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ABSTRACT

In this thesis we study Hamilton-Jacobi-Bellman equation arising from
stochastic optimal control problem. More precisely, we study the following

second order parabolic partial dilferential equation
(L, z) = STr(Shax(l, ) + (Bu + [f(2), d2(L, x))
(P) + F(La, ot x), d(t, 2))
$(0,z) = ¢ulz).
Where ¢g, I are given functions, 13 is the infinitesimal generator of a strongly
continuous sernigroup, and S is a posilive, sclf-adjoint nuclear operator in a

Banach space X (Chapter 3) or an identity operator in £{X*, X) (Chapter
4).

The main contributions of Lhis thesis include:

(1) A dircel method suggested recently by Da Prato 26, 28] has been
further developed. This method, which is different from ordinary perturba-
tion theorem in semigoup thcory, is rnore constructive, and can be applied

to general non-linear parabolic partial dillercntial equations.

(2) Many authers have studicd semilinear HIB equations (P), with

non-linear term of the form

Pz, ¢z) = %Icﬁ;l"’ + g(x).
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Da Prato [31] has also studied a 1LJB cquation with nonlincar term F(S¢.).
In this thesis we will study the more general non-lincar term F(t,z,¢, é:),

and without cocrcivily or convexity assurnptions.

(3) Most of the results aboul HJB equations obtained before were in
£™, or in a scparable Hitbert space. In this thesis we study HIB equations

in a scparable reflexive Banach space, hence our results are more general.
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CHAPTER 1

Introduction

1.1 Orientation

Calculus of variation has a long history, starting almost at the same
time as the invention of calculus. With the calculus of variations one secks a
curve making a certain function J of the curve a minimum (or a maximum).
An easy example is the length of the curve, where the minimum is obtained

by the straight line segment joining the given end points.

The original motivation for the calculus of variation came from clas-
sical mechanics, optics, and geometry. Since 1950 many new applications
have been found, some of them were to problems in the aerospace sciences,
industrial process control, economics, biology, and management: To deal
with these new applications the theory of calculus of variations has heen
extended, certain variables called controls were introduced into the system,
and a more general theory, which now is called the theory of optimal control,

was developed.

Stochastic control theory is a relatively young branch of mathemat-
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ics. The beginning of its intensive development falls in the late 1930s and
carly 1960s. Durin.g that period an extensi-ve literature appeared on optimal
stochastic control using the quadratic performance criterion (see references
in Wonham [70]). At the same time, Girsanov [45] and Howard [48] made
the first steps in constructing a general theory, based on Bellman’s technique

of dynamic programming, developed by him somewhat earlier [14].

Two types of engineering problems engendered two different parts of
stochastic control theory. Problems of the first type are associated with
multistep decision making in discrete time, and are treated in the theory of
discrete stochastic dynamic programming. For more on this theory, we note
in addition to the work of Howard and Bellman, mentioned above, the books

by Derman [37], Mine and Osaki [62], and Dynkin and Yushkevich [39].

Another class of engineering problems which encouraged the develop-
ment of the theory of stochastic control involves the time continuous control
of a dynamic system in the presence of random noise. The case where the
system is described by a differential equation and the noise is modeled as a
time continuous random process is the core of the optimal control theory of

diffusion processes. Qur problem falls into this category.
An optimal control problem includes the following informatjon:

(1) A control u belouging to some set U,q (the set of admissible con-

trols, usually a compact subset of a Polish space} which is at our disposition.

(2) For a given control u, the state z{u) of the system which is to be

controlled is given by the solution of an equation (state equation)

P(z,u) =0,
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where P is 2 known operator that relates the state and control. Under differ-
ent situations, the state equation may be given by a difference cquation, an
ordinary differential equation (lumped system), a partial differential equa-
tion (distributed system), an integro-differential equation, or a functional

equation, either deterministic or stochastic.

(3) The observation y = f(x,u), which is an index of available infor-
mation about the state given the input history. In general it is not possible to
determine the state z when given observation y and input u, such problems

are known as partially observed control problems.

(4) The cost function J(u), (also called economic function or per-
formance index), defined in terms of a numerical function z — ¢(z) 2 0.

on the space of observations, is given by
J(u) = &(y) = 8(f(=z,u)).
The optimal control problem is to find a control u® € Uyq such that

inf {J(u):u € Uaa} = J(u°).

One of the most fascinating and challenging problems in optimal con-
trol theory today is the proof of existence of optimal controls,,especially
feedback controls, i.e., controls dependent on the state of the system. For
systems governed by stochastic differential equations or integral equations
the existence problem is far more complex (Ahmed [4]). In this thesis we will
mainly concern with the question of existence of optimal feedback controls,

by means of dynamic programming principle and Hamilton-Jacobi-Bellman
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equations (HJB equations in short).

1.2 Dynamic Programming Principle and HJB
Equations

1.2.1 Stochastic Optimal Feedback Control System

Assume X,U are real Banach spaces. Let (@, F,Fi, P) be a filtered
probability space. That is, (,F,P) is a probability space and Fy is a set
of sub-o-algebras of F such that F, C Frif s <. Suppose {W,t 2 0} is
an F; adapted X-valued Brownian motion. We are interested in the optimal

control problem of stochastic evolution equations driven by W,.
Consider the following Controlled Stochastic Evolution Equation (CSEE)

{ dy(t) = (By(t) + f{t,y(t)))dt + dW,
(CSEE)
¥y(0) =

where f*(2,3(t)) = f(t,y(t), u{t,y(2))), B is a linear operator in X.

Definition 1.2.1. (Fleming and Rishel [42, p.156}) »

A feedback‘control u is said to be admissible if u is a Borel measurable

function from [0,T) x X — U, satisfying the following conditions:

{a) For each yo € X, there exists a solution y of (CSEE), unique in
probability law.
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(b) For each £ > 0
T
k
E jo lu(t, y(t))|Fdt < co.

We denote by U, the class of all admissible feedback controls.

Remark 1.2.2. There are several ways to define admissible control. Some
authors define it as a family of probability measures satisfying measurabil-
ity condition (see Gihman and Skorokod [43, p.79]). Some author defines it
a U-valued stochastic process with measurable sample paths satisfying the
non-anticipativity condition: for ¢ > s > r, W(t) — W(s) is independent of
u(z),z € r. (Borkar [16, p.5-6])

Definition 1.2.3. The performance index (cost function) of a feed-

back control system is given by

T
J() = B{ [ #s,(s), uls, y(s)))ds + do(y(T))}-
Where y(t) is a solution of (CSEE), and £, ¢o are known {unctions.

The optimal feedback control problem considered here is Lo find a feed-

back control law ¢ which minimizes J{u). That is, ;

J(u®) = inf{J(u) : u € Uaa}-
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1.2.2 Bellman’s Dynamic Programming Principle

There are two different approaches for the optimal control problems
described in section 1.2.1. One is probabilistic approach (see Ahmed {5], for
example). This approach is based on selection theorems and the so-called
" compactness-continuity” argument —— every continuous (more generally,
lower semi-continuous) funcﬁion on a compact set attains its minimum. The
distinguishing feature of probabilistic method is that it works with the actual
sample paths of the process, so that one does not lose sight of "the stochas-
tic prbcess within”. The other one is analytic approach. In this approach
the optimal control problem of a stochastic system reduces to an equivalent
problem of a deterministic distributed parameter system, governed by a par-
tial differential equation. Compared to the stochastic method, this approach
works with average quantities. It is more general and powerful, especially
when one deals with a.na.lyfic properties of the system, such as regularity

propérties of solutions.

In this thesis we use the analytic approach. The stochastic optimal
control problem can be reduced to an equivalent problem of a deterministic
system governed by a partial differential equation, called Hamilton-J acobi-
Bellman equation, or HIJB equation in short. This reductionris done by

means of dynamic programming principle, due to R. Bellman {14] (see also

Ahmed [3]).

Lemma 1.2.4. (Dynamic Programming Principle)
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For0<t<T,ze X and u € Uy, let
f“(g, y!.r(o)) = I.’(G, yt.r(g)v u(g’ yt.:‘(o)))’

T
#(t2) = E{ [ £(0yea())d0 + o(yex(T)},
where yo is the solution of (CSEE) with initial condition y(t} = z. Let
u be an admissible control restricted to the interval [t,s], and ¢(t,x) =

inf{¢%(t,x) : u € Upa} , then forallt <s<T

8(t,2) = inf B[ £(0,0.2(0))d0 + g(s, veu(N). (11)

The dynamic programming principle says that the minimum cost of the
control problem equals the minimun: of the cost at a given stage plus the
minimum cost to go thereafter. In other words, whatever may have been
the control policy over the initial period of time [t, 5], the subsequent policy

must be such that it minimizes the cost of operation for the remaining period

[s, T}

The function ¢(t,z) is called the value function. Loosely speaking, it
gives the minimum cost of future operation of the system starting from (t, z).
Using the dynamic programming principle and It&’s formula we give here a
formal derivation of HIB equations. For mathematically rigorous proof sce

for example Krylov [53], Fleming and Rishel {42], Bensoussan [15), Borkar{16].

Let G = [0,T] x X, denote

CY(G) = {¢(t,z) : b1y b=, P== emists and continuous}.

i\
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Theorem 1.2.5. (Hamilton-Jacobi-Bellman Equation)

Suppose the value function (1.1} belongs to C1*(G), then it satisfies the
so called Hamilton-Jacobi-Bellman equation
¢e(t, z) + infuen, {A*(t)é(t, ) + £(%, 7)) = 0

(HJB) {
¢(T, z} = do(x).

where
1
A"(i)qﬂ(i,:r:) = -2-T1‘(S¢z=) + (B:t: + f“(t,:c), ¢:)J\'.X'1 ' (1'2)
Tr(-) denotes the trace operator and S is the covariance operator of W,.

For definition and properties of trace operator, see Reed and Simon [65].

Proof: First we consider finite dimensional case {Ahmed [3, p.402]}. By
1t&’s formula (Ahmed [3, p.338]) and (CSEE), we have

dt ) = 4its)dt+ (6u(t9), ) + 5(beslts )y, )
= Gult,9)dt+ (Belt,0),0t,0))dt + 5Tr(Sbec)dt + (g2, dW)
= L*¢dt + (¢, dW),
where L¥¢ = ¢, + A%(t)¢, a*(t) = By(t)+ f*(f,y(t)). Integrating and taking
expectation, we have
Ed(s,3(s)) = 6(t,2) + E [ (L*$)(6,u(0))ds.

It follows from (1.1) that for all ¢ < s < T, we have

nf E{[ 68,300 + [ (L¢)(6,5)d6} = 0.
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Dividing by s — t and letting s — ¥, since y(1) = z we have (formally) that
inf E{L*(1)¢(t,z)+ &(t,z)} =0.

"Euod

This gives the HIB equation. The terminal condition follows from the dcfi-

nition of ¢(¢,z) (Lemma 1.2.4).

In the infinite dimensional case, we may choose an increasing family
of projectors and reduce the problem to a sequence of finite dimensional
problems. Then taking the limit we obtain the HJB equation for infinite
dimensional systems.

Let P, denote the projection map from X = X, the n dimension
linear span of {e;, (1 <i < n)}. That is’

n
Pz =) (z,¢)e; = 2", Vz € X,
i=1
where {e;,e}} is a regular biorthogonal system in (X, X") (see p.33), and
{e;} C D(B). Similarly we define the projection map @, for control space
U.

9
Suppose ¢"(t,2") is the value function of the finite dimensional optimal

control problem
dy™(s) = (Bny™(s) + fan(s,3™(s)))ds + dWa(s)
y“(t) - mn
Jﬂ(un) = E{IIT £un (93 y"(ﬂ))dﬂ + ¢3(yn(T))}

Where B, = P,BP,, fo = By fPs,u;, = Qnu, W, = P,W, and ¢} = Ppdo.
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Hence ¢"(2,z") satisfies the HIB equation

820, 77) + infuncti L AR (Dn(t,27) + 07 (8,27} =0
{ ¢*(T,z") = ¢5(z")-

Assume {e;} C D(B) (in general some more conditions are added to
justify the passing to limits, see Da Prato [31, p.68}, Barbu and Da Prato
(11, p.542], Cannarsa and Da Prato [18, p.488-489], for example). Letling
n — oo, and formally define A%(t) as the infinite dimensional operator
given by (1.2), we have A (1) — A*(t), ¢"(t,z") — ¢(t,z), ¢7(t,2a") —
do(t, z), £ (1,z7) — £, z), $5(z") — do(z). Hence ¢(t, z) satisfies (HJB)
equation. (Ahmed [4, p-112)) |

The power of HIB equation is enormous. As an example we present a

sufficient condition for the existence of optimal control.

Theorem 1.2.6. (Verification Theorem in Finite Dimensions)

If ¢° € CY¥(G) is a solution of the HJB equation and the minimum in
HJIB equation is attained at some control u® € Uy, that is
AP+ £, z,u°%) = inf {A%¢ + (L, z,u)}, (1.3)
u€liyg >~
then the solution of HJB equation coincides with the value function, i.e.,

v=al

Thus u® is the optimal control we seek. (Ahmed [3, p.403], Fleming and
Rishel [42, p.159}).
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The verification theorem reduces the optimal control problem to two
other problems. The first is to solve the nonlinecar second order partial dif-
ferential equation (HJB equation), with the terminal condition given. The
second is to find u°® by performing the minimization indicated in (1.3). In
many applications the second problem is easy, but in general the question of
existence of a solution of HJB equation poses 2 major pfoblem, and it remains

an outstanding problem in general Banach spaces. (Ahmed [4, p.113-1 14])

1.2.3 Other Applications

In the studies of stability, optimal control, and filtering problems, quan-
tities of practical interest are often given by mathematical expectation of cer-
tain functionals of the solution process. These quantities can be computed by
~ solving a class of initial or initial-boundary value problems involving second
order partial differential equations of the same type as HJB equations. In
other words, stochastic problems are converted into equivalent deterministic
problems which can be numerically solved to determine the desired quanti-

ties, under the assumption of existence of solutions.

Here are some examples. ;

Example 1.2.7. (Functional of terminal state)

Consider the system
dE(s) =a(s,E)dt +o(s, )W, (t<s<T)

{t) ==z
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Suppose the cocfficients a: J x B* = R*, 0 : I X R* — R(n % m) satisfy the
{ollowing condition:

(1) Tllatt 2)e + 4llo(t, 2)llkgmemy < K (1 + 2,

) Tlla(t,z) — at, )l + 4llo(t, 2) — o,y Bguemy < Kllz = vl

for some constant J. Then for every f € C? with D°f,(|e| £ 2), having at

most polynomial growth, the function ¢ given by

#(t,z) = E{J(&(T)IE(t) = 2} = E{[(£=(T))}

satisfies Kolmogorov Equation

{ b+ Alt)p =0
¢(Tv 3) = ¢U(m):

where A(t)¢ = %Tr(aSa'qﬁ:?) + (a(t, z), ¢=) is the generator of the diffusion

process £.

For more examples of Kolmogorov equations, see Ahmed {3, p-370-373].

Example 1.2.8. (Fokker-Plank Equation) (Da Prato [28])

Consider the following stochastic system:

{ df = Bédt+ f(€)dt + cdW,

£(0) =z

where W, is an X-valued Brownian motion in a probability space (2, F, P),B
is the infinitesimal genéfﬁtor of a Co-semigroup in X, and f € Cy(X). Setting
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(1, x) = E¢o(br—tz(T)), then (1, x) is a solution of

{ ¢ = 1Tr(080"¢z:) + (Bz + f(2), ¢:)

#(0,z) = ¢o(z), t€[0,T), z € D(B).

1.3 Some Historical Notes

In this section we give a brief review of some general methods used
to study HJB equations, and some well-known results. For references sce
P.L. Lions [58), Barbu and Da Prato [10], Da Prato [26-32], Havarneanu [47],
Cannarsa and Da Prato [18, 19].

First consider the {ollowing deterministic optimal control problem
Minimize
T |
J) = [ &s,5(s) (s, u(s))ds + dou(T))},
with state equation
dy
E'E =a (t: y)'

By Dynamic Programming Principle it is related to the following problem

{ ¢g+H(t,$,D¢(t,$))=0 .
(1.4)

#{0,z) = ¢o(z), z€ 0, t€[0,T), T>0.

. Where D¢ = ¢, H(t,z,p) = inf{(a®(t,2),p) + &(t,z) : u € Uaq} is the so

called Hamiltonian. O is an open domain in R".
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It is well-known that, in general, classical solutions for equation (1.4)
do not exist. Because of this difficulty, many authors often seek the mild
solution of the equation, that is the solution of an integral equation. M.G.
Crandall and P.L. Lions {23] introduced the viscosity solutions which al-
lows merely continuous functions to be the solutions of fully non-linear equa-

tions. We will define these generalized solutions shortly. -~

The classical approach to the equation (1.4) is by characteristic method.

We explain this method in the following special case. Consider

{ ¢ + H(Dg(t,x)) =0
(1.5)

#(0, z) = ¢o(z)-
To motivate the idea of the characteristic method, we assume first that
H(D¢)=eD¢, a€R.
It is clear that in this case the solution is given by

#(t,z) = $o(z — ta),

hence
do(z) = 4(t,z + ta). 4
Note that
Déo(z) = Dé(t,z + ta), a= H'(Ddo(z)).

Therefore we consider

$(t, z +tH'(Dgo(2))) = $(0,2) + 1¥(z) = do(z) + t¥(2).
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Let u(t,z) = z + tH'(D¢o(z)), we want to find a function ¥(z) such that
#(t, u(t, z)) satifies

e+ H(D$) =0, Déo(z) = D¢(t,u(t,z))-

This can be done as follows. Suppose we have found such a function ¥(r),
then by differentiating the identity ¢(t, u(t, z)) = ¢o(z) + t¥(z) we have

¥@) = Sotult)+ 20D D4, ut,)

= -H(D¢(t, u(t,z))) + H'(Do(z)) De(2, u(t, z))
= —H{D¢o(z)) + H'(Ddo(x)) Do(z)-

Therefore a solution of problem (1.5) is given by

{ é(t,u(t, ) = do(z) + t{H'(Déo(z)) Ddo(z) — H(Do(z))}
u(t,z) = = + H'(Ddo()).

For more results about the method of characteristics, see P.L. Lions {58] and
the references therein.

Another widely used method for the first order HIB equations is called
vanishing viscosity method. The main idea is follows, For any ¢ > 0,

consider the approximate problem s

{ ¢ — g + H(t,z, D) =0
(1.6)

¢%(0, z) = do(z)-

This is called the parabolic regularization. Here the oﬁgina! first order non-

linear equation is converted to a second order semi-linear equation, and this
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kind of equations has been well studied by many authors. (See for exam-
ple, Ladyzenskaya and Ural'steva [56], Gilberg and Trudinger [44], P.L.Lions
[58]). After solving the approximate problem, the second step is to pass to
the limit as € goes to 0, and establish the existence of solutions for equation
(1.4). Obviously this procedure requires a priori estimates of solutions of

approximate equation, it often causes new difficulties.

The viscosity solution for HIB equations is a relatively new concept.
The definition of viscosity solutions for the first order HIB equations in finite
dimensions was introduced by M.G. Crandall and P.L. Lions [23]. Viscosity
solutions for the second order equations were studied later in P.L. Lions [59],

Crandall, Ishii and Lions [22].

The main point of this theory is that it allows merely continuous func-
tions to be the solutions of HIB equations in the viscosity sense. It is worth
noting that, in the viscosity sense, the solution of HJB equation coincides
with the value function of optimal control problem. Besides, if differentiable,
a viscosity solution is the same as classical solution. (see Crandall and Lions,
[21, 23)). J

To motivate the idea of viscosity solutions for the second order HJB

equations, let us consider the following equation g

F(z,u(z), Du(z), D*u(z)) =0, z€ RY (1.7)

where F : RN x R x RN x M{N) — R, and M(N) is the set of symmetric
N x N matrices. Assume F satisfies the following fundamental monotonicity

conditions
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(F-1) F(z,r,p,X) < F(z,s,p,Y) wheneverr <s and X 2 Y.

Now suppose that u € C?*(R") is a classical solution of (1.7) and ¢ is
an arbitrary function from C?(R"). If u — ¢ attains its local maximum and
local minimum at points z* and zo respectively, by a well known result in

calculus we have
Du(z") = Dé(z”), Dulz") < D*¢(z")

and

Du(mo) = D¢(.‘L‘o), Dgu(:ro) _>_ D’é(mg).
Hence by monotonicity assumption (F-1)
F(a",u(a), DI(&"), D9(a")) < Pla u(e"), Du(e"), DPu(e)) = 0

F(zoa u.(:l'.‘o), D¢(30)1 D2¢(x°)) > F(zo, u(xﬂ)s Du(zo)a D"u(mg)) =0

Note that the left-hand sides of inequalities do not depend on the derivatives
of u(z). This leads to the definition of a kind of generalized solution u{x)
which satisfies

F(z",u(z"), Dé(z"), D?¢(z")) <0 (sub— solution)
whenever ¢ € C? and z* is a local maximum of z — ¢, and

F(zo, u(zo), Dé(zo), D*¢(z0)) 2 0 (super — solution)

whenever ¢ € C? and 7o is a local minimum of u — é.
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If u is both a sub-solution and super-solution, it is defined as the gen-

cralized solution (viscosity solution).

In the definition of viscosity solutions, the space of test functions (¢ €
C?) will generally be replaced by sub and super differentials of u(z") and
w(zo). For more details, see Crandall and Lions {21, 23], Lions [58, 59].

The theory of viscosity solutions is powerful in the study of HJB equa-
tions and other general partial differential equations, as it provides a way to
prove the general existence theorems. The uniqueness is proved by compari-
son theorem, that is, every subsolution is less than or equal to super solution
(see Lions [59], for example). On the other hand, this theory also has some
limitations, such as the fun_damenta.l monotonicity assumption. We will not

consider viscosity solution in this thesis.

Semigroup approach is also a powerful tool for the study of HJB
equations in abstract spaces. (Ahmed (1], Aizawa (83, 9], Burch {17], Cannarsa
and Da Prato {18, 19}, Da Prato [26-32], Havarneanu [47]). The main idea

of semigroup approach is quite simple. Rewrite the HIB equation as

¢ = Ad + B(¢), (0) = ¢o (1.8)

P
where A is a linear operator and B is a nonlinear operator defined on some

function space Y. If A generates a semigroup T'(2) in Y, then we may consider
the so called mild solutions of the equation (1.8), defined as the solution

of the following integral equation

#() = T(V)do+ [ “T(t — 5)B(#(s))ds
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and invoke Fixed Point Principles to get the existence of mild solutions.

Since we will follow this approach in this thesis, it is suitable to review

some main results in this direction.

A kind of optimal control problems that received the most attention is

dy(t) = (Ay(t) + f(y(t)) + u)dt + Ved W (1)

(State equation) {
y(0) = =.

The cost function is

T 1
Jdz,u) = E{[ (9(y(s)) + luls)P)ds + do(u(T))}.

And the corresponding HIB equation is given by

{ ¢e = £Tr(Sdzz) + (Az + f(z), ¢2) — 318:)* + 9(z)
: (1.9)

#(0, z) = ¢o(z).
Da Prato [32] defined S-differentiable function space Ci(H), where
H is a separable Hilbert space. He considered equation (1.9) with modified

terms (f(z), S¢=) — 1|S¢:[*. Using the fact that ¢ — $Tr(54.:) + (Az, é:)

generates a semigroup N

T()é= Ed(es + [ elt=A g (s)),

he proved the existence and uniqueness of solution in CL(H), under the fol-

lowing assumptions:
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(H1) S is a sclf-adjoint, positive nuclear operator in I, given by
00
Sz = ZA"(I, e.-)e.-, (z\.‘ > 0),
i=1
where {e;} is a complete orthonormal system in H.

(H2) A is a self-adjoint negative operator in H such that
Ae; = —H@icl, Hi 2 0$ (i =1,2,-- ')-

(H3) ¢o € CL(H), f € Cy(H,H), g € Cy(H).

Havéirneanu [47] studied equation (1.9) with A = 0. By using the
properties of Gauss measure in abstract spaces, he constructed a semigroup
with infinitcsimal generator ¢ — T'r(S¢.:). Then he used Banach Fixed

Point Theorem to prove the existence of the mild solutions.

Recently, Cannarsa and Da Prato [18] considered optimal control prob-
lems for stochastic systems driven by a cylindrical Brownian motion. This
problem is related to the HJB equation (1.9) with S = I, the identity opera-
tor in L(H). They proved the existence and uniqueness of the mild solution

under the assumptions (H2) and

(He) =2, p¥ <00, (0<o<i)
(H5) ¢0 € Cu(H), f € Co(H,H), g € Cy(H).

Da Prato [31] considered HIB equation with general non-linear term
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{ ¢£ = %TT(Séx;) + (-41:» ¢x) - F(Séi‘)
(1.10)

$(0,z) = ¢o(x)-

Where F € Lip(H,H) is a Lipschitz continuous function. s sirategy is
solving the linear equation first, then considering the non-lincar term as a
perturbation to the linear system, and appealing to the gencration theoremns

of strongly continuous semigroups (Co-semigroups).

Later in a series of papers, Da Prato [26-30] developed a new technique

to construct Co-semigroup with infinitesimal generator
1
Az -2-TT(S¢,,;).

He calls it heat semigroup. (His main result is cited in Chapter 3, Lemma
3.2.1.) Then he added the first order term by using the perturbation theorem.
In Da Prato [28] he tried to avoid the perturbation theorem and considered
the first order term also as an infinite product of generators of semigroups,
but he did not explore this idea thoroughly, and he did not use it for non-
linear equations. Besides, in his work, A is defined only on the space -C_'?( H), |
given by

Ti) = TR, cp(H) = () Ok -

k=0
These conditions may be too restrictive and consequently the spaces 'CT'E( H)
may be t..oo small. This may limit its applications, for instance, to non-linear
HJB equations. In this thesis we will try to overcome this difficulty by in-
troducing a much larger subspace of Cs(X), and further develop Da Prato’s

method to solve HIB equations with general non-linear term, in an abstract
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Banach space.

1.4 Main Results and Contributions

In this thesis we study the HIB equation arising from stochastic op-
timal control problem of (CSEE). More precisely, we study the following

second order parabolic partial differential equation

$u(t,z) = 1TT(Seo(t ) + (B2 + f(z), $e(t, 7))
(P) + F(i,z, $(t, z), ¢, 7))
¢(0,z) = o).

Where ¢o, F are given functions, B is the infinitesimal generator of a strongly
continuous semigroup, and S is a positive nuclear operator in X (Chapter 3)

or an identity operator in £{X*, X) (Chapter 4).
We give an outline of the contents of this thesis.

Chapter 1 is devoted to the motivations and orientations of our re-
search. In Chapter 2 some notations and basic theorems in Banach spaces
are reviewed. In Chapter 3 we study HIB equation related to optimal con-
trol problems of stochastic systems. In Chapter 4 we study a more general
case when the system is driven by a cylindricel Brownian motion. In Chap-

ter 5 we give some generalizations and suggestions for future research.

The main contributions of this thesis include:
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(1) A direct method suggested recently by Da Prato {26, 28] has been
further developed. This method, which is different from ordinary perturba-
tion theorem in semigoup theory, is more constructive, and can be applied

to general non-linear parabolic partial differential equations.

(2) Many authors have studied semilinear HIB equations (P), with

non-linear term of the form

Fz, 82) = 16l + g(a)

Da Prato [31] has also studied a HJB equation with nonlinear term F(S¢.).
In this thesis we will study the more general non-linear term F(t,z, ¢, ¢=),

and without coercivity or convexity assumptions.

(3) Most of the results about HIB equations obtained before were in
R®, or in a separable Hilbert space. In this ihesis we study HJB equatlions

in a separable reflexive Banach space, hence our results are more general.
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Preliminaries

2.1 Introduction

Differential equations form a major tool in the study of pure and applied
sciences. Depending on the problem, these equations may take the forms of
ordinary differential equations, partial differential equations, functional dif-
ferential equations, and sometimes a combination of interacting systems of
ordinary and partial differential equations. In general, under broad assump-
tions, many of these equations can be reformulated as ordinary differential

equations on abstract spaces, for example, Banach spaces.

Semigroup theory provides a unified and powerful tool for the study of
differential equations in abstract spaces. In recent years, a.rndng fnany other
applications, semigroup theory has been widely used in the study of control
and stability of systems governed by differential equations on Banach spaces.

It also plays a central role in our study of HJB equations in this thesis.

This chapter is devoted to the mathematical prerequisites that we shall

need later. In section 2.2 we review some basic concepts and results from
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1}

semigroup theory of linear operators. In section 2.3 we present some results

on bases in Banach spaces and their duals.

2.2 Semigroup Theory of Linear Operators
in Banach Spaces -

Let X be a Banach space and {T'(t),t 2 0} a family of bounded lincar
operators in X, i.e., T(t) € £L(X), ¢ 2 0.

Definition 2.2.1. {T'(t),t = 0} is a semigroup of bounded linear op-

erators if
(1) T(0) = I (the identity operator on X},
(2) T(t + s) = T(t)T(s) for every t,s > G (the semigroup property).

{T(t),t > 0} is said to be a strongly continuous semigroup or Cyo-

semigroup of bounded linear operators on X if

(3) limeyo | T(t)z — z|| = 0, for every z € X. Moreover, if |[T(t)]| <

for t > 0, T'(t) is called a Co-semigroup of contractions.
‘ .

Definition 2.2.2 Let A, = }(T(t) — I), an operator A defined by
(i) D(A)={z € X :limyo Az exists },

(i) Az = limgo Asz, for = € D(A),

is called the infinitesimal generator of the semigroup {T'(t},¢ 2 0} on X.
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"The Yimits arc understood in the sense of strong topology in X.

The most important properties of a Co-semigroup are given in the fol-

lowing theorem.

Theorem 2.2.3. Let T(t),t = 0 be a Co-semigroup and let A be ils in-

finitesimal generator. Then

(a) For z € X,

. 1 t+h _
lim + ]l T(s)zds = T(t)z.

h—0
(b) For z € X, Js T(s)zds € D(A) and

A " T(s)eds) = T(t)z — z.

(c) For z € D(A), T(t)z € D(A) end

d
-Et-T(t)a: = AT(t)z = T(1)A=.

(d) For z € D(A),

Tz —T(s)z= /: T(r)Azdr = ./: AT(7)zdr.

Now we give a characlerization of the infinitesimal generators of Co-
semigroups of contractions. It is called the generation theorem which forms

the corner stone of semigroup theory.
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Theorem 2.2.4 (Hille-Yosida). A linear (possibly unbounded) operator A
is the infinilesimal generator of @ Co-semigroup of contractions {T'(t), 1 2 0}

if and only if

(1) A is closed and D(A) =

(2) The resolvent set p(A) of A contains the intcrval (0, +co) and

(o=

|R(X, A £ 5 for every A>0,

A
where R(A, A) = (M — A)™! is called the resolvent of A corresponding lo
A€ p(A).

The proof of these properties can be found, for example, in Ahmed (1,

Chapter 1 and 2], Pazy [64, Chapter 1). In the following we give an example

of a Co-semigroup of contractions.

Example 2.2.5. Let H be a Hilbert space and {ex} be a complete orthonor-
mal system in H. Denote by Cy(H) the class of bounded uniformly continu-
ous functions H — R, with the supremum norm [j¢(z)[lo = sup{|¢(z)| : z €
H}. Let X denote the Banach space Cy(H). Define

(T()$)(z) = \/—fe Sz~ fe)de, € X.
Since
IT(t)éllo < ll¢llo = sup [¢(=)],
zeH .

one can easily verify that T'(t) € L£(X) and defines a semigroup of contrac-

tions. We show it is strongly continuous. Letting tn? = £? and substituting
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in the above expression we have
(W) = = foeF bl = Vinedn, ¢ € X.
Hence
(6= dllo < —= [ &6z = Vines) - (=)llod.
= VerJr

Since ||¢(z — Vinex) — ¢(z)llo — 0 as t — 0, it follows from the dominated
convergence theorem that ||T'()¢ — ¢{le — 0.

Now we compute the infinitesimal generator of T'(t). Let ¢ € C¥H) C
A, then

Teé-¢ _ _L_ L ~% ((z — Vines) — é(2))dn

] V2=l
= 5 L F Dt Vin+ S D(e)tn’ + olt))dn,

where Di¢p = (d,e), Di¢ = {dzzer,ex) are the first and second order
Giteaux derivatives of ¢ in the direction ex. By straightforward computa-

tions one can verify that
2
-%d

1 A, 11, _
\/2_,,_[,1”6 Tdn =0, \/'2?/31?8 n=1.

Thus we have

) QY
110 t 5Dk¢'

That is A = 1D

Definition 2.2.6. Let § = {z: & < arg z < &,6 < 0 < &} and for



CHAPTER 2 29

z € A, let T(z) be a bounded linear operator. The family {T(z): 2 € A} is

an analytic semigroup in A if

(1) z = T(z) is analyticin A,

(@) T(0)=Iand T(2)z —zasz—0,z€ A foreveryz € X,

(3) T(z1 + 22) = T(21)T(z2) for 21,22 € AL -

Clearly, f.he restriction of an analytic semigroup to the real axis is a
Co-semigroup. On the other hand, we are interested in the possibility of
e:ln-ctending a given Cg-semigroup to an analytic semigroup in some sector A

around the non-negative real axis. Those conditions are given in the follow-

ing theorem (Ahmed [1, p.82)).

Theorem 2.2.7. Let T(t) be a uniformly bounded Co-semigroup. Let A
be the infinitesimal generator of T(2) and assume 0 € p(A). The following

statemenis are equivalent:

(a) T(t) can be estended to an analytic semigroup in a sector A=

{z : larg z| < 8} and ||T(2)|| is uniformly bounded in every closed subscctor
KSI C Ag.

{b) There ezists a constant C such that for every d >0, 7 #0

IR (o + i, A)) € If-l |

(c) There ezists 0 < § < § and M > 0 such that

p(A)CE={A:larg X[ < -g- + 6} J{0},
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and

| R(A, A)][< , for A€ Z, A #0.

|A I
(d) T(1) is differentiable (that is, t — T(t)z is differentiable for every
t >0, € X) and there is a constant C such that

pareis S, for 1500 -

Let A be a densely defined closed linear operator with D(A) and R{A)

in X. Suppose the resolvent of A satisfies

HA)DE={A:0<B<larg NS} UW, (B<3)
where 1} is a neighbourhood of zero, and

IR, A)| € ——=, for A €S.

M
1+ |A|
For any a > 0 we can define fractional powers of A by

1

- _ _ -a - -1
A =507 Jo ? (A—zI)"dz
and
A% = (A7), (A°=1) ,

where C is any smooth curve contained in £ and running from oce™¥ to

ooe?, f< B <.

The following theorem gives some simple properties of A®:

Theorem 2.2.8. The operator A%, 0 S a <1, salisfies
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(2) A® is a closed operator with D(A%) = R(A™%).
(b} a > B> 0 implies D(A®) C D(A®).
(c) D(A®) = X for every a 2 C.

(d) AS+8¢ = AAPE fora,B € R, and £ € D(A)
where ¥ = maz{a, 8, + B}. (Ahmed |1, p.95-96]) -

We have reviewed some properties of one parameter semigroups. We
also need some results about n-parameter sem®zroups of linear bounded op-

erators on Banach spaces (Hille and Phillips [48, p.334-335)).

Definition 2.2.9. Let £ = (&,€2,+-,€n) and denote the unit vectors by

Uy, -+, up where u; = (8;1). A family of linear bounded operators

T(E)i Ee R:. = {(51352;'-"a6n):‘5l' 2 O:i = lvzs“'$"’}\{(0a0a"':0)}

is an n-parameter semigroup of linear bounded operators on X if

(1) FOT‘E,?}ER:, z € X,

T(¢ +n)z = T()T(n)=.

s

(2) T(£)z is a sirongly measurable function of { in RY for cach z € X.

The relation between one-parameter semigroup and n-parameter semi-

group is given by the following
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' Theorem 2.2.10. Suppose that |T(que)l] < M for 0 < <1, (k =
1,2,---,n), and the range of T(nuy) is dense in X forn >0. Then

(a) T(£) is strongly continuous in R and T({) — I strongly es § — 0;
(b) T(£) is the direct product of n continuous one-parameter semigroups

Tk(fk) - T({uk), i.e.,

T(E) = }I Ti(€e);

(¢) T;(£;) commules with Ti(€x) and limy—o Ti(m)z = z;

(d) The infinitesimal generator Ao of T(§), defined by
.1
Aoz = },:_r'ré E(T(,ﬁ) - Nz, z € X,

has the form Ao = Y0 ExAx, & 2 0, where A is infinitesimal generator of
Te(§x)-
For the proof of theorem 2.2.10 see Hille and Phillips (48, p.335}.

To conclude this section, we state Trotter-Kato approximation theorem

that will be used in Chapter 3 and 4.

Theorem 2.2.11 (Trotter-Kato). Let {An} be the infinitesimal gener-
Fa
ators of Co-semigroups {Ta(t)} such that |Ty(t)|| < Me, Vn. Assume

(1) Asn — 00, Anz — Az for everyz € D where D is a dense subset
of X.

(2) There ezists a do with Re o > w for which (Aol — A)D is dense in
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Then the closure A of A is the infinitesimal generator of a Co-semigroup

T(t), such that
Jim To()x =T(t)z, for all 120, z€ X,

and the above limit is uniform in t on bounded intervals (Ahmed [1, p.139-

140)). ' -

2.3 Some Notations and Results in Banach
Spaces

Let X be an infinite dimensional Banach space with a basis {e;},i =
1,2,---. Without loss of generality we may assume that |lell =1, 1 =
1,2,--+. (Otherwise replace ¢; by e:/l|ei||). By Hahn-Banach theorem, there
exists a sequence {e;"} C X* such that (e, e;) = &;, (i,7 2 1). By definition

the set {e;,&;"} constitutes a regular biorthogonal system.

Let Cy(X) denote the set of all bounded and uniformly continuous
functions f : X — R. Let CF(X) denote the class of all bounded and
uniformly continuous functions on X whose Frécl ':_-diﬂerentialg up to or-
der k exist and belong to Cy(X). For ¢ € CE(X) and 0 < m < F,
let D™¢(z; ki, h2y+ -, hm) denote the m-th Fréchet differential of ¢ at z
in the direction (h1,hz, -+ hm) € X™ = X x X x --- x X. For fixed -
a": € X,D™¢$(z;-,+-,-) is an m-linear form mapping X™ to R. Define

lI4llo = sup{lé(z)| : = € X},
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10" flm = sup{sup{ID™ ¢z by, oy, )l kil = 1,6 = 1,200 m))

For ¢ € C{(X), define

k
lellcaory = 22 D™ 8llm-
m=0

Tt is well known that Cy(X) and C¥(X) are Banach spaces with the norm
defined above [63).

We shall also use the symbol ¢, or D¢ for D¢, For each k € N, define
Dy : Cy(X) = Co(X) by

Dig() = lim (8 + hew) = 6()) = bl ) = (Je(), ex)xux.

The last equality holds whenever ¢ is Fréchet differentiable. The domain of
D is

D(Dy) = {¢ € Co(X) : Drd = (¢, €x) exists, uniformly continuous and
bounded}.

It can be easily verified that Dy is the infinitesimal genérator of a

(commutative) Co-semigroup Ri(t) given by

(Re(t))(z) = é(z + tex).

4
(In fact {Ri(t),t € R} is a Cp-group.) By Example 2.2.5 (it can easily be
extended to Banach space), Ax = } D} generates a Co-semigroup of contrac-
tions Pi(t) given by
1
(Pe(t)g)(z) = e'¥'¢(z) = Worei e/ g(z — Ler)de.

xt /R
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Now we give an important property of the pair (., X*). By definition
we say a basis {e;} of X is shrinking if and only if limy—c |fln = 0 for
each f € X, where |f]s is the norm of f restricted to the linear span of

{ei,i > n}. We have the following

Lemma 2.3.1. Suppose X is a reflerive Banach space and {e;, &’} is a

regular biorthogonal system, then {e;"} is also a basis for X*.

Proof: It is easy to see that {e]} is a w"-basis of X, that is, for every

f € X*, we have
f(z) =3 fle)(e,z), VzeX.

i=1
Hence the conclusion follows from the following arguments (Diestel [38,p.52-
53]):

(1) For a reflexive Banach space X, every basis {e;} is shrinking;

(2) If {e;*} is a w"-basis of X™, then {e]} is a basis of X" if and only if
{e:} is shrinking.
This completes the proof of the lemma. B
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CHAPTER 3

Optimal Control for Stochastic Systems Driven
by a Brownian Motion

3.1 Introduction

From Chapter 1 we know that optimal control problems for stochastic
systems give rise to Hamilton-Jacobi-Bellman equations. In the case of fi-
nite dimensional stochastic systems, these equations are partial differential
equations in R® or a suitable subset of R", and have been extensively stud-
ied by many authors (see Lions [58] and references therein). In the case of
infinite dimensional stochastic systems, we have similar Hamilton-Jacobi-
Bellman equations which are partial differential equations on Banach spaces

or suitable subsets of them, as given below:

$e(t, z) LPr(S¢z:(t, 7)) + (Bz, $(t, 7))
(P) + F(t,z, ¢(2, x), ¢=(t, %))
$(0,x) = ¢o(z), =z € D(B), (% z) € I x D(B),

where I = [0,T], T > 0. D(B) = domain of B.
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In problem (P) we assume

(i) B is a linear possibly unbounded operator in X;

(i) ¢g: X = Ry F:IxXxRxX"w R, are given functions;
(iii) § € LF(X*,X). the space of positive nuclear operators from X~

to X, having the standard representation:

Sz* = 24\‘1(-’5-, elei, Vz" € X", (e;e X, A>0,1=1,2,---, Z’\l' < o0).

i=1 i=1

As we stated in chapter 1, problem (P) may arise from the following

stochastic control problem

dé BEdt + f(€,u)dt + dW,
J) = E{/OT 1(€,u)dt + 0’0(5(.1'))} — min.

where W, is an X-valued Brownian motion in a probability space

(2, E, u) with covariance cov(W,) = t5, and
F(t,z,$) = inf{{(z,u) + (f(z,u).¥),u € U}, p € X7,

with U being a closed subset of 2 Polish space.

The question of existence of solutiens of equation (P) and their reg-
ularity properties have been studied by Barbu and Da Prato [10, 11], Da
Prato [26-32], Cannarsa and Da Prato (18, 19], Havarneanu [47], Lions [59],

" and others, all in the case when X is a separable Hilbert space. When X
is 2 Banach space fewer efforts have been made before (Ahmed {4]). In

this chapter we study problem (P) in a reflexive Banach space. Our results
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may be regarded as an extension of their work in two aspects: first, from
Hilbert space to Banach space; second, from semilinear systems with spe-
cial nonlinear terms like F(z, ¢:) = %|¢z|* + g(z) to more general nonlinear

system.

In section 3.2 we give some results about the semigroups generated
by the sum of a sequence of generators of Cy-semigroups, which will play
a central role in our constructions of basic semigroups for problem (P). In
gection 3.3 we consider the linear case of problem (P), and in section 3.4

we present some results for the nonlinear case.

3.2 Semigroups Generated by Sums of In-
finitesimal Generators of Cy-semigroups

In this section we present some general results about the semigroups
generated by the sum of a sequence of generators of Co-semigroups. We

will need the following lemma (Da Prato [28}):

Lemma 3.2.1. Let G(0,1,Y) denote the class of infinitesimal gen-
erators of Co-semigroups of contractions in e Banach space Y. Suppose
{Cn} € G(0,1,Y) and that the semigroups they generate are mutually com-

mutative. Letl

D(Co) = {6 € (1D(CY) : S IICidllo < 00}, Cod = 3°Ci, ¢ € D(Co).

i=1 i=1 i=1
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If D(Cy) is dense in Y, then for any ¢ € Y, the limit
lim ﬁe'c"’q& =T(t)¢
i=1
ezists uniformly in t on any compact subinterval of {0, 00); the infinitesimal

generator C of T(t) is -C_;, the closure of Cp, and C € G(0,1,Y).

A modification of the Lemma 3.2.1 is the following

Lemma 3.2.2. Let C, satisfy the assumptions of lemma 3.2.1. Define

D(Ce) = {6 € (1D(C)  sup | 3 Cidlo < oo},

=1 =1

Cop =) Ci¢, € D(Co).
i=1

Suppose D(Cy) is dense in Y and there ezists Ao with Re(Ao) > 0 for which
(Aol — Co)D(Ch) is dense in Y. Then for any ¢ € Y, the limit
T(t)¢ = r}g_r&l__[ e, t>0,

i=1

ezists uniformly in t on any compact subinierval of [0,00). The infinitesi-

mal generator C of T(t) is Co, and C € G(0,1,Y).

Proof: By assumptions for any i, j(i # j), the semigroups generated by C;

and C; commute, hence T(t;, 1z, -+ ,ts) = [T, "

Ci defines an n-parameter
semigroup. By Theorem 2.2.8, T, e“C; is generated by 3., C;. Taking
ty =t = =1, =t we see that [T, ¢’ = ef7t where F, = T, Ci.
Now since F,¢ — Cpo for any ¢ € D(Cy), the ;onclusions follow by Trotter-

Kato approximation Theorem (Theorem 2.2.11).
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3.3 The linear case

As the first step we consider the problem

{ ¢e(t,z) LTr(S¢e=(t, 7))
(P1)
#(0,2) = ¢o(z), o€ Cu(X).

Define operator Ag by
Aob = 5Tr(S4es), & € D(Ao) = CHX).

We remark that C2(X) is not dense in Cy(X) (see Nemirovskii and Se-
menov [62]), hence recently Da Prato (25, 26] have introduced the following
spaces:

=k ———=GHH) 0 a3 _

C,(H)=C(H) * ', C(H) = | Gi(H), Ci(H) = Cy(H),

k=0 .
where H is a Hilbert space, and it is easy to see that -C_f(H )y, k=1,2,---,
are dense in Cy(H) = C°(H) ),

We introduce a subspace of Cy(X) as follows. Define Z(X) = C}(X) W)

As a closed subspace of Cy(X),Z(X) is also a Banach space and Ao is
densely defined in Z(X).

Now we start to construct a Co-semigroup for problem (P1).

Theorem 3.3.1. Suppose X is a reflezive Banach space, then Ag is clos-

able in Z(X), and its closure A generates a Co-semigroup of coniraciions
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T(t), given by
T(t)¢ = lim JTeM"¢, ¢ € Z(X). (3.1)
i=1

where 4; = $D7 (p.34). Thus the solution of the problem (P1) can be
written as ¢(2,-) = T(2)do(-).

Proof. By Definition

Tr(S¢es(:)) §(S¢xx(-)ek,ek-).v.,v.

= 3 Me(eler i)

k=1
= > MDid().
k=1 o

Let ¥ = Z(X). Since D(Ay) is dense in Z(X), by lemma 3.2.1 we have the

conclusions. |

The regularity properties of T(t) is obtained in the following:

Theorem 3.3.2. Supposet >0 and ¢ € Z(X), then T(t)p € D(Dy), (k=
1,2,-++), and

IDeT ()Mo < [|Dee <o < \/—-Ilfﬁllu (3.2)

Proof: For each k£ € N, define a semigroup T:(¢) by

Tu(t)g = [] ¥4, ¢ € Co(X). (3.3)
itk
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Clearly T(t) = Ti(t)e™"*!. Note that

Dy ([ e g(z — Eer)dt) .

= lim Re-e*ftwn%@(x ~ (£ — h)ex) — $(z — ex))dE

= lim [ €7@/ — (€ = hex)dt [ €1z — er)de}
- Im _:;{ [ eI g — )i [ €/ g(a — ge)de}

= Im %{ jR (20 _ =€ 120 ) b( — Eey)dE])

= [ e - feu)de.

Hence for ¢ > 0,we have

1 Z(t)Dre™* llo
IDye™ Al |
10 e [Nz = €l

ID:T(t)llo

IA

1l

A

_ —ejaeng JEL
14l jR e e

)
= m"qﬁno
This gives the inequality (3.2). |

Now we consider the following problem:

) {¢t(t,z) = LTr(Se.s(t,2)) + f(t,z)
2
(6(013:) = ¢0(x)
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The mild solution of (P2) is given by

¢(t,+) = T(t)do(-) + fo tT(t — $)f(s,)ds.

We study the regularity properties of the mild solution. First, we generalize
the concept of derivatives in the direction S, which was introduced by

Da Prato [29, 31]. Where S satisfies property (iii) on page 37.

Definition 3.3.3. An clement ¢ € Cu(X) is said to be differen-
tiable in the direction S if and only if for any z € X and y € X~
limy,_.o+ Hé(z + hSy) — ¢(z)) = Ly(z,y) exists.

Note that if ¢ € CH{X), then Ly{z,y) = (¢d(x), Sy) = (S ¢(x),¥)
for all y € X™, where S* is the dual of the operator S. Now we define an

operator Dg as follows

Definition 3.3.4. CL(X) = {¢ € Cy(X) : Ls(z,y) = (Dseé(x),y) for
some Ds¢(z) € X**, and || Dséllo = sup,ex{[|Dsd(z)]|x-- < oo}

CL(X) is a Banach space with the norm lI¢ller = ll¢lla + |1 Dsdllo.

In the following we assume that X is a reflexive Banach space. It is
easy to see that C}(X) C C{(X) C D(D;) for all k € N. On the other

hand we have A
‘.’“

Thecrem 3.3.5. Suppose ¢ € N2, 'D(D.) and 322, Ail|Didllo < oc. Then

1=1
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¢ € CHX) and

Dsd() = oA be( Vs e)es = 3 ADid(Jes.

i=1 =1

Proof. Suppose ¢ € N2, D(D;). For any finite linear combination 11, ;e;,

we have
Jim %(d’(:v +h i:l'iei) —¢(x)) = éx;(q&z(m),e;) = :_ilx;(D.-rﬁ)(m)-

For any y € X, it follows from Lemma 2.3.1 that there exists a sequence
of scalars {a;} with sup;{|a;|} = ¢’ < oo, such that y = ¥, a;e;" € X",
Define y, = 3, aie;*, then
!
Lole,wa) = lim ={#(z +hSyn) - $(2)}
.1 =
= hll.% E—{qb(:r + h;)\ga.e.) - ¢(z)}

= I Na(Dig)(a):

=1
Let gu(z) = L4(x, yn). Since sup{|ga(z)| : z € X} < ' T,y Aill Didllo,
it follows from the assumption of theorem that {g,} is a Cauchy sequence
in Cy(X). Hence there exists a g € Cy(X), such that
[~ =]
g(z) = lim gn(z) = lim Ly(z, yn) = Lo(z,y) = 3 a:i(Dig)(z)-

i=1

This implié-s- that ¢ is Gateaux differentiable in the direction Sy, and the
Giateaux diﬂ'ercﬁﬁial is continuous, hence coincides with the Fréchet differ-
ential (see Hille and Philips [48, p.109-113]) and y + L4(x,y) is linear. It
follows that 7

Lo(z,y) = ia.‘/\.‘(Dié)(:!:) = (i Ai(Dig)(x)ei, y) = (Dsé(z),v)

i=1 i=1
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for some Dsé(x) € X" = X. Thus we have
Dsé(x) =3 M(Did)(z)ei.
=1

This completes the proof of the theorem.

Theorem 3.3.6. Suppose f € C([0,T), Z(X)) and T2, \/x < 0o, then
t
o(t) = [ T(t - s)f(s)ds € O(0, T], CH(X))

and there exists a constant C > 0 such that || Dsv(t)|o £ C'\/f||f||c([u;pl‘z(,\-)).
Where || fllogom,zcxy = sup{lflo: ¢ € 0,71}

Proof. Since T(t) = Ti(t)e****!, from the proof of Theorem 3.3.2 we

have

IDLT(E = s)f(s)llo < [Tt = s)l} 1 Dxe™ =2 f(s) o

< Dee =) ()l
¢
Ak(t —s)

TAN

| fllctomzexn-

Hence
; _
[[Dxo()lo < 2Cy j\zllf lewwo.rzxy, k€ N.
Thus v(t) € N2, D(D;), and ' '

SOAIDw (o < 20V fllegomzon(E VA < oo
i=1

=1

Hence it follows from Theorem 3.3.5 that v(t) € Ci(X) for cach t > 0, and

st(t) = ia\.‘D,"U(i)c;.

i=1
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Thus

IS ADw(t)eillo

=]
oo

> Al Div(t)lo

=1

2oV flleomzony (S V). B
=1

[ Dsv(t)llo

IA

IA

Corollary 3.3.7. Suppose that ¢o € CHX),f € C([0,T],2(X)), and
© /X < 0o, then the mild solution of (P2) belongs to C([0,T], C3(X)).

Now we add a first order texm to Problem (P2). Consider the following

problem
{ ‘ibt(t: -'3) = %TT(Sd’mm(tvm)) + (B:!I, ¢x(t1 I)) + .f(ta :L‘)
(P3)

#(0,x) = ¢o(x), (t,2)elxD(B),

with the assumptions that B gencrates a Cy-semigroup in X and sat-
isfies

Be; = —piei, (36 > 0, t= 1,2,"').

Theorem 3.3.8. For each i € N,
(1) {Si(t),t >0}, given by
(Sit)e)(z) = ¢(z ~ (1 — ™" N, ¢ )es), ¢ € Co(X), (3.4)

is a Co-semigroup of contractions in Cy(X), with infinitesimal generator

given by B;d(z) = —pi(z, €] ) Did(x);
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(ii) {T(t),t > 0}, given by

e2.u..'t -1

r(t)y= e'\‘a‘(t)A‘etB‘, a;(t) = , t>0, (3.5)

2
is a Cy-semigroup of contractions in Cy(X), and its infinitesimal generator

18 G; = /\;A,' + Bi.

Proof. Since fort > s >0,

S5i(t)Si(s)¢(2)
= Si(t)é(z — (1 — e™**)(z, el )es)
= ¢(z — (1 — )z, e])e; — (1 — ™)z — (1 — ™) (=, €} )ei, €7)es)
= ¢z —(1—e ")z, ef)es — (1 — ™) (=, €] )ei — (1 — €7°)(2; ¢])ei)
= ¢z —((1—e ™)+ (1 =) = (1 — e™")(1 = e™))(z, €])ei)
= ¢z —(1—eCM)(z, )er)
= Si(t+s)é(z)

It is clear that S;(t) defines a Cy-semigroup of contractions in Cy(X).
Its infinitesimal generator B; is given by

(Bi¢)(z) = lim ¢z —(1- e-ihY(z, e7)e;) — ¢(z)

h—0 h

. $lz + (e = 1)z, ef)ei) — B(x) M -1, .
EP}J (g—mh —1)(z, €}) ( h Nz, ei)

= —pi(z, e)(d=(z),€:) = —pi(z, €])Dig(z), ¢ € D(D;).
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Thus (i) has been established. Next we prove (ii). We claim that

etBigrhi — o Aigth g <t s < o0 (3.6)
In fact
(e g)(z)
= (o [ 0o — o))

= 1 €12 g(z — (1 — e7"*)(z, €] )e; — Ee:)dE
V2rs Jr

= % jR e~ (z — (1 — e™#)(z — eMle;, €] )e; — ei'Ee;)dE

(let n = e™'E)

1 —2pt
- V2ns ./n emme Ih‘lb(a’ —{z —ne; e )1 — e Hit)e; — ne;)e tdn

1 2j(20e20it
= [ IR g e — (2 — mes, €])(L — €
\/271'862#‘-'“/}28 ¢’(m ne; — (= r)e,,e‘)(l € )et)d"?
= (e~ (a, €)1 - e )e)

= (eacz*‘i'Aie!Bi¢)(m).
Hence we have

1".-(t)1".-(s) = ea\.'a.'(l]melB.-eA.-a.'(a)A.'eaB.-

— e.\.'a.‘(t)A.'e.\.'a.'(a)e’"i'A.'etB.- eaB.'

v ITH S K {TTE T T S 1 TH
- ca\.-e it=14y 2!": i g A.‘e(g.l..;)B‘-

ittt )
= N T AL (t4a)Bi

= Tyt +s).

From this one can verify easily that {I',(¢),t 2 0} is a Cp-semigroup
of contractions on Cy(X). We compute the infinitesimal generator. For
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é € CHX) we have

24y

PRy MNEEEA, B
limI‘.(t)<:> ¢ _ gy L eTe-9
ti0 1 110 1
. Rl 1B 1B; . tB .
g g T PG —e!ig e Y — 9
= lmA t L
‘\-S:‘L":le-h«lil,‘.
el et N
= lhr‘x)l {e*¥i( " )} + Bid
A.'l:‘;h—i‘A.' —2uit
S g Ao
= lm T Rl
Ai
= (QT_A:(?-F")+B:‘)¢

= (Mdi — pi(z,€7)Di)g.

Hence (i) holds and G; = 34, + B;. 1

Now we define a linear operator Go by:

D(Go) = {6 € CHX) : [| 32 Mids6 = 3 pila, ) Didllo < o0},

=1 1=1

Gob =3 Gid, &€ D(Go).

i=1

Since B is closed, it follows that

(Bz,¢:) = (~ i(z, € it @z) = — i pi(z, €] )Did.

1=1 i=1

Hernce

God = Tr(Séec) +(Bz,04), ¢ € D(Go). (3.7)
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Remark 3.3.9. It is clear that || 22, Midid|lo < oo for all ¢ € CF(X),

hence

D(Go) D {6 € CHX) : | = (@, €§) Didllo < o0}.

i=1
For any j € N, define ¢j(z) = ™1, where x; = (ej,x). Then D;¢;(z) =
—2:1:_,-c"’§ 6i;, hence ¢;(z) € D(Go), Vi € N. Therefore D(Gy) is non-trivial.

Now we prove that G, generates a Co-semigroup in space
_.Cl
E(X) =D(G) °. (3.8)

It is a closed subspace of C4(X), thus also a Banach space and G is densely
defined in E(X). By straightforward computations we see that I\I'; =
T, (2 # 7). Indeed,

i 2B (,15(:(:) = e’A"(qb(:‘: _ (1 _ e-u;'a)(:z:, c;)e_,')
1

~ Vews /ne_ﬂzm‘ﬁ("” — (= —nes, €5)(1 — e7i")e; —ne;)dn

1 . -
= 5 e~ (@ )1 — s — mes)dn

—n?/2a e
Ly T ——-

= e'Biegttig(x).

_ eJBJ‘(

Therefore
\.,_Qul'l_] As . ‘\‘ci‘u_,‘:_l A B, '\,e"‘i'—] As Y zu.-l_,! A B
I\‘_r\j — e' v ui letﬂ|e ] 251,’ Jet J = e 7 ?'.IJ’ ) etBJ e LT Iet [ PJ,I",.

Now we want to show that (A —Go)D(Go) is dense in E(X') for some
Ao > 0. It suffices to show that Ay € p(Gy), the resolvent set of Gy. This can
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be done in two steps. Write Go = Ap + Do, where Agp = %T:‘(S«bu), and
Bod(-) = (B-,¢z), D(Bo) = {¢ € Cu(X): (B, ¢.) € Cy(X)).

First we show that p{Bo) contains (0, 400). Define a bounded linear oper-

ator Ta(t), (¢t > 0), in B(X) by
Tp(t)é(z) = ¢(e'Pz), = € E(X).

It is clear that Ta(t + 3)¢(z) = H(eBeBz) = Tp(t)Ta(s)é(z). Since
L Ta(e) = #z) o ) = dle)

AN h hjo h
= (4)::; .B:L‘)

= Bud(x), ¢ & D(Bo)

and D(Bo) O D(Gu), it follows that By is denscly defined in B(X) and
thercfore Tg(t) is a Co-semigroup of contractions on E(X). Hence by Hille-

Yosida Theorem (Theorem 2.2.4) we have p(Bo) D (0, +00), and

JOT=Bo) M <3, YA,

(M = Bo)d)(z) = [ (e z)d. (3.9)

Next we prove that Gp = Ao -+ B, is closable and that the resolvent
set of its closure Go, p(Go), contains (0, +00). We follow the proof of Da
Prato [30, p.290]. By a result of Da prato and Grisvard (33), it is sufficient

to find another Banach space U continuously imbedded in D(AZ) such that
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the restrictions of Ag and By on U, denoted by Ag|y and By|y respectively,

satisfy the following estimates

2|

AL = Aolu) llewy < 51 BT = Bolv) ™ lew) <

Let U = C{(X), then U C D(A?) continuously embedded and we

have the estimate

1
AT = Aolu) ™ lew) < A>0

Xa
by Hille-Yosida Theorem (Theorem 2.2.4). Moreover, since

d'(M = Boly)~"é(z) _
diz

[:" e~ MW (B2 )(e!Bhy, e'Bhy, eBhy, eBh,))dt,
recelling that ||e'B| < 1, we get

1
AL = Boly) ey < T YA>0

Thus we have that (Aol — Go)D(Go) is dense in E(X) for Ap > 0. It
follows by Lemma 3.2.1 that the closure G = Gy is an infinitesimal generator

of a Cy-semigroup R(t) in E(X). B

We give some properties of the semigroup R(%).

Theorem 3.3.10. Let {R(t),t > 0} be the Cy-semigroup of contractions
generated by the linear operator G. Then for any bounded linear operator
L € L(Cy(X)), we have

R()(L¢) = L(R(t)$), V4 € E(X).
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Proof: Note that

n

R($ = lim TITi(06, 4 € BX).
it suffices to show that I';(t) commutes with L for every + € N. Denote
Ti(t) = eMoilietBi = P(ay(2))Si(t), (ai(t) = (e = 1)/2p;, ¢ > 0)
we need only to show that P,.L = LP; and S;L = LS; foralli € N.
By Definition -

L(Si(t)¢)(z) = L(d(z — (1 — ™)z, €])ei)) = Si(t)( L)),

(Pi(s)e)(z) = e'¥d(z) =

Vi jR =€ 4(z — £e,)de.

a“

Hence

(Pe(s)L¢)(z)

= O La(e = gen)ee

= (Jz?j e ¢/Pg(z ~ ger))de
= LP(s)¢.

Since L is bounded, we have
R(t)L(¢) = lim He" AtL(g)
|-1

= lim L(He*-"‘-w.)

= L(lim He" vAitd)

l-l

= L(R(t)¢). §
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3.4 The Non-linear Case

Now we consider the following Cauchy problem

¢e(t,z) = ITr(Sé:(t,z)) + (Bx, d:(t, 2))
(P4) + F(t,z,4(¢,z),Dsd(t, z))
#(0,z) = do(z), z€D(B), te[0,T]

To simplify the notations we may also write the problem in the fol-

lowing abstract form

{ ¢ = God + G(¢)
(P4)

¢(0) = 450:
where d’ € C(I, Cb(x))! G(¢)(t) = F(t: ',¢(t,$),DS¢(t,$)), and Go is
* the operator defined by (3.7), (p.49).

The problem (P4) is said to have a mild solution ¢ if ¢ satisfies the
following integral equation
t
#(t) = Rit)go + [ R(t - 9)G(#)(s)ds, t€[0,T].
where R(t) is the Cp semigroup generated by G.

We remark that Da Prato [28-30] has studied some special cases of
this problem in Hilbert spaces (see section 1.3). Following we present a
direct method for more general case. We will solve the problem (P4) in

Banach space L}(X), as defined below:

Definition 3.4.1. Define
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o

Z(X) = {¢ € Z(X) : im, [T, Ti(t)é exists uniformly in t on every
compact subinterval of [0,c0), and belongs to Z(.X)}.
(Ti(t) = eMivil®AietBe 5ee (3.5), p.4T).
Let
LX) = 5(X) N CHX).
Define the norm in TY(X) by

gy = lléilo + | sl

It is clear that E(X) C THX) C CH(X). We prove that TL(X) ix o

Banach space.

Theorem 3.4.2. T(X) is a closed subspace of Z(X), hence TH(X) (with
the graph norm defined above) is a Benach space. Moreover, if ¢ € B(X)
and 32, ui® < oo for some o > 0, then R(t)¢ € TL(X).

Proof. Take any sequence {¢,} C Z(X) such that ¢, — ¢ (n — o)
in Z(X). Since | B(&)én — R{t)dmllo < [fn — brllor {B(E)ha) is a Cauchy
sequence in Z(X). Thus there exists 1 € Z(X) such that R(t)¢, — 1p in
Z(X). Now let R, (t) = [T, eii{t)4ietBi | then for any m € N we have

| Ra(t)é — ¥lio
< uRﬂ-(t)¢ - Rn(t)¢m||0 + Ian(t)¢m - R(t)‘ﬁm“(l + IIR(t)¢’m - "/’"0
L 16— dmllo + | Ba(t)dm — B(t)dmllo + [ R(t)bm — [lo-

Hence for any € > 0, we can choose N so large that makes ||R,(t)d—lo < e
for all m,n > N. Hence R.(t)¢ — 3 (n — oo) and R(t)¢ = 3. Further
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it is casy to check that t — R(t)é converges uniformly on every bounded
interval [0,T], T > 0. Hence ¢ € B(X) and Z(X) is a closed subspace of
Z(X).

We show that TL(X) is a closed subspace of C}(X). Indeed, suppose
{6x} C EH(X) and ¢, — ¢ in THX) (CHX)), that is

|#0 — ¢llo + || Psdn — Dgdllo = 0, (n — o0). (3.10)

Hence ¢ € CLX). Since (3.10) also implies that ||¢. — ¢llo — 0, {¢n}
converges to ¢ in Z(X), and ¢ must belong to E(X) as L(X) is closed in
Z(X). Therefore ¢ € TL(X) and TH(X) is a closed subspace of CH{X),
and hence a Banach Space. '

Now suppose ¢ € £(X). Since R(t)(R(t)¢) = R(2t)¢ € Z(X),R(t)¢ €
£(X). In the following theorem we will prove that R(t)¢ € C5(X) for all
é € T(X), hence R(t)p € “4(X). §

Theorem 3.4.3. Let ¢ € E(X). Suppose that 3.2, ui° < oo for some
o >0, then R(t)¢ € CLX), end

.. C |
IDsR(t)élls < o (3.11)

Proof. Let

Ri(t)¢ = [ Ti(t)g = J] eo4ietBig,
ik izk
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=T

4]

Since R(t)¢ = Ry(t)eMoxBetPeg we have

IDkR(@)8llo = ||Ru(t)Di(eM+AeBrtgyly

< ”Dk(c.\kc\vg(t):lkcht¢)”0.
Now by Theorem 3.3.2 we have

“Dke,\khhg ¢"O

\/——I|¢"0,

hence

C

eBrigll, < o 12
|1 DkR(t)3]l0 < ml\ Bllo < mlltﬁll (3.12)

It is easy to verify that

e2#kt — 1
ault) = S > o

therefore

C
| D R(t)e]o < me-%m‘nsﬁno-

We show that if t > 0,6 > 0, u; > 0 (V2), and T2, 17 < o0, then

21 Ht < oo, Since

[= <]
ZFF0<Q’3s lim —e =0,
. 100
the conclusion follows from the Comparison Criterion in calculus.

Hence R(t)¢ € N2, D(D;) and by Cauchy-Schwartz incquality we

have

SxMIDRe < S Vel

i=1 :-1

"(EA )M Ze""")‘”llfﬁll

i=1
< o0

IA
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Hencee by Theorem 3.3.5 R(t)¢ € CL(X) and

C
| DsR(t)éllo < —\75"9’5”0-

This completes the proof of the theorem.

Now we are ready to prove the main result of this section.

Theorem 3.4.4. Let ¢g € E(X) and T2, p#;i° < oo for some ¢ > 0.

Suppose that the operator G salisfies the following assumptions:
(Al). G:ZLX) — Z(X);
(A2). For cach r >0, there exists a constent K, such that
1GE) —Glle < IK:I€ —nlisyi (3.13)
IGElle < K1+ [€llsy) (3.14)

for all €9 € B, = {¢ € Z(X) : ||é — dollsy, < r}.

Then there ezists 7, € (0, T such that the problem (P4) has a unique
mild solution ¢ € C(I,,TL(X)), where I. = [0,7].

Proof: Let ¢ € C(I,,ZL(X)) such that ¢(t) € TL(X))N B, for all ¢ € I,.
. Define the operator I' by

Dé = R(t)do+ [ R(t—s)G(4)ds, do€ E(X), t€[0,T)

where E{X) is defined by (3.8), p.50. Since R(t) is a Cy-semigroup on
E(X), there exists a o € (0, T] such that

| R(t)}bo — doll¢x) < %, t€0,0].
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By assumption (A2) we have
t t .
| [ Rt - )G(@) sl < [ Eo1+ sup [9()lsy s

t
< fo Ko (147 + [ ol )ds.

Hence there exists § € [0, T] such that

T

I [ Rt - )G(6)e)dslzy < 5, te (0,3,
Letting 7. = min(e, §), we have |
IT6() ~ dollsy, < IT4(t) — R(t)dollzy + || B(t)bo — dollux) <7, t€[0,7]

Hence B, C B,. By Theorem 3.4.3 we have R($)5(.X) C TH(X); hence
N(ZH(X)) € THX).

Define Z, = {4 &€ C(L,, T5(X)) : $(0) = ¢y, #(t) € B,, Vi € L},
Then I' : Z, — Z,.. We prove that I’ is a contraction on Z,. For any
@, € Z,, By Theorem 3.4.3 and assumption {A2) we have

IT¢ — T¥llew, srixn
= sup ||ITé(¢) — Ty(t)llsy,
tel.

= supl| [ R(t - s)(G(#)(s) — Glb)islzy

< sup [{IIR(t— s)(G(¢) = G#Dlo + IDsR(t - sXG(4) = C)
: _, c .. ,
< sup jo {I(G(¢) = 6@l + —==II(G($) ~ G(#))llo}ds

¢ C

fél}){Kr(Cﬁ+ )¢ — ¥lieL)}
My/m|é = $lle Lo

IA

N

IA
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Therefore I is a contraction for 7, small enough. It follows from Banach
fixed point principle that I’ has a unique fixed point in Z,. This completes

the proof. 1

Remark 3.4.5. If G satisfics the uniform growth condition

IGE)llo < K+ I€llsy), (V€ € T5)

for some fixed constant K, then the solution of (P4) can be continued in-

definitely.

Remark 3.4.6. The assumption }¥; #;° < oo also implies that (—B)~7 ex-
ists and is a bounded operator. It can be verified that B is the infinitesimal
generator of an analytic semigroup in X, given by
o
eBr =) e i(z,¢])e;, z € X.
i=1

Thus the above requircments are naturally fulfilled (Theorem 2.2.8).
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CHAPTER 4

Optimal Control for Stochastic Systems Driven
by a Cylindrical Brownian Motion

4.1 Introduction

In this chapter we study the optimal control problem for stochastic
systems driven by a cylindrical Brownian motion, which is & generalization
of white noise in infinitc dimensions. In other words, we study the stochastic
system perturbed by a random noisc which can be assumed to be a white
noise. A dircct method which was introduced by Da Prato [29] is further
developed for this problem, some results in Cannarsa and Da Prato [18] have

been extended.

In section 4.2 we formulate our problem and give some propertics of
cylindrical Brownian motion. In scction 4.3 we study the lincar cose of
Hamilton-Jacobi-Bellman cquation. As in Chapter 3, we construclt some
Co-semigroups corresponding Lo lincar operalors associated with the 1IB
equation. In scction 4.4 we study the analytic propertics of these semi-
groups. Finally, in scetion 4.5 we will present sorne results aboul sernilinear

HJB equation, which can be regarded as an extension of the results in Chap-
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ter 3, section 3.4.

4.2 Cylindrical Brownian Motions and Con-
trol System

In order Lo gencralize "white noise” in infinite dimensional Banach

spaces we follow the definition of Cannarsa and Da Prato [18].

Let {ue} be a scquence of positive real numbers. Then there exists
a2 unique self-adjoint operator B in X such that Beg = —per. It is clear
that B is the infinitesimal generator of an analylic semigroup in X, given by
(Curtain and Pritchard [25, p.11]):

[» 4]
efr =3 e (z, 1)
k==

Consider now a complete probability space (2, F, P), and a sequence
{we} of standurd one-dimensional Brownian motions, mutually independent.

Denote by W™(t) the Brownian motion given by
k(3
Wh(L) = > wi(t)ex.
k=1
Consider the stochastic convolution
3
W) = j =Bgn(s),
0

By some computations we have

n

E(WB(L))” _ z E{fo‘ c-(t—#)pkdwk(s)}Q _ z“: ./: o= 2mkl(t=2) Jo — kz'::ﬁk(t)’
— k=1 =1

k=1
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where

| — g2t

Br(t) =

_ '2;1;.;

It is clear that
lim EW30P = 80 <00, if 3 — < oo,
e k=1 k=1 i
hence W5(t) converges in L2(Q,F, P):
o0 t 4
(L) — Wult) = Y e jﬂ e~ g, (5) = fu LBIW(s), (A1)
k=1 .

where W (L) = 152, wi(t)ex is called a cylindrical Brownian motion.
Now we formulate our problem. In this chapler we study the following
stochastic optimal control problem:
Let (Q,F,F, T, P) be a filtcred probability space, and suppose {W;,t >
0} is an X-valued cylindrical Brownian motion. Let * denote the solution

of the controlled stochastic evolution equation (CSIE)

dpt = Byt + fy¥,u))dl + dW,
(CSEE)
y“(()) = €Iy
corresponding to the control u € Uy,a (Lhe class of admissible controls). The

optimal control problem here is to find a minimal point 4 € Uy, such that
-
) = B{[ e+ oy (1))
-
< B[ e wdt+da* (1)} = J(w)

for all u € U,q, where 3% is the solution of (CSEE) corresponding to the

control 2.
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Define

Wi(La) = B[ 05()uls) + oy (D)}, 0S LT, u € laa

where ¥%(s), ¢ € s < T is the solution of the (CSEE) starting from the
state 2 at time ¢ By using the Bellman’s Principle of Oplimality (also called
Dynamic Programming Principle, sce Lemma 1.2.3) one can formally verify
that ¥(t,xz) = inf{y*(L, ) : u € Uaa} satisfies the following Hamilton-Jacobi-

Bellman equation

{ ’d)f-(t!m) + %TT(?!)u) + (Bl‘, %) + F(:L‘, 'ﬂbm) =0
(HJB)
P(I,z) = do(z), zeD(B), te(0,T)

where F(z,9¥.) = inf{{{z,u) + (f(z,u),¥z) : u € Uaq}. By reversing the flow
of time ¢t — T —{, and defining ¢{L,z) = ¥(T — ¢,z), the equation (HJIB)
can be rewritten as an initial value problem:

¢u(tyz) = §Tr{(dex) + (B, ¢2) + Flz, bz)
(E)

$(0,z) =¢o(z), ze€D(B), te0,T]
We usc sernigroup approach to prove the existence and unigueness of a
mild solulion for the system (E), and study the regularity properties of the
solution. These propertics are important in the study of problem (E) in the

general nonlinear case.

We remark that recently Cannarsa and Da Prato{18] have studied a
special case of system (E) using probabilistic approach. Our results in this
chapter are more general and could be regarded as an extension of their
work in Lwo aspects: First, from Hilbert space to Banach space; second,

from F(z,¢z) = 3|éz|* + g(z) Lo the general nonlinear term F(z, ¢z).
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4.3 The Linear Case

Without loss of generality we take ¢ = 1. First we consider the equation

{@(tﬁff) = 3Tr(¢zz)(t, )
(£1)
#0,2) = ¢plx).

Define
D(A) = {cf) € C(X) : T'r{¢2) € C;,(X)},
Asd = 5Tr(bes), € D(A).

Cu(X)
H

It is easy to sce Lthal Ay gencrales a Cy semigroup T'(2) in Y = D(Ay)

namely
(TP (z) = E{blz + W)} (1.2)
In fact, for each ¢ € D(Ayp),

T(t)b(z) ~ d(z)

B{¢(z + WJ - ()}

= B{(be W) + 5{BeWe, W) +0(0)}
_ %!S(dmwt, Wy) + oft)

= 5Tr(dan) +0l0).

Hence we have

lirn
t10

2W=0 Ly

K] —

and

lim 170 = o = 0.
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Thus the assertion follows.

By Lemma 3.2.2 we can deduce a non-probabilistic representation of
7). |

Theorem 4.3.1  Suppose X is a reflezive Banach space. Then A = Ay

gencrales a Cy-semigroup of conlraclions ’f‘(t) inY given by:

(06 = Jim [[e*p, gev. (4.3
i=]

Thus the solution of the problem (E1) is given by ¢(t,*) = T®)do(-), ¢o €

Proof. By definition
1 - l o0 o] oo
3T7(#z()) = 5 2 (baz(lersch)xex = 3 Y Did() =3 Axd().
k=1 k=1 i=1
Since D(A) is dense in Y and p(Ag) D (0, 00), the conclusion follows from

Lemma 3.2.2. B

The smoothing propertics of (L) is given in the fol'owing:

Theorem 4.3.2.  Suppose L > 0 and ¢ € Y, then T()p € D(Dy), (k =
1,2,--+), and

IDF Wbl < | Dec™ o < %"d’"o- (4.4)
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Proof. Similar to the proof of Theorem 3.3.2. 1

Now we consider the following initial value problem:
dlt, ) = Fr((l,2)) + (B, ¢2)
(52)

$(0,2) = dolx).

where B is a closed operator in X such that

Be, = —e;, >0, i — 00 as i— oo,

It is clear that B is the infinitesimal gencrator of an analylic semigroup

e*® in X, given by

oo
e =3 ez, e))e, ze€X.

i=1

Define the operator By by
D(Bo) = {¢p € Co(X) : (B, ¢=(z))lo < 00},
(Bﬂd’)(m) = (Bl‘,fb_r(:ﬂ))x'x', b€ D(Bﬂ)

Since (Bz, ¢-(x)) = — T2, i:(z, e}) Dig, we have the following theorem

Theorem 4.3.3.

(1) Forcachie N,

(S:(08)(e) = $lz = (1 = M)z, e])er), b € CulX), (4.5)
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defines a Cy-semigroup of conlractions in Cp(X) with infinilesimal generutor
given by
Big(z) = -z, ) Did(z), ¢ € Cy(X).

(2) The resolvenl set p(By) O (0,00), and, for any ¢ € Cpo(X), we

have

(A= By) () = ]0 ® e Mé(etBz)dt, A € p(Bo).

(8) The closed operator B = B, gencrales a Cy-semigroup of contrac-

- tions S(t) given by

SWe(z) = i [1S(6@), 6 DB (46)

Proof. Part (1) is proved in Theorem 3.3.8. For part (2), let A > 0 and
¢ € Cp(X), and define

(FO\N)(z) = fo ” e Mg (etBr)dL.

It is clear that #()\) delines a bounded linear operator in Cy(X). Fur-

thermore, for i > 0

(F(A\)¢)("Br) — F(A)g(z)
i

N O Al VP FW Y RPN Al VR
= ([T e - [T Mg Pa)an)

= %{(e"" =) f:o e Mp(etPr)dl — /oh e Mg(etPz)dt}).

Letting 2 — 0, we have

BolP(A)é(z) = AF(N)é(z) — ().
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This means that for any ¢ € Cy{X) and A > 0, F(\)¢ € D(By) and (A -
By} F(A) = I. On the other hand, il ¢ € D(By), it is casy to sce that

PN = Bo)gp = (M = Ba) F(N)o = ¢.

Hence (A — By)~! = £()\). Finally part (3) holds by Lemma 3.2.2. This

completes the proof of the theorem. B

Define D(X) = D(Ao) N 'D(Bu)c"l(x). Being a closed subspace of C} (X),
it is also a Banach space and both Ay and By are densely defined in D{.X).

Theorem 4.3.4. Lel T'(1) end S(t) be the Cy-semigroups of contractions
generated by A and B resp., and

1 _ 6—2;1.;1
Bi(t) = BT

and
V(t)e = [T %4,
i=1
then Q(t) = S()V (1) defines a Cyo-semigroup of conbractions in D{X), with

the infinilesimal generalor Ag + Bo.

Proof. It is casy to sce that V{{)¢ is well defined for each ¢ € D(Ao).
Indeed, set

n
V(L) = Hcﬁi(ﬁ)ﬂ."
i=1

since Vp(t) is a Co-sernigroup of contractions , we have (Ahmed [1, Theorem
1.3.3, p.8))

.Bn+l( )
Ven (06— Va0 = Vo) [ Mt A1
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Hence

|Ves1 ()@ = Va(D)dllo < Brsr (| Ans19llo.

Since ¢ € D(A;) implics that || ¥k Axglle < o0, there exists a finite
positive number M such that || Axdllo < M, Vk. Hence
Jim sup Vas1()9 — Vi(t)dllo — 0, T < co.
le N
Thus {Vi.(-)¢} is Cauchy and hence converges uniformly in ¢ € {0,T] for all
¢ € D(Ap). Now recall that

T(t)¢ = lim He“‘ ¢, (€Me)(z) = €/ (z — Ee)dE, (A7)

V2ri Ir
S = lim [Te®9, (@H0)w) =d(z - (1 - ™z, )e). (48)
i=1

The following identity can be verified by straightforward computations.

For any ¢ € Cp(X) and 0 £ 5,1 < o0,

ctBie*Big = osBigtBig (4.9)
ooty = o3Mighhi g (4.10)
eietip = *Nigttg, (i # 5); (4.11)
ity — e AigtBi g (4.12)

In fact, equality (4.12) has been proved in Chapter 3, see (3.6). Hence

we have

Qi +2)p = S+ L)V (L +L2)d

n m
= 1 (L HDBi 13 Bi(t1+t2) A
dirg, [T B8 i, [T AR50,

i=1 _ i=1
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Recalling the proof of Lemma 3.2.2 we see that if €' and ' are G-
semigroups which commute with cach other, then ¢f€1ef€? = el€1+€) s aiso

a Cp-semigroup. Note that

ﬁi(tl + t2) — (1 - c—'-’#.‘(h+l'.'))/2“i
= ((1 _ e—'.’;;.-t'.-) + (1 - (:-Q;Lih)c—%.-l:)/gui

= Bi(la) + Bi(lr)e M,

Let
Val®) = [THO%, S0 = [, v=Vv(e.
i=1 =1

Since e*5 is a contraction for any 7 > I, il [ollows that,

1S () Valt)d — SV (L)blln
< [ISa()Va(t)e = Su()V (llo + RSu(E}V ()b — SV ()¢ llo
< |Valt)é — V()8llo + [ISalb)d — S(%]lo.

This implies that

Q(typ = S(HYV(L)p = ﬂl'l_r"go Sa(t)Vn(t)¢

uniformly in ¢ € [0,7]. Thus

n n
= N (Li+i2) By Ai{t1+ta) Aq
Qlh+12)¢ = ,}LT{.L{LI]G EG ¢}
T

= lim ﬁ et;li.-ctgn.-(H cﬁ.{t.)c'i‘#i‘:/\‘.cﬂi(h)m)qb

Nn-s00 * .
i=1 =1

= lim ﬁ et ﬁ el f[ cﬂi(‘l)"'2“"'-'/‘i ﬁ cﬂ.-(tn)lh¢
i=l i= i=1

n—oo - : .
I i=1
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= lim Hr“”' Hﬂ’“')" Het"ﬂ-neﬂ.(tzm
S(L;)V(t )S(LQ)V( 2)

= QL)Q(t)¢

Now for ¢ € D(Ao) N D(Bos), we have

lim Qé-¢ _ lim llrn(Hew'eﬁ‘“‘Md) &) /h

no  h  hlon—
= ’ll_l.'rolo hm(H chihePihMig _ ) /b
5' (h)Vn(h)d? —-¢

= lim lim

n—ca h|0 h
T Va(h)p— ¢  Su(h)p—¢
= lim IAIQ{(S,. () T + . }.

It is casy to verify that

lm{Sa () (Va(1)6 = )/} = (3 A = And:
i=]
[ndeed, let Ma(R)e = (V,.(R)d — @) /h, then
||Sll(}L)F7k(’L)¢ - An¢”()

< [ Sa(R)Tn(h)d — Su(l)Andllo + 1| Sn(h)Ard — Andllo
=~ "Pn(h)qb - -And)llo + "Sﬂ.(h-)v*'lnq5 - -/41;Q5“0 - 01 (h' -l- 0)

A

Thus we have
n
],i‘{{,'(Q(h)ﬁb — ¢)/h = lim D (Ai+ Bi)¢ = (Aq + Ba)o.
’ i=]
Finally we prove that Q(t) is a Cy-sernigroup. Since

hm HQ(R)d = dllo = lim lxm | Sn(R}Val(i)o — Do,

Tt—00 ;
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we can change the order of limits because

Q(h)¢ = J‘_{go Su(h)Va(h)¢

uniformly in & (Lemma 3.2.2). Now since V,,(h)Sn(h) is the product of Cyp-
semigroups, the Cp property of Q(¢) can be scen accordingly. This completes

the proof of the theorem. B

4.4 Some Properties of Semigoup Q(t)

In the previous section we have constructed a Ch-semigroup Q{1) in the
Banach space D(X). In the following we prove that R(t) is not an analytic
semigroup. Reeall that a Cp-semigroup S(4), with the infinitesimal generator
C, is an analytic semigroup (morc precisely, can he extended to an analylic
sernigroup in a sector containing positive real half line) il and only if S{¢} is
differentiable and there cxists a constant M such that

14 sl = lese < 2

=, Yi>0. (4.13)

Theorem 4.4.1. Q(t) is nol an anelylic semigoup in D(X).

Proof. We prove that there does not exist a constant. M such that”

M

d
=2 < .
IZQWI <=, t>0
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Consider
n ki3 n
Qull) = Su(Va(t) = [ et T] 0% = T] A0tsetBs,
i=1 i=1 i=1

where
] — g~ 2mit
) = —————
A 2p
Since

Q)é = lim Qu(t)d, ¥ € D(X)

uniformly in ¢ € [0, 7], it is sufficient to show that

tl[%Q,,(t)ll — 00 as n—o00, (VLi>0).

From the proofl of Theorem 4.3.4 we can sce that @y, (t) is a Co-semigroup

of contractions, with the infinitesimal gencrator

n n

S(A+ B =Y (A= D), zo=(z,€}).

=1 =]

Denote

d

TR
Hence by propertics of Cg-semigroups (sec Ahmed (1, p.7 Theorem 1.3.3(jii)])
we have

Qn(l) = Qu(t) 3_(As + By).
i=1

Define

¢;(z) =™, z; = (z,¢}).

It is clear that ¢; € CZ(X) and

Dis(x) = —22;0;(x)b;;,
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Aigs(x) = 5 Dio, () = (2] ~ Déy(a)8y,

5
where §;; is the Kronecker delta. llence

n

Qn(b)i(x) = Qult) Y_(Ai = mmli)s()

=1

= Qu(O){2(1 + )z} — 1}¢5(2)
= 2(1 + I-"j)Qu(!')(m?qu (:L')) - Qﬂ(t)¢j (3:)'

To compute Q,(L)¢;(x), note that if i # j, then
1
\/"WH (t)

e:B.'eﬂa(t)A.-qu () = et

f: : e~ NBWN g (o £e,)dE

_ f /B G (3 — £ — (1 — ez, ¢f)ey)dE
\/"n'ﬁ (1)

\/27rﬁ (L) '/;‘

l "
[ eernenange
v 2mBi(L) ‘/;‘ '

= ¢;(z).

it ’ﬁ-“)) T BTy LR L )JdE

—_ c_(xl'-'_,')

Hence forn > j

Qﬂ(l.)cﬁlj(.'l.‘) = ctl!_f e[‘j(t)A‘j¢'(:I")

= ! —5”/(2ﬁ,(t))¢ (z — €e; — (1 — e™M*)ze;)dE
\/2ﬂ'ﬁj(t) ‘[

_ 1 / €2 (0) = (et = (15 Yy g

VLT AORL
1
Vi

=€/ (2 —€=(1=T" ) e
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€ /2850) ~teTH'%-6 g

1
\/21rﬁj (f.) ‘/.R ¢

) 1
denote ¢* = ———, b=eM'g;
( AR 7)
a 2¢2 2
_ —{a2e34(0-50* g
= — | e
VT I ¢
= & [ e ng-2e) ge
V7 dn
Vv I
L [ et
vrin
B _(adp)(——)?
= ——pg %+1) e a7l dE
7
a L

The last equalily is [rom the identity

o0 _‘—uq2 _ '\/E
/0 ey = 5 (4.14)
Since p; — 00 as j — o0, and
2 1 it
a ;> 1, L>0, (4.15)

THO  T-en
it is clear that @* — oo as y; — oo for any ¢ > 0. Thus a® + 1 = a? for

sufficient large j. This implics that
Qu(di(r) m e =5 150, j>N (4.16)

for some integer N.

Similarly wé can prove that

M Minlei(2) = 2je;(z), (G #1).
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Hence
Qn(t)zjd;(z) = ¢ PiefiMiads, (2)

1 f —€2/(285() -t iyt 2
= — $ifa — &e; = (1~ ™) aje5)(@ — §e; — (1 — e75a;e5, €5) dE
V2rB;(0) Ir T #e

- / e E1OBA =™ 2,8 (it _ e2ge
VerBi(t) /R
|
denole a® = , b= Mty
( 26;(1) 1)
= & [ af0-0 () _ £y2ge
=1 (b - s
&~ —(ateE- ) b a’b
= ——p (@3F1) wl o -
T i© S a® 41 a2+l)dE
O -G [ e b o, 0% . a’h b
= w—g f(a - -9 - .
=e LD | € - ) + )" — A )€~ I
Recall formula {4.14) and the following identitics
/; , flc‘“"2d7; =0, (4.17)
./; . e dy = \/‘;_, (e > 0). (4.18)

We have

Ouibile) = oS YT (G VI,

VT 2\/(a2+ 1) a1 2ve? 4
- %G_ﬁ:%{g(azl+ )t (a;ifl)g}
~ "’"(-2(&—21;{5 £ ).
Now we have
QObs() = {20+ 1)y +) ~ e

1444
a?

= {—2-1+2(1 +,u,)b2}c"‘ i



CHAPTER 4 78

From (4.15) we have a® = pz;. 1t follows that

Qu()5(x) (% +2(1 + p;)b%e ¥

i

] ¢ —2u5t, 2y —zie M5t

= (E + 2(1 +uj)e i J:j)e ;e .
Hence

: I —2u; —x2e~ 25t

0 @lo = supl( +2(1+ e stad)eH ™

z ]

]
= sup}(— + 2(1 + p;)b%)e "}
velt I

]
= sup |{— +2(1 + p;)r)e™"|.
reRY [
L. "
Jr) = (—+201 + p)r)e™,
]
il is casy to sec that f(r), r 2 0 attains its maximum at

1

I L S
o 25(1 + )’

henee

: 1
1Qn(t)ds(x)flo = (IT +2(1 + pj)ro)e“"“
j
= 2(1 + pj)e.
Thus we have ‘
1Qn(t)d5(x)lo — 00, as j — oo

Since ||¢;(x)llo = 1, Vy, it follows that

1Rl = "it“lgl 1Qa(t)b(z)lla > sup ”an(i)‘bj(fr)”o = o0.
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Therefore there does not exist a constant M such that
d M
—QOQl < —, Lt>0.
"dtQ( N < T

Hence Q(t) is not an analytic semigroup.

4.5 The Non-linear Case

First we consider a special case. Assume that I/ is a separable Hilbert
space, consider the system
$u(t, ) $T7(dea(t, ) + (B, da(l, ) + b2 (L, ) + ()
(E3)

#(0,z) = o(z), 2e€D), Le|0,T)
where ¢g € D(I) and g € C({1).

i

Equation {E3) is associated with the lollowing control problem:  Min-
imize
Iy = B[ lolo(s) + Sluls) s
“over all controls w € M3, (0,7 1), the space of [/-valued stochastic process
which are square integrable and adapted to o{W,,s < (} = F, subject to

the state equation

dy(l) = By(l)dt + dW,,

y(0) = =
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where W, is a fl-valued cylindrical Brownian motion in a probability space
(R, F, P), with covariance operator cov Wy = L1
We may change (E3) into a lincar system by using the well-known
logarithmic transformation (Fleming [11]). Selling
P =c"?

we have

W= —Pi, Y = —Ppz, Yux = “"'"b(ﬁb::: — ¢z 0 ‘15.1:):

where (z o y)h = x{y, k) for any x,y,h € f1. Substituting into (E3) we have

Y = %T"(Trbu)'*' (13-'8,%)—91!)
P{0) = g™,

Since g € C,(#]), the term —gy represents a bounded perturbation,
this system can be solved by means of perturbation theory (Ahmed [1]). But
since Tr(gz © Pz) # 19| in genceral, it is clear that this method fails in Ba-

nach spaces.

Below we consider the more general case. We consider the following

Cauchy problem

- du(l, ) = 3T0(Pez) + (Bz,¢z) + F(z,d2)
’ &0,2) = ¢olz), zeD(B), Le0,T]
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We say that the problem (I51) has a mild solution ¢(¢,:x) if ¢ is the

solution of the following integral equation

o(t, ) = Q(t)do(z) + -/: QL — ) (@, d(s,2) s, Le[0,7]

where Q(¢) is the Cy semigroup delined in Theorem 4.6.

We remark that in 1985 Da Prato [31] has studied a similar problem in
scparable Hilbert spaces with ¢, here replaced by Se, the so called deriva-
tive in the dircction S (sce Delinition 3.2.3 and the comments thereafter), by
using the Crandall-Liggel generation theorem. In this scelion we present a
direct method for more general case. We will solve the problem (134) in the

Banach space E}(X), defincd as (ollows:

Definition 4.5.1. Lot E(X) = {¢ € ¥ : lim,q [T, *ONetMigp exists
uniformly in ¢ on every compact subinterval of [0, 00}, and belongs to Y}
(Y is defined in scction 4.3, p.66)

Define B, (X} = E(X)NC;(X), with the norm [[dllgrx) = #llo + | Dbllo.

It is clear that (X)) C E}(X) C CHX). we prove that E}(X) is a

Banach space.

Theorem 4.5.2. E(X) is a closed subspace of Y, and BJ(X), furnished
with the norm lopology, 15 ¢ DBanuch space. Moreover if ¢ € E(X) and

® 8% < oo for some o > 0, then Q(L)p € EJ(X).
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Proof. Take any scquence {¢,} C E(X) such that ¢, — ¢ (n — 00)
in Y. Since [|Q()¢n — Q(t)billo < l¢n = dmllo, {Q(E)én} is a Cauchy se-
guence in Y. Thus there exists ¥ € Y such that Q(f)¢. — ¥ in Y. Now
let, .
Q) =] SlON B
i=t

Then for any m € N we have

1Qn{t)é — ¥llo
S “Qu(t)‘f’ - Qﬂ(t)d’m ”0 + "Qn("-)d’m - Q(£)¢mllﬂ + “Q(i)(ﬁm - ¢||o
5 "qb = d’m“() + "Qn(i)d)m - Q(”d’m"ﬂ + ”Q(L)¢m - ’d’llo

Hence for any ¢ > 0, we can choose N sufficiently large so that [|@n(t)¢ —
¥llo < ¢ for all m,n > N. Hence @Qn(t)¢p — ¥ (n — oc). This implies that
¢ € B(X) and Q(t)¢ = 3. Further it is easy to sce that Qn(l)p — Q(t)¢
converges uniformly in L € [0,7], T > 0. Hence E(X) is a closed subspace of
Y.

It is clear that E}(X) is a closed subspace of Cj(X). Indeed, suppose
{¢a} C ENX) and ¢ — ¢ in BY(X) (CL(X)), that is :

i — @llo + | Pdn — Délli = 0, (n — o0). (4.19)

Hence ¢ € C}(X).

Since (4.18) also implics that ||¢n — @llo — 0, {¢n} convergestopin Y,
and ¢ must belong to B(X) as E(X) is closed in.Y. Therefore ¢ € E}(X)

and E}(X) is a closed subspace of C}(X), and hence a Banach Space.
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Now suppose ¢ € B(X). Since Q)(Q(00) = Q) € ¥, Q)¢ €
E(X). In the following theorem we will prove that Q(t)¢ € CHX) for all
& € E(X), hence Q(t)¢ € E}(X). I

Now we prove a regularity property of semigroup Q(t), which scems
similar to Theorem 3.4.3 but really different because the parameters (L)

and ay(t) are dillerent.

Theorem 4.5.3. Let D¢ = ¢z, Suppose thal ¢ € E(X) and T2, 47 < o0
for some g > 0, then Q)¢ € CH{X), and

C
N DQ{)Pllo < -\7—5”(15”0 (4.20)
Proof. Letl
Qul(t)p = H c”‘icﬁi(t)ni(b'
i#k
Since Q(1)¢ = Q(L)et P g we have
I D:Q(0)llo = 1Qr(t) Dee e Bk gy,

< (1 Dalet e gy
Since

DyetBrap(z)
= Dip(z — (1 — ™) (x, e} )ex)

= ’lin(31+ (W(z + hew — (1 — 7Y + heg, ep)er) — Wz — (1 - ™Y, ep)er)) /1
h—
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= hlir& Wz — (1 — e @, e)er + 7™ her) — Pz — (1 = ez, e})er)) /b
= hlirlr]l+ (e Bxp(z + e7™they) — e Bed(x)) /b

= B D)t

By Theorem 4.3.2
C
| DietHlly < V——t”fb”u,

hence
Ce et
|2:Q(L)pllo < X0 lpllo- (4.21)
\/ k
Since
1) = l — B_g‘"kt > | =it
ﬁk( ) = 24”-& = e '

i, follows that
C
12:Q(0)dllo < We-%"k.‘uqnm.

We have proved in Theorem 3.4.3 (p.58) that 32, 1177 < oo, (o > 0) implies
Ze'%""‘ <oo, L>0, e >0 (Vk).
k=1
Hence for ¢ > 0 we have Q)¢ € N2, D(;) and
) 2 C2 o0 Vo 2
2 IDQWAIE < (3 e #)l|4ll§ < oo.
i=] =]

This implies that Q(t)¢ € C}(X) and

(DQU)H(), b) = S (DQB(z)es, 1), -Vh € X.
=1 )

Hence

i3

-] Q

1DQWIE < illDiQ(t)rﬁ(x)llﬁ <
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"This completes the proof of the theorem. B

Now we prove the main theorem of this section, It generalizes the sim-

ilar results ol Da Prato and others (scc {18],[30,31],[47], or section 1.3).

Theorem 4.5.4. Lel ¢ € D(X) and T2, 117° < oo for some ¢ > 0.
Lel GG denole the operator G($)(-) = F(-, Do) salisfying

(H1). G:ENX) — E(X);

(H2). For each r > 0, lhere exists a constant K, such thal
IGE€) - Cmlla £ K.llE - nllecn; (4.22)
TGN < K1+ i), (4.23)

- for atk#,n € B. = (¢ € BY(X) : |6 — dullgyny S 7}-

Then there cxists a 7. € (0,7T) such that the problem (E4) has a unique
mild solution ¢ € C(I,,B}(X)), where I, = [0, 7).

Proof. Let ¢ € C(I-, E}(X)) such that ¢(t) € EX(X)N B, for all ¢ € ..
Define Lhe operator I" by

(F8)(1) = QU)o + [ QU - 5)G(B(s))ds, L& [0,T).

'

Since Q(1) is a Cp-semigroup on D(X), there exists a ¢ € (0, 7] such that

1Q(t)do — dollnx) € 5, L €[0,0].

30 B}

By assumption (H2) and Theorem 4.5.3 we have

t t
I [ Q= CW@ENdsleyn < [ CK(1 +5up IgleMleyon)ds
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t

< 4 3 &
< [ CRAUt T+ Igslds,

where C is a constant. Ilence there exists § € [0,77] such that

L ™
| [ Q-GN sy < 5. Le [0,3]
Letting 7+ = min{o, 8}, we have
I(E)E} — dollgyxy < (TP (L) — Q()doligyxy + 1Q(E)e — dall iy
< o telon).
Define
Y, = {¢ € C(I,, By(X)} : 6(0) = u} " C(Jr, Br).

By Theorem 4.5.3 we have [ : Y, + Y, i.e., Y, is invariant under the mapping
I.

Now we prove that I' is a conlraction on Y,. For any ¢,% € Y;, by

Theorem 4.5.3 and assumption {2} we have |

ITé — T¥ller,. Erexn
= sup IT(t) — Tp(t)ile)x)

= supll [ Q- )GB)s) - CEYs) ey

tele

< sup /OL{HQ(-’- ~ sHG(¢) = G o + [|PQ(L — s)(C(d) — G(¥)) o }ds
t C
< sup | {II(G(#) — Cl¥Nlo + mll@(@ — G(¥))lo}ds

t : C
fggfo KAl — vllgyox + Tr—sl®— Ylleyn}ds

?gP{K,(C\/T—,. + 1)l — YllELx))}
M/7llé — Ylley. glun-

A IA

IA
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lHence I' is a contraction for 7, sulliciently small. Now it follows from
Banach fixed point theoern that | has a unigue fixed point in Y. This

completes tie proof. B

Remark 4.5.5 1If G satislies the uniform growth condition

IGE)No < K(1 +[€llgy), (V€ € By)

for a fixed constant K, then the solution of (124) can be continued indefinitely.
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CHAPTER 5

Comments and Suggestions for Future Re-
search

5.1 Some Comments

In this thesis we have made an attempt to study HJIB equations in
Banach spaces. It secems that this topic has noi been well explored hefore,
Clearly it is a very difficult subject. There are many extra obstacles in
formulating and solving HJB cquations in a Banach space rather than in a
Hilbert space. For instance, the optimal control problem we mentioned in

Chapter 1 (page 18-19, and equation 1.9) in a Banach space sctting becomes
dy = (Ay + f(y))dt + Budt +dW, y(0) =,

T I . .
Jw) = B[ (a(u(s)) + 3lully)ds + doly(T)) = min,

where A : D(A) » X; B : X — U are lincar operators, The associated

HJB equation has the form [Ahmed 4]:
{ ¢ = 3Tr(Sts) + (B + [(z), ) x,x+ + 1B bellle + glie)

(0,2} = go(z),

Pt
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with optimal control ug = v(—B"¢;), where v is the duality map [rom
"U\{0} — U (usually muitivalued map). Obviously its non-lincarity is

stronger than that of its counterpart in Hilbert spaces.

The work presented in this thesis is only a beginning in attacking this
vast and formidable area. [t is natural that the results obtained here have
many drawbacks. One example is, in our treatment in Chapter 3 and 4,
(page 46 and 68), the linear unbounded operalor B is assumed to be the
infinitesimal generator of an analytic semigroup, it would be very nice if B
could only be the infinitesimal gencrator of a Cy-semigroup. Another problem
is that it is hard to characlerize the domains of the semigroups R(t) and (1),
(i.c., the spaces E(X) and D(X)), although we know they are not empty. A

simple characterization of these spaces would be very useful in applications.

We can also immprove our work by presenting some applications what-
socver of Lhe abstract resulls in this thesis. The first application will be the
stochastic oplimal control problems mentioned in Sections 1.2, 3.1, and 4.1.
[n this direction we should deduce a feedback law for cach of the optimal

control problems, from the mild solution of the corresponding HJB cquation.

There are several directions in which we may extend the results in this
thesis. One is the optimal control problem for stochastic systems governed by
non-lincar stochastic differential equations, another is the viscosity solutions

for second order non-lincar HJB equations in infinite dimensions.

Below we discuss these topics briefly. We mention that the study of
computational methods for stochastic optimal control problems is also an

interesting subject.



CHAPTER 5 a0
5.2 Non-linear Stochastic Systems

Consider the following non-lincar stochastic differential cquation
de(2) = (BE(L) + SEWN)dL + AW (2) (5.1)

where W (t) is a Wiener process in Banach space X, with covariance opor-
ator §; B is the infinitesimal generator of a Cy-semigroup; and f(x) is a

continuous function.

We are interested in the study of the Kolmogorov (forward) equation

relative to the equation (5.1), that is

{ $iltsz) = 3Tr(Shealt,2)) + (B + [(2), bulls)) + y(a)
#0,7) = dolz).

Even more generally, we will study the following semilinear HIB equa-
tion
{ $e(t,x) = 3Tr(Spee(t,z)) + (Bz + [(2), $(ls 2)) + F(z, ¢, 62)
$(0,z) = ¢ofz)

where S is a self-adjoint positive nuclear operator. f(x), g(x), do(2) are given

functions.

Using the results in Chapter 3, we may consider the mild solution of

equation (5.2).

8(t,) = (RO4o)(=) + [ R~ )T (@),be) + Fla, ¢(3,0), dolos 2},
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where f2{1) is the Cy-semigroup defined in section 3.3. Under some fairly
moderate assumptions on functions f(z) and F, we may be able to prove the

existence and uniqueness results of the mild solutions for equation (5.2), in

a suitable subspace of C(X). In particular, when F(z, ¢, ¢:) = —3{4:|%. +
g(z), we can get an extension of the results in Havirneanu [17] by combining

Lhe strategies therein and the properties of semigroup R(t).
Another approach to equation (5.2) is to treat the extra term (f(x), ¢2)

as a perturbation to the infinitesimal generator of R(¢). By the perturbation

theory of semigroups we may prove that

%TT(SQS:.:U: ‘1“)) + (BT + f(:c)" é‘”(!’m))

generales a semigroup in a subspace of Cy(X). In this direction, a simple

cxample is given in Da Prato {29}, with f(z) = Sg(z), g(z) € Cu(X).

5.3 Viscosity Solutions for Second Order HJB
Equations in Infinite Dimensions

As we have mentioned in Chapter 1, section 1.4, the theory of viscosity
solutions provides a powerful tool for the study of HJB equations. For the
Tirst order HJB equations in a finite dimensional space, this theory has been
developed extensively, see Crandall, Ishii and Lions [22,23,24], for example,
However, these cases do not fit in the framework of optimal stochastic con-
trol problpms, where the associated HJB equations are second order parlial

differential equations (PDEs).
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In 1988, P.L.Lions considered the sccond order PDE of the lollowing

form
F(D*u, Du,u,2) =0, x€ll, (5.3)

where H is a separable Hilbert space. F is bounded, unilorinly continuous
on bounded set, and satisfies the monotonicity condition (or degenerate ol
lipticity, see scction 1.4). He then introduced a notion of viscosily solutions

as {ollows:

Definition 5.2.1. Let

Q = {¢ € C'(H,R) | D¢ is Lipschitz on bounded scts of //;
for all k, h € H,lim_o+ (1/t)(Dd(2 + k) — D(x), )

exists and is uniformly continuous on bounded sets of 1/}.

Let u € BUC,.(H). We say thal u is a viscosity subsolulion ol equa-
tion (5.3) if for each ¢ € @ and at each local maximum z° of v — ¢, we

have
lim inf, F(D*(y), Dé(z"), u(z"),a") < 0

We say thal u is a viscosity supersolution of equation (5.3) il Tor each ¢ € ()

and at each local minimum zg of u — ¢, we have
limyi_r}go F(D%¢(y), Dé(xo), u(a), 20) = 0.

We say u is a viscosity solution of equation (5.3) if u is both a viscosity

subsolution and supersolution.
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Clearly this notion is adapted from the definition of viscosity solu-
tions for the first order equations in finite dimensions. Using this definition,
P.L.Lions has proved that the value function of a specific class of stochas-
tic optimal control problems is the viscosity solution of the associated HJB

cquation, under some severe restrictions. (Lions [59]).

In the finite dimensional cé.se, general existence and uniqueness results
for the second order equations have been recently proved, see Jensen et al [52],
Lions and Souganidis [60], Ishii and Lions [51]. All these proofs have used in a
fundamental way the existence of second order expansions at almost all points
for convex or éoncave functions on 2", a classical result due to Alexandrov,
whose counterpart in infinite dimensions is not clear. This seems Lo prevent

a straightforward adaptation of these arguments to infinite dimensions.
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