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Abstract

Cover-free families (CFFs) are a combinatorial design used in many applications, in-
cluding group testing and cryptography such as encryption and signature schemes. A
d-cover-free family, denoted d-CFF(¢,n), is a set system where the underlying set has ¢
elements, the set system has n subsets, and no subset is contained in the union of any d
other subsets. When cover-free families are used in applications, it is generally desirable
to maximize the number of subsets for a given set of underlying elements. These subsets
correspond to samples in group testing, allowing more efficient testing schemes.

Currently, there are no publicly available tables of cover-free families that show the
best-known cover-free family for specific parameters. This creates a challenge when im-
plementing applications using cover-free families, since there are a variety of sources and
constructions for cover-free families that would be useful. Tables for other types of com-
binatorial designs are publicly available, such as covering arrays, and these tables provide
useful information to researchers.

In this thesis, we outline a selection of constructions of cover-free families, then create
and implement algorithms to create tables of best-known cover-free families from these
selected constructions. Our selection of direct constructions includes constructions from
Sperner systems, packing designs, Reed-Solomon codes, and linear error correcting codes
meeting the Gilbert-Varshamov bound constructed using the method of conditional prob-
abilities. Our selection of recursive constructions include the Kronecker product, the Op-
timized Kronecker product, an additive construction, a doubling construction for d = 2,
and an extension-by-one construction, which create larger cover-free families from smaller
ones.

Using these selected constructions, we iterate over combinations of parameters for each
construction to create tables of best-known cover-free families from these constructions.
Furthermore, we design and implement a recursive algorithm to construct any chosen
cover-free family in our tables. Our results include tables of cover-free families for n up to
10 trillion, and d up to 25. The maximum t appearing in any of our tables is 18,744 for
d = 25.
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Chapter 1

Introduction

In this thesis, we look at cover-free families, a type of combinatorial design that generalizes
antichains in partially ordered sets. Our main objective is to study various algorithms to
construct cover-free families, and create tables of best-known bounds on the size of cover-
free families from these constructions. In Chapters 2 and 3, we discuss constructions for
cover-free families. In Chapter 4, we discuss algorithms to create tables of best-known
bounds on the size of cover-free families from these constructions. Finally, in Chapter 5,
we present and discuss these tables.

1.1 Cover-free families

A set system is a pair (X, B) where X is a universal set, and B is a collection of subsets of
X. Each subset in B is called a block. A set system can be represented as a 0-1 incidence
matrix. A 0-1 incidence matrix for a set system has |X| rows and |B| columns, where
each column corresponds to one block, and each row corresponds to an element in the
universal set. A cell is a 1 if the element corresponding to the row is present in the block
corresponding to the column, otherwise it is a 0.

A set system is a d-cover-free family (d-CFF) if no block is contained in the union of
d other blocks.

Definition 1.1 (d-Cover-Free Family). Let d <t < n. A set system (X,B) with | X| =t
and |B| = n is a d-cover-free family, denoted d-CFF(t,n), if for any block B;, € B and any
other d blocks B B;, € B, the following is true

il""7

> 1. (1.1)

d
B, \ | B;,
j=1

CFFs are often represented as incidence matrices. Throughout this thesis, we will
also refer to the incidence matrix of a d-CFF as a d-CFF. An equivalent definition to
Definition 1.1 can be given by requiring properties of the incidence matrix. Recall that the
weight of a tuple is the number of nonzero components in the tuple.



1.1. COVER-FREE FAMILIES

Definition 1.2. A t Xn 0-1 matriz A is a d-CFF(t,n) if for any (d+1)-subset of columns,
each weight-1 (d+1)-tuple is present in at least one row of the sub-matrix indexed by these
columns.

Figure 1.1 is a 3-CFF(20,25), represented as a set system. In this example, X =
{1,2,...,20}, and |B| = 25. It is constructed from a Reed-Solomon code (Section 2.1.3.1)
with ¢ = 5, k = 2, and m = 4. Figure 1.2 shows the incidence matrix for this 3-CFF(20,25).

By ={1,6,11,16} B, =1{2,7,12,17} B;={3,8,12,18} B, = {4,9,14,19}
Bs = {5,10,15,20} B ={1,7,13,19} B, ={2,8,14,20}  Bs = {3,9,15,16}
By ={3,10,11,17}  Bjy = {5,6,12,18} By = {1,8,15,17} Bys = {2,9,11,18}
Bis = {3,10,12,19} Bys = {4,6,13,20} Bys = {5,7,14,16} By = {1,9,12,20}
Bir = {2,10,14,16} Bijs = {3,6,14,17} Byo = {4,7,15,18} By = {5,8,11,19}
Boy = {1,10,14,18} Bgy = {2,6,15,19} Bay = {3,7,11,20} Bay = {4,8,12,16}
Bss = {5,9,13,17}

Figure 1.1: 3-CFF(20,25) set system
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Figure 1.2: 3-CFF(20,25) incidence matrix

In this incidence matrix representation, the cover-free family property (Definition 1.1)
is the same as requiring that in every (d + 1)-subset of columns, each weight-1 0-1 tuple is
present as a row (Definition 1.2). For example, consider d = 3 and iy = 1,i; = 2,4y = 3,13 =
4 in Equation 1.1. This equation says that there exists at least one element e in By that
is not in any of By, B3, By. So we must find a row in the incidence matrix, corresponding
to e with (1,0,0,0) under columns By, By, Bs, By; in this example e = 1 is one such row.
The same should be true if in turn we take iy = 2,3 or 4 and {4y, 42,73} \ {io}, implying



1.2. APPLICATIONS

the existence of rows containing (0, 1,0,0), (0,0,1,0) and (0,0,0,1) under these columns.
These rows are marked in bold in Figure 1.2. This exemplifies what Definition 1.2 requires
of any set of (d + 1) columns for a matrix to be a d-CFF. To complete the verification for
this example, one needs to check the existence of these rows under each 4-set of columns,
i.e for each of the (245) = 12650 combinations of 4 columns.

When using CFFs, we are usually interested in minimizing the number of rows for a
given n and d. Let t(d,n) be the minimum ¢ such that a d-CFF(¢,n) is exists, i.e.
t(d,n) = min{t | Id-CFF(t,n)}. (1.2)
Similarly, we define n(d,t) as the maximum n for which a d-CFF(¢,n) exists, i.e.
n(d,t) = max{n | 3Id-CFF(¢t,n)}. (1.3)
Proposition 1.3.

t(d,n) = min{t|n <n(d,t)} :
n(d,t) = max{n|t>t(d,n)}. (1.5)

Proof. Let d <t < n. If a d-CFF(t,n) exists, then by Equation 1.3, n < n(d,t). Con-
versely, if n < n(d,t), then a d-CFF(¢,n) exists, since eliminating some columns from
a d-CFF produces a d-CFF. Thus, there exists a d-CFF(¢,n) if and only if n < n(d,t).
Therefore, combining this with Equation 1.2 gives Equation 1.4.

Parallel to this, for ¢(d, n), if a d-CFF(t,n) exists, then by Equation 1.2, t > t(d, n).
Conversely, if t > t(d,n), then a d-CFF(t,n) exists, since we can always add redundant
rows to a CFF. Thus, there exists a d-CFF(¢,n) if and only if ¢ > ¢(d,n). Therefore,
combining this with Equation 1.3 gives Equation 1.5. O

The best-known bounds for ¢(d,n) are as follows, retrieved from [17|. For d = 1,
t(1,n) ~ logn. For d = 2, there exist constants c;, ¢y such that:

2

c1 g logn <t(d,n) < cy-d*logn.

' log

The upper bound is given by Porat and Rothschild in [23].

1.2 Applications

Cover-free families have a wide range of applications, including security, privacy, and med-
ical applications using combinatorial group testing. The reader if referred to [17] for a
survey of CFF applications.



1.2. APPLICATIONS

Some examples of applications in cryptography include batch verification of digital
signatures [22,29], fault-tolerant digital signature schemes [13,15], key distribution [11,12],
anti-jamming systems [8|, and new public key encryption schemes [5].

We outline how CFFs are applied to combinatorial group testing in the following
section.

1.2.1 Combinatorial group testing

Combinatorial group testing (CGT) is an approach used when we want to know the outcome
of a test for each element of a set, without having to run the test on each individual element
to determine whether the element is positive (such as a blood sample containing a virus, or
an item being defective). Whether or not CGT is applicable to a type of testing depends
on the nature of the test.

CGT is applicable if it is possible to combine the elements into groups to be tested
together, such that the result of the combined group will be positive if at least one element
is positive, and negative if no elements are positive in the combined group. This property
allows for one test to determine the outcome for many elements if they are all negative.

An example of this type of test is blood testing for a virus. If a person has a virus
and their blood is mixed with other peoples’ blood, and then the mixed blood is tested for
the virus, the test would be positive. If no one is sick, the test would be negative.

CGT is classified into two categories: adaptive combinatorial group testing, and non-
adaptive combinatorial group testing. For more information on combinatorial group testing
see [9,10].

Adaptive group testing allows for the outcomes of some tests to be determined before
others, which allows the group testing scheme to be adapted depending on the results of
some tests. In contrast, non-adaptive group testing has its test cases determined before
starting, allowing the tests to be completed in parallel. Adaptive testing might use fewer
tests, but it takes longer, since the tests cannot be completed in parallel.

The best algorithm for adaptive group testing uses the binary splitting approach.
This is a recursive algorithm that takes a set of elements to be tested as a parameter. The
algorithm works as follows: the base case is if the set only has one element. In this case,
report the outcome of that test. Otherwise, test the set of elements as a group. If negative,
report that all elements in the set are negative. If positive, split the set into two equally
sized sets, and recurse on each set. Let n be the number of items to be tested, and d be
the number of positive elements. This takes O(dlogn) tests [10].

Non-adaptive group testing can be done using cover-free families, assuming we know
an upper bound on the number of positive elements. The main idea is to eliminate all the
elements in test results that are negative all at once. In a d-CFF, no block is contained
in the union of d other blocks. This property of CFFs ensures there exist a subset of tests
that do not contain any of the d positive elements, allowing the negative test results to
eliminate all negative elements. It is known that this can be done in O(d?logn) tests

(see [17]).
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For example, we will look at the 3-CFF(20,25) from Section 1.1, where By, By, and
B, are 3 people infected with a virus. The tests (rows) that contain any of the positive
elements are bold in the next figure (positive tests). As implied by the definition of a
CFF, every other B; is present in a negative test (a row not bold). This means that every
negative person has been tested and appears in a negative test. Using a CFF for group
testing in this example allows the positive elements to be determined using only 20 tests,
instead of the 25 that would be required if they were tested individually.
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The decoding procedure for group testing results from CFFs is as follows. Let A be a
d-CFF(t,n). The vector of test results, y € {0, 1}, obtained from applying A to a group
testing problem is defined as:

{1, if test {j € X|A;; = 1} is positive
Yo =

0, otherwise.

The proof for the following Proposition 1.4 is from [20].

Proposition 1.4. Let A be a d-CFF(t,n), let X be a set of n elements with at most d
positive items, and let y be the vector of test results of group testing defined in Equation 1.6.
Then, the set P of positive items is

P = X\| Jexia;=1}

ily;=0

Proof. Let N = J;,.—o{j € X[A;; = 1}. It is clear that the items with y; = 0 are negative,
since they appear in negative tests. It remains to be shown that every negative item will
appear in V.
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Let 71,... 74 be the positive elements in X, and 7 be a negative element. Since in a
CFF any block is not contained in the union of d other blocks, there will always be a test
¢ with A;; =1 and A;;, = ... = A;;, = 0. This results in a negative test since the
positive elements are not tested in this row. So y; =0 and j € N. O

1.3 Thesis organization

In Chapter 2, we present a selection of direct and recursive constructions for CFFs. These
direct constructions include constructions from Sperner systems, packing designs, and
error-correcting codes. Our selection of recursive constructions include the Kronecker prod-
uct, the Optimized Kronecker product, an additive construction, a doubling construction
for d = 2, and an extension-by-one construction.

In Chapter 3 we detail a method of constructing CFFs using the probabilistic method
proposed by Porat and Rothschild in 2011 [23]. This method matches the best asymptotic
upper bound for ¢(d, n), giving a d-CFF (¢, n) with ¢ in O(d?logn). One of the contributions
of this thesis is a detailed explanation of the method in [23|, including a pseudocode for
their algorithm, which is not so obvious to derive from [23] without a careful analysis.

In Chapter 4, we discuss the algorithms that we designed to create tables of best-
known CF'Fs for various parameters, and in Chapter 5 we present and discuss these tables.
Chapters 4 and 5 are the main contributions of this thesis.

Finally, in Chapter 6 we present conclusions and discuss future work.

We present our CFF tables in Chapter 5 and in the Appendix. We made the tables
available online at [6]. All the algorithms discussed in this thesis are available at [7]
implemented in C. Our C implementation relies on the C library FLINT: Fast Library for
Number Theory [26], for finite field operations.



Chapter 2

Cover-free families and constructions

For a survey on cover-free families and constructions, the reader is referred to [17]. Most
constructions from [17] are presented here. In this chapter, we provide pseudocode for
most of the considered construction necessary to obtain the parameters in our tables. The
constructions that we do not give pseudocode for are visualized with simple diagrams
instead. All code written for this thesis is available in [7]. This includes all selected
constructions discussed in this chapter implemented in C. These algorithms for constructing
CFFs are invoked in Algorithm 4.13 in Section 4.7.

2.1 Direct constructions

In this section, we discuss constructions for cover-free families from various other combi-
natorial objects.

2.1.1 Construction from Sperner systems for d = 1

An antichain is a set system (X, B) where X is finite, and no subset in B contains another.
The size of the antichain (X, B) is |B|. Sperner’s Theorem [24] shows the largest size of
an antichain with | X| = ¢. Antichains are also called Sperner systems or Sperner families;
we refer to antichains as Sperner systems throughout this thesis.

Theorem 2.1 (Sperner’s theorem (1928) [24]). The size of a largest Sperner system with

| X| =t 1is <L§J)'

A proof of Sperner’s theorem can be found in [1].

Being a 1-CFFs is the same as being a Sperner system.
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Proposition 2.2. Let (X, B) be a set system with |X| =1t and |B| =n. Then (X,B) is a
Sperner system if and only if (X, B) is a 1-CFF(t,n). Therefore,

n(l,t) = (Lé),and
H1,n) = min{t: (sz) > n).

2

Proof. Let us prove the equivalence of a set system being a 1-CFF and being a Sperner
system. Any two columns in a 1-CFF’s incidence matrix must each contain one row that
has a 0 in the first column and a 1 in the second column, and another row that has a 1 in
the first column and a 0 in the second column. As a result, any two sets corresponding to
two columns in a 1-CFF do not contain each other, meaning that the 1-CFF is a Sperner
system.

A Sperner system is always a 1-CFF for the same reason. Because no subset in a
Sperner system can contain another, each pair of subsets must contain one element that
the other does not, making the incidence matrix of a Sperner system a 1-CFF.

Given this equivalence between Sperner systems and 1-CFFs, Sperner’s theorem can
be rewritten as n(1,t) = (é J)‘ This and equation 1.5 implies the second equation. ]
2

When constructing a Sperner system with | X | = ¢ elements, the k-subset lexicographic
successor algorithm (see [18]), given in Algorithm 2.1, can be used to generate the subsets
in B. The subset size for each set in the largest Sperner system with |X| =tis k= [£].

Algorithm 2.1 k-subset-lex-successor(t, k, subset)

Input: ¢,k € Z*,t > k, subset is a k-length array of integers in [0,¢ — 1]
Output: Returns true if subset has a successor, and false otherwise. If a successor
exists, subset is modified to be this successor.
fori<—k—1,...,0do
if subset|i| #t — k + i then
subset|i]+—subset|i]|+1
forz«1+1,...,k—1do
subset[z]«—subset|i]+x + i
end for
return True
end if
end for
return False

,_.
@

Using this successor algorithm, we iterate over all subsets in a Sperner system and
assign them to a column in the CFF, as shown in Algorithm 2.2.
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Algorithm 2.2 SpernerConstruction(t)
Input: t € Z*
Output: 1-CFF(¢, (Lé))
CFF « ¢ x (1)) matrix of 0s
S« [0,1,...,t/2] —1]
Jj<0
repeat
for i« 0,1,...,[t/2] —1do
CFF[S[i]] [7] « 1
end for
Jjg+1
until k-subset-lex-successor(t, [t/2], S) = False
return CFF

._
@

The following in an example of a 1-CFF(4,6) and its corresponding subsets that are
used to construct it. The rows of A are the lexicographic 2-subsets of {0, 1,2, 3} generated
by Algorithm 2.1, and B is the resulting 1-CFF after applying Algorithm 2.2.

a; az
0 1
0 2
A= 0 3, and
1 2
1 3
2 3
by by b3 by bs bg
1 1.1 0 0 0
B = 1 0 0 1 1 0.
0 1 0 1 0 1
O 0 1 0 1 1

2.1.2 Construction from packing designs

A t-(v, k, ) packing design with b blocks is a set system (X, ), such that the following
properties hold:

o | X|=u,
o |B| =0,
e Forall B e B, |B| =k,
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e Every t-subset of points in X is contained in at most A blocks of B.

Packing designs with A = 1 are used to construct CFFs. The corresponding set system
is a [®=1 |-CFF (v, b). The main idea is that when A = 1, in any [#=! | +1 subsets of blocks,
each block will have at least one unique element. That unique element guarantees that the
cover-free property is satisfied. The following proof for Proposition 2.3 is from [28|, but we
add more details for each step.

Proposition 2.3. A t—(v, k, 1) packing design with |X| = v and |B| = b is a [¥*= |-CFF(v,b).

Proof. Because A\ = 1, in any pair of blocks B,, B, € B, a t-set occurs at most once. So,
|B,NB,| <t—1. Let d = [¥=1|. Recall |B| = k for all B € B. Thus for any distinct
By, By, ...,B; € B, we can conclude that:

By\ (Bon | By)

= ’Bo\<Bomz:é1UBQU---UBd))|
|1Bo \ ((Bo N By)U(ByNBy)U...U(ByN By))|
|Bo| — [(By N By) U (ByN By) U...U (ByN By)|

d
By\ B
i=1

> |Bo| = [(Bo N B1)| = [(Bo N Bz)| — ... — [(Bo N Ba)|
> k—d(t—1)
k—1
> k——(t—-1
= ¢l
1.

]

Example 2.4. A Steiner triple system is a set system where all blocks have length 3, and
each 2-subset of v occurs in exactly one block [25]. Therefore, a Steiner triple system of
order v, STS(), is a 2 — (v,3,1) packing design. Every STS hast =2 and k = 3, so by
Proposition 2.3 they are always 2-CFFs, because d = 2 = L%J when constructing a CFF
from a packing design.

The following is an example of an STS(9) and the 2-CFF(9,12) that it can construct.
These rows of A are the 12 blocks of STS(9), and B is the resulting CFF after applying
Proposition 2.3. The resulting set system of the CFF is the set system of the STS.
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a; Gz ag

1 4 7

1 2 6

4 5 9

7T 8 3

1 3 5

A= 4 6 8

7T 9 2

2 5 8

2 3 4

5 6 7

§ 9 1

3 6 9
bi by b3 by bs bs by bg by big b1 bio
1 1 0 0 1 O O O O O 1 0
o 1 0 O O o 1 1 1 0 0 O
o o 0 1 1 0 O O 1 0 0 1
B:1010010010OO
o o 1 0 1 0O O 1 O 1 O O
o 1 0 o0 o0 1 O O O 1 0 1
1 o o 1 0 o 1 0 o 1 0 O
o o 0o 1 0 1 O 1 O O 1 O
o o 1 0 O O 1 0 O O 1 1

STSs can be used to construct infinite classes of 2-CFFs, because they are known
to exist if and only if v = 1,3 (mod 6), and there are simple constructions from Bose
when v = 3 (mod 6) and Skolem when v = 1 (mod 6) (see [25]). However, we have
observed experimentally that CFFs from STSs only appear in our tables of best-known
CFFs (Chapter 5) when t = 9; for t > 9, CFFs from other constructions have larger n for
the same ¢ compared to CFFs from ST'Ss.

2.1.3 Construction from codes

The hamming distance between two tuples is the number of positions in each tuple that
are not equal. For example, let v; = [0,0,0] and vy = [1,0,2]. Since v; and vy are different
in 2 positions, their hamming distance is d(vy, ve) = 2.

An (m, N, D),~code C over an alphabet @) is a collection of C' C Q™, where |C| = N,
|Q| = ¢, and D is its minimum distance, i.e. D = min{d(x,y) : z,y € C,x # y}. The
elements of C' are called codewords, and m is the length of a codeword. Error-correcting
codes are used for transmitting a message over a noisy channel. A message with k£ symbols
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can be encoded into a codeword with m symbols, with m > k. This redundancy permits
error correction. A minimum distance of D allows the correction of up to | 2] errors, or
detection of D — 1 errors [21].

Let us consider codes over a finite field, i.e. @ = F,, where F, is the field with ¢
elements for a prime power ¢. A code is linear if each linear combinations of codewords is
also a codeword. Therefore, a linear code is a subspace of ;"; let k be the dimension of
this subspace. An [m, k, D], linear code is an (m, ¢*, D),-code. A linear code can encode
messages of length k into codewords of length m. Fach message is a vector in IF’;. The set
of messages consists of all vectors of F ’; . The following matrix M has in its rows each of
the message vectors for a code with £ = 2 and ¢ = 3.

my Mo
0 0
0 1
0 2
1 0
M = 1 E
1 2
2 0
2 1
2 2

Linear codes have an associated generator matrix. A linear code is the subspace spanned
by the rows of its generator matrix. The following is an example of a generator matrix for
a [3,2,2]3 linear code:

Ci Cy C3
G = 1 1 0
0 1 1

To determine all codewords from a code’s generator matrix, multiply the matrix of message
vectors by the generator matrix. For the examples of M and G above, this gives the
[3,2,2]3 linear code, which is a (3,8,2)3 code, given in Figure 2.1. Alternatively, every
linear combination of the vectors in the generator matrix can be computed, for the same
result. This code’s minimum distance of 2 can be verified by examining the hamming
distance of every pair of codewords.

The weight of a codeword is the number of non-zero positions in the codeword.

Proposition 2.5. The hamming distance between two codewords in a linear code equals
the weight of their element-wise difference, i.e, d(x,y)=w(r —y).
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Ci C2 C3
0 0 O
1 1 0
2 2 0
0O 1 1
M-G = 1 5
2 0 1
0 2 2
1 0 2
2 1 2

Figure 2.1: A [3,2,2]3 linear code where each row is a codeword

Proof. Let x and y be codewords of a linear code. If x and y have the same letter in some
position, the difference between those letters will be zero, otherwise non-zero. Thus, the
codeword x — y will be non-zero precisely in the positions that have different letters in the
two codewords, so the weight of x — y will be equal to the distance between x and y. [

Proposition 2.6 implies that knowing that the weight of every non-zero codeword in a
linear code is at least D is enough to ensure that its minimum distance is at least D. This
property of linear codes is used in Chapter 3.

Proposition 2.6. The minimum weight over every non-zero codeword in a linear code is
equal to the code’s minimum distance.

Proof. Let z and y be distinct codewords in a linear code C. In a linear code, every
codeword z of the form z = x —y is present, because every linear combination of codewords
is also a code. In addition, since 0™ is always a codeword, any codeword can be written
as z = x — y, where x = z and y = 0™. Let d(x,y) represent the distance between
two codewords x and y, and w(z) represent the weight of a codeword z. The minimum
distance in a code is defined as D = min {d(z,y)|z,y € C,x # y}. From Proposition 2.5,
we know that d(x,y) = w(x — y). Therefore, D = min{w(x — y)|z,y € C,x £y} =
min{w(z)|z € C, z is a non-zero codeword}.

]

Codes, linear or not, can be used to construct CFFs. The following proof for Propo-
sition 2.7 is from [28].

Proposition 2.7. If there exists an (m, N, D),-code, then there exists a | 2= |-CFF(mg, N).

Proof. First, construct a packing design from the code C' by transforming each codeword
c¢=(c1,69,...,¢y) € Cintoablock B = {(i,¢;) : 1 <7< m}. Since each pair of codewords
differs in at least D positions, each pair of blocks will have at most m — D elements in
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common. Thus, any (m — D + 1)-subset of points appears in at most one block, so the
blocks form a (m — D + 1)-(mgq, m, 1) packing design with N blocks. Use Proposition 2.3
to obtain a [ =L |-CFF(mgq, N). O

A CFF is constructed from codes with the following Algorithm 2.3. The alphabet of
the code, F,, must be converted to the set of all integers in [0,¢ — 1] before using this
algorithm. Accessing a code by an index r in this algorithm refers to retrieving the r-th

codeword: Cr]|. Accessing a codeword by an index e refers to retrieving the e-th letter of
the codeword: C[r|[e].

Algorithm 2.3 CFFfromCode(C,m, N, D, q)

Input: (m, N, D),-code, given as a N X m matrix C.
Output: a | 2= |-CFF(mg, N).

1: CFF < mgq X N matrix of Os
2: forr<«0,1,... N —1do

3: fore<+0,1,...m—1do
4: CFEFleq+ Clr]le]][r] + 1
5: end for

6: end for

7: return CFF

The following is an example of a 2-CFF(9,9) constructed from the earlier [3, 2, 2]3 code
in Figure 2.1 using Algorithm 2.3.

Bl BQ B3 B4 B5 BG B7 Bg Bg
oyl 1 0 0 1 0 0 1 0 0
Lnlo 1 0 0 1 0 0 1 0
L2)lo o 1 0 0 1 0 0 1
2001 0 0 0 0 1 0 1 0
nlo 1 0 1 0 0 0 0 1
220 0o 1 0 1 0 1 0 0
3001 1 1 0 0 0 0 0 O
@1)lo o o0 1 1 1 0 0 O
3200 0o 0 0 0 0 1 1 1

Two examples of codes used to construct CFFs are Reed-Solomon codes in Sec-
tion 2.1.3.1, and codes constructed by Porat and Rothschild [23] in Chapter 3.

2.1.3.1 Reed-Solomon code construction

A Reed-Solomon code is a type of linear error-correcting code. Reed-Solomon codes can
be constructed by evaluating polynomials of degree at most k —1 over a finite field F, with
various elements of the field.
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The construction for Reed-Solomon codes works by associating a unique polynomial to
each codeword. Suppose a4, ...,a, are elements of IF,, and m < g+ 1. For each polynomial
f of degree at most k — 1, associate a codeword ¢ = (c1, ..., ¢y) where ¢; = f(a;) if i < ¢
and ¢; = a otherwise, where a is the coefficient of z*~1 in f.

Since any two polynomials of degree k — 1 have at most & — 1 intersections, each
codeword will have at most k£ —1 letters in common. Reed-Solomon codes have a minimum
distance of m — k + 1. When using Reed-Solomon codes with codeword length ¢ + 1,
the extra position of each codeword is the coefficient of ¥, and the proof of the code’s
minimum distance becomes more complex. The full proof is available in [14].

When constructing Reed-Solomon codes there are three parameters to specify. The
alphabet length ¢ (a prime power), the number k, where each polynomial associated to
a codeword has degree at most £ — 1 and the messages of the code have length k, and
the length m of each codeword, where m < ¢+ 1 and ¢ > k—1 > 0. The result is a
[m, k,m — k + 1], code. This construction is given in Algorithm 2.4.

The following is an example of a Reed-Solomon code, and is a [4,2,3]3 code. The
leftmost column indicates the polynomial associated to each codeword. The next three
columns correspond to the elements of F3 to evaluate each polynomial with, and the final
column is the coefficient of *~!. In this example, ¢ = 3, k = 2, and m = 4:

O0x +0
Oxr+1
Oz + 2
lx+0
le+1
le +2
204+ 0
2¢ +1
2x 4 2

R O R ON OO
R ONONR N~ O
O R HONN R O
MO~ = OO O %

Reed-Solomon codes can be shortened. A shortened Reed-Solomon code is a subcode
of a Reed-Solomon code that only uses the codewords whose first s letters are zero, and
removes those s leading zeros from its codewords. Because the minimum weight of each
codeword is unchanged, the minimum distance is preserved when shortening the code.
To modify Algorithm 2.4 to construct shortened Reed-Solomon codes, we would need an
additional if statement before line 6. It would check if the first s letters of the codeword
would be zero before constructing a codeword, and would use a continue statement,
skipping the codeword, if the first s letters of the codeword are not all zero. Additionally,
these first s letters of a Reed-Solomon codeword are not included in the codeword for a
shortened Reed-Solomon code.

Proposition 2.8. A Reed-Solomon code [m, k,m — k + 1], when shortened by s becomes a
[m — s,k —s,m—k+1], code.
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Algorithm 2.4 ReedSolomonConstruction(g, k, m)
Input: m <q+1,¢g>k—12>0, and ¢ is a prime power.
Output: A |2=! |-CFF(mg, ¢~).

k—1
1: RScode + m X ¢* matrix of 0s
2: 1+ 0
3: for each polynomial f € F, [x] with degree <k —1 do
4: c+ 0
5: for ecach a € F, do
6: RScodelr, c| « f (a) > evaluate f (a) using Horner’s method
T c—c+1
8: if ¢ = m then
9: break
10: end if
11: end for
12: if m =q¢+ 1 then
13: RScode|r, g + coefficient 2*~! in f
14: end if
15: r<—r+1
16: end for

17: return CFFfromCode(RScode)

The following code is the previous [4, 2, 3]3 code shortened with s = 1 resulting in a
(3,1, 3]s code.

1 2 *
0Oz+0]0 0 O
la+0|1 2 1
20+012 1 2

By using Propositions 2.7 and 2.8, Reed-Solomon codes and shortened Reed-Solomon
codes give infinite classes of CFFs for any d.

2.1.4 Construction from binary constant-weight codes for d = 2

A binary constant-weight code is an error correcting code with alphabet {0, 1}, codeword
length m, minimum distance D, and constant weight w for every codeword. The number
of codewords in the largest known binary constant weight code for some m, D, and w is
denoted as A(m, D, w). Best-known lower bounds for A(m, D,w) can be found in [3].

Binary constant-weight codes can be used to construct CFFs with smaller ¢ using
Proposition 2.9 instead of Proposition 2.7. Specifically, ¢t will be half of what it would be
with Proposition 2.7. The following proof for Proposition 2.9 is from [17].
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Proposition 2.9. Let x > 2. If there exists a binary constant-weight code with codeword
length m, minimum distance 2x, constant weight 2z — 1, and |C| = N, then there ezists a

2-CFF(m,N).

Proof. First, construct a z-(m,2z — 1,1) packing design with N blocks by setting each
column of the packing design’s incidence matrix to a codeword. Because the code’s min-
imum distance is 2x and each codeword has constant weight 2z — 1, the codewords can
have at most x — 1 positions in common, thus each block of the packing design has each
x-subset repeated at most once. Because the codewords have weight 2z — 1, each block of
the packing design has length 2z — 1. Use proposition 2.3 to obtain a [22=2| -CFF(m, N),

x—1

which is always a 2-CFF(m, N). O

2.2 Recursive constructions

Recursive constructions are constructions that create larger CFFs from one or more smaller

CFFs.

2.2.1 Kronecker product

The Kronecker Product is a binary operation over two matrices P = AQB. If AisamXn
matrix and B is a p X ¢ matrix, then their Kronecker Product P is a pm X gn matrix.

Definition 2.10 (Kronecker product). Let B be any matriz, and let

a1 N AT

Am1 -+ Amn

Then their Kronecker product P = A ® B is found by the following scalar-matriz
multiplication:

aHB ce alnB
amiB ... amnB

Taking the Kronecker product of two CFFs allows us to construct a larger CFF.

Proposition 2.11. The Kronecker product of a d-CFF(t1,n1) and a d-CFF(ty,ns) is a
d-CFF(tity,ningy). Therefore,

t(d,nlng) < t(d,nl) Xt(d,ng).
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The proof for Proposition 2.11 can be found in [16]. The algorithm below shows how
the Kronecker product of two CFFs is computed. In Algorithm 2.5, the two CFFs’ incidence
matrices are represented as A and B. A is the incidence matrix of a d-CFF(t1,n;), and B
is the incidence matrix of a d-CFF (¢, ns).

Algorithm 2.5 KroneckerProduct(A, B, d, ny,ns, t1,ts)
Input: nq,no, t1,ts € ZT, Ais at; X ny 0 — 1 matrix, B is a to X ny 0 — 1 matrix
Output: The Kronecker product of A and B
1: CFF < tity X ning matrix of Os

2: forr; <+ 0,1,...,s—1do

3: for ¢; < 0,1,...,n1 — 1 do

4: if A[ri][c1] =1 then

5: for r < 0,1,...,to — 1 do

6: for ¢ <+ 0,1,...,n9—1do
7 if B[TQ][CQ] =1 then

8: CFF[Tth + 7"2] [Clng + CQ] +—1
9: end if

10: end for

11: end for

12: end if

13: end for

14: end for

15: return CFF

2.2.2 Optimized Kronecker product

The Optimized Kronecker product is a method similar to the Kronecker product, but uses
three CFFs instead of two. It uses an extra (d — 1)-CFF to potentially reduce the total
number of rows, while having the same number of columns as the Kronecker product.

Proposition 2.12 (Optimized Kronecker). If there exists a d-CFF(t1,ny), a d-CFF(ty, ns),
and a (d —1)-CFF(s,ns), then there exists a d-CFF(st; 4 ta,ning). Therefore,

t(d, nlng) S t(d — 1, ng)t(d, 7’L1) + t(d, ’I”LQ).

The proof for Proposition 2.12 can be found in [16].

Algorithm 2.6 shows how the Optimized Kronecker product of two CFFs is found. In
Algorithm 2.6 the three CFFs’ incidence matrices are passed as parameters A, B and C.
A is the incidence matrix of a d-CFF(t1,n,1), B is the incidence matrix of a d-CFF(t2, n2),
and C is the incidence matrix of a (d — 1)-CFF(s, ny).

The following diagram shows how the construction works. First, the Kronecker prod-
uct C' ® A is computed. Then, each column of B is repeated n; times in succession. Let
B; be the column ¢ in B. Let ny - B; be the matrix formed by the column B; repeated ny
times. The construction is depicted next:
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C®A
n1-31 ‘ ...‘TLI'BS

Algorithm 2.6 OptimizedKroneckerProduct(A, B, C,t1,ta,s,n1,n2)

N NN NN~ R R PR B PR PR B = &
e T e e L A I A vl

Input: ny,ng, t1,to € Z1, Ais a t; X n; 0 — 1 matrix for a d-CFF(t1,n1), B is a
ty X ng 0 — 1 matrix for a d-CFF(t3,n2), C'is a s X ng 0 — 1 matrix

for a (d — 1)-CFF(s,ng).

Output: a d-CFF(st; + t, nins)

CFF « (st1 + t3) X (n1ng) matrix of Os
for ry < 0,1,...,s—1do > Compute the Kronecker product of C' and A
for ¢; < 0,1,...,ny — 1 do
if Clri]lc1] =1 then
for ro <+ 0,1,...,t; — 1 do
for co < 0,1,...,ny — 1 do
if A[TQ][CQ] =1 then
CEF[rity + mo)[cing + o] 1
end if
end for
end for
end if
end for
: end for
: forr < 0,1,...,t3 — 1 do> Repeat each column in B n; times at the bottom of CF'F
for c<0,1,...,no —1do
if B[r][c] =1 then
fort <+ 0,1,...,n1 —1 do
CFEFF[sty + r]lcng + 1] < 1
end for
end if
end for
: end for
: return CFF

2.2.3 Doubling construction for d = 2

Proposition 2.13 is a recursive construction from [19] that applies only to d = 2. This
construction is sometimes called the doubling construction because it doubles the number
of columns of a given 2-CFF.

Proposition 2.13 (Doubling construction). If there exists a 2-CFF(t,n), then there exists
a2-CFF(t+t(1,n)+2,2n). Ift(1,n) is odd, then there exists a 2-CFF({t+t(1,n)+1,2n).
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Therefore,

H2,2n) < t(2,n) +t(1,n) +2 zfn zis even,
(2,n) +t(1,n)+ 1 ifn is odd.

The idea with this constructions is to create a new CFF as follows. Let A be the
original 2-CFF(¢,n). Let B be an s X n matrix where each column is a unique [ |-subset
of the set {0,...,s— 1}, 1 is a row vector of 1s, and 0 is a row vector of Os of appropriate
size. C is the binary complement of C, meaning that 1s are replaced by 0s, and Os are
replaced by 1s. Then, construct the new CFF in the following way:

(e o)

B
C=11
0

Where

In the case when s is odd, the 1 row can be omitted from C', reducing the number of
rows. The full proof that the resulting matrix is a CFF can be found in [19].

The subsets in the s X n matrix B can be generated by Algorithm 2.1.

2.2.4 Additive construction

Another recursive construction works by combining two d-CFFs A and B as follows:

A 0
0 B)’
The number of rows in the resulting CFF is the sum of the number of rows in A and

B, and the number of columns in the resulting CFF is the sum of the number of columns
in A and B. So, this construction is sometimes called the additive construction.

Proposition 2.14 (Additive construction). If there exists a d-CFF(t1,n1) and there ezists
a d-CFF(ty,ngy), then there exists a d-CFF(t; + ta,nqy + ng). Therefore,

t(d,ny +n2) < t(d,ny) +t(d,na).

The proof that this construction gives a d-CFF is available in [19].
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2.2.5 Extension by one

A construction similar to the additive construction works as follows. Let A be a d-CFF,
then the following matrix is a d-CFF":

A0

0 1/)°

This is not a special case of the additive construction because a 1 X 1 matrix is not a
1-CFF, since d = 1 =t = n, and Definition 1.1 requires that d <t < n.

Proposition 2.15 (Extension by one). If there exists a d-CFF(t,n), then there exists a
d-CFF(t +1,n+1). Therefore,

t(d,n+1) < t(d,n)+ 1.

Proof. We must show that each sub-matrix that corresponds to a subset of d + 1 columns
has each weight-1 (d + 1)-tuple present in a row. This can be broken down into two cases.

The first case is when the (d 4 1) sub-matrix only contains columns from the original
CFF A. So, obviously, each weight-1 (d 4 1)-tuple is present.

The second case is when the sub-matrix contains the newly added column. In this
case, the d columns from A contain each weight-1 0-1 d-tuple as a row, because any d-CFF
is also a (d — 1)-CFF. Each of these rows will gain another zero from the newly added
column, and the newly added row of the resulting CFF contains the final weight-1 0-1
(d + 1)—tuple that must be present. ]

2.3 Running time of selected constructions

In Table 2.1, we provide the running time of each construction implemented. The running
time of each construction is linear with the size of the generated CFF, which is t X n.

We implemented many constructions from [17], which are listed in Table 2.1. We
did not choose to implement constructions from packing designs, besides STSs, or con-
structions from perfect hash families, separating hash families, packing arrays, orthogonal
arrays, mutually orthogonal Latin squares (MOLs), because these each have many different
constructions themselves. Additionally, we did not implement recursive constructions that
require the use of these mathematical objects either. Furthermore, we did not implement
constructions for Garcia and Stichtenoth codes, which is also listed as a source of CFFs
from [17]. We selected our constructions because they are known to give good CFFs, and
because these constructions are simpler to implement than the others listed.

To test that our programs are correct implementations of the constructions, we tested
that the output matrices are indeed a d-CFF for a given d. The pseudocode for this
algorithm that tests whether a matrix is a d-CFF is given in Appendix A.
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Construction d Parameters Size t X n Running Time
Complexity
Sperner 1 t t X (ttQ) O(t2")
STS 2 v v X % O(v?)
Doubling 2 2-CFF(t,n), s (t+t(1,n)+2) X | O(tn)*
2n, if n is even
(t+t(1,n)+1) x
2n if n is odd.
Reed-Solomon codes | >2 | ¢,k,m mq X ¢~ O(mg™*1)
Shortened Reed- | > 2 | ¢, k,m,s (m—s)gx ¢ | O((m—s)(k—s)g"%)
Solomon codes
Porat and Rothschild | > 2 | ¢, k,r,m mq X ¢~ O(mqg* 1) [23]
codes (Chapter 3)
Kronecker Product > 2 | d-CFF(ty,ny), d- | tita X ning O(t1taning)
CFF(tg, no)
Optimized Kronecker | > 2 | d-CFF(t1,n1), d- | (sti+t2) X (ning) | O((sty + t2)nins)
Product CFF(tg, n2), (d—
1)-CFF (s, na)
Additive > 2 d—CFF(tl, nl), d- (tl + tg) X (n1 + O(max (tlnl, tgng))
CFF(tQ, ng) 7Z2>
Extension-by-one > 2 | d-CFF(t,n) (t+1) X (n+1) | O(tn)

Table 2.1: Running time for algorithms implementing constructions

't(1,n) <t(2,n) <t




Chapter 3

Probabilistic method constructions

The probabilistic method is a powerful non-constructive proof technique used in discrete
mathematics to show the existence of a mathematical object. The method of conditional
probabilities is a related technique that produces a deterministic algorithm to obtain a
mathematical object that has been proven to exist using the probabilistic method.

In this chapter, we discuss the probabilistic method and an application used to find
linear codes meeting the Gilbert-Varshamov bound. These codes are used to construct
CFFs with best-known asymptotic upper bound for ¢(d,n) in O(d?logn).

3.1 The probabilistic method

The idea of the probabilistic method is to define a probability space, and show that a math-
ematical object has a non-zero probability of existing within that probability space, thus
proving the object’s existence. The probabilistic method is best described with examples
of its use. The following Theorem 3.1 and its proof is found in [2]. We present an expanded
version of this proof to more clearly show the probabilistic method’s use. Let K, denote
the complete graph on n vertices, that is the graph with n vertices where any two vertices
are connected by an edge. A 2-colouring of K, is an assignment of colours from a 2-set of
colours to each edge of K,,. A complete subgraph K, of K,, a < n, is monochromatic if
all the edges in K, have the same colour.

Theorem 3.1. Let n > a > 2. Then, there is a 2-colouring of the edges of K, with at

most
(Z) 21-(3)

Proof. We use a probability space of all possible edge colourings of the complete graph K,,,
where each edge e has probability P(epue) = % and P(eeq) = %, where e,.q4 and ey are
the events that edge e is coloured red or blue.

monochromatic K,.

23
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Let I, be an indicator variable that is 1 if a complete subgraph K, of K,, is monochro-
matic, and is 0 otherwise.

Each K, has (;) edges. There are two cases when K, is monochromatic: being when

all edges are red, or all edges are blue. Therefore,

1. (a
Pr(l,=1) = 2(5)(9
_ 1
2(5)-1
_ 91-(9),
Next, find the expectation of I,, E[I,].
E[l] = 1-Pr(l,=1)+0-Pr(I, = 0)

El1,] = 20),

Let X be the number of monochromatic K,. E[X] can be found using linearity of expec-
tation. There are (Z) K, subgraphs in K.

E[X] = E

> ]

K.€Kn

= Z E[1,]
K.eKn

— Z 91-(5)

K.€Kn

_ (2)21@),

Because E[X] is the average number of monochromatic K, over all possible edge
colourings, there must be at least one edge colouring that is at or below E[X]. Therefore

there exists a 2-colouring of the edges of K,, with at most (2)21*(3) monochromatic K,. [J

3.1.1 The method of conditional probabilities

The method of conditional probabilities is used to find a deterministic algorithm to con-
struct a mathematical object that has been proven to exist with the probabilistic method.
The main idea is to make local choices to construct a mathematical object, such that the
local choices optimize the probability that the object exists. Since the object has been
proven to exist, this procedure will always find the object. For example, we will look at
this case of the previous Theorem 3.1 with a = 4. This example is also from [2].
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Theorem 3.2. There is a 2-colouring of the edges of K,, with at most
n
2—5
(1)

In this example, the local choices are the colours for each edge. So, we start with
an uncoloured complete graph K,. Then, colour each edge red or blue one at a time,
depending on which colour will make it more likely that the number of monochromatic Ky
is minimized. Repeat until the graph is fully coloured to obtain a complete K, with at
most (Z) 275 monochromatic K.

momnochromatic K.

To determine which colour will make it more likely that the number of monochromatic
K, is minimized, we define a weight function W (K'). This function is the probability that
some K, where K is a copy of K4 in K,,, will be monochromatic given K’s current colouring,
assuming that the rest of the uncoloured edges are chosen randomly with equal probability
of being red or blue. If there are two edges with different colours in K, then W(K) = 0.
Otherwise, if r is the number of coloured edges in K, then W(K) = @
2

From here we can give the details the algorithm in Algorithm 3.1. Let Colours(K) be
a function that returns a set containing the colours of each edge in a graph K to be used in
Algorithm 3.1. We iterate over each edge, find the weight total for the two cases where the
edge is red or blue by calculating the conditional probability that each K, that contains
the edge is monochromatic, and set the colour to the one that has a lower total weight. At
the end of this process, we obtain a 2-colouring of K,, with at most (Z) 275 monochromatic
K,. This algorithm is detailed here to demonstrate how to use the method of conditional
probabilities to “transform” a probabilistic proof of existence of an object, like the one in
Theorem 3.2, into an algorithm that produces the object. In Section 3.3, we will describe
a more complex algorithm, using the method of conditional probabilities, that will be used
to construct CFFs in Section 3.4.

3.2 Binomial distribution

The binomial distribution is used in the following Section 3.3 to construct linear error
correcting codes using the probabilistic method.

A Bernoulli trial is a probability event where the outcome is either a success or a
failure. Each Bernoulli trial is an independent event, where the outcome of each event
does not impact later Bernoulli trials.

The binomial distribution, B(k;n,p), is a probability distribution that is used to find
the probability of exactly k successes in a series of n Bernoulli trials, where each trial has
probability p of success, and probability 1 — p of failure. This can be calculated as

B(kin,p) = (Z)pk(l—p)”"“.
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Algorithm 3.1 FindColouring(n)
Input: n: number of vertices in K,,.
Output: A 2-colouring of K, with at most (Z) 275 monochromatic Kj.

1: colour < an empty array of length (g)

2: for each edge e in K, do

3: Weight, 4 < 0

4: Weight, .. < 0

5: for each K D e, where K is a copy of K, do
6: if |Colours(K)| =1 then

7 r < (number of coloured edges in K) +1
8: if Colours(K)={blue} then

9: Weighty,,. < Weighty,, + (5)57
10: else

11: Weight,.q < Weight,q + ()"

12: end if

13: end if

14: end for

15: if Weight, 4, < Weight, ;. then

16: colour|e| < red

17: else

18: colour|e] < blue

19: end if

20: end for

21: return colour

If a random variable x is distributed binomially, is it denoted as x ~ B(k;n,p). To
show that a random variable is binomially distributed without specifying the number of
successes, it is denoted as x ~ B(n,p) [27].

3.3 Porat and Rothschild linear code construction

The result of Porat and Rothschild’s paper [23] regarding the probabilistic method shows
the existence of linear codes meeting the Gilbert-Varshamov (GV) bound. They also give
an efficient deterministic algorithm using the method of conditional probabilities to find
these codes. In this section, we discuss the proof for this result. We also provide detailed
pseudocode for the algorithm. Deriving this pseudocode from the explanations in 23] was
a non-trivial task; we believe that this pseudocode can help others to better understand
the algorithm proposed by Porat and Rothschild.

The GV bound gives a lower bound on the rate of codes that can exist. The rate of a
code is defined as its message length divided by its codeword length, R = % Let ¢ > 2,
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0<do<1— %, and 0 < e < H,(9), where H,(0) is the g-ary entropy function
q—1 1
«(p) = plog, T + (1 —p)log, Tp

The Gilbert-Varshamov bound states that there exists a code with rate R > 1—H,(J).

The main theorem to show the existence of linear codes meeting the GV bound that
can be constructed in ©(mg"*) is given next.

Theorem 3.3 ( [23]). Let q be a prime power, k and m be positive integers, and § €
[O, 1- %) If E < (1 — Hy(d))m, then it is possible to construct an [m,k,|dm]], linear

code in time ©(mgq").
We prove Theorem 3.3 in two parts:

e Theorem 3.8 proves the existence of an [m, k, |[dm]], linear code.

e Section 3.3.2.1 shows that one can construct it in time ©(mg®).

This result is obtained using the probabilistic method. The key idea is to define a
bad event and a related goal function. By Proposition 2.6, in order to have a minimum
distance of at least [dm], it is enough to ensure the weight of each codeword is at least
|0m]. A bad event Bs(z) is defined as the bad event where a codeword x has a weight
less than [dm], the code’s minimum distance. Bs(x) is also used as an indicator variable,
where it is 0 if there is no bad event, and 1 otherwise.

The goal function is defined as the sum of all bad events for each codeword, excluding
the zero codeword. Let 0 = (0,0,...,0) be the zero codeword. Then,

goal(G) = Y Bs(Gy),

yeFA\0

where G is the generator matrix, and y is a message vector. Thus Gy indicates vector-
matrix multiplication between one message vector and the generator matrix, resulting in a
codeword. If no bad events occur, then goal(G) = 0 and the code has the desired minimum
distance of |ém].

To prove Theorem 3.3 (part 1), i.e. Theorem 3.8, it will be shown that if G is selected
randomly and uniformly, then Elgoal(G)] < 1, implying that at least one G must exist
with goal(G) = 0. To do this, the Chernoff bound is used.

Theorem 3.4 (Chernoff bound). Assume random variables Xy, ..., X,, are independent
and identically distributed (i.i.d), X; € R, and 0 < X; < 1. Let p = E[X;] and € > 0.
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Then,

1 m pte 1_,U 1—p—e m
Pr(—=S" X, > < T H
MY Xzt < ((ME) (2

— ¢ Dlutellp)m

Where D(z|ly) = zin? + (1 - x)lnt—z’

The proof for Theorem 3.8 uses Lemmas 3.5, 3.6 and 3.7, then follows closely after.
Lemma 3.5 is a claim stated in [23] for which we added a detailed proof.

Lemma 3.5. Let y be a nonzero vector in IF’;. Let G be a randomly chosen generator
matriz. Then the codeword x = Gy is a random vector in Fy", with each component having
probability % being equal to c, for each c € F,.

Proof. Let j1, Jo, ... j¢ be the indices of y that are nonzero components. Then,
k ¢
Gyli =Y Gli,5)-y; = _Gli.jc) -y,
j=1 e=1

for all 1 < i < m. We show that [Gy]; is a random number in F,, by induction on ¢. The
base case is when ¢ = 1.

Gyl = Gli,j1] - yj,  where y;, = a is a fixed element of F, \ {0}.
Since G[i, j1] is random and, f: F, — I, given as f(x) = az is a bijection, then [Gyl; is a
random element of [F,.

The inductive step is when ¢ > 1. By induction, we know that Z; = 321 G[i, jc] - v;.
is a random number. We want to show that [Gyl; = S2°_, G[i, je] - y;, is a random number.
We have

Gyli = Zi +Gli,jd - ye,

where Z; and G[i, j,] are random numbers, and y, € F,\ {0}. From the base case we know
Z; = Gli, JeJye is a random number of F,. Thus,

Gyl = Z;+Z,, where Z; and Z; are random numbers in F,.

Let b € F,, we claim there are ¢ distinct pairs (Z;, Z})e F, such that Z; + Z] = b (for each
Z; € ¥y, Z is determined). Therefore for each b € Fy, Pr([Gy]; =b) = % = %. O

In Lemma 3.6, we add the hypothesis that § € [0, 11— %), which was not included

in [23]. This condition is necessary to apply the Chernoff bound, and we do not see how
this is implied by other conditions. In the worst case, we are adding a redundant condition.
This required adding this condition to both Lemma 3.6 and Theorem 3.3.
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Lemma 3.6 ( [23] Lemma 5.1). Let § € [O, 11— %) Let y be a nonzero vector in F%. Let
G be a randomly chosen generator matriz. Then, Pr(Bs(Gy)) < ¢~m1—Ha(),

Proof. By Lemma 3.5, each component of codeword Gy has probability % of being zero.
Thus, w(Gy) ~ B(m, 1 — %), where B is the binomial distribution.

Let X; be a random variable such that X; = 0 if the letter [Gy|; = 0, and X; = 1
otherwise, for all i € [1,m]. This allows us to represent the weight of a codeword Gy as
w(Gy) =m—>"" X;. All X; are i.i.d, because the letters of G are chosen randomly, and
the outcome of one event does not impact the outcome of other event. In addition,

1 1
— 12v0-(1-1)
q q
1
q.

Now use Theorem 3.4, the Chernoff bound, with p = %, and € = (1 — %) —0>0, to
bound the probability of a bad event. Thus p+ ¢ =1 — 4, and we have:

Pr(Bs(9y)) = Pr(w(Gy) <dm)

Next, we show that D(1 — (5H%) = Ing(1 — H,(0)), using the definition of H,(d) and of
D(zlly).

1Recallthat,u:%,e:(1—%)—5>0,and,u+e:1—5
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D(1 —6||§>

(1—(5)11&((1—5)(1)—1—511r11il
q N

Ing((1 = 6)log,((1 = &)g) + d(log, q_—l))

Inq((1 —6)(log,(1 =) + 1) + é(log, q%sl +1))

Ing(1+ (1 —0)log,(1—6)+ 6logq(qiL1))
Ing(1 — (1 - ) log (=) — d1og,(1 1)

qg—1 1
Ing(1 - fﬂogq(T) —(1-9) 1qu(m))

Ing(l1 — H,(5)) (Entropy function definition).

Finally use D(1 — 5||%) =1Ing(1 — H,(9)) to bound the probability of a bad event:

1
D=8l 2)m

Pr(Bs(x))

o~ na(1=Hy(8)m

q*m(lqu(ts))

VAN VANRVA

]

Lemma 3.7 ( [23| Lemma 5.2). Let § € [O, 1- %) Let G be a randomly chosen generator
matriz, and assume k < m(1 — H,(9)). Then, E[goal(G)] < 1.

Proof. First, apply linearity of expectation to find the expectation of the goal function in
terms of the probability of Bjs(z):

goal(G)

E [goal(G)]

= Z Bs(Gy) (by definition)

yEFE\{0}

>, Ba(g’y)]

= F
yeFk\{0}

= Z E[Bs(Gy)] (linearity of expectation)

yeFE\{0}

= > (1-Pr(Bs(Gy) = 1)) + (0- Pr(Bs(Gy) = 0)) (Bs(Gy) € {0,1})

yeFE\{0}

= Z Pr(Bs(Gy)) (Bs(Gy) is both an event and indicator variable).

yeFg\{0}
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Finally, we show E [goal(G)] using Lemma 3.6, and the assumption that k& < m(1— H,(9)).
Lemma 3.6 implies that Pr(Bs(Gy)) < ¢~ ~H4®) for all y € F¥\ {0}.

Elgoal(G)] = ) Pr(Bs(Gy) < (4" —1)g -1
yeFE\{0}
< qk—m(l—Hq(fS)) _ q—m(l—Hq(5))
< qk—m(l—Hq(5))
< ¢"% (Since k < m(1 — H,(6)))
=1
Therefore, Elgoal(G)] < 1. O

From here, we can prove part 1 of Theorem 3.3, related to the existence of codes
meeting the Gilbert-Varshamov bound.

Theorem 3.8. Let q be a prime power, k and m be positive integers, and 6 € [O, 1-— %)

If E < (1— Hy(0))m, then there exists a [m,k, [dm]], linear code.

Proof. Because E[goal(G)] is the average number of the sum of bad events over all pos-
sible generator matrices, there must be at least one generator matrix that is at or below
Elgoal(G)]. Lemma 3.7 shows F[goal(G)] < 1. Since the number of bad events must be an
integer at the end of the algorithm, there must exist at least one generator matrix with 0
bad events at the end of the algorithm if this expectation is less than 1. Therefore there
exists a generator matrix with no bad events, showing the existence of these codes. O

From this, we have Algorithm 3.2.

Algorithm 3.2 ConstructGeneratorMatrixRandomly(m, k, ¢, )

Input: m,k,q € Z*, ¢ is a prime power, 0 € [0, 1-— %), k< (1—Hy))m.
Output: A generator matrix for a [m, k, |0m]], code, with a non-zero probability
of the code being valid.
1: Set the letters of G randomly, uniformly from F,, and independently of one another.
2: return ¢

3.3.1 Derandomization

Theorem 3.8 shows the existence of linear codes meeting the Gilbert-Varshamov bound, but
it does not show how to construct the codes. From Theorem 3.8, all we know is that if each
entry is randomly chosen in a generator matrix for a code that satisfies k < (1 — H,(J))m,
there is a non-zero probability that the code is valid.
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Algorithm 3.3 ConstructGeneratorMatrix(m, k, g, 9)

Input: k,qmeZ, € [0, 1-— 1) q is a prime power, k < (1 — H,(9)).

)
Output: Generator matrix for a [m, k, [dm]], code.
1. for i in [1,m] do
for jin [1,%| do
Set Gli, j] to the letter that minimizes goal(G) assuming the entries of G that
are not chosen distribute uniformly on [F, and independently of one another.
end for
5: end for

6: return G

Porat and Rothschild derandomized Algorithm 3.2 using the method of conditional
probabilities to give a deterministic algorithm (Algorithm 3.3) that constructs these codes
in ©(mg*) time. We will explain why this deterministic algorithm will always find a valid
code.

First, it is necessary to define notation to indicate which position in G the algorithm
is about to fix.

Definition 3.9. Define step(i,j) as the step where Algorithm 3.3 is about to fix position
(1,7) in the generator matriz (right before line 3 of Algorithm 3.3). Let step(i,j) + 1
indicate the next step after step(i,j). Thus,

step(i,j+1) if j <m,
step(i+ 1,7+ 1) if j =m.

step(i,j)+1 = {

Additionally, it is necessary to define notation to indicate the state of the matrix in
some step(i, 7).

Definition 3.10. Let ST(; j) be the state of the matriz G when the algorithm is in step(i, j ).

Lemma 3.11 ( [23] Lemma 5.3). If the letters of G are fived one at a time such that
Elgoal(G)] is minimized at each step, then goal(G) =0

Proof. Assume the algorithm is in some step, step(i, j). Then,

1
Pr(Bs(Gy)|STuj) = p > Pr(Bs(Gy)|STii ), Glis j] = v).

vEF,
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As a result,

Elgoal(G)[STip] = E| Y. (Bs(Gy)ISTip)

yeFE\{0}
= Z E [B5(Gy)|ST;,5)]  (Linearity of expectation)
yeF;\{0}
= Z Pr(Bs(Gy)|ST;) (Expectation using indicator variable)
yeFE\{0}

1 o
= =Y Y Pr(Bs(Gy)STu, . Gli.j) =)
veF, yeFh\{0}
> m]iFn Z Pr(Bs(Gy)|ST ), Gli, j]l =v) (Average > minimum)
e o)
= Z Pr(Bs(Gy)|STi)+1) (Choice at ST(; jy41 is the minimum)
yEFE\{0}

= E| Y (Bs(Gy)ISTigs)|  (Bs(Gy) € {0,1})

yeFk\{0}
= E[goal(G)|STij+1] (By definition of goal).

The algorithm runs steps in the order step(1,1), step(1,2), ..., step(1,k), ..., step(m,1),
.., step(m, k). Thus, because Lemma 3.7 states E[goal(G)] < 1 at the beginning of
the algorithm, and we have shown that E[goal(G)|ST( ;]| > E[goal(G)|ST; )+1], then,
the number of bad events at the end of Algorithm 3.3 must be equal to zero, since
1 > Elgoal(G)] > Elgoal(@)|STyn) > Elgoal(@|STua] > ... > Elgoal(G)|STos) >

. > Elgoal(9)|STim) > ... > Elgoal(G)|STm] > ... > Elgoal(G)|ST(m+1,1), and
E[goal(G)|ST(1m+1,1y] is an integer smaller than 1. O

The final piece before we can write the algorithm is to determine how to calculate the
probability of a bad event at some step(i, 7).

Lemma 3.12 ( [23] Lemma 5.4). Let ¢ be the number of positions of a codeword Gy
that have been fized to nonzero. Let Algorithm 3.3 currently be in step(i + 1,7). Then,
w(Gy) —c~ B(m—i,1 — é) where B is the binomial distribution.

Proof. As shown in Lemma 3.5, Gy is random with w(Gy) ~ B(m,1— %) It follows that if
1 elements have been fixed, and c of those elements have been fixed to nonzero, then there
are m — ¢ letters left whose weight will still be distributed binomially, since the events are
independent. O

Thus, if we choose the letters of the generator matrix one at a time such that w(Gy) —
¢~ B(m—1,1-— %) is minimized, no bad events will occur. This is how the algorithm
functions.
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3.3.2 Algorithms achieving desired complexity

Porat and Rothschild [23] argue in Section B why Algorithm 3.3 can be implemented to
run in time polynomial on ¢* and m. Then in Section C they show how the complexity
can be improved to run in time ©(mg"®). Recall that mg"® is the number of letters in the
code, since it has ¢* codewords of length m; so this complexity is best possible. However,
the explanation of this time complexity in [23] is very technical, and no pseudocode is
explicitly given. In this section, we give pseudocode containing detailed description of the
algorithm. The algorithm first iterates over each position in the generator matrix. Then,
each position is set to the letter that minimizes the probability of a bad event, assuming
all remaining entries will be chosen randomly and uniformly. Finally, return the generator
matrix.

One key idea for attaining the complexity of the algorithms is to order the message
vectors in lexicographical order with their components in reverse order. Figure 3.1 shows
this order when listing all message vectors y € ]F’; for ¢ = 3 and k£ = 3. Using this
order when computing the codeword in Gy in the algorithm makes the computation of the
expectation of a bad event much more efficient. Indeed, we first claim that to select the
value of G[i, j] in step 3 of Algorithm 3.3, we can use the following equation:

-1
min » Pr(Bs(Gy)|ST;,Gli,j] =v) = min Pr(Bs(Gye) ST 5, Gli, j] = v{3.1)

veF veR
! y=0 T p=gi—1

The right hand side of Equation 3.1 requires only looking at message vectors y, for
¢! < ¢ < ¢ instead of ¢* vectors.

Let us explain why Equation 3.1 is true by using an example. Figure 3.2 shows the
position that is being chosen and the positions with a question mark in green are positions
still being determined.

Figure 3.2 also shows the matrix where the codewords are represented as columns Gy,
based on y, given in the lexicographic order described in Figure 3.1. Here the positions
marked in yellow have been fixed, the positions marked in red depend on the choice of
position G[2,2] in the generator matrix and the positions marked in green do not depend
on G[2,2]. Since j = 2, Equation 3.1 says that we only need to compute the probability
of a bad event for codewords Gy, for ¢/~! = 3 < ¢ < ¢ = 9. This means calculating the
values of positions marked with [.} in the code, based on each choice of value v € F,
that G[2, 2] can be set to.

We give two different variations of the algorithms in this section. Algorithm 3.4 uses
a brute-force approach to find the letters of the generator matrix that minimize the prob-
ability of a bad event, by trying to set each position to every element of F,. Algorithm 3.5
avoids this loop by directly calculating the letter of the generator matrix that minimizes
the probability of a bad event.

Next, we argue that fixing G[2, 2] to some value fixes some entries in some codewords,
and leaves others uniformly distributed. In Figure 3.2, the yellow entries [ } show fixed
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612o012012©9012¢012¢01?2°¢012T¢0172¢01 2
ooo0o11122290000111222U50°0¢0111 2 2
ooo0oo0oo00600O0O011111111122227227222

Figure 3.1: Lexicographic 3-tuples y € [F3 with their components in reverse order

E-I

61201212%5012¢012¢902¢0172201 2

Figure 3.2: A partially complete generator matrix and [4, 3, 2|3 code

letters in G and in some codewords. All other letters in the codewords still distribute
uniformly, thought not independently, on F,. This is due to Lemma 3.12. Here we explain
why using the example in Figures 3.1 and 3.2.

It is easy to see that the choice of [[ffl]] in G fixes letters [Gys]a, [Gyala, . . . [Gys]> marked
[.] in the codewords in Figure 3.2. Thinking a bit more, it is easy to see that the [.}
in G do not have an effect on entries marked [.}, as it is not part of their computations
during matrix multiplication.

Let us think of the effect of fixing [.] in G in future entries calculation for [.],
and convince ourselves that the probability of [.} to be either 0,1, or 2 is still uniform,
even after we fixed [[ffl] in G. Let us pick yi» as an example and check [Gyia]s.

Gyal, = 1 [T = [

e )

Let us assume that before G[2,2] was fixed, the distribution of [Gyio], = [[Jl] over
F3; was uniform. Now we verify that its distribution is still uniform. Let us look at the
calculation

(Gyrelz = 0x [T ]+ 1> [l +1x (B8] =1 [l +1x 5]

before and after _] is fixed.

Before [.] is fixed, ([-} , [-]) has uniform probability of being one of (0, 0), (0, 1),
(0,2), (1,0),(1,1),(1,2), (2,0),(2,1),(2,2).
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After [-} is fixed to any of the values (in this example _} will be chosen as 1),
[ ? ] has uniform probability distributed over {0, 1,2}.

Therefore Gy does not need to be considered in the probability of causing a bad
event, over different choices of G[2,2] = [.], because these choices do not affect Gys.
Therefore Equation 3.1, holds in general:

¢i—1
gg}Fr;Z;Pr(Ba(Gy)ISTu,j»Q[i,j]=v) = gg};;gz Pr(Bs(9yo)|STii), 9li, ] = v).
y= =qi—1

The right-hand side of the above equation is used to calculate v,,;, in lines 9-26 of
Algorithm 3.4 and assign it to G[i, j] in line 27. This is much more efficient than trying to
compute the values using the left-hand side.

We maintain an array A to keep track of how many letters have been fixed to zero
in each codeword. The number of positions fixed to zero in a codeword increases the
probability of a bad event. This array A allows us to calculate the probability of bad
events without having to repeatedly iterate over the elements of a codewords to determine
how many positions of a codeword have been fixed to zero.

We maintain an array R of size m X ¢* to store the code. This allows us to reuse matrix
multiplication results to maintain constant time to calculate a letter of the code. For ex-
ample, we will find a letter of the code that corresponds to the message (1, 0, 0] before we
find a letter of the code that corresponds to the message y4[1,1,0]. This difference of one
letter being non-zero allows us to re-use the result of the previous calculation. If a message
corresponds to index ¢, ¢/~' < ¢ < ¢, then y, = (ay,...,q¢;-1,¢; # 0,0,...,0). Then the
message at index (¢ mod ¢/~1) iS Yy moed gi-1 = (a1,...,aj-1,0,...,0). Therefore, R[(,i] =
[gyf]z = é:l (g[i78]a8> = Zi;i (g[i75]a8) + g[Z,j]CL] = [gy[f mod qul]:|i + g[zvj]aj =
R[¢ mod ¢, i]+Gl[i, jla;. This justifies the calculation in lines 14 and 29 of Algorithm 3.4
and lines 10 and 23 of Algorithm 3.5.

Putting all these ideas together, we can present the first implementation of Algo-
rithm 3.3, which is given in Algorithm 3.4.
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Algorithm 3.4 ConstructGeneratorMatrixBruteForce(m, k, g, )

Input: m,k,q € Z,q € [2 (1%5) 4 (ﬁ)) ,q is a prime power, § € [0, 11— %), such
that £ < (1 — H,(6))m.
Output: Generator matrix for a [m, k, [ém|], linear code.

1: D+ LémJ

2: G < an empty m X k matrix, 1-indexed

3: A < ¢~ array of Os

4: R+ ¢* x m 2d array of 0s

5: y < all lexicographic k-tuples of IF;, with the tuples’ components in reversed order
6: for i in [1,m] do

7: for j in [1, k] do

8: Epest < 00

9: for v in F, do

10: Gli,j] < v

11: E+0

12: for /in [¢/"!, ¢ — 1] do

13: c1—1— Al

14: R[A)[i] + R[¢ mod ¢’ |[i] + Gli, j] X y[j,¥]
15: if R[/][i] # 0 then

16: c+—c+1

17: end if

18: for z in [0,D — ¢) do

19: E+~E+(""1- ()
20: end for
21: end for
22: if £ < Ejs then
23: Ebest +— F
24: Upest < U
25: end if
26: end for
27: Gli, j] < Upest

28: for /in [¢/"!, ¢ — 1] do

29: R[(][i] < R[¢ mod ¢~ |[i] + G[i, j] X yl4,¢)
30: if R[/][i] =0 then

31: All] + All) +1

32: end if

33: end for

34: end for

35: end for

36: return g

Algorithm 3.4 is a brute force approach where the expectation of a bad event is ex-

plicitly calculated for each letter. The algorithm takes O(m?2¢**!) time, since it must find
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the probability of a bad event for each letter of IF, for each position of each codeword. In
Section 3.3.2.1, we do a more detailed analysis.

Porat and Rothschild improved the running time of Algorithm 3.4 by noting that there
is a more efficient way to determine the letter that minimizes the probability of a bad event
than calculating each expectation. We do not actually need to know what the expectation
of a bad event is, we only need to know which letter minimizes this expectation.

Since a bad event is more probable when a letter in the generator matrix fixes a
codeword letter to zero, we need to find a letter v that will make codeword Gys,—o in
order to estimate the increase in the probability of a bad event coming from the choice of
assigning letter v to G, j|.

Pr(Bs(Gy)|ST(.5),gyli=0) — Pr(Bs(Gy)|STiij).gyfiz0) =

( o i )(1 1>L5mJ—c(1)(m—i)—(L6mJ—c)
[6m] —c q q '

Thus, for each relevant y we will add this value to an array Wv] for each v € F,
where v is the letter of the generator matrix that would force a position in the code to
zero. We will then select the letter v to assign to G[i, j] based on which letter v has the
lowest value in the array W.

In order to determine which letter in the generator matrix would cause a zero in some
position in a codeword, the following equation is solved for v:

7—1

vo= —yli. 07> Gl tlt).

t=0

This is solving for the letter of the generator matrix that would cause a zero in position
J in codeword /.

Taking this optimization under consideration we arrive at Algorithm 3.5. Lines 8-26
of Algorithm 3.4 are substituted by lines 8-21 of Algorithm 3.5. The detailed analysis of
both algorithms is given in Section 3.3.2.1.
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Algorithm 3.5 ConstructGeneratorMatrixOptimized(m, k, g, J)

Input: m,k,q € Z,q € [2 (1%5) 4 (ﬁ)) ,q is a prime power, § € [0, 1-— %), such
that £ < (1 — H,(6))m.
Output: Generator matrix for a [m, k, [ém|], linear code.

1: D+ LémJ

2: G < an empty m X k matrix, 1-indexed

3: A+ ¢* array of Os

4: R+ ¢* x m 2d array of 0s

5: y < all lexicographic k-tuples of F,, with their indices in reversed order
6: for i in [1,m] do

7 for jin [1,k| do

8: W <« |F,| array of Os

9: for (in [¢/"!,¢ — 1] do

10: v+ R[¢ mod ¢ M[i] X —y[j, 0"

11: c+i— Al

12: Wiv] < W] — (g:é)(l — %)D‘C(%)(m_z)_w—@
13: end for

14: Whest < 00

15: for v in F, do

16: if Wv] < Wyes then

17: Whest < W v]

18: Vpest < U

19: end if

20: end for

21: Gli, J] < Vpest

22: for ¢ in [¢"" !, ¢’ — 1] do

23: R[0][i] < R[¢ mod ¢~ |[i] + G[i, j] X yl4,¢)
24: if R[/][i] =0 then

25: Alll + All} +1

26: end if

27: end for

28: end for

29: end for

30: return G

3.3.2.1 Running time analysis

In this section, we discuss the running time of Algorithms 3.4 and 3.5. We first give an
analysis of the brute force variation, Algorithm 3.4.

The running time of Algorithm 3.4 is O(m?2¢**!). We have a factor of m from the loop
on line 6, and another factor < m from the for loop on line 18 since D —c¢ < dm — 0 < m.
Line 9 gives a factor of ¢, and we will show that the combination of the for loops on lines 7
and 12 give a factor of ¢*. In line 7, we iterate over each j from 1,...,%. Then, in line 12,
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we iterate over each £ from ¢~ !,...,¢’ — 1. So, we can express the total number of times
these two loops iterate as:

Mw

(¢ —1—¢ ' +1) :zleqj_zgleqj—l =¢"—1<¢" (3.2)
7j=1

Equation 3.2 is also true for the pair of loops on lines 7 and 28, but this factor of ¢*
does not affect the running time complexity, since it is dominated in a Big-O representation
by the larger factor of ¢**!.

Porat and Rothschild note that if some precomputations are done, we can complete
all operations on line 19 in constant time. They claim it is sufficient to store floating point
numbers using O(1) space when calculating E. If we store O(logn) of the most significant
bits, and compare among these to find the minimum FE, any floating point loss of precision
will cause the goal function to fluctuate by the amount that was lost due to precision when
choosing a minimum, but if the difference between some entries is small enough that loss
of precision would cause a different £ than would have been chosen if there was no loss
of precision, then it is too small to increase the goal function to be larger than one and it
does not affect whether the algorithm finds a correct generator matrix. This argument is
very technical and we refer the reader to the original paper for more details [23].

Finally, the following values must be preprocessed to compute line 19 in constant time:

e Store a! for all a € [1,m] to calculate binomials in constant time,
e Store (1 — é)“ for all a € [1,m],

e Store (%)a for all a € [1,m)].

Therefore, Algorithm 3.4 takes O(m?¢**!) time.

We now claim that Algorithm 3.5 takes ©(mg*) running time. Since the algorithm
gives a [m, k, | dm ], linear code, this variation runs linearly with the size of the code. This
running time is due to the three for-loops in lines 6, 7, and 9. Lines 6 gives the factor of m,
and there are three groups of loops in this outermost loop. The two pair of loops on lines
7 and 9, and lines 7 and 22, both give the same factor of ¢* as shown in Equation 3.2. The
for-loop on line 15 does ©(q) operations, but this is dominated by the for-loops on lines 9
and 22 in Big-Theta, so it does not affect the running time complexity. The operations on
line 12 of Algorithm 3.5 can be completed in constant time, just like the operations in line
19 in Algorithm 3.4.

Therefore, Theorem 3.3 is proven, since we concluded part 2, that under the hy-
pothesis of Theorem 3.3, it is posisble to construct a [m, k, [dm]], in time ©(mg"*) using
Algorithm 3.5.
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3.4 CFFs from Porat and Rothschild’s codes

We first show how to build a CFF from a Porat and Rothschild code.

Lemma 3.13 (Adapted from [23], Lemma 3.1). An [m,log,n,dm], code can be used to
construct a (|75] —1)-CFF(mg, n).

Proof. Using Proposition 2.7, we can build a d-CFF(mg,n = ¢*) where k = log, n, and
d = [-2=L ] It remains to be shown that d = [ 5| — 1. We have

m—om
m—1
d =
|m — 5mJ

_ ””L(l——l/m)J
| m(1l =)

Now, we show the main theorem in [23].

Theorem 3.14 ( [23], Theorem 1). Let n and d be positive integers. It is possible to
construct a d-CFF(t,n) with t = ©(min{d* Inn,n}) in time O(dnlnn).

Sketch of the Proof. We first show, given n and d, how to pick parameters ¢ and ¢ to obtain
a d-CFF(t,n) with ¢t in ©(min{d*Inn,n}).

If (d+1)?Inn > n, simply return the identity matrix. So we can assume (d+1)?Inn <
n. Set § = 74, q € [2(d + 1),4(d + 1)) be a prime power, k = log, n and m = [ 1.

1—H,(9)
Note that l—ia =d+ 1 < ¢, which implies § < 1 — %.
Porat and Rothschild use a technical argument to prove m = ©(dInn), which we omit
here and can be found in [23|, Theorem 1. Since k < (1 — Hy(6))m, and § < 1 — é, use

Theorem 3.3 to build a [m,log, n, [6m]], code. From this code, use Lemma 3.13 to build
a (|1=] — 1)-CFF(mg, n) in time ©(mg").
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Now we verify the parameters in the previous statement matches the parameters in
the statement of this theorem. First,

e - |2
1-46 1- 5

Since ¢ € [2(d 4+ 1),4(d + 1)), then ¢ = O(d), and since m € O(dlnn), we have
t =mq = O(d?Inn). Finally, since m € ©(dInn) and ¢* = n, the time to build the CFF
is ©(mq*) = O(dnlnn). In conclusion, a d-CFF(¢,n) with t = ©(d?Inn) can be built in
time ©(dnlnn). O

Algorithm 3.6 details the algorithm described in the proof of Theorem 3.14.

Algorithm 3.6 PRconstructCFF(n, d)
Input: n,d € Z*, n > d.
Output: A d-CFF(¢,n) with ¢t = O(min{d? Inn,n}).
if (d+1)?Inn > n then
return the identity matrix I,
end if
Pick ¢ € [2(d +1),4(d + 1)) a prime power
6 7%

k < log,n

k
m <— (Tq(‘s)-‘
C' <+ ConstructGeneratorMatrixOptimized(m, k, ¢, 0)

return CFFfromCode(C)




Chapter 4

Building a Table of Best Known
Cover-Free Families

In this chapter, we discuss algorithms for determining best-known upper bounds on ¢(d, n),
or equivalently, best-known lowers bounds n(d, t) from the constructions discussed in Chap-
ters 2 and 3. We construct tables of CFFs’ best bounds in Section 4.2, then define a
recursive algorithm that uses this table to explicitly construct a CFF in Section 4.7.

For each entry in the table for a d-CFF, there exists a d-CFF(t1,n;). Therefore,
t(d,n1) <ty and n(d,t;) > ny. Furthermore,

t1 = min{¢|there exists a d-CFF(¢,n;) using considered constructions} and,

ny = max{n|there exists a d-CFF(¢1,n) using considered constructions}.

The table for a given d is stored in table[d|, which contains an array (rows) indexed by t;
that stores ny. In other words, for ¢; and n; defined above, table|d].rows[t;|.n=n;.

4.1 Algorithm overview

The main idea of the algorithm used to construct the tables is as follows. We first fill each
table with parameters for trivial CFFs, which are CFFs with ¢ = n, an identity matrix.
Then, we use combinations of parameters of constructions to search for better CFFs.

Because some of our selected constructions give infinite classes of CFFs, it is necessary
to put an upper bound on the allowed ¢, n, and d in our tables. Let ¢,,42, Nmaz, and dias
be these upper bounds.

For each d from 1...d,,., CFF parameters are stored in a separate table|d|. The
tables are filled in ascending order of d, because the Optimized Kronecker product (Propo-
sition 2.12) and Doubling construction (Proposition 2.13) require a (d — 1)-CFF in the
construction of a d-CFF. The main steps of the algorithm are as follows:

e For each table|d|, in ascending order of d from 1...da,:

43
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— table[d] is filled with parameters of trivial CFFs, identity matrices;

— For each direct construction, update table|d| with the parameters used to con-
struct every CFF that can be constructed using the direct construction within
the bounds of t,,,, and n,,4;

— Update table|d] with one iteration of recursive constructions, and repeat itera-
tions of recursive constructions until an iteration has not caused any changes to
the table.

We include detailed pseudocode of this algorithm in Algorithm 4.10. In Sections 4.4
and 4.5 we discuss algorithms to fill the tables using direct and recursive constructions.
These various algorithms are then each called in Algorithm 4.10 in Section 4.6 to get our
final tables.

4.2 Implementation details

In this section, we detail the data structures used in creating the CFF tables. Our collection
of tables contains an array of tables indexed by d, and each table is an array of rows indexed
by ¢, which stores the largest n such that a d-CFF(¢,n) exists using one of our considered
constructions. Since we group CFFs by d into an array of tables, we have d,,,, different
tables, where each table has at most ¢,,,, rows.

Each array of rows for a table is stored in an attribute called rows for each table.
This array has length t,,,, + 1 so it can be accessed directly by ¢, and the unused index
zero is always NULL. A table has two other attributes in addition to its array of rows:
its array’s size, numCFFs, and a boolean attribute, hasBeenChanged. This boolean is used
when creating a table in Algorithm 4.10 to stop applying recursive constructions, whenever
in the previous iteration, applying all recursive constructions resulted in no updates of the
table.

typedef struct
{

bool hasBeenChanged;

int numCFFs;

CFF_Table_Row* rows; //an array of length numCFFs + 1
} CFF_Table;

Figure 4.1: Definition of the CFF_Table struct in C programming language.

Each position in a table stores the information about one CFF and the position is
indexed by t, the number of rows of the CFF. Each position in the table has 4 fields:
the number of columns of the CFF, n, an array storing its construction parameters,
constructionParameters, a pointer to a structure of function pointers that can construct
the CFF or return its name in functions, and a pointer to a cover-free family in cff.
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This last field is used to avoid constructing the same CFF multiple times in a recursive
algorithm in Section 4.7.

In our pseudocode, we refer to the functions attribute as “constructionName” and
store a string instead for simplicity.

typedef void (*TableShortSourceName) (char*);
typedef void (*TableLongSourceName) (short*, charx);
typedef void (*ConstructionFunction) (int, int);

typedef struct

{
TableShortSourceName shortSrcFormatter;
TableLongSourceName longSrcFormatter;
ConstructionFunction constructionFunction;

} CFF_Construction_And_Name_Functions;

typedef struct

{
unsigned long long n;
short constructionParameters [4];
CFF_Construction_And_Name_Functions* functions;
CoverFreeFamily* cff;

} CFF_Table_Row;

Figure 4.2: Definition of the CFF_Table_Row and related structs in C programming lan-
guage.

There is only one CFF_Construction_And_Name_Functions instantiated for each dif-
ferent type of construction. The functions pointed to by the variables shortSrcFormatter
and longSrcFormatter are used to get the name of the construction. The other member,
constructionFunction, is a function pointer to the function that will construct a CFF.

Finally, we create a global array called “table”, which is an array of pointers to each
CFF_Table struct. This array has length d,,.. + 1 so that it can be directly indexed by
the d for the table we want to retrieve, similar to the array in a CFF_Table_Row when
retrieving a row by t. This lets us access the table using table|d|.rows|t].

4.3 Updating a table

Algorithm 4.1 is used to update table|d]. It is called each time new parameters (t,n) that
can be used to construct a d-CFF are found. This algorithm first checks if ¢ is larger than
the current maximum allowed in the table, which is stored in numCFFs. Next, it checks if
n, is less than our bound of n,,,., since if this is false then there is no need to update the
table since this CFF would not change the table. Most importantly, we check if the newly
found CFF parameters are an improvement on our table. If all of these things are true
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(line 1), then the table will be updated with the newly found CFF parameters (usually in
line 6). Finally, if n is greater than n,,,,, the extra columns will be discarded (line 3), and
we record the fact that this is the last valid position in this table (line 4).

Algorithm 4.1 updateTable(d, ¢, n, constructionName, constructionParameters)
Input: d,t,n € Z". constructionName is a string, and constructionParameters
is an array of integers.
Output: table|d] is updated if table|d|.rows|t].n < n, t does not exceed
table|d].numCFFs +1, and n does not exceed 74,
1. if (¢ < table|d].numCFFs) & (table|d].rows[t|.n < npe.) & (table[d]|.rows|t|.n < n)
then

2 if n > n,,.: then

3 table|d].rows|t|.n < npa

4 table[d| numCFFs < ¢ + 1

5: else

6: table|d].rows|t|.n < n

7 end if

8 table|d|.hasBeenChanged < True

9: table|d|.rows|t].constructionName <— constructionName

10: table|d].rows|t].constructionParameters <— constructionParameters
11: end if

We limit a table by both t,,., and n,,q, using Algorithm 4.1, because table.numCFFs
will be initially set to t,,... If a CFF is found with ¢ > t,,,, it is discarded. If ¢t < t,,4.
and n > Npae, we can discard the extra columns to get a d-CFF(t, nyq,). This process is
detailed in Algorithm 4.1.

4.4 Direct constructions

In this section, we discuss filling the tables using direct constructions presented in Sec-
tion 2.1.

4.4.1 Previously best-known 2-CFFs for small values

Li, van Rees, and Wei [19] give the following table of best known 2-CFFs. The values for
t =3,...,11 are proven to be the best possible bound on ¢(2,n), and are in bold. These
2-CFFs are all constructed using binary constant-weight codes. Refer to Section 2.1.4 for
this CFF construction. Idalino and Moura [17] updated the bound on n(2,20) by using a
binary constant-weight code that had not been found at the time that [19] was published.



4.4. DIRECT CONSTRUCTIONS 47

t n Source
3<y<8| y | Identity matrix
9 12 A(9,4,3)
10 13 A(10,4,3)
11 17 A(11,4,3)
12 20 A(12,4,3)
13 26 A(13,4,3)
14 28 A(14,4,3)
15 42 A(15,6,5)
16 48 A(16,6,5)
17 68 A(17,6,5)
18 69 A(18,6,5)
19 76 A(19,6,5)
20 90 A(20,6,5)
21 120 A(21,8,7)
22 176 A(22,8,7)
23 253 A(23,8,7)

We update the 2-CFF table with these CFFs in algorithm “AddBestKnownCFFs()”,
which is called in Algorithm 4.10 before applying other constructions.

4.4.2 Sperner systems

Sperner systems are known to always be optimal 1-CFFs because of Sperner’s theorem [24].
This construction has a single parameter, which is the ¢ of the CFF. This construction was
presented in Section 2.1.1. The algorithm works by iterating over every ¢ in [1, ¢4, and
calculating the resulting n = (L%J)'

Algorithm 4.2 ApplySpernerConstruction()
Input: None.
Output: The table is updated with all CFFs from Sperner systems.
1: for ¢t in [1,t,,4,] do
2 n <+ ( é )
3: updateTable(1, ¢, n, "Sperner", NULL)
4: end for

4.4.3 Steiner Triple Systems

Steiner triple systems give 2-CFFs for all possible orders. The only parameters for con-
structing an STS is its order v, where v = 1,3 mod 6. This algorithm only updates the
2-CFF table, since STSs can only be used to construct 2-CFFs, as shown in Example 2.4.
This algorithm loops over every possible STS that can be constructed with v up to t,,4z,
and updates the 2-CFF table.
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Algorithm 4.3 ApplySTSConstruction()

Input: None.

Output: The table is updated with all CFFs from Steiner triple systems.

1: for k in [3, [ 222=1]] do

2 v < 6k +1
3 updateTable(2, v, Y% "STS" NULL)
4: v+ 6k+3
5
6

updateTable(2, v, 2=l 1 , "STS", NULL)
: end for

4.4.4 Reed-Solomon linear codes

Reed-Solomon codes have three parameters: the alphabet length ¢, the message vector
length k, and the codeword length m. Reed-Solomon codes can also be shortened with a
parameter s, so after finding a Reed-Solomon code, all shortened variations are checked.
This is given in Algorithm 4.4.

First, we iterate over all possible prime powers that can be used for the alphabet of the
Reed-Solomon code. The largest prime power that is considered is \/f,nq:. This is because
after applying the construction for CFFs from codes (Proposition 2.7) to a Reed-Solomon
code [m, k,m — k + 1],, the resulting CFF is a | 2=L|-CFF(mg,¢*). In a Reed-Solomon
code, we have the requirements that m < ¢+ 1 and ¢ > k — 1 > 0. Since we have t = mgq
and m < (q+1), we can conclude that t < ¢(¢+1) < ¢*+¢q < tae- Because ¢ +q < tmae,

we have ¢ < /taez-

For each of these ¢, we iterate over all k in [2,q + 1|. This is because we would never
use k = 1, since this would result in a d-CFF(mgq,q), which is the same or worse than a
trivial CFF. Additionally, ¢ > k — 1 is a requirement of Reed-Solomon codes, so we only
use 2 < k < g+ 1. From here we calculate the minimum m for this ¢, %k, and d, using
d = | 2=F], resulting in m = d(k — 1) + 1, since D = m — k + 1 in a Reed-Solomon
code. At this point we update the table with the parameters to construct a CFF with this
Reed-Solomon code, and then update the table with each shortened variation of this code

(Proposition 2.8).

4.4.5 Porat and Rothschild linear codes

There are three parameters for the linear code construction from Porat and Rothschild [23]
that we need to consider first. The alphabet length ¢, dimension k, and the d of the CFF.
The resulting CFF is a d-CFF(mgq, ¢*) after applying Proposition 2.7 to construct a CFF
from the code. This means we can choose d before determining other parameters, allowing
us to fill one table for each d at a time.

Finally, we need to determine the codeword length m. Since m determines the number
of rows in the CFF, it should be minimized. Let § = #1‘ Determining m from the
parameters ¢, k,d can be done as follows. Using the requirement that & < (1 — H,(d))m

from the hypothesis of Theorem 3.3, we get:
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Algorithm 4.4 ApplyReed-SolomonConstruction(d)
Input: 2 < d < d ez
Output: The table is updated with all CFFs from Reed-Solomon codes.
1: for each prime power ¢ in [2, [\/tmae]] do

2: for k< 2...q+1do

3: m <— d(k‘ — 1) +1

4: if m > g+ 1 then

5: break

6: end if

7: updateTable(d, mq, ¢*, "RS code", |q, k, m|)
8: for sin [1,m — 1] do

9: updateTable(d, (m — s)q, ¢°~%, "Short RS code", |q, k, m, s|)
10: end for

11: end for

12: end for

k< (1= Hy(d))m,

S m > L
(1 — Hy(6))

. . . . . . k
Since we are minimizing m, we take m = (—qu(&)]

Algorithm 4.5 first calculates § = ﬁ from the parameter d. Then, we iterate over
each possible ¢, which is all prime powers in [2(d+ 1),4(d + 1)). Then, for each possible g,
we iterate over every k until the resulting CFF would have t > t,,,., calculate m as shown

above for each k, and update the table with this d-CFF(mq, ¢*).

Algorithm 4.5 ApplyPoratAndRothschildConstruction(d)
Input: 2 < d < d 0z
Output: The table is updated with all CFFs from the Porat and Rothschild
construction.

0 7%
for each prime power ¢ in [2(d+ 1),4(d+ 1)) do
k<2
k

m <— IVTq((s)-I

while mq < t,,,, do
updateTable(d, mq, ¢*, "PR code", NULL)
k+k+1
m < [#q(é)—l

end while

end for

,_
@
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4.5 One iteration of recursive constructions

After the tables are filled using various direct constructions, we apply recursive construc-
tions. These are constructions that use other CFFs to make new CFFs. In order to apply
these recursive constructions to each table, we do one iteration at a time until no new
better CFFs are found.

When building the tables we need do so sequentially from 1,...,d,,., because the
optimized Kronecker product construction will need to use the table for d — 1 to find the
best (d — 1)-CFF to use in the construction of a d-CFF.

One iteration involves trying to update the table with each combinations of CFF
parameters currently in the table. The idea is to update the table with the result of
recursive constructions with every combination of CFF parameters currently in the tables,
and try to add each resulting CFF to the table. We stop once an iteration has not caused
changes in the tables.

First, we define a binary search algorithm that is used later in creating the tables,
and in Algorithm 4.11. It will return the t of the CFF with n as the parameter passed to
the algorithm. If no CFF in the table exists with this exact n, the t of the CFF with the
smallest n larger than the specified n is returned.

Algorithm 4.6 BinarySearchOverCFFTable(d, n)
Input: 1 <d < d 0z
Output: The minimum index ¢ such that table|d|.rows|t|.n > n if it exists,
otherwise, —1

1: low + 1

2: high < table.numCFFs

3: if table|d].rows|high|.n < n then

4: return -1

5. end if

6: while low < high do

7: mid < LWJ

8: if n = table|d|.rows|mid]|.n then
9: return mid

10: end if

11: if n < table|d].rows|mid|.n then
12: high < mid —1

13: else

14: low < mid +1

15: end if

16: end while
17: return low
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4.5.1 Doubling construction

To complete one iteration of the doubling construction (Proposition 2.13), we update the
table by seeing the results of applying this construction to each row of the 2-CFF table.
The construction takes a single 2-CFF(¢, n) as a parameter, and it must find the value
s =t(1,n). It constructs a 2-CFF(t +s+2 — (s % 2), 2n). Parameter s is found using the
binary search algorithm described in Algorithm 4.6 on the table for d = 1.

Algorithm 4.7 works by iterating over every 2-CFF currently in the table, and updates
the table with the result of applying the doubling construction to each 2-CFF.

Algorithm 4.7 ApplyDoublingConstruction()
Input: None
Output: The 2-CFF table is updated with all CFFs from the doubling construction.

1. for ¢ in [3, 4] dO

2 n < table[2]|.rows|t|

3 s <— binarySearchTable(1, n)

4 if s # —1 then

5: updateTable(2, t + s + 2 — (s%2), 2n, "Doubling", [t, s|)
6 end if

7: end for

4.5.2 Pair constructions

The other recursive constructions are the Kronecker Product (Proposition 2.11), Optimized
Kronecker (Proposition 2.12), and the Additive construction (Proposition 2.14). To apply
these constructions for one iteration, we call updateTable (Algorithm 4.1) for each pair of
CFFs currently present in the tables with the resulting CFF obtained from applying each
recursive construction to a pair of CFFs. This is done in Algorithm 4.8. For the Optimized
Kronecker, we need to use three CFFs instead of two, and find s for a (d — 1)-CFF (s, ns).
This is done using a binary search over the smaller table. If no (d — 1)-CFF with n is in
our table, the binary search will find s for the (d — 1)-CFF(s,n) that has the smallest n,
n > no, and the extra columns are ignored in the Optimized Kronecker construction.

4.5.3 Extension by one

Algorithm 4.9 updates the table with the extension by one constructions (Proposition 2.15).
This works by appending a row of all zeros to the bottom, a column of all zeros to the
right, and setting the new bottom right-most cell to 1. We iterate over each d-CFF and
apply the construction once in increasing order of ¢, so improvements propagate.
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Algorithm 4.8 ApplyPairConstructions(d)

Input: 2 < d < d ez
Output: The table is updated with all CFFs obtained from the Kronecker,
Optimized Kronecker, and Additive constructions.

1: for ¢y in [d+ 1, te.] do

2 for ty in [t1, tya.] dO

3 ny < table[d|.rows|t;].n

4: ngy < table|d|.rows|ts].n

5: updateTable(d, tits, ning, "Kronecker", [t1,ts])

6

7

8

9

updateTable(d, t; + t2, ny + ng, "Additive", [t1, t2])
s <— binarySearchTable(d — 1, ny)
if s # —1 then
: updateTable(d, sty + ta, niny, "Optimized Kronecker", [t t, s])
10: end if

11: s <— binarySearchTable(d — 1, ny)

12: if s # —1 then

13: updateTable(d, sty + t1, niny, "Optimized Kronecker", [t, 1, s])
14: end if

15: end for

16: end for

Algorithm 4.9 ApplyExtensionByOne(d)
Input: 2 < d < d ez
Output: The table is updated with all CFFs from the extension by one construction.
: for tin [d+1,t.. do
n < table|d|.rows|[t|.n
updateTable(d, t + 1, n + 1, "Extension by one", NULL)
end for

W o

4.6 Filling the tables using these algorithms

Algorithm 4.10 is the algorithm that will create the tables of best CFF parameters. This
algorithm works as follows. First, it calls once the algorithms that update the tables with
the parameters of direct constructions. Then, it generates the parameters using recursive
constructions until the table does not change.

Algorithm 4.10 first initializes the tables with the trivial d-CFF(¢,t) parameters in
lines 2-11.

The algorithm creates three types of tables: The 1-CFF table, 2-CFF table, and the
d-CFF tables for d > 3. These tables need to be created separately because we have
different constructions for d = 1,d = 2, and d > 3.

First, the 1-CFF table is created from the parameters for the Sperner construction
(Section 2.1.1) in line 12.
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For the 2-CFF table, we enter the parameters for the direct constructions from STSs
(Section 2.4), Reed-Solomon codes (Section 2.1.3.1), linear codes from Porat and Roth-
schild (Section 2.1.3.1), and best known 2-CFFs parameters from binary constant-weight
codes (Section 2.1.4), in lines 13-16. Then we generate the parameters for the recursive con-
structions for 2-CFFs, which are the doubling construction (Proposition 2.13), extension
by one (Proposition 2.15), additive construction (Proposition 2.14), Kronecker product
(Proposition 2.11), and the optimized Kronecker product (Section 2.12). This is done
repeatedly in a loop in lines 17-22 until no updates are observed.

After creating the 1-CFF and 2-CFF tables, we then create the tables for d > 3.
Our selection of direct constructions for d-CFFs with d > 3 are the Reed-Solomon code
construction, and the code construction from Porat and Rothschild in lines 24-25. After we
fill a d-CFF table with the parameters of these direct constructions, we apply the additive,
Kronecker, and optimized Kronecker recursive constructions until an iteration does not
cause any changes to the table (lines 26-30).

It is easy to verify that Algorithm 4.10 produces a table with the best CFFs that can
be obtained by using the constructions in Table 2.1 and the construction of 2-CFFs from
binary constant-weight codes. The justification is as follows. Since Sperner’s construction
gives the best 1-CFFs, after line 12, we have table|[1].rows|t|.n = n(1,t). For each d > 2, we
can argue that at the end of the corresponding loop, table|d].rows|t].n has the largest value
of n achievable with the given constructions. The main argument is that table[d].rows[t].n
only depends on having table[d — 1].rows|t'|.n completed with the best values for any
1 <t < tyee and on having table|d|.rows|t”]|.n completed with best values for 1 < ¢” <t
(here “best value” refers to the largest n achievable with the given constructions). An
inductive argument on d and then t can therefore be used to prove our claim.



4.7. CONSTRUCTING A COVER-FREE FAMILY FROM THE TABLE OF
PARAMETERS 54

Algorithm 4.10 makeTables(daz, tmaz, Mmaz)

Inplﬂ:: dma:va tmazs Mmaz € VAR
Output: An array of CFF_Table with d,,., tables. This is a global array.

1: table <— an array of d,,,, tables, with indices starting at 1

2: for d in [1,d,q,] do > Initialize tables. Fill each table with ID matrices
3: table|d]. numCFFs < t,,4,

4: table|d|.hasBeenChanged <+ True

5: fort <+ d+1 to t,,, do

6: table|d|.rows|t|.n « ¢

7 table|d].rows|t].constructionName < "ID Matrix"

8: table|d].rows|t].constructionParameters «<— NULL

9: table|d|.rows|t|.CFF < NULL

10: end for

11: end for

12: ApplySpernerConstruction(1) > Make 1-CFF table
13: AddBestKnownCFFs(2) > Fill 2-CFF table with binary constant-weight codes

—_
=~

: ApplySTSConstruction(2)

15: ApplyReedSolomonConstruction(2)

16: ApplyPRConstruction(2)

17: while table[2].hasBeenChanged do

18:  table[2|.hasBeenChanged < False

19: ApplyPairConstructions(2)

20: ApplyDoublingConstruction(2)

21: ApplyExtensionByOne(2)

22: end while

23: for d in [3, d;e.) do > Start filling d-CFF tables for d > 3
24: ApplyReedSolomonConstruction(d)
25: ApplyPRConstruction(d)

26: while table|d|.hasBeenChanged do
27 table[d|.hasBeenChanged «+ False
28: ApplyPairConstructions(d)

29: ApplyExtensionByOne(d)

30: end while

31: end for

4.7 Constructing a cover-free family from the table of
parameters

The idea for the algorithms constructByT(d,t) (Algorithm 4.11) and constructByN(d, n)
(Algorithm 4.12) is to first construct the tables using Algorithm 4.10, then call a recursive
algorithm defined in Algorithm 4.13 that uses the tables to construct a CFF. We define
Algorithm 4.11 to construct a CFF when given a d and ¢, and Algorithm 4.12 to construct
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a CFF when given a d and n.

These algorithms have access to the global table, created in Algorithm 4.10. Algo-
rithm 4.10 is called in the pseudocode of Algorithms 4.11 and 4.12 for clarity, but instead
we could create the tables outside of these algorithms, then re-use the table many times if
we want to construct multiple CFFs.

Algorithm 4.11 ConstructByT(d, ?)
Input: d,t,€ Z*, d < t.
Output: The CFF corresponding to our bound on n(d, t).

1: makeTables(dmaz, tmaz, Mmaz)
2: CFF <« getByT(d,t)
3: return CFF

Algorithm 4.12 ConstructByN(d,n)
Input: d,n,e Z",d < n.
Output: The CFF corresponding to our bound on ¢(d, n).

makeTables(dnaz, tmazs Pmaz)
t < binarySearchTable(d, n)
CFF <« getByT(d,t)
return CFF

Algorithms 4.11 and 4.12 use the recursive Algorithm 4.13. The base cases for the
recursion are when the CFF in table d at row ¢ uses a direct construction. The recursive
cases are when the CFF is constructed with a recursive construction. Algorithm 4.13 avoids
reconstructing the same CFF multiple times by storing a pointer to a CFF in each row in
each table. If this pointer is NULL then the CFF will be constructed, otherwise the CFF
is retrieved from the pointer. This behaviour is managed by the first if statement on line
1 of Algorithm 4.10. Then, the switch case statement handles the various cases for each
construction. In our actual implementation we do not use a switch, since C does not support
switches on strings. Instead, each case of the switch is actually the function pointed to by
“ConstructionFunction” in a CFF_Construction_And_Name_Functions struct (Figure 4.2).

Algorithm 4.13 omits CFFs from binary constant-weight codes, detailed in Section 4.4.1,
since we have not constructed a database of them. In our tables, presented later in Chap-
ter b, we present two variations of the 2-CFF table, one table that includes binary constant-
weight codes, and another table without them.

In Table 4.1, we provide references to the various constructions used in Algorithm 4.13.
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Direct constructions
Sperner systems Algorithm 2.2
STS Example 2.4
Reed-Solomon Algorithm 2.4
Shortened Reed-Solomon Proposition 2.8
Porat and Rothschild Algorithm 3.6
Recursive constructions
Kronecker product Algorithm 2.5
Optimized Kronecker product | Algorithm 2.6
Doubling for d = 2 Proposition 2.13
Additive Proposition 2.14
Extension-by-one Proposition 2.15

Table 4.1: Constructions used in Algorithm 4.13
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Algorithm 4.13 getByT(d, t)

1:

10:
11:
12:
13:
14:

15:
16:

17:
18:
19:
20:

21:
22:
23:

24:
25:
26:
27:

28:
29:
30:
31:

32:
33:
34:
35:
36:

37:
38:
39:
40:
41:

2
3
4
5:
6:
7
8
9

Input: d,t,e Z",d < t.
Output: The CFF corresponding to our bound on n(d,t).
if table[d].rows[t|.CFF = NULL then
switch table|d].rows[t].constructionName do
case "ID Matrix"
CFF <« IDconstruction(t)
case "Sperner"
CFF < SpernerConstruction(t)
case "STS"
CFF < STSconstruction(t)
case "RS Code"
CFF < ReedSolomonConstruction(
table|d].rows|t].constructionParameters)
case "Short RS Code"
CFF « ShortenedReedSolomonConstruction(
table|d].rows|t].constructionParameters)

case "PR Code"
CFF < PRconstructCFF (table|d].rows[t].n, d)

case "Doubling"

smaller2CFF < getByT(d, table|d|.rows|t|.constructionParameters|0])
smallerlCFF < getByT(d — 1, table|d].rows|t].constructionParameters|1])

CFF < DoublingConstruction(smaller2CFF, smaller1 CFF)

case "Extension By One"
smallerCFF <« getByT(d, t — 1)
CFF < ExtensionByOne(smallerCFF)

case "Additive Construction"
left < getByT(d, table|d].rows|t].constructionParameters|0])
right <— getByT(d, table|d]|.rows|t].constructionParameters|1])
CFF <« AdditiveConstruction(left, right)

case "Kronecker Product"
left < getByT(d, table|d|.rows|t].constructionParameters|0])
right < getByT(d, table|d|.rows[t].constructionParameters|1])
CFF < KroneckerProduct(left, right)

case "Optimized Kronecker Product"
a < getByT(d, table|d|.rows|t].constructionParameters|0])
b < getByT(d, table|d|.rows[t|.constructionParameters|1])
¢ < getByT(d — 1, table|d]|.rows|t].constructionParameters|2|)
CFF < OptimizedKroneckerProductConstruction(a, b, c)

table|d|.rows|t|.CFF «+ CFF
else

CFF <« table|d].rows[t|. CFF
end if
return CFF




Chapter 5

Tables of Cover-Free Families from
(GGiven Constructions

In this chapter, we show the results of our algorithms to find best-known CFFs using
our method outlined in Chapter 4, discuss observations from these tables, and discuss a
comparison between CFFs constructed from Reed-Solomon codes and CFFs constructed
using Porat and Rothschild’s code construction. Our tables are available online in [6].

5.1 Tables

These tables show the CFFs that minimize t(d, n) and maximize n(d, t) for the constructions
shown in Chapter 2 up to a maximum d of 25, and a maximum n of 10,000, 000, 000, 000
(10 trillion). We set ¢4 = 20,000, but we found that the tables were bounded by 7,,4s
before t,,,, Was reached.

To reduce the number of rows in the tables we exclude every row that is from the
extension-by-one construction, or would be possible to create with the extension-by-one
construction. So, any gaps in t should be understood as consecutive increases by one in
both n and ¢t. The first example of this is on the 2-CFF table, between ¢t = 9 and t = 11.
Since the increase in n between one row from ¢ = 9 to ¢ = 10 is only one, this row with
t =10 and n = 13 is excluded from the table.

We use a label to refer to each construction in the tables, to save space.

58
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Construction Table Name Resulting CFF
Identity Matrix ID(¢) d-CFF(t,t)
Sperner System Sp(t) 1-CFF(¢, (LEJ))
Steiner Triple System STS(v) 2-CFF (v, @)
Binary constant-weight code A(m, D, w) 2-CFF(m, A(m, D, w))
Doubling construction Dbl(t, s) 2-CFF(t+ s+ 2 — (s%2),2n)
Reed-Solomon code RS(q, k,m) d-CFF(mq, ¢~)
Shortened Reed-Solomon code | SRS(q, k, m, ) d-CFF((m — s)q, ¢"%)
Porat and Rothschild code PR(q, k, m) d-CFF(mq, ¢~)
Kronecker product Kr(ty,t2) d-CFF (t1ta, nins)
Optimized Kronecker product | OKr(ty, s, s) d-CFF (sty + ta, ning)
Additive construction Add(ty,ts) d-CFF(t; + to,ny + no)

Table 5.1: Labels of construction names

We present tables for d = 1,2,3,4,10,20,25 in this chapter. The other tables are
available in the appendix.

The total running time for creating all tables was roughly 75 seconds using a personal
computer with an Intel i7-6700k processor and 16 GB of memory. The maximum memory
usage of the program when creating the tables was 192 MB.

The number of iterations needed to apply recursive constructions to the CFF tables
(see loops in lines 17 and 26 of Algorithm 4.10) is listed in Table 5.2.

d | Number of iterations
1 0
2 3

>3 2

Table 5.2: Number of iterations of recursive constructions
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5.1.1 1-CFF table
1-CFF(t, n)
Legend
$» Sperner
2'? 2I15 2I31 2)’4? 2I55 2::.&3
n
t n Source t n Source
4 6 Sp(4) 26 10400600 Sp(26)
5 10 Sp(5) 27 20058300 Sp(27)
6 20 Sp(6) 28 40116600 Sp(28)
7 35 Sp(7) 29 77558760 Sp(29)
8 70 Sp(8) 30 155117520 Sp(30)
9 126 Sp(9) 31 300540195 Sp(31)
10 252 Sp(10) 32 601080390 Sp(32)
11 462 Sp(11) 33 1166803110 Sp(33)
12 924 Sp(12) 34 2333606220 Sp(34)
13 1716 Sp(13) 35 4537567650 Sp(35)
14 3432 Sp(14) 36 9075135300 Sp(36)
15 6435 Sp(15) 37 17672631900 Sp(37)
16 12870 Sp(16) 38 35345263800 Sp(38)
17 24310 Sp(17) 39 68923264410 Sp(39)
18 48620 Sp(18) 40 137846528820 | Sp(40)
19 92378 Sp(19) 41 269128937220 | Sp(41)
20 184756 Sp(20) 42 538257874440 | Sp(42)
21 352716 Sp(21) 43 1052049481860 | Sp(43)
22 705432 Sp(22) 44 2104098963720 | Sp(44)
23 1352078 Sp(23) 45 4116715363800 | Sp(45)
24 2704156 Sp(24) 46 8233430727600 | Sp(46)
25 5200300 Sp(25) 47 10000000000000| Sp(47)
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5.1.2 2-CFF table

We present two variations of the 2-CFF tables, because we have not constructed a database
of binary constant-weight codes. So, we cannot construct CFFs from them using Algo-
rithm 4.13, but we still give a variation of the 2-CFF table with them considered.

2-CFFs with and without constaint-weight binary codes

400 -

350 -

300 -

250

200

150 4

100

50 4

25 211 215 221 225 231 235 241
n

Figure 5.1: 2-CFF Table comparison

Figure 5.1 shows the growth of our bound on #(2,n) with or without binary constant-
weight codes. The black line includes CFFs from binary constant-weight codes, and the
red line does not include them.



5.1. TABLES

62

5.1.2.1 2-CFF table with binary codes

2-CFF(t, n)
Legend
350 A g o
& STS
<> Reed-Solomon
300 4 < Additive
{» Constant-weight binary code
> Doubling
250 ~
200 !°§
)
150 - !!
100 - 880
<
50 - p 69
0 -
T T T T T T T T
25 21 1 21 & 22 1 22 & 23 1 23 & 241
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t n Source t n Source

9 12 STS(9) 114 161093 Add(15,99)
11 17 A(11,4,3) 115 161099 Add(16,99)
12 20 A(12,4,3) 116 161119 Add(17,99)
13 26 A(13,4,3) 117 371293 RS(13',5,9)
14 28 A(14,4,3) 121 1771561 RS(111,6,11)
15 42 A(15,6,5) 130 1771573 Add(9,121)
16 48 A(16,6,5) 132 1771578 Add(11,121)
17 68 A(17,6,5) 133 1771581 Add(12,121)
19 76 A(19,6,5) 134 1771587 Add(13,121)
20 90 A(20,6,5) 135 1771589 Add(14,121)
21 120 A(21,8,7) 136 1771603 Add(15,121)
22 176 A(22,8,7) 137 1771609 Add(16,121)
23 253 A(23,8,7) 138 1771629 Add(17,121)
32 265 Add(9,23) 140 1771637 Add(19,121)
34 352 Dbl(22,10) 141 1771651 Add(20,121)
35 506 Dbl(23,11) 142 1771681 Add(21,121)
36 508 Dbl(24,11) 143 4826809 RS(13',6,11)
37 510 Dbl(25,11) 152 4826821 Add(9,143)
38 512 Dbl(26,11) 154 4826826 Add(11,143)
39 514 Dbl(27,11) 155 4826829 Add(12,143)
40 516 Dbl(28,11) 156 4826835 Add(13,143)
41 518 Dbl(29,11) 157 4826837 Add(14,143)
42 520 Dbl(30,11) 158 4826851 Add(15,143)
43 522 Dbl(31,11) 159 4826857 Add(16,143)
44 530 Dbl(32,11) 160 4826877 Add(17,143)
45 729 RS(3%,3,5) 162 4826885 Add(19,143)
49 2401 RS(7%,4,7) 163 4826899 Add(20,143)
56 4096 RS(23,4,7) 164 4826929 Add(21,143)
63 6561 RS(3%,4,7) 165 4826985 Add(22,143)
72 32768 RS(23,5,9) 166 4827062 Add(23,143)
81 59049 RS(3%,5,9) 169 62748517 RS(13',7,13)
90 59061 Add(9,81) 178 62748529 Add(9,169)
92 65536 Dbl(72,18) 180 62748534 Add(11,169)
93 65538 Dbl(73,18) 181 62748537 Add(12,169)
94 65540 Dbl(74,18) 182 62748543 Add(13,169)
95 65542 Dbl(75,18) 183 62748545 Add(14,169)
96 65544 Dbl(76,18) 184 62748559 Add(15,169)
97 65546 Dbl(77,18) 185 62748565 Add(16,169)
98 65548 Dbl(78,18) 186 62748585 Add(17,169)
99 161051 RS(11%)5,9) 188 62748593 Add(19,169)
108 161063 Add(9,99) 189 62748607 Add(20,169)
110 161068 Add(11,99) 190 62748637 Add(21,169)
111 161071 Add(12,99) 191 62748693 Add(22,169)
112 161077 Add(13,99) 192 62748770 Add(23,169)
113 161079 Add(14,99) 199 125497034 Dbl(169,29)
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t n Source t n Source
200 125497036 Dbl(170,29) 300 118587876514 | Add(11,289)
201 125497038 Dbl(171,29) 301 118587876517 | Add(12,289)
202 125497040 Dbl(172,29) 302 118587876523 | Add(13,289)
203 125497042 Dbl(173,29) 303 118587876525 Add(14,289)
204 125497044 Dbl(174,29) 304 118587876539 | Add(15,289)
205 125497046 Dbl(175,29) 305 118587876545 Add(16,289)
206 125497048 Dbl(176,29) 306 118587876565 Add(17,289)
207 125497050 Dbl(177,29) 308 118587876573 | Add(19,289)
208 268435456 RS(24,7,13) 309 118587876587 | Add(20,289)
217 268435468 Add(9,208) 310 118587876617 | Add(21,289)
219 268435473 Add(11,208) 311 118587876673 | Add(22,289)
220 268435476 Add(12,208) 312 137438953472 Dbl(272,39)
221 410338673 RS(171,7,13) 313 137438953474 Dbl(273,39)
230 410338685 Add(9,221) 314 137438953476 Dbl(274,39)
232 410338690 Add(11,221) 315 137438953478 Dbl(275,39)
233 410338693 Add(12,221) 316 137438953480 Dbl(276,39)
234 410338699 Add(13,221) 317 137438953482 Dbl(277,39)
235 410338701 Add(14,221) 318 137438953484 Dbl(278,39)
236 410338715 Add(15,221) 319 137438953486 Dbl(279,39)
237 410338721 Add(16,221) 320 137438953488 Dbl(280,39)
238 410338741 Add(17,221) 321 137438953496 Dbl(281,39)
240 4294967296 RS(24,8,15) 322 137438953498 Dbl(282,39)
249 4294967308 Add(9,240) 323 322687697779 RS(191,9,17)
251 4294967313 Add(11,240) 332 322687697791 Add(9,323)
252 4294967316 Add(12,240) 334 322687697796 | Add(11,323)
253 4294967322 Add(13,240) 335 322687697799 | Add(12,323)
254 4294967324 Add(14,240) 336 322687697805 Add(13,323)
255 6975757441 RS(171,8,15) 337 322687697807 | Add(14,323)
264 6975757453 Add(9,255) 338 322687697821 Add(15,323)
266 6975757458 Add(11,255) 339 322687697827 | Add(16,323)
267 6975757461 Add(12,255) 340 322687697847 | Add(17,323)
268 6975757467 Add(13,255) 342 322687697855 Add(19,323)
269 6975757469 Add(14,255) 343 322687697869 | Add(20,323)
270 6975757483 Add(15,255) 344 322687697899 | Add(21,323)
271 6975757489 Add(16,255) 345 322687697955 Add(22,323)
272 68719476736 RS(21,9,17) 346 322687698032 Add(23,323)
281 68719476748 Add(9,272) 355 322687698044 | Add(23,332)
283 68719476753 Add(11,272) 357 322687698131 Add(34,323)
284 68719476756 Add(12,272) 358 322687698285 Add(35,323)
285 68719476762 Add(13,272) 359 322687698287 | Add(36,323)
286 68719476764 Add(14,272) 360 322687698289 | Add(37,323)
287 68719476778 Add(15,272) 361 6131066257801 | RS(19,10,19)
288 68719476784 Add(16,272) 370 6131066257813 | Add(9,361)
289 118587876497 | RS(17%,9,17) 372 6131066257818 | Add(11,361)
298 118587876509 Add(9,289) 373 6131066257821 | Add(12,361)
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t n Source

374 6131066257827 | Add(13,361)
375 6131066257829 | Add(14,361)
376 6131066257843 | Add(15,361)
377 6131066257849 | Add(16,361)
378 6131066257869 | Add(17,361)
380 6131066257877 | Add(19,361)
381 6131066257891 | Add(20,361)
382 6131066257921 | Add(21,361)
383 6131066257977 | Add(22,361)
384 6131066258054 | Add(23,361)
393 6131066258066 | Add(23,370)
395 6131066258153 | Add(34,361)
396 6131066258307 | Add(35,361)
397 6131066258309 | Add(36,361)
398 6131066258311 | Add(37,361)
399 6131066258313 | Add(38,361)
400 6131066258315 | Add(39,361)
401 6131066258317 | Add(40,361)
402 6131066258319 | Add(41,361)
403 6131066258321 | Add(42,361)
404 6131066258323 | Add(43,361)
405 6131066258331 | Add(44,361)
406 6131066258530 | Add(45,361)
409 10000000000000| Dbl(361,46)
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5.1.2.2 2-CFF table without binary constant-weight codes

2-CFF(t, n)
Legend <

3071 & 515

<> Reed-Solomon
300 4 < Additive

> Doubling
250 é
200

150 4 §
o8
100 088

50 - &
NPl

T T T
25 21 1 21 & 22 1 22 & 23 1 23 & 241
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t n Source t n Source

9 12 STS(9) 162 4826866 Add(19,143)
12 16 RS(2%,2,3) 163 4826873 Add(20,143)
13 26 STS(13) 164 4826879 Add(21,143)
15 35 STS(15) 168 4826934 Add(25,143)
19 57 STS(19) 169 62748517 RS(13',7,13)
20 64 RS(22,3,5) 178 62748529 Add(9,169)
21 70 STS(21) 181 62748533 Add(12,169)
25 125 RS(5%,3,5) 182 62748543 Add(13,169)
31 155 STS(31) 184 62748552 Add(15,169)
33 176 STS(33) 188 62748574 Add(19,169)
35 343 RS(74,3,5) 189 62748581 Add(20,169)
40 512 RS(23,3,5) 190 62748587 Add(21,169)
45 729 RS(3%,3,5) 194 62748642 Add(25,169)
49 2401 RS(71,4,7) 199 125497034 Dbl(169,29)
56 4096 RS(23,4,7) 200 125497036 Dbl(170,29)
63 6561 RS(3%,4,7) 201 125497038 Dbl(171,29)
72 32768 RS(23,5,9) 202 125497040 Dbl(172,29)
81 59049 RS(3%,5,9) 203 125497042 Dbl(173,29)
90 59061 Add(9,81) 204 125497044 Dbl(174,29)
92 65536 Dbl(72,18) 205 125497046 Dbl(175,29)
93 65538 Dbl(73,18) 206 125497048 Dbl(176,29)
94 65540 Dbl(74,18) 207 125497050 Dbl(177,29)
95 65542 Dbl(75,18) 208 268435456 RS(24,7,13)
96 65544 Dbl(76,18) 217 268435468 Add(9,208)
97 65546 Dbl(77,18) 220 268435472 Add(12,208)
98 65548 Dbl(78,18) 221 410338673 RS(171,7,13)
99 161051 RS(11%)5,9) 230 410338685 Add(9,221)
108 161063 Add(9,99) 233 410338689 Add(12,221)
111 161067 Add(12,99) 234 410338699 Add(13,221)
112 161077 Add(13,99) 236 410338708 Add(15,221)
114 161086 Add(15,99) 240 4294967296 RS(21,8,15)
117 371293 RS(13,5,9) 249 4294967308 Add(9,240)
121 1771561 RS(11%,6,11) 252 4294967312 Add(12,240)
130 1771573 Add(9,121) 253 4294967322 Add(13,240)
133 1771577 Add(12,121) 255 6975757441 RS(17%,8,15)
134 1771587 Add(13,121) 264 6975757453 Add(9,255)
136 1771596 Add(15,121) 267 6975757457 Add(12,255)
140 1771618 Add(19,121) 268 6975757467 Add(13,255)
141 1771625 Add(20,121) 270 6975757476 Add(15,255)
142 1771631 Add(21,121) 272 68719476736 RS(24,9,17)
143 4826809 RS(131,6,11) 281 68719476748 Add(9,272)
152 4826821 Add(9,143) 284 68719476752 Add(12,272)
155 4826825 Add(12,143) 285 68719476762 Add(13,272)
156 4826835 Add(13,143) 287 68719476771 Add(15,272)
158 4826844 Add(15,143) 289 118587876497 | RS(171,9,17)
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t n Source

298 118587876509 | Add(9,289)
301 118587876513 | Add(12,289)
302 118587876523 | Add(13,289)
304 118587876532 Add(15,289)
308 118587876554 | Add(19,289)
309 118587876561 Add(20,289)
310 118587876567 | Add(21,289)
312 137438953472 Dbl(272,39)
313 137438953474 Dbl(273,39)
314 137438953476 Dbl(274,39)
315 137438953478 Dbl(275,39)
316 137438953480 Dbl(276,39)
317 137438953482 Dbl(277,39)
318 137438953484 Dbl(278,39)
319 137438953486 Dbl(279,39)
320 137438953488 Dbl(280,39)
321 137438953496 Dbl(281,39)
322 137438953498 Dbl(282,39)
323 322687697779 RS(19%,9,17)
332 322687697791 Add(9,323)
335 322687697795 Add(12,323)
336 322687697805 Add(13,323)
338 322687697814 | Add(15,323)
342 322687697836 | Add(19,323)
343 322687697843 | Add(20,323)
344 322687697849 | Add(21,323)
348 322687697904 | Add(25,323)
354 322687697934 | Add(31,323)
356 322687697955 Add(33,323)
358 322687698122 Add(35,323)
361 6131066257801 | RS(191,10,19)
370 6131066257813 | Add(9,361)
373 6131066257817 | Add(12,361)
374 6131066257827 | Add(13,361)
376 6131066257836 | Add(15,361)
380 6131066257858 | Add(19,361)
381 6131066257865 | Add(20,361)
382 6131066257871 | Add(21,361)
386 6131066257926 | Add(25,361)
392 6131066257956 | Add(31,361)
394 6131066257977 | Add(33,361)
396 6131066258144 | Add(35,361)
401 6131066258313 | Add(40,361)
406 6131066258530 | Add(45,361)
409 10000000000000| Dbl(361,46)
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5.1.3 3-CFF table

3-CFF(t, n)

600 1

500 -

400

300 -

200

100

Legend
<> Reed-Solomon
<»  Additive

T T T T T
2? 21 2 21 7 22 2 22 7 23 2 23 7
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t n Source

20 25 RS(51,2,4)
28 49 RS(71,2,4)
32 64 RS(23,2,4)
36 81 RS(3%,2,4)
44 121 RS(lll, A4)
49 343 RS(74,3,7)
56 512 RS(23,3,7)
63 729 RS(3%,3,7)
7 1331 RS(11%,3,7)
90 6561 RS(3%,4,10)
110 14641 RS(11%,4,10)
130 28561 RS(13',4,10)
150 28586 Add(20,130)
158 28610 Add(28,130)
160 65536 RS(2%,4,10)
169 371293 RS(131,5,13)
189 371318 Add(20,169)
197 371342 Add(28,169)
201 371357 Add(32,169)
205 371374 Add(36,169)
208 1048576 RS(21,5,13)

221 1419857

241 1419882

247 2476099

256 16777216
272 24137569
292 24137594
300 24137618
304 47045881
324 47045906
332 47045930
336 47045945
340 47045962
348 47046002
353 47046224
360 47046393

361 893871739
381 893871764
389 893871788
393 893871803
397 893871820
405 893871860
410 893872082
417 893872251
424 893872468

RS(17%,5,13)
Add(20,221)
RS(19',5,13)
RS(24,6,16)

RS(17%,6,16)
Add(20,272)
Add(28,272)
RS(197,6,16)
Add(20,304)
Add(28,304)
Add(32,304)
Add(36,304)
Add(44,304)
Add(49,304)
Add(56,304)
RS(19,7,19)
Add(20,361)
Add(28,361)
Add(32,361)
Add(36,361)
Add(44,361)
Add(49,361)
Add(56,361)
Add(63,361)

t n Source

437 3404825447 RS(23',7,19)
457 3404825472 Add(20,437)
465 3404825496 Add(28,437)
469 3404825511 Add(32,437)
473 3404825528 Add(36,437)
475 6103515625 RS(52,7,19)
495 6103515650 Add(20,475)
503 6103515674 Add(28,475)
506 78310985281 RS(231,8,22)
526 78310985306 Add(20,506)
534 78310985330 Add(28,506)
538 78310985345 Add(32,506)
542 78310985362 Add(36,506)
550 152587890625 | RS(5%,8,22)
570 152587890650 | Add(20,550)
578 152587890674 | Add(28,550)
582 152587890689 | Add(32,550)
586 152587890706 | Add(36,550)
594 282429536481 RS(33,8,22)
614 282429536506 | Add(20,594)
622 282429536530 | Add(28,594)
625 3814697265625 | RS(5%,9,25)
645 3814697265650 | Add(20,625)
653 3814697265674 | Add(28,625)
657 3814697265689 | Add(32,625)
661 3814697265706 | Add(36,625)
669 3814697265746 | Add(44,625)
674 3814697265968 | Add(49,625)
675 7625597484987 | RS(33,9,25)
695 7625597485012 | Add(20,675)
703 7625597485036 | Add(28,675)
707 7625597485051 | Add(32,675)
711 7625597485068 | Add(36,675)
719 7625597485108 | Add(44,675)
724 7625597485330 | Add(49,675)
725 10000000000000| RS(29',9,25)
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5.1.4 4-CFF table

4-CFF(t, n)
Legend
<> Reed-Solomon §
800 - <»  Additive
600 - f
. o
400 ?00
N4
200 - 8&
&
&
0_

233
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t n Source

35 49 RS(7%,2,5)
40 64 RS(23,2,5)
45 81 RS(3%,2,5)
55 121 RS(11%,2,5)
65 169 RS(131,2,5)
72 512 RS(23,3,9)
81 729 RS(3%,3,9)
99 1331 RS(11%3,9)
117 2197 RS(13%,3,9)
144 4096 RS(24,3,9)
153 4913 RS(17,3,9)
169 28561 RS(13',4,13)
204 28610 Add(35,169)
208 65536 RS(2%,4,13)
221 83521 S(171,4,13)
247 130321 RS(19!,4,13)
272 1048576 S(24,5,17)
289 1419857 S(171,5,17)
323 2476099 RS(19%,5,17)
358 2476148 Add(35,323)
363 2476163 Add(40,323)
368 2476180 Add(45,323)
378 2476220 Add(55,323)
388 2476268 Add(65,323)
391 6436343 RS(231,5,17)
425 9765625 RS(5%,5,17)
459 14348907 RS(3%,5,17)
483 148035889 RS(23',6,21)
518 148035938 Add(35,483)
523 148035953 Add(40,483)
525 244140625 RS(5%,6,21)
560 244140674 Add(35,525)
565 244140689 Add(40,525)
567 387420489 RS(33,6,21)
602 387420538 Add(35,567)
607 387420553 Add(40,567)
609 594823321 RS(29!,6,21)
625 6103515625 RS(5%,7,25)
660 6103515674 Add(35,625)
665 6103515689 Add(40,625)
670 6103515706 Add(45,625)
675 10460353203 RS(32,7,25)
710 10460353252 Add(35,675)
715 10460353267 Add(40,675)
720 10460353284 Add(45,675)

t n Source

725 17249876309 RS(29',7,25)
760 17249876358 Add(35,725)
765 17249876373 Add(40,725)
770 17249876390 Add(45,725)
775 27512614111 RS(31',7,25)
800 34359738368 RS(25,7,25)
835 34359738417 Add(35,800)
840 34359738432 Add(40,800)
841 500246412961 RS(29,8,29)
876 500246413010 | Add(35,841)
881 500246413025 Add(40,841)
886 500246413042 Add(45,841)
896 500246413082 Add(55,841)
899 852891037441 RS(311,8,29)
928 1099511627776 | RS(2°,8,29)
963 1099511627825 | Add(35,928)
968 1099511627840 | Add(40,928)
973 1099511627857 | Add(45,928)
983 1099511627897 | Add(55,928)
993 1099511627945 | Add(65,928)
1000 | 1099511628288 | Add(72,928)
1009 | 1099511628505 | Add(81,928)
1027 | 1099511629107 | Add(99,928)
1045 | 1099511629973 | Add(117,928)
1056 | 10000000000000| RS(2°,9,33)
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5.1.5 10-CFF table

10-CFF(t, n)

3500 ~

3000 ~

2500 ~

.. 2000 -

1500 -

1000 -

500 -

Legend
<> Reed-Solomon
<»  Additive

T T
21|]' 215 22|]' 225 23|]'

T
235

24|]'
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t n Source

143 169 RS(13,2,11)
176 256 RS(24,2,11)
187 289 RS(171,2,11)
209 361 RS(191,2,11)
253 529 RS(231,2,11)
275 625 RS(5%,2,11)
297 729 RS(33,2,11)
319 841 RS(29%,2,11)
341 961 RS(311,2,11)
352 1024 RS(2°,2,11)
407 1369 RS(371,2,11)
451 1681 RS(411,2,11)
473 1849 RS(43'2,11)
483 12167 RS(23',3,21)
525 15625 RS(5%,3,21)
567 19683 RS(32%,3,21)
609 24389 RS(29',3,21)
651 29791 RS(311,3,21)
672 32768 RS(2°,3,21)
e 50653 RS(371,3,21)
861 68921 RS(411,3,21)
903 79507 RS(43'3,21)
961 923521 RS(311,4,31)
992 1048576 RS(2°,4,31)
1135 | 1048745 Add(143,992)
1147 | 1874161 RS(371,4,31)
1271 | 2825761 RS(41%,4,31)
1333 | 3418801 RS(43'4,31)
1457 | 4879681 RS(471,4,31)
1519 | 5764801 RS(7%,4,31)
1643 | 7890481 RS(53!,4,31)
1681 | 115856201 RS(411,5,41)
1763 | 147008443 RS(43'5,41)
1906 | 147008612 Add(143,1763)
1927 | 229345007 RS(471,5,41)
2009 | 282475249 RS(7%,5,41)
2152 | 282475418 Add(143,2009)
2173 | 418195493 RS(53',5,41)
2316 | 418195662 Add(143,2173)
2349 | 418195749 Add(176,2173)
2360 | 418195782 Add(187,2173)
2382 | 418195854 Add(209,2173)
2419 | 714924299 RS(59%,5,41)
2501 | 844596301 RS(611,5,41)
2624 | 1073741824 RS(25,5,41)

t n Source

2703 | 22164361129 RS(53%,6,51)
2846 | 22164361298 | Add(143,2703)
2879 | 22164361385 Add(176,2703)
2890 | 22164361418 Add(187,2703)
2912 | 22164361490 Add(209,2703)
2956 | 22164361658 Add(253,2703)
2978 | 22164361754 Add(275,2703)
3000 | 22164361858 Add(297,2703)
3009 | 42180533641 RS(59',6,51)
3111 | 51520374361 RS(61',6,51)
3254 | 51520374530 Add(143,3111)
3264 | 68719476736 RS(29,6,51)
3407 | 68719476905 Add(143,3264)
3417 | 90458382169 RS(671,6,51)
3560 | 90458382338 Add(143,3417)
3593 | 90458382425 Add(176,3417)
3604 | 90458382458 Add(187,3417)
3621 | 128100283921 RS(71',6,51)
3721 | 3142742836021 | RS(61',7,61)
3864 | 3142742836190 | Add(143,3721)
3897 | 3142742836277 | Add(176,3721)
3904 | 4398046511104 | RS(2°,7,61)
4047 | 4398046511273 | Add(143,3904)
4080 | 4398046511360 | Add(176,3904)
4087 | 6060711605323 | RS(67',7,61)
4230 | 6060711605492 | Add(143,4087)
4263 | 6060711605579 | Add(176,4087)
4274 | 6060711605612 | Add(187,4087)
4296 | 6060711605684 | Add(209,4087)
4331 | 9095120158391 | RS(711,7,61)
4453 | 10000000000000{ RS(73',7,61)
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5.1.6 20-CFF table

20-CFF(t, n)

10000 - Legend %

<> Reed-Solomon
<»  Additive

8000 -~

&
6000 - (§
- é>
4000 A §
2000 4 /
0 T T T T T T T T
211 215 219 223 22? 231 235 239
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t n Source t n Source
483 529 RS(23',2,21) 6161 | 104060401 RS(101%,4,61)
525 625 RS(5%,2,21) 6283 | 112550881 RS(103',4,61)
567 729 RS(33,2,21) 6527 | 131079601 RS(107%,4,61)
609 841 RS(29!,2,21) 6561 | 3486784401 RS(3%,5,81)
651 961 RS(311,2,21) 6723 | 3939040643 RS(83',5,81)
672 1024 RS(2°,2,21) 7206 | 3939041172 Add(483,6723)
T 1369 RS(371,2,21) 7209 | 5584059449 RS(89!)5,81)
861 1681 RS(411,2,21) 7692 | 5584059978 Add(483,7209)
903 1849 RS(43',2,21) 7734 | 5584060074 Add(525,7209)
987 2209 RS(471,2,21) 7776 | 5584060178 Add(567,7209)
1029 | 2401 RS(7%,2,21) 7818 | 5584060290 Add(609,7209)
1113 | 2809 RS(53',2,21) 7857 | 8587340257 RS(97',5,81)
1239 | 3481 RS(59%,2,21) 8181 | 10510100501 RS(1011,5,81)
1281 | 3721 RS(611,2,21) 8343 | 11592740743 RS(1031,5,81)
1344 | 4096 RS(26,2,21) 8667 | 14025517307 RS(1071,5,81)
1407 | 4489 RS(671,2,21) 8829 | 15386239549 RS(109%,5,81)
1491 | 5041 RS(711,2,21) 9153 | 18424351793 RS(113',5,81)
1533 | 5329 RS(73',2,21) 9636 | 18424352322 Add(483,9153)
1659 | 6241 RS(79%,2,21) 9678 | 18424352418 Add(525,9153)
1681 | 68921 RS(411,3,41) 9720 | 18424352522 Add(567,9153)
1763 | 79507 RS(43!,3,41) 9762 | 18424352634 Add(609,9153)
1927 | 103823 RS(471,3,41) 9801 | 25937424601 RS(112,5,81)
2009 | 117649 RS(7%,3,41) 10125 | 30517578125 RS(53,5,81)
2173 | 148877 RS(531,3,41) 10201 | 1061520150601 | RS(1011,6,101)
2419 | 205379 RS(59!,3,41) 10403 | 1194052296529 | RS(103',6,101)
2501 | 226981 RS(611,3,41) 10807 | 1500730351849 | RS(107',6,101)
2624 | 262144 RS(2°9,3,41) 11009 | 1677100110841 | RS(109',6,101)
2747 | 300763 RS(671,3,41) 11413 | 2081951752609 | RS(1131,6,101)
2911 | 357911 RS(711,3,41) 11896 | 2081951753138 | Add(483,11413)
2993 | 389017 RS(731,3,41) 11938 | 2081951753234 | Add(525,11413)
3239 | 493039 RS(79!,3,41) 11980 | 2081951753338 | Add(567,11413)
3321 | 531441 RS(3%,3,41) 12022 | 2081951753450 | Add(609,11413)
3403 | 571787 RS(83',3,41) 12064 | 2081951753570 | Add(651,11413)
3649 | 704969 RS(89%,3,41) 12085 | 2081951753633 | Add(672,11413)
3721 | 13845841 RS(611,4,61) 12190 | 2081951753978 | Add(777,11413)
3904 | 16777216 RS(26,4,61) 12221 | 3138428376721 | RS(112,6,101)
4087 | 20151121 RS(67,4,61) 12625 | 3814697265625 | RS(5%,6,101)
4331 | 25411681 RS(711,4,61) 12827 | 4195872914689 | RS(127',6,101)
4453 | 28398241 RS(73',4,61) 12928 | 4398046511104 | RS(27,6,101)
4819 | 38950081 RS(79',4,61) 13231 | 5053913144281 | RS(1311,6,101)
4941 | 43046721 RS(3%,4,61) 13714 | 5053913144810 | Add(483,13231)
5063 | 47458321 RS(83,4,61) 13756 | 5053913144906 | Add(525,13231)
5429 | 62742241 RS(89',4,61) 13798 | 5053913145010 | Add(567,13231)
5912 | 62742770 Add(483,5429) 13837 | 6611856250609 | RS(137,6,101)
5917 | 88529281 RS(971,4,61) 14039 | 7212549413161 | RS(139,6,101)
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t

n

Source

14522
14564
14606
14641

7212549413690
7212549413786
7212549413890
10000000000000

Add(483,14039)
Add(525,14039)
Add(567,14039)
RS(112,7,121)

5.1.7 25-CFF table

25-CFF(t, n)

16000 Legend
<> Reed-Solomon
14000 4 <> Additive

12000 +
10000

= 8000
6000
4000 ~

2000 ~

211 215
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t n Source t n Source
702 729 RS(32,2,26) 7676 | 104060401 RS(101%,4,76)
754 841 RS(29%,2,26) 7828 | 112550881 RS(103',4,76)
806 961 RS(311,2,26) 8132 | 131079601 RS(107%,4,76)
832 1024 RS(2°,2,26) 8284 | 141158161 RS(109',4,76)
962 1369 RS(371,2,26) 8588 | 163047361 RS(113',4,76)
1066 | 1681 RS(41%,2,26) 9196 | 214358881 RS(112,4,76)
1118 | 1849 RS(43',2,26) 9500 | 244140625 RS(5%,4,76)
1222 | 2209 RS(471,2,26) 9652 | 260144641 RS(1274,4,76)
1274 | 2401 RS(7%,2,26) 9728 | 268435456 RS(27,4,76)
1378 | 2809 RS(53!,2,26) 9956 | 294499921 RS(1311,4,76)
1534 | 3481 RS(59!,2,26) 10201 | 10510100501 RS(101%,5,101)
1586 | 3721 RS(61%,2,26) 10403 | 11592740743 RS(1031,5,101)
1664 | 4096 RS(29,2,26) 10807 | 14025517307 RS(1071,5,101)
1742 | 4489 RS(671,2,26) 11009 | 15386239549 RS(1091,5,101)
1846 | 5041 RS(711,2,26) 11413 | 18424351793 RS(113',5,101)
1898 | 5329 RS(73%,2,26) 12115 | 18424352522 Add(702,11413)
2054 | 6241 RS(79',2,26) 12167 | 18424352634 Add(754,11413)
2106 | 6561 RS(3%,2,26) 12219 | 18424352754 Add(806,11413)
2158 | 6889 RS(83',2,26) 12221 | 25937424601 RS(11%,5,101)
2314 | 7921 RS(89!,2,26) 12625 | 30517578125 RS(5%,5,101)
2522 | 9409 RS(971,2,26) 12827 | 33038369407 RS(1271,5,101)
2626 | 10201 RS(101%,2,26) 12928 | 34359738368 RS(27,5,101)
2678 | 10609 RS(103%,2,26) 13231 | 38579489651 RS(1311,5,101)
2703 | 148877 RS(531,3,51) 13837 | 48261724457 RS(1371,5,101)
3009 | 205379 RS(59!,3,51) 14039 | 51888844699 RS(139%,5,101)
3111 | 226981 RS(611,3,51) 14741 | 51888845428 Add(702,14039)
3264 | 262144 RS(26,3,51) 14793 | 51888845540 Add(754,14039)
3417 | 300763 RS(671,3,51) 14845 | 51888845660 Add(806,14039)
3621 | 357911 RS(71%,3,51) 14871 | 51888845723 Add(832,14039)
3723 | 389017 RS(73,3,51) 15001 | 51888846068 Add(962,14039)
4029 | 493039 RS(79!,3,51) 15049 | 73439775749 RS(149',5,101)
4131 | 531441 RS(3%,3,51) 15251 | 78502725751 RS(151%,5,101)
4233 | bBT1787 RS(83',3,51) 15750 | 3814697265625 | RS(5%,6,126)
4539 | 704969 RS(89%,3,51) 16002 | 4195872914689 | RS(1271,6,126)
4947 | 912673 RS(97%,3,51) 16128 | 4398046511104 | RS(27,6,126)
5151 | 1030301 RS(101%,3,51) 16506 | 5053913144281 | RS(131',6,126)
5253 | 1092727 RS(103',3,51) 17208 | 5053913145010 | Add(702,16506)
5457 | 1225043 RS(107%,3,51) 17260 | 5053913145122 | Add(754,16506)
5559 | 1295029 RS(109%,3,51) 17262 | 6611856250609 | RS(137%,6,126)
5763 | 1442897 RS(113%,3,51) 17514 | 7212549413161 | RS(139%,6,126)
6004 | 38950081 RS(79',4,76) 18216 | 7212549413890 | Add(702,17514)
6156 | 43046721 RS(3%,4,76) 18268 | 7212549414002 | Add(754,17514)
6308 | 47458321 RS(83',4,76) 18320 | 7212549414122 | Add(806,17514)
6764 | 62742241 RS(89',4,76) 18346 | 7212549414185 | Add(832,17514)
7372 | 88529281 RS(971,4,76) 18476 | 7212549414530 | Add(962,17514)
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t n Source

18580 | 7212549414842 | Add(1066,17514)
18632 | 7212549415010 | Add(1118,17514)
18736 | 7212549415370 | Add(1222,17514)
18774 | 10000000000000| RS(149',6,126)

5.2 (Observations

In our tables, we observe that Reed-Solomon codes are very good compared to other
constructions. We were surprised to find that the CFFs from Porat and Rothschild’s linear
code construction are never better than CFFs Reed-Solomon codes for the values of ¢ in our
tables. The construction from Porat and Rothschild meets the Gilbert-Varshamov bound
and matches the best-known asymptotic bound of O(d? log n), whereas Reed-Solomon codes
do not. We have found that when creating much larger tables, using double precision
floating point numbers to allow very large n, at the cost of loss of precision, CFFs from
Porat and Rothschild start to become better than Reed-Solomon codes around n = 107
for d = 2. In Section 5.3 we discuss a more thorough comparison.

The recursive Optimized Kronecker product and Kronecker product constructions do
not appear in any of the tables with n up to ten trillion. However, we observe that the
additive construction, doubling construction, and the extension-by-one construction are
very valuable to fill in gaps between Reed-Solomon codes.

In the case of d = 2, we observe that having a small amount of very good small CFFs
is very valuable, because these small CFFs from binary constant-weight codes are used
repeatedly in recursive construction, giving us new bounds for many more cases than just
the direct construction from binary constant-weight codes. We do not have similar small
good CFFs for d > 2, but they would provide the same benefit as they have for d = 2.

For d > 2, the d-CFF tables with n up to 10 trillion only includes the Reed-Solomon,
additive, and extension by one constructions. The Kronecker product and optimized Kro-
necker product constructions do not seem to give good CFFs. Porat and Rothschild’s
construction is only effective for n > 237 as shown in Section 5.3.

5.3 Comparing Reed-Solomon to Porat and Rothschild

The CFFs constructed using Porat and Rothschild’s linear error correcting codes gives the
theoretical best upper bound on ¢(d, n). This means that eventually, Porat and Rothschild’s
codes would start appearing in our tables if we went to large enough values of ¢ and n.
In this section, we create tables with a slightly different strategy, with the goal of only
comparing CFFs from Reed-Solomon codes and Porat and Rothschild’s codes.

We use the same two algorithms from Chapter 4, Algorithms 4.4 and 4.5, but instead
of calling updateTable (Algorithm 4.1), we append each found CFF to an array. Then,
on that array of CFFs we remove the CFFs that are dominated by another CFF. That
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is if a d-CFF(ty,n,) and a d-CFF(ty, ny) are found with ny < ne and t; > t5, then the
d-CFF(t1,n1) can be removed. This is done using Algorithm 5.1:

Algorithm 5.1 FlagDominated CFFs(CFFarray)
Input: An array of CFF parameters
Output: CFF parameters that are dominated are removed.

sort CFFarray by n ascending, then by ¢ descending if n is equal
lastBestT «— CFFarray|CFFarray.length —1|.¢
for i «+ CFFarray.length—2 ...0 do
if CFFarrayli].t > lastBestT then
Flag CFFarray[i| as dominated
else
lastBestT «— CFFarrayli|.t
end if
end for
Remove the CFFs that were flagged as dominated
return CFFarray

_ =
—= O

Since the algorithm first sorts the array by n ascending, then by t descending if the n
is equal between some CFFs, we only need to iterate over the array in reverse order and
keep the CFFs that have a lower ¢ than the previous ¢ that was kept. For example, we will
look at this case with a collection of CFFs in Table 5.3, where some are dominated. The
CFFs are already sorted as needed.

t n | Dominated? | Source

10 |5 yes RS(5',1,2)
119 | 7 yes PR(7',1,37)
7 7 no ID(7)

16 | 16 yes RS(22,2,4)
12 | 16 no RS(22,2,3)

Table 5.3: An example of CFFs dominating others

In this example with d=2, we can see that a 2-CFF(16,16) is dominated by a 2-
CFF(12,16). Additionally, the 2-CFF(10,5) and 2-CFF(119,7) are dominated by the 2-
CFF(7,7).

The following graphs show when CFFs from Porat and Rothschild begin dominating
CFFs from Reed-Solomon codes. The red segment of the lines indicates when the CFFs that
are being kept by Algorithm 5.1 are constructed with codes from Porat and Rothschild’s
construction, and the black segment of the lines are CFFs constructed from Reed-Solomon
codes.
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When comparing the first ¢ and n that the line changes to red, meaning that only
Porat and Rothschild construction is being used, we have the graphs in Figures 5.2 and

5.3.

Overall, while Porat and Rothschild’s construction has the best asymptotic bound,
this construction is only better in practice once n is very large; for 2 < d < 25, such an ny

only occurs around 2%70 < ny < 25 (Figure 5.2).
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n after which Porat and Rothschild's CFFs is better than Reed-Solomon

500 4

400 +

300 4

loga(n)

200 4

100 4

2 3 45 6 7 8 91011 1213 14 15 16 17 18 19 20 21 22 23 24 25
d

Figure 5.2: n after which Porat and Rothschild’s CFFs is better than Reed-Solomon
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Figure 5.3: t after which Porat and Rothschild’s CFFs is better than Reed-Solomon
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Remark 5.1. Porat and Rothschild codes are only used in our tables when the hypothesis
#MJ in line 8 of Algorithm 4.5.
This ensures E[goal(G)] < 1, which implies the algorithm will be successful with no bad
events occurring. However, it is possible initially to have E[goal(G)] > 1 and still end up
with a code with zero bad events. For example, taking k = 2, ¢ = 3, m = 3 can be used in
Algorithm 3.5 to construct a 3 X 2 generator matrixz in Fs with 6 = % producing a 2-CFF(9,
9). At the beginning of the algorithm Elgoal(G)] = 2, but it reduces until at the last step
when E[goal(G)|ST(32)+1] = 0. Therefore, it is possible that CFFs can be generated using
Porat and Rothschild’s algorithm when k < (1 — H,(5))m, but these codes have not been
tested and are not reported in our tables.

of Theorem 3.8 are satisfied, that is, taking m = {



Chapter 6

Conclusion

In this thesis, we studied constructions of cover-free families, and created tables of best
known CFFs from these constructions. Our goals were to explore constructions of cover-free
families, and find lower bounds for n(d,t) and upper bounds for ¢(d, n).

In Chapter 2, we studied direct and recursive constructions of cover-free families.
These direct constructions include constructions from Sperner systems, packing designs
such as Steiner triple systems, and error correcting codes including Reed-Solomon codes
and binary constant-weight codes. Our selection of recursive constructions include the
Kronecker product, the Optimized Kronecker product, a double construction for d = 2,
an additive construction, and an extension-by-one construction. We implemented each
construction that was discussed in Chapter 2.

In Chapter 3, we discussed the probabilistic method and an application of this used to
construct linear error correcting codes meeting the Gilbert-Varshamov bound. We provided
detailed proofs and pseudocode for the probabilistic method’s use in [23| that outlines a
CFF construction with best-known asymptotic upper bound for ¢(d,n) in O(d?logn).

In Chapter 4, we presented algorithms to create tables of best-known bounds on ¢(d, n)
and n(d,t) using our selected constructions by iterating over all possible combinations of
parameters. We designed and implemented an algorithm to create best-known tables of
CFFs using these constructions. Additionally, we created and implemented algorithms to
construct a CFF given a pair (d,n) or (d,t) that allows the construction of any CFF in
our tables.

Finally in Chapter 5, we presented and discussed these tables, showing that our best-
known bounds on ¢(d,n) and n(d,t) from our selected constructions do not use the Kro-
necker product or Optimized Kronecker product constructions. Next, we compared the
construction from Reed-Solomon codes to the construction from Porat and Rothschild’s
codes. From this analysis, we learned that Porat and Rothschild’s construction only pro-
vides best-known bounds for our selected constructions for ¢(d,n) for 237 < n < 2°%0 with
2 <d<25.

87
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6.1 Future work

Implementing either exhaustive or heuristic search to find good small CFFs would likely
improve our tables significantly. As seen in the d = 2 table, it is very valuable to have some
amount of good small CFFs, so that these small CFFs can be used in recursive constructions
to fill more values in the table. This would be particularly valuable for tables with d > 2,
since we have fewer constructions for d > 2 compared to d = 2.

Additionally, new constructions for CFFs could be added to our tables, such as different
types of error correcting codes that would be used to construct CFFs. Wei notes in [28|
that some algebraic codes can be a good source of codes to construct CFFs with.

Furthermore, we could use combinatorial designs from various sources to construct
CFFs. For example, [4] gives tables of best-known packing designs. We could use this data
to updates our CFF tables, and find better bounds on n(d,t) and t(d, n).

Generator matrices constructed from Porat and Rothschild sometimes contain re-
peated rows. So, another area of future work is to create many of the generator matrices
using the Porat and Rothschild construction. It is possible to keep only one of the repeated
rows to reduce the codeword size. Since codeword size only affects the t of a CFF when
using the construction from codes, removing repeated rows would give a CFF with fewer
rows. By doing this, we may find that CFFs from Porat and Rothschild’s codes construction
start becoming better than Reed-Solomon codes sooner than our experiments.

Additionally, we can try running Porat and Rothschild’s algorithm with parameters
that do not meet the hypothesis of Theorem 3.3. For example, the code and generator

matrix in Figure 3.2 has m < {#{m-‘, but it still gives a valid code. See Remark 5.1.

Another area of future work could be to find a construction for CFFs directly using
the probabilistic method. Porat and Rothschild’s construction makes a code, then uses
this to construct a CFF. It may be possible to use a similar idea of a goal function, where
we set each cell in a CFF’s incidence matrix either to a zero or one, depending on which
would make it more or less likely that more weight-1 0-1 tuples of size d + 1 are present
in the CFF after fixing a position to zero or one. We found it might be helpful to have
a constant number of ones in each row of the CFF to make writing a proof more simple,
but we did not find one ourselves. An alternative approach could be possible where each
decision of the probabilistic algorithm is which row to place each weight-1 0-1 (d+ 1)-tuple
that must be present in a CFF, instead of setting each cell to 0 or 1 individually.
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Appendix A

CFF Verification Algorithm

Algorithm A.1 is a verification algorithm that tests if a 0-1 incidence matrix A is a cover-free
family or not. This was used to verify possible mistakes when implementing constructions
that have been proven to yield CFFs. The k-subset lexicographic successor algorithm from
Algorithm 2.1 is used to iterate over every (d + 1)-subset of columns.

The running time of Algorithm A.1is O(td(})), which is O(tdn®). It runs in polynomial
time in ¢ and n, if d is a constant. This is an improvement over the naive approach because
of the break statements on lines 11 and 20.
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Algorithm A.1 VerifyCFF(A,d,t,n)

10:
11:
12:
13:
14:
15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

Input: d,t,ne€Z,0<d<t<n, Aisat X n 0-1 matrix.
Output: True if A is the incidence matrix of a d-CFF(¢,n), False otherwise.
T« [0,1,...,d
repeat > Iterate over every (d + 1)-subset of columns in T’
v <— an array of length d + 1 filled with —1
f+ 0 > f counts the number of weight-1 rows found for this subset of columns
forr <~ 0,1,...,t—1do
s+ 0
for 1+ 0,1,...,d do
if Alr|[T[i]] =1 then
s < s+ 1 > s counts the number of ones per row of the submatrix with
columns indexed by T' at row r
if s > 1 then > Exit early if the weight of the row is greater than 1
break
end if
e<1 > e stores the column of the 1 in this weight-1 row
end if
end for
if s =1 and vle] = —1 then > If row r has the first weight-1 row with the 1 in
column T[]
vle] < r
f<f+1
if f=d+1 then
break
end if
end if
end for
if f #d+ 1 then > Return false if any of the weight-1 rows were not present
return False
end if
until k-subset-lex-successor(n,d + 1,T") = False
return True




Appendix B

CFF tables

B.1 5-CFF table

5-CFF(t, n)

Legend
<> Reed-Solomon
1200 1 & additive

1000 -

800 -

600 1

200

. /

95

233

233




B.1. 5-CFF TABLE 96
t n Source t n Source
42 49 RS(7%,2,6) 928 1073742080 Add(96,832)
48 64 RS(23,2,6) 934 1073742113 Add(102,832)
54 81 RS(3%,2,6) 946 1073742185 Add(114,832)
66 121 RS(11%,2,6) 953 1073743155 Add(121,832)
78 169 RS(13,2,6) 961 27512614111 RS(311,7,31)
96 256 RS(21,2,6) 992 34359738368 RS(2°,7,31)
102 289 RS(17%,2,6) 1034 | 34359738417 Add(42,992)
114 361 RS(19%,2,6) 1040 | 34359738432 Add(48,992)
121 1331 RS(111,3,11) 1046 | 34359738449 Add(54,992)
143 2197 RS(131,3,11) 1058 | 34359738489 Add(66,992)
176 4096 RS(2%,3,11) 1070 | 34359738537 Add(78,992)
187 4913 RS(17%,3,11) 1088 | 34359738624 Add(96,992)
209 6859 RS(19%,3,11) 1094 | 34359738657 Add(102,992)
251 6908 Add(42,209) 1106 | 34359738729 Add(114,992)
253 12167 RS(231,3,11) 1113 | 34359739699 Add(121,992)
256 65536 RS(2%,4,16) 1135 | 34359740565 Add(143,992)
272 83521 RS(17%,4,16) 1147 | 94931877133 RS(371,7,31)
304 130321 RS(19',4,16) 1189 | 94931877182 Add(42,1147)
346 130370 Add(42,304) 1195 | 94931877197 Add(48,1147)
352 130385 Add(48,304) 1201 | 94931877214 Add(54,1147)
358 130402 Add(54,304) 1213 | 94931877254 Add(66,1147)
368 279841 RS(23',4,16) 1225 | 94931877302 Add(78,1147)
400 390625 RS(5%,4,16) 1243 | 94931877389 Add(96,1147)
432 531441 RS(33,4,16) 1249 | 94931877422 Add(102,1147)
464 707281 RS(29',4,16) 1261 | 94931877494 Add(114,1147)
483 6436343 RS(23!,5,21) 1268 | 94931878464 Add(121,1147)
525 9765625 RS(5%,5,21) 1271 | 194754273881 RS(41',7,31)
567 14348907 RS(33,5,21) 1313 | 194754273930 | Add(42,1271)
609 20511149 RS(29%,5,21) 1319 | 194754273945 Add(48,1271)
650 244140625 RS(5%,6,26) 1325 | 194754273962 Add(54,1271)
692 244140674 Add(42,650) 1332 | 3512479453921 | RS(37%,8,36)
698 244140689 Add(48,650) 1374 | 3512479453970 | Add(42,1332)
702 387420489 RS(33,6,26) 1380 | 3512479453985 | Add(48,1332)
744 387420538 Add(42,702) 1386 | 3512479454002 | Add(54,1332)
750 387420553 Add(48,702) 1398 | 3512479454042 | Add(66,1332)
754 594823321 RS(29',6,26) 1410 | 3512479454090 | Add(78,1332)
796 594823370 Add(42,754) 1428 | 3512479454177 | Add(96,1332)
802 594823385 Add(48,754) 1434 | 3512479454210 | Add(102,1332)
806 887503681 RS(311,6,26) 1446 | 3512479454282 | Add(114,1332)
832 1073741824 RS(2°,6,26) 1453 | 3512479455252 | Add(121,1332)
874 1073741873 Add(42,832) 1475 | 3512479456118 | Add(143,1332)
880 1073741888 Add(48,832) 1476 | 7984925229121 | RS(41!,8,36)
886 1073741905 Add(54,832) 1518 | 7984925229170 | Add(42,1476)
898 1073741945 Add(66,832) 1524 | 7984925229185 | Add(48,1476)
910 1073741993 Add(78,832) 1530 | 7984925229202 | Add(54,1476)




B.2. 6-CFF TABLE

t n Source
1542 | 7984925229242 | Add(66,1476)
1548 | 10000000000000| RS(43',8,36)

B.2 6-CFF table

6-CFF(t, n)
Legend
1750 4 <> Reed-Sclomon
<»  Additive
1500 -
1250 - g@
1000 - g
)
750 A
500 ~
250 + @
0 -
T T T T T T T
29 214 21 9 224 229 234 23 9




B.2. 6-CFF TABLE

98

t n Source

56 64 RS(23,2,7)

63 81 RS(3%,2,7)

77 121 RS(11%,2,7)
91 169 RS(131,2,7)
112 | 256 RS(24,2,7)
119 | 289 RS(174,2,7)
133 | 361 RS(191,2,7)
161 | 529 RS(231,2,7)
169 | 2197 RS(13%,3,13)
208 | 4096 RS(24,3,13)
221 | 4913 RS(17,3,13)
247 | 6859 RS(19%,3,13)
299 | 12167 RS(23!,3,13)
325 | 15625 RS(5%,3,13)
351 19683 RS(3?,3,13)
361 130321 RS(19!,4,19)
417 | 130385 Add(56,361)
424 | 130402 Add(63,361)
437 | 279841 RS(23!,4,19)
475 | 390625 RS(5%,4,19)
513 | 531441 RS(3%,4,19)
551 | 707281 RS(29!,4,19)
589 | 923521 RS(31%,4,19)
608 | 1048576 RS(2°,4,19)
625 | 9765625 RS(52,5,25)
675 | 14348907 RS(3%,5,25)
725 | 20511149 RS(29!,5,25)
775 | 28629151 RS(31%,5,25)
800 | 33554432 RS(2°,5,25)
856 | 33554496 Add(56,800)
863 | 33554513 Add(63,800)
877 | 33554553 Add(77,800)
891 | 33554601 Add(91,800)
912 | 33554688 Add(112,800)
919 | 33554721 Add(119,800)
925 | 69343957 RS(37%,5,25)
961 | 887503681 RS(311,6,31)
992 | 1073741824 RS(2%,6,31)
1048 | 1073741888 Add(56,992)
1055 | 1073741905 Add(63,992)
1069 | 1073741945 Add(77,992)
1083 | 1073741993 Add(91,992)
1104 | 1073742080 Add(112,992)
1111 | 1073742113 Add(119,992)
1125 | 1073742185 Add(133,992)

t n Source

1147 | 2565726409 RS(37%,6,31)
1203 | 2565726473 Add(56,1147)
1210 | 2565726490 Add(63,1147)
1224 | 2565726530 Add(77,1147)
1238 | 2565726578 Add(91,1147)
1259 | 2565726665 Add(112,1147)
1266 | 2565726698 Add(119,1147)
1271 | 4750104241 RS(41%,6,31)
1327 | 4750104305 Add(56,1271)
1333 | 6321363049 RS(43',6,31)
1369 | 94931877133 RS(37%,7,37)
1425 | 94931877197 Add(56,1369)
1432 | 94931877214 Add(63,1369)
1446 | 94931877254 Add(77,1369)
1460 | 94931877302 Add(91,1369)
1481 | 94931877389 Add(112,1369)
1488 | 94931877422 Add(119,1369)
1502 | 94931877494 Add(133,1369)
1517 | 194754273881 RS(41%,7,37)
1573 | 194754273945 Add(56,1517)
1580 | 194754273962 Add(63,1517)
1591 | 271818611107 | RS(43',7,37)
1647 | 271818611171 Add(56,1591)
1654 | 271818611188 | Add(63,1591)
1668 | 271818611228 | Add(77,1591)
1682 | 271818611276 | Add(91,1591)
1703 | 271818611363 | Add(112,1591)
1710 | 271818611396 | Add(119,1591)
1724 | 271818611468 | Add(133,1591)
1739 | 506623120463 RS(47,7,37)
1795 | 506623120527 | Add(56,1739)
1802 | 506623120544 | Add(63,1739)
1813 | 678223072849 RS(7%,7,37)
1849 | 10000000000000| RS(43',8,43)
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B.3 7-CFF table

7-CFF(t, n)
Legend
<> Reed-Solomon
70004 < Additive
1500 -
)
1000 A
500 A §
0 - :
T T T T T T T
2% 214 1% 224 228 234 238



B.3. 7-CFF TABLE

100

t n Source

72 81 RS(32%,2,8)

88 121 RS(11%,2,8)
104 169 RS(13%,2,8)
128 256 RS(21,2,8)
136 289 RS(171,2,8)
152 361 RS(19%,2,8)
184 529 RS(231,2,8)
200 625 RS(5%,2,)
216 729 RS(33,2,8)
232 841 RS(29!,2.8)
240 4096 RS(24,3,15)
255 4913 RS(17%,3,15)
285 6859 RS(19%,3,15)
345 12167 RS(23',3,15)
375 15625 RS(5%,3,15)
405 19683 RS(32,3,15)
435 24389 RS(29',3,15)
465 29791 RS(311,3,15)
480 32768 RS(2°,3,15)
506 279841 RS(23!,4,22)
550 390625 RS(5%,4,22)
594 531441 RS(3%,4,22)
638 707281 RS(29',4,22)
682 923521 RS(311,4,22)
704 1048576 RS(2°,4,22)
776 1048657 Add(72,704)
792 1048697 Add(88,704)
808 1048745 Add(104,704)
814 1874161 RS(371,4,22)
841 20511149 RS(29!,5,29)
899 28629151 RS(311,5,29)
928 33554432 RS(2°,5,29)
1000 | 33554513 Add(72,928)
1016 | 33554553 Add(88,928)
1032 | 33554601 Add(104,928)
1056 | 33554688 Add(128,928)
1064 | 33554721 Add(136,928)
1073 | 69343957 RS(371,5,29)
1145 | 69344038 Add(72,1073)
1161 | 69344078 Add(88,1073)
1177 | 69344126 Add(104,1073)
1189 | 115856201 RS(41',5,29)
1247 | 147008443 RS(43'5,29)
1319 | 147008524 Add(72,1247)
1332 | 2565726409 RS(371,6,36)

t n Source

1404 | 2565726490 Add(72,1332)
1420 | 2565726530 Add(88,1332)
1436 | 2565726578 Add(104,1332)
1460 | 2565726665 Add(128,1332)
1468 | 2565726698 Add(136,1332)
1476 | 4750104241 RS(41%,6,36)
1548 | 6321363049 RS(43',6,36)
1620 | 6321363130 Add(72,1548)
1636 | 6321363170 Add(88,1548)
1652 | 6321363218 Add(104,1548)
1676 | 6321363305 Add(128,1548)
1684 | 6321363338 Add(136,1548)
1692 | 10779215329 RS(471,6,36)
1764 | 13841287201 RS(72,6,36)
1836 | 13841287282 Add(72,1764)
1849 | 271818611107 | RS(43%,7,43)
1921 271818611188 Add(72,1849)
1937 | 271818611228 | Add(88,1849)
1953 | 271818611276 | Add(104,1849)
1977 | 271818611363 | Add(128,1849)
1985 | 271818611396 | Add(136,1849)
2001 271818611468 Add(152,1849)
2021 | 506623120463 | RS(47',7,43)
2093 | 506623120544 | Add(72,2021)
2107 | 678223072849 | RS(72,7,43)
2179 | 678223072930 | Add(72,2107)
2195 | 678223072970 | Add(88,2107)
2211 | 678223073018 | Add(104,2107)
2235 | 678223073105 | Add(128,2107)
2243 | 678223073138 | Add(136,2107)
2259 | 678223073210 | Add(152,2107)
2279 | 1174711139837 | RS(531,7,43)
2351 1174711139918 Add(72,2279)
2367 | 1174711139958 | Add(88,2279)
2383 | 1174711140006 | Add(104,2279)
2407 1174711140093 | Add(128,2279)
2415 1174711140126 | Add(136,2279)
2431 1174711140198 Add(152,2279)
2450 | 10000000000000| RS(72,8,50)
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B.4 8-CFF table

8-CFF(t, n)
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B.4. 8-CFF TABLE 102
t n Source t n Source
99 121 RS(11%,2,9) 1880 | 6321363218 Add(117,1763)
117 169 RS(13%,2,9) 1907 | 6321363305 Add(144,1763)
144 256 RS(2%,2,9) 1916 | 6321363338 Add(153,1763)
153 289 RS(17%,2,9) 1927 | 10779215329 RS(471,6,41)
171 361 RS(19,2,9) 2009 | 13841287201 RS(72,6,41)
207 529 RS(23%,2,9) 2108 | 13841287322 Add(99,2009)
225 625 RS(5%,2,9) 2126 | 13841287370 Add(117,2009)
243 729 RS(33,2,9) 2153 | 13841287457 Add(144,2009)
261 841 RS(29%,2,9) 2162 | 13841287490 Add(153,2009)
272 4096 RS(24,3,17) 2173 | 22164361129 RS(53',6,41)
289 4913 RS(171,3,17) 2272 | 22164361250 Add(99,2173)
323 6859 RS(19%,3,17) 2290 | 22164361298 Add(117,2173)
391 12167 RS(23',3,17) 2317 | 22164361385 Add(144,2173)
425 15625 RS(5%,3,17) 2326 | 22164361418 Add(153,2173)
459 19683 RS(32,3,17) 2344 | 22164361490 Add(171,2173)
493 24389 RS(29!,3,17) 2380 | 22164361658 Add(207,2173)
527 29791 RS(311,3,17) 2398 | 22164361754 Add(225,2173)
544 32768 RS(2°,3,17) 2401 | 678223072849 RS(7%,7,49)
625 390625 RS(5%,4,25) 2500 | 678223072970 | Add(99,2401)
675 531441 RS(33,4,25) 2518 | 678223073018 | Add(117,2401)
725 707281 RS(29!,4,25) 2545 | 678223073105 Add(144,2401)
775 923521 RS(31',4,25) 2554 | 678223073138 | Add(153,2401)
800 1048576 RS(2°,4,25) 2572 | 678223073210 | Add(171,2401)
899 1048697 Add(99,800) 2597 | 1174711139837 | RS(53',7,49)
917 1048745 Add(117,800) 2696 | 1174711139958 | Add(99,2597)
925 1874161 RS(371,4,25) 2714 | 1174711140006 | Add(117,2597)
1024 | 1874282 Add(99,925) 2741 | 1174711140093 | Add(144,2597)
1025 | 2825761 RS(411,4,25) 2750 | 1174711140126 | Add(153,2597)
1056 | 33554432 RS(2°,5,33) 2768 | 1174711140198 | Add(171,2597)
1155 | 33554553 Add(99,1056) 2804 | 1174711140366 | Add(207,2597)
1173 | 33554601 Add(117,1056) 2822 | 1174711140462 | Add(225,2597)
1200 | 33554688 Add(144,1056) 2840 | 1174711140566 | Add(243,2597)
1209 | 33554721 Add(153,1056) 2858 | 1174711140678 | Add(261,2597)
1221 | 69343957 RS(371,5,33) 2869 | 1174711143933 | Add(272,2597)
1320 | 69344078 Add(99,1221) 2886 | 1174711144750 | Add(289,2597)
1338 | 69344126 Add(117,1221) 2891 | 2488651484819 | RS(59,7,49)
1353 | 115856201 RS(411,5,33) 2989 | 3142742836021 | RS(61%,7,49)
1419 | 147008443 RS(43'5,33) 3088 | 3142742836142 | Add(99,2989)
1518 | 147008564 Add(99,1419) 3106 | 3142742836190 | Add(117,2989)
1536 | 147008612 Add(117,1419) 3133 | 3142742836277 | Add(144,2989)
1551 | 229345007 RS(47!,5,33) 3136 | 4398046511104 | RS(29,7,49)
1617 | 282475249 RS(7%,5,33) 3235 | 4398046511225 | Add(99,3136)
1681 | 4750104241 RS(41%,6,41) 3253 | 4398046511273 | Add(117,3136)
1763 | 6321363049 RS(43',6,41) 3280 | 4398046511360 | Add(144,3136)
1862 | 6321363170 Add(99,1763) 3283 | 6060711605323 | RS(67',7,49)
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t n Source

3363 | 10000000000000| RS(59',8,57)

B.5 9-CFF table

9-CFF(t, n)
Legend <&
3000 4 < Hee#—.Snlomon
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2500 ~
2000 ~
1500 A
1000 -
O
500 - y
& ¢
0 -

T T
21|]' 215 22|]' 225 23|]' 235 24|]'



B.5. 9-CFF TABLE 104
t n Source t n Source
110 121 RS(11%,2,10) 2121 | 418195749 Add(160,1961)
130 169 RS(13',2,10) 2131 | 418195782 Add(170,1961)
160 256 RS(2%,2,10) 2151 | 418195854 Add(190,1961)
170 289 RS(171,2,10) 2162 | 10779215329 RS(47',6,46)
190 361 RS(19,2,10) 2254 | 13841287201 RS(72,6,46)
230 529 RS(23',2,10) 2364 | 13841287322 Add(110,2254)
250 625 RS(5%,2,10) 2384 | 13841287370 Add(130,2254)
270 729 RS(33,2,10) 2414 | 13841287457 Add(160,2254)
290 841 RS(29',2,10) 2424 | 13841287490 Add(170,2254)
310 961 RS(311,2,10) 2438 | 22164361129 RS(53',6,46)
320 1024 RS(2°,2,10) 2548 | 22164361250 Add(110,2438)
361 6859 RS(19%,3,19) 2568 | 22164361298 Add(130,2438)
437 12167 RS(23',3,19) 2598 | 22164361385 Add(160,2438)
475 15625 RS(5%,3,19) 2608 | 22164361418 Add(170,2438)
513 19683 RS(32,3,19) 2628 | 22164361490 Add(190,2438)
551 24389 RS(29!,3,19) 2668 | 22164361658 Add(230,2438)
589 29791 RS(311,3,19) 2688 | 22164361754 Add(250,2438)
608 32768 RS(2°,3,19) 2708 | 22164361858 Add(270,2438)
703 50653 RS(37%,3,19) 2714 | 42180533641 RS(59,6,46)
756 531441 RS(33,4,28) 2806 | 51520374361 RS(61',6,46)
812 707281 RS(29!,4,28) 2916 | 51520374482 Add(110,2806)
868 923521 RS(31',4,28) 2936 | 51520374530 Add(130,2806)
896 1048576 RS(2°,4,28) 2944 | 68719476736 RS(2°,6,46)
1006 | 1048697 Add(110,896) 3054 | 68719476857 Add(110,2944)
1026 | 1048745 Add(130,896) 3074 | 68719476905 Add(130,2944)
1036 | 1874161 RS(37!,4,28) 3082 | 90458382169 RS(671,6,46)
1146 | 1874282 Add(110,1036) 3192 | 90458382290 Add(110,3082)
1148 | 2825761 RS(411,4,28) 3212 | 90458382338 Add(130,3082)
1204 | 3418801 RS(43',4,28) 3242 | 90458382425 Add(160,3082)
1314 | 3418922 Add(110,1204) 3245 | 2488651484819 | RS(59',7,55)
1316 | 4879681 RS(47',4,28) 3355 | 3142742836021 | RS(61',7,55)
1369 | 69343957 RS(371,5,37) 3465 | 3142742836142 | Add(110,3355)
1479 | 69344078 Add(110,1369) 3485 | 3142742836190 | Add(130,3355)
1499 | 69344126 Add(130,1369) 3515 | 3142742836277 | Add(160,3355)
1517 | 115856201 RS(411,5,37) 3520 | 4398046511104 | RS(2%,7,55)
1591 | 147008443 RS(43!,5,37) 3630 | 4398046511225 | Add(110,3520)
1701 | 147008564 Add(110,1591) 3650 | 4398046511273 | Add(130,3520)
1721 | 147008612 Add(130,1591) 3680 | 4398046511360 | Add(160,3520)
1739 | 229345007 RS(471,5,37) 3685 | 6060711605323 | RS(67',7,55)
1813 | 282475249 RS(7%,5,37) 3795 | 6060711605444 | Add(110,3685)
1923 | 282475370 Add(110,1813) 3815 | 6060711605492 | Add(130,3685)
1943 | 282475418 Add(130,1813) 3845 | 6060711605579 | Add(160,3685)
1961 | 418195493 RS(53',5,37) 3855 | 6060711605612 | Add(170,3685)
2071 | 418195614 Add(110,1961) 3875 | 6060711605684 | Add(190,3685)
2091 | 418195662 Add(130,1961) 3905 | 9095120158391 | RS(71%,7,55)
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t n Source

156 169 RS(13',2,12)
192 256 RS(24,2,12)
204 289 RS(171,2,12)
228 361 RS(191,2,12)
276 529 RS(231,2,12)
300 625 RS(5%,2,12)
324 729 RS(33,2,12)
348 841 RS(29%,2,12)
372 961 RS(311,2,12)
384 1024 RS(2°,2,12)
444 1369 RS(37,2,12)
492 1681 RS(411,2,12)
516 1849 RS(43',2,12)
529 12167 RS(231,3,23)
575 15625 RS(5%,3,23)
621 19683 RS(32,3,23)
667 24389 RS(29',3,23)
713 29791 RS(311,3,23)
736 32768 RS(2°,3,23)
851 50653 RS(371,3,23)
943 68921 RS(411,3,23)
989 79507 RS(43'3,23)
1081 | 103823 RS(471,3,23)
1127 | 117649 RS(7%,3,23)
1219 | 148877 RS(53!,3,23)
1258 | 1874161 RS(371,4,34)
1394 | 2825761 RS(41%,4,34)
1462 | 3418801 RS(43'4,34)
1598 | 4879681 RS(471,4,34)
1666 | 5764801 RS(7%,4,34)
1802 | 7890481 RS(53!,4,34)
1958 | 7890650 Add(156,1802)
1994 | 7890737 Add(192,1802)
2006 | 12117361 RS(59',4,34)
2074 | 13845841 RS(611,4,34)
2115 | 229345007 RS(47!,5,45)
2205 | 282475249 RS(7%,5,45)
2361 | 282475418 Add(156,2205)
2385 | 418195493 RS(53',5,45)
2541 | 418195662 Add(156,2385)
2577 | 418195749 Add(192,2385)
2589 | 418195782 Add(204,2385)
2613 | 418195854 Add(228,2385)
2655 | 714924299 RS(591,5,45)
2745 | 844596301 RS(611,5,45)

t n Source

2880 | 1073741824 RS(2°,5,45)
3015 | 1350125107 RS(67,5,45)
3171 | 1350125276 Add(156,3015)
3195 | 1804229351 RS(71',5,45)
3285 | 2073071593 RS(73',5,45)
3304 | 42180533641 RS(591,6,56)
3416 | 51520374361 RS(61%,6,56)
3572 | 51520374530 Add(156,3416)
3584 | 68719476736 RS(29,6,56)
3740 | 68719476905 Add(156,3584)
3752 | 90458382169 RS(67%,6,56)
3908 | 90458382338 Add(156,3752)
3944 | 90458382425 Add(192,3752)
3956 | 90458382458 Add(204,3752)
3976 | 128100283921 RS(71',6,56)
4088 | 151334226289 | RS(73',6,56)
4244 | 151334226458 | Add(156,4088)
4280 | 151334226545 | Add(192,4088)
4292 | 151334226578 | Add(204,4088)
4316 | 151334226650 | Add(228,4088)
4364 | 151334226818 | Add(276,4088)
4388 | 151334226914 | Add(300,4088)
4412 151334227018 Add(324,4088)
4424 | 243087455521 RS(79',6,56)
4489 | 6060711605323 | RS(67',7,67)
4645 | 6060711605492 | Add(156,4489)
4681 | 6060711605579 | Add(192,4489)
4693 | 6060711605612 | Add(204,4489)
4717 | 6060711605684 | Add(228,4489)
4757 | 9095120158391 | RS(711,7,67)
4891 | 10000000000000{ RS(73',7,67)
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B.7. 12-CFF TABLE 108
13 n Source

208 | 256 RS(2,2,13)

221 | 289 RS(17",2,13)

247 | 361 RS(19",2,13)

299 529 RS(231,2,13)

325 | 625 RS(52,2,13)

351 | 729 RS(3%,2,13)

377 | 841 RS(29",2,13)

403 | 961 RS(31,2,13)

416 | 1024 RS(2°,2,13)

481 | 1369 RS(371,2,13)

533 | 1681 RS(41',2,13)

559 1849 RS(431,2,13) t n Source

611 | 2209 RS(47!,2,13) 3577 | 2073071593 | RS(73',5,49)
625 15625 RS(5%,3,25) 3721 | 51520374361 RS(61%,6,61)
675 19683 RS(32,3,25) 3904 | 68719476736 RS(29,6,61)
725 24389 RS(29!,3,25) 4087 | 90458382169 RS(671,6,61)
775 29791 RS(311,3,25) 4295 | 90458382425 Add(208,4087)
800 | 32768 RS(2°,3,25) 4308 | 90458382458 | Add(221,4087)
925 50653 RS(371,3,25) 4331 | 128100283921 RS(71%,6,61)
1025 | 68921 RS(411,3,25) 4453 | 151334226289 RS(73',6,61)
1075 | 79507 RS(43',3,25) 4661 | 151334226545 | Add(2084453)
1175 | 103823 RS(4713,25) 4674 | 151334226578 | Add(221,4453)
1225 | 117649 RS(7%,3,25) 4700 | 151334226650 | Add(247,4453)
1325 | 148877 RS(531,3,25) 4752 | 151334226818 | Add(299,4453)
1369 | 1874161 RS(371,4,37) 4778 | 151334226914 | Add(325,4453)
1517 | 2825761 RS(41',4,37) 4804 | 151334227018 | Add(351,4453)
1591 | 3418801 RS(43',4,37) 4819 | 243087455521 | RS(79',6,61)
1739 | 4879681 RS(471,4,37) 4941 | 282429536481 RS(3%,6,61)
1813 | 5764801 RS(7%,4,37) 5063 | 326940373369 RS(831,6,61)
1961 | 7890481 RS(53!,4,37) 5271 | 326940373625 Add(208,5063)
2169 | 7890737 Add(208,1961) 5284 | 326940373658 | Add(221,5063)
2182 | 7890770 Add(221,1961) 5310 | 326940373730 | Add(247,5063)
2183 | 12117361 RS (59" 4,37) 5320 | 10000000000000| RS(73%,7,73)
2257 | 13845841 RS(61',4,37)

2368 | 16777216 RS(26,4,37)

2401 | 282475249 RS(72,5,49)

2597 | 418195493 RS(53!,5,49)

2805 | 418195749 Add(208,2597)

2818 | 418195782 Add(221,2597)

9844 | 418195854 Add(247,2597)

2891 | 714924299 RS(59!,5,49)

2080 | 844596301 RS(611,5,49)

3136 | 1073741824 RS(2°,5,49)

3283 | 1350125107 RS(671,5,49)

3479 | 1804229351 RS(711,5,49)
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B.8. 13-CFF TABLE 110
t n Source
224 256 RS(2%,2,14)
238 289 RS(171,2,14)
266 361 RS(19%,2,14)
322 529 RS(231,2,14)
350 625 RS(5%,2,14) ; - Source
3

Zgz ;i? Eggg’f’;lﬂ) 3869 | 2073071593 RS(73',5,53)
434 0961 RS(311’2,14) 4093 | 2073071849 Add(224,3869)
448 1024 RS(25 2’ 1’4) 4107 | 2073071882 Add(238,3869)
518 1369 RS(37’1 ’2 14) 4135 | 2073071954 Add(266,3869)
574 1631 RS(411,2714) 4187 | 3077056399 RS(79',5,53)
602 1849 RS(431,2714) 4293 | 3486784401 RS(3%,5,53)
658 9909 RS(471’2,14) 4399 | 3939040643 RS(83!,5,53)
686 9401 RS(72 2’ 1’4) 4422 | 90458382169 RS(67,6,66)
799 10633 RS(33’3727) 4646 | 90458382425 Add(224,4422)
793 94389 RS(29,1 ’3 27) 4660 | 90458382458 Add(238,4422)
337 90791 RS(311,3727) 4686 | 128100283921 RS(71',6,66)
364 29763 RS(25 é 2’7) 4818 | 151334226289 RS(73',6,66)
999 50653 RS(37’1 é 27) 5042 | 151334226545 Add(224,4818)
1107 | 68921 RS(41173727) 5056 | 151334226578 | Add(238,4818)
1161 | 79507 RS(431,3727) 5084 | 151334226650 | Add(266,4818)
1269 | 103823 RS(471,3727) 5140 | 151334226818 | Add(322,4818)
1323 | 117649 RS(72 ?; 2’7) 5168 | 151334226914 | Add(350,4818)
1431 | 148877 RS(53’1 é 27) 5196 | 151334227018 | Add(378,4818)
1593 | 205379 RS(59173727) 5214 | 243087455521 RS(79,6,66)
1640 | 2895761 RS(41174740) 5346 | 282429536481 RS(3%,6,66)
1720 | 3418801 RS(431,4740) 5478 | 326940373369 RS(831,6,66)
1830 | 4879681 RS(471’4740) 5702 | 326940373625 Add(224,5478)
1960 | 5764801 RS(72 éi 40) 5716 | 326940373658 | Add(238,5478)
9190 | 7890481 RS(53’1 ;L 40) 5744 | 326940373730 | Add(266,5478)
9344 | 7300737 Add(2274 ’2120> 5800 | 326940373898 | Add(322,5478)
9358 | 7390770 Add(238’2120) 5828 | 326940373994 | Add(350,5478)
9360 | 12117361 RS(59" 4’ 40) 5856 | 326940374098 | Add(378,5478)
9440 | 13845841 RS(611’4,40) 5874 | 496981290961 RS(89',6,66)
9560 | 16777216 RS(26 Zi 40) 6098 | 496981291217 | Add(224,5874)
2680 | 20151121 RS(67’1 ;L 40) 6112 | 496981291250 | Add(238,5874)
9309 | 418195493 RS(531,5,53) 6140 | 496981291322 Add(266,5874)
2033 | 418195749 Add(22,4 728()9) 6196 | 496981291490 | Add(322,5874)
2047 | 418195782 Add(23872809) 6224 | 496981291586 | Add(350,5874)

’ 6241 | 10000000000000{ RS(79',7,79)
3075 | 418195854 Add(266,2809)
3127 | 714924299 RS(59!,5,53)
3233 | 844596301 RS(61',5,53)
3392 | 1073741824 RS(2°,5,53)
3551 | 1350125107 RS(671,5,53)
3763 | 1804229351 RS(711,5,53)
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B.9. 14-CFF TABLE 112
t n Source
240 256 RS(24,2,15) t n Source
255 289 RS(171,2,15) 4416 | 2073071882 Add(255,4161)
285 361 RS(19%,2,15) 4446 | 2073071954 Add(285,4161)
345 529 RS(231,2,15) 4503 | 3077056399 RS(79',5,57)
375 625 RS(5%,2,15) 4617 | 3486784401 RS(3,5,57)
405 729 RS(3%,2,15) 4731 | 3939040643 RS(83!,5,57)
435 841 RS(29%,2,15) 4971 | 3939040899 Add(240,4731)
465 961 RS(311,2,15) 4986 | 3939040932 Add(255,4731)
480 1024 RS(2°,2,15) 5016 | 3939041004 Add(285,4731)
555 1369 RS(371,2,15) 5041 | 128100283921 | RS(71%,6,71)
615 1681 RS(411,2,15) 5183 | 151334226289 | RS(73',6,71)
645 | 1849 RS(43!,2,15) 5423 | 151334226545 | Add(240,5183)
705 2209 RS(471,2,15) 5438 | 151334226578 | Add(255,5183)
735 2401 RS(7%,2,15) 5468 | 151334226650 | Add(285,5183)
795 2809 RS(53!,2,15) 5528 | 151334226818 | Add(345,5183)
841 24389 RS(29!,3,29) 5558 | 151334226914 | Add(375,5183)
899 29791 RS(311,3,29) 5588 | 151334227018 | Add(405,5183)
928 32768 RS(2°,3,29) 5609 | 243087455521 | RS(79',6,71)
1073 | 50653 RS(371,3,29) 5751 | 282429536481 | RS(3,6,71)
1189 | 68921 RS(411,3,29) 5893 | 326940373369 | RS(83',6,71)
1247 | 79507 RS(43!,3,29) 6133 | 326940373625 | Add(240,5893)
1363 | 103823 RS(471,3,29) 6148 | 326940373658 | Add(255,5893)
1421 | 117649 RS(7%,3,29) 6178 | 326940373730 | Add(285,5893)
1537 | 148877 RS(531,3,29) 6238 | 326940373898 | Add(345,5893)
1711 | 205379 RS(59!,3,29) 6268 | 326940373994 | Add(375,5893)
1769 | 226981 RS(611,3,29) 6298 | 326940374098 | Add(405,5893)
1849 | 3418801 RS(43',4,43) 6319 | 496981290961 | RS(89',6,71)
2021 | 4879681 RS(471,4,43) 6559 | 496981291217 | Add(240,6319)
2107 | 5764801 RS(7%,4,43) 6574 | 496981291250 | Add(255,6319)
2279 | 7890481 RS(53!,4,43) 6604 | 496981291322 | Add(285,6319)
2519 | 7890737 Add(240,2279) 6664 | 496981291490 | Add(345,6319)
2534 | 7890770 Add(255,2279) 6694 | 496981291586 | Add(375,6319)
2537 | 12117361 RS(59',4,43) 6724 | 496981291690 | Add(405,6319)
2623 | 13845841 RS(611,4,43) 6754 | 496981291802 | Add(435,6319)
2752 | 16777216 RS(25,4,43) 6784 | 496981291922 | Add(465,6319)
2881 | 20151121 RS(67',4,43) 6799 | 496981291985 | Add(480,6319)
3053 | 25411681 RS(711,4,43) 6874 | 496981292330 | Add(555,6319)
3139 | 28398241 RS(73',4,43) 6887 | 832972004929 | RS(97,6,71)
3363 | 714924299 RS(59%,5,57) 7127 | 832972005185 | Add(240,6887)
3477 | 844596301 RS(611,5,57) 7142 | 832972005218 | Add(255,6887)
3648 | 1073741824 RS(26,5,57) 7171 | 1061520150601 | RS(101%,6,71)
3819 | 1350125107 RS(671,5,57) 7313 | 1194052296529 | RS(103%,6,71)
4047 | 1804229351 RS(711,5,57) 7553 | 1194052296785 | Add(240,7313)
4161 | 2073071593 RS(73',5,57) 7565 | 10000000000000| RS(89',7,85)
4401 | 2073071849 Add(240,4161)
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B.10. 15-CFF TABLE 114
t n Source

272 | 289 RS(171,2,16) ; - o

§2§ ?S; ?ggglgigg 4757 | 2073071954 Add(304,4453)
100 | 625 RS(5? 5 1’6) 4819 | 3077056399 RS(79',5,61)
439 799 RS(33’2’16) 4941 | 3486784401 RS(3,5,61)
464 | 841 RS(29’1 5 16) 5063 | 3939040643 RS(83!,5,61)
496 | 961 RS(311’2’16) 5335 | 3939040932 Add(272,5063)
512 | 1024 RS(2° 5 1’6) 5367 | 3939041004 Add(304,5063)
502 | 1369 RS(37’1 5 16) 5429 | 5584059449 RS(89',5,61)
656 | 1631 RS( 191 6) 5701 | 5584059738 Add(272,5429)
688 | 1849 RS( 4391 6) 5733 | 5584059810 Add(304,5429)
759 | 99209 RS 491 6) 5797 | 5584059978 Add(368,5429)
734 | 2401 RS(72 5 1’6) 5829 | 5584060074 Add(400,5429)
848 | 9309 RS(53’1 5 16) 5861 | 5584060178 Add(432,5429)
044 | 3481 RS(591’2’16) 5393 | 5584060290 Add(464,5429)
961 | 29791 RS<311’3’31) 5917 | 8587340257 RS(971,5,61)
992 | 32768 RS(2° 5 ‘3:1) 6004 | 243087455521 | RS(79',6,76)
1147 | 50653 RS(37’1 A 31) 6156 | 282429536481 | RS(3*,6,76)
1971 | 68921 RS 411’3’31) 6308 | 326940373369 | RS(83',6,76)
1333 | 79507 RS(431’3’31) 6580 | 326940373658 | Add(272,6308)
1457 | 103823 RS 471’3’31> 6612 | 326940373730 | Add(304,6308)
1519 | 117649 RS(72 3 §1> 6676 | 326940373898 | Add(368,6308)
1643 | 148877 RS<53’1 3 31) 6708 | 326940373994 | Add(400,6308)
1829 | 205379 RS(591’3’31) 6740 | 326940374098 | Add(432,6308)
1891 | 996981 RS(611’3’31) 6764 | 496981290961 | RS(89',6,76)
19034 | 262144 RS (2 3 ?;1) 7036 | 496981291250 | Add(272,6764)
2077 | 300763 RS (67’1 3 31) 7068 | 496981291322 | Add(304,6764)
2162 | 4879681 RS e 16) 7132 | 496981291490 | Add(368,6764)
9954 | 5764801 RS(72 A 46) 7164 | 496981291586 | Add(400,6764)
9438 | 7300481 RS(53’1 ) 16) 7196 | 496981291690 | Add(432,6764)
2710 | 7890770 Add (27’2 5 138) 7228 | 496981291802 | Add(464,6764)
o714 | 12117361 RS (59" 4 16) 7260 | 496981291922 | Add(496,6764)
9806 | 13845841 RS (611’ 4 16) 7276 | 496981291985 | Add(512,6764)
2044 | 16777216 RS(2S 4 46) 7356 | 496981292330 | Add(592,6764)
2082 | 20151121 RS(67’1 1 16) 7372 | 832972004929 | RS(97',6,76)
2966 | 25411681 RS (711’ N 16) 7644 | 832972005218 | Add(272,7372)
3358 | 28398241 RS (731’ L 16) 7676 | 1061520150601 | RS(101%,6,76)
2630 | 23398530 Ad d(27’2 ’3358) 7828 | 1194052296529 | RS(103%,6,76)
2634 | 38950081 RS(79! 1 16) 8100 | 1194052296818 | Add(272,7828)
3791 | 844596301 RS(611’5’61) 8132 | 1500730351849 | RS(107",6,76)
2004 | 1073741824 RS(2° ; é1) 8284 | 1677100110841 | RS(109',6,76)
1087 | 1350125107 RS<67’1 E 61) 8556 | 1677100111130 | Add(272,8284)
4331 | 1804229351 RS(711’5’61) 8588 | 2081951752609 | RS(113',6,76)

. 8827 | 10000000000000| RS(97',7,91)

4453 | 2073071593 RS(73',5,61)

4725 | 2073071882 Add(272,4453)
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B.11. 16-CFF TABLE
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t n Source

323 361 RS(19%,2,17)
391 529 RS(23',2,17)
425 625 RS(5%,2,17)
459 729 RS(33,2,17)
493 841 RS(29',2,17)
527 961 RS(311,2,17)
544 1024 RS(2°,2,17)
629 1369 RS(37,2,17)
697 1681 RS(411,2,17)
731 1849 RS(431,2,17)
799 2209 RS(471,2,17)
833 2401 RS(7%,2,17)
901 2809 RS(531,2,17)
1003 | 3481 RS(59%,2,17)
1037 | 3721 RS(611,2,17)
1056 | 32768 RS(2°,3,33)
1221 | 50653 RS(371,3,33)
1353 | 68921 RS(411,3,33)
1419 | 79507 RS(43',3,33)
1551 | 103823 RS(471 3,33)
1617 | 117649 RS(7%,3,33)
1749 | 148877 RS(53',3,33)
1947 | 205379 RS(591,3,33)
2013 | 226981 RS(611,3,33)
2112 | 262144 RS(29,3,33)
2211 | 300763 RS(671,3,33)
2343 | 357911 RS(71%,3,33)
2401 | 5764801 RS(7%,4,49)
2597 | 7890481 RS(53',4,49)
2891 | 12117361 RS(59',4,49)
2989 | 13845841 RS(61',4,49)
3136 | 16777216 RS(2°,4,49)
3283 | 20151121 RS(671,4,49)
3479 | 25411681 RS(711,4,49)
3577 | 28398241 RS(73',4,49)
3871 | 38950081 RS(79',4,49)
3969 | 43046721 RS(3%,4,49)
4067 | 47458321 RS(83',4,49)
4160 | 1073741824 RS(25,5,65)
4355 | 1350125107 RS(671,5,65)
4615 | 1804229351 RS(711,5,65)
4745 | 2073071593 RS(73!,5,65)
5068 | 2073071954 Add(323,4745)
5135 | 3077056399 RS(79',5,65)
5265 | 3486784401 RS(3%,5,65)

t n Source

5395 | 3939040643 RS(83!,5,65)
5718 | 3939041004 Add(323,5395)
5785 | 5584059449 RS(89,5,65)
6108 | 5584059810 Add(323,5785)
6176 | 5584059978 Add(391,5785)
6210 | 5584060074 Add(425,5785)
6244 | 5584060178 Add(459,5785)
6278 | 5584060290 Add(493,5785)
6305 | 8587340257 RS(97',5,65)
6561 | 282429536481 RS(31,6,81)
6723 | 326940373369 RS(831,6,81)
7046 | 326940373730 | Add(323,6723)
7114 | 326940373898 | Add(391,6723)
7148 | 326940373994 | Add(425,6723)
7182 | 326940374098 | Add(459,6723)
7209 | 496981290961 RS(89',6,81)
7532 | 496981291322 Add(323,7209)
7600 | 496981291490 | Add(391,7209)
7634 | 496981291586 | Add(425,7209)
7668 | 496981291690 | Add(459,7209)
7702 | 496981291802 Add(493,7209)
7736 | 496981291922 Add(527,7209)
7753 | 496981291985 Add(544,7209)
7838 | 496981292330 | Add(629,7209)
7857 | 832972004929 RS(97',6,81)
8180 | 832972005290 | Add(323,7857)
8181 | 1061520150601 | RS(101%,6,81)
8343 | 1194052296529 | RS(103',6,81)
8666 | 1194052296890 | Add(323,8343)
8667 | 1500730351849 | RS(107%,6,81)
8829 | 1677100110841 | RS(109%,6,81)
9152 | 1677100111202 | Add(323,8829)
9153 | 2081951752609 | RS(113',6,81)
9409 | 10000000000000{ RS(971,7,97)
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B.12. 17-CFF TABLE

118

t n Source

342 361 RS(19%,2,18)
414 529 RS(23',2,18)
450 625 RS(52,2,18)
486 729 RS(3%,2,18)
522 841 RS(29!,2,18)
558 961 RS(31%,2,18)
576 1024 RS(2°,2,18)
666 1369 RS(37%,2,18)
738 1681 RS(411,2,18)
774 1849 RS(43,2,18)
846 2209 RS(47%,2,18)
882 2401 RS(72,2,18)
954 2809 RS(53',2,18)
1062 | 3481 RS(59%,2,18)
1098 | 3721 RS(611,2,18)
1152 | 4096 RS(26,2,18)
1206 | 4489 RS(67%,2,18)
1278 | 5041 RS(71%,2,18)
1295 | 50653 RS(37%,3,35)
1435 | 68921 RS(41%,3,35)
1505 | 79507 RS(43',3,35)
1645 | 103823 RS(47%,3,35)
1715 | 117649 RS(72,3,35)
1855 | 148877 RS(53!,3,35)
2065 | 205379 RS(59%,3,35)
2135 | 226981 RS(61%,3,35)
2240 | 262144 RS(25,3,35)
2345 | 300763 RS(671,3,35)
2485 | 357911 RS(71%,3,35)
2555 | 389017 RS(73%,3,35)
2756 | 7890481 RS(53!,4,52)
3068 | 12117361 RS(59%,4,52)
3172 | 13845841 RS(61%,4,52)
3328 | 16777216 RS(26,4,52)
3484 | 20151121 RS(67%,4,52)
3692 | 25411681 RS(71%,4,52)
3796 | 28398241 RS(73',4,52)
4108 | 38950081 RS(79%,4,52)
4212 | 43046721 RS(3%,4,52)
4316 | 47458321 RS(83',4,52)
4628 | 62742241 RS(89!,4,52)
4899 | 1804229351 RS(71%,5,69)
5037 | 2073071593 RS(73%,5,69)
5379 | 2073071954 Add(342,5037)
5451 | 3077056399 RS(79!,5,69)

t n Source

5589 | 3486784401 RS(3%,5,69)
5727 | 3939040643 RS(831,5,69)
6069 | 3939041004 Add(342,5727)
6141 | 5584059449 RS(891,5,69)
6483 | 5584059810 Add(342,6141)
6555 | 5584059978 Add(414,6141)
6591 | 5584060074 Add(450,6141)
6627 | 5584060178 Add(486,6141)
6663 | 5584060290 Add(522,6141)
6693 | 8587340257 RS(97',5,69)
6969 | 10510100501 RS(1011,5,69)
7107 | 11592740743 RS(1031,5,69)
7383 | 14025517307 RS(107,5,69)
7521 | 15386239549 RS(109',5,69)
7654 | 496981290961 RS(89',6,86)
7996 | 496981291322 | Add(342,7654)
8068 | 496981291490 | Add(414,7654)
8104 | 496981291586 | Add(450,7654)
8140 | 496981291690 | Add(486,7654)
8176 | 496981291802 | Add(522,7654)
8212 | 496981291922 | Add(558,7654)
8230 | 496981291985 | Add(576,7654)
8320 | 496981292330 | Add(666,7654)
8342 | 832972004929 | RS(97',6,86)
8684 | 832972005290 | Add(342,8342)
8686 | 1061520150601 | RS(101%,6,86)
8858 | 1194052296529 | RS(103',6,86)
9200 | 1194052296890 | Add(342,8858)
9202 | 1500730351849 | RS(107%,6,86)
9374 | 1677100110841 | RS(109,6,86)
9716 | 1677100111202 | Add(342,9374)
9718 | 2081951752609 | RS(113',6,86)
10060 | 2081951752970 | Add(342,9718)
10132 | 2081951753138 | Add(414,9718)
10168 | 2081951753234 | Add(450,9718)
10204 | 2081951753338 | Add(486,9718)
10240 | 2081951753450 | Add(522,9718)
10276 | 2081951753570 | Add(558,9718)
10294 | 2081951753633 | Add(576,9718)
10384 | 2081951753978 | Add(666,9718)
10406 | 3138428376721 | RS(112,6,86)
10609 | 10000000000000| RS(103!,7,103)
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B.13. 18-CFF TABLE 120

l n Source
437 529 RS(23',2,19)
475 | 625 RS(52,2,19)
513 | 729 RS(3%,2,19)
o o RS(29172719) t n Source
w05 | 1024 E@EZ’% 2’21’5?) 5013 | 3186784401 | RS(31,5,73)
703 1369 RS(3771 72 19) 6059 | 3939040643 RS(831,5,73)
779 1681 RS(411,2,19) 6496 | 3939041172 Add(437,6059)
]17 1849 RS(43172719) 6497 | 5584059449 RS(891,5,73)
893 2909 RS(47172,19) 6934 | 5584059978 Add(437,6497)
931 2401 RS<72 2’ 179) 6972 | 5584060074 Add(475,6497)
1007 | 2809 RS(53’1 ’2 19) 7010 | 5584060178 Add(513,6497)
1121 | 3481 RS(591,2,19) 7048 | 5584060290 Add(551,6497)
1159 | 3721 RS(61172719) 7081 | 8587340257 RS(97%,5,73)
1216 | 4096 RS(26 2’ 179) 7373 10510100501 RS(101%,5,73)
1273 | 4489 RS<67’1 ’2 19) 7519 11592740743 RS(103175,73)
1349 | 5041 RS(711’2719) 7811 14025517307 RS(1071,5,73)
1369 | 50653 RS(371’3,37) 7957 | 15386239549 RS(109',5,73)
1517 | 68921 RS(41173737) 8249 18424351793 RS(1131,5,73)
1591 79507 RS(43173,37) 8686 18424352322 Add(437,8249)
1739 103823 RS<471,3737) 8724 18424352418 Add(475,8249)
1813 117649 RS(72 ?: ?:7> 8762 18424352522 Add(513,8249)
1961 148877 RS(5371 E)) 37) 8800 18424352634 Add(551,8249)
2183 | 205379 RS(59173,37) 8827 | 832972004929 RS(97%,6,91)
2957 | 226981 RS(61173737) 9191 1061520150601 | RS(1011,6,91)
2368 | 262144 RS(26 ?: ?;7) 9373 1194052296529 RS(1031,6,91)
2479 | 300763 RS(67’1 ’3 37) 9737 | 1500730351849 | RS(107%,6,91)
2627 | 357911 RS(71173737) 9919 | 1677100110841 | RS(109%,6,91)
2701 | 389017 RS(731,3,37) 10283 | 2081951752609 | RS(1131,6,91)
2093 | 493039 RS(79173737) 10720 | 2081951753138 | Add(437,10283)
2097 | 531441 RS(34 ?; ?;7) 10758 | 2081951753234 | Add(475,10283)
3071 | 571787 RS<83’1 ’3 37) 10796 | 2081951753338 | Add(513,10283)
39245 | 12117361 RS(59174755) 10834 | 2081951753450 | Add(551,10283)
3355 13845841 RS(611,4,55) 10872 | 2081951753570 | Add(589,10283)
3520 | 16777216 RS(2° Zi 575) 10891 | 2081951753633 | Add(608,10283)
3685 | 20151121 RS(67’1 ;L 55) 10986 | 2081951753978 | Add(703,10283)
3905 | 25411681 RS<711,4755) 11011 | 3138428376721 RS(112,6,91)
4015 | 28398241 RS(731’4755) 11375 | 3814697265625 | RS(5%,6,91)
4345 | 38950081 RS(791’4,55) 11557 | 4195872914689 | RS(127',6,91)
4455 43046721 RS(34 Zi 575) 11648 | 4398046511104 RS(27’6,91)

T 11881 | 10000000000000 RS(1091,7,109)
4565 | 47458321 RS(83',4,55)
4895 | 62742241 RS(89"4,55)
5329 | 2073071593 RS(73',5,73)
5766 | 2073072122 Add(437,5329)
5767 | 3077056399 RS(79%,5,73)
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B.14. 19-CFF TABLE 122
t n Source t n Source
460 529 RS(23',2,20) 5858 | 104060401 RS(101%,4,58)
500 625 RS(5%,2,20) 5974 | 112550881 RS(103,4,58)
540 729 RS(33,2,20) 6083 | 3077056399 RS(79%,5,77)
580 841 RS(29!,2,20) 6237 | 3486784401 RS(31,5,77)
620 961 RS(311,2,20) 6391 | 3939040643 RS(83',5,77)
640 1024 RS(2°,2,20) 6851 | 3939041172 Add(460,6391)
740 1369 RS(371,2,20) 6853 | 5584059449 RS(89')5,77)
820 1681 RS(411,2,20) 7313 | 5584059978 Add(460,6853)
860 1849 RS(43',2,20) 7353 | 5584060074 Add(500,6853)
940 2209 RS(471,2,20) 7393 | 5584060178 Add(540,6853)
980 2401 RS(7%,2,20) 7433 | 5584060290 Add(580,6853)
1060 | 2809 RS(53',2,20) 7469 | 8587340257 RS(971,5,77)
1180 | 3481 RS(59%,2,20) 7777 | 10510100501 RS(1011,5,77)
1220 | 3721 RS(611,2,20) 7931 | 11592740743 RS(103%,5,77)
1280 | 4096 RS(2°,2,20) 8239 | 14025517307 RS(1071,5,77)
1340 | 4489 RS(671,2,20) 8393 | 15386239549 RS(109%,5,77)
1420 | 5041 RS(71%,2,20) 8701 | 18424351793 RS(113%,5,77)
1460 | 5329 RS(73',2,20) 9161 | 18424352322 Add(460,8701)
1580 | 6241 RS(79%,2,20) 9201 | 18424352418 Add(500,8701)
1599 | 68921 RS(411,3,39) 9241 | 18424352522 Add(540,8701)
1677 | 79507 RS(43!,3,39) 9281 | 18424352634 Add(580,8701)
1833 | 103823 RS(471,3,39) 9312 | 832972004929 RS(97',6,96)
1911 | 117649 RS(7%,3,39) 9696 | 1061520150601 | RS(101',6,96)
2067 | 148877 RS(531,3,39) 9888 | 1194052296529 | RS(103',6,96)
2301 | 205379 RS(59!,3,39) 10272 | 1500730351849 | RS(107,6,96)
2379 | 226981 RS(611,3,39) 10464 | 1677100110841 | RS(109',6,96)
2496 | 262144 RS(2¢,3,39) 10848 | 2081951752609 | RS(113',6,96)
2613 | 300763 RS(671,3,39) 11308 | 2081951753138 | Add(460,10848)
2769 | 357911 RS(71%,3,39) 11348 | 2081951753234 | Add(500,10848)
2847 | 389017 RS(731,3,39) 11388 | 2081951753338 | Add(540,10848)
3081 | 493039 RS(79!,3,39) 11428 | 2081951753450 | Add(580,10848)
3159 | 531441 RS(31,3,39) 11468 | 2081951753570 | Add(620,10848)
3237 | 571787 RS(83',3,39) 11488 | 2081951753633 | Add(640,10848)
3422 | 12117361 RS(59',4,58) 11588 | 2081951753978 | Add(740,10848)
3538 | 13845841 RS(611,4,58) 11616 | 3138428376721 | RS(112%,6,96)
3712 | 16777216 RS(2°6,4,58) 12000 | 3814697265625 | RS(5%,6,96)
3886 | 20151121 RS(67',4,58) 12192 | 4195872914689 | RS(127',6,96)
4118 | 25411681 RS(71',4,58) 12288 | 4398046511104 | RS(27,6,96)
4234 | 28398241 RS(73',4,58) 12576 | 5053913144281 | RS(1311,6,96)
4582 | 38950081 RS(79',4,58) 13036 | 5053913144810 | Add(460,12576)
4698 | 43046721 RS(3%,4,58) 13076 | 5053913144906 | Add(500,12576)
4814 | 47458321 RS(83!,4,58) 13116 | 5053913145010 | Add(540,12576)
5162 | 62742241 RS(89',4,58) 13152 | 6611856250609 | RS(137',6,96)
5622 | 62742770 Add(460,5162) 13344 | 7212549413161 | RS(1391,6,96)
5626 | 88529281 RS(971,4,58) 13804 | 7212549413690 | Add(460,13344)




B.15. 21-CFF TABLE

123

t
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B.15. 21-CFF TABLE 124
t n Source t n Source
506 529 RS(23',2,22) 6464 | 104060401 RS(1011,4,64)
550 625 RS(5%,2,22) 6592 | 112550881 RS(103,4,64)
594 729 RS(33,2,22) 6848 | 131079601 RS(107%,4,64)
638 841 RS(29!,2,22) 6976 | 141158161 RS(109,4,64)
682 961 RS(311,2,22) 7232 | 163047361 RS(113',4,64)
704 1024 RS(2°,2,22) 7565 | 5584059449 RS(89!5,85)
814 1369 RS(371,2,22) 8071 | 5584059978 Add(506,7565)
902 1681 RS(411,2,22) 8115 | 5584060074 Add(550,7565)
946 1849 RS(43!,2,22) 8159 | 5584060178 Add(594,7565)
1034 | 2209 RS(471,2,22) 8203 | 5584060290 Add(638,7565)
1078 | 2401 RS(7%,2,22) 8245 | 8587340257 RS(97',5,85)
1166 | 2809 RS(53',2,22) 8585 | 10510100501 RS(101,5,85)
1298 | 3481 RS(591,2,22) 8755 | 11592740743 RS(103,5,85)
1342 | 3721 RS(611,2,22) 9095 | 14025517307 RS(107%,5,85)
1408 | 4096 RS(2°6,2,22) 9265 | 15386239549 RS(109',5,85)
1474 | 4489 RS(671,2,22) 9605 | 18424351793 RS(113',5,85)
1562 | 5041 RS(711,2,22) 10111 | 18424352322 Add(506,9605)
1606 | 5329 RS(73',2,22) 10155 | 18424352418 Add(550,9605)
1738 | 6241 RS(79%,2,22) 10199 | 18424352522 Add(594,9605)
1782 | 6561 RS(3%,2,22) 10243 | 18424352634 Add(638,9605)
1826 | 6889 RS(83!,2,22) 10285 | 25937424601 RS(112,5,85)
1849 | 79507 RS(43'3,43) 10625 | 30517578125 RS(5%,5,85)
2021 | 103823 RS(471,3,43) 10795 | 33038369407 RS(1271,5,85)
2107 | 117649 RS(7%,3,43) 10880 | 34359738368 RS(27,5,85)
2279 | 148877 RS(53!,3,43) 11135 | 38579489651 RS(131%,5,85)
2537 | 205379 RS(59!,3,43) 11342 | 1500730351849 | RS(107',6,106)
2623 | 226981 RS(611,3,43) 11554 | 1677100110841 | RS(109',6,106)
2752 | 262144 RS(29,3,43) 11978 | 2081951752609 | RS(1131,6,106)
2881 | 300763 RS(671,3,43) 12484 | 2081951753138 | Add(506,11978)
3053 | 357911 RS(711,3,43) 12528 | 2081951753234 | Add(550,11978)
3139 | 389017 RS(731,3,43) 12572 | 2081951753338 | Add(594,11978)
3397 | 493039 RS(79!,3,43) 12616 | 2081951753450 | Add(638,11978)
3483 | 531441 RS(3%,3,43) 12660 | 2081951753570 | Add(682,11978)
3569 | 571787 RS(831,3,43) 12682 | 2081951753633 | Add(704,11978)
3827 | 704969 RS(891,3,43) 12792 | 2081951753978 | Add(814,11978)
4096 | 16777216 RS(26,4,64) 12826 | 3138428376721 | RS(112,6,106)
4288 | 20151121 RS(67',4,64) 13250 | 3814697265625 | RS(5%,6,106)
4544 | 25411681 RS(711,4,64) 13462 | 4195872914689 | RS(127',6,106)
4672 | 28398241 RS(73',4,64) 13568 | 4398046511104 | RS(27,6,106)
5056 | 38950081 RS(79%,4,64) 13886 | 5053913144281 | RS(131%,6,106)
5184 | 43046721 RS(3%,4,64) 14392 | 5053913144810 | Add(506,13886)
5312 | 47458321 RS(83!,4,64) 14436 | 5053913144906 | Add(550,13886)
5696 | 62742241 RS(89',4,64) 14480 | 5053913145010 | Add(594,13886)
6202 | 62742770 Add(506,5696) 14522 | 6611856250609 | RS(137%,6,106)
6208 | 88529281 RS(971,4,64) 14734 | 7212549413161 | RS(139%,6,106)
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B.16. 22-CFF TABLE 126
t n Source t n Source
575 625 RS(5%,2,23) 7169 | 131079601 RS(107%,4,67)
621 729 RS(33,2,23) 7303 | 141158161 RS(109',4,67)
667 841 RS(291,2,23) 7571 | 163047361 RS(1131,4,67)
713 961 RS(311,2,23) 7921 | 5584059449 RS(89',5,89)
736 1024 RS(2°,2,23) 8496 | 5584060074 Add(575,7921)
851 1369 RS(37%,2,23) 8542 | 5584060178 Add(621,7921)
943 1681 RS(411,2,23) 8588 | 5584060290 Add(667,7921)
989 1849 RS(43',2,23) 8633 | 8587340257 RS(97%,5,89)
1081 | 2209 RS(471,2,23) 8989 | 10510100501 RS(101%,5,89)
1127 | 2401 RS(7%,2,23) 9167 | 11592740743 RS(103',5,89)
1219 | 2809 RS(53!,2,23) 9523 | 14025517307 RS(1071,5,89)
1357 | 3481 RS(59%,2,23) 9701 | 15386239549 RS(109,5,89)
1403 | 3721 RS(611,2,23) 10057 | 18424351793 RS(1131,5,89)
1472 | 4096 RS(29,2,23) 10632 | 18424352418 Add(575,10057)
1541 | 4489 RS(671,2,23) 10678 | 18424352522 Add(621,10057)
1633 | 5041 RS(711,2,23) 10724 | 18424352634 Add(667,10057)
1679 | 5329 RS(73',2,23) 10769 | 25937424601 RS(112,5,89)
1817 | 6241 RS(79%,2,23) 11125 | 30517578125 RS(53,5,89)
1863 | 6561 RS(3%,2,23) 11303 | 33038369407 RS(1271,5,89)
1909 | 6889 RS(83!,2,23) 11392 | 34359738368 RS(27,5,89)
2047 | 7921 RS(89!,2,23) 11659 | 38579489651 RS(1311,5,89)
2115 | 103823 RS(471,3,45) 12193 | 48261724457 RS(1371,5,89)
2205 | 117649 RS(7%,3,45) 12371 | 51888844699 RS(1391,5,89)
2385 | 148877 RS(531,3,45) 12543 | 2081951752609 | RS(1131,6,111)
2655 | 205379 RS(59!,3,45) 13118 | 2081951753234 | Add(575,12543)
2745 | 226981 RS(611,3,45) 13164 | 2081951753338 | Add(621,12543)
2880 | 262144 RS(2°,3,45) 13210 | 2081951753450 | Add(667,12543)
3015 | 300763 RS(671,3,45) 13256 | 2081951753570 | Add(713,12543)
3195 | 357911 RS(711,3,45) 13279 | 2081951753633 | Add(736,12543)
3285 | 389017 RS(731,3,45) 13394 | 2081951753978 | Add(851,12543)
3555 | 493039 RS(79!,3,45) 13431 | 3138428376721 | RS(112%,6,111)
3645 | 531441 RS(31,3,45) 13875 | 3814697265625 | RS(5%,6,111)
3735 | B71787 RS(83',3,45) 14097 | 4195872914689 | RS(1271,6,111)
4005 | 704969 RS(89%,3,45) 14208 | 4398046511104 | RS(27,6,111)
4365 | 912673 RS(971,3,45) 14541 | 5053913144281 | RS(1311,6,111)
4489 | 20151121 RS(67',4,67) 15116 | 5053913144906 | Add(575,14541)
4757 | 25411681 RS(711,4,67) 15162 | 5053913145010 | Add(621,14541)
4891 | 28398241 RS(73',4,67) 15207 | 6611856250609 | RS(137',6,111)
5293 | 38950081 RS(79',4,67) 15429 | 7212549413161 | RS(1391,6,111)
5427 | 43046721 RS(3%,4,67) 16004 | 7212549413786 | Add(575,15429)
5561 | 47458321 RS(83!,4,67) 16050 | 7212549413890 | Add(621,15429)
5963 | 62742241 RS(89!,4,67) 16096 | 7212549414002 | Add(667,15429)
6499 | 88529281 RS(971,4,67) 16142 | 7212549414122 | Add(713,15429)
6767 | 104060401 RS(101%,4,67) 16165 | 7212549414185 | Add(736,15429)
6901 | 112550881 RS(103%,4,67) 16280 | 7212549414530 | Add(851,15429)




B.17. 23-CFF TABLE 127

t n Source

16372 | 7212549414842 | Add(943,15429)
16418 | 7212549415010 | Add(989,15429)
16510 | 7212549415370 | Add(1081,15429)
16539 | 10000000000000| RS(149',6,111)

B.17 23-CFF table
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B.17. 23-CFF TABLE 128
t n Source t n Source
600 625 RS(5%,2,24) 7210 | 112550881 RS(103%,4,70)
648 729 RS(33,2,24) 7490 | 131079601 RS(107%,4,70)
696 841 RS(291,2,24) 7630 | 141158161 RS(1091,4,70)
744 961 RS(311,2,24) 7910 | 163047361 RS(1131,4,70)
768 1024 RS(2°,2,24) 8470 | 214358881 RS(112,4,70)
888 1369 RS(37%,2,24) 8750 | 244140625 RS(5%,4,70)
984 1681 RS(411,2,24) 8890 | 260144641 RS(1271,4,70)
1032 | 1849 RS(43',2,24) 8960 | 268435456 RS(27,4,70)
1128 | 2209 RS(471,2,24) 9021 | 8587340257 RS(97%,5,93)
1176 | 2401 RS(7%,2,24) 9393 | 10510100501 RS(101%,5,93)
1272 | 2809 RS(53!,2,24) 9579 | 11592740743 RS(103',5,93)
1416 | 3481 RS(59%,2,24) 9951 | 14025517307 RS(107',5,93)
1464 | 3721 RS(611,2,24) 10137 | 15386239549 RS(1091,5,93)
1536 | 4096 RS(25,2,24) 10509 | 18424351793 RS(1131,5,93)
1608 | 4489 RS(671,2,24) 11109 | 18424352418 Add(600,10509)
1704 | 5041 RS(711,2,24) 11157 | 18424352522 Add(648,10509)
1752 | 5329 RS(73',2,24) 11205 | 18424352634 Add(696,10509)
1896 | 6241 RS(79%,2,24) 11253 | 25937424601 RS(11%,5,93)
1944 | 6561 RS(3%,2,24) 11625 | 30517578125 RS(53,5,93)
1992 | 6889 RS(83!,2,24) 11811 | 33038369407 RS(1271,5,93)
2136 | 7921 RS(89!,2,24) 11904 | 34359738368 RS(27,5,93)
2209 | 103823 RS(471,3,47) 12183 | 38579489651 RS(1311,5,93)
2303 | 117649 RS(7%,3,47) 12741 | 48261724457 RS(1371,5,93)
2491 | 148877 RS(531,3,47) 12927 | 51888844699 RS(1391,5,93)
2773 | 205379 RS(59!,3,47) 13527 | 51888845324 Add(600,12927)
2867 | 226981 RS(611,3,47) 13575 | 51888845428 Add(648,12927)
3008 | 262144 RS(2°,3,47) 13623 | 51888845540 Add(696,12927)
3149 | 300763 RS(671,3,47) 13671 | 51888845660 Add(744,12927)
3337 | 357911 RS(711,3,47) 13695 | 51888845723 Add(768,12927)
3431 | 389017 RS(731,3,47) 13815 | 51888846068 Add(888,12927)
3713 | 493039 RS(79!,3,47) 13857 | 73439775749 RS(149',5,93)
3807 | 531441 RS(31,3,47) 14036 | 3138428376721 | RS(112,6,116)
3901 | 571787 RS(83',3,47) 14500 | 3814697265625 | RS(5%,6,116)
4183 | 704969 RS(89%,3,47) 14732 | 4195872914689 | RS(1271,6,116)
4559 | 912673 RS(971,3,47) 14848 | 4398046511104 | RS(27,6,116)
4747 | 1030301 RS(101%,3,47) 15196 | 5053913144281 | RS(131',6,116)
4841 | 1092727 RS(103',3,47) 15796 | 5053913144906 | Add(600,15196)
4970 | 25411681 RS(711,4,70) 15844 | 5053913145010 | Add(648,15196)
5110 | 28398241 RS(73',4,70) 15892 | 6611856250609 | RS(137,6,116)
5530 | 38950081 RS(79%,4,70) 16124 | 7212549413161 | RS(139,6,116)
5670 | 43046721 RS(3%,4,70) 16724 | 7212549413786 | Add(600,16124)
5810 | 47458321 RS(83!,4,70) 16772 | 7212549413890 | Add(648,16124)
6230 | 62742241 RS(89',4,70) 16820 | 7212549414002 | Add(696,16124)
6790 | 88529281 RS(971,4,70) 16868 | 7212549414122 | Add(744,16124)
7070 | 104060401 RS(101%,4,70) 16892 | 7212549414185 | Add(768,16124)




B.18. 24-CFF TABLE 129

t n Source

17012 | 7212549414530 | Add(888,16124)
17108 | 7212549414842 | Add(984,16124)
17156 | 7212549415010 | Add(1032,16124)
17252 | 7212549415370 | Add(1128,16124)
17284 | 10000000000000| RS(149',6,116)
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B.18. 24-CFF TABLE 130
t n Source t n Source
675 | 729 RS(33,2,25) 7957 | 141158161 RS(109',4,73)
725 | 841 RS(29!,2,25) 8249 | 163047361 RS(1131,4,73)
775 | 961 RS(31%,2,25) 8833 | 214358881 RS(112,4,73)
800 | 1024 RS(2°,2,25) 9125 | 244140625 RS(5%,4,73)
925 | 1369 RS(371,2,25) 9271 | 260144641 RS(1274,4,73)
1025 | 1681 RS(41%,2,25) 9344 | 268435456 RS(27,4,73)
1075 | 1849 RS(431,2,25) 9409 | 8587340257 RS(971,5,97)
1175 | 2209 RS(471,2,25) 9797 | 10510100501 RS(101%,5,97)
1225 | 2401 RS(7%,2,25) 9991 | 11592740743 RS(103%,5,97)
1325 | 2809 RS(531,2,25) 10379 | 14025517307 RS(107%,5,97)
1475 | 3481 RS(591,2,25) 10573 | 15386239549 RS(1091,5,97)
1525 | 3721 RS(61%,2,25) 10961 | 18424351793 RS(1131,5,97)
1600 | 4096 RS(2%,2,25) 11636 | 18424352522 Add(675,10961)
1675 | 4489 RS(671,2,25) 11686 | 18424352634 Add(725,10961)
1775 | 5041 RS(71%,2,25) 11736 | 18424352754 Add(775,10961)
1825 | 5329 RS(731,2,25) 11737 | 25937424601 RS(112,5,97)
1975 | 6241 RS(791,2,25) 12125 | 30517578125 RS(5%,5,97)
2025 | 6561 RS(3%,2,25) 12319 | 33038369407 RS(1271,5,97)
2075 | 6889 RS(83!,2,25) 12416 | 34359738368 RS(27,5,97)
2225 | 7921 RS(89!,2,25) 12707 | 38579489651 RS(131%,5,97)
2401 | 117649 RS(72,3,49) 13289 | 48261724457 RS(137,5,97)
2597 | 148877 RS(53!,3,49) 13483 | 51888844699 RS(1391,5,97)
2891 | 205379 RS(59!,3,49) 14158 | 51888845428 Add(675,13483)
2989 | 226981 RS(61%,3,49) 14208 | 51888845540 Add(725,13483)
3136 | 262144 RS(26,3,49) 14258 | 51888845660 Add(775,13483)
3283 | 300763 RS(67%,3,49) 14283 | 51888845723 Add(800,13483)
3479 | 357911 RS(71%,3,49) 14408 | 51888846068 Add(925,13483)
3577 | 389017 RS(731,3,49) 14453 | 73439775749 RS(149',5,97)
3871 | 493039 RS(79%,3,49) 14641 | 3138428376721 | RS(112,6,121)
3969 | 531441 RS(3%,3,49) 15125 | 3814697265625 | RS(5%,6,121)
4067 | 571787 RS(83!,3,49) 15367 | 4195872914689 | RS(127%,6,121)
4361 | 704969 RS(89!,3,49) 15488 | 4398046511104 | RS(27,6,121)
4753 | 912673 RS(97%,3,49) 15851 | 5053913144281 | RS(131%,6,121)
4949 | 1030301 RS(1011,3,49) 16526 | 5053913145010 | Add(675,15851)
5047 | 1092727 RS(1031,3,49) 16576 | 5053913145122 | Add(725,15851)
5243 | 1225043 RS(1074,3,49) 16577 | 6611856250609 | RS(137%,6,121)
5329 | 28398241 RS(73,4,73) 16819 | 7212549413161 | RS(139%,6,121)
5767 | 38950081 RS(79',4,73) 17494 | 7212549413890 | Add(675,16819)
5913 | 43046721 RS(3%,4,73) 17544 | 7212549414002 | Add(725,16819)
6059 | 47458321 RS(83!,4,73) 17594 | 7212549414122 | Add(775,16819)
6497 | 62742241 RS(89!,4,73) 17619 | 7212549414185 | Add(800,16819)
7081 | 88529281 RS(97,4,73) 17744 | 7212549414530 | Add(925,16819)
7373 | 104060401 RS(1011,4,73) 17844 | 7212549414842 | Add(1025,16819)
7519 | 112550881 RS(1031,4,73) 17894 | 7212549415010 | Add(1075,16819)
7811 | 131079601 RS(1071,4,73) 17994 | 7212549415370 | Add(1175,16819)




B.18. 24-CFF TABLE

131
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