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Abstract
Light-matter interactions are essential for the development of many modern tech-

nologies and for fundamental science. Hence, many recent efforts have focused on
understanding light-matter interaction in exotic classes of materials, particularly in
subwavelength (nanometre scale) regimes. This Master’s thesis focuses on two differ-
ent types of materials whose interaction length is typically in the nanoscale. First, we
studied and observed the energy transfer between two ultrashort beam pulses in the
epsilon-near-zero (ENZ) spectral range of a material, classified where the real part of
the material’s electric permittivity has a magnitude much less than 1. Typically, such
energy transfer in ordinary materials (such as fused silica) requires different wave-
lengths of both beams interacting in the material. However, ENZ materials have an
unprecedentedly high optical nonlinearity, leading to self-manifesting energy trans-
fer. This self-manifesting effect occurs in ENZ material due to the effective frequency
shift known as adiabatic frequency conversion (AFC) caused by a significant change
of refractive index from its large optical nonlinearity. Second, we studied a class of
materials known as metasurfaces, which are built from an array of artificial engineered
nano-antennas. Metasurfaces can enable custom wavefront control or the engineering
of coupling to designated surface modes, which is not possible for naturally occur-
ring optical surfaces. In this thesis, we developed a design scheme for constructing a
metasurface that generates multiple lattice resonances at desired wavelengths. Such a
design scheme is possible because we arranged the nano-antennas using Fourier anal-
ysis. This flexible scheme produces a metasurface design directly from the desired
distribution of resonances.
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Chapter 1

Introduction

In general, I am interested in studying light-matter interactions in classes of materials
that exhibit unconventional optical properties. In this thesis, I study two different
classes of materials: epsilon-near-zero (ENZ) thin films and metasurfaces. I discuss
their particular properties of interest that lend themselves to particular types of effi-
cient light manipulation. Section 1.1 is a brief introductions of ENZ materials, while
section 1.2 is an introduction to plasmonic metasurfaces. The structure of this thesis
is stated in the last section of this chapter.

1.1 Enhancing optical nonlinearity using ENZ material

Nonlinear optics is a sub-field of Laser physics, it studies what phenomena occur in a
nonlinear optical medium when intense light field is applied into the system.

To mathematically formulate the optical nonlinear response of media, we first begin
with Maxwell’s equations. Consider a dispersion-less, isotropic, and nonmagnetic
medium without free charges or free current. Maxwell’s equations can thus be written
as:

∇ · D̃ = 0, (1.1)

∇ · B̃ = 0, (1.2)

∇× Ẽ = −∂B̃
∂t
, (1.3)

∇× H̃ =
∂D̃

∂t
, (1.4)

where B̃ is the magnetic density flux, since the medium is nonmagnetic, then B̃ =
µ0H̃. Furthermore, the displacement field, D̃, takes into account both the external
electric field, Ẽ, and the material’s dipole moment per volume (or polarization vector),
P̃, that is induced by Ẽ:

D̃ = ε0Ẽ + P̃, (1.5)

To consider the nonlinear responses of the material, we can express P̃ as:

P̃ = ε0[χ
(1)Ẽ + χ(2)Ẽ2 + χ(3)Ẽ3 + . . .], (1.6)
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The linear optical response of a material is described by the χ(1) term, whereas higher-
order terms such as χ(2), and χ(3) are considered to be as the nonlinear optical re-
sponses of material. Now, we substitute Eq. 1.4 onto Eq. 1.3, and using vector
calculus identity, one can express the wave equation in a medium as:

∇2Ẽ− 1

c2
∂2

∂t2
Ẽ =

1

ε0c2
∂2P̃

∂t2
, (1.7)

or it can be written in the more intuitive alternative form:

∇2Ẽ− ε(1)

c2
∂2

∂t2
Ẽ =

1

ε0c2
∂2[ ˜χ(2)Ẽ2 + χ(3)Ẽ3 + . . .]

∂t2
=

1

ε0c2
∂2P̃NL

∂t2
. (1.8)

where ε(1) = 1 + χ(1) is first order (linear) relative permittivity, and P̃NL is nonlinear
optical polarization of the material. Thus, Eq. 1.8 can be treated as a driven wave
equation; the nonlinear optical reactions of the material act as a source term. From
this equation, one can realize that the nonlinear optical responses modify the optical
properties of the material if a high laser intensity is applied to a material.

In this section, we study the change of the refractive index due to the nonlinear
optical response of a material to high laser intensity being pumped into the material.
Let us consider when a linear polarized light beam propagates through a material that
connects with a source that applies a static electric field, the light beam experiences
an elliptical change of polarization and refractive index due to the static-electric-field-
induced birefringence in the material. This modification is known as the DC Kerr
effect, and the strength of this modification depends quadratically on the static elec-
tric field [19, 20]. Let’s consider another scheme: if an intense beam of light is applied,
the electric field of the beam itself induces a change of refractive index in the material
without a static electric field [18, 21]. This effect of self-modification of the light beam
is known as the optical Kerr effect, and its strength depends on the intensity of the
light beam and third-order susceptibility χ(3) of a material.

Figure 1.1: Schematic drawings of (a) self-phase modulation (SPM),
and (b) cross-phase modulation (XPM). The red arrow indicates a
strong laser beam, and the green dot arrow indicates a weak laser

beam.
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Table 1.1: Nonlinear refractive index n2 of typical materials [18]

Materials n0 χ(3) (m2/V2) n2 (cm2/W)

Fused silica 1.47 2.5× 10−22 3.2× 10−16

BK-7 1.52 2.8× 10−22 3.4× 10−16

GaAs 3.47 1.4× 10−18 3.3× 10−13

Ge 4.0 5.6× 10−19 9.9× 10−14

Si 3.4 2.8× 10−18 2.7× 10−14

ZnSe 2.7 6.2× 10−20 3.0× 10−14

One can describe the changes of the refractive index of a material due to the optical
Kerr effect mathematically by considering the third-order nonlinear contribution of
P̃NL:

P̃ = ε0χ
(1)Ẽ + 3ε0χ

(3)|Ẽ|2Ẽ = ε0χeff Ẽ, (1.9)

we recall that n=
√

1 + χeff , using this relationship we can show that:

n =
√

1 + χeff =
√

1 + ε0χ(1) + 3ε0χ(3)|Ẽ|2, (1.10)

we assume that the nonlinear contribution is small compared to the linear contribu-
tion, then we can simplify this equation to:

n ≈ no +
3χ(3)|Ẽ|2

2no
, (1.11)

By substituting the light intensity equation (I = 2noεc|Ẽ|2), we obtain the change of
refractive index due to the optical Kerr effect:

n = n0 + ∆n = n0 + n2I, (1.12)

where ∆n is the change of refractive index, n0 is linear refractive index, n2 is nonlinear
refractive index, and I is intensity of light beam. Assuming that the material is
nonmagnetic (n =

√
ε), n2 can be expressed as:

n2 =
3

4n20ε0c
χ(3) =

3

4(Re[ε] + iIm[ε])ε0c
χ(3). (1.13)

where ε is the electric permittivity of the material. The changes of the refractive index,
∆n caused by the nonlinear optical effect have many significant consequences. For ex-
ample, ∆n produces phase change on the laser beam itself, leading to a change of the
frequency spectrum; this effect is known as self-phase modulation (SPM) (Fig. 1.1(a)).
Also, a weak laser beam (probe beam) will experience a phase shift when another in-
tense laser beam (pump beam) interacts with the sample within the duration of time
response of the material; this modulation is referred to as cross-phase modulation
(XPM) and is shown in (Fig. 1.1(b)). These and other self-action effects are under
intensive studies in the photonics community, such as the self-focusing effect, self-
trapping effect, and filamentation [18].

These light-induced effects have many important applications. For instance, SPM
and XPM must be mitigated for high throughout optical communication through op-
tical fibre networks, waveguides, and other photonic devices. Conversely, ultrafast
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laser system development relies on these self-actions effects. Also, understanding op-
tical soliton generation, which is highly dependent on light-induced nonlinear effects,
is essential to developing efficient optical communication.

In many cases, nonlinear optics applications suffer two problems: the first problem
is that conventional materials have rather low n2 [18] (Table 1.1). For example, n2 of
fused silica is about 3.2× 10−16 cm2/W and the damage threshold is about 2J/cm2.
Therefore, when the input laser intensity is at the damage threshold of fused silica, the
corresponding ∆n is only 0.006, which value is much smaller than its linear refractive
index (n0= 1.47). Figure 1.2 (a) shows how ∆n is limited by damage threshold. For
the second problem, assume both the damage threshold of material and the input
laser intensity are very high, such that one does not need to worry about damaging
the material; in this situation, the saturation behaviour of material usually limits the
∆n to saturated value ∆nmax (Fig. 1.2 (b)).

Figure 1.2: Limitation of changes in refractive index, ∆n. (a) ∆n as
a function of input laser intensity I. ∆nmax indicates that the max-
imum ∆n can be achieved before the intensity reached to damage
threshold of the material. (b) This case shows the limitation of ∆n
caused by the saturation behaviour of the material. The dashed arrow
shows the effects of the field-enhancement mechanisms, which causes
∆n increases more rapidly with respect to I. However, these effects do

not increase ∆nmax. Note: ∆n is small in both cases.

Therefore, the nonlinear optical response is usually considered a weak-perturbation
to the linear response, and the development of nonlinear photonics devices reached a
bottle-neck due to these problems. Searching for materials with large optical nonlin-
earities has been a long-standing goal in this field of research. Recently, a new class
of materials, known as epsilon-near-zero (ENZ) materials, have been shown to exhibit
exceptionally high optical nonlinearities due to their vanishingly small permittivity
[7, 22]. This reason can be understood as follows: if we consider Eq. 1.13, as the
permittivity is close to zero, the Re[n0] also approaches zero since n =

√
ε. Conse-

quently, the real part of n2 will diverge as its denominator approaches zero, and we
then achieve unprecedentedly high nonlinearities which are not possible in the conven-
tional materials stated in Table 1.1. We will further explain how one can physically
obtain this condition in transparent metal oxides in Chapter 2.
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1.2 Efficient light manipulation using metasurfaces

Many modern technology developments such as the cellphone, optical fibre, the per-
sonal computer, the camera, and the laser can attribute at least part of functionality
to light-matter interaction. However, as the technologies relying on light are advanc-
ing, we are reaching a bottleneck where traditional optical elements are unable to
improve due to their low efficiency of light-matter coupling and inefficient control of
light. Therefore, much research effort has been made to develop a new class of mate-
rials, the so-called metamaterial [23]. This type of material is artificially constructed
with patterns of multiple materials such as metals or dielectrics, with the size of the
patterns usually being smaller or comparable to the wavelength of light. Such ma-
terials can enable novel and efficient light manipulation that conventional materials
can not achieve. For example, metamaterials have achieved negative refraction [24],
an invisibility cloak in the microwave region [25], and other applications [26, 27, 28].

This thesis is interested in a two-dimensional (2D) version of the metamaterial. It
is referred to as a metasurface [29] and in our case this class of material consists of
2D arrays of sub-wavelength light scatterers. Metasurfaces enable efficient wavefront
control by changing the spatial shapes of the scatterers [12], the spacing and the
patterning of the structure [13], and using different materials [29]. Figure 1.3 shows
the schematic drawing of a typical metasurface [1].

Figure 1.3: The schematic drawing of a typical metasurface. Each
gold square represents a rectangular gold nanoparticle, which is on the
order of 100 nm. Nanoparticles are embedded in a substrate, which
typically made of glass. Image adapted from [1] with permission.

Since metasurfaces are usually a few orders of magnitude thinner than conventional
optical elements, they can form more compact photonic elements such as optical filters,
lenses, and polarizers.

Metasurfaces can be divided into two broad groups. The first one is all-dielectric
metasurfaces. This group is mainly made of insulators or semiconductors. The main
advantages of using all-dielectric metasurface are that the nonradiative loss of the ma-
terials is typically low; thus, one can develop low-loss photonic devices such as a com-
pact lens that can replace traditional bulk lens in certain applications (Fig. 1.4c [4]).
Other important applications for all-dielectric metasurfaces include boosting second
harmonic efficiency [2] (Fig. 1.4a) and developing ultra-low-loss lasers [3] (Fig. 1.4b).
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Figure 1.4: The examples of dielectric metasurfaces and their po-
tential applications in boosting nonlinearity, lasing, and developing

compact lens. Image adapted from [2, 3, 4] with permissions.

The second group is made of conductive materials such as gold or silver that can
support plasmonic responses. Compared to dielectric materials, plasmonic materials
have a superior scattering coefficient and exhibit larger field enhancement. These
properties can easily be tuned by changing the size and the shape of the nanoparticle.
With this property, many works have demonstrated efficient wavefront control by ad-
justing the size of nanoparticles in a single cell, leading to Snell’s law generalization
(Fig. 1.5a) [5, 6]. Furthermore, vortex beam generation is possible in a plasmonic
thin film by changing the geometry of the nanoparticles (Fig. 1.5b). Furthermore,
plasmonic metasurfaces are also an important platform for biosensing due to the high
sensitivity of plasmon resonances. Many recent works have been using plasmonic
metasurface to detect the SARS-CoV-2 virus [30].

In this thesis, we are focused on developing plasmonic metasurfaces that allow us
to generate multiple optical resonances. Although we only investigate in plasmonic
metasurfaces, our work can also apply to other metasurfaces. This topic will be
discussed in Chapter 4 and 5.

Figure 1.5: The examples of dielectric metasurfaces and their po-
tential applications in generalizing Snell’s law, and generating vortex

beam. Images adapted from [5, 6] with permissions.
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1.3 The structure of the thesis

In this thesis, we discuss two different topics that are trying to develop more efficient
light-matter interaction at the nanoscale. The thesis consists of nine chapters, includ-
ing this introduction.

Chapter 2 discusses the physical origin of a large optical nonlinearity induced by
an ENZ material. Due to the high nonlinearity and ultrafast responses of an ENZ
material, a strong time-varying effect can be observed in such material. We show
recent research in this field, then, we discuss the passive energy transfer between two
laser beams in a nonlinear media and introduce our proposal that self-manifested en-
ergy transfer is possible due to the strong time-varying effect in an ENZ material.
Chapter 3 describes our experimental verification of the energy transfer process and
discusses these results.

In Chapter 4, we introduce the current state of plasmonic metasurface research.
We explain different plasmon resonance modes and describe the methods that induce
and characterize these resonance modes. Then, we suggest a design scheme that en-
ables us to generate and manipulate multiple plasmon resonance modes, and how their
resonance wavelengths can be flexibly placed in a single metasurface. Also, we show
the detailed fabrication and experimental setup. Chapter 5 consists of our published
manuscript that demonstrates our proposed idea stated in Chapter 4.

Chapter 6 summarizes our work and suggests follow-up research directions. Ap-
pendix A shows the mathematical derivation of the energy transfer process in Chap-
ter 2. Furthermore, we discuss the simulation tools we used for designing a metasurface
in Appendice B and C.
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Chapter 2

Two-Beam Coupling at
Epsilon-Near-Zero Wavelengths

2.1 Observation of a large optical nonlinearity in ITO at
ENZ wavelengths

The electrical permittivity of a material, ε(ω), is a complex light-frequency-dependent
quantity that describes light-matter interaction in the material. The real part of
ε(ω) depicts the polarization induced by the incident light field, whereas the imagi-
nary part of ε(ω) characterizes optical-induced losses while polarizing, which generally
arises from interband transitions or electron-phonon interactions. The ε(ω) over the
spectrum of interest of mainly conducting materials can be well-described by the
Drude model [31], which describes free electrons gas motion in metals with applied
electric field:

ε(ω) = ε∞ −
ω2
p

ω2 + iωγ
, (2.1)

where γ is the scattering rate of the material (or loss), ω is frequency of input light
beam, ε∞ is background permittivity, and ωp is plasma frequency:

ωp =

√
nee2

m∗ε0
. (2.2)

the plasma frequency is an important optical property of a material. At this frequency,
the free charged carriers rapidly resonate with respect to their host ions. As expressed
in Eq. 2.2, this quantity depends on the charged carriers density, ne, and the effective
mass of the charged carriers, m∗. Let us consider a material whose optical property
can be well-described by the Drude model: a highly-doped semiconductor, indium tin
oxide (ITO). Figure 2.1 shows the electrical permittivity of ITO with respect to inci-
dent light wavelength, λ. As incident light wavelength is getting closer to the plasma
wavelength of ITO (∼1240 nm), the electric permittivity of ITO is approximately
zero. At this range of frequencies, the free charged carriers oscillate rapidly with the
driving frequency of the light, which minimizes the resistance, resulting near-zero per-
mittivity. Therefore, this frequency range is known as the epsilon-near-zero (ENZ)
regime; it plays an important role in enhancing nonlinear optical response of ITO.

Specifically, the linear refractive index, n0, depends on the electric permittivity:
n =

√
ε(ω). Thus, n0 is approximately zero when the light frequency is in the ENZ

range. This implies that n2 will diverge according to Eq. 1.13, thus leading to ex-
tremely large optical nonlinearity. In a previous work [7], our group performed a
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Figure 2.1: Dielectric function ε(ω) of ITO film (thickness: 310nm).
The real part of ε(ω) is approximately zero with incident light wave-
length is 1240 nm. At this wavelength, the imaginary part of ε(ω) is

about 0.4.

Figure 2.2: Nonlinear response of ITO. (a) The measured n2 of ITO
as a function of incident laser wavelength, different curves corresponds
to measurements with different angles of incidence. The shaded re-
gion indicates the ENZ regions of the ITO sample, and the applied
laser intensity is 66 GW/cm2. (b) The real and imaginary parts of
the refractive index as a function of incident laser intensity, the laser
wavelength is 1240 nm and θ= 30o. Image adapted from [7] with

permission.
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Figure 2.3: Time response of the ITO sample. The normalized trans-
mittance of the ITO sample as a function of probe pulse laser delay

time. Image adapted from [7] with permission.

standard Z-scan measurement to determine n2 of ITO; they show that the n2 is dra-
matically increasing when the incident laser wavelength is at ENZ wavelength of ITO
(Fig. 2.2a). Strikingly, the change of the refractive index, ∆nITO, is a dominating
factor in the optical properties of ITO. Figure 2.2b shows the real and imaginary
parts of the refractive index of ITO as a function of incident laser intensity at the
ENZ wavelength, when the angle of incidence is close to 60o. In this figure, we ob-
serve that the Re(∆nITO) started saturating when the laser intensity was higher than
100 GW/cm2, and that the highest Re(∆nITO) obtained is about 0.72. This value is
unprecedentedly large; it is about 170% of its linear refractive index. In other words,
the nonlinear effect dominates the optical properties of ITO, which is impossible to
observe in typical materials such as fused silica [18].

The other crucial optical feature of ITO in the ENZ regime is the ultra-fast tempo-
ral response of this nonlinear index change. Figure 2.3 shows the transmission of ITO
as a function of delay time, τ , obtained by performing the pump-probe experiment
(such experiment will be explained in Chapter 3). As we can see, the rise time of ITO
took ∼200 fs, and the recovery time is within 360 fs. Such ultrafast response will not
only be important for applications, such as all-optical modulation, but could also be
a crucial platform for studying time-varying medium, which will be explained in the
next section.

2.2 Adiabatic frequency conversion at ENZ wavelengths

As shown in the previous section, the large change of nonlinearity arises in a sub-
picosecond time scale in this particular ENZ material. This property of ITO provides
a new platform for researchers to study the effect of time refraction [8].

The concept of time refraction can be explained as follows (we follow closely to
Ref. [8]): assuming a laser pulse with a wavelength of λ1 and refractive index of n1
propagates through a dispersion-less medium with a refractive index of n2 (Fig. 2.4a).
This leads to a change in wavevector of laser beam after propagating through the
spatial boundary, and it can be described as n1λ1 = n2λ2. Let’s consider the temporal
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Figure 2.4: The time refraction. (a) When a light beam (red arrow)
propagates through a spatial boundary defined by a refractive index
change from n1 to n2, the light beam will experience a change in the
wavevector. This effect can be described by n1λ1 = n2λ2. (b) As
a light beam travels through a refractive index boundary defined in
time, the light beam will experience a time-refraction effect described

by n1ν1 = n2ν2.

Figure 2.5: The adiabatic frequency shift from an ENZ material. (a
and b) The frequency red-shifts (blue-shifts) are observed in a probe
beam spectrum at the delay time,td, of -60 fs (60 fs). The incident
laser wavelength is 1235 nm. The insets illustrate the pump and
probe beams’ relative timing. The top-most spectra to the bottom-
most spectra in both panels indicate the change of the highest pump
intensity (∆n) to zero pump intensity (∆n). Image adapted from [8].
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boundary induced by the refractive index change in the time domain (Fig. 2.4b). The
laser beam will experience a frequency shift due to the time translation symmetry
breaking since the wavevector is unchanged while the refractive index is changing.
Using the dispersion relation c/ν = nλ, one can express the change of frequency as
n1ν1 = n2ν2 = (n1 + ∆n) ∗ (ν1 + ∆ν), where ∆n is the change of refractive index
and ∆ν is the change of frequency. If we consider a conventional material like silicon,
the effect of time refraction is insignificant since n is small compared to the linear
refractive index (typically ∼ 10−3). However, this effect is large in ITO since its ∆n
is close to unity at ENZ wavelengths. This frequency shift induced by time refraction
is referred to as adiabatic frequency conversion (AFC).

Figure 2.6: Experimental and calculated probe spectra at the in-
cident wavelength of 1235 nm. (a–c) Experimental probe spectra
with normalized magnitude with respect to the pump-probe delay
time. These three sub-figures correspond to different pump intensi-
ties. (d–f) The corresponding calculated probe spectra using the non-
linear Schrödinger equation. The experimental results are in excellent

agreement with the calculations. Image adapted from [8].

To observe AFC, our group performed a set of degenerate pump-probe experi-
ments (see Chapter 3 for more information) on ITO with a thickness of 620 nm, and
the incident laser wavelength is 1235 nm (ENZ wavelength of the sample). Figure 2.6
shows the experimental results of the probe pulse transmission spectrum. When a
weak probe pulse arrived in the sample with a delay time of 60 fs before the strong
pump pulse, the influence from the pump pulse started to induce ∆n, as the pump
pulse intensity increases, we observe that the frequency red-shifted accordingly. On
the other hand, when the pump pulse arrives before the probe pulse with the same
delay time (td = -60 fs), the probe spectrum is blue-shifted as the pump pulse’s in-
tensity increases. These experiments have experimentally demonstrated the effect of
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AFC on an ENZ material.

In Fig. 2.6, the top three sub-figures shows the probe spectrum from the pump-
probe experiments as a function of change in frequency (x-axis) and the delay time td
(y-axis), these three sub-figures correspond to three different pump pulse intensities
(Ipump= 54 GW/cm2, 161 GW/cm2, and 268 GW/cm2). To theoretically predict
AFC, the authors modelled the effect using the nonlinear Schrodinger equation. The
bottom three sub-figures in Fig. 2.6 illustrate the calculated probe spectrum from the
nonlinear Schrodinger equations, these calculations are in excellent agreement with
the experimental results. In the next section, we describe the energy transfer between
two beams in a nonlinear media and show that AFC could induce energy transfer
between two laser beams.

2.3 Two-beam coupling effect

In general, when two laser beams with different frequencies (ω1, ω2) and wavevectors
(k1, k2) are incident on the surface of a material, a moving transient grating would
be formed on the surface. Such a system allows energy transfer between two beams,
which the energy transfer rate is governed by the phase velocity of the moving grating
(it is proportional to δ, and δ = ω2 − ω1). This effect is known as the two-beam
coupling (TBC) effect, and its basic geometry is illustrated in Fig. 2.7.

Figure 2.7: The schematics of two-beam coupling effect. Two laser
beams with different wavelengths (ω1 and ω2) interact on the sample
and form a moving transient grating. This moving grating effect leads
to net energy transfer from one beam to the other beam. Also, q=

k2 − k1.

To describe TBC model, we consider the intensity distribution of interference pat-
tern and the nonlinear refractive index variation of non-instantaneous time response
of material. This model works well with continuous-wave beams, thus it is referred
as continuous-wave limit. The full mathematical treatment is shown in Appendix A.
When we consider traditional materials such as fused silica, this type of material nor-
mally have weak nonlinear refractive index nNL (nNL << n0), we refer it as weak
nonlinear approximation (WNA). Using this approximation, the TBC equation can
be written as:

dI2
dz

=
2n2ω

c

δτ

1 + δ2τ2
I1I2, (2.3)
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where τ is the time response of a material, while I1 and I2 are the intensities of
two beams. The left-hand side of the equation indicates how the beam’s intensity
transfers with respect to z, and the span of the z is the total length of the material.
Furthermore, we assume that |δ|� ω1 and ω2, thus ω ≈ ω1 or ω2 [18]. Let us consider
the TBC effect in fused silica; we use n2 value of fused silica on Table 1.1, and set I1=
100 GW/cm2 and I2= 250 GW/cm2, we then plot the mathematical evaluation result
in Fig. 2.8. We can observe that the energy transfer between both beams depends on
the direction of the phase velocity, and the highest TBC efficiency occurs when δτ=
±1. This is a typical TBC signal.

Figure 2.8: Mathematical evaluation of typical TBC signal using
fused silica as a medium.

The TBC model with WNA works particularly well on the conventional materials,
and it have been demonstrated in many works. For example, energy transfer between
plasma gas [32], liquid methanol [33], and carbon disulfide [34].

When intensities are sufficient for nonlinear absorption to no longer be negligible,
the nonlinear absorption of material needed to be taken into account for the TBC
effect. For example, the energy transfer between two beams in a fluorescein-doped
boric acid glass [35]. In this case, we modify Eq. A.4 by introducing the nonlinear
absorption term β (the detailed derivation is shown in Appendix A):

(2.4)
dI2
dz

=
2n2ω

c

δτ

1 + δ2τ2
I1I2 − β2I22 − β2I1I2 − β2

I1I2
1 + δ2τ2

.

As we can observe in Eq. 2.3 and 2.4, if the system is degenerate (δ =0), there
will be no TBC, since the phase velocity is zero. In the next section, we show that,
even for degenerate case, TBC can still occur in two laser pulses by introducing group
velocity dispersion of the laser pulse.
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2.4 Generating two-beam coupling with ultrafast laser pulses

While TBC theory shows no energy transfer if both beams have the same frequency,
exchange can occur for two pulses with the same carrier frequency if other factors are
adjusted. For example, when two laser pulses with same frequency interacting with
a material, linear chirps of the pulses are induced. To clarify this, let us give a brief
introduction on chirp of an ultra-fast pulse. When a laser pulse travels through a
dispersive medium with a total length of L, a phase will accumulate throughout the
medium, this phase can be expressed as:

θ(ω) = −β(ω)L, (2.5)

where β(ω) is known as propagation constant, if we apply a Taylor series expansion
into this equation, we will obtain:

β(ω) = β (ω0) +
∂β

∂ω
(ω − ω0) +

1

2

∂2β

∂ω2
(ω − ω0)

2 + ... (2.6)

where ∂β
∂ω is the inverse of the group velocity, which is the velocity that energy is

carried through the medium, and ∂2β
∂ω2 is the group velocity dispersion (GVD) of a

dispersive medium, which is respects to the incident laser wavelength. As the laser
pulse travels through the medium, the GVD causes some portions of the laser pulse
with different frequency components travel with a different speeds, leading to the laser
pulse spatially broadening or shortening, depending on the sign of GVD (assuming
the laser pulse is not already Fourier-transform-limited). We can now define chirp, C,
as follows:

C =
GVD

τ2p
L, (2.7)

where τp is the pulse duration of the laser pulse. By considering linear chirp, we can
understand that when two laser pulses with same wavelengths are introduced, the
chirp effect and their overlap in time and in the material, will lead to an effective
frequency difference being induced at that moment of time, since the laser pulses are
interacting with different frequency components. This will lead to the TBC effect.
The effective frequency shift induced by linear chirp can explained as:

δ =
−tC

τ2p (1 + C2)
. (2.8)

where τp is unchirped laser pulse duration.
For the mathematical model to describe the TBC effect using laser beam pulses,

we have to consider the beam profile in time, which is typically Gaussian. We adapted
the mathematical treatment used in Ref. [36], and the final form of the energy transfer
can be expressed in term of change of transmittance of the measured beam:

∆T

T
(τ, δ) =

2√
3

exp
(
δ2τ2res/6

)
exp

[
−2(τ)2/3τ2res

]
× [2∆Φ sin(2δτ/3)−q cos(2δτ/3)],

(2.9)
where δ is the change of frequency, τ is the time delay, τres is time response of a
material. The nonlinear phase shift of a material, ∆Φ, which is defined as kn2IpumpL,
while q is associated with the nonlinear absorption of a material, define as β2IpumpL.
In typical experiments, δ is induced by introducing linear chirp, which is described in
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Figure 2.9: The two-beam coupling effect on fused silica by intro-
ducing linear chirp into the laser pulse. Adapted with permission from

[9] c© The Optical Society.

Eq. 2.8.

Many works have demonstrated TBC effect using laser pulses with linear chirp on
different mediums such as fused silica [9], argon gas [32], and other semiconductors
[37]. Figure 2.9 shows the experimental results of pump-probe experiments using
fused silica as a medium [9]. In the experiments, both laser pulses have an initial
pulse duration of 30 fs, and they used prism pairs to introduce and tune the chirps
of both pulses. As we can see from the experimental data, the TBC signal is highly
dependent on the chirp parameter they introduced, and there is almost no TBC signal
when the chirp is zero. In the next section, we will show how the TBC effect can be
induced without introducing external chirp by inducing AFC.

2.5 Self-manifesting the TBC effect with AFC

In order to predict how TBC would be manifested by AFC, we used the experimental
results from Ref. [8]. To be specific, we extract the AFC frequency shift, δ, from
Fig. 2.6b and c, and plot them in Fig. 2.10a and c, which corresponds to the AFC
shifts with input pump intensity of 161 GW/cm2 and 268GW/cm2, respectively. Fur-
thermore, the response time of ITO is 85 fs, which obtained from Ref. [10].

To determine TBC signal, we use Eq. 2.9. Since nonlinear parameter (n2 and
β2) are not provided for the sample used in the paper [8], we approximate these pa-
rameters using Ref. [7]. In Table 2.1, we show different nonlinear parameters used
for Ipump = 161 GW/cm2 and Ipump = 268 GW/cm2 (Note: the probe intensity for
both cases was kept low to avoid SPM), then we obtained the TBC signal for both
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Table 2.1: Parameters used for simulations

Parameters Ipump = 161 GW/cm2 Ipump = 268 GW/cm2

n2 (cm2/W) 0.0007 0.0005
β (cm/W) -30 -20

cases, and show the calculations in Fig. 2.10b and d. In these results, we observe
that AFC-induced TBC features are different from the ones in Fig. 2.9. Since β2 of
ITO is much higher than fused silica and the different time-scales of electron-phonon
interactions, the energy transfer is not symmetric. Furthermore, the predicted TBC
exchange rate (∆T/T ∼ 0.5) is several orders of magnitude higher than TBC on fused
silica without chirp (∆T/T ∼10−9 [9]).

Therefore, we are motivated to use ITO as a medium to study the TBC effect. Our
goal is to measure the AFC-induced TBC effect on ITO without introducing chirp,
and use these results to determine the transmission profile in the time domain with a
varying range of input pump intensities. In the next chapter, we perform a series of
pump-probe experiments with different input intensities for this purpose.
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Figure 2.10: The two-beam coupling effect on ITO induced by AFC.
(a) and (b) are the AFC shift in ITO with the input pump intensity
of Ipump = 161 GW/cm2 and Ipump = 268 GW/cm2, respectively.
The corresponding calculated relative changes in transmittance are
(b) for Ipump = 161 GW/cm2, and (d) for Ipump = 268 GW/cm2. The
wavelength of pump laser pulse is 1235 nm, and the response time of

ITO is 85 fs [10].
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Chapter 3

Experiment and discussions for
AFC-induced TBC

3.1 Experimental setup for degenerate four-wave mixing

In this section, the experimental setup mainly used is the so-called degenerate pump-
probe setup. This is a standard tool to determine optical properties of a material by
measuring its optical responses. Figure 3.1 shows the basic geometry of the pump-
probe setup [38], and it is worth noting that this geometry is equivalent to a degenerate
four-wave mixing (DFWM) geometry. It works as follows: a pump laser pulse interacts
with a targeted medium to excite it. This excitation causes a change in the optical
property of the medium and the magnitude of nonlinear optical response can be tuned
by the intensity of the pump pulse. Next, a probe laser pulse sent with a short delay
time relative to the pump pulse, τ , to interact with the sample. A detector is used to
collect the transmitted probe laser pulse as a function of the pump intensity and the
time delay between pump and probe. The probe laser pulse intensity is much weaker
than the pump laser pulse to avoid unnecessary probe laser changes. By measuring
either probe laser pulse or by measuring specific effects raised from the interaction of
two pulses with the medium, it is possible that one can extract the full time response
of the medium after performing a series of experiments with different τ values.

Figure 3.1: Basic scheme for pump-probe setup.

We can hypothesize a lot about the temporal response by observing the change of
intensity, direction, and spectrum of the probe beam under the influence of the pump
beam, such as electron-electron and electron-phonon interactions of the material, the
relaxation time of the photo-excited states, and the self-focusing effect. We are inter-
ested in studying the nonlinear optical response of an ENZ material. In particular,
we ensure two ultrafast laser pulses overlap each other spatially and temporally to
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form an interference pattern on ITO’s surface. This pattern acts as a diffraction grat-
ing; thus, diffracted laser beams propagate from ITO. Detectors are used to measure
the first-order diffracted beams, zeroth-order beams, and input beams to study the
response dynamics of ITO.

First, the calibration of the experimental setup will be explained, then we will
briefly discuss how to optimize the experimental setup to obtain maximum TBC
efficiency. Finally, we will discuss the experimental results.

3.2 Beam preparation and alignment

3.2.1 Calibrating input laser beam power

In a nonlinear optical experiment, it is important to know how much laser power is
generated from the laser system and impinging on the sample. Therefore, we installed
a glass slide on the experimental setup to calibrate the input laser power. Figure 3.2
demonstrates the calibration setup for the input beam, the input laser, P in, is focused
by a lens and incident on a thin glass slide. A small portion of the beam, R, is reflected
by the glass slide, and then a photodetector (918D-IG-OD3R, Newport) collects a
portion of the beam. The remaining light is transmitted, T , through the glass and
collected by a photodetector. We know that:

P in = T +R, (3.1)

therefore, by measuring the transmitted light and reflected light, we will then calibrate
the glass and determine the input power.

Figure 3.2: Experimental setup for glass calibration for determining
the input laser power.

3.2.2 Calibrating laser beam intensity

Understanding how the laser beam profile evolves while it propagates through space
or a medium is essential for calibrating its intensity. Laser beam shape is typically
well-described by considering a Gaussian profile. The Gaussian intensity distribution
can be shown as:
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I(r, z) = I0

(
W0

W (z)

)
exp

(
− 2r2

W 2(z)

)
, (3.2)

where z is the axial distance from the beam center, W0 is the beam waist when z= 0
and r is radial position. When z 6= 0, the laser beam will then evolve with respects to
W (z):

W (z) = W0

√
1 +

(
z

z0

)2

, (3.3)

where z0 is the Rayleigh range of the beam (z0 = πw2
o

λ ), it is defined as the location
which the Gaussian beam waist expands by a factor of

√
2.

Figure 3.3: The evolution of the Gaussian beam waist W(z) along
the axial direction, z. Image is from [11].

We are interested in determining the location where the beam size is minimum
which would provide us with the highest intensity since the laser intensity is inversely
proportional to the beam size. We employ a CMOS camera (Thorlabs, DCC1545M-
GL) to capture the laser beam image. The experimental setup is shown in the left
panel of Fig. 3.4. The laser beam is first generated by the OPA and Ti: Sapphire
laser system and is focused by a lens with a focal length of 120 mm. Then, we
gradually tuned the camera’s position by a translational stage and determined the
beam’s location at a focal point. The right panel of Fig. 3.4 shows the actual image
captured by the camera. We then used the camera software to determine the beam
size. Once we measured the beam size, we then used an IR photodetector to measure
the average beam power, Pave, and calculated the laser beam intensity using the
following equation [11]:

Ipeak =
2Pave

π
√
πw2

oτR
, (3.4)

where τ is the pulse duration, which is 110 fs for our laser system, and R is the
repetition rate, which is 1000 Hz in our case.

3.2.3 Temporal overlap calibration

An essential step for setting up an ultrafast pump-probe experiment is to determine
the temporal overlap of the pump and probe beams.

The experimental setup is illustrated in the left panel of Fig. 3.5. A wavelength-
tunable optical parametric amplifier (OPA) is used to generate a laser beam with a
time duration of 110 fs (TOPAS prime, Spectra Physics) pumped by an amplified
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Figure 3.4: Capturing a laser beam. Left panel: the experimental
setup for capturing laser beam. Right panel: the actual image of an

ultrafast laser pulse beam.

Ti:sapphire laser for the experiments. The OPA is an optical device that converts
the frequency of an input laser beam into two output laser beams (typically named
signal and idler) of lower frequencies by using a second-order nonlinear process (χ(2))
in the medium. We can tune our OPA’s signal wavelength from 1100 to 1600 nm
and use it as the input of our TBC experiment. We first installed a pellicle beam
splitter (BP245B3, Thorlabs) to split the input laser beam from the OPA into two
paths, P in1 and P in2 . Then, we installed a high-precision translation stage (DDSM100,
Thorlabs) in the P in2 path. Next, we adjust both beams to spatially overlapping them
by monitoring them through the camera. To ensure the temporal overlap of both
beams, we measured the distance of both paths, ensuring that the difference can not
be larger than the travel of the translational stage. Finally, we gradually changed the
stage position. When the lengths of both paths are the same, temporal overlap occurs
and the interference pattern between the beams is visible on camera. The actual
image of the temporal overlap of both beams is shown in the right panel of Fig. 3.5.
In the next section, we discuss the procedure for optimizing the experimental setup
in order to obtain the clear, repeatable experimental results.

3.3 Optimizing the experimental setup

After all calibrations are done, we introduce the ITO sample at the position of spatial
and temporal overlap of the beams and add multiple detectors to observe the TBC
effect and optimize for clear, repeatable experimental results.

Figure 3.6 displays the full experimental setup for probe-pump experiment. We
installed Glen-Taylor polarizers and half-wave plates mounted on the rotational stages
on both paths to control the beam intensities, and both beams are rendered p-
polarized. Then, we placed an ITO thin film (thickness: 310 nm) at the location
where spatial and temporal overlapping occur. To ensure the sample is at the loca-
tion, we gradually tuned the sample along the z-direction. When the surface of the
sample reaches the ideal location, we observed first-order diffracted beams appear at
P 1st
1 and P 1st

2 detectors.
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Figure 3.5: Temporal overlapping of both beams. Left panel: the
experimental setup for capturing laser beams. Right panel: the actual

image of a temporal overlap of both beams.

Figure 3.6: Full experimental setup for DFWM in ITO. The detailed
explanation is in the main text.
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Figure 3.7 shows the image of the observed first-order diffracted beams (P 1st
1,2 )

and the zeroth-order beams (P 0th
1,2 ) simultaneously captured by a high resolution IR

camera. After observing the diffracted beams, six InGaAs photodetectors (918D-IG-
OD3R, Newport) are placed and aligned to measure 1st order, zeroth-order, and input
beam powers. To obtain maximum energy transfer through TBC effect, we further
tuned the sample position such that maximum transfer to the first-order detectors is
achieved, we defined first-order efficiency as:

Efficiency =
P 1st
1,2

P in
1,2

. (3.5)

In the next section, we discuss the obtained experimental results after the opti-
mization, and demonstrate AFC-induced TBC effect.

Figure 3.7: Observation of first-order beams (P 1st
1,2 ) and zeroth-order

beams (P 0th
1,2 ). This image is captured by a high resolution IR camera.

3.4 Results and discussion

3.4.1 Experimental results of first-order diffracted beam measure-
ments

We first discuss the experimental results of the first-order diffracted beam measure-
ments. Figure 3.8 shows the measured efficiency of the first-order diffracted beam of
P 1st
1 as function of delay time, τ with various input intensities of P in1 using Eq. 3.5.

The input intensity of P in2 is fixed at 500 GW/cm2. As we can observe, the measured
efficiency gradually increases as input intensity increases, and the peaks of each plot
occur at the same delay time that we set to be τ= 0 fs. The highest efficiency ob-
tained saturates at about 0.8 % where its input intensity is 334 GW/cm2, which is
a repeatable result across multiple measurements. Therefore we have confirmed an
observation of TBC from degenerate beams without any linear chirp.

3.4.2 Experimental results of zero-order diffracted beam measure-
ments

After we ensured the coupling between two beams are optimized by maximizing the
first-order efficiency, we next measured the zero-order diffracted beams.
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Figure 3.8: The measured efficiency of the first-order beams in P 1st
1

detector as a function of delay time, τ with various input intensity of
P in
1 . The input intensity of P in

2 is fixed at 500 GW/cm2.

Before showing and discussing our complete set of experimental results, we first
demonstrate the measured AFC shift of P 0th

1 (input intensity is 236.7 GW/cm2) with
an input pump intensity of 292.2 GW/cm2 from P 0th

2 to gain a clearer picture for
our results. We define the measured wavelength of the peak of the spectrum at τ=
-500 fs as reference wavelength and extract the change of wavelength as a function of
τ . This value is selected so that the two beams are entirely temporally separated and
therefore, no AFC would be induced at this time difference.

We then plot the change of wavelength as a change of frequency, δ, and plotted
it in Fig. 3.9a, thus making analogous plot to the changes in frequency due to AFC
shown in Fig. 2.10a and c from our previous work [8]. Figure 3.9a confirms that the
AFC shift occurs within a similar time frame that is consistent with the temporal
response of ITO shown before and the extrema for δ (∼8 THz) are also comparable
to the AFC shift shown in that work [8].

Next, we plotted the corresponding measured transmittance, T , in Fig. 3.9b. Dif-
ferent processes that happen with different delay times in the P 0th

1 beam are indicated
as regions (I), (II), (III), and (IV). In region (I), P 0th

2 separated from P 0th
1 in time.

Thus, we observed that the transmittance stays constant throughout this region. As
P 0th
1 beam arrives at the sample first before P 0th

2 beam, both beams start interacting
and forming an interference pattern in the region (II). This interaction leads to an
increase of refractive index, and thus AFC is induced, which causes red-shifting of the
wavelength of the P 0th

1 beam. As a result, we observed a drop in transmittance of
P 0th
1 because a portion of energy transferred to P 0th

2 due to AFC-induced TBC. In
region (III), both beams still form the interference pattern. However, the AFC starts
causing blue-shifting to P 0th

1 beam, thus the phase velocity of the moving transient
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Figure 3.9: The representative experimental results. (a) the mea-
sured change of frequency due to AFC effect, δ, as a function of delay
time, τ . (b) the experimental transmittance, T, as a function of delay
time (black dots), the labels in different timings indicate various pro-
cesses that occur in ITO. The detailed explanations are in the main
text. The title of both graphs shows the input intensities for P in

1 and
P in
2 .
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grating changes to the opposite direction, so a portion of the energy of P 0th
2 beam cou-

ples to P 0th
1 instead. Finally, P 0th

2 beam is significantly early than P 0th
1 beam. Thus

both beams do not interfere in the region (IV). However, some induced changes (e.g.
saturable absorption) caused by P 0th

2 remain and are witnessed by P 0th
1 , resulting in

the transmittance of P 0th
1 is slightly higher than in region (I).

We repeated this experiment while varying the input intensities of P in1 and P in2 (see
their individual titles) to show the evolution of the transmittance of P 0th

1 in Fig. 3.10.
Figure 3.10 contains 21 subplots, and each represents T (y-axis for each subplot) as a
function of delay time, τ (x-axis for each subplot). The subplots are organized such
that the input intensity of P in2 increases from the top to bottom row, while the input
intensity of P in1 increases from the left to the right column.

By plotting all these TBC responses together, we can begin to see trends. For in-
stance, we focus on a row of subplots for a single P in2 intensity (such as 293 GW/cm2).
As input intensity of P in1 increases, we can observe that the transmittance increases of
P 0th
1 , in the region (I) where only P 0th

1 beam is interacting with the material. This ef-
fect is likely due to saturable absorption of high intensity of P in1 . Also, we can observe
that the dip in the region (II) of each subplot starts developing as the input intensity
of P in1 increases suggesting greater coupling from P 0th

1 to P 0th
2 . Next, let’s look at

a column subplots for a single P 0th
1 value (such as 174 GW/cm2) as P in2 increases.

Here we observed slight increases of the peak in region (III) as the input intensity of
P in2 increases. Furthermore, we also do not observe significant saturable absorption
induced by P 0th

2 , this suggests that the nonlinear response does not strongly depend
on the input intensity of P 0th

2 beam.

While these results suggest that TBC induced by AFC are indeed being exper-
imentally observed. In order to compare this to the model described in Chapter 2
(Eq. 2.9), we need to consider the normalized change of transmittance, ∆T/T . Thus,
we plotted the measured ∆T/T in Fig. 3.11, using the standard equation used in many
related works [36, 39, 37]:

∆T

T
(τ) =

P 0th
1,2 (τ)− P 0th

1,2 (τ = −500 fs)

P 0th
1,2 (τ = −500 fs)

. (3.6)

Using Eq. 3.6, the nonlinear contribution from the P 0th
1 beam will be cancelled out by

normalizing the transmittance, thus we only have to consider nonlinearity from P 0th
2 .

The experimental ∆T/T of P 0th
1 for the listed input intensities are plotted as blue

dots. Next, we used the measured δ from Fig. 3.9a, and Eq. 2.9 to see how well
our model described the resulting TBC response. Our TBC fit (red line) is shown in
Fig. 3.11. As we can observe, our model predicts all regions mentioned in Fig. 3.9b.
This close agreement with expermential result, including the large magnitude of the
energy transfer and the significant asymmetry of the response due to absorption, sug-
gests that our AFC model can likely explain the observed TBC effect in an ENZ
material.

We then re-normalized our data from Fig. 3.10 as the ∆T/T plots to show the
evolution of the change in transmittance due to TBC in Fig. 3.12. The layout of
Fig. 3.12 is the same as Fig. 3.10. Across all cases, the experimental ∆T/T are shown
as a blue dot, and our TBC models for each data are shown as a red line by fitting
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Figure 3.11: The AFC-induced TBC. The experimental change in
transmittance, ∆T/T, as a function of delay time using Eq. 3.6 (blue
dots). We use Eq. 2.9 with δ to fit the experimental result and plot the
fit as the red line. The good agreement with the experimental results
shows that the TBC effect indeed occurs due to the AFC shift. The

title of the graph show the input intensities for P in
1 and P in

2 .
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n2 and β2 values for each set of input powers, showing reasonable agreement with the
experimental results.

By plotting all these TBC responses together, we can observe the trends. For in-
stance, as P 0th

2 increases, we can observe that the change of transmittance decreases.
This is due to saturable absorption because the transmittance of the probe beam in-
creases as probe intensity increases (which we have shown in Fig. 3.10), leading to the
denominator of the ∆T/T increasing.

Furthermore, our model is a better fit for the experimental results with high in-
put intensities. The reason is as follows: with low intensities for both beams, the
frequency shift induced by AFC is not significant in generating the TBC effect, and
our model considers only the TBC effect and neglects other effects, such as electron-
phonon interaction. Therefore, as input intensities get higher, the AFC would be more
pronounced, leading to significant energy transfer, hence better fittings.

Because the nonlinear responses n2 and β2 were fitted for different input intensi-
ties, we plot them as a function of P 0th

1 in Fig. 3.13. In this figure, we can observe that
n2 and β2 quickly converge due to the saturable absorption. The both parameters
quickly saturate to constant values of n2= 6×10−4 cm2/GW and β2= -18 cm/GW as
the input intensity increases.

At input intensity of P 0th
1 = ∼70 GW/cm2, we observed that the nonlinear param-

eters are n2= 1.1×10−3 cm2/GW and β2= -75 cm/GW. As for the magnitude of these
values, they are smaller than the corresponding values measured in our previous Z-
scan measurements with same input intensity [7], where values of n2= 0.11 cm2/GW
and β2= -7131 cm/GW were recorded. This can be explained by difference in the
set-ups: In this TBC experiment the incident beams at almost perpendicular to ITO,
while the values recorded in Ref.[40] had the beam striking the sample in the Z-scan
measurement at a 60o angle of incidence.

However, our results for n2 and β2 are still off by a factor of ∼2 with the Z-
scan measurement [7] when the sample is perpendicular to the incident laser beam
(2.2×10−3 cm2/GW and 159 cm/GW, respectively). The reason is as follows: the
experimental results obtained by Z-scan measurement were slightly overestimated be-
cause the measurement ignores the change in reflectivity caused by ∆n. Hence an
additional factor of ∼1.8 should be taken into account [7].

Therefore, our results are still consistent with the Z-scan measurement [7] when
the sample is perpendicular to the sample. Hence, our results appear to not only con-
firm that the observed TBC is caused by AFC but could also be a reliable technique
for extracting n2 and β2 values from an ENZ material.

Going forward, much attention has been shifting to developing ultrafast temporal
holograms using ENZ material as a medium [41, 42]. Since TBC has been applied to
boost hologram efficiency [43], we believe that our AFC-induced TBC scheme could
also be similarly applied for ultrafast temporal holograms.
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Figure 3.13: The extracted nonlinear refractive index, n2, and non-
linear absorption term, β2, as functions of input intensity of P 0th

1

(GW/cm2).
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Chapter 4

Background knowledge of
Fourier-Engineered Plasmonic
Lattice Resonances

In this chapter, I will introduce the plasmonic metasurface, in which a sub-wavelength-
order arrangement of metal nanoantennas enables unconventional light manipulation,
beyond what conventional materials can achieve. First, I introduce the optical re-
sponse of a single plasmonic nanoparticle and then contrast that with the collective
optical responses of multiple plasmonic nanoparticles. Next, I will explain the fab-
rication process of our plasmonic metasurfaces and the experimental setup used for
optical characterization in the thesis. This background knowledge provides context
to better understand the published manuscript in the next chapter.

4.1 Localized surface plasmon resonance

First, we begin with understanding light interaction with a single plasmonic nanopar-
ticle. A sufficiently small, bar-shaped nano-antenna will have a single plasmonic reso-
nance mode called a local surface plasmon resonance (LSPR). LSPRs can be tuned to
different resonant wavelengths and to have higher order modes by changing the shape
of the nanoparticle [44].

The physical origin of the LSPR can be understood as follows: when a metallic
nanoparticle experiences an excitation from a light beam with a wavelength that is
comparable to the nanoparticle size, the oscillating field from the light beam will drive
the free electrons of the nanoparticle to oscillate when oscillation matches the natural
resonant frequency of the nanoparticle, the light couples optimally into the plasmon
resonance mode, because the localized plasmon frequency depends on the dimension
of the nanoparticle, different particle dimension will couple different frequencies of
light [12, 45]. Figure 4.1 shows simulated scattering spectra of aluminum rectangular
nanoparticle [12]. As the particle length increases, one can observe that the LSPR
wavelength moves to longer wavelengths. Additionally, LSPRs confine light in the
nanoscale by having small mode volumes that are tightly confined to the surface of
the nanoparticle, leading to significant local-field enhancements [46]. These impor-
tant properties of LSPR benefit many applications in broad range of research areas
[47, 48, 49, 50].

However, the applications of LSPRs are limited by the intrinsic absorption loss of
metals. To quantify how well a resonator traps light, a dimensionless parameter known
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Figure 4.1: Localized Surface Plasmon Resonance. Simulated
scattering spectra of aluminium rectangular nanoparticle with increas-
ing length for (a) longitudinal and (c) transverse polarization. The
localized surface plasmon resonance (LSPR) wavelength is red-shifted
as the particle length increases. Image adapted from [12] with permis-

sion.

as the quality-factor (Q-factor) is often used. This quantity is defined as the ratio of
resonance frequency of a resonator to its corresponding resonance bandwidth when
an oscillating field is applied to the resonator. A higher Q-factor also corresponds to
a lower damping rate, leading to longer trapping time of the applied oscillating field.
The Q-factor can be expressed mathematically as:

Q =
ωres
∆ω

(4.1)

where ωres is the resonance wavelength and ∆ω is the resonance bandwidth. Using
this figure of merit, we can state that the resonance modes of LSPRs are typically
short lived and spectrally-broad, with Q-factor less than 10 [51, 13].

Many methods have been proposed to improve the Q-factor of plasmon resonances
[52]. Gold or silver are frequently used as a plasmonic material, but alternative mate-
rials such as graphene and aluminum usually have lower extinction loss at the target
wavelengths [53]. Furthermore, One can use the interaction between nanoparticle
and substrate to improve the Q-factor. Since the collision of electrons contributes to
the extinction loss, cooling down the temperature leads to lower loss and a higher
Q-factor is also considered [52]. Moreover, other more exciting ideas have also been
demonstrated. For example, considering the hybrid system [54], adding gain medium
into the metasurface [55]. For this work, we study a collective response of multiple
nanoparticles, which induces a resonance mode known as surface lattice resonance
(SLR). The detail of this resonance mode is explained in the next section.
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4.2 Surface lattice resonance

SLRs are resonance modes that correspond to the collective optical responses induced
by light-matter interaction of multiple nanoparticles [56]. Such resonance mode highly
depends on the lattice arrangement, and its resonance wavelength is related to the
periodic spacing difference between the nanoparticles in a periodic lattice. SLRs
have been a potential candidate for improving plasmonic devices because these modes
typically do not have most of their electromagnetic fields in close proximity to the
nanoantennas themselves, reducing absorption losses. Consequently, they can have
relatively high Q-factors compared to LSPRs [13, 16].

Figure 4.2 displays the calculated transmission spectra of a system consisting of
nanospheres with a radius of 80 nm. For Fig. 4.2a, a single nanosphere is consid-
ered, and the only plasmon resonance is the LSPR. As expected, the Q-factor is low
(Q ∼ 10), resulting in a spectrally broad dip in transmission. However, when an 1D
array of nanospheres is considered (insert in Fig. 4.2b), an additional surface lattice
resonance is induced. The corresponding lattice resonance wavelength, λSLR, can be
shown as:

λSLR = nBGP, (4.2)

where P is the periodic spacing of the particles, and nBG is the refractive index
of the surrounding medium. In the case of Fig. 4.2b, the periodic spacing is 640 nm,
and nBG= 1. Thus, the SLR wavelength is at 640 nm using Eq. 4.2. We can observe
that the bandwidth of the resonance mode is much narrower than the LSPR; hence
the Q-factor is significantly improved (∼100)[13]. It is worth noting that the LSPR
still remains, but it is super-imposed by the spectral response of the SLR.

Figure 4.2: Transmission spectra for localized surface plasmon reso-
nance and surface lattice resonance. (a) the calculated transmission
spectra of a single nanospehre particle. Only LSPR is induced. (b)
the calculated transmission spectra of an array of nanospheres with
periodic spacing of 640 nm. Both LSPR and SLR are induced. In
both cases, the size of nanoparticles is the same: their radius is 80 nm.

Image adapted from [13].

Designing a metasurface with a particular SLR requires simulating the combined,
response of multiple nanoantennas based on their relative positioning. A standard
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simulation method known as the three-dimensional finite-difference time-domain (3D
FDTD) is well-known for solving electrodynamics of a system numerically by discretiz-
ing the Maxwell equation in the time domain using central-difference approximation
(sometimes referred to as Yee lattice) [57, 58].

The details of the method are explained in Appendix B. Although this method
can produce accurate predictions of metasurface performance, a high resolution, vol-
umetric simulation of an entire metastructure (300 µm x 300 µm x 40 µm with 1 nm
resolution) over sufficient time to observe the ring down of high Q resonant modes,
can take significant computation time (e.g. 5-10 hours for a desktop computer) and
therefore makes iterative designing difficult.

Therefore, we also employ a second simulation method known as the lattice sum
approach (LSA)[59, 60] to calculate the transmission spectra. In this model, we cal-
culate a single particle’s effective polarizability by considering the change in the local
field experienced by the particle due to the contribution of the surrounding neighbour
particles in the lattice. Using this model, we can calculate the transmission spectra
using the effective polarizability, and many works have confirmed the accuracy of the
LSA model [14, 16]. The simulation time of LSA (typically ∼5 minutes) is much
faster than FDTD (typically few hours). The explanation of the method is explained
in Appendix C.

Using the LSA method to quickly explore the parameter space and FDTD to nu-
merically confirm promising designs, we could rapidly optimize the Q-factor of the
plasmonic metasurface. In Fig. 4.3a [14], a metasurface consisting of rectangular gold
nanoparticles was proposed to produce a very high-Q SLR. Using FDTD and LSA
model, they gradually tuned the size and the periodic spacing in x- and y-axis (Px and
Py, respectively) to optimize the Q-factor of SLR. Since the light is x-polarized with
respect to the metasurface (shown in Fig. 4.3a), the SLR wavelength depends on the
Py and the background refractive index, nBG (As mentioned in Eq. 4.2). The authors
set Py= 1063 nm so that the SLR wavelength would occur at the telecom wavelength.
After a series of simulations, they optimized the particle size to be Ly= 200 nm and
Lx= 130 nm. These devices were fabricated and the authors used a supercontinuum
laser source to excite these metasurfaces of nanoparticles to induce both the LSPR
and SLR. This work produced thee highest experimental Q-factor of 2340, the highest
observed to date in a plasmonic metasurface. Furthermore, this experimental result
is in excellent agreement with the LSA calculation (Fig. 4.3b). In the next section,
we discuss the methods that generate multiple SLR modes.

4.3 Generating multiple SLRs

We are interested in a plasmonic system that can generate multiple surface lattice
resonances, with each lattice resonance being independently set. The motivation is
simple: many applications require multiple, particular resonances. For instance, fre-
quency comb generation [61, 62], bio-sensing [63], fluorescence enhancements [64], and
nonlinear four-wave mixing process[18]. The mentioned applications also require that
the resonance wavelengths be easily set.
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Figure 4.3: High-Q plasmonic metasurface(a) the illustration of the
system. the metasurface consists of multiple rectangular nanoparticles
with the size defined as Lx and Ly. The periodic spacing between
particles in x- and y-axis is labelled as Px and Py respectively. (b) The
experimental transmission spectra (black dots) and the LSA-calculated
transmission spectra (red line). The insert figure shows the zoom-in
plot of SLR. The corresponding Q-factor is 2340. Image adapted from

[14].

Figure 4.4: Various proposed methods to generate multiple SLRs.
Images adapted from [15, 16, 17] with permission.

There are many techniques used to generate and tailor multiple SLRs [65, 16, 17,
15]. Figure 4.4 shows some examples of the techniques that generate and manipulate
multiple lattice resonances. First, Li et al. have studied the optical properties of
a system of plasmonic nanoparticles arranged in the honeycomb pattern (Fig. 4.4a,
top panel) [15]. Due to the honeycomb lattice arrangement, the particle experienced
anisotropic near-field distributions enhancement, leading to the generation of multiple
SLR modes. They measured the transmission spectra as a function of incident laser
wavelengths (Fig. 4.4a, bottom panel), and the SLR modes labelled as Γ1 and Γ2 were
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observed. However, the spectral positions of these two resonances can not be inde-
pendently manipulable. Independent control of the resonant wavelength of each SLR
mode would be necessary to produce tailored metasurfaces for particular applications.

Next, our group has experimentally induced multiple SLRs by adding a thin layer
of cladding [16]. The top panel of Fig. 4.4b illustrates the basic concept of their pro-
posed system. The system consists of a metasurface with periodic lattice arrangement
and a cladding layer with a thickness of h. Since the cladding has a finite thickness
and acted as an effective Fabry-Perot (FP) cavity, some portions of the light are
trapped and repeatedly interacted with the nanoparticles, inducing multiple SLRs.
These unique SLR modes are referred to as FP-SLR modes. They fabricated a set
of metasurfaces with different lattice size and measured their transmission spectra.
The measured transmission spectra are shown in the bottom panel of Fig. 4.4b, and
the experimental results are in good agreement with the FDTD simulation. However,
the regular spacing (in the frequency domain) between each FP modes is dictated
for each mode by the slab thickness, so each modes resonant wavelength cannot be
individually tuned for a particular application.

The third example of existing multiple SLRs strategies considers superlattice plas-
mons. Wang et al. have fabricated a set of metasurfaces with a superlattice arrange-
ment (top panel of Fig. 4.4c) [17]. Consider a single-patch lattice in the figure; it is
equivalent to a periodic lattice. When a few single-patch lattices are close to each
other, a coupling is induced between each lattice, leading an additional SLR mode
generation. The authors have shown that this coupling can be described by the in-
teraction between single-patch lattice plasmons and Bragg modes determined by the
periodic spacing of the patch. They have measured the transmission spectra of the
metasurface and shown the confirmation of the additional SLR mode (bottom panel
of Fig. 4.4c). However, this strategy has similar limitations to the previous two ex-
amples: the resonance wavelengths can not be independently tuned.

There are also other efforts to produce multiple SLRs in a single metasurface, such
as introducing periodic vacancy [66], and using V-shaped antenna [67]. However, most
of these proposed metasurfaces suffer a similar problem: the SLR wavelengths are re-
stricted in the spectral positions, meaning that the lattice resonance wavelengths can
not be chosen freely.

We propose an alternative approach: generate multiple lattice resonances by break-
ing the periodicity of the lattice. If we can produce a design protocol where the breaks
in symmetry can produce resonances at specified wavelengths, this would give us the
design freedom the aforementioned applications might require. Specifically, we start
by considering how such arrays can be quickly simulated by LSA. In addition to this
brief explanation, a more detailed derivation of LSA itself is presented in Appendix
C. Initially, we make the assumption that the array is infinite with identical particles,
such that we obtain the polarization, P, of any particle in the array as:

P(ω) =
ε0α(ω)E0

1− ε0α(ω)S(ω)
, (4.3)

where α(ω) is the polarizibility of single particle, E0 is the applied light field, and S(ω)
can be understood as the contribution of all neighbouring particles. S(ω) depends on
the physical positions of the neighbouring particles, and it gives us the outcome of
the spectral position of the lattice resonance. In other words, spectral position of the
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lattice resonance is inter-related to the physical position of the particles. We will show
that such relationship can be connected by considering Fourier transform of a lattice
with the details of this method explained in Chapter 5. We refer to this technique as
Fourier lattice resonance (FLR) and using this technique, we are able to generate mul-
tiple lattice resonances in a single metasurface and freely choose the lattice resonance
wavelengths of interest. In the next section, we discuss the fabrication process we used.

4.4 Metasurface fabrication

For this work, we fabricated metasurfaces consisting of gold rectangular nanoparticles
using a standard lift-off method. The fabrication procedure is as follows (Fig. 4.5):
We first started with a fused silica substrate and deposit a positive-tone resist bilayer,
this bilayer is made of PMMA with two different molecular weights (Fig. 4.5a and b).
Then, we used standard electron-beam lithography to create a desired pattern for the
gold nanoparticles on a fused silica substrate (Fig. 4.5c).
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Figure 4.5: Fabrication procedures of the metasurface.

After the electron-beam lithography process, we deposited gold using thermal
evaporation, and the remaining resists are removed using a lift-off method (Fig. 4.5d
and e). Finally, we deposited a layer of silica cladding on top of the metasurface using
sputtering technique (Fig. 4.5f).

We also coated an anti-reflective layer on top of the silica top layer with a thickness
of 1430 nm to minimize (-30 dB with the wavelength range from 1050 nm to 1700 nm)
substrate-related etalon fringes on the backside of the silica substrate.

In Fig. 4.6, the image of a representative device is presented. Each rectangu-
lar nanoparticle has a dimension of Lx= 110 nm and Ly= 180 nm, and the spacing
between particles is periodic, with Py= 1063 nm and Px= 500 nm. The lattice di-
mensions are 150× 150 µm2.

For this work, we are interested in generating multiple lattice resonances using
metasurfaces where the spacings between nanoparticles are no longer periodic. The
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Figure 4.6: Helium ion microscopic images of the fabricated meta-
surface prior to cladding deposition. Py = 1063 nm

particle locations are predicted by the FLR method. Thus, we fabricated a few sets of
metasurfaces to verify our FLR model. The images of the metasurfaces are shown in
the paper presented in Chapter 5. In the next section, we describe the experimental
setup we implement for our work.

4.5 Experimental setup

We performed a series of linear transmission experiments to measure the transmis-
sion spectra of the fabricated metasurfaces. A schematic drawing of the experimental
setup is shown in Fig. 4.7.

First, the incident light to excite the metasurfaces is generated from a supercon-
tinuum laser source with a broad wavelength bandwidth (400– 2400 nm). To optimize
the experimental results, we have to ensure the light is collimated, meaning that the
light has minimal divergence while travelling. To do so, we used a lens to collimate
the light source by gradually tuning the lens to its focal length (f= 150 mm).

Next, the collimated light is vertically polarized using a linear polarizing optical
filter. The transmitted light propagated through a 4f imaging setup to image the
metasurface and used a CMOS camera to capture the image. Once we had located
the target metasurface in the image, we isolate it with a pinhole of diameter 100 µm at
the middle of the 4f imaging setup and isolate the transmission through the metasur-
face, otherwise the background light would obscure the lattice resonances. Since we
are interested in collecting normalized transmission spectra for our metasurfaces, we
also measure the background spectra through just the glass substrate and record the
difference of the spectra of these two measurements directly in our optical spectrum
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Figure 4.7: Experimental setup for transmission spectra measure-
ment.

analyzer (OSA).

The normalized transmission spectra can be shown as:

Tnormalized = 10 log10
PMetasurface

PBackground
(4.4)

Where Pmetasurface is the measured power with metasurface and glass substrate, and
PBackground is the measured power with only glass substrate. The experimental results
and discussion are shown in Chapter 5.
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Chapter 5

Fourier-Engineered Plasmonic
Lattice Resonances

5.1 Contribution statement

Building on our group’s recent successes demonstrating high-Q SLRs in plasmonic
metasurfaces, Dr. Orad Reshef suggested investigating the effect of modulated lattice
arrangements on SLRs. I used the lattice sum approach (LSA) method to calculate
the transmission spectra of modulated lattices, first using a parameter, σ, to break
the periodicity of a lattice and observe how an additional SLR mode is generated.
Therefore, I plotted Fig. 1 and Fig. 2 using the corresponding FDTD simulation re-
sults with their field profiles in the article. Through fruitful discussions, we realized
that we could use the Fourier transform of the lattice to model the spectra of these
SLR modes. I then performed the calculations which are shown in Fig. 3.

Together, we quickly realized that we could consequently perform an inverse
Fourier transform of a particular spectrum of SLR resonances at desired wavelengths
to completely determine the necessary nanoparticle positions in the metasurface nec-
essary to produce this spectrum. I generated metasurface designs from arbitrarily
selected spectra, which Dr Reshef fabricated (the results are shown in Fig. 4 and
Fig. 5). M. Saad Bin-Alam, Yaswant Vaddi, and I designed the experimental setup.
Yaswant and I performed the measurements. Dr. Lin Cheng and Dr. Rasoul Alaee
calculated the polarizibility of a single nanoparticle for our LSA and FDTD calcula-
tions. Dr. Jeremy Upham, Professor Mikko J. Huttunen, Professor Ksenia Dolgaleva,
and Professor Robert Boyd supervised the research. I wrote the first draft of the
manuscript, which Dr Reshef and the other co-authors revised over several iterations.
This work has been published in ACS Nano.
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ABSTRACT: Resonances in optical systems are useful for many
applications, such as frequency comb generation, optical filtering,
and biosensing. However, many of these applications are difficult to
implement in optical metasurfaces because traditional approaches
for designing multiresonant nanostructures require significant
computational and fabrication efforts. To address this challenge,
we introduce the concept of Fourier lattice resonances (FLRs) in
which multiple desired resonances can be chosen a priori and used to
dictate the metasurface design. Because each resonance is supported
by a distinct surface lattice mode, each can have a high quality factor.
Here, we experimentally demonstrate several metasurfaces with
flexibly placed resonances (e.g., at 1310 and 1550 nm) and Q-factors
as high as 800 in a plasmonic platform. This flexible procedure
requires only the computation of a single Fourier transform for its
design, and is based on standard lithographic fabrication methods, allowing one to design and fabricate a metasurface to fit any
specific, optical-cavity-based application. This work represents a step toward the complete control over the transmission
spectrum of a metasurface.
KEYWORDS: plasmonics, metasurfaces, lattice resonances, nanoparticle arrays, nanophotonics

Plasmonic nanoparticles are essential tools for the
manipulation of light beams in metasurfaces because
of the flexibility of the placement of their localized

surface plasmon resonances (LSPRs).1 The LSPR wavelength
can be easily tailored since it is highly dependent on the size
and the shape of the nanoparticle.2 Additionally, LSPRs
confine light in the nanoscale, leading to significant local-field
enhancements.3 Thanks to these desirable properties, many
applications have been realized in a broad range of research
fields such as optical filtering,4,5 harmonic generation,6 and
biosensing.7 However, the applications of LSPRs are limited by
the intrinsic absorption loss of metals; the quality-factor of
LSPRs is low (Q-factor <10).8,9 One method to improve the
Q-factor of resonant plasmonic systems is to consider instead
collective optical responses of multiple nanoparticles in a
periodic lattice arrangement; such metasurface-scale responses
are known as surface lattice resonances (SLRs).9−12 Unlike the
LSPR, the SLR wavelength is defined by the periodicity of the
positions of the nanoparticles in a periodic lattice, and this
collective response has a relatively high Q-factor. For example,
our recent work has experimentally demonstrated a Q-factor of
2340 around an operating wavelength of 1550 nm.11

In addition to improving the Q-factor of a lattice response, it
is also highly desirable to be able to freely choose the
resonance wavelengths of the metasurface.13,14 The reason is
simple: carefully tailoring multiple resonances in a metasurface
allows one to customize a metasurface to specific applications,
such as frequency comb generation,15,16 ultrasensitive biosens-
ing,17 and fluorescence enhancements.18 For example, methods
have been proposed to tune the resonance wavelength by
manipulating the dimensions of multiple particles in a single
cell,19 through plasmonic hybridization,20 and using bound-
state-in-the-continuum (BIC) modes.21 In metasurface sys-
tems, several methods have been studied to generate and tailor
multiple lattice resonances, such as utilizing multiple
materials,22 adding cladding layers to induce Fabry−Peŕot
SLR modes,12 removing nanoparticles periodically,23 using all-
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dielectric Mie-resonance metasurfaces,24 and superlattice
arrays.25 Each of these methods can support multiple
resonance modes; however, they are all limited in the spectral
position or number of these resonances. Some methods have
been developed that can define any number of resonances in
flexible locations in a metasurface. In this work, we tackle this
issue by exploiting a different approach: by breaking the lattice
periodicity, we show that we can simultaneously introduce
multiple lattice resonances with tunable resonance wave-
lengths. With this knowledge, we introduce and experimentally
demonstrate the concept of Fourier lattice resonances (FLRs),
which are a natural generalization of SLRs that can support
multiple lattice resonances at desired operation wavelengths.

RESULTS AND DISCUSSION
Interpretation of Fourier Lattice Resonances (FLRs).

For conceptual clarity, we begin by exploring how
perturbations in translational symmetry introduce resonances.
This demonstration helps interpret the physical origin of FLRs.
Note that the main goal of this manuscript is not to reintroduce
bipartite lattices,26−29 but to motivate the theory that we will
develop later on for FLRs. Consider a metasurface consisting
of rectangular gold nanoparticles with a periodic lattice
arrangement. The lattice is embedded in a homogeneous
background of silica glass (n ∼ 1.45), with particle dimensions
of Lx = 110 nm and Ly = 180 nm and periodicities of Px = 500
nm and Py = 1063 nm (see the inset in Figure 1(i)). The
predicted transmission spectrum for an x-polarized beam is
calculated by the finite-difference time-domain (FDTD)

method and is shown in Figure 1(i). The LSPR mode of the
metasurface occurs at an operating wavelength of 830 nm, and
the SLR is at 1550 nm (λSLR ≈ nPy). Next, we break the
symmetry of the rectangular lattice by displacing every second
row of particles by a distance σ = Py/3 (see the inset in Figure
1(ii)). The calculated transmission profile of the metasurface is
altered by this modulation (Figure 1(ii)): an additional
collective resonance arises at 1040 nm. The origin of this
resonance is clear when looking at Figure 1(iii), where we
show a rectangular lattice of periodicity Py

’ = 2Py/3; the altered
lattice in Figure 1(ii) resembles a sparser version of Figure
1(iii). The additional resonance is, therefore, just an SLR
corresponding to the effective periodicity Py

’, with an
additional resonant wavelength λSLR′ = nPy

’. This is further
supported by examining Figure 1(iii), which shows the
corresponding transmission profile with Py

’ = 2Py/3. Hence,
the altered lattice arrangement can be viewed as combinations
between two different periodic lattice arrangements. Such
bipartite array lattice systems26−29 have extensively been
studied, and our numerical results are consistent with these
studies.
We next examine the near-field profile of the metasurface.

Figure 2a illustrates the x-polarized electric field of all three
lattices shown in Figure 1. If we compare the electric field
profile in Figure 2a (ii) with that of another perfect lattice
arrangement with a periodicity of 2Py/3 at a wavelength of
1040 nm (Figure 2a (iii)), the same SLR modes are excited at
the same wavelength. Hence, the additional SLR can be

Figure 1. Bipartite Surface Lattice Resonance modes. The transmission profiles of three different lattice arrangements (i), (ii), and (iii) with
their corresponding schematic drawings (see the inset figures). These lattice arrangements are made of rectangular nanoparticles, where Py
or Py

’ and Px are the lattice periodicity in the y-axis and x-axis, respectively. The incident electric field is polarized along the x-axis. (i) and
(iii) are periodic arrays with lattice constants of Py and Py

’, respectively. For the modulated lattice arrangement (ii), every second row of
particles in the array in (i) is translated by spacing σ = Py/3. Such a system resembles the array of (iii) but with vacancies.

Figure 2. Near-field profiles of the lattice modes. (a) The normalized x-polarized electric field profiles of lattice arrangements from Figure 1,
their respective SLR resonances of 1550 nm for (i) and 1040 nm for (ii) and (iii). The vacancies in every second row of the unit cell (ii) are
aligned with every second row of the particles of the unit cell in (iii) (the black dashed line). The electric fields in (ii) resemble those of (iii),
indicating that a similar mode is being excited. (b) The electric field amplitude profiles of the lattice arrangements, showing the field
enhancement at the resonances. These results also demonstrate that all of the SLR modes possess a field enhancement within the same order
of magnitude.
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regarded as an SLR mode with a periodicity of 2Py/3, but
missing particles.
To observe the emergence of this SLR mode, we perform a

series of FDTD simulations as a function of σ. We present the
simulation results in Figure 3a. As shown in this figure, for σ =
0 nm, the new SLR does not appear at 1040 nm since the
lattice arrangement is still rectangular. As σ gradually increases,
the periodic SLR mode at 1550 nm starts to vanish due to the
cancellation produced by the particle in the unit cell being
located at the antinodes of the electric field with opposite sign,
and a different SLR mode begins to appear when σ is changed
from 80 to 640 nm at a wavelength of 1040 nm. The most
pronounced resonance occurs when σ ≈ 354 nm since this
corresponds to approximately a period of 2Py/3.
We employ the lattice sum approach (LSA)30,31 to gain

further insight into these metasurfaces. In this model, the
effective polarizability induced in a single particle can be
calculated by taking into account the change in the local field
experienced by the particle due to the rescattered fields of the
surrounding neighbor particles in the lattice. One of the main
advantages of this method is that the computation time is
much faster compared to a standard FDTD simulation with a
superlattice element with periodic boundary conditions.11,12

On a standard desktop computer, the LSA simulations of a 150
× 150 μm2 lattice for the 2790 antenna placements shown in
Figure 3a took ∼1 min for the entire spectral sweep (600−
1600 nm), whereas the FDTD simulations of two-particle
superlattices with periodic boundary condition took ∼1 h.
Clearly, the FDTD calculation of complete metasurfaces is
computationally prohibitive. In this paper, we modify the
lattice sum by including the effect of σ with a lattice size of 150
× 150 μm2, and perform the corresponding calculations
concerning σ, as illustrated in Figure 3b (see also Methods). By
comparing this result with that shown in Figure 3a, we
demonstrate that the transmission spectra obtained by LSA
calculations are in excellent agreement with FDTD simulations

in terms of predicting the resonance wavelengths for the LSPR
and SLR.
We are now ready to introduce the theory behind FLRs. The

two SLRs in our example originate from the various
periodicities present in the lattice (Py and 2Py/3). Any
discussions of periodicities naturally suggest the possibility of
using Fourier series; indeed, we find that taking a Fourier
transform (FT) of the particle locations may reveal the
positions of the resonances. This idea is the essence of the
design methodology of FLR metasurfaces. To demonstrate this
idea by way of an example, we represent the lattice using the
function f(y); this function consists of a series of Gaussian
profiles centered at the y-coordinates of individual nano-
particles, with a spacing corresponding to the periodicity of the
actual lattice, Py, between each profile (see Methods). We
generate a series of different f(y) functions for a range of values
of σ (σ = 0 to 800 nm); these different f(y) functions each
represent a different lattice with increasing amounts of
symmetry-breaking. We then take the FTs of each of these
functions, and plot the resulting power spectra in Figure 3c.
We compare this result to that of Figure 3d, which shows the
LSA-simulated real part of lattice sum function, Re(S(ω)), also
as a function of σ (see eq 2). The resemblance between these
two figures is evident upon inspection: the power spectrum
(Figure 3c) in the FT calculation has peaks in the exact
wavelengths where the Re(S(ω)) calculation (Figure 3d)
features the lattice resonances. This agreement indicates that
these additional SLRs can be predicted with a simple FT of the
perturbed lattices; we call this predictive design approach the
Fourier lattice resonance (FLR) method. Although the SLRs
for this particular lattice geometry can also be trivially
explained using the Rayleigh Anomalies (RA),32 our model
introduces an additional degree of freedom in designing
metasurfaces. Given that the RA model depends on periodic
structures, there are many lattice arrangements which it can
not treat. We can therefore view our treatment, which can
consider even aperiodic lattices, as a generalization of the RA
model. The additional degree of freedom will be discussed in a
subsequent section.

Experimental Verifications of FLRs. To experimentally
verify the FLR model, we fabricated two sets of metasurfaces
consisting of rectangular nanoparticles. In Figure 4a, the
images of the devices are presented; each subfigure in Figure
4a represents the actual device with different values of σ, and
with a Py of 1063 nm. This set of metasurfaces has nanoparticle
dimensions of Lx = 110 nm and Ly = 180 nm, and lattice sizes
of 150 × 150 μm2. The calculated transmission spectra for
these devices are shown in Figure 4b and are in good
agreement with the experimental data in Figure 4c. The
experimental setup and procedure are described in the
Methods. As predicted, the periodic SLR mode at 1040 nm
vanishes as σ decreases. Furthermore, a new SLR starts arising
when σ = 88 nm, and is most prominent when σ = 354 nm,
which agrees with the LSA and the FDTD simulations,
supporting our theoretical interpretation. Notably, the Q-
factors of this set of devices range from 80 to 90, and the
sharpest aperiodic SLR dip has a Q-factor of 90 with Py = 1063
nm and σ = 354 nm.
Our model also works with different values of Py. Here, we

fabricated another set of metasurfaces with Py = 1598 nm
(Figure 4d) and the same nanoparticle sizes as the first set of
the devices. Similarly to the first set of metasurfaces, the
simulated transmission profiles of the second set of

Figure 3. The evolution of the aperiodic SLR mode. (a) The
FDTD-calculated transmission profiles with respects to the spacing
difference σ. (b) LSA-simulated transmission spectra plotted as a
function of σ. The calculated LSPR and SLR modes are largely
consistent with the calculations in (a). (c) The FT-calculated
power spectra with varying σ. (d) The LSA-simulated real part of
lattice sum function, Re(S(ω)), plotted as a function of σ. The
spectral features are consistent with the FT calculations in (c).
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metasurfaces (Py = 1598 nm) in Figure 4e are also in good
agreement with the experimental data (Figure 4f), where a new
SLR mode for this system is predicted to occur at 1550 nm and
σ = 354 nm. Despite the extinction coefficients of the
resonances in these metasurfaces being smaller than the first
set, the Q-factors of these devices are relatively higher. The Q-
factors range from 170 to 220, where the lattice resonance with
the highest Q-factor appears at 1150 nm and σ = 532 nm. In
the first set of devices, the spectral distance between the SLR at
1550 nm and the second SLR in our spectrum was 504 nm, in
the second set, the distance is only 381 nm. This hints at the
flexibility of modulated lattices to place SLRs at flexibly
spectral locations.
We have just shown that the LSA succeeds at describing the

transmission spectra of a modified lattice arrangement.
However, a discrepancy arises in the Q-factor predicted by
this method when compared to FDTD simulations and the
experimental results, which we attribute to the difference in
array size.33,34 Because the nanoparticle density in the second
set of metasurfaces is smaller although the array size is the
same, the extinction ratio and Q-factor are lower than in the
first set, making the second set of metasurfaces harder to
characterize.
Reverse-Engineering of FLRs. Since the properties of the

SLRs in bipartite lattices can be predicted by using the FLR
method, in principle, the process can be reverse-engineered:
one could begin with the desired transmission profile, then use
the FT of that spectrum to directly engineer the nanoparticle
placement to generate the desired spectrum. To demonstrate
this idea, we first select a set of desired resonance wavelengths
and create a virtual spectrum (Figure 5a), where we are

deliberately placing two SLRs at 1150 and 1220 nm. We also
include replicas of these two desired resonances represented as
integer Nth harmonics in this virtual spectrum because there
will naturally appear higher-order diffraction terms at λSLR/2,
λSLR/3, etc for any lattice resonance (see Methods). Thus, the
FT-simulated transmission profile of a lattice must reproduce
these corresponding features. We then take the inverse FT
(IFT) of the virtual spectrum (Figure 5a), which is shown in
Figure 5b. Furthermore, we acquired the corresponding
particle locations using a peak-finder function in Figure 5b
and calculated the transmission spectra of the IFT-generated
lattice arrangement using LSA with the obtained particle
locations (see also Methods for more details). We observe that
the corresponding SLR modes for each set are induced at the
desired wavelengths (Figure 5d).

Experimental Demonstration of Reverse-Engineered
FLRs. To experimentally demonstrate the reverse-engineering
capabilities of the FLR method, we fabricate two devices with
different sets of resonance wavelengths, one with resonances at
λ = 1150 and 1220 nm (FLR1) and another, equivalent lattice
prepared for resonances at λ = 1310 and 1550 nm (FLR2),
where the array size is 100 × 400 μm2 for both devices. Figure
5c shows images of subsets of the lattices for the FLR1 and
FLR2 metasurfaces. After performing the measurements on
these devices, we compare the LSA simulations (Figure 5d)
with the experimental data (Figure 5e). The predicted
resonance wavelengths from the LSA simulations are in good
agreement with the experimental results of both devices. This
agreement suggests that this method can be used to design
resonance wavelengths flexibly. We also experimentally
measured the Q-factors for these lattice resonances for both

Figure 4. Experimental observation of metasurfaces with multiple SLR modes. (a,d) Helium ion microscopic images of the fabricated
metasurfaces prior to cladding deposition. Each subfigure corresponds to an image with a different σ. For (a), all metasurfaces have Py =
1063 nm, whereas for the metasurfaces in (d), Py = 1598 nm. (b,e) The simulated transmittance of the corresponding metasurfaces with (b)
Py = 1063 nm and (e) Py = 1598 nm. (c,f) The measured transmission spectra of the metasurfaces with (c) Py = 1063 nm and (f) Py = 1598
nm.
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samples. The experimental Q-factors of the lattice resonances
in the FLR1 metasurface are 130 at λ = 1150 nm and 200 at
1220 nm, and the experimental Q-factors for the FLR2
metasurface are 400 at λ = 1310 nm and 800 at 1550 nm.
Fabricating the same device with a larger array size would likely
increase the depth and Q-factor of the resonances.11,12,34 These
agreements also imply that the LSA model can be used for
calculations of aperiodic lattice array.9,11,12

The highest Q-factor of these FLRs is 800 (FLR2, at a
wavelength of 1550 nm), which is 2 orders of magnitude
higher than those associated with the LSPRs of the individual
nanoparticles and an order of magnitude higher than that of
Fabry−Peŕot SLR modes.12 With such high Q-factors and the
strong optical nonlinearity of metals,35 the FLR metasurfaces
could find applications in nonlinear processes, such as
nondegenerate four-wave mixing (FWM).36

To consider how existing approaches could be comple-
mented by our FLR method, we consider a few recent, key
examples from the literature: a recent work showed that a
single dielectric nanoparticle could be engineered to have
multiple resonances, some of which showed Q-factors ∼190.37
This required careful simulation of the nanoparticle
dimensions and precise fabrication. By comparison, our FLR
method could likely design a metasurface with similar multiple
resonances from the spectrum itself. Obviously the nature of
the resonators themselves are very different, but this
exemplifies the ease of our design approach. Other related
attempts in generating multiple resonances such as inducing
Fabry−Peŕot SLRs using a cladding,12 and using orthogonal
polarizations38,39 in the lattice are often restricted to

resonances that are periodic in frequency. Our method is not
restricted to periodic resonances, and it only assumes dipole
effects of the particles, leading to more straightforward
computations.
Designing the FLR metasurface using standard FDTD

simulations would be exceptionally challenging because the
lack of symmetry in the lattice eliminates the possibility of
simulating a small supercell, and the computational time
increases with the size of the lattice arrangement.40 In contrast,
the computational time required by the FLR method is
reasonable (typically within 3 min), necessitating the
computation of only a single FT per lattice.
Other recent work has computed FTs to determine the 3D

structure of a surface for applications in optical wavefront
shaping; thus, fabricating such structure requires more
sophisticated techniques.14,41 By contrast, our work aims to
find a desired transmission spectrum, and our method only
utilizes standard electron-beam lithography techniques instead
of 3D structures, which leads to a more straightforward
fabrication.
Other related work has extensively demonstrated designing

multilayer thin film stacks using FTs for applications in optical
filtering.42 Noting the similarity of our work to the study of
ref.,42 we believe that our methodology could be further
extended to 3D lattices by combining our design method with
the developed analytical method.
Future work on this platform could look into modifying the

nanoparticle geometries to tune the width and depth of the
individual resonances. Furthermore, we only took the position
of the particle locations and ignored the magnitude of the

Figure 5. The FLR metasurface. (a) The generated virtual spectrum. We created a spectrum with resonance wavelengths of 1150 and 1220
nm, including their corresponding harmonics since each lattice resonance will naturally generate higher-order diffraction terms. The vertical
axis of the figure is the virtual beam intensity, which we set to unity. (b) The IFT of the virtual spectrum. The x-axis of the diagram indicates
the corresponding particle locations for the desired wavelength combination. The vertical axis of the figure is IFT power spectrum intensity;
we employ a peak-finder function with a small threshold (0.015) to determine the particle locations. The superlattice for FLR1 is
nonrepeating over ∼20 antenna in y-axis (here equivalent to ∼6 μm2), making FDTD simulation of this device prohibitive, but still possible
with LSA. (c) SEM images of subsets of the lattices for FLR1 and FLR2 metasurfaces. (d) Calculated transmission spectra of the FLR
metasurfaces using LSA method. The SLRs arise at the desired wavelengths. (e) The measured transmission spectra of the corresponding
FLR metasurfaces.
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peaks in the power spectrum when performing the IFTs. Some
information is encoded in these magnitudes on the scattering
amplitude of individual nanoparticles in the array. This
information could perhaps be incorporated in future
metasurfaces to modulate the individual extinction ratio of
each resonance. Moreover, other more complex systems can be
examined using our method, but are left for future studies. For
example, the system could consist of arrays with complex unit
cells in which the particles are placed at positions with arbitrary
x- and y-coordinates, or we could consider excitation at an
oblique incidence, or with the polarization not aligned to one
of the array axes.
The Q-factor of the FLRs can be increased further by using

dielectric particles. However, in those cases, higher-order
multipoles would need to be taken into consideration.37 In this
work, we did not modify the arrangement of the particles in the
x-direction. We note that such modifications should give rise to
a different set of resonances that could be excited by using
orthogonal polarization, that is, y-polarized light.38 One
possible application would be to modify the LSA calculations
to generate orbital angular momentum (OAM) modes by
introducing particle size disorders or different particle
geometries.

CONCLUSIONS

We have theoretically proposed and experimentally demon-
strated the concept of FLRs. The fabricated devices in this
paper enable SLRs at multiple simultaneous wavelengths, and
the experimental results are in good agreement with our FLR
calculations. Additionally, these devices require only a standard
fabrication procedure, and they can be easily expanded upon to
generate multiple resonances that can be placed nearly flexibly
within a spectral octave. From a broader perspective, this
method is possible because we exploit a previously ignored
degree of freedom by breaking the lattice periodicity, and this
modeling is only possible thanks to large-scale modeling
techniques like LSA. We anticipate that this design method will
become significant in realizing resonant metasurfaces for many
optical applications.

METHODS
Simulation. FDTD Simulations. A commercial three-dimensional

finite-difference time-domain (FDTD) software package is utilized to
perform full-wave simulations for single rectangular nanoparticles,
periodic metasurfaces, and modulated metasurfaces. For the single
nanoparticle simulations, the total-field scattered-field (TFSF)
method is used to extract the single particle polarizability in all
three dimensions: αxx, αyy, and αzz.

43 For the periodic and modulated
metasurfaces, a single unit cell was simulated using periodic boundary
conditions in the in-plane dimensions and perfectly matched layers in
the out-of-plane dimension. All three cases were modeled using fully
dispersive optical material properties for silica and for gold.44 Minimal
artificial absorption (Im(n) ≈ 10−4) was added to the background
medium to reduce numerical divergences.
Lattice Sum Approach. The lattice sum approach (LSA) is a

simplified version of the discrete-dipole approximation (DDA)
method.30,31 The main difference between these two methods is
that the LSA assumes that the dipole moments of all interacting
nanoparticles are identical. Thus, the dipole moment of any
nanoparticle can be simplified as
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where the effect of interparticle coupling is incorporated in the lattice
sum S(ω), α*(ω) is the effective polarizability, and α(ω) is the single
nanoparticle polarizability obtained from the TFSF method. The
S(ω) can be written as
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where rj is the spacing to the jth dipole, k is the wavenumber, and θj is
the angle between rj. For a periodic metasurface, rj is just the
periodicity Pv multiplied by j and the indices v indicates the x- or y-
axis.

Fourier Transform of the Function f(y). The function f(y) that
mimics the lattice arrangement is considered by producing a series of
Gaussian profiles. Each Gaussian profile represents a nanoparticle, and
the Gaussian peak intensity is set to 1. We set the bandwidths of these
Gaussian profiles to be significantly smaller than the spacing between
the particles (bandwidth-to-spacing ratio is ∼100); thus, we can
assume that the particles act like point-like dipoles under the applied
incident field, similar to the assumption made in the LSA model.
Next, the spacing between each Gaussian profile is Py in the periodic
case. When we considered a modulated lattice arrangement, the
position of every second nanoparticle was shifted by σ. Then, we
performed FT of the function with respects to y-axis, and we obtained
the density plot in Figure 3c.

Combining LSA and IFT Calculations.We generate a function f(y)
as explained in the main text and previous subsection. This function
contains a series of Gaussian peaks: two of them are placed at the
desired resonance wavelengths (e.g., 1150 and 1220 nm); the
remaining ones are placed at the integer harmonics for each resonance
(e.g., 575 nm, 383.3 nm, 287.5 nm, ...and 610 nm, 406.7 nm, 305 nm,
..., respectively). These resonances correspond to the Rayleigh
anomalies (RA) for m = 0:
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where n is the refractive index, and j and m are the RA orders along
the y- and x-axis, respectively. As we only consider m = 0 cases to
simplify our model, only x-polarized beams are taken into account and
Py makes the only contribution to the system. All profiles have the
same intensity, and the full width at half-maximum (fwhm) of the
profiles are significantly smaller than their separation (the fwhm-to-
spacing ratio is ∼100). Hence, we obtain the plot shown in Figure 5a.

We then perform an IFT of f(y) (Figure 5b). The x-axis is inverted
so that we are plotting against units of length instead of inverse-
length. We identify the locations of the peaks in Figure 5b using a
peak-finder function. The resulting list of locations correspond to the
locations of the centers of the nanoparticles needed to generate the
spectrum in Figure 5a.

To avoid overlap between neighboring particles, and to ensure the
possibility of nanofabrication, we enforce a minimum distance
between the centers of nanoparticles, here set to 250 nm. We also
truncate the total number of particles at the ends of the arrays to
obtain a desired array size, here 400 μm.

To determine the transmission spectra of the IFT-simulated lattice
arrangement, we insert the calculated particle locations (Figure 5b)
into rj in the y-axis in eq 1. We obtain the corresponding effective
S(ω) which we use to calculate α* to determine the effective dipole
moment using eq 2. We finally use α* to obtain the transmission
spectra shown in Figure 5d.

Fabrication. The metasurfaces are fabricated using a standard
metal lift-off process and a positive-tone resist bilayer. We started with
a fused silica substrate and defined the pattern using electron-beam
lithography with the help of a commercial conductive polymer. The
mask was designed using shape correction proximity error
correction45 to compensate for corner rounding. Following the
development, gold was deposited using thermal evaporation. The final
silica cladding layer was deposited using sputtering. The backside of
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the silica substrate was coated with an antireflective coating to
minimize substrate-related etalon fringes.
Experimental Setup. A collimated broadband supercontinuum

laser source was used to illuminate the devices with a wavelength
spectrum ranging from 470 to 2400 nm. We used a linear polarizing
optical filter to control the light beam polarization. Then, the light
beam was transmitted through the device and a lens imaged the
sample onto the detector array. We placed a pinhole with a diameter
of 100 μm in the image plane to choose the desired metasurface. After
that, the remaining light beam was guided into a multimode fiber with
a diameter of 400 μm, which was coupled into an optical spectrum
analyzer. Finally, we normalized the transmission spectrum of the light
beam to a background trace of the substrate without gold
nanostructures.
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Below is the supplementary information for Fourier-Engineered Plasmonic Lattice Reso-

nances by Theng-Loo Lim, Yaswant Vaddi, M. Saad Bin-Alam, Lin Cheng, Rasoul Alaee,

Jeremy Upham, Mikko J. Huttunen, Ksenia Dolgaleva, Orad Reshef, and Robert W. Boyd.

It contains one section, in which we demonstrate multiple simulated transmission profiles for

a series of FLR metasurfaces with different combinations of arbitrarily-selected resonance

wavelengths.

Different combinations of selected wavelengths

In this section, we use the LSA to simulate FLR metasurfaces with several different combina-

tions of selected wavelengths. These metasurfaces all consist of arrays of gold nanoparticles

dimensions of 110 by 180 nm2. These simulations prove the flexibility of the FLR method

to design a variety of transmission profiles.
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Figure 1: The selected wavelengths are 1134 nm, 1310 nm, and 1555 nm.
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Figure 2: The selected wavelengths are 1300 nm, 1400 nm, and 1500 nm.
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Figure 3: The selected wavelengths are 1200 nm, 1350 nm, and 1550 nm.
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Figure 4: The selected wavelengths are 1200 nm, and 1400 nm.
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Chapter 6

Conclusion and Future Works

This thesis has described my two research projects: energy transfer between two
beams in an ENZ material based on adiabatic frequency conversion and developed an
efficient metasurface design scheme where the desired resonance spectrum alone can
determine the necessary metasurface design.

We first introduce the recent advances of unprecedentedly large optical nonlinear-
ity and ultrafast time responses of ENZ materials, leading to significant time-varying
effects such as AFC in Chapter 2. Using such materials, in Chapter 3 we have created
a model for the energy transfer between two beams without the usual approaches of
the beams having distinct frequencies or any external changes such as chirp, instead
creating a model where the AFC generated by the significant nonlinearity of the ENZ
material would be sufficient to produce significant two beam coupling. In other words,
what we learned from this work that the laser beams themselves altered the refractive
index of ITO, which caused AFC to occur and led to effective energy transfer. This
approach to energy transfer is impossible for conventional materials such as fused sil-
ica but we demonstrated it experimentally in ITO. Using the mathematical treatment
of TBC developed from Ref. [36], the extracted n2 and β2 are 1.1×10−3 cm2/GW and
-75 cm/GW, respectively, for the input intensity of 70 GW/cm2. Our results are in
good agreements with Ref. [7].

There are a several research topics building on this approach to TBC that could
be investigated in the near future. For example, using AFC-induced TBC to boost
the efficiency of ultrafast temporal hologram [41, 43]. Furthermore, this work provides
a platform to study time-varying media, for which further exploration would neces-
sarily take into account the self-manifesting TBC effect when considering multi-beam
interactions even for the system that is chirp-free [68].

For Fourier-engineered plasmonic lattice resonance, the design scheme we intro-
duced enables lattice resonance generation with flexible spectral position placings by
having the nanoantenna placement be entirely dictated by the Fourier transform of the
desired spectrum. In Chapter 4, we give an introduction to metasurfaces composed
of plasmonic nanoantenna with different resonances including LSPR and SLR modes,
motivating the potential for higher quality factors from the latter. We also introduced
how such metasurfaces are fabricated and optically characterized. We also explored
how multiple high Q SLRs in a single metasurface could be generated, motivating the
need for metasurface designes that could independently position each resonance, and
finally proposing our technique for doing so: the Fourrier lattice resonance technique.

Chapter 5 presented our published manuscript proposing and experimentally con-
firming our Fourier lattice resonance technique for designing metasurfaces entirely
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from the desired transmission spectrum. In this chapter, we have experimentally
demonstrated this design scheme by fabricating the corresponding devices, and the
experimental results are in excellent agreement with our LSA predictions. While other
design methods could also enable near-arbitrary resonance placements, such as inverse-
design [69] and full-FT design [70], these methods typically require labour-intensive
design techniques [70], rather more complicated shapes of the nanoparticles [71], or
advanced calculations methods [69]. Compared to the mentioned techniques, one of
the advantages of our method is that our fabricated devices require only a standard
fabrication procedure, and they can be easily expanded upon to generate multiple
SLR modes that can be tuned nearly flexibly within a spectral octave. Furthermore,
our method only required a single semi-analytical simulation process by combining
the LSA model and FT anaylsis; thus, the simulation only requires a relatively short
computation time compared to 3D full-wave FDTD simulations [69, 16].

Many future directions can be investigated based on our method. For example, our
spectrum only considers the same extinction ratio for all desired resonances; we could
investigate the effects induced by considering different extinction ratios. Moreover,
we can study the overall electric field profiles of SLR modes with aperiodic lattices,
and study SLR modes when different input field polarizations are applied. Also, we
can include multilayer thin film stacks tuned by FT analysis [72] with our method,
extending our method to 3D lattices using only semi-analytical method. Therefore,
we anticipate that the FLR design method will have much potential to realize fully
customizable metasurfaces for many optical applications.

In summary, we have studied exotic light-matter interactions in two different me-
dia: highly nonlinear thin films and artificial metasurfaces. Although the discussions
in these two media are completely separated in this thesis, there are also many efforts
to combine them and take advantage of both for some applications. For example,
Ref. [41] coupled an LSPR mode with ENZ mode to boost the nonlinear change of
refractive index despite high losses due to the low Q-factor of LSPR. We could in-
vestigate in a similar manner the coupling of SLR modes with an ENZ mode. Our
FLR method could help to set an SLR wavelength of a metasurface at or near the
ENZ wavelength of an ENZ thin film, leading to low-loss enhancement of this coupled
system. This is just one possible example for such combined highly nonlinear, highly
designable metasurfaces. We can envision that a broad range of similar ideas could
be realized in the near future.
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Appendix A

Appendix A: The mathematical
description of two-beam coupling

In this appendix, we discuss the standard mathematical description of TBC in continuous-
wave limit, which gives basic idea how one describe TBC effect. IT is closely followed
Ref.[18]. We first consider the basic geometry shown in Fig. 2.7: assuming two beams
with different wavelengths (ω1, ω2) interact and form an interference pattern on the
surface of a nonlinear medium, resulting in a moving transient grating with a wavevec-
tor difference of q and a phase velocity δ, where q = k2− k1 and δ = ω2−ω1. Thus,
the total electric field can be shown as follows:

Ẽ(r, t) = A1e
i(k1·r−ω1t) +A2e

i(k2·r−ω2t) + c.c.. (A.1)

To determine the intensity distribution on the surface, if we know that intensity
can be shown as:

I = n0ε0c
〈
Ẽ2
〉
, (A.2)

substituting Eq. A.1 into Eq. A.2, we obtained the intensity distribution:

I = 2n0ε0c
{
A1A

∗
1 +A2A

∗
2 +

[
A1A

∗
2e
i(q·r−δt) + c.c.

]}
. (A.3)

We are interested in the nonlinear index variation of the moving transient grating.
If there is no instantaneous material time responses contribution to TBC effect, we
then assume that nonlinear portion of the energy transfer between two beams follows
Debye relaxation model:

τ
dnNL

dt
+ nNL = n2I, (A.4)

where τ is the time response of a material. To solve this equation, one can use Green’s
function method, and obtain the following form for the nonlinear refractive index:

nNL = 2n0n2ε0c

[
(A1A

∗
1 +A2A

∗
2) +

A1A
∗
2e
i(q·r−δt)

1− iδτ +
A∗1A2e

−i(q·r−δt)

1 + iδτ

]
, (A.5)

we now move onto determining the coupled-amplitude equation for TBC. we first
consider wave equation:

∇2Ẽ − n2

c2
∂2Ẽ

∂t2
= 0, (A.6)

where the total refractive index, n, is taken into account of linear and nonlinear
contribution:
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n = n0 + nNL, (A.7)

and

n2 = n20 + 2n0nNL + n2NL, (A.8)

where n0 is a linear refractive index of a material and nNL is a nonlinear refractive
index variation of a material.

In this appendix, we show the TBC calculation with weak nonlinear contribution
approximation, meaning that nNL << n0. This approximation works particularly
well to the typical materials with weak nonlinearity.

A.1 TBC derivation with weak nonlinear refractive index
approximation

For the typical materials, their nonlinear contribution is weak, thus we can assume
that nNL << n0, and Eq. A.8 will be simplified as:

n2 = n20 + 2n0nNL, (A.9)

by substituting Eq. A.9 into the Eq. A.6, we will get portion of coupled-amplitude
equation (we are only interested in A2)

(A.10)

d2A2

dz2
+ 2ik2

dA2

dz
− k22A2 +

n20ω
2
2

c2
A2

= −4n20n2ω
2
2ε0

c

(
|A1|2 + |A2|2

)
A2 −

4n20n2ω
2
1ε0

c

|A1|2A2

1 + iδτ
,

using slowly varying amplitude approximation, first term on the left-hand side of
Eq. A.10 can be neglected. Furthermore, the third and fourth terms get cancelled
with each other, leaving us with (we have also approximated ω1 and ω1 to be ω):

dA2

dz
= 2in0n2ωε0

[(
|A1|2 + |A2|2

)
A2 +

|A1|2A2

1 + iδτ

]
, (A.11)

to calculate the spatial variation of Intensity, We use

dI2
dz

= 2n0ε0c

(
A∗2
dA2

dz
+A2

dA∗2
dz

)
, (A.12)

Now, if we substitute Eq. A.11 and its complex conjugate in Eq. A.12, then we will
get

(A.13)

1

2n0ε0c

dI2
dz

= 2iωn0n2ε0

[
|A1|2 + |A2|2 +

|A1|2
1 + iδτ

]
|A2|2

− 2iωn0n2ε0

[
|A1|2 + |A2|2 +

|A1|2
1− iδτ

]
|A2|2 ,

after simplifying Eq. A.13, we get
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1

2n0ε0c

dI2
dz

= 2iωn0n2ε0

[
|A1|2

1 + iδτ
− |A1|2

1− iδτ

]
|A2|2, (A.14)

and using Ii = 2n0ε0cAiA
∗
i , we will get

dI2
dz

=
2n2ω

c

δτ

1 + δ2τ2
I1I2. (A.15)
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Appendix B

Finite-difference time-domain
method

Three-dimensional finite-difference time-domain (FDTD) is a well-known method to
solve electrodynamics of a system numerically by discretizing Maxwell equation in
time domain using central-difference approximation (sometimes it is referred to as Yee
lattice) [57, 58]. We used a commercial FDTD software package, known as Lumerical
FDTD solver, to calculate the transmission spectra for the targeted metasurface.

Figure B.1 shows an example of our FDTD simulation. The images are the software
package interface; it typically shows the system layout from different views. First, the
left panel of Fig. B.1 shows the X-Y view of a single unit cell. We defined an FDTD
region and the rectangular particles with a mesh region (orange box) surrounding
them. For the particles, we used gold as the material, and the material properties of
gold are referred to Ref. [73]. The dimension of the FDTD region is equivalent to the
periodicity of the lattice arrangement. We added a cladding layer because our sample
is sputtered with a layer of glass, with the material properties defined by Ref. [73].

Figure B.1: Example of FDTD simulation for gold rectangular par-
ticles system.
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The right panel of Fig. B.1 illustrates the X-Z view, we defined the light source as
a plane wave source, and the source is set to be x-polarized. Finally, we installed a
"detector" to record the transmission spectra of the system. We set periodic boundary
conditions in the X-Y dimension; hence, the system is treated to have infinite array
size. For the X-Z dimension, we set perfectly matched layers (PML). Minimal artificial
absorption (Im(n) ≈ 10−4) was added to the background medium to reduce numerical
divergences. We then calculated transmission spectra of the periodic and modulated
metasurfaces using this method.



64

Appendix C

Lattice Sum Approach

Lattice sum approach (LSA) is a simplified variant of discrete-dipole approximation
(DDA) method [59, 60]. Therefore, we first consider the mathematical treatment of
DDA (the treatment is closely followed Ref.[13, 74]). Lets assume that an array of N
particles and an incident electric field, with a magnitude of E0, interact with them.
In this approximation, we only take into account dipole interaction, this the induced
dipole electric field can be shown as:

Pi(ω) = ε0αi(ω)Eloc,v(v = 1, 2, . . . , N), (C.1)

where αi(ω) is the polarizability of the particle as a function of laser frequency,ω, and
Eloc,v is the local electric field of a particle experienced by other N -1 dipoles. We can
express the local electric field of a particle as:

Eloc,v = Einc,v + Edipole,v = E0 exp (ik · rv)− ε0
N∑
j=1
j 6=v

Avj ·Pj(ω), (C.2)

where rij is the position vector of dipole i and j, k is the wavevector of the inci-
dent field, and A is dipole interaction matrix. The last term of the equation can be
described as:

(C.3)
Avj ·Pj(ω) = k2 exp (ik · rvj)

rvj × (rvj ×Pj(ω))

r3vj
+ exp (ik · rvj)

(1− ik · rvj)

[
r2vjPj(ω)− 3rvj (rvj ·Pj(ω))

]
r5vj

,

if we assumed that the array is infinite with identical particles, meaning that their
polarizability is identical, we can solve equation C.3 analytically, and obtain:

P(ω) =
ε0α(ω)E0

1− ε0α(ω)S(ω)
, (C.4)

where S(ω) is retarded dipole sum term:

S(ω) =
∑
j 6=v

[
(1− ikrvj)

(
3 cos2 θvj − 1

)
eikrvj

r3vj
+
k2 sin2 θvje

ikrvj

rvj

]
, (C.5)

in LSA model, we assume that all dipoles are identical, which means that v = j, we
can further simplified S(ω) to:

S(ω) =
N∑
j=1

exp (ikrj)

ε0rj

[
k2 +

(1− ikrj)
(
3 cos2 θj − 1

)
r2j

]
. (C.6)
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This approximation has been proven that its accuracy in predicting properties of
lattice resonance [14, 16, 13]. Furthermore, one of the main advantages of LSA method
is that the computation time is much faster compared to a standard FDTD simulation
with a superlattice element with periodic boundary conditions [16, 14].
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