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 Abstract  

The thermal conductivity of various porous thermal barrier coating (TBC) systems used in 

elevated temperature for industrial applications has been evaluated using a proposed six-phase 

model. These porous TBC systems rely on microstructural properties and yield different types of 

porosity. These microstructural properties can influence the thermal conductivity of TBC systems. 

The purpose of this thesis is to assess the thermal conductivity of TBC systems based on 

microstructural attributes, particularly the effect of different types of porosity. Thus, the first 

component of this thesis investigates the microstructural characterization of various TBC systems 

using image analysis (IA) technique. In this technique, scanning electron microscopy (SEM) and 

light optical microscopy (LOM) micrographs were used to measure the porosity level of different 

TBC materials. The volumetric fraction of porosity along with orientation, shape, and morphology 

have a considerable impact on the total thermal conductivity of TBCs.  

The second component of this thesis evaluates the thermal conductivity of these porous 

TBC systems by taking into account the effect of the heat treatment process. The IA results reveal 

that as long as the porosity content increases, the thermal conductivity decreases for all of the TBC 

materials studied in this thesis. Further, while the content of microcracks and non-flat porosity 

play a crucial role in reducing the thermal conductivity of TBC materials, the other types of 

porosity (open randomly oriented, penny-shaped, and interlamellar) exert less impact on the 

thermal conductivity of TBCs. Comparing the results of the proposed six-phase model to 

experimental values and finite element analysis (FEA) values showed a relatively good agreement.  

The proposed six-phase model can predict the thermal conductivity of porous 

microstructure of TBC systems close to real measured values; therefore, the proposed six-phase 

model may be utilized to fabricate the porous microstructure of TBCs.  
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Chapter 1 Introduction to Thermal Barrier Coatings 

The standard design and production of the modern-day turbine engine are the results of 

improvements made to the high-temperature alloys used in engineering. According to the laws of 

thermodynamics, increasing the inlet operating temperature will optimize the efficiency and 

performance of an engine [1]. Thus, improving the efficiency and power of the system makes it 

environmentally friendly and economical. 

 

Turbine engine constituents are exposed to a corrosive and oxidative gaseous environment, 

as well as high temperatures. In some situations, during operation high-velocity foreign particles 

have a considerable impact on turbine engine components [2]. Thus, a base alloy or metal needs 

to have properties such as proper stress relaxation, high-temperature strength, excellent resistance 

to oxidation and hot corrosion in order to operate for longer time [3]. In most cases, super-alloys 

work very well as a substrate material [4]. With the number of design specifications always on the 

rise, as well as the continued advancements in technology, it should not be long before these super-

alloys reach their theoretical design limit. 

From the mid-1900s onwards there were little improvements made to engine design. 

However, this is largely due to the remarkable improvements made previously, as well as the 

standard of engine produced [5]. The developmental stages and evolution of super-alloys from 

1965 to 2015 are demonstrated below in Figure 1. It is clear that since 2008, that progress has been 

relatively stable. Due to the advancements in cooling technologies and high-temperature 

capability, these super-alloys are now able to withstand higher temperatures than previously [6]. 

 

To further improve efficiency and design, turbine engines now use ceramic coated 

components [7]. These components, also known as Thermal Barrier Coatings (TBCs), are designed 
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for use at high temperatures. TBCs serve as protection for the base metals and super-alloy 

components by preventing them from experiencing high-temperature degradation [8]. They also 

increase the efficiency and lifetime of the component, as well as providing creep resistance, 

thermal shock resistance, strain tolerance, stability to the substrate at higher temperatures, and 

protection against hot corrosion [9]. 

 

Fig. 1 Progress in elevated temperature super-alloys and cooling technology for fifty years [6]. 

 

TBCs improve efficiency and increase the operational lifetime of turbine engines; 

consequently, TBCs are now a major part of gas turbine engines [10]. A typical TBCs’ system is 

comprised of four main layers: topcoat (TC); bond coat (BC); thermally grown oxide (TGO) 

(usually 𝛼 − 𝐴𝑙2𝑂3) that is created between the surface of the bond coat and topcoat. These desired 

layers are being designed to provide good thermal insulation and long-life for the material [11].  

Reducing the temperature of the metal is one objective of the top ceramic coating. The 

functions of the metallic bond coat are to optimize the bonding between the underlying super-alloy 

and the topcoat, and protect the super-alloy from hot corrosion and oxidation [12]. A state-of-the-
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art TBC, yttria-stabilized zirconia [YSZ], is composed of 6-8% 𝑌2𝑂3 [8]. The bond coat is made 

up of 𝑀𝐶𝑟𝐴𝑙𝑌, where 𝑀 = 𝑁𝑖, 𝐶𝑜 or 𝑁𝑖𝐶𝑜, [13].  

The major properties of YSZ TBC include phase compatibility with alpha alumina, high 

melting point, low thermal conductivity, corrosion resistance, and protection from the negative 

effect of large particle impacts [14]. A summary of the use of these TBCs in high-pressure turbine 

aero engines is provided in Figure 2 below. 

 

Fig. 2 Cross-sectional image of scanning electron microscopy (SEM) of EB-PVD TBC representing the four-layer [15]. 

The ceramic coatings’ microscopic structure is very inhomogeneous, containing defects 

such as voids, pores, and vacancies, as well as cracks of various sizes and shapes. Generally, the 

presence of imperfections [16] and spraying parameters [17] influences the thermal conductivity 

of the coating. The degree of change in the mechanical-thermal properties is dependent on the size, 

amount, and morphology of the defects which are present in the coating. 

 

The coating’s mechanical and thermal properties dictate how long it will last, which is why 

the service life of the coated part highly depends on the density of the defects noticed. Defects 

reduce the thermal conductivity of the material. The implication is that the service life becomes 



4 

 

longer, as there is a reduction of the heat transfer to the substrate. Lower heat transfer to the 

substrate means that any damage to the coating interface, where many of the failures take place, 

will be minimal [12].  

To attain superior strain tolerance, lower values for thermal conductivity, and longer 

lifespan, there must be an optimized distribution of pores and cracks in the coating [18]. Hence, it 

is crucial to understand the basic microscopic structural properties of the TBC to manufacture an 

optimized coating. 

The TBCs’ metallic-ceramic multi-layer is deposited using several techniques. For 

example, Electron-Beam Physical Vapour Deposition (EB-PVD) and Air Plasma Spray (APS) are 

the techniques most likely techniques used in depositing TBCs. These techniques are preferred as 

they produce material with low thermal conductivity. The former technique has a higher thermal 

compared to the latter. TBCs prepared by APS has the characteristic of a lamellar film structure, 

whereas TBCs fabricated by EB-PVD exhibit columnar defects [19]. 

 

There have been intensive models used for calculating the thermal conductivity of porous 

composites. In particular, in the late 19th century, the pioneering analytical model by Maxwell was 

the first calculation expressed for determining the effective thermal conductivity of a 

heterogeneous system. However, Maxwell’s model was limited by a higher volume of defects 

present in the porous materials.  

In this study, Bruggeman’s two-phase model was used as a reference to measure the 

thermal conductivity of heterogeneous mediums. It is widely believed that this model is well-suited 

to provide a better estimation of thermal properties of the porous materials as it can be used to 
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cover a wide range of defects. This model, along with other similar models, will be briefly 

discussed in Chapter 3.  

The morphology of porosity was also investigated in this thesis, in relation to the estimation 

of the thermal conductivity of porous TBCs. This investigation of porosity was performed by the 

quantitative study of the pores’ morphology via image analysis software (i.e. [Fiji Is Just] ImageJ). 

Additionally, in this thesis, a modified analytical model (i.e. six-phase model) was proposed for 

the prediction of the overall thermal conductivity of porous TBCs; with the contribution of more 

types of porosity with different shapes and orientation. This model will be discussed in detail in 

Chapter 4. The results of this proposed model were then compared to existing measured results 

and a previous finite element analysis (FEA) model in an attempt to validate the results calculated 

using the six-phase model. The details of these comparisons will be presented in Chapter 5. The 

work in this thesis will be submitted to a journal for publications. 
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Chapter 2 Literature Review of Thermal Barrier Coatings 

2.1 Thermal barrier coatings (TBCs) 

TBCs are made up of different materials and are designed to minimize the transfer of heat 

from hot gases to the metallic substrate. The structure of the TBCs comprises a ceramic topcoat 

layer that provides insulation, as well as a layer of an intermediate bond coat on top of the substrate 

of a super-alloy. A single-crystal superalloy substrate is a great choice for optimizing ductility, 

high-temperature strength, hot-corrosion and oxidation resistance, as it contains the Ni-base 

element [20]. 

Vanes and blades are made to go through high stresses and high centrifugal loads. Thus, it is 

essential for the superalloy utilized for these to be creep resistant [21]. Vanes or blades are usually 

made of superalloys that have a high percentage of nickel. These super-alloys have the properties 

needed in the material. Cool air is used to cool these structures internally using internal serpentine 

cooling passages [22]. When the cool air passes through the small holes, a thin air film is formed 

on the surface of the blade.  

 

The components of the gas turbine are protected from harsh thermal environments by the 

TBC; consequently, this boosts its efficiency and reduces undesired emissions. The temperatures 

of the turbine entry gas can ascend to over 1500 °C. However, the use of TBCs can reduce the 

temperature by 200-300°C across the coating’s thickness [23]. The equation below represents the 

efficiency (ε) of a TBC [24]:  

 

                                                                      𝜀 =
𝑇2−𝑇1

𝑇2
                                                                      (2.1) 

 

where 𝑇1 and 𝑇2 are the sink temperature and the operating temperature, respectively. As a result, 

increasing 𝑇2  (turbine entrance temperature) will increase efficiency.  
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TBCs have low thermal conductivity, which helps to reduce heat transfer to the super-alloy 

substrate of the turbine blade from the hot combustion gases [25]. When TBCs are combined with 

the blade’s internal cooling system, the gas turbine engine can function at a higher temperature 

than the temperature at which would cause some super-alloys to melt [1]. The challenge becomes 

evident with the higher ceramic layer as when the surface temperature of the ceramic layer gets 

high, it is hard to put in check the sintering resistance and the high-temperature phase stability 

[26]. 

 

Figure 2-1 represents a schematic diagram of a simple EB-PVD TBC system comprised of 

a bond coat, topcoat, substrate, and TGO. Each element has various materials with unique 

properties and functions. 

 

Fig. 2- 1 Typical structure of an EB-PVD TBC [27].  

While the TGO is created on the outer side of the bond coat, the bond coat layer is put on the 

substrate of the superalloy. Also, the topcoat is put on the TGO covered with the bond coat [28]. 

Typically, there are two types of bond coats, either the 𝑀𝐶𝑟𝐴𝑙𝑌 overlays (where 𝑀 could be 𝐶𝑜, 

𝑁𝑖, or 𝑁𝑖𝐶𝑜) [23], or the platinum-modified nickel aluminide (𝑁𝑖𝐴𝑙 + 𝑃𝑡) [29]. The bond coat 

oxidizes the aluminum and other reactive metals like 𝑌 or 𝐶𝑟 in order to protect the oxidation of 

the substrate. A protective TGO layer, which sticks to the bond coat, is formed by the 𝑀𝐶𝑟𝐴𝑙𝑌 



8 

 

overlays. Moreover, 𝛼 − 𝐴𝑙2𝑂3 is the most common oxide layer that crystallizes during the 

deposition of the topcoat or its service life [30]. Figure 2-2 shows the distribution of temperature 

across the various layers of TBCs. 

 

Fig. 2- 2  Schematic representation of the temperature distribution of TBC’s layers. 

Improving the TBC’s performance is a crucial factor in the development of gas turbine 

applications [31]. One key of these applications is to optimally decrease the temperature all over 

the topcoat, hence permitting higher engine efficiencies and higher turbine entry temperatures [32]. 

As a result, it is essential that the thermal conductivity of the topcoat of ceramic be reduced and 

that the value stay low when exposed to service conditions for a long time. When the thermal 

conductivity is reduced, this produces a countereffect on some other properties, like sintering 

resistance (avoiding the agglomeration of particles) [33] and high-temperature phase stability [26], 

which help to prolong the service life of a coating.  
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The oxidation of 𝐶𝑟, 𝐴𝑙, 𝑌, or other metals affects the growth rate of the TGO layer. The 

(TGO) layer is shaped between the bond coat and the topcoat when oxygen enters the coating. The 

interconnected porosity in the topcoat layer allows for easy diffusion of oxygen from the engine 

environment to the bond coat. In 𝑍𝑟𝑂2-based ceramics, the ionic diffusivity of oxygen is very high. 

Even dense topcoats are made “oxygen-transparent” as a result of this diffusivity [28].  

 

The parabolic growth equation of the TGO growth rate is given by [34]: 

 
 

                                                                     ℎ2 = 2𝑘𝑝𝑡                                                                    (2.2) 

 

 

where 𝑡 is time (sec), ℎ  is the thickness (μm), and 𝑘𝑝 is a parabolic rate constant. TGO grows by 

counter-diffusing aluminium and oxygen across the grain boundaries of 𝛼 − 𝐴𝑙2𝑂3. The outward 

diffusion of aluminum and the inward diffusion of oxygen from the bond coat are shown in Figure 

2-3. The parabolic TGO growth rate and diffusion flux are affected by the grain size of 𝛼 − 𝐴𝑙2𝑂3 

[35]. It is generally expected that transient metastable alumina (theta and gamma) will form at the 

initial oxidation stage and then will change to a stable 𝛼 − 𝐴𝑙2𝑂3 [36]. The new 𝛼 − 𝐴𝑙2𝑂3 forms 

at the interface of the bond coat (when there is a rapid inward diffusion of oxygen) or at the TGO 

surface (when there is a faster outward diffusion of aluminum). 



10 

 

 

Fig. 2- 3 Aluminum’s outward and Oxygen’s inward diffusion from bond coat [35]. 

2.2 Coating deposition methods of TBCs 

A coating’s thermal conductivity depends on the technique employed during the deposition 

of the coating layer. In addition, various coating methods can affect the microstructural properties. 

Currently, there are many deposition techniques; nonetheless, only EB-PVD and APS techniques 

will be discussed in this study. The two techniques mentioned above are mainly used for aero 

engines and land-based turbine engines, respectively. New techniques are usually based on these 

two methods of coating.  

2.2.1 Electron beam physical vapour deposition (EB-PVD) 

EB-PVD is a well-known method used for processing ceramic topcoats. Here, the coatings 

are produced by vapour condensation and have a columnar microstructure. The coating contains 

defects, such as cracks and grain boundaries that are perpendicular to the interface between the 

metal and ceramic [37]. To produce the vapours, the ceramic placed in a crucible under the 

workpiece and is melted and evaporated using an electron beam. EB-PVD is carried out in a 

vacuum chamber.  
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Vacuum chambers prevent the contamination of the vapour phase of the condensate 

(coating) and/or the molten material in the crucible. Preferably, the different ceramic columns are 

not bonded well to the adjacent columns. However, the bonding between the underlying substrate 

and the coating is very strong [38].  

 

The very fine columnar structure of EB-PVD can tolerate the introduced strains while the 

underlying substrate is being expanded [39]. In this process, to heat and vapourize the ceramic 

feedstock, a high-energy electron beam is utilized. The vapour moves at ninety degrees to the 

substrate in which it condenses atom by atom [40]. During the processing of zirconia-yttria 

ceramics, the low partial pressure of oxygen is kept constant so as to maintain the stoichiometry 

of zirconia. For EB-PVD, the bond coat/topcoat interface is flat when compared to coatings that 

are sprayed with plasma.  

 

Figure 2-4 illustrates the structure of EB-PVD. EB-PVD’s microstructure coatings yield 

better resistance to thermal shock and optimized strain tolerance which boosts their lifetime 

significantly. The EB-PVD TBC can be utilized without breaking under the stress of the 

components of the gas turbine engine that have greater thermal gradients or higher operating 

temperatures. It is believed that the columnar growth can minimize the elastic modulus in the 

coating’s plane to nearly zero. 
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Fig. 2- 4 Micrograph of scanning electron microscopy of TBC applied by EB-PVD [41]. 

 

The operating temperature is likely to range between room temperature and over 1200℃ 

[42]. The coating’s thickness, the flow rate of the internal coolant and cooling efficiency, and heat 

flux of the impinging hot gases are all factors that influence the thermal protection. In general, the 

use of thicker coatings is preferred for a higher thermal flux in order to reach the stated difference 

in temperature, ∆𝑇 [13]. 

 

 

One of the unfavourable factors of EB-PVD associated with its microstructure is that the 

TBCs fabricated by EB-PVD frequently yield the characteristics of columnar grain structure. This 

is where the pore channel between the columnar grains is usually parallel to the direction of the 

heat flux. A schematic representation of EB-PVD coating can be seen in Figure 2-5. As a result, 

this leads to an effective thermal conductivity, which is usually high in comparison to APS-TBCs 

[43]. 
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Fig. 2- 5 Schematic representation of coating prepared by EB-PVD. 

  

There are certain properties of EB-PVD TBC that are better, in contrast to plasma-sprayed 

TBC. For instance, the finishing of the surface of the EB-PVD coatings is far better than that of 

APS coatings. The columnar structure of EB-PVD coatings has excellent strain tolerance 

properties. Furthermore, EB-PVD coatings are erosion-resistant because of their ability to 

withstand stress at higher temperatures. The microstructure of the coating plays a crucial role in 

the behaviour determination of the coating during its service life. 

 

With the EB-PVD process, it is easy to control the mechanical and thermal properties of 

coatings. Vapour is produced during the EB-PVD process by using a beam of electrons to heat the 

source material, thereby leaving the evaporated atoms to slowly condense on the substrate. The 

nuclei of the crystal form at desired locations and grow along the thickness and laterally to shape 

the different columns, which produce a high intercolumnar porosity [44]. Figure 2-6 below 

presents a diagram of the process of EB-PVD coating 
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Fig. 2- 6 Schematic representation of the procedure of EB-PVD [38]. 

 

Nonetheless, APS-TBCs usually have a lamellar structure with many ellipsoid pore 

structures. As a result, the effective thermal conductivity is often lower when compared to a perfect 

TBC. Thus, it is crucial to have the spatial distribution, pore volume fraction, morphology, and 

orientation under control in order to produce TBCs with reduced or optimized thermal 

conductivity. The porous, micro-cracked columnar EB-PVD ceramic structures ensure that the 

coating is durable [45]. 

 

2.2.2 Atmospheric plasma spray (APS) 

APS is used for depositing ceramic TBCs. In turn, TBCs are then used to protect and 

insulate hot-section metallic components in gas turbine and diesel engines. This method is less 

expensive compared to EB-PVD [6]. APS has a very high-temperature plasma jet. This allows 

materials to melt (given its high melting point) and produce an effective thermal spray. 𝐴𝑟–𝐻𝑒 or 

𝐴𝑟–𝐻2 hot plasma jet at high speed can melt the ceramic and metallic feedstock powder, allowing 

it to move at a high velocity.  
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Figure 2-7 presents a schematic diagram of the APS coating technique. Due to its quick 

solidification, the spray produces a coating on the substrate’s clean surface. “Splats” are created 

by the plasma spray. These splats are the flattened particle boundaries that are in parallel to the 

interfaces between the ceramic and the metal. 

 

Fig. 2- 7 Schematic representation of the APS process [46]. 

 

An illustration of the APS splats is shown in Figure 2-8. Some spaces are left between the 

boundaries of the splat during the coating process. This is the result of the incomplete bonding 

between splats caused by the relaxation of residual stresses when the splat is being cooled, by 

trapped gases, or lack of adhesion. Only approximately 20% of the actual contact area between the 

different types of splats can be improved with the help of modern techniques [47], [48]. Thus, 

these splats affect the coating’s properties, such as its thermal, electrical, and mechanical 

properties. These properties are not the same as the sprayed bulk material. 
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Fig. 2- 8 Schematic representation of splat of APS. 

 

 

Besides the roughness of the substrate and its temperature, such as velocity and how the 

incident particles are distributed based on size, other factors have a huge impact on the coating’s 

structure. This method of coating is commonly used for commercial purposes. The micro-cracks 

that run roughly parallel to the interface between metal and ceramic in APS-TBCs and the splat 

boundaries can efficiently reduce the thermal conductivity of APS-TBCs. Nonetheless, weakness 

can be introduced through the micro-cracks and splat boundaries in APS-TBCs. This affects the 

coatings’ service life and can result in early spallation. Figure 2-9 presents a representation of the 

APS morphology. 

 

Fig. 2- 9 SEM micrograph of APS morphology [39]. 
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The type of interaction between the ceramic feedstock and the plasma gas is essential for 

determining the properties of TBC applied by APS. This is because the TBC is produced by many 

solidifying particles per 𝑚𝑚3 after passing through a hot plasma region [50]. The APS-TBCs’ 

thermal conductivity can reach up to 0.8-1.1 [W/m K] [51]. Furthermore, the structure of the 

porous APS TBCs, which consists of its cracks, pores, crack/coating interface, pore/coating 

interface, and layer interface, affects its effective thermal conductivity. Apart from the scattering 

effect at the interfaces and/or defects, another essential element which influences the final effective 

thermal conductivity of the APS-TBCs is the interfacial thermal resistance (ITR) [52]. 

 

Table 2-1 illustrates a comparison between EB-PVD and APS. Seven features of the two 

TBCs deposition techniques are compared. The areas where the coatings produce more benefits 

are defined by these features. 

 

Table 2- 1 Comparison of properties of EB-PVD and APS coating. 

Properties EB-PVD APS 

Microstructure  Columnar Lamellar 

Thermal conductivity 

[W/mK] 

1.5 0.8 

Surface roughness (µm) 1 10 

Bonding mechanism Chemical Chemical and mechanical 

Typical thickness (µm) 100-300 200-400 

Lifetime very long short 

Cost Very expensive  Cheap 

 

2.3 Thermal conductivity of coatings 

Thermal conductivity is the ability of a material to transfer heat; it can be defined as the 

rate of heat transfer through a particular material. With materials have a low thermal conductivity, 
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heat is conducted at a lower rate. The technique of applying a coating affects the thermal 

conductivity of the coating [16]. This is because the microstructure alters based on the technique 

of coating deposition. EB-PVD and APS techniques are the most-used methods for applying 

coatings. The thermal conductivity of coatings is adversely affected by some microstructural 

properties; these include: grain size, micro-cracks, pores and their distribution, voids, and 

impurities.  

 

Currently, APS TBCs produce a thermal conductivity between 0.8 and 1.1 [W/m K]. 

However, the thermal conductivity produced by EB-PVD coatings is between 1.5 and 1.9 [W/m 

K]. The two techniques yield a thermal conductivity much lower than that of the bulk YSZ (2.2-

2.5) [W/m K] [53]. EB-PVD coatings are less porous than APS coatings. As a result, this helps to 

minimize the thermal conductivity of APS coatings [54]. Figure 2-10 compares the thermal 

conductivity of EB-PVD, bulk zirconia, and APS coating. A porous ceramic layer’s thermal 

conductivity is dependent on the intrinsic thermal conductivity of the bulk ceramic, which is 

connected to its structure, composition, and the architecture of the porous structure (i.e. 

distribution, geometry, and pore volume fraction) [41]. 
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Fig. 2- 10 Comparison of thermal conductivity of bulk, EB-PVD and APS [53]. 

 

2.4 Techniques for calculating thermal conductivity 

Various material properties such as thermal conductivity can be used to evaluate the design 

of a TBC. Lower thermal conductivity is suitable for high-temperature protective coating, along 

with a higher stability of the coating. Many techniques are used to measure these properties. The 

simplest and most common way of calculating the thermal conductivity of unknown material is 

discussed below.  

 

The guarded heat plate method is used to calculate the thermal conductivity of materials 

[55]. This technique involves placing a sample between two plates, with one of the plates being 

the heat source, while the other plate is the heat sink. Heat transfer through a material with a cross-

sectional area A and thickness L can be measured. The equation below is used to calculate thermal 

conductivity: 
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                                                                     𝑘 =
𝑄.𝐿

𝐴.Δ𝑇
                                                                        (2.3) 

 

 

where L (𝑚) is the sample length, Q (𝑊) is the heat load on the sample, A (𝑚2) is the cross-

sectional area to which the heat is applied, and ΔT (𝐾) is the difference in temperature across the 

bottom and top of the sample. In this process, a Vernier caliper is used to measure the cross-

sectional area. Q, the heat load, is calculated by using the voltage measurement across the sample. 

A copper sample holder is used to clamp down the sample. Varnish is used to place temperature 

sensors on the sample. To ensure better thermal conductance to the sensor, a dual-twist 

phosphor/bronze lead wire is wrapped around the sample. Heat moves from the top to the bottom 

of the material. To prevent heat leaks, testing is usually conducted in a vacuum. The voltage and 

current of heater coils and each sensor’s temperature are recorded. Thermal conductivity is 

calculated using these measurements.  

 

For cold samples, the guarded heat plate method is the most appropriate. Nonetheless, 

when it comes to thermal coatings, it is crucial to calculate thermal conductivity at high 

temperatures. As a result, an entirely different method is used. One method, which is used to 

determine TBCs’ thermal conductivity at all temperatures is the Laser Flash Analysis (LFA) 

method [56]. Here, the substrate face of the sample is shot by a laser pulse, and an infrared detector 

is used to measure the resulting temperature rise on the other face of the sample.  

The formula below is used to calculate thermal diffusivity after normalizing the signal:  

 

                                                              𝛼 = (0.1388𝐿2)/𝑡0.5                                                           (2.4) 

  

 

where L (𝑚) is the sample’s thickness, α (𝑚2/𝑠𝑒𝑐) is the thermal diffusivity, and 𝑡0.5 (𝑠𝑒𝑐) is the 

time it takes the sample’s rear face to reach half of its maximum rise. 
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Once the specific heat capacity 𝐶𝑝of the coating and density (ρ) are known, the thermal 

conductivity 𝑘 [W/m K] can be calculated using the following equation: 

 

                                                                     𝑘 = 𝛼𝜌𝐶𝑝                                                                     (2.5) 

 

 

This method does not have many requirements for measuring the thermal conductivity of 

YSZ coatings. One requirement is that a thin layer of graphite or gold must be used to coat the 

zirconia. This is because zirconia allows light in the operating wavelength of the laser to pass 

through it [57]. This coating does not allow the laser to pass through the zirconia ceramic layer. 

One considerable disadvantage here is that measurement on a real component is impossible, as 

only small, flat samples can be used to take measurements [58]. 

 

2.5 Mechanisms of heat transfer 

Thermal conductivity is the results of coatings heat transfer property. This property is an 

essential factor in determining the performance of the coating and a major design parameter for 

TBCs [59]. The thermal conductivity of ceramic coatings is heavily affected by the extrinsic 

characteristics (oxidation, microstructural defects, and temperature) and the intrinsic properties of 

the material [60].  

 

The changes in temperature in the material impact its thermal conductivity [61]. There is a 

change in the mechanism that is mostly used for heat transport which takes place at elevated 

temperatures for a material like YSZ. The thermal conductivity of YSZ decreases from room 

temperature to approximately 800 °C. This is because at high temperatures, the phonons’ density 
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rises and they crash into other phonons and decrease the mean-free path. As a result, the scattering 

of phonons is more noticeable with increasing temperatures, especially for zirconia.  

The interaction between the phonons increases when the temperature of zirconia coatings 

becomes high. As a result, the phonons are deflected from straight paths and as the temperature 

increases, the mean-free path is reduced. Additionally, the thermal conductivity of zirconia 

coatings reduces as the mean-free path reduces. The intrinsic phonon scattering scales limit the 

thermal conductivity as 1/T [62]. At elevated temperatures, photon conduction (radiation) is 

essential and can quickly increase the thermal conductivity (proportional to 𝑇3) — especially for 

zirconia coatings [63]. Figure 2-11 illustrates the relationship between the thermal conductivity of 

YSZ and temperature 

 

 

Fig. 2- 11 Thermal conductivity of YSZ as a function of temperature [60]. 

 

The underlying mechanisms of conduction, transfer of energy by phase change, and 

radiation are used to categorize heat transfer. These mechanisms depend on the photons and 

phonons and how they interact with their surroundings. The thermal conductivity of the as-sprayed 
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TBCs (mostly for APS) depends on specific molecular interactions. Figure 2-12 shows five types 

of interactions.  

 

Fig. 2- 12 Schematic illustration of the mechanisms of heat transfer of APS-TBCs [64]. 

 

 The crystal lattice vibration causes phonon conduction  

 The radiation scattering at grain-boundaries 

 Knudsen conduction, which is induced in the inter-splat interface 

 Gas phase conduction  

 Radiation scattering at any type of interfaces, such as splat interfaces and the interfaces 

between the coating and defects 

 

These interactions may not appear in every type of coating. The heat transfer mechanism 

is affected by the microstructure of a coating. Alloys of zirconia serve as electronic insulators 

because they do not have enough free electrons. Electrons have no effect on the overall thermal 

conductivity of the system. This is because radiation (photons) or lattice vibrations (phonons) 

control the transfer of heat in the case of zirconia. Phonon conduction plays a powerful role in the 

transfer of heat. The overall thermal conductivity (𝑘) of ceramic materials [65], which is the 

summation of three parts, is given by the general equation: 
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                                                                   𝑘 = 1/3 ∑ 𝐶𝑝𝑗𝑣𝑗𝑙𝑗

𝑁
𝑗=1                                                             (2.6) 

 

 

where 𝑙𝑗 is the corresponding mean-free path, 𝑁 is the overall number of the carriers of energy, 𝐶𝑝 

is the specific heat at constant pressure, and v is the velocity of the carrier. If the carrier is a wave, 

this is called group velocity. There are two parts of the electron mean-free path. One part is the 

intrinsic mean-free path which corresponds to the electrons scattering by lattice vibrations. The 

other part is the residual mean-free path, which corresponds to the electrons scattering by defects. 

The intrinsic mean-free path is directly proportional to temperature while the residual mean-free 

path does not depend on temperature. The contribution to thermal conductivity (𝑘𝑝) from the lattice 

vibration is as follows [66]: 

 

                                                                𝑘𝑝 = 1/3 ∫ 𝐶𝑣𝜌𝑣𝑙𝑝                                                           (2.7) 

 

where v is the speed of phonon, 𝜌 is the density, 𝑙𝑝is the mean-free path for the scattering of 

phonons, and 𝐶𝑣 is the specific heat capacity.  

 

The thermal conductivity of ceramics rises with an increase in temperature due to the heat 

transfer of photons (radiation conduction). The following equation shows the thermal conductivity 

as a result of radiation effect [67]: 

 

                                                               𝑘𝑟 = 16/3𝜋𝜎𝑛2𝑇3𝑙𝑟                                                          (2.8)  

 

 

where σ is the Stephen-Boltzmann constant, 𝑘𝑟 is the thermal conductivity as a result of radiation, 

𝑇 is the absolute temperature, 𝑙𝑟 is the mean-free path for photon scattering, and 𝑛 is the refractive 

index. It can be seen from the equation that the thermal conductivity of ceramics at elevated 

temperature is dependent on 𝑇3. The overall theoretical thermal conductivity of zirconia-based 
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systems equals the addition of the thermal conductivity by phonon transport and the thermal 

conductivity by photon transport, which is written as: 

 

                                                                   𝑘 = 𝑘𝑟 + 𝑘𝑝                                                                   (2.9) 

 

 

Below 1200 °C, heat conduction through zirconia is governed by phonon transport. 

However, when the temperature increases, increased radiation is felt at 1250 °C when a 10% 

contribution is expected [66]. In real crystal structures, phonon scattering takes place when 

phonons interact with lattice imperfections. These imperfections incorporate vacancies, ions, 

dislocations, grain boundaries, voids, and atoms whose ionic radius differ or atoms with differing 

masses and other phonons [68]. When the bond length is locally distorted, scattering occurs, 

thereby introducing elastic strain fields into the lattice. The quantification of the effects of these 

imperfections can be done via their impact on the phonon mean-free path (𝑙𝑝). The phonon mean-

free path is given by the equation below [66]: 

 
 

                                                                        
1

𝑙𝑝
=

1

𝑙𝑖
+

1

𝑙𝑣𝑎𝑐
+

1

𝑙𝑔𝑏
+

1

𝑙𝑠𝑡𝑟𝑎𝑖𝑛
                                                           (2.10) 

 
 

where 𝑙𝑖, 𝑙𝑣𝑎𝑐 , 𝑙𝑔𝑏 𝑎𝑛𝑑 𝑙𝑠𝑡𝑟𝑎𝑖𝑛 are the contributions of the mean-free path as a result of interstitials, 

vacancies, grain boundaries, and lattice strain, respectively. In nanostructured coatings, the effect 

of grain boundaries can be high [18]. The strain fields and the intrinsic lattice structure significantly 

affect both coated structures and conventional materials. 
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2.6 Impact of different parameters on thermal conductivity of TBCs 

Thermal conductivity is a major material property that could be affected by even small changes 

in the microstructure of material or composition. The effect of some of these factors on the thermal 

conductivity of coatings is considered in this section.  

 

2.6.1 Thermal conductivity affected by yttria content  

Microstructural properties have a great effect on the thermal conductivity of zirconia-based 

coatings [69]. Changes, which occur at the micro-level, are caused by the process parameters 

utilized in the various coating methods. These processes significantly affect the structure and 

morphology of the coating. The EB-PVD coating is columnar in structure, whereas the structure 

of APS coatings is represented by a splat-like structure. When the process parameters are 

optimized, the coatings deposited can have a thermal conductivity that is lower than that of the 

thermal conductivity of bulk materials.  

 

The range of the thermal conductivity of bulk zirconia is between 2.2 and 2.8 [W/m K]. 

Conversely, however,  the thermal conductivity of  YSZ based coatings is lower, within the range 

of 0.8-1 [W/m K] [62]. The percentage of yttria in the coatings, as well as additional parameters 

such as heat treatment or deposition technique, affects this change in thermal conductivity. The 

thermal conductivity is reduced when yttria is added, as this corresponds to a shorter intrinsic 

mean-free path as a result of the introduction of local strain fields and vacancies generated by 

incorporating large dopant atoms and the local modifications of the lattice structure. The role of 

vacancies and strain fields is to scatter the phonons, directly raising the dispersion of the phonon 

in the lattice. When dispersion is increased, it is likely that there will be interactions between 
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phonons, which further reduce the mean-free path. The thermal conductivity of the coating 

decreases with an increased yttria content [68]. 

 
According to Srinivasan et al., at a given temperature, the decrease in thermal conductivity 

with increased yttria content is consistent with oxygen vacancies that significantly affect phonon 

scattering [69]. The impacts of yttria content on the thermal conductivity are described in Figure 

2-13 which shows that there is a significant change in thermal conductivities in the case of 12YSZ 

and 14YSZ. On the other hand, in the case of 16YSZ, 18YSZ, and 20YSZ, the change in thermal 

conductivities is small compared to the first case. Thus, a further increase in yttria content has no 

effect the thermal conductivity of ceramic [70]. 

 

 

Fig. 2- 13 Impact of different yttria content on thermal conductivity of YSZ ceramics [70]. 

 

2.6.2 The thermal conductivity of coatings affected by impurities 

The reduction in the thermal conductivity of an insulator can be done efficiently by adding 

structural defects that are obstacles to the phonons’ propagation [71]. Various types of defects are 

likely to be predicted such as voids, vacancies, pores, interfaces (grain boundaries), substitution 
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ions, cracks, and dislocations, etc. The function of vacancies is crucial when it comes to zirconia-

based materials [72]. Phonon scattering is improved greatly since nanostructured TBCs have 

numerous grain boundaries. Additionally, the presence of micron and nano pores, solute atomic 

point defects, and oxygen vacancies in the TBCs’ nanostructure can lead to enhancing the effect 

of phonon-scattering, which in turn significantly optimizes the insulation effect of the TBCs’ 

nanostructure [73]. 

 

A ‘vacancy’ is considered to be a complete disappearance of mass, which is one type of 

lattice defect, and a discrepancy in volume on the crystalline sites, including the neighbouring 

chemical bonds as can be seen in Figure 2-14 below. This vacancy results in the strongest lattice 

distortion and phonon scattering. Consequently, the distortion results in additional scattering. 

When the concentration of the vacancies increases, the thermal conductivity is lowered. 

 

Fig. 2- 14 Schematic diagram of (a) pure crystal lattice (b) lattice with defect (anion) (c) lattice with defect (cation) 

[74]. 

 
The unwanted transformation of pure zirconia at higher temperatures of approximately 

1100 °C means that this is not utilized. The addition of hetero elements such as 𝑀𝑔, 𝑌, or 𝐶𝑎 is 

used to fully or partially stabilize zirconia, which then stabilizes the cubic or the tetragonal form. 

To fully stabilize the cubic phase of zirconia, a 20 wt.% of 𝑌2𝑂3 is added to the zirconia. 

Furthermore, to achieve the metastable t' phase, a 6 to 8 wt.% of 𝑌2𝑂3 can be added. Figure 2-15 
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shows the phase diagram of the different phases. To maintain the electrical neutrality of the ionic 

lattice, hetero elements and vacancies are introduced. The thermal conductivity of zirconia can be 

minimized by the addition of hetero elements like 𝐶𝑎, 𝑀𝑔, or 𝑌. 

. 

 

Fig. 2- 15 Phase diagram of 𝑍𝑟𝑂2 representing the effect of yttria on different phases of zirconia (Tetragonal, T, cubic, 

F and monoclinic, m) [75]. 

 

2.6.3 Effect of layering on EB-PVD TBCs 

Researchers have implemented various techniques to reduce thermal conductivity. One of 

these techniques involves introducing extra phonon scattering centres in the coating so as to lower 



30 

 

the thermal conductivity of EB-PVD TBCs [66]. The dispersion of photons and phonons 

influences heat transfer [76] and the scattering of heat carriers in between the layers at the interface 

is then feasible. Thus, adding a layer to the topcoat can be efficiently used to counter thermal 

transfer [77].  

Different layers are combined to act as one component in order to lower the thermal 

conductivity of coatings. To fully understand this effect, one needs to contemplate a TBC that is 

made up of many nanolayers of various materials such as alumina and zirconia [78], with the added 

benefit of heat resistance at interfaces/boundaries. The possibility of scattering by heat carriers 

increases as the number of interfaces increases.  

In the ceramic coating, layering raises the areas of scattering, which in turn leads to 

decreased thermal conductivity. An overview of the layering method is shown in Figure 2-16 

which shows an increase in the number of inner zones present in the layered coatings, as well as a 

corresponding decrease in thermal conductivity in comparison to a single layer. 

 

Fig. 2- 16 Schematic representation of EB-PVD TBC [79]. 

 
The thermal conductivities of these coatings differ due to the microstructures created 

within the coatings. It is widely believed that the presence of defects such as porosities and cracks 
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in the coating decreases the thermal conductivity. During the design of the topcoat layer  there will 

be an increase in the coating’s density and thus, there may be  premature delamination if the layers 

are very distinct [79]. 

 

2.6.4 Thermal conductivity affected by interface 

One of the essential structures in TBCs is the interface. When there is a heat flow between 

two adjacent layers or the interface of two distinct materials (phases), there is a temperature 

decrease at the interface. This rapid temperature change, even for a thin coating is due to the ITR 

which can be explained by the following equation [52]: 

 
                                                                            𝑅 = ∆𝑇/𝐽                                                                    (2.11) 

 

 

Where 𝑅 is the interfacial thermal resistance’s value;  𝐽 is the density’s heat flux, the heat flow per 

unit area per second; and ∆𝑇 is the difference in temperature between the two opposite interfaces. 

In 1941, when ITR was discovered, the temperature drop was at the solid-liquid interface [80]. 

Due to the temperature fluctuations at the interfaces, the composite materials exhibit a decrease in 

thermal conductivity because of the existence of the ITR. Figure 2-17 shows the reduction in 

temperature as a function of dislocation with the presence of ITR. The decrease in temperature at 

the bond coat/topcoat interface results from boundary changes. These changes are the result of the 

difference in the properties of the material of bond coat and topcoat. 
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Fig. 2- 17 The effect of interfacial thermal resistance [52]. 

 
As-sprayed TBCs’ effective thermal conductivity can be influenced by the roughness of 

the interface of the topcoat and the bond coat [81]. As the amplitude of the interface increases, the 

effective thermal conductivity increases, taking into account the interfacial thermal resistance. 

Nevertheless, this tendency may not be seen without considering the ITR. 
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Chapter 3 Numerical and Analytical Models for Thermal 

Conductivity  

Modelling and predicting the thermal conductivity of TBCs is research currently in 

progress. Modelling uses previous data to develop either a numerical model or an analytical model. 

An estimation of the coatings that, can be produced with altered properties, can be provided by 

these pre-existing models. 

 

First and foremost, a short introduction of thermal conductivity is presented herein. 

Thermal conductivity (𝑘) is the measure of the transfer of heat from the first surface to the second 

surface with a cross-sectional area A and with the distance between surfaces as L. Numerous 

equations can be used to estimate the thermal conductivity (𝑘) based on the coatings and its 

parameters. In this case, the determination of the thermal conductivity of free-standing materials 

is given by [82]: 

 

                                                                 𝑘 = 𝜌. 𝛼. 𝐶𝑝                                                                (3.1) 

 

where 𝐶𝑝 is the materials’ heat capacity at constant pressure (𝐽 𝑘𝑔. 𝐾⁄ ), 𝛼 is the rate of thermal 

diffusion (𝑚2/sec ), and 𝜌 is the free-standing materials’ density (𝑘𝑔 𝑚3⁄ ).  

When the thermal conductivity is modelled before the fabrication of the coating is done, it 

helps to establish a superior understanding and predict the properties of modified or new coatings 

[83]. In most cases, these models yield calculated results that can be compared to the measured 

results [84]. Modelling ensures cost reduction and predicts the ideal potential combination of 

parameters for production out of many potential combinations, thereby improving efficiency. 
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Models produced from previous research work can be utilized for the prediction of thermal 

conductivity. The following section will discuss and summarize these existing models. 

 

3.1 Numerical Models 

The influence of powder morphology on the properties of YSZ coatings sprayed with 

plasma was examined by Kulkarni et al. [85]. The coating microstructure was represented using a 

two-dimensional finite element model. Three classifications of voids, namely: globular pores, 

intra-splat cracks, and interlamellar pores, were taken into consideration. The thermal conductivity 

values they predicted were higher than the ones from the experiment. The reason for this was that 

they did not have reference information for pore and splat size distribution. 

 

 

 

Bartsch et al. [86] did a comparison of the results from the finite element simulations and 

the finite difference (Tbctool) to assess the thermal response from white and black images of EB-

PVD TBC microstructures. As the mesh size continued to decrease and the image area became 

larger, the results became more accurate. 

 

The finite element method (FEM) was used by Wang et al. [52] to simulate the behaviour 

of TBCs with various interfacial characteristics during heat transfer based on various ITR models. 

The results of the simulation revealed that the heat flux around the interface has a significant 

changing characteristic and that TBCs’ thermal insulation effect could be improved by increasing 

the interface’s area. It was found that the roughness of the interface (amplitude) also has a 

significant impact on the effective thermal conductivity of the as-sprayed TBCs. 
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Using SEM images of coating microstructure, Tan et al. [67] were able to produce a 2D 

finite element mesh. Moreover, when using a commercial finite element code for some ceramic 

coatings, they were also able to predict the thermal conductivity. For YSZ coatings, the thermal 

conductivity values obtained from the Laser Flash Analysis (LFA) were lower than the values of 

the predicted results. 

3.2 Analytical Models 

One of the best approaches to minimize the thermal conductivity of TBCs is to use the 

porous microscopic structure [87]. To evaluate the overall thermal conductivity of the ceramic 

coatings deposited by different deposition methods, a substantial number of analytical models have 

been developed [88]. Modelling can also be used to enhance the understanding of the impact of 

shape, pore size, pore morphology, and orientation. The majority of the models are in the form of 

randomly distributed, non-interacting pores of spheroidal shapes or ellipsoids, and some with 

periodical forms. 

 

In the late 19th century, Maxwell-Eucken developed one of the early models [63]. It was 

assumed that the ‘dispersed phase’ was made up of non-interacting, randomly distributed, and 

alike spheres. The equation below describes this model, as follow [89]: 

 

                                                              
𝑘𝑡𝑜𝑡

𝑘𝑑
=

1−𝑃

1+1
2⁄ 𝑃

                                                                 (3.2) 

 

where 𝑘𝑑 is the dense material’s thermal conductivity, 𝑘𝑡𝑜𝑡 is the total thermal conductivity of a 

porous material, and 𝑃 is the porosity’s fraction. The thermal conductivity of pores was assumed 

to be small or negligible in this model. 
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Klemens developed another model which applies to randomly distributed, non-spherical pores. 

This model is given by [90]: 

 

                                                            
𝑘𝑡𝑜𝑡

𝑘𝑑
= 1 −

4

3
. 𝑃                                                                (3.3) 

 

where 𝑘𝑑, 𝑘𝑡𝑜𝑡, and 𝑃 are as defined above. 

 

Another model that computed the impact of cracks with different orientations on the 

thermal conductivity of solid materials was developed by Hasselman [91]. This model’s 

conclusion was that cracks which are parallel to the heat flow direction have less impact on thermal 

conductivity. In contrast, the maximum thermal resistance is acquired with cracks that are aligned 

perpendicularly to the heat flow direction. 

 

An excellent model was developed by Bruggeman to estimate the thermal conductivity of 

porous materials. Bruggeman was able to apply the Maxwell model to systems that have a random 

distribution of spherical particles of various sizes. For his proposed model, he believes that if a 

somewhat large spherical particle is dropped into a dispersion that contains many smaller particles, 

the disturbance of the field around the large sphere will most likely be negligible as a result of the 

small spheres. Using this model, he demonstrated that he could remove the limitation on the 

volume fraction of dilute dispersion. An extension of Maxwell’s model is written as follows [92]: 

 

                                                             
𝑘−𝑘𝑚

𝑘+2𝑘𝑚
= 𝑓

𝑘𝑑−𝑘𝑚

𝑘𝑑+2𝑘𝑚
                                                          (3.4) 
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 A change in the volumetric fraction of dispersed phase, with the change in conductivity, 𝑑𝑀, can 

be described as follows: 

 

                                                              
𝑑𝑀

3𝑀
=

𝑑𝑃

1+𝑃
(

𝑘𝑑−𝑀

𝑘𝑑+2𝑀
)                                                         (3.5) 

 

The integration of both sides of the equation (i.e. 𝑀 from 𝑘𝑚 to 𝑘 and 𝑃 from zero to  
𝑓

1+𝑓
) leads 

to the two-phase model of Bruggeman, which is written as follows [93]: 

 

                                                (1 − 𝑓) = (
𝑘

𝑘𝑚
⁄ −

𝑘𝑑
𝑘𝑚

⁄

(𝑘
𝑘𝑚

⁄ )

1
3(1−

𝑘𝑑
𝑘𝑚

⁄ )

)                                                     (3.6) 

 

where 𝑓 is the volume fraction of the 𝑖𝑡ℎ phase, 𝑘 is the composite’s thermal conductivity, 𝑘𝑑  is 

the dispersed phase’s thermal conductivity, and 𝑘𝑚is the matrix’s thermal conductivity. 

 

An analytical model was developed by McPherson to predict the thermal conductivity of 

ceramic coatings sprayed with plasma that included areas of good and insufficient contact between 

lamellae where the areas of insufficient contact behave as thermal insulations. This model is 

described as follows [94]: 

 

                                                                    
𝑘𝑡𝑜𝑡

𝑘𝑑
=

2.𝛿.𝑓

𝜋.𝑎
                                                               (3.7) 

 

where 𝑓 is the true contact’s fraction, 𝛿 is the thickness of lamellae, and 𝑎 is the radius of each 

single contact area. 
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A further model was proposed by Sevostianov et al. [95] to supply an enhanced connection 

between the thermal conductivities and microscopic structure parameters. It was assumed that the 

microstructure comprises two classes of horizontal and vertical penny-shaped cracks. The 

following equation describes the thermal conductivity in the direction horizontally aligned to the 

material: 

 

                                                             
𝑘𝑡𝑜𝑡

𝑘𝑑
= 1 −

8𝛼𝑣

3(1−𝑃)
                                                            (3.8) 

 

 

where 𝛼𝑣 is the component of crack density tensor in the direction horizontally aligned to the 

material, and 𝑃 is the density. 

 

A model was suggested by Lu et al. [96], which incorporates various types of pore 

morphologies including, aligned but spatially random pores, randomly oriented pores, zigzag 

pores, and periodic pores. The thermal conductivity of zigzag pores was calculated using the Finite 

Element Method (FEM). The model was extended to TBCs deposited by EB-PVD. For zigzag 

pores, the effective thermal conductivity k is given by: 

 

                                                          𝑘 =
𝑞̅

(𝑇𝑏𝑜𝑡𝑡𝑜𝑚−𝑇𝑡𝑜𝑝)/𝜆
                                                           (3.9) 

 

where 𝑇𝑏𝑜𝑡𝑡𝑜𝑚, 𝑇𝑡𝑜𝑝 are the bottom and top surfaces’ temperatures respectively, and 𝑞 = 𝑞𝑧 is the 

heat flux in the z-direction averaged in x over the top (or bottom) surface. 
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A model was presented by Wei et al. [97] to study the impact of imperfections on the 

thermal conductivity and compute the effective thermal conductivity. They suggested an 

independent variable, 𝐶𝑘, which is mainly influenced by the nonlinear region around the 

imperfection. Their conclusion was that this variable does not depend on the thermal gradient. 

Increase in temperature does not significantly affect the value of 𝐶𝑘. The effective thermal 

conductivity of defects consisting of 𝑛 pores which are not influenced by each other is given by: 

 

                                                  𝐾𝑒𝑓𝑓 = 𝐾𝑜(1 − 𝜌 −
𝛼 ∑ 𝑎𝑖

2𝑛
𝑖=1

ℎ𝑙
)                                                  (3.10) 

 

where 𝐾𝑜 is the non-defective bulk material’s intrinsic thermal conductivity; 𝛼 is considered a 

numerical value that equals 3.06; 𝑙 and ℎ are the model’s width and height, respectively; and 𝑎 is 

the radius of the pore. 
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Chapter 4 Six-phase Model for Evaluating Thermal 

Conductivity of TBCs 

As mentioned earlier in Section 2.6, the way that TBCs perform under high temperature is 

significantly affected by their microstructural attributes [61]. The mechanical and thermal 

properties of ceramic coatings are equally affected by the process parameters and the type of 

deposition method used, as well as the coatings’ intrinsic thermal attributes [98]. These elements 

can affect the size, shape, and morphology of the ceramic coating’s porosity. 

 

The TBCs’ complex structure can be explained more clearly and in more detail, using 

analytical models [99]. The thermal conductivity of dense coatings is greatly affected by the 

defects present [97]. Generally, these defects are also known as pores. There are different types of 

pores, such as randomly oriented pores, vertical or horizontal pores, and open pores [100]. The 

best shape for modelling is the spheroidal shape, as it can cover many types of pores or actual 

cracks, orientation, or shape. Two classifications of models are used for pore distribution, 

asymmetrical models and symmetrical models. The schematization of pores either by distributing 

pores symmetrically into the whole matrix or by dispersing the unique grains into the continuous 

matrix, has resulted in this type of classification. 

 

The TBC’s performance is linked to its porosity. Thus, it has become crucial to design the 

thermal properties of these materials using a modelling approach before real manufacturing is 

applied. 

 

The way the porosity is distributed in the analytical model can be accurately presented; 

nevertheless, one has to take into account various conditions, such as ensuring that the 
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microstructural details of the model are enough to represent the material’s properties [101]. The 

smallest of details must be considered when it comes to the microstructural attributes of the coating 

in order for the real properties to be precisely modelled. 

 

There are many developed analytical models, some of which were discussed in Chapter 3. 

Models that are a hybrid combination of both symmetrical and asymmetrical models can predict 

the thermal conductivity more accurately. The Bruggeman asymmetrical model is one model that 

can yield a better evaluation of the thermal conductivity of a coating [93]. 

 

As stated in Chapter 1, the proposed model in this thesis (i.e. six-phase model) is based on 

Bruggeman’s two-phase model. In this section, the details of Bruggeman’s model will be 

reviewed. The following are some of the assumptions in this thesis: 

 The impact of connected pores is negligible. 

 The thermal conductivity of the defects or the dispersed phase is insignificant, and it is neglected. 

 Heat exchange can only take place along the thickness of the coating (or at right angles to the 

interface between the bond coat and the substrate). There is no assumption that lateral heat transfer 

takes place. 

 The relationship between thermal conductivity and porosity is linear. 

 

In Bruggeman’s model, many spheres are introduced into a dilute dispersion consisting of 

infinite values for different sizes; furthermore, each sphere is part of the continuous matrix. 

Bruggeman was able to eliminate the constraint on the volumetric fraction of the dilute dispersion, 

which was impossible in respect to other models (0 ≤ f < 1). The model was designed by 
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Bruggeman for a porous TBC system. His model considered just one type of defect that has a 

single orientation (i.e. spherical particles). 

 

A simple case of Bruggeman’s model can be described by equation (3.6), where 𝑓 is the 

volumetric fraction of the 𝑖𝑡ℎ  phase, 𝑘 is the composite’s thermal conductivity, 𝑘𝑚  is the matrix’s 

thermal conductivity, and 𝑘𝑑  is the thermal conductivity of the dispersed phase. 

 

For further simplification of Bruggeman’s two-phase model, it is assumed that the thermal 

conductivity of defects/pores is negligible; i.e. 𝑘𝑑  = 0. Under the condition of non-radiating pores, 

equation (3.6) is minimized to: 

 

                                       (1 − 𝑓)
3

2 =
𝑘

𝑘𝑚
                                                                      (4.1) 

 

 

This equation is applicable, especially when the pores have a spherical shape. The ellipsoid 

of revolution is the basis for Bruggeman’s model. More generally, the Bruggeman’s model is an 

alteration of equation (4.1) for the dispersion of an ellipsoid, written as [102]:  

 

                                  𝜓(𝑓1) = (1 − 𝑓)𝑋 =
𝑘

𝑘𝑚
                                         (4.2) 

 

 

where the value of X is dependent on factors such as the ellipsoid’s shape factor (F), and 𝛼 is the 

angle between the axis of revolution and the heat flux, given by the following equation [102]: 
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                                      𝑋 =
1−𝑐𝑜𝑠2𝛼

1−𝐹
+

𝑐𝑜𝑠2𝛼

2𝐹
                                           (4.3) 

  

The value of X is described as follows: When there are just spherical pores in a continuous 

matrix, X is assigned to the value of 1.5. Up to a specific temperature limit, the assumption of non-

conducting defects/pores is valid. Nevertheless, its primary role is to simplify the model. 

Realistically, coatings are composed of various types of defects [97]. Thus, the superposition of 

the impacts of the various types of defects on the overall thermal conductivity is necessary for 

coatings to be realistically modelled. The two-phase model by Bruggeman can be iterated to higher 

levels of defects. This method is described extensively in the following paragraphs. 

 

The Bruggeman two-phase model is comprised of spherical pores and a binary mixture of 

dense material. A two-phase model can be used iteratively to generate a three-phase model for 

composites. This can be achieved via the following two steps. First, the type 1 porosity is assumed 

to be embedded in a continuous matrix in order to obtain the average thermal conductivity of a 

binary mixture. For the second step, the binary mixture is seen as a continuous matrix. At a later 

stage, a type 2 porosity is embedded into a continuous matrix in a similar process. 

 

If 𝑓1 and 𝑓2 are the final percentages of type 1 and type 2 porosity, respectively, then the 

coating’s overall porosity can be described by 𝑓𝑡𝑜𝑡, which is the sum of the various types of 

porosities. Thus, 𝑓𝑡𝑜𝑡=𝑓1 + 𝑓2. In a continuous matrix, there are two ways to add the defects. First, 

consider that the first type of porosity 𝑓1 is embedded into a continuous matrix. Next, consider that 
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the second type of porosity 𝑓2 is embedded into a continuous matrix. This will produce the equation 

below: 

 

                                         {𝜙 [
𝑓2

1−𝑓1
] 𝜓(𝑓1)}                                               (4.4) 

 

However, if type 2 porosity is embedded first in the continuous matrix and then type 1 is 

embedded later, this will produce the following formula: 

 

                                       {𝜓 [
𝑓1

1−𝑓2
] 𝜙(𝑓2)}                                                 (4.5) 

 

The proposed model is an average of the different values of the constituents that make up 

the composite material. As a result, taking an average of the two possible cases will produce the 

thermal conductivity of the three-phase mixture as [102]: 

 

                                    𝑘 =
𝑘𝑜

2
{𝜓 [

𝑓1

1−𝑓2
] 𝜙(𝑓2) + 𝜙 [

𝑓2

1−𝑓1
] 𝜓(𝑓1)}                 (4.6) 

 

where 𝑘𝑜  is the matrix’s thermal conductivity, and the functions 𝜓 and 𝜙 describe the impacts of 

defects on the coating’s thermal conductivity. The averaging technique is another name for this 

process. The equation is symmetrical about the product of 𝜓 and 𝜙 in order to comply with the 

dilution process’ commutative properties. A unique solution is produced with the help of this 

property. 
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To model the different types of defects, spheroids (ellipsoids that have a revolution axis 

corresponding to the ellipsoid axis ‘𝑎’ and whose two other axes are equal, i.e. 𝑏=𝑐) are selected 

for the purpose of this thesis. Spheroids can be employed to explain a wide range of real 

circumstances by defining the revolution angle (𝛼) between the dispersed particle and the heat flux 

and by adjusting the axes ratio 𝑎/𝑐. Figure 4-1 represents a spheroidal shape. When the ratio 

between the axes of the spheroid is varied, this shape can be modelled into spheres, lamellas, 

spheroids, and cylinders. 

 

Fig. 4- 1 Representation of spheroidal shape used in modelling defects. 

 

For equation (4.3), the shape factor (𝐹) has different values for the various shapes that are 

being considered. The ratio of axes 𝑎/𝑐 affects the shape factor (𝐹). The software (Fiji Is Just) 

ImageJ is used to obtain the values of aspect ratios. Figure 4-2 shows a graphical representation of 

the shape factor (𝐹) as a function of aspect ratio 𝑎/𝑐. 
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Fig. 4- 2 Shape factor (F) values corresponding to aspect ratio a/c [102]. 

 

For defects that are sphere-shaped, this case is considered where the minor and major axis 

are equal (𝑎 = 𝑐). The value of the shape factor (𝐹) is equal to 0.33333. This value corresponds to 

a sphere-shaped spheroid. When axes 𝑏 and 𝑐 are bigger than ‘𝑎’ axis (i.e. (𝑐 > 𝑎)), the spheroid 

is horizontally stretched to form the shape of an oblate spheroid. For oblate pores (lamellas), the 

shape factor (𝐹) falls between 0 and 0.3. When the pores are stretched vertically, a prolate-shaped 

spheroid is obtained. For prolate pores, the shape factor (𝐹) falls between 0.3 and 0.5. 

 

 

A representation of the graph of the X factor as a function of aspect ratio 𝑎/𝑐 is presented 

in Figure 4-3.  
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Fig. 4- 3 Relationship between X factor and aspect ratio for various shapes [102]. 

 

The curve labelled as (1) is the X factor values for randomly oriented spheroid pores. Curve 

(2) is the values of the X factor for a spheroid oriented horizontal to the heat flux and with 

revolution axis ‘𝑎’, while curve (3) represents the X factor values for the spheroids oriented 

vertically to the heat flux and with the revolution axis ‘𝑎’. The point where all three curves meet 

is the X factor value for a sphere-shaped spheroid. At this point, the value X factor is equal to 3/2, 

and this corresponds to a value of aspect ratio 𝑎/𝑐 =1. Figure 4-4 represents the flow process for 

this model.  
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Fig. 4- 4 Flowchart representing the procedure for determining total thermal conductivity of TBCs. 

 

Bruggeman’s two-phase model was used as a reference model in this thesis work. A six-

phase model was optimized by using iteration (the averaging method). The aim of this thesis work 

is to improve the analytical model in order to make a better prediction of a ceramic coating’s final 

thermal conductivity by making use of a six-phase mixture. In the modified model that was 

proposed, it was assumed that five types of defects were added into a continuous matrix. As a 

result, this model is now a six-phase model for porous composites. It is still assumed that there is 

no heat transfer within these pores. Thus, 𝑘𝑑  = 0 (𝑘𝑑  is the pores’ thermal conductivity). The 

current model’s nomenclature is explained in Table 4-1. 

SEM & optical 

images of 

coatings 

(Fiji Is Just) 
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Aspect ratio (a/c) & 

shape factor (F) 

Volumetric fraction of 

porosities/microcracks 

X factor  

Total thermal 

conductivity of 
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Impact of different 

functions i.e. (𝟏 − 𝒇)𝑿 
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Table 4- 1 Nomenclature of the six-phase model. 

Spheroid Ellipsoid having a revolution axis corresponding 

to ellipsoid axis a and the other two axes are equal 

i.e. b=c. 

Shape factor (F) A numerical value related to the shape of a 

spheroid. 

X factor A numerical value considering both 

orientation and shape of spheroid with respect 

to heat flux. 

𝒇𝟏, 𝒇𝟐, 𝒇𝟑, 𝒇𝟒 𝐚𝐧𝐝 𝒇𝟓 Volumetric fraction of porosity corresponding 

to 𝜓, 𝜙, 𝜃, 𝛽 and 𝜒 respectively. 

𝝍, 𝝓, 𝜽, 𝜷 𝐚𝐧𝐝 𝝌 Functions each describing the impact of 

various types of porosity on thermal 

conductivity. 

𝒌𝒐 The thermal conductivity of the bulk material. 

𝒌 The thermal conductivity of the composite 

material. 

 

 

The total porosity (𝑓𝑡𝑜𝑡) is the sum of contributions from the different types of porosities. 

Hence, 𝑓𝑡𝑜𝑡 = 𝑓1 + 𝑓2 + 𝑓3 + 𝑓4 + 𝑓5. The values of the different functions 𝜓, 𝜙, 𝜃, 𝛽, and 𝜒 are 

provided in equation (4.2). The values of the different types of porosities are acquired by image 

analysis (IA) using (Fiji Is Just) ImageJ. Next, these values are compared to previous works [103], 

[104], [102], [105].  

The proposed iterative method allows for the simultaneous addition of the five various 

types of defects into a continuous matrix performed by the averaging technique. This leads to the 

equation of a six-phase porous composite material that has up to 120 equations. Thus, the equation 

of the six-phase model is separated into five sections in order to understand this better. This 
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equation is not affected in any way by this process, as all five sections are simply summed to 

produce the equation. The six-phase model is described by the following equation: 

                                    𝑘 =
𝑘𝑜

120
(𝐴 + 𝐵 + 𝐶 + 𝐷 + 𝐸)                              (4.7) 

 

 Where A, B, C, D, and E are the five sections of the equation. The formula takes an average of all 

the possible conditions in which the five kinds of defects can be summed up in various sequences. 

The values of A, B, C, D, and E are written as follow: 

𝐴 = 𝜓 [
𝑓1

1 − (𝑓2 + 𝑓3 + 𝑓4 + 𝑓5)
] [ 𝜙 [

𝑓2

1 − (𝑓3 + 𝑓4 + 𝑓5)
] {𝜃 [

𝑓3

1 − (𝑓4 + 𝑓5)
] {𝛽 [

𝑓4

1 − 𝑓5
] 𝜒(𝑓5) +  χ [

𝑓5

1 − 𝑓4
] 𝛽(𝑓4)}

+ 𝛽 [
𝑓4

1 − (𝑓3 + 𝑓5)
] {𝜃 [

𝑓3

1 − 𝑓5
] 𝜒(𝑓5) +  𝜒 [

𝑓5

1 − 𝑓3
] 𝜃(𝑓3)} +  𝜒 [

𝑓5

1 − (𝑓3 + 𝑓4)
] { 𝜃 [

𝑓3

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓3
] 𝜃(𝑓3)} }

+  𝜃 [
𝑓3

1 − (𝑓2 + 𝑓4 + 𝑓5)
] { 𝜙 [

𝑓2

1 − (𝑓4 + 𝑓5)
] {𝛽 [

𝑓4

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓4
] 𝛽(𝑓4)} + 𝛽 [

𝑓4

1 − (𝑓2 + 𝑓5)
] {𝜙 [

𝑓2

1 − 𝑓5
] 𝜒(𝑓5))

+ 𝜒 [
𝑓5

1 − 𝑓2
] 𝜙(𝑓2)} +  𝜒 [

𝑓5

1 − (𝑓2 + 𝑓4)
] {𝜙 [

𝑓2

1 − 𝑓4
] 𝛽(𝑓4) +  𝛽 [

𝑓4

1 − 𝑓2
] 𝜙(𝑓2)}}

+  𝛽 [
𝑓4

1 − (𝑓2 + 𝑓3 + 𝑓5)
] { 𝜙 [

𝑓2

1 − (𝑓3 + 𝑓5)
] {𝜃 [

𝑓3

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓3
] 𝜃(𝑓3)}

+  𝜃 [
𝑓3

1 − (𝑓2 + 𝑓5)
] {𝜙 [

𝑓2

1 − 𝑓5
] 𝜒(𝑓5) +  𝜒 [

𝑓5

1 − 𝑓2
] 𝜙(𝑓2)} + 𝜒 [

𝑓5

1 − (𝑓2 + 𝑓3)
] {𝜙 [

𝑓2

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓2
] 𝜙(𝑓2)}}

+ 𝜒 [
𝑓5

1 − (𝑓2 + 𝑓3 + 𝑓4)
] { 𝜙 [

𝑓2

1 − (𝑓3 + 𝑓4)
] {𝜃 [

𝑓3

1 − 𝑓4
] 𝛽(𝑓4) +  𝛽 [

𝑓4

1 − 𝑓3
] 𝜃(𝑓3)}

+ 𝜃 [
𝑓3

1 − (𝑓2 + 𝑓4)
] {𝜙 [

𝑓2

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓2
] 𝜙(𝑓2)} +  𝛽 [

𝑓4

1 − (𝑓2 + 𝑓3)
] {𝜙 [

𝑓2

1 − 𝑓3
] 𝜃(𝑓3) +  𝜃 [

𝑓3

1 − 𝑓2
] 𝜙(𝑓2)}}] 

𝐵 = 𝜙 [
𝑓2

1 − (𝑓1 + 𝑓3 + 𝑓4 + 𝑓5)
] {𝜓 [

𝑓1

1 − (𝑓3 + 𝑓4 + 𝑓5)
] {[𝜃 [

𝑓3

1 − (𝑓4 + 𝑓5)
] {𝛽 [

𝑓4

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓4
] 𝛽(𝑓4)}] +  [𝛽 [

𝑓4

1 − (𝑓3 + 𝑓5)
] {𝜃 [

𝑓3

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓3
] 𝜃(𝑓3)}] + [𝜒 [

𝑓5

1 − (𝑓3 + 𝑓4)
] {𝜃 [

𝑓3

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓3
] 𝜃(𝑓3)}]}

+  𝜃 [
𝑓3

1 − (𝑓1 + 𝑓4 + 𝑓5)
] {[𝜓 [

𝑓1

1 − (𝑓4 + 𝑓5)
] {𝛽 [

𝑓4

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓4
] 𝛽(𝑓4)}] + [𝛽 [

𝑓4

1 − (𝑓1 + 𝑓5)
] {𝜓 [

𝑓1

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝜒 [

𝑓5

1 − (𝑓1 + 𝑓4)
] {𝜓 [

𝑓1

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓1
] 𝜓(𝑓1)}]}

+ 𝛽 [
𝑓4

1 − (𝑓1 + 𝑓3 + 𝑓5)
] {[𝜓 [

𝑓1

1 − (𝑓3 + 𝑓5)
] {𝜃 [

𝑓3

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓3
] 𝜃(𝑓3)}] + [𝜃 [

𝑓3

1 − (𝑓1 + 𝑓5)
] {𝜓 [

𝑓1

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝜒 [

𝑓5

1 − (𝑓1 + 𝑓3)
] {𝜓 [

𝑓1

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓1
] 𝜓(𝑓1)}]}

+ 𝜒 [
𝑓5

1 − (𝑓1 + 𝑓3 + 𝑓4)
] {[𝜓 [

𝑓1

1 − (𝑓3 + 𝑓4)
] {𝜃 [

𝑓3

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓3
] 𝜃(𝑓3)}] + [𝜃 [

𝑓3

1 − (𝑓1 + 𝑓4)
] {𝜓 [

𝑓1

1 − 𝑓4
] 𝛽(𝑓4)

+ 𝛽 [
𝑓4

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝛽 [

𝑓4

1 − (𝑓1 + 𝑓3)
] {𝜓 [

𝑓1

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓1
] 𝜓(𝑓1)}]} } 
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𝐶 = 𝜃 [
𝑓3

1 − (𝑓1 + 𝑓2 + 𝑓4 + 𝑓5)
] {𝜓 [

𝑓1

1 − (𝑓2 + 𝑓4 + 𝑓5)
] {[𝜙 [

𝑓2

1 − (𝑓4 + 𝑓5)
] {𝛽 [

𝑓4

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓4
] 𝛽(𝑓4)}] + [𝛽 [

𝑓4

1 − (𝑓2 + 𝑓5)
] {𝜙 [

𝑓2

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜒 [

𝑓5

1 − (𝑓2 + 𝑓4)
] {𝜙 [

𝑓2

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓2
] 𝜙(𝑓2)}] }

+  𝜙 [
𝑓2

1 − (𝑓1 + 𝑓4 + 𝑓5)
] {[𝜓 [

𝑓1

1 − (𝑓4 + 𝑓5)
] {𝛽 [

𝑓4

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓4
] 𝛽(𝑓4)}] + [𝛽 [

𝑓4

1 − (𝑓1 + 𝑓5)
] {𝜓 [

𝑓1

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓1
] 𝜓(𝑓1)}] + 𝜒 [

𝑓5

1 − (𝑓1 + 𝑓4)
] {𝜓 [

𝑓1

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓1
] 𝜓(𝑓1)}] }

+ 𝛽 [
𝑓4

1 − (𝑓1 + 𝑓2 + 𝑓5)
] {[𝜓 [

𝑓1

1 − (𝑓2 + 𝑓5)
] {𝜙 [

𝑓2

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜙 [

𝑓2

1 − (𝑓1 + 𝑓5)
] {𝜓 [

𝑓1

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝜒 [

𝑓5

1 − (𝑓1 + 𝑓2)
] {𝜓 [

𝑓1

1 − 𝑓2
] 𝜙(𝑓2) + 𝜙 [

𝑓2

1 − 𝑓1
] 𝜓(𝑓1)}] }  

+  𝜒 [
𝑓5

1 − (𝑓1 + 𝑓2 + 𝑓4)
] {[𝜓 [

𝑓1

1 − (𝑓2 + 𝑓4)
] {𝜙 [

𝑓2

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜙 [

𝑓2

1 − (𝑓1 + 𝑓4)
] {𝜓 [

𝑓1

1 − 𝑓4
] 𝛽(𝑓4)

+ 𝛽 [
𝑓4

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝛽 [

𝑓4

1 − (𝑓1 + 𝑓2)
] {𝜓 [

𝑓1

1 − 𝑓2
] 𝜙(𝑓2) + 𝜙 [

𝑓2

1 − 𝑓1
] 𝜓(𝑓1)}] } 

𝐷 = 𝛽 [
𝑓4

1 − (𝑓1 + 𝑓2 + 𝑓3 + 𝑓5)
] {𝜓 [

𝑓1

1 − (𝑓2 + 𝑓3 + 𝑓5)
] {[𝜙 [

𝑓2

1 − (𝑓3 + 𝑓5)
] {𝜃 [

𝑓3

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓3
] 𝜃(𝑓3)}] + [𝜃 [

𝑓3

1 − (𝑓2 + 𝑓5)
] {𝜙 [

𝑓2

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜒 [

𝑓5

1 − (𝑓2 + 𝑓3)
] {𝜙 [

𝑓2

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓2
] 𝜙(𝑓2)}]}

+ 𝜙 [
𝑓2

1 − (𝑓1 + 𝑓3 + 𝑓5)
] {[𝜓 [

𝑓1

1 − (𝑓3 + 𝑓5)
] {𝜃 [

𝑓3

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓3
] 𝜃(𝑓3)}] + [𝜃 [

𝑓3

1 − (𝑓1 + 𝑓5)
] {𝜓 [

𝑓1

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝜒 [

𝑓5

1 − (𝑓1 + 𝑓3)
] {𝜓 [

𝑓1

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓1
] 𝜓(𝑓1)}]}

+ 𝜃 [
𝑓3

1 − (𝑓1 + 𝑓2 + 𝑓5)
] {[𝜓 [

𝑓1

1 − (𝑓2 + 𝑓5)
] {𝜙 [

𝑓2

1 − 𝑓5
] 𝜒(𝑓5) + 𝜒 [

𝑓5

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜙 [

𝑓2

1 − (𝑓1 + 𝑓5)
] {𝜓 [

𝑓1

1 − 𝑓5
] 𝜒(𝑓5)

+ 𝜒 [
𝑓5

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝜒 [

𝑓5

1 − (𝑓1 + 𝑓2)
] {𝜓 [

𝑓1

1 − 𝑓2
] 𝜙(𝑓2) + 𝜙 [

𝑓2

1 − 𝑓1
] 𝜓(𝑓1)}]}

+ 𝜒 [
𝑓5

1 − (𝑓1 + 𝑓2 + 𝑓3)
] {[𝜓 [

𝑓1

1 − (𝑓2 + 𝑓3)
] {𝜙 [

𝑓2

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜙 [

𝑓2

1 − (𝑓1 + 𝑓3)
] {𝜓 [

𝑓1

1 − 𝑓3
] 𝜃(𝑓3)

+ 𝜃 [
𝑓3

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝜃 [

𝑓3

1 − (𝑓1 + 𝑓2)
] {𝜓 [

𝑓1

1 − 𝑓2
] 𝜙(𝑓2) + 𝜙 [

𝑓2

1 − 𝑓1
] 𝜓(𝑓1)}]} 

 

𝐸 = 𝜒 [
𝑓5

1 − (𝑓1 + 𝑓2 + 𝑓3 + 𝑓4)
] {𝜓 [

𝑓1

1 − (𝑓2 + 𝑓3 + 𝑓4)
] {[𝜙 [

𝑓2

1 − (𝑓3 + 𝑓4)
] {𝜃 [

𝑓3

1 − 𝑓_4)
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓3
] 𝜃(𝑓3)}] + 𝜃[[

𝑓3

1 − (𝑓2 + 𝑓4)
] {𝜙 [

𝑓2

1 − 𝑓4
] 𝛽(𝑓4)

+ 𝛽 [
𝑓4

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝛽 [

𝑓4

1 − (𝑓2 + 𝑓3)
] {𝜙 [

𝑓2

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓2
] 𝜙(𝑓2)}]}

+ 𝜙 [
𝑓2

1 − (𝑓1 + 𝑓3 + 𝑓4)
] {[𝜓 [

𝑓1

1 − (𝑓3 + 𝑓4)
] {𝜃 [

𝑓3

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓3
] 𝜃(𝑓3)}] + [𝜃 [

𝑓3

1 − (𝑓1 + 𝑓4)
] {𝜓 [

𝑓1

1 − 𝑓4
] 𝛽(𝑓4)

+ 𝛽 [
𝑓4

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝛽 [

𝑓4

1 − (𝑓1 + 𝑓3)
] {𝜓 [

𝑓1

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓1
] 𝜓(𝑓1)}]}

+ 𝜃 [
𝑓3

1 − (𝑓1 + 𝑓2 + 𝑓4)
] {[𝜓 [

𝑓1

1 − (𝑓2 + 𝑓4)
] {𝜙 [

𝑓2

1 − 𝑓4
] 𝛽(𝑓4) + 𝛽 [

𝑓4

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜙 [

𝑓2

1 − (𝑓1 + 𝑓4)
] {𝜓 [

𝑓1

1 − 𝑓4
] 𝛽(𝑓4)

+ 𝛽 [
𝑓4

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝛽 [

𝑓4

1 − (𝑓1 + 𝑓2)
] {𝜓 [

𝑓1

1 − 𝑓2
] 𝜙(𝑓2) + 𝜙 [

𝑓2

1 − 𝑓1
] 𝜓(𝑓1)}]}

+ 𝛽 [
𝑓4

1 − (𝑓1 + 𝑓2 + 𝑓3)
] {[𝜓 [

𝑓1

1 − (𝑓2 + 𝑓3)
] {𝜙 [

𝑓2

1 − 𝑓3
] 𝜃(𝑓3) + 𝜃 [

𝑓3

1 − 𝑓2
] 𝜙(𝑓2)}] + [𝜙 [

𝑓2

1 − (𝑓1 + 𝑓3)
] {𝜓 [

𝑓1

1 − 𝑓3
] 𝜃(𝑓3)

+ 𝜃 [
𝑓3

1 − 𝑓1
] 𝜓(𝑓1)}] + [𝜃 [

𝑓3

1 − (𝑓1 + 𝑓2)
] {𝜓 [

𝑓1

1 − 𝑓2
] 𝜙(𝑓2) + 𝜙 [

𝑓2

1 − 𝑓1
] 𝜓(𝑓1)}]} 

 

 

The six-phase equation was acquired only by taking the average of all the different 

possibilities of the summation of the defects. Every type of defect has its own X factor and shape 

factor (𝐹). It is important to calculate these factors in order for the proposed model to work in the 

way that is expected. The following section explains how these calculations are obtained. 
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4.1 Determining different parameters used in the model 

The size, shape, and orientation of the different types of defects/porosities affect the six-

phase model for porous composite material. It is believed that the overall thermal conductivity is 

greatly affected by the orientation of the cracks and pores [19]. Different values for the thermal 

conductivity will be produced even with a slight change in the pores’ axes; this also applies to 

materials with a similar structure [106]. As discussed previously in the section above, the values 

of X factor depend on the shape that is being considered. This section will discuss how to calculate 

the various values of X when it comes to different shapes and angles through equation (4.3). 

For the model, the first step is to use (Fiji Is Just) ImageJ in order to gather the values of 

different axes of the defects of SEM and optical images. The shape factor (𝐹) is then acquired from 

Figure 4-2 after having the values of aspect ratios 𝑎/𝑐. There are different values of shape factor 

(𝐹) depending on the type of shape. (Fiji Is Just) ImageJ is also used to obtain the orientation of 

the defects. Figure 4-5 shows the angle (𝛼), known as the orientation angle, between the revolution 

axis and the heat flux. 

 

                      

Fig. 4- 5 Representation of the angle of revolution. 
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The shape factor (𝐹) value for the lamellae or the horizontal type of defects ranges from 0 

and 0.3. It is clear that from work by Hasselman [136] that the pores which are at a right angle to 

the direction in which heat flows help to minimize the thermal conductivity in comparison to the 

pores which are positioned parallel to the direction of heat flux. Consequently, APS-TBC has a 

lower thermal conductivity than that of EB-PVD TBC because the splat structure (lamellae 

porosity) of APS coatings contributes to their low heat transfer [107]. 

 

Cylindrical defects or vertical defects have a shape factor (F) that ranges from 0.3 to 0.5. 

The cracks or pores that are more spread out in coatings are represented by the cylindrical shape. 

A sphere represents the small voids/pores. However,  these pores mostly become elongated due to 

thermal stress and mismatch between the thermal expansion coefficient of various materials during 

thermal cycling [108]. 

 

Presently, the main method of identifying a thermally sprayed deposit microstructure is to 

evaluate the volumetric fraction of porosity of the coatings’ materials. The six-phase model is used 

to compute the coating’s thermal conductivity of porous composites by using equation (4.7). 

Equation (4.2) is used to define the values of the different functions (i.e. 𝜓(𝑓1), 𝜙(𝑓2), 𝜃(𝑓3), 

𝛽(𝑓4), and 𝜒(𝑓5)). Table 4-2 illustrates the equations for each function with respect to their own 

X factor. The functions utilized on this table derive from equation (4.2). 
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Table 4- 2 Different equations for different functions in terms of X factor used in modeling. 

Equation illustration for each function  Different functions  

(𝟏 − 𝒇𝟏)𝑿𝟏 Open randomly oriented pores 𝜓(𝑓1) 

(𝟏 − 𝒇𝟐)𝑿𝟐 Microcracks 𝜙(𝑓2) 

(𝟏 − 𝒇𝟑)𝑿𝟑 Non-flat porosity 𝜃(𝑓3) 

(𝟏 − 𝒇𝟒)𝑿𝟒 Penny-shaped porosity 𝛽(𝑓4) 

(𝟏 − 𝒇𝟓)𝑿𝟓 Interlamellar porosity 𝜒(𝑓5) 

 

In real coatings, only a few voids represent the shape of a sphere as a result of the 

elongation of the pores and cracks during thermal cycling [108]. Spheroids take into account the 

majority of the pores and cracks presented in elevated temperature coating materials [96]. 

Therefore, spheroids can be used to model a wide range of real pores or cracks.  

 

The function 𝜓(𝑓1) represents the open randomly oriented porosity. The value of aspect 

ratio 𝑎/𝑐 of this kind of porosity is equal to 0.8, which corresponds to the shape factor (𝐹) being 

equal to 0.3. It is assumed that the angle of revolution axis 𝛼 is equal to 0ͦ. Therefore, the calculated 

value of X factor equals 1.66 as stated by Schulz [102]. Further, the second type of modelled 

defects are microcracks. This type of defect is denoted by the function 𝜙(𝑓2). The value of the 

aspect ratio 𝑎/𝑐 of this type of porosity is equal to 0.07, which corresponds to the shape factor (𝐹) 

being equal to 0.071429. In this case, the angle of revolution axis 𝛼 is equal to 0ͦ. Thus, the value 

of X factor is equal to 7 [109].  
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Additionally, non-flat porosity is the third type of modelled defect which is denoted by the 

function 𝜃(𝑓3). For this type of defect, the value of aspect ratio is equal to 0.7, which corresponds 

to the shape factor (𝐹) being equal to 0.294 with an angle of revolution 𝛼 being equal to 0ͦ. This 

leads to the X factor value for non-flat porosity, which is equal to 1.7 [102]. Furthermore, the 

fourth modelled porosity is penny-shaped. This type of porosity is represented by the function 

𝛽(𝑓4), and its aspect ratio value is equal to 10, which correlates with a value of shape factor (𝐹) 

being equal to 0.496 with an angle of revolution 𝛼 being equal to 90ͦ. This gives the value of X=2 

[102].  

 

Lastly, interlamellar porosity may be represented by the function 𝜒(𝑓5). Its aspect ratio is 

equal to 0.2 as described elsewhere [85]. The shape factor (𝐹) is then obtained from Figure 4-2 

that is equal to 0.12. The orientation angle 𝛼  is 0. ͦ By using equation 4-3, the X factor value was 

calculated and is equal to 4.16. This value is the model’s fitting parameter. It can be concluded 

that all values of the X factor range from 1 to 10 for various types of pore orientations and shapes. 

 

Table 4- 3 Values of different aspect ratio, shape factor (F) and X factor for each defect shape used in modelling. 

Shape of defect Functions 

representation 
Aspect 

ratio (a/c) 

Shape 

factor (F) 

X factor 

Open randomly oriented 

porosity 

𝜓(𝑓1) 0.8 0.3 1.66~ 

Microcracks 𝜙(𝑓2) 0.07 0.07 7~ 

Non flat porosity 𝜃(𝑓3) 0.7 0.294 1.7~ 

Penny shaped(𝜶 = 𝟗𝟎⁰) 𝛽(𝑓4) 10 0.496 2~ 

Interlamellar porosity 𝜒(𝑓5) 0.2 0.12 4.16# 

~ Obtained value from analysis and treated with the value from the reference.  

# Obtained value during research work and treated as a model’s fitting parameter. 
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Table 4-3 demonstrates the values of different aspect ratios 𝑎/𝑐, shape factors (𝐹), and X 

factors for each type of defect. These values are used in the proposed six-phase model to calculate 

the thermal conductivity of porous composite materials. These values are considered valid for all 

the various coating materials modelled in this thesis. 
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Chapter 5 TBCs’ Microstructural Characterization and 

Thermal Conductivity  

TBC properties are considerably dependent on their microscopic structure and the 

imperfections of all the components such as cracks, pores, impurities, oxides, and further 

contaminations. A better consideration of the microstructure of coatings permits for a 

comprehensive examination of the electrical/dielectric behaviour, mechanical properties, and 

properties of thermal transport.  

 

In the past, several methods were used to carry out the qualitative and quantitative analysis 

of the microstructural characteristics of the TBCs [110]. For instance, mercury intrusion 

porosimetry (MIP) [111], small angle neutron scattering method (SANS) [112], and IA (i.e. the 

software ImageJ) [113] can examine porosity levels or defects in the coatings. These techniques 

assist in evaluating the overall porosity in a coating that contains various pore types of various 

distribution and size. Furthermore, they could surprisingly establish the orientation of small-scale 

imperfections [114]. Among the above-mentioned techniques, IA has greater reliability for 

characterizing the microstructure of TBC substrates; as well, IA is considered to be a tool that is 

both robust and inexpensive [115]. 

 

To gather information about the cracks, pores, and additional defects with their orientation, 

cross-sectional images of the coating can be performed in ImageJ. The experimental 

instrumentations most frequently used to gain cross-sectional images that are of high quality are 

light optical microscopy (LOM) [116] along with scanning electron microscopy (SEM) [117]. 
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5.1 Principle of image analysis method 

Image analysis aims to extract essential details about a coating’s microscopic structure. 

One of the most commonly used software packages developed for the evaluation of the porosity 

of materials is (Fiji Is Just) ImageJ. During the past three decades, this software has been at the 

forefront in the field of microstructural characterization. (Fiji Is Just) ImageJ has a simple, user-

friendly structure with occasional updates to its plug-ins and tools. Figure 5-1 represents the 

structure of (Fiji Is Just) ImageJ. The software has become a modern image processing platform 

because of its core set of principles. 

 

 

Fig. 5- 1 The menu of (Fiji Is Just) ImageJ software. 

 

In this section, the use of (Fiji Is Just) ImageJ for IA (National Institute of Health (NIH), 

USA) is briefly described. A number of images are required besides the cross-section of the 

microstructure in order to capture the changes in the microstructure by IA methods. These digital 

images are made up of many pixels. These pixels are merely minute dots sequentially linked to 

one another to produce an output (image). (Fiji Is Just) ImageJ converts these images into a binary 

format. The data are affected by the magnification of the images. To obtain general information 

about the microstructure of coating, the magnification of images is set to a particular value. If the 

magnification value is too high, this will result in the loss of global data. On the other hand, if the 

magnification is too low, this will result in the depletion of even the smallest details about the 
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microscopic structure. Factors such as the location from where the image is captured, contrast, 

brightness, and operating mode can introduce error to the data. 

 

Moreover, binary images and grey-scale images are the two types of images which (Fiji Is 

Just) ImageJ can analyze. The function of the software is to convert digital coloured images to 

grey-scale images. The value of defects or pores in the image can be represented by the threshold 

levels. The adjustment of the image scale is based on the magnification of the image. The details 

of each crack and pore can be gathered, and the conversion of raw data into numbers is also 

possible. The percentage area column provides the results for porosity. More information including 

average pore size, total area, solidity, circularity, Feret angle, and Feret diameter (a measure of an 

object size along a specified direction) can be obtained from this software.  

 

5.2 Results and discussions  

5.2.1 Microstructural investigation and porosity analysis 

Before measuring the thermal conductivity of porous materials, characterizing the porosity 

of several coating materials was extensively investigated by (Fiji Is Just) ImageJ software. SEM 

and optical micrographs were collected from different references [103], [104], [67], [105]. The 

following coating materials are used in this thesis: strontium zirconate (𝑆𝑟𝑍𝑟𝑂3), yttria partially-

stabilized zirconia (YPSZ) 8𝑌2𝑂3 − 𝑍𝑟𝑂2, magnesia-stabilized zirconia (MSZ) 22𝑀𝑔𝑂 − 𝑍𝑟𝑂2, 

ceria-stabilized zirconia (CSZ) 25𝐶𝑒𝑂2 − 2.5𝑌2𝑂3 − 𝑍𝑟𝑂2, and three different powder coatings 

of yttria stabilized zirconia (YSZ), namely hollo sphere (HOSP), fused and crushed (F&C), and 

agglomerated and sintered (A&S). One of the powder coating materials (i.e. A&S) was evaluated 
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at different annealing temperatures for various times and the results yielded different values of 

thermal conductivity. These values are shown and discussed in Section 5.2.2. 

 

5.2.1.1 Image analysis procedure and results 

Generally, five different regions of optical and SEM micrographs for each the as-sprayed 

and after heat treatment of several coating materials were analyzed by (Fiji Is Just) ImageJ 

software. The analyses of these five images were then averaged in order to obtain a representative 

value of porosity. The procedure of these analyses is explained below: 

 Images were first converted into an 8bit format in order to apply a threshold criterion. 

 The conversion of greyscale micrographs into binary micrographs (i.e. black and white) 

was implemented by applying the threshold criterion. The porosity was represented by the 

black pixels, and the white pixels were assigned to the matrix (i.e. ceramics). The threshold 

level yielded a percentage value, which corresponds to the total porosity value. 

 Classification of total porosity to the different porosity shapes was performed on the binary 

micrographs through the ‘opening filter’ which only exhibits non-flat porosity and 

eliminates the remaining types of porosity. Further, microcracks were evaluated by 

implementing the ‘skeletonize filter’ which also removes large pores and retains only 

microcracks. By using ‘morphology operation; horizontal & vertical’ on a produced image 

with small pores, the values of both interlamellar (horizontal) and penny-shaped (vertical) 

porosity were separately extracted and obtained. Next, the threshold criterion was applied 

in order to acquire the volumetric fractions for each shape. It was difficult to distinguish 

the content of open randomly-oriented porosity by ImageJ due to a software limitation that 

has been described elsewhere [115]. Consequently, the remnant value from the total value 
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of porosity was treated as open randomly-oriented porosity. It is worth mentioning that the 

procedure explained above was used for and applied to all of the different coating materials 

studied in this thesis. 

 

For reference, Figure 5-2 presents SEM micrographs of 𝑆𝑟𝑍𝑟𝑂3 annealed at 1400 °C for 

different times.  

 

Fig. 5- 2 SEM micrographs of 𝑆𝑟𝑍𝑟𝑂3 coating after heat treatment at 1400 °C for different times: (a) 0 h, (b) 5 h, (c) 

10 h, (d) 20 h, (e) 100 h, (f) 230 h, and (g) 360 h [103]. 
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Fig. 5- 3 Sample of (IA) process for segmenting microstructure of defects. 

 

As an example, for the procedure of IA, Figure 5-3 represents an SEM micrograph of 

𝑆𝑟𝑍𝑟𝑂3 annealed at 1400 °C for 230h. It is evident that the image on the left top corner shows the 

original greyscale while the top right image represents the binary image with the total porosity. 

The image located in the left middle is of non-flat porosity, while the image located in the right 

Microstructure of 𝑺𝒓𝒁𝒓𝑶𝟑 for 230h  Thresholded image with total porosity 

Image with non-flat porosity Image with microcracks 

Image with horizontal porosity 

 

Image with vertical porosity 
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middle displays microcrack content. The images positioned in the left and right bottom depict 

vertical (penny-shaped) and horizontal (interlamellar) porosity, respectively.  

 

Fig. 5- 4 Porosity of 𝑆𝑟𝑍𝑟𝑂3 for different times after heat treatment at 1400 °C performed by (IA). 

 

The total porosity present in 𝑆𝑟𝑍𝑟𝑂3 coating sample for several times 0h, 5h, 10h, 20h, 

100h, 230h, and 360h of annealing is plotted in Figure 5-4. In general, it can be clearly seen from 

Figure 5-4 that there was an initial reduction in the total porosity followed by an increase for a 

long time (i.e. 230h and 360h) of annealing. Further, the total porosity of the as-sprayed coating 

sample was approximately 17.89% and was then raised moderately to approximately 18.63% for 

5h of annealing. Additionally, there was a gradual drop in the overall porosity up to 100h of 

annealing. In contrast, the observed increase in the total porosity of the annealed coating sample 

for 230h and 360h may be ascribed to grain pull-out [103]. 
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Table 5-1 demonstrates the total porosity content and its components present in 𝑆𝑟𝑍𝑟𝑂3 

for several times of annealing. The image results showed that the non-flat porosity was dominated 

in all the various times of annealing with the highest value of 14.07% in the case of 5h, whereas 

the content of open randomly oriented porosity seemed to have the minimum values for all of the 

analyses with the exception of the as-sprayed coating which was higher (2%) in comparison to 

penny-shaped porosity (1.71%). Also, the content of microcracks was slightly higher than the 

content of penny-shaped and interlamellar porosity over the annealing times. 

 

Table 5- 1 Porosity content of 𝑆𝑟𝑍𝑟𝑂3 coating sample annealed at 1400 °C for different times performed by (IA). 

Time of heat 

treatment(h) for 

𝑺𝒓𝒁𝒓𝑶𝟑 Coating 

material 

As-

sprayed 

5 10 20 100 230 360 

Total porosity 

(%) 
17.89 18.63 16.75 14.49 12.87 14.98 16.37 

Open randomly 

oriented porosity 

(%) 

2 0.17 0.70 0.76 0.46 0.39 0.43 

Microcracks (%) 2.78 1.91 2.05 1.95 1.87 1.86 2.13 

Non-flat porosity 

(%) 
9.4 14.07 11.18 9.02 8.64 10.44 11.05 

Penny-shaped 

porosity (%) 
1.71 1.09 1.12 1.15 0.83 0.93 1.23 

Interlamellar 

porosity (%) 
2 1.73 1.70 1.61 1.07 1.36 1.53 
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Optical micrographs of various as-sprayed coating samples (i.e. 8YPSZ, 25CSZ, and 

22MSZ) are shown in Figure 5-5 and used here for reference. 

 

           

Fig. 5- 5 Optical images of different as-sprayed coating materials: (a) 8YPSZ, (b) 25CSZ and (c) 22MSZ [104]. 
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Fig. 5- 6 Sample of (IA) process for segmenting microstructure of defects. 

 

Figure 5-6 displays, as an example, the microstructure of the as-sprayed 25CSZ coating 

sample with the production of IA process for the different shapes of defects. Signs indicating each 

type of defect can also be seen in Figure 5-6. 

Microstructure of 25CSZ coating  Thresholded image with total porosity 

 

Image with non-flat porosity 

 

Image with microcracks 

 

Image with vertical porosity 

 

Image with horizontal porosity 
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Fig. 5- 7 Porosity measurements of different as-sprayed coating materials performed by (IA). 

 

The overall porosity of several as-sprayed coating samples, namely 8YPSZ, 22MSZ, and 

25CSZ, is plotted in Figure 5-7. There was a variation in the overall porosity among the three 

different types of coating samples. For instance, the porosity percentage appeared to be higher in 

the case of the 8YPSZ sample with a value of approximately 24.73%. A closer value was obtained 

for the 25CSZ sample with almost 22.93% of the total porosity, while the obtained porosity value 

of 22MSZ was the least in comparison to the other coating samples. 

Table 5-2 and Figure 5-8 compare the overall porosity and its components of the different 

as-sprayed coating samples, i.e. 8YPSZ, 22MSZ, and 25CSZ. As stated in the above paragraph, 

the total porosity of 8YPSZ was the highest with a significant content of non-flat porosity of nearly 

18.88% in comparison to the other two coating samples. Microcracks content in both 22MSZ and 

25CSZ was observed to have greater values than in the case of 8YPSZ with approximately 4.35% 

and 4.18%, respectively. Indeed, this study found that these values of microcracks played a crucial 

0

5

10

15

20

25

8YPSZ 22MSZ 25CSZ

P
o

ro
si

ty
 (

%
)

Different types of coatings materilas 

Porosity content of different types of materials



68 

 

role in the reduction of the thermal conductivity of coating samples. Thermal conductivity 

evaluations are discussed in the next section.  

Table 5- 2 Porosity measurements and its components of as-sprayed 8YPSZ, 22MSZ and 25CSZ coating samples performed by 

(IA). 

Sample name 

 
 

 

 

8YPSZ 22MSZ 25CSZ 

Total porosity (%) 24.73 17.28 22.93 

Open randomly oriented 

porosity (%) 
0.28 1.27 2.58 

Microcracks (%) 2.14 4.35 4.18 

Non-flat porosity (%) 18.88 9.78 12.87 

Penny-shaped porosity (%) 1.55 0.75 1.37 

Interlamellar porosity (%) 1.88 1.13 1.93 
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Fig. 5- 8 Classification of porosities present in coating materials. 

 

It is essential to investigate the microstructure and thermal conductivity of a porous TBCs 

system before and after the heat treatment process. Hence, extensive microstructure analyses and 

thermal conductivity evaluations of several powder ceramic materials of YSZ (i.e. F&C, A&S, 

and HOSP) have been carried out. SEM images of the morphology of the as-sprayed and after heat 

treatment at 1200 °C for 225h are shown in Figure 5-9 and presented here for reference. Figure 5-

10 depicts the process employed by IA for segmenting the different classes of defects of F&C 

powder.  
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Fig. 5- 9 SEM images of various as-sprayed powder coating materials and annealed at 1200 °C for 225 h [67]. 
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    Fig. 5- 10 Sample of (IA) process for segmenting microstructure of defects. 

 

Figure 5-11 shows the plotted results of the overall porosity present in the as-sprayed and 

heat-treated powder ceramic samples HOSP, F&C, and A&S. For example, the as-sprayed coating 

HOSP yielded the greatest content of the total porosity in correlation to the other two powder 

samples. Also, all of the heat-treated samples showed a lower value of porosity in comparison to 

the as-sprayed samples affecting the thermal properties of the coating materials, as discussed in 

Section 5.2.2. Changes in microstructure occurred due to the sintering effect taking place during 

Microstructure of as-sprayed F&C coating  

 

Thresholded image with total porosity 

Image with non-flat porosity 

 

Image with microcracks 

 

Image with horizontal porosity 

 

Image with vertical porosity 
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the annealing process [118]. It is interesting to compare the results of total porosity of heat treated 

to the as-sprayed materials which were found to range between 4% and 23%. 

 

 

Fig. 5- 11 Porosity measurements of various as sprayed and annealed powder coating materials performed by (IA). 

 

Table 5-3 and Figure 5-12 summarize the results of the different categories of porosity 

observed in the three powder coating materials. It can be seen from these data that the content of 

non-flat porosity was not very affected by the annealing process; furthermore, some of the values 

remained almost stable. On the other hand, tiny defects such as open randomly-oriented, penny-

shaped porosity, and microcracks were enormously influenced by the annealing process. In 

particular, the annealing process was shown to have a huge impact on the content of microcracks 

in the case of HOSP powder coating material with a reduction from 4.76% to 3.01%. It can be 

concluded that these tiny defects seemed to shrink as a result of the annealing phenomenon.  
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Table 5- 3 Porosity evaluations of the three as-sprayed and annealed powder coating materials performed by (IA). 

Sample name HOSP as-

sprayed 

HOSP 

annealed 

F&C as-

sprayed 

F&C 

annealed 

A&S as-

sprayed 

A&S 

annealed 

Total porosity 

(%) 

18.79 14.32 14.92 14.32 12.83 10.48 

Open 

randomly 

oriented 

porosity (%) 

1.38 0.07 0.91 1.64 1.03 0.21 

Microcracks 

(%) 

4.76 3.01 2.97 1.25 3.31 2.82 

Non-flat 

porosity (%) 

8.14 8.60 8.51 9.46 6.32 6.02 

Penny-shaped 

porosity (%) 

1.72 1.13 1.12 0.94 1.20 0.68 

Interlamellar 

porosity (%) 

1.79 1.51 1.41 1.03 0.97 0.75 
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Fig. 5- 12 Classification of porosities present in various powder coating materials. 

 

 

Further investigations have studied agglomerated and sintered (A&S) powder coating 

annealed at 1250 °C for various times 5h, 15h, 50h, and 200h. The morphology of this type of 

powder coating sample is provided in Figure 5-13 and used here for reference. IA outputs for 

separating the different porosity components of A&S for 200h of the annealing time is shown as 

an example in Figure 5-14. 
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Fig. 5- 13 SEM micrographs of agglomerated and sintered powder annealed at 1250 °C for different times: (a) 0h, (b) 

5h, (c) 15h, (d) 50h and (e) 200h [105]. 
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Fig. 5- 14 Sample of (IA) process for segmenting microstruure of defects. 
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Fig. 5- 15 Porosity measurements of agglomerated and sintered powder coating material annealed at 1250 °C for 
different times performed by (IA). 

 

Figure 5-15 shows the results calculated for the total porosity of the A&S powder coating 

sample annealed at 1250 °C for different times. A significant drop in the total porosity was 

observed after heat treating the sample for 5h to 15h. This was followed by a gradual decrease in 

the overall porosity up to 200h. It is worth noting that as the annealing time was more prolonged, 

the total porosity of the coating was slightly reduced. 
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 Table 5- 4 Porosity measurements of agglomerated and sintered powder coating material annealed at 1250 °C performed by (IA). 

Time of heat 

treatment(h) for 

agglomerated and 

sintered coating 

material 

As-

sprayed 

5 15 50 200 

Total porosity 

(%) 
21.47 19.71 16.31 15.75 15.28 

Open randomly 

oriented porosity 

(%) 

3.03 4.21 3.62 3.64 1.35 

Microcracks (%) 2.52 2.79 2.67 2.64 2.12 

Non-flat porosity 

(%) 
11.57 8.25 6.40 6.03 8.54 

Penny-shaped 

porosity (%) 
1.53 1.58 1.18 1.11 1.17 

Interlamellar 

porosity (%) 
2.82 2.88 2.44 2.33 2.10 

 

The results obtained for the overall porosity and its constituents of A&S powder coating 

sample are given on Table 5-4 and in Figure 5-16. As expected, during the annealing time, the 

value of overall porosity diminished up to 15.28%. This variation was mainly due to the decrease 

in the content of non-flat porosity with a lesser impact on the other types of porosity. As an 

exception, the volumetric fraction of open randomly-oriented porosity was greatly influenced for 

200h of annealing time. It can be concluded that no remarkable variations were observed in the 

case of microcracks, penny-shaped, and interlamellar porosity. 
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Fig. 5- 16 Classification of porosities present in agglomerated and sintered powder coatings material annealed at 1250 

°C for different times performed by (IA). 

 

5.2.2 Thermal conductivity evaluations and heat treatment effect 

The thermal conductivity of porous TBCs was calculated by the six-phase model (i.e. 

Equation 4.7). This equation was performed by MATLAB software. MATLAB codes can be found 

in the Appendix. As previously stated in Section 5.2.1.1, the thermal conductivity of porous TBCs 

is enormously influenced by the presence of defects in coatings. Thus, the six-phase model has 

been used to predict the thermal conductivity of porous TBCs based on the microstructure of 

coating materials. 

Moreover, the presence of defects in coatings plays a major role in optimizing the thermal 

resistance of coating samples. Different shapes and orientation of porosity have various impacts 

on reducing the thermal conductivity of TBCs [119]. The heat treatment process, considered in 

this model, is another factor which can affect the thermal conductivity of the TBC systems. The 
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predicted values are discussed and shown in this section. Furthermore, this section also compares 

the predicted values of thermal conductivity with earlier published experimental values and FEA 

model in an attempt to validate the results of the six-phase model. To clarify, the experimental and 

FEA model’s thermal conductivity values were acquired from different references [103], [104], 

[67], [105].  

The predicted and experimental results of the overall thermal conductivity of the as-

sprayed and heat-treated 𝑆𝑟𝑍𝑟𝑂3 coating material at 1400°C for 5h, 10h, 20, 100, 230h, and 360h 

are displayed in Table 5-5. The bulk thermal conductivity value of 𝑆𝑟𝑍𝑟𝑂3 the sample is 2.08 

[W/m K] at 1000°C.  

Table 5- 5 Comparison between experimental and predicted thermal conductivity values of 𝑆𝑟𝑍𝑟𝑂3 sample (bulk value = 2.08 

[W/m K]).  

𝑺𝒓𝒁𝒓𝑶𝟑 coating material for 

different times of heat 

treatment 

 

Experimental thermal 

conductivity [W/m K] 

Predicted thermal 

conductivity [W/m K] 

As-sprayed 1.25 1.2 

5h 1.2 1.235 

10h 1.28 1.287 

20h 1.29 1.36 

100h 1.31 1.43 

230h 1.2 1.36 

360h 1.27 1.29 

 

These predicted and experimental values of thermal conductivity of 𝑆𝑟𝑍𝑟𝑂3 are plotted in 

Figure 5-17. The blue bars represent the predicted values and the orange bars represent the 

experimental values. As shown, both the predicted value and the experimental thermal 

conductivity value increased with further increase in heat treatment time. Although the time of 

heat treatment was increased to 230h and 360h, both the predicted and experimental thermal 

conductivity values were reduced. This reduction can be explained by the increase in total porosity 
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content, which was more likely a result of grain pull-out, as mentioned in Section 5.2.1.1. In 

general, all results for predicted thermal conductivity were slightly higher than those observed 

experimentally except the result of the as-sprayed coating, which was lower than the experimental 

result. To conclude, the obtained modelled results showed good agreement to the experimental 

results. 

 

 

Fig. 5- 17 Comparison of predicted and experimental thermal conductivity of 𝑆𝑟𝑍𝑟𝑂3 coating. 

 

The differences between the predicted and experimental values of thermal conductivity of 

𝑆𝑟𝑍𝑟𝑂3, presented in Table 5-6, ranged between 0.54%-13.3%. The most considerable difference 

in thermal conductivity was approximately 13.3% for the case of 230h. In contrast, the smallest 

difference in thermal conductivity was nearly 0.54% for the case of 10h. The negative sign 
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indicates that the predicted value was less than the experimental value. Overall, the percentage of 

errors were in an acceptable range of error. 

Table 5- 6 Thermal conductivity differences between predicted and experimental values. 

𝑆𝑟𝑍𝑂_3 coating material 

for different times of heat treatment  

Difference between predicted and experimental 

values of thermal conductivity 

As-sprayed -4% 

5h 2.9% 

10h 0.54% 

20h 5.4% 

100h 9.16% 

230h 13.3% 

360h 1.57% 

 

Another comparison was implemented for the results of the calculated and measured the 

thermal conductivity of three various coating materials: 8YPSZ, 22MSZ, and 25CSZ. This 

comparison is presented in Table 5-7 and Figure 5-18. The bulk thermal conductivity of 8YPSZ 

and 25CSZ is 2.8 [W/m K], and the bulk thermal conductivity of 22MSZ is 2.2 [W/m K]. 

Table 5- 7 Comparison between the experimental and calculated thermal conductivity of three different as-sprayed coating samples 

8YPSZ, 22MSZ and 25CSZ (bulk value of 8YPSZ and 25CSZ=2.8 [W/m K] and bulk value of 22MSZ=2.2 [W/m K]). 

Material name Experimental thermal 

conductivity [W/m K] 

Calculated thermal 

conductivity [W/m K] 

8YPSZ 1.2 1.42 

22MSZ 1.1 1.19 

25CSZ 1.19 1.3 
 

 

The calculated thermal conductivity data for the three different coating samples were 

relatively higher than those experimentally measured. Specifically, the calculated values for 

coating samples 22MSZ and 25CSZ were closer to the measured values in comparison to the 

8YPSZ coating sample. Even though 8YPSZ coating sample yielded a higher content of overall 

porosity than the two other coating samples, the calculated thermal conductivity data was higher. 

This higher thermal conductivity may be attributed to the lower content of microcracks as 
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previously discussed in Section 5.2.1.1. The variation between the calculated and measured data 

of thermal conductivity may have been caused by imprecise evaluations of microstructural 

properties due to a software limitation. 

 

 

Fig. 5- 18 Comparison of calculated six-phase model and measured thermal conductivity of different coating materials. 

 

A summary of the differences between the calculated and measured values of the thermal 

conductivity of 8YPSZ, 22MSZ, and 25CSZ is given in Table 5-8. As shown in the table, the most 

significant difference between the calculated and measured values of thermal conductivity is in the 

case of 8YPSZ coating sample with a percentage error of approximately 16.6%. The calculated 

value for 22MSZ coating sample was the lowest with a percentage error of 8%. In general, the 

modelled results predicted values of thermal conductivity, which are close to the measured values. 
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Table 5- 8 Thermal conductivity difference between calculated six-phase model and experimental values. 

Sample name Difference between calculated and measured 

values of thermal conductivity 

8YPSZ 16.6% 

22MSZ 8% 

25CSZ 9.2% 

 

Further comparison of the thermal conductivity measurements of three as-sprayed and 

heat-treated various powder coatings of YSZ, namely HOSP, A&S, and F&C, was made between 

the computed (six-phase model), experimental, and FEA model results. This comparison is shown 

in Table 5-9 and Figure 5-19. The bulk value is 2.5 [W/m K]. 

Table 5- 9 Comparison between experimental, calculated six-phase, and FEA model thermal conductivity values (bulk value = 

2.5 [W/m K]). 

Sample name Experimental 

thermal conductivity 

[W/m K] 

Six-phase thermal 

conductivity [W/m K] 

FEA thermal 

conductivity [W/m K] 

HOSP as-sprayed 1.1 1.28 1.32 

HOSP annealed 1.3 1.54 1.44 

F&C as-sprayed 1.23 1.53 1.56 

F&C annealed  1.85 1.73 1.78 

A&S as-sprayed 1.12 1.59 1.75 

A&S annealed  1.43 1.73 1.77 

 

The thermal conductivity for the experimental, six-phase model and FEA model were 

raised after the heat treatment process. As previously stated in Section 5.2.1.1, this increase in 

thermal conductivity resulted from changes in microstructure due to the sintering effect. It is 

evident that as the overall porosity content decreased, the thermal conductivity data increased. The 

thermal conductivity of both the as-sprayed and heat-treated HOSP coating were lower than the 

other two powder coatings. This result could be ascribed to the hollow spherical structure of this 

type of powder coating [85]. The predictions for the six-phase model yielded values of thermal 
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conductivity which were closer than the FEA model results to the experimental values except for 

the case of heat-treated HOSP and F&C coatings which exhibited higher values than the FEA 

model.  

 

Fig. 5- 19 Comparison of simulated six-phase, FEA models, and experimental thermal conductivity of various powder 

coating materials. 

 

Table 5-10 illustrates the differences in thermal conductivity values between experimental, 

six-phase model, and FEA model in the form of percentage error. The maximum difference 

between experimental and six-phase value was obtained for the as-sprayed A&S sample with 42%. 

On the other hand, -6% was the minimum difference in the case of heat-treated F&C sample. 

Further, by comparing the predicted results of the two models, six-phase and FEA, it was found 

that the maximum difference value was -9%. The negative sign indicates a decrease in the 

compared values. 

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

HOSP as-

sprayed

HOSP

annealed

F&C as-

sprayed

F&C annealed A&S as-

sprayed

A&S annealed

T
h

er
m

a
l 

co
n

d
u

ct
iv

it
y

(W
/m

.K
)

Different powder coating materials

Thermal conductivity of different powder coating materials

Six-phase model Experiment FEA



86 

 

 

Table 5- 10 Thermal conductivity difference between calculated six-phase model, FEA model, and experimental values. 

Sample name Difference between calculated 

and experimental values of 

thermal conductivity 

Difference between six-phase 

and FEA models of thermal 

conductivity 
HOSP as-sprayed 16% -3% 

HOSP annealed 18% 8% 

F&C as-sprayed 24% -2% 

F&C annealed  -6% -3% 

A&S as-sprayed 42% -9% 

A&S annealed 21% -2% 

 

A similar comparison between the computed and measured thermal conductivity of 

agglomerated and sintered coating material was performed. As mentioned in Section 5.2.1, this 

powder coating sample was evaluated at a different annealing temperature of 1250°C for 0h, 5h, 

15h, 50h, and 200h. The computed results of thermal conductivity, along with the measured data, 

are reported in Table 5-11 and Figure 5-20.  

Table 5- 11 Comparison between the experimental and computed thermal conductivity of agglomerated and sintered sample 

annealed at 1250 °C for different times.  

Agglomerated and sintered 

powder coatings 

Experimental thermal 

conductivity [W/m K] 

Computed thermal 

conductivity [W/m K] 

As-sprayed 0.67 1.31 

5h 1.04 1.34 

15h 1.16 1.47 

50h 1.35 1.50 

200h 1.53 1.57 

 

The computed results reveal a gradual increase in the thermal conductivity with a further 

increase in the annealing time as expected because of the decrease in the overall porosity content 

due to the sintering effect. Similar trends were observed for the measured data. The significant 

overestimation of the computed results in the case of the as-sprayed coating may have been 

triggered by the following factors: (1) the connected porosity was not considered; (2) the 2D 
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microstructure image only provided an approximation of the real 3D microstructure of a coating, 

as the thermal conductivity is a 3D property; and (3) a software limitation in characterizing the 

porosity of the material. 

 

Fig. 5- 20 Comparison of computed six-phase model and measured thermal conductivity of agglomerated and sintered 

powder coating material annealed at 1250 °C for different times. 

 

The differences in the computed and experimental values of the thermal conductivity of 

agglomerated and sintered coating annealed at 1250°C for 5h, 15h, 50h, and 200h are reported in 

Table 5-12. As evident in the table, the computed results show a closer value to the experiment in 

the case of 200h, which was reported to be approximately 2.6%. In contrast, an enormous 

difference in the data was recorded in the case of the as-sprayed coating, with approximately 95%. 

Again, this enormous difference could be due to the factors mentioned in the previous paragraph. 
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Table 5- 12 Thermal conductivity differences between the computed six-phase model and experimental values. 

Agglomerated and sintered coating material 

for different times of heat treatment  

Difference between computed and 

experimental values of thermal conductivity 

As-sprayed 95% 

5h 28% 

15h 26% 

50h 11% 

200h 2.6% 
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Chapter 6 Conclusion 

This thesis work has extended Bruggeman’s two-phase model to a six-phase model using 

an iterative technique to identify the different types of defects (open randomly oriented, non-flat, 

penny-shaped, interlamellar porosity, and microcracks) present within a TBC. In this thesis, the 

characterization of the microstructural attributes for various TBC systems has been quantitively 

investigated using IA approach (i.e. [Fiji is Just] ImageJ). This approach identifies the impact of 

the various types of porosity on the thermal conductivity of different TBC systems. For example, 

it has been shown that the presence of microcracks is a prominent factor in optimizing the thermal 

resistance for all of the TBC materials examined in this thesis.  

The drastic increase in thermal conductivity after heating TBCs to high temperatures is 

based on alterations in the microstructural properties due to the sintering effect. Small defects are 

greatly influenced by the heat treatment process and tend to vanish, particularly interlamellar, 

penny-shaped, and non-flat porosity and microcracks. 

The predicted results of the six-phase model were compared to experimental and FEA 

values and showed a good agreement in the obtained data. However, some of the modelled values 

exhibited a difference in comparison to experimental values. This difference is likely due to (a) a 

software limitation, or (b) lack of information about the exact microstructure. 

To conclude, the modelling approach used in this thesis can reasonably predict values of 

TBCs’ thermal conductivity relatively close to real measured values and FEA data. As a 

consequence, the proposed six-phase model may be utilized as an effective tool to assess the 

thermal conductivity of TBCs and manufacture enhanced TBC systems. However, it must be noted 

that the radiation effect and the effect of connected pores on the thermal conductivity of TBCs 
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were not included in this model. Thus, this model can be improved by considering these effects. 

Further, to improve the accuracy and quality of this model, additional investigations of TBCs’ 

microstructure are needed. Such investigations can be achieved by combining the IA technique 

with other microstructural characterization techniques. 
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 Appendix 

 
The MATLAB codes that have been used for the six-phase model (i.e. Equation 4.7) are 

provided below: 

It should be mentioned that the values given below for k_o, alfa, F, f_1, f_2, 

f_3, f_4, and f_5 are changed for each material studied in this thesis and are given here as 

an example. 

 
%% Codes for the six-phase model: 

k_o=2.2; % Bulk value of thermal conductivity [W/m.K]. 

% Equation for X factor at different values of shape factor (F) and angle of 

revolution axes: 

alfa=90; % Angle of revolution axes. 

F=0.496; % Shape factor (calculated from the figure).  

X=(1-cos(alfa).^2)./(1-F) + (cos(alfa).^2)./(2.*F);  

% Volumetric fraction of defects: 

f_1=0.0127;  % open randomly oriented porosity.  f_2=0.0435;  % microcracks. 

f_3=0.0978;  % non-flat porosity.                f_4=0.0075;  % penny-shaped porosity.      

f_5=0.0113;  % interlamellar porosity. 

% X factor values: 

X1=1.66; 

X2=7; 

X3=1.7; 

X4=2; 

X5=4.16; 

% Functions representing the impact of different types of defects: 

sai_1=f_1/(1-(f_2+f_3+f_4+f_5));     fai_1=f_2/(1-(f_3+f_4+f_5)); 

thita_1=f_3/(1-(f_4+f_5));           beta_1=f_4/(1-f_5); 

xai_1=f_5;                           xai_2=f_5/(1-f_4); 

beta_2=f_4;                          beta_3=f_4/(1-(f_3+f_5)); 

thita_3=f_3/(1-f_5);                 xai_3=xai_1; 

xai_4=f_5/(1-f_3);                   thita_4=f_3; 

xai_5=f_5/(1-(f_3+f_4));             thita_5=f_3/(1-f_4); 

beta_5=beta_2;                       beta_6=f_4/(1-f_3); 

thita_6=thita_4;                     thita_7=f_3/(1-(f_2+f_4+f_5)); 

fai_7=f_2/(1-(f_4+f_5));             beta_7=beta_1; 

xai_7=xai_1;                         xai_8=xai_2; 

beta_8=beta_2;                       beta_9=f_4/(1-(f_2+f_5)); 

fai_9=f_2/(1-f_5);                   xai_9=xai_1; 

xai_10=f_5/(1-f_2);                  fai_10=f_2; 

xai_11=f_5/(1-(f_2+f_4));            fai_11=f_2/(1-f_4); 

beta_11=beta_2;                      beta_12=f_4/(1-f_2); 

fai_12=fai_10;                       beta_13=f_4/(1-(f_2+f_3+f_5)); 

fai_13=f_2/(1-(f_3+f_5));            thita_13=f_3/(1-f_5); 

xai_13=xai_1;                        xai_14=f_5/(1-f_3); 

thita_14=thita_4;                    thita_15=f_3/(1-(f_2+f_5)); 

fai_15=fai_9;                        xai_15=xai_1; 

xai_16=xai_10;                       fai_16=fai_10; 

xai_17=f_5/(1-(f_2+f_3));            fai_17=f_2/(1-f_3); 

thita_17=thita_4;                    thita_18=f_3/(1-f_2); 
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fai_18=fai_10;                        xai_19=f_5/(1-(f_2+f_3+f_4)); 

fai_19=f_2/(1-(f_3+f_4));             thita_19=thita_5; 

beta_19=beta_2;                       beta_20=beta_6; 

thita_20=thita_4;                     thita_21=f_3/(1-(f_2+f_4)); 

fai_21=fai_11;                        beta_21=beta_2; 

beta_22=beta_12;                      fai_22=fai_10; 

beta_23=f_4/(1-(f_2+f_3));            fai_23=fai_17; 

thita_23=thita_4;                     thita_24=thita_18; 

fai_24=fai_10;                        fai_25=f_2/(1-(f_1+f_3+f_4+f_5)); 

sai_25=f_1/(1-(f_3+f_4+f_5));         thita_25=thita_1; 

beta_25=beta_1;                       xai_25=xai_1; 

xai_26=xai_2;                         beta_26=beta_2; 

beta_27=beta_3;                       thita_27=thita_3; 

xai_27=xai_3;                         xai_28=xai_4; 

thita_28=thita_4;                     xai_29=xai_5; 

thita_29=thita_5;                     beta_29=beta_5; 

beta_30=beta_6;                       thita_30=thita_6; 

thita_31=f_3/(1-(f_1+f_4+f_5));       sai_31=f_1/(1-(f_4+f_5)); 

beta_31=beta_7;                       xai_31=xai_7; 

xai_32=xai_8;                         beta_32=beta_8; 

beta_33=f_4/(1-(f_1+f_5));            sai_33=f_1/(1-f_5); 

xai_33=xai_1;                         xai_34=f_5/(1-f_1); 

sai_34=f_1;                           xai_35=f_5/(1-(f_1+f_4)); 

sai_35=f_1/(1-f_4);                   beta_35=beta_2; 

beta_36=f_4/(1-f_1);                  sai_36=sai_34; 

beta_37=f_4/(1-(f_1+f_3+f_5));        sai_37=f_1/(1-(f_3+f_5)); 

thita_37=thita_13;                    xai_37=xai_13; 

xai_38=xai_14;                        thita_38=thita_14; 

thita_39=f_3/(1-(f_1+f_5));           sai_39=sai_33; 

xai_39=xai_33;                        xai_40=xai_34; 

sai_40=sai_34;                        xai_41=f_5/(1-(f_1+f_3)); 

sai_41=f_1/(1-f_3);                   thita_41=thita_38; 

thita_42=f_3/(1-f_1);                 sai_42=sai_34; 

xai_43=f_5/(1-(f_1+f_3+f_4));         sai_43=f_1/(1-(f_3+f_4)); 

thita_43=thita_19;                    beta_43=beta_19; 

beta_44=beta_20;                      thita_44=thita_20; 

thita_45=f_3/(1-(f_1+f_4));           sai_45=f_1/(1-f_4); 

beta_45=beta_43;                      beta_46=f_4/(1-f_1); 

sai_46=sai_41;                        beta_47=f_4/(1-(f_1+f_3)); 

sai_47=sai_41;                        thita_47=thita_44; 

thita_48=thita_42;                    sai_48=sai_34; 

thita_49=f_3/(1-(f_1+f_2+f_4+f_5));   sai_49=f_1/(1-(f_2+f_4+f_5)); 

fai_49=f_2/(1-(f_4+f_5));             beta_49=beta_25; 

xai_49=xai_25;                        xai_50=xai_26; 

beta_50=beta_26;                      beta_51=f_4/(1-(f_2+f_5)); 

fai_51=f_2/(1-f_5);                   xai_51=xai_49; 

xai_52=f_5/(1-f_2);                   fai_52=fai_18; 

xai_53=f_5/(1-(f_2+f_4));             fai_53=f_2/(1-f_4); 

beta_53=beta_50;                      beta_54=beta_22; 

fai_54=fai_22;                        fai_55=f_2/(1-(f_1+f_4+f_5)); 

sai_55=sai_31;                        beta_55=beta_31; 

xai_55=xai_31;                        xai_56=xai_32; 

beta_56=beta_32;                      beta_57=beta_33; 

sai_57=sai_33;                        xai_57=xai_33; 

xai_58=xai_34;                        sai_58=sai_34; 

xai_59=xai_35;                        sai_59=sai_35; 

beta_59=beta_35;                      beta_60=beta_36; 

sai_60=sai_36;                        beta_61=f_4/(1-(f_1+f_2+f_5)); 

sai_61=f_1/(1-(f_2+f_5));             fai_61=fai_15; 

xai_61=xai_15;                        xai_62=xai_16; 

fai_62=fai_16;                        fai_63=f_2/(1-(f_1+f_5)); 

sai_63=sai_33;                        xai_63=xai_33; 

xai_64=xai_34;                        sai_64=sai_34; 
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xai_65=f_5/(1-(f_1+f_2));             sai_65=f_1/(1-f_2); 

fai_65=fai_16;                        fai_66=f_2/(1-f_1); 

sai_66=sai_64;                        xai_67=f_5/(1-(f_1+f_2+f_4)); 

sai_67=f_1/(1-(f_2+f_4));             fai_67=fai_21; 

beta_67=beta_21;                      beta_68=beta_22; 

fai_68=fai_22;                        fai_69=f_2/(1-(f_1+f_4)); 

sai_69=sai_45;                        beta_69=beta_45; 

beta_70=beta_46;                      sai_70=sai_46; 

beta_71=f_4/(1-(f_1+f_2));            sai_71=f_1/(1-f_2); 

fai_71=fai_65;                        fai_72=fai_66; 

sai_72=sai_66;                        beta_73=f_4/(1-(f_1+f_2+f_3+f_5)); 

sai_73=f_1/(1-(f_2+f_3+f_5));         fai_73=fai_13; 

thita_73=thita_13;                    xai_73=xai_13; 

xai_74=xai_14;                        thita_74=thita_14; 

thita_75=thita_15;                    fai_75=fai_15; 

xai_75=xai_15;                        xai_76=xai_16; 

fai_76=fai_16;                        xai_77=xai_17; 

fai_77=fai_17;                        thita_77=thita_17; 

thita_78=thita_18;                    fai_78=fai_18; 

fai_79=f_2/(1-(f_1+f_3+f_5));         sai_79=sai_37; 

thita_79=thita_37;                    xai_79=xai_37; 

xai_80=xai_38;                        thita_80=thita_38; 

thita_81=thita_39;                    sai_81=sai_39; 

xai_81=xai_39;                        xai_82=xai_40; 

sai_82=sai_40;                        xai_83=xai_41; 

sai_83=sai_41;                        thita_83=thita_41; 

thita_84=thita_42;                    sai_84=sai_42; 

thita_85=f_3/(1-(f_1+f_2+f_5));       sai_85=f_1/(1-(f_2+f_5)); 

fai_85=fai_15;                        xai_85=xai_15; 

xai_86=xai_16;                        fai_86=fai_16; 

fai_87=f_2/(1-(f_1+f_5));             sai_87=sai_33; 

xai_87=xai_33;                        xai_88=xai_34; 

sai_88=sai_34;                        xai_89=f_5/(1-(f_1+f_2)); 

sai_89=f_1/(1-f_2);                   fai_89=fai_16; 

fai_90=fai_66;                        sai_90=sai_66; 

xai_91=f_5/(1-(f_1+f_2+f_3));         sai_91=f_1/(1-(f_2+f_3)); 

fai_91=fai_17;                        thita_91=thita_17; 

thita_92=thita_18;                    fai_92=fai_18; 

fai_93=f_2/(1-(f_1+f_3));             sai_93=sai_41; 

thita_93=thita_41;                    thita_94=thita_42; 

sai_94=sai_42;                        thita_95=f_3/(1-(f_1+f_2)); 

sai_95=sai_65;                        fai_95=fai_65; 

fai_96=fai_66;                        sai_96=sai_66; 

xai_97=f_5/(1-(f_1+f_2+f_3+f_4));     sai_97=f_1/(1-(f_2+f_3+f_4)); 

fai_97=fai_19;                        thita_97=thita_19; 

beta_97=beta_19;                      beta_98=beta_20; 

thita_98=thita_20;                    thita_99=thita_21; 

fai_99=fai_21;                        beta_99=beta_21; 

beta_100=beta_22;                     fai_100=fai_22; 

beta_101=beta_23;                     fai_101=fai_23; 

thita_101=thita_23;                   thita_102=thita_18; 

fai_102=fai_18;                       fai_103=f_2/(1-(f_1+f_3+f_4)); 

sai_103=sai_43;                       thita_103=thita_43; 

beta_103=beta_43;                     beta_104=beta_44; 

thita_104=thita_44;                   thita_105=thita_45; 

sai_105=sai_45;                       beta_105=beta_45; 

beta_106=beta_46;                     sai_106=sai_46; 

beta_107=beta_47;                     sai_107=sai_47; 

thita_107=thita_47;                   thita_108=thita_48; 

sai_108=sai_48;                       thita_109=f_3/(1-(f_1+f_2+f_4)); 

sai_109=sai_67;                       fai_109=fai_67; 

beta_109=beta_67;                     beta_110=beta_68; 

fai_110=fai_68;                       fai_111=fai_69; 
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sai_111=sai_69;                       beta_111=beta_69; 

beta_112=beta_70;                     sai_112=sai_70; 

beta_113=beta_71;                     sai_113=sai_71; 

fai_113=fai_71;                       fai_114=fai_72; 

sai_114=sai_72;                       beta_115=f_4/(1-(f_1+f_2+f_3)); 

sai_115=sai_91;                       fai_115=fai_91; 

thita_115=thita_91;                   thita_116=thita_92; 

fai_116=fai_92;                       fai_117=fai_93; 

sai_117=sai_93;                       thita_117=thita_93; 

thita_118=thita_94;                   sai_118=sai_94; 

thita_119=thita_95;                   sai_119=sai_95; 

fai_119=fai_95;                       fai_120=fai_96;             sai_120=sai_96; 

 

A=((1-sai_1)^X1*((1-fai_1)^X2*((1-thita_1)^X3*((1-beta_1)^X4*(1-xai_1)^X5+(1-

xai_2)^X5*(1-beta_2)^X4)+(1-beta_3)^X4*((1-thita_3)^X3*(1-xai_3)^X5+(1-xai_4)^X5*(1-

thita_4)^X3)+(1-xai_5)^X5*((1-thita_5)^X3*(1-beta_5)^X4+(1-beta_6)^X4*(1-

thita_6)^X3))+(1-thita_7)^X3*((1-fai_7)^X2*((1-beta_7)^X4*(1-xai_7)^X5+(1-

xai_8)^X5*(1-beta_8)^X4)+(1-beta_9)^X4*((1-fai_9)^X2*(1-xai_9)^X5+(1-xai_10)^X5*(1-

fai_10)^X2)+(1-xai_11)^X5*((1-fai_11)^X2*(1-beta_11)^X4+(1-beta_12)^X4*(1-

fai_12)^X2))+(1-beta_13)^X4*((1-fai_13)^X2*((1-thita_13)^X3*(1-xai_13)^X5+(1-

xai_14)^X5*(1-thita_14)^X3)+(1-thita_15)^X3*((1-fai_15)^X2*(1-xai_15)^X5+(1-

xai_16)^X5*(1-fai_16)^X2)+(1-xai_17)^X5*((1-fai_17)^X2*(1-thita_17)^X3+(1-

thita_18)^X3*(1-fai_18)^X2))+(1-xai_19)^X5*((1-fai_19)^X2*((1-thita_19)^X3*(1-

beta_19)^X4+(1-beta_20)^X4*(1-thita_20)^X3)+(1-thita_21)^X3*((1-fai_21)^X2*(1-

beta_21)^X4+(1-beta_22)^X4*(1-fai_22)^X2)+(1-beta_23)^X4*((1-fai_23)^X2*(1-

thita_23)^X3+(1-thita_24)^X3*(1-fai_24)^X2)))); 

 

B=((1-fai_25)^X2*((1-sai_25)^X1*((1-thita_25)^X3*((1-beta_25)^X4*(1-xai_25)^X5+(1-

xai_26)^X5*(1-beta_26)^X4)+(1-beta_27)^X4*((1-thita_27)^X3*(1-xai_27)^X5+(1-

xai_28)^X5*(1-thita_28)^X3)+(1-xai_29)^X5*((1-thita_29)^X3*(1-beta_29)^X4+(1-

beta_30)^X4*(1-thita_30)^X3))+(1-thita_31)^X3*((1-sai_31)^X1*((1-beta_31)^X4*(1-

xai_31)^X5+(1-xai_32)^X5*(1-beta_32)^X4)+(1-beta_33)^X4*((1-sai_33)^X1*(1-

xai_33)^X5+(1-xai_34)^X5*(1-sai_34)^X1)+(1-xai_35)^X5*((1-sai_35)^X1*(1-

beta_35)^X4+(1-beta_36)^X4*(1-sai_36)^X1))+(1-beta_37)^X4*((1-sai_37)^X1*((1-

thita_37)^X3*(1-xai_37)^X5+(1-xai_38)^X5*(1-thita_38)^X3)+(1-thita_39)^X3*((1-

sai_39)^X1*(1-xai_39)^X5+(1-xai_40)^X5*(1-sai_40)^X1)+(1-xai_41)^X5*((1-sai_41)^X1*(1-

thita_41)^X3+(1-thita_42)^X3*(1-sai_42)^X1))+(1-xai_43)^X5*((1-sai_43)^X1*((1-

thita_43)^X3*(1-beta_43)^X4+(1-beta_44)^X4*(1-thita_44)^X3)+(1-thita_45)^X3*((1-

sai_45)^X1*(1-beta_45)^X4+(1-beta_46)^X4*(1-sai_46)^X1)+(1-beta_47)^X4*((1-

sai_47)^X1*(1-thita_47)^X3+(1-thita_48)^X3*(1-sai_48)^X1)))); 

 

C=((1-thita_49)^X3*((1-sai_49)^X1*((1-fai_49)^X2*((1-beta_49)^X4*(1-xai_49)^X5+(1-

xai_50)^X5*(1-beta_50)^X4)+(1-beta_51)^X4*((1-fai_51)^X2*(1-xai_51)^X5+(1-

xai_52)^X5*(1-fai_52)^X2)+(1-xai_53)^X5*((1-fai_53)^X2*(1-beta_53)^X4+(1-

beta_54)^X4*(1-fai_54)^X2))+(1-fai_55)^X2*((1-sai_55)^X1*((1-beta_55)^X4*(1-

xai_55)^X5+(1-xai_56)^X5*(1-beta_56)^X4)+(1-beta_57)^X4*((1-sai_57)^X1*(1-

xai_57)^X5+(1-xai_58)^X5*(1-sai_58)^X1)+(1-xai_59)^X5*((1-sai_59)^X1*(1-

beta_59)^X4+(1-beta_60)^X4*(1-sai_60)^X1))+(1-beta_61)^X4*((1-sai_61)^X1*((1-

fai_61)^X2*(1-xai_61)^X5+(1-xai_62)^X5*(1-fai_62)^X2)+(1-fai_63)^X2*((1-sai_63)^X1*(1-

xai_63)^X5+(1-xai_64)^X5*(1-sai_64)^X1)+(1-xai_65)^X5*((1-sai_65)^X1*(1-fai_65)^X2+(1-

fai_66)^X2*(1-sai_66)^X1))+(1-xai_67)^X5*((1-sai_67)^X1*((1-fai_67)^X2*(1-

beta_67)^X4+(1-beta_68)^X4*(1-fai_68)^X2)+(1-fai_69)^X2*((1-sai_69)^X1*(1-

beta_69)^X4+(1-beta_70)^X4*(1-sai_70)^X1)+(1-beta_71)^X4*((1-sai_71)^X1*(1-

fai_71)^X2+(1-fai_72)^X2*(1-sai_72)^X1)))); 

 

D=((1-beta_73)^X4*((1-sai_73)^X1*((1-fai_73)^X2*((1-thita_73)^X3*(1-xai_73)^X5+(1-

xai_74)^X5*(1-thita_74)^X3)+(1-thita_75)^X3*((1-fai_75)^X2*(1-xai_75)^X5+(1-

xai_76)^X5*(1-fai_76)^X2)+(1-xai_77)^X5*((1-fai_77)^X2*(1-thita_77)^X3+(1-

thita_78)^X3*(1-fai_78)^X2))+(1-fai_79)^X2*((1-sai_79)^X1*((1-thita_79)^X3*(1-

xai_79)^X5+(1-xai_80)^X5*(1-thita_80)^X3)+(1-thita_81)^X3*((1-sai_81)^X1*(1-

xai_81)^X5+(1-xai_82)^X5*(1-sai_82)^X1)+(1-xai_83)^X5*((1-sai_83)^X1*(1-

thita_83)^X3+(1-thita_84)^X3*(1-sai_84)^X1))+(1-thita_85)^X3*((1-sai_85)^X1*((1-

fai_85)^X2*(1-xai_85)^X5+(1-xai_86)^X5*(1-fai_86)^X2)+(1-fai_87)^X2*((1-sai_87)^X1*(1-
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xai_87)^X5+(1-xai_88)^X5*(1-sai_88)^X1)+(1-xai_89)^X5*((1-sai_89)^X1*(1-fai_89)^X2+(1-

fai_90)^X2*(1-sai_90)^X1))+(1-xai_91)^X5*((1-sai_91)^X1*((1-fai_91)^X2*(1-

thita_91)^X3+(1-thita_92)^X3*(1-fai_92)^X2)+(1-fai_93)^X2*((1-sai_93)^X1*(1-

thita_93)^X3+(1-thita_94)^X3*(1-sai_94)^X1)+(1-thita_95)^X3*((1-sai_95)^X1*(1-

fai_95)^X2+(1-fai_96)^X2*(1-sai_96)^X1)))); 

 

E=((1-xai_97)^X5*((1-sai_97)^X1*((1-fai_97)^X2*((1-thita_97)^X3*(1-beta_97)^X4+(1-

beta_98)^X4*(1-thita_98)^X3)+(1-thita_99)^X3*((1-fai_99)^X2*(1-beta_99)^X4+(1-

beta_100)^X4*(1-fai_100)^X2)+(1-beta_101)^X4*((1-fai_101)^X2*(1-thita_101)^X3+(1-

thita_102)^X3*(1-fai_102)^X2))+(1-fai_103)^X2*((1-sai_103)^X1*((1-thita_103)^X3*(1-

beta_103)^X4+(1-beta_104)^X4*(1-thita_104)^X3)+(1-thita_105)^X3*((1-sai_105)^X1*(1-

beta_105)^X4+(1-beta_106)^X4*(1-sai_106)^X1)+(1-beta_107)^X4*((1-sai_107)^X1*(1-

thita_107)^X3+(1-thita_108)^X3*(1-sai_108)^X1))+(1-thita_109)^X3*((1-sai_109)^X1*((1-

fai_109)^X2*(1-beta_109)^X4+(1-beta_110)^X4*(1-fai_110)^X2)+(1-fai_111)^X2*((1-

sai_111)^X1*(1-beta_111)^X4+(1-beta_112)^X4*(1-sai_112)^X1)+(1-beta_113)^X4*((1-

sai_113)^X1*(1-fai_113)^X2+(1-fai_114)^X2*(1-sai_114)^X1))+(1-beta_115)^X4*((1-

sai_115)^X1*((1-fai_115)^X2*(1-thita_115)^X3+(1-thita_116)^X3*(1-fai_116)^X2)+(1-

fai_117)^X2*((1-sai_117)^X1*(1-thita_117)^X3+(1-thita_118)^X3*(1-sai_118)^X1)+(1-

thita_119)^X3*((1-sai_119)^X1*(1-fai_119)^X2+(1-fai_120)^X2*(1-sai_120)^X1)))); 

 

k=(k_o./120).*(A+B+C+D+E); 

 

 

 

 

 

 

 


