i

uOttawa

L’Université canadienne
Canada’s university



P

FACULTE DES ETUDES SUPERIEURES i FACULTY OF GRADUATE AND

ET POSTOCTORALES uOttawa POSDOCTORAL STUDIES

L’Université canadienne
Canada’s university

Emily Diepenveen
AUTEUR DE LA THESE  AUTHOR OF THESIS

M.Sc. (Mathematics)
GRADE / DEGREE

Department of Mathematics and Statistics
FACULTE, ECOLE, DEPARTEMENT / FACULTY, SCHOOL, DEPARTMENT

Relational Models of the Lambda Calculus

TITRE DE LA THESE / TITLE OF THESIS

Philip Scott
DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR

CO-DIRECTEUR (CO-DIRECTRICE) DE LA THESE / THESIS CO-SUPERVISOR

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS

Richard Blute

Pieter Hofstra

Amy Felty

Gary W. Slater

Le Doyen de la Faculté des études supérieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies



RELATIONAL MODELS OF THE
LAMBDA CALCULUS

By
Emily Diepenveen, B.Sc.
August 2008

A Thesis
submitted to the School of Graduate Studies and Research
in partial fulfillment of the requirements
for the degree of

Master of Science in Mathematics?

© Copyright 2008
by Emily Diepenveen, B.Sc., Ottawa, Canada

1The M.Sc. Program is a joint program with Carleton University, administered by the Ottawa-
Carleton Institute of Mathematics and Statistics



Bibliotheque et
Archives Canada

I*l Library and
Archives Canada

Direction du

Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street
Ottawa ON K1A ON4

395, rue Wellington
Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-48449-4
Qur file  Notre référence
ISBN: 978-0-494-48449-4
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliothéque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par l'Internet, préter,
distribuer et vendre des théses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette thése.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canad;

Conformément a la loi canadienne
sur la protection de la vie privée,
quelques formulaires secondaires
ont été enlevés de cette thése.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



Abstract

In [7], Ehrhard et al. present a model of the untyped lambda calculus built from
an object without enough points in a cartesian closed category MRel. This thesis
presents the background needed to construct and understand this model. In particular
we describe what it means for models to have enough points and exhibit connections
between MRel with various categorical models of lambda calculus in the literature.
In particular, we are able to relate the graph model to MRel. We also describe
connections with various kinds of Kleisli categories arising from comonads and their

associated theory.
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1 Introduction

The untyped lambda calculus is a fundamental model of computing that was first
introduced by A. Church in the 1930’s [8]. Many areas of mathematics consider
functions as graphs. That is to say a function f : X — Y is defined by the set
{(z,y) € X xY | f(z) = y} and two functions are said to be equal if they have
equal graphs, i.e. they have the same range of arguments and agree on all outputs.
This view of functions is called extensional. In the lambda calculus, we can have
an intensional view of functions. We consider functions as rules or formulas. A
function is no longer defined by its graph; rather it is defined by how the output
of the function is calculated, by its rule. Using this view, we can still say that two
functions are extensionally equal if, as before, they range over the same arguments
and agree on all outputs. But now we have another notion of equality. We say that
two functions are intensionally equal if they are calculated in the same way, in other
words, they are equal if they share the same rule.

This notion of thinking of functions as rules is used in many fields. Consider for
example computer science: take two programs that are extensionally equal, i.e. yield
the same output on the same input. It is of course of interest for a computer scientist
to choose the program which is faster and/or requires less space. These differences are
intensional differences. Notice that a program can have other programs, or even itself,
as input. The same is true in the lambda calculus. The lambda calculus is a type-free
structure and therefore functions can be applied to functions (even to themselves).
The intuition is to consider a universe U of functions of a very general kind: functions
in U can apply to any other function in U, so such expressions as f(g) or even f(f)
make sense. On the one hand, as we have mentioned, this notion of function has
turned out to be obviously useful in computer science, since if we think of programs
as functions, this kind of function application allows programs to call themselves. On

the other hand, it obviously has set-theoretical problems for mathematicians: how do
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we make sense of f(f)?

Thus lambda calculus studies functions and how they apply to other functions.
The two basic underlying ideas are application and abstraction which are both primi-
tive in the sense that they are built into the definition of the lambda calculus. On the
one hand, a function f applied to an argument a is written fa. Abstraction, on the
other hand, is the process of starting with any property ¢(z) and forming the func-
tion z — ¢(z). In lambda calculus, the latter function is denoted Az.pp(x). Thus, in
ordinary mathematics, the expression Az.2z denotes the doubling function (on some
implicit domain of interpretation) and Az.z denotes the identity function (again on

some implicit domain). The fundamental law combining the two is the S-rule:

(Az.p(z))a = ¢(a)

This says that to evaluate the function Az.p(z) applied to argument a, do the fol-
lowing: substitute a for all the z’s in the expression ¢. The key fact about lambda
calculus is that (i) there could be millions of such z’s and (ii) the a is itself a lambda
term. Thus in general we may get non-terminating computations. Consider the term

w = Az.xx. Now consider ww. According to the S-rule,

ww = (Az.2z)w
ww
= (Az.z2)w

As you can see, the term ww is non-terminating.

The main problem we are interested in investigating is semantical models of this
theory: a class of functions and a notion of application which models all the axioms
of lambda calculus. A model of the lambda calculus will need to be able to interpret
functions and arguments on the same level. For this, we need an object U such that
UV = U or, a slightly relaxed condition, that UY = U. This leads us back to the
aforementioned set-theoretical problems. As we will see in section 2.2.2, in the world
of sets and functions, this isomorphism is not possible unless U is a singleton because

of cardinality problems. Obviously, U a singleton set does not lead to any interesting
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models of the lambda calculus. More generally, we seek a cartesian closed category
(i.e. a category with function spaces) with an object U # 1 such that UV & U. It was
not until 1969 in [14], that the first interesting mathematical models were developed
by Dana Scott. The idea here was to consider a cartesian closed category of lattices
with an appropriate topology on the function spaces. Then take the set of continuous
functions from U to itself, written [U = U], instead of the set of all functions UV.
This solves the cardinality problem mentioned earlier.

In this thesis, we study a recent new model for untyped lambda calculus defined
in a category called MRel, due to Ehrhard et al.[7]. This model arises from linear
logic. Linear logic was invented by J-Y Girard in 1987 (]9]) as a kind of fine-grained
analysis of the traditional laws of logic. If we use a Gentzen sequent-style approach,
linear logic modifies the rules of logic by restricting the use of contraction and weak-
ening in the structural rules. This entails a division of the rules of logic into three
“levels”: multiplicative, additive, and exponential. It turns out that just as lambda
calculus is intimately related to cartesian closed categories ([11]) also linear logic has
a remarkable connection with monoidal category theory ([6]).

The multiplicative level corresponds categorically (roughly) to *x-autonomous cat-
egories (symmetric monoidal closed categories with a notion of negation or duality
At = A —o.| induced from a dualizing object L). The multiplicative connectives are
®, %, and —o 1. The additive level corresponds to adding products ( and, by duality,
coproducts) to the multiplicative level. Finally, the most subtle level is the expo-
nential level, which correspond to having an endofunctor ! which marks the formulas
where the traditional laws of contraction and weakening take place (for example, con-
traction is the law !A —!A®!A). The algebraic structure that ! satisfies is intricate
and has taken a long time to clarify (It started with the paper of Seely [17] and
culminated in more recent work [5, 13].

An important (degenerate) model of linear logic is Rel (the category of sets with
maps being binary relations) in which the binary connectives (on the objects of Rel,

i.e. on Sets) are trivially identified with the cartesian product and negation does

1% is the de Morgan dual of ® and —o (the linear function space) is definable as A —o B =
At® B
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nothingg A B= A% B=A o B = AxB and A" = A. Note however
that (—)1 on morphisms (relations) is nontrivial: R+ = R°?, the converse relation.
It can be shown that categorical products (denoted &) are given by disjoint union
A&B = ({1} x A) U ({2} x B). In this model, it turns out that ! has been effectively
modelled by the finite multiset functor, so !A = M¢(A), the set of all finite multisets
over the set A and ! = M/ is a comonad on Rel. From the general theory of models
of linear logic, the Kleisli category of ! is cartesian closed. This Kleisli category, which
is what we have been referring to as MRel, is the subject of this thesis. It is both
connected with an interesting model of linear logic (Rel) as well as with models of
lambda calculus (via cartesian closedness). Many of the features we discuss below
are motivated from this background.

As we have mentioned, a model of the untyped lambda calculus corresponds to
an object U in some ambient cartesian closed category such that UV = U. In fact,
we are able to model the untyped lambda calculus with a retraction UY <« U, but this
model will no longer model the n-rule. The 7n-rule identifies two functions if and only
if they agree on all inputs:

AZ.0T =

where z is not a free variable in ¢ (see section 2.2.1 for a discussion of free variables).
The n-rule essentially identifies a function with its graph, so imposing 7 is another
way of imposing extensional equality between functions. In many models the stronger
condition that the terminal object 1 is a generator or that the object U has enough
points is true. These models are also known as lambda models.

The work that will follow will present the background needed to further understand
the lambda calculus and its models and the category theory needed to understand
the construction of MRel (the coKleisli category of the finite multiset functor on
Set lifted to Rel). We then try to relate known models of the untyped lambda
calculus to this category MRel. In the first chapter, we introduce the notation we
will be using for finite multisets, give a brief summary of a well known model of the
untyped lambda calculus, the graph or Pw-model due to Dana Scott, and finally,
we define some basic category theoretic notions such as functors, monads and Kleisli

categories. The examples of these notions will culminate in the construction of the
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aforementioned category MRel. The next chapter will investigate several elements
of the structure of MRel. First, we show that MRel is a cartesian closed category
and describe the construction of an extensional reflexive object in MRel given in [7].
As we have already mentioned, these two facts combined tell us that we are able to
model the untyped lambda calculus in MRel. We will then show that the terminal
object of MRel is not a generator and describe the global sections functor for this
category. This structure will be the basis of what is needed for the third chapter,
in which we succeed in describing the graph model in terms of objects and maps in
MRel. We also get a result showing the relationship between retractions in MRel
and retractions in the category of algebraic lattices AlgLat. The last section of this
chapter discusses further work that could make our description of the graph model
somewhat more natural.

In summary, this thesis is an exposition, expansion and clarification of the paper
of Ehrhard et al. [7]. This thesis accomplishes the following:

1. We give the appropriate categorical and lambda calculus background to under-

stand the paper [7] and the work presented in this thesis.
2. We give a detailed treatment of finite multisets.
3. We present a well known model of the lambda calculus: the graph or Pw model.

4. Some of our new results include:

e Study of the connections of the general Ehrhard construction with the
graph model (section 4.1, section 4.2, Proposition 4.2.1).

e Study of the role of distributive laws of monads in the above (section 4.4).
o Results showing the relationship between reflexive objects in MRel and
reflexive objects in the category of algebraic lattices (Proposition 4.3.1).

e Results showing the relationship between the reflexive object given in [7]

and C-monoids (Proposition 3.5.1, Proposition 3.5.7).



2 The Basics

2.1 Introduction to multisets

A multiset is a set with multiplicity, that is to say, an element of a multiset may
appear more then once. More formally,

Definition 2.1.1. A multiset o over a set S is a pair (A, m), where A C S is called
the support of o and m, a function m : A — N, is called the multiplicity function.
The support A is the set of all the distinct elements of o and for a € A, m(a) =
multiplicity of a. In other words, m(a) is the number of times a appears in a. We
say that two multisets, say (A, m), (B,n) over a set S, are equal when both A = B
and m = n.

Remark 2.1.2. Note that an ordinary set A is a multiset where every element has
multiplicity 1. In other words, the multiplicity function of an ordinary set m: A —
N, is constantly 1.

Definition 2.1.3. We define the union of two multisets ay,as over a set S, written
W as follows: we have a; with A —» N, and oy with B = N, , then oy W oy is
defined by the pair (AU B, ) where forx € AUB

m(x) ifz € A\B
l(x) =14 n(z) ifz € B\A
m(z) +n(z) ifz€ ANB

We say that a multiset is finite if its support is a finite set. Suppose we have a finite
multiset of finite multisets A over a set S, then A = (B, m), where B = {a, ..., ok}

for multisets a4, ..., ax over S. Then
L‘ij.A: (.. ((aWag)Was) - Way)

. . k
We also write this as 4, .
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If S is a set, we denote My(S) as the set of all finite multisets over S.

Notice that the empty multiset is the pair (@, mqg), where § —% N, is the unique
empty function. Therefore, M;(@) = {*}, a singleton, namely {(@, mg)}.

For a € My(A), A a set, we can represent « as a finite set of pairs, say

a = {(a;,m(a1)), ..., (ar, m(ax))}

The first element of the pair denotes the element of A that is in « and the second
element of the pair is the multiplicity of that element. This is in many cases more
information then needed; therefore for simplicity, we will usually denote a as a list
[a1,...,0k),a; € A, with possibility of repetition. We write [ ] for the empty multiset.
Definition 2.1.4 (see [7]). An N-indexed sequence of multisets {o;} is quasi-finite
if a; = [ ] for all but finitely many indices 4.

Definition 2.1.5 (see [7]). Let A be a set then M;(A)“) is the set of all quasi-finite
N-indexed sequences of multisets over A.

Notation 2.1.6. As a convention, throughout this paper, «, 3,... will denote mul-
tisets. In other words, they are elements of M(S) for some set S. Usually, we will
have o € My(A), § € Mg(B), but this is not always possible. A, B,... will denote
elements of M(M;(A)), Ms(My(B)),... for some sets A, B,.... In other words,
if A € Mp(Ms(A)), A=[ay,...,ar where each a; € M¢(A4). X,Y,... will denote
elements of My(M;(My(A))), for some set A. Here X = [Ay,..., Ax], where each
A; € Mp(M;(A)).

2.2 Introduction to lambda calculus

The lambda calculus is based on two fundamental operations: function application
and abstraction. Abstraction denotes the operation z — () for some expression .

In the lambda calculus, we write this as Az.¢(z). Suppose ¢(z) is the polynomial 2z:
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¢(z) = 2z. We can apply the expression Az.¢(z) to another expression, say a:

(Az.p(z))a = (Az.2z)a
2q
= ¢(a)
where ¢(a) is the expression ¢(z) with all the occurrences of x replaced with a. This
can also be written as ¢(z)[z := a], read ¢(z) with z replaced by a. This reduction
principle of expressions in the lambda calculus is known as the 3-rule.

This section will introduce some basic theory concerning lambda calculus. The
first part will define the theory of A or A-calculus and mention some basic notions
such as a-conversion and substitution. The second part will describe what a model
of the A-calculus is from a category theoretic point of view and the last part will give

a brief presentation of a well known example of such a model.

2.2.1 The A-calculus
Here we provide a brief introduction to the syntax of the A-calculus and follow the
presentation given in [2], primarily section 2.1.
Definition 2.2.1. Lambda terms are words built from the alphabet consisting of
variables z,y, 2, ..., parentheses (, ) and an abstractor written A.

The set of lambda terms A is defined inductively as follows: let V denote the set

of variables then
e VCA
eifzeVand M€ A, then (\z.M) € A
o if M/N € A, then (MN) € A

where M N denotes M applied to N.

Remark 2.2.2. In applied A-calculi, we may have additional constants and/or term
forming operations. For example, in [11], the untyped A-calculus has projections and
surjective pairing operations, m;(M) and (—, —), satisfying product equations. These
types of A-calculi are referred to as extended A-calculi. Here, we will write A4 for the

set of lambda terms with one constant ¢, symbol for each element of a of the set A.
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Notation 2.2.3. Notice that when it is not necessary, parentheses in lambda terms
will be omitted. Also, for terms Mj,... My, the term (--- (M1 M3)M3)--- My) is
abbreviated to My M, ... M;, and a term of the form (Azq.(Aza.(-- - (Axn. M) --+))) is
abbreviated to Azy...z,.M.

Notice that lambda abstraction, Az.—, is a variable binding operation similar to
Vz.p(z) or [ f(z)dr. Hence, as in logic, we must use the usual conventions of free
and bound variables.

Definition 2.2.4. A variable z is free in a lambda term M if x is not in the scope
of a Az. Otherwise, z is bound. The set of free variables in M, written FV (M) is

defined as follows:
* FV(z) = {z}
o FV(Ax.M) = FV(M)\{z}
e FV(MN)=FV(M)UFV(N)
The set of bound variables in M, written BV (M) is defined as follows:
e BV(z) =0
e BV(Az.M) = BV(M)U{z}
e BV(MN) = BV (M) U BV(N)

A term with no free variables is closed.

Definition 2.2.5. Informally, a-conversion or a change in bound variables in a
lambda term M is the replacement of a subterm of M of the form Az.N by \y.(N[z :=
y]), where y does not occur in N. We therefore syntactically identify terms that are

equal up to a change of bound variable.

Notation 2.2.6. We let M|z := N] denote the term obtained by substituting all the
occurrences of z in M by N, where a-conversion is performed if necessary to prevent
free variables from being bound mistakenly. Consider the expression (Az.(Ay.yz))y,
where the last occurrence of variable y is free. Without performing a-conversion,

this reduces to Ay.yy, the free variable y has become bound by the Ay abstraction.
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To prevent this, we first convert (Az.(Ay.yz))y to (Az.(Az.zx))y, then this expression

now reduces to Az.zy and no free variables have been inadvertently captured.

Definition 2.2.7. The A-calculus is a formal theory with formulas M = N, for
M, N € A given as follows:

1. Equality Axioms:

2. Congruence Axioms:

M=N M=N M=N ¢ rue
Mz =Nz yM =yN Az.M = Az.N

3. Lambda Calculus Axiom

(Az.M)N = M|z := N]| B-rule

Remark 2.2.8. If M = N is a derivable equation in the A-calculus, many people,
such as in [2], will write this as M = N, as in logic. Here we use the usual

convention in algebra and write M = N for a derivable equation when this is clear.

In ordinary mathematics, we look at functions extensionally. That is to say, we

define functions by their graphs:
f:A— B={(z,y) € AxB| f(z) =y}

This is captured in lambda calculus in one of two ways.

Definition 2.2.9.

o Ertensionality rule
if Mz = Nz then M =N

provided that z ¢ FV(M)U FV(N).
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e The n-rule or n-conversion
Az Mz =M

provided z ¢ FV(M). The An-calculus is the A-calculus extended with 7.

Proposition 2.2.10 (see [2]). The A-calculus extended with the extensionality rule

and the An-calculus are equivalent.

2.2.2 Models of the A-calculus
The difficulty with modelling the untyped A-calculus is that since such expressions
as fg or even ff are allowed, we must be able to interpret them in the model: we
need to be able to have functions and arguments live at the same level. In other
words, we need a set U where the exponential object UV is equal to U. In Set, even
if we relax equality of sets to a bijection UV 2 U, this is not possible unless |U| = 1:
suppose {U] > 1 and suppose that there exists a set theoretic bijection f : UV — U.
The fact that this function must be total and injective means that |U| > |UY]; but
we know that for a set U such that |U| > 1, |[U] < |UY|, this is a contradiction.
Therefore the cartesian closed category Set cannot model the untyped A-calculus.
Starting with [14], we know that it is possible to find a cartesian closed category C
with a non-trivial object U such that UY 2 U viay : UY — U and ¢ : U — UY
where 1) = p~!. With such an object, we can then define application for M, N € U
by MN = ev(p(M),N), where ev is the evaluation map in the ambient cartesian
closed category C. The laws of the cartesian closedness of C assure us that we have
both the § and 7-rules, although to model the A-calculus without eta, it suffices to
have an object U such that UV «U, i.e. that UV is a retract of U (see definition 2.2.12
below). In this case we model the §-rule without the n-rule.

In many concrete cases, we have that UY is not the set of all possible maps between
U and itself, but instead, the set of all continuous maps between U and itself where
U is given an appropriate topology. We write this [U = U] or [U, U]. For example, in
the category of algebraic lattices AlgLat (see the next section 2.2.3), [U = U] is the
set of all Scott continuous maps from U to itself, that is maps that preserve joins of
directed sets. This restriction to continuous maps avoids the set theoretic problems

which arose when working over Set.
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The question to be answered now is: What is a general model of the untyped

A-calculus? There are three styles of models:

e lambda algebras,
e lambda models and

e categorical models in a cartesian closed category.

The categorical models are easiest to define.
Definition 2.2.11. A category C is said to be cartesian closed if it admits finite
products such that for every object B of C, the functor — x A : C — C has a specified
right adjoint denoted (—)# : C — C. This means there is a natural isomorphism, for
all objects A,B and C of C

C(C x A,B) = C(C, BY).
Equivalently (See [2]), a category C cartesian closed if

e it has a terminal object 1 such that for every object A € C there exists a unique

map !4 A— 1,

e any two objects A and B of C have a product A x B in C with distinguished
projection arrows m; : Ay X Ay — A; (i = 1,2), such that for all f; : C — A;
(2 = 1,2), there is a unique map (f1, fo) : C — A; x Az such that m;0(f1, fo) =
fii=12),

e any two objects A and B of C have an exponential B4 in C with a distinguished
evaluation arrows evy p : B4 x A — B such that for all f: C x A — B there

is a unique map f*: C — B* such that f = evapo (f* x Id,).

Definition 2.2.12. Let C be a cartesian closed category with terminal object 1 and
U be an object in C.

(i) U is said to be reflezive if UY is a retract of U, written UY <U. That is to say,
there are maps ¢ : UV —s U, : U — UV € C such that g o9 = Idyv. We
say that U is an extensional reflexive object if we also have that ¢ o ¢ = Idy,
ie UV 2U.
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(ii) (see [1]) Suppose U is a reflexive object via the retraction pair ¢ : UV — U
and ¢ : U — UY. Let M be a lambda term with FV(M) C A = {zy,...z,}.
Define then:

[M]a € C(U™,U) where U™ = (... (1 x U) x ...) x U with n copies of U

as follows: _
[zi] A = mpomy "
[MN]a = evo(po[M]a,[N]a)

Pz.M]a = 9o ([M]auay)*
where 7r{ =m o---0m,]J times, ev is evaluation in the cartesian closed category

and (—)* is the curry operation in the cartesian closed category.

With this, we have that a cartesian closed category with a reflexive object is
a model of the A-calculus. If, instead, we have an extensional reflexive object U,
UV = U, then this is a model of the An-calculus.
Proposition 2.2.13 (Soundness, see [2]). Let C be a cartesian closed category with
reflexive object U and let M, N € A such that FV(MN) C A. Then

and similarly, if U is an extensional reflexive object, UV = U, then
MFM=N = [M]a=][N]a

We will now briefly define A-algebras and A-models which are two other styles of
modelling the untyped A-calculus. Lambda algebras and lambda models are often
defined in terms of combinatory logic, an area closely related to lambda calculus [2].
The following presentation follows [18].

Definition 2.2.14. Combinatory logic terms, CL-terms, are words built from the
alphabet consisting of variables z,y, 2, . . . ranging over a countable set V, parentheses
(,) and constants K, S.

The set of C'L-terms € is defined inductively as follows:

eifre), thenz e €
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e Kecg Sec¢
o if P,QQ € €, then (MN) e €

where P() denotes P applied to Q). Here, for a term P, we let FV(P) be the set of
all variables in P and we say a term P is closed if FV(P) = ). For a set A, €4 is the
set of C'L-terms with one constant symbol ¢, for each element a of A.

Notation 2.2.15. Notice that when it is not necessary, parentheses in C L-terms will
be omitted.

Definition 2.2.16. Combinatory logic, CL, is an equational theory with formulas
P =¢r Q for P,Q € € given as follows:.

1. Equality Axioms:

P=c;, Q P=c.,Q,Q=cL R
P=cL P Q=cLP P=c¢cLR

2. K and S axioms:

KPQ=¢cr P  SPQR=c¢; PR(QR)

3. Congruence and substitution axiom

P=CL Q,R=CLT P=CLQ
PR =CL QT P[(L’ = R] =CL Q[$ = R]

Definition 2.2.17 (see [18]). An applicative structure (A,e) is a set A together

with a binary operation ¢ : A x A — A. We write ab for a @ b and a, - - - a3, for

(- (a1 ®ag)...)eax). A combinatory algebra (A, e, k,s) is an applicative structure

with elements k, s € A such that kzy = z and szyz = z2(yz) for every z,y, 2 € A.
It is clear from their definitions that a combinatory algebra is a model of combi-

natory logic.

Definition 2.2.18. Let A be a combinatory algebra and € be the set of com-

binatory terms with one constant symbol ¢, for each element a of A.The (local)
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interpretation of CL-terms, with respect to a valuation of variables p: YV — A, is

defined inductively as follows:

[z], = pl=)

lealp = @

K], = k

[sl, = s

[PQl, = [Pl,e[Ql,

For terms P,Q € €4, we say the equation P = @ holds (locally) in A, written
A |= P =Q, if for all valuations p in A, [P], = [Q],-
Proposition 2.2.19 (see [18]). Let T be a set of equations between combinatory

terms. For constant-free combinatory terms P and Q)
THP=Q iff A= P =Q for all combinatory algebras A such that A =T

There is a close connection of combinatory logic with lambda calculus, in that we

can simulate a A-operator in CL as follows.

Definition 2.2.20. (See [2]) Define the derived lambda abstractor of combinatory
logic, A*, as follows: for a combinatory term R and a variable z, define A*z.R induc-
tively:
Nzx = SKK
Xz.P = KP if x ¢ FV(P)
Mz.PQ = S(\z.P)(\z.Q)
We now use this derived lambda abstractor to define translations between €4 and

Aa. Define el : Ap — €4 and A : €4 — A, as follows:

Tg = T Ty = T
(Ca)ad = Ca (Ca)r = ca
(MN)g = MygNg (PQ)x = P\Qx
M. M)g = Nz.My K, = Aryx
Sy = Aryz.xz(yz)
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Definition 2.2.21. A combinatory algebra A is called a lambda algebra if for all
combinatory terms P, Q) € €a

if P,=Q\xthen AEP=Q

Proposition 2.2.22. The class of lambda algebras can be defined, relative to the class
of combinatory algebras, by a set of closed, constant-free equations. In particular,
lambda algebras form an algebraic variety.

We also have the following, due to Curry:
Proposition 2.2.23 (See [2]). The class of lambda algebras is axiomatized by the

equations of combinatory logic and the following five closed equations:
1. k = s(s(ks)(s(kk)k))(k(skk))
2. s = s(s(ks)(s(k(s(ks))) (s(k(s(kk)))s))) (k(k(skk)))
3. s(kk) = s(s(ks)(s(kk)(s(ks)k)))(kk)
4. s(ks)(s(kk)) = s(kk)(s(s(ks)(s(kk)(skk))) (k(skk)))
5. s(k(s(ks)))(s(ks)(s(ks))) = s(s(ks)(s(kk)(s(ks)(s(k(s(ks)))s)))) (ks)

We have that C'L together with these axioms, which are referred to as Ag, is equivalent
to A-calculus [2]. Each of these 5 items represent a rule that holds in the lambda
calculus, but not necessarily on CL-terms and the derived lambda abstractor.

We are able to interpret the A-calculus in a combinatory algebra in the following
way: let A be a combinatory algebra, M, N € A, be lambda terms and p: V — A
be a valuation. We define

(M ]]p = [[Mcl]]p
AEM=Nif Al M ;= Ny

Since lambda algebras are special kinds of combinatory algebras, we are also able
to interpret the A-calculus in lambda algebras. The equations of the A-calculus hold
under this interpretation, but there is still a problem. The &-rule does not hold under

the local interpretation defined in definition 2.2.18 (For an example of the failure
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of the &-rule, see [18}). This leads several people (e.g. Barendregt, Scott) to define

lambda models.

Definition 2.2.24. Let A be a combinatory algebra. We say that A is weakly

extensional if for all combinatory terms P, () € €5 we have
ifAEP=0Q,then AEXT.P=)\1.Q

In other words, A satisfies the first order formula P = Q@ = M2z.P = A\*'z.Q. A
lambda model is a weakly extensional lambda algebra.

From Proposition 2.2.22, we know that lambda algebras are algebraic in the sense
that lambda algebras can be defined relative to combinatory algebras via a set, in
this case finite, of equations between terms. Lambda models, on the other hand, are
not algebraic: weak extensionality, as defined in 2.2.24, is a first order formula.

As previously mentioned, the &-rule fails in lambda algebras. This problem
stems from the way free variables are interpreted in the local interpretation pre-
viously defined and can be avoided by taking a more categorically inspired view-
point. In [18], an alternative interpretation, which is called the absolute interpreta-
tion is suggested. This is related to Lambek’s categorical method of indeterminates
[11]. Under this interpretation, an equation in the A-calculus, say M = N with
FV(MN) C {zi,...,%,}, is said to be satisfied if it holds in A[zy,...,z,)], the
lambda algebra obtained by freely adjoining indeterminates z;, . .., z, to the lambda
algebra A. This interpretation satisfies the &-rule, unlike the local interpretation pre-
sented above. In fact, with this interpretation, we have the following characterization
of lambda models:

Proposition 2.2.25 (see [18]). Lambda models are lambda algebras in which an equa-
tion holds under the local interpretation (with respect to some valuation of the vari-
ables) if and only if it holds under the absolute interpretation.

The connection between cartesian closed categories and lambda algebras uses the
notion of points and local well-pointedness(see Section 3.2 for a formal discussion).
Let C be a cartesian closed category with terminal object 1. A point = of an object
UeCCisamapz:1— U and an object U is locally well-pointed, or has enough

points, if for every f,g: U — U, f # g implies that there exists a point z : 1 — U
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such that f ox # g ox. Suppose now that we have a reflexive object U via the
retraction pair ¥ : UV — U and ¢ : U — UV, so p 0 1) = Idyv. We have already
shown how to interpret an untyped lambda term M with free variables in {z1,...z,}
as a map from U™ to U. Define A to be the set of all maps in C from 1 to U, in other
words A = C(1,U), the set of all points of U. Let @ : A x A — A be the map that
sends a,b € A, to the map ¢, o (a, b), where ¢, = ev o (¢ X Idy). Then we have the
following

Proposition 2.2.26 (see [18]).
1. A= (A e) is a lambda algebra.
2. A is a lambda model iff U is locally well-pointed.
3. Az = C(1,UY) = C(U,U)

The second statement of this proposition tells us that in order to model the \-
calculus via lambda models defined using the local interpretation, we need to be
working in a category in which either 1 is a generator, which is another way of saying
that the category has enough points, or at least a category with a reflexive object
that has enough points (this is a weaker/local notion of enough points). If we stick
to lambda algebras, using the absolute interpretation, we need not restrict ourselves
to categories with enough points. Instead, it suffices to looks at cartesian closed
category’s with reflexive objects as mentioned earlier. In fact, such a model is given
in [7], this model is also presented in section 3.4.

The third statement leads us to a connection with another notion: C-monoids
(see [11] or section 3.5 for a formal definition). In [11], it is shown that if we have a
locally small cartesian closed category C with a reflexive object U, UY < U, such that
UxU=U, then C(U,U) is a weak C-monoid. If we have that U is an extensional
reflexive object, UY = U, and U x U = U then C(U,U) is a C-monoid. In fact, in
[11] it is shown that the category of C-monoids, i.e. the category whose objects are
C-monoids and arrows are structure preserving maps, is isomorphic to the category
of extended A-calculi, i.e. the category whose objects are extended A-calculi and

arrows are translations(see [11] for a definition). This isomorphism illustrates the
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strong connection between C-monoids and the A-calculus. In [18], there is a similar
statement for lambda algebras: The category of lambda theories is equivalent to the
category of lambda algebras. Hence, modulo surjective pairing in C-monoids, lambda
algebras, lambda theories and C-monoids are equivalent notions.

Remark 2.2.27. From the second item in Proposition 2.2.26, we have that a reflexive
object U in a ccc C can be made into a lambda model if and only if U has enough
points in C. The main observation of Ehrhard et al. in [7] is that choosing a different
base set, i.e. something other then C(1,U), we can get a lambda model from an
object without enough points. Indeed, we will present the construction of an ambient
cartesian closed category MRel which, in a strong sense, is not well-pointed but in

which such lambda models do exist.

2.2.3 Pw Model

In the untyped lambda calculus, we can form terms like MM, for a term M. This
means that a model of the untyped lambda calculus consists of a structure in which
objects can be interpreted as functions and also as arguments. The following is a
brief overview of one such model: the Graph Model or Pw Model and follows the
presentation given in [2].

Let us first recall a few definitions.
Definition 2.2.28. A poset (P, <) or simply P, is a set P together with a binary

relation < on P such that:
e < isreflexive: foralla € P, a < q;
o < is antisymmetric: if a < b and b < a, then a = b;
e < is transitive: if a < band b<c¢, thena < c.

Definition 2.2.29. A lattice L is a poset (L, <) that has binary joins, also known
as supremum or least upper bound, written z V y, and meets, also known as infimum
or greatest lower bound, written x A .

Definition 2.2.30. A complete lattice L is a poset (L, <) such that every subset
A C L has both a join, written \/ A, and a meet, written A A.
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Definition 2.2.31. An element z of a poset (P, <) is compact if for every non-empty
directed subset D C P, if \/ D is defined and z < \/ D, then z < d for some d € D.

Definition 2.2.32. An algebraic lattice is a complete lattice L such that for every
ze€L,z=\{yeL|y<z, ycompact}.

Example 2.2.33. Let A be a set. Then P(A) is an algebraic lattice. Indeed, P(A) is
a poset ordered by inclusion, C: for X,Y,Z € P(A), we have that X C X;if X CY
andY C X then X =Y;if X CY andY C Z, then X C Z. For X,Y € P(A4),
XVY =XUY €eP(A) and X AY = XNY € P(A). For F C P(A), we define
VF=UF € P(A) and AF = F € P(A), so P(A) is a complete lattice. The
compact elements of P(A) are the finite subsets: Let X = {a1,...,ax} be a finite
subset of A and let 7 C P(A) be non-empty and directed. Suppose X C |JF, then,
fori=1,...,k, there is a D; € F such that a; € D;. By directedness of F, there is
a Dy € F such that D, C Dy, i=1,...,k. Therefore a; € Dy fori=1,...,k and
X C Dy as required. Now to show that P(A) is an algebraic lattice, it remains to
show that for X € P(A), X =|{Y | Y C X, Y finite}. It is clear that (J{Y | Y C
X, Y finite} C X. To see that X C(J{Y | Y C X, Y finite}, notice that for z € X,
z € {z} and {=} is a finite subset of X, therefore z € Y{Y | Y C X, Y finite}.
Definition 2.2.34. The category of algebraic lattices AlgLat is the category whose
objects are algebraic lattices and maps are set theoretic functions that preserve joins
of directed sets.

We now show that AlgLat is a cartesian closed category with an object U such
that UY «U. Let us first observe that AlgLat is a cartesian closed category:
Proposition 2.2.35 (see [2]). AlgLat is a cartesian closed category with the follow-
ing structure: The terminal object 1 is the singleton algebraic lattice. Let D = (D, <)
and D' = (D', <") be two algebraic lattices. The categorical product of D and D" will
be set theoretical product:

DxD ={(dd)|deD,d eD}

together with the usual set-theoretic projections w1 and ma and the usual pairing map
(=, =Y. Let (d,d),(e,e') € D x D', then (d,d) <P*P (e,€') ifd<eandd < €.
The exponential object of D and D' is [D, D'], the set of morphisms from D to D'
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in AlgLat. Let f,g € [D,D’], then f <[p.D] g if for every d € D, f(d) < g(d).
Ewaluation ev : [D,D'| x D — D’ is defined as follows: given f € [D,D'] andd € D,
then ev(f,d) = f(d).

Now that we know that AlgLat is a cartesian closed category, we know from
section 2.2.2 that we need a reflexive object in AlgLat to model the A-calculus. In
this case, the reflexive object will be P(N). This model is known as the graph or Pw
model.

The graph model makes use of two encodings of the natural numbers. Given two
natural numbers n and m, we define #(n,m) = 1(n +m)(n+m+ 1) + m and for
n € N, define e, = {ko, ..., km-1}, with ko < ky < -++ < kp—1, where n = 5. _ 2k,
The first encoding yields a bijection between N? and N and the second, a bijection
between N and the set of finite subsets of N.[2]

With these encodings, we now have all the background information needed to
define the graph model as an object in AlgLat. Let Pw = P(N), together with
the functions graph : [PN, PN] — PN and fun : PN — [PN, PN] be defined as
follows: For F € [PN, PN],

<m

graph(F) = {#:(n,m) | m € F(en)}
and for A € PN, we define fun(A) € [PN, PN] by
fun(A)(B) = {m |Je, C B, #(n,m) € A}

Both graph and fun preserve the join of directed sets. This is also true for
fun(A) : PN — PN, where A C N. Therefore, graph, fun, fun(A) are morphisms
in AlgLat. It is also shown in (2], that for f € [PN, PN], fun(graph(f)) = f. Hence,
[PN, PN] is a retract of PN. From this, we get that Pw = (P(N),-) is a A-model,
where application, - : PN x PN — PN] is defined as follows: For A,B C N

A-B= fun(A)(B) = {m € N | Je,, C B.#(n,m) € A}

Notice that for A € PN, A C graph(fun(A)): here we do not necessarily get equality.

This is why the Pw model is not extensional: Az.az # a.
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2.3 Some basic category theory

2.3.1 Monads and comonads

Let us first recall several functors that will be used in the construction of MRel.
Example 2.3.1 (Power set functor). Let P : Set — Set be the power set functor.
If Ais aset, P(A) = {X|X C A}. If A -5 B is an arrow in Set , then P(4) -
P(B) and P(f)(X) = f[X], where X C A and f[X] = {f(z)|z € X}.

To show that P is a functor we must show that for A a set, P(ids) = idp(a).
Indeed P(ids) : P(A) — P(A) sends X C A to P(ida)(X) = ida[X] = {ida(z)|z €
X} = X =idp(4y(X). It remains to show that for A < B and B -4 C, P(go f) =
P(g) o P(f). Let X C A, then

Plgo )(X) = (g0 f)X]

= glflX]]

= g[P(H)(X)]

= P@)(P(F)(X))

= (P(9) o P(N)(X)
as required. Therefore, the power set functor P is indeed a functor.
Notation 2.3.2. If A is a finite subset of B then we write A C; B.
Example 2.3.3 (Finite power set functor). Similarly, we can define the finite power
set functor Py : Set —» Set. For a set A, Ps(A) = {X|X C; A} and for A - B
an arrow in Set, Ps(A) Prig) P#(B). For X Cy A, say X = {a4,...,ax}, Pr(9)(X) =
{g9(a1),--.,g(ax)}. To show this is a functor, we follow the proof as in Example 2.3.1
and use the fact that the finite union of finite sets is again finite.
Example 2.3.4 (Finite multiset functor on Set). Let M(—) : Set —
Set be the finite multiset functor over Set defined as follows: If A is a set,
M;(A) = {a|a is a finite multiset over A}. If A L, B is an arrow in Set , then
M(A) "2 My (B) where if a € My(A), say a = [as, .., a], then M;(f)(a) =
Ms(f)(las, - -y al) = [f(@r), ..., flax)].

To show that M(—) is a functor we must show that for A a set, Mg(idq) =

idp,(a). Indeed My(idys) : Mg(A) — Ms(A) sends a = a1, ..., ax] € Ms(A) to
M(ida)(a) = [ida(ar), . .., ida(ar)] = [a1,...,ax] = a. It remains to show that for
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AL Band B4 €, My(go f) = Ms(g) o My(f). Let a = [ay, ..., ax] € Ms(A);
then
Mis(go f)le) = Mggo flla,...,a]

= [(gofas,...,(g0 fa]

= [(g(f(ar)), ..., (g(f(ar))]

= Ms(g)lf(a1),..., flaw)]

= (My(g) o Ms())(lan, . .-, ai]

= (My(g) o M;s(f))(e)

as required. Therefore, the multiset functor My over Set is indeed a functor.

Definition 2.3.5. A natural transformation between two functors F,G : C — D is
a family of arrows {0c : FC — GC | C € |C|} such that for every f: C — D, the
following diagram commutes:
FA--GA
o e
FB-%-GB
Example 2.3.6. Let Id : Set — Set be the identity functor on Set and P :
Set — Set be the power set functor from above. Then {-} : Id — P, defined
by the family {{—}4 : A — P(A) | A aset}, where for a € A, {-}4(a) = {a},
is a natural transformation. We must verify that for every f : A — B € Set, the

following diagram commutes:

AP

7 lP(f)

B_{—_}f’P(B)

Indeed,
(P(f)o{-}a)x) = P(f){z}

= fl{z}]
= {f(z)}
= {~}a(f(2))

= ({-}Bo (=)
So we have that P(f) o {—}4 = {—}B o f as required. Therefore {—} is a natural

transformation.
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Definition 2.3.7. A monad on a category C is a triple (T, n, u) , where T : C — C
is a functor,  : Id — T and p : T?> — T are two natural transformations called

unit and multiplication, such that the following diagrams commute:

712

N

T ——~T

78 5> 72

Tpl lu

1T2——>T
where, for A € |C|, Tn(A4) = T(na), (MT)A = nr(a), Tu(A) = T(pa) and (uT)A =
pray- Or equivalently, we require that pouT = poTu and poTn =ide = ponT.
Example 2.3.8 (Power set monad on Set). Let P : Set — Set be the power set
functor from above and P? = P o P. Let p : P2 — P be defined by the family
{ua : P2(A) — P(A) | A aset}, where for F C P(A), pua(F) = |JF. Then the

triple (P, n, 1) is a monad on Set, where n = {—} from above.

First, we must verify that both 7 and u are natural transformations. We know that
7 is a natural transformation, since n = {—} and {—} is a natural transformation.
To show that p is a natural transformation, we must show that for every f : A —

B € Set, the following diagram commutes:

PHA) 4> P(A)
’Pz(f)l lP(f)
P%(B) L2~ P(B)
Let F C P(A), then

(P(f)opa)(F) = PHUF)
fIUF]
= H{fl@)lae X N X € F}
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and
(g o PHF = us((P)(F))

= ps({P(H(X) | X € F})
= U{fIX]| X e F}
= U{fle)lae X AN X € F}

Now we must show that the following diagrams commute

Pt po

AN

Pz—,r‘"P

P3 _’_LL P2
'Pul l#
pP2——P
Let A be a set. Then, for the first diagram, we must show that the following com-
mutes:

P(a) L2 pr(a)

(nP)Al k l,UlA

P*A) > P(4)
Let X C A, then we have

(nao (Pn)A)X = (pao(Pna))X
= (pa(nalX]))
= pa({na(z) | z € X})
= pa({{z} |z € X})
= U{{z} |z e X}
= X
= ida(X)

(Lao (MP)A)X = (pao (npa)))X
= wua({X})
= X
= ids(X)
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Therefore 14 0 (Pn)A = pa o (nP)A = id4 as required. For the second diagram, we
must show that the following commutes:

(Pu)Al llm
P(A) -~ P(4)

Let F € P3(A). Then

(pao (PRA)F = (paoP(ua))F
= pa(P(pa)(F))
= pa{paX | X € F})
= UUX | X eF}

and

2€ (pao (PwAF it zeJ{UX | X e F}
if IXeFIBB=UX A z€B)
if IX(X eF A zeUX)
if IX(XeFAIB(BeX A z€ B)) (%)

Now, in the other direction,

(ao (UP)A)F = (paoppua))F
= wa(ppa)(F))
= pa(UF)
= UUr
and
z€ (uao(uP)A)F iff IB.Be|UF A z€B
ift IB(BEUF A z€ B)

Translating this, we get that the above says
2 € (pao(WP)AF iff IBEAX(X e FABeX) A z€ B) (%)

Clearly the two expressions (x) and (%) are equal. Therefore pa0(Pu)A = pao(uP)A

as required and (P, n, u) is indeed a monad.
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Example 2.3.9 (Finite power set monad on Set). Again, we can define the finite
power set monad (Pg,n, ). Where n and p are the same as in Example 2.3.8. To
show this is a monad, we follow the proof as in Example 2.3.8 and use the fact that

the finite union of finite sets is again finite.

Example 2.3.10 (Finite multiset monad on Set). Let M¢(—) : Set — Set be the
multiset functor over Set from above and M} = My o M;. Let n: Id — M be
defined by the family {n4 : A — M(A) | A a set}, where for a € A, na(a) = [a].
Let pu: M3 — M be defined by the family {u4 : M3(A) — M;(A) | A a set},
where for A € M¢(M;(A)), pa(A) = i) A Then the triple (My,n, 1) is a monad
on Set.

First, we must verify that both # and u are natural transformations. To show
that 7 is a natural transformation we must verify that for every f : A — B € Set,

the following diagram commutes:

A" My(4)
f le(f)
B 2~ M(B)
Indeed,
(M;s(f)ona)(z) = M(f)([z])
[f ()]
ne(f(z))
= (ngo f)(z)

So we have that M;(f) ona = np o f as required. Therefore 7 is a natural transfor-
mation.
To show that p is a natural transformation, we must show that for every f :

A — B € Set, the following diagram commutes:

ME(A) 2> M;(A)
Mgml iMfm
M3(B) 2> My(B)
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Let AEM?(A), say A= [ay,...,04] and for i = 1,... k, o5 = [a} ...,aﬁi] then

2

(My(f) o pa)(A) = M;(f)(u(A)
= Mi(f)lar .- Way)
= M(f)(lal,...,ak,...,ak,...,a%)
= [f(al),.-., flaD),..., F(ah), .., (&)
= pa(([f(a1),..., F@),...,[f(ak), ..., F(@])
= pp(Ms(f)(a1),..., Ms(f)(ax)])
= (us o M3(f))(A)

So we have that M;(f) ops = pugo M?( f) as required. Therefore u is a natural
transformation. To show that we have a monad we must show that the following

diagrams commute

M
My LM

Let A be a set. Then, for the first diagram, we must show that the following com-
mutes:

Mg (A) “A
! i ida l

ME(A) —- Ms(A)



CHAPTER 2. THE BASICS

Let o € M;(A) with o = [a4,...,ak], then we have

(hao My(na))a =

[h4 O Ma(4)) &

pa(M;s(na)las, . .., ax))
pa(na(ar), ..., nalax)))
pa(fa], .., [ae]])
[a1] & - -+ W [ag]
lai,...,ak
Q
ida(a)

= pa(Mmga)(a))
(na(lal)

= idda(a)

29

Therefore pa o Ms(na) = pa o Ms(na)) = ida as required. For the second diagram,

we must show that the following commutes:

M3(4)
Mf(MA)l

Mi(4)

Let X € M3(A), where X = [A;,...,As] and for i = 1,...k, A

Then

quA

—= M3(4)

l,m

— My (4)

(mao Mp(pa))X = palMg(pa)([As, ..., Ax]))

= pa(fely---wak,. ..ol - wal)

= aiL—g—J...L—{jalllLﬂ...u—)aiw...\i}ai’c

and

(aopma)X = palpma(fA, -5 Axl))
= /.LA(AlL'H-'-L'UAk)

= oly.-- - wollw---Walw . yak

Therefore pg 0 My(1a) = pa © pm,a as required and (My, 7, p) is indeed a monad.

We now dualize the notion of a monad by moving from C to C°.
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Definition 2.3.11. A comonad on a category C is a triple (T, ¢, ) , where T : C — C
is a functor, ¢ : T — Id and § : T — T? are two natural transformations called

counit and comultiplication, such that the following diagrams commute:

T<T_€T2

S IPNIL

T?<5—T

T3 ST T2
TJT T&
T2 ~—T
where, for A € |C|, Te(A) = T(ea), (eT)A = eqa), TH(A) = T(64) and (6T)A =
dra). Or equivalently, we require that 0T 04 =Tédo0¢d and Te o = id¢ = €T 0.

2.3.2 Kleisli categories
Definition 2.3.12. Given a monad (7,7, 1) on a category C, the Kleisli category
KI(T) is the category whose objects are the objects of C and an arrow f: A — B €
KI(T) is an artow f : A— TB € C. The identity id: A — Aisny: A — TA
and the composition of f: A— TBandg: B— TC,ge f: A— TC is defined
as follows: ge f = ucoT(g)o f.

We must check that the Kleisli category does indeed form a category:

Proof. First, we must show that, for f : A — B € KI(T), feida = f =idpe f.
We have f : A — B € KI(T), therefore f : A — TB € C. We also have
that idg : A — A € KI(T), which is ny : A — A € C and similarly, that
idg : B — B € KI(T), which is ng : B — B € C . From the definition of

composition in KI(T), we have:

f’idA = /.I,BOT(f)OnA

= pponrgo f since 7 is a n.t.
(peo(nT)B)o f
= ddgo f by properties of monad (T, i, n)

= f
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idpef = pugoT(ng)of
= ddgof by properties of monad (T, u, 1)
= f
So we have f eids = f = idp e f as required.
Second, we must show that, for f € Home, (A, B), g € Homc, (B, A) and h €
Home,(C, D), (heg)e f=he(gs f): |

(heg)ef = ppoT(heg)of
= ppoT[upoT(k)og]of
= ppoTupoT?*(h)oT(g)o f
he(gef) = ppoT(h)ogef
= ppoT(h)oucoT(g)o f

Therefore we must show that T'(up) o T%(h) = T(h) o uc, or equivalently, we must

show the following diagram commutes in KI(T):

wc

T°C —TC
T%l lTh
Tpp
T3D—T2D

This is equivalent to showing the following diagram commutes in C:

TC - TC
T2h lTh
T:D —2>TD
But this diagram does commute since p is a natural transformation. Therefore,

(heg)e f=nhe(ge f) as required. |

Proposition 2.3.13. [See [11]] The Kleisli category KI(T) of a monad (T,n, 1) on
a category C gives rise to an adjunction F : C — KI(T) and U : KI(T) — C such
that UF =T.

Example 2.3.14 (Kleisli category of power set monad on Set). We have shown that
(P, n, ) is a monad on Set. KI(P) is the category whose objects are the objects of
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Set. The objects of Set are sets, therefore the objects of KI(P) are sets. For the

arrows, notice

f:A—BeKI(P) if f:A— P(B) € Set
if A— 2B
iff AxB—2
iff fCAxB

Therefore, the arrows of K{(P) are subsets of Ax B, and can be considered as relations
from A to B. Let Ry be the relation associated to f : A — B € KI(P).

o Identity: The identity arrow is 4 : A — P(A) and

(a,b) € Ry, iff (a,b) € R,,
iff b€ nala)
iff be{a}
iff b=a

Therefore R, = {(a,a) | a € A}.

e Composition: Let f : A — P(B) and g : B — P(C) be two arrows in KI(P)
then go f : A — P(C) is defined to be ugp o P(g) o f. Let a € A, then
(kB 0 P(g) o f)(a) = ua(glf(a)]) = U{g(b) | b € f(a)}. Therefore

(@,¢) € Rgey iff c € (gef)(a)
iff celU{g(b) | be fla)}
iff Fbs.t. be fla),cegbd)
it 3bst. (a,b) € Ry, (b,c) € R,
iff (a,c) € Ryo Ry
(i.e. Composition in KI(P) is composition in Rel)

From this and previous remarks, it is easy to see that KI(P) = Rel. We can apply
Proposition 2.3.13, to get an adjunction pair F' : Set — Rel and U : Rel — Set.
Given a morphism f : A — B € Rel, let f*: A — P(B) be the associated map in
Set and given amap f : A — P(B) € Set, let f1 : A — B € Rel be the associated
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Klesli map. Let A be a set then U(A) = P(A) and F(A) = A. Let R: A—> Bbea
map in Rel, then we define U(R) : P(4) — P(B) € Set to be (uf o P(R*)). For a
set X C A,
U(R)(X) = (ufoP(R))(X)
= ws({R*(z) | z € X})
= ws({{y | (z,y) e R} |z € X})

= Ul{y | (=,y) e R} |z € X}
= {y |3z € X (z,y) € R}

Now suppose that we have a function f : A — B in Set, define F(f) to be (nE o f)1.
Let a be an element of A, then

(ng o HI(A) = ns(f(a))
= {f(@)}

Therefore F(f) = (ng o /) = {(a, f(a)) | a € A}. Now, from Proposition 2.3.13,
UF = P. This can easily be checked: for a set A, UF(A) = U(A) = P(A). Let
f:A—> Bbeamapin Set and X C A. Then

UF(HNHX) = UFEMNNIX)
’ {y | 3z € X (z,y) € F(f)}
= {f(z) | z € X}
= P(N(X)

Remark 2.3.15. Throughout this thesis we will need some properties of the cate-
gory of sets and relations Rel. We list here several of these properties without going
into details. We have just shown that we can think of Rel as the Kleisli category
of the power set monad. Rel is a degenerate model of linear logic in the sense that
many of the connectives collapse to being the same in Rel. For example, multiplica-
tive disjunction and conjunction ® are both modelled by cartesian product x. Linear
implication —o is also modelled by cartesian product. Additive disjunction and con-
junction are modelled by disjoint union. For A an object of Rel, A a set, negation in
Rel does nothing: At = A. On a morphism R, R a relation, R+ = R, the converse
relation. The terminal object of Rel is the emptyset (). The categorical product of
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Rel is also disjoint union, for two sets A and B, we write this as A&B. Rel is a
x-autonomous (i.e. symmetric monoidal closed) category.

We now dualize the notion of Kleisli category by moving from C to CP.
Definition 2.3.16. Given a comonad (T, ,§) on a category C, the coKleisli category
coK(T) is the category whose objects are the objects of C and an arrow f : A — B €
coKI(T) is an arrow f: TA — B € C. Theidentity id: A — Aisey: A— TA
and the composition of f: TA— Bandg:TB— C,ge f:TA — C is defined
as follows: ge f = goT(f) o dc.

The proof that this is indeed a category follows the proof that a Kleisli category
is indeed a category, by duality

2.3.3 Distributive laws on monads
Definition 2.3.17. Let (T, 77, u7) and (S, 7%, u°) be two monads on a category C.
A distributive law of S over T is a natural transformation [ : TS — ST such that

the following four diagrams commute:

s Sl

TSS STS SST
Tusl l usT
TS l ST
778 2> 75T > STT
uTs l lSuT
TS l ST
T S
Ty YT niy Yi—"
TS ST TS ] ST

I
Proposition 2.3.18. Two monads (T,n%, u%) and (S,n°, u°) on a category C to-

gether with a distributive law ! : TS — ST of S over T induce a monad structure
on T on the Kleisli category of S KI(S).

Proof. Define the induced monad on K1(S) by the triple (T, %, uT) as follows. Given
a morphism f : A — B € KI(S5), let f*: A — SB be the associated map in C
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and given a map f : A — SB € C, let ff : A — B € KI(S) be the associated
Klesli map. Let A be an object of KI(S), therefore A € C, then T'(A) = T(A). Let
f: A — B be a morphism in KI(S), then f*: A — SB is a morphism in C and
we can therefore apply T to it to get the morphism T'(f*) : T(4) — T'S(B) € C.
We can now compose T(f*) with our distributive law | at B to get the morphism
IgoT(f*) : T(A) — ST(B) € C. We can now move back to the Kleisli category
by performing the 1 operation and get a morphism (I o T(f*))! : T(A) — T(B) €
KI(S). We define T'(f) to be (Ig o T(f*)). To get a monad structure, define 7 to
be (n8,4 0n5)" and T to be (i o T(n5) o u%)!. We omit the proof that 7" is a functor
and that (T, ni", ,uf) is a monad and prove it for the special case where T is the finite
multiset monad and S is the power set monad via the remark 2.3.21 and examples of

the next section example 2.3.22 and example 2.3.24. O

The following remark summarizes a folklore result discussed in [12] p.616. (See
also [4] p.262)
Remark 2.3.19 (Equivalence of liftings and distributive laws). Given two monads
(T,n%, u*) and (S,7°, u°) on a category C, the monad T admits a lifting to the Kleisli
category of S, KI(S), if and only if there is a distributive law [ : T'S — ST of S
over T
Example 2.3.20 (Distributive law of power set monad over the multiset monad on
Set). Let (P,n",u”) be the power set monad on Set and (M (=), ™7, u™7) be
the multiset monad on Set. Define a natural transformation ! : MyoP — Po M;
by the family

{lx : MfP(X) — PM(X) | X a set}

where Ix([A1, ..., 4)) = {[a1,...,a,) | a; € A;}, A; € X*. Then [ is a distributive
law of the power set monad over the multiset monad on Set. To show this, we must
check that [ is indeed a natural transformation and that all four diagrams from the

definition commute. We will start by showing [ is a natural transformation. To do

INotice that the A; are not necessarily distinct subsets of X
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this we must show that for any f: X — Y € Set the following diagram commutes:

MP(X) 2> PM;(X)
Mﬂ’(f)l lPMf(f)
MfP(Y) = PMy(Y)
Let [A1,..., Ax] € MfP(X) then we have

(PMs(f)olx)[A1,...,Ax] = PMi(fi{lar,-..,a.] | a; € A;})
= {Me(H)(lar,.. ., an]) | ai € Ai})
= {lf(a1),..., f(an)]) | @i € Ai})
= {[b1,...,bn]) | b € fIA]})
= Iy([flAi],..., flAd]])
= l([P(f)(A1), ..., P(f)(An)])
= (ly o MsP(f)[As, ..., Ayl

as required. Now, according to the definition, it remains to show that the following

four diagrams commute:

MPP(X) 222 p P (x) 2 PP, (X) 1)
Mf(l‘x)l l”Mf(X)
M;P(X) ™ PMs(X)
M (ix) L ()
MMP(X)YLZ MEPMp(X) > PMMy(X)
“;J;r)l lp(uxf)
M;P(X) » PMy(X)
Mj(n% W\Q
MP(X PMs(X)

iy Y’)

MfP(X) PM(X)
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where X is a set.
To show that the first diagram commutes, we let [Fy,...,F,] € MyPP(X),
Fi; C P(X), then

(54,0 © P o loon) Fry o Fal = (g0 0 PUx){ (A, 4] | A € )
= Meolx(An - A]) A€ Fri=1...,n}
= whoiflon. . an] | i € A} | A € Fi}
= UAiEJ-',-{[alv s ’an] | a; € A; and A; € ]-"1}
RHS

and

(Ix o My(WEDIF1, - Fal = Ix([pk(F), -, ik (Fn)])
= lX([UAile}'l (Ail)’ SRR UA,-n EFn (Ain)])
= {lai,.--,an] a1 € UAile}'l(Aﬁ)’ ceeyOn € UAnle]-‘n(Ain)}
LHS

Notice

[a1,...,a,) € LHS iff ay € UAilefl(Ail), ey Op € UAnlefn(Ain)
iff 3JA;, € Fist. a1 € Aiy,...,3A;, € Frst. a, € Ay,
if a;€A;, and 4, € Fq,...,a, € A;, and A4;, € F,
if [ai,...,a,] € RHS

Therefore the first diagram commutes.
For the second diagram, let [a, ..., 0] € MfMP(X), a; = [A],..., AL ], then

(P © Lty o Myl Do, - o] = (Plhix ") © baay ) [ty () (@), - Laty ) ()]
= (P(uX") 0 latyx))[By, .., B
where B; = {[ai, .. .,a}'ci] | aj. e A;}
= P {br, ..., bal | bi € By}
{9 (b, - .., ba]) | bs € Bi}
= {b¥:-- Wb, | b € Bi}



CHAPTER 2. THE BASICS

In the other direction, we get

M
(Ix o pp(ﬁ())[al, ooy O

Ix(ogW---Way)

Ix([AL, ..., Agys -0 AT, AR )
{lal,...,at,,...,a%,...,a2 ] | o] € Al}
{(bi&---wh, | b € B}

Therefore the second diagram commutes.
For the third diagram, let o = [a4,...,a,] € X then

(Ix o My(nE))(a) =

Ix([n¥k(a1), ..., n%(az)))

Ix([{ar},- - -, {an}])

(b1, .. ba] | B € {a}i=1,...,n}
{la1,-- ., an)}

{a}

77/7\’4,()()(0‘)

Therefore the third diagram commutes.
For the fourth diagram, let A C X then

(Ix o My(mpgy)(A) = Ix([4])

= {la | a € 4}

= {ny’(a) | a € A}
= 7 [A]

= P’ (A)

33

Therefore the fourth diagram commutes. We have shown that [ is a natural transfor-

mation and that all four diagrams commute, therefore [ is indeed a distributive law

of the power set monad over the multiset monad on Set.

Remark 2.3.21 (Lifting M(—) on Set to Rel). This distributive law [ of the

power set monad over the multiset monad on Set allows us to lift the multiset monad

M;(=) on Set to a multiset monad on Rel which we will call, for now, M(—).

Since the objects of Rel are the same as the objects of Set, for any object A of
Rel, ie. for any set A, then M;(A) = M(A) = {a]a is a finite multiset over A}.
Now suppose we have a relation R : X — Y € Rel. Recall that KI(P) = Rel,
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where P is the power set monad on Set. Therefore our relation R: X — Y € Rel
is equivalent to some arrow, say R* : X — P(Y) € Set. Now that we have
an arrow in Set, we can make use of our multiset monad on Set: apply M; to
R* to get an arrow M;(R*) : My(X) — MP(Y) € Set. Here is where we
use the distributive law of P over Mys(—): we compose M;(R*) with ly to get
lyoMs(R*) : Mp(X) — PM;(Y) € Set. Again, we use the fact that KI(P) = Rel,
and notice that ly o Ms(R*) : Ms(X) — PM,(Y) € Set is equivalent to an arrow
(Iy o My(B) : Mp(X) — M;(Y) € Rel. Therefore, for a = [z1,...,12] €
M;(X)

(ly oMs(R*)) (@) = ly(Ms(R*) (@)
= Iy([R*(z1),..., R*(zx)])
= ly([{y | (z1,9) € R},....{y | (zr,y) € R}])
= {ly1,.-, %l | v € {y | (zi,y) € R}}
= {lys,-->usl | (zi, %) € R}

Define Ms(R) : M(X) — M(Y) to be (ly o M;(R*))!. From the above calcula-

tion we get the following definition:

(a,8) € My(R) iff whenever a = [z1,...,2x] € Ms(X),8=[u1, .., 0] € Ms(Y),

we have (z;,4;) € R
if Jc <y Rst. md =a,mld =0

viewing R as a subset of X x Y, M((R) as a subset of M;(X) x Mf(Y) and m;[c]
as the multiset direct image for i = 1,2. Now, from Propostion 2.{’).18, for a set A,
M(A) = Ms(A). It A £, Bis an arrow in Rel , then M;(A) geil M;(B) and
(a,B8) € My(R) iff 3¢ C; R such that m[c] = a and mfc] = B. For the monad
structure, Proposition 2.3.18 tells us that (M f,an , M ) is a monad on KI(P),
which we can think of as Rel by example 2.3.14. For a set A, nff is given by

(77/1\)4f(A) o). For a an element of A,

(Mg 0ma)@) = nfyca(la))

= {la]}
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Therefore, )
M M
Ma ' (77,7\)/1,(,4) ory )t
= {(a,[a]) | a € A}

Lastly, //le is given by (l4 o M(n}) o ,uﬁ"f)T. Let A be an element of M%(A), say
A=loq,...,o4] with a; = [a},...,a}] for i =1,... k. Then

(oo MymB) o iy )(A) = (ao MD)W+ )
= (leMf(nE))([a%,...,alll,...,a’f,,_,,a;ck])
= L({al},-. . {al ). @b}, {ab }])

= {[a},...,a}l,...,a’f,...,afk]}

Therefore,

g = (lao My o pg )t
= {([oa,...,on], 18- Wop) | oy € Ms(A),i=1,...,k}

Example 2.3.22 and example 2.3.24 verify that M ¢ is indeed an endofunctor on Rel
and that (Mg, nMs, uMs) is a monad on Rel.

2.3.4 Properties of the lifted My : Rel — Rel

From this point on, we will write M;(—) for the lifted multiset comonad on Rel,
unless specified otherwise.

Example 2.3.22 (Finite multiset functor on Rel). Let M;(—) : Rel —
Rel be the finite multiset functor defined above. If A is a set, My(A) =
{a|a is a finite multiset over A}. If A £, B is an arrow in Rel , then M 7(A) iy
My (B) and (z,y) € My(R) iff 3c Cy R such that m [c] = 2 and m[c] = y.

To show that My(—) is a functor we must show that for A a set, M;(ids) =
idp;(a)- Indeed Mg(ida) : My(A) — M;(A) and for X C A, (z,y) € My(ida)
iff 3¢ Cy idy4 such that m(c] = z and m[c] = y. But, since ¢ Cf ida, m[c] = mlc];
therefore = y and we have (z,y) € Mg(ida) iff 2 = y iff (2,y) € ddppa) It
remains to show that for A - B and B =z, C, Ms(R o R) = M(R) o M;(R).
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Notice
(z,y) E Ms(R oR) iff JcC; R oRs.t. m[c] =z and mfd =y
iff Jai,c1),...s(An,cn) € R oRand z = [ay,...,an),y = [c1, ..., Cn)
iff dby,...,b, € B s.t. (ai, bz) € R, (bi,ci) € RI,
z=ay,...,an),y=[e1,...,Cn)
ift (2,y) € Mg(R) o Ms(R)
as required. Therefore, the finite multiset functor My(—) is indeed a functor on Rel.

Example 2.3.23 (Finite multiset monad on Rel). As discussed in 2.3.21, p :
Id — Mg(-) is defined by the family

{ny 1 A— My(A) | A aset} , where 5y ={(a,[a]) | a € A)}
and pMs : M3(—) — M(—) is defined by the family |
{uﬁ’lf : M3(A) — M;(A) | A a set}, where Jff = {([o1, ..., 0], 00.. Wag) | s € Ms(A)}

We claim that (Mg, n, u) is a monad. Since Rel is self-dual, M can also be defined
as a comonad. The proof that (Mg, n, 1) is a monad is dual to the proof that M
is a comonad and hence, we omit proving this claim and instead show that M; is a
comonad in the next example (example 2.3.24).

Example 2.3.24 (Finite multiset comonad on Rel). Let My : Rel — Rel be the
finite multiset functor from above. Recall that we can define € : M¢(—) — Id by
the family

{ea: Mg(A) — A | A aset} , where €4 = {([a],a) | a € A)}
and 6 : My(—=) — Mp(My(—)) by the family
{64 : Mp(A) — Mp(Ms(A)) | A aset}, where 4 = {(an¥. . Wa, (a1, ..., ok | s € M;(A4)}

such that (Mys(—),¢,6) is a comonad on Rel.
To check that we have a comonad we must verify that both € and ¢ are natural

transformations. To show that € is a natural transformation, we must show that
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for every R : A — B € Rel, viewed as a subset of A x B, the following diagram

commutes:

M;(A) =2~ A

M;(R) R

M;(B)=£-B

Notice
(a,b) € Roey iff Ja€ Ast. (a,a) €ea(a,b) €R
iff Ja€ Ast. a=]a],(a,b)€R

and

(a,b) € ego My(R) iff 38 € My(B) s.t. (o, B) € Ms(R),(B,b) €€p
but (8,b) € eg means 3 = [b]. Therefore

(a,b) €eego My(R) iff (o, [b]) € My(R)
iff Jc Cf R s.t. mc] = a and m3[c] = [b]

Therefore a has one element say a, which implies ¢ = {(a,b)} with (a,b) € R. So we

have
(a,b) ecgoMg(R) iff Ja€ Ast. a=]la],(a,b) €ER

iff (a,b) € eg o My(R)
Therefore Roes = eg o My(R) as required and we have that ¢ is a natural transfor-
mation.
To show that ¢ is a natural transformation, we must show that for every R: A —
B € Rel, viewed as a subset of A x B, the following diagram commutes:

M(A) =22 Mp(M;(4))
Mf(R)l le(Mf(R))

M;(B) —2 M;(M(A))

Notice

(@, B) € My(M(R)) 064 iff A€ MyMy(A)) st. (o, A) € 64, (A B) € Ms(M;(R))
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but
(a, A) €64 if when A= [oy,...,0x),0s € Ms(A), thena =a; W--- Wy

([ala cee )ak]7B) € Mf(Mf(R)) iff e gf Mf(R) s.t. 71'1[(1] = [ala SRR ak],ﬂ'z[c] =B
SoB=[f,...,0k 0 € Ms(B), where (a;, 8;) € Ms(R). This happens if and only if
3d; Cy R s.t. m|di] = o, ma[d;] = B;. This means that each o; and (3; have the same
number of elements. Now, supposing that o; = [ai,...,a}], 5 = [%,...,b], then
(04, 8;) € My(R) if and only if (ai,b}),...,(af,,b}) € R for every i. Summarizing,
we have

(a,B) < Mf(Mf(R)) O(SA if a= ap - &Jak,B = [51,...,5k],ai = [a’i,...,a}'i],

Bi=[b%,...,0 ], (ai,b8),...,(a} b)) € Ri=1...k

Now for the other direction,
(a,B) € g o My(R) iff 3B € My(B) s.t. (o, 8) € Ms(R), (B, A) € ép
but
(8,B) € 6p iff when B=[B,...,5}, 0 € My(B), then =01 ¥ .- & [

(0, /1 B) € Mg(R) iff FcCyRs.t. mf]=0a,m[=0W- &0

Supposing that G; = [bi,...,B}], then a = [af,...,q},...,a},...,af ] with

(a,b%),...,(a},b;) € R for every i. Notice that we can write @ = a3 W .- & ay,

where o; = [a3,...,aj]. In summary,

(,B) €dpoMy(R) iff a=on¥--Waop,B=[By,...,0] = ai,...,a}],
Bi=[b,..., 6], (ai,bi), ..., (af,bi) €Ri=1...k
iff (a,B) € My(Ms(R))oba

So we have that M (M s(R)) 064 = dp 0© My(R) as required and that é is indeed a

natural transformation.
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To complete the proof that (M(—),¢,4) is a comonad, we must show that the
following two diagrams commute

M(=) 22 M (M=)

.

MpMp(=)) =5 My(-)

SMs(-)

ME(=) === M;(M;(-))

Mf(5)T T&

Mp(Mg(=)) <—— My(-)
Let A be a set. Then, for the first diagram, we must show that the following

commutes:
Mg (e)A

My (4) My(M;(4))
E(Mf(A))T ida TJA
Me(My(4)) <5 M(4)

(a,B) € Ms(e)Aods iff (a,8) € Mys(ea)oba
iff 34 € Mp(M(A)) s.t. (o, A) €64, (A,B) € Mf(ea)

but
(a, A) € 64 iff when A=[ay,...,a),0; € Ms(A), thena =01 8- Py
(A, B) € Ms(ea) f FecCreqst. mid=los agl, mlc] =6
iff k=1, and when o; = [al, .., a;] then ¢ = {([a1],a1),...,(la;],a;)}
and B =m[d = [ay,...,a] = a1

So, we have

(,B8) € Mg(ea)ods iff a=a1W---Wog =agsincek=1and 8= a1, € Ms(A)
iff a=p
iff (Oz,ﬂ)EIde(A)

Now

(a, B) € e(Ms(A))oda iff (o, ) € EM;(A) 0d4
iff A€ Mf(Mf(A)) s.t. (o, A) €6d4,(A,0B) € EM;(A)
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but
(a,A)€5A iff When.A=[al,...,ak],aier(A), thena:alu-)...@ak
('A, 5) € EMf(A) iff k= 17"4: [a1]7ﬁ =01

since
Emy(ay = {([m],m) | m € M;(A)}

So, we have
(a,B8) € Mg(ea)0dy if a=a1W---Woyp =) since k=1and 8= o0,a; € My(A)
iff a=0
iff (Ol,ﬂ) € Ide(A)
Therefore M(e)A 0 04 = Idpm,a) = €(Mf(A)) 0 b4 as required. For the second
diagram, we must show that the following commutes:

d(Mjs(A

M3(4) My (M;(A))
Mf(«i)(A)T TéA
M(M(A)) <2— M (A)

(0, X) € 6(Ms(A))oda Hff (@, X) € dpya)00a
iff 3A4 € Mp(Mf(A)) s.t. (o, A) € 64,(AX) € 5Mf(A)

but
(a,A) € 64 iff when A=[oy,..., 0,05 € Ms(A), thena =0y ¥---Way

(.A,X)E(SMf(A) iff WhenX=[A1,...,Aj], thenA=A1Lﬂ---&JAj
SupposeAlz[all,...,aﬁl],lz1,...,j,thenA=A1LJ.rJ---L+JAj=[a%,...,a}l,...a{,...,a{j].

Therefore @ = o] W - - - & o Summarizing, we have

(@, X) € 6(My(A))0da iff when X = [A;,..., 4], A =[a},...,d],
thenaza%&b--&da{j

Now for the other direction,

(CY,X) € Mf(5)(A) 0dy iff (Oz,X) € Mf(6A) 004
34 € Mp(Ms(A)) st (,A) € 54, (A X) € M,(52)
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but
(a,A) € 64 iff when A=[o,...,0],0; € Mf(A), thena=a1 ¥ - Way

(A, X) € Mg(0a) iff FcCrdast mldl=A=]oa,...,04),mf] =X

Supposing that X = [A;,...,A;] and A = [ed,...,0}],l = 1,...,j, then ¢ =
{(Wh_, ap, Al),...,(b-ﬁ{:l af, A;)} to ensure that mofc] = X and ¢ Cy 04. This
means, in particular, that ¥ = 5 and that oy = +f::1 al,. . ap = Lﬂi{;l ak. Then

since, from above, we have that a = a1 & - - - & o, therefore

o = od---Hoyg

(Wor on) W (W of)
= ol @...@a{j

Summarizing, we have

(a,X) € Mf(5A) O(SA iff when X = [.A1,...,.Aj],.Al = [all,...,aél],
thena=a%&)---&da{j
iff (a,X)E(iMf(A)oéA

So M(64) 004 = G4 © 04 and the diagram commutes. (My(—),¢,) satisfies all
the necessary requirements and is indeed a comonad on Rel.

Example 2.3.25 (coKleisli category of finite multiset comonad on Rel). We have
shown that (My(—),¢€,0) is a comonad on Rel. coKI(My(—)) is the category whose
objects are the objects of Rel. The objects of Rel are sets, therefore the objects of

coKl(M¢(—)) are sets. For the arrows, notice

f:A— BecoKl(My(-)) iff f: Ms(A) — Be€Rel
ifft fC M(A)x B

Therefore, the arrows of coKl(My(—)) are subsets of M;(A) x B, or equivalently,
relations from M;(A) to B.

o Identity: The identity arrow is €4 : Mf(A) — A, Idy = €4 = {([a],a) | a €
A)}
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o Composition: Let f: C — D and g: D — E be two arrows in coKl(M(-)),
fFCMC)xDand g C Mg(D)x E, then ge f: C — E is defined to be

goM;s(f)edc.
First notice that g o M(f) C M;(My(C)) x E and

(Ae) € go Ms(f) iff 38 € Ms(D) st. (A B) € My(f),(B,e) € g

but
(A, B) e My(f) iff FcCy fst mlc=Aml]=0
iff E(al,dl), ceey (Olk, dk) € f s.t. {O:l, e ,Oék] = A,
[dla"'7dk] Zﬁaai E-/\/lf(cy)
Therefore

(A, 6) (S gOMf(f) iff El(al,dl),...,(ak,dk) €fst. A= [al,...,ak],([dl,.. .,dk],e) cg
Now, notice that ge f = go Ms(f) 0 dc C M(C) x E and
(a,e) € gOMf(f) odo iff dJA€ Mf(Mf(O)) s.t. (a,A) € dc, (.A, 6) € gOMf(f)

but
(o, A) € 6¢ iff when A=[ay,...,a)thena =01 ¥ Way
(A,C) € goMf(f) iff a(ahdl))"')(akadk) € f s.t. A: [ah'"7ak]7([d17"'7dk]7e) S g
Putting this all together we get

(a,e) € goMy(f)ode iff Fay,di),...,(akdp) € fst. a=a1W---Way],
([dl,...,dk],e) €g

ge f={(a,e) | Iaa,dr),...,(ak,dp) € fst. a=a1W---Way,([di,...,dk],e) € g}

We call the coKleisli category of the lifted My on Rel the finite multiset relation
category or MRel. We can apply Proposition 2.3.13, to get an adjunction pair
F : Rel — MRel and U : MRel — Rel. Given a morphism f: A — B €
MRel, let f* : Ms(A) — B be the associated map in Rel and given a map
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f: Ms(A) — B € Rel, let fT : A — B € MRel be the associated Klesli map.
Let A be a set then U(A) = M(A) and F(A) = A. Let f : A — B be a map
in MRel, then we define U(f) : M;(A) — My(B) € Rel to be (My(f*) o 51/:1").
Then

(B) €U(f) i (o8) € (My(f) 064"
iff 34 € MA(A).(a, 4) € 657 A (A4, 0) € Ms(f*)
iff Joy,...,ap e Mp(A) o=y - Wax A ([o,...,0), B) € Ms(f*)
it doq,...,o EMf(A).a=a1H'J"'L'HC¥k A (al,bl)...,(ak,bk) € f*,
where 3 = [by,. .., b

Therefore
={(a1kﬂ--~wak,[b1,...,bk]) | (i, b;) € f*,i=1,...,k}

Now suppose that we have a relation R : A — B in Rel, define F'(R) to be (Roef’ ).

Then
(o, b) € Roaf’ if Ja€ A(a,a)€ea A (a,b) €R

if a=Ila] A (a,b)€R
Therefore
(Roey") ={(a],b) | (a,b) € R}
and F(R) =(Ro Eﬁdf ). Now, from Proposition 2.3.13, UF = M;. This can easily
be checked: for a set A, UF(A) = U(A) = My(A). Let f : A — B be a relation.
Then

UF(R) = {(c1W---Wag,|b1,...,0)) | (o, b)) € F(R)*,i=1,...,k}

{log W+ -Way,[br,..., b)) | (s, b )6((R06Af)f) i=1,...,k}
= {(a1W- - Wa, b1, ..., 0]) | (i, b) € (Roe¥),i=1,...,k}
= {(la1,-..,ax],[b1,---,0k]) | (a;,b:) € R,i=1,...,k}

M;(R)

I



3 Investigating the structure of
MRel

3.1 MRel is a cartesian closed category

In the previous section, we introduced the category MRel. Recall that MRel is the
category whose objects are sets. Let A and B be two sets, then an arrow from A to
B in MRel is a relation from M(A) to B. The identity on A, A a set, is

Ida={([a],a) | a € A)}
Given two arrows f € MRel(A4, B), g € MRel(B, C), then

gOf={(Ot,C) I 3(a17b1)7"'7(akabk) e.fSt a:alw."Lﬂak’([bl""’bk]’c) Eg}

In fact, MRel is a cartesian closed category.
Proposition 3.1.1. MRel is a cartesian closed category

There are several ways of showing that MRel is a cartesian closed category. One

of which is to use the following fact due to Seely:

Proposition 3.1.2 (see [17]). Let (1,¢€,6) be a comonad on a x-autonomous category
C such that for all objects A, B € C the following isomorphism holds:

I(A x B) 2AR!B.

Then the coKleisli category of the comonad (!,€,0) is a cartesian closed category, in
which A= B=!A-—-oB

Proof. The terminal object of coK1(!) is the terminal object of C. The product A x B

49
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of coKI(!) is the same as in C and A = B is !A —o B. Then

IR

coKI()(Ax B,C) = C((Ax B),C)
C(1A®!B, C)

C(lA,!B - C)
C(IA, B = C)

coKI()(A, B = C)

1R IR

IR

]

In our case we have the comonad (My,e,d) over Rel. From section 2.3.2, we
know that Rel is a *-autonomous category. Notice that in Rel both ® and —o are
set theoretical product x and that categorical product is &. We have also already

seen that

M (A&B) = M4(A) x Ms(B)

Combining this we have that coKleisli(M;) = MRel is a cartesian closed category
from Proposition 3.1.2 where the exponential A = B in MRel is M(A) x B.

We may also show that MRel is a cartesian closed category directly. Here we
take the structure presented in [7] and show that this structure satisfies the equations

of a cartesian closed category.

e Terminal object 1 : In MRel, 1 = @ and for a set A, the unique element of
MRel(A, 0) is the empty relation. The empty relation is indeed in MRel(A, 0)
since @ C M;(A) x B. Also notice

f€EMRel(4,0) iff fC M (A)x0
it fCO
iff f=0

This shows that the empty relation is the unique element of MRel(A, 0).

e Categorical product: Let B; and Bs be sets and define the product B1&B; as

the disjoint union

Bi&Bs; = ({1} x B1) U ({2} x By)
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together with
T = {([(Z,b)],b) l be Bz} € MRel(31 X BQ,Bi), for i = 1,2

To show that this is indeed a categorical product in MRel we must check that
for any set A and arrows s € MRel(A, B,), t € MRel(A, B,) there is a unique
map (s,t) € MRel(A, B; x B;) making the following diagram commute:

A

SN

By~ By x By— B,
Define
(s,t) = {(a, (1,0)) | () € s} U{(e, (2,0)) | (o, 0) € 1}
We have that (s,t) C My(A) x B1&By, therefore (s,t) € MRel(A, B1&Bs).
Now we must check that 7 o (s,t) = s and my 0 (s,t) =t
mo(s,t) = {(a,b) | I, b1), ..., (ak, bi) € (s,t) 8.t. @ = oW -Waoy, ([by,...,bk],b) € T}
But ([b1, ..., bk],b) € 71 means that b € By, k=1 and b; = (1,b). Therefore
(a,b) € mpo(s,t) If Fa; € Ms(A)st. (o, (1,b) € (s,t),a =0
iff oy € Ms(A) st. (o, (1,0) € {(o, (1,b)) | (a,b) € s},a =0y
iff Jo € My(A) sit. (a,b) €s,a=0
So we get that
mo(s,t) = {(a,b)| Iy € Ms(A)st. (a,b) € 5,00 = a1}
= {(o,b) | (a,b) € s}
= s

Similarly, we have that 7 o (s,t) = t. To finish, we must show that (s,t) is
the unique map in MRel(A, B; x B;) making the diagram commute. Again,
let A be any set and s € MRel(A, By), t € MRel(A, B;). Now suppose that
for some f € MRel(A, B1&Bs), m1 0 f = s and mg o f =t. We must show that

f= <S,t>2

mof = {(O_’, b) | El(al,bl), RN (ak,bk) € fst. a= o - Yoy, ([bl, R ,bk],b) €m}
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Again, ([b1,...,b],b) € 7 means that b € By, k = 1 and b; = (1,b). Hence,
the above set becomes

7'l'lofz{(aab) | (a’(lab)) Ef}

And since m o f = s, we get that

s ={{a,0) | (&, (1,0)) € f}

Similarly,
t={(a,b) | (o, (2,0)) € f}

Summarizing, we get

(o, (5,0)) € f iff i=1and (a,b)) €molf
ori=2and (a,b) € Mo f
iff (a,b)) €sor(a,b)et

Therefore

f= {{o,(1,0) | (&, b) € s} U{(e,(2,0)) | (a, ]) € t}
= (s,t)

as required.

Remark 3.1.3. Let A and B be sets. Then M(A&B) and M;(A) x M;(B)
are isomorphic sets. An element of M;(A&B) is a multiset with elements that
are either marked with a 1 or a 2, those marked with a 1 are paired with an
element of A and those marked with a 2 are paired with an element from B.
Consider ([a1,...,ax], [b1,...,by]) € Mp(A) x My(B). To get an element of
M;(A&B) simply mark all the a’s with a 1 and all the b’s with a 2 like so:
[(1,a1),...,(1,a%), (2,01),...,(2,by)] € Ms(A&B). Similarly, with an element
[(1,a1),...,(1,ak), (2,b1),...,(2,by)] € M;(A&B), unmark the a’s and b’s, and
group them together as: ([ai,...,ak], [b1,...,by]) € Mp(A) x Ms(B). It is clear
that these are inverse to each other. For simplicity, we will sometimes consider this

isomorphism as equality.
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Remark 3.1.4. Since MRel has products, we can define & as a functor MRel® 5
MRel as follows: let f: A — C and g : B — D be two maps on MRel, then
f&g : A&B — C&D € MRel is defined as

f&g = {([(170'1)?'"’(17ak)]a(17c)) | ([alw"aak]’C) € f}U
{([(27 bl)a SRR (Q,bl)L (2a d)) l ([bh <o 7bl],d) € g}

From Remark 3.1.3, we have that M;(A&B) = M;(A) x M;(B). Using this, we
can rewrite f&g as a subset of (M(A) X My(B)) x (C&D) as follows:

foeg = {((a, [ 1), (L, 0)) | (e, ¢) € FYU{((B, [ 1), (2,d)) | (B,9) € g}

e Exponential objects: Let A and B be sets, the exponential object A = B =
M;y(A) x B and eva g : (A = B)&A — B is defined as follows:

evap = {((((e;0)},a),b) | @ € Ms(A),b e B}

To show that this is a genuine exponential object we must show that for any
set C and map g : (C x A) — B € MRel(C x A, B) there is a unique map
Ag : C — (A = B) such that evg p o (A\g&Id4) = g. Define

Ag ={(7;(,0)) | (7, @), b) € g}

Then

M&ldy = {(7,[],(1,(e,0))) | ((v,),b) € g} U{([],]a],(2,a)) | a € A}
and
evap o (Ag&lds) = {((v,2),b) | Iy, 01, X1), ..., (Yo, Oy Xie) € Ag&Idy st
Y=mW- - Hy, a=o0 W Yoy,
([Xl, - ,Xk],b) c EUA,B}
But ([X31,...,Xk],b) € evs p means that X; = (1, ([a1, ..., ak-1],b)) such that
((vi,[a1, - - - ,ax-1]),b) € g for some i, say i = 1 and X5 = (2,ay),..., X =
(2,ax—1). With this, we get that a; = 7o = -+ = v = [ ] and that o, =

[a1], a3 = [ag), ..., ak = [@k—1]. Summarizing,we get

€UAB© (Ag&IdA) = {((770‘)ab) | (('Y:a)’b) € g}
=9
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Hence, the proposed candidate for \g satisfies the required equation. Now, it
remains to show that it is unique. Suppose that h: C — (A = B) is a map
such that

evap o (h&lds) =g

We must show that h = A\g. From the above calculations, we have that

evap o (h&lda) = {((7,2),b) | Im, 1, X1), ..., (Vs ok, Xi) € h&Id4 s.t.
Yy=nWo-Wym, a=o ¥ Yo,
([Xh s 7Xk:]7b) S C’UA’B}

Now, ([Xi,...,Xk],b) € evap means that for some i, say i = 1, X; =
(1,([a1, . - - ax],b) such that (v, (c,b) € h and that oy =12 = -+- =y, = [ ].
This also implies that Xs = (2,a1),..., Xt = (2,ak-1) and s = [a1],a3 =

[ag), ..., o = [ag—1]. Therefore, we can rewrite eva g o (h&ld4) as

€VU4,B © (h&IdA) = {((7aa)7b) | 3(717[]’(1’([0'1’"‘0’19—1]76))7
([);[a1), (2,01)),- .-, ([ ] [0k-1], (2, ak-1)) € h&Id4
st y=m[]w- 0[], a=[]8a]w- o}

= {((7’ Oé),b) |(7’ (aab)) € h‘}

But we know that evy go(h&Ids) = g, therefore g = {((7, @), b) (7, (o, b)) € h}
and so h must be {(v, (a,b)) | ((7,@),b) € g} and we have that h = Ag as

required.

3.2 Enough points

Definition 3.2.1. Let A be an object in a category C with terminal object 1. The
points of A in C are all the morphisms z € C(1, A)

Example 3.2.2.

1. Consider the category of sets and set-theoretic functions Set. The terminal
object 1 of Set is the singleton set {*}, therefore a point of a set A is a function
from {x} to A. For every element a of A there is a map f, : {*x} — A, where
fa(¥) = a. Therefore the set of all points of a set A in Set is isomorphic to A,
Set(1,A) = A.



CHAPTER 3. INVESTIGATING THE STRUCTURE OF MREL 55

2. Consider the category K-Vect, the category whose objects are vector spaces over
a fixed field K and maps are K-linear transformations. The terminal object of
K-Vect is {0} the zero vector space. A point of a vector space V in K-Vect is a
K-linear transformation from {0} to V. There is only one such transformation:
the transformation that sends 0 to 0. Therefore the set of all points of a vector
space V is a singleton, K-Vect(1,V) = {x}.

3. Consider the category of sets and relations Rel. The terminal object of Rel is
the empty set @), therefore a point of a set A is a relation R from () to A. We
can think of R as a subset of § x A, but § x A = 0. Therefore R is the empty
relation and hence, there is only one point of A. The set of all points of a set
A is a singleton, Rel(1, A) = {*}.

4. Let A be an object in AlgLat, i.e. A is an algebraic lattice. The points of
A in AlgLat are all the morphisms z € AlgLat(1, A). The terminal object
of AlgLat is {*} the singleton algebraic lattice, therefore a point of A is an
arrow from {*} to A, which is a set theoretic map preserving the join of directed
subsets of {x}. For every a € A, there is one such map f, : {*} — A, where
fa(*) = a and this map preserves the join of directed subsets of {*} since there
is only one such subset, {*} itself. Therefore, the set of all points of an algebraic
lattice A € AlgLat is isomorphic to A4, AlgLat(1,A) = {f,: {*} — A | a €
A=A

Example 3.2.3. Let A be an object in MRel, i.e. A a set. The points of A in
MRel are all the morphisms z € MRel(1, A). The terminal object of MRel is @,
therefore a point of A is an arrow from @ to A, which is a relation from M(0) to
A. Recall that M () = {[ ]} = {*}, a singleton. These are, up to isomorphim, the
subsets of A. MRel(1, A) = P(A)
Definition 3.2.4. A category C with terminal object 1, is said to have enough points
[7], or to be well-pointed 18], if for any A, B objects in C and f, g € C(A, B), whenever
f # g there exists a point z € C(1, A) such that foz # goz.

An object U of a category C with terminal object 1, is said to have enough points
[7], or to be locally well-pointed [18], if for any f,g € C(U,U), whenever f # g there
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exists a point z € C(1,U) such that foz # goz.
It is clear that if there is an object in a category C that is not locally well-pointed,
then C is not well-pointed.

Example 3.2.5.

1. The category Set has enough points: let A, B be two sets and g, h € Set(A4, B).
Suppose that g # h, then there is an a on A such that g(a) # h(a), but
g(a) = (g o fo)(x), where f, is the point of A that sends * to a. Therefore,

go fa# ho fa

2. The category K-Vect does not have enough points: let VW be two vector
spaces and g,h € K-Vect(V,W). Suppose that g # h, then g(z) # h(z) for
some z # 0 (since g(0) = h(0) = 0, this is true for all linear transformations).
The only point of V' is the map from {0} to V, call it f, that sends 0 to 0
and go f = g(0) = h(0) = h o f. Therefore, there does not exist a point
z € K-Vect(1,V) such that gox # ho .

3. Using similar reasoning as for Set, it is clear that AlgLat does have enough

points.

Example 3.2.6. MRel does not have enough points. For every non-empty object
A € [MRel|, A is not locally well-pointed. In fact, for every object A € |MRel|, there
exists f,g € MRel(A, A) such that f 5 g, but fox = goz for every z € MRel(1, A).
f,g € MRel(A, A), therefore f,g C M;(A) x A.

Let f = {(o1,b)} and g = {(a2,b)}, where a1,a2 € Ms(A) and oy # a9, but
supp(a;) = supp(ae). Let x € MRel(1, A). Then, as previously discussed, we can

think of z as, up to isomorphism, a subset of A. Now, notice
fox={(a,a) |Far,a1),...,(aka) €ETst. a=a1 W Waoy, ([ai,...,a4),a) € f}

but (q;,a;) € T means o; = [ | fori = 1,...,k, a =[] and a; € A. Therefore foz

becomes

fozx={(],a) |3a,...,ax € As.t. ([},a) € z,([a1,...,ak],a) € f}
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and similarly

gozx={([],a) |Fas,...,ar € As.t. ([],a) € z,([ay,...,a],a) € g}

If supp(c;) C 2, thinking of z as a subset of A, then foz = {([],b)}. But since
supp(ay) = supp(az), we also have that supp(az) C z and then, similarly, goz =
{([ ],b)}. Therefore, fox = goz. If supp(es) € =z, then f oz = @, but since
supp(an) = supp(az), we also have that supp(az) € = and then, similarly, g o z = §.
Therefore, foz = goxz. In all cases, foxz = goz for every z € MRel(1, A) and
we have that A is not locally well-pointed and in turn, MRel does not have enough
points.

The notion of having enough points relates back to how we view functions. If a
category has enough points then two morphisms are equal if they are extensionally
equal: morphisms are defined by how they act on points. The lambda calculus allows
us to view functions intensionally, therefore models of the lambda calculus should be
able to reflect this fact. The full force of adding extensional equality (as an internal
first-order axiom) to the intensional (-equality of lambda calculus means that we
identify the two notions of equality (intensional and extensional) in the strongest
possible way. But categorically, 1 is a generator is not a natural “internal” condition.
Hence we would like to move away from this requirement and allow models of the

untyped lambda calculus that do not have enough points.

3.3 Global sections functor

Definition 3.3.1. The global section functor I' of a category C with terminal object
1 is a functor from C to Set. For an object A € C, I'(A) is the set of all points of
A, T(A) =C(@1,A). For an arrow f: A — B e C(A,B), I'(f) : I'(A) — I'(B), for
a:1— AeT(A), then I'(f)(a) is given by foa, I'(f)(a) = foa.

Remark 3.3.2. If C is a category with products x then the global sections functor
[': C — Set preserves them: for two objects A,B of C, I'(A x B) = T'(A) x I'(B).
If C has exponentials it is not true that I preserves exponentials:for two objects A,B
of C, T(B4) % I'(B)'4). However, there is a canonical comparison map of I'(B4)

and I'(B)T). To construct this map, take the evaluation map ev : B4 x A — B
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in C and apply T to it to get the map I'(ev) : I'(B4 x A) — I'(B) in Set. Since T’
preserves products, we get a map f(ev) : T(B4) x I'(A) — I'(B) and since Set is
cartesian closed, we can get a map ['(ev)* : ['(B4) — T(B)T). This map has the
property that it is an embedding if and only if the object A has enough points. More
generally, it is easy to see that the terminal object 1 is a generator in C if and only
if the functor I' = Hom(1, —) : C — Set is faithful (i.e. injective on hom-sets).
Example 3.3.3. Consider the category MRel. Then the global sections functor of
MRel, I' : MRel — Set, is defined as follows: let A be an object in MRel, so
A is an arbitrary set. Then I'(A) = MRel(1, A). In section 3.2, we have already
shown that, up to isomorphism, MRel(1,A) = P(A). Therefore, we have that
['(A) = P(A). Now, let f: A — B € MRel(A, B); by definition this means that
f S My(A) x B. Then I'(f) : I'(A) — I'(B) € Set. Let X € I'(A) = P(A); we can
think of X as a subset of A. Using the definition of composition in MRel we have
that
D(f)(X) = foX
= {([],b) | 3a1,...,ar € X s.t. (la1,...,a},b) € f}
~ f{p|3ay,...,a; € X s.t. ([ay,...,ax),b) € f}

Therefore, I'(f) : P(A) — P(B), where for X C A, I'(f)(X) = {b| 3a4,...,ax €
X s.t. ([a1,...,a8),b) € f}

In fact, we can show that this global sections functor I' for MRel actually sends

objects and morphisms in MRel to objects and morphisms in AlgLat.
Proposition 3.3.4. T factors through AlgLat:

MRel a AlgLat

\Set/

Here, U is the forgetful functor from AlgLat to Set.

Proof. For any object A € MRel, I'(A) = P(A) and we know that the power set
of any set is indeed an algebraic lattice. It remains to show that for any f: A —
B € MRel(4, B), for A and B sets, I'(f) € AlgLat(P(A), P(B)). To do this, we
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must check that I'(f) preserves directed joins. Let F C P(A) be a directed family of
subsets of A, say F = {X; | ¢ € I'}. Then we have that

r(AHUX) = {b|3a,...,ar € UX;st. ([a1,...,08],0) € f}

el el
LHS
and
UIF(f)(Xi) = UI{b | 3a1,...,0x € X; s.t. ([a1,...,ax],b) € f}
i€ i€
RHS
Now

be RHS iff Jielst. be{b|Ia,...,ar € X;st. ([a1,...,ax),b) € f}
it Fiel3ay,...,ar € X;st. ([ar,...,a),b) € f
it 3Jai,...,ax € UIX,- s.t. ([a1,...,ak),b) € f (%)
ic

if beLHS
The only “only if” direction of the step marked with a (x) is obvious, but the ”if¢
direction is not as clear and is due to the fact that F is directed. Suppose that there
are ai,...,ax € .UX" such that ([a1,...,ax),b) € f. Then for each a;, j = 1,...,k,
there is an X Zee I]-" such that a; € X;. Now by the directedness of F, there is
an Xy € F such that X; C Xy for j = 1,...,k. Therefore each a; € Xy and
we have that there is an X € F, namely Xy, such that there are a1,...,ax € X
with ([ag,...,ax),b) € f as required. This shows that for any f € MRel(4, B),

I'(f) € AlgLat(A, B) and that I" factors through AlgLat. O

3.4 The existence of a reflexive object in MRel
Definition 3.4.1. An object U in a category C is said to be reflezive if it is equipped
with morphisms ¢ : UY — U and p : U — UV such that poe = Idyv. U is
extensional if, in addition, e o p = Idy.

In [7], such an object is given: it shown that there is a extensional reflexive object
D in MRel and that this object is a model of A-calculus. This object D is defined

D=UDn

neN

as follows:
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where
Dy = 0

Dpyi = My(Dp)@

Taking a closer look, notice D; = M (D)™ = M;(8)“). This is the set of all
quasi-finite N-indexed sequences of finite multisets over (). But there is only one finite
multiset over @), namely [ ]; therefore there is only one element of M f(Q))(“’), which
is*=([],[|,[],-..), the sequence in which every element is the empty sequence.
Dy = {}, a singleton.

Now Dy = M;(D1)® = M;({*})®). This is the set of all quasi-finite N-indexed
sequences of finite multisets over singleton {*}. An element of Ds, say o = ()ien,
where o; = [a1,...,a;] where a; = x for j = 1,...,k and k = 0 for all but finitely
many ¢ € N. In general, if ¢ is in D, then o is in M¢(D,)® for some n € N. We
think of o as a sequence o = (09, (01, 02, - - . ))-

Let 0 € D, with say o = (09, (01,02,...)) and m € M¢(D). We write m - ¢ for
the element 7 € D, where 7 = (m, (09,01, ...)).

Proposition 3.4.2. D = (D, p,e) is an ertensional categorical model of A-calculus

where
p={([m-0d],(m,0)) | me My(D),oc € D} € MRel(D,D = D)

e ={([(m,0)],m-0) | me My(D),o € D} € MRel(D = D, D)

Proof. To show that D is a model we must show poe = Idp-p and to show that it

is extensional we must show that e o p = Idp.
poe={(n,c) | A(ny,b1)...(nk,bx) Eest. n=nyW---Wng, ([b,...,b,c) € p}

n;, b;) € e means n; = [(m;,0;)],b; = m; - o5, m; € My(D),0 € D
) f
([b1,...,b],c) € p means by = -+ = by = b = m - o where ¢ = (m,0), also,

n; = [(m, o)] for all i since b; = m - 6. Therefore
poe={([(m,0)],(m,0)) | m € Ms(D),0 € D} = Idp=p

as required. The proof that e o p = Idp is very similar. O
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3.5 C-Monoids and MRel

The previous section has shown that there is an extensional reflexive object D is MRel
D =~ D = D. A natural question to ask ourselves is whether or not D & D&D. In
this section, we show that D&D < D and that End(D) is a weak C-monoid.

Proposition 3.5.1. D&D is a retract of D, i.e. D&D <1 D.

Proof. Let
¢o:D — D&D and ¢ : D&D — D

So we have that ¢ C M¢(D)xD&D and 1) C M(D&D)x D 22 (Ms(D)x Ms(D))x
D, where
¢ ={(l0],(1,0)) | c € D}U{([0],(2,0)) | 0 € D}
Y ={((lo],[1),0) | e € D}YU{(([],[0]),0) | o € D}
poyp = {(m,b)|I(m,b1)...(Mk,bx) €Y s.t. m=my, ([b1,...,bk],b) € ¢}
but ([by,...,bk],b) € ¢ means b = (j,0) for some o € D, therefore k = 1 and b, = 0.

Therefore

poyp = {(m,(j,0)) | Im1,01) € Y, m =m,([0], (4, 0)) € ¢}
(m, o) € ¥ means m = [(1,0)] or m = [(2,0)]. So we have that

pop = {([4,0)],(i,0)) | (i,0) € D&D}
= idpgp

as required. O

Note that 9 o ¢ # Idp, in fact, ¥ o ¢ = Idp U Idp, disjoint union, two copies of
Idp.
Definition 3.5.2. A monoid is a non-empty set M with a binary operation - :
M x M — M and identity element e such that - is associative and e-a=a-e=a
for all a € G.

We can view a monoid M as a category with one object. The elements of M
are the arrows of the category, the identity arrow in the category is e € M and

composition in the category is multiplication, -, in M .
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Definition 3.5.3. A C-monoid is a monoid M together with (1, o, £, *, ()) where
Ty, T2, € € M, (=)* : M — M a unary operation and (—,—) : M x M — M a

binary operation satisfying:
Cl. m{a,b) =a
C2. my{a,b) =b
C3. (me,mc) =c
C4. e(h*my,m) = h
C5. (e(kmy, m))* =k

for every a,b,h,k € M.

Notice that the definition of a C-monoid is analogous to the axioms of a cartesian
closed category except for the existence of a terminal object. We omit the terminal
object since if a cartesian closed category has only 1 object, then that object is the
terminal object. With this, we would have that |Hom(1,1)| = 1: there is only 1
arrow in the category.

Lambek and Scott prove the following consequences of the axioms of C-monoids

given in Definition 3.5.3:

Proposition 3.5.4 (see [11}). In a C-monoid, the following laws hold:
C3a. {a,b)c = {ac,bc)

C8b. (m,me) =€

C4a. e(h*a,b) = h{a,b)

C5a. h*k = (h(kmy,m))*

Proposition 3.5.5 (see [11]). Let C be any locally small cartesian closed category
with an object U such that UY 2 U and U x U 2 U, then End(U) is a C-monoid.
Definition 3.5.6. A weak C-Monoid is a monoid M together with (my, 7o, €, *, ()
where 71, T3, € € M, (—)* : M — M aunary operation and (—, —) : MxM — M
a binary operation satisfying C1, C2, C3a, C4a.
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We do not know if D is isomorphic to D& D. We only know that D& D is a retract
of D. Hence, we cannot use Proposition 3.5.5 to show that End(D) is a C-monoid.
In fact, with respect to the retraction pair ¢ : D — D&D and v : D&D — D
given in the proof of Proposition 3.5.1, End(D) is a weak C-monoid.

Proposition 3.5.7. Let D be the reflexive object in MRel presented in [7]. Then
End(D) is a weak C-monoid.

Proof. First, we must define structure of the weak C-monoid, namely the 5 tuple

(71,72, {},€,()*), as follows:

T = TippO®
T2 = TeD, DO

{a" b} = ¢o <a', b>
€ = evppo(pxIdp)oyp
h* = eo(hot)*

These are all indeed morphisms from D to D, and are therefore elements of

End(D) as required. We will now check which of the C-monoid axioms hold here:

e Cl:
m{a,b} = m,,o0poo(a,b)
= Tipp© (a, b)
= q
C1 holds.
o C2:

7"2{0‘) b} = M2pp cpo '¢' © (a? b)

= TM2pp© (a> b)

C2 holds.
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e C3:
{me,mec} = 1P o (me, moc)
= ’(/}0<7T1D,DOQOOC,7T2D,DOQOOC>

= Po(m,m)opoc

= YPoypoc
# c
C3 does not hold, since 9 o ¢ # Idp.
o C3a:
{a,b}c = to{a,b)oc
— o (ac,be)
= {ac,bc}
C3a holds.
e C3b:

{m,m} = o (m,m)
= Yo (T, 00 Mapp 0 P)
= Yo (Tpp Topp) O
= Yoy
# Idp
(C3b does not hold, since 9 o ¢ # Idp.

o C4:

64

€{h*71'1, 7T2}

= €Up,p©° (p X IdD) opopo (6 © (h' ° w)*ﬂ'lo,D Y, T2pp © 90>
= €Up,p©° (p X IdD) o <6 © (h’ © w)*ﬂ.lD,D Y, M2p p © W)

€Up,p © (p X IdD) ° (e ° (h © w)*ﬂ.lD,D7 7T2D,D> oy

= evppo(poeo(hoty)* My, Idpomy, )0

#

evp,p o {(h o w)*ﬂ'ln,m 7T2D,D> oy
(hoy)og

hoyoyp

h

C4 does not hold, since 9 o ¢ # Idp.
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e{h*a,b} = evppo(pxIdp)oyworpo(eo(hor)*a,b)

C4a holds.

e C5:
(E{k7r1

C5 holds.

e Cbha:

Wk =

— eo(hOQﬂO(leD,D,W?D,D))

= evp,p o (px Idp)o{eo (ho)*a,b)
= evppo(poeo(hoy)*a,ldpob)
= evppo{ho)*a,b)

= hoo{a,b)

= h{a,b}

*

,mM})* = (evppo(pxIdp)oporpo(kmy,, o, Ty, 0p))
(e'UD,D © (p X IdD) ° (kﬂ-lD,D O @, Mapp © ‘P))*
= (evppo(pxIdp)o (k’ﬂ‘lDyD77r2D’D> o p)*
= €0 (evD,D o (px Idp) o (kﬂrlp,p’ 7T2D,D> cpo 1/1)*
= eopok
k

eo (hot)*k

eo (evp p((ho Qp)*kﬂlo,m 7T2D,D>)*

e o (evp,p{(h oY) kmip n(kT1p 5, T2p,5)s 7255 (kT 1p, 5y T2p )"
e o (evp,p((h o ¥)*kmip 1y Tap ) (kT1p 5y T2p p))*

*

eo(hoto (km o, mot))*

= eo(hoy o (km,m)0h)*

Cbha holds.

eo (ho{km,m}oh)*
(hO {kﬂ'l,ﬂ'g})*

Hence, we conclude that End(D) is a weak C-monoid.
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Notice that under the structure defined above, End(D) is not a weak C-monoid.
From an exercise in [11] p.100 Ex.3(b), this means that the Karoubi envelope (which

is the idempotent splitting completion) of End(D) is a cartesian closed category.



4 MRel and the Pw model

In section 2.2.3, we gave a brief description of Scott’s Pw model of the untyped
lambda calculus. In this model, we interpret the lambda calculus in the power set
of the natural numbers N. The set of natural numbers N is an object in MRel and
as we have already seen in section 3.3, the global sections functor I' applied to N
is isomorphic to P(N). This chapter explores the possible relationship between well
known models of the untyped lambda calculus, in particular the graph model, and
MRel. The first section defines a notion of application in MRel and compares I of
this function to application in the graph model. The second describes the setting in
which we get are eble to get the graph model from MRel using I". The third section

describes how we get reflexive objects in AlgLat from reflexive objects in MRel.

4.1 Application

Observe that there is a faithful, identity-on-objects embedding Set — MRel map-
ping f: A — B € Set to f : A — B € MRel, where f = {([a],b) | f(a) = b}.
Suppose that we have an object in MRel, say a set A, and a set theoretic isomor-
phism A2 A= Aviayp: (A= A) — A€ Setand ¥ : A — (A = A) € Set,
where A = A is My(A) x A (the exponential in MRel). We define an applica-
tion map App : A&A — A using the above isomorphism and the evaluation map
evaa: (A= A)&A — A by letting App = evs 4 o (P&Id,). Then we can apply T
to this map which will give us a map ﬁ(App) : P(A) x P(A) — P(A). We will then
compare this notion of application to application in the Pw model.

First, let us examine what App looks like. The map 7 is a map from Ato A = A
in MRel and can be regarded as a subset of Ms(A) x (Mf(A) x A). Therefore,
Y&Idy : A&A — (A = A)&A will be a subset of M;(A&A) x (M;(A) x A)&A or
equivalently, a subset of M;(A) x M#(A) x (Mf(A) x A)&A defined as follows

P&lds = {([(1,a1)], (1, (8, 02))) | ¥(a1) = (8, a2)} U{(((2,0)], (2,0)) | a € A}

67
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Also, recall

evaa = {(([(,n)],a),n) | o€ Ms(A),n € A}
{([(1’ ([ala <o 7ak]7n))a (27 al)’ LR (27 a'k)]’ n) | a;,n € A}

Now, App : A&A — A, which is equal to evg 4 o (¢&Ida), will be be a subset of
of Ms(A&A) x A or equivalently, a subset of (Ms(A) x M;(A)) x A. From the
definition of composition in MRel, we have

App = evy a0 (P&Idy)
= {(a,a) | a1, X1),..., (0r, Xz) € (W&Idy) st. a =01 W W ay,
([Xl, N ,Xk], a) € evA,A}

The fact that ([Xi,...,Xx],a) € eva 4 tells us that for some i, say for 1 = 1,X; =
X1 = (1,([a1, ..., 08-1],0)) and X2 = (2,a1),..., Xk = (2,ax_1). Since (0;, X;) €
(&Ida), we have that a; = [(1,b)] such that (b)) = ([a,...,as_1),a) and oy =
[(2,a1)],...,ax = [(2,ak-1)]. Finally, given that « = a3 W --- W ag, we have that
a=1[(1,0),(2,a1),...,(2,ak-1)]. Summarizing, we have

App = {([(1a b)7 (27 al)) s (2’ ak—l)]’ a’) | w(b) = ([0’1? R ak—l]a a)}
= {(([t], 0),a) | ¥(0) = ([an, ..., ak-1],0)}

The isomorphism above is due to the fact that M(A&A) = M;(A) x M;(A). By
Proposition 3.3.4 we have that applying I' to App gives us I'(App) : P(A&A) —
P(A) which is a map in AlgLat. Let V C A&A, then we have

T(App)(V)={a€ A | Jay,...,ar € V s.t. ([a1,...,a4],a) € App}

Notice that to any V C A& A, we can associate a pair of of subsets (X,Y) € P(A) x
P(A), all those elements in V' that are marked with a 1 are in X and all those marked
with a 2 are in Y. This gives a map f(App) : P(A) x P(A) — P(A), where for
(X,Y) e P(A) x P(A)

~

T(App)(X,)Y) = {a€A|Jae My(X),8€ My(Y)st. ((a,5),a) € App}
= {a€A|IzeX,feMiY)st. 9(z) = (6a)}
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It is true that N = N = M;#(N) x N = N € Set. Call this isomorphism 9 : N —
(N = N) € Set and therefore N = N~ N € MRel via ¢y : N— (N = N) € MRel.
Letting A be N, we get a notion of application on PN, e : PN x PN — PN, and for
A, BCN
AeB= |J {neN|y)=(n)

a€A,BeEM;(B)
This definition of application is similar to application in the graph model given in
section 2.2.3, the only difference being that the union ranges over finite multisets in

our case and finite sets in the graph model.

4.2 Retrieving the graph model from MRel
At the end of section 4.1, we notice that N = N & N in MRel. Since I' is a functor it
preserves isomorphims. Also, by Proposition 3.3.4, I factors through AlgLat. These
facts combined tell us that P(N = N) = P(N) € AlgLat. The idea is to find the
correct isomorphism 1 : N = N — N € MRel, and maps H,G € AlgLat so that
the following diagram represents the graph model:

I(yp~)

P(N) P(N=N)
T'(¥) G

[PN, PN]

In other words, we need an isomorphism ¥ : N = N — N € MRel, and maps
H,G € AlgLat such that HoI'(¢y™1) = fun and I'()) oG = graph. Since MRel is a
cartesian closed category, it has an evaluation map. It would be nice if H arose from
such an evaluation map in MRel: N is an object in MRel therefore evyy : (N =
N) — N, which we will refer to as ev in this section for simplicity, is an evaluation
map in MRel. By Proposition 3.3.4, I'(ev) : P((N = N)&N) — P(N) is a morphism
in AlgLat which is equivalent to a map I:(ev) : P(N= N) x P(N) — P(N), since
PN = N)&N) = P(N = N) x P(N). Now since AlgLat is a cartesian closed
category, we can take the curry of this map to get ﬁ(ev)* : P(N= N) — [PN, PN]

and let H = I'(ev)*. Then we could define define a map G : [P(N), P(N)] — P(N=

~

N) such that I'(ev)* o G = Idipw)pa). With this and the previously mentioned
isomorphism I'(¢)), we will get a retraction [P(N), P(N)] < P(N). The idea is that for
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the correct choice of isomorphism 1, this retraction corresponds to the graph model.
This, unfortunately, is not possible to do. This method does not work for the exact
reason why our notion of application, defined in section 4.1, did not coincide with
application in the graph model. The graph model is given in terms of finite sets, not
finite multisets. We need a way to move away from M;(N) and into P;(N). This is

done by adding an extra step into our diagram:

1) r(s7) H
P(N = N) P(Ps(N) x N)
T(y) @) G

P(N) [PN, PN]

where g is a set theoretic isomorphism from Pf(N) x N to N = N € Set defined as
follows: for (A,n) € Ps(N) x N, A = {by,... b}

g(A,n) = ({(nl,nll), cer, (nk,n;c)},n), where b; = #(ni,n;),i =1,...,k

and g7! : N = N — P(N) x N € Set, and for (o¢,n) € N = N, a =
{(nla m(nl))7 s (nka m(nk))}

g~ (@, n) = ({#(m, m(n)), ..., #(rwe, m(ng)) }, )

where,for a,b € N, #(a,b) is the coding of pairs used in the graph model defined in
section 2.2.3. Now, since # is a bijection, this is shown in [2], it is clear that g and
¢! define an isomorphism of sets and so § and g~ define an isomorphism in MRel.
We will use this isomorphism and the coding of finite sets and pairs from the graph
model to define the correct choice of ¥ : N= N — N € MRel.

We know that N2 P;(N) x N € Set via i : N — P¢(N) x N and i7! : P¢(N) x
N — N, where for n € N

i(n) = (eq, b) where #(a,b) =n

and for (e, b) € Ps(N) x N
i_l(eaa b) = #(a7 b)
where, for a € N, ¢, is the finite set coded by a as defined in section 2.2.3. This

indeed defines an isomorphism since both codings are bijections (see [2]). Now we
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define two set maps ¢ : Ms(N) x N— N and ¢! : N — M(N) x N in terms of
the previously defined isomorphisms:

M;(N) x N Py(N) x N

g

In other words, ¢ is defined to be i~* o g7! and ¢! is g o i. Now, ¢ and ¢! define

1 1 are both isomorphisms. Therefore,

an isomorphism in Set since 4,57 and g¢,g~
letting ¢ = % and ¢! = =1, we have that ¢, 1! define an isomorphism of N and
M;(N) x N in MRel.

The last part of our diagram that needs to be filled in requires us to define maps
H : P(P¢(N) x N) — [PN,PN] and G : [PN,PN] — P(P¢(N) x N) such that
HoT( g T ) o(¢1) = fun and T'(¥)) o I'(g) o G = graph.

Consider M;(N) x N and P;(N) x N. M#(N) x N is the exponential object N = N
in MRel. It would be nice if Pf(N) x N was the exponential object in a category
similar to MRel but built from Py instead. If we were able to define a distributive
law of P over Py we could define a monad P} on Rel and follow the same construction
as we did for MRel to get the coKleisli category of this ﬁf, call it PfRel. Then we
could define the global sections functor, say I'p, for this category, then H would arise
as I'p, of an evaluation map in PfRel in the same way that we had hoped H to
arise from an evaluation map in MRel (Discussed at the beginning of this section).
Unfortunately, this does not work: it is not clear whether such a distributive law
exists or not. For a discussion of this, please see section 4.4.

We are however able to find a map h : (Ps(N) x NJ&N — N € MRel which
will serve the same purpose as the required evaluation map of PfRel, if PfRel were
to exist. Considering h as a subset of ((Ps(N) x N)&N) x N, we define this map as

follows:

h= {1 {1, ...}, n)), (2,m), -, (2,m)],m) | mymi € N}
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This map h, is very similar to evyy € MRel, but is not quite the same: notice that
here we use curly brackets {n;,...,n}, whereas in evyy this would be [ny, ..., mn].

We apply the global sections functor defined for MRel to h to get a map I'(h) :
P((Ps(N)xN)&N) — P(N). This is a morphism in AlgLat where for A C (P;(N) x
N)&N, I'(h)(A) is the following set:

I'(h)(A) ={n e N | Jay,...,ax € Ast. ([a1,...,ax),n) € h}

From the above definition of &, we know that ([a1,...,ax],n) € h if and only if a; =
(1, ({b1,...,bg-1},n)) for some by,...,bx—y € N and az = (2,by),...,a5 = (2,b5-1).

Therefore
I'(R)(A) ={n e N|3by,...,b € Nst. (1,{b1,...,bx},m)),(2,b1),...,(2,b;) € A}

Now we can define f‘\(-],l) : P(P;(N) x N) x P(N) — P(N) as follows: for (4, B) €
P(P;(N) x N) x P(N), so A C (P#(N) x N) and B C N, then

T(h)(A,B) = {neN|3by,...,by € Bst. ({by,...,bs},n) € A}

——

Since I'(h) is also in AlgLat and AlgLat is a cartesian closed category, we can
apply the (—)* operation to T'(h) to get T'(h)* : P(Ps(N) x N) — [P(N), P(N)]
with T(h)*(A) = fa, A C (P;(N) x N), where f4 € [P(N), P(N)] and for B C N,
fa(B) =T(R)(A, B). Then let H = I'(R)*

Now we define G : [PN, PN] — P(P¢(N) x N) to be the map in AlgLat such

that for F' € [PN, PN]
G(F)={(A,n) | ne F(A),A Sy N}

Then H o G = Idjpnpy. To show that from these maps we get the graph model
there are a few things to check: we must show that f4 € AlgLat, we must also show
that G € AlgLat, check that H o G = Idjpnpy and finally, we need to verify that
HoT(g1)oT(y!) = fun and I'(y) o I'(g) o G = graph:

1. fq € AlgLat:
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By definition, for A C (P(N) x N), f4 is a map from PN to PN. To show that
fa € Alglat, we must show that for a directed family of subsets of the natural
numbers, say {B;} the following equality of sets holds:

falUB) =J fa(B)
Now consider for now the left hand side of this equality:

falUBi) = T(h)(AUB)
= {neN|3n,...,np € JB;st. {ni,...,m},n) € A}
Now consider the right hand side of the equality:

U/fa(Bi) = T(r)(A B;)
= U{rneN|3Ing,...,nx € B;s.t. ({m1,...,n},n) € A}
Then forn € N
n€ fa(UB;) then Ing,...,nxeUBist. ({n1,...,m},n) €A
then Fny,...,nx3By,...,Byst. nye€ B fori=1,...,k
and ({ny,...,nx},n) € A
then 3ng,...,ngadNst. n; e Byfori=1,...,k
and ({ni,...,nx},n) € A since {B;} is directed
then n el fa(B;)
and in the other direction
nelfa(B;) then 3IN3ny,...,n; € By s.t. ({ng,...,nx},n) € A
then 3ng,...,n € JB;st. ({n,...,m},n) €A
then n e fa(UB:)

and we have that f4(lJ B;) = fa(B;) as required.

2. G € AlgLat:

To verify this we must show that G(\/ F;) = \ G(F;), {F;} a directed family
and F; € [P(N), P(N)]. Notice that \/ F;(A), A C N is defined to be \/(F;(A)).

Then
GIVF) = {(4n)|ne(VE)(A),AC,N}

= {(4n) | neV(F(4),A<s N}



CHAPTER 4. MREL AND THE Pw MODEL 74

and
V(G(F)) = V{(4n)|ne Fi(A),ACs N}

Suppose that (4,n) € G(\ F;), then n € \/(F;(A)) where A C¢ N. This means
that there is an ¢ such that n € F;(A), which means that (4,n) € G(F;).
Therefore (A,n) € \/(G(F;)). Now suppose that (4,n) € \/(G(F;)), then for
some 4, (A,n) € G(F;). This, by definition, means that n € F;(A4) and A C¢ N,
which means that n € \/ F;(A). Therefore we get that (4,n) € G(\V F3), as
required. This shows that G(\/ F;) = \/ G(F;) and therefore G € AlgLat.

3. HoG = Id['p(N);p(N)]Z
Let F € [P(N), P(N)], then

P

HoG = ﬂh)*oG)F
= I(h)"(G(F))
= for)

To check that H o G = Idpp),p(v) We must show that fgr) = F. Let U C N,
then

fam(U) = TR)(G(F),U)
= {neN|3ng,...,ng €U st. {n1,...,m},n) € G(F)}

and, using the definition of G(F'), we also know that ({ni,...,m},n) € G(F)
if and only if n € F({na,...,nx}). Now [2], tells us that a map F : PN — PN
in AlgLat can be defined by how it acts on finite sets, more precisely, F(U) =
U{F(A)|A Cf U}. Therefore

n € femU) iff Ing,...,np€Ust. n€ F{ny,...,m})
iff 3JAC;Ust. neF(A)
it nelJ{FA))AC, U}
it neF{U)

Therefore fory(U) = F(U) for every U C N, and hence fgr) = F and
H o G = Idip(n)p()) as required.
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4. HoT(gT) ol (Y1) = fun:

First notice the following

HOF( DYol(y™?) = HoT(g~
= Hol"(
= HoI‘(

= Hol(g-

= Hol(7)

75

We now must show that H o (7 ) = fun. First, we recall that H = I'(h)*,
therefore, for AC N, HoI'(7 ) = I['(h)*oI'( 7 ), which is, by definition of ['(h)*,

the map fr( 7)) : PN — PN. To show that H o I'( ¢

show that for every B C N, frg)4)(B) = fun(A)(B):

fryw(B) = T(R)(I(7)(A),B)

) = fun, we must now

= {meN|3Iny,...,n; € B.({na,...,m},m) € T(i)(A)}
= {meN|3Iny,...,ny € Bay,...,q € A.

([a1, .., @], ({n1,...,n}, m)) € i}

= {meN|3n,,...,n € B.3a € A(][a],
= {meN|3ny,...,n; € B.Ia € Ai(a) =
m)}

= {meN|3e, C B.3a € Aifa) = (ey,

({n1,...,nx},m)) €4}
{na,...,nx},m)}

= {meN|3Je, C B.3Ja€ A#(n,m)=a}

= {m e N| e, C B.#(n,m) € A}
= fun(A)(B)

5. T'(¥) o I'(g) o G = graph:

Notice
F@)ol(G) oG = I'(¢og) oG
— I(pog)oG
~ I(759) oG

= I'(i"TogTog)oG

= F(z‘_l) oG
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It remains to show that T'(i~1) o G = graph. Let F € [P(N), P(N)], then

T(EY) o G)F = T(N)(G(F))
= {m eN| H(Al,al), ceny (Ak,ak) € G(F).
([(A1,@1), - - -, (Ak, ax)), m) € i-1}
= {meN|3(4,a) € GF).((4,a)],m) € i-1}
= {meN|3(4,a) € G(F)i ' ((4,a)) =m}
= {meN|3(4,a).a € F(A) and i"}((4,a)) = m}
= {m eN|3(4,a).a € F(A) and #(n,a) = m where A = ¢,}
{m e N | J(e,,a).a € F(e,) and #(n,a) = m}
= {#(n,a) | a € F(en)}
= graph(F)

This discussion is summarized in the following proposition.

Proposition 4.2.1. The Pw-model arises from MRel. This happens by applying of
the global sections functor ', which lifts a particular isomorphism ¥ : N= N — N
(defined from coding functions) to AlgLat as in the figure on the top of p.70.

4.3 Retractions in MRel give retractions in AlgLat

In the previous section, we were able to describe the graph model from objects and
maps in MRel using the global sections functor. In fact, we can generalize this result
to the following;:
Proposition 4.3.1. Given a retraction (U = U) «U in MRel, we get a retraction
[PU,PU}<«P(U) in AlgLat.

Notice that here we are not aiming for a specific retraction pair as we did in section
4.2, therefore we will not encounter the same difficulty of having to move away from
finite multisets into finite power sets. The proof of this proposition is similar to the

work in section 4.2, with a few subtle differences.

Proof. The idea here is to follow what we had initiallly hoped to do in section 4.2,
replacing N for U, but were not able to do, since the graph model is given in terms

of codings of finite sets. Following this process, we have that since I is a functor, it
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preserves retractions. That is to say that if U = U <U via MRel maps ¢ : U —
U=sUandy:U = U — U, then P(U = U)a«P(U) via maps I'(¢) : P(U) —
P(U = U)and I'(y) : P(U = U) — PU), I'(¢) o I'(¥)) = Idpw-v). Consider the
following diagram:

Iy)

P)- PU =U)
L4

[PU, PUJ

To get the required retraction, we need maps H : P(U = U) — [P(U), P(U)] and
G: [P(U),P(U)] — P(U = U) such that H o G = Id[p(U)”p(U)]. Then

HoT(p)oT'(4)oG = HoldpysyyoG
= HoG
= Idpypy)
as required. To define H we start with the evaluation map evyy : (U = U)&U — U

in MRel which we will denote ev for the rest of this section. Recall that

evaa = {([(1,([a1,...,ak),m)),(2,01),...,(2,ak)],n) | a;,n € A}
{(((ayn)),@)sm) | @ € Ms(A),n € A}

14

We then apply the global sections functor I’ to ev to get the map I'(ev) : P((U =
U)&U) — P(U) in the category of algebraic lattices, where for A C (U = U)&U

[(ev)(A) ={u €U | 3ay,...,a, € Ast. ([a,...,a],n) € ev}

~

Since I' preserves products, we get a map I'(ev) : P(U = U) x P(U) — P(U) in
AlgLat, where for (A,B) € P(U = U) x P(U),s0 ACU = U = My(U) x U and
B C U, then

T(ev)(A,B) = {u €U | Tby,...,bx € Bst. ([by,..., b, u) € A}

Now since this is a map in AlgLat and AlgLat is a cartesian closed category, we can
form the map I'(ev)* : P(U = U) — [PU, PU], where for ACU = U, I'(h)*(4) =

fa. Here fa € [PU,PU] and for B C N, fa(B) = ['(h)(A4,B). Let H = I'(ev)*.
To define G we will need to use the map g4 : Ms(A) — P(A), for A a set. For
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a € Mf(A), with say a = {(alym(al))v IRRR (ak,m(ak))}, Q(O‘) = {a1> .- 'aa'k}' For a
map F € [PU,PUJ, let

G(F) ={(e,v) | u € F(q(a)),a € Mf(U)}

To finish the proof we must check that f4 and G are both maps in AlgLat, these two
verifications are omitted since they follow almost exactly the proof in 4.2. Finally, we
must check that H o G = Idjpypy). Let F € [PU, PUJ, then

(HoG)F = H(G(F))
= I'(ev)*(G(F))
= for)

Therefore, to show that HoG = Idpy,py;, we must show that fgr) = F. Let BC U,
then
fg(F)(B) = {u eU | dby,...,b € B s.t. ([bl, - ,bk],u c G(F)}

Then
iff 3by,...,b € Bs.t. u€ F(q([by,...,0])
iff 3by,...,by € Bst. u€ F({by,...,by})
if 3B C;Bst. ue F(B)
iff we F(B)since F(B) =U{F(B) | B C; B}
Hence fe(ry = F and therfore H o G = Idpypy). -

Remark 4.3.2. Applying the above to N will not yield the same retraction pair
used in the graph model. This is why we could not use this proposition to show that

we can get the graph model from MRel.

4.4 Investigating the existence or non-existence of PfRel

In section 4.2, when trying to find suitable maps to get the Pw-model from MRel
using the global sections functor, we noticed that if there were a category analog to
MRel but built from the finite power set functor, call it PfRel, and if this category
PfRel did indeed have analogous structure to that of MRel, then one of the maps
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we were looking for, namely H : P(PsN x N) — [PN,PN]|, would arise from an
evaluation map from within PfRel. This section will discuss whether or not this
category exists and if it can be constructed as MRel was. In other words, whether
or not this PfRel is the coKleisli category of some monad.

First, we try to define a category analogous to to MRel but using the finite power
set functor mimicking the structure of MRel. We will, for now, call this PfRel.
Let the objects of PfRel be sets and for sets X, Y, an arrow X Ly € PfRel
corresponds to a relation from P;(X) to Y. Therefore f can be thought of as a subset
of P¢(X) x Y. For a set A, the identity map Idx : X — X will the following subset
of Pp(X) x X:

Idx = {({z},2) | z € X}

For sets X, Y, Z, and maps f: X — Y,g9:Y — Z € PfRel, define go f to be
the following subset of P¢(X) x Z:

gof ={(A,2)| 3(A1,11), ..., (Ar, k) € f. A= A1U---UA; and ({y1,---,Yx}, 2) € g}

We will now check if this category is indeed a category:
First, we must check that composition in PfRel is associative: Let f : X —
Y,9:Y — Z,h: Z — W € PfRel, we must show that ho(go f) = (hog)o f.

ho(gof) = {(Aw)|3(A1,21),...,(Ak, 2) €go f.A=UA; and ({z,...,2},w) € h}
(hog) Of = {(A,w) | EI(Al,yl),. . (Ak,y k) c fA = UA,L and ({yl, - ,yk},’UJ) (S goh}

Now consider the following

(A,w)€e ho(gof) iff 3I(A1,21),...,(Ak,2,) Ego fst. A=UA;

and ({z1,...,2k},w) €h

it 3(AL ), (AF o) € fat A= Ui, A
and ({v},..., 9}, m)egfori=1,...k,
and A =UA;, ({z1,...,2},w) €h

iff I(ALYD, ..., (A e flori=1,.. kst A=U, Ui, Al
and ({g},.. ., 9%, .. ., 9., ¥}, w) € hoyg

if (A,w)e€ (hog)of
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Therefore ho(go f) = (hog)o f as required, Now, we check that for amap f: X —
Y € PfRel, foldx = f=1Idyo f:

By definition of composition we have the following

fOIdX = {(A,y) | H(Al,l‘l),. ..,(Ak,mk) € IdxA = UA,' and ({xl,...,xk},y) € f}
= {(A,y)la.’L‘l,...,xkEA.A={$1,...,$k}and(A,y)Ef}
i

as required, but we now check composition with the identity on the left. Here we run

into a problem.

Idyof = {(Avy)|3(A,wn),...,(Axnw) € fA=UA and ({p1,...,ux},y) € Ids}

Suppose now that we have a map f such that ({z1},v), ({z2},y) € f for 21,20 € X
and y € Y. Then there exists elements in f, (({z1},v), ({z2},y) € f, such that A =
{z1} U {z2} and ({y,y},y) € Idp. Notice that ({y,y},vy) € Idp since {y,y} = {y}
and ({y},y) € Idg. Hence the pair ({z1,z2},y) € Idy o f, but ({z1,22},y) ¢ f.
Therefore Idy o f # f. We have that composition is associative but the the identity
morphism as defined above is not a true identity. PfRel, as defined, is therefore a
semi-category, not a category.

Our attempt at defining PfRel directly has failed. Taking a different approach, we
would like to construct a category following the steps taken to construct MRel, but
now using Py instead of My. We know from Example 2.3.9 that we can define 1 and
w such that (Py, n, i) is a monad on Set. To construct a category from this monad as
we did for MRel, we would need a distributive law ! : PyP — PPy of the power set
functor over the finite power set functor. With this we would be able to lift (Py,n, 1)
to a monad on Rel, say (’Iﬁf, n, 1) and since Rel is self-dual, a comonad (75f, €,0) on
Rel. Then we could form the coKleisli category of this comonad coK l(75f). If so,
then we would have that this category coKl (75f) is a cartesian closed category since

it is clear that Py also satisfies the Seely isomorphism:
P;(A&B) = Ps(A) x Ps(B)

where & stands for disjoint union, the categorical product of Rel.



CHAPTER 4. MREL AND THE Pw MODEL 81

Suppose we could define a distributive law of the power set functor over the finite
power set functor and suppose the coKleisli category of the finite power set functor
lifted to Rel, coK1(P;), had analogous structure to MRel, i.e. the structure defined
for PfRel. Then the H map needed in section 4.2 would arise from an evaluation
map in PfRel using a global sections functor for PfRel.

A distributive law of the power set functor over the finite power set functor is a

natural transformation ! : Py o P — P o P by the family
{lx : PsP(X) — PPs(X) | X a set}
such that the following four diagrams commute:

PPP(X) 2% pp,p(x) 2 ppp; (X)

'Pf(ﬂx)l 1“?,():)
PyP(X) = PPH(X)
Prlx) bpg(x)

PsPsP(X) ~—= PsPPs(X) —— PPsPs(X)
k) Plug!)
P;P(X) - PPs(X)
Ps(X)

Py %f()\()

PsP(X) PPsH(X)
ﬂiy Pin)

PsP(X) PPs(X)

where X is a set.
Suppose we define [ as follows: for a set X, let Ix : PyP(X) — PPyX),
where Ix({A1,...,A}) = {{a1,...,ax} | ai € A}, A; € X. To show that this is

a distributive law, we need to show that it is a natural transformation and that it
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makes the four diagrams above commute. As defined, { is a natural transformation:

Let f: X — Y € Set, we must show that the following diagram commutes:

PyP(X) X PP(X)
PsP(f) l lP'Pf N
PiP(Y) = PP4(Y)

Let {Ai,..., A} € PsP(X) then we have

(PPi(f) olx){Ar, ..., An} = PPi(N({{o1,-..,an} | 0 € A})
= {Pe(H){ar,-..,an}) | ai € Ai})
= {{f(@),...,f(an)}) | a; € Ai})
= {{b1,....0x}) | bi € flA]})
= Iy({flA],..., FlA.]})
= y{P(f)(A),....P(f)(4)})
= (ly o PyP(f){A1, ..., 4s}

as required. But when checking if the four diagrams commute we run into some
problems, namely with the multiplicative rules: Consider the first diagram. Let X
be a set with at least three distinct elements z,y, 2z € X. Define U,V C X as follows

U={{z,y},{z}},V = {{z}. {v, 2}}

Then {U,V} € Pf/PP(X). In one direction, we have the following

(Ix o Pr(wi){U, V}) = Ix({uk(U), uk(V)})
= Ix({{z,9,2},{z,9,2}})
= Ix({{z,y,2}})
= {{z:1} | 71 € {z,y,2}}

= {{=} {y}, {z}}
LHS
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Now, in the other direction we have

(5, x) © Plx) o lpxy) AU, V) = (up,xy 0 Plix))({{z1, 72} | 21 € U, 22 €V}
= (W, 0 PUN{ e, vh {a) o vh w21 )
= (B0 ({tx{{m, v} {231, e (L uh (9,21, - )
= (u’éf(x)({{{wl,xg} | 21 € {z,y}, 22 € {z}},...}
= (Mgf(X)){{{x}a {y,z}} ... }

= {{z},{y;z},...}
RHS

This shows that the RHS contains at least one element, {y,2} , that is not in the

LHS. Therefore the first diagram does not commute for every set X, and so [ cannot

be a distributive law of the finite power set monad over the power set monad.
Another attempt at defining a distributive law, taken from [10], is to define [ as

follows: For X a set,

Ix({A1, .., A}) = {{br,...,bi} | Vi=1,...,130 <i < k.b; € A
and Vi=1,...,k30 < j < Lb; € A;}

But, it is shown in [10] that this does not yield a distributive law of monads, it is
something weaker: a distributive law of endofunctor Py over monad P. This paper
also goes on to build a semi-category from a Kleisli construction using this distributive
law of endofunctors.

The failure of these two trial distributive laws of monads in no way proves that
there is no such distributive law. It is commonly believed that there is no distributive
law of the power set monad over the finite power set monad, although, there is no

proof of this found in the literature.



5 Conclusions

This thesis has presented the background needed to understand the details of the
construction of MRel as presented in [7]. This included a detailed treatment of
finite multisets, an introduction to the lambda calculus and its models and a detailed
presentation of the construction of the category in question. With this understanding
of the construction of MRel, we are able to investigate several aspects of its structure.
MRel is a cartesian closed category with a reflexive object, we are therefore able to
model the untyped lambda, calculus in MRel. Another aspect of its structure is that
the terminal object 1 is not a generator: no of MRel has enough points. Combining
these two facts, we have an example of a model of the untyped lambda calculus built
from an object without enough points. In [7] and in this thesis, it is shown that the
hypothesis that U has enough points is unnecessary: in MRel no object has enough
points and yet there is still a reflexive object that models the lambda calculus. We
have gone on to show that we are able to build a well known model, the graph model,
a model whose reflexive object does have enough points, from objects and morphisms
in MRel. This reinforces the fact that it is not required to have enough points to be
able to model the lambda calculus. We have also shown that, in general, a reflexive
object in MRel gives rise to a reflexive object in AlgLat.

This research could be extended by taking a closer look at the existence or non-
existence of a distributive law of the power set monad over the finite power set monad,
possibly finding a proof that there is no such distributive law. Another possible
direction would be to define a congruence relation on maps in MRel in such a way
that taking the quotient category might give us a category similar to what we would
like PfRel to be.

84
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