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Abstract

This thesis furthers our semantical understanding of polynomial time complexity by
clarifying the semantical status of Lafont’s soft linear logic, a logical system complete
for polynomial time computation. We shall see that soft linear logic‘is ideal for this
purpose because it possesses a very natural and simple mathematical interpretation.
To begin, we introduce the notion of a multiplezor category, which is the categorical
interpretation of soft linear logic. We show that a multiplexor category provides a
denotational semantics for soft linear logic and that the exponential operator can
be interpreted canonically as a certain type of limit. This leads to a large class of
models and motivates us to introduce a new class of AJM games which we shall
call noetherian. Such games may be infinite, but do not have infinite length plays
(i.e. there are no infinite increasing chains of plays in their game trees), hence total
strategies will naturally compose.

Motivated by notions in complexity theory, we are led to introduce a finitary
version of soft linear logic and a corresponding notion of finitary multiplexor cate-
gory. One of the main results in this thesis is a categorical method for constructing
a multiplexor category from a finitary one, called the S-construction, which leads
to a stratified view of soft linear logic. This interpretation is inspired by the char-
acterization of PTIME by uniformly polynomial circuits in complexity theory. Our
construction has many applications. First, we use it to give a realizability model and
a new proof that any algorithm representable in soft linear logic is polytime. Next,
we utilize the S-construction to obtain a stratified finite game model of soft linear
logic and prove a full-completeness result. Finally, we use it to give an alternative

description of a model that has recently appeared in the literature. We also note that

it



the stratified interpretation allows for placing polynomial depth restrictions on the
length of plays in our game model. Again, this is consistent with our circuit analogy.
We feel that this work provides an important first step towards a truly semantic

perspective on PTIME complexity.
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Chapter 1
Introduction

Computational complexity is an important branch of computer science that measures
the basic resources (time and memory, for example) needed for solving computational
problems. Its aim is to understand why some problems are intrinsically harder to
solve than others on a computer, and to classify them according to their degree of
difficulty. Knowing the complexity of a problem often leads to a deeper understanding
of it. Moreover, there is a practical interest, not only in applications where resources
are limited, but in applications that require computationally hard problems, like
cryptography, for example.

Computational problems are classified into complexity classes. These complexity
classes are robust and in general do not depend on the particular model of computa-
tion that we are using. However, it will be convenient to fix a model of computation,
and for this purpose, we shall use deterministic (single-tape) Turing machines (see
[40], for example). Hence we are equating algorithms with their Turing machine rep-
resentations. One method for measuring the computational complexity of a decidable
problem is by measuring how much time it takes to solve it. The time complezity of
a Turing machine M is given by a function f: N — N, where f(n) is the maximum
number of steps used by M on any input of length n (written in binary, say). As
usual, we shall use big-O notation when describing the time complexity of a compu-
tational problem. We say f(n) = O(g(n)) if there exist positive integers ¢ and ng
such that for all n > no, f(n) < cg(n).



CHAPTER 1. INTRODUCTION 2

We say an algorithm runs in polynomial time if it has time complexity O(n*) for
some nonnegative integer k, and we let PTIME (or sometimes just P) denote the
class of languages that are decidable by a polynomial time algorithm. This is a math-
ematically robust class that roughly corresponds to the class of problems realistically
solvable on a computer. This makes it of great theoretical interest and the subject of
much investigation.

PTIME has been extensively studied by various researchers and various character-
izations have resulted. These results have collectively deepened our understanding of
PTIME. We mention only a few of the contributions. In recursion theory, character-
izations of PTIME have been obtained by restricting the primitive recursion scheme
(see [13, 7], for example). We also mention characterizations in the framework of the
typed lambda calculus (see [31], for example). A connection with proof theory was
established in the work of Buss [12], who introduced first-order systems of bounded
arithmetic characterizing PTIME. More recently, systems of linear logic have been
introduced with modified exponentials that characterize PTIME (see [20], [18] and
[28], for example). We will have more to say about the various linear logic charac-
terizations later on. All of these approaches have this in common: they are logics or
type systems which characterize complexity classes. The study of such systems has
become a field in itself, called implicit computational complezity.

Linear logic was introduced by Girard in [17] and is based on the idea of resources.
Its careful managing of resources makes it ideal for the study of implicit computational
complexity. Removing Gentzen’s structural rules of contraction and weakening leads
to a linear (or multiplicative) conjunction ® and a linear implication —o, and copying
and erasing of resources is no longer permissable in general. The missing structural
rules are transformed into logical rules for special connectives called ezponentials,
and the symbol ! is used to distinguish precisely when a resource is unlimited. Here,
we will only be interested in the second-order intuitionistic system which is denoted
by ILL;!. Logically, we are thinking of proofs as programs and cut-elimination as
program execution after Curry-Howard. Therefore, to characterize PTIME, we are
interested in logical systems that 1) have a PTIME cut-elimination procedure, and

1See appendix B for a table of the linear logic acronyms used in this thesis.
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2) can represent all PTIME algorithms. In this case, we say that the logical system
is complete for polynomial time computation.

It is well-known that second-order intuitionistic logic can be embedded into ILL,,
which means that it is as strong as Girard’s system F (see [19]). Moreover, cut-
elimination is hyper-exponential. Therefore it gives little insight into polynomial
time computation. But it was soon realized that contraction is the main cause of
the exponential blow-up in complexity of cut-elimination, and that controlling con-
traction is an indirect way of controlling time complexity [20]. The logical status
afforded contraction in linear logic gives us the flexibility needed to control it (and
allows for the many interesting variations). In other words, by modifying the expo-
nential connectives of linear logic, we can find logical subsystems that are intrinsically
polynomial time. Various proposals were introduced, some of which will be discussed
in more detail in later chapters. We will mention a few here. Bounded linear logic
was introduced by Girard, Scedrov and Scott in [20]. It is a good system but has the
drawback that polynomials appear explicitly in the types. Another system is Girard’s
light linear logic which has an extra exponential modality §, and a hybrid notion of
sequent [18]. The latter is avoided in the affine version by Asperti in [5], where it
was realized that unrestricted weakening does not affect the complexity bounds of
the system, yet it greatly simplifies the syntax. Elementary linear logic is a variant
of light linear logic which is complete for elementary recursive computation [18]. La~
font’s soft linear logic is closer in spirit to BLL, but avoids the heavy syntax. It is the
simplest of the above systems and will be studied in much detail in this thesis. These
systems are often collectively referred to as “light” linear logics, and their exponential
connectives are often called “light” also. We shall follow this practice here.

We feel that one of the most important problems connected with these systems is
the absence of a (natural) semantic or mathematical interpretation. In several cases
this has been done, and we will discuss several contributions in the next section. What
we are striving for is a mathematical perspective on polynomial time computation.
We are not interested here in characterizing provability, for which a phase semantics
would suffice, but in modeling the proofs themselves. In this case, the appropriate

aim is for a full-completeness theorem, a concept first formulated by Abramsky and
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Jagadeesan in [3]. A categorical model C is complete if the hom-set C([4], [B]) is
non-empty iff A - B is provable in the logic. A model C is fully-complete if any
f : [A] — [B] is the denotation of a proof of A - B. Therefore, a fully-complete
model of one of the above systems would be a “general semantics of polytime” [18].
Moreover, mathematical models might clarify syntactical issues, and lead to a more
definitive syntax in several cases. We might also see common mathematical con-
cepts emerge in previously unrelated systems. Ultimately, we are working towards a

common semantical framework for these systems of linear logic.

1.1 Related Work

Several researchers have already begun to tackle the problem of finding a denotational
semantics for light linear logics, and work is ongoing. The following list of results is
not meant to be exhaustive; it is only meant to represent the contributions that have

most influenced my own work.

Bounded linear logic: Here we mention the realizability model of BLL by Hofmann
and Scott in [25], following ideas from [24]. In this work, the authors give a concrete
categorical model of an affine version of BLL in which the morphisms are witnessed
by polytime terms. The main result is a new proof that all numerical functions repre-
sentable in that system are polytime which follows directly by soundness of the model.
This was the main theorem in [20]. The authors also considered whether their tech-
niques could be used for other light linear logics, but did not pursue the idea at length.
We successfully adapted their techniques for modeling soft affine logic (see Chapter
6). However, we tend to agree with Abramsky [2] that this technique does not truly
give a semantical viewpoint on polytime computation, since complexity constraints
are simply built into the model as an assumption. What we are really looking for are
“key structural properties which characterize PTIME algorithmic processes” [2].
Independently, Hofmann and Dal Lago used similar realizability techniques to
model light, elementary, and soft affine logics and another system called LFPL using

a common semantical framework [15]. The relationship to our work has yet to be
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investigated.

Light linear logic: In [26], Kanovich, Okada and Scedrov give a fibred phase space
model of light linear logic. Inspired by models of temporal logic, the authors introduce
a stratified version of phase spaces. The syntactic notion of nesting of proof-boxes in
LLL is reflected in the semantic notion of stratification. The main result is a strong
completeness proof for LLL, which gives a purely semantic proof of cut-elimination.
However, phase space models are ultimately about provability — they give no infor-
mation about the proofs themselves.

Closer in spirit to our approach is Baillot’s stratified coherence spaces model,
which is a denotational semantics for both ELL and LLL [6]. Again, we see the no-
tion of stratification appear, this time in the form of sequences of coherence spaces
which eventually become stationary. Intuitively, the levels represent degrees of ap-
proximation. And a morphism/clique is required to satisfy a coherence condition at
each level of approximation. In this model, the usual multiset bang construction in
coherence spabes is used to model the exponential connective !, and the exponential
connective § is interpreted as a type of “shift” operator on sequences. This setting
gives a model ELL, but it allows for a multifunctorial !, which is forbidden in LLL.
By introducing a measure on the web and restricting to locally bounded morphisms,
one obtains a subcategory which is a (refined) model of LLL.

Murawski and Ong were the first to obtain a full completeness result for a polytime
linear logic [36]. Their model is a game semantic interpretation of the multiplicative
fragment of intuitionistic light affine logic (IMLAL) and is an important contribution
to the semantic analysis of the exponential connectives. The authors begin with AJM
games together with the usual definition of the game !A as an infinite symmetrized
tensor product of copies of A. They model the exponential game §A by a single copy
of game A with moves tagged by x. The main idea is a generalized notion of threads,
and a protocol for organizing them into networks at each depth. They call a strategy
discreet if it obeys the network protocol at every depth up to the depth of the game.
In soft linear logic, it is the degree of a proof and not the depth that is the correct

invariant. Using a different notion of depth, we successfully applied their method for
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handling the exponential boxes in our game model of IMSAL (see Chapter 7). This

was an important step to full completeness.

Soft linear logic: The now standard strong completeness results (see [37]) for a phase
semantics interpretation of ELL, EAL and SLL was established by Dal Lago and
Martini in [16]. The main result in that paper is the decidability of EAL, which is
obtained by showing that it satisfies a finite model property, i.e. it is complete with
respect to a finite phase semantics. This elegant technique was developed by Lafont
in [27] to give a semantic proof of the decidability of propositional linear logic with
full weakening. The authors also show that the finite model property does not hold
for ELL and SLL, again following Lafont’s technique. There are still some interesting
open questions with regards to the decidability of various fragments of linear logic.
We shall discuss this point further in Chapter 8.

In [39], we show that soft linear logic possesses a very natural semantics, making
it an ideal system for investigating the semantics of polynomial time computation.
We give a categorical interpretation of soft linear logic and show that the exponen-
tial operator can be interpreted canonically as a certain type of limit. We call these
categories multiplexor categories. Moreover, we give a categorical technique for con-
structing a multiplexor category from a finitary one which may be used if the above
limit does not exist, leading to more refined models. These ideas are illustrated with
concrete examples using AJM games, for example.

We also mention the unpublished work of Abramsky (2], which we were unaware
of in the first draft of our paper [39]. In his Clifford lectures at Tulane University,
Abramsky introduces a system of combinatory logic called Predicative Combinatory
Logic (PCL), which corresponds to the (—o,!)-fragment of soft affine logic. Abram-
sky proves that PCL characterizes PTIME and proposes the same limit interpretation
of the exponential operator, noting that such an exponential would not satisfy con-
traction. He also observes that the standard game models have sufficient limits for
this formula to be applied. Moreover, he states that a main aim would be a full

completeness theorem, thereby anticipating much of our work.
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Finally, we mention the relational models for multiplicative SLL and ELL intro-
duced by Laurent and Tortora de Falco in [30]. The main result in that paper is
a relative completeness theorem for these models. It turns out that their model of
MSLL can be obtained by applying our construction in [39]. However, both works

were done completely independently 2.

Uniformly Polynomial Circuits

To motivate our ideas, we must first review some more complexity theory (we’ll use
[38] and [40] as references). An interesting point of view of complexity is based on
Boolean circuits. An n-ary function f : {0,1}* — {0,1} can be represented by a
Boolean circuit with n input variables. In order to represent arbitrary languages

L C {0,1}*, we need a circuit for each possible length of the input string.

Definition 1.1.1. A circuit family is an infinite sequence C = (Cy, CY, . .. ) of Boolean
circuits, where C,, has n input variables. We say that C decides a language L C {0,1}*
if, for every string z, z € L if and only if C,(x) = 1, where n is the length of .

The size of a circuit is the number of gates that it contains. We say a circuit family
C = (Co, C1, . ..) has polynomial size complezity if there is a fixed polynomial p such
that the size of Cy is at most p(n). Moreover, we need a notion of uniformity on
circuit families which intuitively means that all circuits in the family represent the
same algorithm. A circuit family C = (C,, Ch, . ..) is said to be uniform if there is
a log n-space Turing machine M which on input 1™ outputs C,. We call a uniform
family of polynomial size complexity circuits a uniformly polynomial circuit family.

Our interest derives from the following result.

Theorem 1.1.2. A language L can be decided by a uniformly polynomial circuit
family if and only tf L € P.

Hence uniformly polynomial circuits can be used to study polynomial time compu-
tation. Indeed, this is a promising approach to proving that P ¢ NP, whereby we

2In fact, both results were presented at GEOCAL’06 in Marseille one after the other.
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attempt to show that some specific language in NP has more than polynomial circuit
complexity [40].

An important measure on soft linear logic proofs is the rank. We shall see that
a proof net of rank n is analogous to a Boolean circuit with n input variables 3.
This idea led us to introduce a stratified interpretation of soft linear logic which is

motivated by the above characterization of P.

1.2 Our Contribution

One of the goals of this thesis is to provide a mathematical perspective on polynomial
time computation. As we shall see, soft linear logic is an ideal system for this purpose
because it possesses a very natural mathematical interpretation. Moreover, there is
a pleasing analogy to uniformly polynomial circuits that seems to be a characteristic
feature of soft linear logic.

In Chapter 4, we introduce the notion of a multiplezor category, which is the
categorical interpretation of soft linear logic. We shall see that a multiplexor category
provides a denotational semantics for soft linear logic. Moreover, we shall show that
the exponential operator can be interpreted canonically as a certain type of limit,
giving us a positive reason for omitting contraction (and digging) in our models. This
interpretation will motivate us to introduce a new class of AJM games in Chapter
7 which we shall call noetherian. Such games may be infinite, but do not have
infinite length plays (i.e. there are no infinite increasing chains of plays in their game
trees), hence it will be easy to show that total strategies in such games compose.
In this chapter, we also show why this interpretation will not suffice to prove a full
completeness result.

Motivated by notions in complexity theory, we are led to introduce a finitary ver-
sion of soft linear logic and a corresponding notion of finitary multiplexor category
in Chapter 5. The main result here is a categorical method for constructing a multi-

plexor category from a finitary one, called the S-construction. This naturally leads to

3A similar idea is found in [42]. It would be interesting to relate this work to ours.
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a stratified view of soft linear logic which intuitively corresponds to the circuit fami-
lies of the previous section. We also discuss possible categorical analogs of uniformity
and polynomial complexity. This leads to a variant of the S-construction which can
be used when the base category is concrete, in some sense. The latter is illustrated
by giving an alternative description of a relational model of MSLL that has recently
appeared in the literature [30].

In Chapter 6, we use the S-construction to give a realizability semantics for ISAL,
and a new proof that any algorithm representable in that system is polytime, using
a method pioneered by Hofmann [24]. Here we enforce polynomial size restrictions
on sequences of affine lambda terms in the same way it is done for circuit families.
Uniformity is built in since the underlying function at each level is the same. In other
words, we are using the variant of the S-construction in which the base category is
concrete, in the set-theoretic sense.

Another interesting application of the S-construction is given in Chapter 7 using a
base category of finite AJM games. Uniformity is enforced by requiring strategies at
different levels to be approximations of the same strategy, leading to a type of relative
completeness result for IMSAL. Following ideas from [36], we restrict to networked
strategies, and prove that our model is fully-complete for IMSAL. We also note that
polynomial size and/or depth restrictions can be placed on sequences of strategies
by restricting e.g. the length of plays at level n to be at most p(n), for some fixed
polynomial p. Again, this is consistent with our circuit analogy.

In Chapter 8, we conclude with some future directions for research.



Chapter 2
Background

This chapter collects some basic background material. Its primary purpose is for ease
of reference and to fix notation. More exhaustive treatments can be found in the
references. The reader familiar with this material may skip this chapter without loss

of continuity and refer back to it when necessary.

2.1 Intuitionistic Linear Logic

Linear logic was introduced by J.-Y. Girard in 1987 [17] as a logical system for man-
aging resources. This makes it ideal for investigating computation from the point
of view of logic. Since our primary concern is with computation, the second-order
intuitionistic system will be more than adequate for our purposes.

Formulae are given by the following syntax:
A, B :=a|1l|A& B|A® B|A — BVa.A|lA

The other intuitionistic linear connectives and quantifiers are definable as follows:
A®B=Va.(A—a)&(B-oa)—a 0=VYaue Ja.A=Vs.(Va.A — ) — B and
T = 3a.o [28]. Sequents have the form T+ C| where T" is a finite (possibly empty)
list of formulas and C is a single formula. If I" is the sequence of formulas Cj, ..., C,,
then IT" denotes the sequence !Cy,...,!C,. Proofs are generated by a Gentzen style

sequent calculus, as follows.

10
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o Structural rules: ezchange, identity, and cut
IA,B,ARC 'A AARC

id cut

T,B,AAFCT AFA T,AFC

Multiplicative logical rules:
IAbkB_ LA ABRC
TFA—B ILANA—-BFC

ChA AFB _ T,ABFC o ThC
TAFA®B ° T.A®BFOC " F1 T1FC

o Additive logical rules:
LFA THB T, AFC LLBrC
TFA&B TA&Brc ™ T a&Brc"”

Quantification logical rules:

PEA o wepvay DABeIFC

I'Va.A I[VaAFC
e Exponential logical rules:
T+ A LAFC T,IA,1AF C r-c_
THIA® TJJAFC ™™ TJJAFC ¢ TL,JAFC"

where the four exponential rules are, respectively, called promotion, dereliction, con-
traction and weakening. Note that the promotion rule may be replaced by soft pro-

motion and digging:
'HA LIAFC
TFIA® TIArC
Theorem 2.1.1. (Girard). ILL, satisfies cut elimination.

There is a well-known translation of second-order intuitionistic logic into ILL, defined
as follows: (A = B)* = A* — B*, (AAB)* = A*& B*, and (Va.A)* = Va.A*. There
is also a translation in the opposite direction defined as follows: (A — B), = A, =
B., (A® B). = (A& B), = A.AB,, (14). = A, and (Va.A), = Va.A.. In particular,
this means that ILL, is very expressive.

Affine logic is ILLy together with the unrestricted rule of weakening:

rec
T[,AFC "


file:///TY-A

CHAPTER 2. BACKGROUND 12

2.2 The Light Exponentials

In this section, we shall briefly look at other linear logic characterizations of bounded
time complexity.

Light linear logic was introduced by Girard in [18] as a logical system complete
for polytime computation. Asperti and Roversi [5] later showed that the intuitionistic
affine variant has the same good complexity properties, but has the advantage of a
much cleaner syntax. Moreover, with full weakening, the computational behaviour
of the additives can be simulated. For this reason, we shall only consider second-
order intuitionistic multiplicative light affine logic (IMLAL,). IMLAL, is IMAL,
with exponential modalities ! (bang) and § (neutral) and exponential rules as follows:

AFB FA ATFA INVAJJARC
1A+!B H1A IA 8T - §A IrVAFC
This system satisfies cut elimination. Moreover, we have the following results:

Theorem 2.2.1. (Girard, Asperti).

1. Cut elimination in a proof m can be done in time O(szd), where d is the depth,

and s s the size of 7.

2. All PTIME algorithms can be encoded in IMLAL,.

Now since binary strings are represented by depth 1 proof nets, and depth is preserved
under cut elimination in this system, the computation will run in polynomial time in
the size of the input.

Second-order intuitionistic elementary linear logic (IELL;) is a related system
that characterizes elementary recursive computation [18]. (Elementary functions are

precisely those functions computable in time bounded by a tower of exponentials
2n

2% .) IELL; is ILLy without the exponential logical rules of dereliction and digging.

So the IELL, exponential rules are the following:

'+A r'-cC DUIANARC

THIA LIAEC NARC
Bounded linear logic [20], the first linear logic characterization of polynomial time
computation, is based on the idea of replacing !A by a bounded version !, A, and

bounded versions of the exponential rules. See [20] for details.
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2.3 Category Theory

In this section, we briefly review some basic category theory. Excellent references
include [33] and [11]. For an introduction with an emphasis on logic, see also [21],
[29] and [10]. Here, we mostly follow the presentation in [33].
A category consists of a class of objects O and a class of arrows A, together with
functions:
dom

—_——
—
cod

which assign to each arrow a domain and a codomain. (We write a Lbor fra—b
for f € A,dom(f) = a and cod(f) = b.) Furthermore, there is a function which
assigns to each object a, an identity arrow id, : ¢ — a, and a function o which assigns
to each pair of arrows of the form f : a — b and g : b — ¢, a composite arrow

go f:a — csuch that the following hold:
l.forall f:a— b, foidy=f=idyo f
2. foralla L b L et d ko(gof)=(kog)of.

Given two objects a and b in a category C, we write hom¢(a, b) or sometimes C/(a, b)
for the set of arrows f:a —bin C.

A simple example of a category is the category Rel of sets and relations. An
object is any small set, and an arrow R : X — Y is any binary relation R C X x Y.
Given two relations R € X x Y and § C Y x Z, the composite relation S o R is

defined as follows:
SoR={{z,2)| €Y, (z,y) € Rand (y,2) € S}

The identity arrow idx : X — X is defined as the relation {(z,z)| z € X} C X x X.
It is easy to check that this satisfies the axioms of a category.

A functor T between two categories C and B consists of a pair of functions which
assign to each object ¢ € C, an object T'(¢) € B, and to each arrow f : ¢ — d in C,
an arrow T(f) : T(c) — T(d) in B, in such a way that

T(idc) = idT(c) T(g o f) = T(g) © T(f)
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A functor T : C — B is full when to every pair of objects ¢ and d in C, and to
every arrow g : T(c) — T(d) in B, there is an arrow f : ¢ — d in C such that
g="T(f). A functor T : C — B is faithful (or an embedding) when to every pair of
objects c¢,d € C and to every pair of parallel arrows fi, fo : ¢ — d in C, the equality
T(f1) =T(f2) : T(c) — T(d) implies f; = f5.

A subcategory S of a category C consists of some of the objects of C' and some
of the arrows of C' such that 1) for each arrow f in S, both dom(f) and cod(f) are
objects in S, 2) for each object s in S, its identity arrow id, is an arrow in S, and 3) for
each pair of composable arrows s ERE RN S, the composite arrow go f : s — s
is in S. We say that S is a full subcategory of C when the inclusion functor § — C' is
full. For example, the category Rel; of finite sets and relations is a full subcategory

of Rel.

Natural Transformations

Given two functors S,T : C — B, a natural transformation oo : S — T is a function
which assigns to each object ¢ in C an arrow o, : S(¢) — T(c) in B in such a way

that for all f:c— ¢ in C, the following diagram commutes in B:

S(e) —>T(c)
s lT(f)

5(c) =<~7(<)

In this case, we say that a. : S(e) — T(c) is natural in ¢, and we call the arrows
Olg, Oy, Oig, + . ., the components of the natural transformation a. Let o : S — T be
a natural transformation between functors S,T : C — B. If every component o, is
invertible in B, then there is an inverse natural transformation o~ : T — S defined
by a”l(c) = a(c)™. In this case, we call & a natural isomorphism and we write
S =2 T. Two categories C and B are called equivalent if there is a pair of functors
S:C—o>BandT:B—Csuchthat TS=1:C— Cand ST=1:B — B. Inthis

case, the functor S (and the functor T') is called an equivalence of categories.
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Adjunctions

The following concept plays a central role in category theory.

Definition 2.3.1. [33] Let A and X be categories. An adjunction from X to Ais a
triple (F, G, @) : X — A, where F' and G are functors

£
== A
G

and ¢ is a function which assigns to each pair of objects z € X, a € A a bijection of

sets
Y=, A(Fz,a) = X(z,Ga) (1)

which is natural in z and a. In this case we say that F' is a left-adjoint for G and G

is a right-adjoint for F'.

For each object z € X, we can instantiate the a in the left hand side of (1) with Fz
and look at the image under ¢ of the identity idp,. This yields an arrown, : x — GF'z
in X which is the component of a natural transformation n : Ix — GF, called the unit
of the adjunction. Similarly, for each object a € A, we can instantiate the z in the
right hand side of (1) with Ga, and look at the image under ¢! of idg,. This yields
an arrow &, : FGa — a in A which is the component of a natural transformation
e : FG — Iy, called the counit of the adjunction. Moreover, for any pair of objects
z € X,a € A, we have G(€,) 0 ga = idg, in X and ep, 0 F(n,) = idp, in A. In fact,
the unit and counit completely determine the adjunction. It is now easy to check
that if S : C — B is an equivalence of categories with backwards functor T : B — C,
then T is both a left and a right adjoint of S.

Limits
A diagram D in a category C is simply a collection of some C-objects d;,d;, ...
together with some C-arrows f : d; — d; between those objects. A finite diagram is

one that has a finite number of objects, and a finite number of arrows between them.

A cone for a diagram D, or simply a D-cone, consists of a C-object c together with
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a C-arrow p; : ¢ — d; for each object d; of D, such that

C
N
di‘—f—*dj

commutes, whenever f is an arrow in the diagram D. A D-cone is denoted by
{p: : ¢ — d;}. A limit for a diagram D is a universal D-cone. In other words, a limit
is a D-cone {p; : ¢ — d;} with the property that for any other D-cone {p}: ¢ — d;},

there is a unique C-arrow A : ¢’ — c such that

cl—h____>c
d;

commutes, for every object d; in diagram D. It is easy to show that the limit c of a
diagram D, when it exists, is unique up to isomorphism.

For example,

1. A limit of the empty diagram is called a terminal object.
2. Given C-objects a and b, a limit of the diagram
a b
is called a binary product of a and b.

3. Given C-objects a and b and parallel C-arrows f,g : a — b, a limit of the

diagram

is called an equalizer of f and g.

4. Given C-objects a, b and ¢ and C-arrows f : a — c and g : b — ¢, a limit of the

diagram
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is called a pullback of f and g.
A category C is (finitely) complete if every (finite) diagram in C has a limit in C.

The dual notion of colimit will not be discussed here.

The following is a useful proposition.

Proposition 2.3.2. Let {p; : ¢ — d;} be a limit of a diagram D in a category C.
Two parallel C-arrows f,g : a — b are equal iff for all objects d; € D, p;o f =p;0g.

Monoidal Categories

A monoidal category B = (B, ®, e, a, A, p) is a category B, a bifunctor ® : BXxB — B,
an object e € B, and three natural isomorphisms:

& = Qpe:a®bRc)=(a®b)@c

A= ie®aa

P = poia®@e=a
natural for all a,b,¢c € B. These isomorphisms are required to satisfy the following
diagrams:

QbR (c®d)—">(a®b)®(c®d—">((a®b)®c)®d

lid@a Tcx@id

a®((b®c)®@d) b e®(b®c)®d
a®(e®c) = (a®e)®c
a®c

Ae=p..e®@e—e
Note that ® a bifunctor means that the interchange law holds
id, @ idp = idagp,  (F®¢)o(f@g)=(f0f)® (4 09),

whenever the composites f' o f and ¢’ o g are defined.
A monoidal category is called strict when the structure maps a, A and p are all

identities.
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Coherence

Let (B, ®,eg,...) be a monoidal category. A binary word is given by the following

syntax:
v,w = ¢gp| — |(v @ w)

The length lh of a binary word is defined inductively as follows:

lh(eo) = 0

(=) =1

Ih(v@w) = Ih(v)+ lh(w)

Each binary word w of length n determines an n-ary functor wg : B* — B in the
obvious way. Then the coherence theorem takes the following form:

Theorem 2.3.3. (Mac Lane). Let B be a monoidal category. There is a function
which assigns to each pair of words v,w of the same length n a (unique) natural
isomorphism

cang(v,w) : vg — wp : B — B

called the canonical maop from vp to wg, in such a way that the identity arrowe — e is
canonical (between functors of 0 variables), the identity transformationidg : Ig — Ip
is canonical, o, ™1, \, A\71, p and p~! are canonical, and the composite as well as the

®-product of two canonical maps is canonical.
This theorem states that every diagram of the following form commutes:

e Vertices. Words w of length n representing functors wg : B" — B.

e Fdges. Natural transformations 1., idp,a, A, p and their ® products.

Symmetric Monoidal Closed Categories

A symmetric monoidal category is a monoidal category B = (B, ®, e, a, A, p) equipped

with an additional isomorphism:

’Y:’Ya,b:a(@bgb@a:
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natural in a,b € B. This natural isomorphism is required to satisfy the following

diagrams:

Yab © Yoo = id, Po = A0 Mpe:bRe b,

a®(b®c) 2> (a®b)®c—>cQ (a®b)

Jaer l

2®(c®b) —2>(a®c) b2 (c®a)®b

The coherence theorem for monoidal categories can be generalized to the symmetric
case as follows. Let B be a symmetric monoidal category. A permuted word wr
consists of a word w together with a permutation 7 € S,,. This determines a functor

(wr)p : B® — B defined by (w7)p(ai,...,a,) = w(arm,...,aem), ¢&; € B.

Theorem 2.3.4. (Mac Lane). Let B be a symmetric monoidal category. There is
a function which assigns to each pair of permuted words (vo,wT) of the same length

n a (unique) natural isomorphism
cang(vo,w) : (vo)p — (wr)g: B" — B

called the canonical map from vo to wr, in such a way that the identity arrow in
B and all instances of a, A\, p and v are canonical, and the composite as well as the

®-product of two canonical maps is canonical.

This theorem means that all formal diagrams involving just a, A, p and v will com-
mute.

A symmetric monoidal closed category B is a symmetric monoidal category in
which each functor — ® o : B — B has a specified right adjoint « — — : B — B.
Equivalently, for any two objects a,b € B, there is a B-object a — b together with a

B-arrow
evy:(a—ob)®a—b

called evaluation with the following universal property. For any B-object ¢ and B-

arrow g : ¢ ® a — b, there is a unique B-arrow g : ¢ — a — b making the following
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diagram commute:

(a—~b)®a
®ida b

c®a
The assignment g — § establishes the natural bijection:
hompg(a ® b, ¢) = homp(a,b —o )

The natural transformation ev turns out to be the counit of the adjunction. The unit
coev has components:

coevy iz —a— (z®a)

These satisfy the usual adjunction equations.

Monoidal Functors

A symmetric monoidal functor (F, Fy, Fy) : M — M’ between symmetric monoidal
categories M = (M, ®,e,a,\, p,7) and M' = (M',®,¢',a/, N, p',7') consists of the

following three items:
1. An ordinary functor F' : M — M’ between categories;
2. For any objects a,b € M, an arrow
Fy(a,b) : F(a)® F(b) — F(a® b)
in M’ which is natural in a and b;
3. For the units e € M and ¢’ € M’, an arrow in M’

Fy:e — F(e)
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These are required to make the following four diagrams commute:

F(a) ® (F(b) ® F(c)) = (F(a) ® F(b)) ® F(c) (2)

1dFa®F2l lF2®ich
F(a) Fb®® Fa®b) ® F(c)
a@@@@) Y F(e®b) e
F)®¢ F(b) ¢ ® F(b) F(b) (3)
ide®FOl TF(P) F0®idpbl TFO\)
F(b) @ Fle) 2> F(b®e) Fe)® F(b) 22> F(e®b)
M@Tmmié (b) ® F(a) (4)
Fla®b)—2 . Fb®a)

Observe that the composite of two symmetric monoidal functors is a symmetric
monoidal functor. A monoidal functor is called strong when Fy and all Fy(a,b) are
isomophisms, and strict when Fy and all Fy(a,b) are identities.

A monoidal natural transformation 8 : (F,Fy, Fy) — (G,G9,Go) : M — M’
between two monoidal functors is an ordinary natural transformation 6 : F' —» G such

that all the diagrams

F(a) ® F(b) 2~ F(a®b) ¢ —2% F(e) (5)
0,90 loa®b 109.
G(a) ® G(b) Z~G(a® b) ¢ —%G(e)

commute in M’. The compose of two monoidal natural transformations is a monoidal
natural transformation.
Let (F, Fy, Fo) : M — M’ be a symmetric monoidal functor and vo a permuted

word of length n. There is an arrow

Fyo iva(Fay,...,Fa,) — Fuvo(ay,...,an)
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in M’ natural in a4, ..., a,. Then for any two permuted words vo, wr of length n, it

follows that the following diagram

vo(Fay,..., Fa,) Lo Fuo(ay,...,an)
7’ Fn
wr(Fay,.. .,Fan)ﬁ”;FwT(al, ey Gp)

commutes in M', where ' and 7 are given uniquely by the coherence theorem for
symmetric monoidal categories. Moreover, for any monoidal natural transformation
6 : F — G between two symmetric monoidal functors and for any permuted word vo

of length n, the diagram

vo(Fay,..., Fa,) L Fuo(ay,...,a,)
va(@al,,..,ean)l leva(eul,‘..,ﬂan)
vo(Gay,...,Gay) &Gva(al, ey Q)

commutes in M’'. This generalizes the six diagrams in the definition of symmetric

monoidal functor and monoidal natural transformation.

Comonoids

A commutative comonoid c in a symmetric monoidal category B = (B, ®,e,a, A, p,7)
consists of an object ¢ € B together with two arrows p: ¢ — c®cand n: ¢ — esuch

that the diagrams

c c®ec
/J'l ll-"@idc
ide®pu o
c®c—=c®(c®c)—=(c®c)®c
e®Rc——>c—"t c®e
"I;ik i#m;’l
c®c

c®c
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commute in B. A morphism f : (¢,u,n) — (c,1/,n') of comonoids is an arrow

f:ec— ¢ in B such that the diagrams

1
c——cQ®ec c

|, b N

W
CI_____>CI®CI

commute in B. With these arrows, the comonoids in B form a category CMongp,

and (¢, u,n) — c defines a forgetful functor U : CMong — B.
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Soft Linear Logic and PCL

In 2001, Y. Lafont introduced a subsystem of second-order intuitionistic linear logic,
called soft linear logic (ISLLj), with restricted rules for exponentials [28]. Lafont
shows that proofs in ISLL; correspond to polynomial time algorithms, and vice versa.
In other words, ISLL, is complete for polynomial time computation. The key point
is to remove contraction !4 — !4 ® !4 and digging 'A — 1A and replace them with

a new rule called multiplezing, which corresponds to the axiom:
!A— A"  (n is any natural number)

where A™ denotes the n-fold tensor product. To my knowledge, all other linear
logic characterizations of bounded-time computation use contraction in one form or
another. This highlights a significant difference between the various approaches.

In a parallel work, S. Abramsky introduced a system called Predicative Combi-
natory Logic, or PCL, in his Clifford lectures at Tulane University [2]. As noted by
Abramsky, the computational power of copying is clearly seen in systems of com-
binatory logic. For example, in BCKW logic, all partial recursive functions are
representable; however, if we remove the contraction combinator W, the resulting
system has the property that every term reduces to normal form in linear time. In

PCL, the W combinator is replaced by a family of combinators:

{W"| n >0}

24
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with defining equations:

n
Whzly =z g\/_\n/_%
The intuition is best described by Abramsky when he compares !t to a promissory
note, or a “blank cheque” which gets consumed or cashed in by applying W™. Peter
Selinger (private communication) as well as myself have also independently used this
analogy [39]. Abramsky uses the term predicative copying to describe multiplexing, to
contrast the recursivity, or unboundedness, or impredicativity of contraction [2], hence
the name Predicative Combinatory Logic. Abramsky shows that PCL characterizes
PTIME in a similar way to Lafont’s characterization. In fact, when we consider type
inferencing of PCL terms, we shall see that PCL corresponds to the (—o,!)-fragment

of soft affine logic.

3.1 Soft Linear Logic

In this section we review the theory of second-order intuitionistic soft linear logic

(ISLL;). Formulae are given by the following syntax:
A, B :=a|l|A& B|A® B|A — B|Va.A|llA

The other intuitionistic linear connectives and quantifiers are definable as follows:
A® B=Va.(A—a)&(B—a)—oa 0=VYaa Ja.A=VYF.(Va.A — §) — § and
T = Jo.or [28]. Sequents have the form I' - C, where I is a finite (possibly empty)
list of formulas and C is a single formula. If I is the sequence of formulas C4i, .. ., Cy,
then IT" denotes the sequence !Cy,...,!C,. Also, if A is a formula and n € N, we
write A for the formula A® -+ ® A (n times) and A™ for the sequence A4,..., A (n
times). Proofs are generated by a Gentzen style sequent calculus. The rules are the

following (as originally presented in [28]):

e structural rules: ezchange, identity, and cut

T,A B ,AFC THA AAFC
T,B,AAFC AFA T,AFC
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multiplicative logical rules:

IAFB 'rA A,BFC
'HA—B AJA—-BFC

TFA AFB  TL,AB+C  TFC
I, AFA®B T,A®BrC F1 T,1rC

e additive logical rules:

'A T'FB IArC IBrC
'-A&B A& BEC A& BFC

e exponential logical rules: soft promotion and multiplexzing of rank n

TFA T,AW}C
TF 14 TIAFC

(n is any natural number)

quantification logical rules:

I'-A

IAB/a] - C
I'+Va.A

(a not free in T) T Vadl O

Note that one can recover the usual Linear Logic exponentials by adding the digging

rule:
DINAFC

NAEC
to the above set of rules. The following result is due to Lafont [28].

Theorem 3.1.1. (Lafont). ISLL, satisfies cut-elimination.

For our purposes, we found it more convenient to present a cut-elimination theorem
directly from the syntax, rather than using proof nets. Therefore, we give another
proof of cut-elimination in appendix A for the (quantifier-free) multiplicative frag-
ment.

A proof net is a graphical representation of proofs invented by Girard which can
be seen as an equivalence class of proofs and provides an alternative syntax for proofs.
In what follows, we shall identify proofs with proof nets, since it simplifies some of
the arguments and definitions. Proof nets for ISLLy can be found in [28]. Given a

proof net u, the degree, the rank, and the weight of u are defined as follows:
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e The degree of u counts the maximum nesting of exponential boxes in u.

e The rank of u is the maximal rank of multiplexors in u. If all these ranks are
the same, we say that u is homogeneous, and if there is no multiplexing, we say
that u is generic. A generic proof net will be considered as a homogeneous proof
net of rank n for any n [28]. In ISLL, programming, programs are represented

by generic proofs and data by bounded-degree homogeneous proofs.

e The weight of u is a polynomial W,,, defined inductively as follows. The weight
of an axiom is constant 1 and the weight is unchanged by an exchange rule
or a cut rule. The weight increases by 1 for any right logical rule except soft
promotion and the weight stays the same for all left logical rules. For soft

promotion, we have:

Wi, = XW, +1

We get the following normalization property:

Theorem 3.1.2. (Lafont). A proof net u of rank n reduces to a unique normal form

in at most Wy(n) steps.

Uniqueness is a consequence of the proof net formulation, which identifies proofs that
are “morally” the same. For any proof net u of degree d, we have W,(n) < kn? for
allm > 1, where k = W,(1). So if datatypes are represented by bounded degree proof
nets, we get normalization in polynomial time. In general, we get normalization in
exponential time.

The key step to showing that ISLLy can represent all PTIME algorithms is to show
how to represent polynomial expressions in ISLL,. (A polynomial expression is just a
term built from natural numbers and a variable X, using addition and multiplication.)

The notation A™ is extended to polynomial expressions as follows:
A¥ =14 AP9=4AP A% APO=(4")°

Lafont writes A(P) for the formula A where each subformula of the form !B is replaced
by BP. For example, la(X X2 + 1) = oX X! = 0XX2 @ o = (la)? ® o, where « is

an atom.
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Theorem 3.1.3. (Lafont). If the sequent I' A has a homogeneous proof of rank
P(n), then I'(P) - A(P) has one of rank n.

For example, the formula A = la — o® has a homogeneous proof of rank 8, hence
A{XXX) =la — o® has a homogeneous proof of rank 2.

It is possible to represent natural numbers, strings, booleans, and Turing machines
(with k states and 3 symbols, say 0,1 and blank) in ISLLy by bounded degree nets.

The corresponding types are as follows:

N = Voalla —oa)—oa—a«a

S = Val(laoa)&(a—oa)—a—o

B = Va(a&a)—a

M Va!({a — a) & (o — a)) = Fr @ F3 ® (o — a)?

I

For each natural number n, the type F,, = 1@ --- @1 (n times) is called a finite type.
In the type of M, the finite types F) and F3 record the current state and symbol,
respectively.

It is possible to build [28]:

e a generic proof net for the sequent S F N which calculates the length of a

boolean string.

e a generic proof net for the sequent M - M which corresponds to the transition

map of this machine.

e a generic proof net for the sequent N F M which transforms a natural number
n into a machine with a tape of length n (filled with 0) and with the head at
the beginning of the tape.

e a generic proof net for the sequent M + B which says if a machine is in an

accepting state or non-accepting state.

Theorem 3.1.4. (Lafont). If a predicate on boolean strings in computable by a Tur-
ing machine in polynomial time P(n) and polynomial space Q(n), there is a generic

proof for the sequent S48 P+deg@+1) L B yhich corresponds to this predicate.
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Proof. (High-level description.) We assume that polynomials P and @ are represented
by polynomial expressions (by using their Horner normal form 28], for instance).
Using the generic proof net for the transition function of the machine and theorem
3.1.3, we get a generic proof net for the sequent M(@) + M(Q) which corresponds to
the transition map of a space-bounded Turing machine which uses at most Q(n) cells
on an input of size n. Then there is a generic proof net for the sequent N({P), M(Q) I
M(Q) which corresponds to the full computation of the machine with at most P(n)
transitions. We also have a generic proof net for the sequent S&P) |- N(P) which
gives a bound on the total number of steps in the computation. Moreover, we have
a generic proof net for the sequent S(92?) | M(Q) which generates the machine,
and one for the sequent S,M(Q) F M(Q) which writes a string of size n on the
machine’s tape (assuming n < Q(n)). Finally, we have a generic proof net for the
sequent M(Q) - B which says if the machine is in an accepting state. By combining
all those nets, we get a generic proof net for the sequent S(degP+deg@+1) |- B which

corresponds to the predicate. O

By theorem 3.1.2 any generic proof net for the sequent S™ I B defines a polynomial
time algorithm that takes a boolean string as input and returns a boolean value
as output. Conversely, by theorem 3.1.4, any such polynomial time algorithm is
represented by a generic proof net. In other words, ISLL, is complete for polynomial
time computation [28].

Observe that the above encoding uses the additive connectives. It was conjectured
by Lafont in [28] that IMSLL, is also complete for polynomial time computation.
Indeed, this was later proved by Mairson and Terui in [34], where an alternative

encoding is used:

= YVaa—oa—oa®«
S = Va!llB—oa—a) oa—o

M[A] = Va!B —oa—oa)— (a—oa)k®A

where the latter is the type of a Turing machine with k& stacks. The type A plays a

similar role to the finite types used in Lafont’s encoding of Turing machines. In [34],
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they use a machine with 5 stacks. This more complicated encoding is partly due to
the fact that the authors stay true to the requirement that programs be represented
by generic proofs (i.e. no multiplexing). For this reason, we felt it justified to focus

mainly on the multiplicative fragment of soft linear logic in our work.

3.2 Predicative Combinatory Logic

Independent of this work, S. Abramsky introduced Predicative Combinatory Logic,
or PCL, in his Clifford lectures at Tulane University [2]. PCL is an orthogonal
(i-e. left-linear and non-overlapping) term-rewriting system that characterizes PTIME
computation, and in fact corresponds to the (—o,!)-fragment of soft affine logic. We
describe the system as follows.

We assume an infinite sequence of variables z,y, 2, ..., possibly with subscripts.
Moreover, we have an infinite number of constants, denoted B, C, K, F and W"
(n > 0). The set of PCL-terms is defined inductively as follows:

e All variables and constants are PCL-terms.
e If t and u are PCL-terms then so are (tu) and (!t).

As usual, a combinator is a term containing no variables. For example, (W?B) is a
combinator. For notational convenience, we shall use the following conventions for

writing terms:
1. we omit outermost parentheses; thus tu means (tu)
2. application associates to the left; thus tuv means (tu)v
3. the scope of a | extends as far to the right as possible; thus !tu means (tu).

We have the following reduction rules for these combinators:

'We also assume, if t — t', then It — !t/, st — st and ts — t's, for any term s.
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Bzyz —  z(yz)

Czyz — zxz2y

Kzy - =z

Flzly — (zy)

Whzly — zy---y
e

For example, CKK2 — KzK — z, hence the combinator CKK may serve as an
identity combinator. We shall write —* for the reflexive, transitive closure of —.
Observe that PCL is an orthogonal term-rewriting system, hence confluent (i.e. the

Church-Rosser property holds) [2].

Normalization in PCL

In [2], Abramsky proves that PCL-terms are strongly normalizing by introducing the

following measures on terms:

o The size of a term measures the number of leaves in the term tree:
s(e) =1 s(tu) =s(t)+s(u)  s(lt) = ()
o The depth of a term measures the maximum nesting depth of !s:
d(e)=0 d(tu) = max(d(t),d(u)) d(it) = 1+ d(¢)
e The width of a term is defined by:
w(t) = max({n| W" occurs in t} U {1})
e For each term ¢ we associate a polynomial P;(z) in the variable z:
Pz)=1  Pu(z)=PR(z)+ Pu(z) Puilz) =3 R(=)

Then the weight of a term is defined as: ||t|| = B(w(t)).

The following propositions are due to Abramsky [2].
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Proposition 3.2.1. (Abramsky). For all t: ||t|| < ws, where w = w(t), s = s(t)
and d = d(t). Thus the weight is linear in the size, polynomial in the width, and
exponential in the depth.

Proof. Note that ||t|]| = Pw(t)) < w?- B(1) = w- s. O

Proposition 3.2.2. (Abramsky). Ift — u, then ||t|| > ||u||. Thus every term is

strongly normalizing, with the length of all reduction sequences bounded by ||t||.

Proof. Let t have width n. By structural induction, one shows that if ¢ — u, then
P,(z) > P,(z), for all z > n. If ¢ is a variable or a basic constant, then the result
is vacuously true since there are no redexes. If ¢ is of the form !s, then any redex
must occur in s. Let s* be the term obtained from s by reducing this redex. By the
induction hypothesis, we have P,(z) = zP,(z) > zPy(z) = Py«(z) for all z > n.
If t is of the form s;85, then either the redex occurs in s;, or the redex occurs in
89, or s18y is itself a redex. For the former two cases, suppose s; — si. Then
Py sy (z) = Py (2) + Poy(z) > Pt (x) + Poy(x) = Pare,(z), by the induction hypothesis.

8182
Finally, in the latter case we check the two nontrivial cases:

1. Flsylsy — !(s182). Before reduction, we have 1 + zP;, (z) + zP;,(z), and after

reduction, we have z(Ps, (z) + Ps,()).
2. Wnsilsy — s152---89. Before reduction, we have 1 + Ps, (z) + zP;,(z), and
after reduction, we have P, (z) + nP,,(z).
Therefore, ||t| = Pi(n) > P,(n) = Pu(w(u)) = ||y O

Proposition 3.2.3. (Abramsky). Reduction to normal form of PCL terms can be

stmulated by a Turing machine with polynomial overhead.

To illustrate, consider the term ¢t = W2Blzy. In this case, s(t) =4, d(t) =1, w(t) =2
and Py(z) =z + 3, and so ||t|| = 5. In fact, this term normalizes in only two steps as

follows: W2Blzy — Bazzy — z(zy).
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Polytime Soundness of PCL

It is possible in PCL to give a system of representations as terms of various datatypes,
e.g. unary and binary numerals. For example, unary numerals in PCL are defined
as follows. For each natural number n, let Z, denote a BCK-term representing the

affine linear lambda term:
AZ1 . AZRAYZ (- (Zny) )

(There is a standard procedure for translating back and forth between BCK-terms
and affine linear lambda terms; see [22], for example.) We then define i = W"Z,.
Then:

aley = Zpz--xy =" z(--(zy) )

n times

The first few terms together with their principal types schemes (see section on type

inference) are as follows:

0 = CK:8—voa—a
1 = Will:la—-a
2 = WB:l{(a—oa)—oa—a

Let D; = B(BB)? and D,.+1 = BD,,. One can show by induction that D, satisfies the
equation Dpz1%9 -+ TpyoTni3Tnia = T1Z2 "+ Tni2(Tnt3Tnia). Lhen set Z3 = DB
and Z, = D,_»Z,_; for n > 3. Again by induction one can show that Z, satisfies

the equation Z,x; - - -,y = z1(- - - (z,y) - - - ). Therefore we define:

g = W3Z3
Zz = W4Z4
5 = W5Z5

Observe that for each natural number n, d(7i) = 0, w(f) = n, and s(ii) € O(|n|). A
partial recursive function f : N — N is said to be numeralwise representable in PCL

2This is a dickcissel in Smullyan’s wonderful book [41].
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if there is a term t satisfying:
VneNtn=m <= f(n)=m.
The following result is due to Abramsky [2].

Proposition 3.2.4. (Abramsky). Suppose we have a system of representations
(say of binary numerals) as terms, which is of bounded depth, i.e. for some dy > 1,
for all n, d(7) < dy, and also s(@),w(R) € O(|n|). Then any function numeralwise

representable in PCL with respect to this system is polynomial time.

Proof. Suppose t n.w.-represents f, then for all n,

ltall = Po(w)+ Pa(w)
< wi®s(t) + wi™s(n)
< wi(s(t) + s(R))
= w
where d = max(d(t), dp), and s, w are O(|n|). g

We shall therefore require that representations of datatypes in PCL have bounded
depth in the above sense. Indeed, the representation of unary numerals above is of
bounded depth. Representations of conditionals and lists in PCL can also be defined
[2].

Next, we shall investigate the expressiveness of PCL.

Polytime Completeness of PCL

According to Abramsky [2], the key step in showing that PCL can represent all
PTIME functions is to show how polynomial-time iterations can be represented. Given
a polynomial P(X) of degree k with coefficients in N, and a term u, a PCL term iterp,
can be defined such that, for all n € N,

iterpy fu- - -Ax = uf ™My

S
k
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where v’z = r and vz = u(u'z) [2].

Suppose we are given a polynomial time function represented by a Turing machine
which runs in polynomial time P. Of course, such an algorithm also runs on a
polynomial space-bounded Turing machine (since at each step of the computation
can explore at most one new cell). W.l.o.g. we assume P(|n|) > |n| for all binary
numerals n. Abramsky describes the high-level structure of the representation as
follows [2]:

e We can program the transition function of a space-bounded Turing machine
by purely affine means (i.e. using only BCK terms) using conditionals and a

representation of lists.

e Given a binary numeral for n, we can convert it into an initial configuration for
the Turing machine. Then a P(|n|)-length iteration is used to pad the tape out

with blanks, making it large enough for the entire computation.

o We then then use another P(|n|)-length iteration with the Turing machine tran-

sition function to perform the computation.

e Finally, the result can be extracted from the final tape, again by purely affine

means.
Therefore PCL characterizes PTIME:
Theorem 3.2.5. (Abramsky). PCL is correct and complete for PTIME.

We investigate next the problem of typing PCL terms, and its relationship to soft

linear logic.

Type Inference

Logically, PCL corresponds to the (—o,!)-fragment of soft affine logic. Indeed, the

principal type schemes of the basic PCL combinators are as follows. Note that we
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associate types to the right.

B : (f—y)—(a—of)—oa—y
C: (a—of—o9)—of—oa—y
K:aog—of—oa
F : {la—opfB)—la—!f
W @ (@—o:-—oaq—of)—ola—f
The above types may be thought of as axiom schemes for a logic with only two rules,
called Modus Ponens and Necessitation:
t:a—f VY tia
tu:f 'l

For example, one can derive W2B : (o — &) — o — « as follows. Let A =a —o a,
then »
W2 (A—oA—oA)—o!4A—~A B:AoA—-A
W?B:!1A— A

where we have made the substitution o — A, 8 +— A in the axiom scheme for W? and
the substitution o — o, 8 — @,y — « in the axiom scheme for the combinator B.
Similarly, one can derive CKK : o —o a. Then FICKK : !la —o la, as the following

derivation shows.
CKK:a—o«
F:l{a—oa)—ola—la ICKK : l(a — a)
FICKK : !la —o lo
where we have made the substitution @ — o, f — « in the axiom scheme for F'.
It is a fact that all BCK-combinators are typable [22], but this is not true for all

BCKW-combinators. Similarly, some PCL terms have types, while others do not.

For example, one can check that the principal type schemes for the terms I = CKK
and W?B are o — a and {(a — a) — a — a, respectively. However, the combinator
W?2BI is not typable; Indeed, if W2BI : 7, then I: § and W?B : § — 1 and we need:

d = a—oa

§—n = (B—of)—B—p
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It follows that & — a = (8 — ) which is impossible.
Conjecture 3.2.6. The set of all typable PCL terms is recursively decidable.

In fact, we have made some preliminary progress towards a type inference algorithm
for PCL which will be reported elsewhere. This algorithm, for example, could be used
to check whether Abramsky’s encoding of PTIME algorithms is typable. We hope to

return to these questions another time.

Subject Reduction

In this section we show that type-schemes are preserved by reduction. Its proof will

need the following lemma.

Lemma 3.2.7. (Replacement). Let D be a deduction of X : a in PCL. Let D, be
a subtree of D giving a deduction of V : v, where V is a subterm of X. Let D be a
deduction of W : v and let X* be the term obtained by replacing V by W in X. Then

f‘pCL X*:a.
Proof. See Lemma 14.23 in [23]. a

Theorem 3.2.8. (Subject Reduction). If X : « and X —* X' in PCL, then
X' a.

Proof. By the replacement lemma it is enough to assume that X is a redex and X' is
its contractum. The cases X = BUVW, X = CUVW and X = KX'Y are standard
and can be found in the literature (see [23], for example). The nonstandard cases are

as follows.
Case 1: X = WUV and X'=UV ...V, A deduction D of X : o in PCL must

n

have the following form:

Dy
n ) ! U: D
W (,3—0 ,B—oa)-—oﬂ—oa ,B—on—oﬂ—oa V:gﬂ
WU 13 - a V18

WrUIWV o
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From this we can construct a deduction of X’ : o using D; and D, (n times). For

example, if n = 2, we can construct a deduction of X' : « as follows:

Dy D,
U:ﬁ-——O,@—OOZ V/B Dg
UV:B—a Vg
UVvV . a

Case 2: X = FIUIV and X’ = (UV). A deduction D of X : la in PCL must have

the following form:

Dy
U:—a«a D,
F:l(8—~a)—!f—la W : (B — a) V:.p
FIU: 18—l W1
FIUWV : la
From this we can construct a deduction of X’ : la as follows:
D, D,
U:f—« Vg
UV .«
(V) :la

This completes the proof. U



Chapter 4
Multiplexor Categories

In this chapter, we give a categorical interpretation of (quantifier-free) intuitionistic
multiplicative soft linear logic (IMSLL) and intuitionistic multiplicative soft affine
logic (IMSAL). We call these categories multiplezor categories and affine multiplezor
categories, respectively. As usual, we shall assume that an interpretation of the
additive connective can be obtained by assuming that our categories have finite prod-
ucts. Given an (affine) multiplexor category B, our semantics takes the form of a
structure-preserving functor from the syntactic category of IMSLL (resp. IMSAL)
into B. Hence formulas are interpreted as objects in B and proofs are interpreted as
arrows in B. Moreover, we show that for any proof =, if 7* denotes the corresponding
cut-free proof, then [7] = [7*]. In other words, multiplexor and affine multiplexor
categories provide denotational semantics for IMSLL and IMSAL, respectively.
Next, we show that the soft exponential operator in each case can be interpreted
canonically as a certain type of limit. We give a product formula for the soft expo-
nential operator in each case which can be used if the category has sufficient limits!.
It turns out that the well-known models of linear logic do have sufficient limits for
this formula to be applied, and this often leads to a non-degenerate interpretation of
the soft exponential, i.e. one that is not isomorphic to Girard’s exponential. This

is illustrated in the category of Girard’s coherence spaces, the standard model of

! Abramsky gives the same formulas in unpublished work [2]. We were unaware of this work until
the referees of our paper directed us to it [39].

39
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linear logic. Finally, we explain why this interpretation does not suffice for a full

completeness result.

4.1 Multiplexor Categories

Here are the definitions:

Definition 4.1.1. A multiplezor category consists of a triple (C, !, {1tn }n>0), Where (i)
C =(C,®,-,1) is an autonomous category (=symmetric monoidal closed category)
with structure maps a, A, p and 7 (twist), (ii) ! = (!, be, bo) is a symmetric monoidal
endofunctor on C with C-maps by : !1A® !B — (A® B) and b : 1 — !1 (natural in

A and B), and (iii) for each natural number n,
Hn I— (_)n

is a monoidal natural transformation from ! to the n-fold tensor product functor,
called a multiplexor of rank n. Implicit here is the commutativity of a number of
diagrams. In particular, the definitions of symmetric monoidal functor and monoidal
natural transformation can be found in Chapter 2. E.g. in addition to naturality of

multiplexing, the following diagrams must commute:

A®IB—2-1(A® B) 1211
Mn@#nl l#n ” l/"‘"
A"® B —=~ (A® B)" 1—=1"

where = means the canonical isomorphism (see Chapter 2). Moreover, for each nat-

ural number n and permutation o in S(n), the following diagram commutes:

k& l&
An
where & : A™ — A™ is the corresponding canonical arrow. O

Not surprisingly, in the affine case, we need some additional diagrams to commute.

Here is the definition.
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Definition 4.1.2. An affine multiplexor category is a multiplexor category in which
the tensor unit is also a terminal object in the category. Moreover, for each natural

number n, we require that the following diagram commutes:

W

(7)

7N

An An+1
;@
A"®1
where w4 : A — 1 is the unique map to the terminal object 1. O

We have the following lemmas.

Lemma 4.1.3. Let C be an affine multiplezor category. Then for all natural numbers

0 < 5 <7< n, the follounng diagram commutes in C:

Ai
\ %@@ﬂ

AT @1V @ Al

(8)

Proof. We prove by induction on n —4 > 1. If n =i+ 1, then consider the following

i\ /l

A ATipleA A

Al
The outer path and right triangle commute by diagrams 6 and 7. And the two squares

diagram:

Hit1

commute by naturality of &, and by the coherence theorem for symmetric monoidal



CHAPTER 4. MULTIPLEXOR CATEGORIES 42

categories. It follows that the middle diamond commutes, proving the base case. Now

assume n — ¢ > 1 and consider the following diagram:

id@wn—1~ 1®1d _
1d®’w®1d

A"J@l““@Aﬂ A"'"J<§z>1<§z>,4J

\ AM ®id

Az‘—j ® ln—z ® A]
The bottom diamond commutes by naturality of the canonical isomorphism. The
upper right diamond is just the base case, and the upper left diamond commutes by

the induction hypothesis. Therefore the outer diamond commutes, which is what we
needed to show. O

Lemma 4.1.4. Let C be an affine multiplezor category. For any natural number n
and any two parallel arrows f,g : 1A — A™ using only multiplering and weakening,

we have f = g = p,.

Proof. By assumption, f and g must factor as in the outer paths in the following

diagram:
1A
i B
Al VY
id®wi—“®idl Hn lid@wf—"caid
An—k ® 1i—n ® Ak An—l ® 1j—n ® Al
A’n

By the previous lemma, both sides commute, hence f = g = p,. a
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Theorem 4.1.5. An (affine) multiplezor category provides a denotational semantics
for IMSLL (resp. IMSAL), in the sense that the interpretation of a proof is preserved

under the respective cut-elimination procedure.

Proof. We assume we have an environment p which assigns to each atom « an object of
the category C. Then any formula can be built up using the corresponding categorical
constructors —,® and ! on objects. A sequent I' = A,,..., A, is interpreted as
Al ®---® A, if ' # 0, and as the tensor unit 1 otherwise. Proofs are similarly
built up using the corresponding categorical constructors on morphisms and canonical

combinators as follows:

Logical Rule Uses in C
axiom identity morphism
exchange T
cut composition
—R curry(f)
—oL ev
®R tensor on morphisms
®L -
1R idy
1L P
R functoriality of !, by, by
IL Fin

Finally, it must be checked that the interpretation of a proof before each reduction
(cut-elimination) step is the same as the interpretation after (see appendix A for the
cut-elimination algorithm). The two non-standard cases are (i) 'R versus IR, and (ii)
IR versus !L. The first case is omitted, but uses only the fact that ! is a monoidal
functor. For the second case, it suffices to assume A = 0. Let I' = Ajy,..., Ag,
f:A® @A — A(f k=0, then I' is empty), and g : A” — C. Then the
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cut-elimination step translates to the following diagram in C:

14, @ - @Ay —2> (A1 @ -+ @ Ap) —L> 14
/.Lﬁ Hn Hn
A?@...@AZ__E;(AI(g...®Ak)n_i_>An_g_,C
where the top path corresponds to the interpretation of the proof before reduction, and
the bottom path corresponds to its interpretation after reduction. Both inside squares

commute for any k > 0, since multiplexing is a monoidal natural transformation,

therefore the entire diagram commutes and the interpretation is preserved. a

4.2 Multiplexor Functors and Transformations

Definition 4.2.1. A multiplezor functor (F, by, bo,c) : M — M’ consists of a sym-
metric monoidal functor (F, by, by) : M — M’ and for each object a in M a morphism:

c(a) : 1F(a) — F(la)

in M’ which is natural in a. Moreover, for each natural number n, the following

diagram must commute:
lF(a) —— F(la)
pn lF(#n)
F(a)* — F(a")
where b* is the canonical iterated application of by and by.

The composite of two multiplexor functors is a multiplexor functor.

Definition 4.2.2. A multiplezor natural transformationd : (F, by, by, c) — (G, ), b, d)
is a monoidal natural transformation 8 : (F, b, by) — (G, by, by) such that the follow-
ing diagram:

IF(a) —= F(la)

!eal l@gu

1G(a) =4~ G(la)
in M'.
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The composite of two multiplexor natural transformations is a multiplexor natural

transformation.

4.3 Product Formulas

Our first examples of multiplexor categories come from models of linear logic. Mul-
tiplexing is a derived rule in the multiplicative exponential fragment of intuitionistic

linear logic (IMELL) as the following derivation shows:
A |- An

LA®) |- An

IAF A"

In the above derivation, the first vertical dots represent n dereliction rule(s) (if n > 1),

and the second vertical dots represent either weakening (if n = 0) or n—1 contraction

rule(s) (if n > 0). Thus:
Lemma 4.3.1. A linear category (see [8]) is an example of a multiplezor category.

Proof. (sketch.) Diagram 6 (which is the outside path in the following diagram) in

Def. 4.1.1 commutes because the following diagram commutes in any linear category:

n
€A

!A——(—ijg(!A)”!—>A”

& &
dzlen[

(1A 2> An
for any permutation ¢ € S(n). The left triangle commutes by the commutative

comonoid structure of !4 in a linear category. The right square commutes by natu-

rality of &. O

Canonical interpretations of the soft exponential operator in IMSLL and IMSAL,
which already explain the absence of contraction and digging, is given by the product

formulas in the following two theorems (again, see footnote 1).



CHAPTER 4. MULTIPLEXOR CATEGORIES 46

Theorem 4.3.2. Let C be an autonomous category with countable products and equal-

izers of permutations (see below). Define:

A=T[SMA) =1xAX (AQ A) X (A®; A®s A) X -+ . 9)

where A ®; A is the following equalizer:
€2 _zi>
AR, A— AR A AQA
and where T is the twist map. The n-th symmetric power S™(A) is defined analogously

(as the equalizer of the set of permutations of n elements). Then (C,!) is a multiplezor

category.

Theorem 4.3.3. Let C be an autonomous category in which the tensor unit is termi-
nal and the following limit exists. Define A to be the (projective) limit of the following
diagram:

1A AQ A AQ A®, A+ - (10)

where for each natural number n, the map S*(A) «— S™*1(A) is the unique map using

the fact that 1 s terminal. Then (C,!) is an affine multiplexor category.

Proof. We shall prove in detail the first theorem; the proof of the second is similar.
We define multiplexing wu, to be the composite e, o p,, where p, is the canonical
projection onto S™(A). Then observe that the following diagram commutes in C:

14 —2rs An St gn

e P

AnLAn

for any natural number n and any permutation ¢ in S(n). Hence diagram 6 in Def.

4.1.1 commutes.
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Functoriality of I: Let f : A — A’ be any morphism in C. Then for any natural

number n and permutation ¢ in S(n), the following diagram commutes in C:

1A

The bottom square commutes by naturality of & and the outer and inner triangles
commute by diagram 6. Since a similar diagram commutes for each natural number n
and permutation o € S(n), there is a unique map !f : !A — A’, making the following

square commute in C:

A —Ls 1 ar
#nl l}*n
An _LAm

This argument constructs the arrow !f and shows that multiplexing is a natural
transformation. We leave it as an easy exercise to show that {(go f) =lgo!f and

lida = id,4, wherever the composite g o f is defined.

The map by: For each natural number n and permutation o in S(n) the following

diagram commutes:

A® B
Yn @fn !(A ® B)
(A® B)™ g
5@6

A" ® B™
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The bottom square commutes by the coherence theorem for symmetric monoidal
categories, and the outer and inner triangles by diagram 6. Therefore, there is a

unique map b : !4 ® !B — (A ® B) making the following square commute:

IA® !B —2> (A® B)

PnQun l l,u'n

A" @ B —2~ (A® B)

The map by: For each natural number n and permutation o in S(n) the following

o

The outer triangle commutes by the coherence theorem for symmetric monoidal cate-

diagram commutes:

gories, and the inner triangle commutes diagram 6. Therefore, there is a unique map

by : 1 — !1 making the following diagram commute:

1—2-11

o

1—1"

Therefore multiplexing is a monoidal natural transformation.



CHAPTER 4. MULTIPLEXOR CATEGORIES 49

Naturality of by: Let f: A — A’ in C and consider the following diagram:

Ar® Br—=> (A® B)"
Bn®pn pn
1A®!B—2>1(A® B)
e 1f&IB (/8B (f@B)"

1A' ® 1B —2>1(A' ® B)

Hn®fin Hn

A" @ B —~(4' @ B)*
Our goal is to show that the middle square commutes. Indeed, the surrounding four
squares commute because u, is a monoidal natural transformation (which we have
already shown). And the outer square commutes by naturality of the isomorphism.
Since this argument works for any natural number n, it follows by Prop. 2.3.2 (see
Chapter 2) that the middle square commutes. This proves naturality of by in A. A

similar argument shows that b, is natural in B.

Coherence with a: For diagram 2 in the definition of symmetric monoidal func-

tor (see Chapter 2) we must show that the middle square in the following diagram

commutes:
An®(B'n®Cn) a (An®Bn)®Cn
Wﬂn) (/—"nW
= !A®(!B®!C’)——°’—>(!A®!B)®!C =
1A®by bR!IC

A"® (Be O L2214 (B C) (A® B)®1C 22 (A@ By @ Cr

by bo
(A® (B®C)) —2~1((A®B)®C) £

Hn Hn

(A® (B® )"~ (A® B)® O)"
The surrounding six squares commute by naturality of a (top square) and the fact

that u, is a monoidal natural transformation. And the outer path commutes by the
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coherence theorem for symmetric monoidal categories. Since this argument works for

any natural number n, the middle square commutes by Prop. 2.3.2 (see Chapter 2).

Coherence with p and A: For diagrams 3 in the definition of symmetric monoidal

functor we consider the following diagrams:

P A

B"®1 B 1@ B" Br
Un®1 bn 1®un Bn
IB®1——1B 1®!B—2——1B
~ 1B®bo 1p o o bo®!B IA an
IBo!l—2>1(B®1) 11 ®!B—2>1(1® B)
Hn®Hn Hn pn®pn Hn
B"®1"—~ (B®1)" 1"® B"——>(1® B)"

The bottom and side squares in each diagram commute because w, is a monoidal
natural transformation. The top squares commute by naturality of p and A and the
outer squares commute by the coherence theorem for symmetric monoidal categories.
Since this argument works for any natural number n, the middle square in each

diagram commutes, again using Prop. 2.3.2 (see Chapter 2).

Coherence with 7: For diagram 4 in the definition of symmetric monoidal functor

we consider the following diagram:

A"® B —>Br g A"
Hn®ln Bn@pn
IAQ |\ B——IB®!A
o~ bo bo o
I(A® B) > (B ® A)
b tn

(A® B" —> (B® A)"

The bottom and side squares commute because u,, is a monoidal natural transforma-

tion. The top square commutes by naturality of 7 and the outer path commutes by
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the coherence theorem for symmetric monoidal categories. Since this argument works
for any natural number 7, the middle square commutes, again using Prop. 2.3.2 (see
Chapter 2).

This completes the proof for the first theorem. For the second, we need to consider,

in addition, the following diagram:

1A
S™(A) S™L(A)

€n l len+l
id®@w

A A1 pn

The arrow h is the unique map making the bottom square commute. Moreover, the
top triangle commutes by the structure of the limit diagram. Hence the outer diagram

commutes, as desired. a

4.4 Coherence Spaces

Many of the standard models of IMELL have sufficient limits for the product formula
to be applied. In many cases, this leads to a model in which the soft exponential has
a separate interpretation from the usual (IMELL) one. As a concrete example, we
shall use the product formula in the category of coherence spaces Coh, the standard
model of linear logic. Later, we shall see another example in an AJM-style game
semantics of IMELL.

Coherence Spaces

A coherence space is a pair X = (|X|,<x), where |X| is a set called the web of X,
and ©x C |X| x |X| is a binary, reflexive, symmetric relation. We write z <x y
or z < y mod X if (z,y) € ©x, and in this case we say that z and y are coherent.
Moreover, we write z ~x y if z ©x y and  # y (strict coherence). The complement

of the relation <y is strict incoherence -« x and its reflexive closure is the incoherence
X X
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relation <x. A clique of X is a subset ¢ of | X| whose elements are pairwise coherent.

A multiclique is a multiset whose underlying set is a clique.

Let X and Y be coherence spaces. We have the following constructions on coher-

ence spaces:
e negation: X+ = (|X|, =<x)
e tensor:

X®Y|=|X]|x Y]

(SE, y) XY (xla y/) iff r<x z’ and Yy y/
o with:

X &Y|=|X|+|V]={1} x |X|u {2} x |Y]
(1,.’13) Txey (1,:13’) iff rx x
(2,y) oxay (2,¥) ff yory

(L,z) cxey (2,y) forallz e|X|andy € |Y|

Then we set: X BY = (XYY, XY = (X &YH)tand X - Y =X+ RY.
It follows that | X — Y| =|X| x |Y| and:

(z,y) ~x—v (z,y) iff zox o' impliesy~yy
The category Coh is now described as follows:
e Objects: Coherence spaces
e Morphisms: A morphism from X to Y is a clique of X — Y.
e Composition: Usual relational composition.

With the constructions we have defined so far, the category Coh is a model of the
multiplicative additive fragment of classical linear logic, or in categorical terms Coh

is a *-autonomous category with finite products.
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Exponential Structure

If X is a coherence space, then the interpretation of the linear logic exponential !, is
defined as Iy, X = (M(|X|), =1, x) Where M;(|X]|) is the set of finite multicliques
on |X| and v <, x v iff u+ v (multiset union) is a multiclique. On the other
hand, using the product formula, we get a slightly different interpretation for the soft
exponential operator !g:
s X| = M (1X])
if [u] = |v| then u < x v iff u + v is a multiclique

u Srgx v for all w, v such that |u| # |v]

Consider the following relations:

1. functoriality: If f is a clique in X — Y, then !f : X —o 1Y is defined by:
U ={(lz1, - 2], y1, - 0l Vi, (2,05) € f and [z4,.. ., 2] € !X}

2. monoidality:

(a) {(([xl’""xn]7[y17"'iyn])7[<x1>yl)7"'>(mmyn)])| n € N) [‘Tla"'?xn] €
DXL v €Y X % )Y x (X ®Y)

(b) {(x, [nx])] n € N} C [1] x |11
3. contraction: {(u+ v, (u,v))|lu+v e |IX]} C \X|x (|!X]| x |'X|)
4. digging: {(ur+ - +un, [ug, ..., up))| m € Nyur+- - +u, € |IX]|} C 1 X|x|I1X|

5. multiplezing (of rank n): {([z1,...,Zal, (21, ,Za))| [21,..-,2a] € |IX|} C
1X| x |X™|. In particular if n =0, we have {([],*)} C |'X| x [1]

All of the above relations are cliques if ! = 177, however contraction and digging are
not if ! = !5. To see that contraction is not a clique when ! = lg, let u, v/, v,v" € |LX|
be such that u «x v/, [u| = [«/|, v =[], and v # v. Then u+v ~ x v + v
since |u +v| = |u| < |ul + V| = |v/ + '], but (u,v) “1gxesx (w,v). Therefore
contraction is not valid in (Coh, !g), and we have a model specific to soft linear logic.

The argument for digging is similar.
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Failure of Completeness

Next consider the following relation:

{([xlayla .. '793n7yn]7 [(33173/1)7 teey (xmyn)])l n e N, [xlayh s 7xn7yn] € ||X|}
C X x (X ® X)|

The above relation is a clique under both interpretations, however the formula lao —o
'{a ® @) is not provable in soft linear logic, for any atom «. In fact, it is easy to see
that there will always be a canonical morphism !4 — (A ® A) in any category in
which we apply the product formula interpretation of !. Therefore, this interpretation,
though natural, is not good enough to obtain a completeness theorem. In the next
chapter, we shall introduce a different method for constructing models of soft linear
logic. This will lead to more refined models, and ultimately to a full completeness

theorem.



Chapter 5

The S5-Construction

Motivated by notions in complexity theory we introduce a finitary version of intuition-
istic soft linear logic ISLL; together with its corresponding categorical interpretation
called a finitary multiplexor category. ISLLy is obtained by replacing the soft ex-
ponential operator ! by an N-indexed family of operators ly, 11,15, ..., together with
corresponding bounded exponential logical rules. We’ll see that a multiplexor cat-
egory with exponential ! is trivially a finitary one by interpreting !, as !, for each
natural number n. Our concern in this chapter will be with the reverse direction. We
give a categorical method for constructing a multiplexor category C*® from a finitary
one C, called the S-construction. The S-construction (and its variants) will be used
repeatedly in this thesis to construct more refined models of soft linear logic. These
models lead to a stratified view of soft linear logic, in which a proof in IMSLL of rank
n is thought of as an infinite family of proofs in ISLL; starting at level n.

Given a proof 7 in ISLL, we can calculate its rank n (i.e. the maximal rank of
multiplexors in 7) and associate to it a corresponding indexed proof m, in ISLLy.
Moreover, a semantics F' : ISLLy — C can be lifted to a semantics F** : ISLL — C*

making the following diagram commute:

7 € ISLL +——m, € ISLL;

FsI | Ik

n*ecﬂ—”——ﬁm’;ec

55
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where |, denotes the restriction of an arrow in C* to its lowest level. We may even
ask that for all f € C°, if f|, = F(m,) € C for some ISLL; proof m,, then f = F‘(w),
where 7 is the corresponding proof in ISLL obtained by forgetting the indices in m,.
This last condition is a type of relative completeness® result, since the fullness of the
functor F' implies the fullness of the functor F°. These ideas will be elaborated on in

this chapter.

5.1 Finitary Soft Linear Logic

Before introducing the construction, we first introduce a finitary version of soft linear
logic (ISLLs) with bounded multiplexing by replacing the soft exponential opera-
tor ! with an N-indexed family of operators Yo, !1,1s, ..., together with the following
exponential rules:

T'HA T,A™ +C
ITFLA  T,hwdAFC

where w, n range over natural numbers. Intuitively, !, A4 is “cashable” for no more than
n copies of datum A. This should remind the reader of the bounded reuse operators
!, of BLL with exponential rules:
r-c LARC LA LARC I =A
ry,AEC LA RC [ tytwA E C legrwl F 1gA

where z, y, w range over natural numbers [20]. Observe that in the latter system, the
formula !,,,,A — 1, A®!,, A is derivable; however in ISLL; it is not. In fact, we shall

see models of ISLL; which invalidate this formula.
Lemma 5.1.1. ISLLy satisfies cut elimination.

The proof of this lemma is similar to the one for ISLL and is omitted. Observe that

there is an obvious translation into ISLL which forgets the indices on the exponentials.

1At the time of writing, I am not sure of the relationship to Laurent and Tortora de Falco’s
notion of relative completeness in [30]. This has to be investigated further.
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Finitary Multiplexor Categories

The categorical semantics developed for ISLL generalizes to the finitary case as fol-

lows.

Definition 5.1.2. A finitary multiplexor category consists of a triple of the form
(C, {": }iz0, {Hin tizn>0), where C = (C,®,—o,1) is a symmetric monoidal closed cat-
egory, ;i = (1, bos, bo;) is a symmetric monoidal endofunctor on C for each natural

number ¢, and for each pair of natural numbers : > n > 0,

is a monoidal natural transformation from !; to the n-fold tensor product functor,
called a multiplexor of rank (i,n). Moreover, we ask that for each pair of natural

numbers 7 > n > 0, the following diagram commutes:

LA gn (11)

RN

An
for each permutation ¢ in S,.

Definition 5.1.3. An affine finitary multiplexor category is a finitary multiplexor
category in which (i) the tensor unit 1 is terminal, and (ii) for all ¢ > n + 1, the

following diagram commutes:

LA
SN
An An+1
Ar

‘@

®1

where wy : A — 1 is the unique map to the terminal object 1.
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Example: Rel;

Any symmetric monoidal closed category with sufficient limits has a canonical struc-
ture of a finitary multiplexor category (and an affine one if the tensor unit is terminal)
using the analogous product formulas introduced in the previous chapter. Another
example is given as follows.

Let Rels be the full subcategory of Rel of all finite sets and relations with
monoidal structure given by cartesian product x with unit {x}, any one point set.
For each natural number n, we define !, A to be the set of all finite multisets of ele-
ments A with cardinality at most n. For any natural number n, we have the following

relations which are needed for modeling the exponentials in ISLL;:

o functoriality: if x C A x B, then L,z = {[ay,...,ax],[b1,...,bx]] E<n A V1L
it < k.a,b)exz} ClLAx B

o multi-functoriality a): {(([a1, .., ax],[b1,---, b)), [(a1,b1), .. ., (ax, b)])| k < n} C
(A x 1,B) x I,(A x B)

o multi-functoriality b): {(*,[k*])| k <n} C1x!,1

o multiplezing of rank (n,k): {(la1,...,ax], (a1,-..,ax))} C 1,4 x A*. In partic-
ular, if £ =0, {([J,*»)} C A X 1.

One can now check that Rely with these relations form a finitary multiplexor category.

For example, let us check that

2,2

hA—>A® A

,
o

ARA

commutes in Rel;. In this case, we have ugoo = {([a1, a2], (a1, a2))| a1,a0 € A} C
1A x A? and 7 = {((a1, ap), (a,@))| a1,y € A} C A? x A% Then it is easy to see
that 7 o g2 = {([az, a1, (a1,02))| a1,a2 € A} C lgA x A% Therefore pss = 70 oo
since multisets are not ordered. The remaining details are omitted, but are similarly

straightforward to check.
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5.2 The S-Construction

Note that a multiplexor category is trivially a finitary multiplexor category in which
we set !, := ! for each natural number n. In this section, we are interested in
the reverse direction. We give a categorical construction for extending a finitary
multiplexor category C to a fully-fledged multiplexor category C*2. In this context,
the category C will be called the base category.

The category C* is described as follows:

e Objects: Objects are sequences of C-objects indexed by N. Notation: A =
(A;) = (Ao, Ay, Ag, .. ).

e Morphisms: A morphism from (4;) to (B;) is an equivalence class of sequences
(k: f;) = (k: fe, fes1,- .. ), Where k is a natural number and for each ¢ > k,
fi © A; — B; in C. We say two sequences (k : f;) and (k' : f]) are equivalent
if there exists a natural number m > k, %" such that for all > m, f; = f/ in
C. We shall abuse the notation and denote an equivalence class by one of its

representatives.

e Composition: Let f = (m, f;) : A — B and g = (k,¢;) : B — C be morphisms.
We define composition by fo g = (max{k,m} : fiog) : A — C. Itis
easy to verify that this definition is well-defined: if (m’ : f]) ~ (m : f;) and
(', g;) ~ (k : g;), then there exist natural numbers n; and ny such that for all
i > max(n1,ng), fi = fj and g; = g; and fiog; = fjog;. Therefore fog~ f'og’,
as claimed. The identity on (4;) is (0 : id4,).

Associativity and the unit laws follow by the corresponding diagrams in the base
category C. Therefore C*® is a category. There is an obvious embedding J : C — C?

defined by:
A — (4,44, .)
fo= (0:F)

which preserves all the structure, as we shall see. We will show:

2As far as I can tell this is not an adjunction.



CHAPTER 5. THE S-CONSTRUCTION 60

Proposition 5.2.1. C® is a multiplexor category which inherits the monoidal structure

of the base category C. Moreover, if C is finitely complete or affine then so is C°.

Tensor

Let A = (A;) and B = (B;) be two objects in C°. We define their tensor product
A ® B componentwise by (A; ® B;) and the tensor unit by J(1) = (1,1,...), where
1 is the tensor unit in C. Observe that if 1 is terminal in C, then J(1) is terminal
inC. Iff=(m:f;):A—>Candg=(k:g): B — D are morphisms in C°, we
define f®g: A® B — C® D by (max(k,m), fi ® g;). Again, it is straightforward to
check that this definition is well-defined. The structure maps are given by sequences
of the corresponding structure maps in the base category C. Finally, the coherence
diagrams follow by the corresponding commuting diagrams in C. Therefore, C° is a

symmetric monoidal category.

Linear Implication

Let A = (A;) and B = (B;) be two objects in C°. We define a linear implication
object A — B componentwise by (A; — B;). The evaluation map ev is defined as
(0:evy): (A — B;)® A;) — (B;), where ev; is the corresponding evaluation map in
C. Given any morphism f = (k: f;) : (X; ® A;) — (B;), we have a morphism defined
by f = (k: fi): (X;) = (Ai — B;), where for each i > k, f; is the unique map in
C such that ev; o ( fi ®1idy4,) = fi. (Note that the assignment f — f is well-defined.)
Then
evo (f®Rids) = (k:evio(fi®ida))=(k: f)=f

Finally, if g = (m : g;) satisfies
evo(g®ida)=(m:ev;0(9:®1idy,))=(k: fi)=Ff

then there exists a natural number n > k,m such that for all ¢ > n, ev;0 (¢ ®
id4,) = fi, and so g; = f, by the uniqueness of the ]Aﬁ in the base category C. Hence
g= f , establishing the uniqueness of f . Therefore C® is a symmetric monoidal closed

category.
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Binary Products

Suppose that the base category has binary products, and let A = (A;) and B = (B;)
be a pair of objects in C°. For each level i > 0, the product A; x B; exists in C and
comes equipped with projection maps p} : A; x B; — A; and p? : A; x B; — B;. We
therefore define the product in C° by A X B = (A; x B;) together with the projection
morphisms p! = (0:p}) : Ax B— Aand p*> = (0:p?) : Ax B — B. Let C = (C))
be an object, and f = (k, f;) : C — A and g = (n,¢;) : C — B be morphisms in C°.
Then for all ¢ > max(k, n), there exists a unique C-map h; : C; — A; X B; such that
p; o h; = f; and p? o h; = g;. Then the morphism h = (max(k,n) : h;) : C — Ax B
is such that pl o h = f and p? o h = g in C*. Finally, if ¥’ = ([,h}) : C — Ax B
is such that p' o 2/ = f and p? o A’ = ¢ in C°, then there exists a natural number
m > max(k, n,!) such that for all i > m, pl o b} = f; and p2 o b = g;, and so h} = h;
by uniqueness of A; in C. Therefore, A’ = h in C° and C° has binary products. More
generally, one can show that C® is finitely complete if C is. However, we conjecture

that the analogous result for infinite limits is not in general true.

Soft Exponential

The soft exponential operator is defined as follows:

'(Al) = (!()Ao, !1A1, !QAQ, e )
Wk:fi) = (k:%Wf)

This definition is indeed functorial as lid4 = 1(0 : id4) = (0 : Liid4) = (0 : id,4) = idis
and Ifolg =Wk : fi)ol(m: g) = (k:Y4if)o(m: Lig)= (max(k,m),lifiolg) =
(max(k, m),:(fi 0 ¢:)) = Wmax(k,m), fi 0 g;) = !(f o g). Moreover, we have the
following maps: (i) The map bp : (1) — (!;1) is defined as (0 : by ), where by; : 1 — 1,1
is the corresponding map in C; (ii) The map by : (1, A:®1:B;) — (L (A:® B;)) is defined
as (0 : by;), where by; : ;A;®1;B; — 1;(4;®B;) is the corresponding map in C, and (iii)
for each natural number n, multiplexing u, : (1;4;) — (A;)" is defined as (n : w;,),

where p;n @ 3 4; — A} is the corresponding map in C. Multiplexing is a natural
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transformation because for any f = (k: f;) : (Ai) — (B;), we have

pnolf = (n:pin)o(k:lif)
= (max(n, k) : tin 0 ifi)
= (max(n,k): f7' o pin)
= (k:f)e(n: pin)
= fopn

Finally, the commutativity of the coherence diagrams is immediate by the corre-
sponding diagrams in the base category together with the equivalence relation on

morphisms. Therefore C® is a multiplexor category.

Uniformity

Recall in theory of circuit families a uniformity condition is added which intuitively
means that circuits at different levels represent the same algorithm. So far, the levels
in the S-construction are completely independent. We would like to fix this by placing
restrictions on morphisms to achieve some level of dependence. We shall call any such
restriction a uniformity condition. The uniformity condition(s) we put on morphisms
will in general depend on the chosen base category C. For example, recall the category
Rel; of finite sets and relations which we showed to be a finitary multiplexor category,

and consider the subcategory of Rel} consisting of nested relations:
(n:iz)) =2 C Tpy1 S Tnga C -

Observe that nested relations are preserved under composition and each of the con-
structors ®,—o, &,!. Moreover, one can check that the interpretation of any ISLL
proof is nested. Therefore we obtain a more refined model by restricting to the
subcategory of Rel} consisting of nested relations. We shall see other uniformity
conditions in the models that we introduce later. In each case, we seek a (natural)
semantic condition which ensures that morphisms at different levels are closely re-
lated. Ideally, the uniformity condition(s) should be strong enough to give relative

completeness.
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5.3 A Variant of the S-Construction

In this section, we shall investigate an important class of models in which the base
category is either Set-like or Rel-like in a way to be made precise shortly. For this
restricted class of finitary multiplexor categories, the S-construction can be simplified
and this leads to a large class of models, including one which has recently appeared
in the literature [30].

Set-like models

Recall the simple set-theoretic interpretation of linear logic which is defined on objects
by (A — B). = A, = B, (A® B). = (A& B). = A. X By, (1A). = A, and
1, = {*}. Suppose we have a finitary multiplexor category C together with a forgetful
(or faithful) functor U : C — Set, which preserves the structure strictly. If A is an
object in C, we write U(4) = |A|. Then |4 — B| = |B|4, |A® B| = |A& B| =
|A] x |B|, |'\"A| = |A|, and |1] = {%}, and similarly for morphisms. In this case, the

S-construction can be simplified and the category C* is described as follows:

e Objects: Objects are sequences of C-objects indexed by N (notation: (4;) =
(Ao, A1, As, . ..)) with constant underlying set |A|

e Morphisms: A morphism from (4;) to (B;) is a function f from [A[ to | B[ such
that there exists some n € N with for any ¢ > n, f is a morphism from A; to
Bz‘ in C

e Composition: Usual composition of functions.

Observe that we no longer need to explicitly track the index n in the morphisms, and
an equivalence relation on sequences is not necessary either. The constructions we
defined before (i.e. tensor, product, linear implication, soft exponential) carry over
to this setting, and we again have that C° is a multiplexor category. Moreover, as a
uniformity condition on morphisms f, we may ask that for all natural numbers n: if
f is a morphism at level n then this implies that f is a morphism at level n + 1. For
an example of this type of model, we refer the reader to the realizability model for

ISAL, we construct in the next chapter.
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Rel-like models

Recall the relational interpretation of linear logic which is defined on objects by
(A — B), = (A®B). = A.XB., (A&B), = A,+B, (disjoint union), (1A), = Ms(A.)
(the set of finite multisets of elements of A,) and 1, = {x}. Suppose we have a finitary
multiplexor category C together with a forgetful (or faithful) functor U : C — Rel,
which preserves the structure strictly. If A is an object in C, we write U(A) = |A].
Then |[A — B| = |[A® B| = |A| x |B|, |[A& B| = |A| + |B| |ln4] = M{(|A]),
and |1| = {x}, and similarly for morphisms. In this case, the S-construction can be

simplified and the category C° is described as follows:

e Objects: Objects are sequences of C-objects indexed by N (notation: (A4;) =
(Ag, Ay, A, ...)) with constant underlying set |A]

e Morphisms: A morphism from (A4;) to (B;) is a relation f on |A| x |B| such
that there exists some n € N with for any ¢ > n, f is a morphism from A4; to
Bi inC

e Composition: Usual relational composition of sets.

Again, observe that we no longer need to explicitly track the index n in the morphisms,
and an equivalence relation on sequences is not necessary either. The constructions
we defined before (i.e. tensor, product, linear implication, soft exponential) carry
over to this setting, and we again have that C® is a multiplexor category. Moreover,
as a uniformity condition on morphisms f, we may ask that for all natural numbers
n: if f is a morphism at level n then this implies that f is a morphism at level n+ 1.
We shall present a nice example of this type of model, independently discovered by

Olivier Laurent and Lorenzo Tortora de Falco [30], in the next section.

Relative Completeness

There is another desirable property which is shared by both the Set-like and Rel-
like models discussed above and it is this: for all f € C*, if there exists a level n

(i.e. natural number) such that f = F(m,) (i.e. f is the denotation of a proof 7, in
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ISLLy), then f = F*(w}), where 7 is the corresponding proof in ISLL. Consequently,
if ISLLy is fully-complete with interpretation functor F', then ISLL is fully-complete
with interpretation functor F'°. We shall call this property relative completeness. It

will be important when we prove full-completeness for IMSAL.

5.4 Obsessional Cliques

As an example of a Rel-like model, we describe in this section a model recently pro-
posed by Oliver Laurent and Lorenzo Tortora de Falco in [30]. The two relevant
categories described in that paper are (i) ORel, a relational model of so-called 0b-
sessional cliques, and (ii) SRel, a stratified version of the latter. It turns out that
this is an instance of the variant of the S-construction described above, i.e. ORel is
a finitary multiplexor category and SRel = ORel’, but this was not known to the
authors at the time. Therefore our methods provide an alternative description of this

model.

The Category ORel

Recall the category Rel of sets and relations with monoidal and exponential structure
described in the previous section. Following [30], we shall call cliques of a set A the
subsets of A, in the spirit of coherence spaces. The category ORel is described as

follows:

e Objects: N-sets. (A N-set is given by a set A together with a monoid action
(k,a) — a® from N* x A to A%)

e Morphisms: A morphism from (A4,-0)) to (B,.-0) is a relation (clique) R C

A x B which preserves the action, i.e.
Vk € N*,Y(a,b) € R.(a®),b®) € R

Such a relation is called an obsessional cligue.

3In other words, a® = a and ak¥) = (a(*))(),
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e Composition: usual relational composition.

The monoidal structure is inherited from Rel with pointwise action on A x B and the
only possible action on 1 = {x}. If ¢ € N, we define ;A as the N-set with underlying
set M(A) and the action on l;A is given by:

k k .
a 0¥ = [0, .., e if n<t
1’ sy Un
kal®, ..., kagc)] if n>t
where ka is short for a,...,a (k times). It turns out that ORel is a finitary mul-

tiplexor category and the forgetful functor U/ : ORel — Rel preserve the structure
strictly, hence we can apply the S-construction. An interesting observation is that
bounded contraction (cf. the BLL-like exponential rules at the beginning of this chap-
ter) can be refuted in this model. (Also observe that there are no maps ;A — ;A

for i > j.)

The Category SRel

The category SRel is described as follows:

e Objects: an object is a set A with a family of actions indexed by N giving it

N-set structures (A, )nen

e Morphisms: a morphism from (A4,)nen t0 (Bp)ren is a relation (clique) R C
A x B such that there exists some ¢t € N with for any n > ¢, R is an obsessional

clique of A4,, X B,.
o Composition: usual relational composition.

There is an embedding J : ORel — SRel defined on objects by |J(A)| = |4]
and choosing all the actions of the family to be the action of A. In a similar way,
constructions on objects in ORel can be turned into constructions on objects of SRel

by applying them for each level n. As a specific construction, we define:

! (An)nEN - (!nAn)neN
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In conclusion, SRel is a multiplexor category, and can be viewed as the category
obtained by applying the S-construction to the base category ORel. As remarked in
[30], one could use the category Coh in place of Rel also.

5.5 The S-Construction Revisited

Let C be a category. Let Ob(C) be the category defined as follows*:
e Objects: the objects of C.
o Arrows: hom(a,b) = {x}. (hence all objects are isomorphic)

Now define the following collection of functors:

F o JJe—obe)x]]c

>0 >0
F, : 0b(C) x [[¢—on(c) x0be) x [ ¢
20 >0
Fy
defined by
E(a07a1;a2: . ) = (ao,al,az, .- )

4

Fi(*)"'J*afi—lvfi)fi+17"') = (*7"’7*7fi7fi+17-")
i—1

Now consider the following sequence of categories and functors:

[Tc -2 obc) < [T ¢ 2 ob(e) x ob(e) x [ ¢ =

i>0 >0 i>0

Theorem 5.5.1. C° is a colimit of the above sequence.

Proof. The injections Iy, I1, ... are defined by the identity on objects and on arrows:

L‘(*, coonx, fiy fin, ) = [(l : fz)]

i

4This is also known as the “chaotic” category of C
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The fact that, for each i, I;.; o F;;; = I; follows by the equivalence relation on
sequences of arrows in the S-construction.
Now suppose we have another category P and injections Jy, Ji, ... such that, for

each 1, J;41 0 Fi41 = J;. Then we define a unique functor H : C* — P as follows:
H(ao,al,...) = Jo(ao,al,...)
H([(@: f)]) = H(Ii(*)".':*afi;fi-i-l,-"))

Ji(*: : '.')*,fhfi-i-l) v ))

k3

This is well-defined because if (J; f;) ~ (3; f;), Where k > 4, j is the index after which

the terms are equal, then:

H([(lfz)]) = Ji(*,---,*,fi,fi+1,---)

= Jka"'-Fi+1(*"'-)*af’i,fi+1"")

Il

= Je( %, fiy frrns o)
k
= Jka'"F‘j+1(*7""7*7fj)fj+17'")

M
= Jj(u7 fj: fj+1, .. )
J

= H(((G: )]
Next we should check that H is a functor (w.l.o.g. suppose j > i):

H([(z: fi)lo[(G : 95))) H([(7: f095)))
= Ji(*,...,% fj00; fi+108541,...)

J
= Jj(*)"')*;fj)fj-}-l)"')oJj(*)"')*).gj)gj-{—l)"’)
J J
= Jijj"'F1i+1(*7".'7*)fi7fi+11"')OJj(*)".'7*)gj)gj+1)"'>
? J
= Ji(*;~~-,*7fi;fi+17~~-)0Jj(*,---,*>gj,gj+1,---)

I

j

= H([(: fi)]) o H([(F : 9)))
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H({(i:idy,))) = ik, % idg,,ida,,,.-.)

= idJi(ao,al,n-)
= djyaa,..)

= idH(aga1,..)
This completes the proof. O

In particular, we have:

homes ((a;), (b;)) = lim | | home(ay, b;)

-
n i>n



Chapter 6

A Realizability Model for ISALs-

In this chapter, we give a realizability model of ISAL; using the S-construction of the
previous chapter!. The resulting categorical model is similar to the one for BLL in
[25]. The main result is a new proof that all polynomial time algorithms representable
in ISLL, (with the original encoding by Lafont in [28]) are polytime. This result
follows by the soundness of the interpretation. It would be interesting to compare

this approach to recent work done in [15].

6.1 Preliminaries

An untyped lambda term is affine linear (or simply linear) if each variable, free or
bound, appears at most once up to a-congruence. E.g. Az.z, Az.y, (Az.z)(Az.y)
are linear; the term Az.xz is not. Observe that any affine linear term ¢ is strongly
normalizable in less than |t| steps where |¢| is the size of the term, because contracting
a redex strictly reduces the size of a term. The runtime of the computation leading
to the normal form is therefore O(|t|>). We will henceforth use the expression affine
lambda term for an untyped affine lambda term which is in normal form. If s,¢ are

affine linear lambda terms then their application st is defined as the normal form

!Rather than construct a base category of realizability sets with binary relations (on Aq x |4])
first, and then perform the S-construction on top of that, we combine the two steps by considering
realizability sets with ternary relations (on N x A, x |A]).

70
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of the lambda term st. Observe that the application st can be computed in time
O((Is| + [¢[)?). We shall write A, for the set of closed affine lambda terms.

6.2 A Realizability Category 5°

The category B° is described as follows:

e Objects: A realizability set is a pair (|A[,IF4), where |A]| is a set and IF4 is a
ternary relation IF4C N x A, % |A].

o Morphisms: A morphism from (|Al,IF4) to (|B|,IFp) is a function f : |A] — |B|
such that there exists a natural number N and a sequence of terms {e; };>n (in
A,) such that:

iwtlF4a  implies i,eit kg f(a)
forallt € A, and a € |A| and 7 > N. In this case we say that {e;};>n witnesses
or realizes the function f. Moreover, we require that there exists a polynomial

p(i) (over N) such that |e;| < p(7) for all ¢ > N. We call p(i) a bounding

polynomial.
e Composition: Usual function composition.

The identity morphism on A = (|A|,IF4) is the identity function on |A| witnessed
by terms {Au.u};>o and bounded by a constant. Given morphisms f : (JA|,lIk4) —
(1B|,IFg) and g : (|B]|,IFB) — (|C|,IF¢) witnessed by {e;}i>n, and {e}i>n,, and
bounded by polynomials p(i) and g(3), respectively, the composite function gf may
be witnessed by {z.€}(€;2) }i>max(n,Nz) and bounded by the polynomial p(4)+q(i)+c,

where c is a constant. The resulting category we denote as B°.

Tensor

Let A = (|A],IF4) and B = (|B|,IFg5) be realizability sets. Their tensor product is
defined as A ® B = (|A| x |B|,Faep), Where

1,t 408 (CL, b) iff t =Ttity, where 4,t1lFqga and i,tyl-gb
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where T' = Azyf.fzy. For morphisms f witnessed by {d;}:>n, and bounded by p(i),
and g witnessed by {e; };>n, and bounded by ¢(%), the function f x g can be witnessed
by the sequence of terms {Ap.p(Mita. T'(dit1)(eita))}i>max(Ny,N:) and is bounded by
the polynomial p(¢) + ¢(¢) + ¢, where ¢ is a constant. The tensor unit is defined as
1 = ({*},IF1) such that i, Az.z Iy * for all natural numbers %, which is also a terminal
object. Then:

e Associativity (a, (b, c)) — ((a,b), ¢) is realized by {\p.p(Azv.v(A\yz.T (Tzy)z))}iso-
The inverse ((a, b), c)) — (a, (b, c)) is realized by {A\p.p(Azv.z(Ayz.T(yT (2v)))) }iso-

e The structural map (*,b) — b is realized by the terms {Ap.p(Azy.y)}i>o. The
inverse map is realized by {Az.T(Au.u)z};>0. And similarly for the structural

map (a,*) — a.

o Symmetry (a,b) — (b,a) is realized by {\p.p(Azy.Tyz)}i>0. The same witness

for the inverse.

All of the above are bounded by constant polynomials and so they are realizability
morphisms. Note that the coherence diagrams are immediate by the corresponding
diagrams of underlying functions and sets. Therefore B® is a symmetric monoidal

category.

Linear Implication

Let A = (|A|,IF4) and B = (|B|,IF5) be realizability sets. We define a linear function
object A — B = (|A| = |B|,Fa—p) where

t,elbaop f iff whenever i,¢l4 a then ¢ ettp fla)

The evaluation map (f,a) — f(a) is realized by { z.z(Azy.zy)}i>0 and is bounded
by a constant. If f : C ® A — B is witnessed by {e;};>y and bounded by poly-
nomial p(¢), then A(f) : C — A — B given by A(f)(c)(a) = f(c,a) is witnessed
by {Auv.e;(Ak.kuv)}i>n and bounded by polynomial p(i) 4 ¢, where ¢ is a constant.

Therefore B° is a symmetric monoidal closed category.
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Binary Products

The category B° has cartesian products given by A x B = (|A| x |B|,-axp) where
i,elFaxp (a,b) iff  d,ettl4a and i,efflFgd

Projections A x B — A and A x B — B are realized by {Ae.ett};>o and {)e.eff };>,
respectively, and bounded by constant polynomials. If f: C —- Aandg:C —» B
are realized by {d;}i>n, and {e;}i>n, and bounded by p(%) and (%), respectively, then
the function (f,g) : C — A x B defined by (f,9)(c) = (f(c), g(c)) is realized by
{Azt.(Dtdie;)x}i>max(ni,ng), Where D is the combinator Atzy.tzy. This is bounded by
a polynomial in O(p(z) + q(2)).

Soft Exponential

Let A = (|A],IF4) be a realizability set. We define the soft exponential as A =
(1A, F14), where

i, tlhga iff t=MAf ftity...t; where Vje{l,...,i}.i,tj”—Aa

This extends to a functor. Let f be a morphism of realizability sets witnessed by
{ei}i>n and bounded by polynomial p(i). We define !f = f, as functions. This can

be witnessed by the following terms:
{)\p.p()\:z:lxg e xif.f(eiml)(eixg) e (Cixi))}izN

which are bounded by the polynomial ip(i) +- 2i + ¢, where c is a constant. (Note that
this is our most “expensive” definition.)

Moreover, we have:
e The map by : 1 — !1 (% — #) can be witnessed by the terms {\zf.fI* 1z};5,.

e The map by : !A® !B — [(A® B) ((a,b) — (a,b)) can be witnessed by the

terms:

Do pQuvau(Azy . ..oy - Y f f(Tzyn) - (Tziyi)))) baso
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e For each n > 2, multiplexing m,(A) : 14 — A" is defined by m,(4)(a) =
(a,...,a), and can be realized by the following terms:

n times

{Ppp(Azy ...z T( - (T(Tz122)23) « -+ )Zn) boon

e For n = 1, multiplexing m;(A4) : !A — A is defined by m;(A)(a) = a and can
be witnessed by {\p.p(Az1 ... Zk.21) be>1.

e For n = 0, multiplexing mq(A4) : A — 1 is the unique map to the one point set

{*} which can be witnessed by the terms {A\p.p(Az1...Zk.I)}r>0.

Each of the above can be bounded by a linear polynomial and so is a realizability mor-
phism. Moreover, all of the coherence diagrams hold by the corresponding diagrams

of sets and functions. All together, we have:

Proposition 6.2.1. B® is an affine multiplezor category.

6.3 Interpretation of ISAL,

Following [25] we shall assume that our ambient set theory is constructive, so that
we have a set of sets U containing the natural numbers N, closed under product,
function space, and U-indexed products. This allows one to interpret types as sets
in the following way: given a formula A and an environment p which assigns sets to
all free second-order variables occurring in A, we obtain a set-theoretic interpretation
[[A]]f“ as follows. We assume without loss of generality that all bound variables in A
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and in p are distinct from each other.

[o]7* = p(a)
[4®BI* = [A]S* x [BJS
[ACBIS* = [AL3* x [BJS"
IIA—OB]]fet — [IAﬂgetél[B]]get

[ = {+}

[[!A]]Set — [[A]]i'et

P
VoAl = J]IAS-q
ceU
To every proof 7 of a sequent Ay, ..., A, b B and environment p, we can assign a set

theoretic function
715 : [A1® - - ® Au]5¢ — [B]5*

by induction on derivations, in the obvious way. For universal application, the fol-

lowing lemma is useful and is proved by structural induction.

Lemma 6.3.1. Let A be a ISALy formula possibly containing the (free) second-order
variable o.. Let B be another ISAL, formula. Then:

[AB/o2* = [Al 55

Proof. A few of the cases are as follows:
Case 1. Variable A = a:

[AB/allS* = [o[B/o)lS*
= [BI"

= plo— [BI3*](a)

il

S
| AT e
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Case 2. Variable A = 3 +# a:

[AB/al;* = [B(B/a]];
= [
= p(B)
= pla— [BI5#(8)
1Bl tm15e

Case 3. Universal quantification:

[(V8.A)[B/oJI5* = [VB.A[B/a]]S*
= [[IAB/dI-q

CeU

= A Set et
CI;!J[[ ]]p[l@HC,aH[[B]lf[ﬁHC]]

= [VBALSE im1se
O

Let A be a ISAL, formula and p be an environment which assigns a realizability
set to each free second-order variable occurring in A. If C' is a realizability set, we
shall write |p| for the mapping a — |C|. By induction on A we define a realizability
set [A]Z" such that

AT = [ADG

ol

The defining clauses are as follows:
[e]y” = pe)
[A® B]Z = [A]Y @ [BlY
8 BS 8
[A&Bly" = [Al *[BI;
[A— Bl = [Al] — [BI;
[ = ({x}1h)
[Aly = AL
Ve dly = (IT1A e Fiva ae)

ceU
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where

ity ae f i VCEU ity fo

-
Again, for universal application, we use the following lemma which can be proved by

structural induction.

Lemma 6.3.2. Let A be a ISAL; formula possibly containing the (free) second-order
variable a. Let B be another ISALy formula. Then:

[AIB/a]; = [Aljar imz)

Proof. The proof is similar to the proof of the previous lemma. We give here only
one non-trivial case.

Universal quantification;

(1,8, f) € Wwp.aypragpes i (58, f) € IFpyp.ai/apze
iff VC € U. (i,t, fo) € e

{8\ [BIB
it (3,2, f) € lFpyp.apee

BS
p(B—C]

plomc))
ola—[BI5°]

The following theorem is the main result of this section.

Theorem 6.3.3. (Soundness). Let 7 be a proof of a sequent Ay,...,A, F B in
ISAL,. Let p be an environment binding all second-order free variables in the sequent.

Then the set-theoretic function

iR v o0 Al — BT
is a morphism of realizability sets from [A; ® --- ® A,]5 to [B]Z".

Proof. By induction on ISAL, derivations. For universal abstraction: by induction,

we have for each C € U, a function:

fC : [Al ®---® An]]iiﬁa-—»c*] - [[BIliJTfaHC]
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Since « is not free in I, for each C € U, we have a function:
fo: [A1® - ® Aulii = [Bliffacy
and hence a function:
fila® @ At = [T [Blifa
cev
This is a realizability morphism: By induction, there is a sequence of terms {e;}:>n
that witness f¢, for all C € U. We claim that this sequence of realizers also witnesses
/. Indeed, let ¢ > N and 1,t¢ “‘[[A1®~-®An]|g’ a. Then for all C € U, 4,e;t H—IIBIIB[S a
plo—

fc((l), hence (A ”_l[Va.B]]gs f(a)

For universal application, we need a realizability morphism [Vo. A]%* — [A[B/a]]5".
By the above lemmas, this is the same as demanding a realizability there be a mor-
phism [Va.A]5" — [A ?[;H[[B]If,”]' There is a function [Ty [Al5H,c) — [[A]]ﬁjfaHﬂB]]?s]
by instantiating C with [B] fs. This can be witnessed by a sequence of identity terms.

The other cases are standard and omitted. O

6.4 PTIME Correctness of ISLL,

The following are the data types of (tally) natural numbers, strings (i.e. dyadic lists),
and booleans in ISLLy [28]:

N = Valla — a)— (a —a)
S = Val((a — a)&(a—a)) —(a—a)

B = Va(ao&ka)—oa
Under the set-theoretic interpretation, we have e.g:

SI5* = [[e=c)x(Cc=0C)=(C=0)

p
CelU

[[ecxc=c (12)

Cceu

[[BIl fet

Tally natural numbers can be encoded in affine lambda terms by 707 = tt ® tt and
m+ 17 = ff ® "n where tt = Azy.z and ff = Azy.y. Strings may be encoded as
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Fel = (Azyz.z) @ (Azy.z) and "0w™ = (Azyz.y) @ "w™ and "lw™ = (Azyz.2) @ "w™.
Observe that "n” and "w™ can be computed in linear time from n, respectively w,
and vice versa.

The following are some useful examples of realizability sets:
1. The realizability set of tally natural numbers is given by N, = (N, I, ) where
n, n7 kN, 1 iff neN
2. Then given any polynomial p(z), we can define a realizability set of natural
numbers Ny = (N, I, ) where

i, kN iff p(2), n 7 by, 1

@) TV

Note that the successor function S on N is a realizability morphism from N, to
N,.1. Observe that a generic (i.e. realized at every level) morphism f : N, —
Np(z) (bounded by polynomial ¢(), say) is a function from f : N — N such that
1) f(n) = p(n) and 2) f is computable in polynomial time in n.

3. The realizability set of strings is given by S, = ({0, 1}*,IFs,) where

i, w? kg, w iff lh(w) =1

4. The realizability set of booleans is given by B, = ({t, f},FB.) where
it kg, t and i fF g, f

for all natural numbers s.

We have a function ¢ : {0,1}* — [[S]]f“ defined as follows:

d(w)c(f,9,2) = Punw)(Panw)-1 - - - (h2(h1(2))))

where h; = f if the ith digit of w is a 0, and h; = g if the ¢th digit of w is a 1. We
have function ¢ : [[B]]get — {¢, f} defined by:

¥(z) = zi,5y (4, f)

Our goal next will be to show that the above two mediating functions are in fact

realizability morphisms.
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Lemma 6.4.1. (Iteration Lemma). Consider the following diagram of realizability

sets and morphisms

1—=T N1

0 .1
3090 59,81 33:5%

Suppose that the sequence of terms {el.}i5o is bounded by polynomial po(i), and
{ew, i }i>o s bounded by polynomial q(3).
Then the function f : {0,1}* — T defined by f(€) = ug(2(x)) and f(inin—1--+41) =

Un (st (-+ - 8P (s (2(%))))) is a realizability morphism from S, to T
Proof. For each string w € {0, 1}*, we have at level n = [h(w),

nye, lkp  z(*)

meges Ibn sg(2(+))

By (€jnm  (ene) IFr, Sy (s o8 (2(4))

1,y €y, (esin_l (esi"_gl T (esgl 62))) b f(w)
We define terms e; recursively by

Ab @ T.eyy(re,l)

fl

€0

€ir1 = A® r.eu”l(bezesges% (fE(er)))
For all strings w of length n, we have
n,en w Ik fw)
Finally, the e,, can be bounded by a polynomial in O(n - p(n) + q(n)). O

Lemma 6.4.2. The iy defined above is a realizability morphism from [[B]]ffs to B,.
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Proof. Instantiate the second-order variable o with B, and afterwards apply it to the
pair (¢, f). O

The following theorem is a semantic proof of Lafont’s result that any generic proof
net for the sequent S + B defines a polynomial time algorithm that takes a boolean

string as input and returns a boolean value as output.

Theorem 6.4.3. Let m be a generic proof of S™ \ B in ISLL,. Let f: {0,1}* —
{t, f} be the function:

fw) =¥([rl(gw), - -, p(w)))
n times
Then: f(w) is computable in polynomial time in lh(w). Moreover, an algorithm for

f can be effectively obtained from the proof m.

Proof. First observe that for fixed n, the term "w™ ®- - -®"w™ is computable in linear
time in [h(w). Applying the Iteration Lemma to the denotations of formulas 1, S(0),
S(1), S{2), ..., S and the proofs given in the figures below shows that the function
¢ : {0,1}* — [S]°* is a morphism from S, to [S]*" and so ¢" is a realizability
morphism from S7 to [S(]#°. It follows that the function f = 4 o [7]%** 0 ¢" in the

theorem is a morphism from S? to B,. 4d

_ﬂ_m
1,C¥ Fo —oR 2 times
F1—(a——a) VR
F S(0)
1+ S(0)

1L

Figure 1: Generic proof of 1 + S{0).
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ala atFa
((a — a) & (@ — @)™ F ((a — a) & (a —o a))" a—a,aba
((a—oa)&(a—oa))"—o(a—oa),((a—oa)&(oz—oa))("),al—onL
S(n), (o — a) & (a — a))™, at « ala

—oL

S(nY, ((a — a) & (o — a))™, (o —o a),a F o
S(n), (@ —o a) & (o —o @)™, (a — a) & (@ — a),a - «
S(n), ((a — @) & (a — @) a ko
S{n) F ((a —~ &) & (@ — @)™ — (o — a)
S(n) F S(n+1)

&L1

®L n—1 times
—oR 2 times

VR

Figure 2: Generic proof of S(n)  S{n + 1).

oo oo
((a — a) & (a — @)™ F ((a —o a) & (@ —o )" a—oa,abka
(@ — ) & (a — a))* —o (@ —o @), (e — @) & (@ — @)™, a+ «
S(n), (e — a) & (a — a))™,at «
S(n),((a — a) & (a — &), «
S(n) F ({0 — @) & (o — @) — (¢ — @)
S{ny S

—oL
VL

—oR 2 times

VR

Figure 3: Non-generic proof of S(n) I S.



Chapter 7

Stratified Finite MO-Games and
FCT

In this chapter, we use the S-construction on a base category of finite discreet games
(see [36]) to get a categorical model of IMSAL. We use the term MO-games, after
Murawski-Ong, for discreet games. By placing a uniformity condition on sequences
of strategies, we show that stratified finite MO-games is fully-complete for IMSAL.

We also consider a model of IMSLL obtained by applying directly the product
formula from Chapter 4 in a simple category of AJM-games. It turns out that these
games satisfy an ascending chain condition (i.e. there are no infinite increasing chains
w.r.t. prefix order of plays in their games trees). Such games may be infinite, but do
not have infinite length plays, hence it will be easy to show that total strategies on
such games naturally compose (since there can be no ‘infinite chattering’). This is in
contrast to game mbdels of IMELL, which do not satisfy such a condition. This high-
lights a natural mathematical (semantic) property that distinguishes between models
of predicative copying (i.e. multiplexing) versus models of impredicative copying (i.e.
contraction) in linear logic.

Finally, we consider the case of bounding the size and/or depth complexity of
sequences of strategies in the S-construction. This will not play a role in full-
completeness, but may nevertheless be of interest. We briefly discuss this possibility

in the final section of this chapter.

83
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Notation

We shall use the following notation in this chapter. We write X+Y = {1} xXU{2}xY
for the disjoint union of sets X,Y. Given functions f : X — Zand g:Y — Z, we
write [f,9] : X +Y — Z for the canonical map defined by [f, ¢](1,z) = f(z) and
[f,9](2,y) = g(y). Given a set X, we write X* for the set of finite sequences of
elements of X; the empty sequence will be denoted by e. If Y C X and s € X*, we
write s [ Y for the sequence obtained by deleting all elements in X\Y from s. We
also write N* for N\{0}. Further notation will be introduced as needed.

7.1 Games and Strategies

In this section we present an AJM-style game semantics following the presentations
in [1] and [36] (see also [4] for a standard reference). The games we consider are two-
player games between P (Player) and O (Opponent). Since we are only interested in
the intuitionistic (negative) fragment, we shall assume that every play is started by
O, and thereafter it alternates between P and O.

A game G is a triple (Mg, Ag, Pg), where
e Mg is the set of moves

o \g: Mg — {P,O} is a labeling function designating each move as by Player or

Opponent

e P; is a non-empty, prefix closed subset of M, the set of finite alternating
sequences of moves in Mg (including the empty sequence ¢), each beginning
with an O-move; we call elements of Pz positions or plays. Thus Pg represents

the game tree.

A game is said to be finite if both Mg and Pg are finite sets. Henceforth we shall

assume that our games are finite, unless otherwise stated.
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Some Constructions on Games

The tensor game A ® B and linear implication game A — B are defined as follows.

For ® € {®, —}, we have

Maop = Mas+ Mp
Piop = {se€ M3yl s Ac Py,s| Be Pg}

with Aagp = [Aa, A5] and Ag_op = [Ag, Ag], where P = O and O = P. The empty
game 1 = (0,0, {€}) is the tensor unit, and as we shall see later it is also a terminal
object in the category of games.

The following are consequences of the definitions [1}. O-Switching Condition: in
any play s € Pygp, if successive moves s;s;4 are in different components (i.e. one is
from A the other from B), then s; is a P-move and s, is an O-move. In other words,
only O can switch from one subgame to another. Similarly it follows that every play
s € P4_,p satisfies the P-Switching Condition: if two consecutive moves in s are in
different components, then the first is an O-move and the second a P-move, i.e. only
P can switch components.

For each natural number n, we define the (bounded) exponential game !, A by:

MnA = MAX{*71,...,’I’L}
)‘!nA(m7i) = )‘A(m)
Poa = {seM¥ |Vie{x1,. ..,n}s[i€ P4}

n

The index % is mainly used to identify when a !-formula comes from an exponential

box (i.e. soft promotion), and is used to define the network protocol on IMSAL. (See

Remark 7.1.3 for another illustration of its use.)

Strategies and Categories of Games

The following definitions are standard and taken from [36]. A deterministic P-strategy,
or simply strategy, for a game G is a non-empty, prefix-closed subset o of Py satisfying:
(i) (contingent completeness) for any even-length s, if s € 0 and sm € Pg, then

sm € o, and (ii) (determinacy) if even-length sm and sm’ are both in o, then m = m/.
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A strategy o on G is history-free if there is a partial function f : Mg — M{ such that
for any odd-length sm € o, we have smm’ € o iff f(m) is defined and equal to m’. We
write 0 = oy just in case f is the least such function. Further it is said to be injective
history-free if the least such f is injective. If for every odd-length s € o, there is
some m such that sm € o, we say that ¢ is total. For any games A;, Ay, A3 we define
L(A;, Az, A3) to be the set of finite sequences s of moves from M4, + My, + My,
such that for any pair of consecutive moves mm’ € s, if m € My, and m' € My, then
|t — 7] < 1. (We call £(Aj, As, As) the set of interaction sequences over Ay, As, As).)
Take strategies o and 7 for games A — B and B — C respectively. Then composition
is defined by:

o;r = {s](AC)|seL(AB,C)As|(AB)eons|(B,C)er}

Games and strategies (maps from A to B are strategies in A — B) form a symmetric
monoidal closed category; the category whose maps are injective history-free total

(finiteness is necessary here) strategies form a subcategory [1].

Interpreting IMSAL; formulas

As in [36], it will be convenient to fix representations of moves in the monoidal

structure as follows:

Migp = MAX{I}UMBX{T}
Mi g = MAX{L}UMBX{R}

Formulas are interpreted inductively as games as follows:

[l = ©.0,{)

[a] = ({a},{(a,0)},{e;a})  (ais any atom)
[A@B] = [A]®[B]
[4—B] = [A]—[B]

[A] = W[A]
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where on the right we are using the corresponding game constructions. So each atomic

formula a is interpreted as a single-move atomic game with game tree

(o]

l
In the game context, a is called a token. In the following we shall often abuse the
notation and equate formulas with their corresponding game interpretations (i.e. we
usually omit the semantic brackets [—] when the context is clear). From now on, by

game we shall mean a game which is the interpretation of some IMSAL formula. A

move of a game has the form

(( o ((aain))in—l o ')ail)

where a is a token and each i; € N* U {%,l,7,L,R}. We may therefore consider
a move as a pair (a,%,---41), where a is a token and where the second component
is called its occurrence. We have two notions of “depth of a move”, both of which
will be important. The degree of a move is defined as the total number of %s in its
occurrence, and the depth of a move is defined as the total number of xs and numbers
in its occurrence. (So the degree of a move is always less than of equal to the depth
of a move.) The index at depth j or j-index (j > 1) of a move is defined as the depth
J subsequence of its occurrence of the form 4, ., - - - 43997 such that 4, € {*} UN*.
For example, the 2-index of the move (a, 2r % [8L) is x/8L. The depth of a game G is
defined to be the maximum depth of its moves. Finally, a strategy o for a game is
said to be token-reflecting if for any even-length smm’ € o, m and m’ have the same
token.

We call token-reflecting, injective history-free, total strategies IMAL-winning.
Indeed, these properties are enough to get a fully-complete model of the (®,—)-
fragment of intuitionistic multiplicative affine logic, which we abbreviate to IMAL.

See [36] and references therein for a proof of the following.

Theorem 7.1.1. (IMAL Full Completeness [36]). For any game given by an
IMAL-sequent T' = A, and for any IMAL-winning strategy o for the game, there is a

derivation of I' = A whose derivation is o.
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~-reflexive games

In order to get a finitary multiplexor category, we shall require a standard notion of
partial equivalence relation ~ over strategies (see [4, 36]). A ~-game G is defined
to be a four-tuple (Mg, Ag, Po, ~¢) where (Mg, Mg, Pg) is a game, and =g is an

equivalence relation on Pg satisfying:
e sarigth = smgt
e st = AH(s) = Ag(t)
e srgtAsa€e Py = 3Jbe Mg.ithe Pg Asa=gth.

The game constructions defined earlier can be extended to their respective a~-game
constructions as follows. For ® € {®,—}, we have s ~4pp ¢ just in case s [ A =4
t[ A, s B=pt]| Band mj(s) = n}(t). For the exponential games !, A, we define

s mh, 4t iff
Jdo € §*(n).Vi € {x1,...,n}s[imat | a(i) A o*(n3(s)) =m5(t)

where S*(n) is the set of permutations « on {*,1,...,n} such that a(x) = . The
equivalence relation =g extends to a partial equivalence relation (i.e. symmetric and
transitive) over strategies of G: o m¢ 7 holds just in case for all s € 0, t € T, sa € Pg,

tc € Pg, if sa =g tc then the following properties hold:
e sabeo = dde Mg.icd € T A sab=g ted
etcdeT = Fbe Mg.sab€ o A sab ¢ ted.

A strategy o is said to be ~-reflerive if ¢ & o, and in this case we write [0] = {7| 0 &
7}. It turns out that = is preserved by composition, so that games, with maps from
A to B given by token-reflecting, injective history-free, ~-reflexive, total strategies in
A — B form a symmetric monoidal closed category (see [4]). Moreover, we have the

following result:

Proposition 7.1.2. The above described category is a finitary affine multiplezor cat-
egory.



CHAPTER 7. STRATIFIED FINITE MO-GAMES AND FCT 89

Proof. 1t is straightforward to check that the following partial functions define token-

reflecting, injective history-free, ~-reflexive, total strategies:

o functoriality: let f define a token-reflecting, injective history-free, ~-reflexive,
total strategy in A —o B. Then the strategy in !, A — !, B defined by partial
function !, f is described as follows. Suppose f(m,d) = (m/,d’) where 6,¢' €
{L, R}, we define

S 2 (my1),6) — ((m/,4),d")
where ¢ € {x,1,...,n}.

e monoidality: a) for each natural number n, we define a strategy in 1, A®!,B —o

l.(A ® B) by the following partial function:

by ;{(((m:5),j),R) — (((m,4),6),L)
© ol Um, §),8),L) — (((m,8),7),R)

where 6 € {I,7} and j € {%,1,...,n}; b) 1 =1,1,s0 by, on 1 —o !, 1 is just the
identity on 1 (i.e. the empty strategy e).

o multiplezing of rank (i,n): let a : {1,...,n} — {1,...,i} be an idempotent
injection. We define a strategy on 1A — A4; ® - - - ® A, by the following partial

function:
(Him @) : ((m, 5),8) = ((m, a(5)), &) where 5,8’ € {L, R} and § # &

where j € {%,1,...,n}. For ease of reference, we write Ay, -, A, to index the
n occurrences of A in A" and a move m in A; is written as the pair (m, 7).
Observe that (fin, @) & (0, ) for any idempotent injection 8: {1,...,n} —

{1,...,i.

Finally, the coherence diagrams follow easily via the symmetry built into the equiva-

lence relation on positions. a
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Remark 7.1.3. Observe that the above strategies are degree-preserving. When we
introduce the network protocol for IMSAL, it will be a consequence that strategies
are degree-preserving. Degree-preserving strategies have some interesting properties.
E.g. one can refute the IMSAL; formula !, A4 — |, A®!, A, where  and y are natural
numbers: e.g. let £ = y = 1 and let A be the atomic game ({a}, {(a,0)}, {e,a}).
Then to be degree-preserving we must have (a,+IR) — (a,*L) and (a,*rR) — (a,xL),
which is not injective. As a second example, there is no degree-preserving (dereliction)
strategy in lgpA — A: again take A to be atomic, then the opening move has no
response. However, there is a degree-preserving (copy-cat) strategy in !,A — !, A, for
xz > y. This can be avoided by giving a different “4” for each natural number, and

requiring strategies to be preserve the number of s of each type.

Relative Completeness

Let oy be a degree-preserving, history-free strategy on a game G defined by partial
function f: MY — ME. We say that o; is stable if for all z € {1,...,n} and for any

degree i the following diagram commutes:

Mg L~ MmE
[z /4 L L[Z/*]i
Mg mg

where [z/+]; denotes the operation on moves of replacing * with z at degree 4 in the
occurrence. It is not hard to show that stable strategies compose.

For any natural number n, let IMSAL" denote IMSALy restricted to the single
exponential 1,,. A formula in IMSAL is interpreted by the S-construction as a sequence
of games Gy, G1, Gy, ..., where for each n, G, is the game interpretation of a formula
in IMSAL™. Given a strategy o in G,, there is a canonical extension to a strategy o’
in Gp41. More precisely, suppose o is defined by partial function f and let x =n+1.
We define a strategy o’ by the partial function f’, where m € dom(f’) iff m[x/x;) €
dom(f). (This notation means replace all x,s in the occurrence of m by *, if there are
any.) And moreover, f'(m) = f(m[*/*o])[*2/x], where the latter substitution must

be done only at degrees where %, occurs in m. We write 0, & 0041 if 0], ®a,py Onga.
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Finally, we say that a sequence of strategies o,,0p41,... in games G,,Gpyq,. ..,
respectively, is uniform if

Unrl‘\_jo'n-f—lrg"'

In fact, 0,41 is the smallest possible extension of ¢; (w.r.t. inclusion). Thus uniformity

gives the tightest possible connection between levels of strategies, which will be useful

for proving full completeness.
Proposition 7.1.4. Uniform strategies compose.

Proof. We must show (o0y;7;)' = of;7/. Suppose o; is represented by partial func-
tion f and 7; by partial function g. Then m € dom(f’;¢’) iff m € dom(f’) and
f'(m) € dom(g’) iff m[x/x;] € dom(f) and f'(m)[x/*] € dom(g). But f'(m) =
f(m[x/xq])[*2/%], so we have m € dom(f’; ¢’) iff m[x/*5] € dom(f) and f(m[x/*9]) €
dom(g) iff m[x/*;] € dom(f;g) iff m € dom(f;g)’. Moreover, we have the equalities
f19'(m) = g'(f'(m)) = ¢'(f (mx/*2])ka/*]) = g(f (mx/])) 2 /*] = (f39)'(m). O

We model IMSAL with stratified finite games and IMSAL-winning (i.e. uniform
sequences of stable, networked (see next section), token-reflecting, injective history-
free, ~-reflexive, total) strategies by applying the S-construction on finite games. We

have the following result.

Proposition 7.1.5. (Relative Completeness.) If o = (k : 0;) is an IMSAL-
winning strategy in a sequence of games Go, Gy, ..., given by an IMSAL seguent,
such that for some level n, o, is the denotation of a proof m, tn IMSAL™, then in fact

o is the denotation of the corresponding IMSAL proof m};.

Proof. We need to show for each ¢ > n, that o; is the denotation of proof m;, the
proof obtained by replacing the index n by ¢ in 7,. By induction on ¢ — n, we have
Oiv1 = 0, = [m]" = [mi1], where the first equality follows by uniformity, the second
by the induction hypothesis, and the third by soundness of the interpretation. O

Therefore we have effectively reduced the full-completeness problem for IMSAL to

the finitary version at fixed level n.
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7.2 Network Protocol for IMSAL"

In [36], the authors give a semantic analysis of the IML AL exponential connectives !
and §. By organizing threads into networks in accord with a protocol and demaﬁding
that strategies comply with it, the authors prove a full-completeness result for IMLAL.
They formalize all this with the notion of a network function and strategies that
comply with the protocol are called discreet. In this section, we introduce a suitable
modification of this technique for handling the exponential boxes in IMSAL"™, which
may have applications to other systems of linear logic. In this section, we shall only
be interested in games G,, which are the interpretations of formulas in IMSAL", for
some fixed natural number n.

A thread of G, is named by an i-index 8 of G,,, and is defined as the set of moves
of G,, whose i-index is 6. If there are an odd number of occurrences of L in 4, then
the thread named by 0 is called a P-thread, otherwise it is called an O-thread. We
write Tg, for the set of threads of a game G,, which partitions into 7§ (the set
of O-threads) and Tf, (the set of P-threads) [36]. Finally, a thread named by 6 is
called a %-thread if the leftmost symbol in € is a x. Since IMSAL-strategies are not
depth-preserving, we shall not consider threads at a fixed depth ¢, as in [36]. The
appropriate notion for us will be degree-preservation.

A network function is a partial function of the form:
n6. : Té, = TG,

We say a thread is bozed if either it is an O-thread, a x-thread, or is in dom(7g,, ). We
say a boxed thread has boz-depth 7 if it has a total of ¢ boxed subthreads. We assume

the following additional properties on network functions:
1. ng, is box-depth preserving.

2. if ng, (t1) = ty is defined, then ng,(t;) = t5, where t] is obtained from ¢, by
replacing numbers with s in all boxed positions, and similarly for 5.

3. if ng,(t2 xt1) = 59 % 51 (with x at box-depth ), then ng, (t2xt;) = sozs; for all
z € {*1,...,n}. Moreover, xt; and xs; belong to the same network, i.e. one

of the four properties below holds.
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Note that it is a consequence of the definition that network functions are degree-

preserving. A thread function (at box-depth 1) is a partial function of the form:
ta,i: Mg, — TG,,

that maps a move to the box-depth-i thread in which it occurs.

We say ng, networks a position s € Pg, of even length at box-depth i just in case
for each odd j, tg, i(s;) is defined iff tg, ;(sj41) is, and if both are defined, one of the
following holds:

(1) n(t(ss)) = t(s5+1) (#)  t(s5) = n(t(ss41))

(1d)  n(t(s;)) = nt(s;+1)) () t(sy) = t(sj41)
We say a strategy o, in G, is networked if there exists a network function ng, that
networked every s € o, at every box-depth up to the depth of G,,. Observe that net-
worked strategies are necessarily degree-preserving. To show directly that networked
strategies compose is delicate. (See [36] for a proof from first principles for IMLALL.)
Instead, we shall obtain this result as a corollary to full completeness.

We call a strategy generic if it can be networked by a total network function ng, .

In this case, the box-depth is the same as the depth and hence the network function
and strategy are both depth- and degree-preserving. Then the network function g,
can be partitioned into a family of network functions 7g, ;, one for each depth i up
to the depth of G,,. In this case, our notion of network function can be viewed as a

network function in the sense of Murawski and Ong’s [36].

7.3 IMSAL Full Completeness

In this section we prove that stratified finite games with IMSAL-winning strategies
is a fully complete model of IMSAL. This will follow by relative completeness as a

corollary to the following theorem.

Theorem 7.3.1. (Full Completeness at Level n). For any winning strategy o
for the game G,, given by an IMSAL™ sequent T' - C, there is a derivation = of the

sequent such that o is the denotation of 2.
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The proof of this theorem in the special case that ¢ is generic can be extracted from
the full-completeness proof for IMLAL by Murawski and Ong in [36], which we shall
do next. Hence the following proof (in the generic case) is only a slight modification
to the one given in [36]. We hope to give a more “first principles” proof of the above
theorem another time. Unless otherwise stated, we assume n is fixed and for ease of
writing, we will usually suppress the index in the formulas and strategies. We begin

with the following lemmas.

Lemma 7.3.2. (Deboxing). For any generic map F': 141 ® -+ - ® 1A, — 1B, there
15 a unique map f 1 A1 Q- Q@ A, — B such that F = b*;!f, where b* is the canonical
map b* 1 1A4; Q@ - @A, = (A1Q® - Q An).

Proof. Since F is generic, it is networked by a depth- and degree-preserving network
function. Therefore, any play begun with a move of the form (m,*R) must have all
its moves of the form (m,*w), where w is either R or the “address” of !A4; for some
1 <4 < m. This defines the strategy f. Then the fact that F' = b*;!f follows by the
stability of F. O

Let ¢ be a IMAL-winning strategy for a game given by an IMAL-sequent A
P ® Q where A = Ds,...,D,. We say that o is splitting just in case there is a
partition of A into (A;, As) and IMAL-winning strategies oy and oy for Ay = P and
As - Q respectively such that o = oy ® o9.

Lemma 7.3.3. (Pivot [36]). If o is not splitting, then there is some D; = A — B
in A (which we shall call a pivot) and IMAL-winning strategies T and v for © - A
and B,= + P ® Q respectively, where (©,E) is a partition of A\{D;}, such that o

can be defined in terms of T and v.

Lemma 7.3.4. Let o be a winning strategy in game G, = A — B (at fized level n).
Then o has a factorization A 2> A, LA B: % B, where o' is generic and p and q are

canonical.

Proof. We prove the lemma by induction on the weight of A — B. (E.g. wt(!,4) =
n - wt(A) + 1, etc.) Let !C be a least depth P-subformula of A whose corresponding
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threads are not in dom(ne, ), and let A; = A[C™/IC]. (Observe that the %-thread
of IC is not o-reachable, because otherwise all |C-threads would be in dom(rg,).)
Similarly, let ! D be a least depth P-subformula of B whose corresponding threads are
not in dom(7g, ), and let By = B{D"/D]. Using multiplexing, we get a factorization
A5 A % B 5 B The game A; —o Bj has strictly less weight, and hence we

invoke the induction hypothesis to finish the proof. a

Proof of Main Theorem

The following argument (in the generic case) is due to Murawski and Ong [36]. First
suppose o is generic. We prove the theorem in the generic case by induction on the
size of the sequent I' - C that defines the game G,. W.l.o.g. we may assume that no
formula in I" = Ci, ..., C, is a tensor, and that every C; is o-reachable in the sense
that there is a play in o that contains some Cj;-move.

The formula C must have one of the following forms:
1. C=P®Q
2. C=1'P

3. C =a, an atom.

Case 1: if o happens to be splitting (i.e. 0 = 01 ® 02), then split it and apply the
induction hypothesis. Otherwise, we argue that there must be a pivot in I'. With
the pivot in I', we obtain two smaller instances and apply the induction hypothesis,
finishing case 1. Suppose o is not splitting. We show that I" has a pivot as follows.

”

First transform the sequent by adding a free atom as “z —o —" inside each !-formula
from I' and adding a copy of “z — —” of negative polarity inside the O-exponential
formula of the corresponding network. E.g. the sequent le,!(c — d),!(d — €),le —o

la® !b,lct (c®a) ® b is transformed to

Hz — o), (y — (¢ — d)),1(z — (d — €)),
(z—(y—(2—e€))) =!la®bl(v—oc) F (v—oc®a)@b
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Call the new sequent I I C’ and the corresponding strategy ¢’. Next we transform
the sequent a second time to I’ + C” by “forgetting all the boxes” and turning it
into an IMAL-game, and call the corresponding strategy o”. The first transformation
guarantees that all formulas in I are —o-formulas or atoms. So if ¢” is splitting, then
so is o/ and hence so is 0. Since ¢ is not splitting by assumption, we may assume
that ¢” is not splitting either. Then by lemma 7.3.3 there must be a pivot in I, This
pivot formula cannot be one of the —o-formulas introduced by the first transformation,
since they communicate with the O-thread of their respective networks. So that pivot
is also a pivot for ' P ® Q.

Case 2: if I" does not contain a —o-formula, then every formula in it must be a !-
formula and so we may use lemma 7.3.2 to obtain a smaller instance, and then apply
the induction hypothesis. Otherwise, | P is part of some network !G4, ..., !G;. For each
G = P,Gy,...,Gy, we replace |G by IG®!G. E.g. the sequent ¢,c —o b,1(b — a) - la

is transformed to
c,c—o (Ib@1b),1(b—a)R!(b—a)Fla®!la

Let o' be the corresponding strategy for the transformed game I - P ® |P; ¢’ is
not splitting, because the —o-formula in I" is reachable from both !P on the right.
Arguing as in the previous case, there must be a pivot in I, which gives a pivot
in I'. With this pivot, we obtain two smaller instances, and we apply the induction

hypothesis.

Case 8: if T does not contain a —-formula, then I' = a, and ¢ is the identity on
a. Otherwise, the atom a must occur as a subformula of some formula in " (where
the response to Opponent’s opening move lives). We replace both occurrences of a

by a ® a. E.g. the sequent b,b —o a I a is transformed to
bb—oa®atla®a

Let ¢’ be the corresponding strategy for the transformed game IV - a ® a; ¢’ is not

splitting, because the —o-formula in I is reachable from both a on the right. Arguing
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as in the case 1, there must be a pivot in I, which gives a pivot in I. With this
pivot, we obtain two smaller instances, and we apply the induction hypothesis.

This completes the proof for generic strategies.

Now suppose that o is a winning strategy as in the statement of the theorem. By
lemma. 7.3.4, we have a factorization o, = p; ¢’; q, where ¢’ is generic, and p and ¢ are
canonical. Hence each is the denotation of an IMSAL" proof. Using the cut rule we
get an IMSAL"™ proof of the sequent I"' - C' whose denotation is o. Finally, since the
denotation is preserved under cut-elimination, we see that o is in fact the denotation
of a cut-free IMSAL"™ proof. This completes the proof of the theorem in the general
case. O

IMSAL full-completeness now follows immediately by the previous theorem and
relative completeness (Prop. 7.1.5). We have therefore proved the main result of this

chapter.

Theorem 7.3.5. (IMSAL Full Completeness). For any IMSAL-winning strategy
o= (n:0;) in a sequence of games Go, Gy, ..., gwen by an IMSAL sequent I' - C,

there is a derivation Z of the sequent such that o is the denotation of Z.
Corollary 7.3.6. Networked strategies compose.

Proof. Let o and 7 be networked strategies. By full-completeness, o = [m] and
T = [m], for some IMSAL proofs m; and 7. Let m be the cut-free proof obtained
by cutting 7; and 7, and then eliminating all cuts from the proof. Then ;7 = [7],

hence it must be networked. |

7.4 Noetherian Games

There is an interesting class of infinite games, which includes the finite ones, that can
be used to model IMSLL. To the best of my knowledge, this class of games has not
be investigated before. Given a game A, define the set P3° of infinite plays over A as

follows:

P = {s € M4|Pref(s) C P4}



CHAPTER 7. STRATIFIED FINITE MO-GAMES AND FCT 98

where Pref(s) denotes the set of finite prefixes of s. We say that a game A is noetherian
if P = 0. Note that such games need not be finite, and may have an infinite number
of moves. (But there are no infinite ascending chains of moves in P4 w.r.t. the prefix
ordering.) In general games, total strategies do not compose because of ‘infinite
chattering’, and one must use a specification structure in order to ensure that they
do [1]. In noetherian games, however, infinite chattering cannot occur and total
strategies naturally compose. (In fact, one can see the condition P = 0 as a trivial
specification structure.) So noetherian games with total, history-free strategies form
an autonomous category and a model of IMLL. Moreover, we can model IMSLL with
noetherian games using product formula 1 (first without the symmetrized tensor) as
follows. Let F' = {(4,7)|¢,7 € N*,4 > j} and F; denote the subset of F' consisting of

elements with first index 7. Then we define:

M!A = MAXF

Mala, f) = Aala)
Py = {seM¥FicN(VfeFu.s|fecPiAVfe F\Fus|f=¢)}

where s [ (¢, ) stands for the projection of s on the (7, j)-th copy of A. Observe that
if A is noetherian, then so is !A. Finally, by incorporating an appropriate equivalence
relation on plays, we find that noetherian games with total, history-free strategies
form a multiplexor category and a model of IMSLL. Our attempts at using product
formula 2 directly to model IMSAL always led to non-history-free strategies. This
problem is avoided by using the S-construction.

In linear logic, the exponential game !A is defined as an infinite symmetrized
tensor product A®:* [36]. This construction is not allowed in noetherian games.
Indeed, the contraction and digging strategies have infinite-length plays (even the
identity strategy can have infinite length plays in this game). Therefore noetherian
games do not model IMELL (at least with the usual interpretation). As another
application, the “infinity numeral” strategy on the (first-order) Church numerals game
!(a —o a) — (a —o a) [36] is also ruled out in noetherian games. Therefore, noetherian
games are a natural extension of finite games, which model IMSLL but not IMELL.

The semantic ACC (ascending chain condition) property in noetherian games provides
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a pleasing mathematical explanation for the difference between impredicative and

predicative copying in linear logic.

7.5 Bounded Complexity Games

It might be interesting to restrict the (size- or depth-) complexity of sequences of
strategies in the S-construction. In other words, a morphism is a sequence of strate-
gies g, C 0pqy C -+, as usual, but we now require that there exists a polynomial
P such that the length of any play in o; is < P(¢). This is similar to what we did
in our realizability semantics in chapter 6, by bounding sequences of terms to poly-
nomial size. It corresponds to our intuition of IMSAL proofs as circuit families with

polynomial depth complexity.



Chapter 8

Conclusions and Further Work

We have justified the design of soft linear logic by showing that it possesses a very
natural mathematical interpretation. A key point we have shown is that there are
natural mathematical properties that distinguish between models of linear logic with
predicative copying (i.e. multiplexing) versus models of linear logic with impredicative
copying (i.e. contraction). The noetherian property for games is one such example.
Moreover, models of linear logic with predicative copying allow for a stratification
into finite approximations, which is a crucial point for our analogy to uniformly poly-
nomial circuits. These results are an important first step towards a truly semantical
understanding of polynomial time complexity.

We conclude with some questions and possible extensions to this work:

e [t would be interesting to explore in greater detail the relationship between PCL
and soft linear logic. Although the two system are certainly related, it is not
so obvious what the precise relationship is, since the latter is typed while the
former is not. One direction would be to introduce a typed system of PCL in
which Abramsky’s encoding of PTIME algorithms is typable. Presumably, this
would lead to a subsystem of soft linear logic. The other direction would be to
avoid types altogether and try to understand what a categorical model of PCL
is. With this approach, one could first formalize what is means to be a model
of affine combinatory logic (which we may call, affine Turing categories, after

[14]), and then use ideas from this thesis (i.e. the S-construction) to construct
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models of PCL. This approach is also appealing because one may be able to
make some connections with the characterizations of PTIME within the lambda

calculus (see e.g. [7, 31]).

e An obvious direction would be to extend our game semantics to the second-order
system and prove a full completeness result there (Abramsky explains how to
handle polymorphism in games in [1].) Another is to investigate whether our
game model is faithfully complete with respect to the syntactic category of IM-
SAL. One could also look into other interpretations, for example, in Ehrhard’s
category of hypercoherences. Perhaps even a functorial semantics (see [9] and

references therein).

e A long standing open question in linear logic is whether provability in MELL is
decidable. What about MSLL with its restricted exponentials? We conjecture
that the two problems are equivalent. A first step at proving this conjecture was
made in [35], by attempting to prove the completeness of MELL with respect to
a semi-linear phase semantics. With this result, decidability of MELL follows
as a corollary. This novel approach did not succeed in proving the conjecture,
but nevertheless it may be instructive to develop a semi-linear phase semantics
for MSLL, and for other light linear logics.

e There are many characterizations of PTIME computation, but unfortunately,
it is not clear how they are related. In particular, the various systems of light
linear logic which characterize PTIME use very different logical principles which
seem difficult to unify. It would be informative to organize these logical systems
into a common categorical framework. Perhaps then we can identify the key
structural properties which characterize PTIME computation. For example, is
a notion of stratification somehow inherent in bounded time computation? At

this point, we do not know.

o F'inally, recent interest in using linear logic as a basis for understanding quantum
computation leads one to wonder whether the light exponentials have any phys-

ical interpretation. For example, in view of the “no-cloning” axiom in quantum



CHAPTER 8. CONCLUSIONS AND FURTHER WORK 102

computation, we wonder if there is any quantum analog to multiplexing.



Appendix A

Proof of Cut-Elimination for
IMSLL

This proof of cut-elimination is adapted from Lincoln et al [32]. We define the weight
of a IMSLL formula A to be its size, i.e.

) = wA)+w(B)+1, ©¢€{® —}
w(ld) = w(4)+1
) =1
) 1

For technical reasons, we will eliminate the following (derived) cut rule:

TFA Ay AMNFC
T, AL FC

cut

In this case, we call A the cut-formula. (Note that this rule corresponds to the old
cut rule when A = 0.) The weight of a proof is defined to be maximum weight of
any cut-formula in the proof, or zero if the proof is cut-free.

The principal formula of an application of an inference rule is defined to be any

formula which is introduced by that rule.

Lemma A.0.1. Given a proof of the sequent T' - C in IMSLL which ends in an
application of cut with cut-formula weight d > 0, and where the weight of the proofs
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of both hypotheses is less than d, we may construct a proof of T' = C in IMSLL of
weight less than d.

Proof. By induction on the number of proof rules applied in the derivation of I' - C.
Given a derivation which ends in a cut, we perform case analysis on the rules
which were applied immediately above the cut rule. One of the following cases must

apply to any such derivation:

(1) the cut-formula is not principal in one or both hypotheses;

(2) the cut-formula is principal in both hypotheses.

Cut of non-principal formulas

In each of the following cases, the weight of the proof is the same before and after
the reduction. However, the last cut rule is pushed up the proof allowing for an

application of the induction hypothesis.

Cut (case 1)

AL C,AFA Az, A, A4 F D
re=c AL, C, Ay, A3, Ay F D
‘I‘aAl)AQ’A3>A4}_D

cut —

LFC  AGAFA
T, AL A A Ag, A, AsF D
T, A1, Ay, Ag, A D

The symmetrical case is similar.

Cut (case 2)

TFA  ApA4,AFC
T,AL, Dok C A3, C,AFD
T, A1 Mg, As, Ay F D

t

Ay, A, A - C  Ag,C,Ask D
THA AL A Dy, N, A F D
T,A1 Ag, As, A - D

cut
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Ex. (case 1)

Ay, C 09, A, B,AFD
r+C Ay, C, 0y, B,A,AFD
A, Ay, BAJ/AFD

The symmetrical case is similar.

cut

Ex. (case 2)

A1, A, B, Ay - C
I'A  ALB,AMNFC
T,ALB, A FC

cut

Ex. (case 3)
I'A,B,AFC

T BAAFC A, CAFD
T,B, AN A,LAFD

cut

®R.
AL C,AsF A A3k B
ALC Ay, A FA®B
T,AL, A, A FAQB

r-c

r-cC

recC
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A1, C,A,A,B,AFD

T,A1, Ay, A B,AF D

cut

I, Ay, D9, B,AAFD

A A, A B,AHC
cut

A, B, A= C

I A, B,A+C

A1, C, Ay - D

T,A B,A AL, Ao F D

cut

I''B,A A A, A ED

A, C, A A

DAL, A - A

cut

A3 - B

AL, Ag,As- AR B

The symmetrical case of ®R is similar and omitted.

QL (case 1)

A1, C, Ay, A, BF D
I'FC ALCALA®BFD
T,A,L, Ay, A®RBF D

cut

®L (case 2)

T,A,B+C
T,A®BFC A, C,AFD

FA®B A A FD W

THC  A1,C,AABFD

T,A1,As, A, BFD

cut

T ALl AR BF D

VA, BFC AL C,AFD
I,A B,Ay, A D

cut

T,A® B,A;, A - D
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1L (case 1)

A1, C, A+ D
TFC ALC,AL1FD
T Ap Ng,1F D

cut

1L (case 2)

T-C
T,L1FC  A,C,A-D

T 1,A;, A FD cut

—oR

A1, C, Ay A B
TFC ALC,AFA—B
T,AL, Ao A— B

cut

—oL (case 1)

A, C, A A A3, B+ D
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THC  ALC,AFD

cut

AL, Ay FD

[A, Ag, 1 =D

r=c AL C A D

T AL A FD oW

T.1,A,A; FD

I'-C A, C Ay AFB
T,A, A, AF B

cut

T'+-C Al,C,Ag,Ag,A—OBFD

T, A, Ay, As, A— BF D

F,Al,Azl_A—-OB

Ay, C Ay A
cut

T, A, A FA Ay, BF D

T,AL Ay, A, A—<BFD

The symmetrical case of —oL is similar and omitted.

—oL (case 2)
I'A  ABFC

T,AA—BF C A,C, 0 HD

T,AA—B,A,L,AFD

ABFC A, C,AFD

ABAAFD

INAA— B,Ay,AF D
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IL (case 1)
A1, C, Ay, A™ D r-c Ay, C, Ay, AM Dcut
I'~C A, C, A JAED cut - I, Ay, A, A = D
[,AL Ay AR D A, A lJAF D
'L (case 2)
LA™ C LA™ - C A, C, A & Dcut
CLIARC Al,C,AZ}—Dcut . DAM A Ay D
DA AL A =D CIA Ay, A - D

This exhausts all the cases for cuts on non-principal formulas.

Cut of principal formulas
In each of the following cases, the weight of the proof after the reduction is strictly

less than the weight before the reduction.

Ax. versus any (case 1)

AFA T,AAFC
T AAFC

cut — A AFC

Ax. versus any (case 2)

THA A A
T cut — THA

®R versus QL

TFA A FB Ay ABFC
T,AFA®B £, A®BFC
T, AL Al C

t

AFB Ay A BRC
THA AL Dy AFC
T, AL, A - C

cut

cut
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1R versus 1L

F1 r'1-C

e cut — THC

—oR versus —oL
I'AFB A FA Ny, BEC
TFA<B A1, Ay A—BFC

T,A1, Dy F C we
A FA INAFB ;
T.ALFB % A, B C
AL, A C
IR versus !L
I'-A A AM - 'A.--THA A,A(“)I—Ccu
T HA AIAFC cut . ' ARC
T,AFC T,AFC
R versus IR
r-A AL A A EC r-A AI’A’Azl_Ccu’c
T A 1AL, 1A 1A HIC cut R AL A FC
T, 1A, 1A HIC IT, 1A, 1A FIC
This exhausts all the cases for cuts on principal formulas. d

Lemma A.0.2. If a sequent is provable in IMSLL with a proof of weight d > 0, then
it is provable in IMSLL with a proof of weight less than d.

Proof. By induction on the number of proof rules applied in the derivation.

Since the weight of the proof is greater than zero, there must be some cut in
the proof. If the last rule is not cut, then by induction we may form proofs of its
hypotheses of weight less than d. Applying the same rule to the resulting reduced
weight hypotheses produces the desired proof of weight less than d.

On the other hand, if the last rule is cut, then by induction we may produce proofs
of the hypotheses of the cut of weight less than d. By a single application of Lemma
A.0.1 to the resulting proof constructed from the modified hypotheses, we obtain the
desired proof of weight less than d. |
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Theorem A.0.3. (Cut-elimination). If a sequent is provable in IMSLL, then it is
provable in IMSLL without using the cut rule.

Proof. By induction on the weight of the assumed proof. We may apply Lemma
A.0.2 at each inductive step, and at the base case the weight of the proof is zero, so
therefore by definition of the proof weight there are no cuts, and we have our desired

cut free proof. |



Appendix B

Table of Acronyms

The intuitionistic linear logic connectives are partitioned into the multiplicatives
(®, —), the additives (&,®), and the exponential modality !. In each of the fol-
lowing cases, the prefix “I” may be added to denote the intuitionistic system and a

subscript 2 may be added to denote the second order system.

Acronym Meaning
LL linear logic
AL affine logic (= LL + full weakening)
SLL soft linear logic
SAL soft affine logic
LLL * light linear logic
LAL light affine logic
ELL elementary linear logic
EAL elementary affine logic
BLL bounded linear logic
MLL multiplicative linear logic (no additives; no exponentials)

MAL multiplicative affine logic (no additives; no exponentials)
MSLL multiplicative soft linear logic (no additives)
MSAL multiplicative soft affine logic (no additives)
MLAL multiplicative light affine logic (no additives)
MELL multiplicative exponential linear logic (no additives)
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