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ABSTRACT

In this thesis we establish almost sure invariance principles (ASIP’s) for strong martingales
indexed by two parameters. The method we use is that developed by Berkes and Philipp
(Ann. Prob., 7, 1979). This thesis is organized in four chapters.

In Chapter 1, we give a review of invariance principles. We introduce the origin of the
concept of the invariance principle, describe the main methods for proving the ASIP’s 5nd
state some basic results of the almost sure invariance principle.

In Chapter 2, we prove some “transition theorems’ which turn two-parameter strong
martingales into one-parameter martingales and can help us to prove the ASIP’s for two-
parameter strong martingales. We also give several simple applications of the transition
theorems, such as maximal inequalities with exponential bounds for two-parameter strong
martingales and the Prohorov distance between the law of a two-parameter strong martin-
gale and some appropriate normal law.

In Chapter 3, we prove our main theorem—the almost sure invariance principle for two-
parameter strong martingales and show some applications, including the functional law of
the iterated logarithm for two-parameter strong martingales.

In Chapter 4—the appendix, we state some known results we want to use and give the

proofs of Theorem 2.2.1 in Chapter 2 and Lemma 3.2.10 in Chapter 3.
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Chapter 1

Introduction to Invariance
Principles

1.1 On the Concept of Invariance Principle

The term “invariance principle” was coined by Erdds and Kac. Let z,, 23, - - be indepen-
dent identically distributed (i.i.d.) random variables (r.v.’s) with Ez; = 0,Ez? =1 and

distribution function F(t). In their paper [45] (1946), they wanted to evaluate the limit

distributions:
G(t) = ,-}an}o P(n71/? lrélf,sxﬂ Sy £ t), (1.1)
Gs(t) = lim P(n~1/? mex [Sk] £ t), (1.2)
Gy(t) = lim P(n'/* 3" SE < 1), (1.3)
k=1
and
Ga(t) = lim P(n™%% Y |Si| < 1), (1.4)
k=1

where S, = ZLl z;.

Erdés and Kac found that the limits exist and do not depend on the initial distribution of
z;. They also found that the limits can be easily evaluated for some special distribution

F. For example, (1.1} and (1.2) can be immediately evaluated if F' is the distribution
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Pz, = 1) = P(z; = —=1) = 1/2 and for (1.3) and (1.4) it is easier if F is the normal
distribution. Hence they solved this problem in two steps. First they proved that the limits
exist and do not depend on the initial distribution of z,; second they use some specific
distribution F' to evaluate the limits. They called this method of proof a principle and

their paper has initiated a new methodology for proving limit laws in probability theory.
In their paper [46] (1947), a theorem is proved, that is:

Theorem. Let z,,z;,--- be independent r.v.’s with mean 0 and variance 1 such that

the CLT is applicable. Let S, = ZLI z; and N, denote the number of S;'s, 1 < k < n,

which are positive. Then

N .
lim l’-"(—-’:'-<a:)=ga,rcsinc:uel’r2 0<a<gl

n—0o0 n w !

They wrote, “If the theorem can be established for one particular sequence of independent
I.v.S Y1, ¥z, - - satisfying the conditions of the theorem, the conclusion of the theorem holds

for all sequences of independent r.v.’s which satisfy the conditions of the theorem.” That

i1s what their invariance principle means.

Donsker (1951,{31]) also described the invariance principle. Let S, S3,--- be the partial

sums of 1.i.d.r.v.'s 21,72, -+ having mean 0 and variance 1. He wrote in [31], “One of

impacts of the central limit theorem which states

lim P(S, < an'/?) = (2r)~"/? f " exp(—1?/2)dt

is that the limiting distribution is independent of the original distribution of the r.v.’s.
With regard to limit theorems, we say the ‘invariance principle’ holds in particular case if
a limiting distribution exists and is independent of the distribution of the r.v.’s involved.”

In the same paper he proved an invariance principle which is the famous Donsker theorem



and is now called the functional central limit theorem.

Let C[0,1] denote the space of real-valued continuous functions equipped with the sup-
premum norm. If S; are the partial sums of i.i.d.r.v.’s having mean 0 and variance 1, then

for0 <t <1,
X (4) = n-1/28, ift==k/n
(t) = linear on [(k —1)/n,k/n] 1<k<n

defines a sequence of r.v.’s with values in C[0,1].

Theorem 1.1.1 (Donsker,1951,/31]) Let {B(t);0 < t < 1} be a standard Browr.ian
motion. Considering B(t) and X,(t) to be C[0,1]-valued r.v.’s we have

X, 2B (n—co) (1.5)
i.e. for any bounded continuous function h: C{0,1] — R!,

E(h(X,)) — E(h(B)).(n — o0).

It is easy to see that if A(X) = X(1),X(t) € C[0,1], then for any bounded continuous

function ¢ : R' = R!,

E(g(n7'?8,)) = E{g(h(Xa))}
— E{g(h(B))} = E{g(B(1))},

which implies the usual central limit theorem.

As pointed out by Philipp (1985,(89]), “At present the term ‘invariance principle’ generally
stands as a synonym for an approximation theorem: a given process, such as a partial sum
process, an empirical process, an extremal process, a U-statistic process, etc. is approxi-
mated in distribution, in probability, in L? or almost surely by a canonical process, such as

a Brownian motion, a Kiefer process, a special extremal process or in case of a U-statistic by
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a multiple stochastic integral.” So we have the corresponding terms: invariance principle
in distribution (IPID), invariance principle in probability (IPIP), LP-invariance principle
(LP-IP) and almost sure invariance principle (ASIP). The ASIP is also called the strong

invariance principle.

Obviously thz usual central limit theorem and the Donsker theorem are IPID's. The fol-

lowing theorem states a result on IPIP.
Theorem 1.1.2 (Major,1976,[68]) Let F be a distribution function satisfying
] tdF(t) =0 and j 2dF(t) = 1. (1.6)

Then there are two sequences {z;;1 > 1} and {y;;z > 1} of i.i.d.7.v.’s defined on some
probability space with common laws L£(z,) = F' and L(y;) = N(0,1), respectively, such
that

2~V maxye, [Sk — T} <= 0 (n — o0) (1.7)

where S; and Ty are the partial sums of x;’s and y; s respectively.
Y P ()

Since {maxy<, Si/n;n > 1} and {maxcc, TZ/n;n > 1} are uniformly integrable, the con-

vergence in (1.7) is even in L? which gives an example of L2-IP (see [88]).

On the ASIP the first result is due to Strassen. Let S, = %, x; be the partial sum

of ii.d.r.v.’s zy,z,,--- with Ez; =0 and Ez? = 1. We have

Theorem 1.1.3 (Strassen,1964,[96]) Without changing its low we can redefine {z;}
on a ticher probability space on which there ezists a Brownian motion {B(t);t > 0}

such that

Sa ~ B(n) = o{(nloglog n)"?} a.s. (1.8)

Here and hereafter we take logz := log(max(e, z))



If we are given a probability space (2, F, P) with a sequence {zs;i = 1} of id.d.r.v.’s, then
it is not sure at all that a Brownian motion B(t) can be defined on that probability space
such that (1.8) holds true. This is the reason why we define a richer probability space
and redefine {z;;7 > 1} on this new space. We will see from Lemma 1.3.3 that taking
the product of the given probability space and a copy of the unit interval with Lebesgue

measure makes the product space rich enough.

Obviously (1.5) and (1.7) imply the central limit theorem but (1.8) does not. Since the law
of the iterated logarithm (LIL) holds for B(n), using (1.8) we can easily prove the LIL for
S,. But (1.5) and (1.7) do not imply the LIL for S,. I the error term of (1.8) could be
improved, for example, if we could obtain (1.8) with error term o(n'/?), then the improved
result could imply the CLT. But this not true. Major (1976,{68]) proved that the error
term in (1.8) is the best possible. So both have earned their rightful places. So far, many
results on [PID, IPIP and LP-ID have been obtained. Three examples are given in section
1.1. For the literature up to 1985 see [89] (Philipp, 1985), [29] (Dehling, 1985), [51] (Goldie
and Morrow, 1985) and [86] (Peligrad, 1985).

1.2 Almost Sure Invariance Principles for One-parameter
Random Variables

In this section we are going to present some basic results on ASIP’s and several main
methods and techniques in establishing ASIP’s. Our emphasis is on real-valued independent

random variables (r.v.s) and martingales.

1.2.1 Main Methods

We have three main methods in establishing ASIP’s: the Skorohod embedding method, the

quantile transform method and Berkes and Philipp’s method.



(a) Skorochod embedding method
This method is based on the Skorohod embedding theorem which is very useful for the
proof of four types of invariance principles for martingales. Unfortunately the applicability

of this method is essentially restricted to real-valued r.v.s. and to one-dimensional time

parameters.

Description 1.2.1. To explain the method, let us sketch Strassen’s proof for Theorem

1.1.3. We need the following famous Skorohod embedding theorem (1965,[94],p.180).

“If a sequence {z;;i > 1} of i.i.d.r.v.’s satisfying Ez, = 0 and Ez? =1 is defined together
with a 1-dimensional Brownian motion B on a probability space such that {z;;i > 1} and
B are mutually independent, then there is a sequence {r;;7 > 1} of i.i.d. nonnegative r.v.’s
defined on the same space such that Er; = Ez? and such that the process
n—1
B(r), B(n1 + 1) — B(ny), ZT:)" ; Ti)y

and the process {z;;¢ > 1} have the same distribution.”

To use this result, let us assume that our original sequence {z;;¢ > 1} and the Brownian

motion B are already defined on the same probability space and are mutually independent

(this of course can always be done). Put 1o = 0 and

j=1
B(Z T: z :. 3
i=0 =0

for j > 1, also

Then the processes {Z;;7 > 1} and {z;;7 > 1} have the same distribution and therefore
{35,} and {S,} have the same distribution.



Now estimating |5, — B(n)| we can obtain
S, — B(n)| = o((nloglogn)'’?), a.s.

(For the details see [96) (Strassen,1964)). So the redefined processes {S,} and {B(n)} sat-

isfy our requirement.O

To establish ASIP’s for martingales we need the following generalized version of the Sko-

rohod embedding theorem.

Theorem 1.2.1 (Scott and Huggins,1985,(92]) Let {zx,Fisk = 1} be a square in-
tegrable martingale difference sequence. Then (on o possibly enlarged wversion of the
underlying probability space) there ezists a Brownian motion {B(1), Fi;t 2 0} and @
nondecreasing sequence {Tp;n > 1} of stopping times such that F, C Fr, and

n

B(T,) = ij, a.s., n=1

j=1

Furthermore there ezists an increasing sequence {Sp;n > 1} of o-fields such that 7, =

T, — Toy 18 S, -measurable and
E(1,|8n-1) = E(z2|Fac1)  aes.
and for p > 1,
MyE(72|Sn-1) £ E(lzal®|Famt) S NpE(77|S0-1) a5

for some positive constants M, end N, depending only on p.

Note that for continuous martingales an embedding theorem was given by Knight (1971,
[62]), which extended a result of Kunita and Watanabe (1967, [64}).

If some random processes can be suitably approximated by martingales then of course
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the Skorohod embedding method can be used to prove an invariance principle for these

processes. For example, Philipp and Stout (1975,[90}) established several ASIP’s for some
so-called weakly dependent r.v.s in this way.

(b) The quantile transform method.

This is a totally different method developed by Csorgé and Révesz (1975, [17]), refined
later by Komlés, Major and Tusnddy (1975, 1976, [63]) and extended recently by Berger
(1982, [6]) to cover the case of R?-valued i.i.d. random vectors. The main advantage of
this method is that in the ASIP for sums of i.i.d.r.v.s having finite p-th moment or moment

generating function it yields sharp error terms. Unfortunately it is restricted to indepen-

dent r.v.s and random vectors.

Description 1.2.2. To describe this methed let {z;,¢ > 1} be a sequence of i.i.d.rv.s
with continuous distribution fuction F' such that Ez; = 0, Ez? = 1 and E|z|® < co. We

are going to get (1.8) with error term O(né“\) for some A > 0. Let n; = k* for some
gong

suitable integer «. Put

k41 /2 trt1
tk=an, szn;‘! 2 Zi, Fk(t)=P(Xk<t)
i=1 j=te+1

{

flt) = @YF(t), Re=fulXs), Tu=D VneRe

k-1
where ®(t) denotes the standard normal distribution function. Obviously

P(Ry < t) = P(fu(Xi) < t) = P(Fi(Xi) < (1)) = (1).

So L{R,) = N(0,1) and therefore £(T,,} = N(0,¢). Since Fi(t) — ®(t) we have fi(t) — t.
It is not hard to show that

|Re — Xi| = [fe(X4) — Xi| € Coni?,  as.



where 8 > 0 and Cp > 0 are constants independent of k. If S, = ¥L, z;, since §; =
(a + 1)~1e*}, then

1Sy — Tyl = | Zl: VX — i ViRl < Co Zl:n},n_ﬁ
k=1 k=1 k=1
< Cq zl: ko(/2-8)141 < ¢ 1(/2-0)rt & Cyet/2
k=1
where A = (28— 1/2)/(a+1) < 0if & > (28), and C;,C, > 0 are absolute constants. If.the
probability space under consideration is rich enough, then we can prove that there exists a
Brownian motion B(t) such that
T, = B(t:).

For ¢; < n < t141 we have

|Sn = B(n)l < 18a = Sul + 1Sy — Tul+1B(4) — B(n)]

A

< Cat}* 418, — S| + |B(t1) — B(n)).
Consider

P( max |S.—S4 2t/ and P( max |B(t;) — B(n)] = /%)

tr<ngtiqy fH<nStig

and using the Borel-Cantelli lemma, we can show that
1S, - Sl = 0% as.

|B(n) — B(t)] = O(t}*™") as.
Therefore

1S, — B(n)| = O(n'/*"*) as. O

Let us point out, in Description 1.2.2 we use {t;} to divide the set of natural numbers
into groups (blocks): {1,2,---,t:},{t1 +1,¢1+2,--+,%2},- -, then with respect to the k-th

group we define X and furthermore we define Fj, fi, Ry, etc. to serve our purpose. This
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kind of technique is the well-known blocking technique.

(¢) Berkes and Philipp’s method
This method was developed by Berkes and Philipp (1979,[9]) and is widely used. To de-

scribe Berkes and Philipp’s method, we need the following lemmas. Lemma 1.2.1 is a result
concerning the Prohorov distance. Let {D,d) be a metric space and let F' and G be prob-

ability measures on D. The Prohorov distance between F' and G, denoted by «(F,G), is
defined as follows (see [3], Page 12):

n(F,G) =inf{e > 0; F(C) < G(C,)+¢, C closed}
where C, = {t € D; d(t,C) <e¢}.

Lemma 1.2.1 (Yurinskii,1975,[104]) Let {z;;1 > 1} be a sequence of real-valued 1.1.d.r.v.s
with Ez; = 0, Ez? = 1 and E|z,|® < oo. If n(F,G) denotes the Prohorov distance be-

tween probability measures F and G, then

w(L(n~/? i:c,-), N(0,1)) < Cn~1/?

i=1

where C > 0 i3 a constant independent of n.

The following lemma is Lemma 2.1 in {9] (Berkes and Philipp,1979) and is a special case of
the Strassen-Dudley theorem (see Theorem 1 in [34)(Dudley, 1968)).

Lemma 1.2.2 Let (D,d) be a separable metric space and D the o-fields of all Borel
sets of D. Let F and G be two probability measures defined on D such that

#(F,G) < a.

Then there exists a probability measure Q on the Borel sets of D x D with marginals

F and G such that
Q{(u,v); d(u,v) > a} L a.

11



Lemma 1.2.3 (Berkes and Philipp,1979,/9]) Let (D, d) be a complete separable metric
space and let F be a probability measure on the Borel sets of D. Let (Q,F,P) be a

probability space such that F is atomless. Then there exists a D-valued 7v. X on

(Q,F, P) with distribution F.

Lemma 1.2.4 (Dudley and Philipp,1988,/35],Lemma 2.18) Let D;,i =1,2,3 be com-
plete separable metric spaces. Let F be a distribution on D1 x Do and G be a distribution
on Dy x Dy such that the second marginal of F equals the first marginal of G. Then

there exists a probability measure on Dy x Dy X D3 with marginals F on Dy X D, and

G on Dy x Dj.

Remark 1.2.1 Since there always exists a probability space (2, F, P) with F being atom-
less, by Lemma 1.2.3 and 1.2.4 the conclusion of Lemma 1.2.4 can be replaced by the
conclusion that there exist a probability space and r.v.’s Z;,¢ = 1,2,3 on it such that the

joint distribution of Z; and Z; is F' and the joint distribution of Z; and Z3 is G.

Note that Lemma 1.2.4 is essentially Lemma Al in [9] (Berkes and Philipp, 1979) and
is also a special case of a generalized Vorob'ev theorem (Shortt, 1982, [93], Theorem 2.6;
Vorob’ev, 1962, [100]).

Now let us describe Berkes and Philipp’s method.

Description 1.2.3. Let {z;;¢ > 1},n, % and X; be as in Description 1.2.2. We also

want to obtain (1.8) with error term O(n'/?-4) for some A > 0. By Lemma 1.2.1,
#(L(Xe), N(0,1)) < Cn'?, k> 1.

By Lemma 1.2.2 and Lemma 1.2.3, there exist r.v.s X; and Y}, such that LX) = L(Xy),
L(Y;) = N(0,1) and
P(X,-Y|>Cn;) <Cni'?, k21

12



Let {y;;¢ > 1}be a sequence of i.i.d.r.v.’s such that £(y;) = N(0,1}. Put

trg

Yk“ = n?m Z v, k=21 (1.9)

i=te+1
We have £(Y7,Y;, ) = £(Y;,Y; ,-+-). We will now use Lemma 1.2.4 twice to redefine

the above r.v.’s on a single probability space such that the relations above hold.

First let
F=L({zi: 21}, {Xsk 2 1)),
G=L({X\sk 21}, {Ves k 2 1)),
and
Dy =D, = Dy = x2,R".

By Lemma 1.2.4, without changing their laws we can redefine {z;;1 = 1}, {Xi; & > 1} and

{¥.} on a single probability space such that

Xe=n" 3 & k21 (1.10)
i=tp+1
and
pr=P(| X, - Y,| > Cn;'y < On'?, k> 1

Second let

F=L({zsi 2 1), {Xuk 21}, {¥sk 21)),

G = L({Y, 1k > 1}, {ysi = 1}),
and

Dy = (xZ,R") x (xZ,R'), D =Dy =xZ,R"
By Lemma 1.2.4 again, we can redefine {z;;¢ > 1}, {Xi k > 1},{Y;; k£ > 1} and {y;;i > 1}

on a single probability space ( for notational convenience we use Y; to denote Y, ) such that

the relation (1.10),

Ligr

Ye=n"* Sy k21 (1.11)

i=tg+1

13



and
P(|Xi - Y >Cn ) <Cn? k21 (1.12)

hold. Let S, = 3%, z; and T, = I, yi. For tx < n < tk41, consider

n

. = P ;| > tllz_'\

pe=P(, éﬁs“h',.:%l | >477)
and

" s 1/2=X

pr=P( max | 3 wl>t"").

tk<ﬂ£tk+| i=ty+1
Properly choosing a > 3 (« is given in Description 1.2.2) and A > 0 we can easily prove

that

- 2 ' & "
zpk<00, Zpk<oo, and Zpk<°°-
k=1 k=1 k=1

By the Borel-Cantelli lemma we have

X, = Y| < Cn;'? as.,

1/2-A
max | Y. | < tk/ a.s.,
Be<nSten T
= 1/2-A
max | . wl<t a.s.,
th<nSthg t=i;+1

and therefore for t; < n < tg41,

n

‘SR_TH] < IS!k_Tfkl+! Z mi|+lzyl]

i=t +1 i=ty

k
S nlX - Vi + 285

J=1
= O@nY*"" as. O

IA

Description 1.2.3 gives us an idea what Berkes and Philipp’s method looks like. From
Description 1.2.3 we see that Berkes and Philipp’s method is based on estimates of the
Prohorov distance and the Strassen-Dudley theorem. Unfortunately if the r.v.’s {z;;7 > 1}

are not independent, then the procedure in Description 1.2.3 cannot be used to establish

14



ASIP’s because when we use Lemma 1.2.4 or Remark 1.2.1 to redefine {z;;7 > 1}, {X\;k >
1}, {X;k > 1} and {Yx;k > 1} on a single probability space we need that

L{Xi b 21}) = L({Xpk 2 1}). (1.13)

But from Description 1.2.3 we are not sure at all that (1.13) holds. The following two

theorems are useful in the proof of ASIP’s for dependent r.v.’s.

Theorem 1.2.2 (Berkes and Philipp,1979,{9]) Let {Xi; k > 1} be a sequence of r.v.’s
with values in R%*,d; > 1 and let {Fi; k > 1} be a non-decreasing sequence of o-fields
such that X i3 F-measurable. Let {Gy;k > 1} be a sequence of probability distributions

on R% with characteristic function g,(u),u € R%*, respectively. Suppose that for some

nonnegative number A, &, and T, > 10%d;,

E|E[exp(i < u, Xt >WFi1] = ge(u)| € Ax

for all u with |u] < T} and

1
Gr{u;lu| > ZTk} < &

Then without changing its distribution we can redefine the sequence {Xi;k 2 1} on a

richer probability space together with a sequence {Yi;k > 1} of independent r.v.s such
that Yy has distribution G, and

Pl X -Y|Zar)fax k21
where a; = 1 and
ap = 164, T og T + 40T + 6, k> 2.

Theorem 1.2.3 (Berger (1982), see [89] p.240) Let {By,my;k 2 1} be a sequence of
complete separable metric spaces. Let By denotes the Borel o-field of By, lel { X1k >

1} be a sequence of r.v.’s with values in By and let {Fi;k < 1} be a sequence of

15



nondecreasing o-fields such that X; is Fi-measurable. Suppose that for some sequence

{Br; k > 1} of nonnegative numbers,
E{jg}; |P(X) € AlFi-1) — P(Xy € A)|} < Bs
k

for all k > 1. Denote by I the distribution of X, and let {Gr;k 2> 1} be a sequence of
distributions on (By, By) such that

F(A) K Gi(A®)+ o, forall A€ B,

where pir and oy are nonnegative numbers and
Ac = | J{s;mi(s,t) <€}
teA
Then without changing its distribution we can redefine the sequence {Xi;k > 1} on
a richer probability space on which there exzists a sequence {Y;;k > 1} of independent

r.v.s with ditribution G, such that for all k > 1,

P(M(Xe,Ye) > pr) < Be + ok

Note that Theorem 1.2.3 is the latest result in a series of improvements of another ap-
proximation theorem of Berkes and Philipp (1979,[9]) and Dehling and Philipp (1982,{32]).
For py = op = 0, i.e. Fi = Gi,k > 1, Theorem 1.2.3 was also discussed by Berbee
(1987,[5]). Recently Theorem 1.2.2 and Theorem 1.2.3 were extended by Monrad and

Philipp (1991,[79]) to cover the case in which the G}’s are all regular conditional distribu-

tions.

It is worthwhile to point out that by a slight modification, Berkes and Philipp’s method
can be used to prove IPIP’s. The first paper is due to Philipp (1980, [88]). For others see,
e.g. [22] (Dabrowski, 1987) and [24] (Dabrowski, 1990).
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1.2.2 Basic Results

(A) Independent random variables
The first result on the ASIP for sums of i.i.d.r.v.’s is Theorem 1.1.3. We have already
mentioned that the rate of convergence in Theorem 1.1.3 is not fast enought to prove the

CLT. To achieve this we need to replace the error term of (1.8) by o(n'/?) at least. However

the following theorem says that this is impossible.

Theorem 1.2.4 (Major,1976,[68]) Let {a.} be any sequence of numbers with a, T co.
Then there ezists a distribution function F(t) with [tdF(t) = 0 and [{*dF(t) = 1 which
has the following property: for any sequence of i.i.d.r.v.’s {z;;i = 1} with common

distribution function F and for any Brownian motion B(t), one has

S0 = Bw)| _
(loglog n)l/2

limsup, . a,

Note that a weaker result of this type was obtained by Breiman (1967, {12]).

Major also showed that if we approximate S, by Gaussian processes (not Brownian motion)

then the rate of covergence in Theorem 1.1.3 can be improved.

Theorem 1.2.5 (Major,1979,[71]) Let a distribution function F(t) be given with [tdF(t) =
0 end [t*dF(t) = 1. Define

%% = /ﬁ- tdF(t) - (/ﬁ tdF(t))* if 2"<k<2
VA, V" -

Then a sequence of 1.i.d.r.v.’s {z:;1 > 1} having the distribution F and o sequence of

independent normal rv.s {yi;1 > 1} with Ey, = 0 and Ey? = 0? can be constructed

such that
1S = Tl = o(n'/?)  a.s.

where Sy, = Loy zi and T, = 31—, .
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If the r.v.’s have higher finite moments then the error term of (1.8) may be better. Using

the Skorohod embedding method Jain, Jogdeo 2ud Stout proved the following:

Theorem 1.2.6 (Jain, Jogdeo and Stout, 1975, [59]) Let {zi > 1} be it.d.r.v.s with

Ez, =0 and Ex? = 1. Assume that for a > 0,
E(z%(loglog z3)*) < oo.

Then upon redefining {z:;i > 1} on a new probability space, if necessary, there ez18ts @

Brownian motion {B(t);t > 0} such that

S, = B(n)| = o(n'*(loglogn)*~*¥?)  a.s.

Obviously if & = 0, then this theorem is Theorem 1.1.3. If the r.v.’s have a moment of
order r > 2 or a moment generating function, we have the following two theorems which

were proved by applying the quantile transform method.

Theorem 1.2.7 (Komlés, Major, Tusnady, 1975, 1976, [63] and Major 1976, [69])
Let F(t) be a distribution function with [tdF(t) =0, [t*dF(t) = 1 and [[t}PdF(t) <
oo (p>2). Then a sequence of i.i.d.rv.’s {Tik 2 1} having distribution F and a

Broumnian motion {B(t);t > 0} can be constructed such that
IS, — B(n)] = o(n'?) as. (1.14)

Theorem 1.2.8 (Komlés, Major, Tusnddy, 1975, 1976, [63]) Let F(t) be a distribu-
tion function with [e®dF(t) < oo for s in some neighborhood of s = 0. Then the
conclusion of Theorem 1.8.2.1 holds with

|Sr — B(n)] = O(logn) a.s. (1.15)
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Note that for 2 < r < 3, (1.14) was obtained by Major (1976, [69]); for r = 4, Strassen
(1965, [98]) obtained (1.14) with error term O{n'/*(logn)!/*(loglogn)'/); for r = 8 with
[13dF(t) = 0 Cs6rgd and Révész (1975,(17]) obtained (1.14) with error term o(n!/6*¢)(Ve >
0) and for r > 3, (1.14) was proved by Komlds, Major and Tusnady (1975, 1976, [63}).

Can we improve the error term in (1.14) and (1.15)7 This question was answered by

Breiman, and Csérgé and Revész.

Theorem 1.2.9 (Breiman, 1967, [12]) let p > 2. Then

lim sup S = B(n)

=00 4.8,
A—+00 nlfp

for whatever B(t), provided [ |t|PdF(t) does not ezist, where S, be the partial sum of

2i.d.rv.’s {z4;k 2 1} having distribution function F.

Theorem 1.2.10 (Csérgé and Révész, 1981, [18]) Let {xy;k = 1} be d.i.d.r.v.’s with
Ezy = 0 and Ez? = 1. Denote their distribution function by F(t) and denote the

standard normal distribution function by ®(t). Let {B(t);t > 0} be a Brownian motion
such that

Sa — B(n) = o(logn) a.s.

Then F(t) = &(t).

Theorem 1.2.9 and Theorem 1.2.10 show that the rate of convergence in (1.14) is the best
possible and the rate in (1.15) cannot be improved if F(t) # ®(t). For independent r.v.’s

which are not necessarily identically distributed, a result on the ASIP was given by Major.

Theorem 1.2.11 (Major, 1977, [70]} Let {zs; k > 1} be independent r.v.’s with Ez; =

0 and Ex? = 0? < co. Let S, = 3%, z; and B, = T, 0. Suppose thet B, — oo and
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that there ezists a numerical sequence {M,} such that

b

My = of log log B,

)

and

Pllzaf £ Mp) = 1.

If the probability space is rich enough, one can consiruct a standard Brownian motion

{B(t);t > 0} such that

|B(n) — .| = o((nloglogn)/?) a.s..

For Ri-valued r.v.’s, a version of Theorem 1.1.3 was proved by Philipp (1979, [87]) using
Berkes and Philipp’s method. In [6] (Berger, 1982} the quantile transform method and the
result in Theorem 1.2.7 were extended to the case of R%-valued i.i.d.r.v.’s. The multidimen-
sional version of Theorem 1.2.7 was also proved by Einmahl (1984, [40];1987, {42]). In [42]
he proved the theorem by using the Stassen-Dudley theorem in connection with an esti-
mate in the multidimensional CLT. For Banach space valued r.v.’s, necessary and sufficient
conditions for a version of theorem 1.1.3 to hold were given by Philipp (1979,[87]). In [35]
(1983), Dudley and Philipp established ASIP’s as well as IPIP’s for sums of independent
not necessarily measurable r.v.’s with values in a not necessarily separable Banach space.
An ASIP for triangular array of i.i.d Banach space valued r.v.’s was proved by Dabrowski,
Dehling and Philipp (1984, [26]) which extends an IPIP given by de Acosta (1982, (1]). For
r.v.’s in the domain of normal attraction to a stable law and in the domain of attraction to
a Gaussian law, some results on the ASIP were given by Stout (1979, [95]), Mijnher (1980,
[76]; 1983 [77]), Fisher (1984, [47]), Berkes, Dabrowski, Dehling and Philipp (1986, [7]),
and Einmahl (1988, [43}; 1989, [44]).

(B) Martingales

The first result is due to Strassen. Using the Skorohod embedding method, he proved
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Theorem 1.2.12 (Strassen, 1965, [98]) Let S, = Y0 zi, So =0 and F, = o(xy, 22, ,Tp)
be the o-field generated by 21, T, -, & (Fo the trivial o-field) such that {S,, Fn,n > 0}

forms a martingale with finite second moments. Assume that

Vi=Y E(z}|Fi1) > 0 as.

i<n

as n — oo and that

Y FVR)TEE (L > f(Va)lFe-1) < 0 e,

n>1

where f is a positive nondecreasing function on Ry, which increases more slowly than
t. Then, if the underlying probability space is rich enough, there exisis a Brownian

motion {B(t);t 2 0} such that as t — oo,
S(t) = B() + o((tf(1))/*logt) e.s.,

where S(2) is obtained by linearly interpolating S, at V;,, t.e.

1—-W,

S(t)=S.+ V-V,

if V,<t< V.

Using the same method the following theorem was proved.
Theorem 1.2.13 (Jain, Jogdeo and Stout, 1975, [59]) For fized a > 0 let
fult) = t(log log ).
Suppose that the following conditions hold a.s.:
Vom0 (n— o)

and for &6 > O:
i (A (V)™ X2 B(e(e] 2 8 (Vi Fecr) = 0,
k=1

S Fu (V) 2B el L2 2 £V — B))|Fot} < o0,
k=1

o0

’;(fa(vk))‘zE{wzf(zi < 6£o(Vi))|Fia1} < 0.
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Then redefining {Snin > 1}, if necessary, on a new probability space, there ezists a

Brownian motion {B(t);t 2 0} such that
1S(t) — B(t)] = o(t/*(loglog t)*~*¥?)  a.s.,

where S(t) = S, if Vo <t < V.

Also using the Skorohod embedding method, Philipp and Stout established an ASIP for

martingales under different conditions.

Theorem 1.2.14 (Philipp and Stout, 1986, [91]) Let f be o nonincreasing differen-

tiable function such that for all i > i,
(logt)™ < f(1) < 107°,

F(t)t(loglog?)~/? is increasing and g(t) = logt/f(t) T oo with tg'(t) bounded. Let
{n, Fn} be a sequence of martingale differences with finite second moments such that
with probability one,
Vi — 00 (n — )
and
l2al < F(Y/Va WVa (loglog\/Vi )12
Let S(t) be as in Theorem 1.2.13. Then we can redeﬁne {Zn, Fasn 2 1} on a possibly

richer probability space on which there exist a standard Brownian motion {B(3);t = 0}

and ¢ 7.v. tg such that for allt > 1,

15(¢) = B(t)| < 10%(f(¢)tloglogt)/? a.s.

Using Berkes and Philipp’s method, Morrow and Philipp (1982, [83]) established an ASIP

for Hilbert space valued martingales. This ASIP was extended later by Monrad and Philipp

(1991, [79]). The following theorem is a special case of Theorem 1 in [83].
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Theorem 1.2.15 (Morrow and Philipp, 1982, [83]) Let z;, 5, Fn and V, be as in
Theorem 1.2.12. Let f # oo be a nondecreasing function tending to 0o as t T oo such
that f(t)log® t/t is nonincreasing in t for some o > 50. Suppose that V., — o0 a.3. and
Y. E{l (2] > f(Va))/ f(Va)} < oo
n>1
Then without changing its law we can redefine {z.;n > 1} on a richer probability space
on which there ezists a standard Brownian motion {B(t);t = 0} such that

| S 2al(Va < 1) = B(t)] = O (f()/)%) s

n2l

For reverse martingales, the first work was done by Scott and Huggins who established an

embedding theorem for reverse martingales, then proved an ASIP for them.

Let {Sp,Fn,n = 1} be a reverse martingale. We know that See = liMpu—co Sn €xists al-

most surely. If we put S, = S, — S then {5}, Fn;n > 1} is still a reverse martingale and

S, =0 as.

Theorem 1.2.16 (Scott and Huggins, 1983, [92]) Let {Sn, Fnin 2 1} be a reverse
martingale with ES? < co and suppose without loss of generality that S = 0. Then {on
o possibly enlarged probability space) there exists a Brownian motion {B(t); F:,t 20}
and o nonincreasing sequence of stopping times {Tn;n > 1} such that 7, C Fr,,
B(T,) = S, a.s. Furthermore there ezists o decreasing family of o-fields G, such that

T, is G,-measurable and the following results hold
E(Ta = Top1|Fatr) = E((Sn = Sns1 )| Fanr) @,

and for 1 < p < 0o there exists positive constants M, and N, depending only on p such

that with probability one,

M,E{(To = Tas1"*Gns1} < E{1Sn = St PPt} € NpBA(T = 1= Tagt)”*{ G}
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Let {W,;n > 1} be a decreasing sequence of positive r.v.s with W2 < e”!. Let {55, Fain 2

1} be a reverse martingale with ES} < 0o and S = 0. Define

Sty = { Sre T (t= W2, (W2 —W2,)! ift < WP
0 if > W2

where

Ty = Sn - Sn+1 and p= p(t) = ma,x{J, T/Vf Z t}_
Scott and Huggins proved a general theorem which implies ASIP’s for reverse martingales.

Theorem 1.2.17 (Scott and Huggins, 1988, [92]) Suppose that {S,;n 2 1} is a ran-
dom sequence (not necessarily a reverse martingale) such that S, = Br, for some se-
quence of non-increasing nonnegative .v.s {Tp;n 2 1}. If with probability one T, <e,

T, — 0 and T,'W,, — 1, then as t — 0,

|S(t) — B(1)| = o{(tloglogt™*)/?} a.s.

Using Theorem 1.2.16, Huggins proved the following result which complements the corre-

sponding martingale result (Theorem 1.2.13) of Jain, Jogdeo and Stout.

Theorem 1.2.18 (Huggins, 1985, [55]) Let {Sn, Fain > l}be a reverse martingele
with ES? < 00 and Se = 0 a.s. For fized a > 0 let fo(t) = t(loglog =), et 2t 2 0.
Suppose that

Wo= )Y B(z}|Fir) =0 as. (n— o)

k=n

end for all § > 0 with probability one,
lim fo(Wo)™' 3 E{zi (e} 2 6fa(Wa))|Frn} =0,
k=

$ Fu W 2Bl 12 2 6 £ (W) Fena} < o0,

k=1



and

ifa(wk)_zE{Iif(mi < 8 fa(WiD)|Frr} < o0.
k=1

Define

S(t) = Sn+l 3f Wn+1 <t< W,

Sl 3ft2W1

Then by eztending the probability space if necessary, there exists a Brownian motion

{B(t), F7;t > 0} such that as t — 0,

|S(t) — B(¥)| = o{t'/*(loglogt~1)}==)/2} 4.,

For a special kind of martingale, the so-called stationary ergodic martingale, some ASIP's
were given by Basu (1973,[4]), and Jain, Jogdeo and Stout (1975, [59]). For sums of r.v.'s
satisfying some dependence assumptions, several theorems on the ASIP, which apply to
martingales, were proved by Eberlein (1986, [38]). In [10] (1991), Besdzied proved several

results concerning strong approximation of semimartingales by processes with independent

increments.

(C) Other results

There is a large literature on the ASIP’s for sums of mixing r.v.s, empirical processes, la-
cunary sequences, quantile processes and U-statistics etc. For the results up to 1985 see
[89] (Philipp, 1985) and [29]. For the results after 1985, see e.g. [30] (Dehling, Denk=r and
Philipp, 1987), [73] (Mason, 1988) and [39] (Eberlein, 1989).
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1.3 Invariance Principles for Multi-parameter Ran-
dom Variables

(1) IPID’s for multi-parameter random variables
In recent years some papers on the invariance principle for multi-parameter r.v.’s have ap-
peared. An IPID for i.i.d. two-parameter r.v.’s was proved by Tudor ([99], 1979). Let us

introduce IPID’s for multi-parameter martingales.

Let Z+ = {0,1,2,“'} and Zi = {(il,iz,"',id);ik € Z+,k = 1,2,"',d}. For i =
(21,72, y8ahh ] = (ji,jz,---,jd) € Zi we write 1 < j {or ¢ £ j) if and only if 1 < ji
(or ix < k) k=1,2,---,d).

Let (2, F, P) be a probability space and {F;1 € Z%} be an array of sub-o-fields such
that F; C F; if i < j. We call such an array of sub-o-fields a filtration.

Definition 1.3.1 Let {z;;i € Z%} be an array of r.v.’s. Then {z;, Fi;i € 23} is called
a (multiparameter) martingale difference array if

(1) z; 13 F;-measurable

(11) Elz;| < co

(i5i) B(z;lF) =0 if i < j,
Forn € Z¢% if we put Sy = Ticn @i, then {Sn, Fi} is called o (multiparameter) martin-

gale.

Now let us state the definition of two-parameter strong martingales. Let {F;;i,j € Z.}

be a filtration. Put

Ft=\ Fy Fi=\V Fi Fy=FI\ FL
i€z, i€z,

Definition 1.3.2 Let {xi;;¢,j € Z4} be an array of r.v.’s. Then {zy;, Fiy3t,7 € 2.}
s called a strong martingale difference array (SMDA) +f
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1) {zi;, Fijit,j € Z,} is o martingale difference array,

9) B(zulFy) = 0 if (3,5) < (k,1).

If we set Spn = Z(E,j)S(m,n) x5, then {Smn, Fnn;m,n € Z,} is a strong martingale, i.e. it is

a martingale and

E(Smn - Sm--l,n - Sm,n—l + Sm—l,n--ll-?‘-‘ —1,n—1) =0.

Later on, we will use the (F'4) condition. A filtration {F;;;4,j > 0} is said to satisfy the

(F4) condition if 7} and F7? are conditionally independent given F;.

We have

Theorem 1.3.1 (Morkvénas,1984,/80]) For each n € N let {3, FL;1 <k <k, 1<
1< 1.} be a SMDA such that the filtration satisfies the (F4) condition,

max [z} =0,  sup E(max(z})?) < oo,
¥ mn 1

and
kn In
Y S (=h) L
k=1 [=1
Then
En In D
Shota = 2 2z — N(0,1).
k=1 =1

To present the functional CLT we need to recall the definition of the space D[0, 1]* (see [14]).

For t = (#,1,) € [0,1]%, let

Q>:{t) = {(s1,82) €0, 1% 5, > t1, 8 > 1y}

@s,<(t) = {(s1,52) € [0,1)% 81 > t1, 82 < ta}
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Qe<(t) = {(s1,82) € [0,1)% 61 < 1, 82 <t}

Q<x>(t) = {(s1,82) € [0, 1% 51 < t1, 82 > ta}.

Let z : [0,1]° — R! be a function. We write z € D[0, 1]* if and only if the following limits

exist:
lim z(s Hm  z(s lim =z(s
s€Q5 <(8) ( )’ 1€Q,<(t) ( )’ 1€Q,>(1) ( )
3=t s—t g—1
and

lim z(s) = z(t).
e (s) = z(t)
s—+1

Let A be the group of all transformations A : [0,1]* — [0,1]? of the form A = (A(¢1), Az(22)),
where for p = 1,2, ), : [0,1] — [0,1] is continuous strictly increasing function with A,(0) = 0

and Ay(1) = 1. The “Skorohod” distance between z and y in D[0, 1] is defined by
d(z,y) = it {min(lz -y, A1) : A € A}

where [z — y(A)|| = sup{|e(t) — y(A(®))];¢ € (0,1} and ||M]| = sup{|A(t) ~t|:¢ € [0,1]}.
Then (D[0,1]%, d) is a metric space.

Let {kn(s);0 < s < 1} and {[;(t);0 £ t < 1} be sequences of integer valued positive
nondecreasing right continuous functions with £,{(0) = [,(0) = 0. For 0 < s < 1 and

0<t<1, set
kn(s) In(t)

X" =XMst)=3 3 ok

k=1 I=1
Let W = W(s, t) be a two-parameter Brownian motion (see [18], page 58 for the definition).

We have

Theorem 1.3.2 (Morkvénas,1984,(80]) Let {z}y, Frik = 1,2,-- -, ka(1),1=1,2,- -+, [,(1)}

be SMDA’s such that the filirations satisfy the (F4) condition and
kn(s) In(t)

Z Z(mz,)z 2, s (1.16)

k=1 i=1
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Then X™ 2 W in D[0,1)%, i.e. for any bounded continuous functional f : D[0,1]* —
R?,
Ef(X™) — Ef(W)  (n — oo).

The following theorem is due to Ivanoff.

Theorem 1.3.3 (Ivanoff,1983,/57]) Let {7, Fi;1 < k < ka(1),1 £ 1 £ L,(1)} be
SMDA’s such that

supE(n‘iaI.x(m',:,)z) < oo (1.17)
kn(5) In(t) ;

> SR st (n— o) (1.18)
k=1 =1

Then X™ 5 W in D[0, 1]%.

Clearly, the conditions in Theorem 1.3.3 are weaker than those in Theorem 1.3.2 because
unlike Theorem 1.3.2, Theorem 1.3.3 does not need the (F4) condition and (1.16) implies
(1.17) and (1.18).

Note that under different conditions, Leonenko and Misura (1982, [65]) also obtained the-

orems on the IPID for multi-parameter strong martingales.

(IT) ASIP’s for Multi-parameter random variables
Let N = {1,2,---} and i = (41,12, ",ia),j = (41,72, *,7a) € N% We write ¢ < j iff
< jr,bk=1,2,---,dand write 1 < j iff i) < jx,k=1,2,--.,d.

The first result on the ASIP for multi-parameter r.v.’s is due to Major. Using the quantile

transform method he proved
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Theorem 1.3.4 (Major, 1976,{68]) Given a distribution F(t), [tdF(t) =0, [t3dF(t) =
1 and @ monotone sequence n) < n® < ..., nl) € N, there ezist two sets of

ii.d.rv.’s 2, and ys, n € N with distribution F(t) and ®(t) respectively such that

sap | 3 (z: — w)| = o((In®)|log log [n®|)/*) @,

ngnl®) i<n

where |n| = M, n; if n=(n1,n, -, nq)-

Using Berkes and Philipp’s method Morrow (1981,[81]) proved some ASIP’s for rectangular
sums of multiparameter ii.d.r.v.’s with values in a separable Banach space. These results
were extended or improved later by Li and Wu (1989, [66]). The following theorem is a

special case of Theorem 4 in [81].

Theorem 1.3.5 (Morrow, 1981, (81]) Let d 2 1 and {za;n € N?} be a sequence of
real-valued i.1.d.r.v.’s. Then

0? = Ez? < o0 ford=1
Ez; =0 and
E(z?log? zyf) <00 ford2>2

if and only if there 1s ¢ d-perameter Brownian motion (explained below) {B(t);t €
[0,00)¢} such that L(B(t)) = N(0,0°t) and

|S. = B(n)| = o{(|n| loglog |n])*/*},

where Sn = Yrgn Tk

Note that the definition of d-parameter Brownian motion is similar to that of two-parameter
Brownian motion (see [18], page 58). Obviously Theorem 1.3.5 is more general than The-

orem 1.3.4 because the conclusion of Theorem 1.3.4 depends on the monotone sequenée

n(l) < n(z) < .,

For the multiple sums of multi-parameter 1.i.d.r.v.’s in the domain of atiraction of sta-

ble laws, some ASIP’s were established by Zinchenko (1988, [105]) and for the sums of
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Ré-valued multiparameter r.v.’s satisfying a strong mixing condition, several theorems on

the ASIP were proved by Berkes and Morrow (1981, [8]).

So far we see that no ASIP is established for multi-parameter martingales. In this the-
sis we will give an ASIP for two-parameter strong martingales. In Chapter 2, we will
prove some “transition theorems” which turn two-parameter strong martingale into one-
parameter martingales and will help us to prove the ASIP for the two-parameter strong
martingales, and we will also show some applications of the transition theorems. In Chap-
ter 3, the ASIP for two-parameter strong martingales will be stated and proved, and some
corollaries of the ASIP will be verified which include a functional LIL for two-parameter
strong martingales. In Chapter 4, we will state some known results we want to use and

prove two results in this thesis.
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Chapter 2

Transition Theorems and
Applications

Naturally we can solve some problems of mutiparameter martingales by an approach sim-
ilar to that by which the problems of one-parameter martingales are solved (see e.g.
[57],60],[61), [75] and [80]). Many authors have used a “transition” idea to prove theo-
rems for strong martingales, that is, the results of one-parameter martingales are applied
to strong martingales by turning strong martingales into one-parameter martingales. The
transitions may be done by using stopping domain techniques (see e.g. [48] and [101}), or
more easily by properly ordering the index set and properly defining the filtration (see e.g.
[57]). In this chapter, we will establish a general version of the second type of “transition
theorem” and show some applications. We will see that although the transition theorems

are useful in the study of strong martingales, not all one-dimensional results can be extended

in this way.

2.1 Transition Theorems

Let {zi;, Fijii,j € Z+} be a SMDA (see Definition 1.3.2). As usual we assume that z;; =0
if i = 0 or j = 0. Recall that if Sy = T; )<k Tij then {8y, Fr; k.1 € Z,} is a strong

martingale.



Theorem 2.1.1 Let {z;,F:;;1,7 € 2.} be a SMDA and let < be a complete order in
Z2. Define

Gu= \ Fy

(1.7)3(k0D)
If for all (1, 7), (k,1) € Z% such that (3,7) < (k,l) one has esther 1 k-1 o0rj <1—1,

then {2:5,Gij30, 7 € Z4} forms a martingale difference sequence (MDS) with respect to
the order <. That is

a) Gij C Gu if (1,) 2 (k,1),

b) zxi is Gu-measurable for all k,l € Z,,
¢) Elzi| < oo for all k1l € Z,

d) E(zi|Gi;) = 0 4f (i,5) < (&, D).

Proof. By the assumptions and the definition of Gy, we see that a), b), and ¢) are obviously

true. Since G;; C Fp_q,; for (2,7) < (k,1) we have

E(zw|Gi;) = BE{E(z1|F3-1,-1)IG:;;} = 0. O

Let {z;;, Fi;;1,7 € Z+} be a SMDA. As in [57], we define “<” as follows: for (i, §), (k,!) €
zZz,
(<) it i+j<k+!

or 1+j=k+! and z<k.

Clearly, < is a complete order on Z2 (see Figure 2.1.1, page 37). Putting

Somn = Z i
(i,)&(m,n)

Fon= V Fi
{1.5)&(m.n)

we have
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Corollary 2.1.1 With respect to the order <, {Smns Fmn;myn € Z2} is a martingale.

Proof. By Theorem 2.1, we only need to show that i <k—1,0rj < /-1 for (4,7)<(k,1).
Suppose (i,7)<(k,) and k,1 > 1, theni+j <k+lori+j=k+l andi< k. It is easy

to see that if i < k theni <k—1,if j <lthenj<i-1. 0O

Definition 2.1.1 Let O = {(pn,qn);n € 2.} C Z2. Then © is called a ruling sequence
ifpo = go =0 and (po, D) < (P1,@1) < (P2, @) < -+~ Let (k,1) € Z1. We say that the
ruling sequence gues through (k,1) if there exzists n such that (ps, ¢,) = (k, 1)

Let Q = {(pn, ¢ );n € Z,} be a ruling sequence. For n 2 1, set

LQ(n) = {(i,j)EZf_;pn_l <iSPn1OSqun}

UH{(G,5) € 2350 <4 < Paygn1 <J S gn}
Definition 2.1.2 For (i, j),(k,1) € Z%, we write
(#,7)<(k, )

if (i,7) € Lo(n) and (k,1) € Lo(n +1) (for some ¢t > 1) or if (i,7), (k,1) € Lo(n) and
(i, 4)<(k, ).

We can see that < is a complete order on Z2 (see Figure 2.1.2, page 37). Now put

S'm'n = Z Tij J'E.m“ = V }-ij'
(i) Z(mn) {i5)<(m.n)
We have
Corollary 2.1.2 {5, Frnim,n € 2.} is @ martingale with respect to the order <.

Proof. Suppose that (4, j)<(m,n) and m,n 2 1. If (i,7) € Lg(n") and (m,n) € Lo(n' +
t),(t > 1), by the definition of Lg(n'), we obtain

‘fi‘ - fpn“qnl C -7::1—1,:1-1'
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If (4,7),(m,n) € Lo(n'), then (i,7)<(m,n). As in the proof of Corollary 2.1.1, we have
iSk-liorj&l-1= Fy; CFh 1ar-

So for (k,l)<(m,n),

.7-:kl = \/ fi,j C fr:i—l.n—l‘
(i) (k1)
By Theorem 2.1.1, we reach the conclusion. O

Let @ = {(pa.qn);n € Z:} be a ruling sequence. Define

Ry = {(""hj) € Zi;pa—l <t < Psy -1 <j < Q't}-

Definition 2.1.3 For (4, ), (k,I) € Z3, we write

(t,5)<(k, D)

iff (i,7) € Roty (k1) € Ruy and (s,1)<(u,0), or (i, 7), (k, 1) € Ry and (i, 5)<(k, ).

Obviously < is a complete order in Z2 (see Figure 2.1.3, page 38).

Corollary 2.1.3 Let
Fu = V Fu (2.1)
(1) (k1)

Then {zt-j,f';j;i,j € Z.} 18 ¢ MDS with respect to the order <.

Proof. Suppose that (¢,7)<(k,!). Let us show that i < k—1,0r j <[ ~1.

a) If (i,7),(k,1) € Ra, by the definition of < we have (i,7)<(k,I). By the proof of
Corollary 2.1.1,i < k—-1,0orj <l-1.

b) ¥ (¢,j) € Ra, (k1) € Ry, and (s,t)<{u,v), then s <u—1ort < v— 1. Therefore if

sSu—-1,theni5p,_<_pu_1§k—landiftSv—l,theanp,ﬁleSl—l.D
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Definition 2.1.4 We write

) LD, Gf) (kD) €22

ifi <k, orifi=kand j <!, and we write

(N2 ®D (i kDeZ

ifj<l,orifj=1andi<k.

1 (z) .
It is easy to see that (<) and < are also complete orders on Z2 (see Figure 2.1.4, page 38-39).
Set

F = F; V Flas FP =Fy\ Fla Li2L

Ifi =0 or j =0, Fi is set to be the trivial o-field. We have

Corollary 2.1.4 Letn € N. Then {x;j,f,-(jl); (i,7) € 23,7 <n} and {25, F25(5,5) €

iy )

. . . . ) (2
Z2,i < n} are sequences of martingale differences with respect to the orders < and <)

respectively.

1
Proof. For (z,7) (<) (k,1), we see from Definition 2.1.4 that : < k—1ore= kandj <I-1.

2
Similarly if (3, 5) (<) (k,I) we have that ¢ <k—1or j < I—1. By Theorem 2.1.1 we complete
the proof. O
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Figure 2.1.1 The order <
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2.2 Applications

In this section we will use the transition theorems and the results from one-parameter
martingale theory (which will be stated in Chapter 4 and will be labeled by “Theorem
A1”, “Theorem A2", etc.) to prove some corresponding results for two-parameter strong
martingales. For convenience, here and hereafter, we use the notation “¢,7 — co” to denote

“i = oo and 7 — c0” and in this section, {z;;, Fi;;¢,J € Z+} stands for a SMDA.

Lemma 2.2.1 Suppose that {b;;;i,7 € Z1} is an array of real numbers. If for all

ruling sequences {(pn,qn)}s Bpoq. — 0 @as n ~ oo then by; — 0 as 1,7 — oo

Proof. If b;; /4 0 as i,7 — oo, then there exists ¢g > 0 such that for all £ > 0, there
exists ik, jx = k satisfying (ik—1.Jk-1) < (%k,jx),(k = 1,2,--) such that |b;, ;| > €5, which

contradicts the assumptions. O

Lemma 2.2.2 If for p > 1 and 4,5 € Z;, E|zy|P < oo, then there ezist two constants
C1,Cq > 0 depending only on p such that
2 \p/2 N 2 102
E;m ) S ElSpal” < E((H)IE?‘X 1Sul) < C2E(§J§$£j)pf

!
where Sy = T8, 251 Tij-

Proof. This lemma is a combination of Theorem 1 in [75] and Theorem 1 in {60]. O

By using the transition theorems in section 2.1, we can easily prove

CLE(D D ahV* < E|Smal” < CE(X. S 22/ (2.2)
i=1 j=1 i=1 j=1
In fact, let @ = {(p«,qx); ¥ € Z.} be a ruling sequence which goes through (m,n) and let
< be defined with respect to Q, then

Smn = 5;m'n = z Ty = Z Zij

(i.j)g(m,n) ("J)S(mvn)
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S = ¥

({.5}<(m.n) {id)(m.m)

By Corollary 2.1.2 and Theorem A3, we get (2.2).

Unfortunately we cannot prove (2.2) with E|S,,,|P being replaced by E(max; iy<(m n) | Sk}
just by using the transition theorems and the corresponding result for one-parameter mar-
tingales. In general, maX()<(m.n) | Sk, taken with respect to the partial order <, cannot be
expressed as maX(k,n=<(mm) |k, taken with respect to some complete order < with respect

to which {z;;,Gi;;%,7 € 24} is a MDS, where G;; is defined in Theorem 2.1.1.

The following examples illustrate this. Consider the complete order <. Let (Q,F,P)

is the probability space and A C  with P(A) > 0. Suppose that on A,

k+l ifk=1lori=1

Sy =

0 otherwise

If myn>1,thenon A
W |Sk| = max{m + 1,n + 1},
but
max |Su|=m+n+1>max{m+1,n+1}.
(k) <{mn)

. T . . . (1) (2
The situation is similar if we replace < by complete order <, <, < or <). What we need

to do is to properly choose {Sy}.

Lemma 2.2.3 (Theorem 3.9 in [101]). For A >0, we have

AP(, max |Su| 2 A) < 13E(|Snnl)

Now let us use the transition theorems to show some propositions.
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Proposition 2.2.1 Let 1 < p < 2. Suppose that {lzs|P;2,7 € Z4} 18 uniformly inte-

grable, then as m,n —+ 00,

(mn) ' E|Spal” = 0 (2.3)
(mn)™ | max | Sufr 5 0. (2.4)

If1 < p<2, then
(mn)'E( m |»5'k1|”) - 0. (2.5)

(%, 1)<(
Proof. Let @ = {(pn,qn)} be a ruling sequence and < the complete order in Z2 with
respect to . Then By Corollary 2.1.2, {S'k;,f'k;; k,l € Z,} is a martingale. By Theorem
A5, as n — oo,

(ann)-lElSpmqn]p - 0.

Therefore by Lemma 2.2.1, we obtain (2.3). Using Lemma, 2.2.2, for 1 < p < 2, there exists

some constant C > 0 such that

(mn) (g [Skl") < Clmn) ™ E|Spal

which together with (2.3) implies (2.5). Finally we prove (2.4). If 1 < p < 2, then by (2.5)

for each £ > 0,

-1 P>
P({mn) (o 2 ,ﬂ)|5u| €)

-1 P
(m'ns) E((H)<( ‘)I kll) — 0.

If p =1, then by Lemma 2.2.3 and (2.3), (2.4) is also true. O

Proposition 2.2.2 Let n* be an almost surely finite random variable and {hiy;i,5 €

Z.} an array of positive numbers. Suppose that

-1

o ol 50, (myn - e0)
- F
hmn Z x?j - 7? ! (m,n - OO)
(5.}S (mym)
=2 2
h""‘E((i,jr)%?in} i) S M < oo, (Vm,ne€ Zy).
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Then

(i:5)< (m.n)
where Z has characteristic function Eexp(—n*t?/2).

Proof. Let @ = {(ps,gn)} be a ruling sequence and < be defined with respect to Q. For

n=12-- set

x"'(‘ﬂ) h;n.Qn -7
Sn,(k,l) = Z mn.({|j)

()R )
Fairny = Fu-

Then by Corollary 2.1.2, {Sn k), Fu k)i (k:1) < (pn1gs)} is a martingale and by the as-
sumptions

P
| Tn (';J)I pmqn max I:‘BUI - 01
(i,J)<(pn.qn) (1.5)<(Pn.in)

- 2 P2
z z"v(‘t?) hPm% Z mfj =T,
(1:1)<(Pnan) (: )< (pngn)

E( max o 22) < M < Vn € O).
(B85, Btia) = bolg B max  sf) SM <oo, (Yn€Q)

Clearly Fr (ki) = Fnst,(ki)- By Theorem A6, we have, as n — oo
- D
homgn 2o Tij — Z;
(ivj)S(Pm‘?'\)
that is , for each real number t,

P(h,, Pm‘]’n Z z; <t)— P(Z <t).

(i.)<(pn.gn}
By Lemma 2.2.1, we get (2.6). O

Proposition 2.2.3 Let {hu}, n° and Z be as in Proposition 2.2.2. Suppose that as
™m,n — 00,

bt Y. E{aI(lzi| > ehmalFili} 5 0, (for each € > 0)

(ij)<(m.n)

h;‘l?l Z E(.’E };(J'-l

(£,1)<(m,n)
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where I4 denotes the indicator of the event A. Then

I W 2 5z (m,n — 00).
()< (m.n)

Proof. Let @ = {(pn,¢-)} be a ruling sequence. By the assumptions, we have, as n — o0,

- P
B2 S B{e (o] > ek )IFLY 20, (€ >0)
(3.1)<({Pn.an)

- P
RS EEYFSD S

(#:7)<(Proan)
Since by Corollary 2.1.4, {a:,-j,.ﬂg-l) i(2,7) £ (Pn,¢n)} is a set of martingale differences with

$3]
respect to <, by Theorem A7, as n — oo,

D
Ponan D, T — Z.

(i.5)E(pnan)
As in the proof of Proposition 2.2.2, using Lemma 2.2.1, we finish the proof. O

Similarly we have

Proposition 2.2.4 Let {hu}, n* and Z be as in Proposition 2.2.2. Suppose that as

m,n — 0o,
Aot Z E{$?j1(|mij| > Ehmn)|-7'—,-(3)1,j} £o (for each € > 0),
(i) <(mn)
LY E@HFD) S
(1.)€(mn)
Then

h;L Z T3 i? Z (m,n - OO).
(i»ﬂS(m|n)
Proposition 2.2.5 Lety? and Z be as in Proposition 2.2.2. Suppose that Y%, Eaf; <

co. Write 52, = Z(i,j)g(m.n) Emf_., If

Smb sup |zl Lo (m,n — o0),

" ()£ (mom)
sih Y B (myn— o),
(ivj)ﬁ(mrﬂ)
E(s;ﬁl( sup )w?j) <M< oo (¥m,neZ,)
fvj £(mn
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then

S;]," Z Ty i) Z.
(i.1)£{m,n}
If P(n? > 0) =1, then

( Z I?j)_llz Z Ti; -2-> N(O, 1).
(ilj)é(mln) (‘rJ)ﬁ(mvn)

Proof. Let @ = {(pa,g.)} be a ruling sequence and < be defined with respect to Q. For
n=12- - put

. —— —1 a4
mﬂn(’sJ) =3 nanwU

Sniig) = > T, (k1)
(qun)é(kvl)gt‘:vff)

Faigy = Fij
If (¢,7)<(pn,qs) or (i,7) € Z% — Z2 (Z={all integers}), then we define Sugi) = 0 and if
(i,7) € Z* — Z%, we set Fp,(;5) = Foo. Suppose that a complete order in the set Z? — 22
is defined. If we assign (i,j) to be “less than” (0,0) for (4,7) € Z2 — 22, then we have
defined a complete order in Z%. We stiil denote it by <. So {Snigy Fugii)s (1,7) € 2%} is

a martingale with respect to < with differences
0 if (4,7)<(Pn, 4n)
Yn (i) =

Toigy i {4,7)>(Pnyn)-

By the assumptions, we have

sup E(Sp ;) Ssup Y. 52 Bzl =1,
kg it (1,5} £(Pngn)
-1

SUP {yn i) = S50, sUP i D 0,
3.7

inj)f(?m?n)
2 - P
Zyn'(‘-!j) = spn2.qn Z x‘zJ' - 172,
Q¥ (isj}ﬁ(pﬂr’?")
E(Z y:,(i.j)) =E(s;2,. > L)< M<oo, (VneQ).
¥ (1.7)£(Pnan)
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Clearly

Sn,oo = Zynl(i‘j) = S;:ﬂn z xij’
",J‘

(1.7} £(Pnqn)
2 _ 2 — a—2 2
Un,oo - Zyn,{i,j) - spn-'-]'n Z x'.j’
4t (i.j)ﬁ(?n‘qh)

Faidy = Frt1,ig)

By Theorem A8, we get

- D
‘SP:,qn Z Iy — Z,
(67)£(pngn)

and if P(n? > 0) = 1, then

( Z $?j)_1/2 Z .’L','j L N(O, 1)

(ioj)ﬂtpnﬂﬂ) (ﬂj)ﬁ(?n nQn)

Finally using Lemma 2.2.1, we reach the conclusion. C

Proposition 2.2.6 Leté > 0. If

Smn = Z Lify Lm'n(a) = Z El$55|2+26,

(£,5)<(mmn} (1.4} (mn)
NSA8) = E| ( )Z( )E(z?,-lﬁ(,?_l) — 1",
1,5}<(m,n
NEN6) = E| »e )E(mmﬁ-‘fl,,-) -1,
Hp)slmn

then there ezists a constant Cs depending only on § such that

sup  |P(Smn < t) — ®(1)] < Cs{Lmn(8) + N} (8)}1/3+2)

—~co<t<on

where 1 =1 or 2 and ®(t) denotes the standard normal distribution function.

Proof. By Corollary 2.1.4, {m,-j,.ﬁ?}; (7,7) < (m,n)} is a set of martingale differences with
(1) .. . . .
respect to the order < and {:n,'j,}'g) ;(4,7) £ (m,n)} is also a set of martingale differences
. (2) T .
with respect to the order <. So Theorem A9 together with the above facts implies this

proposition. 0

46



Now let us use the transition theorems to prove a maximal inequality with exponential
bounds for SMDA'’s. Maximal inequalities are very important in probability theofy. Some
maximal inequalities concerning multiparameter martingales may be found , for example, in
{60] and [19]. However maximal inequalities with exponential bounds are not available and
we need them to prove ASIP’s for strong martingales. To establish the maximal inequality
with exponential bound, instead of the bound in Lemma 2.2.2 or Lemma 2.2.3, we need to

show the following lemmas.

Lemma 2.2.4 Let {z;,F;1=0,1,.-- } be a set of martingale differences with |z;| <
M as. ond E(z}Fic)) <bas IS =3 2 and 0 <t < 1/M, then

E(e") < exp(nbt?).

Proof. Since
. 2
e =1 +tz; +2'm:+§m'+ (i=1,2,---,n)

by martingale properties and the assumptlons, we have

E(e|Fiy) = E($2|f—1;+ E( NFic) + -

M m@ (MY

<

< 14 “1+ 3'*4-3 5.2.3°7 )
1

< -— - e .

_1+2M1+3+$3+ )

< 142 <t

and therefore

E(e*") = E{e!S1E(e™"|Froy)}

IA

ebt’ E(ets,,_1 )

< .- <exp(nbt?). O
Lemma 2.2.5 Let {zi;,Fi;;1,7 € Z,} be a SMDA with [z;;| < M a.s. Then for K > 0,
P(kénaﬁé Sy > K) < 3E(etSm)etK (2.7)

where Spn = X1k i i end t > 0.
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Proof. Obviously

P(kg}‘z?.én Su>K) = P(exp(kgql‘e'méntSkt) > etf)

P( max €% > )

k<m,i<n
= P(maxM, > '), (2.8)
k<m
where
My = max e*®,
i<n
Since

tSk = E(tSkr11Fb)s
{e'Sw, Fii k > 0} is a submartingale. Thus
eSit < B(et™+1i|F}) < E(max e¥+14|F})
and we get
My < BE(Myi|Fy)-
Hence {My, 1} is a submartingale. By (2.8) and Theorem Al,
P( max €4 > Xy = P(max M, > et¥)

k<ml<n

< e EIM,)
= ¢tk E{max gtsmt), (2.9)
It is easy to see that {e'Sm,F7;1 > 0} is a submartingale. By Theorem A2, for k& > 1,
E(max etSm) =  E(max(e!Sm/k)F)
<
Letting k — oo and combining (2.8) and (2.9), we get (2.7). O

Proposition 2.2.7 Let {zi;,F;;} be a SMDA satisfying E(z}|FL,) < b fori < m
and j < n and |z;| < M a.s. Then

exp(—os)  if K < 2mnb/M
P

k<

max |Sul 2 K) < {
=Tt 6 exp(—KM=mnby if K > 2mnb/M.
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Proof. By Corollary 2.1.4, Lemma 2.2.4 and Lemma 2.2.5,

P(Kmagc( S 2 K) < 3exp(—tK + mnbt?).

Put

F(t) = —tK + mnbt?.
Then f/(t) = 0 implies t = K/(2mnb). ¥ K < 2mnb/M, then f(zhe) = —K*/(2mnb)
minimizes f(t); if K > 2mnb/M, then f(1/M) = —(KM — mnb)/M* minimizes f(t). So

we have )
3exp(—i if K < 2mnb/M
P( max Sy 2 K)<

3exp(—EM=pnty if K > 2mnb/M
To complete the proof, observe that

[kéﬁf‘énw’“" > K| C [, max Su2 KU [kéﬁﬁén(_s“) > K]

and that {—x,'j,f,'j} is also a SMDA. O

Using the transition theorems we can also obtain an estimate of the Prohorov distance
betweer the law of a two-parameter strong martingale and some appropriate normal law.

This result is not used in the sequel, but is of independent interest. To prove this result we

need the foliowing theorem.

Let {z;,F;;i € Z,} be a MDS. Put

1]

sa=3 Bz},  ol=E(=|Fa)

=1

and denote by £{z) the distribution or law of the random variable z, by n(F,G) the
Prohorov distance between the probability measures F and G, and by N(q, o?) the normal

law with mean a and variance o?. We have
Theorem 2.2.1 Let {z;, Fi;i € Z,} be a« MDS with E|z;|* < oo and set

mn n
Vo= Els2 = S % + 5 Bl

i=1 =1
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Then

R(£(3 2:), N(0,52)) < 21V,2/° (2.10)

i=1

and if V, < 1/2%, then

n(z(im;), N(0,5%))

=1 ﬁ

1 .
< 8V2°(1 + =3 |log Vo172 + TVHA(L + 5| log Va|/3). {2.11)

Since the proof of this theorem is long and independent of the transition theorems, we will
do it in Chapter 4. Let {z;, Fij; 1,7 € Z4} be a SMDA with Elz;; [P < 00, Set

m n
‘91211.11. = ZZEzgja U?j = E(I?j 7'-:(1)-1)

i=1 j=1

Vin = Bl = 2205 7+ 223 Eloy P

t=1 j=1 i=1 j=1

We have a two-parameter version of Theorem 2.2.1.
Proposition 2.2.8 Let {zi;, Fij;i,j € 24} be ¢ SMDA with Elz;;|* < co. Then

T(L(E 3 2i3)s N0, sh)) < 21V,

i=1j=i

and if Vo < 1/2°, then

W(ﬁ(iimij)vN(ossrznn))

i=1 j=1
< OV + Y2 log Vi) + TV + 31108 Vi 2,

1
Proof. By Corollary 2.1.4, {z;j,.?-',-(_,-l);i,j € Z.} is a MDS with respect to the order (<)

Using Theorem 2.2.1, we get our conclusion. O

As the final corollary of the transition theorems we give a “one-dimensional” ASIP for

two-parameter strong martingales. Let @ be a ruling sequence and < the complete order

with respect to Q. We have
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Proposition 2.2.9 Let {z;;,F;;1,7 € Z.} be a real-valued SMDA with Fyy = o(xy;
(2,7) < (k, 1)) and let f be a real-valued nondecreasing function tending to co along the

positive real azis such that f(t)log™ t/t is nonincreasing for a > 50. Suppose that as

m,n — oo,
Win = Z E(mzllfﬁ) —* 00,
{(kl)€(m,n)
where
:E'k_l = U Fii.
(k)< (m,n)
IJ('

ZE{:C;“I(:BEM > f(Waa))/ f(Wama)} < 00,

then without changing s law we can redefine {z;;;1,7 € Z4+} on a richer probability
space on which there ezists a standard Brownian motion {B(t);t > 0} such that
|3 2mal (Wi < t) = B($)] = O (F(1)/)/%°) as.

Proof. It follows from Corollary 2.1.2 and Theorem 1.2.15. O

If {z;;4,7 = 1} is a sequence of ii.d.r.v’s with Elz;[* < oo and f(t) = t3/1) then it
is easy to check that the conditions in Proposition 2.2.9 are satisfied and therefore the

conclusion holds with

| S 20 l(Wip <) — B(t)| = O@/2712®) ass,

where

Wmn = Z E.‘L‘il.
(k,l)é(m,‘n)

Remark 2.2.1 If we replace the order < by < or <, then Proposition 2.2.9 still holds.

Remark 2.2.2 Although we can use transition theorems together with ruling sequences to

prove IPID’s for strong martingales such as the proofs of Proposition 2.2.2, 2.2.3, 2.2.4 and
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2.2.5, we cannot prove ASIP’s for strong martingales in the same way.

The basic reason for Remark 2.2.2 is the difference between convergence in distribution
and convergence almost surely. Let {z;, Fij;1,7 € Z4} be a SMDA defined on probability
space (2, F, P). Suppose that for each ruling sequence Qy, u € U, there exists a null set
A, C £ such that

(Gimn) ™" Z z;; = N(0,1) everywhere on Q — 4,, (2.12)
(i) (mn)

where

=2 2
Smn = Z Emij'

(£:5)€(m.n)

So on € — Uyer Au, (2.12) holds for all ruling sequences. Since U is an uncountable set
(there are uncountably many ruling sequences), we are not sure at all if Uyer Au 1s @ null
set or not. Therefore we are not sure if the following conclusion is correct or not:
Smm 2. zij = N(0,1) as.
(1.3)<{m,n)
Thus, we cannot prove ASIP’s for strong martingales directly just by using the correspond-

ing ASIP’s for one-parameter martingales, transition theorems and ruling sequences.



Chapter 3

Almost Sure Invariance Principles

In this chapter we want to establish ASIP's for strong martingale difference arrays. As
stated in Chapter 1 we have three main methods to prove ASIP’s. Since SMDA's are not
independent, the quantile transform cannot be used here. Then what about the Skorohod
embedding method ? Unlike one-parameter martingales, not every multi-parameter strong
martingale can be embedded in a Brownian sheet. Two counterexamples may be found in
[20] and [58]. In [84], a theorem is proved that using stopping sets (or domains) to change
the “time”, a special class of two-parameter strong martingales may become two-parameter
Brownian motion. Unfortunately the boundaries of the stopping sets are very irregular. It
is difficult to control these boundaries if we use this time-change theorem to prove ASIP’s
for two-parameter strong martingales. So we choose to use Berkes and Philipp’s method.
We will use Theorem 1.3.2 to prove the ASIP’s. Therefore we need to get the quantities
such as A, § etc., and to estimate the error terms as in Description 1.3.3. Section 3.1
will present our main theorem—an ASIP for two-parameter strong martingales and some
applications which include the functional law of iterated logarithm for strong martingales.
Section 3.2 will prove some lemmas for the quantities and the error terms, and Section 3.3

will prove the main theorem.
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3.1 The Main Theorem and its Applications

Let {zij, Fijii,j € Z4} be a SMDA with E|z;|*** < oo for some & (0 < & <1). Let
= 0 and t; = [exp(k?)], where p = §/2(2 + &). Then Q. = {(tr,tk)ik = 0} is a ruling
sequence. In this chapter, < always denotes the complete order defined in Definition 2.1.3

with respect to Q.. Put

Fa= NV Fi
()2 (6D

Then by Corollary 2.1.3, {z:j, Fisii,j € 2.} is a MDS under the complete order <. Let

=Zm:iE !J" q;z_’p_ ( iJ] )

i=l =1

and define

Ry = {(3,7) € Z3itpmy < i < tp,tisn < J S8}

hi; = the number of the elements in Ry

Xu= hml/ Z Ti; (3.1)
(L.))ERK
(ioj)ERkl
Vess=E| Y (Ezl — g2, (3.2)
(iJ)ERK

We have the following main theorem.

Theorem 3.1.1 Let {zi;, Fi;;i,7 € Z,} be a SMDA, where Fyy = o{zij;1 < k,5 L 1).

If there ezist positive constants b, C and D such that
( tJ‘Fl(;?- ) S bas E(:E?JI}-,(ELJ) S bas

and

sup E]x.-_.;lg'*"s <C Stllp(we,l.a/hkl) <D
i, '

then without changing its distribution we can redefine {z;;} on a richer probability space

on which there exists an array of independent random variables {yi;} with L(yi;) =
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N(0, Ex%) such that

k|

sup | 3 D (i — i)

(kD)g(mm) =1 j=1

=0 {(mn)”z (‘ﬁi 1:)%;” + ‘(/llfgg:;’)ggf + ((log m)(log n))-m)} a.s. (3.3)

where logt = In(max(e, t)).

If the filtration {Fi;;1,j € Z+) satisfies the (F4) condition, that is , 7! and F} are condi-

tionally independent given F;;, then we obtain

Corollary 3.1.1 Let {z;, Fi;;t,j € Z,.} be a SMDA with Blzi**® < 00 (0 < 6 < 1),
where Fiy = o(zij;1 S k,J <1). If (F4) is satisfied, and there exist positive comstants
b, C and D such that

E(I?jlf;—]‘j_l) S b a.s, S]:]:?PEIQ:‘,”?'I-S S C
and for all k and |,

h'El Y. (Ba% — E(l)Fr ;)02 < D,
(i:5)€Ru
where F; is as in Definition 1.3.2, then without changing its distribution we can redefine

{zi;} on a richer probability space on which there ezists an array of independent random

variables {yi;} with L(yi;) = N(0, Ez};) such that (3.3) holds.

If {z;;} are independent, then Theorem 3.1.1 becomes

Corollary 3.1.2 Let {z;;;1,j € Z,} be an array of independent r.v.’s such that
Ez;; = 0 and sup; ; E|z;j|**® < oo for 0 < § < 1. Then without changing its distribution
we can redefine {zi;} on @ richer probability space on which there exists an arrey of

independent random variables {y;;} with L(y;;) = N(0, Ez%) such that (3.9) holds.
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Note that Corollary 3.1.2 is different from Theorem 1 in [82]. For example, the error bound
in (3.3) is a function of m and n, but the error bound in Theorem 1 of [82] is a function of

n. However if we take m = n in (3.3), then the conclusion of Corollary 3.1.2 is a special

case of Theorem 1 of {82].

Clearly the r.v.’s {z;j;i,j € Z4+} in Corollary 3.1.1 forms a simple SMDA. Now let us

consider a SMDA with non-trivial dependence structure.

Lemma 3.1.1 Let {yi;i,7 € 24} be any array of r.v.’s. with Elyi;| < oc ‘and let
{Zi11,7 € 21} be an array of independent r.v.’s with EZ;; = 0 and independent of
{7ij:3,7 € Z4+}. Define

Ti; = Yij i
Fig = ol (k,1) £ (1, 0)) Vol Zis (k. ) £ (3, 5))
Then {z;, Fij1i,j € Z4} is @ SMDA.
Proof. Trivial. O

Corollary 3.1.3 Let {z;;,F;;¢,] € 2.} be the SMDA defined in Lemma 3.1.1. Sup-
pose that ‘

(a) |75 < My a.s. for some My >0 and alli,5 € Z;

(b) |y} — Ex3 102 < Myhi® if (i, 5) € Ru.

(¢) sup;; E|Z;;|** = Mz < o0
where 0 < 6 < 1. Then without changing its distribution we can redefine {z;;} on ¢
richer probability space on which there ezists an array of independent random variables

{yi;} with L{y;;) = N(0, Ex};) such that (3.3) is true.

Proof. By the assumptions,

E@YIFE) = BCMEZEIFDL)

1,7—-1
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N

MEE(Z%) < MPMEIEH) (3.4)
E}|FE ) < MEm/C) (3.5)

and

KB 3 (B - gl

{f,j)€Rw:
5721
SN Y E|EDY - gf|@+r
(f,.5)€Rw
6/2-1
< hy Z E|Z£j|2+6E|"(;'2j - E‘ij|(2+6)/2
(‘lvj)eﬂkl
< M, Ms,.

Hence the conditions of Theorem 3.1.1 are satisfied and the proof is complete. O

Now let us give an example for the SMDA in Corollary 3.1.3 which satisfies the condi-
tions (a), (b) and (c). Let v, ¢,7 € 24, be uniform in [1,1 + e™*7] and z;;, 1,7 € Z, be
iid.rv.'s with £(z;) = N(0,1). Then the conditions (a) and (c) in Corollary 3.1.3 are

automatically satisfied. Since

14emi=s
B(v) = [

where 0 < ¢ < 1, we have, with probability 1,

zidz = (1 + ge*77)?

e=i=J

W = Evil € 1=+ gem ) 4|1+ e ) = (14 eV

< 8emi,
It is easy to see that there exists M, > 0 such that for all (z,7) € R,
Elnfy = B < 87002 < My (6=1),

i.e. (b) is also satisfied. Actually we can replace [1,1 + ™74 by {1 — a;;,1 + b;;] with
aij, bi; > 0. If aij + b; — 0 fast enough, then the conditions (a), (b) and (c) in Corollary
3.1.3 will be satisfied.
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Using Theorem 3.1.1 we can easily see that the following cc-llary, a central limit the-

orem, is valid.

Corollary 3.1.4 Let the conditions in Theorem 3.1.1 be satisfied and s, /(mn) —
42> 0. For o, > 1 let

Do =1{(3,§) € N% (e 9)VP < j < ai}.

Then for m,n € Aqp and as m,n — oo, we have

: m o
i=1 2;,‘-.-1 Tij

D 2
= N(0 .
\/ﬁ ( 1 7 )
Note that if m goes to infinity too much faster than n or n goes to infinity too much faster
than m, then Theorem 3.1.1 cannot guarantee that the conclusion of Corollary 3.1.4 is true.

For example, if m = exp(exp(n)), then the conclusion of Theorem 3.1.1 becomes

m k(3 q 1 -
sup |ZZ($;J —-y;)| =0 {(mn)lﬂw} a.s., as m,n — oo.

(kD)<(mom) =1 jo1 (log n)*

Therefore even if 1%, Lio; ¥ii/vmn 2, N(0,~2), we are not sure whether the conclusion

Corollary 3.1.4 holds because /loglog m/(logn)* — oo as m,n — .

We can also use Theorem 3.1.1 to prove the functional law of the iterated logarithm (FLIL)

for two-parameter strong martingales. Let {z:;;¢,7 € Z;} be a SMDA with finite variance.

Put

m n
0‘1-23- and SmT‘:ZZmU'

1 t=1 j=1

2 . 2 2 _
of = Bzl Spu =

n
=1 j=

We define

S(s,t)=8mn HHm<Ls<m+1 ni<n+l

H, (u,v) = S(us,vt)/(4s% loglog s2 /2
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where (u,v) € [0,1]* and 5%, = E{(5(s,1))*}. Then for each fixed (s,1), Hyi(u,v) € D[0, 1]
(see Section 1.3 for the definition of D[0,1}%). For z,y € D[0,1)%, if we define
d(z,y)= sup |a(u,v) - y(w o)l =llz -yl
(ww)€[0,1)?
then (D0, 1], d") is also a metric space. Let L([0,1]2) be the family of real-valued integrable
functions defined on {0,1)% and K a subset of D[0,1]? such that for = & K,

s ri
z(s,t) = /0 ./o y{u,v)dudv, 0<s,t<1

where y € L([0,1]%) and fjg 1o ¥*(u,v)dudv < 1. To prove the FLIL for SMDAs, we will first
establish the FLIL for the case of independent normal entries, then extend it to suitable

SMDAs. We need the following proposition which is a direct corollary of Theorem 4 in
[102}.

Proposition 3.1.1 Suppose that
(1) limup pco Sin/(mn) = 1.
(2) littm pmsoo (EEEEN2 mas g n) [|killoo = O-
(8) {zij;1,] € Z4} are independent.
Then
P(lim sup d{(HewK)=0)

31400 (g 41> (a,t)

= P( n {u--ooo (", f,la)>(a t)d(HS'.t':z) =0h=1

Let {y:;;1.j € Z4+} be independent normal r.v.’s with mean 0 and variance of;. Set T =

?:12?=1yij’
T(s,t) = Tu fk<s<k+landi<t<i+l
and

Joi{u,v) = T(us, vt)/(4s%, loglog 2 )2,

where 5%, = E[(T(s,1))?]. We have
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Lemma 3.1.2 Ifsup; ;05 < co and (1) in Proposition 3.1.1 is satisfied, then
P(lim sup d(Jgu K)=0)
=00 (g 41> (s,t)
— i Y —_ = 1
P ﬂ {”_,w(s,t,?)( t)d(']’ s :L') 0})
Proof, In this proof we will use the following fact:

sup Ey;|*** <00 for § >0
L

which follows from

Elyi;|*** = E|N(0,0})** = o2 E|N(0,1)[*’.

Let
Y ) m n
vl = v (lysl < @)F9),  Tn =303 4l
‘i:lj:]_
T'(s,t) =T}, fk<s<k+landl<t<l+1
and

T (u,0) = T'(us, vt)/(4s } loglog s.7)

where 52 = E[(T"(s,t))?]. Since

! Y
Eyt_? = U?j - E{ytz,?I(Ile| > (gj)a(2+6})}

and

Y-
E{ylI(lyi;| > (i5)%+))

agE
™

..
il

-
w
I

-

IA
.Ms
)=

-
il

—
LT
Il

—

(Ely 12+6)2/(2+6){Ef(|y1| > (33)3(2-1-6))}5/(2"}'5)

IA
.MB
™-

..
Il

-
w.
It

-

(Ely 12+6)2j(2+6){(21) 3+6)/3E|y |2+6}6/(2+5)

8344}
Ely;; | (35)" 549

IA
.Ma
™=

i=1j=1
1- K348
< C(mn) "3z
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we obtain

s2 [(mn) = st /mn)+o(l) (m,n - o0).

It is easy to see that we also have

saf(st) = sh/(st) +o(1) (s,t — o0). (3.6)
Clearly

) loglog(mn '
gy (2825 Brmn) i/a sup |liglleo
' mn (L)< (mm)

< lim (loglog(mn)

m,n—oo mn

)H/3(mn)etss = 0. (3.7)
Combining (3.6), (3.7) and Proposition 3.1.1, we get

P(lim sup d’(J;l!tl,I‘..’) =0)

=00 (91,41)>(s,t)

=P(({lim inf )d’(J;,'t,,:z:) =0})=1. (3.8)

ek 00 (1) 2 (a1
Let
ay = (452, loglog s2)V%, dl, = (4s2loglogs.2)/?
and
T, v) = T'(us, vt)/ay.

We are going to prove

P(lm sup d(Jy,K)=0)

00 (1,47)>(s,2)

=1=P(({lm inf d(Jy,z)=0}). (3.9)

cek M )2(st)

In view of (3.8), let Q; be the set such that P(€;) = 1 and on Q,,

lim sup d’(J;J'II,K) = 0 (3.10)

B0 (91, 11Y> (a,0)

and for all z € K,

im inf d(J,z)=0. (3.11)

$t—o0 (8,1 2 (st}
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Let us consider a fixed w € Q;. Since for z € K,

1 TH te o, a::t . a;t o . a;t
d(‘]stim) < d(']sl 1y T )+d(.‘1’,‘ '.'I)
' Yoa [+ a

- st st

a, ay
< —t -d( ;,u-‘"f') + [lm“m]-—-—t- -1|
st st

and for any ¢ > 0, there exists o € K such that

¢ f
B ¢ (I m0) < Bf R d(Tipe)} + e

Qs

we have
d(J!,K) < inf{ﬁ-d’(.f' z)+ |||l |E”—‘—1|}
atr zEK Qg4 W *® Agt

Oy ay
< =T, o) + llzofles| == — 1]
a A gy

st

o (Gt e
< ipf{z - d(Tp o)} + et lloolleal T 1

@y wim g Ay
= L, K)ot ol - 1

Ayt

which combines (3.10) and (3.6) to give

#

lim sup d(Jp,K)=0

=00 (51 1) 2 (s.0)
Since w & Q, is arbitary, we get the first equality of (3.9). On the other hand, forx e K
and the fixed w € £, by (3.11),
. H ! i
s.ltl-fonoo (s',tl'?g(s.t) d (Js'“ x)

a. a,
< 1. . f _-_sl R dl JI _SE - ={Q.
- s.tllnoo(.gl,zlrﬁ(s,t) Qe ( s,t?z) + “a:”oolast 1” 0

By (3.6) and (3.8) again, the second equality in (3.9) is also true.

Finally let us finish the proof. By (3.9) we only need to show that
d(Jsp, Ji) =0 as. (s,t—o00) (3.12)
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Let

- L. 1.1
vi; = Ui L (gs;| > (7)3%+9).

‘We have
’ 1 T us, t T S,t
d(Ja,tiJs,t) = sup I ( - ) - ( )|
(w,v)€[0,132 st Ayt
(4 []
< ay YDl

=1 ;=1

Since

™
N
]
:\,;L:
I
)8
™8

P(lyi;) > (i)7549)

..
It
—
[
It
—-
-
1}

i=1 j=1

IA
M3
™8

Elyulﬂﬁ(ij)—l_sla
1

.
I}

15

CS 3 5) 1 < oo,

i=lj=

IA

by the Borel-Cantelll lemma we obtain

P £0 i0) =0,

(3.13)

which together with (3.13) and the condition (1) in Proposition 3.1.1 implies (3.12). There-

fore we complete our proof. O

Nesr it is time to prove the following corollary.

Corollary 3.1.5 Let {x;;,Fi;;1,] € Z4+} be ¢ SMDA satisfying the conditions of The-

orem 3.1.1. Suppose that as m,n — oo,

s2_[{(mn) — 1.

(3.14)

Then the conclusion in Proposition J.1.1 holds true with the independent r.v.’s being

replaced by this SMDA.
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Proof. Let {y;;i,j € Z+} be independent normal r.v.s with L(yi;) = N(0, Ez%). By the

assumptions and Lemma 3.1.2, we only need to show that
d(Hyp, Jop) — 0 as.  (s,t — 00).

In fact, by Theorem 3.1.1 and the assumptions, with probability one,

|S(us, vt) — T(us,vt)]

d(HstyJst) = sup { }
(u,v)€[0,1]? Qe
_ supuupegue oy el log oo )
o{y/[s][t] log log([s]{t])}

= - = o(1).

So the corollary is true. O

Note that the condition (3.14) in Corollary 3.1.5 is important. To explain this, let us
use an example given by Li, Bhaskara and Wang (1992, [67]).

Let {z;;;i,j € Z4} be independent r.v.s with
P(z,; = 1) = P(zi; = —1) = P(zq = 1) = P(aiy = =1) = 1/2
and z;; = 0 a.s. for i # 1 or J # 1. In this case,
Sn/(mn) — 0,

i.c. the condition (3.14) fails, and

. S‘mn
lim sup
mn— /452 loglogs?

= limsup [EE st Dol

=1/vV2#1
(m+n)—co \/4(m +n —1)loglog(m +n — 1) /

which means that the conclusion in Corollary 3.1.5 also fails for this “SMDA”.

64



3.2 Lemmas for the Proof of the Main Theorem

We will use Theorem 1.2.2 to prove Theorem 3.1.1. To do this we need some lemmas.

Lemma 3.2.1 (Ezample 34.9 in [11]) Let X and Y be random vectors of dimensions
7 and k respectively. Let G be a o-field. Suppose that X is G-measurable and that Y
is independent of G. Let ¢(s,t) be a bounded Borel function on R? x RF. If fao(u) =
E(¢(u,Y)), then

E((X,Y)IG) = fo(X).

Lemma 3.2.2 Let {z;,F;;i = 0,1,---,n} be ¢ MDS such that E|z;|*** <00 (0 <
6 £1). Put

n

st =% Ezl, vi = E(z3|F;-1).

J=1

IfFaia v} = 52, then

E‘E(eitz;;lz,lfo) _ e—t2,§l/2| < 3lt|2+6 ZE[MIZH-
k=1

Proof. Let z,k =1,2,---,n be N(0,1) mutually independent and independent of F,. By

the assumptions and Lemma 3.2.1,

E('Smn|Fy) = E{E("Tm1%%|F,)| Fo)
= B PR
= E(e™"%2F)

—_ e-t"‘sf‘.

Hence
E(e"‘z;.xqfo) —e~tah/2 E(e"‘z;;ﬁ.-‘ _ e“)::u”:ij:ﬂ)‘ (3.15)

Let

n

k-1
we= ) %+ Y viz
=1

J=k+1
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and we use the convention ¥. ):;-‘_n +1vj%; = 0. Then

n

eit E:=| ry _ n'. o1 Y% _ z it{wptzr) _ e:'t(wk+ukzk))-
=1
Since by Lemma 3.2.1,
E(eit(wk+xk)|'7_-n) = itE:_ T nr ‘ZJ-k‘i'lquJlf)
t? n .

= exp{thxJ - = Z vl }
J—l j=k+1

= exp{itz:r:j (s —sz)},
i=1 i=1

B | F, \ o(z4))

k--1 . n .
= exp(it y_z; + itvkzk)E{e'tzFHl N\ Fo\ o(z)}

i=1
k-1 |
= exp(it 3 ; + itvpzy) B(e" Lamrnt 7| F,)
3-1
= exp{it Z;:z:J + ftugzy — —(s — Z,Uz)}
=1

E(eit(wk-{-rk) _ eit(wk-[»vkzk}'j_-o)
= E(ew;‘-i-itrk _ ew;+itvkzk|j:o)
— E[E(ew;‘(e“z" - eitukzk)lfk__l)‘fol
= Ele*(E(e"*| Fiy) — B("*|Fya)) Fol.

Since
. 42
e = 1+it—§+R(t)

with |R(t)] < |t|**%, we have

. 1
E(e“rk|fk-—-l) = 11— E.E(g;ilfk_l) + E(R(tmk)lfk—l)
2

t
= 1- EU: + E(R(tzi)| Fi-1),
2

- ¢
E(e™*|Fy) = 1- ;vi + E(R{tvgzi)| Fr-1)-
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Combining (3.15), (3.16), (3.17), and (3.18) we obtain
E|E(e" Tm1%|Fy) — 537

n
< Z E]E(e““"**’x") - e“(‘-‘-’k'l‘“k-’-k]lfo)l

k=1
< Z E|E(e"*|F,_,) ~ E(eux | Fy)|
k.—-
z E\R(tz;)| + E|R(tvizi)])
< S (P Blaelt* + [t Bl Bl f)
k—

S |i|2+6 Z(E|xk|2+6 + ElE(xklfk_l)|(2+6)/2E|zk|2@,5)

k=1
_<_ ]tl2+6 Z(l +E|z|2+6)E|IkI2+S
k=1
n
<3P ST Eln P o
k=1

Usually 37, v? = s2 is not true; we need something more. Define

7 = max{k < n;va < st}
i=l

Obviously 7 is a stopping time with respect to {F;}. Let I4 denote the indicator of the set
A. Put
i =zilicny,  2f =05y, §=0,1,2,0,n
and
Py = g = (5~ L)
where Z is N(0, 1) and independent of F,, \ o{z;, N;; ¢ ‘:0, 1,2,---,n). Set Froyy = FoVo(2).
The following three lemmas establish a version of Lemma 3.2.2 when _%_, v? = 52 is not

true—Corollary 3.2.1.

Lemma 3.2.3 We have that {2}, F;;5 =0,1,2,---,n+1} and {1,737 =0,1,2,-
1} are two MDS’s with

v? = B(z2|Fjm1) = v} i<n)
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v = B(z;*|Fjm1) = vilj5n)

and
' 1 ' L
2 2 2 2
Upp1 = vﬂ.il = E(mn-}-l l}-ﬂ-) =8, = ZUJ-.
j=1

Proof. This lemma follows from the facts that Ijicr) and Jjj5ry are F;-1-measurable and

(s2 - 7, v¥)/? is F,-measurable, as well as the properties of Z. O

i=1 Vi
Lemma 2.2.4 If B|z;|**® < o0 (0<é £1), then

E|E(e* 5o 1| Fo) — /2 < 91tV
where Vos = Thzy Blzj|** + Els] — 1 p?|(+E)/2,

i=1

Proof. Clearly
EI$;|2+6 S Eil‘j|2+6 < 00, J = 0: 112?° N
and by the definition of z,,, (see page 67),

Elgy " = Bl(sh - 2 oD)'2[™

=1

,
= E'-"'i - Z U? |(2+6)/2Elzl2+6

i=1

[FAN

=1
Since
n
E?, |32 < 5 Bz,
i=1l

we have

n n
Elxn-i-l |2+6 < Q(Elsi_ - ZU?|(2+6)/2 + Z E|$i|2+6)-
=1

i=1

By Lemma 3.2.3,
n+1

n T
2 2r . 2 2 _ .2
2v =2 vilign +sn = 2vi = sq.
Jj=1 =1 =1
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2(E|5:21 - zvizl(2+6)/2 + E1U3+1|(2+6)/2)-

(3.19)

(3.20)

(3.21)



Using Lemma 3.2.3, Lemma 3.2.2, (3.19) and (3.21), we obtain

BIB(e" 25 5| Fp) - 42|

246 TN oyt (245
< 3T ZE|$J| *

j—:
< 3|t|2+6{z Ela; {7 + 2(E|s? — ZU (2492 ZE|$ 2459
J=1 i=1
< Ot Ejz;|**® + Els? — ZU?I(“””). o
j=1 f=1

Lemma 3.2.5 If Ejz;]**® < co for 0 < § <1, then
E]E(e“ ELI z, |j:‘0) — E(eit Z::: z; |f0)| < gHIEV:‘é(?-}S).
Proof.

E|E(e“ PR | ) — E(e" PSS |Fo)]
< B|E(e* Zom ™| ) — B(e" Tims 5| Fy)|
+E|E(e* Zim =i\ Fo) — E(e ot a 1Foll

— Jl + Jz. (322)

If Ri(t) = e — (1 4 it) then |Ry(t)| < |t[*/2. Since ¥, z; = T, z; and L}, z;
Z}:l IJ + Z?=1+7 xj!

n

= BIE( Tt Y o+ Rt S z)Fo)l. © (3.23)

=147 j=l+r

Clearly

n

E|E(e" 5171 Ry (t Y. )R
=Tt

< E|R(t Y ;)|

j=l4r
It|2 n

E(Z

=147
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By Lemma 3.2.3,

B(Y o) = B mlisn) = B!

j=147 i=1 j=1
n n
= Y B(2}?) = B(Y B Fi-))
j=1 j=1
n n
= E(}:vjz) = F( Z v;“)
7=1 =147
n T
< Elst -3 vl + Blsh — 29l
=1 i=1
Since
-:_. n n
Elsi _ Zv?l < (E|si _ zv§1(2+6)/2)2/(2+6) < Vié(%&) (3_24)
i=1 i=1
and
Elsi - Yol < (Els - 3 of[FH/nE
j#l =1
< (BIs = S o3CH2 1 Blug |G+ )
i=1
< vHE (3.25)
we have
EIE( L5 Ryt Y z;)|Fo)| < ¢V, (3.26)
j=l4r
Since

E( Tt S 2;)|Fo)

=147

n R k n
=E(Ze"zz‘=1“i(it S i) =iyl Fo)
k=1 j=k+1
n . k . n
= STE{E("Tin (it Y @)= Fo}
k=1 j=k+1

n

S E(e* T o L itE( S z;1F0))

k=1 i=k+1
0, (3.27)



by (3.23), (3.25), (3.26) and (3.27),
Jy < PV, (3.28)
Since
e“ E?:: %5 = e“ Z;‘=1 z;(]_ + itm:l-i-l + Rl (tXI:H-l))’
we have
J2 = E|B(e" X0=1 % itz + Ru(tzny, ) Fo)l- (3.29)
By the definition of z,,,, (see page 67),
B(e" i rita | Fo)

= B[E(e" Tom Sit(s2 — 3 02)V2Z|F,)| Fo
i

i=1
= Ele* T %rit(s2 — 3 02)2E(Z1F,)| Fo)
J=1
= 0.

Hence by (3.24),

L t 2 1
h € BBl < LB,
B e 2
< Els2 = v|EZ
2 jpert
< E!_zvnz/a(zq-a)
2 '
which together with (3.22) and (3.28) gives the conclusion of Lemma 3.2.5. O

Corollary 3.2.1 Let {z;,F;;7 =0,1,2,---,n} be a MDS with E|z;]** < 00 for 0 <
6§ <1. Then

EIE(ei! Z;;, LA lfﬂ) - e—g2aﬁ/2l S gltl‘ZV:.é(Z-l-E) + 9|t|2+6Vn'5
uhere
n n
Vas = 3 Elzs{* + Els} — 3 of(+9/2,
i=l

i=1
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Proof. It follows from Lemma 3.2.4 and Lemma 3.2.5. O

Replacing ¢ by t/+/n in Corollary 3.2.1, we get

.t n . 2 ;1.%.
E|E(eF Limi ™ |Fp) — ™ 77|
< 3l 2/(245) |2+

< SV o Vas. (3.30)

Therefore we have

Corollary 3.2.2 Let the conditions in Corollary 3.2.1 be satisfied and sup,y,(Vos/n) =
D < co. Then

E|E(e 7 5= ™|Fo) — e 'ﬁ‘| < Dy(Jt]? + |t]**0)n G0 (3.31)
where Dy = max(3D*?+%) 9D).

Proof. By the assumptions we have

| |2+6

[t . 2/(246)
V +9 n(2+6)/2

n "
It|?
= 9 6/(2+6)
< Dy(jtf + |t|2+5)n-5/(2+5’

3
§ Vn &

<0

DZ/(2+5) +9I l

By (3.30), we get (3.31). O
In order to prove ASIP’s for strong martingales, we need some maximal inequalities.

Let {Fi;;i,7 € Z4} be a filtration and {J-',o(jl)} and {.?-',-(3-2)} be as in Corollary 2.1.4. Let
1 2

{.rij,f"g-l)} and {y;j,}'}f)} be two MDS’s with respect to the orders (<) and (<) respectively.

We have

Lemma 3.2.6 Suppose that |z, |yi;] < M e.s. end
E(z;; lf.(l_ E(U:;]ﬁ(f J) < a.s..
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If for K >0,

pr = P(max|Si:| 2 K),  p2 = P(max|Tw| 2 K),

then "
2exp(~ o if K < mnb/M
pp ot p2 S
2exp(—EMomnb) if K > mnb/M
where

ko L
Su =7 =i T = 322 Yis-

=1 ;=1 i=1j=1

Proof. Since
E(StnlFicy) = Sk-in+ E(Z Ti| Faoy)
j=1

= Sp_in+t ZE{E (2 FDIFL L)

i=1
- Sk-l,n
and Sy, is F}-measurable, we have that {Sy ., F; } is a martingale for fixed n. So {e!5km | )
is a submartingale. Therefore

P(I,?Sa;f Sk,n 2 K) = P(IE.(&;C eth n > eth)

S —tKE(etSm )

By Lemma 2.2.4 and an argument similar to that of the proof of Proposition 2.2.7, we

conclude that Lemma 3.2.6 is valid for p, . Similarly it is also true for p;. O

1
Lemma 3.2.7 Let {:r:;,-,f,-(jl)} and {y,-_.,-,}'l-(j,-z)} be MDS’ with respect to the orders (<) and
2
(<) respectively. If E(z};) < co and E(y}) < oo, then for K >0,

P(ma.x |Sk1| > K

uMs

N|Q 3>'<|Q

P(max |Tk;| > I\

nMs

Z yl]

where C' > 0 i3 an absolute consient.
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Proof. Simple. O

Lemma 3.2.8 (Lemma 2.13 in [$85]) Let A, B and C be complete and separable metric
spaces. Suppose F' is a distribution on Ax B and G is a distribution on B x C such that
F and G have the same marginal on B. Then there exists a distribution on Ax BxC

with marginals F on A X B and G on Bx C.

Lemma 3.2.9 (Lemma 2.8 in [9]) Let A be a complete separable metric space and let
F be a probability measure on the Borel sets of A. Let (Q,F,P) be a probability space
such that F is atomless. Then there ezists ¢ random varigble X on (2, F,P) with

values 1n A and distribution F.

Remark 3.2.1 Since there always exists a probability space (2, F, P} with F being atom-
less, by Lemma 3.1 and Lemma 3.2, the conclusion of Lemma 3.1 can be replaced by the
conclusion that there exist a probability space and random variables X, Y and Z on it such

that the joint distribution of X and Y is F and the joint distribution of ¥" and Z is G.

Lemma 3.2.10 Let B; = R be the real line with the usue' distance, and let B; = B
be the o-field of Borel sets of R. If for u = (ug,up, -}, v = (v1,vq,-++) € X2, Ri, we
define
d(u,v) = 3 2'*——-—|uk_vk| ,
(u,) g 1+ jup — vl
then (x32,R;,d) 1s a complete and separable metric space. If By, is the o-field of Borel

sets of (X2, R;, d), then
B, = x2,B;. (3.32)

Finallyif we set Dy = X2, R,k =1,2,--+ ,nand fort = (t;,8,- -+, ta ), ¥ = (8], 85, -, £ ) €
X =y Dk, we define

7 t ! = i
d(t,t') max d(tx, ty),
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then (x}_,Dx,d) is @ complete and separable metric space. If D denotes the Borel
o-field of (X}, Dy, d), then

D=8y X By X+ X By

n

We will prove this lemma in Chapter 4.

Remark 3.2.2 By Lemma 3.2.10, if X = (z;,22,--*) and ¥ = (4,42, ) are X2, R;-
valued r.v.s such that they have the same distribution, then for each n, (21,22, -, z,) and
(v1,Y2,**» Yn) are R"-valued r.v.s and they have the same distribution on R". Conversely,
if for each n, (z1,22,-++,&x) and (y1,y2," -+, Yn) are R -valued r.v.s and they have the same

distribution on R", then X and Y are x{2,R;-valued r.v.s such that they have the same

distribution on %2, R;.

3.3 Proof of the Main Theorem

In this section, we will use the notations in Section 3.1 and Theorem 1.2.2 will be applied

to prove our main theorem—Theorem 3.1.1.

Proof of Theorem 3.1.1. To apply Theorem 1.2.2 to prove our theorem, we need to
estimate some constants such as Ay, §x and ay which are similar to Mg, 8; and oy in Theo-
rem 1.2.2, to define and redefine random variables such as {z;;} and {y;;}, and to estimate
the error between the summation of {z;;} and the summation of {y;;}. We divided the

proof into three steps: estimation of some constants, defining {y;;} and redefining {x;;}

and estimating the error term,

Step 1. Estimation of some constants.

Obviously {F.,.,} is a sequence of o-fields which is nondecreasing with respect to the order
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Z and Xy is {F, 1, }-measurable, where < is defined in Definition 2.1.3, F,, , is defined as
in Corollary 2.1.3 and X}, is as in Theorem 3.1.1. If Gy is the distribution of N(0,0%),

then Gy has characteristic function

gu(u) = ek /2,
If (&',1) = max{(i,7); (¢, 7)<(k, 1)}, then {f’tk, ":'} is the “Fi_;” in Theorem 1.2.2. By the
assumptions and Corollary 3.2.2 .
E|E(¢**®|F,, 1) — gu(t)] € Dy(lt]* + [t2F)h 3+, (3.33)

where Ay 15 as in Theorem 3.1.1. By a simple estimation we get
b0 < Coexp(—p(* + 1), (3:34)

where Cj is an absolute constant and p = 6/2(2 + §). From now on, C;’s always denote

positive absolute constants. Let d = §/4(2 + §)* and define
Ty = max{10% exp(d(k® + I*))}. (3.35)
Then for |¢| < Ty, by (3.33) and (3.34), we have
EIE(C“X“|-7:-tkr.t,n) —gu(t)] < du (3.36)
with Ay = Cyexp(—p(k? + #)/2), and for k, [ large enough,
Gulu; |u| > Tufa} = P(IN(0,0%)| > Tu/4)
< PN, )] > ; expld(ke + 1))
< Corexp(—d(k® + P))og,
where

oh = kg Y Ezj
(£|j)eRkl

hI:II Z (E|xij|2+6)2/(2+6)
(i.7)ERK

‘_|2+6)2/’(2+6)

1A

in

sup(E|z
i
O3 (248)

IA
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Hence, we have

Guiu;lu| > Tu/4} < bu (3.37)

with &, = Cs exp(—d(k? + I°)).

Step 2. Defining {y:;} and redefining {z;;}.

By Theorem 1.2.2, we can redefine {Xy;} (X is defined as in Theorem 3.1.1) on a richer
probability space together with a sequence {Y}; k,{ > 1} of independent random variables

such that ¥}, 2 N(0,0%) and if {X,,} is the redefined version of {Xy}, then
P(| X1 — Y| > au) < o (3.38)
with

ay = 16T5 log Ty + 4/\32711 + by

IA

16 exp(—d(k* + 1#))d(k* + I*)
+4Cy exp(—d(k? + 1°)(1 + 6/2) + d(k* + I?))

+Cyexp(—d(k? + 1))

IA

Cyexp(—~dé(k? + 1°)/2)

= Cyexp(—d\(k* + ¥}) (3.39)
where d; = 62/8(2 + 6)%. Obviously
gam < Cs kZexp(-—dl(k" + ")) < . (3.40)
. 1
Since for any m and n,
L( X0, Xiz, Xany Xaa, Koo, Xany -+, Xown) = L(X 110 X1z Xovy X KXoz Koy o+ X

by Remark 3.2.2, (X11,X12, Xgl, X13, X22: X311 . ) and (X{I’ X;z, X;l’ ;3’X£25 X:;“ .. ') are

x 22, R;-valued r.v.s and they have the same distribution on %2, R;. Furthermore,

1=1
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7 ! (2 i) [ 2
(211, %125 Z21, T13, T22, T30, " Yand (Y], Y45, Y34, Yis, Yoo, Yay, - - -) are x2, R;-valued r.v.s. Let

A=B=C= (X??__IR;,CE) and
F=L{{z;1,) € 2.}, { X k12 1})
G = L{{X k12 1} {Y: k12 1)),

Then by Remark 3.2.1, we have a probability space on which there exist (x{2, R;, d)-valued
r.v.s X,Y and Z such that

LX,Y)=F, L(Y,Z)=@G. (3.41)
If
X ={a;i,j €2}, Y={Xyij€ 2]}
Z= {Yl:ﬁks[ 2> 1}
then
L({a‘.:;'lz1] € Z+}) = E({mij;i:j € ‘Z-E-})
LU{X 6 i€ 2.)) = L{ Xk, 121}
= L{Xy;k,121})
and

LY k12 1}) = L({Y Ky L 2 1))

Therefore by (3.41), the definition of X}; and (3.38),

Xp=hg" 3 o (3.42)
(L.5)€Ry
P(| X — Yyl > o) < . (3.43)

Let {y;;;¢,j € Z,} be an array of independent r.v.’s with L(y;;) = N(0, Ez};). Define

Yu=hg? 3 i (3.44)
(F.)YERK
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Evidently, (y11,¥%12,¥21, %13, Y22, %31, - +) and (Y11, Yag, You, Yig, Y2, Yoy, - - ) are (x32, Ry, d)-
valued r.v.’s such that

E(K].?K?).Y'?h}r]ﬂayz?,y:ﬂ? )"‘“ ( IISY;‘S‘IYQ’;? 13!1,‘2';’ YSIB )
Let A = (x2,R;) x (x%,R;), B = C = x®,R; and
F=L{a%i,5 € Z. 3 (X0 k0> 1}, {Y) K, 1> 1})
G =L({Yiii k,1 2 1}, {yij14,5 € 2+ }).

Then by Remark 3.2.1 again, without changing their laws, we can redefine {z{;}, {X{}, {Y}}
and {y;;} on a new probability space (for notational convenience, we denote them by {z;;},

{Xu}, {Yu} and {yi;} respectively) such that (3.1) and (3.44) hold and

P(| Xy — Yu| > an) < an. (3.45)

Step 3. Estimating the error term.

Finally let us estimate the error term:

emni= sup | Y (zij—yi)l

(kiys(mm) (i, 1)<(k)
We will do this by using truncation, Lemma 3.2.6, Lemma 3.2.7 and the Borel-Cantelli

lemma. Let

&i; = zi (|2 < (ij)1/(2+a)), ni; = zijl(jziy| > (ij)l"(”ﬂ)
=6~ BGGIFL),  nl=my — BlnglFLL)
€= & — Bl F0,), il = miy — E(nigl 72 ).
Then {E;j,fijii,j € Z,.}, {W;J,-ﬁ(,l),z j € Z,} are MDS’s with respect to the order <) and
{5.3,-7'-:;, J € Zi}, {7?. -7:;(,1 it,J € Z,} are MDS’s with respect to the order <). Since
{zi;,Fi:8,7 € Z4} 1s a SMDA, we have

— .. o — ! ' — " H
Tij =& +mi; =&+ = &5+ i
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By the assumption of Theorem 3.1.1,

Be2FY,) < BEIFSL,) < E@hIFY

iim1) Shas.

Using Lemma 3.2.6 and Lemma 3.2.7, for i, < m S tm.q1,tn, <7 < tn.41 and defining

(tm.tn. loglog s, y1/2

o= (log . )%

we have

P( max | Z Z J:,'jl 2 21{1)

< .
tme <M <im,+1 tme IS F<ine

<P( max | S Y &lI2kKy

tm, <Mm<tm, 41 tm, <I<M j<tne
! '
+P( max | 3 Z m;1 = Ky)
tme <Mm<im, 41 (iSm J'Stn.

t L] t -
le maetl Ne+l

o oo TR XX B, (3.46)

i=tm,+1 j=1

< 2exp(-

Since
tmot1 — tme < Cetmos1(l0gtm, ) ~/*
we get

K} Iog logty,
4tn.(tm.+1 - tm.)b 4tn.(tm-+1 )b(log tm.)
Cr(log tnm, )(log logtn,)

]

v

> Csmflogn..

On the other hand,

E(n})

AN

E(n}) = B(=}I(lzy] > (i)/)

(Elas PP (|ais| > (35)/3+D))P/C+)

IA

(E|:z:,-,-[2+‘5)2”2+5)(E|:c,-,-|2+5/(ij))5/(2+5)

Bz 2% (35 )%/ @+9)

IA

Sup Ezi; |76 J(35)¥2+9)

IA

C(z’j)‘”(“‘”
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and

tmetl Inetl

E E (ij)_6/(2+5) < Z —'5/(2“‘5))( Z J—J/(2+6))

i=tme+1 j=1 i=1 j=1
< Coltm )2/(2+5)_

Hence the right side of (3.46) is less than

- tm.tn, loglogt
2 Cym} C.C tm.t 2/(2+8) myin, 108 n.
Tty +Co ( . n.) /( (].Og tm_)46 )
< 29 1 Crotm,ta,) /4 log tm,)* / loglog t,,

S 2n:Camf + Cll(tm.tn- )-6/4,

and so

P( max | Y Y =z =2K)

tme<mSlmatt y  Ci<m i<tn,
< Cra(nI%™ + exp(—§(m? +n?)/4)). (3.47)
Similarly we can prove that if

(tml tﬂ- 10g log tm. )1/2
(log tn, )%

Kz =

then

P( max | Y. > =zy;|22K,)

f
neSnStnett oy . <i<n

< Cra(m; %™ 4 exp(—6(m2 + n2)). (3.48)
Furthermore, if
K; = (tm.tn‘)l/'?(m_n,)“pfrl,

then by Lemma 2.2.2, we have

m n

PO max | 3 3 =l2Ki)
b, <MStm, 41 t=tm +1j=tn.+1
tne <n<tnetl * :

Imeal  fngtl
S Cl3E( Z z '7::.? J(2+6)/2/(tmotﬂ- )(2+6}/2(m'n' )_.5/8
i=tm,+1 tn,+1

ma+1,n,

< Cys(man.) 148, ' (3.49)
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Note that if we replace z;; by y;; in (3.47), (3.48) and (3.49), the inequalities remain true.

Therefore,

P( max | > Y (zij—uij)l 2 4K)

t < s ,
Me <M Sim,+1 tm,<z$m JStn.

< 2C15(n; %™ + exp(—§(m? + n2)/4)) (3.50)

P( max | D > (zi;—wiy)l = 4Ks)

t < . ’
e <n—t“-+1 'Stm. tﬂn SJS”’

< 2C19(mI%" + exp(—8(m? + n?)/4)) (3.51)

m n

P( max | Z Z (zi; — yij)| 2 2K3)

tmy <M=, 41 L
tne <NStne 1 t=tm, +1 j=in, +1

< 2C)s(man. )18, (3.52)
Let
Apt = {w | Xt — Yu| > an}

Bm.n. = {‘-‘-’; max I Z Z (mij — y,-,-)| > 41{1}

t <
ma <m_‘tm.+1 tma, <£Sm jsfn.

- . Ve o A > ¢
Crmun, = {w;, max IeEJ. tn.<Zj<n($tJ yii)| 2 4Kz}
m o T
Doy, = {w; max S (zi — )| = 2K5).
ik { " by <MmEtm, 41 Ii::,,,z,ﬂ j=ﬁ:+1( 5~ vl 2 o}

fn-<“55n-+1
Since
> (man) T <00

Me,te

and there exists ng > 0 such that

Y (7% 4 exp(~8(ms + nf)/4)) < oo,

Mo Tle >NQ

Y (Mm% 4 exp(—8(m2 + n2)/4)) < oo

TMu,fie >N0

and (3.38), (3.40) hold, by the Borel-Cantelli Lemma, we have
P(AﬂBﬂCﬂD) =1
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where

[
1

wl

=

I
ZC
:)
S

4 (5,5)5 (k
B = ﬂ ij
kd (i,5)5(k
C= C,-'}
kd (4,5)5 (k1)
D= ﬂ ij
kd (1.9)5 (kD)

and < is defined with respect to @ = {(pn, ¢a) = (n,n)}.

Now we fix w € ANBNCND. Then there exists a positive integer n, > ng such that

for (k,1)>(n,,n,) and {(m.,n.} > (n,,n,),
(2.39) '
| Xkt — Y| San £ Ciexp(—di(k” + 7))

max | Z Z (1‘;3;

tme <mMStm, +1 tme <iSM jStn,

mex | Y T (ay

tn, <R<inet1 i
$SnImetl iLtn, ta, <i<n
m n

max | Y. 3. (=i

tme <m$‘m-+l i o
tn.<ﬂstn.+1 1=im, +1 i=tn, +1

- 4i;)| £ 4K,

— i) £ 4K,
- y,-j)| < 2K,

It is time for us to use the above inequalities (3.53)—

is easy to see that

| > (z5 vl

(#:4)<(m,n)

<l 3

(isj)<(tﬂw!t"-u) (tﬂw'tnu)a(i j)<(tm-'tﬂ-)

+1 Z Z (zi; — i) + | Z Z (zi —

tm.<1<1m. J<tn.+1 i <tma tne $i%tn,

E Z (25 — yij)|

t_tm +1 j=tn,+1

=1+ Q:+ Q3+ Qs +Qs

in which

1l
£

o3
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(zi; — yis)| + | > (23

— uii )l

yu

(3.53)
(3.54)

(3.55)

(3.56)

(3.56) to estimate the error term. It



Q. < 3 hi | X — Yl

("w -ﬂu)&(k.l)S(m.,n.)

< C S RgPexp(—di(k + 1))

(ki) <(mena}

= G 3 {(t—ter)ti— o)} P exp(—di (B + )

(k1)< (mana)

< Ce Y exp(1/2—di)(F +P))
(k)<(ma )

= Gl exp((1/2 - dE)(S exp((1/2 - dr)PP))

< Cler:::l. exp((1/2 — a!l)(irn.‘,’:!:f n?))

< Craltm,ta, -2

< 017(mn}(1—d:)/2

where d; = §/8(2 + 6)?, and

Qs+ Q4+ Qs

< 41{1 + 4K, + 21{3
1/2 1/2
= Cyaltm.tn. )1/2 ((log logtm.) (log log tn,)

(logtn. ) T (logtn.)® ““"gtm—)(logtn.))‘”*)

log log m)'/? log log n)*?
< Cro{mn)'/? (( (gloggn)z.)s + ( (fogfn)za + ((logm)(log ”))_1/4) -

Thus

| Y (zij = i)l

{1,7)<(mm)

/2 1/2
< C, + Coo(mn)? (“"gbgm) ;. {loglogn) +((1ogm)(1ogn))-‘“)

(logn)?* (logm)*
= Cw + Hmn.-

Finally by (3.57),

Emn — max | Z (I‘J—yU)l
(k)S(man) S ed)
) o
< (k.”;nuii( | z (.’I:.J yt.‘r)l

tnu) (3 A<k

34

(3.57)



max | Y (= — i)l

(bnuitng )RERD S (mom) © (5200
(C. + Hu)

IA

» max
(tﬂw 'tﬂw )E(k'l)s(m'n)

< D,+Cu+ Hun

loglogm)/?  (logl 1/2
< C'zl('mi"l)l“'2 (( floggn)zz +(c()§);i:;")’5 + ((log m)(logn))'”").

By the facts that P(ANBNCND) =1 and that the above inequality holds for each fixed
w€ANBNCND, we get (3.3).

The proof of Theorem 3.1.1 is complete. O
3.4 Comments on Applicability
For Theorem 3.1.1, the strongest condition is the following (see page 54):

sup(Viss/hi) < D (3.58)

In this section, we wish to discuss further when this condition and the other conditionus in

Theorem 3.1.1 may be satisfied.

Infinite Array of Exchangeable Random Variables

Ther.v.’s 2,2, -, 2z, are said to be exchangeable if (z;, 2, -, 22 ) and (zp1), Tp2) -+ Tpn))

have the same distribution for any permutation p of {1,2,---,n}.

Let I be a set. The r.v.’s 24, € I are said to be exchangeable if for any finite subset

I of I, z,,a € I; are exchangeable.

For exchangeable sequences an ASIP has been given by Dabrowski (1989, [23]). Here

we consider arrays of exchangeable r.v.’s,
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Let {z;;i, € Z+} be an array of exchangeable r.v.’s and let
T={)o(zij;i=norj2n)
n=1
Then by the representation theorem of DeFinetti (1937, [25]), {z;;} are conditionally inde-
pendent given 7 and identically distributed. For these exchangeable r.v.’s, using Theorem

3.1.1 we can prove the following ASIP.

Corollary 3.4.1 Let {z;;;1,] € Z,} be an array of exchangeable r.v.’s such that

() Ez?, =1, Elz;; " <0 (0<§<1)

(b) Ezy 245 =0, E(z}, —1)(z}, - 1) = 0.
Then, without changing its law, we can redefine {z;} on a richer probability space on
which there exists an array of nid.r.v’s {y;} with L(y;) = N(0,1) such that (3.3)
holds.

Proof. Define
Fu=o0(zi;i<ki<DVT.
Then,
Fa=o(zisi < kB)Vo(ey;i <HVT.

We claim that {z;;, Fi;;%,7 € Z4} is a SMDA. In fac: we can easily prove the following.

(1) z;; is F;;-measurable,

(1) Fi; © Fu if (3,7) < (K, 1),

(I11) Elay;l < oo,

(V) E(zu|Fi_14-1) = 0.
(I), (II) and (III) are clearly true by the definition of F;; and the assumptions in Corollary
3.4.1. We prove that (IV) is also true. Since

0= E(&‘u?«'u) = E{E(I11$12|7)} = E{(E($11|T))2}
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we get
E(z,|T)=0.
Hence
E(zul|Fi1y) = Elzmlo(zigi <k -1 Volzini <1-1)VT)
= E(zn|T)= E(zn|T) =0.
Now let us check the other conditions of Theorem 3.1.1. We have
B(zhlFi) = E{E(h|Fim)l i,
= E{E(hIT)IF)
= B{B@LIT)IFL).

Since
0 = BE(z} — 1)z}, - 1) = E{E((z}, - 1)(z1, - DIT)}
= E{(E(z3, -1T))}
we obtain
1= BE@h|T) = EGUlFL) as
Similarly
E(@y|FZ;) = EH|T) =1
and

qh = BE(zh|Fa) = 1.
The latter implies that
Virs =0.
Finally,
sup Elz,|** = sup E{E(jz4]**|T}
= S?JPE{E(|$11|2+SIT)}

= }.‘-J|ZL'11|2“Hj < 00.

87



of

All the conditions of Theorem 3.1.1 are satisfied and the proof is complete. O

Using Corollary 3.4.1 we can easily prove the following result.
Corollary 3.4.2 Let {zi;i1,] € Z.} be an array of exchangeable r.v. ’s such that
v?=E(z%|T)>0 as.

Suppose that Ezyiziz = 0 and E|Z ™ < 0o for some 6, 0 < 6 < 1. Then without
changing its law, we can redefine {zi;} on a richer probability space on which there

ezists an array of i.a.d.r.v.’s {yi;} with L{y;;) = N(0,1) such that

k1
max | > (i — vyis)|

k€m,l<n 1 =

20 {uny (LPELER | YIEREL . (ogom)log ™) | (550

Proof. Let
zl; = 45/,

then it is easy to see that {z};;1,j € Z,} is an array of exchangeable r.v.’s such that

Ez} = EBlE(],/v*|T)]
= E[E(|T)/v] =1 as.
Elz\ )" = Elen/v[P¥ < oo

E.’B’llﬂ.;z = E[E(mumu/vle)] = E[E(Eu.’BHIT)/Uz]
= E{[E(zu|T)*/v*} =0

and

E(=} - 1)(eh = 1) = E[E(e] - ek ~ DIT)]

EE((s}, - v")(zl, —v)IT)/v] = 0.

Applying Corollary 3.4.1 to {z/;;¢,7 € Z,} we obtain (3.3). Hence (3.59) holds. O
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Note that to get a better estimate for the error term in Corollary 3.4.1, we can use the

technique in Dabrowski [23].
Sufficient Moment_Condition.

The “tough” condition in Theorem 3.1.1 is (3.58). In general, {Ea}; — ¢%;4,7 € Z,} is
not a SMDA. So the results for SMDAs cannot be used to check (3.58). However if for

some constant D and all k, ! we have
EW3/hi"< D (3.60)

where vy = (2 —6)/(2+ 6) and

Wy = Z (Ewij - Q,?_,')v
(i.7)€ Ry

then

E\Wu|®*9/%/hy < (EWZYE4 /by

A

(D hk?'y)(z-'-&)/q/hkl

— D(2+6)/4hkl/hk! = D[?-i—ﬁ)/tl.

(3.60) is trivally true if z;;’s are independent and if (3.60) holds for some bounded SMDA,
then all the conditions in Theorem 3.1.1 will be satisfied.

A Contact Infection Model

We consider the integer lattice Z2. At each site (i,7) (i, € Z;), we imagine that there
is a tree. Some disease can spread among these trees. Suppose that the tree on site (¢,7)
may gét the disease only from the trees on sites (i — 1,7} and (7,7 — 1) (see Cressie page
411 for a similar example). We define

e = 1 if the tree at (7, 7) is infected,
7771 0 if not.
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Let
Fu=o0(zji < kj<{)
Clearly
(1) we have (F4) for the filtration {Fy;k,! € Z.}, that is, F} and F} are conditionally

independent given Fy,.

(2) For any real-valued function f(z) such that E|f(zi;}| < oo, we have

E(f(zi;WFioy j-1) = E(f(zi5)|zim14y 2i5-1)
If we let
zi; = zi; — Ezij|zicy s 2ij-1)

then the following lemma is true.
Lemma 3.4.1 {z;;, Fij;1,5 € 2.} is a SMDA.

Proof. It suffices to prove that
E(z;lFly -1} =0

in fact,
E(zi|Fiii o) = E(zglFly o) — B{E(z5|F joNziong, zig-1 )

= E(zj|zi1j, 2ij-1) = E{E(zi;]2i-15, 2i,5-1)12i-1,5, Zij-1}

= (. 0O

Since |z;;| £ 1, if we can prove that (3.60) holds for this SMDA, then all conditions in
Theorem 3.1.1 will be satisfied. Put

Wy = Z (Ezfj“qz')‘—‘ Z (E-"??j-E($?j|2i~|.j,2i,j-1))-
(f.7)ER (i.7}eRK

(1) 1If (3.60) holds for {W},}, of course, (3.58) also holds.
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(2) If Ez}; - ¢%, i, € Z; happen to be independent, then
EW&/hk[ = hk[/hkf =1,

Therefore (3.58) holds.
(3) If we can show that for some 0 <§ <1, D > 0 and all %,!

it P(IWaal 2 h{**?) < D
then (3.58) holds. In fact from

|Ex?; — E(z}lzim14, 215-1)] £ 1

we have

|Wkl|(2+6)/2dp

Vias = |Wkl|(2+6}/2dP+/
Wl

/1Wk1|sh:{(2+6)
< b+ AP P(W| 2 B,

>hi{(2+6)

Hence

Vias/h <1+ D.
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Chapter 4

Appendix

4.1 Some Results for Martingales

Let (2, F, P) be a probability space: 2 is a set, F is a ¢-field of subsets of Q and P is a

probability measure on F. Let J be an ordered set having a complete order <.

Definition Al. Suppose that {F;;i € J} is a set of sub-o-fields of F and {S;;i € J}
is a set of real-valued random variables on {2 satisfying

a) i C F;ifi <7,

b} for all i € J, S; is F;-measurable,

¢) E|Si| < oo for all € J,

d) E(S5;|F) = S: as. forall¢,7 € J with i <,
then {S;, Fi;i € J} is called a martingale. If d) is replaced by &') E(S;]F;) = S; a.s. for all
1,7 € J with ¢ < 7, then {S;, 7;;i € J} is called a submartingale.

Definition A2. If {5;,Fi;i € J} is a martingale with J = Z or Z, and z; = §; ~ §

i-14

then {z;, Fi;1 € J} is called a MDS (martingale difference sequence).

Note that if J = Z, in Definition A2, then we define S_; = 0.
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Theorem Al (Doob inequality, Theorem 2.1 in [33]). If {S;, Fi;1 < 1 < n} is a sub-

martingale, then for each A > 0,
)\P(r&a’,‘x Si>A) & E[S,,I(z?‘(a.x S: > M)

Theorem A2 (Theorem 3.4 in (33)). If {S;, F;;1 <7 < n}is asubmartingale and if §; > 0,

then for « > 1,

Bmax S7) < ()" B(SE).

a—1
Theorem A3 (Burkholder’s inequality, Theorem 2.10 in [53]). If {S;, 751 < ¢ < n}isa
martingale and 1 < p < oo, then there exist constants C, and C;, depending only on p such

that
C,ES, [ < B| Y. a?P/* < C1E|S,P
=1

where z; = §; — S;—; if i > 1 and z; = 5.

Theorem A4 (Theorem 2.5 and 2.6 in [53]). Let {S;,Fi;¢ € Z} be a martingale. We

have:
a) There exists an a.s. finite random variable S_ such that lim, o Sn = S @.5.

b) If sup,s;[Sn — Sof < oo, then S, converges a.s. to a random variable S, such that

E|Sx| < 0.

Theorem A5 (Theorem 2.22 in {53]). Let {z;,Fi;i =2 0} be a MDS and 1 < p < 2.

If {z;|P;i > 1} is uniformly integrable, then n~'E|S,{? — 0 as n — oo, where 5, = ¥_i.; ;.

Theorem A6 (Theorem 3.2 in [53]). Let n* be an a.s. finite random variable and for
cachn € N, let {z,;, Fni;1 < ¢ < kn} be a MDS such that Ez%; < co. Suppose that

max |z — 0,
P
Z_ miz'l.:' — sz,
1

E(maxz?,) is bounded in n,
ax Ty,
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and that the o-flelds are nested: F,; C F, 4y for 1 €4 < k,,. Then

kn
Sn.kn = Zfﬂﬂ'.‘ —D‘-* Z

i=1

where the random variable Z has characteristic function E exp(—n*t*/2).

Theorem AT (Corollary 3.1 in [53]). Let {S,;, Fni;l <1 < k,} and 5* be as in The-
orem A6. Suppose that for all ¢ > 0,

kn
Y E{a? I{|2ni] > )| Fnizr} ==+ 0

i=1

and
ZE(:Ei,ian,i-l) £ 7.

If the o-fields are nested, then the conclusion of Theorem A6 remains true.

Let {8, Fi;i € Z} be a martingale and z; = §; — S;_;. If sup, E(5?) < oo, then
E(Za:f) = ZE.T? < Sl:.pE(S,?) < oo.
Therefore ¥, #7 < o0 a.s., and by Theorem A4,
- = lim S, S = lim S,

are a.s. finite random variables. So we see that the assumptions in the following theorem

are reasonable.

Theorem A8 (Theorem 3.6 in [53]). Let 7% be an a.s. finite random variable and for
each n € N, {Sn;,Fui;t € £} be an integrable martingale such that sup,,; E(S1) < oo

and Sn'_oo = lim,-_,_,x, Sn,i =0 a.s, If Tni = Sn,i — Sﬂ';_l,

P
sup |zn;| — 0,
1
P
Z '7‘.31.:' — 7721
1

E(sup z? ;) is bounded in n,
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and for all n and 1, Fn; C Fntri, then S, o Lz , where Z has characteristic function

Eexp(n*t*/2). If P(n* > 0) =1, then
Sno/Uneo = N(0,1),

2 _ o 2
where UZ = 322 o Thyi-

Theorem A9 (Theorem 1 in [52]). Let {z;,F;;i = 1} be a MDS with E(z?) < oo.

Then for any § > 0, there exists a constant Cs depending only on 6 such that
sup |P(Sx £t)—®(t)| £ Cs(Lnas + Nn,26)1/(3+2.s)
—oo<t<oo

where S, = %, =i, ®(t) denotes the standard normal distribution function and

Loos = Y Elzi*®,  Nags = E(| Y E(a?1Fioy) — 1),

i=1 =1

4.2 Proof of Theorem 2.2.1

First let us restate Theorem 2.2.1:

“Let {z;,Fi;i € Z,} be a MDS with E|z;[* < oc and set

Va=E|s2 =Y P2+ iE|w.-|3.

i=1 i=1
Then
R(L(X 2:), N(0,52)) < 21V (41)
=1

and if V,, < 1/2°, then

H(L(3 ), N0, 52)

i=1
<6V + §| log Va|'/%) + TV4(1 + %| log V,|'/%).” (4.2)
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'To prove Theorem 2.2.1, we need some lemmas. Let f : B! — R! be a bounded function

with first three derivatives continuous and bounded, and set || f|| = sup, | f(¢)|.

Lemma 4.2.1 Let {z;,F;;0 < i < n} be a MDS such that E|z;]* < co and vt =
s2. Then
[E{f(3_2:) - FNO,INH < NFOYS Blail. (4.3)
i=1 1=1 ’

Proof. Let Z;,1 <1 < n be independent N(0, 1)-random variables independent of F,. By

Lemma 3.1.1 and the assumptions,

BF(NO,) = BU(3uZ) (4

Let

k-1 n
We=) o+ > vz, 1<k<n
i=1 i=k+1

Here we assign Yo, =i = Yty viZi = 0. Then

f(ixi) - f(ivizi) = i{f(Wk + k) = f(Wi + v Z4)}. (4.5)
k=1

i=1 =1

By Taylor’s formula, there exist £, and &, such that

F(Wi + i) — f(Wy + vieZy)

(W)t + < f €

— £ (Wi = o5 (Wi ~ 2 (2. (4.6)

H

= f'(Wi)ze + §f

By the assumptions it is easy to see that

E(f (Wi)er) = E{E(f (Wi)zriFaat \ 0(Zisa, -2 24)))
= E{f(Wi)E(zs|Fi-1)} =0,
E(f'(Wi)z}) = E{E(f' (Wo)eklFeet V o(Zirir -+, Zn)))
= E(f"(Wi)v}),
E(f(WovweZe) = E{f (Wiyu.E(Zy)} =0,
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and
B(f (W)viZi) = E{f (Wi} E(Z}) = E(f (Wi)o}).
By (4.4) and the above facts,

|E{f(Wi + z) — f(Wi + ve Zi)}|
< OBzl + ElePEIZP). (a7)

Combining (4.4)-(4.7), we get (4.3). O

As we know, Y, v? = s is not always true. We have to do something further. Let

7, Z and z!, z¥ (1 = 1,2,--+,n + 1) be defined as in Section 3.2 (see page 67). We have

Lemma 4.2.2 If Elz;]® < 0o, then

nt1

BUFCY #0) = FV(0, )1 €SIV (48)

=1
Proof. By Lemma 3.2.3,

n+i

n T

2 _ 2 2 2 2
2 v =3 vl uen + 57— o} =
=1 i=1 i=1

By Lemma 4.2.1,

n+l , 1 n+1 ,
E{f(E ) = f(N(O, s} < SIF9N X0 Eleil’.
= - =1

Since for i < n, we have E|z.® < E|z;]* and

Elz, . = E|s2-Y vP*E|Z]

=1

T
< 2ElsE = ST P
i=1

< 2E{|s} = Y v} oy} + 2E{|s2 — 302 Lrimy}
t=1 =1
< 2Els; - Y viP? + 2B, P
i=1
< 2E|s? - X:“u,-2|3'/2 +2 Z E|z:]°. (4.9)
=1

=1

Hence we get (4.8). @



Lemma 4.2.3 If E|z;|* < oo, then

n+l

IE{f(Zx ) — f(Z )} < FNVEe.

Proof. By Taylor’s formula, there exists £ such that

fm) = ST+ I (e 3 =)

i=1 i=1 i=7+1
1 "
+5f (X Z z;)%.
=741
Since Y7_, z; = 0, z; and
E(f(Qoz) Y «
i=1 ;::'r+1
‘mezmhwﬂi:lﬂnﬂx
=1 i=k+1

we obtain
n

|E{f( ZI-)—f(Z D3 < -Ilf 11&(¢ Z z;)".

i=1 i=T41

By Lemma 3.2.3,
E(EI-T+1 Iz = E(ZI?)Z = EX:'"?

= E(): %) = E( Z

i=r+1

< Els} - val + E|s? - ZUEL
i=1 =1

Clearly
BJs% = 30| < (Elst - o2y,
i=1 =1
and by (4.9),

Elsh - oot < (Elsk - S ol < V2P

i=1 =1

So

IE{f(Zl':) - J‘(ZI M NNV,

=1
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By Taylor’s forraula again, there exists €' such that

n+l

F ) =SS )+ (5 e+ 37 (ot
i=1 1= t=1

Since

B (3 a)en) = ELF ()2 ~ SOuBE(ZIFn)) =0,

i=1 i=1 =1
by (4.11) we have
n n+1 .
|B{f(O ) = £ =zl
t=1 =1
< 1mia- 5 ez
i=1

1 H
< SHFvEP.
Together with (4.12) this gives (4.10). O

Given a metric space (4,d), the space of bounded Lipschitz functions BL(A4,d) is the

set of real functions on A such that

[l flleo = sup [ £(2)] < o0
teA

IFle = e 1) - fs)l (‘3(; {)(5)' < oo,

We have the following lemma.

Lemma 4.2.4 Let B C A. For every f € BL(B,d), there ezists ¢ € BL(A,d) such
that g(t) = f(t) for t € B, [Iflleo = llglleo and [|f|lz = llgllL-

This lemma is Corollary 1.4 in [3]. Sometimes we write BL(A) for BL(A4, d) if d is already

clear.

Lemma 4.2.5 If K C R' is a closed subset and ¢ > 0, then there ezists a function

g.(t) on R such that 0 < g.(t) <1, g.(t) =14t € K, g.(t) =0 ift € K7 and for all
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s,t € RY,

1
19:(t) = ge(s)] < ~lt = | (4.13)
where
K. ={t;inf|s 1| < ¢}

and K¢ denotes the complement of K,.

1 ifte ik
v(t) =
0 ifte KL

Proof. On K |JK:, we define

Then ||v]je = 1 and
folle = sup( 22N, -

Hence v(t) € BL(K UKY). By Lemma 4.2.4, there exists g.(t) € BL(R'), extending v(t),

!

such that ||gellco == 1 and ||ge|jz = 1/e. Evidently g.(t) = v(t) = 1if t € K, ge(t) = v(t) =0
if t € K¢ and for all 5, € R', (4.13) holds. Now we only need to show that 0 < ¢.(¢) < 1.

It is true for t € K |JK¢. Suppose that there exists tg € R' — K {J K such that g.(2p) < 0.
Then we can find sg € K such that |sp — t5] < £. Therefore

ol 2 gelio) = oclsoll 1t loclool
lto — so £

which contradicts the fact that ||g.]| = 1/e. O

1
E’

For g.(t), we define

TN
ge,p(t) = p_s-/o /0 -/0 g(t+u+v+wdudv dw.

We have

Lemma 4.2.6 g.,(t) has the following properties.
a) [lge.s(-) = 9e()lleo < 3p/e,
b) [lg. Ml < 2/(pe), and

e < 4/(p%€).

c) lg¢)
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Proof. Part a) is simple. Part b) and c) follow from (4.13) and the following equations.
" P
9e,(8) = p7° [ (ge(t + 20+ w) = 20e(t + p + w) + (¢ + w))dw

gO() = p~3(ge(t + 3p) — 3g.(t + 20) + 3g:(t + p) — g:(1)). D

Lemma 4.2.7 (Lemma 1 in [103]). Let 0 < e <1/2, &, > 0 and K C R'. If ¢(2) is
a continuous function defined on R' such that 0 < ¢(2) €1, ¢(t) 21 —c ift € K and
#(t) <e ift € R' — K., then for probability measures F and G,

F(K) < G(K.,) +4c +p,
where p = | [ §(t)F (dt) — [ $(1)G (di}].

Lemma 4.2.8 (Lemma 4 in [103] and Lemma 2.8 in [28]). Let K C R! be a closed
set. Then for 0 < & < 1/2 there exists a three times continuously differentiable function
$e(t) on R* such that 0 < de(t) < 1 with ¢.(t) > 1 —2¢ if t € K and ¢,(t) < 2¢ if
te R' — K,,, where ¢, = 4¢(jloge|V? + 1) and

g e, o () e, o) < 2673

Proof of Theorem 2.2.1 Let

n n+l

F=£(3z), G=L(Ys) N=N(@s),
i=1
where z; is as in Lemma 3.2.3. We have
m(F,N) < #(F,G) + (G, N). {4.14)

For a closed set K C R' and ¢ > 0, let g.(t) and g, ,(1) be as in Lemma 4.2.6 and Lemma

4.2.7. Then for probability measures F' and G, by Lemma 4.2.6 and Lemma 4.2.7,
F(K) < / ge(t)F' (dt)
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IA

[ 906 @) +1 [ .()F (a) - = [ 9.6 (at)
G (K)+1 [ 9upOF (dt) - [ gus()6'(d2)
H f(08) = gep(DF (@) + | [(96(8) - 90,6 ()

< GE)+| [o,®F @) - [g,m6 @+ 2 @)

IA

By Lemma 4.2.2 and Lemma 4.2.6,

2 6
|E{9w(z ) Geo( (:Sn))}lsﬁv

i=1
By (4.15),

G(K) S N(K.)+ 2 +iv

Let p = &2 and £ = VM8, we get

7(G,N) < 12V}/8, (4.16)

On the other hand, using Lemma 4.2.3 and Lemma 4.2.6,
n n+1

[E{ge.p(z = G, p(z }I < _"Vﬂa

i= i=1

By (4.15) again,
F(K) < 3(K.) + 22 + v,
- e ple’

If p=¢®and e = V1/% then

™ F,G) < 9V1/6, (4.17)

Evidently (4.1) follows from (4.14), (4.16) and (4.17).

Now let us prove (4.2). For closed set K C R! and 0 < ¢ < 1/2, let ¢(t) be as in

Lemma 4.2.8. Then by Lemma 4.2.2 and Lemma 4.2.8,
nti

IB{$.(>" z;) — ¢(17(0, 2N} < 3™V,

i=1
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By Lemma 4.2.7,
G(K) < N(K.,,) + 4¢ + 3¢V,

where € = 4¢(1 + |loge|'/?). If V, < 1/25 then v/* < 1/2. Letting ¢ = V}/%, we have
G(K) < N(K.,)+ TV,
Therefore
(G, N) < 7TVMi(1 + —;—| log V,['/2). (4.18)

Similarly, using Lemma 4.2.3 and Lemma 4.2.8,

n n+1
IE{8.(32:) = 6a( S 2)}] < g.g—zvgfa,
=1

i=1

and by Lemma 4.2.7 again,

3
F(K) < G(K,,) +4e+ —2-5-1V,3f3.

If V, < 1/2%, then V2/® < 1/2. Letting ¢ = V/°, we get

V2

11
=(F,G) < EV,,3/‘~‘(1 + 5| log ARG) (4.19)

Combining (4.14), (4.18) and (4.19), we get (4.2). O

4.3 Proof of Lemma 3.2.10

Before we do the proof, let us recall Lemma 3.2.10.

“Let R; = R be the real line with the usual distance, and let B; = B be the o-field of

Borel sets of R. If for u = (uy,uq,+-),v = (v, 09, -+) € X2, R;, we define

d — & 2—k |uk'—vkl
(‘U.,U) kg} 1+]uk—vk|1
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then (x {2, R;,d) is a complete and separable metric space. If B, is the o-field of Borel sets

of (x2,R;,d), then
Bo, = x2,B:. (4.20)

Finally if Dy = x2,Ri, k = 1,2,--- ,nand for t = (t;,45,+++,t,), ' = (8, th, 1) € X

LTS k=1

we define

7, AN t
d(t,t') = ax d(t, t),

then (x?_, Dy, d) is a complete and separable metric space. If D denotes the Borel ¢-field
of (x2_{ Dk, d), then
D =B X By X+ x By .”

—

n

Proof of Lemma 3.2.10. Let 7 be the family of open sets of R and T; = 7. Let T; be
the topology of (%2, R, d). Then we have the following well-known topological result.
Ty = x2,7T; (4.21)

By the definition of the product topology, X2, 7; has a basis

{=1
H = {x2,W;;W; € F; and W; = R for all but at most finitely many :}.

Let x2,W; € Hand t € X2, W;. Suppose that there exists an n such that W, = W,,,, =

-+ = R. If t = (;,%5,--) then there exists §; > 0 such that

te€L=0i—b6,ti+6)CW, i=12,-,n
Let
—min{2“'—é"——-z’—12 -o,n}
Pn = 1+5'£1 = 1y 4y 1

and

N(t,p.) = {t € x2, Ri;d(t',t) < pa}.
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We prove that N(t,p,) C x2,J;, where J; = I; for i = 1,2,---,n, Jy = Rfori > n. If
t' € N(t,p,), then

© . -t
d(t',t) = 2"—'-‘-—-‘—( n
0= 2 g <7

which implies
it =t ~i_bi
gmi Vi~ Hl g %
T+fi-4 =% 115

Since z/(1 + z) is an increasing function for x > 0, we see that
|t — i} < 6; 1=1,2,---,n
and hence that t' € x2,J; C x2,W.. So we conclude that
x2, 7 C1a (4.22)

On the other hand, let N(%,8) be any neighborhood in 7;. Let n be the smallest number
such that

i 271 < §/2.

t=n+41
Let & >0 (i =1,2,---,n) be any sequence of real numbers such that

Si+b+ - +6, < b/2.
Let I; and J; be as before. We claim that
X, Ji C N(t,6).
In fact, for ¢ € %72, Ji, we have

dr ) = Soo-ita—tl
, =1 1 + |t: - tll

L ¥ )

o= % 2

Z 146 + 2

i=1
< zéi + g < 4.
=1

!

IA

Therefore we get

Ty C x4 T
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which together with (4.22) gives (4.21).

Now let us prove that
B., C x2,B:. (4.23)
We know that B, = 0(72) = 0(x2,Ty), so it is enough to show that
Xio T; C x2,B;. (4.24)

Let

T° = {(a, b); a, b are rational numbers or oo}.

If A€ x2,7T;, then there exists a set of indices A such that

A= ] 4, A. € H.

oA
Let

A,—={aEA;Aa=WlxW2x---xW,-xRxRx---,W,-E7}}.

Since each W; is the union of countable sets in 7°, we get for a € A;,
Al =Je%™
o = g
where Gg‘“) has the form [} x I x --- x I; x R x R x --- with I; € T°. Therefore,

U 4. = Ust,
acd,
where Gﬁ‘;) has the form [y x , x --- X I; x R x R x ---. Finally
A= U( U Aa) = U(UGE))
=1 o€A; i=1
It is easy to see that A is a countable union of sets which have the form I; x I, x --- x

LxRxRx--, i=12,---. Now we conclude that A € x®,B;. So (4.24) is true and
therefore (4.23) holds.
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In order to prove
B D x2,B; (4.25)
we need to prove that

c(Rx - xRxT,xRx--)

=RX---XRxB;XRx-. (4.26)

Obviously
Rx - XBRxTixRx---CRx---XxRxB;xRx---

and ihe latter is a o-field. So

g(Rx -+ XxRxT,x Rx-+)

CRx--xRxB;XxRx- (4.27)

Let
F={Be€B;Rx---XRXBxRx--€0(Rx---xRxT;xRx--)}.

Clearly F D 7; and F is a o-field. We have

which implies

Rx-- xRERxB;xRx:--

Co(Rx--xRxTyxRx---). (4.28)
By (4.27) and (4.28) we get (4.26). Since

B = o(xZ)De(Rx XxRXTiXxRxX-)

= Rx--xRxB;xRx--,
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we have

BoD|J(Rx - xRxB;ixRx--.),

=1

and hence

BoDo({J(RX -+ xRxB;x Rx+)) = x& B

1=1
=1

i.e. (4.25) holds. From (4.23) and (4.25), (4.21) follows.

The conclusion that {x{2,R;,d) is a complete and separable metric space is obvious be-

cause R is complete and the countable set

I'={(r1,r2,++,70,0,0,+--); 7/’s are rational, n = 1,2, ...}

is dense in (%2, R;, d).

From the proof of (4.24), we can see that 7; has a countable basis. With this fact at

hand, the rest of the proof of Lemma 3.2.10 is simple. O
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Transition Theorems and Almost Sure
Invariance Principles for
Strong Martingales

( A thesis summary )

Fang Youjian

Department of Mathematics
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The study of invariance principles is an important field in probability
theory. The almost sure invariance principle (ASIP) or strong invariance
principle is a special type of invariance principle. Many results for the ASIP
have been established. For example, ASIP’s have been proven for the sums
of one-parameter random variables, including one-parameter martingales,
as well as ASIP’s for the rectangular sums of independent identically dis-
tributed multi-parameter random variables (see Chapter 1 of the thesis for
the details). In the thesis we consider strong martingales indexed by two
parameters (or two-parameter strong martinales) and establish ASIP’s for
the strong martingales. We use the properties of one-parameter martingales
and apply the method developed by Berkes and Philipp (Ann. Prob., 7,
1979) to prove ASIP’s for two-parameter strong martingales. The bridges
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between two-parameter strong martingales and one-parameter martingales
are the so-called “transition theorems” which turn two-parameter strong
martingales into one-parameter martingales by giving the index set a suit-
able total order (see Chapter 2 of the thesis for the details).

This thesis is organized in four chapters:

In Chapter 1, we give a review of invariance principles. We introduce
the origin of the concept of the invariance principle, describe the main
methods for proving the ASIP’s and state some basic results of the almost
sure invariance principle.

In Chapter 2, we prove the transition theorems and give several ap-
plications, such as maximal inequalities with exponential bounds for two-
parameter strong martingales and the Prohorov distance between the law
of a two-parameter strong martingale and some appropriate normal law.

In Chapter 3, we prove our main theoremn—the almost sure invariance
principle for two-parameter strong martingales and show some applications.
The most important application is the functional law of the iterated loga-
rithm for two-parameter strong martingales.

In Chapter 4—the appendix, we state some known results we want to
use and give the proofs of Theorem 2.2.1 in Chapter 2 and Lemma 3.2.10
in Chapter 3.





