. T
- s

l*. National Library
of Canada du Canada

Bibliothéque nationale

Canadian Theses Service  Service des théses canadiennes

Ottawa, Canada
K1A ON4

NOTICE

The quality of this microform s heavily dependent upon the
quality of the original thesis submitted for microtilming.
Every effort has been made to ensure the highest quality of
reproduction possible.

¥ pages are missing, contact the university which granted
the degree.

Some pages may have indistinct print especially if the
original pages were typed with a poor typewriter ribbon or
if the university sent us an inferior photocopy.

Reproduction in full or in part of this microform s overmned
by the Canadian Copyright Act, R.S.C. 1970, ¢. C-30, and
subsequent amendments.

AVIS

La qualité de cette microforme dépend grandement de la
qualité de la thése soumise au microfilmage. Nous avons
tout fait pour assurer une qualité supérieure de reproduc-
tion,

S'il manque des pages, veuillez communiquer avec
l'université qui a conféré le grade.

La qualité dimpression de certaines pages peut laisser &
désirer, surtout si les pages originales ont été dactylogra-
phiées a Paide d'un ruban usé ou si l'université nous a fait
parvenir une photocopie de qualité inférieure.

La reproduction, méme partielle, de cette microforme est

soumise A la Loi canadienne sur le droit d'auteur, SRC
1970, ¢. C-30, et ses amendements subséquents.

(Canads



Gamma Type Distribution: Maximum likelihood
Values of the T-Year Event and their Asymptotic Variance

by

Paul J. Pilon

Submitted in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

Department of Civil Engineering
School of Graduate Studies
University of Ottawa

(::)Paul J. Pilon, Ottawa, Canada, 1990



Bibliothéque nationale

E#I National Library o e

: of Canada

Canadian Theses Service Service des théses canadiennes

Ottawa, Canada
K1A ONG

The author has granted an irrevocable non-
exclusive licence allowing the National Library
of Canada to reproduce, loan, distribute or sell
copies of his/her thesis by any means and in
any form or format, making this thesis avaitable
to interested persons.

The author retains ownership of the copyright

in his/fher thesis. Neither the thesis nor
substantial extracts from it may be printed or
otherwise reproduced without his/her per-
mission.

LUauteur 2 accordé une licence irrévocable et
non exclusive permettant a la Bibliotheque
nationale du Canada de reproduire, préter,
distribuer. ou vendre des copies de sa thése
de quelque maniére et sous quelque forme
que ce soit pour mettre des exemplaires de
cette thése a la disposition des personnes
intéressées.

Lauteur conserve la propriété du droit d'auteur
qui protége sa thése. Ni la thése ni des extraits
substantiels de celle-ci ne doivent étre
imprimés ou autrement reproduits sans son
autorisation.

ISBN 0-315-60060-8

(anady



=] UNIVERSITE D’OTTAWA
| UNIVERSITY OF OTTAWA




ABSTRACT

Maximum likelihood and censored sample theory are applied for £lood
frequency analysis purposes to the Two Parameter Gamma, log Two Parameter
Gamma, Pearson Type III, log Pearson Type III (LP3), and Generalized Gamma
distributions. The logarithmic likelihood functions are given in terms of
the fully specified floods, the historical information, and the parameters
to be estimated. Solution of the appropriate transcendéutal equations
yields maximum likelihood estimators of the parameters. T-year floods are
expressed as 2a function of these parameters and the standard normal
variate. The asymptotic standard error of estimate of the T-year flood is
derived using the general equation for the variance of estimate of a
function. The variances and covariances of the parameters are obtained
through inversion of Fisher’s information matrix. The method is
illustrated by application of the LP3 distribution to two sites having

historical information.

Monte Carlo studies were conducted for the LP3 distribution to amalytically
verify the accuracy of the derived asymptotic expressions for the 10-, 50-,
100-, and 500-year f£floods. Results indicated that the asymptotic
expressions were accurate for both Type I and Type II censored samples,
wvhile the bias was less than 2.5%. Subsequently, the Type II censored data
were subjected to a random, multiplicative error. Results indicated that
historical information contributes greatly to the accuracy of the estimate
of the 100-year £flood even vwhen the error of its measurement becomes
excessive. It is Jdemonstrated that  historical information can

significantly reduce the standard error of estimate of flood quantiles.
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CBAPTER 1

INTRODUCTION

1.1 Motivation

Various methodologies have evolved to fulfill the need to estimate
frequencies of floods including both parametric (Condie et al. 1981;
Hydrology Subcommittee 1982; Pilon et al. 1985a) and non~parametric
(Adamowski 1985) approaches. It is common practice for engineers to obtain
design floods by associating probability with values of streamflow
discharge at a site of interest. The basic approach to obtaining the
probability-discharge relationship is point, or single-station, frequency
analysis. WVhen deriving the estimated flood quantile magnitude, Qp, it is
usually considered desirable to have an estimate of its accuracy (Cunnane

1987).

The most common question which arises from this problem is how
best can Q, be defined, given the gauged record at the site. It is
recognized that the gauged record contains a limited amount of information
due to its inherent characteristics and the number of years contained in
the sample. Hence, any additional information which c¢an be used to
supplement the gauged record and which leads to increases in the accuracy

of the estimation of Q, would be advantageous.

Leese (1973a,b) introduced to hydrologists the ability to estimate

the parameters of a distribution describing annual maximum flows from a
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river for which censored data existed. <Censored data represents
information supplemental to the Ggauged record and is considered
non-standard data in classical flood frequency analysis. She demonstrated
the marginal value of the approach by its subsequent reduction in the
standard errors of the estimates of T-year floods for various values of T.
The inclusion of non-standard data resulted in an increase in the accuracy
of the estimate of the flood quantile, Q,. She described two commonly
occurring non-standard data: missing peaks in continuous chart records and

historically marked flood peaks.

Leese’s contribution to hydrology was partly due to the work of
several statisticians regarding the rigorous treatment of censored samples
(Hald 1949; Cohen 1950; Harper and Moore 1968). Hydrologists, 1like
statisticians, want to make the best use of what little data are available.
However, it was not until the early 1980's that a small flourish of
activity could be perceived in the hydrologic literature. Recently, more
studies are being published, and the approach is rapidly finding inroads
especially in palechydrologic and hydroclimatic change studies (Liebscher

1987; Baker 19872).

Recent work (Cohn 1986; Stedinger and Cohn 1986a,b; Hosking and
Vallis 1986a,b: Pilon et al. 1987) has demonstrated that the treatment of
the censored sample using maximum likelihood theory can greatly increase
the precision of parameter estimation methodologies leading to an ultimate
increase in the accuracy of the estimation of the £lood quantiles. This
approach using one of the more common frequency distributions - the log

Pearson Type IIT (LP3) - has not yet been achieved, due perhaps to its
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mathematical complexity and the need for extensive computer capabilities.

Howvever, its realization would be of great theoretical and practical value.

The motivation of this study is to develop the approach for the
LP3 distribution and derive its asymptotic variance. This will lead to
demonstrations of the worth of non-standard data in the reduction of

variance.

It should be recognized that the LP3 distribution can easily be
shown to fall in the gamma family of distributions. Several members of
this family are being used in frequency analysis. They are the two
parameter gamma (2PG), the log two parameters gamma (L2PG), the Pearson
Type III (P3), and the generalized gamma (GG) distributions. Extension of
the approaches to these distributions is as well important and will be

achieved.

1.2 Literature Review

1.2.1 Flood Frequency Analysis

Flood frequency analysis relates the magnitude of discharge with
its probability of occurrence. This relationship is usually accomplished
by use of a cumulative density function. The presence of historic highs in
the form of historic information, low outliers, or zeros will complicate

the analysis. Eight combinations are possible:
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(a) The standard case; alone or in conjunction with
.(b) Historic highs

(c) Historic highs and low outliers

(d) Historic highs, low outliers, and zeros

(e) Historic highs and zeros

(f) Low outliers

(g) Lov outliers and zeros

(h) Zeros

All cases except {d) and (e) have been found in hydrometric records from

Canadian rivers.

The flood frequency analysis program (Condie et al. 1981) commonly
used in the National Flood Damage Reduction Program of Canada does not
handle the aforementioned non-standard cases. This program provides design
flood estimates and their standard error for Gumbel I (Gl), lognormal {(LN),
three parameter lognormal (3LN), and LP3 distributions. Parameters of the
distributions are estimated using maximum likelihood theory, while moment
estimates are as well given £for the LP3 distribution. However, this
program handles only the standard case which 1is only one of the eight

combinations presented above.

In recognition that many hydrometric sites could be considered
non-standard samples, a second package is available (Pilon et al. 1985a).
It includes the generalized extreme value (GEV), 3LN, LP3, and Wakeby
distributions. The methodology for the treatment of =zero flows, Ilow

outliers, and historic floods is given by Pilon et al. (1985a) and Pilon
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et al. (1985b). Historic information is included in the estimation of the
parameters through the use of historically-weighted moments for the GEV and
LP3 distributions. Maximum likelihood and censored sample theory are used
to derive the parameters of the 3LN distribution (Condie and Lee 1982).

Regression of observed floods on empirical exceedance probabilities is used

to estimate the Wakeby parameters in the historical case.

The nev package differs from the old in that the standard errors
of the flood quantiles are not computed. At the time, the theoretical
derivations did not exist for the computation of the standard error in the
historical case for any of the distributions contained in the new package.
This is unfortunate, as the standard error is commonly used to assess the
accuracy of a particular quantile estimate. The accuracy of at-site
information is also an important input in the evaluation of hydrometrie
networks using generalized least squares (Moss et al. 1985; Thomas and

Cheng 1985).

The most commonly used method for the inclusion of historic
information in the estimation of parameters is historically-veighted
moments. The U.S. WVater Resources Council recommended its used in
Bulletin 17 in 1976. Thomas (1985), reviewing the application of
historically-wveighted moments, ascribed the procedure to Mr. Fred Bertle,
formerly of the U.S. Bureau of Reclamation. Thomas considered the
inclusion of this procedure to be one of the most significant modifications
to Bulletin 15. However, he noted that several studies have demonstrated
that censoring theory and maximum likelihood estimates are more efficient

but computationally more intensive. Cohn (1986), Stedinger and Cohn
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(1986a), Condie and Lee (1982), and Pilon et al. (1987) have shown clearly
that historically-weighted moments are less efficient than maximum
likelihood based procedures. In addition, the maximum likelihood process
lends itself to a theoretical derivation of the standard error of the

quantile. Thus, this approach will be adopted in the present study.

The method of maximum likelihood is attributed to
Sir Ronald Fisher. He first introduced the approach in 1912 (Fisher 1912),
but presented a more complete exposé in 1922 (Fisher 1922). He showed how
parameters of a distribution could be obtaired as well as how to determine
the asymptotic estimates of the parameters’ variances and covariances.
This led to the asymptotic variance of estimate of the quantiles, the
square root of which is referred to as the standard error of the quantile
which is sometimes referred to as accuracy. He demonstrated '(1922) that
the maximum likelihood procedure gave more efficient results than the

method of moments for the P3 distribution.

In summary, censoring theory coupled with the maximum likelihood
approach constitutes an important and powerful methodology which will be
further developed in this study for the analysis of the frequency of

floods.

1.2.2 Censoring Theory

In order to increase the accuracy of the estimation of quantiles,

it is necessary to include information beyond that which is contained in

the standard or classical streamflow record. Historic information is
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observed since its magnitude exceeds some threshold of perception. In
statistical terminology a record of floods vhereby this information can be

extracted is termed a censored sample.

Therefore, censoring depicts a property of the sample. That is,
if n values of x are observed between some lover threshold, X;, and some
upper threshold, x,, and it is known that a certain number of values, say
T, are not observed but are known to be larger than x,, then the sample is
said to be "censored on the right" at X,+ Conversely, "censoring on the
left" occurs vhen it is known that a certain number of observations (and
not their exact magnitudes) are less than %;. In addition, "double
censoring"” exists when a known number of values are belov X, and another
group are above x,. There would remain n fully defined values and a number

of values known to be less than x, and a number greater than X, -

In this scenario, a number of values are known to have occurred
below or above some fixed value. That is, the censoring took place at a
certain fixed point, the magnitude of which does not vary. Thié is called
Type I censoring (Kendall and Stuart 1979, p. 551). This is analogous to
the out-of-bank flood situation in flood hydrology and could be considered

a2 sample censored on the right.

A second type of censoring is defined when a fixed proportion of
the observations occur belov x; or above x,. This is termed Type II
censoring (Ibid, p. 551) and is easily demonstrated in industrial quality
control. The variate under study is usually time, such as used in

mean~time to failure experiments. It may be understated that in such
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studies one does not usually want to have all products fail in order to
assess the statistic, as one may have to wait an indefinite long period of
time. Thus, an underlying distribution is assumed and after a certain
portion of items have failed, censoring theory car be used to yield the
mean-time to failure of the product. This is termed Type II censoring, and

it usually is "censored on the right".

In summary, it may be stated that in Type I censoring, the number
of occurrences less than x, or above x, is random. The Type II censored
sample is different in that the number of censored items is usually fixed a
priori. Theoretical expectations and asymptotic statisties are derived
in this study using the Type I model. It is usually assumed that the
asymptotic results of both are analogous, but this is not necessarily so as
this has not been =analytically proven (Ibid, p. 352). Monte Carlo type
experiments will be performed with the purpose of showing that Type I

derived statistics are applicable in the Type II case.

1.2.3 Sources of Historic Information

The conventional sample available for flood frequency analysis
consists of a series of maximum flows obtained from a continuous record of
discharge at a hydrometric station. These maxima may be either
instantaneous peaks or daily flows occurring in each calendar or water
year, or in some specified season throughout the period of record. If the
period of operation of the hydrometric station is n years, then the sample

size isn, and n is typically quite small. Intuitively, any historic



-9 -

information which effectively enlarges n will improve the accuracy of the

estimate of the design flood.

On many rivers some large floods may have occurred‘ in the past,
often many years prior to the installation of the hydrometric station. If
their magnitudes and years of occurrence are known, then that historic
information can be incorporated in the frequency analysis using this
approach. Listed below are the definitions of symbols which will be

further explained using the following hypothetical example.

If n, = number of fully specified floods above the threshold
n, = number of fully specified flcods below the threshold
n. = number of censored floods belov the threshold
n = number of observed or fully specified £loods
YT = total time span in years

then n

]

n, +n, and ¥ = n, + n, » n_

Let the example hydrometric record be available for the years 1940
through 1982. A flood of known magnitude occurred in 1920 and is known to
be the largest since 1900. At first glance, the data available for
analysis are the 1920 flood and the recent series from 1940 onward. There
is, however, the additional information that in the 39 missing years - 1900
through 1919 and 1921 through 1939 - the annual flood was less than the
1920 value. These missing years are the censored data and the censoring
threshold is the value of the 1920 flood. So n, =1, ny, =43, n, = 39,

n = 44, and YT = 83. Vhen performing an historical frequency analysis,
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only YT and the censoring threshold need be specified supplementary to

conventional data requirements.

The term historic need not apply only to floods which occurred
before the installation of a hydrometric station to collect a continuous
record. Methods used are equally adaptable to the case of the occurrence
in the gauged record of the largest flood or floods in the history of the
area, provided that there is reliable local information that the flood or
floods were the largest since some known date. Suppose that at the same
hypothetical location, the 1960 flood is reliably known to be the second
highest since 1900. Then n, = 2 and n, = 42; n_, n, and YT remain at 39,
44, 83, and 1, respectively, but the censoring threshold then becomes the

value of the 1960 flood.

The above described example is considered as an "out-of-bank" type
of flood record and is frequently encountered in practice. For example,
Chen et al. (1974) discuss the historical monuments placed in the Yangtze
River over several centuries to document severe floods. Leese (1973a,
1973b) uses marker data in her analysis of the Avon River at Bath in

England.

Usually, floods which rose above a certain level, generally bank
full, were marked by dated stone markers and discharges have since been
estimated, and the assumption is that in the years for which no markers
exist, the flood was less than bank-full discharge. In an analysis of this
type, the total time span, YT, is obtained from the data of the earliest

marker, and the censoring threshold is bank-full discharge. The number of
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fully defined floods, n, is clearly the number of annual maximum floods in

the gauged record plus the number of markers.

The above examples of sources of historic information represent
the "highest within living memory" (Natural Environment Research Council
1975, p. 215) and the out-of-bank case. The first is a Type II censored
sample, vwhile the second example is of a Type I. The Type I example is
statistically more tractable; however, the Type II scenario appears often

and is an important case in flood hydrology.

Sources of historic information can be quite varied. Potter
(1978) describes in detail the methodology a researcher can use in the
United Kingdom to obtain reliable historical information. His sources are
primarily recorded public information dating from the present to events
prior to the Norman conquest. In the U.S., Thomson et al. (1964) document
the occurrence of hundreds of floods in New England from the early
seventeenth century to modern times. In comparison, the People’s Republic
of China has embarked on a national survey of historical flood markers in
order to obtain information for the design of major dams (Zheng 1987; Shi

et al. 1987).

Recently, palechydrological methods have emerged as a major source
of flood data which can potentially be analyzed as a censored sample (Costa
1978; Baker 1983; Lane 1986; Baker et _al. 1986a,b; Hupp 1986; Baker
1987a,b; Liebscher 1987). Costa (1984) defined paleohydrology as "the
study of the movements of water and sediment in channels before the time of
continuous hydrological records or direct measurements”. Baker (1987b)

noted that this includes both historical floods predating stream gauging
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and modern floods which have not been directly observed by humans.
Geomorphic evidence of past floods can be deduced from botanical studies of

floodplain vegetation (Sigafoos 1964; Helley and LaMarche 1973; Hupp 1986)

and stratigraphic geology.

The botanical approach to record extension is primarily through
the analysis of damage to trees located in the floodplain. Trées continue
to grow, even after extensive damage. This continued growth preserves the
information and provides a chronometrie tool for the dating of evidence.
Sediments deposited in the floodplain can possibly be dated from tree ring
analysis - dendrochronological techniques; bending and orientation of the
tree; and sprout conditions (Sigafoos 1964; Helley and LaMarche 1973).
Seedlings usually form on sediment deposits after 5 years and can be used

to determine the period when the sediments were deposited (Helley and

LaMarche 1973).

Botanical methods can provide information dating to the age of the
trees in the floodplain. This is usually limited at the extreme to a few
centuries. Stratigraphic surveys coupled with modern radiocarbon dating
procedures can extend the period of investigation to several millennia

(Baker et al. 1979; Kochel and Baker 1982; Xu and Ye 1987).

The study of slack-water sediments, silt lines, and flood scars
provide information on dates of flooding and their stage. Kochel and Baker
(1982) and Baker et al. (1979), as well as several other sources, indicate

non-alluvial channels provide protected locations for deposition and that
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their subsequent preservation yield the most useful data. It is preferred
that these channels be of confined bedrock thus providing a stable control
vith a relatively steep stage-discharge curve. Estimates of discharge can
be obtained using various indirect hydraulic methods (Kochel and Baker
1982; Shi et al. 1987; Baker 1987). Inaccuracy of indirect discharge
measurements is due to errors from various sources (Rirby 1987). Rirby
(1985) estimates a root mean square error of 25% for discharges measured by
the slope-area method, one of the more commonly applied procedures. Errors
in estimating discharge can increase greatly when the channel is alluvial
and the stage-discharge relation’s slope is mild (Baker et al. 1979; Kochel

and Baker 1982; Baker 1987b).

Stratigraphic paleoflood samples usually provide a chronological
progression of vorst flood cases. That is, flood stages are recorded only
by deposition of their sediment when the flood’s crest exceeds the site’s
overburden elevation. Radiocarbon dating is performed on small bits of
organic material deposited on the sediment’s top layer (Baker 1983; Baker
1987a,b). In essence, the paleoflood record constitutes a censored sample
with a varying threshold exceedance. This sample would be analogous to
that obtained by flood markers placed only when the flood stage exceeded
that of a marked past level. This is similar to the "highest in living
memory" case, but the memory is updated for millennia. However, additional
censored information is available in the paleoflood sample. That is,
prescribed levels may not have been exceeded for certain time periods.
Inclusion of such information in a model of censoring is recognized as
being different and as being more complex than the "highest in living

memory" case (Leese 1973a, p. 1541). "In order to determine which type of
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censoring is appropriate to describe a given situation, and what
information an historical record provides, it is necessary to understand
the processes that may lead to the creation of historical flood records”

(Stedinger and Cohn 1986b, p. 274).

It is apparent that significant efforts are being made by
governments to obtain historical information primarily for inclusion in
flood frequency analysis studies. It is unfortunate that in Canada the
significance of the inclusion of historical information is not fully

recognized.

1.2.4 The Factors Affecting the Utility of Historic Information

Several factors have been identified which govern the utility of
historie information in the analysis of the frequency of floods (Hosking
and Wallis 1986a). These factors include the selection of the parent
distribution, the choice of parameter estimation methodology, the choice of
the flood quantile, the length of the gauged record and its variability,
the measurement error of the gauged record, the measurement error of the

historic information, and the stationarity of the annual flood series.

In this study, the gamma family of distributions is selected as
the parent where the pafameters are estimated by the method of maximum
1ikelihood. Emphasis is placed upon the LP3 distribution as it represents
the most widely used distribution in £flood £frequency analysis. The
analysis of the censored sample is performed using maximum likelihood

theory as it has been shown to be the preferred approach in increasing the
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accuracy of parameter and quantile estimations. The quantiles studied are
the .9, .98, .99, and .998. These correspond with the 10-, SO-, 100-, and
500-year floods, respectively. These represent the quantiles used in many

engineering applications.

The nonstationarity of a flood series is attributable to changes
in land use and to meteorological conditions which are not characteristic
of the contemporary basin. The assumption of stationarity is particularly
tenuous when the historic information dates several millennia due primarily
to the possibility of climate change. The influence of land-use changes on
the flow regime may be assessed if the nature and timing of such changes
are known. However, the effect of nonstationarity on the estimation of
parameters and quantiles in frequency analysis is beyond the scope of this
study. Hence, in this work it is assumed that the series for which
historic information exists is stationary. It is also commonly assumed
vhen performing frequency analysis that the systematic record is free of

error. In this study, the assumption of error-free systematic record is as

wvell made.

It has been suggested (Hosking and Wallis 1986b) that the
magnitude of an historical flood may not be as accurate as that of gauged
flood records. This would be particularly true when the worst flood in
memory occurs prior to the start of the systematic record. Errors may be
in part attributed to unrecorded geomorphological changes in the river
regime and to extrapolations of the stage-discharge relationship.
Knowledge of the stability of a river bed and an evaluation of the rating

points and history of a stage-discharge relationship at a gauging site can
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assist in the assessment of possible error. Historical discharge can also
be estimated by indirect methods such as the slope-area method or unsteady

flov modelling. These approaches can be used to compliment rating curve

data and can assist in rating curve extension.

Bosking and Wallis (1986b, p. 1610) studied the influence of
measurement error pertaining to the historic flood. They found for the GEV
distribution that vhen the measurement error exceeded +25% for the historic
flood, "then there is no overall advantage in including it in the analysis

rather than using ... the gauged records alone".

A Monte Carlo study will be performed to assess the influence of
measurement error with regards to bias and accuracy of the quantile

estimates. A random multiplicative error will be associated only with the

wvorst flood in memory.

In summary, several factors influence the utility of historic
information in the analysis of the frequency of floods. A Monte Carlo
study will be periormed to assess the influence of measurement error of the

historic flood for the LP3 distribution.

1.2.5 Flood Frequency Analysis Using Censoring Theory

If a sample of x’'s, size n, is drawn from the postulated
distribution, but with the parameters as yet unknown, the likelihood

funetion L can be expressed in terms of the sample and the unknown
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parameters. This likelihood function L is the probability that all the
members of the sample were drawn from the distribution, and the principle
of maximum likelihood states that the unknown parameters should be chosen

to maximize L.

Suppose that the magnitude of a sample member is unknown, but the
sample member is known to be less than a certain value X.» the censoring
threshold. Such a member is called a censored member. Then, the
probability that the sample member was less than X.» and came from the
postulated distribution, is the probability function evaluated at Xe
F(x.). By extension the probability that r sample members were less than
X, is [F(x.)]*. For a censored sample from the postulated distribution
with parameters yet to be determined and since the likelihood function is a
probability, L can be expressed in terms of the fully specified sample
members, the number of censored values below the censoring threshold, and
the distribution parameters. Maximizing L by taking partial derivatives
with respect to each parameter in turn and equating them to =zero gives a
set of simultaneous equations, the maximum likelihood estimators, which
vhen solved give maximum 1likelihood estimates of the distribution
parameters. Once the parameters have been estimated, the floods of the
required exceedance probabilities or return periods can be computed.

Examples of this will be shown in detail in Chapter 2.

Asymptotic variances can, in turn, be obtained by solving Fisher’'s
information matrix. This requires the derivation of the double partial
derivatives of L with respect to each parameter in turn and, subsequently,

finding their negative expectations. These values, once obtained, can be



T N A LT U T AT T Y W A e

:

- 18 -

substituted into the general expression for the variance of a function.
With some manipulations, the asymptotic standard error of estimate of the
T-year event can be obtained. This will be demonstrated for various
distributions in Chapter 3. Monte Carlo experiments will be performed to

verify the performance of the above theoretical developments.

The above represents a brief grammatical exposé of the approach,
vhich was initially developed by statisticians (Hald 1949; Cohen 1950). As
previously mentioned, Leese (1973a,b) introduced the concept to
hydrologists. She adapted the approach with the Gl distribution having
both Type I censored data and a systematic gauge record. She developed
expression for the asymptotic variance of the T-year event and analytically
demonstrated the reduction in the asymptotic error of the estimate by
inclusion of historic flood marker information. Leese (1973b) demonstrated
for the Avon at Bath that the inclusion of historic information decreased
the asymptotic standard error of the 10-year and 100-year floods by 39.4%
and 35.3%, respectively. The Natural Environment Research Council (1975,
p. 213-215) adopted Leese’s work as an example of censoring below a known

threshold.

The work of Condie and Lee (1982) represented the mnext known
published work in hydrology regarding censored sample application with
maximum 1likelihood theory. They followed the work of Leese (1973a,b);
however, they applied the approach using the 3LN distribution. They felt
that the G1 distribution lacked "flexibility"™ and was "not an entirely
satisfactory model of the frequency of floods in Canada". They derived the

necessary formulae and provided an analytical methodology sufficient to
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estimate the parameters of the 3LN distribution from censored samples.
Application of their approach was given for a Type II censored sample -
Irwvell River at Adelphi Weir, England. In addition, they evaluated the
ability of their model with the technique of historically weighted moments
using a Monte Carlo experiment. It was performed using a Type I censored
sample scenario. Results indicated that the maximum likelihood procedure
was "substantially less biased in the absolute sense than those obtained by
the more conventional method of historically weighted moments" (Condie and
Lee 1982, p. 60). In general, they concluded that the maximum likelihood

method seemed "preferable”.

The asymptotic standard error of estimate for the 3LN distribution
was later derived independently by Condie (1986) and Cohn (1986). Cohn
(1986) performed a limited Monte Carlo experiment in order to determine the
behaviour of 9 different estimation procedures, including both maximum
likelihood and historically weighted moments. Two different lognormal
populations were generated. The first corresponded to a coefficient of
variation (CV) of .25 and a coefficient of skew (CS) of .76, while the
second had a CV of 1.0 and a CS of 4. Censoring thresholds were set to
exceedance probabilities of .01, .02, .05, and .10. 1In total, two groups
of 2500 samples formed the basis of the experiment. Each sample was
comp;ised of 50 systematic years of record and an historical record length
of 200 years. Cohn (1986, p. 92) concluded that "the likelihood procedures
are the most efficient for fitting the range of LN3 [3LN] populations that
are likely to occur in practice". Cohn and Stedinger (1987) and Stedinger

and Cohn (1986b) presented results similar to that of Cohn (1986).
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Prior to their work on the 3LN disrribution, Cohn (1984) and
Stedinger and Cohn (1986a) reported on a comparison of maximum likelihood
based. procedures with historically weighted moments for the two parameter
lognormal (2LN) distribution. They performed a Honfe Carlo experiment
consisting of 100 cases composed of systematic record lengths of 10 to
100 years in combination with historical records of 20 to 200 years.
Censoring thresholds were set in the ninetieth to ninety-ninth percentile
range. Results vere similar to their later work on the 3LN distribution.
That is, the maximum likelihood based procedures were "much more efficient
than the adjusted-moment [historically weighted moment] method" (Stedinger
and Cohn 1986a, p. 790). In summary, they found that the wmaximum

likelihood procedures could "extract the equivalent of an additional

10-30 years of gauge record from a 50-year period of historic observation"

(Ibid, p. 783).

Condie and Pilon (1983) developed a2 maximum likelihood procedure
with censored data for the lower-bounded case of the LP3. An example, the
Floyd River at James, Iowa, was given to demonstrate the methodology.

However, the asymptotic standard error of the estimate was not derived.

Hosking and Wallis (1986a,b) evaluated the worth of histeric
information for the Gl and GEV distributions for Type I censored samples
based on Monte Carlo simulations. They also investigated tﬁe influence of
measurement error of the historic flood on the estimate of various
quantiles through the use of a random, multiplication error. They
considered only maximum likelihood based procedures as "recent research has

clearly demonstrated that this approach [historically weighted moments]
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makes inefficient use both of gauged records (Wallis and Vood 1985) and of
historical data (Stedinger and Cohn 1986za) and does not merit serious
consideration in a scientific approach to flood frequency analysis"
{Bosking and Wallis 1986bh, p. 1607). Results indicated that the three
parameter flood frequency distribution gave superior estimates of quantiles
as compared with the two parameter distribution. In addition, when error
was associated in the estimate of the historic flood, the two parameter
distribution proved inefficient as compared with the GEV distribution.
Thus, it would appear "historical information is of great value provided
either that historical discharges are acgcurately estimated or that the
flood frequency distribution has at least three unknown parameters"
(Hosking and Wallis 1986b, p. 1611). Hosking and Wallis (1%86a), using the
GEV distribution, found that "even the largest gauged records gain
substantially from the inclusion of historical information™. These results

were of particular importance with regards to the use of paleological data.

In summary, censoring theory and the maximum likelihood approach
will be used to obtain parameter estimates. Fisher’s information martrix
will be solved in order to obtain variance estimates of the parameters.
These, in turn, will be substituted into appropriate forms of the general
expression for the variance of the function. This will yield the
expressions for the asymptotic variance of the estimated quantile. So far,
this approach has been applied in hydrology and statistics to simple cases.
It has yet to be developed and applied for the more complex 3 parameter
distributions such as the LP3. Therefore, in this thesis, the zbove
approach will be extended for the gamma family of distribution, which

includes the LP3 distribution.
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1.3 Objectives

Based on the 1literature review, it is obvious that censoring
theory with maximum likelihood is the most accurate approach for the
inclusion of historie information in frequency analysis. Hovever, only
simple cases so far have been considered. 1In this study, these procedures
will be developed for the more complex and most commonly used distribution

in flood frequency analysis.
The objectives of this study are:
1) to formulate and develop procedures:

(i) for the estimation of parameters using maximum likelihood and
censoring theories for the following distributions: (a) the two
parameter gamma; (b) the log two parameter gamma; (¢) the Pearson
Type III (three parameter gamma); (d) the log Pearson Type III;

and (e) the generalized gamma;

(ii) to determine the asymptotic standard error of estimate of the

parameters and quantiles of the above distributions.

2) to investigate using Monte Carlo simulation methods:

a) the accuracy of the censored model’s asymptotic results;
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b) the applicability of Type II censoring model to estimate the
asymptotic error of Type U information; and

c) the influence of measurement uncertainty of historic information

on the asymptotic error.

3) to investigate the properties of Monte Carlo data simulation methods.
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CHAPTER 2

TEEORETICAL DEVELOPMENTS OF THE ESTIMATION OF PARAMETERS

2.1 The Two Parameter Gamma Distribution

The probability density function (pdf) of the two parameter gamma

(2PG) distribution is given by

f(x;a,b) = { {exp(~x/a)xP-1)/(aPT(b)), x>0, a>0, b>0 (2.1)

0 elsevhere

where T(b) is the gamma function defined by

@o

T(b) = J; xb-le-xdx (2.2)

and T(b) = (b-1)! for positive integer values of b.

The pdf of the 2PG distribution can assume various shapes.
Figure 2.1 shows the influence of b given a constant "a" parameter of one.
The distribution is reverse J-shaped when b { 1 and forms a unimodal shape
wvhen b > 1 having a peak at [(b - 1)a]. Figure 2.2 shows the influence of
"a" given a constant b. The value of "a" does not alter the form of the
pdf, but affects only its scale. Thus, "a" and b are termed scale and

shape parameters, respectively.
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Figure 2.1: Shaoes of the Probability Density Function of the
2PG Distribution Having a Scale Parameter, a, of
One (Hahn and Shapiro 1967, p. 84).
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Figure 2.2: The Probability Density Function of the 2PG Distribution
Showing the Influence of the Scale Parameter for a
Constant Shape Parameter, b, of Three (Hahn and Shapiro

1967, p. 85). '
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Due to the wide variety of shapes of the 2PG distribution, it has
seen numerous applications in engineering. These have varied from use in
statistical queueing theory (Hahn and Shapiro 1967, p. 83), to the
description of synthetic hydrographs (Croley 1980; Cruise and Contractor
1980), to drought analysis (Gueven 1983), to f£frequency analyses of annual
precipitation and runoff (Markovic 1965) and extreme climatological data

(Thom 1958).

Flood hydrology is most interested in the unimodal shape of the
pdf associated with b > 1. It can be shown that the 2FG is a special case
of the P3 distribution vhen its location or boundary parameter is set to
zero. Thom (1958), Kendall (1966), Yevjevich (1972) and others have shown

that estimates of the parameters can be obtained from the moment

relationships:
X = ab (2.3)
S = a J-b- (2.4)

wvhere =R is the sample’s arithmetic mean and S is an unbiased estimate of
the sample’s standard deviation. The skewness, v;, and the kurtosis, Yy

of the 2PG are related to b by

v, = 276 | (2.5)

3 + (6/b) (2.6)

Y2

From these two equations, it can be seen that as b increases the

skewness tends to zero and the kurtosis tends to three. The distribution
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approaches normality as b increases (Thom 1958, p-. 118). Bowever, the 2PG
distribution is bounded at zero and unbounded above, while the normal

distribution is unbounded below and above.

The coefficient of variation, CV, is defined as

CV = S/X (2.7)
Substituting equations (2.3) and (2.4) into equation (2.7) gives

CV =1/b or v, = 2CV (2.8)
Algebraic manipulation of equations (2.5) and (2.6) give

v; = 1.5 v2% +3 (2.9)

Equation (2.9) and especially equation (2.8) can be used as a
"first and rough test of goodness of fit for the twvo-parameter gamma
function before a more efficient method of estimation (the maximum
likelihood)}" (Yevjevich 1972, p. 146) is applied. That is, when using
moments to estimate the parameters of the 2PG, equations (2.8) and (2.9)
should be tested. Deviations from equality can infer that the sample does

not follow the 2PG distribution.

The logarithmically transformed likelihood function, 1nL, of the

2PG distribution is given (Thom 1958; Kendall 1966) as:
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1L = -nblna - nlal(b) + (b-1)Elnx - & Ix (2.10)
vhere the summation is over the n sample values. The maximum likelihood
(ML) equations are found by differentiating L and setting the result equal

to 2ero. That is 31nL/3a = 3lnL/3b = 0. Thus,

M=-ﬁ+li;;x=o (2.11)
da a a

alnL

a_b- = —nlna - -+ xlnx = 0 (2'12)

nalnT(b)
ab
vhere [3lnT(b)/3b] is the digamma or psi function, w(b). Simplification of

equations (2.11) and (2.12) yields

-JE = ab - (2-3)

and

Ilnx

¥(b) + 1ln(a) = o (2.13)

Rearranging equation (2.3) and subsequent substitution into equation (2.13)
yields an expression only in b:

In(b) - ¥(b) = Ink - EBX _ 4 (2.14)

Equation (2.14) can be solved iteratively to find b. Once b has been
determined, it is substituted into equation (2.3) to obtain "a". Thom
(1958) developed an approximation which is more convenient when balancing

(2.14) by hand. He gives b as the pertinent root of the quadratic

expression
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1 + /1 + 4473
b = Ty (2.15)

He notes that the value of b from (2.15) should be decreased by the value
"Abv, The &b 1is not readily expressed in mathematical form, thus Thom
(1958, p. 119) and Markovic (1965, p. 9) give a table to estimate the

values. The following expression can be used to closely replicate their

tabular results.

4b = .0015421 - .0123091(1/b)-37 + .026495(1/b)1-14
-~ .0065687(1/b)1-72 (2.16)

vhere b ranges from .2 to 5.6. 4b should be set equal to zero for b<.2.

The above developments are applicable only to standard samples.

Extensions to the non-standard sample follow.

2.1.1 Inclusion of Historic Information

For a sample size n of the variate x, and a further number k whose
magnitudes are known to be less than the censoring threshold, x_, the

likelihood function, L, is given by:
L = [(n+k)!/k!][F(x.) ¥ nE(x;a,b) (2.17)

vhere F(x.) is the integral of the pdf from zero to x.. That is, F(x_) is

the cumulative density function {cdf) of the 2PG distribution and



-~ 31 -

represents the probability of a value being equal to or less than x_. The

edf is:

The logarithmic likelihood function, InL, is

InL = In[(n+k)!/k!] + kKlnF(x.) + Ilnf(x;a,b)
A change of variate is used such that

Y = ®/a

and the density function of y is a gamma variate,

expressed as:

b—le-y

The cumulative density function becomes

1 b-1 -y

and

1 € b-1-y
F(y.) = Teoy JZ y°teVay

(2.18)

(2.19)

(2.20)

parameter b, and is

(2.21)

(2.22)

(2.23)
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vhere F(y.) is a form of the incomplete gamma function and represents the
probability of y<y_. Equation (2.19) can now be written as:

inL = In[(n+k)!/k!] + klnF(y.) + Ilnf(y;b) (2.24)

From equation (2.20), dy/da = -y/a. The derivative of the censored term of

(2.24) with respect to "a" is:

3lnL ka ay kf(yc) ay —yckf(yc)

el [lnF(yc)] T _Ff§:3 -3 = _E__§T§:3 (2.25)

Combining equations (2.11) and (2.25) yields the first partial derivative

of 1nL with respect to "a":

dlnl, -nb 1Zy yckf(yc)
P S N (2-26)

Combining equation (2.12) with the derivative of equation (2.24) with

respect to b yields:

% = -n¥(b) + Elny + k[3lnF(y )/3b] = O (2.27)
Parameters "a" and b are obtained by solving equations (2.26) and (2.27)
simultaneously using numerical analysis methods. In equation (2.27), the
terms [3lnF(y.)/db] can be evaluated by use of the work of Wilson and
Hilferty (1931). They showed that (X2/v)1/3 is approximately normally

distributed with a mean of [1-2/(9v)] and a variance of [2/(9v)]. This

gives (Condie 1977, p. 988)
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X2 = v{1-2/(9v) + t{2/(9v)]1/2}3 {2.28)

vhere X? is the chi-squared distribution having v degrees of freedom and t
is the standard normal deviate at the required probability 1level.

Substituting 2y = 2%/a = X2 and 2b = v and rearranging gives

Yo = [t ./3b/6) - 1/7(9b2/3) 4+ bi/3)3 (2.29a)

or

(ol
[}

e = [¥2/3 + 1/7(9b2/3) - bi/3]3pi/s (2.29b)

The Wilson-Hilferty transform has been shown to be accurate for

skevnessess less than 3 and departs mildly at higher values (Kirby 1972).
Thus, for practical applications, the correction is not applied.

Given that F(y.) = F(t_.), then by the chain-rule

d [InF(y)] 3[F()] 3 [loR(r)lar  £(t ) o
35 = ) = 3 ¥ - FWr) ® (2.30)

The derivative of (2.29b) with respect to b gives

ot
¢ 1/3/(2h5/

5 = v, 8y = 17¢66%y - 3721’2 (2.31)

Thus, [31lnF(y_.)/23b] can now be evaluated.
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2.2 The Log Two Parameter Gamma Distribution

The pdf of the L2PG distribution is given by

f(x;a,b) = { (exp[-(1nx)/a]lnxP-21)/(abxI(b)),x>0,a>0,b>0 (2.32)

0 elsevhere

The logarithmic likelihood function, lnL, corresponding to the pdf given by

equation (2.32) is
InL = -Zlnx - nlnl(b) - (1/a)Zlnx + (b-1)EZln(lonx) - nblna (2.33)
where the summations are taken over the n terms of the data sample.

Maximizing equation (2.33) by setting 3lnL/3a = 3lnL/3b = 0 gives

the following maximum likelihood estimators:

3lnL Zlnx nb

T2 . (2.34)
da a a
E%%E = -nlna - ny(b) + Zln(lnx) = O (2.35)

where the terms are as previously defined.

A comparison of equations (2.11) and {2.12) with equations (2.34)
and (2.35) show that the éPG and L2PG distributions are similar. If the

data were first logarithmically transformed and then solved by equations
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(2.11) and (2.12), the answers would be the same as applying (2.34) and
(2.35) to untransformed data. This is analogous to the use of the normal
and lognormal distributions whereby a logarithmically transformed variable
is said to be normally distributed. If the moments of the logarithms of
the variable satisfy equations (2.8) and (2.9), then a L2PG distribution

would be in order.

The above developments are again only applicable to standard

samples. Extensions to the non-standard sample follow.
2.2.1 Inclusion of Historic Information

For a sample size n of the variate %, and a further number k whose
magnitudes are known to be less than the censoring threshold, X., the
likelihood function, L, is given by equation (2.17). The odf for the L2PG

distribution such that the probability of x<x, is:

c
F(x ) = ——t r e~(Inx)/ay b1y (2.36)
0

The logarithmic likelihood function, laL, is as given by equation (2.19).

& change of variate is applied such that
¥y = (lnx)/a (2.37)

and the density function of y is a gamma variate, parameter b, and is

expressed as equation (2.21). Its F(y), F(y.), and InL can be expressed as
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.equations (2.22), (2.23), and (2.24), respectively. From equation (2.37),
3y/da is, as well, -y/a. Thus, equations (2.25), (2.26), and (2.27) can be
applied directly for the L2PG distribution. Solution of the equations and
their expressions is as described for the 2PG distribution in Section

2.1.2.

2.3 The Pearson Type III Distribution

In the late nineteenth century, Karl Pearson (1895) published a
class of curves which had the ability rto describe asymmetrical
distributions. The third of the five curves has since been used in flood
frequency analysis and is justly called the Pearson Type III (F3)
distribution. It is also sometimes referred to as the three-parameter

gamma distribution (Hahn and Shapiro 1967, p. 89).

The pdf of the P3 distribution is given by

fexpl-(x-m)/al}[ (x-m)/al®L, x> m,2>0, b>1  (2.38)
{2]T(b) or x£ m,a<0, b>1

0 elsevhere

f(x;a,b,m) =

wvhere "a" and b are as previously defined and m is referred to as a
location parameter. If the distribution is positively skewed, then "a" is
positive and the distribution is lower bounded at m and unbounded above.
Vhere the distribution is negatively skewed, "a" is negative and the

distribution is lower bounded at zero and bounded above at m.
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Depending on the values of the parameters "a" and b, the
probability density function (pdf) described by equation {2.38) can take
several shapes (Bobée 1975). Hovever, he does not restrict b to the
admissible range imposed by a maximum likelihood solution. Therefore, some
of the forms that he shovs are not possible with a maximum likelihood

estimate of parameters and will not be shown.

& review of Figures 2.3 through 2.8 indicates that not all shapes
are conducive to that commonly accepted in £lood frequency analysis.
Figure 2.4(a) and 2.4(b) are computationally feasible, but are not
hydrologically realistic. The remaining figures show the flexibility of

the distribution to assume different unimodal shapes.

Estimates of the parameters can be obtained from the moment

relationships as follows (Matalas and Wallis 1973):

R=m+ ab 2.39)
s = |a] b (2.40)
v, = (2/{b)(sign of a) (2.41)
Y, = 3 + 6/b (2.6)

vhere %, s, v, and vy, denote the mean, unbiased standard deviation,
skevness, and kurtosis of the variable x. Note the similarity of equations
(2.39), (2.40), and (2;&1) with equations (2.3), (2.4), and (2.3) for the
2PG distribution. As parameter "a" of the P3 distribution e¢an be either
positive or negative, depending on the skewness of the sample, its absolute

value is used in equation (2.40). The sign of "a" is included in equation
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£(x) |
m x
1<b<g2 b>»2
Figure 2.3(a) Figure 2.3(b)

Figure 2.3. The Probability Density Function of the P3 Distribution for
Positive Skew, Hence Positive a

£(x)

1<b<2 b>2

Figure 2.4{(a) Figure 2.4(b)

Figure 2.4. The Probability Density Function of the P3 Distribution for
Negative Skewv and a € -1
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f(x) !

1<b<g2
Figure 2.5
The Probability Density Function of P3 Distribution for

Negative Skewv and Holds if -1<a<-1/2 and b L-(4/a2 + 12/a+7)
or if -2/3<a<-1/2 and b>-(4/a? + 12/a+7)

1<b<2
Figure 2.6

The Probability Density Function of P3 Distribution for
Negative Skew and Holds if -3/2 <a<-1 and b>-(4/a2+12/a+7)

b>2
Figure 2.7

The Probability Density Function of P3 Distribution
for Negative Skew and Holds if -1<a<-1/2 and b>2.
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£(x) | l

1<b<2 b>2

Figure 2.8(a) Figure 2.8(b)

Figure 2.8. The Probability Density Function of P3 Distribution for
Negative Skew and a>-1/2
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(2.41) such that the skewness will maintain its correct sign. As the
square root of b is involved in equations (2.40) and (2.41), b>0. From
equation (2.41), it can be seen that as b tends to infinity, the resultant
skewvness, v,, will tend to zeroc. The distribution’s shape for large b will
tend to approach normality, but the pdf will remain bounded below or above

depending on the sign of "a".

The above demonstrates the complexity of the P3 distribution. It
therefore can be observed that the interpretation of the results is not

alwvays trivial.
2.3.1 Maximﬁm Likelihood Estimation of the Parameters

Fisher (1922) and Kendall and Stuart (1979, p- 70), quoting the
work of Fisher, provide the logarithmic likelihood function and its first
partial derivatives such that a maximum likelihood estimation of parameters
can be obtained. The logarithmic likelihood function of the pdf described

by equation (2.38) is:
inL = -nblna - nlnI(b) + (b-1)Zln(x-m) - I(x-m)/a (2.42)

The three likelihood equations are:

alnL - -nb . I(x¢-m) -

2 -0 (2.43)
da a a
% = -ny(b) + Eln[(x-m)/a] = O (2.44)
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3lnL -1 n
—5"1—1-— = -(b-l)z(x—m) + E =0 (2-65)

vhere the summations are taken over the n observations and the terms are as

previously defined.

Matalas and Wallis (1973) deduced from equation (2.45) that for a
maximum 1likelihood solution of the parameters, b is constrained such that
b>1, which implies |y,|<2. They stated that if [v,|>2, "the disfribution
is exponential" and maximum likelihood estimates £from samples with |v, |>2

will lead to biased estimates of |vy,| from the parameter b.

Equations {2.43), (2.43), and (2.45) are three simultaneous
transcendental equations in "a", b, and m. Equation (2.44) can be reduced
to a single transcendental equation in m by rearrangement of (2.43) and

{2.45} to give (Matalas and Wallis 1973):

i
n

Z(x-m)/(nb) (2.46)

and

o
!

= [n2/Z(x-m)J{Z(x~m)~1-n2/E(x-m)] (2.47)

Substitution of equation (2.46) inte (2.44) eliminates "a", while
substituting (2.47) into (2.44) eliminates b. Condie (1977) suggests first
applying a Bolzano approach to isolate the root of equation (2.44) clear of
the effect of any inflections. Once isoclated, a Newron-Raphson iteration
method can be used to obtain the solution. This method will yield the

maximum likelihood estimates of a, b, and m for the P3 distribution.
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2.3.2 Inclusion of Historic Information

As in the cases of the 2PG and L2PG distributions, the likelihood
function is represented by equation (2.17).  The cumulative density
function, <df, for the P3 distribution such that the probability of x<x.

is:

F(x,) = m_ll-(b‘)‘ J'Kc {exp[~(x-m)/a]} [ (x-m)/a] P Ldx (2.48)
m

The logarithmic likelihood function, lnL, as given by equation (2.19) is

applied. A change of variate is used such that

= 2-0 (2.49)
and the density function of y is a gamma variate, parameter b, and is
expressed by equation (2.21). F(y}, F(y.), and 1lnL are as expressed in
equations (2.22), (2.23), and (2.24), respectively. From equation (2.49),
it 1is seen that 3y/3%a = -y/a. Thus equations (2.26) and (2.27) represent
the first partial derivatives of the logarithmic likelihood function with
respect to parameters "a" and b. The derivative of the censored term of

(2.24) with respect to m is:

3lnL k3 ¥y  ki(y)) ¥ -ki(y))
—am = 5’; [lnF(}’c)I ﬁ = F(yc) - ﬁ = aF(Yc) (2'50)
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as (3dy/% = -1/a) and the terms are as previcusly described. Combining
equation (2.50) with equation (2.45) yields the first partial derivative of

InL with respent to m:

alnl  -(b-1Iy™T n ki(y )

= 3 +3° EFT?:T =0 (2.51)

Rearrangements o¢f equations (2.26) and (2.51) yields an expression for "a":

n (xc-m) - I(x-m)

a (2.52)

) (b-l)(xc-m)z(x-m)-l-nb

Substitution £for "a", using equation (2.52), into equations (2.27) and
(2.51) reduces the system to two simultaneous transcendental equations in b

and m only. This yields two equations of the form

£(b,m) =

[
o

(2.33a)

and

I
o

g(b,m) = (2.53b)

and can be solved by any numerical analysis method (Condie and Pilon 1983).
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2.4 The Log Pearson Type III Distribution

If y of equation (2.49) is a gamma variate, parameter b, the
distribution of x is the Pearson Type III. If x is replaced by its natural
logarithm, the distribution of x becomes the Log Pearson Type III (LP3).
Its hydrologic popularity is predominantly based on the decision by the
Hydrology Committee of the Water Resources Council (Benson, 1968) to
recommend the LP3 distribution as the standard method of analysis, with the

provision that other methods could be used when it was deemed necessary.

Thomas - (1985) traces the history of the application of the LP3
distribution by the U.S. Water Resources Council. Their work culminated in
Bulletin 17B (Bydrology Subcommittee 1982) and represents the current
guidelines used by federal agencies of the U.S.A. Possibly due to the high
attention given the LP3 in hydrologic publications, the approach has been
used in other countries. The LP3 is used for flood frequency analysis in
Australia (Srikanthan and McMahon 1981), South africa
(Alexander 1988), and Canada (Condie et al. 1981), as well as other

countries.

Most of the published literature on frequency analysis deals with
one or more of the three problems Fisher (1922) felt arose in the
"reduction of data". These three problems were regarding: 1) the "choice
of the mathematical form of the population"; 2) the "choice of methods...
to estimate the parameters of the hypothetical population”; and 3) the
"distribution of statistics derived from samples”. He—felt that once these
problems were satisfied, "then the theoretical aspect o0f the treatment of

any particular body of data [would be] completely elucidated”.
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Interestingly in the same paper, he demonstrated for the P3 distribution
that maximum likelihood theory provided asymptotically the most efficient
estimates of parameters. This was, in particular, a response to the method
of moments approach advocated by Karl Pearson, and its publication ended
"one of the most colorful chapters in the history of statistical theory"

(Matalas and Wallis 1973, p. 282).

Much of the hydrologic literature regarding frequency analysis
can, as well, be categorized as dealing with one or more of Fisher’s
"problems". This is particularly evident in the case of the LP3
distribution. In the United States, dissent exists regarding its.choice as
the base distribution and the use of the method of moments to estimate its
parameters. A reviéw of Benson’s (1968) paper indicates that the selection
of the LP3 was not based on an exhaustive study. Indeed, many including
Matalas and Wallis (1973) regard the adoption of the LP3 as a "choice by
fiat". Others, such as, Matalas et al. (1975), Wallis and Wood (1985), and
Pilon et al. (1987) deal with the "form of the population” and can be used
to demonstrate the inadequacy of the LP3 as a base distribution. In
addition, several papers deal with the fitting procedure by moments or are
concerned with moments due to their application in the base procedures
(Vallis et al. 1974; Matalas et al. 1975; Kirby 1974; Bobée and Robitaille
1975; Bobée and Robitaille 1977; Landwehr et al. 1978; Nozdryn-Plotnicki
and Watt 1979), while others propose different parameter estimation
techniques (Bobée 1975; Buckett and Oliver 1977; Condie 1977; Bobée 1979;
Rao 1980; Hoshi and Burées 1981; Phien and Hira 1983; Singh and Singh 1985; -
Askar and Bobée 1987).
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Bobée (1973) developed the variance of the T-year event for a
sample that was fitted to a P3 distribution by moments, which subsequently
can be extended to an LP3. Condie (1977) produced the asymptotic variance
for the LP3 distribution based on maximum likelihood, while Phien and Hsu
(1985), commented upon by Askar and Bobée (1986), were primarily concerned

with the variance vhen the parameters are estimated by mixed moments.

The LP3 distribution represents the most widely published and
applied distribution in flood frequency analysis. In view of its
importance, further in-depth studies will be focused on this distribution.

2.4.1 Parameter Estimation for the Log Pearson Type III Distribution

The pdf of the LP3 distribution is given by

exp-(lnx-m)/a){ (Inx-m)/a]°"%, x>e™, a>0, b>1 (2.54)
|alxE(b) or ofx<e  a<o, b>1

0 elsevhere

f(x;a,b,m) =

vhere a, b, and m are, respectively, scale, shape, and location parameters.
If the distribution is positively skewed, then "a" is greater than zero and
the pdf is lower bounded at e®. Conversely, if the distribution is
negatively skewed, then "a" is negative and the pdf is lower bounded at

zero and upper bounded at e™.

Bobée (1975) shows the many shapes the pdf can assume. These
shapes are analgous to those shown in Figures 2.3 to 2.8, except that the

boundary should be e® rather than m.
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If y = lnx, estimates of the parameters can be obtained from the

moment relationships by extension of the P3 equations, such that:

v =m + ab (2.39b)
s, = lalvb . (2.40b)
Yi,y = (2/vb)(sign of a) (2.41b)
Yoy = 3 + 6/b (2.6b)

vhere 7, S,, v,y and vz, denote the mean, unbiased standard deviation,
skevness, and kurtosis of the variable y. From the work of Bobée (1975),
parameter b must be larger than one so that the pdf has a shape conducive
to that commonly assumed in flood frequency analysis. Given a lower
physical limit on b of one, equation (2.41) indicates that the skewness of
a P3 or a LP3 variate cannot exceed two. Given that the annual maxima of
streamflow can have skewness greater than two and that the logarithmic
transformation reduces the skewness of a variate, the LP3 was preferred to

the P3 for general application.

Condie (1977) provides the logarithmic likelihood function of the

pdf described by equation (2.34). It is
inL = -Ilnx - nlnT(b) - (1/a)E(lnx-m) + (b-1)ZIln[(lnx-m)/a] - nln|a|(2.55)
vhere the summations are taken over the n terms of the data sample. The

. maximum likelihood estimators are obtained by setting (3lnL/2a) = (3lnL/3b)

= (3lnL/3m) = 0. The first partial derivatives are:
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3lnlL _ -nb . E(lnz-m) =0 (2.56)
da a a

§%§E = -nw(b) + Zln[(lnx-m)/a] = O (2.57)

L _
3%%— =2 (-Drnx-m ! < 0 (2.58)

where the terms are as previously defined.

The three first partial derivatives of equation (2.55) represent
three simultaneous transcendental equations in a, b, and m. Condie (1977)

reduces the system of three equations to a systenm containing two equations:

I{lnx-m)
a = _nb_ (2-59)
b = I(lnx-m)=1/[Z(inx-m)-! -n2/Z(lnx-m)] (2.60)

These two equations can be solved using standard numerical procedures such
as the Bolzano method or Newton-Raphson iteration procedure. The solution

of which yields maximum likelihood estimates of the parameters.

Condie (1977) deduced that the estimate of b by this technique
must exceed one if a solution is to be found. Thus, if the underlying but
unknown distribution has in fact a skewness of the logarithms greater than
2 and if a maximum likelihood solution is obtained, then the estimates of
the parameters will be biased. This represents an extreme skewvness
condition vhich seldom occurs in hydrometric records. However, this

represents not only a constraint on the solution approach but a restraint
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on use of the LP3 distribution to mimic certain knowvn shapes of a sample’s

pdf when the skewness of the logarithms exceeds two.

2.4.2 Inclusion of Historic Information

The likelihood function incorporating historic information is as
given by equation (2.17). The cumulative density function (cdf) for the

LP3 distribution such that the probability of x<x. is:

b-1
1 c 1l nx-m nxX-mn
F(x) = TaT(oy rm ; f—a—] exp [’ [l_a_]] dx (2-61)
e

The logarithmic likelihood function defined by equation (2.19) is applied.

A change of variate is used where

-Ex-n (2.62)
and the density function of y is a gamma variate, parameter b, and 1is
expressed by equation (2.21). ‘P(y), F(y.), and lnL are as expressed in
equations (2.22), (2.23), and (2.24), respectively. The first partial
derivative of equation (2.62) with respect to "a" gives 3y/3a = -y/a.
Thus, equations (2.26) and (2.27) represent the first partial derivatives
of the logarithmic likelihood function with respect to parameters "a" and

b. The first partial derivative with respect to m is given by equation

(2.51).
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Rearrangements of equations (2.26) and (2.51) gives an expression

for "a':

n(lnxc—m) - I(lnx-m)

a (2.63)

) (h-l)(lnxc-m)zclnx-m>'1 - nb

Substitution £for "a", using equation (2.63), into equations (2.27} and
(2.51) reduces the system to two simultaneous transcendental equations in b
and m only. As in the case of the P3 distribution, this yields two

equations of the form

f¢(b,m)

[}
o

(2.33a)

and

L
o

g(b,m) (2.53b)

and can be solved by any numerical analysis method (Condie and Pilon 1983).

2.5 The Generalized Gamma Distribution

The Generalized Gamma (GG) distribution is used ' extensively in
Eastern Europe and the Soviet Union. In contrast, the distribution is not
well knovn in North America. The GG distribution is also referred to as
the _Power Transformed Gamma distribution, the Stacy distribution, the
Kritskii-Menkel distribution, and the Three-Parameter Gamma distribution

(not the P3 distribution, but same name for both). Its main advantage is

‘that the distribution remains unbounded above, even when the skewness is

negative. The existence of an upper boundary c¢an sometimes lead to the
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rejection of a distribution for a particular sample. This is so especially
vhen the largest sample member is close to the theoretical upper limit of

the pdf.

Stacey (1962) and Stacey and Mihram (1965) introduce and provide
an indepth description of the mathematiecs of the distribution. They note
that several commonly used distributions in science are special cases of
the GG distribution. Some of these distributions include the Weibull or
Gumbel III, the exponential, the 2PG, and the Rayleigh. The distribution
proves to be very flexible, but it is mathematically complex to estimate
parameters and their uncertainty (Lawless 1982). Therefore, its use in

hydrology is not widespread.

The pdf of the GG distribution is given by

hb-1 h
h{x/ -(x/a)", x20, y B>
Eosa b ) = {  ROAL_emp(a/a) , X0, 230, 60 (2.68)
0 elsevhere

where ‘'h and b are jointly shape parameters and "a" is a scaling parameter.
The pdf is bounded below at zero and is unbounded above when the skewness

is both positive or negative.

Stacey and Mihram (1965) show the various shapes the pdf of the GG
distribution can assume when h>0. They vary from exponential die away form
and reverse J shapes to unimodal shapes commonly associated with the pdf’s

in flood frequency analysis. For example, when h = 1, the GG becomes the
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2PG distribution. They note that the pdf has a unique smooth maximum

wvhenever hb<0 or hb>1.

Condie (1978) derives, using the theory of moments, relationships

for the parameters:

al(b+1/h)

R - 2Ll (2.65)
.. [ a’T(bs2/h)  a’T2(bsl/h) ]1’2 (2.66)
I(b) r*(b)
172
o - [ T(b+2/h)I(b) _ , ] (2.67)
2 (b+1/h)
V. - 13 [ (b)Y L(b+3/h)=3T(b) T(ba1/h)T(be2/h) .3 (2.68)

A | T (b-1/h)

where R, S, CV, and v, are the sample mean, unbiased standard deviation,
coefficient of variation, and skewness of the variate x. Paramerter
estimates from these moment relationships could be obtained by solving the
simultaneous relations of equations (2.67) and (2.68) to obtain b and h.
Substitution of the estimated b and h into either equation (2.65) or (2.66)

will yield "a".

Applying maximum likelihood theory to the pdf described by

equation (2.64) gives the logarithmic likelihood function (Condie 1978):
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1uL = ninh - I(x/a)® + (hb-1)Zlnx - nhblna - nlnT(b) (2.69)
vhere the summations are taken over the n terms of the data sample. The
maximum likelihood estimators are obtained by setting (3lnL/3a) =

(3lnL/3b) = (3lnL/3h) = 0. This results in three simultaneous

transcendental equations:

h

slolL  hIx® nhb
=1 - "0 | 279
3a a a o
3—2‘;‘—* = hilnx - nhlna - nw(b) = O (2.71)
lnL _n _ [E]h n [5] bIlnx - nblna = O (2.72)
3 " h a ali * T = '

vhere w(b) represents the psi or digamma function as previously defined.
Condie (1978) isolates the parameter h into one single transcendental
equation which wvhen solved leads to the parameters "a" and b. The

relations are:

hilnx - nln(Zx®) - nln(nb) - ny(b) = 0 (2.73)
vhere

b = (an“)/[h(anhinx - IxRZIlnx)] (2.74)
and

a = (IxB/nb)i/k (2.75)

Substitution of (2.74) into (2.73) gives the equation to be solved for h.
The solution may result in more than one root which maximizes the

likelihood function. Evaluation of the 1likelihood function with each
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possible parameter combination will yield the set which truly maximizes the

function.
2.5.1 Inclusion of Historic Information

Equation (2.17) represents the likelihood function incorporating
historic information. The cdf for the GG distribution such that the

probability of x<x_ is:

X
c
F(x.) = ET%ET [ (x/a)hb_lexp-(x/a)hdx (2.76)
0

The logarithmic likelihood function, lnL, defined by equation (2.19}) is

applied. A change of variate is used where

y = () (2.77)

and the density function of y is a gamma variate, parameter b, and is
expressed by equation (2.21). F(y). F(y.), and 1lnL are evaluated using
equations (2.22), (2.23). and (2.24), respectively. The £irst partial
derivative of equation (2.77) with respect to "a" gives dy/da = -hy/a. The

derivative of the censored term of (2.24) with respect to "a" is:

alnl  kd Ly kE(y) &y -y hkE(y)

= WO m et Ey R TGy (2-78)
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Combining equations (2.70) and (2.78) yields the first partial derivative

of lnL with respect to "a":

2lnl. -nhb hiy ychkf(yc)

= -+

Ja a a = aF(y) =0 (2.7%)

which can be reduced to:

3lnL y kE(y )
32 = -nb + Xy - -TYCS—‘= 0 (2.79b)

Combining equation (2.71) with the derivative of (2.24) with respect to b

gives:

8L . Zlny - nu(b) « k[3LnF(y.)/2] = O (2.80)

The derivative of equation (2.62) with respect to h is (ylny)/h. Thus, the

derivative of the censored term of (2.24) with respect to h is:

3lnL k3 oy kf(yc) 3y kyc(lnyc)f(yc)
o Ol m TFgy c®m T T R (2.81)

Combining equations (2.72) and (2.81) gives:

3lnL -I({ylny) bZlny n kyc(lnyc)f(yc)
= - - = =0 (2.82a)
3h h h h hF(yc)

vhich can be reduced to:
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alnL ky (lay D E(y )
—r = -I(ylny) + bIlny + n « Fiy ) =0 (2.82b)

Equations (2.78), (2.79a) and (2.82a) are used in the formulation of the
asymptotic error, vhile equations (2.78), (2.79b) and (2.82b) are used to

obtain the maximum likelihood estimates of the parameters.
Combining equations (2.79b) and (2.82b) yields an expression for

b = {Z[{x/a)*1ln(x/a)] - In(x_/a)I(x/a)® - n/h}/

[Eln{x/a) - nln(x/a)] (2.83)

Substitution of equation (2.83) into equations (2.78) and (2.79b) reduces

the system to two simultaneous transcendental equations in "a" and h:

f(a,h)

n
o

(2.33¢c)

B
o

g(a,h) = (2.53d)

vhich can be solved by numerical analysis techniques.

The expression [31lnF(y_)/3b] in equation (2.80) can be evaluated
using equations (2.29b), (2.30), and (2.31) wvhere Yo = (x./a)® and x_ is

the censoring threshold.

In summary, this chapter contains the appropriate theoretical
developments necessary for parameter estimation. These developments will
nov be used in the nex: chapter to derive the asymptotic standard error of

the parameter and quantile estimates.
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CEBAPTER 3

TBEORETICAL DEVELOPMENTS OF THE ASYMPTOTIC STANDARD ERROR OF ESTIMATE OF

PARAMETERS AND QUANTILES

3.1 Introduction

Fisher (1922) presented a method by which the asymptotic estimates
of parameter variances and covariances could be obtained from the
logarithmic likelihood function. In this section, fFisher's (1922) method
will be given in general form. Subsequent sections of this chapter present

applications of this procedure to the gamma-type distributions of

Chapter 2.

If the probability density function (pdf) of a random variable is

given as f(x;al,ai,...up), then the logarithmic likelihood function, InL,

is:
InL = Zln [f(x;ua,ci,...ap)] | (3.1)

vhere «;,o,...%, represent the p parameters of the distribution and the
summation is taken over all values of x. First-order and second-order
partial derivatives of lnL with respect to the parameters can be found.
The elements of the inverse wvariance-covariance matrix or the inverse

dispersion matrix are given by:
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-E(321nL/ 3, oy ) ’ i4]
{ (3.2)

-E(321nL/ 3¢, ?) y i=3

vhere E is the expected value of the argument within parentheses.
Inversion of the inverse dispersion matrix yields the variances and

covariances of the parameters:

{ry .17t = var(e)

and

[rx.]]'1 = covar(e, ,o)

Having obtained the asymptotic variances and covariances of the
parameters, the general relationship for the variance of a function of p
statistical variables can be wused to obtain the asymptotic variance of

estimate of the quantiles. That is,

var(x) = (3x/3a)? var(ey) + (3%/3e,)? var(a,)
+ eee (3%/30))? var(e,) + 2(3%/30, ) (3%/3a,)
covar(ey yo) + -.. 2(ax/aa1)(ax/aap> covar(al,up)
+ 2(3%/30,)(3x/30y) covar(a,,e) + ... 2(3x/30,)
(3x/3c,) covar(oy,e) + ... (3.3)

where x 1is the quantile or T-year flood and var(x) is the asymptotic
variance of estimate of the T-year event. The square root of var(x) gives

the asymptotic standard error of the estimate.
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The above-outlined theory will now be implemented for the

distributions used in flood frequency analysis.

3.2 The Two Parameter Gamma Distribution

The pdf of the two parameter gamma (2PG) distribution is given by
equation (2.1) and its logarithmic likelihood function is given by

equation (2.10). The second partial derivatives of lnL with respect to

the parameters of the 2PG are:

321nL/3a? = nb/a? - 2(Ix)/al ‘ (3.4)
2 2
3 lgL _ =nd lng(b) = —nyt(b) (3.5)
2b 3b

2

& 1lnL -n

Jasd _ a (3.6)

vhere !(b) is the trigamma function. A&s E(IZx) for the 2PG is nab, the

negative expectation of (3.4) is

-E(??1nL/3a2?) = nb/a? =1, , 3.7

The negative expectation of (3.3) and (3.6) are

~E(321nL/3b?) = ny(b) = r, , (3.8)

and

-E(321nL/3adb) = nfa =1r; , = I, ; (3.9)
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Thus, the inverse dispersion matrix is then

y-1l

(]
o

b/a? 1/a ‘

1/a ¢ (b)
Inversion of the above matrix yields

a® vi(b)

var(a) = W (3-10)

b

Va!‘(b) = m (3.11)

a
cov(a,b) = W (3.12)
By use of the Vilson-Hilferty transform, the T-year event for the 2PG

distribution can be obtained:
Xy = a[t/(3br/¢) - 1/(9b2/3) 4+ pi/3)3 (3.13)

vhere a and b are as previously defined and ¢t is the standard normal
deviate. From equation (3.13), the following first-order partial derivates

can be derived:

ax

Ta = [t/(3b/6) - 1/(9b2/3) + bis3)3 (3.14)
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% = 3a[t/(3b/6) - 1/(9b2/3) + bi/3]2 [-t/(18b7/6)

+ 2/(27b573) &+ 1/7(3b2/3)) (3.15)

The equation for the asymptotic variance of the T-year event can nov be
evaluated as an expression of a function of two variables, each subject to

sampling variance and covariance:

var(x,) = (3x/3)?var(a) + (3x/3b)2var(b) + 2(x/3a)

(ax/3b)cov(a,b) (3.3a)

vhere (8x/3a), (3x/3b), var(a), var(b), and cov(a,b) are as estimated by

equations (3.14), (3.15), (3.10), (3.11), and (3.12), respectively.

3.2.1 Type-I Censoring

The logarithmic likelihood function when dealing with the censored
sample is represented by equation (2.19). Equations (2.26) and (2.27)
represent the first-order partial derivatives of (2.19) for the 2PG
distribution. The second-order partial derivatives can be found using the

change of variate technique of equation (2.20). They are:

azlnL -2y nb kycf(yc) -2 ycf‘(yc) . ch(yc)

_ - —_ e | = (3.16)
) 2
da El a aF(yc) a af(yc) aF(yc)
azlnL k[aF(yc)/ab] aln[aF(yc)/ab] (aF(yc)/ab)
7~ = ~h ¥i(b) + - C(3.17)

ab F(Yc) 3b F(yc)
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3%1aL  -n ky £y | £(t) 3,
2%~ a T Wy Ve w(b) - F(t) 36 (3.18)

where f£(y.), F(y.), and t. are found using equations (2.21), (2.23), and
(2.25b): ¥ (b) is the trigamma function [3w(b}/3b]; and £i(y.), £(),

[9F(y.)/3b]l, and {3{1n(3F(y_.)/3b)])/3b} are found fronm:

1 o
£y = £y [M -1 ] (3.19)
YC
_tc2/2
£(t.) = e?~ (3.20)
n
F(y ) at
< . _< (3.21)
% = £t 5
3[1n(3F(y )/3b)] aztc at, at,
- S/ -t == (3.22)
ab 3b ab 3b
vhere
azt =Sy 1/3 1 3
5 = T * 573t 7 (3.23)
ab 12b b 4b

WVhen a is negative, as sometimes occurs in the Pearson Type III and log
Pearson Type III distributions, then the sign of fi(y), to» (3t./3b), and
32t_/3b? would be changed. £(t.) and F(t_.) represent the ordinate and the
area under the normal curve, respectively. Note that F(y.) is equivalent

in value to F(t_.), as both represent the probability of x < . or y £ y.-
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The expectation of the (ZIZy) term in equation (3.16) is derived
from the asymptotic form of the Type-I censored sample. Figure 3.1 shovs a
partially truncated distribution which represents the Type-I censored

sample case.

n, is the number of fully defined floods 2 x., N, is the number of
fully defined floods < x_, n. or k is the number of censored floods < x,
and YT is the historic time span of the analysis and is equal to n + Kk,
vhere n and k are as previously defined - the number of fully defined
floods and the number of censored floods < x.. For Type-I censoring,
Condie (1986) notes that (n,/YT) will tend to (1-F(x.)) and [n /(n,+n;)}

will tend to q, a constant ratio. The hatched portion of the pdf of Figure

3.1 represents the partially truncated distribution. It is defined by:

(1-q)£(x) for x < %,
and

£(x) for X > X_.

Tts area is no longer equal to unity, thus it is necessary to divide the

partially truncated distribution by its area, [1-qF(x.)].

The expected value of Iy is comprised of two integrals, one from
the lower boundary to x. in the partially truncated region, while the
second is from x_. to the upper bound. The expectation is defined by the

integral
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Figure 3.1. The Partially Truncated Distributien (Condie 1986, p. 149)
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-y b-1 .
R
(o)

or

T(bs1) I e¥ b
T(b) T(o-1) &7

Thus, the total integral is
b {(1-q)F[y.,(b+1}} ~ 1 - Fly.,(b+1)]}

where Fly.,(b+1)] is the incomplete gamma function with parameter (b-1l).
Previously, F(y.) was defined as the incomplete gamma function with
parameter b, the addition of the parameter within the square-bracketed term
is used to differentiate the various incomple;e gamma funcrtions required in

the evaluation of the expectations.

However, the total integral must be divided by the area under the

partially truncated distribution. Thus,

b (1-qFly . (bs1)]}
B = Ty, oD 3-20)

vhere gq = 1. /(ny+n_.) and b is a parameter as previously defined.
Equation (3.24) is evaluated and 1is subsequently substituted into

equation (3.16).

The expectations of equations (3.16), (3.17), anc (3.18) can now
be estimated. Insertion of these values into the inverse dispersion matrix

and its subsequent inversion provides the variances and covariances of the
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parameters estimated from a Type-I censored sample. The asymptotic
variance of a quantile estimate can be obtained by substitution of the
inverted matrix elements and (3x/3a) and (3x/3b) from equations (3.14) and

(3.15) into equation (3.3a).

3.3 The Log Two Parameter Gamma Distribution

The pdf of the L2PG distribution is given by equation (2.32).
Equation (2.33) is its logarithmic  likelihood  function, while
equations (2.34) and (2.35) are the first-order partial derivatives of lnL
vith respect to the parameters of the distribution. The second-order

partial derivatives of lnL are:

231nl/8a? = nbs/a? - 2(ZIlnx)/al {3.23)
3%1nL/8b? = -nyi(b) (3.5)
321lnL/2adb = -n/a (3.6)

The E(Zlnx) is nab for the L2PG distribution. Thus the elements
of the inverse dispersion matrix are as given for the 2PG distribution.
That is, equations (3.7), (3.8), and (3.9) can be used to fill the martrix,
while equations (3.10), (3.11), and (3.12) represent elements of the
inverted matrix ‘and are the asymptotic estimates of the variances and

covariances of the parameters.
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The T-year event for the L2PG distribution can be obtained by use
of the Wilson-Hilferty transform as:

Inx. = aft/(3b1/6 - 1/(9b3/3) + bi/3)3 (3.13a)

vhere the terms are as previously defined. If a change of variate is

applied such that:

Z. = lnx. (3.26)

Then, the asymptotic variance is

var(Z.) = (2z/3a)ivar(a) « (3z/?b)?var(b) « 2(2z/3a)

{8z/38b)cov(a,b) (3.3b)

where (3z/3a), (3z/3b), var(a), var(b), and cov(a,b) are as estimated by
equations (3.14), (3.15), (3.10), (3.11), and (3.12), respectively. Note
that (3z/3a) = (3x/%a) and (38z/3b) = (8x/3b) in equations (3.14) and

(3.15), respectively.

As a change of variate has been used, the variance of the

untransformed quantile, x,, can be found from:

var(x,) = (dx/dz)? var(lnx,) (3.27)

where [(dx/dz) = x]. Hence, the standard ervor of estimate of the T-year

event for the L2PG variate is:
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$.E. of %, = x; [var(lnx;)]i/? (3.28)

3.3.1 Type-I Censoring

The logarithmic likelihood function for the censored sample case
is as givep in equation (2.19). A change of variate as expressed in
equation ‘(2.37) is applied and the resultant first-order partial
derivatives of the 1lnL with respect to the parameters are as given by
equations (2.26) and (2.27). The second-order partials are as those found
for the 2PG distribution and are given in equations (3.16), (3.17), and
(3.18). Their expectations, as described in Section 3.2.2, form the
elements of inverse-dispersion matrix. Inversion of this matrix results in
the estimate of the asymptotic variances and covariances of the parameters
from a Type-l1 censored sample. The asymptotic variance of a quantile can
be obtained through the use of the change of variate of equation (3.26) and

equations (2.13a), (3.3b), and (3.27).
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3.4 The Pearson Type IIl Distribution

The pdf of the P3 distribution is represented by equation (2.38).
Its logarithmic likelihood equation is given in equation (2.42), while the
first-order partial derivatives with respect to the parameters are given in
equations (2.43), (2.44), and (2.45). From the work of Fisher (1922),
vhich is also quoted and possibly more readily available in Kendall and

Stuart (1976), the second-order partial derivatives are:

821nL/3a? = -(2/a3)I(x-m) + nb/a? {3.29)
921nL/3b? = -nyi(b) (3.5)
321nl/3m? = -(b-1)Z(x-m)-? (3.30)
9ZlnL/3asdh = -n/a {3.6)
321nL/3adm = -n/a? (3.31)
321nL/3b3m = -I(x-m)-% (3.32)
vhere the terms are as previously defined. The elements of the

inverse-dispersion matrix are the negative expectations of the equations of

the second-order partial derivatives. The elements are:
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ry , = -BE(321nL/3a?) = nb/a? (3.7

Ty, = -E(321nL/3b?) = nyi(b) (3.8)
ry,; = -E(3?1nl/3m?) = n/[a?(b-2)] (3.33)
Ty, 2 = Iy, ; = -E(331nL/3adb) = n/a (3.9;
£, 3 = Iy, = -E(3%1nL/323m) = n/a? (3.34)
¥y,3 = Iy, = -E(321nL/3b3m) = n/[a(b-1)] (3.35)

The inverse dispersion matrix is then

b/a? l/a 1/a2
V=i = n 1/a ¢t (b) a/[a(b-1)]
1/a2 1/[a(b-1)] 1/[a2(b-2)]

Inverting the matrix V- gives the estimared sampling variances
and covariances. Condie (1977), vorking on the LP3 distribution, provides
the appropriate formvlation for the P3 distribution as well. The

determinant D of V-1 is:

D = n3{[Zw’(b)-2/(b-l)+l/(b-1)2]/[(b-Z)a‘]} (3.36)

The variances and covariances of the parameters can then be expressed as:
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var(a) = n2[y!(b)/(b-2)-1/(b-1)2]/(Da?) (3.37)
var(b) = 2/[nDa‘(b-2)) (3.38)
var(m) = [by}(b)-1]/(nDa?) (3.39)
cov(a,b) = -1[1/(b-2)-1/(b-1)]/(nDa3) (3.40)
cov(a,m) = [1/(b-1)-¢=(b)1/(nna=) (3.41)
cov(b,m) = -[b/(b-1)-1]/(nDa3) (3.42)

Use 1is again made of the Wilson-Hilferty transformation such that

the T-year event for the P3 distribution can be estimated from:

Xy = mea [t/(3b1/6)-1/(9b2/3)+bl/3]3 (3.43)
vhere rthe terms are as previously defined. The first-order partial
derivatives of equation (3.43) with respect to "a" and b are given by
equations (3.14) and (3.15), respectively. The first-order partial of
(3.43) with respect to m is:

ax/3m = 1 ) (3.44)

The asymptotic variance of a T-year event can be estimated as an

expression of a function of three variables, each subject to sampling
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variance and covariance. The expression is from the general form of

equation (3.3) and is:

var(x,)

]

(3x/3a)2var(a) + (3x/3b)2var(b) + (3x/am)2var(m)

+

2(3x/3a)(ax/3b)ecov{a,b) + 2(ax/3a)(3x/3Im)

cov(a,m) + 2(3x/ab)(ax/am)cov(b,m) (3.3¢)

where (3x/3a), (9¥x/3b), (3x/3m), var(a), var(b), var(m), cov(a,b),
cov(a,m), and cov(b,m) are estimated from eguations (3.14), (3.15), (3.44)

and equations (3.37) through (3.42), respectively.

3.4.1 Type-I Censoring

The logarithmic likelihood function for the censored sample case
is, as well, represented by equation (2.19). Equations (2.26), (2.27), and
(2.51) represent the first-order partial derivatives of the lnL function
with respect to the parameters of the P3 distribution when the change of

variate of equation (2.20) is used.

The second-order partial derivatives of the 1nl function can be
found using the change of variate of (2.20). Equations (3.16), (3.17),.and
(3.18) represent the (22lnL/8a?), (321lnL/3b%), and (221lnL/3adb)
derivatives, respectively. The remaining second-order partial derivatives

are:
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2
1
k £ (y) £(y.) (b-1)
P1nL/am? = — SO kB e e BN € R L)
a F(y.) F(yc) a
. 2
-n k y £ (y) £(y ) £y )
azlnL/aaam =3 +3 < & . Yo < + < (3.46)
a a F(yc) F(yc) F(Yc)
. yh kE(y) 3[1nF(y )]
9 1nL/3b3m = 2 aF(yc) lnyc - 9(b) - — % (3.47)
where
3[1nFly )] £(r.) at
[~ a4 c
ab = F(t) 3 (3.48)

and the terms are as previously defined. Note that for negatively skewed
samples, parameter "a" is negative. Correspondingly, the sign of the terms

£1(y.), t., (3t./8b), and (3%t /3b?) will be altered.

The expected value for the (y) term in the censored sample is used
in equation (3.16) and is given in equation (3.24). Equations (3.45) and
(3.47) contain the expressions (y~?) and (y~%), respectively; and, hence,
expectations for these must be derived. Following the derivation of the

ECy) in Section 3.2.2, the expectation of (y~!) is defined by the integral

-1 -y b-1
J L&t Y g4y

I'(b)

or .-

-y ,b-2
T(b-1) [ e y L
I'(b) J T(b-1) dy = (b-1) Fly,,(b-1)]
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vhere F[y_,(b-1)] is the incomplete gamma function with parameter (b-1).
Thus, the expectation of y*! for the partially truncated density function

of the P3 is:

() = ooy (1-9FLy s (6-1)])/ (1-aFly , (91 (3.49)

where the terms are as previously defined.

The expectation of y-? for the partially truncated density
function of the P3 distribution, as represented in Figure 3.1, is defined

by the integral

-2 -y .b-1
J e W
T(b)
or
-y _b-3
r(b-2) (e y ) 1
“T(b) J T(b-2) dy = (0-1)(b6-2) F[Ycr(b-z)]

Thus, the expectation of the y=2 term correcting for unit area is

B = woomigemny (OF Y (-2 13/ {1-aFly , (0) 1) (3.50)

Substitution of equation (3.50) into (3.45), and (3.49) into (3.47), and
multiplying by n as it is a summation, results in the asymptotic
approximation of expectation of (321nL/3m?) and (321lnL/3b3m). Substitution
of equation (3.23) into (3.16), multiplied by n, yields the expectation of
(321nL/3a?). Taking the opposite sign of these expectations yields three

of the six required negative expectations for the inverse-dispersion
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matrix. Direct evaluation of equations (3.17), (3.18), and (3.&6)
accompanied with a change of sign completes the required negative
expectations. The inverse-dispersion matrix is inverted te obtain the
asymptotic variances and covariances for parameters of the P3 distributed
fitted to a Type-I censored sample. The asymptotic variance of the

T-year event is obtained using equation (3.3c).

3.5 The Log Pearson Type III Distribution

The pdf of the LP3 Jdistribution is given by equation (2.34). The
1nL of this distribution is given by equation (2.55), while the first-order
partial derivatives with respect to the parameters are given by equations

(2.56), (2.57), and (2.58). Condie (1977) gives the second-order partial

derivatives as;

921nL/3a? = -(2/2?)I(lnx-m) + nb/a? (3.51)
921nL/3b2 = -ny!(b) (3.5)
32IlnL/3m? = -(b-1)Z(1lnx-m)-? (3.52)
321lnl/3asb = -n/a (3.6)
321nL/3agm = -n/a? (3.31)
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321nL/3bdm = -EI(lox-m)-1 (3.53)

vhere the terms are as previously defined.

The elements of the inverse-dispersion matrix are obtained from

the negative expectations of the second-order partial derivatives of the

InL and are:

ry,; = -E(3?1nL/3a?) = nb/a? (3.7)
Ty,2 = -E(321nL/3b?) = ny!(b) (3.8)
ry,3 = ~E(31InL/3m?) = n/[a?(b-2)] (3.33)
r;,, = -E(321nL/3a3b) = n/a (3.9)
r, 3 = -E(3?1lnL/3a8m) = n/a? (3.34)
¥y 3 = -E(3?1nL/3bam) = n/fa(b-1)] (3.35)

There are identical to those obtained for the P3 distribution; thus, the
inverse-dispersion matrix and its subsequent inversion will also be

identical.

The T-year events for the LP3 variate can be estimated through the

use of the Wilson-Hilferty transformation as:



- 78 -

Inxy = m + a [t/(3b1/€)-1/(9b2/3)+b1/3)3 (3.43a)

vhere the terms are as previously defined. 1If a change of variate of

equation (3.26) is applied, then the asymptotic variance of the new

variate, Z,, is:

var(Z,) = (3z/3a)?var(a) + (32/3b)? var(b) + (3z/3m)?2
var{m) + 2(3z/3a)(3z/3b)cov(a,b) +
2(3z/2a)(3z/3m)cov(a,m) + 2(3z/3b)(3z/3m)

cov(b,m) (3.3d)

where (sz/9a), (9z/3b), (2a/3m), var(a), var(b), var(m), cov{a,b),
cov(a,m), and cov(b,m) are estimated by equations (3.14), (3.13), (3.44),
(3.37), (3.38), (3.39), (3.40), (3.41), and (3.42), respectively. Note
that (3z/3a) = (3x/8%a), (3z/3b) = (3x/3db), and (dz/9m) = (3x/3m) in

equations (3.14), (3.15), and (3.44), respectively.

The asymptotic wvariance of the untransformed variate, x,, is

obtained by use of equation (3.27). The standard error of estimate of the

untransformed variate is expressed by equation (3.28).

3.5.1 Type-I Censoring

The first-order partial derivatives of the lnL of equation (2.19)
for the LP3 distribution are represented by equations (2.26), (2.27), and

(2.51). A change of variate as defined by equation (2.62) is applied in
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the censored case. The second-order partial derivatives and the required
expectations are identical to those derived for the P3 distribution. Once
the asymptotic variances and covariances of the parameters have been
obtained, the asymptotic variance of the untransformed variate, X,, is
obtained by use of equation (3.27). The variance of the transformed

variate, used in equation (3.27), is obtained from equation (3.3d).

3.6 The Generalized Gamma Distribution

The pdf of the GG distribution is defined by equation (2.64). 1Its
logarithmic likelihood function is given in equation (2.69). The
first-order partial derivatives of equation (2.69) with respect to the
parameters of the distribution are given in equations (2.70), (2.71), and

(2.72). The second-order partial derivates of equation (2.69) with respect

to the parameters are:

321nL/8a? = -h¢h+1)[Z(x/a)r]/a? (3.54)
321nL/3b2 = -ny!(b) (3.5)
921nL/3h? = -n/h?-Z[(x/a)P1in(x/a)ln(x/a)] (3.55)
3%21nL/3adb = -nh/a (3.56)
?21nL/3adh = {Z[(x/a)r1ln(x/a)]}/a + [I(x/a)?])/a - nb/a {3.57)
321nL/3b3h = Ilnx ~ nlna (3.58)
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The negative expectations or the elements of the inverse dispersion matrix

are:

ry,1 = -E(3%1nL/3a?) = h(h+l)nb/a (3.59)

T, ; = -E(321nL/3b2) = nw(b) (3.8)
ry,; = -E(321nL/3h?) ' (3.60)
r,,, = -E(3?1nL/3a3b) = nh/a (3.61)
r;, 3 = -E(321nL/3adh) (3.62)
£,y = ~E(321nL/3hah) (3.63)

Elements r; ,, r, ;, and r;,; must be estimated directly from the
sample as their expectations have not been derived. Once the elements have
been estimated, the matrix is inverted to provide the variances and

covariances of the parameters of the distribution.

Any T-year event, X,, can be estimated for the GG distribution by

application of the Vilson-Hilferty transformation, whereby:

X; = alt/(3b1/6)-1/(9b2/3) 4 bi/3]3/n (3.64)
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From equation (3.64), the fellowing first-order partial derivatives may be

acquired:
ax/3a = [t/(3b}/6)~1/(9b2/3) + bis3}ism (3.65)
x/3b = {3a/h)[t/(3bi/6)-1/(9b2/3)+bi/3]t3/n0=-1 |
[-t7(18b7/6)+2/(27b573)+1/(3b2/3)]) (3.66)
3x/3h = -3h=2a[t/(3b1/6)-1(9b2/3)sbis3j3sn |

In[t/(3b1/6)-1/(9b2/3)+bl/3] (3.67)

The asymptotic variance of the T-year event can be obtained from

the expression:

var(x,) (3x/3a)?var(a) + (8x/3b)?var(b) + (3x/3h)2var(h)

I

+

2(3x/3a)(Ix/8b)cov(a,b) + 2(3x/3a)(dx/3h)cov(a,h)

+

2(9x/ab)(3x/3h)cov(b,h) (3.3e)

vhere the terms are as previously defined.

3.6.1 Type-I Censoring

The £first-order partial derivatives of the InL for the GG
distribution for the censored sample case are given in equations (2.78),
(2.79a), and (2.82a). Using the change of variate defined by equation
(2.77), the second-order partial derivatives of the lnlL for the censored

case are found to be:
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2
9 1nL/3a" = 3 Iy + 7

2 h(h+1) nhb ) khycf(yc) { -h
a a aF(yc)

by, [ (b-1) ] hy E(y,) _ 1 }

a Yo * aF(y) a

32InL/3b2 = -py!(b) - k32 {1nF(y.)]/ab2
. , n 1 ) kycz(lnyc)z 1
8 1lnL/3h"= = -3 Ay(lny)®] + ———= —_
h h . hF(y ) Yo
£y . £y }
+ mm— e —
£(y) F(y.)
9 -nh khycf(yc) 3[1nF(Yc)]
4 1lnL/dadb = rel aF(yc) 1nyc - ¢(b) - 35
9 1 1 nb kycf(yc)
alnL/aaah:5£(y1ny)+52y-a—-—aT(yc—) 1
.y s By Iy 1oy ) £y )y Iny, }
c £ ) F(y.)
1 ky (Iny )E(y.)
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3 Z(lny) + hF(yc) { lnyc - ¥(b)

3[1nF(y )]
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{3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)
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vhere the terms are as previously defined. The expectation of the (y) term
for the partially truncated distribution is as given by equation (3.24).
The expected value of the (lny) term has not been derived. Approximations
for the (lny) terms may be obtrained from the sample. Negative expectations
can then be computed through the use of equations (3.68) through (3.73) for
completion of the inverse dispersion matrix. Asymptotic variances and
covariances of the parameters of the GG distribution for the Type-I
censored sample form the elements of the inverted inverse-dispersion
matrix. The asymptotic variance of a quantile can be obtained by
substitution of the inverted matrix elements and equations (3.65) to (3.67)

into equation (3.3e).

In this chapter the asymptotic standard errors of estimate of the
parameters and quantiles were developed. Much of these developments

represent original contributions.

The derived asymptotic expressions for the LP3 distributions will

next be studied using Monte Carlo simulation studies.
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CHAPTER 4

SIMULATION STUDIES

Monte Carlo generation provides the only known method for the
numerical assessment of the derived asymptotic  expressions.

Synthetically generated data will be used to determine:

a) the accuracy of the censored model’s asymptotic results;

b) the applicability of the Type II censoring model to estimate the

asymptotic error of Type I information; and

¢) the influence of measurement uncertainty of historic information on the

asymptotic error for the Type II model.

Due to the importance of the simulation studies, the Monte Carlo dzta

generation method will be examined.

4.1 The Monte Carlo Generator

Monte Carlo simulation methods consist of the generation of a very
large sample of data having assumed statistical properties. These data are
considered to be a population, from which samples with a desired number of
repetitions can be drawn. This permits an evaluation of proposed

procedures.
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Several methods of generating gamma type variates are suitable for
use in Monte Carlo experiments. Des Groseilliers (1985) provides several
algorithms for the generation of gamma variates, detined herein with
parameter b. She reviews the work of Tadikamalla and Johnson (1981) who
recommend various approaches for generating several gamma variates for a
particular parameter value. One of the recommended methods is that of

Cheng and Feast (1980) and is applicable for values of b larger than

one-half.

Once suitable gamma variates have been obtained, LP3 variates are
derived by the change of variate technique of equation (2.62). That is, if

y is a gamma variate parameter b and x is a log Pearson Type III variate

with parameters a, b, and m, then
x = exp(ay + m) (2.62a)

Another method of generating LP3 wvariates has appeared in
hydrologic literature (Nozdryn-Plotnicki and Watt 1979; Pilorn et al. 1987).
This approach is a two-~step exercise. First, pseudo-random standard normal

deviates are obtained. These can be found, for example, from:

a) v

""—I
t = [L u, - (v/2)])/[Vv/12] (4.1)

i=1

vhere the u;’s are pseudo-random numbers generated from a uniform

distribution over the interval (0,1) and v is the number of pseudo-random
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uniform numbers generated in order to obtain t, the standard normal
deviate. Nozdryn-Plotnicki and Watt (1979) assume a "v" of 12, vhile Pilon

et al. {1987) uvse a "v" of 100.

b) using an inverse function method based on the work of Hastings
(1955). A uniform density on (0,1) can be converted to a standard normal

deviate by (Abramowitz and Stegun 1972):

W-2C +CU+CV2 (4.2)
0 1 2
t = 5 3 + £(u)
l-a-dlv-u-dzw +d3U
vhere
2 t
VW = {In(i/u™)] 3 0<ug.5
[eu)| € 4.3 x 1074
and
Cy = 2.515517 d, = 1.432788 .
C, = .802283 d, = .189269
C, = .010328 d, = .001308

The second step in LP3 variate generation is to place the

resultant standard normal deviate into the Wilson-Hilferty transformation

of equation (3.42a) for an assumed parameter combination.

However, the random number generators are usually of the

multiplicative congruential type and have the form
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UZ*I = (C ux + d) HOD e (403)

vhere ¢ and d are real numbers and are treated as constants, e is a

modulus, and u, is a seed number or initial random number.

The RAN subroutine on a Digital Equipment Corporation (DEC)
micro-VAX is used in this research to obtain pseudo-random numbers. RAN‘s

seed 1is updated automatically and uses the following algorithm to update

the seed (DEC 1986):

SEED = 69069 (SEED) + 1(MOD232) (4.4)

where the SEED is a 32-bit number whose high-order 24 bits are converted to
floating point and returned as the result. This implies that random
numbers have seven significant figures. As the VAX is a 32-bit computer,
the generated sequence of random numbers recycles at (23!-1) or

approximately every 2.147 (10%) values.

When performing Monte Carlo style studies, an unbiased generator
which uses the least number of pseudo-random uniform numbers is usually

preferred. Such generators can provide a larger number of samples upon

vhich statistical testing of hypotheses can be based.

4.1.1 Testing the Random Generator

The random generator is tested to assure that it is not biased,

prior to proceeding with tests regarding the gamma generators. The null



- 88 -

hypothesis that the random uniform generator is unbiased is consequently
brought forward. The experimental procedure consists of generating 5
million uniform numbers, counting the quantity vhich exceed prescribed
quantiles of .9, .98, .99, .998, and .999. Tests of significance regarding
the "biasedness" of the generator can then be performed. Note that these
quantiles were selected as £lood frequency analysis is particularly

interested with the right tail of distributions.

The number of uniform variates from the 5 million sample which
exceed the prescribed quantiles are 499.958, 100,381, 50,153, 9,975 and
5,006, respectively. A significance test based on the binomial
distribution is used to determine whether or not the generator is biased.
The number of variates generated above a certain quantile should follow the

binomial distribution.

The test consists of letting P be the probability of a wvariate
greater than or equal to the quantile of interest and n be the sample size,
n=5(106). The binomial distribution can be approximated in this case by
the normal such that the mean number of values above the quantile would be
nP and would ﬁave a standard deviation of vnPQ where Q is the quantile.
Thus, an example is the .9 quantile, where nP is 500,000 with a standard
deviation of 671. Hence, the probability that the observed number will
deviate from 500,000 by more than 1.96 (671) or 1,315 in either direction
is approximately 5X. The generator gives 499,958, thus it is not biased

at or above the .9 quantile, for the 5% level.
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The aforementioned significance test was conducted as well on the
.98, .99, .998, and .999 quantiles reselting with similar conclusions.

That is, the random uniform generator is not biased.

4.1.2 Testing the Algorithm of Equation (4.1)

Given that the uniform generator is unbiased, a similar experiment
can now be conducted to investigate the ability of equation (4.1) to
produce unbiased standard normal deviates. Table 4.1 1lists the number of
standard normal deviates which were found to exceed selected quantiles.

The sample size for this experiment was also set at 5(106).

The results listed in Table 4.1 indicate that the generator of
equation (4.1) with v=12 produces biased standard normal deviates. When
the number of wuniform variates is increased to 100, the results are
generally unbiased. The X? goodness-of-fit test can also be applied to the
values of Table 4.1. The "v=12" results gives a X? of 729, while the
"v=100" results yield a X2 of 6.04. Critical values of the X? test are
11.07 at the 5% and 15.09 at the 1% level of significance. X? results

support the findings of the binomial test.

In summary, the use of only 12 uniform numbers is shown to produce
biased standard normal deviates (Table 4.1). However, the bias is almost
eliminated when the number of uriform numbers is increased to 100. It
should be therefore noted that when the generated data are biased, then the

findings from the simulation study are questionable.
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Table 4.1 Generation of Standard Normal Deviates using Equation (4.1)

Quantile Expected Observed
Number Number

-9 (V=12) 500,000 507,460%*
(V=100) 500,371

.98 (V=12) 100,000 97,639%
(V=100) 99,682

.99 (V=12) 30,000 46,845*
(V=100) 49,832

-998 (V=12) 10,000 7,869%

(V=100) 9,792%

.999 (V=12) 5,000 3,614%
(V=100) 4,906

*: appears biased at 5.

95%

Lover/Upper
498,686/501, 314
99,386/100,614
49,564/50,436
9,804/10,196

4,861/5,139
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4.1.3 Testing of the GT Algoritha

The generation of each standard normal deviate via equation (4.1)
requires a large number of uniform variates in order to yield statistically
unbiased results. Thus, the generation of gamma variates by approaches
which require a lower number of uniform variates to be generated would be
preferred. Tadikamalla and Johnson (1981) review fifteen such algorithms
wvhich can produce gamma variates. Their results indicate that the
"GT" algorithm of Cheng and Feast (1980) is appropriate for the generation
of a large number of gamma variates for 2 particular value of b. Hence,
the GT algorithm is one of the preferred approaches for the type of study

to be performed in this research.

The GT algorithm was tested for parameter, b, values of 4 and 25
using 3 million replications. Table 4.2 lists the number of values
equalling or exceeding selected quantiles. Results indicate that the GT
algorithm is not biased. In addition, the GT algorithm required less than
14(10%) wuniform random variates in order to produce 5(10%) gamma variates.
Based on these results the GT algorithm was selected as the method for

generating gamma variates for this research.
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Table 4.2 Generation of Gamma Variates using the GT Algorithm of

Cheng and Feast (1980)

Quantile Expected " Observed Number 95%
(exceedance Number for parameter Lower/Upper
probability) 4 25

. 999 5,000 5,038 5,020 4,861/5,139
.99 30,000 50,035 49,969 49,564/50,436
.9 500,000 499,832 500,940 498,686/501, 314
-1 500,000 . 500,563 499,475 498,686/501,314
.02 100,000 99,947 100,090 99,386/100,614
.01 50,000 49,871 50,220 49,564/50,436
.002 10,000 9,934 10,220* 9,904/10,096
.001 5,000 4,917 5,048 4,861/5,139

*: appears biased at 5% level of significance
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4.2 Selection of Parameters

Table 4.3 lists the LP3 parameters assumed in the generation of
synthetic numbers. The statistiecs in real and log space are given for the
two parameter combinations. It is felt that the assumed LP3 parameters
represent typical values in Canada. The first parameter combination is
positively skewéd in real space but is negatively skewed in log snace.
This implies that the parent LP3 distribution is negatively skewed and is

upper bounded.

Table 4.3 LP3 Parameters and Statistics for Two Samples

Data Set LP3 Natural log Space Real Space
Parameters
a b m X $ cs X S cs

1 -.06 25 7 5.500 .300 -.4023 235.535  73.829  .4438

2 .05 25 5 6.250 .250 4000 535.04 143.37 1.3326

i = mean; S = standard deviation; C$ = coefficient of skew

The second population is positively skewed in both real and log
space. The parent LP3 is thus bounded below at m and is unbounded above.
The coefficient of variation of the second population in log space_is .040;

while it is .0545 for the first data set.
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Various natural basins in Canada were reviewed in this study to
obtain typical flood statistics. These two parameter combinations allow
the testing of both the negative and positive cases of the LP3 distribution

function.
4.3 Type II Censoring - Results of the Worst Flood in Memory Case

For both data sets of Table 4.3, 500 historic series were
extracted from the simulated population. Each series comprised 50
observations such that the largest was the highest observed flow in 100.
From the notation of section 3.2.2, the censoring threshold, x., was set as
the largest in 100, thus n, was set aé one. The number of observed floods
less than x,, vhich is n,, was set at 49. &nd, the number of censored
floods, nc, was set at 50. The historic time span was set at 100 and

equals the total of n,, n,, and n_.

The values of the .9, .98, .99, and .998 quantiles were computed
for each of the two dara sets. They were found to be 354, 424, 450, and
503, respectively for the first set and 720, 912, 996, and 1,202,
respectively for the second set. These quantiles correspond with the 10-,

30-, 100-, and 500-year floods.

For each historic sample, estimates were made of the LP3
parameters a, b, and m. Table 4.4 summarizes the results of the analysis
of the 500 samples. Table 4.4 shows that the estimated flood quantiles are

slightly biased. The significance of the bias can be determined following
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Table 4.4 Summary of Parameters and Quantiles Estimated from 500 Sequences

using Type II Censoring

Parameter or Population Mean Bias Standard RMS?
Event Value Estimate )4 Deviation

{a) Data Set 1

a -.06 -.0655 5.2 .(529 -
b 25 77.214 209 168 -
m 7 6.722 4.0 2.21 -
Q4 354 354 .07 15.2 15.17
Qo 424 423 .23 25.3 25.34
Q00 450 449 .28 32.3 32.28
Qo0 503 502 ' .09 53.3 53.26
(b) Data Set 2
a .05 .055 10.4 0404 -
b 25 95.8 283 229. -
m 5 5.01 .26 2.08 -
Q¢ 720 720 .04 37.0 36.92
Qs 912 917 .57 75.3 75.38
Q00 996 1,006 .95 99.2 99.53
Q500 1,202 1,229 2.28 174. 176.2

1: RMS implies root mean square error
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the procedure adopted by Lowery and Nash (1970). Basically, Student’s

t-test is applied to the means, such that:

t =N (2-2)/5, 4.5

where 2 is the mean of N estimates of the population statisties 2, &, is
the estimated standard deviation of the N estimates about 2, and t is

distributed like Student’s t with (N-2) degrees of freedom.

Table 4.5 summarizes the application of the t-test on the estimate
of the quantiles for the two data sets. At the 3% 1level of significance
and with the appropriate degrees of freedom, the tabulated t is 1.96, vhile
the tabulated t is 2.576 at the 1% level. At this latter level, only the
500-year flood estimate appears statistically biased. Table 4.4 lists the
bias in percent for the quantiles. The bias of the 500-year flood for the
second data set is less than 2.5%, while the remaining quantiles are less
than 1% biased. In hydrometric terms, a 2.5% difference in means may not

be practically different.

Thg asymptotic standard error of estimate of the various quantiles
can be estimated using the expressions presented in Section 3.5.2.
Appendix A lists and documents a computer program which can be used to
estimate such errors in the historic and the conventional cases. In order
to assess the asymptotic standard error of estimate for the worst-flood in
memory case, a standard normal deviate corresponding with its exceedance
probability must be assigned to the flood. Rank-order statistics are used
to obtain the exceedance probability. The Cunnane (1978) formulae is used

Table 4.5 Values of Student’s t for 500 Type II Samples
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Design Flood

Q0 Qsq Q00 Qsop
Data Set 1 -0.37 0.87 0.86 0.19
Data Set 2 0.19 -1.54 -2.131 -3.482

1: calculated t exceeds tabulated t at the 5% level of significance for

a two-tailed test

Table 4.6 Root Mean Square Errors for Type II Censoring

Design Flood

010 050 0100 QSOO
Data Set 1 Sample 15.173 25.344 32.278 53,255
asymptotic 15.682 24.879 31.928 53.275
Data Set 2 Sample 36.919 75.379 99.534 176.220
asymptotic 37.080 77.264 102.376 179.484
Table 4.7 F Ratios of Asymptotic Error and Mean Square Error
for Type II Censoring
Design Flood
QID 050 Q!.DO 0500
Data Set 1 1.068 1.038 1.022 1.001
Data Set 2 1.009 1.051 1.058 1.037
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as an approximation in obtaining the return period, T, of the worst flood

in memory as

YT + .2
T- m-~.4

vhere YT is the historic time span and m is the rank of the flood in
question which in this case is one. Thus, the return period of the worst
flood in one hundred years is estimated to be 167 years. Its exceedance
probability is the inverse of the return period and is 0.00599. This

corresponds with a standard normal deviate of 2.51.

Table 4.6 lists the computed asymtotic standard errors of estimate
for the selected design floods. It also contains the computed root mean
square errors from the 500 samples. The root mean square error represents
the standard deviation of the ’computed design floods about their

population’s mean.

Lowvery and Nash (1970) and Condie and Lee (1982) apply the F-test
to the mean square errors. The null hypothesis is that the asymptotic
results are like those obtained from the Monte Carlo experiment. The F
ratio 1is always computed as the quotient of the larger variance divided by
the smaller. The degrees of freedom associated with the Monte Carlo
experiment are approximately 500, while the degrees of freedom for the
asymptotic results are taken as infinity. The eritical value of F at the
5% level of significance when v,=500 and V== is 1.15, while when v,== and
v,=300 the critical F is 1.12. Any computed values of F greater than the

appropriate critical value infers that the two measures of variability are
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significantly different. Values of F greater than the eritical values can

occu.” by chance only with a probability of less than 5%.

Table 4.7 lists the computed F statistic for each of the two data
sets and the various design floods. The asymptotic results do not appear
to be significantly different than the Monte Carlo results. Thus, the
theoretical expressions developed herein appear to accurately estimate the
asymptotic standard error of estimate of the quantiles for the worst flood

in memory case - Type II censoring.

4.3.1 Distribution of the Quantiles

It is commonly assumed that the estimates of the quantiles are
normally distributed (Kite 1975; Kendall and Stuart 1979; Ashkar and Bobée
1988). This assumption facilitates the calculation of confidence limits
for selected quantiles. The Monte Carlo experiment provides samples of

quantile estimates which can be analyzed to determine the adequacy of the

normality assumption.

Figures 4.1 through 4.8 show the frequency histograms of the
estimated 10-, 50-, 100-, and 500-year design floods for the two data sets.
In =2ddition, these figures display the expected number of observations for
each class interval had the data been normally distributed with a mean and
standard deviation of the quantile estimates. Table 4.8 lists these and

other pertinent statistics on the 500 members of each quantile.
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Table 4.8 Statisties of the 500 Estima
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the Type II Case

Statistic

Data Set 1

Mean

Standard Deviation
Coefficient of Skew
Kurtosis

Coefficient of Excess

Data Set 2

Mean

Standard Deviation
Coefficient of Skew
Kurtosis

Coefficient of excess

ted Design Floods for

Design Flood

Q0 Qs Q40 Q90
354.3 423.2 448.6 302.2
15.2 25.3 32.3 53.3
.331 +453 -355 877
2.98 3.19 3.26 4.03
-.02 .19 .26 1.03
719.6 916.9 1,005.6 1,229.0
37.0 75.3 99.2 174.2
0.506 0.571 0.59z 0.664
4.13 3.94 3.84 3.79
1.13 0.94 0.84 0.79

Table 4.9 Chi-squared Test for Goodness of Fit of Quantile
Estimates of Type II Censoring to Normal

Design Flood

010 050 Qlﬂo Q5!2(:'
Data Set 1 8-80(v=7)"  16.16(v=7)2  33.34(v=7)?  77.68(v=7)2
Data Set 2 4.40(v=6)  21.67(v=7)2  22.70(v=6)2  16.16(v=5)2

l: v implies the degrees of freedom for the X? test.
2: computed X? is greater than the tabulated x? at the 5% level of

significance
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Several statistical tests can be used to verify the hypothesis
that the distribution of the quantile estimates is normal. Under the
normality assumption, the coefficients of skev and excess are approximately
distributed as normal variables as N(0;6/n) and N(0;24/n), respectively
(Phien et al. 1982). At the 5% level of significance, the coefficient of
skew and excess should not deviate from zero by more than .21 and .43,
respectively. A comparison of these values with the values of Table 4.8
indicate that based on sample skewness the null hypothesis that the
quantile estimates are normally distributed can be rejected for all
quantiles tested and for both Data Set 1 and 2. A comparison of the range
of the coefficient of excess with computed values of Table 4.8 shows that
the null hypothesis, which is that the quantiles are normally distributed,
can be rejected. The coefficient of excess increases for Data Set i as the

quantile increases, with the null hypothesis being rejected at the 500-year

level.

The aforementioned results for the standard moment ratio tests
indicate that the estimates of the quantiles for the Type II censoring case
do not appear to be normally distributed. To complement these results, the
X? goodness-of-fit test is applied to the two data sets. Table 4.9 lists
the computed X? statistic for each selected quantile for both data sets.
The calculated X? statistic exceeds the tabulated value at the 5% level of
significance for the 50-, 100-, and 500-year design floods. Only the
distribution of the 10-year design flood could not be distinguished from

being normal.
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Results of X? goodness-of-fit data confirm the results of the
standard moment ratio tests. That is, the quantile estimates do not appear
to be normally distributed. This departure from normality increases with

the quantile’s exceedance probability.

This discovery that the quantiles are not normally distributed is
of great significance in the practical applications of flood frequency
analysis vwvhen computing confidence levels. Further studies are thus

urgently warranted to determine the consequences of the violation of the

normality assumption.
4.4 Type I Censoring - Results of the Out-of-Bank Flooding Case

Five hundred Type I censored samples were constructed for both
data sets described in Table 4.3. Each sample was derived from one hundred
observations. The first fifty observations were scanned for values greater
than or equal to the censoring threshold. All values of this nature were
set: aside, with the total number being noted. This first fifty represents
the marker data. The second fifty observations were taken as the
systematic portion of the record. These fifty were scanned for values

greater than or equal to the threshold, with the number being noted.

The cehsoring threshold, x_, was set at the 10-year flood for this
exercise. As the probability of a flood equalling or exceeding the 10-year
flood 1is 0.1, the expected number of floods in a sample of 100 to equal or
exceed the 10-year flood is 10. Five of the ten would be expected in the

marker portion, with the remaining five being from the systematic record

[ERLS OIS FER YL 20 Yetvd 63 U Sy X TRC L) D OGP SRR
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portion. It then follows that the number of fully defined floods less than
the threshold would be 45, as would the number of censored floods. Thus n,
and n. would be 45. The summation of n,, n,, and n_ would again total the

historic time span of 100 years.

Table 4.10 lists various statistics for the parameter of the LP3
distribution estimated from the 500 Type I censored samples. Statistics on
four preselected flood quantiles are also included. The bias is
statistically assessed by use of the t-test as described in Section 4.3.
Table 4.11 lists the calculated t values for each flood quantile and data
set. The higher quantiles‘for the first data set display significant bias,
vhile only the smallest quantile of the second data set appears biassed.
Table 4.10 lists the percent bias to be less than 1.5. However, due to Ehe
large number of replications in the Monte Carlo study, a bias of this
magnitude can be shown to be statistically significant. Thus, maximum
likelihood estimators of flood quantiles from Type I censored samples tend
to be biassed. This bias tends to be less than 1¥ and as such may be

regarded as being practically insignificanrt.

The asymptotic standard error of estimate of the various quantiles
derived for the Type I censored case can, as well, be estimated using the
expressions presented in Section 3.5.2. The computer program of Appendix
&4, mentioned in the previous section, can also be used to estimate the
asymptotic standard error for the Type I censored sample. Table 4.12 lists
the computed asymptotic standard error of estimate for the selected design
floods corresponding to both data sets. Table 4.12 also contains the

computed root mean square error from the 500 Type I censored samples.
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Table 4.10 Summary of Parameters and Quantiles Estimated from
500 Sequences using Type I Censoring

Parameter or Population
Event Value
(a) Data Set 1
a -.06
b 25
m 7
Q0 354
Qs 424
Qoo 430
Q50 503
(b) Data Set 2
a .05
b 25
m 5
Q. 720
Q54 912
Qg0 996
Q00 1,202

Mean

Estimate

-.0714

58.738

6.960
353.4
420.5
444.9

495.7

.0519

56.912

5.300
717.3
910.4
996.6
1,212.4

1l: RMS implies root mean square error

Bias
4

19

135

0.6
0.2
0.8
1.1

1.5

3.8

108

6.0
0.4
0.2
0.1
0.9

Standard
Deviation

0494
125
1.67
12.9
21.9
28.2

47.2

-0397
104
1.60
29.7
62.5
84.0
151.9

RMS?

12.86
22.19
28.60
47.62

29.76
62.47
83.93
152.13
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Table 4.11 Values of Student’s t for 500 Type I Samples

Design Flood

010 050 Q:oo 0500
Data Set 1 1.136 3.7342 3.895% 3.2822
Data Set 2 1.993t 0.465 -0.138 -1.585

1: calculated t exceeds tabulated t at the 5% level of significance

for a two-tailed test.

Table 4.12 Root Mean Square Errors for Type I Censoring

Design Flood

Q0 Qo Qo0 Qso0

Data Set 1 Sample 12.86 22.20 28.60 47.62
Asymptotic 12.73 21.40 27.46 45.16

Data Set 2 Sample 29.76 62.47 83.93 152.13

Asymptotic 30.37 60.18 78.42 133.92
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Table 4.13 lists the computed F statistic for each quantile and
data set as found in Table 4.12. Only the computed F statistic for the
-998 quantile of the second data set exceeds the tabulated critical value
of F at the 5% level of exceedance. Generally, the asymptotic error tends

not to be significantly different than that found from the Monte Carlo

studies.

4.4.1 Distribution of the Quantiles

The distribution of the estimates of the quantiles is shown in
Figures 4.9 through 4.16. These figures are the histograms of the
estimated 10-, 50-, 100-, and 500-year design floods for both data sets.
These figures also display the ekpected number of observations in each
class interval had the estimates being normally distributed. Table 4.14
lists the mean and standard deviation of the quantile estimates as well as

other pertinent statistics.

4s in section 4.3, an assessment of the normality of each
quantile’s estimates can be made by the moment ratio tests. Given that the
sample size is identical with that of Section 4.3, the coefficient of skew
and excess should not deviate from zero by more than .21 and .43,
respectively. The coefficients of skew as found in Table 4.14 exceed .21
for all but the 10-year flood. Similar results are found with the
coefficient of excess for the second data set, vhile for the first data set

only the 500-year flood estimate is significantly different than zero.
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Table 4.13 F Ratios of Asymptotic Error and Mean Square Error for

Type I Censoring

Design Flood

010 qu Q:Loo QSUO
Data Set 1 1.021 1.076 1.085 1.112
Data Set 2 1.061  1.078 1.145 1.290%

*: Calculated value of F exceeds the critical value of F at the

5% level of significance
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Table 4.14 Statistics of the 500 Estimated Design Floods for the

Type I Case
Statistic Design Flood
Q0 Qs Q00 Q540

Data Set 1

Mean 353.4 420.5 444 .9 495.7
Standard Deviation 12.9 21.9 28.2 47.2
Coefficient of Skew 052 .268 .435 .894
Kurtosis 2.79 2.77 3.10 4.67
Coefficient of Excess -.21 -.23 0.10 1.67
Data Set 2

Mean 717.3 910.4 996.6 1,212.4
Standard Deviation 29.7 62.5 84.0 151.9
Coefficient of Skew 094 .374 417 .505
Kurtosis 3.02 3.41 3.48 3.68
Coefficient of Excess 0.02 0.41 0.48 0.68

Table 4.15 Chi-squared Test for Goodness of Fit of Quantile
Estimates of Type I Censoring to Normal

Q, Qs Q00 Qs
Type I Censoring
Data Ser 1 10.00(v=6)*  13.29(v=7) 26.39(v=6)2  40.93(v=7)2
Data Set 2 3.76(v=7) 10.89(v=7)  10.53(v=6) 12.49(v=6)

1: v implies the degrees of freedom for the X? test.
2: computed X? is greater than the tabulated X* at the 5% level of
significance
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Table 4.15 lists the computed X? statistics for each quantile and
data set. The X? - is computed where the expected number of observations
corresponds with that resulting from a normal distribution. The computed

X? exceeds the tabulated value only for the 100- and 500-year floods of the

first data set.

Application of the moment ratio and chi-squared tests indicate
that the quantile estimates are distinguishable from the normal
distribution some of the time. The quantile estimates increasingly deviate
from the normality assumption as the quantile’s exceedance probability

increases.

This discovery is the same as found for Type II censoring. And

again its significance should be recognized for practical applications.

4.5 Effect of Measurement Error for the Worst Flood in Memory Case

This portion of the study is restricted to the second data set of
Table 4.3. It is felt that such a limitation will not adversely affect the
generality of the results, as they would be similar for other parameter
commbinations. The addition of error to the historic flood decreases the
information content. This decrease should be proportional to the error
added. The decrease in the information content regarding the worst flood
should be reflected by an inecrease in the root mean square estimate of the
quantiles. Thus, as the multiplicative error term increases one would
expect thgt at a certain point the information content would be negative

thus making the analysis less accurate than if the information were
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included. The important issue is how much error must be involved before
the inclusion of historic information adversely affects the accuracy of the

quantile estimation.

Two combinations of data and historic information availability are
investigated to assist in the resonse to the aforementioned question. 4s
previously mentioned, both concern the second parameter combinatioﬁ given
in Table 4.3. 1In the first situation it is assumed that there are fifey
observed floods of which one is known to be the worst in 100 years. This
combination is identical with that used to verify the accuracy of the
asymtomptic standard erz.r of estimate computations of the preceeding

section.

Monte Carlo procedures are used to investigate the effect of
inaccurately estimating the historic flood. A randomm multiplicative error
is applied only to the worst flood in each data series so as to mimic this
effect. The theoretical censoring threshold, which is also the value of

the vworst flood, can be evaluated as 996.

The magnitude of the error is allowed to vary and is preselected
for each experiment. A random multiplicative error of #25% infers that the
worst flood in each sequence is altered by a factor t(S) where t is a
randomly generated standard normal deviate and S represents the standard
deviation of the error expression and is computed as the multiplicative
error times the theoretical worst flood divided by 1.96. For an error of
*#25%, S is .25(996)/1.96 or 127. This implies that a random, normally

distributed error is added to the worst flood of each series of the
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experiment. The error which is added to each serie’s worst flood is
approximately +25% of the magnitude of the theoretical worst flood 95% of

the time and is assumed to be approximately normally distributed.

Alteration to the largest value of a series may result in it no
longer heing the lafgest. As the multiplicative error increases, this will
occur more frequently. It can also be shown that the largest value may
sometimes become negative in sign following the adjustment for error. Vhen
the adjusted value is less than the second largest £flood, it is assumed
that the second 1largest value is the worst flood and the experiment is
continued. If a negative value is encountered, the experiment is stopped

as the magnitude of error is becoming quite unrealistic.

Table 4.16 lists the bias in quantile estimation for the first
combination of data and his%oric information. It is evident that the bias
of the quantile estimate increases with an increase in the multiplicative
error. Table 4.17 lists the root mean square (RMS) error of the quantile
estimate. It is as well evident that the RMS error increases with an

increase in the multiplicative error.

Figure 4.17 shows that the RMS error for estimating the 100-year
flood varies with.the magnitude of the multiplicative error. The discrete
values of Figure 4.17 are taken from Table A!l?. These values are joined
by a straight line only to visually assist in representing the
relationship. The exact location of the line would require extensive Monte
Carlo simulation; howvever, for the purposes of this study the relationship

demonstrated by Figure 4.17 is sufficiently precise.
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Table 4.16: Monte Carlo Simulation Results for Bias of Quantile Estimation
for the Second Data Set when n,=l, n,=49, and n_ =350

Design Flood Multiplicative Error
Return Period 0% SX 10% 132
10 -.05 -1.156 -2.05 - -2.78
50 .57 -1.92 =4.11 =5.77
100 .95 -2.14 -4.88 -6.94
500 2.28 -2.23 -6.27 -9.25

1: bias in ¥ of theoretical

Table 4.17: Monte Carlo Simulation Results for Root Mean Square Error of
Quantile Estimation for the Second Data Set vhen n,=1, n,=49,

and n.=50
Design Flood Mulriplicative Error
Return Period 0% 5% "o10% 15%
10 36.92 37.93 39.87 42.33
50 75.38 78.28 86.30 93.34
100 99.53 103.0 113.9 122.9

500 176.2 178.3 194.9 207.7
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4.17: Monte Carlo Simulation Results for Root Mean
Square Error for the 100-Year Flood when n,=1,
ny,=49, and n.=50.



- 130 -

If an historic flood had not occurred, there would only be 49
observations upon vhich to base an estimate of the 100-year or other design
floods. This would be the equivalent data if both the historic flood and
the historic information are excluded from the analysis. The resultant
asymptotic standard-error of estimate of the 100-year flood is 116.2. This

value can be obtainred using the program listed in Appendix A.

The asymptotic error is displayed on Figure 4.17. VUhen the
multiplicative error exceeds approximately 11X the inclusion of historic
information decreases the accuracy of the analysis more than if it had been
discarded. Given that 49 years of systematic record exists, it is
plausible that the worst flood in 100 years would not be that different
from the data used to construct the rating curve. Thus, the degree of
extrapolation would decrease as the systematic record increases and the
number of rating points increase to cover the range of the discharge-rating
curve, From such a combination of data and information, it is possible
that the historic flood would be estimated with the same order of magnitude
of " error as the systematically recorded portion of the data. Thus, if the
error is less than 11% the historic information contributes to the
assessment of flood quantiles. Improved accuracies in the estimation of
the historic flood translate to significant improvements in the estimation
of flood quantiles, as is evident from Figure 4.17.

The second combination of data and historie information
availability assumes that there are fifteen observed floods of which one is

known to be the worst in 100 years. This situation represents a decrease
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in systematic data and an increase in historic information as compared with

the first situation.

Tables 4.18 and 4.19 list the bias a;d RMS error for the 10, 50,
100, and 500-year flood estimates for various multiplicative errors.
Again, it is evident that bias and RMS error increase with an increase in
the multiplicative error. Figure 4.18 shows the computed RMS error for
each multiplicative error as listed in Table 4.19. The known points are

connected by straight lines for interpretation purposes only.

Included in Figure 4.18 is a line drawn at an RMS error of 217.3.
This value corresponds to the asymptotic standard error of estimate for the
given parameter combination if all of the historic information is
disregarded. That is, it is assumed that there are only fourteen

observations upon whicl to base an estimate of the 100-year flood.

When a multiplicative error of 50% was attempted, it resulted in
the creation of negative values of the worst flood in 100 years. Thus, the
experiment was terminated at 40%. Figure 4.18 shows that the RMS error
decreased between a multiplicative efror of 30 and 40 percent. It is
expected that the RMS error should increase as the multiplicative error
increases. The 1lower than anticipated results for the 40% results
indicates that an upper limit for the alteration of the worst flood by the
approach used herein was reached. For the conditions of this experiment,

results indicate that historic information contributed greatly to the
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Table 4.18: Monte Carlo Simulation Results for Bias of Quantile Estimation
for the Second Data Set when n,=1, n,=14, and n =85

Design Flood Multiplicative Error
Return Period (0} 4 10% 15% 20% 30% 40x
10 1.491 2,49 -3.54 -4.62 -6.16 -6.17
50 0.94 -6.69 -8.42 -10.4 -11.6 -11.6
100 0.84 -8.31 -10.3 -12.6 -13.7 -13.8
500 1.12 -11.5 ~-14.8 -17.1 ~17.9  -18.4

1: bias is in % of theoretical

Table 4.19: Monte Carlo Simulation Results for Root Mean Square Error of
Quantile Estimation for the Second Data Set vhen n,=1, n,=14,

n_=85
Design Flood Multiplicative Error
Return Period +4 10% 15% 20% 30% 40%
10 52.59 60.26 67.50 69.58 79.14  76.20
50 90.04 115.1 129.8 139.5 153.1  148.7
100 - 117.1 148.8 166.7 179.6 193.6 189.7

500 207.3 247.4 272.9 292.8 306.3 305.4
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Figure 4.18: Monte Carlo Simulation Results for Root Mean Square Error
for the 100-Year Flood when n,=1, ng=14, and n.=85.
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accuracy of the estimate of the 100-year flood. This is evident even vhen
the multiplicative error reaches upwvards of 30%.

There are only fourteen years of rating points to determine the
rating curve as compared with forty-nine for the first situation. It is
possible that the error when extrapolating for the historic £lood of the
second situation would be larger than for the first. Figure 4.18 shows
that the historic information is hever redundant and increases the accuracy

of the quantile’s estimate.

Figure 4.19 shows the decrease in the asymptotic standard error of
estimate of the 100-year flood as the historic time span increases. For
the historic model, it is assumed that there are fifteen observations with
one being the worst in Memory. The error appears to be asymptotic to
approximately 80 for practical purposes. For example, if paleoflood
frequency analysis was performed, then the error would not be less than 80.
As the historic time span increases, particularly from approximately 100 to
200 years, the reduction in the asymptotic error is negligable. This
observation means that efforts of obtaining paleoflood information (i.e.
with extremely long historic time spans) might not be warranted. Instead,
it seems that the significant increases in accuracy are realized in the 100
to 200 year range of historic time span. The asymptotic standard error of
estimate of the 100-year flood when no historic information is known is
also presented for comparative purposes. This asymptotic error decreases

as the number of observatios, N, increases.
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The assessment of the worth of historic information can be
facilitated by the use of Figure 4.19. For the second situvation where
there are fifteen observations and the historie time span is 100 years, it
is seen that the asymptotic error is approximately equivalent to that of a
conventional anralysis with 48 observations. Thus, the knowledge that the
largest of a sample of fifteen vas the worst in 100 years decreases the
asymptotic error equivalent to an additional 33 years of record. This

represents a 220Z gain in record length.

The above findings have significant implications in hydrometric

netvork design and in frequency analysis.
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CHAPTER 5

CASE STUDIES QF FREQUENCY ANALYSIS WITH HISTORIC INFORMATION

The theoretical developments of Chapters 2 and 3 have been
incorporated into a computer program called LP3NET. Two case studies of
analyzing samples with historic information are presented in this chapter
in order to illustrate practical applications. The two hydrometric
stations were selected because they are used in the official documentation
of frequency analysis techniques in the United States of America (Floyd

River at James Iowa) and in Canada (Boyne River near Carman).

The computer program, LP3NET, listed and documented in Appendix B
is used to perform the analysis. This program has been developed in the
guise of the Consolidated Frequency Analysis (CFA) Package (Pilon et al
1985a). That is, samples with or without historic information and samples

containing zeros and/or low outliers can be analyzed.

5.1 Analysis of the Boyne River near Carman - 0S0F003

An historical flood frequency analysis of the data for this site
is presented by Pilon et al. (1985a). These data are used herein as it is
an interesting example and represents an excellent demonstration of the

application of frequency analysis when historie information is present.

This gauging station was established in 1919 and remains active

today. The data are collected, reviewed, archived, and published by the
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Water Resources Branch of Environment Canada. The annual floods for the
years 1920, 1921, 1923 through 1926, 1929, and 1931 through 1955 are
missing. Data and information Up to and including 1982 are used so that

results are comparable with those published by Pilon et al. (1985a).

A flood of 187 m3/s occurred in 1893 and is the largest event ever
vitnessed at the site. The fourth highest flood occurred in 1970 and had a
magnitude of 105 m¥/s. This event is known to be the worst event to have
occurred since the flood of 1893. Thus, the censoring threshold is set at
105 m3/s. Four floods are equal to or larger than this value. Table 5.1
lists the data available at the site. From this table, the total time span
of the analysis is seen to be from 1893 to 1982 and represents 90 years.
The number of observed peaks is 33 with 29 of these values being less than
the censoring threshold. 4 total of 57 censored peaks are known to have

occurred with a magnitude less the censoring threshold of 105 mi/s.

Figure 5.1 shows the cumulative density function of the LP3
distribution. Parameters are etimated using the maximum likelihood and
censoring approach as developed in Chapter 2 and are obtained using the
program LP3NET. The parameters of the LP3 are "a" = ~.240, b = 17.07, and
m = 7.153. Table 5.2 1lists design floods corresponding with various
probabilities of exceedance for this parameter combinatioh. As parameter
"a" 1is negative, the distribution is upper bounded art exp(m) which
corresponds to 1,277 m3/s. This boundary does not adversely influence the

magnitude of the design floods of Table 5.2.
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Table 5.1 Annual Flood Peaks: Boyne River near Carman, 0S0F003

Year Flood Year Flood
(m3/s) (m3/s)
1893 187. 1967 37.9
1919 13.5 . 1968 35.7
1922 15.3 1969 69.7
1927 2%.7 1970 105.
1928 ‘ 12.6 1971 54.1
1930 34.0 1972 19.3
1956 56.1 1973 1.18
1957 10.8 1974 132.
1958 6.09 1975 11.4
1959 14.9 1976 34.8
1960 43.0 1977 7.39
1961 19.4 1978 23.8
1962 38.8 1979 119.
1963 14.5 1980 10.7
1964 13.9 1981 5.47
1965 59.5 1982 6.53

1966 55.2
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Figure 5.1: Flood Frequency Analysis: Boyne River near Carman, 050F093
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Table 5.2 Tabular Flood Frequency Regime for the Boyne River

near Carman, 050F003

Return Period Exceedance Probability Design Flood

{Years) (m3/s)

2 .500 23.0

3 .200 ‘ 49.5
10 .100 , 71.0
20 .050 93.6
50 .020 "125.
100 .010 150.
200 .005 175.

300 .002 209.
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Figure 5.1 shows that the data appear to follow the theoretical
LP3 curve. The existence of an upper boundary does not appear to influence
the shape of the curve with regards to the data points for the plotted
range of the exceedance probabilities. The graph represents a logarithmic'
probability plot of the data. The plotting pcsitions are due to Cunnane
(1978) with the rank adjustment for historic information as suggested by

Benson (1950).

For comparison, an analysis is performed on the same data with
procedures for the identification and treatment of low outliers. These
procedures are as outlined by the Hydrology Subcommittee (1982) and as have
been incorporated into the CFA Package (Pilon et al. 1983a2). Application
of the procedure identifies the flood of 1973, 1.18 m/s, as being a lov
outlier. LP3NET adopts the procedures of using "synthetic statisties”™ for
fitting the distribution when a =zeruv or low outlier 1is identified as

outlined by the Hydrology Subcommittee (1982) and Pilon et al. (1983a).

Pigure 5.2 shows the cumulative density function of the LP3
distribution which has been adjusted due to the identification of a low
outlier. The adjusted parameters "a", b, and m of the LP3 distribution are
found to be 0.03316, 632.4, and -17.86, respectively. Table 5.3 gives the
tabular frequency regime for various exceedance probabilities corresponding

to this parameter combination.

A comparison of Figure 5.1 with Figure 5.2 shows the treatment of
the 1low outlier results in an upwarding shifting of the cumulative density -

funetion above the 10-year flood level and a downward shift below this
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Table 5.3 Tabular Flood Frequency Regime for the Boyne River

near Carman, 0S0F003, Adjusted for Omre Lov Outlier

Return Period Exceedance Probability Design Flood
(Years) (m3/s)
2 .500 22.2
5 .200 45.1
10 -100 65.8
20 .050 90.2
50 .020 129.
100 .010 164.
200 .005 205.

300 .002 269.
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value. Tables 5.2 and 5.3 permit a numeric comparison of the treatment
process. Treatment for the presence of the low outlier results in an
increase of about 9.3% in the estimate of the 100-year flood and a decrease
of about 8.9% in the estimate of the 5-year flood. The estimate of the

500-year flood changes by approximately 29%.

The identification of low outliers and the subsequent adjustment
of the frequency curve due to their identification can have substantial
influences on the estimate of the design flood. A visual comparison of
Figure 5.2 with Figure 5.3 substantiates this claim. It is interesting to
note that the data points more closely follov the theoretical frequency
curve when it is adjusted for the presence of low outliers. The asymptotic
standard error of estimate of the 2-, 10-, and 100-year floods of Table 5.3
are 13.8%, 15.4%, and 21.9%, respectively, based on the theoretical

developments of Chapter 3.
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5.2 Analysis of the Floyd River at James, Iowa - 06-6005

The national guidelines for flood frequency analysis at gauged
sites in the United States (Bydrology Subcommittee 1982) contain several
practical examples, some of which are concerned with the inclusion of
historic information. The Floyd River at James, Icwa, is used to
demonstrate their approaches to frequency analysis when historic
information pertaining to the site is documented. The national guidelines
of. the United States proposes an historically weighted moments method of
fitting the LP3 distribution. Note that the data and all results
pertaining to this section are given in the English system to facilitate
comparison of results with those of the report of the Hydrology

Subcommittee (1982).

Table 5.4 1lists the data available at the site. The sample
contains 39 annual flood peaks with the largest recorded flood ocgurring in
1953 with a value of 71,500 £t3/s (2,025 m3/s). This flood is much larger
than the second largest flood which occurred in 1962 with a magnitude of
20;600 £t3/s (583 m3/s). T"Information from local residents indicates that
the 1933 event is known to bé the largest event since 1892" (Bydrology
Subcommittee 1982, p. 12-17). Thus, historical information is available
and the maximum likelihood and censoring approach as developed in Chapter 2

is applied.
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Table 5.4 Annual Flood Peaks: Floyd River at James, Iowa 06-6005

Year Flood Year Flood
(ft3/3) (£t3/s)
1935 1,460 1955 2,260
1936 4,050 1956 318
1937 3,570 1957 1,330
1938 2,060 1958 970
1939 1,300 1959 1,920
1940 . 1,390 1960 15,100
1941 1,720 1961 2,870
1942 6,280 1962 20,600
1943 1,360 1963 3,810
1944 7,440 1964 726
1945 3,320 1965 7,500
1946 1,400 1966 7,170
1947 7 3,240 1967 2,000
1948 2,710 1968 829
1949 4,520 1969 17,300
1950 4,840 1970 4,740
1951 ] 8,320 1971 13,400
1952 13,900 1972 2,940
1953 71,500 1973 5,660

1954 6,250
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The censoring threshold is set at 71,500 ft3/s. The analysis
includes data and information from 1892 to 1973, inclusive. Note that
neither data nor information from 1974 to the present time (1988) are
included so that results are comparable with those of the report of the
Hydrology Subcommittee (1982). Bence, the total time span of the analysis

is 82 years of which 43 are censored data and 39 are fully defined floods.

Figure 5.3 shows the plot of the observed floods and the
cumulative density function of the LP3 distribution. Results are obtained
using the program LP3NET. Parameters a, b, and m are estimated to be
0.1239, 69.55, and -.4451, respectively. No low outliers are detected,

thus no adjustments to the parameters are made.

Table 5.5 1lists the design floods corresponding with various
exceedance probabilities for this parameter combination. The distribution
is lower bounded at exp(m) or 0.641 £t3/s and is unbounded above. The
asymptotic standard error of estimate for the 2-, 10-, and 100-year floods

of Table 5.5 are 17.7%, 22.9%, and 41.5%, respectively.

Tk Hydrology Subcommittee (1982) give the historically adjusted
mean, standard deviation, and skewness to be 3.5373, 0.4377, and 0.1650 for
the site. Note that the mean and standard deviation are derived using
common rather than natural logarithms. Table 5.6 lists the design floods
corresponding with various exceedance probabilities based on the at-site

adjusted moments.
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Table 5.5 Tabular Flood Frequency Regime for the Floyd River

at James, Iowa Q6-6005

Return Period Exceedance Probability Design Flood
(Years) (ft3/3)
2 <500 3,400
5 .200 8,320
10 -100 13,600
20 .050 20,700
50 . .020 33,700
100 .010 47,000
200 .005 64,000

300 .002 93,900



- 151 -

Table 5.6 Tabular Flood Frequency Regime Derived using Historically

Adjusted Moments for the Floyd River at James, Iowa 06-6005

Return Period Exceedance Probability Design Flood

(Years) (£t3/s)

2 -500 3,540

5 .200 7,980

10 -100 12,800

20 .050 18,900

50 .020 29,800

100 ‘ .010 40,600
200 .005 54,000

300 .002 76,800
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A comparison of Table 5.5 with Table 5.6 shows that the maximum
likelihood approach gives design flood estimates which tend to be higher

than the adjusted moments approach for the Floyd River at James, Iowa.

In summary, thé developments in this thesis enable the estimation
of parameters and the asymptotic standard error of estimate of the
quantiles.

As a caution to users, it should be noted Pthat the maximum
likelihood approach might occasionally not vield  estimates of Ehe
parameters. Also, sometimes there might be no solution for the asymptotie
error. The lack of a solution, although infrequent, is due to an

instability in the Fisher information matrix.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusiens

Using maximum likelihood and censored sample theories, equations
have been developed to estimafe the parameters and the asymptotic standard
error of estimate of the parameters and quantiles for the gamma family of
distributions. These developments have been incorporated into a computer

program for the log Pearson Type III distribution.

A Monte Carlo study for the log Pearson Type III distribution

indicated that:

i) quantiles are generally estimated without statistically
significant bias;

ii) the asymptotic results for the standard error of the
estimated quantiles are accurate; and

iii) design flood estimates for a pacticular quantile are not
normally distributed. This latter finding is of importance
if and vhen confidence limits are derived using the design

flood estimates and their asymptotiec error.

The Monte Carlo study also indicated that some currently used procedures in

the hydrologic literature for gamma variate generation are biased.
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Results of the study for the Type I censored data indicated that
quantile estimates were sometimes statistically biased. The bias when
estimating the 10-, 50-, 100-, and 300-year floods did not exceed 1.5% of
the theoretical wvalue. This lov degree of bias wag not considered
practically significant. As wvith the Type II censored data, the derived
theoretical asymptotic standard error of the estimated quantiles vere
accurate. The design floods estimated for a particular quantile deviate

from normality, especially as the quantile’'s exceedance probability

increases.

The study of both the Monte Carlo results and the theoretical
expressions for the asymptotic standard error of estimate indicate that the
inclusion of historie information can significantly increase the accuracy
of the quantile estimation procedures. However, the rate of increase
diminishes sharply with an increase in the historic time span beyond
approximately 100 years. This observation reflects negatively upon the

worth of paleoflood information in flood frequency analysis.

The study also indicates that even vhen the historic flood is
estimated with considerable error, improvements in accuracy are still

realized.

The findings of this study have significant implications for flood

frequency analysis both from theoretic and practical considerations.

6.2 Recommendations

1) Contrary to several published and widely used procedures,
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this study shoved that the normality assumption of the
quantile‘’s distribution is not valid. Therefore, future
research should be directed towards the determination of the
distribution of the quantiles’ estimates, especially as it

pertains to confidence limits.

The theoretical developments presented in this thesis could

be used to assist in the design of hydrometric networks.
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APPENDIX A

COMPUTER PROGRAM VARLP3
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4.1 General

This program was designed to run on DEC PRO 350 and 380

microcomputers with PRO/Tool kit FORTRAN-77.

The program queries the user for the parameters of the log Pearson
Type III distribution and the sample size. If historical information is
available, the program requests the number of fully defined floods greater
than or equal to the censoring threshold, the number of fully defined
floods below the threshold, and the number of censored floods below the
threshold. The program also asks the user to input the standard normal

deviate corresponding to the censoring threshold.

The program outputs the elements of the inverse-dispersion matrix
and its inverse elements. The 100-year flood and its standard error of
estimate in percent of the 100-year flood are also given.

A.2 List of Variables

Input Variables

4 - scale parameter of the LP3 distribution

B - shape parameter of the LP3 distritution

M - location parameter of the LP3 distribution
T - standard normal deviate

IAIST - O implies conventional sample

1 implies historical information available
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NB - the number of fully defined floods below the censoring threshold
NC - the number of censored floods below the threshold
N - the number of fully defined floods.

Qutput Variables

EYM2 - E(y~2?) as per equation (3.50)
EYML -  E(y~!) as per equaiton (3.49)

V(3,3) - elements of the inverse-dispersion matrix

EY - E(¥) as per equation (3.24)
D - determinant of the matrix V
VARA - var(a)
VARB - var{b)
VARM - var(m)

COVAB - cov(ab)

COVAM - cov(am)

COVEM -~ cov(bm)

XT .- the 100-year flood

SEEXT - the standard error of the 100-year flood in ¥ of the 100-year
flood.
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PROGRAM VARLE3

-——-----—-—-——-—--——-—-.---—-.--.u.—————--—--__——-————u---..___-.__-—-—---—

VAKLP3 : PROGRAM TO COMPUTE THE VARIANCE OF THE QT YEAR EVENT
OF A SAMPLE FROM A TRUNCATED LP3 DISTRIRUTION,

WRITIEN BY PAUL J. PILON, UNIVERSITY OF OTTAWA.
MAY 21, 1985.

ALL RIGHTS RESERVED.

COO0O0OOOOOME

(]

—---—--————-————---—--.—_——-_———-.--———-—-—-————-———-q_—_——--------—-—

REALA8 V(3,3),D.VARA,VARB,VARM,COVAR, COVAN, COVBN, 2T, D24, Z, IC,
1 DZDB,VARZT,VARXT,SEEXT,Q,NB,NC,K, XC.1C.A, B, 4, XN, D,
2 ¢s,T,0m2, 110, FY, DEY,EYN2, 110n2, EYh2, T1OML,EYN], EYA],
X10,X20, I10P1,EYP1,EY,N, 430, D21C, ITDB, DI1ODR,EEIC, U, XT
ENTER THE IRANSEORMED HEAN,STANDARD DEVIATION, AND SKEWNESS OF THE
C GENERATED SAMPLE SO THAT A,B, AND f MAY BE COMPUTED ERON THE AOMENT
C RELATIONSHIPS.

WRITE(S,500)

ACCEPT #,A

WRITE(S,501)

ACCEPT #,B

WRITE(S,502)

ACCEPT &,M
C COMPUTE THE STATISTICS.

CS=2./5QRT(B)

IF(A.LT.0.) CS=-C3

$D=2.%A/CS

XM=H+2.%xSD/CS
10 CONTINUE
C COMPUTE THE CENSORING THRESHOLD XC = G10:T=1.282.

WRITE(S,508)

ACCEPT &,T

IF(A.LT.0.) T=-T

XC=EXP(M+AA(T/ (3. ABRA(L./6.3)=1./(9 . ABAX(2./3.))+

1 Bkk(1./3.))443.)

YC=(BLOG(XC)~K}/A

[y
r

c--- e e e e e e e e e e e

1 WRITE(S,S506)
ACCEPT *,IHIST

C IF IHIST=0 THEN THERE IS NO HISTORIC INEORMATION.
IEC(IHIST.GT.0) THEN
WRITE(S,503)
ACCEPT ,NB
WRITE(S,504)
ACCEPT &,NC
ENDIE
WRITE(S,505)
ACCEPT ,N
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C _________________________________________________________________________
IF (IHI1ST.GT.0) THEN
K=NC

£ SOLUTIGN OF 2

C 4 inkL

A

N 2

c 1M

c

CallL SLPEB2(YC,E,I10,EY,A)

R=NL/{NB+NC)
Z=B=2. |
CALL SLPEB2(YC,Z,I10M2,FTH2,A)
EYN2={(1.-Q)AI10M2/ C(B~1.)A(B=2.))+(1.-11042)/
1 ((B=1.)%(B=2.)))7(1.-GAILO)
EYMZ=NAEYN2
WRITE(6,700)EYM2

706  EORMAT(SX, EYM2=',614.7,/)
DEY=EYA(B-1.)/YC - EY-
U(3,3)=(K/ (AXA) YACREY/116-(FY/110) &k2)
WRITE(G,B01)V(3,3)

801  EGRMAT(’ CENSORED TERM OF dmdm=’,613.6,/)
V(3,3)=(K/ (AkA) YA (DEY/T10-(EY/I10) #x2) = (B=1, ) AEYN2/ (A%A’
V(3,3)=-V(3,3)

701 EORMAT(SX,’r 3,3=',014.7,/)
C SOLUTION OF 2

C d lnL

[: ———————

C dB di

C

Z=B-l.
CALL SLPEB2(YC,Z,IlOM1,EYH]1,A)
EYMI=((1.-QGXkI1OM1)/(B-1.))/{1.-Q%I1Q)
EYM1=NAEYML
WRITE(6,702)EYML
702  FORMAT(SX,’EYMl=’,G14.7,/)
CALL DIGAMM(3,X10Q)
%20= 4 lnE(Yc)

CALL SLOPEB(YC,B,X20,A,FFIC)
V(2,3)=-Kx((EY/I10)%
1 (DLOG(YC)-X10-X20})}/A
WRITE(6,802)V(2,)
802 FEORMAT(' CENSORED TERM OF dbdm=’,G13.6,/)
c IE(A.GI.0.) THEN
V(2,3)=-EYM1/A-K&x((EY/I10)%
1 (DLOG(YC)-X10-X20))/A
ELSE
U(2,3)=-EYML/A+Kx((FY/I10)%
1 (DLOG(YC)-X10-X20))/A

OO0
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c ENDIE
Vv(2,3)==v(2,3)
703  EORMAT(SX,'r 2,3=',614.7,/)
SOLUTION OF =

C
c
C
c 2
c
c

Z=B+1.
¢aLL SLPER2(YC,Z.I10P1,EYP1,A)
EY=B(1.-QxI10P1)/¢1.-04I10)
EY=NAEY
WRITE(6,704)EY

704  EORMAT(SX,’EY =,G14.7,/)
VCL,1)=-KACYCAEY/ (AXLI101)4 (=2, /8
1 ~YCADEY/ (AXEY) +YCAEY/CAX1L0) )
WRITE(6,803)V(1,1)

§03  EORMAI(’ CENSORED TERM OF dada=’.G13.6,/)
V(1,1)=-2.XEY/ {AXA) +NAB/ CAXA) ~Kx (YCKXEY/ (AXI10) ) A(-2./A
1 ~YCADEY/ (AXEY)+YCAEY/(AXI10))
V(1,1)==0(1,1)

705  EORMAT(SX,’r 1,1=',G14.7,/)

SOLUTION OF 2

€
C
c _____
¢
L

DIDB=(YCh%(1./3.)3/ (2. k(BAK(5./6.)))

1 ~1./¢5.kBkk1.5)-1.5/(Bkx.5)

IE{A.LT.0.)DTDB=-DTDB

V(1,2)=-Kx(YCAEY/(AX110))4(DLOG(YC)-X10-(EETC/ 110240108}

WRITE(6,804)V(1,2)
804 EORMAT(’ CENSORED TERM OF dadb=’,G13.5,/}
c IECA.GT.0.) THEN

UC1,2)==N/A-KkCYCXEY/CAXI10))A(DLOG(YC)-X10~(EETC/I10)%xBIDB)

c ELSE
c U(1,2)=-N/A+KkCYCAEY/(AX110) )4 (DLOG(YC)-X10-(EEIC/I10)xDIDB)
c ENDIE

WRITE(6,810)1I10
810 ~ EORMAT(5X,’ E(Ye) =/,614.7,/)

¥(1,2)=-¥(1,2)
706  EORMAZ(SX,’r 1,2=’,614.7,/)
¢ SOLUTION OF 2

OO0 0
[N ]

CALL TRIGAM(B,X30)

0



- 177 -

D2TC=(-5.AYCA(1./3.))/C12.ABAk(11./6.))+.25/ (R&kA2.5)+
1 .75/ (Bk41.5)
IF(A.LT.0.) B2TC=~D21C
TC=CYCAR(L. /307 +10 /(9. kEBxR(24/3.))-BAA( L. /3.0 AZRBAR( L. /6.
IF(A.LT.0.) TC=-IC
V1=1./110
DUDR=-TCAFETCADTDR
DVIB=-FEICADTOR/ ( I104110)
U(2,2)=KA(FETCAVIAD2TC+EETCADTDBADYDR+VIXDTDBADUDE)
WRITE(6,B05)V(2,2)
805 FEORMAT(’ CENSORED TERM OF dbdb=’,313.6,/)
VL2, 2)==NAX30+V(2,2)
WRITE(&,311)D2TC,DUDB,DIDR, IC,EETC, 110,DVDE
811  EORMAT(SX,’D2TC=’,G14.7,/,5%, DUDB=‘,514.7,/,5X, DIDB=",
1614.7,/,5X,‘TC=",G14.7,/,5X, 'EETC=,514.7,/,5X%, ' 110=*,
2614.7,/,5X, ‘DVDB=’,614.7,/)
V(2,2)=-4(2,2)
07  EORMATI(SX,’r 2,2=',G14.7,/)
SOLUTION G 2

7
c
c
C eeae-
c
c

Vt1,3)=Kx(YCADEY/CAXAXIL0)~( (EY/I10)kx2)%
1 YC/(AXA)+EY/ CAKAXT10))
WRITE(6,806)V(1,3)
806 EORMAT(‘ CENSORED TERM OF Jadme=’,G13.6,/)
V(1,3)=-N/(A%A) +Kx (YCADEY/ CAXAXIL0)-( (EY/I10)A%2)4
1 YC/(A%A)+EY/ (AXAXT10))
V(1,3)=-v(1,3)
708  EOKMAT(5X,’r 1,3=’,G14.7,/)
¢
ELSE
CALL TRIGAM(B,X30)
V{1,1)=NAB/ (AXA)
V(1,2)=N/A
V(1,3)=N/ (AkA)
V(2,2)=N4X30
V(2,3)=N/(Ak(B=1.))
V(3,3)=N/(AkAX(B-2.))
ENDIE
WRITE(6,705)V(1,1)
WRITE(6,706)V(1,2)
WRITE(6,708)V(1,3)
WRITE(6,707)V(2,2)
WRITE(6,703)V(2,3)
WRITE(6,701)¥(3,3)
C WNOW EILL IN THE REST OF THE MATRIX
¥13,12=V¢1,3)
v(2,1)=V(1,2)
Ve3,2¥=u(2,3)
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£ THE INVERSE DISPERSION MATRIX IS NOW COMPLETE.

C COMPUTE THE DETERMINANT OF THE MATKIX.
D=V(1,1)4&V(2,21AV(3,3)-V(1,1)aV(2,3)4V(3,)-V(1,204V(2, 114
1 U3, 3)+V01,20A002,3)AV(3, 10+ 1,30 a0t 2, 10403, 21~
2 V(1,3)4&V(2,2)4V(3,1) ‘
WRITE(G,709)D

709  EORMAT(SX,’DET.=’,G14.7./)

VARA=(V(2,2)AV(3,3)-V(3,2)4422; /L
VARB=(V(1,104V(3,3)-U(1,3)x42) /D
VARM=CU(L,1)&V(2,2)=0(1,2) 4422 /D
WRITE(G,710}VAKA,VARB, VARNR

710 EORMAT(SX,’'VARA=‘,514.7,/,5X, VARB=‘,514.7,/,

1 SX,’VARN=‘,614.7,/)

COVAB=-14(V(1,2)4V(3,3)=V(1,3)A¥(3,2))/B
COVAN=(V(2, 1) AV(3,23-V(3,1)aV(2,2,)/D
COVEM==1%(V{1,1)4V¢3,2)=V(3,1)&V(1,2),/D
WRITE(6,711)COVAB,COVAN,COVEN

711  EORMAT(SX,’COVAB=’,514.7,/,5X, COVAM=’,G14.7,/,5X,

1 ‘COQUBM=’,G14.7,/)

¢ 1ln XT=21; DBZ/DA
1100=2.326
IE (A.LT.0.0) T100=-1100
U=(T100/ {3 kBAK{1./6.))=1./ (9. %B&k(2./3.))+BA%(1./2.))
DZDA=UAA3.

€ 0Z/DB
BZDB={3.kAXUx2.) k(~T100/(18.kBk*(7./6.1)+2./ (27 .k

1 Bak(5./3.) )41,/ (3. 4BA%{2./3.))
UARZT=DZDAXDZDAXVARA+DZDEALNZDBAVARB+VARN+2.xDZDAXDZDBACOVAB
1 +2, XxDZDAXCOVAN+2, XDZIBACOVEN

ZT=ri+A%DZDA

XT=EXP(ZT)

SEEXT=(SGRI(VARZI))*100.

C OUTPUT S.E.E. AS EVERYTHING HAS BEEN COMPUTED!

c
WRITE(G,B00)XT,SEEXT,A,B,M
WRITE(5,507)

ACCEPT %, IC
IE(IC.GT.0) GO I0 1
- STOP

C EORMAT STATEMENTS

S00 EORMAT(3X,’ ENTER A, THE SCALE PARAMETER=?‘,/)

S01  EORMAT(3X,’ ENTER B, THE SHAPE PARAMEIER=7/,/)

502 FEORMAT(3X,’ ENTER M, THE LOCATION PARANETER=7‘,/)

503 EORNMAT(3X,’ & OF OBS. ELOODS < THRESHOLD, NB=?',/)

504 EOKMAT(3X,’ ¢ OF CENSORED ELOODS , NC=2,/)

S0S  EORMAT(3Y,’ # OF OBS. ELOOBS , N2,

506 EORMAT(3X,’ HISTORICAL ANALYSIS?’,/,3X,’ 1 EOR YES’,/,
13X,” 0 EOR NOeveus’,/)

507 EOKMAT(3X,’ START OVER?’,/,3X,’ 1 EOR YES’,/,3X,
190 EOR NOweves’,/)
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S08  EORMAT(3X,‘ ENTER Z, 1/10=1.282, 1/166.7=2.51, 1/63=2.145:"
1,/)

600  EORMAT(’ 0100=‘,Gl4.7,3X,’ S.E.E. 0100='.G14.7,/.
1 PARAMETERS ARE: #=’,Gl14.7,3X,’ B=',G14.7,3X,’ W=",614.7,/)
END
SUBROUTINE TRIGAN(B,X30)

[}

c X30 IS THE IRIGAMMA OF B
REALAS B,X30
K30=1./(B+2)+1./ /(2. h(B+2)ARDI+]1 ./ (B. R (B+2 kA3
1 “lo /(30 (B+2IRATI+1 /A2 A (B+D)4A7)-1./(30,k(B+2) %49,
2 +1./(B+1)kx3+1/BAA2
RETURN
END
SUBROUTINE SLPEB2(YC,B,Il0,FFY,A)
REALA8 YC,B,Il0,EFY,A,IC,AX,ETC.XLNGE |
YC AND B ARE TRANSEERRED EROM THE CALLING PROGRAM.

I10=E(YC)
EEY=E(YD)

OO0

TC=3 AYCAX(1./3.)kBAX(1./6.)+1./(3.ABAR.S)~3 . ARk%.5
IF (ABS(TE).GT.20.) THEN
EEY=0.
I10=1.
G0 TO 100
ENDIE
AX=(0.17401/(1+0.332674/ABS(TIC))-0.04794/(1+0.3532674kABS(TIC) )42
& +0.37393/(1+0.33207XABS(TIC) ) AAI)IAEXP(~-TCA4A2/2)
FIC=1l.=-AX
IE (A.GT.0..AND,TC.LT.0.) FIC=AX
IF (A.LT.0..AND.IC.GT.0.) ETC=AX
I10=F1IC
I0=2.43.141592635
XLNGB=DLOG(1.+1./(12.4B))+(B-.5)&xBLOG(B)+.SADLOG(IC)-B
FEY=EXP(0.-YC+(B-1.)ADLOGUYC)-XLNGE;
IF (A.LT.0.) FEY=~FEY
100  REIURN
END
SUBROUTINE DIGAMM(B,X10)
€ SUBROUTINE 10 COMPUIE THE DIGAMMA FUNCTION OF B.
C Xi0= DIGAMMA(B)
REALX8 B,X10
X10=DLOG(B+2.)-1./(2.%(B+2.))~1./(12.A(B+2.)k%2)+
1 1./7(120.%(B+2.)xk4)~-1./(232.k(B+2.)0k%6.)-1./(B+l.)=1./B
RETURN
END

SUBROUTINE SLOPEB(YC,B8,X20,A,EFIC)
YC AND B ARE TRANSEERED EROM THE CALLING PROGRAM.
X20 = B/DB OF LNECYC)

REALX8 YC,B,X20,A,EEIC,IC,AX,EIC

L I w ]
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TC=3.AYCA#(1./3.)ABAR(L /6.1 +1. /(3. xBA%.5)~3.ABx%.3
IF (ABS(IC).GI.20) THEN
X20=0.
GO T0 100
ENDIF
EETC=1/(243.14159265) A% .SAEXP(-TCA%2/2.)
If (A.LT.0.) EFIC=-FEIL
AX=(0.17401/(1+0.33267R8ABS(IC))1-0.04794/(1+0.33267XABS(TC) I k%2
% +0.37393/(1+0.33267X%ABS(TC) Y kX3 AEXP{-TChx2/2)
EIC=1.-AX
[E(A.GT.0..AND.IC.LT.0.) EIC=AX
IE(A.LT.0..AND.TIC.GT.0.) FIC=AX
%X20=YCAA(1./3.) /(2. kBRR(5./6.))=1./(5.ABkA1.S)=3./ (2. ABAX.S)
X20=X204FEFTIC/EIC
IE(A.LT.0.) X20==X20
RETURN
END
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APPENDIX B

COMPUTER PROGRAM LP3NET
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B.1 General

This program was designed to run on a CDC CYBER 730 computer with

FORTRAN V.

Program LP3NET provides a hydrologiec flood frequency analysis of a
typical sample, a sample with zeros, a sample with low outliers, a sample
vith historic information, or any combination of the latter three cases.
The LP3 distribution is used where the parameters are estimated by maximum
likelihood. For samples with =zeros and/or low outliers, the methoed 1is
modified by using synthetic statistiecs (Hydrology Subcommittee 1982; Pilon
et al. 1985); for samples with historic information, the sample is treated
as a censored sample from an LP3 distribution. Flows corresponding to

selected return periods are computed from the probability function.

The program requires input the sample series of hydrologic events
and their date of occurrence, including those which have been identified as

low outliers, and any historical information.

The output consists of input data, ranked data and adjusted
ranking 1f historic information is available, low outliers and zeros
identified if present, empirical probabilities, and return periods. Then
follow the sample’s statistics, the distribution’s parameters, and tabular
frequency regime, with an optional plot of the cumulative density function

and the data.
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B.2 Input Format for Peak Flow Analysis

Run Control Card

Prepare run control cards as follows:

Cols 1-7 Format A7- Vater Survey of Canada station number for which

analysis is required
Cols 8-9 Blank
Col 10 Format Il - Plotting requirement:
0 - No plot required
1 - Plot required
Cols 11-12 Blank
Col 13 Format Il - Number of nonzero low outliers identified
Cols 14-15 Blank
Col 16 Fermat I1 - Type of analysis required:
0 - Conventional LP3

1 - Bistorical LP3

Cols 17-18 Blank
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Col 19 Format I1 - Number of zero flows in record

Cols 20-21 Blank

Col 22 Format Il - Number of high outliers identified

Repeat the above for as many stations as desired.

Data required for each run

(1) First parameter card

Cols 1-7 Format A7 - Water Survey of Canada station number

(2) Second parameter card

Cols 1-59 Format 5410 & A9 - Water Survey of Canada station number and

name (for title)

Col 60 Format Il - Metric or Imperial measure specification:
1 - Imperial units (Et3/s)

2 _ Metrie units (m*/s) .

Cols 77-78 Format I2 - Sample size



(3)

Cols

Cols

Cols

Cols

Cols
Cols
Cols
Cols
Cols

Cols

(4)

This

Cols

Cols
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Peak flod data cards

1~.10 Format AlQ - Vater Survey of Canada station number (optional)

11-13 Format I3 - Year of data sample less 1000

(e.g. 1965: code as 965)

14-15 Format I2 - Month in which peak flow occurred

16-21 Format F6.0 - Peak flow (up to 5 figures after decinmal)

22-32 )
11-21

Repeat Cols. 11-21 with subsequent years, months and peak flow
33-43

s data. Use as many cards as necessary to include all data.

44-54

Note that there are 6 sets of data per card.
55-65
66-76 )

Historical Analysis Parameter Card

card is required only when performing arn historical LP3 analysis.

3-5 Format I3 - Total time span, YT

11-20 Format F10.0 - Censoring threshold



- 186 -
Cols 24-25 Format I2 - Number of peak flow data above or equal to the

threshold value.

Repeat steps (1) to (4) for each station to be run.
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PROGRAM LP3INET(INPUT,OUTPUT,TAPE30,TAPES), TAPEG=OUTPUT,
1 TAPESSINPUT)

THIS PROGRAM PEREORMS A FLOY FREQUENCY ANAL.SIS USING THE LOS

PEARSON TYPE III DISTRIBUTION. LP3NET IS VERSATILE ENOUGH T0

ANALYZE EXTREME SERIES HAVING NO OUTLIERS, OR THOSE HAVING LOW AND/OKR
HIGH OUTLIERS, AND THOSE HAVING ZERQ FLOWS. THE ASYMPTOTIC STANDWRD
ERROR OF ESTIMATE AND THE K~FACTOR ARE COMPUTED EOR THE T-1EAR EVENWT.
THE PROGRAM ALSO HAS THE ABILITY I0 EIT THE LP3 DISTRIBUTION TO

LOW ELOWS.

WRITTEN BY PAUL J. PILON
UNIVERSITY OF OTTAWA
0TTAWA, ONTARIO.

RUGUST 1987

kx% ALL RIGHTS RESERVED kkix
THIS PROGRAM IS COPYRIGHTED AND NG PORTION SHALL BE COPIED WITHOUT
THE WRITTEN PERMISSION OF THE AUTIHOR.
CHARACTER*11l EXM1
INTEGER HIST,YT.FAIL,HOUT
REAL M,LNQ(150),LNMEAN,LNSD,LNCV,LNG1,LNQBAR,LNSTDV,LNCOV,LNSKEW
REAL MMH,LNCK,QD(3)
DINENSION RP(11),ELOOD(11),BUEF(1024;,PERIODN(3)
DINENSION ©(3),VMAT(3,3)
COMMON/BLOCKL/ELOW(150),PROB(150),5INCG) NN, IYR(150), IMON(150),L0U
iT,DFLOM(150) ,DELOWL(150),HOUT, INDIC, IPRD(2),HE
COMHMON/BLOCK2/QBAR,N,NET,HOUT
COnMON/BLOCK4/A, R, N
COMMON/BLOCKG/NHA,NB,NC, THRESH, YT,UNIT(2),XNA

DATA(RP(I),I=1,11)/1.003,1.05,1.25,2.,5.,10.,20.,50.,109.,200.,500
1.7

DATA(PERIOB(D),I=1,3)/2.,10.,100./

BATA(UNIT(I),I=1,2)/3HCES,3HCHS/

INPUT FORMAT STATEMENIS...
FORMAT(A7,6(1X,12))

" EORMAT(5A10,AR9,I11,16X,12)
EORMAT(10X,6(I3,12,F6.0))
EORMAT(I5,5X,F10.0,15)
EORMAT(5A10,49,11,A10,A6,12,1I3)

O 00~ o UE

OQUTPUT EORMAT STATEMENIS...

10  EORMATI(0,2X, KUN ABORTIED - FLOW RECORBS EOK’,1X,A7,1X, ARE MISSI

1nG EROM THE MASTER FILE’,/,’0)

11  EORMAT(’1’,///, 8X,’EREGUENCY ANALYSIS - LOG PEARSON TYPE III -,

1“DISTRIBUTION,//,12X,6A10)
2  EORMAI(’1’,///, 3X,’HISTQRICAL EREQUENCY ANALYSIS - LOG PEARSON -,
17TIYPE III DISIRIBUTION’,//,12X,6A10)



13

14

15
16
17

18

19

23
24

23
29

"30

32
33

34

33

10
4l
32
43
44
45
46
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EORMAT(///.32X, ‘SAMPLE STATISTICS ./ /,
1 23X, MEAN’,7X,’S.D.",8%, C.Y.*,7X,’C.5.",7X%, C.K.",/,
2 6X,’ X SERIES ’,F10.3,2%,£9.3,4X,F7.3,5X.E6.3,5%,E6.3)
EORMAT(//,19%, 'AETER RENOVAL OF ZEROES AND/OR LOW QUILIERS ,//.
1 23X, "MEAN’,7X, S0’ .8X, LoV’ 7Y, LS. 7, 7X, 'CoKe Y/,
2 6X,’ X SERIES ‘,F10.3,2X,£9.3,4X,£7.3,5x,86.3,5%,E8.3,/,
3 6X,’LN X SERIES *,£10.3,2X,E9.3,4X,E7.3,5%,E6.3,5X,E6.3)
FORMAT(//,21X, ‘SOLUTION OBTAINED VIA MAXIRUM LIKELIHGOU-,//)
FORMAT(/7,21X, SOLUTION OBTAINED VIA MOMENTS',//)
FORMAT (7X, ' MOMENTS EROM PARAMETERS: MEAN=',EB.3,2X,’S.D.=",
I E7.3.2%,°C.5.=,F6.3,/)
EORMAT (7X. LP3 PARAMETERS:’,1X,’A=’,G11.4,1X. B=’,611.4.1%,
$'LOG(M)=’,611.4,/,55X, N =’ ,ALl,/)

FORMAT (8X, * PARAMETERS OF THE LP3 UHICH DUPLICATES THE CONDITIONAL

% EUNCTION:‘,7,9%,’ A=‘,G11.4,1X, B=",G11.4,1X, LOG(M)=",G11.4,
i 1X,'M =7,all,/)
EORNAT{9X, *SINTHETC STATISTICS: MEAN=,FB8.3.2X,°S.D.=’,E7.3,1%,
3 'C.5.2,E7.3,/)
EORMAT(GX, ‘LN X SERIES ’,F10.3,2X,F9.3,4X%,E7.3,5X,E6.3,5%,E6.3)
FOKMAT(/,6X, X(RIN)= ’,E9.3,1X,A3,23X, T0TAL SAHPLE SIZE= ', I3,
1/,6X, X(HAX)= *.F9.3,1X,A3,21X, N0, OF LOW OUTLIERS= ',
213,/,50%,’NO. OF ZERQ ELOWS= *,I3,/)

EORMAT (15X, ’ZERO ELOW IN SERIES - LN X SERIES CANNOT BE COMPUTER’)

EORMAT(/,6X, X(MIN)= ‘,F9.3,1X,A3,23X, TOTAL SAMPLE SIZE= © . 13,
1/,6X%, X(Hax)= °,£9.3,1X,A3,21%, 'N0. OF LOW QUILIERS= °.

213,/,50%,°N0. OF ZERO ELOWS= *,I3,/,47X,'NO. OF DELETED ELUWS=

313,/
EGRMAT (9X,E7.3,10X,ES5.3,14X, 1H=, 9%, LH=, 11X, 1H=)
EQRNAT(///,30X, ELOW EREQUENCY REGIME’,//,10X,
1*RETURN,8X, ‘EXCEEDANCE’,9X, ‘ELOW’,5X, ' STANDARD‘,3X, 'K-EACTOR’,
37,10, PERIOD’ 8%,  PROBABILITY',8X," (*,A3,") ", 4X, ERROR(CD) ",
33X, "EGR GLS’,/)
EORMAT(6X, ‘NOTE: ©,I13,’ ITERATIONS REQUIRED I0 OBIAIN A °,
$ 'POSITIVE DETERMINANT.’,/)
FORMAT(16X,‘DISTRIBUTION IS UPPER BOUNDED AT ¥ =',All)
FORMAT(16X, NOTE: THE MAXIMUM OBSERVED ELOW EXCEEDS THE',
1’ UPPER’,/,22X, BOUNDARY OF THE DISTRIBUTION. THUS, THE',
2+ DESIGN ‘,/,23X, DISCHARGES ARE NOT PRINTED.’,//)
FORNATC’07,2X, ‘RUN ABORTED - TAFE 30 INEORMATION EOR‘,1X,
1a7,1X,’1S INCORRECT.’,/,3X, LOW ELOW HISTORICAL ANALYSIS',

"2¢ IS NOT AVAILABLE.’,/,’0’)

FORKAT(//,30X, ELOW EREQUENCY REGINE’,//,27X,’NON‘,/,10%,
1’RETURN’,8X, ' EXCEEDANCE’,9X, 'ELOW’ ,5X,  STANBARD‘, 3X, 'K-EACTOR’,
2/,10%, PERIOD’ ,8X,* PROBABILITY’,8X, (/,A3,")’,4X, ERROR(Z) ",
33X, ‘EGR GLS’,/)

EORMAT (9X,E7.3,10X,E5.3,8X,E10.0,4X,E6.2,5X,E7.4)
FORMAT(9X,E7.3,10X,E5.3,8X,E10.1,4X,E6.2,5X,E7.4)
EORMAT(9X,E7.3,10X,E5.3,8X,E10.2,4X,E6.2,5%,E7.4)
FOKMAT(9X,E7.3,10X,E5.3,8%X,E10.3,4X,E6.2,5X,E7.4)
FORMAT(9X.E7.3,10X,E5.3,8X,F10.0,6X, 1H-,84,E7.4)
FOKMAT(9X,E7.3,10X,E5.3,8X,F10.1,6X,1H-,8X,E7.4)
EGRMAT(9X.E7.3,19X,E5.3,8X,E10.2,6%,1H=,8%,E7.4)
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47  FORMAT(9X,F?7.3,10X,FS.3,8X%,F10.3,6X,1H~-,8%,E7.4)
NPLT=0
C READ THE CONIRCL CARDS FROM THE TWO INPUT FILES AND CHECK THAT THE
C ©DaTA ARE AVAILABLE...
100 READ(30,5,END=999) ISTA,IPLOT,LOWS,HIST, NZERG,.HGUT, INDIC
REWIND 50
Iv2  READ(50,5,END=103) NSTA
IE(NSIA.NE.ISIR) 50 TO 102
IECINDIC.EQ.1.ANR.HIST.EQ.L1) THEN
WRITE(H,34) ISIa
G0I0 100
ENDIF
IF(IPLOT.NE.O) NPLT=NPLTI+l
IFCIPLOT.NE.O.AND.NPLT.EG.1) CALL PLOTS(BUEE,1024)

GO IC 103
103 UWRITE(G6,10) ISTA
G0 I0 100
105  CONTINUE
c
LOUT=LOWS+NZERC
c

C READ THE STATION NAME AND PEAK ELOW RECORDS...
IECINDIC.EG.1) THEN
READ(S0,9) (SINCI),I=1,6),8N,(IPRDCI),J=1,2) N,MF
ELSE
READ(S0,6) (STN(I},I=1,6),MN,N
ENDIF
D0 110 II=i,N,6
IL=11+5
KEAD(S0,7) (IYR(I),IMON(I),FLOMCI),I=II,IL}
110  CONTINUE
N1=N
IF(HIST.EQ.0) 6O TO 120
C READ IN ADDITIONAL INED EOR HISTORICAL ELOOD ANALYSIS...
READ(S0,8) YT,THRESH,NHA
C SORT AND WRITE FLOWS FOR HISTORICAL ANALYSIS...
CaLL LISTS
GO TG 130
c
120 CONTINUE
C SORT AND WRITE FLONS IF NO HISTORICAL AMALYSIS IS REQUIRED...
CALL WRITES
130  CONTINUE
c
€ COMPUTE AND WRITE NATURAL LOGS AND STATISTICS...
C IE ZERQ ELOWS ARE PRESENT, LOGS ARE NOT COPUTED
CALL STATS(DELOW,NI,QMEAN,SD,CV,51,CK)
D0 140 I=1,N
1E(DELON(I}.£Q.0.) GO TO 145
LNQ(I)=ALOG{DELOM(I))
140  CONTINUE
CALL STATS(LNQ,N1,LNMEAN,LNSD,LNCY,LNG1,LNCK)
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135  CONTINUE
IF(HIST.EQ.0) WRITE(G,11) (SIN(I),J=1,6)
IP(HIST.GT.0) WRITE(s,12) (STN(J),J=1,8)
WRITE(6,13)QMEAN,SD,CV,G1,CK
IE(DELOW(N).EQ.0.> WRITE{(&,23)
IEC(DFLOMCN) .GT.0.) WRITE(A,21) LNHEAN,LNSD.LNCV,LnG1,LNCK
WH=LNMEAN '
SU=LNSD
CS=LNG1
146 [F (LOUT.GT.0) WRITE(H,22) DELOW(NT,UNIT(MN).N,
% DELOW(L1),UNII{MN),LOUS,NZERD
NET=N-LOUT
QBRAR=GMEAN
SKEW=Gl
STDEV=SD
IE(LOUT.EQ.0) GO I0 150
€ IF THERE ARE LOW QUTLIERS, RE-COMPUTE STATS WITHOUT IHEM...
N1=NET
CALL STATS(DEFLOW,N1,QBAR,STDEV,COV,SKEW,CK)
CALL STATS(LNQ,N1,LNGBAR,LNSTDV,LNCOV,LNSKEW,LNCK)
WRITE(G,14) QBAR,SIDEV,COV,SKEW,CK,LNQBAK,LNSIDV,
1 LNCOV,LNSKEW,LNCK
WM=LNQBAR
SW=LNSTIDV .
CS=LNSKEW
150  CONTINUE

c

C COMPUTE THE THREE PARAMETERS OF THE LOG PEARSON TYPE 3 DIST.
KOUWI=0
[EAIL=0

C ESIRST TRY THE MAXINUM LIKELIHGOD HEIHOD OF SOLUTION.
C CHECK FOR HISIORIC INEORNMATION. HIST=I.
If (HIST.EG.0) THEN
CALL MAXLP3 (LNG,CS,IFAIL)
C IF SOLN OBTAINED THEN IFAIL=0, IE NO SOLN THEN IFAIL=l.
I (IEAIL.GI.O0) THEN
A=(SWACS}/2.
B=(2./CS) kx2.
H=WH-2.kSW/CS
ENDIE
ENDIE
IE (HIST.GI.0) THEN
C ATTEMP MAXIMUM LIKELIHOOD SOLN EIRST
CALL LP3HIS(LNQ,IFAIL)
If (IFAIL.GT.0) THEN
CALL SOL3HW(LNQ,WN,SW,CS,CVH)
KOUT=0
A= (SWACS)/2.
B=(2./CS) #A2
H=Wi-2.k5W/CS
ELSE
IE (KOUT.GT.0) THEN
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NET=NET-KOUT
N1=NET
CALL STATS (DELOW,N1,BBAR,STDEV,COV,SKEW,CK)
CALL STATS(LN@,N1,LNGRAR,LNSTDV,LNCOV,LNSKEW,LNCK)
WRITE(6,14) QBAR,STDEV,COV,SKEW,CK.LNGBAR,LNSTIDV,
1 LNCOV, LNSKEW, LNCK
NET=N-LOUT
WRITE(G,24) DELOW(N) ,UNIT(MN),N,DELOC1),UNITC(NN),
1 LOWS ,NZERD,KOUT
ENDIE
ENDIE
ENL IE
C WKITE OUT THE SOLUTION METHOD.
IF (HIST.EG.0) THEN
If (IFAIL.EQ.0) THEN
WRITE(G,1S)
ELSE
WRITE(G,16)
ENDIE
ELSE
IE¢IFAIL.EQ.0) THEN
WRITE(6,15)
ELSE
WRITE(G,16)
ENDIE
ENDIE
C KRETRO EIT A,B,M IF LOUT.GI.O
ADJUST=ELOAT(N)/NET
IE (LOUT.GT.0) THEN
C XETRO-FIT OF THE LP3 AS PER 17B.
50 160 I=1,3
pk=1./PERIOD(I)
PRADI=PRXADJIUST
PRNEW=PRADJ
IE(PRADI.GT.0.5)PRNEW=1.-PRADJ
PRXTRA=FPRADJ
RET=1./PRNEW
T=5QRT{ALOG(RETARET))
X1=T-(2.51552+0.80285%xT+0. 010334TAT)/
% (1.+1.432794T+0.189274T&T+0.00131xT4TAT)
IE(PRXIRA.GT.0.5)X1=0.-X1
IE(A.LT.0.)X1=-X1
X4=H+AK(X1/ (3. A (BA%(1./6)))-1./(9. %(Bxx(2./3)))
3 +Bk(1./3)) k43
@D(I)=EXP(X4)
160  CONTINUE
C COMPUTE SYNTHETIC STATISTICS
XCS=-2.5+3.124(ALOG(AD(3)/QD(2))/ALOG(AD(2)/D(1)))
XKO1=¢2./XCS) k(€ ((2.326-XCS/6.)AXCS/6.)+1.)4x3)~1,)
KKS=(2./XCSI4(LC((0,~XCS/6.)AXCS/6.)+1. ) kk3.)-1.)
SW=ALOG(BD(3)/8D(1))/(XKO1-XKS)
WM=ALOG(AD(1))~XKSASH
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C COMPUTE NEW A,B,H
A=(SWAXCS) /2.
B=(2./XCS) kA2,
A=Wi-2. XSH/XCS
ENDIE
C RETRO OR NG REIRG, COMPUTE M In REAL SPACE.
445 IE(ABS(M).LE.BS.) THEN
EXH=EXE (M)
ENCODE(11,446,EXM2)EXH
DECODE(11,447,EXN2IEXM]
446 EORMAT(Gll.4)
447  EORMAT(ALL)
ELSE
TE(H.GT.88.)EXMl=’+ INFINITY *
IE(M.LT.-88.)EXMi=" ZERO ‘
ENDIE
PARAMETERS HAVE BEEN RECALCULATER IF LOUT »0; IF NOT THEN
THE OLD PARAMETER VALUES REMAIN.
NOW WRITE THE PARANIERS.
IF (A.LT.0.) WRITE (6,32)EXH]
If (LOUT.GT.0) THEN
WRITE(6,19) A,B,N,EXHl
WRITE(6,20) WM,S¥,XCS
ELSE
WRITE(6,18) &,B.H,EXH]
AS LOUT=0 THERE IS NO RETRO FIT, THUS
IE(IEAIL.EG.0.OR.HIST.GI.0) THEN RECOMPUTE THE MOMENTS
HOWEVER, IE(FAIL.GT.0.AND.HIST.EQ.0) IHEN THERE IS NO
NEED TO RECOMPUIE THE STAIS AS A,B,M ARE DERIVED EROA THEM.
IF (IFAIL.ED.0.OR.HIST.GT.0) THEN
£S1=2./SQRT(B)
IECA.LT.0.) CS1=-CS1
SW1=Ak2./CS1
UM1=M+2.kSW1/CS1
WRITE(6,17) WX1,Swl,CSl
ENDIE
ENDIE
IE (LN@(1).GT.H.AND.A.LT.0.) THEN
WRITE(6,33)
GOTO 998
" ENDIE
COMPUTE THE VARIANCES AND COVARIANCES OF THE PARAMETERS
USING THE M.L. APPROACH. MOMENTS ARE USED LATER A4S A BACKUP.
IT=0
IE(B.GT.2.) THEN
IECHIST.EQ.0.ANB. [FAIL.EQ.0) CALL VARMLC(VARA,VARB,VARN,
1 COVAB,COVAN,COVEM)
IE(HIST.EQ.1) THEN
CALL VARMLH(VARA,VARB,VARM,COVAB,COVAN,COVEH, IT)
IE(IT.GT.0) WRITE(6,30)IT
ENDIE
ENDIE

O

OO0 0O0

[ I
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[F {INDIC.EG.0) THEN
WRITE(6,29) UNIT(MN)
ELSE
WRITE(6,33) UNIT(MN)
ENDIE
C COMPUTATIONS OF DESIGN FLOODS
DO 480 I=1,I11
PR=1./RP(I)
PRNEW=PR
IE(LOUT.GT.0.AND.(1./ADJUST).LE.PR} THEN
PEAK=-999.99
GOT0 4335
ENDIE
IF(PR.GI.0.S)PRNEW=1.~PR
PRXTRA=PR
RET=1./PRNEW
T=50RT(ALOG(RETXREI))
X1=T-(2.51552+0.502854T+0.01033&T&T)/
& (1.+1.43279%T+0.18927ATAT+0.00131ATATAID)
IE(PRXTRA.GT.0.5)X1=0.-X1
[ECA.LT.0.)X1=-X1
C CHANGE SIGN OF X1 EQR LOW ELOW ANALYSIS
IECINDIC.EQ.1) X1=-X1
U=(X1/¢3,x(BxA(1./6)))1-1./¢9 . A(Bx%(2./3)))
& +Bx&(1./3))
X4=H+Ak (Ux%x3)
ELO=EXP(Xx4)
CALL ROUNDS(ELG,PEAK)
C81=2./S4RT(R)
IF (A.LT.0.) CS1=-CS1
SW1=Ax2./CS1
WMl=H+2.%5W1/CS1
c IE ((A.GI.0..AND.X1.LT.0.).0R.(A.LT.0..AND.X1.GT.0.)) GOTO 455
IF ((B.LE.2..0R.IT.GT.B).0R.(HIST.EQ.0.AND.IFAIL.EG.1)) THEN
C UES OF BOBEE’S TECHNIGUE
DKDCS=(X1Ax2-1)/6.+4%(X1kk3.-6.xX1)*CS1/216.-3.4%
1 (X1xX1-1)XC514C51/216.+4. *Xl*CSl*k3/1“96.
2 10.4(CS1%x4) /(6. x%6)
XK=X1+(X1xX1-1)4CS1/6. +(X1**3-6.*X1)*t(851/6.)**2)/3.*
1 {(X14X1-1)%(CS1/6,)kk3+X1Ax(CS1/6.)kk4+(1./3.2A(ES1/6.)
2 k.S
VARELO=(SW1ASW1/NET)IA(1l.+XKACSI+XKAX2A(3.ACS1Ak2/4.+1.)/2,
1 +3.AXKADKDCSX(CS1+(CS1A%3)/4.)+(3.ADKDCSkA2)4(2.+
2 3. ACS14%2+45.40514%4/8.))
ELSE
BZDA=UX43
DZDB=(3.AAARUAA2. ) A(-X1/(1B.ABAk(7./6.))+2./(27.%
1 Bik(3./3.))+1./(3.%Bx%(2./3.)))
VAKRELO=DZDAXDZIAXVARA+DZBBADZDBAVARB+VARN+2.ADZDAXDZDBXCOVAER
1 +2.ADZDAACOVAM+2 . ADZDBACOVEBN
ENDIF
IECINDIC.EG.Y) X1=-X1



IE(VARELD.GT.0.) THEN
STERR=100.XSGRT(VARELD)
ELSE
STERR=-999.
ENDIE
C COMPUTE K EACTGR EOR GLSNET
XEACTI=(X4-WM1)/5U]

455  IE(PEAK.LT.0) THEN
FLOOD(I)=-999.99
WRITE(6,25)RP(I),PR

ELSE
FLOOD( ) =PEAK
IF (STERR.GI.0.) THEN
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IF (PEAK.GE.100.) THEN

WRITE(G6,40) RP{I),PR,PEAK,STERR,XEACT

ELSE IF (PEAK.GE.10.) THEN

WRITE(G,4l) RP(I),PR,PEAK,STERR,XEACT

ELSE IF (PEAK.GE.l.) THEN

WRITE(6,42) RP(I),PR,PEAK,STIERR,XEACT

ELSE

WRITE(6,43) RP(I),PR,PEAK,STERR,XEACT

ENDIF
ELSE

[E (PEAK.GE.100.) THEN

WRITE(6,44) RP(I),PR,PEAK,XEACT

ELSE IF (PEAK.GE.10.} THEN

WRITE(6,45) RP(I),PR,PEAK,XEFALT

ELSE IF (PEAK.GE.l.) THEN

WRITE(G,46) RP{I),PR,PEAK,XEACT

ELSE

WRITE(6,47) RP(D),PR,PEAK,XEACT

ENDIE
ENDIE
ENDIE
460 CONTINUE
c
C FEOR ELOOD FREGUENCY PLOIS...
IF(IPLOI.EG.O0) GO I8 100
I[F (INDIC.EQ.0) THEN

CALL EPLOT(ELOCD,RP,HIST,IFAIL)

ELSE
CALL GPLOT(ELOOD,RP)
ENDIE
CALL PLOI(11.0,0.0,-3)
c

998 CONTINUE
. 50 10 100
999  CONTINUE

IE(NPLT.NE.O) CALL PLOT(0.,0.,999)

sI0P
END
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SUBROUTINE WRITES

THIS S/R PRINTS DATA WITH CUMULATIVE PROBABILITIES AND RETURN
PERICDS, AND NOTES ANY OUTLIERS BY AN ASTERISK.

INTEGER HOUT
COMMON/BLOCK1/ELOW (150} ,PROB(1S0) ,STNC6) ,MN, IYR(150), INON(150) . LOU
1T,DELOW(150),DBELOWIC(150),HOUT, INDIC, IPRB(2),nE
COMMON/BLOCK2/QRAR, N, NO,KOUT

NZERO=0

ILINE=6S

06 10 I=1,N

DELOWC D) =FLOMW( )

DELOWL ¢ I)=FLOW¢ D)
IF(FLOW(I).EQ.0.0) NZERO=NZERO+1
CONT INUE

CALL SQRTD(N,DELOW)
IECINDIC.EQ.1)CALL SORIX(N,DELOW1)
NO=N-LOUT )

B0 20 M=1,N
PROB(M)={H=0.4)/(N+0.2) % 100.
IECINDIC.EQ.0) THEN
IE¢DELOW (M) .EQ.0.0) PROB(M)=(N-NZERO)/ELOAT(NI*100.
ELSE
IF(DELOWL(M).EQ.0.0) PROB(M)=(N-NZERO)/ELOAT(N) %100,
ENDIE '
TIME=100./PROB(H)
IECILINE.LT.60) G0 IO 15
WRITE(6,100) (SINCJIY,J=1,6)
IFCINDIC.EQ.1) THEN
URITE(6,201) ME,(IPRD(I),J=1,2)
WRITE(6,205) ME
ELSE
WRITE(6,105)
ENDIE
IE(¥N.ED.1) WRITE(6,110)
IF(MN.EQ.2) WRITE(G,115)
ILINE=12
' CONTINUE
ISTAR=1H
IE(INDIC.EQ.0) THEN
IF(H.GT.NO.OR.M.LE.HOUT) ISTAR=1Hx%
ELSE
IE(M.LE.LOUT.OR.H.GT. (N-HOUT)) ISTAR=IH#
ENDIF
NYR=IYR(M)+1000
IFCINDIC.EG.0) THEN
WRITE(6,120) IMON(M),NYR,ELOM(H),BELOU(H), ISTAR,H,FROBCH),TINE
ELSE
WKITE(6,120) IMON(M),NYR,ELON(M),BELOWL(N), ISTAR,N,PROB(M),TIAE
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ENDIE

ILINE=ILINE+l

PROB(M)=PROB(M)/100.
20  CONTINUE

100 EORMAT(’1’,///,15X,’FREQUENCY ANALYSIS - LOG PEARSON TYPE III DIST
1RIBUTION’,//,12X,6A10,/)

105 FORMAT (8X, SHMONTH, S5X, 4HYEAR, 7X,4HDATA,8X, 7HORDERED, 53X, 4HRANK, 4X,
1 SHPROB.,3X,11HREI. PERIOD,/,8X,3H~~=--- 2%, dH==== 7%, dH--~—,3X.
2 FH-mmmmm- ,5X, 4H====, 4X , SH====~ 13X, 11H==mmmmmmmmm .7, 9%, 3H(1),7X,
3 3H(2),8X,3H(3),10X,3H(4),BX,3H(5),5X,3H(6),BX,3H(7),/)

110 FORMAT(29X,SH(CES),8X,SH(CES) ,15X,3H{X),5X, 7TH(TEARS),/)

115  FORMAT(29X,SH{CMS),8X,SH(CMS),15X,3H(X),56X,7H(YEARS),/)

120  FORMAT(9X,I2,7X,I4,1X,F12.3,1X,E12.3,Al,4X, [3,4X,FS.2,5%,E8.3)

201 EQRMAT(1HO,B8X,I3,36H DAY LOW ELOW MEAN DISCH. IN PERIOD ,
1 Al0,46,/)

205  EORMAT(8X,SHSTART.14X,I3,4H DAY,/,
& BX,SHHONIH,5X,4HYEAE,7X,4HBATA,BX,7HURBERED,5X,4HRRNK,4X,
1 SHPROR.,3X,11HRETI. PERIOD,/,BX,SH=w-=- +9X,4H====,7X, 4H--~-,8X,
2 7H-=——==~ ,SX,4H----,4X,5H “““ 'SX,IIH ---------- .lygxyaH(I)y.?xv
3 3H(2),9X,3H(3),lOX,3H(4),3X,3H(5).5X.3H(6),3X,3H(7),/)

RETURN
END
SUBRROQUTINE SORIX(N,XX)

THIS S/R SORIS AN ARRAY OF FLOATING POINT VARIABLES
IN ASCENDING ORDER.

aomOoOn

DIMENSION XXt1)
K=N-1
B0 20 L=1,K
M=N-L
06 20 J=1,4
IECXX¢I)-XX(I+1)) 20,10,10
10 XTEMP=XX{(J)
XX CII=XX(I+1)
XX¢1+1)=XTEXP
20  CONTINUE
RETURN
" END

SUBROUTINE GPLOT(EST,I)
DIMENSION YARRAY(14),T(11),P(15),XARRAY(14),XARRAX(1D),
2 YARRAX(15),X1(1503},Y1(130),EST(11)
COMMON/BLOCK1/ELON(150) ,PP(150),STAT(6),HN, IYR(1503, INON(150),
$LOUT,DELOW(150) ,DELOW1(150),HOUT, INBIC, IPRD(2) ,NE
COMMON/BLOCK2/0BAR,N,NET,KOUT
J=11
po 50 I=1,11
50  YARRAY(I)=EST(I)
CALL PLOT(0.,-30.,-3)
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CALL PLOT(2.,2.,-3)
FACT1=1.693321
FACT2=-1.014979
DO 130 I=1,11
P(D)=1,0/TCD)
100 AARRAY(I)=(ALOG(=-ALOG{1.0-P(I)))I*EACTI+EACT]
DO 105 I=1,1
YARRAX ¢ I)=YARRAY( I}
105  XARRAX(I)=XARRAY(I)
CALL SYMBOL(0.0,6.2,0.14,5TAT,0.0,60)
CALL SCALE(YARRAY,6.0,J,1)
IF (MN.EG.1) CALL SYMBOL(-.37,2.35,9.14,10HELOW (CES),90.,10)
IE (MN.EG.2) CALL SYMBOL(-.37,2.35,.14,10HELOW (CNS),90.,10)
J1=1+1
1223+2
IF (YARRAY(J1).LT.0.) YARRAY(J1)=d.
DO 120 I=1,7
t=I-1.21
{Y=YARRAYCJIL)+C I-1 )X FARRAY (I2)
CALL NUMBER(-.20,Y,0.07,YY,90.0,2)
120 CONTINUE
CALL PLOT(0.0,0

0 23}
CALL PLODT(8.0,0

0,6

0

CaLlL FLOT(S.
CALL PLOT(O.
0C 140 I=1,5
XI=1
Call PLOT(0.0,XI,3)
140 CALL PLOT(8.0,XI,2)
B0 150 I=1,1l
IE(I.LE.3) N2=2
IF(I.GT.5) N2=0
IF(I.EQ.4.0R.I.EQ.5) N2=1
IFC(I.EQ.1) N2=3
CALL PLOT(XARRAY(I),6.0,3)
CALL PLOT(XARRAY(I),=0.00,2)
X=XARRAY(I)-0.11
CALL NUMBER(X,-.25,0.07,T(I},0.00,N2)
150 CONTINUE

CALL SYMBOL(2.0,-.5,0.14,29H RECURRENCE INTERVAL IN YEARS,0.0,29)

* CALL SYMBOL(2.0,-.75,0.14,28H LNW ELOW EREGUENCY ANALYSIS,0.,28)
YMIN=YARRAY(J1)
YMAXSYMIN+6. AYARRAY(J2)
N1=0 '
DO 200 I=1,N
YT=DELOW1(ID)
IF (YT.GT.YMAX) GO TO 200
IF (YT.LT.YMIN) GO T0 200
XT=(ALOG{~-ALOG(1.0-PP(I))))IXFACT2+FACT]
IE (XT.G1.8.) GO I0 200
IF (XT.LT.0.) G50 TC 200
N1=N1+1

¥

.0
.0
0
,6.0

e S

' )
, )
ey
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(L{NL)=YT
X1{N1)=XT

200  CONTINUE
N2=N1l+]
Y1(N2)=YARRAY(IL)
X1(N2)=0.
2=N2+1
TL(N23=YARRAY(JD)
X1(ND)=1.
CALL LINE(X1,7l.Nl,1,.-1,3)
N1=0
po 210 I=1,3
YI=YARRAX(I) ’
IE (YT.GT.YMAX) GO 0 210
IF (YT.LT.YMIN) GO I0 210
Nlz=Nl+l
Y1(N1)=YT
L1(N1)=XARRAX(I)

210 CONTINUE
N2=N1+1
Y1(N2)=YARRAY(]1)
X1{N2)=0.
N2=N2+1
YI(N2)=YARRAY(J2)
X1{N2)=1.
CALL ELINE(X1,Y1.-N1,1,

0,0
CALL SYMBOL(-1.75,-1.1,0
5

0
¢5,3,90.0,-1)
CALL SYMBOL(9.25,-1.1,0.3,
CALL $YMBOL(9.25,7.4,0.3,3
CALL SYHBOL(-1.75,7.4,0.S,

RETURN

END

SUBROUTINE SOL23(d4,XLN,B2,B3,DB,A2,A3,IFAIL2, IEAILI)

REAL M,XLN(1)

IHIEEER YT,HOUT

CDHHUN/BLOCKI/ELOU(ISO) PROB(150),STN(6),MN, IYR(150), INONC130),L0OU
17,DELOW(150),DELOW1(150),HOUT, INBIC, IPRD(”) NE

COHHOH/BLUCKZ/QBAR N,NET,KOUT

COMMON/BLOCKG/NHA,NB,NC, THRESH YT,UNIT(2),XNA

KC=YT-NET
" CALL PARMS(XLN,X1,X4,X3,M)

CALL EQN23(M,X1, XLN X4, XS KC,B2,A2, IEAIL2,2)

CALL EON23(M,X1,XLN,X4,XS,KC,B3,A3,IFAIL3,3)

DB=B3-B2

RETURN

END

3,90 0,-1)
,90.0,-1)
3,90 o =-1;

¢

SUBROUTINE EGN23¢M,X1,XLN,X4,XS,KC,B,A, [EAIL, ION)
C ION=2 IMPLIES EON 2
¢ IGN=3 IMPLIES EON 3

KEAL M,XLN(1)

INTEGER YT,HOUT
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COMMON/BLOCK/ELOW(150),PRORC150),5TNCGE) N, IYR(1S0}, INONC 1507 . LOU
1T,DELOM(150),DLOWL(150) ,HOUT, INDIC, IPRD{2) .NE ‘
COMMON/BLOCK2/QBAR, N, NET ,KOUT
COMMON/BLOCKE/NHA,NB,NC, THRESH, YT ,UNIT(2} y ANA
C K IS THE NUMBER OF SLICES EOR SIMPSON‘S RULE.
K=100
XC=THRESH
IFAIL=0
XM¥=X1/NET
AX=(ALOG{XC)-MH}&XS
SET INITIAL B LOMER AND B UPPER
1) LN XC> MEAN LN X
2) A+ OR A-3 XC>M DR XC<KN.
ANN=NET
IF ((ALOG(XC).GT.M.AND.ALGG(XC).5T.XM).0R.
1 (ALOG(XC).LT.M.AND.ALOG(XC).LT.XH)}) THEN
IF (AX.GT.ANN) THEN
BL=AX/(AX-NET) + 0.}
IF (RL.LT.1.1) BL=1.1
BU=10000.
ELSE
50 TO 100
ENDIE
ELSE
IF (AX.GT.ANN) THEN
BL=1.1
BU==AX/{ANN-AX)=0.1
IF (BU.LT.1.1) GO 70 100
ELSE
BL==AX/(ANN~AX)+0.1
IF (BL.LT.l.1) BL=1.1

e N ol )

BU=10000.

ENDIE
ENDIE
IF (ION.EQ.2)CALL EVALB2(BL,M,K,KC,XC,RL,A,XLN,X1,X4,X5)
IF (IQN.EQ.3)CALL EVALB3(BL,N,K,KC,XC,RL,A,XLN,X1,X4,X5)
If (IGN.EQ.2)CALL EVALB2(BY,M,K,KC,XC,RU,A,XLN,X1,X4,X5)

IF (IGN.EQ.3)CALL EVALB3{BY,H,K,KC,XC,RU,A,XLN,X1,X4,X5)
IE(RU.GT..0.ANB.RL.LT..0.0R.RU.LT..0.AND.RL.GT..0) THEN
€ WE HAVE A CROSS OVER, THUS BOLZANG EOR SOLUTION.
" po 20 I=1,30
BA=.Sk(BL+BU)
IF (IGN.EQ.2)CALL EVALB2(BA,M,K,KC,XC,RA,R,XLN,X1,X4,X5)
IE (IGN.ED.3)CALL EVALB3(BA,M,K,KC,XC,RA,A,XLN,X1,X4,X5)
IE(RU.GT..0.AND.RA.LT..0.0R.RU.LT..0.AND.RA.GT..0) THEN
RL=RA
BL=BA
ELSE
RU=RA
BU=BA
ENDIE
20 CONT INUE
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ELSE
€ NO CROSS-OVER EXISIS.
5010 100
ENDIE
C COMPUTATION IS COMPLETE.
B=BA
G0TO 200
100 IFAIL=1
200  RETURN
END
»
SUBRGUTINE PARMS(LNG,X1,X4,X5,0)
COMMON/BLOCK2/ GBAR,N,NET,KOUT
REAL LNG(1),M

£1=0.
X4=0,
15=0.
00 1 I=1,NET
X1=X1+LNG(I}
X4=X4+LNG(I)-n
XG5=X3+1,./(LNQCI)}-M)
1 CONTINUE
- RETURN
END

SUBROUT INE EVALB3(B,M,K,KC,XC,X100,4,%X2,X1,%4,X5)
REAL M,X2(1)
COMMON/BLOCK2/ GBAR,N,NET,KOUT
A={NETAALOG(XC)=X1)/({ALOGIXC)-M)k(R=1.)AXS-NET&&)
X6=0
D0 1 I=1,NEI
X6=X6+ALOGC (X2(I)=M)/A)
CONT INUE

YOU NOW HAVE #,B, AND M.

SUBSTITUTE KNOWM VALUES INIO EGN 4.
{C=(ALOG(XC)-H) /A
CALL DIGAMMACB,X10)
CALL SLOPEB(YE,B,X20,4,EIC)
X100=X10k(0.~NET)+X6+KCAX20

* RETURN

END

oo

SUBROUTINE EVALB2(B,M,K,KC,XC,X100,A,X2,X1,X4,X5)
REAL M,X2(1),110
COMMON/BLOCK2/ 0OBAR,N,NET,KOUT
C COMPUTE A EIRSI.
A= (NETAALOG(AC)-X1)/ ( (ALOG(XC)-H)k(B-1,) AXS-BANET)
YC=(ALOG(XC)-M) /A
110=E(YC)
EEY=E(YC)
EROM THE WILSON-HILEERTY TRANSEORM.

[ M N )
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c CALL SLPEB2(YC,B,Il0,EFY,A)
C SUSTITUTE KNOWN VALUES INTO EGN 2.
X100=X4/A=-BANET-KCA(ALOG (XCI-M)/AR(EEY/I10)
100  RETURN
END
L
SUBROUTINE SLPEB2(YC,B,I10,FEY,R)
REAL Il10
YC AND B ARE TRANSEERRED EROM IHE CALLING PROGRAM.

I10=F{YC)
EEY=F(YD)

[z RSNy NNy

IC=3.AYCAA(L. /3. )ABRR(L./6.0+1. /{3 ABX&k.5) -3 . AB4x.5
IE (ABS(IC).GI.20.) THEN
FEY=0.
110=1.
30 TO 190
ENDIE
AX=(0,17401/(1+0.33267%ABS(TC))-0.04794/(1+0.33267XARS(TC) ) xx2
% +0.37393/(140.33267AABS(IC) Y kx3)IXEXP(=ICx42/2)
FIC=1.-AX
If (A.GT.0..AND.IC.LT.0.) FIC=AX
IF (A.LT.0..AND.TC.GT.0.) EIC=A%
I10=F1IC
ALNGB=ALOG(1.+1./(12.4B))+(B-.S)XALOG(B)+.SAALBG(2.43.14159265)-B
EEY=EXP(0.-YC+(B-1.)XALOG(YC)-XLNGB)
IE(A.LT.Q.EFY=-FFY
100 RETURM
END
SUBROUTINE DIGAMMA(B,X10)
C SUBROUTINE IO COMPUIE THE DIGAMMA FUNCTION OF B.
€ X10= DIGAMMA(B)
X10=ALOG(B+2.)-1./(2.4(B+2.))~1./(12.k(B+2.YA%2)+
1 1./(120.4(B+2.)x%4)=1./(252. %(B+2.)k%6,.)-1./(B+1.)~1./B
RETURN
END

SUBROUT INE SLCOPEB(YC,B,X20,A,FEFID)
YC AND B ARE TRANSEERED FROM THE CALLING PROGRAN.
X20 = D/BB OF LNE(YC)
TC=3.AYCAk(1./3.)4Bkk(1./6.)+1./{3.ABAX.5)=3.ABA%.5
IF (ABS(IC).GT.20) THEN
X20=9.
G0 I0 100
ENBIE
FETC=1/(243.14159265)kx.SAEXP(-TCA%x2/2.)
IE(A.LT.0.) EFIC=-EEIC
AX=(0.17401/(1+0.332674ABS{TC))-0.04794/(1+0.332674ABS(TC) Y42
% +0.37393/(1+0,332674ABS(TIC) ) %43 AEXP(-ICA%2/2)
EIC=1.-AX

Lo N ]
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IE(A.GI.0,.ANDB.IC.LT.0.) ETC=AX

IF(A,LT.0..AND.TC.GT.0.) EIC=AX
X20=YCAX(Y./3.)/{2.kBAX(5./6.))-1, /(6. ARA%1.5)-3./(2 . kBA%.5)
X20=X20xEFTIC/EILC

RETURN

END

SUERGUTINE GAMMA(XX,GX)
REAL XX,GX,X,Y.GY
TECXX-57.) 6,6.4

C THIS S/R SOLVES THE GAMMA EUNCTIION EOR S/R WEIBUL

c
4

6

10
15

S50
60
70
80

110

120

nooD

GX=1.E38

RETURN

X=XX

GX=1.

[EiX-2.0) 50,50,15
IE(X-2.0) 110,110,1S
X=X-1.

BX=GX kX

66 IO 10

IE¢X~1.) 60,120,110
CONT INUE

IE(X-1.) 80,B80,110
BX=BX/X

X=X+1.

50 TO 70

{=X-~1.

61= 1. + YA(=0.5771017 + Yx(0.9858540 +Y4(-0.8764218 +
1 Yx(0.832812 + Y*(~0.5684725 + Y(0.2548205 + Yx(-0.05149930))))))
2)

GX=GXAGY

RETURN

END

SUBROUTINE SORID(N,Q)

THIS S/R SORIS AN ARRAY OF PEAK FLOWS INTO DESCENDING ORBER

DIMENSION Q(1)
I=N-1

D0 2 L=1,1
H=N-L

Do 2 J=1,M
IECQCI)-0¢I+1)) 1,2,2
QIENP=0(J)
QC1)=(I+1)
Q(J+1)=0TENP
CONT INUE
RETURN

END
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£
c

SUBROUTINE STATIS(Q,NUM,GBAR,SD,COV,31,CK)
c
C THIS S/R CALCULATES THE STATISTICS OF » FLOOD SERIES
c

DIMENSION G(1)

SuM1=0.

SUH2=0.

SUM3=0.

SUM4=0.
c

De 10 I=1,NUM
SUM1=SUNL1+G( D)
10 CONTINUE

QBAR=SUML/NUM
DO 20 I=1,NUM
DIEE=Q(I)-GBAR
SQUARE=DIFEA%2
CUBE=DIEEA%3
EQUR=DIFEXA4
SUrM2=SUM2+SQUARE
SUM3=SUN3I+CUBE
SUMN4=SUM4+EQUR

20 CONTINUE .
SD=SQRT(SUM2/(NUM-1))
THIRD=SUM3/NUN
GI=NUMx.2/(NUM-1.)/(NUM-2.)ATHIRD/SD%%3
CK=( (NUMA{NUM+L1.))/{(NUM=1.) &k (NUM=23 2 (NUM=3) ) )% (SUM4/SDA%4)
COV=SD/QBAR
RETURN

. END

C

SUBROUTINE ROUNDS(X,RX)

C THIS S/R ROUNDS OEE FLOWS TO THREE SIGMIFICANT FIGUKES...
Y=X
IE(Y.EQ.0.) GO IO 100
IE(Y.LT.0.} X=-X
X1=ALBGLOC(X)

© N1=X1

X2=X1-N1
X3=2.+X2
X4=10.%%kX3
NZ2=X4+.9
RX=N2A10kk(N1-2.)
IE(Y.LT.0.) RX=-RX
REIURN

100 CONTINUE
RX=0.
RETURN
END
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SUBROUTINE LISTS

THIS S/R PRINIS OQUT FLOOD DATA AND INFORMATION REQUIRED EOR A
HISTORICAL ANALYSIS. LOW OUTLIERS ARE NOTED BY AN ASTERISK.

OO0 m

INTEGER YT,HOUT
COMMON/BLOCK1/ELOM(150) ,PROB(150),SIN(G) ,mN, IYR(1SO?, IMONC15Q),LOU
1T,DELOW{(150),DELOWL(150),HOUT, INDIC, IPRD(2) ,NE
COMMON/BLOCK2/QBAR,N,NET,KOUT
COMMON/BLOCKG/NHA ,NB,NC, THRESH, YT, UNIT(2),XNA

NZER0=0
ILINE=1
B0 10 I=1,N
IE(ELOM(I}.EQ.0.0) NZERO=NZERO+1
DELOWC I)=ELOW( )
10  CONTINUE
CALL SORTD(N,DELOW)

c

C HISTORICAL ANALYSIS PARAMETERS...
NET=N-LOUT
NA=0
DO 12 I=I,N

[ECELOW(I}.GE.THRESH) NA=NA+]

12 CONTINUE
NB=N-NA
XNA=ELOAT(NA)
NC=YI-N

WRITE QUT INEORMATION...

WRITE(6,100) (SIN(J),J=1,6)
WRITE(6,109) YT,THRESH,UNIT(MN},N,NHA
WRITE(6,110) NA,NB,NC
WRITE(6,113)
IF(MN.EQ.1) WRITE(6,130)
IE(MN.ER.2) MWRITE(6,135)

[y ]

a0

CALCULATE ADJUSTED RANK,PROBABILITIES AND RETURN PERIODS...
00 20 I=1,N
IE(DELON(I) .LT.THRESH) ADI=XNA+(YT=XNA)/(N=XNA)A{I-XNA)
. IE(DELOW(I) .GE.THRESH) ADJ=FLOAT(D)
PROB(I)=(AD3~0.4)/(YT+0.2) % 100.

IE(DELOW(I).EQ.0.0) PROB{I)=(XNA+(YT=XNA)/{N=XNA)X(N-NZEROD~-XNA)
$)/Y¥Tk100. -

TIME=100./PROB(])
PRINI OUT FLOODS,RANKS,RETIURN PERIODS,EIC...

o

IE(ILINE.LE.38) GO I0 15
WRITE(6,100) (SIN(]),J=1,6)
WRITE(B,115)

TE(MN.EG.1) WRITE(6,130)
IF(MN.EB.2) WRITE(6,135)
ILINE=1
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CONTINUE

ISTAR=1H

IF¢I.GT.NET.OR.I.LE.HOUT) ISTAR=1H#

NYR=IYR(I)+1000

WRITE(6,120) IMONCI),NYR,ELOWCI),DELOW(I), ISTAR, I,ADT.
1 PROB(I),TINE

IE(I.EG.NA) WRITE(6,125)

ILINE=ILINE+]

PROB(I)=PRORC¢I)/100.

CONT INUE

EORMAT(‘1‘,///,8X, 'HISTORICAL FLOOD EREQUENCY ANALYSIS - LOG PEARS
10N TYPE III DISTRIBUTION’,//,15X,6R10,/)

EORMAT(//,10X,20HT0TAL TIWE SPAN, YI=,I3.3H YRS.,8X,

1°FLOW THRESHOLD =‘,E7.0,1X,A5,/,10X, ORSERVED PEAKS, N=-,
213,384 MHISTORIC PEAKS ABOVE THRESHOLD, WNHA=,I[2,7)
EORMAT (23X, 'OBSERVED PEAKS ABOVE THRESHOLD, NA=‘,13,/,

1 23X, OBSERVED PEAKS BELOW THRESHOLD, NB=',13,/,
2 23X, MISSING PEAKS BELOW THRESKOLD, NC=",1I3)

EORMAT(///,10X, HONIH YEAR FLOOD  DESCENDING RANK RANK
1 CuM. RETURN‘,/,37X, *ORDER N ADJ. PROB.
2 PERIOD’,/,10K,’===== ==== --——- Y - ---
3=  mmemm mmeee '/, 11%,7(1),3%,7(2),7X, (3, 8X, (4)",7X,

47(5),6X. 7 (6) 76X, (7}’ ,7X, (B)*,/3
EORMAT(11X,12,3X,14,1X,2(2X,59.3),A1,16,1%,2F9.2,F11.2
FORMAT (40X, ' THRESHOLD ")

EORMAT (26X, SH(CES),6X,SH(CES), 24X, 3H(X) ,6X,7H(YEARS) ,/)
FORMAT(26X,5H(CMS) ,6X,SH(CHS),24X,3H(X) ,6X,7H(YEARS) ,/)
RETURN

END

SUBROUTINE LP3HIS (LN@, IFAIL)

INTEGER HIST,YI,FAIL,HOUT

REAL #,LNQ(150)

COMMON/BLOCK1/ELOW(150) ,PRGB(150),5IN¢(6),MN, IYR(150), IMON(150),L0U
1T,DELOW(150),DELON1 (150) ,HOUT, INDIC, IPRD(2) ,NE
COMMON/BLOCK2/8BAR,N,NET,KOUT

COMMON/BLOCK4/A,B,N
CONMON/BLBCKG/NHA,NB,NC, THRESH, YT,UNII(2),XNA

IFAIL=0
KOUT=0
NET=N-LOUT-KOUT
IC=0
TIEND=0
XE=.9
XMH=ALOG(XEABELOW(NET))
CALL PARMSCLND,XI,X4,XS,XMH)
KC=YT-NET
CALL EGN23(XMH,X1,LNQ,X4,XS,KC,B2,A2, IFAIL2,2)
CALL EGN23(XMH,X1,LNG,X4,X5,KC,B3,A3,IFAIL3,3)
IE(IFAIL2.EQ.1.0R. IFAIL3.EG.1) THEN
XE=XE-.05
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IF (XF.LT..1) THEN
IEND=IEND+)
GGTC 180
ELSE
GOTO 158
ENDIE
ELSE
BBH=R3-B2
ENDIE
170  CONTINUE
€ ATIEMPT LOWER SOLUTION AT M=-4.
XhL=-4.
CALL SOL23(XML,LNQ,B2,B3,DBL,A2,A3,IFAIL2, IFAILI)
IE(IFAIL2.EQ.1.0R. IFAIL3.EQ.1) GOIOD 180
C IF LANDED HERE, THEN POS SOLN QF EGNS EOQUND.
C CHECK BOR CROSS-OCER. IE NO X-QVER, THEN GO I0 NEG SOLN.
IF(DRH.GT.0..AND.DBL.LT.0..0R.DBH.LT.0..AND.DBL.GT.0.)
1 GOI0 190
C IF HERE, THEN NO X-GVER EQUND. THUS SOLVE EGR NEG CASE.
180  XF=1.1
181  XML=ALOG(XEADELOW(1)}
182 CALL SOL23(XML,LNQ,B2,B3,DBL,AZ2,A3,IFAIL2,IFAIL3)}
IE(IEAIL2.EQ.1.0R.IFAIL3.EQ.1) THEN
XE=XE+0.2
IE(XE.GT.2.5) THEN
IEND=TEND+]
G0TO0 400
ELSE
GOTO 181
ENDIE
ENDIF
C .IE YOU ARE HERE THEN A& SOL EOR THE 2 EONS JUST ABOVE MAX HAS BEEN
C EOURND.
184  XNH=XML+10.
CALL SOL23(XHH,LNG,B2,B3,DBH,A2,A3,IFAIL2, IFAILI)
IE(IFAIL2.EQ.1.0R.IFAIL3.ER.1) GOIO 400
C NOTE THAT 400 IMPLIES NO SOLN EOR EITHER SIDE.
IE(DBH.6T7.0..AND.DBL.LT.0..0R.DBH.LT.0. . AND.DBL.GT.C.)
1 THEN
GOIO0 190
ELSE
AML=XMH
DBL=DBH
IE(XMH.GT.500.) GOIC 400
G010 184
ENDIE
190 DO 200 JJI1=1,15
XMC=(XMH+XKL)/2.
CALL SOL23(XMC,LNO,B2,B3,DBC,A2,A3,IFAIL2, IEAILI)
IE(IFAIL2.EQ.1.0R.IEAIL3.EQ.1) GOIO 400
IE(DBHM.EQ.0..0R.DBL.EQ.0..0R.DBC.EQ.0.) ROIO 203
IE(DBH,.GT.0..AND.DBC.LT.0..OR.DBH.LT.0. . AND.DBC.BT.0.)
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1 THEN
DBL=DBC
XML=XNC
ELSE
DBH=DBC
XMH=XNC
ENDIE
200 CONTINUE
€ A,B,M HAVE BEEN.FOUND 50 WRITE THEM OUT.
205 IF(DBH.EQ.0..AND.DBC.NE.O.) THEN
CALL SOL23(XMH,LNQ,R2,B3,0RC,A2,A3, IFATL2, IFAILD)
XMC=XHH
ENDIE
IF(DBL.EG.0..AND.DBC.NE.0.) THEN
CALL SOL23¢(XML,LNG,B2,B3,DBC,A2,A3,IFAIL, IEAILY)
XMC=XML
ENDIE
50I0 450
400 CONTINUE
IE(KOUT.LT.10) THEN
KOUT=KOUT+1
GOIO 146
ENDIE
IEAIL=1
G0 TO 998

450  CONTINUE
A=A2
B=B2
M=XHC
598  NEI=N-LOUI
RETURN
END
SUBRCUTINE TRIGAM(B,X30)

c X30 IS THE TRIGANMA OF B
X30=1./(B+2)+1./(2.A(B+2)kk2)+1./(6.k(B+2)kx3)
1 =1./7(30.k(B+2)AAT)+1./(42.4(B+2)%%7)-1./(30.k(B+2)%%9)
2 +1./(B+1)kk2+1/Bkx2
RETURN
"END

SUBROUTINE VARMLC(VARA,VARB,VARM,COVAB,COVAN,COVBM)
C PROGRAM I0 COMPUTE THE COVARIANCE AND VARIANCE OF THE PARAMEIERS
C FOR THE CONVENTIONAL HMAXIMUM LIKELIHOOD SOLN OF THE LP3 DIST.
REAL M
COMMON /BLOCK2/ QBAR,N,NET,KOUT
COMMON /BLOCK4/ A,B,M
c
CALL TRIGAM (B,X30)
C COMPUTE THE DETERMINANT [ OF THE MATRIX.
AN=NET
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Da(2.4X30-2./(B=1)+1./({B-1)AA2) )/ ((B=2)4AAR4)
VARA=(X30/(B=2)=1./((B-11k%2) )/ (XNADXAXX2)
VARB=2,/(XNADA(B-2) kAxA4)

VARM= (BAX30-1)/ (XNXDXAXA)
COVAB==(1./¢(B=2)=1./(B=-1))/ (XNADRARX3)
COVAN=(1./(B-1)=X30)/(XNADKAXA)
COVBM==(B/(B-1)-1}/(XNADXA%%3)

RETURN

END

SUBROUTINE SOL3HW(XX,WM,S4,CS,CUM)

C HISTORICALLY WEIGHIED PARANETERS.
DIMENSIDN XX(150)
INTEGER YT
REAL SUMXNA,SUMXNR,SQ2XNA,SQ2XNB,SA3XNA,SA3IXNE,SW2,5U,UN,C5
COMHON /BLOCK3/ QBAR,N,NET,KOUT
COMMON /RLOCKG/ NHA,NB,NC,THRESH, (I,UNIT(2),XNA
NA=XNA
NO=NET
LOUT=NB~NO+NA
XNB=NB
XNY=YT
SUMXNA=0.
SUMXNB=0.
SA2XNA=Y.
SA2XNB=0.
SQ3XNA=0.
SA3XNB=9.
ICI=NA+]
Do 130 I=IC1,NO

150 SUMXNB=SUMXNB+XX(I}
B0 160 I=1,NA

160 SUMXNA=SUMXNA+XX(I)
W={XNY-XNA)/XNB
W= (WASUNXNB+SUMXNA) / (XNY-WxLOUT)
D0 170 I=IC1,NO
SA2XNB=SG2XNB+{XX{I)-WM)4%x2

170 SQA3XNB=SA3XNB+(XX(I)-WM) %43
DC 180 I=1,NA
SQ2XNA=SA2XNA+ (XX T) -WM) k%2

180 ° SG3IXNA=SAIXNA+ (XX D) -UM) k%3
SW2=(WASHZXNB+SQ2XNA) / (XNY-WALOUI-1)
SH=SART(SW2)
SUMXNA=(WASA3XNB+SA3XNA) X {XNY-WALOUT)
SUMXNB=(XNY-WALOUT=1) A (XNY-WALOUT=2) ASWA%3
CS=SUMXNA/SUNXNE
CYW=SW/uN
RETURN
END
SUBROUTINE EQNS(XL,AM,FN,EM1,PSII)

c

C PURPOSE-
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T0 EVALUATE THE REDUCED MAXIMUM LIKELIHOOD ESTIMATOR EOR
THRE LOG PEARSON TYPE III DISTRIBUTION.

REAL AM,EM,FML,PSII,Y,S1,82,83,54,B,4,C,P,PS1,Q
DIMENSIDN XL(1S50)

COMMON /BLOCK2/ GBAR,N,NET,KOUT

AN=NET :

Sl=0.

§2=0.

B0 1 J=1,NET

Y=XL{J)-AM

SI=S1l+Y

§2=82+1./Y

B=51x52/(S2%51-ANA%2)

A=S1/(ANAB)

$3=0.

34=0.

00 2 J=1,NET

Y=XL(JI)-AN

S4=54+1./Y4%2

53=5S3+AL0G{Y/ )

C=B+2.
PSI=ALOG(C)~1./(2.4C)=1./(12. ACA%2)+1./(120. %44} =1./ (252 ACAX5E) ~
11,/7¢1.+8)=1./R

Eri==~ANAPSI+S3
PSII=1./C+1./(2.*Ck*2)+l./(6.*5**3)-1./(30.*5**5)+1./(42.*Ck*7)+1.
1/(B+1.)%k%x2+1./Bxx2
P=PSIIA(ANAXIAS1AS4~ANAX4AS2)/ (S2AS1-ANAX2) k%2
G=CANAXIAS4-ANAX2AS2X%2) / (S2hk24S1~ANAX2ASD)
EM1=P-52-0 -

RETURN

END

SUBROUTINE MAXLP3(XLN,CSL, IND)

C PROGRAM COMPUTES PARAMETERS BY MAX LIELIHOOD.

31

32

33

REAL AML,BNL,HML,ANH,ANC,EMH, EHL,EHC,ENH1, EAL], ENC1
REAL PSII,EM1,EM,AM,RN,BIEE,CRIT,S1,52,Y

DIMENSION XLN(150)

COMMGN/BLOCK2/ OBAR,N,KN,KOUT

COMMON/BLGCK4/ AML,BML,HHL

" AN=KN

IE(CSL) 31,31,32
AMH=XLN(1)+,01

AML=XLN(1)+50.

GOTO 33

AMH=XLN (KN) =, 01

AML=XLN(KN)~50.

CALL EQNS(XLN,AMH,EMH,ENH1,PSID)

CALL E@NS(XLN,AML,EML,EML1,PSII)

D0 35 J1I=1,15
IE(FMH.GT.0..AND.ENL.LT.0..OR.ENH.LT.0. . AND.EML.GT.0.) GOTO 34
GOTO 37
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AMC=(AMH+ANL) /2.
CALL EGNS(XLN,ANC,EMC,EMC1,PSID)
IECENH.GT.0..AND.EMC.LT.0..0R.ENH.LT.0. . AND.ENC.GT.0. ) THEN
AML=ANC
EML=EHC
ELSE
AHH=ANC
EMH=EHC
ENDIE
CONT INUE
AN=ANH
D0 36 I=1,50
CALL EGNS(XLN,AM,EM,EM1,PSII)
IE(EM1.EQ.0.) GOTO 37
RM=AM-EH/EM]
DIEE=ABS (RM-AM) |
CRIT=ABS(0.0001AAN)
IE(DIEE.LT.CRIT) GOTO 38
AM=RN
CONTINUE
CONT INUE
IND=1
GOTO 40
CONT INUE
MML=RM
$1=0.
$2=0.
B0 39 I=1,KN
Y=XLN(I)-RN
§1=81+Y
§2=52+1./Y
BML=51X52/ (51x52-ANAx2) '
ANL=S1/ ( ANXBNL)
CALL EQNS(XLN,MML,EM,EM1,PSID)
IND=0

RETURN
END

SUBROUTINE VARMLH (VARA,VARB,VARN,COVAB,COVAN,COVBM,IT)

UARMLH : PROGRAM TO COMPUTIE IHE VARIANCE OF THE QT YEAR EVENT

OF A SAMPLE EROM A TRUNCATED LP3 DISTRIBUTION.

WRITTEN BY PAUL J. PILON WRB, PUM, SIH ELOOR.
MAY 21, 1986.

ALL RIGHTS RESERVED.
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INTEGER YI



Lo o N

OO an

- 211 -

COMMON/BLOCK1/ELOM(150),PROB(150),SIN(B),HN, IYR(150), IHON(150),L0U
11,DELOW(150),DFLOW1(150) ,HOUT, INDIC, IPRD(2) NE
CONMON/BLOCK2/QBAR,N1,NET,KOUT
COMMON/BLOCKA/AL,B1, N
COMMON/BLOCKG/NHA ,NB,NC, THRESH, YT, UNIT(2),XNA
REAL  Vv(3,3),D,VARA,VARB,VARM,COVAB,COVAN,COVBM,ZT,DZDA,2,1IC,

DZDB,VARZT,VARXT,SEEXT,Q,K,XC,YC,A,B, 4, XN,S0,
¢s,T,.DM2,110,FY,DEY,EYN2, I00N2, FYN2, I10OM],FYN],EYNI,
X10,X20,110P1,FYP!,EY,N,X30,D21C,DTDR,DI10DR,EFIC.U,XT

With

ENTER THE TRANSEOKMED MEAN,STANDARD DEVIATION, AND SKEWNESS OF THE
GENERATED SAMPLE SO THAT A,B. AND 4 MAY BE COMPUTED FROM THE HOMENT
RELATIONSHIPS.

a=al

B=Bl

NA=XNA
NB=NB-KQUI-LOUT
NC=NC+KQUT

N=NA+NB

K=NC
YC=(ALOG(THRESH)}=-M}/A

SOLUTION OF 2

CALL SLPEB2(YC,B,I110,EY,A)
@=ELOAT(NC) /ELOAT (NB+NC)

Z=B-2.

CALL SLPEB2(YC,Z,I1042,EYN2,A)
EYM2=2({1.,=-0)%I10M2/¢(B~1.)%(B=2.))+(1.,-I10M2)/

1 ((B-1.)%(B-2.)))/{1.~Q%110}

EYM2=NXEYN2

BEY=EYA(B-1.)/YC - EY

VU(3,3)=CK/(A%A) YA(BEY/TI10-(EY/T10)k42)=(B-1.)AEYN2/(AA)
v(3,3)==Y(3,3)

SOLUTION OF 2

Z=B-1.

CALL SLPEB2(YC,Z,Il10M1,EYN1,A)
EYM1=((1.-QxI10M1)/(B=1.))/(1.-GxI10)
EYM1=NAEYM1

CALL DIGAMMA(B,X10)

X20= D LNECYC)

CALL SLOPEB(YC,B,X20,A,EEIC)
V(2,3)=-EYML/A-KA((EY/I10)%
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1 (ALOG(YC)-X10-X20))/A
v(2,3)=-9(2,3)
SOLUTION OF 2

7=B+l.
CALL SLPEB2(YC,Z,I10P1,EYPL,A)
EY=BA(1.-04I10P1)/(1.-GAI10)
EY=NAEY
W(1,1)==2, REY/ CARA ) +NAB/ (AXA) ~KACYCKEY/(AXIL0)IAC=2./A
1 ~YCXDEY/(AXEY)+YCAEY/ (A% I10))
Uil,1)==¥(1,1)
SOLUTION OF 2

DIDB=(YCkk(1./3.))/(2.A{BA*(5./6.)))

1 ~1./(6.%BA%1.5)-1.5/{Bxx.5)
Y(1,2)==N/A=KA(YCAEY/ (AXI10) )& (ALOG(YC)-X10~(EFIC/I110)%DIDB)
V(1,2)==-V(1,2)

SOLUTIGN OF 2

CALL IRIGAM(E,X30)

D2TC=(~5.AYCA%(1./3.))/(12.ABx&(11./6.))+.25/(Bx%2.5)+

1 «79/{Bkx1.3)

DLN=DLN(DBE(YC}/DBB)/DB
TC=(YCAx(1./3.)+1./ (9. %BA%(2./3.))-Bak(1./3.))k3ABRA(1./6.)
DLN=D2IC/DIDB - DIDBXIC
DI1ODB=FFICA(YCAk(1./3.)/(2.%Bk%(5./6.))~1./(6.2B&%1.3)

1 -1.5/B%%.3)

¥(2,2)=-NAX30+KxBI10DBX(DLN-DI10DB/110) /110
v(2,2)=-V(2,2)
SOLUTION OF 2

V(1,3)==N/(AXA)+KACYCADEY/ (AXKAXI10) = ((EY/I10)k4A2)4
1 YC/(AXA)+EY/(AXAXI10))

U(1,3)='U(1,3)
NOW FILL IN THE REST OF THE MATRIX
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V(3,1)=V(1,3)
v(2,1)=9(1,2)
¥(3,2)=0(2,3)

THE INVERSE DISPERSION MATRIX IS NOW COMPLETE.
COMPUTE THE DETERMINANT OF THE MATRIX.
IT=0
5 D=VC1,1)AV(2,2)A0€3,3)=V(1, 1JAV(2,3)4¥(3,2)=V(1,2)4V(2, 1) 4
1 V(3,30+9(1, 2)AU(2,304V(3,1)+V01,3)AV(2, 1) 4V(3,2) -
2 U(1,3)&V(2,2)4V¢3,1)
IF(D.LE.0.) THEN
IT=1T+1
IECIT.LT.5) THEN
FACTOR=1.00005
ELSE
FACTGR=1.001
ENDIE
V{2,2)=V(2,2)xEACTOR
IF(IT.LTI.9) THENW
5070 S
ELSE
IT=9
F0TG 1000
ENDIE
ENDIE

g Ny Nyl

-

VARA=(V(2,2)AY(3,3)-V(3,2)k42)/B
VARB=(V(1,1)4V(3,3)=V(1,3)xx2)/D
VARM=(V(1,1)4Y(2,2)=-V(1,2)%%2) /D

COVAB==14(VU(1,2)4V(3,3)-U(1,3)14V(3,2))/D

COVAM=(V(2,1)4xV(3,2)-V(3,1)4V(2,2))/D f

COVBMN==1%(V(1,1)4¥(3,2)-V(3,1)4V(1,2))/D
1000 REIURN

END

SUBROUTINE EPLOT(EST,T,HIST,FAIL)

PURPOSE -
10 PLOT A EREQUENCY CURVE FITTED USING THE LOG PEARSON
IYPE IIT DISIRIBUTION

DESCRIPTICGN OF VARIABLES
YARRAY ....DESIGN ELOOD ESTIMATES T0 BE PLOTIED
N »+«SAMPLE SIZE
I --..RETURN PERIODS OF DESIGN ELGODS
SIN «++.STATION NUMBER AND NAME
DELOW ....OBSERVED ELOODS IN DESCENDING ORDER OF MAGNITUDE
PROB  ....PROBABILITIES GF DBSERVED ELOODS

OO0 oO00000

INTEGER HIST,FAIL
COMMON/BLOCK1/ELON(150) ,PRGB(150),STN(6) N, IYR(150), IHON{1S0),
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$LOUT,DELOM(150),DFLONL(150) ,HOUT, INDIL, IPKD{2),nE
COMMON/BLOCK2/0BAR, N, NET, KOUT

DIMENSION YARRAY(15),P(15),XARRAY(15),X1(150),XP(15).T(1),
$XELON(150),YY(15),EST(1), ZARRAY (15)
DATA(XP(I),1=1,11)/~2.750,-1.645,-0.842,0.0,0.842,1.282,1.845,2.05
14,2.326,2.575,2.88/

CALL PLOT(0.,~30.,-3)
CALL PLOT(2.,2.,-3)
EACT1=1.46628
EACT2=3.77713
80 1 I=1,11
KARRAY(I)=XP{ 1) AEACT1+EACT2
P(I=1./T(D)
CONT INUE
11=0
B0 2 I=1,11
IFCEST(I).LE.0.001) GO T0 2
II=II+1
YARRAY(II)=EST(D)
CONT INUE
D0 3 I=1,11
IF (I.LE.3) N222
IE (I.GT.5) N2=0
If (1.EQ.4.0R.I.EG.5) N2=1
IF (I.EQ.1) N2=3
X=XARRAY(I)=0.10
CALL PLOT (XARRAY(I),6.0,3)
CALL PLOT (XARRAY(I),0.0,2)
CALL NUMBER (X,=.25,0.07,T¢I},0.0.N2)
CONT INUE

REDEEINE N IE ZERD FLOMS ARE PRESENT IN OBSERVED ELOW SERIES...
NUN=0
D0 21 L=1,N
IF (DELOM(L),LT.0.001) 68 TO 21
NUM=NUN+1
CONT INUE
N=NUM
D0 4 III=1,11
1=111

" XTEMP=10.kk(I-4)

IE (XTEMP.GT.YARRAY(1).OR.XTENP.GT.DFLOW(N)) 60 I0 S
CONT INUE

S II1=1I1+1
112=11+2
YARRAY(II1)=10.0%4(I-5)
1=1-5
D0 6 III=1,140
K=111
XTEMP=10. kK
IE(XTEMP.GT.YARRAY(II) .AND.XTEKP.GT.DELOW(1)) GO 10 7
CONTINUE



10
11

12
13

_2]5_

7 YARRAY(II2)=(K-1)/6.9

DO 10 K=1,70

IF (K.LE.10) I=K

IF (K.LE.19.4ND.K.GT.10) I=I+10

IE (K.LE.28.AND.K.GT.19) I=I+100

IF (K.LE.37.AND.K.GT.28) I=1+1000

IF (K.LE.46.AND.K.GT.37) I=I+10000

If (K.LE.55.AND.K.GT.46) I=I+100000

IF (K.LE.64.AND.K.BT.S5) I=I+1000000

XH=ALOGLO(YARRAY(II1)AI)/YARRAY(II2)-ALOGLOCYARRAY(II1))/YARRAY (LT
x2)

IF (XH.6I.5.001) GO TO 1l

CALL PLOT (-0.25,XH,3)

CALL PLOT (8.0,XH,2)

If (K.E@.1.0R.K.EQ.19.0R.K.EQ.28.0R.K.EQ.37.0R.K.EQ.46.0R.K.EG.10.
*OR.K.EQ.55.0R.K.EQ.64) GO T0 8

(I=XI+1.

X3=XH-0,035

CALL NUMBER {-0.30,X3,0.07,XI,90.0,-1)

G0 TO 9 -

CONT INUE

XI=1.

XI1=10.

X3=XH+0.02

KI2=ALOGLOCYARRAY(II1)&I)

CALL NUMBER (-0.30,X3,0.10,X11,90.G,~1)

X2=X3+0.18

CALL NUMBER (-0.37,X2,0.07,X12,90.0,-1)

CONT INUE

CONT INUE

CONTINUE

XELOW(N+1)=0.

XELOW(N+2)=1.

DELOW(N+1)=YARRAY(II1)

DELOW(N+2)=YARRAY (1I2)

X1(N+1)=0.0

X1(N+2)=1,0

XARRAY(121=0.0

XARRAY(13)=1.0

DO 14 I=1,N

IF (PROB(I).LT.0.5) GO IO 12

ICHECK=0

P1=1.0-PROB(I)

50 TO 13

ICHECK=1

P1=PROB(I)

T1=(ALOG(1.0/P1k%2))%%0.5

XP1=T1-(2.51552+0.80285xT1+0.010334T1%%2)/(1.0+1.432794T1+0.18927%
1T1442+0.001318%T14x3)

IF (ICHECK.EQ.0) X1{I)=EACT2-XP1iFACT1

IF (ICHECK.E@.1) X1(I)=FACT2+XP1xFACI1

KELOW(I)=ALOGLO(DELOW(I))/YARRAY(II2)-ALOGLO (YARRAY(II1))/YARRAY( I
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312)

CONTINUE

CALL LINE (X1,XELOW,N,1,-1,3)
p0 1§ I=1,1I
YY(I)=ALOG1O(YARRAY(I))/YARRAY(II2}-ALOGLOCYARRAY(IIL) )/ YARRAY(II2
x) N

YY(II1)=0. -

YY(II2)=1.

1I=12-11

MM=0

D0 16 1=31,13

HH=MM+1

ZARRAY (NM) =XARRAY( I)

CONTINUE

CALL ELINE(ZARRAY,YY,-II,1,0,0)

CALL SYNBOL €0.30,6.5,0.14,5IN,0.0,55)

IE(MN.EG.1) CALL SYMBOL(-0.5.1.88,0.14,1SHDISCHARGE {(CES),90.,15)
IE(MN.EQ.2) CALL SYMBOL(=-0.5,1.88,0.14,1SHDISCHARGE (ChS),90.,15)
IE(HIST.EQ.0) CALL SYMBOL(1.40,5.4,0.10,51HELOOD EREQUENCY - LOG ?
1EARSON TYPE III DISTRIBUTION,0.0,51)

IECHIST.6T.0) CALL SYMBOL(1.00,6.4,0.10,62HHISTORICAL FLOOD EREQUE
INCY - LOG PEARSON TYPE III DISTRIBUTION,0.0,52)

IE(FAIL.LT.1) CALL SYMBOL(2.53,6.2,0.07,42HPARAMEIERS ESTIMAIED BY
1 MAXIMUNM LIKELIHGOB,0.0,42)

IE(EAIL.GT.0) CALL SYMBOL(2.94,56.2,0.07,31HPARAMETERS ESTINATED BY
1 KOMENTS,0.0,31)

CALL SYMBOL (2.04,-.6,0.14,28HRECURRENCE INTERVAL IN YEARS,0.0,28)
CALL SYMBOL (~1.75,-1.1,0.5,3,90.0,-1)

CALL SYMBGL ¢9.25,-1.1,0.5,3,90.0,-1)

CALL SYMBOL (9.25,7.4,0.5,3,90.0,-1)

CALL SYMBOL (-1.75,7.4,0.5,3,90.0,-17

RETURN

END





