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Abstract 

In [7], Ehrhard et al. present a model of the untyped lambda calculus built from 

an object without enough points in a cartesian closed category MRel . This thesis 

presents the background needed to construct and understand this model. In particular 

we describe what it means for models to have enough points and exhibit connections 

between MRel with various categorical models of lambda calculus in the literature. 

In particular, we are able to relate the graph model to MRel . We also describe 

connections with various kinds of Kleisli categories arising from comonads and their 

associated theory. 
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1 Introduction 

The untyped lambda calculus is a fundamental model of computing that was first 

introduced by A. Church in the 1930's [8]. Many areas of mathematics consider 

functions as graphs. That is to say a function / : X —• Y is defined by the set 

{(x,y) G X x Y | f(x) = y} and two functions are said to be equal if they have 

equal graphs, i.e. they have the same range of arguments and agree on all outputs. 

This view of functions is called extensional. In the lambda calculus, we can have 

an intensional view of functions. We consider functions as rules or formulas. A 

function is no longer defined by its graph; rather it is defined by how the output 

of the function is calculated, by its rule. Using this view, we can still say that two 

functions are extensionally equal if, as before, they range over the same arguments 

and agree on all outputs. But now we have another notion of equality. We say that 

two functions are intensionally equal if they are calculated in the same way, in other 

words, they are equal if they share the same rule. 

This notion of thinking of functions as rules is used in many fields. Consider for 

example computer science: take two programs that are extensionally equal, i.e. yield 

the same output on the same input. It is of course of interest for a computer scientist 

to choose the program which is faster and/or requires less space. These differences are 

intensional differences. Notice that a program can have other programs, or even itself, 

as input. The same is true in the lambda calculus. The lambda calculus is a type-free 

structure and therefore functions can be applied to functions (even to themselves). 

The intuition is to consider a universe U of functions of a very general kind: functions 

in U can apply to any other function in U, so such expressions as f(g) or even / ( / ) 

make sense. On the one hand, as we have mentioned, this notion of function has 

turned out to be obviously useful in computer science, since if we think of programs 

as functions, this kind of function application allows programs to call themselves. On 

the other hand, it obviously has set-theoretical problems for mathematicians: how do 

1 



CHAPTER 1. INTRODUCTION 2 

we make sense of / ( / ) ? 

Thus lambda calculus studies functions and how they apply to other functions. 

The two basic underlying ideas are application and abstraction which are both primi­

tive in the sense that they are built into the definition of the lambda calculus. On the 

one hand, a function / applied to an argument a is written fa. Abstraction, on the 

other hand, is the process of starting with any property tp(x) and forming the func­

tion x i—> ip(x). In lambda calculus, the latter function is denoted Xx.<p(x). Thus, in 

ordinary mathematics, the expression \x.2x denotes the doubling function (on some 

implicit domain of interpretation) and Xx.x denotes the identity function (again on 

some implicit domain). The fundamental law combining the two is the /?-rule: 

(Xx.<p(x))a = ip(a) 

This says that to evaluate the function \x.<p(x) applied to argument a, do the fol­

lowing: substitute a for all the x's in the expression <p. The key fact about lambda 

calculus is that (i) there could be millions of such x's and (ii) the a is itself a lambda 

term. Thus in general we may get non-terminating computations. Consider the term 

u) = Xx.xx. Now consider ww. According to the /3-rule, 

UJUJ = (Xx.xx)ui 

= LOU) 

= (XX.XX)OJ 

As you can see, the term UIUJ is non-terminating. 

The main problem we are interested in investigating is semantical models of this 

theory: a class of functions and a notion of application which models all the axioms 

of lambda calculus. A model of the lambda calculus will need to be able to interpret 

functions and arguments on the same level. For this, we need an object U such that 

Uu = U or, a slightly relaxed condition, that Uu = U. This leads us back to the 

aforementioned set-theoretical problems. As we will see in section 2.2.2, in the world 

of sets and functions, this isomorphism is not possible unless U is a singleton because 

of cardinality problems. Obviously, U a singleton set does not lead to any interesting 

file:///x.2x


CHAPTER 1. INTRODUCTION 3 

models of the lambda calculus. More generally, we seek a cartesian closed category 

(i.e. a category with function spaces) with an object U ^ 1 such that Uu = C/. It was 

not until 1969 in [14], that the first interesting mathematical models were developed 

by Dana Scott. The idea here was to consider a cartesian closed category of lattices 

with an appropriate topology on the function spaces. Then take the set of continuous 

functions from U to itself, written [U => U], instead of the set of all functions Uu. 

This solves the cardinality problem mentioned earlier. 

In this thesis, we study a recent new model for untyped lambda calculus defined 

in a category called MRel, due to Ehrhard et al.[7]. This model arises from linear 

logic. Linear logic was invented by J-Y Girard in 1987 ([9]) as a kind of fine-grained 

analysis of the traditional laws of logic. If we use a Gentzen sequent-style approach, 

linear logic modifies the rules of logic by restricting the use of contraction and weak­

ening in the structural rules. This entails a division of the rules of logic into three 

"levels": multiplicative, additive, and exponential. It turns out that just as lambda 

calculus is intimately related to cartesian closed categories ([11]) also linear logic has 

a remarkable connection with monoidal category theory ([6]). 

The multiplicative level corresponds categorically (roughly) to *-autonomous cat­

egories (symmetric monoidal closed categories with a notion of negation or duality 

A1- = A -o_L induced from a dualizing object _L). The multiplicative connectives are 

<g>, 3J, and -o 1. The additive level corresponds to adding products ( and, by duality, 

coproducts) to the multiplicative level. Finally, the most subtle level is the expo­

nential level, which correspond to having an endofunctor ! which marks the formulas 

where the traditional laws of contraction and weakening take place (for example, con­

traction is the law IA —>\A<g>\A). The algebraic structure that ! satisfies is intricate 

and has taken a long time to clarify (It started with the paper of Seely [17] and 

culminated in more recent work [5, 13]. 

An important (degenerate) model of linear logic is Rel (the category of sets with 

maps being binary relations) in which the binary connectives (on the objects of Rel, 

i.e. on Sets) are trivially identified with the cartesian product and negation does 

1 ^ is the de Morgan dual of <8> and —o (the linear function space) is definable as A —o B = 
AXV B 
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nothing: A® B = A ^ B = A-oB = AxB and A-1 = A. Note however 

that (—)x on morphisms (relations) is nontrivial: R1- = i?op, the converse relation. 

It can be shown that categorical products (denoted &) are given by disjoint union 

A&B = ({1} x A) U ({2} x B). In this model, it turns out that ! has been effectively 

modelled by the finite multiset functor, so \A = Mf(A), the set of all finite multisets 

over the set A and ! = Aif is a comonad on Rel. Prom the general theory of models 

of linear logic, the Kleisli category of ! is cartesian closed. This Kleisli category, which 

is what we have been referring to as MRel, is the subject of this thesis. It is both 

connected with an interesting model of linear logic (Rel) as well as with models of 

lambda calculus (via cartesian closedness). Many of the features we discuss below 

are motivated from this background. 

As we have mentioned, a model of the untyped lambda calculus corresponds to 

an object U in some ambient cartesian closed category such that Uu = U. In fact, 

we are able to model the untyped lambda calculus with a retraction Uu < U, but this 

model will no longer model the 77-rule. The ??-rule identifies two functions if and only 

if they agree on all inputs: 

Xx.ipx = ip 

where x is not a free variable in <p (see section 2.2.1 for a discussion of free variables). 

The ?7-rule essentially identifies a function with its graph, so imposing 77 is another 

way of imposing extensional equality between functions. In many models the stronger 

condition that the terminal object 1 is a generator or that the object U has enough 

points is true. These models are also known as lambda models. 

The work that will follow will present the background needed to further understand 

the lambda calculus and its models and the category theory needed to understand 

the construction of MRel (the coKleisli category of the finite multiset functor on 

Set lifted to Rel). We then try to relate known models of the untyped lambda 

calculus to this category MRel. In the first chapter, we introduce the notation we 

will be using for finite multisets, give a brief summary of a well known model of the 

untyped lambda calculus, the graph or Vu>-m.ode\ due to Dana Scott, and finally, 

we define some basic category theoretic notions such as functors, monads and Kleisli 

categories. The examples of these notions will culminate in the construction of the 
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aforementioned category MRel. The next chapter will investigate several elements 

of the structure of MRel. First, we show that MRel is a cartesian closed category 

and describe the construction of an extensional reflexive object in MRel given in [7]. 

As we have already mentioned, these two facts combined tell us that we are able to 

model the untyped lambda calculus in MRel. We will then show that the terminal 

object of MRel is not a generator and describe the global sections functor for this 

category. This structure will be the basis of what is needed for the third chapter, 

in which we succeed in describing the graph model in terms of objects and maps in 

MRel. We also get a result showing the relationship between retractions in MRel 

and retractions in the category of algebraic lattices AlgLat. The last section of this 

chapter discusses further work that could make our description of the graph model 

somewhat more natural. 

In summary, this thesis is an exposition, expansion and clarification of the paper 

of Ehrhard et al. [7]. This thesis accomplishes the following: 

1. We give the appropriate categorical and lambda calculus background to under­

stand the paper [7] and the work presented in this thesis. 

2. We give a detailed treatment of finite multisets. 

3. We present a well known model of the lambda calculus: the graph or VUJ model. 

4. Some of our new results include: 

• Study of the connections of the general Ehrhard construction with the 

graph model (section 4.1, section 4.2, Proposition 4.2.1). 

• Study of the role of distributive laws of monads in the above (section 4.4). 

• Results showing the relationship between reflexive objects in MRel and 

reflexive objects in the category of algebraic lattices (Proposition 4.3.1). 

• Results showing the relationship between the reflexive object given in [7] 

and C-monoids (Proposition 3.5.1, Proposition 3.5.7). 



2 The Basics 

2.1 Introduction to multisets 
A multiset is a set with multiplicity, that is to say, an element of a multiset may 

appear more then once. More formally, 

Definition 2.1.1. A multiset a over a set S is a pair (A,m), where A C S is called 

the support of a and m, a function m : A —• N+ , is called the multiplicity function. 

The support A is the set of all the distinct elements of a and for a € A, m(a) = 

multiplicity of a. In other words, m(a) is the number of times a appears in a. We 

say that two multisets, say (A,m), (B,n) over a set S, are equal when both A — B 

and m = n. 

Remark 2.1.2. Note that an ordinary set A is a multiset where every element has 

multiplicity 1. In other words, the multiplicity function of an ordinary set m : A —• 

N+ is constantly 1. 

Definition 2.1.3. We define the union of two multisets a\,a^ over a set 5, written 

l±l as follows: we have a.\ with A —• N+ and a.i with B -^-* N+ , then ai W a2 is 

defined by the pair (A U B, I) where for x G A U B 

Kx) = { 
m(x) if x G A\B 

n(x) ifxE B\A 

m(x) + n(x) ifxeAnB 

We say that a multiset is finite if its support is a finite set. Suppose we have a finite 

multiset of finite multisets A over a set S, then A = (B, m), where B = {ati,..., ctk} 

for multisets a^, . . . , a* over S. Then 

|+| A = (. • • ((a: y a2) l±) a3) • • • W ah) 

We also write this as |+)i==1 a*. 

6 
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If 5 is a set, we denote M./(S) as the set of all finite multisets over S. 

Mf(S) = {(A,m) \AQfS,A^+ N+} 

Notice that the empty multiset is the pair (0, m%), where 0 —^ N+ is the unique 

empty function. Therefore, .M/(0) = {*}, a singleton, namely {(0, m$)}. 

For a € M.f(A), A a set, we can represent a as a finite set of pairs, say 

a = {(ai, ra(ai)),..., (ak, m(ak))} 

The first element of the pair denotes the element of A that is in a and the second 

element of the pair is the multiplicity of that element. This is in many cases more 

information then needed; therefore for simplicity, we will usually denote a as a list 

[ai,..., a^, a,i G A, with possibility of repetition. We write [ ] for the empty multiset. 

Definition 2.1.4 (see [7]). An N-indexed sequence of multisets {c^} is quasi-finite 

if ctj = [ ] for all but finitely many indices i. 

Definition 2.1.5 (see [7]). Let A be a set then M.f(A)^ is the set of all quasi-finite 

N-indexed sequences of multisets over A. 

Notation 2.1.6. As a convention, throughout this paper, a, (3,... will denote mul­

tisets. In other words, they are elements of A4f(S) for some set S. Usually, we will 

have a E Aif(A), (3 e M.f(B), but this is not always possible. A, B,... will denote 

elements of M.f(Mf(A)), M.f(Mf(B)),... for some sets A, B, — In other words, 

if A € M.f(Mf(A)), A = [cui,..., a*] where each a; e Mf{A). X,Y,... will denote 

elements of Mf(Mf(Mf(A))), for some set A. Here X = [Ai, • • •, Ak], where each 

Ai € Mf(Mf(A)). 

2.2 Introduction to lambda calculus 

The lambda calculus is based on two fundamental operations: function application 

and abstraction. Abstraction denotes the operation x i-> tp(x) for some expression ip. 

In the lambda calculus, we write this as \x.<p(x). Suppose <p(x) is the polynomial 2x: 
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tp(x) = 2x. We can apply the expression \x.ip(x) to another expression, say a: 

(Xx.<p(x))a = (Xx.2x)a 

= la 

= ¥>(a) 

where ip(a) is the expression ip(x) with all the occurrences of x replaced with a. This 

can also be written as <p(x)[x := a], read <p(x) with x replaced by a. This reduction 

principle of expressions in the lambda calculus is known as the /3-rule. 

This section will introduce some basic theory concerning lambda calculus. The 

first part will define the theory of A or A-calculus and mention some basic notions 

such as a-conversion and substitution. The second part will describe what a model 

of the A-calculus is from a category theoretic point of view and the last part will give 

a brief presentation of a well known example of such a model. 

2.2.1 The A-calculus 

Here we provide a brief introduction to the syntax of the A-calculus and follow the 

presentation given in [2], primarily section 2.1. 

Definition 2.2.1. Lambda terms are words built from the alphabet consisting of 

variables x,y,z,..., parentheses (,) and an abstractor written A. 

The set of lambda terms A is defined inductively as follows: let V denote the set 

of variables then 

• V C A 

• if x E V and M G A , then (Xx.M) e A 

• if M, N e A, then (MN) e A 

where MN denotes M applied to N. 

Remark 2.2.2. In applied A-calculi, we may have additional constants and/or term 

forming operations. For example, in [11], the untyped A-calculus has projections and 

surjective pairing operations, 7r,(M) and {—,—), satisfying product equations. These 

types of A-calculi are referred to as extended A-calculi. Here, we will write A^ for the 

set of lambda terms with one constant ca symbol for each element of a of the set A. 



CHAPTER 2. THE BASICS 9 

Notation 2.2.3. Notice that when it is not necessary, parentheses in lambda terms 

will be omitted. Also, for terms M x , . . . Mk, the term (• • • ((M1M2)M3) • • • Mk) is 

abbreviated to M\M2 ...Mk and a term of the form (\xi.(\x2-(- • • (Xxn.M) •••))) is 

abbreviated to Xxi... xn.M. 

Notice that lambda abstraction, Xx.—, is a variable binding operation similar to 

Vx.tp(x) or f f(x)dx. Hence, as in logic, we must use the usual conventions of free 

and bound variables. 

Definition 2.2.4. A variable x is free in a lambda term M if x is not in the scope 

of a Xx. Otherwise, x is bound. The set of free variables in M, written FV{M) is 

defined as follows: 

• FV(x) = {x} 

• FV(Xx.M) = FV(M)\{x} 

• FV(MN) = FV{M) U FV(N) 

The set of bound variables in M, written BV{M) is defined as follows: 

• BV(x) = 0 

• BV(Xx.M) = BV(M) U {a;} 

• BV{MN) = BV(M) U BV(N) 

A term with no free variables is closed. 

Definition 2.2.5. Informally, a-conversion or a change in bound variables in a 

lambda term M is the replacement of a subterm of M of the form Xx.N by Ay. (N[x :— 

y]), where y does not occur in N. We therefore syntactically identify terms that are 

equal up to a change of bound variable. 

Notation 2.2.6. We let M[x := N] denote the term obtained by substituting all the 

occurrences of x in M by N, where a-conversion is performed if necessary to prevent 

free variables from being bound mistakenly. Consider the expression (Xx.(Xy.yx))y, 

where the last occurrence of variable y is free. Without performing a-conversion, 

this reduces to Xy.yy, the free variable y has become bound by the Xy abstraction. 
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To prevent this, we first convert (Xx.(Xy.yx))y to (Xx.(Xz.zx))y, then this expression 

now reduces to Xz.zy and no free variables have been inadvertently captured. 

Definition 2.2.7. The A-calculus is a formal theory with formulas M = N, for 

M , J V G A given as follows: 

1. Equality Axioms: 

M = N M = N,N = L 

M = M N = M M = L 

2. Congruence Axioms: 

M = N M = N M = N ^ruie 

Mx = Nx yM = yN Xx.M = Xx.N 

3. Lambda Calculus Axiom 

(Xx.M)N = M[x := N] /3-rule 

Remark 2.2.8. If M = N is a derivable equation in the A-calculus, many people, 

such as in [2], will write this as h M = N, as in logic. Here we use the usual 

convention in algebra and write M = N for a derivable equation when this is clear. 

In ordinary mathematics, we look at functions extensionally. That is to say, we 

define functions by their graphs: 

f : A ^ B = {(x,y) eAxB\ f(x) = y} 

This is captured in lambda calculus in one of two ways. 

Definition 2.2.9. 

• Extensionality rule 

if Mx = Nx then M = N 

provided that x <£ FV{M) U FV{N). 
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• The rj-rule or 77-conversion 

Xx.Mx = M 

provided x £ FV(M). The A^-calculus is the A-calculus extended with 77. 

Proposition 2.2.10 (see [2]). The X-calculus extended with the extensionality rule 

and the Xrj-calculus are equivalent. 

2.2.2 Models of the A-calculus 

The difficulty with modelling the untyped A-calculus is that since such expressions 

as fg or even / / are allowed, we must be able to interpret them in the model: we 

need to be able to have functions and arguments live at the same level. In other 

words, we need a set U where the exponential object Uu is equal to U. In Set, even 

if we relax equality of sets to a bijection Uu = U, this is not possible unless \U\ = 1: 

suppose \U\ > 1 and suppose that there exists a set theoretic bijection / : Uu —> U. 

The fact that this function must be total and injective means that \U\ > \UU\; but 

we know that for a set U such that \U\ > 1, \U\ < \UU\, this is a contradiction. 

Therefore the cartesian closed category Set cannot model the untyped A-calculus. 

Starting with [14], we know that it is possible to find a cartesian closed category C 

with a non-trivial object U such that Uu = U via ip : Uu —• U and <p : U —• Uu 

where ip = y>-1. With such an object, we can then define application for M,N € U 

by MN — ev(<p(M),N), where ev is the evaluation map in the ambient cartesian 

closed category C. The laws of the cartesian closedness of C assure us that we have 

both the /3 and 77-rules, although to model the A-calculus without eta, it suffices to 

have an object U such that UU<U, i.e. that Uu is a retract of U (see definition 2.2.12 

below). In this case we model the /3-rule without the r/-rule. 

In many concrete cases, we have that Uu is not the set of all possible maps between 

U and itself, but instead, the set of all continuous maps between U and itself where 

U is given an appropriate topology. We write this [U => U] or [U, U}. For example, in 

the category of algebraic lattices AlgLat (see the next section 2.2.3), [U =$• U] is the 

set of all Scott continuous maps from U to itself, that is maps that preserve joins of 

directed sets. This restriction to continuous maps avoids the set theoretic problems 

which arose when working over Set. 
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The question to be answered now is: What is a general model of the untyped 

A-calculus? There are three styles of models: 

• lambda algebras, 

• lambda models and 

• categorical models in a cartesian closed category. 

The categorical models are easiest to define. 

Definition 2.2.11. A category C is said to be cartesian closed if it admits finite 

products such that for every object B of C, the functor — x A : C —• C has a specified 

right adjoint denoted (—)A : C —> C. This means there is a natural isomorphism, for 

all objects A,B and C of C 

C(CxA,B)^C(C,BA). 

Equivalently (See [2]), a category C cartesian closed if 

• it has a terminal object 1 such that for every object A G C there exists a unique 

map U : A —• 1, 

• any two objects A and B of C have a product A x B in C with distinguished 

projection arrows 7Tj : A\ x A2 —> Ai (i = 1,2), such that for all / , : C —> At 

(i = 1,2), there is a unique map (/i, f2) '• C —• Ai x A2 such that Ttio(f1, f2) — 

/ i (* = l,2), 

• any two objects A and B of C have an exponential BA in C with a distinguished 

evaluation arrows evA,B '• BA x A —• B such that for all / : C x A —> B there 

is a unique map /* : C —> BA such that / = evA,B ° (/* x Id-A)-

Definition 2.2.12. Let C be a cartesian closed category with terminal object 1 and 

U be an object in C. 

(i) U is said to be reflexive if Uu is a retract of U, written Uu < U. That is to say, 

there are maps ip : Uu —> U,ip : U —*• Uu e C such that ip o tp = Idvv. We 

say that U is an extensional reflexive object if we also have that ip o <p = Idu, 

i.e. Uu ^ U. 
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(ii) (see [1]) Suppose U is a reflexive object via the retraction pair ip : Uu —> U 

and <p : U —>• Uu. Let M be a lambda term with FV(M) C A = {xx,... xn}. 

Define then: 

[ M I A E C(Un, U) where Un = (... (1 x U) x . . . ) x U with n copies of U 

as follows: 
{xiJA = 7r2o7rr- i 

[ M J V ] A = ez;o(^oIM]A , [ ;VJA ) 

[Ax.M]A = ^o ( [M] A u { x } )* 

where 7rJ = 7Ti O • • • 0 7Ti ,j times, ev is evaluation in the cartesian closed category 

and (—)* is the curry operation in the cartesian closed category. 

With this, we have that a cartesian closed category with a reflexive object is 

a model of the A-calculus. If, instead, we have an extensional reflexive object U, 

Uu = U, then this is a model of the Ary-calculus. 

Proposition 2.2.13 (Soundness, see [2]). Let C be a cartesian closed category with 

reflexive object U and let M, N e A such that FV(MN) C A. Then 

A h M = N = • [MJA = {NjA 

and similarly, if U is an extensional reflexive object, Uu = U, then 

Xr}\-M = N = » [M] A = [iV]A 

We will now briefly define A-algebras and A-models which are two other styles of 

modelling the untyped A-calculus. Lambda algebras and lambda models are often 

defined in terms of combinatory logic, an area closely related to lambda calculus [2]. 

The following presentation follows [18]. 

Definition 2.2.14. Combinatory logic terms, CL-terms, are words built from the 

alphabet consisting of variables x, y, z,... ranging over a countable set V, parentheses 

(,) and constants K, S. 

The set of CL-terms € is defined inductively as follows: 

• if :r 6 V, then x € <£ 
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• K e <£, S e <£ 

• if P, Q e C, then (MAT) e £ 

where P Q denotes P applied to Q. Here, for a term P , we let FV(P) be the set of 

all variables in P and we say a term P is closed if FV(P) = 0. For a set A, <LA is the 

set of CL-terms with one constant symbol ca for each element a of A. 

Notation 2.2.15. Notice that when it is not necessary, parentheses in CL-terms will 

be omitted. 

Definition 2.2.16. Combinatory logic, CL, is an equational theory with formulas 

P =CL Q for P, Q € <£ given as follows:. 

1. Equality Axioms: 

P=CLQ P=CLQ,Q=CLR 

P —CL P Q =CL P P =CL R 

2. K and S axioms: 

KPQ =CL P SPQR =CL PR(QR) 

3. Congruence and substitution axiom 

P=CLQ,R=CLT P =CL Q 

PR =CL QT P[x := R] =CL Q[x := R] 

Definition 2.2.17 (see [18]). An applicative structure (A, •) is a set A together 

with a binary operation • : A x A —» A. We write ab for a • b and ai • • • au for 

(• • • (ai • a?)...) • a,k). A combinatory algebra (A, •, k, s) is an applicative structure 

with elements k, s € A such that kxy = x and sxyz = xz(yz) for every x,y,z G A. 

It is clear from their definitions that a combinatory algebra is a model of combi­

natory logic. 

Definition 2.2.18. Let A be a combinatory algebra and €A. be the set of com­

binatory terms with one constant symbol ca for each element a of A.The (local) 
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interpretation of CL-terms, with respect to a valuation of variables p : V —> A, is 

defined inductively as follows: 

\x\p = p(x) 

\ca\p = a 

\K\P = k 

{Sjp = s 

IPQI = lP]PHQiP 

For terms P, Q G £&, we say the equation P = Q holds (locally) in A, written 

A (= P = Q, if for all valuations p in A, [P] p = \Q\P. 

Proposition 2.2.19 (see [18]). Let T be a set of equations between combinatory 

terms. For constant-free combinatory terms P and Q 

T \- P — Q iff A\= P = Q for all combinatory algebras A such that A\= T 

There is a close connection of combinatory logic with lambda calculus, in that we 

can simulate a A-operator in CL as follows. 

Definition 2.2.20. (See [2]) Define the derived lambda abstractor of combinatory 

logic, A*, as follows: for a combinatory term R and a variable x, define X*x.R induc­

tively: 

X*x.x = SKK 

X*x.P = KP if x $ FV(P) 

X*x.PQ = S(X*x.P)(X*x.Q) 

We now use this derived lambda abstractor to define translations between C\ and 

AA- Define cl : A A —• <£A and A : <£A —• A A as follows: 

%cl — X X\ X 

(Ca)cl = Ca (ca)x = Ca 

(MN)cl = MdNcl (PQ)X = PXQX 

(Xx.M)d = X*x.Md Kx = Xxy.x 

S\ = Xxyz.xz(yz) 
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Definition 2.2.21. A combinatory algebra A is called a lambda algebra if for all 

combinatory terms P,Q E€A 

if P\ = Q\ then A |= P = Q 

Proposition 2.2.22. The class of lambda algebras can be defined, relative to the class 

of combinatory algebras, by a set of closed, constant-free equations. In particular, 

lambda algebras form an algebraic variety. 

We also have the following, due to Curry: 

Proposition 2.2.23 (See [2]). The class of lambda algebras is axiomatized by the 

equations of combinatory logic and the following five closed equations: 

1. k = s(s(ks)(s(kk)k))(k(skk)) 

2. s = s(s(ks)(s(k(s(ks)))(s(k(s(kk)))s)))(k(k(skk))) 

3. s(kk) = s(s(ks)(s(kk)(s(ks)k)))(kk) 

4. s(ks)(s(kk)) = s(kk)(s(s(ks)(s(kk)(skk)))(k(skk))) 

5. s(k(s(ks)))(s(ks)(s(ks))) = s(s(ks)(s(kk)(s(ks)(s(k(s(ks)))s))))(ks) 

We have that CL together with these axioms, which are referred to as Ap, is equivalent 

to A-calculus [2]. Each of these 5 items represent a rule that holds in the lambda 

calculus, but not necessarily on CL-terms and the derived lambda abstractor. 

We are able to interpret the A-calculus in a combinatory algebra in the following 

way: let A be a combinatory algebra, M,N G AA be lambda terms and p : V —> A 

be a valuation. We define 

{M]p = \Md\p 

A \= M = N iff A H Md = Nd 

Since lambda algebras are special kinds of combinatory algebras, we are also able 

to interpret the A-calculus in lambda algebras. The equations of the A-calculus hold 

under this interpretation, but there is still a problem. The £-rule does not hold under 

the local interpretation defined in definition 2.2.18 (For an example of the failure 
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of the £-rule, see [18]). This leads several people (e.g. Barendregt, Scott) to define 

lambda models. 

Definition 2.2.24. Let A be a combinatory algebra. We say that A is weakly 

extensional if for all combinatory terms P,Q € <£A we have 

if A |= P = Q, then A |= X*x.P = X*x.Q 

In other words, A satisfies the first order formula P = Q =>• X*x.P = \*x.Q. A 

lambda model is a weakly extensional lambda algebra. 

Prom Proposition 2.2.22, we know that lambda algebras are algebraic in the sense 

that lambda algebras can be defined relative to combinatory algebras via a set, in 

this case finite, of equations between terms. Lambda models, on the other hand, are 

not algebraic: weak extensionality, as defined in 2.2.24, is a first order formula. 

As previously mentioned, the £-rule fails in lambda algebras. This problem 

stems from the way free variables are interpreted in the local interpretation pre­

viously defined and can be avoided by taking a more categorically inspired view­

point. In [18], an alternative interpretation, which is called the absolute interpreta­

tion is suggested. This is related to Lambek's categorical method of indeterminates 

[11]. Under this interpretation, an equation in the A-calculus, say M = N with 

FV(MN) C {xi,... ,xn}, is said to be satisfied if it holds in A[xi,...,xn], the 

lambda algebra obtained by freely adjoining indeterminates xi,..., xn to the lambda 

algebra A. This interpretation satisfies the £-rule, unlike the local interpretation pre­

sented above. In fact, with this interpretation, we have the following characterization 

of lambda models: 

Proposition 2.2.25 (see [18]). Lambda models are lambda algebras in which an equa­

tion holds under the local interpretation (with respect to some valuation of the vari­

ables) if and only if it holds under the absolute interpretation. 

The connection between cartesian closed categories and lambda algebras uses the 

notion of points and local well-pointedness(see Section 3.2 for a formal discussion). 

Let C be a cartesian closed category with terminal object 1. A point x of an object 

U € C is a map x : 1 —> U and an object U is locally well-pointed, or has enough 

points, if for every f,g:U —> U, f ^ g implies that there exists a point x : 1 —> U 
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such that fox ^ g o x. Suppose now that we have a reflexive object U via the 

retraction pair tp : Uu —• U and <p : U —> Uu, so <p o ip = Idvu. We have already 

shown how to interpret an untyped lambda term M with free variables in {x\,... xn} 

as a map from Un to U. Define A to be the set of all maps in C from 1 to U, in other 

words A = C(l, U), the set of all points of U. Let • : A x A —> A be the map that 

sends a, b € A, to the map y>* o (a, b), where <p* = ev o (ip x Idu). Then we have the 

following 

Proposition 2.2.26 (see [18]). 

1. A = (A, •) is a lambda algebra. 

2. A is a lambda model iff U is locally well-pointed. 

3. A[x]^C(l,Uu)^C{U,U) 

The second statement of this proposition tells us that in order to model the A-

calculus via lambda models defined using the local interpretation, we need to be 

working in a category in which either 1 is a generator, which is another way of saying 

that the category has enough points, or at least a category with a reflexive object 

that has enough points (this is a weaker/local notion of enough points). If we stick 

to lambda algebras, using the absolute interpretation, we need not restrict ourselves 

to categories with enough points. Instead, it suffices to looks at cartesian closed 

category's with reflexive objects as mentioned earlier. In fact, such a model is given 

in [7], this model is also presented in section 3.4. 

The third statement leads us to a connection with another notion: C-monoids 

(see [11] or section 3.5 for a formal definition). In [11], it is shown that if we have a 

locally small cartesian closed category C with a reflexive object U, Uu < U, such that 

U x U = U, then C(U, U) is a weak C-monoid. If we have that U is an extensional 

reflexive object, Uu = U, and U xU = U then C(U, U) is a C-monoid. In fact, in 

[11] it is shown that the category of C-monoids, i.e. the category whose objects are 

C-monoids and arrows are structure preserving maps, is isomorphic to the category 

of extended A-calculi, i.e. the category whose objects are extended A-calculi and 

arrows are translations (see [11] for a definition). This isomorphism illustrates the 
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strong connection between C-monoids and the A-calculus. In [18], there is a similar 

statement for lambda algebras: The category of lambda theories is equivalent to the 

category of lambda algebras. Hence, modulo surjective pairing in C-monoids, lambda 

algebras, lambda theories and C-monoids are equivalent notions. 

Remark 2.2.27. Prom the second item in Proposition 2.2.26, we have that a reflexive 

object U in a ccc C can be made into a lambda model if and only if U has enough 

points in C. The main observation of Ehrhard et al. in [7] is that choosing a different 

base set, i.e. something other then C(l, U), we can get a lambda model from an 

object without enough points. Indeed, we will present the construction of an ambient 

cartesian closed category MRel which, in a strong sense, is not well-pointed but in 

which such lambda models do exist. 

2.2.3 Vu Model 

In the untyped lambda calculus, we can form terms like MM, for a term M. This 

means that a model of the untyped lambda calculus consists of a structure in which 

objects can be interpreted as functions and also as arguments. The following is a 

brief overview of one such model: the Graph Model or Vu> Model and follows the 

presentation given in [2]. 

Let us first recall a few definitions. 

Definition 2.2.28. A poset (P, <) or simply P, is a set P together with a binary 

relation < on P such that: 

• < is reflexive: for all a E P, a < a; 

• < is antisymmetric: if a < b and b < a, then a = b\ 

• < is transitive: if a < b and b < c, then a < c. 

Definition 2.2.29. A lattice L is a poset (L, <) that has binary joins, also known 

as supremum or least upper bound, written x V y, and meets, also known as infimum 

or greatest lower bound, written x Ay. 

Definition 2.2.30. A complete lattice L is a poset (L, <) such that every subset 

ACL has both a join, written \J A, and a meet, written f\ A. 
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Definition 2.2.31. An element a; of a poset (P, <) is compact if for every non-empty 

directed subset D C P, if \J D is defined and x <\J D, then x < d for some d € D. 

Definition 2.2.32. An algebraic lattice is a complete lattice L such that for every 

x G L, x = \/{y ^ £ I V < £, y compact}. 

Example 2.2.33. Let A be a set. Then V(A) is an algebraic lattice. Indeed, V(A) is 

a poset ordered by inclusion, C: for X, Y, Z G V(A), we have that X C X; if X CY 

and Y C X then X = Y; if X C F and Y C Z, then X C Z. For I , 7 e V(A), 

XWY = XUY E V{A) a n d X A F = X n F € 7>(i4). For T C P(A), we define 

V-F = (J-?7 € 7>(J1) and A-^" = f l^" e T'(A), so V{A) is a complete lattice. The 

compact elements of V(A) are the finite subsets: Let X = {ai,..., a,k} be a finite 

subset of A and let J7 C V(A) be non-empty and directed. Suppose X C (J F, then, 

for i = 1 , . . . , fc, there is a A € ^ such that ctj € A - By directedness of .F, there is 

a DN G ^" such that A C DJV, i = 1,... ,k. Therefore Oj G L>AT for i = 1 , . . . , fc and 

X C Djv as required. Now to show that V(A) is an algebraic lattice, it remains to 

show that for X G V(A), X = \J{Y \ Y C X, Y finite}. It is clear that \J{Y \ Y C 

X, Y finite} C X. To see that X C (J{Y | y C X, Y finite}, notice that for x e X, 

x G {x} and {a;} is a finite subset of X, therefore x G l j { ^ I Y — X, Y finite}. 

Definition 2.2.34. The category of algebraic lattices AlgLat is the category whose 

objects are algebraic lattices and maps are set theoretic functions that preserve joins 

of directed sets. 

We now show that AlgLat is a cartesian closed category with an object U such 

that Uu < U. Let us first observe that AlgLat is a cartesian closed category: 

Proposition 2.2.35 (see [2]). AlgLat is a cartesian closed category with the follow­

ing structure: The terminal object 1 is the singleton algebraic lattice. Let D = (D, <) 

and D' = (£)', < ) be two algebraic lattices. The categorical product of D and D will 

be set theoretical product: 

DxD' = {(d,d) | deDj eD'} 

together with the usual set-theoretic projections 7Ti and 7r2 and the usual pairing map 

( - , - ) . Let (d,d'),(e,e) G D x £>'', then (d,d') <DxD' (e,e) if d < e and d' <' e . 

The exponential object of D and D' is [D, D'], the set of morphisms from D to D' 
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in AlgLat. Let f,g G [D,D'\, then f <iD'D'^ g if for every d G D, / (d) < ' g{d). 

Evaluation ev : [D, D ) x D —> D is defined as follows: given fe[D,D]andde D, 

then ev(f,d) = f(d). 

Now that we know that AlgLat is a cartesian closed category, we know from 

section 2.2.2 that we need a reflexive object in AlgLat to model the A-calculus. In 

this case, the reflexive object will be V(N). This model is known as the graph or VUJ 

model. 

The graph model makes use of two encodings of the natural numbers. Given two 

natural numbers n and m, we define #(n,m) — | ( n + m)(n + m + 1) + m and for 

n G N, define en = {kQ,..., &m_i}, with k0 < h < • • • < A;m_i, where n = J2i<m 2ki-

The first encoding yields a bijection between N2 and N and the second, a bijection 

between N and the set of finite subsets of N. [2] 

With these encodings, we now have all the background information needed to 

define the graph model as an object in AlgLat. Let VLJ = 'P(N), together with 

the functions graph : [PN, VN\ —• VN and fun : VN —> [PN, VN\ be denned as 

follows: For Fe [PN,VN\, 

graph(F) = {#(n,m) | m G F(en)} 

and for A G VN, we define fun(A) G [VN, VN] by 

fun(A)(B) = {m \3en C B,#(n,m) G A} 

Both graph and fun preserve the join of directed sets. This is also true for 

fun(A) : VN —• VN, where AC N. Therefore, graph, fun, fun(A) are morphisms 

in AlgLat. It is also shown in [2], that for / G [VN, VN], fun(graph(f)) = / . Hence, 

[PN,VN\ is a retract of VN. From this, we get that Vu = {V(N), •) is a A-model, 

where application, • : VN x "PN —• VN, is defined as follows: For A,B CN 

A-B = fun(A)(B) = {m G N | 3en C J5.#(n,m) G A} 

Notice that for A G VN, A C graph(fun(A)): here we do not necessarily get equality. 

This is why the Vu> model is not extensional: Xx.ax ^ a. 
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2.3 Some basic category theory 

2.3.1 Monads and comonads 

Let us first recall several functors that will be used in the construction of MRel. 

Example 2.3.1 (Power set functor). Let V : Set —• Set be the power set functor. 

If A is a set, V(A) = {X\X C A}. If A - ^ B is an arrow in Set , then V(A) ^ 

V{B) and V{f)(X) = f[X], where X C A and f[X] = {f(x)\x G X}. 

To show that V is a functor we must show that for A a set, V(idA) = idp(A)-

Indeed V(idA) : V{A) —• V{A) sends X CAto V(idA)(X) = idA[X] = {idA(x)\x G 

X} = X = idp(A)(X). It remains to show that for A -?-* B and B -?-* C, P(g o /) = 

V(g)oV(f). Let X C A, then 

V(gof)(X) = (gof)[X] 

= 9lf[X}} 
= 9[V{f){X)] 
= V(g)(V(f)(X)) 

= (P(g)oV(f))(x) 

as required. Therefore, the power set functor V is indeed a functor. 

Notation 2.3.2. If A is a finite subset of B then we write A Cf B. 

Example 2.3.3 (Finite power set functor). Similarly, we can define the finite power 

set functor Vs : Set —• Set. For a set A, Vf(A) = {X\X Cf A} and for A -^ B 

an arrow in Set, Vf(A) ^ Vf(B). For X Cf A, say X = {au . . . , ak}, Vf{g){X) = 

{g{ai),..., g(a,k)}- To show this is a functor, we follow the proof as in Example 2.3.1 

and use the fact that the finite union of finite sets is again finite. 

Example 2.3.4 (Finite multiset functor on Set). Let Mf(-) : Set —• 

Set be the finite multiset functor over Set defined as follows: If A is a set, 
f 

Mf(A) = {a\a is a finite multiset over A}. If A —> B is an arrow in Set , then 

Mf(A) -̂ -» .M/(J3),where if a G Mf(A), say a = [au ... ,ak], then Mf(f)(a) = 

Mf(f)({ai,..., ak]) = [f(ai),..., /(ok)]. 

To show that Mf(-) is a functor we must show that for A a set, Mf(idA) = 

idMf(A)- Indeed Mf(idA) : Mf(A) —>• Mf(A) sends a — [oi,... ,ak] G Mf(A) to 

Mf(idA)(a) = [idA(ai),...,idA(ak)} = [a\,... ,ak] = a. It remains to show that for 
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A-t-

then 

B and B -±* C, Mf(g o / ) = Mf{g) o Mf(f). Let a = [ax,..., ofc] € M,(A); 

Mf{gof)(a) = Mf(gof)[ai,...,ak] 

= [(9°f)ai,---,(9°f)ak] 

= [(5(/(«i)),...,(3(/(«fc))] 
= A4/(ff)[/(a1),...,/(afc)] 

= {Mf{g)oMf{f)){[au...,ak] 

= (M,{g)oMf(f))(") 
as required. Therefore, the multiset functor .M/ over Set is indeed a functor. 

Definition 2.3.5. A natural transformation between two functors F,G : C —> V is 

a family of arrows {6C : FC —> GC \ C G \C\} such that for every / : C —• D, the 

following diagram commutes: 

FA-^GA 

Ff\ 
FB 

r 
GB 

Example 2.3.6. Let Id : Set —• Set be the identity functor on Set and V : 

Set —* Set be the power set functor from above. Then {—} : Id —• V, defined 

by the family {{-}A • A —> V(A) \ A a set}, where for a G A, {-}A(a) = {a}, 

is a natural transformation. We must verify that for every / : A —> B € Set, the 

following diagram commutes: 

A-^V(A) 

B 
{-}B. 

nn 
V{B) 

Indeed, 

(WW-UX*) = V{f){x} 
= f[{x}] 
= if(x)} 
= i-}B{f{x)) 
= a-}Bof)(X) 

So we have that V(f) o {—}A = {—}B ° / as required. Therefore {—} is a natural 

transformation. 
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Definition 2.3.7. A monad on a category C is a triple (T, rj, /j) , where T : C —• C 

is a functor, rj : Id —• T and // : T2 —> T are two natural transformations called 

unit and multiplication, such that the following diagrams commute: 

J.3 ^T-, J.9 

2^2. 

where, for A € |C|, Tr^A) = T(r/A), {r)T)A = T*T(A), 7>(A) = T( /u ) and (/iT)A = 

fJ>T(A) • Or equivalently, we require that \x o fj,T — /i o T/i and /i o T77 = idc = n o rfT. 

Example 2.3.8 (Power set monad on Set). Let V : Set —> Set be the power set 

functor from above and V2 = V o V. Let fi : V2 —> V be defined by the family 

{fiA : V2(A) —> V(A) | A a set}, where for T C V{A), fiA(F) = \JF. Then the 

triple (V,r),n) is a monad on Set, where rj — {—} from above. 

First, we must verify that both rj and // are natural transformations. We know that 

rj is a natural transformation, since rj = {—} and {—} is a natural transformation. 

To show that // is a natural transformation, we must show that for every / : A —• 

B G Set, the following diagram commutes: 

V2{A)-^+V{A) 

•P2(f) •PU) 

V2(B)-^V(B) 

Let F QV{A), then 

0P(/)O/M)(.F) = V(f)(\Jf) 
= /LI*] 
= U(/(a)|aeX A Xef} 
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and 
(nBoV\f))F = nB{{V\f)){T)) 

= M{P( / ) (X) |X€J}) 
= {J{f[X]\XeF} 

= l){f(a)\a£X A i G f } 

Now we must show that the following diagrams commute 

<p3j£+.-p2 

V2 

Let Abe a set. Then, for the first diagram, we must show that the following com­

mutes: 

(nv)A 
id,A 

»A 

VHA)-^V(A) 

Let X C A, then we have 

(fiAo(Vri)A)X = (JIAO(VVA))X 

= (jiA(VA[X])) 

= fJ-A({r]A(x) | x e X}) 

= AU({{Z} I x e X}) 

= \J{{x}\xeX) 

= X 

= idA(X) 

(fiAo(vV)A)X = (jiAo(rtp(A)))X 

= »A({X}) 

= X 

= idA{X) 
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Therefore fiA ° {Vrj)A = HA° (rfP)A = id,A as required. For the second diagram, we 

must show that the following commutes: 

{Vti)A HA 

V\A)n^V{A) 

Let T e V3(A). Then 

(liAo(V(j)A)r = (jiAoP(jiA))T 

= »A({LIAX | x e f } ) 

= U{{Jx\xef} 

and 

ze(vAo(V[j,)A)f iff ze\J{\Jx \x eJ7} 
iff 3X e F3B{B = UX A zGB) 

iff 3X(XeF A 2 6 U X ) 

iff 3X(X eT A 3B.(B GX A z € B)) (*) 

Now, in the other direction, 

(/xA O (HV)A)T = {nAoy^p^A))T 

= HA{HV(A){F)) 

= Ml)-?7) 
= uu^ 

and 
z€(pAo {^V)A)T iff 3B.B e |J T A 2 € B 

iff 3 £ ( 5 G UJT A z E B) 

Translating this, we get that the above says 

ze(fiAo {fxV)A)J: iff 3B{3X(X e J7 A B e X) A zeB) (**) 

Clearly the two expressions (*) and (**) are equal. Therefore fj,Ao(V(j,)A = ^Ao{jj,V)A 

as required and (V, 77, /i) is indeed a monad. 
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Example 2.3.9 (Finite power set monad on Set). Again, we can define the finite 

power set monad (Vf,rj,fi). Where r\ and ix are the same as in Example 2.3.8. To 

show this is a monad, we follow the proof as in Example 2.3.8 and use the fact that 

the finite union of finite sets is again finite. 

Example 2.3.10 (Finite multiset monad on Set). Let Mf(-) : Set —• Set be the 

multiset functor over Set from above and M.2f = Mf o Mf. Let rj : Id —> Mf be 

defined by the family {rjA : A —> M.j(A) | A a set}, where for a E A, TJA(O) = [a]-

Let n : M2f —• Mf be defined by the family {HA • M2
f(A) —• Mf(A) \ A a set}, 

where for A G Mf(Mf(A)), /J,A(-A) = 1+) A. Then the triple (Mf,r},fi) is a monad 

on Set. 

First, we must verify that both rj and // are natural transformations. To show 

that 77 is a natural transformation we must verify that for every / : A —>• B 6 Set, 

the following diagram commutes: 

A-^Mf(A) 

f MfU) 

B-^Mf(B) 

Indeed, 

(Mf(f)oVA)(x) = M,(M*]) 

= \f(x)] 

= VB(f(x)) 

= (VB°f)(x) 

So we have that Mf(f) o T]A = VB ° f as required. Therefore 77 is a natural transfor­

mation. 

To show that // is a natural transformation, we must show that for every / : 

A —> B G Set, the following diagram commutes: 

M}(A)-^Mf(A) 

M}(f) Mf(f) 

M}(B)-!^Mf(B) 
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Let A € Mj(A), say A = [a-y,..., a*,] and for i = 1 , . . . A;, on = [a},..., aj*] then 

(A* / ( / ) o^ ) ( .A) = Mf(f)(ji(A)) 

= Mf(f)({al,...,a[\...,al...,al
k
k}) 

= [ / (a i ) , . . . , / (ai l) / ( a i ) , . . . , /(afr)]) 

= Mfl([A</(/)(ai).---,A</(/)(afc)]) 

= (MfloMj( / ) ) (^) 

So we have that Mf(f) o /j,A — fj,B o Mj(f) as required. Therefore // is a natural 

transformation. To show that we have a monad we must show that the following 

diagrams commute 
M'lM2

t 

•qMf 
id 

M)-^MS 

Ml^lMl 
Mfti 

Mj-^Mf 
Let A be a set. Then, for the first diagram, we must show that the following com­

mutes: 

MMP^M%A) 
VMf(A) 

id,A 
fJ-A 

M%A)-^ Mf(A) 
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Let a € M.f (A) with a = [o i , . . . , a*.], then we have 

(fj,AoMf(r]A))a = nA(Mf{r)A)[ai,...,ak}) 

= Mb7A(ai),...,7?A(afc)]) 

= H w • • • a [afc] 

= [ai,.. . ,a f c] 

= a 

= ^ A ( « ) 

= (M[a]) 
= a 

= ieU(a) 

Therefore //A ° Mf(rjA) = HA° Mf(r]A)) = idA as required. For the second diagram, 

we must show that the following commutes: 

M}(A)^itM2
f(A) 

Mf(/J.A) VA 

Let X e Mj(A), where X = [Ai, ...,Ak] and for i = 1 , . . . k, At = [ a j , . . . , aft]. 

Then 
(/iA o Mf(nA))X = / i A (X/ ( / iA) ( [A, - - - ,A] ) ) 

= //A([aj W • • • W a!1 , . . . , <4 W • • • W 4"]) 

= a\ ttl • • • i±i oft; fctJ • • • ttl a£ l±l • • • tbi al
k
k 

and 
(flAOfj,MfA)X = f^A(HMfA([Ai,...,Ak])) 

= tiA(Ai\a---\aAk) 

= a j tb) • • • l±l a']1 ttl • • • ttJ a£ ttl • • • ttl ajjf 

Therefore ^A ° ^ / ( / / A ) = / i A ° A*M/A as required and (M.f,r),/j) is indeed a monad. 

We now dualize the notion of a monad by moving from C to Cop. 
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Definition 2.3.11. A comonad on a category C is a triple (T, e, 5), where T : C —> C 

is a functor, e : T —• Id and S : T —> T2 are two natural transformations called 

counit and comultiplication, such that the following diagrams commute: 

T <Te T2 

• • X 

id N. 

T2^—T 

T<5 5 

where, for A G |C|, Te{A) = T(sA), (eT)A = eT(A), r«y(A) = r(<5A) and (ST)A = 

5T(A)- Or equivalently, we require that 6T o 5 — T6 o 5 and Te o 5 = idc = eT o 5. 

2.3.2 Kleisli categories 

Definition 2.3.12. Given a monad (T, r/, /x) on a category C, the Kleisli category 

Kl(T) is the category whose objects are the objects of C and an arrow / : A —> B € 

Kl(T) is an arrow / : A —>TB eC. The identity id : A —• A is rjA : A —> TA 

and the composition of / : A —• TB and 5 : B —> TC, g • f : A —> TC is defined 

as follows: g • f = fic° T(g) o / . 

We must check that the Kleisli category does indeed form a category: 

Proof. First, we must show that, for / : A —• B 6 Kl(T), f • idA = f = ids • / . 

We have / : A —• B e Kl(T), therefore / : A —• TB G C. We also have 

that id A • A —> A e Kl(T), which is r]A • A —> A e C and similarly, that 

idB : B —> B € in(^)> which is rfB : B —> B € C . From the definition of 

composition in Kl(T), we have: 

f»idA = M B ° T(f) o 77A 

= /Us o TJTB ° / since 77 is a n.t. 

= (»Bo(r]T)B)of 

= ids of by properties of monad (T, /x, 77) 

= / 
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idB»f = HBoT(r]B)of 

= ids ° / by properties of monad (T, /z, 77) 

= / 

So we have / • idA = / = idB • / as required. 

Second, we must show that, for / € HomCT(A,B), g € HomCT(B,A) and h € 

HomcT(C, D),(hmg)mf = h»{gm / ) : 

(h»g)»f = fiDoT(h»g)of 

= nD O T[fj,D O T(h) og]of 

= HDoTnDoT2{h)oT{g)of 

h»(g»f) = flDoT(h)og»f 

= ^DoT{h)o^coT{g)of 

Therefore we must show that T(fj,D) o T2(h) = T(h) o jj,c, or equivalently, we must 

show the following diagram commutes in Kl(T): 

T2C - ^ TC 

T2h Th 

T3D~T2D 

This is equivalent to showing the following diagram commutes in C: 

T2C-^TC 

T2h Th 

T2DJ^TD 

But this diagram does commute since /j, is a natural transformation. Therefore, 

(/i • g) • f = h» (g • f) as required. • 

Propos i t ion 2.3.13. [See [11]] The Kleisli category Kl(T) of a monad (T,r},fj) on 

a category C gives rise to an adjunction F : C —> Kl(T) and U : Kl(T) —> C such 

that UF = T. 

Example 2.3.14 (Kleisli category of power set monad on Set) . We have shown that 

(V, rj, //) is a monad on Set. Kl(V) is the category whose objects are the objects of 
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Set. The objects of Set are sets, therefore the objects of Kl(V) are sets. For the 

arrows, notice 

f:A~^Be Kl{V) iff / : A —• V{B) € Set 

iff A ^ 2 B 

iff AxB —>2 

iff / C A x B 

Therefore, the arrows of Kl(V) are subsets of AxB, and can be considered as relations 

from A to B. Let Rf be the relation associated to / : A —> B € Kl(V). 

• Identity: The identity arrow is rj^ : A —> 'P(^-) and 

(a, b) G RidA iff (a, b) G i ? ^ 

iff b E T}A{O) 

iff b G {a} 

iff 6 = a 

Therefore RidA = {(a,a) | a e i } . 

• Composition: Let / : A —> V(B) and g : B —> 'P(C) be two arrows in Kl(V) 

then g • f : A —»• ^ (C) is denned to be /is o V{g) o / . Let a £ A, then 

<JiBoV{g) o f)(a) = M9[f(a)}) = (J{<?(&) I & € /(«)}• Therefore 

(a, c) € Rg.f iff c G (g • f)(a) 

iff c e U { # ) I & € / ( a ) } 

iff 36s.t. b€f(a),ceg(b) 

iff 36s.t. (a, 6) GRf,(b,c) £ Rg 

iff (a, c) E Rgo Rf 

(i.e. Composition in Kl(V) is composition in Rel) 

From this and previous remarks, it is easy to see that Kl(V) = Rel. We can apply 

Proposition 2.3.13, to get an adjunction pair F : Set —> Rel and U : Rel —• Set. 

Given a morphism / : A —> B € Rel, let /* : A —> V{B) be the associated map in 

Set and given a map / : A —> V(B) G Set, let /* : A —> B G Rel be the associated 
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Klesli map. Let A be a set then U(A) = V(A) and F(A) = A. Let R : A — > B b e a 

map in Rel, then we define U{R) : V{A) —• V(B) G Set to be ($ o V{R*)). For a 

set X C A, 

U(R){X) = {nloV(R*)){X) 

= VB({R*(X) \xeX}) 

= M{{y\ (x,y)eR} | xex}) 
= \J{{y\(x,y)eR}\xeX} 
= {y\3xeX.(x,y)£R} 

Now suppose that we have a function / : A —> B in Set, define F(f) to be (rj^ o /)t . 

Let a be an element of A, then 

fa2o/)t(A) = VB(f(a)) 

Therefore F( / ) = fag o /)t = {(a, /(a)) | a € A}. Now, from Proposition 2.3.13, 

C7F = "P. This can easily be checked: for a set A, UF(A) = U(A) = 7?(A). Let 

/ : A —> B be a map in Set and X C A. Then 

(UF(f))(X) = U(F(f))(X) 

= {y\3xeX.(x,y)eF(f)} 

= {f(x) \xex} 
= Hf)(x) 

Remark 2.3.15. Throughout this thesis we will need some properties of the cate­

gory of sets and relations Rel. We list here several of these properties without going 

into details. We have just shown that we can think of Rel as the Kleisli category 

of the power set monad. Rel is a degenerate model of linear logic in the sense that 

many of the connectives collapse to being the same in Rel. For example, multiplica­

tive disjunction and conjunction ® are both modelled by cartesian product x. Linear 

implication —o is also modelled by cartesian product. Additive disjunction and con­

junction are modelled by disjoint union. For A an object of Rel, A a set, negation in 

Rel does nothing: AL — A. On a morphism R, R a relation, R1 = Rop, the converse 

relation. The terminal object of Rel is the emptyset 0. The categorical product of 
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Rel is also disjoint union, for two sets A and B, we write this as Ak,B. Rel is a 

*-autonomous (i.e. symmetric monoidal closed) category. 

We now dualize the notion of Kleisli category by moving from C to Cop. 

Definition 2.3.16. Given a comonad (T, e, 6) on a category C, the coKleisli category 

coKl(T) is the category whose objects are the objects of C and an arrow / : A —• B € 

coKl(T) is an arrow f : TA —* B e C . The identity id: A —• A is eA : A —• TA 

and the composition of / : TA —• B and g : TB —• C, g • f : TA —> C is defined 

as follows: g • f = go T(f) o 6c-

The proof that this is indeed a category follows the proof that a Kleisli category 

is indeed a category, by duality 

2.3.3 Distributive laws on monads 

Definition 2.3.17. Let (T, ?7T,/iT) and (S,r)s,iJ,s) be two monads on a category C. 

A distributive law of S over T is a natural transformation I : TS —> ST such that 

the following four diagrams commute: 

TSS-^STS^-

TS-

SST 

T 

-ST 

TTS -^+ TST -^* STT 

nTs 

TS- ST 

Tr,s 

TS-

V
ST 

ST 

V
TS 

TS- ST 

Proposition 2.3.18. Two monads (T,rjr,ixr) and (S,rjs,fj,s) on a category C to­

gether with a distributive law I : TS —> ST of S over T induce a monad structure 

on T on the Kleisli category of S Kl(S). 

Proof. Define the induced monad on Kl(S) by the triple (T, f]T, / / T ) as follows. Given 

a morphism / : A —> B € Kl(S), let /* : A —• SB be the associated map in C 
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and given a map / : A —> SB e C, let ft : A —• B e Kl(S) be the associated 

Klesli map. Let A be an object of Kl{S), therefore A € C, then f(A) = T(A). Let 

/ : A —• B b e a morphism in Kl(S), then /* : A —> SB is a morphism in C and 

we can therefore apply T to it to get the morphism T(/*) : T(A) —• TS(B) € C. 

We can now compose T(/*) with our distributive law I at S to get the morphism 

h o T(f*) : T{A) —> ST(B) € C. We can now move back to the Kleisli category 

by performing the f operation and get a morphism (lg o T(/*))t : T(A) —> T(B) € 

Kl(S). We define f(f) to be (lB o T(/*)) t . To get a monad structure, define rf to 

be (ryf A o r/J)^ and //T to be (Zg o T(?7^) o ̂ t^f. We omit the proof that T is a functor 

and that (T, rj1', //T) is a monad and prove it for the special case where T is the finite 

multiset monad and S is the power set monad via the remark 2.3.21 and examples of 

the next section example 2.3.22 and example 2.3.24. ^ 

The following remark summarizes a folklore result discussed in [12] p.616. (See 

also [4] p.262) 

Remark 2.3.19 (Equivalence of liftings and distributive laws). Given two monads 

(T, r/T, fjF) and (S, r/s, //5) on a category C, the monad T admits a lifting to the Kleisli 

category of S, Kl(S), if and only if there is a distributive law I : TS —> ST of S 

over T. 

Example 2.3.20 (Distributive law of power set monad over the multiset monad on 

Set). Let {V.rf,^) be the power set monad on Set and (M.f(—),T]Mf,[j,Mf) be 

the multiset monad on Set. Define a natural transformation I : M.f o V —• V o Mf 

by the family 

{lx • MSV{X) — VMj{X) | X a set} 

where lx(\A\,..., An]) = {[a-i,..., an] \ di E A{\, At C X1. Then I is a distributive 

law of the power set monad over the multiset monad on Set. To show this, we must 

check that I is indeed a natural transformation and that all four diagrams from the 

definition commute. We will start by showing I is a natural transformation. To do 

1 Notice that the At are not necessarily distinct subsets of X 
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this we must show that for any / : X —• Y £ Set the following diagram commutes: 

lx MfV(X)^^VMf(X) 

MfV(f) 

W 

PMf(f) 

MfV(Y)-^*VMf(Y) 

Let [A!,...,Ak]e MfV(X) then we have 

(VMf(f)olx)[Au...,An] = VMf(f)({[a1,...,an]\aieAi}) 

= {Mf(f)([a1,...,an})\aieAi}) 

= {[/(ai), • • • , / « ) ] ) | OjGA}) 

= {[&i, . . .A])l&ie/[A]}) 

= ly([f[A1],...J[An}}) 

= lY([V(f)(Al),...,V(f)(An)}) 
= ( I y O ^ ( / ) ) [ 4 . . . , 4 ] 

as required. Now, according to the definition, it remains to show that the following 

four diagrams commute: 

MfVV(X) ^ l PMfV(X) ^ l WMt{X) 

MfV(X) 

^MftX) 

lx 
•VMf(X) 

(1) 

.MfUx) •Mf(X)r 

MfMfV(X) ^i-JMfVMf(X) -Jl^VMjMjiX) 

-VMf(X) 

Mj 
^•P(X) 

MfV(X) 

Mf(nxl 

MfV(X) 

MfV(X) 

lx 

Mf(X) 
VMf(X) 

lx 

V(X) 

lx 

^VMf(X) 

J(nxf) 

•VMf(X) 
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where X is a set. 

To show that the first diagram commutes, we let [Fi,... ,Tn\ G M.jVV{X), 

Fi C V(X), then 

^VMt{x)°nix)olnx))[Tu...^n] = (»ltf{X)oV(lx)){[A1,...,An}\AieFi} 

= ^Ms{x)ilxi\M, -.., An}) \AieTi,i = l...,n} 

= tiMf(x){{[ai> •••,an}\ai€Ai}\Ai(E T{} 

= L ^ ^ i K * • • •, On] I Oj G A and A{ G JFJ 

RHS 

and 

{lx°Mf(j%))[Fi, •--,?»} = lx{[iix{Fi),...,lix{Fn)]) 

= {K. 

Notice 

[o i , . . . , an] G LHS iff oi G U ^ e ^ A J , - ^ e l U ^ n ^ J 

iff 3Ai G ̂ i s.t. ax € Ah, • • •, 3Ain G J ^ s.t. an G Ain 

iff ax G Aix and A i G T\, • • •, an G Ain and ^4;n G ^ 

iff [o i , . . . ,a n ] G RHS 

Therefore the first diagram commutes. 

For the second diagram, let [ a i , . . . ,an] G MfMfV(X), an = [A\,..., A\.], then 

{^{l4cS) ° lMf(x) o Mf(lx))[(*i, •••,«-.] = {V{^}) o lMf{x))[lM,{x){ai), • • •, ix/(x)(an)] 

= ( ^ x ' ) ^ M / ( X ) ) [ S l , . . . , B n ] 

where Bt = {[a\,..., a^] \ a) G A)} 

= V(»x
if){[bn...M\bieBi} 

= {Og,)(\!>i,...,bn])\bieB<} 
= {biV---\Hbn\bieBi} 
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In the other direction, we get 

(lxo^x))[ai,...,an] = Zx(aiW---Wa„) 

= lx([A\,...,All,...,A-,...,Al]) 

= { [ a l , . . . , < , . . . , a ? , . . . , a £ j \ a\ € A{} 

= {61 \B • • • \& bn I bi G Bi} 

Therefore the second diagram commutes. 

For the third diagram, let a = [a\,..., an] e X then 

{lxoMj(r&))(a) = lx([^(ai),...,^(an)}) 

= lx{[{ai},...,{an}}) 

= {[bi,---,bn] I h e {di},i = l,...,n} 

= {[ai,...,On]} 

= {«} 

Therefore the third diagram commutes. 

For the fourth diagram, let A C X then 

( f c o A ^ j y X i i ) - zx([A]) 
= {[a]\aeA} 

= tf'(a)|aeA} 
= ^ ' M 

Therefore the fourth diagram commutes. We have shown that / is a natural transfor­

mation and that all four diagrams commute, therefore I is indeed a distributive law 

of the power set monad over the multiset monad on Set. 

Remark 2.3.21 (Lifting Mf(-) on Set to Rel). This distributive law / of the 

power set monad over the multiset monad on Set allows us to lift the multiset monad 

M.f(—) on Set to a multiset monad on Rel which we will call, for now, 7W/(—). 

Since the objects of Rel are the same as the objects of Set, for any object A of 

Rel, i.e. for any set A, then Mf(A) = Mf(A) = {a\a is a finite multiset over A}. 

Now suppose we have a relation R : X —> Y e Rel. Recall that Kl(V) = Rel, 
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where V is the power set monad on Set. Therefore our relation R : X —• Y E Rel 

is equivalent to some arrow, say R* : X —• V(Y) G Set. Now that we have 

an arrow in Set, we can make use of our multiset monad on Set: apply Mf to 

R* to get an arrow Mf(R*) : Mf(X) —• MfV(Y) G Set. Here is where we 

use the distributive law of V over Mf(—): we compose Mf(R*) with ly to get 

lYoMf(R*) : Mf(X) —* VMf(Y) G Set. Again, we use the fact that Kl(P) = Rel, 

and notice that lY o Mf(R*) : Mf(X) —• VM.f(Y) G Set is equivalent to an arrow 

(lY O Mf(R*)y : Mf(X) —• Mf(Y) G Rel. Therefore, for a = [xlt...,xk] G 

Mf(X) 

(lYoMf(R*))(a) = lY(Mf(R*)(a)) 

= lY({R*(Xl),...,R*(xk)]) 

= IY([{V I (xlty) ER},...,{y\ (xk,y) G R}]) 

= {[yi> • • • > Vk] I Vi € {y | (x<? y) G i?}} 

= {[vi,---,Vk] I (^i.i/i) e-R} 

Define Mf(R) : Mf(X) —• A4/(Y~) to be (Zy o Mf(R*)^. Prom the above calcula­

tion we get the following definition: 

(a,/3) eMf(R) iff whenever a =[x1,...,xk]eMf(X),f3=[yi,...,yk]eMf(Y), 

we have (xi,yi) G i? 

iff 3 c Cy: i ? S.t. 7Ti[c] = a, 7T2[c] = /3 

viewing R as a subset of X x Y", Mf(R) as a subset of A^/(X) x ^ / (Y") and ^[c] 

as the multiset direct image for i = 1, 2. Now, from Propostion 2.3.18, for a set A, 

Mf(A) = Mf(A). liA^B is an arrow in Rel , then Mf(A) ^ ? Mf{B) and 

(a,0) G Mf(R) iff 3c Cyr i? such that TC\[C] = a and 7r2[c] = /?. For the monad 

structure, Proposition 2.3.18 tells us that {Mf^rf4!,[J,Mf) is a monad on Kl(V), 

which we can think of as Rel by example 2.3.14. For a set A, r\A
 f is given by 

(.WM (A) ° VA fV- F° r a a n e l e m e n t of A, 

= {[a]} 
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Therefore, 

= {(a, [a]) \aeA} 

Lastly, \xA
 f is given by (lA ° Mf(rj%) o JJLA

 r)t . Let A be an element of M2f(A), say 

A — [aii, . . . , oifc] with CKj = [a\,..., ajj for i = 1 , . . . k. Then 

ilAoMf{rrA)o^){A) = ^ o A 4 / ( ^ ) ) ( a i W . . . W . . - a f c ) 

= (/A O Mf(rfi))([a\,..., a , \ , . . . , a\,..., afj) 

= ZA([{al},...,{a i
1

1},...,{at},...,{af fc}]) 

= { [ a l , . . . , a , \ , . . . , a f , . . . , a f j } 

Therefore, 

= {([a1 > . . . ,a f c] ,aiW---Wa f c) | a, G7W/(A),i = 1,...,A:} 

Example 2.3.22 and example 2.3.24 verify that Mf is indeed an endofunctor on Rel 

and that (Mf, riMf, fiMf) is a monad on Rel. 

2.3.4 Properties of the lifted Mf : Rel —• Rel 

Prom this point on, we will write Mf(-) for the lifted multiset comonad on Rel, 

unless specified otherwise. 

Example 2.3.22 (Finite multiset functor on Rel). Let Mf(—) : Rel —> 

Rel be the finite multiset functor defined above. If A is a set, Mf(A) = 

{a\a is a finite multiset over A}. If A —> B is an arrow in R e l , then Mf(A) -^-> 

Mf(B) and (x,y) € A^/(i?) iff 3c C^ R such that 7Ti[c] = a; and 7r2[c] = y. 

To show that Mf(-) is a functor we must show that for A a set, Mf(idA) = 

idMf(A). Indeed Mf(idA) : Mf(A) —> -M/(A) and for X C. A, (x,y) e .M/(idA) 

iff 3c Cy icU such that 7Ti[c] = x and 7r2[c] = y. But, since c Cy idA, 7Ti[c] = ^[c] ; 

therefore x — y and we have (x,y) € A ^ / ( i ^ ) iff x = y iff (x,y) € «d,M/(.A)- It 

remains to show that for A - ^ B and B ^ C, Mf(R' o R) = Mf{R') o Mf(R). 
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Notice 

(x, y) e Mf(R' o R) iff 3c Cf R' o R s.t. 7Ti[c] = x and 7r2[c] = y 

iff 3(ai, c x ) , . . . , (an, cn) e R' o R and x = [a i , . . . , an], y = [c x , . . . , cn] 

iff 36i, ...,bnEB s.t. (OJ, 6j) € R, (bi} q) e # ' , 

x = [a1,...,an],y= [ci,...,Cn] 

iff (x , i / ) eA</ ( i J ' )oM/( i ? ) 

as required. Therefore, the finite multiset functor Mf(-) is indeed a functor on Rel. 

Example 2.3.23 (Finite multiset monad on Rel). As discussed in 2.3.21, r)Mf : 

Id —• Mf(—) is defined by the family 

{rtff : A —» Mf(A) | A a set} , where jjj*' = {(a, [a]) | a € A)} 

and nMf : .M^(—) —> A4/(—) is defined by the family 

{/ii1/ : M2
f(A) —> Mf(A) | A a set}, where ( ^ = {([cn,..., ak], atf.. .\tiak) \ a{ E Mf(A)} 

We claim that (Mf, 77, //) is a monad. Since Rel is self-dual, Mf can also be defined 

as a comonad. The proof that (Mf,r),fi) is a monad is dual to the proof that Mf 

is a comonad and hence, we omit proving this claim and instead show that Mf is a 

comonad in the next example (example 2.3.24). 

Example 2.3.24 (Finite multiset comonad on Rel). Let Mf : Rel —> Rel be the 

finite multiset functor from above. Recall that we can define e : Mf(-) —• Id by 

the family 

{eA : Mf(A) —• A I A a set} , where eA = {([a], a) I a € A)} 

and 5 : Mf{—) —• M.f(Mf(—)) by the family 

{6A : Mf(A) —• Mf(Mf(A)) I A a set}, where 6A = {(ctiW.. .tt)afe, [cm,..., afe] | a» G .M/(A)} 

such that (A/(/(—), e, 5) is a comonad on Rel. 

To check that we have a comonad we must verify that both e and 5 are natural 

transformations. To show that e is a natural transformation, we must show that 



CHAPTER 2. THE BASICS 42 

for every R : A —> B G Rel, viewed as a subset of A x B, the following diagram 

commutes: 

MM) 
Mf(R) 

£A 

R 

Notice 

and 

M,(B)-Z±B 

(a, b) e ROEA iff 3a G A s.t. (a, a) G £A, (a, b) <E R 

iff 3a G A s.t. a = [a], (a, 6) G i? 

(a, 6) € eB o Mf(R) iff 3/3 G A4/(B) s.t. (a, /3) G -M/(i2), (/?, 6) G eB 

but (/?, 6) e eB means /3 = [6]. Therefore 

(a, b)eeBo Mf(R) iff (a, [&]) G A4/(i2) 

iff 3c C^ R s.t. 7Ti[c] = a and ^[c] = [6] 

Therefore a has one element say a, which implies c — {(a, b)} with (a, 6) G .R So we 

have 
(a,b) G £50 Mf{R) iff 3a G A s.t. a = [a], (a, 6) G i? 

iff (a,b)eeBoMf(R) 

Therefore i ?oe^ = eBoMf{R) as required and we have that e is a natural transfor­

mation. 

To show that 5 is a natural transformation, we must show that for every R : A —>• 

B G Rel, viewed as a subset of 4̂ x B, the following diagram commutes: 

M,(A)-^Mf(M,{A)) 

Mf(R) 

SB 

M,{Mf{R)) 

Mf(B)^2.Mf{Mf(A)) 

Notice 

(a, B) G Mf(Mf(R)) o 5A iff 3A G Mf(Mf(A)) s.t. (a, .A) G SA, (A, B) e A</(A4/(i?)) 
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but 

(a, A) G SA iff when A = [ai,..., ak], on G Mf(A), then a — ai l±l • • • l±l ak 

([ai,. . . ,a*],B) G A4/(.M/(J2)) iff 3c C, Mf(R) s.t. TTI[C] = K . . . ,afc],7r2[c] = B 

So B = [ft, . . . , ft], Pi G Mf(B), where (a^, A) G Mf(R). This happens if and only if 

3dj Qf R s.t. 7Ti[dj] = ai, 7r2[dj] = ft. This means that each «j and ft have the same 

number of elements. Now, supposing that a, = [ai, . . . , a|.], ft = [b\,..., b\], then 

(aj,Pi) G Mf(R) if and only if (a\,6\), . . . , (a}.,b\.) G i? for every i. Summarizing, 

we have 

(a, B) G Mf(Mf(R)) o5A iff a = ax W • • • \a ak, B = [ft, • • •, ft], <% = [a\,..., a{J, 

pi = [b\,...,bii},(a\,b\),...,(aii,bit)eR,i = l...k 

Now for the other direction, 

(a, B)eSBo Mf(R) iff 3/3 G A4/(B) s.t. {a, p) G .M/CR), (P, A) G 5B 

but 

(/3,B) G £B iff when B = [ft, . . . ,ft], A G A4/(£), then /? = ft W • • • Wft 

(a, ft W • • • y ft) G A*/(i2) iff BcC/fls-t. TTI[C] =a,7r2[c] = ftW---Wft 

Supposing that ft = $[,...,$.], then a = [aj,. . . ,a,\ , . . . ,a\,... ,a{J with 

(a*, b\),..., {a\.,b\) G i? for every i. Notice that we can write a = ot\ I±I • • • l±l ak, 

where a* = [ai,. . . , o|J. In summary, 

(a,B) €dBoMf(R) iff a = on tti • • • tbl ak,B = [ft,... ,&],<*« = [ai,... ,a}J, 

/3i = [b[,...,bi],(a\,b[),...,(a\i,b
i
k)eR,i = l...k 

iff (a,jB)€.M/(.M/(fl))o<5x 

So we have that Mf(M.f(R)) o SA — 5B ° Mf(R) as required and that J is indeed a 

natural transformation. 
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To complete the proof that (Mf(-),e,5) is a comonad, we must show that the 

following two diagrams commute 

Mf(-)*^Mf(MfH) 
eMf(-) 

Mf{Mf (-))*, Mf(-) 

M}{-) 
MS{5) 

5Mf(-) 
Mf(Mf(-)) 

Mf(Mf (-))+* Mf(-) 
Let A be a set. Then, for the first diagram, we must show that the following 

commutes: 

MM) +^-AMf(Mf(A)) 
e{Mf{A)) 

id,A 
6A 

Mf(Mf(A))^-A MM) 

(a, (3) E Mf(e)Ao6A iff (a,(3) € Mf(eA) oSA 

iff 3A G Mf(MM)) s-t. (a, A) G 5A, (A, /?) G Mf{eA) 

but 

(a, A) G 6A iff when .4 = [ai , . . . , a*], a* G ,M/(J4) , then a = «i l±l • • • l±l ak 

(A, 0) G Mf(eA) iff 3c Cf eA s.t. ?ri[c] = [OI, . . . , ak], TT2[C] = /? 

iff A; = 1, and when OJI = [ai,... ,aj] then c = {([ai],ai),..., ([aj],aj)} 

and /? = 7Ti [c] = [ai,. . . , a,-] = ai 

So, we have 

(a, /?) € Mf(eA) oSA iff a = a.\ l±l • • • l±l ak = a\ since k = 1 and /? = ai, ai € .M/(.A) 

iff a = f3 

iff (a, /3) G /dM^A) 

Now 

(a, /?) G e(.M/CA)) o <JX iff (a, f3) G £W /(A) O 5A 

iff 3.4 G .M/(-M/(4)) s.t. (a, A) G (Ĵ , (-4,/?) e £ M / ( A) 
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but 

(a, A) E 6A iff when A = [ a i , . . . , ak], on E Mf(A), then a = a i i±l • • • i±J ak 

(A, 13) E eMf(A) iff k = l,A = [ai], (3 = ax 

since 

£Mf(A) = {([m],m) | m E Mf{A)} 

So, we have 

(a, /3) E Mf(eA) °&A iff a = a i l±l • • • (±1 a& = a i since k = 1 and /? = a i , ax € .M/(A) 

iff a = /3 

iff (a,/3) EldMf{A) 

Therefore Mf{e)A o 5A = Id,Mf(A) = e(Mf(A)) o 6A as required. For the second 

diagram, we must show that the following commutes: 

Ms(A)JMM))Mf{Mf{A)) 

Mf(S)(A)" "sA 

Mt(M,(A))J± Mf(A) 

(a, X) e 6(Mf(A)) o 5A iff (a, X) e 5Mf{A] o SA 

iff 3A E Mf(Mf(A)) s.t. (a, A) E 6A, (A, X) e SMJ{A) 

but 

(a, A) € 5A iff when A = [ a i , . . . , afe], ctj € ^M/(A), then a = ax l±l • • • l±l ak 

(A, X) E 5Mf(A) iff when X = [Ai, ...,Aj], then A = A\ W • • • W A, 

Suppose Ai = [ a i , . . . , a-(], Z = 1 , . . . , j , then ^4 = Ai&- • -WA,- = [a\,..., al
h,... a j , . . . , af' 

Therefore a = a} W • • • W o?i. Summarizing, we have 

(a,X) E6{Mf(A))o6A iff when X = [Au..., Aj],Ai = K , . . . , « { , ] , 

then a = a* l±l • • • l±l a^ 

Now for the other direction, 

( a , X ) e ^ / ( ^ ) ( A ) o ^ iff ( a , X ) e X / ( ^ ) o 5 A 

iff 3,4 € Mf(Mf(A)) s.t. (a, A) € 5A, (A,X) E Mf{6A) 
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but 

(a, A) G 5A iff when A = [an, . . . , ak], a, € Mf(A), then a = «i l±i • • • i±l ak 

(A, X) e Mf(SA) iff 3c Cf 5A s.t. 7Ti[c] = A = [on,. . . , afe], 7r2[c] = X 

Supposing that X = [Ai,...,Aj] and .A/ = [a^,. . . , c4 j , / = l , . . . , j , then c = 

{( l±l5=i a i»A),- . - , ( l±lI^ia"Mj)} t o e n s u r e t h a t T2[c] = X and c C , 5A. This 

means, in particular, that k = j and that an = |+)^=1 a\,..., ak — l±)^=1 a£. Then 

since, from above, we have that a = an ttl • • • W ak, therefore 

a = ai ttl • • • l±l ak 

= (lilti ai) w • • • w (Wti «£) 

= a\ ttl • • • ttl a{. 

Summarizing, we have 

(a,X) G Mf(SA)o6A iff whenX = [Ai,...,Aj},Ai = [a[,...,al
il], 

then a = a\ i±) • • • ttl a3-. 

iff (a, X) G 5Mf(A) ° 5A 

So A ^ / ( ^ A ) ° 5A = ^ / (A) ° ^A and the diagram commutes. (.M/(—), £, <5) satisfies all 

the necessary requirements and is indeed a comonad on Rel. 

Example 2.3.25 (coKleisli category of finite multiset comonad on Rel). We have 

shown that (Mf(—), s, 5) is a comonad on Rel. coKl(Mf(—)) is the category whose 

objects are the objects of Rel. The objects of Rel are sets, therefore the objects of 

coKl(Mf(—)) are sets. For the arrows, notice 

/ : A —• B G coKl(Mf(-)) iff / : Mf(A) —• B G Rel 

iff / C Mf(A) x B 

Therefore, the arrows of coKl(Mf(—)) are subsets of Mf(A) x B, or equivalently, 

relations from M.f(A) to B. 

• Identity: The identity arrow is EA '• Mf(A) —> A, MA = £A = { (H,a ) | a G 
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• Composition: Let / : C —> D and g : D —> E be two arrows in coKl(Mf(—)), 

/ C Mf(C) x D andg C Mf(D) x E, then g • f : C —> £7 is denned to be 

0 ° Mf(f) o (Jc. 

First notice that # o Mf(f) C ,M/(.M/(C)) x E and 

( A e ) e 5 o X / ( / ) iff 30 e M/(£>) s.t. (A,P)eMf(f),(0,e)Z9 

but 

(A /?) e 7W/(/) iff 3c Cf f s.t. 7n[c] = A, 7r2[c] = /? 

iff 3(ax, d i ) , . . . , (o;fe, dfc) € / s.t. [a i , . . . , ak] = A, 

[d1,...,dk} = (3,aiEMf(C) 

Therefore 

(A,e) EgoMf(f) iff 3(ax,dl),...,{ak,dk) E / s.t. 4 = [a1}... ,ak], ([du ... ,dk],e) Eg 

Now, notice that g • / = g o Mf(f) o Sc Q Mf(C) x £ and 

( a , e ) € ? o A*7(/) o8C iff 3 4 e Mf(Mf(C)) s.t. (a,.4) e «5C, (A,e)€goMf(f) 

but 

(a, A) E 5c iff when A = [ati,..., aifc] then a = a\ i±) • • • i±l ak 

(A,e) egoMf(f) iff 3(ai,d1),...,(ak,dk) E / s.t. A= [a1:... ,ak],([du... ,dk],e) Eg 

Putting this all together we get 

(a,e) EgoMf(f)oSc iff 3(ai ,di) , . . . , {ak,dk) E f s.t. a = ax i±i • • • l±i ak], 

([di,. . . ,4],e) Eg 

g»f = {(a,e) \ 3(a1,di),...,(ak,dk) E f s.t. a = q-i i±i •• • mafc,([di,... ,dk],e) Eg} 

We call the coKleisli category of the lifted M.f on Rel the finite multiset relation 

category or MRel. We can apply Proposition 2.3.13, to get an adjunction pair 

F : Rel —> MRel and U : MRel —> Rel. Given a morphism / : A —> B E 

MRel, let /* : Mf{A) —> B be the associated map in Rel and given a map 
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/ : Mf(A) —> B e Rel, let p : A —> B e MRel be the associated Klesli map. 

Let A be a set then U(A) = Mf(A) and F(A) = A. Let / : A —> B be a map 

in MRel, then we define [/(/) : Mf(A) —• Mf(B) G Rel to be (Mf(f*) o S^f). 

Then 

(aJ)EU(f) iff (a,P)e(Mf(r)oS?') 

iff 3A E M){A).{a, A) E 5^f A (A, (3) 6 Mf(f*) 

iff 3au...,akeMf(A).a = a1\ii---Vak A {[au ... ,ak},(3) e Mf(f*) 

iff 3 a i , . . . , a* e Al/(A).a = cm i+i • • • W ak A (ai, &i) . . . , (ak, bk) e /*, 

where /? = [&i,...,fcfc] 

Therefore 

U(f) = {(«i a • • • bJ afc, [6i , . . . , h}) | (a*, 64) G /* , i = 1 , . . . , k} 

Now suppose that we have a relation R : A —> B in Rel, define F(R) to be (.Ro£A
 / ) t . 

Then 
( a ^ j e f i o j j 1 ' iff 3a € A ( a , o ) G eA A (a,6) € i? 

iff a = [a] A (a, 6) G i? 

Therefore 

( f l o e ^ ' ) = {([a],b) | (a ,6)Gi?} 

and F(J2) = ( f l o e ^ ' J t . Now, from Proposition 2.3.13, C/F = JW/. This can easily 

be checked: for a set A, UF(A) = U(A) = Mf(A). Let / : A —> B be a relation. 

Then 

UF(R) = {(a1®---Uak,[b1,...,bk})\(<Xi,h)eF(R)*,i = l,...,k} 

= { ( a i y - - - a a f c ) [&i,..., 6fc]) | K ^ G C C i J o e ^ ' ) 1 ) * , « = !.•••,*;} 

= {(oiW---aa f c , [6i , . . . ,6 f c]) | (ai,fti) e ( i2oe i < / ) , i = l , . . . , fc} 

= {([oi , . . . , ak], [bh..., 6fc]) | (at, 6j) G R, i = 1 , . . . , &} 

= Mf(R) 



3 Investigating the structure of 

MRel 

3.1 MRel is a cartesian closed category 

In the previous section, we introduced the category MRel. Recall that MRel is the 

category whose objects are sets. Let A and B be two sets, then an arrow from A to 

B in MRel is a relation from Mf(A) to B. The identity on A, A a, set, is 

IdA = {([a],a) \aeA)} 

Given two arrows / € MRel(^4, B), g e MRel(5 , C), then 

go f = {(a, c) | 3(o!i, 61), . . . , (ak, bk) € / s.t. a = ax l±) • • • l±l ak, ([h,..., bk], c) € g} 

In fact, MRel is a cartesian closed category. 

Proposition 3.1.1. MRel is a cartesian closed category 

There are several ways of showing that MRel is a cartesian closed category. One 

of which is to use the following fact due to Seely: 

Proposition 3.1.2 (see [17]). Let (!,e, 5) be a comonad on a ^-autonomous category 

C such that for all objects A,B EC the following isomorphism holds: 

\{A x B) mA&B. 

Then the coKleisli category of the comonad (!,e, 5) is a cartesian closed category, in 

which A => B =\A -o B 

Proof. The terminal object of coKl(\) is the terminal object of C. The product Ax B 

49 
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of coKl(\) is the same as in C and A => B is \A -o B. Then 

coKl(\)(AxB,C) =• C(!( i4xB),C) 

=• C(L4®!5,C) 

=• C ( ! A ! 5 ^ C ) 

=• coKl(\)(A, B => C) 

• 
In our case we have the comonad (Mf, e, S) over Rel. From section 2.3.2, we 

know that Rel is a *-autonomous category. Notice that in Rel both <g> and —o are 

set theoretical product x and that categorical product is &. We have also already 

seen that 

Mf(AkB) =• Mf(A) x Mf(B) 

Combining this we have that coKleisli(M.f) = MRel is a cartesian closed category 

from Proposition 3.1.2 where the exponential A => B in MRel is M.f(A) x B. 

We may also show that MRel is a cartesian closed category directly. Here we 

take the structure presented in [7] and show that this structure satisfies the equations 

of a cartesian closed category. 

• Terminal object 1 : In MRel, 1 = 0 and for a set A, the unique element of 

MRel(A, 0) is the empty relation. The empty relation is indeed in MRel(A, 0) 

since 0 C Mf(A) x 0. Also notice 

/ G MRel(A, 0) iff / C Mf{A) x 0 

iff / C 0 

iff / = 0 

This shows that the empty relation is the unique element of MRel(A, 0). 

• Categorical product: Let B\ and Bi be sets and define the product B\hB<i as 

the disjoint union 

BxhB2 = ({1} x Bi) U ({2} x B2) 
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together with 

TTi = {([(«, 6)], 6) | b G Bi} G MRel(B1 x B2, Bi), for % = 1,2 

To show that this is indeed a categorical product in MRel we must check that 

for any set A and arrows s G MRel(A, Bi), t G MRel(yl, B2) there is a unique 

map (s, t) G MRel(^4, B\ x B2) making the following diagram commute: 

Bl*-^B1xB2^^B2 

Define 

<s,t) = {(a,(l,&)) I (a,b)€s}U{(a,(2,b)) | (a,b) et} 

We have that (s,t) C At/(A) x J3i&52, therefore (s,t) € MRel(A, Bi&B2). 

Now we must check that 7Ti O (S, t) = S and 7r2 O (S, t) = i: 

7Tio(s, t) = {(a, 6) I 3(ai, 61), . . . , (afe, 6fc) € (s, t) s.t. a = aittl- • -i±lo;fc, ([61,. . . , bk], b) e n} 

But ([61,. . . , bk], b) € 7Ti means that b G Bi, k = 1 and 61 = (1, b). Therefore 

(a,b) G 7Ti o (s,t) iff 3«i G -M/(A) s.t. (a, (1,b)) e(s,t),a = cm 

iff 3ai € .M/(A) s.t. (a, (1, b)) G {(a, (1,&)) | (a, 6) G s}, a = an 

iff 3ai G . M / ^ ) s.t. (a, 6) G s, a = a.\ 

So we get that 

7Ti o (s, i) = {(a, 6) I 3ai G Mf(A) s.t. (a, 6) G s, a = a i } 

= {(a,b) \ (a,b) e 8} 

= s 

Similarly, we have that TT2 O (S, t) = t. To finish, we must show that (s, t) is 

the unique map in MRel(A, Bi x £?2) making the diagram commute. Again, 

let A be any set and s G MRel(j4, Bi), t G MRel(A, B2). Now suppose that 

for some / G MRel(A, B\k,B2), 7Ti O / = s and TT2O f — t. We must show that 

/ = <«,*>: 

7Tio/ = {(a, 6) |3(ai,6i),...,(afc,6fc) G / s . t . a = axy- • -Wafc, ([61,.. . ,&*],&) G 7rx} 
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Again, ([61,... ,6fe],6) G 7Ti means that b G B\, k = 1 and 6i = (1,6). Hence, 

the above set becomes 

7 r 1 o / = { ( a , 6 ) | ( a , ( l , 6 ) ) e / } 

And since TT\ O f = s, we get that 

8 = {(a,b)\(a,(l,b))ef} 

Similarly, 

t = { ( a , 6 ) | ( a , ( 2 , 6 ) ) e / } 

Summarizing, we get 

(a, (i, 6)) € / iff i = 1 and (a, 6)) G it\ o / 

or z = 2 and (a, 6) G 7T2 o / 

iff (a, 6)) G s or (a, 6) G t 

Therefore 

/ = { ( a , ( l , 6 ) ) | ( a , 6 ) G S } U { ( a , ( 2 , 6 ) ) | ( a , 6 ) G t } 

= <M> 

as required. 

Remark 3.1.3. Let A and 5 be sets. Then Mf(AkB) and Mf(A) x .M/(£) 

are isomorphic sets. An element of M.f(A8zB) is a multiset with elements that 

are either marked with a 1 or a 2, those marked with a 1 are paired with an 

element of A and those marked with a 2 are paired with an element from B. 

Consider ( [oi , . . . , afe], [&i,... ,6fc']) G Mf(A) x M.f(B). To get an element of 

M.f(A&,B) simply mark all the a's with a 1 and all the 6's with a 2 like so: 

[ ( l , a i ) , . . . , (l,afc), (2,&i),. . . , (2,6fc/)] G Mf(AkB). Similarly, with an element 

[(1, a i ) , . . . , (1, ctfc), (2 ,6 i ) , . . . , (2, bk')\ G Mf(AkB), unmark the a's and 6's, and 

group them together as: ( [a i , . . . , at], [6i , . . . , bk>]) G Mf(A) x Mf(B). It is clear 

that these are inverse to each other. For simplicity, we will sometimes consider this 

isomorphism as equality. 
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Remark 3.1.4. Since MRel has products, we can define & as a functor MRel2 —• 

MRel as follows: let / : A —> C and g : B —> D be two maps on MRel, then 

fkg : A&B —• CkD e MRel is defined as 

fkg = { ( [ ( l , a i ) , . . . ) ( l , a f e ) ] , ( l , c ) ) | ( [ a i , . . . , o f c ] , c ) e / }U 

{([(2,&0,...,(2,6,)],(2,d)) | ( [6i , . . . ,6 j ] , r f )€ f f} 

Prom Remark 3.1.3, we have that .M/04&.B) = Mf(A) x Mf(B). Using this, we 

can rewrite /&<? as a subset of (M.f(A) x M.f{B)) x (CSzD) as follows: 

/ & ^ = { ( ( a , [ ] ) , ( l , c ) ) | ( a , c ) e / } U { ( C 9 , [ ] ) , ( 2 , d ) ) | ( / S , d ) e ^ } 

• Exponential objects: Let A and £? be sets, the exponential object A => £ = 

•M/(A) x f? and eiu,.B : (A => B)&A —> S is defined as follows: 

evA,B = {(([(a, &)], a) , 6) | a G Mf(A), 6 G B} 

To show that this is a genuine exponential object we must show that for any 

set C and map g : (C x A) —• B G MRel(C x A, B) there is a unique map 

Xg : C —• (A => B) such that evA,B ° (^gkIdA) = g- Define 

A^ = {(7 , (a, 6)) | ((7, a) , 6 ) 6 ^ } 

Then 

Aff&/dA = {(7, [ ], (1, (a, b))) | ((7, a), b)eg}U {([ ], [a], (2, a)) | a G A} 

and 

« U , B ° (XgkIdA) = {((7,«), 6) | 3(71, a i , X i ) , . . . , (7*. afc, Xk) G XgkIdA s.t. 

7 = 7X |±| • • • |±| 7fe) a = ax W • • • W afc, 

([X1,...,X fc],6) eevAtB} 

But ( [Xi , . . . , Xfe], 6) G eiu,B means that Xi = (1, ( [01, . . . , 0^-1], 6)) such that 

((7i, [01 , . . . , ak-i]), b) G g for some i, say i = 1 and X2 = (2, ay), ...,Xk = 

(2, Ofc-i). With this, we get that c*i = 72 = • • • = j k = [ ] and that a2 = 

[ai], a3 = [a 2 ] , . . . , ak = [afc_i]. Summarizing,we get 

ê A,B o (XgkIdA) = {((7, a) , 6) | ((7, a) , b) G 5} 

= 3 
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Hence, the proposed candidate for Xg satisfies the required equation. Now, it 

remains to show that it is unique. Suppose that h : C —• (A =>• B) is a map 

such that 

evA,B o (hkIdA) = g 

We must show that h — Xg. From the above calculations, we have that 

evA,B ° (hkIdA) = {((7,a),6) | 3 (7 i ,a ; i ,Xi ) , . . . , (~fk,ak,Xk) e hkIdA s.t. 

7 = 71 W • • • tt) 7fe, a = «i l±l • • • l±l ctfc, 

( [ I l l . . . , I k ] , 6 ) G e u A | B } 

Now, ([Xi,...,Xfc],&) € etu,s means that for some i, say i = 1, Xx = 

(1, ([at , . . . afc], b) such that (71, (a, b) £ h and that on = 72 = • • • = 7fc = [ ]. 

This also implies that X2 = (2,01),. . . ,Xk — (2,ak-i) and ct2 = [ai],a3 = 

[02],... , Oik = [ak-i]- Therefore, we can rewrite evAtB ° (hSzIdA) as 

evABo(hkIdA) = {((7,a),6) I 3(7i ,[] ,( l , ([ai , . . .a f c_i] ,6)) , 

([ ], [01], (2, ax ) ) , . . . , ( [ ] , [ofe_i], (2, afc_i)) € hkIdA 

s.t. 7 = 7iW[]l±)---W[], a = [ ] W [ai] W • • • W [afc]} 

= { ( ( 7 , « ) , 6 ) | ( 7 , ( a , 6 ) ) e / i } 

But we know that evAiB°(h&IdA) = g, therefore g = {((7, a), b) K7, (a, b)) G /i} 

and so h must be {(7, (a, b)) \ ((7, a) , b) € 5} and we have that h = Xg as 

required. 

3.2 Enough points 

Definition 3.2.1. Let A be an object in a category C with terminal object 1. The 

points of A in C are all the morphisms x € C(l, A) 

Example 3.2.2. 

i . Consider the category of sets and set-theoretic functions Set. The terminal 

object 1 of Set is the singleton set {*}, therefore a point of a set A is a function 

from {*} to A. For every element a of A there is a map fa : {*} —• A, where 

/„(*) = a. Therefore the set of all points of a set A in Set is isomorphic to A, 

Set(l,A)^A. 
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2. Consider the category K-Vect, the category whose objects are vector spaces over 

a fixed field K and maps are if-linear transformations. The terminal object of 

K-Vect is {0} the zero vector space. A point of a vector space V in K-Vect is a 

if-linear transformation from {0} to V. There is only one such transformation: 

the transformation that sends 0 to 0. Therefore the set of all points of a vector 

space V is a singleton, K-Vect(l, V) = {*}. 

3. Consider the category of sets and relations Rel. The terminal object of Rel is 

the empty set 0, therefore a point of a set A is a relation R from 0 to A. We 

can think of R as a subset of 0 x A, but 0 x A = 0. Therefore R is the empty 

relation and hence, there is only one point of A. The set of all points of a set 

A is a singleton, Rel( l , A) = {*}• 

4- Let A be an object in AlgLat, i.e. A is an algebraic lattice. The points of 

A in AlgLat are all the morphisms x G AlgLat(1, A). The terminal object 

of AlgLat is {*} the singleton algebraic lattice, therefore a point of A is an 

arrow from {*} to A, which is a set theoretic map preserving the join of directed 

subsets of {*}. For every a G A, there is one such map fa : {*} —• A, where 

/a(*) = a and this map preserves the join of directed subsets of {*} since there 

is only one such subset, {*} itself. Therefore, the set of all points of an algebraic 

lattice A € AlgLat is isomorphic to A, AlgLat(l,^4) = {fa : {*} —>• A | a G 

A}^A 

Example 3.2.3. Let A be an object in MRel, i.e. A a set. The points of A in 

MRel are all the morphisms x G MRel(l,A). The terminal object of MRel is 0, 

therefore a point of A is an arrow from 0 to A, which is a relation from A/t/(0) to 

A. Recall that Mf($) = {[]} = {*}> a singleton. These are, up to isomorphim, the 

subsets of A. MRel( l , A) = V(A) 

Definition 3.2.4. A category C with terminal object 1, is said to have enough points 

[7], or to be well-pointed [18], if for any A, B objects in C and / , g G C(A, B), whenever 

f ^ g there exists a point x G C(l, A) such that f ox ^ g ox. 

An object U of a category C with terminal object 1, is said to have enough points 

[7], or to be locally well-pointed [18], if for any / , g G C(U, U), whenever / ^ g there 
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exists a point x € C(l, U) such that f ox ^ g ox. 

It is clear that if there is an object in a category C that is not locally well-pointed, 

then C is not well-pointed. 

Example 3.2.5. 

1. The category Set has enough points: let A, B be two sets and g, h € Set(^4, B). 

Suppose that g ^ h, then there is an a on A such that g(a) ^ /i(a), but 

g(a) = (g o /„)(*), where / a is the point of A that sends * to a. Therefore, 

g°fa^hofa. 

2. The category K-Vect does not have enough points: let V, W be two vector 

spaces and g,h e K-Vect(V, W). Suppose that g / h, then g(x) ^ h(x) for 

some x 7̂  0 (since #(0) = h(0) = 0, this is true for all linear transformations). 

The only point of V is the map from {0} to V, call it / , that sends 0 to 0 

and g o / = g(0) = h(0) = h o f. Therefore, there does not exist a point 

x € K-Vect(l, V) such that g ox ^ ho x. 

3. Using similar reasoning as for Set, it is clear that AlgLat does have enough 

points. 

Example 3.2.6. MRel does not have enough points. For every non-empty object 

A E |MRel | , A is not locally well-pointed. In fact, for every object A G |MRel|, there 

exists / , g € MRel(A, A) such that / ^ g, but fox = gox for every x € MRel( l , A). 

f,ge MRel(A,A), therefore f,gC Mf{A) x A. 

Let / = {(ai,b)} and g = {(a2,b)}, where ai,a2 € Mf(A) and a i ^ a2, but 

supp(ai) = supp(a2)- Let x E MRel(l,j4). Then, as previously discussed, we can 

think of a; as, up to isomorphism, a subset of A. Now, notice 

/ o x = {(a, a) |3(ai, ax),..., (ak, ak) € x s.t. a = ax l±i • • • W ak, ([a1}... ,ak],a) € / } 

but (aj, a*) G a; means a, = [ ] for i = 1 , . . . , k, a = [ ] and a, € -A. Therefore / o i 

becomes 

fox = {([],a) I B O X , . . . , ^ € yls.t. ([],a,) € z, ([ax , . . . ,ak],a) € / } 
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and similarly 

gox = {([],a) |3ai , . . . ,a f e eAs.t. ([],0j) € x, ([ax , . . . ,ak],a) Eg} 

If supp(ai) C x, thinking of a; as a subset of A, then / o i = { ( [ ],b)}. But since 

supp(ai) — supp{a2)i we also have that supp(ct2) C a; and then, similarly, g o x = 

{([ ],&)}. Therefore, f o x = g o x. If siipp(ai) $£ x, then / o x = 0, but since 

sitpp(o;i) = s«pp(o;2), we also have that supp(ct2) £ x and then, similarly, g o x = 0. 

Therefore, f o x = g o x. In all cases, f o x = g o x for every x € MRel( l , ^4) and 

we have that A is not locally well-pointed and in turn, MRel does not have enough 

points. 

The notion of having enough points relates back to how we view functions. If a 

category has enough points then two morphisms are equal if they are extensionally 

equal: morphisms are defined by how they act on points. The lambda calculus allows 

us to view functions intensionally, therefore models of the lambda calculus should be 

able to reflect this fact. The full force of adding extensional equality (as an internal 

first-order axiom) to the intensional /3-equality of lambda calculus means that we 

identify the two notions of equality (intensional and extensional) in the strongest 

possible way. But categorically, 1 is a generator is not a natural "internal" condition. 

Hence we would like to move away from this requirement and allow models of the 

untyped lambda calculus that do not have enough points. 

3.3 Global sections functor 

Definition 3.3.1. The global section functor T of a category C with terminal object 

1 is a functor from C to Set. For an object A E C, r(A) is the set of all points of 

A, T(A) = C(1,A). For an arrow / : A —* B E C(A,B), F(f) : T(A) —• T(B), for 

a : 1 —> AE T(A), then T(/)(a) is given by / o a, T(/)(a) = / o a. 

Remark 3.3.2. If C is a category with products x then the global sections functor 

r : C —• Set preserves them: for two objects A,B of C, T(A x B) ^ T(A) x T(B). 

If C has exponentials it is not true that T preserves exponentials:for two objects A,B 

of C, F(BA) ¥ r ( 5 ) r ^ ) . However, there is a canonical comparison map of F(BA) 

and T(B)r(-AK To construct this map, take the evaluation map ev : BA x A —> B 
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in C and apply T to it to get the map r(eu) : T(BA x A) —• r ( S ) in Set. Since T 

preserves products, we get a map T(ev) : T(BA) x T(A) —»• T(B) and since Set is 

cartesian closed, we can get a map T(ev)* : T(BA) —• T(B)r(-A\ This map has the 

property that it is an embedding if and only if the object A has enough points. More 

generally, it is easy to see that the terminal object 1 is a generator in C if and only 

if the functor T = Hom(l, —) : C —> Set is faithful (i.e. injective on hom-sets). 

Example 3.3.3. Consider the category MRel. Then the global sections functor of 

MRel, T : MRel —• Set, is defined as follows: let A be an object in MRel, so 

A is an arbitrary set. Then T(A) — MRel( l ,A) . In section 3.2, we have already 

shown that, up to isomorphism, MRel(l,>l) = V(A). Therefore, we have that 

T(A) = V(A). Now, let / : A —> B e MRe\(A,B); by definition this means that 

/ C Mf(A) x B. Then T(f) : T(A) —• T(B) e Set. Let X G T(A) = V(A); we can 

think of X as a subset of A. Using the definition of composition in MRel we have 

that 

r(/)(x) = fox 
= {([],&) | 3ai,...,ak G X s . t . ([a^ ... ,ak],b) € / } 

^ {b\ 3ai,...,akeX s.t. ( [ o i , . . . , a f c ] , 6 ) e / } 

Therefore, T(f) : V(A) —• V(B), where for X C A, T(f)(X) = {b \ 3au . . . , % € 

X s . t . ([au...,ak},b) € / } 

In fact, we can show that this global sections functor T for MRel actually sends 

objects and morphisms in MRel to objects and morphisms in AlgLat. 

Proposition 3.3.4. T factors through AlgLat; 

MRel *• AlgLat 

Here, U is the forgetful functor from AlgLat to Set. 

Proof. For any object A € MRel, F(A) = V(A) and we know that the power set 

of any set is indeed an algebraic lattice. It remains to show that for any / : A —> 

B € MRel(A,B), for A and B sets, T(f) e AlgLat(V(A),V(B)). To do this, we 
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must check that T(f) preserves directed joins. Let JF C V{A) be a directed family of 

subsets of A, say T — {X, \ i £ I}. Then we have that 

r ( / ) ( U * 0 = {b\3a1,...,ake\jXis.t.([a1,...,ak],b)ef} 
iei iei 

LHS 

and 
Ur ( / ) (X i ) = U { M 3 a i , . . . , f l t e I i S . t . ({au...,ak],b)G f} 
iei iei 

RHS 

Now 

be RHS iff 3ie I s.t. be{b\ 3ai,...,akeXi s.t. ([ai,...,ak],b) e f} 

iff 3i G I.Ba-i,, ...,akeXi s.t. ( [ax , . . . , ak], b) G / 

iff 3oi , . . . ,a f e G U ^ i s-t- ([a>i,---,a>k],b) G f (*) 
iei 

iff 6 G Ltf S 

The only "only if" direction of the step marked with a (*) is obvious, but the "if" 

direction is not as clear and is due to the fact that T is directed. Suppose that there 

are a\,..., ak G IJ^* s u c n ^ a * (tai> • • • > afc]» ^) e /• Then for each aj, j = 1 , . . . , k, 
iei 

there is an Xj G T such that aj G Xj. Now by the directedness of J7, there is 

an XN G F such that Xj C A"AT for j = 1 , . . . , k. Therefore each aj G XN and 

we have that there is an X G J7, namely XN, such that there are ai,... ,ak G X 

with ([ai,...,Ofc],6) G / as required. This shows that for any / G MRel(A, B), 

T(f) G AlgLat(A, 5 ) and that T factors through AlgLat. n 

3.4 The existence of a reflexive object in MRel 
Definition 3.4.1. An object U in a category C is said to be reflexive if it is equipped 

with morphisms e : Uu —> U and p : U —• Uu such that p o e = Iduu. U is 

extensional if, in addition, eop = Id\j. 

In [7], such an object is given: it shown that there is a extensional reflexive object 

D in MRel and that this object is a model of A-calculus. This object D is defined 

as follows: 

D=\jDn 

new 
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where 
A) = 0 
Dn+l = Mf(Dn)M 

Taking a closer look, notice Dx = Mf(D0)^ = X/ (0) ( a ; ) . This is the set of all 

quasi-finite N-indexed sequences of finite multisets over 0. But there is only one finite 

multiset over 0, namely [ ]; therefore there is only one element of M.f{$)^\ which 

is * = ( [ ] , [ ] , [ ] , . . . ) , the sequence in which every element is the empty sequence. 

D\ = {*}, a singleton. 

Now D2 = X / ( D i ) ( w ) = Mf({*}Yu). This is the set of all quasi-finite N-indexed 

sequences of finite multisets over singleton {*}. An element of D2 , say a = (aj)jeN, 

where a* = [cti,..., ak] where a,j = * for j = 1 , . . . , k and k = 0 for all but finitely 

many i e N . In general, if a is in D, then a is in Mf(Dn)^ for some n 6 N. We 

think of a as a sequence a = (<r0, (ci, cr2, •••))• 

Let a € D, with say cr = (cro, (CI, 02, . . . ) ) a n d ^ G M.f(D). We write ra • cr for 

the element r £ D, where r = (ra, (cr0, 01 , . . . ) ) . 

Proposition 3.4.2. £> = (D,p,e) is an extensional categorical model of A-calculus 

where 

p = {([m • a], (m, &)) I m € -M/(I>)> a € £>} e MRel(£>, D =• D) 

e = {([(m,or)],m-a) | m € Mf(D),a E D} eMRel(D => D,D) 

Proof. To show that T> is a model we must show po e = ICLD^D and to show that it 

is extensional we must show that e op = Ido-

poe = {(n,c) I 3(n1,b1)...(nk,bk) € e s.t. n = nx liJ • • • i±i nk, ([61, • • • A ] , c ) 6 p } 

(n,, 6j) G e means n* = [(m*, e^)], 6» = m* • cr,,m* € X / ( D ) , cr € D 

([61, . . . , bk], c) G p means bi = --- = bk = b = m-a where c = (m, cr), also, 

rii = [(m,o)] for all i since 6j = m- a. Therefore 

p o e = {([(m, <r)], (m, tr)) | m £ Mf(D), a e D} = IdD=*D 

as required. The proof that e o p = /ofo is very similar. • 
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3.5 C-Monoids and MRel 

The previous section has shown that there is an extensional reflexive object D is MRel 

D ~ D => D. A natural question to ask ourselves is whether or not D = D&.D. In 

this section, we show that Dk,D <d D and that End(D) is a weak C-monoid. 

Proposition 3.5.1. DlkD is a retract of D, i.e. D&,D < D. 

Proof. Let 

(p:D —• DkD and ip : D&D —• D 

So we have that <p C A1/(I>)xD&.D and ip C Mf(DkD)xD^ (Mf(D)xMf(D)) x 

D, where 

VP = { ( H , ( l , ( 7 ) ) | a G J D } U { ( [ a ] , ( 2 , a ) ) | a G L ' } 

V' = { ( ( W , [ ] ) ^ ) k € D } U { ( ( [ ] l H ) > a ) | a € Z ? } 

( / JO^ = {(m,6) | 3(mi,6i)...(mfc,6fe) e V s.t. m = Wm», ([6i,...,6fe],6) e ¥?} 

but ([bi,... ,bk],b) e ip means b = (jf,<r) for some a E D, therefore k = I and &i = a. 

Therefore 

<^OT// = {(m,(j,a))\3(mi,ai)E^,m = mi,([a],(j,a))e<p} 

(m, a) €.ip means m = [(1, <r)] or m = [(2, o-)]. So we have that 

<p o V = {([(*, <r)], (i, a)) | (i, a) 6 £>&£>} 

= ido&D 

as required. • 

Note that ^ o ip ̂  / do , in fact, ip o ip = IdD U /dp , disjoint union, two copies of 

Definition 3.5.2. A monoid is a non-empty set .M with a binary operation • : 

M x M. —> M. and identity element e such that • is associative and e • a = a- e — a 

for all a € G. 

We can view a monoid A4 as a category with one object. The elements of M. 

are the arrows of the category, the identity arrow in the category is e E M and 

composition in the category is multiplication, •, in M. . 
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Definition 3.5.3. A C-monoid is a monoid M. together with (7ri,7r2,e, *, ()) where 

7Ti,7r2,e € M, ( -)* : M —> .M a unary operation and (—,—): M x M —> X a 

binary operation satisfying: 

CI. 7Ti(a,6) = a 

C2. Tv2(a,b) = b 

C 3 . (7TiC, 7T2C) = C 

C4. e(/i*7ri,7r2) = to 

C5. (e<Jbri,7r2»* = A; 

for every a,b,h,k e M-

Notice that the definition of a C-monoid is analogous to the axioms of a cartesian 

closed category except for the existence of a terminal object. We omit the terminal 

object since if a cartesian closed category has only 1 object, then that object is the 

terminal object. With this, we would have that \Hom(l,l)\ — 1: there is only 1 

arrow in the category. 

Lambek and Scott prove the following consequences of the axioms of C-monoids 

given in Definition 3.5.3: 

Proposition 3.5.4 (see [11]). In a C-monoid, the following laws hold: 

C3a. {a, b)c = (ac, be) 

C3b. (ir1,TT2) = e 

C4a. e{h*a, b) = h(a, b) 

C5a. h*k = (h(kir1,ir2))* 

Proposition 3.5.5 (see [11]). Let C be any locally small cartesian closed category 

with an object U such that Uu = U and U xU = U, then End(U) is a C-monoid. 

Definition 3.5.6. A weak C-Monoid is a monoid M together with (7^,^2,6,*, ()) 

where 7Ti, 7r2, e € M, (—)* : M —• M a unary operation and (—, —) : M x M —• M 

a binary operation satisfying CI, C2, C3a, C4a. 
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We do not know if D is isomorphic to DkD. We only know that DkD is a retract 

of D. Hence, we cannot use Proposition 3.5.5 to show that End(D) is a C-monoid. 

In fact, with respect to the retraction pair ip : D —• DSzD and ip : D&cD —• D 

given in the proof of Proposition 3.5.1, End(D) is a weak C-monoid. 

Proposition 3.5.7. Let D be the reflexive object in MRel presented in [7]. Then 

End(D) is a weak C-monoid. 

Proof. First, we must define structure of the weak C-monoid, namely the 5 tuple 

(7Ti, 7r2, {}, e, ()*), as follows: 

7T2 = K2D,D ° <fi 

{a, b} = ip o (a, b) 

£ = evD,D o(px IdD) o tp 

h* = eo(hoijj)* 

These are all indeed morphisms from D to D, and are therefore elements of 

End(D) as required. We will now check which of the C-monoid axioms hold here: 

• CI: 
ni{a,b} = •KlDDoipoipo(a,b) 

= a 

CI holds. 

• C2: 

7r2{a, b} = TT2DID o(poif;o(a,b) 

= ^2DtD°(a,b) 

= b 

C2 holds. 
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• C3: 
{7TiC,7T2C} = IpO (7TiC, 7T2c) 

= 1p O (7Ti,7T2) O ipo C 

= 1p O (f O C 

^ c 

C3 does not hold, since ip oip y£ I dp. 

• C3a: 

{a,b}c = ipo (a,b) oc 

— ip o (ac, 6c) 

= {ac, 6c} 

C3a holds. 

• C3b: 
{7Ti,7r2} = -0o(7ri,7r2) 

^ ipo (TT1DID O (p, TT2DD O ip) 

= ip o ip 

¥> IdD 

C3b does not hold, since ip o <p ^ Ido-

• C4: 

£{/i*7Ti,7r2} = evD>Do(pxIdD)oipoipo(eo(hoipyTTiD:Doip,Tr2D 

= evD,D o(px IdD) o(eo(ho ip)*iriDzD o </?, 7r2Dii, o <p) 

= evD,D o(px IdD) o(eo(ho ^)*nD,D,^2D,D) ° <P 

= evDtD o{poeo(hoip)*7TiDyD,IdD o -K2D>D) O <p 

= euD^o((ftoV)*7riDiD)7r2Dii,)oy? 

= (hoip) o <p 

= ho ip o ip 

? h 

C4 does not hold, since ip o ip =£ Ido-
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• C4a: 
s{h*a,b} = evo,D ° (p x Ido) o(/3o^o(eo(/jo"0)*a,6) 

= evD>D o(j)X /d^)) o ( e o ( / i o i>)*a, b) 

= ewe,© o (jpo e o (hoip)*a, Idp o b) 

= evo,D ° (hoij;)*a,b) 

= hoip o (a,b) 

= h{a,b} 

C4a holds. 

• C5: 

(e{A;7ri,7r2})* = (evDjDo {p x IdD) o ipoip o (kTvlDD oip,n2DiD o ip))* 

= (evD,D °(px IdD) o (kirXDtD o <f, TT2D|D O tp})* 

= (evDtD o (p x /do) o (fc7riDiD, 7r2 c c) o y>)* 

= eo (evDtD o(px IdD) ° (far i^,7T2 D I D) oipo^)* 

= eopok 

= k 

C5 holds. 

• C5a: 

fc*fc = eo{honj))*k 

= eo (evDyD((hoip)*knlDD(fori 
D,D1 ^2D,D 

= eo(evDtD((hoip)*kirlDtD,ir2DiD)(kirlDtD,ir2DiD))* 

= eo(hoipo(kTTlD!D,TT2DtD))* 

= e O {hoij) O (k-K\ Olp, 7T2 °^))* 

= eo (hotpo (A;7ri,7r2) o^>)* 

= e O (/lO {fc7ri,7T2} °^>)* 

= (/io{fc7ri,7r2})* 

C5a holds. 
Hence, we conclude that End(D) is a weak C-monoid. 
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Notice that under the structure denned above, End(D) is not a weak C-monoid. 

From an exercise in [11] p.100 Ex.3(b), this means that the Karoubi envelope (which 

is the idempotent splitting completion) of End(D) is a cartesian closed category. 



4 MRel and the Vu model 

In section 2.2.3, we gave a brief description of Scott's Vu> model of the untyped 

lambda calculus. In this model, we interpret the lambda calculus in the power set 

of the natural numbers N. The set of natural numbers N is an object in MRel and 

as we have already seen in section 3.3, the global sections functor T applied to N 

is isomorphic to V(N). This chapter explores the possible relationship between well 

known models of the untyped lambda calculus, in particular the graph model, and 

MRel. The first section defines a notion of application in MRel and compares T of 

this function to application in the graph model. The second describes the setting in 

which we get are eble to get the graph model from MRel using T. The third section 

describes how we get reflexive objects in AlgLat from reflexive objects in MRel. 

4.1 Application 

Observe that there is a faithful, identity-on-objects embedding Set ^ MRel map­

ping f : A —> B eSettoJ : A —> B e MRel, where / = {([a], b) \ f(a) = b}. 

Suppose that we have an object in MRel, say a set A, and a set theoretic isomor­

phism A = A => A via </? : (A => A) —> A e Set and ip : A —• (A => A) e Set, 

where A =» A is Mf(A) x A (the exponential in MRel). We define an applica­

tion map App : AkA —> A using the above isomorphism and the evaluation map 

evA,A '• {A => A)kA —> A by letting App = evA,A ° (ip&IdA). Then we can apply T 

to this map which will give us a map T(App) : V(A) x V(A) —> V{A). We will then 

compare this notion of application to application in the VLJ model. 

First, let us examine what App looks like. The map ip is a map from A to A => A 

in MRel and can be regarded as a subset of Mf(A) x (Mf(A) x A). Therefore, 

^kIdA : AkA —•(>!=• A)kA will be a subset of Mf(AkA) x (Mf(A) x A)kA or 

equivalently, a subset of Mf(A) x Mf(A) x (Mf(A) x A)kA defined as follows 

^kIdA = {([(1, a i ) ] , (1, (/?, 02))) | ^(oa) = (A a2)} U {([(2, a)], (2, a)) | a € A} 

67 
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Also, recall 

evA,A = {(([(a,n)],a),n) \ aeMf(A),neA} 

= {([(!. ( K : • • •»a*], w)), (2, ax) , . . . , (2, afc)], n) | Oj, n E A} 

Now, vlpp : AkA —> A, which is equal to evAjA o (i/j&IdA), will be be a subset of 

of Mf(AkA) x A or equivalently, a subset of (Mf(A) x .M/(A)) x A. Prom the 

definition of composition in MRel , we have 

App = evAtAo(ipkIdA) 

= {(a, a) | 3(ai,Xi),...,{ak,Xk) E (ip&IdA) s.t. a = «i i±i • • • tti ak, 

([Xi,...,Xk],a) EevA<A} 

The fact that ([Xi,... ,Xk],a) E evAfA tells us that for some i, say for i — l,Xj = 

Xi = (l ,([a1 , . . . ,a f c_i],a)) and X2 = (2 ,o i ) , . . . ,Xk = (2,ak-i). Since (on,Xi) E 

(ipSzIdA), we have that ai = [(1,6)] such that ip(b) = ( [a i , . . . , Ofc_i],a) and aj2 = 

[(2, a i ) ] , . . . , ak = [(2, ak~i)]. Finally, given that a = a.\ i±l • • • i±l ak, we have that 

a = [(1,6), (2, ai),..., (2, afc_i)]. Summarizing, we have 

App = {([(l ,6),(2,ai), . . . ,(2,a f c_i)],a) | V(6) = ([oi, . . . ,a f c_i],a)} 

S* {(([6],a),a) |^(6) = ([oi,. . . ,a f c_i],a)} 

The isomorphism above is due to the fact that Mf(AkA) = Mf(A) x Mf(A). By 

Proposition 3.3.4 we have that applying T to App gives us T(App) : V(ASzA) —• 

^(A) which is a map in AlgLat. Let V C A&A, then we have 

I\App)(V0 = {a € A | 3 a i , . . . , ak E V s.t. ( [a x , . . . , afc], a) € App} 

Notice that to any V C A&A, we can associate a pair of of subsets (X, Y) E V{A) x 

V(A), all those elements in V that are marked with a 1 are in X and all those marked 

with a 2 are in Y. This gives a map f(App) : "P(A) x V{A) —• ^ (A) , where for 

(X,Y) EV(A) XV(A) 

F(App)(X,Y) = {a E A | 3a G Mf(X),0 E Mf(Y) s.t. ((«,/?),a) e App} 

= {aEA\3xEX,(3E Mf(Y) s.t. , V(x) = (f3, a))} 
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It is true that N => N = Mf(N) x N ^ N G Set. Call this isomorphism ^ : N —> 

(N =*> N) G Set and therefore N =• N ^ N e MRel via xf : N —> (N => N) G MRel. 

Letting A be N, we get a notion of application on VN, • : VN x VN —> "PN, and for 

A,B CN 

A*B= ( J { n e N | ^ ( a ) = (/3,n)} 
aeA,peMf(B) 

This definition of application is similar to application in the graph model given in 

section 2.2.3, the only difference being that the union ranges over finite multisets in 

our case and finite sets in the graph model. 

4.2 Retrieving the graph model from MRel 

At the end of section 4.1, we notice that N =» N = N in MRel. Since T is a functor it 

preserves isomorphims. Also, by Proposition 3.3.4, T factors through AlgLat. These 

facts combined tell us that V(N => N) ^ V(N) G AlgLat. The idea is to find the 

correct isomorphism ip : N => N —> N G MRel, and maps H, G G AlgLat so that 

the following diagram represents the graph model: 

W) ZZ. *! P(N =• N) Z t [VN, VN] 

In other words, we need an isomorphism ip : N => N —• N G MRel, and maps 

H,G G AlgLat such that HoT{^~1) = fun and T(ip)oG = graph. Since MRel is a 

cartesian closed category, it has an evaluation map. It would be nice if H arose from 

such an evaluation map in MRel: N is an object in MRel therefore ettyN : (N => 

N) —• N, which we will refer to as ev in this section for simplicity, is an evaluation 

map in MRel. By Proposition 3.3.4, r(ev) : V((N =*• N)&N) —• V(N) is a morphism 

in AlgLat which is equivalent to a map T(ev) : V(N =» N) x V(N) —• "P(N), since 

7>((N =*> N)&N) = 7>(N =^ N) x P(N). Now since AlgLat is a cartesian closed 

category, we can take the curry of this map to get T(ev)* : V(N =» N) —> [VN, VN] 

and let H = f(ev)*. Then we could define define a map G : [V(N), V(N)} —• V(N =• 

N) such that T(ev)* o G = / d p ^ ^ N ) ] - With this and the previously mentioned 

isomorphism T(ip), we will get a retraction [V(N), V(N)] <V(N). The idea is that for 
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the correct choice of isomorphism tp, this retraction corresponds to the graph model. 

This, unfortunately, is not possible to do. This method does not work for the exact 

reason why our notion of application, defined in section 4.1, did not coincide with 

application in the graph model. The graph model is given in terms of finite sets, not 

finite multisets. We need a way to move away from -M/(N) and into Vf(N). This is 

done by adding an extra step into our diagram: 

r^-1) . r ( g ^ ) H 
P(N) ZZ. * V(N => N) r P(P/(N) x N) " t [VN, VN] 

r(V) r(g) G 

where g is a set theoretic isomorphism from Vf(N) x N to N => N e Set defined as 

follows: for (A, n) € Vf(N) x f f , A = {bly... bk} 

g(A,n) = ({(ni,n'1),...,(n fc,nj i.)},n), where bt = #(rH,nJ,i = l,...,k 

and g-1 : N => N —• P/(N) x N € Set, and for (a,n) € N => N, a = 

{(ni, m(n i ) ) , . . . , (nfc, m(nk))} 

g~\a, n) = ({#(ni, m(n i ) ) , . . . , #(nfc, m(nfc))}, n) 

where,for a, 6 G N, #(a , 6) is the coding of pairs used in the graph model defined in 

section 2.2.3. Now, since # is a bijection, this is shown in [2], it is clear that g and 

g"1 define an isomorphism of sets and so ~g and g~l define an isomorphism in MRel. 

We will use this isomorphism and the coding of finite sets and pairs from the graph 

model to define the correct choice of ij) : N =>• N —• N € MRel. 

We know that N ^ Vf(N) x N G Set via i : N —• Vf(N) x N and r 1 : Vf(N) x 

N —> N, where for n e N 

i(n) = (ea, b) where #(a , b) — n 

and for (e0,6) eVf(N) x N 

r1(eQ , i) = #(a,6) 

where, for a e N, ea is the finite set coded by a as defined in section 2.2.3. This 

indeed defines an isomorphism since both codings are bijections (see [2]). Now we 
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define two set maps <p : -M/(N) x N —• N and p'1 : N —• M/(N) x N in terms of 

the previously defined isomorphisms: 

Mf(N) x NT ~lVf(N) x N 
9 

In other words, <p is defined to be i~l o g~l and <^_1 is g o i. Now, 9? and <p~x define 

an isomorphism in Set since i,i~* and g,g~x are both isomorphisms. Therefore, 

letting ip = Tp and ip~l = ip-1, we have that tp,^-1 define an isomorphism of N and 

Mf(N) x N in MRel . 

The last part of our diagram that needs to be filled in requires us to define maps 

H : V(Vf(N) x N) —• [PN.PN] and G : [VN,V$\ —• V(Vf(N) x N) such that 

HoT(g~ri)o T(^-1) = fun and T(tp) o T(g) oG = graph. 

Consider Mf(N) x N and Vf(N) x N. Mf(N) x N is the exponential object N =» N 

in MRel. It would be nice if Vf(N) x N was the exponential object in a category 

similar to MRel but built from Vf instead. If we were able to define a distributive 

law of V over Vf we could define a monad Vf on Rel and follow the same construction 

as we did for MRel to get the coKleisli category of this Vf, call it PfRel. Then we 

could define the global sections functor, say Y-pf for this category, then H would arise 

as V-ps of an evaluation map in PfRel in the same way that we had hoped H to 

arise from an evaluation map in MRel (Discussed at the beginning of this section). 

Unfortunately, this does not work: it is not clear whether such a distributive law 

exists or not. For a discussion of this, please see section 4.4. 

We are however able to find a map h : (7>/(N) x N)&N —> N € MRel which 

will serve the same purpose as the required evaluation map of PfRel, if PfRel were 

to exist. Considering / i a s a subset of ((^/(N) x N)&N) x N, we define this map as 

follows: 

h = {([(!. (Oh, • • • ,n k},n)) , ( 2 , m ) , . . . , (2,nk)],n) \n,m€ N} 
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This map h, is very similar to evNiN G MRel, but is not quite the same: notice that 

here we use curly brackets {ni,... ,nk}, whereas in ettyN this would be [ni,...,nk]. 

We apply the global sections functor defined for MRel to h to get a map F(h) : 

P((P/(N) xN)&N) —• P(N). This is a morphism in AlgLat where for A C (Vf(N) x 

N)&N, T(h)(A) is the following set: 

T(h)(A) = {n G N | 3 o i , . . . , ak € A s.t. ([ab . . . , afe], n) € /&} 

From the above definition of h, we know that ( [oi , . . . , ak], n) € /i if and only if oti = 

(1, ({&i,..., fefc-J, n)) for some &i,. . . , 6fc_i G N and a2 = (2, bx),..., ak = (2,6fe_i). 

Therefore 

r(ft)(A) = {n € N | 36 i , . . . , bk G N s.t. (1, ({&i,..., bk}, n)), (2, h),..., (2,&fe) G A} 

Now we can define T{h) : V{Vf(N) x N) x P(N) —• P(N) as follows: for (A, B) € 

V(Vf(N) x N) x P(N), so A C (P/(N) x N) and B C N , then 

f(fc)(A, B) = { n e N | 36 b . . . ,bk e B s.t. ({6b .. .,bk},n) € 4 } 

Since T(/i) is also in AlgLat and AlgLat is a cartesian closed category, we can 

apply the (-)* operation to T(h) to get f(h)* : V(Vf(H) x N ) —• [P(N),V(N)] 

with f(h)*(A) = fA, A C (P/(N) x N), where / A G [P(N),P(N)j and for S C N, 

/A(B) = f(fc)(4 £ ) . Then let H = f(X)* 

Now we define G : [VN,VN] —• P(P/(N) x N) to be the map in AlgLat such 

that for F G [VN, VN] 

G(F) = {(A,n) | n 6 F(A),ACf N} 

Then H o G = /dfp^-PN]- To show that from these maps we get the graph model 

there are a few things to check: we must show that fA G AlgLat, we must also show 

that G G AlgLat, check that H o G = /dpJN.pN] and finally, we need to verify that 

ffor(Fi)o T^J-1) = fun and T(i(>) o T(g) oG = graph: 

1. fA G AlgLat: 
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By definition, for A C (Vf(N) x N), fA is a map from VN to 7>N. To show that 

J A € AlgLat, we must show that for a directed family of subsets of the natural 

numbers, say {£?,} the following equality of sets holds: 

Now consider for now the left hand side of this equality: 

/A(UA) = fW(A(J£i) 
= {n G N | 3 n i , . . . , nk G U B% s.t. ( { m , . . . , nfe}, n) G ^4} 

Now consider the right hand side of the equality: 

U/A(£<) = f^)(ABi) 
= U( r e e N | 3ni, ...,nkEBi s.t. ( {n i , . . . , nfc}, n) G A} 

Then for n G N 

n £ / A ( U S * ) t n e n 3ni, ...,nke\JBi s.t. ( {n i , . . . , nfc}, n) e A 

then 3 n i , . . . , n^BSi , . . . , Bk s.t. n* € -Bj for i = 1 , . . . , k 

and ({ni,. ..,nk},n) G 4̂ 

then 3 n i , . . . , n k 3 N s.t. nj G BN ior i — 1,... ,k 

and ({n i , . . . , nk}, ri) £ A since {5,} is directed 

then ne\JfA(Bi) 

and in the other direction 

n e | J / A ( A ) then 3JV3ni, ...,nkeBN s.t. ( {n i , . . . , nfe}, n) G A 

then 3 n i , . . . ,nfe G (J-B, s.t. ({n i , . . . ,nk},ri) G A 

then H 6 / i ( U B i ) 

and we have that / A ( U &%) = U / A ( A ) as required. 

2. G G AlgLat: 

To verify this we must show that G(V F*) = V G(Fj), {Fj} a directed family 

and Fi G P>(N),P(N)]. Notice that V-fi(^). -4 C N is defined to be \f(Fi(A)). 

Then 

G(V^i) = { ( A n J I n e C V ^ K ^ . A C / N } 

= {{A^lneWFiWlACfK} 
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and 

V(G(^)) = M{(A,n)\neFi(A),ACfK} 

Suppose that (A, n) G G(V ft), then n G \J(Fi(A)) where A Cf N. This means 

that there is an z such that n G F^A), which means that (AL, n) G G(F,). 

Therefore (A,n) 6 \f(G(Fi)). Now suppose that (An) e \f(G(Fi)), then for 

some i, (A,ri) G G(Fi). This, by definition, means that n G Fi(A) and 4̂ Cy N, 

which means that n e \J Fi(A). Therefore we get that (A,n) G G(\/ Fi), as 

required. This shows that G(\/ Fi) = V G(Fj) and therefore G G AlgLat. 

3. H o G = Jdp^N)^)]: 

Let FG [P(N),P(N)],then 

HoG = (T(h)*oG)F 

= iXh)*(G(F)) 

= fG(F) 

To check that HoG — 7dfp(N),-p(N)] we must show that fa(F) — F. Let U C N, 

then 

/G(F)(C/) = r(a)(G(F),C/) 

= { n € N | 3TH, ...,nkEU s.t. ({m,. . . , nfc}, n) G G(F)} 

and, using the definition of G(F), we also know that ({ni, . . . , nk}, n) G G(F) 

if and only if n G F({nlf..., nk}). Now [2], tells us that a map F : VN —• VN 

in AlgLat can be defined by how it acts on finite sets, more precisely, F(U) = 

\J{F(A)\A Cf U}. Therefore 

nefG{F){U) iff 3rn,...,nk G U s.t. n G F({m,. . . ,nfe}) 

iff 3A Cf U s.t. n G F(A) 

iff n e U T O M ^ / ^ } 
iff n G F(*7) 

Therefore fG{F){U) = F([7) for every U C N, and hence /G(i?) = F and 

HoG = 7d[-p(N),-p(N)] as required. 
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4. HoT(g~1 )oT(tp-l) = fun: 

First notice the following 

HoT(^T)oT(ip-1) = HoT{g~^ O-0-1) 

= Hovl^ ô =T) 
= HoT(g-1 o ^ - i ) 

= if oT( g>_1 o </ o i ) 

= f f o r ( z ) 

We now must show that H oT( i ) = fun. First, we recall that H = T(h)*, 

therefore, for A C N, HoT( 1) = f(ft)* oT( ? ), which is, by definition of f(h)*, 

the map /F( ^ )(A) : 'PN —> VN. To show that if o T( i ) = fun, we must now 

show that for every £ C N, fr(i)(A)(B) = fun(A){B): 

fv(l){A){B) = T{h)(TCi)(A),B) 

= {m € N | 37i!, . . . , nk € B . ({m, . . . , nfc}, m) G T( ? )(A)} 

= {ra G N | 3 n i , . . . , nk G 5 . 3 ^ , ...,at £ A. 

( [a i , . . . , aj], ( {n i , . . . , nfe}, m)) e 1} 

= {m € N | 3ni,...,nk G B.3a G A([a], ({n i , . . . ,nfc},ra)) G z} 

= {m G N | 3 n i , . . . , nk G B3a G A.i(a) = ( {n i , . . . , nk}, m)} 

= {m G N | 3e„ C B3a G Ai(a) = (e„, m)} 

= {m G N | 3en C 5.3a G A # ( n , m) = a} 

= {m G N | 3en C £ . # ( n , m) G A} 

= fun(A)(B) 

5. r(V») o F(g) oG = graph: 

Notice 

r^or^oG = r(^oj)oG 
= r ^ o j j o G 
= r ( p j ) o G 

= r(Fi)oG 
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It remains to show that T^ - 1 ) o G = graph. Let F 6 [V(N),P(N)]t then 

( r ( F T ) o G ) F = r ( F i ) ( G ( F ) ) 

= {m e N | 3(Ai, a i ) , . . . , (4*, ak) E G{F). 

{{(A^ax),... ,{Ak,ak)],m) e F 1 } 

= {m E N | 3(A a) € G(F).([(X, a)], m) e F 1 } 

= {m e N | 3(A, a) E C?(F).i-1((A, a)) = m} 

= {m E N | 3(^4, a).a E F(A) and i_1((i4, a)) = m} 

= {m E N | 3(yl, a).a € -F(A) and # (n , a) = m where .4 = en} 

= {m E N | 3(en, a).a e ^(en) and # (n , a) — m} 

= {#(n,a) | aEF(en)} 

= graph(F) 

This discussion is summarized in the following proposition. 

Proposition 4.2.1. The Vto-model arises from MRel. This happens by applying of 

the global sections functor F, which lifts a particular isomorphism ip : N => N —• N 

(defined from coding functions) to AlgLat as in the figure on the top of p. 70. 

4.3 Retractions in MRel give retractions in AlgLat 

In the previous section, we were able to describe the graph model from objects and 

maps in MRel using the global sections functor. In fact, we can generalize this result 

to the following: 

Proposition 4.3.1. Given a retraction (U => U) <U in MRel, we get a retraction 

[VU, VU] < V{U) in AlgLat. 

Notice that here we are not aiming for a specific retraction pair as we did in section 

4.2, therefore we will not encounter the same difficulty of having to move away from 

finite multisets into finite power sets. The proof of this proposition is similar to the 

work in section 4.2, with a few subtle differences. 

Proof. The idea here is to follow what we had initiallly hoped to do in section 4.2, 

replacing N for U, but were not able to do, since the graph model is given in terms 

of codings of finite sets. Following this process, we have that since T is a functor, it 
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preserves retractions. That is to say that if U => U < U via MRel maps </? : U —• 

U =» U and ip : U =• t/ —• £/, then 7>(t/ =» 17) < P(tf) via maps r (p ) : V(U) —• 

V{U => £/) and T(V) : P(U => U) —• V(U), T(ip) o T(^) = Idv{u^u). Consider the 

following diagram: 

r(y) g 

To get the required retraction, we need maps H : V{U ==> (7) —• ['P(C/'),7:'(C/)] and 

G : [P(t/),:P(L/)] —• V{U =¥• U) such that HoG = Id[nulv{u)]. Then 

ffo%)or(^))oG = HoIdv{u=>u)oG 

= HoG 

= Id[pu,vu] 

as required. To define H we start with the evaluation map evU)V : (U =$> U)kU —> U 

in MRel which we will denote ev for the rest of this section. Recall that 

evA:A = {([(l,([oi,.. . ,Ofc],n)),(2,ai),.. . ,(2,a f c)],n) | ahneA} 

^ {(([(atn)],a),n)\aeMf(A),neA} 

We then apply the global sections functor F to ev to get the map F(ev) : V((U =^ 

U)hU) —> V(U) in the category of algebraic lattices, where for AC (U =$• U)kU 

T{ev)(A) = {u G U | 3 o i , . . . , a^ G A s.t. ( [a i , . . . , ak], n) G et>} 

Since T preserves products, we get a map T(ev) : V(U =4> U) x 73(J7) —• ^(^O in 

AlgLat, where for (A, B) € V(U => J7) x 7>(t/), so A C [/ => C/ = Mf(U) x [/ and 

BCU, then 

I V ) ( A , 5 ) = {u E U | 36 b ...,bk€B s.t. ([6i , . . . , 6fc], u) E A} 

Now since this is a map in AlgLat and AlgLat is a cartesian closed category, we can 

form the map f{eu)* : V(U => U) —• [ W , VU], where for A C U =• £/, f(h)*(A) = 

/A . Here / A e [PU,VU] and for B C N , / A ( £ ) = f(h)(A,B). Let # = f (e i ; ) \ 

To define G we will need to use the map qA • Mf(A) —• V(A), for A a set. For 
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a € M/(A), with say a = {(a1,m(a1)),..., (ak,m(ak))}, q(a) = {ai,...,ak}. For a 

m a p F e [VU^VU], let 

G(F) = {(a, u)\ue F(q(a)), a € Mf(U)} 

To finish the proof we must check that fA and G are both maps in AlgLat, these two 

verifications are omitted since they follow almost exactly the proof in 4.2. Finally, we 

must check that HoG = Id[7>U}VU]. Let F G [VU,VU], then 

(HoG)F = H(G(F)) 

= f&y(G{F)) 
= fo(F) 

Therefore, to show that HoG = Id[-pu,vu], we must show that /G(F) = F. Let B C U, 

then 

fG(F)(B) = {ueU\ 36i, ...,bkEB s.t. (fa, . . . ,bk},u € G(F)} 

Then 

nefG{F)(B) iff 361 , . . . ,6 f cGSs.t. ([&!,...,6fc],M)eG(F) 
iff 36i,... A e £ s.t. M e F(g([6!,..., 6fc])) 

iff afex,...^^ € 5 s.t. u€F({& 1 , . . .A '} ) 
iff 35 ' Cy S s.t. w e F(fi') 

iff u e F(B) since F(5) = U{F(B') \ B' Cf B} 

Hence JG{F) — F and therfore H o G = Id[-pu,vu] • • 

Remark 4.3.2. Applying the above to N will not yield the same retraction pair 

used in the graph model. This is why we could not use this proposition to show that 

we can get the graph model from MRel. 

4.4 Investigating the existence or non-existence of PfRel 

In section 4.2, when trying to find suitable maps to get the 73u;-model from MRel 
using the global sections functor, we noticed that if there were a category analog to 

MRel but built from the finite power set functor, call it PfRel, and if this category 

PfRel did indeed have analogous structure to that of MRel, then one of the maps 
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we were looking for, namely H : V(VfN x N) —• [VN, VN\, would arise from an 

evaluation map from within PfRel. This section will discuss whether or not this 

category exists and if it can be constructed as MRel was. In other words, whether 

or not this PfRel is the coKleisli category of some monad. 

First, we try to define a category analogous to to MRel but using the finite power 

set functor mimicking the structure of MRel. We will, for now, call this PfRel. 

Let the objects of PfRel be sets and for sets X, Y, an arrow X —> Y E PfRel 

corresponds to a relation from Vf(X) to Y. Therefore / can be thought of as a subset 

of Vf(X) x Y. For a set A, the identity map Idx '• X —> X will the following subset 

of Vf(X) x X: 

Idx = {({x},x)\xEX} 

For sets X, Y, Z, and maps / : X —• Y, g : Y —> Z E PfRel, define g o / to be 

the following subset of Vf(X) x Z: 

gof = {(A,z) \3(A1,y1),...,(Ak,yk) E f.A == AiU- • -UAk and ({yi,...,yk},z) € 9} 

We will now check if this category is indeed a category: 

First, we must check that composition in PfRel is associative: Let / : X —• 

Y,g:Y —• Z,h:Z —>W £ PfRel, we must show that h o (g o f) = (h o g) o / . 

ho (gof) = {(A, w) I 3 ( ^ 1 , ^ ) , . . . , (Ak, zk) e g o f.A = UA and ({zh ..., zk}, w) e h} 

(hog) of = {(A, w) I 3(i4i, y i ) , . . . , (Ak,y k) E f.A = UA{ and ({y i , . . . , yk},w) Eg oh} 

Now consider the following 

(A,w)€ho(gof) iff 3(A1,z1),...,(Ak,zk) € g o f s.t. A = uAt 

and ({zi,...,zk},w) e h 

iff 3(Aj, yj),..., ( 4 \ yj0 G / s.t. A = IJjU A> 
and ({yj,..., y1?}, zt) € g for i = 1 , . . . k , 

and A = UA, ({-^l, • • •, zk}, w) Eh 

iff 3(Aj,yl),...,(Alt,y^)Efiovi = l,...ks.t. A = [Jl=l{j;=lA{ 

and ({y{,...,y^1,...,y\,...,yl
k
k}, w) Ehog 

iff (A, w)E(hog)of 
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Therefore ho(go f) = (hog) of as required, Now, we check that for a map / : X —> 

Y e PfRel, / o Idx = / = IdY o / : 

By definition of composition we have the following 

foldx = {(A, y) | 3(AU xi),..., (Ak, xk) G Idx.A = \jAt and ({xx, ..., xk}, y) G / } 

= {(A, y) | 3xi, ...,xke A.A = {xi, ...,xk} and (A, y) e / } 

= / 

as required, but we now check composition with the identity on the left. Here we run 

into a problem. 

IdYof = {(A, y) | 3(Ai, i / i ) , . . . , (Ak, yk) € / .A = UA{ and ({j / i , . . . , yfc}, y) e 7dB} 

Suppose now that we have a map / such that ({xi},y), ({x-2},y) 6 / for xi,x<i € X 

and y GY. Then there exists elements in / , (({xi},y), ({x2},y) G / , such that A = 

{xi} U {x2} and ({y,y},y) e IdB. Notice that ({y,y},y) € 7dB since {y,y} = {y} 

and ({y},y) G /ds- Hence the pair ({x1,x2},y) G IdY o f, but ({a^i, ar2}, y) £ / . 

Therefore Idy ° f ¥" f- We have that composition is associative but the the identity 

morphism as defined above is not a true identity. PfRel, as defined, is therefore a 

semi-category, not a category. 

Our attempt at defining PfRel directly has failed. Taking a different approach, we 

would like to construct a category following the steps taken to construct MRel, but 

now using Vf instead of Mf- We know from Example 2.3.9 that we can define r\ and 

fi such that (Vf, rj, n) is a monad on Set. To construct a category from this monad as 

we did for MRel, we would need a distributive law I : VfP —>• Wf of the power set 

functor over the finite power set functor. With this we would be able to lift (Vf, rj, /j,) 

to a monad on Rel, say (Vf, rj, //) and since Rel is self-dual, a comonad (Vf, e, 6) on 

Rel. Then we could form the coKleisli category of this comonad coKl(Vf). If so, 

then we would have that this category coKl(Vf) is a cartesian closed category since 

it is clear that Vf also satisfies the Seely isomorphism: 

Vf(AkB) £* Vf(A) x Vf(B) 

where Sz stands for disjoint union, the categorical product of Rel. 
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Suppose we could define a distributive law of the power set functor over the finite 

power set functor and suppose the coKleisli category of the finite power set functor 

lifted to Rel, coKl(Vf), had analogous structure to MRel, i.e. the structure defined 

for PfRel. Then the H map needed in section 4.2 would arise from an evaluation 

map in PfRel using a global sections functor for PfRel. 

A distributive law of the power set functor over the finite power set functor is a 

natural transformation I : Vf o V —• V o Vf by the family 

{lx : VfV(X) —• VVf(X) | X a set} 

such that the following four diagrams commute: 

VfVV(X) ^ l WfViX) S - VVVf(X) 

•Pf(^) **?/(•*) 

VfV(X) . VVf(X) 

PfVfV(X) ^ ^ VfVVf(X) l ^ l VVfVf{X) 

VfV(X) W,(X) 

lx VVf{X) 

where X is a set. 

Suppose we define / as follows: for a set X, let lx • VfP{X) —> Wf(X), 

where lx({Ai,..., Ak}) = {{o i , . . . , ak} \ o, G Ai}, Ai C X. To show that this is 

a distributive law, we need to show that it is a natural transformation and that it 
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makes the four diagrams above commute. As defined, I is a natural transformation: 

Let / : X —> Y € Set, we must show that the following diagram commutes: 

VfV(X)-^VVf(X) 
•PfV(f) •p-pf(f) 

VfV(Y)^+VVf(Y) 

Let {Au . . . , Ak} e VfV(X) then we have 

(VVf(f)olx){Au...,An} = VVf(f)({{a1,...,an}\aieAi}) 

= {Vf(f)({ai,...,an}) ImeAi}) 

= {{/(ai), • • - , / « ) } ) | aieAi}) 

= { { 6 i , . . . , M ) l ^ e / [ A ] } ) 

= lY({V(f)(A1),...,V(f)(An)}) 

= (lyoVfP(f)){A1,...,An} 

as required. But when checking if the four diagrams commute we run into some 

problems, namely with the multiplicative rules: Consider the first diagram. Let X 

be a set with at least three distinct elements x,y,z £ X. Define U,V C X as follows 

U = {{x,y},{z}},V = {{x},{y,z}} 

Then {U, V} e VfW(X). In one direction, we have the following 

(lxoP,Q%)({U,V}) = lx({i%(U),vZ(V)}) 

= ix({{x,y,z},{x,y,z}}) 

= ix({{x,y,z}}) 
= {{zi} I xi E {x,y,z}} 

= {{*},{»}.{*}} 
LHS 
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Now, in the other direction we have 

((4f{x)°P(lx))({{xi,x2} \XleU,x2E V}) 

($f{x) o V(lx))({{{x, y}, {x}}, {{x, y}, {y, z}},...}) 

($f(x)({lx({{x, y}, {x}}), lx({{x, y}, {y, z}}),...}) 

( ^ ( { { { ^ i . ^ } I X! € {x,y},x2 E {x}},...} 

b4f(x)){{{x}>{y,x}},...} 

{{x},{y,x},...} 

RHS 

This shows that the RHS contains at least one element, {y, x} , that is not in the 

LHS. Therefore the first diagram does not commute for every set X, and so I cannot 

be a distributive law of the finite power set monad over the power set monad. 

Another attempt at defining a distributive law, taken from [10], is to define / as 

follows: For X a set, 

lx({A1,...,Ak}) = {{b1,...,bl}\\/j = l,...,B0<i<k.bjeAi 

and Vi = 1 , . . . , k30 <j< l.bj € Ai} 

But, it is shown in [10] that this does not yield a distributive law of monads, it is 

something weaker: a distributive law of endofunctor Vf over monad V. This paper 

also goes on to build a semi-category from a Kleisli construction using this distributive 

law of endofunctors. 

The failure of these two trial distributive laws of monads in no way proves that 

there is no such distributive law. It is commonly believed that there is no distributive 

law of the power set monad over the finite power set monad, although, there is no 

proof of this found in the literature. 

{rtf{x)oV(lx)olv{x)){{U,V}) = 



5 Conclusions 

This thesis has presented the background needed to understand the details of the 

construction of MRel as presented in [7]. This included a detailed treatment of 

finite multisets, an introduction to the lambda calculus and its models and a detailed 

presentation of the construction of the category in question. With this understanding 

of the construction of MRel, we are able to investigate several aspects of its structure. 

MRel is a cartesian closed category with a reflexive object, we are therefore able to 

model the untyped lambda calculus in MRel. Another aspect of its structure is that 

the terminal object 1 is not a generator: no of MRel has enough points. Combining 

these two facts, we have an example of a model of the untyped lambda calculus built 

from an object without enough points. In [7] and in this thesis, it is shown that the 

hypothesis that U has enough points is unnecessary: in MRel no object has enough 

points and yet there is still a reflexive object that models the lambda calculus. We 

have gone on to show that we are able to build a well known model, the graph model, 

a model whose reflexive object does have enough points, from objects and morphisms 

in MRel. This reinforces the fact that it is not required to have enough points to be 

able to model the lambda calculus. We have also shown that, in general, a reflexive 

object in MRel gives rise to a reflexive object in AlgLat. 

This research could be extended by taking a closer look at the existence or non­

existence of a distributive law of the power set monad over the finite power set monad, 

possibly finding a proof that there is no such distributive law. Another possible 

direction would be to define a congruence relation on maps in MRel in such a way 

that taking the quotient category might give us a category similar to what we would 

like PfRel to be. 
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