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Abstract

We present a theoretical study that investigates the applicability of a graph theoretical
approach to realize various quantum experiments. Crucially, we may represent quantum
optical experiments involving tabletop optical elements in terms of highly interpretable,
coloured, weighted multi-graphs. We introduce the formalism behind this approach; then
through the digital discovery framework PyTheus, we uncover over 100 different quantum
experiments which realizes complex, novel quantum states. Towards enhancing our inter-
pretation of the Al-based framework’s solutions, we also leverage eXplainable-Al (XAI)
techniques from computer vision to investigate what a trained neural network learns about
quantum experiments. Crucially, we find that we are able to conceptualize the learned
strategies which the neural network applies to optimize for a target quantum property,
and discover how the network conceives of its solution. We conclude by presenting an
experimental proposal which yields realizable solutions that, for the first time, solves high-
dimensional variants of a quantum retrodiction puzzle known as the Mean King’s Problem.
We, therefore, present a case study which investigates the potential for new scientific dis-
coveries through a joint collaboration between human and artificial intelligence.
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Chapter 1

Introduction

1.1 Overview

The twentieth century saw scientists gradually unearth the various properties of Quantum
Mechanics: the principles of superpositions of quantum states, the disturbances of mea-
surement, and quantum entanglement — ‘spooky action at a distance’ [2]. These principles
helped explain phenomena at the microscopic level not previously achieved in the classical
sense, while bringing forth a new class of technologies that could achieve the impossible.
At the heart of the latter is that of Quantum Information Processing (QIP): whereas the
classical analogue to this encodes information in a bit, which may be found in a determin-
istic state of 0 or 1, QIP represents information in terms of some physical degree of freedom
(DOF), usually from a quanta such as electrons or atoms, which finds information encoded
in a superposition of many possible states. This has since enabled the development of var-
ious technologies that leverage these esoteric properties, such as Quantum Communication
[3], Quantum Computing [!], Quantum Simulation [5|, and Quantum Metrology [0], to
name a few.

The photon is the quanta that forms the crux behind modern QIP tasks. They are fast,
environmentally robust, and do not decohere. Information remains encoded in a photon,
even over vast distances |7, 8]. Moreover, the photon possesses various possible DOFs, such
as path and temporal modes, and the photon’s spin and orbital angular momentum, on
which information can be encoded. The majority of these DOFs are particularly enticing
as we may represent information in a theoretically unbounded number of ways, which
increases the photons’ information capacity while also making it more robust to noise
[9]. This makes various QIP phenomena realizable in the lab through arrangements of
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tabletop, linear optical elements (LOEs). Interest in QIP over the past few decades has led
to the discovery of increasingly complicated processing tasks and, with it, proportionally
elaborate permutations of LOEs required to realize these tasks.

Here, we explore a promising graph-theoretical method to navigate the vast combina-
torical space of quantum optical experiments required to solve new challenges in QIP. As we
shall see in Chapter 2, we find that we may express any experiment utilizing LOEs and prob-
abilistic pair sources (such as beamsplitters or nonlinear processes) in terms of coloured,
weighted multi-graphs [10, [ 1]. Assisted by the digital discovery framework PYTHEUS, we
come up with 100 different novel quantum experiments for various interesting tasks. We
also exploit the readily interpretable nature of these representations to determine if we
may discover new physics from the framework’s discoveries. In chapter 3, we demonstrate
preliminary results for an interpretability tool that utilizes the deep dreaming technique
from computer vision to discover what an artificial neural network learns about quantum
experiments. In chapter 4, we collaborate alongside PYTHEUS to discover first-of-their-
kind experimental solutions to a quantum retrodiction puzzle known as the Mean King’s
Problem. We give some concluding remarks on this new representation’s practicality in
Chapter 5.

1.2 Description of Quantum States

We begin by introducing the density matrix formulation for a quantum system S. Quantum
states ¢ are themselves vectors, which we represent in Dirac notation as |¢). Let { [¢;)}
denotes a set of orthonormal states, i.e. (¢;|1;) = d;;, in which we may find the quantum
system. Let p; denote the probability that we find the system in a state [¢;) such that
> ;pi = 1. Then we define the density matriz representation of the quantum system by,

PIZZ%WO (Wi - (1.1)

In other words, we may generally describe a quantum system as a statistical ensemble
of quantum states.

We can also describe multipartite systems — an n-fold composition of quantum systems
— in terms of the density matrix formulation. Let us consider, for instance, a bipartite
quantum system S48 = S4® SB. Let H 4 and Hp refer to the Hilbert spaces in subsystems
A and B, and let { |¢;)} and { |¢;)} denote orthonormal bases in H 4 and H g, respectively.



We may define a state, pAZ, as

PP = i) (il @ leg) (i), (1.2)

/L'7j

Let us define the partial trace over a subsystem A as

Pt =trp(p?) =D (il 0 i) - (1.3)

J

That is, p?, as well as, p? = tra(p*?) denote the density matrix representation in
S4 and SP, respectively. We may, therefore, represent the bipartite system as a convex

combination of quantum states

pt = Zm(/f‘ ® p). (1.4)

The notation to arbitrarily multipartite systems, where we consider many subsystems
S41 642 can be defined as a

prAe =N T pi(pt @ p™ @ ). (1.5)
1=0

Having motivated the density matrix representation of quantum states, we can now
define pure and mized states. Let us consider,

tr(p®) = tr(zpz‘pj |0i) (bilady) (W51)
= Zpipj|<¢i|¢j>|2
< pipy (Wil) (W5ley) =1, (1.6)

]

where in the last line we invoked the Cauchy-Schwartz inequality. If ; = 1; for all 7,j
then tr(p?) = 1 and we say that the state is pure. Specifically, the quantum system can
be described in terms of a single state, p = [1;) (¢;]. Otherwise, tr(p?) < 1 and the state
is mixed. In other words, the system is described by a probabilistic mixture of quantum
states much more akin to the generic form as equation (1.2). We stress that the latter case
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is more often encountered in nature due to quantum noise, which is introduced from the
system’s interaction with the environment |3, 12].

We may also quantify two quantum states’ closeness to one another. Let p and o denote
the respective density matrices of two quantum systems, then, according to [13]|, we define

their fidelity as
2
Flp,0) = (Te(\/pPopi?) ). (1.7)

In particular, if p and o are pure states described respectively by |¢)) and |¢), then the
fidelity is
F(l¢) 1) = [(1o)]" (1.8)

1.3 Projective Measurement

Let us consider a Von Neumann observable described by the positive hermitian matrix M,
that is diagonalized by its set of eigenvectors |m). More specifically,

M =" mm)(m|, (1.9)

where m is a corresponding eigenvalue. A projective measurement on the observable M acts
to decompose a quantum system p onto the set of possible outcomes |m). Let P,, = |m)(m)|
describe the projective measurement operator onto an outcome m, then the final state after
the measurement is described by

PipP,  PlpP,

— . 1.10
VTP ml o) (1.10)

We note that the expression in the denominator, tr(pP,,) = (m| |m) is a manifestation
of Born’s rule, which states that the probability of measuring a quantum state is given by
the modulus square of the amplitude.

1.4 Quantum Entanglement

We return to considering the composite system described by the state p4p. For this section,
let us assert that our Hilbert spaces lie in D-dimensions. If we may write the state as a
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tensor product of Hilbert spaces
PAB = PA X pB, (1.11)

then we call p*? a product state. In such a state, there exists no correlations between

S4 and Sg. We say that the state is separable if it can be written as a convex combination
of product states. A pure state that is separable is also a product state. On the other
hand, a mixed state that is seperable can be written as

pas =Y peph ® pl, (1.12)
k

where the constitute, k' terms of the state follow a probability distribution described
by {pr}i=r. Through this probability distribution, we may observe classical correlations
between the subsystems.

If the state p4p is not seperable, then there exists a non-classical correlation between
S4 and Sp, and the states described by each system are entangled. pap is maximally
entangled if the reduced density matrix of its subsystems is mazimally mized. That is, we

have for each subsystem,
I

PA = TTB(,OAB) == 5 (113)

This is related to the entropy of entanglement measure associated with composite sys-
tems: the more entangled are the particles, the less information we can attain by looking at
the individual subsystems of the composite system. Indeed, one instead finds information
in the correlations between these subsystems [14].

Let us consider, for example, the generalized Bell state,

D—

- 1

’0 =
VD o

where |i) form the computational basis for the D-dimensional Hilbert Spaces H4 5. Com-

1

| By |9) ® |7), (1.14)



puting the partial trace on the first qudit gets us
1
Tra(lBoo) (Bool = (10) (0 Tx(|0) 0]) + 10y {1[ Tr(|0) (1]} + [1) (1 Tx(|1) (1)) + -..)

DZ! Gl Gli) = Dz| oy

I
D?

which shows that | By ) is maximally entangled.

There exists various metrics to evaluate a state’s degree of entangledenss. We concern
ourselves in particular with the concurrence between two subsystems [15, 16, 17|. Towards
generalizing to multipartite, pure systems, we follow the particular definition of [17]. A
bipartite system, pap, is said to exhibit concurrence as

Clpar) = /21— Tr( p3) ). (1.15)

Let {Sa,,Sa,,...,54,} denote the subsystems on which the multipartite state is de-
fined. Then the concurrence of a state pa, . a, is

C(pay,.., ZCA (PAy,..An ) (1.16)

where
Coa(paretn) = /201 =T (AR, asarnn) ) (1.17)
where p? At As 1 Ais 1A pQA;, is the reduced density matrix obtained by tracing out

the subsystem A;. In the limit, ‘when the concurrence vanishes across some bipartition of
subsystems A;|A, we say that the state is separable across this bipartition. That is, we
may write

PajA = Pa;, D Pa- (1.18)

1.5 Photonic Degrees of Freedom

When it comes to bring to physical fruition high-dimensional quantum protocols, the pho-
ton offers no shortage in the number of ways through which this can be achieved, with
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|thin) = 10)
50:50 Beamsplitter Mirror
(BS)

Figure 1.1: Possible experimental setup that can encode photons to arbitrarily
high dimensions in terms of path modes. Through repeated action of a 50:50 beam-
splitter, we are able to generate arbitrarily many spatially distinct paths.

physical degrees of freedom (DOFs) such as time-bin [18], and spatiotemporal modes [19]
having been well-studied in this regard. For the purposes of this thesis, we focus on two
particular DOFs: the photon’s path, and the photon’s angular momentum, which can
be thought of in terms of its spin and orbital angular momentum parts.

1.5.1 Path

A photon’s path simply refers to the different spatially separable paths that a photon
may take. We may consider, for example, the situation outlined in Figure 1.1. A photon
described by the pure state [¢0) = |0) is incident on a 50:50 beamsplitter, whose action is
to probabilistically distribute the photon onto one of two possible paths: either the photon
passes straight through, remaining in the path mode |0), or it is reflected onto a new path
|1). More succinctly, we may write

BS1j) = (i) + 1+ 1)),

NG

where |j) stands for photon at path j. One may, therefore, generate arbitrarily many
different paths and, therefore, encode the photon onto arbitrarily high paths by placing a
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beamsplitter onto each new path.

1.5.2 Optical Angular Momentum

Following the treatment by [20, 21|, let us consider a uniformly polarized beam of photons
having electric field E, and a magnetic field B. We may represent the beam in the Lorentz
gauge with the vector potential A,

A =céu(ry,z)e % (1.19)

where k£ = 27“ is the photon’s wave number, r; refers to a choice of transverse spatial
coordinates and wu(r,,z) is a complex scalar function, and é is the polarization vector of
the field. We may either assign a linear polarization in the é = Z or y directions, or the
photon may possess circular polarization according to é = \%(i — (0,)iy). In the case of
the latter, we may assert that the photon has spin angular momentum (SAM) with

a spin of o, = 41. This polarization vector serves to encode the photon’s polarization
mode DOF.

The complex scalar amplitude, u(r,, z), solves the paraxial wave equation, which is
given as

(V3 — Zik%)u(rb z) =0, (1.20)

where V2 is the Laplacian operator in transverse coordinates. The scalar amplitude may
take on different functional forms depending on our choice of transverse coordinates. Owing
to the cylindrical symmetry of many optical components within an experimental setting,
we solve the paraxial wave equation in cylindrical coordinates, r; = (r, ¢). The solutions
to this equation are the Laguerre-Gauss (LG) modes of light, which carry Orbital Angular
Momentum (OAM), given by

C e 212 (h(—r )
LGZJ)(T’ (25’ ,Z) = Lp < r ) e w(z)2 LL” ( r ) el(k(2R(z)+Z) ¢(z)+l¢)’ (121)

w(z) \w(z) w(z)?

where the integer [ is known as the azimuthal index, whereas the non-negative integer

11
22ty . . . .
P+ is a normalization constant. w(z) is

p is known as the radial index, and ()}, = —F%+
(m(p+[U1) 2



the beam’s radius and is given by

w(z) = woy /1 + <i>2, (1.22)

ZR

where wy = w(0) is the beam’s initial radius and zp = 7”;\”3 is the beam’s Rayleigh range.
The radius of curvature, R(z), is given by

z

2
R(z) = = (1 + 2R ) , (1.23)
and the Gouy phase, ®(z), is given by

O(z) = (2p + |I| + 1) arctan —. (1.24)
<R

We demonstrate the behavior of these three aforementioned functions in Figure 1.2(c).

Despite the apparent complexity of the modes, it is the azimuthal and radial indices that
determines the shape of the beam. Figure 1.2 showcases what happens when we modify the
indices. We see that the beam’s shape and handedness are modified; in particular, we may
usually encode the photon’s OAM DOF in terms of the azimuthal index as |[). Since the
azimuthal (and radial indices) are both theoretically unbounded, there are infinitely many
possible encodings that can be realized (though we note that experimental realizations
have thus far been bounded to (=10100 [22].) This makes the OAM a promising option to
realize high-dimensional protocols over various media [9, 23, 24].
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Figure 1.2: Select examples of OAM modes. For each example, we plot the field’s
(normalized) intensities and phases are plotted. In particular, we consider the effects of
varying the (a) azimuthal and (b) radial modes. Note the inversion of phase in (a) between
the positive and negative valued azimuthal modes. The characteristic doughnut shape
of OAM modes appears in regions of undefined phases or singularities in which the field
vanishes. (c) Plots of a Gaussian beam’s Gouy Phase, ((z), the beam width, w(z), and
the radius of curvature, R(z), as a function of propagation distance z.
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Chapter 2

Quantum Experiments and Graphs

This chapter is based on the following publication.

Ruiz-Gonzalez, Carlos, Soren Arlt, Jan Petermann, Sharareh Sayyad, Tareq Jaouni,
Ebrahim Karimi, Nora Tischler, Xuemei Gu, and Mario Krenn. “Digital Discovery of 100
Diverse Quantum Experiments with PyTheus.” Quantum 7 (2023): 1204

DOI: https://doi.org/10.22331/q-2023-12-12-1204

2.1 Overview

The task of physically realizing exotic quantum phenomena, such as observing quantum
entanglement for dimensions past three or generating arbitrarily multipartite states, is
exacerbated in difficulty due to the vast combatorical space which accompanies the ex-
perimental design of quantum optical setups. Therefore, one may ask if the best designs
lay beyond the confines of human intuition. This has prompted computed-assisted inves-

tigations in setup design [25], such as those which discover new quantum setups through
evolving ‘toolboxes’ of setup elements [26], or by using machine learning approaches such
as genetic algorithms [27] and active learning [28]. The main caveat to these methods

is that the solutions found in these investigations often require additional simplifications
from the human side to be made interpretable.

It was first found in 2017 by Krenn et al. [29] that one could represent quantum
optical experiments bidirectionally in terms of undirected graphs G' = (V, E). The vertices
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V(G) of the graph correspond to different paths taken by a photon, while edges F(G)
between vertices indicate the correlation between two photons via a probabilistic pair
generation event. Experimentally, if we have n detectors which each corresponds to the
different photonic paths, then we condition the successful generation of the state on an n-
fold detector click. In graph language, this entails finding disjoint subsets of edges known
as perfect matchings which contains the vertices of the graph as endpoints exactly once.
It was later found in [10] that we could also introduce complex-valued weights w to the
graph’s edges to simulate quantum interference between states — this could be implemented
experimentally through phase shifters — and in [30], we find that we can also colour the
edges to represent different modes of some photonic DOF.

The graph-theoretic representation can be harnessed to devise experiments that ob-
serves a variety of high-dimensional, multipartite phenomena in quantum optics. Such
experiments can be implemented with standard photonic technologies such as integrated
photonics [31], entanglement by path identity [32], or through bulk optics, as we will il-
lustrate in Chapter 4. Moreover, they are highly interpretable, so they lend themselves
particularly well in the aforementioned context of numerical investigations. To this end, the
following work introduces the PYTHON-based, Digital Discovery Framework PYTHEUS; we
illustrate how it can be used to ascertain the design of one hundred quantum experiments
for a variety of hereforto unrealized quantum phenomena. We also employ PYTHEUS to
great effect for the theoretical investigations carried out in the following chapters.

2.2  Weight Function

We may encapsulate all the information about the quantum graph through its correspond-
ing weight function, ®(w), which maps the graph to its corresponding state ®(w) |vaccum) =
|®(w)), where |vacuum) is a vacuum state describing no photons. Let z,y € V(G) des-
ignate the vertices of the graph G, and let C'(G) represent the set of possible modes or
“colours” in the graph G, then we may write [33].

m

d(w) = Z % Z Z wi’;mjyl + he | . (2.1)

m 2yeV () jkeC(G)

_'.
, j
path x, and wﬁ;fl represents the amplitude of the edge adjoining the vertices x,y with
modes j, k. We usually only consider terms in the sum comprised of all vertices in V(G),

Where, for example, x; represents the creation operator for a photon in mode 5 and in
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as they correspond to the perfect matchings of the graph. The lower- and higher-order
terms account for reductions in the quantum graph’s experimental fidelity, since they
include terms which physically correspond to partial or repeated detector clicks. For
a two-dimensional, quadripartite quantum graph with vertices V(G) = {a,b,c,d} and
modes j,k,l,m € C(G) = {0,1}, we observe terms in the order m = 2 of the form
wi’y’ii’fj(a}blcjd%), where w? ’;’l"z; =w’ ’Zwi T+ w”w b T w” ?w{f . represents the amplitude.

The quantum state observed by the graph is, therefore, realized through the superpo-
sition of all possible perfect matchings of the graph, as distinguished by the specification
of the modes 7, k, [, m (in other words, we realize the state |7, k,[, m)) and may be denoted
as |®(w)) = ®(w) |vaccum). We remark that, although finding |®(w)) from the graph is
straightforward, the inverse process is non-trivial as the graph representation is not unique.
One possible approach is through inverse design: we optimize a complete quantum graph
such that an objective function £, which may correspond to a target state or property, is
minimized. For example, for a target state |¢), we may consider computing the fidelity
with respect to |®(w)) at each step of the optimization so that

E(I‘P(w»):l F(|@(w)), [4) (2:2)
=1 - {@w)ll¥)F,

and removing edges from the graph, which minimally contribute towards optimizing the
objective.
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2.3 Multipartite Entangled States
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Figure 2.1: Quantum graph representations corresponding to the GHZ and W
states. We show the full graph as well as the relevant perfect matchings. Each perfect
matching contributes a term in the graph’s corresponding weight function (without nor-
malization), with the term’s amplitude equal to the product of weights of edges that makes
up the perfect matching. We also show the corresponding experimental setup based on
entanglement by path identity. Edges between vertices correspond to the probabilistic
firing of correlated photon pairs from nonlinear crystals. We enumerate each edge by its
corresponding crystal in the experimental setup. The crystals are coloured to indicate the
photon pair modes on which we post select after generation. A crystal that is entirely
blue, for example, probabilistically selects the correlated state |00); in the experiment, we
concern ourselves only with instances where this event occurs
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As a case study on how we may utilize quantum graphs to generate states, we consider
two particular classes of multipartite quantum entanglement. The Greenberger-Horne-
Zellinger (GHZ) States, named after by the authors of the same name [2], were proposed
as an extension to Bell’s Theorem in the “superclassical” EPR case in which one can make
definite predictions on a measurement of a particle’s mode and sees application for high-
dimensional, multipartite entanglement. In d-dimensions and N particles, it is defined as
follows.

d 1 QN
|GHZ)%, = 7 Zd: )N . (2.3)

For example, the quadripartite GHZ state, |GHZ)3, is defined as
1

’GHZ>A21 = \/§

(0000 + |1111)).

Another class of multipartite states that are admissible as proof to Bell’s inequality are

the W states [34]. We may define a generic W state by
1 — —
W)y = —= (1) @ (10)" +10) ® 1) ©]0)" " +...). (2.4)

VN

For example, the quadpartite W state in two dimensions, |W)i, is

2_ 1
[W)2 = \/N(|1ooo> +(0100) 4 |0010) + [0001)). (2.5)

Figure 2.1 shows the corresponding graphical representation of a setup that may realize
these states, along with their corresponding weight functions. The suggested setup takes
inspiration from entanglement by path identity [32], in which the state is considered to be
generated on the probabilistic firing of indistinguishable photons from coherently pumping
light into specific pairs of crystals. For example, we realize one perfect matching on the
GHZ state only if crystals I and II or crystals III and IV fire at the same time; in either
case, this results in a fourfold detector click event. If, on the other hand, our coherent
pumping excites crystals I and IV, then only three of the four detectors — a, b, and ¢ — will
trigger simultaneously.
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2.4 Quantum Measurement

Graph Experiment
(d) i

= o) —> 2+ —e

e
(b) b

y

State

,—imfd

) = J510,0) + <

Single Photon | Phase Mode
L BS
0,1) + 5~ 1,0) |Z [] Detector | Shifter Y Shifter

Figure 2.2: Possible experiment for a projective measurement on |¢) (see equa-
tion 2.6.) To obtain the graph, we turn to PYTHEUS to optimize for the target state under
the usual topological constraints specific to quantum measurements. Following Klyshko’s
AWP, we may chart a direct path from the input vertices a, b to the detector vertices c, d.
We may encode the complex-valued weights, which are implicit in the graph, using combi-
nations of phase shifters and beam splitters.

We have shown how to interpret quantum graphs for the creation of states, but it is possible
to adapt this representation to other QIP tasks. As we will illustrate in chapter 4, we may
also look to quantum graphs to represent projective measurements. While we heretofore
viewed edges between vertices a and b to indicate the creation of correlated photon pairs,
we may alternatively view this as a deterministic single-photon generation event. We base
this on Klyshko’s Advanced Wave Picture (AWP), introduced in [35, 36] and observed
experimentally in [37, 38]: let us suppose that we measure the coincidence detection of
two photons in arbitrary modes 1, and )5 respectively and retrieve the joint probability
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distribution P (11, 12) out of our detections. Klyshko argues that we may obtain the same
probability distribution by replacing, for example, the detector for 1); with a source which
creates a photon of mode 1, replacing the crystal with a mirror, and allowing the photon to
reflect towards detector 5. We, therefore, retrieve the conditional probability distribution
P(ha]th1) = P(11,1) that we find the emitted photon in 1y, given that it was initially
in ;. In the quantum graphs picture, we may consider an edge which adjoins an “input”
vertex a to a detector vector b. Following the AWP, this now corresponds to a direct path
from photon to detector.

Let pin = |[¥in) (¥in| denote an incoming state. In principle, a quantum graph directly
implements the projective measurement Py [¢);,) PI + Py [thin) P, where Py = |¢) (¢| for
a given state |¢). Consider, for example, one of the two-dimensional Vaidman-Albert-
Aharanov states |[39]

e—iT(/4 i /4

1
6) = 5100 + 5 jo1) + 5

110) . (2.6)

Figure 2.2 demonstrates a possible quantum graph, along with the corresponding ex-
perimental setup, which implements the projective measurement. We topologically con-
strain the graph such that any edges between input vertices are excluded. We also flatten
any higher-order modes using a mode-shifting element so that all photons arriving at the
detector are indistinguishable with respect to one another. We condition the successful
projection to |¢) on the simultaneous click of detectors ¢ and d. However, we can extend
the projection to other states in the basis by using loss as an additional source of informa-
tion. This entails placing detectors to capture sources of loss, which introduces additional
possible twofold detector patterns.
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Photons are the physical system of
choice for performing experimental tests
of the foundations of quantum mechan-
ics. Furthermore, photonic quantum tech-
nology is a main player in the second
quantum revolution, promising the devel-
opment of better sensors,
munications, and quantum-enhanced com-
putation. These endeavors require gen-
erating specific quantum states or effi-
ciently performing quantum tasks. The
design of the corresponding optical exper-
iments was historically powered by hu-
man creativity but is recently being auto-
mated with advanced computer algorithms
and artificial intelligence. ‘While sev-
eral computer-designed experiments have
been experimentally realized, this ap-
proach has not yet been widely adopted
by the broader photonic quantum optics

secure com-

gates, as well as the optimization of contin-
uous and discrete properties of quantum
experiments or quantum states. PyTheus
produces interpretable designs for com-
plex experimental problems which human
researchers can often readily conceptual-
ize. PyTheus is an example of a powerful
framework that can lead to scientific dis-
coveries — one of the core goals of artifi-
cial intelligence in science. We hope it will
help accelerate the development of quan-
tum optics and provide new ideas in quan-
tum hardware and technology.
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1 Introduction

Photons, the individual particles of light, have
long been used as the core player for fundamen-
tal experiments and applications in quantum in-
formation science [1]. Photons do not easily inter-
act with their environments; therefore, they can
be distributed over large distances
them a key resource for long-distance quantum
communication [2, 3] and experiments that re-
quire strict Einstein locality conditions [4-6]. Us-
ing advanced measurement-based quantum com-
puting schemes, photons are among the most
promising candidates for future quantum com-
puters [7]. Entanglement between two or more
photons can be produced without a vacuum or
cooling, and therefore many advanced experimen-
tal results can be achieved directly with table-top
setups. Furthermore, the bosonic nature of pho-
tons allows for the generation of complex entan-
gled quantum states of indistinguishable photons
that are a key resource for quantum-enhanced
measurements [8]. These potential applications
have lead to enormous technological advances
in integrated chips for fast and precise control
of photonic quantum states [9-12], high-quality
single-photon sources [13-16], novel photon-pair
sources [17], photon number resolving detectors
[18, 19], and advanced high-quality multi-photon
interference [20-23].

One question now is how to utilize these tech-
nologies to build up exciting new experiments for
the foundations of quantum physics and practical
quantum hardware.

which makes

Historically, the design of quantum experi-
ments strongly relied on the intuition and cre-
ativity of human experts who leverage their ex-
perience and come up with blueprints of exper-
iments. However, due to the unintuitive phe-
nomena and enormous combinatorial space of the
potential designs, it becomes extremely difficult
for human researchers to discover more complex
quantum setups. It might be possible that there
are high-quality solutions to experimental design
questions far outside of the region where humans’
intuition fails. How could we possibly find such
extraordinary solutions?

This question has sparked a strong interest
in the automated discovery of quantum experi-
ments with computers, overviewed in [24]. The
invention of these tools for quantum optics ex-
periments [25] have indeed overcome experimen-
tal limitations and allowed for new avenues in
laboratories for entanglement research [26-29].
One crucial question is whether we can also learn
something about physics from these tools. And
indeed, several new concepts have been pub-
lished that were purely discovered through au-
tomated design [25], such as a new general idea
of entanglement structure [30], and generalized
constructions of photonic quantum gates [31].
Those concepts were discovered by tedious anal-
ysis of the computer’s solutions, which was time-
consuming. The problem was that the algorithms
were powerful enough to find unknown solutions
but had no incentive to present a simple, human-
understandable form of it.

This was solved by the invention of THESEUS
[32], an efficient algorithm for the discovery of
new quantum experiments that can readily be
interpreted by humans. The key insight was
a shift in the representation. Rather than de-
scribing quantum experiments as quantum opti-
cal components on an optical table, experiments
are described as graphs of correlations between
photons. This representation, which has been a
derivative of a computer-discovered concept itself,
was developed in [33-35] — and allows working
with a much more natural representation, which
can be translated back at any point to an exper-
iment consisting of optical elements. (It should
be noted that the representation is independent
of photonic graph states for measurement-based
quantum computing [36-38|, and it is so far un-
known how to translate among them.)
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In this paper, we introduce PYTHEUS? a
highly-efficient, open-source, automated design
and discovery framework for quantum optics ex-
periments. At the core, PYTHEUS uses a much
extended graph-based representation of quantum
optics, which allows us not only to represent en-
tanglement and quantum gates, but lets us de-
sign quantum measurements, quantum commu-
nication protocols, optimize experimental prop-
erties, and discover quantum systems that in-
volve single-photon sources, mixed states, and
states entangled in the photon-number basis. Be-
sides the advances of the scientific scope, we note
that PYTHEUS is written in PYTHON, and there-
fore can readily be combined with machine learn-
ing frameworks such as TENSORFLOW and Py-
TORCH, and allows for immediate parallelization
in computer clusters.

To showcase the applicability of PYTHEUS,
we demonstrate the discovery of 100 previously
unknown or advanced implementations of quan-
tum optics experiments, ranging from exciting
new systems for entanglement research to quan-
tum states from condensed matter physics that
are interesting for quantum simulation purposes,
new ways of performing quantum communication
tasks such as entanglement swapping, new quan-
tum state measurements, and quantum gates.
The experiments can involve both probabilistic
photon sources and deterministic single-photon
sources, and many of them are readily imple-
mentable in today’s modern quantum optics labs.
In the GitHub repository, we present the instruc-
tions for PYTHEUS that discover each of the ex-
amples. We hope that PYTHEUS's efficiency, gen-
erality, and low entry barrier kick-starts the ap-
plication of computer-discovered quantum setups
in experimental laboratories worldwide, and in-
spires new exciting computer-inspired ideas and
directions for fundamentals and applications of
photonic quantum physics research.

While the goal of this paper was to demon-
strate the discovery capability of PYTHEUS, in
several cases, it was impossible not to see clear
generalizations and reasons why the solutions
work. We show this in some cases below. One
of the exceptionally interesting concepts we dis-

2GitHub:
https://github.com/artificial-scientist-lab/
PyTheus

covered was a new quantum multiphoton interfer-
ence effect that can simulate probabilistic multi-
pair sources just with photon pairs. We describe
this new physics concept and its application in a
parallel paper [39].

The article is structured in the following way:
In section 2, we introduce the graph-based rep-
resentation of quantum optics, which lies at the
heart of PYTHEUS. In section 3, we introduce the
idea of the computational PYTHEUS framework,
which we then apply to the discovery of 100 new
quantum experiments in section 4. In section 5,
we explain some future(istic) ideas that might lie
ahead of us.

1.1 Related Work

The first automated and artificial-intelligence-
driven design methods for new quantum exper-
iments were introduced in 2016 (for a more de-
tailed review on the topic see [24, 40]). One
of them, MELVIN , was focused on specific pho-
tonic quantum information tasks such as quan-
tum state generation and quantum transforma-
tions, using discrete learning techniques [25]. The
second one, Tachikoma, focused on the discovery
of new experimental setups for quantum metrol-
ogy tasks and used genetic algorithms for discrete
optimization [41]. Tachikoma has been expanded
to incorporate neural network surrogate models
to speed up the search process for new quantum-
enhanced measurements [42, 43]. At the same
time, the ideas of MELVIN have led to numerous
implementations of experiments in various labo-
ratories [26-29] and the extraction of new ideas
and concepts in quantum physics [30, 31]. Auto-
mated design tools have helped to build new ways
to perform quantum information tasks such as
quantum cloning [44]. Compared to these tools,
PYTHEUS does not work on the discrete search
space. Discrete spaces are very challenging to
navigate as gradients cannot be used. Rather,
PYTHEUS uses domain knowledge in the form of
a new physics-inspired representation that is en-
tirely continuous.

These ideas have later been expanded by using
reinforcement-learning [45, 46], for quantum com-
munication [47, 48|, recurrent neural networks
[49], and deep generative models such as varia-
tional autoencoders [50] or logical AI [51]. Com-
pared to these tools, PYTHEUS uses direct opti-
mization on the outputs of a physical simulator
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and does not rely on learned simulators or strate-
gies. That makes it significantly faster.

Various quantum physics groups and compa-
nies have also developed simulators and optimiz-
ers since. A main focus there is on the design
of experimental settings for photonic quantum
computing [52-55]. One remarkable simulator is
Strawberryfields [53], which is focused on design
and optimization tasks for continuous-variable
photonic quantum computing and quantum ma-
chine learning tasks. Recent updates include
auto-differentiation which significantly speeds up
the rate of optimization. A related software pack-
age is [56], which allows for fast computation of
tasks related to Gaussian boson sampling. Com-
pared to these tools, the focus of PYTHEUS is
different. PYTHEUS is built for discrete-variable
quantum optics, and not targeted to photonic
quantum computing (or boson sampling tasks).
Furthermore, one main motivation is the inter-
pretability of the discovered results, which is
achieved via a topological optimization on the
graph-based representation.

An alternative methodology that focuses not
only on the design question but also on un-
derstanding the underlying physical concepts is
THESEUS [32]. There, the algorithm employs a
graph-based representation to describe photonic
experiments, and the final results are topologi-
cally simplified graphs that can be interpreted
and conceptualized in a much more straightfor-
ward way than representations that work directly
on the optimization of optical elements. Com-
pared to THESEUS, PYTHEUS expands this idea
and applies it to many new situations, inac-
cessible before, such as the design of quantum
measurement and communication setups via the
Choi-Jamiotkowski isomorphism.

Related work has shown how quantum com-
puters could overcome the enormous computa-
tional of designing quantum optical hardware
[57]. PYTHEUS relies, for now, on classical com-
puters, but recent hardware advances might en-
able the execution of tools like PYTHEUS on
quantum hardware [58].

2 Graphs and Quantum Experiments
The connection between quantum optical exper-

iments and graph theory was discovered a few
years ago [33-35] and has been further developed

as a design algorithm THESEUS for new quan-
tum experiments [32]. In the graph-experiment
representation, each colored weighted graph cor-
responds to a quantum experimental setup, and
vice versa. Each edge and each vertex of the
graph represent a correlated photon pair and a
photon path, respectively. Its complex weight de-
notes the amplitude of the photon pair, and the
edge color represents a photon’s internal mode
number for a given path, which corresponds to
the photon’s degree of freedom such as polar-
ization [59], path [10, 60, 12], transverse spa-
tial modes [61-64], time-bin [65] or frequency
|66, 17]. This abstract graph representation al-
lows us to have the full information of quantum
optical experiments and has been used for discov-
ering quantum states and transformations [32].
At first glance, it might seem that there is fun-
damentally no difference between the path de-
gree of freedom (which is encoded as vertices)
and the internal degrees of freedom of photons
(which are encoded as colors of edges). However,
this is only true information theoretically. Phys-
ically, the path degree of freedom is exceptional,
because it allows to add spatially separation be-
tween photons and thereby perform non-locality
experiments.

Here we significantly extend the bridge be-

Graph theory Experiment
color weighted graph quantum experiment
O path to photodetector
heralded optical path*
vertex A sir%gle pllloton source
S incoming photon
O ancillary photodetector
O number resolving detector
2{:}: environment interaction
color internal mode number
edge weight € C amplitude**
—— negative amplitude
o—0 correlated photon pair
A—O single photon path

Table 1: The correspondence between graph theory and
quantum experiments. *For some experiments one must
known the total amount of photons crossing a group of
optical paths (see section 4.4). This is clarified in the
graph figures with a gray envelop. **Unless the contrary
is specified, all weights are real values.
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tween graphs and experiments, which allows us to
perform design and discovery tasks for quantum
state generation (for pure and mixed states and
on the photon number basis), quantum measure-
ments, quantum communication protocols, and
gates for quantum computing. In Table. 1, we
show the correspondence between graph theory
and quantum experiments. The graph represen-
tation can be directly translated into different
experimental implementations. In the remain-
ing part of this section, we explain how these
graphs encode quantum states, and how to trans-
late them to experimental setups.

2.1 Quantum State Generation
2.1.1 Probabilistic Photon-Pair Sources

Probabilistic photon-pair sources, which are typ-
ically based on nonlinear processes such as spon-
taneous parametric down conversion (SPDC) and
four-wave mixing (FWM) [67], are one of the
most widespread resources to generate entangled
and correlated pairs of photons. A range of pho-
tonic quantum experiments using probabilistic
sources can be interpreted as a weighted colored
graph [32-35]. There, each vertex represents an
optical path to a detector and each edge refers to
the correlated photon pair produced by a prob-
abilistic photon-pair source. The edge weight is
the amplitude associated with the photons, and
the edge color describes the photon’s internal
mode number (i.c., the degree of freedom of a
photon). The connection between the graph and
the corresponding quantum state is given by the
weight function [32]

Bw) =3 —

—| X w@aenle) +he.|
m T \eeE(G)
)

where E(G) is the set of edges of the graph. The
quantum state is obtained by applying the weight
function to the vacuum, ie. [¢) = ®(w) |vac).
The term h.c. stands for hermitian conjugate,
which includes annihilation operators. As an ex-
ample of states using four path (i.e., a, b, ¢, and
d) with two-dimensional internal modes (i.e., 0
and 1) in Fig. 1, the ®(w) is given as

100 ;1 1.1
O(w) = Zﬁ(wa,,bagbg) + Wy bld]
N

+wlgcldh + wyiclal +he)V, (2)

_ (,,00 11 00 171y i
where w = (W}, Wy, W, /g» Wale) 18 a list of edge

weights w;Jy € C and \w;fy|2 < 1, the superscript
and subscript represent the mode number and the
optical path, respectively. zz is the creation oper-
ator of a photon in path z with mode k. The pair-
emission process is up to the N-order, and the
probability of occurrence for lower-order events is
higher than that of higher-order ones. In princi-
ple, the hermitian conjugate terms influence the
final state. However, for the low pump regime,
the effect of the annihilation terms is negligible
in many cases. For example this is the case when
the final state is conditioned on having a photon
in every detector. In all of the examples that we
present here, it is safe to neglect the annihilation
operators.

An alternative method to compute these sys-
tems in a non-approximate way is to follow
the Takagi decomposition (see [68], specifically
Eq.27) , which leads to reliable solutions also in
the strong-pump regime. Naturally, this method
is more expensive to compute. In our manuscript,
we do not need to use this more involved method,
as the low-pump approximation holds with high
accuracy. Experimentally, a common way to ob-
tain a quantum state is to condition the experi-
mental results on a simultaneous detection event
in each detector, which is also called the n-fold co-
incidence detection. In our graph representation,
this only happens when a subset of the edges con-
tains each of the n vertices exactly once (see the
subset of blue edges or red edges in Fig. 1), which
is the so-called perfect matching of a graph. For
the example in Fig. 1, we neglect the empty mode
and higher-order terms N > 2 to post-select the
quantum state. There are two perfect matchings
(two blue edges and two red edges) in Fig. 1,
which contribute to two quantum terms |0000)
and |1111). The weight of a perfect matching is
the product of all its edge weights. For each term
in a quantum state, the weight is given by the sum
of all weights of the perfect matchings that con-
tribute to it. Therefore, the weights for quantum
terms [0000) and [1111) are wg"gwg‘g and wijiw;_‘;,
respectively. In the end, a coherent superposition
of the two perfect matchings in the graph leads
to the post-selected quantum state, which is

) & wirpwesg [0000) + wibwyy [1111) . (3)

If we set all weights the same and normalize
the state, we can then reach a four-particle
Greenberger-Horne-Zeilinger (GHZ) state.
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Figure 1: An abstract graph representation of quan-
tum experiments producing GHZ states. There, edges
and vertices represent correlated photon-pair and opti-
cal paths, respectively. The edge colors and weights
w are mode numbers and complex coefficients. The
blue and red colors refer to the mode numbers 0 and
1, respectively. There are two perfect matchings (i.e.,
a subgraph that covers all vertices only once), and
their coherent superposition leads to a quantum state
[¥) = wypw?y [0000) + whiw;’y [1111) (without nor-
malization). We can get a four- qubit GHZ state by set-
ting all weights equal. The graph can be translated into
several quantum setups with different technologies, such
as entanglement by path identity or path encoding used
in integrated photonics or standard bulk optics (e.g., us-
ing polarization encoding). The squares I-IV are proba-
bilistic sources that create photon pairs. For clearer pre-
sentation, we draw the source in the color corresponding
to the mode they contribute.

Translation to Experiments — A colored
weighted graph can directly be translated into
several quantum optical experiments using dif-
ferent technologies [32], as shown in Fig. 1. The
most straightforward way is applying the con-
cept of entanglement by path identity [30, 29, 69],
for which the graph representation has initially
been designed [33]. In this scheme shown on
the left side of Fig. 1, paths of indistinguish-
able photons produced from multiple crystals are
overlapped, leading to a coherent superposition
of possible origins for a photon. Equipped with
the graph-experimental correspondence in Table
1, we now translate four edges and vertices into
four photon-pair sources and optical paths. Here,
we encode photon’s internal mode number in po-
larization such that blue and red edge colors in
the graph depict horizontal and vertical polariza-
tion, respectively. The four sources are set up in
such a way that two sources (blue edges) produce
photons with states [00) while the other two (red

edges) produce photons with states [11). We then
pump all sources coherently and consider that
two of the four sources produce a photon pair in
this example. Conditionally on perfect matching
or post-selection, we have only two cases (two-
photon pairs come either from the sources I and
II or from the sources III and IV) that contribute
to the final quantum state in Eq. (3). All other
combinations of sources do not lead to only one
photon in each of the detectors. For example, a
photon pair in crystals I and IIT leads to two pho-
tons in a, one photon in b, and ¢, but no photon in
d; therefore, this case is disregarded. If the mode
numbers are indistinguishable, one can observe a
new form of multi-photon interference, which has
first been experimentally observed in [22, 23] and
which forms the basis of many of the proposed
experiments below.

Another promising technology is using inte-
grated photonic, which usually uses path encod-
ing [9-12], where each photon’s one mode goes
to one detector, as shown in the bottom middle-
part of Fig. 1. In this example, each photon
has two path modes depicted in blue and red
colors, respectively. Therefore, one can con-
sider that each vertex in Fig. 1 actually con-
tains two sub-detectors that directly connect to
the paths for the photon’s two-mode numbers
(i.e., blue and red paths).
vated when only one of the two sub-detectors
clicks. In this way, perfect matching means the
situations where four sub-detectors click in either
blue paths or red paths, leading to the desired
quantum state. Moreover, one can also use the
standard bulk optics for generating photonic en-
tanglement [70, 71]. When the edges are in the
same color, which means the corresponding pho-
tons have the same mode number, one can use ei-
ther probabilistic beam splitters or directly path-
identified photon-pair sources to form the edge.
If the edges have different colors (for example,
two-mode numbers in Fig. 1), one can employ
mode-dependent beam splitters such as polariz-
ing beam splitters (PBSs) and transverse spatial
mode sorters [72, 1] to create an edge. With po-
larization encoding in the example, we can insert
a PBS between two cross-crystal sources |72], for
the state generation. Yet, such a translation is
not unique, and an expert may further simplify
the proposed setup.

The vertex is acti-
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Figure 2: Asymptotic solution for quantum experiments
producing a three-dimensional six-particle GHZ state.
All edges have weights k but those labelled as w. The
four perfect matchings of the graph lead to the quan-
tum state [¢) = k?w(|000000) 4 |111111) +(222222)) +
w?|002121). To minimize the amplitude of the unde-
sired term the weights must fulfill k2w > w®. Moreover,
k*w > k* to guarantee that (N> 3)-order terms from
Eq.(2) are also negligible.

Asymptotic Solutions — Until now, we know
that each perfect matching can contribute to
a term of the quantum state, and their coher-
ent superposition gives the desired state. With
the above graph-experimental link, one now ex-
pects to produce arbitrary multi-particle entan-
glement in high dimensions, e.g., a six-particle
three-dimension GHZ state. A GHZ state ap-
pears when all perfect matchings are disjoint, i.e.,
every edge is used only in one perfect matching
[33, 34]. However, it has been shown that it is im-
possible to construct a graph of more than four
vertices with only three disjoint perfect match-
ings [33, 34]. Fig. 2 exemplifies this point. Three
disjoint perfect matchings contribute to the de-
sired quantum terms. However, there is another
perfect matching that leads to an additional term
that is not part of the GHZ state (the so-called
Maverick term [33]). While we cannot fully erase
the term, and therefore achieve a GHZ state with
perfect fidelity, we can reduce the weight of the
undesired term. Yet, one must be cautious with
(N>3)-order terms from Eq.(2), since they also
need to be smaller than the GHZ state terms we
are targeting. These two constraints boil down
to the inequalities 2 > w? and w > k2, re-
spectively, which are both experimentally feasi-
ble. We call this and similar graphs asymptotic
solutions(Fig. 2) .

Ancillary Particles — Although there is a lim-
itation to the state generation with standard lin-
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o
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Figure 3: An abstract graph for producing a three-
dimensional six-particle GHZ state with two ancillary
particles. The diamonds along the edges represent that
the edge weights are negative. Vertices 6 and 7 depicted
by squares are for ancillas, which are in the same mode
number (e.g., blue color for mode number 0). Five per-
fect matchings in black boxes contribute to the three
terms in the desired GHZ state, while the rest of the
perfect matchings are destructively canceled out.

ear optics and post-selection in the graph repre-
sentation [34, 73|, one can further employ ancil-
lary particles to completely get rid of Maverick
terms [39, 74]. For example, assisted with two
ancillary photons, we can obtain the six-particle
three-dimension GHZ state (details see Fig. 3).
Additionally, to create quantum states with an
odd number of particles, one can just use some
odd numbers of photons produced from photon-
pair sources as ancillary particles [35]. We present
further examples in section 4.

2.1.2 Deterministic Single-Photon Sources

In the above section 2.1.1, we have treated an
edge in a graph as a probabilistic photon-pair
source (in general, as the correlated photon pair)
and a vertex for an optical path connecting
to a single-photon (non)sensitive detector. Ex-
perimentally, one can construct a single-photon
source that relies on a probabilistic photon-pair
source, where one photon is detected heralds the
presence of the other [18]. For example, the
single-photon source in path SPSy (SPS,) is con-
ditionally on the detection of only one photon in
the path d (c¢) using a probabilistic photon-pair
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Figure 4: An abstract graph for quantum experiments
producing a Bell state with single-photon sources. The
vertices SPS, and SPS,. described as triangles stand for
the incoming path for single-photon sources while ver-
tices a and b stand for the optical paths. No edges are
allowed between input vertices SPS; and SPS,.. The per-
fect matchings in this graph lead to a two-dimensional
Bell state. The corresponding experiments are listed be-
low. Experimentally, a single-photon source can be ei-
ther a heralded single-photon source implemented with
a photon-pair source and a photon-number-resolving de-
tector (PNRD) or a deterministic single-photon source
which can be an ideal quantum-dot-based source. In
this experiment, the two photons arrive at the same time
(and have the same wavelength, polarization, and spa-
tial mode) such that they are indistinguishable.

source and a photon-number-resolving detector,
as shown in Fig. 4. In the graph representation,
one can consider that there is an edge between the
vertex SPS; (SPS.) and a virtual vertex which
always needs to have exactly one incoming edge.
For simplicity, we can just use a input vertex (e.g.,
SPS, or SPS., without drawing its adjacent vir-
tual vertex) for such a single-photon source based
on a probabilistic photon-pair source, see Fig. 4.
There are no connecting edges between two input
vertices. The edge connecting to an input vertex
is reinterpreted as photons propagate towards a
detector (32, 75].

Interestingly, this can also be explained in
Klyshko’s advanced-wave picture, described as
“an intuitive treatment of two-photon correlation
with the help of the concept of an effective field
acting upon one of the two detectors and formed
by parametric conversion of the advanced wave
emitted by the second detector” [76, 77]. In other
words, we can treat an edge as a quantum infor-
mation transfer of one single system; thus, one
can describe many abstract quantum informa-

tion flows instead of just probabilistic photon-
pair sources. In general, our input vertex rep-
resentation is directly applicable to determinis-
tic single-photon sources such as the ideal on-
demand sources based on semiconductor quan-
tum dots [13-16] or multiplexed single-photon
sources [78]. Therefore, PYTHEUS can design ex-
periments that use single-photon sources.

2.1.3 Mixed States

So far, we have considered coherent creation pro-
cesses, resulting in pure states. However, exper-
imentally it is possible to introduce incoherence.
Whenever distinguishing information about the
quantum state escapes from the experiment to
the environment, a partial trace of the density
matrix is performed, producing a mixed state.
This fact can be used systematically in the graph
representation. To do so, we dedicate one of the
vertices as the environment (environment vertex).
We produce the full quantum state

|l/}> = WJU> |O>env + W)l) |1>env + W}Z) ‘2>env te

(4)
Then, tracing out the environment contribution,
we obtain

p = [to) (ol + [¥1) Wl + [v2) (Wl + ... (5)

We illustrate this procedure by a simple exam-
ple in Fig. 5. From a graph that produces

[v0) = 1000)gpc [0)eny + [111) o D) e+~ (6)
we trace out the last photon obtaining
pooorrr = |000) (000] + [111) (111].  (7)

This procedure is experimentally achieved by
using detectors that do not distinguish between
the modes in vertex env. For example, if spatial
modes are used, one can use a wide-area pho-
ton detector or multi-mode fibers in front of the
detector. If the time degree of freedom is used
to encode the mode numbers, one can integrate
over the entire time such that one cannot dis-
tinguish between time-bins. Doing so, we intro-
duce mixedness and recover the state in Eq. (7).
Similarly to the translation in 2.1.1, we can also
translate the graph for creating mixed states into
different schemes, as shown in Fig. 5. Therefore,
PYTHEUS can be used to design experiments for
complex and interesting mixed states.
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Figure 5: An abstract graph for producing mixed states.
The detection paths were labeled a, b, ¢, and env, and
internal modes described in blue and red are mode num-
bers 0 and 1. A mixed state can be generated by using
one of the vertices as the environment (vertex env in this
example). Experimentally this could be implemented by
measurements that do not discriminate between the pho-
ton modes, for instance, detectors with a large active
area. The corresponding setups for the graph are listed
below.

2.1.4 States Entangled in the Photon-Number
Basis

Fock states containing a fixed number of parti-
cles in a given spatial mode form a complete basis
for many-body Hilbert spaces. The superposition
of Fock states brings, among others, the well-
known NOON states [79, 80| that promise many
advantages such as the best-possible quantum-
enhanced precision, super-sensitivity and super-
resolution [81, 8]. The N-particle NOON state is
(up to normalization)

INOON)Y = [N, 0 +10,N) 0, (8)

where the subscript number 2 means there are
two paths (e.g., a and b), |0) indicates an unoc-
cupied mode. The concept of the NOON state in
Eq. (8) can be extended to a multi-mode case,
where N particles are distributed in one of sev-
eral optical paths [82, 83].

We know the total number of photons N going
through a set of optical paths, but in contrast to
the previous sections, we ignore how many pho-
tons occupy each of the paths. Therefore, perfect
matchings are not the only contributions to the
final state that we must consider. Here, we need
to compute all combinations of edges that lead to
a total number of N photons for a given set of all

Figure 6: Graphs for producing \NOON)% states and the
related experiments. On the left side, the graph with two
blue edges (i.e., two self-loops) is for a path-entangled
NOON state (|2,0), , —[0,2),,)/V2. We translate this
graph into several setups (below the graph). The se-
tups using path identity or path encoding are the same
in this case. With bulk optics, one can achieve the
state with a Hong-Ou-Mandel interferometry [87, 20],
where two identical photons enter a 50:50 beam splitter.
One can also perform such a state in polarization, i.e.,
(12,0) g7y — 10, 2)y, 1)/ V/2 on the right side. The blue
and red colors are, respectively, for horizontal and verti-
cal polarization. The coherent superposition of blue and
red self-loops gives the NOON state. Its related setup is
described below the graph. There either two horizontally
polarized photons (blue edge) or two vertically polarized
photons (red edge) are in path a with a single-photon
sensitive detector.

optical paths. This includes combinations with
repeated edges, which represent multiple photon
pairs from the same source, and self-loops, in
which a source produces a collinear photon pair
[84, 85]. Moreover, for some contributions there
can be vertices with degree zero, as long as the
total number of photons — the total degree —is V.
The conditioning on the total number of photons
must be considered when employing the NOON
states in metrology experiments, as described in
previous work [8, 86].

As an example, we show a graph for the
[NOON)2 state in Fig. 6. In this case, the total
photon number is N = 2. All edges are in the
same color, thus corresponding to the standard
path-entangled NOON states. A self-loop edge
indicates that there are two photons in its con-
nected vertex. Thus the coherent superposition
of two photons being in one of the two vertices
(one of the self-loops produced a photon-pair, but
we ignore it) leads to a coherent superposition of
[2,0),, and [0,2),,, i.e., a two-mode two-photon
NOON state. One can now translate the graph
into quantum experiments, similarly, as we did
in section 2.1.1. In this example, the setups us-
ing entanglement by path identity and path en-
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Figure 7: Graph for producing |NO0N);’ state with an
additional ancillary particle. The total photon number
(including ancillary one) for each component in the state
is four. There are six combinations of two edges that
cover the ancillary vertex only once. Two of them (black
box) contribute to the required terms |3,0) and |0, 3),
and the others (|2, 1) and |1, 2)) inside the red box cancel
out.

coding are the same. With bulk optics, one can
use probabilistic beam splitters that provide the
mixing between the two input photons, to bunch
two photons in one of the two optical paths a
and b, which is the well-known Hong-Ou-Mandel
(HOM) effect [20, 87]. Moreover, we can also gen-
erate such a NOON state in polarization or trans-
verse spatial modes instead of the path; see Fig. 6
for details.

As for the previous states, ancillary paths can
assist in the creation of states on the photon-
number basis. Here we condition the final state
on the existence of a total number of photons
in the non-ancilla detectors but, again, the an-
cilla paths are reached by single photons. Fig. 7
shows an example in which the ancilla (vertex 3)
receives only one photon, and the other two de-
tectors get a total of three photons.

2.2 Quantum Communication

In future quantum networks that connect indi-
vidual users with quantum resources and quan-
tum computers, the distribution of quantum en-
tanglement is essential. One key concept used in
quantum communication in quantum networks is
entanglement swapping [88, 89|, where two qubits
that never interacted can be entangled. This pro-
vides an important route for interesting tests of
quantum foundations and plays an indispensable
role in quantum technology such as quantum re-

BS

Figure 8: An abstract graph for entanglement swapping.
On the right, an experimental setup for entanglement
swapping is shown. The two particles a and d are en-
tangled when two ancillary detectors click. A common
source of particles a and d (as shown crossed out below
the setup) would circumvent the point of entanglement
swapping. The two particles are to be entangled with-
out having interacted with each other. This restriction
manifests in the graph corresponding to the experiment
(shown on the left). An edge between the vertices a and
d (dashed line) is not permitted.

peaters [90]. PYTHEUS allows us to explore new
directions that could lead to solutions that re-
quire fewer resources than current techniques or
are implemented in surprising ways. Many quan-
tum network communication tasks have been ex-
perimentally implemented [89, 91-93], thus the
new solutions by PYTHEUS can readily be imple-
mented in laboratories.

We are interested in finding experimental se-
tups for creating entanglement between particles
that have not interacted or originated from a
common source. With PYTHEUS this can be
done for scenarios involving higher dimensions
and multiple particles. Finding the correspond-
ing graph works analogously to the state gener-
ation task shown in section 2.1, but comes with
extra constraints on the graph. We set an entan-
gled state (e.g. two particles in a Bell state) as a
target for the optimization. The experiment cor-
responding to the resulting graph should create
this state. To ensure that the two particles have
no direct interaction, the graph must fulfill the
following additional constraint. It should have no
edge connecting the two corresponding vertices.
Such an edge translated to a photon pair source
would mean that the two photons could come out
of the same source. This is shown in Fig. 8. Sim-
ilarly, the connection of two vertices to the same
single-photon source vertex implies that they can
not be space-like separated. Such constellations
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Figure 9: An abstract graph for Bell state measurement.
A measurement event happens if the photons inl and
in2 are in the Bell state [U'~). Simultaneous clicks in the
detectors D1 and D2 signify a successful Bell measure-
ment. The corresponding setup is given for the graph,
which is a typical Bell state measurement setup.

would not be valid for entanglement swapping,
either. In the same way, as for incoming photons
(single photon sources or input photons), the con-
straints are enforced by removing the edges from
the starting graph.

Approaching these tasks with PYTHEUS makes
it possible to explore new ways of distributing
entanglement. We show the examples found by
PYTHEUS in section 4.

2.3 Quantum Measurements

A graph may also be interpreted as a quantum
measurement on an input quantum state. Such
measurements are of utmost importance in many
quantum communication tasks, for example, a
Bell state measurement for quantum teleporta-
tion. The goal of measurements here is to distin-
guish different orthogonal incoming states, e.g.,
in the case when all detectors click simultane-
ously. Photons entering the experiment through
input paths are represented analogously to single-
photon sources introduced in section 2.1.2. An
input photon corresponds to one vertex in the
graph. An edge connecting an input vertex
to a detector vertex corresponds to the photon
traveling to that detector, following Klyshko’s
advanced-wave picture [76] as explained in sec-
tion 2.1.2. The same constraints apply, excluding
edges connecting two vertices belonging to input
photons.

As an example, we show a graph in Fig. 9 for
the well-known Bell state measurement (BSM)
[94, 95], which plays an important role in many
quantum information tasks. When the two detec-
tors click, the incoming photons are projected to
one Bell state |¥~), which can be seen as the gen-

eration of a state given by a superposition of the
two perfect matchings in the graph. To search
for an experimental setup for measuring a par-
ticular state, we let PYTHEUS search for a graph
that would produce the state under consideration
of the topological constraints on the graph. The
graph in Fig. 9 interpreted as state generation
would produce the state |¥~) under the condi-
tion that there is no connection between vertices
inl and in2.

With a graph that ‘produces’ the state |¢);..
we can effectively perform a projective measure-
ment (Py = [¢)¢| and Py = I — |p)p|) on the
input photons. A coincidence of all detectors cor-
responds to the output 0 and any other pattern
is interpreted as output 1.

The representation of measurements in terms
of graphs constitutes an extension of the previous
interpretation given in [32]. This allows us to
use PYTHEUS for the discovery of measurement
setups for any state and various constraints and
conditions.

2.4 Quantum Computation

Quantum gates are a crucial building block in
quantum computation [96, 97]. A quantum gate
performs a unitary transformation on an input
state. These transformations can also be inter-
preted in terms of graphs. In these graphs, similar
to measurements (described in subsection 2.3),
the input photons are described by designated
Likewise, we impose restrictions on
which types of vertices can be connected by edges.
Photons exiting the setup (output) are also rep-
resented by vertices, as in state generation. Addi-
tional ancillary photons can stem from probabilis-
tic photon-pair sources and single-photon sources
can also be involved. With PYTHEUS we can
search for arbitrary quantum gates under a wide
range of experimental conditions.

vertices.

A target unitary quantum gate acting on an
N-dimensional Hilbert space is specified by how
each element of an orthonormal basis transforms.
One canonical example in quantum gates is the
controlled-NOT (CNOT) gate, which acts on two
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Figure 10: An abstract graph for a quantum CNOT gate
shown on the left side. The right panels show the cor-
responding setup for a CNOT gate, which was realized
by [98].

qubits and is described by the mapping:

|00) — |00},
[01) — |01},
[10) — [11),
[11) — [10).

To find this gate, we let PYTHEUS search for a
graph that would produce the state

|00) [00) + |01) [01) + |10) [11) + |11) [10); (9)

under consideration of the topological constraints
on the graph (no connections between input pho-
tons). In Fig. 10, we show an experimental setup
realized [98] together with its graph representa-
tion.

Photonic quantum gates fall into two main cat-
egories [99]. In a post-selected gate, the outgoing
photons are detected directly after the gate. This
ensures that there is exactly one photon in each
path after the gate [100-107]. Because possibili-
ties where two outgoing photons enter the same
path are excluded, fewer experimental resources
are required. However, this procedure destroys
the outgoing state, and the particles can not be
used further. The second category is heralded
gates [98, 108-113], where only ancillary photons
are detected, and the outgoing photons of the
gate remain undetected. These gates are ulti-
mately more useful since the output state can be
used further. A graph for a heralded quantum
gate is harder to discover and needs more exper-
imental resources since the looser selection rules
can lead to more unwanted terms. Both types of
quantum gates (post-selected and heralded) can
be represented with graphs and thereby be de-
signed using PYTHEUS. Terms produced in post-
selected experiments are represented by perfect

matching, and terms produced in heralded ex-
periments are represented by collections of edges
that cover the ancillary vertices.

The ability to perform design for quantum
measurements and quantum gates relies on an
idea that state generation and state propaga-
tion are closely related [32]. In the experimental
quantum optics community, this idea is known as
Klyshko’s advanced-wave picture 76, 114], while
in the quantum information science community
it is often referred as Choi-Jamiotkowski isomor-
phism [115].

3 The PyTheus Library

Starting from a dense or fully connected graph,
PYTHEUS uses gradient descent combined with
topological optimization to find minimal graphs
corresponding to some target quantum experi-
ment. The PYTHEUS library greatly expands the
range of applications of its predecessor, and it
is significantly faster 7. The package is written
in Python and is available on GitHub for fur-
ther applications and development of the source
code. The graph encoding is compatible with
other tools such as The Walrus[56], a library
to (among other applications) compute perfect
matchings from the graphs’ adjacency matrix. 4.

PYTHEUS applications range from the creation
of quantum states to the design of quantum com-
munication protocols. While diverse, all these
tasks are performed following the same steps, il-
lustrated in Fig. 11. In this section, we explain
the software workflow, which kind of loss func-
tions we employ, and how to start using PyTheus.

Workflow Overview — The Instruction Set file
details what we want (e.g., a quantum state or a
communication protocol) and some instructions
about how to get it. The latter includes the entire
allowed topology of the final solution, such as the
type of photon sources/detectors and ancillary
particles, how many of each we have, or which po-
larization modes can be used. It also contains the

JFor an eight-dimensional three-particle highly-
entangled state (SRV(8,5,3)) PYTHEUS was almost five
times faster than the current state-of-the-art method
[32].  Examples of higher particle numbers were not
readily available for the previous method, but we expect
increasingly higher advantages for PYTHEUS.

“The loops’ weights in the adjacency matrix must be
multiplied by 2.
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Figure 11: The PYTHEUS workflow. From the number of vertices and available dimensions, PYTHEUS builds the
initial graph, which is fully connected except for vertex 3, which is only connected to its nearest neighbors. We impose
this based on previous knowledge, but other constraints may arise depending on the available tools. Computing all
the graph’s perfect matchings, we find the more general state that the initial graph can produce: [¢)(w)). As the loss
function, we choose the Fidelity of the state [¢) with respect the target: |GHZ). Aiming for an interpretable graph
with perfect fidelity, we iterate the weight optimization with the edge removal until we find the simplest graph that
produces |GHZ) = |1)(ws)). The available resources, the loss function and further optimization details are specified

in the Instruction Set.

Loss Function to minimize (fidelity, count rate, or
other metrics) as well as further optimization set-
tings. In the example of Fig. 11, we want to ob-
tain a post-selected six-particle, two-dimensional
GHZ state, |GHZ)2 = 000000 + [111111). We
employ 6 standard photodetectors and the pho-
ton pair sources described in section 2.1.1. In
this example, we also specify further topological
constraints of the final solution (thus of the initial
graph) — here, vertex 3 must not have connections
to vertex 0, 1 and 5.

The experimentally available topology speci-
fied in the instruction set lead to the Initial
Graph. This weighted graph represents all possi-
ble states/experiments that can be produced with
the available resources. The number of vertices,
the type of edges, or which vertices can be directly
connected are some of the Topological Constraints
that one can impose on the graph or that may fol-
low from the available tools or from the task we
want to implement — the sources described in sec-
tion 2.1.2 and the protocols from section 2.2 are
representing examples. On the initial graph of
Fig. 11 the six vertices are connected with bicol-
ored edges and based on previous knowledge, we
only connect vertex 3 with its nearest neighbors.

From the initial graph, G(w), we can compute
the more general state produced by the weight
function ®(w) acting on the vacuum (see Eq. (2)).
However, we do not consider the infinite terms

produced by ®(w), we only compute the creation
events which fulfill certain Conditional rules. For
example, in Fig. 11 the post-selection rule results
in terms for which all detectors click. These cre-
ation events are represented by the graph’s per-
fect matchings, and produce a coherent superpo-
sition of kets leading to the state [¢)(w)). We can
specify more complex conditioning rules, which
will be relevant, for example, for NOON states.
There, we condition on states with a total final
photon number in the output nodes. The con-
ditioning rules are imposed by experimental cir-
cumstances 2.

Once we extract a general state |¢(w)) from
the initial graph, we can optimize it according to
some Loss Function. As in Fig. 11 we seek a par-
ticular state, |GHZ), we maximize the Fidelity of
our state accordingly: F = |(GHZ[y(w)) |2. To
find a specific states we can also use the Count
Rate, a metric that approximates how often our
experiment produces such a state. Alternatively,
we can maximize physical properties like entan-
glement rather than looking for a specific state.
To perform quantum information tasks like mea-
surements or communication protocols, we must
translate each task into a state creation process
— see sections 2.3, 2.2, and 2.4 for further details.

If the available experimental resources suffice,
by optimizing the weights, we will find a graph
that satisfies our needs. However, the opti-
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mal solution is not unique, and even if many of
the weights vanish, we will likely obtain a very
dense final graph, which will be hard to inter-
pret. Therefore, to extract useful insights from
our setups, we must simplify the graphs as much
as possible, alternating the optimization of the
weights’ values with the removal of edges. This
Topological Optimization will lead us to a simple
graph, for which the removal of any additional
edge would unacceptably raise the loss function’s
value.

For some graphs, like the one shown in Fig. 11,
no smaller graph can produce the target state
[33]. However, in most cases, it is challenging
to ascertain whether there exists a simpler solu-
tion, especially when we choose to optimize for
real weights instead of complex ones. With re-
spect to these subtleties, following the workflow,
we first generate graphs with abundant ancillary
particles and reassess the results with the goal of
reducing the number of resources. Using this pro-
cedure, we propose one hundred experiments to
be realized in quantum optics.

4 Hundred Experiments

In the following, we introduce one hundred exper-
iments conceived by PYTHEUS. A broad catalog
of designs that, hopefully, will contribute to mul-
tiple branches of quantum optics, including quan-
tum computing, communications, and quantum
sensing. For each proposed experimental setup
which is new and has not been described in any
theoretical or experimental paper, we mark the
corresponding graph with a
counting from 1 to 100. The weights of each
graph can be found in the GitHub repository, to-
gether with the instruction sets used to search
them.

We start by showing seven highlights from our
discoveries in Table. 2.

(a) A multi-photon entangled state that goes be-
yond the barrier of 3-dimensions [34]. It re-
quires only two ancillas and has a small num-
ber of edges which makes it a very promising
proposal for practical application, and obser-
vation of new properties at the foundation of
quantum mechanics [116].

symmetric, makes use of 3 ancillas.

(c) A post-selected 3-photon control gate (or
Toffoli) that does not require any ancilla
photons.

,\
2

A 4-photon qubit quantum state with equal
coefficients ¢ = %, that requires the ra-
tio between certain weights to be the golden
ratio.  Alternatively, a lower number of
complex-weighted edges can also lead to such

state.

(e) A previously unknown quantum measure-
ment scheme that allows the experimental
implementation of a quantum communica-
tion protocol, the Mean King problem, pro-
posed in 1987 [117].

(f) A very surprising form of quantum entangle-
ment swapping, which does not rely on the
generation of two Bell pairs and a Bell state
measurement.

(g) Experimental setup of a 2-photon mixed en-
tangled state that falsified the Peres conjec-
ture [118]. The state is bound entangled (its
entanglement cannot be distilled), however,
it can be used to violate Bell’s inequality
[119, 120]. This could lead to an experimen-
tal falsification of the Peres conjecture.

4.1 Generation of Entangled States

In this part, we propose ways to generate en-
tangled states, which play an important role not
only in our understanding of entanglement and
the non-local nature of quantum mechanics but
also in many quantum information applications.

4.1.1 GHZ States

Bell’'s theorem shows that Einstein-Podolsky-
Rosen’s propositions about local realism [121] are
inconsistent when we apply them to quantum sys-
tems of two particles, revealed by the violation
of the Bell inequality with quantum mechanical
statistical correlations [122]. In the late 1980s,
Greenberger, Horne, and Zeilinger took a step
further from two to three particles. Interestingly,
with a tripartite quantum system, local realism
can be violated by quantum mechanics with per-
fect correlations rather than statistical correla-

(b) The generation of a two-mode NOON state tion, and one can completely dispense with in-
with 5 photons. The associated graph, very equalities [123, 124]. It enables the performance
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(a) 4-dimensional 4-photon 2-mode

(b)

5-photon (¢c) Post-selected CNOT

exact solutions).

3

(d) A 4-qubit entangled
state which requires weights
with the golden ratio (or
complex-valued) to be gen-

GHZ state (asymptotic and

NOON state [50) + |05)
(symmetric graph with
an inscribed pentagram).

quantum gate acting on
a qutrit target with two
ancilla photons

3

(e) Quantum measurement
for a quantum communi-
cation task with quantum
advantage (Mean King’s

(f) Entangling photons that
never interacted (related
to entanglement swapping)
without initial Bell states.

3

(g) Mixed state with bound
entanglement that violates
Bell inequality (counterex-
ample to the Peres con-

erated. Problem).

jecture from 1999, solved
2014).

Table 2: A collection of seven diverse highlights, each of which is interesting in its own right.

of experiments where the quantum physical pre-
dictions are mutually contradictory with expecta-
tions based on local realism [125]. Such a GHZ
state forms an important class of entanglement
and its generalization is given as

d 1 « -\ ®n
IGHZ), = 75 ;0 [7)*" (10)
where n denotes the number of particles and d is
the dimension for each particle.

Increasing the number of particles and dimen-
sions in the GHZ states not only enlarges the
Hilbert space but also leads to many new excit-
ing classically paradoxical phenomena [126, 116,
127|. Besides their fundamental interest, high-
dimensional multiparticle GHZ states have also
served as an important resource for many quan-
tum information applications [128].

With the size and dimension increasing, it is
very challenging to know how to experimentally
create GHZ states. Experimental progress has
been made in this direction to push the size

and dimension, especially in the linear optics
regime [70, 71, 129, 28]. Until now, only the
three-particle three-dimensional GHZ state has
been demonstrated with linear optics 28| and su-
perconducting qutrits [130]. Going beyond the
\GHZ)g state with arbitrary particle numbers and
higher dimensions will give rise to exciting new
possible quantum applications and new insights
on the foundations of quantum mechanics. This
remains to be explored, in any experimental plat-
form.

PYTHEUS enables the discovery of many
new multi-particle high-dimensional GHZ states
for which no experimental implementations are
known yet. That includes the 3-particle GHZ
state for 4, 5 and 6 dimensions (1)(2)(3).
the 2 solutions (asymptotic and exact) for the
4-particle 4-dimension GHZ state (4)(5), and
the 5-particle GHZ state for 3 and 4 dimensions
(6 )(7), as shown in Fig. 12.
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|GHZ);

|GHZ);

Figure 12: High-dimensional multiparticle GHZ states
with ancillas. The weights here in these graphs are real
numbers and the diamonds inserted in the edges rep-
resent the negative sign. The vertices in square refer
to the detection of an ancillary photon. For the state
\GHZ):: we have two possible solutions.

4.1.2 Bell Gems

Bell states offered the first proof of the non-
locality of quantum mechanics. Later on, they
became the cornerstone of many quantum com-
munication schemes and are nowadays widely
used in quantum computing.  These maxi-

mally entangled bipartite states, described in the
Hilbert space Ho ® Ha, can be generalized for
more particles and dimensions in multiple ways
while keeping their main properties [131].

In 2004, Gregg Jaeger suggested a generaliza-
tion for sets of 2V qubits, the Bell Gems [132].
To construct these states we need to pick a pair of
orthogonal states |a) and |3) from the Bell basis:
|®%) = |00) +|11) and |¥F) = |01) + [10). Then,
we iterate the following mappings in all possible
ways:

{la);18)} = (
fla),18)} = (

a)ly £68)18))  (11)
a)[p) £ 1) |a))  (12)

Therefore, for 2V qubits, we get a basis of 22"
states. For the case of a pair of 3 dimensional
Bell states 84 states exist. Fig. 13 shows how to
generate one of these high-dimensional Bell gems

which, up to normalization, reads
|GEM) = [vha) [¥0a) + [p) [t6) + [2e) [t0c) , (13)

where [2) = [00) + |11) + [22), i) = [01) +
[12) + 20), and |2e) = |02) + |10) + [21).

Figure 13: Graph corresponding to the creation of a 3
qutrit Bell gem.

4.1.3 Nine Ways to Entangle Four Qubits

In 2001, F. Verstraete et. al. [133] introduced
a classification of any form of entanglement be-
tween 4 qubits into nine categories. Their clas-
sification establishes an equivalence relation be-
tween states generated by reversible stochastic lo-
cal quantum operations assisted by classical com-
munication (SLOCC) operations. States inside
the same category can perform the same quantum
information tasks, albeit with different probabil-
ities.

Out of the nine categories, six of them include
well-known quantum states: a separable state of
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4 qubits, the W states of 3 and 4 qubits, the prod-
uct of 2 Bell states, and the GHZ states of 3 and
4 qubits. For the 3 qubit states, the fourth par-
ticle is separable (like an ancilla). Fig. 14 shows
the graphs to produce these states.

|GHZ)3

‘GHZ>4

Figure 14: Six well-known examples from different en-
tanglement categories described by Verstraete et. al.
[133]

The remaining three categories, out of the ini-
tial nine ones, refer to less-known ways of en-
tanglement. Verstraete’s work refers to them
as Lg,, L05$§. and LOmT In Fig. 15
a graph for each category, producing the states

(o)o)(1)

we see

|La,) = [0001) + [0110) + 1000) , (14)
|Lo,..;) = 10000) +[0101) + [1000) + [1110)
(15)
‘L7®T> =10000) + [1011) -+ [1101) + [1110) .
(16)

4.1.4 Quantum Error Correction

The path to the quantum computer requires
qubits with low error rates independent of their
realization platform. However, dealing with noise
on any platform is inevitable. Thus, we need
error-correcting codes to protect the information
and achieve fault-tolerant quantum computation.
This is where Logical Qubits play a crucial role.

Logical qubits are sets of N physical qubits
that define two orthogonal states |0z) and |1z).
These states are defined in such a way that errors

Lo~ Lo,

5®3 78T

Figure 15: Graphs for L, LUSSE, and LU-/@T'

in the physical qubits can be detected by apply-
ing a set of global measurements. These mea-
surements will produce a different combination
of outcomes for each potential error, allowing its
correction. The graphs from this section produce
3 well-known logical qubits to detect and correct
arbitrary errors on single qubits.

The first one, the Shor code [134], employs 9
physical qubits to define

08} = (000) + [111))%, a7
1) = (Jooo) — iy, 1s)

The second example, the Steane code [135], em-
ploys 7 physical qubits
|0f”) = 10000000} + [1010101) + [0110011)
+ ]1100110) + |0001111) + |1011010)
+10111100) + 1101001}, (19)
7
7y = xo7 o) = x [of”) . (20)
We go from the logical qubit to the other by ap-
plying a logical gate X, that is, by applying a
Pauli X gate on each physical qubit.

The third and last one, with only five physical
qubits [136], is the Laflamme code

1057 = 100000) + [11000) + |01100) + 00110)
+00011) + [10001) — [10100) — [01010)
—]00101) — [10010) — [01001) — [11110)
—]01111) — |10111) — [11011) — [11101)

(21)

1) =X o) = X1 [of). (22)

These two logical qubits constitute the smallest
error-correcting code resilient to arbitrary single
qubit errors [137].

Fig. 16 shows the graphs for producing each of
the logical 0 states for 5, 7, and 9 physical qubits.
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o)

Figure 16: Graphs for generating the logical 0 state using
5, 7, and 9 physical qubits (+ ancillas, which are in a
fixed state).

For the Shor code, the second logical qubit state
can be obtained by multiplying the weights of
every bicolored edge by -1 (or alternatively,
taking the 3rd, 6th, and 9th qubits and applying
a minus at each red incoming edge). For the
other two codes, one can obtain the graphs
associated with the logical 1 state by switching
the colors blue and red. Such transformation is
equivalent to applying the gate X on each qubit,
the logical Xr,.

4.1.5 Products of W States

Previous work with the graph representation
showed how to create W states for an arbitrary
even number of qubits without using any ancilla
[35]. On the other hand, to generate a W state
with an odd number of qubits, we always needed
at least one ancillary detector. Accordingly, if
we want to duplicate such odd-qubit states, we
can simply duplicate the graph together with the
ancillas. However, this straightforward method
is not the most efficient, at least for the states
[W3)®2 and |[W5)®2. As shown in Fig. 17, these
two states can be obtained without using ancillas

aas)

Figure 17: Graphs for generating the states “/Vg>®2 and
[W5)®? without ancillas.

4.1.6 Dicke States

The equal superposition of every N-qubit state
containing a single [1) gives us the W states.
These states can be generalized, superposing all
permutations of N qubits with exactly & |1)s.
They are the Dicke states

(N — k)!
[0k =\ S oy e,
3

(23)
where Y; P;(-) stands for all possible permuta-
tions of k |1) among N qubits. These states,
which have applications in multiparty quantum
communication and quantum metrology [138—
141], can be produced for an even number of
qubits with a general graph introduced in previ-
ous works [35]. Here we produce a pair of Dicke
states with an odd number of qubits and two ex-

citations (see Fig. 18).

102) 1)

Figure 18: Dicke states with two |1) for five and seven
qubits.

Moreover, there exists a generalization of Dicke
states for higher dimensions [142]. Given a set of
integers {k;}, such that >, k; = N, we describe
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its corresponding d-dimensional Dicke state as

ID(N, (ki) = | LR § oyt

N!
|d7 1)®k‘d—1)
(24)
where >; P;(-) stands for all possible permu-
tations of the N qudits. In Fig. 19 we plot

the graphs that produce the 3-dimensional Dicke
state with three particles

|D(3,(1,1,1)) =]012) 4 |021) + |102)
+]120) + [201) + [210),  (25)
and with 4 particles (with uneven coecfficients
{k:})
|D(4,(2,1,1))) = ]0012) + [1200) + [1020)
+(0102) + |1002) + [0120)
+10021) + |2100) + 2010)
+10201) + ]2001) + (0210} .
(26)

After plotting the results found by PYTHEUS
to generate the last two states, we found a pat-
tern on the graphs that led us to states like
|D(5,(2,2,1)) and |D(4,(1,1,1,1))): We start
taking a fully connected graph of N particles,
in which the vertices are connected by 2 bicol-
ored edges, blue-red and red-blue, indicating two
modes (the same as in Ref. [35]). Then one can
add ancillas that are connected to the N first
particles by bicolored edges, one for each of the
N particles. These new edges introduce more
modes, leading to the following series of states
for an even number of particles, 2k:

0 ancillas, 2 modes — |D(2k, (k, k)))
2 anc, 3 modes — |D(2k, (k, k - 1,1)))
2 anc, 4 modes — |D(2k, (k- 1,k - 1,1,1)))

2(k - 1) anc, 2k modes — |D(2k, (1,---,1)))
For an odd number of particles, 2k+1, starting
with 1 ancilla, we obtain

1 anc, 3 modes — |D(2k+1, (k,k,1)))
3 anc, 4 modes — |D(2k+1, (k, k - 1,1,1)))
3 anc, 5 modes — |D(2k+1, (k- 1,k - 1,1,1)))

2k - 1 anc, 2k+1 modes — |D(2k+1, (1,---,1))).

|D(5,(2,2,1))

|D(4,(1,1,1,1)))

Figure 19: The three-dimensional Dicke states for three
and four particles (top) were found by PYTHEUS. The
2 graphs in the bottom row were manually produced
following the observed pattern.

4.1.7 Yeo-Chua State

In 1993, Bennett et. al. showed how to use Bell
states to teleport arbitrary and unknown single-
qubit states [143]. Going one step further, Yeo
and Chua developed a protocol to teleport un-
known states of two qubits [144], and instead of
using Bell states, they employed the Yeo-Chua
state

@) |v o) =10000) —0011) — [0101)
+]0110) + |1001) + |1001)
+]1100) + |1111) . (27)
This highly entangled state can be produced with
the graph of Fig. 20.
4.1.8 Complex Weights as a Resource
Exploring the applicability range of PYTHEUS,

we searched for four-qubit states of the form

[1) = ¢1 [0000) + cg [0001) + ... 4 ¢16 [1111),
(28)

where ¢; € {0,1}. A total of 2'6 — 1 = 65535
states. Graphs with +1 weights suffice to produce
most of the states, many of them do not even
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Figure 20: Graph for generating the Yeo-Chua state.

require interference. Yet, some states, such as

1) = 0011) + [0100) + [0111) + |1000)
+ [1100) + |1101) + [1110), (29)

require not only destructive interference between
creation terms, but very specific ratios between
the weights. In particular, the weights to produce
the state (29) make use of the Golden Ratio, since
they must fulfill the expression

z*+a=1 (30)

The graph that employs the golden ratio is shown
in Fig 21, and similar graphs can produce a
whole family of 64 states which are equivalent
under permutations and bit-flips. However, there
is an alternative complex-weighted graph, with
less edges, to produce these states. As shown
in Fig 21, the absolute value is the same for
all weights and the interference patterns due to
the complex phases are shown in Fig 22. Even
thought they are computationally more expensive
to obtain, complex-weighted solutions can pro-
vide new interesting designs.

4.1.9 Single Photon Sources for State Creation

Significant progress has been made toward us-
ing deterministic single-photon sources in quan-
tum optics experiments during the last years
[13, 78, 18]. In this section, we present graphs
corresponding to quantum experiments for the
creation of several highly entangled states us-
ing single-photon sources. Deterministic sources
do not suffer from the same trade-off between
high fidelity and high count rate as probabilistic
sources. When using deterministic sources, the
number of photons required can be smaller than
with probabilistic sources [145, 146].

3 3
Real solution Complex solution

Figure 21: Graphs for the four-qubit state defined in
Eq. (29). The left solution employs the golden ratio and

the right one complex weights.
T T [ /
¢ o l ¢ /

e}

\ o—T1=0°
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=
=

AN
‘ A

lmzmzo s
RN N
/f XA

Figure 22: Perfect matchings of graph shown in Fig. 21
for the state defined in Eq. (29). w = ¢™/%. Each
green box contributes one term of the state. The per-
fect matchings in the orange boxes interfere destruc-
tively. It is especially notable that the weights of the
two |0111) perfect matchings (bottom right) are com-
plex conjugates and add to one as w? +w™2 = 1.

Post-Selected We have found graphs for cre-
ating different GHZ states with single-photon
sources as a resource. One can create a six qubit
GHZ from six input photons , a four qutrit
GHZ state from six input photons (23 ), as well
as the same four qutrit GHZ state from a com-
bination of two single photon sources and two si-
multaneous SPDC events (see Fig. 23).

Heralded — There have been proposals for the
creation of multi-particle high-dimensional entan-
gled states from single photon sources using dis-
crete Fourier transform [74]. In Fig. 24 we show a
graph , which achieves a heralded Bell state
using two ancillary photons without the need for
photon-number-resolving detectors with almost
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|GHZ)} (hybrid)

Figure 23: Graphs corresponding to the creation of
three-, four- and five-particle GHZ states using single-
photon sources.

perfect fidelity (F = 99%) for w = 0.1. There are
cross-term that occur due to the lack of photon-
number resolution. We want to acknowledge that
the probability of a heralding event is very low
for this example (P = 0.08%) and it is thus un-
likely that this setup is experimentally feasible.
As w approaches 0, fidelity approaches 100% but
count-rate approaches 0. The trade-off between
high fidelity and high count-rate is interesting to
consider.

4.2 Maximizing Entanglement

‘When a quantum state cannot be expressed as the
product of its parts, we call it entangled. How-
ever, if one asks how entangled a state is, the an-
swer is not unique, there are multiple measures
of entanglement. Here we present some of these
metrics, together with states that are known to
maximize them. Finally, we choose a particular
metric and optimize a graph, not to reach a par-
ticular state — as done so far by maximizing the
fidelity — but to instead maximize the entangle-
ment metric itself. In this way, we will recover
some well-known entangled states and also find
new ones.

Figure 24: Graph corresponding to the creation of a
heralded two-dimensional Bell state in the outgoing pho-
tons (0-1) from four single photon sources (2-5) and two
heralding detectors (6-7). The heralding detectors do
not require photon-number-resolution. The light edges
have weights w < 1 corresponding to loss in the photon
path.

4.2.1 Schmidt Rank Vector

Multiparticle entangled states in high dimensions
allow for a much deeper structure underlying the
potential ways in which the particles can be en-
tangled. These structures can be characterized by
the Schmidt Rank Vector (SRV) and give rise to
new phenomena that only exist if both the num-
ber of particles and the number of dimensions go
beyond two [147-149]. Here we consider tripartite
states. The rank vector is a list of the ranks of the
reduced density matrices. The state SRV(A,B,C)
refers to a state, where

A =rank(pa), B =rank(pp),C = rank(pc),

and px is the density matrix of the system with
the particle X traced out. In other words, the
SRV is a vector of the dimensionalities of entan-
glement of every bipartition, which shows the di-
mensionality of entanglement between one par-
ticle and the rest of the quantum state. This
master-slave-slave configuration is very useful for
quantum applications such as layered quantum
communication [150]. Taking a SRV(3,3,2) state
as an example, we then know that the first two
particles are both three-dimensionally entangled
with the third particle, whereas the third one is
only two-dimensionally entangled with the rest.
The dimensionality for each particle cannot be in-
creased with linear operations and classical com-
munication (LOCC).

Searching the SRV(A,B,C) states has been in-
vestigated with the computer algorithm MELVIN
|25] and graph theory [34, 151]. Interestingly, it
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has been shown from graph theory that with-
out using any ancilla particles, there are sev-
eral SRV(A,B,C) states that cannot be created.
[34, 151]. Here we list these states (up to normal-
ization):

(26)SRV(5,5.4) :
|000) 4 |111) + [222) + |333) + [443)
(@7)SRV(6,3,2) :
[000) + 101) + |210) + |311)
+ 1420) + |521)
(@8)SRV(6,5,5) :
[000) + [111) + |222) + |334)
+ [443) + |544)
(@3)SRV(7,3,3) :
[000) + [101) + [210) 4 |311)
+ 422) + |520) + [621)

+
+

It has been unknown whether we can experi-
mentally create these states with additional par-
ticles, and this challenging question has been
open for more than three years. Also, until
now, SRV(A,B,C) states in high dimensional sys-
tems have only been recently demonstrated for
SRV(3,3,2) [27], SRV(3,3,3) 28], and SRV (4,4,2)
[152]. By using PyTheus, one can learn how to

1 5

SRV(6,5,5)

SRV(7,3,3)

Figure 25: Graphs for producing SRV(A,B,C) states us-
ing ancillas.

generate much more complex SRV states of high
dimensions and more particles, such as the im-
possible states described in [34, 151]. We show
the results in Fig. 25.

4.2.2 Hyperdeterminant

Expanding the definition of determinant to ten-
sors of arbitrary dimensions, we obtain Hyperde-
terminants [153], which can also be used as an
entanglement metric. In particular, the hyperde-
terminant of a tensor 2x 2 x 2x 2 characterizes the
entanglement of a 4 qubit state, which is maximal
for the state (up to normalization)

[HD) = [w*00) +[009* ) + [1111),  (31)

where /2 |[¥F) = [01) + |10), and whose associ-
ated graph is shown in Fig. 26.

Figure 26: Graph to generate the state |HD), which
maximizes the hyperdeterminant.

4.2.3 Negative Partial Trace

Given a state pap, its partial transpose with
respect to the subsystem A is

(pr4)tzb,7rzn = Pmb,an- (32)

As shown by Peres, it is a necessary condition
for the separability of A and B that none of the
eigenvalues of pTA are negative [154]. Moreover,
it is also a sufficient condition for bipartite states
of dimensions 2 x 2 and 2 x 3 [155].

Aiming for highly entangled states, Brown et.
al. looked for states of 2, 3, 4, and 5 qubits, whose
partial traces for each bipartition had the lowest
possible eigenvalues [156]. They called this metric
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Negative Partial Trace, and it leads to the follow-
ing states of 4 and 5 qubits
|[BSSB4) = [0000) + |+011)
+[1101) +|-110) (33)
|BSSB5) = \ooo¢>+> +]10027)
+[o10wt) + 111wy (34)
Where v2 |£) = |0) £ 1), V2|®*) = |00) £|11),

and /2 |¥*) = |01) 4 [10). These states can be
produced with the graphs shown in Fig. 27.

Figure 27: Graphs to generate the BSSB states of 4 and
5 qubits, respectively. The latter requires an ancilla.

4.2.4 Rényi Entropy

Among all the entanglement metrics in this
document, as well as the ones that are left out,
the Rényi Entropy is one of the most important
[157]. Given a state with pap, the Rényi entropy
of order a between the subsystems A and B is

1

-«

Salpa) = 7= logTr(pf) = Salpp),  (35)
where pg = Trp(pap) and pp = Tra(pap) are
reduced density matrices. Similarly, the Tsallis
entropy also describes the entanglement between
A and B

Talpa) = T (Te(p) = 1) = Talpn).  (36)
Notice that in the limit @ — 1, both expressions
approach the Von Neumann entropy.

A relevant difference between both metrics is
that, for & > 1, only the Tsallis entropy is convex
while the Rényi one is Schur convex [158]. Tak-
ing this difference into account, Gour and Wal-
lach showed that the 4-qubit state |L) maximizes
the average of Tsallis entropies with aw = 2 for 2-
qubit partitions [159], a metric of entanglement
also referred to as the Meyer-Wallach measure

[160, 161]. This state, created by the graph shown
in Fig. 28, reads
L) =(1 + w)(|0000) + |1111))
+(1 — w)(|0011) + |1100))
+w2(/0101) + [0110) + [1001) + |1010)),
(37)

where w = exp(2ir/3).

Figure 28: Graph to generate the 4-qubit L-state. All
the weights in the graph are complex.

4.2.5 Rényi-Ingarden-Urbanik Entropy

Minimizing the Rényi entropy over all local
unitary transformations Upoc, Enriquez et. al.
described the minimal Rényi-Ingarden—Urbanik
entropy [162]

Si'(9) = min Sa(p(Urocle)).  (38)

LOC

where S, is the Rényi entropy of order a > 0,
and p is a normalized probability vector resulting
from expanding the state to a product basis.
Together with the definition, the authors nu-
merically find two states of three qubits that min-

imize the entropy for « = 1 and o = 2
|®),,_; = 0.27|000) + 0.377 [100) + 0.326 [010)
+0.363]001) + 0.74e~07 |111) , (39)
|®),_y = 0.438 |000) -+ 0.29]100) + 0.371|010)
+0.316 [001) + 0.698¢ 8267 |111) .
(40)

These states correspond to the graphs of Fig. 29.

4.2.6 Maximizing Entanglement for Each Parti-
tion

The previous states were maximally entangled
according to different metrics. Indeed, many of
them were found numerically when maximizing
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A

Figure 29: Graphs to generate the states that optimize
the RIU entropy for « =1 and o = 2.

such metrics. Similarly, we can use PYTHEUS
to maximize arbitrary physical properties of the
states produced by a graph, which can be im-
mediately translated into experiments. This is a
great advantage over previous work, in which an
analytically described quantum state may not be
experimentally feasible.

‘We optimize the graph according to the Tsallis
entropy for @ = 2 (see Eq. (36)) using as loss
function

min £(p(w) = 3 Te (41)
A

where p = |[¢(w))1)(w)] is the state defined by a
graph with weights {w}, pa is the reduced density
matrix with respect to a subsystem A. A subsys-
tem and its complement A are a bipartition of
the full system. The loss function is minimized
for the sum of all bipartitions.

Given a bipartition, the entanglement between
them is maximal if

=Tr ! I 42
pa=Tra(p) = 5L, (42)

with D being the dimension of the Hilbert space
in which py4 is defined, and T the identity matrix.
Accordingly, multipartite states with maximal
entanglement for every bipartition are called Ab-
solutely Mazimally Entangled (AME); such kinds
of states have applications in quantum protocols
like threshold secret sharing or open-destination
teleportation [163]. On the other hand, given a
state of N qudits, p € H?N, we call it k-uniform
when the entanglement is maximal for all bipar-
titions of k qudits [164]. GHZ states of N-qudits
(see Eq. (10)) are examples of 1-uniform states.

With PYTHEUS we can pick types of bipar-
titions the entanglement is to be maximized.
Choosing all bipartitions targets the production

Dim Number of particles
2 34567 8 9 10
2 /|7 X |77 X [XB) [ 76) | *xB)
3 (/| /|7 777 x| 7 | 7
4 VIV v v
5 VIV V| v v v

Table 3: Known AME states up to 10 particles and
5 dimensions. X: no AME exist for the 2-dimensional
systems of 4, 7, 8, and 10 particles, nor for the 3-
dimensional system of 8 particles. §?: it is unknown
whether there is an AME for the 4-dimensional system
of 8 particles. v: there exist an AME state for the rest
of systems. For the 2-dimensional systems of 8, 9, and
10 particles, as well as for the 3-dimensional system of
8 particles, there exist a state with maximally entangled
partitions of 3 particles [164, 165]. The existence of
some of these state does not imply that they have been
(or can be) experimentally realized.

of an AME state, bipartitions of size |4] = k
target k-uniform states. A mathematical result
of entanglement theory is that AMEs only exist
for certain combinations of N and d (see table
3). In such situations we choose to optimize for
k-uniform states.

AME States — Since no AME exist for a sys-
tem of four qubits (see table 3), we start optimiz-
ing the entanglement for all possible partitions for
five qubits, obtaining two different AME states

|AME(5,2)),, = |00000
+ 10110
— 00011
|[AME(5,2)), = [01011
+ (11010
— |10001

=

+101101) + [01110)
+[11000) + |11011)
— |10101), (43)
+ (01100) + [10110)

— |00000) — [00111)
— [11101) . (44

- = T - =

=

For six qubits we found an asymptotic state

|[AME(6,2)) =~ [000010) + [000100) + [001001)

+1010101) + [011000) + [011110)

+ [101010) + [110000) + |111011)

+[111101) — [001111) — |010011)

—100001) — [100111) — [101100)

— [110110) 4 £(]000000) + [000110)
+ [010001) + |010111) + 110010}

+ [110100) + [111001) + [111111)).

(45)

This is not exactly the AME state of eight qubits,
it has eight terms which vanish asymptotically as
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|AME(6, 2))

Figure 30: Absolutely Maximally Entangled states with 5
and 6 qubits. The 6-qubit graph produces an asymptotic
state.

€ goes to zero. However, by doing so, we reduce
the creation rate of the whole state. The graphs
to produce this and the 5-qubits AME states are
shown in Fig. 30.

k-Uniform States — While the AME solution
for six qubits was asymptotic, we can generate
the exact 2-uniform state of such a system

[U2)2 = 100011) + [101110) — |000000)
— |001101) — |010111) — [011010)
— |110100) — |111001) . (46)

Twelve out of twenty three-qubit bipartitions of
the above state are maximally entangled.

Similarly, we generated a 7-qubit state that
maximizes the entanglement between each of the
21 possible k = 2 partitions except one

|~ U2)2 = |0011110) + [0101000) + [0110111)
+]1001101) + [1010010) + [1100100)
— |0000001) — [1111011).. (47)

The graph to produce this ‘almost’ uniform state
and the previous one are shown in Fig. 31.

Other States — As we have seen, even when
an AME or k-uniform state for a given system
of qudits exists, it is not always realizable with

Figure 31: k=2 uniform state for 6 qubits and k=2
(almost) uniform state for 7 qubits (+ one ancilla).

linear optics. However, even if not perfect, we
have found several highly entangled states which
are worth mentioning. We refer to them as

|Ent(n,d k)), (48)

where n stands for the number of particles, d for
their dimensions, and k for the size of the parti-
tions.

For a system of four qubits, we find two in-
teresting states when maximizing the entangle-
ment (see Eq. (41)) for every 2-qubit partition
(see Fig. 32). We first optimize using real weights

[Ent(4,2,2)) = [1010) +|1101) — [0011) — |0100) ,

(49)
obtaining a state which maximizes all possible
partitions except one. For the second solution,
we extend the weights to the complex domain,

finding a local optimal

|Ent(4,2,2))¢ = |0011) + ¢ 0547 |0101)
+e70%710110) + 0457 1001)

+ 0717 11010) + €507 [1100) .
(50)

This state minimizes the sum of partial traces
for k = 2 partitions, following Eq. (41). How-
ever, while the sum its (locally) minimal, and all
qubit partitions are equally entangled, they are
not maximally entangled for £ = 2. and all are
equally for all k& = 1 partitions and for none of
the k¥ = 2. However, all k = 2 partitions lead
to the same value for the partial trace defined in
Eq. (41). The entanglement seems to be ‘equally
distributed’.

The complex state in Eq. (50) gives the same
entanglement structure as the Higuchi-Sudbery
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|Ent(4,2,2),,

[Ent(4,2,2))

Figure 32: The graphs produced maximally entangled
states for single qubit partitions on a 4 qubit system,
they also present high entanglement between 2 qubit
partitions (even if not maximal). The weights on the
left graph are real, and the weights on the right graph
are complex (the phase of every edge can be found in
the repository).

state presented in [166]

[HS) = |0011) + |1100) + w(]1010) + [0101))
+w?(]1001) + [0110)),
(51)
where w = e27/3,
Finally, for a system of 8 qubits, PYTHEUS
found a state for which 48 out of 56 total
three-qubit bipartitions are maximally entangled.

|Ent(8,2,3)) = |00010000) + |00010111)
+(01101011) + |01101100)
+[01110001) + [10100010)
+[10100101) + [10111111)
+]11000100) 4 [11011001)
— |00001010) — [00001101)
— |01110110) — [10111000)
— |11000011) — [11011110) . (52)

The graph to produce this state is shown in
Fig. 33.

It would be interesting to extend the maximiza-
tion of other entanglement measures, such as ex-
perimental feasible, strong forms of all-vs-nothing
violations [116], Hardy’s version of local realism
experiments which goes beyond the violations in
Ref. [167, 168] (for example, by involving more
particles), or other measures of quantum corre-
lations. Such extensions would contribute to the
study of artificial intelligence for the foundations
of quantum mechanics [169].

[Ent(8,2,3))

Figure 33: The state generated by this graph is maxi-
mally entangled for 48 of the 56 possible 3-qubit parti-
tions.

4.3 Generation of Mixed States
4.3.1 Werner State

The Werner state with the density matrix
pa=a|<1>+> <<I>+‘-&-(1—oz)g~ (53)
7R

has different properties for different values of a.
For o < 0.683, it is known to be Bell-local. For
a > 0.697, it is known to be Bell nonlocal [170].
This leaves the gap between 0.683 and 0.697 open
without a mathematical proof of its properties.
By creating this state, it could be possible to test
the Bell-locality of a state in the middle of the
gap, a = 0.69. The graph for the creation of this
mixed state is shown in Fig. 34 .

Figure 34: Graph for the Werner state with o = 0.69.
Information at vertex 0 is to be discarded. Vertex 3 is
an ancillary detector

4.3.2 Counter-Example to the Peres Conjecture

Relations between different notions of quantum
correlations are studied in quantum information
theory. These insights are important to under-
stand the underlying resources of quantum corre-
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lations and their applicability in quantum pro-
tocols. In 1999, Asher Peres conjectured that
the notion of Bell nonlocality and distillability
is equivalent [118]. Bell nonlocality, as witnessed
by a violation of Bell’s inequality, says that no
local hidden-variable model can explain the cor-
relations observed in an experiment. A state is
called distillable if a maximally entangled Bell
pair can be extracted from multiple copies. The
conjecture was open for 15 years until a counter-
example was discovered in 2014, first for a strong
version of the conjecture [119] and shortly after in
its full form [120]. These violations are based on
the uncovering of a two-particle bound state (a
state that cannot be distilled) which can be used
for quantum steering and violation of Bell’s in-
equality. The Moroder-Gittsovich-Huber-Giihne-
Vertesi-Brunner (MGHG-VB) state can be writ-
ten as a mixed state that is an incoherent super-
position of four entangled two-qutrit states,

4
p=> Nilvhi) (il (54)
=1

: _ (3257 450 450 27
with A = (6884’ 1721 1721° 6884) and
1

1) = 5 (100) +[11)

o = L5 o)+ 10 + g 02) — 5 21
) = Y575 (100) = |11))+ 5 112) = {5 20)
1
7

—_
=l 8 =

—
V)

ltpa) = —= (= [01) +[10) +|22)).

S

The graph that corresponds to this state is
shown in Fig. 35. It might be interesting
to generate this state and show experimentally
that the state can violate Bell’s inequality and
thereby demonstrate an experimental falsification
of Peres’s conjecture.

4.4 Generation of Entanglement in the
Photon-Number Basis

4.4.1 NOON States

The ability to perform precise measurements is al-
ways affected by several limitations, some of them
avoidable by careful design of experiments and
others of a fundamental nature. Classically, one
can estimate a phase parameter more precisely by

Figure 35: Graph for the Moroder-Gittsovich-Huber-
Giihne-Vertesi-Brunner (MGHG-VB) state, which is a
counter-example to the Peres conjecture. Here, vertex
3 is an ancilla photon and vertex 2 is the environment
vertex. Due to the structure of the MGHG-VB state,
the edge weights are not simple fractions.

increasing the number of particles N in the mea-
surement process; the precision is typically lim-
ited to 1/ V/N, also known as the standard quan-
tum limit (SQL). With the aid of quantum re-
sources, one can beat the SQL, and the measure-
ment precision can be enhanced to scale as 1/N,
approaching the Heisenberg limit that is governed
by the physical law of quantum mechanics. One
prominent representative of quantum states with
the ability to break the SQL is the well-known
NOON states [171, 8], as described in Eq. (8).

These NOON states can not only be used
to test fundamental physics via violating Bell-
type inequalities [172] but also play an im-
portant role in quantum-enhanced applications,
quantum-enhanced microscopes and imaging sys-
tems [173-176], super-resolving phase measure-
ments [177-180], and quantum lithography [181],
to name a few. Interestingly, as the two-mode
NOON states are formed in a superposition of two
distinct states |N,0) and |0, N), one could con-
sider that the two terms correspond to the “dead
cat" and “alive cat" in the “Schrodinger-cat” form
[86]. With high-NOON states, we might step closer
to a better understanding of macroscopic entan-
glement envisioned by Schrédinger [182]. In the
optical regime, achieving an efficient photonic
source of NOON states with large NV is very chal-
lenging. Several schemes and experiments have
been toward the direction of generating photonic
high-NOON states in different ways, such as by
using strong optical nonlinearities [183|, by lin-
car optics and feed-forward [184], and by mixing
coherent light with SPDC photon-pair sources on
a standard beam splitter [185, 186, 86, 187].
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Additionally, interest has also been growing in
the simultaneous estimation of multiple param-
eters using multi-mode quantum states [82, 83].
Using a multimode NOON state, one can reach
the Heisenberg limit with an O(d) advantage over
what is obtained with d copies of a two-mode
NOON state [188, 189]. The generalization of
the two-mode NOON states in Eq. (8) is given as
(82, 83]

1

INOON)Y =5

(55)

£10,0,.... N,0) £10,0,....0, N))1....a-

o

Here we show how to produce perfect NOON
states without using any coherent states or feed-
forward. We list some examples that might give
a different conceptual understanding and new in-
sight. For more path-entangled states, one can
directly employ PYTHEUS. For the ancillary de-
tectors, we always assume they are reached by
single photons, like in previous sections.

Two Particles — As we have introduced in sec-
tion 2.1.4, the simplest NOON state is the [NOON)2
state that can be deterministically created via
HOM interference when two indistinguishable
photons are incident on a standard beam splitter
simultaneously [87]. From the graph in Fig. 6,
we can easily generalize the state to an arbitrary
number of modes by adding more vertices, each
one with a loop. The coherent superposition of
a loop being in one of the vertices indicates the
resulting multi-mode two-particle NOON states.

Three Particles — For producing 2-mode 3-
photon NOON states \NOON)%, we additionally em-
ploy an ancilla particle in the experiment. We
show the graph found by PYTHEUS in Fig. 36,
which uses only one color, thus corresponding to
the standard path-entangled NOON states. The
edge can also be in different colors such that
we are able to construct graphs for polarization-
entangled NOON states [190-192]. We further
explore the states in multi-mode cases, as de-
scribed in Fig. 36 (b), (c¢) and (d) for 3-, 4-, 5-
mode three-photon NOON states. Interestingly,
the graphs found by PYTHEUS exhibit a nice
structure, which may be amenable to generaliza-
tion, to systematically produce other multi-mode

(IN.0,...,0,0) £ [0, N, ..,0,0) £ ..

(c) [NOON);

(d) [NoON)?

Figure 36: Graphs for multi-mode three-particle NOON
states |NO0N)g with increasing number of ancillas.

NOON states without any optimization process.

Four Particles — For the previous NOON
states, we optimized the graphs using real
weights, finding the states [40) — [04) and |400) —
|040) — |004) . However, to generate
the same NOON states with zero phase difference
between the terms we need to, either add a 7/2
phase on the solitary loops from Fig. 37 or, us-
ing only real weights, add 2 more ancillas. Ad-
ditionally, after generating the 4-particle NOON
states for 2 and 3 modes, it became obvious how
to generate the graphs for an arbitrary number of
modes.

It is worth noting that given a ket [40), each
combination of non-repeating edges contributes
twice as much as one with duplicate edges (as-
suming equal weights). This is a consequence of
the multinomial theorem applied to the creation
operators described in Eq. (2).

Other Two-Mode States — For the previ-
ous NOON states, the associated graphs have
shown some patterns. The more obvious was
the increasing need for ancillas, whether we were
adding more photons or modes. Moreover, based
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(a) [40) — 104)

(b) [400) — [040) — [004)

Figure 37: Graphs with only real weights to generate
4-particle NOON states for 2 and 3 modes. Multiply-
ing the 7 the loops of the disconnected vertices all the
amplitudes of the state’s terms become positive. To
increase the number of modes, we add a triangular sub-
graph connected to a loop. The edge connecting the
two new ancillas must be negative.

on a few graphs, we realized how to generate
NOON states with 2 and 4 photons for an arbi-
trary number of modes. In Fig. 38 we show how
to produce the two-mode NOON state for 5, 6, 7,
and 8 photons (51 ). As with the
3-photon NOON states, it seems to be an underly-
ing pattern in the graphs solutions when increas-
ing the number of photons.

4.4.2 Platonic Solid States

We have been considering states where all N
photons are in the same path, with the other
paths empty. However, PYTHEUS can produce
path-entangled states which do not fulfill such re-
strictions. Among them, a very special case leads
to the highly symmetric Platonic Solid State
[193-195|, which can resolve rotations around any
axis equally well. In the Platonic picture, shown
in Fig. 39, an N-photon state is mapped onto
N points on the Poincaré sphere [196], offering
a systematic way for visualization. This also re-
lates to a long-lasting problem of distributing N
points on the Poincaré sphere in a highly sym-
metric fashion, where one can have many differ-
ent solutions based on the function one tries to
optimize [197, 198]. Additionally, the concept of
Platonic solids has also been used for fundamen-
tal investigations in quantum physics [199, 200].
Apart from their symmetric elegance, there is
plenty of room for applications of these states,
for instance, in magnetometry, polarimetry, and
metrology. Researchers have started investigat-

(c) [NOON);

(d) INoON)

Figure 38: Graphs for two-mode NOON states of 5, 6, 7,
and 8 photons.

ing how to generate these Platonic solid state.
In this part, we show the examples found by
PyTHEUS.

Tetrahedron — Our first Platonic solid state is
the tetrahedron [201], which is the unique optimal
four-photon state for characterizing polarization
rotations. The state written in the Fock basis
reads as

) = %(\4,(» +V2|1,3)).  (56)

It can be produced by the graph in Fig. 39 (top
panels), and has already been implemented [202].
The similarity between the graphs that pro-
duce the tetrahedron and the three-photon NOON
state discovered by PYTHEUS (see Fig. 36 a)
shows a nice pattern: to generate states in the
Fock basis, we can add an arbitrary number of
photons to any path. In this way, starting with a
general state |M,N) & |N,M), we can obtain

IM,N) £ |N,M) = |M-+x,N+y) + [N+x,M+y) .
(57)
We only need to connect the first and second
paths to x and y ancillary photons, respectively.
This construction can be used for an arbitrary
number of modes.
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Figure 39: Graphs for producing tetrahedron, octahe-
dron, and cube quantum states.

Octahedron — The octahedron state reads
1
@y - > _
¥®) =SB0 -5, 69

and was found by PYTHEUS using only 4 ancil-
lary detectors (see Fig. 39). Alternatively, we can
apply the pattern described in Eq. (57) to the
graph that produces [40) — |04), which is shown
in Fig. 37 a).

Cube — The last platonic solid we are able to
produce is the cube state, which reads (52

‘\11<3>> = g(\/ﬂ& 0) +2v7]4,4) +/100,8)).

(59)
In Fig. 39, we show the graph that can be used to
generate the cube state. As we can see from the
expression and Fig. 39 (bottom), the graph can-
not be obtained by modifying one of the previous
graphs for a two-mode NOON state.

45 Towards Quantum Simulation

In this section, we present quantum state
generation for states from condensed matter
physics which could be interesting for quan-
tum simulation[203]. The quantum entangled
states of few- or many-body systems can gener-
ally be expressed by the tensor network formula-
tions [204, 205]. One of the most successful mem-
bers of this family with a vast application in con-
densed matter physics is the 1D matrix product
state (MPS). Here one represents the quantum
state of a system with periodic boundary condi-
tions and N particles as

[0) =3 tr [A(fl)A(;?) . ..A§3N>] s1...5n),
(60)

where s; = {0,...d — 1} denotes the local state
of the ith particle with local physical dimension
d. Here Agsi) is a complex matrix with dimension
X, also known as the bond (virtual) dimension.
The matrix AES") can be viewed as a projector
from a x-dimensional virtual (correlation) vector
space into the physical d-dimensional space [206].
While in non-interacting systems, described by
product states, the bond dimension x is one,
this quantity grows exponentially with N in most
strongly correlated systems. This results in em-
ploying numerical techniques to (approximately)
obtain the ground states of most many-body sys-
tems. Nevertheless, one can find multiple few- or
many-body ground states with x > 1 but inde-
pendent of the particle number. Here, we present
a collection of these ground states with a concise
description of their host Hamiltonian and their
physical implication upon realization. While our
focus is on zero-temperature ground states, we
emphasize that the applicability of PYTHEUS is
not limited to these states. This is because both
mixed states 2.1.3, which describe open quan-
tum states, and states constitute combinations of
(various) Fock states 2.1.4, can be used to study
the (grand) canonical ensemble, are treatable by
PyTHEUS.

45.1 Spin-1/2 Systems

Due to the simplicity of spin-1/2 systems and
the surge of interest in qubit quantum compu-
tation, these many-body systems received ever-
growing attention. The local physical space of
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these systems spanned by {|1),[{)}, or equiva-
lently {|0),|1)}, results in the local physical di-
mension d = 2. Despite such a small physical di-
mension, the obtained ground states can be rich
and exotic. In the following, we list some of these
states.

Spin-1/2 Wire — A computational quantum
spin-1/2 wire governed by nearest-neighbor inter-
actions, associated with non-zero two-point corre-
lation functions and arbitrary local entanglement,
is described by [207, 206]

1

[) = Z tr[A(sp—1) ... A(s1)]|s1...Sn), (61)

5i=0
where
At) = %G, G = exp(iro® /1), (62)
1 o—i¢/2
AW = 56T, 7= ( . ei§/2>,

(63)

where ¢ and 7 denote the entanglement factor
and period, respectively.

Fig. 40 displays the associated graph for the
ground state of the spin-1/2 wire for four particles
with ¢ = 7/2. The state, up to normalization,

reads

1) = v2[0000) + [0001) + [0010) + [0100)
—0111) + [1000) —
1110 —

|1011)

—[1101) — V2]1111). (64)

Figure 40: The associated graph for the ground state of
the spin-1/2 wire with four particles.

one can compute entangled states where no two
neighboring spin-ups appear in the ground state.
One can expect to detect these states in spin sys-
tems with nearest-neighbor interactions. In the
Rydberg-atom experiments, this situation occurs
due to the Rydberg blockade [208]. The matrix
product representation of these states reads

Z tr[A(sp—1) ... A(s1)]|s1...5n), (65)

where
A(t) = 51+, (66)
A(l) =207, (67)

with ot = 0% +io¥.

Fig. 41 displays the associated graphs for this
system with various numbers of particles whose
ground states read

. Three particles with one ancillary par-
ticle:

[43) = |000) 4 [001) +]010) + |100) . (68)

. Four particles:

|vh4) = [0000) + |0001) + |0010)
+|0100) + |0101) + |1000) + |1010) .
(69)

. Five particles with one ancillary parti-
cle:

|)5) = 00000
+ (00100
+ |01001
+ 110010

=

+ [00001) + [00010)
+100101) + [01000)
+101010) + [10000)
+ (10100} .

= =2

(70)

. Six particles:

|166) = |000000) + |000001) + [000010)
+ (000100} + [000101) + |001000)

+ [001001) + [001010) + |010000)
+010001) + [010010) + |010100)

+ [010101) + |100000) + |100010)

) ) )

+ [100100) + |101000) + [101010) .

Spin-1/2 States with No Adjacent Spin- (1)
ups — Aside from the previous spin-1/2 state,
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5-body

6-body

Figure 41: Associated graphs for spin-1/2 states with no
adjacent spin-ups for three, four, five, and six particles.
One ancillary particle is included in states with an odd
number of particles (left column).

Majumdar-Gosh Model — The one-
dimensional quantum Heisenberg spin model is
known as the Majumdar-Gosh model when the
value of the next-nearest-neighbor interaction is
half the value of the nearest-neighbor antiferro-
magnetic exchange interaction. The Hamiltonian
of this model casts [209]

H=Y 20 Fi1+ i Tisa, (72)

where o; = (0%,07,07).

The ground states of this model Hamiltonian
are dimerized states given by products of singlet
configurations of spins on neighboring sites. The

linear combination of these states reads [209]

1
[) = E tr[A(sp—1) ... A(s1)]|s1-.-sn), (73)

8;=0
where
0 10 0 01
AT 0 00|, At=[-2% 00
75 00 0 00
(74)

This ground state of the Majumdar-Gosh model
is one of the simplest spin-1/2 valence-bond solids
in one-dimensional systems.

Fig. 42 displays the associated graphs for
the four- and six-particle systems whose ground
states read

. Four particles:
[p@) =[0011) — 2(0101) +[0110)
+[1100) — 2]1010) + [1001) . (75)
. Six particles with two ancillary parti-
cles:

[w®) = Joo1011) — 001101

)
—010011) + (010110
+ [011001)

)

)

)

011010
+]100101) — [100110
—101001) + 101100
+]110010) — |110100) .

)
)
)
)
)
)

(76)

Figure 42: Ground states of the Majumdar-Gosh model
with four (left panel) and six (right) particles. Two an-
cillary particles are included in the right panel.

Dyck Words — The Fredkin spin-1/2 model
with a three-body interaction term reads [210—
213

H= Z Ui1Piiq1 + Pio1iDiya, (77)
k3

where U; = 1) (1il, Di = [4i) ({| and the spin-
singlet projector reads Pjit1 = |Siit1) (Siit1l
with [S,) = (1) (sl = [4a) (4;]). The ground
state of this model is an equally weighted su-
perposition of spin configurations forming Dyck
words. Here one may use the notation |1) = |()
and |}) =)) to translate the spin states into the
Dyck words. In this notation, the ground state
forms balanced strings whose segments contain
equal numbers of open and closed parentheses.
The ground states of the Fredkin model with six
and eight particles cast
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. Six particles:

| ®) = %H()()()) +100) +10)0)
+1O0)+ 10N (78)

. Eight particles:

] (19

The associated graphs for these states are shown
in Fig. 43.

Dyck Word with six letters Dyck Word with eight letters

Figure 43: The graphs corresponding to the creation of
Dyck word states.

4.5.2 Spin-1 Systems

The quest to go beyond the two-level qubit
systems in quantum computation put forward
other proposals based on three-level qutrit quan-
tum states [214, 215]. In spin systems, this in-
quiry is translated into exploring the S = 1 space
spanned by {|-1),[0),|1)} with physical dimen-
sion d = 3. While spin-1 states can be realized
experimentally in a controlled fashion [216], of-
ten, one may encounter these states as emergent
phenomena in various spin-1,/2 condensed matter
systems, e.g., in describing the low-energy physics
of chiral threefold fermions [217]. As a result,
aside from technological implications, exploring

the higher-spin systems may shed light on a bet-
ter understanding of some emergent phenomena
in other fields of physics.

Spin-1 Wire — The antiferromagnetic ground
state of a spin-1 chain with nearest-neighbor in-
teractions can be represented in the matrix prod-
uct form as [218]

[¢) = tr(A14s... AN), (80)
where
o [0)  —Val+1)
Ai= (ﬁH) “ol0) > @

with nonvanishing a and o.

Fig. 44 displays the associated graph with one
ancilla, for the ground states of the spin-1 chain
with three particles, which, up to normalization,

reads
[4) = 0.3(]012) + [120) + |201)) — 0.875 |111)
—0.15(]021) + 102) + |210)). (82)

Figure 44: The associated graph for the ground states
of the spin-1 chain with three particles.

Affleck-Kennedy-Lieb-Tasaki Model — A
particular spin-1 bilinear biquadratic Hamilto-
nian introduced by Affleck, Kennedy, Lieb, and
Tasaki (AKLT) is given by 219, 220]

H= Z?l . §i+l + %(?z . ?prl)z. (83)

The ground state of this solvable model, known
as the AKLT state, is short-range entangled
and classified in symmetry-protected-topological
states [221]. The MPS representation of this state
reads [209, 204]

1
[9) = > trlA(sn—1) ... A(s1)][s1- - s) . (84)

5;=0
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where s; € {0,1} and

(A1, Ao, Ay} — {\/§U+, %a 7\/?;}.
(85)

Here o* = o*+io¥. The AKLT state is the spin-1
valance bond solids [222].

Fig. 45 displays the associated graphs for
the three- and four-particle AKLT system
whose ground states read, up to normalization

[0®) = J0,—1,41) = |-1,0,+1)
+|-1,+1,0) — 0, +1,-1)

+H1,0,-1) — [+1,-1,0),  (86)
@) = 2(-1,1,-1,1) + [1,-1,1,-1))

+1,0,-1,0) — [1,-1,0,0)
+10,1,0,~1) — [0,1,~1,0)
~10,0,1,~1) +10,0,0,0)
~10,0,~1,1) — 0, ~1,1,0)
+0,-1,0,1) — [~1,1,0,0)
~1,0,0,~1) +[-1,0,1,0)
~1-1,0,0,1). (87)

Figure 45: The associated graphs for the ground state
of the spin-1 AKLT state with three and four particles.
One ancillary particle is included in the first state.

Motzkin State — The spin-1 generalization
of the Dyck words is known as the Motzkin
State [211, 223, 224]. The spin configurations,
in this case, can be translated into strings using
|=1) = 1)), |0) =|—), and |1) = |(). Here, similar
to the Dyck words, the number of open and closed
parentheses is equal. Examples of such states cast

. Three particles:

) = %H* == +[0=) 1) + =0
(83)

. Four particles:

[0 = sll= = ==) +10 = =} +1-0-)

+1== 0+ 1= +100)

+ ==+ 1= + 10N
(89)

The associated graphs for these states are pre-
sented in Fig. 46.

Motzkin with four letters

Motzkin with three letters

Figure 46: The graphs corresponding to the creation of
Motzkin states.

4.5.3 Spin-3/2 Systems

Sharing the same motivation as spin-1 systems,
the four-level spin-3/2 systems have putative im-
plications in qudits with d = 4 quantum compu-
tation [225]. The local Hilbert space of these spin-
3/2 systems are spanned by {|1),|-1),|3),|—3)}
resulting in local physical dimension d = 4.
Spin-3/2 Wire — Two exact ground states for
a spin-3/2 chain with ferromagnetic character are
shown to have the following matrix product rep-
resentation [226, 227

%) = tr(AFAF ... 4%), (90)

where

(=R . -
A“(|—1> ) >’A *(fﬁlfm 1)

(91)
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lv*)

[+7)
Figure 47: The associated graphs for the ground states
of the spin-3/2 chain for three particles.

The ground states of the spin-3/2 chain, up to

normalization, reads

[9E) = |=1,1,£3) — [1, -1, 43) + |1, £3, 1)
—|=1,43,1) + [£3,-1,1) — |[4£3,1,-1).
(92)

As one ground state, say \1[)'*’), can be achieved
from the other ground state, [¢)~), by merely re-
placing |3) with [—3), we only present the associ-
ated graph for |¢") with three particles and one
ancilla in Fig. 47.

Spin-3/2 Letter State — As a straightforward
generalization of the Dyck words and Motzkin let-
ter states, discussed previously, one can introduce
the letter states for the spin-3/2 states. Here one
should translate the spin state into the letters as
[=3) =D, |=1) =10 [1) = 1)) and |3) = []). Us-
ing this language, the six particle state is

) :\/%H()()(» +10002 +1000) +100D
+1000) + 100D +1000) + 1000
FHO)IO) + 1D + 1MO) +11OIO)

+ 101D + IO + (DD + 1D
+10009) + 100N + 10 + 10101

+ 10007 + 11D + 101D + 100D
100 + 1001 + 100N + 1OD)

+ 10+ HIOD + 11000 + 100
+10C09)) + 1D + IO + 11O

+ 10 + (DD + [OM + DI (93)

The associated graph for this state is shown in
Fig. 48.

Spin-3/2 letter state with six
letters

Figure 48: The graphs corresponding to the creation of
the spin-3/2 letter state.

4.5.4 Spin-2 Systems

Five-level computational units can further be

of interest in quantum computation beyond
qubits. The local physical space of these spin-
2 units is spanned by {|-2),[—1),]0),[1),|2)}
with local physical dimension d = 5. Similar
to other higher-spin systems in condensed mat-
ter systems, spin-2 states can also be viewed as
emergent states in some (lower-spin with S < 2)
many-body systems [228].
Spin-2 Wire — The anisotropic spin-2 chain
with nearest-neighbour interactions hosts various
phases depending on three parameters (a,z,0)
with a € R, o = £1 [229]. These phases consist of
three distinct antiferromagnetic Haldane phases
and a weak antiferromagnetic phase.

The  ground of  the
antiferromagnetic phase have the following
matrix product representation:

states weak-

L2
|¢(()1)> =tr [H Tﬂ2i—192i:| ; (94)
i=1

i=1

L2
|1l)(()2)> =tr [H 921‘17"21} ’ (95)

where

1)

e ( Valo)
Na)

I-1)
(96)

mm) g:< -1
)07 \eval-2)

Here we set a = 0.5.

When the translational symmetry is not bro-
ken, i.e., x = 1, two more states can also be iden-
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tified for this phase, given by

‘1/1((13)> =tr [ﬁ mle] s ‘1/1(()4)> =tr [ﬁ gizzl] .
- - 97)

Fig. 49 displays the associated graphs for
the three-particle ground states of the weak-
antiferromagnetic phase when the translational
symmetry is (top panel) and re-
spected (bottom). The states with broken trans-
lation symmetry, up to normalization, read

broken

u6") =0.5(12,-1,0) +10,-1,2))
+0.25(12, =2, 1) + |1, -2,2))
+11,0,0) +10,0,1) +41,-1,1), (98)
[0 =1-1,0,0) +10,0,=1) + 4|-1,1,-1)
+0.25(]-2,2, —1) 4 |-1,2, —2))
+0.5(]-2,1,0) + [0, 1,-2)). (99)

When the symmetry is respected, the states, up

to normalization, are

067 = 10,1,2) +[0,2,1) + [1,0,2) +[2,1,0)
+11,2,0) +[2,0,1) + 4[1,1,1),  (100)

[v6") = 10,-1,-2) + |0, =2, 1) + |-1,0,~2)
+1-2,-1,0) + |-1,-2,0)

+1-2,0,—1) +4|-1,—1,—-1).  (101)

)

Figure 49: The associated graphs for the three-particle
ground states of the weak-antiferromagnetic phase when
the translational symmetry is broken (left) and re-
spected (right).

)

The Haldane-antiferromagnetic-A is another
possible phase in this spin-2 system described by

the ground state

2
[y = Z tr[ATT A LAY |1, 82, 8N)

si=—2
(102)
where
2 |0) V[l al2)
S oA =|vEl-n) A0 va
2 al-2) Vel-1 o)
(103)

Fig. 50 displays the graph associated with the

ground state, with three particles and five ancil-

las, for the Haldane-antiferromagnetic-A phase.

Up to normalization, the state reads

[$a) =1-1,0,1) +]-1,1,0) + 0, —1,1)
+10,1,-1) +[1,-1,0) + 1,0, 1)
+0.5(]—2,0,2) + 10, —2,2) + |—-2,2,0))
+0.5(12,0, —2) + 10,2, -2) +2,-2,0))
+0.25(]11,-2,1) +|-1,-1,2) +|-1,2,-1))
+0.25(]11,1,=2) +|—2,1,1) + |2, —-1,—1))
+610,0,0). (104)

Figure 50: The associated graph for the three-particle
ground state of the Haldane-antiferromagnetic-A phase.

The ground states of the second antiferromag-
netic Haldane phase, referred to as Haldane-
antiferromagnetic-B, reads

1
) = > tr[A7AS .. AW][s1,82,...5N),
s;=—1

(105)

where

> Afrr:( Al f‘('ﬁ)) (106

Sm=-—1
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Similarly, the ground state of the third
Haldane-antiferromagnetic phase,
Haldane-antiferromagnetic-C, is

ey =3

s;€{0,+2}

known as

tr[ATP A LAY [s1, 82, ... 8N

(107)

where

\/5\2>>. (108)

(10
> ar=( e T

s;€{0,£2}
Notice that the last Haldane phases, B and
C, have essentially the same Hamiltonian as the
weak-antiferromagnetic phase when the transla-
tional symmetry is preserved (see Eq. (101)). One
can obtain one from the other by performing
|£1) < |£2).

455 Quantum Many-Body Scars

The phenomena in which weakly entangled
nonthermal quantum eigenstates are embedded in
the eigensystem of non-integrable (thermal) sys-
tems is dubbed ‘quantum many-body scars’ [230].
The well-known examples of these scar states are
shown to be present in the AKLT spin chain mod-
els [231, 232]. The experimental realizations of
such states are also reported in Rydberg-atom
quantum simulators [208, 233|. In the following,
we suggest that one may also detect these states
using quantum optics experiments.

Omnsager’s Scars in Disordered Spin Chains
— A non-integrable quantum spin chain that
exhibits quantum many-body scars can be de-
scribed by the coherent state with parameter 3
as [234]

[1g) = tr[APIBPI e

-Ap, By llp1,- - ,0n)

(109)
where A, B are n X n matrices with matrix ele-
ments

—1)+1gp
(Ap)ij:ﬁpaipéj(]"’ (V™5

(110)
e U
(Bp)ij = BP0ipdjo + Sin(w(n = j)jm) i1
(111)

Here 0 <4,j <n —1 with n > 2. This represen-
tation ensures that no certain spin configurations
occur over three consecutive sites in |1)g).

Figure 51: The associated graphs for the Onsager’s scar
in a system with six (left panel) and eight (right) qubits.
Here we set 8 = l/ﬁ

Fig. 51 displays the graph associated with the
Onsager’s scar in a system with six and eight
spins, with 8 = 1/\/§ Up to normalization, the

states read

wf) = +2(000011) — [000110) + [001100)
+[110000) — [011000) — [100001))
+[011110) + 001111) + [100111)

— [101101) — [011011) + [110011)
— [110110) + [111001) + [111100)

+ 4]000000) , (112)

|w}f>> =8(00000000) + 4(]00000011) — [00000110)

+ (00001100 — |00011000) + |00110000)
— |01100000) + |11000000) — |10000001))
+2(/00001111) — |00011011) + |00011110)
+]00110011) — [00110110) -+ [00111100)

— [11100111) + |11101101) + |11110011)
— |11110110
+ 11111111

— |01100011) + [01100110) — |01101100)
+(01111000) + |10000111) — |10001101)
+[10011001) — [10110001) + |11000011)
— |11000110) + [11001100) — |11011000)
+ [11100001) + |11110000)) + |00111111)
+[10110111) — [10111101) — |01101111)
— [10011111) + |11001111) — [11011011)
+[11011110) + [01111011) — [01111110)

) )

) )

)

— [11111001) + |11111100)
. (113)

Scars in the PXP Model — Another plat-
form where quantum scars emerge is in the PX P
model. This model on a chain with L sites and
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Figure 52: The graphs associated with the ground state
of the PXP model with six (left panel) and eight (right)
particles.

with the periodic boundary condition is [235]

H= PaXiP1+PLX1P2+ P X Py,
i

(114)

where P = |0) (0] and X = |0) (1] + |1) (0]. One
of the ground states of this model in the matrix
product representation yields

[PXP) =" tr[B7'C?*... B72-'C7" ] |0103.. . 0L)

{o}
(115)
where
o (100 1 000
B*<01O’B*\/§101’
(116)
0 -1 10
c'=11 o ct=v2[ 0 o]. (117)
0 0 -1 0

Fig. 52 displays the graph associated with the
ground state of the PXP model with six and eight
particles. Up to normalization, these states read

[PXP6) = [000000) — [000010)
— |101000) — |100000)
+ 1101010) — 2{010100)

+v/2(]100100) + |010000)),  (118)

|PXP8) = [00000000) + [00001000)
+ [10000000) + [10101010)
— [00001010) — |10000010)
— |10100000) — [10101000)
— 2(]01010000) + |10010100))
+v/2(]01000010) — |00000100)
+ 10010000 — |01000000)

+ [10100100) + 2[01010100)).  (119)

4.6 Quantum Communication

Quantum communication refers to communica-
tion protocols that involve the transfer of quan-
tum states. Machine learning has been previously
employed for the artificial discovery of quantum
communication schemes [47].

The first experimental realization of entangle-
ment swapping was presented as a way of entan-
gling two photons that never interacted [89]. In
this section we show graphs corresponding to ex-
periments that create entanglement between two
parties (each party with single or multiple pho-
tons) without interaction between the parties.
Entanglement swapping has a strong connection

,to other quantum communication tasks, e.g. tele-

portation. This opens the door to use PYTHEUS
for discovering related quantum information pro-
tocols.

Entangling Two Photons that Never Inter-
acted without Bell Pairs — Respecting the
constraints that are placed on two particles that
do not interact (presented in section 2.2) we show
a graph that entangles two photons from indepen-
dent sources in Fig. 53 . The corresponding setup
constructed by path identity does not require the
initial creation of entangled Bell pairs .

Multiparticle Entanglement Swapping —

Performing simultaneous entanglement swap-
ping on multiple pairs of particles is one of the
key players in achieving resource-efficient quan-
tum communication. Entanglement swapping be-
tween two qubits requires two additional par-
ticles for a Bell state measurement.
ing this swapping experiment in parallel for n
qubit pairs would require 2n additional photons.
We prompted PYTHEUS to find experiments that
beat this naive baseline. With this, we found
a three-qubit entanglement swapping experiment

Perform-
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Entanglement

a cd

Figure 53: Entanglement between two qubits without a
common source. Because the vertices a and d have no
connection in the graph, each of the corresponding pho-
tons is created in one of two disjoint subsystems (green
boxes).

(Fig. 54), which produces the state
[0 @), 0 [2%)

where the photons 0,1,2 are separated from
3.4,5. This experiment requires four additional
particles instead of the six particles necessary for
the parallel case described above.

Similarly, entanglement swapping between a
pair of qutrits requires four ancillary particles.
We found that "performing entanglement swap-
ping for two pairs of qutrits could also beat the
naive baseline by only requiring six ancillas in-

stead of eight, in total, to produce
3d 3d
+ +
‘(I) >02 ® ’q) >13’
where the J)hotons 0,1 are separated from 2,3,

and ‘<I>+>3 is the first three-dimensional Bell
state.

5 (120)

(121)

Entanglement Swapping with Single-
Photon Sources It is also possible to use
single-photon sources for entanglement swapping
[91, 236, 237]. In Fig. 55, we show a graph
for a higher-dimensional case, performing
three-dimensional entanglement swapping with
single photon sources. In total, six single photon
sources are necessary.

4.7 Quantum Measurements

An important tool in quantum information is
multi-particle measurements such as the Bell
state measurement [94] or the GHZ analyzer
[238]. Here we present a wider range of mea-
surements that PYTHEUS has discovered. Many

Alice Charlie Bob
012 4 photon detectors 345
I mm.] rYyvys

3 ph. + 1 ph.

or
1ph. + 3 ph.

Complicated
Entanglement
Source 1

Complicated
Entanglement
Source 2

Three qubit ES

Outline of Experiment

Figure 54: Entanglement swapping of 3 Bell pairs
measuring only 4 photons. Left: abstract graph for
multi-particle entanglement swapping. Right: outline
of a multi-particle Entanglement swapping experiment.
Alice and Bob each receive three particles from the two
independent sources 1 and 2 (each a collection of SPDC
crystals). When Charlie measures a coincidence in all
four detectors Alice and Bob share three Bell pairs (0&3,
1&4, 2&5) without them having interacted. This is pos-
sible due to a superposition of events where Charlie ei-
ther receives three photons from Alice and one photon
from Bob or one photon from Alice and three photons
from Bob.

6

2 qutrit ES

2 qutrit ES (s.p.s)

Figure 55: Graphs for entanglement swapping experi-
ments.

others, such as POVM (positive operator-valued
measure) or their symmetric, informationally
complete special case (SIC-POVMs) could be ad-
ditional targets for future research, given their
exceptional importance for quantum information
tasks [239, 240] as well as their connection to ex-
citing number theoretical questions [241].

4.7.1 Analyzers

Here, we use the word analyzer to refer to exper-
imental setups that confirm a collection of pho-
tons to be in a particular state. Their formulation
in terms of graphs is described in 2.3. The two-
dimensional GHZ analyzer realized in Ref. [238]
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Higuchi-Sudbery analyzer W analyzer

Yeo-Chua analyzer

Figure 56: Graphs for analyzers. When all detectors
click, the incoming photons were in the corresponding
state.

can be extended towards higher dimensions, giv-
ing the 3d GHZ analyzer and the 4d GHZ
analyzer . Further, we show analyzers for
the W state -, the Higuchi-Sudbery state
(shown in Eq. (51)) and the Yeo-Chua state
(shown in Eq. (27)) in Fig. 56.

4.7.2  Mean King's Problem

In 1987, L. Vaidman, Y. Akaronov, and D. Z. Al-
bert [117] devised an interesting quantum com-
munication task that can be solved only with
quantum resources. Later referred to as the Mean
King’s Problem (MKP), it involves two parties.
Alice, who sends a quantum state which she cre-
ated to another party — the Mean King. The

Mean King then performs a projective measure-
ment on the state in a basis of his choice out of
a collection of mutually unbiased bases (MUBs).
Alice is then allowed to perform one more mea-
surement, after which the King declares his mea-
surement basis and Alice must correctly guess
his result. Should Alice guess incorrectly even
once, she will suffer a cruel fate, for the Mean
King is exceptionally intolerant of poor guesses.
This task has applications in quantum key dis-
tribution, wherein even the slightest discrepancy
between the shared secret key of Alice and Bob
implicates (in principle) the presence of an eaves-
dropper.

Over the years, various generalizations to the
initial solution, proposed in the original paper
[117], have been introduced. Here, we employ a
generalization proposed by Hayashi, Horibe, and
Hashimoto [242] for quantum states of dimension
D which is a prime power. This solution proposes
that Alice first prepares a maximally entangled,
two-photon state |1,) and sends one of her pho-
tons to the Mean King. After the King makes
a projective measurement in one of the (D + 1)
MUBS, Alice retrieves her photon and performs
a measurement in the basis of states credited to
Vaidman, Akaronov, and Albert (VAA states).
There are D> VAA states in all. For D = 2, the
first VAA state can be written as

fd

01) = 3(VZ100) + 7% 01) + T [10)) (122)

For D = 3, the third VAA state can be written
as

65) = = (100) +a([02) + 10) +]01) + [20)
(123)
+B(12)) +(21)

where w = e 273 o = (W 4 2w)/3, B = (W +
2)/3, and v = (w +2)/3,

Experimentally realizing Alice’s measurement
in this basis is non-trivial. Setups that recre-
ate the two-dimensional VAA measurement using
two qubits encoded in a single photon [243, 244]
and that realize extensions to the Mean King’s
problem [245] have been proposed; but the orig-
inal solution to the Mean King’s Problem in-
volves two photons, to which no experimental re-
alization has been proposed for any prime-power
D. Here we provide examples discovered by
PYTHEUS for select prime-dimensional cases.
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3

MKP (2d)

MKP (3d)

Figure 57: Graphs realizing the VAA state measurement
for the MKP in the 2-dimensional case and 3-dimensional
case.

Two-dimensional Case — The left side of
Fig. 57 shows the graph of Alice’s measurement
in the VAA basis . This graph was found
with PYTHEUS by optimizing for the VAA state
projection into |¢1). Surprisingly however, during
the translation of the graph to an optical setup,
we found that several other VAA states can be
projected with the same setup, by adding detec-
tors at unused beam splitter ports. Several of the
remaining VAA states can then be distinguished
by the set of possible simultaneous two-detector
click events that they each trigger. Since any re-
sult of the Mean King’s measurement can be ex-
pressed in terms of a superposition of VAA states,
Alice is able to guess the result by performing the
measurement of her input state in the VAA basis
and guessing the state that can be expressed in
terms of Alice’s measurement result. This proce-
dure works regardless of the Mean King’s choice
of MUB in his measurement.

Three-Dimensional Case — The right-hand
side of Fig. 57 shows the graph for the pro-
jection of the state into the one of the three-
dimensional VAA states |¢3) . As with the
two-dimensional case, we add again detectors at
the empty port of beam splitters and find that we
can distinguish between more three of the nine
states without any additional modifications. Af-
ter post-selection, Alice has a guaranteed chance
to correctly guess the Mean King’s measurement
result so long as the King does not choose the sec-
ond MUB for his measurement. Were the King
to pick that MUB, two of the three results of
the measurement are expressed in terms of VAA
states that Alice cannot distinguish, giving her a

S
K A
— A, Qn =23

(&} )
2

Heralded CNOT(2,3)

Heralded Toffoli

Figure 58: Graphs for heralded quantum gates.

50% chance of escaping the Mean King’s cruelty.

4.8 Quantum Gates

Universal quantum gates, which rely on the in-
teraction between two or more photons, can be
realized with non-linearities induced by measure-
ments [97]. Quantum gates based on this ap-
proach, such as a CNOT between two qubits,
have been realized experimentally for almost
twenty years [98]. However, since then, the at-
tempt to experimentally discover a wide range
of quantum gates has continued due to the ad-
vancement of experimental resources which can
deal with higher dimensional systems.

Heralded — We call a quantum gate heralded
when only ancillary particles are detected, mean-
ing that the outgoing particles are not measured.
The photons exiting such a gate can continue into
further components of a longer circuit. At the end
of the circuit it is necessary to confirm that two
photons have exited the gate, but not which path
they followed. We find that a higher dimensional
version of the CNOT gate with a control qubit
and a target qutrit (CNOT(2,3) ) can also
be realized with two ancilla photons. Further,
we find a heralded Toffoli gate with four ancillas

; see Fig. 58.

Reduced Input Space — For some tasks in
which quantum gates are applied, there is some
prior knowledge about the input state. This
knowledge can be exploited to reduce the exper-
imental resources required to perform the trans-
formation [105, 246]. A wide range of constraints
on the input state can be encoded by our frame-
work. Here we show examples of heralded quan-
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heralded CNOT(3,3) heralded Fredkin

heralded CNOT (4,4)

Figure 59: Graphs for heralded quantum gates with re-
duced input space.

tum gates where a target qubit is prepared in the
zero state before entering the gate.

PYTHEUS found gates CNOT(3,3) ,
CNOT(4,4) and the Fredkin gate act-
ing on a target input photon in the computational
zero state; see Fig. 59. A post-selected Fredkin
gate on the full input space has been experimen-
tally realized [106].

Post-Selected — When post-selecting a gate,
all outgoing photons are detected and thus de-
stroyed. Such a gate does not require as many re-
sources as a heralded gate, but it imposes restric-
tions, such as not mixing the two output paths,
on the remainder of the circuit, to ensure that
the presence of a photon in each output of the
gate can be ascertained. PYTHEUS found differ-
ent post-selected high-dimensional CNOT gates,
such as CNOT(2,3) (32), CNOT(2,4) (33D,
CNOT(3,3) and the Toffoli gate on a qutrit
; see Fig. 60.

4.8.1 Single Photon Sources for Quantum Gates

Experiments exploiting single-photon sources
as an additional resource for the construction
of quantum gates have been previously demon-

CNOT(3,3) 3d Toffoli with two ancilla
photons
Figure 60: Graphs for quantum gates with post-

selection.

strated [112]. Fig. 61 displays graphs for a her-
alded CNOT(2,2) with two additional input pho-
tons , a heralded CNOT(2, 3) with three ad-
ditional input photons , and a post-selected
CNOT(2,3) with two additional input photons

4.9 Combinatorial Measures

In this section, we demonstrate how PYTHEUS
can discover exceptional structures without com-
puting the quantum state. This ability might
be useful for finding experimental configurations
with particular symmetries or properties that are
interesting, independent of the resulting quantum
state. Such metrics can also be combined with
other objectives mentioned in the previous sec-
tions.

4.9.1 Assembly Index

As an example for structural property discovery,
we consider the assembly index, which has been
invented in chemistry for the search of extrater-
restrial life [247, 248|. Specifically, the assembly
index counts the complexity of building up a com-
binatorial structure, for instance, molecules or —
in our case — graphs. It counts the number of in-
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post-selected CNOT(2,3)
S.p.s

Figure 61: Graphs for quantum gates with single-photon
sources as an additional resource.

dependent processes that are necessary to create
a structure. The hypothesis is that a structure
with a large assembly index cannot be formed
by natural processes and would require complex
(living) systems for its generation. Strong indica-
tions in favor of this hypothesis have been found
in the study of millions of molecules on earth
[248].

Our goal here is to discover graphs with very
high assembly indices. The assembly index is a
discrete structural metric that cannot be opti-
mized directly using gradients. However, we can
use the weights of edges to transform the discrete
metric into a continuously differentiable metric.
A general procedure is to compute the average
combinatorial value of the weighted graph from
sampled discrete graphs. Here, the weights |w;|?
are used as the probability for sampling discrete
graphs. While this procedure is differential, it
is computationally expensive as many sampled
graphs need to be evaluated to obtain an aver-
age assembly index of the whole graph.

Alternatively, here we restrict ourselves to
graphs with exactly eight edges (with 4
and 6 vertices). Here, the eight highest-
weighted edges are used to generate the graph,

4 qubits, 8 edges,
assembly index 8

6 qubits, 10 edges,
assembly index 10

Figure 62: Graphs for assembly index.

and in addition, weights are used to change the
order of edges. The graphs in Fig. 62 present
graphs with very high assembly indices with 4
vertices and 8 edges as well as 6 vertices and 10
edges.

5 Outlook

This article uses a list of examples to showcase
the broad range of possibilities of digital discov-
ery in quantum optics. The goal to design one
hundred novel and intriguing experiments has led
us to collect a diverse set of tasks for which ex-
perimental setups could be designed. To make
the discoveries possible, we expanded the theoret-
ical framework underlying the algorithm and pro-
duced faster, more versatile open-source software.
We hope that this work can be an inspiration
for experimental physicists in two ways: (1) to
explore some of the experiments as they are pro-
posed in this article (2) to see that PYTHEUS can
be used to design experiments for a wide range of
targets and for individually tailored specifications
of experimental restrictions and resources. To
explore particular examples that have not been
covered in this article, the open-source library
PYTHEUS can be used. Many more avenues leave
room for significant further exploration, partic-
ularly within the optimization for targets other
than fidelity, as well as more specific experimen-
For this, the PYTHEUS frame-
work can readily be expanded in the future.

A number of extensions that would be inter-
esting include the discovery of experiments that
maximize success probability in terms of herald-
ing efficiency or Bell state measurement efficiency,
especially as experimentally available technolo-
gies became increasingly powerful [249]. The po-

tal constraints.
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tential of PYTHEUS on suggesting experimen-
tal setups can pave the way to find experiments
to simulate quantum states, which are nowadays
merely realizable in extreme (thermodynamics)
conditions, such as high pressure and low tem-
perature [250]. An exciting extension would be
the analysation whether we can extend state gen-
eration to encoding the dymanics of a quantum
state into the weights of the graphs. Along with
this line of research, it is theoretically tantaliz-
ing to explore the putative correlation between
the complexity of time-evolved states [251] and
the complexity of associated graphs as outputs of
PyTHEUS.

As a final thought, we want to view our re-
sults through an additional lens. We have created
a dataset of 100 hand-selected quantum experi-
ments that are some aspects exceptional (which
PYTHEUS has discovered). This dataset might
be large enough for highly efficient artificial in-
telligence algorithms to bootstrap an intuition
of what properties make an experiment interest-
ing, and allow them to produce proposals for
new, hopefully equally interesting quantum ex-
periments. It would sure be exciting to investi-
gate the physical properties of the proposals that
the machine believes are interesting. In the best
case, it could act as an inspiration for new ideas
for the human scientist [252, 253].
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