W )
and the action of the abstract group G(W ) on the set X(W ) is free. Then the map
of sheaves X ×G→ X ×Y X is an isomorphism, hence X → Y is a G-torsor.

Remark 2.4.17. In the case when G is a linear algebraic group and H is a closed
subgroup, the quotient G/H exists in Schk by [48, p.121-122].

2.4.2 Versal torsor

In this section we recall the notion of a versal torsor. The main reference is [17].

Definition 2.4.18. Suppose there is a G-representation V and an open subset W ⊆ V
such that G acts on W freely and the quotient W/G exists in Smk. Consider the
generic fiber E of W → W/G :

E //

��

W

��
Spec k(W/G) // W/G

Let K = k(W/G). We will call E → K a versal torsor.

Note that our definition depends on a choice of a G-representation V and an
open subset W .

Lemma 2.4.19. [17, I.5.3] Versal torsors exist and any versal torsor has the following
classifying property: for any infinite field L/k, Y ∈ H1(L,G), and any open subset
U ⊆ W/G there is an L-point x : SpecL → U such that x∗U is isomorphic to Y as
a G-torsor. Thus any torsor over an infinite field can be obtained as a specialization
of a given versal torsor.
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2.5 Borel subgroups and Bruhat decomposition

Definition 2.5.1. If H1, H2 are closed subgroups of G, then there is a closed sub-
group (H1, H2) ⊆ G ([2, 2.3]) called the commutator subgroup such that the k-points
(H1, H2)(k) are generated by commutator elements xyx−1y−1, x ∈ H1(k), y ∈ H2(k)

Definition 2.5.2. An algebraic group H is called solvable if its derived series D0(H) =
H,D1(H) = (D0(H), D0(H)), D2(H) = (D1(H), D1(H)), . . . vanishes, i.e. there is n
such that Dn(G) = 1.

Definition 2.5.3. A Borel subgroup of G is a maximal closed connected solvable
subgroup of G.

If G is a split semisimple algebraic group then all Borel subgroups are G(k)-
conjugate. For every split maximal torus T there is a Borel subgroup B such that
T ⊆ B ⊆ G ([2, §14,21]). If B is a Borel subgroup of G then G/B is a smooth
projective variety by [2, 11.18].

Proposition 2.5.4. (Bruhat decomposition, [2, §14,21]) If G is a split semisimple
algebraic group, T its split maximal torus, B a Borel subgroup, and W = NG(T )/T
is the Weyl group, then the group G is a disjoint union of double-B cosets and G/B
is a disjoint union of B-orbits of points of W ⊆ G/B :

G =
∐
w∈W

BwB

G/B =
∐
w∈W

BwB/B

Remark 2.5.5. Suppose that G is a split semisimple algebraic group, T is its split
maximal torus, and B is a Borel subgroup containing T . Then B is a semi-direct
product of its unipotent radical U and T . Since U is isomorphic to an affine space
by [2, 15.13], we get that the quotient B/T is isomorphic to an affine space.

2.6 Parabolic subgroups and split homogeneous va-

rieties

Definition 2.6.1. A closed subgroup P ⊆ G is called parabolic if the quotient variety
G/P is projective. Equivalently, a subgroup P is parabolic if and only if P contains
a Borel subgroup B([2, §11]).
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Fix a split maximal torus, Borel subgroup T ⊆ B ⊆ G and the corresponding
root system. Fix a set of simple roots Π and a subset S ⊆ Π. Let WS denote the
subgroup of W generated by simple reflections sα, α ∈ S. Then there is a parabolic
subgroup PS called standard parabolic subgroup such that PS = BWSB and any
parabolic subgroup is conjugate to PS for some S ([20, §29]). If P = PS is a standard
parabolic we will use the notation WP for the group WS.

Given a set of simple roots Π, for every w, a reduced word for w is a minimal
length expression of w as a product of simple reflections sα, α ∈ Π. The length l(w)
is defined as the length of a reduced word. There is a partial order on W called the
Bruhat order in which v 6 w if and only if for a reduced word w = sα1 . . . sαk there is
a sequence 1 6 i1 < i2 . . . < im 6 k such that v = sαi1 . . . sαim is a reduced word for
v. Any class in W/WP has a unique representative of minimal length in W . Denote
the set of minimal length representatives by W P .

2.7 Special parabolic subgroups

Definition 2.7.1. Following [17, II, §3] we will call a linear algebraic group G special
if H1(L,G) is trivial for any field extension L/k.

Sometimes a special group is defined as a group whose torsors are Zariski-locally
trivial. We show that these notions coincide for a linear algebraic group G.

Lemma 2.7.2. Let G be a linear algebraic group. If G is special then any G-torsor
is Zariski - locally trivial.

Proof: Fix an embedding G → GLm for some m. By Hilbert 90 theorem ev-
ery torsor in H1(S,GLm) is Zariski-locally trivial. Since G is special, the G-torsor
GLm → GLm/G is trivial over the generic point of GLm/G hence over some open
subset of GLm/G by [18, Corollary 8.8.2.5]. Then GLm → GLm/G is Zariski-locally
trivial since GLm acts transitively on GLm/G. Then for any local scheme S the map
GLm(S)→ GLm/G(S) is surjective, so in the exact sequence

GLm(S)→ GLm/G(S)→ H1(S,G)→ H1(S,GLm)

the rightmost arrow has trivial kernel, then H1(S,G) is trivial.

Example 2.7.3. The groups GLn, and Ga are special by [17, II.3.1] and [42, X.1.1]

As a consequence, a Borel subgroup B of any semisimple split linear algebraic
group G is special.
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Lemma 2.7.4. Let G be a semisimple split group over k, and P1 ⊆ P2 be a standard
parabolic subgroups. Then for any field extension L/k the map P2(L)→ P2/P1(L) is
surjective.

Proof: By the Bruhat decomposition we have P2/P1 =
∐

w∈WP2
/WP1

C(w), where

C(w) = BwB/B is the B orbit of w. If w ∈ W P , then C(w) → C(w) is an iso-
morphism, where C(w) is the corresponding B-orbit in P2/B ([2, 21.29]). Then for
any field extension L/k the map P2/B(L) → P2/P1(L) is surjective, and the map
P2(L)→ P2/B(L) is surjective since B is special.

Lemma 2.7.5. Let P1 ⊆ P2 be two parabolic subgroups of a semisimple split algebraic
group G. If P2 is special, then P1 is special.

Proof: For every field extension L/k consider the cohomological exact sequence
of pointed sets

P2(L)→ P2/P1(L)→ H1(L, P1)→ H1(L, P2).

By Lemma 2.7.4 the leftmost arrow is surjective, hence the rightmost arrow has a
trivial kernel. Since H1(L, P2) is trivial, then H1(L, P1) is trivial, thus P1 is special.



Chapter 3

Oriented cohomology theories

In this chapter we recall the definition and main properties of oriented cohomology
theories. Such theories were studied in particular by Panin and Smirnov ([37],[36]),
Levine and Morel ([31],[32]). We will use [32] as a reference.

3.1 Oriented Borel-Moore homology

Let Sch′k denote the category consisting of schemes in Schk and projective morphisms.
Let Ab∗ denote the category of graded Abelian groups.

Definition 3.1.1. [32, Definition 5.1.3] An oriented Borel-Moore homology theory
h∗ on Schk is given by

• an additive functor h∗ : Sch′k → Ab∗

• for each locally complete intersection morphism f : X → Y in Schk ([15, B.7])
of relative dimension d a homomorphism f ∗ : h∗(Y )→ h∗+d(X)

• bilinear external product h∗(X)⊗ h∗(Y )→ h∗(X × Y ) that is associative, com-
mutative and has a unit element 1 ∈ h∗(k)

The additive functor assigns to each projective morphism f : X → Y a map f∗ : h∗(X)→
h∗(Y ) called the push-forward map. These data satisfy axioms (BM1) − BM(3),
(PB), (EH), (CD) of [32, Definition 5.1.3]

The axiom (BM1) states that (f ◦ g)∗ = g∗ ◦ f ∗ if f, g is a pair of composable
locally complete intersection morphisms. The axiom (BM2) states that if f : X → Z
and g : Y → Z are transverse morphisms, f is projective, and g is a locally complete

18
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intersection morphism giving the transverse square

X ×Z Y
g′ //

f ′

��

X

f

��
Y

g // Z

then g∗f∗ = f ′∗g
′∗. The axiom (EH) implies that for a locally trivial map f : X →

Y , which fibers are isomorphic to affine spaces Ar, the pullback map f ∗ : h∗(Y ) →
h∗+r(X) is an isomorphism.

Example 3.1.2. The Chow groups give an example of an oriented Borel-Moore ho-
mology X 7→ CH∗(X), X ∈ Schk by [32, Example. 5.1.5].

Example 3.1.3. For any X ∈ Schk consider the theory of coherent sheaves K ′0(X).
Consider a graded abelian group K ′0(X)⊗Z Z[β, β−1] where elements of K0(X) have
degree 0 and deg β = −1. Then the functor X 7→ K ′0(X) ⊗Z Z[β, β−1] defines an
oriented Borel-Moore homology by [32, Example. 5.1.6].

Levine and Morel constructed in [32] the algebraic cobordism theory X 7→ Ω∗(X)
on Schk. When the base field k admits resolution of singularitites, this theory is
universal ([32, Theorem 7.1.3]) in the following sence:

For any oriented Borel-Moore homology theory h∗ there is a unique homomor-
phism

Θ: Ω∗(−)→ h∗(−)

of Borel-Moore theories, that is, for anyX ∈ Schk there is a homomorphism ΘX : Ω∗(X)→
h∗(X). This homomorphism is compatible with external product and commutes with
push-forwards and pull-back maps:

• f∗ ◦ΘX = ΘY ◦ f∗ for any projective morphism f : X → Y

• g∗ ◦ΘY = ΘY ◦ g∗ for any locally complete intersection g : X → Y

Definition 3.1.4. [32, Definition 4.4.6] An oriented Borel-Moore homology theory
h∗ has the localization property if for any closed embedding i : Z → X with j : U → X
its open complement the sequence

h∗(Z)
i∗→ h∗(X)

j∗→ h∗(U)→ 0

is exact.

Definition 3.1.5. For a finitely generated field extension F/k denote by h∗(F/k)
the colimit of h∗(X) where X runs over the category of models for F ([32, §4.4.1]).
In particular, if F = k(X), then h∗(k(X)/k) = colimU⊆Xh∗(U), where U are open
subsets of X.
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Definition 3.1.6. [32, Definition 4.4.1] An oriented Borel-Moore homology theory
h∗ is generically constant if for every finitely generated separable field extension F/k
the induced homomorphism h∗(k)→ h∗(F/k) is an isomorphism.

Example 3.1.7. Note that h∗ = CH∗, K
0
∗ or Ω∗ give examples of such theories ([32,

§4.4.1]).

3.1.1 Degree formula

We call W ∈ Schk a locally complete intersection scheme if the structure morphism
p : W → Spec k is a locally complete intersection morphism ([15, B.7]). For such a
scheme there is a notion of fundamental class [1W ] ∈ hdim(W )(W ) given by p∗(1).

Definition 3.1.8. Let W be locally complete intersection scheme and f : W → X
be a projective morphism in Schk. Following [32], we will denote by [W → X] the
element f∗([1W ]) ∈ h∗(X).

For X ∈ Schk and a closed integral subscheme Z ⊆ X consider a resolution of
singularities f : Z̃ → Z → X.

Proposition 3.1.9. (Generalized degree formula,[32, Theorem 4.4.7]) Suppose h∗ is a
generically constant oriented Borel-Moore homology that has the localization property,
and X ∈ Schk is an irreducible scheme. Then the h∗(k)-module h∗(X) is generated
by elements of the form [Z̃ → X], where Z are proper closed integral subschemes of
X, and Z̃ are given desingularizations of Z.

3.2 Oriented cohomology theory

Let Ring∗ denote the category of graded rings. A functor F : Smop
k → Ring∗ is

called additive if F (X
∐
Y ) ∼= F (X)× F (Y ) and F (∅) = 0.

Definition 3.2.1. [32, Definition 1.1.2] An oriented cohomology theory h∗ on Smk

is given by

• an additive functor h∗ : Smop
k → Ring∗. For any f : X → Y ∈ Smk we will

denote the corresponding ring homomorphism as f ∗ : h∗(Y ) → h∗(X) and call
it the pull-back homomorphism.

• For any projective morphism f : X → Y of relative codimension d, a homomor-
phism of graded h∗(X)-modules

f∗ : h
∗(Y )→ h∗+d(X)

that is called the push-forward map.
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These data satisfy the axioms (A1), (A2), (PB), (EH) of [32, Definition 1.1.2]. The
fact that f∗ is a h∗(X) implies that f∗(f

∗(x)y) = xf∗(y) which is called the projection
formula.

Often we will denote the product in the ring h∗(X) by ab = a ∩ b. This is
motivated by the case h∗ = CH∗ where multiplication is given by the intersection
product in Chow groups.

Consider an oriented Borel-Moore homology theory h∗ on Schk and its restric-
tion to Smk. For any X ∈ Smk introduce the cohomological grading h∗(X) =
hdim(X)−∗(X). For any X ∈ Smk the diagonal embedding ∆: X → X ×X is an l.c.i
morphism, thus one can introduce the ring structure on h∗(X) via the composition

h∗(X)⊗ h∗(X)→ h∗(X ×X)
∆∗→ h∗(X)

Then X 7→ h∗(X) defines an oriented cohomology theory on Smk ([32, Proposition
5.2.1]).

3.2.1 Formal group laws

In this section we recall basic facts about formal group laws. The main reference
is [32, p.4]. Let R be a commutative ring. A formal group law over R is a power
series F ∈ R[[u, v]]([32, p. 4]) such that

• F (u, 0) = F (0, u) = u

• F (u, v) = F (v, u)

• F (u, F (v, w)) = F (F (u, v), w)

Often we will use the notation u +F v for F (u, v). In the rest of the paper we will
use this notion when R = R∗ is a graded ring and F is homogenous, i.e. in the
decomposition F (u, v) =

∑
(i,j) ai,ju

ivj the elements ai,j are homogeneous of degree
1− i− j.

Example 3.2.2. The basic examples of formal group laws include the additive formal
group law Fa(u, v) = u+ v over the ring R = Z and multiplicative formal group law
Fm(u, v) = u+ v − βuv over the graded ring Z[β, β−1] where deg(β) = −1.

There is a graded ring L called Lazard ring and a formal group law FU over
the Lazard ring that is universal: for any formal group law F over R there is a
unique ring homomorphism g : L → R such that F (u, v) = g(FU(u, v)) in R[[u, v]].
The ring L is constructed as Z[xi,j | i, j > 0]/I, where the ideal I is generated
by the relations imposed on the coefficients by the properties F (0, u) = F (u, 0) =
0, F (u, v) = F (v, u), F (F (u, v, w)) = F (u, F (v, w)) of the power series F (u, v) =
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∑
xi,ju

ivj. For any formal group law F =
∑
ai,ju

ivj over R the homomorphism
L∗ → R is given by xi,j + I 7→ ai,j. The ring L is graded with deg(ai,j) = 1 − i − j.
The Lazard theorem verifies that the ring L∗ is isomorphic to the polynomial ring in
countably many variables Z[t1, t2, . . .] with deg(ti) = −i.

3.2.2 Chern classes

For X ∈ Schk and a line bundle L→ X with the zero section z : X → L there is the
Chern class operator

c̃1(L) : h∗(X)→ h∗−1(X)

given by c̃1(L)(x) = z∗(z∗(x)).
In the case X ∈ Smk the Chern class operator c̃1(L) is given by the multiplication

with the Chern class element c1(L) = z∗(z∗([1X ])) ∈ h1(X) :

c̃1(L)(x) = x · c1(L)

The operators c̃1(L) are nilpotent by [32, Lemma 4.1.3], and for two line bundles
L,M the operators c̃1(L) and c̃1(M) commute. There is a formal group law Fh on
the ring h∗(k) such that for every X ∈ Schk and line bundles L,M on X

c̃1(L⊗M) = Fh(c̃1(L), c̃1(M)).

Remark 3.2.3. The formal group law F over h∗(k) gives rise to a homomorphism
L∗ → h∗(k). By the construction of the algebraic cobordism theory, one has Ω∗(k) ∼=
L∗ and the latter homomorphism coincides with the natural map Ω∗(k) → h∗(k)
arising from the universal property of the algebraic cobordism Ω∗. Then for any
X ∈ Schk the homomorphism Ω∗(X)→ h∗(X) descends to the homomorphism

Ω∗(X)⊗L∗ h
∗(k)→ h∗(X)

which is surjective by the degree formula (Proposition 3.1.9).

3.3 Auxiliary results

In this section we establish some standard facts about oriented cohomology theories
that will be used later in the thesis.

Lemma 3.3.1. Suppose X ∈ Schk. Then there is a number n(X) such that for any
vector bundle Y → X of rank r and open subscheme U ⊆ Y such that codimY \U >
n(X) the pullback homomorphism p∗ : h∗(X)→ h∗+r(U) is an isomorphism.
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Proof: Note that the [19, Proposition 15] establishes the result for h∗ = Ω∗. The
same arguments prove the statement for general h∗: by the Jouanalou’s device [23]
there is an affine torsor X̃ → X with affine X̃. Denote by Ỹ the pullback of Y . Then
h∗(X) → h∗(X̃) and h∗(Y ) → h∗(Ỹ ) are isomorphisms. Thus it sufficient to prove
the statement for affine X. In this case there is a surjection from a trivial vector
bundle AN ×X → Y . For the trivial vector bundle there is a section s : X → U when
codimY \ U > dimX thus p∗ is an isomorphism.

Lemma 3.3.2. Suppose that a morphism f : X → Y in Smk factors as f : X
z→ L

j→
Y where p : L → X is a vector bundle, z : X → L is a zero section and j is an open
embedding.

Then for every projective map a : Y ′ → Y and X ′ = X ×Y Y ′ the following
diagram of pull-back and push-forward maps commutes (we omit the grading):

h(X ′)
a′∗ // h(X)

h(Y ′)

f ′∗

OO

a∗ // h(Y ).

f∗

OO

Proof: Observe that the map f ′ : X ′ → Y ′ factors as X ′
z′→ L×Y Y ′

j′→ Y ′, where
z′ is the zero section of the vector bundle p′ : L′ = L×Y Y ′ → X ′, and j′ is an open
embedding. Let b denote the canonical map L′ → L. Since j and j′ are flat, we
have j∗a∗ = b∗j

′∗. Note that by the homotopy invariance property z∗ = (p∗)−1 and
z′∗ = (p′∗)−1. Since p and p′ are flat, p∗a′∗ = b∗p

′∗. Then z∗b∗ = a′∗z
′∗ and

f ∗a∗ = z∗j∗a∗ = z∗b∗j
′∗ = a′∗z

′∗j′∗ = a′∗f
′∗.

3.4 Equivariant oriented cohomology theory

According to [19], for an algebraic group G and an oriented Borel-Moore homology
theory h∗ one can associate its G-equivariant version defined on schemes with G-
action. The construction of [19] is carried out for algebraic cobordism Ω∗ but it can
be applied to any oriented Borel-Moore homology with localization property by [19,
§5]. In this section we recall the construction. Let G be a linear algebraic group.

Definition 3.4.1. [19, Definition 10] A good system of representations (Vi, Ui) con-
sists of a sequence of G-representations Vi, open subschemes Ui ⊆ Vi such that
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• G acts freely on Ui and the quotient Ui/G exists in the category Schk

• for any i there is a representation Wi such that Vi+1 = Vi ⊕Wi

• there are inclusions Ui ⊆ Ui ⊕Wi ⊆ Ui+1

• limi→∞ dimVi =∞

• codim(Vi \ Ui) > codim(Vj \ Uj) for i > j

Such systems exist by [45, Remark 1.4]. For X ∈ G − Schk the quotient (X ×
Ui)/G exists in Schk by [19, Lemma 9]. We will denote (X × Ui)/G by X ×G Ui.

Remark 3.4.2. If (Vi, Ui) is a good system of representations, then for any G-variety
X the connecting maps X ×G Ui → X ×G Ui+1 factor as in 3.3.2, i.e., we have
X ×G Ui → X ×G (Ui ⊕Wi)→ X ×G Ui+1.

Definition 3.4.3. For a linear algebraic group G and X ∈ G− Schk define

hGn (X) = lim
i→∞

hn+dimUi−dimG(X ×G Ui),

and the graded oriented Borel-Moore homology theory

hG∗ (X) =
⊕
n∈Z

hGn (X).

Remark 3.4.4. The definition of hG∗ (X) does not depend on a choice of a good system
of representations (Vi, Ui)[19, Theorem 16,§5]. There is also an ungraded version of
oriented Borel-Moore homology theory hG(X) = lim h∗(X ×G Ui)[19, Definintion 12].
Being different, these theories share the list of formal properties [19, Remark 13].

When X ∈ G−Smk, we will use the cohomological grading hnG(X) = hGdimX−n(X)
and call h∗G(−) the graded equivariant cohomology theory.

Remark 3.4.5. In the case when h = CH the graded equivariant groups hG∗ coincide
with the equivariant Chow groups CHG

∗ of Edidin-Graham [13].

3.4.1 Pull-back, push-forward maps and action restriction

Suppose that f : X → Y is a G-equivariant locally complete intersection morphism
of relative dimension d. For any i it gives rise to a locally complete intersection
morphism f ×G id : X ×G Ui → Y ×G Ui. The limit of induced pull-back maps gives
rise to a pull-back for equivariant theory f ∗ : hG∗ (Y ) → hG∗+d(X)[19, §5]. The same
procedure establishes a push-forward map f∗ : h

G
∗ (X)→ hG∗ (Y ) for any G-equivariant

projective morphism f : X → Y .
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If H ⊆ G is a subgroup of G, then any good system of G-representations (Ui, Vi)
is also a good system of H-representations ([19, 4.6.1]). Thus for any i there is a
natural projection X ×H Ui → X ×G Ui. The pullback of this projection gives rise to
the forgetful map

hG∗ (X)→ hH∗ (Y ).

Lemma 3.4.6. ([19, Theorem 26]) For any X ∈ G− Schk there is an isomorphism
hH∗ (X) ∼= hG∗ (X × G/H) and the forgetful map hG∗ (X) → hH∗ (X) coincides with the
pullback hG∗ (X)→ hG∗ (X ×G/H).

Proof: The statement follows from the isomorphism of schemes (X×G/H)×GUi ∼=
X ×H Ui that fits into the commutative diagram

(X ×G/H)×G Ui // X ×H Ui

X ×G Ui

66mmmmmmmmmmmmm

OO

with vertical arrows given by natural projections.

Remark 3.4.7. By 2.5.5 for any X ∈ G − Schk and any Ui in a good system of
representations of B, the projection X ×T Ui → X ×B Ui is an affine fibration, then
by homotopy invariance property the natural homomorphism hB∗ (X)→ hT∗ (X) is an
isomoprhism.

3.5 Weyl group action on T -equivariant cohomol-

ogy

Suppose G is a split semisimple algebraic group, T its split maximal torus and N =
NG(T ) its normalizer. Let W = N/T be the Weyl group and X ∈ N − Schk. Fix
a good system of N -representations (Ui, Vi). For any w = nT ∈ W there is an
automorphism

mw : X ×T Ui → X ×T Ui, (x, u) · T 7→ (xn, un) · T

These maps commute with inclusions X ×T Ui → X ×T Ui+1. Thus the pull-back
maps of mnT induce an automorphism map hT∗ (X)→ hT∗ (X), and we get a W -action
on hT∗ (X).
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Lemma 3.5.1. Suppose λ ∈ T ∗. Let Vλ be the corresponding 1-dimensional repre-
sentation of T . Then for any X ∈ T − Schk the quotient Lλ = (Vλ ×X) ×T Ui is a
vector bundle over X×T Ui. Consider w ∈ W and the map mw : X×T Ui → X×T Ui.
Then the vector bundle m∗w(Lλ) is isomorphic to the vector bundle Lw(λ) where w(λ)
denotes the usual W -action on the character group T ∗.

Proof: Let w = nT, n ∈ N(k). Note that Vw(λ) has the same underlying vector
space as Vλ. Consider a morphism

fw : Lw(λ) = (Vw(λ) ×X)×T Ui → (Vλ ×X)×T Ui = Lλ, (v, x, u) · T 7→ (v, xn, un) · T

This morphism is well defined since (v · λ(n−1tn), xtn, utn) · T = (v, xn, un) · T. This
morphism fits into the commutative diagram:

Lw(λ)
fw //

��

Lλ

��
X ×T Ui

mw // X ×T Ui

.

Thus fw induces a homomorphism of line bundles Lw(λ) → m∗w(Lλ). It is injective
since fw is. Thus it is an isomorphism.



Chapter 4

Motives associated to oriented
cohomology theories

The category of motives associated to a cohomology theory was considered in [33]. For
the classical construction of Chow motives we refer to [14, Ch. XII]. In this chapter
we recall the construction of the category of h-motives associated to an oriented
cohomology theory h and establish some necessary auxiliary results.

4.1 Motives over a smooth base scheme

Let S ∈ Smk be a smooth irreducible base scheme. Denote by SmProjS the full
subcategory of SmS consisting of pairs (X, f) where f : X → S is a smooth projective
map. For any X, Y ∈ SmProjS denote by

Corrm(X, Y ) = hdimX+m(X ×S Y )

Consider the category Corrh(S) in which objects are pairs (X, i), X ∈ SmProjS, i ∈
Z. For X, Y ∈ SmProjS let X1, . . . Xn be irreducible components of X. Then the
morphism set is defined as

HomCorrh((X, i), (Y, j)) =
n⊕
l=1

Corri−j(Xl, Y ).

Composition in the category Corrh(S) is given by the convolution product defined as
follows. Suppose X1, X2, X3 ∈ SmProjS are irreducible. Let pij : X1×SX2×SX3 →
Xi ×S Xj denote the corresponding projections for 1 6 i < j 6 3. Let α be a
morphism from (X1, i1) to (X2, i2), and β be a morphism from (X2, i2) to (X3, i3), so
α ∈ hdim(X1/S)+i1−i2(X1 × X2), β ∈ hdim(X2/S)+i2−i3(X2 × X3). Then the composition
γ = β ◦ α is given by the element

γ = p13∗(p
∗
12(α) ∩ p∗23(β)) ∈ hdim(X1/S)+i1−i3(X1 ×S X3).

27
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Note that in the category Corrh(S) the object (X tY, i) is a direct sum of (X, i)
and (Y, i). Consider the additive completion of Corr+

h (S) of the category Corrh(S) so
the objects of Corr+

h (S) are formal direct sums ⊕(Xi, ni) where Xi ∈ SmProjS are
irreducible and the homomorphism between direct sums ⊕mi=1(Xi, ni) and ⊕m′i=1(X ′i, n

′
i)

are given by m×m′ matrices with entries in Corrni−n′j(Xi, X
′
j).

Define the category of h-motivesMh(S) as the idempotent completion of the cat-
egory Corr+

h (S). The objects ofMh(S) will be the pairs (A, p) where A ∈ Corr+
h (S)

and p ∈ End(A) is an idempotent p ◦ p = p. The homomorphisms are given by

HomMh(S)((A, p), (B, q)) = q ◦HomCorr+
h (S)(A,B) ◦ p

So the category Mh(S) is additive and has image and kernel for any idempotent.
In the case S = Spec k, h∗ = CH∗ the category obtained is the classical category of
Chow motives [14, Ch. XII].

Definition 4.1.1. For X, Y ∈ SmProjS consider an isomorphism t : X ×S Y →
Y ×S X that flips the coordinates. For any α ∈ hd(X ×S Y ) define its trasnpose
αt ∈ hd(Y ×S X) as the image t∗(α) ∈ hd(Y ×S X).

Definition 4.1.2. For any X ∈ SmProjS denote by Mh(X)(i) ∈ Mh(S) the image
of the object (X, i) ∈ Corrh(S).

Remark 4.1.3. There is a functor SmProjS →Mh(S) which sends X to M(X) and
any morphism f : X → Y to Γf∗([1X ]) ∈ hdim(X/S)(X×SY ) = HomMh(k)(M(X),M(Y ))
where Γf : X → X ×S Y is the graph morphism. We will write [Γf ] instead of
Γf∗([1X ]).

For any X ∈ SmProjS by definition one has

hdimS+i(X) = HomMh(S)(S(i),M(X))

hi(X) = HomMh(S)(M(X), S(i))

The pull-back map f ∗hi(Y ) → hi(X) and the push-forward map f∗ : hi(X) → hi(Y )
then can be realized as the pre-composition and composition with morphism Γf re-
spectively.

The natural transformation Ω∗(−)→ CH∗(−) gives rise to a functor F : CorrΩ(S)→
CorrCH(S) and as a consequence, the functorMΩ(S)→MCH(S). We will check ana-
logues of the properties of [46, §2].

Lemma 4.1.4. The functor F : CorrΩ(S)→ CorrCH(S) has the following properties

(1) F is surjective on isomorphism class of objects

(2) F is surjective on homomorphisms
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(3) the kernel of FX : EndCorrΩ(S)(X)→ EndCorrCH(S)(F (X)) consists of nilpotents
for any X ∈ CorrΩ(S).

Proof: We repeat the arguments of [46, §2] The properties (1), (2) are obvious. For
any (X, i) ∈ CorrΩ(S) we have to check that ΩdimX(X×SX)→ CHdimX(X×SX) has
nilpotent kernel. By [32, Remark 4.5.6] the kernel coincides with Ω>1(k)·Ω∗(X×SX).
So for every y in this kernel yd ∈ Ωdim(X/S)(X ×S X)∩ (Ω>d(k)Ω∗(X ×S X)) which is
zero for d > dim(X×SX) since Ω<0(X×SX) = 0. So the kernel of EndCorr+

Ω (S)(X, i)→
EndCorr+

CH(S)(X, i) consists of nilpotents.

Corollary 4.1.5. If f : M1 → M2 is a morphism in MΩ(S) such that its image is
an isomorphism in MCH(S), then f is an isomorphism.

Proof: This follows from 4.1.4 and [46, Lemma 2.1,Proposition 2.5].

4.2 Equivariant motives

Let G be a linear algebraic group. Consider the category G − SmProjk of smooth
projective k-varieties with G-action and G-equivariant maps. We repeat the con-
struction of the category Mh(k) in context of G-equivariant varieties and construct
the category of G-equivariant motives MG,h(k).

For X, Y ∈ G− SmProjk define

G− Corrm(X, Y ) = hGdimX+m(X × Y ).

Consider the category G− Corrh(k) in which objects are pairs (X, i), X ∈ G−
SmProjk, i ∈ Z. For X, Y ∈ G−SmProjS let X1, . . . Xn be irreducible components
of X. Then the morphism set is defined as

HomG−Corrh(k)((X, i), (Y, j)) =
n⊕
l=1

G− Corri−j(Xl, Y ).

The composition in the category G−Corrh(k) is given by the convolution prod-
uct defined using equivariant pull-back and push-forward maps as follows. Suppose
X1, X2, X3 ∈ G − SmProjk are irreducible. Let pij : X1 ×S X2 ×S X3 → Xi ×S Xj

denote the corresponding projections for 1 6 i < j 6 3. Let α is a morphism
from (X1, i1) to (X2, i2) and β is a morphism from (X2, i2) to (X3, i3), so α ∈
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hGdim(X1/S)+i1−i2(X1×X2), β ∈ hGdim(X2/S)+i2−i3(X2×X3) then the composition γ = β◦α
is given by the element

γ = p13∗(p
∗
12(α) ∩ p∗23(β)) ∈ hGdim(X1/S)+i1−i3(X1 ×S X3).

Consider the additive completion G − Corr+
h (k) of the category G − Corrh(k).

So the objects of G − Corr+
h (k) are formal direct sums ⊕(Xi, ni), where Xi ∈ G −

SmProjk are irreducible and the homomorphism between direct sums ⊕mi=1(Xi, ni)
and ⊕m′i=1(X ′i, n

′
i) are given by m×m′ matrices with entries in G−Corrni−n′j(Xi, X

′
j).

Define the category of G-equivariant h-motivesMG,h(k) as the idempotent com-
pletion of the category G − Corr+

h (k). The objects of MG,h(k) are the pairs (A, p)
where A ∈ G − Corr+

h (k) and p ∈ End(A) is an idempotent, i.e. p ◦ p = p. The
homomorphisms are given by

HomMG,h(k)((A, p), (B, q)) = q ◦HomCorr+
h (S)(A,B) ◦ p.

So the category MG,h(k) is additive and has image and kernel for any idempotent.

Definition 4.2.1. For any X ∈ SmProjS denote by MG,h(X)(i) ∈ MG,h(k) the
image of the object (X, i) ∈ G− Corrh(k).

Remark 4.2.2. There is a functor G − SmProjk → MG,h(k) which sends X to
MG,h(X), and any morphism f : X → Y to Γf∗([1X ]) ∈ hGdim(X/S)(X ×S Y ) where

Γf : X → X ×G Y is the graph morphism. We will write [Γf ] instead of Γf∗([1X ]).

For any X ∈ G− SmProjk by definition one has

hGdimS+i(X) = HomMG,h(k)(MG(pt)(i),MG(X)),

hiG(X) = HomMG,h(k)(MG(X),MG(pt)(i)).

The pull-back map f ∗ : hiG(Y )→ hiG(X) and push-forward map f∗ : h
G
i (X)→ hGi (Y )

then can be realized by the pre-composition and composition with the morphism Γf .

4.3 Lifting of idempotents

Suppose that A∗, B∗ are associative unital graded rings, and f : A∗ → B∗ is a graded
homomorphism. Two idempotents p, q ∈ B0 are called orthogonal if pq = qp = 0.
We will say that there exists an isomorphism of degree d between p and q if there is
a ∈ pBdq and b ∈ qB−dp, such that ab = p and ba = q.

Definition 4.3.1. Following [39, §2], we will say that f lifts decompositions and
isomorphisms strictly if
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• for every decomposition 1 = q1 + . . . + qn, where qi are pairwise orthogonal
idempotents in B0, there is a decomposition 1 = p1 + . . . + pn where pi are
pairwise orthogonal idempotents in A0 and f(pi) = qi, i = 1 . . . n.

• for any idempotents p1, p2 ∈ A0 and elements a ∈ f(p1)Bdf(p2), b ∈ f(p2)B−df(p1)
such that ab = f(p1) and ba = f(p2), there are a′ ∈ p1A

dp2 and b ∈ p2A
−dp1

such that f(a′) = a, f(b′) = b, a′b′ = p1, b
′a′ = p2.

Lemma 4.3.2. [39, Proposition 2.6] Suppose that f : A∗ → B∗ is a surjective ho-
momorphism of associative unital graded rings and the kernel of f restricted to A0

consists of nilpotents. Then f lifts decompositions and isomorphisms strictly.

Lemma 4.3.3. Consider a commutative square of abelian groups

A
g //

f

��

A′

f ′

��
B

h // B′

Suppose that f and f ′ are surjective and the induced map ker(f ′)→ ker(f ′) is surjec-
tive. Then the homomorphism A→ B ×B′ A′ is surjective.

Proof: Consider (b, a′) ∈ B ×B′ A′. Then there is a1 ∈ A such that f(a1) = b.
Then a′ − g(a1) ∈ ker(f ′) so there is a2 ∈ ker(f) such that g(a2) = a′ − g(a1). Then
a = a1 + a2 is a preimage of (b, a′) in A.

Lemma 4.3.4. Consider two directed sequences of graded rings A∗i+1 → A∗i and
B∗i+1 → B∗i , i ∈ N0, and a homomorphism of these systems fi : A

∗
i → B∗i . Suppose

that

(1) fi is surjective and ker(fi) consists of nilpotents for every i

(2) the map ker(fi+1)→ ker(fi) is surjective

Consider An = lim←−iA
n
i , B

n = lim←−iB
n
i and A∗ = ⊕n∈ZAn and B∗ = ⊕n∈ZBn. Then

the limit f : A∗ → B∗ is surjective and lifts decompositions and isomorphisms strictly.

Proof: Lemma 4.3.3 implies that f is surjective. Let us check that it lifts decom-
positions and isomorphisms strictly. Suppose that 1 = q1 + . . .+qn is a decomposition
in B0. Each qi is given by a sequence (qi,j) ∈ B0

j such that qi,j 7→ qi,j−1 under the ho-
momorphism Bj → Bj−1. By Lemma 4.3.2 there is a decomposition 1 = p1,0+. . .+pn,0
in A∗0 such that f0(pi,0) = qi,0. We construct a sequence of decompositions (pi,j) ∈ A0

j

by induction. For every i consider a homomorphism A∗j → A∗j−1 × B∗j . There is
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decomposition 1 = (1, 1) = (p1,j−1, q1,j) + . . . + (pn,j−1, qn,j). This decomposition lies
in the image of A∗j by Lemma 4.3.3, thus by Lemma 4.3.2 there is a decomposition
1 = p1,j + . . . + pn,j that is a lift of decomposition qi,j and is mapped to pi,j−1 via
the homomorphism A∗j → A∗j−1. Then the sequence (pi,j)j∈N0 defines a decomposition
1 = p1 + . . .+ pn ∈ A∗ that lifts 1 = q1 + . . .+ qn. The same reasoning shows that the
map A∗ → B∗ lifts isomorphisms strictly.

4.4 Cellular spaces and equivariant Künneth iso-

morphism

Foe X, Y ∈ SchS one can consider the K-homology group A(X ×S Y,K∗) as corre-
spondences. In the case when X,Z ∈ SchS and Y ∈ SmProjS there is a pairing for
K-homology groups [14, §62]

A(Y ×S Z,K∗)× A(X ×S Y,K∗)→ A(X ×S Z,K∗)

playing the role of the composition of correspondences.
If f : X → Y in SchS is a flat morphism, β ∈ A(Y ×S Z,K∗) there is a notion of

composition β ◦ f ∈ A(X ×S Z,K∗)
Such that for Z ∈ SmProjS, Y, T ∈ SchS and flat morphism f : X → Y then

for any α ∈ A(Y ×S Z,K∗), β ∈ A(Z ×S T,K∗) one has (β ◦ α) ◦ f = β ◦ (α ◦ f).[14,
Proposition 62.8]

Definition 4.4.1. [14, §66] A morphism f : X → Y in SchS is called an affine
fibration of rank d if f is flat and for every point y ∈ Y the fiber Xy = X ×Y y is
isomorphic to the affine space Ad

k(y).

Definition 4.4.2. [14, §66] A scheme X ∈ SchS is called relatively cellular if there
is a filtration by closed subschemes

∅ = X−1 ⊆ X0 ⊆ X2 ⊆ . . . ⊆ Xn = X

and affine bundles pi : Ui = Xi \ Xi−1 → Yi of rank di in SmS for 0 6 i 6 n. The
schemes Yi ∈ SmS are called bases of cellular filtration.

Lemma 4.4.3. [14, Theorem 66.2] Let X ∈ SmProjS and X is relatively cellular
(definition 4.4.2) with bases Yi ∈ SmProjS. Let αi ∈ CHdimXi(Xi ×S Yi) be any
preimage of [Γpi ] under the pullback map CHdimXi(Xi ×S Yi) → CHdimXi(Ui ×S Yi)
and ai = fi∗((αi)

t) ∈ CH(Yi ×S X) where fi : Xi → X is a closed embedding. Then∑
ai : ⊕ni=1 MCH(Yi)(di)→MCH(X)

is an isomorphism in MCH(S).
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Proof: Let gi : Ui → Xi be the inclusion. For any x ∈ A(Yi ×S Z,K∗) we have
(x ◦ αi) ◦ gi = x ◦ (αi ◦ gi) by [14, 62.8]. Thus the composition

A(Yi ×S Z,K∗)
α∗i→ A(Xi ×S Z,K∗)

g∗i→ A(Ui ×S Z,K∗)

equals to the isomorphism p∗i , hence g∗i is a split surjection. Then the connecting
homomorphism Ak+1(Ui ×S Z,K−k) → CHk(Xi−1 ×S Z) is zero and there is a short
exact sequence

0→ CHk(Xi−1 ×S Z)→ CHk(Xi ×S Z)→ CHk(Ui ×S Z)→ 0

which is a split surjection for any i, thus the map∑
ai : ⊕ni=1 CH(Yi ×S Z)→ CH(X ×S Z)

is an isomorphism, so by Yoneda lemma the map∑
ai : ⊕ni=1 MCH(Yi)(di)→MCH(X)

is an isomorphism in MCH(S).

Lemma 4.4.4. Assume that X ∈ SmProjS and there is a cellular structure

∅ = X−1 ⊆ X0 ⊆ X2 ⊆ . . . ⊆ Xn = X

pi : Ui → Yi and Yi ∈ SmProjS. Suppose for any i there is Mi ∈ SmProjS and
an S-map fi : Mi → Xi ×S Yi such that the fiber of fi over Ui ×S Yi is isomorphic
to the graph morphism Ui → Ui ×S Yi. Denote by αi the image of (fi∗([1Mi

]))t in
hdimXi(Yi ×S X). Then

n∑
i=1

αi :
n∑
i=0

Mh(Yi)(di)→Mh(X)

is an isomorphism in Mh(S).

Proof: Consider the case h∗ = Ω∗ and the functor MΩ(k) → MCH(S). Then
the image of

∑n
i=1 αi in HomMCH(S)(⊕MCH(Yi)(di),MCH(X)) is an isomorphism by

Lemma 4.4.3. Then
∑n

i=1 αi is an isomorphism by 4.1.5. Then its specialization to
any theory h∗ is an isomoprhism.
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Corollary 4.4.5. Consider a flat map p : X → Y in SmProjS. Assume that there
is a cellular structure

∅ = X−1 ⊆ X0 ⊆ X2 ⊆ . . . ⊆ Xn = X

such that p : Ui = Xi \ Xi → Y is an affine fibration of rank di. Assume there is
X̃i ∈ SmProjS and an S-map fi : X̃i → Xi such that fi is an isomorphism over Ui.
Denote by [X̃i] the elements [X̃i → X] in hdimXi(X). Then

(1) [X̃i] form a basis of h∗(Y )-module h∗(X)

(2) In the case Y = S the pairing h(X)× h(X) → h(S) given by (a, b) = p∗(ab) is
perfect.

Proof: Applying Lemma 4.4.4 to the case Yi = Y we get an isomorphism of mo-
tives ⊕ni=1Mh(Y )(di)→Mh(X) given by αi = [X̃i → Y ×X]. Then h∗(X) has h∗(Y )
-basis given by [X̃i → X]. In the case Y = S the inverse isomorphism of motives
F : Mh(X) → ⊕ni=1S(di) is given by elements ai ∈ hdi(X). Then the basis ai is dual
to the basis [X̃i] ∈ hdimS+di(X) with respect to the pairing (a, b) = p∗(ab).

Corollary 4.4.6. (Künneth isomorphism) Under the hypothesis of 4.4.5(2) the map
f : h(X ×S X)→ Endh(S) h(X) given by a 7→ fa, fa(x) = p2∗(p

∗
1(x) · a) is an isomor-

phism of h(S)-modules.

Proof: The pairing (·, ·) gives an isomorphism h(X)→ Homh(S)(h(X), h(S)) and,

hence, an isomorphism Endh(S) h(X)
'→ h(X)⊗h(S) h(X). Consider the composition

ρ : h(X ×S X)
f→ Endh(S) h(X)

'→ h(X)⊗h(S) h(X)

and a map π : h(X)⊗ h(X)→ h(X ×S X) given by π(a⊗ b) = p∗1(a) · p∗2(b).
By definition, we have fp∗1(a)p∗2(b)(x) = p2∗(p

∗
1(x)p∗1(a)p∗2(b)) = (x, a)b. Hence,

ρ(π(a⊗ b)) = a⊗ b and the map ρ is surjective. Note that Corollary 4.4.5 applied to
X ×SX → X implies that h(X ×SX) is a free h(X)-module of rank (n+ 1). Then it
is a free h(S)-module of rank (n+1)2. Thus, ρ is a surjective homomorphism between
free modules of the same rank, hence, it is an isomorphism.

We now provide the equivariant analogues of Lemma 4.4.4 and Corollaries 4.4.5
and 4.4.6.

Definition 4.4.7. For X, Y ∈ G − Schk we call f : X → Y an equivariant affine
fibration if f is equivariant and f is an affine fibration.
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Definition 4.4.8. [14, §66] A scheme X ∈ G−Schk is called relatively G-equivariant
cellular if there is a filtration by closed subschemes

∅ = X−1 ⊆ X0 ⊆ X2 ⊆ . . . ⊆ Xn = X

and G-equivariant affine fibrations pi : Ui = Xi \Xi−1 → Yi of rank di for 0 6 i 6 n.
The schemes Yi ∈ G− Smk are called bases of cellular filtration.

Lemma 4.4.9. Suppose X ∈ G−SmProjk and there is a sequence of G-equivariant
closed subschemes

∅ = X−1 ⊆ X0 ⊆ X1 ⊆ . . . ⊆ Xn = X

with G-equivariant affine fibrations Xi \ Xi−1 = Ui → Yi with Yi ∈ G − SmProjk.
Suppose for any i there is Mi ∈ G−SmProjk and G-equivariant map fi : Mi → Xi×Yi
such that fi : f

−1
i (Ui)→ Ui is isomorphic to the graph map Γpi : Ui → Ui × Yi. Let αi

denote the image of (fi∗([1Mi
]))t in hGdimXi

(Yi ×X). Then the homomorphism∑
αi : ⊕ni=1 MG,h(Yi)(di)→MG,h(X)

is an isomorphism in MG,h(k)

Proof: By Yoneda lemma it is sufficient to check that for any Z ∈ G−SmProjk
the induced map ∑

αi∗ : ⊕ni=1 h
G
m−di(Z × Yi)→ hGm(Z ×X) (∗)

is an isomoprhism for any m ∈ Z. Note that for any Uj in the good system of
representations of G we have (Z × Yi)×G Uj = (Z ×G Uj)×Uj/G (Yi ×G Uj), thus the
arrow in question a limit of the maps

hm+r−di((Z ×G Uj)×Uj/G (Yi ×G Uj))→ hGm+r((Z ×G Uj)×Uj/G (X ×G Uj)), (∗∗)

where r = dimUj − dimG.
For any Uj in the system of good representations (Vj, Uj) the schemes Xi ×G Uj

give cellular filtration with bases Yi ×G Uj and schemes Mi ×G Uj satisfy the con-
ditions of Lemma 4.4.4 over the base scheme S = Uj/G. Thus by Lemma 4.4.4 the
homomorphism (∗∗) is an isomorphism thus (∗) is an isomorphism.

Corollary 4.4.10. Consider a flat map p : X → Y in G − SmProjk and a G-
equivariant cellular fibration

∅ = X−1 ⊆ X0 ⊆ . . . ⊆ Xn = X

such that p : Ui = Xi \ Xi−1 → Y is a G-equivariant affine fibration of rank d.
Assume there are X̃i ∈ G − SmProjk and equivariant maps fi : X̃i → Xi such that
f−1(Ui)→ Ui is an isomorphism. Denote by [X̃i] the elements [X̃i → X] ∈ hGdimXi

(X).
Then
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(1) [X̃i] form a basis of h∗G(Y )-module h∗G(X)

(2) In the case Y = Spec k the pairing h∗G(X) × h∗G(X) → h∗G(k) given by (a, b) =
p∗(ab) is perfect

Proof: By Lemma 4.4.9 there is an isomorphism of motives ⊕ni=1MG,h(Y )(di) →
MG,h(X) given by αi = [X̃i → Y × X]. Then hG∗ (X) has h∗G(Y ) -basis given
by [X̃i → X] = [X̃i]. In the case Y = k the inverse isomorphism of motives
F : MG,h(X) → ⊕ni=1MG,h(k)(di) is given by elements ai ∈ hdiG (X). Then the ba-
sis ai is dual to the basis [X̃i] ∈ hGdi(X) with respect to the pairing (a, b) = p∗(ab).

Corollary 4.4.11. (Equivariant Künneth isomorphism). In the hypothesis of 4.4.10(2)
the map f : hG∗ (X ×X)→ Endh∗G(k)(h

∗
G(X)) given by a 7→ fa, fa(x) = p2∗(p

∗
1(x) · a) is

an isomorphism of h∗G(k)-modules.

Proof: The pairing (·, ·) gives an isomorphism hG∗ (X)→ Homh∗G(k)(h
∗
G(X), h∗G(k))

and, hence, an isomorphism Endh∗G(k)(h
∗
G(X))

'→ h∗G(X) ⊗h∗G(k) h
∗
G(X). Consider the

composition

ρ : h∗G(X ×X)
f→ Endh∗G(k) h

∗
G(X)

'→ h∗G(X)⊗h∗G(k) h
∗
G(X)

and the map π : h∗G(X)⊗ h∗G(X)→ h∗G(X ×X) given by π(a⊗ b) = p∗1(a) · p∗2(b).
By definition, we have fp∗1(a)p∗2(b)(x) = p2∗(p

∗
1(x)p∗1(a)p∗2(b)) = (x, a)b. Hence,

ρ(π(a ⊗ b)) = a ⊗ b and the map ρ is surjective. Note that by 4.4.10 applied to
X ×X → X, h∗G(X ×X) is a free h∗G(X)-module of rank (n + 1), hence, it is a free
h∗G(k)-module of rank (n + 1)2. Thus, ρ is a surjective homomorphism between free
modules of the same rank. Hence, it is an isomorphism.

4.5 Cellular structure on projective homogeneous

varieties

In this section we give a list of equivariant cellular structures on projective homoge-
neous varieties and their products that will be used. G is a semisimple split algebraic
group, T its split maximal torus, W the corresponding Weyl group and T ⊆ B a
Borel subgroup and B ⊆ P a standard parabolic subgroup. Denote by 6 the Bruhat
order on W .
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B-equivariant cellular structure on G/P

The Bruhat decomposition implies that B orbits on G/B are indexed by the elements
of W . For w ∈ W let C(w) = BwB/B be the corresponding B-orbit. Then C(w)
is isomorphic to the affine space Al(w)([2, 14.12]) Denote by Xw the closure of C(w)
in G/B and call it a Schubert cell. Then Xw =

∐
v6w C(v) and for the filtration Xi

given by Xi = ∪l(w)6iXw we have a B-equivariant filtration Xi with

Xi \Xi−1 =
∐

w|l(w)=i

C(w)

Then we can subdivide this filtration by considering any linear order 1 <′ w1 <′

. . . <′ wn on W that extends the Bruhat order and take X ′w = ∪v6′wXv. Then
X ′wi \X

′
wi−1

= C(wi) ∼= Al(wi) thus

∅ ⊆ X ′1 ⊆ X ′w1
⊆ . . . ⊆ X ′wn = X

is a B-equivariant cellular filtration (in the sense of Definition 4.4.8) whose bases
coincide with Spec k.

For any w ∈ W let w = s1 . . . sn be a reduced decomposition. Denote Iw =
(s1, . . . , sn) the sequence of simple reflections. Then the Bott-Samelson variety XIw

([12],[7, §7]) given by

XIw = Pα1 ×B Pα2 ×B . . .B Pαn/B

is smooth and projective and provides B-equivariant maps XIw → Xw that is an
isomorphism over C(w).

Note that B-orbits on G/P are given by the cosets w ∈ W/WP and have the
form C(w) = BwP/P . Denote by Xw the closure of C(w). If w ∈ W P is a minimal
length representative of the coset w ∈ W/WP then the projection C(w) → C(w) is
an isomorphism, then XIw gives a resolution of singularities of Xw, thus applying
Lemma 4.4.9 and Corollaries 4.4.10 and 4.4.11 we get that

MB,h(G/P ) ∼=
⊕
w∈WP

MB,h(pt)(l(w)),

the elements [XIw ], w ∈ W P give a basis of h∗B(G/P ) over h∗B(k) and h∗B(G/P ×
G/P ) ∼= Endh∗B(k)(h

∗
B(G/P )).

G-equivariant cellular structure on G/B ×G/B

The G-orbits of the diagonal G-action on G/B×G/B are given by Ow = (B,wB) ·G
for w ∈ W. The projection O(w)→ G/B is an affine fibration of rank l(w). For w ∈ W
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let Xw denote the closure of O(w). Let w = s1 . . . sn be a reduced decomposition.
Then the variety

XIw = G/B ×G/Pi1 × . . .×G/Pin G/B

is smooth projective and the fiber of XIw → Xw over O(w) is an isomorphism. Then
Xi = ∪l(w)6iXw forms a filtration on G/B × G/B with Xi \ Xi−1 =

∐
l(w)=iO(w).

Subdividing this filtration we get a G-equivariant filtration X ′wi with X ′wi \X
′
wi−1

=
Owi , thus by Corollary 4.4.10 [XIw ] form a basis of hG(G/B ×G/B) over h(G/B).

G-equivariant cellular structure on G/P ×G/P ′

Suppose that P and P ′ are two standard parabolic subgroups. We recall the cellular
structure on G/P × G/P ′ constructed by Chernousov and Merkurjev in [9]. By [9,
Lemma 2.1] the assignment w 7→ (P,wP ′) · G gives a bijection between WP\W/W ′

P

and the set of G-orbits on G/P ×G/P ′. For a class D ∈ WP\W/W ′
P let OD denote

the corresponding orbit. For any class D ∈ WP\W/W ′
P there is a standard parabolic

subgroup PD and a G-equivariant affine fibration OD → G/PD of rank l(D) where
l(D) is the length of the minimal coset representative of D ([9, Proposition 4.1]).
By [9, Proposition 5.1] there is a G-equivariant filtration Vi on G/P ×G/P ′ such that
Vi \Vi−1 = ODi . In case when k has characteristic zero we can take any G-equivariant
desingularisation of Vi by [27, 3.9.1], thus by 4.4.9 we get that

MG,h(G/P ×G/P ′) ∼=
⊕

D∈WP \W/W ′P

MG,h(G/PD)(l(D))



Chapter 5

Formal affine Demazure algebras

In this chapter we recall the theory of formal affine Demazure algebras developed by
Calmes, Hoffnung, Malagon-Lopez, Petrov, Savage, Zainoulline and Zhong in [22],
[5],[6],[7],[4]. We will follow the exposition of [22].

5.1 Graded formal group algebra

Let h be an oriented cohomology theory with the coefficient ring R and the formal
group law F . We recall the notion of formal group algebra studied in [4] [22],[5].

For an abelian group Λ let R[xΛ] denote the polynomial ring with variables xλ
indexed by the elements λ ∈ Λ and ε : R[xΛ] → R be the augmentation map that
maps xλ to 0 for any λ ∈ Λ. Define R[[xΛ]] to be the ker(ε)-adic completion of R[xΛ].

Let JF denote the closure of the ideal generated by elements xλ+µ − (xλ +F xµ)
for all λ, µ ∈ Λ.

Definition 5.1.1. Denote the formal group algebra of Λ and formal group law (R,F )
as the quotient

R[[Λ]]F = R[[xΛ]]/JF .

Proposition 5.1.2. [7, Theorem 3.3] In case Λ = T ∗ the formal group algebra
R[[T ∗]]F coincides with the ungraded oriented cohomology of a point

R[[T ∗]]F ∼= hT (Spec k)

Following the notation of [6] and [7] we will denote R[[T ∗]]F by S. We will need
a similar description for the graded equivariant theory h∗T .

Let R[[T ∗]] be the power series in variables xλ indexed by elements of λ ∈ T ∗.
Declare the grading of each xλ to be 1. Together with grading on R this allows to
define a grading of any monomial using the formula

deg rxλ1 . . . xλm = deg r +m.

39
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Definition 5.1.3. For i ∈ Z define R[[T ∗]]i to be the subgroup consisting of power
series f such that every monomial of f has degree i. Let R[[T ∗]]iF denote the image
of the natural map R[[T ∗]]i → R[[T ∗]]F .

Definition 5.1.4. Define the graded formal group algebra Sgr to be the graded ring

Sgr =
⊕
i∈Z

R[[T ∗]]iF .

Note that choice of a basis λ1, . . . , λn in T ∗ provides an isomorphism ([4, Corollary
2.12]):

R[[T ∗]]F ∼= R[[x1, . . . , xn]], xλi 7→ xi.

Definition 5.1.5. We will call a power series in R[[T ∗]]F ∼= R[[x1, . . . , xn]] homo-
geneous if all the monomials on the power series have the same degree. Note that
this property does not depend on the choice of a basis of T ∗ since for any λ, µ ∈ T ∗
xλ +F xµ is a homogeneous power series of degree 1.

Remark 5.1.6. The graded formal group algebra Sgr is a subring of the formal group
algebra S consisting of finite sums of homogeneous power series.

Proof: Choose a basis of T ∗ and identify R[[T ∗]]F ∼= R[[x1, . . . , xn]]. This isomor-
phism identifies R[[T ∗F ]]i with a subgroup of homogeneous power series of degree i.
Thus R[[T ∗]]iF are pairwise disjoint, so Sgr injects into R[[T ∗]]F = S and is a graded
ring and Si equals to the subgroup of homogeneous power series of degree i.

Proposition 5.1.7. There is an isomorphism of graded rings with W -action

Sgr ∼= h∗T (k), xλ 7→ cT1 (Lλ)

Proof: Choose an isomorphism T ∼= Gn
m. This gives a basis λ1, . . . , λn of T ∗.

Choose a sequence Ui = (Ai \ 0)n as a system of good representations. Then
Ui/T = (Pi−1)n and h((Pi−1)n) = R[x1, . . . xn]/(xi1, . . . , x

i
n) where xj = c1(L(λj)).

Then for any m ∈ Z hm(Ui/T ) = (R[x1, . . . xn]/(xi1, . . . , x
i
n))m and limi 7→∞ hm(Ui/T )

coincides with the group R[[x1, . . . , xn]]m of homogeneous power series of degree
m. Thus h∗T (k) coincides with Sgr inside R[[T ∗]]F = R[[x1, . . . , xn]]. Note that
w · c1(Lλ) = c1(Lw(λ)) by Lemma 3.5.1, thus the map Sgr → h∗T (k) is W -equivariant
on generators. Hence it is W -equivariant.

Example 5.1.8. In the case when R = Z and F = Fa is the additive formal
group law, the graded formal group algebra Sgr coincides with the polynomial ring
Z[x1, . . . , xn] where λ1, . . . , λn is a basis of T ∗.
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5.2 Graded formal affine Demazure algebra

In this section we recall the definition of the formal affine Demazure algebra DF

introduced in [22] and develop its graded analogue Dgr
F .

Let G be a semisimple split algebraic group. Fix a maximal split torus T and the
root system Σ. Denote by Λr the root lattice, by Λw the weight lattice, and by Λ = T ∗

the intermediate character lattice. The corresponding Weyl groupW = NG(T )/T acts
on T ∗ = Λ. This action gives rise to a W -action on R[[Λ]]F given by the formula

w(xλ) = xw(λ) for any w ∈ W,λ ∈ Λ.

As in the previous section, consider the formal group algebra S and the graded
formal group algebra Sgr ⊆ S. Recall that the elements of Sgr are finite sums of
homogeneous power series. Since R is an integral domain, then S and Sgr are integral
domains by [4, 2.13].

Definition 5.2.1. For any root α ∈ Σ and any element x ∈ R[[Λ]]F the difference
x − sα(x) is uniquely divisible by xα by [4, Cor. 3.4]. Then the formal Demazure
operator ∆F

α is defined by

∆F
α (x) =

x− sα(x)

xα
for any x ∈ R[[Λ]]F .

Note that if x ∈ Sgr then ∆F
α (x) ∈ Sgr.

In the case when F is additive or multiplicative, the formal Demazure operators
coincide with classical ones defined in [11]. The formal Demazure operators are R-
linear.

Remark 5.2.2. The operators ∆F
α have degree −1 on Sgr and for any u, v ∈ S

∆F
α (uv) = ∆F

α (u)v + sα(u)∆F
α (v) in S

Remark 5.2.3. As operators on S the Demazure operators have the following com-
muting relation with the multiplication operators. For any x ∈ S we will write x for
the multiplication by x operator on S. Then

∆F
αx = sα(x)∆F

α + ∆F
α (x) in EndR(S).

Let Q = S[ 1
xα
| α ∈ Σ] (respectively Qgr = Sgr[ 1

xα
| α ∈ Σ]) be the localization of

S (respectively Sgr) in the variables corresponding to the roots. Then the W -action
on S naturally descends to a W -action on Q and Qgr

Let R[W ] be the group ring of the Weyl group W . Denote the basis elements by
δw, w ∈ W.
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Definition 5.2.4. ([22, Definition 6.1]) The twisted formal group algebra QW (re-
spectively Qgr

W ) is defined as

QW = Q⊗R R[W ], (Qgr
W = Qgr ⊗R R[W ]) as an R-module

with multiplication qiven by

qδw · q′δw′ = qw(q′)δww′ .

Definition 5.2.5. For each root α ∈ Σ define the corresponding formal Demazure
element as

Xα =
1

xα
(1− δsα).

Definition 5.2.6. ([22, Definition 6.3]) The formal affine Demazure algebra DF

(resp. graded formal affine Demazure algebra Dgr
F ) is the subalgebra of QW (resp.

Qgr
W ) generated by S (Sgr) and formal Demazure elements Xα, α ∈ Σ.

For any w ∈ W fix a reduced decomposition w = si1si2 . . . sik as a product of
simple reflections. Denote the sequence i1, . . . ik by Iw. Define XIw = Xi1Xi2 . . . Xik .
Note that in general XIw does depend on the choice of the reduced decomposition.

5.3 Generators and relations of the formal affine

Demazure algebra

Definition 5.3.1. For a root α ∈ Σ denote by

κFα =
1

xα
+

1

x−α

This element lies in S according to [22, Definition 4.2]. For α = αi we will write κi
for καi.

Remark 5.3.2. It is convenient to introduce another set of generators ([7, Definition
5.2])

Yα = κα −Xα

called push-pull elements.

For any α, β ∈ Λ the element

κα,β =
1

xα+βxβ
− 1

xα+βx−α
− 1

xαxβ

lies in S by [22, Lemma 6.7]. For linear combinations of simple roots α = n1αi+m1αj
and β = n2αi +m2αj κn1i+m1j,n2i+m2j for κα,β. Note that since a formal group law is
a homogeneous power series, the elements κα and κα,β lie in Sgr.
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Remark 5.3.3. Choose a set of simple roots α1, . . . , αn. Let us denote Xαi by Xi.
Let si ∈ W be the simple reflections corresponding to the simple roots αi Then the
Weyl group has the following presentation in terms of generators and relations:

W = 〈si | s2
i = 1, (sisj)

mi,j = 1〉

where
mi,j = 2 if 〈α∨i , αj〉 = 0,
mi,j = 3 if 〈α∨i , αj〉 = 〈α∨j , αi〉 − 1,
mi,j = 4 if 〈α∨i , αj〉 = −1, 〈α∨j , αi〉 = −2,
mi,j = 6 if 〈α∨i , αj〉 = −1, 〈α∨j , αi〉 = −3.

There is a presentation of the formal affine Demazure algebra DF in terms of
generators and relations.

Proposition 5.3.4. ([5, Theorem 7.9],[22, Proposition 6.8]) The formal affine De-
mazure algebra is generated as R-algebra by S and elements Xi, i = 1 . . . , n modulo
the following relations:

• Xiφ = si(φ)Xi + ∆i(φ) for φ ∈ S,

• X2
i = κiXi,

• if mi,j = 2 then Xij = Xji,

• if mi,j = 3 then Xjij −Xiji = Xiκi,j −Xjκj,i,

• if mi,j = 4 then Xjiji−Xijij = Xij(κi+2j,−j+κj,i)−Xji(κi+j,j+κi,j)+Xj(∆i(κi+j,j+
κi,j))−Xi(∆j(κi+2j,−j + κj,i)),

• if mi,j = 6 then Xjijiji−Xijijij = Xijij(κj,i+κ2i+3j,−i−2j+κ−i−3j,i+2j+κi+2j,−j)−
Xjiji(κi,j+κ−2i−3j,i+2j+κ−i−2j,i+3j+κi+j,j)+Xjij(∆i(κi,j+κ−2i−3j,i+2j+κ−i−2j,i+3j+
κi+j,j))−Xiji(∆j(κj,i + κ2i+3j,−i−2j + κ−i−3j,i+2j + κi+2j,−j)) +Xijξij −Xjiξji +
Xj(∆i(ξji))−Xi(∆j(ξij)),

where ξij = 1
xixi+jxi+2jx2i+3j

+ 1
xixjxi+2jx−2i−3j

+ 1
xixjx2i+3jx−i−j

− 1
xixi+jxi+2jx−i−3j

−
1

xixi+jxi+3jx−j
+ 1
xi+jxi+3jx−jx−2i−3j

+ 1
xi+3jx2i+3jx−jx−i−2j

+ 1
xi+jxi+2jx−i−3jx−2i−3j

− 1
xixjxi+2jxi+3j

and ξji = 1
xixjx2i+3jx−i−2j

+ 1
xixjxi+2jx−i−3j

+ 1
xjxi+2jxi+3jx2i+3j

− 1
xixjxi+jx2i+3j

+ 1
xi+jxi+2jx−ix−2i−3j

+
1

xi+3jx2i+3jx−i−jx−i−2j
+ 1

xi+jxi+3jx−ix−i−2j
− 1

xjxi+3jx2i+3jx−i−j
− 1

xjxi+jxi+3jx−i
.

Proposition 5.3.5. The graded formal affine Demazure algebra Dgr
F is a free left

Sgr-module with the basis {XIw}w∈W .
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Proof: Note that Dgr
F is a subalgebra of DF and the elements of XIw form a basis

of DF over S by [5, proposition 7.7]. Then XIw are linearly independent over Sgr in
Dgr
F . Since the elements κi, κi,j and ξi,j lie in Sgr, we get that XIw generate Dgr

F a
Sgr-module.

Proposition 5.3.6. The graded formal affine Demazure algebra is generated as R-
algebra by Sgr and Xi module the same list of relations as in Proposition 5.3.4

Proof: The same set of relations holds in Dgr
F , so there is a homomorphism from

the algebra A generated by Sgr, Xi modulo the relations to Dgr
F . Note that A is a

free Sgr-module with the basis XIw , thus the homomorphism A→ Dgr
F sends basis to

basis, hence is an isomorphism.

In the case when F is additive FGL or multiplicative FGL the graded formal
affine Demazure algebra Dgr

F becomes a classical object: nil Hecke ring introduce by
Kostant and Kumar ([28]) or the 0-Hecke ring respectively:

Proposition 5.3.7. ([22, Proposition 7.1])

In the case R = Z and F is the additive formal group law Sgr = Z[xλ1 , . . . xλn ]
where λi form a basis of Λ = T ∗ and

Dgr
F is generated as Z - algebra by Sgr and elements Xi, i = 1, . . . , n modulo the

relations:

Xif = si(f)Xi + ∆i(f) for any f ∈ S
X2
i = 0

(XiXj)
mi,j/2 = (XjXi)

mi,j/2 if mi,j is even

XiXjXi = XjXiXj if mi,j = 3.

Thus it is isomorphic to the nil Hecke ring ([28, Definition 4.12]).

In the case R = Z and F is the multiplicative formal group law specialized
at β = 1, then Sgr = Z[T ∗] is the group ring of T ∗ and Dgr

F is generated as
Z-algebra by S and Xi, i = 1, . . . , n modulo the usual braid relations:

Xif = si(f)Xi + ∆i(f) for any f ∈ S
X2
i = Xi

(XiXj)
mi,j/2 = (XjXi)

mi,j/2 if mi,j is even

XiXjXi = XjXiXj if mi,j = 3.

Remark 5.3.8. It follows that in both additive and multiplicative cases the elements
XIw do not depend on the choice of the reduced decompositions Iw of w.
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5.4 Modules corresponding to parabolic subgroups

Let P ⊆ G be a standard parabolic subgroup and WP ⊆ W the corresponding
subgroup of the Weyl group. The main result of [7] establishes an isomorphism
hT (G/P ) ∼= D∗P between the ungraded T -equivariant theory of the homogeneous
space G/P and a certain projective DF -module D∗P , defined in terms of WP . In this
section we adapt this result for the graded case to get an isomorphism h∗T (G/P ) ∼=
Dgr∗
P between the graded T -equivariant cohomology of G/P and some projective Dgr

F -
module Dgr∗

F,P .

Definition 5.4.1. Let D∗F (Dgr∗
F ) denote the S-dual of DF (Sgr-dual of Dgr

F )

D∗F = HomS(DF , S),Dgr∗
F = HomSgr(D

gr
F , S

gr),

where DF (Dgr
F ) is considered as a left S-module (Sgr-module).

Analogously,

Q∗W = HomQ(QW , Q), Qgr∗
W = HomQgr(Q

gr
W .Q

gr)

Then Q∗W (Qgr∗
W ) is a free left Q-module (Qgr-module) with the dual basis fv defined

by the rule fv(δw) = δKrw,v, where δKrw,v equals to 1 if w = v and 0 otherwise.

Remark 5.4.2. Note that DF = Dgr
F ⊗Sgr S. Thus there is a map Dgr∗

F → D∗F which
is injective, since it sends the Sgr-basis of Dgr

F to S-basis of D∗F .

The natural inclusion DF → QW induces an isomorphism DF ⊗S Q ∼= QW .
Therefore any S-linear map F ∼= DF → S gives rise to a Q-linear map FQ : QW

∼=
DF⊗SQ→ Q. The assignment F 7→ FQ defines a homomorphism D∗F → Q∗W which is
injective by [6, Theorem 10.7]. Then the corresponding homomorphism Dgr∗

F → Qgr∗
W

is injective. Following [30] we introduce the following:

Definition 5.4.3. Define the �-action of QW on Q∗W by the rule

qδw � pfv = qw(p)fwv

Lemma 5.4.4. The � action endows Q∗W with the structure of a left QW -module

Proof: Note that q1δw1 � (qδw� pfv) = q1w1(q)w1w(p)fw1wv = (q1δw1qδw)� pfv.

Note that � descends to an action of Qgr
W on Qgr∗

W .

Proposition 5.4.5. The �-action of DF (Dgr
F ) on Q∗W restricts to the action on D∗F

(Dgr∗
F .)
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Proof: The statement about DF is proved in [30, Theorem 2.5]. The statement
for Dgr

F follows since Dgr∗
F = D∗F ∩Q

gr∗
W inside Q∗W .

Definition 5.4.6. Define SW/WP
(resp. SgrW/WP

) as a free S (resp. Sgr)-module with

basis δw, w ∈ W/WP . Define QW/WP
= SW/WP

⊗S Q and Qgr
W/WP

= SgrW/WP
⊗Sgr Qgr.

Note that QW/WP
(resp. Qgr

W/WP
) has a natural structure of the left QW (resp.

Qgr
W )-module given by the formula

qδw · q1δw1 = qw(q1)δww1 ,

and there is a canonical QW (resp. Qgr
W )-module epimorphism QW → QW/WP

(resp.
Qgr
W → Qgr

W/WP
) given by δw 7→ δw.

Definition 5.4.7. [6, §11] Define DF,P (resp. Dgr
F,P ) as the image of the composition

DF → QW → QW/WP
(resp. Dgr

F → Qgr
W → Qgr

W/WP
).

The canonical inclusion SW → DF (resp. SgrW → Dgr
F ) induces an inclusion

SW/WP
→ DF,P (resp. SgrW/WP

→ Dgr
F,P ) and the dual map D∗F,P → S∗W/WP

(resp.

Dgr∗
F,P → Sgr∗W/WP

).

The same reasoning as in Remark 5.4.2 shows that there is an inclusion Dgr∗
F,P ⊆

D∗F,P .

Lemma 5.4.8.
Dgr∗
F = D∗F ∩ S

gr∗
W in S∗W

Dgr∗
F,P = D∗F,P ∩ S

gr∗
W/WP

in S∗W/WP

Proof: The lemma follows from the fact that Qgr is faithfully flat Sgr-module and
the equalities hold after taking tensor product with Qgr: DF gr∗ ⊗Sgr Qgr = Qgr∗

W and
Dgr∗
F,P ⊗Sgr Qgr = Qgr∗

W/WP
.

Lemma 5.4.9. The dual homomorphism D∗F,P → S∗W/WP
(resp. Dgr∗

F,P → Sgr∗W/WP
) is

injective.

Proof: The ungraded statement is given by [6, Lemma 11.5]. The graded homo-
morphism Dgr∗

F,P → Sgr∗W/WP
is injective since it is given as a restriction of the ungraded

homomorphism D∗F,P → S∗W/WP
to Dgr∗

F,P ⊆ D∗F,P .
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5.5 Demazure algebra and cohomology

In this section we connect the modules Dgr∗
F,P of the previous section to the cohomology

of homogeneous spaces. Note that T -fixed points on G/P correspond to the right
cosets W/WP . So there is an embedding

W/WP → G/P,

where W/WP is considered as a disjoint union of rational points indexed by the set
W/WP . There is a natural action of W on W/WP , thus a NG(T )-action on W/WP ,
and the embedding W/WP → G/P is NG(T )-equivariant. Thus there is a W -action
on h∗T (W/WP ) defined in Section 3.5, and the pullback of embedding gives a W -
equivariant map of Sgr-modules

h∗T (G/P )→ h∗T (W/WP ).

We will call this map restriction to the fixed point locus. Since W/WP is a disjoint
union of rational points indexed by W/WP , there is a natural identification

h∗T (W/WP ) ∼= Sgr∗W/WP
,

which sends class of a point indexed by w ∈ W/WP to the basis element fw.

Lemma 5.5.1. The isomorphism

h∗T (W/WP ) ∼= Sgr∗W/WP

is W -equivariant, where the W -action on h∗T (W/WP ) is constructed in Section 3.5
and the W -action on Sgr∗W/WP

is given by the restriction of �-action (Definition 5.4.3)

of SgrW on Sgr∗W/WP

Proof: Take q ∈ Sgr = h∗T (k) and take the element q[ptw], where [ptw] de-
notes the class of the point indexed by w ∈ W/WP . Then for any v ∈ W we have
v · (q[ptw]) = (v · q)[ptv·w] = v(q)[ptvw]. Thus the isomorphism sends the element
v · q[ptw] in h∗T (W/WP ) to δv � qfw in Sgr∗W/WP

.

According to Section 4.5, the cells of G/P are given by the Schubert varieties
XP
w = BwP/P and the classes of Bott-Samelson varieties [XP

Iw
] form a basis of

h∗T (G/P ) over Sgr and hT (G/P ) over S.

Proposition 5.5.2. The restriction to fixed points locus homomorphism is injective
and identifies h∗T (G/P ) with Dgr∗

F,P inside Sgr∗W/WP
:

h∗T (G/P ) //

��

h∗T (W/WP )

��
Dgr∗
F,P

// Sgr∗W/WP
.
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Proof: By [7, Theorem 8.11], the statement is true for the ungraded theory:
hT (G/P ) → hT (W/WP ) = S∗W/WP

is injective and its image is D∗F,P . Note that

h∗T (G/P ) is a subgroup of hT (G/P ) given by linear combinations of [XP
Iw

], w ∈ W P

with coefficients in Sgr ⊆ S, and the graded restriction map h∗T (G/P )→ h∗T (W/WP )
is a restriction of corresponding ungraded map. Then the graded restriction map
is injective. Note that D∗F,P in S∗W/WP

is a free S-module and its basis lies in

Dgr∗
F,P = Sgr∗W/WP

∩D∗F,P by Lemma 5.4.8, then the image of h∗T (G/P ) coincides with

Dgr∗
F,P .

Lemma 5.5.3. Dgr∗
F is a free left Dgr

F -module of rank one.

Proof: Let [pt] denote the class of a point in Dgr∗
F = h∗T (G/B). By [30, Theorem

3.4] the elements YIw � [pt] equal to the Bott-Samelson classes [XIw ] in hT (G/B).
Then YIw � [pt] form a Sgr-basis of Dgr∗

F , then Dgr∗
F is a free Dgr

F -module with basis
[pt].

Lemma 5.5.4. Dgr∗
F,P has a structure of the Dgr

F -module and the projection Dgr∗
F →

Dgr∗
F,P corresponding to the push-forward map h∗T (G/B) → h∗T (G/P ) is a Dgr

F -module
homomorphism

Proof: By [30, Lemma 3.3], the DF -action on D∗F descends to DF -action on D∗F,P .
Note that Dgr

F acts on Qgr∗
W/WP

, thus Dgr
F acts on Dgr∗

F,P by Lemma 5.4.8. Note that the

push-forward map h∗T (G/B) → h∗T (G/P ) is W -equivariant. Thus the corresponding
homomorphism Dgr∗

F → Dgr∗
F,P is a SgrW -module homomorphism. Then it is a Dgr

F -
module homomorphism since the elements xα are regular in Sgr.



Chapter 6

Motives of homogeneous spaces

Throughout this chapter we consider a split semisimple group G, a special parabolic
subgroup P , a versal G-torsor E → SpecK (2.4.18) and the corresponding twisted
homogeneous space E/P. In this chapter we prove the main result (Theorem 6.4.10)
of this thesis. The results of this chapter are original to the author.

6.1 The convolution algebra of a smooth projec-

tive morphism

Let X ∈ Smk. Consider a smooth projective map f : Y → X of relative dimension d.

Definition 6.1.1. Denote by Y n
X the n-fold fiber product Y ×X Y ×X . . . ×X Y (n

times). Then Y •X will form a simplicial scheme with standard projections as face
maps.

Lemma 6.1.2. Let p12, p23, p13 : Y 3
X → Y 2

X be standard projections. Then the rule

x ∗ y = p13∗(p
∗
12(x) ∩ p∗23(y))

defines an associative product on h∗(Y 2
X) and the product of m elements is given by

the formula

x1 ∗ x2 . . . ∗ xm = p1,m+1(p∗1,2(x1) ∩ p∗2,3(x2) ∩ . . . ∩ p∗m,m+1(xm)).

Proof: For a, b, c ∈ h∗(Y 2
X) we have that a ∗ (b ∗ c) = p13∗(p

∗
12(a)∩ p∗23p13∗(p

∗
12(b)∩

p∗23(c))) = p13∗(p
∗
12(a)∩p124∗p

∗
234(p∗12(b)∩p∗23(c))) = p13∗(p124∗(p

∗
12(a)∩p∗23(b)∩p∗34(c))) =

p14∗(p
∗
12(a) ∩ p∗23(b) ∩ p∗34(c)) = (a ∗ b) ∗ c. The analogous formula for n elements is

obtained by induction.

49
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Remark 6.1.3. Note that the convolution product acts on graded components in
the following way

hm(Y 2
X)⊗ hn(Y 2

X)→ hm+n−d(Y 2
X).

Then hd(Y 2
X) is an algebra with respect to the convolution product.

This construction is functorial with respect to base change:

Lemma 6.1.4. Let Y → X be smooth projective, A ∈ Smk and f : A → X. Take
B = A ×X Y . Then the pullback of the map B2

A → Y 2
X induces a homomorphism of

convolution algebras h∗(Y 2
X)→ h∗(B2

A)

Proof: Note that for every 1 6 i < j 6 3 there is a Cartesian square

B3
A

//

pij

��

Y 3
X

pij

��
B2
A

// Y 2
X

The vertical arrows are flat, so the square is transverse. Thus the pushforwards
commute with pullbacks and the pullback h(Y 2

X) → h(B2
A) is a homomorphism of

convolution algebras.

Assume that X ′ → X is an open inclusion and let Y ′ be the fiber: Y ′ = Y ×XX ′.

Proposition 6.1.5. The kernel of the convolution algebra homomorphism h∗(Y 2
X)→

h∗(Y ′2X′) consists of nilpotents (with respect to the convolution product).

Proof: Let Z be the closed complement of X ′ in X and W = Z×X Y be the fiber
over Z. Then for any n two squares on the diagram

W n
Z

//

��

Y n
X

��

Y ′nX′

��

oo

Z // X X ′oo

(1)

are Cartesian. Then for any projection pij : Y n
X → Y 2

X the diagram

W n
Z

//

��

Y n
X

pij
��

W 2
Z

// Y 2
X

(2)
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is Cartesian. Now if an element x lies in the kernel of h(Y 2
X) → h(Y ′2X′), then by the

localization sequence x lies in the image of h(W 2
Z). Take d = dimX + 1. Then the

d-fold convolution product of x equals to

x∗d = p1,d∗(p
∗
12(x) ∩ p∗23(x) ∩ . . . ∩ p∗d,d+1(x))

Where pij are projections Y d+1
X → Y 2

X . Note that each p∗ij(x) lies in the image of

h(W d+1
Z )→ h(Y d+1

X ). Since the left square in (1) is Cartesian, applying Corollary A.0.9
to the map Y d+1

X → X implies that the product p∗12(x) ∩ p∗23(x) ∩ . . . ∩ p∗d,d+1(x) is

zero, thus d-fold convolution product x∗d is zero.

6.2 Endomorphism ring of a versal homogeneous

space

The aim of this section is to prove the Theorem 6.2.4. We apply the general setting of
Section 6.1 to relate the endomorphism ring of motive Mh(E/P ) to the convolution
algebra h∗G(G/P ×G/P ). Let P be a parabolic subgroup of G. Fix a system of good
representations (Vi, Ui) of G. For any Ui in the system consider a smooth projective
map.

Ui/P → Ui/G

Then by Lemma 6.1.2 there is a convolution product on h∗((Ui/P )2
Ui/G

). For a versal

torsor E → SpecK let V denote its ambient G-representation (2.4.18). By definition
there is an open subset U of V such that E → U is a fiber over the generic point
SpecK → U/G. Then E → U is a limit of open embeddings

E = lim
W→U/G

EW

where W runs over all open subsets of U/G and EW is the fiber over the open subset:
EZ = U ×U/G (W ).

There is the following diagram consisting of Cartesian squares:

E ×P Ui //

��

V ×P Ui //

��

Ui/P

��
E ×G Ui // V ×G Ui // Ui/G
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Proposition 6.2.1. Consider the induced map of convolution algebras

fi : h
∗((Ui/P )2

(Ui/G))→ h∗((E ×P Ui)2
(E×GUi))

Then fi is surjective, ker(fi) consists of nilpotents and the inclusion Ui → Ui+1 in-
duces a surjective homomorphism ker(fi+1)→ ker(fi)

Proof: Since (E ×P Ui)2
E×GUi = limW→Ui/G(EW ×P Ui)2

EW×GUi , then

h((E ×P Ui)2
(E×GUi)) = colimW→Ui/G h((EW ×P Ui)2

(EW×GUi)).

For every open W in U/G the map of convolution algebras

h((V ×P Ui)2
(V×GUi))→ h((EW ×P Ui)2

(EW×GUi))

is surjective and its kernel consists of nilpotents by Proposition 6.1.5. Note that
V ×G Ui → Ui/G is a vector bundle, therefore the pullback

h((Ui/P )2
(Ui/G))→ h((V ×P Ui)2

(V×GUi))

is an isomorphism. Then the homomorphism fk is a colimit of surjective maps
with kernel consisting of nilpotents. Therefore it is surjective with kernel consist-
ing of nilpotents. The kernel of fi is covered by colimZ h∗((Z ×P Ui)2

(Z×GUi)) where

Z runs over closed subsets of V that include V \ U and closures of preimages of
closed subsets of U/G. For any Z the inclusion Ui → Ui+1 induces a surjection
h∗((Z ×P Ui+1)2

(Z×GUi+1))→ h∗((Z ×P Ui)2
(Z×GUi)), hence the map ker(fi+1)→ ker(fi)

is surjective.

Lemma 6.2.2. There are isomorphisms of convolution algebras

h∗((Ui/P )2
(Ui/G))

∼= h∗((G/P ×G/P )×G Ui)

where the action of G on G/P×G/P is given by (g1P, g2P )·g = (g−1g1P, g
−1g2P ). and

the convolution product on the right hand side is given by three projections (G/P 3)×G
Ui → (G/P 2)×G Ui.

Proof: There is a commutative diagram

G/P ×G Ui

��

// Ui/P

��
Ui/G Ui/G
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where the upper arrow is an isomorphism given by (gP, u) · G 7→ ugP . Then by
functoriality Lemma 6.1.4 there is an isomorphism of convolution algebras

h((Ui/P )2
(Ui/G)) = h((G/P ×G U)2

(Ui/G)).

The isomorphism (G/P ×G Ui)n(Ui/G)
∼= (G/P )n×G Ui respects the projections, there-

fore there is an isomorphism of convolution algebras h((G/P×GU)2
(Ui/G))

∼= h((G/P×
G/P )×G Ui).

By functoriality 6.1.4 the inclusion Ui → Ui+1 induces a convolution algebra
homomorphism

h(E ×P Ui+1)2
(E×GUi+1) → h(E ×P Ui)2

(E×GUi)

Lemma 6.2.3. There is an isomorphism of convolution algebras

lim←−
i→∞

h∗((E ×P Ui)2
(E×GUi))

∼= h∗(E/P × E/P )

Proof: Note that E ×G Ui is an open subscheme in the affine space E ×G Vi and
E×P Ui is on open subset of the vector bundle E×P Vi over E/P and the codimension
of its complement is equal to the codimension of the complement of Ui in Vi. Then
by Lemma 3.3.1 for sufficiently large i there projection induces an isomorphism

h((E/P )n)→ h((E ×P Ui)n(E×GUi)), n = 2, 3.

This isomorphism respects pullbacks and pushforwards of projection, thus for n = 2 it
induces an isomorphism of convolution algebras h(E/P×E/P )→ h((E×PUi)2

(E×GUi))

for sufficiently large i.

Theorem 6.2.4. Let d = dimG/P There is a surjective homomorphism of graded
convolution algebras

h∗G(G/P ×G/P )→ h∗(E/P × E/P )

that lifts idempotents and isomorphisms strictly.

Proof: By Proposition 6.2.1 and Lemma 6.2.2 for any number i there is a sur-
jective convolution algebra homomorphism with kernel consisting of nilpotents and
ker(fi+1)→ ker(fi) is surjective where

fi : h
∗((G/P ×G/P )×G Ui)→ h∗((E ×P Ui)2

(E×GUi)).
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Then the limit homomorphism f

f : h∗G(G/P ×G/P )→ lim←−
i

h∗((E ×P Ui)2
(E×GUi))

is surjective and lifts decompositions and isomorphisms strictly by Lemma 4.3.4. Now
the statement follows from Lemma 6.2.3.

6.3 Relation to the formal affine Demazure alge-

bra.

Let X = G/B. Recall that Sgr = h∗T (k) = h∗B(k) (5.1.7,3.4.7). Since the cellular struc-
ture on X given by the Bruhat decomposition is B-equivariant (4.5), Corollary 4.4.11
implies existence of the Künneth isomorphism h∗B(X×X) ' EndSgr(h

∗
B(X)) between

the respective convolution algebra and the ring of Sgr-linear endomorphisms.

Theorem 6.3.1. The composition of ring maps

h∗G(X ×X)→ h∗B(X ×X)
'→ EndSgr(h

∗
B(X)) (6.3.1)

is injective and its image is the subalgebra in EndSgr(h
∗
B(X)) generated by multipli-

cation by elements of h∗G(X) = h∗B(k) = Sgr and the push-pull operators

p∗i pi∗ : h∗B(X)→ h∗B(G/Pi)→ h∗B(X),

where αi is a simple root, Pi is the corresponding minimal parabolic subgroup and
pi : X → G/Pi is the corresponding projection.

Before proving Theorem 6.3.1 we need several lemmas. For any w ∈ W let Ow
denote the G-orbit (B,wB) ·G in X ×X. Let Xw be the closure of Ow. For the i-th
simple reflection si we denote Xsi simply by Xi.

Lemma 6.3.2. We have Xi = X ×G/Pi X and, in particular, Xi is smooth.

Proof: We have (g1B, g2B) ∈ X ×G/Pi X iff g1Pi = g2Pi, so g2 = g1h for some
h ∈ Pi. Since Pi = B ∪ BsiB, it means that either g2B = g1B or g2B = g1BsiB, so
(g1B, g2B) ∈ Oi ∪∆X = Xi.

For an element w ∈ W consider its reduced decomposition w = si1 . . . sik . Let
Iw = (i1, . . . , ik). Define by XIw the variety

XIw = X ×G/Pi1 X ×G/Pi2 . . .×G/Pik X.



6. MOTIVES OF HOMOGENEOUS SPACES 55

Then XIw is a smooth projective variety with diagonal G-action. Note that XIw =
Xi1 ×X Xi2 ×X . . . ×X Xik . Consider the projection on the first and the last factor
p1,k+1 : XIw → X × X. Then the fiber of p1,k+1 over Ow is isomorphic to Osi1 ×X
× . . .×X Osik = Ow. Let [XIw ] denote the image p1,k+1∗(1) ∈ hB(X ×X).

Lemma 6.3.3. The image of [XIw ] under the Künneth isomorphism h∗B(X ×X) →
EndSgr(h

∗
B(X)) is the composition of push-pull operators p∗ikpik∗ ◦ . . . ◦ p

∗
i1
pi1∗.

Proof: By definition of the Künneth isomorphism, the image of [XIw ] is the
Sgr-linear operator

h∗B(X)
pr∗1→ h∗B(X ×X)

·[XIw ]−→ h∗B(X ×X)
pr2∗→ h∗B(X).

It equals to the composition

h∗B(X)
p∗1→ h∗B(XIw)

pk+1∗→ h∗B(X).

Consider the diagram:

h∗B(X)
pr∗1 //

pi1∗

��

h∗B(Xi1)

pr2∗
��

// h∗B(X(i1,i2))

��

// . . . // h∗B(XIw)

��
h∗B(G/Pi1)

p∗i1 // h∗B(X)

pi2∗

��

// h∗B(Xi2)

��

. . .

��
h∗B(G/Pi2)

p∗i2 // h∗B(X)

��

. . .

��
. . . // . . . // h∗B(X)

Each square in this diagram commutes, so we get that pk+1∗ ◦ p∗1 equals to the com-
position p∗ikpik∗ ◦ . . . ◦ p

∗
i1
pi1∗.

Lemma 6.3.4. For any w ∈ W fix some reduced decomposition Iw of w. Then the
classes [XIw ]G, w ∈ W form an Sgr-basis of h∗G(X ×X).

Proof: The closures Xw form a relative cellular G-equivariant filtration on X×X
over the second X and XIw satisfy the conditions of 4.4.10. Then the statement fol-
lows from Lemma 4.4.10.
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Proof: (Proof of theorem 6.3.1)
The same reasoning as in Lemma 6.3.4 shows that the classes [XIw ]B form an h∗B(X)-
basis of h∗B(X×X). Moreover, the first map in (6.3.1) maps [XIw ]G to [XIw ]B. There-
fore, to check the injectivity it is enough to verify that the map Sgr = h∗G(X)→ h∗B(X)
is injective. The latter morphism coincides with the G-equivariant pullback h∗G(X)→
h∗G(X ×X) by Lemma 3.4.6 which is injective by 4.4.10. Then the statement follows
from Lemma 6.3.3.

Theorem 6.3.5. The convolution algebra h∗G(X ×X) is isomorphic as R-algebra to
the graded formal affine Demazure algebra Dgr

F .

Proof: By Theorem 6.3.1 the ring h∗G(X ×X) is isomorphic to the subalgebra of
EndSgr(h

∗
B(X)) generated by Sgr and push-pull operators p∗i pi∗. Since the map B →

B/T is an affine fibration, the natural map h∗B(X)→ h∗T (X) is an isomorphism. Hence
we may identify Sgr with h∗T (k) and EndSgr(h

∗
B(X)) with EndSgr(h

∗
T (X)). Observe

that these identifications preserve push-pull operators. The inclusion W → X gives
an embedding hT (X) → hT (W ) = S∗W ⊆ Q∗W . By [7, Corollary 8.7] there is the
following commutative diagram:

hT (X) //

p∗i pi∗
��

S∗W
� � // Q∗W

Ai
��

hT (X) // S∗W
� � // Q∗W

(6.3.2)

where the operator Ai is given by Ai(f)(x) = f(x · Yi) for x ∈ QW , f ∈ Q∗W . Note
that Ai descends to an operator on Qgr∗

W , and the push-pull operator p∗i pi∗ descends
to an operator on h∗T (X). Then the analogous commutative square exists for h∗T (X)
and Qgr∗

W .
Since Qgr

W is a finite free Qgr-module, the natural map i : Qgr
W → EndQgr(Q

gr∗
W )

given by i(x)(f)(y) = f(yx) is an inclusion. Note that every Ai lies in the image
of Qgr

W . The base extension form Sgr to Qgr gives an inclusion EndSgr(h
∗
T (X)) →

EndQgr(Q
∗
W ) that maps push-pull operators p∗i pi∗ to Ai. Then the subalgebra of

EndSgr(h
∗
T (X)) generated by Sgr and push-pull operators p∗i pi∗ is isomorphic to a

subalgebra of Qgr
W generated by Sgr and Yi, which is Dgr

F .
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6.4 Equivariant endomorphism ring for a special

parabolic subgroup

In this section we study the convolution ring h∗G(G/P × G/P ) when P is a special
parabolic subgroup of G.

Lemma 6.4.1. h∗(P/B)WP ∼= h∗(k).

Proof: Denote h∗(k) by R. First let us check that Ω(P/B)WP ∼= Ω(k). Here we
consider Ω(k) as a submodule Ω(k) · [P/B] in Ω(P/B). By [19, Lemma 32] we have
Ω(P/B)WP

Q
∼= Ω(k)Q. For any x ∈ Ω(P/B)WP there is n ∈ Z such that nx = p∗(y)

for some y ∈ Ω(k). Since P/B is cellular, Ω(P/B) has a Ω(k)-basis, including [P/B].
Then Ω(P/B)/Ω(k) is a free Ω(k)-module, and nx vanishes in this factor. Since the
factor is free over Ω(k) = L, it has no torsion, therefore x ∈ Ω(k).

Note that

Ω(P/B)WP ⊗L R[
1

|WP |
]→ h(P/B)WP ⊗R R[

1

|WP |
]

is surjective. Therefore h(P/B)WP ⊗R R[ 1
|WP |

] = h(k) ⊗R R[ 1
|WP |

]. Then for any

x ∈ h(P/B)WP we have that |WP |mx ∈ h(k) for some m ∈ N. So |WP |mx = 0 in the
quotient h(P/B)/× h(k). Then x = 0 since h(P/B)/× h(k) is a free R-module and
|WP | is a regular element of R.

Lemma 6.4.2. The map h∗P (k)→ h∗B(k)WP is an isomorphism.

Proof: We use the same arguments as [19, Remark 35]. Fix Ui in the system of
good representations. Since P is special, Ui/B → Ui/P is Zarisski locally-trivial with
cellular fiber P/B. Then same arguments as in [19, Proposition 7] show that h∗(Ui/B)
is a free h∗(Ui/P )-module. We may choose a basis inductively, so in the limit this gives
a basis of h∗B(k) over h∗P (k). Thus we get an isomorphism h∗B(k) ∼= h∗P (k)⊗R h∗(P/B).
After inverting |WP | we get that

h∗B(k)WP [1/|WP |] ∼= h∗P (k)⊗ h∗(P/B)WP [1/|WP |] = h∗P (k)[1/|WP |].

Then h∗B(k)WP /h∗P (k) ⊗R R[1/|WP |] = 0, so h∗B(k)WP /h∗P (k) is a |WP |-torsion sub-
module of h∗B(k)/h∗P (k). Since h∗B(k) has a h∗P (k)-basis containing 1, we have that
h∗B(k)/h∗P (k) is a free h∗P (k)-module therefore it has no |WP | torsion, since h∗P (k) ⊆
h∗B(k) = Sgr and Sgr is a free R-module. Then h∗B(k)WP /h∗P (k) = 0.
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Remark 6.4.3. Consider the W -action on Maps(W/WP , S
gr) given by

(w · f)(x) = w · f(w−1x), x ∈ W/Wp, f ∈ Maps(W/Wp, S
gr).

Then the isomorphism Sgr∗W/WP

∼= Maps(W/WP , S
gr) is W -equivariant. Then by

Lemma 5.5.1 the pullback map

hT (G/P )→ hT (W/WP ) = Maps(W/WP , hT (k)) is W -equivariant.

Lemma 6.4.4. Consider the restriction map h∗G(G/P ) → h∗T (G/P ). It induces an
isomorphism

h∗G(G/P )→ h∗T (G/P )W .

Proof: By Lemma 3.4.6 the composition of restriction homomorphism h∗G(G/P )→
h∗T (G/P ) with the isomorphism h∗T (G/P ) ' h∗G(G/T ×G/P ) is given by the pullback
of the second factor projection

h∗G(G/P )→ h∗G(G/T ×G/P ).

Then the image is contained in h∗G(G/T ×G/P )W . Recall that the T -fixed points of
G/P are given by the natural embedding W/WP → G/P . Here we consider W/WP

as finite constant scheme with trivial T -action. For any Ui in the good system of
representations of G one has a commutative diagram of schemes:

G/P ×G Ui G/P ×T Uioo

Ui/P

'

OO

W/WP ×T Ui.

OO

foo

The leftmost arrow is a scheme isomorphism given by uP → (P, u)G, the upper arrow
is the projection, and the rightmost arrow arises from the fixed-point embedding
W/WP → G/P. Then the bottom arrow f is given by

f : (wWP , u)T 7→ uσ · P where σ ∈ NG(T ) such that σTWP = wWP .

This diagram is compatible with the embedding U = Ui → Ui+1 in the Borel con-
struction, hence it induces the commutative diagram of equivariant pullbacks:

h∗G(G/P ) //

'
��

h∗T (G/P )

��
h∗P (k)

f∗ // h∗T (W/WP ).
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By lemma 6.4.3 the rightmost map is W -equivariant, so we have a diagram

h∗G(G/P ) //

'
��

h∗T (G/P )W

��
h∗P (k)

f∗ // h∗T (W/WP )W .

(∗)

Recall that h∗T (W/WP ) = Maps(W/WP , h
∗
T (k)) and by definition of W -action on this

set we have

Maps(W/WP , h
∗
T (k))W = MapsW (W/WP , h

∗
T (k)) = (h∗T (k))WP .

By the construction of f we see that the map f ∗ : h∗P (k) → Maps(W/WP , h
∗
T (k)) is

given by x 7→ fx, fx(w) = w · π∗(x) where π∗ : h∗P (k)→ h∗T (k) is the restriction map.
Thus, via the identification

f ∗ : hP (k)→Maps(W/WP , h
∗
T (k))W = h∗T (k)WP

the map f ∗ is given by the usual restriction map h∗P (k)→ h∗T (k)Wp which is an isomor-
phism by Lemma 6.4.2. The fixed-point pullback h∗T (G/P )→ h∗T (W/WP ) is injective
by Proposition 5.5.2. Thus in the diagram (∗) the rightmost arrow is injective and
the bottom arrow is an isomorphism, then the upper arrow is an isomorphism as well.

We will need the following generalization of the previous lemma for equivariant
motives.

Lemma 6.4.5. Suppose X is a smooth G-variety of dimension d such that h∗G(X)→
h∗T (X)W is an isomorphism. Then for any idempotent ρ ∈ hdG(X ×X) the map

h∗G(X, ρ)→ h∗T (X, ρ̄)W is an isomorphism,

where ρ̄ is the image of ρ in hdT (X ×X).

Proof: Recall that h∗G(X, ρ) = ρ · h∗G(X) and we have a direct sum decomposition
h∗G(X) = h∗G(X, ρ)⊕ h∗G(X, id− ρ). Let ρ̄ denote the image of ρ in hdT (X ×X). Then
the decomposition h∗T (X) = h∗T (X, ρ̄) ⊕ h∗T (X, id − ρ̄) is W -equivariant. Thus the
surjection h∗G(X) → h∗T (X)W equals to the direct sum of its restrictions to h∗G(X, ρ)
and h∗G(X, id− ρ) :

h∗G(X, ρ)⊕h∗G(X, id−ρ)→ (h∗T (X, ρ̄)⊕h∗T (X, id−ρ̄))W = h∗T (X, ρ̄)W⊕h∗T (X, id−ρ̄)W .

Then each of the maps h∗G(X, ρ) → h∗T (X, ρ̄)W and h∗G(X, id − ρ) → h∗T (X, id − ρ̄)W

is an isomorphism.
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LetMsp,h denote the additive subcategory of the category of G-equivariant mo-
tives MG,h, generated by the motives MG(G/P )(i) where P is a special subgroup of
G, i ∈ Z

Lemma 6.4.6. For any two special parabolic subgroups P1, P2 the G-equivariant mo-
tive MG(G/P1 ×G/P2) belongs to Msp,h.

Proof: By Section 4.5, the variety G/P1 × G/P2 is relatively G-equivariant cel-
lular over varieties of the form G/Pw where Pw = RuP1 · (P1 ∩ wP2w

−1) Since P1

is special, Pw ⊆ P1 is special by Lemma 2.7.5. Then by Section 4.5 the motive of
MG(G/P1 ×G/P2) is isomorphic to a sum of motives of varieties MG(G/Pw)(iw) for
some iw ∈ Z and MG(G/Pw)(iw) lies in Msp,h.

Corollary 6.4.7. For a special subgroup P the homomorphism

h∗G(G/P ×G/P )→ h∗T (G/P ×G/P )W

is an isomorphism.

Proof: By Lemmas 6.4.4 and 6.4.5 for every motive M inMsp the map h∗G(M)→
h∗T (M)W is an isomorphism and by Lemma 6.4.6 the motive M(G/P ×G/P ) belongs
to Msp.

Lemma 6.4.8. The subgroup h∗T (G/P × G/P )W is identified via the Künneth iso-
morphism h∗T (G/P ×G/P )→ EndSgr(h

∗
T (G/P )) with EndSgrW (h∗T (G/P )).

Proof: An element a ∈ h∗T (G/P ×G/P ) let fa ∈ EndSgr(h∗T (G/P )) be its image
under the Künneth isomorphism. Then for any and w ∈ W the endomorphism
faw ∈ EndS(hT (G/P )) is given by

x 7→ p2∗(p
∗
1(x) ∩ aw) = (p2∗(p

∗
1(xw

−1

) ∩ a))w

Thus faw equals to the composition

h∗T (G/P )
w−1

→ h∗T (G/P )
f→ h∗T (G/P )

w→ h∗T (G/P ).

Then h∗T (G/P ×G/P )W consists of W -equivariant endomorphisms. Thus h∗T (G/P ×
G/P )W = EndSgrW (h∗T (G/P )).
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Proposition 6.4.9. There is a graded algebra isomorphism

EndSgrW (h∗T (G/P )) ∼= EndDgr
F

(Dgr∗
F,P ).

Proof: Proposition 5.5.2 identifies h∗T (G/P ) with Dgr∗
F,P as SgrW -module, where SgrW -

action on Dgr∗
F,P is given as a restriction of the �-action Dgr

F to SgrW ⊆ Dgr
F . Note that

for every element a ∈ Dgr
F there is b ∈ Sgr such that ba ∈ SgrW . Then since Sgr is

integral and Dgr∗
F,P is a free Sgr-module, every SgrW -linear endomorphism is Dgr

F -linear.

This is the last step in establishing the main result of the present thesis:

Theorem 6.4.10. Suppose that G is a semisimple split algebraic group over k, P is
a special parabolic subgroup and E is a versal G-torsor. Then there is a surjective
homomorphism that lifts idempotents and isomorphisms strictly between the ring of
degree-preserving endomorphisms of the Dgr

F -module Dgr∗
F,P and the endomorphism ring

of the h-motive Mh(E/P ) :

End0
Dgr
F

(Dgr∗
F,P )→ End(Mh(E/P )).

As a consequence, there is 1 − 1 correspondence between h-motivic decompositions
of the versal homogeneous space E/P and direct sum decompositions of the graded
projective DF -module DF,P .

Proof: Let d = dimG/P . By Theorem 6.2.4 there is a surjective algebra homo-
morphism hdG(G/P × G/P ) → hd(E/P × E/P ) that lifts idempotents and isomor-
phisms strictly. By Corollary 6.4.7 the graded convolution algebra h∗G(G/P ×G/P ) is
isomorphic to h∗T (G/P ×G/P )W which coincides with EndDgr

F
(Dgr∗

F,P ) by Lemma 6.4.8
and Proposition 6.4.9. Restricting the latter equality to the degree d component we
get hd(G/P ×G/P ) = End0

Dgr
F

(Dgr∗
F,P ).



Chapter 7

Application to Chow motives

In this chapter we show some application of the main result for the case of Chow
motives. We set the coefficient ring R equal to Z and take the additive formal group
law F .

In this case the algebraic objects Dgr
F ,D

gr∗
F ,Dgr∗

F,P simplify in many aspects.

• The graded ring Sgr becomes isomorphic to ring Z[α1, . . . , αn] of polynomials
in a basis of T ∗.

• The formal affine Demazure algebra Dgr
F becomes isomorphic to the the nil

Hecke ring D (5.3.7).

• The classes of Schubert cells [Xw] ∈ D =∗ Dgr∗
F = CHT (G/P ) do not depend

on the choice of reduced decomposition of the words w and [Xw] = ∆w � [pt]
where ∆w ∈ D are Demazure operators.

Let us denote in Dgr∗
F,P by D∗P in this case.

Lemma 7.0.11. The kernel of the map D∗ → D∗P is generated as D-module by
elements ∆i � [pt] where si is a simple reflection in WP .

Proof: Consider the restriction of the projection π : G/B → G/P onto a Schubert
cell π : Xw → π(Xw). It is birational if w ∈ W P and its fibers have positive dimen-
sion if w /∈ W P . Then the pushforward map π∗ : CHT (G/B)→ CHT (G/P ) maps the
basis elements [Xw] ∈ CHT (G/B) to basis elements [Xw] ∈ CHT (G/P ) if w ∈ W P or
to 0 if w /∈ W P . Note that the class of the Schubert cell [XW ] in D∗ = CHT (G/B)
and in D∗P = CHT (G/P ) is given by ∆w � [pt]. Thus the S-basis of the kernel of the
pushforward map π∗ : D∗ → D∗P consists of ∆w � [pt] where w /∈ W P . Note that
w /∈ W P if and only if there is a reduced decomposition of the form w = si1 . . . sik
where sik ∈ WP . Then the kernel is contained in the D-submodule generated by
∆i � [pt] where si ∈ WP . Since every element π∗(∆i � [pt]) = 0 for every si ∈ WP ,

62
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and π∗ is a D-module homomorphism, the kernel coincides with the D-submodule
generated by ∆i � [pt] where si ∈ WP .

Remark 7.0.12. Note that D∗P is a cyclic D-module generated by [pt]. Then any
endomorphism F ∈ End0

D(D∗P ) is determined by the value F ([pt]) =
∑

w∈WP aw[Xw]
where aw ∈ S, deg(aw) = l(w).

Remark 7.0.13. If w ∈ W P , si is a simple reflection and l(siw) = l(w) − 1 then
siw ∈ W P

Proof: Assume the converse, then there is a reduced expression siw = si1 . . . sik
with sik ∈ WP and k = l(w)− 1. Then w = sisi1 . . . sik is an expression of the length
k + 1 = l(w), so it is reduced and sik ∈ WP , then w /∈ W P .

Now we give a criterion for which values F ([pt]) can take.

Lemma 7.0.14. There exists an endomorphism F ∈ End0
D(D∗P ) with F ([pt]) =∑

v∈WP av∆v � [pt] if and only if for every simple reflection sj ∈ WP the following
holds:

∆j(av) =

{
−asjv if l(sjv) = l(v)− 1

0 otherwise

Proof: Since D∗P is a direct summand of D∗, every D-module endomorphism
descends from an endomorphism of a free D-module D∗. By Lemma 7.0.11 any F ′ ∈
EndD(D∗) descends to an endomorphism of D∗P if and only if for any sj ∈ WP the
element F ′(∆j � [pt]) lies in the kernel of D∗ → D∗P If F ′([pt]) =

∑
w∈W aw∆w � [pt]

then

F ′(∆j � [pt]) =
∑
w∈W

∆j � (aw∆w � [pt]) =
∑
w∈W

(sj(aw)∆j∆w + ∆j(aw)∆w)� [pt] =

∑
v∈W

(δKrl(sjv),l(v)−1sj(asjv) + ∆j(av))∆v � [pt]

The latter element is in the kernel of D∗ → D∗P iff for every v ∈ W P the element
δKrl(sjv),l(v)−1sj(asjv) + ∆j(av) = 0 in S. Since sj∆j = ∆j in D we get the desired

condition on av when v ∈ W P

For any F ∈ EndD(D∗P ) write the corresponding matrix for the S-basis ∆v �
[pt], v ∈ W P :

F (∆w � [pt]) =
∑
v∈WP

av,w∆v � [pt]
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By Remark 7.0.12 all entries of the matrix av,w depend on the first column av = av,1.

Lemma 7.0.15. If sj ∈ W is a simple reflection such that l(sjw) > l(w) and sjw ∈
W P then

av,sjw =

{
sj(asjv,w) + ∆j(av,w) if l(sjv) = l(v)− 1

∆j(av,w) if l(sjv) = l(v) + 1

Proof: If F (∆w � [pt]) =
∑

v∈WP av,w∆v � [pt] then

F (∆sjw� [pt]) =
∑
v∈WP

(∆jav,w∆v)� [pt] =
∑
v∈WP

(sj(av,w)∆j∆v + ∆j(av,w)∆v)� [pt] =

=
∑
v∈WP

(δKrl(sjv),l(v)−1sj(asjv,w) + ∆j(av,w))∆v � [pt].

When F ∈ EndD(D∗P ) has degree 0, we have that deg(av,w) = l(v) − l(w), thus
the matrix corresponding to F is block-diagonal, where the blocks corresponds to the
lengths of elements in W P . Since the augmentation map Mat|WP |(S)→Mat|WP |(Z)
lifts isomorphisms and idempotents strictly, we get

Lemma 7.0.16. There is an idempotent in End0
D(D∗P ) if and only if there is an

endomorphism F ∈ End0
D(D∗P ) such that its diagonal blocks consist of idempotent

matrices with Z-entries.

Proof: Consider the composition End0
D(D∗P ) → Mat0|WP |(S) → Mat|WP |(Z) and

apply the Lemma 4.3.4.

7.1 Versal Severi-Brauer varieties

Consider G = PGLn+1 and P corresponding to last n−1 simple roots, so G/P = Pn.
So W = Sn+1 = 〈s1, . . . sn〉 and WP = 〈s2, . . . , sn〉 where si is the transposition
(i, i+ 1). The set of minimal representatives is W P = {1, s1, s2s1, . . . , sn . . . s2s1}.

In this case S = Z[α1, . . . , αn] is the polynomial ring in simple roots and D is
the corresponding nil Hecke ring generated by S and ∆i for i = 1, . . . , n modulo the
relations ∆if = si(f)∆i + ∆i(f), ∆2

i = 0 and usual braid relations between ∆i and
∆j.

Proposition 7.1.1. If n = pr − 1 for a prime number p and some r then the graded
D-module D∗P is indecomposable.
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Proof: Suppose that F ∈ End0
D(D∗P ) is an idempotent. Note that in W P there is

only one element of each length. Thus the matrix av,w of F is diagonal. Let us check
that all entries on the diagonal of F are simultaneously 0 or 1.

Denote by ci,j = asi...s2s1,sj ...s2s1 the (i, j)-entry of the matrix. So deg(ci,j) = i− j.
By Lemma 7.0.14 we get that ci,0 = (−1)n−i∆i+1...ncn,0 for i > 1.

Now the recurrent formula of Lemma 7.0.15 allows to find all the matrix entries:
ci,i = si(ci−1,i−1) + ∆i(ci,i−1) and ci,j = ∆j(ci,j−1) for i > j. Then

ci,i = c0,0 + (−1)n−1∆1,...,n(cn,0) + (−1)n−2∆213...n(cn,0) + . . .+ (−1)n−i∆i...1,i+1,...n(cn,0)

Thus the matrix is fully determined by c0,0 ∈ Z and a homogeneous degree n
polynomial cn,0. Note that Lemma 7.0.14 implies the restriction on cn,0 :

∆2(cn,0) = ∆3(cn,0) = . . . = ∆n−1(cn,0) = 0.

Then for any k 6= i we have that ∆k∆i−1,...1,i+1...n(cn,0) = 0
Then ci,i−1 lies in the invariant subring Ss1,...,si−1,si+1,...sn . Since ci,i−1 has degree

1 we can write
ci,i−1 = b1α1 + b2α2 + . . . bnαn.

The condition that sk(ci,i−1) = ci,i−1 for any k 6= i implies that

b2 = 2b1, b3 = 3b1, . . . bi = ib1, bi = (n+ 1− i)bn, . . . , bn−2 = 3bn, bn−1 = 2bn

Then
∆i(ci,i−1) = 2bi − bi−1 − bi+1 = b1 + bn

Since ib1 = (n+ 1− i)bn we get that i(b1 + bn) = (n+ 1)bn is divisible by pr. For any
i = 1, . . . n we have vp(i) < r = vp(n + 1), then b1 + bn is divisible by p. Thus any
∆i(ci,i−1) is divisible by p, hence any

ci,i = c0,0 +
i∑

k=1

∆k(ck,k−1) ≡ c0,0 mod p

Then if F is an idempotent each ci,i is either 0 or 1. Then ci,i = c0,0. Thus there is
no non-trivial idempotent F ∈ End0

D(D∗P ).

Remark 7.1.2. By the main Theorem 6.4.10 this result gives a combinatorial proof
of the theorem of Karpenko about the indecomposability of the versal Severi-Brauer
variety.
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7.2 The case G = HSpin8 and P = P1

In this case P = P1 is the maximal parabolic subgroup generated by all roots except
the first one. The image of a versal HSpin8 torsor E in the set of PGO8-torsor
satisfies condition of [38, Theorem 3.3], then E/P is generically split, then P is a
special parabolic subgroup. Note that W = 〈s1, s2, s3, s4〉, WP = 〈s2, s3, s4〉, and the
set of minimal coset representatives W P is given by the Hasse diagram

1
s1· // s1

s2· // s2s1

s3·

��

s4· // s4s2s1

s3·

��
s3s2s1

s4· // s4s3s2s1
s2· // s2s4s3s2s1

s1· // s1s2s4s3s2s1

By the recurrent formulas of Lemma 7.0.15 we obtain:

a1,1 = a∅ + ∆12342(a24321),

a21,21 = a1,1 −∆21342(a24321),

a321,321 = a21,21 + ∆32142(a24321) and a421,421 = a21,21 + ∆42132(a24321),

a321,421 = ∆42142(a24321) and a421,321 = ∆32132(a24321),

a4321,4321 = a421,421 + ∆32142(a24321)−∆34212(a24321)

= a321,321 + ∆42132(a24321)−∆43212(a24321),

a24321,24321 = a4321,4321 + (∆24321 −∆243s2∆12)(a24321),

a124321,124321 = a24321,24321 + ∆12432(s1(a24321) + ∆1(a124321)).

Let ∆d
i1,i2,..

denote the image ∆i1,i2,..(S
d(T ∗)) modulo 2. Recall that in case G =

HSpin8 the lattice T ∗ is generated by α2, α3, α4, ω4.
We claim that ∆12342(a24321) ≡ 0 modulo 2. Indeed, let f = ∆2342(a24321) ∈

S1(T ∗). Then

∆3(f) = ∆32342(a24321) = ∆23242(a24321) = ∆2342(∆4(a24321)) = 0.

by Lemma 7.0.14. Now for f = a2α2 + a3α3 + a4α4 + bω4 we get ∆1(f) ≡ a2 mod 2
but ∆3(f) ≡ a2 mod 2 as well.

Similarly, ∆32142(a24321) ≡ 0. In this case denote f = ∆2142(a24321). Then

∆1(f) = ∆12142(a24321) = ∆21242(a24321) = ∆2142(∆4(a24321)) = 0.

And ∆3(f) ≡ ∆1(f) ≡ 0.
By the same arguments, ∆32132(a24321) ≡ ∆34212 ≡ 0.
Consider now ∆21342(a24321). Let g = ∆342(a24321). We then have ∆32(g) = 0.

Let g =
∑

2≤i≤j cijαiαj +
∑

2≤i biω4αi + dω2
4. Then

∆2(g) ≡ c22(α2 + α3 + α4) + α2(c23 + c24) + ω4(b3 + b4).
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The fact that ∆32(g) ≡ 0 implies that c22 + c23 + c24 ≡ 0. But

∆1(g) ≡ c22α1 + c23α3 + c24α4 + b2ω4.

So that ∆21(g) ≡ (c22 + c23 + c24) ≡ 0. Combining we obtain that

a∅ ≡ a1,1 ≡ a21,21 ≡ a321,321 ≡ a421,321

and
a421,421 ≡ a321,421 ≡ a4321,4321 ≡ a24321,24321 ≡ a124321,124321.

Then the D-module D∗P is either indecomposable or splits into two irreducible
direct summands with a generating function 1 + t+ t2 + t3 (over S) each.

Remark 7.2.1. The main result implies that the motive of the versal twisted form
of HSpin8/P1 is either indecomposable, or splits as a direct sum of motives M =
N⊕N(3), where N is indecomposable with a generating function 1+t+t2 +t3. Using
know result on motives of quadratic forms (e.g. that after splitting the algebra, the
motive of a Spin8-generic quadratic form splits into 2-fold Rost motives) it follows
that the second decomposition is impossible, i.e., M has to be indecomposable.



Appendix A

Support of intersection products

In the remaining part of the appendix we give a proof of Corollary A.0.9.

Lemma A.0.2. Let X ∈ Schk and E → X be a rank d vector bundle with zero
section z : X → E. Then the following diagram commutes:

Ω∗(P(E ⊕ 1))

��

c̃d(q∗E⊗O(1))∩− // Ω∗−d(P(E ⊕ 1))

q∗
��

Ω∗(E) z∗ // Ω∗−d(X)

Proof: There is a global section of the sheaf q∗E ⊗ O(1) = Hom(O(−1), q∗E),
given by an element s ∈ Hom(O(−1), q∗E) given by the composition of the natural
embedding and projection

O(−1)→ q∗(E ⊕ 1)→ q∗E

One can see that the zero set Z(s) consists of those points of P(E⊕1), that corresponds
to additional lines 1 in Ex⊕1, over every point of x ∈ X. So X is the zero subscheme
of s with regular embedding s̄ : X → P(E ⊕ 1) given by

X
z,1→ (E ⊕ 1) \ (Z(E), 0)→ P(E ⊕ 1).

By [32, Lemma 6.6.7], the operator c̃d(q
∗E ⊗ O(1)) ∩ − on Ω(P(E ⊕ 1)) is given by

s̄∗s̄
∗. Then the right-down pass is given by q∗s̄∗s̄

∗ = s̄∗

Note that s̄∗ equals to the down-right pass Ω∗(P(E ⊕ 1))→ Ω∗(E)
z∗→ Ω∗−d(X).

Lemma A.0.3. (Splitting) Let X ∈ Schk and E → X be a vector bundle of rank d.
Then for any point x ∈ X there is an open subscheme U of X with x ∈ U , and a
projective morphism p : X ′ → X such that

68
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• p∗E has a filtration by subbundles with linear subsequent quotients.

• There is an open subset U ′ such that p : U ′ → U is an isomorphism.

Proof: Consider the standard splitting procedure p : Fl(E)→ X where Fl(E) is
the variety of complete flags (e0 ⊂ e1 ⊂ . . . ⊂ ed) of the vector bundle E. Then p∗E
has a filtration by tautological subbundles. Since the flag varieties are projective, the
map p is projective, and in some neighborhood U of any point x ∈ X the bundle E
trivializes, so Fl(E)|U ∼= Fl × U , thus there is a section s : U → p−1(U). Taking X ′

to be the closure of s(U) in Fl(E), we get a map p : X ′ → X with desired properties.

Lemma A.0.4. Let X, Y ∈ Schk and p : X → Y be a projective birational morphism.
Then p∗ : Ω∗(X)→ Ω∗(Y ) is surjective.

Proof: First, consider the case when X and Y are smooth. Then for any α ∈
Ω∗(Y ) we have p∗(p

∗α) = α ·p∗(1X) and by the degree formula p∗(1X) = 1Y +a where
a ∈ L ·Ω>0(Y ), hence a is nilpotent in the ring Ω∗(Y ), therefore p∗(1X) is invertible.

Now consider the general case p : X → Y with X, Y ∈ Schk. Take an element
β ∈ Ω∗(Y ). Since algebraic cobordism is detected by smooth schemes by Lemma [32,
2.4.15], there is a smooth scheme Y ′ and projective morphism q : Y ′ → Y and an
element β′ ∈ Ω∗(Y

′) such that q∗(β
′) = β. Let X ′ = X ×Y Y ′. Then the morphism

P : X ′ → Y is projective birational. Take X ′′ to be a resolution of singularities of X ′:

X ′′
F // X ′

P //

Q

��

Y ′

q

��
X

p // Y

Then F : X ′′ → X is projective birational. Thus X ′′, Y ′ ∈ Smk and the map
P ◦ F is projective birational. Then by the first case there is α′ ∈ Ω∗(X

′′) such that
P∗F∗ = β′. Then β = q∗β

′ = q∗P∗F∗(α
′) = p∗Q∗F∗ where Q : X ′ → X is the projec-

tion.

Definition A.0.5. Let X ∈ Schk and Z be a closed subset of X. We say that an
element α ∈ Ω∗(X) is supported on Z if α lies in the image Ω∗(Z)→ Ω∗(X).

Lemma A.0.6. Let X,X ′ ∈ Schk, f : X ′ → X a smooth morphism of schemes, E
is a vector bundle of rank d on X and E ′ = f ∗E and Zi, i = 1 . . .m be irreducible
closed subsets of X and Z ′i = f−1(Zi). Then there are closed subsets Z̃i → Zi of
codimension d such that for any α ∈ Ω∗(X

′) supported on Z ′i the element c̃d(E
′) ∩ α

is supported on f−1(Z̃i).
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Proof: First, consider the case when E is a line bundle. Then we have E ∼=
E1 ⊗ E∨2 for some very ample line bundles E1, E2. Then by [32, Lemma 2.3.10] we
have c̃1(E) = c̃1(E1) −F c̃1(E2). By Lemma [32, 6.6.7], the operator c̃1(E ′1) ∩ −
is given by s∗s

∗ where s : f−1(D1) → X ′ and D1 in X is the divisor of the very
ample line bundle E1. Thus c̃1(E ′1) ∩ α is supported on f−1(Zi ∩ D1). Similarly,
c̃1(E ′2) ∩ α is supported on f−1(Zi ∩ D2), where D2 is a divisor of E2. Since E1, E2

are very ample we may choose D1 and D2 to intersect each Zi by codimension 1, thus
c̃1(E ′1)−F c̃1(E ′2) ∩ (α) is supported on some f−1(Z̃i) of codimension 1 for each i.

Consider the general case. For each i = 1 . . .m there is a projective map
pi : Yi → X given by lemma A.0.3 such that an open subset of Yi is isomorphic

to some open neighborhood of the generic point of Zi. Let Wi = (p−1
i (U ∩ Zi)) be

the proper transform of Zi. Then Wi → Zi is projective birational. Let p′i : Y
′
i → X ′

denote the pullback of pi along f and W ′
i = f−1(Wi).Then by lemma A.0.4 for any

α ∈ Ω∗(X
′) supported on Z ′i we may found a preimage α′ ∈ Ω∗(Y

′
i ) supported on W ′

i .
Now by Whitney formula [32, Definition 1.1.2] we have c̃d((p

′
i)
∗E ′)∩− =

∏d
j=1 c̃1(E ′j)

where Ej are linear subsequent quotients of lemma A.0.3. Now, applying inductively

the case d = 1 for α′ we can find the subset W̃i of codimension d in Wi, such that
c̃d((p

′
i)
∗E ′) ∩ α′ = (

∏d
j=1 c̃1(Ej)) ∩ α′ is supported on f−1(W̃i), then its pushforward

is equal to c̃d(E
′) ∩ α and is supported on f−1(Z̃i) = f−1(p(W̃i)).

This allows us to proceed using the strategy of [47, Lemma 6.3]:

Lemma A.0.7. Let V → B ← T be closed embeddings with regular f and smooth
quasi-projective B. Let ε : W → B be a smooth morphism. Consider two Cartesian
diagrams:

WV
fW //

��

W

ε

��

WT
gWoo

��
V

f // B T
goo

and T
g // B

T̃
g̃ //

f̃

OO

V

f

OO

Then there exists a closed embedding h : Z → V such that codimh > codim g and
im(f ∗W ◦ gW∗) ⊆ im(hW∗) inside Ω∗(V )

Proof: Consider the Cartesian square

WT
gW // W

WT̃

f̃W

OO

g̃W // WV

fW

OO

By [32, Proposition 6.6.3] f ∗W ◦gW∗ = g̃W∗ ◦f !
W where the refined pullback f !

W is given
by the composition [32, 6.6.2]

Ω∗(WT )→ Ω∗(CW )→ Ω∗(NW )→ Ω∗−d(WT̃ )
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where CW is the normal cone of f̃W and NW is the the normal bundle pullback
g̃∗W (NfW ) and d is the codimension of f .

Let N be the pullback of the normal bundle g̃∗(Nf ) and q : P(N ⊕1)→ T̃ be the
projection and E denote the vector bundle q∗N⊗O(1). Consider the closed subscheme

P(C⊕1) inside P(N⊕1) where C is the normal cone of the map f̃ : T̃ → T. Applying
the lemma A.0.6 to the vector bundle E and irreducible components of P(C ⊕ 1)
we get a closed subset Z ′ of codimension at least d in P(C ⊕ 1) such that for every
cobordism class x supported on P(CW ⊕ 1) the class x ∩ c̃d(ε∗E) is supported on
ε−1(Z ′). Thus in view of lemma A.0.2 one has that the image of the composition

Ω∗(CW )→ Ω∗(NW )→ Ω∗−d(WT̃ )

is supported on ε−1(Z) where Z = q(Z ′). Then h : Z → V is the desired embedding.

Lemma A.0.8. Let π : Y → X be a smooth morphism and X be a smooth quasipro-
jective variety. Then for any closed embeddings i1 : Z1 → X and i2 : Z2 → X there
exists a closed embedding i3 : Z3 → X with codimZ3 > codimZ1 + codimZ2 and
im(i′1)∗ · im(i′2)∗ ⊆ im(i′3)∗ in Ω∗(Y ) where i′ : YZl → Y, l = 1, 2, 3 is obtained from the
respective Cartesian square.

Proof: The diagonal embedding Y → Y × Y factors as Y
φ→ Y ×X Y

fW→ Y × Y .
By lemma A.0.7 applied to B = X×X, V = X, f : ∆X , T = Z1×Z2 and W = Y ×Y
we get a closed embedding h : Z → X such that

codimZ > codimZ1 + codimZ2 and im(f ∗W ◦ (i′1 × i′2)∗) ⊆ im(hW )∗.

Consider the Cartesian square

Y
φ // Y ×X Y

YZ
φZ//

h′

OO

(Y ×X Y )Z

hW

OO

According to [32, Proposition 6.6.3] we have φ∗◦hW∗ = h′∗◦φ!
Z Thus im(i′1)∗ ·im(i′2)∗ ⊆

im ∆∗Y ◦ (i′1 × i′s)∗ ⊆ im(h′∗).

Corollary A.0.9. The statement of lemma A.0.8 holds for the cohomology theory h

Proof: The natural map Ω∗(−)⊗L h(k)→ h(−) is surjective and compatible with
push-forwards and intersection product.
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