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ABSTRACT

In this thesis, a First Isomorphism Theorem
for congruence relations is formulated and proved
in a very general type of category, which includes
algebralc categories and varietal categories in
the'sense of Lawvere and Linton, respectively. Also
the concept of a qu&tient map 1s considered. More-
over, a generalizatioh of the concept of a normal
subobject is given and the First Isomorphism Theorem

is proved for these normal subobjects.
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INTRODUCTION

Some of the basic theorems of the theory of groups
are traditionally called the "isomorphism theorems".
Most of them have a natural generaligzation to arbitrary
theories of algebraic systems where the axioms are equa-
tions (equationally defined classes of algebras). This
generalization can be done by substituting for the concept
of a normal subgroup that of a congruence relation in an
algeﬁraic system.».A congrﬁence‘relation in the algebraic
system S is an equivalence relation which is congruent with
the operations of S. In other words, it is an equivalence
relation which is, at the same time, a subalgebra of the
cartesian product S x S with the component-wise operaﬁions.
In the case of groups, the two concepts give the same results
because there is a one-to-one correspondence between the

normal subgroups and the congruence relations of a group G,
defined by (x,y) € RN4=$’ xy-le N. But in the case of semi-

groups, for example, not all congruence relations. are related
to sub-semigroups.

The purpose of this thesis is to formulate the "First
Isomorphism Theorem" in the language of categories, and to
show that it holds in a very general type of category; even
‘more general than the "algebraic categories", defined by

Lawvere to replace the concept of equationally defined classes



of algebras. Moreover, a definition of normal subobject
is introducea, which is a generalization of the concept

of normal in categories with a zero~object, and permits us
to prove the theorem in terms of normal subobjects.

The first chapter presents most of the notions of cate-
gory theory that are used in the sequel; i.e., order and
equivalence of subobjects, and some special finite limits
and colimits.

In the second chapter, the notions of congruence relation
and quotient are introduced; and it is shown that if equiva-
lent subobjects are identified, then the congruence relations
in an object A form a lattice. Of course, this can be a "big"
lattice in the sense that it is not necéssarily a set.

The third chapter begins by introducing sufficient condi-
tions for the main theorem and showing that they apply to the
case of algebraic and varietal categories. This last kind of
category being a categorical formulation of equationally defined
algebraic systems with infinitary operations. Theorem 3.1 shows
the existence of images under these conditions, and generalizes
the "Fundamental Homomorphism Theorem", which in groups is
expressed by the formula:

A/Ker(f) =Im(f)
Theorem 3.5 corresponds to the isomorphism theorem which in

gfoups is expressed by the formula:



(A/N) (M/N) = A/M

where M and N are normal subgroups of A and N M C A,
Finally, Theorem 3.6 corresponds to the First Isomorphism
Theorem, which in groups says that there is a lattice isomor-
- phism between the normal subgroups of A containing a norﬁal
subgroup N and the normal subgroups of A/N.

In the fourth chapter, a definition of normal subobject
is introduced which makes sense even if the bategory does not
have a zero-object. The First Isomorphism Theorem is proved
for normal subobjects, and it is shown that this definition
is a generalization of the one usually given in categories with
a zero-object.

The formulation of the First Isomorphism Theorem in
Chapter III is a generalization of a well known theorem in
algebra but it is original and does not appear elsewhere in the

literature. Also Chapter IV contains only original results.



Chapter I
PRELIMINARY NOTIONS

' We suppose that the definition of a category is already

: o
known. We use the symbols "o : A + B" or "A -+ B" to indicate

that o is a map with domain A and codomain B. Given maps

o0 : A>Band B : B> C, we use the notation Ba to denote the

o B -
composition A - B + C. The identity map of an object A will

be denoted by lA' A map o 1s a monomorphism if af = ag implies

f =g. It is an epiﬁorphism if fo = go implies £ = g. We

say also that o is mono or o is epil, respectively. Finally,
amap o : A > B is an isomorphism if there exists a map

o1 : B> A such that o

1 1

o = lA and oo = lB' From these

definitions, we obtaln easlly the following properties. Suppose
that the composition Ba is defined, then
(1) o is mono and B is mono =—»Bo is mono.
(2) o is epil and B is epl = Ra is epi.
(3) Ba i1s mono =% a is mono.
(4) Bo is epi=> B is epi.
(5) o is an isomorphism =% o is mono and epi.
The converse‘of (5) is true in the Category of Sets,

but it does not hold for arbitrary categories.



l. Subobjects.

Let A be a fixed object in a category.' A mono-

morphism with codomain A is called a subobject of A. In

particular, 1A is a subobject of A. We define the follow-

ing relations between the subobjects of A.

DEFINITION. Let i1 and J be subobjects of A.

(a) 1 is contained in j, written i€ j, iff there
exlists a map k such that i = jk.

(b) When this map k is an isomorphism, we say that

i is equivalent to jJ, written i = j.

This definition implies the existence of a commuta-

<

tive diagram

k A

H oeem=d» &

It is clear that the relation "=" is an equivalence
relation, so it divides the class of subobjects of A into equi-

valence classes. Moreover, the following properties can be

easily obtained:
(1) ici
(2) icjand JCc k=1lcCk

(3) 1icCy and JC i>i =



(1), (2), and the implication "<= " of (3) are trivial. .
To show the other implication of (3), observe that if i = Jk
and J = ik', then i1 = ik'k and j = jkk'. Since 1 and J are

mono, this means that k'k = lI and kk' = 1J, so i = j. These

properties express the fact that the inclusion relation "c",
which is only a partial pre-order in the class of subobjects
of A, becomes a partial order for the equivalence classes of
subobjects by the definition:
ficiji&>icy

(I ana J denote the equivalence classes of i and j, respectively).

It 1s important to note that if i = j, then the domains
of 1 and J are isomorphic, because the map k¥ : I -+ J is an iso-
morphism. However, the converse . is not true, we can have an iso-

morphism k : I » J which does not induce an equivalence of sub-

objects.

2. Products.

Let A and B be objects in a category. A product of

A and B is a triple (A x B, Tys ”2) where m; : A x B > A and
LD A x B > B are maps 1n the category and the following

property holds. Given any palr of maps f : X +\A and g : X » B,

there exists a -unique map y : X -+ A x B such that f = T Y and

g = TyY. This means that the followling diagram commutes.



The maps T and T, are called projections. From this defini-

tion it follows that a triple (X, f, g) is also a prodﬁct of
A and B i1f and only if the induced map Yy is an isomorphism.
The "if" part is clear, to show the other direction observe that

there exists a unique map ¢ : A x B » X such that T, = f¢ and

T, = g$. Therefore, ™= ﬂly¢; but there is a unique map,

namely the identity of A x B, such that ™= ﬂlleB and T, = ﬂeleB.

This means that Y¢ = leB. In the same way we show that ¢y = 1X'
The definition of product does not imply its existence. If

every pair of objects 1In a category has a product, we say that

the category has finifte products, because we can form the pro-

duct of a finite family of objects by induction.
Given a pair of maps f : A > A' and g : B »- B', and pro-

ducts (A x B, L n2) and (A' x B', LR ﬂé), we have that the
maps fﬂl and fn2 induce a unique map f x g : A x B> A' x B!

making the following diagram commutative



A > A
q‘l/r /'
n
: 1

AxB --IXE o 4
7§;\\ \\\2
B > Rt
g B

This "product? of functions has the following property:
Consider maps f : A =~ A', £' ¢ A" > A", g : B » B',

and g' : B' » B", then (f' x g")(f x g) = (£'f) x (g'g).
This follows from the uniqueness of the map (f'f)x(g'g).

The following result is also important.

LEMMA 1.1. If f and g are mono, then f x g is mono.
Proof. Take a pair of maps a, b : X - A x B such that

(f x gla = (f x g)b, then fﬂla = ﬂi(f X gla = ﬂi(f X g)b=frn.b.

1

Since f is mono, this implies T a = wlb. Similarly, using
that g is mono, we obtain thét Toa = myb. By definition of
product there is a unique map vy : X + A x B such that TyY = ma
and ﬂ2Y = T,a. Hence, a = b = y. Q.E.D.

We shall be mainly interested in the case of the product

of an object with itself. We use the notation A2 for A x A,

and we will write £° instead of £ x f. With this notation we

have the following



COROLLARY 1.2. If a category has finite products,
(a) (fg)2 = f2g2
(b) f is mono => £2 1s mono

2

A

Observe that the last property follows from the others.'

From the second property we can see that any subobject of A,
. 2 2 2 2 s
i:I~- A, induces a subobject of A™, i® : I » A®. There is

an lmportant subobjeét of A2 that we now define.

The diagonal of A, written AA, i1s the unique map that

makes the following diagram commutative.

A
lA //ﬂ
A "
PR TN
\1‘2
1
A A

Since‘lA is mono and 1A = ﬂlAA, then AA is mono.
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“

3. Egualizers.

Let f and g be two maps with common domain and.

codomain f, g : A » B. An equalizer of f and g is a map

Equ(f, g) : E + A such that f Equ(f, g) = g Equ(f, g), and
for any other map o, the equality fo = go implies the exis-

tence of a unique map u such that a = Equ(f, g)u.

g Bau(f,g) A,_L, 5
4 g
/
uy
/ [v }

X

Suppose ?hat Equ(f, g) exists; in analogy with the case of
products, we can prove thét'map o is also an equalizer of f
and g if and only if the induced map u is an isomorphism.

Since the following lemma proves that an equalizer is mono,

this amounts to saylng that Equ(f,'g) and o are equivalent
subobjects of A..

LEMMA 1.3. An equalizer is mono.
Proof. Let e = Equ(f, g) and let a and b be a pair
of maps such that ea = eb.  If we call o = ea = eb, then fa = go.

This implies the existence of a unique map u such that o = eu.

Hence a = b = u. Q.E.D.

4
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. EXAMPLE. Consider the product (A2, Ty ﬂ2), then

AA is an equaligzer of LY and LPY It is clear that

A, = lA' Moreover, if o is a map such that

1% = To0, call u = T 0 = T,0. By definition of product,

¢ is the unique map making this diagram commutative

X T & o “1 |
- § 2
v A

But we also have that ﬂl(AAu) = 1Au = u and ﬂ2(AAu) = 1,u=u.

A

Hence a = AAu. That u is the unique map such that o = AAu

comes from the fact that AA is mono.

The notion of coequalizer 1s dual to that of equalizer.

f
Given a pair of maps A:j:B, a_coequalizer of f and g is a map
g .

Coeq(f, g) : B + C such that Coeq(f, g)f = Coeq(f, g)g, and
for any map 8 such that Bf = Bg, there exists a uhique map s

for which B = s Coeq(f, g).

A ___f__ﬁ. B Coeq(f,g)
———— - C
g \
\ S
\
B |



- 12 -

As before, we have that B is also a coequalizer of f and g
i1f and only if the map s is an isomorphism. Moreover, a

coequalizer ié epi.

. f
EXAMPLE. 1y is a coequalizer of the pair of maps ATZTB.

f

4, Pullbacks and Intersections.

Given a palr of maps with a common codomain, f : A » C
and g : B » C, consider a pair of maps f' : P> B and g': P » A

such that fg' = gf'. This pair is called a pullback for f and

g if for any pair of maps B : X > B and a : X - A such that
fa = gB, there exists a unique map vy : X » P for which B8 = f'y
and o = g'vy. The following diagram illustrates the situation.
X
\\‘
\\
) RN P
—_—
d fl
A
f .
We say also that the square APBC is a pullback diagram. From

Q=< w
0]

the definition, it follows that the pairs (f', g') and(B8, a)
are both pullbacks of the pair (f, g) if and only if the

induced map y is an isomorphism.
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LEMMA 1.4. 1In a pullback diagram as described above,
if the map f is mono, then the map f' is mono. |

Proof. Suppose that f is mono. If f'r = f's, thenv‘
fg'r = gf'r = gf's = fg's and so g'r = g's. Let B = f'r = f's
and a = g'r = g's. Clearly, fo = fg'r = gf'r = gB. There-
fore, there exists a unique y such that B = f'y and a = g'y.
This means that r = s = y. Q.E.D.

Observe that if both maps f and g happen to be mono,
then the composite map gf' = fg' will be mono. This permits

us to make the following definition.

DEFINITION. Let 1 : I+ A and j : J » A be subobjects

of A. An intersection of i1 and j, written i (N Jj : INJ ~ A,

is the diagonal map of a pullback diagram for i1 and j.

N —E—> g

i

If the intersection of two subobjects exlsts, it 1s
unique, up to equivalence of subobjects. The following
lemma shows that the equivalence class i} J is a greatest

lower bound or infimum for the equivalence classes 1 and 3.
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LEMMA 1.5. Suppose that the subobjects‘i and J
of A have an intersection i () j, then .
() 1iNjciand i
(b) for any subobject k of A, k€1l and kcj :>kc:inj.
Proof. (a) 1is trivial. To show (b) observe that
kciand kcC j imply k = 1o = JB for certalin maps o and B.

By definition of pullback, there exists a unique map y such
that o

]

J'vy and B8 = i'y. In particular, this means that
k = io

13'y = (1 () §)Y. Therefore k C i(].j. Q.E.D.
The dual notion of a pullback is that of a pushout.

The pair of mapé f' and g' in the following diagram is a_ push-

out for the maps f and g if for any pair of maps

A—Lf -~ B

g g'l
|

c f =

N

a, and g such that af = Bg there exlists a unique y : P > X
making the diagram commutative. This means o = yg' and

B = yf'.
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5. Categoriles with Finite Limits.

We should make the same observation for equalizers
and pullbacks as we did for products. Theilr definition doeé
not lmply their existence. However, the three notions are
examples of certain universal constructlions called finite

limits (see Mitchell [U4]), and they are strongly related.

LEMMA 1.6. Consider the following diagram

e awry

g

|
L 0 |

R ——> - |
b
where s‘ahd g are‘arbitrary maps, and r = Equ(a, b). The
left-hand square can be completed to a pullback if and only
if s = Equ(ag, bg).
.Proof. Suppose that the diagram can be completed to
_a pullback by a map u ¢ s -+ R, then we have that (ag)s=aru=bru=(bg)s
Moreover, if o : X » B 1s any map such that (ag)a'= (bgla,
then the map go equalizes a and b. Since r = Eg(a,b), this
implies the existence of a map B : X = R such that‘ga = rfg.

The following diagram illustrates the situation:
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By definition of pullback, o and B induce a map vy : X =+ S
for which o = sy. Now, r i1s an equalizer and so it is mono.
Therefore s is also mono (Lemma 1.4). This means that vy is
the unigue map such that o = sy, and so the proof that

s = Equ(ag, bg) is completed.

Conversely, suppose that s = Equ(ag, bg), then ags = bgs.
Since r = Equ(a,b), this means that there exists a map u : S - R
such that gs = ru. We willl show that the square RSBA, com-
pleted with u, is a pullback diagram. Consider a pair of maps

o and B such that go and rB.
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Clearly, ago = asB = brf = bga. Therefore, a egualizes ag
and bg, but s = Equ(ag, bg) and so there exists a unique
map y : X > S such that o = sy. We also have that B = uy
because ruy = gsy = ga = rB and r is mono. This shows that
the square RSBA is a pullback diagram. Q.E.D.

This lemma permits us to prove thé following theorem
which relates the existence of finite products,equalizers,

and pullbacks.

THEOREM 1.7. Let A be a category with finite products.
A has pullbacks if and only if it has equalizers.
Proof. Suppose that A has pullbacks. Let f, g : A - B

be an arbitrary pair of maps, and let <f, g> : A~ B® be

the unique map such that f = 7, {f, g> and g = m, L£, g> .

Take a pullback of the maps <f, g> and the diagonal of B.

s ——2_»2

1

|

i {f,8)

Y T,

B >p2 ____ B
AB N2

"Since AB = Equ(ng, 1r2), by the above lemma we can cohclude

that s = Equ(n1 <f, gy » T, {f, g) ) = Equ(f, g). This shows

that A has equalizers.
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To prove the converse it suffices to show that in

A
AXB
/‘1
A c

where Y 1s an equalizer of fr, and gm,, the pair (nly, ﬂ2Y)

the following diagram,

l

is a pullback of the pair (f, g). Q.E.D.

'A category with finite products and equalizers (or pull-

backs) is said to have finite limits, because it is possible

to show that any kind of finite 1limit exists in it. Since
we are interested only in the special limits already defined,
we will not discuss this matter in detail (see Mitchell [4]
or Pareigis [5]). The dual notion of limit is that of colimit,

so equalizers and pushouts are finite colimits.




Chapter II
CONGRUENCE RELATIONS AND QUOTIENT MAPS

1. The Congruence Relation of a Map.

Consider a category with finite limits (i.e., it
has products and equalizers). We can make the following

definition.

DEFINITION. Let f : A > B be a map. A congruence

relation of f, written Congr(f), is an equalizer of the pair

fﬂl and fn2 where Ty and T, are the projections of the pro-
duct A2 into A.
Clearly, Congr(f) is a subobject of Az. Moreover,
the class of congruence relations of f coincides with the equil-
valence class of the subobject Congr(f). In the case of the
Category of Sets, thils notion colncildes with the usual one

of an equivalence relation in the set A. Concretely, we can

choose Congr(f) such that
c = {(x,y) € 22| r(x) = £(y)1,

and Congr(f) is the inclusion map from C into A%, In general,
if the map c¢ is a congruence relation of some map with domain

A, we say that c 1s_a congruence in A.




- 20 -

EXAMPLE. Ay = Equ(n'l, 172_) = Congr(lA).

The following lemmas bring together some properties

of -the congruence relations.

LEMMA 2.1. Let f : A > B be a map in a category with
finite products, and let Congr(f) be a congruence relation
of f.
| (a) Congr(f) < Congr(af), for any a : B -+ X.

(b) A, < Congr(f).

A
(c) f is mono & AA = Congr(f).

Proof. (a) Consider the following diagram

B
f o '
“1 / \
r 2——9—A
R ———» A > X
A o Y

where s = Congr(f) and r = Congr(af). We have frys = fm,8

and so ofm;s = afm,s . Since r = Congr(af) = Equ(af'nl, or.f"rr2),

this implies the existence of a unique map u : S + R such
that s = ru. In other words, s ¢ r. ‘
(b) Applying the result in part (a), we have

A, = Congr(lA) CCongr(flA) = Congr(f).

A
(c) Firét, suppose that f is mono. Let r = Congr(r),
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then fwlr = fﬂ2r and so mr = M. This implies that

rc Equ(nl, n2) = A,. By part (b), we already have A, C r.

A

Hence, AA = r,

Conversely, suppose that AA & Cohgr(f). This means

that AA is also a congruence of f. Take a pailr of maps o,

B : X > A such that fa = fg. Let y : X ~» A2 be the unique

map induced by o and B into the product A2, with the property
that o = mY and B = LDV then
’fnly = fo = fB = fﬂ2y.

Since AA is a congruence relation of f, this equation implies

the existence of a map u : X + A such that y = AAu. There-
fore,
o =Ty = nlAAu = lAu = u
B = ToY = szAu = lAu = u
This shows that o = B and so f is mono. Q.E.D.
LEMMA 2.2. Consider the diagram
™
2
82 g
ﬂl‘
R——p a2 a —f .
T2

where r = Congr(f). The left-hand square can be completed

to a pullback diagram if and only if s = Congr(fg).
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Proof. Since r = dongr(f) = Equ(fﬂl, fna)? we can
apply Lemma 1.6, obtaining that the square can be com-
pleted to a pullback if and only if s = Equ(fnlg2, fﬂ2g2)
= Equ(fgwi, fgﬂé) = Congr(fg). Q.E.D.

Let »r : R » A2 be a congruence in A and let 1 : I » A

be g subobject of Aj; then 12 : 12 > A2 is a subobject of Az.

Since a category with finite limits has pullbacks, the inter-

section r 1 1% : R 12 » A% exists. By the above lemma, the

inclusion R r\12 » I2 in the intersection diagram.

R() 12 —> I°

l_r_li

R

is a congruence relation in I. .We call it the restriction of

r to I.

2. Quotient Maps.

Now, we shall consider a category with finite limits
which also has coegualizers. Given an arbitrary object A, we
can associate to each subobject of A2 a map with domain A in

the féllowing way.
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DEFINITION. Let k : K + A% be a subobject of A%, A

guotient of k, written Quot(k), is a coequalizer of ﬂlk and

"zk’ where T and T, are the projections of A2 into A.

If K is the domain of k, we use the notation A/K to

denote the codomain of Quot(k):

k , "1 Quot(k)
K—~A %’; A ———> A/K
2 .

Note that Quot(k) must be epl. Moreover, o : A =+ X is also
a quotient of k if and only if there exists an isomorphism

s : X > A/K making the following diagram commutative

Actually, it suffices to have a monomorphism s, because of

the following lemma.

LEMMA 2.3. If sa is a quotient and s 1is mono; then s
is an isomorphism (and so, o 1s also a quotient).

Proof. Consider the diagram
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-
where sa = Quot(k). We have that sanlk = saﬂzk, but s:

is mono, so aﬂlk = aﬂQk. Since o coequalizes wlk and wek,

and so Coeq(nlk, wzk), there exists a map u : C » B such

that o

]

usa. Hence, so = susoj; but so is epi because 1t is

a quotient, so ld = su. Moreover, s = 1Cs = sus. Since s

is mono, this means that 1B = us, completing the proof that

s 1s an isomorphism. Q.E.D.

COROLLARY 2.4. A map f is an isomorphism if and only if
it is a monomorphism and a quotient.
" Proof. If f is an isomorphism, it is mono. Moreover, we

have a commutative diagram

Since 1A is a quotient and f is an isomorphism, this means
_that f is also a quotient. Conversely, suppose that f is a

monomorphism and a quotient. Since flA is a quotient and T

is mono, the above lemma implies that f 1s an 1somorphism. Q.E.D.
Finally, the following lemma shows the correspondence

between quotient maps and congruence relations.
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LEMMA 2.5. Consider a category with finite limits
and coequalizers.
(a) If q is a quotient map, then q = Quot (Congr(q)).
(b) If r is a congruence relation, fhen r = Congr (Quot (r)).

Proof. (a) Let q : A -~ B be such that q = Quot(k),
where k : K » A2 is a subobject of A2. Then Qﬂlk = qwak.

If we take r = Congr(g), the last. equation implies the exis-

tence of a unique map u such that k = ru.

R—E » a®—Fa —9% 3B
/* \ 8

s ol \
/ k N
' X

K

To show that g = Quot(r), observe that qm,r = qm,r because

r 1s a congruence of q. Moreover, for any map a with the

property that om,r = am,r, we obtain that aﬂlk = anlru =
= am,ru = anzk. Since g 1s a quotient of k, this means that

there exists a unique map s such that o = sq.
" (b) The proof of this part is similar to that of (a).
Q.E.D.
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3. The Lattice of Congruences.

A partially ordered class is called a lattice if
each palr of elements a and b has a least upper bound or
supremum a V b, and a greatest lower bound or infimum a A b.
.In a category with finite limits, the intersection of two
subobjects has the properties of an infimum, and it 1s really
an Infimum if we consider the equivalence classes of sub-
objects instead of the subobjects themselves. However, two
equlivalence .classes of subobjects do noﬁ'necessarily have a
supremum. We shall prove that the situation is better if we
consider only congruence relations in a fixed object A, and
we add the assumption thaﬁ coequalizers exist. To show that
the equivalence classes of congruences in A form a lattice

in this case, we begin with the following theorem.

THEOREM 2.6. Let A be an object in a category with
finite limits and coequalizers. If r and s are congruences in
A, then r (| s is a congruence in A.

Proof. Take g = Quot(r {}s), n = Quot(r), and
n' = Quot(s). Since r() s ¢ r, there exists a map ¢ such
that n = ¢g. Similarly, r (] s s implies that n' = ¢'q

for some map ¢'. This is described in ‘the following diagram
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A/s

SN /
ARG

RIS

N

S A/(RNS)
S

Since r and s are congruences, we have r = Congr(n) and

s = Congr(n') by Lemma 2.5. Now, let c = Congr(q), then:
¢ = Congr(q) < Congr(¢q) = Congr(n) = r. Similarly, ¢ c s
and so

ccr()s
Moreover, qm,(r  s) = Qﬂe(r N s) by definition of q. There-
fore, there exists a map u such that'(r(\ s) = cu. In other
words:
| r(lscec
The two inclusions imply r(}s = ¢ = Congr(q). Q.E.D.

LEMMA 2.7. Consider the following diagram

&
B i A -———2;—%>-B
b
g
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where f = Coeq(a, b). The square CABD can be completed
to a pushout diagram if and only if h = Coeq(ga,'gb).
Proof. This is the dual of Lemma 1.6. Note that it

holds in an arbitrary category.

COROLLARY 2.8. Consider the diagram

._—_f.._*.B

A—%— *

in a category with finite limits and coequalizers, where f
is a quotient map. 'Then the pair (f,g) has a pushout.

Proof. Let f = Quot(k) = Coeq(ﬂlk) ﬂek). Take h : C = D
such that h = Coeq(gnlk, gnzk),‘énd apply the above lemma. Q.E.D.

Now, we are ready to prove

THEOREM 2.9. Let A be an object in a category with finite
limits and.coequalizers. Then the equivalence‘classes of con-
gruences in A form a lattice with respect to the inclusion
between subobjects. This lattice has a first and a last element

Proof. Clearly the congruences AA and 1 > (or, more exactly,
A

‘their equlvalence classes) give the first and last elements. We
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have already proved that the intersection of:two congruences.
in A is a congruence in A; therefore, it is cleér that the

intersection glves the infimum in the class of all the (equi-
- valence classes of) congruences in A. It'remains to show fhe
existence of the supremum.for two equivalence classes of con-

gruences. It will suffice.to work with tepresentatives.

Let r : R » A2 and s : S » A2 be congruences in A, and

let n : A > A/R and n' : A > A/S be quotients of r and s,

respectively. By Corollary 2.8 we have a pushout diagram

Let h = ¢n = ¢'n' and define r\V s = Congr(h). In the first

place we have

r = Congr(n) < Congr(én) = r Vv s

Congr(n') < Congr(¢'n') = r\ s.

S

Now, let ¢t : T = a2 ve any upper bound of r and s, and let
q : A > A/T be a quotient of t. Since rCt and s C t, there
exist maps ¢ : A/R > A/T and Y' : A/S » A/T such that the

following diagram commutes
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'.['———>--A A q A/T
A
/
r J VAN |
R U sy
A/S
Hence, Yyn = q:= P'n'. By the universal property of the

pushout diagram (1), this means ?hat there exists a map
£ ¢+ H=> A/T such that ¢ = 2¢ and yY' = 2¢°'. Therefbre,
qQ = Yn = &¢n = Lh, and so |

r\ s = Congr(h) &€ Congr(fh) = Congr(q).
Since q is a quotient of t and t is a congruence, we can choose
t as a congruence of q (see Lemma 2;5). So we have thaf rvysct.
This shows that r\/ s is a least upper bound for T and s witﬁ
respect to all the (equivalence classes of) congruences in-A.

Q.E.D.
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Chapter III
FIRST ISOMORPHISM THEOREM

1. Special Categories,

In. the preceding section we considered a category
A where the follpwing properties hold. |

A - 1: A has finite limits.

A - 2: A has coequalizers.
These properties allow us to generalize.the concepts of the
congruence relation of a map and that of the quotient of a
relation, and to prove some of their most trivial properties.
If we want stronger results, we must add more conditions. In
particular we are interested in the "First Isomorphism Theorem".
In the context of Universal Algebra, this theorem states that
for a gilven congruence relation I', in an algebraic system A,
there is a lattice isomorphism between the congruence rela-
tions of A that contain T and the congruence relations of the
quotient algebraic system A/T (cf. Pierce [6], Chap. 2, Prop.
3.3). 1In the category of groups, the theorem is usually stated
for normal subgroups instead of congruence relations. We will
show that this theorem is not characteristic of algebraic cate-
gories: in fact, the following two properties shall be suffi-
cient for its wvalidity. |

A - 3: If f 1s a quotient, then f2 = f x £ 1s a quotient.
A-L4: If fis a quotient and i is a monomorphism, the

map f' in the following pullback diagram
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is also a quotient.

Observe that both axioms involve a colimit and a limit.

The following are examples of categories where conditions

A -1toA - 4 noia. -

EXAMPLE 1. Category of Sets. The objects are sets and

the maps are functions. For sets A and B, define A x B

= {(x,y)|x€ A and y € B}, m;((x,y)) = x, and n,((x,y)) =
Then the triple (A x B, Ty ﬂ2) is a product of A and B. In

fact, 1t is a canonical representative for the class of pro-
ducts of A and B. Given a palr of functions f, g : A - B,
define E = {x € A|f(x) = g(x)}. Then the inclusion E €5 A
is an équalizer of £ and g. A coequalizer for the pair of
functions f, g : A = B can be constructed in the following way.
Let R be a relaticn in the set B, defined by

(b, b') € R <>Ja € A : f(a) = b and g(a) =
If I is the minimum equivalence relation in B containing R
(1. e., I 1s the intersection of all the equivalence relations

in B containing R), let B/T be the set of equivalence classes
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it
[

and ¢ : B + B/T the function sending each element to its
class. Then c 1s a coequalizer of f and g. This shows
the existence of finite limits and céequalizers; To show
that axioms A - 3 and A - U hold, it suffices to notice
that the following is true in Sets:
f is a quotlent <> f is onto (1)
(Here, "onto" has the usﬁal meaning for functions between

sets). To see this, take an arbitrary function f : A » B

and define an equivalencé relation in A by T ='{(x,y)€£A2]f(x)

= f(y)}. In fact, it 1s easy to check that the inclusion

I‘C'.,.A2 is the congruence relation of f in the categorical

sense. . Moreover, the function 4 : A - A/T, sending each ele-

ment a to its equivalénce clasé a, can be seen to be a quotient

of T c;-Az. Construct a commutative diagram

£ B

.
f
XA}P

by defining ¢(a) = f(a). The function ¢ is well defined and

A

is one to one, because _
a=a'$(a,a") e T <= r(a) = f(a'")= ¢(a) = ¢(a"),
Suppose now that £ is a quotient. ASince ¢ is mono (in Sets,
"one to one" means "mono") the equation f = ¢n implies that

¢ is an isomorphism (Lemma 2.3). But, in Sets, an isomorphism
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1s a bijection; therefore ¢ is onto and so f is onto.
Conversely, if ¢ is onto, it must be a bijectioﬁ. There-
fore, ¢ is an isomorphism, but this means that f is a
quotient (since n is).

Having this, it remains only to check A - 3 and A - U

for "onto" instead of "quotient". Here, note that the func-

tion f£°

is given by fz((x,y)) = (f(x), £(y)) and that any sub-
object of B is equivalent to a subset of B. The pullback of
f and a subset of B is obtained by taking the inverse image

of the subset with the obvious functions.

EXAMPLE 2. Algebralc Categories. An algebraic category

is the same as an equationaly defined class of algebras in

the sense of Birkhoff. From this point of view, it is a sub-
category of the Category of Sets with certain special proper-
ties. We could discuss the axioms as we did fof Sets, obtaining
once more property (1). However, we prefer to use the defini-
tion of Algebraic Category given by Lawvere [2], because 1t is

é speclal case of a more general definition, discussed in the

following example.

EXAMPLE 3. Varietal Categories. This concept is defined

by Linton in [3]. First we need the concept of a varietal
theory. Let Card denote the category of cardinal numbers as
a full subcategory of Sets. This means that we take a unique

representative set for each cardinal number, and the maps are
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all the set-functions arising between them. Let Card®PP
be the dual category of Card. This means that we take the
same objects, but we change the direction of the maps. Since

the sum of cardinals is a coproduct in Card, it becomes a

‘product in card®PP, 1n particular we have: n = 1 for any
n

cardinal number n. A category T is called a varietal theory

if there exists a functor T : Card®®P 5 T which is a bijection

on objects and preserves arbitrary products. . We can identify

the objects of T with those of Card®PP, since products are

preserved, we still have n = JI1 in T.
: n

If T is a varietal theory, let SetsT be the category with
functors from T into Sets as objects and natural transforma-

tions as maps. The category of T-algebras is the full sub-

category of Se‘csT obtained by taking product preserving func-

tors only. We denote 1t by Sets(T). Finally, a varietal cate-

gory is one which is isomorphic to a category of T-algebras,
for some varietal theory T.
If we repeat this construction beginning with the cate-

gory of finite cardinals N, instead of Card, we will obtain

algebralc theories and algebraic categories in the sense of
‘Lawvere.

Let's recall that the objects of T are cardinals; therefore
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1l is an object of T. For a varietal (or algebraic) cate-

gory Sets(T), we have a "forgetful" functor U : Sets(T)+Sets,

defined by the evaluation at 1. If A is a functor in

Sets(T), U(A) = A(1). If o is a natural transformation,

U(e) = 0,. We will need the following properties of Sets(T)

and the functor U. Pareigis proves them for algebraic cate-
gories, but the proofs can be easily generalized to varietal

categories. ’ -

(1) Sets(T) is complete and cocomplete. This means
that it has all limits and colimits (in particular, finite.
limits and coequalizers).

(2) U preserves limits.

(3) ' For any map a in Séts(T),

o is a coequalizer <= U(a) is onto.
(See Pareigis [5]; theorem in Sec. 3.2 and Corollaries 3 and
4 in Sec. 3.4).

Observe that U behaves very well with respect to co-
equalizers, but it does not preserve colimits in general.

It 1s easy to show that a coequalizer is a quotient of its
;ongruence relation; therefore, from (3), we get:

(3') a is a quotient <> U(a) is onto. |

Using this last property and the fact that U preserves pro-

Gucts, equalizers and pullbacks, we can check that A - 3 and
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A - 1 hold in Sefs(T). First, observe that for any map o,
;U(dz) = U(a)z, by preservation of products. Therefore,

if o is a quotient, U(a) is onto and so U(a)2 = U(az) is

onto. Hence, 0° 1s a quotient. This shows A - 3. Second,

U must preserve the diagonal of an object, because it pre-

serves products (and identity maps). Moreover, U preserves
congruences (which are equalizers). This means that l pre-
serves monomorphisms, because a map is mono if and only if

its congruence is the diagonal. Now take a pullback diagram

in Séts(T),‘ where the map.i-.is mono. Applying U we obtain a

pullback diagram in Sets with u(i) mono.

R I .-Lﬂilla—.

£ £ Uie) Uce)

 —_————— .

i iy

Suppose that f is a quotient, then U(f) is onto. But A - 4
holds in Sets; therefore, U(f') is onto and f' is a quotient.

This shows A - U,
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EXAMPLE 4. Consider a full sub—catégory of a-
varietal (or algebraic) category which is closea with respect
to sub-algebras, eplmorphic images, and finite products. For
example, take fhe following subcategories of the Category of
Groups. (a) Finite Groups. (b)' Finitely Generated Abelian
Groups. (c) Torsion Groups. Notice thaﬁ these categories
are not algebraic because they are'not closed with respect

to arbitrary products.

2. Canonical Factorlization and images.

Given an arbitrary map f, in a category with finite
limits and coequalizers, iet n = Quot(Congr(f)). Then we
have a factorization f = 6n where 6 is uniquely determined.
This is Just a direct consequence of the definitions of con-

gruence and quotient. The following diagram illustrates the

sltuation.
T
R____I"__,_ A2 > A £ > B
2 A
N ,/8

If r = Congr(f), then fm;r = fmw,r; but n = Quot(r)
= cOeq(nlr, n2r). So there exists a unique 6 making the

diagram commutative. We call thls the canonical factorization of
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&

‘In general, we cannﬁt say much about the map 6. Howeﬁer,
we will prove that-if properties A - 3 and A - } hold in
the category, then the map 6 is actually a subobject of B.
Moreover, it will be also true that the only factorization
of £ by a quotient map and a monomorphism is essentially,
the canonical factorization. | ‘
This fact constitutes the substance of the "Fundaﬁenpél
Homomorphism Theorem". It has been proved for algebraic
categories (Cohn [1]). Obviously, our generalization applies

to a more general kind of category. Before proving it; we

introduce a new definition.

DEFINITION. Let £ : A > B be a map in an arbitrar
category. An image of f is a subobJect of B, Im(f), for which
there exists a factorization f = Im(f)a, and that is included
in any other subobject of B with the.same property.

Obviously, any two imageé of £ are equlvalent subobjects
of B. If every map in a category has an image, we say that

the category has images. If the map o is epl, we say that it

has epimorphic images. The following theorem shows that a

category where properties A - 1 to A - 4 hold has epimorphic
images. In fact, the images will be given by the canonical

factorization.
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THEOREM 3.1. (Fundaﬁental Homomorphism Theorem).
Let A be a category satisfying A - 1 to A - 4. If f is
an arbitrary map, r = Copgr(f), and n = Quot(r), let 6
be the unique map in the_cénonical factorization f = on.
Then we have:

(a) 6 is an image of f.

(b) Given any factorization f = mq, where q is a
quotient and m is mono, there exists an isomorphism i such

that q = in and © = mi. So the following .diagram commutes.

> B
\ 4
A/R
\CL
Q

Proof. (a) PFirst we must show that 6 is mono. To do
this we show that any congruence relation of 6 is equivalent

(as subobject) to the diagonal of A/R. Consider the diagram

Ty
| T .
| 2
uI T\ ‘n
Y '“i
s —8 > (4/R)2 2 a/R e .. 3
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¥

where r = Congr(f), n = Quot(r), and s = Congr(6). By

Lemma 2.2, the left-hand square can be completed to a

pullback by a map u. Since n is a quotient, n® is a
quotient by A - 3, and so u is also a quotient by A - U,

.Tﬁerefore, u 1s epl. On the other hand T r = nm,r; hence,
wIsu = 1In°r = nE.r = nUar = nin?r = mlsu. Since u is epi
1 1 1 2 2 2n Tt ?

this means that ﬂis = ﬂéS; Moreover, we have seen that AA/R

1s an equalizer of the projections ﬂi and né‘ Then the last

equation implies that s C AA/R' To conclude, observe that s

is a congruence, and so.AA/RCZ s; therefore, s = AA/R‘

To show that 8 = Im(f) consider the diagram

R —X » A2::3: A £ > B
\V(
, A/R
g \i m
X
Cc

. where n and r have the same meaning as before, f = mg, and m
is mono.. Clearly, mgmw,r = fﬂlf = fwzr = mgmn,yr. Hence, gn,r

= gm,r. Sinée n = Quot(r), this last equality implies the
existence of a map 1 : A/R = C such that g = in. We have also
that 6 = mi because min =mg = f = 6n and n is epi. Therefore,

6 € m.
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o
v

(b) To prove the unlqueness, observe tﬁat in the
above diagram the map 1 is mono because 8 is moﬁo and
® = mi. Therefore, if g is a quotient, the equality g = in
implies that i must be an isomorphism (Lemma 2.3), Q.E.D.

The commutativity of the’diagram in part (b) of this
theorem means that 6 = m. Therefore, both maps represent
the same equlvalenée class of subobjects of B, and both are
images of f. Moreover, the maps n and q are both quotients
of r = Congr(f). It is in this sense that the factorization
is unique. In the sequel, we will refer to Theorem 3.1 by
FHT. |

We have seen that the class of quotient maps, in a cate-
gory with finite limits and coequalizers, is a subclass of the
class of epimorphisms. Moreéver, é map is an isomorphism if
and only if it is a quotient and a monomorphism. Therefore,
the concept of a quotient map resembles that of being onto in

the category of sets. The FHT allows us to extend this analogy.

COROLLARY 3.2. Let f and g be maps in a Qategéry satis-
)
fying A - 1 to A - 4.
(2) If f and g are quotients, then fg is a quotient.

(b) If fg is a quotient, then f is a quotient.
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Proof. (a) By the FHT, the composite map fg has
a canonlcal factorization fg = 6n where 8 is mono and n

is a quotient. Let the pair of maps a and b be a pull-

back for f andle.

Since 6 is mono, a is mono. Moreover, there exists a unique
map ¢ ¢ A » P making the diagram commutative. In particular,
g = ac. Since g is a quotient by hypothesis, and a is mono,
a must be an isomorphism (Lemma 2.3). Hence, fa = 6b implies

f = eba_l. But f is a quotient and & is mono; therefore,

using Lemma 2.3 once more, 6 must be an isomorphism. This
fact and the equation fg = 6n, where n 1is a quotient, imply
that fg is a quotient.

(b) Suppose that fg is a quotient. The canonical fac-
torization of'f, f = 6n, glves a factorization of fg, fg = ong.
Since fg is a quétient and 6 1s moné, & must be an lsomorphism.
' Thereforé, the equation £ = 6n implies that f is a quotient.

Q.E.D.
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Let us recall that if r : R + A® is a congruence in

A and 1 : I - A is a subobject, we can obtain a congruence
in I by taking the restriction r' : R(\ I2 -> 12 of r to I

(see ‘Section 1.4). The following ¢orollary shows that I/(RﬂIg)
can be "included" in a natural way into A/R.
COROLLARY 3.3. Let r : R » A2 be a congruence in A

and r' : RﬂI2 + I2 its restriction to I, where 1 : I - A is

a subobject of A. If n and n' are quotients of r and r','
respectively, there exists a unique monomorphism i/r making

the following diagram commutative.

R—Fo 23— 4
A
12 L :i/r
N }
rRi?- s 12— 1 W' 1/(anr?)

Proof. The existence of the map comes from the fact
that the left-hand square is a pullback. Hence, r' = Congr(ni)
by Lemma 2.2, and there is a canonical factorization of ni,
ni = (i/r)n'. By the FHT, i/r must be mono. Q.E.D.

To simplify 6ur discussion, we introduce the notion of
image of a subobject. Let £ : A > Bbe amap and 1 : I + A a
subobject. An image of the cbmposition fi will be called

"image of 1 by £", and it will be denoted by fy(1) : £y (I) » B.
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Obviously, fy(1) is uniquely determined by 1 up to eqUiva—
lence of subobjects of B. Obsérve that in the special case
of the above Corollary, i/r = ny(i). Given a subobject m of

B, we can also define an "inverse image of m by f" as the sub-

object of A induced by a pullback of f and m. We use the

notation f-*(m) to denote this subobject. The following
properties are trivial consequences of these definitions.

(1) 1Ci' =>r, (1) S £, (1)
(2) mCnm' =>f-*(m)Cf‘_*(m')
(3) 1 ¥, (1)

(8) £, (£ m) @m
Let us show (1), for example. By definition of f,(i'), we
have a factorization fi' = f,(i')a for a certain map a. More-
over, 1 < i' means that i = i'k for some k. Hence, fi = fi'k
= £ (1')ak. Since fy(i) = Im(fi) and the map fy(i') is mono,
this implies that f (1) & £ (i').

From property (1), we can see that if 1 = i', then
fe(l) = £,(i'). This means that fy can be consldered as a
well defined function sending the equivalence class of a sub-
object of A to the equlvalence class of its image by f. |

Obviously, it is an inclusion preserving function. Similarly,

f_* can be considered as an inclusion preserving function
going in the other direction. The following theorem charac-

terizes the quotient maps in terms of these induced functions.
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f

- THEOREM 3.4. Let f : A > B be a map in a category

with properties A - 1 to A - 4. Consider f, and £ * as
functions between the partially ordered classes of (equi-

valence classes of) suﬁobjects of A and B. Then

f is a quotient <= f; 1s onto.

Moreover, if this is the case, f*(f_*(ﬁ)) = m for any sub-

object of B.

Proof. Suppose that fy is onto. Then 1B must be the
imége by £ of some Subobject of A. So we have a commutative

diagram, where n must be a quotient by the FHT.

A T

Y
w

n

I > B

Therefore, fi = 1

g" n is a quotient, and so f is a quotient

(Corollary 3.2). To prove the other direction assume that f

*

is a quotient. Let m : M » B be a subobject of B and m'=f" " (m).

The map f' in the pullback diagram

f .
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must be é.quotient (A -~4). Therefore, by uniqueness of
the canonical factorization in the FHT, we have that m is

an image of fm'. Hence, m = fy(m') = f*(f_*(m)). Q.E.D.

3, The First Isomorphism Theorem. .

Let Ll and L2 be two partially ordered sets. A

function ¢ : Ll-—w—L2 ls called an order isomorphism if & is

a bijection (i.e., ¢ is one to one and onto) with the property:
o< 2 a(r) < o(aY) (1)
This means that an order isomorphism préserves all the proper-

ties defined purely in terms of the order relation. In particu-

lar, if Ll and L2 are lattices, we have that
P(AALRY) =) 2(8")
e(2V 2') = a(R) V a(a")

In this case we call ¢ a lattice isomorphism. Observe that

to prove that ¢ is an order isomorphism it is sufficient to
check that & is onto and has property (1). The fact that the
correspondence 1s one to one follows from (1).

In Chapter II, we proved that the equivalence classes
of congruences in A form a latfice. Note that if r is a fixed
congruence on A, the equivalence classes of congruenées con-
taining r are a sublattice of this lattice. We conclude with
the following theorems which generalize two of the "classical

isomorphism theorems".
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THEOREM 3.5. Consider a Qategory satisfying proper-
tles A -1 toA-U4, Letr : R~ A2 be a congruence in A
with quotient n : A - A/R. If c : C > A2 is a congruence in

A such that r < c and ng(c) is an image of c¢ by n2 : A2+(A/R)2,

we have
(a) ng(c) is a congruence in A/R.

(b) If n' and n" are quotients of ¢ and ni(c) respectively,
there exists an lsomorphism t such that the following diagram

commutes

e == (/m/mie)

n' nu

A - > A/R

1N

Proof. (a) Let n' : A -+ A/C be a quotient of ¢. Since

r C c, there exists a map ¢ : A/R + A/C such that n' ='¢n.

We will show that ni(c) is a congruence of this map ¢. To do

this, consider the following diagram where k = Congr(¢).
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Since ¢ 1s a congruence, it is a congruéhcé éf its quotient.
Hence, ¢ = Congr(n') = dﬁngr(¢n)( By Lemma 2.2; this means
that the left hand square can be completed to a pullback by
some map u. Since n is a quotlent, u is also a quotient

(A - 3 and A - 4). 'Thefefore, we have a factorization of

nzc into a monomorphism k and a quotient u. By the uniqueness

of the FHT, this implies that k = Im(n2c) = n2(ec).

(b)" We have just proved that ng(c) is a congruence of
the map ¢ in the above diagram. But ¢ is a quotient because

n' = ¢n is a quotient (Corollary 3.2). Therefore, ¢ must be
a quotient of its congrueﬁce ng(c). This means that for any
other quotient of ng(c), n" : A/R > (A/R)/ng(c),”there exlists

an isomorphism t : (A/R)/ng(C) + A/C such that ¢ = tn". Hence,
n' = ¢n = tn"n.. Q.E.D.

THEOREM 3.6. (First Isomorphism Theorem). Consider a
category satisfying A = 1 to A - 4., Let r : R~ A2'be a con-

gruence in A with quotient n:: A - A/R. Then ni gives a lattice
isomorphism between the lattice of (equivalence classeé of)
cbngruences in A which contain r, and the lattice of (equiva-
lence classes of) congruences in A/R.

Proof.. We have just shown that n§ sends congruences in

A containing r to congruences 1in A/R. It is also true that
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the inverse image'by n2'of a congruence in A/R 1is a con-
gruence in A containing r. To see this let k be a con-
gruence in A/R, namely k = Congr(o) for some o. If k' is

an inverse image of k by n2, the left hand square in the

following diagram

c —K' A2 —r

h 12 M

K —%> (a/R) 2=z a/R —% > x
is a pullback. Therefore, k' = Congr(on) by Lemma 2.2;
moreover, r = Congr(n) & Congr(an) = k'. This shows that k'

is a congruence in A containing r. Actually, we have shown

that ni is onto with respect to congruences; because the map

h in the above diagram must be a quotient and so, by the unique-
ness of factorizations in the FHT, k = Im(nzk') = ng(k').

To ¢omplete the proof that ng gives a lattice isomorphism

1t remains to show that 1if ¢y and ¢, are congruences in A such

that ¢, © r and c2:3i', then

1
2 2
cl < 02 <=> n*(cl)c Tl*(c2)
The implication "£=>"is always true. Suppose now that

ng(cl) — ng(c2). Let ni and ng be quotients of n%(cl) and
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"5(02)’ respectively. Then there éxisté a map ¢ such that

n5 = ¢ny. On the other hand, by the commutativity of the
diagram in part (b) of Theorem 3.5, we have that nin is a
quotient of ¢y and similarly ngn is a quotient of Cye Since

cq and ¢, are congruences, this means that.

[

¢y = Congr(n{n)cz Congr(¢n£n).~ Congr(ngn) = c,.

Therefore, we have shown the other implication. Q.E.D.

Observe that from the proof of this theorem we can con-

clude that the function'(na)’*;~sending a congruence in A/R

to its inverse image in A, gives also a lattice isomorphism.

If ¢ > r, then (na)"*(ni(c)) = ¢,



Chapter IV
NORMAL SUBOBJECTS

l. Congruences Generated by Sguares.

Let A be a category with finite limits and co-
equalizers. Consider an object A and a subobject of the

product A2, s : S ~» A2. We can define a "minimal" congru-

ence in A which contains s in the following way.
DEFINITION. T(s) = Congr(Quot(s)). Intuitively,
I'(s) is the congruence relation generated by s as the follow-

ing lemma shows.

LEMMA 4.1. s < TI'(s); and for any congruence rela-

tion r in A, if s < r, then I'(s) cr.-

Proof. By definition of quotient, we have Quot(s)nls
= Quot(s)ﬂas. Since TI'(s) is a congruence of Quot(s), this

means that s cTI'(s). Let r be a congruence in A such that
scr. Let n = Quot(s) and n' = Quot(r); since s = r, there
exists a map ¢ such that n' = ¢n. Hence,

r(s) = Congr(n) < Congr(¢n) = Congr(n') = r,
where the last equality golds because r is a congruence (and
so 1t is congruence of its own quotient). Q.E.D.

The following corollary is trivial.
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COROLLARY 4.2, s ct=Tr(s)cr(t).

We are interested in congruences generated by squares,

i.e., congruences of the form P(iz)'where 1 : I+ A1is a

subobject of A. Consider the following examples.

EXAMPLES.

(1) Category of Sets. Let A be a set with a subset

IC A, then I'(I%) = 1°U A,. 1In other words, it is the equi-

valence relation in A whose equivalence classes are I itéelf

and the singletons {a} where a ¢ I. This example shows that

not every congruence relation in A is of the form P(Iz), for
some I C A, because an equivalence relation can have more than
one non-trivial equivalence class (i.e., a class with two or
more elements). |

(2) Category of Semigroups. Consider the

semigroup defined in A = {0, 1, 2, 3} by the table

. 0 1 2 3
0 0 0 1
1 1 1 1 1l
212 3 2 3
3 3 3 3 3

The semigroup operation in 22 is given by (a,b)+(a',b')
= (a*a', b*b'). Let us construct P(Iz) where I is the sub-

semigroup of A, I = {0,1}. First, P(IZ) must contaln the
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2

diagonal A, and;the square 12.> Since (2,2) € A,, (1,0)e I°,

A°
and P(Iz) is a.sub—semigroup of A2, we have that (2,2)°(1,0)
= (2;1, 2+0) = (3,2) € P(I2). Besides, P(Iz) is an equiva—'
lence relation, and so (3,2) € F(IQ) implies (2,3)e;r(I2);x

In this way we get a subset:SQ;Iﬁlz) represented in the
following graph.- '

(3,0) (3,2) | (3,2) (3,3)
(2,0) (2,1) | (2,2) (2,3)
(1,0) (1,1) | (1,2) (1,3)
(0,0) (0,1) | (0,2) (0,3)

S —

Clearly, S is an equivalence relation in A with equivalence
‘classes I = {0,1} and J = {2,3}. Moreover, it is easy to

check that S is a sub=semigroup of A2. This means that S 1s

a congruence relation containing the square 1°, Hence, P(Iz)gs,

and so P(Iz) = S. If we construct P(J2) where J = {2,3} is

also a sub-semigroup of A, we find that P(J2) = P(Iz), in spite
of the fact that I (1 J = ¢.

(3) Category of Groups. Let A be a group with a sub-

group GC A. If G denotes the normal closure of G in A, it

is well known that we can define a congruence relation in A by

(x,5) € Ry <> xwle@

We can show that I'(G2) = r(G%) = Rg. To see this, observe



that in Groups any congruence is of the form RN for some

normal subgroup N. (If R is the congruence relation of a

homomorphism f : A » B, then R

RN where N is the kernel of

-f). Therefore, P(Gz) = RN for some normal subgroup N. Let

e be the identity of the group A. If x € G, then (x,e) & G2

2

But G -'C_;»I‘(Gg) = Ry hence, xe™! = x € N. This shows that

G C N. Since N is normal, this implies that G C N and so

2

Re < Ry 'Onthe other-hand, G° C & C Rg. By Lemma 4.1 and

Corollary 4.2, this gives:
r(c?) g r@) c Rg C Ry = I(a?).
Hence,
r(e?) = r(@) = Rg.

Since any congruence is of the form RN for some normal
subgroup N, and P(Ng) = Ry = RN, we obtain that in the Cate-

gory of Groups ény congruence 1s generated by a square (compare
this with the case of Sets in example (1)).
Returning to the general situation, we will show that
the property of being generated by a square 1s preserved by
the lattice isomorphism of the First Isomorphism Theorem. This

is a corollary of the followling two more general lemmas.
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LEMMA 4.3. Let f be a map in a category with proper-
ties A - 1 to A - 4. For any subobject 1 of A we have:

£2(1%) = £, (1)°.

Proof. By the FHT we have a commutative diagfam

A £ > B

1 £y (1)
I ol

> £(I)

where £, (i) is the image of i by f, and o is a quotient.

By squaring, we obtain a commutative diagram

2 £2

A »— B2
12 i £4(1)?

where f*(i)2 is mono. (since fg(i) is mono) and o is a

quotient (by A - 3). Hence, by the uniqueness of the canoni-

cal factorization, we have that f*(i)2 is the image by £2

of 1. Q.E.D.

LEMMA 4.4, Assume properties A - 1 to A - 4. Let

r : R > A2 be a congruence in A with quotient n : A — A/R.

If s : S » A2 is a subobject of AZ

such that TI'(s) © r, then
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n2(r(s)) = r(n2(s)).
Proof. Since I'(s)>r, ng(r(s)) is a congruence in A/R

by-the First Isomorphism Theorem. Moreover, ni(s)c:ni(r<s))

because s &€ I'(s). Therefore, by Lemma 4.1 we have

r(n2(s)) end(r(s)).
To see the other inclusion, let w = P(ni(s)). By the First
Isomorphism Theorem, the congruenée w 1s the image by n2 of a
unique congruence ¢ in A such that ¢ @ r; namely c¢ = (nz)-*(w),

the inverse image of w by n?. Since ng(s)<: P(nE(S)) = » and

inverse images preserve inclusion, we have

s = () FMis)) & D (w) = e,
where the first inclusion is a general property of images and
inverse images. Since ¢ is a congruence, this means that

Ir'(s) c ¢. Taking images, we obtaln
2 2 _ _ 2
ng(T(s)) € ngle) = w =T(ng(s)). Q.E.D.
COROLLARY 4.5. Assume properties A - 1 to A - U4, Let
r : R ~» A2 be a congruence in A with a quotient n : A - A/R.
Let 1 : T > A be a‘'subobject of A such that P(i2):>:r. Then

Con2r®) = ring (13,
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2. Normal Subobjects.

DEFINITION. Let n be a subobject of A:~ n is normal

2

in A if, and only if, for any subobject 1 of A, i CZIP(nz)

implies 1 C n.
We will see that this definitlon is not as artificial

as 1t looks. In particular, it means that n2 is the maximum

square generating'the congruence P(n2) We will show that
the Flrst Isomorphism Theorem, which is given in Groups in
terms of normal subgroups, 1s also valld for our normal sub-
objects. More significant 1s the fact that if we add to our
assumptions (properties A - 1 to A - 4) the existence of a
zero-object, this definition of normal subobject coincides
with that usually given for categories with zero-object; i.e.,
n is normal in A if n 1s the inverse image of zero through
some map with domain A (see Mitchell [4]). In analogy with
the case of groups, we can prove from the definition the

following facts.

LEMMA 4.6. If m and n are normal subobjects of A,

then m{) n is normal in A.

Proof. Since m(}n c m, then (m 0N n)2 c m2 and

r(m n)?) o rm?). Similarly, I'((m() n)?) e rn®). ILet 1

2

2
be a subobject of A such that 1°

< r((m ) n)2), then i°c T (n°)
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2

and 1" < P(nz). Since m and n are normal, this means

icmand 1< n; hence, i< m(}n. Q.E.D.

LEMMA 4.7. Let m : M > A be normal in A and let i : I-A
be an arbitrary subobject. Then m' : M r)I + I, the sub-

object of I induced by the intersection of 1 and m,

P S

m'
MAI —— I

i1s normal in I.

Proof. Let r = PA(mZ). Consider the following commu-

tative diagram

where the imner square is an lntersection diagram for r and

2

12, and the dotted arrow results from the fact that m  C PA(m )=r.

Since the exterior square commutes and the inner one is a pullback,
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there exists a map y : (M r]I)2 + R 12 such that

2

m'“ = r'yvy. In other words, m'2c: r'. But we know that r',

the restriction of r to I, is a congruence in I; hence,
rom? .

Suppose now that k : K = I is a subobject of I such that

2 2

k" < PI(m'2); then k2c: r'. This means that k= = r'a for

1%x? = 1%p1a = (2 () 1°)a. Thus,

some o3 hence, (ik)2

wlc ¢ NHrar

PA(mz). Since m is normal in A, we

conclude that ik & m. This means that ik = mB for some B,

and the following diagram commutes.

/! T Ti
B/l m'

/ MAI —==1I
// :
/
X k

Since the inner squafe is a pullback, we have kC m'. Q.E.D.

EXAMPLE. '1A is trivially normal in A.

EXAMPLE. (Category of Groups). In the third example

of the first part of this chapter, we showed that for a normal
. 2 .' ' 2 2
subgroup N, T(N%) = Rﬁ = RN. Moreover, G- C T(N®) implies

G C N, because
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x € G => (x,e) € GECT(N?) = Ru=>xe™" = x &N,

Therefore, normal in the sense of groups implies normal in

our categorical sense. Conversely, let G be normal 1in our
2 =2 =2 2
sense. Since I'(G°) = Rz and G° € Ry, we have G” G r(c®) and

so 5(2 G. Therefore, G = G is normal in the sense of groups.

3. PFirst Isomorphism Theorem for Normal Subobjects.

Before proving this theorem we need the following
lemma which shows how normality 1is preserved, under certaih

circumstances, by images and inverse images.

LEMMA 4.8. Let A be an object in a category with

properties A - 1 to A -4, Letr : R~ A2 be a congruence in
A with quotient n : A » A/R.

(a) If n is a normal subobject of A such that f‘(nz):r,
then ng(n) is normal in A/R.

(b) If n and m are normal subobjects of A with

P(nz):: r and P(mz):b r, then

nc m<> ng(n) < nglm)

(¢) If u is a normal subobject of A/R and urt=n"%(u)

is an inverse image of u by n, then u' is normal in A.

Proof. (a) Suppose that n is normal in A and P(n2)::r.
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By Corollary 4.5, we have that P(n*(n)2) o ni(r(n2)).
' Since P(n2):3 r, we can apply the First Isomorphism
: 2\ 2 2y
Theorem and so T'(n“) is the inverse image of ng(r(n®)).
Suppose now that k is a subobject of A/R such

that k2c: P(n*(n)Z). If k' is an inverse image of k by n,

we have a commutative dlagram

A > A/R

kt k

Y

and k = n*(k'), because n is a quotient. This diagram
induces another one:
2 .
M
2 > (4/R)?
A

k'2 P(nz) : k2/ ni(r(nz))

where the dotted arrow comes from the fact that

x° P(n*(n)z) = ng(r(n2)). Since the inner square is a

2

pullback, there exists o such that k'~ = P(nz)a and so
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k'zc: F(nz). But n is normal; therefore, k'¢c n. Taklng

images we obtain k = ng(k') &< ng(n). This shows that ng(n)
is normal in A/R. .

(b) ne m=>ng(n) < ng(m) is always true.
Suppose now that ng(n) < ng(m), then n*(n)ztz n*(m)2 and
r(n*(n)z)c: P(n*(m)zy. Using Corollary 4.5 we obtain:
ni(r(nz))c: ng(r(mz)). Sincé r(n) and r'(m®) contain r, .

we can apply the First Isomorphism Theorem obtaining

I‘(n2) c I‘(m2). Therefore, n2

(ol I‘(m‘?) and n c m because m
is normal in A. |

"(¢) Let u be normal in A/R, and let u' be an
inverse image of u by n. Since n is a quotient, we have

that u = ng(u'). To show that u' is normal in A, let k be

2::.P(u‘2); then ng(kz)c:ng(P(u'z))

a subobject of A such that k
, 12y o oyl 2.2y . 2 _
= P(ng(u')®) = T'(u”). Moreover, ng (k) = ng(k)® by Lemma 4.3;

hence, n*(k)2<: P(uz). Since u is normal, this means that

ng(k) & u, and so
ken F(ngk))=n F(u) =u'. Q.E.D.

The above lemma gilves us almost all the elements

to prove a First Isomorphism Theorem for normal subobjects.
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THEOREM 4.9. (F.I.T. for normal subobjects)

Consider a category with properties A - 1 to A - 4. Let
1 : I > A be a fixed subobject of A, r(i2) : P(Iz) - A2
the congruence generated by its square, and n : A =+ A/P(Iz)

a quotient of F(iz). Then ng induces an order isomorphism
between the class of (equivalence classes’of) normal sﬁb—

objects of A.containing i, and the class of (equivalence
classes of) normal subobjects of A/T(T2).

Proof. Let r = F(iz). If n is a normal in A such

that n > 1, then n2:§ 12, and so I‘(n2) > I‘(iz) = r, There-
fore, applying parts (a) and (b) of Lemma 4.8, we have that
ng sends normals in A contalining i to normals in A/R, and
the equivalence

ne m<>ng(n) < ng(m)

holds for normals containing i. This means that we have an
order isomorphism into the normal subobjects of A/R. It
remains to prove that the correspondence 1is onto. By.part
(¢c) of the same lemma, any normal subobject of A/R is 1mage
by n of.a normal subobject of A (namely, 1ts inverse image);
everytﬁing reduces to proving that this inverse image
contains 1.

Let u be normai in A/R and u' = n—*(u) its inverse

image. We have:
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ng ()2 Ting (1)2) = n2(ra?)) = n2(x).

By the First Isomorphism Theorem, the image of r must be

the minimum congruence in A/R, l.e., the diagdnal AA/R'
Since any congruence contains the diagonal, this means that
n*(i)gc: ng(r) = AA/R C 1‘(u24).

But u is normal; therefore ng(i) < u. Takihg inverse

images:

1enFmy1)) en# ) = u'. Q.E.D.
Observe that in this theorem the subobject 1 does
not need to be normal.
The First Isomorphism Theorem for Groubs becomes an
application of Theorem 4,9. However, in Groups, the corres-
pondeﬁbe induced by ny is also an order isomorphism if we

drop the condition of normality, and we consider all the sub-
groups of A containing I and all the subgroups of A/P(12)=A/RT.

The following example shows that this 1s not the general case,

even for algebraic categories.

EXAMPLE. (Category of Monoids). Consider the

commutative monoid defined in A = {0, 1, 2, 3} by the table
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. 0 1. 2 3
0 0 1 2 3
1 1 1 3 3
2 2 3 1 1
3 3 3 1 1
The sub-monoids of A are:

s, = {o}, s, ="{0,1}, 85 =7{0,1,3}, §) = A

2) 2

Let us consider I‘(S2 . It is represented as a subset of A

(3,0) (3,1) | (3,2) (3,3)
(2,0) (2,1) | (2,2) (2,3)
Lo @ | @,2) ,3)
(0,0) (0,1) | (0,2) (0,3)

Clearly, the given subset contains 822 = {0,1}2. It is an

EQuivaiencé relation with equivalence classes 0l = {O,i} and
23 = {2,3}. Moredver, it is easy to check that it is a sub-
monoid of A2. This means that it is really a congruence rela-
ti;n in the monoid A. To see that it coincides with T(S22),
observé that P(SQ?) must contain the diagonal AA. Since

(2,2) € A, and (0,1) € 322, then (2,3) = (0,1)+(2,2) € r(s,%).
By symmetry, (3,2) € F(Szz).

Let T = r(s,?). The quotient monoid A/T is given

by the table

e
w| +~
i e
w| Hj+
o nﬂ mi
H w]lw
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-~

and we have the following correspondence between sub-

monoids of A containing 82 and sub-monoids of A/T.

{01, 23} = A/T

Obviously, it is not one to one. The reason for this is

that S3 = {0,1,3} is not a normal sub-monoid of A, because

r({0,1,3}2)

a2 and.Agé{O,l,3}.. The other sub-monoids in-

volved are normal in A. A is trivially normal, and 82 is

normal because the only "square" sub-monoids contained in

2 2 2 _ 2
r(s,“) are S, and $;" = {0}°, but 8; € 8,.

4. Normality in Categories With Zero.

The Category of Groups 1s an example of a category
with a zero object. Conslder the.trivial group {e}. For
any group G there exlsts a unique homomorphism h : {e} - G;
namely, the one sending e to the identity of G. Similarly,
there exists a unique homomorphism h' : G - {e}. We can

generalize this definltion.

DEFINITION. Let A be a category. An object 0 in

A is a zero-object if for any object A in_A, theré exlsts a

unique map A + 0 and a unique map 0 -+ A.
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It can be proved from the definition that if 0
is a zero-object in A, 0' will be also a zero-object if
and only 1f the unique map 0 =+ 0' is an isomorphism. More-
over, 1t is_easy to see that A -+ 0 is always epi and 0 + A
1s a subobject of A. Let us define 0, = (0 - A), then

. : : o i )
OA(: 1 for any sub-object 1 of A because (0 - I = A) = (0 =>A).

Finally, observe that O2 = 0. In terms of congruences and

quotients, we have the followling properties.

LEMMA 4.10. Let A be a category with finite limits,

coequalizers, and a zero-object. Then for any object A in A,

(a) 1'2 = Congr(A = 0)
A

(b) (A ~+0) = Quot(lA2)

(e) T(0,°) =4,

(a) OA is normal in A.

Proof. (a) Let £ = (A -+ 0). There is a unique

2

map A - 0; hence fﬂll 5 = fn21 5 Therefore, 1A2<: Congr(f).

17 A

But it is trivial that Congr(f) € 1 ,; hence, Congr(f) = 1A2.
. A®
(b) We have to show that f = (A » 0) is the coequalizer
of my and Moo We already have fwl = fﬂz. Suppose now that
oo : A > B is a map such that o, = Om,. Let y be the unique

map making the following diagram commutative.
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Then aOAf= amyY. = T,y = alA = o.. Therefore, we have a

factorization

'whepe the map 0 - B is unique. This shows that

f = Coeq(ﬂl, ﬂ2) = Quot(lAz).

(e) Since 02 ~ 0 (as objects), we have 0A2 = Q

A2

(as subobjects of A2). But any sub-object of A2 contains

0 ,; hence, 0 2C: A.. Since A, is the minimum congruence 1n
A2’ > TA A A

A, this means that P(OAQ) = Ay

(d) Consider a sub-object i : I - A. Let my and

L be the projections of A2 and ﬂi, ﬂé the projections of I2.

2 2

Suppose that 1 C:AA. We must show that 1 CO0,. If 1 CAA,

then 1° = Ajo for some o therefore,
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! = 2 _ = = = 2 _
1 nli = nlAAa = g = nzAAa = ﬂ2i = iﬁé.'

Since (I » 0) = Coeq(m], m3) by part (b) of this theorem,
the equality iﬂi = iﬂé implies that 1 can be factored through
I >0, ‘So wé have (I - A) == (I > 0 > A). But (0 » A)=0A;

therefore, 1 CO Q.E.D.

A.
Let £ : A > B be a map. A sub-object of A is
called a kernel of f, written Xer(f), if it is the inverse

image by f of 0z. Clearly, Ker(f) determines a unique 01asé

of sub-objects of A. We want to show that a sub-object is
normal if, and only if, it 1s a kernel of some map. First,
we prove the following theorem which shows the relation

between the kernel and the congruence relation of a map.

THEOREM 4.11. Let f : A > B be an arbltrary map
in a category with properties A - 1 to A - 4 and a zero-object.
Let n = Ker(f) and r = Congr(f). Then

(2) n is normal in A

® rm®cr |
(¢) If r is generated by a square, P(n2) = p,

Proof. (a) Let £ = 6n be a canonical factoriza-

tion of f. Since n = f-*(OB), we have a commutative diagram
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b

> B
\ (3]
l"B | "
0

SA

Sown

=

where the exterior rectangle is a pullback, and the triangle
HBO commutes by the uniqueness of the map 0 - B. Since 6 is

mono, it is clear that the rectangle NAHO also commutes and

is actually a pullback. Therefore, n = n-*(OH). Since 0y
is normal in H, we can apply part (c) of Lemma 4.8 to obtain

that n is normal in A.

(b) Let m, and w, be the projections of a2 and

ﬂi, né the projections of N2. Using diagram (1), we have

. 2
f'rrln2 = fnﬂi = OBaﬂi.’ Similarly, fnzn = fnﬂé = OBawé. But

ani = aﬂé = (N2 + 0); therefore, f'rrln2 = fn2n2. By definition

v 2
of r, this means that n2c: r. Hence, T'(n°) C r.

(c¢) Let r = P(i2) where 1 is a,sub-object'of A.

In diagram (1) of part (a), we have n = Quot(r) and n = n-*(OH).

By the First Isomorphism Theorem for normal sub-objects

2 2

(Theorem 4.9), n > 1. Therefore, n- = 1" and I'(n2) o I‘(i2)=r.

. 2
From this and part (b), we obtain I'(n”) = r. Q.E.D.
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As a corollary of this theorem we have a charac-

terization of normal sub-objects.

THEOREM 4.12. Let A be an object in a category
with properties A - 1 to A - 4 and a zero object. Then n
1s a normal sub-object of A if and only if.h 1s a kernel.

Proof. Part (a) of Theorem 4.11 shows that a

kernel is normal. To show the other direction suppose that

n is normal in A. Let r = P(n2) and let n be ‘a quotient of r.

Then r = Congr(n).” By part (a) of Theorem 4.11, n' = Ker(n)

s normal. By part (c) of.the same theorem P(n'2)=r=r(n2).
Since n and n' are both normal, this means that n c n' and
n'C n. Hence n # n' = Ker(n). This shows that n is a

-

kernel. Q.E.D.
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