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AB&TRACT
Two broad classes of aggregate regional forecasting mod-
els are defined. The éutoregressive ‘models belong to the
general family of space-time autoregressive integrated mov-

ing average (STARIMB) process, and the expLanotﬁry models

‘belong to the class of space-time transfer function noise

process. These- models are characterized by autotegressive

: and_mo&ing average terms lagged in both time and space. -

* This thesis develops and demonstrates a three-stage iter-

ative procedure for building STARIMA models ,of precipitation

serdes ‘aﬁd space~time transfer functipn noise models of
ra} fall-fundff process.' For a.given data set, the degree
of non-stationarity, as Lwell as the type and- the order of
phé model can be decided by studying the shape of the appro;
priaté spacé—time-correléfion ﬁunctioﬁs. The relative spa-
tial locations of the sites in thé‘systgm can mexﬁlain the
observed correlative structure since an hierarchical spatial
ordering of the neighbors of each site is used.

Different typeé of stochastié ymodels-are developed for
rainfall and runoff stations loégtea in.,éﬁé Watershed 1in
Southern Ontario. These models are used to forecast:rainfall
and runoff for the selected Wafershed.' The forecasting-re-

sults indicated that the space-time models produce reason-

ably reliable forecasts.
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Chapter I

INTRODUCTION

1.1 -PROBLEM STATEMENT

Rainfall is thelmost important input to a simulagioh mod-
el of the land phase.of the hydrological cycle. It takes the
form of ra1n, snow, haillor dew and can possess an extreme
dlstrlbutldn in magnltude in time and over space. Once rain-
'fall reaches the Kground, some of it may £i1ll depre551ons,
part:may'penetrate the groun§ to repleglsh so1l.m01sture ang
ground reservdirs,‘ and some\may bécome surface runoff that
flows over the earth's surface to a defined chanﬁel such as
a stream. .

Infor@ation regarding flow rates at any point 0f interest
along a stréam is necessary in the analys%s and design of
many types of water projects. Engineers are sometimes faced
with the problem of little or no streamflow records in de-
signing of flood control reservoirs, canals and water supply
systems. This caused a need for development of simulation
models to aid engineérs in expanding their knowledge of the
hydr6fzgic regime oﬁ a catchment.

;There are two major approaches to simulation modeling:
Optimizataand noﬁoptimi;ation methods. Optimization mod-

els consi the element of selecting the best set of condi-
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tions to satisfy a set of objectives for a“éiven set of con-
strﬁints. : Nonoptimizatibn methods‘argﬂgénerhlly'associated
with assessment of hydrologié data and are ﬁsed to quantify
the physiéal proéess and can be separated into statistical
and physical/deterministic mbdels.

The deterministic -simulation technigues are categorized
into empirical and conceptual methods. The former describes
the hydfological process based on -an assumption that the in-
put and output observations do not contain errors and a
uniqﬁe transformation from inpu¥™ to output exists. This
type of model, being governed by known physical laws, does
not. include pfobabilistic interpretation of the results.

Conceptual models are intended to .incorpo:ate' within
their structure the general éhysical mechanism which governs
the hydrological cycle. In thi§ approach the internal de-
scription of the various subprocesses are modeled according
to ‘empirically determined funcgions thich are linked in
their conceptﬁalized logical order.

"In order to account for uncertainties in the déta, model
and parameters, many gtatistical models have been intro-
duced. They include regression and correlation techniques,
probabilistic methods and stochastic methods. All these ap-
p;oaches tend to treat a limited,. or specific sample of data
to make predictions.

Stochastic models are constructed from random data and

'

allow for memory effects so that each observation is depen-

s
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dent to some.degree upon its predecessors in time. ' There-
fore, statistical properties of obsérved time series proéide
a mean'for_identifying stochaétic ﬁrocesses. This identifi-
cation app;oach consists of a priori model postulation and’

acceptance or rejection ofltﬁe model in terms of statistical

tests. The stochéstic methoﬁs of time series analysis with

/ i

a représgntation in -the form ‘pf an input-output system will
be considered fjirther in_thiS_QBESis, since they are related
to simulation pféblgms.

Rainfail is a space—time phenomenon and %ts variability
possess one of the major modeling challenges in hydrology.
Specificaily Linsley, Kohler and Paulhus (48) observe that
'Among climatic factors that establish the hydrologic fea-
‘tures of a region are the amount and’ distribution of rain-
fall'. Space-time modeling and forecasting have been ap-
- proached by many researchers. Chisolm, Frey and Haggét (18)
have shown the importance of modeling geographical processes
"and how the space-time modeling and forecasting could be ap-
plied to urban and_regional analysis.

The épace—time forecasting methods édapted from Box and
Jenkins classical time series analysis can be used to
produce much information about the behavior of rainfall-ru-

noff data in time and space.
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OBJECTIVES OF THE RESEARCH . ' S .

The objectives of this thesis are:

1. To extend the identification, estimation and diagnos-
Lic stages of Box and Jenkins (ARIMA) models deveiop-
‘ment into the spatial domain by using a hierarchical
orderiﬁg of the spaéial'ﬁeiéhbors‘of each ;ocatibn of
raingage site. This results in a general model class
of space-time autoregressive integrated moving aver-
"age (STARIMA) models. ‘

2. To investigate the Box and Jenkins transfer function-
noise $Bde§‘ which have been succeésfully.applied fo
hydrological .systems for flow simulation and fore~’
casting with rainfall as input data. This transfer<>
function-noise model is extended into the spatial do-

- main by using a hierarchical ordering of the sbétial
neighbors of each location of rainfall and runof £
gage sites. This procedure- léads to  the class of

space-time transfer function- noise (STTFN) process.

“
To apply the STARIMA and STTEN modeling methodologies

L
.

to a set of rainfall and runoff time series to pro-
vide runoff regional forecasts. The selected Wat-

ershed is located in Southern Ontario, Canada.

i
)

Ed

Lo



1.3

The work presented in this thesis may be divided ‘into two’

parts.

,- 1.

In what

THESIS ORGANIZATION

v

a) The dévelopment of a méthodology, to describe the

" exterition bf the three-stage iterative model

building procedure of ARIMA models by Box'anq Jen-
kins into spat:fldomain to accommodate the space-
time model cla¥s of space -time autoregressive in-

tegrated moving average (STARIMA) models.

b) Tbe' development of a mathematically efficient

technigque to extend the Box and Jenkins transfer

' function-noise model into the spatial domain. This

_leads to the class of space-time transfer func-

tion-noise process.

The application of the above methddologies.tb a real-
istic hydrolqgical system,'studying different aspects

of modeling rainfall and rainfall runoff processes.

follows, the description of the research work

compiled in different chapters of this thesis is described.

In chapter I, the background of this research and the re-
bl

view of this thesis are discussed.

In chapter II, the general properties of time series and

stochastic processes. are first presented. A brief theoreti-

cal description of Box-Jenkins ARIMA models are proposed in

terms of linear difference equations. A systematic apprbéch

R o e DU
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‘to time series modeling of ARIMA process is introduced. The
approach is composed of . tﬁ;ee main'phases, identification,
eitimation and diagnostic checks which are performed to test
the adequacy of the fitted model and to give direction Ffor
updating the fitted model if it is inadequate. The focus of
. Section 2.3 1is to review a number of mathematical models
"that have been adapted to represent different aspects of
rainfall:runoff process., Finally, a coﬁpréhensive class of
sﬁace-time @odéls that have been refered to as STARIMA and
STTFN moéels is prgposed. A brief review of contributions
made by fésearchers within the general area of space-time
modeling is presented:

In chapter III, featurqs of thg sampling sfations in the
selected watérshed and data selection for the numerical
analysis are investigated. : |

Chaptér IV includes a compr;hensive STARIMA and space-
time TFN model building procedure. In Section 4.1 the gen-
eral framework for model‘idéntificatio; in terms o% space-
time autocorrelation (STACF) and épace-time partial
autocorrelation (STPACF) functions is developed. The‘second
stage of the modeling procedure is estimation of the model
parameters and a variety of linear and nonlindar optimiza- .
tion technigues are reported. The last stage, diagnostic
checking'of the fitted model to reveal any inadequacies, 1is

also the subject of Section 4.1. The basic prope??ies of

STTFN models and developﬁent of general framework for model
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identification based 'on.space-time Cross correlatioﬁ"func-
tions (STCCF)} |is pfobosed in Section 4.2.‘ The extention of
transfer function-noise model procedure developed by Box and’
Jenkins to accommodate the space-time'is presenﬁed: This
éection also dealé with the egtimation of unknown parameters
of the selected STTFN models and diagnostic checgs appliéd
to test the ade@uacy of the 'models and to suggest potential
improvements. | J

Chapter V includes the application of the methods-pro--
posed in\chaptef IV to a realistic hydrologic system study-
ing aspects of STARIMA modeling of rainfall series and STTFN
modeling of rainfall-runoff process.

Chapter VI of the thesis provides ﬁhe ronclusions of this
fEsearéh work. | : |

Thé.suggestions for future investigations are _given in

Chapter VII.



Chapter II -
LITERATURE REVIEW °

in tHis”cﬁapter the‘generél properties of time series and
stochastic processes are first discussed. This introéucés
basic concepts and properties of ?arious types of stationary
Box énd Jenkins processes(9). hA.general appraisal is given
regarding the stochastic. rainfall-runoff models. Following
' this, some statistical properties for examining STARIMA mod-

eling in the time domain are pointed out.

what follows is an account of time series methods :of

forecasting and an‘attempt to adapt them in the spatial do-

main.

2.1 UNIVARIATE TIME SERIES
Time series analysis is concerned with extracting infor-
mation from the data about the studied phenomenon and where

the relations between consecutive observations are of inter-

est.

A number of stochastic modeling technigues have been

adapted to establish a dynamié linkage between observed time
series, .namély rainfall and runoff. In most cases the pa-
rameters of .such models have limited physical significance

and are chosen entirely on the basis of optimization of some
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stat1st1cal eriterion. Such models have been found to worﬁ
extremely well in many hydrologlcal appllcatlons(sz) Their
use in surface water hydrology depends on the ability to
satisfy the critical assumptions related to mathematical
theory.

The most. popular approaches in modeling of hydrological
oime series have been the Box and Jenkins ARIMA ond TFN mod-
eling approaches. Some of the uses of Box and Jenkins models
in water resources include(40);

1. sSimulation: Since historical data will probably never
exactly repeat itself in the future, synthetic. data
can be generated to test possible designs and operat-
ing policies of pipelines, dams, sewage treatment
ﬁlants, etc... Simulation can also be used to deter-
mine an empirical distribution for-a statistic such
as the Hurst coefficient. |

5 Porecasting: Based on the most recent data and the
particular model being used, minimum mean sguare er=
ror forecast -can be made for future values of the
time series.

3. Describing dynamic relationships: Box and Jenkins
transfer function -noise models (S} describe the dj—
namic relationship between the dependent or response
variable (ex. river flow) and the independent vari-
ables or inputs (ex. precipitation) 1in the presence

of autocorrelated noise. The resulting finite différ—
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ence equation is analogous té a }Ihear differential
equaéion.‘

4. Control problems: Two reservoirs on a river -may be

'a E operated in a serieé te control downstream flow based °

on inflbws and the current wéter level of each reser--
voir. - l

5. Efficient summarization of historical statistics: The

historical data 15‘summa;ize§ in a few model parame-

. ters that are estimated from the data. If the proper

model passes all diagnostic checks thenftﬁe statisti—

cal properties of the histqrical data will be pre-

served.

2.1.1 ARIMA (p,d,g) process

: et ¥ , ¥ ,..., ¥ ,'¥Y , ¥ ...Y_ be a discrete time se-
102 b1 Tt e T

ries measured at equal time intervals. The Box and Jenkins

method for analysing time series uses the backshift operar-

tor, B, defined by

BY = Y-
t Yc—l

~and the difference opera%or,‘7, defined by

LA

/fﬂhigh can be used to remove the nonstationarity and the re-

sulting differencad data can be modeled as a stationary se-
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ries. The backshift and the difference operators are connect-

“Teéd-by-the relation -

y=1-0B

The general form for an_autoregressive process of order p,

an AR(p) procese, is

N Yom 4 Y +4.Y _+a (2.1)

where at,are normally independently dlstrlbuted white noise

residual with mean 0 and variance CT NID(O, O') and ¢ are

"unknown parameters. The curréent value of the process is ex-

pressed as a weighted sum of past values plus current shock.
Thus Yt can be considered to be regressed on the previous
Y's.

Equation(2.1) can be written as

-
.

——
ﬂB)Yt = a ) ' (2.2)
where
2 P | )
¢(B)=1—¢1B—¢2B— ..... -@PB , is the autoregressive (AR) op-

erator or polynomial of order p such that the roots of the
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characteristics equation $(B)=0 lie outside the unit circle
for stationarity and the Qi' i=1,2,3,...., P are the AR.pa-
rameters. B | .

The moving average model of brder-q, the MA(g) process is

given by'

LAY
Ll
-
o

Ny

Y; .- at -élat-l + Tessnan + eqat_q) (2-3)

‘where a, are ndrmally independently'distributed white noise
. . ‘ . 2 . ,
residuals with mean 0 and variance (J ( written as

2. a
NID{0,J ). This can be written
A

Y = «Bra, | _ (2.4)

where
2 q . .

eiB)=l-eFfe?-....-%? , is the moving average (MA) opera-
tor or polynomial of order g such that the roots of &(B)=0
lie outside the unit circle for stationarity and the €.,

1

i=1,2,...,9 are the MA parameters.

if a process consists of both AR and MA parameters, it is

called an ARMA (p,q) proceés'of the form

/’\\
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Y o= ¢,% 4% +9pY, _pta tOa y teenn + aqat_q (2.5)

1

or an ARIMA{p,d,q) model, and- written as

¥(B)Y, = EB)a, | (2.6)

Y
where d specifies the number of differences needed to induce

stationarity.in the original series. Stationarity and in-
Avergﬁbility require the zeros of ¢(B) and8{B) to lie out-
side the unit circle. As ARMA(p,g) process contains both the
AR and MA processes, an AR(p) process is equivalent to an'
ARMA(p,O) process while an MA(g) process id the same as an
ARMA(d,q) process.

So far the discussion has been restricted to stationary
process, and the ARMA model have Bad all the zeros of ©(B)
outside the unit circle. A series is said to be statioﬁary_

—f the probability distribution of the variable 1is consféht
over time. Under this condition, such quantitieé as the mean
E(Y[ )¥utand the variance O‘}E(Yt—/__ﬁ) willsemain cdnstant.
A npnstationary process can be dealt with by taking the mod-

el with first, ot higher difference, such as
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Usually . first or.lsecond difference is efficient to

‘approximate this state.

" The three-stage jterative building proéedure developed by
Box and Jenkins for ARIMA modeling is as f01lbwing (Figure
1): |

1. Identification: The type and the order of a tentative

model are decided by studying the shape of the apbro-
‘priate correlation functions.

2. Estimation: The parameters of the selected model are

.estimated. .

.+ 3. Diagnostic checks: The adequacy of the selected model
is tested through several checks. If any inadequacy
is found, the three-stage iterative cycle of identi-

: ﬁicatioh, estimAtion and d;agnostic checks is repeat-

ed for updating the model.
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. 2.,1.2 Identification

Identificafion of a tentatively selected moéel to be used
in foregasting a time series is done through the analysis of
historical data. The purpose of the identification is to
determine the orders of AR and MA operators for the time se-
ries. The sample autocorrelation gpnctions (ACF) the sample
partial autocorrelation functiqps (PACF)7 the sample inverse
autocorrelation functions (IACF)(37),. the sample inverse
partial autocorrelation functions (IPACF)(37) and R and Sl
functions(33) can be used to identify the particular model:

that adequately describes gn observed time series.

2.1.2.1 Time Plot .

- The first step in analysis of a'timé;series is to plat
the observations against time. This. will show up important
features such as trends in the mean or in the variance of
the series, seasonality, outliers, persistence and disconti-
nuities.

-

2.1.2.2 ' The Computation of Autocorrelation Functions (ACF)

The ACF rk' measﬁres the linear relationsﬂ}ps between ob-
servaﬁions in a time series that are;#epafated by a lag of K
time units. The autocorrelation coefficients are usually
calculated by coméuting the series of autocovariance coeffi-
cients{40}. The autocorrelation functions ﬁ)k at lag k in.

time is defined by
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The estimate for r, is given by

k

L.k S (2.7)

. where,

c, is the aqtocovafiance coefficient at lag k=0, ¥ is the’
mean of the time series and ﬁ is the length of the time se-
ries. The ACF for MA(qg) process cuts off at lég g in time.
The ACF of an AR(p) process is a mix£ure of damped exponen-

tials and sinusoids, and dies out slowly.

2.1.2.3 The Computation of Partial Autocorrelations (PACF)
PACF ¢;kfor an AR , autoregressive process of order K

satisfies the Yule-Walker eguation(8),

N _T — - -
1P, P oyeeeeeivennn P.k_l D P,
,9'11\('01 ........... Pl 19 P,
: N . ', ' (2.8)
. ~
. ~ . ' —— .
: ~ hd ' -
: ~ . ; '
. : N . . .
: ~
(oY < IR 1 @kk P
where,
;) , the ACF of the Y series;
t

~

s
f
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¢ ' jth' coefficient in-an AR procgss of order K such

)
that ¢ is the last coefficient;

kk 2 ' .
e= (1_P1?k1_'°2"’k2_' ) _Pk*”kk')d:‘;’
is the Yule-Walker equation used to determine O; of the
white noise and Ty 'is the variance of ¥, series,

To get an estimate d’KK for (DKK simply replace pK by

the sample ACF ‘and solve the Yule-Walker equation for ¢

KK
Substitute thg.autocovariance coefficient CO at lag k =0

: . ) 2 2 o

for er in. order to estimate Jq by . The possible
a

values of @Kkrange from -1 to 1. The partials tail off for

an MA process and cut off for an AR process.

2.1.2.4 The Computation of Inverse Autocorrelation
.Functions (IACF)

IACF 1% used in conjuction with the other idenéificatiqn
procedures to determine the orders of AR and MA parameters
for thelYitime series(40). -

To obtain an estimate riK for ijiK at lag K in time, the
first step is to model the Yt series by a finite-AR process

of order r given by,

= a E .9
Y o=a + T, _ (2.9)
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vhere q; is the ith AR parameter when the model (2.6) is

written in invert form, For an AR process of order r the

IACF is given by,

/ .

-ﬂthﬂ17ﬁﬁi'+ e HT T .

ri =

| (2.10)
-

" An estimate ri, for the IACF [ can be obtained by calculat-
K .
ing TT; . i=1l, 2,...r for f{;from equation {(2.8). Then substi-
tute the 7fi into (2.10) for T to estimate r; .
: : ‘ ‘ K

Whan the process s an AR model, 1r; cuts off and is not

significantly different from zero after lag p.

off, .this 'suggests the presence of an MA component.

2.1.2.5 The .Computation of Inverse Partial -
Autocorrelations (IPAEF)

The IPACF is developed in a manner similar to PACF(39).

The inverse Yule-Walker equations are given by,

_ . - - =
1 P4 Piyeeennnninn-. Pi QDikl Pi,
P, 1 Py coieinenns Pi_, @i, Pi,
~ - '
~, ! , '
~ - ' —_ . (2-11)
~ . ,
~ . .
. ‘ ~
. ~
Di (DL o eeeeemininnan 1 Ps., Pi,
— 4 L. L

If ri tails -
K
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where p;Kiss the IACF of the time series and (piK' is the jth
: . B )

coefficient in an MA process of order K such that ¢NKK is
the last coefficient. The coefficient @;KKis called the
IPACF. To get an estimate @i for
X - KK
Digw
the inverse Yule-Walker equation (2.11) for (Q; . If the

KK
process is an MA model, IPACF is not significantly different

, replqce;jn( by the, sample IACF r”( and then solving

from zero after lag g. If IPACF fails to cut off at time
lags, Jhis suggests the need for an ﬁR‘model.
2.1.2.6 Thé éomputation cof R and S Functions

Aﬁ identification technigue based on using' R and § func-
tions was propesed by Gray(33). This technique can improve
the identification of the order of ARIMA models. it is
based on t{gnsférming the ACFﬁjnénto the two fpnctions R and

S. The functions can be written as,
o~ [

' QCL) ’ Hn gFL—n+l)
R
n
Hn (l’ﬁL-n+l)

1]

(2.12)

and
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H (1,0 )
. n+l k-n+1 )

Hn (pl_f.—n-i-l)

wherepKis the ACF of the ARIMA process and the H functicns

are,
pk pk-i-l .......... pm_l
. e P
i Q) = pl.‘*.l Prer2 ketn (2.14)
Do g reeeeeeeannn Py '
and -
) {
A S S P |
. | .
| Tkin (2.15)
Hn+l (l’)ok) = Hn(pk) l :
b Diszn-1
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The following

and S functions
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=1, K is an integer and n is a positive inte-

recursive expressions for estimation of R

have been introduced by Gray(33)},

* Snd{)
R Q) = R B (2.16)
o+l k n _ sn(p—l) .
aﬁa
5 0 R (R | (2.17)
s (M) S (~) - )
k -1 k
o n Rn(Pk) }

..and K=0, 1, 2, .. with So(;)K) = 1 and
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The ARIMA model identification procedure based on R and S
functions require the estimation éf the two functions by us-
ing (2.16).and (2.17’, and displaying-the functions in tabu-
lar form with n valﬁes,as columns and K'vélues as r;ws.
Then the arder' ot anlARMA {p,q) model is defined based on
recogni;ing certain patterns which are‘characteristics of
such functions, { |
: The R funcéion of Table 1 shows that:
1. The (p+l) column has zero values in all but (2g+1}
rows centered around row zero. g
2.‘;$he row g+l has also zero values for n > D and unde-

Lk -~

"“fined values appear for rows g+l < k < -g and columns
n > ptl. ) )

The S function of Table 2 shows that:

1. There are two sets of constants in column p (C2 up to
Cl down) around the nonconstants. The constant C2
above the center line starts in row -g-1 and contin-
ues up for any k < -g.

2. The row -g-1 has a series of values beyond the
column p. All the elemeﬁts above these infinite val-
ues are undefined. |

3. Similarly, the constant Cl in column D below the cen-
ter line starts at row g and continues down for any k

> g. The same constant Cl appears in row g beyond the

column p but with alternating sign.

N



e R

| 24

4. The elements to the right of golumn p-anﬁ below row g
are all undefinéd.ul ‘ |

1t ' is clear from fhe above information that if .the auto-

correlation function ﬁJK is’ knownf the R and S functions

identify. the order p and q of the ARMA (p,q)} model. A de-

tailed analysis of R and S functions has been presented

in{33).
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TABLE 1

Display of the R function for an ARMA (p,q) model

‘ -,//”*““’/ | N
k 1 o e e e TPt pt2 . . . . Dt
-1 . 0 u u
~q-2 Rl {(-g-2) 0 u u
-g-1 Rl {(-g-1) /0 u u
-q Rl (-q)
-2 Rl (-2)
-1 R1 (-1). o | — - — — -
0 Rl (0) 2a*1 <
| _ . __ nongerg elements__ { _ . _ — — —
-1 Rl (1)
2 Rl €2)
1, B Eq) ;' L0 0 | 0’
g+l R1 (g+l
g+2 Rl (g+2) { 0 u u
) a - : -
j R1 .(3) 0 u u
u is undefined

-




" TABLE 2

o

Disp;ay'of the S function for an ARMA (p,q) model

N

26

p p+l . p+i
-1 s1 (-1) C2 u u
~q-2 . c2. " u !
-q-1 c2  +co- + 0
-q sl (-q) ( -
-3° s1 (-3)
-2 sl (-2)
-1 _Sl (-1)
u 81 (0) . 2g_nonzerog _  __ ___ o
1 sl (1 constants N .
2 s1 (2)
3 s1 (3) -
g-1 s1 (g-1) L
q . ci -C1 (-1)c1
g+l . Ccl u . 4l
g+2 Cl u . u
j ) Cl u u

u is undefined
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2.1.3 Estimation ‘ ' .

The identification process leads to a tentative formula-
tibﬁ for the mbdel and the model parametefs have to-be esti-
mated. ‘_ | |

Box and Jenkins({(9) suggéstuthe approximate maximum like-
lihood estimates for the ARMA parame£er estimation. The pa-
rameters are obtained by minimizing the residual sum of

squares

¥
0]

T

50,8 = Z az(t) (2.18)

t=1

where, S{({(,8) is the residual sum of squares, T is the sam-
ple lengph, a(t) 1is the white noise series and () and G are
parameters. ‘

Mcleod(Sl) demonstrates a modifiéd sum of squaées method
which provides parameter estimates that are closer approxi-
mations than those of Box and Jenkins to the exact maximum
likelihood@ estimates and the advantages are:

1. the modified method gives better parameter estiﬁ;tes

fPr shorter serieﬁ;

2. the modified ﬁethod is more efficient:

3. it is’ the exact maximum likelihood estimates (MLE)

procedure for an AR process; and
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4. improved parameter estimates are obtained for an MA
Process._‘ . '

At the estimation stage, estimates:ére obﬁéihed‘ for AR
and MA parameters unless the exact value of a pérametér is
"known in advance. If this is the case, the known parameter
can -be fixed and the remaining parameters are estimated. The
prameters witﬁ_values not significantly different from.zerd

can be deleted from the model.

2.1.4 Diagnostic Checks

Ooften the identification stage yields a few tentative
models to fit the time series. Therefore, it is important to
perform diagnostic checks to test the adequacy of the model
ana, if needed to suggest potential improvement. Such checks
are performed by various tests, which assume that the possi-
ble types of model inadequacles are known in advance.

Most diagnostic tests deal with the anélysis of the resi-
duals. In other words; the focus is to examine the differs

ences between the observed data and the predictions given by
| the identified model and to determine whether the residuals
are independeht- and normally distributed. The following

tests were used in this thesis.

2.1.4.1 Overfitting
The procedure of overfitting consists of adding a parame-

ter and testing the hypothesis that the added parameter 1s

%
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equal to zero, provided that the new parameter is not redun-

dant. For example, if the proposed model is.an ARMA(1,1)

Yt. = ®1Yt-1 + a, - 9,%-1

one couid test the ARMA(2,2) model

"

t

Y, =e¥ o+ PTeot 2 - 8,31 ]
The new residual variance for the ARMA(2,2) model corrected
for the additional. degree of freedom due to the additional

parameters may be calculated by

(T = —w= (®.8) _ (2.19)

where S(m,é) is the sum of the squares of the residuals, N
is the numbers of observations and n is the number of paraﬁ-
‘eters ( @ and © ). A decrease in tﬁe corrected residual
variance provides a measure of the improvement due to the

added parameters.

2.1.4.2 ¥ Checking the Statistical Significance of the
Parameters

This procedure tests the hypothesis that the adcitionail
parameters are zero. The hypothesis test is based on the
fact that each of the set of R parameter 1is equal to

ze;o(26) - T
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] . S(ﬂl. a —8(396)
rT“Rfk] ¢‘,'1 ' : (2.20) .

L s(3,8) -

where, S(é,é) is the condiﬁional.maximum likelihood estimate
of the full parameter veétor which contéins the parameter to
be tested and S(i,é) is the conditional maximum likelihood
Tl ~<"’stifnate of the parameters vector with the approprilate R pa-
rameter constrained to be zero. -

The abovew‘statistics is approxiﬁately distributed as an

e

F under st he null hypothesis. Any estimated parameter
R,IN-R ) P o P -

found to be -insignificant should be removed. The model

r

building procedure then returns to the estimation stage.
2.1.4.3 Portmanteau Test

The whiteness of the estimated residuals from the fitted

model is tested accordiné to(9),

f Q=T ) ria (2.21)
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where (a)‘ls the ACF_of the residuals at_,-T is .the sample
size and K is the maximum lag. The statistic Q is approxi-
mately cﬁi—Square distributed with K - p -~ h degree of free-
dom, where p is the AR order and q is the MA order. The
ﬁdeqﬁacy of thHe ARMA model may be éhecked by comparing the
\statigtic Q with the chi—squ§re'value)( " (K-p-q) of a given
significance level. If-ﬁ {XK (K-p-q), gfsis anlindependent

series and so the model is -adequate, otherwise the model 1is

inadequate. : -

2.1.4.4 The Cumulative Periodogram Test

The cumulative periodogram provides an effective means
for the detection of periodic nonraﬁdomness(B).
" The periodogram of a'whi?ev noise series at, £=l,2,...,”N

is (9)

I(\;j) =% v--za_ie21ert 2
t=1 )
- N . N
=% ( Zatcos 2~.r1-‘jt)2 + (.Zatsjl.n ?.:th)z ‘]
- L= t=1 J

where, F = j/n the jth frequency. The normalized cumulative

_periodogram is given by
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P(F‘;} - -

where,o%‘ is the variance of the residuaig. If the series
is white noise then thg plot of'P(FK) vSs. FK would be close :
to straight line joining the points (0,0) and (0.5,1). The
cumulative periodogram of a nonrandom series would show sig-
nificant deviation from this line. For seasonal data with
seasonal length SL, significant deviation may appear in P(F
.) at frequencies 1/SL, 1/2SL, 1/35L,..t.etc.

Confidence limits f&r white nolse may be drawn oh the cu-
mulative periodogram plot parallel to the line from (0,0) to

(0,0.5). They are drawn at distanc:e:siI-Ie [\/K around the white

noise line. Typical values of }% are given in Table 3.

TABRE 3
'Coeff1c1ents for calculating approx1mate probability limits
for cumulative periocdogram test A
€ 0.01- | 0.05 | 0.10 0.25
H 1.63 1.36 1,22 1.02

The values of K is eqgual to
(N - 2) P
— .
- for N even, and

(N - 1)
2
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" for N odd.

2.1.4.5 Akaike Information Criterion (AIC)
A mathematical formulation which considers the principle
'of',parsimony in model building is* the AIC proposed by

Akaike(40). For comparison ARIMA(p,d,q) models he used
: -7 ©(2.23)
5 AIC(P,d,q) = N ln (@) + 2(P+q)
where N is the sample size and (J_ is the maximum likelihood
estimate of the residuals variaﬁce. Akaike suggested this
criterion to select the correct model among competing ARIMA
models. Under this criteribn the model which gives the min-

imum AIC is the one to be selected. -

2.1.4.6 Autocorrelation Check

This test is useful for qheckiﬁg the statistical signifi-
cance of depﬁrtures of the residuals autocorrelations from
zero(9}. 1f the residuals are white noise the autocorrela-
tions should :have zero mean and variance-covariance matrix
equal to ij:n and all au}ocqvariancesr at nonzero lags

equal to zero. 1f any -of the residuals autocorrelation is

significantly different from zero another model is selected

and the model building stages are repeated. A model can -

then be .identified to represent the residuals, which could
be incorporated into the original model to obtain a better

updated model for the space-time series.
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Once an apéroprﬁate ARIMA model has been adopted, it is’

used to forecast future values of the time series.

2.2 TRANSFER FUNCTION NOISE MODELING OF RAINFALL- RUNOFF
"~ PROCESS

The f0cus of this review is on the on—line estimation of
streamflow d1scharges and will address the ﬁbdels that have
been developed for the purpose of river flow forecastlng In
recent years a large number of mathematical models of many'
types Have been adopted to represent different aspecés of
rainfall-runoff process(GZ). This has resulted in the devel-
opﬁent of two types of models, deterministic and stochastic
rainfall-runoff models. In thisareviewaonly stochastic mod-

" eling will be considered.

The most popuf%r approaches in modeling of hydrologic
time series have been the Box-Jenkins transfer function
noise (TFN) modeling techniques. The rainfall-runoff models
can be\Psed to simulape streamflows based on past flow re-
cords.of relating streamflow to one or more hydrologic time
seriesl{e.g. past flow data and rainfall Eeriesj. In general
the Box-Jenkins TFN models have been.fouﬁd effective in mod-
eling-of'weekly, monthly and yearly flows. They have been
ineffective in the modeling of hourly and daily flows(62).

Kitanidis and Brass(453) euggested that in order to account for the time

varying nature of preciﬁitation process the parameters of a.linear model should

be allowed to wvary with tfime.
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In cases of chénging hydrologic conditions the forecasts 6f
thé'modgl. are not accurate because the assumption of time
varyiné'parameters.tpkes into account only the most recent
input /output behavior of thé quel, '_

Mao and Rao(50) examined thé implication of transforming
the precipitation series into a modified rainfall process by
accounting for evaporation-and soil moisture storage. The
cross correlation coefficients were used’lto.stddy the rela-
tionships between modified rainfall-runoff process and the
original‘rainfall—runoff series. The coefficients were re-
ported to be higher for the modified.case than those for ﬁhe
original time series. The residuals of the models were found
to be.whitg noige and fre% of periodiéﬁty. 1t was concluded
that the ordinary least squares parameter estimates(OLS)
were accurate even though bi;sed.

Several studies in the hydrologic literature have been
performed to determine the impulse responée function of lin-
ear system via input-output analysis. Multiple frequency re-
. sponse analysis provided -one way to establish a relationship
between inputs and outputs of a multiple input-single output
system set up for surface water relationship. Cross correla-
tion and cross spectrgl analysis were employed in the analy-
sis of rainfali and runoff to explain the relationship in
this multiple input;gingle output system(62).

Delleur(27) formulated three stochastic models, two for

the simulation of daily precipitation series and one daily
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. -

- rainfall-runoff transfer function model to produce daily ru-

noff process from the above daily precipifation mpbels. The
models were sﬁccessfully applied to five Indiana watersheds

in U.S.A. ‘
‘ Yakowitz(64) studied th;a-sx?tability of a nonparametric
éodel of time . series. He preSented a nbnparametric Markov
modeling approach for daily river flow forecasting. It was
pointed out that the ARMA parameter estimation involves some
nonlinear programming problems and the length of ghe time
series plays an important role in the accuracy of the ARMA

parameters. The length of the. data to estimate the parame-
Nters of an ARMA(2,2) with a relative error of less than 0.3
is at least a thousand observations. Thérefore the accuracy

of the parameter estimate decreases as the_order of the mod-

el and the record length decreases.
<

Miller(55) provided a comprehgnéive‘ case study in which
he fit transfer function-noise models to a number .of’wat-
ersheds. He used the log-transformation of the flows and
the inclusion of éecond_ degree polynomial precipitation
terms to decrease the skewness of the residuals and to im-
prove the forecasting ability of the model. The work indi-
cated thi: significant care is needed in the model selection

and the rification of modeling assumptions.‘r\

~ v
punn{28) suggested that much closer cooperation between
field work and modeling efforts is needed. Such cooperation

can lead to the formulation of better and more relevant



= e g . -

— . 37
field experiments. Sophisticated field experiments can as-
sist the hydrologist to "discover unexpecﬁed hydrologic phe-
nomena, to develop new concepts about familiar processes and
to guide the development of mathematical models based on
sound physical insights". It would also discourage much of
the aimless collection of data. This will improve the quan-
tity and the guality of the data for the purpoég of model
identification, geﬁeration and forecasting.

In the work presented the emphasis has been on the vari-
ous contributions made by researchers on thg developments of
stochastic models which establish relations¥ip between rain-
fall and runoff. It is evident that the emphasis was mainly
concentrated on single input—singlegoutput systems for rain-
fall-runoff modeling. The models cagability Wa&s mdstly lim—
iﬁed to predicting runoff genéraﬁfon at a point. The meth-
ods vary in their complexity of estimation schemes and
forecasting performance.

Remote sensing techniques promise to provide valuable
§patial‘inié;mation_ to the hydrologist interested in rain-
fall and rainfall-runoff forecasting. Therefore it is im-
portant to extend the existing modeling techniques of hydro-
logical'system into spatial ‘domain. This could lead to
more accurate forecasting models of both rainfall and runoff
processes. )

This thesis is extending the Box and Jenkins ARIMA and

TFN models into the spatial domain to model and forecast

rainfall and runoff over a redgion.



&

38

-

2.3 SPACE-TIME MODELING

It is often important to predict the valueé of hydrologi-
cal process at some point, which has not been observed yet
within the area of observation, or to predict the value of
the variable at éomé point outside the area of observation.
There are many possible reasons for doiﬁg this. Examples are
the following: | | ‘

1. Data which have been observed 1in past time periods
may not cover the exact point which ié being‘investi—
gated. Thé value of the variable at this point could
be predicted by using the available data.

2. In weather forecastihg only a set number of recording

stations could be possible due to economical reasons,

Due to this, the forecasting of various aspects of

the weather within the region covered by'#he stations
or outside the region is often desirable.

A detailed formulation of the space-ﬁime rainfall model;
ing using a point process approéch was recently reported by
Wymire and Gupta{63). In this method a suitable mathemati-
cal framework was ‘built’upon a combination of observed em-
pirical (hydrolbgic) behavior of spaée—time rainfall and
physical relations. Therefore, the analytical structure
provides a natural background for simulatipn of rainfall

process. .

Martin and Oeppen{54) recently reported the extension of

g

‘Box and Jenkins univariate ARIMA time series and TFN model-

5\‘
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ing approach into the spatial domain. These_techniques lead'
to the formulation. of STARIMA and STTFN models.

The oﬁjective of this review i? to address STARIMA and
- STTFN models that have been developed for thie purpose of
forecasting. . These spatial ‘forecasting moaels are attrac-
tive and can be Qsed to provide much information about the
behavior of hydrological variable over an area.
2.3.0.7 STARIMA Process :

These models applyr to a random variable .observablé:at N
fix;d lécations or sites in space over T time periods,
t=1,2,...T. They are of value for forecasting purposes when
the obse;ved system exhibits spatial autocorrelation, de-
fined by Cliff énd ord(20) as.follows:TTf the presence of
some quality in a county of a country makes its presence, in
neigﬁboring counties more or less likely, we say the phenom-
enon exhiﬁits spatial correlation’. |

Martin and Oeppen{54) presented two brecad classes of re-
gional forecasting models. The models belong to the general

family of STARMA models,

' M P ' :
= é s - E s (2.24)
Yit it + z ¢skL Yi,"t—k 'eskL ai,t-—‘rc\-

b e met ot et



in time, &

where p is the AR order, q is the MA order,M and,fAUare the
spatial orders of autpregressive' and moving average terms

- S .
respectively, L is the space lag operator, a.t
T . L

‘s are random
normal errors and &-gnd (p are parameteré. An explanatory

model that constitutes the class of STTFN process of order s

in %Pace and-k in time is,
N
"
o
6!

“ 18 ) (2.25)
= * P, + -
Yie ® § é Ysk” ¥i,t-k Uit
L | |

where () " are unknown parameters.
3 .
The STARMA model class collapses into the ARMA model

class in the absence of spatial correlation. Two special

subclasses of the STARMA model are of note. Models that con-

tain only moving average term (p=0) are refered to as space-

time moving average (STMA) process of order A.in space and g
- - . \

8 L’a, . (_2.26)



P

41
When g=0, only autoregressive terms remain and the class is
spaée-time autoregressive §STAR) process of order M in space

and p in time, ' o

. . | |
‘ j Z s -

Yit =ragt+ ) .¢‘5kL Yi,t-_k _(2.27)
) S:Q ‘. .

2.3.0.8 Applications of STARIMA Models
Martin and Oeppen(si) introduced an identificaﬁion téch-‘ ‘

nique based on the.'est{mation of space-time autocofrelation
(STACF) " and spaté—ﬁime partial autocorrelation (STPACF)
functions for identifying STARMA models. The data employed
‘in the analysis consistea'of the number of fowl-pest out-
br?aks.in eastern England (1970-77) by 15 day periods for
different locations. - The identification of spabe—time

trgpsfer function process requiréd pre-whitening the input
sefies. A STARMA model was identified for the’ input se?ies,
‘which was then used to tfansform the correlated input series
to the uncorrelated series. The same tfansformation was ap-
plied te the output series and the space-time cross correla-’.
tion function was thén computed between. these two new se-
ries. Martin - and Oeppen introduced the spatial diflerence
operators which can be used to achieve stationarity like the

temporal difference operators. No attempts were made O es-

timate the parameters anc calibrate the identified models.

LN

H

”
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Pfeifef and Deutsch{26) presented a comprehensiﬁe study -
for building space-time autoregreésive integrated movihg av-—
erage' {STARIMA} models. The identification tools were the
STACF and STPACF. The maximum likelihood methoa was ébplied
to estimate the parameters for the STARIMA model. Since only
STAR models are linear in férm, it was necessé;y t6 estimate
STMA parameters based on nonlinear optimization technigue. .
To,illustratelthe space-time modeling procedure, arrest data
from 822 areas of the city of Boston were combined to give
monthly figureé for 14 areas of Northeast Boston. The' re-
cords were observed for 72 time periods. The models vere
subjecteé tc diagnostic checks via the examination of the
residuélé from the fitted models’ and by testing the statis-
tical significance of the estimated parameters. All parame-
ters were proven statistically significant and th%/gﬁéels
were used as forecasting tools for the number of arrests in
the 14 districts of Northeast Bbston.

Recentlyl‘Hooper and Hewings{38) reported studies on the
basic theory of STARMA models comparing it to the simpler
time series framework. The main application of the work.was
to the problem of identifying'an‘appropriété type order of
model( for a given spatial lag operator) by referring to the
shape of the sample STACF and STPACF. It was indicaked that
STACF and STPACF for a given space-time model do not behave
in a manner similar to the claséical time series. It was
also indicated thaE”the assumption of stationarity especlial-

b
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ly across space Es the greatest problem fBr the space-time
modeiing. -Theréfore, some transformation must be applied:ﬁo
the time series in oraer to obtain the stationarity in time
and across space. A5 the choice of a spatial lag operator
affects the form of the STACF and STPACF, care must be taken
in defining the spatial lag operator so thathuseful models
would not be eliminated from consideration. Thus it is im-
portant to realize that fhe space-time correlation functions
_do not behave in a.manner\completely similar to the.univari—
ate classi;al time series. The following rules for STACF and
STPACF are in effect: . e ‘

1. for STMA models the cut off--po;nt for STACF in spé&é
" after a certain number of lags in time and space de-
pends on the lag épructure and the order of the mod-
el; and
2. thé cut off in the STPACF "for STAR process after_é
certain number of lags in time and space depends only
"on the order of the_model and not on the lag struc-
ture. - B
2 The STACF tailed off fastef.in space than in time for the
STARMA and STAR models than for the STMA model. The moving
average coefficients vere smaller than the éutoregressive
coefficlents. | | _ |
In 1874 Cliff and Ord(2C) A~publisﬁed a paper considering
_éutoregressive, moving averaé;-énd ‘regression forecasting

models which may be applied to space-time processes. They
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indicated that such “models in a forecasting role," have been
~
useful for helplng governments and planners in pollcy formu—
lation and decision maklng. They Incorporated spatial auto-
regressive, moving average and regressive components ihto
one model{SARMAR) and combined these features with the Box-
Jenkins ARIMA model. The basic shructuré of the model was
illustrated'by' annapplication to the diffusion of tractor-
ownershlps in 25 states of the Central U.S.A. from 1920—64
In the analytical study it * was'cbncluded that the pr1nc1pal
difficulty w1th regional modellng is the crucial space-time,
‘1nteract1on which is swamped by major regional or temporal
differences on nonhomogeneity in space. Cliff and Ord sug-
gestec an analysis of covafiance system to avoid the prob-
lem. This is performed by break1ng down the time series into
spatial, temporal interaction components. Each component
should be ana ;sed separately. .The 'bain reasons  for this
separation are: ‘
1. the outliers are easier to be detected; . )
2. since the ' compcnents are uncorrelated sets of vari-
ables, they could be modeled separately;
3. it allows the assessment o{ the propeftieé\of the to-
tal variancé attributable to each component. This
' helbs‘to decide which components are important for

further modeling; ) '

4. computational problems are often reduced.
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The percentage of farms using tractors in each of 25 states

- . 45

which form the- central farm préduction region of the United
States were analysed.- The innovation centre was North Dako-
té. This system 1ép11ed that the percentage of farms in a
state using tractors at a given date was a. function of the
distance of that state from Nortk Dakota..

Bennet (14) carried out simulation studies to formulate a
et of‘mathematica% representations wﬁich.are capable of .de-
scribing the past and present landscapés. The paper has also
sought to describe the identifipgtign pyoblems that result
from the application of autocorrelationC;bocesses to the de-
scription of real world prbcess. The extension of the Box-
Jenkins statistical technigue to space—tiﬁe hodeling was ex-
plained using the . autocorrelated diffusion procesé
descraping th% spread nd growth of'populations in North-
West England over the period 1891-1971. The‘identification‘
methods which were adopted by using STACF and STPACF have'
suggested that the North-West population series under study
was governed by space-time autoregressive process. ?he're—
sults of applying ordinary least squares (OLS) to the space
~time parameter estimation problem with the model were con-
sistent although 1inefficient. _For general mixed STARMA or
STMA process in which moving average elements are present, a
more efficient parameter éstimator must be used, since it is
a nonlinear problem. This estimator was introduced by Bennet

as a research arez that shoulé be investigated in order to

. ’ H
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get more reliable parameters. Bennett.'considered four major

typeé of space-time processes:

1.

The autocorrelated process: it rélates_;hé‘éhanges in

v

a certain region to the changes in neighboring re-

gions. These changes are debendent on many factors,

_such as distance decay or lags and urban hierarchy.

These factors determine levels of structural deéen—'
dence upon sets of control variables which are not or
cannot be observed. |

The interaction procéss: it is introduced as the evo-
lution of a given zone to be.governed by anlinterac—
tion matrix wﬂ%&h controls the dependencg of one zone
upon the rest.of the zones in the system.l It is the
extension of the weight matrix proposed by Martin and
Ceppen(54). | ) |

The non—stationary process: - ., Bennett spggested that
the non-stationarityl in spacéftime processes across
time and space via trends might be a crucial factor

in constructing any space-time model.

Therefore, differencing in either time or space independent-

ly might be undertaken in this study.

- a .. - . - ¥ -
1n conclusion, this review has 'identified three important

facts concerning space-time modeling. First, STARIMA models

are useful toward modeling systems that exhibit spatial cor-

relation. Secondly the identification of space-time TFN mod-

el relating. changes in runoff Yo rainfall in time and space
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based on cross correlationﬁfunctions could lead to apurious.
results. Th1rd building a dynamic space-time TFN model
based on prewhitening the ralnfall series by a STARIMA model
and then followlng Box and Jenkins TFN modellng approach is
an attractive . model building approach on theoretlcal
grounds. Therefore, this study W1ll focus on the TFN model-
ing approach of Box and Jenk1ns(9) with the purpose of ex-
tendlng the approach into a space time’ 'system. . This is im-
i portant since rainfall is a space-tlme phenomenon with a

high impact on runoff over an area.



Chapter III

RESEARCH DATA

3.1 THE WATERSHED

The. Grand River Basin.above Galt (Figure 2) 1is selected
for this study. The watershed, 3480 sduare kilomeﬁers iq'
size, is located in Southern Ontarig? west of Toronto. The
town of Galt, near the outlet of‘the basin, often faces
flood problems mainly fromlsprihg runoff. Thiere is, there-

: (ﬁore, a need for élwater management'systém.

For the numerical analysis 4 and 11 raingage sites are
ﬁsed, which are iocated in the yatefshed. In this procedure'
the area 1is subdivided into polygenal subéreas using rain
éages as centers following Thiessen method. The susareas"
are used to formulate a weighting scheme. To illustrate_ﬁhe
space—gime TFN modeling procedure for rainfall-runoff pro-
cess, only four discharge stations within the four subareas
are considered. This is due to the availability of only 4
runoff sites which correspond to the same subareas where the
4 raingages.are located. additional features of precipita-

tion ‘and discharge stations relevant to this study are shown

3
in Tables 4 and 5. .

.-.48-.
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3.2  DATA SELECTION

For the rniumerical analysis the daily discharge in cubic
meters per second at fpur locations .for e pefiod of re-
cords from 1966 to 1980 havé been collected by the Inland
Waters Directorate, Water Resources Bfanch, Environment Can-

ada.- . Precipitation data was obtained from the Atmospheric

Environment Service, Environment Canada. The daily dis-

charge data used in this research was sampled every 15 days,
starting on July 1966, and continuing until June 1980, giv-
ing avtotal of 336 data pointg} The precipitation data is
in mm accﬁmulated over 15 days total for the same periocds as

the discharge data and giving the ' same record length of 336

data peints.. For the space-time modeling prdcédure of pa-

rameter estimation only the first 192 data points are used.’

The rest of the data, 144 data points, are used for testing
the forecasting performance of the selected space-time mod-
els. The selection of the rainfall data was based on sam-
pling period of 15 days total. This was the case for the
following reasons: first, in order to have a record length
‘enough for the parameter estimaéion stage of the model
buiidihg procedure; second, sampling record of 15 days total
for rainfall time series preServes the characteristics of

rainfall storms.



" 3,3 ESTIMATING MISSING RAINFALL DATA

So@g of the rainfali stations had missiné values.in their
record;. it was necesséry'to.estimate fhis missing data iﬁ
order to establish a cqnsistenf_ and complete d;ta base.
.This was done by aéply?ﬂg the normal-ratio methhat48). In-
this method, the rainfall data from three nearby.stati&ns
were reguired. The estimaté of the missing rainfall data
were based on a ratio of the mormal annual. rainfall given by
R ! | y
P -+ _Jin'+‘—35 Pe -

Np Nc

]
®

|
o]
zlz
w I
w

wﬁe;e P %} and E. are tHe measurements of the rainfall at
the.nearby stations a, ' b and_; resp?étively, %], Nb and N.
are the mean rainfall for stations é;' b and ¢ respectively,
N, ig the annual rainfall mean at the station with missing
data, and P; | is the unknown rainfa;l value at the sta-
tion with missing data. The missing data points of the

rainfall series are shown in Table 6.

-
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TABLE 4

Features of rainfall stations in the selected Watershed

Features of runoff stations in the selected Watershed

" Station Name - No. Period of Records
Redkvile 6146939 1966-1980 -
Orangeville 6155790 1966-1980 &
Monticello 6145267 1966-1980
Waldemar 6149205 & 1966-1980
Arthur 6140348 1966-1980
Mount Forest 6145503 1966-1980
Glen Allan 6142803 1966-1980
Fergus Shand 6142400 1966-1980°
Blue Spring Creek 6150818 1966-1980
Guelph 0.A.C. 6143088 ‘1. 1966~1980
Preston 6146711 i 1966-1980 ,

TABLE 5

Period of Records

Station Name No. Location

Luteral Creek near _ 43 39 46

Qustic 02GA033 80 15 19 1966-1980
Blue Spring Creek ) 43 34 35

near Eden Mills 02GA031 80 06 36 -1966-1980
Eramosa River 43 32 52

above Guelph 02GAa029 80 10 59 1966-1980
Grand River at 43 21 10

Galt 02GA003 80 19 10 1966-1980




TABLE 6

‘Rainfall Stations with Missing Data

53

Station No. 6150818 6142800 6143088 6145503 6149205
Date 10 1976 03 1971 12 1973 03 1980 07 1966
11 1976 06 1971 . : 08" 1966
10 1978 09 1971 . 01 1967
12 1978 - ‘ . 01 1968
01 1979 . 04 1968
02 1979 . 06 1968
03 1979 . 05 1969
04 1999 . 02 1971
12-1979 . 10 1971
01 1980 . 111971
02 1980 06 1975 12 1971
03 1980 01 1972.
04 1980 02 1972
: 03 1972
05 1976 -
12 1976
01 1977
J 12,1977
02 1978
03 1978
R 04 1978




Chapter IV . - -

\hh\\\\\. THEORETICAL DEVELOPMENTS

4.1  SPACE-TIME ARIMA MODELING

Th;\;?;g?mftep in space-time ARMA modeling is to identify

the model that might be worth considering. Following this,

the model parameters arerestimated using any of a variety of
" linear or nonlinear opﬁimization techni@ues. Theri the model
is cﬁecked fpr .Rossible inadequacies. . 1f the diagnostic
checks reveal serious inadequacies, then appropriate model
modifications can be made by rgpeating- the identification
and estimation stages. ) o ~

To assist in the models that follow, the conce@t of.the
spétial lag opérator L is presented. This concept of spatial
lag order is incorporéted into Ehe model form via a matrix

of scaled weights for sth spatial lag(54).

let L be a spatial .lag operator,

and

L5y= vy ) for any S > 07 (4.1)
it :
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where ,W“ are weights scaled so that

N . N . LY

- ) . : ' ‘ (4.2)F
‘.uij =1 .. o
=

For any s and T If ¥, is an (NX1) column vector of obsérva-

tions i=1,2,.....,N, then | =
s s ,
= , for any s > 0 (4.3)
L% E Tie - o L .
~

: s '
where W is the (NXN) matrixzx of scaled weights for the sth

spatial lag with each row summing to one. The choices for

the weights are made to reflect physical préperties of thé
observed syStem, sucﬁ as:

i. length of the common boundary between subareas;

2. barriers between subareas, such as rivers, mountains

"etc.

These weights must reflect a hierarchical ordering of spa-

tial neighbors. The definition .of spatial order represents

g

e i
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<

an ordering in terms of distances of all sites surrounding

the location of interest. First order neighbors are those

: -~ ; .
closest to the zone Linterest. Second order neighbors

"should be farther ay from first order but closer than

. third order neighbors. A gefinition of spatial order in two -

and one dimensional systems is illustrated .in Figﬁre 3.
The STARMA model family is expressed in egquation (2.24).
. . v £

When g=0, only the autoregressive terms remain and the model

is space-time autoregressive (STAR),

M P

s=0 k=1

. . 1Sy : (4.4)
Yie ™ et j{: E Yol Vi ek ~

Models that contain no autoregressive terms (p=0) are re-

ferred to as space-time moving avérage (ST™MA),

. | e (4.5)
Yit:ait‘z Z Sl
$=0 '

-

LR
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Figure 3:

FIRST ORDER

i

SECOND ORDER

THIRD ORDER

Spatial order in two- and one-dimensional
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systems
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4.1.1 Identification

Identification of éh‘tentative model to be used in fore-
casting é time seéies:is done throuéh the analysis of his-
torical data. lIn Section 4.1.1.1 the concepts of,space-time
AC% will be discussed. In Section 4.1.1.2 the concepts Af
sbace-timé PACF will be presénted. In Section 4.1.2 charac-
‘teristics of the theoretical STACF and STPACF for identify-

ing STAR, STMA and STARIMA models will be presented in de-

“tail.,

4.1.1.1 Space-Time Autocorrelation Functions (STACF)

Using the definition of the spatial lag operator present-
ed previously in eguation(4.l), let £ YU-k denotes the kth
temporally and sth spatially lagged value for ith site(54).

The STAC? expressing the covariance between random variables

lagged both in time and space is,

T

T
RN

Y
- N NN C
~

ek ¥ ) | '(4.6)

where (I 1is the grand mean of the space-time series
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u-E[Yit] ' - (4.7) ..

The variance of the series 1is

2w
. g 00 var[‘fit]

'E[(Yit'“)z] . .. (4.8)

The STACF at spatial lag s and time lag K is given by: -

Yslc.
psk “ 2
Qo

S
gp " WYy ek T | - (4.9)

E Béit - u)zl

i
i
L’

4 -
The estimate for p is “
sk
Cc
sk
Tsk T, 2 (4.10)
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- 2 y _ ‘ 2 - _
where C_ is the estimate for the variance_O;o. Thus, the
STACF at spatial lag s and time ‘lag K for the observed time
series ¥, at N locations in space over T time periods via

(4.9) and (4.10) is

] i
(v, - Y)5y )

@ it 1,0k (4.11)
r =
sk

T N ,

Z (Yit -Y)

t=11=1

where Y, is the grand mean estlmate_of Ll‘ji

! T N
- 1 : o (4.12)
N ZZY:U: o

Martin and Oeppen(54) suggested a second procedure for esti-

mating the STACF. The variance of the series Y“ is defined

by: N
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. .12 - 12 c
[var (Yit)] [var(LsYit)] < var(Yit) : (4.13)
Thus, the STACF at spatial lag s and time lag K is
_ ‘ X
N Ysk "
sk 2 1/2 2 1/2
(090 ) (o5,
or
. E[(Yit - WY, - “)] (4.14)
sk . 1
' 2 s, - 2
E[(Yit - W ] E.[(L Tipe =W ] )
>
and the estimate for F) from the time series Y, is,
: ~ 75k it -~
T N
- s -
z ‘ My, -DOY - D
e t=k+1i=1 - (4.15)
sk N 1/2 T N 1/2
[ Z(Y - 'i)z] [ Z Z(LSY - ?)2]
it it
S EE R t=1i=1

A third alternative for developing the STACF was‘?lso intro-

duced by Martin and.Oeppen(54). This is done by setting the
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problem in a multivariate framework. The definition of the

| _ @
STACF at spatial lag s and time lag K is provided by

' 'Ysk “ |
psk'f .2 2 L2 ™
(o0 95k )
Qr
[E (Yit -u)(LsYit - us)] o ‘
L . 172 177 (4.16)
2
(E[(‘Iit - u)2]> (E[(LsYi’t_k - 'us)]>
where

U
y o= E{L_‘f }
e o L it

r

'and the estimates for F)k from the time series Yw‘ is given
. s [

by,
¢
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where
a
‘ T N : - )
(4,18
5 = 1o E E Sy '
@ Yit) NT L it
. =1 - i=1
»
is an estimate of the .grand space-time mean. Martin and

Oeppen indicated that using alternative one for computing

the STACF at spatial lag s ana,time lag K via equation{4.11)
produces unsatisfactory estimates. This is due to the
smoothing efféét caused by the spatial lag operator L?._ The
f produces the form of a weighted average of r Y, with a

variance normally less than the variance of Y.t . f//
|

-

var (LSYit) < var(‘fip)

Alternative three for the definitionr of the STACF via equa-
tion{4.17) does not produce satisfactory estimates. This is
due ﬁo the following two reasons. The first reason is that
two means are used 1n fhe calculations with one of the means
changiné with the spatial lag. The second reason is the var-
iation of the normalizing factor with time lag K. Alterna-

tive two 1is the recommended one for the estimation of the
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STACF'at spatial lag s and time lag K via equation(4.15). -
This equation could be rewritten in much simpler form for

computational purposes: v

T N
b |
Z,L zi’t_k |
t=k+1 i=1 (4.19)
Tak T N T N 12
2 2
Z,, E SLSZit)
t=1 i=1 = =1
where
— J
Ziem Yy ¥ —

4.1.1.2 Space-Time Partial Autocorrelation Functions.
' (STPACF )

The STPACF is defined as follows. The STAR model is

S

s_. (4.20)
it ol Yi,t-k ta, - :

$=0 K=1
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Let 2, =Y, —fh , .where Y, 1is the grand space-time mean,

then the STAR model becomes:

M .
; . s .

2ie T _ Pskl 21, ek *ag, (4.21) -
S=6 k=1 o

Multiplying equation(4.21) by L Z.t ~ gives
=y
. M P . .
h [ hz
- +1 a c22)
Lhii,t-jzit E E bl 2y, et PL, Tk {e-gtie (4-22)

s=0Q k=1

where, h, 5=0,1,2,.c0...M are lags in space and

_j,k=1,2,..L.p are the lags in time. Taking expected values,

P

M
E E : .23
Yhy ~ YV n-gi-k | ( )

s=0 k=1.
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since
0 £
for 3> B
[s thzi 3 it] or J S
V2 2 172 .
Dividing equatlon(4 23) by (CTOO ) . (J,,) to obtain a set

of 5patlal— temporal Yule-Walker equation,
¢sk?h-§j-k for § > 0 ) (%.24)
s=0 k=1

L

Replacing the theoretical autocorrelation functions ﬁ%. by

the estimated autocorrelation . to obtain a system of
!
equations :
r01 1 T4y r02°' ......... rMP—l ¢01
02 To1 1 %02 (2,25)

il

T EEEEEN,!




. for the M,p order process.
4
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Denoting by @ so that the last coefficient 'is(DMMPP.'

MsPy L
From equatlon (4 24) and (4.25), 0 satisfies a set of
MM PP ‘

lequatlons for s5=0, 1 2,..... and k=1, 2,.... which is the

'spaCe time analog of the Yule Walker equatlon for unlvarlate

time serles; . ‘ ‘Qﬁ*
FULR skr T hop2Ts2 F oo F figepTaier T
£ Sp1Ts- SUSN P1pp¥s-1k-2 T +ogpeteorieps 126
+ “’m.lrs-'mc;l Nep2ts-Me-2 T t CrappTsMk-P

1

@ : 'is the -partial correlation for M=l”é,... ~ for each
MMPP . :

p=0,1,2.. holdlng all 1ntetmedlate lagged terms flxed ®M -
" S

13

. " Rendall and-Stpartl46) adapted a.method'forAestiméxion-of
| . , -
partlal correlatlon function. with this method, each par-

tial autocorrelat;on is computed holi;ng all other lagged

terms(tqnstant i.e, condltlonally Uoon those other vari-

- ables’ takang certain fixed values. TO appky th15 analy51s to

—t

represents the space—time autoregre551ve coeff1c1ents s, k’
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space;fime modeling, the order of a priori specification of

the space-time interactions is not required. Let Cy be the

‘intercorrelation matrix' between all pairs of lagged vari-

s
ables, L' ¥

h .
Tk and L Yit . , where h,s=0,1,......,Mare the
] b '

Al

lags in- space and j,k=1,2,....,p are the lags in time. equa-

tion(4.15) for the STACF estimation may be modified in the

.\fv}lowlng”form: . ' 0 7. o
) . - w

T N
. o _
E § WYy oy * DO g = D)
f = EUa ISt - i : (4.27)
- Thisk "T_. N 1z - T N_ - 172
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: : A
to bui;d'up.the'yowg’of the ymmég;ic_autocoryelation matrix
Cy (Qiéplay 1). In eduatiodZ4.27) v=maikj,k).over the f&nge
of the indices h,j,s, and k. The first coléﬂﬁ ana row of\by
contains the estimated STACF 5o \

v For computational pur-

. poses equation(4.27) may qé.rewritten in the following form:
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) t=p+1 i=1 I | (4.28)
Thisk T N 172 _ 1 1,2
E 'z, | E'E'(LBZ)
t=1 i=t . t=1 =1
“where,
Zie ™ Yie ™ ¥

The partial correlation between variable I and any other
variable such as d with the effect of the other p-2 vari-

ables held.constant was defined by K all and Stuart (46)

J

- 3d 'l =¥ | (4.29)
(€11Cad’ \

P1d-2,...,d-1,d+1....,P
L3 .

where C,4 1s the cofactor pf[)w
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Equation(4.29) is the general definition of the partial cor- -

relation coeﬁficient. This could be extended to estimate the

. D s
.partial correlation 1ﬁg between Kt and L Y, Ko
1 . "=

osk
%
) ) - C
. : 00sk (4.31)
' b = 12
00sk / '
(Cqpoo°sksk
N

where Coosk is the cofactor of r ek - the correlation be-

S .
tween ?H and L %Jrk in |C|.

Martin and Oeppen(54) mentioned the possibility of unsa-
tisfactory estimates of the STPACF via the Yule-Walker egqua-
tions (4.25) and (4.26) due to the following reasons:

1. The partial function Q is conditional for time lag

MMPP
M and spatial lag-1l holding all intermediate lagged

terms fixed. The eguations (4.25) are ordered by time
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lag for each succe551ve spat1a1 1ladg. 'The;e equations
could be also ordered by spatial lag for each succes-
.sive time lag. This will cause different estimates of
the space-time partial autocorrelation coefficients.

: Therefore; a-priori specification of the structure of
space-time interactipns is required.

2. As long as estimates of tHe space-time‘autocorrela—
tion. functlons ;) at spatial lag s and time lag k
are deflned via equat10n(4 9) tﬁe spatial-temporal
Yule—Walker type equations(4.24) afe valid. - Alterna-
tively, ;f the autocorrelations are provided by far
better equation(4.14), the set of linear equations

- for autocorrelation coefficients{(4.25) might be no
longer posftive. L ,

The appfdach adopted by Kendall‘ and Stuart for the estéf

mation of the space-time partial autocorrelation functions

is more -straight forward and provides resocnable estimates

and ;heréﬁore will be used in this thesis.

4,1,2 Identifying a Stationary'Time Series Model

Once the conclusions have been made concerning the theo-
retical space-time partial autocorrelation and thebretical
space-time autocorrelation functions of a sﬁatidhary time
series, the.description'of the behavior of.STACF and STPACF
may be used to identify a particular stationary time series

model. This method is an extention of the classical Box and



Jenkins time series identification technique. The main point

72
is that each particular model in the class of hodels is
) c a;atterized by the behavior of its theoretical autocorre-
lation functions and its theoretical partial autocorrelation
functions.
‘ ~
If\a time series is nonstationary, it has no constant

\
mean., This would require temporal and/or spatial differenc-

> ing to achieve;stétionarity,
J .
)
vy =Y -

t it it 1i,c-1

-y, - - (4.32)
Ys¥ge = Tie Z‘“init ‘ ST

/

In a manner analogous to statidnary time series, STARMA
processes are characterized by diétinct space-time partial
and autocorrelation functions. STAR (M,p) model exhibits au-
tocorrelations that decay in-:space and time, and the partial
autocorrelation functions that cut off after p lags in time
and M lags in space. SEyA(XJq) model exhibits autocorrela-
tion that cut off after }\iags in space and g lags in time
and partials tbat decay exponentially both 1in space and

time. The STARMA (M,p,)\,q) models are characterized by

y J
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spacé%time_autocorrelation‘andfbartial autocorrelation func-
tions thag Eoph“tail off in fiﬁe and ‘space. Table 7 summa-
rizes -the characteristics 'of the theoretical STACF and

STPACF.
3 - TABLE 7

Characteristics of the thepretical STACF and STPACF for
: STAR, STMA and.STARMA modelq

Model form STACF o STPACF

STAR (M,P) Tails off Cuts off after P time
lags, M spatial lags.
STMA (A, q) " Cuts off after g Tails off
. time lags, A.spatial
, lags. _
STARMA (M,P,\,g)  Tails off Tails off

-l

4,1,3 Parameter Estimation

After the identification process has led to a tentative
formulation for the model, it fs:necessary to estimate the .

parameters.

Approximate estimates . for the parameters ‘@ and {9' are

estimated by minimizing the residual sum of sguares:

v

S(¢ & = a'a = izl; ai(t)z (4.33)
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" The determinafion of optimal values for parameters in‘a
system model is often of crucial importaﬁce in both the for-
mulation of ma;hématicai model for systemé and in their sub-
sequent use in simulation studies. Optimization subproblems

. are therefore ¥associated with model based studies. Many
methods for solving nonlinear .unconstrained problems have
been suggested over the_years(lz). The objectivé "of this
~work was to find values for a set of parameters df'a model,
which causes its behavior to best approximate a time series.
some of the optimizatioen teéhﬁiques availabié' to minimize

Ea)

errors in equation(4.33) include:

4

., 1. Optimal-step sfeepest descent algorithm. N

2. A yariation_oq'the conjugate gradient method suggesgl
ed by Polack. | |
3. Conjugate gradient algorithm proposed by Fletcher and
ReeVes.
4. Fletcher-Powell variation on the Davidoncalgorithm.
5. Broydon, Fletcher, Shanno,.Goldfarb algorithm.
6. An algorithm not requiring gradient information, pro-
- posed by Powell. -
7. A variation on Powells method suggpstéd b§ Zangwill.
8. A pasic gradien£ independent method 'based on the
classical univariate approach.
. .

9. The gradient independent simplex method proposed by

. Nelder and Mead.
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_ The above mentioned nonlinear optimization, techniques were
deﬁelopéd by Dr..L. Birta as a package fpr~use: on thé'cqn-
tral computer facili¢y operated by the Computing beqtre of
the Univefsity_of Ottéwa and were used in this theﬁis. In
order to use the packagé, it -was necessary to-make some ad-
jﬁstments whiéh vere developed in the Eormrof a subroutiné.
The subprodram which is mandotary is a DOUBLE PRECISION
FUNCTION subprogram c;lled F which sérves. to specify the
criterion function ( the residual sum of squares) to -be min-

imized(12).

The appropriate equation for estimating errors is

‘fqr t=1,2,..... T. 7
The exact estimates of the parameters are not easy to ob-
tain if the moving average terms are presenﬁ in the candi-
date model. This is due to the fact that'ﬁhé residuals, a
vector, are functions-of qbservations z(t}, and errors a ,
at times before time 1. The solution for this problem is by

+

setting z(t) and a(t) equal to zero for t<l. As an example,
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consider the STMA prdcess-of order k=1 for s=0, k=1 for s=1

and k=1 for s=2, that is,

(4.35)

In general, “the noniiﬂEag model form of (4.35) . can be writ-
ten .as shown in Figure 4. The’ parametér vector
that solves this system of equations,isfthe conditional max-
imum likelihood egt&mate of the parameters of the STMA mod-
el. | a‘_;'ﬁ .

The estimation df the- STAR model paraméteré- is based on

" standard linear regression theory{(26). _As an example, con-

sider the STAR process of order k=1 for s=0, k=1 for s=15and

k=2 for s=0, that is, —TT TN
g -
> b
s =~
LA 2T IR SR TR L S SV (4.36)

N
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- -]
2, (0| a, (1)
?zgl) az(l)
0 0 0
ZN(l) aN(l) _ ‘ : ; "
z. (2 : e - = S _
’ l( ) al(?) al(ll H},l . ,W%,N-T al(l) 'W},l .W}’N a;(l)
) : .
z,(2) a, (2) a, (1) “2_,1- Woon- | {236 Wy g ¥y g a2(1_)
. \ . a =
2 2 : |
Zyt2) A= e Wy e d gD iy Vo] LD
T v o e
z @ la a, @0 (v oW e[ few o] [a)a-n
- ‘! " _ i 13 . _
Z,(T) aZ(T)*' a, (1-1) Wz,l ,_,wz,N a, (T-1) Wz’r,, W X al (T-1)
; ) " b . ‘ 2 .
2y ay(1)/ ay(T-1) Mg,2ee0 Feon | BT B Mg [BCTED)
Figure 4: The STMA (12) in general model form ‘




7

L

’ v =1
! B= (X X))y
// Yz
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This model is shown in Figure 5 and can be written in gener-

al linear form as
Yy =XB + a

where B represents the number of parameters and a's are the

’

residuals. The procedure is to minimize the square of a
which equals,

) (Y - XB) (Y - XB)

1

where ! signifies transpose. By differencing, one can ob-

tain the least squares normal equations,

¢ 1 B
(XX )B = XY

or

(X' X)e =X'2

9
and B can be estimated by,

“

Tﬁe conditional least squares normal:equations for this mod-
el are shown in Figure 6. ‘ -

The Simplex method of Nelder and Mead(58) {more commonly
refegredjto nﬁw as the polytope method to distinguish it

from the Simplex method of linear programming) was found to
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Figure 5: The STAR (210) in general linear model form
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offer the advantaée of not requ1r1ng gradient information
about the object1ve functzon and not having a dependence on
a linear search subproblem(l2). It has been found also use-
ful‘ﬁhen measurements of the obiective function which has to
be m:n1mmzed are subject to random errors. Therefote,l the
polytope method is used in this study .
 What follows is a brief discussion‘'regarding basic con-
_cepts of the gradient independent polytope method for param-
eter estimatioh. A Simplex in an n-dimensional space is the
convex hull of any.set of n+l points ehich do not all lie on
one” hyperplane. The formation of a simplex in two dimension-
al space is showd in Figure-a. It is formed by any three
points which do not 1ie:on the same etraight line. In three
dimensional space, the simplex is formed by four points. The
four points do not lie on the same plane. This is shown in
Figure 7. ° ) - ' :
_The computations start by setting up a regular simplex'in
n-dimensional space and evaluating the objective function al
the vertices. The simplex then proceeds by reflecting fhe
maximum vertex in the centroid of the other vertices. If at
any stage the new vertex has the largest value then the
evaluation proceeds by reflectlng the next largest value:
Figure B shows in two dlmen51onsrthe procedure of steps
which are made by simplex method until point 10 is reached.

The next vertex has a larger value than peint 10. This caus-

es the Simplex to move on by using the next largest value.
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Point 1b ﬁas approximately the minimnﬁ'value.f§r\;he objec-
ﬁive function. -Therefore the Simplex rervas a;dund p&int
10 to make some progress in minimizing the é%jective'func-

tion, . N

-
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4.1.4 | D1agnost1c Checks

4

a7

It is necessary to apply dmagnostlc tests after ‘mcdel

1dent1f1cat10n and est1mat1on of 1ts parameters to,ihee

..whether there is any serious 1nadequacy 1n the selected~mod—

el. The first phase of the dlagnostxc check1ng stage is the

exem1nat10n of the residuals from " the fltted model - If theg__--

‘residuals are nbt random and show marked correlat1on pai--7
terns, this suggests model 1nadequacy and the\tentat1ve mod-:
el is updated. If the model does. adequately” represent the
space-time series the analysis moves to the second phase of
the dlagnost1c-tests. This phase involves checkxng the sta-
tistical significance of the estimated parameters. The di-

agnostic checking tools are discussed in Chapter II.

4,2 SPACE-TIME TRANSFER FUNCTION-NOISE MODELING

Tt
]

In an extension of space-time modeling of rainfall, a
space-time transfer function—noise'(S?TFN) model is devel-

oped which relates the input of rainfall with runoff time

- series. This section presents the- statistical procedures

for answering dynamic relationshibs between two time series.
Then it is expla1ned how a cross- correlat1on analysis can be
used to construct a space-time transfer function- n01se model
to llnk between two time series. The method of Box-Jenkins
for' designing a STTFN model 15 explained in detail, which is
followed by the estimation and diagnostic checking stages

that are discussed. .



Suppose an input, i;e.; rainfall, to a system influéncgs
another variable as the output, i.e., runoff, of a system.
It willlﬁsually be the case where a change in the‘input from
one level to another will have no immediate effect on the
outﬁut;. instead will produce delayed- response wiﬁh the out-
put coming to equilibrium at’ a new level. This is due to the‘
inertia ‘of the system. Such changes are teferred to 55 dy-
namic response. A model which describes this -dynamic‘re-.
sponse is called a transfer 'function model. fhfs kiq@ of
model when designed to mathématically model the connections
between two time series with the knowledge that one data 'set
definitely causes another, takes into’ the account no£ only
the dynamic relationship but also the nbise infecting the
system. Such models are obtained by combining a determinis-
tic transfer fun@%jbn_with a stochastic noise model(9).

4.2.1 Identification

In this section the basic properties of the STTFN models
are discussed and it 1is explained how a space-time cross
correlation_anélysis of the residual from the model fitted

to time series can be applied to detect dynamic relation-
.ships. The informétion from the.space—time cross correlation
can then be used to design a 'STTFN model to describe the
mathematical relationship between the input and the outpht

data sequencés. )




In space-time TPN -'mo&e., " the - oﬁfph; Y, ;‘from
i;l,z,.....,N zones over-g-l,i,:ﬁ...T time periods _iéﬁas-l
sumed ' to be line&rly dépendent” upon- values 'dftthe %nput
‘xt'xéf;'}eté; Therg- are two é;;sses of this ﬁpdel.l'The
' first class may be expressed as

¢

¥, - E[Yiﬁ!Lsxi t_-_k] 820 aad k21

where s is the number of lags 1in space, 'K is the number of

lags in time and L° js the spatiial lag operator., Thus the

STTFN model is '

g
s K. _
- s .
- w LK, oy T3 - (4.37)
Yoo k' Ti,t-k it .
s=0 k=1
s .
where(dskare unknown parameters and a. is noise at the
t
~output. The second class of the STTFN model can be defined
by
' s ' s '
Y., [Yit LY, g and L xi,t_k} , 520 and k21 .
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The term L x.tirepteseﬁts a deterministic sequence, where M

and 9 are the'lags in space and h are the lags in time

and (@ and o are parameters. The noise term a, must

satisfy.the followxng~assumptions:l

. d k
E. aiint-k} 0 forallsan

.

-

. and

ot w|lag 1 for k= C
E {'aitairg-k] - ! .
) 0. - otherwise

' These models have received attention in the literature by

Martin and Oeppen(54). They indicated that a relationship

[
f
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exists between model (4. 37) and (4 58)- I1f B is the back-

k - .
ward shift operator in time so that B Yt = Y. then’

t— k '
) equat1on (4.37) may be glven in the follow1ng fcrm. s
, _
- S K : ‘
- k_b 5+j » . .
i Y. | YgB L X, +a (4.39)
S=0 k=1 ‘
. "
and equation (4.38) by
s.l-
g
1
s
wSkBkL )
s=0 k=1 BN - T . (4.40})
s
\ (- . askBkL ) ¢

$=0 k:1'(§ : s ’

wheré g,h,M and p are the orders and b and j are defining
an initial period of pure delay or dead time before the re-
sponse to a given input change begins to take effect, e is
noise at the outédt and independent of X., and 'Y ' 6 and

() are the coefficients of the model. Martin and Oep-

-



i pen(54) assumed that equatzon (4 39) is a f1n1te d1str1buted
lag function capable of beung presented by a statxonary ra-
tional process glven_by equation - (4.49), then_the sequencefy _

may be.given by : 2 /

‘ s=Q k=1 ’ ‘ .
8 b3 N
, E E YskBkL - 5 B'L (4.41)

' i

4.2, 1 1 Space-Time CrbSS'Correlation Functions!(STCCF)

In the same way that the STACF and the STPACF are used to-
identify STARMA models, the data analyszs ;oo} employed for
" the identification of STTFN model is the STCCF betﬁeen tpe
input and the .output(54). =~ °° |

Let the expected value of the space-time series X.t and Y.
K 1

be ] ' -

L. E{xu] | o '(4..42)‘

and



~3!

. :
By = E[Yi;] ’. (4.43)
t
i . ' .S J . :
The cross covariance between !!_t and L X, “can be defined
o . _ 0 ~ < t- _
by o .
- ' ‘

. ‘ 'S
- - - 4.44
Yyx = E .(_Yu m (LX) g uy) ( )
The cross variate of.the series is,
‘sz - E| (Y ‘- )Z(Lsx -y )2 ' (4.45)
00 1 My ic ~ ’x . .

2

Thus, the STCCF at spatial lag s and time lag K is given by.

t

s ‘ :
E [(Yit B uY)(L Xi,t—k Ux)]- ' ’ (4.46)
0 (s,k) = - :
YX 1/2
2 1/2 s 2 ./ .
(E [(Yi: - ) D (E[(L Xy, - ) ])
L ‘ . . o
The estimated STCCF from ‘the observede series Y ' X

) - it 1t
(i=1,2,....N and t=1,2,......,T) "is .
)

ey
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T N - B 4
- _.'s. e _ N . LT
(g - DR L - D . 92
Tkl M ' (4.47)
Fyx(e k) T Y2 rT. N / ¢
E— : E 2 E ) E .8 =2 '
PR AN AURITEED
=1 5 x t=1 i1
where the grand means are estimated from :
' : - A
T N_
Y —1_ Y M (4.48) ’
NT it *
. t=1 =1 T
and
T N
A S X (4.49)
"NT . it 4.
t=1 i=1
For computational purposes the STCCF equation (4.47) may be -

‘written in the following form
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(4.50)

*

where

and ) | - | . qf

*

4.2.2 Box and Jenkins Identification Method

Consider a hydrological system with input X't and output
|

Yit .and that a STTFN model has to be fitted to the input and

the output. Box and Jenkins(9) identified a transfer func-

tion model that relates X, and YH series as,
{

b

/ v
P

-1
v, = 8THEO@ oy F A

(4.51)
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where . '
« V(B = w(B) /5(B) .
is ‘the transfer function with weightsl%,lhguz,.... which are
called the impulse response functidns of the system,
5o = a-0p-38,2-". .. . -8

r
and

wm = (G, -‘Q);LB WY - W B%)
are .polynomials of order r anq s, re;pectzvely. '

The identification consists of the gqllqding steps:

1. Based upon the charabteristiés df the STACF and the
STPACF, idenfify the type of a STARMA model to fit
the inpﬁt series Xh . - Egtimate the unknown parame-
ters of the identified STARMA model and finally test
the adequacy of the model. Use the STARMA model to

estimate white mnoise residuals for the input XT ,
_ i

. _1 _ ‘ ‘.
(BB (BIX = vy (4.52) "

where 'B is the backward shift operator defined by BX
‘ it
- =X , and and are parameters,
.- i,t—1 (DX eX P -
2. Apply the CDX and - GX obtained in step 1 to Y_t and
, . ]

develop a transformed output series 5,t given by
, ,

' -1, .. [ (4.53)
By, = o (B) 8 "(B)Y, ) .
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. Then the model of equation (4.51) may be written as

-

e X
g, - uFB)uit +n,, _ | (4.54)
where ait‘is the transformed noise series defined by
o~
n,, = $.1(B)8.(B)a,. | © (4.55)
it b SRS S T - 3
J
The model of equation (4.39) may be written as
~ b\
: ~— . \
Use equation (4,50) to calculate the STCCF between
the uncorrelatéd series a.t and the transformed se- .,
' 1
ries 8. .
. lk
The impulse response weightd L (the coefficients

of u(B) ) are given by the formula



.l.u . (s,k)—-E- E - 7 o - (4.57)
s . N T .

\‘.' T o—
+

vhere SO, and SDa' are the transformed ‘deviations of

B
the ﬁh -and
@, ) respectively. Note that equation (4.37) -is
|

identical to the formula for the regression coeffi-

cient of simple regression which is expressed as
o )

5D
R b4

- p. —t (4.58)°
c XY SD

5. The estimated STCCF between the new -series a%
|
'ﬁ_t and the coefficients v,  of the impulse re-

|

r

sponse functions can be used to gain some idea of the

5rders of g,h,M,p and the pure delay elements b and 3

in equation (4.59) using the following:

a) Zero or near zero correlation values up to spatial
lag §-1 “and time lag b-1 , followed by

b) Irrggular or rising values up to spatial lag j*+g—-M

agﬁ/time lag b+h-p ( no such values occur if g<M

4nd b<p ), and | ,
) C elation, % (sk) . S>]J+g-M+1 . K>b+h-p+1 which
[»4

decay exponentially in time and space, Once the

1]
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values of g,h,M,p,j-and" b have bees determined -~
’ ’ St ‘-—"'"‘\_; :

then . the starting values of the coefficients cﬂsk

and 55; can be determined from - ( , S
A |

i ks
L
mskB
=0 k=1 b, 3 :
- 4.59
Y. —— BLX,, + &g ( )
s
. a Z:ZGSkBkL) . - _ -
$=0 k=1 ’ . '

Note that equation (4.59) |is ,identical to the
equations proposed by Box and Jenkins(9) to solve
the parameters QJS and 5 of the “tfansfer
*function moéef -

- B tosves — B3) :
(g = 1 : Vs b (4.60)

6. The next step is to’ estimate the noise series a's.

The output ':I_t from the transfer function model may
i

be provided by



sk S | o - (4.61)

Y =-——=0 k=t b. 3 ,
Yae : Bl X o T
Q- 5, n“r." - | '
‘8=0 =1 . - o

Having estimated the ?n series., The noise series
&t can be calculated from ' .
1 ; .

- - . (4.62)

m Vv - .
3e T Yge T Yy .
/‘

By examining graphs such as the STACF and STPACF of

a% series, 1identify the STARMA model needed to fit
|

the noise series

Bye ™ ¢-1(B)°(B)an | (4.63)

The space-time transfer function and the noise models

are combined in the final form as follows:

Z Z 'B&-s
@) Yt

j -1 (4.64)
L xi,t—b + ‘¢ (B)B(B)ait



4.2.3 BEstimation of Parameters

Following the ;déntifigation of the STTF.mode1(4.6I) énd
the noise’model (4.63)  for the‘rainfall-rﬁnoff%-series, a
_nonlinear leést squareé glgorithm is uséd'to.obﬁain the pa-
'-rémeters 5 ,w , & and @ ., The pplytop'e method is used in’
this stg@y,to Wstimate the parameters of the 1identified

space-timé’hodels, which has been previously expléined.

4.2.4 Diagnostic Checks

It is'necessary ‘to apply diaénostic tests after the pa-
rameters of the selected STTFN model of the rainfall-runoff
process have been eétimatgd. This is performed to see whetﬁl
éf there is any inadequacy in the selected model. . The
checks include residuals STACF and STPACF tests to assess
the statistical significance of depariurp from zéro of both
STACF and STPACF. . If the residuals autocorrelation func-
tions show a marked correlation pattern, this suggests model‘
inadequacy. A pattern of non zefo cross ¢orrelation between
the residuals and the prewhitened ihput series suggests ina- .
dequacy of the space-time TfN model. .

. Only the space~time cross corelation check will be re-
ported in the following section. The rest of the diagnostic

checking tools were discussed in Chapter II.

4,2.4.1 Space-Time Cross Correlation Check
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The SéCCFl(4;§7) could indicate the iﬁédeqﬁacy_in the se-
lected STTFN modél.- The test is performed by obtaining fhﬁ
STCCF between the prewhitehed input series and estimated
residuals from the fitted model(9). Confidence limits for-

the STCCF are determined from ' b

(4.65)

€.L.(95%) = 0= 1.96 ~

.where N is the sample size and K is number of lags in time.
The standard error associated with the cross cofrglation is

estimated from

R | | (4.66)
ER = N - % |

i
Once an appropriate space-time TFN model has been select-

ed to.describe the rainfall-runoff process, it can be used

to provide runoff regional forecasts.



Chapter V o i -
DATA ANALYSIS |

-

5.1 STARIMA MODELS OF RAINFALL PROCESS

Thé rainfall data employed in the numerical analysis and _
‘application of the developed model from the lselected areas
of four ‘raingage sités of the watersﬁed are shown in éiéure
9. . Pl, P2, P3 and P4 represent the following rainfail sta- -
tions: éergus Shandn'Blue Spring Creek, Guelph 0.A.C. and
Preston, respectively, as shown in Figure 9, | .

Equal weights were assigﬁed for this spatial system. ' The
weights for this system ére specified to agree with tﬁe spa-
tial order of all sites surrounding the location of inter-
est. -

Table 8 defines the spétial ordering with the neighbors
at edch spatial order for each of the four sites. Spatial
orders 1 and 2 are presented.in Figure 10. In this figure
each row sums to one which agree with the equally we{ghted
formulaggon presented 1in Chaptgr Ive |

The observed time series over all 4 sites of rainfall
data are shown in Figure 11. A visual inspection of the
plots of the rainfall time series suggest that there are no

~

“trends in the time series.

- 101 -
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TABLE 8 . fa

Neighbors of each site for each spatial qrder

e
J
"ORDER 0 1l 2
Site 1 1 2,3 4
2 2 1,3 . 4
: 3 3 1,2,4
4 PO 3 1,2
— . \' p

~
J— L

The correlation matr{X~for the rainfall data is shown in‘l
Table 9. The high correlaéion values for the time series in-
dicate the possibility of'building an adequate STARMA model
to represent the precipitation series. ‘This is confirmed by
the fact that the rainfall possesses an extreme distribution
in magnitude over both time and spaée.

Figure 12 shows the plots of the éstimated autocorrela-
tion functions for the rainfall dat; and the 95% confidence
intervals.; Initial 1identification of  the autocorrelations
suggests that ﬁhe data are stationafy aé the original values
Gf the - series Qo seem to fluctuate around a constant mean
that is roughly equal to 0. The rainfall series can be con-
sidered uncorrelated seguence.

Because the STACF, is symmetri¢ about lag zero in time, it
is only required to plot the sample STACF for’positive_kggs
except for‘lag zero}' to a maximum lag of about N/4. Théfé-
fore, the number of K lags in time in this thesis are se-

lected to be 20. Tables 10 and 11 show the STACF and STPACF
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TABLE 9

Correlation matrix for the rainfall series

X

Stations Pl P2 . P3P

Pl 1.00 0.80 ' 0.74 . 0.84

P2 0.80 -  1.00 0.82. 0.78

P3 0% 0,74 0.82 . 1.80 - 0.83

P4 1 0.84 0.78 0.83 1.00
«-\

for the original précipitétion series jup‘to spatial lég 2
and time lag 20 for £he STACF and spatiél lag 2 and time la:
" 6 for the STPACF. The initial identification of the precipi-
tation time series suggests that the space-time precipita-
tion system is noﬁstationaryi First differencing in time is
tﬁen appliéd to the data sets to achieve stationarity.

The sample STACF and STPACF for first Qifference in time
of the precipitation series are shown in Tables 12 and 13.
The general pgttern 1is one of decay for the STPACF in.time
and cut off for the STACF after one lag:in time for épatial
order §=0,1, and 2. These results suggesting that thelpue-
cipitation series might be presented by STMA model of order
1 in time (K=1) for S=0,1, and 2 iﬁ space, lSTMA(lz'), that

is
! -

. _ 2
- VX, = a - E g W a
. T7it it sl i,t-1
s=0 .
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TABLE A0

STACF of the origin!l rainfall series
Spatial lag (S). 0 1 . 2
Time lag (K) .

1 .0.0694 0.0654 0.0567
2 0.0340 0.0335 0.0016 |
3 -0.0374 -0.,0414 -0.0420
4 -0.0727 -0.0856 ~0.0619
5 -0.0523 -0.0717 -0.0275
6 .-0.0468 -0.0523 -0.0605
7 -0.0707 -0.0889 -0.0385
8 ~0.0049 -0.0265 -0.0122
9 0.0495 0.0387 0.0263
10 . 0.0265 0.0185 0.0354
11 -0.0588 -0:0629" -0.0748
12 ©0.0011 0.0029 0.0190
13 0.0399 0.0361 0.0614
14 0.0456 0.0451 0.0457
15 . 0.0935 0.0840 0.0895
16 -0.0413 -0.0525 -0.0328
17 -0.0644 -0.0690 -0.0640
18 0.0303 0.0195 0.0264
19 -0.0820 -0.0935 -0.0816
20 -0.0799 -0.0746 -0.0831
. TABLE 11
. ' ' \

STPACF of the original rainfall series
Spatial lag (S) 0 1 2
Time lag (K) e
1 ~0.0234 1 YP.ooae ~0.0062
2 -0.0247 H0.0191 . -0.0420
3 0.0033 0.0075 . 0.0163
4 0.0050 0.0384 -0.0043
5 -0.0011 0.0464 -0.0332
6 " -0.0007 0.0397-

-0.0029

108



. TABLE 12 |
STACF of the differenced rainfall series.

1

Spatial lag (s) 0 1 ’ 2
Time lag (K) = -
1 -0.47%87 -0.3988 -0.3243
2 0.0227 0.0274 -0.0038
3 -0.0256 -0.0242 -0.0179.
4 _ -0.0250 -0.0269 -0.0236 .
5 0.0060.  -0.0036 0.0335
6" 0.0187 0.0321 ~0,0262
7 -0.0551 , -0.0630 -0.0081
B8 0.0216 0.0180 0.0055
9 0.0361 0.0377 0.0121
10 0.0347 ©0.0392 0.0630
11 "-0.0835 -0.0883 . =-0.1111
12 0.0096 0.0166 0.0247
13 C 0.0210 0.0135 0.0346
14 ‘ -0.0248 -0.0169 -0.0342 .
15 : 0.0974 - 0.0940 0.0873 o
16 -0.0672 -0.0721 -0.0544
17 -0.0552 -0.0484 ~-0.0565
18 . -0.1182 0.1171 0.1090
19 - =0.0656 -0.0765 . =0.0577
20 -0.1020 . =-0.0974 , -0.0935
TABLE 13

STPACF of—tﬁe\differenced'fainfall series

Spatial lag (S} 0 1 ) 2
Time lag (K}

1 0.3889 -0.0508 -0.0027
2 0.2582 ~0.0818 ] 0,0336
3 0.2023 -0.0762 #0353
4 0.1590 ~0.0489 . 0.0246
5 0.1205 . -0.0240 -0¢.0072
6 0.0777 .-0.0478 ‘ 0.0336
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The compafisdn of the estimatés.for the STMA(lg). modei.
pafameters from'Qarious'gstimation algorithm techniques are
shown in Tabie 14. The results suéggst that ﬁhe performénce;
of all methods are gquite similar. Therefbre,\ the simpleﬁ
method was eﬁployed to estimate the model parameters. @ﬁ;

STMA(lz) model is estimated and the estimated MA terms with )

residual sum of squares are listed in Table 15. The STMA (1

_ . 2
) model can be given by
- - o | 1 o
Vi¥y, - U9MB A, L +0.06720 3, - 000w A
o . . . »
'
TABLE 14
Estimated parameters from various'optimization techniques
Method Parameter Guess Estimate Initial-F Final-F
Powell %1 0.000 0.9453 /
6y . 0.000 _—=0.0666 \ 3 6
* oy o.omou 0.8397%10 0.4977%10
Zang 91 0600 0.9449 ' .
81 0.000  -0.0667 6 6
891 0.000 0.0852 0.8397X10 0.4977X10
Simplex 6ot 0.000 0.9448 "
B 0.000 0.0040 0.8397X10 0.4977X10
Esq %1 ' 0.000 0.9470 * i
~ﬂ1 0.000 . -0.0657 : G 6
%1 0.000 0.0020 0.8397X10 0.4977X10
F is the residual sum of squares '
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TABLE 15

Estimated parameters and residual sum of squares for STMA
(1 ) mecdel .
2
Run Parameter Guess Estimate Initial-F Final-F
. 811 0.000 -0.0672 6 6
8 51 0.000 0.0040 0.8397-x 10 0.4977 x 10
2. 045  0.100 0.9448 -
8 11 0.009 -0.0672 6 . . 6
67, . 0.009 0.0040  0.7660 x 10  0.4977 x 10
3 %01 0,200 0.9448 .
: 6 11 - 0.009 -0.0672 ' 6 6
6 91 0.009 0.0040 0.9757 x 10 0.4977 x10
4 Y01 0.000 0.9448 :
011 0.009 -0.0672 6 6
321 0.200 - 0.0040 0.9757 x 10 0.4977 x 10
F is the residual .sum of squares

0"

Diagnostfc checks are applied to insure the adeqﬁacy of
the identified model by checking the assumptions of STARMA
modéiing such as independence and normality of the residu-
als. The sample STACF and STPACF éf the generatéd residuals
are tabulated 1in Tables 16 ana 17 together with the upper
bound 1</N for their standard error. From these tables it 1is
clear that the STACF and the STPACF show a lack of structure
in these residuals. The generated residuals from the model
can be considered to have chafacteristics of a white noise
sequence as they are h%ghlf uncorfelated. There is no evi-

dence of the STMA(IZ) model inadequacy from the behavior of
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the STACF and the ST?ACF. Portmanteau test_(Tablg 18) dem-
onstrates that the ‘residuals from the selected model can be—_
considered uncorrelated. The cumulative periocdograms for
the rainfall series in Figute 13 indicate that the generated
errors are white noise. All the calculated values lie close
to the white noise line from (0,0) to (1,0.5) and are wvell
within the 95% confidence limits drewn parallel to this '

‘line,

TABLE 16
STACF of the rpsiduals from the STMA (12 ) model

Spatial lag (S) 0 1 2
T?ge lag (K)
1 0.0628 0.0683 0.0528
2 0.0352 0.0426 0.0035
3 -0.0452. ~-0.0449 -0.0463
4 -0.0644 -0.0713 -0.0494
5 -0.0472 -0.0597 -0.0193
5 -0.0280 -0.0304 ~-0.0406
L7 -0.0583 -0.0740 -0.0224
8 0.0195 " 0.0845 0.0097
S 0.0613 0.0547 0.0413
10 0.0257 0.0275 0.0378
11 -0.0629 - -0.0620 -0.0732
12 -0.0041 0.0010 0.0158
13 0.0431 .0.0403 0.0677
14 0.0477 0.0514 0.0459
15 - - 0.1044 0.0993 0.0998
le -0.0441 -0.0477 -0.0325
17 ~0.0424 -0.0384 -0.0410
18 0.0508 0.0482 - 0.0479
1S -0.0709 -0.0740 -0.0643
20. -0.0628 -0.0496 " -0.0601
Upper bound to standard error ¥ 0.07




TABLE 17
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STPACF for the residuals from the STMA (12 ) model
¥
- spatial lag (S) 0 1 2

nge lag (K) A : )

1 | -0,0997  -0.0199  -0.0011
2 -0.0141 ~-0.0348 0.0462
3 0.0086 0.0057 0.0156
4 0.0112 0.0280  -0.0108
5 | u.oogg 0.0368  -0.0358
6 -0.0030 -0.0073 0.0315

Upper bound to'standard error +0.07

“ 5
{

4

- | TABLE )8

Results from Portmanteau test on the generated errors

-

Chi-square
. Portmanteau statistic
Spatial lag" (S) statistic - a :.0,05 Decision
] 10.64 27.6 accepted
1 11.19 27.6 accepted
2 8.07 27.6 accepted

Since -the génerated'rgsiduals are .shown to be
and normally distributed, the subroutine Gauss

generate 144 data points in order to test the

white noise

was used to

forecasting

performance of the STMA(lZ) model., The subroutine computes a

normally distributed random number t, with a g
.

and standard deviation (T,

t; = [+ T, - 6.0)

iven mean [/ .
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vhere A‘ is the sum of twelve uniform random numbers used to
lcompute normal random numbers by central limit theorem. The
results are‘then adjusted to match the given mean and stan-
'dard‘deviﬁtion. |
The forecasteg errots are then tested for whiteness and

presénce of any periodicities. The autocorrelations are well
within the confidence limits( Figure 14). The results from
Portmanteau test (Table 19} and the cumulative periodograms
shown in Figure' 15 indicate that the 'forecasted errors aré'
uncorrelated and do nﬁt'contain any periodicities. Thus the
errors are white noise. |

© A  goodness qf fit test was perfSFﬁed between the ob-
servéd, the forecasted and the generated rainfall values.
jhe.speciél correlation coefficient (rs) and the integrai

square error (ISE) were calculated from(6),

. N N . S
‘ 2 ’
e Ve Y R
= = it :
s N :
2
%
and : ‘ N i=1
/ ,
(0, - E,)
i=1 .
ISE = —== X 100 . (5.2)
Oi
. i=1
fhe r, is equal to 1 if all 0. = F, and the ISE is equal to

0% if all % = Q. Table 20 shows the special correlation
| . .
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| TABLE 19

Results from Portmanteau test on the forecasted errors

Value
Test statistic 27.25 - |~
Critical value of a = 0 05 27.60
Dec151on : _ : 0.K

coeffizient (r ) and the integral square error (ISE) for
forecasted and genéréted rainfall data. The. results show

reasonable correlation between the observed and estimated

rainfall data.

TABLE 20 ' .JV

Results from Goodness of Fit Test on the Rainfall Data
¥

Rainfall Statistical
|Series Test Pl P2 P3 P4
Generated rg 0.52 0.52 ' 0.48 036
ISE 65.93 65.24 68.60 60.10
Forecasted @. 0.60 0.61 0.66 0.68
ISE 56.05 55.51 54.43 55.30

All these tests indicate that the generated and forecast-

ed errors from the STMA(lz) are white noise

any periodic components. Therefore,

agnostic checking stage of the three-stage

ment.

and free from
the model passes the di-

model develop-




_ 119

The observed and computéd‘rainfall. of a portion of the
data during bothﬂgenerationkl—lgz) and forecasting(193—336)—
periods are shown in Figures ls'énd 17.° The generated andl
forecasted rain}all compare well with the cortespoh@;ng 05-

served rainfall.

Examining Table 14 reveals small value for 921suggeéting
that a second model, STMA of order 1 in time.{K=1l) for S=0

and 1 in space, STHA(11), that is

1
" VX, = _z: s
T it B¢ Oc1 ¥ 3y ¢
- f $=0
{
can be selected for the rainfall series. Estimating the

model gave 6 to be 0.9464, ¢ to be -0.0658 and the resi-

01 "
dual sum of sguares is 0.4977 X 106(Table 21). The resulting
alternative STMA(11) for the rainfall process is expressed

by |

X, = a. - - 0.9464 a ' 1
Vr¥ie it o. 9464 11 T 0.0859 W ai’t_l
X, -X, . ,=a  -0. 1
it 1,t-1 it 9464 ai,t—l + 0.0659 W ai,t—l
.
_= - . L
'Xit Xi,t—l 4—ait - 0.9464 ai -1 + 0.0659 W a

i,c-1

*

7
!
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TABLE 21

Parameter estimates of the STMA (11) model

Run Parameter Guess Estimate Initial-F Final-F
1 ey 0.000 -0.9468 .~ o .
S epg _ 0.000 - -0.0659  “0.839x10°  0.497x10
2 801 ©0.200 0.9464 . 6 6
811 -0.059 20:0659  0.733x10 0.497x10
3 801 '0.500  0.9464 - 6 6
811 0.200 -0.0658 0.547x10 0.497x10
4 801 0.400 0.9464 e e ©
&1 -0.500 -0.0659 .0.588x10 0.497x10
F is the residual sum of squares e

The STACF of the residqals from this model are shown in

Table 22 together with upper bound IAJN for thgir standard

error, There is no evidence of the model. inadequacy from the

~

behavior of autocorrelations as the residuals. are uncorre-.

lated and show a lack of structure. A numbér of individual
values of the STACF of the residuals appeér large compared
to their standard error of 0.07. The value of the auto-
corselation at time lag 15 and spatial lag 0 is'large. How-
ever, this can be attributed to chance. Diagnostic checking
.stage of the model building procedure indicated that the
STMA111) model is adegquate.

In summary, the residual sum of squares from both modéls,
STMA(11) and STMA(IZ) are eqﬁal since the estimatgé%1=0.004
is very small. This estimate can be omitted from the mod-

»

I

- g,
A .
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TABLE- 22

STACF of the residuals from the STMA'(11) model

—
Spatial lag (S) 0 1 2
T?:\e lag (K) ‘

1 0.0580 0.0637

2 0.0305 0.0385

3 -0.0422 -0.0398

4 ~0.0698 -0:0752

5 -0.0443 ~-0.0558

6 -0.0347 ~0.0338

7 -0.0589  -0.0704

8 0.0186 0.0071

g 0.0566 0.0531

10 0.0293 '0,0298

11 . -0.0689 -0.0674

12 ‘ -0.0037 0.0029

13 B 0.0378 ©0.0395
14 0.0444 0.0508

15 ‘ 0.0862 0.0939 0.0976
16 -0.0382 -0.0397 -0.0249 .
17 -0.0474 -0.0418 -0.0432
18 L 0.0555 0.0553 0.0533
19 -0.0716 -0.0722 -0.0652
20 -0.0662 ~0.0516 —=0.0626
Upper bound to standard error + 0:37&\ : o

D

el without affecting the remaining parameters. The STMA(lZ)

model can be selected for the . rainfall process and the spa-

tial structure of the system. This model for the rainfall

series is expressed by

' . 1 2
wib. = a - 0. a - 0. 4
Ve (o - 0.94483, L, ¥ 00872 9,y 1,e-1

*

+0.0672 W a

= X
X + 8 t-1 i,e-1

- a
i,e-1 it 0.9448 1
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The model will be now employed in the STTFN modeling of the
rainfai;%ruﬁoff process. o )

To i luStraté the behavior of a STARIMA model with épa- .
tia; orders 1, 2 and 3 eleven raingage sites wefe used in
this analysis (Figqre 2). Table 23 gives the spatial oréer-
ing scheme for this system. The definition of spatial order '
1l for this system is presented in Figure l%i
. TABLE 23

Neighbors of each site'for each spatial order

ORDER 1 2 3
Site 1 3 2 4,6
2 3,4 1 '5,8,9
3 1,2,4,5 6,8 7,9
3 2,3,8 5,9 1,6,7,10
5 3,6,7,8 4 2,9,10,11
6 5 3,7 1,4,8.
7 - 8,115 6,10 3,4
8 4,5,7,10 3,119 2,6
9 10 4,8 3,5,2,11
10 8,9,11 7 4,5
11 7,10 8’ 5,9

The correlation matrix for this system 1is shown in Table 24
and it can be observed that the rainfall series shows the
existence of high correlation for the time series,

Initial 1identification of the rainfall data suggested
that the space-time system is nonstationary. This is indi-
cated by the STACF and STPACF shown in Tables 25 and 26.

Therefore, the space-time system required a first difference

in time.
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TABLE 24

Correlation matrix for the rainfall series

p1 |p2 |p3 .|pa |ps |pe |p7 |P8 |P9 {Pi0 |P11
P 1{1.0 [0.66{0.79/0.61}0.65|0.67{0.65/0.63|0.52{0.59|0.59
p 2|0.66/1.00]0.78[0.77}0.68|0.79|0.76{0.77]0.77|0.69[0.69
p 3/0.79{0.78]1.00|0.74]0.82|0.83|0.79{0.72|0.62|0.67|0.66|
P ¢0.61/0.77]0.74|1.00|0.65|0.64[0.67{0.71|0.67|0.57|0.57
P 5/0.65,0.68[0.82|0.65(1.00/0.75|0.82{0.77|0.67|0.69|0.69
Ip 6lo.6710.7910.83]0.640.75|1.00{0.85]0.77{0.70]0.77]0.77
P 7/0.6500.76]0.79)0.67{0.82|0.85]1.00|0.85/0.78{0.85(0.85
p 8lo.63]0.7700.72]0.71]{0.77|0.77}0.85|1.00{0.81]{0.84(0.84
P9 0.55*%.77 0.6210.67]0.67]0.70]0.78|0.81{1.00{0.82{0.77
p10]0.59/0.69|0.67/0.57(0.69[0.77|0.85[0.84|0.82|1.00{0.83
P11|0.59|0.69|0.66/0.57|0.69|0.77|0.85/0.84|0.77|0.83]1.00

The STACF and STPACF of thé differenced series are presented
in Tables 27 and 28. The general pat&ern is one of decay for
the STPACF and the STACF cut off in time.aﬁter one lag.
These results suggesting that the differenced series mighﬁ

be identified as STMA(13) process,

‘3
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TABLE 25

. ’ ) " ] .
‘STACF of the original rainfall series

Spatial lag (S) =~ O 1 2 -3

Time lag (K}
1 0.0866 0.0728 0.0756 0.0752
2 0.0338 0.0134 -0.0029 0.0029
3 0.02%8 -0.0010 -0.0112 0.0097
4 ' . ' =0.0265 -0.0378 = -0.0442 -0.0468
5 - -0.0412 -0.0514 -0.0401 -0.0471
6 -0.0113 -0.,0320 -0.0352 -0.0248S
7 -0.0696 -0.0720 -0.0682 -0.0725
8 -0.0218 -0.0400 -0.0344 +~0.037S
g . 0.0695 0.0640 0.0528 0.0638
10 0.0218 0.0291 0.0360 0.0305
11 . -0.0381 -0.03%94 -0.0415 ~-0.0430
12 . - 0.0102 0.0079 0.0198 -0.0008
13 0.0388 0.0616 0.0620 0.0466
14 0.0223 . 0.0197 0.0235 0.0085
15 0.0332 0.0299 0.0477 0.0197
i6 -0.0330 -0.0435% -0.0291 -0.0380
17 -0.0916 -0.0953 -0.0858 -0.0966
18 . 0.0318 0.0170 0.0267 0.0244
19 =0.0536 -0.0713 -0.0561 -0.0583
20 ‘ -0.0417 -0.0735 -0.0554 -0.08607
TABLE 26

STPACF of the original rainfall series

Spatial la? (s) 0 1 2 3

Time lag(K

1 -0.0381 0.0008 -0.0098 0.0060
2 -0.0478 0.0158 -0.0063 0.0307
3 -0.0280 -0.0174. 0.0244 0.0178
4 -0.0308 0.0097 0.0156 0.0302 .,
5 0.0159 0.0087 0.0173 -0.0226
6 -0.0272 0.0292 0.0025 -0.0025

The parameters of this model were estimated by simplex
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method and are shown with the residual sum of squares-in

Table 29.

TABLE 27

STACF of the differenced rainfall series

~
Spatial lag (S) . 0 1 2 3
Time lag (K) — ' :
1 ~0.4711 -0.3660 ~0.3971 -0.3490
2 -0.0207 -0.0180 -0.0320 -0.0358
3 0.0251 0.0081 0.0097 0.0302
4 -0.0220 -0,0112 -0.0192 -0.0298
5 -0.0241 -0.0181 -0.0005 -0.0121
6 0.0488 0.0327 0.0204 0.0384
7 -0.0648 ~0.0460 -0.0420 -0.0517
8 -0.0101 -0.0247 -0.0157 -0.0219
9 0.0702 0.0692 0.0503 0.0672
10 0.0101 0.0222 0.0366 0.0256
11 -0.0652 -0.0696 -0.0819 -0.0697
12 . 0.0116 -0.0026 0.0116 -0.0020
13 0.0265 0.0542 0.0462 0.0492
14 -0.0189 -0.0303 -0.0358 -0.0290
15 0.0412 0.0433 0.0523 0.0352
16 -0.0091 -0.0159 , -0.0146 -0.0039
17 -0.0957 -0.0852~ -0.0881 . -0.0936
18 0.1218 0.1176 0.1141 0.1196
19 -0.0602 -0,0547 -0.0529 -0.0518
20 -0.0898 ~0.1083 -0.0971 -0.1127

The residuals were

any periodicities.

tested for whiteness and presence of

The STACF and STPACF of

the generated

residuals are given in Tables 30 and 31, respectively, along

with the upper bound 1</N for the residuals standard error.
The STACF and STPACF show that the generated errors are un-
correlated with a lack of structure among these errors. The

results from Portmanteau test and the corresponding variate

X
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i TABLE 28

STPACF of the differenced rainfall series .

129

|spatial l1ag (s) - o 1

3

Time lag (K) N

1l 0.3736 -0.0092 -0.0212 -0.0067
2 0.2316 0.0001 -0.0299 0.0104
3 0.1646 =0.0155 -0.0139 0.0125
4 0.1111 -0.0109 -0.0081 0.0259
g 0.1008 -0.0133 0.001 -0.0009
6 0.0549 -0.0009 -0,000 -0.0148

TABLE 29  °

_Parameter estimates of the STMA (13) model

A

Run Parameter  Guess Estimate Initial-F Final-F
1 801 0.000 - 0.9455
811 0.000 -0.0385 ,
831 0.000 -0.0417 6 6
831 0.000 0.0007 0.219x10 0.130x10
2 801 0.200  0.9455 .
817 0.100 -0.0385 :
5,31 0.200 --0.0417 6 6
831 0.100 0.0007 0.148x10 0.130x10
3 841 0.200 0.9455
011 -0.100 -0.0385
857 -0.100 -0.0417 6 6
637 -0.100 0.0007 0.198x10 0.130x10
F is the residual sum of squares

A

at a 5% level of significance are summarized in Table 32.

These results indicate that the generated errors are un-

correlated. The cumulative periodograms of 'the generated

o
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errors are shown in Figure 19 along with the confidenqewlim-
its at a 5% level of significance. Sinée the periodoérams
fall within these limits, the errors do néf éonfain period-
icities. Based on the above tests, tﬁe.generated errors are
shown.to be uncorrelated and white noise. Therefore," the
STMA(IB)‘ model passes the diaénostic checking stage of the

thfee-stage iterative procedufe for space-time modeling.

TABLE 30

STACF of the generated erroré-

Spatial lag (S) -0 1 2
Time lag (K) - %
1 0.0572 0.0575 0.0620 0.0605
2 0.0128 0.0060 -0.0079 . -0.0026
3 0.008¢ -0.0093 =0.0171 0.0022
4 -0.0427 -0.0404 -0.0456 -0.0487
5 -0.0514 -0.0501 -0.0385 - -0.0441
6 -0.0182 -0.0267 -0.02892 -0.01%0
7 -0.0778 - =0.0676 -0.0639 -0.0678
8 -0.0147 ~0.0203 -0.0156 -0.0171
19 % 0.0677 0.0728 0.0618 . 0.0735
10 0.0167 0.0340 0.0404 0.0361
11 -0.0548 -0.0466 -0.0486 . -0.0505
12 “ -0.0018 0.0063 0.0172 -0.0035
13 0.0314 0.0635 - 0.0618 0.0487
14 0.0111 0.0180 0.019¢6 0.0067
15 0.0249 0.0318 0.0462 0.0216
16 -0.0390 -0.0386 -0.0288 -0.0326
17 -0.0856 -0.0774 -0.0727 -0.0787
18 0.0494 0.0460 0.0517 0.0540
19 . -0.0518 ~0.0584 -0.0463 . -0.0456
20 -0.0370 -0.0573 -0.0431 ~0.0457
Upper bound to standard error + 0.07

-
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that this parameter 'may be omitted. This indica

second model STMA(lz),

+

2

S \
= — W .
Vi¥ie T 24 —2 :esl 3,

s=0

TABLE 31
STPACF of the generated errors
spatial lag (S) 0 1 2 3
? Time lag (K) . . : '

|1 ' -0.0115 . 0.0060 -0.0186 -0.0093
2 -0.0216 . -0,0138 . 0.0230 0.0128.
3 -0.0282- 0.0177 0.0301 -0.0232
4 0.0121 -0.0141 0.0093 0.0189
5 . 0.0218, 0.0148  -0.0154 ~~-D.0013
6 ~0.0006 0.0113 ©0.0110 -0.0123
Upper bound to standard error * 0.07 .

TABLE 32
Results frém Portmanteau test on the generated errors
Chi-square
Spatial lag Portmanteau statistic :
(s) statistic . a = %¥0.05 Decision

0 7.52 ' 26.3 O.K
1 . 8.21 26.3 O0.K
2 7.50 26.3 0.K
3 7.5, 26.3 0.K

The estimate931=0.0007 (TabTe 29) is very small and suggests

tes that a
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Figure 19: Cumulative periodogram of generated errors
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can be considered for the rainfall series. Estimating the

model parameters gave 90 ;0.9460,6“ =—0.03896,921 ==0.04127
y 1

and the residual sum of sguares is 0.1306_X2Hﬁ3 Examining

the estimates of the STMA(IZ) and STMA(la) models reveal an

133

equal vélues for , the residual sum of squares for both mod-

els. Baséa79p~this fact, ‘there is no evidence of one of the
model giving better forecaséééfestimates of the rainfall
time series. ‘The STMA(IB) model was selected;for the spa-
;ial structure of the eleven raingages.

Subroutine Gauss was used to forecast 144 data points in
order to test the forecasting performance of the STMA(lB)
model. The forecasted errors are then tested for whiteness
and presence of any periodicities.m The results from auto-
correlation functions, Portmanteau test and the cumulative
periodograms indicgﬁed that the errors do not contain any
periodiéitieg, therefore, they were considereépt§>bé white
noise. Tablé 33 shows the estimates of r_ and ISE estimated
from (5.1) and. (5.2) for the forecasted and generated rain-
fall data. The estimates show satisfactory correlé%ioa
coefficients for the data. |

The observed and computed rainfall values of a portion of

the time series .during generation period (1-192) are shown

'in Figure 20. The observed and computed rainfall during

forecasting per{od (193-336) are shown in Figure 21. The

generated and forecasted rainfall data compare well with the

corresponding observed rainfall. The STMA-(l30-model is now
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* TABLE A3 |

Results from Goodness of Fit Test on the Rainfall Data

Rainfall Statistical

Series Test _ Pl - P2 P6 Pll
Generated | I | o.48 0.48 0.56 0.55.
) ISE 66.80 66.69 62.40° 61.%7
Forecasted | & 0.61 0.59 | 0.65 ‘0,67

' ISE 56.81 59.40. 55.18 52.10

»

ready to be employed as a forecasting tool for the rainfall.

-

series in the selected Watershed.
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5.2 SPACE-TIME TRANSFER FUNCTION "NOISE MODELS OF RAINFALL-
RUNOFF PROCESS

‘The runoff data_ used in the -analysis were selected in a
manner that the chosen four runoff stations are. ;ocatea_
along Qith the rainfall stétions' within the. same four zones
of the-seleéted watershed. The location of the runoff and
;ainfail stations are shown'in Figure 22, where Rl, R2, R3
“and R4 répresent.the foﬁ: different runoff statiéps, respec-
tiVely. v ‘ ' |

. BEqual weights were.selected for tHis'analysis. They have
'the\séme spatial ordering as the rainfall series since the

_runoff stétions are assumed to be at the same locations as
the rainfall gaggsf The spatisl ordering of the system is
limited to spatial\lorder 0, 1 and 2. Table B8 defines the
.spatial oraering. Figure 23 presents spétial orders 1 and 2
as an example of the weighting scheme.

. Table 34 shows .thé'correlations between the runoff sta-

- tions. The results show the existence of high correlation
among the runoff stations in space.

The autocorrelations of the original ;runoff series 1in
?Figure 24 indicate the existence of significant correlatioﬁ
sequenée. Removing the seasonality from the runoff series
show a change in the structureé~of the autocorrelat&o@g;-some
high correlation values become small and the seriés is con-
sidered uncorrelated. Seasonality was removed from the ru-

noff data ~due to the nonstationarity nature of the auto-

correlations. The seasonal components were removed by

-
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TABLE 34 '

Correlation matrix for the runoff,ggrieé
$ ‘ -

Rl |R2 |[R3 |R4
R1/1.00/0.93]/0.80/0.92
R2/0.93/1.00|0.96/0.79

R3|/0.80(0.96(1.00|0.82

R4|/0.,9210.79|0.82(1.00

subtractifig the computed mean values for each time period of
15 days from the original series, provided that the standard

deviations remain unchanged for all time periods. Therefore,

where E‘.t is the deseasonalized series, and ¥ 1is the mean.
The STACF and STPACF for the original and deseasonalized
runff series, respectively, are shown in Tables 35 and_36.
The original data are nonstationary 1in time sincé nﬂg’;:io_
cofrelations fail to taill off quckiy at all spatial lagé.
The deseasonalized data are stationary in time. The decay
with spatial lags 1is mﬁch steepeé than that with time lags.
Table 37 .shows fhe STCCF for the original rainfall and
original . runocff. 1In gengrél there is a lack of structure in

these functions despite the stationfirity of the rainfall se-

ries. Table 38 shows the STCCF for the original and desea- *
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TABLE 35

STACF of the original runoff series

Spatial lag (s) 0 1 2

Time lag (K) '
1 0.5236 -0.0228 - -0.2168
2 0.4367 -0.0533 -0.2203
3 0.3805 ~0.0588 -0.2163
4 0.4055 -0.0554 -0.2143
-5 0.3760 - -0.0585 -0.2113
6 - 0.3845 -0.0587 -0.2096
7 0.3382 -0.0690. -0.2105
8" 0.3258 ~-0.0336 -0.2087
9 0.3175 . -0,0741 -0.2098
10 . 0.2744 -0.0814 -0.2091
11 _ 0.2881 -0.0778 -0.2084
112 T 0.2670 -0.0827 -0.2078
13 g 0.2628 -0.0831 . -0.2077
14 " 0.2679 ~0.0817 ~0.2067
15 - - 0.2917 -0.,0747 -0.2042
16 0.3482 -0.0626 -0.2008
17 o 0.3565 -0.0547 -0.2000
18 0.3062 -0.0715 -0.2011.
19. ' 0.2760 -0.0650 -0.1991
20 0.3277 .. -0.0493 -0.1961
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sonalized runoff. The STCCF between the two space-time se-

ries,- %t ¢

cause when both the X.t and %r
. |

and Xi are difficult to interpret. This 1is be-

series are autocorrelated,
the estimétes“of the STCCF can have high variance and the
estimates of the STCCF at different time lags can be highly
correlated with one another. Therefore, ;he input (rain-
fall) series would require ﬁrewhitening, by fitting a model
to the time series. éame structure is then used to transform
the output (runoff) series, and compute STCCF between the

i

prewhitened and transformed series. .
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TABLE 36

STPACF of  the deseasonalized runoff. series

S
Spatial lag (S) 0 ‘ 1 C 2
Time lag (K) :
1 0.0643 - 0.0088 00003
2 -0.0505 -0.0309 -0.0033
3 -0.0297 -0.0087 -0.0012
4 0.0724" 0.0115 0.0623
5 0.0504 0.0126 0.0016
6 0.1115 0.0303 0.0039
7 -0.0524 -3.0024 -0.0017
8 -0.0344 "-0.,0034 -0.0002
9 -0.0223 -0.0010 -0.0010
10 -0.0760 -0.0102 -0.0019
11 -0.0140 0.0023 -0.0006
12 -0.0259 0.0005 -0.0003
13 -0.0467 -0.0057 - -0.0011
14 - =-0.0630 -0.0088 -0.0021
15 -0.0381 -0.0054 -0.0010
iy 0.0482 0.0162 - 0.0025
17 0.0640 0.0281 0.0023
18 -0.0160 -0.0107 -0.0009
19 -0.0853 -0.0225 -0.0035
20 0.0335 0.0195 0.0017
¥
The three-stage iterative ©procedure for space-time

modeling applied to

the rainfall series X,
|

it is described by the STMA(lz) model,

Ko T Xp gy b e 0By + 00672 ' a
therefore the transformation
a, = vy T %X +0.9u48 8, ) +0.0672
ait = ‘Jit = it~ El,t—l + 0.3448 al,t__ + 00,0672

i,t-1

indicated that

woa
i,t-1 i,

+ 0.004 W° @,

¢ i,

i,t-1

t-1

[ A P

s
+ 0.004 W-a- . (5.3)
t-1

A

(54)
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" TABLE- 37

STCCF for the original rainfall and runoff series
3
Spatial lag (S) 0 ‘1 2
Time lag {(K) :
0 -0.0085 -0.0221 0.0824
¥ 1 0.0525 0.0255 0.1341
2 0.0029 - -0.0165 0.0861 -
3 -0.0020 -0.0181 0.0894
4 -0.0096 ~-0.0234 0.0745
& » -0.0060 -0.0146 0.0765
6 0.0155 ~-0.0076" 0.1128
7 0.0040 0.0019 0.0990
8 0.0413f  0.0105 0.1181
9 . . 0.0281%% 0.0201 -0.1103
10 0.0655 0.0504 - 0.1374
11 0.0207 0.02405 0.1100
12 0.0413 - 0.0268 0.1153
13 : ' - 0.0330 0.008e6 0.0974
14 : . -0.0054 =0.0071 0.0691
15 : -0.0158 -0.0194 0.0653
16 0.0217 0.0143 0.0894
17 : -0.0164. . -0.0185 0.0574
18 ' . 0.0377 0,0285 0.1107
19 . 0.0140 -0.0088 0.0885
.20 - ~0.0041 -0.0149 0.0748
hi Y
*

are applied to determine the prewhitened serieSaIt and the
transformed series gh .

The STCCF for the 0:.It and %t series are shqwn in Table
39. The cross correlations are cut off'aﬁgg; 1 lag in time
(K=1) ¥or spatial lag S=0,1 and 2. There ére large values

only at lag 1l in time for the three orders in space.

...._._“_, &
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TABLE 38 .
STCCF for original rainfall and deseasonalized runoff
Spatial lag (S) 0 1 2
Time lag (K) ° .
0 0.0002 -0.0022 0.0204
1l 0.0748 0.0601 0.0758
2 0.0182 0.0117 0.0204
3 0.0174 0.0146 0.0340
4 0.0066 0.0074 0.0097
5 0.0045 0.0145 0.0065
6 0.0331 0.0316 0.0524
7. D.0061 -0.0238 0.0183
8 - 0.0391 0.0151 0.0325
9 0.0006 0.0004 0.0079
10 0.0608° 0.0546 0.0583
11 -0.0093 -0.0032 0.0066 .
12 } : 0.0305% 0.025%6 0.0270
13 . : 0.0414 0.0266 0.0279
14 -0.0071 -0.0062 ~0.0179
15 . -0.0151 -0.0156 -0.0314
le 0.0243 0.0263 -0.0025
17 ' -0.0344 -0.0253 -0.0361
. 18 0.0451 0.0385 0.0452
19 . : 0.0039 -0.0187 0.0128
20 - -0.0241 -0.0098 -0.0200
7/
The impulse response functions are estimated from
53
Us,k = r‘l,!'i (Q,k‘; '-'-S-:
where rag(sk) are the estimated cross correlations,S,
and S{5 are the standard deviations of the a:.t and Qt
I

respectively. Therefore,

~ -
] f

17.%2

.487

b |

= s,k
Ys,k ru;s (s,k) 2

wn

L R m L S Lt mm——— e

e e s i e
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TABLE 39

STCCF of the m:_t series leading the p series
I ' it

Spatial lag (S} 0 . 1 "2
Time lag (K} o
. .
0 -0.0186 -0.0236 -0.0076
1 0.1357 0.1000 0.1312
2 0.0275 0.0030 0.0237 p
3 0.0220 0.0078 0.0490 R
4 0.0015 -0..0073 0.0029
5 -0.0044 0.0041 ~-0.0058
6 0.0522 0.0421 0.0857 .
7 0.0012 0.0237 0.0214
8 0.0620 0.0103 0.0486
9 : -0.0110 -0.0207 0.0028
110 o 0.1053; 0.0910 0.1026
11 -0.0278 -0.0231 0.0063
12 0.0489 0.0363 0.0468
13 - . 0.0736 0.0420" 0.0579
14 ~-0.0184 -0.0230 -0.0334 M
15 -0.0330 -0.0419 -0.0598
16 0.0443 0.0495  -0.0050
|17 -0.0679 -0.0623 © -0.0708
(\18 - 0.0847 0.0662 0.0861
15 . 0.0065 ¢ —0.0429 0.0255
120 -0.0488 - =-0.0306 -0.0386
lf ‘\ )
-/ -
The estimated impulse response functions Ve with their

approximate staﬁﬁard error froml<]N are shown in Table 40.
The impulse response functions with values significantly
different from zero are only at lag K=1 in time for lag 0, 1
and 2 in space. This indicates the dependence of rJnoff on
rainfall and that the output (runoff) lags behind the iﬁbut
(rainfall) by 15 days#. Therefore, the ﬁeﬁory of Ehe rain-
fall-runoff process ,b, can be assumed to be 15 days or 1

lag in time.
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TABLE 40
Impulse response functions with their approximate standard
‘ errors - :
Spatial lag (S) 0 . 1 : 2
Time lag (K) v
0 -0.014 ~0.016 -0.0%5
1 0.085 0.070 0.09
2- 0.019 0.002 0.016
3 0.015 0.005 0.032
- 4 0.001 -0.005 0.002
> 5 -0.003 0.003. -0.004
6 0.036 0.029 0.060
7 0.000 0.016 ' 0.015
8 0.042 0.007 - - 0.034
S -0.007 -0.014 ° 0.001
10 0.074 0.064 0.072
11 _ -0.019 - =0.016 ' 0.004
12 i 0.034 0.025 0.032
13 0.051 . 0.029 - 0.041
14 ' -0.013 -0.016 -0.023
15 -0.021 . -0.028 -0.042
16 0.031 0.028 -0.003
17 -0.047 - =-0.043 -0.049
18 0.058 0.046" 0.060
19 + 0.004 --0.030 0.017
20 -0.034 -0.021 -0.027
Upper bound to standard error : 0.07

- 7

_Using the ' model building .procedure‘of Box and Jenkins
(9), the preliminary identification suggests a space-time
transfer function model, with (P,M,g,h,b) equal to
(0,6,2,1,1) or (2,1,2,1,1).

The first space-time transfer function model (0,0,2,1,1)

may be written in the form,

RV
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The Simplex method was used to estimate the parameters of
the identified STTFN models. The estimated parameters with
the residual sum of squares are given in Table 41,

hil

-

- TABLE 41 L

Para£:ter estimates of space-time transfer functicon model
‘ . . ' (0,0,2,1,1)

Run Parameter Guess Estimate Initial-F Final-F
1 940 . . 0.00  -0.0547
wgy 0.00 0.0157 6 6
s 0.00 -0.0243 0.238x10 0.235x10
2 w00 -0.05 ~0.0547
w 0.30 0.0157 6 5
mg;. - 0.40  -0.0243 0.330 10 0.235 10
3 “00 © -0.30 .. -0.0547 T o
. wy1 0.60%  0.0157 6 6
Q w2 -0.01  -0.0243 0.338x10 0.235x10
|F is the residual sum of squares )

'

Now the space-time transfer function model has been fitted

by Simplex algorithm and the generated error e, have been
: i
calculated from : . -

_ _ _ 1 ' T S
a . Eit + 0.0547 \TXi,tvl 0.0157 W vxi,t—-l + 0.,0245 W vhi,t—l

it

- g

.rjJ



Then the STACF of these erforsha;e ‘gomputed to ¢
adequacy of the model. The STACF of the generated errors

tabulated in Table 42 together with the uppér bound l</N
i S

their standard error. The autocorrelations for lag 0, 1
2 in space do not show any correlation patterns. Thus

+

generated errors are white noise.

STACF of g%perated errors from STTF (0,0,2,1,1) model

> ¢

\“

[N

TABLE 42 -

Spatial lag (S} 0 1 2 &
Time lag (k) -
1 0.0646 0.0088 -0.0040
2 ~0.0553 -0.0286 -0.0014
3 -0.0277 ~-0.008%8 0.0026
4 0.0778 . 0.0134 ° 0.0083
5. - ' 0.0512 - 0.0120 0.0009
6 - . ~ 0.1057 0.0214 -0.0074
7 -0.0555 0.0065 -0.0012
8 o -0.027¢6 -0.0018 0.0067
9 -0.0343 -0.0169 -0.0057
10-» _ . -0.0727 0.0035 -0.0054
11 ‘ -0.0147 -0.0044 0.0056
: 12 o -0.0289 0.0027 -0.0022 -
13 _ " -0.0403 0.0004 0.0017
14 ' o -0.0605 -0.0081 0.0015°
15 . ~0.0359 "~0.0087 0.0054
16 « 0.0455 0.0223 -0.0092
17 0.0588 0.0153 0.0028
18 ' ~-0.0067 “0,0125 0.0033
13 -0.0928 -0.0350 0.0015
20 .0.0284 . 0.0150 -0.0027
. Upper to standard.error + 0.07

‘The

ate
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the
are
for
and.

the

results of Portmanteau.test and the corresponding vari-

at a.5% level of significance are shown in Table 43. The

results indicéte that the generated errors are uncorrelated.
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TABLE 43

Results from Portmanteau test bn_the'generated errors.:

N

The STPACF of the.generated errors are shown in Table 44. In

general there is a lack of structure in these errgrs for lag
0, 1 and 2 in space.‘ Thus the generated errors are uncorre-
lated and white noise. The STCCF batweea the inputs e\ in
prewhitened form obtained from (5.3) and the residuals a.

estimated from (5.4} are givem in Table 45 together'with the
uppet bound l</N for thelr standard error. The croéé‘corre-
lations for the three spatlal lags are not large compared
with ahe uppef bound of their standard error and - they are

uncorrelated.

~
.

The cumulative periodograms of the generated—érrors (Figure
25 with the confidence limits at a 5% level- of- significance)

show the points of the, cumulative periodograms falling

closely within. Ehese limits. Therefore the errors do not
contaln perlodlc1t1es and are considered white n01se. These

checks based on the study of the STACF, STPACF, Portmanteau
test, cumulative periodogram and STCCF conclude that accep-

.Chi-square _
e Portmanteau  statistic ' X
~|Spatial lag (S) test \ a = 0.0S Decision”
0 11.59 s 27.6 : accepted . N
1 8.97 27.6 accepted‘
2 ‘ - 6.68 27.6 ' accepted
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., STPACF of generat

TABLE 44

ed_errdrs from STTF (0,0,2,1,1)‘m6del

Space-time CCF for

- Spatial lag (S). , O 1 2 0
Time lag (K} | .
1 -0.0613 © 0.0058 0.,0028
2 0.0599 0.0173 -0.0024
3 : 0.0245 -0.0004 ~0.0013
4 -0.0856" 0.0071 1 -0.0074
5 ~0.0306 . -0.0046 0.0002
6 ~0.1148 -0.0008 0.0080

L )
TABLE 45
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<

an- series and generated errors from
TFN model (0,0,2,1,1)

Spatial lag-(S) 0 - 1 2

Time lag (K)

1 0.0383 0.0256 0.0425
2 0.0421 0.0301 0.0477
3 0.0096 -0.0057 "0.0042,
4 - 0.0017 -0.0056° 0.0300
5 -0.0150 .—0.0161 ~0.0118
6 -0.0159% -0.0002 -0.0166

7 0.0383 0.0382 0.0717
8 -0.0136 0.0171 0.0118
9 0.0593 ©0.0178 0.0462

10 -0.0157 -0.01469 -0.0001

11 0.0984 0.0942 0.08896

12 -0.0367 -0.0216 -0.0032

13 s 0.0498 6.0475 0.053%8

14 0.0765 0.0531 0.0628

15 -0.0173 -0.0121 -0.0331

16 ~-0.0320. -0.0333 -0.0586

17 0.0295 0.0337 -0.0225

18 -0.0758 . -0.0627 -0.0843

19 0.09158 0.0809 0.0897

20 -0.0018% -0.0440 0.0126

Upper bound to standard error + 0.07
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table generated results.of runoft values can be obtained by
u51ng theé space- t1me TFN’ model (0,0,2,1,1).

In order to test the forecastrng performance of the model

if,was necessary
the mean and st
Subroutine Gauss_.was.used to generate the random'nuﬁoers.
The forecasted errors uere§'then tested for'whiteness "and
_presence of periodicitiea, Thé cumulative periodograms of

the forecasted errors (Figure 26) show that the points of

cumulative periodograms are within the 95% confidence' limit.

© génerate 144 random data p01nts based on

dard dev1atlon _of the generated residuals.-

‘Phis indicates that the errors do not comtain any periodici-

ties. The Portmanteau test results. (Table 46) :indicate that .

the forecasted errors are uncorrelated.-The.ACF‘of the fore—

casted errprs (Figure 27) :togethér with the 95% confidence
limits show- that the errors are uncorrelated due to 1ack of
structure and therefore are white noise.

The estimates for I and ISE for the generated and forkg-
casted runoff values are shown in Table 47. This‘table showls
high_estimates of T and ISE for statfong R3 and Re com-
pared to R1 and R2. This might be due to the fact that R1
and-Rz'do not belong to theesane stream as R3 and R4. This
caused‘a reduction of the adequacy of the forecasted runoff

values for the’ selected model’

The STTFN model, (0,0,2,1,1) is given by

E, = -0.05347 7 ¥X. .+ 0.0157 W7 - 3243wt v + a
it i,0-1 | ] . Xi,t—'l 0.0243 "i,t—l

e
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TABLE 46

dar

Results from Portmanteau test on the forecastéd errors

Value
Test statisfic 42,48
Critical value of &« = 0,05 40.10
Decision - 0.K

TABLE 47

Results from Goodness of Fit Test%‘on the Runoff Data

Runoff Statistical . i
Series Test R1 R2 R3 R4
Generated Lq -1.36 -4.2 0.77 0.75
ISE 201 ° 220 51,39 42.52
Forecasted | rg : -1.45 -2.52 0.64 0.69
ISE - ' 187 171 64.85 65.20

< 7
)

and passes the diagnostic checking step,of the three stage

model’ building.

Consider the case that the rainfall

runoff process is

presented by a space-time transfer function model

with
(P,M,qg,h,b) equal to (2,1,2,1,1) and written in the follow-

ing form ,

1,t-1 it



s

The estimated pqrameters‘wi%h the residual sum of squares

are given in Table 48.

TABLE 48

Parameter estimates of space-time transfer function
(2,1,2,1,1) model

157 -

|Run  Parameter Guess Estimate Initial-F Final-F
1 LW 0.00 -0.05725
o9 0.00 0.01699
“n2 0.00 -0.02132
510 0.00 0.06290
511 0.00 -0.02156 " e 6
512 . 0.00  -0.00502  0.238x10 0.234x10
2 “50 0.2 ~0.05725
“01 0.1 . 0.01699
Yo 0.4 -0.02132
O -0.3 . 0.06290
51 ~0.1 ~0.02156 . + 2sanad
-0. -0. 2 0.769x1 . X
5 0.5 0.00502 0. ‘
F is the residual sum of squares

~

The STACF, STPACF and Portmanteau test results indicated
that the generated errors are uncorrelated.  The cumulative
periodograms for the runoff series indicated that the gener-
ated errors for runoff station Rl and R2 are white noise.
On the otﬁer hand, the generated errors for runoff stations
R3 and R4 were shpwn with a marked departure from l?ﬁearity
in the periodograms. The périodograms fall outside the con-
figence limits at a 5% level of significance. This indicat-

F

ed that the errors from R3 and R4 contained\fome periodici-:

3
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tiés$ and were not ;hite noise.' Thereforé,  the STTFN
(2}1,2,1,1)._m6dé1 was considereﬁ inadequate. ' Improvements
in'tﬂe model could be expéctg§ by repegtiﬁg .tﬁb iterative
cycle of identification, estimation, and diagnoétic éheck-
ing. The STTFN (0,0,2;1,1{ mod¥ is then éelected and used
" to produce forecasts of the runcff data. ‘ |
- The observed and generated runoff values for . the period
‘Il—192 for the STTFN 00,0,2f1,l) model are shown in Figure
28.‘The generated runoff compare well with corresponding ob-
served runoff., The peak runoff values -are preserved during
generation for station .R3. ‘The peak runoff values for the
rest of the stations are not well presented. The generated
runoff at peak times are higher than the observed runoff.
This suggestg the need for a form of seasonal STTFN model
for the rainfall-runoff process. '

The observed and forecasted runoff values for the period
193-336 for the STTFN,(0,0,2,1,1) model are shown in Figure
29. Tﬁefforecasted runcff compare well tb the observed ru-
noff far all the runoff stations. The estimation values of
the spatial correlation coefficient (rs )  shown in Table 47
indicafe‘the faét that runocff stations Rl and R2 do not be-
long to the same 'stream where the corresponding rainfall
stations Pl and P2 are located. 'This caused a reduction of
the adeguacy of the forecasted rﬁnoff values for the select-
ed space-time transfer function model. It is a hydrological

-

fact that rainfall causes runoff, therefore the forecasted

A



-159

perforﬁEhCe of‘space}time TFN models describing rainfall-ru-
— ‘

noff relation can be improveg by carefull selection of sga-
tial lag system to repEéSent Hydrological characteristics ¢f

"

the rainfall- runoff process.

/’\)
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Chapter VI

My -

CONCLUSIONS

_ fhe general class of STAR&MA' models and the three itera-
tive stage; of the model building procedure (identificétiﬁn,
esf&matioﬁ, and diagnostic checkiﬁgj presented in this-the—
sis performed wg}%-%ﬁ/Zescribing the spatial characterisfics
.of the rainfall data. ' They are useful towards modeling of
hydrologic time series that exhibit spatial cor}elatioﬁ.
.The STARIMA model buildingﬁﬁrocedures are illustrated with
spatial data for a system of - foﬁr and eleven raingage sites
.locatgd in thg selected Watershed in Southern Ontario.

The comprehensive .procedure presented 1in thié work for
buildifg STTFN models is useful for detecting dynamic rela-
tionships between hydrological time series. fﬁ can be used
as a forecasting tool in the field of water resources engi-

neering. The STTFN modeling technigues were applied to mod-

o

el the rainfall-runoff process-for a system of four rainf@Li

and four runoff sites located in the Watershed in Southern

Ontario.

Based on the results presented 1in this thesis, ‘the fol--

lowing conclusions can be made:
1. The choice of spatial lag structure to reflect the

influence of one zone on another can deeply affect

o
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(JPHE form of the STACF -and STPACF. This could lower

the adequacy of the identified dbaee-time model by

producing”spUriods results and might also eliminate

4

useful models from con51derat10n.
nCare ‘should be glven to the selection of ralnfall and
Irqnoff serleiﬁ‘from the same watershed %n order to
avoid low dorrelations amdnglthe zones over space.
Altﬁough the rainfall series are?Etationary in .time,
tde STACF and STPACF indicated the nonstationarity of
the system in space. Therefofe, the space—time system
nrequ1red a flrst difference in time. o
The runoff seriés have shown the seasonallty in the
means,: therefore .the seasonal components were fre;
moved. . Alternétively a .éeneral c&ass-bf seasonal

space~time model can be introduced.to represent the

seasonality of the runoff series.

5.5 The optimization methods of estimating parameters in-

cluded 1in the OPTPAK package and specifically the
Simplex method are a collection‘cf relatively wella

developed and cqﬁgytatlonally effectlve in estlmatlng

parameters in 'simulation studles.

6. For the selected watershed the output (rdnoffﬁl lags
behind the input (rainfall) © and the delay parameter'
was found to be 15 days or 1 lag in time.'

'7. The genefated noise components pfesene in the STMA

— and STTFN models .are found to possese the charac%érr
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white noise: The forecasted noise were
) b . .

istics of a
tested for whiteness and periodicities and found to.

be whi;e and free of any periodic components.
8. The fgrecasting and generating perférmance of the
STMA and STTFN models are found to compare well with
the*corresponding observed rainfall and runoff data.‘;
9. The Qriginai'cohtribution of the thesis is the devel-
dpmentlof-a'space-fime precipitationh system, which is
STMK'(lz):' Alsoc the ré&nfallfrunof; pfocessj;és mod"

elgddby a STTFN (0,0,2,1,1) model.
- 10. lﬁ—day data could be appliedltdr the ‘deVelopgd moa-'
— els} t§ any simulation studies, design studies of wa-
ter resources, synthetic data generétion and fore-

casting of any sélected steps ahead.

In conclusion, the forecasting pérforpance'df the STARIMA
and the &STTFN mdédels ,cqpld Se_ imprpﬁed by sg}eéfing good

- quality data with similar hydrological characteristics and

| ]
[y

belonging to the same watefshed%

-



Chapter VII

)

SUGGESTIONS FOR FUTURE RESEARCH .
~ .

The propesed method of constructing weighting schemes in
this thesis is based on equal weights to agree with orderlng
the sites surrounding the locatlon of 1nterest This system
hae been founq to be efficient. An 1mproﬂement could be ex-
pected if the weighting structure is selected based on phys-
ical and hydrological propefties‘ of the observed =zones.

However, this would require'spatially colleé*gﬂ data.

In th1s thesis, the method of Box and Jenklns(g) has been

used for STTFN modeling of ralnfall runoff process. Further’

1nvestlgat10ns can be "~made considering the method of L.

Haugh (41}. The basie idea of this method }s to fit a dif-
" ferent STARMA model Epzboth the input and output Separately
and- then follow the, model - building staées which are de-
scribed in this thesis. h

FinalIy, fufther studies can be'mede in the field of

space-time modeling of rainfali-runoff Frocess by consider-

ing a multl 1nput 51ngle output system... This approach will

consist of f1tt1ng a STARMA model to the input. Then follow-

—

—~
ing the Box §nd.Jenk1ns(9) combined transfer function-noise

modeling technique.
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